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ABSTRACT. Every closed orientable surface S has the following property: any two connected
covers of S of the same degree are homeomorphic (as spaces). In this, paper we give a complete
classification of compact 3-manifolds with empty or toroidal boundary which have the above
property. We also discuss related group-theoretic questions.

1. INTRODUCTION

Finite covers are an important tool in manifold topology. For instance, they provide us with
many examples of manifolds: in hyperbolic geometry, covers have been used to construct many
pairwise non-isometric manifolds of the same volume [BGLMO02, [Zim94] and pairs of hyperbolic
surfaces that are isospectral, yet not isometric [Sun85]. Finite cyclic covers of knot complements
yield the torsion invariants of knots. In general, covering spaces provide a geometric means of
studying the subgroup structure of the fundamental group, which is particularly powerful in
the case of 3-manifolds, which in almost all cases are determined by their fundamental group.

Given a manifold, it is natural to ask which other manifolds appear as its covering spaces.
Famous examples of questions of this form are Thurston’s conjectures on covers of hyperbolic
3-manifolds: the virtual positive Betti number, virtual Haken, and virtual fibering conjectures,
that were resolved by Agol [Agol3| based on the work of Wise and many others.

In this paper, we study the wealth (or poverty) of finite covers of a given 3-manifold. Observe
that every compact 3-manifold with infinite fundamental group has infinitely many finite covers.
This follows from the fact that 3-manifold groups are residually finite, which in turn follows from
Hempel’s work [Hem87] in combination with Perelman’s proof of the geometrization conjecture.
We ask whether these covering spaces are determined (as manifolds) by the degree of the given
cover. That is, we ask:

Question. Which compact 3-manifolds M admit a pair of connected finite covers
]/\4\1 — M and ]/\4\2 — M

of equal degree so that Ml and ]\72 are not homeomorphic as manifolds?

One of our motivations for this question is the simple observation that for closed orientable
1- and 2-manifolds, the degree of a finite connected cover completely determines the homeo-
morphism type of the covering space (see Lemma for a complete answer to our question for
surfaces of finite type). Even though this phenomenon is ubiquitous in the 1- and 2-dimensional
setting, we will show that it is rather exceptional for a 3-manifold. Whence the following
definition:

Deﬁmtlon 1.1. A connected manifold M is said to be eacceptwnalﬂ if, for any d < 00, whenever
M1 — M and Mg — M are connected degree d covers of M, the spaces M1 and M2 are
homeomorphic.

Date: July 25, 2018.
2010 Mathematics Subject Classification. 57M10.
1Unfor‘cuna‘cely7 we did not manage to come up with a more descriptive, yet still concise term. We also note
that there exists a geometric notion of exceptional hyperbolic 3-manifolds (see eg. [GMT03]), from which our
own is entirely distinct.
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Note that we do not require our covers to be regular. Of course, this definition has the
following analogue for groups:

Definition 1.2. A group G is said to be exceptional if any two finite index subgroups G1, Gy <
G of the same index are isomorphic.

We note that this is a strictly weaker notion of exceptionality, as follows. Clearly, the fun-
damental group 71 (M) of an exceptional manifold M is automatically exceptional. However,
if m (M) is an exceptional group, M need not be an exceptional manifold. For instance, the
compact orientable surface of genus one with a single boundary component is not exceptional
as a manifold, yet its fundamental group, the free group on two generators, is an exceptional

group (see Lemma [2.1).

1.1. Results. We give the following complete classification of exceptional compact 3-manifolds
with empty or toroidal boundary.

Main Theorem. Let M be a compact 3-manifold with empty or toroidal boundary. Then M
is exceptional if and only if it is homeomorphic to one of the following manifolds:

9

(1) k- St x S%for k> 1,
(2) S1xS2,

(3) St x D?,

(4) T? x I,

(5) T3

(6)

all spherical manifolds except those with fundamental group PysxZ/p with ged(p,3) =1
and p odd, or Qs, X Z/q with ged(q,n) =1, ¢ odd, and n > 2.

In the theorem above, S™ denotes the n-sphere, D™ denotes the n-dimensional disk, T
denotes the n-torus, I denotes the unit interval [0, 1], and k- M denotes the k-fold connected
sum of the manifold M. The groups mentioned in item @ are defined in Section @

Some of the techniques we use in the proof of the main theorem apply in a a larger setting.
For instance, in our proof we show that hyperbolic 3-manifold groups are not exceptional, and
we give a proof of this which applies to lattices in most semisimple Lie groups, as follows. Recall
that two Lie groups are called locally isomorphic if they have isomorphic Lie algebras.

Proposition Let I' be an irreducible lattice in a semisimple linear Lie group not locally
isomorphic to PGLy(R). Then I' is not exceptional.

We note that a similar argument (see Remark [4.1.1] below) shows that in contrast to the case of
closed surfaces, hyperbolic 2—-orbifolds with non-empty singular locus are not exceptional—in
the sense that they have non-diffeomorphic finite orbifold covers of the same degree. This is
also true of Euclidean 2-orbifolds, and to prove this together with the fact that 7 is the only
exceptional Euclidean 3-manifold we use arguments which lead to the following generalization.

Proposition Let E be a Euclidean space and I" a lattice in Isom(F). Then I is exceptional
if and only if it is free abelian.

Moreover for hyperbolic 3-manifolds we can produce regular non-homeomorphic covering
spaces of equal degree:

Proposition Let T" be the fundamental group of a complete hyperbolic 3-manifold of finite
volume. Then there exist sequences ¢, d, — 400 such that for each n we can find at least ¢,
normal subgroups of index d,, in I', which are pairwise non-isomorphic.
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1.2. Structure of the proof. Our proof consists of a case by case analysis. That is, we use
the prime decomposition theorem and Perelman’s work to divide up 3-manifolds into various
geometric classes that we then address separately.

For most of the paper, we consider prime, orientable 3-manifolds. Other than certain simple
cases (Proposition , we show that prime, compact, orientable 3-manifolds with non-empty
toroidal boundary are not exceptional in Proposition Among the closed, orientable 3-
manifolds, we see that S' x S? is clearly exceptional (Proposition , so it only remains to
consider closed, irreducible, orientable 3-manifolds. Those with a trivial JSJ decomposition are
divided into the following classes:

hyperbolic 3-manifolds (Proposition [4.1]),

Euclidean 3-manifolds (Proposition ,

spherical 3-manifolds (Proposition [6.2)),

and the remaining Seifert fibered 3-manifolds (Proposition .

Then we treat closed, irreducible, orientable 3-manifolds with a non-trivial JSJ decomposition,
where we need two separate arguments - one for Sol manifolds (Proposition and one for
all others (Proposition . The classification of non-prime and non-orientable exceptional 3-
manifolds is an almost direct consequence of our work with prime and orientable 3-manifolds
and is given in Section [I0] The diagram in Figure [I] shows the structure of the proof.

1.3. Questions.

1.3.1. Stronger versions of non-exceptionality. In most cases where we establish that a group
G is not exceptional, we do so by providing infinitely many pairs (G1,G2) of non-isomorphic
subgroups of G with the same index in G. We are not aware of an example of an infinite
residually finite group which is not exceptional, but for which this stronger property is in
default.

1.3.2. Quantitative questions. Given a manifold M, let 54(M) denote the number of homeomor-
phism types of degree d covers of M and ask how this behaves as a function of d. For example,
it follows from known results that for a hyperbolic 3-manifold M, the set of degrees for which
there are non-homeomorphic covers has positive density in the natural numbers (see Section
below). Moreover, for a hyperbolic 3-manifold M, using largeness of 71 (M) [Agol3], it is
known that S4(M) grows very fast with the degree (see Section and [BGLMO02, BGLS10]):
there exist dy € N, a > 0 such that for every d € N large enough and divisible by dy we have

54(M) > (dN)°.

It seems reasonable to expect that there exists an « > 0 such that the above holds for all but
finitely many degrees d. This is related to the subgroup growth of the fundamental group of
M. Here, the subgroup growth of a group I' is the study of the quantity

sn(T)=#{H <T; [I': H =n}.
Clearly, 5, (M) < sp(m(M)). For a hyperbolic manifold M, it is known (loc. cit.) that there

exists a constant C' > 0 so that

S,
Sp(m > C/n,
for all n € N.

On the other hand our constructions of non-homeomorphic covers for Seifert fibered manifolds
produce (in general) much sparser sequences of covers and we do not have an expectation for
the answer to the quantitative question above.
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2This can be proved using the fact that all other RAAGSs surject onto Z2 * Z.

1.3.3. Non-exceptionality for other classes of groups. One may inquire about the exceptionality,
or lack thereof, of other interesting classes of groups. Here are some examples:
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(3) Are non-abelian polycyclic groups always non-exceptional?
(4) Are there other examples of non-elementary word-hyperbolic groups, besides surface
groups and free groups, that are exceptional?

