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ABSTRACT

Eta invariants as sliceness obstructions and their relation to Casson-Gordon
invariants

A dissertation presented to the faculty of
the Graduate School of Arts and Sciences of

Brandeis University, Waltham, Massachusetts

by Stefan Friedl

We classify the metabelian unitary representations of m; (M), where M is the result
of zero-surgery along a knot K C S3. We show that certain eta invariants associated
to metabelian representations m;(Mg) — U(k) vanish for slice knots and that even
more eta invariants vanish for ribbon knots and doubly slice knots. We show that
this result contains the Casson-Gordon sliceness obstruction. It turns out that eta
invariants can in many cases be easily computed for satellite knots. We use this to
study the relation between the eta invariant sliceness obstruction, eta invariant rib-
boness obstruction, and the L?-eta invariant sliceness obstruction recently introduced
by Cochran, Orr and Teichner. In particular we give an example of a knot which has
zero eta invariant and zero metabelian L?-eta invariant sliceness obstruction but is
not ribbon. It is not known whether this knot is slice or not.
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1. INTRODUCTION

We study smooth knots K = S™ C S"*2 these form a semigroup under connected
sum. This semigroup can be turned into a group by modding out by the subsemigroup
of slice knots; a knot K C S™ is called slice if it bounds a smooth (n + 1)-disk in
D"™3. This group is called the knot concordance group in dimension n. It is a natural
goal to attempt to understand this group and find complete invariants for when a knot
represents a non-zero (or at least non-torsion) element in this group.

Knot concordance in the high-dimensional case, i.e. the case n > 1, is well un-
derstood. Kervaire [K65] first showed that all even—dimensional knots are slice. For
odd-dimensional knots Levine [L.69] showed that an odd-dimensional knot is slice if
and only if it is algebraically slice, i.e. if the Seifert form has a subspace of half-rank
on which it vanishes. This reduces the task of detecting slice knots to an algebraic
problem which is well-understood (cf. [L69b]).

The classical case n = 1 turned out to be much more difficult to understand.
Casson and Gordon [CGT8], [CG86] defined certain sliceness obstructions (cf. section
5.1) and used these to give the first examples of knots in S? that are algebraically
slice but not geometrically slice. Many more examples have been given since then,
the most subtle ones were found recently by Cochran, Orr and Teichner [COTO01] (cf.
section 9).

We will show how to use eta-invariants to detect non-slice knots. Given a closed
smooth three-manifold M and a unitary representation « : m (M) — U(k), Atiyah,
Patodi and Singer [APS75] defined 7,(M) € R, called the eta invariant of (M, «)
which has the following property.

Theorem. [3.1] (Atiyah-Patodi-Singer index theorem) If (W*, 3 : (W) — U(k))
is such that O(W*, 8) = n(M?3, ) for some n € N, then

1, . .
Na(M) = E(szgnﬁ(W) — ksign(W))
where signg (W) denotes the twisted signature of W.

For a knot K we study the eta invariants associated to the closed manifold Mk,
where My denotes the result of zero-framed surgery along K C S3. Eta invariants
in the context of link theory were first studied by Levine [L94]; Letsche [LO0O0] first
applied them in the context of knot concordance (cf. section 8.2).

We restrict ourselves to metabelian representations of 71 (Mk), i.e. to representa-
tions which factor through 7, (Mg) /71 (Mg)® where 7 (Mg)® denotes the second
commutator subgroup of m(My). We denote the homology of the universal abelian
cover of My by H, (Mg, A), where A = Z[t,t™"]. Since m(Mg)/m(Mg)" = 7 we
get isomorphisms

T (Mg /m (M) 2wy (Mg) /7 (Mg)® 5oy (M) (Mg)P 2 7w Hy (Mg, A)



2

where 1 € Z acts on H,(Mg,A) by multiplication by ¢. The following proposition
gives a classification of all metabelian unitary representations of 7y (Mg), i.e. of all
unitary representations of Z x Hy(Mg, A).

Proposition. [4.3] Let H be a A-module, then any irreducible representation Z X
H — U(k) is conjugate to a representation of the form

Qzy) * Zx H — U(k)

0 0 1\" /x(h) 0 ... 0
(i h) o o 00 0 x(th) ... 0
0 ... 10 0 0 ... x(t*'h)

where z € St and x : H — H/(t* — 1) — S is a character which does not factor
through H/(t — 1) for some | < k.

For K a knot, Hy(M,A)/(t* — 1) = H;(Lg), where L; denotes the k-fold cover of
S3 branched along K. If K is a slice knot and D a slice disk for K, then My bounds
Np := D*\ N(D). If a representation « : m(Mg) — U(k) extends to 5 : m(Np) —
U(k), then n(Mg,a) = signg(Np) — sign(Np). But sign(Np) = 0 since H,(Np) =
H,(S'); furthermore Letsche [LO00] showed that if y : Hy (Mg, A)/(#* —1) — St is of
prime power order and z € S! is transcendental, then «, ) extends to 8 such that
signg(Np) = 0. We denote the set of irreducible, metabelian representions of this

type by P (1 (My)). We therefore get the following theorem.

Theorem. [4.7] If K is a slice knot, D a slice disk and if « € P (m(Mg))
extends over w1 (Np), then n.(Mg) = 0.

Now one has to find criteria when a representation « of m(Mg) extends over
7m1(Np). This problem breaks up into two parts, first « has to vanish on Ker(m (Mg ) —
m1(Np)) and it has to extend from Im{m(My) — 7 (Np)} to m1(Np). This leads to
the following theorem.

Theorem. [4.9] Let K be a slice knot, k a prime power. Then there exists P, C
H, (L) such that P, = P with respect to the linking pairing H, (L) x H, (L) — Q/Z,
such that for any irreducible representation o : m(Mg) — Z x Hy(Lg) — U(k)
vanishing on 0 x Py and lying in P (1(Mg)) the representation o will extend
over m (Np) for some slice disk D and n,(Mg) = 0.

In section 5.1 we recall the Casson—Gordon sliceness obstruction theorem which
till the advent of Cochran-Orr-Teichner’s L2-eta invariants proved to be the most
effective obstruction. In theorem 5.8 we show that an algebraically slice knot has zero
Casson-Gordon sliceness obstruction if and only if it satisfies the vanishing conclusion
of theorem 4.9.
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The eta invariant approach has several advantages over the Casson-Gordon ap-
proach. For example, one can easily show that if aq, ..., q; are representations as in
theorem 4.9, then their tensor product will also extend over 71 (Np), and there exists
a simple criterion when oy ® - - ® oy € Py (7, (M)), which then guarantees that
Noayor-wa (M) = 0 (cf. theorem 4.11). This gives a potentially stronger sliceness
obstruction than the Casson-Gordon obstruction.

We then turn to ribbon knots (for a definition cf. section 6). The only fact we
use is that a ribbon knot has a slice disk D such that 7 (My) — 71 (Np) is surjec-
tive. In particular a representation of m (Mg) extends over m1(Np) if it vanishes on
Ker{m (Mg) — m(Np)}. This allows us to prove the following theorem.

Theorem. [6.4] Let K C S® be a ribbon knot. Then there exists P C Hy(M,A)
such that P = P with respect to the Blanchfield pairing H,(M,A) x H (M, A) —
Q(t)/Z[t,t™"] and such that for any a € P (11(Mk)) vanishing on 0 x P we get
na(MK) = 0

This is a much stronger obstruction theorem than the sliceness—obstruction theo-
rems and could potentially provide a way to disprove the conjecture that each slice
knot is ribbon.

We take a quick look at doubly slice knots. We prove a doubly slice obstruction
theorem (theorem 7.2), and point out that doubly slice knots actually satisfy the
conclusion of the ribbon obstruction theorem. It seems that doubly slice knots have
a ‘higher chance’ of being ribbon than ordinary slice knots.

In section 8 we discuss Gilmer’s [G93] and Letsche’s [L00] sliceness theorems. Tt
turns out that in fact both theorems have gaps in their proofs. We show to which
degree their results still hold and how these follow from theorem 6.4.

Recently Cochran, Orr and Teichner [COTO01], [COT02] defined the notion of (n)-
solvability for a knot, n € %N, which has in particular the following properties.

(1) A slice knot is (n)-solvable for all n.
(2) A knot is (0.5)-solvable if and only if it is algebraically slice.
(3) A (1.5)-solvable knot has zero Casson—Gordon obstruction.

Given a homomorphism ¢ : m (M) — G to a group G, Cheeger and Gromov defined
the L?-eta invariant n&Q)(M ) which satisfies a theorem similar to 3.1 if we replace
the twisted signature by Atiyah’s L2-signature (cf. theorem 9.4). Cochran, Orr and
Teichner used L2-eta invariants to find examples of knots which are (2.0)-solvable,
which in particular have zero Casson-Gordon-invariants, but which are not (2.5)—
solvable. Using similar ideas Kim [K02] found examples of knots which are (1.0)—
solvable and have zero Casson—-Gordon—invariants, but which are not (1.5)-solvable.

A quick summary of this theory will be given in section 9.
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In section 10 we give examples that show that L?-eta invariants are not complete
invariants for a knot being (0.5)-solvable and (1.5)-solvable. We also show that there
exists a knot which is (1.0)-solvable, has zero Casson-Gordon invariants and zero
L?-eta invariant of level 1, but does not satisfy the conclusion of theorem 6.4, i.e. is
not ribbon. It’s not known whether this knot is slice or not. Furthermore we give
an example of a ribbon knot where the conclusion of theorem 4.9 does not hold for
non prime-power characters; this shows that the set P;""™ (7 (Mg)) is in a sense
maximal. In all cases we use a satellite construction to get knots whose eta—invariants
can be computed explicitly by methods introduced by Litherland [L.84] and extended
in this thesis.

We conclude with an appendix which contains several algebraic propositions, which
we could not find in the literature.



2. BASIC KNOT THEORY AND LINKING PAIRINGS AS SLICENESS-OBSTRUCTIONS

Throughout this thesis we will always work in the smooth category. In the classical
dimension the theory of knots in the smooth category is equivalent to the theory
in the locally flat category. The same is not true for the notion of sliceness. Since
a smooth submanifold is always locally flat smooth slice disks are locally flat, but
the converse is not true, i.e. there exist knots which are topologically slice, but not
smoothly slice (cf. [G86], [E95]).

2.1. Basic knot theory. By a knot we understand a smooth oriented submanifold
of S? diffecomorphic to S'. A smooth surface F' C S* with 9(F) = S* will be called a
Seifert surface for K. Note that a Seifert surface inherits an orientation from K, in
particular the map Hy(F) — H,(S*\ F),a — a, induced by pushing into the positive
normal direction is well-defined. The pairing

H\(F) x H\(F) — Z
(a,b) +— lk(a,by)

is called the Seifert pairing of F'. Any matrix A representing such a pairing for some
Seifert surface F' is called Seifert matrix for K. Seifert matrices are unique up to
S-equivalence (cf. [M65, p. 393] or [L70]). In particular the Alexander polynomial
Ak (t) := det(At — A?) € Z[t, t 1] /{%t'} is well-defined and independent of the choice
of A.

Each knot comes with a meridian and a longitude, more precisely, let T" be a solid
torus neighborhood of K. A meridian of K is a non-separating simple closed curve in
J(T) that bounds a disc in 7. A longitude of K is a simple closed curve in 0(T') that
is homologous to K in T and null-homologous in S*\ K. The notion of meridian and
longitude is well-defined up to homotopy in S*\ K.

One way of studying knots is to study the manifold S* \ K. Alexander duality
shows that H;(S?\ K) = Z. Note that the meridian p generates H;(S*\ K) and that
it is in fact the unique element in H;(S?\ K) such that lk(y, [K]) = 1. Later on we’ll
use the map € : m (S® \ K) — H(S*\ K) — Z given by sending the meridian to 1.

A useful but complicated invariant for a knot K is 7, (S* \ K, z,) where z; is a
base point. We normally suppress xy in the notation, since different base points
give isomorphic groups. Any element in 7,(S® \ K) which is freely homotopic to a
meridian is called meridian as well. Note that the meridian elements in m;(S® \ K)
form a conjugacy class.

In general, for a closed subset S C M of some manifold M we denote by N(S)
some closed tubular neighborhood of S in M. We take the convention that for an
open manifold we’ll always implicitly take its closure, for example S \ N(K) will

stand for S3\ N(K).
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We’ll mostly study invariants of My, the result of zero-framed-surgery along K,
i.e.

My = $*\ N(K)U D? x S*

where 9(D?) is a longitude of K. After smoothening the corners we can assume that
Mg is a smooth manifold. If it is clear with which knot we’re dealing we’ll drop the
index K.

This manifold has the advantage over S*\ K that it is a closed manifold associated

to K. We have H;(My) < H;(5%*\ K) = Z. Denote the image of the meridian p by
p again, also denote 7 (M) — Z by € as well.

2.2. Slice knots. We say that two knots K, Ky are concordant if there exists a
smooth submanifold V' C S* x [0,1] such that V = St x [0,1] and such that 9(V) =
Ky x0U—K; x1. A knot K C S? is called slice if it is concordant to the unknot.
Equivalently, a knot is slice if there exists a smooth disk D C D* such that 9(D) = K.

We say that the Seifert pairing on H,(F') is metabolic if there exists a subspace of
half-rank H such that the Seifert pairing vanishes on H. If a knot K has a Seifert

matrix of the form
0 B
1= (e b)

where 0, B, C, D are square matrices, then we say that A is metabolic. It is clear that
the Seifert pairing is metabolic if and only if there exists a basis for H (F') such that A
is metabolic. From the S-equivalence of Seifert matrices it follows that if the pairing
on one Seifert surface is metabolic it is also metabolic on any other Seifert surface. If
the Seifert pairing of a knot is metabolic then we say that K is algebraically slice.

We need the following classical theorem (cf. [L97, p. 87ff]).

Theorem 2.1. If K is a slice knot, F' a Seifert surface of genus g and D C D* a slice
disk, then there exists a two-sided three-manifold R®> C D* such that O(R) = F Ug D
and RN S =F.

We can find a basis a1, . .., ayy for Hi(F) = Hi(FUD) such that (may, ..., ma,)
Ker{H\(F) = Hi(R)} C {(a1,...,a,) for some m, and such that a; - age; = 1,7
1,...,g. This means that the rank of Ker{H,(F) — Hy(R)} is half the rank of H,(F

Finally, {ai,...,ay) is a metabolizer for the Seifert pairing.

C
)

Definition. Let C' be a complex, hermitian matrix, i.e. ¢ = C*, then we define the
signature sign(C') to be the number of positive eigenvalues of C' minus the number of
negative ones.

The following is an easy exercise.
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Lemma 2.2. If C is hermitian, non-singular then sign(PCP') = sign(C)) for any P
with det(P) # 0. If furthermore C is of the form

0 B
(5 )

where B is a square matriz, then sign(C) = 0.

In particular, if A is the Seifert matrix of an algebraically slice knot, then sign(A +
A%y = 0. We'll associate more signatures to a knot K in section 3.4.

Most sliceness obstructions make use of the space N := Np := D*\ N(D) where
D is a slice disk. We summarize a couple of well-known facts about Np.

Lemma 2.3. If K is a slice knot and D a slice disk, then

(1) 9(Np) = Mk,
(2) H.(Np) = H.(S"),
(3) there exists a map H\(Np) — Z extending € : H(Mg) — Z.

2.3. Universal abelian cover of My and the Blanchfield pairing. Let K be a
knot. Define X := Xf := S\ N(K), then H,(Xx) — H;(Mg) is an isomorphism.
Denote the infinite cyclic covers of X and Mg corresponding to € : Hy(Xg) —
Hy(My) — Z by X and M. Then Z = (t) acts on X and M, therefore H,(X)

and Hy(M) carry a A := Z[t, ¢ ']-module structure. We'll henceforth write H,(X, A)
for Hi(X) and H,(M,A) for H;(M). Note that M = X U D? x R, in particular
H(X,A) — H(M,A) is an isomorphism.

Our first goal is to understand the A-structure of H; (M, A) in terms of the Seifert
matrices. Let F' be a Seifert surface for K and let I := [—1,1]/ Denote by F xx I a

tubular neighborhood of F in S? pinched at 9(F) = K, i.e.
Fxgl=2FxI]~

where (z,t) ~ (z,0) for all t € [,z € K = 9(F). Now let Y := S*\ F x I. We say
Y is the result of slitting S3 along F.

Claim. The map
)\5 . Hl(Y) X Hl(F)
(a,b)

Z

%
—  1k(a, b)

is well-defined and non-singular.

Proof. Consider the following isomorphisms
HYY) 2 H*(S%)Y) = H*(F xop I,O(F xop 1)) 2 H(F xop I) = H\(F)
given by the coboundary map, excision, Lefschetz duality and a homotopy equiva-

lence. Going through the maps one sees that these isomorphisms define the linking
pairing, which is hence non-singular. O
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We can view X as the disjoint union of Y x i,i € Z glued together along the
corresponding copies of (F' xg x £ 1)\ N(K). For a basis aj,...,az, € H(F)
denote henceforth by a;, ..., as, € Hi(Y) the dual basis with respect to Ag and by
G1y.. 0, € H(Y x 0) C H(M) the lifts of ay,...,as, € H(Y). Denote the
resulting Seifert matrix by A.

Lemma 2.4. The elements @, ..., 0y € Hi(X,\) = H(M,A) generate H, (M, A)
over A and with respect to this generating set Hi (M, \) = A% /(At— AY). Furthermore
multiplication by t — 1 is an isomorphism of Hy(M,\).

Proof. A Mayer-Vietoris sequence shows the first part (cf. [R90, p. 210]), the second
part follows from the long exact homology sequence induced by the exact sequence

0— C.(M) 5 C (M) = C.(M) = 0
[

In the following we’ll give A an involution induced by # = ¢t7'. Let S := {f €
Alf(1) = 1}. The A-module H{(M, A) is S-torsion since for example the Alexander
polynomial Ag(t) lies in S. We recall the definition of the Blanchfield pairing and
its main properties (cf. [B57], [K75], [L77]).

Lemma 2.5. The pairing

)\Bl:Hl(MK;A) XHl(MK,A) — S_IA/A
(a,b) — =S  (a-tic)t™

p(t) £=i=—00
where ¢ € Co( Mg, N) such that d(c) = p(t)b for some p(t) € S, is well-defined. Let
F be a Seifert surface for K, and a1, ..., a0y € Hi(F) a basis. With respect to the
generating set G, ..., Gz, € Hi (Mg, A) the pairing (Hi(Mg, A), Ap;) is given by
A9 (At — AY) x A?9/(At — AY) — STTA/A
(v,w) — Tt —1)(At — A lw

It follows that the Blanchfield pairing is non-singular, hermitian, A-linear in the sec-
ond entry and A-anti-linear in the first entry.

For any A-submodule P C H; (Mg, A) define
P+ = {v e H(Mg,\)|Agi(v,w) = 0 for all w € P}

If P C H\(M,A) is such that P = Pt then we say that P is a metabolizer for g
and that Apg; is metabolic.

Theorem 2.6. Let K C S? be a knot, ' a Seifert surface for K. If there exists a
basis ay, ..., asg € Hi(F) such that ay,...,a, generates a metabolizer for the Seifert
pairing, then &gi1, ..., Gy € Hi (Mg, A) generate a metabolizer for A over A.
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Conversely, if F is a minimal Seifert surface, P C H\(Mg, A) a metabolizer for the
Blanchfield pairing, then there exists a basis aq, . .., a2y € Hi(F) such that (ay,...,a,)
is a metabolizer for the Seifert pairing and such that over A, P is generated by
Qgi1, - -, Gog.

In particular the Blanchfield pairing is metabolic if and only if K is algebraically
slice.

Proof. Let R := Z[t,t"',(t — 1)7']. Then H;(M,A) is in fact an R-module, since
multiplication by ¢ — 1 is an isomorphism in H (M, A). We get that (H,(M,A), Ap)
is given by
R¥/(t—1)Y At —AY x R¥/(t - 1)1 (A&t — A") — S 'R/R
(v,w) — vt —1)(At — AY)tw
Note that (t — 1)7' (At — A?) is hermitian. The first part of the theorem now follows
immediately from proposition C.1.

The converse has been shown by Kearton [K75]. O

We’ll now show a more geometrical way of finding a metabolizer for slice knots. In
the following assume that K is slice and D C D* a slice disk. By lemma 2.3 there
exists a map H,(Np) — Z extending € : Hy(Mg) — Z. If Np denotes the corre-
sponding Z-fold cover of Np, then Hl(ND) has a A-module structure. We therefore
denote Hl(ND) by I’Il(]VD7 A)

Definition. If A is an R-module, then Tr A denotes the R-torsion submodule of A and
FrA:= A/TRA. If R =7 then we’ll write T' A for T;A.

Proposition 2.7. If K is slice and D any slice disk, then for P .= Ker{ H (Mg, A) —
H{(Np,A)} we get P C P+ and P+ = P+t

Furthermore for Q = Ker{H,(Mg,\) — FzH,(Np,\)} we get Q = P+, in par-
ticular Q = Q.

Proof. There exists a well-defined pairing (cf. [L00])

Apin . TaHo(N,M,A) x T\H (N,A) — S7'A/A

(a,b) +— ﬁa-c

where ¢ € Co(N, A) such that d(c) = p(¢)b. In particular for a € Ty Ho(N, M, A),b €
H, (M, A) we have
Agi(9(a),b) = Apin(a,i.(b))

Claim. Hy(N, M, A) is A-torsion.

Using that Hy(M, A) is A-torsion we get from the long exact sequence that it is
enough to show that Hy(N, A) is A-torsion. Consider the following long exact sequence

e = Hy(N) = Ho(N,A) =5 Ho(N, A) — Hy(N) — Hi(N,A) — ...
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Using that Hy(N) = Hs(N) = 0 we see that Hy(N,A) 5 Hy(N,A) is an iso-
morphism. Since furthermore Hy(N, A) is finitely generated over A it follows that
Hy(N, A) is A-torsion (cf. [L77, cor. 1.3]).

