LINK CONCORDANCE, BOUNDARY LINK CONCORDANCE AND
ETA-INVARIANTS

STEFAN FRIEDL

ABSTRACT. We study eta-invariants of links and show that in many cases they
form link concordance invariants, in particular that many eta-invariants vanish for
slice links. This result contains and generalizes previous invariants by Smolinsky
and Cha—Ko. We give a formula for the eta-invariant for boundary links. In several
interesting cases this allows us to show that a given link is not slice. We show that
even more eta-invariants have to vanish for boundary slice links.

1. INTRODUCTION

An m-link of dimension n is an embedded oriented smooth submanifold of S"*2
that is homeomorphic to m ordered copies of S™. A link concordance between two
given links in S"*2 is a properly embedded oriented submanifold in S™2 x [0, 1] that
is homeomorpic to m copies of S™ x [0, 1] and intersects S™"2 x 0 and S™™ x 1 at the
given links. We say a link is slice if it is concordant to the trivial link. Equivalently
a link is slice if it bounds m disjoint smooth disks in D"*3.

Denote by C(n,m) the set of concordance classes of m-links of dimension n. The
set C'(n,1) is just the set of knot concordance classes, it has a well-defined group
structure given by connected sum along arcs. Connected sum of links does not give a
well-defined group structure on C'(n,m) since there’s no canonical choice of arcs (cf.
proposition 5.1). One approach to get a canonical choice of arcs and therefore to get
a group structure is to study disk links (cf. [LeD88]).

It is very difficult to determine C'(n,m), a common approach is to study links with
some extra structure. A boundary link is an m-link which has m disjoint Seifert
manifolds, i.e. there exist m disjoint oriented (n+ 1)-submanifolds Vi, ..., V,, C S"2
such that O(V;) = L;,i = 1,...,m. A boundary link concordance between two given
boundary links in S™*2 is a link concordance which bounds m disjoint (n+2)-manifolds
in S"2 x [0,1]. We say L is boundary slice if it is boundary concordant to the unlink.
Denote by B(n,m) the set of boundary concordance classes of m-boundary links of
dimension n.

A pair (L, V') consisting of a boundary link and a Seifert manifold is called boundary
link pair. A boundary link pair concordance between two given pairs (L1, ;) and
(La, V2) in S™2 is a pair (C, W) of properly embedded oriented submanifolds (with
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corners in the case of W) in S™*2 x [0, 1] such that C'is a link concordance between
L, and L, and such that W is a corresponding concordance of V; and V5. More
precisely, W is the disjoint union of m components Wi, ..., W,, such that 9(W;) =
ViaUr,, CiUr,, —Via.

Denote by C,(B,,) the set of concordance classes of boundary link pairs. Let
01,09 € Cp(B,,). We can find representatives (L1, V;) and (Lg, V) which lie in
disjoint hemispheres. Pick arcs connecting the corresponding components of L; and
Lo, disjoint from the interior of the Seifert surfaces. Using these arcs we can define
the boundary connected sum (Li#Lo, Vi#V5). Ko [K87, prop. 2.11] showed that
01+ 09 := [(L1# Ly, Vi#V3)] is well-defined if n > 1, i.e. independent of the choices
made. This turns C,,(B,,) into a group for n > 1.

Let F,,, be the free group on the generators ti,...,t,. An F,-link is a pair (L, ¢)
where L is a link in S"*2 and ¢ : 71 (S?""2\ L) — F}, is an epimorphism sending an i'"
meridian to t;. A pair (N, ®) is an F,,,-concordance between (L, ¢o) and (L1, 1) if M
is a link concordance between the links Ly and Ly and @ : 71(S" ™2 x [0, 1]\ N) — F),
is a map extending ¢y and ¢; up to inner automorphisms (cf. [CS80]). Denote by
C,(F,,) the set of F,,-concordance classes of F,,-links.

Let 01,09 € C,(F,,). Pick representatives (L1, ¢1) and (La, ¢2) which lie in disjoint
hemispheres. Pick representatives of meridians of the components of L; which get
mapped to ¢; under ;. Doing the same for (Lo, ¢s) we can form connected sum
along these meridians. It is clear that o, * ¢y defines an epimorphism ¢ : m(S%"2\
Li#Ly) = m (S22 \ Ly) g, 1 (S*2\ Ly) — F,, which sends an ' meridian to t;.
Now define o1+ := [(L1# L2, p1*¢2)]. The discussion below shows that there exists
a canonical bijection C,,(B,,) — C,(F,,) which preserves the additive structures, in
particular (C,(F,), #) is a group for n > 1.

By the transversality argument, such an epimorphism ¢ gives a Seifert surface V.
Conversely, the existence of a Seifert surface V' for L produces such an epimorphism
py by the Thom-Pontryagin construction. We’ll freely go back and forth between
isotopy classes of boundary link pairs (L, V') and F},-links (L, ¢). Similarly there’s an
equivalence between the respective concordances, one can easily see that this bijection
preserves the additive structures # if n > 1, in particular C,(B,,) = C,(F,,) is a
group isomorphism for n > 1.

We say that ¢ : m (S \ L) — F,, is a splitting map if it sends meridians to
the fixed generators {t;}. There’s in general not a unique splitting map. Denote by
CA,, the group of automorphisms of F,, which send ¢; to a conjugate of ¢; for each
1=1,...,m.

Lemma 1.1. If ¢ : 7 (S™2\ L) — F,, is a splitting map, then for any ¢ € C'A,, the
map ¢ o ¢ is a splitting map as well, and in fact all splitting maps are of the form

¢ o for some ¢ € CA,,.

This means that we have an action of C'A,, on C,(F,,). The inner automorphisms
of F,, are elements in C'A,, and act trivially on C,(F,,). We therefore define A, to
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be the quotient group of C'A,, by the inner automorphisms of F;,,. We get an action
of A, on C,(F,,). Denote by ¢;; : Fy,, — F,, the map which sends ¢; to tjtitj_l and ¢,
to ti for k # i. We quote the following proposition.

Proposition 1.2. [K84] [K87] C'A,, (and in particular A,,) is generated by ¢;; for
1,j=1,....,m and i # j. Furthermore the groups Ay, Ay are trivial.

Under the isomorphism C,(F,,) = C,(B,,) the group A,, also acts on C,(B,,),
the action of ¢;; on a Seifert surface has been described explicitely by Ko [K87].
Ko [K87] furthermore showed that A,, acts non-trivially on C,(B,,) and hence acts
non-trivially on C,,(F},,).

Theorem 1.3. [CS80]
B(n,m) = Cy(F)/Am = Co(Bn)/Am

Cappell and Shaneson showed that Cox(F),,) = 0, i.e. all even dimensional boundary
links are boundary slice. It is not known whether all even dimensional (boundary)
links are slice. We'll restrict ourselves from now on to odd-dimensional links.

For e = £1 we call A = (A;;)ij=1...m an e-boundary link Seifert matrix of size
(g1,--.,9m) if A is a matrix with entries A;; which are (2¢; X 2g;)-matrices over Z
such that Ay = —eA); for i # j and det(Ay + €Aj;) = 1 (cf. [L77], [K87]). We say
that A;; is metabolic if there exists a block diagonal matrix P = diag(P,..., Py,)
such that each PZ»AZ-]-P]'? is of the form

(5 %)

where 0 is a g; X g;-matrix. This generates in a natural way an equivalence class of
matrices, the set of equivalence classes is denoted by G(m, €).

If n = 2g — 1 then picking a basis for the torsion free parts of H,(V) = H,(V}) &
---@® H,(V,,) we can associate to a boundary link pair (L, V') the matrix representing
the Seifert pairing

Hy(V)x Hy(V) — Z
<a7 b) = lk(a7 b+>
Theorem 1.4. [K85|[K87]

(1) Ewvery Seifert matriz is the Seifert matriz of a boundary link pair,
(2) forq>3

Oqul(Bm) = G(m7 (_1)(1)
(3) C5(By) is isomorphic to a subgroup of G(m, 1) of index 2™.

