THE L’ ALEXANDER TORSION OF 3-MANIFOLDS
JEROME DUBOIS, STEFAN FRIEDL, AND WOLFGANG LUCK

ABSTRACT. We introduce L2?-Alexander torsions for 3-manifolds, which can be
viewed as a generalization of the L2-Alexander polynomial of Li-Zhang. We state
the L2-Alexander torsions for graph manifolds and we partially compute them for
fibered manifolds. We furthermore show that given any irreducible 3-manifold
there exists a coefficient system such that the corresponding L2-torsion detects
the Thurston norm.

1. INTRODUCTION

1.1. The L*-Alexander torsion. An admissible triple (N, ¢,~) consists of a prime
orientable compact 3—dimensional manifold N with empty or toroidal boundary, a
class ¢ € H'(N;R) = Hom(m(N),R) and a homomorphism v: 7 (N) — G such
that ¢: m(N) — R factors through v. We say that an admissible triple (N, ¢,) is
rational if ¢ is a rational cohomology class.

Given an admissible triple (N, ¢,v) we use the L*~torsion, see e.g. [Li102] for details,
to introduce in Section the L?-Alexander torsion 7 (N, ¢,~) which is a function

T@(N,¢,7) : R = [0, 00).

We say that two functions f,g: RT — [0,00) are equivalent, written as f = g, if
there exists an r € R, such that f(t) = t"g(t) for all t € RT. The equivalence class of
7@(N, ¢,7) is a well-defined invariant of (N, ¢,~). If 7 is the identity homomorphism,
then we will drop it from the notation, i.e., we just write 72 (N, ¢).

As we explain in more detail in [DFLI4a], the L?-Alezander torsion 7 (N, $,~)
can be viewed as a ‘twisted’ invariant of the pair (N, ¢), and in particular it can
be viewed as a cousin to the twisted Alexander polynomial [Li0I, [EV10] and the
higher-order Alexander polynomials [Co04) [Ha05] of 3-manifolds.

Given any ¢ € H'(N;R), if we take t = 1 and v = id we obtain the usual
L*-torsion of a 3-manifold. The third author and Schick [LS99] showed that it is
completely determined by the sum of the volumes of the hyperbolic pieces in the
JSJ-decomposition of the underlying 3-manifold. We refer to Theorem for details.

1.2. The degree of the L2-Alexander torsion. We are interested in the behavior
of the L2-Alexander torsion for the limits ¢ — 0 and ¢ — co. We say that a function

Date: October 25, 2014.



2 JEROME DUBOIS, STEFAN FRIEDL, AND WOLFGANG LUCK

f is monomial in the limit if there exist d, D € R and non-zero real numbers ¢, C'
such that

lim@ =cand lim & =C.
t—0 4 t—oo tD

We refer to deg f(t) :== D — d as the degree of f. Furthermore we say f is monic if
c=C=1.

Note that the notion of being monomial in the limit, being monic and the degree
only depend on the equivalence class of the function.

1.3. Calculations of the L?-Alexander torsion. In order to state our results on
L?-Alexander torsions for certain classes of 3-manifolds we need one more definition.
Let N be a 3-manifold and let ¢ € H'(N;Z) = Hom(w(N),Z). The Thurston norm
of ¢ is defined as

zn(¢) = min{x_(X) | X C N properly embedded surface dual to ¢}.

Here, given a surface ¥ with connected components 3 U- - - U Xy, we define xy_(X) =

Zle max{—x(2;),0}. Thurston [Th86] showed that =y defines a (possibly degener-
ate) norm on H'(N;Z). Tt can be extended to a norm on H'(N;R) which we also
denote by x .

In Section [8.3| we will prove the following theorem.

Theorem 1.1. Let N # S x D?, S x S? be a graph manifold. Then for any non-
trivial ¢ € H'(N; Q) and any representative T of 7? (N, ¢) we have

1, ift<1
() = { =) > 1.

In particular T (N, ¢) is monomial in the limit and it is monic of degree xn().

Let N be a 3-manifold and let ¢ € H'(N;Q) = Hom(m(N),Q) be non-trivial.
We say that ¢ is fibered if there exists a fibration p: N — S! and an r € Q such that
the induced map p,: m(N) — 7,(S*) = Z coincides with r - ¢. With this definition
we can now formulate the following theorem which we will prove in Section [8.2]

Theorem 1.2. Let (N, ¢,7) be a rational admissible triple with N # S' x D? S' x 52
such that ¢ € H*(N; Q) is fibered. We denote by T > 1 the entropy of the monodromy
(see Sectz’on. Then there exists a representative 7 of T (N, ¢,~) such that

1, ift < &,
m(t) = { NG i > T

In particular T (N, ¢,~) is monomial in the limit and it is monic of degree xx ().
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1.4. The symmetry of L?-Alexander torsions. For completeness we recall the
main result of [DEL14b]. In that paper we showed that if (N, ¢, ) is an admissible
triple, then for any representative 7 of 7()(N, ¢,~) there exists a k € R such that

(1) A =k ().

This result thus says that the L?-Alexander torsion is symmetric. This result can
in particular be viewed as an analogue of the fact that the ordinary and the twisted
Alexander polynomials of 3-manifolds are symmetric. (See [HSW10, FKK12]).

Now suppose that ¢ € H'(N;Z). Then there is an interesting relation to the
Thurston norm zy(¢). Namely, we can use the stronger equivalence relation that two
functions f,g: RT — [0, 00) are equivalent, if there exists an m € Z, such that f(t) =
tmg(t) for all t € R*, and still 7 (N, ¢, ) is a well-defined invariant. In [DFLI4D]
we prove that we have k € Z in the equation (1)), and the reduction of £ mod 2 is an
invariant of (V, ¢,~), which turns out to be zy(¢) mod 2.

1.5. The L2-Alexander torsion of knot complements. An important special
case is given by knot exteriors. Let K be an oriented knot in S3. We denote by
vK an open tubular neighborhood of K and we refer to X(K) := S®\ vK as the
exterior of K. Furthermore we denote by ¢ € H' (X (K);Z) = Hom(m (X (K)),Z)
the epimorphism which sends the oriented meridian to 1. If y: m (X (K)) — G is a
homomorphism, such that (X (K), ¢k, ) forms an admissible triple, then we write

(K, ) =D (X(K), ¢r,7): R — [0, 00).

It follows from that 7 (K,~) does not depend on the orientation of K. Of
particular interest is the invariant 72 (K) := 7®?(K,id). We will see in Section
that the resulting L2-Alexander torsion is basically the same as the L?-Alexander
invariant introduced by Li and Zhang [LZ06a, [LZ06D].

The calculations from the previous section also specialize to the case of knots. For
example, Theorem implies that for any (iterated) torus knot K we have

7—(2)([() — (t — max{l, t2 genus(K)fl}%

where genus(K') denotes the minimal genus of a Seifert surface of K. This equality
was first proved by Ben Aribi [BA13a, [BA13b] and generalizes an earlier result of the
first author and Wegner [DW10, DW13]. The combination of Theorem together
with the aforementioned work of the third author and Schick [LS99] gives us the
following theorem which states that the L2-Alexander torsion detects the unknot.
This result was first proved by Ben Aribi [BA13al, [ BA13b].

Theorem 1.3. A knot K C S® is trivial if and only if 7®(K) = (t = max{1,¢} ).
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For knots it is enlightening to consider the coefficient system given by v = ¢x €
HY (X (K);Z) = Hom(m (X (K),Z). In order to state the result we factor the Alexan-
der polynomial Ak (z) € Z[z*!] as

k
Ag(z) =C- 2" H(z - a),

with some C' € Z\ {0},m € Z and a1, ..., a; € C\ {0}. In Section [7.3] we then prove
that

(K ~)(t) = C - H max{|a;|, t} - max{t, 1} .

In particular 7 (K, ~) is a piecewise monomial function that is determined by the
ordinary Alexander polynomial.

1.6. The L?-Alexander torsion and the Thurston norm. In this final section
we want to relate the L?-Alexander torsion to the Thurston norm for more general
types of 3-manifolds. In this context we can not show that L?-Alexander torsions are
monomial in the limit. In Section [6] we will therefore generalize the notion of degree
from functions that are monomial in the limit to more general types of functions.
With that definition of a degree we can show that L2-Alexander torsions corre-
sponding to certain epimorphisms v give lower bounds on the Thurston norm.

Theorem 1.4. Let (N, ¢,v: m(N) — G) be an admissible triple. If G is virtually
abelian, i.e., if G admits a finite index subgroup that is abelian, then

deg TP (N, ¢,7) < zn(8).

Using the virtual fibering theorem of Agol [AgO8| [Ag13], Liu [Liul3], Przytycki-
Wise [PW12, PW14] and Wise [Wil2a, Wil2b] we will prove that there exists a
homomorphism 7 onto a virtually abelian group such that the L2-Alexander torsion
in fact determines the Thurston norm. More precisely, we have the following theorem.

Theorem 1.5. Let N be a prime 3-manifold with empty or toroidal boundary that is
not a closed graph manifold. Then there exists an epimorphism ~y: m(N) — G onto
a virtually abelian group such that the projection map m (N) — Hy(N;Z)/torsion
factors through ~v and such that for any ¢ € H'(N;R) the function T (N, ¢, ) is
monomial in the limit with

deg TP (N, ¢,7) = zn(0).

Conventions. We assume that all groups are finitely generated and that all 3—
manifolds are orientable, compact and connected, unless we explicitly say otherwise.

Given a ring R we will view all modules as left R-modules, unless we say explicitly
otherwise. Furthermore, given a matrix A € M,, ,(R), by a slight abuse of notation,
we denote by A: R™ — R™ the R-homomorphism of left R-modules obtained by



THE L>*-ALEXANDER TORSION OF 3-MANIFOLDS 5

right multiplication with A and thinking of elements in R™ as the only row in a
(1, m)-matrix.
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vided by the SFB 1085 ‘Higher Invariants’ at the University of Regensburg, funded
by the Deutsche Forschungsgemeinschaft (DFG). The paper is financially supported
by the Leibniz-Preis of the third author granted by the DFG. We wish to thank Fathi
Ben Aribi for helpful conversations.

2. HILBERT N (G)-MODULES AND THE FUGLEDE-KADISON DETERMINANT

In this section we will recall the definition and some basic properties of Hilbert
N (G)-modules and the Fuglede-Kadison determinant.

