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Introduction

These are the lecture notes for a sequence of courses on algebraic and geometric topology
at the University of Regensburg that started in the winter term of 2016/17 and ended in the
summer term 2022. A new sequence is starting in the winter term of 2022/23 and the hope
is to revise some of the lecture notes and to add some material (e.g. tubular neighborhoods,
de Rham cohomology, bundles, characteristic classes, Reidemeister torsion).

Some references point to future material that is either not written yet or not presentable
yet. If you have any comments, especially if you �nd mistakes or typos, please let me know.

sfriedl@gmail.com



Part I

General Topology



0. Preliminaries

In this preliminary chapter we introduce some concepts and results from set theory and
linear algebra which we will use throughout these notes, but which otherwise have little to
do with topology itself. The reader might want to skip this chapter and directly move to
the next chapter.

0.1. Basic set theory. Throughout these notes we work with �naive set theory�. Like
many working mathematicians this author does not want to get drawn into a discussion
about what a set really is. Furthermore, when we describe sets we sometimes use creative
notation and language. The hope is that the language is chosen in such a way that any
good-willed reader will understand what is meant.

In this short section we recall a few basic de�nitions and results from set theory which
will frequently use throughout these notes. Usually we will not refer to the statements
explicitly, unless it helps to clarify an argument.
First we introduce the following notation which should mostly be standard.
Notation.
(1) We write N0 := {0, 1, 2, 3, . . . } and N := {1, 2, 3, . . . }.
(2) We denote by ∅ the empty set.
(3) Given a set X we write A Ă X if A is a subset of X and we write A Ĺ X if A is a

subset of X with A 6= X.
(4) Given a set X we denote by P(X) its power set, i.e. P(X) is the set of all subsets

of X.
(5) Given a map f : X → Y between sets and given a subset A Ă Y we write

f−1(A) = {x ∈ X | f(x) ∈ A}.
Furthermore, given y ∈ Y we write f−1(y) := f−1({y}).1

De�nition. Let X be a set. A family of subsets of X consists of a set I and a map
f : I → P(X).

Remark. When it comes to families of subsets we often use suggestive notation, e.g. we
might write �let {Ui}i∈I be a family of subsets of X�, which just means that I is a set and
the map I → P(X) is denoted by i 7→ Ui.

Convention. Let X be a set. We will view any subset U Ă P(X) as a family of subsets of
X via the index set I = U and the map I = U → P(X) given by U 7→ U . This convention
might sound silly, but it will be useful on many occasions.
We continue with two of the most important de�nitions of set theory.

De�nition. Let {Ui}i∈I be a family of subsets of a given set X. We write⋃
i∈I
Ui = {x ∈ X | there exists an i ∈ I with x ∈ Xi}⋂

i∈I
Ui = {x ∈ X | for every i ∈ I we have x ∈ Xi}.

1Purists might decry this notation, but it does make notation much more readable.
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In particular, if I = ∅, then
⋃
i∈I
Ui = ∅ and

⋂
i∈I
Ui = X.2

Notation. Let {Ui}i∈I be a family of subsets of a given set X. If for any i 6= j ∈ I we
have Ui ∩ Uj = ∅, then at times we write⊔

i∈I
Ui :=

⋃
i∈I
Ui.

The very �rst statement of these notions are e Morgan's Laws from elementary set theory.

Lemma 0.1. (De Morgan's Laws) Let X be a set and let {Ai}i∈I be a family of subsets
of X. If given a subset B Ă X we denote its complement by Bc := X \B, then( ⋂

i∈I
Ai

)c
=

⋃
i∈I
Aci and

( ⋃
i∈I
Ai

)c
=

⋂
i∈I
Aci .

Or equivalently, in a more cumbersome notation, we have

X \
( ⋂
i∈I
Ai

)
=

⋃
i∈I

(X \ Ai) and X \
( ⋃
i∈I
Ai

)
=

⋂
i∈I

(X \ Ai).

Proof. The lemma follows easily from the de�nitions and elementary logic. �

The following lemma concerns the interaction between operations on sets and maps between
sets.
Lemma 0.2. (Image-Preimage Lemma) Let f : X → Y be a map between two sets X
and Y . Then
(1) for every subset U Ă X we have U Ă f−1(f(U))

furthermore, if f is injective3, then we have U = f−1(f(U))
(2) for every subset V Ă Y we have V Ą f(f−1(V ))

furthermore, if f is surjective, then we have V = f(f−1(V ))

(3) for every family {Ui}i∈I of subsets of X we have f
( ⋃
i∈I
Ui

)
=

⋃
i∈I
f(Ui)

(4) for every family {Ui}i∈I of subsets of X we have f
( ⋂
i∈I
Ui

)
Ă

⋂
i∈I
f(Ui)

(5) for every subset U Ă X we have f(X \ U) Ą f(X) \ f(U)
furthermore, if f−1(f(U)) = U , then we have f(X \ U) = f(X) \ f(U)

(6) for every family {Vi}i∈I of subsets of Y we have f−1
( ⋃
i∈I
Vi

)
=

⋃
i∈I
f−1(Vi)

(7) for every family {Vi}i∈I of subsets of Y we have f−1
( ⋂
i∈I
Vi

)
=

⋂
i∈I
f−1(Vi)

(8) for every subset V Ă Y we have f−1(Y \ V ) = X \ f−1(V ).

Proof. The lemma follows again from the de�nitions and elementary logic. �

De�nition.

2This simple observation will be useful at times.
3As a totally irrelevant side remark we would like to point out that the fundamental terms �surjective�,
�injective� and �bijective� are actually fairly recent additions to the mathematical language. They were
�rst introduced on page 80 of Nicolas Bourbaki's �Théorie des ensembles� �rst published in 1954, see
[Bou1954]. The reader who has not read the biography of the great mathematician Nicolas Bourbaki is
strongly encouraged to do so.
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(1) Given �nitely many sets X1, . . . , Xm we de�ne the product of X1, . . . , Xn to be

X1 × · · · ×Xn := {(x1, . . . , xn) | for i = 1, . . . , n we have xi ∈ Xi}.
(2) Given a set X and given n ∈ N we write

Xn := X × · · · ×X.︸ ︷︷ ︸
n times

.

With this notation we can also formulate the following addendum to the above lemmas.

Lemma 0.3. Let X be a set and let {Ai}i∈I and {Bj}j∈J be two families of subsets of X.
Then

( ⋃
i∈I
Ai

)
∩
( ⋃
j∈J
Bj

)
=

⋃
(i,j)∈I×J

(Ai ∩Bj).

Proof. The lemma follows - surprise! - easily from the de�nitions and elementary logic. �
We turn to the product of not just �nitely many sets but the product of a family of sets.

De�nition. Let {Xi}i∈I be a family of sets. The product of these sets is de�ned as the
set4 5 ∏

i∈I
Xi :=

{
f : I →

⋃
i∈I
Xi

∣∣∣ for every i ∈ I we have f(i) ∈ Xi

}
.

Furthermore, given a set X and a set I we write

XI :=
∏
i∈I
Xi.

In this lecture notes we will use the Axiom of Choice, even though for the most part it is
rather irrelevant. We refer to [Je1973] for a detailed discussion of the Axiom of Choice.

Axiom of Choice 0.1. For every family of sets {Xi}i∈I the product
∏
i∈I
Xi is non-empty.

We conclude this section with one last piece of notation.
Notation.
(1) If {Ai}i∈I is a family of sets, then we de�ne the disjoint union as the set⊔

i∈I
Ai :=

⋃
i∈I

(Ai × {i}).

(2) If I = {1, . . . , k}, then we write A1 t · · · t Ak :=
k⊔
i=1
Ai.

(3) We use obvious variations on (1) and (2), for example given sets A and B we refer
to A tB := (A× {1}) ∪ (B × {2})
as the disjoint union of A and B

Remark. Let {Ui}i∈I be a family of subsets of a given set X such that for any i 6= j ∈ I
we have Ui ∩ Uj = ∅. The expression

⊔
i∈I
Ui now describes two di�erent sets, namely it

describes the subset of X de�ned on page 87 and it describes the disjoint union as de�ned
above. There is a natural bijection between these two sets and thus we will freely go back
and forth between these notations. In practice should not pose any problems.
4This de�nition is now possibly beyond the realm of �naive set theory�, since it is perhaps a little unclear
what the union of arbitrary sets is supposed to mean.
5If I = {1, . . . , n} then we will not distinguish between X1 × · · · ×Xn and

∏
i∈{1,...,n}

Xi.
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0.2. Relations and equivalence relations on sets. We start out with recalling the
notion of a relation.
De�nition. A relation on a set S is a subset of S × S.
The de�nition of a relation in its full generality is pretty useless. It becomes more interesting
once we introduce several adjectives.
De�nition. Let S be a set and let R Ă S × S be a relation on S.
(1) The relation is called re�exive, if for every s ∈ S we have (s, s) ∈ R.
(2) The relation is called transitive, if for every (s, t), (t, u) ∈ R we also have (s, u) ∈ R.
(3) The relation is called symmetric, if for every (s, t) in R we also have (t, s) ∈ R.

We adopt the following notation.
Notation. Let S be a set and let R Ă S × S be a relation on S. Given x, y ∈ S we write
x R y if and only if (x, y) ∈ R.6

Example. We consider the set R together with the relation

≤ := {(x, y) ∈ R2 | y − x is not negative}.
One can easily verify that this relation ≤ is re�exive and transitive, but that it is not
symmetric. Note that given x, y ∈ R the above expression �x ≤ y� has the usual meaning
that we are all used to.

Most of the relations that we will consider are going to be re�exive and transitive. There
is a big di�erence though in the roles of symmetric and non-symmetric relations. Let us
consider the symmetric ones �rst. We will turn to the (possibly) non-symmetric relations
in the next section.
De�nition. An equivalence relation on a set S is a relation that is re�exive, transitive
and symmetric.

Convention. Equivalence relations on a set S are almost invariably denoted by �∼� or
some variation thereof.
To practice our conventions and notations, the three properties of an equivalence relation
�∼� on a set S are precisely the following three statements:
(1) for any s ∈ S we have s ∼ s (re�exivity),
(2) for any s, t, u ∈ S with s ∼ t and t ∼ u we have s ∼ u (transitivity),
(3) for any s, t ∈ S with s ∼ t we also have t ∼ s (symmetry).

We continue with the following de�nition.

De�nition. Let S be a set together with an equivalence relation �∼�. An equivalence
class of (S,∼) is a subset C of S with the following three properties:
(1) the subset is non-empty,
(2) given any two s, t ∈ C we have s ∼ t, and
(3) given s ∈ C and t ∈ S with s ∼ t we have t ∈ C.

We refer to [Halm1960, Section 7] for a con�rmation of the above de�nitions.
The following lemma summarizes the key properties of equivalence classes.

6Most relations are denoted by symbols like �∼�, �≤�, �∼=�.
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Lemma 0.4. (Equivalence Class Lemma) Let S be a set together with an equivalence
relation �∼�.
(1) Every element of S is contained in a unique equivalence class, namely

[s] := {t ∈ S | t ∼ s}.
(2) Two equivalence classes are either disjoint or the same.

Proof. Surely the reader will have seen the proof of the lemma before. Nonetheless we
give the proof, in particular to highlight the fact that we do indeed need the symmetry
condition.
(1) Let s ∈ S. Since ∼ is re�exive we see that s ∈ [s]. Thus it remains to show that

[s] := {t ∈ S | t ∼ s} is indeed an equivalence class.
(a) We already showed that s ∈ [s], in particular we see that [s] is non-empty.
(b) Let t, t′ ∈ [s]. By de�nition this means that t ∼ s and t′ ∼ s. By symmetry we

s ∼ t′. By transitivity we deduce from t ∼ s and s ∼ t′ that t ∼ t′.
(c) Let t ∈ [s] and suppose that t ∼ u. Since by de�nition we have s ∼ t we obtain

from transitivity that s ∼ u, i.e. we see that u ∈ [s].
(2) Let C and D be two equivalence classes. We suppose that C ∩D 6= ∅. Thus there

exists an x ∈ C ∩D. We need to show that C = D. Thus let d ∈ D. By Condition
(2) of an equivalence class applied to D we know that x ∼ d. By condition (1) of an
equivalence class, applied to C, we see that d ∈ C. Thus we have shown that D Ă C.
Evidently the same argument shows that C Ă D. �

Throughout these notes we adopt the following standard notation.
Notation. Let S be a set together with an equivalence relation �∼�.
(1) We denote by S/∼ the set of equivalence classes.
(2) Given s ∈ S we denote by [s] the unique equivalence class that contains [s].
(3) We refer to the map p : X → X/∼

x 7→ [x]

as the natural projection.

Example. Let n ∈ N. We consider the set Z together with the equivalence relation that
is given by x ∼ y :⇐⇒ (x− y) is divisible by n.
There are exactly n equivalence classes, namely

[0] = {. . . ,−2n,−n, 0, n, 2n, 3n, . . . }
[1] = {. . . , 1− 2n, 1− n, 1, 1 + n, 1 + 2n, 1 + 3n, . . . }

...
[n− 1] = {. . . ,−2n− 1,−n− 1,−1, n− 1, 2n− 1, 3n− 1, . . . }.

To the despair of many of my cultured friends we write Zn := Z/∼.

Lemma 0.5. (Quotient-Factorization Lemma) Let ∼ be an equivalence relation on a
set X. We denote by p : X → X/ ∼ the natural projection. Let f : X → Y be a map to
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some set Y with the property that f(x) = f(y) whenever x ∼ y. Then the map

g : X/∼ → Y
[x] 7→ f(x)

is well-de�ned and it is the unique map g : X/∼→ Y , such that f = g ◦ p, i.e. such that
the following diagram of maps commutes:

X
p
//

f ''

X/∼
g
��

Y.

Proof. Let ∼ be an equivalence relation on a set X and let f : X → Y be a map with the
property that f(x) = f(y) whenever x ∼ y. Let a be an element of X/∼. By de�nition
there exists an x ∈ X with a = [x]. We set

g(a) := f(x).

Evidently this de�nition does not depend on the choice of x. The map g satis�es f = g ◦ p.
Since the projection X → X/∼ is surjective we see that g is uniquely determined by this
property. �

We will now see that every relation gives rise to an equivalence relation.

De�nition. Let S be a set and let R be a relation on S. We say x, y ∈ S are equivalent, if
there exists a sequence x0, . . . , xk of elements in S such that x = x0, xk = y and such that
for each i ∈ {0, . . . , k − 1} we have xiRxi+1 or xi+1Rxi. It is straightforward to verify
that �∼� de�nes an equivalence relation on S. We refer to it as the equivalence relation
generated by the relation R.

Example. We consider the set S = R and the relation that is de�ned by xR y if and only
y = x+ 1. The equivalence relation generated by R is the equivalence relation that is given
by x ∼ y if and only x− y ∈ Z.

Convention. At times we are a little sloppy in our notation and we do not distinguish in
our notation between a relation and the equivalence relation it generates.

0.3. Orders on sets. In this section we turn our gaze towards relations which are not
required to be symmetric. We have the following harmless de�nition.
De�nition.
(1) A relation �≤� on a set S is called antisymmetric if a ≤ b and b ≤ a implies a = b.
(2) A relation that is re�exive, transitive and antisymmetric is called a partial order.
(3) A set together with a partial order is called a partially ordered set.
(4) Let �≤� be a partial order on a set A. Given a, b ∈ A we write a < b if a ≤ b and if

a 6= b.
(5) Let (A,≤) and (B,≤) be two partially ordered sets. A map f : A → B is called

order-preserving, if for every two elements a1, a2 ∈ A with a1 ≤ a2 we also have
f(a1) ≤ f(a2).7
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(6) We say that two partially ordered sets (A,≤) and (B,≤) have the same order type
if there exists a bijection f : A → B which is order-preserving and such that the
inverse f−1 : B → A is also order-preserving.

Example.
(1) Let X be a subset of R and denote by ≤ the usual �less or equal� relation on the real

numbers. Then (X,≤) is a partially ordered set.
(2) We equip R ∪ {±∞} with the relation ≤ that is given by the usual relation on R

together with −∞ ≤ a ≤ ∞ for any a ∈ R. This turns R ∪ {±∞} into a partially
ordered set.

(3) Let M be a set. Recall that we denote by P(M) the power set of M , i.e. the set of
all subsets of M . Then �being a subset�, i.e. the relation given by �Ă�, is a partial
order on P(M).

(4) Let X be a set. The trivial partial order ≤tr is the partial order where x ≤tr y if and
only if x = y.

(5) We consider the three re�exive transitive relations that are illustrated in the �gure
below. Here it is understood that P ≤ Q if there exists a �directed path� from Q
to P .
(a) The example on the left has a �loop�. Given any two points P,Q on the loop we

have P ≤ Q and Q ≤ P , hence this example is not a partial order.
(b) This example is a partial order.
(c) This example is also a partial order.

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

���
���
���

���
���
���

��
��
��

��
��
��

��
��
��
��

���
���
���

���
���
���

��
��
��

��
��
��

���
���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

��
��
��
��

���
���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

Example (a) Example (c)Example (b)

The following construction lets us build new examples of partially ordered sets out of given
ones.
De�nition. Let (A,≤) and (B,≤) be two partially ordered sets. Given (a, b) and (a′, b′)
in A×B we de�ne8

(a, b) < (a′, b′) :⇐⇒ either a < a′ or a = a′ and b < b′

and we de�ne (a, b) ≤ (a′, b′) if either (a, b) = (a′, b′) or (a, b) < (a′, b′). One can easily
verify that �≤� is a partial order on A×B. We refer to this partial order on A×B as the
lexicographic order on A×B.
We need a few more de�nitions before we can state the �rst non-trivial result.
De�nition. Let (P,≤) be a partially ordered set.
(1) A chain in P is a subset Q such that for any two elements q, q′ ∈ Q we have q ≤ q′

or q′ ≤ q.

7Note that �order-preserving� does not mean that a1 < a2 implies f(a1) < f(a2).
8Note that if a < a′, then we do not demand that b ≤ b′.
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(2) An upper bound of a subset Q is an element p ∈ P such that q ≤ p for all q ∈ Q.
(3) A maximal element of a subset Q is an element q ∈ Q such that there is no r ∈ Q

with q < r.
We de�ne the notion of a lower bound and a minimal element in the obvious analogous
way.
Example.
(1) In the �gure below we once again consider the partially ordered set in the middle of

the previous �gure. We show a chain, we show upper bounds for the chain and we
show maximal elements for P .
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chain Q maximal elements
of the set P

partially ordered
set P

upper bounds
for the chain Q

(2) We consider the interval P = [0,∞) with the usual partial ordering. Every subset is
a chain, but not every subset has an upper bound. For example P does not have an
upper bound.

(3) We consider the interval P = (−∞, 0] with the usual partial ordering. Every subset
is a chain and 0 is an upper bound for every subset furthermore it is a maximal
element of P .

Next we formulate Zorn's Lemma. Its modest name conceals its true importance in math-
ematics.
Lemma 0.6. (Zorn's Lemma) Suppose a partially ordered set (P,≤) has the property
that every chain has an upper bound in P . Then the set P contains at least one maximal
element.

Remark.
(1) Zorn's Lemma even made it into �The Simpsons�, see

http://www.simonsingh.net/Simpsons_Mathematics/zorns-lemma/

(2) The lemma is named after Max Zorn [Zo1935] who published a proof in 1935. In
fact the same statement was already proved by Casimir Kuratowski [Kura1922] in
1922.

Proof. A nice discussion of the proof and its historical context is given in [Sti2013, Sec-
tion 7.2]. Alternatively see also [Cie1997, Theorem 4.3.4] and [Je1973, p. 9] for a proof,
assuming the Axiom of Choice 0.1. In fact, as is shown in [Sti2013, p. 154] or alternatively
[Je1973, Theorem 2.1], Zorn's Lemma is equivalent to the Axiom of Choice 0.1. �

We continue with the next adjective that we can associate to a relation.
De�nition.
(1) A relation �≤� on a set S is called connex if for every a, b ∈ S we have a ≤ b or

b ≤ a.

http://www.simonsingh.net/Simpsons_Mathematics/zorns-lemma/
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(2) A partial order that is connex is called a total order.
(3) A set together with a total order is called a totally ordered set.

Examples.
(1) Evidently the usual �≤�-relation on R is connex.
(2) None of the partial orders considered in the �gure on page 92 is connex.
(3) Given two totally ordered sets (A,≤) and (B,≤) one can show easily that the lexi-

cographic order on A×B is again a total order.

Finally we introduce one last type of partial orders.
De�nition.
(1) A total order ≤ on a set S is called a well-order if every non-empty subset T has a

minimal element.
(2) A set together with a well-order is called a well-ordered set.

Examples.
(1) The usual order on Q is a total order but it is not a well-order, for example the subset

T := {x ∈ Q |x > 2} does not have a minimal element. But since Q is in bijection
to N we see that Q admits a well-order.

(2) The usual order on R is a total order but it is not a well-order. It is a priori not so
clear how one can de�ne a well-order on R.

(3) Given two well-ordered sets (A,≤) and (B,≤) one can again show easily that the
lexicographic order on A×B is a well-order.

Perhaps somewhat shockingly the following theorem, due to Ernst Zermelo [Zer1904], says
that every set admits a well-ordering.

Theorem 0.7. (Well-Ordering Theorem) Every set admits a well-order.

Proof. We refer to [Cie1997, Theorem 4.3.3] or alternatively to [Je1973, p. 9] for a proof
assuming the Axiom of Choice 0.1.In fact, as for Zorn's Lemma it is shown in [Je1973,
Theorem 2.1] that the Well-Ordering Theorem is equivalent to the Axiom of Choice 0.1.

�

0.4. The cardinality of sets. In this section we introduce the notion of the cardinality
of a set.
De�nition.
(1) We say that two given sets S and T are equinumerous if there exists a bijection

ϕ : S → T .9

(2) Given a set S we de�ne the cardinality #S of S as the equinumerosity equivalence
class of S in the class of all sets. Put di�erently we have

#S := class of all sets T that are equinumerous with S.

(3) If S is a �nite set, then we write #S = n for the unique n ∈ N0 which satis�es
#S = #{1, . . . , n}. If S in�nite, then sometimes we write #S =∞10. At times we
also write |S| ∈ N0 ∪ {∞} instead of #S ∈ N0 ∪ {∞}.
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(4) Let S be a set. If #S = n for some n ∈ N0 or if #S = #N, then we say that S is
countable, otherwise we say that S is uncountable.

Example. We have #(R \ {0}) = #R. Indeed a bijection is given by

R \ {0} → R

x 7→
{
x, if x ∈ R \ N0,
x− 1, if x ∈ N.

Remark. Another way of putting the de�nition of cardinality is that given two sets S
and T we have #S = #T if and only if there exists a bijection from S to T .

The following lemma gets used on many occasions in these lecture notes.

Lemma 0.8. (Countability Lemma)
(1) Every subset of a countable set is again countable.
(2) Let S be a countable set and let f : S → T be a map. The image f(S) is again

countable.
(3) The union of countably many countable sets is again countable.
(4) Let T be a set and let S be a subset such that T \S is countable. Then S is countable

if and only if T is countable.
(5) The product of �nitely many countable sets is again countable.
(6) If S is a �nite set and if T is a countable set, then the set of maps from S to T is

also countable.

Example. We consider the map Z× N → Q
(m,n) 7→ m

n
.

Evidently this map is surjective. It follows from the Countability Lemma 0.8 (2) and (5)
that Q is countable.

Sketch of proof.
(1) After excluding the trivial case that S is �nite and the case that T is �nite one sees

that one has to prove the following: given any in�nite subset T of N there exists a
bijection ϕ : N → T . Such a bijection is given by de�ning ϕ(i) as the i-th smallest
element of T .

(2) Let S be a countable set and let f : S → T be a map. We only really need to consider
the case that S = N and that f(S) is in�nite. In this case the bijection ϕ : N→ f(S)
is given by de�ning ϕ(1) = f(1) and by de�ning iteratively

ϕ(i+ 1) :=

{
f(k)

∣∣∣∣ k ∈ N is the smallest number such
that f(k) 6∈ {ϕ(1), . . . , ϕ(i)}

}
.

(3) It is fairly straightforward, albeit notationally slightly messy to give a direct proof.
For completeness we refer to [Cie1997, Corollary 5.2.6] for a proof.

(4) This statement follows immediately from (2) and (3).

9It follows immediately from the de�nitions that being equinumerous de�nes an equivalence relation on
the class of all sets.
10This notation is a little risque. The sets N and R are both in�nite, but in Corollary 0.10 we will see that
N and R are not equinumerous. Thus we write #N =∞ and #R =∞, but #N 6= #R.
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(5) By induction and by ignoring the rather dull case of �nite sets it remains to show
that N0 ×N0 is countable. This can be shown by the well-known argument sketched
in the �gure below.
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de�nes bijection N→ N× NN× N

(6) Let S = {v1, . . . , vn} be a �nite set and let T be a countable set. We have an obvious
bijection between T n and the set of maps from S to T . Thus it follows from (5) that
the set of maps from S to T is countable. �

We move on to the next de�nition.
De�nition. Let S and T be two sets.
(1) We write #S ≤ #T if there exists an injection ϕ : S → T .
(2) We write #S < #T if #S ≤ #T but #S 6= #T .

Example. It follows from the Countability Lemma 0.8 (1) that a set S is countable if and
only if #S ≤ #N.

The following theorem was �rst proved by Georg Cantor [Cant1892]. The ration of sig-
ni�cance of the statement to length of the proof seems to be unbeatable.

Theorem 0.9. (Cantor's Theorem) Recall that given a set X we denote by P(X) its
power set, i.e. the set of all subsets of X. For every X we have #X < #P(X).

Proof. First note that the map X → P(X)
x 7→ {x}

is evidently injective, hence #X ≤ #P(X). Now let f : X → P(X) be a map. We have to
show that it cannot be surjective. We consider the set

Y := {x ∈ X |x 6∈ f(x)}.
We claim that Y is not in the range of f . Indeed, if there did exist a z ∈ X with f(z) = Y ,
then we would have

z ∈ Y ⇐⇒ z 6∈ f(z) ⇐⇒ z 6∈ Y.
↑ ↑

by de�nition of Y since f(z) = Y

We have thus obtained a contradiction. �

Corollary 0.10. The set R of real numbers is uncountable.

Proof. 11 We consider the maps

f : P(N) → {Z2}N

X 7→

 N → Z2

k 7→
{

1, if k ∈ X
0, otherwise

 and
g : {Z2}N → R

f 7→
∞∑
k=1

f(k)
3k

11There are many proofs that the real numbers are uncountable. Perhaps the most beautiful and astounding
proof that Q is countable is given via the amazing Farey sequence, see [Hat2021, Chapter 3].
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One can easily verify that f : P(N)→ {Z2}N is a bijection and that g : {Z2}N → R is injec-
tive. Thus it follows from Cantor's Theorem 0.9 together with the Countability Lemma 0.8
(1) that R is uncountable. �

Now we can formulate the �nal result of this chapter.

Theorem 0.11. (Bernstein-Schröder)12 Let S and T be two sets. Then

#S ≤ #T and #T ≤ #S =⇒ #S = #T.

Example. Let U be a non-empty subset of R which contains an open interval (a, b) with
a < b. Then #U = #R. Indeed, the inclusion U → R is of course injective, thus we see
that #U ≤ #R. Furthermore the map ϕ : (a, b) → R given by x 7→ x

(x−a)(x−b) de�nes a

bijection between (a, b) and R. Thus R ϕ−1

−−→ (a, b) → U is also an injection. This means
that #R ≤ #U . Therefore it follows from the Bernstein-Schröder-Theorem 0.11 that there
exists a bijection from U to R.

Proof. Let f : A → B and g : B → A be two injective maps between two sets A and B.
Without loss of generality we can assume that A and B are disjoint.13 We denote by ∼ the
equivalence relation on A tB that is generated by a ∼ f(a) for a ∈ A and by b ∼ g(b) for
b ∈ B. Note that if a ∈ A lies in the image of g, then by the injectivity of g there exists
a unique element g−1(a) ∈ B and we have a ∼ g−1(a). The same remark works with the
roles of f and g reversed.
Claim. For each equivalence class I there exists a bijection A ∩ I → B ∩ I.
Proof. So let I be an equivalence class and let a ∈ A ∩ I.14 The subset I Ă A tB consists
of all elements equivalent to a. The equivalence class I is then of one of the following three
types:15

A B A B A B
(1) a′ . . . f−1(g−1(a)), g−1(a), a, f(a), g(f(a)), f(g(f(a)), . . . with a′ ∈ A \ g(B)
(2) b′ . . . f−1(g−1(a)), g−1(a), a, f(a), g(f(a)), f(g(f(a)), . . . with b′ ∈ B \ f(A)
(3) . . . . . . f−1(g−1(a)), g−1(a), a, f(a), g(f(a)), f(g(f(a)), . . .

In case (1) the map f de�nes a bijection A ∩ I → B ∩ I, in case (2) the map g−1 de�nes a
bijection A ∩ I → B ∩ I and in case (3) both f and g−1 de�ne a bijection A ∩ I → B ∩ I.
Proof.

Recall that by the Equivalence Class Lemma 0.4 we know that equivalence classes
always give a disjoint decomposition of a set. In our case, if Ij, j ∈ J denote the set of

12The theorem was initially stated by Georg Cantor without a proof and it was �rst proved by Felix
Bernstein (1878-1956) and Ernst Schröder (1841-1902) in 1896. Sometimes it is also called the Cantor-
Bernstein-Schröder Theorem.
13If A and B are not disjoint, then we replace A by A′ = A×{0} and B by B′ = B×{1}, then A′ and B′
are disjoint, since any two elements in A′ and B′ now have di�erent second coordinate.
14There always exists an a ∈ A ∩ I. Indeed, I is by de�nition non-empty. If it contains an element in A
we are done. Otherwise it contains an element in b ∈ B, but then it also contains g(b) ∈ A, since b ∼ g(b).
15Note that we do not claim that the elements in the given sequences are distinct, for example f : A→ B
could be a bijection and g = f−1 its inverse, then the equivalence class consists only of the two elements a
and g(a).
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equivalence classes of ∼ on A tB, then we have

A tB =
⊔
j∈J
Ij and therefore also A =

⊔
j∈J

(A ∩ Ij) and B =
⊔
j∈J

(B ∩ Ij).

Since for each j ∈ J we have a bijection A ∩ Ij → B ∩ Ij we get a bijection A→ B. �

Remark. The continuum hypothesis, �rst formulated by Georg Cantor in 1878, states that
there exists no set S with #Q < #S < #R. Any attempt at proving this statement relies
on �rst of all making precise what �sets� are supposed to be or what axioms they are
supposed to satisfy. As wikipedia writes �the answer to this problem is independent of ZFC
set theory (that is, Zermelo-Fraenkel set theory with the Axiom of Choice 0.1 included), so
that either the continuum hypothesis or its negation can be added as an axiom to ZFC set
theory, with the resulting theory being consistent if and only if ZFC is consistent.� This
independence was proved in 1963 by Paul Cohen for which he obtained a Fields medal in
1966. More useful information can as always be found on wikipedia:

https://en.wikipedia.org/wiki/Continuum_hypothesis

0.5. Conventions for (linear) algebra. Next we want to introduce the notion of rings.
Since the de�nition of a �ring� in the literature can di�er considerably let us state precisely
what we mean by a ring in these notes.
De�nition.
(1) A ring is a triple (R,+: R × R → R, · : R × R → R) where (R,+) is an abelian

group and such that the following conditions are satis�ed:
(a) the multiplication �·� is associative,
(b) the multiplication �·� is distributive,
(c) there exists a multiplicatively neutral element 1 = 1R with 1 6= 0.

(2) A ring R is called commutative, if given any r, s ∈ R we have r · s = s · r.
(3) A ring homomorphism between two rings (R,+, ·) and (S,+, ·) is a map R→ S that

preserves the additive and multiplicative structures and that sends 1R to 1S.
(4) A �eld is a commutative ring such that every non-zero element has a multiplicative

inverse.

Remark. Recall that �associative� means that for any a, b, c ∈ R we have (a·b)·c = a·(b·c).
It is well-known that this means that we can unambiguously de�ne the product of �nitely
many elements using any choice of parentheses. Even though this statement is completely
familiar, if one thinks about it, one realizes that this requires a proof. Such a proof is for
example provided in [DF2004, p. 19].

We move on to the next de�nition.
De�nition. Let R be a commutative ring.
(1) Let M be an R-module. A basis for M is a subset B Ă M such that every element

in M can be written uniquely as a linear combination of elements in B.
(2) An R-module is called free if it admits a basis.
(3) Let V and W be two free R-modules which are equipped with �nite bases B =
{b1, . . . , bm} and C = {c1, . . . , cn} and let ϕ : V → W be an R-homomorphism. We

https://en.wikipedia.org/wiki/Continuum_hypothesis
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refer to the unique (n×m)-matrix P = (pij) with ϕ(vi) =
n∑
j=1
pji · wj as the matrix

representing ϕ with respect to the bases B and C.
The previous de�nition is the standard de�nition well-known from earlier courses in linear
algebra. Towards the end of the notes we will work with module homomorphisms over
non-commutative rings. At that point we will see that at times it is convenient to switch
to a di�erent convention.
One of the problems haunting anybody trying to write coherent lecture notes are the
�extreme cases� of the empty set and 0-dimensional vector spaces. In an attempt to avoid
some issues from occurring we introduce the following convention.
Convention. The determinant of a 0× 0-matrix over a ring R is 1R ∈ R.
We conclude this chapter with the following de�nition.
De�nition. Let R be a commutative domain. Given an R-module M we de�ne

rank(M) := dimK(R)(M ⊗R K(R))
↑

tensor product over R as de�ned in Section 165.7

where K(R) denotes the quotient �eld of R.

0.6. The Cauchy-Schwarz Inequality.

De�nition. Let R be a commutative ring and let V and W be R-modules.
(1) A pairing on V ×W is a map

ϕ : V ×W → R

such that for all v, v′, w, w′ ∈ W we have ϕ(v + v′, w) = ϕ(v, w) + ϕ(v′, w) and
ϕ(v, w + w′) = ϕ(v, w) + ϕ(v, w′).

(2) A pairing is called R-bilinear if for all λ ∈ R and all v ∈ V and w ∈ W we have
ϕ(λ · v, w) = λ · ϕ(v, w) and ϕ(v, λ · w) = ϕ(v, w) · λ.

(3) We say that an R-bilinear pairing ϕ : V × V → S is symmetric if ϕ(v, w) = ϕ(w, v)
for all v, w ∈ V .

We now specialize to the case that the ring R are the real numbers.
De�nition. Let V be a real vector space.
(1) We say a pairing ϕ is positive-definite if ϕ(v, v) > 0 for all v ∈ V \ {0}.
(2) We say a pairing ϕ is positive-semidefinite if ϕ(v, v) ≥ 0 for all v ∈ V \ {0}.

Example. Let n ∈ N0. The standard pairing on Rn is given by

〈−,−〉 : Rn × Rn → R

(v, w) 7→
n∑
i=1

vi · wi.

Here we use the standard convention that for v ∈ Rn we denote by v1, . . . , vn its coordinates.
This standard pairing on Rn is evidently positive-de�nite.

Proposition 0.12. (Cauchy-Schwarz Inequality) Let V be a real vector space and
let ϕ : V × V → R≥0

(v, w) 7→ ϕ(v, w)
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be an R-bilinear form.
(1) If ϕ is positive semide�nite, then for any v, w ∈ V we have

ϕ(v, w)2 ≤ ϕ(v, v) · ϕ(w,w).

(2) Now suppose that ϕ is positive-de�nite. In this equality in (1) holds if and only if v
and w are linearly dependent.

Proof. First we just assume that ϕ is positive semide�nite. Let v, w ∈ V . Given t ∈ R we
consider

f(t) := ϕ(v + t · w, v + t · w) = ϕ(v, v) + 2t · ϕ(v, w) + t2 · ϕ(w,w).
↑

since ϕ is R-bilinear and symmetric

Since ϕ is positive semide�nite we see that f assumes only non-negative values. This
implies that f assumes a minimum, which in turn implies that there exists a t0 ∈ R with
f ′(t0) = 0. It follows from the second description of f(t) that

f ′(t) = 2 · ϕ(v, w) + 2t · ϕ(w,w).

This implies that t0 · ϕ(w,w) = −ϕ(v, w). Now note that

ϕ(v + t0 ·w, v + t0 ·w)·ϕ(w,w) = ϕ(w,w)·ϕ(v, v) + 2

=−ϕ(v,w)︷ ︸︸ ︷
t0 ·ϕ(w,w)·ϕ(v, w) +

=ϕ(v,w)2︷ ︸︸ ︷
t20 ·ϕ(w,w)·ϕ(w,w)

= ϕ(w,w)·ϕ(v, v)− ϕ(v, w)·ϕ(v, w).
↑

follows from t0 ·ϕ(w,w) = −ϕ(v, w)

Since ϕ is positive semide�nite we see that ϕ(v + t0 ·w, v + t0 ·w) · ϕ(w,w) ≥ 0. It follows
from the little calculation above that ϕ(v, w)2 ≤ ϕ(v, v) · ϕ(w,w).

Now suppose that ϕ(v, w)2 = ϕ(v, v) · ϕ(w,w). This implies, by the above calculation,
that ϕ(v + t0 · w, v + t0 · w) · ϕ(w,w) = 0. Since ϕ is positive-de�nite this means that
v + t0 · w = 0 or w = 0. In either case, v, w are linearly dependent. �

On one occasion we will need the following corollary to the Cauchy-Schwarz Inequality 0.12.

Corollary 0.13. (Cauchy-Schwarz Inequality) Given v1, . . . , vn ∈ Rn and given
w1, . . . , wn ∈ R we have the following inequality:

(v1 · w1 + · · ·+ vn · wn)2 ≤ (v2
1 + · · ·+ v2

n) · (w2
1 + · · ·+ w2

n).

Proof. The statement follows immediately from the Cauchy-Schwarz Inequality 0.12 ap-
plied to the standard pairing on Rn. �

Finally on some occasions we will need a variation of the Cauchy-Schwarz Inequality 0.12
where we work with pairings over C. This leads us to the following de�nitions.

De�nition. Let V be a complex vector space.
(1) A pairing ϕ : V × V → C is called C-sesquilinear if for all λ ∈ C and all v, w ∈ V

we have ϕ(λ · v, w) = λ · ϕ(v, w) and ϕ(v, λ · w) = ϕ(v, w) · λ.
(2) A C-sesquilinear pairing ϕ : V × V → C is called hermitian if ϕ(v, w) = ϕ(w, v) for

all v, w ∈ V .
(3) We say a pairing ϕ is positive-definite if ϕ(v, v) ∈ R>0 for all v ∈ V \ {0}.
(4) We say a pairing ϕ is positive-semidefinite if ϕ(v, v) ∈ R≥0 for all v ∈ V \ {0}.
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Example. Let n ∈ N0. The standard hermitian pairing on Cn is given by

〈−,−〉 : Cn × Cn → R

(v, w) 7→
n∑
i=1

vi · wi.

This standard pairing on Cn is evidently positive-de�nite.

Notation. Given z = x+ y i ∈ C with x, y ∈ R we write |z| :=
√
x2 + y2 =

√
z · z.

Proposition 0.14. (Cauchy-Schwarz Inequality) Let V be a complex vector space
and let ϕ : V × V → R≥0

(v, w) 7→ ϕ(v, w)

be a hermitian form.
(1) If ϕ is positive semide�nite, then for any v, w ∈ V we have

|ϕ(v, w)|2 ≤ ϕ(v, v) · ϕ(w,w).

(2) Now suppose that ϕ is positive-de�nite. In this case equality in (1) holds if and only
if v and w are linearly dependent.

Proof. The proof is very similar to the proof of the above Cauchy-Schwarz Inequality 0.14.
We leave it to the reader to make the necessary minor modi�cations. �

0.7. Normed vector spaces. We continue with another de�nition from linear algebra.

De�nition. Let V be a real vector space. A norm on V is a map ‖ − ‖ϕ : V → R≥0 that
satis�es the following three properties:
(1) For every v ∈ V we have ‖v‖ = 0 ⇐⇒ v = 0.
(2) For every v ∈ V and λ ∈ R we have ‖λ · v‖ = |λ| · ‖v‖.
(3) For every v, w ∈ V we have ‖v + w‖ ≤ ‖v‖+ ‖w‖.

Lemma 0.15. Let V be a vector space. If 〈−,−〉 : V × V → R≥0 is a positive de�nite
R-linear pairing, then the map

V × V → R≥0

v 7→ ‖v‖ :=
√
〈v, v〉

is a norm.
Proof. It is straightforward to verify that the �rst two properties of a norm are satis�ed.
It remains to prove the third property. Given v, w ∈ Rn we see that

follows from the R-bilinearity of 〈−,−〉 since 〈w, v〉 = 〈v, w〉
↓ ↓

‖v + w‖2 = 〈v + w, v + w〉 = 〈v, v〉+ 〈v, w〉+ 〈w, v〉+ 〈w,w〉 = 〈v, v〉+ 2 · 〈v, w〉+ 〈w,w〉
≤ 〈v, v〉+ 2 ·

√
〈v, v〉 · 〈w,w〉+ 〈w,w〉 =

(√
〈v, v〉+

√
〈w,w〉

)2
= (‖v‖+ ‖w‖)2.

↑
by the Cauchy-Schwarz Inequality 0.13 we have 〈v, w〉2 ≤ 〈v, v〉 · 〈w,w〉

By taking square roots on both sides we obtain that ‖v + w‖ ≤ ‖v|+ ‖w‖. �
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De�nition. The standard pairing on Rn gives rise to the Euclidean norm

‖ − ‖Eucl : Rn → R≥0

v = (v1, . . . , vn) 7→
√
〈v, v, 〉 =

√
v2

1 + · · ·+ v2
n

.

Usually, when there is no source of confusion, we just write ‖v‖ instead of ‖v‖Eucl.
We now give more examples of norms Rn.

Example. In Exercise 0.12 we will see that the following maps are norms and we will see
that for n ≥ 2 they do not arise from a positive de�nite R-bilinear pairing:

‖−‖max : Rn → R≥0

(x1, . . . , xn) 7→ max{|x1|, . . . , |xn|}︸ ︷︷ ︸
maximum norm

and
‖−‖Manh : Rn → R≥0

(x1, . . . , xn) 7→
n∑
i=1
|xi|.︸ ︷︷ ︸

Manhattan norm

Since the human brain is equipped with a great image processor it is usually helpful to turn
an abstract de�nition into an image. The key to doing so in the present context is given
by the following de�nition.

De�nition. Given a norm ‖ − ‖ : V → R≥0 we de�ne

norm ball of ‖ − ‖ := {v ∈ V | ‖v‖ ≤ 1}.

Example. In the �gure below we show the norm balls of the Euclidean norm, the maximum
norm and the Manhattan norm.
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norm ball of ‖ − ‖Manhnorm ball of ‖ − ‖maxnorm ball of ‖ − ‖Eucl

We conclude our sections on norms with the following lemma which we will use on several
occasions.
Lemma 0.16. (Integral Inequality Lemma) For every continuous map v : [a, b]→ Rn

the following inequality of real numbers holds:∥∥∥ b∫
a

v(t) dt
∥∥∥ ≤ b∫

a

‖v(t)‖ dt.

Furthermore equality holds if and only if u there exists a w ∈ Rn and a map λ : [a, b]→ R≥0

such that for every t ∈ [a, b] we have v(t) = λ(t) · w.

R≥0 · wa vb

Proof. We �rst show that the inequality holds. We set

u :=
b∫
a

v(t) dt ∈ Rn.
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If ‖u‖ = 0, then there is nothing to show. Thus we might as well assume that ‖u‖ > 0.
We obtain the following (in-) equalities:

‖u‖ ·
∥∥∥∥ b∫
a

v(t) dt

∥∥∥∥ = ‖u‖2 = 〈u, u〉 =
〈
u,

b∫
a

v(t) dt
〉

=
〈

(u1, . . . , un),
( b∫
a

v1(t) dt, . . . ,
b∫
a

vn(t) dt
)〉

=
n∑
i=1

ui ·
b∫
a

vi(t) dt =
b∫
a

n∑
i=1

ui · vi(t) dt

=
b∫
a

〈u, v(t)〉 dt ≤
b∫
a

‖u‖ · ‖v(t)‖ dt = ‖u‖ ·
b∫
a

‖v(t)‖ dt.
↑

by the Cauchy-Schwarz Inequality 0.12 we know that
for any x, y ∈ Rn we have 〈x, y〉 ≤ ‖x‖ · ‖y‖

The desired inequality follows from canceling ‖u‖.
Now we turn to the �furthermore statement�. In fact this statement follows from the

above considerations together with the �furthermore statement� of Proposition 0.12. We
leave it to the reader to �ll in the details. �

0.8. Metric spaces. Finally we recall the notion of a metric space which is most likely
familiar from an earlier course on real analysis.

De�nition. A metric space is a pair (X, d) consisting of a set X and a metric d on X, i.e.
a map X ×X → R≥0 := {x ∈ R |x ≥ 0}

(x, y) 7→ d(x, y)

with the following properties:

(1) d(x, y) = 0 ⇐⇒ x = y
(2) for all x, y ∈ X we have d(x, y) = d(y, x) (symmetry)
(3) for all x, y, z ∈ X we have d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality).

Sometimes we refer to d(x, y) as the distance between x and y.
The following lemma shows that any norm on a vector space V give rise to a metric on V .

Lemma 0.17. Let V be a real vector space and let ‖ − ‖ : V → R≥0 be a norm. Then

V × V → R≥0

(v, w) 7→ d(v, w) := ‖v − w‖
is a metric on V .

Proof. The three properties of a metric follow easily from the three properties of a norm.
For example, given v, w ∈ V we see that

d(v, w) = ‖v − w‖ = ‖(−1) · (w − v)‖ = | − 1| · ‖w − v‖ = ‖w − v‖ = d(w, v).
↑

property (2) of a norm

The other two properties of a metric are veri�ed in a similar fashion. �

It follows from Lemma 0.17 that the Euclidean norm ‖− ‖Eucl gives rise to a metric, called
the Euclidean metric. This is perhaps the most frequently used example of a metric.
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De�nition. Given x, y ∈ Rn we set

d(x, y) := ‖x− y‖ where ‖z‖ = ‖(z1, . . . , zn)‖ :=
√
z2

1 + · · ·+ z2
n .

We refer to the map d : Rn × Rn → R≥0

(x, y) 7→ d(x, y)

as the Euclidean metric on Rn.16. Usually we consider Rn as a metric space with respect
to this Euclidean metric, unless we say something else.
Of course there are many other examples of metrics. In the following we will see two
examples, the �rst one corresponds to the Manhattan norm and the other one is an example
of a metric that does not come from a norm.

Example. Let n ∈ Rn. We �x a point P ∈ Rn. Besides the ever-popular Euclidean metric
on Rn we can also consider the following two metrics:

dManh : Rn → R≥0

((x1, . . . , xn), (y1, . . . , yn)) 7→
n∑
i=1

|xi − yi| and
dSNCF : Rn → R≥0

(x, y) 7→ ‖x− P‖+ ‖y − P‖.

The metric dManh is called the Manhattan metric since it measures the distance between
two points if one can go only vertically (avenues) and horizontally (streets). The metric
dSNCF is called the SNCF metric since it models the distance in France where every train
between two points necessarily has to go through Paris.

In Exercise 0.14 we will see that both maps do indeed form metrics on Rn. Furthermore
we will see in Exercise 0.14 that the SNCF-metric does not arise from a norm.

��

��

��

��

SNCF-metricManhattan metric

Of course there are many other examples of metric spaces. The last de�nition shows that
we can de�ne a metric on any set.

De�nition. Let X be a set. The map

X ×X → R≥0

(x, y) 7→
{

0, if x = y,
1, if x 6= y

de�nes a metric on X called the trivial metric.

Exercises for Chapter 0.

16It follows from Lemma 0.15 together with Lemma 0.17 that this is indeed a metric on Rn.
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Exercise 0.1. Show that for statements (1), (2), (4) and (5) of the Image-Preimage
Lemma 0.2 there are indeed examples such that the stated inclusion is indeed a strict
inclusion. More precisely:
(a) Give an example of a map f : X → Y and a subset U Ă X such that U Ĺ f−1(f(U)).
(b) Give an example of a map f : X→Y and a subset V ĂY such that f(f−1(f(V )))ĹV .
(c) Give an example of a map f : X → Y and a family {Ui}i∈I of subsets of X such that

f
( ⋂
i∈I
Ui

)
Ĺ

⋂
i∈I
f(Ui)

(d) Give an example of a map f : X → Y and a subset U Ă X such that we have
f(X) \ f(U) Ĺ f(X \ U).

Exercise 0.2. Let f : X → Y be a map between two sets. Let A Ă X and let B Ă Y be
two subsets. Prove the following equivalence of statements:

f(A) Ă B ⇐⇒ A Ă f−1(B).

Exercise 0.3. Let f : X → Y be a map between two sets. Let A Ă X and let B Ă Y .
Show that

f(A ∩ f−1(B)) = f(A) ∩B.
Exercise 0.4. Let (V,≤) be a totally ordered set of cardinality n ∈ N. We equip the set
{1, . . . , n} with the usual total order ≤. Show that there exists a unique order-preserving
bijection {1, . . . , n} → V .

Exercise 0.5. Let f : X → Y be a map between two sets. Show that there exist total
orders �≤X� on X and �≤Y � on Y such that the map f is order-preserving.

Exercise 0.6. Show that there exists an uncountable well-ordered set (X,≤) such that for
every y ∈ X the set {x ∈ X |x ≤ y} is countable.
Exercise 0.7. We consider N and Z with the usual partial order ≤.
(a) Does the lexicographically ordered set N× N have the same order type as N?
(b) Does the lexicographically ordered set Z× Z have the same order type as Z?

Exercise 0.8. We consider the half-open interval [0, 1), the set R≥0 and the set N0, each
equipped with the usual partial order ≤.
(a) Show that the lexicographically ordered set [0, 1)×N0 has the same order type as R≥0.
(b) Show that the lexicographically ordered set N0× [0, 1) does not have the same order

type as R≥0.

Exercise 0.9.
(a) Let n ∈ N. Show that R and Rn have the same cardinality.
(b) Show that R and RN have the same cardinality.

Exercise 0.10. Show that P(N) and R have the same cardinalitiy.
Hint. Use the Bernstein-Schröder Theorem 0.11.

Exercise 0.11. Let X be a set and let P(X) be the power set. Given A,B ∈ P(X) we
de�ne the symmetric di�erence

A4B := (A \B) ∪ (B \ A).
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What axioms of a ring does (P(X),4,∩) satisfy?

Exercise 0.12. We consider the following two maps:

‖−‖max : Rkn→ R≥0

(x1, . . . , xn) 7→ max{|x1|, . . . , |xn|}
and

‖−‖Manh : Rn → R≥0

(x1, . . . , xn) 7→
n∑
i=1
|xi|.

(a) Show that both maps de�ne norms on R.
(b) We now suppose that n ≥ 2. Show that the norms do not arise from a positive de�-

nite R-bilinear pairing, i.e. show that there is no positive-de�nite R-bilinear pairing
ϕ : Rn × Rn → R such that for all v ∈ Rn we have ‖v‖max =

√
ϕ(v, v) and similarly

for ‖ − ‖Manh.

Exercise 0.13. Let V be a real vector space Recall that given a norm n| : V → R≥0 its
norm ball is de�ned as B(n) := {v ∈ V |n(v) ≤ 1}. Show that a norm is determined by its
norm ball.

Exercise 0.14. Let n ∈ N. We �x a point P ∈ Rn and we consider the maps

dM : Rn → R≥0

((x1, . . . , xn), (y1, . . . , yn)) 7→
n∑
i=1

|xi − yi| and
dS : Rn → R≥0

(x, y) 7→ ‖x− P‖+ ‖y − P‖

which on page 104 we called the Manhattan metric respectively the SNCF metric.
(a) Show that both maps de�ne metrics on Rn.
(b) Show that there is no norm ‖−‖ on Rn such that dS(v, w) = ‖v−w‖ for all v, w ∈ Rn.
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1. Topological spaces: basic definitions and properties

In this chapter we give the de�nition of topological spaces, we provide many examples and
we discuss a long list of basic properties. Many of these results might well be familiar to
the reader. Nonetheless we attempt to give a fairly complete list of basic statements so
that later on we have a �rm common foundation to work with.

1.1. Topological spaces. In this section we give the de�nition of a topological space and
we discuss some very basic de�nitions and statements. Presumably most readers will have
seen this material. Throughout these lecture notes, in the proofs, we strive for giving precise
references to earlier results. The main exceptions are the lemmas from this Section 1.1.
Usually we use them without referring to them explicitly.
The following de�nition will keep us occupied for the rest of these notes.

De�nition.
(1) Let X be a set. A topology on X is a subset T of the power set P(X)17 with the

following properties:
(a) the empty set and the entire set X lie in T ,
(b) the intersection of �nitely many sets in T is again a set in T ,
(c) the union of arbitrarily many sets in T is again a set in T .
The sets in T are called open with respect to T . If T is understood from the context,
then we just say open.

(2) A topological space is a pair (X, T ), where X is a set and T is a topology on X.

Remark.

(1) Usually we suppress the topology from the notation, e.g. usually we just write �let
X be a topological space�.

(2) If X is a topological space, then the properties of a topology imply immediately the
following three statements:
(a) the empty set and the entire set X are open,
(b) the intersection of �nitely many open sets is again open,
(c) the union of arbitrarily many open sets is again open.

(3) It took mathematicians several decades to settle on the above de�nition, the long and
tortuous history of the de�nition of a topological space is presented in [Moo2008].

We start out with some very basic examples of topological spaces.

Examples.

(1) Let X be a set, then T = {∅, X} is a topology on X. This topology is sometimes
called the trivial topology on X.

(2) Let X be a set. Then T = P(X) is also a topology on X. In other words, T is the
topology such that every subset of X is open. This topology is usually referred to as
the discrete topology on X. Sometimes we say that a topological space is discrete, if
the topology is indeed the discrete topology.

17In more humble words, T is a set of subsets of X.



108

(3) Let X be a set.
(a) We de�ne T Ă P(X) as follows:

U ∈ T :⇐⇒ either U = ∅ or U is the complement of a �nite subset of X.

It follows easily from de Morgan's Laws 0.1, that T is a topology on X. We
refer to it as the co�nite topology. Sometimes this topology is also called the
�nite-complement topology.

(b) Similarly we can de�ne the cocountable topology T Ă P(X) as follows:

U ∈ T :⇐⇒ either U = ∅ or U is the complement of a countable subset of X.

It follows from de Morgan's Laws together with the Countability Lemma 0.8 that
this is a topology on X.

(4) LetX be the empty set. Together with T = {∅} this is a topological space, called the
empty topological space. It is a never ending source of counterexamples to carelessly
formulated statements.

(5) (a) Let X = {∗} be a set with a single element ∗. It follows immediately from
the de�nition of a topology there is a unique topology on X = {∗}, namely the
topology given by T = {∅, {∗}}. Together with the empty set this is the only
case where the topology is already determined by the set.

(b) Given a set X = {a, b} with two elements it is straightforward to see that there
exist four distinct topologies on X. More precisely, there is the trivial and the
discrete topology, and there are the two topologies where precisely one of the sub-
sets {a} and {b} is open. The latter two topologies correspond to the Sierpi«ski
space which we will discuss in greater detail in Exercise 2.22.

Not surprisingly the number of topologies on a �nite set grows rapidly with the
cardinality of the set, we refer to [KR1970, BMc2002] for details.

Recall that on page 103 we introduced the notion of a metric space. We will now see that
metric spaces give rise to topological spaces. To do so we will need the following notation.

Notation. Let (X, d) be a metric space. Given x ∈ X and r ∈ R we write

Bd
r (x) := {y ∈ X | d(x, y) < r}

If the metric d is understood from the context, then sometimes we drop it from the
notation.
The following lemma shows that metric spaces give rise to topological spaces.

Lemma 1.1. (Metric-Topology Lemma) Let (X, d) be a metric space. A subset U
of X is called open if for every x ∈ U there exists an ε > 0 such that Bd

ε (x) is contained
in U . These open sets de�ne a topology on X.
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metric space (X, d)

U Bd
ε (x)

x

Proof.

(1) It is clear that the empty set and X itself are open.
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(2) Suppose U1, . . . , Uk are open subsets of X. We need to show that the intersection
U1∩U2∩· · ·∩Uk is also open. Thus let x ∈ U1∩U2∩· · ·∩Uk. For each i ∈ {1, . . . , k}
there exists an εi > 0 with Bεi(x) Ă Ui. We set ε := min{ε1, . . . , εk}. Then

Bε(x) Ă Bε1(x) ∩ · · · ∩Bεk(x) Ă U1 ∩ U2 ∩ · · · ∩ Uk.
↑ ↑

since ε ≤ εi since Bεi(x) Ă Ui

(3) Let {Ui}i∈I be a family of open sets. We want to show that
⋃
i∈I
Ui is also open. Thus

let x ∈
⋃
i∈I
Ui. This means that there exists an i ∈ I with x ∈ Ui. Since Ui is open

there exists an ε > 0 with Bε(x) Ă Ui. Thus we have

Bε(x) Ă Ui Ă
⋃
i∈I
Ui. �

De�nition. Let (X, d) be a metric space.
(1) We refer to the topology introduced in Metric-Topology Lemma 1.1 as the metric

topology.
(2) Unless we say something else we always view (X, d) with the metric topology.

Example. Let X be a set and let d : X×X → R≥0 be the trivial metric that we introduced
on page 104. It is straightforward to see that the corresponding metric topology is the
discrete topology.

Convention. Let n ∈ N.
(1) Unless we say something else we consider Rn as a metric space with the Euclidean

metric given by

d(x, y) := ‖x− y‖ where ‖z‖ = ‖(z1, . . . , zn)‖ :=
√
z2

1 + · · ·+ z2
n .

Furthermore, unless we say something else we equip Cn with the metric given by18

d(x, y) := ‖x− y‖ where ‖z‖ = ‖(z1, . . . , zn)‖ :=
√
z1 · z1 + · · ·+ zn · zn .

(2) In particular, unless we say explicitly otherwise, we equip Rn with the topology
arising from the Euclidean metric and we Cn with the topology arising from the
above metric. We call these the Euclidean topologies on Rn and Cn.

We have now seen that metrics give rise to topologies. In general di�erent metrics will give
rise to di�erent topologies, for example the Euclidean metric and the trivial metric on Rn

give rise to wildly di�erent topologies. But di�erent metrics might also give rise to the
same topology. This leads us to the following de�nition.

De�nition. Let X be a set. We say that two metrics d and e on X are equivalent if they
give rise to the same topology.

18It follows from the observation that (x+ iy) · x+ iy = (x+ iy) · (x− iy) = x2 + y2 that the metric on
Cn is the Euclidean metric on Cn = R2n in slight disguise. In particular it is indeed a metric.
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Lemma 1.2. (Equivalent Metric Lemma) Let X be a set and suppose that we have
two metrics d and e on X such that the following two conditions are satis�ed:
(1) For each x ∈ X and each µ > 0 there exists a ν > 0 with Be

ν(x) Ă Bd
µ(x).

(2) For each x ∈ X and each ν > 0 there exists a µ > 0 with Bd
µ(x) Ă Be

ν(x).
Then the two metrics are equivalent.

Example. Let n ∈ Rn and let P ∈ Rn. On page 104 we introduced the following metrics:

dManh : Rn → R≥0

((x1, . . . , xn), (y1, . . . , yn)) 7→
n∑
i=1

|xi − yi| and
dSNCF : Rn → R≥0

(x, y) 7→ ‖x− P‖+ ‖y − P‖.

In Exercise 1.7 we will see that the Manhattan metric is equivalent to the Euclidean metric
and we will see that the SNCF-metric is not equivalent to the Euclidean metric.

Proof. We need to show that a set U Ă X which is open with respect to d is open with
respect to e and vice versa. So suppose that U is open with respect to d. We need to show
that U is open with respect to e, i.e. we need to show that for each x ∈ U there exists a
ν > 0 with Be

ν(x) Ă U . Thus let x ∈ U . Since U is open with respect to d there exists a
µ > 0 such that Bd

µ(x) Ă U . By hypothesis there exists a ν > 0 such that Be
ν(x) Ă Bd

µ(x).
This ν has the desired property. The same argument evidently also works with the roles of
d and e reversed. �

Metric spaces are popular source of examples of topological spaces. This leads us to the
following de�nition.
De�nition. A topological space X is called metrizable if there exists a metric d on X
such that the given topology agrees with the topology coming from d.
Even though many interesting topological spaces are indeed metrizable, we will see in
Exercise 1.1 that a �nite topological space is metrizable if and only if the topology is
discrete.

1.2. Basic de�nitions. We proceed with the next de�nition.
De�nition. Let X be a topological space. We say a subset A of X is closed if the
complement X \ A is open.

Example. By an interval we mean any subset of R of the form

(a, b) := {x ∈ | a < x < b} where a, b ∈ R ∪ {±∞}
(a, b] := {x ∈ | a < x ≤ b} where a ∈ R ∪ {−∞} and b ∈ R with a < b
[a, b) := {x ∈ | a ≤ x < b} where a ∈ R and b ∈ R ∪ {∞} with a < b
[a, b] := {x ∈ | a ≤ x ≤ b} where a, b ∈ R with a ≤ b.

The intervals of the form (a, b), (−∞, b) and (a,∞) with a, b ∈ R are open subsets of R
and the intervals of the form [a, b], (−∞, b] and [a,∞) with a, b ∈ R are closed subsets of
R. Note that ∅ and R are also intervals, they are both open and closed in R.
The following lemma mirrors the remark on page 107.
Lemma 1.3. Let X be a topological space.
(1) the empty set and the entire set X are closed,
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(2) the intersection of arbitrarily many closed sets is again closed,
(3) the union of �nitely many closed sets is again closed.

Proof. The lemma is an immediate consequence of the de�nition of a topology and de
Morgan's Laws 0.1. �

Remark. Let X be a set. If we specify what we mean by closed sets such that the three
properties of Lemma 1.3 are satis�ed, then it follows once again from de Morgan's Laws
that the complements of the closed sets de�ne a topology.

The following proposition gives us important examples of closed and open subsets.

Proposition 1.4. Let (X, d) be a metric space, let y ∈ X and let r ∈ R.
(1) the set Bd

r (y) := {x ∈ X | d(x, y) < r} is open in X,

(2) the set B
d

r(y) := {x ∈ X | d(x, y) ≤ r} is closed in X,
(3) the set Sdr (y) := {x ∈ X | d(x, y) = r} is closed in X.

Proof. Let (X, d) be a metric space, let y ∈ X and let r ∈ R.
(1) Let x ∈ Bd

r (y). We set s := d(x, y). By de�nition of Bd
r (y) we have s < r. We set

t := r − s. Since t > 0 it su�ces to show that Bd
t (x) Ă Bd

r (y). Thus let z ∈ Bd
t (x).

We see that d(y, z) ≤ d(x, y) + d(x, z) < s+ t = r.
↑

triangle inequality

Thus we see that z ∈ Bd
r (y), which is what we needed to show.
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Bd
t (x)

t = r − s
r

y
z ∈ Bd

t (x)

x

s = d(x, y)Bd
r (y)

(2) Almost the same argument as in (1) shows that X \ Br(y) is open, which implies
that Br(y) is closed.

(3) We have X \ Sdr (y) = Bd
r (y) ∪ (X \ Br(y)). By (1) and (2) we see that X \ Sdr (y) is

the union of two open sets, thus by the third property of a topological space we see
that X \ Sdr (y) is open, thus Sdr (y) is indeed closed. �

The most frequent application of Proposition 1.4 is to the metric space Rn. Thus we
introduce the following notation.

Notation. Let n ∈ N0. Given y ∈ Rn and r ∈ R we write19 20

Bn
r (y) := {x ∈ Rn | ‖x− y‖ < r} called open n-ball

B
n

r (y) := {x ∈ Rn | ‖x− y‖ ≤ r} called closed n-ball
Sn−1
r (y) := {x ∈ Rn | ‖x− y‖ = r} called (n− 1)-sphere.

We adopt the following conventions:
(1) A 2-ball is often called a disk and a 1-sphere is often referred to as a circle.
(2) If the parameter n is clear from the context we sometimes drop it from the notation.
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(3) If y = 0, then we drop y from the notation and if r = 1, then we drop r from the
notation.

(4) Sometimes we write rBn instead of Bn
r (0) and sometimes we write rB

n
instead of

B
n

r (0).
(5) We refer to the point (0, . . . , 0, 1) ∈ Sn = {x ∈ Rn+1 | ‖x‖ = 1} as the North Pole

of Sn and we refer to the point (0, . . . , 0,−1) ∈ Sn = {x ∈ Rn+1 | ‖x‖ = 1} as the
South Pole of Sn.
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1.3. The subspace topology. The next de�nition gives us a rich source of new examples
of topological spaces.

De�nition. Let (X, T ) be a topological space and let Y Ă X be a subset. It follows
almost immediately from Lemma 0.3 that

S := {Y ∩ U |U ∈ T }
is a topology on Y . We refer to S as the subspace topology on Y induced by Y .
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U is open in X

Y ∩ U is open in Y

Convention.
(1) Unless we say something else, we consider each subset Y of Rn always as a topological

space with respect to the subspace topology.
(2) Let (X, T ) be a topological space and let Y Ă X be a subset. If Y is indeed equipped

with the subspace topology, then sometimes we refer to Y as a subspace of X.
We continue with the following useful lemma.

Lemma 1.5. (Neighborhood Openness Criterion) Let X be a topological space and
let Y Ă X be a subset. We equip Y with the subspace topology.

(1) V Ă Y is open in Y ⇐⇒ there exists an open subset U Ă X with V = U ∩ Y
(2) B Ă Y is closed in Y ⇐⇒ there exists a closed subset A Ă X with B = A ∩ Y .

Proof. The �rst statement is just a reformulation of the de�nition of the subspace topology.
We turn to the proof of the second statement. Now let B Ă Y . Elementary set theory

19These de�nitions also make sense for r < 0, in that case all of the sets are the empty set. Also note that
for n = 0 we obtain that Sn−1

r (y) = S−1
r (y) = ∅.

20Of course one cannot easily sketch the 3-sphere S3. But it is worth pointing out that in some form it
has been around for a while. In [Lip2014, Chapter 2] and [Petn1979] the argument is made that the
universe in Dante's Divina Commedia is precisely the 3-sphere.
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shows that for any subset U of X we have

(∗) U ∩ Y = Y \B ⇐⇒ Y \ (U ∩ Y ) = B ⇐⇒ (X \ U) ∩ Y = B.

Now the second statement is basically obvious. Indeed, we have

B is closed in Y ⇐⇒ Y \B is open in Y
⇐⇒ there exists U Ă Y open with U ∩ Y = Y \B
⇐⇒
by (∗)

there exists U Ă Y open with (X \ U) ∩ Y = B

⇐⇒ there exists A Ă Y closed with A ∩ Y = B. �
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Example. We consider Y = (−1, 2] equipped with the subspace topology coming from R.
(1) The Neighborhood Openness Criterion 1.5 (1) implies that V = (0, 2] is an open

subset of Y , since we can write V = (0, 4) ∩ Y and (0, 4) is an open subset of R.
(2) The Neighborhood Openness Criterion 1.5 (2) implies that B = (−1, 0] is a closed

subset of Y , since we can write B = [−3, 0] ∩ Y and [−3, 0] is a closed subset of R.

X = RY = (−1, 2]X = R Y = (−1, 2]

(0, 2] is open in Y = (−1, 2] (0, 4) (−1, 0] is closed in Y = (−1, 2][−3, 0]

We conclude this short discussion of the subspace topology with the following lemma which
subconsciously gets used all the time.
Lemma 1.6. Let X be a topology space and let Z Ă Y Ă X be two subsets. The following
two topologies are the same:
(1) The subspace topology on Z induced by X.
(2) The subspace topology on Z induced by the subspace topology on Y , which is in

turn induced by X.

Proof. This lemma follows almost immediately from the de�nitions. �

We continue with the next basic de�nition.
De�nition. Let X be a topological space.
(1) Let A Ă X be a subset. We say U Ă X is a neighborhood of A if there exists an

open set V such that A Ă V Ă U . We say U is an open neighborhood of A, if U is
furthermore open. This de�nition is illustrated in the �gure below.

(2) An (open) neighborhood of a point x ∈ X is an (open) neighborhood of {x}.

Example. If X = R and A = [0, 2), then U = (−1, 3] and V = (−2,∞) are neighborhoods
of A in X.
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The following lemma gives a useful criterion for showing that a given subset is open.

Lemma 1.7. (JH-Lemma21) Let X be a topological space and let U Ă X be a subset.
If for every x ∈ U there exists a neighborhood V of x that is contained in U , then U is
open.

Proof. Let X be a topological space and let U Ă X be a subset. Suppose that for every
x ∈ U there exists a neighborhood Vx of x that is contained in U . By de�nition of a
neighborhood there exists for each x ∈ U an open subset Wx with x ∈ Wx Ă Vx. We see
that U =

⋃
x∈U
{x} Ă

⋃
x∈U

Wx Ă U.
↑

since each Wx is contained in U

It follows that U =
⋃
x∈U

Wx, i.e. U is the union of open subsets of X, thus by the third

property of a topology, U itself is open. �
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1.4. Covers of topological spaces. On many occasions it will be useful to �break� a
topological space into smaller pieces. This leads us to the following de�nition.
De�nition. Let X be a topological space.
(1) A cover22 of a subset A Ă X is a family23 {Ui}i∈I of subsets of X with A Ă

⋃
i∈I
Ui.

(2) We say a cover {Ui}i∈I is open if each Ui is open. Similarly we de�ne a closed cover.
(3) We say a cover {Ui}i∈I is �nite if I is �nite. Otherwise we say that the cover is

in�nite.
(4) We say a family {Ui}i∈I of subsets is locally �nite if each x ∈ X admits an open

neighborhood W such that {i ∈ I |Ui ∩W 6= ∅} is �nite.

Example. In the �gure below we sketch on the right a closed cover {Ui}i∈I of X = R2

which has the property that each x ∈ X is contained in only �nitely many Ui, but which
nonetheless fails to be locally �nite.

The following lemma is crucial for many arguments.
21A student, let's call him JH, pointed out to me in an earlier version of these notes, that I was implicitly
frequently using the statement of this lemma.
23What we call a �cover� is often also called a �covering�. We reserve the name �covering� for a completely
di�erent concept that we will introduce on page 1067.
23Recall that according to the de�nition on page 86 a family of subsets of a given set X consists of a set
I and a map f : I → P(X). We also recall the convention from page 86 which says that we will view any
subset U Ă P(X) as a family of subsets of X via the index set I = U and the map I = U → P(X) given
by U 7→ U .
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not locally �nitelocally �nite closed cover of X = R2

Lemma 1.8. Let X be a topological space and let M be a subset of X.
(1) Let {Ui}i∈I be an open cover of X. The following two statements hold:

(a) M is open if and only if each intersection M ∩ Ui is open in Ui,
(b) M is closed if and only if each intersection M ∩ Ui is closed in Ui.