Now let a,b € P, then from the exact sequence Ty Ho(N, M,\) — Hy(M,\) —
H{(N,A) it follows that a = 9(c) for some ¢ € ThHy(N, M, A), we get

Api(a,b) = Apn(c,i.(D)) = Apin(c,0) =0

This shows that P C P+. Letsche [L00] shows that furthermore P+/P is Z-torsion
and that P+ = P+t

It remains to show that QQ = P*. Let ¢ € @, then mq € P for some m by definition
of P and Q. Let p € P, then mAp(q,p) = Api(mg,p) =0 € ST'A/A. Since m & S
this implies that in fact Ap(q,p) = 0 € ST'A/A for all ¢ € Q,p € P. This shows

that Q C Pt. Since P/P is torsion we also get Pt C @Q by definition of P and Q,
hence Q = P+. O

2.4. Finite cyclic covers and linking pairings. Let K be a knot, £ some number.
Denote by M, = Mg, the k-fold cover of My corresponding to m (Mg) — Z — Z/k,
similarly define X, and denote by Ly = Ly the k-fold cover of S® branched along
K C S3. Denote by u some meridian of K, then

M, = X,UD?xS' where St = ku

Ly = XzUS!'x D? where 9(D?) = ku

Lemma 2.8. There exist natural isomorphisms

Hi (M) = Hi(Ly)®Z
H\(M) = H{(M,N)/({tF-1)aZ
H\(Ly) = H{(M,\N)/(t* 1)

We’ll henceforth identify these groups.

Proof. The first two statements are clear, the Z-part in the second statement is the
lift of ku. From the long exact homology sequence corresponding to

~ . -(tF-1)
—

0 — C. (M) C.(M) = C. (M) =0

we get Hy (M) =7 @ H,(M,A)/(t* — 1), combining this with H; (M) = Z & H,(L;)
and identifying the Z-parts as generated in both cases by the lift of ki we get the
last statement. 0J

Let F' be a Seifert surface for K. Then we can ‘build’ X from the disjoint union
of Y x4,i=0,...,k — 1 by identifying appropiate copies of (F xg x £1)\ N(K),
similarly to the way we constructed X.
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If a1,...,a9y € Hi(F) is a basis, denote by o,..., a0 € Hi(Y') the dual basis,
lift them to a,...,dy € H1(Y x 0) C Hy(Xj). These elements and kpu generate
H,(X}y) = H(My) as a Ay, := A/(t* — 1)-module. Denote by A the Seifert matrix of
K with respect to the basis {ai,...,as,}, then H\(My) = Z ® A29/(At — AY).

Proposition 2.9. (1) The elements év, ..., 09, € Hi(Y x 0) C Hy(X}) generate
Hy (L) in fact as a Z-module, with respect to this generating set Hy(Ly) =
2% (T2 where Ty :=TF — (D = 1)k and I := A(A' — A)~.

(2) )
|Hy (Li)| = IHAK(e%W’“)I

where 0 on the right hand side means that H\(Ly) is infinite.

(3) Hi(Ly) is torsion if and only if no k™ root of unity is a zero of Ak(t).

(4) No root of unity of prime power order can be a zero of the Alexander polynomial
Ak(t) of a knot K, therefore Hy(Ly) is torsion if k is a prime power.

Proof. (1) cf. Rolfsen [R90, p. 215],
(2) cf. Gordon [G77, p. 17],
(3) this follows immediately from the above,
(4) the minimal polynomial ®,(#) of an n'* root of unity where n = p" for some
prime number p has the property that ®,(1) = p (c¢f. lemma A.2), but
U

Lemma 2.10. Let k be any integer such that Hy(Ly) is finite, then the map
)\Lk_ = )\L : THl(Mk) X THl(Mk) — Q/Z
(a,b) — ta-c¢ modZ
where ¢ € Cy(My,) such that 9(c) = na, defines a symmetric, non-singular pairing.
The pairing of the lemma is called the linking pairing of H;(Ly). We give a de-
scription of A7, in terms of a Seifert matrix A. We won’t need this later, but there

doesn’t seem to be a description like this in the literature. We will give only a quick
outline of the proof.

Definition. For a Seifert matrix A corresponding to a Seifert surface F' define

A+ AL —A 0 0 0
—A A4+ A A 0 0
- t At :
B(AK) = E(k) = 0 A A+ A -A 0
0 0 .. .. 0
0 0 0 —A A+ A — At
0 0 0 —A A+ A
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where the matrix consists of k — 1 block rows and block columns.

Proposition 2.11. (1) E(k)! is a presentation matriz for Hi(Ly,), i.e. Hy(Ly) =
72/ E(k)zZe.
(2) Let k be such that Hy(Ly) is finite, then the linking pairing on Ly is given by
AL, = A 1 Z4JE(k) x Z4/E(k) — Q/Z
(a,0) — d'E(k)"'

Proof. Let W}, be the k-fold covering of D* branched along a push in of the Seifert
surface F'. Then 0(W}) = Ly and E(k) presents the intersection pairing of W, ( [K87,
p. 283]). Consider

4* 8
Hy (W) & Ho(Wi, Ly) > Hi(Ly) — 0
2
H?(Wy)
2
HomZ(HQ(Wk), Z)

where the diagonal map Hy (W) — Homy(Hy(Wy), Z) is just the intersection pairing.
Picking corresponding bases we get the first claim. The intersection pairing on Wy
can be used to compute the linking pairing on L, which then shows part two. O

For any Z-submodule P C TH; (M) define
Pt = {v e TH (M)A (v,w) =0 for all w € P}
If P = P* then we say that P is a metabolizer for \;, and say that \; is metabolic, if
furthermore P is a A-module we say that P is a A-metabolizer for the linking pairing.
The following proposition is an immediate consequence of theorem 2.1 and propo-
sitions 2.11, C.1.

Proposition 2.12. If K is algebraically slice, k such that Hy(Ly) is finite, then Ar
s metabolic.

When we considered the Blanchfield pairing we showed that if K is slice, D a slice
disk, then a metabolizer is in fact given by P := Ker{H (M, A) — H;(Np,A)}. Ttis
a natural question to ask whether Qy := Ker{T H{(M},) — T H;(Ny)} is a metabolizer
for the linking pairing. If k is a prime power this is true, as the following section shows.

2.5. Homology of prime-power covers and the linking pairing.

Lemma 2.13. Let Y be a topological space such that H,(Y) = H,(S') and let
k = p® where p is a prime number. Then H.(Yy) = H.(Y) & torsion. Furthermore
ged(|TH, (Ya)],p) = 1.

The following proof is modelled after [CG86, p. 184].
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Proof. For any n € NU{oo} we can give H,(Y,,) a A-structure. Using Hy(Y,Z/p) = 0
we get the following exact sequence

0— H\(Yoo, Z/p) = H\(Ya, Z/p) — Hi(YV,Z/p) — Ho(Yee,Z/p) — 0
Since H(Y,Z/p) — Hy(Yoo, Z/p) is an isomorphism it follows from the sequence that
the map Hy (Yoo, Z/p) “— H1(Yao, Z/p) is an isomorphism. Since H;(Y) = 0 for i > 1
we also get that H;(Yao, Z/p) “— H;(Yao,Z/p) is an isomorphism for i > 1. With

Z./p—coefficients we get (tF —1) = (t#" —1) = (t—1)?", hence multiplication by (t¥ —1)
is an automorphism of Hy (Y, Z/p) as well. Consider the long exact sequence

th—1

o= H1 (Yoo, Zfp) —— Hi(Yeo,Z[p) — Hi(Yi,Z[p) — Ho(Yeo,Z/p) — 0

It follows that Hy(Yy,Z/p) = Ho(Yoo,Z/p) = Z/p. Similarly we can show that
H;(Yy,Z/p) = 0 for ¢ > 1. The lemma now follows from the universal coefficient
theorem. 0

Corollary 2.14. If k is a prime power, then
H\(My) = Z&TH,(Mg)
TH,(My) = H(Ly)=H(M,\)/{tF—-1)
ged([THy(My)|,p) = 1

Proof. This follows from lemma 2.8 and applying the above lemma to S\ K and
using Hi(My) = Hy(Xg). OJ

Proposition 2.15. Let K C S? be a slice knot with slice disk D, k a prime power.

Denote the k-fold cover of Np by Ni. Then Q := Ker{TH(M;) — TH{(N¢)} is a
A-metabolizer for \p. Furthermore |Q|* = [T Hy(My)].

Proof. [CG86] It is clear that @ is a A—submodule since T'Hy(My) — TH(Ny) is a
A-homomorphism. We’ll first show that Q C Q-+, the proof is very similar to the
proof of the corresponding claim in proposition 2.7.

From theorem 4.7 and lemma 2.13 we get H,(Ng) = Z & TH;(Ny) and the map
H,(My) — Hy(Ny) sends THy (M) — TH,(Ny), we therefore get an exact sequence

e — HQ(Nk) — HQ(Nk,Mk) — THl(Mk) — THl(Nk) — Hl(Nk,Mk) — ...

From lemma 2.13 it follows that Hy(Ny) is torsion, hence Hy( Ny, My) is torsion.
There exists a well-defined pairing
)\L,Nk : THQ(Nk7Mk) X THl(Nk) — Q/Z
(a,b) — La-c
where ¢ € Cy(Ny) such that d(¢) = nb. In particular for a € THy(Ny, M), b €
T Hy(My) we have
ALszz (CL, b (b)) = )‘L(a(a)v b)
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Now let a,b € @, then from the exact sequence
Hy(Ny, My,) = THy(Ny, My,) — THy(My) — THy (Ny)
it follows that a = 9(c) for some ¢ € T Hy( Ny, My), we get
A(a,b) = Apn, (¢, ix(D)) = Ap N, (¢,0) =0
This shows that Q C Q*.

Denote by W}, the k-fold cover of D* branched along D. Then H;(W}) = T H;(Ny)
and H;(Ly) = TH;(My) for i > 1 furthermore @) = Ker{H,(L;) — H,(W})}. The
long exact sequence --- — H;(Ly) — H;(Wy) — H;(Wy, L) — ... and Lefschetz-
duality shows that |Q|? = |THy(My,)| (cf. [CG86]) furthermore |Q||Q*| = |TH,(M,,)]
(cf. lemma A.3), it follows that Q = Q. O

Remark. (1) Using theorem 4.12 one can easily produce examples of knots where
the linking pairings for all prime powers are metabolic but which are not
algebraically slice.

(2) Comparing propositions 2.12 and 2.15 we see that proposition 2.15 gives a
weaker sliceness—obstruction, but we’ll need the more geometric way of finding
a metabolizer later.

2.6. Relating the Blanchfield pairing to linking pairings via intermediate
Blanchfield type pairings. Let K be a knot and &k any number such that H;(L;) =
Hy(M,\)/(t* — 1) is finite. Note that this implies TH, (M) = H (M, A)/(t* — 1).
By proposition 2.9 this is the case if and only if Ag(w) # 0 for all k™ roots of unity
w.

The goal is to show that if P is a metaolizer for the Blanchfield pairing of K then
the projections of P are metabolizers for linking pairings Ay, : THy (M) x T H; (M) —
Q/Z it H (Ly,) is finite. Along the way we’ll introduce an ‘intermediate Blanchfield
pairing’ which we’ll later also use to prove that the prime power Letsche obstruction is
equivalent to the weak-ribbon-eta—obstruction (cf. theorem 8.7). Let Ay := A/(tF—1)
and

Si = {f(t) € A¢|f(t) is not a zero-divisor}
this set is closed under multiplication. Denote by 7, the natural projections A —
AJ(t* —1) and H{(M,A) — H,(M,A)/(t* —1) = TH,(Mj). The A-module H{(M, \)
is S-torsion, for example Ak (¢) = det(At— A") is in the annihilator. We assumed that
H, (L) is finite, by proposition 2.9 this means in particular that ged(Ag (), —1) =
1, i.e. Ag(t) € Sk, hence the Ag-module TH, (M) = H, (M, A)/(t* —1) is Sy-torsion.
We therefore get a Blanchfield pairing

/\Bl,k : THl(Mk) X THl(Mk) — Sk_lAk/Ak

(a,b) — ﬁzjzo(a-tjc)tj

where ¢ € Cy(My) such that 9(c) = p(t)b for some p(t) € Sk. This pairing is non-
singular and hermitian over Ag.
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Lemma 2.16. Let a,b € TH (My,) then
Apii(a,b) = Y000 Anla, bty

Proof. Let n = |T'H,(My)|, then nb = 0(c) for some ¢ € Cy(My). Note that also
n(t’b) = d(t/c) for any j. Since n € Sy we get

Apipla,b) = LS Na o)t mod Ay

Ar(a,bt') = La-(tic) mod Z

S| 3=

OJ

Note that for a non prime power k we won't get m(S) C Sk, hence we don’t get
a projection map m : STEA/A — S, 'Ag/Ay. But, if K is a knot such that H, (L)
is finite, then my(Ak(t)) € Sk, in particular for such a K and a,b € Hy(M,A),
me(Api(a, b)) € Sy A/ Ay is defined.

Lemma 2.17. Let a,b € TH,(M,) with lifts a,b € Hy(M,\), then
Wk(/\Bl(&a 5)) = )\Bl,k:(a; b)

Proof. Take ¢ € Cy(M,A) such that () = Ag(t)b, then the statement follows
immediately from naturality. 0

Proposition 2.18. If P C H(Mg,A) is a metabolizer for g, : Hy(Mg,A) X
Hi(Mg,N) — S7IA/A, then for any k such that Hi(Ly) is finite, Py := mp(P) C
TH(My) is a metabolizer for A\, : TH{(My) x TH{(My) — Q/Z. In particular
|Pyl? = |TH:y (Mp)].

Proof. Let P C H,(M,A) be a metabolizer for \p;, i.e. P = P1 with respect to Ap.
Let Pk = 7Tk(P) C THl(Mk)

We'll first show that Py = P with respect to Agyj. Let Qpx := P- C TH(My)
with respect to Ap;x. From lemma 2.16 we get Ap;x(Pg, Pr) = 0, hence P, C Qp -
Let ay € Qpk. Lift aj to an element a in Hy (M, A), then

Wk(/\Bl(a, b)) = )\Bl’k(ak,ﬂk(b)) =0 mod Ak

for all b € P. Let by,...,b. be A-generators for P. We can write Ag;(a,b;) = fi/g
mod A such that m(g;) = 1 € Ay Let a := a[[;_, gi. Then Ap(a,b;) € A for all

j=1,...,7, hence a € P+ = P, furthermore
(@) = me(a) [ [ mr(9:) = mela) = a
7j=1

This shows that a; € P, hence (g, C Py, hence Py, = P,j with respect to Agj .
Now we show that P, = P with respect to . Let Qp := PF with respect to A



16

Claim. Let a,b € TH{(M}) then
)\Bl,k(m b) =0= )\L(CL, b) =0ec Q/Z

By lemma 2.16 we have g x(a,b) = %Z;:é Ar(a,bt9)t 3. Since {1,¢71, ... ¢t *+1}
is a Z-basis for Ay, this implies that Az (a,bt?) = 0 for all j = 0,...,k—1, in particular
)\L (CL, b) =0.

It follows that Ap(P; x P;) = 0, therefore P, C Q. Now let ¢ € Q. Then
Ar(a,b) =0 mod Z for all b € Py. Since P, is a A-module we also get Az (a,#’b) =0
for all j and all b € Py. Let b € Py, then nb = 9(c) for some ¢ € Cy(My),n € Z.
Since we also get d(#/b) = n(t/c) it follows that

= k-1
ApLi(a, b) = - Z(a eyt = Z Ar(a,#70)t™7 =0 mod Ay
7=0 7=0
This shows that a € Qg = P. Therefore Qr, C P.

The last statement follows from lemma A.3. O
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3. INTRODUCTION TO ETA-INVARIANTS AND FIRST APPLICATION TO KNOTS

3.1. Eta invariants. Let M? be a closed manifold with Riemannian structure ¢ and
a :m (M) — U(k) a representation. Atiyah, Patodi, Singer [APS75] associated to
(M, ) a number n(M, a, g).

Denote the trivial representation 7 (M) — U(1) by 1. The number n,(M) :=
n(e, M) = n(M,«, g) — kn(M, 1, g) is called the (reduced) eta invariant of (M, ).
Atiyah-Patodi-Singer [APS75, p. 406] showed that this number is independent of the
choice of g.

To state the main theorem concerning eta invariants we need the following defini-
tion.

Definition. Let N* be a smooth manifold, possibly with boundary. Denote by sign(N)
the signature of the intersection pairing Hy(NN) X Hy(N) — Z. Now let g : m(N) —
U(k) be a representation. Denote the universal covering of N by N. Then C,(N)
has a canonical right Zm; (N)-structure and C* has a canonical left Zm, (N)-structure.
We can define

H*B(N7 (Ck) = H*(C*(N) ®Z7r1(N) (Ck)
We can tensor the equivariant pairing A; : Co(N) x Cy(N) — Zm((N) by § to get a
hermitian pairing

HY(N,Ck) x HJ(N,CF) — C
(a1 @ v, a0 @ v2) +— Vi N(ay,az))ve

Denote its signature by signg(NV), it is called the twisted signature of N, twisted
by S.

The main theorem to compute the eta invariant is the following (cf. [APS75]).

Theorem 3.1. (Atiyah-Patodi-Singer index theorem) Let (M3 ) as above. If there
exists (W4, 8 :mi (W) — U(k)) with O(W, 8) = n(M?, ) for some n € N, then

Ta(M) = (sign, (W) — ksign(1V")

3.2. Application of eta invariants to knots. Let K be a knot, we’ll study the
eta invariants associated to the closed manifold M. Eta invariants in the context of
knot theory were first studied by Levine [L.94], he used the eta invariant to find links
which are not concordant to boundary links. TLetsche [L.00] showed how to use eta
invariants to define ribbon-obstructions for classical knots (cf. section 8.2).

Definition. For a group G the derived series is defined by G¥ := G and inductively
GO = (G0, G,
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The groups m(S* \ K) and m (M) are related as follows. The inclusion map
S3\ K — M defines a homomorphism 7, (S3\ K) — 7, (M), the kernel is generated
by the longitude of K which lies in m;(S%\ K)®. In particular 7,(S*\ K)/m (S \
K)9 — m (M) /7 (Mg)® is an isomorphism for i = 0,1, 2.

We first compute the eta invariant for the trivial knot (cf. [L0OO, p. 312]).

Lemma 3.2. Let Mo be the zero-framed surgery on the trivial knot. Then for any
a:m(Mo) — U(k) we get no(Mo) = 0.

Proof. Let o : m(Mo) — U(k) be a representation. It is a well known fact that
Mo = S" x S2. Let N = S' x D3, then we can find 8 : 7 (N) — m(S") —
U(k) such that (N, 3) = (Mo, ). Since N is homotopy equivalent to S' we get
H,(N) = HJ(N,CF) = 0, hence the untwisted and twisted signatures vanish, hence
T]a(Mo) =0. [

Lemma 3.3. Let K be a slice knot, then doing zero-framed surgery on the concordance
from K to the unknot we get a manifold W* with the following properties:

(1) O(W) = Mg U—Mo,
(3) there exists a map H\(W) — Z, extending the maps ¢ on Hy (M) and H,(Mo)

The idea is to study under what circumstances the eta invariants of My and Mo
are the same for a slice knot K, i.e. which eta invariants vanish for slice knots.

3.3. Concordance invariance of eta invariants. We quote some definitions, ini-
tially introduced by Levine [L.94]. Let G be a group, then a G-manifold is a pair
(M, «) where M is a compact oriented 3-manifold with components {M;} and « is a
collection of homomorphisms «; : m1(M;) — G where each «; is defined up to inner
automorphism.

We call two G-manifolds (M;, o), = 1,2, homology G-bordant if there exists a
G-manifold (N, ) such that O(N) = M; U —M,, H. (N, M;) =0 for j = 1,2 and, up
to inner automorphisms of G, f|m (M) = .

Let Rp(G) := {0 : G — U(k)}, If X;c; is a generating set, then Ry(G) can be
embedded in U(k)!, we’ll give R(G) the ensuing topology. If G is finitely generated,

then R (G) is a real algebraic variety (cf. [L94, p. 83]). Let Ry(G) be the set of all
conjugacy classes of U(k)-representations of G. Define

p(M,a): R,(G) — R
0 — ﬁgoa(M)

This function factors through Ry (G). It is in general not continuous, but there exists
a subvariety ¥ € Ry (G) of codimension at least 1, such that p(M, «) is continuous on
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Re(G)\ T (cf. [L94, p. 92]). Furthermore all ‘jumps’ are integer-valued in the sense
that p(M,a) : Rg(G) — R/Z is continuous.
The goal is to compare p(Mi, aq), p(Ms, ) for G-homology bordant manifolds,

they turn out to be the same outside of a ‘special’ variety of Ry(G).

Definition. A finitely presented ZG-module A is called perfect if Z ®76 A = 0 where
Z is considered as a ZG-module via the augmentation map € : ZG — Z defined by
€(g) = 1 for g € G. A special subvariety is defined to be a subset of Ry(G) of the
form

Yop = {0 € Rk(G”(Ck Qca A(C 7& 0}
where Ac = C ®z A for some perfect ZG-module A (cf. [L94, p. 94]).
Remark. One can define perfect modules and special subvarieties in terms of presen-

tation matrices. Let A be a finitely presented ZG-module and R4 a presentation
matrix of size m x n, i.e. the following sequence is exact:

(ZG)™ 24 (ZG)" — A — 0

Then A is perfect if some integral linear combination of the (n x n)-minors of ¢(R4)
equals 1. Furthermore 6§ € Y, if all (nk x nk)-minors of #(R,4) are zero. This

interpretation shows that ¥4 is in fact a subvariety of Ry(G).