At a first reading of the paper it is enough to know that given any group G and any
matrix A over R[G] (which is not necessarily a square matrix) one can, under slight
technical assumptions, associate to A its Fuglede-Kadison determinant dety(G)(A) €
R*. Some of the key properties of the Fuglede-Kadison determinant are summarized

in Proposition [2.1]

2.1. The dimension of Hilbert N (G)—modules. Let G be a group. We denote
by N(G) the algebra of G—equivariant bounded linear operators from ?(G) to I*(G).
Following [Lii02, Definition 1.5] we define a Hilbert N'(G)-module to be a Hilbert
space V' together with a linear isometric left G-action such that there exists a Hilbert
space H and an isometric linear G-embedding of V' into the tensor product of Hilbert
spaces H ® I2(G) with the G-action given by the G-action on the second factor. A
map of Hilbert N'(G)-modules f: V — W is a bounded G-equivariant operator.

For example, the Hilbert space [2(G)™ with the obvious left G—action is a Hilbert
N (G)-module with H = R™. In the following we will view elements of [*(G)™ as
row vectors with entries in [?(G). In particular, if A is an m x n-matrix over R[G],
then A acts by right multiplication on I?(G)™. Here, as indicated already in the
conventions, we view elements in [?(G)™ as row vectors. The matrix A thus defines
a map [*(G)™ — [>(G)™. This map is in fact a map of Hilbert N (G)-modules.

Let V be a Hilbert N(G)-module. One can associate to V' the von Neumann
dimension dimy ) (V') € [0,00]. We will not recall the definition, instead we refer
to [Lii02, Definition 1.10] for details. We only note that the von Neumann dimension
has many of the usual properties of dimensions. For example, if V' is a Hilbert N (G)-
module, then dimyg) (V) = 0 if and only if V' = 0. We refer to [Lii02, Theorem 1.12]
and |Li02, Theorem 6.29] for many more properties.

2.2. Definition of the Fuglede—Kadison determinant. Let G be a group and
let A be an m X n-matrix over the group ring R[G]. In this section we recall the
definition of the Fuglede-Kadison determinant of A.
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As we mentioned above A defines a map of Hilbert A'(G)-modules I2(G)™ — I?(G)™.
We consider the spectral density function of A which is defined as

Fy:R — [0,00)
A = sup ¢ dimp ) (L)

L C I>(G)™ a Hilbert N(G)-submodule of I2(G)™
such that [|Az|| < A-||z| for all x € L ’

By |Lii02, Section 2| the function F' is a monotone non-decreasing right—continuous
function. Clearly F4(A) =0 for A < 0.

In the following let F': R — [0, 00) be a monotone non—decreasing, right—continuous
bounded function. We then denote by dF' the unique measure on the Borel o—algebra
on R which has the property that for a half open interval (a,b] with a < b we have

dF((a,b]) = F(b) — F(a).

Now we return to the m x n-matrix A over the group ring R[G]. (We could con-
sider more generally matrices over the von Neumann algebra N (G), but we restrict
ourselves to matrices over R[G].)

The Fuglede-Kadison determinant of A is defined as

XD (fig ooy IMONAES ) 3 [ig o N AFS > —oc,
det A) = ( (0,00
etac)(4) { 0, " f AdFs = —

We say A is of determinant class if f(o ) In(A\)dF > —oo. It follows immediately

from [Lii02, Section 3.7] that this definition agrees with the definition given, in a
more general setup, in [Li02, Section 3.2].

2.3. Properties of the Fuglede—Kadison determinant. For future reference we
recall in the following two propositions some of the main properties of the Fuglede—
Kadison determinant. Both propositions follow easily from the definitions and from [Li102]
Theorem 3.14].

Proposition 2.1. Let G be a group and let A be a matriz over R[G]. Then the
following hold.

(1) Swapping two columns or two rows of A does not change the Fuglede—Kadison
determinant.

(2) Adding a column of zeros or a row of zeros does not change the Fuglede—
Kadison determinant.

(3) Right multiplication of a column by +g with g € G does not change the
Fuglede—Kadison determinant.

(4) If G is a subgroup of a group H, then we can also view A as a matriz over
R[H] and

detN(H)(A) = detN(G)(A).
(5) If A is a matriz over R such that the usual determinant det(A) is non-zero,

then detar(q)(A) = | det(A)].
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(6) We denote by A the matriz which is obtained by applying the involution of G,
g g1, to each entry of A. Then

detar(a) <Zt> = detN(G)(A).

Let G C G be a subgroup of index d and let f: V — W be a homomorphism
between two based free left-R[G] modules. We pick representatives for G/G. Mul-
tiplying the basis elements with all the representatives turns V' and W into based
free left-R[G]-modules. In particular, if A is a k x l-matrix over R[G] then the above
procedure turns A into dk x dl-matrix which we denote by Lg(A). The fact that there
is some slight indeterminacy in the definition of Lg(A) will not play a role.

Proposition 2.2. Let GCGhbea subgroup of finite index and let f:V — W be a
homomorphism between two based free left-R[G] modules. Then

dety ) (f) = detre ())!FC.

In particular f is of determinant class viewed as a map of Hilbert—./\f(a)—madules
if and only if it is of determinant class viewed as a map of Hilbert-N(G)-modules.

Equivalently, if A is a matriz over R[G], then dety g, <L§(A)) = detN(G)(A)[G:@].

2.4. The rank of a square matrix. Let G be a group and let A be a k X k-matrix
over R[G]. We define the rank of A as follows:

rankg(A) = k — dimpg (F(G)’f /52(G)kA> .

Note that by [Lii02, Lemma 2.11(11)] we have rankg(ZtA) = rankg(A). We say that
A has full rank if rank(A) = k.

We have the following characterization of matrices of full rank which is an imme-
diate consequence of [Lii02, Theorem 1.12 (1) and (2)].

Lemma 2.3. Let G be a group and let A be a k X k-matriz over R[G]. Then A has
full rank if and only if the map 1*(G)* — I2(G)* given by right multiplication by A is
mjective.

2.5. Properties of the regular Fuglede—Kadison determinant. Given a square
matrix A over R|G] we define the regular Fuglede-Kadison determinant as

r _J detar)(A), if G has full rank,
detive)(4) = { 0, otherwise.

The following proposition collects several key properties of the regular Fuglede—
Kadison determinant. The proposition is again a straightforward consequence of
the definitions and of [Lii02, Theorems 1.12 and 3.14].

Proposition 2.4. Let G be a group and let A be a k x k-matriz over R|G|. Then the
following hold.



8 JEROME DUBOIS, STEFAN FRIEDL, AND WOLFGANG LUCK

(1) We have dety()(A) # 0 if and only if A is of determinant class and it has
full rank.

(2) If we swap two columns or two rows of A, then the reqular Fuglede—Kadison
determinant stays unchanged.

(3) If we multiply a row or a column of A by X € R\ {0}, then the regular
Fuglede—Kadison determinant is multiplied by |\|.

(4) Right multiplication of a column or left multiplication of a row by some g € G
does not change the reqular Fuglede—Kadison determinant.

(5) If G is a subgroup of a group H, then we can also view A also as a matriz
over R[H] and

det) (s (A) = det(q) (A).
(6) If A is a matriz over R, then dety ) (A) = |det(A)|, where det(A) € R
denotes the usual determinant. In particular, det),q)(id) = 1.
(7) ]f@ s a finite index subgroup of G, then

detly g, (16(4) ) = ety (4)
(8) If A is a square matriz over R[G] of the same size as A, then
(9) If I x I-matriz and C a |l X k-matriz, then

r A0 r r

2.6. The class G. In order to state the next theorem we need the notion of a ‘sofic’
group. In fact, we will not give the definition, but we note that by [ES06, Theorem 1]
the following hold:

(1) the class of sofic groups contains the class of residually amenable groups,

(2) any subgroup and any finite index extension of a sofic group is again sofic.
It follows from (1) that the following classes of groups are sofic:

(1) residually finite groups,

(2) 3-manifold groups, since they are residually finite, see [Hem87], and

(3) virtually solvable groups.
Here recall that if P is a property of groups, then a group is said to be wvirtually P if
the group admits a finite index normal subgroup that satisfies P.

The following theorem was proved by Elek and Szabé [ES05]. (See also [Lii94,

Sc01l, [C199] for special cases.)

Theorem 2.5. Let G be a group that is sofic. Then the following hold.

(1) Any square matriz over Q|G| is of determinant class.
(2) If A is a square matriz over Z[G], then dety(a)(A) > 1.
(3) If A is an invertible matriz over Z[G], then detyq)(A) = 1.
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Proof. Let G be a group that is sofic. By the main result of [ES05] any square matrix
A over Z|G] is of determinant class with detyq)(A) > 1.

If A admits in fact an inverse matrix B over Z[G], then it follows from Proposi-
tion [2.4] that

detar(q)(A) -detyq)(B) = detjv(G)(A) -det}"\/(G)(B) = det;\/(G) (AB) = detj\/(G) (id) = 1.

By the above both dety(a)(A) and detyq)(B) are at least one, it follows that
detn(q) (A) =1.

Finally, if A is a square matrix over Q[G], then we can write A =r- B with r € Q
and B a matrix over Z[G]. It follows immediately from the aforementioned result
of [ES05] and from the definitions that A is also of determinant class. U

Now we denote by G the class of all sofic groups G.. To the best of our knowledge it is
not known whether there exist finitely presented groups that are not sofic. Moreover,
we do not know whether any matrix A over any real group ring is of determinant
class.

2.7. Fuglede—Kadison determinants and the Mahler measures. In general it
is very difficult to calculate the Fuglede-Kadison determinant of a matrix over a group
ring R[G]. In this section we will recall the well-known fact that if G is abelian, then
the Fuglede-Kadison determinant can be expressed in terms of a Mahler measure,
which makes the Fuglede-Kadison determinant much more accessible.