(2) Let {Ai}i∈I be a locally �nite closed cover of X. (In most applications we will deal
with a �nite closed cover.) The following two statements hold:
(a) M is open if and only if each intersection M ∩ Ai is open in Ai,
(b) M is closed if and only if each intersection M ∩ Ai is closed in Ai.

Example. Let X be a topological space and let {Ai}i∈I be a family of closed subsets of X.
If the family is locally �nite, then it follows from Lemma 1.8 (2b) together with Lemma 1.3
(2) that

⋃
i∈I
Ai is also a closed subset of X.

Remark. Note that in Lemma 1.8 we allow an arbitrary family of open subsets but we only
allow a �nite family of closed subsets. One can easily see that this restriction is necessary.
For example, consider X = R and the in�nite family {Ai}i∈I of closed subsets of X = R
given by all subsets consisting of a single point. Let M Ă R be a subset. For each i ∈ I
the intersection M ∩ Ai is either the empty set or all of Ai, in particular the intersection
M ∩ Ai is closed in Ai. But of course there is no reason why M should be a closed subset
of R.
Proof. Let X be a topological space and let M be a subset of X.
(1) Let {Ui}i∈I be an open cover of X. The �only if�-directions of (a) and (b) are an

immediate consequence of the Neighborhood Openness Criterion 1.5 (1). It remains
to prove the �if�-directions.
(a) Suppose that for every i ∈ I the intersection M ∩Ui is an open subset of Ui. By

de�nition of the subspace topology this means that for each i ∈ I there exists an
open subset Zi of X with Zi ∩ Ui = M ∩ Ui. We have

M =
⋃
i∈I

(M ∩ Ui) =
⋃
i∈I

intersection of open subsets of X, hence open in X︷ ︸︸ ︷
(Zi ∩ Ui) = open subset of X.

↑ ↑
since

⋃
i∈I
Ui = X union of open subsets, hence open

(b) Now suppose that each intersection M ∩ Ui is closed in Ui. In other words, each
set Ui \ (M ∩ Ui) is open in Ui. Since (X \M) ∩ Ui = Ui \ (M ∩ Ui) we obtain
from (a) that X \M is open in X. In other words, M is closed in X.
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(2) First note that, as in (1) it remains to prove the �if�-directions.
(b) First we deal with the case that we are given a �nite closed cover {Ai}i=1,...,m of

X such that for each i the intersection M ∩Ai is a closed subset of Ai. It follows
from the Neighborhood Openness Criterion 1.5 (2) that for each i ∈ {1, . . . ,m}
there exists a closed subset Zi of X with Zi ∩ Ai = M ∩ Ai. We have

M =
m⋃
i=1

(M ∩ Ai) =
m⋃
i=1

intersection of closed subsets of X, hence closed in X︷ ︸︸ ︷
(Zi ∩ Ai) = closed subset of X

↑ ↑
since A1 ∪ · · · ∪Am = X union of �nitely many closed subsets,

hence closed

Now suppose that we are given a locally �nite closed cover {Bi}i∈I of X such
that for each i ∈ I the intersection M ∩ Bi is a closed subset of Bi. Since the
cover is locally �nite there exists for each x ∈ X an open neighborhood Wx such
that Ix := {i ∈ I |Wx ∩ Bi 6= ∅} is �nite. Since {Wx ∩ Bi}i∈Ix is a �nite closed
cover of Wx we obtain from the above thatM ∩Wx is closed. But since {Wx}x∈X
is an open cover of X we obtain from (1b) that M is a closed subset of X.

(a) As in (1) we can reduce the proof of (a) to the proof of (b). �

1.5. The interior and the closure of a subset.
De�nition. Let X be a topological space and let A be a subset of X. We make the
following two de�nitions:24

interior
◦
A :=

union of all open sets of X
that are contained in A closure A :=

intersection of all closed sets
of X that contain A

Sometimes, to avoid confusion, we will also write int(A) for the interior of a subset A.
Furthermore we de�ne the boundary of A in X as ∂A := A \

◦
A.

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

��
��
��
��
��
��

��
��
��
��
��
��

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

X

interior
◦
A

A
boundary ∂Aclosure A

In the following we will state general properties of the interior, the closure and the boundary
of a subset. Evidently the point is not to memorize the following lemmas. Instead they
are meant as a resource to turn to, when one is dealing with these objects. Therefore it is
warmly recommended to move on to the next section and to return to the present section
when the need arises.
Lemma 1.9. (Interior-Closure Lemma) Let X be a topological space and let A be a
subset of X.
(1) The interior

◦
A is an open subset of X.

(2) The closure A of A is a closed subset of X.
(3) We have

◦
A Ă A Ă A.

(4) A is open ⇐⇒
◦
A = A.

(5) A is closed ⇐⇒ A = A.
(6) We have

◦
A = A \ ∂A and A = A ∪ ∂A.
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(7) If we set B := X \ A, then the following statements hold:

(a) B = X \
◦
A,

(b)
◦
B = X \ A,

(c) ∂B = ∂A.

Proof.

(1) The union of arbitrarily many open sets is, by de�nition of a topology, again an open
set. Thus the interior

◦
A is an open subset of X.

(2) In Lemma 1.3 we saw that the intersection of arbitrarily many closed sets is again a
closed set. It follows immediately that the closure A is a closed subset of X.

(3) This statement follows immediately from the de�nitions.
(4) The �⇐�-statement follows immediately from (1). We turn the proof of the �⇒�-

statement. Given any subset A Ă X we always have
◦
A Ă A. If A is open, then by

de�nition we also have A Ă
◦
A. Thus we see that

◦
A = A.

(5) The �⇐�-statement follows immediately from (2). We turn the proof of the �⇒�-
statement. Given any subset A Ă X we always have A Ă A. If A is closed, then by
de�nition we also have A Ă A. Thus we see that A = A.

(6) We note that:
A \ ∂A = A \ (A \

◦
A) = A \ (A \

◦
A) =

◦
A.

↑ ↑
de�nition of ∂A since

◦
A Ă A Ă A

↓ ↓
and A ∪ ∂A = A ∪ (A \

◦
A) = A.

(7) We set B := X \ A. First we prove (a):

de�nition of closure substitution U=X\Y de Morgan's Laws 0.1 de�nition of interior
↓ ↓ ↓ ↓

B =
⋂

Y ĂX closed
with BĂY

Y =
⋂

UĂX open
with UĂA

(X \ U) = X \
⋃

UĂX open
with UĂA

U = X \ interior of A.

Next note that (b) is an immediate consequence of (a). Finally note that (c) is an
immediate consequence of (a) and (b). �

The above de�nition of the interior and the closure of a subset is succinct and precise. But
just by using the de�nition it is perhaps di�cult to �nd the interior and the closure of a
given subset of a topological space. In many situations the following lemma takes care of
that di�culty.

Lemma 1.10. Let X be a topological space and let A be a subset of X. We have the
following three equalities:

(1)
◦
A = {x ∈ A | there exists a neighborhood U of x that is contained in A}

(2) A = {x ∈ X | every neighborhood of x contains at least one point in A}
(3) ∂A = {x ∈ X | every neighborhood of x contains at least one point in A

and one point that does not lie in A}
The same statements also hold with �neighborhood� replaced by �open neighborhood�.

Proof. The proof of the lemma is Exercise 1.6. �
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Examples.

(1) We consider the topological space X = R and the subset A = [−1, 2). Using
Lemma 1.10 one can easily see that the interior of A is the open interval (−1, 2)
and that the closure of A is the closed interval [−1, 2]. Furthermore ∂A = {−1, 2}.

(2) Let x ∈ Rn and r ∈ R. We view Bn
r (x), B

n

r (x) and Sn−1
r (x) as subsets of Rn. Using

Lemma 1.10 one can show fairly easily that

Bn
r (x) = B

n

r (x), int(B
n

r (x)) = Br
n(x), ∂B

n

r (x) = ∂Bn
r (x) = ∂Sn−1

r (x) = Sn−1
r (x).

(3) In the �gure below we show a subset of R2, and we also show its interior
◦
A, its closure

A and its boundary ∂A.
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◦
AA A ∂AR2

(4) It is rather unfortunate that the notations
◦
A, A and ∂A hide the role of X. For

example let us consider A = [0, 2]. If we view it as a subset of X = R, then
∂A = ∂[0, 2] = {0, 2}. On the other hand, if we view A = [0, 2] as a subset of
X = R≥0, then ∂A = ∂[0, 2] = {2}. This ambiguity in the notation can sometimes
be a source of confusion. Thus it would be more appropriate to specify the role of X
in the above notation. But mathematicians, as all humans, tend to be lazy and thus
tend to simplify the notation.

(5) We consider X = R and the subset A = Q. Using Lemma 1.10 one can easily show,
using standard facts about real numbers, that

◦
Q = ∅ and that Q = R. The same

conclusion also holds for Q = R \Q.

Finally we consider the relationship between closures and interiors under taking unions and
intersections. As the following examples show, this is a tricky topic.

Example. Throughout we work with the topological space X = R.

(1) Let A = Q and B = R \Q. We see that

interior of Q ∪ (R \Q)︸ ︷︷ ︸
=R

= R 6= ∅ = interior of Q︸ ︷︷ ︸
=∅

∪ interior of R \Q︸ ︷︷ ︸
=∅

closure of Q ∩ (R \Q)︸ ︷︷ ︸
=R

= ∅ 6= R = closure of Q︸ ︷︷ ︸
=R

∩ closure of R \Q︸ ︷︷ ︸
=R

.

This discussion shows that taking interiors does not commute even with just taking
�nite unions and analogously that taking closures does not even commute with taking
�nite intersections.
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(2) We consider the subsets [0, 1
n
) and [0, 1− 1

n
) of R. Now we see that

interior of
⋂
n∈N

[0, 1
n
) = interior of {0} = ∅ Ĺ {0} =

⋂
n∈N

interior of [0, 1
n
)︸ ︷︷ ︸

=[0, 1
n

)

closure of
⋃
n∈N

[0, 1− 1
n
) = closure of [0, 1) = [0, 1] Ľ [0, 1) =

⋃
n∈N

closure of [0, 1− 1
n
)︸ ︷︷ ︸

=[0,1− 1
n

)

These examples show that taking interiors does not commute even with taking in�nite
intersections and analogously that taking closures does not commute with taking
in�nite unions.

After this exhaustive list of counter examples the reader will be relieved to see that one can
in fact formulate a lemma regarding the interaction of interiors and closures with unions
and intersections.
Lemma 1.11. Let X be a topological space and let {Ui}i∈I be a family of subsets. The
following inclusions hold:

(1a) interior of
⋃
i∈I
Ui Ą

⋃
i∈I

◦
U i and (1b) closure of

⋂
i∈I
Ui Ă

⋂
i∈I
Ui

(2a) interior of
⋂
i∈I
Ui Ă

⋂
i∈I

◦
U i and (2b) closure of

⋃
i∈I
Ui Ą

⋃
i∈I
Ui.

Furthermore, if the family {Ui}i∈I is locally �nite (e.g. if it is �nite), then the following
equalities hold:

(3a) interior of
⋂
i∈I
Ui =

⋂
i∈I

◦
U i and (3b) closure of

⋃
i∈I
Ui =

⋃
i∈I
Ui.

Example. In the �gure below we show two subsets U1, U2 of R2 such that the inclusions
in Lemma 1.11 (1a) and (1b) are actually proper inclusions.
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closure of U1 ∩ U2 Ĺ U1 ∪ U2interior of U1 ∪ U2 Ľ
◦
U1 ∪

◦
U2

U1 U2
U1 U2

Proof.

(1a) By the Interior-Closure Lemma 1.9 we know that each
◦
U i is open. Therefore

⋃
i∈I

◦
U i

is open. Evidently this set is contained in
⋃
i∈I
Ui. By de�nition of the interior the set⋂

i∈I

◦
U i is now also contained in the interior of

⋃
i∈I
Ui.

(1b) It is straightforward to prove (1b) directly. In the following we show alternatively,
that (1b) is in fact a formal consequence of (1a). Indeed, we have

Interior-Closure Lemma 1.9 (7) de Morgan's Laws 0.1
↓ ↓

closure of
⋂
i∈I
Ui = X \ interior of

(
X \

⋂
i∈I
Ui

)
= X \ interior of

( ⋃
i∈I

(X \ Ui)
)

Ă X \
⋃
i∈I

interior of (X \ Ui) =
⋂
i∈I
X \ interior of (X \ Ui) =

⋂
i∈I
U i.

↑ ↑ ↑
follows from (1a) de Morgan's Laws 0.1 Interior-Closure Lemma 1.9 (7)
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(2a) The interior V of
⋂
i∈I
Ui is an open subset which is contained in each Ui. By de�nition

of the interior of Ui we see that V is contained in each
◦
U i. The promised inclusion is

an immediate consequence of this observation.
(2b) The closure A of

⋃
i∈I
Ui is a closed set that contains each Ui. By de�nition of the

closure of Ui we see that A contains each U i. The promised inclusion is an immediate
consequence of this observation. observation.

We now assume that the family {Ui}i∈I is locally �nite.
(3a) By (2a) We already know that the �Ă�-inclusion holds. Thus it su�ces to prove the

�Ą�-inclusion. By de�nition of the interior it su�ces to show that
⋂
i∈I

◦
U i is open. By

Lemma 1.8 it remains to prove the following claim.

Claim. For each x ∈
⋂
i∈I

◦
U i there exists an open neighborhood W of x ∈ X such that

W Ă
⋂
i∈I

◦
U i.

Proof. Let x ∈
⋂
i∈I

◦
U i. Since {Ui}i∈I is a locally �nite family of open subsets there

exists an open neighborhood V of x such that J := {i ∈ I |V ∩Ui = ∅} is �nite. We
see that

W := V ∩
⋂
i∈J

◦
U i︸ ︷︷ ︸

intersection of �nitely
many open sets

=
⋂
i∈J

(V ∩
◦
U i) Ă

⋂
i∈I

(V ∩
◦
U i) Ă

⋂
i∈I

◦
U i.x

by de�nition of J

Since the intersection of �nitely many open sets is open we see that W is an open
neighborhood of x ∈ X. Thus we are done.

(3b) By the same argument as in the proof of (1b) we can use de Morgan's Laws 0.1 to
reduce the proof of (3b) to the proof of (3a). �

We conclude this section with the discussion of the following de�nition, which will show up
every now and then.

De�nition. Let X be a topological space. We say a subset A of X is dense in X if every
open non-empty subset U of X contains a point a ∈ A.

X
UA
a

Example.
(1) Let n ∈ N. It follows from basic facts in real analysis that A = Qn is a dense subset

of X = Rn.
(2) It is very tempting to think that dense open subsets of say X = [0, 1] must be �almost

the whole set�. But the following example might dent one's optimism. First we pick
a bijection f : N→ Q ∩ [0, 1]. For i ∈ N we write xi := f(i). We consider the set

U :=
⋃
i∈N

(xi − 1
3i
, xi + 1

3i
) ∩ [0, 1]︸ ︷︷ ︸

open in [0, 1]

Ă [0, 1].
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The same argument as in (1) shows that U is a dense subset of [0, 1]. Since U is the
union of open subsets we see that U is also an open subset of [0, 1]. On the other
hand its Lebesgue measure satis�es

vol(U) = vol
(⋃
i∈N

(
xi − 1

3i
, xi + 1

3i

)
∩ [0, 1]

)
≤
∑
i∈N

vol
(
(xi − 1

3i
, xi + 1

3i
)
)
≤
∑
i∈N

2
3i = 2

3 .

Thus we have shown that the Lebesgue measure of U is less than the Lebesgue
measure of [0, 1]. So by no means can one reasonably claim that the dense open U
subset is �almost all of [0, 1]�.

(3) Here is an immediate, perhaps not entirely serious application of topology to the
eternal problem for how to capture a lion in the desert [Barr1981]: We give the
desert the leonine topology, in which a subset is closed if it is the whole desert or if it
contains no lions.25 The set of lions is now a dense subset.26 Now put an open cage
in the desert. By density it contains a lion. Once we shut the cage we have caught
the lion!27

In the following we relate the notions of closure and interiors to some of notions that we
had introduced earlier.
Lemma 1.12. Let X be a topological space and let A Ă X be a subset. The following
three statements are equivalent:
(1) A is dense in X.
(2) We have A = X.
(3) The interior of X \ A is empty.

Proof. Let A Ă X. The equivalence of (2) and (3) is a consequence of the Interior-Closure
Lemma 1.9. Thus it remains to show that (1) and (3) are equivalent. In fact we have

A is dense ⇐⇒ for every open non-empty subset U of X we have U ∩ A 6= ∅
⇐⇒ for every open non-empty subset U of X we have U Ĺ X \ A
⇐⇒ there is no open non-empty subset U of X with U Ă X \ A
⇐⇒ the interior of X \ A is empty. �

1.6. The Hausdor� property.

De�nition.
(1) We say a topological space X is Hausdor�, if given any two distinct points x 6= y

there exist disjoint open neighborhoods U of x and V of y.
(2) A Hausdor� space is a topological space that is Hausdor�.28
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25Why is this a topology?
26Why is that?
27This and many other mathematical approaches to hunting lions can be found in [Boas1995].
28We use this language for all other properties of topological spaces, for example we will soon introduce
the very important notion of a compact topological space. We will often write �let X be a compact space�
instead of the more precise �let X be a compact topological space�.
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The following proposition, which very likely is well-known to most readers, says that topo-
logical spaces arising from metric spaces are Hausdor�.

Proposition 1.13. Let (X, d) be a metric space. The corresponding topological space is
Hausdor�.
Proof. Let x, y ∈ X be two di�erent points. We set ε := 1

2
d(x, y). It follows from

Proposition 1.4 that U := Bε(x) and V := Bε(y) are neighborhoods of x respectively y. An
elementary argument using the triangle inequality shows that U and V are disjoint. �
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X

We now introduce two more examples of topological spaces. Both are of the type �Rn

together with an extra point�. These two topological spaces are often good candidates for
(counter-) examples in topology.

De�nition.
(1) Let n ∈ N. We consider the set

X := Rn ∪ {∞},
i.e. X consists of Rn and an extra point ∞. We say U Ă X is open, if both of the
following two conditions are satis�ed:
(a) for each point x ∈ U ∩ Rn there exists an ε > 0 such that Bε(x) Ă U ,
(b) if ∞ ∈ U , then there exists a C > 0 such that {x ∈ Rn | ‖x‖ > C} Ă U .
It is straightforward to see that this de�nes indeed a topology on X. We refer to
Rn ∪ {∞} as Rn with a point at in�nity. For n = 1 we refer to R∪ {∞} also as the
line with a point at in�nity.

(2) We consider the set X := R ∪ {∗},
i.e. X consists of R and an extra point ∗. We say U Ă X is open, if the following
two conditions are satis�ed:
(a) for each point x ∈ U ∩ R there exists an ε > 0 such that (x− ε, x+ ε) Ă U ,
(b) if ∗ ∈ U , then there exists an ε > 0 such that (−ε, 0) ∪ (0, ε) Ă U .
One can easily verify that this is indeed a topology onX. We refer to this topological
space as the line with two zeros.

Even though the �line with two zeros� looks at �rst glance similar to the �line with a point
at in�nity�, the next example shows that they are strikingly di�erent topological spaces.

Example. In Exercise 1.18 we will see that �Rn with a point at in�nity� is Hausdor� and
that on the other hand �the line with two zeros� is not Hausdor�.

The following lemma is basically trivial, but since it gets used on many occasions it is still
worth spelling it out.



1. TOPOLOGICAL SPACES: BASIC DEFINITIONS AND PROPERTIES 123

line with a point at in�nity

together with ∞ these are open neighborhoods of the point ∞

∞

line with two zeros

together with ∗ these are open neighborhoods of the point ∗

∗

Lemma 1.14. Let X be a topological space and let A be a subset of X. If X is Hausdor�,
then A is also Hausdor�.

Proof. The lemma follows almost immediately from the de�nitions. �

The following gives us a modest but still quite useful consequence of being Hausdor�.

Lemma 1.15. (Points-in-Hausdor� Space Lemma) Let X be a topological space.
(1) If X is Hausdor�, then for every x ∈ X the corresponding subset {x} is closed.
(2) If X is Hausdor�, then for every x 6= y ∈ X there exists an open neighborhood U

of x such that y 6∈ U .

Proof. Let X be a topological space which is Hausdor�.

(1) Let x ∈ X. Since X is Hausdor� we know that for every y 6= x there exist open
disjoint neighborhoods Uy of x and Vy of y. Note that

X \ {x} =
⋃

y∈X\{x}
{y} Ă

⋃
y∈X\{x}

Vy Ă X \ {x}.
↑ ↑

since y ∈ Vy since x 6∈ Vy

Thus we see that the inclusions are equalities. Since each Vy is open we see that
X \ {x} is the union of open sets, in particular X \ {x} is open. In other words, {x}
is a closed subset of X.

(2) Let x 6= y ∈ X. Since X is Hausdor� there exist disjoint open neighborhoods U of x
and V of y. Since U Ă X \V and since X \V is closed we obtain from the de�nition
of the closure that U Ă X \ V . In particular y 6∈ U . �

There are many variations on the de�nition of the Hausdor� property. We will discuss
some of these in Chapters 8 and 9, and especially in Section 9.4. For the time being we
just want to introduce one variation on being Hausdor�:

De�nition. A topological space X is called normal if any two disjoint closed subsets A
and B of X can be separated by open neighborhoods, i.e. if there exist disjoint open
neighborhoods U of A and V of B.
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We will discuss this notion of begin normal in greater detail in Section 8.1. For the
time being we only want to prove the following lemma and a corollary, both of which can
be quite useful.

Lemma 1.16. (Compact Hausdor� Spaces-Normal Lemma) Every compact Haus-
dor� space is normal.

Proof. Let X be a Hausdor� space. We start out with the following claim.
Claim. Let B be a compact subspace of X. Given any a ∈ X \ B there exists an open
neighborhood Ua of a ∈ X and an open neighborhood Va of B that are disjoint.
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Proof. Let a ∈ A. Since X is Hausdor� we can �nd for any b ∈ B disjoint open neighbor-
hoods Rb and Sb of a and b. Furthermore, since B is compact there exist b1, . . . , bn ∈ B
such that B Ă Sb1 ∪ · · · ∪ Sbn . The open sets

Ua := Rb1 ∩ · · · ∩Rbn and Va := Sb1 ∪ · · · ∪ Sbn
have the desired properties. �

Now assume that X is also compact. We need to show that X is normal. Thus let A
and B be two disjoint closed subsets of X. Note that the Compact-Closed Lemma 1.21 (1)
implies that A and B are also compact.

Since B is compact we can apply the above claim to every a ∈ A Ă X \ B and B.
In the following we use the notation of the above claim. Since A is compact we can �nd
a1, . . . , am ∈ A such that A Ă Ua1 ∪ · · · ∪ Uam . The open sets

U := Ua1 ∪ · · · ∪ Uam and V := Va1 ∩ · · · ∩ Vam
have the desired properties. �

1.7. Convergence of sequences. In this short section we will introduce the notion of
convergence of a sequence of points in a topological spaces and we will see how the Hausdor�
property comes in handy. We will barely make use of the results of this section. For a reader
who is used to analysis it is often quite natural to argue with limits. But when it comes to
topological spaces it is in most cases more elegant to avoid arguing with limits.

After this preamble, let us �nally introduce the notion of a convergent sequence in a
topological space.

De�nition. Let X be a topological space. We say that a sequence {an}n∈N converges if
there exists an a ∈ X such that for every neighborhood U of a there exists an N ∈ N such
that for all n ≥ N we have an ∈ U . We refer to a as a limit of the sequence.
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Example. We consider the line with two zeros, i.e. the topological space X = R ∪ {∗}
de�ned above. The sequence an = 1

n
converges, more or less evidently with limit 0. But

strikingly enough, it follows easily from the de�nitions that the sequence also converges
to ∗. Thus we see that the limit is not unique.

Lemma 1.17. (Unique Limit Lemma) Let X be a topological space. If X is Hausdor�,
then every convergent sequence in X has a unique limit.

Proof. Assume there exists a sequence {an}n∈N in X that converges to two di�erent points
x and y. Since X is Hausdor� there exist disjoint neighborhoods U and V of x and y. By
our hypothesis we know the following:
• There exists an M ∈ N such for every n ≥M we have an ∈ U .
• There exists an N ∈ N such for every n ≥ N we have an ∈ V .
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y
neighborhood V , for every n≥N we have an∈Vsequence {an}n∈N

neighborhood U , for every n≥M we have an∈U
metric space X x

But this means that for n ≥ max{M,N} have to lie in U and V at the same time. But
that is not possible and we have thus obtained a contradiction. �

Lemma 1.18. (Closed Subset Limit Lemma) Let X be a topological space, let A Ă X
be a closed subset and let {an}n∈N be a sequence of points in A. Every limit of the sequence
lies in A.
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X = R2

closed subset A
of the topological
space X = R2 the limit also lies in A

convergent sequence
of points in A

Proof. We suppose that the sequence has a limit x ∈ X\A. Since A is closed we know that
U := X \A is open. But if we now apply the de�nition of a limit to this open neighborhood
U = X \ A of x we see that almost all of the an have to lie in U = X \ A. We have thus
obtained a contradiction. �

1.8. Compact topological spaces. In this section we introduce the notion of compact-
ness. Usually it takes a while till one appreciates the brilliance of the de�nition.

De�nition. We say a topological space X is compact if for each open cover {Ui}i∈I of X
there exist �nitely many indices i1, . . . , ik ∈ I such that

X = Ui1 ∪ · · · ∪ Uik .

Remark. The introduction of the notion of compact space by Pavel Alexandrov and Pavel
Urysohn [AU1929] in 1929 shows that often in mathematics the really clever thing is
not necessarily the proofs, but coming up with just the right de�nition. It is di�cult to
exaggerate the role of compactness in topology.

Example.
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(1) Every �nite topological space (regardless of the topology) is compact, since there
exist only �nitely many distinct open subsets. This simple example can sometimes
be quite useful.

(2) We consider the topological space X = R. The sets {(−n, n)}n∈N form an open cover
of X = R, but evidently we cannot cover X = R by �nitely many of these sets. This
shows that X = R is not compact.

In the following we will often use the following convention.

Convention. Let P be a property of a topological space (e.g. being discrete, Hausdor�,
compact). We say that a subset Y of a topological space X has the property P if Y ,
equipped with the subspace topology, has the property P .

Examples.

(1) The set Z Ă R is easily seen to be a discrete subset.
(2) Any �nite set of a topological space is, by the above, a compact subset.

Frequently and often subconsciously the following elementary lemma is employed.

Lemma 1.19. (Compact Subspace Covering Lemma) Let X be a topological space,
let A Ă X be a subset and let {Ui}i∈I be an open cover of the subset A Ă X. If A is
compact, then there exist �nitely many indices i1, . . . , ik ∈ I such that

A Ă Ui1 ∪ · · · ∪ Uik .

������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������

������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������

�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������

����
����
����
����
����
����
����

����
����
����
����
����
����
����

�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

A

X Ui

Proof. Given i ∈ I we set Vi := Ui ∩ A. By de�nition of the subspace topology each Vi is
an open subset of A. Thus {Vi}i∈I is an open cover of A. Since A is compact there exist
i1, . . . , ik ∈ I with A = Vi1 ∪ · · · ∪ Vik . But this implies that A Ă Ui1 ∪ · · · ∪ Uik . �

We continue with the following frequently employed lemma.

Lemma 1.20. (Compact-Union-Intersection Lemma) Let X be a topological space.
(1) The union of �nitely many compact subsets of X is again a compact subset.
(2) If X is Hausdor�, then the intersection of arbitrarily many compact subsets of X is

again a compact subset.

Remark. Note that in the Compact-Union-Intersection Lemma 1.20 we cannot drop the
hypothesis that X is Hausdor�. For example consider the set X = N ∪ {x0, x1} where we
equip N with the discrete topology and where the only other open sets are N ∪ {xi} and
N∪{x0, x1}. The subsets A0 = N∪{x0} and A1 = N∪{x1} are easily seen to be compact,
but the intersection A0 ∩ A1 is certainly not compact.

Proof.

(1) This statement follows easily from the de�nitions, we leave it to the reader to �ll in
the details.
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(2) Let {Ai}i∈I be a family of compact subsets of X. We pick j ∈ I. By the Compact-
Closed Lemma 1.21 (2) know that each Ai ∩ Aj is a closed subset of Ai. Thus⋂
i∈I

(Ai ∩ Aj) is a closed subset of the compact space Aj. Hence
⋂
j∈I
Ai is compact by

(1) Compact-Closed Lemma 1.21. �

Before we give some more interesting examples of compact spaces we want to discuss a
few properties of compact spaces and compact subsets. The following lemma is frequently
used, often subconsciously, in topology.

Lemma 1.21. (Compact-Closed Lemma) Let X be a topological space.
(1) If X is compact, then any closed subset of X is also compact.
(2) Let A Ă X be a compact subset. If X is Hausdor�, then A is a closed subset of X.

Example.
(1) Let X be a topological space. As we pointed out on page 126, any �nite subset of

X is compact. Thus if X is Hausdor�, then it follows from the Compact-Closed
Lemma 1.21 (2) that any �nite subset of X, in particular any point in X, is a closed
subset of X. Thus we have found a new proof for the Points-in-Hausdor� Space
Lemma 1.15 (1).

(2) Let X be a topological space, let A be a closed subset and let K be a compact
subset of X. It follows from the Compact-Closed Lemma 1.21 (1) that A∩K is also
compact. This simple observation will get used frequently.

(3) We consider the topological space X = {0, 1} that is equipped with the trivial topol-
ogy {∅, X}. The subset A = {0} is evidently compact, but it is not a closed subset
of X. This shows that in the formulation of Compact-Closed Lemma 1.21 (2) we
cannot drop the hypothesis that X is Hausdor�.

Proof.
(1) Let X be a compact space and let A be a closed subset. Let {Ui}i∈I be an open

cover of A. By de�nition of the subset topology there exists for every i ∈ I an open
subset Vi of X such that Ui = Vi ∩ A. Since A is closed the complement X \ A is
open. The open subsets {Vi}i∈I together with X \ A are an open cover of X. Since
X is compact we can cover X by �nitely many of these open sets. But then we can
also cover A by �nitely many of the Ui.
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(2) Let X be a Hausdor� space and let A Ă X be a compact subset. We want to show
that X \ A is open. By the JH-Lemma 1.7 it su�ces to prove the following claim.

Claim. Let x ∈ X \ A. Then there exists an open neighborhood V of x that is
contained in X \ A.
Proof. We apply the Hausdor� property to x and every y ∈ A. For every y ∈ A we
obtain disjoint open neighborhoods Uy of y and Vy of x. Evidently we have

A =
⋃
y∈A
{y} Ă

⋃
y∈A

(Uy ∩ A) Ă A.
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Thus we see that {Uy ∩A}y∈A is an open cover of A. Since A is compact there exist
y1, . . . , yk ∈ A such that

A =
k⋃
i=1

(Uyi ∩ A).

Now we consider
V :=

k⋂
i=1
Vyi .

Since V is the intersection of �nitely many open sets, it is open itself. Furthermore
V does not intersect any of the Uyi , i = 1, . . . , k. This implies that V is disjoint from
A Ă Uy1 ∪ · · · ∪ Uyk . �
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Before we move on to giving more interesting examples of compact spaces we state and
prove the following elementary lemma.

Lemma 1.22. (Compact-Discrete Lemma)
(1) Every discrete space that is compact is �nite.
(2) Let X be a compact space and let A be a closed subset. If A is discrete, then A is

�nite.

Remark. Note that the conclusion of the Compact-Discrete Lemma 1.22 (2) does not
necessarily hold, if we drop the hypothesis that A is closed. For example, consider the
topological space X = [0, 1]. The subset A := { 1

n
|n ∈ N} is a discrete subset, but

evidently it is not �nite.

Proof.

(1) Let X be a discrete space. Each point thus de�nes an open set. Evidently X is
covered by all the open sets given by the points in X. Since X is compact we can
cover X by �nitely many of those open sets. But this means that X contains only
�nitely many points.

(2) Let X be a compact space and let A be a closed subset. It follows from the Compact-
Closed Lemma 1.21 (1) that A is also compact. So if A is discrete, then it follows
from (1) that A is �nite. �

We continue with the following almost self-explanatory de�nition.

De�nition. Let (X, d) be a metric space. A subset A of Rn is called bounded if there
exists a C ≥ 0 such that for all x0, x1 ∈ A we have d(x0, x1) ≤ C.

Example. Let X be a metric space, let y ∈ X and let r ≥ 0. It follows easily from the
triangle inequality that the balls Bd

r (y), B
d

r(y) and the sphere Sdr (y) are bounded.

Lemma 1.23. Let (X, d) be a metric space and let A Ă X be a subset. If A is compact,
then A is closed and it is bounded.
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Proof. Let (X, d) be a metric space and let A Ă X be a subset.
(1) We want to show thatX\A is open. Let x ∈ X\A. We need to show that there exists

an ε > 0 with Bd
ε (x) Ă X \ A. Given j ∈ N we consider the subset Uj = X \ Bd

1
j
(x).

By Proposition 1.4 we know that the Uj are open. Evidently these open sets cover
A. Since A is compact we obtain from the Compact Subspace Covering Lemma 1.19
that there exist j1, . . . , jk ∈ N with A Ă Uj1 ∪ · · · ∪Ujk . We set ε := min{ 1

j1
, . . . , 1

jk
}.

We obtain that A Ă X \Bd

ε (x). Thus we have found the desired ε.
(2) We need to show that A is bounded. If A is empty, then there is nothing to show. Now

suppose that A is non-empty. We pick x0 ∈ A. It follows from the triangle inequality
that it su�ces to show that there exists an R ≥ 0 with A Ă B

d

R(x0). We consider
the open subsets Uj = Bd

j (x0) with j ∈ N. Evidently these sets cover A. Since A
is compact we obtain again from the Compact Subspace Covering Lemma 1.19 that
there exist j1, . . . , jk ∈ N such that A Ă Uj1 ∪· · ·∪Ujk . We set R := max{j1, . . . , jk}.
We obtain that A Ă Bd

R(x0) Ă B
d

R(x0). We have thus found the desired R. �
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A x A

closed balls B
n
1
j
(x)

open balls Bn
j (x0)

The ever-popular Heine-Borel Theorem says that for the metric space X = Rn mercifully
the converse to Lemma 1.23 holds.
Theorem 1.24. (Heine-Borel) A subset of Rn is compact if and only if it is bounded
and closed.
In the following we �rst provide several examples before we turn to the chore of proving
the Heine-Borel Theorem.

Example.

(1) Let y ∈ Rn and r ≥ 0. It follows from the Heine-Borel Theorem 1.24 and Proposi-
tion 1.4 that the closed ball B

n

r (y) and the sphere Sn−1
r (y) are compact.

(2) It is an amusing exercise, see Exercise 1.18, to show, using the Heine-Borel Theo-
rem 1.24, that �Rn with a point at in�nity� is compact.

(3) It is an equally entertaining exercise, see Exercise 1.18, to show that the �line with
two zeros� is not compact.

(4) Since the concepts of being bounded and closed are initially much more intuitive than
being compact it is not uncommon that many, especially students, like to replace
�compact� by �bounded and closed�. But this equality only holds for subsets of Rn,
it does not hold for other metric spaces. For example, the set [0, 1]∩Q is a bounded
and closed subset of the metric space (Q, d(x, y) = |x − y|), but as we will see in
Exercise 1.26, it is not compact. Furthermore in Exercise 1.27 we will see that in
general the conclusion of the Heine-Borel Theorem 1.24 does not hold for the in�nite-
dimensional real vector space

R∞ := {(x1, x2, . . . ) ∈ RN | there exists an i ∈ N such that xj = 0 for j ≥ i}



130

equipped with the obvious generalization of the Euclidean metric.

Our �nal example deserves to be introduced as a proper de�nition.

De�nition. We set C0 := [0, 1]. Iteratively we now de�ne sets C2, C3, . . . as follows:

Ci := {1
3
· x |x ∈ Ci−1}︸ ︷︷ ︸

= 1
3
·Ci−1

∪ {2
3

+ 1
3
· x |x ∈ Ci−1}︸ ︷︷ ︸

= 2
3

+ 1
3
·Ci−1

.

Note that each Ci consists of 2i closed intervals of length 1
3i
and that we obtain Ci from

Ci−1 by removing the �open middle third� of each interval. We de�ne

Cantor set C :=
⋂
i∈N0

Ci.

C2 =
[
0, 1

9

]
∪
[

2
9
, 3

9

]
∪
[

6
9
, 7

9

]
∪
[

8
9
, 1
]

C3

C0 = [0, 1]

C1 =
[
0, 1

3

]
∪
[

2
3
, 1
]

0 1

Lemma 1.25. The Cantor set is compact.

Proof. Each Ci is the union of 2i closed intervals, hence each Ci is closed. It follows
from Lemma 1.3 that C itself is a closed subset of R. It is evidently bounded, hence the
Heine-Borel Theorem 1.24 implies that the Cantor set is compact. �

The following proposition is the key ingredient in the proof of the Heine-Borel Theorem 1.24.

Proposition 1.26. (Hyperrectangle-Compact Proposition) Let n ∈ N and let ai <
bi, i = 1, . . . , n be real numbers. The hyperrectangle

[a1, b1] × . . . × [an, bn]︸ ︷︷ ︸
:={(x1,...,xn)∈Rn |xi∈[ai,bi] for i=1,...,n}

Ă Rn

is compact.

Proof. To simplify the notation we only treat the case n = 1. The general case is treated
in a very similar fashion.29 To simplify the notation further we assume that a = 0 and
b = 1. Thus we will now show that I := [0, 1] is compact. In an attempt at a proof by
contradiction we suppose that I is not compact. This means that there exists an open
cover {Uj}j∈J such that I cannot be covered by �nitely many of the Uj.
Claim 1. There exists a sequence of closed intervals

I = I0 Ą I1 Ą I2 Ą . . .

such that for any m ∈ N0 the following two conditions hold:
(1) Im cannot be covered by �nitely many of the Uj,
(2) the length of Im equals 2−m.

29The full details are for example provided in [RudiW1976, Theorem 2.4.1]. Alternatively one can also
use the Product Topology Properties Proposition 5.6 (2).
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Proof. We prove the claim by induction. We set I0 := I. Suppose we have already found
I0, I1, . . . , Im. We divide the interval Im into two closed intervals I ′ and I ′′ of half the
length. Since Im cannot be covered by �nitely many Uj it follows that at least one of the
intervals I ′ and I ′′ cannot be covered by �nitely many Uj either. We declare such interval
to be Im+1. �

Claim 2. There exists an x ∈ I with x ∈
⋂
m∈N

Im.

Proof. For every m ∈ N we pick an am ∈ Im. For any m ≥ n we know that am and an both
lie in In. In particular |am − an| ≤ length of In =

1

2n
.

It follows that (am)m∈N is a Cauchy sequence of real numbers. Since R is complete we know
that the sequence converges. We denote by x the limit of this Cauchy sequence. We want
to show that x ∈

⋂
m∈N

Im. Put di�erently, we want to show that for every m ∈ N we have

x ∈ Im. Thus let m ∈ N. For all n ≥ m we have an ∈ In Ă Im. In particular, (an)n≥m is
a sequence that converges in Im. Since Im is closed we know by the Closed Subset Limit
Lemma 1.18 that lim

n→∞
an ∈ Im. �

x ∈
⋂
m∈N

Im

I3I2 I1

the open set Uj contains x, and it also
contains all Im for su�ciently large m

I0

Since {Uj}j∈J is an open cover of I there exists a j ∈ J with x ∈ Uj. Since Uj is open
there exists an ε > 0 with (x− ε, x+ ε)∩ I Ă Uj. We pick m ∈ N with 2−m < ε. Now note
that

Im Ă [x− 2−m, x+ 2−m] ∩ I Ă (x− ε, x+ ε) ∩ I Ă Uj
↑ ↑ ↑

since x ∈ Im and since choice of m choice of Uj
length of Im equals 2−m

i.e. Im is contained in a unique Uj. But this contradicts property (1) of the intervals
Im,m ∈ N. �

Now we can �nally give the proof of the Heine-Borel Theorem 1.24.
Proof of the Heine-Borel Theorem 1.24. In light of Lemma 1.23 we only need to show
that if A is a bounded and closed subset of Rn, then it is compact. Since A is bounded there
exists a C ≥ 0 such that A Ă [−C,C]n. By the Hyperrectangle-Compact Proposition 1.26
we know that A Ă [−C,C]n is compact. Since A is closed in Rn it follows from the
Neighborhood Openness Criterion 1.5 that is also a closed subset of [−C,C]n. It follows
from the Compact-Closed Lemma 1.21 that A itself is compact. �

1.9. Bases of a topology. We start out with the following de�nition.

De�nition. Let X be a set and let B Ă P(X) be a subset of the power set of X. We say
B has the basis property if the following two conditions are satis�ed:

(B1) For every x ∈ X there exists a B ∈ B with x ∈ B.
(B2) Given any B1, B2 ∈ B and given any x ∈ B1 ∩B2 there exists a B3 ∈ B such that

x ∈ B3 and B3 Ă B1 ∩B2.



132

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

��
��
��

��
��
��

B1 B2

B1 ∩B2

x ∈ B1 ∩B2

B3

Example. Let (X, d) be a metric space. It follows from an elementary argument, see e.g.
the proof of Proposition 1.4 (1), that the set of all open balls

B = {all balls Br(x) with r > 0 and x ∈ X} Ă P(X)

satis�es (B1) and (B2).

The following lemma justi�es our sudden interest in this new de�nition.

Lemma 1.27. (Topology-from-Basis Lemma) Let X be a set and let B Ă P(X). We
de�ne

T (B) := {V Ă X | for every x ∈ V there exists a B ∈ B with x ∈ B Ă V }.
If B has the basis property, then T (B) is a topology on X.

De�nition. Let X be a set.
(1) If B Ă P(X) has the basis property, then we refer to T (B) as the topology on X

generated by B.
(2) Conversely, if T is a given topology on X and if B Ă P(X) has the basis property

and if T = T (B), then we say that B is a basis of the topology T of X.

Examples.
(1) If (X, d) is a metric space, then the topology generated by the set of all open balls,

is by de�nition precisely the metric topology we already introduced on page 109.
(2) Let X be a set and let T be a topology on X. It follows easily from the de�nitions

that T has the basis property. Furthermore it follows from the JH-Lemma 1.7 that
the topology generated by T is in fact T .

(3) Let n ∈ N and let Rn ∪ {∞} be the topological space de�ned on page 122. It follows
immediately from the de�nition of the topology that a basis for the topological space
Rn ∪ {∞} is given by

B =
{
Bn
r (x)

∣∣ r > 0 and x ∈ Rn
}
∪
{
{∞} ∪ (Rn \Bn

C)
∣∣C ∈ R

}
.

For completeness we provide the elementary proof of the Topology-from-Basis Lemma 1.27,
which turns out to be quite similar to the proof of the Metric-Topology Lemma 1.1.
Proof. Let X be a set and let B Ă P(X). We write

T := T (B) := {V Ă X | for every x ∈ V there exists a B ∈ B with x ∈ B Ă V }.
We need to show that T satis�es the three properties (1), (2) and (3) in the de�nition of
a topological space, see page 107.
(1) First we need to show that ∅, X ∈ T . It is clear that the empty set ∅ lies in T .

Furthermore given any x ∈ X there exists by (B1) a B ∈ B with x ∈ B. Thus it
follows from the de�nitions that X ∈ T .
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(2) We need to show that the intersection of �nitely many sets in T is again a set in T .
First we consider the case of two sets in T . Thus let U, V ∈ T . We need to show

that U ∩ V ∈ T . Let x ∈ U ∩ V . Since U and V lie in T there exist B,C ∈ B
with x ∈ B Ă U and x ∈ C Ă V . By (B2) there exists a D ∈ B with x ∈ D and
D Ă B ∩ C. In particular we have x ∈ D Ă U ∩ V . This shows that U ∩ V ∈ T .

�
�
�
�

C

U
V

x

B
D

Now let U1, . . . , Uk be sets in T . Using the above statement and an elementary
induction argument we see that U1 ∩ · · · ∩ Uk lies in T as well.

(3) Let Uj, j ∈ J be a family of sets in T . We need to show that the union
⋃
j∈J

Uj lies

in T . Thus let x ∈
⋃
j∈J
Uj. This means that there exists a k ∈ J with x ∈ Uk. Since

Uk ∈ T there exists a Bx ∈ B with x ∈ Bx Ă Uk. But then we also have

x ∈ Bx Ă Uk Ă
⋃
j∈J

Uj. �

The following lemma can be used to show that two topologies on a given set agree.

Lemma 1.28. (Subbasis Lemma) Let X be a set and let S and T be topologies for X.
Suppose that C is a basis for T . (As discussed above we could take C = T .) If for every
x ∈ X and every V ∈ C there exists a U ∈ S with x ∈ U Ă V , then T Ă S.

Example. Let n ∈ N. We consider the two metrics

Rn × Rn → R≥0

(v, w) 7→ ‖v − w‖ and
Rn × Rn → R≥0

(v, w) 7→ max{|vi − wi| | i ∈ {1, . . . , n}}.
The former is the Euclidean metric that we introduced on page 104. We refer to the second
metric as the maximum's metric. We leave it as a task to the dedicated reader to show,
using the Subbasis Lemma 1.28, that the two topologies on Rn agree.

Proof. It follows immediately from the JH-Lemma 1.7 that any set in C is open in S.
But then, once again using the JH-Lemma 1.7 we see that any set in T is open in S, i.e.
T Ă S. �

Sometimes the following two lemmas can be useful.

Lemma 1.29. Let X be a set and let B Ă P(X). If B has the basis property, then

V Ă X is open with respect to T (B) ⇐⇒ V is the union of sets in B.

Proof of Lemma 1.29. We �rst prove the �⇐�-direction. Thus let V be the union of sets
in B. Since sets in B are open with respect to T (B) and since T (B) is a topology we see
that V ∈ T (B).

Now we prove the �⇒�-direction. Thus we suppose that V Ă X is open with respect to
T (B). For each x ∈ V there exists, by de�nition of T (B), a set Bx ∈ B with x ∈ Bx Ă V .
We see that
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V =
⋃
x∈V
{x} Ă

⋃
x∈V

Bx Ă V, thus it follows that V =
⋃
x∈V

Bx. �

Lemma 1.30. Let B be a basis for the topology of a topological space X. Furthermore
let {Uj}j∈J be an open cover of X, i.e. {Uj}j∈J is a family of open sets with

⋃
j∈J
Uj = X.

Then {B ∈ B | there exists some j ∈ J with B Ă Uj}
is also a basis for the topology of X.

Proof. We set
C := {B ∈ B | there exists some j ∈ J with B Ă Uj}.

Since C Ă B we have T (C) Ă T (B). It remains to show the reverse inclusion T (B) Ă T (C).
It follows easily from the JH-Lemma 1.7 that it su�ces to show that B Ă T (C). In other
words, it su�ces to prove the following claim.
Claim. Given any x ∈ X and any B ∈ B with x ∈ B there exists a C ∈ C such that
x ∈ C Ă B.
Proof. So let x ∈ X and let B ∈ B with x ∈ B. By hypothesis there exists a j such that
x ∈ Uj. Since Uj is open and since B is a basis for the topology of X there exists a B′ ∈ B
with x ∈ B′ Ă Uj. By (B2) there exists a B′′ Ă B with x ∈ B′′ and B′′ Ă B ∩B′ Ă Uj. So
we are done since by de�nition we have B′′ ∈ C. �
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Example. We consider the topological space Rn. As we pointed out on page 132, the set
of open balls B = {Bn

r (x) | r > 0 and x ∈ Rn} is a basis for the topology of Rn. We denote
by U the family of all open sets that are contained in an open ball of radius 1. Then the
open sets in U cover Rn. It follows from Lemma 1.30 that

{Bn
r (x) | r ∈ (0, 1) and x ∈ Rn}

is also a basis for Rn.

The following lemma gives us in particular another source of topologies.

Lemma 1.31. Let X be a set. For any C Ă P(X) the set

B(C) :=
all subsets of X that can be written as

intersections of a �nite family of sets in C
has the basis property.

Proof.

(1) On page 87 we pointed out that if we take the empty family of subsets of X, then
the intersection is all of X. In other words, we see that X ∈ B(C). It follows that
B(C) satis�es (B1).

(2) It is easy to verify that B(C) satis�es (B2). �
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The previous lemma leads us to the following de�nition.

De�nition. Let X be a set and let C Ă P(X).
(1) We de�ne B = B(C) as in Lemma 1.31 and we refer to T (B) as the topology gener-

ated by C.
(2) Conversely, if T is a topology onX and if the topology generated by C agrees with T ,

then we say that C is a subbasis for T .

Example.

(1) Let C be the set of all intervals in R of length one. One can easily verify that C
generates the usual topology on R.

(2) It follows easily from the de�nitions that a basis of a given topology is also a subbasis
of the topology.

The following lemma gives us a convenient characterization of (sub-) bases for a given
topology.

Lemma 1.32. (Basis Characterization Lemma) Let X be a topological space and let
C be a family of subsets of X.
(1) The following two statements are equivalent:

(a) Every C ∈ C is open and given any open set U and given any x ∈ U there exists
a C ∈ C with x ∈ C Ă U .

(b) C is a basis for the topology of X.
(2) Suppose B is a basis for the topology of X. The following two statements are

equivalent:
(a) Every C ∈ C is open and given any x ∈ X and given any B ∈ B there exist

�nitely many C1, . . . , Cm ∈ C with x ∈ C1 ∩ · · · ∩ Cm Ă B.
(b) C is a subbasis for the topology of X.

Example. In Exercise 1.8 we will show, using the Basis Characterization Lemma 1.32, that
the set of open rational intervals forms a basis for the usual topology on R. In particular
R has a countable basis for its topology.

Proof.

(1) We denote by T the topology of X. The implication (b) ⇒ (a) follows immediately
from the de�nitions. So let us turn to the proof of (a) ⇒ (b). First we show that C
has the basis property:
(B1) If we apply the property of C to U = X then we obtain immediately that given

any x ∈ X there exists a C ∈ C with x ∈ C.
(B2) Let x ∈ C1 ∩ C2 with C1, C2 ∈ C. Since C1 and C2 are open the intersection

U = C1 ∩ C2 is also open. It follows from the hypothesis on C, applied to U ,
that there exists a C ∈ C with x ∈ C Ă C1 ∩ C2.

Let S be the topology on X that is generated by C. We need to show that S = T .
First we show the inclusion S Ă T . Since all sets in C are open with respect to

T it follows from Lemma 1.29 that S Ă T .
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Finally we show the reverse inclusion T Ă S. Thus let U ∈ T . We need to show
that U ∈ S. Thus let x ∈ U . By our hypothesis there exists a C ∈ C with x ∈ C Ă U .
Therefore by de�nition we have U ∈ S. We have thus shown that T Ă S.

(2) We leave the veri�cation of this statement to the reader. �

We conclude this section with the following not terribly inspiring lemma.
Lemma 1.33. Let X be a topological space and let A Ă X be a subset. If B is a basis for
the topology of X, then {B ∩ A |B ∈ B} is a basis for the topology of A, equipped with
the subspace topology.

Proof. We prove the lemma using the Basis Characterization Lemma 1.32 (1). Thus let
U Ă A be an open subset in A and let x ∈ U . By de�nition of the subspace topology there
exists an open subset V Ă X of X with U = V ∩ A. Since B is a basis for the topology of
X there exists a B ∈ B with x ∈ B Ă V . This implies that x ∈ B ∩ A Ă V ∩ A = U . It
follows from the Basis Characterization Lemma 1.32 (1) that {B ∩ A |B ∈ B} is indeed a
basis for the topology of A. �
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Example. We consider S1 = {(x, y) ∈ R2 |x2 + y2 = 1} Ă R2.

As we saw on page 132, a basis for the topology on R2 is given by

B = {Br(x, y) | (x, y) ∈ R2 and r > 0}.
The intersection of such an open ball with S1 is an �open interval on S1�, i.e. it is a subset
of the form {exp( iϕ) |ϕ ∈ (a, b)}. It follows from Lemma 1.33 that these �open intervals�
form a basis for the topology on S1.
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Exercises for Chapter 1.

Exercise 1.1. Let X be a �nite set. Show that a topology T on X is metrizable if and
only if it is the discrete topology.

Exercise 1.2. Recall that a topological space X is called metrizable if there exists a metric
d on X such that the given topology agrees with the topology coming from d. We say that a
metric space (X, d) is complete if every Cauchy sequence in (X, d) converges. Furthermore
we say that a topological space X is completely metrizable if there exists a complete metric
d on X such that the given topology agrees with the topology coming from d.
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(a) Is (0, 1) completely metrizable?
(b) Is Q completely metrizable?

Exercise 1.3. Let (X, d) be a metric space and let A Ă X be a subset. The restriction of
the metric d : X ×X → R≥0 to the map d : A×X → R≥0 de�nes a metric on A. We equip
the metric spaces (X, d) and (A, d) with the corresponding topologies X and A as de�ned
in Metric-Topology Lemma 1.1. Show that the topology A on A is the subspace topology
of A Ă X as de�ned on page 112.

Exercise 1.4. Let X be a set and let S, T be two topologies on X. We assume that the
following statements hold:
(1) For each U ∈ S there exists a V ∈ T with V Ă U .
(2) For each V ∈ T there exists a U ∈ S with U Ă V .

Does it follow that S = T ?
Exercise 1.5. Let X Ă Rn.
(a) Show that if the subspace topology onX is the discrete topology, thenX is countable.
(b) Show that the converse to (a) does not hold.

Exercise 1.6. Let X be a topological space and let A be a subset of X. Show that the
following three equalities hold:

(1)
◦
A = {x ∈ A | there exists a neighborhood U of x that is contained in A}

(2) A = {x ∈ X | every neighborhood of x contains at least one point in A}
(3) ∂A = {x ∈ X | every neighborhood of x contains at least one point in A

and one point that does not lie in A}
Exercise 1.7. Let n ∈ N. We �x a point P ∈ Rn and we consider the maps

dM : Rn → R≥0

((x1, . . . , xn), (y1, . . . , yn)) 7→
n∑
i=1

|xi − yi| and
dS : Rn → R≥0

(x, y) 7→ ‖x− P‖+ ‖y − P‖

which on page 104 we called the Manhattan metric respectively the SNCF metric.
(a) Show that the Manhattan metric is equivalent to the Euclidean metric, i.e. show that

they de�ne the same topology on Rn.
(b) Show that the SNCF metric is not equivalent to the Euclidean metric.

Exercise 1.8.
(a) Show that the open rational intervals, i.e. the open intervals (a, b) with a, b ∈ Q,

form a basis for the usual topology on R.
(b) Let n ∈ N0. Show that the set of open balls Br(x) with r ∈ Q>0 and x ∈ Qn form a

basis for the usual topology on Rn.

Exercise 1.9. Let U be an open subset of R2. Is it true that the interior of U equals U?

Exercise 1.10. Let {Ui}i∈I be a family of subsets. If I is �nite, then we know by
Lemma 1.11 that the following two equalities hold:

(a) interior of
⋂
i∈I
Ui =

⋂
i∈I

◦
U i and (b) closure of

⋃
i∈I
Ui =

⋃
i∈I
Ui.

Do these equalities also hold if I is in�nite?
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Exercise 1.11. Are the topological spaces Q and Q \ {0} (equipped with the subspace
topology coming from R) homeomorphic?

Exercise 1.12. Is every open subset of R the disjoint union of countably many open
intervals?

Exercise 1.13. Let {Us}s∈S be an open cover of the interval [0, 1]. Show that there exist
0 = t0 < t1 < · · · < tk−1 < tk such that each interval [ti, ti+1] is contained in one of the Us.
Remark. Note that we do not assume that the Us are connected.

Exercise 1.14. Let (X, d) be a compact metric space. A rather surprising theorem, see
[Gros1964] or alternatively [Ris2006], says that there exists a unique r ∈ R≥0 such that

for any �nite sequence of points x1, . . . , xn ∈ X there exists an x′ ∈ X with 1
n

n∑
i=1
d(xi, x

′) = r.

This number is called the rendezvous value of (X, d).
(a) Determine the rendezvous value of the interval X = [0, 1] equipped with the metric

d(x, y) = |x− y|.
(b) Determine the rendezvous value of the circle X = S1 equipped with the Euclidean

metric of R2.

Exercise 1.15. Let X be a Hausdor� space, let x1, . . . , xk be distinct points in X and let
U1, . . . , Uk be neighborhoods of x1, . . . , xk. Show that there exist disjoint open neighbor-
hoods V1, . . . , Vk of x1, . . . , xk.

Exercise 1.16. Let X be a topological space that is Hausdor�.
(a) Let K1 Ą K2 Ą K3 Ą . . . be a sequence of non-empty compact subsets. Show that⋂

n∈N
Kn is also non-empty.

(b) Does the conclusion of (a) hold, if we only assume that the Kn are closed?

Exercise 1.17. Let X be a topological space that is Hausdor� and let x, y ∈ X be two
distinct points. Can you always �nd open neighborhoods U of x and V of y such that the
closures are disjoint, i.e. such that U ∩ V = ∅?

Exercise 1.18.
(a) Show that �Rn with a point at in�nity� is Hausdor� and compact.
(b) Show that �the line with two zeros� is neither Hausdor� nor compact.

Exercise 1.19. Let X be a topological space.
(1) A point x0 ∈ X is called isolated if {x0} itself is an open subset.
(2) Let U Ă X be a subset. We say x ∈ X is an accumulation point of U , if every

neighborhood of x contains a point in U \ {x}.
With these de�nitions we can formulate our exercise:
(a) Let x ∈ U . Show that x is an accumulation point of U if and only if x is not isolated

in U , in the sense of the de�nition on page 235.
(b) We denote by A(U) the accumulation points of U and we denote by I(U) the isolated

points of U . Show that the closure U equals A(U) ∪ I(U).
(c) Let f, g : X → R be maps which agree on U . Show that for every accumulation point

x of U we also have f(x) = g(x).
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Remark. In the literature accumulation points are sometimes also called limit points or
cluster points.

Exercise 1.20. Given a, b ∈ N we de�ne

Ua(b) := {b+ n · a ∈ N |n ∈ Z} Ă N.
Furthermore we set

C := {Up(b) | p, b ∈ N and p prime} Ă P(N).

The topology T on N generated by C is called the prime integer topology.
(a) Show that (N, T ) is Hausdor�.
(b) A topological space X is called regular if given any P ∈ X and given any closed

subset A Ă X with x 6∈ A there exist disjoint open subsets U and V with P ∈ U and
A Ă V . Show that (N, T ) is not regular.

Exercise 1.21. Given a ∈ Z \ {0} and b ∈ Z we de�ne

S(a, b) := {a · n+ b |n ∈ Z} = a · Z + b.

We say that U Ă Z is open if for every x ∈ U there exists a subset S(a, b) as above with
x ∈ S(a, b) Ă U . We denote by T the set of all open subsets of Z.
(a) Show that T is a topology on Z. (This topology is called the evenly spaced integer

topology on Z).
(b) Show that each set of the form S(a, b) is also closed.
(c) Let P be the set of prime numbers. Show that Z \ {−1, 1} =

⋃
p∈P

S(p, 0).

(d) Show that there exist in�nitely many primes.
Remark. This proof that there exist in�nitely many primes was found by Harry Furstenberg
[Furs1955] in 1955.

Exercise 1.22. Let X be a topological space, let A Ă X be a closed subset and let K Ă X
be a compact subset. Show that A ∩K is also compact.

Exercise 1.23. Let X be a topological space and let A Ă X be a subset.
(a) We suppose that X is Hausdor�. Show that ∂A = ∂A.
(b) Does the conclusion in (a) also hold if X is not Hausdor�?

Exercise 1.24. Let X be a topological space.
(a) Show that the intersection of �nitely many open and dense subsets is again open and

dense.
(b) Show that the intersection of countably many open and dense subsets is in general

not dense.

Exercise 1.25. Let X be a topological space. We say a subset U Ă X is large if U is open
and dense.
(a) Show that the intersection of �nitely many large subsets of X is again large.
(b) Is it true that the intersection of countably many large subsets of X is necessarily

large?

Exercise 1.26. Show that the topological space [0, 1] ∩ Q, equipped with the subspace
topology coming from R, is not compact.



140

Exercise 1.27. We consider

R∞ := {(x1, x2, . . . ) ∈ RN | there exists an i ∈ N such that xj = 0 for j ≥ i}.
We equip R∞ with the Euclidean metric

d : R∞ × R∞ → R∞

((x1, x2, . . . ), (y1, y2, . . . )) 7→
√∑

i∈N
|xi − yi|2.

Show that (R∞, d) is not compact.

Exercise 1.28. Let X be a topological space. Recall that a subset A Ă X is called
precompact in X if the closure A is compact. Let X be a subset of some topological space
Y and let A Ă X be a precompact subspace.
(a) Show that A is not necessarily precompact in Y .
(b) Show that if Y is Hausdor�, then A is in fact precompact in Y .

Remark. Dealing with closures can be quite subtle. For example, it seems to me that for
(b) you want to use the Neighborhood Openness Criterion 1.5 (2) at some point.

Exercise 1.29. Let X be a topological space. We say that a family {Ai}i∈I of subsets
has the �nite intersection property if given any �nite collection of indices i1, . . . , ir ∈ I the
corresponding intersection Ai1 ∩ · · · ∩ Air is non-empty.
(a) We assume that X is a compact space and that all the Ai are closed subsets. Show

that
⋂
i∈I
Ai 6= ∅.

(b) Show that in (a) we cannot drop the hypothesis that X is compact.

Exercise 1.30. Show that every open subset of Rn is the union of countably many open
balls.

Exercise 1.31. Let X be a Hausdor� space, let A be a subset of X and let B be a compact
subset of X. Show that if A∩B = ∅, then there exists an open subset U of X with A Ă U
and U ∩B = ∅.
Hint. Look at the (proof of) the Compact Hausdor�-Normal Lemma 1.16.
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2. Continuity

2.1. Continuous maps. The following is the key de�nition in the context of topological
spaces.

De�nition. We say a map f : X → Y between two topological spaces X and Y is contin-
uous, if for each open set U in Y the preimage f−1(U) is open in X. Otherwise the map
is called discontinuous.

Examples.
(1) For subsets X Ă R and maps R → R we see in the �gure below that the above

de�nition of continuous matches our intuition.

g−1(U) is not open in Xf−1(U) is open in X
X

U

graph of a continuous map f :X→R graph of a discontinuous map g :X→R

U

X

(2) Let X and Y be two topological spaces. If Y is equipped with the trivial topology or
if X is equipped with the discrete topology, then every map f : X → Y is continuous.

(3) We consider the set X = {A,B,C,D} where the topology is given by the set

T := {∅, {A}, {C}, {A,C}, {A,B,C}, {A,C,D}, X}.
We refer to this to topological spaces as the pseudocircle. It follows easily from the
de�nitions that the map

f : S1 → X

exp( it) 7→


A, if t ∈ (−π

4
, π

4
),

B, if t = π
4
,

C if t ∈ (π
4
, 3π

4
),

D if t = 3π
4
.

is continuous.

�
�
�

�
�
�
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��
��

����

��

��
��
��
��

��
��
��
��

f

the topology on the
pseudocircle X

A

B

C

D

(4) Let X and Y be topological spaces and let y ∈ Y . The constant map

cy : X → Y
x 7→ y

is continuous since the preimage of any set in Y is either ∅ or all of X. This simple
example will come in handy on many occasions.

Lemma 2.1.
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(1) If f : X → Y and g : Y → Z are two continuous maps between topological spaces,
then the composition g ◦ f : X → Z is also continuous.

(2) Let X be a topological space and let A be a subset. If we equip A with the subspace
topology, then the inclusion map i : A→ X is continuous.

(3) Let f : X → Y be a continuous map between topological spaces and let A be a
subset. If we equip A with the subspace topology, then the restriction of f to the
map f |A : A→ Y is also continuous.

(4) Let f : X → Y be a continuous map. If Z Ă Y is a subset with f(X) Ă Z, then the
map f : X → Z is also continuous.

Proof.
(1) Let f : X → Y and g : Y → Z be two continuous maps between topological spaces.

We need to show that the composition g ◦ f : X → Z is also continuous. Let U Ă Z
be an open subset. Then

(g ◦ f)−1(U) = f−1(g−1(U)) = f−1(the open set g−1(U)) = open.
↑ ↑

since g is continuous and U is open since f is continuous
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g ◦ f

g ZfX

Y U

(2) This statement follows immediately from the de�nitions.
(3) This statement is an immediate consequence of (1) and (2) since the restriction of f

to A is precisely the same as f ◦ i where i : A→ X denotes the inclusion.
(4) For clarity we denote by g : X → Z the map given by x 7→ f(x). Let U Ă Z be an

open subset. We need to show that g−1(U) is an open subset of X. By de�nition of
the subspace topology there exists an open subset V Ă X with U = Z ∩ V . Thus we
see that

g−1(U) = g−1(Z ∩ V ) = f−1(Z ∩ V ) = f−1(V ) = open subset of X.
↑ ↑ ↑

de�nition of g since f(X) Ă Z since f is continuous �

We continue with several examples of continuous maps.
Lemma 2.2. Let n ∈ N.
(1) For each i ∈ {1, . . . , n} the projection

Rn → R
(x1, . . . , xn) 7→ xi

is continuous.
(2) Let f = (f1, . . . , fn) : X → Rn be a map from a topological space X to Rn. Then f

is continuous if and only if each fi : X → R is continuous.

Proof. We leave the slightly messy proof of the lemma to the reader. �
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Lemma 2.3. Let X be a topological space. If f : X → R and g : X → R are continuous
maps, then the maps

X → R
x 7→ f(x)+g(x)

X → R
x 7→ f(x)·g(x)

X → R
x 7→ max{f(x), g(x)}

X → R
x 7→ min{f(x), g(x)}

are also continuous.

Example. Let A be a real (m×n)�matrix. It follows easily from Lemma 2.2 (1), Lemma 2.1
(1) and Lemma 2.3 that the following map is continuous:

f : Rn → Rm

v 7→ A · v.
Proof. In Exercise 2.31 we will show that the maps

α : R2 → R
(x, y) 7→ x+ y

and
β : R2 → R
(x, y) 7→ x · y

are continuous. The map x 7→ f(x) + g(x) equals the map

X
x 7→(f(x),g(x))−−−−−−−−−→ R2 α−−→ R.

By Lemma 2.2 (2) the �rst map is continuous. By the above we know that α is continuous.
From Lemma 2.1 (1) we deduce that the map f + g is continuous. The same argument also
takes care of the map x 7→ f(x) · g(x). Finally note that for any a, b ∈ R we have

max{a, b} = 1
2(a+ b+ |a− b|) and min{a, b} = 1

2(a+ b− |a− b|).
Using this observation one can now easily show, by a slight modi�cation of the previous
arguments, that the maps x 7→ max{f(x), g(x)} and x 7→ min{f(x), g(x)} are continuous.

�

At times it is also useful to have a characterization of continuous maps in terms of closed
sets.
Lemma 2.4. (Continuity-via-Closed Subsets Lemma) A map f : X → Y between
two topological spaces X and Y is continuous if and only if for each closed set A in Y the
preimage f−1(A) is closed in X.

Proof. This lemma is a straightforward consequence of the Image-Preimage Lemma 0.2
(8) and the de�nitions. We leave it to the reader to �ll in the details. �

For completeness' sake we also state the following lemma.

Lemma 2.5. (Closure-Interior Mapping Lemma) Let f : X → Y be a map between
topological spaces.
(1) The following statements are equivalent:

(a) The map is continuous.
(b) For every subset B Ă Y we have f−1(B) Ă f−1(B).
(c) For every subset B Ă Y we have f−1(

◦
B) Ă interior of f−1(B).

The analogous statement hold with the closures replaced by the interiors.
(2) If f is continuous, then the following statements hold:

(a) For every subset A Ă X we have f(A) = f(A).
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(b) For every subset A Ă X we have int(f(intA)) = int(f(A)).

Proof.

(1) We prove (a) ⇒ (b). Thus we assume that f : X → Y is continuous. Let B Ă Y .
By the Continuity-via-Closed Subsets Lemma 2.4 we know that f−1(B) is a closed
subset of X that contains f−1(B). By the de�nition of the closure this means that
f−1(B) Ă f−1(B). We will prove the remaining statements in Exercise 2.11.

(2) (a) Evidently we have f(A) Ă f(A). Thus we have f(A) Ă f(A). We now show the
reverse inclusion f(A) Ă f(A). Since f(A) is a closed subset it su�ces to show
that f(A) Ă f(A). Let Z be a closed subset of Y that contains f(A). We need
to show that f(A) Ă Z. First note that we have f(A) Ă Z. Thus we see that
A Ă f−1(f(A)) Ă f−1(Z). Since Z is closed and f is continuous we obtain from
the Continuity-via-Closed Subsets Lemma 2.4 that f−1(Z) is closed. Thus we
have A Ă f−1(Z). This �nally implies that f(A) Ă f(f−1(Z)) Ă Z.

(b) Evidently we have f(int(A)) Ă f(A). Thus we have int(f(int(A))) Ă int(f(A)).
We now show the reverse inclusion int(f(A)) Ă int(f(int(A))). Since int(f(intA))
is an open subset it su�ces to show that int(f(A)) Ă f(int(A)). Let U be
an open subset subset of Y that is contained in f(A). We need to show that
U Ă f(int(A)). We have f−1(U) Ă f−1(f(A)) Ă A. Since f is continuous we
know that f−1(U) is an open subset of X. Thus we see that f−1(U) Ă int(A).
Since U is contained in the image of X we see that U = f(f−1(U)). In summary
we see that U = f(f−1(U)) Ă f(int(A)). �

By Lemma 2.1 (3) we know that the restriction of a continuous map to any subset is still
continuous. The following lemma can be viewed as a converse: if �enough� restrictions of a
given map are continuous, then the original map is also continuous.
Initially the main application of Lemma 2.7 is the following proposition which we will use
abundantly.

Proposition 2.6. (Pasting Proposition) Let f : X → Y be a map between topological
spaces.
(1) If there exists an open subsets {Wi}i∈I of X such that each restriction f |Wi

is
continuous, then f itself is continuous.

(2) If there exists a locally �nite closed cover {Ai}i∈I of X such that each restriction
f |Ai is continuous, then f itself is continuous.

In practice often the following variation on (2) gets used:
(2′) If X is Hausdor� and if there exists a locally �nite cover {Ai}i∈I of X such that

each Ai is compact and such that each restriction f |Ai is continuous, then f itself is
continuous.

Remark.

