THE BLANCHFIELD PAIRING OF COLORED LINKS

ANTHONY CONWAY, STEFAN FRIEDL, AND ENRICO TOFFOLI

ABSTRACT. It is well known that the Blanchfield pairing of a knot can be expressed using
Seifert matrices. In this paper, we compute the Blanchfield pairing of a colored link with
non-zero Alexander polynomial. More precisely, we show that the Blanchfield pairing of such
a link can be written in terms of generalized Seifert matrices which arise from the use of
C-complexes.

1. INTRODUCTION

In the early days of knot theory, most invariants were extracted from the Alexander module
Hy(Xf; Z[t*]) of a knot K C S3. (Here, given a knot K, we denote by Xy = S\ vK its
exterior.) In 1957, Blanchfield [2] showed that the Alexander module supports a non-singular
pairing

BIK): H\(Xy; Z[t]) x H (X Z[tFY]) — Q(t)/Z[tH]
which is sesquilinear (i.e. linear over Z[t*!] in the first variable and conjugate-linear over Z[t*!]
in the second variable) and hermitian. The Blanchfield pairing can be expressed in terms of

a Seifert matrix of K, see [9, 12} [14].

Theorem 1.1. If K is a knot and if A is a Seifert matriz for K of size 2g, then the Blanchfield
pairing of K is isometric to the pairing

ZIEPI ) (tA = ADYZEP x Z[EHP9 ) (A — A ZIETP — Q(t)/Z[tH)
(a,b) — aT(t—1)(A—tAT)"1D.

Our goal is to extend Theorem to links. In this paper, a p-colored link is an oriented
link L in S® whose components are partitioned into p sublinks Ly U --- U L,,. Throughout
the text, we denote by X7 = S\ vL the exterior of the link. Furthermore, we write Ag :=
Z[tlﬂ, - ,tffl, (1—t1)71, ..., (1—t,) '] for the localization of the ring of Laurent polynomials,
and we denote by @ = Q(t1, .. .,t,) the quotient field of Ag. Using this setting, the Blanchfield
pairing for knots generalizes to a sesquilinear pairing

Bl(L): THl(XL;As) X THl(XL;As) — Q/AS

on the Ag-torsion submodule T'H;(Xp;Ag) of the Alexander module Hy(Xp;Ag) of L. We
refer to Section for details. For knots, we recover the Blanchfield pairing from above.
(Here we use that in any knot module multiplication by ¢ — 1 is an isomorphism, i.e. the
Alexander module over Ag = Z[t*!, (1 — t)~!] is the same as the Alexander module over
Z[t*1], see e.g. [14] for details.)

In order to extend Theorem from knots to colored links, we shall make use of C-
complexes and generalized Seifert matrices for colored links [3| [4, [§]. Roughly speaking, a
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C-complex for a p-colored link L consists in a collection of Seifert surfaces Si,...,S5, for
the sublinks Lq,...,L, that intersect only along clasps. Given such a C-complex and a
sequence € = (e1,€2,...,&,) of £1’s, there are 2* generalized Seifert matrices A® which
extend the usual Seifert matrix (see Subsection for the details). We set

o
Ht) = Y [Ja - A,
e =1

where the sum is on all sequences € = (g1, €2,...,¢,) of £1’s. For example, if L is a 1-colored
link (i.e. an oriented link), then

H(t) = (1-t)AT + (1 -t"HA,

where A denotes the usual Seifert matrix as defined in [18]. Finally, we shall call a C-complex
S totally connected if each S; is connected and S; N.S; # () for all i # j.

Our main theorem reads as follows:

Theorem 1.2. Let L be a p-colored link. Consider a totally connected C-complex for L and
let A% be the resulting n X n-generalized Seifert matrices. Define H(t) as above. If H1(X;Ag)
is Ag-torsion, then the Blanchfield pairing BI(L) is isometric to the pairing

S/H)TAG < Ng/H(1)TAS — Q/As
(a,b) — —alH(t)™'b.

(Here H(t)~! is the inverse of H(t) over Q.)

As the matrix H(t) is hermitian, Theorem provides a proof that the Blanchfield pairing
BI(L) is hermitian. To the best of our knowledge, in the case of links, the only other proof
of this fact was recently given by Powell [17]. Moreover, we know of no computation of the
Blanchfield form for links which are not (homology) boundary links [5 [10].

The main technical ingredient in the proof of Theorem is the following result, which
might be of independent interest.

Theorem 1.3. Let L be a colored link, let S be a C-complex for L and let W be the exterior
of a push-in of the C-complex into the 4-ball D*. Let H(t) be the n x n-matriz described
above. Then the intersection pairing on Ho(W; Ag) is represented by the matriz H(t).

The statement of Theorem is well-known for knots, see e.g. [6, Proof of Lemma 5.4]
and [I3] Theorem 3]. Note also that a similar statement appears in [15, Proof of Proposition 1],
but there the author obtains the matrix H(t)” instead of H(t), which we think is slightly
incorrect. See also [4, Proposition 6.5] for a similar statement involving finite abelian covers
branched along a C-complex.

The paper is organized as follows. In Section [2| we recall the definitions of generalized
Seifert matrices, twisted homology, intersection forms and Blanchfield pairings. In Section
and [4] we consider the exterior of the “push-in of a C-complex” in the 4-ball and its twisted
intersection form. Finally in Section [5] we prove Theorem and show that for knots it
recovers Theorem [L.1]
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Notation and conventions. We denote by p +— p the usual involution on Q(tq,...,t,)
induced by t; = t;l. Furthermore, given a subring R of Q(t1,...,t,) closed under the
involution, and given an R-module M, we denote by M the R-module that has the same
underlying additive group as M, but for which the action by R on M is precomposed with
the involution on R. Finally, given any ring R, we think of elements in R™ as column vectors.

Acknowledgments. The first author thanks Indiana University for its hospitality and was
supported by the NCCR SwissMap and a Doc.Mobility fellowship, both funded by the Swiss
FNS. The second author was supported by the SFB 1085 “Higher invariants”, funded by
the Deutsche Forschungsgemeinschaft (DFG). The third author was supported by the GK
“Curvature, Cycles and Cohomology”, also funded by the Deutsche Forschungsgemeinschaft
(DFG).

2. TOPOLOGICAL PRELIMINARIES

In this section, we review the necessary preliminaries needed for the proof of Theorem
In Subsection following closely [4], we recall the definition of C-complexes and
generalized Seifert matrices. In Subsections [2.2] and [2.3] we recall the definition of twisted
homology modules and intersections forms. Finally, Subsection [2.4] deals with the Blanchfield
pairing.

