UNIVERSAL L?2-TORSION, POLYTOPES AND APPLICATIONS
TO 3-MANIFOLDS

STEFAN FRIEDL AND WOLFGANG LUCK

ABSTRACT. Given an L2-acyclic connected finite CW-complex, we define its
universal L2-torsion in terms of the chain complex of its universal covering.
It takes values in the weak Whitehead group Wh" (G). We study its main
properties such as homotopy invariance, sum formula, product formula and
Poincaré duality. Under certain assumptions, we can specify certain homo-
morphisms from the weak Whitehead group Wh" (G) to abelian groups such
as the real numbers or the Grothendieck group of integral polytopes, and the
image of the universal L2-torsion can be identified with many invariants such
as the L2-torsion, the L2-torsion function, twisted L2-Euler characteristics
and, in the case of a 3-manifold, the dual Thurston norm polytope.

0. INTRODUCTION

We assign to a group G the weak Ki-groups K¥(Z@G), K*(ZG) and the weak
Whitehead group Wh"(G), see Definition These groups are, as the names
suggest, variations on the corresponding classical groups. More precisely, the name
‘weak’ comes from the fact that in the definitions we study matrices over the group
ring ZG, but we no longer require that they are invertible over the group ring, but
we only require that they are weakly invertible in the sense of L2-invariants. These
groups are in general much larger than their classical analogues. For instance, for
G = Z we have Wh(Z) = 0 but Wh"(Z) = Q(z*1)* /{£2" | n € Z}.

Furthermore, to an L2-acyclic finite based free ZG-chain complex C, we assign
its universal L?-torsion, see Definition

(0.1) /2 (C.) € K ().
It is characterized by the universal properties that

PP (0= 2G % 726G - 0) =0
and that for any short based exact sequence 0 — C, — D, — E, — 0 we get
pf)(D*) = pf)(C'*) + pg)(E*), as explained in Remark If X is an L2-acyclic
finite free G-CW-complex, it defines an element

(0.2) P(X;N(G)) € Wh*(G) == K°(G)/ + G,

determined by p&z) (C« (X)), where C(X) is the cellular ZG-chain complex of X, see
Definition As an example, if X is the free abelian cover of a knot exterior S3\
vK, then under the aforementioned isomorphism Wh"(Z) = Q(z*')* /{£2" | n €
Z} the universal torsion pg)(X ;N(Z)) agrees with the Turaev-Milnor torsion [27,
35 [34] of the knot.

If X is a finite connected CW-complex with fundamental group 7, and universal
covering X , we call X L%-acyclic if X is L2-acyclic as finite free m-CW-complex
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and abbreviate
(0.3) PD(X) = pD (XN (x)) € Wh ().

The basic properties of these invariants including homotopy invariance, sum
formula, product formula, and Poincaré duality are collected in Theorem and
Theorem One can show for a finitely presented group G, for which there
exists at least one LZ-acyclic finite connected CW-complex X with m1(X) = G,
that every element in Wh"(G) can be realized as pq(f)(f/) for some L%-acyclic finite
connected CW-complex Y with G = m1(Y'), see Lemma [2.8]

The point of this new invariant is that it encompasses many other well-known
invariants. We illustrate this by considering some examples. Although these in-
variants do make sense in all dimensions, we often restrict ourselves to the case of
admissible 3-manifolds M:

Definition 0.4 (Admissible 3-manifold). A 3-manifolds is called admissible if it is
connected, orientable, and irreducible, its boundary is empty or a disjoint union of
tori, and its fundamental group is infinite.

0.1. L2-torsion and the L2-Alexander torsion. In Section 2.4 we will see that
the universal L2-torsion of a 3-manifold M determines the L2-torsion and more
generally the L2?-torsion function (also called L?-Alexander polynomial and L2-
Alexander torsion) that recently was intensively studied, see e.g., [Tl Bl 6, 15} 17, [18].
The former invariant is determined by the volumes of the hyperbolic pieces in the
Jaco-Shalen-Johannson decomposition of M, see [24, Theorem 0.7]. The latter
invariant is a function p(2)(ﬁ, ¢): Rso — R associated to M and a class ¢ €
HY(M;Z). This function captures a lot of interesting topological information, in
particular it was shown by the authors [7] and independently by Liu [19] that it
determines the Thurston norm of ¢.

0.2. Twisted L2-Euler characteristic. For a short review of the Atiyah Con-
jecture for a torsionfree group G and its status which is adapted to the needs of
this paper, we refer to [8, Section 3], a more general introduction is given in [22]
Chapter 10]. In Remark given a torsionfree group G satisfying the Atiyah
Conjecture, we will introduce a pairing

(0.5) Wh" (7)) x HY(G) — Z,

which has the following property: given an L2-acyclic finite free ZG-chain complex
C, and an element ¢ € H*(G) = Hom(G, Z) the image of p&z)(C*;N(G)) ® ¢ under
the pairing above equals the L?-Euler characteristic we introduced in [8].

It is now easy to see that for an admissible 3-manifold M and ¢: m (M) — Z
the L2-Euler characteristic of [8] is determined by the universal L2-torsion pg) (M ).
Similarly, using [8, Section 8] one can show that the degrees of the higher-order
Alexander polynomials of Cochran [2] and Harvey [I4, Section 3] of knots and
3-manifolds are determined by universal L2-torsions of appropriate covers of M.

0.3. Polytopes. For a finitely generated free abelian group H we denote by P%N hH)
the abelian group given by the Grothendieck construction applied to the abelian
monoid of integral polytopes in R ®7 H under the Minkowski sum, modulo trans-
lation with elements in H, see . Given a group G that satisfies the Atiyah
Conjecture we will construct the polytope homomorphism

P: Wh*(ZG) — P (H.(G)y)

in (3.15) and define the L2-torsion polytope P(M) to be the image of the universal
L?-torsion under the polytope homomorphism.
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Of particular interest is the composition of the universal torsion with the poly-
tope homomorphism. For example let M be an admissible 3-manifold that is not a
closed graph manifold. Then we obtain a well-defined element

P(M) = P(p,(M)) € PY(Hi(M)y).

We now explain the information contained in this invariant. Following Thurston [32]
we can use the minimal complexity of surfaces in a 3-manifold M to assign to M
an integral polytope T (M) C R ®z Hi(m)ys, called the dual Thurston polytope,
see for details. One of our main results is that we show in Theorem that

[T(M)*] = 2-P(M) € PY"™(Hi(n)y).

We can also use this approach to assign formal differences of polytopes to many
other groups, e.g. free-by-cyclic groups and two-generator one-relator groups. We
will discuss these examples in more details in a joint paper [9] with Stephan Till-
mann.

Finally let G be any group that admits a finite model for BG and that satisfies the
Atiyah Conjecture and let f: G — G be a monomorphism. Then we can associate
to this monomorphism the polytope invariant of the corresponding ascending HNN-
extension. If G = F5 is the free group on two generators this polytope invariant has
been studied by Funke-Kielak [I3]. We hope that this invariant of monomorphisms
of groups will have other interesting applications.
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1. UNIVERSAL L%-TORSION FOR CHAIN COMPLEXES

In this section we define the universal L?-torsion and the algebraic K-group
where it takes values in.

1.1. From finite based free ZG-chain complexes to finite Hilbert N (G)-
chain complexes. Let G be a group. We will always work with left modules. A
ZG-basis for a finitely generated free ZG-module M is a finite subset B C M such
that the canonical map

@ZG%M, (Tb)beB'_)Z'rb'b

beB beB
is a ZG-isomorphism. Notice that we do not require that B is ordered. A finitely
generated based free ZG-module is a pair (M, B) consisting of a finitely generated
free ZG-module M together with a basis B. (Sometimes we omit B from the
notation.) In the sequel we will equip ZG™ = EB?ZI Z.G with the standard basis.

A finite Hilbert N'(G)-module V is a Hilbert space V together with a linear

isometric left G-action such that there exists an isometric linear embedding into
L?(G)™ for some natural number n. (Here N'(G) stands for the group von Neumann
algebra which is the algebra of bounded G-equivariant operators L?(G) — L*(G).)
Obviously L?(G)™ is a finite Hilbert N(G)-module. Morphisms of finite Hilbert
N(G)-modules are bounded G-equivariant operators (which are not necessarily iso-
metric). For a basic introduction to Hilbert N'(G)-chain complexes and L?-Betti
numbers we refer for instance to [22, Chapter 1]. For a finitely generated based free
ZG-module (M, B) define a finite Hilbert N'(G)-module A% (M) by L?*(G) ®z6 M
equipped with the Hilbert space structure, for which the induced map

@LQ(G) = L*(G) @6 M, (xp)pep = Z xp ®z6 b
beB beB

is a G-equivariant isometric invertible operator of Hilbert spaces. (If G is clear from
the context, we often abbreviate A“ by A.) Obviously A(ZG™) can be identified
with L2(G)™. One easily checks that a ZG-map of finitely generated based free
ZG-modules f: M — N induces a morphism A(f) of Hilbert N'(G)-modules. This
construction is functorial. Moreover we have r1-A(f1)+72-A(f2) = A(r1- fo+ra- f2)
for integers rq,79 and ZG-maps fy, f1: M — N of finitely generated based free
ZG-modules. Obviously A is compatible with direct sums, i.e., for two finitely
generated based free ZG-modules My and M; the canonical map A(My)®A(M;) —
A(My @ M) is an isometric G-equivariant invertible operator. Let f: M — N be
a ZG-homomorphism of finitely generated based free ZG-modules. If B and C' are
the bases of M and N, let A(f) be the B-C-matrix defined by f, namely, if for
b € B we write f(b) = > . ap,c-cfor ap . € ZG, then A = (ap,). Let A* be the C-
B-matrix, whose entry at (¢,b) € C' x B is Gy, Where > o 7g 9= cqTg g1
for deG Tg-g € Z. Define f*: N — M to be the ZG-homomorphism associated
to A*. One easily checks that A(f*) = A(f)*, where A(f)* is the adjoint operator
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associated to A(f). All in all one may summarize by saying that A defines a functor
of additive categories with involution from the category of finitely generated based
free ZG-modules to the category of finite Hilbert N (G)-modules.

Given an (m,n)-matrix A = (a; ;), where i € {1,2,...,m} and j € {1,2,...,n},
right multiplication with A defines a ZG-homomorphism

m
ra: ZG™ = ZG", (x1,T2,...,Tm) — (T1,Z2,..., Ty ) A= (Z%"%,j) L
i=1 i=1,2,...,n

Notice that A is the matrix A(r) associated to r4.

A finite based free ZG-chain complex C, is a ZG-chain complex C, such that
there exists a natural number N with C,, = 0 for |n| > N and such that each chain
module C), is a finitely generated based free ZG-module. Denote by A(C,) the
finite Hilbert A (G)-chain complex which is obtained by applying the functor A.
Here by a finite Hilbert A(G)-chain complex D, we mean a chain complex in the
category of finite Hilbert A/(G)-chain complexes such that there exists a natural
number N with D,, =0 for n > N.

1.2. The weak K;-group K{(ZG). The universal L?-torsion, that we will define
in Section [[.3] will take values in the following K;-group. Recall that a morphism
f:V — W of finite Hilbert N (G)-modules is called a weak isomorphism if it is
injective and has dense image.

Definition 1.1 (K{'(ZG)). Define the weak K;-group
K{’(ZG)

to be the abelian group defined in terms of generators and relations as follows. Gen-
erators [f] are given by of ZG-endomorphisms f: ZG™ — ZG™ for n € Z,n > 0 such
that A(f) is a weak isomorphism of finite Hilbert N'(G)-modules. If fi, fo: ZG™ —
ZG"™ are ZG-endomorphisms such that A(f;) and A(f2) are weak isomorphisms,
then we require the relation

[f20 fi] = [fi] + [f2]-

If fo: ZG™ — ZG™, fy: ZG™ — ZG"™ and fi: ZG" — ZG™ are ZG-maps such
that A(fo) and A(f2) are weak isomorphisms, then we get for the ZG-map

f= (J;O §1> L ZGTT = ZG™M © LG — ZLG™ @ ZG™
2

the relation

[£] = [fo] + [f2]-

Let B

K{¥(ZG)
be the quotient of K”(ZG) by the subgroup generated by the element [—id: ZG —
Z@G]. This is the same as the cokernel of the obvious composite K;(Z) — K’(ZG).
Define the weak Whitehead group of G

Wh" (G)
to be the cokernel of the homomorphism

{0-gloe{£l},ge G} = K{"(ZG), 0-g+ [ro.g: ZG — ZG)].