(1) In practice the Pasting Proposition 2.6 (2) often gets used in the following way:
Suppose we are given two topological spaces X and Y and closed subsets A1, . . . , Am
of X such that X = A1 ∪ · · · ∪ Am. Furthermore we are given continuous maps
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fi : Ai → Y , i = 1, . . . ,m. If the fi agree on the overlaps, then the map

X → Y
P 7→ fi(P ) if P ∈ Ai

is well-de�ned and it follows from the Pasting Proposition 2.6 (2) that it is continuous.
(2) Note that in Pasting Proposition 2.6 (1) we are allowed to deal with arbitrarily many

open subsets whereas in Pasting Proposition 2.6 (2) we are restricted to �nitely many
closed subsets. It is clear that Pasting Proposition 2.6 (2) cannot be generalized to
arbitrarily many closed subsets, after all, the restriction of a map f : R → R to any
one-point subset {x} Ă R is continuous, but clearly not every map f : R → R is
continuous.

The proof of the Pasting Proposition 2.6 rests on the shoulders of the following lemma,
which will at times also be of independent interest.

Auxiliary Lemma 2.7. Let X be a topological space and let {Xi}i∈I be a family of
subsets. The following two statements are equivalent:
(1) A subset U Ă X is open if each U ∩Xi is open in Xi.
(2) A subset U Ă X is closed if each U ∩Xi is closed in Xi.

Furthermore, if (1) or equivalently (2) holds, then also the following statement holds:
(3) A map f : X → Y to some topological space Y is continuous if each restriction

f |Xi : Xi → Y is continuous.

Proof of Lemma 2.7.

(1)⇒(2) We assume that (1) holds. Now let U Ă X be a subset. We have

since (X \ U) ∩Xi = Xi \ (Xi ∩ U)
↓for every i ∈ I the set

Xi ∩ U is closed in Xi.
=⇒ for every i ∈ I the set

(X\U)∩Xi is open in Xi

=⇒ X \ U is open in X =⇒ U is closed in X.
↑

since (1) holds

(2)⇒(1) This proof is basically the same as the above argument.
(1)⇒(3) Let f : X → Y be a map to some topological space Y . We suppose that each

f |Xi is continuous. Let U Ă Y be an open subset. We need to show that
f−1(U) is an open subset of X. By (1) it su�ces to show that each intersection
f−1(U) ∩Xi is an open subset of Xi. But this follows from the observation that
f−1(U) ∩Xi = (f |Xi)−1(U) and the hypothesis that f |Xi is continuous. �

Proof of the Pasting Proposition 2.6. Let f : X → Y be a map between topological
spaces.

(1) This statement follows immediately from the combination of Lemma 1.8 (1a) and
Lemma 2.7.

(2) Similar to (1) this statement follows immediately from the combination of Lemma 1.8
(2a) and Lemma 2.7.

(2′) This statement follows from (2) and the Compact-Closed Lemma 1.21 (2). �
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The notion of continuity is of course already familiar from earlier analysis courses. The
following proposition shows that for maps between metric spaces the earlier �ε−δ��de�nition
of continuity agrees with the above de�nition of continuity.

Proposition 2.8. (Metric Continuity Proposition) Let f : X → Y be a map between
metric spaces. Then the following holds:

f is continuous ⇐⇒ ∀
x∈X
∀
ε>0
∃
δ>0

∀
x′∈Bδ(x)

d(f(x), f(x′)) < ε.

Remark. We use the Metric Continuity Proposition 2.8 to import from real analysis the
various continuous functions on R and C, e.g. polynomials, trigonometric functions and
the exponential function. The replacement of the classic �ε− δ��de�nition of continuity by
the de�nition in terms of open sets can even be helpful in the context of real analysis. For
example, let us consider the function

f : R → R

x 7→
{

1
2
x2, if x ≥ 0,
−x, if x ≤ 0.

With the �ε − δ��de�nition it is slightly annoying to prove continuity at 0. But applying
Pasting Proposition 2.6 (2) to the closed subsets A1 = (−∞, 0] and A2 = [0,∞) it is totally
evident that this function is continuous.

graph of x 7→ 1
2
x2

A1 A2

graph of x 7→ −x

The previous remark leads us straight to the following convention.

Convention. The purist will correctly complain that the de�nition of the map in the
previous remark is irregular, since the two cases treated in the de�nition of the map f are
not disjoint. Nonetheless, on numerous occasions we will use such irregular de�nitions,
usually to highlight the fact that we can use Pasting Proposition 2.6 to show that the map
is continuous.

The proof of the Metric Continuity Proposition 2.8 requires some preparations. In
particular it builds on the following proposition that frequently makes it much easier to
show that a given map is continuous.

Proposition 2.9. (Subbasis-Continuity Proposition) Let f : X → Y be a map be-
tween topological spaces. Let C be a subbasis for the topology of Y (e.g. C could be a
basis for the topology). Then the following holds

f is continuous ⇐⇒ for each C ∈ C the preimage f−1(C) is open in X.

Proof of the Subbasis-Continuity Proposition 2.9. Let f : X → Y be a map be-
tween topological spaces and let C be a subbasis for the topology of Y . As in Lemma 1.31
we denote by B := B(C) all subsets of Y that can be obtained by intersecting �nitely many
sets of C.
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The �⇒�-direction of the proposition follows from the observation that elements of a
subbasis are in fact open. Thus let us turn to the �⇐�-direction. Now we assume that
for each C ∈ C the preimage f−1(C) is open in X. We start out with a little observation.
Suppose we are given C1, . . . , Ck ∈ C, then

Image-Preimage Lemma 0.2
↓

f−1(C1 ∩ · · · ∩ Ck) = f−1(C1)︸ ︷︷ ︸
open in X

∩ · · · ∩ f−1(Ck)︸ ︷︷ ︸
open in X

is also open in X. This shows, by de�nition, that for each B ∈ B = B(C) the preimage
f−1(B) is open in X.

Now we turn to the actual proof that f is continuous. Thus let U Ă Y be an open
subset. By Lemma 1.29 there exists a family {Bj}j∈J of sets in B with

U =
⋃
j∈J
Bj.

Then we see that Image-Preimage Lemma 0.2
↓

f−1(U) = f−1
( ⋃
j∈J
Bj

)
=

⋃
j∈J

f−1(Bj).︸ ︷︷ ︸
open in X︸ ︷︷ ︸

union of open
sets, thus open in X �

Now that we have the Subbasis-Continuity Proposition 2.9 under the belt we can easily
provide a proof of the Metric Continuity Proposition 2.8.
Proof of the Metric Continuity Proposition 2.8. Let f : X → Y be a map between
metric spaces. We need to show that

f is continuous ⇐⇒ ∀
x∈X
∀
ε>0
∃
δ>0

∀
y∈Bδ(x)

d(f(x), f(y)) < ε.

We prove the two directions separately:
�⇒� Let x ∈ X and let ε > 0. We consider V := f−1(Bε(f(x))) Ă X. Since f is continuous

we know that V is open. By the de�nition of the topology on a metric space there
exists a δ > 0 such that Bδ(x) Ă V . This delta has the desired property.

�⇐� On page 132 we saw that the open balls form a basis for the topology of metric
spaces. Thus by the Subbasis-Continuity Proposition 2.9 it su�ces to show that if
y ∈ Y and µ > 0, then f−1(Bµ(y)) is an open subset of X. By the de�nition of the
topology on X it su�ces to prove the following claim.

Claim. Given any x ∈ f−1(Bµ(y)) there exists an ε > 0 with Bε(x) Ă f−1(Bµ(y)).

Proof. We set δ = µ − d(f(x), y). Note that δ > 0. By the triangle inequality we
have Bδ(f(x)) Ă Bµ(y). Furthermore by our hypothesis on f there exists an ε > 0
such that f(Bε(x)) Ă Bδ(f(x)). Thus we see that Bε(x) Ă f−1(Bµ(y)). �
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We continue with the following straightforward de�nition.

De�nition. Let f : X → Y be a map between topological spaces.
(1) We say f is open if the image of every open subset of X is open in Y .
(2) We say f is closed if the image of every closed subset of X is closed in Y .

Examples.

(1) The projection R2 → R given by (x, y) 7→ x is easily seen to be an open map, but it
is not a closed map.30

(2) On the other hand the inclusion i : R → R2, i(x) = (x, 0) is evidently not an open
map, but it is a closed map.

Lemma 2.10. (Open-Closed Inclusion Lemma) Let X be a topological space.
(1) If U Ă X is an open subset, then the inclusion map i : U → X is open.
(2) If A Ă X is a closed subset, then the inclusion map i : A→ X is closed.

Proof.

(1) Suppose that V is an open subset of U . By de�nition of the subspace topology there
exists an open subset W Ă X with V = U ∩W . But then i(V ) = V = U ∩W is the
intersection of two open subsets of X, thus it is an open subset of X.

(2) The proof of this statement is analogous to the proof of Statement (1), we just not
to appeal to the Neighborhood Openness Criterion 1.5 (2) to make the necessary
adjustments. �

We have the following analogue to the Subbasis-Continuity Proposition 2.9.

Lemma 2.11. Let f : X → Y be a map between topological spaces. Let C be a subbasis
for the topology of X (e.g. C could be a basis for the topology). Then the following holds:

f is open ⇐⇒ for each C ∈ C the image f(C) is open in Y .

Proof. The logic of the proof is very similar to the proof of the Subbasis-Continuity
Proposition 2.9. Eventually the proof boils down to Lemma 1.29 and the Image-Preimage
Lemma 0.2. �

On many occasions we will use the following elementary lemma.

Lemma 2.12. Let f : K → X be a continuous map from a compact space K to a topo-
logical space X.31 Suppose there exists a sequence U1, U2, . . . of subsets of X with the
following properties:
(1) each Ui is open,
(2) the sequence is nested, i.e. for each i ∈ N we have Ui Ă Ui+1,
(3) we have X =

⋃
i∈N
Ui.

Then there exists a k ∈ N with f(K) Ă Uk.

30Why is not a closed map?
31A common application is that K is a compact subset of X and f is the inclusion map.
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fK
Ui

Proof. For i ∈ N we write Vi = f−1(Ui). Since f is continuous it follows from (1) that
each Vi is an open subset of K. By (3) the Vi cover all of K. Since K is compact there exist
i1, . . . , in ∈ N such that K = Vi1 ∪ · · · ∪ Vin . We set k := max{i1, . . . , in}. Since the Ui are
nested the Vi are also nested. It follows that K is already contained in Vk, put di�erently,
f(K) is contained in Uk. �

In most instances we are dealing with continuous maps. Since constantly writing and
reading �continuous maps� is tiresome for the author and the reader we adopt throughout
the remainder of these lecture notes the following convention:

Convention. Henceforth any map between two topological spaces is assumed to be con-
tinuous, unless we say explicitly otherwise.

2.2. The Compact-Image Lemma. The �rst statement of the following lemma is per-
haps the most important feature of compact spaces.

Lemma 2.13. (Compact Image Lemma)
(1) Let f : X → Y be a continuous map. If X is compact, then f(X) is also compact.
(2) Let f : X → R be a continuous map. If X is compact and non-empty, then f

assumes its maximum and its minimum, i.e. there exist x0, x1 ∈ X such that

f(x0) ≤ f(x) ≤ f(x1) for all x ∈ X.
(3) Let f : X → Y be a continuous map. If X is compact and if Y is Hausdor�, then

f(X) is a closed subset of Y .
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graph of map f : S1 → R
S1

Example. Let X be a topological space, let Y be a subset and let K Ă Y be another
subset. If K is a compact subset of Y , then K is also a compact subset of X. This
elementary observation follows immediately from the Compact Image Lemma 2.13 and the
fact, observed above, that inclusion maps are continuous.

Remark. The statement of the Compact Image Lemma 2.13 (1) is really quite astounding.
More precisely, we already saw that the image of an open set under a continuous map is
not necessarily open. Similarly, the image of a closed set under a continuous map is not
necessarily closed. For example consider the inclusion map i : X = (0, 1] → Y = R.
Evidently X is a closed subset of itself, but i(X) is not a closed subset of R. We will
discuss such examples in more detail in Exercise 2.29.

Proof.
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(1) Let {Ui}i∈I be an open cover of the topological space f(X). We need to show that
f(X) is contained in the union of �nitely many Ui's. We have

X = f−1(f(X)) Ă f−1
( ⋃
i∈I
Ui

)
=

⋃
i∈I
f−1(Ui).

↑ ↑
Image-Preimage Lemma 0.2 (1) Image-Preimage Lemma 0.2 (6)

By hypothesis the map f : X → Y is continuous. It follows from the elementary
Lemma 2.1 that the map f : X → f(X) is also continuous, in particular each f−1(Ui)
is an open subset of X. This observation together with the above discussion shows
that {f−1(Ui)}i∈I is an open cover of X. Since X is compact there exist i1, . . . , ik ∈ I
such that

X = f−1(Ui1) ∪ · · · ∪ f−1(Uik).

Therefore f(X) = f (f−1(Ui1) ∪ · · · ∪ f−1(Uik))
= f (f−1(Ui1)) ∪ · · · ∪ f (f−1(Uik)) Ă Ui1 ∪ · · · ∪ Uik .
↑ ↑

Image-Preimage Lemma 0.2 (3) Image-Preimage Lemma 0.2 (2)
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(2) It follows from (1) and the Heine-Borel Theorem 1.24 that f(X) Ă R is bounded and
closed. Since X is non-empty we thus see that y0 := inf(f(X)) and y1 := sup(f(X))
exist and they lie in f(X). Any choice of points x0 ∈ f−1(y0) and x1 ∈ f−1(y1) have
the desired properties.

(3) This statement is an immediate consequence of the Compact-Closed Lemma 1.21 (1)
and the �rst statement. �

The Compact Image Lemma 2.13 is one of the results that we will cite most often. In
the remainder of this section we want to give a �rst application to the study of norms on
�nite-dimensional real vector spaces. This result is somewhat tangential to the main story
of the lecture notes, but it falls into the category of �nice to know�.
For the reader's convenience let us recall the following de�nition from page 101.

De�nition. Let V be a real vector space. A norm on V is a map n : V → R≥0 that
satis�es the following three properties:
(1) For every v ∈ V we have n(v) = 0 ⇐⇒ v = 0.
(2) For every v ∈ V and λ ∈ R we have n(λ · v) = |λ| · n(v).
(3) For every v, w ∈ V we have n(v + w) ≤ n(v) + n(w).

Recall that in Lemma 0.17 and Metric-Topology Lemma 1.1 we saw that a norm gives rise
to a metric and hence to a topology.

De�nition. Let V be a real vector space. We say that two norms n and ñ on V are
equivalent if there exist c, C ∈ R>0 such that for all v ∈ V we have

c · n(v)| ≤ ñ(v) ≤ C · n(v).
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Lemma 2.14. Let V be a real vector space.
(1) The notion of �equivalence� of norms on V is indeed an equivalence relation.
(2) Equivalent norms give rise to the same topology on V

Proof. The �rst statement is basically trivial. The second statement follows from the
elementary the Equivalent Metric Lemma 1.2. �

The following proposition is the promised result on norms on �nite-dimensional real vector
spaces.

Proposition 2.15. (Norm Equivalence Proposition) Any two norms on a �nite-
dimensional real vector space are equivalent.

Remark. In Exercise 2.5 we will see that the analogous statement for in�nite-dimensional
vector spaces does not necessarily hold.

Proof. Evidently it su�ces to consider Rk. Furthermore note that by Lemma 2.14 it
su�ces to show that every norm n on Rk is equivalent to the Euclidean norm ‖ − ‖. As
usual we denote by e1, . . . , ek the standard basis of Rk. We set

C :=
√
n(e1)2 + · · ·+ n(ek)2.

Note that C > 0.
Claim 1. For every v ∈ Rk we have n(v) ≤ C · ‖v‖.
Proof. Let v = (v1, . . . , vk) ∈ Rk. We see that

since n is a norm
↓

n(v) = n(v1 · e1 + · · ·+ vk · ek) ≤ |v1| · n(e1) + · · ·+ |vk| · n(ek)

≤
√

(v2
1 + · · ·+ v2

k) · (n(e1)2 + · · ·+ n(ek)2) = ‖v‖ · C.
↑

Cauchy-Schwarz Inequality 0.13 applied to |v1|, . . . , |vk| and n(e1), . . . , n(ek) �
Since n is a norm it follows from Claim 1 that n : Rk → R is continuous with respect

to the standard topology on Rk given by the Euclidean norm. By the Heine-Borel The-
orem 1.24 we know that Sn−1 = {v ∈ Rk | ‖v‖ = 1} is compact. Therefore we know by
the Compact Image Lemma 2.13 that there exists a u ∈ Sn−1 such that n(u) ≤ n(w) for
all w ∈ Sn−1. Note that by Property (1) of the norm n we know that n(u) > 0. We set
c := 1

n(u)
. Evidently c > 0. At this stage it remains to prove the following claim.

Claim 2. For every v ∈ Rk we have ‖v‖ ≤ c · n(v).

Proof. Let v ∈ Rk. If v = 0, then there is nothing to show. So suppose that v 6= 0. We see
that ‖v‖ = ‖v‖ · c · n(u) ≤ ‖v‖ · c · n

(
v
‖v‖

)
= c · n(v).

↑ ↑ ↑
de�nition of c choice of u since n is a norm �

2.3. Homeomorphisms. We introduce the main objects of interest of this section.
De�nition.
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(1) We say a map f : X → Y between two topological spaces X and Y is a homeo-
morphism if the following three properties are satis�ed:
(a) f is continuous,
(b) f is bijective,
(c) the inverse map f−1 : Y → X is also continuous.
If there exists a homeomorphism between X and Y we say that X and Y are home-
omorphic and sometimes we write X ∼= Y .

(2) We say a map f : X → Y between two topological spaces X and Y is an embed-
ding if f : X → f(X), where f(X) is equipped with the subspace topology, is a
homeomorphism. We say the embedding is closed if f(X) is a closed subset of Y
and we say the embedding is open if f(X) is an open subset of Y .

Remark.

(1) If two topological spaces are homeomorphic, then they have the same topological
properties, i.e. they share all properties that are de�ned purely in terms of the topol-
ogy. For example, if X and Y are homeomorphic, then X is Hausdor� if and only if
Y is Hausdor�, X is compact if and only if Y is compact and so on.

(2) It follows from the Open -Closed Inclusion Lemma 2.10 that an open (respectively
closed) embedding is also an open (respectively closed) map.

Convention. At times we refer to a topological space that is homeomorphic to a ball or
to a sphere also as a ball or a sphere.
Before we turn to our �rst examples we introduce some standard notation.

Notation. Given n0 ∈ N we write
Sn≥0 := {(x1, . . . , xn+1) ∈ Sn | xn+1 ≥ 0} the upper hemisphere
Sn≤0 := {(x1, . . . , xn+1) ∈ Sn | xn+1 ≤ 0} the lower hemisphere
Sn=0 := {(x1, . . . , xn+1) ∈ Sn | xn+1 = 0} the equator.

Similarly we de�ne

Bn
≥0 := {(x1, . . . , xn) ∈ Bn | xn ≥ 0}

Bn
≤0 := {(x1, . . . , xn) ∈ Bn | x ≤ 0}

Finally, the same way we also de�ne B
n

≥0 and B
n

≤0.
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S2
≤0

Examples.

(1) The maps
ϕ : B

n → Sn≥0

x 7→
(
x,
√

1− ‖x‖2
) and p : Sn≥0 → B

n

(x1, . . . , xn, xn+1) 7→ (x1, . . . , xn)

are easily seen to be continuous and inverses to one another. Thus both maps are
homeomorphisms. The same way we see that the lower hemisphere is also homeo-
morphic to the closed ball B

n
.
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(2) Let A ∈ GL(n,R) be an invertible real matrix. It follows from the discussion on
page 143 that the map Rn → Rn given by multiplication by A is a homeomorphism.
This simple observation has a useful consequence: Let V be an n-dimensional real
vector space. We pick an isomorphism ϕ : Rn → V and we equip V with the unique
topology that turns ϕ into a homeomorphism. By the above discussion this de�nition
of a topology does not depend on the choice of ϕ. Unless we say something else any
�nite-dimensional real vector space will be equipped with this topology. Note that
with these topologies any isomorphism between real vector spaces of the same �nite
dimension is also a homeomorphism.

(3) Let n ∈ N. It follows immediately from the de�nitions of the standard metrics on
R2n and Cn that the map

R2n → Cn

(x1, y1, . . . , xn, yn) 7→ (x1 + iy1, . . . , xn + iyn)

is an isometry of metric metric spaces. Recall that on page 109 we de�ned the
standard topology on R2n and Cn to be the metric topology corresponding to the
standard metrics. Thus we see that the above map is a homeomorphism. We will
use this homeomorphism to freely go back and forth between Cn and R2n.

(4) We consider the map f : [0, 1) → S1

t 7→ exp(2π it).

The map f is a continuous bijection but it is not a homeomorphism. One can see
this by either directly showing that f−1 is not continuous or by noting that [0, 1)
is not compact whereas S1 is compact. The importance of this example cannot be
overestimated. It is an unfortunate fact of life that all too often one writes down a
continuous map f : X → Y between topological spaces, checks that it is a bijection,
and walks away under the warm, but mistaken, impression that one now has found
a homeomorphism.

f10 S1 f is a continuous bijection
but not a homeomorphism

(5) To drive home the point we made in (3) we show in the �gure below an injective
continuous map f : [−1, 1) → R2 which is not an embedding. Especially once we
move to more abstract topological spaces it is easy to loose track of the fact that an
injective homeomorphism is not necessarily an embedding.

f

−1 1

In many situations one is given an explicit continuous bijection f : X → Y between two
topological spaces and one would like to show that f is in fact a homeomorphism. Unfor-
tunately usually it is very painful to write down the explicit inverse map f−1 : Y → X, let
alone to verify that it is continuous. Fortunately we have several results which often help
us in circumventing this di�culty.
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Lemma 2.16. (Open-Injective Map Lemma) Let f : X → Y be a map between
topological spaces that is continuous. We assume that f is open or that f is closed.
(1) If f is an injection, then f is an open (respectively closed) embedding.
(2) If f is a bijection, then f is a homeomorphism.

Proof. Let f : X → Y be a map between topological spaces that is continuous
(2) We assume that f is a bijection. Furthermore we now assume that f is open. We

want to show that f is a homeomorphism. It remains to show that g := f−1 : Y → X
is continuous. Thus let U Ă X be an open set. We need to show that g−1(U) is an
open subset of Y . But this is obvious, since g−1(U) = f(U) is an open subset since
we assume that f is an open map.

Now suppose that the map f is closed. The proof is almost identical to the above
argument, except that now we have to use the continuity criterion provided by the
Continuity-via-Closed Subsets Lemma 2.4.

(1) We assume that f is an injection and we assume that f is open. We write Z := f(X).
Since f : X → Y is open it follows basically immediately from the de�nition of the
subspace topology that f : X → Z is also open. Thus we obtain from (2) that f is
an embedding. Furthermore, since f is open we see that f is an open embedding.
The proof in the case that f is closed is basically identical. �

Example. Let U be an open subset of R and let f : U → R be a strictly monotonously
increasing map, i.e. for any x < y in U we have f(x) < f(y). Note that open intervals
form a basis for the topology of U . By the Intermediate Value Theorem the image of an
open interval under f is again an open interval. Thus it follows from Lemma 2.11 that
f : U → R is an open map. The Open-Injective Map Lemma 2.16 implies that f : U → f(U)
is a homeomorphism.

The next proposition is certainly one of the most frequently used results in topology.

Proposition 2.17. (Compact-Hausdor� Proposition) Let f : X → Y be a contin-
uous map between topological spaces. If X is compact and if Y is Hausdor�, then the
following statements hold:
(1) The map f : X → Y is closed.
(2) If f is an injection, then f is a closed embedding.
(3) If f is a bijection, then f is a homeomorphism.

Remark.
(1) On page 153 we gave an example of a continuous bijective map f : [0, 1) → S1

that is not a homeomorphism,. This shows that we cannot drop the condition that
X is compact from the proposition. But what about the �Hausdor� condition�?
In Exercise 2.42 we will come up with an example of a bijective continuous map
f : X → Y between two topological spaces where X is compact but such that f is
nonetheless not a homeomorphism.

(2) If X is non-compact, then it is often a major nuisance to try to show that a given
map f : X → Y is in fact a closed embedding. Later on, in the Closed Embedding-
to-Rn Proposition 2.19 and the Proper-Closed Proposition 2.43 we give two criteria
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which can often be used to show that an injective continuous map starting from a
non-compact space to a Hausdor� space is a closed embedding after all.

Proof. Let f : X → Y be a continuous map between topological spaces. We assume that
X is compact and that Y is Hausdor�.

(1) Let A be a closed subset of X. We need to show that f(A) is a closed subset of Y .
In fact we see that

A Ă X closed =⇒ A is compact =⇒ f(A) is compact =⇒ f(A) Ă Y is closed.
↑ ↑ ↑

by the Compact-Closed by the Compact Image by the Compact-Closed
Lemma 1.21 since Lemma 2.13 (1) Lemma 1.21 (2) since
X is compact Y is Hausdor�
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A is closed

Y is Hausdor�X is compact f continuous
f(A)

(2) If f is an injection, then it follows immediately from (1) together with the Open
-Injective Map Lemma 2.16 (1) that f is a closed embedding.

(3) This follows immediately from (2). �

We formulate our �rst application of the Compact-Hausdor� Proposition 2.17 (3) as a
lemma.
Lemma 2.18. Let n ∈ N. We consider the map

Φ: Sn → Rn ∪ {∞}

(x1, . . . , xn+1) 7→

{ (
x1

1− xn+1
, . . . ,

xn
1− xn+1

)
, if xn+1 < 1,

∞, if xn+1 = 1.

where we equip Rn ∪ {∞} with the topology that we introduced on page 122. We refer to
Φ as the stereographic projection. This map has the following properties:
(1) The map Φ sends the North Pole N = (0, . . . , 0, 1) ∈ Sn to ∞.
(2) For any P ∈ Sn that does not equal the North Pole N the point Φ(P ) ∈ Rn is the

unique point such that the ray emanating from N and that goes through P intersects
the plane Rn × {0} in (Φ(P ), 0).

(3) For any (v1, . . . , vn, 0) ∈ Sn ∩ (Rn × {0}) we have Φ(v1, . . . , vn, 0) = (v1, . . . , vn).
(4) The map Φ is continuous.
(5) The map Φ is a homeomorphism.
(6) The restriction of Φ to a map Sn \ {N} → Rn is also a homeomorphism.
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stereographic projection of P

North pole N = (0, 0, 1)

P ray emanating from N through P
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Convention. Let n ∈ N. On many occasions we will use the homeomorphism from
Lemma 2.18 to make the identi�cation Sn = Rn ∪ {∞}. In particular we have the identi-
�cation S2 = C ∪ {∞}.
Proof.
(1) This statement follows immediately from the de�nition of Φ.
(2) This statement follows from an elementary calculation which we leave to the reader.
(3) This statement follows immediately from the de�nition of Φ.
(4) We will prove this statement in Exercise 2.47.
(5) We leave it to the reader to verify that Φ is a bijection. Note that Sn is compact by the

Heine-Borel Theorem 1.24. Furthermore note that on page 122 we pointed out that
Rn∪{∞} is Hausdor�. Hence it follows from the Compact-Hausdor� Proposition 2.17
(3) that Φ is a homeomorphism.

(6) This statement follows immediately from (5). �

The existence of non-compact spaces is one of those unfortunate facts of life. As we saw,
in general the conclusion of the Compact-Hausdor� Proposition 2.17 does not hold if the
domain is non-compact. The following proposition gives us a criterion for an injective map
to be a closed embedding which will deal with most cases that we will encounter.

Proposition 2.19. (Closed Embedding-to-Rn Proposition) Let X be a topological
space, let n ∈ N and let f : X → Rn be an injective continuous map. Furthermore
suppose that X is the union of compact subsets {Ki}i∈I such that the following condition
is satis�ed:

(∗) Given any r > 0 there exist only �nitely many i ∈ I with f(Ki) ∩B
n

r 6= ∅.
Then f is a closed embedding.

Remark. Later we will prove the Proper-Closed Proposition 2.43 which gives a more
general criterion for an injective map to be a closed embedding. On page 182 we will
use it to give a di�erent, arguably more conceptual proof of the Closed Embedding-to-Rn

Proposition 2.19.

Example. Let X = R≥0. We consider the �outward spiraling� map f : X → R2 that is
sketched in the �gure below. Given i ∈ N0 we set Ki := [i, i + 1]. These compact subsets
cover all of X = R≥0 and they satisfy the condition (∗) of the proposition. Thus we obtain
from the Closed Embedding-to-Rn Proposition 2.19 that the map f is a closed embedding.
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B2
r

f
X = R≥0

K1 K2K0

Proof. By the Open -Injective Map Lemma 2.16 (1) it remains to show that the map
f : X → Rn is closed. Thus let A be a closed subset of X. We need to show that f(A) is
a closed subset of Rn. Given s ∈ N0 we consider Cs := B

n

s+1 \ Bn
s . Clearly {Cs}s∈N0 is a
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locally �nite closed cover of Rn. By Lemma 1.8 (2b) it su�ces to show that each Cs∩f(A)
is closed in Rn. Thus let s ∈ N0. By hypothesis we know that J := {i ∈ I | f(Ki)∩B

n

s 6= ∅}
is a �nite set. Now we see that by the Compact-Union-Intersection Lemma 1.20 (1),

de�nition of J since each Kj is compact, and since J is �nite
↓ ↓

Cs ∩ f(A) = Cs ∩ f
( ⋃
i∈I
Ki

)
= Cs ∩ f

( ⋃
j∈J
Kj

)
= Cs ∩ f(compact subset)

= Cs ∩ compact subset of Rn = Cs ∩ closed subset of Rn = closed subset of Cs.
↑ ↑ ↑

Compact Image Lemma 2.13 Compact-Closed Lemma 1.21 de�nition of subspace topology �

2.4. Convex subsets. We start out with the de�nition of a convex subset.
De�nition.
(1) We say that a subset A Ă Rn is convex, if for every two points P and Q in A the

segment PQ := {t · P + (1− t) ·Q | t ∈ [0, 1]} also lies in A.
(2) Given a subset S of Rk the convex hull of S is de�ned as the intersection of all

convex subsets of Rk that contain S. Since the intersection of convex sets is again
convex we see that the convex hull of S is a convex subset of Rn.
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convex hull of Snot convex
P

Q

subset S of R2convex subset of R2

Examples.
(1) For any point x ∈ Rn and any ε > 0 the open ball Bn

ε (x) is convex. Indeed, let
P,Q ∈ Bn

ε (x). Then for any t ∈ [0, 1] we have

‖t·P + (1− t)·Q− x‖ = ‖t·(P − x) + (1− t)·(Q− x)‖
≤ t·‖P − x‖+ (1− t)·‖Q− x‖ < t·ε+ (1− t)·ε = ε.
↑ ↑

triangle inequality and homogeneity of ‖ − ‖ since P,Q ∈ Bnε (x)

We have thus shown that t · P + (1 − t) · Q ∈ Bn
ε (x). Basically the same way one

shows that the closed ball B
n

ε (x) is also convex.
(2) It is straightforward to verify that any hyperrectangle [a1, b1]×· · ·× [an, bn] is convex.
(3) In Exercise 2.38 we will show that the convex hull of points P1, . . . , Pn ∈ Rk is given

by the set { n∑
i=1
ti · Pi

∣∣ t1, . . . , tn ∈ R≥0 and
n∑
i=1
ti = 1

}
.

(4) One of the most useful properties of convex subsets is that the intersection of arbi-
trarily many convex subsets is, basically by de�nition, again convex.

The following proposition gives a useful criterion for showing that subsets of Rn are home-
omorphic to an open or to a closed ball.

Proposition 2.20. (Convex-to-Ball Proposition)
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(1) Let A be a bounded open convex subset of Rn and let Q ∈ A.32 We consider the
map

ρA : A \ {Q} → R≥0

x 7→ sup
{
‖r · x‖

∣∣ r ∈ R>0 and r · (x−Q) +Q ∈ A
}
.

This map is well-de�ned in the sense that the supremum exists for each x ∈ A\{Q}.
Furthermore the map ρA is continuous and the map

fQ : A → Bn

x 7→

{
(x−Q) · 1

ρA(x) , if x 6= Q,

0, if x = Q.

is a homeomorphism with fQ(Q) = 0.
(2) Let A be a bounded closed33 convex subset of Rn. If Q is a point in the interior34

of A, then the same expression as in (1) de�nes a homeomorphism35

fQ : A → B
n

= {x ∈ Rn | ‖x‖ ≤ 1}
with the following properties:
(a) the homeomorphism fQ sends Q to the origin,
(b) the homeomorphism fQ restricts to a homeomorphism ∂A→ Sn−1.
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����is homeomorphic to

B2

is homeomorphic to

triangle B2
(0, 1)2

Example.
(1) For i = 1, . . . , n let ai < bi be real numbers. We consider the �hyperrectangle�

[a1, b1] × · · · × [an, bn]. It follows from the discussion on page 157 and from the
Hyperrectangle-Compact Proposition 1.26 that the hyperrectangle is convex and
compact. The Convex-to-Ball Proposition 2.20 (2) gives us an explicit homeomor-
phism

fQ : [a1, b1]× · · · × [an, bn] → B
n

that sends the boundary of the hyperrectangle to the sphere Sn−1 and that sends
the �midpoint� Q := (a1+b1

2
, . . . , an+bn

2
) to the origin. Throughout this course we will

use this homeomorphism to identify the left-hand side with the right-hand side. It
follows easily from the explicit description of fQ that the restriction of fQ to each
open cone on a side is smooth.36

32The statement becomes slightly more readable if one sets Q = 0.
33Of course �bounded and closed� is in this instance, by the Heine-Borel Theorem 1.24 equivalent to
�compact�. In this instance we prefer to talk of �bounded closed� to stress the analogy to Statement (1) of
the lemma.
34Note that the interior might well be empty, i.e. such a point Q might not exist.
35This says in particular that if A is a bounded closed convex subset of Rn with non-empty interior, then
A is homeomorphic to B

n
.

36We leave it to the reader to make it precise what �open cone on a side� means. We will make use of this
observation only once, and then it should be clear what we mean.
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shift stretch
Q

fQ

the restriction of fQ to each of the four open triangles is smooth

(2) Let A be a bounded convex subset of Rn such that the origin 0 lies in the interior
of A. The Convex-to-Ball Proposition 2.20, applied to Q = 0, implies in particular
that the map f : ∂A → Sn−1

x 7→ x
‖x‖

is a homeomorphism. This statement is illustrated in the �gure below.

∂A

S1

Remark. The reader might be familiar with the concept of a di�eomorphism. In the Star
Shaped-Di�eomorphism Type Theorem ?? we will show that every open convex subset of
Rn is in fact di�eomorphic to Rn, and thus di�eomorphic to Bn. The di�eomorphism that
we will provide in that later instance is, in contrast to the above proposition, not explicit.

The proof of the Convex-to-Ball Proposition 2.20 relies on the following lemma.
Lemma 2.21. Let A be a bounded closed convex subset of Rn such that the origin 0 lies
in the interior of A.
(1) The map ρA : A \ {0} → R≥0 de�ned in the Convex-to-Ball Proposition 2.20 is

continuous.
(2) The map f0 : A → B

n

x 7→
{
x · 1

ρA(x) , if x 6= 0,

0, if x = 0

is continuous and it satis�es f−1
0 (Sn−1) = ∂A.

Proof of Lemma 2.21. We start out with the following claim.
Claim. The map ρA : A \ {0} → R is de�ned, it is continuous, it is bounded from above
and it is bounded from below by 1.

Proof. Since A is bounded it follows that ρA is de�ned and that it is bounded from above.
It follows from the de�nition of ρA that ρA is bounded from below by 1. Therefore it
remains to show that ρA is continuous. Now let x ∈ A \ {0} and let ε > 0. It su�ces to
show the following two statements:
(1) there exists a neighborhood U of x ∈ A \ {0} with ρA(y) > ρA(x)− ε for all y ∈ U ,
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(2) there exists a neighborhood V of x ∈ A \ {0} with ρA(y) < ρA(x) + ε for all y ∈ V .
We �rst show the existence of U . After possibly replacing ε by min{1

2
ρA(x), ε} we can

suppose that ε ∈ (0, ρA(x)).
Since A is closed we have f0(x) ∈ A. Since 0 lies in the interior of A there exists an

η > 0 such that Bn
η (0) Ă A. Since A is convex, the convex hull C of Bn

η (0) ∪ {f0(x)} is
still contained37 in A. Furthermore, since Bn

η (0) is open it is straightforward to see that
C ′ := C \ {f0(x)} is an open subset of Rn. We denote by Sn−1

ρA(x)−ε the sphere of radius

ρA(x)− ε around 0. The point x · ρA(x)−ε
‖x‖ lies on Sn−1

ρA(x)−ε and it lies in C ′. Since C ′ is open
there exists an open neighborhood U ′ on Sn−1

ρA(x)−ε that is contained in C ′. We set

U := {r · z | z ∈ U ′ and r ∈ (0, 1)}.
This is an open neighborhood of x and for any y ∈ U we have (ρA(x)−ε) ·y ∈ A, i.e. for any
y ∈ A we have ρA(y) ≥ ρA(x) − ε. Thus we have shown that the desired neighborhood U
exists. The existence of V is proved in a very similar way. We refer to [Berger2009,
Chapter 11.3] for full details. �
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U

sphere S1
ρ(x)−ε with radius ρ(x)− ε around 0

sphere with radius ρ(x) around 0

A
0

x

f(x)
C := convex hull of Bn

η (0) and f(x)

Bn
η (0)

f(x)

Bn
η (0)

A

0

From the continuity of ρA it follows that f is continuous on A \{0}. From the fact that
ρA is bounded it follows easily that fQ is continuous in 0. Finally one can easily verify,
using the convexity of A, that f−1

0 (Sn−1) = ∂A. We leave it to the reader to �ll in the
details. �

Proof of the Convex-to-Ball Proposition 2.20.
(2) Let A be a bounded closed convex subset of Rn and let Q be a point in the interior

of A. After a translation we can assume that Q = 0 is the origin, in particular we
can assume that the origin 0 lies in the interior of A. By Lemma 2.21 we know that
the map ρA : A \ {0} → R≥0 is de�ned and continuous. Next we consider the map

f0 : A → B
n

x 7→
{
x · 1

ρA(x) , if x 6= 0,

0, if x = 0.

It is straightforward to verify that this map is bijective38 and by Lemma 2.21 we know
that f0 is continuous and that f−1

0 (Sn−1) = ∂A. Note that our hypothesis on A and

37Why is that the case?
38It follows easily from the convexity of A, the hypothesis that

◦
A 6= ∅ and the de�nition of f0 that for

each v ∈ Sn−1 the map f0 restricts to a bijection on the �ray de�ned by v�, i.e. it restricts to a bijection

A ∩ {r · v | r ∈ R>0} → B
n ∩ {r · v | r ∈ R>0}.
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the Heine-Borel Theorem 1.24 imply that A is compact. Thus we obtain from the
Compact-Hausdor� Proposition 2.17 (3) that f0 is in fact a homeomorphism. Finally
note that it follows from f−1

0 (Sn−1) = ∂A that f0 restricts to a homeomorphism
∂A→ Sn−1.

(1) We denote by C = A the closure of A. Since A is open and convex we know by
Exercise 2.8 that A =

◦
C. One veri�es fairly easily that C is convex. It is clear that

C is bounded and it follows from the Interior-Closure Lemma 1.9 that C is closed.
One veri�es easily that the map f0 de�ned for C = A restricts to the map f0 de�ned
for A. Thus it follows from (2) that the map f0 : C = A→ B

n
is a homeomorphism

and it restricts to a homeomorphism f0 :
◦
C → Bn. Since

◦
C = A we get the desired

homeomorphism. �

2.5. The two notions of connected spaces. In this section we will see that there are
two notions of connectedness of a topological space. As we will see, for most �reasonable�
topological spaces the two notions mercifully coincide. We start out with the more obvious
de�nition.
De�nition.
(1) Let X be a topological space. A path is a map p : [0, 1] → X. Often we say that p

is a path from p(a) to p(b).
(2) We say that a topological space X is path-connected if given any two points x and y

there exists a path from x to y.
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X
0 1

x y
path from x to y

Before we discuss examples let us immediately provide the other, less obvious de�nition of
connectedness.
De�nition. We say that a topological space X is connected if the following holds39

if X = U t V is the disjoint union of open sets U, V =⇒ X = U or X = V .

A topological space which is not connected is called disconnected.

Example.
(1) It follows basically from the de�nitions that any convex subset of some Rn is path-

connected. But it is much less clear whether say Rn is connected in the above sense.
(2) Next let G Ă R2 be the graph of the function f : R→ R given by x 7→ x2. As in the

�gure below we consider the complement X = R2 \ G. It is pretty clear that X is
not path-connected, surely there is no path from a point P below G to a point above
G. But how can one show the non-existence of such a path?40 But it is clear that
X is not connected, since X is the disjoint union of the two open non-empty sets
U := {(x, y) ∈ R2 | y < x2} and V := {(x, y) ∈ R2 | y > x2}.

(3) It follows from the Intermediate Value Theorem that the rational numbers Q are not
path-connected. ButQ is also not connected, for example we can write the topological

39Recall that we write X = U tV if X is the disjoint union of U and V , i.e. if X = U ∪V and if U ∩V = ∅.
40The fact that such a path does not exist can be shown, with some dexterity, using real analysis. How?
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??

P

Q

X

space Q as the disjoint union of the two open non-empty subsets {x ∈ Q |x2 < 2}
and {x ∈ Q |x2 > 2}.

So we see that both notions of connectedness have their advantages and disadvantages. It
is often easy to show that a given topological space is path-connected but it can be a pain
to show that a given topological space is not path-connected. With connectedness it is
precisely the other way round.

It is basically obvious that any interval is path-connected. But as we will see, it takes some
e�ort to show that the interval [0, 1] is connected.

Proposition 2.22. (Interval-Connectedness Proposition) The interval [0, 1] is con-
nected.

Proof. Let U and V be two disjoint open subsets of [0, 1] with U ∪ V = [0, 1]. Without
loss of generality we can assume that 0 ∈ U . We want to show that U = [0, 1]. We consider

A :=
{
t ∈ [0, 1]

∣∣ [0, t] Ă U
}
.41

The set A contains 0, hence it is non-empty. Evidently the set is bounded thus we can
consider T := supA. We need to show that T = 1 and that T ∈ U .

First let us suppose that T 6∈ U . This implies that T ∈ V . Since V is open it follows
that there exists an ε > 0 such that (T−ε, T+ε)∩ [0, 1] is also contained in V . In particular
we have (T − ε, T + ε) ∩A = ∅ which implies that supA ≤ T − ε. Thus we have obtained
a contradiction.

Now we know that T ∈ U . We still need to show that T = 1. Since U is open it follows
that there exists an ε > 0 such that (T − ε, T + ε)∩ [0, 1] Ă U . Thus [0, T + ε)∩ [0, 1] Ă U .
In light of the de�nition of T that is only possible if T = 1. �

V U
U

if T ∈ V then (T − ε, T + ε) ∩ [0, 1]
is also contained in V

0 1T

since T ∈ U we see that
[0, T + ε) ∩ [0, 1] is contained in U

0 1T

Corollary 2.23. (Path-Connected Implies Connected Corollary) Every path-con-
nected topological space is also connected.

41Put di�erently,

A = the set of all t ∈ [0, 1] such that the interval [0, t] is contained in U.
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Remark.
(1) It follows from the Path-Connected Implies Connected Corollary 2.23 that in fact

every interval is connected.
(2) In Exercise 2.18 we will prove the converse to (1), namely we will show that every

connected subset of R is actually an interval.

Proof. Let X be a topological space that is path-connected. Suppose that X is not
connected. This means that there exist disjoint open non-empty subsets U and V with
X = U ∪ V . Since U and V are non-empty we can �nd points x ∈ U and y ∈ V . Since
X is path-connected there exists a path γ : [0, 1] → X with γ(0) = x and γ(1) = y. Then
γ−1(U)∪γ−1(V ) is a decomposition of [0, 1] into two disjoint open non-empty subsets. But
that is a contradiction to the Interval-Connectedness Proposition 2.22. �
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X is path-connected

U V

x y

0

γ−1(V )γ−1(U)

γ

1

Lemma 2.24. (Image-Connected Lemma) Let f : X → Y be a map between topolog-
ical spaces.
(1) If X is path-connected, then f(X) is also path-connected.
(2) If X is connected, then f(X) is also connected.

Proof.
(1) We suppose that X is path-connected. Let y0 = f(x0) and y1 = f(x1) be two points

in f(X). Since X is path-connected there exists a path γ : [0, 1]→ X from x0 to x1.
But then f ◦ γ : [0, 1]→ f(X) is a path from f(x0) to f(x1).
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f(X)
γ f

x1x y0

y1

(2) We suppose that f(Y ) is disconnected. This means that there exist disjoint open
non-empty subsets U and V of f(Y ) with f(Y ) = U ∪ V . By the Image-Preimage
Lemma 0.2 we know that f−1(U) and f−1(V ) are also disjoint and we know that
X = f−1(U) ∪ f−1(V ). By de�nition of a continuous map f−1(U) and f−1(V ) are
open. Finally, since U, V Ă f(X) we see that f−1(U) and f−1(V ) are non-empty.
Thus we have shown that X is also disconnected. �

In the following lemma we show that most of the topological spaces that we had encountered
so far are path-connected and connected. We will use this lemma on numerous occasions
without explicitly referring to it.

Lemma 2.25. (Ball-Sphere-Connected Lemma)

(1) Let n ≥ 1. Every open ball Bn
r (y), every closed ball B

n

r (y) and Rn are path-con-
nected and connected.



164

(2) Every sphere Snr (y) with n ≥ 1 is path-connected and connected.

Proof. By the Path-Connected Implies Connected Corollary 2.23 it su�ces to show that
all these topological spaces are path-connected.
(1) It follows from the example on page 157 that all balls (open or closed) and Rn are

convex. But as we already pointed out on page 161, convex subsets are basically by
de�nition path-connected.

(2) We will show in Exercise 2.55 that spheres of dimension ≥ 1 are path-connected. �

For better or worse, the converse to the Path-Connected Implies Connected Corollary 2.23
is not always correct.

Example. The Topologist's Sine Curve is de�ned as the following topological space

X :=
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2,

equipped with the subspace topology. In other words, the Topologist's Sine Curve is the
union of the graph of x 7→ sin( 1

x
) for x ∈ (0, π] and an interval on the y-axis. It is a very

instructive exercise, see Exercise 2.48, to show that X is connected and it is an equally
instructive exercise to show that X is not path-connected.

the Topologist's Sine Curve X = A ∪B is connected but not path-connected

1
π

A is the interval from (0,−1) to (0, 1) on the y-axis
B is the graph of the function sin( 1

x
) with x ∈ (0, 1

π
]

Remark. The fact that an example of a topological space that is connected but not path-
connected is so �wild� indicates that perhaps for most �reasonable� spaces the two notions of
connectedness and path-connectedness agree. In fact in basically all examples of topological
spaces that we encounter throughout these notes the two notions of connectedness will
agree.

By a clever use of the notion of connectedness one can sometimes prove statements which
at �rst glance have nothing to do with connectedness. For example we can now prove the
following lemma.

Lemma 2.26. Let n ∈ N≥2.
(1) The topological spaces R and Rn are not homeomorphic.
(2) The topological spaces [0, 1] and [0, 1]n are not homeomorphic.

Remark.

(1) The statement of Lemma 2.26 is not overly surprising. But note that in Theorem 6.13
we will see that for any n ∈ N there exists a surjective map [0, 1]→ [0, 1]n.

(2) Later on, in Proposition 74.6, we will study the question whether for k 6= l the
topological spaces Rk and Rl can be homeomorphic.
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Proof.
(1) Let us suppose that there exists a homeomorphism f : R→ Rn. Let P ∈ R be a point.

Then f restricts to a homeomorphism from R \ {P} to R2 \ {f(P )}. The topological
space R\{P} = (−∞, P )∪(P,∞) is not path-connected42, while one can easily verify
that Rn\{f(P )} is path-connected. But as we remarked on page 152, homeomorphic
spaces have the same topological properties. In particular two homeomorphic spaces
are either both path-connected or they are both not path-connected. Thus we have
obtained a contradiction.

(2) The proof of this statement is fairly similar to the proof of (1). We leave it to the
reader to �ll in the details. �

We continue with the following elementary but useful lemma.

Lemma 2.27. (Connected-to-Discrete Lemma) Every map f : X → Y from a con-
nected space X to a discrete space is constant.

Remark. One could argue that the Connected-to-Discrete Lemma 2.27 is the lemma in
topology that is most relevant to real life. More precisely, an immediate consequence of
the Connected-to-Discrete Lemma 2.27 is that any non-constant map (a, b) → A from an
interval to a �nite set is not continuous. This is of huge signi�cance since humanity likes
to squeeze a real-parameter (e.g. time, intelligence, performance) into a �nite set of values
(e.g. historical stages, grades in school and exams, hired-or-�red). Any such function is
non-continuous and hence very problematic.

Proof. We need to show that for any x ∈ X we have f({x}) = f(X). Since Y is a
discrete space we know that {f(x)} and Y \ {f(x)} are open subsets of Y . The preimages
U := f−1(f(x)) and V := f−1(Y \ {f(x)}) are also open and they are evidently disjoint.
Since U is non-empty and since X is connected we see that V = ∅. But this means that
f is constant. �

Before we continue we introduce the concatenation of two paths.

De�nition. Let X be a topological space and let α : [0, 1]→ X and β : [0, 1]→ X be two
paths with α(1) = β(0). We de�ne the concatenation of α and β as the path α ∗ β which
is given by43

α ∗ β : [0, 1] → X

t 7→
{
α(2t), if t ∈

[
0, 1

2

]
β(1

2
+ (2t− 1)), if t ∈

(
1
2
, 1
]
.

α

α ∗ β

β

α(1) = β(0)

The concatenation of paths will play a major role throughout these notes, especially when
we introduce the fundamental group of a pointed topological space. In a more humble

42Why is this topological space not path-connected? How can one show this?
43It follows from the Pasting Proposition 2.6 (2) and our hypothesis α(1) = β(0) that α ∗ β : [0, 1]→ X is
a continuous map.
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fashion it also plays a minor role in the proof of the following lemma, which gives a criterion
for the union of (path-) connected subsets to be (path-) connected.

Lemma 2.28. (Union Connected Lemma) LetX be a topological space and let {Bi}i∈I
be a family of subsets such that the intersection

⋂
i∈I
Bi is non-empty.

(1) If each Bi, i ∈ I is path-connected, then
⋃
i∈I
Bi is path-connected.

(2) If each Bi, i ∈ I is connected, then
⋃
i∈I
Bi is connected.

Remark. In Exercise 6.11 we will provide a partial converse to the Union Connected
Lemma 2.28.

Proof. Let X be a topological space and let {Bi}i∈I be a family of subsets such that the
intersection

⋂
i∈I
Bi contains a point z. We write Z :=

⋃
i∈I
Bi.

(1) We suppose that each Bi, i ∈ I is path-connected. So let x, y ∈ Z. There exists
an i ∈ I with x ∈ Bi and there exists a j ∈ I with y ∈ Bj. Since Bi and Bj are
path-connected we can pick a path γ : [0, 1]→ Bi from x to z and we can pick a path
δ : [0, 1] → Bj from z to y. Note that the concatenation of the paths γ and δ is a
path from x to y.

(2) We suppose that each Bi, i ∈ I is connected. We write Z = U t V where U and V
are open subsets. Without loss of generality we can assume that z ∈ U . For each
i ∈ I we have a decomposition Bi = (U ∩ Bi) t (V ∩ Bi) into disjoint open subsets
(here we use the de�nition of the subspace topology). Since Bi is connected and since
U ∩Bi 6= ∅ we see that Bi = U ∩Bi. Thus we have shown that

U =
⋃
i∈I

(Bi ∩ U) =
⋃
i∈I
Bi = Z. �
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X

Bi Bj

δγ

yzx

Sometimes it is also useful to have criteria which show that removing a subset does not
change connectedness.

Lemma 2.29. (Complement Connected Lemma) Let X be a topological space and
let A Ă X be a subset.
(1) If X is path-connected and if ∂A is path-connected, then X \

◦
A is also path-con-

nected.
(2) If X is connected and if ∂A is connected, then X \

◦
A is also connected.

Proof. We will prove the Complement Connected Lemma 2.29 in Exercise 2.50. �

2.6. The (path-) components of a topological space. This section is a follow-up on
the previous section. Let us start with the following simple-minded de�nition.



2. CONTINUITY 167

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

������
������
������
������
������
������

������
������
������
������
������
������

�
�
�
�

�
�
�
�

��
��
��
��

��

X
X

∂A is not connected
∂A is connected

A A

De�nition. Let x and y be two points in a topological space X. We say that the points x
and y are path-equivalent, if there exists a map γ : [0, 1]→ X with γ(0) = x and γ(1) = y.

Lemma 2.30. For every topological space X the notion of path-equivalence is indeed an
equivalence relation.

Proof. All properties of an equivalence relation are trivial except possibly for transitivity.
The fact that path-equivalence is transitive can be shown by concatenating paths. More
precisely, if α : [0, 1] → X is a path from P = α(0) to Q = α(1) and if β : [0, 1] → X is a
path from Q = β(0) to R = β(1), then the concatenation α ∗ β : [0, 1]→ X is a path from
P to R. �

De�nition. Let X be a topological space.
(1) We call the path-equivalence classes of points the path-components of X.
(2) We denote by π0(X) the set of path-components of X.44 Furthermore we write

π0(X) = 0 if X is non-empty and if it consists of a single path-component.

Example. It is a straightforward consequence of the Intermediate Value Theorem that
each point in Q is in fact already a path-component of Q.

Lemma 2.31. (Path-Component Lemma) Let X be a topological space.
(1) As a set, X is the disjoint union of its path-components.
(2) Each path-component of X is path-connected.
(3) Each path-component C of X is a maximal path-connected subset, i.e. if C Ĺ D,

then D is not path-connected.
(4) Let A be a subset of X.

(a) If no point in A is path-equivalent to a point in X \ A, then A is the union of
path-components of X.

(b) If A is path-connected, then A is contained in a path-component of X.
(c) If A is path-connected and if no point in A is path-equivalent to a point in X \A,

then A is a path-component of X.

Proof. The lemma follows immediately from the de�nitions and basic properties of equiv-
alence relations, see the Equivalence Class Lemma 0.4. We leave it to the reader to �ll in
the few remaining details. �

Example. We consider the topological space R \ {0}. The subsets R<0 and R>0 are
evidently path-connected. It follows from the Intermediate Value Theorem that no point
in R<0 is path-equivalent to a point in R>0. Thus it follows from the Path-Component
Lemma 2.31 (4c) that R<0 and R>0 are the path-components of R \ {0}.
44The notation �π0(X)� might look rather odd at the moment, but it will become clearer later on, when
we introduce the fundamental groups and the higher homotopy groups, why this is a perfectly sensible
notation. At that point the weird de�nition of �π0(X) = 0� will start making more sense.
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Our goal now is to de�ne the �components� of a topological space that should play the same
role as the path-components, i.e. we want to introduce the notion of �components� such
that the statements of the Path-Component Lemma 2.31 hold, but with �path-connected�
replaced by �connected� and �path-component� replaced by �component�.

We start out with the following de�nition.

De�nition. Let x and y be two points in a topological space X. We say that the points
x and y are equivalent, if there exists a connected subset of X that contains both x and y.
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X this connected subset shows
that x and y are equivalent

yx

Lemma 2.32. For every topological space X the above notion of equivalence is indeed an
equivalence relation.

Proof. All properties of an equivalence relation are trivial except for transitivity. So
suppose that x and y are equivalent and that y and z are equivalent. By de�nition there
exists a connected subset A that contains x and y and there exists a connected subset
B that contains y and z. By the Union Connected Lemma 2.28 (2) the union A ∪ B is
connected and it thus follows that x and z are equivalent. �

De�nition. Let X be a topological space. We call the equivalence classes of points on X
the components of X.

Examples.

(1) In Exercise 2.48 we will show that the Topologist's Sine Curve, that we illustrated
in the �gure on page 164, has two path-components but only a single component.

(2) We consider X = Q with the subspace topology coming from R. In Exercise 2.23 we
show that the only connected subsets of Q are the subsets consisting of at most a
point. It follows that the components of Q are precisely the one-point subsets.

The following is in particular the promised analogue of the Path-Component Lemma 2.31.

Lemma 2.33. (Component Lemma) Let X be a topological space.
(1) As a set X is the disjoint union of its components.
(2) Each component of X is connected.
(3) Each component C of X is a maximal connected subset of X, i.e. if C Ĺ D, then D

is not connected.
(4) Let A be a subset of X.

(a) If C is a component of X, then A ∩ C is a union of components of A.
(b) If A is closed and open in X, then A is the union of components of X.
(c) If A is closed and open in X and if A is connected, then A is a component of X.

(5) Each component of X is the union of path-components of X.

Example. We consider the topological space R \ {0}. The subsets R<0 and R>0 are
evidently path-connected. By the Path-Connected Implies Connected Corollary 2.23 we
know that R<0 and R>0 are also connected. Since these two subsets are closed and open
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in R \ {0} we deduce from the Component Lemma 2.33 (4c) that the two subsets are the
components of R \ {0}.

Proof. Let X be a topological space.

(1) This statement is clear since components are de�ned to be equivalence classes, see
also the Equivalence Class Lemma 0.4.

(2) Now let C be a component of X. We pick c ∈ C. For each d ∈ C there exists by
de�nition a connected subset Yd of X that contains c and d. We have

C =
⋃
c∈C
{c} Ă

⋃
c∈C
Yc Ă C which implies that C =

⋃
c∈C
Yc.

↑
by de�nition all points in Yd are equivalent to c, thus we have Yd Ă C

It follows from the Union Connected Lemma 2.28 (2) that C is connected.
(3) This statement follows immediately from the de�nitions.
(4) Let A be a subset of X.

(a) Let C be a component of X. Note that if two points of A are equivalent in
A, then they are also equivalent in X. This implies that no point in A ∩ C is
equivalent to a point of A \ (A∩C). The statement now follows from (1) applied
to A.

(b) Suppose that A is closed and open. Let C be a component of X. Note that A∩C
is a subset of C that is closed and open. By (2) we know that C is connected,
hence we see that either A∩C = ∅ or A∩C = C. This shows that A is precisely
the union of all the components of X that A intersects.

(c) This statement follows immediately from (b).
(5) Let C be a component of X and let P be a component of X with P ∩ C 6= ∅. We

need to show that P Ă X. We do so as follows:
(a) Note that P is connected by the Path-Connected Implies Connected Corol-

lary 2.23.
(b) It follows from (a) and the Union Connected Lemma 2.28 that P∪C is connected.
(c) It follows from (b) and (3) that P∪C Ă C. This of course implies that P Ă C. �

We continue our discussion of the components of a topological space with the following,
possibly slightly counterintuitive, lemma.

Lemma 2.34. (Components-are-Closed Lemma) Let X be a topological space.
(1) Every component of X is a closed subset of X.
(2) If X has only �nitely many components, then each component is also an open subset

of X.45

Example. We consider X = Q. As we mentioned on page 168, in this case every point is
already a component. We see that every component is closed, but in this case no component
is an open subset. Therefore we cannot drop the condition on the number of components
in the second statement of the lemma.

45In the Locally Path-Connected Lemma 2.40 we give a criterion which often can be used to show that
components are in fact open.
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Proof. Let X be a topological space.
(1) Let C be a component of X. We need to show that X \ C is open. By the JH-

Lemma 1.7 it su�ces to show that every P ∈ X \ C admits a neighborhood that
does not intersect C. Thus let P ∈ X \ C. By the Component Lemma 2.33 (3)
we know that C ∪ {P} is not connected. Therefore there exists a decomposition
C ∪ {P} = U t V with U and V open subsets such that both U and V are non-
empty. Without loss of generality C ∩ U 6= ∅. Since C is connected and since
C = (U ∩C)t (V ∩C) we see that C = U ∩C. Since V is also non-empty we see that
V = {P}. By the de�nition of the subspace topology that means that there exists an
open subset W of X such that W ∩ (C ∪ {P}) = V = {P}. But this shows that W
is an open neighborhood of P that does not intersect C. We have thus shown that
the complement of C is open.
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(2) Now suppose that X has only �nitely many components. Let C be a component of
X. We already know from (1) that C is closed. By de�nition the complement of C is
the union of all other components. Since there are only �nitely many and since they
are closed by (1) it follows that the complement of C is closed, i.e. C is open. �

Remark. Let X be a topological space. We say that the points x and y are quasi-
equivalent, if the following holds

if X = U t V is the disjoint union with U, V open =⇒ either x, y ∈ U or x, y ∈ V .

It is straightforward to see that this indeed an equivalence relation on X. The equivalence
classes of this equivalence relation are called quasi-components. It follows immediately from
the de�nitions that components are contained in quasi-components. But the notions are
di�erent, for example it is shown in [SS1978, p. 137] that there exist topological spaces
such that quasi-components are not connected. We will not make use of the concept of
quasi-equivalence and quasi-components.

We conclude this section with the following lemma that can be viewed as a generalization
of the Image-Connected Lemma 2.24 and Lemmas 2.27.

Lemma 2.35. Let f : X → Y be a map between two topological spaces.
(1) Let C be a (path)-component C of Y . The preimage f−1(C) is the union of (path)-

components of X.
(2) Let B be a (path)-component B of X. There exists a (path)-component C of Y

with f(B) Ă C.

Proof.

(1) We only need to show that if a point a ∈ f−1(C) is (path-) equivalent to a point
b ∈ X, then a and b are (path-) equivalent. If a and b are (path-) equivalent, then as
in the Image-Connected Lemma 2.24 we see that f(a) and f(b) are (path-) equivalent,
thus f(a) and f(b) both lie in C. Therefore a and b both lie in f−1(C).

(2) This statement is proved by the same elementary argument as in (1). �
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2.7. The (path-) components of matrix groups. In this section we will discuss the
(path-) connectedness of certain matrix groups over R and over C. First we introduce the
main players.

Notation. Given a commutative ring R we write

GL(n,R) := {A ∈ M(n× n,R) | det(A) a multiplicative unit in R}
SL(n,R) := {A ∈ M(n× n,R) | det(A) = 1}.

For K = R we have the following extra de�nitions:

GL+(n,R) := {A ∈ M(n× n,R) | det(A) > 0}
GL−(n,R) := {A ∈ M(n× n,R) | det(A) < 0}

O(n) := {A ∈ M(n× n,R) |ATA = id}
SO(n) := O(n) ∩ SL(n,R) = {A ∈ M(n× n,R) |ATA = id and det(A) = 1}.

Furthermore for K = C we have the following extra de�nitions:

U(n) := {A ∈ M(n× n,C) |ATA = id}
SU(n) := U(n) ∩ SL(n,C) = {A ∈ M(n× n,C) |ATA = id and det(A) = 1}.

The following convention explains in what sense these matrix groups are topological spaces.

Convention. Let K = R or K = C. Given m,n ∈ N we make the identi�cation

M(m× n,K) = Km·n

by �juxtaposing� the rows of the matrix. We equip Km·n and thus also M(m×n,K) with the
standard topology that we introduced on page 109. We equip each subset of M(m× n,K)
with the corresponding subspace topology that we introduced on page 112.

Lemma 2.36. (Matrix Group Lemma) Let n ∈ N.
(1) GL(n,R), GL+(n,R) and GL−(n,R), are open subsets of M(n× n,R).
(2) SL(n,R), O(n) and SO(n), are closed subsets of M(n× n,R).
(3) O(n) is compact.
(4) GL(n,C) is an open subset of M(n× n,C).
(5) SL(n,C), U(n) and SU(n), are closed subsets of M(n× n,C).
(6) U(n) is compact.

Remark. We will generalize the Matrix Group Lemma 2.36 (1) in Exercise 2.41.

Proof. We consider the following two maps

det : M(n× n,R) → R
A 7→ det(A)

and
ϕ : M(n× n,R) → R

A 7→ AT · A.
It follows from the Leibniz formula and the rather elementary Lemmas 2.2 and 2.3 that
both maps are continuous.
(1) It follows from the above that GL(n,R) = det−1(R\{0}), GL+(n,R) = det−1((0,∞))

and GL−(n,R) = det−1((−∞, 0)) are open subset of M(n× n,R).
(2) It follows from the above and the Continuity-via-Closed Subsets Lemma 2.4 that

SL(n,R) = det−1({1}), O(n) = ϕ−1({id}) and SO(n) = SL(n,R) ∩ O(n,R) are
closed subsets of M(n× n,R).
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(3) Note that each column of an orthogonal matrix has norm one. This implies that
O(n) Ă Rn2

is a bounded subset of M(n × n,R) = Rn2
. Thus it follows from the

Heine-Borel Theorem 1.24 that O(n) is compact.
The proofs of Statements (4), (5) and (6) are almost identical to the above proofs. �

The following proposition will hopefully quench the reader's thirst for information on the
(path-) connectedness of the matrix groups.

Proposition 2.37. (Matrix Group Path-Component Proposition) Let n ∈ N.
topological space path-components

(1) GL(n,R) path-components are GL+(n,R) and GL−(n,R)
(2) SL(n,R) path-connected
(3) O(n) path-components are SO(n) and O(n) ∩GL−(n,R)
(4) GL(n,C) path-connected
(5) SL(n,C) path-connected
(6) U(n) path-connected
(7) SU(n) path-connected.

Furthermore the path-components are also the components.

Remark.
(1) In Exercise 156.12 we will provide a somewhat di�erent proof of some of the state-

ments of the Matrix Group Path-Component Proposition 2.37. An alternative proof
of the Matrix Group Path-Component Proposition 2.37 is also given in [Bak2002,
Chapter 9.2].

(2) In the Matrix Groups (Smooth) Deformation Retract Propositions 15.7 and 33.10 we
collect more information on the relationships between the topological spaces that are
given by the various matrix groups.

In the proof of the Matrix Group Path-Component Proposition 2.37 we will make use
of the Gram-Schmidt Orthogonalization Process which we now recall.

Lemma 2.38. (Gram-Schmidt Orthogonalization Process) Let V be a real vector
space and let 〈 , 〉 : V × V → R be a positive-de�nite symmetric R-bilinear46 form. Given
v ∈ V we write ‖v‖ :=

√
〈v, v〉. Let v1, . . . , vn be a basis of V . We consider the following

sequence of n-tuples of vectors in V :47

u0,1, .., u0,n := v1, .., vn

u1,1, .., u1,n := v1

‖v1‖ , ‖v1‖·v2, v2, .., vn
...

...
ui,1, .., ui,n :=ui−1,1, .., ui−1,i−1,

z
‖z‖ , ‖z‖·vi+1, vi+2, .., vn with z :=vi−

i−1∑
j=1
〈vi, ui−1,j〉·ui−1,j

...
...

un,1, .., un,n :=un−1,1, .., un−1,n−1,
z
‖z‖ with z :=vn−

n−1∑
j=1
〈vn, un−1,j〉·un−1,j.

This sequence has the following properties:
(1) For each i ∈ {1, ..., n} the vectors {ui,1, . . . , ui,n} form a basis of V .
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(2) For each i ∈ {1, . . . , n− 1} the base change matrix from the basis v1, . . . , vn to the
basis ui,1, . . . , ui,n has determinant 1.

(3) The base change matrix from the basis v1, . . . , vn to the basis un,1, . . . , un,n has
positive determinant.

(4) For each i ∈ {1, . . . , n} the vectors ui,1, . . . , ui,i are orthonormal.
(5) If v1, . . . , vn are orthonormal, then the sequence of n-tuples of vectors is constant,

i.e. for any i, j ∈ {1, . . . , n} we have ui,j = vj.
The analogous statement also holds if we are dealing with a positive-de�nite hermitian
C-sesquilinear form over a complex vector space.

Proof. The lemma follows from elementary arguments which we leave to the readers who
su�er from linear algebra withdrawal syndrome. �

Now we turn to the actual proof of the Matrix Group Path-Component Proposition 2.37.
In fact we break the proof of the Matrix Group Path-Component Proposition 2.37 into
two parts. First we consider the matrix groups de�ned over R, afterwards we consider the
matrix groups de�ned over C.

Proof for the Matrix Group Path-Component Proposition 2.37 (1), (2) and (3).
The proof of the three statements rests mostly on the following three claims.

Claim 1. Given any matrix A ∈ GL+(n,R) there exists a path α : [0, 1]→ GL+(n,R) with
α(0) = A and with α(1) ∈ SL(n,R).

Proof. Let A ∈ GL+(n,R). Since det(A) > 0 we can consider the path that is given by
α(t) = det(A)−t/n · A. Evidently α(0) = A and one can easily verify that det(α(1)) = 1 �

Claim 2. Given any A ∈ SL(n,R) there exists a path β : [0, 1] → SL(n,R) with β(0) = A
and β(1) ∈ SO(n).

Proof. We apply the Gram-Schmidt Orthonormalization Process 2.38 to the column vec-
tors v1, . . . , vn of the matrix A ∈ SL(n,R). For i = 0, . . . , n we obtain sets of vectors
ui,1, . . . , ui,n ∈ Rn. For i = 0, . . . , n we write Ai := (ui,1 . . . ui,n) ∈ M(n × n,R). By con-
struction A0 = A. Note that it follows from Properties (1), (2), (3) and (4) stated in the
Gram-Schmidt Orthonormalization Process, together with the fact that the determinant of
an orthogonal matrix is ±1, that each matrix Ai lies in SL(n,R) and that An ∈ SO(n).

Let i ∈ {1, . . . , n}. We will now show that there exists path in SL(n,R) from Ai−1

to Ai. To simplify the notation we write u1, . . . , un instead of ui−1,1, . . . , ui−1,n. First we
consider the path

ϕ : [0, 1] → SL(n,R)

t 7→
(
u1 . . . ui−1

ui
λ(t) λ(t)·ui+1 ui+2 . . . un

)
where λ(t) = (1− t) + t·‖ui‖.

46Recall that according, to the de�nition that we gave on page 99, we say that a symmetric R-bilinear form
〈−,−〉 : V × V → R is positive-de�nite if for every v 6= 0 we have 〈v, v〉 > 0.
47Our formulation is more complicated than the standard formulation of the Gram-Schmidt Orthogonaliza-
tion Process. The reason is that we want to have control over the base change matrices. This is important
when we show, in the proof of the Matrix Group Path-Component Proposition 2.37 (2), that SL(n,R) is
path-connected.
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We write ũi := ui
‖ui‖ and ũi+1 := ‖ui‖ · ui+1. Next we consider the path

ψ : [0, 1] → SL(n,R)

t 7→
(
u1 . . . ui−1

z(t)
‖z(t)‖ ‖z(t)‖·ũi+1 . . . un

)
where z(t) = ũi − t ·

i−1∑
j=1
〈ũi, uj〉 · uj.