Note that all the groups in the first three items are linear and finitely generated and hence, by
Malcev’s theorem [Mal40], residually finite. As such, they at least have infinitely many different
finite index subgroups (given that they are infinite themselves).

1.4. Conventions. All manifolds are assumed to be compact and connected. We will call a
compact manifold with non-empty toroidal boundary hyperbolic if its interior admits a complete
hyperbolic metric of finite volume. Usually we do not distinguish between a manifold and its
homeomorphism type.

1.5. Acknowledgements. SF is grateful for the support provided by the SFB 1085 “higher in-
variants” funded by the DFG. JR was supported by ANR grant ANR-16-CE40-0022-01-AGIRA.
Most of the work on the paper was done while various subsets of the authors met at ICMAT
Madrid, the Max Planck Institute for Mathematics in Bonn, the University of Bonn, and the
University of Regensburg. We are very grateful for the hospitality of these institutions.

2. SURFACES

As a warm-up we state the following fairly elementary lemma, which doubles as a great exam
problem in a first course on topology.

Lemma 2.1. The only exceptional surfaces of finite type are the disk D?, the annulus, the
Mébius band, the real projective plane RP?, and all closed orientable surfaces.

Proof. Tt is clear that the surfaces listed are exceptional. (For closed orientable surfaces this
is an immediate consequence of the classification of closed orientable surfaces in terms of their
Euler characteristic and the multiplicativity of Euler characteristic under finite covers.)

Next let M be an orientable surface with at least one boundary component and that M is
neither a disk nor an annulus. After possibly going to a finite cover we can assume that M
has k£ > 3 boundary components. By giving the boundary components the orientation coming
from M, the boundary of M induces a summand of H; (M), that is naturally isomorphic to

k
Z a; Z (a1 + -+ ax).
(2] freen

Choose an epimorphism ¢: w1 (M) — Z/k such that ¢(a1) = 1, ¢(a2) = —1, and ¢(a;) = 0 for
i # 1,2. On the other hand, we can also find an epimorphism ¢ : w1 (M) — Z/k such ¢ (a;) # 0
for all i. But then the covers corresponding to ker(y) and ker(y)) have different numbers of
boundary components, so they are not homeomorphic.

Now suppose that M is a non-orientable surface that is not homeomorphic to either RP? or
the Mobius band. There exists precisely one 2-fold cover of M that is orientable. On the other
hand, we have H'(M;7Z/2) = (Z/2)* for some k > 2. Since k > 2, there exists at least one
other 2-fold cover. This shows that M is not exceptional. O
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3. PRELIMINARIES

Let us start our discussion of 3-manifolds with some preliminary observations. Recall that a
group G is called residually finite if

ﬂ H = {e},
HaG
[G:H]<o0
where e € G denotes the unit element. It follows from work of Hempel [Hem87], together with
the proof of the geometrization theorem, that the fundamental group of a 3-manifold has this

property:
Theorem 3.1. [Hem87] Let M be a 3-manifold, then w1 (M) is residually finite.

Next, we make some elementary observations about certain simple 3-manifolds.

Proposition 3.2. The 3-manifolds S3, T®, T?x I, S'xD?, S'x S?, and S'xS? are exceptional.
The twisted I-bundle over the Klein bottle is not exceptional.

Proof. It is an elementary exercise to verify that the manifolds mentioned in the first sentence are
exceptional. For example, note that any manifold with cyclic fundamental group is exceptional.
Finally note that the twisted I-bundle over the Klein bottle has two 2-fold covers, one of
which is again homeomorphic to the twisted I-bundle over the Klein bottle and the other is
homeomorphic to 72 x I. Thus it is not exceptional. U

We conclude the section with the following elementary observation, which uses the fact that
our covers need not be regular.

Lemma 3.3. If a manifold M has a finite-sheeted cover p: M — M such that M is not
exceptional, then M is not exceptional.

4. THE HYPERBOLIC CASE

In this section, we prove the following result.

Proposition 4.1. Hyperbolic 3-manifolds of finite volume are not exceptional.

As mentioned in the introduction, this follows by combining largeness (J[Agol3]) with either
[Zim94] or [BGLMO02, BGLS10], which yields a much stronger quantitative result. We also
provide an independent proof which does not use largeness, and works in the more general
setting of irreducible lattices in almost all semisimple Lie groups (Proposition . Finally
we show that in any hyperbolic 3-manifold group one can also find non-isomorphic normal
subgroups with the same index (Proposition .

4.1. Non-exceptionality of lattices in Lie groups. Let G be a semisimple Lie group and
let X be the symmetric space associated to G (for example, G = PGL2(C) and X = H3). Then
for any discrete subgroup I' < G, the quotient I'\ X is a complete Riemannian orbifold locally
isometric to quotients of X by finite subgroups of G (in particular, if ' is torsion-free then I'\ X
is a manifold). We will call such orbifolds X -orbifolds.

The Mostow-Prasad rigidity theorem [Mos68|, [Mos73|, [Pra73, Mar91] states that if G is not
locally isomorphic to PGLg(R), then two irreducible lattices I'y and T's in G are isomorphic
as abstract groups if and only if the orbifolds I';\ X are isometric to each other. In particular
the metric invariants of I'\ X are an isomorphism invariant of I". We will be using the systole
to distinguish between subgroups: given an X-orbifold M this is defined as the infimum of
lengths of closed geodesics on M, and we will denote it by sys(M). Note that it follows from
the Margulis lemma that sys(M) is positive if M has finite volume.
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The systole of I'\ X can be computed from the action of I" on X. If g € G is an element whose
semisimple part does not belong to a compact subgroup of GG, then the minimal translation

:= inf
Ug) := inf dx(, gz)
is positive. Then, denoting by I',; the set of such elements in I', we have:
(1) sys(M) = min £(v).
7€Fah

Note that if " is cocompact, then I'yy, is the set of semisimple elements of infinite order in I'.

We will now prove the following result, of which Proposition is a special case.

Proposition 4.2. Let I' be an irreducible lattice in a semisimple linear Lie group not locally
isomorphic to PGLa(R). Then T' is not exceptional.

Proof. Let G be a semisimple linear Lie group as in the statement, so we may assume that
G < GL4(R) for some d and let T" be a lattice in G. It is a standard consequence of local rigidity
of I, which holds under the condition that G not be locally isomorphic to PGL2(R), that we
may conjugate G so that there exists a number field F' such that I' < GL4(F') (the proof given
for [MRO3, Theorem 3.1.2] in the cocompact case adapts immediately to all other groups). Let
H be the Zariski closure of I' in the Q-algebraic group obtained by Weil restriction of the linear
F-algebraic group GL4(F') to Q. By passing to a finite index subgroup if necessary, we may
assume that every finite index subgroup of I' has Zariski closure equal to H. Indeed, every
chain of finite index algebraic subgroups ... < I';11 < T'; < ... < I' is necessarily finite. So, a
chain of finite index subgroups so that the Zariski closures are strictly contained in each other
necessarily terminates after a finite number of steps and we may take the last term.

By finite generation of I' there exists a finite set S of rational primes such that I' C
H (Z[pil, pE S]) For the rest of the proof we will fix ¢ be a rational prime not in S. Thus we
can define the group of Z4-points, H, = H(Z,). Nori-Weisfeiler strong approximation [Wei84]
implies that we can choose ¢ so that the closure of I' in H is of finite index. Since H, is g-adic
analytic we may assume that it is a uniform pro-g subgroup (cf. [DdSMS99, Theorem 8.1]),
replacing I' by a finite index subgroup if necessary.

Now we prove the following lemma.