Remark. Cappell and Shaneson [CS80], Duval [D86] and Mio [M87] gave different but
equivalent algebraic descriptions of Cyy_1(B,,) for ¢ > 3.
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The A,, action on Cy,_1(B,,) translates to an action of A,, on G(m, (—1)9) which
was explicitely computed by Ko [K87]. Summarizing we get for ¢ > 3 that

B(2q = 1,m) = Cyg1(Bm)/Am = G(m, (=1)7) /A,

Levine [L69b] showed that G(1,€) = Z®>® & Z3™ ® Z7> (cf. also [S77]). Recently
Sheiham [S02] showed that for m > 1, G(m, €) 2 Z®° @ Z$>® & L™ & 3™, further-
more Sheiham defined full invariants for G(m,e).

A lot of effort has been put into the study of the forgetful map

B(n,m) — C(n,m)
Cochran and Orr [CO90], [CO93], Gilmer and Livingston [GL92] and Levine [L94]

showed that this map is not surjective, i.e. there exist links which are not concordant
to boundary links. It is an open question whether the kernel is trivial, i.e. whether
any knot that is slice is also boundary slice. It would be very difficult to find counter-
examples in dimension one, since one can easily see that any ribbon (boundary) link
is boundary slice.

For a more thorough introduction to link concordance theory we refer to [L88].

Given a closed, smooth, oriented odd dimensional manifold M and a unitary rep-
resentation « : m (M) — U(k), Atiyah—Patodi-Singer [APS75] defined an invariant
Na(M) € R, called the reduced eta—invariant. We will refer to the invariant as eta—
invariant, dropping the word 'reduced’. The eta invariant can be computed in terms
of signatures of bounding manifolds, if these exist. For a group G a pair (M, ) is
called a G-manifold if M is a smooth odd-dimensional manifold and ¢ : m (M) — G
a homomorphism. Define p(M, ¢) : Ry(G) — R via p(M, p)(a) 1= Naou(M). Two
G-manifolds (M;, «;),j = 1,2 are called homology G-bordant if there exists a G-
manifold (N, ) such that O(N) = My U —M,, H, (N, M;) =0 for j = 1,2 and, up to
inner automorphisms of G, f|m(M;) = a;.

Theorem 1.5. [L94, p. 95] If (M;,«;),i = 1,2 are homology G-bordant manifolds,
then p(My, 1)(a) = p(Ma, 2)(a) for all o : G — U(k) that factor through a p—group.

We’ll study the p-invariant for My, the result of zero framed surgery along L C
S2¢tl For G a group define the lower central series inductively by Gy := G, G; :=
|G, G,;_1]. For the remainder of the introduction we’ll denote the free group on m
generators by F. For an m-component link L C 5%%*! we have in many cases (e.g. if
q > 1) an isomorphism 71 (S?1\ L) /m (S?\ L); — F/F;. A choice of isomorphism
is called an F'/F;—structure. Two links L;, Ly with F'/F,—structures that are concor-
dant also have F/F,—structures which are F'/F,—concordant. Hence M, and M|,
have homology F'/F,~bordant F'/F,—structures. Applying the above theorem gives a
link concordance obstruction theorem. The theory becomes even easier if we want
to find sliceness obstructions since any slice knot has an F/F;—structure for all i and
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since any representation factoring through a p—group factors through F'/F; for some
1.

Theorem 1.6. Let L C S**™! be a slice link, if o : m(Mp) — U(k) factors through
a p—group, then n.(Mp) = 0.

Define PD(k) C U(k) to be the subgroup generated by permutation matrices and
diagonal matrices. For a prime p define PD,(k) C PD(k) to be the subgroup of
matrices where all eigenvalues are roots of unity of order a power of p.

Theorem 1.7. Let L C S**! be a link with meridians jii, . .., jtn,. Let p be a prime
number and let Uy, ..., U, € PDy(K). Then there exists a unique representation
B :m (M) — U(k) with (p;) = U;. If K is slice, then furthermore ng(Mp) = 0.

In proposition 3.12 we use well-known results of representation theory to show
that any representation of m (M) — U(k) factoring through a p—group is in fact
conjugate to a representation in PD,(k). In particular this shows that theorem 1.7
gives the best possible sliceness obstruction theorem that can be based on Levine’s
theorem. These obstructions combine, simplify and generalize sliceness obstructions
defined by Smolinsky [S89], [S89b] and Cha and Ko [CK99].

For an F-link (L, ) the p-invariant can be explicitely computed in terms of its
Seifert matrix. In the case n = 4¢ + 1 the following holds, the case n = 4¢q + 3 being
only marginally more complicated (cf. theorem 4.5).

Theorem 1.8. Let (L C SY*3 ) be an F,,-link, A = (Ai;)ij=1...m a Seifert matriz,
a: F, — U(k) a representation. Let U; := «(t;), then p(My, p)(a) = sign(M (A, «))
where M (A, «) equals

An @ (id—UY) + AL @ (id— Uy) Ay @ (id — Uy)(id — Uy t)
Agy @ (id — Uy)(id — U;Y) Agy @ (id — Uy ") + ALy @ (id — Uy)

This formula makes it possible to compute enough p-invariants to show that sev-
eral interesting boundary links are neither boundary link slice nor slice. Note that
if L is boundary link slice, then p(Mp,¢)(a) = 0 for all representations « with
det(M(A,«)) # 0, i.e. not only for representations that factor through a p—group.
Levine [LO03] showed recently that this result also holds in the case that L is slice.

The structure of this paper is as follows. In section 2 we’ll give a more detailed
exposition of the eta-invariant and the rho-invariant. In particular we’ll cite a criterion
of Levine’s when homology G-bordant manifolds have identical eta-invariants. These
results will be applied in section 3 to link concordance questions and in section 4
to boundary link concordance questions. We furthermore define a useful signature
function for boundary links. We apply our invariants to several interesting cases in
section 5. We conclude the paper with two sections containing a formula relating
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eta-invariants of finite covers and the computation of the p-invariant for boundary
links.

Acknowledgment. I would like to thank Jerry Levine, Desmond Sheiham and
Jae Choon Cha for many helpful discussions.

2. THE ETA INVARIANT AS COBORDISM INVARIANT

Let M?*! be a closed odd-dimensional smooth manifold and « : my (M) — U(k) a
unitary representation. Atiyah, Patodi, Singer [APS75] associated to (M, ) a number
Na(M) called the (reduced) eta-invariant of (M, «r). For more details cf. section 6.

For a hermitian matrix or form A (i.e. A® = A) we define

sign(A) := # positive eigenvalues of A — # negative eigenvalues of A

and for a skew-hermitian matrix A (i.e. A® = —A) we define sign(A) := sign(iA).
The main theorem to compute the eta-invariant is the following.

Theorem 2.1. [APS75] (Atiyah-Patodi-Singer index theorem) Let (M?1 ) as above.
If there exists (W21T2 3. m (W) — U(k)) with O(W?1+2 3) = r(M**! ) for some
r € N, then

(M) = ~ (signy (V) = ksign(IV)

Let G be a group, then a G-manifold is a pair (M, ) where M is a compact
oriented manifold with components {M;} and ¢ is a collection of homomorphisms
@i : m(M;) — G where each ¢; is defined up to inner automorphism. Let Ry(G) :=
{a: G — U(k)}. For an odd-dimensional G-manifold (M, ¢) define

p(M,¢): Ri(G) — R
Q= Taop(M)
We call two odd-dimensional G-manifolds (M;, «;),j = 1,2, homology G-bordant
if there exists a G-manifold (N, ) such that O(N) = M; U —M,, H.(N, M;) = 0 for
j = 1,2 and, up to inner automorphisms of G, 3| (M;) = ;. We want to relate the

p-function for homology G-bordant manifolds.
Let

Pi(G) = {a € Ry(G)|a factors through a group of prime power order}

Theorem 2.2. [L94, p. 95] If (M;, «;),i = 1,2 are homology G-bordant manifolds,
then

p(My, 1) (@) = p(Ma, 2) () for all o € Pi(G)

3. ETA INVARIANTS AS LINK CONCORDANCE INVARIANTS

Let L C S%*! be a link. We'll study the eta-invariants associated to the closed
manifold M}, the result of zero-framed surgery along L C S?¢*!. We first compute
the eta invariants of the trivial link.
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Lemma 3.1. Let Mo be the zero-framed surgery on the trivial link L. Then for any
a:m(Mo) — U(k) we get no(Mo) = 0.