First, let p € Rz, ..., zi'] be a multivariable Laurent polynomial. If p = 0, then
its Mahler measure is defined as m(p) = 0. Otherwise the Mahler measure of p is

defined as
2w 2m
m(p) := exp </ / In !p (e“l,...,e“’“)‘ dtl...dtk> .
0 0

Note that the Mahler measure is multiplicative, i.e., for any multivariable Laurent
polynomials p,q we have m(pq) = m(p) + m(q). If p € R[z*!] is a one-variable
polynomial then we can write p(z) = D - 2" - Hizl(z —b;), where D € R;n € Z and
bi,...,b € C. It follows from Jensen’s formula that

© m(p) = D] - T max{L, b}

If H is a free abelian group of rank k and p € R[H] is non-zero, then we pick an

isomorphism f: 7ZF—=~H which induces an isomorphism R[Z*] = Rz, ..., 2] =

R[H] and we define the Mahler measure of p as m(p) := m(f;*(p)). Note that this is
independent of the choice of f. Also note that if H is the trivial group and p € R\ {0},
then m(p) = [pl.

The following lemma relates the regular Fuglede-Kadison determinant to the Mahler
measure.
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Lemma 2.6. Let H be a free abelian group and let A be a square matriz over R[H].
Then

det)y(s7)(A) = m(detrim)(A))
where detgp)(A) € R[H] is the usual determinant of the matriz A.

Proof. Let H be a free abelian group and let A be a k x k-matrix over R[H]. It
follows from Lemma that A has full rank if and only if multiplication by A is an
injective map on R[H]*. But the latter is of course equivalent to det(A) € R[H] being
Non-zero.

Now we suppose that det(A) # 0. By the above we have det);)(A) = detp () (A),
and the desired equality deta(m)(A) = m(det(A)) is proved in [Ral2, Section 1.2],
building on [Lii02, Exercise 3.8]. O

Given a finite set S we denote by R[S] the R-vector space spanned freely by the
elements of S. Given n € N we denote by M (n x n, R[S]) the set of all n x n-matrices
with entries in R[S]. Note that M (n x n,R[S]) is a finite dimensional real vector
space and we endow it with the usual topology. Now we have the following useful
corollary to Lemma [2.6]

Corollary 2.7. Let G be a group that is virtually abelian. Then for any finite subset
S of G the function

dety(q): M(n x n,R[S]) — [0, 00)
18 continuous.

Proof. Since G is virtually abelian there exists a finite index subgroup of G that is
abelian. Since G is finitely generated, see the conventions we apply throughout, it
follows that any finite index subgroup is also finitely generated. Since any finitely
generated abelian subgroup admits a finite index torsion-free abelian subgroup there
exists a finite index subgroup G of G that is torsion-free abelian.

We pick representatives gi, ..., gq for G / G. Given a matrix A over R[G] we define
the matrix (&(A) over R[G] using this ordered set of representatives. It is straight-
forward to verify that there exists a finite subset S of G such that the map

-~

G M(n x n,R[G] — M(dn x dn,R|G])

restricts to a map

-~

Lgl M(n x n,R[S] — M(dn x dn,R[S])
and that this map is continuous. By Proposition it thus suffices to show that

detj\[(é): M(n x n,R[S]) — [0, 00)
is continuous. But the continuity of this function is a consequence of Lemma [2.6] and
the continuity of the Mahler measure of multivariable polynomials of bounded degree,

see [Bo98| p. 127]. O
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Finally we conclude with the following lemma.

Lemma 2.8. Let G be a group, g € G an element of infinite order and let t € RT.
Then
detj\/’(G)(l — tg) = maX{l, t}

Proof. By Proposition we have dety ) (1 — tg) = detjy ) (1 —tg). By
Lemma we know that det),, (1 — tg) equals the Mahler measure of 1 — tg,
viewed as a polynomial in g. By we have m(1 — tg) = m((=t)(g —t7)) =
| — t| - max{1,¢t '} = max{1,t}. O

3. THE L?*~TORSION OF COMPLEXES OVER GROUP RINGS

We first recall some definitions (see [Lii02, Definitions 1.16 and 3.29]). Let G be a
group and let

On o1

0 Ch Ch-1 . 4 Co 0
be a complex of length n of finitely generated free based left R[G]-modules. Here by
‘based” we mean that all the C;’s are equipped with a basis as free left R[G]-modules.
Note that the basing turns each N (G) ®gig) C; naturally into an N (G)-module and
the resulting boundary maps id ®0;: N (G) Qg C; = N (G) ®rj¢) Ci—1 are maps of
N (G)-modules. Given i € {0,...,n} we write

Zi(C.) = Ker{N(G) ®gig) Ci <% N(G) @pey Ci1},

Bi(C,) = Im{N(G) AR[G] Cit1 % N(G) AR[G] C:},
Hi(Cy) = Zi(C.)/Bi(C.),

where B;(C.) denotes the closure of B;(C) in the Hilbert space N(G) ®giq Ci.
Furthermore we denote by

b(C,) = dimpq) Hi(C.)

(2

the i-th L2-Betti number of C,. We say that the complex C, is weakly acyclic if all
its L2-Betti numbers vanish.

If the complex is not weakly acyclic, or if at least one of the boundary maps is not
of determinant class, then we define 7(2)(C,) := 0. (Note that this convention differs
from the one used in [Lii02].) If the complex is weakly acyclic and if the boundary
maps are of determinant class then its L?-torsion is defined as follows:

7@(C.) =[] detare)(@) V" € (0,00).
=1

Note that we take the multiplicative inverse of the exponential of the L? torsion
defined in the monograph [Lii02]. Our convention of using the multiplicative inverse
follows the convention established in [Tu86, [Tu01) Tu02a].

The following two lemmas are analogues to [Tu(1, Theorem 2.2].
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Lemma 3.1. Let G be a group. Let

0—R[G]F—Z-R[G]FH—2-R[G)'—0
be a complex. Let L C {1,...,k+ 1} be a subset of size l. We write

A(L) = rowsin A corresponding to L,
B(L) := result of deleting the columns of B corresponding to L.

73 (based compler) = det)y()(B(L)) - detj\/(G)(A(L))_l.

Proof. We obtain the following short exact sequence of RG-chain complexes (written
as columns) where ¢ and p are the canonical inclusions and projections corresponding
to L.

If we apply L*(G) ®gg) —, we obtain a short exact sequence of Hilbert N (G)-chain
complexes. Now the claim follows by a direct application of the weakly exact long L2-
homology sequences and the sum formula for L2-torsion to it, see [L1i02, Theorem 1.21
on page 27 and Theorem 3.35 on page 142]. U

The next lemma is proved analogously, we leave the details to the reader.

Lemma 3.2. Let G be a group. Let
0—=N(G) —E- N (G —E= N (G)r =T L N (G) —=0



THE L>*-ALEXANDER TORSION OF 3-MANIFOLDS 13

be a complex. Let L C {1,...,k+1— j} be a subset of size l and J C {1,...,k} a
subset of size 7. We write

A(J) := rowsin A corresponding to J,
B(J,L) := result of deleting the columns of B corresponding to J
and deleting the rows corresponding to L
C(L) := columns of C corresponding to L.

If detlyy () (A(J)) # 0 and det)y ) (C(L)) # 0, then
73 (based compler) = dety () (B(J; L)) - dety () (A(J) - detj\/(G)(C(L))_l.

3.1. The L*-torsion and the Mahler measures. Given a free abelian group H
we now denote by R(H) the quotient field of R[H]. For f = pg~! € R(H) we define
m(f) := m(p)m(q)~". Given a chain complex of based R[H]-modules C, we denote
by 7(C.) € R(H) the Reidemeister torsion of R(H) ®gpy) Cy as defined in [Tu01]
Theorem 2.6 on page 11]. Note that by definition 7(C,) = 0 if and only if C, is not
acyclic.

We can now formulate the following useful proposition.

Proposition 3.3. Let H be a free abelian group and let C, be a chain complex of
based R[H]|-modules. Then

T@(C.) = m(7(R(H) @rpsy C.))-

Proof. We observe from [Lii02, Lemma 1.34 on page 35| that C, is L*acyclic if and
only if o = R(H) @grja) Cs is acyclic. Put differently, 7@(C,) = 0 if and only if
m(T(CﬂEO))) = (0. Hence we can assume without loss of generality that both torsions

are non-zero. This implies that ' is contractible as R(H)-chain complex and we
can choose a R(H)-chain contraction. Then

7(CO) = detr (¢ +7)ev: CO = C0)) e R(H)*.

Clearing denominators we can find an element z € R[H| and R[H]-homomorphisms
v Cp — Chyq such that over the quotient field R(H) the composite of I, o7, is v,
where [, is left multiplication with z. We get

T(C,EO)) = detR[H]((leC—i—’y/)evi Cev — Codd) 'detR[H](le Codd — Codd)_l € R(H)X

On the other hand, we conclude from [Lii02, Lemma 3.41 on page 146] applied to the
weak chain contraction given by (v/,[,) that

7_(2) (C*) = detN(H)((lIoc—i_ﬁyl)ev: C(ev — Codd) : detN(H)(la: Codd — C’odd)i1 € <07 OO)

Now the claim follows from Lemma [2.6] O
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4. ADMISSIBLE TRIPLES AND THE L?~ALEXANDER TORSION

4.1. Admissible triples. Let 7 be a group, ¢ € Hom(7,R) a non-trivial homomor-
phism and v: 7 — G a homomorphism. We say that (7, ¢,7) form an admissible
triple if ¢: m — R factors through =, i.e., if there exists a homomorphism G — R
such that the following diagram commutes:

v
T —~

N

R.

Note that if v: 7 — G is a homomorphism such that the projection map = —
Hy(m;Z)/torsion factors through ~, then (7, ¢, ) is an admissible triple for any ¢ €
Hom(m, R).

If N is a prime 3-manifold with empty or toroidal boundary, ¢ € H'(N;R) =
Hom(m(N),R) and «v: m(N) — G, then we say that (N, ¢,~) form an admissible
triple if (m(N), ¢,y) form an admissible triple. Note that this is consistent with the
definition given in the introduction.