Definition makes sense since the morphisms appearing above A(f2 o f2) and
A(f) are again weak isomorphism by [22] Lemma 3.37 on page 144].

Remark 1.2. We obtain the classical notions of K (ZG) and K, (ZG) if we replace
in Definition|1.1{above everywhere the condition that A(f) is a weak isomorphism of
finite Hilbert N'(G)-modules by the stronger condition that f is a ZG-isomorphism.
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1.3. The universal L’-torsion for chain complexes. Recall that a ZG-chain
complex C, is contractible, if C, possesses a chain contraction 7., i.e., a sequence of
ZG-maps vy, : C,, = Cpy1 such that ¢,41 07, +vn—10¢, = id¢, holds for all n € Z.
Moreover, for a finite based free contractible ZG-chain complex C, its (classical)
torsion

(1.3) p(C,) € K1(ZG)

is defined for any choice of chain contraction 7. by the class [(¢+ 7)oda] of the ZG-

isomorphism of finitely generated based free ZG-modules (¢ + ¥)odd: Codd = Coy,
where here and in the sequel we write

Cvodd - @CZnJrl and C’ev — @0271

nez nez

We want to carry over these two notions to finite based free ZG-chain complexes
C. for which A(C,) is L%-acyclic. Recall that a finite Hilbert A'(G)-chain complex
D, is L%-acyclic if for every n € Z its n-th L?-homology group Hle)(D*), which is
defined to be the finite Hilbert N (G)-module given by the quotient of the kernel
of the n-th differential by the closure of the image of the (n + 1)-st differential,
vanishes, or, equivalently, if for each n € Z the n-th L?-Betti number bg)(D*),
which is defined to be the von Neumann dimension of H? (D), vanishes.

Definition 1.4 (Weak chain contraction). Consider a ZG-chain complex C.. A
weak chain contraction (v, us) for C, consists of a ZG-chain map u,: Cx — C,
and a ZG-chain homotopy 7. : ux ~ 0, such that A(u,) is a weak isomorphism for
all n € Z and 7, 0 u;, = Up41 © 7y, holds for all n € Z.

Let C, be a finite based free ZG-chain complex. Denote by A, : C, — C,, its
n-th combinatorial Laplace operator which is the ZG-map A, = cpq10¢, ., + ¢ o
¢n: Cp — Cp. It has the property that A(A,,) is the Laplace operator of the finite
Hilbert N(G)-chain complex A(C.), where the n-th Laplace operator of a finite
Hilbert NV (G)-chain complex D, is the morphisms of finite Hilbert N'(G)-modules
dpyr10dy +dyody: Dy — Dy

Lemma 1.5. Let C, be a finite based free ZG-chain complex. Then the following
assertions are equivalent:

(1) A(A,) is a weak isomorphism for alln € Z;

(2) There exists a weak chain contraction (7Y, us) with v, 0 Yp—1 = 0 for all

n € Z;

(3) There exists a weak chain contraction (Y, Us);

(4) A(Cy) is L?-acyclic.
Proof. (1) = Define 7, : Cy, = Chry1 by ¢4 Then v, 0 vp—1 = (cpy1)* 0
¢t =(chocpt1)* =0. Put u, = A,: C,, — C,. Then the collection of the uy,’s
defines a ZG-chain map u,: C, — C, such that ~, is a ZG-chain homotopy u, ~ 0.,
we have v, ou, = Uupy1 07, for n € Z, and A(u,,) is a weak isomorphism for n € Z.

2) = is obvious.

B) = Since A(u,) is a weak isomorphism for all n € Z, the induced map
HP (Au,)): HP(A(CL)) — HP(A(C,)) is a weak isomorphism for all n € Z
by [22], Lemma 3.44 on page 149]. Since A(u,) is nullhomotopic, H? (Auy)) is
the zero map for all n € Z. This implies that a? (A(Cy)) vanishes for all n € Z.
Hence A(C,) is L%-acyclic.

== This follows from [22] Lemma 1.13 on page 23 and Lemma 1.18 on
page 24] since A(A,,) is the n-th Laplace operator of A(C,). O
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Remark 1.6 (Homomorphisms of finitely generated based free ZG-modules and
K¥(Z@)). Let f: M — N be a ZG-homomorphism of finitely generated based free
ZG-modules such that A(f) is a weak isomorphism. Then we conclude from [22]
Lemma 1.13 on page 23]

rkzc(M) = dimy(g) (A(M)) = dimpg) (A(N)) = tkza(N).

Hence we can choose a bijection between the two bases for M and N. It induces a
ZG-isomorphism b: N — M. Now define an element

[f] == [bo f] € K{*(ZG).

Since we are working in K (ZG), the choice of the bijection of the bases does not
matter.

Definition 1.7 (Universal L2-torsion for L?-acyclic finite based free ZG-chain
complexes). Let C, be a finite based free ZG-chain complex such that A(C,) is
L?-acyclic. Define its universal L?-torsion

PP (C.) € KI'(ZG)
by
P2 (C.) = [(uc +V)odd] — [Uodd],
where (7., us) is any weak chain contraction of C,.
We have to explain that this is well-defined. The existence of a weak chain
contraction follows from Lemma We have to show that A((uc + ¥)oaa) and
A(uoqq) are weak isomorphisms and that the definition is independent of the choice

of weak chain contraction. Let (d4,v«) be another weak chain contraction. Define
01: Coy — Coy by the lower triangle matrix

vu 0 0
01 :=Wou+do)e = 5y wu 0
0 &y wu
Then the composite
+7)o S +6)ev
0y: Coaa (uet)oaa, Co 25 0y, (wetd)ev, Coad
is given by the lower triangle matrix
(v2u?)an—1 0 0
* (v2u2)2n+1 0

We conclude from [22] Lemma 3.37 on page 144] that A(©1) and A(©2) are weak
isomorphisms and we have

6, = (’UC + 5)ev 000 (UC + 7)Odd'

Analogously we find ZG-homomorphisms O3 and ©4 such that A(O3) and A(Oy)
are weak isomorphism and we have

©4 = (vc+ 8)odd © O3 0 (UC + ¥)ey-
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Since we can interchange the roles of (v, us) and (d,v.), we can find ZG-homo-
morphisms O; for ¢ = 5,6,7,8 such that A(©;) is a weak isomorphism and we
have

96 = (’LLC + ’7)8\7 o 65 o (UC + 6)odd§

98 = (UC + ’y)odd © 67 © (UC + 5)cv-
We conclude that A(uc+v)oda), A(uc+7)ev), Ave+0)oad), and A((ve+ 6)ey) are
weak isomorphisms. So we get well-defined elements [(uc + ¥)odd], [toda], [(ve +

§ev], and [vey] in IN({”ZG). We have ey © (u€ + ¥)oda = (uc + ¥)odd © Uodaa and
Vey © (V€ 4 0)odd = (V€ + )odd © Vodd- This implies

[uodd] = [uev} and [Uodd} = [Uev]'
Since
[@1] = [Uev] + [uev];
[O2] = 2 [voad] + 2 [Uoddl;
[O2] = [(ve+0)ev] + [O1] + [(uc+ 7)oadl,

hold in K¥(ZG), we get in K¥(ZG)
(1.8) [(UC + 'V)Odd] - [uodd] = _[(UC + 5)eV] + [UGV]'

Since the right hand side of the equation above is independent of (7, u,), we
conclude that Definition [L.71 makes sense.

We call an exact short sequence 0 — My — My 25 M, — 0 of finitely generated
based free ZG-modules based exact if i(By) C B; holds and p maps By \ i(By)
bijectively onto By for the given ZG-basis B; C M; for ¢ = 0,1, 2. This extends in
the obvious way to ZG-chain complexes.

Lemma 1.9. Let 0 — C. = D, Ly E., — 0 be a based exact short sequence
of finite based free ZG-chain complexes. Suppose that two of the finite Hilbert
N(G)-chain complezes A(C.), A(D,) and A(E.) are L?-acyclic. Then all three are
L2-acyclic and we get in K™ (ZG)

P2 (D) = pP(CL) + pP (Es).

Proof. All three finite Hilbert N'(G)-chain complexes A(C.), A(D,) and A(FE,) are
L?-acyclic by [22] Theorem 1.21 on page 27]. Since E,, is free and 0 — C,, — D,, —
FE,, is exact, we can choose ZG-homomorphisms r,: D,, — C,, and s,: E, — D,
satisfying r, 0o s, =0, r, 0, =id¢, and p, os, = idg, for each n € Z. Because of
Lemma we can choose weak chain contractions (7, u,) for Cy and (e, w,) for
E, such that 7,41 07, =0 and €,41 0 ¢, = 0 holds for all n € Z. Define

Op "= ipgt1 9V OTn + Spa10 €, 0Py Dy — Diyyg.
We compute
0od = (ioyor+4socop)o(ioyor+soecop)
= {0Y0To{0yYOor+40yY0rosoeop
+soeopoio*yor+soeoposoeop
= joyoidoyor4+ioyoQoeop+soeoloyor+soeoidocop
= i0720T+50620p:ioOor+5000p:O.

Put v, := dy41 00, + dy—1 0 dy,. One easily checks v, 0 6,1 = 5,1 o vy, for
every n € Z. The following diagrams commute
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Pn

0 C,—" D, E, 0
l’yn Tnt1 idn Pn+1 J'ETL
0 Cn+1 Dn—i—l E— En+1 —0
0 c, "D, "B, 0
0 Cn -5 D, "R, 0
and
0 Codd —222— Dogq —22 Eoaa 0
J(UC‘F'Y)odd J'('Ud‘i’é)odd J(we“rf)odd
0 Codd —22 Doga —222 Eoaa 0.

Since A(uy,) and A(w,,) are weak isomorphisms, the same is true for A(v,,) by [22]

Lemma 3.37 on page 144]. Hence (d«,v.) is a weak chain contraction for D,. Since

each of the short exact sequences 0 — C, ny D,, 2% E, — 0 is based exact by

assumption, we get in I?}“(ZG)

[((vd+0)oaa] = [(uc+7)oda] + [(we + €)oaal;
[Voad] = [Uoda] + [Woadl;
PP (D) = pP(C) + pD(EL).
This finishes the proof of Lemma [T.9] O

Lemma 1.10. Let f: C. — D, be a ZG-chain homotopy equivalence of finite based
free ZG-chain complezes. Denote by p(cone(f.)) € K1(ZQ) the classical torsion of
the finite based free contractible ZG-chain complex cone(f.). Suppose that A(C.)
or A(D,) is L*-acyclic. Then both A(C.) and A(D.) are L?-acyclic, and we get in
K{(ZG)

P (D) = pP(C.) = ((p(cone(f.)))
for the canonical homomorphism ¢: Ky(ZG) — K (ZG).

Proof. Since f,. is a ZG-chain homotopy equivalence, cone(f.) is a finite based
free contractible ZG-chain complex. In particular A(cone(f,)) is L?-acyclic. One
casily checks that ¢: Ki(ZG) — K¥(ZG) maps p(cone(f,)) to pq(f)(cone(f*)) since
a chain contraction v, for cone(f,) defines a weak chain contraction (v, idcone(f.))
for cone(f,). Now apply Lemma to the obvious based exact short sequences of
finite based free ZG-chain complexes 0 — D, — cone(f.) — XC, — 0 and use the
obvious fact that A(XC,) is L?-acyclic, if and only if A(C,) is L%-acyclic, and in
this case p,(LQ)(EC’*) = fpf)(c*) holds. O

1.4. The K-group K""(ZG).

Definition 1.11 (K{”"(ZG) and K (ZG) ). Let K\"*(Z@G) be the abelian group
defined in terms of generators and relations as follows. Generators [C.] are given by
(basis preserving isomorphism classes of) finite based free ZG-chain complexes C,
such that A(C,) is L2-acyclic. Whenever we have a short based exact sequence of
finite based free ZG-chain complexes 0 — C, — D, — E, — 0 such that two (and
hence all) of the finite Hilbert N(G)-chain complexes A(C.), A(D.), and A(E,) are
L?-acyclic, we require the relation

D.] = [C.] + [B.).
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We also require
[el(idzg: ZG — ZG)] = [el(—idzg: ZG — ZG)] = 0.