We quote the following proposition of Levine [L.94, corollary 3.3].

Proposition 3.4. For any homology G-bordant manifolds (M;, c;),i = 1,2 there
exists a special subvariety ¥ such that p(My, a1) = p(Ms, ) on Ri(G) \ X.

We give an outline of the proof.

Proof. Let (N*,3) be a homology G-bordism of (M, ;) and (Ms, ). Then the
intersection pairing
Hy(N,Z) x Hy(N,Z) — 7
is identically zero, since Ho(N, My,Z) = Hy(N, Ms,Z) = 0 and the intersection pair-
ing factors through
HQ(N, Mb Z) X HQ(N, MQ, Z) — 7

Hence sign(N) = 0. One can show that there exists a special variety ¥ such that for all
0 € Ry(G)\ X we get HYP(N, M;,C*¥) = 0 for i = 1,2 and hence signgos(N) = 0. O

The main difficulty is to find representations which avoid ¥. A first result is the
following proposition by Levine [L94, p. 95].

Proposition 3.5. A special subvariety contains no point of Rk(G) which factors
through a group of prime power order.
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3.4. U(1)-representations. We can now prove the following proposition.

Proposition 3.6. Let K be a slice knot, u a meridian and o : 7 (Mg) = Z —
U(1) = S' a representation. If a(p) is transcendental or if a(u) is a prime power
root of unity, then n,(Mg) = 0.

Proof. Denote by (N, €) the homology Z-bordism between (M, €) and (Mo, €) which
exists by lemma 3.3. Denote Z — U(1) by 6. If 6(1) is transcendental, then §(Z) C S*
contains no algebraic point, in particular ¢ is disjoint to all (special) subvarieties of
R;(S') = Z. The same is true if (1) is a prime power root of unity, since in this case
0 factors through a group of prime power order and we can use proposition 3.5. In
both cases we therefore get

Na(Mk) = p(Mg, €)(0) = p(Mo, €)(0) = mpoc(Mo) =0
by proposition 3.4. 0

Let K be a knot, A a Seifert matrix, then we define the signature function o(K) :
St — Z of K as follows (cf. [L69, p. 242])

0.(K) :=0,(A) :=sign(A(l — z) + A'(1 — 2))
It is easy to see that this is independent of the choice of A.

Proposition 3.7. Let K be a knot, 1 a meridian and let o @ m(Mg) — U(1). If
z = afp), then

(1)
Ne(Mg) = 0.(K)
In particular if « is trivial, then n,(Mg) = 01(A) = 0.
(2) The function o,(K) is locally constant outside of the set of zeros of the Alexan-
der polynomial of K, in particular o,(K) is continuous at z = 1.
(3) If K is algebraically slice and z € S* such that Ax(z) # 0, then o,(K) = 0.
In particular if z is a prime power root of unity, then o,(K) = 0.

Note that (3) is a strengthening of proposition 3.6.

Proof. (1) cf. [L84].

(2) The function z +— o,(A) is continuous outside of the set of 2’s for which o,(A)
is singular, an easy argument shows that these 2’s are precisely the zeros of
the Alexander polynomial.

(3) If z € S such that Ag(z) # 0 then A(1—z)+ A!(1— Z) is non-degenerate and
the first part follows from lemma 2.2. The second part follows from lemma
A.2 and the well-known fact that Ag (1) = 1.

O
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Remark. If K is a slice knot, then not necessarily o,(K) = 0 for all z € S'. In fact,
let K be a slice knot with Seifert matrix

1
1
A= 1

o= OO
_ -0 O
o OO =

0

which exists by proposition 10.9, then e2™/% is a root of Ag(t) and o ri/6(K) = —1.
In fact, this signature turns out to be an obstruction to the knot being doubly slice
(cf. section 7).

Following Levine [L69] we denote by C,, the cobordism group of knots S?"~! C
S+l and by G, e = +1 the cobordism group of integral matrices A with det(A +
eA') = 1. Levine [L69] showed that associating to a knot a Seifert matrix gives a
well-defined map C,, — G(_1)» which is an isomorphism for n» > 3 and an isomorphism
on a subgroup of index 2 for n = 2. Put differently, in higher odd dimensions a knot
is slice if and only if it is algebraically slice.

Combining results of Matumuto [M77] and Levine [1.69b], [1.89] we get the following
proposition.

Proposition 3.8. A knot K C S*"*! maps to a torsion element in G(_1y» if and only
if there exists a dense subset Z € S* such that for all o : m (M) — S* with o(u) € Z
we get n,(M) = 0.

In particular, in the case n > 2 the U(1l)-eta invariant detects any knot which is
not torsion in C),. In the classical case n = 1 Casson and Gordon [CG86] first found
an example of a knot which is algebraically slice but is not torsion in C;. The goal of
this thesis is to study to which degree certain non-abelian eta invariants can detect
such examples.
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4. METABELIAN ETA-INVARIANTS

A group G is called metabelian if G = {e}, a representation ¢ : 7 (M) — U(k)
is called metabelian if it factors through m (M) /7 (M)®. Up to now we considered
1-dimensional eta-invariants, which are precisely the eta-invariants for irreducible
abelian unitary representations. Now we’ll study irreducible metabelian unitary rep-
resentations of w1 (M) and its eta-invariants.

Recall that Mi{ denotes the infinite cyclic cover of Mk corresponding to € : Hy (Mg) —
Z, therefore 7, (My) = 71 (Mg)™® and

Hl(MK7A) = Hl(MK) = Wl(MK)(l)/ﬂ-l(MK)(Q)

The A := Z[t, t~!]-module structure is given on the right hand side by t¥- g := u=*gu*
where 1 denotes a meridian of K.

We recall the definition of the semi-direct product of two groups. Let G, H be two
groups and f: G — Aut(H) a group homomorphism, then define G x5 H to be the
semi-direct product of G and H twisted by 3, i.e. the group with underlying set
G x H and group structure given by

(g1, 1) - (92, ha) := (91 - g2, B(g2)(h1) - ha)
For a knot K let 7 := 71 (Mf), then consider
1= 7W/7® 5 7/7® 5 7/7) 51
since /7") = H, (M) = Z this sequence splits and we get, isomorphisms

/7?2 /7 x7W)/7@ 2 7o) 702 27« H (Mg, A)
g = (g9 = (cg),p Wy
where 1 € Z acts by conjugating with p respectively by multiplying by ¢. This

shows that studying metabelian representations of w1 (M) corresponds to studying
representations of Z x Hy (Mg, A).

4.1. Metabelian representations of 7,(Mg). For a group G denote by R{"(G)
(resp. R7™(G)) the set of conjugacy classes of irreducible, k-dimensional, unitary
(metabelian) representations of G. Recall that for a knot K we can identify

Rirr,met(ﬂ_l(MK)) — RZT(Z X Hl(MK; A))

In the following let H be a (not necessarily finitely generated) A-module and n € Z
acts on H by multiplication by #". The goal is to give a full description of RY"™(Zx H).

It is easy to check the following lemma.
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Lemma 4.1. Let z € St and x: H — H/(t* — 1) — S a character. Pick a k™ root
2B of 2, then

Qz,x) * Zx H — U(k)

0 0 1\N" /xth) 0 ... 0

00 0 th) ... 0

(nvh) = (Zl/k)n : . : : X( ) . .
0 ... 10 0 0 ... x(t*'h)

defines a representation, and the conjugacy class of the representation is independent
of the choice of k™ root of .

Note that the definition of ;) differs slightly from the definition given in the
introduction, which does not change any of the statements.

Lemma 4.2. Any irreducible representation o € R (Z x H) is (unitary) conjugate
to asy for some z € ST and a character x : H — H/(t* — 1) — S' which does not
factor through H/(t' — 1) for some | < k.

Proof. Let « € RY™(Z x H). Denote by xi1,...,x; : H — S! the different weights of
«:0x H— U(k). Since H is an abelian group we can write C¥ = @!_, V., where
Vi i={v € CF|a(0, h)(v) = xi(h)v for all h} is the weight space corresponding to x;.
Recall that the group structure of Z x H is given by
(n,h)(m, k) = (n+m,t™h + k)
In particular for all v € H
(4,0)(0,#'h) = (4,#'h) = (0, h)(4,0)
therefore for A := «(1,0) we get
Ala(0,#h) = a(jf,0)a(0,#7h) = a(j,t'h) = a(0, h)a(j,0) = a0, h) A
This shows that «(0,th) = A~7a(0,h)A?. Now let v € V), then
a(0, h)Av = Aa(0,th) At Av = Aa(0,th)v = Ax(th)v = x(th) Av

Le. a(1,0) : Vi, — Vi,eny- Since a is irreducible it follows that, after reordering,
xi(v) = x1(#v) for all 4 = 1,...,l. Note that A’ induces isomorphisms between the
weight spaces V,, and that A" : V, — V,, is a unitary transformation. In particular
it has an eigenvector v, hence Cv @ CAv @ ... CA'"'v spans an a-invariant subspace.
Since « is irreducible it follows that [ = k and that each V,, is one-dimensional.

Since « is a unitary representation we can find a unitary matrix P such that
PCe; = V;, in particular, oy := P~ 'aP has the following properties.

(1) (0 x H) = diag(x(h), x(th),. .., x(t*"'h)),
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(2) for some zy,...,2; € S*
0 0 Zk
21 0 0
a(1,0) :=
0 ... k-1 0
Here we denote by diag(by,...,bx) the diagonal matrix with entries by, ..., b.

Pick a k* root z'/* of z := [[L, 2 and let Q := diag(d,,...,d) where d; :=
I1i_1 2

. Then ay := Q7 'a;Q has the required properties. 0

We can now prove the following proposition.

Proposition 4.3. There exist well-defined one-to-one correspondences

Ri™(Z % H)
& {(z,x)|z € St x: H/(t*F — 1) — St irreducible}/ ~
& {(z,x)|z € SY,x : H— St such that x(t*h) = x(h) irreducible}/ ~

where we say (z1,x1) ~ (22,X2) if 21 = 20 and x1(v) = x2(tw) for some | and we
say that a character x : H/(t* — 1) — St is irreducible if it doesn’t factor through
H/(t" —1) for some | < k.

Proof. The second correspondence is obviously well-defined and one-to-one. We’ll
now turn to the first correspondence.

Given « we can associate to it z := det(«(1,0)) and x a weight of o : H — U(k).
The proof of lemma 4.2 shows that y is irreducible and that all the weights of « are
of the form x;(h) = x(t* *h),i = 1,..., k. It follows that (z,x) gives a well-defined
equivalence class. Furthermore a@ & ay. ).

Using lemma 4.1 it remains to show that given z € S and y : H/(t* — 1) — S!
irreducible, a.,) is irreducible. But this follows immediately from the observation
that (. : 0x H — U(k) has k different weights and o, (1, 0) permutes the weight
spaces. [

Translating the above results back to knot theory we get the following proposition.
Proposition 4.4. We have natural one-to-one correspondences

RY™™ (m (M) & RiM(Z x Hy(M,A)) &
& RIM(Zx H(M,AN)/(tk = 1)) & RI(Z x Hi(Ly))
& {(z,x)]z € SY,x : Hy(Ly) — S irreducible}/ ~



25

4.2. Representations and special varieties. In this section we’ll find some cri-
teria when metabelian representations avoid special varieties, i.e. when they give
concordance invariants.

Definition. For a A-torsion module H define P""(Z x H) to be the set of conjugacy
classes of representations which are conjugate to o,y with z € S transcendental
and x : H/(t* — 1) — S! factoring through a group of prime power order.

If W is a manifold with H;(W) = Z then we define P,i”’md(yrl(w)) = PI"(Z x
Hi (W, A)).

We need the following theorem, which is basically a slight reformulation of a theo-
rem by Letsche [L0O, cor. 3.10].

Theorem 4.5. Let H be a A-torsion module, G :== Z x H, then P/ (G) avoids all
special subvarieties. In particular if (M, aq), (M, as) are homology G-bordant and
0 € Py(G), then Ngoa, (M1) = Ngoa, (Ms).

Proof. Let o,y € PI"(Z x H), ie. z € S* transcendental and y : H/(t* — 1) —
Z/m — S' where m is a prime power. The first statement of the theorem follows
from a result by Letsche [LO0, cor. 3.10] once we show that the set Py(Z x H) as
defined above is the same as the set Py(Z x H) defined by Letsche. This in turn
follows follows immediately from the observation that

/k in particular transcen-

(1) all the eigenvalues of «)(1,0) are of the form z
dental,

(2) ooy 1 Z x H — U(k) factors through Z x (Z/m)* and (Z/m)* is a group of
prime power order where Z acts by cyclic permutation, i.e. 1- (vy,...,v) 1=
(Uk, V1yew- ;'kal)-

(3) H(Zx H) =Z and Z x H — Z x (Z/m)* induces an isomorphism of the first

homology groups.

The second statement follows from proposition 3.4. O

Proposition 4.6. Let K be a slice knot with slice disk D. Let a(, ) € Ry (m,(Mk)).
Then oy, ) extends to 5 € Ry (w1 (Np)) if and only if x vanishes on Ker{ H (Mg, A)/(t*—
1) = H{(Np,A)/(tF — 1)}.

Proof. Consider the following diagram

m(Myg) — Zx H(Mg,A) — Zx H (Mg, A)/(*—1) Z5% U(k)

b b 1
m(Np) — Zw H(Np,A) — Zw H(Np,A)/(t5—1)

It’s clear that o, ) extends if and only if x extends, but since S* is divisible this is the
case if and only if y vanishes on Ker{H; (Mg, \)/(t* —1) — H,(Np,A)/(t*—1)}. O
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Theorem 4.7. If K is a slice knot and D a slice disk and if o,y extends to 3 €
R (mi(Np)), then no (M) = 0.

Proof. We can decompose Np as Np = WUy, S x D? where Mo = S* x 52 is
the zero-framed surgery along the trivial knot in S* and W is a homology Z-bordism
between My and Mp. We can assume that o = «(, ) where z € S! transcendental
and x : Hi(M)/(t* — 1) — S! factors through a group of prime power order.

If cv(.) extends to a representation in R}* (7 (Np)) then x vanishes on
Ker{H, (Mg, \)/(t* —1) — H,(Np,A)/(t* — 1)}
We can then find an extension x’ which also factors through a p-group, hence o, ,, €
i

Py(m1(W)). The statement now follows from theorem 4.5 and lemma 3.2 since (W, id)
is a homology Z x Hy(W, A)-bordism between (Mg, i.) and (Mo, i.). O

We need a criterion when representations extend.

Proposition 4.8. Let A — B be a homomorphism of A-torsion modules such that
the induced map A/(t* — 1) — B/(t* — 1) is an injection. Then any irreducible
representation o : Z x A — U(k) will extend to a representation Z x B — U (k).

4.3. Main sliceness obstruction theorem.

Theorem 4.9. Let K be a slice knot, k a prime power, then there exists a A-
metabolizer Py C T Hy(My) for the linking pairing, such that for any irreducible rep-
resentation o : m (My) — Z x Hy (Mg, N)/(t* — 1) — U(k) vanishing on 0 X Py, and
lying in Pi"™ () (Mg )) we get no(Mg) = 0.

Proof. Denote the k-fold cover of Np by Ny. From corollary 2.14 we get Hy (M, A)/(tF—
1) = TH,(My), similarly, using lemma 2.3 one gets Hy(N,A)/(t* — 1) = TH,(N).
Let

Py = Ker{TH, (M) — TH,(Ny))}

this is a metabolizer for the linking pairing by proposition 2.15.

Let a be an irreducible representation m (M) — Zx H; (M, A)/(t*—1) — U(k) van-
Pirr,met

ishing on 0 x Py and lying in P, (m(M)). Then a = ;) where x : TH, (M) —
S! vanishes on P,. The theorem now follows from proposition 4.6 and theorem 4.7. [

In the following we’ll show that some eta-invariants of slice knots vanish for non-
prime power dimensional irreducible representations.

4.3.1. Tensor products of representations. Let o« € Ry(G), € R/(G), then we can
form the tensor product a ® 8 € Ry (G).

For z € S',x : Hi(M,A) — H{(M,A)/(t" — 1) = S* we'll explicitely write a . )
for a(. ) € R (m(M)).
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Proposition 4.10. Let l},l, € N and set r := ged(ly,12), s := lem(l1,1ls). Then

[

Q1y,21,x1) & Q(ly,20,x2) — @g;oa(8,21227xj)
where X7 (v) := x1(v)x2(tv). In particular if Iy, ls are coprime, then
ly,z1,x1) @ Cllz,z2,x2) = Qlalaz122,x1x2)

If furthermore o, 2\ x,) ond Qq, 2,y are irreducible, then qq, o, ) @ Qly zxs) 05
irreducible as well.

Proof. Set a; = o, z;,v:), ¢ = 1,2. Denote by ej1,..., e, and eja, ..., e, the canon-
ical bases of C"' and C". Set Jij = €imodiy,1 @ €(itjymodin2 for i =10,...,5s = 1,7 =
0,...,7 — 1. The f;;’s are distinct, therefore {f;;}i=o,. s—1=0,.r—1 form a basis for

Ch ® Cl2. We'll write the representation oy ® ap — U(C" ® C") in terms of this
basis, and see that it decomposes as stated. Denote by {f{fj}i:o,...,s—1,j:o,,,,,r_1 the
dual basis. We'll write e; ; for e; modl;,j- We compute

fii((an ® ao)(L,0)(fry)) = fi;((1 ® a2)(1,0)(ex1 @ eryr2)) =

= [ ((e1(1,0)(ex,1) ® a1 (1,0)(ex111)) =
f;j((Z1€k+1,1 ® 22€k4111,2)) = fifj(2122fk+1,l) =
31225(i,j),(l€+1,l)

ffij((al ® a)(0,v)(fry)) = f ((041 ® a)(0,v)(er1 @ €pyi2)) =

= ij(oél(o v)(er1) ® 041(0 U)(€k+l,1)) =
[i(Ca(t)ers @ xa(tv)eri ) =
J0a () xa (t v)ep ) © 6k+12) =
= fi;0a0)xa (") fra) = X' (t*0) 805,00
This shows that oy ® s restricts to representations on V; := span(fy ;. .., fs—1,;) for
J=0,...,7 =1, furthermore the representation on V; is isomorphic to s ;, 2, y)-

The last statement follows from the observation that if x1xs : H/(t""> — 1) factors
through some [ < Iy, then one of the x; : H — H/(t" —1) factors through H/(tF —1)
for some k < [;. [

4.3.2. Strong version of the main theorem. For a prime number p and a A-module
H denote by P"(Z x H) the representations o) in P;/"(Z x H) where x factors

through a p-group. Define P,Z;’met(m(MK)) = P{(Z x Hy (M, A)).

Theorem 4.11. Let K be a slice knot, ki, ..., k, pairwise coprime prime powers,
then there exist A-metabolizers Py, C THy(My,),i = 1,...,r for the linking pairings,
such that for any prime number p and any choice of wrreducible representations «; :
m(Mg) — Z x H(Mg,N)/(t" —1) — U(k) vanishing on 0 x Py, and lying in
Pt (m (M) we get fa,o-ga, (Mi) = 0.
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Proof. By theorem 4.9 all the representations ag, ..., a, extend over Np, hence a; ®

-+ ® a, also extends over N. Write @ = av(;, ), then a; @ -+ - ® ap = Q2.2 1)
since the k; are pairwise coprime. This shows that o1 ® -+ ®@ «, € P,Z’"m,ft p(m(M )),
therefore 74, 5.-a, (M) = 0 by theorem 4.7. O

Proposition 4.10 shows that a; ®- - -®«, is irreducible if ged(ky, ..., k) = 1, i.e. the
theorem shows that certain non-prime-power dimensional irreducible eta-invariants
vanish for slice knots.

We say that a knot K has zero slice-eta—obstruction (SE-obstruction) if the con-
clusion of theorem 4.9 holds for all prime powers k, and K has zero slice-tensor—eta—
obstruction (STE-obstruction) if the conclusion of theorem 4.11 holds for all pairwise
coprime prime powers k1, ..., k.. Unfortunately I don’t have examples of knots which
have zero SE—obstruction but non zero STE—obstruction.

Remark. 1t’s easy to find examples of a knot K and one-dimensional representations
a, B such that 7, (Mg) = 0 and 13(Mk) = 0 but n,es(Mg) # 0. This shows that in
general 73(Mg) is not determined by 7,(Mg) and ng(Mk).

The following example shows that in general not all representations are subsum-
mands of tensor products of prime power representations.

0 2

Ezxample. Let K be a knot with Seifert matrix A = 10

>, then K is algebraically

slice. A computation (cf. appendix 2.4) shows that

H\(Ly) = Z/3®Z/3
H(Ls) = Z/31®Z/31
H\(Ly) = 7Z/1023 & Z/1023
Since 1023 = 3-11-31 we see that H; (L) supports characters which are not products

of characters living on Hy(Ls), Hy(Ls). This shows that there exist irreducible U(10)-
representations which are not tensor products of lower dimensional representations.

Note that if TH;(Mj) = 0, then R (7 (M)) = (), therefore theorem 4.11 only
gives a non-trivial sliceness obstruction if TH, (M) # 0 for some prime power k.
This is not always the case, in fact Livingston [LO1, thm. 0.5] proved the following
theorem.

Theorem 4.12. Let K be a knot. Then there exists a prime power k with T Hy (M) #
0 if and only if Ag(t) has a non-trivial irreducible factor that is not an n-cyclotomic
polynomial with n divisible by three distinct primes.