Proof. Let a : m(Mp) — U(k) be arepresentation. Let Dy, ..., D, be the push-in off
the disks in S?**! bounding L, ..., L,, and let W := D??™2\ (N(D;)U---UN(D,,)).
Note that (5%t \ L) = 7 (W) = F, in particular we can use W to compute
Na(Mp). But W is homotopy equivalent to the wedge of m circles, in particular
Hy (W) = HZ, (W,CF) = 0, hence the untwisted and twisted signatures vanish,
hence n,(Mp) = 0 by theorem 2.1.

O

3.1. Abelian eta invariants. Recall that any oriented link L with m components
has a canonical map €y, : m (M) — Hy(Mp) = Z™. Furthermore if Ly, Ly are link
concordant, then (M, ,€) and (My,,€) are canonically homology Z™-bordant.

The following is now immediate from theorem 2.2.

Proposition 3.2. Let Ly, Ly be concordant links, then
p(Mp,,€)(a) = p(Mp,,€)(a) for all o € P(Z™)

The following corollary contains basically the statement of Smolinsky’s main the-
orem in [S89b]. It follows immediately from the proposition and lemma 3.1.

Corollary 3.3. Let L be a slice link, o € Pi(Z™), then n,(Mp) = 0.

Remark. Levine [L94] shows that that there are links whose eta-invariants vanish for
all o € P1(Z™) but where a close study of p(M,¢€) : Ry (Z*) — R still shows that the
links are not slice.

We quickly recall a result from high-dimensional knot theory. Combining results
of Matumuto [M77] and Levine [L69], [L69b] we get the following theorem.

Theorem 3.4. If ¢ > 1, then a knot K C S?*1 represents a torsion element in
C(2q — 1,1) if and only if no(My) =0 for all « € P,(Z).

In section 5 we show that one-dimensional eta-invariants are not enough to detect
non-torsion elements in Cy,_1(B,,) for m > 1 and ¢ > 1.

3.2. Non—abelian eta invariants. For G a group define the lower central series
inductively by Gy := G and G; := [G,G;_41],i > 0. Milnor [M57] showed that for a
link L
TSP\ L)/m1(S?\ D) & (@1, .. . T [25, wi], (1, -, T i)

where z; are representatives for the meridians, w; for the longitudes and (x1, ..., Ty )k
denotes the k" term in the lower central series of the free group generated by
T1yeoeyTm.

To avoid confusion we’ll henceforth denote the free group on m generators tq, ..., t,,
by F. Let F — 71(S**1\ L) =: m be a map ¢; to a meridian of the 7" component of L.
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Levine [L94] shows that this induces isomorphisms F/F, — x/m; for all i if ¢ > 1. If
q = 1, then we say that L has zero fi-invariant of level 7 if this induces an isomorphism
F/F; = /7. By Milnor’s result on 7, ($%\ L) /m1 (S3\ L)), a knot has zero ji-invariant
of level i if and only if for longitudes Ay, ..., Ay , {\;} € m(S**\ L);. Examples
for 1-dimensional links with zero fi-invariants are boundary links.

We say ¢ : m(S™2\ L) — F/F; is an F/F;-structure if a meridian of the ji
component gets sent to ¢;. Note that it follows from Stalling’s theorem [S65] that
conjugates of generators for F'/F; are also generators of F/F;.

The case i = 1 is of course uninteresting since F'/F; = Z™. If i > 1 then L has in
general no canonical F'/F—structure.

Lemma 3.5. [L94, p. 101] If @1 and @9 are F/F;—structures for the same link,
then ¢1 = 1 o py for an automorphism of F/F; that sends t; to a conjugate of
tj,jzl,...,m

We call such an automorphism a special automorphism of F'/F;. A link L equipped
with an F'/ F;—structure is called F'/F,—link. Let (L1, 1), (L2, v2) be two F'/F—links,
we say they are F'/F;—concordant if there exists a link concordance C' and a map ¢ :
71 (5201 % [0,1]\ C) — F/F; which restricts to ¢; and ¢y up to inner automorphism.

The following proposition is well-known.

Proposition 3.6. (1) If Ly is an F/F;-link and Lo is link concordant to Ly,
then there exists an F/F;—structure on Lo such that Ly and Ly are F/F;-
concordant.

(2) If Ly, Ly are link concordant and Ly has zero fi—invariants of level j, then Lq
also has zero fi—invariants of level j.
(3) A one-dimensional slice link has zero fi—invariant for all levels.

Proof. Let C' C S?7™! x [0,1] be a link concordance between L; and Ls.
(1) Consider
7 = (SPH\ L) — m (ST % [0,1]\ C) =: 7o

These maps are normally surjective and hence define isomorphisms 7¢ /7o =
7l /7l = F/F; by Stalling’s theorem [S65]. The statement now follows easily
(cf. [L94, p. 102] for details).

(2) This follows immediately from the definition and F/F, & 7' /n} & 7o /70 &
2 /72,

(3) This follows immediately from (2) since a slice link is concordant to the unlink
which has obviously zero pi-invariant for all levels.

O

It is clear that in the case ¢ > 1 the map 1 (S***\ L) — (M) is an isomorphism,
hence
m(Mp)/mi(Mp); = m(S*H\ L) /my (8% \ L);
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If ¢ = 1 the kernel 7 (S®\ L) — w1 (M) is generated by the longitudes. In particular
if L has zero fi-invariants of level ¢, then

m(Mp)/mi(Mp); = m(S°\ L)/mi(S%\ L);
In both cases an F/F;-structure on L gives an F/F;—structure on M.

Proposition 3.7. [L94, p. 102] If (L1, 1), (L2, v2) are F/F,—concordant F/ F;~links,
then (Myp,, 1) and (Myp,,2) are homology F/F;—bordant.

Proof. If C'is an F'/ F;—concordance, then doing surgery along C' C S%*! x [0, 1] gives
a homology F'/F,~bordism for (My,,¢1) and (Mp,, @2). O

The following is immediate from theorem 2.2, lemma 3.5 and propositions 3.6, 3.7.
The theorem generalizes results on link concordance by Cha and Ko [CK99].

Theorem 3.8. Let Ly, Ly be concordant links. If o1, o are arbitrary F'/ F;—structures
for Ly, Lo, then there exists a special automorphism 1 of F/F; such that

p(MLy, p1)(@) = p(ML,, 9 0 pa)(a) for all o € Pi(F/F)
3.3. Representations of F//F,. We now give an example of a non-trivial (i.e. non-
abelian) unitary representation of F//F,. For Uy,...,U,, € U(k) define ay,,.v,,) :
F — U(k) by a(t;) := U;. We'll find Uy, ..., U, such that ay,,.. v,,) factors through

.....

F/F.
Let z1,...,2; € St and x : F — S! a character such that x(t¥) = 1. Define
z2 ... 0 0 0 x(t1t; 0
Uliz ' . . s Ulz (1 ) . . ,i:2,...,m
0o . : 0 0 " :
0 ... zq O 0 0 ... x(tF ')

Lemma 3.9. The representation o = oqu,,..u,,) - F' — U(k) factors through F/F,.

Proof. 1t is clear that we are done once we show that for all = € [F, F|, a(z) € C-id.
Since

-----

1

[z, vw] = [z, v]v]z, w|v™
we only have to show that a([z;,z;]) € C-id, but an easy calculation using x(tF) =1
shows that o
a(fty,ty]) = x(t7)-id ifj#1
([tjatlb = Xx(t1)-id ifj#1
a([ti, t;]) = id ifi#1and j#1
U
Let p a prime, k a power of p, and z,..., 2, x such that sz = ... = ZZN =1

and x(v)?" = id for some N, then ¢ € Py(F/F,). Such a representation turns out to
discover non-slice knots in many interesting cases.

This example can easily be generalized to give more complex representations of
F/Fs.
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3.4. Sliceness obstructions.

Theorem 3.10. Let L C S*7 be a slice link and let o € Py(m(My)), then no(My) =
0.