2.1. C-complexes and generalized Seifert matrices. A p-colored link is an oriented link
L in S? whose components are partitioned into p sublinks Ly U---UL,. A C-complex [8] for
a p-colored link L is a union S = S U---U S, of surfaces in S? such that:

(1) for all 4, S; is a Seifert surface for the sublink of L of color
(2) for all i # j, S; NS is either empty or a union of clasps (see Figure |1));
(3) for all 4, j, k pairwise distinct, S; N S; N Sy is empty.

In the case = 1, a C-complex for L is nothing but a Seifert surface for the link L, while
the existence of a C-complex for an arbitrary colored link was established in [3, Lemma 1].
Given a sequence € = (1,...,¢,) of £1’s, let i¢: H1(S) — H1(S%\ S) be defined as follows.

FIGURE 1. A clasp intersection crossed by a 1-cycle x.

Any homology class in « € H(S) can be represented by an oriented cycle o which behaves as
illustrated in Figure [1| whenever crossing a clasp. Then, define i*(x) as the class of a 1-cycle
obtained by pushing « in the ¢;-normal direction off S; for ¢ = 1,..., u. Finally, consider the
bilinear form

HI(S) X HI(S) — 7, (x7y) = lk(ia($)?y)a
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where lk denotes the linking number. Fixing a basis of H;(S), the resulting matrices A® are
called generalized Seifert matrices of L. As in the introduction, we set

H(t) = Y[ -4,
e =1

where the sum is on all sequences € = (e1,¢2,...,£,) of £1’s. Since A™° = (A°)T, H(t) is a
hermitian matrix with respect to the involution ¢; + ¢; !. Evaluating H(t) at some w € (S*)*
yields a hermitian matrix H(w) with complex coefficients, but note that this is the complex
conjugate of the matrix with the same name in [4, Section 2.2].

We conclude this subsection by introducing some terminology.

Definition. A curve on a C-complex S is called nice if the following conditions are satisfied:

(1) it has no self-intersections,

(2) the restriction to each component S; is an embedding,

(3) it intersects each clasp at most once,

(4) when it intersects a clasp, then it looks locally like in Figure

Lemma 2.1. There exists a basis of H1(S) for which each element is represented by a nice
curve.

Proof. Up to homotopy equivalence, S can be constructed by taking the disjoint union of the
surfaces S; and adding an arc connecting S; with \S; for each clasp. Contracting every surface
to a point produces a graph I' with p vertices Vi,..., V), and one edge for each clasp. This
construction yields the short exact sequence

"
0 — @Hl(SZ) — Hl(S) 1> Hl(F) — 0,
=1
where the non-trivial maps are respectively induced by the inclusions of the disjoint S;’s into
S, and the projection to the quotient. The surjectivity of 7 is immediate since any embedding
of I' into S produces a right inverse.

It is clear that each H;(.S;) admits a basis given by embedded curves that do not intersect
any of the clasps. Thus it remains to find nice curves on S whose images under 7 form a
basis for Hy(T"). Next, we say that a path on I' is simple if it intersects each vertex and each
edge at most once. Consequently, the lemma will follow from the following two assertions:

(1) Hi(I") admits a basis consisting of simple closed curves,
(2) given any simple closed curve v on I', there exists a nice curve s on S with 7(s) = .

The first statement is of course well-known. For the reader’s convenience we sketch the
argument. Let 7" be a maximal tree in I' and let ej,..., e be the edges in I' \ 7. We can
connect the end points of each e; by a simple path p; in the tree T'. Now, fori =1,...,k, the
curves y; = e; U p; are simple and represent a basis for Hi(I').

In order to prove the second assertion, observe that each vertex V; crossed by a simple
closed curve -y is both the initial point of a unique edge crossed by + and the terminal point
of a unique edge crossed by . Next, we pick an embedded curve ~; on the corresponding
surface S; connecting the end points of the two clasps. Finally, we define s as the curve on S
which is given by the union of the following paths:

(1) for each edge crossed by v, we take the corresponding clasp,
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(2) for each vertex V; crossed by 7, we take the simple closed curve «; on S;.

Since s is clearly nice and satisfies m(s) = 7, this concludes the proof. 0

2.2. Twisted homology and cohomology groups. Let X be a CW complex, let p: m(X) —
Z* be an epimorphism, and denote by p: X — X the regular cover of X corresponding to the
kernel of . Given a subspace Y C X, we shall write Y = p~1(Y), and view C,(X,Y) as a
chain-complex of free left modules over the ring A = Z[tﬂ, e ,tfl]. (The ring A is of course
commutative, so any left-module is also a right-module, nonetheless it is quite helpful to keep
in mind the “natural” module structures which would also work over non-commutative rings.)
Given a commutative ring R and a (R, A)-bimodule M, consider the chain complexes

Co(X,Y; M) =M ®, Ci(X,Y)
C*(X,Y; M) = Homa (0* ()?,?),M)
of left R-modules and denote the corresponding homology R-modules by H.(X,Y’; M) and H*(X,Y; M).

In particular, one can use the canonical isomorphism of A @4 C,(X,Y) with C,(X,Y) to re-
cover the homology of the covering space:

H.(X,Y;A) = H (X,Y;Z).

Since localizations are flat, we obtain that H,(X,Y;Ag) = H.(X,Y;A) ®x Ag. For later
use, let us fix some additional notation. Sending a cocycle f € Homy (C*()Z' ,?),Q/AS>

to the Ag-linear map defined by o ® p — f(o) - p yields a well-defined isomorphism of left
Ag-modules

ke H(X,Y;Q/As) — H; (HomAS (C*(X,Y;AS),Q/AS)>.

We also consider the evaluation map

ev: H; (HomAS (C.(X,Y;Ag),Q /A5)> — Homna, (H:(Cy(X,Y; Ag)), Q/As).

The composition ev o k will allow us to pass from cohomology to the dual of a homology
module. Finally, the following well-known lemma motivates our use of Ag-coefficients:

Lemma 2.2. Let X be a CW-complex, and let ¢: m1(X x SY) — Z* be a homomorphism.

(1) If the composition m1(S') — m (X x §') L ZF sends a generator of m(S) to a
non-trivial element z of Z*, then the chain complex Cy(X x SV Z[ZH][(z — 1)71]) is
acyclic.

(2) If z is a non-trivial element in the image of @, then Ho(X;Z[Z][(z — 1)71]) = 0.