In chapter 10.4, we’ll use this theorem to show that there exists a knot K with
H,(Ly) = 0 for all prime powers k, but Hy(Lg) # 0. This shows that K has non-
trivial irreducible U(6)-representations, but no unitary irreducible representations of



prime power dimensions.
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5. CASSON-GORDON OBSTRUCTION

5.1. The Casson-Gordon obstruction to a knot being slice. We first recall the
definition of the Casson-Gordon obstructions [CG86]. For m a number denote by
C,, C S* the unique cyclic subgroup of order m. Let k be some number, using

Hy(My) & Hi (X)) = Hy(Ly)

we will embed the set of characters on H;(Lyg) into the set of characters on Hi(Mj).
For a surjective character x : Hy(My) — Hy(Lg) = Cp, set Fy := Q(e%i/M).

Let K be a knot and x : Hy(My) — Hi(Ly) — C,, a surjective character. Since
W(Z x C) = H3(Z x Cy,) is torsion (cf. appendix A.2) there exists (V! e x x)
and some r € N such that 9(Vy, e x x) = r(My, e X x). The (surjective) map € x x :
(Vi) = ZxC,, defines a (ZxC,,)-cover Vy, of V. Then Hy(C,(Vy)) and F) () have a

canonical Z[Z x Cy,]-module structure and we can form Hy(C, (Vo) ®zzx e, Fi (1)) =:
H,.(Vi, F\(t)). Since F\(t) is flat over Z[Z x Cy,] (cf. lemma A.1) we get

H,(Vi, F\ (1)) = Ho(Ci (Vo) ®zpzxcn) Fx (1) = Hi(Vio) ®zpzxc,n) Fx (1)

which is a free F) (t)-module. If x is a character of prime power order, then the F (¢)-
valued intersection pairing on Hy(Vj, Fy(t)) is non-singular (cf. [CGS86, p. 190])
and therefore defines an element t(Vy) € Lo(F(t)) (for a definition of L-groups see
appendix B). Denote the image of the ordinary intersection pairing on Hy(V}) under
the map Lo(C) — Lo (F\(¢)) by to(Vi).

Proposition 5.1. If x : Hi(Lx) — Cy, is a character with m a prime power, then

(K, x) = ~(0Vh) — 10(1A)) € Lo(F (1)) @2 @

is a well-defined invariant of (My, € X x), i.e. independent of the choice of V.

Proof. Let (Vi, e x x) be a second manifold with 8(Vi, e x x) = s(Mjy, e x x). Taking
disjoint multiples of Vk and Vi we can assume that r = s. Then W 1=V U,as, —‘A/k is
a closed 4-manifold with t(W) = t(V) — t(Vi), to(W) = to(Vi) — to(Vi). Tt is therefore
enough to show that for (W4, e x ), W a closed manifold we get t(W) = to(W).
But Q4(pt) = Z and Qu(Zx C,y,) = Qu(pt)®H(Z X C,,) = Z&torsion (cf. appendix
A.2). The torsion free part is in both cases generated by CP? (with trivial character
for Q4(Z x Cy,)) which shows that the maps ¢ and ¢, coincide, since Lo(F)(t)) ® Q is
torsion free. O

Casson and Gordon prove the following theorem (cf. [CG86, p. 192]).

Theorem 5.2. Let k be a prime power. If K C S3 is slice then there exists a subgroup
Q C TH, (M) with Q = Q with respect to the linking pairing Ay, such that for any
X : TH(My) — Cp, m a prime power, with x(Q) =0 we get 7(K, x) = 0.
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We give just a short outline of the proof.

Proof. Assume K is slice and D C D* a slice disk. Let N be the k-fold cover of
N := D*\ N(D), then d(N},) = M. Let Q := Ker{TH; (M) — TH,(Ny)} then
Q = Q* by proposition 2.15, if x : TH,(My,) — C,, is such that x(Q) = 0 then there
exists a map Y : Hy(Ny) — C,u for some [ such that the following diagram commutes

H(M,) &5 C,
l 1

H(Ny) 5 Oy

Casson and Gordon show that one can use the m!-fold cover Nk of N, to compute
(K, x). Denote the Z x Cpu cover of Nj by Ne. Since m is a prime power we get
that Hy(Nyo, Q) is finite dimensional over Q (cf. [CG86, p. 191]), hence

Hy(Ny, Fy(t)) & Hy(Noo) ®@zpzxc,) Fy(t) =0

hence ¢(Ny) = 0. But we also have (since k is a prime power) Hy(Ng, Q) = 0 by
lemma 2.13, hence ¢y(Vy) = 0. O

5.2. Interpretation of Casson-Gordon invariants as eta invariants of M.
Let K be a knot, k£ any number, m a prime power and x : Hy(Ly) — C,, a character
and (V! e x x : m (V) = Z x Cy,) such that 9(Vy, e x x) = r(Mpg, € X x).

Let F' C C be some number field. We’'ll always consider F' with complex involution
and F(t) with the involution given by complex involution and £ = ¢~

Given a transcendental z € S' we can define 7(K, x)(2) € Lo(C) ® Q (cf. appendix
A.2) and hence

(K, x) == sign(7(K, x)(2)) € Q
For a character x : H;(L) — C, define characters x? by setting x’(v) := x(v)?,
for z € St define
B(Z,Xj) I7T1(Mk) — Hl(Mk) = Z@ Hl(Lk:) — Sl : U(l)
(n,v) = 2" (v)
Proposition 5.3. Let z € S transcendental, then

TZ(KJ X) = T/ﬁ(zﬁxl) (Mk)

Proof. Let z € S* transcendental, define
0:7Zx¢C,, — S!
(n,y) = 2"y
then
O(Vi,00 (e x x)) = r(My,00 (e x X)) = 7(My, Bz 1))
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We view C as a Z[Z x Cy,]-module via 6 o (¢ x x) and C as an F,(t) module via
evaluating ¢ to z. Note that both modules are flat by lemma A.1.

H (Vii,C) = Hy(Cu(Vao)) @zpzcc,) C = (Ha(CuVic)) @zipcc,) (1) O1,0) C
Ho(Vie, I\ (1)) @) C
This also defines an isometry between the forms, i.e. signg(Vy) = t.(Vi). This shows
that

Tty (M) = signg (Vi) — sign(Vi) = t.(Vi) — sign(to(Vi)) = r7.(K, x)

Corollary 5.4. The function
St~ Z

is continuous (i.e. constant) outside of a finite set.

Proof. Let (V;}, € x x) such that O(Vy, e x x) = r(M2 e x x). Let A(f) be a matrix
representing the form ¢(V}) and let

7 = {z € S*|A(2) singular or not defined}

This set is either finite or all of Z. But #(V%) is non-singular, hence A(f) is non—
singular, hence Z # S!. Note that

By (M) = 72K, ) = ~(sign(A(2) — sign (1)

for all z € S'\ Z. But z > sign(A(z)) is constant on S'\ Z since z — sign(A(z))
has discontinuities only when A(z) is not defined or singular. O

Remark. The eta invariant carries potentially more information than the function
z = 1,(K, X), since for non-transcendental z € S* the number 7, (K, x) is not defined,
whereas g (Mj) is still defined. For example the U(1)-signatures for slice knots
are zero outside the set of singularities, but the eta invariant at the singularities
contains information about knots being doubly slice (cf. section 3.4).

For any transcendental z € S we have a well-defined map o, : Lo(Fy(t)) —
Lo(C) — Z given by evaluating ¢t — z and taking signatures. This extends to a map
7.t Lo(Fy() ® @ = Ly(C) @ @ — Q. Clearly 0. (r(K, x)) = 7. (K, x).

Proposition 5.5. Let K be a knot, k any number, m a prime power and x :
H,(Ly) — Cy, a character, then

T(K, x) =0 € Lo(F\(t)) ®2 Q
& o,(p(t(K,x))) =0 € Q for all transcendental z € S*, p € Gal(F,, Q)
< s, X]-)(Mk:) =0¢€Z for all (j,m) =1, all transcendental z € S'
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Proof. The first equivalence is a purely algebraic statement, which follows from the-
orem B.1. The second follows from proposition 5.3 and the observation that if
p € Gal(F,, Q) sends e2/™ to e2™/™ for some (j, m) = 1, then p(7(K, x)) = 7(K,x?)
and hence o,(p(7(K,x))) = 7.(K, ) = UB(Z,X]')(MIC)- D

5.3. Interpretation of Casson-Gordon invariants as eta invariants of M.
The goal is to prove a version of proposition 5.5 with eta invariants of M instead of
eta invariants of M.

Proposition 5.6. Let K be a knot, x : Hi (M) — Hi(Ly) — C,, some character,
then for B := By : mi(My) = U(1) and a = a( ) : 11 (Mg) — U(k) we get

Na(Mk) —ng(My) = p(Mg, k)

where
k

(Mg, k) == Z sign(A(1 — e2™9/F) 4 AY(1 — e~ 2m/kY)
=1

If K is algebraically slice and k such that Hy(Ly) is finite, then no(Mg) = nz(Mj).

1/k

Proof. In order to work with o we have to fix a k™ root z'/* of z. The representation

a = aq,,) can easily be seen to factor as follows

a:m(Mg) = Zx H(M,A) = Zx H (L) = Z x (Cp)* — U(k)
where Z acts on (Cy,)* by permutation. Note that kZ x (C,,)* = kZ x (C,,)¥. The
group Q3(Z x (C,)*) = Qs(pt) ® H3(Z x (Cy,)*) is torsion since Q3(pt) = 0 and
H3(Z x (C,,)¥) is torsion (cf. proposition A.6). Therefore there exists a manifold
V1 with (V) = rM for some r such that o : m(Mg) — Z x (Cp)* — U(k)

extends to V. In fact we can and will assume, after some additional surgery, that
(V) 2 G = Im{m(My) — Zx (Cp,)*}. Note that Z x 0 C G is a direct summand.

We'll use V' to compute 74, ,(M). Let Vi be the k-fold cover of V' corresponding
to

m(V)=G—>Z—-Z/k
Write Gy = Ker{m (V) — Z/k}, note that Gy = Z x Cy,. Then 0(V;) = M;, and
X+ m(Mg) — U(1) extends to Vi, therefore Vi, can be used to compute 75, (Mp).
Denote by V the universal cover of Vj, and hence of V as well. Consider
O: C*(‘N/) Rzay, C — C*(‘?) Rza Ck
c®v — o® (v,0,...,0)

and

P C(V) @26 CE = Cu(V) ®za, C

c® (Vo,..., 1) = 0Quy+ou®z ry - fopfl @ ATk Ry,
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where = (1,0) € Z x 0 C G = 1 (V) denotes the image of the meridian under the
map 71 (M) — 7 (V). Recall that 1 € m (M) acts by definition of «. ) as follows on
C*:

pe (o, ..., vp1) = Zl/k(vk—hvm oy Up—2)
It is easy to see that ¢ is well-defined, i.e. respects the tensor product. Now consider
1. We have to show that for g € G we get

V(o9 ®za (o, - .., vk—1)) = Y(0 ®za g(vo, . . ., Vk=1))

This is obvious for g € Gy, it is therefore enough to show this for ¢ = p. Using that
pF acts by multiplication by (2'/*)* = 2 we compute

(o @ u(vg, ..., 05-1)) =
= ¢(U &® zl/k(vk_l, Vo, - - - ,Uk_2>> =
0@ My +op@ 2z R My 4o opkl @ A TRED R Ry =
ou@uy+opt @z 4+ fopk @ Dy =
Y(op® (vo, -+, V1))

The maps ¢, are obviously inverses and chain maps, they therefore induce an
isomorphism of homology groups

¢ H2(Vi, C) = H,(C.(V) ®3z¢, C) = H,(C.(V) ®z¢ C*¥) = H2(V,CF)

) =
Denote the twisted signature of V' with respect to « by sign, (V) and the twisted
signature of V; with respect to 8 by signg (V). Let 0; ® v; € Cu(V) ®zq, C,i = 1,2,
then ¥(o; ® v;) = 0; @ (v;,0,...,0),0 = 1,2. Well just write (v;,0) for (v;,0,...,0).
We compute the twisted intersection product

B ® ) do @) = Xl 0a(((og) - 02)g ) (%2> _

_ [V
= 2 gec, (01,0)a(((01h) - 02)g7") (02> -
> gea, 1B(((o1h) - 02)g™ e =
= (01 ®v1) " (02 @ v2)
we used that for ¢ € G we can write ¢ = u‘h where h € 7V
and

acts diagonally on C*

(v 0)a(y) (l(l))> =0for [#0 modk
This shows that sign, (V) = signg(V}). Therefore

Na(M) = 15(My) = 7 ((sign, (V) — ksign(V)) — (signg(Vy) — sign(Vy)) =
= (sign(V) — ksign(V'))
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Denote by ¢ : Z/k — U(k) = U(C[Z/k]) the canonical representation, then sign (V) =
sign(V},). Note that ¢ = ¢ @ --- ® ¢, where ¢; : Z/k — U(1),n — €™/ hence

%(sign(Vk) — ksign(V)) = (signw@ EB(pk(V) — ksign(V)) =
_ 1 ZZ | (sign,, (V) — sign(V))
= i >t Oanij 1K)

Now proposition 3.7 concludes the proof of the first part of the proposition.

The second statement of the proposition follows from proposition 2.9 and the ob-
servation that A(1 —w) + AY(1 — @) for some w € S if and only if Ag(w) =0. O

Combining propositions 5.5 and 5.6 we get the following corollary.

Corollary 5.7. Let K be a knot, k any number, m a prime power and x : Hy(Ly) —
C,, a character, then

T(K,x) = 0 € Lo(Fy(1)) @2 Q
& na(Z,XJ)(M) (M, k:) =0€Z for all (j,m) =1, all transcendental z € S*

In particular if K is algebraically slice and k such that Hy(Ly) is torsion, then we get

T(K,x) =0 € Lo(Fy(1)) ®2 Q
S Na (M)=0€Z for all (j,m) =1, all transcendental z € S*

(z:x7)

5.4. Relation of Casson-Gordon’s theorem to the main theorem. We say

that a knot K C S has zero Casson-Gordon obstruction if for any prime power k

there exists a subgroup @Q C TH;(M}) such that Q = Q+ with respect to Ay, and

such that for any prime power m and y : THi(My) — Cp,, with x(Q) = 0 we get
T(K,x) =0 € Lo(Fy(t)) ® Q.

The following is an immediate consequence of corollary 5.7.

Theorem 5.8. Let K be an algebraically slice knot. Then K has zero SE—obstruction
if and only if K has zero Casson-Gordon obstruction.
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6. OBSTRUCTIONS TO A KNOT BEING RIBBON

In the following we’ll fix a tubular neighborhood S® x [0,1] C D* such that S® =
53 % 0.

Definition. A knot K C S® = 83 x {0} is called ribbon if there exists a smooth disk

D in S3 x [0,1] € D* bounding K such that the projection map S® x [0,1] — [0,1]
is a Morse map and has no local minima. Such a slice disk is called a ribbon disk.

Proposition 6.1. If K is ribbon and D C D* a ribbon disk, then the maps
i m(SP\K) — m(D*\ D)
7T1(MK) — 7T1(ND)
Hl(MK,A) — Hl(ND,A)

are surjective.

Proof. The first statement is shown in [G81, lemma 3.1] and [K75b, lemma 2.1]. The
other statements follow immediately from the first one. O

The following proposition gives an equivalent definition of ribbon knots.

Proposition 6.2. A knot K is ribbon if and only if K is the boundary of a singular
disk f : D?> — S® which has the property that each component of self-intersection is an
arc A C f(D?) for which f~'(A) consists of two arcs in D? and one lies in int(D?).

Proof. If D is such a singular disk then we can push it into S x [0, 1] C D* to remove
the singularities. It is obvious that we can arrange the pushing such that the map
D — [0, 1] has no local minima.

The converse is shown in [T69, lemma 1.28]. O

It is a longstanding conjecture of Fox (cf. [F61, problem 25]) that slice knots are
ribbon. We'll prove a ribbon-obstruction theorem (theorem 6.4) which ostensibly
will be stronger than the corresponding theorem for slice knots (theorem 4.11), and
therefore potentially gives a way to show that a given slice knot is not ribbon.

6.1. Main ribbon-obstruction theorem.

Proposition 6.3. Assume that K is ribbon, D a ribbon disk, then Hi(Np,A) is Z-
torsion free, in particular P := Ker{ H,(My,\) — H,(Np,A)} is a metabolizer for
Api-

Proof. According to [L77, thm. 2.1 and prop. 2.4] there exists a short exact sequence
0 — Exti (Hy (N, M, A)) — Hy(N,A) = Ext) (Hy(N, M,A)) — 0

Here H{(N,A) denotes H{(N,A) with involuted A-module structure, i.e. t-v :=
t~'v. Furthermore Ext}(Ho(N, M, A)) is Z-torsion free (cf. [L77, prop. 3.2]). In
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order to show that H;(V,A) is Z-torsion free it is therefore enough to show that
H(N,M,A) =0. Consider the exact sequence

Hl(M,A) — Hl(N,A) — Hl(N,M,A) — H()(M,A) — H()(N,A) — 0

The last map is an isomorphism. By proposition 6.1 the first map is surjective. It
follows that H, (N, M, A) = 0.

The second part follows immediately from proposition 2.7. 0

Theorem 6.4. Let K C S® be a ribbon knot. Then there exists a A-subspace P C
Hy (Mg, A) such that P = P+ and such that for any a € PJ'" (7 (My)) vanishing on
0 x P we get no(Mg) = 0.

Proof. Let P := Ker{H;(My,A) — H;(Np,A)} where D is a ribbon disk for K.
Then P = PL by proposition 6.3. Let a € Py(m(M)) which vanishes on 0 x P. Then
« defines a representation of Z x Hy(M,A)/P, but Hi(M,A)/P — H{(N,A) is an
isomorphism by proposition 6.1. Hence « defines a representation of Z x H; (N, A),
hence a extends to 7 (V). The theorem now follows from proposition 4.7. O

As a corollary we get the following, somewhat weaker ribbonness obstruction, which
we’ll use in section 10.4 to show that a certain knot is not ribbon.

Corollary 6.5. Let K be a ribbon knot and k any number such that Hy(Ly) is finite.
There exists Py C THy(My) such Py = P,j with respect to A, and such that for all
X : TH (M) — St of prime power order, vanishing on Py, and for all transcendental
z € St we get o, (Mg) = 0.

Proof. Let P := Ker{H, (Mg, \) — H,(Np, A)} where D is a ribbon disk for K. Then
P = Pt with respect to Ap;. Let k be such that H;(Ly) is finite. Let Py := my(P) C
TH, (M) = Hy(M,\)/(t*—1). Then P, is a metabolizer for Ay, by proposition 2.18.
Let x : THi(My) — S* be a character of prime power order, vanishing on P, and
z € S! transcendental. Then « = «,,) vanishes on 0 x P since x vanishes on 7 (P),
therefore we get 7, (Mx) = 0 by theorem 6.4. O

Remark. 1f we compare the main slice obstruction theorem 4.11 with corollary 6.5 and
theorem 6.4 we see that the ribbon obstruction theorem is stronger in two respects.
When K is ribbon

(1) we can find metabolizers P, which all lift to the same metabolizer of the
Blanchfield pairing,

(2) the representations for non-prime power dimensions don’t have to be tensor
products (cf. the example after theorem 4.11).

Remark. We say that a knot K is (k)-homotopically ribbon if K is slice, and there
exists a slice disk D such that

1 (S°\ K)/mi(S*\ K)**D = iy (D*\ D) /m (D*\ D)+
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is surjective. It is clear that theorem 6.4 holds for (1)-homotopically ribbon knots.

The concept of homotopically ribbon knots was first introduced by Casson and Gordon
[CG83].

6.2. The Casson-Gordon obstruction to a knot being ribbon. For complete-
ness sake we quickly recall Casson-Gordon’s ribbon obstruction theorem. We won’t
need it later, but it may be interesting to compare it to theorem 6.4 since it loosens
the ‘other’ prime power condition.

Let K C S be a knot and k a number. Let x : Hi(L;) — C,,, C S! be a character.
Then there exists a finite number r such that - L; bounds a 4-manifold W such that
X extends to m; (W) — C,,. Define

o (., x) =~ (sign, (V) — sign(1V)

Casson and Gordon show that this number is well-defined and prove the following
theorem [CG86, p. 154]

Theorem 6.6. Let K be a ribbon knot with ribbon disk D and k a prime power.
Denote the k-fold covering of D*, branched along the ribbon disk, by Wy. Then there
exists Py C Hy(Ly) such that Py = Pt and such that if x : Hi(Ly) — S' is a
character, vanishing on Py, and if m (W) is finite, then o(K, x) = %1.

Note that y does not necessarily factor through a group of prime-power order.
The condition that 7 (W) is finite is of course very restrictive, but it is satisfied for
example in the case Casson and Gordon consider.

Remark. Ruberman [R88] and Matic [M88] showed independently that the conclusion
of the theorem also holds for smoothly slice knots. It does not necessarily hold for
locally flat slice knots.

Finally we quote the following theorem.

Theorem 6.7. [CG86] Let K C S°. Let x : Hi(Lg) — Ci, be a character inducing a
cover Ly of L. If Hi (L, Q) =0 then

lo(K, x) — (K, x))| <1
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7. OBSTRUCTIONS TO A KNOT BEING DOUBLY SLICE

A knot K C S? is called doubly slice (or doubly null-concordant) if there exists an
unknotted two-sphere S C S* such that SN S% = K. It is clear that a doubly slice
knot is in particular slice. Fox [F61] first posed the question which slice knots are
doubly slice .

We say that knot K is algebraically doubly slice if K has a Seifert matrix of the
form ( g g) where B, C' are square matrices of the same size.

We quote some results about doubly slice knots (cf. [S71], [L89] and [R83]).