Let (7, ¢,v: m = G) be an admissible triple and let t € RT. We consider the ring
homomorphism

Kozl - R[]
Saw; = Y ait® @y (w;).
i=1 i=1

Note that this ring homomorphism allows us to view R[G] and N (G) as Z[r]-right
modules via right multiplication. Given a matrix A = (a;;);; over Z[r| we furthermore
write

/i((b’ g8 t)(A> = (’%((b? 7 t) (CL%]))l i

J

4.2. Definition of the L?-Alexander torsion of CW—complexes and mani-
folds. Let X be a finite CW-complex. We write 7 = 7,(X). Let ¢ € H'(X;R) =
Hom(m,R) and let v: 7 — G be a homomorphism to a group. Finally let ¢ € R™.
Recall that k(¢,v,t) : Z[r] — R[G] defines a right Z[r]-module structure on R[G]
and N (G). Now we denote by X the universal cover of X. The deck transforma-
tion induces a natural left Z[r]-action on C’*()z ). We consider the chain complex
R[G] ®z(x Cs (X) of left R[G]-modules, where the R|G]-action is given by left mul-
tiplication on R[G]. Now we pick an ordering and and an orientation of the cells of
X and we pick a lift of the cells of X to X. Note that the chosen lifts, orderings
and orientations of the cells endow each R[G] ®z C;(X) with a basis as a free left
R[G]-module. We then denote by

7'(2)(X, ¢,7,t) € [0,00)
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the corresponding torsion, as defined in Section [3] We thus obtain a function

T@(X,4,7): Rt — [0,00)
t = (X, ¢,7,1)

that we call the L?-Alezander torsion of (X, ®,7). It follows immediately from the
definitions and Proposition and that the function 7® (X, ¢,v) does
not depend on the orderings and the orientations of the cells. On the other hand,
using [Li02, Theorem 3.35 (5)] one can easily show that a change of lifts changes
the L2-Alexander torsion function by multiplication by ¢ + ¢t for some r € R.
Put differently, the equivalence class of 7 (X, ¢,v): Rt — [0,00) is a well-defined
invariant of (X, ¢, 7).

Let (N, ¢,v) be an admissible triple where N is a compact smooth manifold. We
pick a CW—structure X for N. We define

TO(N, ¢, 7) = 1@ (X, $,7): RT = [0, 00).

Note that the equivalence class of 7 (N, ¢,7) is a well-defined invariant of (N, ¢,7).
This is an immediate consequence of the above discussion, of [Ch74, Theorem 1], of
a slight generalization of [Lii02, Theorem 3.96 (1)], and the observation that for a
matrix A which represents the trivial element in Wh(G) we have det)y(q) (k(9, 9,1)) =
1. The last statement is a straightforward consequence of the definitions and of
Proposition [2.4]

If v =id: m(N) — 7 (V) is the identity map, then we drop ~ from the notation,
i.e., we write 7® (N, ¢) := 7 (N, ¢,id) and we refer to it as the full L?-Alezander
torsion of (N, ).

Remark. In the above discussion we restricted ourselves to t € R*. Verbatim the
same discussion shows that we could also take ¢t € C\ {0}, which then gives rise to a
function 7 (N, ¢,7): C\ {0} — [0, 00). But it follows from the argument of [[.Z06al,
Theorem 7.1] that for any ¢t € C\ {0} we have 7 (N, ¢, v)(t) = 7@ (N, ¢,7)(|t]). We
therefore do not loose any information by restricting ourselves to viewing 7 (N, ¢,7)
as a function on R*.

5. BASIC PROPERTIES OF THE L?~ALEXANDER TORSION

We recall that we say that two functions f, g: RT™ — [0, 00) are equivalent, written
as f = g, if there exists an r € R, such that f(t) = t"g(¢) for all ¢ € R*. Note that if
two functions are equivalent, then the evaluations at ¢ = 1 agree.

The following lemma is an immediate consequence of the definitions and of Propo-

sition .

Lemma 5.1. Let (N,¢,v: 7 — G) be an admissible triple and let ¢: G — H be a
monomorphism. Then

T@(N, ¢, p07) =73 (N,¢,7).
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The lemma in particular shows that for L?-Alexander torsion we can restrict our-
selves to v being an epimorphism. The following lemma follows immediately from
the definitions:

Lemma 5.2. Let (N, ¢,7) be an admissible triple, and let v € R, then
TN, 16,7)(t) = T (N, ¢, 7)(t")-

Lemma 5.3. Let (N,¢,v: m = m(N) = G) be an admissible triple. Let p: NN

be a finite reqular cover such that Ker(v) C 7 := m(N). We write ¢ == p*é and we
denote by 7 the restriction of v to ™. Then

TN, 6,7)() = (rD (N, 6,9)(1)
Proof. We write 7 = m;(N) and 7 := m,(N). We first note that by Lemma we

can and will assume that v is surjective. Now we write G := Im(7).

[N:N]
) .

We pick a CW-structure X for N and we denote by X the cover of X' corresponding
to the finite cover N of N. We furthermore denote by X the universal cover of X,
which is of course also the universal cover of X. _

We pick lifts of the cells of X to X. These turn R[G] ®zx C«(X) into a chain
complex of based free left R[G]-modules. We also pick representatives for 7 /7. By
taking all the translates of the above lifts of the cells by all the representatives we

can view R[G] Rzz) Ci(X) as a chain complex of based left R[G]-modules. For the
remainder of this proof we view 7 (N, ¢,~) and 7 (N, ¢,7) as defined using these

bases.
Now we fix a t € R*. Henceforth we view R[G] as a right Z[r]-module via x(¢,~,t),

and we view R[G] as a right Z[7]-module via r(¢,7,t). For each i we then consider
the map _ N
R[G] @z Ci(X) — R[G] ®@zjx Ci(X)
Dubi®o; = Y pi® o
It is straightforward to see that these maps are well-defined maps of left R[@]-modules.
Furthermore, it follows easily from the assumption Ker(y) C 7 := 7 (V) that these
maps are in fact isomorphisms of left R[G]-modules. Finally note that the maps are

obviously chain maps. R N
It now follows from [Lii02, Theorem 1.35 (9)] that R[G]®zz Ci(X) is weakly acyclic

if and only if R[G] ®z C;(X) is weakly acyclic. We can thus restrict ourselves to
the case that both are weakly acyclic. It then follows from Proposition [2.2] that

A)0) =7 (B8 22 D) = ( (RiG) 22 € 0))
= (FOW.m )",
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It follows immediately from the definitions that if (N, ¢, ) is an admissible triple,
then so is (N, —¢,7) and 7@ (N, —¢,v)(t) = 73 (N, ¢,7)(t™"). In [DELI4D] we will
prove the following theorem, which together with the above discussion implies that
7(2)(N7 _¢7 7) = 7(2)<Na ¢, 7)

Theorem 5.4. Let (N, ¢,7) be an admissible triple and let T be a representative of
7(2)(N, ®,7). Then there exists an r € R such that

Tt =" - 7(t) for any t € Rsy.

Furthermore, if ¢ € H'(N;Z), then there exists a representative T of T (N, ¢, )
and ann € Z with n = xx($) mod 2 such that

Tt =" 7(t) for any t € Rs.

We conclude this section with a discussion of the L?-Alexander torsions of 3-
manifolds with a non-trivial JSJ decomposition.

Theorem 5.5. Let N be an irreducible 3-manifold and ¢ € H'(N;R). We denote
by Ty, ..., Ty the collection of JSJ tori and we denote by Ny, ..., N; the JSJ pieces.
Let v: m(N) — G be a homomorphism such that the restriction to each JSJ torus
has infinite image. Fori=1,... 1 we denote by ¢; € H'(N;R) and ~;: m (N;) = G
the restriction of ¢ and v to N;. Then
!
T(2) (N7 ¢7 7) = H 7-(2)(]\]’1'7 ¢i7 72)
i=1
In the proof of Theorem [5.5 we will need the following lemma.

Lemma 5.6. Let T be a torus and let ¢ € HY(T;R). Let v: m(T) — G be a
homomorphism with infinite image. Then

(T, ¢,7) = 1.

Proof. We first note that by Lemma [5.1] we can assume that ~ is surjective. In
particular this implies G is an infinite, finitely generated abelian group. Note that G
contains a finite index subgroup which is free abelian. Since a finite cover of a torus
is once again a torus we can by Lemma 5.3 assume, without loss of generality, that
G is already free abelian.
Now we pick a CW-structure for 7" with one O—cell p, two 1—cells , y and one 2—cell
i. We write m = m(T'), we denote T the universal cover of 7" and we denote by = and
y the elements in 7 defined by the eponymous cells. Note that for appropriate lifts
of the cells the based chain complex C,(T;Z) is isomorphic to
11—z
(1 -y x— 1) 1—y
—_—

0 — Zr] s Z[r)?

Zlr| — 0.
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Let t € RT. Now we tensor the above chain complex with R[G], viewed as a Z[r]-
module via the representation x(¢,~,t). We then obtain the chain complex

(1 - t¢(x)fy(x)>

(1= t?Wr(y) t?Fy(z) - 1) 1 — 190 (y)

C* = 00— R[G] y R[G]Q
It follows from Proposition that
+2) (T, p,7v) = m(T(R(G) Qr(H] C*))

Note that v(z) or y(y) is a non-trivial element in the free-abelian group H. It is
now straightforward to see that R(G) ®gjp) Cs is acyclic. Furthermore an elementary
calculation, see e.g. [Tu01, Theorem 2.2], shows that 7(R(G) ®@gm) C) = £1. It thus
follows that 7)(T, ¢,~) = 1.

» RG] — 0.

U
Now we can give the proof of Theorem [5.5

Proof of Theorem[5.5 We can and will pick a CW-structure for N such that each
JSJ torus and thus also each JSJ component corresponds to a subcomplex.

Let t € Rt. We view N(G) as a left Z[m(N)]-module via x(¢,7,t) and as a
module over each Z[m(T;)] and each Z[m(V;)] via restriction. Since the restric-
tion of v to each JSJ torus has infinite image it follows from Lemma that each

N(G) ®@zjr,(1y)) Ci(T;) is weakly acyclic. It then follows from a Mayer—Vietoris argu-
ment that the chain complex N (G) ®zjx, (v Ci (V) is weakly acyclic if and only if all

of the N'(G) ®zjm, vy Ci(N;) are weakly acyclic. In particular the theorem holds if
one of the chain complexes is not weakly acyclic.

Thus we can now assume that all of the above chain complexes are weakly acyclic.
The theorem then follows from Lemma and the multiplicativity of L?-torsions
for short exact sequences, see [Lii02, Theorem 3.35 (1)]. (Recall once again that the
L?-torsion in [Lii02] is minus the logarithm of our L*-torsion.) O

6. THE DEGREE OF FUNCTIONS

Let f: Rt — [0, 00) be a function. If f(¢) = 0 for arbitrarily small ¢, then we define
the degree of f at 0 to be degy(f) := oco. Otherwise we define the degree of f at 0 to
be

e (S ()
degy(f) := hrtri}lonf ) € RU{—o0}.
Similarly, if f(¢) = 0 for arbitrarily large ¢, then we define the degree of f at 0o to be
—00. Otherwise we define the degree of f at oo as

deg. . (f) := limsup w

t—o0 n(t)

€ RU{o0}.
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We follow the usual convention of extending addition on R partly to RU{—oo}U{oo},
ie.