Lemma 4.3. Let p be a prime, H a uniform pro-p group, and v € H. There exists a sequence
(H1(k), Ho(k)) of pairs of open subgroups of H such that |H/H, (k)| = |H/Hy(k)|, H;(k+1) C
H;(k) and

() Hi(k) = {e}, () Ha(k) = (3.

k>1 k>1

Proof. Let Py(H) be the lower p-series of H (see [DASMS99, Definition 1.15]). Replacing H by
some Py (H) we may assume that v € H \ Po(H). Uniformity of H implies that, independently
of k > 1, the group Py(H)/Pyy1(H) is an Fp-vector space of fixed dimension ¢ so that

|H/ Py (H)| = p™.
On the other hand, we have 7" € Py1(H) \ Pryo(H), so we get that
[H/ ((7) Py (H))] = pl D,
We define
Hy(k) = (7) Pekt -
which satisfies that Ha(k + 1) C Ha(k) and (5, H2(k) = (7). Let also
Hy(k) = Pe_1).541

Then we have that
\H/Hy (k)| = p~DF = p* /pk = |H/Hs(k)|.
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On the other hand, Py, 11(H) D Hi(k) so that (5, Hi(k) = {e}. O

Now let v € I" be a semisimple element in I' of infinite order. Applying the lemma to H,
and v we get two sequences of subgroups

I'(q, k) =InN Hl(k + 1), Iy (q, k) =T ﬂHQ(k‘ + 1)

which satisfy the same properties as H;. In particular, for any finite set ¥ C I' \ {1}, we have
Y NT1(q,k) =0 for large enough k. Applying this to the finite sets

Yp={y€Tlan: ly) <R}
with R going to infinity we see, using the formula , that:
lim sys(I'1(g, k)\X) = +o0.
k——+o0

On the other hand, we have v € T's(k) for all £ > 0 and it follows that
Vk >0 sys(T2(q, k)\X) < £(7)

and in particular, for any large enough k, the systoles of the X-orbifolds I'i(q,k)\X and
I2(q, k)\X are different. It finally follows from Mostow’s rigidity theorem, as observed before
the proposition, that the subgroups I'1(q, k) and T'y(q, k), which have the same index, cannot
be isomorphic to each other for large enough k. O

4.1.1. Remark. We can use essentially the same proof as above to prove that any cocompact
Fuchsian group with torsion is exceptional: such groups can always be realised as subgroups
of PGLg(F) for F' a number field (this is easily seen: the representation variety is defined
by equations with integer coefficients, hence the Q-points are non-empty, and as the group is
finitely generated such a representation takes values in a finitely generated field of Q, that is a
number field). Then, using Lemma we can construct subgroups with the same index, one
of which contains a given non-trivial torsion element and the other is torsion-free.

4.2. Agol-Wise’s theorem and a quantitative result. Hyperbolic 3-manifolds have finite
degree covers with positive Betti number, which was proved by Agol, based on the work of
Kahn-Markovic, Wise, and many others. In fact more is true; we have the following properties
(see |Agol3l Theorem 9.2] for the closed case and [CLR97, Theorem 1.3] for the case with
toroidal boundary), in order of strength.

Theorem 4.4. Let M be a hyperbolic 3-manifold with finite volume. Then there exists:

(1) a finite cover M — M so that by (]\/4\) > 0;
(2) for any r > 1, a finite cover M — M so that by (]\/4\) >r;

(3) a finite cover M — M so that m1(M) surjects onto a non-abelian free group.

We note that can be used to give a proof of Proposition which is similar but simpler
than that of Proposition if HY(T) contains a class ¢ of infinite order then the systole of the
index n subgroup I',, := ¢~ 1(nZ) stays bounded as n — +oo. As I is residually finite, there
exists a sequence of subgroups I, whose systoles tend to infinity. For m large enough it thus
follows from Mostow rigidity that the subgroups I'ip;r | and T, are both of index [I" : T',] and
not isomorphic to each other.

In fact a much stronger quantitative result holds. The strongest result , together with an
argument due to Lubotzky and Belolipetsky-Gelander-Lubotzky-Shalev ([ BGLMO02], [BGLS10,
Section 5.2]) shows that the number ey(M) of pairwise non-isometric covers of a hyperbolic
manifold of finite volume satisfies

I M
Jimn sup 284 (M)

> 0.
d—+o00 d log(d)
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4.3. Regular covers of hyperbolic manifolds. In this subsection we use , with r = 2, to
prove the following result about regular covers.

Proposition 4.5. Let I' be the fundamental group of a hyperbolic 3-manifold (complete of finite
volume). Then there exists sequences cy,d, — 400 such that for each n we can find at least ¢,
normal subgroups of index d,, in I', which are pairwise non-isomorphic.

An important step in the proof is the following special case.

Proposition 4.6. Let I" be a lattice in a simple Lie group G, not isogenous to PGL2(R). Assume
that b1(I') > 2 and, for all n > 1, let ¢, be the maximal number of pairwise non-isomorphic
normal subgroups I" <1 T with T/T" =2 Z/n. Then

.. C
liminf = > 0.
n—+oo N

We note that the hypothesis on I'" implies that G is of real rank 1, and in fact isogenous to
one of SO(n, 1) or SU(n, 1), as lattices in higher-rank simple Lie groups have property (T) and
hence finite abelianisation, as do those in Sp(n, 1) and the exceptional rank 1 group F, 20

4.3.1. Remarks.

e Proposition shows that when b1 (I") > 2, for any large enough n there exists a pair of
non-isomorphic normal subgroups of index n within I'. The conclusion of Proposition [4.5]
is much weaker, and we do not know whether in general there are non-homeomorphic
normal covers for every degree in a subset of N of natural density one. Note that in
general this cannot be true of every degree—for example if M is a homology sphere then
it cannot have regular covers of any prime degree.

e We still have some control over the density of the sequence d,, in Proposition (4.5} it
follows from the proof that we have d, < n™ where M = r!, with r the smallest index
of a normal subgroup with b; > 2.

e Moreover, the proof of Proposition shows that we can take ¢, > d,l/ ““foralle > 0.

e The only ingredient specific to dimension 3 in the proof of Propositionis property .
We note that this property holds for many lattices in higher dimensions as well (in
particular all known lattices in SO(n, 1) in even dimensions), and for some complex
hyperbolic lattices (see for example [Marl4]).

e In [Zim94], Zimmermann produces a similar set of subgroups in I'. In that construction,
the quotients are isomorphic to Z/p"*Z®Z/p'Z where p is some large prime. Moreover,
the number of subgroups in Zimmermann’s construction is sublinear as a function of
their index.

4.3.2. Proof of Proposition . Let ¢2(n) be the number of surjective morphisms from (Z/n)?
to Z/n and ¢(n) be Euler’s totient function. We have:

pa(n) > (2n — @(n))p(n)
as the right-hand side is equal to the number of primitive elements in (Z/n)2. Let h, be the
number of surjective morphisms from I' to Z/n. Since I' surjects onto (Z/n)? we have that
hn > 2(n). Since two surjective morphisms 71, w2 : I' — @ have the same kernel if and only if
there exists an automorphism v of ) such that my = 1 o7y, and the number of automorphisms
of Z/n equals ¢(n) and hence

hn ©2 (n)
Aut(Z/m)] = p(n)

we get that there are pairwise distinct normal subgroups Ay, ..., A, <T' such that I'/A; 2 Z/n
for1 <j<n.

>2n—p(n) >n
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By Mostow rigidity, we have that ¢, is at least the maximal number of A; which are pairwise
non-conjugate in G. We want to prove that there exists b > 0 depending only on I' such that for
every n at most b among the Aj;s can be conjugated to each other, which implies that ¢,, > n/b
and finally the conclusion of Proposition For this we use a refinement of the arguments of
[BGLM02] and [BGLSI0] that we mentioned in the previous subsection.

First we deal with the case where I' is non-arithmetic: then an immediate and well-known
consequence of Margulis’ commensurator criterion for arithmeticityﬁ is that there is a unique
maximal lattice  C G in the commensurability class of I', which is equal to the commensurator
of I'. Thus any g € G which conjugates two A;s must belong to €2, and since the A;s are normal
in I' each has at most b = |Q2/T'| conjugates among them.

Now assume I is arithmetic. By definition of arithmeticity there exists a semisimple algebraic
group G defined over Z such that I' C G(Z) with finite index. For p a rational prime let Z,
denote the p-adic integers. Then a congruence subgroup of I' is a subgroup of the form I' N U
where U is a finite index (equivalently, open) subgroup in [[, G(Z,). If A is a finite index

subgroup in T’ we denote by A“"® the congruence closure of a subgroup A C T': this is the
smallest congruence subgroup of G(Q) containing A; explicitely the congruence closure of A is
equal to I'N'V where V' is the closure in [[, G(Z,) of A.

Lemma 4.7. Let I' be an arithmetic group. There exists finitely many congruence subgroups
[y,..., T with the following property: if A is a finite index normal subgroup in T such that
/A is abelian then A" is equal to one of the T);.

Proof. If T'/A is abelian then so is T’ /Kcong so that it suffices to show that there are only finitely
many congruence subgroups A < I' such that I'/A is abelian. Let I be the derived subgroup of
I, which is a Zariski-dense in G (since G does not have abelian quotients). By Nori-Weisfeiler
strong approximation [Nor87, Wei84] it follows that the closure of I' in [], G(Z,) has finite
index in that of I'. This means that at most finitely many congruence subgroups of I' contain
IV, which is the statement we wanted to prove. O

The commensurator of T' is equal to (the image in G of) G(Q) and we have that gAg—1 = =
gA“" g1 for all g € G(Q). It follows that if two subgroups of I' are conjugate to each other
an element conjugating them must belong to G(Q) and conjugate their congruence closures to
each other as well: in particular, if the latter are equal then the element must belong to its
normaliser. Let I'y,...,I';;, be given by the lemma and let ¢ be an index such that I'; contains
n’ > n/m of the Ajs, and assume for notational ease that those are Ai,...,A. It follows
from the above that for any n, any element conjugating two of the Ay, ..., A must belong to
the normaliser €2; of I';. Thus, as the A; are normal in I', the maximal number of conjugates
among Aj,..., Ap is ¢ = |Q;/(I; NT)|. In conclusion, we have shown that we can find at least
k/C = n/(cm) among the A; that are pairwise not conjugate in PGL2(C), hence our claim
follows (with b = cm).