Theorem 7.1. (1) If K C S® is doubly slice then K is algebraically doubly slice.
(2) If K is algebraically doubly slice then o,(K) =0 for all z € S*.
(3) There exist slice knots which are not doubly slice.
(4) There are knots in all odd dimensions which are algebraically doubly slice but
not doubly slice.

We prove the following new doubly slice obstruction theorem.

Theorem 7.2. Let K C S? be a doubly slice knot. Then there exist A-subspaces
P, P, C Hi(Mg,A) such that

(1) Hl(MK,A):Pl@P27 )
(2) for i = 1,2 we have P; = P+ and for any o € P (m(Myg)) vanishing on

0 x P; we get no(Mg) = 0.

Proof. Let S C S* be an unknotted two-sphere such that SN .S? = K. Intersecting S
with {(z1,...,25) € R%|z5 > 0} and {(z1,...,25) € R’|z5 < 0} we can write write
S = D?Ug D3 and S* = D} Ugs Dj. Let N; = D} \ D2, then Ny N N, = S\ K and
Ny UN, = 8*\ S. From the Mayer-Vietoris sequence we get
H{ (Mg, A) = H (N, A) @ Hy(No, A)
since Hy (Mg, A) = H (S*\ K,A) and H;(S*\ S,A) = 0 since S is trivial.
Now let P; := Ker{H;(M,\) — H;(N;,A)}, the proof concludes as the proof of

the main ribbon obstruction theorem 6.4 since Hy (Mg, A) — Hy(N;, A) is surjective
fori=1,2. O

Remark. (1) The proof of theorem 7.2 shows in particular that if K is doubly slice
we can find a slice disk D such that H;(Np, A) is Z-torsion free.
(2) Comparing theorem 7.2 with theorems 4.11 and 6.4 we see that doubly slice
knots immediately have zero (doubly) ribbon obstruction.

Question 7.3. Using the notation of the proof we get from the van Kampen theorem
that for a doubly slice knot

Z = (D \ D7) sy 521y T (D5 \ D3)
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Can we conclude that 7 (S*\ K) — m (D} \ D?) is surjective for at least one i? If
yes, then this would show that a doubly slice knot is in fact homotopically ribbon. One
can go further and ask whether doubly slice knots are in fact ribbon or doubly ribbon.
The first part of the question is of course a weaker version of the famous ‘slice equals
ribbon’ conjecture.

This question can be but in purely group theoretic terms. If H, G, Gy are groups
normally generated by one element, f; : H — G; maps which send a normal generator
to a normal generator, then if Gy xg Gy = 7Z can we say that either fi or fy is
surjective?

Remark. Taehee Kim [K02] introduced the notion of (n,m)-solvability (n,m € iN)
and introduced L?-eta invariants to find highly non-trivial examples of non doubly
slice knots.
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8. GILMER’S AND LETSCHE’S OBSTRUCTION

We say that K C S® has zero weak-ribbon—eta—obstruction (WRE-obstruction)
if there exists a A-subspace P C H;(My,A) such that P = P* with respect to
the Blanchfield pairing and such that for any prime power k£ and any irreducible
representation o : m(My) — Z x Hy(My, A) — U(k) vanishing on 0 x P and lying
in PN (1) (Mg)) we get na(Mg) = 0.

We say that a knot K C S? has zero weak—tensor-ribbon—eta—obstruction (WTRE—
obstruction) if there exists a A-subspace P C H;(My,A) such that P = P* with
respect to the Blanchfield pairing and such that for any prime number p and any
choice of prime powers ki,...,k, and irreducible representations «; : m(Mg) —
Z x H{(M,A) — U(k;) vanishing on 0 x P and lying in P,z:;’md(m(MK)) we get
Nay@-@a, (MK) = 0.

Proposition 8.1. Let K be a slice knot and D a slice disk such that
P = Ker{H(My,\) — H;(Np,A)}

s a metabolizer for the Blanchfield pairing, then K has zero WTRE-obstruction.

Proof. Let k be a prime power. Denote the k-fold cover of Np by Ni. From corollary
2.14 we get H,(M,A)/(t* — 1) = TH(My), similarly, using lemma 2.3 one gets
Hy(N,A)/(tF — 1) = TH{(Ny).

Let a € P/™"™(x;(M)) which vanishes on 0 x P, then we can find z € S',y :
H{(M,A\) — TH;(My) — S' such that @ = o). Then x vanishes on P, :=
P/(th —1) € TH(My). Let

Qk: = Ker{THl(Mk) — THl(Nk))}
It is clear that P, C Q. Since k is a prime power we know that |Qy|*> = [T Hy(My)|

by proposition 2.15, and by proposition 2.18 we also know that |P;|* = |T Hy(Mjy)].
This shows that P, = ).

The proof of theorem 4.9 now shows that 7,(M) = 0. Thus K has zero WRE-
obstruction, the proof of theorem 4.11 shows that K has even zero WTRE—obstruction.
O
Let D be a slice disk for K such that
P .= Ker{Hl(MK7 A) — I’Il(]VD7 A)} = Ker{Hl(MK, A) — FzHl(ND, A)}

then P := P+ by proposition 2.7. This is in particular the case when H,(Np, A) is
Z-torsion free. From the proofs of theorem 7.2 and of proposition 6.3 it follows that
any ribbon knot and any doubly-slice knot has zero WTRE-obstruction.

Question 8.2. Let K be a slice knot, can we always find a slice disk D such that
Ker{Hl(MK,A) — Hl(ND,A)} = Ker{Hl(MK,A) — FzHl(ND,A)}



42

Remark. Similarly to the above proposition one can show the following. Let K be
a slice knot and D a slice disk. Let P := Ker{H,(M,A) — F;H,(Np,A)}. Then
P = Pt Tet y : H(M,A) — S'is a character vanishing on P of prime power
order ¢ such that ged(q,g) = 1 for any g € TzH,(Np,A). Then n, = 0 for any
transcendental z.

8.1. Gilmer’s obstruction. Let K be a knot, F' a Seifert surface. Pick a basis
at, ..., a9, for Hi(F'), denote by A the corresponding Seifert matrix. Let I' := (A" —
A)~1A" and k such that H;(Lg) is finite. Define oy : H;(F) — Hy(F) to be the
endomorphism given by T* — (I' — 1)* and define B* C H,(F,Q/Z) to be the kernel
of pr ® Q/Z. For a prime number p define B;f to be the p-primary part of B¥.

Let Y be S? slit along F' (cf. section 2.3). Denote by «y,...,az, € Hi(Y) the dual
basis with respect to Alexander duality, i.e. lk(a;, ;) = d;;.

Recall that we can construct X, from glueing together k£ copies of Y, there are
therefore k£ canonical lifts of Y to Xy C L;. Pick one, denote the lifts of «; by &;.
These generate Hy(Ly), in fact (cf. proposition 2.9)

Hy(Ly) = (EP Za:) /T,
Claim. The map
BY — HYL,,Q/Z) = Hom(H,(L;),Q/Z)
Yora; — (& — rj) where r; € Q/Z

is well-defined and an isomorphism.

This is a special case of the following. Let H := Z"/C® for some matrix C. One
can easily see, that we can identify Hom(H, Q/Z) with the set of column vectors with
Q/Z-entries which become integral when multiplied by C.

In the following, for H a Z-torsion module, we identify Hom(H, Q/Z) and Hom(H, S!)
via

Hom(H,Q/Z) — Hom(H,S')
f — 627rif

The map B*¥ — H'(L;,Q/Z) is not canonical, since we picked a lift Y — L. Let
X € B¥, the k different lifts give k characters x; € H'(Ly, Q/Z),i = 1,...,k. But the
Xi,t = 1,...,k give the same Casson-Gordon invariant, hence we get a well-defined
Casson-Gordon invariant 7(K, x) € Lo(Fy(t)) ® Q for x € B*.

We say that a knot K has zero Gilmer obstruction for a Seifert surface F' if there
exists a metabolizer H for the Seifert pairing on H;(F') such that for all prime powers
k and primes p, 7(K, B;f N(H ® Q/Z)) = 0. More precisely, for a character x €
BN (H ® Q/Z) we get 7(K, x) =0 € Lo(F\(t)).

Gilmer’s theorem (cf. [G93, p. 5]) says that a slice knot has zero Gilmer obstruction
for all Seifert surfaces. Unfortunately the proof has a gap. On page 6, the statement
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that H @ Q/Z is the kernel of p, (Gilmer’s notation in the paper) is not necessarily
true since tensoring with Q/Z is not exact. Furthermore the proof of the cancellation
lemma 5 has a gap as well, namely on line 12. Note that the same problem appears
in Gilmer’s earlier paper [G83]. The following weaker statement is correct.

Theorem 8.3. Let K be a ribbon knot, then K has zero Gilmer obstruction for at
least one F.

Proof. This follows from the proof of Gilmer’s theorem (cf. [G93, p. 5]) if we can
avoid the above mentioned problem. In fact, it is enough to show that one can find
a Seifert surface F and a manifold R® such that (R) = F Uy D, such that H,(R)
is torsion-free. This can be done for ribbon knots, using the following observation of
Gilmer.

If K is ribbon, D a ribbon disk, then we can construct a Seifert surface F' for K
by resolving the ribbon intersections. We do surgery to this surface in the 4-ball
along unknots on F' around each ribbon intersection. The trace of this surgery is a
3-manifold R which has boundary F' Uk D and is a handlebody, in particular H;(R)
is Z-torsion free. 0

Theorem 8.4. A knot K has zero Gilmer obstruction for all Seifert surfaces if and
only if K has zero WRE-obstruction.

Proof. Assume that K has zero WRE—-obstruction. Let F' be a Seifert surface for
K. For all prime powers k fix a map B¥ — Hom(H,(Ly),Q/Z) = Hom(H, (L), S?)
induced by a lifting Y — L.

By assumption there exists a A-subspace P C H; (Mg, A) such that P = P+ with
respect to the Blanchfield pairing and such that for any prime power k and any
irreducible representation o« : m (Mg) — Z x H (Mg, ) — U(k) vanishing on 0 x P
and lying in Py (m(Mg)), we get n,(Mg) = 0.

Let g be the genus of F. Trotter [T'73] shows that we can find a basis by, ..., by,
for Hy(F') such that for some 1 < g < g the following holds for the Seifert matrix A:

(1) the matrix A obtained by restricting A to the first 2§ rows and columns is a
minimal Seifert matrix for K,

(2) the matrix A is obtained from A by elementary row and column enlargements
(cf. [T73]).

Schematically A is of the following form

S ¥ O D
O * O D ¥
o X OO
—o oo o
coocoo



44

where A is minimal, in particular invertible (cf. [T73]). Denote by By, ..., By €
H,(Y) the dual basis. We can lift 5,..., [y, to elements B, ...,ng which gen-
erate Hi(M,A), in fact with respect to this generating see we have H;(M,A) =
A29/(At — AY). Tt is easy to see that ngﬂ =0,... ,ng =0 ¢€ H(M,A), in particular
Hy(M,A) = A%/ (At — AY).

The proof of the main theorem in Kearton [K75] shows that we can find a basis
ai,...,az for V := span{by,...,by3} C Hi(F) such that a,...,a; generate a me-
tabolizer for the Seifert pairing restricted to V' and such that the corresponding dual
elements &i1,...,095 € Hi(Mg,A) span the given metabolizer P C Hy (Mg, A).
Now let H := span{al, ..., 05, b2§+27 bg§+4, e bgg} C Hy (F) We’ll show that H has
the required properties.

It is clear that H is a metabolizer for the Seifert pairing. Now let k£ be a prime power
and Yy € B*¥ N (H ® Q/Z) a character of prime power order m. From the definition
of B¥ — Hom(H (L), Q/Z) it is clear that the x7,5 = 1,..., m correspond to char-
acters H,(Ly) — S vanishing on span{d;1,..., &3} C Hy(L), which in turn cor-
respond to characters x? : H; (Mg, A) — S* vanishing on P = span{dy1,..., 05} C
Hi(Mg,A). For all transcendental z € S' we get o,y € Py(m(Mg)), therefore
M, ) (M) = 0. Using corollary 5.7 we see that this implies 7(K, x) = 0 € Lo(F\()).

Now assume that the conclusion of Gilmer’s theorem holds. Let F' be a Seifert
surface of genus ¢g. Let H C H(F) be the metabolizer for the Seifert pairing, then
we can find a basis ay, ..., ay, for Hy(F) such that a,...,a, is a basis for H. From
proposition 2.6 it follows that the lifts Gyyq,..., 00, € Hi(M, A) span a metabolizer
P C Hi(Mg,A). Let k be a prime power and let a(,,) € Py (m(Mg)) be a
representation such that y : Hi(Mg,A) — Hy(L;) — S! vanishes on P. It is easy
to see that under the isomorphism B* = {H,(Ly) — Q/Z} the character y lies in
BfN (H ® Q/Z), hence Nog..., (M) = 0 for all transcendental z by corollary 5.7. [

Corollary 8.5. If K has zero Gilmer obstruction for one Seifert surface, then K has
zero Gilmer obstruction for all Seifert surfaces.

This follows immediately from the above theorem, since if the conclusion of Gilmer’s
theorem holds for one Seifert surface, then K has zero WRE—-obstruction, which in
turn implies that the conclusion of Gilmer’s theorem holds for all Seifert surfaces.

8.2. Letsche’s obstruction. For x € H (Mg, A) define

B$ZZD<H1(MK,A) — ZIXSilA/A
(n7y) = (n7)\Bl(x7y))

Therefore any € H, (Mg, A) defines a map

ap i (My) = m(Mg) /o (Mg)® 2 Z x Hy (Mg, A) 25 Z x S7TA/A
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We say that a knot K has zero (prime power) Letsche obstruction if there exists a
A-subspace P C H,(Mp, A) such that P = P+ with respect to the Blanchfield pairing
and such that for any (prime power) k and any x € P and 6 € Ry,(Z x S™'A/A) such
that 0 o a, € P (m(Mg)) we get Ngoa, (My) = 0.

Letsche (cf. [LO00, p. 313]) proved that every slice knot has zero Letsche obstruction.
Unfortunately the statement of the last paragraph of the proof of lemma 2.21 is
incorrect. The following weaker statement is correct.

Theorem 8.6. Let K C S? be a slice knot and D a slice disk. If Ker{H,(Mg,\) —
H(Np,A)} is a metabolizer for the Blanchfield pairing, then K has zero Letsche
obstruction. In particular ribbon knots and doubly—slice knots have zero Letsche ob-
struction.

We give a complete proof, which differs somewhat from Letsche’s original proof.

Proof. Let x € P. Considering the long exact sequence we see that x = d(w) for some
w € Hy(N, M, A). The proof of proposition 2.7 shows that in fact Hy(N, M, A) =
TaxHs(N, M, A) and that there exists a Blanchfield pairing

Mgy TaHy (N, M, A) x TyH (N, A) — STTA/A
such that Ag(z,y) = Apn(w,i(y)) for y € Hy(M,A). We get a commutative
diagram (cf. [L0O, cor. 2.9])
B.’E

m(M) = Zx H(MA) 25 zZxs A/ L Uk
! ! I I
m(N) — ZxTyH(N,A) 25 ZxSA/A L Uk
This shows that # o a, extends over 71 (/N). The first part of the theorem now follows
from theorem 4.7.

The second part follows from proposition 2.7, proposition 6.3 and the remark after
theorem 7.2. U

Theorem 8.7. Let K be a knot. If K has zero WTRE—-obstruction, then K has zero
Letsche obstruction. Furthermore K has zero prime power Letsche obstruction iff K
has zero WRE—obstruction.

The proof of this theorem will occupy the remainder of this section.

Remark. Let ky, ..., ks be a set of powers of different prime numbers, and k = [[;_, k;.
Proposition 8.10 and the proof of theorem 8.7 show that K has zero Letsche ob-
structions if and only if 7g(Mg) = 0 for any 8 € 7 (m(Mg)) of the form § =
fioa,® - Rb,0a,,x € P, c P,Z;(Z x STIA/A).

On the other hand, the proof of theorem 8.7 shows that K has WTRE-obstruction
if and only if ng(Mg) = 0 for any § € PJ7 (7 (M)) of the form =600, ®---®
050 Qa,, T1,...,3, € P,0; € P (Zx ST'A/A).
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Question 8.8. Are all representations of the form 6y 0 oy, @ -+ @ 05 0 ay, in fact of
the form 6100, ® --- ® 0, 0 ay, for some x € P and representations 0;?

We first need some auxiliary propositions before we start the proof of theorem 8.7
in earnest. In the following we’ll identify the A-modules A/p(t) and p(t)"*A/A. Note
that for p(t), q(t) the injection p(¢t)~"A/A — (p(t)q(t))~'A/A corresponds under this

identification to A/p(t) UGN A/p(t)q(t).

Proposition 8.9. Let k be a prime power and p(t) € A such that p(1) = 1 and
a : Z x p(t)'AJA — U(k) an irreducible representation. Then « extends to an
irreducible representation & : Z x ST'AJ/A — U(k).

From the proof it is clear that the proposition is in general not true for k£ a composite
number.

Proof. Pick p;(t) € S,i=0,1,... such that p;(1) = 1 and such that for any f(¢) € S
we get f(¢)|[[,=, pi(t) for some s. Let q;(t) := [[;,p;(t) and fi : A/q;(t) = A/qiv1(2)
induced by multiplication by p;;1(¢). This defines a directed system (A/qi(t), fi)i>1-
It is easy to see that

STIA/A = ligl((/\/%(t% fi)iz1)
This means in particular that

Ry(Zx STA/A) = R (Hm((Z x A/gi(t),id X fi)iz1))

The inclusion mapping f; : A/q;(t) — A/qi;1(t) descends to amap -p;1(¢) : A/q;(t)/(tF—
1) = A/qiy1(t)/(tF —1). Since k is the power of a prime p we know that the irre-
ducible factors of t* — 1 are t — 1 and @, (¢), which have the property that ®,-(1) = p
(cf. lemma A.2). Since p;y(1) = 1 we get therefore ged(t* — 1, p;41(t)) = 1.

Claim. Let p(t), q(t) € A such that p(1) = ¢(1) = 1 and k such that ged(t* —1,4(t)) =
1, then

AJ(p(0),#* = 1) 5 A/ (p(t)a (1), 1 — 1)
is injective.

Let g(t) represent an element in the kernel. Then g(¢)q(t) = 0in A/(p(t)q(t), t*—1),
which means that g(t)q(t) = a(t)p(t)q(t) + b(t)(t* — 1) for some a(t),b(t) € A. But
ged(q(t),t* — 1) = 1 implies that ¢(¢)|b(¢) therefore g(t) = a(t)p(t) + c(t)(t* — 1) for
some c(t) € A. This shows that g(¢) = 0 € A/(p(t),t* — 1). This concludes the proof
of the claim.

Applying this to the above situation we get that -p;i(t) : AJg;(t)/(tF — 1) —
A/qgii(t)/(tF — 1) is an injection for all i. We can now apply proposition 4.8 to
complete the proof. O
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Proposition 8.10. Let p(t) € A such that p(1) = 1. If k = [[_, ki such that
ki,..., ks are powers of different prime numbers, then an irreducible representation o :
Zxp(t)"'AJA — U(k) factors through Zx STYA/A if and only if o = 0, ®- - -Qa, with
a; € R (Zx A/p(t)). Furthermore if p is a prime number, then o € P{7(Zx A/p(t))
if and only if a; € P (Z x A/p(t)) for all i.

Proof. One direction is clear, since if &« = a1 ® -+ @ a,, o4 € R (Z x A/p(t)), then
all the o;’s extend over Z x ST'A/A by proposition 8.9, but then the tensor product
extends as well.

Now we show the converse. For simplicity’s sake we’ll show the converse only for

k

the case s = 2. Let h(t) := %, an easy argument (e.g. using lemma A.2)
shows that indeed h(1) = 1, in fact h(t) is the largest polynomial dividing t* — 1 with
this property.

Claim. Let q(t) € A such that ¢(1) = 1, then the kernel of

A/Ga(0),#* = 1) =% A/((0)h(e), ¢ ~ 1)
is the A-subspace generated by (tklfi),(fkbl) = tz(;)l. In particular, if x : A/(q(t),#* —
1) — S* factors through A/(q(t)h(t),t* —1), then it has to vanish on tz(—_t)lA/(q(t), th —
1) € Af(a(t), 1~ 1),

k1 __ ko _ k_ . .
LoDl th(t)l =: f(t) lies in the

kernel. Conversely assume that g(¢) represents an element in the kernel. Then

g(D)h(t) = a(t)a(t)h(t) +b(t)(t* — 1)
for some a(t),b(t) € A. Therefore (g(t) — a(t)q(t))h(t) = b(t)(t* — 1). Note that
f@O)|(#* — 1) and ged(f(t),h(t)) = 1, therefore f(t)|(g(t) — a(t)q(t)), ie. g(t) —
a(t)q(t) = f(t)c(t) for some c(t) € A. But this shows that g(t) = f(t)c(t) €
A/(q(t),t* —1). This completes the proof of the claim.

Recall that for a(,,) € Ry (Z x A/p(t)),i = 1,2 we get (s ) ® Qayiye) =
21 zax1x2) € Rfc’"l’}€2 (Z x A/p(t)), and conversely, if for o = av(, ) we have x = x1 - X2
with x; : A/(p(t),t* — 1) = A/(p(t),t* — 1) — S, then a can be written as a tensor
product.