Let I}fh(ZG) be the abelian group defined analogously, where we everywhere re-
place the condition that A(C,) is L2-acyclic by the stronger condition that C, is
contractible as ZG-chain complex.

Theorem 1.12 (Chain complexes versus automorphisms). The classical torsion
and the universal L?-torsion induce isomorphisms such that the following diagram
commutes, where the horizontal maps are the obvious forgetful homomorphisms.

KMNZG) — Kz

pl% glpf)

K1(Z@) — K"(ZG).

The inverses of p and pg) are given by the obvious maps regarding a homomorphism
of finitely generated based free ZG-modules as a 1-dimensional finite based free Z.G-

chain complez.

Proof. The map pi: K"™MZG) — K*(ZQ) is well-defined by Lemma One
easily checks that the diagram appearing in Theorem [1.12[ commutes. It remains
to show that the two vertical maps are isomorphisms. We start out with the left
vertical map.

Next we define a homomorphism

o

(1.13) el: K¥(ZG) = K“MzZ@).

Consider a ZG-endomorphism f: ZG™ — ZG™ such that A(f) is a weak isomor-
phism. We want to define

(1.14) el([f]) := [el(f: ZG™ — ZG™)].

where el(f: ZG™ — ZG™) is the 1-dimensional finite based free ZG-chain complex
whose first differential is f. Since A(f) is a weak isomorphism, A(el( f7ZG" —
ZG™)) is L*-acyclic and defines an element in [el(f: ZG" — ZG")] in K" MNZ@).
We have to check that the relations in K}"(ZG) are satisfied. This follows for
the additivity relation directly from Lemma It remains to show for ZG-
endomorphisms f1, fa: ZG™ — ZG™ such that A(f;) and A(f2) are weak isomor-
phisms that we get in K" (Z@)

[el(fz 0 f1)] = [el(f1)] + [el(f2)].
Consider the chain map
hy: X7 el(f2) — el(f1)

given by h; = idgzgn and h; = 0 for i # 1. We conclude from the short based
exact sequence of finite based free ZG-chain complexes 0 — el(f;) — cone(h,) —

el(f2) — 0 that we get in K1""(ZG)

[cone(h.)] = [el(f1)] + [el(f2)]-
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There is also a based exact short sequence of finite based free ZG-chain complexes
0 — el(fo o f1) L cone(h,) — el(idzgn ) — 0, given by

(o)

—idgem idgan  f

0 7Gn ) pam e zan 0 ) o 0

f2 0 .
Jf2of1 J (idZG" f1> Jldzgn
0 ZG™ 7ZG"™ & ZG™ 7zG" 0.
<idzgn) (0 idggn)
0

It yields the equation in K" (ZG)

[cone(h.)] = [el(f2 o f1)] + [el(idzgn)]-
This implies
(115) [el(fa0 f1)] = [cone(h.)] — [el(idzgn)]
lel(f1] + [el(f2)] — [el(idzGn)]
[el(f1)] + [el(f2)] — n - [el(idzg)] = [el(f1)] + [el(f2)]-
This finishes the proof that the homomorphism el announced in ([1.14)) is well-
defined.

One easily checks that pf) oel: K{"(ZG) — K{*(Z@G) is the identity. In order to
show that the homomorphisms p,(f) and el are bijective and inverse to one another,
it remains to show that el: K¥(ZG) — K"™(Z@) is surjective.

‘We have to show for any finite based free ZG-chain complex C, with the property
that A(C,) is L2-acyclic that [C,] lies in the image of el. By possibly suspending
C.,, we can assume without loss of generality that C,, = 0 for n < —1. Now we do
induction over the dimension d of C,. The induction beginning d < 1 is obvious,

the induction step from d — 1 > 1 to d is done as follows.
Choose a weak chain contraction ~, for C,. Define a ZG-chain map

ix: €l(cp oyg: Co = Cp) — O

by i1 = 0, ip = id¢, and i = 0 for k # 0,1. We conclude from Lemma applied
to the short based exact sequence 0 — C, — cone(i,) — Xel(cioyg: Cop — Cy) — 0
that cone(i,) is a finite based free ZG-chain complex such that A(cone(f,)) is L>-
acyclic and we get in K1""(Z@Q)

[cone(i,)] = [(Cy)] — [el(c1 0 y0: Co — Co)].

Define a ZG-chain map
Jx: el(ide, ) — cone(iy)

by jo = idg, : Co — Co, j1 = (idocf’> : Cy — Cy @ 4. Then we can equip coker(j)

with an obvious ZG-basis such that we obtain a based exact short sequence of finite

based free ZG-chain complexes 0 — el(ide,) <= cone(i,) — coker(j,) — 0. We
conclude from Lemma that coker(j,) is L2-acyclic and we get in K*(ZQ)

[cone(iy)] = [el(id¢, )] + [coker(F.)].

Since [el(id¢, )] and [el(c1 0 y9: Coy — Cp)] lie in the image of el, it suffices to show
that [coker(j,)] lies in the image of el. Since coker(j.) has dimension < d and
its zeroth-chain module is trivial, this follows from the induction hypothesis. This
finishes the proof that the homomorphisms pg) and el are bijective and inverse to
one another.

The proofs for p: K (ZG) — K1 (Z@) are analogous. O
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Remark 1.16 (Universal property of the universal L2-torsion). An additive L?-
torsion invariant (A, a) consists of an abelian group A and an assignment which
associates to a finite based free ZG-chain complex C, such that A(C,) is Lz—acyclic,
an element a(C,) € A such that for any based exact short sequence of such ZG-
chain complexes 0 = C, — D, — E, — 0 we get

a(D,) = a(Cy) + a(E,),

and we have
a(el(:l: idzg)) =0.

We call an additive L2-torsion invariant (U,u) universal if for every additive L2-
torsion invariant (A, a) there is precisely one group homomorphism f: U — A such
that for every finite based free ZG-chain complex C, for which A(C,) is L2-acyclic,

we have f(u(Cy)) = a(Cy).
Theorem implies that (Ki'(ZG), p&z)) is the universal additive L2-torsion
invariant.

We obtain an involution x: K¥(ZG) — K¥(ZG) by sending [ra: ZG™ — ZG"]
to [ra~: ZG™ — ZG™].

Lemma 1.17. Let C, be a finite based free ZG-chain complex such that A(C\y)
is L%-acyclic. Then for n € Z the combinatorial Laplace operator is a ZG-map
A, Cp — Cy such that A(A,) is a weak isomorphism, and and we get in K" (ZG)

pP(C) +#(pP(CL) = =Y (=)™ - [A].
n>0
Proof. Lemma shows that A(A,,) is a weak isomorphism for all n € Z. A finite
based free ZG-chain complex has length < [ if there exist natural numbers n_ and
ny with n_ < ng such that C, # 0 implies n_ <n < ny and l =ny —n_. We
prove Lemma by induction over I. The induction beginning [ = 1 is done as
follows. Choose a natural number ny such that C, is concentrated in dimensions
ny and ng — 1. Since A, 1 0¢p, = ¢y, © Ay, holds, we get in K¥(Z@)

[An+*1] = [An+*1 © Cn+] - [CTLJJ = [cn+ o An+] - [Cn+] = [An+]
Now we compute

PP (CL) +#(plP(C) =

) [en ]+ (=)™ [en, )
)™ fen ]+ (D)™ e, )

n4

—(=1)" - [, ocnyl
(=1 - [An,]
— (=)™ g [Ap ]+ (ST (0 = 1) - [An])
= —((=D)™ - ng - [An ]+ (D)™ T (g = 1) - [An, 1))
= = (=)"n-[A)
neL

The induction beginning from [ — 1 > 1 to [ is done as follows. Choose integers n_
and ny with n_ < ny such that C,, # 0 impliesn_ <n <mny andny—n_ <. Let
el,_(A,_ )« be the finite based free ZG-chain complex concentrated in dimensions
n_ + 1 and n_ whose (n_ + 1)-st differential is A,,_: C,,_ — C,,_. Define a ZG-
chain map f,: el, (A, _). — C, by putting f,_ =idc, and f, 41 =c¢} L. Let
cone( f,) be its mapping cone. Then we obtain a based exact short sequence of finite
based free ZG-chain complexes 0 — C, — cone(f.) = Xel,_(A,_). — 0. Since
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Afel,_(A,_).) and A(C,) are L?-acyclic, Lemma implies that also cone(f,) is
L2-acyclic and we get in K*(ZG)

(1.18) KD(C) = o (cone(f.)) — p2 (Sely_(An ).).

Let el,,_(idc, )« be the finite based free ZG-chain complex concentrated in di-
mensions n_ + 1 and n_ whose (n_ + 1)-st differential is id: C,,_ — C,,_. Let
ix: el,_(ide, )« — cone(fy). be the ZG-chain map which is given by the identity
ide,,  in degree n_ and by the obvious inclusion C),,_ — C,,_ @ C,,_4; in degree

n_ + 1. The cokernel of i, is the finite based free ZG-chain complex D, which is
concentrated in dimensions n for n_ +1 < n < ny and given by

Cny Cny—1 Cn_+4 (0 cn_+3)
0 O, S Cr vs 0 @O s

<_cv*z,+1 Cn7+2)

Ch 41 —>0—---
We obtain a based exact short sequence of finite based free Z(G-chain complexes
0 — el,_(idg, )« N cone(fy) — D, — 0. Lemma implies that A(D,) is
L2-acyclic and we get in K*(ZG)

(119)  pP(cone(£.)) = pP (elo_(ide, ) + o (D,) = p2(D,).

Combining and yields

(1.20) pD(C) = pD(D.) - P (Sely_ (A ).).

The induction hypothesis applies to D, since its length is <[ — 1. Hence we get, if
A is the combinatorial Laplace operator of D, that

P2 (D) + #(pi7 (D.))

o RN
= I e 0 A ] = (1 42) 1B 8 A
R S SN
= S e A () +2) - (A ]
- ii (=" -n- [An] - (l)n_+2 <2 [Anf]
= S (=D"n- A+ @) 20 [A, ]

We compute

PP (Sel, (A, ).) +#(pP (Zel, (A, )))
= ()" [FAL (D) EAL]) = (D20 (A,

Now Lemma follows from (1.20]) together with the last two equalities. O

1.5. Review of division and rational closure. Let R be a subring of the ring
S. The division closure D(R C S) C S is the smallest subring of S which contains
R and is division closed, i.e., any element x € D(R C S) which is invertible in
S is already invertible in D(R C S). The rational closure R(R C S) C S is the
smallest subring of S which contains R and is rationally closed, i.e., for any natural
number n and matrix A € M, ,(R(R C S)) which is invertible in S is already
invertible over R(R C S). The division closure and the rational closure always
exist. Obviously RCD(RC S)CR(RCS)CS.
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Consider a group G. Let N (G) be the group von Neumann algebra which can be
identified with the algebra B(L?(G), L?(G))“ of bounded G-equivariant operators
L*(G) — L?*(G). Denote by U(G) the algebra of operators which are affiliated to
the group von Neumann algebra, see [22] Section 8] for details. This is the same
as the Ore localization of N'(G) with respect to the multiplicatively closed subset
of non-zero divisors in N(G), see [22] Theorem 8.22 (1)]. By the right regular
representation we can embed CG and hence also ZG as subring in N(G). We will
denote by R(G) and D(G) the division and the rational closure of ZG in U(G). So
we get a commutative diagram of inclusions of rings

7G N(G)

o |
D(G)
|

R(G) U(G)

Lemma 1.21. Let C, be a finite based free ZG-chain complex. Then the following
assertions are equivalent:

(1) A(C,) is L*-acyclic;

(2) The operator A(Ay): A(Cy) — A(Ch) is a weak isomorphism for alln € Z;

(3) The U(G)-homomorphism idya) @zcldn: U(G) @za Cn — U(G) ®za Cr

s an isomorphism for all n € Z;
(4) The R(G)-homomorphism idg ) ®z6An: R(G) ®za Cn — R(G) ®za Cn
is an isomorphism for all n € Z;