(1) for a € R we define a 4+ 0o := a and a + (—o0) := —o0, and

(2) we define 0o + 00 := 0o and —oo0 + (—00) := —o0.
As usual we also define a — b := a + (—b). If deg (f) — deg,(f) is defined, then we
define the degree of f as

deg(f) := degy(f) — degy(f)-
If deg . (f) — degy(f) is undefined, then we set deg(f) := —o0.

In the following we say that a function f: RT — [0, 00) is piecewise monomial if
we can find 0 = t) < t; <ty - < tp < tgy1 := 0, dy,...,dr € Z and furthermore
non-zero real numbers Cy, ..., Cj such that

f(t) = Cit% for all t € [t;,t;1) NRT.
We say that a function f: RT — [0, 00) is eventually monomial if there exist 0 = s <
S < o0, d,D € R and non-zero real numbers ¢, C' such that
f(t) =ct? for t € (0,s) and f(t) = CtP for t € (S, 00).

Finally we recall that a function f: Rt — [0,00) is monomial in the limit if there
exist d, D € R and non-zero real numbers ¢, C' such that
f(t) ft)

lim =—% = ¢ and lim
t—0 td t—oo tP

=C.

We summarize some properties of the degree function in the following lemma. We
leave the elementary proof to the reader.

Lemma 6.1. Let f,g: Rt — [0,00) be functions.

(1) If f =0 is the zero function, then we have deg, (f) = —oo and degy(f) = 0o
and thus deg(f) = —o0o0 — 00 = —oc0.
(2) If f is monomial in the limit with d and D as in the definition, then deg(f) =

D —d.
(3) If f = apt” + ap 1t + -+ ast® is a polynomial with a, # 0 and as # 0, then
deg(f)=s—r.

) If one of f or g is monomial in the limit, then deg(f - g) = deg(f) + deg(g).
) If deg(f) € R, then deg( ) = —deg(f).
)
)

If f =g, then deg(f) = deg(g)-

(
(
(
(7) If s € [0,00) and if deg(f) € R, then deg(f*) = sdeg(f).

4
5
6
7

7. THE L>~ALEXANDER TORSION FOR KNOTS

Recall that given an oriented knot K we denote by v K an open tubular neighbor-
hood of K and we write X (K) = 5%\ vK the exterior of K. Observe that X(K) is a
compact 3-manifold whose boundary consists in a single torus dv K. Furthermore we
denote by ¢x € HY(X(K);Z) = Hom(m (X (K)),Z) the usual abelianization which
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is the epimorphism which sends the oriented meridian to 1. An admissible homomor-
phism is a homomorphism ~y: m (X (K)) — G such that ¢k factors through . Note
that if -y is admissible, then (X (K), ¢k, ) is an admissible triple and we define

7K, 7) = 1P(X(K), ¢x,7): RT — [0, 00).

If 7 is the identity homomorphism, then we write 7 (K) := 7?(K,~) and we refer
to 7 (K) as the full L?-Alexander torsion of K.

It follows from the symmetry of the L2-Alexander torsion, see the discussion pre-
ceding Theorem that these definitions do not depend on the orientation of K.
We will henceforth only work with unoriented knots, and given a knot K we mean
by ¢x either one of the two elements in H'(X (K);Z) that correspond to an epimor-
phism under the canonical isomorphism H'(X(K);Z) = Hom(m (X (K)),Z). Note
that either ¢x sends the meridian of K to +1. It will not matter which of the two
possible choices for ¢ we take.

In Section [7.1] we show how one can use Fox derivatives in the calculation of
7@(K,v). In Section we will use this calculation to show that the full L2-
Alexander torsion of K is basically the same as the L2-Alexander invariant of Li-
Zhang. In Section [7.3] we will use v = ¢x as the coefficient system and we will
see that the resulting L?-Alexander torsion is determined by the ordinary Alexander
polynomial Ak (z) € Z[z*!] of K.

7.1. Fox derivatives. In the following we denote by F' the free group with generators
g1, - -+, gr. We then denote by 8ig-: Z|F] — Z|[F)| the Fox derivative with respect to g;,
i.e., the unique Z-linear map such that
dgi dg; S, Juv  Ou ov
=1, L =0fo and = +
99 o ri7Jan 9y o uagi
We refer to [Fo53| for the basic properties of the Fox derivatives.

We can now formulate the following lemma which can be viewed as a slight gener-
alization of [DW10, Theorem 3.2] and [DW13], Theorem 3.5].

for all u,v € F.

Lemma 7.1. Let K be a knot and let 1 = m(X(K)) denote its group. Consider an
admissible homomorphism v: m — G and let (g1, ..., gk |71,...,7k_1) be a deficiency
one presentation for w. (We could for example take a Wirtinger presentation for m.)

We denote by B = ((Z)_Z) the (k — 1) x k—matriz over Z[r| that is given by taking
all Fox derivatives of all relations. We pick any © € {1,...,k} such that v(g;) is an
element of infinite order. We denote by B; the result of deleting the i-th column of

B. Then we have
T(2) (K7 7) = detf\/'(G) (K((blﬁ s t)(Bz)) ’ max{l, t(z)K(gi)}il'

Proof. We write ¢ = ¢i. We denote by Y the 2—complex with one 0—cell, £ 1—cells
and k — 1 2—cells that corresponds to the given presentation. It is well-known, see
e.g. [GKMOS5, Section 3] or [FJR11), p. 458], that Y is simple homotopy equivalent to
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X(K). The argument at the end of Section 4.2 shows that we can use Y to calculate
@(K)
T .
It follows basically from the definition of the Fox derivatives that we can lift the
cells of Y to the universal cover Y such that the chain complex C,(Y’;Z) is isomorphic
to

I—g

B 1
0 Z[m)k1 AUl Z[r] 0.
Again we refer to [Fob3| for details. This implies that for any ¢ € R the chain

complex R[G] ®zx Ci(Y) is isomorphic to

1 — @)y (gy)

L= 199y (gy)

0 R[G)F1—020E) R R[G] 0.
Since 7(g;) it follows from Lemma that det) (1 —t°@)y(g;)) = max{1,¢*@)}.
The lemma now follows immediately from Lemma [3.1] O

7.2. The L?-Alexander invariant of Li—Zhang. Let K be a knot. We pick a
Wirtinger presentation (gi,...,gx|71,...,7k-1) for 1 = m(X(K)). We denote by
B = (g—;) the (k — 1) x k—matrix over Z[r] that is given by taking all Fox derivatives
of all relations. We pick any ¢ € {1,...,k} and we denote by B; the result of deleting
the i-th column of B. The L?>-Alerander invariant Ag) of K is then defined as the
function
AP C\ {0} — [0,00)
t e dethg (5(6,7,1)(B1)).

This invariant was first introduced by Li-Zhang [LZ06a), Section 7] and [LZ06H, Sec-
tion 3|, using slightly different conventions. In these papers it is also implicitly proved
that the function Ag), as an invariant of K, is well-defined up to multiplication by a
function of the form ¢ — |t|” with n € Z. Furthermore, Li-Zhang [LZ06a), [LZ06bD] im-
plicitly, and Dubois-Wegner [DW13l Proposition 3.2] explicitly showed that for any
t € C\ {0} we have Ag)(t) = Ag)(|t|). To be consistent with our other conventions
we henceforth view Aﬁ? as a function defined on R*.

It now follows from Lemma and the fact that every generator of a Wirtinger
presentation is a meridian that

TO(K) = A - max{1, £}

This shows that the full L?-Alexander torsion and the L?-Alexander invariant are
essentially the same invariant.
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7.3. The L?*—Alexander torsion and the one-variable Alexander polynomial.
We will now see that given a knot K the ordinary Alexander polynomial Agx(z) €
Z[z*1] determines the L2-Alexander torsion corresponding to the abelianization. More
precisely, we have the following proposition.

Proposition 7.2. Let K be a knot and let Ak (z) € Z[2*Y] be a representative of the
Alexander polynomial of K. We write
k
Ag(z)=C-z"- H(z —a;),
i=1

where C € Z\ {0}, m € Z and ay,...,a, € C\ {0}. Then
k
7K, ¢x) = C - Hmax{|ai|,t} -max{1,t} .
i=1

Note that the proposition can also be proved using Proposition and the fact
that the Reidemeister torsion of a knot corresponding to the abelianization equals
Ag(z)- (2 —1)71, see [Tu01] for details.

Proof. Let K be a knot. We write ¢ = ¢x. Let (g1,...,9x|71,...,7%-1) be a
Wirtinger presentation for 7 = m(X(K)). We again denote by B = (g—;) the
(k — 1) x k—matrix over Z[r] that is given by taking all Fox derivatives of all re-
lations. We pick any i € {1,...,k} and we denote by B; the result of deleting the
i-th column of B.

We now apply the ring homomorphism ¢: Z[r] — Z[(z)] = Z[2*'] to all entries of
B; and we denote the resulting matrix by A;(z). Note that by [CF63, Chapter VIIL.3]
we have det(A;(z)) = Ax(2).

Given t € R* we denote by A;(tz) the matrix over R[2*!] that is given by sub-
stituting z by tz. Similarly we denote by Ag(tz) the polynomial over R[z*!] which
is given by substituting z by tz. It follows immediately from the definitions that
k(p, ¢,t)(B;) = A;(tz). Also note that det(A;(tz)) = Ak(tz).

By Lemmas [7.1] and by the discussion in Section [3.1] we have

TO(K, dx)(t) = detlyy(Ai(tz)) - max{1,t}~
m(det(A;(tz)) - max{1,t}~*
= m(Ag(tz)) - max{1,t}!

— m (C’ - (zt)™ Hle(tz — ai)> -max{1,t}!
= m (C (=) TT (2 — ait71)> -max{L, ¢}~
= (. Hle max{l,t_l . |CLZ|} . max{l,t}_l

= C- Hle max{t, |a;|} - max{1,¢}~1.
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We obtain the following corollary:

Corollary 7.3. Given any knot K the L*-Alexander torsion 7 (K, ¢x) is a piecewise
monomial function with

deg 7® (K, ¢xc) = deg Ax ().
Furthermore 7 (K, ¢x) is monic if and only if A (t) is monic.