Proof. Assume that « factors through a p-group P. Then P, = {e} for some i
since any p-group is nilpotent (cf. [J97, p. 169]). In particular a factors through
m1(My)/m (Myg); which is isomorphic to F'/ F; since any slice link has zero ji-invariants
by proposition 3.6. Henc o = o for some F'/ F;—structure ¢ and some representation
(. The statement now follows immediately from proposition 3.6, theorem 3.8 and
lemma 3.1 since a slice link is concordant to the unlink. 0

Define PD(k) C U(k) to be the subgroup generated by permutation matrices and
diagonal matrices. For a prime p define PD,(k) C PD(k) to be the subgroup of
matrices where all eigenvalues are roots of unity of order a power of p. It is generated
by all permutation matrices whose order is a power of p and all diagonal matrices
whose entries are roots of unity of order a power of p. Note that a finitely generated
subgroup PD, (k) is in fact a finite group, hence a p-group.

Theorem 3.11. Let L C S?%™ be a link with meridians py, . . ., fy,. Let p be a prime
number and let Uy,...,U, € PD,(k). Then there ezists a unique representation
B :m (M) — U(k) with 5(p;) = U;. Furthermore if K is slice, then ng(M) = 0.

Proof. Let a := a(Uy,...,Uy,) : F — U(k), then Im(«) is a p-group, hence « factors
through F'/F; for some i. It is clear that [ is given by m(Mp)/m(Mp); = F/F; —
U(k). Clearly 8 € Py(m(Myg)). If K is slice, then ng(My) = 0 by theorem 3.10. [

Proposition 3.12. Let a € P (F/F;), then there exists a prime p such that o is
conjugate to a representation & with &(t;) € PDy(k) for all j.

Proof. This follows from the fact that if o : P — U(k) is a representation of a p-group
P, then « is induced from a representation of degree 1 (cf. [H67, p. 578ff]). This
means that there exists a subgroup () C P and a one-dimensional representation
Q) — U(C) such that « is given by the natural P-left action on CP ®¢g C. Pick
representatives py, ..., py for P/Q, writing a with respect to this basis we see that «
is of the required type. [l

Remark. The above proposition together with theorem 3.10 shows that theorem 3.11
is the best possible sliceness obstruction theorem which can be based on theorem 2.2.

3.5. Algebraic closures of groups and link concordance. Whereas theorem
3.11 can’t be improved on with our means there’s still room for improvement for
proposition 3.8 because of the extra indeterminacy given by the special automorphism
group.

For a group G Levine [L89a], [L89b], [LI0] introduced the notion of algebraic closure
G and residually nilpotent algebraic closure G of a group G. In the case G = F}, these
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groups are normally generated by ti,...,t,. The results of section 3 for G = F/F;
also hold for G = F and G = F (cf. [L94, p. 101f] for details), in particular links
L C S%7*! with ¢ > 1 or with zero fi-invariants have a F-structure, i.e. a map
¢ : m(S%1\ L) — F such that any meridian of the i** component gets sent to a
conjugate of the generator ¢;. Furthermore concordant links also have Fconcordant
F-structures. The same holds for F. In  particular we get link concordance invariants
from representations in Py(F) and Py (F).

Note that p-groups are nilpotent and hence its own algebraic closure ([L90, p. 100]).
This shows that representations in Py (7 (M )) that factor through an F'/ F;—structure
for some i correspond to representations that factor through some F-structure (or
F-structure).

We say ¢ : F' — F is a special automorphism if it sends ¢; to a conjugate of ¢;. The

following theorem follows from the above discussion and from results of Levine [L94,
p. 101].

Theorem 3.13. Let Ly, L, C S%H1 be concordant links with ¢ > 1 or with vanishing
p—invariants. If o1, po are arbitrary F'—structures for Ly, Lo, then there exists a special
automorphism 1 of F such that

p(ML17 301>(Oé) = P(ML27¢ © @2)(a) fOT all o € Pk(F>

Remark. By the universal properties of F' (cf. [L89a]) there exist maps I — F/F;
such that F — F — F/Fj is the canonical map. Furthermore special automorphisms
of F induce special automorphisms of F//F;. This shows that theorem 3.13 is stronger
than theorem 3.8 since it shows that the different special automorphisms of theorem
3.8 ‘come’ from a single special automorphism of F.

3.6. Relation to previous link concordance invariants. One can easily see that
theorem 3.11 contains the sliceness obstructions defined by Smolinsky [S89], [S89b].
We quickly recall a results by Cha and Ko and show how it follows from our results.

Theorem 3.14. [CK99, thm. 7| Let L be a slice link and p a prime. Let ¢ :
w1 (Mp) — G be a homorphism to a finite abelian p-group G. Denote the G-fold cover
of M, by Mg. Let ag : Hi(Mg) — Z/p — U(1) be a representation that factors
through 7, then

T](Mg, Oég) =0

Proposition 3.15. If a link L satisfies the conclusion of theorem 3.10 then it also
satisfies the conclusion of theorem 3.14.

Proof. Let s = |G|. By theorem 6.1 there exists a unitary representation « : m; (M) —
U(s) such that

N (Ma) = 1a(ML) = 87a(c) (ML)
where a(G) stands for the representation m (M) — U(Clm (M) /m(Mg)]) = U(CG)
given by left multiplication. Furthermore o € Ps(my(M)) by lemma 6.2 and o(G) €
Py(m(M)) since G is of prime power order.
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If a link L satisfies the conclusion of theorem 3.10, then 74 (My) = 0 and
na(ML) = 0. O

In later, unpublished work Cha showed that if L is a slice link, p a prime power,
M’ a p®—cover of My (not necessarily regular) and o' : Hy(M') — U(1) a character
whose order is a power of p, then n(M’, /) = 0. In this case we can find M, = My C
M, C --- C My = M’ such that M;/M,_; is a regular p—covering. Using lemma 6.2
and theorem 6.1 one can inductively write n(M’, &) as a sum of eta invariants of M,
with representations factoring through p-groups. This shows that Cha’s extended
result is contained in theorem 3.10.

4. ETA-INVARIANTS AND SIGNATURES OF BOUNDARY LINKS

4.1. Eta-invariants as boundary link concordance invariants. In this section
we denote the free group on m generators once again by F,,. Let (L, ) C S?*! be
an F,,~link. If ¢ > 1 then 7 (S?¢"!'\ L) — m; (M) is an isomorphism. If ¢ = 1, then
©(A\) = e for any O0-longitude, since [\;, ;] =1 € m(S®\ L). In particular for any ¢
the map ¢ factors through m (My).

Proposition 4.1. [L94, p. 102] Let (L1, 1), (L, @2) be F,,-concordant links, then
(Mp,,¢1),(Mp,,p2) are homology F,-bordant.

The following theorem is immediate from lemma 1.1, proposition 1.2, theorem 2.2
and the above proposition.

Theorem 4.2. Let (Ly,p1) and (Lo, ps) be F,,-concordant F,,-links, then
p(Mp,, o1)(a) = p(ML,, p2)(a) for all o € Py(Fy)

If Ly, Ly are boundary concordant boundary links with two components, then
p(Mr,, o1)(a) = p(Mr,, p2)(a) for all o € Py(F)

for any Fy-structures o1 and @s.
The following is immediate from theorem 3.10.

Theorem 4.3. If L is a boundary link, and L is slice (in particular if L is boundary
slice), then
p(My, 0)(@) =0 for any o € Py(F)

for any F,,-structure .

Corollary 4.4. If Ly, Ly are boundary link concordant boundary links and if o1, o
are F,,-structures, then there exists a special automorphism ¢ € C'A,, such that

p(Mp,, p1)(a) = p(ML,, ¢ o pr)(a) for any o € Pr(Fi)

Remark. Note that this corollary gives a slightly stronger statement for boundary
link concordance than theorem 3.8 does, in the same vein as theorem 3.13 is stronger
than theorem 3.8 (cf. remark after theorem 3.13).
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Proof. Levine [L94, p. 102] showed that if L, is an F),,-link and L, a boundary link
which is boundary link concordant to Lq, then there exists an F,-structure on Lo
such that L; and L, are F,-concordant. The corollary now follows from lemma 1.1
and theorem 4.2. O

In section 7 we compute the p-invariant for an Fj,-link. This will involve the
computation of the eta-invariant of a circle which necessitates the definition of the
following function. Let z = e*™* € ST with a € [0,1), then define

(2) = 0 ifa=0
=Y 1=20 ifa>0
Now we can formulate the following theorem which will be proved in section 7.

for (L, ) of size (g1, -, 9m), a: F,, — U(k) a representation. Let ¢ = (=1, g :=
Yo g, T o= diag(ty, ..., t1, ..., tm, ..., ty) where each t; appears 2g; times. Let
{zij}ij=1,.k e the set of eigenvalues of a(t;). Then

p(Mr,p)(a) = €2 iy sign(vVe(Au +eAy)) Y0k, Z?ﬂ n(zi;)+
+  sign(v/—€(A — ea(T)Ala(T)™! — Aa(T) 7! + ea(T) AY))

where we consider A as a 2gk x 2gk matriz, where each entry of A = (a;;) is replaced
by ai; - idy. This simplifies for e = —1 to the following

p(My, ¢)(a) = sign(A + a(T)A'o(T) ™ — Aa(T) ™" — a(T)A")

Note that if we let U; := a(t;), then A — ea(T)A'a(T)™' — Aa(T)™ ! + ea(T) A
equals

All(l—Ufl)—EAil(l—Ul) Alg(l—Ul)(l—Ugl)
A21(1 — U2>(1 — Ul_l) AQQ(l — U2_1) — €A§2(1 — UQ)

here we use the convention of the theorem again, i.e. we view A;; as a 2g;k x 2g;k—
matrix. Alternatively we could write Aj; ® (1 — U1 — €A}, @ (1 — U,) etc..