(56) The U(Q)-chain complex U(G) @z Cs is contractible;

(6) The R(G)-chain complex R(G) @z Cy is contractible.
Proof. (1) < This has already been proved in Lemma
(2) < (3) This follows from [22], Theorem 6.24 on page 249 and Theorem 8.22 (5)
on page 327].
(8) < (4) This follows from the definition of the rational closure.
) = (6) The collection of the ZG-maps ¢}, ;: C, = Cyp41 defines ZG-chain ho-
motopy A, ~ 0, where A, : C, — C, is the ZG-chain map given by A,, in degree
n. Therefore we get a R(G)-chain isomorphism idgq) ®@zcAx: R(G) ®za Cx —
R(G) ®z¢ Cyx which is R(G)-nullhomotopic. Hence R(G) ®z¢ Ci is contractible.
@ == This is obvious.
B) = We conclude from [22] Theorem 6.24 on page 249 and Theorem 8.29 (5)

on page 330] that bg)(A(C*)) = 0 for all n € Z. This finishes the proof of
Lemma [[.21] O

2. UNIVERSAL L2-TORSION FOR CW-COMPLEXES AND MANIFOLDS

We will define the universal L2-torsion pi2 (X;N(G)) € Wh*(G) for an L%
acyclic finite free G-CW-complex X by applying the notion of the universal L2-
torsion of Section [ to the cellular chain complex. We will present the basic prop-
erties of this invariant in Theorem 2.5

If G is a group such that there exists a connected L2-acyclic finite free G-CW-
complex, then we will see that every element in Wh*'(G) occurs as pg)(X s N(G)),
see Lemma 2.8

2.1. The universal L?-torsion for G-CW-chain complexes. Notice that the
cellular G-C'W-structure on a finite free G-CW-complex defines only an equivalence
class of ZG-bases on C,(X), where we call two ZG-basis B and B’ equivalent if there
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exists a bijection o: B — B’ such that for every b € B there exists g € G and ¢ €
{%1} with €-g-o(b) = b. The Hilbert N (G)-chain complex C’£2)(X) is independent
of the choice of a ZG-basis within the equivalence class of cellular ZG-bases. So we
can define the n-th L2-Betti number b%Q)(X;N(G)) to be bg)(Cg)(X);N(G)).

Definition 2.1 (Universal L2-torsion for G-CW-complexes). Let X be a finite free
G-CW-complex which is L?-acyclic, i.e., its n-th L?-Betti number b (X;N(Q@))
vanishes for all n > 0. Then we define its universal L?-torsion

PP (XN (G)) € Wh(G)

to be the image of pi)(C,(X):; N'(G)) under the projection K¥(ZG) — Wh*(G)
after any choice of ZG-basis for C.(X) which represents the equivalence class of
cellular ZG-basis.

This definition extends to pairs (X,Y") of finite free G-CW-complexes in the
obvious way, consider the cellular ZG-CW-complex C.(X,Y) and require that

bg)(X, Y; N(G)) vanishes for all n > 0.

Remark 2.2 (Universal L2-torsion for manifolds). Every compact topological man-
ifold has a preferred simple homotopy type, see [16, IV]. We can therefore extend
the definition of the universal L2-torsion from CW-complexes to manifolds in the
usual way.

Since we consider the universal L?-torsion as an element in Wh" (G), the choice
of the ZG-basis representing the equivalence class of cellular ZG-basis does not
matter and p&z) (X;N(G)) depends only on the finite free G-CW-structure on X.

Example 2.3 (G = Z). The quotient field Q(z,271) of the integral domain
Z]z,271] = Z|Z] consists of rational functions with coefficients in Q in one vari-
able z. Given a matrix A € M, ,(Z[Z]), the operator A(ra: Z|Z]" — Z[Z]") is a
weak isomorphism if and only if dety) (A) € Z[Z] is non-zero. This follows from [22]
Lemma 1.34 on page 35]. Hence we obtain a well-defined homomorphism

detzz: Ki*(Z[Z]) = Q(z,27 1), [ra: Z[Z]" — Z[Z]"] — detgz(A).
Define
i Q2,27 1) = K{"(Z[Z)])

by sending an element x € Q(z, 27 1) to [r,: Z[Z] — Z[Z]] — [ry: Z|Z] — Z[Z]] for
any two elements p, q € Z[Z] with p # 0,q # 0 satisfying z = p-¢~* in Q(z,z71)*.
One easily checks that i is well-defined and detzz o i = idg(,,.-1)x. It is not hard
to prove using the standard Euclidean algorithm on the polynomial ring Q[z] that
detyz) is surjective. Hence detz(z and ¢ are inverses of each other. We obtain an
induced isomorphism
(2.4) Wh”(Z) = Q(z,27 ) /{o-2" |0 € {£1},n € Z}.
Consider R with the standard Z-action given by translation. This is the universal
covering of S! with the standard action of m1(S') = Z. The cellular Z[Z]-chain
complex of R is 1-dimensional and has as first differential r,_; : Z[Z] — Z[Z]. Hence
the isomorphism sends pZ) (R; N (Z)) € Wh*(Z) to the class of the element
(z—1).

More generally, let X be any finite free Z-CW-complex. Then X is L2-acyclic
if and only if all of the Q[Z]-modules H, (X;Q) are torsion Q[Z]-modules, see [22,
Lemma 1.34 on page 35]. It is now straightforward to see that under the iso-
morphism [2.4] the universal L*-torsion of X corresponds to the Milnor-Turaev tor-
sion [206] [34] of X.

Theorem 2.5 (Main properties of the universal L?-torsion).
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(1) (G-homotopy invariance) Let f: X — Y be a G-homotopy equivalence of
finite free G-CW -complexes. Suppose that X orY is L%-acyclic. Then both
X and Y are L?-acyclic and we get

PP (V) = pP(X) = ((r(f)),
where 7(f) € Wh(G) is the Whitehead torsion of f and (: Wh(G) — Wh"(G)
s the obvious homomorphism;
(2) (Sum formula) Consider a G-pushout of finite free G-CW -complexes

X();)Xl

L

X24)X

where the upper horizontal arrow is cellular, the left vertical arrow is an in-
clusion of G-CW -complezes and X has the obvious G-C'W -structure coming
from the ones on Xo, X1 and Xo. Suppose that Xo, X1 and Xo are L?-acyclic.
Then X is L?-acyclic and we get

PP (XGN(@) = pP (X N(@) + pP (X2 N (G)) = ) (Xo; N(G));

(3) (Induction) Letj: H — G be an inclusion of groups. Denote by j.: Wh" (H) —
Wh"(G) the induced homomorphism. Let X be an L?-acyclic finite free H-
CW -complex. Then j,X = G xg X is an L*-acyclic finite free G-CW -
complex and we get

PP (5 X N(@)) = G (0P (X N (H))):

(4) (Restriction) Let j: H — G be an inclusion of groups such that the index
[G : H] is finite. Denote by j*: Wh"(G) — Wh"(H) the homomorphism
given by restriction. Let X be a finite free G-CW -complex. Let j*X be the
restriction to H by j. Then j*X is a finite free H-CW -complex, X is L>-
acyclic if and only if 7* X is L?-acyclic, and, if this is the case, we get

PP XN(H)) = 5 (o7 (XN (@))):

(5) (Product formula) Let Gy and G1 be groups and denote by j: Gy — Go x G4
the obvious inclusion. Denote by j.: Wh"(Go) = Wh"(Go x G1) the induced
homomorphism. Let X; be a finite free G;-CW -complex for i = 0,1. Suppose
that Xg is L?-acyclic. Then X x X1 is L?-acyclic and we get

p{P (Xo x X13N (G x G1)) = x(X1/G1) - 4. (p$P (X0; N (Go))):

(6) (Fibrations) Let F = E % B be a fibration. Suppose that F and B are
finite CW -complexzes. Let g: E — E be a G-covering. Let F — F be the
G-covering obtained from q by the pullback construction with i. Suppose that
F is L?-acyclic. Assume that Wh(G) vanishes. Then E up to G-homotopy
equivalence and F are L?-acyclic finite free G-CW -complexes and we get in
Wh"(G)

P (B;N(G)) = x(B) - o3 (F; N (G));

(7) (S'-actions) Let X be a connected finite S*-CW -complez. Fiz a base point
z € X. Let u: m(X,z) — G be a group homomorphism. Suppose that the
composite

m (S, 1) D (X e B 6
is injective, where ev,: S' — X sends z to z - x. Let I,, be the set of open

n-dimensional S'-cells of X. For each e € I, choose a point x(e) in its
interior and a path w(e) from xz(e) to x. Denote by S;(e) C S' the isotropy

group of z(e) which must be finite because of the assumptions above. Let
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&V, : 51/5’;(6) — X be the injective map which sends z - S;(e) to z - z(e).

Choose a homeomorphism fo: S* =N Sl/Si(e) with fe(1)=1- S;(e). Identify
7 = m (S, 1). Let j(e): Z — G be the injective homomorphism given by the

composite

W](eTe71'Si<C))
— 5

J(€): Z=m(s",1) ZY 7 (51788 1- Sk

Cuw(e)

(X, z(e) —% (X, z) & G,
where ¢, (ey is given by conjugation with the path w(e). Denote by
jle)s: Wh*(Z) - Wh"(Q)

the homomorphism induced by j(e). Equip R with the Z-action given by
translation. Then X is L?-acyclic and we get

PPEGNG) =D (=1)"- Y 5(e) (07 (R, N(2)));

n>0 ecl,

(8) (Poincaré duality) Let M be an orientable n-dimensional manifold with free
proper G-action and boundary OM. Let w: G — {£1} be the orientation ho-
momorphism sending g € G to 1, if multiplication with g respects the orienta-
tion and to —1 otherwise. Equip Wh" (G) with the involution * coming from
the w-twisted involution on ZG sending - ,cTq g t0 D cq7g  w(9) -g L
Then

PE(MLOM; N (G)) = (—1)"* - 5 (o2 (M; N (G).
Proof. This follows from Lemma
This follows from Lemma
(B) This follows directly from the definitions and [22] Lemma 1.24 (4) on page 30]
using the canonical isomorphism ZG Qzpy Ci(X) = Ci(j X).
Obviously j*X is a finite free H-CW-complex. We conclude

b (XN (H)) =[G H] - 0P (X;N(G))

from [22, Theorem 1.35 (9) on page 38]. Hence X is L2-acyclic if and only if
j*X is L%-acyclic. Since the index [G : H] is finite, there is an obvious homo-
morphism j*: Wh"(G) — Wh"(H) given by restriction with j. Now the formula
P2 (* X N(H)) = 5 (02 (X; N(G))) follows from the definitions since the restric-
tion of the ZG-chain complex C,(X) to ZH with j agrees with C,(j*X).

This follows from assertions , and by induction over the equivariant
cells in Y.

@ This follows from assertions and by induction over the equivariant cells
in B.

(@ This follows from assertions , and by induction over the S'-cells in
X using the fact that the finite free Z-C'W-complex R = S is L?-acyclic.

There is a simple ZG-chain homotopy equivalence C"*(M) — C.(M,0M),
where C™*(M) is the dual ZG-chain complex with respect to the w-twisted invo-
lution. Lemma, implies

P2 (C* (M) = p (Cu(M, OM)).
We conclude directly from the definitions.

P (C"H (M) = (=1)" - #(py) (Cu(M).
This finishes the proof of Theorem U
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Remark 2.6 (Universal L2-torsion in terms of the combinatorial Laplace operator).
Let M be an orientable n-dimensional manifold with free proper G-action and
empty boundary such that the G action is orientation preserving. Suppose that the
dimension of M is odd. Let A, : C.(M) — C.(M) be its combinatorial Laplace
operator. Then we conclude from Lemma and Theorem that we get in
Wh"(G)
2. pP(M;N(G) == (=1)" - n-[A).
ne”Z

The advantage of the formula above is that one can derive the right hand side
directly from the differentials without having to find an explicit weak chain con-
traction. Notice that in the case, where the dimension of M is even, we do not get
interesting information about the universal L2-torsion, namely, we just get

0=— Z(—l)” -n - [Ay]
neZ
Example 2.7 (Torus 7"). Let T™ be the n-dimensional torus for n > 2. Let G be
a torsion-free group. Let p: m1(1™) — G be a non-trivial group homomorphism.
Let T" — T™ be the G-covering associated to . Then T7 is L?-acyclic and we get

PP(THN(G)) =0
by the following argument.