Claim. Let q(t) € A such that ¢(1) = 1, then the kernel of
A/(q(t),t" = 1) = Af(q(t). " — 1) x A/(g(1), £ — 1)

thi-1)(th2—1) _ k1
i—1 - h(p) -

It is clear that the subspace generated by (

is the A-subspace generated by (

It is clear that the subspace generated by % lies in the kernel. Conversely,

suppose that g(t) represents an element in the kernel. Then, after adding an element
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in ¢(t)A we can assume that ¢(¢) is of the form

g(t) = a(t)(t™ —1) = b(t)(t" — 1) + c(t)q(t)

for some a(t),b(t),c(t) € A. Since ged(tFr — 1, tl?__ll) = 1 we can find r(t),s(t) € A
such that

th — 1
t—1

=1

r)(* — 1) + s(t)
Combining the two equations we get

g(t) = a(®)(t" = 1) = b(t)(t" — 1) + c(t)g(t)(r(t ),gtkl — 1)+ ()5 =
= (c(t)a(®)s(t) +b(t)(t — 1)) 5" + c(t)g(t)r(t) ("
b

Since ged (" — 1, ttz —1) = 1 it now follows that (t* — 1)|(c(t)q(t)s(t) +
therefore

-1
)t = 1)),

A th2 — 1
o) = do) (¢~ 1)
for some d(t) € A, which proves the claim.
Now assume that a = a(,y) € Ry"(Z x A/p(t)) extends to Z X STA/A then
x : A/(p(t),t* — 1) factors through A/p(t) — A/(p(t),tF — 1) A/( (t)h ( )tk —
1) — S'. In particular by the first claim y has to vanish on th(t)lA/( (t),t" — 1) C

A/(p(t),t* —1). From the second claim it follows that y can be written as a product
of characters x; : A/(q(t),t* — 1) — A/(q(t),t* — 1) — S'.i = 1,2. But this means
that a(Z7X7k) = a(Zathl) ® a(17X27k2)'

+e(t)r(H)(" = 1)q(t)

The second part of the proposition follows from the observation that y factors
through a p-group if and only if all the y; do. 0

Now we can turn to the proof of theorem 8.7. Assume that K has zero WTRE-
obstruction. Denote the corresponding metabolizer by P. Let © € P,0 € Ry(Z X
ST'A/A) such that 6 o o, € P{7(mi(Mg)). Since the Blanchfield pairing factors
through Ag(t)"'A/A we can in fact find 8, : m(Mg) — Z x Ag(t)"'A/A and

€ P (Z x Ag(t)~'A/A) such that 6 o o, = 70 §,. Note that +y is irreducible, since
(M) = Z x Ak ()" A/A is surjective. Now write k = [[;_, k; such that kq,..., ks
are powers of different prime numbers, then according to proposition 8.10 we can
write ¥ = 1 ® -+ ® 7, with v € P” (Z X Ag(t)"'A/A). Let a; := v; 0 B, then
o; € P,Z;’met(m(MK)) and 0o, = a; ® -+ ® ay, and therefore by assumption

Nooa,, (MK) = N1 ®--®as (MK) =0

This also shows that if K has zero WRE—obstruction, then it has zero prime power
Letsche—obstruction.

Now assume that K has zero prime power Letsche-obstruction, denote the corre-
sponding metabolizer by P. It is enough to show that for any prime power k£ any
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representation o € Py (7 (M)) vanishing on 0 x P, is actually of the form 6 o a,
for some x € P, 0 € Ry(Z x ST'A/A).

Now let a = a(, € Py (m(M)) be a representation vanishing on 0 x P,
i.e. x(P) = 0. To show it is of the form # o «, we need to use an ‘intermediate
Blanchfield pairing’, connecting the linking pairing with the Blanchfield pairing . We
have pairings (cf. section 2.6)

/\L : THl(Mk) X THl(Mk) — Q/Z
)\Bl,k : THl(Mk) X THl(Mk) — Sk_lAk/Ak
Apl - Hl(M, A) X Hl( A) — S_IA/A

which are related as follows. For ¢,d € Hy(M,A) and ¢ := m4(&),d := mp(d) €
TH,(My) = H(M,\)/(t* — 1) we have

Api(e,d) = S0 A (e, tid)t
Api(é,d) = Apiple,d) € STIA/A/(tF — 1) = S AR/Ay,
Furthermore A (tc, td) = A (¢, d). Since Ay is non-degenerate, and S! is divisible, we
can find 0 : Q/Z — S' and z € TH;(M,) such that x(v) = 6 o A\p(z,v) for all v.
Since x : Hi(M,A) — TH,(My) — S* vanishes on P hence on Py, and since P, = P;-
(cf. proposition 2.18) we see that in fact z € Py. Using x(t'v) = 0 o Ay (z, thv) =
0 o A\ (t 'z, v) we get that o factors as follows:

i x,— “lz,-),.. kg
7T1(M) = Z % THl(Mk;) 1d><(>\L( ’ ))\L(t s )5 7)\L(t ) ))> Z X (Q/Z)k — U(k)

where Z acts by cyclic permutation on (Q/Z)* i.e. 1-(rg,..., 75 1) = (Pk_1,T0,- -+ Tk 2)-
Since {1,¢,...,t*7!} forms a Z-basis for A; we get isomorphisms
Zx(Q/Z)F = Zx (Q/Z)[t,t*]/(t" 1) = Zx (Q® A)/Ax
(n, (TO;---;Tszl)) — (n,ro +rit 4+ +7"k,1tk71)

Using the relation between Ay and Ap;; we see that the representation « factors in
fact as follows:

(M) — Z x THy (M) "S5 0 (@ @ M) /Ay — U (k)

Using that (Q ® Ay)/Ax — S "Ax/Ay is an embedding and applying proposition 4.8
we see that « factors in fact as follows

idX)\Bl,k(I,—)

(M) — Z x TH, (M) Zx S, ' Ag /Ay — U(k)
Let £ € P be a lift of x € P, = P/(t* — 1). Consider the following commuting
diagram:

n(M) = Zow H(M,A) 220D g g1y

N\ 4 . !
Zx THy(My) 222D gty n, = Uk)
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this shows that « is in fact of the form o = foay, for some z € P, 0 € Ry(Zx S~ 'A/A)
such that 6 o o, = o € Py(m1(M)). This completes the proof.
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9. THE COCHRAN-ORR-TEICHNER-SLICENESS OBSTRUCTION

9.1. The Cochran-Orr-Teichner-sliceness filtration. We give a short introduc-
tion to the sliceness filtration introduced by Cochran, Orr and Teichner [COTO1].
Recall that for a group G we denote by G the i** derived group of G, defined in-
ductively by G© := G and GOV := [GD, GP]. For a CW-complex W denote by
W™ the cover corresponding to m; (W)™, Denote the equivariant intersection form

Hy (W) x Hy (W) — Z[m (W) /m(W)™]

by A,, and the self-intersection form by p,. An (n)-Lagrangian is a submodule
L C Hy(W™) on which A, and g, vanish and which maps onto a Lagrangian of
)\0 : HQ(W) X HQ(W) — 7.

Definition. [COTO1, p. 6, p. 58] A knot K is called (n)-solvable if My bounds a
spin 4-manifold W such that H,(Mg) — H,;(W) is an isomorphism and such that
W admits two dual (n)-Lagrangians. This means that ), pairs the two Lagrangians
non-singularly and that the projections freely generate Hy(W).

A knot K is called (n.5)-solvable if My bounds a spin 4-manifold W such that
H,(Mg) — H(W) is an isomorphism and such that W admits an (n)-Lagrangian
and a dual (n + 1)-Lagrangian.

We call W an (n)-solution respectively (n.5)-solution for K.

Remark. (1) The size of an (n)-Lagrangian depends only on the size of Hy(Np),
in particular if K is slice, D a slice disk, then Np is an (n)-solution for K for
all n, since Hy(Np) =0 and Np = D*\ N(D) is spin.

(2) By the naturality of covering spaces and homology with twisted coefficients it
follows that if K is (h)-solvable, then it is (k)-solvable for all & < h.

Theorem 9.1.
K is (0)-solvable < Arf(K) =0
K is (0.5)-solvable < K is algebraically slice
K is (1.5)-solvable = Casson-Gordon invariants vanish and K algebraically slice

The converse of the last statement is not true, i.e. there exist algebraically slice knots
which have zero Casson-Gordon invariants but are not (1.5)-solvable.

The first part, the third part and the < direction of the second part have been
shown by Cochran, Orr and Teichner [COTO1, p. 6, p. 72, p. 66, p. 73]. We’ll
prove the = direction of the second part, since there’s no complete proof in the
literature. Tachee Kim [K02] showed that there exist (1.0)-solvable knots which have
zero Casson-Gordon invariants, but are not (1.5)-solvable (cf. also proposition 10.14).

Theorem 9.2. Let K be a knot, F' a Seifert surface and H C H{(F') a metabolizer for
the Seifert pairing. Then there exists a (0.5)-solution W and a manifold R*> C W with
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O(R) = FUD?, D* C My being the core of the surgery, such that H = Ker{H,(F) —
1,(R)}.

Proof. Pick a basis ay,...,as, € Hi(F) such that H = (ay,...,a4)z. Denote the
Seifert matrix corresponding to the basis a1, ..., as, € H1(F) by A. We can represent
a; by embedded circles which we’ll also denote by a;.

We can find a map ¢ : F x [0,1] x [-1,1] — D* with the following properties:

(1) t|(rxoxo) is the usual embedding of F, t|(xxsxy) is constant in the (s, ) direc-
tion.

(2) «(int(F) x 0 x [-1,1]) C S3.

(3) L’(z’nt(F)x[O,l}x[—l,l]) is an embedding.

The map ¢ should be viewed as a bicollared push-in of F into D*. Write F, for
L(F x1x0). Let N := D*\ (F, x int(D?)). Note that H;(N) = Z. Let C be a
handlebody of genus g. Pick a diffeomorphism f : F, Ugxo K x [0,1] Ugx; D* = C
such that Ker{f. : H,(F}) = Hi(C)} = {as, ..., ag). Let W= N Upuig, o C % St
We claim that W has the required properties.

First note that O(W) = Mg, we’ll identify (W) and Mg. One easily sees that
H,(Mg) — H{(W) is an isomorphism. Denote the (t) = Z-fold covers of N,W by
N,W.

We’ll first study the homology of N. We can build N from glueing together Z-copies
of Dp := (D*\«(F x[0,1]x (—1,1)))NN, which is diffeomorphic to D*, along Z-copies
of Fi, := «(F x [0,1] x 0) N N. Note that H\(F) = H,(F},) = Hi(F,). Let ay; :=

v(a;, & 3 +1). Denote by ¢41(a;) the cone on ayq in Dp. Let BN := ¢_(a;) U—tc.(a;) €
H,(N). A Mayer-Vietoris argument shows that Hy(N) = @79 AN and H,(N) = 0.
It’s easy to see that the projections 3 € Hy(N) are dual to ayy; € Hy(F,) (where we
take the index modulo 2g) via the linking pairing, in particular 8~ = a; x S' € Ho(N).

Ko shows that the intersection pairing on Hy(NN) with respect to 61 ,...,629
given by

AQ -t + A1 —1¢)

and the self-intersection pairing is given by

BY = (L= t7)Ik(as ais) € A/{p(8) —p(t™1)Ip(1) € A}
Since A is metabolic it follows that the A-intersection pairing and the self-intersection
pairing vanish on (3\",...,5N)x
Now let’s turn to the homology of W. Consider the following Mayer-Vietoris se-
quence

— Hy(C x R) ®Hy(N) & Hy(W) S Hy(F, x R) = H,(C x R) @ H,(N) =
=0 =0
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Ko [K89, p. 539] showed that there exists a A-basis 1, ... ,ng € H,(W) such that
i» with respect to the bases 3 and ; is given by the matrix

J=diag(1—t¢,...,1—¢t,1,...,1)
~ N —

g times g times
and such that 9(5;) = a;,i = 1,...,g. Since the map i, preserves intersection numbers

and since the intersection forms are are A-linear we see tha~t that ‘ghe A-intersection
paring and the A-self-intersection pairing of W vanish on (8, ..., By)a.

Denote the projections of 5; by ;. The intersection pairing on Hy(W) vanishes by
naturality on (51, ..., )z We are done once we show that Hy(W) is of rank 2¢g and
that 31, ..., 3, span a subspace of rank g. Consider the Mayer-Vietoris sequence

cee —> HQ(prsl) — HQ(OXSl)@HQ(N) — HQ(W)—>
— Hl(FpX51> — H1<CX51>@H1<N) —

One easily sees that Hy(W) is of rank 2g. Consider

H,(W) — H\(F, xR)
- 3
HQ(W) — Hl(Fp X Sl)

From this commutative diagram it follows that 5i,..., 3, span a subspace of rank g
since the image of Gy, ... ,39 in H,(F, x S') spans a subspace of rank g. Thus W
is a (0.5)-solution for K. It’s clear that R := C' U «(F x [0,1] x 0) has the required
properties. [

We conclude this section with a side remark on algebraically doubly slice knots. A
knot K C S? is called doubly slice if there exists an unknotted two-sphere S C S*
such that SN S% = K.

We say that a knot K is algebraically doubly slice if K has a Seifert matrix of

g ? where B, C are square matrices of the same size. Sumners [S71]
showed that any doubly slice knot is also algebraically doubly slice.

the form

We get the following corollary from the proof of theorem 9.2.

Corollary 9.3. Let K be a knot which is algebraically doubly slice, then K 1s in fact
(1)-solvable.

Proof. Let F be a Seifert surface and ay, . .., asy € Hi(F') such that (ai,...,a,)z and
(@gy1,...,a94)7 are dual metabolizers for the Seifert pairing. We use the notation
and results of the above proof. The A-intersection pairing and the A-self intersection
pairing vanish on (Bi,...,5,)a and (Byi1,...,B2.)a. It only remains to show that
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Bys1s- -, Pag € Hay(W) span a subspace of dimension g. Consider
\ \
HQ(FI’ X Sl) — HQ(C X Sl) D HQ(N) — HQ(W)
Note that
(Hy(C' x SYy @ Hy(N))/Ho(F, x S') 2 Hy(N)/{ay x S*,...,a, x S
Since Byy; = B = agqs x ST we get that
(E{V,...,@V)Z — Hy(N)/{ay x S*,...,a, x ST)

is an injection, which completes the proof. O

9.2. L%-eta invariants as sliceness-obstructions. In this section we’ll very quickly
summarize some L2-signature and L2-eta invariant theory.

Let M? be a smooth manifold and ¢ : 7, (M) — G a homomorphism, then Cheeger
and Gromov [CG85] defined an invariant 77502)(M) € R, the (reduced) L?-eta invariant.
When it’s clear which homomorphism we mean, we’ll write n(GQ)(M, G) for ng(a?)(M).

It W* is a smooth manifold and ¢ : 7, (W) — G a homomorphism then Atiyah [A76]
defined an L2-signature sign® (W, ¢)) which agrees with the definition of L2-signature

given by Cochran, Orr and Teichner [COTO01, lemma 5.9]. The fundamental theorem
linking these definitions is the following.

Theorem 9.4. [COTO01, Remark 5.10] If 9(W,v) = (M3, ), then
N (M) = sign® (W, ) — sign(W)

Cochran, Orr and Teichner study when L2-signatures vanish for homomorphisms
m(Mg) — G, where G is a PTFA-group. PTFA stands for poly-torsion-free-abelian,
and means that there exists a normal subsequence where each quotient is torsion-
free-abelian.

Theorem 9.5. [COT02, p. 5] Let G be a PTFA-group with G™ = 1. If K is a knot,
and ¢ : m(Mg) — G a homomorphism which extends over a (n.5)-solution of Mk,

then 77502)(MK) = 0. In particular if K is slice and ¢ extends over Np for some slice
disk D, then n (M) = 0.

It’s a crucial ingredient in the proposition that the group G is a PTFA-group, for
example it’s not true in general that 77%2/),6(M k) = 0 for a slice knot K. One can show

that néQ/)k(MK) = Z?Zl 0,27k (), but this can be non-zero for some slice knot K,
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e.g. take a slice knot with Seifert matrix

0011
0001
4 1 101
0100

Then ng/)(i(MK) = —2 (cf. section 10.4).

This theorem gives an easy way to define strong sliceness-obstructions. It should
be compared to proposition 4.7. For eta-invariants we needed not only that the
representations extend over 71 (/Np), but that they are also of a certain type.

Let QA := Q[t, 1.
Theorem 9.6. [COTO01] Let K be a slice knot, then

(1) 5 (M) = 0.
(2) There exists a metabolizer Py C Hi(Mg,QA) for the Blanchfield pairing

Apio : Hi(My, QA) x Hy(Mg,QA) — Q(t)/Qlt, t ]
such that for all v € Py we get n? (Mg, B,) = 0 where 3, denotes the map

71 (My) = Z x Hy (Mg, N) = Z x Hy (Mg, QA) 22222 7, Q(t)/Q[t, 7]

Proof. Let D be aslice disk for K. The first part follows immediately from proposition
9.5 since Hy(Mg) — H,(Np) is an isomorphism. The proof of proposition 2.7 shows
that Py := Ker{H; (Mg, QA) — H,(Np,AQ)} is a metabolizer for Ag; . The proof
of theorem 8.6 shows that (3, extends over m(Np). The second part now follows from
proposition 9.5. [

Lemma 9.7. The maps

{metabolizer of Agi} <> {metabolizer of Api o}
P - PRQ
P@ﬂHl(MK,A) — P@

are inverses of each other and therefore define a bijection.

Proof. Let P be a metabolizer for A, and assume that nv € P for some v €
H{(Mg,N),n € Z, then in fact v € P. This follows from the observation that if
np € ANSTLA/A for some p € ST'A/A,n € Z, then p € A since SNZ = {+1}. The
lemma now follows immediately. O

We say that a knot K has zero L*-eta invariant of level 0 if ng)(MK) =0and K
has zero L*-eta invariant of level 1 if there exists a metabolizer Py C H; (Mg, QA)

for Ap; g such that for all x € Py we get néi)(MK)) = 0. Note that if K has zero
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L?-eta invariant of level 1 then by the above lemma and theorem 2.6 K is in particular
algebraically slice.
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10. EXAMPLES

In this section we’ll construct

(1) a knot which has zero L*-eta invariant of level 0, but is not algebraically slice,

(2) a (1)-solvable knot which has zero L2-eta invariant of level 1, but non-zero
SE—obstruction,

(3) a knot which has zero L?-eta invariant of level 1, zero STE-obstruction, but
is not ribbon, and

(4) a knot which has zero ST E-obstruction but non-zero L?*—eta invariant of level

1,

(5) aribbon knot K such that there exists no metabolizer Ps of (H,(Ls), A) with
the property that 7(K, x) = 0 for all (including non prime power) characters
X : THl(M5) — St

The idea is in each case to start out with a slice knot K and make ‘slight’ changes via
a satellite construction, the change in the eta invariants can be computed explicitly.

10.1. Satellite knots. We'll give two definitions of satellite knots. The first one
is easier to visualize, the second one is more useful for general constructions. Let
K C 8'x D? be an oriented knot. Let g be the oriented generator of Hy (S x D?) = Z.
The number w = w(K, S' x D?) defined by [K] = wg € H(T) is called the winding
number of K C S* x D?. Now let C' C S3 be an oriented knot.

Pick an orientation preserving diffeomorphism ¢ : S' x D? — N(C) such that
0.(9) =[C] € H(N(C)) and ¢(S* x 1) is a longitude for C. Denote the image of K
by S and the image of 1 x S' by A. Then S C S3 is called the satellite knot with
companion C, orbit K, winding number w and axis A, we write S = S(K,C).

We give an alternative definition of satellite knots. Let K,C € S® be knots, and
A C S*\ K a curve, unknotted in S?, then S*\ N(A) is a torus. Let ¢ : (N (A)) —
J(N(C)) be a diffecomorphism which sends a meridian of A to a longitude of C' and a
longitude of A to a meridian of C'. The space

SP\N(A) U, S*\ N(C)
is a 3-sphere and the image of K is denoted by S = S(K,C, A).

Pick ¢ : S*\ N(A) — S' x D? such that a meridian of A gets send to S* x z for
some z € S', then it is easy to see that S(K,C, A) = S(¢(K),C) furthermore these
two constructions give the same set of knots.

Proposition 10.1. If K C S' x D* C S? and C are slice (ribbon), then any satellite
knot with orbit K and companion C' is slice (ribbon) as well.

Proof. Let K C S' x D? ¢ S% and C be slice knots. Let ¢ : S* x I — S3 x I be
a null-concordance for C, i.e. ¢(S! x 0) = C and ¢(S' x 1) is the unknot. We can
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extend this to a map ¢ : S' x D? x I — 5% x I such that ¢ : S' x D? x 0 is the
zero-framing for C'. Now consider

WS XI5 KxT S xD*x1%8x]

Note that ¢ : S' x D? x 1 is a zero framing for the unknot, since linking numbers are
concordance invariants and ¢ : S x D? x 0 is the zero framing for C. This shows
that ¢ : S* x 1 — S3 x 1 gives the satellite knot of the unknot with orbit K, i.e. K
itself. Therefore ¢ gives a concordance between S = ¢(S* x 0) and K = ¢(S' x 1),
but K is null-concordant, therefore S is null-concordant as well.

Now assume that K, C are ribbon. Then we can find a concordance ¢ which has
no minima under the projection S' x [0,1] — S* x [0,1] — [0,1]. It is clear that 1)
also has no minima, capping off with a ribbon disk for K we get a disk bounding S
with no minima, i.e. .S is ribbon. U

Proposition 10.2. [COT02, p. 8] Let K be an (n)-solvable knot, C any (0)-solvable
knot, A C S®\ K such that A is the unknot in S® and [A] € 71 (S®\ K)™. Then
S =S(K,C,A) is (n)-solvable.

Note that we need that at least C' is (0)-solvable, i.e. Arf(C') = 0 which is equiv-
alent to Ag(—1) = £1 mod 8.

10.2. Eta invariants and L?-eta invariants of satellite knots. We’'ll compute
the eta invariants of satellite knots with winding number zero, following Litherland

[L84, p. 338], but generalizing his results to any S!'-character living on cyclic cover
of S3 branched along S.