Proof of Proposition[{.5. Let A be a lattice in PGLy(C). By Theorem there exists a
finite index normal subgroup I' <A with b1 (") > 2, so that we may apply Proposition to I'.
Let ay,...,a, be representatives for the left cosets of I in A. Let n > 1 and By,..., B, the
subgroups obtained in Proposition Then since B; <T" we get, for all 1 < j < ¢, that:

r
Cj = ﬂ aiBja;l

=1
is normal in A.

3The criterion [Mar91l Theorem (B) in Chapter IX] states that I" has finite index in its commensurator €;
since any lattice commensurable to I' commensurates I', it has to be contained in 2 and the claim follows.
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We recall that if A is a permutation group of degree r (i.e. a subgroup of the symmetric group
S,) and B any group, the wreath product Al B is the semidirect product A x B” where A acts
on B" by permuting indices.

Lemma 4.8. There exist r,l € N, depending only on I' and A, such that for each 1 < j < ¢,
there exists a finite abelian group Q); so that

(Z/n)! - Q;
and

A/CJ — 67~ ZQj.

Proof. Let p be the morphism A — &(A/C)) associated to the left-translation action. It
respects the decomposition into left I'-cosets and hence it has image inside &(A/I') 1 &(I'/C}).

Moreover the stabiliser of a block has its image in a conjugate of the image of the action of I"
on F/CJ .

It remains to see that I'/C; is abelian of exponent n (we can then take [ to be the rank
of Hi(I') ® Z/n). To do so we need only remark that the subgroup [I',I'] - I'™ < I' generated
by commutators and nth powers is characteristic in I' and contained in Bj, hence it is also
contained in Cj. Since

[,T]-T" =ker (I' - Hi(I') ® Z/n)
this implies that
H(T)®Z/n—T/C;

and hence that the image of A/C; in the second factor in the wreath product is a quotient of
H 1 (F) ® 7 / n. O

By the same argument as in the proof of the previous proposition we can eliminate some of
the Cjs so that at least b, = ¢, /a (where a depends only on I') are pairwise non-isomorphic.
Indeed, if A is non-arithmetic then the same argument applies verbatim, while if A is arithmetic
we have to show that for C; <A with A/C; — &,1Q); there are only finitely many possibilities
for the congruence closures of C; in A. To do this, we only need to note that this is true of the
congruence closures of the C; in

Ay :=ker(I' - 6&,).
Indeed, since all the A/C; are abelian, this follows from Lemma Moreover, since these

closures contain those in A it is also true of the latter.

So we may assume that C1,...,C), are pairwise non-conjugate, with b, > ¢,/a > n/d’ for
some a’ > 1 independent of n. A priori the C; have different indices in A. But by Lemma
the orders |A/G}| all divide r!-n'". Let 6(IN) denote the number of divisors of a positive integer
N, then using the classical estimate that Ve > 0 there exists a constant K. so that

§(N) < K. - N¢

for all N € N (see e.g. [DKLI2, Proposition 7.12]) and the fact that b, > (r!-n™)/ ) we see
that
bp/O(r! - d])) —p— 400 +00.

Hence by the pigeonhole principle we wee that at least two (in fact an unbounded number as
n — +o00) among the C; have the same index in A. This finishes the proof of Proposition O
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5. KEUCLIDEAN MANIFOLDS

The general argument we will present for Seifert fibered manifolds (Proposition will not
hold for manifolds that are finitely covered by either the 3-torus or the 3-sphere. Seifert fibered
manifolds that are finitely covered by T2 are exactly the closed Euclidean manifolds (see eg.
[Sco83]). In this section, we prove the following proposition.

Proposition 5.1. The only closed orientable exceptional Euclidean 3-manifold is the 3-torus T3.

In fact we will prove a result about a more general class of groups. A group I' is called a
crystallographic group if it acts properly discontinuously and cocompactly on a finite-dimensional
vector space; we refer to [Aus65] for an overview. It then has to preserve a Euclidean metric on
this space, so another definition is to say that crystallographic groups are lattices in isometry
groups of Euclidean spaces.

In particular torsion-free crystallographic groups are the fundamental groups of finite-volume
flat Riemannian manifolds, also called Fuclidean manifolds. These are classified up to dimen-
sion 4. In dimension 2 there are only the torus and Klein bottle. It has been known since the
1930s that there are only ten closed 3-manifolds which are covered by the 3-torus, among which
four are non-orientable [Now34, HW35]. The ten closed Euclidean 3-manifolds can be explicitly
constructed |[CRO3|, and as such concrete geometric arguments can be used to show that none
of these but the 3-torus are exceptional. However it is perhaps simpler to use a more algebraic
argument to prove the following more general result.

Proposition 5.2. Let I' be a crystallographic group. Then I' is exceptional if and only if it is
free abelian.

Proof. Let E be a Euclidean vector space such that I" is a lattice in Isom(E) = O(E) x E. Let
7 be the map from I' to O(E). Then T = ker(n) is a free abelian group of rank dim(E) by
Bieberbach’s theorem. In the sequel we will identify it with a subgroup of £. From now on we
will assume that I" is not free abelian, so 7w has nontrivial image.

Let IT = w(I"), let p be a prime dividing the order |II| and let m = |II|/p. Choose an element
o € II which has order p.

Lemma 5.3. Let Ef = ker(o —1d). Then
T'=(TNE;) @ (TNEY)

s a finite index subgroup in T'.

Proof. Tt suffices to show that T” has the same rank as T, in other words, that T'N E; and
TN E]J; are of respective rank dim(Ey) and dim(EJJ;).

Let w= (Id4 o +--- 4+ P 1)|p. We recall that ¢T C T if v € T is any element projecting
to o and v € T, a quick computation shows that yvy~! = ov and hence ov € T.. On the other
hand, w is equal to p times the orthogonal projection onto Et and we have that wT' C (T'N Ey).
So the image is discrete and has rank at most dim(£y), and the kernel has rank at most
dim(E]J;) = dim(F) — dim(Ey). Thus, both inequalities must be equalities and this finishes the
proof. O

Let
A=n"Yo).

Since o preserves Ef,E]%, and T we have that ¢T' = T’ and hence that the subgroup 7" is
normal in A. Likewise, we see that the subgroup

T" = (T'NEs)®p(TNE})
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is also normal in A and as we have o # Id we have dim(E]%) =1 > 0 and we get that
|T/T"| = p"|T/T"|.
Now choose any subgroup L of index p"~!|T/T'| in T, v € T such that 7(y) = o and let
B = (y)1"
so that B/T" = 7Z/p (because v* € Ey NT). It follows that
IT/B| =m/p-|A/B|=m/p p"|T/T'|
=mp" " |T/T'| =m|T/L| = |T/L|

which finishes the proof: indeed, B is not abelian while L is and it follows that they cannot be
isomorphic. O

Proof of Proposition[5.1. Recall that 3-manifolds with abelian fundamental group are well-
understood; see e.g. [AFW15, Table 2|. Observe that if a closed Euclidean 3-manifold M
has free abelian 71 (M), then (M) = Z3 and M = T3, which we know is exceptional from

Proposition O

6. SPHERICAL MANIFOLDS

Seifert fibered manifolds finitely covered by the 3-sphere, namely the spherical manifolds, also
require a different proof than the general case. We will soon completely classify the exceptional
spherical 3-manifolds (Proposition [6.2)). However, we will first need some notation.

It is known that spherical 3-manifolds are exactly the quotients of S? by finite groups that
act by isometries [Sco83]. These quotients of S® have been classified by Hopf [Hop26], Section
2] (see also [AFW15, p. 12] and [Mil57, Theorem 2|) as follows (note that the group Q4. (in
the notation of [AFW15| p. 12]) is isomorphic to Dg, when n is odd).

Theorem 6.1. The fundamental group of a spherical 3-manifold is of exactly one of the fol-
lowing forms:

The trivial group,

QSTL = <$>?/| xQ = (gjy)2 = y27’b>, fOT n Z 1;

the binary octahedral group: Py := (z,y| 2% = (zvy)? =y, 2% = 1),

the binary icosahedral group: Piag := (z,y| 2% = (zy)3 =17, 2* = 1),

Dom(ons1y i= (x,yl 22" =1, y*" " =1, aya~t =y~1), form >2 and n > 1,

Plom = (2,y,2| 22 = (zy)? =%, 227t =y, zyz L =2y, 237 =1), form > 1,

the direct product of any of the above groups with a cyclic group of relatively prime order.