Note that ϕ(0) = Ai−1 and note that ϕ(1) = ψ(0). A short moment's thought shows that
ψ(1) = An. Thus the concatenation of the paths ϕ and ψ is a path in SL(n,R) from Ai−1 to
Ai. The concatenation of these �nitely many paths is the desired path β : [0, 1]→ SL(n,R)
from A to the orthogonal matrix An ∈ SO(n). �

Claim 3. Given any A ∈ SO(n) there exists a path γ : [0, 1] → SO(n) with γ(0) = A and
γ(1) = idn.

Proof. We prove this claim by induction on n. The case n = 1 is clear since SO(1) consists
of precisely the matrix (1) = id1. Now suppose that the statement holds for some n ≥ 1.
Let A ∈ SO(n + 1). We denote by u ∈ Rn+1 the �rst column of the matrix A. We write
e1 = (1, 0, . . . , 0) ∈ Rn+1. Since n + 1 ≥ 2 there exists a vector v ∈ Rn+1 with ‖v‖ = 1,
such that u ⊥ v and such that e1 ∈ span{u, v}. We set U := span{u, v}. Since u and v are
orthonormal there exists an α ∈ R such that e1 = cos(α) · u+ sin(α) · v. We extend u, v to
an orthonormal basis u, v, w1, . . . , wn−1. Given t ∈ [0, 1] we consider the matrix

P (t) := Q ·

cos(α · t) − sin(α · t) 0
sin(α · t) cos(α · t) 0

0 0 idn−1


︸ ︷︷ ︸

∈O(n+1)

·Q−1 where Q = (u v w1 . . . wn−1)︸ ︷︷ ︸
∈O(n+1)

.

Next we consider the path γ : [0, 1] → SO(n+ 1)
t 7→ P (t) · A.

Evidently γ(0) = A. An elementary calculation shows that the �rst column of the matrix
γ(1) ∈ SO(n + 1) equals e1. Since γ(1) is orthogonal this implies that there exists an
Ã ∈ SO(n) with

γ(1) =

(
1 0

0 Ã

)
.

By induction hypothesis there exists a path δ̃ : [0, 1] → SO(n) from Ã to idn. By �adding
a 1 at the top left� this path δ̃ gives rise to a path δ in SO(n+) from γ(1) to idn+1. The
concatenation of the two paths γ and δ is the promised path in SO(n+ 1) from A to idn+1.
�
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unit circle in U

U⊥ = Span{v1, . . . , vn−1}

the matrix P (t) ∈ O(n+1) corresponds
to rotation by α around U⊥
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Now we turn to the actual proofs of the statements (1), (2) and (3) of the Matrix Group
Path-Component Proposition 2.37.
(1) It follows from Claims 1, 2 and 3, together with the fact that path-equivalence is an

equivalence relation, that GL+(n,R) is path-connected. Next note that multiplication
by a matrix in GL(n,R) with negative determinant gives rise to a homeomorphism
GL+(n,R)→ GL−(n,R). Thus it follows that GL−(n,R) is also path-connected.

Next we consider the map f : GL(n,R) → R \ {0} that is given by the determi-
nant. On page 167 we saw that R<0 and R>0 are the path-components of R \ {0}. It
follows from the above together with Lemma 2.35 that GL−(n,R) = f−1(R<0) and
GL+(n,R) = f−1(R>0) are the path-components of GL(n,R).

This discussion, together with the Path-Connected Implies Connected Corol-
lary 2.23 and the Component Lemma 2.33 shows that GL−(n,R) and GL+(n,R)
are also the components of GL(n,R).

(2) It follows from Claims 2 and 3 that SL(n,R) is path-connected. By the Path-
Connected Implies Connected Corollary 2.23 this implies that SL(n,R) is connected.

(3) It follows from Claim 3 that SO(n,R) is path-connected. By basically the same
argument as in (1) we see that O(n) has precisely two path-components, namely
SO(n) and O(n) ∩ GL−(n,R), and by the same argument as above one sees that
these are also the components of O(n). �

Now we turn to the proof of Proposition 2.37 for the matrix groups that are de�ned over
C.
Proof of Proposition 2.37 (4), (5), (6) and (7).

Claim 4.
(1) Given any A ∈ GL(n,C) there exists a path δ : [0, 1]→ GL(n,C) with γ(0) = A and

γ(1) ∈ SL(n,C).
(2) If A ∈ U(n), then we can �nd such a path that takes values in U(n).

Proof. Let A ∈ GL(n,C). We pick r ∈ R>0 and ϕ ∈ R with det(A) = r · exp( iϕ). The map

δ : [0, 1] → GL(n,C)
t 7→ r−t/n · exp(− iϕ · t/n) · A

is a path from A to a matrix in SL(n,C). If A ∈ U(n), then r = 1 and we see that the
path takes values in U(n). �

Using Claim 4 one sees that it su�ces to show that SL(n,C) and SU(n) are connected.
This is achieved by making straightforward modi�cations to the Claims 2 and 3 that we
considered in the proof of the real case. We leave it to the reader to �ll in the details. �

2.8. Local and regional properties. As so often, let us start out with a de�nition.

De�nition. Let P be a property of topological spaces and let X be a topological space.
(1) We say X is regionally P if given any Q ∈ X and any neighborhood U of Q there

exists a neighborhood V of Q that is contained in U that has the property P .
(2) We say X is locally P if given any Q ∈ X and any neighborhood U of Q there exists

an open neighborhood V of Q that is contained in U that has the property P .
Note that by de�nition a topological space that is locally P is also regionally P .
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Warning. Our usage of the expression �locally P � is non-standard. In fact most textbooks,
see e.g. [Hat2002, Bre1993, Rot1988], de�ne �locally P � as what we call �regionally P �.
(Note though that, as is apparent from [Mun1975, p. 161], in [Mun1975] our notion of
�locally P � is being used.) The property that we now call �locally P � does not seem to
have an established name. For our purpose it is useful to give names to both concepts
since both have their uses and justi�cations. Later on we will also introduce notion of a
local property of a map, in this context most books implicitly or explicitly seem to work
with open neighborhoods. Thus it seems reasonable to us to use the word �local� whenever
we deal with open neighborhoods and to rename the concept when any neighborhood is
allowed.

Examples.
(1) Every open subset of Rn is locally path-connected. Indeed, suppose A is an open

subset of Rn. Let Q ∈ A and let U be a neighborhood of Q in A. Then there exists
an ε > 0 such that Bn

ε (x) Ă U . The ε-ball Bn
ε (x) is of course path-connected.

(2) The topological space X = (−2, 1) ∪ [3, 6] Ă R with the usual topology is not path-
connected but it is locally path-connected.48 On the other hand X = Q is not even
locally path-connected.

(3) The line with two zeros, i.e. the topological space R ∪ {∗} with the topology from
page 122, is not Hausdor�, but one can easily show that R∪{∗} is locally Hausdor�.

The following lemma can at times be useful.
Lemma 2.39. Let P be a property of topological spaces and let X be a topological space.
If X is locally P , then the open subsets of X that have P form a basis for the topology
of X.
Proof. This lemma follows immediately from the Basis Characterization Lemma 1.32 (1).

�

The following lemma is the key to showing that for �reasonable� topological spaces the
notions of being connected and being path-connected are actually the same.

Lemma 2.40. (Locally Path-Connected Lemma) Let X be a topological space.
(1) If X is locally path-connected, then the following statements hold:

(a) X is connected if and only if X is path-connected.
(b) The components of X are precisely the path-components of X.

(2) If X is locally path-connected, then it is also locally connected.
(3) If X is locally connected, then every component of X is a closed and an open subset

of X.49

48Why is that?
49Recall that on page 168 we saw that for the topological space X = Q every point de�nes a component.
Thus in general components are, very annoyingly, not necessarily open.
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Proof.

(1) First note that if X is path-connected, then we know by the Path-Connected Implies
Connected Corollary 2.23 that X is connected. This gives us the cheap �if�-direction
of (a).

We now assume thatX is locally path-connected. Note that the �only if�-direction
of (a) is a special case of (b). Thus it remains to prove (b). We start out with the
following claim.
Claim 1. Each path-component is open.

Proof. Let P be a path-component. We pick x ∈ X. To show that P is open it
su�ces by the JH-Lemma 1.7 to show that each y ∈ P admits a neighborhood that
is contained in P .

Thus let y ∈ P . We pick a path p : [0, 1] → X with p(0) = x and p(1) = y.
Since X is locally path-connected there exists an open neighborhood U of y that is
path-connected. It follows from the Image-Connected Lemma 2.24 (1) together with
the Union Connected Lemma 2.28 that p([0, 1]) ∪ U is path-connected. It follows
from the Path-Component Lemma 2.31 (4b) that p([0, 1])∪U Ă P . Finally note that
since U is open we know that p([0, 1]) ∪ U is a neighborhood of x. �
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U is path-connectedX

yx

Claim 2. Each path-component is closed.

Proof. By Claim 1 we now know that each path-component is open. Since the
complement of a path-component is the union of path-components and since the
union of open sets is open we see that each path-component is also closed. �

Now let C be a component of X. By the Component Lemma 2.33 (2) and (5)
we know that C is connected and that it is the union of a family of path-component
{Pi}i∈I . By Claim 1 and Claim 2 we know that each Pi is open and connected.
But since C is connected this implies that I consists of a single element, i.e. C is a
path-component of X.

(2) This statement follows from the Path-Connected Implies Connected Corollary 2.23.
(3) Let C be a component of X. By the Components-are-Closed Lemma 2.34 we know

that C is a closed subset of X. We now assume that X is locally connected. We want
to show that C is an open subset of X. By the Neighborhood Openness Criterion 1.5
it su�ces to show that each x ∈ C admits an open neighborhood that is contained
in C. Thus let x ∈ C. Since X is locally connected we see that there exists an open
neighborhood U of x ∈ X such that U is connected. It follows immediately from
the de�nition of a component, see page 168, that every point in U is also contained
in x. �

In the following we discuss the notion of being regionally compact.

Examples.
(1) Every open subset of Rn is regionally compact. Indeed, suppose A is an open subset

of Rn. Let Q ∈ A and let U be a neighborhood of Q in A. Then there exists an
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ε > 0 such that Bn
ε (x) Ă U . The closed ε-ball B

n
ε
2
(x) is a neighborhood of x and it is

compact by the Heine-Borel Theorem 1.24.
(2) Similar to (1) one can easily show that every interval is regionally compact. In fact

later on we will mostly need the fact that the interval [0, 1] is regionally compact.

In Exercise 2.58 we will see that there exists a topological space that is compact but not
regionally compact. The following lemma shows that this slightly unintuitive phenomenon
cannot occur if we restrict ourselves to topological spaces that are Hausdor�.

Lemma 2.41. Let X be a Hausdor� space.
(1) If X is compact, then X is also regionally compact.
(2) If given any point P ∈ X there exists a compact neighborhood of P , then X is

regionally compact.

Proof.

(1) Let X be a compact Hausdor� space. We need to show that X is regionally compact.
Thus let x ∈ X and let U be an neighborhood of x.

Claim. There exists an open neighborhood A of x with A Ă U .

Proof. Note that it follows from the hypothesis that X is Hausdor� and the Points-
in-Hausdor� Space Lemma 1.15 that {x} is a closed subset of X. Furthermore
note that by the Compact Hausdor� Spaces-Normal Lemma 1.16 we know that the
compact Hausdor� X is normal. Thus we can separate the closed subsets {x} and
X \

◦
U by open neighborhoods A and B. More precisely, there exist disjoint open

neighborhoods A of {x} and B of X \
◦
U .

It remains to show that A Ă U . Note that A Ă X \ B Ă U . Since B is open we
know that X \B is closed. By de�nition of the closure A we have A Ă X \B. �
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Finally note, since A is a closed subset of the compact space X we know by the
Compact-Closed Lemma 1.21 (1) that A is compact. We are done.

(2) Let X be a Hausdor� space such that every P ∈ X admits a compact neighborhood.
We need to show that X is regionally compact. Thus let P ∈ X and let U be a
neighborhood of P . By hypothesis we know that P admits a compact neighborhood
K. By (1) we know that K is regionally compact, which implies that there exists a
compact neighborhood L of P ∈ K with P ∈ L Ă U ∩K. �
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Our next de�nition is a closely related concept.

De�nition. Let X be a topological space. A subset A Ă X is called precompact if the
closure A is compact.
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Lemma 2.42. Let X be a Hausdor� space that is regionally compact.
(1) Given any Q ∈ X and given any open neighborhood U of Q there exists an open

neighborhood V of Q such that V is compact and such that Q ∈ V Ă V Ă U .
(2) X is locally precompact.

Proof. Let X be a Hausdor� space that is regionally compact.
(1) Let Q ∈ X and let U be a neighborhood of Q. Since X is regionally compact we

know that there exists a compact neighborhood K of Q with K Ă U . Since K is
a neighborhood of Q we know that there exists an open neighborhood V of Q with
Q ∈ V Ă K. Since X is Hausdor� we know by the Compact-Closed Lemma 1.21
(2) that K is a closed subset of X. Hence V Ă K. Since V is a closed subset of
the compact space K we obtain from the Compact-Closed Lemma 1.21 (1) that V is
compact.
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(2) It follows immediately from (1) that X is locally precompact. �

We conclude the discussion of regionally compact spaces with another health warning.

Warning. Recall that what we call �regionally P � is usually called �locally P �. Even more
confusing, in the literature frequently �usually compact� is used with di�erent de�nitions.
For example in [HY1988, p. 71] and [Dug1966, p. 237] a topological space is called
�regionally compact� if every point admits an open neighborhood such that its closure is
compact. Furthermore in [SS1978, p. 20], [Bre1993, p. 31] and [Jos1983, p. 266] a
topological space is called �regionally compact� if every point is contained in a compact
neighborhood. The latter two notions of �regionally compact� are in general di�erent, see
e.g. [SS1978, Example 52]. Furthermore note that for the above two concepts of �regionally
compact� every compact space is already regionally compact. But as we mentioned above,
in Exercise 2.58 we will see that there exists a compact space that is not regionally compact
topological. Nonetheless, it is a �metatheorem� that all concepts of �locally compact� in the
literature agree for Hausdor� spaces and they agree with our notion of �regionally compact�.

In the following de�nition we turn from properties of topological spaces to properties of
maps.

De�nition. Let P be a property of maps between topological spaces and let f : X → Y
be a map between topological spaces.
(1) We say that f : X → Y is locally P at x ∈ X if there exists an open neighborhood U

of x and an open neighborhood V of f(x) such that f : U → V has the property P .
(2) We say that f is locally P if it is locally P at any x ∈ X.

Example.

(1) One easily veri�es that the map f : R→ R given by f(x) = x2 is a local homeomor-
phism at all points x 6= 0.
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(2) The map
p : R → S1

t 7→ exp(2π it)

is a local homeomorphism. Indeed, let t ∈ R. We set U = (t− 1
2
, t+ 1

2
) and V = p(U).

The restriction of p to p : U → V is continuous and a bijection. Furthermore it is not
di�cult to show that p is an open map, see also Exercise 2.36. It follows from the
Open -Injective Map Lemma 2.16 (2) that p : U → V is a homeomorphism.

(3) The statement of the Pasting Proposition 2.6 can be reformulated as saying that a
map between two topological spaces is continuous, if it is locally continuous.

2.9. Proper maps and closed embeddings. Perhaps the best loved result in topology
is the Compact-Hausdor� Proposition 2.17 (3) which says that a bijective continuous map
f : X → Y is actually a homeomorphism if X is compact and Y is Hausdor�. In this
section we will prove a result which at times can deal with the case that X is non-compact.
First we need to introduce the following de�nition which will appear time and again.

De�nition. A map f : X → Y between topological spaces is called proper if the preimage
of every compact subset of Y is a compact subset of X.

Example.

(1) In the �gure below we show graphs of maps R → R, some of the maps are proper
and some are not proper.

map is not proper map is not propermap is proper

(2) A map from a non-compact space to a compact space cannot be proper. In particular
inclusion maps are not necessarily proper, for example the inclusion i : (0, 1)→ [−2, 2]
is not proper.

(3) Evidently every homeomorphism is proper.
(4) It follows easily from the Compact-Closed Lemma 1.21 (1) and (2) that every map

from a compact space to a Hausdor� space is proper.

Now we can formulate and prove the following variation on the Compact-Hausdor� Propo-
sition 2.17.
Proposition 2.43. (Proper-Closed Proposition) Let f : X → Y be a map from a
topological spaceX to a topological space Y . We assume that Y is Hausdor� and regionally
compact.
(1) If f is proper, then f : X → Y is a closed map.
(2) The following two statements are equivalent:

(a) The map f : X → Y is injective and proper.
(b) The map f : X → Y is a closed embedding.

Proof.
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(1) Let A Ă X be a closed subset. We need to show that f(A) is a closed subset of Y .
By the JH-Lemma 1.7 it su�ces to show that every y ∈ Y \ f(A) admits an open
neighborhood V with V Ă Y \ f(A) or equivalently with V ∩ f(A) = ∅. Thus let
y ∈ Y . The proof proceeds in the following steps, which are mostly forced on us:
• Since Y is regionally compact and Hausdor� we know by Lemma 2.42 that y
admits an open neighborhood U such that the closure U is compact.
• Since f is proper we know that f−1(U) is compact.
• Since A is a closed subset we obtain from the Compact-Closed Lemma 1.21 (1)
that A ∩ f−1(U) is also compact.
• By the Compact Image Lemma 2.13 we know that f(A ∩ f−1(U)) is compact.
• By the elementary Exercise 0.3 we know that f(A ∩ f−1(U)) = f(A) ∩ U .
• Since Y is Hausdor� we obtain immediately from the Compact-Closed Lemma 1.21
(2) that f(A ∩ f−1(U)) = f(A) ∩ U is a closed subset of Y .
• Therefore V := U \ (f(A)∩U) = U \ f(A) is an open neighborhood of y ∈ Y that
does not intersect f(A).
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X f−1(U) Y
U

A

f

y

(2) First we prove the �(a)⇒(b)�-direction. Thus we assume that f : X → Y is injective
and proper. Since Y is Hausdor� and regionally compact we know by Statement (1)
that f : X → Y is a closed map. Since f is furthermore injective we obtain from the
Compact-Hausdor� Proposition 2.17 that f : X → Y is indeed a closed embedding.

Now we prove the �(b)⇒(a)�-direction. We only need to show that f : X → Y is
proper. Thus let K Ă Y be a compact subset.
• Since f : X → Y is a closed map we know by the Compact-Closed Lemma 1.21
(1) that K ∩ f(X) is also compact.
• Since f : X → f(X) is a homeomorphism we know that f−1(K∩f(X)) is compact.
• Since f−1(K∩f(X)) = f−1(K) we have indeed shown that f−1(K) is compact. �

We can use the Proper-Closed Proposition 2.43 to give a new proof of the following popular
proposition.
Proposition 2.19. (Closed Embedding-to-Rn Proposition) Let X be a topological
space, let n ∈ N and let f : X → Rn be an injective continuous map. Furthermore
suppose that X is the union of compact subsets {Ki}i∈I such that the following condition
is satis�ed:

(∗) Given any r > 0 there exist only �nitely many i ∈ I with f(Ki) ∩B
n

r 6= ∅.
Then f is a closed embedding.
For the new proof of the Closed Embedding-to-Rn Proposition 2.19 we will need the fol-
lowing lemma, which often simpli�es the task of showing that a certain map is proper.
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Auxiliary Lemma 2.44. Let f : X → Y be a map between two topological spaces. We
suppose that Y is Hausdor�.
(1) We suppose that we are given a family {Lj}j∈J of compact subsets of Y such that

each compact subset of Y is contained in some Lj. If each f−1(Lj) is compact, then
f is proper.

(2) Suppose that X is covered by compact subsets {Ki}i∈I . Let L Ă Y be compact. If
there exist only �nitely many i ∈ I with f(Ki) Ă L, then f−1(L) is compact.

Proof of Lemma 2.44.

(1) Let L be a compact subset of Y . By hypothesis there exists a j ∈ J with L Ă Lj.
Note that

since L Ă Lj Image-Preimage Lemma 0.2 (7)
↓ ↓

f−1(L) = f−1(L ∩ Lj) = f−1(L) ∩ f−1(Lj)
= closed subset ∩ compact subset = compact.
↑ ↑

since Y is Hausdor� we know by the by the Compact-Closed
Compact-Closed Lemma 1.21 that L is closed, Lemma 1.21
therefore f−1(L) is closed, furthermore
by hypothesis we know that f−1(Lj) is compact

(2) Let L Ă Y be a compact subspace with the property that there exist only �nitely
many i ∈ I with f(Ki) Ă L. Note that

f−1(L) = f−1(L) ∩
⋃

i ∈ I with f(Ki) Ă L

Ki

= closed subset ∩ compact subset = compact.
↑ ↑

since Y is Hausdor� we know by the Compact-Closed by the Compact-Closed
Lemma 1.21 that L is closed, therefore f−1(L) is closed, Lemma 1.21
furthermore by the Compact-Union-Intersection Lemma 1.20 we know that
union of �nitely many compact subspaces is again compact �

Proof of Proposition 2.19. (Closed Embedding-to-Rn Proposition)] Since Rn is Haus-
dor� it follows from Lemma 2.44 (2) that for each r > 0 the preimage f−1(B

n

r ) is compact.
It follows from Lemma 2.44 (1) that f is actually proper. On page 178 we pointed out that
Rn is regionally compact. We now obtain from the Proper-Closed Proposition 2.43 that f
is in fact a closed embedding. �

Exercises for Chapter 2.

Exercise 2.1.

(a) Let X be a topological space that is locally connected. Show that the continuous
maps f : X → R that are locally constant are precisely the maps that are constant
on all of the components of X.

(b) Show that the conclusion in (a) does not necessarily hold if we drop the hypothesis
that X is locally connected.

Exercise 2.2. We consider
B := {[a, b) | a, b ∈ R} Ă P(R).
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It is clear that B has the basis property introduced on page 132. Let T := T (B) be the
topology generated by B. This topology on R is called the lower limit topology and the
topological space (R, T ) is called the Sorgenfrey line.
(a) Let S be the standard topology on R. Which, if any, of the two identity maps

(R,S)→ (R, T ) and (R, T )→ (R,S) is continuous?
(b) Determine the closure of the intervals (1,

√
2) and (

√
2, 3) in the Sorgenfrey line.

(c) Is the Sorgenfrey line path-connected?
(d) Is the Sorgenfrey line regionally compact?

Exercise 2.3. Let X be a set, let Y be a topological space and let f : X → Y be a map.
Now suppose that we are given two topologies T and T ′ on X such that f : (X, T ) → Y
and f : (X, T ′)→ Y are local homeomorphisms. Show that T = T ′.
Hint. Use the Pasting Proposition 2.6.

Exercise 2.4.

(a) Show that every self-homeomorphism of B1 extends to a self-homeomorphism of B
1
.

(b) Give an example self-homeomorphism ofB2 that does not extend to a self-homeomorphism
of B

2
.

Exercise 2.5. Let C([0, 1]) be the real vector space of continuous maps from the interval
[0, 1] to R. We consider the

supremum norm s(f) := sup{|f(x)| |x ∈ [0, 1]} and the integral norm i(f) :=
1∫
0

|f(x)| dx.

We denote the topologies corresponding to these norms by S and I. Show that one topology
is contained in the other and show that the two topologies are not the same.
Remark. This shows in particular that the identity map id : (C([0, 1],S) → (C([0, 1], I) is
not a homeomorphism.

Exercise 2.6. Let f : [a, b] → R be a continuous map. Show that if f is injective, then
f([a, b]) is an interval with endpoints f(a) and f(b) and show that the map f : [a, b] →
f([a, b]) is a homeomorphism.
Hint. Use the Intermediate Value Theorem.

Exercise 2.7. Let C([0, 1]) be the real vector space of continuous maps from the inter-
val [0, 1] to R and let C1([0, 1]) be the real vector space of continuously di�erentiable
maps from the interval [0, 1] to R. In this exercise we equip both vector spaces with the
supremum norm s(f) := sup{f(x) |x ∈ [0, 1]}. We consider the two maps

D : C1([0, 1]) → C([0, 1])
f 7→ f ′

and
I : C1([0, 1]) → C([0, 1])

f 7→
(
x 7→

∫ x
0
f(t) dt

)
.

Note that D and I are inverses of one another, in particular both are isomorphisms of real
vector spaces.
(a) Show that I is continuous.
(b) Show that D is not continuous.
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Remark. This exercise shows that integration is usually a well-behaved operation whereas
di�erentiation can be problematic.
Remark. This exercise is a variation on Exercise 2.5.

Exercise 2.8. Let U be an open subset of Rn. We denote by C = U the closure of U .
(a) Suppose that U is convex. Show that U =

◦
C.

(b) Given an example of an open subset U of Rn where U 6=
◦
C.

Exercise 2.9. Let V be a �nite-dimensional real vector space. Recall that given a norm
n : V → R≥0 its norm ball is de�ned as the subset B(n) := {v ∈ V |n(v) ≤ 1}.
(a) Show that for any norm n : V → R≥0 the norm ball B(n) is a convex subset with

non-empty interior.
(b) Show that for any convex subset C Ă Rn with non-empty interior there exists a norm

n : V → R≥0 with B(n) = C.

Exercise 2.10. Let n ∈ N. Show that there are precisely n + 2 homeomorphism types of
compact convex subsets of Rn.
Remark. Use the Convex-to-Ball Proposition 2.20 (2).

Exercise 2.11. Let f : X → Y be a map between topological spaces.
(a) Show that the following statements are equivalent:

(i) The map is continuous.
(ii) For every subset B Ă Y we have f−1(B) Ă f−1(B).
(iii) For every subset B Ă Y we have f−1(

◦
B) Ă interior of f−1(B).

Remark. We showed (i)⇒(ii) in the Closure-Interior Mapping Lemma 2.5.
(b) Given an example of a continuous map f : X → Y that shows that in general we do

not have an equality in (ii).
(c) Given an example of a continuous map f : X → Y that shows that in general we do

not have an equality in (iii).

Exercise 2.12. Does there exist a continuous map f : S2 → S2 with a single �xed point,
i.e. with a unique point x such that f(x) = x?

Exercise 2.13. Let (X, d) and (Y, e) be two metric spaces and let ϕ : X → Y be a map.
(a) Suppose that there exists some C > 0 such that for every choice of x, x′ ∈ X we have

e(ϕ(x), ϕ(x′)) < C · d(x, x′). Show that d is continuous.
(b) Suppose that there exists some c > 0 such that for every choice of x, x′ ∈ X we have

e(ϕ(x), ϕ(x′)) > c · d(x, x′). Furthermore suppose that ϕ is surjective. Does it follow
that d is open?

Exercise 2.14. Let (a, b) be an interval and let f : (a, b) → X be a map to a topological
space. Let (an)n∈N and (bn)n∈N be sequences of real numbers in (a, b) such that lim

n→∞
an = a

and such that lim
n→∞

bn = b. We suppose that the restriction of f to each [an, bn] is continuous.
Show that f itself is continuous.
Remark. An analogous statement also holds if we deal with a half-open interval [a, b).

Exercise 2.15. Let (X, d) be a metric space and let A be a subset of X. Show that the
map
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A → [0, 1]
a 7→ min{1, sup{r ∈ R≥0 |Br(a) Ă A}}

is continuous.

Exercise 2.16. Let X be a set and let d and e be two metrics on X that are equivalent,
i.e. that induce the same topology on X. We use this common topology to view X as a
topological space.
(a) Suppose that X is compact. Show that given any µ > 0 there exists a ν > 0 such

that the following conclusion holds:

d(x, y) < µ =⇒ e(x, y) < ν.

(b) Let α : X → R>0 be a map. Show that there exists a map β : X → R>0 such that
the following conclusion holds:

d(x, y) < α(x, y) =⇒ e(x, y) < β(x, y).

Remark. As always all maps are understood to be continuous.
Hint. Use Exercise 2.15

Exercise 2.17. Let C be the Cantor set as de�ned on page 130.
(a) Show that for every x ∈ C there exists a unique sequence a1, a2, . . . of elements of
{0, 1} such that

x =
∞∑
k=1

2ak
3k
.

(b) We de�ne the Cantor function as follows:

c : [0, 1] → [0, 1]

x 7→

{ ∞∑
k=1

ak
2k
, if x =

∞∑
k=1

2ak
3k
∈ C,

sup{c(y) | y ∈ C and y ≤ x}, if x 6∈ C.
Show that the Cantor function is continuous.

(c) Show that the Cantor function is surjective.
(d) Show that the Cantor set is uncountable.

Remark. The graph of the Cantor function is sometimes called the Devil's Staircase.

graph of the Cantor function,
the �Devil's Staircase�

Exercise 2.18. Show that every connected non-empty subset of R is an interval.

Exercise 2.19. Let X be a topological space and let A Ă X be a subset.
(a) Show that if A is connected, then so is its closure A.
(b) If A is path-connected, does it follow, that its closure A is also path-connected?
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Exercise 2.20. Let X be a topological space and let A Ă X be a subspace. We say that
A can be disconnected in X if there exist disjoint open subsets U and V of X such that
U ∩ A 6= ∅, V ∩ A 6= ∅ and A Ă U ∪ V .
(a) Show that if X is a metric space, then any disconnected subspace A can be discon-

nected in X.
(b) Give an example of a topological space and a disconnected subspace A that cannot

be disconnected in X.

Exercise 2.21.
(a) Show that every self-homeomorphism of R is monotonously increasing or monoton-

ously decreasing.
(b) Is every self-homeomorphism of Q is monotonously increasing or monotonously de-

creasing?

Exercise 2.22. Let X = {0, 1} be the set with two elements which we equip with the
topology T = {∅, X, {0}}. The topological space X = (X, T ) is called the Sierpi«ski
space.
(a) Is every continuous maps X → R constant?
(b) Is every continuous map R→ X constant?
(c) Is X Hausdor�?
(d) Is X connected?
(e) Is X path-connected?
(f) Determine all self-homeomorphisms of X.

Exercise 2.23. We consider X = Q with the subspace topology coming from R. Show
that the only connected subsets of Q are the subsets consisting of at most a point.

Exercise 2.24. Let f : X → Y be a continuous map between topological spaces, let U Ă X
be a subset and let A Ă Y be a subset.
(a) Suppose that A is closed and suppose that f(U) Ă A. Show that f(U) Ă A.
(b) Suppose that A is open and that A Ă f(U). Show that A Ă f(

◦
U).

Exercise 2.25. Let X be a topological space. We say a subset A Ă X is a retract of X
if there exists a retraction r : X → A, i.e. a continuous map with r(a) = a for all a ∈ A.
(Evidently we demand that r is continuous).
(a) Suppose that X is Hausdor�. Show that A is a closed subset of X.
(b) Show that the conclusion of (a) does not necessarily hold if we do not assume that

X is Hausdor�.

Exercise 2.26. Let f : (X,S)→ (Y, T ) be a (possibly non-continuous) map between two
topological spaces.
(a) Show that if f is continuous, then for every (xn)n∈N sequence in X we have

lim
n→∞

xn = x =⇒ lim
n→∞

f(xn) = f(x).

(b) We suppose that for every sequence (xn)n∈N in X we have

lim
n→∞

xn = x =⇒ lim
n→∞

f(xn) = f(x).
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(i) Give an example where this condition is satis�ed but f is not continuous.
(ii) A topological space is called �rst-countable, if for every x ∈ X there exists a

countable family of open neighborhoods {Ui}i∈I of x such that each open neigh-
borhood of x contains at least one Ui. Show that if X is �rst-countable, then f
is continuous.

Exercise 2.27. Let X be a topological space. Given a compact subset K Ă X we de�ne
m(K) to be the number of non-compact path-components of X \K that are not contained
in a compact subset of X. We refer to

End(X) := max{m(K) |K is a compact subset of X} ∈ N0 ∪ {∞}
as the number of ends of X.
(a) Given n ∈ N determine m(Rn).

Remark. This exercise shows that R is not homeomorphic to R2.
(b) Can you �nd connected spaces with arbitrarily large number of ends?

Remark. We will introduce the �ends� of a topological space in Exercise 56.13. We will see
that what we now call the �number of ends� equals the cardinality of the set of ends.
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K with m(K) = 3
M

this path component of M \K is
contained in a compact subset

Exercise 2.28. Let C Ă R be the Cantor set. We equip C with the subspace topology.
Determine the components of C.

Exercise 2.29. Let f : X → Y be a continuous map between topological spaces. By the
Compact Image Lemma 2.13 we know that the image of a compact subset of X under f is
a compact subset of Y .
(a) Give an example of a continuous map f : R → R and an open subset U Ă R such

that f(U) is not an open subset of R.
(b) Give an example of a continuous map f : R → R and a closed subset U Ă R such

that f(U) is not a closed subset of R.

Exercise 2.30. In this exercise we will see that for maps between subsets of R2 the notions
of �open�, �closed� and �continuous� are completely independent. More precisely for (a)-(f)
provide an example of a map ϕ : X → Y between subsets of R2, equipped with the subspace
topology coming from R2, that have the stated property.
(a) The map ϕ is open but neither closed nor continuous.
(b) The map ϕ is closed but neither open nor continuous.
(c) The map ϕ is continuous but neither open nor closed.
(d) The map ϕ is continuous and open but not closed.
(e) The map ϕ is continuous and closed but not open.
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(f) The map ϕ is open and closed but not continuous.

Exercise 2.31. Show that the maps

α : R2 → R
(x, y) 7→ x+ y

and
β : R2 → R
(x, y) 7→ x · y

are continuous.
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closed subset A
compact subset K

Exercise 2.32. Let f : X → Y be a continuous map from a topological space X to some
metric space Y , e.g. Y = Rn. Let P ∈ Y be a point that is not contained in f(X). We
suppose that X is compact. Show that there exists an r > 0 such that Br(P )∩ f(X) = ∅.

Exercise 2.33. Let f, g : X → Y be two continuous maps between topological spaces.
(a) Suppose that Y is Hausdor�. Show that {x ∈ X | f(x) = g(x)} is a closed subset

of X.
(b) Show that the conclusion of (a) does not necessarily hold if we do not assume that

Y is Hausdor�.
(c) Show that if f and g agree on a subset A and if Y is Hausdor�, then f and g also

agree on the closure A of A.

Exercise 2.34. Let Rn∪{∞} be �Rn with a point at in�nity�. Let v ∈ Rn. Show that the
map Rn ∪ {∞} → Rn ∪ {∞}

Q 7→
{
Q+ v, if Q ∈ Rn,
∞, if Q =∞

is continuous.

Exercise 2.35. Let f be a complex polynomial of degree ≥ 1. Show that the map

Θ(f) : C ∪ {∞} → C ∪ {∞}

t 7→
{
f(t), if t ∈ C,
∞, if t =∞

is continuous.
Remark. By Lemma 2.18 we can make the identi�cation S2 = C ∪ {∞}. Thus we see that
complex polynomials of degree ≥ 1 give rise to interesting self-maps of S2.
Remark. The analogous statement also holds for a polynomial f with real coe�cients, it
gives rise to a self-map Θ(f) of R ∪ {∞} = S1.
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S1 = R ∪ {∞}graph of a polynomial f
Θ(f)
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Exercise 2.36. We consider the map

f : R → S1

t 7→ exp(2π it)

(a) Show that f is an open map.
(b) Is f also a closed map?

Exercise 2.37. Let X be a set and let {Ai}i∈I be a family of subsets. Suppose that each
Ai is equipped with a topology.
(a) We say U Ă X is open if for each i ∈ I the intersection U ∩ Ai is an open subset of

Ai. Show that this de�nes a topology on X.
(b) We consider the set X = [−2, 2].

(i) We consider the subsets A1 = [−2, 0] and A2 = [0, 2].
(ii) We consider the subsets B1 = [−2, 0] and B2 = (0, 2].
(iii) We consider the subsets C1 = [−2, 0], C2 = (0, 2] and C3 = (−1, 1).
(iv) We consider the subsets D1 = [−1, 1) and D2 = (0, 2].
For each of these four settings we equip the subsets with the obvious topology and
we equip X = [−2, 2] with the corresponding topology. Describe the resulting four
topological spaces. Are these topological spaces that we are familiar with?

−2 2 −2 2 −2 2 −2 2

A1 D1
D2

A2
B1

B2

C1
C2

C3

Exercise 2.38. Let P1, . . . , Pn ∈ Rk.
(a) Show that the convex hull of the set {P1, . . . , Pn} is given by the set{ n∑

i=1
ti · Pi

∣∣ t1, . . . , tn ∈ R≥0 and
n∑
i=1
ti = 1

}
.

Note: We make no hypothesis on the points P1, . . . , Pn, in particular some of them
could be identical and we do not assume say that the vectors P2−P1, . . . , Pn− 1 are
linearly independent.

(b) Show that the set in (a) is compact.
(c) Is the convex hull of a compact subset of Rk necessarily compact?
(d) Is the convex hull of an open subset of Rk necessarily an open subset?

Exercise 2.39. Let f, g : X → Y be two maps between two topological spaces. Let A Ă X
be a subset such that f and g agree on A. Show that if A is dense, if Y is Hausdor� and
if f and g are continuous, then f and g agree on all of X.

Exercise 2.40.
(a) Show that the half-open interval [0, 1) and the open interval (0, 1) are not homeo-

morphic.
(b) Is the topological space [0, 1)∩Q homeomorphic to the topological space (0, 1)∩Q?

Exercise 2.41. Let m,n ∈ N.
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(a) Let A = (a1 . . . an) ∈ M(m × n,R) = (Rm)n. Show that A has rank m if and only
there exist k1, . . . , km ∈ {1, . . . , n} with det(ak1 . . . akm) 6= 0.

(b) Show that the set of matrices of rank m is an open subset of M(m× n,R).
Remark. In the Matrix Group Lemma 2.36 we dealt with the case m = n.

Exercise 2.42. Give an example of a bijective continuous map f : X → Y between two
topological spaces whereX is compact but such that f is nonetheless not a homeomorphism.

Exercise 2.43. Let X and Y be topological spaces and let i : X → Y be a map. We
suppose that there exists a map r : Y → X with r ◦ i = idX . Show that i is an embedding.

Exercise 2.44. Let f : [0, 1]→ R be a continuous function. Let a < b be two real numbers.
Show that f can only go �nitely many times from a to b. More precisely, show that it is
not possible to �nd numbers x1 < y1 < x2 < y2 < x3 < y3 < . . . in [0, 1] such that for each
i ∈ N we have f(xi) = a and we have f(yi) = b.

Exercise 2.45. Let A ∈ M(m× n,R). We de�ne the norm of A as follows:

‖A‖ := max{‖Av‖ | v ∈ Sn−1} ∈ R≥0.

(Note that by the Compact Image Lemma 2.13 (2) it does indeed make sense to take the
maximum.)
(a) Show that for all v ∈ Rn we have ‖Av‖ ≤ ‖A‖ · ‖v‖.
(b) (i) Show that for all A,B ∈ M(m× n,R) we have ‖A+B‖ ≤ ‖A‖+ ‖B‖.

(ii) Show that for any A ∈ M(m× n,R) and λ ∈ R we have ‖λ · A‖ = |λ| · ‖A‖.
Note that this shows that ‖ − ‖ turns M(m× n,R) into a normed vector space.

(c) Show that for A ∈ O(n) we have ‖A‖ = 1.
(d) Show that for A ∈ M(l×m,R) and B ∈ M(m× n,R) we have ‖A ·B‖ ≤ ‖A‖ · ‖B‖.
(e) Give examples of matrices A,B ∈ M(m×m,R) with ‖A ·B‖ 6= ‖A‖ · ‖B‖.
(f) Show that for A ∈ GL(n,R) we have ‖A−1‖ = ‖A‖−1.
(g) Let A ∈ GL(n,R) be an invertible matrix. Show that there exists a λ > 0 such that
‖Av‖ ≥ λ · ‖v‖ for all v ∈ Rn.

(h) Show that the map
M(m× n,R) → R≥0

A 7→ ‖A‖
is continuous.

(i) Let f : [a, b]→ M(m× n,R) be a continuous map. Show that∥∥∥ b∫
a

A(t) dt
∥∥∥ ≤ b∫

a

‖A(t)‖ dt.

Hint. Make use of the Integral Inequality Lemma 0.16.

Exercise 2.46. Let A be an invertible real (m×m)�matrix. Show that the map

Rm ∪ {∞} → Rm ∪ {∞}

x 7→
{
A · x, if x ∈ Rm,
∞, if x =∞

is continuous.
Hint. Use Exercise 2.45 (g).
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Exercise 2.47. Let n ∈ N. We consider the stereographic projection

Φ: Sn → Rn ∪ {∞}

(x1, . . . , xn+1) 7→

{ (
x1

1− xn+1
, . . . ,

xn
1− xn+1

)
, if xn+1 < 1,

∞, if xn+1 = 1

that we introduced in Lemma 2.18. Show that Φ is continuous.

Exercise 2.48. We consider the Topologist's Sine Curve

X :=
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2.

which we introduced on page 164.
(a) Show that X is connected.
(b) Show that there does not exist a continuous map γ : [0, 1] → X with γ(0) = ( 1

π
, 0)

and with γ(1) = (0, 0).
Hint. Assume such a map exists. We denote by q : X → R the projection onto
the second coordinate. Use the Intermediate Value Theorem to construct sequences
(an)n∈N and (bn)n∈N in [0, 1] which both converge to the same number but such that
for each n ∈ N we have q(γ(an)) = −1 and q(γ(bn)) = +1.
Remark. This exercise implies of course that X is not path-connected.

(c) Show that X has two path components.

??

γ

1
π

Topologist's Sine Curve X

−1

1

0 1

Exercise 2.49. Let X be a topological space and let U Ă P(X) be an open cover of X.
Show that the following two statements are equivalent:
(1) The topological space X is connected.
(2) Given any two points P,Q ∈ X there exist U0, . . . , Uk ∈ U with P ∈ U0, Q ∈ Uk,

with Ui∩Ui+1 6= ∅ for i = 0, . . . , k−1 and such that Ui∩Uj = ∅ whenever |i−j| ≥ 2.
Remark. Some people refer to this statement as the Sausage Lemma.
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the Ui are disks of a given radius

Exercise 2.50. Let X be a topological space and let A Ă X be a subset.

(a) Suppose that X is path-connected and that ∂A is path-connected. Show that X \
◦
A

is also path-connected.
(b) Suppose that X is connected and that ∂A is connected. Show that X \

◦
A is also

connected.
Remark. This exercise is the content of the Complement Connected Lemma 2.29.
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Exercise 2.51. We set K := { 1
n
|n ∈ N}. The K-topology on R is de�ned as the topology

K that is generated by the open intervals (a, b) and by all sets of the form (a, b) \K where
a, b ∈ R.
(a) Show that (R,K) is connected.
(b) Show that (R,K) is not path-connected, more precisely, show that it has precisely

two path-components, namely (−∞, 0] and (0,∞).

Exercise 2.52. Let X be a topological space and let A Ă X be a subset. Show that if A
is connected, then its closure A is also connected.

Exercise 2.53. A topological space X is called arc-connected if given any two points
P,Q ∈ X there exists a map f : [0, 1] → X with f(0) = P , f(1) = Q and which has the
property that f is an embedding.50

(a) Show that the line with two zeros is not arc-connected.
(b) Let n ≥ 2 and let X be the �Rn with two origins�, which is de�ned in the hopefully

obvious way. Is X arc-connected?
Remark. A rather amazing (non-trivial!) theorem says that any topological space that is
path-connected and which is Hausdor� is in fact arc-connected. We refer to [Will1970,
Corollary 31.6], [Enge1989, p. 381] and [HY1988, p. 118 and p. 129] for a proof of this
statement.

Exercise 2.54.

(a) Let n ∈ N≥3. We consider

Xn := {r · exp(2π it · k
n
) | r ∈ [0, 1) and k ∈ {0, . . . , n− 1}}.

We write P := 0. Show that every self-homeomorphism f : Xn → Xn preserves P .
(b) Does the statement in (a) also hold for n = 1 and/or n = 2?

��
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���� X7
P

X5
P

Exercise 2.55.

(a) Let n ≥ 1. Show that the sphere Sn is path-connected.
Remark. This is the content of the Ball-Sphere-Connected Lemma 2.25 (2).

(b) Is the line with two zeros connected?

Exercise 2.56. A subset of a topological space is sometimes called clopen if it is open and
closed. Let n ∈ N. Determine all clopen subsets of Rn.

Exercise 2.57. Let X be a path-connected subset of R2. Is it also necessarily regionally
path-connected?

50Sometimes, see e.g. [Will1970, Enge1989], such topological spaces are also called arcwise connected.
Rather confusingly some other books, e.g. [Bre1993], use the term arcwise connected for what we call
path-connected. The lesson is, that in any given book one always should look up the de�nitions.
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Exercise 2.58. We consider the set X = (0, 1) with the topology where the open sets are
precisely the sets ∅, X and the intervals (0, 1− 1

n
). Show that X is compact and show that

X is not regionally compact.

Exercise 2.59. Let X be a topological space. We consider the set X∗ := X ∪ {∞}. We
say U Ă X∗ is open if one of the following conditions is satis�ed:
(1) U is an open subset of X, or
(2)∞ ∈ U and there exists a compact subset K of X such that U = X∗ \K.

The inclusion c : X → X∗ is called the Alexandro� extension. Show that the following
statements hold:
(a) The open sets do indeed de�ne a topology on X.
(b) The map c is continuous and open.
(c) Show that the topological space X∗ is compact.
(d) Show that if X is non-compact, then c(X) Ă X∗ is dense.
(e) Show that X∗ is Hausdor� if and only if X is Hausdor� and regionally compact.

Remark. The topological space X∗ is called the one-point compacti�cation of X or Alexan-
dro� compacti�cation of X.51

Remark. One can show easily that the one-point compacti�cation of Rn equals the �Rn

with a point at in�nity� that we introduced on page 122.

Exercise 2.60. Let X = N with the discrete topology. Show that the one-point compact-
i�cation of X, as de�ned in Exercise 2.59, is homeomorphic to a subset of R.

Exercise 2.61. Give an example of a subspace of R2 that is path-connected but that is
not locally path-connected.

Exercise 2.62. Let X be a topological space.
(a) Let f : X → Rn and g : X → Rn be two maps. We assume that f is proper and we

assume that there exists an ε ∈ R such that for every x ∈ X we have ‖f(x)−g(x)‖ < ε.
Show that g is also proper.

(b) Does the conclusion of (a) hold if we replace the metric space (Rn, d(x, y) := ‖x−y‖)
by any other metric space (Y, d)?

51Some authors use the expression �one-point compacti�cation� only if X is non-compact, Hausdor� and
regionally compact.
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3. Categories, functors and natural transformations

In the last chapter we introduced the concept of topological spaces, we studied several
natural examples and we discussed various basic concepts. We will now take a short break
from discussing topological spaces.

In this chapter we introduce the notion of a category, of a functor and of a natural
transformation that many readers will already have encountered in di�erent courses. In
the following chapter we will introduce the notions of (co-) products and (co-) limits in
categories. These notions might initially appear to be rather abstract, but they play an
essential role in topology and they are regularly used in all branches of pure mathematics.
These concepts will also guide us for how to proceed with the discussion of topological
spaces.

Nonetheless, readers who want to learn more about topological spaces as quickly as
possible can also safely skip these two chapters. Having a background in categories is
helpful for the later chapters on topological spaces, but not completely essential.

3.1. De�nition and examples of categories.

De�nition. A category C consists of the following data:
(1) A class52 Ob(C), the elements of which are called the objects of the category.
(2) For each pair (X, Y ) of objects there exists a set53 54 MorC (X, Y ), the elements of

which are called the morphisms from X to Y .
(3) For any three objects X, Y and Z we are provided a map

MorC (X, Y )×MorC (Y, Z) → MorC (X,Z)
(f, g) 7→ g ◦ f,

that satis�es the following axioms:
(A) (associativity): For every f ∈ MorC (W,X), g ∈ MorC (X, Y ) and h ∈ MorC (Y, Z)

we have
(h ◦ g) ◦ f = h ◦ (g ◦ f) ∈ MorC (W,Z).

(B) (identity): For every object X there exists a morphism idX ∈ MorC (X,X) with
the property that

idX ◦f = f for all W ∈ Ob(C) and all f ∈ MorC (W,X), and
f ◦ idX = f for all Y ∈ Ob(C) and all f ∈ MorC (X, Y ).

Before we give a long list of examples let us �rst state a lemma which will look familiar
from a basic algebra course.

52As many �working mathematicians� the author has a slightly guilty conscience for not knowing what a
�set� and what a �class� is. Therefore the reader is referred to [Cie1997, FPr1985] for details. Truth
be told, most mathematicians learn from logicians at some point when to say �class� instead of �set�, but
many mathematicians do not know exactly what they are doing at that point.
53One could ask why MorC (X,Y ) has to be a set, why not just a class? To the best of my knowledge the
axioms on morphisms that we write down also make sense if MorC (X,Y ) is only required to be a class.
Here's a long discussion which gives a satisfactory answer to people in category theory:

http://mathoverflow.net/questions/48810/why-need-the-morphisms-to-form-a-set

I myself do not understand the answer.
54If the category is clear from the context, then we just write Mor(X,Y ) instead of MorC (X,Y ).

http://mathoverflow.net/questions/48810/why-need-the-morphisms-to-form-a-set
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Lemma 3.1. Let C be a category. For every object X ∈ Ob(C) there exists a unique
morphism idX ∈ MorC (X,X) with the property that

(i) idX ◦f = f for all W ∈ Ob(C) and all f ∈ MorC (W,X),
(ii) f ◦ idX = f for all X ∈ Ob(C) and all f ∈ MorC (X, Y ).

Proof. The existence of idX is given by property (3B) of a category. Now suppose that
I ∈ MorC (X,X) has the same property. Then we have

idX = I ◦ idX = I.
↑ ↑

property (i) of I applied to f=idX property (ii) of idX applied to f=I �

Lemma 3.1 allows us to introduce the following de�nition.

De�nition. Let C be a category and let X ∈ Ob(C). We refer to the morphism that is
uniquely de�ned in Lemma 3.1 as the identity morphism idX .
In the following we introduce all kinds of categories. Many of those will be faithful com-
panions throughout these notes.
De�nition.
(a) We refer to the category Set with

Ob(Set) := all sets,
Mor(X, Y ) := all maps from X to Y ,

together with the usual composition of maps as the category of sets.
(b) We refer to the category Top with

Ob(Top) := all topological spaces,
Mor(X, Y ) := C(X, Y ) := all continuous maps from X to Y ,

with the usual composition of maps55By Lemma 2.1 (1) we know that the com-
position of continuous maps is indeed continuous. as the category of topological
spaces.

(c) Let K be a �eld. We refer to the category VecK with

Ob(VecK) := all K-vector spaces,
Mor(X, Y ) := HomK(X, Y ) = all K-homomorphisms from X to Y ,

with the usual composition of homomorphisms as the category of K-vector spaces.
(d) We refer to the category Group with

Ob(Group) := all groups,
Mor(X, Y ) := Hom(X, Y ) = all group homomorphisms from X to Y ,

with the usual composition of group homomorphisms as the category of groups.
Similarly we de�ne the category AbGroup of abelian groups.

(e) We refer to the category Ring with56

Ob(Ring) := all rings,
Mor(R, S) := Hom(R, S) = all ring homomorphisms from R to S,
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with the usual composition of ring homomorphisms as the category of rings. Simi-
larly we de�ne the category CRing of commutative rings.

(f) A pair of sets is a pair (X,A), where X is a set and A is a subset of X. We refer to
the category PairSet with

Ob(PairSet) := all pairs of sets,
Mor((X,A), (Y,B)) := all maps f from X to Y with f(A) Ă B

with the usual composition of maps as the category of pairs of sets. With the same
approach we could also introduce the category of pairs of groups and so on.

The name �morphisms� suggests that morphisms are necessarily maps. But as we will see
in the following two examples, this is not necessarily always the case.

Example.
(g) We consider the category C with

Ob(C) := all sets,

Mor(X, Y ) :=

{
{idX}, if X = Y
∅, if X 6= Y.

The composition map only needs to be de�ned if X = Y = Z57, and in this case we
de�ne idX ◦ idX := idX . One can easily convince oneself that this de�nes a category.

(h) Let G be an arbitrary group. We consider the category C with

Ob(C) := the set with the unique element ∗,
Mor(∗, ∗) := G.

We de�ne Mor(∗, ∗)×Mor(∗, ∗) → Mor(∗, ∗)
(f, g) 7→ g ◦ f := g · f︸︷︷︸

multiplication in G

via the group structure on Mor(∗, ∗) = G. The axioms of a category can be easily
deduced from the group axioms of G.

(i) Let (P,≤) be a partially ordered set, as de�ned on page 91. We �x a set {∗} consisting
of a single element. We de�ne the order category Order (P,≤) that is given by

Ob(Order (P,≤)) = P

Mor(x, y) =

{
{∗}, if x ≤ y,
∅, otherwise.

together with the only possible way to compose morphisms.
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x
Mor(x, y) = {∗}
Mor(y, x) = ∅
Mor(x, x) = ∅
Mor(y, y) = {∗}

partially ordered set
where a ≥ b if a is connected
to b via a sequence of arrows

The following de�nition is almost self-explanatory.

56We refer to page 98 for our de�nition of a ring.
57If X 6= Y then Mor(X,Y ) = ∅, but then Mor(X,Y )×Mor(Y, Z) is also the empty set for any Z.
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De�nition. Let C be a category. A subcategory is a category D such that Ob(D) Ă Ob(C)
and such that for each X, Y ∈ Ob(D) we have MorD(X, Y ) Ă MorC (X, Y ). We say D is a
full subcategory if for each X, Y ∈ Ob(D) we have MorD(X, Y ) = MorC (X, Y ).

Examples.
(1) The category AbGroup of abelian groups is a full subcategory of the category of

groups Group.
(2) Let C be the category where the objects are groups but where the only morphisms

are group isomorphisms. This is a subcategory of Group, but it is certainly not a full
subcategory of Group.

De�nition. Let C be a category.
(1) An object X ∈ Ob(C) is called initial if for each object Y ∈ Ob(C) there exists a

unique morphism from X to Y .
(2) An object X ∈ Ob(C) is called terminal if for each object Y ∈ Ob(C) there exists a

unique morphism from Y to X.

Example.
(1) In the category Set of sets an initial object is given by the empty set and a terminal

object is given by any set consisting of a single element. Similarly in the category
Top of topological spaces an initial object is given by the empty topology space and
a terminal object is given by an topological space consisting of a single element.

(2) In the category Group of groups any group consisting of a single element is an initial
and also a terminal object. The same applies to the category AbGroup of abelian
groups and the analogous statement holds in the category VecK of vector spaces over
a �eld K.

Lemma 3.2. Let C be a category.
(1) If an initial object exists, then it is unique up to isomorphism.
(2) If a terminal object exists, then it is unique up to isomorphism.

Proof. The statements follow easily from the de�nition. We will �ll in the details in
Exercise 3.4. �

Next we introduce the dual of a category C . The idea is very simple, we keep the
objects, but we �invert the direction of the morphisms�. This simple concept can be very
convenient in future discussions.
De�nition. Let C be a category. The opposite category C op of C is de�ned as the category
where Ob(C op) := Ob(C)

MorCop(X,Y ) := MorC (Y ,X)

with the composition given by f ◦Cop g = g ◦C f .

Example.
(1) Let (P,≤) be a partially ordered set. We consider the corresponding order category

Order (P,≤). The dual of the order category Order (P,≤) is the order category correspond-
ing to the partially ordered set (P,≤op) where x ≤op y if and only if y ≤ x.
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(P,≤op)partially ordered set (P,≤)

(2) For any category C we evidently have (C op)op = C .
(3) Let X be the initial object of a category C . It follows easily from the de�nitions that

it is also the terminal object of the category C c.

We conclude this introduction to categories and morphisms with the following de�nition
and a short discussion thereof.
De�nition. Let C be a category.
(1) In the following we call a morphism f ∈ MorC (X, Y ) invertible if there exists a

morphism g ∈ MorC (Y,X) such that f ◦ g = idY and g ◦ f = idX . Sometimes we
refer to invertible morphisms also as isomorphisms.

(2) We denote by MorC (X, Y )inv the set of all invertible morphisms.

Examples.
(1) In the category of vector spaces the invertible morphisms are precisely the isomor-

phisms which are familiar from linear algebra.
(2) In the category considered in (g) every morphism is an isomorphism. In fact cate-

gories in which every morphism is an isomorphism are called groupoids.

Lemma 3.3. Let C be a category.
(1) Let X, Y ∈ Ob(C) and let f ∈ MorC (X, Y ). If g ∈ MorC (Y,X) is a morphism with

f ◦ g = idY and if g̃ ∈ MorC (Y,X) is a morphism with g̃ ◦ f = idX , then g = g̃.
(2) Let X, Y ∈ Ob(C) and let g, g̃ ∈ MorC (X, Y ) with f ◦ g = idY and g ◦ f = idX and

with f ◦ g̃ = idY and g̃ ◦ f = idX . Then g = g̃.
(3) Let X ∈ Ob(C). The set of invertible morphisms MorC (X,X)inv forms a group under

the composition of morphisms.

Proof.
(1) We have

g = idX ◦g = (g̃ ◦ f) ◦ g = g̃ ◦ (f ◦ g) = g̃ ◦ idY = g̃.
↑ ↑ ↑ ↑ ↑

de�ning de�ning associativity of �◦� de�ning de�ning
property of idX property of g property of g̃ property of idY

(2) This statement follows immediately from (1).
(3) Let X ∈ Ob(C). �rst note that by de�nition MorC (X,X) is actually a set. Next

note that by de�nition of a category we can compose any two morphisms that lie
in MorC (X,X). It follows easily from the associativity of �◦� that the composition
of two invertible morphisms is again invertible. It now follows from Properties (3A)
and (3B) of a category that MorC (X,X)inv forms a group. �

De�nition. Let C be a category, let X, Y ∈ Ob(C) and let f ∈ MorC (X, Y )inv be an
invertible morphism. By Lemma 3.3 there exists a unique morphism g ∈ MorC (Y,X) with
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f ◦ g = idY and g ◦ f = idX . We refer to this morphism as the inverse of f and usually we
denote it by f−1.

Lemma 3.4. Let C be a category and let f ∈ MorC (X, Y ) be an invertible morphism. For
every Z ∈ Ob(C) the maps

MorC (Y, Z) → MorC (X,Z)
g 7→ g ◦ f and

MorC (Z,X) → MorC (Z, Y )
g 7→ f ◦ g

are bijections.

Proof. One can easily show that precomposition respectively postcomposition with the
inverse morphism f−1 de�nes inverses to the given maps. �

3.2. Functors. In this section we introduce the all-important notions of covariant and
contravariant functors.

De�nition. Let C and D be two categories. A covariant functor F : C → D consists of a
map F : Ob(C) → Ob(D)

and for all X, Y ∈ Ob(C) a map

F : MorC (X, Y ) → MorD(F (X), F (Y )),

such that the following axioms are satis�ed:
(F1) For all X ∈ Ob(C) we have F (idX) = idF (X).
(F2) For all φ ∈ MorC (X, Y ) and all ψ ∈ MorC (Y, Z) the following equality holds

F (ψ ◦ φ) = F (ψ) ◦ F (φ) ∈ MorD(F (X), F (Z)).

Convention. For a covariant functor F and φ ∈ MorC (X, Y ) we often write φ∗ instead
of F (φ). The �rst axiom (F1) then becomes (idX)∗ = idF (X) and the second axiom (F2)
becomes (ψ ◦ φ)∗ = ψ∗ ◦ φ∗.

Examples.

(1) The map

F : Ob(VecR) → Ob(Set)
(V,+, ·) 7→ V,

together with the maps MorVecR(V,W ) → MorSet (V,W )
(ϕ : V → W ) 7→ (ϕ : V → W )

de�nes a covariant functor from the category VecR of real vector spaces to the category
Set of sets. This example can be generalized to many contexts. Functors of this type
are colloquially called forgetful functor.

(2) Given any category there is the identity functor with the obvious de�nition.
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(3) Let Top be the category of topological spaces and let Set be the category of sets. It
follows easily from follows easily from Lemma 2.35 (2) that the map

F : Ob(Top) → Ob(Set)
X 7→ π0(X) := set of path-components of X,

together with the maps
MorTop(X, Y ) → MorSet (π0(X), π0(Y ))

f 7→
(
π0(X) → π0(Y )

C 7→ f(C)

)
is a covariant functor from the category Top of topological spaces to the category Set
of sets.

The next lemma says that covariant functors can be composed in an obvious way.

Lemma 3.5. Let C , D and E be three categories and let F : C → D and G : D → E be
covariant functors. The map

Ob(C) → Ob(E)
X 7→ G(F (X))

together with the maps
MorC (X, Y ) → MorE(G(F (X)), G(F (Y )))

(ϕ : X → Y ) 7→ G(F (ϕ)) : G(F (X))→ G(F (Y ))

is a covariant functor from C to E . We denote this functor by G ◦ F .

Proof. The lemma follows easily from the de�nitions. �

Example. We consider the covariant functors F : Set → PairSet and G : PairSet → Set that
are given by

F : Ob(Set) → Ob(PairSet)
X 7→ (X,∅)

and
G : Ob(PairSet) → Ob(Set)

(X,A) 7→ X

together with the obvious maps on morphisms. The composition G ◦ F is just the identity
functor on Set and the composition F ◦ G is the covariant functor that sends (X,A) to
(X,∅).

We state our next example of a covariant functor as a lemma.

Lemma 3.6. Let D be a category and let Set be the category of sets. Furthermore let
W ∈ Ob(D). The map

F : Ob(D) → Ob(Set)
X 7→ MorD(W,X)

together with the maps MorD(Y, Z) → MorSet (MorD(W,Y ),MorD(W,Z))

φ 7→
(

MorD(W,Y ) → MorD(W,Z)
g 7→ φ ◦ g

)
is a covariant functor.

Proof. The statement follows easily from the axioms of a category. �

Example. The example of a covariant functor in Lemma 3.6 comes with many variations,
for example if MorD(W,X) has more structure than that of a set. For instance let W be a
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real vector space. Then the above map

F : Ob(VecR) → Ob(VecR)
V 7→ HomR(W,V )︸ ︷︷ ︸

real vector space

,

together with the maps MorVecR(U, V ) → MorVecR(F (U), F (V ))

(φ : U → V ) 7→
(

HomR(W,U) → HomR(W,V )
g 7→ φ ◦ g

)
de�nes a covariant functor from the category VecR of real vector spaces to itself.

We also have the following de�nition which looks almost the same as the previous de�nition.

De�nition. Let C and D be two categories. A contravariant functor F : C → D consists
of a map F : Ob(C) → Ob(D)

and for all X, Y ∈ Ob(C) a map

MorC (X,Y ) → MorD(F (Y ), F (X))

such that the following axioms are satis�ed:
(F1) For all X ∈ Ob(C) we have F (idX) = idF (X).
(F2) For all φ ∈ MorC (X, Y ) and all ψ ∈ MorC (Y, Z) we have

F (ψ ◦ φ) = F (φ) ◦ F (ψ) ∈ MorD(F (Z), F (X)).

The de�nition of a contravariant functor looks very much the same as the de�nition of a
covariant functor. The di�erence is that a contravariant functor �reverses the direction of
morphisms� and the orders of F (ψ) and F (φ) in the second axiom are swapped.

Convention. For a contravariant functor F and φ ∈ MorC (X, Y ) we often write φ∗ instead
of F (φ). The �rst axiom then becomes (idX)∗ = idF (X) and the second axiom becomes
(ψ ◦ φ)∗ = φ∗ ◦ ψ∗.
We state our �rst example as a lemma, namely we have the following analogue of Lemma 3.6.

Lemma 3.7. Let D be a category and let Set be the category of sets. Furthermore let
W ∈ Ob(D). The map

F : Ob(D) → Ob(Set)
X 7→ MorD(X,W )

together with the maps MorD(Y, Z) → MorSet (MorD(Z,W ),MorD(Y,W ))

f 7→
(

MorD(Z,W ) → MorD(Y,W )
g 7→ g ◦ f

)
is a contravariant functor.

Proof. Again the statement follows easily from the axioms of a category. �

Examples. Lemma 3.7 can be viewed as the mother of all contravariant functors. As in
the case of Lemma 3.6 it spawns many variations if MorD(X,W ) has more structure than
just being a set.

(1) The map
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F : Ob(Set) → Ob(VecR)
X 7→ Map(X,R) := set of maps X → R︸ ︷︷ ︸

vector space in the obvious way

,

together with the maps
MorSet (X, Y ) → MorVecR(Map(Y,R),Map(X,R))

(φ : X → Y ) 7→
(

Map(Y,R) → Map(X,R)
f 7→ f ◦ φ

)
is a contravariant functor from the category Set of sets to the VecR of real vector
spaces.

(2) The map
F : Ob(VecR) → Ob(VecR)

V 7→ V ∗ := HomR(V,R) =: dual vector space of V ,
together with the maps

MorVecR(U, V ) → MorVecR(V ∗, U∗)

(φ : U → V ) 7→
(

HomR(V,R) → HomR(U,R)
f 7→ f ◦ φ

)
is a contravariant functor from the category VecR of real vector spaces to itself.

We have the following analogue of Lemma 3.5, but note that it comes with a twist.

Lemma 3.8. Let C , D and E be three categories.
(1) Let F : C → D and G : D → E be two contravariant functors. The map

Ob(C) → Ob(E)
X 7→ G(F (X))

together with the maps

MorC (X, Y ) → MorE(G(F (X)), G(F (Y )))
(ϕ : X → Y ) 7→ F (G(ϕ)) : G(F (X))→ G(F (Y ))

is a covariant functor from the category C to the category E .
(2) Similarly we can de�ne the composition of a covariant functor with a contravariant

functor and we obtain a contravariant functor.

Proof. The lemma again follows easily from the de�nitions. Nonetheless it is worth going
through the argument to make sue that all maps actually make sense and go into the desired
direction. �

The following lemma shows that contravariant functors are covariant functors in dis-
guise.

Lemma 3.9. If
F : C → D
X 7→ F (X)

(X
ϕ−→ Y ) 7→ (F (Y )

F (ϕ)−−→ F (X))

is a contravariant
functor between

two categories, then

C → Dc

X 7→ F (X)

(X
ϕ−→ Y ) 7→ (F (Y )

F (ϕ)−−→ F (X))

is a covariant functor. The same statement also holds with the roles of �covariant� and
�contravariant� swapped.
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Proof. As so often in category theory, the statement follows immediately from the de�ni-
tions. �

Lemma 3.9 can be useful for developing the general study of functors. When we work with
�real life� categories, then personally we �nd that Lemma 3.9 is not all that useful and we
prefer to work with both notions of functors.
We conclude this section with the following basically obvious lemma.

Lemma 3.10. Every functor (regardless of whether it is covariant or contravariant) sends
invertible morphisms to invertible morphisms.

3.3. Natural transformations. In this section we introduce the notion of a natural trans-
formation between two functors. This topic might eventually look even more esoteric, but
once one keeps one's eyes open one realizes that the mathematical world is stu�ed with
natural transformations and natural isomorphisms. They just su�er from the sad fate that
often they do not recognized as such.
After this long preamble, let us give the de�nition of natural transformations.

De�nition. Let C and D be two categories and let F,G : C → D be two covariant functors.
(1) A natural transformation between the functors F and G assigns to each X ∈ Ob(C)

a morphism ΦX : F (X)→ G(X) in D such that for each morphism f : X → Y in C
the following diagram commutes:

F (X)
F∗(f)

//

ΦX
��

F (Y )

ΦY
��

G(X)
G∗(f)

// G(Y ).

(2) If for every X ∈ Ob(C) the morphism ΦX : F (X)→ G(X) is an isomorphism, then
we refer to the natural transformation as a natural isomorphism. In this case, given
X ∈ Ob(C) we often say that F (X) and G(X) are naturally isomorphic.58

The same way we can of course also de�ne the notion of a natural transformation and a
natural isomorphism between two contravariant functors.

Remark. The notion of a natural transformation can also be summarized in the following
diagram:

F (X)
F∗(f)

//

ΦX

��

F (Y )

ΦY

��

X
f

//

66

##

Y

66

##

G(X)
G∗(f)

// G(Y ).

58In the literature the words �natural isomorphism� and �canonical isomorphism� are often used indiscrim-
inately, but whereas the expression �natural isomorphism� has a precise meaning, the expression �canonical
isomorphism� is not a well-de�ned mathematical concept. However, in the lecture notes we will on occa-
sions write that �some object exists canonically�. This means that in the proof we show the existence of
the object by giving an explicit construction that does not rely on any choices.
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Here the wiggly arrows are not morphisms but they are just meant to remind us which
objects a functor associates to the objects X and Y .

Now we will see that we have encountered natural transformations and natural isomor-
phisms much more often than one might have initially thought.

Examples.

(1) Let CRing be the category of commutative rings and let Group be the category of
groups. Let n ∈ N. We consider the covariant functors

F : CRing → Group
R 7→ GL(n,R)

and
G : CRing → Group

R 7→ R∗ := units in R.

For each commutative ring R we consider the group homomorphism

ΦR : GL(n,R) → R∗

A 7→ det(A).

We claim that these group homomorphisms de�ne a natural transformation from F
to G. Thus let f : R → S be a homomorphism between commutative rings and let
A ∈ F (R), i.e. A = (aij) is a matrix in GL(n,R). We have

Leibniz formula
↓

ΦS(F∗(f)(A)) = det((f(aij))i,j=1,...,n) =
∑
σ∈Sn

sign(σ) ·
n∏
i=1

f(ai,σ(i))

= f
( ∑
σ∈Sn

sign(σ) ·
n∏
i=1

ai,σ(i)

)
= f(det(A)) = G∗(f)(ΦR(A)).

↑ ↑
f is a ring homomorphism Leibniz formula

But that means, by de�nition, that the ΦR de�ne a natural transformation from F
to G.

(2) Let K be a �eld. We consider again the category VecK of vector spaces over K. By
Lemma 3.8 we have a covariant functor F : VecK → VecK that is given by the maps

V 7→ (V ∗)∗

(f : V → W ) 7→ ((f ∗)∗ : (V ∗)∗ → (W ∗)∗).

For each real vector space V we denote by ΦV the homomorphism

V → (V ∗)∗

v 7→
(

V ∗ → K
(ϕ : V → K) 7→ ϕ(v)

)
.

It is straightforward to verify that these maps de�ne a natural transformation from
the identity functor id : VecK → VecK to the functor F : VecK → VecK. We will discuss
this example in greater detail in Exercise 3.4.

(3) Let K be a �eld. We denote by Epi the following category:
• The objects are epimorphisms ϕ : V → W between vector spaces over K.
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• Amorphism between objects ϕ : V → W and ϕ′ : V ′ → W ′ consists of twoK-linear
maps α : V → V ′ and β : W → W ′ such that the following diagram commutes:

V
ϕ

//

α
��

W
β
��

V ′
ϕ′

// W ′.

The composition of two morphisms (α, β) and (α̃, β̃) is de�ned as (α̃ ◦ α, β̃ ◦ β),
provided α̃ ◦ α and β̃ ◦ β are de�ned.