Proof. A proof of the first statement can be found in [16, Example 2.7]), while a proof of the
second statement follows from the standard calculation of 0-th twisted homology group, see
g. [11, Chapter VI.3]. O
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2.3. Intersection forms. Given a compact oriented n-manifold X, a homomorphism ¢: 7 (X) —
7* and a (Ag, A)-bimodule M, Poincaré duality defines isomorphisms of Ag-modules
H;(X,0X; M) = H"(X; M),
H(X; M) = H"(X,0X; M).

We now consider the following sequence of Ag-homomorphisms

©: Hi(X; M)—H;(X,0W; M) 22 H"(X; M) 2% Homy, (Hy—i(X; M), Ag).

Here the first map is induced by the inclusion, the second is Poincaré duality, and the last
was described in Subsection Assuming X is 4-dimensional, the intersection form on
Hy(X; M) is defined as A\(x,y) = O(y)(x). More explicitly, if M = Ag and if a, b are elements
of Hy(X; M), then the twisted intersection form is given by

Ma,b) =Y s(a,t9b) 17 € Ag,
gELH

where s denotes the ordinary intersection number on X. Notice that A is hermitian and

sesquilinear over Ag, in the sense that A(a,b) = (b, a) and A(pa, gb) = pA(a, b)q for any a,b €
Hy(X; M) and p,q € Ag.

2.4. The Blanchfield pairing of a colored link. Let L = L; U---U L, be a colored link
and let X7, denote its exterior. Identifying Z# with the free abelian group on ?1,...,t, and

precomposing the epimorphism H;(Xp) — Z*, v — tllk(%Ll) . -tg((%L“) with abelianization
gives rise to the Alexander module H1(Xp;Ag) of L. Assume that Hi(Xp;Ag) is torsion

over Ag, and denote by €2 the following composition of Ag-homomorphisms:
= PD Bs—!
H(X1;As) — Hi(X1,0X13As) — H*(Xp;As) —— H'(XL;Q/As)

€eVOoR

—_— HOH]AS(H1(XL;AS)7 Q/AS)’

where PD is Poincaré duality and BS~! is the inverse of the Bockstein homomorphism arising
from the short exact sequence

0—>Asg—>Q—Q/As —0

of coefficients. It is a consequence of Lemma [2.2] and the long exact sequence of the homology
modules of the pair (Xr,0Xr) with Ag-coefficients that the first homomorphism is an iso-
morphism. The second map is evidently an isomorphism. The third map is an isomorphism
since we assume that Hq(Xp;Ag) is torsion which implies by Poincaré duality and an Euler
characteristic argument that H'(X1;Q) = H?(Xr;Q) = 0. Finally, the last map is also an
isomorphism. This follows from the Universal Coefficient Spectral Sequence [14, Theorem 2.3|
and the fact, see Lemma [2.2] (2), that Ho(Xp;Ag) = 0.

Definition. The Blanchfield pairing of a colored link L with torsion Alexander module is the
pairing

BI(L) : Hl(XL; As) X Hl(XL; AS) — Q/AS
defined by BI(L)(a,b) = Q(b)(a).

It follows from the definitions that the Blanchfield pairing is sesquilinear over Ag, in the
sense that BI(L)(pa, ¢b) = pBl(L)(a,b)g for any a,b € Hi(Xr;Ag) and p,q € Ag. Further-
more, the above discussion shows that this pairing is non-singular.
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3. PUSHED-IN C-COMPLEXES

In this section, we define the notion of a “pushed-in C-complex” in the 4-ball D*, study
its exterior (Subsection and compute its fundamental group (Subsection . Note that
our approach differs slightly from the existing literature [4, [7]: instead of only pushing in the
interiors of the Seifert surfaces, we also push in radially the corresponding sublinks. Moreover
the different Seifert surfaces end up at different depths of the 4-ball.

3.1. The complement of a pushed-in C-complex. Let § = S;U---US, be a C-complex
for a p-colored link L and view S® as the boundary of D* For i = 1,...,u, we pick a
tubular neighborhood S; x [—2,2] of S; in S3. Furthermore for each i, we fix two surfaces
with boundary S/, S such that S/ C S; C S/, the complement S/ \ int(S}) is a union of small
annuli around L; = 05;, and the respective unions S’ and S” form C-complexes for links
isotopic to L. Let us fix once and for all an embedding of S3 x [0, u] in D* such that S x {0}
agrees with S3 = 9D*. In order to prevent the different tubular neighborhoods from getting
mixed up, we denote the image of (p,t) under this map by pxt. Fori=1,..., u, we write

i L [0} Uy S = )

and refer to F':= Fy U---UF), as the push-in of S. In other words, F' is obtained by pushing
each sublink L; radially (at a different depth) into the 4-ball and then capping it off with S;.
Observe that the F; intersect pairwise in double points and consequently F' has boundary L
(in the sense of [4, Section 6]). Since our goal is to study the exterior of F' in D*, we define

vF = O((im(sg/)\sg) X (“1,1)%[0,0) U S; x (<1,1) % (i = 3,1)),

and Wr := D*\ vF. In order to compute the homology of Wr, we shall now decompose the
latter space into more manageable pieces. First of all, denote by

B = D'\ <O nt(S!) x (_1,1)*[0,¢))

=1
the complement of the whole trace of the push-in and observe that B is homeomorphic to a
4-ball. In order to recover W from B, we first set

Y; == S\ (U int(S7) x (—2,2)) [0,i—1] U S;\( g nt(S5) x (_2,2)) wfi—1,i— 3]
i j=i+
for i = 1,...,pu. Observe that Y; is a closed subset of S/ x[0,i — %] which is homotopy
equivalent to S;. Moreover, making use of the neighborhoods of the S; in S2, it makes sense
to consider the closed sets Y; x [—1,1] € D*. In the definition of the Y;’s, we removed large
enough neighborhoods of the clasps in order to make these sets disjoint. It remains to add
the clasp parts. For i < j, we define the space

L1
Xy = (Sin8%) x 0,0 — 3]

which consists in a disjoint union |_|XZ'3 of contractible spaces, one for each clasp between

S; and S;. Using the slightly larger neighborhoods of S; and S; in 53, we consider the
cross-shaped subset of [—2,2] x [—2, 2] given by

Ko=[-1,1] x [-2,2] U[~2,2] x [~1,1].
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This way, the space W decomposes as B U Z, where

m
Z = | Vi x [-1,1] U | X x K.
i=1 i<j
Observe that for each nice curve a in S (recall Definition 2.1)), the push-offs i([a]) described

in Section can be represented by curves af which are embedded in the intersection of S3
with (JI2, ¥ x {£1} C §B.