The subscripts in the notation for the groups above always denote their order. We are now
ready to state the main result of this section.

Proposition 6.2. A spherical manifold is exceptional if and only if its fundamental group is
of one of the following forms:

The trivial group,

Qs,

Pra,

Don(anq1) form > 2 and n > 1,

P} am form > 1,

the direct product of any of the above groups with a cyclic group of relatively prime order.
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Before giving the proof, we gather a few relevant facts. Recall that the fundamental group
determines a spherical manifold unless it is cyclic and non-trivial (see [Orl72, p. 133]). This fact,
for the larger class of closed, irreducible 3-manifolds, yields the following lemma (see [AFW15,
Theorem 2.1.2]).

Lemma 6.3. Let M be a closed, orientable, irreducible 3-manifold. Let G and H be finite
index subgroups of w1 (M) and let ]\75 and Z\/fz be covers of M that correspond to G and H,
respectively. Suppose G is not a finite cyclic group, then G and H are isomorphic if and only
zf]\/lzv and ]\/4; are homeomorphic.

The case of spherical manifolds with cyclic fundamental groups, namely, lens spaces, is more
subtle. We recall the following well known result of Reidemeister |[Rei35).

Theorem 6.4. Let L(p,q) and L(p,q’) be two lens spaces. Then L(p,q) and L(p,q’) are home-
omorphic if and only if ¢ = £¢™" mod p.

We are now ready to prove Proposition [6.2

Proof of Proposition[6.3. For each of the manifolds listed in Theorem [6.1] we will follow one of
the following two strategies.

e In order to show that a given manifold is not exceptional, we will show that its funda-
mental group has two non-isomorphic subgroups with the same index.

e In contrast, in order to show that a given manifold is exceptional, we will first show
that its fundamental group has a unique isomorphism type of subgroup with any fixed
index. By Lemma [6.3] this implies that it only remains to consider the case when the
subgroups of a given index are all isomorphic to a fixed finite cyclic group. In this case,
we will show that corresponding covers are homeomorphic, either by using Theorem [6.4]
or by showing that these subgroups are conjugate to each other.

We divide our proof into multiple lemmata. In what follows we will often tacitly identify a
manifold with its fundamental group.

First we note:

Lemma 6.5. Any spherical 3-manifold with cyclic fundamental group (namely, a lens space)
1 exceptional.

Proof. This follows since a cyclic group contains at most one subgroup of a given index. O

Lemma 6.6. The spherical 3-manifold with fundamental group Pyg is not exceptional while that
with fundamental group Piog is exceptional.

Proof. The proper subgroups of Pss and Pjg are well known (see e.g. [GG13, Appendix]).
The group Pyg has Z/8 and Qg as proper subgroups, and hence, the spherical manifold with
fundamental group Pjg is not exceptional. The group Pjop has at most one isomorphism type
of subgroup of any given index, and those of order 2,3,4,5,6, and 10 are isomorphic to finite
cyclic groups. Note that by Theorem there is a unique 3-manifold with fundamental group
with order 2,3,4, or 6. Any two proper subgroups of Pjoy of order 5 are Sylow 5-subgroups
and hence conjugate to each other. Also, it is known that any order two element of Pjog is
contained in the center. Since the order 5 subgroups are conjugate, this implies that the order
10 subgroups are also conjugate to one another. Thus, we see that the spherical manifold with
fundamental group Pjop (namely the Poincaré homology sphere) is exceptional. O

All that remains are the three infinite sequences and products with cyclic groups of coprime
order. We start with the groups Qgy:
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Lemma 6.7. The spherical 3-manifold with fundamental group Qs, is exceptional if and only
ifn=1.

Proof. The group Qg is the quaternion group, the proper subgroups of which are all cyclic with
either order 2 or 4. Using a similar argument as above, one can show that the spherical manifold
with fundamental group Q) is exceptional. Next, we prove that for n > 1, the group Qs,, is not
exceptional. In particular, we will show that these groups have two non-isomorphic subgroups
of index 2. Let N1 = ((y)) and Ny = ({x)) be the subgroups normally generated by y and x
respectively. It is easy to verify that both N1 and Ny are subgroups of index 2. Note that V7 is
cyclic since zyz~' =y~ ! in Qg,. Since N; has index 2, the order of Nj is 4n and in particular,
y has order 4n in @g,. On the other hand, we will show that Ny is non-abelian. Using the
x = yxy relation, it is easy to see that yxy~!- 27! = y? € No. Now suppose that y2zy =2 = .
Since 2 = (zy)?, and hence = yzy, we see that y*z = z, and thus, that the order of y is
at most 4, which contradicts our previous observation, since n > 1. Thus, the groups Qsg, for

n > 1 are not exceptional. O

For the dihedral groups we have:

Lemma 6.8. The spherical 3-manifold with fundamental group Dymop41) are exceptional for
allm>2 andn > 1.

Proof. We will invoke some Sylow theory. First, note that the subgroup generated by z €
Daom(2p41) is a Sylow 2-subgroup of Dam(a,41) and is isomorphic to Z/2™. It is also easy to
show that the abelianization of Dym (o,,41 is isomorphic to Z/2™, and is generated by the image
of z. Let N1 = ((y)) be the subgroup of Dym (g,,41) normally generated by y. Note that Ny is

I = ¢~1 Thus, we have the following exact sequence of groups

1= N1 =2Z/2n+1) = Damapi1y — Z/2™ = (z) — 1

cyclic, since xyx~

2

corresponding to the abelianization map. Further, let No = (y, 22). Since 2% commutes with y,

we have the following exact sequence
1= No2Z/(2n+1) x Z/2™ " = Domapi1y) = Z/2 = {0,2} — 1.
Clearly, N is cyclic of order 2 (2n + 1) and is generated by yz?.

Let T' < Dam(2,41) be a subgroup and ¢ be the restriction to I' of the homomorphism
Dom(2p41) — Z/2 in the last sequence. We first consider the case where ¢ is a surjection. Then
I’ must also surject onto Z/2™ in the abelianization map, since every map from Dam(2p41) to
an abelian group factors through the abelianization. There are two options — either |I'| = 2™
or [I'| > 2™. In the first case, I is cyclic and conjugate to (x) by Sylow’s theorem. If [I'| > 2,
we now show that I' must be isomorphic to Dym 9,41y for some n' < n.

1 1

First, note that due to the relation zyz™" = y~*, any element of Dam (9,,1) can be written as
y'ad for some 0 < i < 2n and 0 < j < 2™ — 1. Recall that Ny = (y2?). Then ker¢p = ' N Ny =
I' N (y2?) and thus, ker ¢ = {(y2?)%) = (y?2??) for some d > 1. Since [I" : (y%2?%)] = 2 and

m—1
|(yla?d)| = %, we have || = 2L . 2™ Since [T > 2™, we see that d < 2n + 1.

Since I' surjects onto Z/2™, |I'| is divisible by 2™. As a result, d divides 2n + 1. This implies
that d is odd and 2% is an integer. Note that (y?z>?) “T = 2220+ Since (2n+1,2m 1) =1,

222+ generates (z2). As a result, z2 € (y%??), and thus, y¢ € (y%2??). Next, let y'a’ be
an element of T' such that y'z7 ¢ (y?a??). If no such element exists, then I' < N which is a
contradiction. We show that j is odd, as follows. Suppose for the sake of contradiction that j
is even. Since x? € (y?z??) and y'a? ¢ (ya?d), y' ¢ (y?2®?). Since y? € (y?w??), this implies
that i is not a multiple of d. In particular, ged(i,d) < d. Moreover, since y* € T and y¢ € T,

y&ed(td) ¢ I However, note that the order of y8d(:d) ig % since the order of y in Dom.(9p,41)




16 S. FRIEDL, J. PARK, B. PETRI, J. RAIMBAULT, AND A. RAY

is 2n+1. Then, ggg(*i'b) divides |T'| = 2%t . 2™ which implies that d divides 2™ -ged(i, d). Since
d is odd, it must divide ged(i,d) < d which is a contradiction. Thus, j must be odd; denote j
by 2k + 1 for some k.