This result generalizes a computation done by Cha and Ko [CK99] for certain
unitary representations. We suggest the following conjecture which would be a gen-
eralization of theorem 3.4.

Conjecture 4.6. Let ¢ > 1 and (L, p) C Cog1(Fpn). If for allk, p(My, ¢)(a) =0 for
a dense set of representations o € Ri(Fy,), then (L, ) represents a torsion element.

Note that in light of theorem 1.4 this conjecture is purely algebraic. This conjecture
seems to be hard to prove, and any attempt would I think require a good understand-
ing of non-commutative algebraic geometry. If this conjecture can be proved to be
true then this would give an algorithm for detecting non—torsion elements in C,,(F,),
which is easier to implement than Sheiham’s [S02] algorithm. The disadvantage of
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such an algorithm would be that it can not conclude in finite time that an F),—link
is torsion. An interesting follow up question to a positive answer would be whether
there exists a k depending computably on (L, ¢), such that it is enough to study the
p—invariant for dimensions less or equal than & for deciding whether (L, ¢) is torsion
or not.

4.2. Signature invariants for boundary link matrices. Recall that if a boundary
link (L, V') is boundary link slice then any Seifert matrix is metabolic. Using this fact
and some algebra we can strengthen theorem 4.3.

Let A = (A;;) be an e-Seifert matrix and U; € U(k),7 = 1,...,m. We denote by
U := diag(Uy, ..., U,,) the block diagonal matrix with blocks Uj - id,, and define

M(A,U) == —e(A - eUA' U™ — AU +eUA"Y)

using the convention of theorem 4.5. Furthermore let o(A,U) := sign(M (A, U)). If
A is metabolic then M (A, U) is metabolic as well, if U is such that det(M (A, U)) # 0
then 0(A,U) = 0. The map o is continuous outside of the set

Se(A) = {(Uy,...,Uy) € U(k)™| det(M(A,U)) = 0}

It is easy to see that if Ay, Ay are S-equivalent, then o(A;,U) = 0(Ay, U) and S(A4,) =
S(As). In particular for a boundary link pair (L,V) we can define o(L,V,U) :=
o(A,U) using any Seifert matrix and we let Sg(L,V) := Sk(A). This generalizes
signature invariants for knots defined by Levine [L69] and Trotter [T73].

We immediately get the following proposition.

Proposition 4.7. Let (L, V') be a boundary link pair which represents zero in C,(By,),
then o(L,V,(Uy,...,Uy)) =0 for all (Uy,...,Uy) & Sp(L,V).

Combining this with theorem 4.5 we get a theorem that gives a much stronger
boundary sliceness obstruction than theorem 4.3 since the matrices U; no longer have
to lie in PD,(k) for some prime p.

Theorem 4.8. Let (L, V') be a boundary link pair which represents zero in Cy,(By,),
then

p(Mp, p)(aw,,..v,)) =0 for all (Uy,...,Uy) & S(L,V)

Remark. Note that \/—e(A — eUAU 1 — AU+ eUAY) = /—e(A+eUAN(1-U1),
using an argument as in [L69] one can show in a purely algebraic way that o is
continuous outside of the set {(Uy,...,U,,) € U(k)™| det(A + eUA") = 0}. In our
case this gives a slightly stronger statement than the topological result of Levine’s
[L94] that p is continuous on any set of the form (r; € Ny)

..........

since A + €T A' represents the ¢ homology of the universal F,,—cover of M;. This
shows in particular that p is zero in a neighborhood of the trivial representation.
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Remark. Levine [L03] showed that these p-invariants are in fact obstructions to a
link being slice and not just obstructions to a link being boundary slice.

There are many ways to associate a hermitian matrix to A which is metabolic if A
is metabolic. Let F;; € M(k; x k;,C),i,j = 1,...,m such that F}; = \/—eﬂtj», then
we also get a similar proposition for

A11F11 + Aﬁlpﬁ A12F12 B
o(A, F;) := sign Ao F AgaFoy + Apy

This approach has the advantage that it is much easier to find (random) matrices in
M (k; x k;,C) than matrices in U (k).

In the knot case these signature invariants have the same information content as
o(A,U) since all signatures are determined by 1-dimensional signatures (theorem
3.4). In the case m > 1 we don’t know whether these different signature functions
have different information content or not.

5. EXAMPLES

Ko [K87] gives an example of a three component boundary link L € S%3 with
Seifert manifold V' such that (Ly o, Vi o) := (L, V)# — (L,a12V) (cf. [K87] for
details on the action of C'Az on Seifert surfaces) has the following Seifert matrix of
size (1,2,2)

_ O O
OO OO

OO O oo o OO
OO oo oo OO

|
—_

S oo OO O O
|
—_

SO OH—H OO OoOoOOo O

DO OO OO+ OO
SO OO oo o H= O

oS o oo OO
oo oo =

)
—_

Ko showed that L, _ is not boundary slice and posed the question whether L, _5 is
slice or not. By construction we get for o € P;(F3) that

P(My, s 0w _,)(a) = p(My, py)(a)—p(My, arapy ) () p(My, pv)(a)—p(My, pv)(aoarz) = 0

since U(1) is abelian. Hence all one-dimensional eta—invariants vanish.
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Cha and Ko [CK99] showed that L is in fact not slice. We reprove this using higher
dimensional representations. Let

(01 (B + L 0 (B + L 0
Ul—<1 0)7 U2_< 0 ——Q—QZ ) U3— 0 _\/Ti_ i

e[S

2 2

A computation using theorem 4.5 shows that p(Mp, ¢)(ay, v,05) = —2, hence L is
not slice by theorem 3.11.

On the other hand, let (Ly 1, Vi 1) :== (L,V)# — (L,V), then Ly _ is obviously
slice. This reproves the following well-known proposition.

Proposition 5.1. Connected sum is not a well-defined operation on C(n,m) for
m > 3.

We now give an example of a two component link with vanishing one-dimensional
eta—invariant but which is not slice. Consider the following boundary link Seifert
matrix of size (2, 1):

0O 0 0 0 1 0
1 0 0 -1 0O O
0 0 1 0 0 1
A= (Ay)ij=12=10 1 -1 -2 0 0
1 0 O 0 -2 0
0 0 1 0 1 1

Let (L, V) = (LU Ly, Vi UV,) C S*+3 be a boundary link pair with Seifert matrix
A. In fact we can find isotopic slice knots Ly, Ly and corresponding Seifert surfaces
with the above property since one can easily see that Ay; and Ay are S-equivalent
and metabolic.

Note that A(L)(t1,to) = det(AT — ANt %ty = —(tito+t] ity 1) — (¢ o+ ity 1) +5.
Let (L, V) = (L, Vo) U (L1, V1), clearly (L, V) is a boundary link with Seifert matrix
(Am) = (Ag_z"g_j). Note that A(L)(tl,tg) = A(L)(tg,tlz = A(L)(tl, tg)
~ Now pick arcs connecting the components of L and L, which lie outside of V' and
V. Use these arcs to form L# — L. If ¢ > 1, then this link is independent of the
choice of arcs.