3.2. The fundamental group of Wr. Given a C-complex S, denote by J the subset of
{1,..., u}? consisting of pairs (i, j) for which i < j and there exists at least one clasp between
the surfaces S; and 9.

Proposition 3.1. The fundamental group of Wr admits the presentation
(at,...,aul[ai,a;5) = e for all (i,5) € J).

Proof. Recall from Subsection that Wr = B U Z, where B is contractible and Z =
Lz, Yix [=1,1] U |;; Xij x K. Observe that gluing Y1 x [~1,1] to B is homotopically the
same as identifying Y7 x {—1} with ¥; x {1} so that

7T1(B U (Y1 X [—1, 1])) = <a1 ]al -1 al_l = 1> = (a1>.

Gluing successively Y x [=1,1],...,Y, x [-1,1] and repeating the argument adds one new
generator a; for each i. As each inclusion induced map m1(Y; x {£1}) — m1(Y; x [-1,1])
factors through the trivial group 71 (B), no relations are added and thus

W%BUQEX[LH)%(MWW%y

=1

In order to recover Wp, it remains to glue back in the contractible “clasp parts” ij X K
(recall that X;; = ||, ij), which are only non-empty when (4,j) € J. Note that ij x K
and BU| |l Y; x [—1,1] intersect in P := Xikj x 0K which is homotopy equivalent to a circle.
Moreover, under the inclusion map of P into BU| |I”; ¥; x [—1, 1], a generator of 7 (P) is sent
(up to inversion) to a commutator of the form [a;,a;]. Hence, by Van Kampen’s theorem,
one gets

p

1 (B Ul JYi x[-1,1]u (XZIE X K)> = (a1,..., a6, a;5)).
=1

Repeating the process for each Xz-kj immediately yields the proposition. (]

Let p: Wr — Wp be the cover of Wp corresponding to the kernel of the abelianization
map 71 (Wg) — H1(Wr) (see Figure [3| for a schematic picture). Recall from the introduction
that a C-complex S is totally connected if each S; is connected and S; N S; # O for all i # j.
Proposition implies both that the deck transformation group of W is free abelian of rank
w1 and the following result.

Corollary 3.2. If the C-complex S is totally connected, then Hi(Wpg;Ag) vanishes.

Proof. 1f each pair of surfaces in S is joined by at least one clasp, then it follows from Proposi-
tionthat 71 (WF) is the free-abelian group on t1,...,t,. This implies that H;(Wg;A) = 0,
which by flatness of Ag also implies that Hy(Wg;Ag) = 0. O
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4. THE TWISTED INTERSECTION FORMS OF C-COMPLEX EXTERIORS IN THE 4-BALL.

In this section, we describe an explicit isomorphism H;(S)®Ag — Ha(Wpg; Ag) (Subsection
4.1)) and compute the corresponding intersection form (Subsection 4.2)).

4.1. A geometric basis for Hy(Wpg;Ag). The goal of this subsection is to provide a con-
venient basis for the Ag-module Hy(Wr;Ag). In order to state the main result, we briefly
introduce some notation. Given an arbitrary lift B of B to W and a nice curve o on S, lift
each push-off af to B, and call it @ C B. Also, set

o
sgna::Haie{il}, 1:=(1,...,1) e 2%,
i=1
and notice that the following equality holds:
o
(1) ngna e = l_I(tZ —1).
€ i=1

Next, using Lemma we fix once and for all a basis % for Hi(S) so that each element of
2% is represented by a nice curve, resulting in a set B of representatives. The remainder of
this subsection will be devoted to the proof of the following result.

Theorem 4.1. For each nice curve o on S, there is a closed surface ®, embedded in W,
14+
which intersects p~1(B N Z) in the curve Y . sgn(s)t%ag. The map
®: Hi(S) @ Ag — Hy(Wp; Ag)

defined on the elements of B as [a] ® 1 — [®,] is an isomorphism of Ag-modules.

4.1.1. The construction of the surfaces ®,. Given a nice cycle o C .S, there is a Seifert surface
for each af (viewed as an oriented knot) in B = S3. Pushing the interior of these surfaces
inside B provides properly embedded surfaces S;, in B whose boundary is a®. Lifting these

surfaces to W as subsets S, of the fixed lift B of B, one has
14+e—¢ 1+e

AEES) =t e .

In order to build a closed surface from all of these disjoint 5 gz, decompose « as

!

i<j k=1

where o is the (possibly empty) subset of v which lies in S; \ J;,; S; and afj is the (possibly
empty) subset of a corresponding to the clasp indexed by the triple (i, 7, k). One can perform
k,
ije'
sequences ¢, ¢’ which differ only at the index j, say with £; = —1 and E;» = +1, connect the
two surfaces t%gz and —tHngi by adding a cylinder tl%@j x [-1,1] Cp~1(Y; x [-1,1]).
Repeating this process for all €, ¢/ as above, we can now set

analogous decompositions for each push-off a° yielding segments of and « Given two

So = U(sgn(s)tI;ESz u U sgn(e)tlgeaj X [—1,1]),

{ilej=-1}

where the sign sgn(e) = €1 - - ¢, is added for the orientations to be consistent. We see from
its construction that S, is a surface whose boundary lies in the boundary of the union of
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lifts of) the topological 4-balls X% x K. Consequently, one can find a surface S°#P whose
p g 1] q Y7

components lie in those 4-balls and such that oSl — —0S,. We can hence define a closed
surface

B = So Uy SEI25P,

Using our set B of nice representatives for the basis Z of H1(S), we can now define a Ag-linear
map

D: Hl(S) X AS — HQ(WF;As)
by [a] ® 1 — [®,] for @ € B. From the construction of ®, we get the following formula.

Proposition 4.2. Let 0: Hy(Wp;Ag) — Hi (BN Z;Ag) be the boundary map in the Mayer-
Vietoris sequence of Wp = BU Z. Then

112Ls [ag]

(3) 00([o)®1) = Z sgn(e)t

for each nice cycle a.

Our goal is now to prove that ® is an isomorphism.