We will now complete the proof by showing that the subgroup generated by y¢ and yfz?*+1 i

equal to I' and isomorphic to Dam(g,41) where 2n' +1 = 2”&“. We have the following 1dent1tles

(yzx2k+1) (yzx2k+1yzx2k+1) (yzka—i—lyz 2k:+1)

_ 2k 2k
_ (212"
—1,
(WH 5T =y =1
y (yzx2k’+1) _y2$2k+1yd$_2k 1y—2
=y'zyla~ly
=y'y Yy~

=y Y

(yika-&-l)

—1

where we have used the facts that 22y%z=2 = y¢, zyz~' = y~!, and yzy = z. It is easy to

check that any element of (y<, ylxzkﬂ) can be uniquely expressed in the form (y®)? (z26+1)7",
where 0 < ¢/ < 22 — 1 and 0 < j' < 2™ — 1 and thus, [(y?,y'a?* )| = || = 22t . 2m which

completes the argument.

When ¢ is not surjective, it must be the zero map and thus, I' is a subgroup of the cyclic
subgroup No = Z/((2n + 1)2™~1) which implies that it is cyclic.

Returning to the group Dom(2,,41), We have now shown that subgroups of a given fixed index
are isomorphic. More precisely, subgroups are of the form Dgm (g, 11) for n’ < n, or cyclic
groups with order either 2™, or a factor of (2n + 1)2™~1. The latter arose as subgroups of a
cyclic group and thus, occur exactly once. We saw earlier that any subgroup of order 2" is a
Sylow 2-subgroup, and thus such subgroups are conjugate to one another. This concludes that
spherical manifolds with fundamental group Dom (9, 1) are exceptional for m > 2andn > 1. 0

For the sequence P§ qm we have:

Lemma 6.9. The spherical 3-manifold with fundamental group P§qm is exceptional for all
m > 1.

Proof. First note that P, = Z/3™. Since Qs = (z,y) < P}sm lies in the kernel of the
abelianization map and |Qg| = 8, it must actually coincide with this kernel. Thus this copy of
Qs is a normal subgroup and as such is the unique Sylow-2 subgroup of P§ 4m. We obtain the
following exact sequence

1= Qs — Pigm —7Z/3" — 1
corresponding to the abelianization map. Now let I' < Pg.gm. If the image of I' in the abelian-
ization map is trivial, it needs to lie in Qg, hence it is either Qs, Z/2, or Z/4.

For the case when the image of I' is non-trivial, we first show that I' is either a finite cyclic
group or Qg x Z/37 for some 0 < j < m. Since the order of I' divides the order of P am, we
see that |I'| = 2t .37 for some 0 < i < 3,0 < j < m. Since I' has non-trivial image in Pé“é’m,
we see that j # 0. With these restrictions we see from the list in Theorem [6.]] - 1] that the only
possible groups are Dy 3, Dg.3i, Py, Qgai, Qs X /37, /37, 2/2 -3, Z/4-37, and Z/8 - 3,

where 0 < 7 < m.

It is straightforward to see that the abelianization of Dom.(o,11) is Z/2™, and the abelian-
ization of Qg.3; is Z/2 x Z/2. Neither of these can surject onto Z/3/. Next, suppose that 8
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divides the order of I'. Then I' has a unique Sylow-2 subgroup, namely (Jg, where the unique-
ness follows from normality. Since the unique Sylow-2 subgroup of Z/8 - 3/ is cyclic, we see
that I' 2 Z/8 - 3/. So, if 8 divides the order of ', we see that I is either isomorphic to PéBj
or Qg x Z/3/. 1In these cases I' has a Sylow-3 subgroup, denoted by I's. Recall that there
is a Sylow-3 subgroup of P{ . which is a copy of Z/3™ generated by z. Since any Sylow-3
subgroup of I' must be contained in some Sylow-3 subgroup of P{ s, and Sylow-3 subgroups of
a given group are conjugate, there is some g € P§sm such that g 123" g generates I's < T,
and thus, 22" " € gI'g~! generates gI'sg~!. Note that the subgroup gI'g~! < P{ 4m has order
divisible by 8, so as before, its Sylow-2 subgroup coincides with the Sylow-2 subgroup of P qm,
namely the copy of Qs generated by x and y. Since 23 commutes with < z,y >, we see that
<xy, 28 T > Qg xZ/3 < glg™! for j #m and in fact, T = Qg x Z/37 due to cardinality.
We have thus reduced the possibilities for ' to Z/37, Z/2-3%, Z/4 -3/, and Qg x Z/37, where
0 < 7 < m when the image of I' is non-trivial.

Thus, the possible subgroups of P} 4. are of the form Z/2,Z /4, Qs,Z/37,2./2-37, 7./4-37, Qs %
7./37, where 0 < j < m. Again, no two distinct isomorphism types of subgroups have the same
order, therefore we only need to consider the case of cyclic subgroups. By Theorem there is
a unique 3-manifold with fundamental group Z/2 or with fundamental group Z/4. For Z/3/, we
know that this group is contained some Sylow-3 subgroup of P qm, which is cyclic. Hence any
two subgroups with order 37/ are conjugate to each other, and thus, correspond to isomorphic
covering spaces. Suppose I' = Z/2 -3/ = 7,/2 x Z/37. Note there is a Sylow-3 subgroup of T
which is contained in some Sylow-3 subgroup of P§sm which is cyclic and conjugate to (z), as
we saw earlier. Hence there is some g € P{ m such that g 123" ¢ is contained in T'. Similarly,
any Sylow-2 subgroup of I' corresponds to a subgroup of order two within the copy of Qg in
P} 4m. There is a unique such subgroup, generated by x2. Thus, since I is cyclic, we see that
I' = (22,6723 "¢). Note that any two such subgroups are conjugate to each other since z? is
central. Lastly, suppose I' & Z/4 - 3/. Let I'y be a Sylow-2 subgroup of I'. Then it is contained
in Qg, namely the Sylow-2 subgroup of P} sm, and consequently, it is either (z), (y), or (zy).
Further, let I's be a Sylow-3 subgroup of I'. Then again g__lz3m_Jg is contained in I' for some
g € P} am. We have now seen that gI'g~1! is either (z, 23" "), (y,23" "), or (zy, 23" ") and any
two such subgroups are conjugate to each other since 23"’ is central, and z, y and zy are
conjugates. This completes the proof. U

Finally, we need to consider direct products with cyclic groups:

Lemma 6.10. Let G be a group from the statement of Theorem[6.1 and C a finite cyclic group
so that ged(|G|,|C|) = 1. Then G x C' is exceptional if and only if G is exceptional.

Proof. Subgroups of direct products of finite groups with relatively prime order are direct prod-
ucts of subgroups in the factors. Hence, since the orders of the groups in the direct product
need to be relatively prime and cyclic groups are exceptional, taking a direct product with a
cyclic group preserves being exceptional or not. ([

We have now addressed each case in Theorem and thus, our proof is completed. O

7. THE GENERAL SEIFERT FIBERED CASE

In this section, we prove the following result.

Proposition 7.1. Closed Seifert fibered 3-manifolds, other than those finitely covered by T® or
S3, are not exceptional.
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Note that along with Propositions and this shows that closed Seifert fibered 3-
manifolds are not exceptional.

Our proof is based on the following proposition, which can for instance be found in [AFW15|
p. 52 (C.10)]:

Prop051t10n 7.2, Let M be a closed Seifert fibered 3-manifold. There exists a finite cover
M — M so that M is an S'-bundle over a closed, connected, orientable surface.

In order to find distinct finite covers of a Seifert fibered manifold, it thus suffices to find
distinct finite covers of S'-bundles over closed, connected, orientable surfaces. Intuitively, the
way we produce these is to take covers both in the S'-direction and the surface direction. To
make this idea precise, we will use the Euler number e(7) of our circle bundles to distinguish
covers (see [Sco83), p. 427, 436] for a definition). In particular, we will use the following property
of Euler numbers (see for instance [Sco83l Lemma 3.5]).

Lemma 7.3. Let d € N and

St— M5
be an S'-bundle over a closed, oriented, connected surface X, such that M is orientable. More-
over, let M be a degree d finite cover of M, so that M s the total space of the following bundle

SN VNS )

Suppose the induced circle and surface covers S' — S' and S — % have degrees m and £
respectively, then fm = d and

e(m) = %e(w).

We now prove the following proposition, which will complete the proof of Proposition

Proposition 7.4. Let 3 be a closed, connected, orientable surface that is not a sphere and let
M be an S'-bundle over X. Then M is exceptional if and only if M is the trivial S*-bundle
over the 2-torus.

Proof. Our first claim is that the map 71 (S1) — 71(M) is injective. This follows from the long
exact sequence in homotopy of the fibration

= (X)) = (ST = (M) = m(B) = ...

Our assumption on the genus of ¥ implies that m2(3) = {e} and hence that the map m(S') —
m1(M) is injective.

First we assume the bundle is non-trivial. Let ¢t € 71(S') denote a generator. Residual
finiteness of 3-manifold groups (see Theorem implies that we can find a finite group G and
a surjection ¢ : w1 (M) — G so that

o(t) # e.
Let us denote the induced degree d = |G| cover by M — M. Since t is mapped to a non-trivial
element, the induced circle cover is non-trivial. Then Lemma tells us that the induced
Sl bundle ST — M 7 3 satisfies
le(m)] < d-|e(m)].