Let S be a satellite knot with companion C, orbit K, axis A and winding number
0 and let £ be a number, not necessarily a prime power.

The curve A C S\ N(K) is null-homologous since the winding number is zero,
and therefore lifts to curves Aj,..., A; € Lg . Let N(fll), .. .,N(Ak) be disjoint
tubular neighborhoods of the A; projecting down to some fixed neighborhood N(A).
Lift the meridian and longitude of A to Lx; and call the resulting curves meridian
and longitude of Ay, Ay

Claim.
E

Lsp = (Lr \ Uf:lN(‘Zli)) Uav (A= (c)xi) U(SS \N(C)) xi
i=1

where (N (A;)) and (N (C)) xi are identified as in the construction of satellite knots,

this means the meridian of A; gets identified with the longitude of C'in (S*\ N(C)) xi
and the longitude of A; gets identified with the meridian of C in (S*\ N(C)) X .
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Proof. Denote the right hand side of the statement by L, consider the following map:
p: 'L — S3\ N(4) Ua(n(a)=a(n(c)) S3\ N(C)
(z, (y,9)) = (7(v),y)
where 7 : Lxy — S® denotes the canonical projection. It is now easy to check that

(L,p) is the k-fold cover of S*\ N(A) U S*\ N(C) branched along K, which is just
the k-fold cover of S* branched along S. O

Lemma 10.3. There are canonical isomorphisms
H(Liy) < Hy(Lgy \ U N(A;))/{meridians of A;} = Hy(Lsy)

and the isomorphism Hy(Lk k) — Hi(Lsy) preserves the linking pairing.

Proof. 1t is easy to see that the first map is an isomorphism. A Meyer-Vietoris
sequence argument shows that the map

Hy (L \ UX N(A;))/{meridians of A;} — H,(Lsy)
is an isomorphism. It remains to show the statement about the linking pairings.
Let z,y € Hi(Lky), they can be represented by cycles in L \ U¥_ N(A4;), call the
cycles z,y as well. Let Dg be a 2-chain in Ly with 0(Dg) = ry for some r > 0,
transverse to the A;. Note that Dg N N(A;) C S*\ N(C) represents multiples of the
longitude of C, hence is null-homologous and therefore bounds a surface F;. Now let
Ds := D \ (D NUE_ N(A;)) UUE | F; C Lsy, then Dg = ry. We get
1 1
/\LK(xay) =-x-Dg=-x-Dg= /\i(l’,y)
T T
O

This lemma shows in particular that we can identify the set of characters on
H,(Lgy) with the set of characters on Hy(Lgy). Recall that for a knot K, a number
k, a character x : H (L) — S' and 2z € S' we defined

6{;72) com (M) — St
g = xlg)z®
where € : m (M) — Z is the canonical surjection. Note that if A C S?\ K is an

axis for § = S (K,C,A,0), then it is null-homologous and therefore lifts to curves
A, AR € LK,k-

Proposition 10.4. If S = S(K,C, A) is a satellite knot with winding number zero,
then

(Hy(Mg,AN), Ag) = (Hi (Mg, ), Ap)
and S, K have S-equivalent Seifert matrices. In particular K is algebraically slice if
and only if S is algebraically slice.
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The proof of the first part is similar to the above lemma and will be omitted. The
second part follows from a theorem of Trotter’s [T73].

Theorem 10.5. Let S = S(K,C, A,0) be a satellite knot. Let k be any number,
z € SY and x : Hi(Lsy) — S' a character, denote the corresponding character
Hy(Lyy) — S* by x as well. Then

k
1(Msyk, 57 .y) = 1Mk, Bl y) + ZU(Ma ;)

i=1
where a; denotes the representation w1 (M) — U(1) given by g — x(A;)9).

Remark. This theorem and its proof are basically contained in Litherland [L84].
Litherland proves a general statement how to compute the Casson-Gordon invari-
ant of S in terms of the Casson-Gordon invariant of K and the basic invariants of
C. Translating the proof into the language of eta invariants gives the proof of theo-
rem 10.5. The advantage of looking at eta invariants is that they make sense even if
k,m are not prime powers, whereas Casson-Gordon invariants are only defined if the
corresponding intersection forms are non-singular. This case was not considered by
Litherland, but his methods carry through without problems.

Proof. Write Bg for 5&72) and [k for /3([;,2)- The representation Sg factors through

a group of the form Z x Z/m. Since Q3(Z x Z/m) is torsion (cf. appendix A.2)
and 3(Z) = 0 we can find r > 0 and pairs (Wk,¥k), (Wi, 1), ..., (Wi, ¥g) of 4-
manifolds and 1-dimensional characters such that

OWk,vx) = r(Mgp, Bk)
OWi, i) = r(Mc,ci), i=1,....k
Let U C M¢ be the surgery solid torus and let V; C Mg, be a set of disjoint tubular
neighborhoods of A;. Fori=1,... ,k,j = 1,...,r denote by U;; the copy of U in
the j* boundary component of W, and let V;; be the copy of V; in the j** boundary
component of Wx. We can construct

k
WS = WK UVZ‘J'ZU”‘ U VI/Z

=1

where each Uj; is glued to V;j, so that 9(Wg) = rMgy. Note that ¢; and ¢ factor
through the first homology group and agree on the common boundary by definition
of ;. We therefore get a well-defined map g : m(Ws) = H{(Ws) — U(1), so that

O(Ws, tbs) = r(Msy, Bs)

We can use (Wg,1g) to compute n(Mgy, fs). We are done once we show that the
signatures of the ordinary and the twisted intersection pairing of Wy is the sum of
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the corresponding signatures of Wy and Wy, ... Wy, We'll show this using Wall
additivity. Let

A = Ker{H:(0(Vij)) = Hi(Mxy \ Vij)} = Z - {meridian of C'}
A, = Ker{H,(0(Uij)) = Hi(Mc \Ui;)} = Z - {longitude of 4;}, i=1,...,k

We see that Ax and A; agree under the identification maps. We will show that the
same statement is true for twisted homology, in fact we’ll show that for non-trivial
coefficients H,(0(V;;)) = Hi(0(Ui;)) = 0. This follows once we show that for any
torus T' and non-trivial representation 3 : 7 (T) — S of finite order m which fixes a
generator v of Hy(T) we get H'(T,C) = 0. Indeed, denote by T' the m-fold cover of
T corresponding to «, then using lemma A.1 we get

HY(T,C) = H(C.(T. Q) ®qjz/m C) = Hi(C.(T, Q) ®qiz/m C = Hi (T, Q) ®qz/m C

Note that Hy(T,Q) is a trivial Q[Z/m]-module since 3 fixes a generator of H,(T).
But C is a non-trivial Q[Z/m]-module, hence H?(T,C) = H,(T, Q) ®qqz/m) C = 0.
The result on signatures now follows from Wall additivity (cf. [W69] and [L84, p.
330)). O

Corollary 10.6. Let S = S(K,C, A,0) be a satellite knot. Let k be any number
such that Hy(Lgy) is finite, z € S* and x : Hi(Lsy) — S* a character, denote the
corresponding character Hy(Lg ) — S' by x as well. Then

k
n(Ms, af, ) = n(Mg,af ) + > n(Me, o)

i=1

where a; denotes the representation (M) — U(1) given by g — x(A;)9).

Proof. Using the above theorem and proposition 5.6 we see that it is enough to show
that u(Mg, k) = p(Mg, k). By proposition 10.4 the knots K and S have S-equivalent
Seifert matrices, in particular the twisted signatures are the same (cf. proposition
3.7), and from proposition 5.6 we get u(Ms, k) = p(Mg, k). O

We can slightly generalize the theorem as follows (cf. [LO01]). Let K € S® be a knot
and Aj,..., A, € S*\ K be simple closed curves which form the unlink in S?* and
such that [4;] =0 € H{(S*\ K). Let C4,...,C, be knots. Then we can inductively
form satellite knots by setting Sy := K and S; the satellite formed with orbit S; 1,
companion C; and axis A;. Note that the winding number is 0 at each point since
Ag, ..., A, form the unlink and since [4;] =0 € H,(S?\ K). We write

Si ) S(K,Cl,...,ci,Al,...,Ai)

Theorem 10.7. Let S := S(K,C1,...,Cs, Ay, ..., As) as above. Let k be any number
such that Hi(Lxy) is finite, z € S* and x : Hi(Lsy) — S* a character, denote the
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corresponding character Hy(Lg ) — S* by x as well. Then

s k
U(MS; &€X7z)) = U(MK; Oé([)((,z)) + Z ZT](MC]‘7 aw)
j=1 i=1
where «;; denotes the representation m(Mc;) — U(1) given by g — X((A;))<®,

(flj)l, .oy (Aj)k being the lifts of A; to Lgy.

We conclude this section by quoting a theorem by Cochran, Orr and Teichner on
the computation of L?-eta invariants for satellite knots (cf. [COT02, p. 8] and [K02,

prop. 5.3]).
Theorem 10.8. Let S = S(K,C, A) with A € (S \ K)1, in particular A defines
an element in Hy(My,\). Let v € H (Mg, A) = Hi (Mg, A), then

@) (2) .
) | P (Mk, ) + P (Me,Z)  if A#0€ Hi(Mg, A)
n 2 (Mg, ;) = { n(z)(MK,Bm) if A=0¢ Hi(MmA)

10.3. Construction of slice and ribbon knots. We say that an integral matrix
A is a Seifert matrix if det(A — A') = 1. We define A 4(t) := det(At — A").

Proposition 10.9. (1) Any Seifert matriz A can be realized as the Seifert matriz
of a knot K C S®. Any metabolic Seifert matriz can be realized by a ribbon
knot.

(2) Any polynomial f(t) € Z[t,t 7] such that f(1) = 1 and f(t) = t'f(t" ') for
some | can be realized as the Alexander polynomial of a knot, and if f(t) is a
norm, i.e. f(t) =tg(t)g(t™!) for some g(t) = ag + ait + -+ + aqt® € Z[t, 17"
and some 1, then f(t) can be realized as the Alexander polynomial of a ribbon
knot.

Proof. (1) The first part is a very classical statement, first proven by Seifert [S34].
We’ll give a quick proof to be able to prove the second statement. Let A be
a Seifert matrix of size 2¢, the matrix A — A is skew-symmetric, we can
therefore find an integral invertible matrix P such that P(A — A")P? is of the
form g - (_01 (1)>, ie. P(A— A" P! is block diagonal, with blocks <_01 (1)>
Without loss of generality we can assume that A — A is of this form. Write
A = (a;;). We can find oriented simple closed curves Ly, ..., Ly, € R* C S?
with the following properties:

(a) We can write L; = A; U¢, Bj, where
(i)
O(Agy_)) = Cyyy = e2FUI-Diflg) [ _2ni-3)i/(19)
d(Ay) = Cy = e2m45/(49) | _2m(45—2)i/(49)

the ‘—’ sign denoting orientation and not coordinates,
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(i) A;\C; C S°\ D?,
(ili) Byj_1 is the cone of C; on 1e?™%=2/19) B, is the cone of C; on
%627r(4j—1)/(49)7

(iv) Ai,..., Ay, are disjoint.

(b) 1k(Li, L]) = ag; for i # j. Here we denote by L] the curve L; pushed of
D? in the positive direction.

Now attach bands to D? along the A; with twisting number a;; and smoothen
the boundary, Denote the resulting surface by F. We can give F' the orien-
tation induced by the canonical orientation of D? then J(F) is an oriented
knot with the required properties.

Now assume that A is metabolic. We can assume that A = (a;;) is such that
asp—121—1 = 0,k,0 =1,...,g. Then have to arrange the L, L3, ..., Ly, such
that 1k(Loy 1, L3, ;) = 0. In fact we can and will arrange Ly, Ls, ..., Lay 4
such that they form the unlink. Form F' as above. Pick a ‘tubular’ neigh-
borhood L; x [—1,1] C int(F) for ¢ = 1,3,...,2¢9g — 1. We can find disks
D!i=1,3,...,29—1,j =1,2 such that

(a) DN DL =0 unless i = k,j =,
(b) o(D}) = L; x =1,0(D}) = L; x 1,
(c) the intersections int(D!) with F' are transversal.
Now form a new surface F' from F by replacing L; x [-1,1],i =1,3,...,29—1
by D}UD? We claim that F is a ribbon disk for K. Tt is clear that F has only
ribbon-type self-intersections. Pushing F into D* we get an embedded mani-
fold, it is easy to see that the intersection form is 0, therefore the embedded
manifold is a disk (cf. [K87, p. 217]).

(2) The first statement was proven by Seifert [S34]. Terasaka [T59] shows that
any polynomial of the form f(t) = t'g(t)g(t ') can be realized by a slice knot.
But this shows that f(t) can be realized by a metabolic Seifert matrix, hence,
by part 1, by a ribbon knot.

O

10.4. Examples. Let

0011
000 1
Bl"1101
01 00

this Seifert matrix is obviously metabolic. The Alexander polynomial is Apg, (t) =
(t> — ¢t + 1)%. The signature function z — o,(By) is zero outside of the set of zeros
of the Alexander polynomial since the form is metabolic. The zeros are e27%/6, ¢2754/6
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and at both points the signature is —1. Let
11
Bz = (0 1)

_ |2 forte(%,g)
oezrt(Bs) —{ 0 forte[0,D)u (1]

6’

Then Ap,(t) =t —t+1, and

The Alexander polynomial is Ag, () = ¢t —t + 1. The zeros of the Alexander poly-
nomial are e?7/8, ¢?75/6 the signature function is 2 for z = e¥’, 7/3 < ¢ < 5/37 and
0 for z =e* p <m/3 or p >5/3m.

Finally let

e el i en R e R an)
— == = O

2 forte (L, 2)u(g, uE,B
Uemt(BS):{O fortgfo L))U((ii)u((i )

Proposition 10.10 (Example 1). There erists a (0)-solvable knot K with zero L*-eta
wnvariant of level 0 but that is not algebraically slice.

Proof. Recall that for a knot Arf(K) = 0if and only if Ag(—1) = +1 mod 8. Now let
K be a knot with Seifert matrix 7B;@® —6B,, then Arf(K) = TArf(B;)—6Arf(By) = 0,
using the above calculations we get o,(K) = 2 for z = *™/> k = 1,2,3,4 and
Jg1 02(K) = 0. This shows that K has all the required properties. O

For the following example we need the following technical lemma to construct
satellite knots with the right properties.

Lemma 10.11. (1) Let F be a Seifert surface for a knot K of genus g. Then there
exist simple closed curves Ay, ..., Ayy € S*\ F which form the unlink in S

and such that the corresponding homology classes give a basis for H (S \ F).

(2) Let Ay,..., A, be a collection of homology classes in Hy(Lky). We can find
simple closed curves Ay, ..., As C S*\ K, which form the unlink in S* and

where each component represents the trivial element in H,(S*\ K), such that

for alli=1,...,s the homology class A; is represented by one of the k lifts of
Ai to Lk
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Proof. (1) We can view F' as a disk with 2¢g 1-handles attached. The meridians
of these handles will, properly chosen, give the required curves Ay, ..., Ay,
(2) cf. Livingston [LO1, p. 12].
0

Proposition 10.12 (Example 2). There exists a (1)-solvable knot K with zero L?-eta
invariant of level 1, but non-zero SE-invariants.

Proof. Let p(t) = —2t + 5 — 2t~'. By Kearton [K73] there exists a knot K C S” such
that it is Blanchfield pairing is isomorphic to
A/p(t)? x A/p(t)? — STA/A
(a,0) — ap(t)~?b

In particular there exists a Seifert matrix A such that

A20 /(AL — AY) x A20/(At — AY) — S~IAJA
(a,b) > at(t—1)(At — A") b

is isomorphic to the given pairing. Since the Blanchfield pairing is metabolic, A is
metabolic, and using proposition 10.9 we can realize A by a slice knot K C S®. A
computation using proposition 2.9 shows that |H;(Lx4)| = 225.

Let
N = max {In(Mg,o2) Ix: Hi(Lxa)/Pi— S', 2 € 5"}

Pymetabolizer for A 4
Note that the number of possible x’s is finite since H;(L4) is finite, furthermore given
X, the function z — n(Mg, oy z)) is locally constant with finitely many jumps, i.e.
assumes only finitely many values (cf. corollary 5.4 and proposition 5.6). This shows
that NV is in fact a finite number.

Let F' be a Seifert surface for K. Let A;,..., Ay, € S? \ F be as in lemma 10.11,

part 1. Denote the knot of the proof of proposition 10.10 by D and let C' = (N+1)-D,
and form the iterated satellite knot

S = S(K,C,...,C,Al,...,Agg)

We claim that the satellite knot S := S(K, C, A) satisfies the conditions stated in
the proposition. S is (1)-solvable by theorem 10.2 and has zero L2-eta invariant of
level 1 by theorem 10.8 since K is slice, [, 0.(C') = 0 by construction of C' and since
K, and therefore also S, has a unique metabolizer for the Blanchfield pairing.

We have to show that for all Py C Hy(Lg4) with Py = Pj- with respect to the linking
pairing Ag 4, we can find a non-zero character x : Hy(Lg4) — S* of prime power order,
vanishing on P, such that for one transcendental z we get na(z,x)(Mg) # 0.

Let P be a metabolizer and x : Hy(Ls4) — S a non-trivial character of order 5,
vanishing on P. Denote the corresponding character on Hq(Lk4) by x as well. For
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any z € S we get by corollary 10.6
29 4

1M, ) = 1M, af) + 3 > (Mo, )

j=1 i=1

where a,; denotes the representation m (M¢) — U(1) given by g — x((4;);)< and
(4;); denotes the i*" lift of A; to L. By definition of N and by proposition 3.7 we
get

1 1
n(Ms. O‘(SXw)) > —N+ 2211 2321 n(Mc, o) = =N + Z?L > imt O-X((Aj)i)(o)
= N5 X (N + 1oy 4, (Be)
Note that n(Me, o) > 0 for all 4,j since o,2r/5(C) > 0 for j = 0,...,4. The

lifts (A;); generate H)(Lk.4), hence x((A;);) # 1 for at least one (i,7) since x is
non-trivial. But ¢,(C) = 2(N + 1) for w = €*™/° j = 1,2,3,4. It follows that

n(Ms, o, 1) > =N +2(N +1) > 0 for all 2. O

Proposition 10.13 (Example 3). There exists a knot S which is algebraically slice,
(1)-solvable, has zero STE-obstruction and zero L*-eta invariant of level 1 but does
not satisfy the condition for theorem 6.4, i.e. S s not ribbon.

Proof. Denote by ®3¢(t) = 1+t — 3 — t* — 15 + ¢" + 3 the minimal polynomial of
e?™/30  Ag in the proof of proposition 10.12 there exists a ribbon knot K such that
the Blanchfield pairing is isomorphic to
A/(I)g()(t)Q X A/Cbgg(t)Q — SilA/A
(CZ, b) — C_lq)g()(t)_Zb

An explicit example of such a knot is given by Taehee Kim [K02, Section 2]. Note that
K has a unique metabolizer P for the Blanchfield pairing. Furthermore Hy(Lg ) =0
for all prime powers k£ by theorem 4.12, but a computation using proposition 2.9
shows that |Hi(Lkg)| = 625.

Now let C' be the knot of the proof of proposition 10.10. Let A be a curve in S3\ K,
unknotted in S3, which lifts to an element A in the 6-fold cover which presents a non-
trivial element of order 5 in Hy(Mkgg)/Ps where Ps := 7ws(P) € Hi(Mkgg) is the
projection of the unique metabolizer for the Blanchfield pairing.

We claim that the satellite knot S := S(K,C, A) satisfies the conditions stated
in the proposition. By proposition 10.4 the knot S is algebraically slice, since K is
algebraically slice. Since Hi(Lgy) = Hi(Lkx) = 0 for all prime powers k, we get
RY"™ (m(Mg)) = 0 for all prime powers k, hence S has zero STE-obstruction. K
is (1)-solvable by theorem 10.2 and has zero L*-eta invariants of level 1 by theorem
10.8.

As remarked above, the Blanchfield pairing of S has a unique metabolizer P. Let
x : Hi(Lsgs) — S* be a non-trivial character of order 5, vanishing on Ps := m6(P) C
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H,(Lgg) such that y(A) # 1 € S'. By corollary 10.6

k
n(Ms, af, ) = (Mg, af ) + > n(Mc, o)
i=1
where a; denotes the representation 7 (M) — U(1) given by g — x(4;)9. The
first term is zero since K is ribbon and P is the unique metabolizer of the Blanchfield
pairing (cf. theorem 6.4). The second term is non-zero since x(A;) # 1 for at least
one i and by the properties of C. This shows that n(Ms, &?X7Z)) # 0, i.e. S is not

ribbon by theorem 6.4. U

For completeness sake we add the following example which has been first found by
Taehee Kim [K02].

Proposition 10.14 (Example 4). There exists a knot S which is algebraically slice,
(1)-solvable, has zero STE-obstruction but non-zero L*-eta invariant of level 1.

Proof. Let K be as in the proof of proposition 10.13 and C' a knot with Seifert matrix
B; and A € 7,(S%\ K) unknotted in S3. Then the proof of proposition 10.13 shows
that S = S(K, C, A) has zero STE-obstruction and non-zero L*-eta invariant of level
1 by theorem 10.8. O

Proposition 10.15 (Example 5). There exists a ribbon knot S with the following
property. There exists a prime power k such that there exists no metabolizer Py of
(Hi(Lg), A1) with the property that 7(K, x) = 0 for all characters x : Hi(Ly) — S*.

Note that by all characters we don’t restrict ourselves to prime power characters.
The proof is similar to the proof of the above proposition.