We can choose an integer k with k& > 1, an isomorphism v: m (T™) =, 7k x gn—k
and an injection i: Z*¥ — G such that u = i o prov for pr: Z¥ x Z"=% — 7F

o

the projection. We can find a homeomorphism f: 7" — T* x T""* such that
m1(f) = v. Hence we obtain a G-homeomorphism

i (TF x T"F) 277,

where the ZF-action on T* x T"* is given by the standard Z*-action on Tk and
the trivial ZF-action on 7" . We conclude from Theorem and that T
is L?-acyclic and

PG THN(@) = pD(TE X TR N(ZR) = x(TF) - oD (TFN(ZF)).
If k # n, then the claim follows from (7™ %) = 0. Suppose that k = n. Then we

have to show pLQ)(ﬁ;N(Zk)) = 0 for k > 2. This follows from Theorem ﬁ
applied to S x Tk=1 using y(T*~1) = 0.

Lemma 2.8 (Realizability of the universal L2-torsion for G-CW-complexes). Let
G be a group such that there exists a connected L*-acyclic finite free G-CW -complex
X. Consider any element w € Wh"(G). Then there exists a connected L?-acyclic
finite free G-CW -complex Y obtained from X by attaching trivially equivariant
2-cells and attaching equivariant 3-cells with p' (Y;N(G)) = w.

Proof. Choose a matrix A € M, ,(ZG) such that A(r4) is a weak isomorphism
and [ra] = w — Pt (X;N(G)) holds in Wh*(G). Choose base points z € X and
s€ 5% Let k: G — X be the G-map sending g to g -z and let [: G — G x S? be
the G-map sending ¢ to (g,s). Let X’ be the finite free G-CW-complex X’ given
by the G-pushout

n

r .k
H;L:1 Iel i=1 X

]

[[-,Gx8—— X"
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For g € G choose a path vy in X from z to gz. Let ty: mo(X', gx) — mao(X', 2)
be the standard isomorphism of abelian groups given by v,. Fix elements i,j €
{1,2,...,n}. Let ali,jl = >_ cqali,jly- g € ZG be the entry of A at (i, j). Choose
for ¢ € G a pointed map q¢[i, j],: (S?,s) = (X’,z) such that its class [¢[i, j],] in
o (X', x) is a[i, j],-times the image under ¢, : mo (X', gx) — m2 (X', z) of the element
in (X', gx) given by the composite S — G x S?%,y + (g, y) with the inclusion of
the j-th summand of [[;,_, G x S™ into X'. Let ¢;: (S2,5) — (X', z) be a pointed
map representing in 7r2(X x) the element 37, >° o lqli, jlg]. Let gi: GxS? - X
be the G-map sending (g, z) to g - ¢;(z). Define a finite free G-CW-complex Y by
the G-pushout

s, @

[, G x5 X/

! |

[, Gx D} ———Y.

By construction there is a based exact sequence of finite based free ZG-chain com-
plexes 0 — C,(X) — C.(Y) — D, — 0, where D, is concentrated in dimensions 2
and 3 and has as third differential r4: ZG™ — ZG™. Since A(C.(X)) and A(D.,)
are L2-acyclic, Lemma [1.9] implies that also A(C.(Y)) is L?-acyclic and we get in
Wh"(G)

PPV = p2(CYIN(G))
= p(CXN(G)) + 2 (D N(G))
= PCU(XN(G)) + [ra: ZG™ — ZG™]
p(CUXN(G) +w— pP(CLXGN(G) = w. O

Lemma 2.9 (Realizability of the universal L?-torsion for manifolds without bound-
ary and cocompact free proper G-action). Let G be a group such that there ex-
ists a connected L?-acyclic finite free G-CW -complex X. Consider any element
w € Wh"(G) and any integer d > 2 - max{dim(X),3} + 1. Then there exists a
connected smooth d-dimensional manifold M without boundary and cocompact free
proper smooth G-action such that M is L?-acyclic and we have

PP (M;N(G)) = (=) - x(w) + w.

Proof. By Lemmal2.8 we can find a connected L2-acyclic finite free G-C'W-complex
Y of dimension max{3,dim(X)} with p?(Y; N(G)) = w. We can embed Y/G into
R? and choose a regular neighborhood N. This is a compact manifold N with
boundary N such that the inclusion i: Y — N is a simple homotopy equivalence.
Let N — N be the G-covering obtained from the G-covering Y — Y/G by the
pullback construction applied to any homotopy inverse of i: Y — N. Let ON — ON
be the restriction of N — N to ON. Since Y is L2-acyclic, N is L2-acyclic. We
conclude from Poincaré duality and the long weak exact L2-homology sequence,
see [22, Theorem 1.21 on page 27 and Theorem 1.35 on page 37] that ON and
(N,0N) are L*-acyclic. Let M be N Ugx N. This is a smooth manifold without
boundary with proper free smooth G-action. One easily checks using Lemma
and Theorem that N is L2—acyclic and we get in Wh"(G)

POLNG) = PP (NN(G) - o TN N(G)) + P (N N(G))
= PPN N(G) + o2 (N, TN N (@)

= PPENG) + () (D (W;N(G))

e o).
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Notice that for an element w € Wh"(G) the equality w = (—1)9+1 . x(w) is a nec-
essary condition for w to be realized as w = p7) (M; N(G)) for a smooth orientable
manifold M without boundary and proper free orientation preserving G-action such
that M is L?-acyclic, see Theorem . The construction above shows that for an
element w € Wh" (G) satisfying w = (—1)9t! - x(w) we can find a smooth orientable
manifold M without boundary and proper free orientation preserving G-action such

that M is L2-acyclic and pi) (M; N(G)) = 2 - w. O

2.2. The universal L?-torsion for universal coverings. The most natural and
interesting case is the one of a universal covering. For the reader’s convenience we
record the basic properties of the universal L?-torsion in this setting.

Definition 2.10 (Universal L%-torsion for universal coverings). Let X be a finite
connected CW-complex. We call it L?-acyclic if its universal covering X is L2
acyclic, i.e., the n-th L?-Betti number bf)()?) = bf)()?;/\/'(ﬂ'l(X))) vanishes for
all n > 0. Then we define its universal L?-torsion

P (X) € Wh(my (X))

by pg) (X; N(m1(X))) as introduced in Definition
If X is a finite CW-complex, we call it L?-acyclic if each path component C' €
7o(C) is L2-acyclic in the sense above and we define

Wh*(I(X)) == @ Wh*(m(0));
Cemo(X)
PR = (PO pen) € WHU(II(X))

This definition extends to CW-pairs (X, A) by

PP (X, A) = (pP(C), ANC) € Wh* (T1(X)),

‘IT[)(X)
where we denote for a path component C' of X by ANC — ANC the restriction
of the universal covering C' — C to ANC.

Given a map f: X — Y of finite C-complexes such that 71(f,x): m (X, z) —
m1(Y, f(x)) is injective for all z € X, we get a homomorphism f,.: Wh*(II(X)) —
Wh*(II(Y') by the collection of maps (f|¢)«: Wh*(m(C)) — Wh" (7 (D)) for
C e my(X) and D € m(Y) with f(C) C D.

It is evident that Theorem [2.5| gives rise to statements about the universal L?-
torsions for universal coverings. Most statements of Theorem [2.5] specialize in an
obvious way. Therefore in the next theorem we spell out only three properties.

Theorem 2.11 (Main properties of the universal L2-torsion for universal cover-
ings).
(2) (Sum formula) Consider a pushout of finite CW -complezes

X04)X1

X2 J2
where the upper horizontal arrow is cellular, the left vertical arrow is an
inclusion of CW -complezes and X has the obvious CW -structure coming
from the ones on Xy, X1 and Xa. Suppose that Xo, X1 and Xo are L?-
acyclic and that for i = 0,1,2 and any point x; € X the homomorphism
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71 (i, xi) s m1(Xi, m3) — w1(X, 4i(z4)) is injective. Then X is L*-acyclic
and we get

PP(X) = (1)« (PP (X1)) + () (P2 (X2)) — (o)« (012 (X0)).-

(5) (Fibrations) Let F = E % B be a fibration. Suppose that Fand B are
connected finite CW -complezes. Assume that m(i): 7 (F) — m(E) is
injective and that F is L*-acyclic. Suppose that Wh(my(E)) vanishes. Then
E is up to homotopy an L?-acyclic connected finite CW -complex and we
get

PE) = X(B) - ix (pP(F)).
(6) (S*-actions) Let X be a connected finite S*-CW -complez. If we use the

notation and make the assumptions of Theorem in the special case
G =m(X) and p = idy,;, (x), then X is L2%-acyclic and we get

PAX) == o). (P (S1).

n>0 eel,

Remark 2.12 (Realizability of the universal L?-torsion for universal coverings.).
Let m be group such that there exists a connected finite CW-complex X with
7 = m1(X) which is L2-acyclic. Consider any element w € Wh" (7). As a special
case of Lemma [2.8] we get that there is a connected finite CW-complex Y with
7 =m(Y) such that Y is L2-acyclic and pq(f)(?) =w.

Also Lemma has an obvious analogue for p&z)(ﬂ ) for a closed manifold M.

Example 2.13 (pq(f) (T™)). If n > 2, we conclude pf)(ﬁ) = 0 from Example
We have computed ng)(S 1) in Example

Theorem 2.14 (Jaco-Shalen-Johannson decomposition). Let M be an admissible
3-manifold and let My, Ms, ..., M, be its pieces in the Jaco-Shalen-Johannson
decomposition. Let j;: w1 (M;) — 71 (M) be the injection induced by the inclusion
M; — M. Then each M; and M are L?-acyclic and we have

T

pPD (M) = > "(5)- (pP (M)).

i=1

Proof. Each piece M; is L2-acyclic by [20, Theorem 0,1]. Now the claim follows

from Example and Theorem (2). O

Remark 2.15 (Graph manifolds). There is an obvious analogue of Theorem[2.11](6)
for Seifert manifolds M with infinite fundamental groups where the role of S is
played by the regular fiber whose inclusion to M always induces an injection on the
fundamental groups, and the cells corresponds to tubular neighborhoods of fibers.
So we get again a formula for pg) (M ) which essentially reduces the computation to
the one of pg) (,ST) In view of Theorem this extends to graph manifolds. The
hyperbolic pieces in the Jaco-Shalen-Johannson decomposition are much harder to
deal with.

2.3. Mapping tori. Let f: X — X be a self-map of a connected finite CW-
complex. Denote by Ty the mapping torus. For p: Ty — S the obvious projection,

consider any factorization m(p): m (Ty) £ G 2, m(SY) = Z. Let Ty — Ty
be the G-covering associated to u: m(Tf) — G. Then T} is L%-acyclic by [21]
Theorem 2.1] and we can consider

(2.16) P2 (T N (G)) € KP(ZG),
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and especially
(2.17) i (Ty) € K (Z[m (Ty)).

In particular the latter is an interesting invariant of f. The following makes it
possible to reduce the complexity of calculating the invariant for mapping tori.

Lemma 2.18. (1) Consider a pushout of finite connected CW -complexes

XOL)Xl

[N L

J2
Xo ——

where the upper horizontal arrow is cellular, the left vertical arrow is an
inclusion of CW -complexes and X has the obvious CW -structure com-
ing from the ones on Xo, X1 and Xo. Suppose that the homomorphism
m1(j:): m(X;) = m(X) is injective for i = 0,1,2. Consider self-homotopy
equivalences f;: X; — X; satisfying f; ol; = l; o fo for i = 1,2. Let
f: X — X be the self homotopy equivalence determined by the pushout
property.
Then we obtain a pushout of connected finite CW -complexes

Tfo — Tfl

N

Ty, —— Ty
such that m1(k;) is injective for i = 0,1,2, and we get

PP (Ty) = (k1) (P2(T1)) + (k2)e (02(T1,)) = (Ko)u (03 (T,));
(2) If f: X — X is a self-homotopy equivalence of a connected finite CW -
complez X such that X is L?-acyclic, then

P2 (Ty) = 0.
Proof. This follows from Theorem m (2).
This follows from Theorem m (2) applied to the pushout

X x {0,1} XM, ¥

! |

X x [0,1] —— T7.
(|

2.4. L2-torsion and the L?-Alexander torsion. Throughout this section let M
be an admissible 3-manifold. We write 7 = m1(M). Taking the Fuglede-Kadison
determinant yields a homomorphism

detN(w) : Wh"(7r) = R.