Proposition 5.2. The boundary link (L# — L, V#— V) has zero U(1)-eta invariants
but is not boundary link slice. Furthermore L# — L s not slice.

Proof. Let B = A® —A be a Seifert matrix for (L# — L V# — f/) For z;,2z, € St

let Z = diag(z1, 21, 21, 21, 22, 22, 21, 21, 22, 22, 22, 22), then

p(Myy 1., ., = sign(B(L— 2) + B'(1 - 27)) = sign((BZ — BY)(2™ ~ 1))
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In particular the function p(Mp, ;,€) : Ri(Z*) = S' x S* — 7Z is constant outside
of the set {(z1,22) € S' x S'|det(BZ — A*) = 0}. It is obvious that for all 2, 2, € S*
we have

det(BZ — Bt)zl_3z2_3 = A(L)(z, zg)A(E)(zl, 2) = A(L) (21, 20)% =
= (—(nzm+ 27 — (g7l + a1z ) +5)2> 1
hence the p-invariant function is constant. Picking z; = —1, 2o = —1 we can compute
that the constant is in fact 0.

Now let
0 i i 0
Ul:(1 0)’ UQ:(O —i)

A computation using theorem 4.5 shows that p(M,, 7, ¢)(av, v,) = —2, hence L —
L is not slice by theorem 3.11. OJ

Now consider the following Seifert matrix of size (1, 1)

01 01

0 0 2 1
A=

0 2 10

11 10

Let (L,V') be a boundary link pair with Seifert matrix A. If we let

4 1 4 1 1 2
F11:(3 0)7 F12:<2 1)7 F22:<4 1)

then o(A, Fj;) = —2, which shows that A is not metabolic, i.e. L is not boundary
slice. Computer computations indicate that p(My, ) vanishes outside of Si(L,V)
and Sa(L,V) but is non-zero outside of S3(L, V") which shows again that L is not
boundary slice by proposition 4.7.

All the p-invariants of theorem 3.11, i.e. all eta invariants corresponding to rep-
resentations that factor through a p—group that I computed so far with a computer
vanish. So it seems like one can not use theorem 3.11 to say that L is not slice.

A new result by Levine [L03] shows that L is in fact not slice.

6. RELATING ETA-INVARIANTS OF FINITE COVERS

Let M be an oriented Riemannian manifold of dimension 2/ — 1 and a : m (M) —
U(k) a representation. Denote the universal cover of M by M. Then let V, :=
M X ey (M) C*, this is a C*-bundle over M. On the space of differential forms of even
degree there’s a natural self-adjoint operator B defined by

Qop(M)  — Qoo (M)
w = (=1 (xd — d¥)w
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This can be naturally extended to give a self-adjoint operator B, acting on even forms
with coefficients in the flat vector bundle defined by . Consider the spectral function
Na(M, s) of this operator defined by

1M, ) = 3 (sign(A) A~
A#0
where A runs over the eigenvalues of B,. Atiyah-Patodi-Singer [APS75] showed that
for s with Re(s) big enough, n,(M, s) converges to a holomorphic function. Further-
more this holomorphic function can be extended to 0 and 7,(M,0) is finite. Now
define the (reduced) eta—invariant of (M, «) to be

Na(M) := 10 (M, 0) = kn(M, 0)
where n(M, s) denotes the eta function corresponding to the trivial one-dimensional

representation of 71 (M). Atiyah-Patodi-Singer [APS75] showed that 7,(M) is inde-
pendent of the Riemannian metric on M.

Let M be a manifold of dimension 2] — 1 and M’ a finite cover, not necessarily
regular. Let o' : m(M') — U(k) be a representation. The goal is to express 1, (M’)
in terms of eta-invariants of M.

Consider Cry (M) ®cn, vy C* where we view C* as a Crry(M’)-module via o/. We
give Cmy (M) ®cyr, () CF the metric induced by

t

(71 ®@v1), (P2 ®v2)) — Z O(prgape) (' (g)1v1) 02
gemi (M)

wgere p; € m (M), v; € CF. Tt is easy to see that this is well-defined. Let s := [m (M) :
m1(M')], then clearly dim(Crmy(M) ®cnr, ) CF) = ks.

Define

a:m(M) — Aut(Cm (M) @cr (mry CF)
a — (pR®v—apv)

This action is obviously isometric, i.e. unitary.

Denote by «(M, M’) the representation (M) — U(Cmy (M) ®x,mr) C) given by
left multiplication where we consider C as the trivial m (M’)-module.

Theorem 6.1.
Mo (M) = 0o (M) — kna(ar, (M)

Proof. Give M some Riemannian structure and M’ the induced structure. We have
to show that

na'(M/7 0) - kU(M/> 0) = (nCY(Mv 0) - kST](Ma O)) - k(na(M,M’) (M, O) - 877<M7 0))
We'll in fact show that
) = na(M,0)
n(M/vO) = na(M,M’)(Mvo)
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Recall that
Vo = ‘]\:4 X (M) C* and
Vo, = M X1 (M) (Cﬂl(M) ®(C7r1(M/) Ck)

Let p € M,U C M a (small) neighborhood and py,...,ps, Uy,...,Us the different
lifts. Then the map

SCHIY VR Va’U - @leva’|U¢
Y (g, g:hi @v;) — > (qgi, hiv;)

is an isomorphism with inverse map given by
Z(% 1 ®wv;) <—‘Z(%,Ui)
where g; such 7(qg;) € U; and h; € m(M’). Note that

QM Vo) low, = @5 Q@ (M) |y, @coowyy T (Vi

Ui)
This is isomorphic to
V(M) @cww) Bimy I'(Varlw,) = Q*(M)|y @coo oy T'(Valv)

which is just Q* (M, V,,)|y. Tt is clear that these isomorphisms can be patched together
and give an isomorphism Q*(M,V,) = Q% (M’,V,,) which commutes with * and d
since these operators are defined locally. Therefore 1,(M,s) = n.(M’,s), hence
Na(M,0) = 1 (M',0)

Exactly the same way using the trivial representation for o one shows that n(M’,0) =
Na(,mr) (M, 0). O

In the application we’ll have the case that (M) C m (M) is normal. We'll now
restrict ourselves to this case. Write G := my(M)/m (M') and write Mg, ag for M’
and o/. Denote the canonical map m (M) — G by ¢. We'll give an explicit matrix
representation for ag and show that if ag € Py(m(Mg)) then oo € Pyg(mi(M)).

Let g1,...,9s be the elements of G and pick a splitting ¢ : G — w1 (M) which
is of course in general not a homomorphism. Let e,...,e; denote the canonical
basis of C*. Then g; ® e; is a basis for CG ®¢ C* and 9(g;) ® e; is a basis for
Cm1 (M) Q@cry () CF. We'll write o with respect to the basis ¢(g;) ® e;. Note that

(Vg p(a )" (v(g; ola ))a P(gi) @ v =
(wgzsoa )~ ®( D) a-v(g)-v=
(g toa™) " ® a((w(gz p(a™)) a-¥(g))v

since ¢ (¢¥(g; " p(a™)) a-¥(g:) = g; 'p(a~ p(a)g; = 1. Therefore with respect to the
basis @Z)(Ql) ®U17 s 777Z}(gl) ®Uk7 77Z)(gs> ®U17 s aqu)(gs) ®Uk the matrix a(a) 18 given

a-P(g) ®@v=
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by
ag((W(gr'ela™)) a-v(g)) 0 = 0
» 0 ag((¥(g; 'ela™)) a-¥(g2)) 0
»(a)
0 0 ag((Plgstp(a™)) a-(gs))

where P, is the permutation matrix given by P, (¥(g;) ®¢;) = ¢(g; 'p(a™)) ' ®
€.

If a¢ factors through a p—group then we can assume that ag(g) € PD,(k) for all
g € m(M¢). It is then clear, that a(g) € PD,(ks) for all g € m (M), in fact « factors

through a finite subgroup of PD,(ks). In particular « factors through a p-group.

Lemma 6.2. Let p a prime number. If G is a p-group and ag factors through a
p-group , then « also factors through a p-group, i.e. o € Pyg(mi(M)).