The following maps de�ne covariant functors from the category Epi to the category
VecK of vector spaces over K:

F : Epi → VecK
(ϕ : V → W ) 7→ V/ ker(ϕ)

(α, β) 7→
(
V/ ker(ϕ) → V ′/ ker(ϕ′)

[v] 7→ [α(v)]

) and
G : Epi → VecK

(ϕ : V → W ) 7→ W
(α, β) 7→ β.

The maps V/ ker(ϕ) → W
[v] = v + ker(ϕ) 7→ ϕ(v)

form a natural isomorphism from the functor F to the functor G.
(4) We consider the covariant functors

F : Ring → Ring
R 7→ Z

(f : R→ S) 7→ (id : Z→ Z)
and

id : Ring → Ring
R 7→ R

(f : R→ S) 7→ (f : R→ S).

For each commutative ring R we consider the ring homomorphism

ΦR : Z → R
n 7→ n · 1R.

Note by our de�nition of a ring homomorphism on page 98 it follows that for each
ring homomorphism f : R→ S we have f(1R) = 1S. This implies that the following
diagram commutes:

F (R) = Z
F∗(f)=id

//

ΦR
��

Z = F (S)

ΦS
��

id(R) = R
id∗(f)=f

// S = id(S).

But this shows that the ring homomorphisms ΦR de�ne a natural transformation
from the covariant functor F to the identity functor id. Thus, given a commutative
ring, we refer to this ring homomorphism Z→ R as the natural ring homomorphism.

Perhaps in this instance it is also important to give a �non-example�.

Non-Example. Let FGAbGroup be the category of �nitely generated abelian groups. Given
an abelian group A we denote by Tor(A) := {g ∈ A | there exists an n ∈ N with n · g = 0}
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its torsion subgroup and we denote by FA := A/Tor(A) the so maximal torsion-free quo-
tient. We consider the following two covariant functors that are given by59

F : FGAbGroup → FGAbGroup
A 7→ A

and
G : FGAbGroup → FGAbGroup

A 7→ Tor(A)⊕ FA

together with the obvious maps on morphisms. It follows from the Finitely Generated
Abelian Group Classi�cation Theorem 51.4 that for any �nitely generated abelian group
A the groups F (A) = A and G(A) = Tor(A) ⊕ FA are isomorphic. Now we claim that
nonetheless there is no natural isomorphism between F and G. Indeed, suppose there
was such a natural isomorphism Φ. Let us consider the group A = Z2 ⊕ Z and the
homomorphism

f : A = Z2 ⊕ Z → Z2 ⊕ Z = A
([a], b) 7→ ([b], 0).

Since we assume that Φ is a natural isomorphism we obtain the following commutative
diagram

F (A)
ΦA

∼=
//

F (f)
��

G(A)

G(f)
��

F (A)
ΦA

∼=
// G(A)

which specializes in our
setting to the following
commutative diagram

Z2 ⊕ Z ΦA

∼=
//

F (f)=f
��

Z2 ⊕ Z
G(f)=0
��

Z2 ⊕ Z ΦA

∼=
// Z2 ⊕ Z.

Note that the vertical map to the left is non-trivial whereas a close inspection shows that the
vertical map to the right is trivial. But this collides with the statement that the horizontal
maps are isomorphisms and that the diagram commutes.

On many occasions we, and many authors, say that a certain map is �natural�. This means
that the map is in fact a natural transformation between two suitable functors between two
suitable categories. Sometimes it takes some thought to �gure out what the right context
is.

Example. Let G be a group and let A and B be normal subgroups of G with A Ă B. The
Third Isomorphism Theorem in group theory, see [Hun1980, Corollary 5.10], says that the
map

Φ(G,A,B) : G/B → (G/A)/(B/A)
g ·B 7→ (g · A) ·B/A

is an isomorphism. This isomorphism is a natural isomorphism in the following sense. We
consider the category TripGr of triples of groups which is de�ned as follows:

• The objects are the triples (G,A,B) where G is a group and A and B are normal
subgroups of G with A Ă B.
• The morphisms from (G,A,B) to (G′, A′, B′) are the homomorphisms ϕ : G→ G′ with
ϕ(A) Ă A′ and ϕ(B) Ă B′.

59Let us explain why G is in fact a covariant functor. Let f : A → B be a homomorphism between
two �nitely generated abelian groups. Since a homomorphism sends torsion elements to torsion elements
we see that f restricts to a homomorphism Tor(A) → Tor(B). This also implies that f descends to a
homomorphism FA = A/Tor(A) → FB = B/Tor(B). Summarizing we see that f : A → B induces a
homomorphism G(f) : G(A) = Tor(A)⊕ FA→ G(B) = Tor(B)⊕ FB.
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We consider the two functors
F : TripGr → Group
(G,A,B) 7→ G/B

and
G : TripGr → Group
(G,A,B) 7→ (G/A)/(B/A).

One can easily verify that the above isomorphisms Φ(G,A,B) from the third Isomorphism
Theorem de�ne a natural isomorphism from F to G.

All of the above examples of natural transformations are perhaps not particularly impres-
sive. But as we will see, the concept of a natural transformation will eventually become
one of the key notions in this course.
3.4. Equivalence of categories.

De�nition. Let C and D be two categories.
(1) An equivalence of the categories C and D is a tuple (F,G, µ, ν) where F : C → D

and G : D → C are two covariant functors and µ : G ◦ F → idC and ν : F ◦G→ idD

are natural isomorphisms.
(2) A weak equivalence of the categories C and D is a covariant functor F : C → D that

admits a covariant functor G : D → C and two natural isomorphisms µ : G◦F → idC

and ν : F ◦G→ idD such that (F,G, µ, ν) is an equivalence of categories.60

(3) We say C and D are equivalent categories, if there exists an equivalence of categories.

Remark. Given a weak equivalence F of categories C and D the corresponding G, µ, ν are
not uniquely de�ned.

Proposition 3.11. (Weak Equivalence of Categories Proposition) Let C and D be
two categories and let F : C → D be a covariant functor. The following two statements
are equivalent:
(1) The functor F : C → D is a weak equivalence of categories.
(2) The following three statements hold:

(a) The functor F is full, i.e. for any two objects C1, C2 of the category C the map
MorC (C1, C2)→ MorD(F (C1), F (C2)) is surjective.

(b) The functor F is faithful, i.e. for any two objects C1, C2 of the category C the
map MorC (C1, C2)→ MorD(F (C1), F (C2)) is injective.

(c) The functor F is essentially surjective (or dense), i.e. each object D in the
category D is isomorphic to an object of the form F (C) where C is an object of
the category C .

Proof. The �(1) ⇒ (2)�-direction is elementary. The �(2) ⇒ (1)� builds on the Axiom of
Choice 0.1 and can be proved �by hand� with a little bit of an e�ort. The details are worked
out in [Rie2016, Theorem 1.5.9]. �

Example. Let C be the category given by the objects {Rn |n ∈ N0}, where the morphisms
MorC (Rm,Rn) are all real (n×m)-matrices and where composition of morphisms is given
by multiplication of matrices. Furthermore let D be the category where the objects are all
�nite dimensional real vector spaces and where the morphisms are all homomorphisms. It
60In other words, a weak equivalence of categories is the same as an equivalence of categories, except that
G, µ and ν are not part of the date. In particular an equivalence of categories exists if and only if a weak
equivalence of categories exists.
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follows easily from Proposition 3.11 and very elementary linear algebra that the obvious
functor C → D is an equivalence of categories.

We conclude this section with the following lemma that will come in handy at times.

Lemma 3.12. Let F : C → D be a weak equivalence of categories between two categories
and let V : C → V be a covariant functor.
(1) There exists a covariant functorW : D → V such thatW ◦F is naturally isomorphic

to V .
(2) If W : D → V and W̃ : D → V are two covariant functors such that W ◦ F and

W̃ ◦ F are naturally isomorphic to V , then W and W̃ are naturally isomorphic.

Proof. Proofs in basic category theory are almost invariably elementary and a little dull.
Thus we outsource the proof to Exercise 3.8. �

Exercises for Chapter 3.

Exercise 3.1. Let C be a category.
(1) A morphism g ∈ MorC (X, Y ) is called a monomorphism if for every two morphisms

f1, f2 ∈ MorC (W,X) with g ◦ f1 = g ◦ f2 we also have f1 = f2.
(2) A morphism g ∈ MorC (X, Y ) is called an epimorphism if for every two morphisms

h1, h2 ∈ MorC (Y, Z) with h1 ◦ g = h2 ◦ g we also have h1 = h2.
We consider these notions in two di�erent categories.
(a) Show that in the category AbGroup of abelian groups the monomorphisms are precisely

the injective homomorphisms and that the epimorphisms are precisely the surjective
homomorphisms.
Remark. The same statements also hold in the category Group of all groups. The proof
for monomorphisms is straightforward, but the proof for epimorphisms is non-trivial,
we refer to [Lin1970] and [Pare1970, p. 16] for details.

(b) Show that in the category Ring of rings the inclusion Z→ Q is an epimorphism.
(c) An abelian group G is called divisible if for every g ∈ G and n ∈ N there exists

an h ∈ G with n · h = g. We de�ne the category of divisible abelian groups in the
obvious way. Show that in this category the obvious homomorphism Q→ Q/Z is a
monomorphism.

Exercise 3.2. Let C be a category. We recall the following de�nition from Exercise 3.1:
(1) A morphism g ∈ MorC (X, Y ) is called a monomorphism if for every two morphisms

f1, f2 ∈ MorC (W,X) with g ◦ f1 = g ◦ f2 we also have f1 = f2.
(2) A morphism g ∈ MorC (X, Y ) is called an epimorphism if for every two morphisms

h1, h2 ∈ MorC (Y, Z) with h1 ◦ g = h2 ◦ g we also have h1 = h2.
Now solve the following two exercises:
(a) Show that in the category Top of topological spaces a monomorphism is not necessarily

injective.
(b) Show that in the category Top of topological spaces an epimorphism is not necessarily

surjective.
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Exercise 3.3. Let K be a �eld. Given a K-vector space V we write V ∗ := HomK(V,K).
Given a homomorphism f : V → W we denote by f ∗ : W ∗ → V ∗ the dual map. As on
page 204 we consider the covariant functor F : VecK → VecK F that is given by the maps

V 7→ (V ∗)∗

(f : V → W ) 7→ ((f ∗)∗ : (V ∗)∗ → (W ∗)∗).

Furthermore for each K-vector space V we denote by ΦV the homomorphism

V → (V ∗)∗

v 7→
(

V ∗ → K
(ϕ : V → K) 7→ ϕ(v)

)
.

On page 204 we saw that the maps ΦV de�ne a natural transformation from F : VecK → VecK
to the identity morphism id : VecK → VecK.
(a) Show that the maps ΦV are in general not isomorphisms.
(b) We denote by Vecfin

K the full subcategory of VecK that is given by the �nite dimensional
K-vector spaces. Note that F restricts to a covariant functor Vecfin

K → Vecfin
K . Show

that this functor is naturally isomorphic to the identity functor.

Exercise 3.4.
(a) Let C be a category. Show that if an initial object exists, then it is unique up to

isomorphism.
(b) Which of the following categories admits an initial object and which ones admit a

terminal object?
(i) The category Ring of rings.
(ii) The full subcategory Field of the category Ring that consists only of �elds.
(iii) Let (P,≤) be a partially order set. We consider the corresponding order category

Order (P,≤).
(c) Give an example of a category that contains an initial object but not a terminal

object.
(d) Give an example of a category that contains a terminal object but that does not

contain an initial object.

Exercise 3.5. Let K be a �eld. We denote by VecnK the category where the objects are all
vector spaces over K of dimension n and where the morphisms are isomorphisms of vector
spaces. We consider the following two covariant functors:

F : VecnK → VecnK
V 7→ Kn

(ϕ : V → W ) 7→ (id : Kn → Kn)
and

G : VecnK → VecnK
V 7→ V

(ϕ : V → W ) 7→ (ϕ : V → W ).

Are the two functors naturally isomorphic?

Exercise 3.6. Let K be a �eld, let W be a K-vector space and let U, V Ă W be vector
subspaces. In what sense is the isomorphism

V/(U ∩ V ) → (U + V )/U
v + U ∩ V 7→ v + U

a natural isomorphism?
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Exercise 3.7. Let G = (G, ∗) be a group. We de�ne the opposite group Gop = (G, ∗op) as
the group G×G → G

(g, h) 7→ g ∗op h := h ∗ g.
(a) Show that the maps G 7→ Gop and f 7→ f de�ne a covariant functor from the category

Group of groups to itself.
(b) Show that the functor in (a) is naturally isomorphic to the identity functor on the

category Group of groups.

Exercise 3.8. Let F : C → D be an equivalence of categories between two categories and
let V : C → V be a covariant functor.
(1) Show that there exists a covariant functor W : D → V such that W ◦ F is naturally

isomorphic to V .
(2) Let W : D → V and W̃ : D → V be two covariant functors such that W ◦ F and

W̃ ◦F are naturally isomorphic to V . Show that W and W̃ are naturally isomorphic.
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4. Products and Coproducts � Limits and colimits

In this chapter we will continue with our general discussion of categories. First we will
introduce the notion of products and coproducts. Afterwards we will discuss the even more
general notions of limits and colimits. These notions will guide us in our exploration of
topological spaces.

4.1. Products.
De�nition. Let C be a category and let {Xi}i∈I be a family of objects in C . A product
of {Xi}i∈I in the category C is an object P ∈ Ob(C) together with a family of morphisms
{pi : P → Xi}i∈I such that the following universal property is satis�ed: Whenever we are
given a Z ∈ Ob(C) and a family of morphisms {fi : Z → Xi}i∈I there exists a unique
morphism Φ: Z → P such that for each i ∈ I we have fi = pi ◦ Φ, i.e. such that the
following diagram commutes:61

Z

fi ((

Φ // P
pi
��

Xi.

Example. Let C be a category.
(1) Let X,Y ∈ Ob(C) be two objects. A product of X and Y in the category C is some

object P ∈ Ob(C) together with two morphisms p : P → X and q : P → Y such
that the following universal property is satis�ed: Whenever we are given an object
Z ∈ Ob(C) and two morphisms f : Z → X and g : Z → Y there exists a unique
morphism Φ: Z → P such that f = p◦Φ and g = q ◦Φ. The situation is summarized
in the following diagram:

X

Z

f --

g
11

∃! Φ // P
p

44

q

**
Y .

(2) If we take the empty family of objects in C , then it follows easily from the de�nitions
that the corresponding product is a terminal object in the category C .

Lemma 4.1. (Product Uniqueness Lemma) Let C be a category and let {Xi}i∈I
be a family of objects in C . If we are given two products (P, {pi : P → Xi}i∈I) and
(P̃ , {p̃i : P̃ → Xi}i∈I) then the universal properties of both products de�ne uniquely de-
termined isomorphisms Φ: P → P̃ and Φ̃ : P̃ → P which are inverses of one another and
such that for each i ∈ I the following diagram commutes:

P
Φ //

pi **

P̃
Φ̃

oo

p̃itt
Xi.

61Sometimes we refer to P also as the categorical product of {Xi}i∈I if we want to distinguish it from the
usual set-theoretic product.
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Proof. The lemma follows easily from the de�nitions. We will work out the details in
Exercise 4.1. �

Notation. Let C be a category. Let {Xi}i∈I be a family of objects in C such that a product
exists.
(1) We usually denote the product by

∏
i∈I
Xi and we refer to the morphisms

∏
i∈I
Xi → Xi

as natural projections. Furthermore, given morphisms fi : Z → Xi we denote the
corresponding morphism Z →

∏
i∈I
Xi by

∏
i∈I
fi.

(2) If I = {1, . . . , k}, then often we denote the product by X1 × · · · ×Xk. Furthermore
given morphisms fi : Z → Xi, i = 1, . . . , k we denote the corresponding morphism
Z → X1 × · · · ×Xk by (f1, . . . , fk).

Lemma 4.2. (Product-Sets-and-Groups Lemma)
(1) Let Set be the category of sets and let {Xi}i∈I be a family of sets. The product in

Set is precisely the product∏
i∈I
Xi :=

{
f : I →

⋃
i∈I
Xi

∣∣∣ for every i ∈ I we have f(i) ∈ Xi

}
as de�ned on page 88, together with the obvious maps to Xi that is given by f 7→
f(i).

(2) Let Group be the category of groups and let {Xi}i∈I be a family of groups. The
product in Group is the set∏

i∈I
Xi =

{
f : I →

⋃
i∈I
Xi

∣∣∣ for every i ∈ I we have f(i) ∈ Xi

}
as in (1), which we now view as a group by the obvious multiplication, together with
the obvious homomorphisms to Xi.

(3) The same approach as in (2) also applies to the category AbGroup of abelian groups
and the category VecK of vector spaces over a �xed �eld K.

Proof.

(1) So let Z ∈ Ob(Set) and let {fi : Z → Xi}i∈I be a family of maps between sets. We
de�ne Φ: Z →

∏
i∈I
Xi

z 7→

(
I →

⋃
i∈I
Xi

i 7→ fi(z)

)
.

It follows immediately from the de�nition that for each i ∈ I we have fi = pi ◦Φ. It
remains to show that Φ is unique. So let Ψ: Z →

∏
i∈I
Xi be a map such that for each

i ∈ I we have fi = pi ◦ Ψ. We need to show that Φ = Ψ, i.e. we need to show that
for each z ∈ Z and i ∈ I we have Φ(z)(i) = Ψ(z)(i) ∈ Xi. But this follows from the
observation that Φ(z)(i) = pi(Φ(z)) = fi(z) = pi(Ψ(z)) = Ψ(z)(i) ∈ Xi.

(2) The same argument as in (1) also works for Group.
(3) The argument of (2) also works in (3). �

After these examples one might assume that one gets the hang of the product in categories.
The following examples might rob the reader of this illusion.
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Example.
(1) Let (P,≤) be a partially ordered set. We consider the corresponding order category

Order (P,≤) as de�ned on page 196. Given a family {Xi}i∈I of objects in Order (P,≤), i.e.
given a family {Xi}i∈I of elements of P , one can easily show that∏
i∈I
Xi :=

{
the smallest Y ∈ P such that Xi ≤ Y for all i ∈ I, if such Y exists
∅ if no such Y exists.
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X2

X1 ×X2 = ∅X1 ×X2

X2

X1 X1

(P,≤) (P,≤)

(2) We introduce a new category. A pointed set is a pair (X, x0), where X is a set and
x0 is a point in X. We refer to the category PSet with

Ob(PSet) := all pointed sets,
Mor((X, x0), (Y, y0)) := all maps f from X to Y with f(x0) = y0

with the usual composition of maps as the category of pointed sets. Now let (X, x0)
and (Y, y0) be two pointed sets. In Exercise 4.6 we will see that the product of
(X, x0) and (Y, y0) in the category PSet is given by the set

(X × Y )/((X × {y0}) ∪ ({x0} × Y ))︸ ︷︷ ︸
the points in this subset get
identi�ed to a single point ∗

together with the point ∗

and the obvious morphisms to (X, x0) and (Y, y0).

We conclude our discussion of products with the following notation.

Notation. Let C be a category. Furthermore let f : X → X̃ and g : Y → Ỹ be two
morphisms in C . If (P (X, Y ), p : P → X, q : P (P,X)→ Y ) is a product of X and Y and if
(P̃ (X̃, Ỹ ), p̃ : P̃ (X̃, Ỹ ) → X̃, q̃ : P̃ (X̃, Ỹ → Ỹ ) is a product of X̃ and Ỹ , then there exists
a unique morphism f × g that makes the following diagram commute

X̃

P (X, Y )

f◦p ..

g◦q 00

f×g
// P̃ (X̃, Ỹ )

p̃

33

q̃

++ Ỹ .

4.2. Coproducts. We now reverse the direction of the morphisms in the de�nition of a
product and we obtain a new interesting de�nition.

De�nition. Let C be a category and let {Xi}i∈I be a family of objects in C . A coproduct
of {Xi}i∈I in the category C is an object C ∈ Ob(C) together with a family of morphisms
{ιi : Xi → C}i∈I such that the following property is satis�ed: Whenever we are given a
Z ∈ Ob(C) and a family of morphisms {fi : Xi → Z}i∈I there exists a unique morphism
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Φ: C → Z such that for each i ∈ I we have fi = Φ◦ ιi, i.e. such that the following diagram
commutes:62 Xi

ιi
��

fi

((
C

Φ
// Z.

Remark. Note that by de�nition coproducts in C are products in the opposite category
C op. So we did not introduce a new concept at all.

Example. Let C be a category.
(1) Let X,Y ∈ Ob(C) be two objects. A coproduct of X and Y in the category C is

some object C ∈ Ob(C) together with two morphisms i : X → C and j : Y → C such
that the following universal property is satis�ed: Whenever we are given an object
Z ∈ Ob(C) and two morphisms f : X → Z and g : Y → Z there exists a unique
morphism Φ: C → Z such that f = Φ◦ i and g = Φ◦ j. The situation is summarized
in the following diagram:

X
i

))

f

''
C

∃! Φ // Z

Y

j 55

g

77

(2) If we take the empty family of objects in C , then it follows easily from the de�nitions
that the corresponding coproduct is an initial object in the category C .

Lemma 4.3. (Coproduct Uniqueness Lemma) Let C be a category and let {Xi}i∈I
be a family of objects in C . If we are given two coproducts (C, {ιi : Xi → C}i∈I) and
(C̃, {ι̃i : Xi → C̃}i∈I), then there exist unique isomorphisms Φ: C → C̃ and Φ̃ : C̃ → C
which are inverses of one another and such that for each i ∈ I the following diagram
commutes: Xi

ι̃i
**

ιi
tt

C
Φ // C̃.
Φ̃

oo

Proof. The lemma is just a reformulation of the Product Uniqueness Lemma 4.1 since
coproducts in C are products in the opposite category C c. Alternatively the statement also
follows easily from the de�nitions. �

Notation. Let C be a category. Let {Xi}i∈I be a family of objects in C such that a
coproduct exists. Often63 we denote the coproduct by

∐
i∈I
Xi and we refer to the morphisms

Xi →
∐
i∈I
Xi as natural injections.64

63In fact, as we will see shortly, in many settings we will see that the coproduct already has an established
di�erent notation.
63The name natural injection is somewhat unfortunate since in general for a morphism it makes no sense
to say that is injective. Even if there is a reasonable notion of injective, the natural injection does not
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Lemma 4.4. (Coproduct-Sets-and-Abelian Groups Lemma)
(1) Let Set be the category of sets and let {Xi}i∈I be a family of sets. The coproduct

in Set is the disjoint union ⊔
i∈I
Xi :=

⋃
i∈I

(Ai × {i}),

as de�ned on page 88, together with the natural injections of the Xi.
(2) Let AbGroup be the category of abelian groups and let {Xi}i∈I be a family of groups.

The coproduct in AbGroup is given by⊕
i∈I
Xi :=

{
(gi)i∈I ∈

∏
i∈I
Xi

∣∣∣ all but �nitely many gi are trivial
}

together with the group homomorphisms

Xi →
⊕
i∈I
Xi

x 7→

 I →
⋃
i∈I
Xi

j 7→
{
xi, if i = j,
0Xj , if i 6= j.


(3) The same approach as in (2) also applies to the category VecK of vector spaces over

a �xed �eld K.
Notation. Let {Xi}i∈I be objects in the category AbGroup of abelian groups. We write⊕

i∈I
Xi :=

{
(gi)i∈I ∈

∏
i∈I
Xi

∣∣∣ all but �nitely many gi are trivial
}

and we refer to it as the direct sum of the Xi. We proceed similarly with objects in the
category VecK of vector spaces over a �xed �eld K.

Remark. In Exercise 4.7 we will see that the construction of the Coproduct-Sets-and-
Abelian Groups Lemma 4.4 does not give the coproduct in the category Group of all groups.
It turns out that for the construction of the coproduct in the category Group will require a
more clever construction.

Proof.

(1) So let Z ∈ Ob(Set) and let {fi : Xi → Z}i∈I be a family of maps between sets. We
de�ne

Φ:
⊔
i∈I
Xi → Z

(zi, i) 7→ fi(zi).

It follows immediately from the de�nition that for each i ∈ I we have fi = Φ ◦ ιi. It
remains to show that Φ is unique. So let Ψ:

⊔
i∈I
Xi → Z be a map such that for each

i ∈ I we have fi = Ψ ◦ ιi. We need to show that Φ = Ψ, i.e. we need to show that
for each i ∈ I and each xi ∈ Xi we have Φ((xi, i)) = Ψ((xi, i)) ∈ Z. But this follows
from the observation that Φ((xi, i)) = Φ(ιi(xi)) = fi(z) = Ψ(ιi(xi)) = Ψ((xi, i)) ∈ Z.

need to be injection. On the other hand, in all examples we ever care about the natural injection will be
an injective map.
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(2) Let a Z ∈ Ob(AbGroup) and let{fi : Xi → Z}i∈I be a family of homomorphisms. We
set

Φ:
{

(gi)i∈I ∈
∏
i∈I
Xi

∣∣∣ all but �nitely many gi are trivial
}
→ Z

(gi)i∈I 7→
∏

i∈I with
gi 6= e

fi(gi).

Note that this map makes sense since we take the product only of �nitely elements
of Z. Furthermore note that this map is a homomorphism since we work with the
category of abelian groups.

It follows immediately from the de�nition that for each i ∈ I we have fi = Φ ◦ ιi.
It remains to show that Φ is unique. So let Ψ be another homomorphism such that
for each i ∈ I we have fi = Ψ ◦ ιi. We need to show that Φ = Ψ. So suppose we are
given (gi)i∈I ∈

∏
i∈I
Xi such that there exist only �nitely many i1, . . . , ik ∈ I such that

the corresponding group element is non-trivial. Then

Φ((gi)i∈I) = Φ
( k∏
r=1
ιir(gir)

)
=

k∏
r=1

Φ(ιir(gir)) =
k∏
r=1

fir(gir) = Ψ((gi)i∈I).
↑

same argument backwards

(3) This statement is proved the same way as we proved (2). �

4.3. Limits.

De�nition. Let (P,≤) be a partially ordered set and let C be a category. A diagram in
C over (P,≤) is a covariant functor from the order category Order (P,≤) to C .

Remark. In plain English a diagram in a category C over a partially ordered set (P,≤) is
the following data:
(1) for each x ∈ P we are given any object F (x) ∈ C ,
(2) for each x < y we are given a morphism F (x)→ F (y),
(3) if x < y < z, then the following diagram needs to commute:

F (x)

''

// F (z).

F (y)

77

Example.

(1) We consider the partially ordered set (P,≤tr) that is given by a set P with the trivial
partial order ≤tr, i.e. x ≤tr y if and only if x = y. In this setting a diagram over
(P,≤tr) is the same data as a family of objects {Xi}i∈P .

(2) We consider the partially ordered set (N,≤). In this setting a diagram over (N,≤)
is the same data as a sequence

X1
ϕ1−−→ X2

ϕ2−−→ X3
ϕ3−−→ . . .

of morphisms ϕi : Xi → Xi+1. For i < j the morphisms Xi → Xj are understood to
be given by ϕj−1 ◦ · · · ◦ ϕi+1 ◦ ϕi.
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De�nition. Let (P,≤) be a partially ordered set, let C be a category and let F be a
diagram in C over (P,≤). A limit of F consists of an object L ∈ Ob(C) together with
morphisms fx : L → F (x) for each x ∈ P such that the following two conditions are
satis�ed:
(1) For any x ≤ y we have fy = F (x→ y) ◦ fx : L→ F (x).
(2) The following universal property holds: If Z is an object in C and if we are given

morphisms gx : Z → F (x) for each x ∈ P such that (1) is satis�ed, then there exists
a unique morphism Φ: Z → L such that gx = fx ◦ Φ for all x ∈ P .

If a limit exists, then often we denote it by lim−→F , or by sensible variations thereof.

��
��
��
��

�
�
�
�

��
��
��
��

x

y

z

F (x)

F (y)

F (z)

universal property

Z

∃ ! Φ

lim−→F
lim−→F

F (x)

F (y)

F (z)

F (x)

F (y)

F (z)

partially ordered
set (P,≤)

diagram
over (P,≤)

limit L = lim−→F

Lemma 4.5. (Limit Uniqueness Lemma) Let (P,≤) be a partially ordered set, let C
be a category and let F be a diagram in C over (P,≤). Suppose that we are given two
limits (L, {fx : L → F (x)}x∈P ) and (L̃, {f̃x : L̃ → F (x)}x∈P ). Then there exist uniquely
determined isomorphisms Φ: L→ L̃ and Φ̃ : L̃→ L which are inverses of one another and
such that for each x ∈ P the following diagram commutes:

L
Φ //

fx **

L̃
Φ̃

oo

f̃xtt
F (x).

Proof. As in the case of the Product Uniqueness Lemma 4.1 the proof follows easily from
the de�nitions. �

Example.
(1) If we consider a trivial partially ordered set (P,≤tr), then the limit is by de�nition

precisely the product.
(2) We consider (N,≤) and we consider a diagram in the category Set of sets where each

ϕi : Xi → Xi+1 is an inclusion of subsets of a given set Y . In Exercise 4.8 we will see
that in this case the limit is the union of the Xi.

We conclude this discussion of limits with a particularly frequently used special case.
De�nition.
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(1) We consider the set P = {0, x, y} with the partial order that is given by the trivial
relations 0 ≤ 0, x ≤ x, y ≤ y and the non-trivial relations x ≤ 0 and y ≤ 0:

the partially
ordered set

x

��

y // 0

gives rise to the
pullback diagram

F (x)
ϕx
��

F (y)
ϕy

// F (0).

(2) The limit of a pullback diagram is called a pullback.

Remark. The following diagram summarizes the de�nition of a pullback:

Z
∃! Φ

''

gY

((

gX

''
pullback L

fX //

fY
��

X

ϕX
��

Y ϕY
// A.

(1) We start out with a pullback diagram.
(2) The pullback L comes with morphisms fX : L → X and fY : L → Y such that the

rectangle commutes.
(3) If we are given an object Z of C with morphisms gX : Z → X and gY : Z → Y

such that the outer big quadrilateral commutes, then there exists a unique morphism
Φ: Z → L that makes the diagram commute.

Here the symbol �_|� indicates that L is the pullback of the diagram.

Example. We consider the following pullback diagram in the category of groups:

G
ϕ
��

{e} // H

one can easily show
that the corresponding
pullback is given by

ker(ϕ)

��

// G
ϕ

��

{e} // H

Lemma 4.6. (Pullback Lemma) Let C be a category.
(1) Let

L
fX //

fY
��

X
ϕX
��

Y ϕY
// A.

be a pullback.
(a) If ϕX is an isomorphism, then so is the �opposite� morphism fY .
(b) If ϕY is an isomorphism, then so is the �opposite� morphism fX .

(2) If we are given pullbacks

L
fX //

fY
��

X
ϕX
��

Y
ϕY // A

and
X

θ //

ϕX
��

Z
ψZ
��

A
ψA // B

then the
composition

L
θ◦fX //

fy
��

Z
ψZ
��

Y
ψA◦ϕY // B
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is also a pullback.
Proof. All statements follow from purely formal arguments which do not become clearer
by writing them down. Thus we leave it to the reader to go through the argument. �

4.4. Colimits. In this section we introduce the notion of a colimit, which is very similar
to the notion of a limit, except that the directions of the morphisms are reversed.

De�nition. Let (P,≤) be a partially ordered set, let C be a category and let F be a
diagram in C over (P,≤). A colimit of F consists of an object C ∈ Ob(C) together with
morphisms fx : F (x) → C for each x ∈ P such that the following two conditions are
satis�ed:
(1) For any x ≤ y we have fy = F (x→ y) ◦ fx : F (x)→ C.
(2) The following universal property holds: If Z is an object in C and if we are given

morphisms gx : F (x)→ Z for each x ∈ P such that (1) is satis�ed, then there exists
a unique morphism Φ: C → Z such that gx = fx ◦ Φ for all x ∈ P .

If a colimit exists, then often we denote it by lim
←−

F , or by sensible variations thereof.

�
�
�
�

��
��
��
��

��
��
��
��

colimit C = lim
←−

F

F (x)

F (y)

F (z)

partially ordered
set (P,≤)

diagram
over (P,≤)

F (x)

F (y)

F (z)

lim
←−

F

universal property

Z

∃ ! Φ

lim
←−

F

F (x)

F (y)

F (z)

x

y

z

Not surprisingly we have the following analogue of the Limit Uniqueness Lemma 4.5.

Lemma 4.7. (Colimit Uniqueness Lemma) Let (P,≤) be a partially ordered set, let
C be a category and let F be a diagram in C over (P,≤). Suppose that we are given
two colimits (C, {fx : F (x) → C}x∈P ) and (C̃, {f̃x : F (X) → C̃}x∈P ). Then there exist
uniquely determined isomorphisms Φ: C → C̃ and Φ̃ : C̃ → C which are inverses of one
another and such that for each x ∈ P the following diagram commutes:

F (X)
f̃X

**

fX

tt

C
Φ // C̃.
Φ̃

oo

Proof. As always the proof follows easily from the de�nitions. �

Example.
(1) If we consider a trivial partially ordered set (P,≤tr), then the colimit is by de�nition

precisely the coproduct.
(2) We consider (N,≤) and we consider a diagram in the category Set of sets where each

ϕi : Xi → Xi+1 is an inclusion of subsets of a given set Y . In Exercise 4.8 we will see
that in this case the colimit is the intersection of the Xi.

Next we introduce the analogue of the pullback.
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De�nition.
(1) We consider the set P = {0, x, y} with the partial order that is given by the trivial

relations 0 ≤ 0, x ≤ x, y ≤ y and the non-trivial relations 0 ≤ x and 0 ≤ y:

the partially
ordered set

0 //

��

x

y

gives rise to the
pushout diagram

F (0)
ϕx

//

ϕy
��

F (x)

F (y)

(2) The colimit of a pushout diagram is called a pushout.

Remark. The following diagram summarizes the de�nition of a pushout:

A
ϕX //

ϕY
��

X

gX

��

fX
��

Y

gY 00

fY // pushout C
∃! Φ

''
Z.

(1) We start out with a pushout diagram.
(2) The pushout C comes with morphisms fX : X → C and fY : Y → C such that the

rectangle commutes.
(3) If we are given Z with morphisms gX : X → Z and gY : Y → Z such that the big

quadrilateral commutes, then there exists a unique morphism Φ: C → Z that makes
the diagram commute.

Here the symbol �_|� indicates that C is the pushout of the diagram.

Remark. Note that by de�nition coproducts in C are products in the opposite category
C op. So we did not introduce a new concept at all.

Example. Let G be a group and let A be a normal subgroup. We consider the following
pushout diagram in the category of groups:

A //
� _

��

{e}

G

one can easily show
that the corresponding
pushout is given by

A //
� _

��

{e}

��

G // G/A.

In Exercise 4.9 we will consider a generalization of this situation.

We conclude this section with the following analogue of the Pullback Lemma 4.6.

Lemma 4.8. (Pushout Lemma) Let C be a category.
(1) Let A

ϕX //

ϕY
��

X
fX
��

Y
fY // C.

be a pushout.
(a) If ϕX is an isomorphism, then so is the �opposite� morphism fY .
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(b) If ϕY is an isomorphism, then so is the �opposite� morphism fX .
(2) If we are given pushouts

A
ϕX //

ϕY
��

X
fX
��

Y
fY // L

and
X

θ //

fX
��

Z
gZ
��

L
gL // W

then the
composition

A
θ◦ϕX //

ϕY
��

Z
gZ
��

Y
gL◦fY // W

is also a pushout.
Proof. Again all statements follow from purely formal arguments which do not become
clearer by writing them down. Thus we leave it to the reader to go through the argument.

�

Exercises for Chapter 4.

Exercise 4.1. Let C be a category and let {Xi}i∈I be a family of objects in C . Suppose we
are given two products (P, {pi : P → Xi}i∈I) and (P̃ , {p̃i : P̃ → Xi}i∈I). Show that there
exist uniquely determined isomorphisms Φ: P → P̃ and Φ̃ : P̃ → P which are inverses of
one another and such that for each i ∈ I the following diagram commutes:

P
Φ //

pi **

P̃
Φ̃

oo

p̃itt
Xi.

Remark. This exercise is the content of the Product Uniqueness Lemma 4.1.

Exercise 4.2. Show that the category Field of �elds does not admit products.

Exercise 4.3. Let Metric be the category of metric spaces where the objects are metric
spaces and the morphisms are continuous maps.
(a) Do any two metric spaces X, Y admit a product in Metric?
(b) Do any two metric spaces X, Y admit a coproduct in Metric?

Exercise 4.4. Let (P,≤) be a partially ordered set. We consider the corresponding order
category Order (P,≤) as de�ned on page 196. What is the coproduct of a family {Xi}i∈I of
objects in Order (P,≤), if it exists.

Exercise 4.5. Does the coproduct of the rings Z2 and Z3 in the category Ring of rings
exist, and if yes, what is it?

Exercise 4.6. A pointed set is a pair (X, x0), where X is a set and x0 is a point in X. We
refer to the category PSet with

Ob(PSet) := all pointed sets,
Mor((X, x0), (Y, y0)) := all maps f from X to Y with f(x0) = y0

with the usual composition of maps as the category of pointed sets.
(a) Does the category of pointed sets admit an initial and a terminal object?
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(b) Let (X, x0) and (Y, y0) be two pointed sets. Show that a product of (X, x0) and
(Y, y0) in the category PSet is given by the set

(X × Y )/((X × {y0}) ∪ ({x0} × Y ))︸ ︷︷ ︸
the points in this subset get
identi�ed to a single point ∗

together with the point ∗

and the obvious morphisms to (X, x0) and (Y, y0).
(c) Let (X, x0) and (Y, y0) be two pointed sets. What is the coproduct of (X, x0) and

(Y, y0)?

Exercise 4.7. We consider the category Group of all groups. Show that in general for two
groups A,B the product A×B is not the coproduct in the category Group.
Remark. This exercise shows that the construction in the Coproduct-Sets-and-Abelian
Groups Lemma 4.4 does not provide the coproduct in the category Group.

Exercise 4.8. We consider the partially ordered set (N,≤). Let Y be a set. Furthermore
let X1 Ă X2 Ă . . . be a nested sequence of subsets of Y . For each i ∈ N we denote by
ϕi : Xi → Xi+1 the inclusion. The Xi and ϕi de�ne a diagram over (N,≤).
(a) Show that the limit of this diagram equals the union of the Xi.
(b) Show that the colimit of this diagram equals the intersection of the Xi.

Exercise 4.9. Let ϕ : A → G be a group homomorphism. What is the pushout of the
following pushout diagram in the category of groups:

A //

ϕ
��

{e}

G

Exercise 4.10. We consider the category AbGroup of abelian groups.
(a) Show that pullbacks always exist.
(b) Show that pushouts always exist.

Exercise 4.11. Let A
g
��

f
// B

r
��

C
s // X.

be a pushout in the category Set of sets.
(a) We suppose that f : A → B is injective. Show that the opposite map s : C → X is

also injective.
(b) If f : A → B is surjective, does it follow that the opposite map s : C → X is also

surjective?

Exercise 4.12. Let C be some category. We consider the following commutative diagram
of morphisms in C:

A
ϕ

//

α
��

B
β
��

ψ
// C

γ
��

A′
ϕ′

// B′
ψ′

// C ′.

We suppose that the big rectangle forms a pushout square.
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(a) We suppose that the square to the left is a pushout square. Show that the square to
the right is also a pushout square.

(b) We suppose that the square to the right is a pushout square. Is the square to the
left also a pushout square?
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5. Constructions of topological spaces

In Chapter 4 we introduced the concepts of (co-) products and more generally (co-) limits
in categories. In this chapter we will see how these concepts play out in the category of
topological spaces.

5.1. The product of topological spaces. In this section we will see that the category
of topology spaces has products. It is convenient to recall the following de�nition from
page 88.
De�nition. Let {Xi}i∈I a family of sets. The product of these sets is de�ned as the set∏

i∈I
Xi :=

{
f : I →

⋃
i∈I
Xi

∣∣∣ for every i ∈ I we have f(i) ∈ Xi

}
.

Proposition 5.1. (Topological-Product Proposition) Let {Xi}i∈I be a family of topo-
logical spaces. We set

B :=

{∏
i∈I
Ui Ă

∏
i∈I
Xi

∣∣∣∣ (1) each Ui is open in Xi and
(2) there exist only �nitely many i's with Ui 6= Xi

}
.

The following statements hold:
(0) The set B has the basis property that we introduced on page 132.
(1) (a) For any i ∈ I the map

pi :
∏
i∈I
Xi → Xi

f 7→ f(i)

is continuous with respect to the topology from (0).
(b) Given a topological space Z and given a family {fi : Z → Xi}i∈I of continuous

maps the map
F : Z →

∏
i∈I
Xi

z 7→
(
I →

⋃
i∈I
Xi

i 7→ fi(z)

)
.

is continuous with respect to the topology from (0).
(2) The topological space

∏
i∈I
Xi together with the natural projections pi is a product (in

the sense of the de�nition on page 211 of {Xi}i∈I in the category Top of topological
spaces.

Example. It is worth considering the case we will use most frequently, namely the case
that we are given �nitely many topological spaces. Thus let X1, . . . , Xk be topological
spaces. In this case the product topology on X1×· · ·×Xk is the topology on X1×· · ·×Xk

that is generated by
B = {U1 × · · · × Uk | each Ui is open in Xi}.

Proof. Let {Xi}i∈I be a family of topological spaces.
(0) We need to verify that

B :=

{∏
i∈I
Ui Ă

∏
i∈I
Xi

∣∣∣∣ (1) each Ui is open in Xi and
(2) there exist only �nitely many i's with Ui 6= Xi

}
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�������������������X2

X1

W is open in the product topology on X1 ×X2

products U1 × U2 of open sets

satis�es the conditions (B1) and (B2) formulated on page 132.
(B1) Evidently we have

∏
i∈I
Xi ∈ B. It follows immediately that B satis�es (B1).

(B2) Let
∏
i∈I
Ui and

∏
i∈I
Vi be two sets in B. Then∏
i∈I
Ui ∩

∏
i∈I
Vi =

∏
i∈I

(Ui ∩ Vi)︸ ︷︷ ︸
only �nitely many

are 6= Xi

is again a set in B. Thus B also satis�es (B2).
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�������������
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�������������
�������������
�������������

U1 × V1

Y

X

U2 × V2

(U1 ∩ U2)× (V1 ∩ V2)

(1) (a) It follows immediately from the de�nitions that the projection maps pi are con-
tinuous with respect to the given topology.

(b) Suppose we are given a topological space Z and continuous maps fi : Z → Xi.
We denote by F : Z →

∏
i∈I
Xi the map that is given by z 7→ (i 7→ fi(z)). We claim

that F is continuous. By the Subbasis-Continuity Proposition 2.9 it su�ces to
verify that the preimage of any set in B is open. So let

∏
i∈I
Ui be a set in B. By

de�nition there exists a �nite set J Ă I such that Ui = Xi for any i 6∈ J . Then

F−1
( ∏
i∈I
Ui

)
=
⋂
i∈I
f−1
i (Ui) =

⋂
j∈j

f−1
j (Uj)︸ ︷︷ ︸
open in Z

=
intersection of �nitely

many open subsets of Z.

This concludes the proof that F is continuous.
(2) Let Z be a topological space and let {fi : Z → Xi}i∈I be a family of continuous maps.

It follows from the Product-Sets-and-Groups Lemma 4.2 that the map

Φ: Z →
∏
i∈I
Xi

z 7→ (fi(z))i∈I

is the unique map (of sets) Φ: Z →
∏
i∈I
Xi such that for each i ∈ I we have fi = pi◦Φ.

In (1b) we just showed that this map is fortunately continuous, so this shows that
there exists a unique continuous map Φ: Z →

∏
i∈I
Xi such that for each i ∈ I we have

fi = pi ◦ Φ. This shows that the topological space
∏
i∈I
Xi together with the natural

projections pi is a product of {Xi}i∈I in the category Top of topological spaces. �
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De�nition. Let {Xi}i∈I a family of topological spaces. We refer to the topology on the
set

∏
i∈I
Xi that we de�ned in the Topological-Product Proposition 5.1 (0) as the product

topology on
∏
i∈I
Xi.

Example. It follows from the Topological-Product Proposition 5.1 (1a) and (1b) that given
any topological space X the

diagonal map
d : X → X ×X

x 7→ (x, x)
and the projection

p : X ×X → X
(x, y) 7→ x

are continuous. Since p ◦ d = idX we see that d : X → X ×X is an embedding. This fact
will come in handy on many occasions.

The following remark can be viewed as a sibling of the future Remark 5.17.
Remark 5.2. We consider maps in and out of a product space X1 ×X2:
(1) The Topological-Product Proposition 5.1 gives us an easy to show that a given map

X → X1×X2 to a product space is continuous. More precisely, by the Topological-
Product Proposition 5.1 (1b) we �just� need to show that the two coordinate maps
X → X1 and X → X2 are continuous.

(2) There is usually no easy way to show that a map X1 × X2 → X out of a product
space is continuous.

The following lemma gives us a reinterpretation of the product topology in some of the
most frequently studied cases.

Lemma 5.3. (Product Metric Lemma)
(1) Let (X1, d1), . . . , (Xm, dm) be metric spaces. We de�ne the product metric d on

X1 × · · · ×Xm as follows:

d((x1, . . . , xm), (y1, . . . , ym)) :=
m∑
i=1

di(xi, yi).

The product topology on X1 × · · · × Xm agrees with the metric topology coming
from the product metric.

(2) Let k1, . . . , km ∈ N0. The map
product of Euclidean topologies︷ ︸︸ ︷

Rk1 × · · · × Rkm →

Euclidean topology︷ ︸︸ ︷
Rk1+···+km

((x1, . . . , xk1), . . . , (x1, . . . , xkm)) 7→ (x1, . . . , xk1 , . . . , x1, . . . , xkm)

is a homeomorphism. The analogous statement also holds if we replace �R� by �C�.
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basis of topology
for the product

Rk1 × Rk2

Rk1+k2

basis of topology
for the metric space

Rk1+k2Rk1

Rk2

Remark. As we just pointed out, by design the product topology is set up in such a way
that it is usually easy to show that a map into a product is continuous. On the other hand,
except for the projections there is no obvious way to show that a map out of a product of
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topological spaces is continuous. This is where the Product Metric Lemma 5.3 comes in. If
we want to show that a map out of the product topological space Rk ×Rl is continuous, it
su�ces to show that the map from Rk+l is continuous, which is often easier, since we can
use the tools that we acquired in analysis.

Proof.
(1) This statement can be proved using the Subbasis Lemma 1.28. We will �ll in the

details in Exercise 5.1.
(2) Note that it follows from (1) that it su�ces to show that the product metric on

Rk1 × · · · × Rkm and the Euclidean metric on Rk1+···+km de�ne the same topology.
This in turn follows easily from the Equivalent Metric Lemma 1.2. We leave it to the
reader to �ll in the details. �

Convention. Henceforth, given k1, . . . , km ∈ N0 we will always identify the product topo-
logical space Rk1 × · · · ×Rkm with Rk1+···+km . In particular, given Xi Ă Rki , i = 1, . . . ,m,
we view X1 × · · · ×Xm as a subspace of Rk1+···+km .

Example. It follows almost immediately from the de�nition of the topology on the matrix
M(r× s,R) on page 171, the examples on page 141 and the Product Metric Lemma 5.3 (2)
that for any k, l,m ∈ N0 the map

M(k × l,R)×M(l ×m,R) → M(k ×m,R)
(A,B) 7→ A ·B

is continuous. The same also applies to matrices over C.

After these examples let us turn to the study of the more formal properties of the product
topology. On several occasions we will use, consciously or unconsciously, the following
lemma.
Lemma 5.4. (Product Topology-Basics Lemma)
(1) Let {Yi}i∈I be a family of topological spaces.

(a) Let j ∈ I and for k 6= j let yk ∈ Yk. The inclusion map

Yi →
∏
i∈I
Yi

y 7→

 I →
⋃
i∈I
Xi

i 7→
{
y, if i = j,
yj

.


is continuous and it is an embedding.64

(b) If fi : Yi → Zi, i ∈ I are continuous maps between topological spaces, then the
map ∏

i∈I
fi :

∏
i∈I
Yi →

∏
i∈I
Zi

(yi)i∈I 7→ (f(yi))i∈I
is continuous.

(2) If we are given families of topological spaces {{Xi}i∈Ij}j∈J , then the obvious map∏
j∈J

( ∏
i∈Ij

Xi

)
→

∏
i∈ t
j∈J

Ij
Xi
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is a homeomorphism.
(3) If {Xi}i∈I is a family of topological spaces and if for each i ∈ I we are given a basis
Bi of the topological space Xi, then

C =

{∏
i∈I
Ui Ă

∏
i∈I
Xi

∣∣∣∣ (1) each Ui 6= Xi is contained in Bi and
(2) there exist only �nitely many i's with Ui 6= Xi

}
is a basis for

∏
i∈I
Xi. If I is �nite, then we can restrict ourselves to the case that the

Ui are always in Bi.
(4) The product topology commutes with subspace topology. More precisely, let {Xi}i∈I

be a family of topological spaces and for each i ∈ I let Ai be a subset. Then the
subspace topology of

∏
i∈I
Ai Ă

∏
i∈I
Xi agrees with product topology on

∏
i∈I
Ai

Example.

(1) On page 135 we saw that the rational intervals form a basis for the usual topology
on R. It follows from the Product Topology-Basics Lemma 5.4 (4) that the set B of
rational hyperrectangles, i.e. that the set

B = {hyperrectangle [a1, b1]× · · · × [ak, bk] | a1, . . . , ak, b1, . . . , bk ∈ Q} Ă P(Rk)

forms a basis for the standard topology on Rk. It follows from this observation
together with the Countability Lemma 0.8 (5) that Rk admits a basis for the topology
that consists of only countably many sets.

(2) Let s1, . . . , sn ∈ N0. We set s = s1 + · · ·+ sn. It follows from the Product Topology-
Basics Lemma 5.4 (4) and the Product Metric Lemma 5.3 (2) that we can view
Bs1 × · · · × Bsn as a subspace of Rs. By de�nition this is an open subset of Rs and
one veri�es easily that it is convex and bounded. Thus it follows from the Convex-to-
Ball Proposition 2.20 that there exists a canonical homeomorphism Bs1 × · · · × Bsn

to the ball Bs that sends (0, . . . , 0) to the origin. The same statement holds for the
corresponding closed balls.

Proof.

(1) (a) This statement follows from the Topological-Product Proposition 5.1 (1b) and
the observation that the identity map and the constant map are both continuous.

(b) It follows from Lemma 2.1 and the Topological-Product Proposition 5.1 (1a) that
the maps

∏
i∈I
Yi → Zj given by (yi)i∈I 7→ fj(yj) are continuous. Thus it follows

from Topological-Product Proposition 5.1 (1b) that the given map is continuous.
(2) It now follows from the Topological-Product Proposition 5.1 (1b) that the given map

Y1 × · · · × Yk → Z1 × · · · × Zk is continuous.
(3) The main idea is to prove the lemma using the Basis Characterization Lemma 1.32

(1). First note that by de�nition the maps in C are open. Next let W Ă
∏
i∈I
Xi be

an open subset and let (xi)i∈I ∈ W . By de�nition of the product topology there
exist open sets Vi Ă Xi, i ∈ I such that Xi = Vi for all but �nitely many i ∈ I and

64Recall that �embedding� means that the map is a homeomorphism onto its image, in our setting this
means that the inclusion map de�nes a homeomorphism Yi → {y1}×· · ·×{yi−1}×Yi×{yi+1}×· · ·×{yk}.
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such that (xi)i∈I Ă
∏
i∈I
Vi Ă W . Since Bi is a basis for Xi we see that for each i with

Vi 6= Xi there exists a Ui ∈ Bi with x ∈ Ui Ă Vi. For all other i we set Ui = Vi = Xi.
It follows that (xi)i∈I ∈

∏
i∈I
Ui, Ă

∏
i∈I
Vi Ă W.

We deduce from the Basis Characterization Lemma 1.32 (1) that the given set C is
indeed a basis for

∏
i∈I
Xi. �

Example. Let X be a topological space and let {P} be the topological space consisting
of a single point P (note that {P} has a unique topological structure!). It follows from
the Product Topology-Basics Lemma 5.4 (1a) that the natural bijection X → X × {P}
is a homeomorphism. On many occasions we will use this homeomorphism to make the
identi�cation X = X × {P}.

5.2. Properties of products of topological spaces I. Throughout these notes we will
almost invariably only work with the product of �nitely many topological spaces. In this
section we will therefore discuss properties of the product of �nitely many topological
spaces. This simpli�es some of the arguments and it makes the notation arguably more
natural. In the following section we will, for completeness sake, also discuss some of the
properties of products of arbitrarily many topological spaces.

Lemma 5.5. (Product-of-Subsets Lemma) Let X1, . . . , Xk be topological spaces.
(1) If Ai Ă Xi, i = 1, . . . , k are closed subsets, then A1 × · · · × Ak is a closed subset of

X1 × · · · ×Xk.
(2) Let Bi Ă Xi, i = 1, . . . , k be subsets. The following equalities hold:

closure of B1×. . .×Bk in X1×. . .×Xk = B1×. . .×Bk

interior of B1×. . .×Bk in X1×. . .×Xk =
◦
B1×. . .×

◦
Bk

boundary of B1×. . .×Bk in X1×. . .×Xk =
k⋃
i=1

(B1×. . .×∂Bi×. . .×Bk).
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B1 ×B2

B1

B2

X1

X2

∂(B1 ×B2)

Proof.

(1) We have basic set theory
↓

(X1 × · · · ×Xk) \ (A1 × · · · × Ak) =
k⋂
i=1

X1 × · · · × (Xi \ Ai)× · · · ×Xk︸ ︷︷ ︸
open in X1 × · · · ×Xk since Ai is closed

.

Thus we see that (X1×· · ·×Xk)\ (A1×· · ·×Ak) is the intersection of �nitely many
open sets, i.e. the set itself is open, which implies by de�nition that A1 × · · · ×Ak is
closed.

(2) We will verify this statement in Exercise 5.8. �

The next proposition deals with some of our favorite properties of topological spaces.
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Proposition 5.6. (Product Topology Properties Proposition) Let X1, . . . , Xk be
non-empty topological spaces.
(1) The product X1 × · · · ×Xk is Hausdor� if and only if each Xi is Hausdor�.
(2) The product X1 × · · · ×Xk is compact if and only if each Xi is compact.
(3) The product X1 × · · · × Xk is (path)-connected if and only if each Xi is (path)-

connected.

Remark. The Product Topology Properties Proposition 5.6 (2) also shows how the case
n = 1 in the Hyperrectangle-Compact Proposition 1.26 implies the general case of the
Hyperrectangle-Compact Proposition 1.26.

Before we head to the proof of the Product Topology Properties Proposition 5.6 let us �rst
discuss some examples in detail.
De�nition.
(1) We refer to (S1)n as the n-dimensional torus. For n = 2 we just say the torus.
(2) We refer to S1 × B2

as the solid torus and we refer to S1 × B2 as the open solid
torus.

We deduce from the Product Topology Properties Proposition 5.6 that the n-dimensional
torus (S1)n and the solid torus S1 ×B2

are compact.
The following lemma allows us to view (solid) tori as subspaces of R3.

Lemma 5.7. We consider the map65

Θ: R2 × S1 → R3

((x, y), exp( iϕ)) 7→

cosϕ − sinϕ 0
sinϕ cosϕ 0

0 0 1


︸ ︷︷ ︸
rotation around z-axis

·

1 + 1
2
x

0
−1

2
y


︸ ︷︷ ︸
describes circle
in xz-plane

The restrictions of Θ to S1 × S1, B
2 × S1 and B2 × S1 are embeddings.
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z

Θ(B2 × S1) is in the �interior�

Θ(S1 × S1)

ϕcircle in the xy-plane
is rotated around the z-axis

Proof. It follows easily from the example on page 227 that the map Θ: S1 × R2 → R3

is continuous. An elementary argument shows that the restriction of Θ to B
2 × S1 is in-

jective. Since the solid torus B
2 × S1 is compact we obtain from the Compact-Hausdor�

65The map is chosen in such a way that it is orientation-preserving (we will introduce the notions of
orientation and orientation-preserving later on page 682) and such that Θ({(0, 0)} × S1) = S1 × {0}.
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Proposition 2.17 (3) that the restriction of Θ to Θ: B
2 × S1 → Θ(S1 × B2

) is a homeo-
morphism. But then it follows also that the restrictions of Θ to S1 × S1 and B2 × S1 are
embeddings. �

Remark. Lemma 5.7 allows us to view (solid) tori as subspaces of R3. We refer to the
images under these maps as the standard (solid) (open) torus in R3. Unfortunately, in a
picture, it is hard to distinguish between tori, solid tori and open solid tori.
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S1 × S1 is homeomorphic to
subset of R3

Now the time of procrastination is over, we need to provide the proof of the Product
Topology Properties Proposition 5.6.

Proof of the Product Topology Properties Proposition 5.6 (1). By induction we
only have to deal with the case k = 2. Thus let X and Y be two non-empty topologi-
cal spaces.

First we deal with the �⇐�-direction of Statement (1). Thus we assume that X and
Y are Hausdor�. Let (x, y) and (x′, y′) be two distinct points in X × Y . Without loss of
generality we can assume that x 6= x′. By our hypothesis there exist open neighborhoods
U of x and U ′ of x′ with U ∩ U ′ = ∅. Note that

(U × Y ) ∩ (U ′ × Y ) = (U ∩ U ′)× Y = ∅× Y = ∅.

By de�nition of the product topology the sets U × Y and U ′ × Y are open in X × Y .
We have thus found disjoint open neighborhoods of (x, y) and (x′, y′). Therefore X × Y is
Hausdor�. (This argument is sketched in the �gure below to the left.)

Now we deal with the �⇒�-direction of Statement (1). Therefore we suppose that X×Y
is Hausdor�. We want to show that X is Hausdor�. Thus let x and x′ be two di�erent
points in X. Since Y is non-empty there exists a y ∈ Y . Furthermore, since X × Y
is Hausdor� there exist disjoint open neighborhoods W and W ′ of (x, y) and (x′, y). By
de�nition of the product topology there exist open neighborhoods U of x and U ′ of x′ and
open neighborhoods V of y and V ′ of y such that (U × V ) ∩ (U ′ × V ′) = ∅. In particular
we see that (U × {y}) ∩ (U ′ × {y}) = ∅. But this implies that U ∩ U ′ = ∅. This implies
that U and U ′ are disjoint open neighborhoods of x and x′. Thus we have shown that X
is Hausdor�. (This argument is sketched in the �gure below to the right.) The proof that
Y is also Hausdor� is evidently basically the same. �
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(x′, y′)(x, y)

X

y

x
X

Y

x x′

Y (x′, y)(x, y)

x′

y

y′ W ′

W

V ′

V

U U ′U ′U
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Proof of the Product Topology Properties Proposition 5.6 (2). As in the proof of
Statement (1) we only need to deal with the case k = 2. Thus let X and Y be two non-
empty topological spaces. The �⇒�-direction of Statement (2) is fortunately elementary: if
X×Y is compact, then it follows immediately from the Topological-Product Proposition 5.1
(1a) and the Compact Image Lemma 2.13 (1).
Next we deal with �⇐�-direction of Statement (2). This is by far the hardest part of the
proposition. So we now assume that X and Y are both compact. We need to show that
X × Y is compact. We start out with the following claim.

Claim. Let x0 ∈ X. If N is an open set of X×Y that contains {x0}×Y , then there exists
a neighborhood W of x0 ∈ X such that W × Y Ă N .

Proof. By de�nition of the product topology there exist sets of the form Ui×Vi, i ∈ I with
the following properties:

(1) each Ui is open in X and each Vi is open in Y ,
(2) each Ui contains x0, i.e. for each i we have {x0} × Vi Ă Ui × Vi,
(3) each Ui × Vi is contained in N ,
(4) {x0} × Y is contained in the union of the Ui × Vi.

Since {x0} × Y is compact we can arrange that I is a �nite set, i.e. we can assume that
I = {1, . . . , n}. We set W = U1 ∩ · · · ∩ Un. This is an open subset of X that contains x0.
It follows immediately from (3) and the de�nition of W that W × Y Ă N . �
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{x0} × Y

X

Y
Ui × Vi

Wx0

N

Now we turn to the actual proof that X×Y is compact. Thus suppose we are given an open
cover {Ai}i∈I of X × Y . Let x ∈ X. Since Y is compact there exists a �nite set I(x) Ă I

such that {x}× Y Ă
⋃

i∈I(x)
Ai. By the above claim there exists an open neighborhood W (x)

of x such that W (x)× Y Ă
⋃

i∈I(x)
Ai.

All these open sets {W (x)}x∈X are an open cover of X. Since X is compact there exist
x1, . . . , xk ∈ X such that X = W (x1) ∪ · · · ∪W (xk). But then we see that

X × Y = (W (x1) ∪ · · · ∪W (xk))× Y =
k⋃
j=1

W (xj)× Y Ă
k⋃
j=1

⋃
i∈I(xj)

Ai Ă X × Y.

Thus we have successfully covered X×Y by �nitely many sets in the given open cover. �

Proof of the Product Topology Properties Proposition 5.6 (3). As in the proof of
Statement (1) we only need to deal with the case k = 2. Thus let X and Y be two non-
empty topological spaces.

The �⇒�-direction of Statement (3) is once again basically elementary, Indeed, if X×Y
is (path)-connected, then it follows immediately from the Image-Connected Lemma 2.24
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applied to the projections X × Y → X and X × Y → Y , that X and Y are (path)-
connected.66

Next we deal with �⇐�-direction of Statement (3). First we suppose that X and Y are
path-connected. We need to show that X × Y is also path-connected. Thus let (x, y) and
(x′, y′) be two points in X×Y . Since X is path-connected we can �nd a path p : [0, 1]→ X
from x to x′ and similarly we can �nd a path q : [0, 1]→ Y from y to y′. Then

[0, 1] → X × Y

t 7→
{

(p(2t), y), if t ∈ [0, 1
2
],

(x′, q(2t− 1)), if t ∈ (1
2
, 1]

is a path from (x, y) to (x′, y′).67

Finally suppose that X and Y are connected. We want to show that X × Y is also
connected. We pick a ∈ X and b ∈ Y . Let x ∈ X. Note that the subsets {x} × Y and
X × {b} are connected by our hypothesis. Since these have the point (x, b) in common
we deduce from the Union Connected Lemma 2.28 (2) that ({x} × Y ) ∪ (X × {b}) is also
connected. Note that

X × Y =
⋃
x∈X

({x} × Y ) ∪ (X × {b}).

All the sets on the right are connected and they have the point (a, b) in common. Thus it
follows again from the Union Connected Lemma 2.28 (2) that the union on the right-hand
side is connected. �
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X

b

xa

({x} × Y ) ∪ (X × {b})

Y

(a, b)

X × Y

(x, b)

5.3. Properties of products of topological spaces II. In this section we now return
to the study of the product of arbitrarily many topological spaces. We will not bother
with formulating the generalization of the Product-of-Subsets Lemma 5.5. Instead we jump
straight to the following generalization of the Product Topology Properties Proposition 5.6.

Proposition 5.8. (Product Topology Properties Proposition) Let {Xi}i∈I be a
family of non-empty topological spaces.
(1) The product

∏
i∈I
Xi is Hausdor� if and only if each Xi is Hausdor�.

(2) The product
∏
i∈I
Xi is compact if and only if each Xi is compact.

(3) The product
∏
i∈I
Xi is (path)-connected if and only if each Xi is (path)-connected.

66Note that the projections are surjective since we assume that X and Y are non-empty.
67It follows from the Topological-Product Proposition 5.1 (1b) and the Pasting Proposition 2.6 (2) that
this map is indeed continuous.



234

Proof. The proof of all statements of the Product Topology Properties Proposition 5.8 is
basically the same as the proof of the corresponding statements of the Product Topology
Properties Proposition 5.6, except, for the �if�-direction of the Product Topology Properties
Proposition 5.8 (2). This proof is now considerably harder and thus the proposition gets
upgraded to a theorem, which we formulate below. �

Theorem 5.9. (Tychono�'s Theorem68) The product of arbitrarily many compact
spaces is again a compact space.

Remark. The theorem has its origin in the work of Andrey Tikhonov [Tyc1935]. The
spelling for the theorem is due to the fact that Tikhonov initially published in German and
his name got transcribed from the Cyrillic alphabet to the Latin alphabet as Tychono�.

Sketch of proof. We will not really make use of Tychono�'s Theorem, therefore we limit
ourselves to a proof for I = N. Thus let {Xi}i∈N be a family of compact spaces. Furthermore
let {Uj}j∈J be a family of open sets of

∏
i∈N
Xi such that we cannot cover

∏
i∈N
Xi by �nitely

many sets in the given open cover {Uj}j∈J . We need to show that {Uj}j∈J is not a cover
of
∏
i∈N
Xi. In other words, we need to show that

⋃
j∈J
Uj is a proper subset of

∏
i∈N
Xi.

Claim 1. There exist xi ∈ Xi, i ∈ N with the following property: Given any k ∈ N and
given any open neighborhoods Vi of xi, i = 1, . . . , k the product

V1 × · · · × Vk ×Xk+1 ×Xk+2 × . . .
cannot be covered by �nitely many sets in the given open cover.

Proof. Suppose that for some k ∈ N0 we have already found xi ∈ Xi, i = 1, . . . , k with
the desired properties. Suppose there is no such xk+1 ∈ Xk+1. This means that for
every y ∈ Xk+1 there exist open neighborhoods V y

1 , . . . , V
y
k , V

y
y of x1, . . . , xk, y such that

V y
1 × · · · × V

y
k × V

y
y︸ ︷︷ ︸

=:W y

×Xk+2× . . . can be covered by �nitely many of the Uj, i.e. there exists

a �nite subset Jy Ă J such that W y ×Xk+2 × · · · Ă
⋃
j∈Jy

Uj.

Note that {W y}y∈Vk+1
is an open cover of X1 × · · · × Xk+1. By the original Product

Topology Properties Proposition 5.6 (2) we know that X1 × · · · ×Xk+1, as the product of
�nitely many compact topological spaces is compact. This implies that there exists a �nite
subset Y Ă Vk+1 such that

⋃
y∈Y

Wy = X1 × · · · ×Xk+1. But this means that

∏
i∈N
Xi = (X1 × · · · ×Xk+1)×

∞∏
i=k+2

Xi =
( ⋃
y∈Y

Wy

)
×

∞∏
i=k+2

Xi

=
⋃
y∈Y

(
Wy ×

∞∏
i=k+2

Xi

)
Ă

⋃
y∈Y

⋃
j∈Jy

Uj.

Recall that Y is �nite and that each Jy is �nite. We have thus obtained contradiction to
our hypothesis that

∏
i∈N
Xi cannot be covered by �nitely many of the Uj. �

The following claim concludes the proof of the theorem for I = N.

Claim 2. The point (x1, x2, . . . ) ∈
∏
i∈N
Xi does not lie in any of the Uj.
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Proof. Suppose there exists a j ∈ J with (x1, x2, . . . ) ∈ Uj. By de�nition of the topology on∏
i∈N
Xi, (see the Topological-Product Proposition 5.1 (0) together with the Topology-from-

Basis Lemma 1.27) there exists a k ∈ N and open neighborhoods Vi of xi, i = 1, . . . , k such
that V1 × · · · × Vk ×Xk+1 ×Xk+2 × . . . Ă Uj.

But by construction of (x1, x2, . . . ) this is impossible. �
The proof of the general case of the Tychono� Theorem can be done in a very similar

way by equipping the index set I with a total order, which we can do by the Well-Ordering
Theorem 0.7. We refer to [Wri1994] for details. Alternatively proofs of Tychono�'s Theo-
rem are provided in most textbooks on general topology, see e.g. [Mun1975, Chapter 5.1]
or [Jä2005, Chapter X]. A particularly concise proof is also given in [Chf1992]. Note that
all proofs of the Tychono� Theorem rely on the Axiom of Choice 0.1, in fact, as is shown
in [Je1973, p. 26] or [BTT2020, Theorem 3.14], the Tychono� Theorem is equivalent to
the Axiom of Choice 0.1. �

We continue with a very instructive example.

Example. We equip {0, 2} with the discrete topology. We consider the map

ϕ :
∏
i∈N
{0, 2} → C = Cantor set from page 130

(f : N→ {0, 2}) 7→
∞∑
i=1

f(i)
3i .

It is elementary to see that ϕ takes values in C. It is a refreshing exercise, left to the enthu-
siastic reader, to show that ϕ is a bijection. The left-hand side is compact by Tychono�'s
Theorem 5.9 and the right-hand is evidently Hausdor�. In Exercise 5.21 we verify that ϕ
is continuous. It thus follows from the Compact-Hausdor� Proposition 2.17 (3) that ϕ is a
homeomorphism.

Initially the de�nition of the Cantor set is nicely explicit, but the de�nition looks rather
arbitrary. The previous example gives a much more natural de�nition of the Cantor set,
viewed as a topological space. Amazingly there exists a characterization of the Cantor set,
up to homeomorphism, in terms of basic topological properties. To state the proposition
we need two easy de�nitions.

De�nition. Let X be a topological space. A point x0 ∈ X is called isolated if {x0} itself
is an open subset.

Examples.
(1) We consider X = { 1

n
|n ∈ N} ∪ {0}. The only point in X that is not isolated is 0.

(2) One can easily verify that no point in the Cantor set is isolated.
(3) It follows immediately from the de�nitions that no point in

∏
i∈N
{0, 2} is isolated.

(4) The topological spaces Q and Q \ {0} equipped with the subspace topology coming
from R do not contain any isolated points.

(5) Let X be a topological space. If every point is isolated, then by de�nition X has
the discrete topology. If X is furthermore �nite, then it follows from the Compact-
Discrete Lemma 1.22 (1) that X is �nite.
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De�nition. A topological space X is called totally disconnected if the only connected
subsets are the empty set and the subsets consisting of a single point.

Example. The following topological spaces are totally disconnected:
(1) Discrete spaces.
(2) The Cantor set.T
(3) the in�nite product

∏
i∈N
{0, 2}.

(4) The topological spaces Q and Q \ {0} equipped with the subspace topology coming
from R.

Here (1) is obvious and (4) was dealt with in Exercise 2.23. We will deal with the remaining
two examples in Exercise 5.22.

We conclude this section with the following amusing proposition.

Proposition 5.10. Let X be a topological space that is compact and totally disconnected.
If X contains no isolated points, then X is homeomorphic to the Cantor set.