Proof. Let A(z) = Ag(z) € Z[z*!] be a representative of the Alexander polynomial
of K. We write A(2) = C - 2™ - [[*,(2 — a;), where C' € Z\ {0},m € Z and
ai,...,ax € C such that |a;| < |ag| < --- < |ag|. By Proposition [7.2] we have

k
(K, ¢x) = 0(t) := C - | [ max{|ai|, t} - max{1,¢} 7",
=1

It follows immediately that 72 (K, ¢x) is a piecewise polynomial. Note that
o(t) = C-t¥ for ¢ > max{1, |ai|,...,|ak|}, and
0(t) = C -T2, las], fort <min{l,|al,...,|ax|}.
We thus see that
deg TP (K, ¢x) = deg = k.

It is well-known that the Alexander polynomial is symmetric, i.e., Ag(2) = 2!Ag(271)
for some [ € Z. It follows in particular that the set of zeros is closed under inver-

sion, i.e. {a,...,ax} = {a;',...,a;'} as a set with multiplicities. This implies
that ‘Hle ai‘ = 1. It now follows that 7 (K, ¢ ) is monic if and only if Ag(2) is
monic. U

Proposition [7.2] shows that the L?-Alexander torsion 7()(K, ¢x) contains a lot of
the essential information of the ordinary Alexander polynomial Ak (t). Nonetheless,
some information gets lost. For example, let K = T, , be the (p, ¢)-torus knot. It is
well-known that
(7 — 1) — 1)

(P —1)(ta —1)
This is a polynomial of degree (p — 1)(¢ — 1) and all the zeros are roots of unity. It
thus follows from Proposition that

7Ty, bx) = max{1, ¢}~ D=1

(In fact we will see in Theorem that this equality holds for any admissible epi-
morphism v.) In particular, if we consider the torus knots 757 and Ty, then it is
now straightforward to see that all L2-Alexander torsions agree, but that the ordinary
Alexander polynomials are different.

Arp, (1) =
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8. TOPOLOGICAL AND GEOMETRIC INFORMATION CONTAINED IN THE
L?~ALEXANDER TORSIONS

8.1. The volume of a 3-manifold. We define the volume Vol(N) of a prime ori-
entable 3-manifold N with empty or toroidal boundary to be the sum of the volumes
of the hyperbolic pieces in the JSJ decomposition. We can now state the following
theorem, which is a slight reformulation of [LS99, Theorem 0.7].

Theorem 8.1. If N is a prime 3—manifold with empty or toroidal boundary, then for
any ¢ € H'(N;R) we have

(3) (N, @)t =1) = exp (%w(zv)).

We make two remarks on the differences between the above formulation and the
formulation of [LS99, Theorem 0.7].

(1) If N is a prime 3-manifold N with empty or toroidal boundary, then either
N = S'x D? or the boundary of N is incompressible. (See e.g., [Ne99, p. 221]).

(2) In this paper we also use a slightly different convention for L*-torsions com-
pared to [LS99]. Tracing through the differences one notices, that the L>-
torsions differ by a sign, a factor of % and by taking the logarithm.

8.2. Fibered classes and the L?-Alexander torsion. Let G be a group with
finite generating set S. Given g € G we denote by £5(g) the minimal length of a word
in S representing g. The entropy of a homomorphism f: G — G is defined as

gGS}.

Note that the entropy is independent of the choice of S. We refer to [FLP79, p. 185]
for details. (Note though that we take the exponential of the entropy as defined
in [FLP79].)

Now let X be a surface and let f: ¥ — ¥ be a self-diffeomorphism. Choose = € X
and a path w in X from f(z) to . Define the entropy of f to be the entropy of

the group automorphism o(f, z, w): m (X, m)wm(E, f(:p))lmrl(E, x), where t,,

is given by conjugation with the path w. One easily checks that this definition is
independent of the choice of x and w and the entropy depends only on the homotopy
class of f.

Note that if ¥ is a closed surface with x(X) < 0 and if f is pseudo-Anosov, then
by [FLP79, p. 195] the entropy h(f) equals the dilatation of f.

Now we have the following theorem.

h(f) := max{limsup (ﬂs(f”(g)))%

n—0o0

Theorem 8.2. Let (N,¢,7) be a an admissible triple such that ¢ € H'(N;Q) is
fibered and such that G € G. Then there exists a representative 7 of T® (N, ¢, ) such
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that for T'= h(f) we have

1, Fte(0,1/T),
0 ={ fow, oD

In particular T® (N, ¢, ) is monomial in the limit with degree xx(¢) and furthermore
T@(N, ¢,7v) is monic.

The proof of Theorem [8.2] will require the remainder of Section [8.2] We first need
to recall a theorem of Caray—Farber—Mathai [CEM97]. In the following, given a group
G we denote by GL(n, N (G)) the group of invertible n x n-matrices with entries in
N(G). Secondly, if f € N(G) then we write trg(f) := f(1), where 1 € I*(G) denotes
the unit element. Furthermore, if A = (a;;) is an n x n—matrix over N'(G), then we

define
tra(A) =Y tra(an).
i=1
We can now formulate the following theorem of Caray—Farber—Mathai [CEM97, The-
orem 1.10 (e)].

Theorem 8.3. Lett € Rt and let
A: [0,

S

GL(n, N (G))
A(s)

be a continuous piecewise smooth map, then

detly () (A(t)) = detjy) (A(0)) - exp ( /0 t Re trg (A(s)_l : %Ag) ds> .

Before we continue we need to introduce the entropy of a matrix over R[G]. Given
P =2 gec @9 € R[G] we write
Ipl1 = Z |y

geG

_>
|_>

and given a k x [-matrix A = (a;;) over R[G]| we write
|Al1 ==k -1 -max{|a;j1 |i=1,....k,j=1,... 1}

We then define

h(A) = lim ([ A5])F.
Recall that we denote by G the class of all sofic groups, the class G contains in

particular the class of all groups that are residually amenable.

Proposition 8.4. Let G be a group, let ¢p: G — Z be an epimorphism, and let y € G
be an element y € G with ¢(y) = 1. We write H = Ker(¢)[ Let P,Q be two square

LJerome: K denotes a knot in the paper. I change the notation for Ker(¢).
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matrices over Z[H| of the same size which are invertible over Z[H|. If G € G, then
for T = h(QP™') we have

. 1, ifte(0,1/T),
detire) (P — tyQ) = { tn i;t > <T -

Proof. We write A = QP~! and T = h(A). Since G € G it follows from Proposi-
tion 2.4l and Theorem 2.5 that

Now let s € (0, 7). It follows easily from the definition of h(A) that the power series

Z s'(yA)’

converges in the operator norm and that it is an inverse to P(s) = id —syA.
For any t € (0, %) we can thus apply Theorem and we obtain that

dety () (id —tyA) = dethy ) (P(t))
= detj()(P(0)) - exp (fol Re trg (P(s) 'L Pl,) ds)
— oxp ([ Re tr (S35, (tyA)) (~yA)) dt)
= oxp ([ Re trg (X%, —# (yA)™) dt) .
Note that N N
trg (Z —t"(yA)m) = tra(—t'(yA)™).

=0 i=0

Also note that any entry of (yA)™! is of the form

l
Zajgj with a1,...,a; € Z and g1, ..., ¢,

j=1
where ¢(g1) = -+ = ¢(g;) = i + 1. Tt follows immediately that trg(—t'(yA)™1) =0
for all 2 > 0. We thus see that

1
det)y (g (id —tyA) = 1 for all ¢ € (0, T)
Now suppose that ¢t > T. It follows from Theorem [2.5] and from the above that
deth g (id —tyA) = detiyq)(tAy(t 'y ' A7 —id))

= " detﬁ\/(G) (Ay) detj\/‘(G) (tilyilAil —_ 1d> = t".

We are now finally in a position to prove Theorem [8.2
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Proof of Theorem[8.9. Given a space X and a map f: X — X we denote by

M(X, f) = X x [-1,1] / (2, ~1) ~ (f(x),1)
the corresponding mapping torus. Note that M (X, f) has a canonical projection map
M(X, f) — St =[-1,1]/(—1 ~ 1) and we refer to the epimorphism (M (X, f)) —
71 (S') = Z as the canonical epimorphism to Z. It is well-known that two homotopic
maps fo, f1: X — X give rise to simple homotopy equivalent mapping tori.

Now let (N, ®,7) be an admissible triple such that ¢ € H*(N;Q) is fibered. By
Lemmawe only need to consider the case that ¢ is a primitive element in H*(N; Z).
Note that we can identify N with M (X, f) for some connected surface ¥ and self-
diffeomorphism f: ¥ — ¥ in such a way that ¢ € H'(N;Z) = Hom(m(N),Z)
agrees with the canonical epimorphism (M (X, f)) — Z. We consider the case that
X(X) # 0. The proof in the case that x(X) = 0 is basically the same and is left to
the reader.

We pick a CW-structure for ¥ with one 0-cell p, n 1-cells g1, ..., g, and one 2-cell
which by a slight abuse of notation we denote again by Y. By another slight abuse
of notation we denote the elements in (X, p) represented by gy, ..., g, by the same
symbols. By the Cellular Approximation Theorem the diffeomorphism f is homotopic
to a cellular map f’. In fact one can see ‘by hand’ that f’ can be chosen such that
f(p) = p and such that f’(g;) is represented by the path traced out by the word f.(g;)
in the generators gy, ..., gn.

We write I = [—1,1]. Given a cell ¢ of ¥ we denote by ¢ x I the product cell.
Furthermore we denote by p the element in 7 = 71 (N) = m (M (X, f’), p) that is rep-
resented by the loop p x I. Note that the product CW-structure on X x I descends to
a CW-structure on M (X%, f’). By the above we know that N = M (X, f) is homotopy
equivalent to M (3, f'). Since the Whitehead group of fibered 3-manifolds is trivial,
see [WaT78], these two spaces are in fact simple homotopy equivalent. We thus have
TN, ¢,7) = T(M(Z, [),6,7).

Now we collect the cells of M(3, f') according to their dimensions and we order
them as follows:

{(ExI}{E g xI,....0.x1} {91, 90,0 X I} {p}.