Proof. By proposition 10.9 we can find a ribbon knot K with Alexander polynomial
Ag(t) = f(t)f(t7") where f(t) =4 — 3t + 2t + 483 — 7t* + 47 + 215 — 3¢ + ¢
a computation shows that H;(Lgs) = 1296 = 36%. Let
N := max {In(Mx,oy2) |x: Hi(Lxs)/Ps— S,z € 5"}

Ps metabolizer for X 5
As in the proof of proposition 10.12 we see that /V is finite.

Let Aj,..., A, € H(Lgs) be all elements. Let A;,..., A, € S*\ K be as in lemma
10.11, part 2. Let C' be a ribbon knot with Seifert matrix @351131, and form the
iterated satellite knot

S =S(K,C,...,C  Aq,..., As)
Note that S is ribbon by proposition 10.1.

According to corollary 5.7, part 2, it is enough to show that for each metabolizer
Ps for A\;, we can find a character x : Hy(Lgs) — S' vanishing on P5 such that
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for a transcendental z € S, n(Msg, Q(y,2)) # 0. Let Ps be a metabolizer for A; and
x : Hi(Ls) — S' a non-trivial character of order 6, vanishing on Ps. Then for all
2z € St we get

n(Mss, &qu,z)) = n(Mkgs, a@,z)) + 2 S n(Mg;, aij)
< N+373, S (N + Doy (B1)
Since y is of order 6 and by construction of A;,..., A, we can find (4,7) such that
x((A;);) = €*™/% but recall that o,(B;) = 0 for all z except for z = ¢27/6 2™/

where o,(B1) = —1. This shows that n(Ms, o, ,)) <N+ (N +1)(-1) = -1. O

Remark. (1) The Alexander polynomial of K looks unnecessarily big, but it was
the polynomial of lowest degree I could find with |H;(Ly)| being divisible by
6 for some prime power k.
(2) The proposition shows that theorems 4.9 and 6.4 can’t be strenghtened to
include all non prime power characters.
(3) The above example shows that the set P, (7,(My)) is in a sense maximal,
i.e. that the prime power condition on the the characters is indeed necessary.
(4) When we compare the above proposition with theorem 6.6 and 6.7 we see,
that K does not have a ribbon disk D with 71 (W5) finite, where W5 denotes
the 5-fold cover of D* branched along D.
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APPENDIX A. AUXILIARY PROPOSITIONS

A.1. Algebra lemmas.

Lemma A.1. Let G be a finite group, x : G — C,, a character of order m. Then
C and Q(e*™/™) are flat over Z|G] and C and Q(t)(e*™/™) are flat over Z|Z x G| =
Z[(t) x G].

Proof. First note that for any ring R and any multiplicative subset S, the ring S™'R
is flat over R (cf. [L93, p. 613]), furthermore C is flat over Q(e>™/™). Since flatness
is transitive it remains to show that for K = Q and for K = Q(t) we get K (e*™/™)
is flat over K[G]. From Maschke’s theorem (cf. [1.93, p. 666]) we know that the
group ring K[G] is semisimple, i.e. any K[G]-module is semisimple. This concludes
the proof. O

For a number d denote by ®4(¢) the minimal polynomial of a primitive d** root of
unity. Let p be a prime number, then ®,(t) = 1 +¢+ --- + ¢! hence ®,(1) = p.
Recall the general equation

m—1 " —1
T il = = T @)
dlm,d#1

An induction argument shows the following lemma.

Lemma A.2. Let d € N, then ®4(1) = 1 if d is a composite number and ®4(1) = p
if d is a power of a prime p.

Lemma A.3. Let A\ : Ax A — Q/Z be a non-singular form on a finite Z-module A,
and N C A a submodule, then |[N||N+| = |A.

Proof. Since X is non-singular we get N = Homg(A/N+,Q/Z), but since Z is a PID
it is easy to see that for any finite Z-module B we have |Homy(B,Q/Z)| = |B|. O

A.2. Cobordism groups and group homology. Let G be a group, then a G-
manifold is a pair (M, ) where M is a compact oriented manifold with components
{M;} and « is a collection of homomorphisms «; : 7(M;) — G where each «; is
defined up to inner automorphism.

We call two G-manifolds (A, «;), j = 1,2, G-cobordant if there exists a G-manifold
(N, ) such that 9(N) = M;U—M, and, up to inner automorphisms of G, §|m1(M;) =
aj.

Denote by €4 (G) the cobordism group of G-manifolds of dimension k, and let
Q= Q(trivial group). The following lemma summarizes some well-known facts.
Lemma A.4. [CF64]

(1) Q3(G) = Q3 & Hs(G),
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(2) Q3 is the trivial group,
(3) Q4 = Z via the signature of the intersection pairing.

We’ll need the following facts about group homology.

Lemma A.5. (1) Hi(Z) =17 fori=0,1 and H,(Z) =0 for i > 2,
(2) Hi(Z x A) = H;(A) ® H; 1(A),
(3) let G be a finite group, then H;(G) is finite for i > 1.

Proof. The first statement follows from the fact that S' = K(Z, 1), the second follows
from the Kiinneth-theorem. Now let GG be a finite group. Consider the canonical G-
cover EG — BG := K(G, 1). There’s an equivariant lifting map H,(BG) — H,(EG)
such that the composition with the map H,(EFG) — H.(BG) induced by projection
is just multiplication by m := |G|. But 7,(EG) = 0, hence H,(FG) = 0. This shows
that H;(BG) = H;(G) is m-torsion. O

Proposition A.6. Let A be a finite group and 5 : Z — Aut(A) a homomorphism.
Then H;(Z x A) is torsion for i > 2.

Proof. Since A is finite there exists n € N such that 5(nZ) = id. We therefore get an

exact sequence

05Zx A 704 52/m 0

We get maps
K(Z x A1) - K(Zx A1) - K(Z/n,1)
which form a fibration since any map, in particular K(Z x A,1) — K(Z/n, 1) can be
made into a fibration up to homotopy, but the corresponding fiber turns out to be
K(Z x A 1).
We'll use a spectral sequence argument to show that H;(Z x A) is torsion for i > 2.

From the above lemma it follows that H;(Z x A) is torsion for ¢ > 2, and that H;(Z/n)
is torsion for 7 > 1.

For any fibration ' — E — B there exists a spectral sequence with Eziq =
H,(B,H,(F)) which converges to H,,(E) where H,(B, H,(F)) denotes homology
coming from the natural Z[r, (B)]-structure of H,(F'). To show that H,(F) = H;(Z x
A) is torsion it is enough to show that

Eﬁ,q = Hy(B, Hy(F)) = Hy(Z/n, Hy(Z x A))
is torsion for all p,q with p + ¢ = ¢. This is clearly true for p = 0,¢ = ¢ > 2 since
H;(Z x A) is torsion for i > 2.

For a cyclic group one can explicitely compute the homology (cf. [HS71, p. 200]).
Let ¢ be a generator of Z/n. If B is a Z/n-module, then define ¥, ¢ : B — B via

eb) = (t—1)b
b)) = L+t 2+t 1)b
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Then for ¢ > 1 we get
Hyi—1(Z/n,B) = Ker(p)/Im(y)
Hy(Z/n, B) = Ker(s)/Im(p)
In our case B = H,(Z x A). It follows that H,(Z/n, H,(Z x A)) is torsion for ¢ > 2
since in this case H,(Z x A) is torsion.

For ¢ = 0,1 we get H,(Zx A) = Zx A. Consider the map Z — Zx A L Zx A 7,
since t" = id this is an isomorphism, i.e. multiplication by 1 or —1. Now it is easy to
see that H;(Z/n,Z x A) is torsion for ¢ > 1. 0
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APPENDIX B. L-GROUPS AND SIGNATURES

For a ring R with involution we denote by Ly(R,¢€),e = £1, the Witt group of
e-hermitian non-singular forms over finitely generated free R-modules (cf. [R98]).
We'll always assume that a form is anti-linear in the first argument and linear in the
second argument. We’ll abbreviate Ly(R) for Lo(R,+1).

Any hermitian form (V,0) over R can be represented, after choosing a basis for
V., by a hermitian matrix A. This matrix is unique up to conjugation. Similarly an
element in Lo(R,€) can be represented by a matrix, but then the matrix is unique
only up to conjugation and matrix cobordism.

In the following, given a field F© C C, closed under complex conjugation, the
rings F[t, 4], F(t) will always be equipped with the involution given by the complex
involution on F and # := ¢~1.

Let R C C be such that all positive elements are squares, then by Sylvester’s
theorem

Ly(R,e) — Z
A — sign(y/eA)
is an isomorphism. This canonically extends to an isomorphism signLq (R, €)@Q — Q.
In particular Lo(C,£1) = Lo(Q, £1) = Z via the signature map, where we denote
by Q the algebraic closure of Q. Since we are interested in studying to which degree
signatures determine forms we’ll work in this section with Ly(R, €) := Lo(R,¢) ® Q.

Let F' be a Galois extension of Q with a (possibly trivial) involution. Denote
by G(F) the set of all Q-linear embeddings F' — Q preserving the involution. For

p € G(F') denote the induced maps Lo (F, €) — Lo(Q, €), Lo(F(t),e) = Lo(Q(t),€), . ..
by p as well. Denote by Go(F') C G(F') any subset such that for each p € G(F) there
exists precisely one p € Go(F) with p = p or p = p.

Iftr=(V.0)®h e Lo(F(t),£1) and z € S' is transcendental, then we can consider
C as an F(t) module, and 7(z) := (V ®p() C,8) ® L is well-defined.

The goal of this section is to prove the following theorem.
Theorem B.1. Let F be a Galois extension of Q, then for T € Lo(F(t),€) we get
T=0¢ Lo(F(t),¢)
< sign(p(7)(2)) =0 for all p € Go(F') and all transcendental z € S*
B.1. The groups Lo(F), Lo(F(t)). We quote a result from Ranicki [R98, p. 493].

Proposition B.2. The following maps are isomorphisms

Ly(F) — GBpeGO(F)Eo(Q) — QI
A = (p(A))pEGo(F) = (Sign(p(A)))peGo(F)
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Consider the case where F' := Q[t]/q(?), ¢(t) irreducible and q( ) = ugq(t™') for some
unit u € Q[¢t71,¢]. Then there’s an involution given by ¢ = ¢~!, which is non-trivial
if g(t) # ¢ — 1, + 1. In this case the set G(F') corresponds canonically to the set of
all roots of ¢(t) lying in S' and Gy(F') corresponds to all roots z € S* of ¢(t) with
Im(z) > 0.

Theorem B.3. Let F' be a Galois extension of Q, then for T € f)o(F(t), €) we get

T=0¢ Lo(F(t),€) < p(r) = 0 € Lo(Q(t), €) for all p € Go(F)
This result was stated by Litherland [L.84, p. 358], but there doesn’t seem to be a
proof in the literature. To simplify the notation we’ll only prove the case ¢ = 1.
We need more definitions and results from [R98, ch. 39C].
Definition. Let F be a field with a possibly trivial involution. Then define LAut;,(F,¢)
to be the Witt group of triples (V. 0, f) where V is a vector space over I, f an e-

hermitian form on V' and f an isometry of (V, #) such that (f —1) is an automorphism
as well. Let LAut},(F,€) := LAut};,(F,¢) ® Q

Proposition B.4. [R98, p. 533] Let F' be a field with (possibly trivial) involution.
(1) There exists a split exact sequence
0— Lo(Flt,t '],e) = Lo(F(t),e) = LAut},,(F,—€) — 0
(2) Denote by M(F) the set of irreducible monic polynomials p(t) in F[t] with the
added property that p(t) = up(t) for some unit u € F[t,t7] and MO(F) =
M(F)\ {t — 1}. For p(t) € M (F) define
r: LAutly(Fo) = Lo(Fftt )/p(t).0
(V,0,f) — (Ker{p(f):V = V},0)

where 0(a,b) = Zdeg 1 0(a,bt")t " and t acts by f. Then

1

IT oo LAuty(Fre) S €D Lo(FItt ')/p(t),e)

p(t)eM°(F) p(t)eM (F)

18 an tsomorphism and the inverse map is given by

Lo(F[t,t7Y]/p(t),e) — LAutY,(Fe)
(V,0) = (Vitrepe 1wy © 0,1)

(3) The map

1$ an 1somorphism.
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There exists a commuting diagram of exact sequences (Gy = Go(F))

0 — Lo(F[t, t7')) — Lo(F(t)) — LAutY, (F,-1) — 0
Hlpego P Hlpego P F ey P
0 = Deq, Lo(@Qt 1) = Deq, Lo(Qt) = @D,eq, LAut}y(Q,~1) — 0
From propositions B.2 and B.4 it follows that the first vertical map is an injection.

Once we show that the last vertical map is an injection as well it follows that the
middle vertical map is an injection, this will prove theorem B.3.

For p € F[t,t7'] irreducible we’ll write F, := F[t,¢7*]/p(t). Note that there exists
a canonical correspondence

{(p,2)|p € G(F) and z € S* such that p(p)(z) =0} <+ G(F,) ' '
(0,2) = (pz: 2 ait’ — plai)z")
since F'//Q is Galois. Consider

ZNLAut?ib(F, €) =N @ Lo(F,,€) = @ @ @ Loy(Q,6) 25 Q

e T () PEGo peMo(F) z € S'\ {1}
p(p)(2) =0
~ \l/ HpE_Go P o ~
@ LAUt(J)"Zb(Q7 6) — GBPEGO @2651\{1} LO(Q’ 6) L> Q

peGo
where p, . and o, , denotes the composition of projection maps on the corresponding

Ly(Q, ¢) summand and taking signatures. Note that 1, , is well-defined, since different
p(t)’s have disjoint zero sets. Define (1, , to be the zero map if z is not a root for any

p(p(1))-
Proposition B.5. Let p € My(F). For (V,0) € Ly(F), ¢) we get
0, (V,0) = p1,.(V,0) for all p € Go(F) and z € S*\ {1} such that p(p)(z) =0
Corollary B.6. The map
H E IN/Aut?ib(F, €) — @ f/Aut?eib(Q, €)

pEGH(F) PEGH(F)

18 an injection.

Note that this corollary concludes the proof of theorem B.3. We’ll first prove the
corollary.

Proof. The induced map

H upyzzfzo(Fp7e)—> @ Q

p,z€ST\{1} pESIN{1}
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is an injection. From the proposition it also follows that the induced map
H 0ps i Lo(Fp€) — @ Q
pEGo(F),ze S\ {1} pEGo(F),zeS!
is an injection. Since different p’s have disjoint sets of zeros it follows that
H Opr @ Lo(Fy, €) — @ Q
PEGH(F),zeS1\{1} peMO(F) p€Go(F),zeSt
is an injection as well. But this implies that the intermediate map
H p: LAut}y(F,e) — @ LAut},(Q,e)
pEGL(F) peGH(F)

is an injection as well. 0
Now we’ll prove the proposition.

Proof. Let p € Mo(F). Denote the zeros of p(p)(t) by ai,...,a,. Pick a zero a of
p(p), we can assume that & = «;. Denote the induced embedding F, — Q by p,.
Consider

Lo(Q,e) <=  LAut),(Qe) & LAut)y(Fre) « Lo(Fpe) 2% Lo(Q,e)
0 — Q&p (Vitrppob,t) < (Vitrp pob,t) < (V,0) — 0,
We have to show that sign(6;) = sign(6,). Note that 6, denotes the form
9r3V®FpQXV®Fp@ - Q
(01 ®F, 21,2 ®F, 22) = Zipa(0(vi,v2))22
here F), acts on Q via p,.
Now we have to understand 6;. In the following we’ll view Q as an F-module via

p. The form Q ®p (V, trg,/rp o 0,t) is given by

I'p, Fob

_ _t _ _ _

VerQxVerQ —— QerFerQ — Q
(’U1 XRp 21, U2 Rp 22) — 21 QF ter/F(H(vl,vg)) Rp 290 — le(ter/F(e(Ul,’Uz)))Zz
Denote by Q, the ring F, @ Q = Q[t,+7]/p(p(t)). Tt is easy to see that the map

_ _ 1y parid _ _
Quy=F0rQ——— FerQ—Q

coincides with trg /g (@p — Q. Therefore the form Q ®x (V, trp,/po0,1) is given by

_ _ _ trs /g _
VerQxVerQ — Qp —, Q
(V1 @F 21,2 ®F 22) = O(v1,02) ®p 2122 = trg, g(0(vi, v2) ®F 2122)
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We can write V@rQ =V, @®---®V, where V; := Ker{(t — ;) : V®rQ = V&rQ}
since the minimal polynomial of ¢ is p(t) = [[;_,(t—«;). Then 6, is given by restricting
the above form to V.

We can decompose the Q[t]-module Q, = Q[t]/p(p(t)) as follows

@ Ker{ Qp — Qp} @ Qz

where Q; := Ker{(t — o;) : Q, = Q,}. Note that dimg(Q;) = 1. Consider the
following map

Mai : @Z — @
p(t) — plo)

This defines an isomorphism of Q-algebras. Then the trace function is given by

trg, ;5 ©Q=Q, — Q

(2’1, s 7'2") = Zi:l MZ(ZZ)
since trg, /o = tr@r_ ,)/0 = S trg, - The form 0rQ:VerQxVerQ—Q,
restricts to a form V; x Vi = Q, and 6, is given by V; x V; — @ t_r) Q.
We can now compute 6. Let ZJ 1015 ®F 215, Zfil vy Qp 2y € Vi, then

012255 v ®F 215, 22 vu ®p 2u) = trg, o305l D002 0(vyy, var) ®F Z1j2) =
ua(ZS le L P(0(v15,v9)) 2120) =
= Z Zz 1 Pa(O(v1j, va)) 21220

Consider the following sequence of canonical isomorphisms:

Vi=Ker{(t—a):VorQ-VerQt = (VerQ ®yQ=VormQ=VesQ
The resulting isomorphism is given by
Vi=Ker{(t—a): VerQ—VerQ} <« V ®F, Q
D Vi®rz b D0V ®F, 7
It now follows immediately that the forms 6,6, are isomorphic. O
B.2. The group Ly(Q(t)). We need some more facts.

Proposition B.7. [R98, p. 533] Let F' be a field with (possibly trivial) involution.
The splitting LAuthb(F —€) = Lo(F(t),¢€) in the exazt sequence

0— Lo(F[t,t '],e) = Lo(F(t),e) = LAutY,,(F,—€) — 0
s given by

(V,0, ) = (Ver Ft), (v,w) = (1 -t 01— f) tv,w) +e(1—=1)0((1 — f)'w,v))
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Theorem B.8. Let 7 € Lo(Q(t)), then
T=0¢ Ly(Q(t)) & 7(2) = 0 € Ly(Q) for all transcendental z

Proof. Proposition B.4, part (1) and (3), shows that there exists an isomorphism
Eo(@) @ [NJAUt(])%b(@> 1) = Ly (@(t))
Let 7 := S*\ {1} NQ, then My(Q) = {t — 2|z € Z}. Using that Ly(Q) = Q via the
signature we get, using part (2) of proposition B.4, isomorphisms
@zeZ Z — @ZGZ EO(@[ta til]/(t - 2)7._1) - iAUt?zj)(@a _1)
(n2)sez = @nQt 17"/t —a)i) = Dn.(Qi,2)

The isomorphisms above and proposition B.7 show that in Lo(Q(t)) the form 7 is
equivalent to

Q). 1) @r & @(Q(t), 1=t )1 —a) " +il-t)(l—ay) ) @r

where z; € ST\ {1}, =1,...,s are distinct and rg,...,rs € Q. Note that 7 = 0 if
and only if ro =r1 =---=r, =0.

We can assume that r; € N for all 7, and hence restrict ourselves to forms in

Lo(Q()). Then the matrix
Alt) = (1) @ ro & @(@(1 —t Y1 —a) il -1 - o)) ©r

represents 7. The signature function z — sign(A(z)) is locally constant, its only
jumps are when det(A(¢)) = 0, i.e. when

1—tH1—-2z)""+ (1 —t)(1—2)"" =0 for some j

i.e. when t = 1:—? € S'. Tt is clear that sign(A(1)) = ny and that the jump of the
] -

signature function at = 1:—? € S'is 2r;. The proposition follows now easily since
_ J

(QN St c St is dense. O

Combining theorems B.3 and B.8 we now get a proof for theorem B.1.
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APPENDIX C. MATRICES AND LINKING PAIRINGS
Let R be a commutative ring with involution which has a quotient field K. For

any d x d-matrix A over R with det(A4) # 0 and A = A? denote by A\(A4) the form
MA): RYARY x RYJARY — K/R
(a,b) — a'A™"D
This form is easily seen to be non-singular and hermitian.

Proposition C.1. If A is a matriz of size 2f x 2f with det(A) # 0 such that for
some matriz P, invertible over R

., (0 C
par= (8 )

where C, D are (f X f)-matrices. Then M\(A) is metabolic, in fact (P~*(0x RT)) /AR

1s a metabolizer.

Proof. The map R¥ — R* v — Puv induces an isomorphism A(A) = A\(PAP?) of
forms. It therefore suffices to show that A(PAP?) is metabolic. Without loss of

generality we can therefore assume that A = ( Cot g) Then
o _ (D (CHt
= (3G

for some matrix D. Let Q := (0 x RY)/AR? it is easy to see that A(A4)(Q x Q) = 0,
i.e. @ C Q+. We want to show that in fact Q@ = Q+. Let ; € R* where z,y € R/

such that A(A) ((5) , <0>> =0 mod R for all z € R/, ie. <§> € Q*'. This

z
implies that for all e; = (0,...,0,1,0,...,0)' € Rfi= f+1,...,2f we get

A(A) ((i) , (2)) _ H(CY e =0 mod R

SelC lz=v,e R=>Clz=v:=(v1,...,05) € RN =2 =Cv

r\ (0 C\ [0} _ 0

Y Ct D) \v)  \y—Dv
i.e. (r,y) € Q. This shows that indeed @ = Q*. The statement about the metabo-
lizer follows immediately. U

But then we get
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