4.1.2. Reducing the problem to a commutativity statement. Recall from Subsection that
we decomposed W into BU Z, where Z := | [i_; Y x [-1,1] U |];; Xi; x K. We now set

"
Z1 = |_|Y; X [—1,1}, Zy = |_|ij x K
i=1

1<j

\S L | AR RN

: NI |
x [-1,1]
—2,2] x [—

Y;
k
X5 % [ 2,2]

FIGURE 2. A dimensionally reduced sketch of Z1 and Z, around a clasp.
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so that three applications of the Mayer-Vietoris exact sequence (together with the fact that
Z5 is made of contractible components) produce the following commutative diagram:

(4)

Hi(BN Zy;As) Hy(Z1;As)
0 — Hy(Wr; As) Hy(B N Z;As) - Hy(Z; As)

Hy(BNZy)N(BNZy);As) Ho(Z1 N Zy; Ag)
J I
Ho(BN Z1;Ag) ® Ho(B N Zo; Ag) — Ho(Z1; Ag) @ Ho(Z2; Ag).
The next lemma provides a first step towards the understanding of ker(y).
Lemma 4.3. The sequence
(5) 0 — kery — keryp — ker LNker M — 0

of Ag-modules is exact.

Proof. The previous commutative diagram restricts to

0 0
L]
Hl(B N Zl; As)

|

H\(BNZ;As) —— H\(Z; As)

b

ker(M) ker(N)
- I
0 0.

Applying the snake lemma produces the long exact sequence
(6) 0 — kery — ker ¢ — ker L Nker M — coker i) — coker ¢ — ker N/im L|yer psr — 0.

Since Z1 = | [\, Yi x [-1,1] and BN Z; = | I, Y; x {£1}, ¢ is clearly surjective and the
result follows. O

Let us describe the strategy we shall use in order to show that the map ®: Hy(S) ® Ag —
Hy(Wp; Ag) defined in Subsection is an isomorphism. Using the short exact sequence

(7) 0— éﬂl(&) = H1(S) & Hi(T) — 0,
=1
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used in the proof of Lemma [2.1] we shall define isomorphisms ¢ and 7 that fit into a commu-
tative diagram

(8) 0 0
J !
i1 H1(S:) ® As z ker(1))
I ow N
Hy(S)® Ag Hy(Wpg; Ag) — ker(p)
I p
Hi(T)® Ag 4 ker(L) N ker(M)
| l
0 0.

The 5-lemma will then immediately imply that ® is an isomorphism.

4.1.3. The short exact sequence of H1(S). We fix some notation and recall the short exact
sequence which was used in the proof of Lemma Let c¢(i,7) be the number of clasps
between surfaces S; and S; in the C-complex S. The clasps will be denoted by ij for
k=1,...,c(i,7) resulting in a total number ¢ of clasps. Up to homotopy equivalence, S can
be constructed by taking the disjoint union of the surfaces S; and adding an arc connecting
S; with S; for each clasp C’Zk} Contracting every surface to a point produces a graph I' with
w vertices {Vj} and ¢ edges {EZ} We shall consider I' as an oriented graph, where the edge

EZ"; travels from V; to Vj; if i < j. This construction yields the short exact sequence , where
the non-trivial maps are respectively induced by the inclusions of the disjoint .S;’s into S, and
the projection to the quotient. To get the left vertical sequence of , we just tensor ([7]) with
Ag, without changing the name of the maps.

i s el e

toB t1ta B

FIGURE 3. A schematic picture of a small portion of the cover W, in the
simple case of only two surfaces and one clasp. We represented p~!(B) in
white, p~!(Z1) in dark gray and p~!(Z3) in light gray.
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4.1.4. Constructing the map o. Recall from Subsection that Wrp = B U Z was further
decomposed by observing that Z = Z; U Zy with Z; = ||| V; x [-1,1] and BN Z; =
LI, Y; x {£1}. Consequently, if we lift BN Z as a subspace of B, then the restriction of ¢
to the k-th summand of Hy(B N Z1;Ag) is the map (z,y) — = ® t + y ® 1. Since Sk and Y}
are homotopy equivalent, it follows that

w
kerg) = P As{(—z @ Lz @1;) |z € Hi(S)}.
=1

One can now define the map o: @} | Hi(S;) ® Ag — ker ¢ by

o(x) = <H(tj - 1)) (—x®1,z®t)
ik

for x € Hy1(Sk). Using the description of ker(v), the map o is well defined; it is an isomor-

phism since the (t; — 1)’s are invertible in Ag. We conclude this paragraph by proving the

commutativity of the top part of . Given an element x € H1(S}y), we represent tx € Hi(S)

by a nice cycle «, which only belongs to S;. Proposition hence gives us

0bir = Y sgu(e)t = [a).

Notice that, since « is contained in Sk, the curve af only depends on the value of . We
thus only have two push-offs for it, which we denote by a™ and o, as one does in the case
when S consists in a single Seifert surface. We will also denote by  the element in {4-1}#~!
obtained from e by ignoring ;. We can now rewrite the above formula as

1+5 1+5 1+s

0Bir =Y sen(@) [[t;7 ety ® @] = ) sen(e Ilt2 —[@ ]+ t[a@’)).

ec{£1}+ J#k ele{x1}pr—1 J#k

Applying to the sum over the &/, we get

0l = <H(tj — 1))(—[04_] + ti[at]).
j#k
Commutativity follows, because by definition of ¢ and a, we also have

ao(z) = <H(tj—l)>a(—x®1,$®tk) = <H(tj—1)>(—[a_]+tk[a+]).

j#k j#k

4.1.5. Constructing the map 7. First, we describe the space ker L N ker M by making use of
the following portion of the Mayer-Vietoris diagram :

Ho((B N Zl) N (B N ZQ); As)

Ho(Zl N Zs; As)
lM_M/@M//
Ho(B N Zi; As) SV, H()(B N Zs; As)

The spaces BNZy, Z1NZy and BNZ1NZ5 are all of the form |_|Z.<j X;; x P for some contractible
subset P of 0K. Consequently the restriction of the cover to each of these subspaces is the
trivial Z*-covering, and the inclusion induced maps L, M’ and M" can be understood using
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-)L||||

v N

FIGURE 4. The inclusion induced maps L, M’, M".

Figure 4. Tt follows that ker L Nker M"” is generated by c linearly independent elements vfj,
one for each clasp ij (as illustrated in Figure :

(9) ker L N ker M" = Spany {vf; [ < j, 1 < k < c(4, 4)}.

Since ker L N ker M is the subspace of ker L N ker M” which is annihilated by M’, we now
compute the image of vfj under M’. Observing that Ho(B N Z1;Ag) = @, Ho(Y; x {—1} U

Y; x {1})®As and denoting by ;= a positive generator of Ho(Y; x {#1}), a short computation
using Figure [ shows that

(10) Moy = ti(t; — Dyt — (t; — Doy —t5(t — Dy + (L — D)y; .
Let T: C1(T") — SpanAS{vfj}ijk be the Z-linear map defined on generators by
T(EE) = [Jt - 1) of.
14,
Note that since I is a graph, its first homology group H;(I") is a subspace of C(T).
Proposition 4.4. The restriction of T to H1(I") takes values in ker L Nker M.