To build the second cover, take any degree d surface cover Yo (these exist for any d) and
pull back the S'-bundle. This gives rise to a dee d cover M — M, that has the structure of

a Sl-bundle S — M 5 3. Applying Lemma again, we obtain

le(m)] = d - [e(m)]-
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Since our bundle is non-trivial, we have e(m) # 0. It can now for instance be extracted from
the Gysin sequence that if S' — N — ¥ is a circle bundle with euler number e # 0, then

H{(N,Z) 2 7Z* & Z/e

where g denotes the genus of ¥. In particular this implies that the absolute value of e is an
invariant of the total space and not just the circle bundle. That in turn means that M and M
are not homeomorphic.

Finally, we have to deal with the trivial bundle i.e. M = ¥ x S!. In this case e(7) = 0 and
H(M;Z) = 729+,

Now surface and circle covers
Y= and S' — St

of the same degree induce two covers
M=S xS - M and M=% x5 - M

of the same degree. If g > 1, then S has strictly greater genus than X2, so M is not homeomorphic
to M. O

8. SOL MANIFOLDS

In this section, we prove the following proposition.

Proposition 8.1. Sol 3-manifolds are not exceptional.

Proof. Every orientable Sol manifold M is finitely covered by a 2-torus bundle over S!' with
Anosov monodromy ¢ € MCG(T?) = SLy(Z) (see for instance [AFWTH, Theorem 1.8.2]).
Recall this the monodromy is called Anosov if the top-eigenvalue A, of ¢ as an SLo(Z)-matrix
satisfies |A\,| > 1. By Lemma we may assume M is a 2-torus bundle over S' with Anosov
monodromy ¢. Let A, be the leading eigenvalue.

First we remind the reader of the well known fact that, as opposed to the case of hyperbolic
mapping tori, the modulus of the eigenvalue A, is a topological invariant. Indeed, we have
b1 (M) = 1. Each fibration 7 : M — S! with connected fibers and monodromy 1) induces a
primitive non-torsion cohomology class [¢] € H'(M;Z) and conversely each such cohomology
class determines the fibration up to isotopy. The latter fact implies that the top eigenvalue Ay,
of the monodromy 1 depends only on [¢)]. The former observation implies that the only fibered
classes are [¢] and —[¢]. Since

Al = [

)

|A\p| is indeed a topological invariant

In order to build two non-homeomorphic covers, we proceed as follows. First let

T - T°
be a finite non-trivial characteristic cover. This means that ¢ lifts to a map
p:1T* - T?
such that A, = A\z. We obtain a cover
M — M,

where
M =T? % [0,1]/(z,0) ~ (3(z),1).

Since b1 (M) = 1, we can also take a finite cyclic cover

M%M
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of the same degree, say d # 1. The monodromy ¢ of this cover satisfies
d
‘)\AZ| = ‘)\(P‘ 9

thus M and M are not homeomorphic. O

9. MANIFOLDS WITH NON-TRIVIAL JSJ DECOMPOSITIONS AND NON-TRIVIAL BOUNDARY

In this section, we prove the following proposition.

Proposition 9.1. Let M be an orientable, irreducible 3-manifold with empty or toroidal bound-
ary such that either M has a non-trivial JSJ decomposition or OM is non-empty. Assume that
M is not homeomorphic to S x D?, T? x I or the twisted I-bundle over the Klein bottle, and
that M is not a Sol manifold. Then M is not exceptional.

We start out with the following useful lemma.

Lemma 9.2. Let M be an orientable, irreducible 3-manifold with empty or toroidal boundary
and let N be a JSJ component of M. Then for any finite group G and any surjective homo-
morphism f: w1 (N) — G, there ezist finite groups K and H and homomorphisms g, g1, g2, g3
(of the type shown in the diagram), such that the following diagram commutes.

x

71 (N)

w1 (M)

f

g1 g2

KCcC

Note in particular that the cover of N induced by the map g3 is a cover of the one induced
by f.

Proof. For closed manifolds this lemma is an immediate consequence of [WZ10, Theorem A].
As is explained in [AFWI5| (C.35)], the statement also holds in the case that M has non-empty
toroidal boundary. O

Proof of Proposition[9.1. In this proof we use the following terminology. Given a 3-manifold W
with empty or toroidal boundary we refer to the union of the JSJ tori and the boundary tori
of W as the set of characteristic tori of E\/ At the end of the upcoming proof we will have
constructed two index d covering spaces M and M of M that we will distinguish by showing
that they have unequal numbers of characteristic tori.

We say that a 3-manifold is tiny if it is homeomorphic to S* x D?, T? x I, or to the twisted
I-bundle over the Klein bottle. Throughout this proof we will use on several occasions the
following preliminary remark: If W is an orientable 3-manifold that is not tiny, then it follows
from the classification of 3-manifolds with virtually solvable fundamental group, see [AFW15,
Theorem 1.11.1], that no finite cover of W is tiny.

By [Hem87] (see also [AFW15l C.10]), we know that M has a finite-sheeted cover M" — M
such that each Seifert fibered JSJ component of M’ is an S'-bundle over a compact, orientable
surface. Since M is not a Sol manifold, neither is M’. By our preliminary remark, since M is
not tiny, neither is M’. These three latter facts, along with [AFW15, Propositions 1.9.2 and
1.9.3], imply that this manifold M’ has the following useful property (1): For any finite cover
Z\Z " — M’, the preimage of the JSJ decomposition of M’ is exactly the JSJ decomposition of
M.

Let N’ be a JSJ component of M’, where possibly N = M’. By hypothesis, 9N’ is non-
empty. There exists a finite-sheeted cover N/ — N’ such that the rank of the cokernel of the
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map Hi(ON’) — Hy(N') is at least one, by [AFWTH, C.15, C.17]. (Here we used that N’ is not
homeomorphic to T2 x I, this follows from the fact that M’ is not tiny and from our hypothesis
that M is not a Sol-manifold and from [AFWI5| Proposition 1.6.2(3), 1.8.1, 1.10.1].)

The finite-sheeted cover N’ — N’ corresponds to a finite index subgroup of 71 (N’). Recall
that any finite index subgroup of a group contains a finite index normal subgroup, called its
normal core; let the (ﬁnlte index, regular) cover correspondlng to the latter normal subgroup
of m(N’) be denoted N N’ — N’. By construction, N’ — N’ corresponds to the kernel of a
surjective map 7 (N’) — G for some finite group G, and by Lemma we obtain the following
commutative diagram:

7T1 M/

\\

L(N') /71 (N

Let M* be the cover M* — M’ corresponding to the kernel of g. From Lemma 9.2} it follows
that the induced cover of N’ corresponding to g3 is a finite-sheeted cover of N’; call it N*.
Since M* is a finite-sheeted cover of M’ it follows from (}) that N* is a JSJ component of M*.
Since the cover N* — N’ is finite-sheeted it follows from an elementary argument, see [AFW15,
A.12], that the rank of the cokernel of the map H;i(ON*) — Hi(N*) is also at least one. Since
M* is a finite-sheeted cover of M it follows from Lemma [3.3] that it suffices to show that M* is
not exceptional.

We have the following commutative diagram, where the horizontal sequences form the long
exact sequence in singular homology for the pairs (N*,0N*) and (M*, M* \ Int(N*)) and the
vertical arrows are induced by inclusion.

H(ON*) — " H(N*) —— H{(N*,0N*)

| o |

Hy(M*\ Int(N*)) —Z— Hy(M*) —— Hy(M*, M* \ Int(N*)).
We obtain an induced commutative diagram

Coker(iy) —— Hi(N*,0N*)

[= |

Coker(j*) —— Hy(M*, M* \ Int(N*)).

By a standard excision argument, we see that Hy(M*, M* \ Int(N*)) = H;(N*,0N*); in other
words, the rightmost vertical map above is an isomorphism. We see that k, is injective, and
thus, the rank of Coker(j.) is bounded below by the rank of Coker(i,) which by hypothesis is at
least one. Thus, there is an epimorphism Coker(j,) — Z. We can then define, for any m > 1,

fo: m(M*) —22% Hy(M*) ——» Coker(j,) —» Z —» Z/m,

where the second and last maps are the canonical projections. Note that each characteristic
torus of M* is contained in M* \ Int(N*), and thus, by our construction, the image under
inclusion of the fundamental group of any characteristic torus of M* lies in the kernel of f,, for
all m.