Proof. We will not make use of the proposition, hence we will not prove it. A proof is for
example given in [Val2013, Theorem 7.8] or [Will1970, Theorem 30.3]. �

Example. By the above examples Proposition 5.10 implies not only that the Cantor set
is homeomorphic to

∏
i∈N
{0, 2} but also to Q and Q \ {0}. In particular we obtain the weird

result that Q and Q \ {0} are homeomorphic.69

5.4. The disjoint union of topological spaces. In this section we will discuss the
coproduct in the category of topological spaces. Before we get to topological spaces it is
worth recalling the following de�nitions from page 88 and the Coproduct-Sets-and-Abelian
Groups Lemma 4.4.

De�nition. Let {Ai}i∈I be a family of sets.
(1) We de�ne the disjoint union as the set⊔

i∈I
Ai :=

⋃
i∈I

(Ai × {i}).

As usual we take some liberties with the notation if we have �nitely many sets.
(2) Given i ∈ I we refer to the map Ai →

⊔
i∈I
Ai given by a 7→ (a, i) as the natural

injection.
In the Coproduct-Sets-and-Abelian Groups Lemma 4.4 we saw that the disjoint union,
together with the obvious natural injections, gives us the coproduct in the category of sets.
In a second we will see that a very similar statement holds in the context of the category of
topological spaces. But before we get to this point, let us introduce the following convention.

Convention. Let {Ai}i∈I be a family of sets. For any i ∈ I we use the natural injection
Ai →

⊔
i∈I
Ai to think of Ai as a subset of the disjoint union.

69In Exercise 1.11 you were challenged to prove directly that Q and Q \ {0} are homeomorphic?
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De�nition. Let {Xi}i∈I be a family of of topological spaces. The disjoint union topology
on the disjoint union

⊔
i∈I
Xi is de�ned by the condition that U Ă

⊔
i∈I
Xi is open if and only

if for each i ∈ I the intersection Xi ∩ U is an open subset of Xi.70

The following proposition is the analogue of the Topological-Product Proposition 5.1.

Proposition 5.11. (Topological-Coproduct Proposition) Let {Xi}i∈I be a family of
topological spaces. We equip the disjoint union

⊔
i∈I
Xi with the disjoint union topology.

For each i ∈ I we denote by ιi : Xi →
⊔
i∈I
Xi the natural injection.

(1) (a) Each ιi is continuous.
(b) If Z is a topological space and if {fi : Xi → Z}i∈I is a family of continuous maps,

then the map ⊔
i∈I
Xi → Z

(x, i) 7→ fi(x)

is continuous.
(2) The topological space

⊔
i∈I
Xi together with the natural injections ιi is a coproduct of

{Xi}i∈I in the category Top of topological spaces.

Proof.

(1) Both statements follow immediately from writing down the de�nitions.
(2) Let Z be a topological space and let {fi : Xi → Z}i∈I be a family of continuous maps.

By the de�nition of the coproduct on page 214 we have to show that there exists a
unique continuous map Φ:

⊔
i∈I
Xi → Z such that for each i ∈ I we have fi = Φ ◦ ιi.

In (1b) we de�ned such a map Φ and we saw that it is continuous. It remains to
prove uniqueness. The proof of uniqueness is basically identical to the argument in
the proof of the Coproduct-Sets-and-Abelian Groups Lemma 4.4 (1) where we dealt
with the coproduct in the category of sets. �

Convention. Let {Xi}i∈I be a family of topological spaces. Unless we say something
else we equip the disjoint union

⊔
i∈I
Xi with the disjoint union topology. We refer to this

topological space as the disjoint union of the Xi.71

Lemma 5.12. Let {Xi}i∈I be a family of topological spaces.

(1) A subset A Ă
⊔
i∈I
Xi is closed if and only if for each i ∈ I the intersection A ∩Xi is

a closed subset of Xi.
(2) For each i ∈ I the natural injection ιi : Xi →

⊔
i∈I
Xi is an embedding which is open

and closed.

Proof.

70It follows very very easily from the de�nitions that this de�nes a topology on the set
⊔
i∈I
Xi.

71It would perhaps make more sense to refer to
⊔
i∈I
Xi as the coproduct of the Xi. But we prefer to stick

to the more classical name.
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(1) The lemma follows immediately from the de�nition of the disjoint union topology
together with Lemma 2.7.

(2) Let i ∈ I. It follows easily from the de�nition of the subspace topology that the
natural injection ιi : Xi →

⊔
i∈I
Xi is an open map. Furthermore it follows from (1)

that the natural injection is a closed map. It now follows from the Open -Injective
Map Lemma 2.16 that the natural injection is an embedding which is open and
closed. �

The following lemma plays the role of the Product Topology Properties Proposition 5.6.

Lemma 5.13. (Disjoint Union Topology-Properties Lemma) Let {Xi}i∈I be a fam-
ily of topological spaces.
(1) The disjoint union

⊔
i∈I
Xi is Hausdor� if and only if each Xi is Hausdor�.

(2) The disjoint union
⊔
i∈I
Xi is compact if and only if each Xi is compact and if there

are only �nitely many i ∈ I such that Xi 6= ∅.
(3) The (path-) components of the disjoint union

⊔
i∈I
Xi are precisely the (path-) com-

ponents of the Xi.

Proof.
(1) This statement follows easily from the de�nitions
(2) We �rst prove the �if�-direction. Thus we assume that each Xi is compact and that

there are only �nitely many i1, . . . , ik ∈ I such that the corresponding topological
space is non-empty. Let {Uj}j∈J be an open cover of

⊔
i∈I
Xi. Since each Xi is compact

we can �nd for each i ∈ I a �nite subset Ji Ă J such that
⊔
j∈Ji

(Uj ∩Xi) = Xi. It is

now clear that X =
k⋃
r=1

⊔
j∈Jir

Uj.

We turn to the proof of the �only if�-direction. Thus we assume that
⊔
i∈I
Xi is

compact. It follows from the Disjoint Union Topology-Properties Lemma 5.13 (2)
together with the Compact-Closed Lemma 1.21 (1) that each Xi is compact. Since
the {Xi}i∈I form an open cover of the compact topological space

⊔
i∈I
Xi we see that

there exists a �nite subset J Ă I with
⊔
j∈J

Xj =
⊔
i∈I
Xi. In particular Xi = ∅ for i 6∈ J .

(3) This statement follows without too much e�ort from the Component Lemma 2.33. �
The following lemma gives a criterion for showing that a union of subspaces is homeomor-
phic to the disjoint union of the subspaces.

Lemma 5.14. (Disjoint Union Embedding Lemma) Let X be a topological space
and let {Ai}i∈I be a family of disjoint subsets of X. The following two statements are
equivalent:
(1) For each i ∈ I there exists an open neighborhood of Ai Ă X that does not intersect

any of the Aj with j 6= i.72

(2) The map



5. CONSTRUCTIONS OF TOPOLOGICAL SPACES 239

disjoint union
topology︷ ︸︸ ︷⊔
i∈I
Ai →

subspace of X︷ ︸︸ ︷⋃
i∈I
Ai

(a, i) 7→ a

is a homeomorphism.
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of A2 that does
not intersect A1

X
A1

A2

A1

A2

Proof. First we point out that the given map

Φ:
⊔
i∈I
Ai →

⋃
i∈I
Ai

(a, i) 7→ a

is a bijection since the Ai are disjoint subsets of X. Since the inclusion maps Ai →
⋃
i∈I
Ai

are continuous it follows from the Topological-Coproduct Proposition 5.11 that the above
map Φ is continuous.

We �rst prove (1)⇒(2). Thus we assume that for each i ∈ I there exists an open
neighborhood Vi of Ai Ă X that does not intersect any of the Aj with j 6= i. We need to
show that Φ is a homeomorphism. By the above discussion and the Open-Injective Map
Lemma 2.16 it remains to show that Φ is open. Thus let U be an open subset of

⊔
i∈I
Ai.

By de�nition of the disjoint union topology each Ai ∩ U is an open subset of Ai. By the
de�nition of the subspace topology on Ai this means that there exists an open subset Wi

of X with Ai ∩ U = Ai ∩Wi. We now see that

de�nition of Φ since Ai Ă Vi and since Aj ∩ Vi = ∅ for i 6= j
↓ ↓

Φ(U) = Φ
( ⊔
i∈I

(Ai ∩ U)
)

=
⊔
i∈I

(Ai ∩ U) =
⊔
i∈I

((Ai ∩ U) ∩ Vi)

=
⊔
i∈I

((Ai ∩ (Vi ∩Wi)) =
( ⋃
i∈I
Ai

)
∩
( ⋃
j∈J

(Vj ∩Wj

)
.

↑ ↑
choice of Wi since Ai Ă Vi ∩Wi and since Ai ∩ (Vj ∩Wj) = ∅ for i 6= j

Since
⋃
j∈J

(Vj∩Wj) is an open subset of X we obtain, by de�nition of the subspace topology,

that U is indeed an open subset of
⋃
i∈I
Ai.

Finally we prove (2)⇒(1). Thus we suppose that Φ is a homeomorphism. Let i ∈ I.
Evidently Ai is an open subset of

⊔
j∈I
Aj. Thus Φ(Ai) = Ai is an open subset of

⋃
j∈I
Aj. By

de�nition of the subspace topology this means that there exists an open subset Vi such that
Vi ∩

⋃
j∈J

Aj = Ai. But this means that Vi is an open neighborhood Vi of Ai Ă X that does

not intersect any other Aj. �

72Of course this hypothesis is satis�ed if the Ai are disjoint open subsets of X.
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Examples.

(1) Using Lemma 5.14 one can easily verify that the topological space S1 t S1 is home-
omorphic to the topological space S1((−2, 0)) ∪ S1((2, 0)) Ă R2.
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S1((−2, 0)) S1((2, 0))

(2) Using Lemma 5.14 one can also easily show that the topological space [−1, 0]t (0, 1]
is homeomorphic to [−2,−1] ∪ (0, 1] Ă R. But note that the topological space
[−1, 0]t(0, 1] is not homeomorphic to [−1, 1] since the former is non-compact whereas
the latter is compact.

(3) Let X be a topological space and let {Xi}i∈I be its set of components. Note that the
Component Lemma 2.33 (1) says that as a set we have X =

⊔
i∈I
Xi, thus the natural

map
⊔
i∈I
Xi → X is a bijection.

(a) If I is �nite, then we know by the Components-are-Closed Lemma 2.34 that
each Xi is closed and open, thus it follows from the Disjoint Union Embedding
Lemma 5.14 that the natural map

⊔
i∈I
Xi → X is in fact a homeomorphism.

(b) If I is in�nite, this logic does not necessarily apply. An easy counterexample is
given by X = Q, where, as saw on page 168, the components are precisely the
one-point subsets.

5.5. Quotients of topological spaces. On page 89 we recalled the notion of an equiva-
lence relation. We recall the following notation from page 90.

Notation. Let ∼ be an equivalence relation ∼ on a set X.
(1) Given x ∈ X we denote by [x] the unique equivalence class that contains x.
(2) We refer to the map p : X → X/∼

x 7→ [x]

as the natural projection.
(3) If f : X → Y is a map with the property that f(x) = f(y) whenever x ∼ y, then by

the Quotient-Factorization Lemma 0.5 the map

g : X/∼ → Y
[x] 7→ f(x)

is well-de�ned and it is the unique map g : X/∼→ Y , such that f = g ◦ p, i.e. such
that the following diagram of maps commutes:

X
p
//

f ''

X/∼
g
��

Y.

We refer to this map g as the induced map.
The following proposition is the analogue of the Topological-Product Proposition 5.1 and
of the Topological-Coproduct Proposition 5.11.
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Proposition 5.15. (Topological-Quotient Proposition) Let ∼ be an equivalence re-
lation on a topological space X. We denote by p : X → X/ ∼ the natural projection
from X onto the set of equivalence classes X/∼. The following statements hold:
(0) (a) The set

T := {U Ă X/∼ | p−1(U) is open in X}
is a topology on X/∼.73

(b) A subset A Ă X/∼ is closed if and only if the preimage p−1(A) is closed in X.
(1) (a) The natural projection p : X → X/∼ is continuous.

(b) Let Y be a topological space and let f : X → Y be a continuous map with the
property that f(x) = f(y) whenever x ∼ y. The induced map

g : X/∼ → Y
[x] 7→ f(x)

is also continuous.
(2) If Z is a topological space and if q : X → Z is a map such that the pair (Z, q) has

the same properties as (X/∼, p) as formulated in (1a) and (1b), then there exists a
unique homeomorphism Φ: X/∼→ Z with q = Φ ◦ p.

Proof. Let ∼ be an equivalence relation on a topological space X.

(1) (a) This statement follows easily from the Image-Preimage Lemma 0.2 (6) and (7).
(b) This statement follows easily from the Image-Preimage Lemma 0.2 (8).

(2) (a) It follows immediately from the de�nition of the topology on X/ ∼ that the
natural projection p : X → X/∼ is continuous.

(b) Let f : X → Y be a continuous map such that f(x) = f(y) whenever x ∼ y.
We need to show that the induced map g : X/∼→ Y is continuous as well. Let
U Ă Y be open. We need to show that g−1(U) Ă X/∼ is open. By de�nition
of the quotient topology we need to show that p−1(g−1(U)) is open in X. We
observe that

p−1(g−1(U)) = (g ◦ p)−1(U) = f−1(U) = open subset .
↑ ↑

by the commutative diagram since f continuous

We have thus shown that g is continuous.
(3) Let Z be a topological space and let q : X → Z be a map such that the following

conditions are satis�ed:
(a′) The map q is continuous.
(b′) Whenever we are given a topological space Y and a continuous map f : X → Y

with the property that f(x) = f(y) whenever x ∼ y, then there exists a unique
continuous map h : Z → Y with h ◦ q = f .

We apply (b) and (a′) to obtain a continuous map Φ: X/∼→ Z with q = Φ ◦ p.
Furthermore we apply (a) and (b′) to obtain a continuous map Ψ: Z → X/∼ with
p = Ψ ◦ p. It follows from the uniqueness statement of the Quotient-Factorization
Lemma 0.5 that Ψ ◦ Φ = idX/∼ and it follows from the uniqueness statement of (b′)
that Φ ◦Ψ = idZ . �

73In other words, U Ă X/∼ is open if and only if p−1(U) Ă X is open.
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The following de�nition will not come as a surprise.

De�nition. Let ∼ be an equivalence relation on a topological space X. We refer to the
topology on X/∼ from the Topological-Quotient Proposition 5.15 (0a) as the quotient
topology and we refer to X/∼ as a quotient space of X.

De�nition. Let f : X → Y be a map as in the Topological-Quotient Proposition 5.15
(1b).
(1) We refer to the map g : X/∼→ Y as the induced map.
(2) At times we denote the induced map by f . Sometimes, when there is no danger of

confusion we denote the induced map just by f itself.
(3) Sometimes we also say that the map f : X → Y descends to a map X/∼→ Y .

Lemma 5.16. (Quotient-Compact Connected Lemma) Let ∼ be an equivalence
relation on a topological space X.
(1) If X is compact, then X/∼ is also compact.
(2) If X is (path)-connected, then X/∼ is also (path)-connected.

Proof.

(1) This statement follows immediately from (3) and from the Compact Image Lemma 2.13.
(2) This statement follows immediately from (3) together with the Image-Connected

Lemma 2.24. �

The following remark can be viewed as a sibling of Remark 5.2.

Remark 5.17. We consider maps in and out of a quotient space X/∼:
(1) In practice it is usually easy to show that a given map X/∼→ Y out of the quotient

space is continuous. More precisely, in practice it is often fairly clear that the map
X → X/∼→ Y is continuous, but then it follows from the Topological-Quotient
Proposition 5.15 (1b) that the original map X/∼→ Y is continuous.

(2) There is usually no easy way to show that a map Y → X/∼ to a quotient space is
continuous, unless the map factors through the projection X → X/∼.

We continue with a particularly important source of quotient spaces.

De�nition. Let X be a topological space and let A Ă X be a subset.
(1) (a) First we suppose that A is a non-empty subset. For P,Q ∈ X we de�ne

P ∼ Q :⇐⇒ P = Q or P,Q both lie in A.

This is easily seen to be an equivalence relation on X. We write X/A := X/∼
and we always equip X/A with the quotient topology. We refer to X/A as the
quotient of X by A. Note that A Ă X is an equivalence class, thus it de�nes a
point X/A. In an attempt to avoid confusion we write [A] for the point in X/A
that is given by the equivalence class A.

(b) If A = ∅ is the empty set, then we de�ne X/∅ := X t{∅}, i.e. X/∅ equals the
disjoint union of the topological space X with the topological space consisting
of a single point ∅. For consistency we denote this point by [A] = [∅] as well.
Note that ∅/∅ is the topological space consisting of the single point {∅}.74

(2) We refer to the obvious map p : X → X/A as the natural projection .
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Remark. Let us attempt to digest the de�nition of X/A. As a set X/A corresponds
precisely to the points in X \A together with the point [A]. Furthermore, by de�nition of
the quotient topology a set U Ă X/A is open if and only if p−1(U) is an open subset of X.
Note that given any subset Z Ă X/A = (X \ A) ∪ {[A]} we have75

p−1(Z) =

{
Z, if [A] 6∈ Z,
Z ∪ A, if [A] ∈ Z.

This shows that the open sets in X/A correspond precisely to the open sets of X that lie
in X \ A and the open sets of X that contain A.
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points in B
2

point S1

neighborhood U of the point S1

pp

points in B2/S1 p−1(U) is open in B
2

Examples.
(1) We consider the quotient of X = R by the compact interval A = [−1, 1]. This

example has two interesting features:
• The quotient X/A = R/[−1, 1] is actually homeomorphic to an old favorite,
namely one can easily verify that the maps

f :R → R/[−1, 1]

x 7→
{

[x+ 1], if x ≥ 0
[x− 1], if x < 0

&
g :R/[−1, 1] → R

P 7→
{
x− 1, if P = [x] with x ≥ 1
x+ 1, if P = [x] with x < −1

are continuous and inverses of one another.
• Above we saw that projections X → X/∼ are basically by de�nition, continuous.
One might think that projections should also be open. But in this example the
projection p : X = R → X/A = R/[−1, 1] is not an open map, for example it
follows immediately from the previous remark that the image of the open set
(−1, 1) Ă R is not an open subset of R/[−1, 1].

���
���
���

���
���
���

g

fa single point

R

R/[−1, 1] R

A = [−1, 1]

p

(2) We consider the quotient of X = R by the open interval B = (−1, 1). We denote
by p : R → R/(−1, 1) the projection . Even though this example looks very similar

74The reader will have spotted that the case A = ∅ is a major nuisance. It is conceivable that later on in
proofs we will subconsciously suppress this special case. Whenever this occurs we leave it to the reader to
deal with the case A = ∅ separately.
75In an attempt to lighten the notation, given x ∈ X \A we do not distinguish between the point x ∈ X \A
and the equivalence class {x} Ă X.
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to the previous one, it shows very di�erent behavior. For example it turns out that
the quotient X/B = R/(−1, 1) is not Hausdor�. More precisely we consider the
two points [−1] and [0] in R/(−1, 1). The previous remark shows that any open
neighborhood U of [−1] in R/(−1, 1) has the property that p−1(U) is an open subset
of R that contains −1. In particular p−1(U) has non-empty intersection with B. But
this implies that U = p(p−1(U)) contains the point [0]. Thus [−1] and [0] cannot be
separated by open neighborhoods.76

the single point [0]

R/(−1, 1)

R
B = (−1, 1)

p

[−1]

−1

The following lemma is elementary but useful. On numerous occasions it will allow us to
slightly shift our point of view.
Lemma 5.18. Let X be a topological space and let A Ă X be a subset. Furthermore
let Y be another topological space and let y0 ∈ Y . The map

Φ:

{
set of continuous maps f : X → Y

such that f(A) = {y0}

}
→

{
set of continuous maps f : X/A→ Y

such that f([A]) = y0

}
(f : X → Y ) 7→ (f : X/A→ Y )

is well-de�ned and it is a bijection.

Proof. It follows from the Topological-Quotient Proposition 5.15 (1b) that given a contin-
uous map f : X → Y with f(A) = {y0} the corresponding map f : X/A→ Y is continuous.
This shows that the map Φ is well-de�ned. It is clear that Φ is injective. Finally suppose
we are given a map g : X/A → Y with g([A]) = y0. We denote by f : X → X/A → Y the
map that is given by precomposing g with the natural projection X → X/A. It follows
from the Topological-Quotient Proposition 5.15 (1a) that f is continuous. Clearly we have
Φ(f) = g. This shows that Φ is also a surjection. �

Example. Let a < b be two real numbers. It follows easily from the Quotient-Compact
Connected Lemma 5.16 (1), the Topological-Quotient Proposition 5.15 (1b) and the Compact-
Hausdor� Proposition 2.17 (3) that the map

Ω: [a, b]/{a, b} → S1

[t] 7→ exp
(
i · 2π(t−a)

b−a

)
is a homeomorphism.

[a, b] Ω S1a b

get identi�ed Ω(a) = Ω(b)

We continue with the following innocuous lemma.
76Note that in the Quotient Hausdor� Lemma 5.21 we will give a criterion that ensures that the quotient
of a topological space is Hausdor�.
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Lemma 5.19.
(1) The map

([0, 1]× Sn)/({0} × Sn) → B
n+1

[(r, v)] 7→ r · v
is a homeomorphism.

(2) Let X be a topological space and let f : [0, 1] × Sn → X be a continuous map. If
f(0, v) = f(0, w) for all v, w ∈ Sn, then the map

B
n+1 → X
r · v 7→ f(r, v) with r ∈ [0, 1] and v ∈ Sn

is well-de�ned and continuous.

Proof.

(1) It follows from the Topological-Quotient Proposition 5.15 (1b) that the given map
is continuous. It is basically clear that the map is a bijection. The left-hand side is
compact by the Topological-Quotient Proposition 5.15 (1b) (4). It follows from the
Compact-Hausdor� Proposition 2.17 (3) that the map is a homeomorphism.

(2) It follows from the hypothesis that the map is well-de�ned. It follows from (1) and
the Topological-Quotient Proposition 5.15 (1b) that the map is continuous. �

We record our next example as a lemma.

Lemma 5.20. (Ball-Quotient Sphere Lemma) The map

Ω: B
n
/Sn−1 → Sn

[r · v] 7→

 0 (−1)n−1 . . .
0 0 idn−1

−1 . . . 0


︸ ︷︷ ︸

∈SO(n+1)

·
(

cos(πr)
sin(πr) · v

)
︸ ︷︷ ︸
∈R×Rn=Rn+1

with r ∈ [0, 1] and v ∈ Sn−1

is a homeomorphism. (Note that for n = 1 and n = 2 this homeomorphism is illustrated
in the �gure below.) This homeomorphism has the following properties:
(1) The map Ω sends the point [Sn−1] ∈ Bn

/Sn−1 to the North Pole (0, . . . , 0, 1).
(2) The map Ω sends the origin to the South Pole (0, . . . , 0,−1).
(3) The map Bn → B

n
/Sn−1 Ω−→ Sn is a smooth embedding in the sense of the de�nition

on page 652. Furthermore, if we equip Bn and Sn with the standard orientations
from page 677 and page 681, then the smooth embedding is orientation-preserving
in the sense of the de�nition on page 682.77

Proof. It follows from Lemma 5.19, the Topological-Quotient Proposition 5.15 (1b) and
the Compact-Hausdor� Proposition 2.17 (3) that the map Ω: B

n
/Sn−1 → Sn is a homeo-

morphism. It is clear that Ω([Sn−1]) = (0, . . . , 0, 1) and that Ω(0) = (0, . . . , 0,−1).
Thus it remains to prove Statement (3). To show smoothness it is convenient to rewrite

the de�nition of Ω. First note that by elementary real analysis we know that there exists
a smooth map f : R → R such that for any x 6= 0 we have f(x) = sin(π·x)

x
. One can now

77We hope that the reader is not too fazed by the fact that we use some expressions that we will introduce
only later. But we think it is useful to state all properties of Ω now.
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Ω

Ω

easily verify that the map Ω: B
n
/Sn−1 → Sn has the following, in some sense cleaner,

description:

Ω: B
n
/Sn−1 → Sn

[w] 7→

 0 (−1)n−1 . . .
0 0 idn−1

−1 . . . 0


︸ ︷︷ ︸

∈SO(n+1)

·
(

cos(π · ‖w‖)
f(‖w‖) · w

)
︸ ︷︷ ︸
∈R×Rn=Rn+1

with w ∈ Bn
.

It is now clear that the map Bn → B
n
/Sn−1 Ω−→ Sn is smooth. One can easily verify that

the di�erential at each w ∈ Bn is invertible, i.e. the map Bn → Sn is an immersion in
the sense of the de�nition on page 651. Using the above one can also easily verify that
Bn → Sn is an embedding. In summary, we have shown that the map Bn → Sn is a smooth
embedding.

It remains to show that the smooth embedding Bn → Sn is orientation-preserving. By
the Basics-of-Orientations Lemma 25.13 it su�ces to show that the map is orientation-
preserving at the origin. At the origin the standard basis e1, . . . , en of T̃0B

n = Rn is a
positive basis. An elementary calculation shows that it gets sent to the basis (−1)n−1 ·
e1, e2, . . . , en of the tangent space of Sn at Φ(0) = −en+1. Since det(−en+1 (−1)n−1 ·
e1 e2 . . . en) > 0 we see, by the de�nition on page 681 of the standard orientation on Sn,
that (−1)n−1 · e1, e2, . . . , en is a positive basis of the tangent space of Sn at Φ(0) = −en+1.
We have thus shown that the smooth embedding Bn → Sn is orientation-preserving at the
origin and thus everywhere. �

We conclude this section with a rather technical discussion. Namely, on page 244 we saw
that the quotient of a topological space that is Hausdor� is not necessarily again Hausdor�.
It is pretty clear that if one puts enough conditions on the equivalence relation, then one
can avoid such misdemeanor. This leads us to the following de�nition.
De�nition. Let X be a topological space and let ∼ be an equivalence relation on X.
Recall that an equivalence relation is, by the de�nition on page 89, a subset of X × X
with suitable properties. We say that ∼ is closed if ∼ is a closed subset of X ×X.
Now we can formulate the next lemma.
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Lemma 5.21. (Quotient Hausdor� Lemma) Let X be a topological space that is
Hausdor� and compact. If ∼ is a closed relation, then X/∼ is Hausdor�.
Proof. Let X be a topological space that is Hausdor� and compact and let ∼ be a closed
relation. For psychological reasons we denote by G Ă X × X the subset given by the
relation ∼. By hypothesis we know that G is a closed subset of X × X. We denote by
p : X → X/∼ the projection. We start out with the following claim.

Claim. Given any closed subset C of X the projection p(C) is a closed subset of X/∼.
Proof. Let C be a closed subset of X. We need to show that p−1(p(C)) is closed in X. We
denote by p1, p2 : X ×X → X the projection onto the �rst respectively the second factor.
Then one easily sees that

p−1(p(C)) = {y ∈ X | there exists an x ∈ C with y ∼ x} = p2(p−1
1 (C) ∩G).

Note that p−1
1 (C) = C × X is the product of two closed subsets of X, hence it follows

from the Product-of-Subsets Lemma 5.5 that p−1
1 (C) = C×X is a closed subset of X×X.

Furthermore by our hypothesis G is a closed subset of X×X. Thus we see that p−1
1 (C)∩G

is closed. By the Product Topology Properties Proposition 5.6 (2) and our hypothesis on X
we know that X×X is compact. It follows from the Compact-Closed Lemma 1.21 (1) that
p−1

1 (C) ∩G is a compact subset of X ×X. It is now a consequence of the Compact Image
Lemma 2.13 (1) that p2(p−1

1 (C) ∩ G) is a compact subset of X. But since X is Hausdor�
we obtain from the Compact-Closed Lemma 1.21 (2) that p2(p−1

1 (C) ∩ G) is also a closed
subset of X. �

Now let [x], [y] ∈ X/∼ be two disjoint points in X/∼. Since X is Hausdor� we know
from the Compact-Closed Lemma 1.21 (2) that {x} and {y} are closed subsets of X. By
the claim we see that {[x]} and {[y]} are closed subsets of X/∼. Since the projection
p : X → X/∼ is continuous we see that p−1([x]) and p−1([y]) are two disjoint closed subsets
of X. Since X is compact and Hausdor� we know by the Compact Hausdor� Spaces-
Normal Lemma 1.16 that X is normal, i.e. that there exist open disjoint neighborhoods U
and V of p−1([x]) and p−1([y]). We write U ′ = X \ U and V ′ = X \ V . These are now
closed subsets of X. By the claim their images are closed subsets of X/∼. Now we see
that (X/∼) \ p(U ′) and (X/∼) \ p(V ′) are the desired open disjoint sets containing [x]
respectively [y]. �

We conclude this section on quotient spaces with three technical lemmas.
Lemma 5.22. Let X be a topological space and let ∼ be an equivalence relation on X.
Furthermore let B be a basis of the topology of X. If the projection p : X → X/∼ is an
open map, then p(B) = {p(B) |B ∈ B}
is a basis for the topology of X/∼.

Proof. First note that the sets in p(B) are indeed open subsets of X/∼ since we assume
that the projection is open. We use the criterion provided by the Basis Characterization
Lemma 1.32 (1) to show that p(B) is a basis for the topology of X/∼. Thus let U Ă X/∼ be
an open set and let y ∈ U . We need to show that there exists a B ∈ B with y ∈ p(B) Ă U .

We choose an x ∈ X with p(x) = y. Since B is a basis for the topology of X and since
p−1(U) is open in X there exists by the Basis Characterization Lemma 1.32 (1) a B ∈ B
with x ∈ B Ă p−1(U). But then we also have that y = p(x) ∈ p(B) Ă p(p−1(U)) = U . �
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A careful reading of these notes shows that the following lemma gets used on many occasions
without giving its due credit.

Lemma 5.23. (Twice Quotient Lemma)
(1) Let X be a topological space and let ∼1 be an equivalence relation on X. Further-

more let ∼2 be an equivalence relation on X/∼1. Given x, y ∈ X we de�ne

x ∼ y :⇐⇒ [x]∼1 ∼2 [y]∼1 .

Then the following two statements hold:
(a) �∼� is an equivalence relation.
(b) The map X/∼ → (X/∼1)/∼2

[x] 7→ [[x]∼1 ]∼2

is a homeomorphism.
(2) Let f : X → Y be a map between two topological spaces and let ∼X and ∼Y be

equivalence relations on X respectively Y . If x1 ∼x x2 implies that f(x1) ∼y f(x2),
then the map

X/∼X → Y/∼Y
[x] 7→ [f(x)]

is well-de�ned and continuous.
Proof.
(1) We leave the proof of this lemma as a gift to our dear reader.

(2) It follows from the Topological-Quotient Proposition 5.15 (1a) that the map X
f−→

Y
y 7→[y]−−−→ Y/∼Y is continuous. It follows from our hypothesis on f and the Topological-

Quotient Proposition 5.15 (1b) that this map descends to a continuous map X/∼X→
Y/∼Y . �

5.6. Group actions on topological spaces. We continue with the following de�nition
that eventually will provide a rich source of examples of topological spaces.
De�nition. Let X be a set and let G be a group with trivial element e.
(1) An action of G on X is a map

G×X → X
(g, x) 7→ g · x

with the following properties

e · x = x, for all x ∈ X,
g · (h · x) = (g ·G h) · x, for all x ∈ X and g, h ∈ G.
↑ ↑ ↑

group action multiplication in the group G

(2) The action is called free, if g · x = x for some x ∈ X implies that g = e.
(3) We say G acts transitively, if for every x and y in X there exists a g ∈ G with

g · x = y.
(4) If X is a topological space, then we say that the action is continuous, if for every

g ∈ G the map
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X → X
x 7→ g · x

is continuous.78

Remark. Sometimes what we call an �action� is referred to as a �left-action�. A �right-
action� is exactly the same as a left-action except that the second property gets replaced
by g · (h · x) = (h ·G g) · x. Or, more intuitively, a right-action is a map X ×G→ X such
that we have (x ·h) ·g = x ·(h ·G g). Basically all the statements and de�nitions that we give
for left-actions carry over, with minuscule modi�cations, to the setting of right-actions.

Examples.
(1) Given any group G the map G×G → G

(g, h) 7→ ghg−1

de�nes an action of G on itself. Let G be a non-trivial group. Considering h = e we
see that this action is not free and it is also straightforward to see that the action is
not transitive.

(2) Let F be a �eld and let V be a k-dimensional vector space over F. We denote by B
the set of all ordered bases of V . The map

GL(k,F)×B → B(
(aij)i,j=1,...,k, (v1, . . . , vk)

)
7→

( k∑
i=1
ai1vi, . . . ,

k∑
i=1
aikvi

)
is a transitive action. It is an amusing linear algebra exercise to �gure out under
what circumstances this action is free.

(3) The group G = Zn acts on X = Rn by addition. This action is evidently free and
continuous but it is not transitive.

We continue with the following de�nition.
De�nition. Let X be a set and let G be a group that acts on X. One can easily verify
that x ∼ y :⇐⇒ there exists a g ∈ G such that g · x = y

is an equivalence relation on X. We write79

X/G := X/∼ .

If X is a topological space, then we view X/G as a topological space equipped with the
quotient topology.

Lemma 5.24. (Group-Action Projection Lemma) Let X be a topological space and
let G be a group that acts on X.
(1) The projection p : X → X/G is continuous.
(2) We suppose that G acts continuously on X.

(a) The projection p is open.

78If the action is continuous, then the map x 7→ g · x is in fact a homeomorphism with inverse map given
by x 7→ g−1 · x.
79It is arguably more logical to write G\X since we are dealing with a left-action and to reserve the notation
X/G for right-actions. We stick to X/G since it is closer to our language �X mod G� and since we will not
deal with right-actions at all.
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(b) If A Ă X is a closed subset with G ·A = A, then p(A) is a closed subset of X/G.

Remark. Note that even if G acts continuously on a topological space, it is not true in
general that the projection p : X → X/G is closed. For example, let X = R and G = Z
with the additive action on R. The set A := {n + 1

n
|n ∈ Z} is a closed subset of X = R,

but using the Topological-Quotient Proposition 5.15 (0b) one can easily show that p(A) is
not a closed subset of X/G = R/Z.
Proof.

(1) The �rst statement follows immediately from the Topological-Quotient Proposition 5.15
(1a).

(2) Now we assume that G acts continuously on X.
(a) Let U Ă X be an open subset. We need to show that p(U) is open in X/G. Thus

we need to show that p−1(p(U)) is an open subset of X. It follows easily from
the de�nitions that

p−1(p(U)) =
⋃
g∈G

g · U.

Since G acts continuously the map x 7→ g · x is a homeomorphism. Thus we see
that p−1(p(U)) is the union of open sets, thus it is open itself.

(b) Let A Ă X be a closed subset with G · A = A. We see that

(X/G) \ p(A) = p(X \ A) = p(open set of X) = open subset of X/G.
↑ ↑ ↑

by the Image-Preimage since A closed by (2a)
Lemma 0.2 (5), since G·A=A
implies that p−1(p(A))=A

But this means that p(A) is indeed a closed subset of X/G. �

The following lemma discusses one example in greater detail.

Lemma 5.25. The map
Rn/Zn → (S1)n

[(t1, . . . , tn)] 7→
(

exp(2π it1), . . . , exp(2π itn)
)

is a homeomorphism.

Convention. Often we use the homeomorphism of Lemma 5.25 to make the identi�cation
Rn/Zn = (S1)n.

Proof. We start out with the following observations:
(1) The map is continuous by the Topological-Product Proposition 5.1 (1b) and. the

Topological-Quotient Proposition 5.15 (1b). Furthermore it is straightforward to see
that it is a bijection.

(2) The obvious map [0, 1]n → Rn → Rn/Zn is continuous and it is easily seen to be
surjective. By the Hyperrectangle-Compact Proposition 1.26 we know that [0, 1]n is
compact. It follows from the Compact Image Lemma 2.13 that Rn/Zn is compact.

(3) From the Product Topology Properties Proposition 5.6 we obtain that (S1)n is Haus-
dor�.

Now it follows from the Compact-Hausdor� Proposition 2.17 (3) that the given map is
indeed a homeomorphism. �
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We continue with more examples of group actions and the resulting quotient topological
spaces. The �rst example doubles as a de�nition

De�nition. Let X = Sn and G = {±1}. The map

{±1} × Sn → Sn

(ε, P ) 7→ ε · P
de�nes an action that is free and continuous. We refer to the quotient space Sn/{±1} as
the n-dimensional real projective space RPn. 8081

We continue with one more example of a group action.

Example. Let X = R and G = {±1}. The map

{±1} × R → R
(ε, x) 7→ ε · x

de�nes an action that is continuous. But this action is not free, since (−1) · 0 = 0, but
−1 is not the trivial element in the group G = {±1}. In Exercise 5.29 we will show that
R/{±1} is homeomorphic to the half-open interval [0,∞).

We formulate the next example as a lemma.

Lemma 5.26. (Orthogonal Action Lemma) Let n ∈ N0.
(1) The maps

O(n+ 1)× Sn → Sn

(A, v) 7→ A · v and O(n+ 1)×Bn+1 → B
n+1

(A, v) 7→ A · v

de�ne continuous actions of O(n+ 1) on Sn and on B
n+1

.
(2) The action of SO(n+ 1) on Sn is free if and only if n = 1.
(3) The action of O(n+ 1) on Sn is transitive.
(4) If n ≥ 1, then the action of SO(n+ 1) on Sn is also transitive.
(5) Let k ∈ {0, . . . , n}. The obvious action of SO(n) on the set of k-dimensional vector

subspaces of Rn is transitive.
We can use the above to draw the following two conclusions:
(6) For every P ∈ Sn the complement Sn \ {P} is homeomorphic to Rn.
(7) Given any x, y ∈ Sn there exists a homeomorphism ϕ : B

n+1 → B
n+1

, which restricts
to a homeomorphism Sn → Sn, with ϕ(x) = y

Proof. Statements (1) and (2) can be veri�ed easily.
We turn to the proof of Statements (3) and (4). The statements fall in the realm of

linear algebra, but for the reader's convenience we provide the argument. First we prove
Statement (3). It su�ces to show that given any v ∈ Sn there exists an A ∈ O(n+ 1) with
A · e1 = v. To produce such a matrix we �nd vectors v2, . . . , vn+1 such that v, v2, . . . , vn+1

form a basis for Rn+1. We apply the Gram-Schmidt Orthonormalization Process 2.38 to the
ordered basis (v, v2, . . . , vn+1). Since ‖v‖ = 1 this process leaves the �rst vector invariant

80For n = 2 we sometimes refer to RP2 as the real projective plane.
81In Exercise 5.25 we will show that RP1 is homeomorphic to S1.
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and we obtain an orthonormal basis (v, ṽ2, . . . , ṽn+1). We denote by A the orthogonal
matrix with columns given by v, ṽ2, . . . , ṽn+1. Clearly A · e1 = v.

We turn to the proof of Statement (4). We argue as in Statement (3). The only
di�erence is, that if det(A) = −1 and if n ≥ 1, then we replace ṽ2 by −ṽ2, and now we are
happy.

We move on to the proof of Statement (5). Now let k ∈ {0, . . . , n} and let V,W Ă Rn

be two k-dimensional vector subspaces of Rn. The case k = n is trivial. So we can assume
that k ∈ {0, . . . , n− 1}. By the Gram-Schmidt Orthogonalization Process 2.38 we can pick
orthogonal bases v1, . . . , vk and w1, . . . , wk. It su�ces to show that for i = 1, . . . , k there
exists an Ai ∈ SO(n) such that A ·vj = ±wj for j = 1, . . . , i. These matrices A1, . . . , Ak can
be found iteratively by applying (4) to the vectors vj and wj in the orthogonal complement
of v1, . . . , vj−1, which has dimension n− (j − 1) ≥ n− (k − 1) ≥ n− ((n− 1)− 1) ≥ 2.

Next note that Statement (6) follows from Statement (3) together with Lemma 2.18.
Finally Statement (7) follows from Statements (1) and (3). �

We consider our next example in greater detail.

De�nition.
(1) Let X = R× [−1, 1] and G = Z. The map

Z× (R× [−1, 1]) → R× [−1, 1]
(n, (x, y)) 7→ (x+ n, (−1)n · y)

de�nes an action that is free and continuous. We refer to the quotient X/Z as the
Möbius band. The same argument as in the proof of Lemma 5.25 shows that the
Möbius band is compact.

(2) On occasion we will also be interested in the open Möbius band which is basically
de�ned as above, except that we de�ne it as the quotient of R × (−1, 1) instead of
the quotient of R× [−1, 1].

�����������������������������������������������������
�����������������������������������������������������
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�����������������������������������������������������
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�����������������������������������������������������

X = R× [−1, 1] action by 1 ∈ Z

Remark. The name �Möbius band� conjures up a certain picture. We will now see that
our name is justi�ed. Given ϕ, ψ ∈ R and r ∈ [−1, 1] we set

A(ϕ) :=

(
cos(ϕ) − sin(ϕ) 0
sin(ϕ) cos(ϕ) 0

0 0 1

)
and v(r, ψ) :=

(
2 + r · sin(ψ)

0
r · cos(ψ)

)
.

We consider the map
Ψ: (R× [−1, 1])/Z → R3

[(ϕ, r)] 7→ A(2π · ϕ) · v
(
r, πϕ

)
.

The argument of Lemma 5.25 shows that Ψ is an embedding. Thus the Möbius band,
de�ned abstractly as above, is indeed homeomorphic to a subset of R3 that looks like what
we had in mind.
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z

x

y

Möbius band viewed as a subset of R3

If X is a Hausdor� space and if G acts continuously on X, then it is unfortunately not
necessarily true that X/G itself is Hausdor�. For example, consider the obvious action of
G = (Q,+) on X = R. It is a moderately insightful exercise, see Exercise 5.27, to verify
that the quotient space R/Q is not Hausdor�.
This example leads us to the following de�nition.
De�nition. Let X be a topological space and let G be a group that acts on X. We say
that G acts properly if for every two points x and y in X there exist open neighborhoods U
of x and V of y such that the set {g ∈ G | gU ∩ V 6= ∅} is �nite.82

Examples.
(1) The action of any �nite group is proper by de�nition.
(2) One can show easily that the action of Z on R × [−1, 1] that we had considered on

page 252 to de�ne the Möbius band, is proper.
(3) It is straightforward to show that the action of O(n+ 1) on Sn from the Orthogonal

Action Lemma 5.26 is not proper.

Proposition 5.27. (Group Action-Hausdor� Quotient Proposition) Let G be a
group that acts on a topological space X. If X is Hausdor� and if the action is proper
and continuous, then the quotient space X/G is also Hausdor�.

Example. Note that it follows from the Group Action-Hausdor� Quotient Proposition 5.27
and the above examples that the real projective spaces RPn/{±1} and the Möbius band
(R× [−1, 1])/Z are Hausdor�.

Unless one has an insatiable appetite for technical proofs it is best to move on to the next
section.

The proof of the Group Action-Hausdor� Quotient Proposition 5.27 relies on the fol-
lowing two lemmas.
Lemma 5.28. Let G be a group that acts continuously and properly on a topological
space. If X is Hausdor�, then given any two points a and b in X there exist open neigh-
borhoods A of a and B of b with the following property: for every g ∈ G with ga 6= b we
also have gA ∩B = ∅.
Proof of Lemma 5.28. Let G be a group that acts continuously and properly on a topo-
logical space X that is Hausdor�. Let a and b be two points in X. Since G acts properly
on X there exist open neighborhoods U of a and V of b such that {g ∈ G | gU ∩ V 6= ∅} is
a �nite set. We denote the elements of this �nite set by g1, . . . , gr. We set

I := {i = 1, . . . , r | gia 6= b}.
82The notion of a �proper action� is de�ned in di�erent ways by di�erent authors.
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Since X is Hausdor� we can �nd for every i ∈ I an open neighborhood Ui of gia and an
open neighborhood Vi of b such that Ui ∩ Vi = ∅. We set

A := U ∩ ⋂
i∈I
g−1
i Ui and B := V ∩ ⋂

i∈I
Vi.

The sets A and B are the intersection of �nitely many open subsets,83 thus they are open.
In particular A is an open neighborhood of a and B is an open neighborhood of b.

Now one can easily verify that A and B have the desired properties. Indeed, let g ∈ G
with ga 6= b. If g 6∈ {g1, . . . , gr}, then gU ∩ V = ∅, therefore gA ∩ B = ∅. On the
other hand, if g ∈ {g1, . . . , gr}, then there exists an i ∈ I with g = gi. It follows that
gi(g

−1
i Ui) ∩ Vi = Ui ∩ Vi = ∅, hence giA ∩B = ∅. �

Lemma 5.29. Let G be a group that acts on a set X. We denote by p : X → X/G the
projection. Let A and B be subsets of X. Then

p(A) ∩ p(B) = ∅ ⇐⇒ for every g ∈ G we have gA ∩B = ∅,
or equivalently,

p(A) ∩ p(B) 6= ∅ ⇐⇒ there exists a g ∈ G with gA ∩B 6= ∅.

Proof of Lemma 5.29. We prove the second statement. The �rst statement is easily seen
to be equivalent to the second statement. Note that

p(A) ∩ p(B) 6= ∅ ⇐⇒ there exist a ∈ A and b ∈ B with p(a) = p(b) ∈ X/G
⇐⇒ there exist a ∈ A, b ∈ B and g ∈ G with ga = b
⇐⇒ there exists a g ∈ G with gA ∩B 6= ∅. �

Now we turn to the actual proof of the Group Action-Hausdor� Quotient Proposi-
tion 5.27.

Proof of the Group Action-Hausdor� Quotient Proposition 5.27. LetG be a group
that acts on a topological space X. We assume that X is Hausdor� and that the action is
proper and continuous. We want to show that the quotient space X/G is also Hausdor�.
We denote by p : X → X/G the projection .

Let x and y be two distinct points in X/G. We pick a and b in X with p(a) = x and
p(b) = y. Since p(a) = x 6= y = p(b) we see that for every g ∈ G we have ga 6= b. By
Lemma 5.28 there exist open neighborhoods A of a and B of b such that gA ∩ B = ∅ for
every g ∈ G. It follows from Lemma 5.29 that p(A) and p(B) are disjoint.

Since A and B are open it follows from the Group-Action Projection Lemma 5.24 that
p(A) and p(B) are open subsets of X/G, in particular they are open neighborhoods of

83Here we use that G acts continuously, since this implies that the sets h−1 · Ui are also open.
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x = p(a) and y = p(b). We have thus found the desired disjoint open neighborhoods of x
and y in X/G. �
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X/G = R/Z ∼= S1X = R and G = Z acts by addition
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5.7. Projective spaces. Let n ∈ N. On page 251 we introduced the real projective space
RPn = Sn/{±1}. In this section we will give an alternative de�nition and we will introduce
the complex projective spaces. Even though these projective spaces appear initially rather
arbitrary they will on several occasions play an essential role in these notes.

Convention. Let X = Rn+1 \ {0} and let G = R \ {0}, where we view G as a group via
multiplication. The map

(R \ {0})× (Rn+1 \ {0}) → Rn+1 \ {0}
(r, P ) 7→ r · P

de�nes an action that is free and continuous. It is straightforward to see that the map
RPn = Sn/{±1} → (Rn+1 \ {0})/(R \ {0})

[P ] 7→ [P ]

de�nes a homeomorphism84. We will use this homeomorphism to make the identi�cation
RPn = (Rn+1 \ {0})/(R \ {0}).
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(R3 \ {0}/(R \ {0}) is the
�set of lines through 0�

RP2 = S2/x ∼ −x is the
�set of pairs of antipodal

points on S2�

Our new point of view on real projective spaces has the advantage that we can create a
di�erent class of examples of topological spaces by replacing R by C. More precisely, this
discussion leads us to the following de�nition:

De�nition. Let X = Cn+1 \ {0} and let G = C \ {0}. The map

(C \ {0})× (Cn+1 \ {0}) → Cn+1 \ {0}
(z, P ) 7→ z · P

de�nes an action that is free and continuous. The quotient space (Cn+1 \ {0})/(C \ {0})
is called the n-dimensional complex projective space CPn.
In our treatments of real and complex projective spaces we will often use the following
notation.

84For example an inverse is given by the map (Rn+1 \ {0})/(R \ {0})→ Sn/{±1} that is de�ned by [x] 7→
[ x
‖x‖ ]. More precisely, it follows from the Topological-Quotient Proposition 5.15 (1b) and the Topological-
Quotient Proposition 5.15 (1a) that both maps are continuous. Clearly they are inverses of one another.
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Notation. Let n ∈ N0. For (x0, . . . , xn) ∈ Rn+1 \ {0} we denote by [x0 : . . . : xn] the
corresponding point in RPn. We also use the same notation for points in complex projective
spaces.
The following lemma shows that real and complex projective spaces have some of our
favorite properties.

Proposition 5.30. (Projective Spaces-Compact+Hausdor� Proposition) The real
projective and the complex projective spaces are compact and Hausdor�.

Example. Let n ∈ N0 and let m ≤ n. We consider the maps

i : RPm → RPn
[x0 : . . . :xm] 7→ [x0 : . . . :xm :0 : . . . :0]

and
j : CPm → CPn

[z0 : . . . :zm] 7→ [z0 : . . . :zm :0 : . . . :0].

It follows from the Twice Quotient Lemma 5.23, the Projective Spaces-Compact+Hausdor�
Proposition 5.30 and the Compact-Hausdor� Proposition 2.17 (2) that both maps are
embeddings. Sometimes we will use these maps to view RPm as a subset of RPn and
similarly we will view CPm as a subspace of CPn.

In the proof of the Projective Spaces-Compact+Hausdor� Proposition 5.30 it is convenient
to have the following description of complex projective spaces.
Auxiliary Lemma 5.31. Let n ∈ N0. We make the identi�cation

S2n+1 = {(z1, . . . , zn+1) ∈ Cn+1 | |z1|2 + · · ·+ |zn+1|2 = 1}.
We consider the action

S1 × S2n+1 → S2n+1

(w, (z1, . . . , zn+1)) 7→ (w · z1, . . . , w · zn+1).

The maps

f : S2n+1/S1 → CPn
[z1, . . . , zn+1] 7→ [z1 : . . . :zn+1]

and
p : CPn → S2n+1/S1

[z1 : . . . :zn+1] 7→
[ 1√
|z1|2+···+|zn+1|2 (z1, . . . , zn+1)

]
are continuous and inverses of one another, in particular both maps are homeomorphisms.
We will use these maps to make the identi�cation CPn = S2n+1/S1.

Proof. Lemma 5.31] It follows easily from the de�nition of the quotient topology on the
complex projective space CPn = (Cn+1 \{0})/(C\{0}) and from the Topological-Quotient
Proposition 5.15 (1a) together with the Topological-Quotient Proposition 5.15 (1b) that
both maps are continuous. It is easy to verify that the maps are inverses of one another. �
Proof of the Projective Spaces-Compact+Hausdor� Proposition 5.30. Let n ∈ N.
It follows from the Compact Image Lemma 2.13 and the Group Action-Hausdor� Quotient
Proposition 5.27 that the real projective space RPn = Sn/{±1} is compact and Hausdor�.

For the complex projective space CPn we need to work just a little harder. Throughout
the remainder of this proof we will use the identi�cation CPn = S2n+1/S1 from Lemma 5.31.
Note that since S2n+1 is compact it follows again from the Compact Image Lemma 2.13
that CPn = S2n+1/S1 is compact.

It remains to show that CPn = S2n+1/S1 is Hausdor�. A direct argument is sketched
in Exercise 5.44. In the following we will provide a less direct but more general argument.
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Note that it follows from the Quotient Hausdor� Lemma 5.21 that S2n+1/S1 is Hausdor�
once we have shown that the equivalence relation is closed. Thus we need to show that

G = {(v1, v2) ∈ S2n+1 × S2n+1 | there exists w ∈ S1 with w · v1 = v2},
is a closed subset of S2n+1 × S2n+1. Note that G is the image of the map

Φ: S2n+1 × S1 → S2n+1 × S2n+1

(v, w) 7→ (v, w · v).

This map is continuous and the left-hand side is compact by the Product Topology Prop-
erties Proposition 5.6 (2). Thus the image of Φ is compact by the Compact Image
Lemma 2.13. By the Product Topology Properties Proposition 5.6 (1) we know that
S2n+1 × S2n+1 is Hausdor�. Thus we obtain from the Compact-Closed Lemma 1.21 that
the image of Φ is a closed subset of S2n+1 × S2n+1. �

In the following lemma we give alternative descriptions of RPn and CP1 that will be used
on many occasions.
Lemma 5.32.
(1) Let n ∈ N. If we denote by ∼ the equivalence relation on B

n
that is generated by

P ∼ −P for P ∈ Sn−1 = ∂B
n
, then the map

RPn = Sn/{±1}
∼=−→ B

n
/∼

[(x1, . . . , xn, xn+1)] 7→
{

[(x1, . . . , xn)], if xn+1 ≥ 0,
[−(x1, . . . , xn)], if xn+1 < 0

is a homeomorphism.
(2) The map

CP1 → C ∪ {∞} = R2 ∪ {∞}

[z0 : z1] 7→
{
z0 · z−1

1 , if z1 6= 0,
∞, if [z0 : z1] = [1 : 0]

is a homeomorphism. Similarly we see that RP1 is homeomorphic to R ∪ {∞}.
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boundary get identi�ed−P

P
RP2 = S2/P ∼ −P

Q

−Q
B

2
/ ∼

Proof. First note that one can easily verify that both maps are actually well-de�ned and
that they are bijections. Next we explain why the two maps are continuous:
(1) By the Topological-Quotient Proposition 5.15 (1b) it su�ces to show that the corre-

sponding map Sn → B
n
/∼ is continuous. One can easily verify that the restriction

to the closed subsets Sn≥0 and Sn≤0 are continuous. Thus it follows from the Pasting
Pasting Proposition 2.6 (2) that the map Sn → B

n
is continuous.

(2) It follows again from the Topological-Quotient Proposition 5.15 (1b) that it su�ces
to show that the corresponding map Θ: C2 \ {(0, 0} → C∪ {∞} is continuous. Note
that for any C ∈ R we have

Θ−1(complement of B
n

C) = {(z0, z1) ∈ C2 \ {(0, 0)} | |z0| > |z1|}
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which is an open subset of C2\{(0, 0)}. It follows quite easily from this discussion to-
gether with the Subbasis-Continuity Proposition 2.9 and together with the discussion
of the basis of R2 ∪ {∞} on page 132 that the map Θ is continuous.

By the Projective Spaces-Compact+Hausdor� Proposition 5.30 we know that each RPn
and CPn is compact. Using the Quotient Hausdor� Lemma 5.21 one can show that B

n
/∼

is Hausdor�. Furthermore we know from Exercise 1.18 that R2 ∪ {∞} is Hausdor�. Thus
it follows from the Compact-Hausdor� Proposition 2.17 (3) that both maps are homeomor-
phisms. �

Convention.
(1) On many occasions we will use the homeomorphism from Lemma 5.32 to make the

identi�cation RPn = B
n
/∼.

(2) In Lemma 2.18 we gave an explicit homeomorphism S2 → R2 ∪ {∞}. Combining
this homeomorphism with the homeomorphism from Lemma 5.32 we obtain a home-
omorphism S2 → CP1 which we will often use to make the identi�cation S2 = CP1.
Note that under this identi�cation the North Pole (0, 0, 1) ∈ S2 corresponds to the
point [1 : 0] ∈ CP1.

We conclude this short section on projective spaces with two somewhat tangential remarks.

Remark.
(1) Here is a fun fact: if we consider CP2/∼, where ∼ denotes the equivalence relation

de�ned by complex conjugation, i.e. where [z : w] ∼ [z : w], then the quotient space
is homeomorphic (in fact di�eomorphic in a suitable sense) to S4. This statement is
known as the Arnold�Kuiper�Massey Theorem, see e.g. [?, ?, ?].

(2) The de�nition of projective spaces makes sense for any �eld, even for �elds of non-
zero characteristic. For example, if F is a �eld of characteristic p we can still de�ne
the set FPn = (Fn+1 \{0})/(F\{0}). A priori this is just a set, but together with the
Zariski topology, see [Har1992, Lecture 2] or [SKKT2000, Chapter 1], it actually
becomes an unusual, but interesting topological space.
For any �eld the map

FPn = (Fn+1 \ {0})/(F \ {0}) → {all one-dimensional subspaces of Fn+1}
[v] 7→ F · v

is a bijection. Thus we can view FPn as the set of all lines through the origin.

5.8. The pushout in the topological category. In this section we consider a particu-
larly important special case of a quotient topology which deserves its own section. Before
we delve into topology we recall the following de�nition.
De�nition. Suppose we are given a relation ∼ on a set X. We say x, y ∈ X are equiv-
alent if there exists a sequence x = x1, . . . , xk = y of elements in X such that for all
i = 1, . . . , k− 1 the following holds: either xi ∼ xi+1 or xi+1 ∼ xi. We write again x ∼ y if
x and y are equivalent. It is straightforward to see that this is now indeed an equivalence
relation. We say it is generated by the initial relation.

Example. The relations x ∼ (x + 1) with x ∈ R on R generate the familiar equivalence
relation x ∼ y ⇔ x− y ∈ Z.
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De�nition. Let f : X → Y and g : X → Z be two maps between topological spaces. We
de�ne Y ∪X Z := (Y t Z)/∼ where f(x) ∼ g(x) for all x ∈ X.
We refer to Y ∪X Z as the pushout of f and g. Furthermore we refer to the maps

i : Y → Y ∪X Z
y 7→ [y]

and
j : Z → Y ∪X Z

z 7→ [z]

as the two natural maps.
The notion of a pushout will play an important role throughout the lecture notes. We
�rst summarize some key properties of pushouts, afterwards we will discuss an important
special case.

Proposition 5.33. (Topological Pushout Proposition) Let f : X → Y and g : X → Z
be two maps between topological spaces. The following statements hold:
(1) (a) The natural maps i : Y → Y ∪X Z and j : Z → Y ∪X Z are continuous.

(b) Suppose we are given two maps α : Y → W and β : Z → W to some topological
space W such that α ◦ f = β ◦ g : X → W . The map

Θ: Y ∪X Z → W

[P ] 7→
{
α(x) if P = [y] for some y ∈ Y ,
β(y) if P = [z] for some z ∈ Z

is well-de�ned and it is the unique map h : Y ∪X Z → W with Θ ◦ i = α and
Θ ◦ j = β. Furthermore, if α and β are continuous, then Θ is also continuous.
In particular we obtain the following commutative diagram:

X
f

//

g
��

Y

α

��

i y 7→[y]
��

Z

β 00

j

z 7→[z]
// Y ∪X Z

Θ

**
W.

(2) The topological space Y ∪X Z with the natural maps Y → Y ∪X Z and Z → Y ∪X Z
is the pushout in the sense of the de�nition on page 220.

Proof. Throughout the proof we denote by p : Y t Z → Y ∪X Z the natural projection.
(1) (a) It follows from the Topological-Coproduct Proposition 5.11 (1a) and the Topo-

logical-Quotient Proposition 5.15 (1a) that the natural maps i : Y → Y ∪X Z and
j : Z → Y ∪X Z are continuous.

(b) This statement is an immediate consequence of the de�nitions and the Topological-
Quotient Proposition 5.15 (1b).

(2) This statement follows easily from the de�nitions and Statement (1). We leave it to
the reader to �ll in the details. �
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Lemma 5.34. (Topological Pushout-Maps Lemma) Let f : X → Y and g : X → Z
be two maps between topological spaces. We obtain the following commutative diagram

X
f

//

g
��

Y

i y 7→[y]
��

Z
j

z 7→[z]
// Y ∪X Z.

The following statements hold:
(1) If f is a homeomorphism, then the �opposite map� j is a homeomorphism.
(2) If f is injective, then the �opposite map� j is injective. The same statement holds

for �surjective� and �bijective�.85

(3) If f is an embedding, then the �opposite map� j is an embedding.
(4) Suppose that at least one of the two maps f or g is injective.

(α) If the image of f is a closed subset of Y , then the image of the �opposite map�
j is a closed subset of Y ∪X Z.

(β) If the image of g is a closed subset of Z, then the image of the �opposite map�
i is a closed subset of Y ∪X Z.

Both statements also hold with �closed� replaced by �open�.
By symmetry the statements in (1), (2) and (3) hold also for g and its �opposite map� i.

Proof. Throughout the proof we denote by p : Y t Z → Y ∪X Z the natural projection.

(1) Suppose f : X → Y is a homeomorphism. It follows immediately from the Pushout
Lemma 4.8 (1) that j : Z → Y ∪X Z is a homeomorphism.

(2) Let z ∈ Z. It follows basically from the de�nitions that the set of elements in Z
that are equivalent to z with respect to the equivalence relation �∼� on Y tZ equals
precisely ⋃

k∈N0

g(f−1(f(g−1(. . . g(f−1(f(g−1(︸ ︷︷ ︸
applied k times

{z})))) . . . )))).

If f is injective, then it follows immediately from the Image-Preimage Lemma 0.2 (1)
and (2) that this set consists precisely of the element z. In other words, the map j
is injective. The proof for �surjective� is very similar.

(3) We suppose that f : X → Y is an embedding. By the Topological Pushout Propo-
sition 5.33 we know that j is continuous and by (1) we know that j : Z → Y ∪X Z
is injective. By the Open -Injective Map Lemma 2.16 (2) and by de�nition of the
subspace topology on j(U) it remains to prove the following claim.

Claim. If U is an open subset of Z, then there exists an open subset W of Y ∪X Z
such that j(U) = W ∩ j(Z).

Proof. Let U be an open subset of Z. Since g is continuous we know that g−1(U) is an
open subset of X. Since f is an embedding we know that there exists an open subset
V Ă Y with f(g−1(U)) = f(X) ∩ V . We set W := p(U t V ). A short argument
shows that p−1(W ) = U t V . Thus it follows from the de�nition of the quotient

85This statement is very close to the content of Exercise 4.11.
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topology and the disjoint union topology thatW is indeed an open subset of Y ∪X Z.
Basically by construction we have j(U) = W ∩ j(Z). �

(4) Without loss of generality we can assume that f is injective. The statements for
�closed� follow almost immediately from the following observations:
• By the Topological-Quotient Proposition 5.15 (0b) a subsetW of Y ∪X Z is closed
if and only if p−1(W ) is closed.
• Since f is injective it follows from the argument in (2a) that

p−1(i(Y )) = Y t g(X) and p−1(j(Z)) = f(g−1(Z)) t Z = f(X) t Z.
• By Lemma 5.12 a subset U t V of Y t Z is closed if and only if U and V are
closed.

The proof for �open� is basically the same. �

Proposition 5.35. (Pushout Properties Proposition) Let f : X → Y and g : X → Z
be two maps between topological spaces.
(1) If Y and Z are compact, then so is the pushout Y ∪X Z.
(2) If Y and Z are (path-) connected and if X is non-empty, then so is the pushout

Y ∪X Z.
Proof.
(1) If Y and Z are compact, then it follows from the Disjoint Union Topology-Properties

Lemma 5.13 (2) and the Quotient-Compact Connected Lemma 5.16 (1) that Y ∪X Z
is compact.

(2) If Y and Z are (path-) connected, then it follows easily from the Image-Connected
Lemma 2.24 and the Union Connected Lemma 2.28 that Y ∪X Z is also (path-)
connected. �

Example. Let n ∈ N0. We consider the maps86

g± : B
n

= B
n

± → Sn

(x1, . . . , xn) 7→
(
(−1)n · x1, . . . , xn,±

√
1− x2

1 − · · · − x2
n

)
.

It follows from the Topological Pushout Proposition 5.33 (1b) that the map
B
n

+ ∪Sn−1 B
n

− → Sn

[P ] 7→
{
g+(P ), if P ∈ Bn

+,

g−(P ), if P ∈ Bn

−

is continuous. One can easily verify that it is a bijection. It follows from the the Pushout
Properties Proposition 5.35 (1) combined with the Compact-Hausdor� Proposition 2.17 (3)
that the map is a homeomorphism. We use this homeomorphism to make the identi�cation
B
n

+ ∪Sn−1 B
n

− = Sn.87

Now, as promised we will discuss an important class of pushouts, namely where the map
f : X → Y is just the inclusion of a subset. This leads us to the following de�nition.
86We put in the super�uous looking sign (−1)n for the following reason: once we have introduced orien-
tations of smooth manifolds and once we have introduced the standard orientations of B

n
and Sn this

sign assures us that the map g+ : B
n → Sn is orientation-preserving and it means that g− : B

n → Sn is
orientation-reversing.
87In Exercise ?? we will see that we can also identify B

n

+ ∪Sn−1 B
n

− and Sn as �smooth manifolds�.
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De�nition. Let Y and Z be topological spaces, let A Ă Y be a subset and let ϕ : A→ Z
be a continuous map. (Note that ϕ does not need to be injective.) We write

Y ∪ϕ Z := Y ∪ϕ : A→Z Z := (Y t Z)/∼
where ∼ is the equivalence relation generated by a ∼ ϕ(a) for a ∈ A. We call Y ∪ϕ Z the
topological space obtained by gluing Y to Z via the map f .
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Y

A

ϕ Z Y ∪ϕ Z

Example. Let Y be a topological space and let A be a subset of Y . If Z is the topological
space that consists of a single point, then there exists evidently precisely one map ϕ : A→ Z
and it follows basically immediately from the de�nitions that Y ∪ϕ Z is homeomorphic to
Y/A.

The following lemma is quite subtle and gets used, often inadvertently, on many occasions.
Lemma 5.36. Let X be a topological space and let A and B be two subsets of X with
X = A ∪B. We denote by ϕ : A ∩B → A ∩B the identity map. We suppose that one of
the following two conditions hold:
(1) Both subsets A and B are closed.
(2) Both subsets A and B are open.

Then the map A ∪ϕ : A∩B→A∩B B → X
[x] 7→ x

is a homeomorphism.

Remark. In general the conclusion of the lemma does not hold without some assumptions
on A and B. For example, consider X = [−1, 1] together with the subsets A = [−1, 0] and
B = (0, 1]. In this case A∩B = ∅, thus A∪ϕB is the disjoint union of A and B. It follows
from the Disjoint Union Topology-Properties Lemma 5.13 (2) and the Heine-Borel 1.24
Theorem that A t B is not compact. On the other hand X = [−1, 1] is compact by the
Heine-Borel 1.24. Thus the two topological spaces A ∪ϕ B and X are not homeomorphic.

A

B

X

−1 1

A ∪ϕ B

Proof. Let X be a topological space and let A and B be two subsets of X with X = A∪B.
We denote by ϕ : A ∩ B → A ∩ B the identity map. In the following we consider the case
that A and B are both closed subsets of X. The case that both A and B are open subsets
is dealt with in almost entirely the same way.

It follows from the Topological Pushout Proposition 5.33 (1b) that the given map
h : A∪ϕ : A∩B→A∩B B → X is continuous. Furthermore, basically by de�nition the map h is
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a bijection. By the Open -Injective Map Lemma 2.16 (2) it remains to show that the map h
is closed. Thus let W Ă A∪ϕB be a closed subset. Note that h(W ) = (W ∩A)∪ (W ∩B).
It follows from the Topological-Quotient Proposition 5.15 (0b), applied to the projection

A tB → A ∪ϕ B = (A tB)/∼,

that A∩W is closed in A and that B ∩W is closed in B. Since A and B are by hypothesis
closed in X we obtain from the Open -Closed Inclusion Lemma 2.10 (2) that A ∩W and
B ∩W are closed in X. Therefore h(W ) = (W ∩A)∪ (W ∩B) is a closed subset of X. �

We conclude this section with an amusing description of spheres. We introduce the following
notation:
(1) We write I = [−1, 1].
(2) It follows from the Product-of-Subsets Lemma 5.5 (2) that given k ∈ N0 we have

∂Ik = {(x1, . . . , xk) ∈ Ik | at least one xi lies in {±1}}.

(3) We recall that given k ∈ N0 there exists by the Convex-to-Ball Proposition 2.20 a
canonical homeomorphism

ϕk : (B
k
, Sk−1)

∼=−−→ (Ik, ∂Ik)

with ϕk(0) = 0.
Now let m,n ∈ N0. An elementary set-theoretic argument shows that

((∂Im) × In) ∪ (Im × ∂In) = ∂Im+n

and the two subsets to the left coincide in (∂Im)× (∂In). It follows from Lemma 5.36 that
the inclusions induce a homeomorphism

((∂Im)×In) ∪id∂Im×∂In (Im×∂In)
∼=−→ ∂Im+n.

Together with the above homeomorphisms we obtain a canonical homeomorphism

(Sm−1×Bn
) ∪idSm−1×Sn−1 (B

m×Sn−1)
∼=−→ Sm+n−1.

For example, if we take m = n = 2, then we see that we can write S3 as the union of two
solid tori. We will discuss this particular case in greater detail later in Section 59.1.
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I1
I2 ∂I2×I1 I2×∂I1

5.9. Surfaces. In this section we introduce some of my favorite topological spaces, namely
surfaces.
(1) We consider X = [0, 1]× [0, 1] Ă R2 and the equivalence relation which is generated by

(x, 0) ∼ (x, 1) for all x ∈ [0, 1].

The quotient topological space X/∼ is obtained from the square X = [0, 1]× [0, 1] by
identifying each point on the upper edge with the corresponding point on the lower
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edge. Put di�erently, �we glue the upper edge to the lower edge�. Using the Compact-
Hausdor� Proposition 2.17 (3) one can easily show that the map

X/∼ → S1 × [0, 1]
[(s, t)] 7→

(
exp(2π it), s

)
is a homeomorphism. We refer to X/∼ and also to S1 × [0, 1] as the cylinder or the
annulus. Sometimes we refer to S1×(0, 1), which is homeomorphic to (0, 1)× [0, 1]/∼,
as the open cylinder or open annulus.
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cylinder
[0, 1]× 0

the points (x, 1) and (x, 0) are equivalent

X = [0, 1]× [0, 1]

[0, 1]× 1 in X/ ∼ the points [(x, 1)] = [(x, 0)] agree

(2) Now we consider X = [0, 1]× [0, 1] Ă R2, this time with the equivalence relation which
is generated by

(0, y) ∼ (1, 1− y) for all y ∈ [0, 1].

The quotient space X/∼ is obtained from the square X by gluing the edge on the
left to the edge on the right, but this time �we glue the edges with a twist�. We will
now see that this topological space is homeomorphic to the Möbius band as de�ned on
page 252. We consider the map

([0, 1]× [0, 1])/∼ → (R× [−1, 1])/Z
[(x, y)] 7→ [(x, 2y − 1)]

The left-hand side is compact by the Quotient-Compact Connected Lemma 5.16 (1)
and the right-hand side is Hausdor� by the Group Action-Hausdor� Quotient Propo-
sition 5.27 and the discussion on page 253. The map is clearly continuous and a bijec-
tion. Thus it follows from the ever-popular the Compact-Hausdor� Proposition 2.17
(3) that the map is a homeomorphism. We will use this homeomorphism to identify
([0, 1]× [0, 1])/∼ with the Möbius band. It is straightforward to see that this homeo-
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[0, 1]× [0, 1]/ ∼

(0, y)

(1, 1− y)

morphism restricts to a homeomorphism from ([0, 1]× (0, 1))/(0, y) ∼ (1, 1− y) to the
open Möbius band (R× (−1, 1))/∼.
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(3) Now we consider again X = [0, 1] × [0, 1] Ă R2, but this time with the equivalence
relation which is generated by

(x, 0) ∼ (x, 1) for all x ∈ [0, 1]
and by

(0, y) ∼ (1, y) for all y ∈ [0, 1].