Proof. Since this proof consists in a straightforward computation which combines and
the definition of T, we shall only give the details in a simple case. The general case follows

FIGURE 5. The elements vfj that span ker(L) Nker(M")
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Cl

: 1
the exact same steps. Suppose that in our C-complex there are clasps C: il

YR
i < j <k, then the element v := Eilj + E]lk — B} is in Hy(T). Since
Ty =[] (= 1) ((t — Doy + (t: = Dvjy, — ( — Do)
I#4,5,k

is contained in ker L N ker M"”| it only remains to check that M'T+ = 0. The immediate
computation

M'Ty =[] (= 1) [(tx = D(ti(t; — Dy — (4 — Dy —t(ti = Dy + (6 — Dy; )+

C}k, with

l#1,7,k
(ti = D)(t(te — Dy; = (te — Dy; — t(t; — Dy + (4 — Dyy)
—(t; = D)(ti(ty — Vyim — (t — Dy, — te(ts — Dyt + (¢ — D)y, )] = 0,
which relies on concludes the proof. (]

We can now define the Ag-linear map
7: Hi(I') ® Ag — ker L Nker M
as the extension to Ag-scalars of the Z-linear map 7': H;(I') — ker L Nker M.

Proposition 4.5. The map 7 is an isomorphism of Ag-modules.

Proof. We will first identify ker L N ker M with the kernel of a g x ¢ matrix S. During this
proof, rows of (1 x ¢)-matrices will be indexed by integers | = 1,. .., u and columns by triples
(i,j,k) with 1 <i<j<pand 1<k <c(i,j). Using (9) and (L0, we see that

ker LNker M = {Za%vfj IVi=1,..., 4, Zafj(tj —1) =S ait;—1) = 0}
3.k ik

5,k
so that ker L Nker M is the subspace of Span, {vzkj }iji given by the null space of the p x ¢
matrix R with (I,ijk)-coefficient (R;jk) = ((t; — 1)y — (t; — 1)d;;). For each [, multiplying
the I-th row of R by (t; — 1) yields a (u x ¢)-matrix S whose kernel is still ker L Nker M and
whose (1, ijk)-coefficient is

(57") = ((t: = D(t; = D6 — 07))-
Next, multiplying each ijk-column of S by (t; —1)71(t; — 1)~! results in a matrix P whose
(1,1jk)-coefficient is
(B = (62 — 83).

Since P represents the boundary operator 9: C1(I') — Cy(T'), its kernel over Ag is isomorphic
to H1(I') ® Ag. Consequently, in order to conclude the proof, it only remains to show that
ker S =2 ker P. The operations we performed on the columns of S give rise to a Ag-module
isomorphism

| -1 I -1
o= (= D)7 - )T = (H(tl — 1)) [Tt 1)) = (H(t, — 1)) T(E})
=1 1#1,j =1

which restricts to an isomorphism ker P — ker S. Since the (¢; — 1) are invertible in Ag, 7 is
an isomorphism. O
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In order to conclude the proof of the reduction discussed in Subsection it only remains
to prove the next proposition.

Proposition 4.6. The bottom square of (@ commutes.

Proof. Given a nice cycle « in S and a clasp C’Z], define

1 if v crosses C’ikj from i to j,
ng; = ¢ —1 if a crosses C’i"“j from j to 1,
0 if o does not cross ij at all.

As we will see, the image of [a] ® 1 under both 77 and b0® will only depend on this combi-
natorial data. We start with the computation of 77 ([a] ® 1). From the definitions of 7 and

U, it is clear that
Z ni i,
1<j, k

and consequently the definition of 7 yields

(e @1) = > [t - 1) nil.
i<j, k1,
To conclude, we compute b0®([a] ® 1). Thanks to Proposition we have 0®([o] ® 1) =
> sgn(s)t%[as]. Since the map b is the boundary homomorphism in the Mayer—Vietoris
sequence for BNZ = (BN Z1) U (BN Zy), it only depends on the behavior of « at the clasps.
For ¢ € {£1}*, the part of @ contained in B N Zg will be a path connecting S; x {e;} to
S; x {e;}, whose direction depends on the sign of n . Since this data does not depend on the

coordinates of ¢ different from i and j, we will denote such a strand by @;; €€ The part of
0% ([a] ® 1) which is contained in B N Z3 is hence

1+e ——
Ssgn(e)t' s Y@ = >3 sen(e Nilen (tt*’”*—tff]* —tjay T+ >

€ i<j, k i<j, k & 1#£1,j

where £’ now varies in {:1}#72. We observe now that the boundary of (¢;t;a *k T _ta *k .

thC 4 al-j ~7) is given by —nl’C Ufj (see Figure IEI) So, taking into account a minus sign

coming from the Mayer-Vietoris sequence, we get

bOD ([ Z Z sgn(e Ht 1+€l

i<j,k €& l#1,5

As a last step, we apply to the sum over the &', obtaining
b9®([o ZHtl_l Mij 1]
1<g, k l#4,j

This concludes the proof of the proposition.
O

Combining the reduction of Subsection with the results of Subsection we have
now completed the proof of Theorem
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FIGURE 6. A representatlon of the curve (t;t; ak Tt *k . — tja *k Bt

af]’ ), in the case where n/ i; = 1. Observe that its boundary glves the opp081te

of the element v . depicted in Figure

4.2. The twisted intersection pairing of Wyr. In Subsection we decomposed the
exterior of the push-in as Wr = B U Z, where B was homeomorphic to the 4-ball. Then,
in subsection we used this decomposition to build an isomorphism ®: H;(S) ® Ag —
Hy(Wp; Ag). In this subsection, we use the resulting basis of Hy(Wpr;Ag) (recall Theorem
to compute the twisted intersection form A of Wpr. More precisely, given o, 8 € Hy(S),
we relate A\([®,], [Pg]) to the matrix H(t) described in Subsection

Recall from Subsection that the formula for A([®4], [®g]) involves the algebraic inter-
section of ®, with t9®3 for each g € Z*. In order to pinpoint where these intersections take
place, we consider the space

US>< [~1,1] C $*

so that ®, C I_lse{il}ﬂ tl%PUp* (T % 0), where p: W — Wg denotes the covering corre-

sponding to the kernel of the abelianization map m1(Wpr) — Hy(Wr) and BN S3 = S3\T.
Moreover, smoothing the corners, T' becomes a smooth submanifold of S? and, as such, its
oriented boundary admits a neighborhood 0T x [—§, d], where the positive part lives outside
of T.