It is straightforward to see that for an appropriate lift of the above ordered sets of
cells of M (X, f') to the universal cover, the resulting chain complex of the universal
cover is isomorphic to

Bg B2 Bl

0 Z|r) Zlr| ® Z[r|"——Z[r]"™ & Z|r| Z[r] 0
where
* * *
Bgz(l—lu * ... *)’32:(1dn—,uA *)’Bl:(l—u)’
and where in turn the (4, j)-entry of the n X n-matrix A is given by 8]”5_;?1-) and where

the *’s indicate matrices of an appropriate size. Note that each entry of the i-th row
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of A is a sum of at most fs(f.(g;)) elements in 7, possibly equipped with a minus
sign. It thus follows immediately from the definitions that

h(A) < h(fe: m (2, p) = m(Z,p)).

By Lemma 2.8 we have det) (1 — (1))~ = max{1,t}. By the definitions and by
Lemma 3.2l we therefore have

(N, 9,7)

= 0 (Rix Rr] @ Ra|r— 208 prn g Rig] S0 R[w])
detiyrq) (1 —ty(p)) ™" detiyq)(id =ty (u)v(A)) detyy gy (1 —ty(p) ™

= max{1,¢} " dety(c)(id —tv(u)y(A)).

Now the theorem follows from Proposition [8.4] the observation that h(y(A)) < h(A)
and the well-known fact, see e.g. [Th86, Theorem 3], that a fiber surface is Thurston
norm minimizing, i.e., n — 2 = zy(¢). O

K(p,7,)(B3)

8.3. L?-Alexander torsions of graph manifolds. First we recall that a graph
manifold is a 3-manifold for which all its JSJ components are Seifert fibered spaces.
The following theorem gives the computation of the L?-Alexander torsions of Seifert
fibered spaces. The proof of the theorem is a variation of the proof of [Lii02, Theo-
rem 3.105].

Theorem 8.5. Let (N, ¢,7) be an admissible triple with N # S* x D? and N #
St x S%. Suppose that N is a Seifert fibered 3-manifold such that the image of a
reqular fiber under v is an element of infinite order, then

TO(N, ¢,7) = max{1, ¥V},
Now we obtain the following result.

Theorem 8.6. Let (N, ¢,7) be an admissible triple with N # S* x D? and N #
St x S2%. Suppose that N is a graph manifold and that given any JSJ component of
N the image of a reqular fiber under v is an element of infinite order, then

TN, ¢,7) = max{L, @},

In particular T (N, ¢,~) is monomial in the limit with degree xx(¢) and furthermore
T@(N, ¢,7) is monic.

Proof. We denote by N;,7=1,...,k the JSJ components of N, which by assumption
are Seifert fibered spaces. Note that for each i we have N; # S'x D? and N; # S* x S2.
For i = 1,...,k we write ¢; = ¢|n, and we write ; = 7|, (n,). By our assumption
on v and by Theorem [8.5| we have 7(N;, ¢;, ;) = max{1, t*~(?)}  Furthermore, note
that the Seifert fibered structure of a Seifert fibered 3-manifold restricts to a fibration
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of any boundary torus. It now follows from our assumption on ~ that the restriction
of v to any JSJ torus has infinite image. Thus it follows from Theorem that

k
2) N ¢ ry HT Nza d) ’YZ : Hmax{l,thi(¢i)} = max {]_7 t2§:1 INZ(@)} .
=1

The theorem follows from [EN85| Proposition 3.5] which shows that Zle (i) =

8.4. Applications to knot theory. We denote by K the minimal set of oriented
knots that contains the unknot and that is closed under the connect sum operation
and under cabling. Note that K contains torus knots, and more generally iterated
torus knots. We recall the following well-known lemma.

Lemma 8.7. Let K be a knot. Then the following are equivalent:
(1) K lies in K.
(2) X(K) is a graph manifold with the property that the reqular fiber of any Seifert
fibered piece is non-zero in Hi(X(K);Z).
(3) X(K) is a graph manifold.

Here the implication (1) = (2) is not hard to verify. The implication (2) = (3) is
trivial and the implication (3) = (1) is [Go83| Corollary 4.2].
We can now state and prove the following theorem.

Theorem 8.8. Let K be a knot in KC. Then for any admissible epimorphism ~y: m (X (K)) —
G we have

7'(2)(K, 7) = max {1, t2 ge““S(K)*l} )
In particular, if K =T,, is the (p, q)-torus knot, then
7@(T,, 4, 7) = max {1, t(p_l)(q_l)_l} :

Proof. First note that if K is the trivial knot, then X (K) = S' x D% In this case we
identify m (X (K)) with the infinite cyclic group generated by p. Since X is simple
homotopy equivalent to a circle it follows from the definitions and from Lemma

that
1—tp

(. 7) = 72 (ORI R0 ) = max{1, )

Now let K be a non-trivial knot. It is well-known and straightforward to show that
Tx(r)(¢x) = 2genus(K) — 1. Now we suppose that K lies in K. By Lemma 8.7 the
knot exterior X (K) is a graph manifold with the property that the regular fiber of
any Seifert fibered piece represents is non-zero in Hy (X (K);Z). Since 7 is admissible
we can appeal to Theorem to obtain the desired result. The statement for torus
knots follows from the well-known fact that the genus of the (p,q)-torus knot is

sp—1(g—1). &
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The combination of Theorems and and Lemma immediately implies
Theorem [L.3]

9. THE DEGREE OF THE L?’—~ALEXANDER TORSION AND THE THURSTON NORM I

The goal of this section is to prove the following theorem.

Theorem 9.1. Let (N, ¢,7) be an admissible triple where 7 is an epimorphism onto
a virtually abelian group. Then

deg TP (N, ¢,7) < zn(d).

Theorem is an immediate consequence of the following two propositions. Here
note that the first proposition holds without the assumption that the image of v is vir-
tually abelian. We also expect the second statement to hold without any restrictions,
but as of now we can not provide a proof.

Proposition 9.2. Let (N, ¢,v: m(N) — G) be an admzsszble triple. We write H =
Ker(¢: G — Z) and we pick p € G with ¢p(u) = 1. Then there exist k,l € N with
k—1=u2xzn(¢) and a square matriz A over Z[H] such that

t max{1,t}7" - detly g A+ tp (“é’“ 8))

is a representative of T2 (N b,7).

Proposition 9.3. Let G be a virtually abelian group and let ¢: G — Z be an epi-
morphism. We write H = Ker(¢: G — Z). Let p € G with ¢(G) =1 and let A be a
square matriz over Z[H|. Then

deg (t — max{1,¢} 7" detiy ) (A +tu (l((i)k 8>)> <k-—-L

9.1. Proof of Proposition In the proof of Proposition we will need the
following lemma.

Lemma 9.4. Let G be a group and let ¢: G — 7Z be an epimorphism. We write
H =Ker(¢p: G — Z) and we pick p € G with ¢(u) = 1. Given n x n-matrices Y1, Y3
over Z[H| and v € G with ¢(v) = r there exists an (r + 1)n X (r + 1)n-matriz A over
Z[H] such such that

Tr idn }/vl T idrn 0

for any t € RT.
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Proof. By Proposition 2.4] and elementary matrix transformations we have
r d, Y
detivie) \ _ryid,, Yg)

v id,, Y
= detN(G) _trluridn MTV_l}/é)

id,, 0 . 0 Y]
0 id,, 0
= deti(q 0 : : :
0 0 id,, 0
—t" " id, —t2u?id,, —tpid, pvTlY,
id,, 0 0 Y,
—tpid, id, 0
= detf\/(G) 0 . . :
0 —tpid,  id, 0
0 o 0 —tpid, prrvY,

By swapping the rows appropriately and multiplying them by —1 we get the matrix
of the desired form. By Proposition these procedures do not change the regular
Fuglede—Kadison determinant. ([l

Lemma 9.5. Let G be a group and let ¢: G — Z be an epimorphism. Let un € G
with ¢(u) # 0 and let w € H = Ker(¢). Then for any t € RT we have

) 11
det)y @) (—t,u _w> = max{1,t}.

Proof. We first note that by subtracting the first column from the second column and
by multiplying the second column by —w~! on the right we turn the given matrix

into the matrix
1 0
—tu 1 —tpw )"

Note that ¢(uw™') # 0, in particular pw~"' is an element of G of infinite order. The
lemma now follows immediately from Proposition and Lemma [2.8 U

We are now ready to give the proof of Proposition [9.2]

Proof of Proposition[9.9 Let (N, ¢,~v: m(N) — G) be an admissible triple. We write
H = Ker(¢: G — Z) and we pick p € G with ¢(u) = 1. It follows easily from [Tu02b)
Section 1] that we can find an oriented surface ¥ C N with components 3, ...,
and non-zero rq,...,r; € N with the following properties:

(1) ri[Xq] 4+ -+ + 7[> is dual to ¢,

(2) sy —rix(Zi) < an(9),
(3) N\ X is connected.
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For i = 1,...,l we pick disjoint oriented tubular neighborhoods ; x [0,1] and we
identify X; with 3; x {0}. We write M := N \ U._;%; x [0,1]. We pick once and
for all a base point p in M and we denote by N the universal cover of N. We write
m =m(N,p). For i =1,...,1 we also pick a curve v; based at p which intersects >;
precisely once in a positive direction and does not intersect any other component of
Y. Note that ¢(v;) = r;. By a slight abuse of notation we denote v(v;) also by v;.

Finally for i = 1,...,1 we write n; = x(%;) + 2.