Put di�erently, we obtain the quotient topological space X/∼ by gluing the top edge
to the bottom edge and the left-hand edge to the right-hand edge, each time without
adding a twist. The �gure below illustrates that the quotient space X/∼ is indeed a
torus. As in the previous example one can show that the inclusion X → R2 descends

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������

���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������

����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

by gluing of the opposite edges of a square we obtain a torus

to a homeomorphism X/∼→ R2/Z2. In other words, we can make the identi�cation
R2/Z2 = ([0, 1]× [0, 1])/∼

(4) Now we consider X = [0, 1]× [0, 1] Ă R2, this time with the equivalence relation which
is generated by

(x, 0) ∼ (x, 1) for all x ∈ [0, 1]
and by (0, y) ∼ (1, 1− y) for all y ∈ [0, 1].

Thus we obtain the quotient space X/∼ by gluing the upper edge to the lower edge
and by gluing the edge on the left to the edge on the right with a twist. The resulting
topological space is called the Klein bottle. In the �gure below we show the Klein
bottle to the left. Furthermore we indicate a map from the Klein bottle to R3. This
particular map is not injective.
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Φ

the given map from the Klein bottle to R3 has a self-intersection

the images of these two circles are the same

(5) We denote by E8 the regular octagon in C with the vertices Qk = exp(2π ik/16)
where k = 1, 3, . . . , 15, i.e. E8 is the convex hull of these eight points in R2. Given
two points A,B ∈ R2 = C we denote by AB the Euclidean segment from A to B.
Furthermore, given ϕ ∈ R we denote by rϕ : C→ C the re�ection in the Euclidean line
{t exp( iϕ) | t ∈ R}. We denote by ∼ the equivalence relation on E8 which is generated
by

P ∈ Q2k−1Q2k+1 ∼ r2π(2k+2)/16(P ) ∈ Q2k+3Q2k+5
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for k = 0, 1, 4, 5. We refer to the topological space E8/ ∼ as the surface of genus
2. Furthermore, in the �gure below we indicate how E8/∼ is related to the actual
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�physical� surface of genus 2 in R3. The same way we can de�ne the surface Σg of
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genus g for any g ≥ 3. More precisely, we take a regular 4g-gon in C and for j = 1, . . . , g
we identify the (4j+ 1)-st edge with the (4j+ 3)-rd edge and the (4j+ 2)-nd edge with
the (4j + 4)-th edge. Here each identi�cation is given by a re�ection.

�������
�������
�������

�������
�������
�������

��������
��������
��������

��������
��������
��������

��������
��������
��������
��������

��������
��������
��������
��������

�������
�������
�������
�������

�������
�������
�������
������������

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�������

��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��

������
������
������

������
������
������

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��

���
���
���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���
���
��������

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

������
������
������
������

������
������
������
������

��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������

������
������
������
������
������

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

���
���
���
���

���
���
���
���

��
��
��

��
��
��

���
���
���
���

���
���
���
���

��
��
��

��
��
��

���
���
���

���
���
��� ��

��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

surface of genus three

Finally we refer to the sphere S2 as the surface of genus 0 and we refer to the torus
S1 × S1 as the surface of genus 1.

(6) Given g ∈ N≥2 we consider the regular 2g-gon E2g with the identi�cation of the bound-
ary segments shown in the �gure below. We refer to this topological space as the
non-orientable surface Ng of genus g. (Later on in the Surface Non-Orientability
Lemma 25.20 we will see why Ng deserves its epithet.) Furthermore, we refer to the
real projection place RP2 as the non-orientable surface of genus 1. In Exercise 5.50 we
will see that the Klein bottle is homeomorphic to the non-orientable surface of genus
2. Furthermore, as a sneak preview, let us point out that later in Lemma ?? we will
see that Ng is di�eomorphic to the connected sum of g copies of RP2.
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non-orientable surface of genus 3
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We have now introduced many examples of topological spaces, some of them, for example
the Möbius band, the torus and the surface of genus 2, can easily be pictured as subsets of
�our universe�, i.e. they can be viewed as subsets of R3. This raises the following question.

Question 5.37. Can the real projective space RP2 and the Klein bottle, or more generally
the non-orientable surfaces of some genus ≥ 3, be viewed88 as subsets of R3?

5.10. Topological groups. Now that we notion of the product topology we can introduce
the notion of a topological group. This notion does not play an essential role in the lecture
notes, but it will pup up every now and then.

De�nition. A topological group is a topological space X together with a group structure,
such that the two maps89

X ×X → X
(x, y) 7→ x · y and

X → X
x 7→ x−1

are continuous.
The most basic example of a topological group is given by taking any group and equipping
it with the discrete topology. As we will see in Lemma 5.39 (2), somewhat surprisingly
even this banal example can turn out to be interesting.
The following lemma gives us much more interesting examples of topological groups.

Lemma 5.38. For any n ∈ N the matrix groups GL(n,R) and GL(n,C) are topological
groups.

Proof. As we pointed out on page 227, matrix multiplication is continuous. Furthermore,
basic linear algebra, see e.g. [HJa2013, Chapter 0.8.2], says that taking the inverse is given
by the map

GL(n,R) → GL(n,R)

A 7→ 1
det(A) ·

matrix whose (i, j)-entry is given by taking the determinant
of the matrix that is obtained from A by removing

the i-th column and the j-th row of A.︸ ︷︷ ︸
=called the adjugate of A

But this map is clearly continuous. This shows that GL(n,R) is a topological group.
Basically the same argument also shows that GL(n,C) is a topological group. �

After this �rst list of examples let us formalize the setting a little bit by introducing the
category of topological groups.

De�nition. We refer to the category TopGr with

Ob(TopGr ) := all topological groups,
Mor(X, Y ) := all homomorphisms from X to Y that are continuous,

with the usual composition of maps as the category of topological groups.
We obtain more examples of topological groups by taking subgroups and products:

88The word �view� is intentionally vague.
89Here we evidently equip X ×X with the product topology.
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Lemma 5.39.
(1) Let X be a topological group and let Y be a subgroup. If we equip Y with the

subspace topology, then Y is also a topological group.
(2) Let {Xi}i∈I be a family of topological groups. If we equip

∏
i∈I
Xi with the product

topology and the obvious group structure, then it is again a topological group.

Proof.

(1) This statement follows immediately from Lemma 2.1 together with the Product
Topology-Basics Lemma 5.4 (4).

(2) This statement follows easily from the Topological-Product Proposition 5.1 and the
Product Topology-Basics Lemma 5.4 (2). �

Example. It follows from Lemmas 5.38 and 5.39 (1) that SL(n,R), O(n), SO(n), GL(n,C),
U(n) and SU(n) are topological groups.

Lemma 5.40. Let G be a topological group.
(1) Given any g ∈ G the two maps

lg : G → G
h 7→ g · h and

rg : G → G
h 7→ h · g

are continuous.
(2) If G is a topological group, then any two path-components of G are homeomorphic.

Proof.

(1) The map lg is the composition of the two maps

G → G×G
h 7→ (g, h)

and
G×G → G
(x, y) 7→ x · y.

The �rst map is continuous by the Product Topology-Basics Lemma 5.4 (1) and the
second map is continuous since G is a topological group. Thus lg itself is continuous.
The same argument shows that rg is continuous.

(2) Let X, Y be two path-components of G. We pick x ∈ X and y ∈ Y . We consider
the map ϕ : G → G given by g 7→ yx−1g. By (1) we know that ϕ is continuous.
Furthermore it follows from Lemma 2.35 that ϕ(X) Ă Y .

We also consider the map ψ : G → G given by g 7→ xy−1g. The same argument
as above shows that ψ is continuous and that ψ(Y ) Ă X. Clearly ϕ and ψ are
inverses of one another. But this implies that ϕ and ψ are homeomorphisms between
X and Y . �

5.11. Continuity of zeros. We conclude this long chapter with a slightly peripheral dis-
cussion on the zeros of complex polynomials. This discussion shows in particular that group
actions can appear in unexpected situations. We start out with the following slightly vague
question.

Question 5.41. Let n ∈ N. Do the zeros of a polynomial of degree n vary continuously
with the coe�cients of the polynomial?
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The �rst question is, what does it mean that the �zeros of a polynomial� vary �continuously�?
What are the topological spaces involved so that we can talk about continuity? The
following proposition kills two birds at once: it makes the question precise and it gives a
complete answer.

Proposition 5.42. (Zeros Continuity Proposition) Let n ∈ N. We consider the
action by the permutation group Sn on Cn that is given by permuting the coordinates.
The map90

f : Cn → Cn/Sn

(v0, . . . , vn−1) 7→

[ set of zeros of the polynomial
v0 + v1 · z + · · ·+ vn−1 · zn−1 + zn,

counted with multiplicities

]
is continuous, in fact it is a homeomorphism.

Remark. For n = 1, 2, 3, 4 one can hope to prove the Zeros Continuity Proposition 5.42 by
the formulas for determining zeros of polynomials of degree n. But since no such formula
exists for general polynomials of higher degree this approach is doomed for n ≥ 5.

The proof of the Zeros Continuity Proposition 5.42 makes use Rouché's Theorem from
complex analysis.

Theorem 5.43. (Rouché's Theorem) Let U Ă C be an open set. Furthermore let
f, g : U → C be two holomorphic91 functions and let z ∈ U and r ∈ R>0 be such that
Br(z) = {w ∈ C | |w − z| ≤ r} is contained in U . If for all w ∈ ∂Br(z) we have the
inequality |g(w)| < |f(w)|, then f and f + g have the same number of zeros (counted with
multiplicities) within the open disk Br(z).
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f, g homolomorphic
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Proof. This theorem is proved in every self-respecting book on complex analysis, see e.g.
[Lang1999, Theorem VI.1.6]. �

Example. We consider f(z) = z5 and the disk B1(0). The polynomial f(z) has one zero
of multiplicity �ve in B1(0). For any a, b ∈ C with |a|+ |b| < 1 we have |az + b| < |z5| for
all points z ∈ ∂B1(0) = S1. Thus by Rouché's Theorem 5.43 we see that for such a, b the
polynomial z5 + az + b also has �ve zeros (counted with multiplicities) in B1(0).

We will also need the following de�nition:

De�nition. Given w = [(w1, . . . , wn)] and z = [(z1, . . . , zn)] in Cn/Sn we de�ne

d(w, z) := min
σ∈Sn

max
1≤j≤n

∣∣wj − zσ(j)

∣∣.
The following lemma summarizes two key statements regarding the above de�nition.
90Slightly more rigorously the map f is de�ned as follows: given (v0, . . . , vn−1) ∈ Cn we de�ne
f(v0, . . . , vn−1) := [(α1, . . . , αn)] where α1, . . . , αn ∈ C are determined uniquely (up to reordering) by
the condition that v0 + v1z + · · ·+ vn−1z

n−1 + zn = (z − α1) · · · · · (z − αn) ∈ C[z].
91We will introduce the notion of a holomorphic function on page 789. But at this point it su�ces to know
that polynomial functions are holomorphic.
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Lemma 5.44.
(1) The map d : Cn/Sn × Cn/Sn → R≥0

(w, z) 7→ d(w, z)

is a metric on Cn/Sn.
(2) The topology de�ned by the metric d on Cn/Sn agrees with the quotient topology

on Cn/Sn.

Proof. We hand over the task providing the proof of the lemma to the surely very metic-
ulous reader. �

Now we are in a position to prove the Zeros Continuity Proposition 5.42.

Proof of the Zeros Continuity Proposition 5.42. Recall that we need to show that
the map

f : Cn → Cn/Sn

(v0, . . . , vn−1) 7→

[ set of zeros of the polynomial
v0 + v1 · z + · · ·+ vn−1 · zn−1 + zn,

counted with multiplicities

]

is a homeomorphism. To do so we consider the map92

g : Cn/Sn → Cn

[(α1, . . . , αn)] 7→ coe�cients of the polynomial (z − α1) · · · · · (z − αn).

It is straightforward to check that g is continuous and that f and g are inverses of one
another.

It remains to show that f is continuous. We introduce the following de�nitions: We
denote by d the above metric on Cn/Sn. It follows from Lemma 5.44 that we can view f
as a map between the two metric spaces (Cn, ‖ − ‖) and (Cn/Sn, d). Therefore it follows
from the Metric Continuity Proposition 2.8 that it su�ces to prove the following claim.
Claim. ∀

v∈Cn
∀
ε>0
∃
δ>0

∀
w ∈ Cn with
‖w‖ < δ

d(f(v), f(v + w)) < ε.

Proof. Before we start with the proof of the claim we introduce the following de�nition:
Given v = (v0, . . . , vn−1) ∈ Cn we denote by pv(z) := v0 + v1 · z + · · · + vn−1 · zn−1 + zn

the corresponding polynomial. Now we turn to the actual proof of the claim. Thus let
v = (v0, . . . , vn−1) ∈ Cn and let ε > 0. We denote by ξ1, . . . , ξk the distinct zeros of the
corresponding polynomial pv(z). (Note that if pv(z) has zeros of higher multiplicity, then
k < n.) After possibly replacing ε by a smaller non-negative number we can assume,
without loss of generality, that ε < 1

2
· |ξi − ξj| for all i 6= j.

We denote by Γ the union of the circles of the radius ε around ξ1, . . . , ξk. Furthermore
we set

η := inf
z∈Γ
|pv(z)| ∈ R>0.

92Slightly more precisely the map g is de�ned as follows: given [(α1, . . . , αn)] ∈ Cn/Sn we have
f([(α1, . . . , αn)]) = (v0, . . . , vn−1) where v0, . . . , vn−1 ∈ C are uniquely determined by the condition that
v0 + v1z + · · ·+ vn−1z

n−1 + zn = (z − α1) · · · · · (z − αn) ∈ C[z].
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It is elementary to show that there exists a δ > 0 such that for all w = (w0, . . . , wn−1) ∈ Cn

such that ‖w‖ < δ we have

|w0 + w1 · z + · · ·+ wn−1 · zn−1| < η for all z ∈ Γ.

We claim that this δ has the desired property. Thus let w ∈ Cn with |w| < δ. It follows
from the de�nition of δ and Rouché's Theorem 5.43 that the polynomials pv(z) and pv+w(z)
have the same number of zeros (counted with multiplicities) in the disks Bε(ξ1), . . . , Bε(ξk).
This means that the zeros of pv(z) and can be matched up with the zeros of pv+w(z) such
that each zero is less then ε removed from its match. This statement implies immediately
that d(f(v), f(v + w)) < ε. �
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radius ε

ξ2

zero ξ3 with
multiplicity three

ξ1

Remark. With some e�ort one can also prove the Zeros Continuity Proposition 5.42 with-
out using Rouché's Theorem 5.43. We outline the key steps, using the notation that we
introduced in the above proof of Proposition 5.42.
(1) Note that by the Open -Injective Map Lemma 2.16 (2) it su�ces to show that the

map g : Cn/Sn → Cn is open.
(2) By Lemma 2.11 it su�ces to show that for each ε > 0 and each z ∈ Cn/Sn the image

of the open ball Bε(z) Ă (Cn/Sn, d) under g is open.
(3) Thus let ε > 0 and z ∈ Cn/Sn.
(4) We pick C ∈ R≥0 such that g(Bε(z)) Ă BC(0) Ă Cn.
(5) There exists a D ∈ R≥0 such that for any v ∈ Cn which satis�es ‖v‖ ≤ C we have

f(v) ∈ BD(0) Ă Cn/Sn. (This statement requires some unraveling and a little bit of
thought. It can be proved using Rouché's Theorem 5.43, but with a worse bound it
can also be proved by hand.)

(6) Note that by the Compact-Hausdor� Proposition 2.17 (3) we know that g restricted
to BD(0) → g(BD(0)) is a homeomorphism. Thus g(Bε(z)) is an open subset of
g(BD(0)).

(7) By (5) and (6), and since f and g are inverses of one another, we know that g(Bε(z))
is also open in BD(0). But BD(0) is an open subset of Cn, hence g(Bε(z)) is also
open in Cn.

Exercises for Chapter 5.

Exercise 5.1. Let (X1, d1), . . . , (Xm, dm) be metric spaces. We de�ne the product metric
d on X1 × · · · ×Xm as follows:

d((x1, . . . , xm), (y1, . . . , ym)) :=
m∑
i=1

di(xi, yi).
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Show that the product topology on X1× · · · ×Xm agrees with the metric topology coming
from the product metric.

Exercise 5.2. Let C Ă R be the Cantor set, as de�ned on page 130. Is the disjoint union
C t C homeomorphic to C itself?

Exercise 5.3.

(a) Let C be a category C that admits products and coproducts. Let X, Y,A be objects
of C . Show that there exists a natural map (X × A)q (Y × A)→ (X q Y )× A.

(b) Show that the product topology is �distributive� with respect to the disjoint union
topology. More precisely, let X and Y be two topological spaces and let A be another
topological space. Show that the natural map (X × A) t (Y × A) → (X t Y ) × A
from (a) is a homeomorphism.

(c) Show that the statement of (b) is not a consequence of the formal properties of
products and coproducts. More precisely give an example of a category C that
admits products and coproducts and objects X, Y,A of C such that the natural map
(X × A)q (Y × A)→ (X q Y )× A is not an isomorphism.

Exercise 5.4. Let X be a topological space and let I be a set. We equip I with the discrete
topology. Show that the natural map

disjoint union
topology︷ ︸︸ ︷⊔
i∈I
X →

product
topology︷ ︸︸ ︷
X × I

(x, i) 7→ (x, i)

is a homeomorphism.

Exercise 5.5. Show that there are non-homeomorphic topological spaces A and B and a
non-empty topological space X such that A×X is homeomorphic to B ×X.
Hint. you could take A = {0} and B = {0, 1}.

Exercise 5.6. Let X be a topological space. We consider the �diagonal�

∆ := {(x, x) ∈ X ×X |x ∈ X}.

We equip X ×X with the product topology and we equip ∆ with the subspace topology.
Show that the map X → ∆ given by x 7→ (x, x) is a homeomorphism.

Exercise 5.7. Let Z be a topological space and let K Ă Z × [0, 1] be a compact subset.
Furthermore let V Ă Z be an open subset such that (K ∩ (Z ×{0}) Ă V ×{0}. Show that
there exists an ε > 0 such that K ∩ (Z × [0, ε]) = K ∩ (V × [0, ε]).
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Z×[0, 1]

VV

K

Z×{ε}
1

V ×[0, ε]0
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Exercise 5.8. Let X1, . . . , Xk be topological spaces and let Bi Ă Xi, i = 1, . . . , k be
subsets. Show that the following equalities hold:

(a) closure of B1×. . .×Bk in X1×. . .×Xk = B1×. . .×Bk

(b) interior of B1×. . .×Bk in X1×. . .×Xk =
◦
B1×. . .×

◦
Bk

(c) boundary of B1×. . .×Bk in X1×. . .×Xk =
k⋃
i=1

B1×. . .×∂Bi×. . .×Bk.

Remark. This exercise provides the proof of the Product-of-Subsets Lemma 5.5.

Exercise 5.9. Let X and Y be topological spaces, let y0 ∈ Y and let U be an open subset
of X × Y that contains X × {y0}.
(a) We assume that X is compact. Show that there exists an open neighborhood V of

y0 such that X × V Ă U .
Remark. This statement is sometimes called the Tube Lemma.

(b) Show that the conclusion of (a) in general does not hold if we do not assume that X
is compact.
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Exercise 5.10. Let X and Y be topological spaces and let W Ă X×Y be an open subset.
(a) Let y ∈ Y . Show that Uy := {x ∈ X | (x, y) ∈ W} is an open subset of X.
(b) Show that the natural projection p : X × Y → X is an open map.
(c) Let K be a compact subset of Y . Show that U := {x ∈ X | {x} × K Ă W} is an

open subset of X.

Exercise 5.11. Let X and Y be topological spaces and let K Ă X × Y be a compact
subset. Let y ∈ Y . We set Ky := {x ∈ X | (x, y) ∈ K}.
(a) Show that if Y is Hausdor�, then Ky is a compact subspace of X.
(b) Show that in general it is not true that Ky is a compact subspace of X.

Exercise 5.12. Let X and Y be topological spaces.
(a) Show that if X is compact, then the natural projection p : X × Y → Y is a closed

map.
Remark. This exercise is related to Exercise 5.9.

(b) Give an example that shows that in general in (b) we cannot drop the hypothesis
that X is compact.

Somewhat surprisingly, the converse to (a) holds. More precisely, if a topological space X
has the property, that for any other topological space Y the projection p : X × Y → Y is
a closed map, then X is actually compact. This non-trivial statement is sometimes known
as the Kuratowski-Mrówka Theorem, it was �rst proved by Stanislaw Mrówka [Mró1959,
p. 21] in 1959. See also [Herl1996, p. 3] for a proof and see [Enge1989, Theorem 3.1.16]
for a proof under the extra hypothesis that X is Hausdor�.
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Exercise 5.13. Let S := (R, T ) be the Sorgenfrey line that we introduced on page 182.
We refer to the product S × S as the Sorgenfrey plane.
(a) Show that the diagonal ∆ := {(x, x) |x ∈ R} is a closed subset of the Sorgenfrey

plane.
(b) Show that the subspace topology on the anti-diagonal A := {(x,−x) |x ∈ R} is the

discrete topology.

Exercise 5.14. Let {Xi}i∈I be a family of topological spaces. The box topology on the set∏
i∈I
Xi is the topology that is generated by the set{ ∏

i∈I
Ui
∣∣Ui Ă Xi open

}
.

(a) Show that the product of compact topological spaces, equipped with the box topology,
is not necessarily compact.

(b) Let X be a topological space. We equip XN =
∏
i∈N
X with the box topology. Is the

diagonal map X → XN

x 7→ (x, x, . . . )

continuous?

Exercise 5.15. Let X Ă Rn be a compact convex non-empty subset. Show that there
exists a k ∈ N0 such that X is homeomorphic to B

k
.

Exercise 5.16. Let {Xi}i∈I be a family of topological spaces.
(a) Suppose that for each i ∈ I we are given a closed subset Ai Ă Xi. If I is �nite,

then it follows from the Product-of-Subsets Lemma 5.5 that
∏
i∈I
Ai is a closed subset

of
∏
i∈I
Xi. Does this conclusion also hold if I is in�nite?

(b) Let {Xi}i∈I be a family of topological spaces. Suppose that for each i ∈ I we are
given a subset Ai Ă Xi. Show that∏

i∈I
Ai =

∏
i∈I
Ai Ă

∏
i∈I
Xi.

Exercise 5.17. Let X and Y be topological spaces and let M Ă X × Y be a compact
subset. Show that there exist compact subsets K Ă X and L Ă Y such that M Ă K × L.

Exercise 5.18. Let X and Y be two topological spaces. Show that the product topology
on X × Y is the smallest topology that has the property that the two natural projections
X × Y → X and X × Y → Y are continuous.

Exercise 5.19. Let A be the annulus and let M be the Möbius band. Are the product
topological spaces A× [0, 1] and M × [0, 1] homeomorphic?

Exercise 5.20. Let X be a topological space that is compact and Hausdor�. Furthermore
let f : X → X be a map. We denote by F := {x ∈ X | f(x) = x} the �xed point set of f .
Show that F is a discrete subset of X if and only if F is �nite.
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Exercise 5.21. Show �by hand� that the map

ϕ :
∏
i∈N
{0, 2} → C = Cantor set from page 130

(f : N→ {0, 2}) 7→
∞∑
i=1

f(i)
3i ,

which we de�ned on page 235, is continuous.

Exercise 5.22.
(a) Show that the Cantor set is totally disconnected.
(b) Show that

∏
i∈N
{0, 2} is totally disconnected.

Exercise 5.23. Let X be a topological space.
(a) Show that the following two statements are equivalent:

(i) X is Hausdor�,
(ii) the diagonal ∆ = {(x, x) |x ∈ X} is a closed subset of X ×X.

(b) Let A Ă X be a subset that admits a retraction r : X → A.
(i) We denote by f : X → X×X the map that is given by x 7→ (x, r(x)). Show that

f is continuous and that f−1(∆) = A.
(ii) Show that if X is Hausdor�, then A is closed.
Remark. This gives a new solution of Exercise 2.25 (1).

Exercise 5.24. Let C be the Cantor set as de�ned on page 130. We recall two facts:
(1) On page 235 we showed that C is homeomorphic to the product {0, 1}N.
(2) In Exercise 2.17 we showed that there exists a surjective map ϕ : C → [0, 1].

Use the above to prove the following statements:
(a) The Cantor set C is homeomorphic to C × C.
(b) Any continuous map C → R extends to a continuous map [0, 1]→ R.

Remark. This statement follows from the Tietze Extension Theorem 8.5. But it also
allows for an elementary proof.

(c) Use the above statements to conclude that there exists a surjective continuous map
[0, 1]→ [0, 1]× [0, 1].
Remark. Such a map is called a space-�lling curve. We will provide alternative
constructions of space-�lling curves in Theorem 6.13 and Exercise 6.15.

Exercise 5.25.
(a) Show that the real projective space RP1 is homeomorphic to S1.
(b) Do you think that the real projective space RP2 = (R3 \ {0})/(R \ {0}) is homeo-

morphic to S2? As of now we lack the tools to answer this question. Nonetheless,
what do you think the answer will be?

Exercise 5.26. Let ∼ be an equivalence relation on a topological space X. Furthermore
let f : X → Y be a map with the property that f(x) = f(y) whenever x ∼ y. Show that if
f : X → Y is an open map, then the induced map X/∼→ Y is also an open map.

Exercise 5.27. Let the group (Q,+) act on the topological space R by addition. Show
that the quotient topology on R/Q is actually the trivial topology.
Remark. This of course shows in particular that R/Q is not Hausdor�.
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Exercise 5.28. We consider the map

f : [0, 1) → R/Z.
x 7→ [x].

Give an example of an subset of [0, 1) such that f(U) not open in R/Z.
Exercise 5.29. Show that the topological space R/{±1} = R/x ∼ −x is homeomorphic
to the half-open interval [0,∞).

Exercise 5.30. Let

S :=
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2

be the �Topologist's Sine Curve� from page 164.
• We turn the Topologist's Sine curve into the Quasi-Circle Q by connecting the point

(0, 0) with ( 1
π
, 0) via the green curve shown in the �gure below.

• We refer to quotient space W := S/(0, 0) ∼ ( 1
π
, 0) as the Warsaw Circle.

Now perform the following tasks:
(a) Show that the Topologist's Sine Curve, the Quasi-Circle and the Warsaw Circle are

compact.
(b) Show that the Warsaw Circle is homeomorphic to the Quasi-Circle.
(c) Show that the Warsaw Circle and the Quasi-Circle are path-connected.

Remark. The Warsaw Circle is sometimes also called the Polish Circle.

Topologist's Sine Curve S Quasi-Circle Q Warsaw Circle W

points are identi�ed

Exercise 5.31. Let n ∈ N.
(a) Let p : Rn \ {0} → Sn−1 be the map given by x 7→ x

‖x‖ . Show that the preimage of a
dense subset of Sn−1 is a dense subset of Rn \ {0}.

(b) Let q : Sn−1 → RPn−1 be the projection . Show that the preimage of a dense subset
of RPn−1 is a dense subset of Sn−1.

Exercise 5.32. Let ∼ be the equivalence relation on R≥0 × R that is generated by
(1) (0, ϕ) ∼ (0, ϕ′) for all ϕ, ϕ′ ∈ R and by
(2) (r, ϕ) ∼ (r, ϕ+ k · 2π) for all r ∈ R≥0, ϕ ∈ R and k ∈ Z.

We equip (R≥0 × R)/∼ with the quotient topology.
(a) Show that the map

Θ: (R≥0 × R)/∼ → C
[(r, ϕ)] 7→ r · exp( iϕ)

is a homeomorphism.
Hint. To show that the map is a homeomorphism you might want to use the Closed
Embedding-to-Rn Proposition 2.19.
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(b) Let f : R≥0 × R → X be a continuous map to some topological space X such that
f(P ) = f(Q) whenever P ∼ Q. Show that the map

C → X
r · exp( iϕ) 7→ f(r, ϕ)

is continuous.
Remark. This exercise is a variation on Lemma 5.19.
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p

+2π

Θ

R≥0 × R

Exercise 5.33. Let γ ∈ R and let s ∈ R. We consider the map

fs : C \ {t · exp( iγ) | t ∈ R>0} → C
r · exp( iϕ) 7→ r · exp( iϕ · s).

(a) Show that fs is well-de�ned and continuous.
(b) Suppose that s 6= 0. Show that fs is a local homeomorphism. (See the discussion on

page 179 for the de�nition of a local homeomorphism.)
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Exercise 5.34.
(a) Show that any matrix A ∈ O(2n) with det(A) = −1 has 1 as an eigenvalue.

Hint. Show that if λ ∈ C is an eigenvalue of A, then so is λ.
(b) Let G Ă O(2n) be a subgroup that acts freely on S2n−1. Show that G is contained

in SO(2n).
(c) Show that the analogue of (b) does not hold for subgroups of G Ă O(2n− 1).

Exercise 5.35. Let n ∈ N and let ϕ : Sn → Sn be a homeomorphism. We consider the
map

Φ: B
n+1 → B

n+1

x 7→
{
‖x‖ · ϕ( x

‖x‖), if x 6= 0,

0, otherwise.
(a) Show that Φ is continuous.
(b) Show that Φ is a homeomorphism.
(c) Give any example of a di�eomorphism ϕ : Sn → Sn such that the corresponding map

Φ: B
n+1 → B

n+1
is not a di�eomorphism.

Hint. You might want to use Lemma 5.19.
Remark 1. The fact that we can extend ϕ to a homeomorphism of B

n+1
is sometimes
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referred to as the Alexander trick. We will get to know a more fancy Alexander trick later
on page 421.
Remark 2. We have thus shown that every homeomorphism of Sn extends to a homeo-
morphism of B

n+1
. In contrast, in Proposition ?? we will see that exists a di�eomorphism

ϕ : S6 → S6 that does not extend to a di�eomorphism of B
7
.

Exercise 5.36. Given v, w ∈ R2 \ {(0, 0)} we de�ne

^(v, w) := unique ϕ ∈ (−π, π] such that w = r·
(

cos(ϕ) − sin(ϕ)
sin(ϕ) cos(ϕ)

)
·w for some r ∈ R>0.

(a) Show that the map

Φ: (R2 \ {(0, 0)})× (R2 \ {(0, 0)}) → (−π, π]
(v, w) 7→ ^(v, w)

is not continuous.
(b) Show that the map

Φ: (R2 \ {(0, 0)})× (R2 \ {(0, 0)}) → R/2πZ
(v, w) 7→ [^(v, w)]

is continuous. (Here R/2πZ denotes the quotient of the topological space R by the
group (2πZ,+).)

Exercise 5.37. We consider the following subsets of [0, 1]:

A = {0, 1
3
, 2

3
, 1}, B = { 1

n
|n ∈ N} and C = {0} ∪B.

(a) Show that the quotient [0, 1]/A is homeomorphic to a subset of R2.
(b) Is the quotient [0, 1]/B homeomorphic to a subset of R2?
(c) Is the quotient [0, 1]/C homeomorphic to a subset of R2?

Exercise 5.38. LetX be topological space and let A and B be two subsets with A∪B = X.
We write C := A ∩B. We consider the disjoint union A tB = (A× {1}) ∪ (B × {2}) and
we consider Y = (A t B)/∼ where for each c ∈ C we identify the point (c, 1) ∈ A × {1}
with the corresponding point (c, 2) ∈ B × {2}. We consider the map

p : Y = (A tB)/∼ → X
that is given by

[(a, 1)] 7→ a for a ∈ A,
[(b, 2)] 7→ b for b ∈ B.

(a) Is the map p necessarily continuous?
(b) Is the map p necessarily open?
(c) Suppose that A and B are open subsets of X. Show that p is a homeomorphism.

Remark. The fact that p is not necessarily a homeomorphism can lead to nasty surprises.

p

Y = (A tB)/ ∼

X
A

B

Exercise 5.39. Let Σ be the surface of genus 4.
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(a) Show that Σ admits a free and continuous action by Z2.
(b) Show that Σ admits a free and continuous action by Z3.
(c) Show that Σ admits a free and continuous action by Z6.

Remark. In Proposition 87.11 we will see that if a �nite group G admits a free and
continuous action on Σ, then the order of G divides 6.

Exercise 5.40. Give an example of maps f : X → Y and X → Z between in�nite topo-
logical spaces such that the pushout Y ∪X Z consists of a single point.

Exercise 5.41. Let X be a topological space and let A Ă X be a subset. We denote by
{∗} the topological space with a single point. Let i : A→ X be the inclusion map and let
p : A → {∗} be the unique map there is. Show that the corresponding pushout X ∪A {∗}
is homeomorphic to the quotient X/A.
Remark. Note that we also allow the case A = ∅.

Exercise 5.42. Let X be a topological space and let A and B be two disjoint subsets. We
equip A with the subspace topology and we equip X/B with the quotient topology. We
denote by i : A→ X the inclusion map and we denote by p : X → X/B the projection.
(a) Show that the map p ◦ i : A→ X/B is continuous and injective.
(b) Show that the map p ◦ i : A→ X/B is not necessarily an embedding.
(c) Suppose that there exists an open subset U Ă X with A Ă U and U ∩B = ∅. Show

that the map p ◦ i : A→ X/B is an embedding.
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Exercise 5.43. Similar to the de�nition of the Möbius band on page 252 we consider the
action of the group G = Z on X = R× {−1, 1} that is given by

Z× (R× {−1, 1}) → R× {−1, 1}
(n, (x, y)) 7→ (x+ n, (−1)n · y).

Show that X/G = X/Z is homeomorphic to S1.

Exercise 5.44. We consider the map

(C \ {0})× (Cn+1 \ {0}) → Cn+1 \ {0}
(z, P ) 7→ z · P.

By de�nition we have CPn := (Cn+1 \ {0})/(C \ {0}).
(1) Show that the obvious map p : Cn+1 \ {0} → CPn is open.
(2) In the Projective Spaces-Compact+Hausdor� Proposition 5.30 we showed that CPn

is Hausdor�. In this exercise we want to give a more direct, down-to-earth proof
that CPn is Hausdor�. Thus let [x], [y] ∈ CPn be two disjoint points. Let 〈−,−〉 be
the standard hermitian inner product on Cn+1 that we introduced on page 101. We
consider

Ux =
{
z∈Cn+1\{0}

∣∣ |〈z, y〉| < |〈z, x〉|} & Uy =
{
z∈Cn+1\{0}

∣∣ |〈z, x〉| < |〈z, y〉|}.
(a) Show that Ux and Uy are open subsets of Cn+1 \ {0}.
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(b) Show that p(Ux) and p(Uy) are disjoint. (Note that they are open by (1) and
(2a).)

(c) Show that [x] ∈ p(Ux) and [y] ∈ p(Uy).
Hint. Use the Cauchy-Schwarz Inequality 0.14.

Exercise 5.45. We consider the map

f : R2 → RP2

(x, y) 7→ [x : y : 1].

(a) Show that f is an embedding, i.e. show that f is a homeomorphic onto its image.
(b) What is the closure of f(Z2) Ă RP2?

Exercise 5.46. Let X be a topological space and let A be a closed subset of X.

(a) Show that for every open subset U Ă X \ A the obvious map U → X/A is an open
embedding.

(b) Show that for every open neighborhood W of A the map W \ A → (W/A) \ (A/A)
is a homeomorphism.

(c) Show that in (a) and (b) we cannot drop the hypothesis that A is closed.
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Exercise 5.47. Let ∼ be the equivalence relation on B
3
that is generated by x ∼ −x for

x ∈ S2. We consider the map

F : B
3
/∼ → SO(3)

[
r · v︸︷︷︸

r ∈ [0, 1] and v ∈ S2

] 7→ matrix in SO(3) which represents rotation by the angle π · r
around the axis R≥0 · v where the rotation
direction is given by the right-hand rule

We refer to the �gure below for an illustration.

(a) Give a rigorous description of F and show that F is continuous.
(b) Use your linear algebra skills to show that F is a bijection.
(c) Show that F is a homeomorphism.

Remark. On page 258 we showed that B
3
/∼ is homeomorphic to RP3. Thus in combi-

nation we have just shown the amusing and surprising fact that RP3 is homeomorphic to
SO(3). We will give a di�erent proof of this fact later on in the SU(2)-SO(3)-Covering
Theorem 83.2.
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/ ∼

[r · v]

v R≥0 · v
rotation by the angle r · π
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Exercise 5.48. We say a group G acts discretely on a topological space X, if it acts
continuously and if for each x ∈ X there exists an open neighborhood U such that we have
U ∩ gU for all g 6= e. Can the group Z act discretely on S2?

Exercise 5.49. Let X be a Hausdor� space and let G be a group that acts discretely on
X. (See Exercise 5.48 for the notion of a discrete action.) Furthermore let K be a compact
subset of X.
(a) We assume that X is regionally compact. Show that {g ∈ G | gK ∩K 6= ∅} is �nite.
(b) Does the conclusion of (a) also hold if we drop the hypothesis that X is regionally

compact? This statement is [Scot1978, Lemma 1.2].

Exercise 5.50. Show that the Klein bottle, as de�ned on page 265, is homeomorphic to
the non-orientable surface N2 of genus 2, as de�ned on page 266.
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Klein bottle non-orientable surface of genus 4

Exercise 5.51. Show that for any choice of m,n ∈ N0 there exists a homeomorphism
B
m ∗Bn ∼=−→ B

m+n+1
.

Exercise 5.52. We let X = S1 be the standard circle in the xy-plane of R3 and we let Y
be the circle in S3 = R3 ∪ {∞} that is given by the z-axis together with the point {∞}.
Show that we can �continuously� connect every point on X to every point Y such that
the paths �ll out S3. In other words, try to visualize the fact that S1 ∗ S1 ∼= X ∗ Y is
homeomorphic to S3.
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X

Y

Exercise 5.53. Construct the Möbius band M = ([0, 1] × [0, 1])/(0, y) ∼ (1, 1 − y) by
gluing two of the opposite sides of a strip of paper with a twist.
(a) Cut M along the central curve, i.e. start cutting at the point [(0, 1

2
)] and continue

along the Möbius band till you reach the starting point. What topological space do
you obtain that way?

(b) Start cutting at the point [(0, 1
3
)] and continue along the Möbius band till you reach

the starting point. What topological space do you obtain that way?
(c) Let n ∈ N. Start cutting a [(0, 1

n
)] and continue along the Möbius band till you reach

the starting point. What topological space do you obtain that way?

Exercise 5.54. Let G be a topological group. We denote by X the set of subgroups of G
that are closed subsets. We consider the following types of subsets of G:

Miss := {H ∈ X | there exists a compact subset K Ă G with H ∩K = ∅},
Hit := {H ∈ X | there exists an open subset U Ă G with H ∩ U 6= ∅}.
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Möbius band

(a) cut along this curve (b) cut along this curve

The topology on X that is generated by Miss and Hit is called the Chabauty topology on X,
see [Chab1950].
(a) Show that the Chabauty topology is Hausdor�.
(b) Let G = R.

(i) Determine the closed subgroups of G = R.
(ii) Show that in this caseX, equipped with the Chabauty topology, is homeomorphic

to [0, 1].
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6. Topology of metric spaces

In this chapter we will discuss several topics that are germane to metric spaces. For the
reader's convenience we recall the de�nition of a metric space from page 103.

De�nition. A metric space is a pair (X, d) consisting of a set X and a metric d on X, i.e.
a map X ×X → R≥0 := {x ∈ R |x ≥ 0}

(x, y) 7→ d(x, y)

with the following properties:

(1) d(x, y) = 0 ⇐⇒ x = y
(2) for all x, y ∈ X we have d(x, y) = d(y, x) (symmetry)
(3) for all x, y, z ∈ X we have d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality).

Example. The most familiar example of a metric space is given by X = Rn equipped with
the euclidean metric.

As always we equip a metric space (X, d) with the topology that we introduced in Lemma 1.1
and we equip X × X with the product topology that we introduced on page 224. With
these conventions it now makes sense to formulate the following lemma.

Lemma 6.1. (Metric-is-Continuous Lemma) Let (X, d) be a metric space. The metric
d : X ×X → R≥0 is continuous.

Proof. We prove the lemma in Exercise 6.2. �

6.1. Distance in metric spaces.

De�nition. Let X be a metric space. Given two non-empty subsets A and B we refer to

d(A,B) := inf{d(a, b) | a ∈ A and b ∈ B}
as the distance between A and B. If A = {a} consists of a single point, then we write
d(a,B) := d({a}, B).
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A

B

A

B

X = R2

d(A,B) = 0
d(A,B)

Example. If two subsets A and B intersect, then we evidently have d(A,B) = 0. But in
general the converse does not hold. For example if we consider X = R, then

d
(
open interval (0, 1)︸ ︷︷ ︸

=A

, closed interval [1, 2]︸ ︷︷ ︸
=B

)
= 0,

but evidently the intervals A = (0, 1) and B = [1, 2] do not intersect.

The reader might justly suspect that the phenomenon of the last example is due to the fact
that one of the subspaces is not compact. In fact the next two lemmas, which will play a
useful role time and again, con�rms this suspicion.
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Lemma 6.2. (Distance-to-Subspace Lemma) Let X be a metric space and let B Ă X
be a non-empty subset.
(1) The map X → R≥0

x 7→ d(x,B) := inf{d(x, b) | b ∈ B}
is continuous.

(2) If B is closed, then given x ∈ X we have

d(x,B) = 0 ⇐⇒ x ∈ B.

Proof. We will prove Statement (1) in Exercise 6.5. Thus we can immediately proceed
to the proof of Statement (2). Let B be a closed subset of X. If x ∈ B, then evidently
d(x,B) = 0. Now suppose that x 6∈ B. Since B is closed we know that X \ B is open.
This implies that there exists an ε > 0 such that Bε(x) Ă X \ B. But this implies that
d(x,B) ≥ ε. �

Lemma 6.3. Let X be a metric space and let K and L be two non-empty disjoint subsets.
If one of the two subsets is compact and if the other subset is a closed subset of X, then
d(K,L) > 0.
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K compact L closed

Proof. We can assume that K is compact and that L is a closed subset of X. We consider
the map K → R≥0

x 7→ d(x, L).

By the Distance-to-Subspace Lemma 6.2 we know that the map is continuous. Since K is
compact we know by the Compact Image Lemma 2.13 (1) that f assumes a minimum, i.e.
there exists an x ∈ K such that for all y ∈ K we have d(x, L) ≤ d(y, L). This implies that

by the Distance-to-Subspace Lemma 6.2 (2), since L closed
↓

d(K,L) = inf{d(y, L) | y ∈ K} = d(x, L) > 0.
↑ ↑

by de�nition by choice of x �

Sometimes it is nice to know that points of minimal distance exist. This leads us to the
following lemma.

Lemma 6.4. (Distance-Minimizer Lemma) Let X be a metric space and let K and
L be two non-empty subsets. We assume that one of the following holds:

(i) Both K and L are compact, or
(ii) X = Rn, K is compact and L is a closed subset of X = Rn.

There exist x ∈ K and y ∈ L with d(x, y) = d(K,L).
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Proof. First we suppose that we are in the setting (i). Thus let K and L be two non-
empty compact subsets of X. By the Product Topology Properties Proposition 5.6 we know
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that K × L is compact. By the Metric-is-Continuous Lemma 6.1 we know that the metric
d : K×L→ R≥0 is continuous. It follows from the above, together with the fact that K×L
is non-empty and the Compact Image Lemma 2.13 (2) that d : K × L → R≥0 assumes a
minimum at some point (x, y) ∈ K × L. But this means precisely that d(x, y) = d(K,L).

Now suppose that we are in the setting (ii). We will reduce this case to the setting (i).
To do so we set s := max{‖x‖ |x ∈ K} + 1 + d(K,L). Next we set L′ := L ∩ Bn

s (0).
Note that it follows from the hypothesis that L is closed and the Heine-Borel Theorem 1.24
together with the Compact-Closed Lemma 1.21 (2) that L′ is compact. We leave it to the
reader to verify that it follows easily from the choice of s and the triangle inequality that
L′ 6= ∅ and that d(K,L′) = d(K,L). We apply (i) to X = Rn together with the compact
subsets K and L′. We obtain x ∈ K and y ∈ L′ Ă L with d(x, y) = d(K,L′) = d(K,L).
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6.2. The Lebesgue Lemma. In this section we intend to formulate and prove the Lebesgue
Lemma. Despite its humble name it does actually play an important role in topology. The
formulation of the Lebesgue Lemma requires the following de�nition.

De�nition. Let X be a metric space. The diameter of a non-empty subset A of X is
de�ned as diam(A) := sup{d(a, b) | a, b ∈ A} ∈ R≥0 ∪ {∞}.
To avoid any issues later on we also de�ne diam(∅) := 0.
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diameter

A

Example.

(1) Let (X, d) be a metric space, let x ∈ X and r ∈ R≥0. Using the triangle inequality
one can easily show that diam(B

d

r(x)) = diam(Bd
r (x)) ≤ 2r. Furthermore, if we

consider balls in some Rn, then it is straightforward to see that the above inequality
is in fact an equality.

(2) We consider the metric space (Rn, dEucl). We leave it to the reader to show that

diam
(
hyperrectangle [a1, b1]× · · · × [an, bn]

)
=
√

(b1 − a1)2 + · · ·+ (bn − an)2.

Lemma 6.5. (Lebesgue Lemma) Let K be a compact metric space and let {Ui}i∈I
be an open cover of K. There exists a δ > 0 such that for every subset A of K with
diam(A) < δ there exists an i ∈ I with A Ă Ui.
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A
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open cover {Ui}i∈I
δ =

Remark. Any δ > 0 that has the property stated in the Lebesgue Lemma is usually called
a Lebesgue number.

Proof. Since K is compact we can cover K with �nitely many of the Ui's. Put di�erently,
without loss of generality we can assume that I = {1, . . . , n} is a �nite set.

If there exists an i ∈ {1, . . . , n} with K = Ui, then any δ > 0 has the desired property.
Now suppose that this is not the case, i.e. we suppose that for every i we have Ui Ĺ K.
Claim 1. The map

f : K → R
x 7→ f(x) := 1

n ·
n∑
i=1

d(x,K \ Ui︸ ︷︷ ︸
6=∅

)

is continuous and positive for every x ∈ K.

Proof. By the Distance-to-Subspace Lemma 6.2 (1) we know that f is continuous. Now
let x ∈ K. We want to show that f(x) > 0. Since K = U1 ∪ · · · ∪ Un there exists an i
with x ∈ Ui. Since Ui is open and since x ∈ Ui we obtain from the Distance-to-Subspace
Lemma 6.2 (2) that d(x,K \ Ui) > 0. Evidently this implies that f(x) > 0. �

Since f is continuous and since K is compact it follows from the Compact Image
Lemma 2.13 that the map f has a global minimum δ on K. It follows from Claim 1
that this minimum δ is greater than 0. Now we want to show that this δ has the desired
property. More precisely, we want to prove the following claim.
Claim 2. Let A be a subset of K. If diam(A) < δ, then there exists an i ∈ {1, . . . , n} with
A Ă Ui.

Proof. If A = ∅, then there is nothing to show. If A 6= ∅, then we pick x ∈ A. We choose
an m ∈ {1, . . . , n} such that d(x,K \ Um) is maximal. We want to show that A Ă Um.
Since the diameter of A is less than δ we have A Ă Bδ(x). Thus it su�ces to show that
Bδ(x) Ă Um. Put di�erently, we need to show that d(x,K \ Um) ≥ δ. Indeed we have

d(x,K \ Um) ≥ 1

n
·
n∑
i=1

d(x,K \ Ui) = f(x) ≥ δ.

↑ ↑
since d(x,K \ Um) ≥ d(x,K \ Ui) by the choice of δ �
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xx

Um

Bδ(x) Ă X \ UmBr(x) Ă Ui

Ui
K

open cover

In many cases the following corollary is even more useful.
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Corollary 6.6. (Lebesgue Corollary) Let f : [0, 1]n → X be a map from the cube
[0, 1]n to a topological space X and let {Vi}i∈I be an open cover of X. Then there exists
an N > 0 such that for any a1, . . . , an ∈ {0, . . . , N − 1} there exists an i ∈ I such that

f
([a1

N ,
a1+1
N

]
× · · · ×

[an
N ,

an+1
N

])
Ă Vi.

More pictorially speaking the corollary says that if f : [0, 1]n → X is a map, and if we are
given an open cover of X, then we can always �nd a small grid on the cube, such that each
cube of the grid gets mapped into one of the open sets cover X.
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Vi

X
f f

[0, 1]2 each square gets sent into some Vi

Proof. Let f : [0, 1]n → X be a map from the cube [0, 1]n to a topological space X and let
{Vi}i∈I be an open cover of X. By the Hyperrectangle-Compact Proposition 1.26 we know
that [0, 1]n is compact. Thus we can apply Lemma 6.5 to the open cover Ui := f−1(Vi),
i ∈ I of [0, 1]n and we obtain a δ > 0 such that for each subset A of [0, 1]n with diam(A) < δ
there exists an i ∈ I with A Ă Ui = f−1(Vi), which means that f(A) Ă Vi. It follows from
the example on page 285 that the diameter of the cube of side length 1

m
equals

√
n
m
. Thus

we see that for any N ∈ N0 with N ≥
√
n
δ
any cube of side length 1

N
has diameter less than

δ. �

6.3. Uniformly continuous maps. In this section we introduce the concept of uniformly
continuous maps that the reader might be familiar with from a course on real analysis.
We will show that a continuous map X → Y between metric spaces is actually uniformly
continuous. This is a rather technical result which we will make use of only once, namely in
Section 70.6 when we discuss �CW-complexes�. Most readers will be best served by passing
on to the next section.
De�nition. Let f : X → Y be a map between two metric spaces X and Y . By the Metric
Continuity Proposition 2.8 we know that

f is continuous ⇐⇒ ∀
x∈X

∀
ε>0

∃
δ>0

∀
y∈Bδ(x)

d(f(x), f(y)) < ε.

Now we de�ne
f is uniformly continuous :⇐⇒ ∀

ε>0
∃
δ>0

∀
x∈X

∀
y∈Bδ(x)

d(f(x), f(y)) < ε.

Example. The map f : (0,∞) → R
x 7→ 1

x

is not uniformly continuous. For example for ε = 1
2
there is no �universal� δ that works for

all x ∈ (0,∞).

Proposition 6.7. Let f : X → Y be a continuous map between two metric spaces. If X
is compact, then f is uniformly continuous.
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for x0 = b and ε = 1
2
one

can only �nd a �small� δ

the interval
(f(b)− 1

2
, f(b)+ 1

2
)

b

for x0 = a and ε = 1
2

there exists a �large� δ

graph of x 7→ 1
x

the interval
(f(a)− 1

2
, f(a)+ 1

2
)

a

Proof. Let f : X → Y be a continuous map between two metric spaces and let ε > 0. The
�⇐�-direction of the Metric Continuity Proposition 2.8 tells us in particular that given any
P ∈ X there exists a δ(P ) > 0 such that for all y ∈ Bδ(P )(P ) we have d(f(P ), f(y)) < ε

2
.

Since the open balls Bδ(P )/2(x) form an open cover of X and since X is compact there exist
P1, . . . , Pk ∈ X such that Bδ(P1)/2(P1) ∪ · · · ∪Bδ(P1)/2(P1) = X. We claim that

δ := min
{
δ(P1)

2 , . . . ,
δ(Pk)

2

}
has the desired properties. Thus let x, y ∈ X with d(x, y) < δ. There exists a j ∈ {1, . . . , k}
with x ∈ Bδ(Pj)/2(Pj). From the triangle inequality and from d(x, y) < δ ≤ δ(Pj)

2
we obtain

that y ∈ Bδ(Pj)(Pj). It follows that

d(f(x), f(y)) ≤ d(f(Pj), f(x)) + d(f(Pj), f(y)) < ε
2 + ε

2 = ε.
↑ ↑

triangle inequality since x ∈ Bδ(Pj)(Pj) and y ∈ Bδ(Pj)(Pj)

We have thus shown that δ does indeed have the desired properties. �

6.4. Complete metric spaces. On page 124 we de�ned for any topological space X what
it means for a sequence of points in X to converge to some other point. In metric spaces
the following lemma gives an alternative characterization of convergent sequences.

Lemma 6.8. Let (X, d) be a metric space and let (xn)n∈N be a sequence in X. For each
x ∈ X we have

x is a limit of the sequence (xn)n∈N
according to the de�nition on page 124 ⇐⇒ ∀

ε>0
∃
N∈N
∀

n≥N
d(xn, x) < ε︸ ︷︷ ︸
i.e. xn ∈ Bε(x)

.
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x

Bε(x)
sequence xn

metric space X

Proof. We need to show

∀
neighborhoodsU of x

∃
N∈N

∀
n≥N

xn ∈ U ⇐⇒ ∀
ε>0
∃
N∈N
∀

n≥N
d(xn, x) < ε︸ ︷︷ ︸
i.e. xn ∈ Bε(x)

.

Evidently that is just a dull routine exercise which is best left to the reader's o�ce mate. �
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De�nition. By Proposition 1.13 we know that metric spaces are Hausdor�. It follows from
the Unique Limit Lemma 1.17 that if a sequence (xn)n∈N in a metric space X converges,
then its limit is unique. Thus it makes sense to denote its limit by lim

n→∞
xn ∈ X.

De�nition. Let X be a metric space. A sequence (xn)n∈N in X is called Cauchy sequence
if ∀

ε>0
∃
N∈N

∀
m,n≥N

d(xn, xm) < ε.

One can easily show that every convergent sequence is a Cauchy sequence. In general the
converse does of course not hold though. For example, if we consider the metric space
(R \ {0}, d(x, y) = |x − y|), then we see that the sequence xn = 1

n
is a Cauchy sequence,

but it does not converge in the metric space R \ {0}.
De�nition. We say that a metric space (X, d) is complete if every Cauchy sequence
in (X, d) converges. Otherwise we say that (X, d) is incomplete.

Examples.

(1) It is one of the de�ning properties of the real numbers that the metric space given
by R and the usual metric d(x, y) = |x− y| is complete.

(2) It follows without too much sweat from (1) that the metric space given by Rn and
the Euclidean metric is complete.

Lemma 6.9. (Closed Subspace-Completeness Lemma) Let (X, d) be a complete
metric space. If A Ă X is a closed subset, then (A, d) is also complete.

Proof. Let (an)n∈N be a Cauchy sequence in (A, d). Since (X, d) is complete we know that
(an)n∈N converges to some point x ∈ X. But since A is closed we obtain from the Closed
Subset Limit Lemma 1.18 that x ∈ A. �

Proposition 6.10. (Compact-Complete Proposition) Every compact metric space is
complete.

Proof. Let (X, d) be a compact metric space and let (an)n∈N be a Cauchy sequence in
(X, d). We want to show that the sequence converges, i.e. we want to show that

∃
x∈X
∀
ε>0
∃
N∈N

∀
n≥N

an ∈ Bε(x).

Let us assume that no such x exists. Thus we negate the above statement and we obtain
that ∀

x∈X
∃
εx>0

∀
N∈N

∃
n≥N

an 6∈ Bεx(x).

Evidently the family {Bεx(x)}x∈X of subsets is an open cover of X. Since X is compact it
follows from the Lebesgue Lemma 6.5 that there exists a µ > 0 such that any subset A of
X of diameter less than µ is contained in some Bεx(x).

Since (an)n∈N is a Cauchy sequence there exists an N ∈ N such that for all m,n ≥ N we
have d(am, an) < µ

4
. This means in particular that for all m ≥ N we have d(aN , am) < µ

4
.

It follows from the triangle inequality that the diameter of the set A := {an |n ≥ N} is
≤ µ

2
< µ. By the above there exists an x ∈ X such that A Ă Bεx(x). But this means that

for all n ≥ N we have an ∈ Bεx(x). But this contradicts the de�ning property of εx. �
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X

each Bεx(x) misses out on in�nitely many an

aNan

The following lemma shows that one can replace a metric by a bounded metric without
a�ecting the topology.

Lemma 6.11. Let (M,d) be a metric space.
(1) The map

d̃ : M ×M → R≥0

(x, y) 7→ d̃(x, y) := min{1, d(x, y)}
also de�nes a metric on M .

(2) This new metric d̃ induces the same topology as d on M .
(3) (M,d) is complete if and only if (M, d̃) is complete.

Proof. All three statements are elementary and they follow easily from the de�nitions. We
refrain from boring the reader with details. �

Notation. Let (M,d) be a metric space and let X be a topological space. We denote by
C(X,M) the set of continuous maps from X to M .

Proposition 6.12. Let (M,d) be a metric space and let X be a non-empty topological
space. The map

d̃ : C(X,M)× C(X,M) → R≥0

(f, g) 7→ d̃(f, g) := sup
{
d̃(f(x), g(x)) |x ∈ X

}︸ ︷︷ ︸
non-empty and bounded

has the following properties:
(1) The map d̃ de�nes a metric on C(X,M).
(2) If X is compact, then the map

d : C(X,M)× C(X,M) → R≥0

(f, g) 7→ d(f, g) := sup
{
d(f(x), g(x)) |x ∈ X

}︸ ︷︷ ︸
non-empty and bounded

by the Compact Image Lemma 2.13

is also a metric on C(X,M) which is equivalent, in the sense of the de�nition on
page 109 to the above metric d̃

(3) If (M,d) is complete, then given any Cauchy sequence (fn)n∈N in (C(X,M), d̃) the
map f : X → M

x 7→ lim
n→∞

fn(x)
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exists (i.e. each limit exists), it is a continuous map (i.e. it de�nes an element of
C(X,M)) and in the metric space (C(X,M), d̃) it is the limit of the sequence (fn)n∈N.

(4) If (M,d) is complete, then so is (C(X,M), d̃).
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graph of f : R→ R graph of function g with d̃(f, g) < ε

Remark. The proposition might be familiar from a real analysis course, at least for the
case that X Ă Rn and M = R. The proof of the general case does not di�er one iota from
the special case.

Proof. The �rst statement follows easily from the de�nitions and the properties of the
supremum. We leave it to the reader to �ll in the details. The second statement follows
easily from the de�nitions and the Equivalent Metric Lemma 1.2. Furthermore the last
statement is contained in the third statement.

Thus it remains to prove the third statement of the proposition. Let (fn)n∈N be a
Cauchy sequence in (C(X,M), d̃). The following three claims imply the third statement of
the proposition.
Claim 1. For each x ∈ X the sequence (fn(x))n∈N converges.

Proof. Let x ∈ X. Note that we have d̃(fn(x), fm(x)) ≤ d̃(fn, fm). Thus we see that
(fn(x))n∈N is a Cauchy sequence in the metric space (M, d̃). By our hypothesis (M,d)

is complete. By Lemma 6.11 we know that (M, d̃) is also complete, thus the sequence
(fn(x))n∈N converges in (M, d̃) to a point which we call f(x). �
We can now consider the map

f : X → M
x 7→ lim

n→∞
fn(x).

Claim 2. ∀
ε>0
∃
N∈N

∀
n≥N

∀
x∈X

d̃(fn(x), f(x)) < ε.

Proof. Let ε > 0. Since (fn)n∈N is a Cauchy sequence in (C(X,M), d̃) we know that there
exists an N ∈ N such that for each m,n ≥ N we have d̃(fn, fm) < ε

2
. Now let n ≥ N and

let x ∈ X. We see that
by continuity of metrics, see the Metric-is-Continuous Lemma 6.1, and Exercise 2.26

↓
d̃(fn(x), f(x)) = d̃

(
fn(x), lim

m→∞
f(xm)

)
= lim

m→∞
d̃(fn(x), fm(x))︸ ︷︷ ︸
≤d̃(fn,fm)< ε

2

≤ ε
2 < ε.

�
Claim 3. The map f : X →M is continuous.

Proof. Let U Ă M be an open subset. We need to show that f−1(U) is open. By the JH-
Lemma 1.7 it su�ces to show that for every x ∈ f−1(U) there exists an open neighborhood
W of x ∈ X with f(W ) Ă U . Thus let x ∈ f−1(U). Since U Ă M is open there exists an
ε > 0 such that Bε(f(x)) Ă U .

Next note that by Claim 2 and by de�nition of d̃ there exists an n ∈ N such that for every
x ∈ X we have d(fn(x), f(x)) < ε

3
. Furthermore, by hypothesis fn : X →M is continuous,
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Bε(f(x))

M
fX

f(x)

U

Wx

which implies that there exists an open neighborhood W of x with fn(W ) Ă B ε
3
(fn(x)).

Now we see that for each y ∈ W we have

d(f(x), f(y)) ≤ d(f(x), fn(x))︸ ︷︷ ︸
≤ ε

3
by choice of n

+ d(fn(x), fn(y))︸ ︷︷ ︸
≤ ε

3
by choice of W

+ d(fn(y), f(y))︸ ︷︷ ︸
≤ ε

3
by choice of n

< ε.

But this means precisely that f(W ) Ă Bε(f(x)) Ă U . �

6.5. Space-�lling curves. The goal of this section is to prove the following, possibly
rather counterintuitive theorem.
Theorem 6.13. (Space-Filling Curve Theorem) For everym ∈ N there exists a map93

f : [0, 1]→ [0, 1]m that is surjective.

De�nition. Let m ≥ 2. A surjective map from [0, 1] to [0, 1]m is called a space-�lling
curve.94

Remark.
(1) The �rst example of a space-�lling curve was provided by Giuseppe Peano [Pean1890]

in 1890. Shortly afterwards David Hilbert [Hilb1891] gave the �rst �pictorial� de-
scription of a space-�lling curve, see the �gure below. Nowadays there are many many
constructions of space-�lling curves. In fact two such constructions are given in Exer-
cises 5.24 and 5.24. Further constructions are considered in [Sag1994, Theorem 2.1]
and [Bad2013].

(2) In Exercise 6.13 we will use the Space-Filling Curve Theorem 6.13 to show that for
every n ∈ N there exists a surjective map R→ Rn.

�rst stages in the construction
of the Hilbert space-�lling curve

[Hilb1891]

Proof of Theorem 6.13 for m = 2. For n ∈ N we set
Pn := {0, 1

4n
, ..., 4n−1

4n
} and for k ∈ Pn we set Ink := [k, k + 1

4n
],

Qn := {0, 1
2n
, .., 2n−1

2n
}×{0, 1

2n
, .., 2n−1

2n
} and for (k, l)∈Qn we set W n

(k,l) := [k, k+ 1
2n

]×[l, l+ 1
2n

].

93Just to make things clear, here we demand of course as always that f is continuous.
94The same name is also used for obvious variations on this concept.
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squares W 1
(k,l) with (k, l)∈Q1

points in Q1

points in P1

intervals I1
k with k∈P1

Claim 1. For n = 0, 1, 2, . . . we can �nd a bijection αn : Pn → Qn and a (continuous) map
fn : [0, 1]→ [0, 1]× [0, 1] such that the following conditions are satis�ed:
(a) For each n ∈ N0 and each k ∈ Pn we have fn(Ink ) Ă W n

αn(k).
(b) For each n ∈ N0 and each k ∈ Pn the two endpoints of the interval Ink get sent to

adjacent vertices of the square W n
αn(k).

(c) For each n ≥ m ∈ N and each k ∈ Pm and l ∈ Pl with Ink Ă Iml we have the inclusion
fn(Ink ) Ă Wm

αm(l).
95
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0

f0

1

0 1

f1

f2

0

1

1

f3

0

α1 : P1 → Q1 gives rise to a bijection
between the intervals and squares

Proof. We de�ne the maps iteratively.
• For n = 0 we have P1 = {0} and Qn = {(0, 0)}, thus we let α0 : P1 → Q0 be the unique
bijection. Furthermore we set

f1 : I0
1 = [0, 1] → W 0

(1,1) = [0, 1]× [0, 1]

t 7→ (t, 0).

It is clear that (a) and (b) are satis�ed.
• Now suppose that we have constructed bijections α0, . . . , αn and maps f0, . . . , fn with
the desired properties. Next we need to construct the bijection αn+1 : Pn+1 → Qn+1 and
the map fn+1 : [0, 1]→ [0, 1]× [0, 1].

Our �rst goal is, given j ∈ Pn, to de�ne fn+1 on Inj = [j, j + 1
4n

] and to de�ne αn+1

on j, j + 1
4n+1 , j + 2

4n+1 , j + 3
4n+1 ∈ Pn+1. We write αn(j) =: (k, l) ∈ Qn. It follows easily

from (b) that we can �nd a bijection

αn+1 : {j, j+ 1
4n+1 , j+

2
4n+1 , j+

3
4n+1} →

{
(k, l), (k+ 1

2n+1 , l), (k, l+
1

2n+1 ), (k+ 1
2n+1 , l+

1
2n+1 )}

95Note that Condition (a) is the special case of (c) with n = m and l = k. But It seems to us that it is
easier to �rst digest (a) and then to try to digest (c).
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and a map fn+1 : Inj → W n
k with the following three properties:

(1) The map fn+1 : Inj → W n
k agrees with the map fn on the endpoints.

(2) Each interval In+1
j+ i

4n+1
gets sent to the square W n+1

αn+1(j+ i
4n+1 )

.

(3) The endpoints of each interval In+1
j+ i

4n+1
get sent to adjacent vertices of the square

W n+1
αn+1(j+ i

4n+1 )
.

This can be done in a systematic way96 (as is shown in the �gure above) but does
not have to be so (as is shown in the �gure below). We will not clutter the pages with
writing down explicit maps. These maps fn+1 : Inj → [0, 1]×[0, 1] agree on the endpoints.
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fn

j j+ 1
4n

fn sends endpoints to adjacent vertices

j

j+ 1
4n+1 fn+1

fn+1 sends endpoints to adjacent vertices

j+ 1
4n

(k, l) (k+ 1
2n
, l)

Therefore it follows from the Pasting Proposition 2.6 that they de�ne a continuous map
fn+1 : [0, 1] → [0, 1] × [0, 1]. Furthermore the bijections αn+1 combined give a bijection
αn+1 : Pn+1 → Qn+1. We leave it to the reader to verify that fn+1 and αn+1 have the
desired properties. �

As above we consider the set C([0, 1], [0, 1] × [0, 1]) of continuous maps from [0, 1] to
[0, 1]× [0, 1]. We view this as a metric space with respect to the metric

d(f, g) := sup{‖f(t)− g(t)‖Eucl | t ∈ [0, 1]}

that we introduced in Proposition 6.12 (2).

Claim 2. The sequence (fn)n∈N0 of maps [0, 1]→ [0, 1]× [0, 1] is a Cauchy sequence in the
metric space C([0, 1], [0, 1]× [0, 1]).
Proof. Let ε > 0. We pick N ∈ N0 with 1

2N
< ε

2
. Let m,n ≥ N . For any t ∈ [0, 1] we have

‖fm(t)− fn(t)‖Eucl ≤ diameter of square of side length 1
2N

=
√

2 · 1
2N

< ε√
2
.

↑ ↑ ↑
it follows from Property (c) that for m,n ≥ N and t ∈ [0, 1] see page 285 choice of N

fm(t), fn(t) are contained in a square of side length 1
2N

This implies that for m,n ≥ N we have d(fm, fn) ≤ ε√
2
< ε. �

It follows from Claim 2 together with Proposition 6.12 that the resulting map

f : [0, 1] → [0, 1]× [0, 1]
t 7→ f(t) = lim

n→∞
fn(t)

is continuous.97

96In fact one can easily see that αn+1 is uniquely determined. A canonical way of de�ning fn+1 is now
given by connecting the endpoints via a line segment.
97Note though that f is nowhere di�erentiable.
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Claim 3. The image of the map f : [0, 1]→ [0, 1]× [0, 1] is dense.

Proof. Let U be an open subset of [0, 1]× [0, 1]. We need to show that f([0, 1]) ∩ U 6= ∅.
It follows from an elementary argument, similar to the discussion on page 228, that there
exists an N ∈ N0 and a (k, l) ∈ QN such that WN

(k,l) Ă U . By Property (a) there exists
an x ∈ [0, 1] with fN(x) ∈ WN

(k,l). By Property (c) we know that for each n ≥ N we have
fn(x) ∈ WN

(k,l). Since W
N
(k,l) is closed we obtain from the Closed Subset Limit Lemma 1.18

that f(x) = lim
n→∞

fn(x) ∈ WN
(k,l) Ă U . We have thus shown that f([0, 1]) ∩ U 6= ∅. �

Claim 4. The map f : [0, 1]→ [0, 1]× [0, 1] is surjective.

Proof. Since [0, 1] is compact and since [0, 1]×[0, 1] is Hausdor� we obtain from the Compact
Image Lemma 2.13 together with the Compact-Closed Lemma 1.21 (2) that f([0, 1]) is a
closed subset of [0, 1]× [0, 1]. By Claim 3 we know that f([0, 1]) is dense in [0, 1]× [0, 1]. It
follows immediately from the de�nition of a dense subset that the only closed subset that
is dense is the total space. Thus we have shown that f([0, 1]) = [0, 1]× [0, 1]. �

Proof of Theorem 6.13 for m ≥ 2. We need to show that for each n ≥ 2 there exists a
surjective map [0, 1]→ [0, 1]m. We prove this statement by induction on m. By the above
we know that there exists a surjective map f : [0, 1]→ [0, 1]2. Now suppose we have found
a surjective map ϕ : [0, 1]→ [0, 1]m for some m ≥ 2. The map98

[0, 1]
f−→ [0, 1]× [0, 1]

id×ϕ−−−−→ [0, 1]× [0, 1]m = [0, 1]m+1

is evidently surjective. �

Let m ≥ 2. Recall that in Lemma 2.26 we showed that [0, 1] and [0, 1]m are not homeo-
morphic. By the Compact-Hausdor� Proposition 2.17 (3) this implies that there is no map
[0, 1]→ [0, 1]m that is surjective and injective. Nonetheless, the following variation on the
Space-Filling Curve Theorem 6.13 holds:

Proposition 6.14. There exists an injective map f : [0, 1]→ [0, 1]2 such that f([0, 1]) has
non-zero 2-dimensional Lebesgue measure.

Remark. An injective map f : S1 → [0, 1]2 such that f([0, 1]) has non-zero 2-dimensional
Lebesgue measure is called an Osgood curve.