The next lemma will make it possible to transfer information from @B to the standard S3.

Lemma 4.7. There exists an orientation preserving homeomorphism between OB and S®,
which brings OT x [0,1] C B to 8T x [0,6] C S3. (Notice that OT » {3} is sent to OT x {0},
while 0T x {0} is sent to 0T x {0}).

We are now ready to prove the main result of this section. This result is precisely Theo-
rem [L.3 from the introduction.

Theorem 4.8. Let H(t) be the matriz described in Subsection[2.1], corresponding to the basis
P of H1(S). With respect to the image of B by the isomorphism ® of Theorem the
twisted intersection form Ho(Wp; Ag) X Ho(Wg; Ag) — Ag is represented by H(t).
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oT * [0, 3]

FIGURE 7. Schematic picture of the statement of Lemma

Proof. Fix [a], 8] € %, such that o and § are the nice representatives in B we used to define
the map ®. We perform homotopies which push @, and ®4 inside the interior of W in such
a way that

O Cp ' (B)Up (T xy) , € Cp (B)Up H(Tx3),
and that ®, intersect t9¢g transversally for all g € Z#. Recalling the construction of ®,
and ®g, we see that the algebraic intersection of ®, with tY®3 can now only happen in the
disjoint union of the 4-balls t"B. It follows that

1te’ —¢f

TS 9t St

M[@a], [06) = S s(@a,t9 )19 = Y Y sgn(e) sgn(e)s(t 2

gELH gEZLF g g’ e{£1}H

1+¢ 1+e ’
Moreover, the two surfaces t S¢ and 19t Sg only intersect when they belong to the same

lift of B, i.e. when t9t"5 = t3°. This occurs precisely when g = E_Tal and, in this case,
translation invariance gives us
1+e — ey ’
s(t5° 55,197 55) = s(S5,5%).

Homotope ?Z,§; C B so that their boundarie/s are respectively a° x {1} and 55 x {%}7
Consequently, the algebraic intersection s(S%, Sg) coincides with the linking number in 0B
of afx{1} and 5 *{3}, which in turn equals the linking number in B of a°x{$} and 55’*{%}.
Lemma[£.7|now provides the existence of an orientation preserving homeomorphism from 0B
to S% that brings o x {1} to o x {g}, and (5 * {1} to B¢ = 65 x {0}. As a consequence,
we obtain
$(55,55) = Ik(a® x {5/2}, ) = k(a®, B).

Putting everything together, we get

!
E—E

M®a, [@5]) = D sen(e)sen(e) Ik(a®, B)t 2

ee’e{£1}¥

We will now algebraically manipulate this last expression in order to get the desired formula.
Summing on &’ first and using (applied to the variables ti_l), we rewrite this as

M(@al, [5]) = 3 sgn(e) (e, 8) 5 Y sgn(e) 75 = Y sen(e) Ik(a?, )¢ [[(172-1).

i=1




THE BLANCHFIELD PAIRING OF COLORED LINKS 19

git1

Then, from the identity ;¢; > (t;* — 1) =1 — 5, we get

(] ZH — ) k(" B),

e =1

which concludes the proof of the theorem. O

5. PROOF OF THEOREM

5.1. Preliminary lemmas. Let L be a colored link and let S be a C-complex for L. Given
the exterior W of the push-in F' of the C-complex S, we saw in Section [f] that the intersection
form on Ho(Wp;Ag) could be computed in terms of generalized Seifert matrices. In this
subsection, we prove some technical lemmas which will enable us to relate the above mentioned
intersection form to the Blanchfield pairing on OWp.

Lemma 5.1. If the C-complex S is totally connected, then the evaluation map ev ok : H*(Wg; Ag) —

Homp ,(Ha(Wp; Ag), Ag) is an isomorphism.
Proof. Since the map
K HQ(WF;AS) — Hy (HomAs (C*(WF;AS),A;;))

is easily seen to be an isomorphism. It suffices to show that ev is an isomorphism. Now
we consider the universal coefficient spectral sequence, see e.g. [14, Theorem 2.3, which
starts at Equ = ExtﬁS(Hq(X;AS),AS), has differential of degree (1 — r,r) and converges

to H.(Hompy (Cx(Wr;Ag), Ag)). We have Ho(Wr;Ag) = Hi(Wp; Ag) = 0 by Lemma
and Corollary Therefore
ev: Hy (HomAS(C*(WF;AS),AS)) — EXt%S(HQ(WF;AS),AS)
= Hompg (Hi(Ci(Wr; Ag)), As)

is an isomorphism. O

Lemma 5.2. H(0OWp;Ag) is isomorphic to Hy(Xr;Ag).

Proof. The boundary of W decomposes as X1, Uy g1 OVF and the resulting Mayer-Vietoris
sequence with Ag-coefficients is given by

Hi(L x §'Ag) = Hi(Xp;Ag) ® Hi(OvF; Ag) — Hi(0Wp; Ag) = Ho(L x S*; Ag).

As the restriction of Hy(Wg) — Z* to Hy(L; x S*; Z) sends each meridian to t;, Lemmaen—
sures that C,(L x S'; Ag) is acyclic. Consequently, it only remains to show that Hy(OvF; Ag)
vanishes. Away from the ¢ double points of F, the boundary of a tubular neighborhood of
each Fj consists in F; x S for i = 1,...,pu. Given a double point C’Z-kj € F; N Fj, remove the

open disk ij which consists in the component of v(F; N F;) containing C’Zk] Repeating the
process for each double point produces punctured surfaces Xi,...,X,. The manifold OvF
can now be recovered from the union of the X; x S' by glulng each Dk x S' along the
tori BD’.“. x S'. The corresponding Mayer-Vietoris exact sequence yields

c(4,5) e(i:3)
PP H1(0D}; xS'; Ag) — @Hl (Xix S5 Ag) = Hi(OvF; As) — @D Ho(0D]; x S'; Asg).

1<j k=1 =1 i<j k=1
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As each S! factor arises as a meridian of the link L, one can apply Lemma and the claim
immediately follows. O

Lemma 5.3. If Hi(X;Ag) is torsion, then the inclusion induced map H*(Wg, OWr; Q) —
H?(Wg; Q) is an isomorphism.