We are finally ready to construct two non-homeomorphic covers of M* with the same index.
As mentioned in the beginning of the proof, we will do so by constructing two finite covers of
M* with the same degree, but different number of characteristic tori. At this point we would
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like to recall that it follows from (f) for any finite cover W of M* the characteristic tori of W
are the preimages of the characteristic tori of M™*.

Now let n be the total number of characteristic tori of M*. Let T be a characteristic torus
of M*. Since M* is not tiny (and in particular, M* is not homeomorphic to S! x D2 and
thus, the boundary tori of M* are m-injective) we can view m1(7") as a subgroup of 71 (M).
Since m1(M*) is residually finite (Theorem [3.1)), there is some finite index normal subgroup
J < (M*) such that 71(T") is not contained in J. Let d > 1 be the index of J in 71 (M™*), and
let p: M — M* be the d-sheeted cover of M* corresponding to J. Since 71 (7’) is not contained
in J we see that the preimage of T has strictly fewer than d components. /S\ince the preimage
under p of the characteristic tori for M* gives the characteristic tori for M, we see that the
number of characteristic tori in M is strictly less than d - n. In order to build a second cover,
let p: M — M™ denote the cover corresponding to the kernel of f;: m (M*) — Z/d constructed
above. By construction, the index of p is d and the number of characteristic tori in M is d - n,
since the image under inclusion of characteristic torus of M* lies in the kernel of fq. We see
that M and M are index d covers of M* but have an unequal number of characteristic tori, and
thus are non-homeomorphic. O

10. NON-PRIME AND NON-ORIENTABLE 3-MANIFOLDS

10.1. Prime non-orientable 3-manifolds. Little further work is needed to completely char-
acterize exceptional prime non-orientable 3-manifolds with empty or toroidal boundary. Such a
manifold is either the twisted S?-bundle over S, or irreducible. We already saw that the former
is exceptional (Proposition [3.2)). For the latter case, note that if the orientable double cover of
a non-orientable 3-manifold M is not exceptional, then M is not exceptional. By our previous
work, we only need to consider the irreducible non-orientable 3-manifolds whose orientable dou-
ble covers are S! x S2, the 3-torus T3, S x D2, S! x S! x [0,1]. Here we have used that closed
non-orientable 3-manifolds have positive first Betti number. In particular, their fundamental
groups are infinite [AFW15, (E.3)].

Note that if a boundary torus for a manifold M is compressible, M has an S x D? summand.
If M is prime, M must be homeomorphic to S' x D?, which is of course not non-orientable.
Thus, a prime non-orientable 3-manifold with toroidal boundary, must have incompressible
boundary. By [Swa73, Lemma 2.1], the fundamental group of the orientable double cover of an
irreducible non-orientable 3-manifold M with incompressible boundary is free, which would be
the case if the double cover is S' x S2 or S' x D2, if and only if M is a homotopy RP? x S*.
Such a manifold has first homology group Z @ Z/2. Thus, it has two double covers, only one of
which is orientable. As a result, it is not exceptional.

It remains to consider the non-orientable 3-manifolds with empty or toroidal boundary, whose
orientable double cover is T or T2 x I. First suppose that M is a 3-manifold that is covered by
T3. It follows from [MS86, Theorem 2.1] that M is Euclidean. This case is then addressed by
Proposition Secondly, if M is covered by T? x I, then a doubling argument shows, using the
above, that M is either homeomorphic to the Klein bottle times an interval or to the Mobius
band times S'. In either case M admits two 2-fold coverings, only one of which is orientable.
Thus M is not exceptional. Thus, we have established the following proposition.

Proposition 10.1. Let M be a prime, non-orientable 3-manifold with empty or toroidal bound-
ary. Then M is exceptional if and only if it is homeomorphic to S'xS2.

10.2. Non-prime 3-manifolds. Finally, we consider non-prime 3-manifolds. Recall that a
prime decomposition for a 3-manifold M is said to be normal if there is no S' x S? factor
when M is non-orientable. It is well-known that every 3-manifold has a unique normal prime
decomposition (see, for instance [Hem04, Theorem 3.15 and 3.21]). Note that we do not assume
that the manifold is closed or orientable.
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Below we give a general structure for covering spaces of non-prime 3-manifolds.

Proposition 10.2. Let M = M # - -- #Mj, be a normal prime decomposition for a 3-manifold
M. Then if M is a cover of M with index d, then

M = (Mgt 0, ) #e 4 (M- #00, ) 405,

where S denotes S* x S or S'XS? whenever M is orientable or non-orientable respectively,
and M; = (Mjl L Mjh) is a cover of M; with index d. Moreover,

k
k—1)-d=> i;—1+L
j=1

In addition, any M of this form is a cover of M with index d.

Since any cover of a prime 3-manifold is prime, the above gives a prime decomposition of M
when we ignore S® summands.

Proof. Let p: M — M be the cover. Write M as M \ BiU---UMj \ By where each B; C M;
is an open ball. Then each restricted map

Ply-1p\By): 0~ (M \ Bj) = M; \ Bj
is a covering map. Gluing balls along the lifts of the connected sum spheres gives rise to the
covers M.

It is clear that the cover M is built from the collection L] ]\/4\J by identifying spheres in pairs,
arising as lifts of the connected sum spheres. When the sphere pairs are in distinct connected
components, we obtain a connected sum. When they lie in the same connected component, we

obtain an S summand. Note that S can be chosen to be S!%S2 whenever M is non-orientable
since N#S! x 82 = N#S51%S? whenever N is a non-orientable 3-manifold. The relationship
between k, d, £, and i; follows from the construction.

When M is oriented, each ]\/J\j inherits an orientation and it is easy to see that M is a
connected sum of oriented manifolds.

For M of the given form, an index d covering map M — M can be constructed by gluing
together the individual covering maps. U

For non-prime 3-manifolds, we have the following result.

Proposition 10.3. Let M be a non-prime 3-manifold with empty or toroidal boundary. Then
M is exceptional if and only if it is homeomorphic to k- S* x S2, for some k > 2.

Proof. First, we show that k- S' x S? is exceptional. Note that the only cover of S! x S? is
itself. Then, we see immediately from Proposition that any degree d cover of k- S x S? is
homeomorphic to ((k —1)d + 1) - S* x S2.

Next, we show that any manifold which is not of the form k- S' x S? is not exceptional. Let
M = Mi# - --#M; be a normal prime decomposition for M. By hypothesis, k& > 2.

As a preliminary step, we observe that if M has a single prime summand which is not
exceptional, it is itself not exceptional. Since both S?-bundles over S! are exceptional, such a
prime summand must be irreducible. Without loss of generality, assume that M is irreducible
and not exceptional. Then, there exist non-homeomorphic covers ]\/4\1 and ]\71 of My, both
with index d, for some 1 < d < oo. Construct the covers M =~ Ml#d(Mg# #Mk) and
M = Ml#d(Mg# -#Mj) of M. Note that both have index d. Since M1 and M1 are both



24 S. FRIEDL, J. PARK, B. PETRI, J. RAIMBAULT, AND A. RAY

irreducible, they appear in the prime decomposition of M and M respectively. By the uniqueness
of normal prime decompositions, M and M are not homeomorphic.

Thus, we only need to consider the case where each M; is itself exceptional. First we consider
the case where M is orientable. Since M is not of the form k- S! x S?, we can assume, without
loss of generahty, that M; be an exceptlonal manifold other than S x S?, that there exists a
cover M1 — M of index d; and a cover Mk — M}, of index dj, such that dq < dj.

We now build two covers of M with index dj as follows. Let

M= di,(My#- - #qu)#ma
and let . - —
37 = (Bt (dy — )My ) #(dy — )57 x S" (Mo - M) #1

Suppose that M = M. Then we see that M; = S' x S2, which is a contradiction.

Next, consider the case when M is non-orientable. Suppose first that there is at least one
irreducible prime summand in the given normal prime decomposition of M. Without loss of
generality, we can assume that this is Mj. Since no non-orientable irreducible 3-manifold is
exceptional, we see that M; is orientable. Let N denote the maniﬁold Mo# - - - #M;,. Since
M = Mi#N is non-orientable, we see that N is non-orientable. Let N be the orientable double
cover of N and construct the orientable double cover 2M1#]V of M. Since Mj is irreducible,
it is in particular not S' x S2?. By our argument in the previous paragraph, 2M; #ﬁ has two
non-homeomorphic covers of the same index, showing that M is not exceptional.

It only remains to consider the case where M is non-orientable but has no irreducible prime
summands. Since we have a normal prime decomposition, this implies M is of the form k- S x 52
where k > 2. Note that in this case Hy(M) = Z* where k > 2. Then, we see that there are
2% — 1 connected double covers, only one of which is orientable, which completes the proof. [

We observe that we have established the following proposition.

Proposition 10.4. The only non-orientable exceptional 3-manifold with empty or toroidal
boundary is the twisted S%-bundle over S'.
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