7. COMPUTATION OF ETA-INVARIANTS FOR BOUNDARY LINKS

Let (L C S?7™! ) be a boundary link pair and V = V; U---UV,, a corresponding
Seifert surface. Let a € Ry (F,,), then define § := avo ¢ : m (M) — F,,, — U(k). In
this section we’ll compute p(My, ¢)(a) = ng(My) using theorem 2.1.

First we add handles D} x D? along the L; to D**2 and denote this manifold
by Np, then M; = O(Np). Note that ¢ does not extend over Ny since in fact
71 (L) = 1. We push the surfaces V; into D??*2 more explicitely, we can find a map
L:V x I — D*2 [ =10,1], such that ¢|V x 0 is the embedding of V into S%+1,
t|L; x I is constant on the intervals and such that ¢|,.(v)xs is an embedding. Now let
Y =1V x1)UD; x0 C Ny, ie. %, is the push in of V', capped off by the core of the
i" handle, in particular a closed manifold. Let ¥ := U™ 3, and N := N\ N(X).
Note that O(N) = M, U —X x S'.

We can find embeddings g; : D* x I < D?? x D? such that g;|D? x 0 is just the
embedding in D7 x 0 C D}? x D? and such that g;|D* x 1 C My and g;|0(D*) x I C
Vi. Now let T; := ((V x I)Ugi(D?**x I))N N and T := U™, T;. The manifolds
T; C N play the role of the Seifert manifolds in S?¢™!. For example the Pontryagin
construction for ' C N gives a map 7 (N) — F,, which extends ¢ : m (M) — F,,.
We denote the map m(N) — F,, — U(k) by 6 as well. Note that 7; inherits an
orientation from int(V;) x I C T;. By theorem 2.1

Z (3 x S') = signg(N) — k - sign(NV),

where 0; = 6o, : 1 (5; x SV) — m(N) — F,, — U(k).
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7.1. Computation of 7; (X; x S'). Note that S' inherits an orientation from the
orientations of ¥; and 3; x S'. Denote by m; the (oriented) generator of 71(S'), then

QNZ‘ : Wl(zi) X 7T1(Sl) = 7T1(2‘ X Sl) — U(k’)
is given by sending (g, m¢) to a(t;)¢. We need the following proposition.

Proposition 7.1. [N79, thm. 1.2]
(1) Let ay : m(N?") — U(ky) and ax : m(X*7') — U(kx) be representations,
then
Nayoax (N7 x X271) = (=1)"signg, (N )1 (X)
(2) Let a : m(S') = Z — U(1) be a representation. If a(1) = €*™ a € [0,1),
then

wis) = o) ={ | 0 FoZiy

Therefore
ngi(Z?q x S1) = esign(Z Zn Cij)

where {c¢;;};=1...m denotes the set of eigenvalues of a( ;) and € := (—1)7. We can
express sign(¥;) in terms of the Seifert matrix as follows:

sign(%;) = sign(V;) = sign(v/e(Ay; + €AL))
In the case € = —1 one can easily show that A;; — Al is congruent to <_? q 1(()1 ),

hence the signature is zero.
7.2. Computation of sign,(N).

7.2.1. C’omputatwn of q+1(N C*). Denote by N the F,,-cover of N induced by ¥,
note that C,(N) has a right F,-module structure. Recall that the twisted homology
HY(N,CF) is defined as H;(C,(N) ®zp, C¥), where C¥ is a left F,,-module via 6. Fix
an orientation preserving embedding f : (7,9(T)) x [-1,1] — (N,0(N)), such that
f(T % 0) is the usual embedding of 7" C N. Let X := N\ f(T x (—1,1)), then X is
homoemorphic to N cut along 7. We can embed 7" in X via the embeddings f4 (¢) :=
fle,1) and f_(c) := f(c,—1). Then N = X x F,,/ ~, where (f_(c;), 2t;) ~ (f4 (), 2)
for ¢; € T}, z € F,,. We will in fact identify N and X x F,,/ ~.

From this decomposition of N we get the following short exact sequence (where

¢ € C.(Th))

0— C(T x F,) — C.(X X Fy,) — C(N)—0
(ciy2) = (f-(ci), 2t ‘

2) = (¢2)
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We tensor with C* over ZF,, via 6. The tensored sequence is still exact since C,(N)
is a free ZF,,-module. Taking the long exact homology sequence we get

- — HY(T,C*) - HY(X,C") — HY(N,C*) — H! (T,CF) — ...
where
HY(T,CF) = H(C.(T x F,,) ®zr, CF) = H;(C.(T) ®z C*¥) = H;(T, CF)
HY(X,CF) = H{(C.X x F,) ®zp,, C*) = H;(C.(X) ®z CF) = H;(X,CF)
We have to compute H,(X). Write X = X; U X, where X; := X N D**2 and
X, := X N (U™, D x D?). Note that X, is just a deformation retract of D2,

i.e. X is the result of attaching m (2¢ — 1)~handles to X;, hence H;(X) = 0 for all
i=1,...,2¢—1, Hy(X) =7Z and Hyy(X) =Z".

Proposition 7.2. If ¢ > 1 or if (a(t;) — id) is invertible for all i, then
Hy, (N, C*) = H,(T,C*) = H,(%,C*) = H,(V,C")

q+1
Proof. The last isomorphism follows since ¥2¢ = V27 U D24, the second isomorphism
is clear, so it only remains to prove the first isomorphism. For ¢ > 2 this follows
immediately from the long exact sequence. In the case ¢ = 1 we get the following
long exact sequence

.- — Hy(T,C*) — Hy(X,CF) — HIY(N,C*) — H\(T,C*) — H\(X,CF) =0
Clearly it is enough to show that Hy(T, CF) — Ho(X,CF) is an isomorphism if (a(t;) —
id) is invertible for all . The map Hy(T,CF) — Hy(X,C*) is induced by the map

CQ(T X Fm) ®ZFm (Ck — CQ(X X Fm) ®ZFm Ck
(ci,z)@v = (f-(ci),2ti) ®@v — (f1(ci),2) ®v

First note that Hy(X) — Hi(X; N X3) is an isomorphism, and that X; N Xy 2
UL,; x D?. Consider the maps

o

f+7*,f_,* . Zm = HQ(E) = HQ(T) — HQ(X) — H1<X1 N XQ) = Zm
] = B = @) = ) 0 (XN X))
But [f+(X:) N (X1 N Xy)] = Ly, ie. fi. = f_.. Furthermore f;, and f_, are
isomorphisms. In particular f_(c¢) and f,(c) are homologous for any ¢ € Cy(T).
Therefore the map Ho(T,C*) — Hy(X,C*) is induced by the map
CQ(T X Fm) ®ZFm Ck — CQ(X X Fm) ®me (Ck
(ci,z)@v = (f(c) 2ti —2) @v = (f-(c), 2) ® (ati)v — v)
If (a(t;) —id) is invertible for all 4, then Ho(T,C*) — Ho(X,C*) is clearly an isomor-
phism. O

In the following we will assume that the assumptions of the proposition hold. Our
next goal is to give a geometric interpretation of the map H,(V,C") — Hf (N, C").
We need the following theorem [S68, p. 210].
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Theorem 7.3. Let X be a manifold, A C X. Let « € H;(X,A). Then there exists
an i—-dimensional oriented manifold Y and a map g : (Y,0(Y)) — (X, A) such that
9«([Y]) = ka for some k € N.

Write sj, := rank(H,(V},)).
Corollary 7.4. There exist immersions of oriented (q + 1)—manifolds
f

Ghivt * (Npies O(Npi)) — (X1, f4+(V))
Ghi,— - (th‘,—73(th‘,—)) — (X5, f-(V))
and immersions of oriented q—manifolds gp; : My; — V', h
such that the following holds for lp; == gni(Mpi), ¢y (lni) =
Gni(Nni—):
(1) {[lna],-- - [lns,]} are a basis of Hy(V3) @ Q,
(2) fo(lni) = 0(ci(lni)), f-(Ini) = O (i),
(3) ¢4 (lni), c—(lij) C Xy are in general position, in particularlpy, . .., lhs, C Vi, h =
1,...,m are in general position.

Proof. Since X is contractible we get H,.1 (X1, Vi) = H,(V),). Pick a basis by, ..., by,
for the torsion free part of H,(V},), h = 1,...,m. Note that multiples of by, ..., bs, still
form a basis of H,(V}) ® Q. The existence of immersions gpi + : (Npit, O(Npit)) —
(X1, f+(V))), and immersions gp; : Mp; — V with the respective properties (1) and
(2) now follows immediately from theorem 7.3. In fact one can choose Mp; = O(Np; )
and gp; = f;lo Ghi+- Obviously these immersions can be brought into general position.