The image of p&z)(JT/[/ ) under this homomorphism is easily seen to be the L?-torsion
p(z)(M ) which can be computed as —1/67-times the sum of the volumes of the
hyperbolic pieces in the Jaco-Shalen-Johannson decomposition of M, see [24] The-
orem 0.7].

We can generalize this discussion. Let pr: 7 — Hi(m)s := Hy(m)/ tors(H;(m))
be the projection. Denote by Repc(Hi(w)s) the representation ring of finite-
dimensional complex H; () s-representations. There is a pairing

Wh"(7m) ® Repc(Hi(m)s) = R
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given by the Fuglede-Kadison determinant twisted with pr* V' for some finite-
dimensional H; () j-representation V. It sends (pf)(ﬂ ),[V1]) to the pr* V-twisted
L2-torsion p® (M;pr* V), see [23].

Given ¢ € H*(M;Z) = Homy(H:(7)¢,Z), we get for every t € (0,00) an element
in Repg(Hq(m)s) by the 1-dimensional representation C; 4, which is given by the
H, () j-action on C determined by g-\ := t#(9). X for g € Hy(m); and A € C. Thus
we obtain an L?-torsion function

pP(M): (0,00) = R, ¢ p®(M;pr*Cyy),

which is determined by pf)(M ) € Wh"(rr) and whose value at ¢t = 1 is the L%

torsion p(2) (M) This L2-torsion function is studied for instance in [5}, [7, (15, 17, [18,

19]. Moreover, limsup,_, ., %jgf(t) and lim inf;_o %f(‘g(t)

and their difference is called the degree of the L?-torsion function. The negative of
the degree turns out to be the Thurston seminorm s (¢) of ¢, see [7, [19].

exist as real numbers

3. THE GROTHENDIECK GROUP OF INTEGRAL POLYTOPES AND K}’(ZQ)

In this section we want to detect elements in Wh"'(G), in particular pgf) (X;N(Q)),
in terms of integral polytopes in R ®z H1(G); and establish for admissible 3-
manifolds different from S! x D? a relation to the Thurston seminorm.

3.1. The Grothendieck group of integral polytopes. Next we recall the defi-
nition of and give some information about the polytope group from Friedl-Liick [8]
Section 6.2].

A polytope in a finite-dimensional real vector space V is a subset which is the
convex hull of a finite subset of V. An element p in a polytope is called extreme
if the implication p = 4 + £ — ¢; = ¢ = p holds for all elements ¢; and ¢ in
the polytope. Denote by Ext(P) the set of extreme points of P. If P is the convex
hull of the finite set .S, then Ext(P) C S and P is the convex hull of Ext(P). The
Minkowski sum of two polytopes P; and P; is defined to be the polytope

P+ Py:={p1+p2|p1 € Pr,p€ P}

It is the convex hull of the set {p1 + p2 | p1 € Ext(P1), p2 € Ext(P,)}.

Let H be a finitely generated free abelian group. We obtain a finite-dimensional
real vector space R ®z H. An integral polytope in R ®7 H is a polytope such
that Ext(P) is contained in H, where we consider H as a lattice in R ®z H by
the standard embedding H - R®z H, h — 1 ® h. The Minkowski sum of two
integral polytopes is again an integral polytope. Hence the integral polytopes form
an abelian monoid under the Minkowski sum with the integral polytope {0} as
neutral element.

Definition 3.1 (Grothendieck group of integral polytopes). Let Pz(H) be the
abelian group given by the Grothendieck construction applied to the abelian monoid
of integral polytopes in R ®z H under the Minkowski sum.

Notice that for polytopes Py, P; and @ in a finite-dimensional real vector space
we have the implication Py + Q = Py + Q = Py = Py, see [28, Lemma 2]. Hence
elements in Pz(H) are given by formal differences [P] — [Q] for integral polytopes
P and Q in R®y H and we have [Po] — [Qo] = [Pl] — [Ql] — P0+Q1 :P1+Q0.

There is an obvious homomorphism of abelian groups i: H — Pz(H) which
sends h € H to the class of the polytope {h}. Denote its cokernel by

(3.2) PYN(H) = coker(i: H— Pz(H)).
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Put differently, in P%V h(H) two polytopes are identified if they are obtained by
translation with some element in the lattice H from one another.

Example 3.3. An integral polytope in R ®z Z is given by an interval [m,n] for
integers m,n with m < n. The Minkowski sum becomes [m1,n1] + [ma,n2] =
[m1 4+ ma,n1 + ng]. One easily checks that one obtains isomorphisms of abelian
groups

o

1

(3.4) Pz(Z)

(3.5) PYVNzZ) = Z, [[m,n]]—n—m.

72 [[m,n]] = (n —m,m);

Given a homomorphism of finitely generated abelian groups f: H — H’, we can
assign to an integral polytope P C R ®7 H an integral polytope in R ®7 H’ by the
image of P under idg ®7f: R®z H — R®z H’ and thus we obtain homomorphisms
of abelian groups

(3.6) Pr(f): Po(H) — Pgz(H'), [P]+ [idg ®@zf(P)];
(3.7) PR(f): PNH) = PR

Lemma 3.8. Let H be a finitely generated free abelian group. Then:
(1) The homomorphism

EPH) = [ Pu@), [P]-1Q1 = (Pa(e)([P] - [@))

¢cHomy (H,Z)

18 1njective;
(2) The canonical short sequence of abelian groups

0= H L Py(H) 2 PYVNH) = 0

18 split exact;
(3) The abelian groups Pz(H) and Py "(H) are free.

Proof. Consider [P] — [Q] in Pz(H). Suppose that [P] — [Q)] is not the trivial
element. Then the polytopes P and @ are different. Hence we can assume without
loss of generality that there exists ¢ € Q with ¢ ¢ P (if not, consider [Q] — [P]).
By the Separating Hyperplane Theorem, see [29] Theorem V.4 on page 130], there
exists an R-linear map 9: R ®z H — R and r € R such that ¥ (z) < r holds for
all z € P and ¢(q) > r. By continuity we can find a Z-linear map ¢': H — Q
such that the same holds for the R-linear map R ® H — R induced by ¢. Choose
a Z-map ¢: H — 7 such that for some natural number n we have n - ¢’ = ¢.
Then we have ¢(P) < n-r and ¢(q) > n-r. This implies ¢p(P) # ¢(Q). Hence
Pz(¢)([P] — [Q]) # 0 and therefore ([P] - [Q]) # 0.

We pick an identification of H with Z". We endow Z" with the lexicographical
order. It is straightforward to verify that there exists a unique homomorphism

Pz(H) = Pz(Zn) —H=7"

with the property that a polytope gets sent to the extreme point of P of lowest
order. This is clearly a splitting of the map Z" = H — Pz(H) = Pz(Z").

It follows from Example and assertion (1) that Pz(H) embeds into a count-
able free abelian group, hence it is free abelian by [3I]. It follows from assertion
that PVB(H) is also free-abelian. Explicit bases of the free abelian groups are given
by Funke [12]. O



UNIVERSAL L2-TORSION, POLYTOPES AND APPLICATIONS TO 3-MANIFOLDS 25

3.2. The polytope homomorphism. From now on we suppose that G is torsion-
free, satisfies the Atiyah Conjecture and Hy(G)y is finitely generated. In Friedl-
Liick [8, Section 6.2] the main ingredients of the so called polytope homomorphism

(3.9 P: K{"(ZG) — Pz(H1(G)y)

have been established. We briefly recall its definition for the reader’s convenience.
There is a homomorphism, well-defined by Lemma [T.21]

(3.10) 0: Ki'(ZG) = Ki(R(G)),  [f] = [idr(c) @za Sl

Then by [22] Lemma 10.39] the rational closure R(G) agrees with the division
closure D(G) of ZG C U(G) and D(G) is a skew-field. There is a Dieudonné
determinant for invertible matrices over a skew field which takes values in the
abelianization of the group of units, see [30, Corollary 4.3 in page 133]. Hence we
obtain an isomorphism

(3.11) detp: K1(D(QG)) = D(G))e = D(G)*/[D(G)*,D(G)"].
The inverse
(3.12) In(): D(G) e = E1(D(Q))

sends the class of a unit in D to the class of the corresponding (1, 1)-matrix.
Next we want to define a homomorphism

(313) P D(G)X 1= Pz(Hl(G)f)

abe

We denote by K the kernel of pr: G — H;(G)¢. Choose a map of sets s: Hi(G)s —
G with pros =idg, (g),;. Then there is an isomorphism

Jjo: T™HD(K) %, Hi(G)f) = D(Q),

where T~ (D(K) x5 H1(G) ) is the Ore localization of the integral domain given by
the crossed product D(K ), H1(G) s with respect to the multiplicative set 7" of non-
trivial elements. Consider an element u € D(K)*,H1(G) s with u # 0. We can write
U= hcgtun-h€D(K)x, H(G); for appropriate elements u; € D(K). Define
an integral polytope P(u) C R ®z H1(G) by the convex hull of the subset {h €
Hi(G)s | un # 0} of Hi(G)y. (This may be viewed as a non-commutative version
of the Newton polytope of a polynomial in several variables.) This construction
is compatible with the multiplication in D(K) s H;(G)¢ and the Minkowski sum,
namely, for u,v € D(K) *, H1(G)y with u,v # 0 we get P(uv) = P(u) + P(v).
Thus we obtain a homomorphism of abelian groups

(T7H(D(K) s Hi(Q)y))" = Pz(Hi(G)g), wo™" = [P(u)] = [P(v)).

If we compose it with the isomorphism coming from ]/; and take into account
that Pz(H1(G)¢) is abelian, we get the desired well-defined homomorphism P’

announced in (3.13]).
The polytope homomorphism (3.9) is defined to be the composite
P: KP(ZG) 5 Ki(D(G)) 2 D(G) o 2> Pa(H(G) )

of the homomorphisms defined in (3.10)), (3.11)), and (3.13).
One easily checks that the polytope homomorphism (3.9) induces homomor-
phisms denoted by the same symbol P

(3.14) P: KP"(ZG) — Pz(H.(G)y);
(3.15) P: Wh*(G) — PM(HL(G)y).
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Sending the class of an integral polytope P to the class of the integral polytope
—P ={—p| p € P}, yields involutions

o

*: Po(H(G)p) — Pz(Hi(G)y),
« PYM(HI(G)p) = PRM(HA(G)y)
Consider any group homomorphism w: G — {£1}. Equip ZG with the involution

of rings sending > ;79 g to 35 cq7g - w(g) ¢! and K¥(Z@3), K¥(ZG), and
Wh"(G) with the induced involutions. One easily checks

Lemma 3.16. The polytope homomorphisms introduced in (3.9)), (3.14), and (3.16)
are compatible with the involutions defined above.

If f: G — K is an injective group homomorphism, then the following diagram

Wh* (f)

(3.17) Wh(G) Wh" (K)
Pcl lIPK
PR (HL(G)y) ) PR (HL(K)y)

commutes and is compatible with the involutions.