Proof. As the Alexander module of L is torsion over Ag, and @ is flat over Ag, Lemma
implies that H;(0Wp; Q) vanishes. By an Euler characteristic argument, we see that
Hy(OWp; Q) = 0. Thus the long exact sequence of the pair (Wg,0Wr) with Q-coefficients
implies that Hy(Wp; Q) — Ho(Wp,0Wp; Q) is an isomorphism and the result follows by
duality. O

5.2. Conclusion of the proof. Throughout this section, let S be a totally connected C-
complex for a p-colored link L. We denote by W = W the exterior of the push-in F' of the
C-complex S as defined in Section Corollary together with the long exact sequence
of the pair (W, 0W) yield the short exact sequence

(11) Ho(W; Ag) — Ho(W,0W; Ag) S Hi(OW; Ag) — 0.

Combining this with the isomorphism provided by Lemma [5.3]leads to the following diagram

Hy(W; Ag) —— Ha(W,0W; Ag) — H1(OW; Ag) 0
\LPD iPD
e H2(W;Ag) — H?*(OW; Ag
m i iBS*

Hom(H>(W;As), As)  H*(W;Q) H'(OW;Q/As)

P |

Hom(Ha(W;As),Q)  H*(W,0W;Q) = H*(W,0W;Q/As) Hom(H(0W;Ag),Q/As)

| )
ev oK 0

Hom (Hy (W, 0W; Ag), Q) Hom(Hy(W,0W; As), Q/As),

where all homomorphisms are understood to be homomorphisms of Ag-modules. The top
middle square commutes by duality. All the squares involving evaluation maps clearly com-
mute, while the upper left (resp. right) square commutes by definition of the intersection
(resp. Blanchfield) pairing. Finally the middle rectangle anti-commutes thanks to the follow-
ing algebraic lemma whose statement is a variation on [I, Lemma 4.4].
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Lemma 5.4. Consider the following commutative diagram of chain complezes of Ag-modules:

0 0 0
ool

0 A B C 0
Lol

0 D E F 0
wf ||

0 H J K 0
Ll
0 0 0.

If J is acyclic, then the following diagram anti-commutes

D

H (D) —> H_5(H)

\LhD ’Fg

where the right vertical maps are boundary homomorphisms.
Consequently, if one defines a pairing 6 on Ho(W,9W; Ag) by the composition

Hy(W,0W; Ag) ~2 HX(W; Ag) — HA(W; Q) = H2(W,0W; Q)
— HomAs (H2(W7 8W’ AS)7 Q)a

where for the third map, Lemma [5.3| was used, then the commutativity of the previous large
diagram immediately implies the commutativity of

HQ(W; As) X HQ(W;As) AS

L l

Hy(W,0W; Ag) x Ha(W,0W; Ag) ———= Q
J/axa J/
BI(L)
Hi(0W;Ag) x H1(OW; Asg) Q/As.

We pick our basis # for Hi(S). This basis yields generalized Seifert matrices A° for L and
it induces a basis € of Hao(W;Ag) (recall Theorem . We endow Homy ,(Ha(W;Ag), As)
with the corresponding dual basis ¥*. Now we consider the following commutative diagram
of Ag-homomorphisms

Hy(W; Ag) —2= H*(W,0W; As)

i i

Hy(W,0W; Ag) —2 > H2(W; Ag) —°%> Homy , (Ho(W; Ag), Ag).

Here the bottom-right map is an isomorphism by Lemma [5.1
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Claim. With respect to the bases ¥ and %*, the homomorphism

© : Hy(W;Ag) — Homp  (Ha(W; Ag), Ag)

is represented by the matrix H(¢)7.

Proof. By definition, the intersection pairing is given by A(z,y) = O(y)(z). In Theorem
we found out that the matrix representing A with respect to the basis ¢ is H(t). If
¢ = {x1,...,Tn}, we can hence write

n

Z@ xj)(x;) Z)\ Ti, xj) X Z

n
= Y H(t)ja},
i=1

which proves the claim. Notice that in the first equality, the bar appears because of the
involuted structure of Homy 4 (H2(W; Ag), Ag), while the last equality is true because H(t) is
a hermitian matrix. ]

Now we equip Ha(W,0W;Ag) with the basis induced from %* and the two horizontal
isomorphisms. Then, by commutativity of the diagram, the left vertical map is also repre-
sented by H(t)T. Rewriting the previous commutative diagram in terms of these bases, and
setting n = rky H;(S) one obtains

a,b)——aT H(t)b
A x Ap 0T AP As
@O EOTRHOT Yty i
A x AL Q

‘L BI(L) J’

Hy(OW; Ag) x Hi(0W; Ag) Q/As.

Here the middle horizontal map is determined by the top horizontal map, the vertical maps
and the commutativity. So the Blanchfield pairing on H;(0W; Ag) is isometric to the pairing

§/H®)TAG x Ag/H()TAG — Q/As
(a,b) — —al H(t)"'b.

Using Lemma this is also the Blanchfield pairing on H;(X;Ag), concluding the proof.

5.3. The classical formula for the Blanchfield form. As a reality check we verify that
Theorem [I.1] is indeed a consequence of Theorem

Let K be an oriented knot and let A be a Seifert matrix for K of size 2g. Following the
convention of [I8] we have A~ = A and AT = A”. Therefore

Ht) = 1-tHAT +(1—-tTHA = —(¢t71 —1)(A —tAT).
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We consider the following commutative diagram (from which Theorem follows):

BI(K)

Hy (X s Z[E]) x Hi(X g Z[EH)) Q(t)/Z[t*"]

T -
a faT -1
A2 JH(8)TAY x A2 /H(t)TAY (@ N Q(t)/As
a, CLT —1_1\—-1 A— AT —17
AZ /(A — AT)N2 x A2 /(1A — AT)AZ @02 T mD AT Q(t)/As
(v,w)H((tfl)’lv,(tfl)’1w) =
a, oT (t— L AT\—1T
A2 /(1A — AT)A2 5 A2 /(1A — AT)AY (@b)va” (- 1)(A—A7 )70 Q(t)/As.

Here we use the following:

(1) The Blanchfield pairing of a knot takes values in A (t) 1 Z[tF1]/Z[t*!]. Since Ak (1) =
+1 it is straightforward to see that the map

Ak () Z[ /2] — Q(1)/As

is a monomorphism.

(2) The top rectangle commutes by Theorem [1.2

(3) In the middle rectangle, we use that —H (t) = (t~' — 1)(A — tAT), which also implies
that H(t)T = —(t~' — 1)(AT — tA). Moreover, we use that t ™1 —1= (1 —t)t ' is a
unit in Ag.

(4) A straightforward calculation shows that the last rectangle commutes.
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