Following [Fr14, Section 4] we now pick an appropriate CW—structure for N and we
pick appropriate lifts of the cells to the universal cover. The resulting boundary maps
are described in detail [Frl4l Section 4]. In order to keep the notation manageable

we now restrict to the case [ = 2.
It then follows from the discussion in [Fr14] Section 4] and the definitions that

4 Bs Bs

R[G] 5+n1+nz R R[G]E’J““ +neo

B

_>R[G]4—>O)

7(t) =73 (0 R[G]

is a representative for 7 (N, ¢,~), where Bs, By, B; are matrices of the form

* 0 0 0
0 0 * 0
1 1 0 0
33 = —trll/l —2Z1 0 0
0 0 1 1
0 0 —tTQI/Q —Z9
0 * 0 *
* 0 000 0O
0 * 000 0O
id,, 0 * 0 0 0 =
—t" vy id,, 0 0 « 0 0 =% ’
By, = 0 id,,, 0 0 « 0 =
0 —t"1id,, 0 0 0 *
0 0 0 00 0 =
0 0 0 00 0 =
0 0 0 00 0 =
1 0 * 00 0 1 0 =
B, — —t"y 0 0O« 00 —x 0 =«
e 0 1 00 %0 0 1
0 —t"2py, 00 0 * 0 —x9 *

with x1,x9, 21,20 € H and where all the entries of the matrices marked by x lie in

Z[H].
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It follows from Lemma [9.5] and Proposition [2.4] that

1 1 0 0 1 0 1 0
r —t" VS —zZ 0 0 . r —t" 121 0 —T1 0 o ridr
det)y(q) 0 0 1 1= det)y(q) 0 1 0 1| = max{1,t" 7"}
0 0 —tml/g —2Z29 0 —tT2V2 0 —X2

Thus it follows from Lemma [3.2] that

idnl 0 *
_ 171 ]
r() = max{L ) oty | 0 D a1y
n2
0 —"? 120} lCln2 *

Now we set | = 2ry + 2ry and k = riny + rons. It is then straightforward to see that
if we apply the proof of Lemma twice then we can turn the above matrix into a
matrix of the desired form. We leave the elementary details to the reader. U

9.2. Proof of Proposition It is clear that the following proposition, together
with elementary properties of the degree function, implies Proposition [9.3]

Proposition 9.6. Let G be a virtually abelian group. Let m > k be natural numbers.
Let A be an m x m-matriz over Z|G| and let B be a k X k-matriz over Z|G]. Then

deg (t > detlyg (A +t (g 8))) <k

Proof of Proposition[9.6. For t € RT we define
v B 0

It suffices to prove the following claim.

Claim.
degy(f(t)) > 0 and deg, (f(t)) < k.

We start out with deg,(f(¢)). If f(¢) = 0 for arbitrarily small ¢, then there is noth-
ing to prove. Now we suppose that this is not the case. It follows from Corollary
that

. . r B
hmt%o f(t) = hmt*)() detN(G) A + 1 0
B

o O O

= dethyg)limio ( A+ = det)y () (A4) € [0,00).

0 0

In particular we see that In(f(¢)) is bounded from the above for sufficiently small t.

It now follows that In £
. nf(t
dego(f(1)) = lim -

> 0.
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Now we turn to deg.(f(t)). We write
A A
1= (3 3)
where A; is a k x k-matrix. It then follows from Proposition [2.4] and Corollary
that

. . r A +tB A
My oo 35 f(8) = lime oo 17 det(q) 1A3 Ai
. r t_lAl + B t_lAQ
= hmt_>oo detN(G) A3 A4
r . tilAl + B tilAQ
= detN(G) llmt_>oo A3 A4

. B 0
= detN(G) (Ag A4 c [0,00)

It thus follows that In (tik f (t)) is bounded from the above for sufficiently large ¢t. Now
we see that

o Inf(t) . In (tktlkf(t)) _ . In (tlkf(t))
degoe(f(1)) = im = o= = Jim —— 5= =h+lim — 5 — =k
This concludes the proof of the claim and thus of the proposition. O

10. THE DEGREE OF THE L?~ALEXANDER TORSION AND THE THURSTON NORM
I1

In Section we had already seen that ‘most’ L?-Alexander torsions detect the
Thurston norm of a graph manifold. In this section we will show that also for all other
prime 3-manifolds there exists an L?-Alexander torsion which detects the Thurston
norm. More precisely, the goal of this section is to prove the following theorem.

Theorem 10.1. Let N be a prime 3-manifold with empty or toroidal boundary that is
not a closed graph manifold. Then there ezists an epimorphism ~: m(N) — G onto
a virtually abelian group such that the projection map m (N) — Hy(N;Z)/torsion

factors through ~ and such that for any ¢ € H'(N;R) the function T (N, ¢,~) is
monomial in the limit with

deg TP (N, ¢,7) = zn(0).

10.1. The virtual fibering theorem. Before we recall the virtual fibering theorem
of Agol [Ag08] we need to recall a few definitions. First of all, given a 3-manifold N
we say that a class ¢ € H'(N;R) is quasi-fibered if ¢ is the limit of fibered classes in
H'(N;R). We will also use the notion of a group 7 being residually finite rationally
solvable (RFRS). In fact one can treat this notion as a black box. We thus provide
the definition only for completeness’ sake. A group is RFRS if there exists a filtration
of m by subgroups m = my 2 m; 2 my - -+ such that
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(1) (m = {1},
(2) for any i the group 7; is a normal, finite-index subgroup of ,
(3) for any i the map m; — m;/m;11 factors through m; — H;(m;; Z)/torsion.
The following is a straightforward consequence of the virtual fibering theorem of
Agol [Ag08, Theorem 5.1] (see also [FK14, Theorem 5.1] and [FV12, Corollary 5.2]).

Theorem 10.2. Let N be a prime 3-manifold with empty or toroidal boundary. Sup-
pose that w1 (N) is virtually RFRS. Then there exists a finite reqular cover p: N — N
such that for every class ¢ € H*(N;R) the class p*¢ € H'(N;R) is quasi-fibered.

The following theorem was proved by Agol [Agl3] and Wise [Wil2a, Wil2Dh] in the
hyperbolic case. It was proved by Liu [Liul3] and Przytycki-Wise [PW14] for graph
manifolds with boundary and it was proved by Przytycki-Wise [PW12] for manifolds
with a non-trivial JSJ decomposition and at least one hyperbolic piece in the JSJ
decomposition.

Theorem 10.3. If N is an irreducible 3-manifold that is not a closed graph manifold,
then w1 (N) is virtually RFRS.

10.2. Continuity of degrees. Given a group GG, a homomorphism ¢: G — R and
t € R™ we consider the ring homomorphism

k(9,1):  R[G] — RG]
Saigi = Y ait?9g,.
=1 =1

As usual, given a matrix A over R[G| we define (¢, t)(A) by applying x(¢,t) to each
entry of A.

Recall that in Section [f] we associated to many functions f: RT — [0, 00) a degree
deg(f) with values in RU{+o0}. Now we endow RU {£o0} with the usual topology,
i.e., the topology on R with a ‘point at infinity on the left’ and a ‘point at infinity on
the right’.

We have the following proposition.

Proposition 10.4. Let G be virtually abelian group and let A be a square matrix
over Z[G|] such that det),)(A) # 0. Then the map

Hom(G,R) — RU {400}
RT — [0,00)
o — deg( t o dethyg (m(cé,t)(A)))

takes values in [0,00) and it is a (possibly degenerate) norm.

Before we continue we recall that given a free abelian group F' and p € R[F] we
denote by m(p) the Mahler measure. In the proof of Proposition we will need
the following lemma.
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Lemma 10.5. Let F be a free abelian group and let p € R[F| be non-zero. We write
p=2tepps f. Then for any ¢ € Hom(F,R) we have

deg (t = m(r(¢,1)(p))) = max{¢(f) — d(g) | f.g € F with p; # 0 and p, # 0}.
Proof. Let ¢ € Hom(F,R). We write

d = min{¢(f)|f € F with a; # 0}, and
D = max{¢(f)|f € F with ay # 0}.

We write K = Ker(¢). Then there exist py,...,p, € R[K]| and g1, ..., g, € F with

d=¢(g1) < ¢(g2) <+ < d(g,) =D

such that p = p1g1 + - - + p,g-. Note that p; # 0 and p, # 0. By the continuity of
the Mahler measure, see Corollary and [Bo98| p. 127], we have

. m(r(,1)(p)) . {o(91) 1(gr)
lim —— 75— = m m | pugr—5= + -+ Pegr—p ) = mlpegr) # 0.

t—o00

It thus follows that deg. (t — m(k(®,t)(p))) = D. Basically the same argument also
shows that deg,(t — m(k(¢,t)(p))) = d. Putting these two equalities together gives
the desired result. O

We can now give the proof of Proposition

Proof of Proposition[10.4 In the proof of Corollary we already saw that G ad-
mits a finite index subgroup F' that is torsion-free abelian. We pick representatives
g1, -, ga for G/F. Given a matrix B over R|G] we define the matrix 15 (B) over R[F]
as in Section [2.3] using this ordered set of representatives. It follows easily from the
definitions that for any ¢ € Hom(G,R) and any ¢t € R we have

(4) 1 (k (0, )(A)) = K(9]r, 1) (1a(A)) -

Now we denote by p € Z[F] the determinant of (5(A). Tt follows from , Proposi-
tion 2.4l and Lemma [2.6] that

(5)  dethq (k(,t)(A)) = m(k(o, 1) (p))ﬁ for any ¢ € Hom(G,R) and ¢ € R*.

If we apply tot =1, then we see that our assumption that det)y;c (A) # 0 implies
in particular that p # 0. Furthermore, by the combination of and Lemma (7)
it suffices to show that the map
Hom(F,R) — RU{£oo}
o = deg (t = m(k(y,1)(p)))

takes values in [0,00) and that it is a (possibly degenerate) norm. But since p # 0
this is an immediate consequence of Lemma [10.5 0
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10.3. The proof of Theorem [10.1}

Proof. Let N be a prime 3-manifold which is not a closed graph manifold. It follows
from Theorems [10.2] and [10.3] - that there exists a finite regular cover p: N = N such
that given any ¢ € Hl(N, R) the pull-back p*¢ € H'(N;R) is quasi-fibered.

Now we denote by 7: my(N) — H := H,(N;Z)/torsion the canonical epimorphism.
By Theorem we have

(6) deg 7(2)(Nﬁ, Y) = x5(¢) for any fibered ¢ € Hl(]\Af; Q).

It follows from Proposition and from the fact that x5 is a norm that both sides
of @ are continuous in ¢. It thus follows that we also have

deg 7@ (N, 7,1) = x5 (¢) for any quasi-fibered ¢ € HY(N;R).

In particular the equality holds for any p*¢ with ¢ € H'(N;R).
Now we consider the projection homomorphism

v:m(N) = G :=m(N )/Ker{gb (N )—)H}

(Note that Ker{gg: m(N) — HY is indeed normal in 7 (N).) It follows from the
above, from Lemma and the multiplicativity of the Thurston norm under finite
covers, see Gabai [Ga83|, Corollary 6.13], that for any ¢ € H*(N;R) we have

deg TP (N, 7, ¢) = ﬁ deg T (N,7,p"¢) = ﬁ%@*@ =N (9)-
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