Remark 3.18 (Computational complexity). The main problem when one wants to
compute the image of an element in Wh"'(G) under the polytope homomorphism
P%: Wh"(G) — PVE(H(G)y) is that for an (n,n)-matrix over ZG it is usually
very hard to figure out the corresponding unit in D(G)* since the Dieudonné de-
terminant is not at all easy to compute. See also [23] Remark 6.24]. The situation
is easy if n = 1, as exploited in Subsection [4.2

3.3. The L?-torsion polytope.

Definition 3.19 (The L2-torsion polytope). Let G be a torsion-free group satis-
fying the Atiyah Conjecture. Suppose that Hi(G)y is finitely generated. Let X
be a free finite G-CW-complex which is L?-acyclic. Then we define its L2-torsion
polytope
P(X;G) € P (Hi(G)y)

to be the image of the negative of the universal L2-torsion p{2) (X; N (G)) € Wh*(G)
introduced in Deﬁnitionunder the polytope homomorphism introduced in (3.15)),
i.e,

P(X;G) = PC (—p@ (X N(G)).
We take a minus sign in the definition above in order to get nicer formulas when
relating P(X; G) to the Thurston norm and the dual Thurston polytope, see The-
orem 327 and Theorem [B.35

If X is an L2-acyclic connected finite CTW-complex, we abbreviate
P(X):= P(X;N(mi (X)) € PYM(Hy(X)y).
Now there are obvious analogues of the Theorems and which are some-

times simpler to state. As an illustration we go through a few examples for P(X)
for L2-acyclic connected finite C'W-complexes X and Y. Recall that we assume

that the fundamental group is torsion-free and satisfies the Atiyah Conjecture.
(1) (Homotopy invariance) If X and Y are simple homotopy equivalent or if
X and Y are homotopy equivalent and (X )Nsatisﬁes the K-theoretic
Farrell-Jones Conjecture, then the image of P(X) under the isomorphism
R ®z Hy(X); = R &z Hy(Y); induced by f is P(Y);
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(2) (S'-actions) Let X be a connected finite S'-CW-complex. Suppose that

71 (evg,l)

for one and hence all x € X the map m(S*, 1) m (X, z) is in-
jective, where ev,: S' — X sends z to z - x. Define the S'-orbifold Euler
characteristic of X by

1 1
Enl) = S0 3
n>0 eel, ' ¢

where I,, is the set of open n-dimensional S!-cells of X and for such an
Sl-cell e € I,, we denote by S the isotropy group of any point in e.
Then X is L?-acyclic and we get

P(X) = x5 (X) - PI (ev,) (1)),

where the integral polytope J C R ®y Z is the polytope given by [0,1] C
R=R®yzZ.

(3) (Seifert and graph manifolds) An analogous formula holds for Seifert man-
ifolds with infinite fundamental group, compare Remark

3.4. The L?-torsion and the Thurston seminorm. Let H be a finitely gen-
erated torsion-free abelian group. Let P C R ®z H be a polytope. It defines a
seminorm on Homy(H,R) = Homg (R ®7 H,R) by

(3.20) gl = 5sup{o(po) — d(p1) | po,p1 € P}.

It is compatible with the Minkowski sum, namely, for two integral polytopes P, Q C
R ®7 H we have

(3.21) [¢llpre = lolle +[¢lle-
Put

(3.22) SN(H):={f: Homgz(H;R) — R | there exist integral polytopes
Pand QinR®z Hwith f=||lp—| llo}

This becomes an abelian group by (f — ¢)(¢) = f(¢) — g(¢) because of (3.21).
Again because of (3.21) we obtain an epimorphism of abelian groups

(3.23) sn: PYVU(H) — SN (H)
by sending [P] — [Q)] for two polytopes P,Q C R ®z H to the function
Homgz(H,R) =R, ¢~ [¢]pr — [¢lle-

Theorem 3.24 (The L2-torsion and the Thurston seminorm). Let M be an ad-
missible 3-manifold which is not homeomorphic to S* x D? and is not a closed
graph manifold. Then there is a virtually finitely generated free abelian group
T, and a factorization pry,: (M) = T LN Hy(M)s of the canonical projection
pras: ™ — Hy(m)s into epimorphisms, such that the following holds:

Consider a torsion-free group G which satisfies the Atiyah Conjecture and for
which H1(G)y is finitely generated, and any factorization of a: m — T into group

homomorphisms © s G % T'. Let M — M be the G-covering associated to fu.
Let ¢: Hi(G)y — Z be any group homomorphism. Then M is L?-acyclic and its

universal L?-torsion p&z)(M;N(G)) s sent under the composite

. w P Wh P%A/h(Hl(ﬁOV)f) Wh sn
PN: Wh*(G) = Pz (Hi(G)f) —————— Pz (Hi(M) ;) — SN(H\(M)y)

of the homomorphisms P, Py2(Hy(Bov)y), and sn defined in (3.15), (3-7), and (3.23)

to the element given by the negative of half the Thurston seminorm

Homz(Hy (M), R) = R, ¢ —321(0).
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Proof. Before we start with the proof we need to introduce some notation. We write
m = m(M). Given a homomorphism p: 7 — G and a homomorphism ¢: G — Z
we denote by M the cover of M corresponding to u, we write C, = C(M) and we
define

XB ;) = XD (V(K) @2k i*Cu; N(K)),
where K is the kernel of ¢y and i: K — G is the inclusion.
Now can go ahead with the proof. By [8, Theorem 0.4] there exists a virtually

finitely generated free abelian group T', and a factorization pry;: 71 (M) LN A
H, (M)y of the canonical projection pr,, : m — Hi () into epimorphisms, such that
the following holds for any ¢ € H'(M;Z) = Hom(H;(M)¢;Z) and any torsion-free
group G satisfying the Atiyah Conjecture and any factorization of a: m# — I into
group homomorphisms 7 LAERS

(3.25) XD (M, poBov) = —am(s),

Now let u: m — G be as above. Let K be the kernel of ¢ o 5 orv. We use the
notation introduced in the beginning of the proof. We start out with proving the
claim that

(326)  PN(pO(C))(6) = IO (N(E) @ux i CN(K)).

provided that ¢ o 8 o v is surjective.

In order to prove the claim we first consider an (n,n)-matrix A over ZG which
becomes invertible over D(G). It defines a class [A] € Wh"(G) by Lemma
since, as we mentioned in Section D(G) = R(G) follows from the Atiyah
Conjecture. We conclude from [8, Lemma 6.12 and Lemma 6.16] that we get in the
notation of [§]

PN([A)(¢) = —%dimD(K) (coker(rA: D(K)t[uil]" — D(K)t[uil]")).

If el(ra) denotes the ZG-chain complex concentrated in dimension 0 and 1 with
first differential r4: ZG™ — ZG™ and i: K — G is the inclusion, then we conclude
from [8, Theorem 3.6 (4)]

x® (N(K) @z i*el(ra); N(K))
= dimp s (coker (ra: D(K)[u " — D(Kt[uil]n))-
This implies
PN([A])(¢) = (snoP)(p{P(el(ra))(¢) = 5xP (W (K) ®zx i el(ra); N(K)).

We conclude from Remark that for any L2-acyclic finite based free ZG-chain
complex C, we get

PN(pP(C))(@) = ax® (W(K) @2k i* O N(K)),

since Cy — Y (NV(K) ®zk i*Cy; N(K)) defines an additive L2-torsion invariant
with values in R. This concludes the proof of (3.26]).
We now turn to the actual proof of the theorem. If we apply the above claim to
3

C. = C.(M) and if we combine the resulting equality with (3.25) we see that
PN(p? ALN(G)) (@) = —52:(9)-

provided that ¢ is surjective, since the surjectivity of ¢ implies the surjectivity of

¢pofov.
Both maps

PN(p? (M;N(G))) and zpr: Homz(H, (M), R) — R
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are continuous since seminorms are continuous maps, and satisfy
PN (pl? (M N(G))) (7 - ) |- PN(p? (M N(G))) (6);
—zym(r-¢) = |r|-(=zum(9)),
forr € Rand ¢ € Homg(H: (M), R). Hence we get for every ¢ € Homyz(H,(M)¢,R)
PN(pP (MN(G))(9) = —zm(9),

since Homyz(H1(M)¢,Q) is dense in Homg(Hy (M), R) and for any non-trivial ¢ €
Homy(H1(M)y, Q) there exists an epimorphism ¢: Hy(M); — Z and a rational
number r with r - ¢ = ¢. This finishes the proof of Theorem [3.24] O

Theorem 3.27 (The L2-torsion for universal coverings and the Thurston semi-
norm). Let M be an admissible 3-manifold which is not homeomorphic to S' x D?.
Suppose w1 (M) satisfies the Atiyah Conjecture. (By [8, Theorem 3.2] this condi-
tion is automatically satisfied if M is not a closed graph manifold or if M is a
closed graph manifold which admits a Riemannian metric of non-negative sectional
curvature.)

Then the L?-torsion polytope P(M) of Deﬁm'tion is sent under the homo-
morphism sn: Py (Hy (M) ) — SN (H1(M)¢) to half of the Thurston seminorm

Tpr-

Proof. If M is not a graph manifold, the claim follows from Theorem (Note

that here we use the sign convention in the definition of P(M) that we introduced in
the beginning of Section ) The case of a graph manifold is handled analogously
using [8, Theorem 2.14]. O

Remark 3.28. The pairing (0.5 is given by the homomorphism

Wh(G) & PY2(HL(G);) 2 SN (Hi(G)y)

namely, an element x® ¢ € Wh"'(G)® H*(G) is sent to the evaluation at ¢: G — Z
of the element in SN (H1(G)y) given by the image of pq(f)(C*) under this homo-
morphism. The same argument as appearing in the proof of together with
the formula xy?(C.; N(G), k- ¢) = k- x?(Cs; N(G), ¢) for k € Z show the claim
in Subsection that for an L2-acyclic finite free ZG-chain complex C, and an
clement ¢ € H'(G) the image of pi? (C.; N(G)) ® ¢ under the pairing above is
XP(C; N(G), 9).-

In Theorem we just saw that the polytope P(M ) determines the Thurston
norm of M. In the coming sections we will prove a more precise statement, namely

that the polytope P(M) agrees, up to translation, with the dual of the Thurston
norm ball.

3.5. Seminorms and compact convex subsets. Let V be a finite-dimensional
real vector space. We write V* = Hom(V,R). Given any subset X of V', we define
its dual X* to be

(3.29) X" = {¢peV*|g(v) <1forallve X}.
Given a compact convex subset X C V we use the definition of (3.20]) to define a

seminorm

Hix: V"= [0,00), ¢ [[¢llx := 3 sup{d(z0) = $(x1) | w0, 21 € X}
We define (—X) to be the compact convex subset {—z | z € X}. The Minkowski
sum X 4 (—X) is again a compact convex subset and we get || ||x = || ||l-x and
2- [ llx = I x+-x)-
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Given a seminorm s on V', we assign to it its unit ball
B, :={veV]|s(v) <1}

and denote by B¥ the associated dual. A straightforward argument shows that we
have the equality

(3.30) B ={peV"| o) <s(v)forallveV}.
In the sequel we will identify V' = V** by the canonical isomorphism.

Lemma 3.31. If X is a closed convex subset containing 0, then under the identi-
fication V.= V** we have X = X**.

Proof. 1t is straightforward to see that X C X**. We now show the reverse inclu-
sion. Consider y € V with y ¢ X. By the Separating Hyperplane Theorem, see [29,
Theorem V.4 on page 130], we can find ¢ € V* and r € R such that ¥(z) < r holds
for all x € X and ¢(y) > r. Since 0 is contained in X and since 9(0) = 0 we deduce
that r > 0. Define ¢ :=r~!.9 € V*. Then ¢(x) <1 for x € X and ¢(y) > 1. This
implies y ¢ X**. O

Lemma 3.32. Let s be a seminorm on V and X CV be a compact convex subset.
Then

(1) The convex set By is compact if and only if s is a norm;
(2) B is convexr and compact;
(3) For any v € V we have

s(v) =

(4) We have Bs = (BX)*;

(5) We have || ||g: = s;

(6) We have X + (—X) = (B” Hx)*'
Proof. This is obvious.
2) It is straightforward to see that B} is convex and it follows from the description
3.30)

1
sup{r € [0,00) | rv € By}’

.30)) that B} is compact.

Consider r € (0,00) and v € V with s(v) # 0. Then we get rv € B; <=
r < s(v)~! and hence sup{r € [0,00) | rv € )~L. This 1mphes s(v) <

Bs} < s(v
Sup{rE[O,olo)VUEBS}' Since for v € V' with s(v) # have s(s(v)~! - v) € Bs, the

claim follows.
(4) This follows from Lemma
We compute for v € V
3 sup{do(v) — ¢1(v) | o, ¢1 € B}
= Lsup{go(v) — 61 (v) | $i € V*, di(w) < s(w) for all w € V and i = 0,1}
= %sup{q&(v) | € V* ¢p(w) < s(w) for all w € V'}
+2sup{p(—v) | ¢ € V", p(w) < s(w) for allw € V)}.