Now let Np;— = Npit. Then it is clear that maps gpi— : (Npj—, O(Nphi—)) —
(X1, f-(V)) exist with the required properties, since (X, f_(V)) = (X, f+(V)). O

=1,....myi=1,...,8,
gni( Ny, ) and c_(lhz) =

Denote by * the pushing of V' into 7" = «(V x I), more precisely v* := (v, ) for
v € V. It is now clear that we can find ¢*(I},) respectively ¢~ (I},), h =1,...,m,i =
1,...,sp as in the corollary, such that f+(l;;) = 0(cy(13,)), f-(l7;) = O(c (l,’;l)) We
can again assume that all immersions are in general position. By this we mean that
for any 1,1 € {ly;,1;;} the manifolds ¢ (1) and ¢ ([) intersect transversely.

For I € {l;, z,m}z:1 ,,,,, o write (1) := ¢~ ()t U —ct (1) € N = (X x F,,)/ ~. Note
that ¢ (1) is a closed manifold since (f_(p), zt;) ~ (f+(p), z) for any p € T;. It is clear
from the above proposition that {[¢(Is) ® €;]}h=1,. mii=1...s,.j=1,. % forms a basis for
HY, | (N,CF). We order this basis lexicographically on the triple (h, i, 7).

7.2.2. The intersection pairing on HgH(N, C*). Let l,i C N be oriented immersed

(¢ + 1)-manifolds in general position, by this we mean that lg and [ intersect trans-

versely for any g € F,,,. Then their equivariant intersection number (I, [} is defined as
follows:

1,0y =Y (lg-1)g" € Z[F,)]

g€Fm,
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where lg -l~ € Z is the ordinary intersection number, which is 0 for almost all g. Note
that (g,1) = (I,0)g and (I,1g) = g~ (1,1).

The twisted intersection pairing

(,): Hpy (N,C*) x HY{(N,C*) = C
on HY |(N,CF) = H, 1 (CL(N) ®z(r,,] C*) has the following property:

(@], [l ®0]) =0'a((l,1)v

if I,I ¢ N are immersed (¢ + 1)-manifolds in general position. Furthermore the
pairing is hermitian, in particular we can define its signature.

The Seifert pairing can obviously be extended to a pairing H,(Vj,, Q) x Hy(V}, Q) —
Q. Denote by A the Seifert matrix of (L, ¢) with respect to the bases {[l1], ..., [lns,]}
of H,(V,,,Q),h=1,...,m.

Proposition 7.5. If («a(ty)—id) is invertible for all h orif ¢ > 1, then the intersection
pairing on HY (N, C*) with respect to the ordered (cf. above) basis {[t)(In:) ® €;]} €

HY | (N,CF) is represented by the matriz
V—e(A —eca(T)A'a(T) ™ — Aa(T) ™! + ea(T) A"
In particular
signg(N) = sign(v/—e(A — ea(T)A'a(T) ™ — Aa(T) ™" + ea(T)A").

Note that we can deform 1 (ly;) into d((lp;)) = ¢*(I};) — ¢ (I5,;)tn. Then 1(ly;) and
d(v(l;)) are in general position for any h,i,1,j. We therefore have to compute the
equivariant intersection numbers of ¢ (I5;) and d(¢(l;;)). The proposition now follows
immediately from the definitions and the following lemma.

Lemma 7.6. With respect to the ordered sets

(), 0(lisy),y oo W),y - o W(ls,,) and
d(¢(511))7 to >d(w(llsl>>7 to 7d(w(lml))7 tot 7d(¢(lmsm))

we get the following matriz for ()

All(l—tl_l) —EAlil(l—tl) A12<1—t1)(1—t2_1)
Ao (1 —t)(1 =Y Agp(1 —t51) — eAby(1 — to) _

= A—€eTAT ' — AT ' 4+ TA* =
= (A+eTAHY(1-T7Y)

Note that a similar computation has been done by Ko (cf. [K89]) for the intersection
form of the (abelian) Z™-cover of N.
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Proof. Denote by . respectively _ pushing into the positive respectively negative
direction in int(V) x [—1,1] C S%+L.

Note that 9(X;) = S%*1. There exists an orientation preserving embedding g :
V x [=2,2] — 0(X7) such that for [ C V

9(,2) = f(I)

g(l,l) = f+(l*>

gl,—1) = ()

g(l,=2) = f-(I)

In particular for [, [ C V closed g—manifolds we get
gzt (L, ) = oy (9(1,2),9(L 1) = et (1)-¢H ()
1k52q+1(l7 ~) = 1k8X1)<g(l7 2)79(71)) = C_(l)'C+(~*>
lkszat1(l4,1) = Tkox(9(1,2),9(1,—1)) = (1) - (I")
lkgzarr (I 1) = Tkoxy)(9(l, =2),9(L,=1)) = () - (")

Furthermore note that

(1) Right multiplication by #, is an isometry.
2) k(,1) = —elk(i,1).

Using this we compute

() - d((ly) = (¢ Uni)tn U —ct(lni)) - (e~ ()0 U —c (1)) =
= " (lni) - () + ¢ (na)tn - ()t =
= Ik(lpiv, lij) + k(lhi—, lij) Ona

and for z # 1 we compute

Y (lne)z - d(eh(l) = (¢ (Ina)2tn U =" (1) 2) - (¢ (1)t — ¢ (1f5))

this is zero except for the following cases:

- tl ( hz) ( (ll])) - (lhz)tl ( ( 7]) l) lk<lhi+’ llj)

=t Y(lhi)z - d((ly)) = (lhz)thth c(lf5) = —1k(lni—, lij)

= {4 lth = (ln)z - d(y (ll])) ¢ (lna)taty Mtn - (—c= (U5 t) = k(I L)
since z # 1 impl esh;«él

These are the only possible intersections. More precisely, ¢=(1)z - ¢=(1)z = ¢*(1)z -
c¢(l~)£ = 0if z # Z and if [,] don’t intersect, since the corresponding manifilds don’t
intersect. The lemma now follows immediately from the definition of the Seifert
matrix A. O

7.3. Proof of theorem 4.5. Recall that we have to show the following.
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Claim. Let (L C S*™ ¢) be an F,-link, A = (A;;)ij=1..m a Seifert matrix for
(L,), a: F, — U(k) a representation. Let € := (—1)9"! then

p(Mz, p)(a) = € > iy sign(ye(Ai +eAj)) D00, Z?=1 n(zij)+
+ sign(v/—€(A — ea(T)A'a(T) ' — Aa(T) ™! + ea(T)AY))

Proof. Note that the expression on the right hand side only depends on the S—

equivalence class over QQ of A, since matrices A;, Ay which are S—equivalent over

Q give rise to matrices with identical signatures. In particular it is enough to show

that the claim holds for a Seifert matrix A. The statement under the assumption

that either ¢ > 1 or (a(t;) — id) is invertible for all i follows now immediately from

the calculations above and the observation that the untwisted signature is 0.
Otherwise we have

HY(N,CF = H\(V,CF) @ Im(H,(X,CF) — HY(N,CF))

Let (c,2) € Im(Hy(X,CF) — HY(N,CF)) for i = 1,2 and (d,w) € Im(H,(V,CF) —
HY(N,C*)). Then cg - d = 0 since ¢ can be represented by an element which is
supported on J(IN) whereas d can be represented by an element which is supported
on N\ O(N).

Since Hy(X) is generated by [f_(%;)] it remains to show that f_(3;)g and f_(3;)*
are disjoint for any g € F,,,,4,j € {1,...,m}. That’s obvious for i # j and for g # e.
Recall that ¥; N (X7 N X,) = K. Pick a longitude K’ for K. Pick a Seifert surface
V'’ for K" and close it by a disk D’ in the 2-handle over K. Then [V'U D'] represents
[X] and we can assume that ¥; and V' U D’ are in general position. But

Y-(V'uD)=(VUuD) - (V'uD)=V.-V'+D?*.D' =0
since V- V' =1k(K, K') = 0 and D, D’ can be chosen to be disjoint.
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