The Hahn-Banach Theorem, see [29, Theorem IIL.5 on page 75|, implies for all
veV

s) <
0 we

[l B

sup{p(v) | ¢ € V™, p(w) < s(w) for allw € V} = s(v).
Since s(v) = s(—v), assertion (5] follows.
(6) Since 0 is contained in X + (—X), Lemma implies

X+ (=X) = (X + (= X))™.
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We get directly from the definitions

(X +(-X)"™ = {veV]|¢) <lforallg € X+ (—X)"}
= {veV|g()<lforalgeV*
satisfying ¢p(w) < 1 for allw € X + (—X)}
= {veV|¢()<lforalgeV*
satisfying supp{¢(wo) — ¢(w1) | wo, w1 € X + (=X)} < 2}
= {veV|¢(v) <1forall ¢ € V* satisfying [|¢]| x(—x) < 2}
{veV|e¢(v) <1forall ¢ € V*satisfying ||¢| x <1}
= {veV|g()<1lforallge B}
= (Bjx)"

This finishes the proof of Lemma [3.32 ([

3.6. The dual Thurston polytope. Now let M be a compact oriented 3-manifold.
In the sequel we will identify R@zH (M) = Hy(M;R) and H'(M;R) = H,(M;R)*
and V = V** by the obvious isomorphisms. We refer to

(3.33) By, = {¢ € H'(M;R)|xn(¢) < 1}
as the Thurston norm ball and we refer to
(3.34) T(M)* = B:,, C (H'(M;R))* = Hy(M;R)
as the dual Thurston polytope. Explicitly by we have

T(M)* = {v € Hi(M;R) | 6(v) < (@) for all g € H'(M;R)}.
Thurston [33, Theorem 2 on page 106 and first paragraph on page 107] has shown
that T'(M)* is an integral polytope.

Theorem 3.35 (The dual Thurston polytope and the L2-torsion polytope). Let
M be an admissible 3-manifold which is not homeomorphic to S* x D?. Suppose
that w1 (M) satisfies the Atiyah Conjecture. (By [8, Theorem 3.2] this condition is
automatically satisfied if M is not a closed graph manifold or if M is a closed graph
manifold which admits a Riemannian metric of non-negative sectional curvature.)
Then

[T(M)] = 2-P(M) € PY™H\(M)jy).

The proof of Theorem will require the remainder of this section.

3.7. The dual Thurston polytope and the L?-torsion polytope. Recall that
we have defined an involution *: Pz(H) — Pz(H) by sending [P] — [Q] to [-P] —
[~Q]. Tt induces an involution *: PYVP(H) — PVE(H).

Next we define a homomorphism of abelian groups

(3.36) poly: SN (H) — im(id +x: Pz(H) — Pz(H))

by sending an element in SN (H) represented by || ||p—|| || for integral polytopes P
and @ in R®z H to the element [P]+[—P]—[Q]—[—Q)]. This is well-defined because

of (3:21)) and Lemma[3.32] (6)) which implies || |p = || [|o <= P+(—P) = Q+(-Q)
for integral polytopes P and Q in R ®, H.

Lemma 3.37.
(1) The map sn: PP (H) — SN(H) defined in (3.23)) satisfies snox = sn;
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(2) We have the following commutative diagram

Pz(H)

pr

PR (H) L SN(H) Lly»im(idek: Prz(H) — PZ(H))

where pr is the canonical projection;
(3) The map sn induces an injective map

sn: PYVR(H)2/? — SN(H)
whose cokernel is annihilated by multiplication with 2, and a surjective map
SI: Z ®zj7/9) Py (H) — SN (H)

whose kernel is annihilated by multiplication with 2.
Proof. This follows from || ||p = || ||-p-
(2) This follows from the definitions.
(B) By definition of SN'(H) the map sn: PYV2(H) — SN(H) is surjective. Hence
also the map 51 is surjective. Consider x € PYVI(H)%/? with sn(z) = 0. Choose
y € Pz(H) with pr(y) = x. We get

y + *(y) = poly osnopr(y) = poly osn(z) = 0.
We get in PYVE(H)
0=pr(y++(y) =z +x*x) =22
This implies that the kernel of sn: PYV"(H)%*/? — SN(H) is annihilated by mul-
tiplication with 2. Since PYR(H) is torsionfree, see Lemma , the map
sn: PYVR(H)%/?2 — SN(H) is injective. Since the kernel and the cokernel of the
map
E ’P%Vh(H)Z/2 — Z ®zz,/2] 'P%Vh(H), 2= 1®z

are annihilated by multiplication with 2 and Smo j = sn Ip%Vh(H)Z/2, Lemma W
follows. U

Now we can give the proof of Theorem [3.35]

Proof of Theorem[3.35. We conclude from Theorem that the L2-polytope P(M )€
PVU(Hy(M)y) is sent under sn: PyVR(H(M)s) — SN (H1(M)y) to —%xM. By
Lemma we have

sn([T(M)*]) = | = llrauy- = I = |

This shows that (—2)-P(M) and [T'(M)*] are sent by the homomorphism sn: PyVE(Hy(M);) —
SN(Hl(M)f) to xps.

By construction T(M)* = —~T(M)*. Hence [T(M)*] lies in PV (H, (M) ;)?/2.

We conclude

B* = XM-
M

*(p (M) = piP (M, M |onr)
from the version of Poincaré duality for compact manifolds with boundary, see
Theorem (8). From the additivity of the universal L2-torsion, see Lemma
we get

PP (M, M|onr) = pP (M) — pi? (M]onr)-

Since OM is a union of incompressible tori, we conclude i (M|op) = 0 from
Example This implies

«(p@ (M, M|anr)) = p2 (M).
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Recall that the L2-polytope P(M) is defined be the image of —p? (M) under the
polytope homomorphism P: Wh" (m; (M)) — PVE(H;(M)s). We conclude from
Lemma that P(M) € PYVE(H, (M) f)%/2.

Since both [T(M)*] and (—2) - P(M) lic in PYVE(H (M) f)%/? and have the same
image under sn: PYVR(Hy (M) ;) — SN (H1(M)y), namely —x,7, we conclude from
Lemma [3.37 @) that [T'(M)*] = (=2)- P(M) holds in PY®(H, (M) ). This finishes
the proof of Theorem [3:35] O

4. EXAMPLES

4.1. L?-acyclic groups. Let G be a group with a finite model for BG which is
L?-acyclic, i.e., all its Betti numbers bg)(G;N(G)) vanish. Furthermore suppose
that its Whitehead group Wh(G) is trivial. (The Farrell-Jones Conjecture, which is
known for a large class of groups containing for instance hyperbolic groups, CAT(0)-
groups, lattices in almost connected Lie groups and solvable groups, implies the
vanishing of Wh(G) for torsionfree G.) Then we get by Theorem a well-
defined invariant

(4.1) pPNG) = pP(EGN(G)) € Wh(G).

If G satisfies the Atiyah Conjecture, we can apply Definition to EG and obtain
an element

(4.2) P(G) := P(EG;G) <€ PY"(H.(G)y)

which is the image of — pq(f) (@) under the polytope homomorphism in (3.15)). There

is an obvious sum formula for amalgamated products coming from Theorem [2.11}(2).
Namely, if we have injective group homomorphisms Gy — G; for i = 1,2 and G;
has a finite model for BG; and is L?-acyclic for i = 0, 1,2, then G = G *g, G2 has
a finite model for BG, is L?-acyclic and we get in Wh"' (G)

(4.3) PG = ()PP (G1) + (J2) P (G2) = (Go)pP(Go),
where j;: G; — G is the inclusion. There are also obvious analogues of the fi-

nite covering formula, the product formula and the statement about fibrations of
Theorem 2.5

4.2. Torsion-free one-relator groups with two generators. Let G be a torsion-
free one-relator group with two generators which is not the free group. Choose any
presentation (x,y | R) with two generators and one relation R. Let X be the
associated presentation complex which has one zero-cell, two 1-cells, one for each
generator x and y, and one 2-cell which is attached to the 1-skeleton which is the
wedge of two copies of S according to the word R. Then ;(X) is isomorphic to
G and X is a model for BG, see [25, Chapter III §§9-11]. The finite based free
ZG-chain complex of the universal covering X is given in terms of Fox derivatives
by

@ G0
726 22 % g2 N/ 7a

It is known that b'>) (EG;N(G)) = 0 holds for all n > 0, see [4, Theorem 4.2]. There
is an obvious short based exact sequence of finite based free ZG-chain complexes

0— Eel(r%}a: ZG = ZG) = Co(X) = el(ry—1: ZG - ZG) — 0
Since C,(X) and el(ry_1: ZG — ZG) are L?-acyclic, the complex % el(r%R) is also
L2-acyclic. Hence we get in Wh" (G)
P(CL(X)) = —[ron: ZG = ZG] + [ry_1: ZG — ZG).

dx
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Waldhausen [36], page 249-250] has proved that Wh(G) vanishes. Hence pt? (CL(X))
depends only on the homotopy type of X and hence is an invariant of G as a group
which we denote by pgf)(G). Hence p&Q)(G) is independent of the presentation and
satisfies
pD(G) = — [r%: ZG — LG + [ry_1: ZG — ZG).
Now suppose that G satisfies the Atiyah Conjecture. Then we have the polytope
homomorphism
P: Wh*(G) — Py (H1(G)y)

introduced in (3.9). For an element u =3} .

suppg(u) ={g € G |ry #0} CG.
Let P(u) € R ®z H1(G)s be the integral polytope which is the convex hull of the
subset pr(suppg(u)) € H1(G)s. Then we conclude from the definitions

(4.4) P(-p2(@) = |P(25)] - Py-1)

The polytope P(y — 1) is the convex hull of the two points 0 and pr(y) € H1(G).
Consider the example G = Z? = (z, y|lzyr~1y~!). We compute
Oxyr—ly~!
ox

T4 - g € ZG define its support by

= 1-y
and hence we get in PyV1(Z?)

pD(2%) = —[P(L—y)] +[P(y—1)] =0.
This is consistent with Example where we have shown p; (T2 N(Z?)) = 0.

Remark 4.5. With the same notation as above, the first author and Tillmann [IT]
assigned to such a presentation @ = (z,y | R) in an elementary way a polytope
P(m) in Hi(G;R). If G satisfies the Atiyah Conjecture it follows from and [I1]
Proposition 3.5] that P(m) and P(G) represent the same element of P}’ *(H;(G)y).
In particular this shows that P(r) is an invariant of the underlying group G and
not just of the presentation. This proves [I1, Conjecture 1.2], provided that the
Atiyah Conjecture holds for G.

If 7 is furthermore the fundamental group of a 3-manifold, then Theorem [3.35
says in particular that 2 - P(mw) = [T(M)*], this recovers the main theorem of [10].

4.3. Group endomorphisms. Let f: G — G be a monomorphism of a group G.
Suppose that G admits a finite model for BG. Then we can consider the mapping
torus Tgy of the induced map Bf: BG — BG induced by f. Is is straightforward
to see that it is a finite model for the classifying spaces of the HNN-extension Gy
associated to f. (Indeed, the only statement that needs verification is that the
higher homotopy groups of Tp; are zero. We denote by 1/“1\3; the obvious infinite
cyclic cover. It suffices to show that its higher homotopy groups are zero. But
each map S* — TB ¢ lies in a compact subset of TB ¢, in particular it lies in a
subspace given by finitely many mapping tori of Bf: BG — BG glued together,
but such subspaces are homotopy equivalent to BG and hence aspherical. See
also [21], Section 2].) By [21, Theorem 2.1] the space Tjs¢ is L?-acyclic. Since the
simple homotopy type of Ty is independent of the choice of BG and Bf, see [3,
(22.1)], we get well-defined invariants.

(46) A = Ty € W' (Grp):
(4.7) P(f) = P(Toy) €PN (Hi(Gy)),

where for (4.7)) we have to assume that Gxy satisfies the Atiyah Conjecture. (This
is for example always satisfied if G is a free group, see [I3], Section 2.9] for details.)
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We expect that P(f) is a useful invariant, already for automorphisms of free

groups P(f) should contain some interesting information.
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