Proof. In 1903 William Osgood [Osg1903] and Henri Lebesgue [Leb1903] independently
showed that there exist injective maps f : [0, 1]→ [0, 1]2 such that f([0, 1]) has non-zero 2-
dimensional Lebesgue measure. Many more examples of such maps are given in [Sag1994,
Chapter 8.2]. In Exercise 6.14 we will see how this fact can be used to �nd injective maps
g : S1 → [0, 1]2 such that g(S1) has non-zero 2-dimensional Lebesgue measure. �

6.6. The Baire Category Theorem. The formulation of the Baire Category Theorem
requires the following basic de�nition.

98Note that it follows from THE Product Topology-Basics Lemma 5.4 (3) that the middle map is indeed
continuous.
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De�nition. Let X be a topological space and let A Ă X.
(1) As on page 120 we say A is dense in X if every open non-empty subset of X has a

non-empty intersection with A.
(2) We say A is nowhere dense in X if there is no open non-empty subset U of X such

that U ∩ A is dense in U .

Examples.
(1) Let A Ă Rn be an a�ne hyperplane of codimension ≥ 1. In Exercise 6.16 we will

see that A is a nowhere dense subset of Rn.
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U ∩ A is not dense in UA
U

(2) In the following we recall the de�nition of the Cantor set from page 130. We set
C0 := [0, 1] and iteratively we de�ne sets Ci, i ∈ N as follows:

Ci := 1
3 · Ci−1 ∪

(2
3 + 1

3 · Ci−1

)
.

The Cantor set is de�ned as the intersection C :=
⋂
i∈N0

Ci. Note that for i ∈ N0 the

set Ci does not contain an interval of length > 1
3i
. It follows that the Cantor set is

nowhere dense. On the other hand we saw in Exercise 2.17 that the Cantor set is
uncountable. This shows that R contains an uncountable nowhere dense subset.

Ci

We have the following analogue to Lemma 1.12.

Lemma 6.15. Let X be a topological space and let A Ă X be a subset. The following
two statements are equivalent:
(1) A is a nowhere dense in X.
(2) The interior of the closure A is the empty set, or more succinctly, if int(A) = ∅.

Proof. We have the following equivalences of statements:

A is nowhere dense in X
⇐⇒ ∀

∅ 6=UĂX open
U ∩ A is not dense in U

⇐⇒ ∀
∅ 6=UĂX open

∃
∅ 6=V ĂU open

A ∩ V = ∅

⇐⇒ ∀
∅ 6=UĂX open

∃
∅ 6=V ĂU open

A Ă (X \ V )

⇐⇒ ∀
∅ 6=UĂX open

∃
BĹX closed with X \ UĂB

A Ă B substitution B=X\V or V =X\B

⇐⇒ ∀
∅ 6=UĂX open

∃
CĂX closed with AĂC

U 6Ă C substitution C=(X\U)∪B or B=C

⇐⇒ the interior of the closure A is the empty set. �



6. TOPOLOGY OF METRIC SPACES 297

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

UA

V

Theorem 6.16. (Baire Category Theorem) Let X be one of the following:
(1) X is a complete metric space, or
(2) X is a regionally compact Hausdor� space.99

Then the union of countably many nowhere dense subsets of X has empty interior.

Remark. The Baire Category Theorem 6.16 has its origins in the work of René-Louis
Baire [Bai1899]. The name of the theorem predates the advent of category theory. In
particular the theorem has absolutely nothing to do with category theory.

Examples.

(1) It follows from the Baire Category Theorem 6.16 (1) and the example on page 296
that the union of countably many a�ne hyperplanes of Rn of codimension ≥ 1 has
empty interior.

(2) The union of countable many nowhere dense sets might well be dense. For example
take X = R and let ϕ : N → Q be a bijection. Then the sets An := {ϕ(n)} are
nowhere dense, but the union of the Ans's is Q, which is of course dense.

To clarify the exposition we prove the two cases of the Baire Category Theorem separately.

Proof of Theorem 6.16 for complete metric spaces. After possibly taking duplicates
we only have to deal with the case that we have a countably in�nite family {Ai}i∈N of
nowhere dense subsets of X. We need to show that no open non-empty subset U of X is
contained in

⋃
i∈N
Ai. Thus let U be an open non-empty subset of X. Our goal now is to �nd

a point x in U \
⋃
i∈N
Ai.

Claim 1. There exists a sequence of open non-empty subsets V1, V2, V3, . . . of X with the
following three properties:
(0) V1 = U ,
(1) for each i ∈ N we have V i+1 Ă Vi \ Ai, and
(2) for each i ∈ N≥2 we have diam(Vi) ≤ 2−i.

Proof. We construct the sequence iteratively. We set U = V1 and we suppose that we have
already constructed V1, . . . , Vi. Since Ai is nowhere dense and since Vi is non-empty and
open we know by Lemma 6.15 that Vi\Ai is non-empty. By the Interior-Closure Lemma 1.9
we know that Ai is a closed subset. Thus we see that Vi \Ai is in fact an open non-empty
subset of X. Therefore there exists an open ball Bε(x) Ă Vi \ Ai. We can arrange that

99We will only make us of Statement (1). Nonetheless it is nice to have the second statement. It is a
fun little exercise to show that the two hypothesis given in Statements (1) and (2) are independent of one
another.



298

ε ≤ 1
2i
. We set Vi+1 = B ε

2
(x). One can now easily verify that V1, . . . , Vi+1 have the desired

properties:

(1) Since B ε
2
(x) is closed we see that V i+1 Ă B ε

2
(x) = B ε

2
(x) Ă Bε(x) Ă Vi \ Ai.

(2) By the discussion on page 285 we have diam(Vi+1) = dim(B ε
2
(x)) = 2 · ε

2
≤ 2−i. �

Let i ∈ N. Since Vi is non-empty we can pick a point xi ∈ Vi. Note that {xi}i∈N is a
Cauchy sequence since for 2 ≤ i ≤ j we have d(xi, xj) ≤ diam(Vi) ≤ 2−i. By hypothesis
the metric space (X, d) is complete. This means that the Cauchy sequence {xi}i∈N has a
limit point x ∈ X.

Claim 2. The point x lies in each V i.

Proof. Let i ∈ N. By construction we know that for all n ≥ i we have xn ∈ V i. Since V i is
closed we obtain from the Closed Subset Limit Lemma 1.18 that x ∈ V i. �

Finally note that

x ∈
⋂
i∈N
V i+1 Ă

⋂
i∈N

(Vi \ Ai) Ă
⋂
i∈N

(U \ Ai) Ă U \
⋃
i∈N
Ai.

↑ ↑ ↑ ↑
by the above by construction of Vi+1 since ViĂU de Morgan's Laws 0.1

This shows that U 6Ă
⋃
i∈N
Ai. �
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U = V1
U = V1

V2 =Bε(x)Ai

A1

X=R2

Ai

A1

Proof of Theorem 6.16 for regionally compact Hausdor� spaces. As in the previ-
ous setting we need to show that if {Ai}∈N is a family of nowhere dense subsets and if U is
an open non-empty subset U of X, then U ∩

⋃
i∈N
Ai 6= ∅. Thus let U be an open non-empty

subset of X.
Claim. There exists a sequence of open non-empty subsets V1, V2, V3, . . . with the following
three properties:
(0) V1 = U ,
(1) for each i ∈ N we have V i+1 Ă Vi \ Ai, and
(2) for each i ∈ N≥2 the subspace V i is compact.

Proof. We construct the sequence iteratively. We set U = V1 and we suppose that we have
already constructed V1, . . . , Vi. Since Ai is nowhere dense and since Vi is open we know by
Lemma 6.15 that Vi \Ai is non-empty. Since Ai is a closed subset we see that Vi \Ai is in
fact an open non-empty subset of X. We pick x ∈ Vi \ Ai. Since X is regionally compact
and Hausdor� we know by Lemma 2.42 (1) that there exists an open neighborhood Vi+1 of x
such that V i+1 is compact and such that V i+1 is contained in Vi \Ai. Evidently V1, . . . , Vi+1

have the desired properties. �

We make the following observations:
(1) The intersection of �nitely many V i is non-empty by construction.
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U = V1U = V1

V 2Ai Ai

A1

X=R2

A1 x

(2) Since each V i is closed and since X is Hausdor� we obtain from the Compact-Closed
Lemma 1.21 that each V i is a closed subset of V 1.

Since V 1 is compact it follows from the above, together with Exercise 1.29100 that
⋂
i∈N
V i is

non-empty. As in the previous case we note that we have
⋂
i∈N
V i Ă U \

⋃
i∈N
Ai. This shows

that U Ĺ
⋃
i∈N
Ai. �

6.7. Baire spaces and completely metrizable spaces. The Baire Category Theo-
rem 6.16 motivates several de�nitions.
De�nition. A topological space that has the property that the union of countably many
nowhere dense subsets of X has empty interior is called a Baire space.

Lemma 6.17. (Baire Space Characterization Lemma) Let X be a topological space.
The following two statements are equivalent:
(1) X is a Baire space.
(2) For each countable collection of open dense subsets {Un}n∈N the intersection

⋂
n∈N

Un

is dense.
Proof. We have the following equivalences of statements:

X is a Baire space
⇐⇒ for every family {Wn}n∈N of nowhere dense subsets the interior of

⋃
n∈N

Wn is ∅
6.15⇐⇒ for every family {Wn}n∈N of subsets with int(W n) = ∅ the interior of

⋃
n∈N

Wn is ∅
1.9(2)⇐⇒ for every family {An}n∈N of closed subsets with int(An) = ∅ the interior of

⋃
n∈N

An is ∅
1.12⇐⇒

Un=X\An
for every family {Un}n∈N of dense open subsets the interior of

⋃
n∈N

(X \ Un) is ∅
1.12⇐⇒ for every family {Un}n∈N of dense open subsets the subset X \

⋃
n∈N

(X \ Un) is dense
0.1⇐⇒ for every family {Un}n∈N of dense open subsets the intersection

⋂
n∈N

Un is dense. �

Lemma 6.18. If X is a Baire space, then every open subset V is also a Baire space.

Proof. The statement follows easily from the Open -Closed Inclusion Lemma 2.10 and the
de�nitions. We leave it to the reader to �ll in the details. �

De�nition. A topological space X is called completely metrizable if there exists a com-
plete metric d on X such that the given topology agrees with the topology coming from d.

100The content Exercise 1.29 is frankly just reformulation of the de�nition of a compact space using de
Morgan's Laws 0.1.
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Example.
(1) By the Compact-Complete Proposition 6.10 we know that every compact metrizable

space is already completely metrizable.
(2) The metric space (R, deucl) is of course complete, hence R is completely metrizable.
(3) If a topological space X is homeomorphic to a completely metrizable topological

space, then X is evidently also completely metrizable.
(4) We consider X = (−1, 1). If we equip (−1, 1) with the usual Euclidean metric deucl,

then ((−1, 1), deucl) is of course not complete. But the map (−1, 1) → R given by
t 7→ tan(π

2
t) is a homeomorphism. Thus it follows from (2) and (3) that (−1, 1) is

completely metrizable.

With these de�nitions we can now reformulate the Baire Category Theorem 6.16 (1).

Theorem 6.16 (Baire Category Theorem)
(1) If X is a topological space that is completely metrizable, then X is a Baire space.

We conclude this section with the following amusing corollary. It is an amusing exercise
to try to prove the corollary from scratch, i.e. without appealing to the Baire Category
Theorem 6.16 (1).

Corollary 6.19. The topological space Q is metrizable but not completely metrizable.

Proof. Evidently Q is metrizable. But Q is not a Baire space. This can be seen as
follows. Since Q is countable there exists a bijection ϕ : N → Q. For each n ∈ N we set
Un := {ϕ(n)}. Each Un is nowhere dense, but

⋃
n∈N

Un = Q. So we have found a countably

many nowhere dense subsets such that the interior of the union is non-empty. Since Q
is not a Baire space it follows from the Baire Category Theorem 6.16 (1) that Q is not
completely metrizable. �

6.8. Application of the Baire Category Theorem 6.16 to sequences of maps.
We conclude this chapter with an application of the Baire Category Theorem 6.16 to
analysis. We will not make use of the concepts and results of this section. But hopefully
Proposition 6.20 gives the reader an idea of what the Baire Category Theorem 6.16 �is good
for� in analysis.

De�nition. Let X be a topological space and let Y be a Hausdor� space. Furthermore
let {fn : X → Y }n∈N be a sequence of continuous maps. We say the sequence (fn)n∈N
converges pointwise, if for each x ∈ X the sequence (fn(x))n∈N converges in Y . We refer
to the map101 X → Y

x 7→ lim
n→∞

fn(x)

as the limit map.

Example. A popular way to shock students in a real analysis course is to show that
the limit map of a pointwise convergent sequence of continuous maps is not necessarily
continuous.

101Since Y is Hausdor� we know by the Unique Limit Lemma 1.17 that we can unambiguously talk about
the limit of the sequence (fn(x))n∈N.
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f3(x) = x3

f1(x) = x

f2(x) = x2

f4(x) = x4

the sequence of maps
fn(x) = xn converges
pointwise, but the
limit map is not

continuous at x=1

1 1

1 1

De�nition. Let f : X → Y be a map between two topological spaces X and Y and let
x ∈ X. We say f is continuous at the point x ∈ X, if for each open neighborhood U of
f(x) ∈ Y the preimage f−1(U) is a neighborhood of x ∈ X.

f−1(U)

U graph of f : X → Y

X

Y

x

Remark. It follows easily from the JH-Lemma 1.7 that a map f : X → Y is continuous at
every point x ∈ X if and only if f is continuous in the sense of the de�nition on page 141.

The following proposition shows that the set of discontinuities of a limit map cannot get
completely out of hand.

Proposition 6.20. Let X be a topological space, let (M,d) be a metric space and let
(fn : X → M)n∈N be a sequence of continuous maps which converges pointwise. If X is
a Baire space, then the set of points at which the limit map f : X → M is continuous is
dense in X.

Proof. Given N ∈ N and ε > 0 we set

AN(ε) := {x ∈ X | d(fm(x), fn(x)) ≤ ε for all m,n ≥ N}

graph of fN

X
AN(ε)

graphs of fm and fn with m,n ≥ NM

Claim 1.
(a) Each AN(ε) is closed.
(b)

⋃
N∈N

AN(ε) = X.

Proof.

(a) Note that
AN(ε) =

⋂
m,n≥N

(d ◦ ((fm, fn) : X →M ×M) : X → R)−1([−ε, ε]).
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By the Metric-is-Continuous Lemma 6.1 we know that d is continuous. It follows
from this description that AN(ε) is closed.

(b) Let x ∈ X. By hypothesis (fn(x))n∈N is a convergent sequence. This implies that it
is in particular a Cauchy sequence, which by de�nition implies that there exists an
N ∈ N such that x ∈ AN(ε). �

Given ε > 0 we set
U(ε) :=

⋃
N∈N

interior of AN(ε).

By hypothesis X is a Baire space. Thus it follows from the Baire Space Characterization
Lemma 6.17 that it su�ces to prove the following claim.

Claim 2.
(a) For each ε > 0 the set U(ε) is open and dense in X.
(b) The map f is continuous at every point in

⋂
m∈N

U( 1
m

).

Proof.

(a) Since interiors of subsets are open we see that U(ε) is open. To show that U(ε) is
dense it su�ces, by de�nition of U(ε), to show that for each open subset V Ă X
there exists an N ∈ N such that V ∩ int(AN(ε)) 6= ∅. Thus let V Ă X be an open
subset.
(i) It follows from Claim 1 (a) that each V ∩ AN(ε) is a closed subset of V .
(ii) Since X is a Baire space and since V Ă X is open we know by Lemma 6.18 that

V itself is a Baire space.
(iii) By Claim 1 (b) we know that the sets V ∩AN(ε) form a cover of V . Since V is a

Baire space we see that not all V ∩ AN(ε) can be nowhere dense in V . In other
words there exists an N ∈ N such that V ∩ AN(ε) is not nowhere dense in V .

(iv) By Lemma 6.15 we know that the interior of the closure of V ∩ AN(ε) in V is
non-empty.

(v) By (i) and (iv) we know that the interior of V ∩ AN(ε) is non-empty.
In summary, we have shown that there exists anN ∈ N such that V ∩AN(ε) contains a
subsetW Ă V that is open in V . Since V is open in X it follows from the elementary
the Open -Closed Inclusion Lemma 2.10 that W is open in X. In particular we see
that W is contained in the interior of AN(ε).

(b) Let x ∈
⋂
m∈N

U( 1
m

). We need to show that f is continuous at the point x. It follows

easily from the de�nition, see page 301, that it su�ces to show that for every ε > 0
there exists a neighborhoodW of x such that for all y ∈ W we have d(f(x), f(y)) < ε.
We make a few preparations:
(i) We pick k ∈ N with 1

k
< ε

3
.

(ii) Note that we know for free that x ∈ U( 1
k
). Therefore there exists an n ∈ N such

that x ∈ int(An( 1
k
)).

(iii) Since fn is continuous and since int(An( 1
k
)) there exists a neighborhood W of

x ∈ X with W Ă An( 1
k
) such that d(fn(x), fn(y)) < ε

3
for all y ∈ W .
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Now we see that for all z ∈ W we have
by continuity of metrics, see the Metric-is-Continuous Lemma 6.1, and Exercise 2.26

↓
d(f(z), fn(z)) =

(
lim
m→∞

fm(z), fn(z)
)

= lim
m→∞

d(fm(z), fn(z))︸ ︷︷ ︸
< 1

k
for m ≥ n since

z ∈W Ă An( 1
k

)

≤ 1
k < ε

3 .

Finally note that for all y ∈ W we have the following (in-) equalities:

triangle inequality
↓

d(f(x), f(y)) = d(f(x), fn(x))︸ ︷︷ ︸
< ε

3
by the above,

since x ∈W

+ d(fn(x), fn(y))︸ ︷︷ ︸
< ε

3
, since y ∈W ,
see (iii)

+ d(fn(y), f(y))︸ ︷︷ ︸
< ε

3
by the above,

since y ∈W

< ε.

�

Remark. The Baire Category Theorem 6.16 has many other applications to analysis. For
example one can use it to show that �most� continuous maps R→ R are nowhere di�eren-
tiable. We refer to [JP2015, Chapter 7] or alternatively to [Ross2013, Theorem 38.3] for
details.

Exercises for Chapter 6.

Exercise 6.1. Let (X, d) be a metric space, let K Ă X be a compact subspace and let U
be an open neighborhood of K Ă X. Show that there exists an r > 0 such that for each
x ∈ K we have Br(x) Ă U .

Exercise 6.2. Let (X, d) be a metric space. Show that the map

X ×X → R≥0

(x, y) 7→ d(x, y)

is continuous.

Exercise 6.3. Let (X, d) be a metric space. We suppose that X is compact. Furthermore
let f : X → X be a map with f(x) 6= x for all x ∈ X. Show that there exists an ε > 0 such
that d(f(x), x) ≥ ε for all x ∈ X.

Exercise 6.4. Let (X, d) be a metric space and let f : X → R be a continuous map. We
now de�ne d̃ : X ×X → R0

(x, y) 7→ d(x, y) + |f(x)− f(y)|.

Show that d̃ is a metric and show that d̃ induces the same topology as d.

Exercise 6.5. Let (X, d) be a metric space and let B Ă X be a non-empty subset. Show
that the map X → R≥0

x 7→ d(x,B) := inf{d(x, b) | b ∈ B}
is continuous.
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Exercise 6.6. Suppose that X is a metrizable topological space. Show that given any
closed set A Ă X there exists a map f : X → R such that f−1(0) = A.
Hint. Use the Distance-to-Subspace Lemma 6.2.

Exercise 6.7. Show that the statement of the Distance-Minimizer Lemma 6.4 does not
generalize to general metric spaces. More precisely, give an example of a metric space X,
a compact subset K Ă X and a closed subset L Ă X such that there do not exist x ∈ K
and y ∈ L with d(x, y) = d(K,L).

Exercise 6.8. Let (X, d) be a metric space. We denote by P(X) its power set. We consider
the map d : P(X) \ {∅} × P(X) \ {∅} → R≥0

(A,B) 7→ d(A,B).

Which properties of a metric does this map satisfy?

Exercise 6.9. We consider the metric space X = R. Let K and L be two closed non-empty
disjoint subsets of R. Is it necessarily true that d(K,L) > 0?

Exercise 6.10. Let X be a metric space and let A,B be two non-empty subsets of X.
Suppose that diam(A) + diam(B) < d(A,B). Show that A ∩B = ∅.

Exercise 6.11. Let X be a topological space and let {Bi}i∈I be a family of open subsets
such that the intersection Y :=

⋂
i∈I
Bi is non-empty.

(a) We suppose that X and Y are path-connected. Show that each Bi is path-connected.
Hint. Use the Lebesgue Lemma 6.5.

(b) We suppose that X and Y are connected. Show that each Bi is connected.
(c) Show that statements (a) and (b) are wrong if we drop the hypothesis that the Bi

are open.
(d) Do statements (a) and (b) hold if each Bi is a closed subset?

Remark. This statement can be viewed as a partial converse to the Union Connected
Lemma 2.28.

Exercise 6.12. Let A Ă Rn be a subset. We equip A with the usual Euclidean metric.
Show that A is complete if and only if A is a closed subset of Rn.

Exercise 6.13. Show that for for every n ∈ N there exists a surjective map R→ Rn.

Exercise 6.14. Recall that by Proposition 6.14 we know that there exists an injective
map f : [0, 1] → [0, 1]2 be an injective map such that f([0, 1]) has non-zero 2-dimensional
Lebesgue measure. Show that there exists an injective map g : S1 → [0, 1]2 such that g(S1)
has non-zero 2-dimensional Lebesgue measure.

Exercise 6.15. Let f : R → [0, 1] be a continuous map that satis�es the following three
conditions:
(1) for every t ∈ R we have f(t+ 2) = f(t),
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(2) for every t ∈ [0, 1
3
] we have f(t) = 0,

(3) for every t ∈ [2
3
, 1] we have f(t) = 1.

Given t ∈ R we set

ϕ(t) :=
∞∑
n=1

2−n · f(32n−1 · t), ψ(t) :=
∞∑
n=1

2−n · f(32n · t).

Prove the following two statements:
(a) The maps ϕ, ψ : R→ R are continuous.
(b) The map t 7→ (ϕ(t), ψ(t)) is a surjection [0, 1]→ [0, 1]× [0, 1].
(c) Let n ∈ N. How can you modify the above construction of maps to get a space-�lling

curve [0, 1]→ [0, 1]n?
Remark. This explicit description of a space-�lling curve was found by Isaac Schoenberg
[Schoe1938]. It nicely complements the constructions given in Exercise 5.24 and the
Space-Filling Curve Theorem 6.13.

Exercise 6.16. Show that every a�ne hyperplane in Rn of codimension ≥ 1 is nowhere
dense.

Exercise 6.17. The Baire Category Theorem 6.16 (1), together with Lemma 6.15, implies
that R cannot be written as a countable union of closed subsets having empty interiors.
Show that this conclusion does not hold, if the subsets are not required to be closed.

Exercise 6.18. Let X be a topological space.
(a) Show that the union of �nitely many nowhere dense subsets is again nowhere dense.
(b) Is the union of countably many nowhere dense necessarily nowhere dense?

Exercise 6.19. Show that the conclusion of the Baire Category Theorem 6.16 does not
necessarily hold for incomplete metric spaces. More precisely, provide an example of a
metric space X, a countable family {Ui}i∈I of nowhere dense subsets such that the union⋃
i∈I
Ui has non-empty interior.

Exercise 6.20. Let (M,d) be a complete metric space with no isolated points. Show that
the set M is uncountable.
Remark. Recall that a point x0 ∈ X is called isolated if {x0} itself is an open subset.

Exercise 6.21. Let f : (0, 1) → R be an in�nitely di�erentiable function such that for
each x ∈ (0, 1) there exists an n ∈ N0 such that f (n)(x) = 0. We want to show that f is a
polynomial function. In the following we outline a proof by contradiction. Suppose that f
is not a polynomial function.
(a) We consider the sets

Sn := {x ∈ (0, 1) | f (n)(x) = 0}

X :=

{
x ∈ (0, 1)

∣∣∣ there is no open neighborhood of x ∈ (0, 1) on
which f is a polynomial function

}
Show that Sn and X are closed and show that X has no isolated points.

(b) Apply the Baire Category Theorem 6.16 (1) to the covering {X ∩ Sn}n∈N of X to
show that there exists an open interval (a, b) and an n ∈ N such that (a, b)∩X 6= ∅
and such that (a, b) ∩X Ă Sn.
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(c) Show that (a, b) ∩X Ă Sm for all m ≥ n.
Hint. Use that every point in X is an accumulation point and use the de�nition of
derivatives.

(d) Let (s, t) be a maximal interval in X \(a, b). Note that f is described by a polynomial
function of some degree d on (s, t). Use the fact that at least one of s, t lies in X to
show that d < n.
Hint. Consider the d-th derivative.

(e) Use (d) to show that f (n) = 0 on (a, b).
(f) Argue why (e) is a contradiction to (a, b) ∩X being non-empty.

Remark. This statement was �rst proved in [CSB1954]. The details for this challenging
exercise are worked out in [Ross2013, Theorem 38.5].

Exercise 6.22. We say that a map f : R → R is nowhere monotonic if there is no open
non-empty subset U Ă R such that f |U : U → R is monotonic. Show that the set of nowhere
monotonic maps is dense in the topological space C(R,R).

Exercise 6.23. Give an example of a sequence {fn : [0, 1] → R}n∈N of continuous maps
that converges pointwise and such that the limit map f : [0, 1] → R is discontinuous at
in�nitely many points.

Exercise 6.24. Let f : R→ R be a continuous map with the following property: for each
x ∈ R>0 we have lim

n→∞
f(nx) = 0. Show that lim

n→∞
f(x) = 0.

Hint.
(a) Let ε > 0. We set Dn := {x ∈ R>0 | |f(mx)| ≤ ε for all m ≥ n}. Use the Baire

Category Theorem 6.16 (1) to show that there exists an n0 ∈ N such that Dn0 has
non-empty interior.

(b) Use (a) to show that there exists an r > 0 such that |f(x)| < ε for all x > r.

Exercise 6.25. A topological space that has the property that every sequence admits a
convergent subsequence is called sequentially compact.
(a) Show that every compact metric space is sequentially compact.

Remark. In fact a metric space is compact if and only if it is compact. The �only
if�-direction is shown in [Mun1975, �28].
Remark. This exercise can be viewed as a generalization of the Bolzano-Weierstraÿ-
theorem from real analysis.

(b) By Tychono�'s Theorem 5.9 we know that [0, 1]N is compact. Show that [0, 1]N is
not sequentially compact.

Exercise 6.26. Let X be a metric space. We say that a map f : X → X is an isometry if
for every x, y ∈ X we have d(f(x), f(y)) = d(x, y). Show that if f : X → X is an isometry
and if X is compact, then f is a homeomorphism.
Hint. It is clear that f is injective. By the Compact-Hausdor� Proposition 2.17 (3) it
su�ces to show that f is a surjection. Suppose that there exists an a ∈ X \ f(X). There
exists an ε > 0 with Bε(a) Ă X \ f(X). We consider the sequence given by x0 := a and
xn+1 = f(xn) for n ∈ N0. Show that for every m 6= n we have d(xm, xn) > ε. Why is this
not possible?
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7. Graphs

In this chapter we will �rst introduce the purely combinatorial concept of an (undirected)
abstract graph. Afterwards we introduce the corresponding topological realizations. These
notions are of interest for various reasons. Abstract graphs are ubiquitous in mathematics
and at times they will also play a useful role in our discussions. The corresponding topo-
logical realizations form fairly simple, but nonetheless interesting examples of topological
spaces.

7.1. Abstract graphs and topological graphs. We start out with the following rather
abstract de�nition.
De�nition. An abstract graph G is a quadruple (V,E, i, t) where V is a set, E is a set
and i, t : E → V are maps from E to V .
(1) The elements of V are called the vertices of G and the elements of E are called the

edges of G.
(2) Given e ∈ E the point i(e) is called the initial point of e and t(e) is called the

terminal point of e. We refer to i(e) and t(e) as the endpoints of e.
(3) We say an edge e ∈ E is a loop if i(e) = t(e). Otherwise we call e a non-loop.
(4) We say G is �nite (countable) if both V and E are �nite (countable).

Remark. The origins of graph theory go back to Leonhard Euler[Eul1736] and his work
in 1736 on the problem on the seven bridges of Königsberg, see Exercise 7.2.

Examples.

(A) We take V = {A,B,C} and E = {e, f, g, h}. Furthermore let i : E → V be the map
that is de�ned by i(e) = A, i(f) = B, i(g) = B and i(h) = A and let t : E → V
be the map that is de�ned by t(e) = B, t(f) = C, t(g) = C and t(h) = A. The
quadruple (V,E, i, t) is an abstract graph. We can try to visualize such an abstract
graphs by drawing a point for each vertex and by drawing an arrow for each edge e
that points from the initial point i(e) to the endpoint t(e).
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or alternatively

(B) Let a, b ∈ Z. We denote by Ga,b = (V,E, i, t) the abstract graph with vertex set
V = Z, edge set E = Z× {0, 1} and where i(n, 0) = i(n, 1) = n and t(n, 0) = n + a
and t(n, 1) = n + b. We leave it to the reader to draw visualizations of Ga,b for
di�erent values of a and b.

The above �gure already indicates that abstract graphs give rise to topological space. The
following de�nition is already somewhat topology-like.

De�nition. We say that an abstract graph (V,E, i, t) is connected if for every two vertices
v 6= w ∈ V there exist vertices v = v0, v1, . . . , vn = w and edges e0, . . . , en−1 such that for
each i ∈ {0, . . . , n− 1} the endpoints of ei are vi and vi+1.
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Examples. We want to determine whether or not the above examples (A) and (B) of
abstract graphs are connected.
(A) This abstract graph is connected, for example if we take v = A and w = C, then

v0 =A, v1 = B and v2 = C and e0 = e and e1 = f have the desired property.
(B) Let a, b ∈ Z. Basically by de�nition the abstract graph Ga,b is connected if and only

if for every two integers x, y ∈ Z there exist n,m ∈ Z such that x − y = ma + nb.
Elementary number theory says that this is the case if and only if a and b are coprime.

De�nition.
(1) Let G = (V,E, i : E → V, t : E → V ) and G′ = (V ′, E ′, i′ : E ′ → V ′, t′ : E ′ → V ′) be

two abstract graphs in the sense of the de�nition on page 307. We de�ne a morphism
G→ G′ of abstract graphs to be a pair (α : V → V ′, β : E → E ′) of maps such that
for each e ∈ E we have i′(β(e)) = α(i(e)) and t′(β(e)) = α(t(e)).

(2) We refer to the category AbsGraph with

Ob(AbsGraph) := all abstract graphs,
Mor(G,G′) := all maps from G to G′ in the above sense

with the usual composition of maps as the category of abstract graphs.

Example. The maps

(V,E, i : E → V , t : E → V ) 7→ (V,E, t : E → V , i : E → V )
(f : G→ G′) 7→ (f : G→ G′)

de�nes a covariant functor from the category AbsGraph to itself. The e�ect on each abstract
graph is that it swaps the roles of the initial points and the endpoints. Pictorially speaking
the functor �inverts the orientations of the arrows�.

Surely the reader is bothered by the absence of topology. We will change this sorry state
of a�airs by introducing the topological realization of a graph. The idea is, basically, that
the topological realization of an abstract graph G = (V,E, i, t) is given by one point for
each vertex v ∈ V and one interval for each edge e ∈ E with endpoints given by i(e) and
t(e). The de�nition below is the formalization of that idea.

De�nition. Let G = (V,E, i, t) be an abstract graph.
(1) We de�ne the topological realization of G as the topological space

|G| :=
(
V t (E × [0, 1])

)/
∼ where for any e ∈ E we have

(e, 0) ∼ i(e) and (e, 1) ∼ t(e).↑
here E is equipped with the discrete topology

Note that on many occasions we will use implicitly that by Exercise 5.4 we know
that [0, 1]× E =

⊔
e∈E

[0, 1].

(2) Given e ∈ E we refer to the map Φe : [0, 1]
x 7→(e,x)−−−−→ {e} × [0, 1]→ |G| as the charac-

teristic map of the edge e.
(3) Let e ∈ E. By a slight abuse of language we refer to |e| = Φe([0, 1]) also as an edge

of |G|. Furthermore we refer to 〈e〉 := Φe((0, 1)) as an open edge of |G|.



7. GRAPHS 309

Before we attempt to give a better intuition for the de�nition of the topological realization
we need to get the following lemma out of the way.

Lemma 7.1. (Abstract Graph-Topological Realization Lemma) LetG = (V,E, i, t)
be an abstract graph.
(1) The obvious map V → |G| is an inclusion and the image is a discrete subset of |G|.
(2) |G| is Hausdor�.
(3) Let e ∈ E.

(a) The map Φe : [0, 1]→ |G| is continuous and closed.
(b) The map Φe : (0, 1)→ |G| is an open embedding.
(c) If i(e) = t(e), then Φe induces a homeomorphism [0, 1]/0 ∼ 1→ |e|.
(d) If i(e) 6= t(e), then Φe restricts to a homeomorphism [0, 1]→ |e|.
The same statements (a), (b), (c) and (d) also hold for the map Φ̃e : [0, 1] → |G|
given by t 7→ Φe(1 − t). This map satis�es Φ̃e(0) = t(e) and Φ̃e(1) = i(e). For
convenience we sometimes refer to Φ̃e also as a characteristic map of the edge e.

(4) G is �nite if and only if |G| is compact.
(5) The following statements are equivalent:

(a) G is connected,
(b) given any two distinct vertices v, v′ there exists an embedding γ : [0, 1] → |G|

with γ(0) = v, γ(1) = v′ and such that γ([0, 1]) Ă |G| is the union of edges,
(c) the topological realization |G| is path-connected,
(d) the topological realization |G| is connected.

Proof.

(1) This statement follows fairly easily from the de�nitions of the quotient topology and
the disjoint union topology. We leave it to the reader to �ll in the details.

(2) Ditto.
(3) Let e ∈ E.

(a) It follows immediately from Lemma 5.12 (2) and the Topological-Quotient Propo-
sition 5.15 (1a) that Φe is continuous. Furthermore it follows easily from the de�-
nitions together with Lemma 5.12 and the Topological-Quotient Proposition 5.15
(1a) that Φe is closed.

(b) One can easily verify that Φe : (0, 1) → |G| is injective and that it is an open
map. Thus it follows from the Open -Injective Map Lemma 2.16 that it is an
embedding.

(c) We suppose that i(e) = t(e). It follows easily from the Twice Quotient Lem-
ma 5.23 that Φe induces a continuous map [0, 1]/0 ∼ 1→ |e| and that this map
is a bijection. It follows from (2) and the Compact-Hausdor� Proposition 2.17
(3) that the map Φe : [0, 1]/0 ∼ 1→ |e| is in fact a homeomorphism.

(d) Now we suppose that i(e) 6= t(e). In this case the map is clearly injective. Thus
it follows from (2) together with the Compact-Hausdor� Proposition 2.17 (3)
that Φe : [0, 1]→ |e| is a homeomorphism.

The statements regarding Φ̃e follow from the fact that the map t 7→ 1− t is a homeo-
morphism of [0, 1].
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(4) First assume that G is �nite. First note that it follows almost immediately from
the Disjoint Union Topology-Properties Lemma 5.13 (2) together with the Compact
Image Lemma 2.13 that |G| is compact. Conversely, in Exercise 7.5 we will show
that any compact subset of the topological realization of a graph is contained in the
topological realization of a �nite graph contained in G. This statement immediately
implies that if |G| is �nite, then G is �nite.

(5) We will prove this statement in Exercise 7.4. �

The following lemma makes the unsurprising assertion that the above assignment of a
topological space to an abstract simplicial complex is functorial.
Lemma 7.2. The following two statements hold:
(1) Let G = (V,E, i, t) and G′ = (V ′, E ′, i′, t′) be two abstract graphs. Furthermore let

f := (α : V → V ′, β : E → E ′) be a map between the two abstract graphs. Recall
that, by the de�nition on page 308, this means that for each e ∈ E we have the
equalities i′(β(e)) = α(i(e)) and t′(β(e)) = α(t(e)). Now we consider the following
map between the topological realizations of G and G′:

where (e, 0) ∼ i(e) and (e, 1) ∼ t(e) similarly (e, 0) ∼ i′(e) and (e, 1) ∼ t′(e)
↓ ↓

|f | : |G| =
(
V t (E × [0, 1])

)/
∼ → |G′| =

(
V ′ t (E ′ × [0, 1])

)/
∼

[x] 7→
{
α(x), if x ∈ V,
(β(e), t), if x = (e, t) ∈ E × [0, 1].

This map |f | : |G| → |G′| is well-de�ned and continuous.
(2) The map

F : Ob(AbsGraph) → Ob(Top)
G 7→ |G|,

together with the maps
MorAbsGraph(G,G′) → MorTop(|G|, |G′|)

f 7→ |f |
is a covariant functor from the category AbsGraph of abstract graphs to the category
Top of topological spaces.

Proof.
(1) It follows almost immediately from the de�nitions that the map is well-de�ned. We

leave it to the reader to verify, e.g. using the Twice Quotient Lemma 5.23, that the
map is continuous.

(2) This statement follows easily from the de�nitions. �

Even though the above de�nition of the topological realization of an abstract graph is a
perfectly �ne, rigorous and precise de�nition, it is perhaps not the most intuitive de�nition.
It would be much more fun to work with topological spaces that we can �see�. This leads
us to the following de�nition.

De�nition. A topological graph is a triple (X,G = (V,E, i, t),Θ: |G| → X) where the
following holds:
(1) X is a topological space,
(2) G = (V,E, i, t) is an abstract graph,
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(3) Θ: |G| → X is a homeomorphism between the topological realization |G| of G and
the topological space X.

Given a topological graph (X,G = (V,E, i, t),Θ: |G| → X) we introduce the following
extra de�nitions:
(1) Given v ∈ V we refer to Θ(v) as a vertex of the topological graph.
(2) Given e ∈ E we refer to Θ(|e|) as an edge of the topological graph. Given a loop e

we refer to |e| as a loop of the topological graph.
(3) We refer to the abstract graph G = (V,E, i, t) as the underlying abstract graph.
(4) Sometimes we refer, somewhat incorrectly, to X as a topological realization of G.

Sometimes we will just say that X is a topological graph. Furthermore on occasions we
will suppress G = (V,E, i, t) and Θ: |G| → X from the notation.
The following lemma gives us a way to construct topological graphs with a given underlying
abstract graph.

Lemma 7.3. Let G = (V,E, i, t) be an abstract graph and let n ∈ N0. Suppose we are
given the following data:
(1) An injective map α : V → Rn.
(2) For each e ∈ E we are given a map βe : [0, 1] → Rn which is injective on (0, 1) and

which satis�es βe(0) = α(i(e)) and βe(1) = α(t(e)).
(3) For e 6= f ∈ E we have βe((0, 1)) ∩ βf ((0, 1)) = ∅.

If G is in�nite, then we also demand that the following condition is satis�ed:
(4) For every r ∈ R≥0 there exist only �nitely many v ∈ V with α(v) ∩ Bn

r (0) 6= ∅ and
there exist only �nitely many e ∈ E with βe([0, 1]) ∩Bn

r (0) 6= ∅.
Then the following map is a closed embedding:

where (e, 0) ∼ i(e) and (e, 1) ∼ t(e)
↓

|G| =
(
V t (E × [0, 1])

)/
∼ → Rn

[x] 7→
{
α(x), if x ∈ V,
βe(t), if x = (e, t) ∈ E × [0, 1].

Proof. It follows easily from our hypotheses that the map is well-de�ned and that it is an
injection. Furthermore we obtain from the Topological-Quotient Proposition 5.15 (1b) that
the map is continuous. If G is �nite, then it follows from the Abstract Graph-Topological
Realization Lemma 7.1 together with the Compact-Hausdor� Proposition 2.17 (3) that the
given map |G| → Rn is an embedding. In the general case the same conclusion follows from
the Closed Embedding-to-Rn Proposition 2.19. �

Examples. We return to the two examples of abstract graphs that we gave on page 307.
(A) As on page 307 we consider V = {A,B,C} and E = {e, f, g, h} together with the

maps i, t : E → V given by i(e) = A, i(f) = B, i(g) = B and i(h) = A and given
by t(e) = B, t(f) = C, t(g) = C and t(h) = A. In the �gure below we show two
topological realizations102 of this abstract graph.

102Here evidently we use the slightly sloppy language from above. More precisely, we do not show the
actual topological realization |G| but we show a topological graph X such that the underlying abstract
graph equals G.
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(B) Let a, b ∈ Z. As on page 307 we consider the abstract graph with vertex set V = Z,
edge set Z×{0, 1} and where i(n, 0) = i(n, 1) = n and t(n, 0) = n+a and t(n, 1) = b.
In the �gure below we show topological realizations of the graphs G2,3 and G0,2.
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−1 543210 −1 3210

. . . . . . . . .. . .

In Exercise 7.9 we will see that given any �nite abstract graph G there exists an embedding
of |G| into R3. (Alternatively see [CELR1994, p. 2] or [Mun1975, p. 309] for a proof of
this fact). We conclude this section with the following question.

Question 7.4. Let G be a �nite abstract graph. Does there necessarily exist an embedding
of |G| into R2?

Example. We consider the �nite abstract graphs G, H and I that are (implicitly) illus-
trated in the �gure below. Do their topological realizations admit embeddings into R2?
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Surely the answer to Question 7.4 must be no, but it is not clear how one can prove this
statement rigorously. We will return to this question in Section 88.3.

7.2. Undirected abstract graphs and their topological realizations . In this section
we will introduce the notion of an undirected abstract graph and the corresponding topo-
logical realizations. In many settings undirected abstract graphs are more suitable than the
abstract graphs from the previous section. But as we will see, the topological realization
of an undirected abstract graph is more unwieldy. Thus in these notes we will mostly work
with abstract graphs and we will leave it to the reader to generalize some of the later results
to the setting of undirected abstract graphs.

Without further ado, here is the de�nition.

De�nition. An undirected abstract graph G is a triple (V,E, ϕ) where V is a set, E is a
set and ϕ is a map

ϕ : E → {subsets of V with one or two elements}.
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Similar to the discussion on page 307 we introduce the following extra de�nitions:
(1) The elements of V are called the vertices of G and the elements of E are called the

edges of G.
(2) We say an edge e ∈ E is a loop if #ϕ(e) = 1. Otherwise we call e a non-loop.
(3) Given e ∈ E the points in ϕ(e) are called the endpoints of e.
(4) We say G has multi-edges if there exist distinct edges e and e′ with ϕ(e) = ϕ(e′).
(5) We say G is �nite (countable) if both V and E are �nite (countable).

Example. We take V to be the set of all subway stations in München and we take E to
be the set of all segments of the subway system. The map ϕ then assigns to each e ∈ E
the two stations that are connected by the segment e. The triple (V,E, ϕ) is an undirected
abstract graph.

The following de�nition is the analogue of the de�nition on page 308.

De�nition.
(1) Let G = (V,E, ϕ : E → P(V )) and G′ = (V ′, E ′, ϕ′ : E ′ → P(V ′)) be two undirected

abstract graphs. We de�ne a morphism G→ G′ between the two undirected ab-
stract graphs to be a pair (α : V → V ′, β : E → E ′) of maps such that for every
e ∈ E we have the equality ϕ′(β(e)) = α(ϕ(e)).

(2) We refer to the category UndirAbsGraph with

Ob(UndirAbsGraph) := all undirected abstract graphs,
Mor(G,G′) := all maps from G to G′ in the above sense

with the hopefully obvious composition of maps as the category of undirected ab-
stract graphs.

Example.

(1) Let V = {A,B,C}, E = {e, f, g, h} and ϕ(e) = {A,B} and let ϕ : E → P(V ) be
the map that is given by ϕ(f) = {C}, and ϕ(g) = {A,B} and ϕ(h) = {B,C}. This
de�nes an undirected abstract graph with loop f and multi-edges. As before we can
visualize such an undirected abstract graph by drawing points for the vertices and
by either drawing a segment that either connects the two endpoints of an edge or by
drawing a loop if the edge has a single endpoint.
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(2) Let AbsGraph be the category of abstract graphs and let UndirAbsGraph be the category
of undirected abstract graphs. It follows easily from the de�nitions that the map

F : Ob(AbsGraph) → Ob(UndirAbsGraph)

(V,E, i : E → V, t : E → V ) 7→
(
V,E, E → P(V )

e 7→ {i(e), t(e)}

)
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together with the hopefully obvious maps from the morphisms in AbsGraph to the
morphisms in UndirAbsGraph is a covariant functor from the category AbsGraph of
abstract graphs to the category UndirAbsGraph of undirected abstract graphs.103

Now comes the slightly intimidating de�nition of the topological realization of an undirected
abstract graph.

De�nition. Let G = (V,E, ϕ) be an undirected abstract graph. We de�ne the topological
realization of G as the topological space104

|G| :=
(
V t

⊔
e ∈ E

#ϕ(e) = 1

[0, 1] t
⊔

e ∈ E
#ϕ(e) = 2

[0, 1]×Bij({0, 1}, ϕ(e))
)/
∼

where ∼ is generated by the following two relations:
(1) For each e ∈ E with #ϕ(e) = 1 we identify 0 and 1 in the corresponding copy of

[0, 1] with the unique point ϕ(e) ∈ V .
(2) For each e ∈ E with #ϕ(e) = 2 we make the following identi�cations:

(a) For each γ ∈ Bij({0, 1}, ϕ(e)) we set (0, γ) ∼ γ(0) and (1, γ) ∼ γ(1).
(b) For α 6= β ∈ Bij({0, 1}, ϕ(e)) and each t ∈ [0, 1] we set (t, α) ∼ (1− t, β).

Example. Using a variation on Lemma 7.3, or alternatively using Lemma 7.5 below one
can see that the subset of R2 shown in the �gure below is a topological realization of the
subway system of München.

Lemma 7.5. Let G = (V,E, i, t) be an abstract graph. As above we consider the undi-
rected abstract graph G̃ = (V,E, ϕ) where ϕ : E → P(V ) is the map that is given by

103It follows from the Axiom of Choice 0.1 that given any undirected abstract graph G there exists an
abstract graph G′ with F (G′) = G.
104Let e ∈ E be a vertex with #ϕ(e) = 2. Note that in this case Bij({0, 1}, ϕ(e)) has precisely two elements.
The problem is that there is no �preferred� bijection, so we need to consider both in our de�nition.
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ϕ(e) = {i(e), t(e)}. The map

ΘG : |G| → |G̃|

[x] 7→


[x], if x ∈ V ,
[t ∈ [0, 1]e], if x = (e, t) ∈ E × [0, 1] with i(e) = t(e),
[(t, γ)], if x = (e, t) ∈ E × [0, 1] with i(e) 6= t(e), where γ is

given by γ(0) = i(e), γ(1) = t(e)

is a homeomorphism.
Proof. It follows fairly easily from the de�nitions that the map is well-de�ned and a
bijection. Furthermore one can deduce easily from the Twice Quotient Lemma 5.23 that
the map is continuous. Working directly with the de�nitions one sees that the map is open.
In summary it follows from the Open -Injective Map Lemma 2.16 that the map is indeed
a homeomorphism. �

Remark. Perhaps by now it has become clear why the de�nition of the topological realiza-
tion of an undirected abstract graph is more painful than the de�nition of the topological
realization of an abstract graph. In both cases we want to attach one interval for each edge.
If we are given maps i, t : E → V , then we have a preferred way of doing so. If we are only
given a map ϕ : E → P(V ) none of the two ways is preferred, thus we need to attach an
interval in both ways and then we need to �anti-identify� the two intervals.

The following de�nition is almost verbatim the same as the de�nition of a connected ab-
stract graph that we provided on page 307.

De�nition. We say that an undirected abstract graph (V,E, ϕ) is connected if for every
two vertices v 6= w ∈ V there exist vertices v = v0, v1, . . . , vn = w and edges e0, . . . , en−1

such that for each i ∈ {0, . . . , n− 1} the endpoints of ei are vi and vi+1.
The following totally elementary lemma can be viewed as an analogue of the Connected-
to-Discrete Lemma 2.27.
Lemma 7.6. Let G = (V,E, i, t) be an abstract graph or let G = (V,E, ϕ) be an undi-
rected abstract graph. Let f : V → X be a map to some set X such that for any e ∈ E
the values of f on the endpoints of e agree. If G is connected, then f is constant.

Proof. This lemma follows almost immediately from the de�nitions. �

7.3. Trees. In this last section we study a basic but surprisingly useful class of abstract
graphs.

De�nition. Let G = (V,E, i, t) be an abstract graph or let (G, V, ϕ) be an undirected
abstract graph.
(1) If G is �nite, then we refer to

χ(G) = #V − #E = number of vertices − number of edges

as the Euler characteristic of G.
(2) A tree is a �nite connected abstract graph with Euler characteristic 1.
(3) (a) If G = (V,E, i, t) is an abstract graph, then the valence of a vertex v is de�ned

as
valence(v) := #{e ∈ E | i(e) = v}+ #{e ∈ E | t(e) = v}.
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(b) If G = (V,E, ϕ) is an undirected abstract graph, then the valence of a vertex v
is de�ned as

valence(v) := #{e ∈ E | v ∈ ϕ(e) and #ϕ(e) = 2}
+2 ·#{e ∈ E | v ∈ ϕ(e) and #ϕ(e) = 1}.

In a slightly less formal way, the valence of a vertex v is the number of edges at v, but
hereby we have to count any loop at v twice, since it �goes twice into v�.
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Euler characteristic of G

equals χ(G) = 8− 10 = −2
valences of the vertices

example of a tree

Lemma 7.7. Let G = (V,E, i, t) be an abstract graph or let G = (V,E, ϕ) be an undi-
rected abstract graph. If G is a tree and if G has at least one edge, then G admits at least
two vertices of valence one.

Proof. We prove Lemma 7.7 for abstract graphs, the proof for undirected abstract graphs
is verbatim the same. Thus let G = (V,E, i, t) be a tree that has at least one edge. Since G
has at least one edge and since it is by de�nition connected, we see that the tree G does
not have a vertex of valence 0. We calculate that∑

vertex v

valence(v)︸ ︷︷ ︸
≥1

=
∑

vertex v

(#{e ∈ E | i(e) = v}+ #{e ∈ E | t(e) = v})

= 2 ·# edges = 2 ·#vertices− 2.
↑ ↑

each edge contributes 2 to the sum since χ(T ) = 1

Recall that we just observed that the valence of each vertex is at least one. Thus the above
equality can only hold if there are at least two vertices with valence one. �

On one occasion the following lemma will come in handy.

Lemma 7.8. Let G = (V,E, i, t) be an abstract graph and let ṽ ∈ V be a vertex. If G
is a tree, then there exist distinct edges e1, . . . , ek and distinct vertices v1, . . . , vk with the
following properties:
(1) We have V = {ṽ, v1, . . . , vk} and E = {e1, . . . , ek}.
(2) For each i ∈ {1, . . . , k} the vertex vi is an endpoint of the edge ei.
(3) If some vertex vi is an endpoint of some ej, then i ≤ j.

The same statement also holds for undirected abstract graphs.
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Proof. For abstract graphs we will provide the proof of the corollary in Exercise 7.7. For
undirected abstract graphs the proof is verbatim the same. �

Now we provide a few more de�nitions on (undirected) abstract graphs.

De�nition. Let G = (V,E, i, t) be an abstract graph.
(1) A subgraph of G = (V,E, i, t) is an abstract graph G′ = (V ′, E ′, i′, t′) such that

V ′ Ă V and E ′ Ă E are subsets such that i′ = i|E′ and t′ = t|E′ . If G′ is a tree, then
we refer to G′ as a subtree. Since i′ and t′ are determined by V ′ and E ′ we often
suppress both of them from the notation.

(2) We say an edge e ∈ E is adjacent to a subgraph G′ if e has two endpoints where
one of the endpoints lies on G′ and the other does not.

(3) A spanning tree for G is a subgraph that is a tree and which does not admit an
adjacent edge.

For undirected abstract graphs we introduce the obvious analogues of the above notions.

��
��
��

��
��
��

��
��
��

��
��
��

���
���
���
���

���
���
���

���
���
���

��
��
��

��
��
��

��
��
��

��
��
����

��
��
��

��
��
��
��

���
���
���

���
���
���

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��
����

��
��

��
��
��

���
���
���

���
���
���

��
��
��
��

���
���
���

���
���
���

���
���
���
���

��
��
��

��
��
�� ��

��
��
��

���
���
���
���

spanning tree

subgraph G′ abstract graph G
abstract graph G

edge adjacent to G′ alternative spanning tree

Remark. Let G = (V,E, i, t) be an abstract graph.
(1) Every v ∈ V gives rise to the rather trivial subgraph with a single vertex v and no

edge.
(2) If an edge e of E is adjacent to some subgraph G′, then it is not part of the subgraph.

Indeed, by de�nition of a subgraph, for any edge that is part of the subgraph also its
endpoints have to lie in the subgraph.

(3) The example of the �gure above shows that an abstract graph usually has many
di�erent spanning trees.

(4) A spanning tree is often also called a maximal tree.

The following lemma summarizes a few basic properties of subgraphs.

Lemma 7.9. Let G = (V,E, i, t) be an abstract graph and let G′ = (V ′, E ′, i′, t′) be a
subgraph.
(1) The inclusions V ′ → V and E ′ → E de�ne a map ι : G′ → G of abstract graphs in

the sense of the de�nition on page 308.
(2) The induced map |ι| : |G′| → |G| between the topological realization is a closed

embedding.
In the following we will sometimes use (2) to view |G′| as a closed subset of |G|.
Proof.

(1) This statement follows immediately from the de�nitions.
(2) By the discussion on page 310 we know that the map |ι| is continuous. By the Open

-Injective Map Lemma 2.16 it remains to show that |ι| is a closed map. We leave it to
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the reader to show, using Lemma 5.12 and the Topological-Quotient Proposition 5.15
(1a), that |ι| is closed. �

We conclude this section with the following proposition.

Proposition 7.10. (Spanning Tree Existence Proposition) Let G = (V,E, i, t) be
a �nite connected non-empty abstract graph.
(1) The graph G admits a spanning tree.
(2) Every spanning tree of G contains all vertices of G.

The same statement also holds for undirected abstract graphs.

Remark. On page 1520 we will generalize the notion of a (spanning) tree to in�nite ab-
stract graphs and in the Spanning Tree Existence Proposition 69.7 we will prove a gener-
alization of the Spanning Tree Existence Proposition 7.10 to in�nite abstract graphs.

Proof. In the following we provide the proof for abstract graphs. The proof for undirected
abstract graphs is verbatim the same. Thus let G = (V,E, i, t) be a �nite connected
abstract graph.

(1) We pick a vertex v ∈ V . We de�ne T0 = {v} and view T0 as a subtree of G. Now
we construct iteratively a sequence of subtrees T0 Ă T1 Ă . . . as follows: Suppose
we have a subtree Ti = (Vi, Ei). If there exists an edge e ∈ E that is adjacent to Ti,
then we �add e to Ti�, more precisely, we de�ne Ti+1 = (Vi ∪ ϕ(e), Ei ∪ e). Note that
by de�nition of an adjacent edge we just added precisely one edge and precisely one
vertex to Ti. Thus we see that χ(Ti+1) = χ(Ti) = · · · = χ(T0) = 1, i.e. Ti+1 is indeed
a subtree. Since G is �nite this process stops after �nitely many steps. Let T be the
�nal subtree of our sequence. Note that by de�nition T is in fact a spanning tree.
This argument is illustrated in the �gure below on the left.

(2) Let T be a subgraph of G that is a tree. Suppose that there exists a vertex w that
does not lie in T . We will show that T is not a spanning tree. Let v be a vertex in T .
Since G is connected there exists a sequence of edges e0, . . . , en with the following
properties:
(a) v is a vertex of e0,
(b) for each i ∈ {0, . . . , n− 1} a vertex of ei is also a vertex of ei+1, and
(c) w is a vertex of en.
Then there exists an i ∈ {0, . . . , n−1} such that a vertex of ei lies in T and the other
one does not. But then ei is an edge adjacent to T . This shows that T was not a
spanning tree. This argument is illustrated in the �gure below on the right. �
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7.4. Topological valence. On page 315 we introduced the valence of a vertex in an (undi-
rected) abstract graph. In this section we introduce an analogue for points of topological
spaces.

De�nition. Let X be a topological space and let x ∈ X. We de�ne the topological valence
of x as

topval(x,X) := min

{
n ∈ N∪{∞}

∣∣∣∣∣ for every open neighborhood U of x there
exists an open neighborhood V of x with V Ă U
such that V \ {x} has at least n components

}
.

��
��

����

X

U

V

topval(x,X) ≤ 4
x

The following lemma summarizes a few basic properties about the topological valence of
points.
Lemma 7.11. Let X be a topological space and let x ∈ X.
(1) For every neighborhood W of x we have topval(x,W ) = topval(x,X).
(2) For every homeomorphism f : X → Y we have topval(x,X) = topval(f(x), f(X)).

Proof. The lemma follows immediately from the de�nitions. �

The following proposition allows for the calculation of the valence in many interesting
settings.

Proposition 7.12. (Topological Valence Determination Proposition) Let X be a
Hausdor� space and let x ∈ X be a point. We now suppose that there exist embeddings
ϕ1, . . . , ϕn : [0, 1]→ X with the following properties:
(a) ϕ1(0) = · · · = ϕn(0) = x,
(b) the images ϕi((0, 1]), i = 1, . . . , n are pairwise disjoint,
(c) ϕ1([0, 1]) ∪ · · · ∪ ϕn([0, 1]) is a neighborhood of x.

Then topval(X, x) = n.
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X

x

images of
ϕ1, ϕ2, ϕ3

topological
valence = 3

Example. Let I be an interval that consists of more than one point. It follows easily from
the Topological Valence Determination Proposition 7.12 that the points in the interior
of I have topological valence 2 and that the endpoints of I, if they are included, have
topological valence 1. This observation implies for example that the half-open interval
[0, 1) and the open interval (0, 1) are not homeomorphic. This gives in particular a solution
to Exercise 2.40.
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Proof. We start out with the following claim.
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Claim. There exists a λ ∈ (0, 1] such that for every ε ∈ (0, λ] the following holds:
(1) For each i ∈ {1, . . . , n} the set ϕi((0, ε)) is open in X.
(2) For each i ∈ {1, . . . , n} the set ϕi((0, ε)) is closed in ϕ1((0, ε)) ∪ · · · ∪ ϕn((0, ε)).
(3) ϕ1([0, ε)) ∪ · · · ∪ ϕn([0, ε)) is an open neighborhood of x.

Proof. Note that by Hypothesis (c) we know that there exists an open neighborhood W of
x that is contained ϕ1([0, 1])∪ · · · ∪ϕn([0, 1]). By looking at the preimages of W under the
maps ϕ1, . . . , ϕn we see that there exists a λ ∈ (0, 1] such that ϕ1([0, λ]), . . . , ϕn([0, λ]) are
contained in W . Now let ε ∈ (0, λ].

(1) Note that
ϕi((0, ε)) = W ∩

(
X \

(
ϕi([ε, 1]) ∪

⋃
j 6=i

ϕj([0, 1])︸ ︷︷ ︸
compact by the Compact Image Lemma 2.13,

since X is Hausdor� we obtain from the
Compact-Closed Lemma 1.21 (2),

that the set is closed

))
.x

choice of x and
Hypothesis (b)

Thus we see that ϕi((0, ε)) is an open subset of X.
(2) This statement follows immediately from (1).
(3) Almost the same argument as in (1) also implies (3). �

We now turn to the actual proof that topval(x, x) = n. First we want to show that
topval(X, x) ≤ n. Thus let U be a neighborhood of x. There exists a µ ∈ (0, ε) such
that for each i ∈ {1, . . . , n} we have ϕi((0, µ)) Ă U . By the above claim we know that
V := ϕ1([0, µ)) ∪ · · · ∪ ϕ1([0, µ)) is an open neighborhood of X. Next note that V \ {x}
consists of the n open and closed sets ϕ1((0, µ)), . . . , ϕn((0, µ)). By the Path-Connected
Implies Connected Corollary 2.23 we know that each of these sets is connected. Thus we
obtain from the Component Lemma 2.33 (4c) that V \ {x} has precisely n components.

Now let us show that topval(X, x) ≥ n. We set U := ϕ1((0, ε)), . . . , ϕn((0, ε)). Let V be
an open neighborhood of x that is contained in U . For each i ∈ {1, . . . , n} we know that
ϕ−1
i ([0, ε])∩V is open and that it contains 0. This implies that ϕ−1

i ((0, ε])∩(V \{x}) is also
non-empty. By (2) this set is open and closed in V \ {x}. It follows from the Component
Lemma 2.33 (4b) that V \ {x} has at least n components. �

The �nal proposition of this section shows that given an undirected abstract graph the
valence of a vertex agrees with the topological valence of the corresponding point on the
topological realization.

Proposition 7.13.
(1) Let G = (V,E, ϕ) be an undirected abstract graph. For every vertex v ∈ V we have

valence(v) = topval(v, |G|) ∈ N0 ∪ {∞}.
(2) If f : X = |G| → Y = |H| is a homeomorphism between the topological realizations

of undirected abstract graphs G and H that sends vertices to vertices, then this
homeomorphism preserves valences, viewed as numbers in N0 ∪ {∞}.

Remark. An alternative proof of Proposition 7.13 will be given in Exercises 75.2 and 75.9.

Proof.
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(1) If the valence(v) is �nite, then the statement follows easily from the Topological
Valence Determination Proposition 7.12. We leave it to the reader to modify the
argument if valence(v) is in�nite.

(2) This statement follows immediately from (1) and Lemma 7.11 (2). �

7.5. Quotients of abstract graphs. We conclude this chapter on graphs with the def-
inition and discussion of quotients of abstract graphs and the corresponding topological
realizations.

De�nition. Let G = (V,E, i, t) be an abstract graph and let H = (W,F ) be a non-empty
subgraph.
(1) We de�ne ∼ to be the equivalence relation generated by v ∼ v′ if v and v′ are both

vertices in H. We denote by ∗ the equivalence class de�ned by the vertices in H.
(2) We denote by ρ : V → V/∼ the map given by v 7→ [v].
(3) Finally we de�ne the abstract graph

G/H := (V/∼, E \ F, ρ ◦ i : E \ F → V/∼, ρ ◦ t : E \ F → V/∼).

We refer to G/H as the quotient of the abstract graph G by the abstract graph H.
The following lemma summarizes a few properties of the abstract graph G/H.

Lemma 7.14. (Quotient Abstract Graph Lemma) Let G = (V,E, i, t) be an abstract
graph and letH = (W,F ) be a non-empty subgraph. We continue with the above notation.
(1) We have χ(G/H) = χ(G)− χ(H) + 1.
(2) We consider the map

where (e, 0) ∼ i(e) and (e, 1) ∼ t(e) similarly (e, 0) ∼ ρ(i(e)) and (e, 1) ∼ ρ(t(e))
↓ ↓

p : |G| = (V t(E×[0, 1]))/∼ → |G/H| = (V/∼ t((E \ F )× [0, 1]))/∼

[x] 7→

 [∗], if x ∈ |H|,
[ρ(x)], if x ∈ V,
[(e, t)], if x=(e, t) with e∈E\F and t∈ [0, 1].

This map has the following two properties:
(a) The map p : |G| → |G/H| is well-de�ned and continuous.
(b) If the abstract graph G is �nite, then the map p : |G| → |G/H| descends to a

homeomorphism105 |G|/|H| → |G/H|.
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Proof.

(1) We calculate that

χ(G/H) = #(V/∼)−#(E\F )=(#V −#W +1)− (#E−#F ) = χ(G)−χ(H)+1.

105Note that it follows from Lemma 7.9 (2) that it is legitimate to view |H| as a subset of |G|.
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(2) (a) Once one has entangled all the de�nitions one sees that the map is indeed well-
de�ned and one sees, using the Twice Quotient Lemma 5.23, that the map is
indeed continuous.

(b) Since the abstract graph G is �nite we know by the Abstract Graph-Topological
Realization Lemma 7.1 (4) and the Compact Image Lemma 2.13 that |G|/|H| is
compact. Furthermore, by the Abstract Graph-Topological Realization Lemma 7.1
(2) we know that |G/H| is Hausdor�. It is very elementary to show that the
induced map p : |G|/|H| → |G/H| is a bijection. Thus we obtain from the
Compact-Hausdor� Proposition 2.17 (3) that p : |G|/|H| → |G/H| is a home-
omorphism. �

Exercises for Chapter 7.

Exercise 7.1. We consider the category AbsGraph of abstract graphs. Let X, Y be abstract
graphs.
(a) Does the product of X and Y exist in the category AbsGraph?
(b) Does the coproduct of X and Y exist in the category AbsGraph?

Exercise 7.2. In the below we see the seven bridges of Königsberg. Is it possible to cross
all seven bridges in a walk without crossing a single bridge twice?
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Illustration from Euler's paper [Eul1736]

Exercise 7.3. Let G = (V,E, ϕ) and G′ = (V ′, E ′, ϕ′) be two undirected abstract graphs.
If the topological realizations |G| and |G′| are homeomorphic, does it follow that the undi-
rected abstract graphs G and G′ are isomorphic?

Exercise 7.4. Let G be an abstract graph. Show that the following are equivalent:
(a) G is connected,
(b) given any two distinct vertices v, v′ there exists an embedding γ : [0, 1] → |G| with

γ(0) = v, γ(1) = v′ and such that γ([0, 1]) Ă |G| is the union of edges,
(c) the topological realization |G| is path-connected,
(d) the topological realization |G| is connected.

Exercise 7.5. Let G be an abstract graph and let K Ă |G| be compact subset. Show that
there exists a �nite subgraph H of G with K Ă |H|.

Exercise 7.6. Are the two topological graphs G and H shown in the �gure below homeo-
morphic?
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compact subset K

graph G �nite subgraph H
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Exercise 7.7. Let G = (V,E, i, t) be an abstract graph and let ṽ ∈ V be a vertex. We
suppose that G is a tree. Show that there exist distinct edges e1, . . . , ek and distinct vertices
v1, . . . , vk with the following properties:
(1) We have V = {ṽ, v1, . . . , vk} and E = {e1, . . . , ek}.
(2) For each i ∈ {1, . . . , k} the vertex vi is an endpoint of the edge ei.
(3) If some vertex vi is an endpoint of some ej, then i ≤ j.

We refer to the �gure on page 316 for an illustration.

Exercise 7.8. Let G = (V,E, i, t) be a countable connected non-empty abstract graph.
We pick a vertex v ∈ V . Show that there exists a sequence {Gj = (Vj, Ej, i, t)}j∈N of
subgraphs with the following properties:
(1) Each Gj is �nite and connected.
(2) Each Gj contains v.
(3) We have G =

⋃
j∈N
Gj in the sense that V =

⋃
j∈N
Vj and E =

⋃
j∈N
Gj.

Exercise 7.9.
(a) Let A Ă R3 be a �nite set. We say the points in A are in general position if no

distinct three points in A are collinear and if no four points in A are coplanar. Show
that if t1 < · · · < tk are real numbers, then the points

{(ti, t2i , t3i ) | i = 1, . . . , k}
are in general position.

(b) Show that given any �nite abstract graph G there exists an embedding of the topo-
logical realization |G| into R3.

Exercise 7.10. As above let Top be the category of topological spaces, let AbsGraph be the
category of abstract graphs and let UndirAbsGraph be the category of undirected abstract
graphs. In Lemma 7.2 we de�ned a functor | − | from AbsGraph to Top. Furthermore on
page 313 we de�ned a functor F from AbsGraph to UndirAbsGraph such that for any abstract
graph the homeomorphism ΘG : |G| → |F (G)| between the topological realizations is a
homeomorphism.

Is it possible to de�ne a functor Ψ from UndirAbsGraph to Top such that the homeomor-
phisms ΘG are natural?
Remark. Beware of loops.

Exercise 7.11. Let G = (V,E, i, t) be a �nite abstract graph. The degree of a vertex v is
de�ned as deg(v) := #{e ∈ E | i(e) = v}+ #{e ∈ E | t(e) = v}.
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Show that the number of vertices of odd degree is even.
Remark. This statement is known as the Handshaking Lemma, the name comes from the
observation that the statement means that at an event where some people shake hands, an
even number of people have shaken an odd number of other people's hands.
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degree 3

Exercise 7.12. We consider the topological space X = Q. What is the topological valence
topval(0,Q)?

Exercise 7.13. Let G = (V,E, ϕ) be an unoriented abstract graph. First we introduce
some de�nitions.
(1) A circuit of length n in G is a sequence of vertices v0, v1, v2, . . . , vn = v0 such that

the vertices v0, . . . , vn−1 are distinct and such for each i ∈ {0, . . . , n− 1} there exists
an e ∈ E with ϕ(e) = {vi, vi+1}.

(2) We say G is a tree if G is connected and if G contains no circuits.
(3) We say a subgraph T Ă G is a spanning tree if T is a tree and if T contains all

vertices of G.
Now we can state the actual problems.
(a) Show that for a �nite unoriented abstract graph the above de�nition of a tree is

equivalent to the de�nition on page 315.
(b) Show that for a �nite unoriented abstract graph the above de�nition of a spanning

tree is equivalent to the de�nition on page 317.
(c) Show that every connected unoriented abstract graph G admits a spanning tree.

Hint. Apply Zorn's Lemma 0.6 to the set of trees in G with the partial order given
by inclusion.
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example of a spanning treeunoriented abstract graph G circuit C
v0 = vnv1

Exercise 7.14. Let G = (V,E, ϕ) be an unoriented abstract graph and let π be a group.
A π-action on G is a homomorphism Φ: π → Aut(G). We say v ∈ V is a �xed vertex of
the π-action if for every g ∈ π we have Φ(g)(v) = v.
(a) Let T be an unoriented abstract graph that is a tree in the sense of the de�nition on

page 324. Show that there exists a �nite subtree T̃ such that the π-action restricts
to a π-action on T̃ .

(b) Let π be a �nite group that acts on an undirected �nite tree T̃ . Show that this action
admits a �xed vertex.
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Remark. You can prove the statement by induction on #T . You can perform the
induction step by considering the vertices of valency ≥ 2.
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8. Urysohn's Lemma and the Tietze Extension Theorem

In this chapter we state and prove Urysohn's Lemma and the Tietze Extension Theorem.
For the most part the proofs of the results we stated so far are fairly straightforward and
could be assigned as (at times slightly challenging) homework exercises. The results of this
chapter are the �rst really non-trivial statements.

8.1. Normal topological spaces. Recall that according to the de�nition on page 121 a
topological space X is called Hausdor� if any two distinct points P 6= Q can be separated
by disjoint open subsets, i.e. if there exist disjoint open neighborhoods U of P and V of
Q. As we will see in the following two chapters, and especially in Section 9.4, there are
many variations on this de�nition. In this chapter we will mostly care about the following
concept, which we already introduced on page 123.

De�nition. A topological space X is called normal if any two disjoint closed subsets A
and B of X can be separated by open neighborhoods, i.e. if there exist disjoint open
neighborhoods U of A and V of B.
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Remark.

(1) Note that the de�nitions of a normal topological space can di�er slightly in the
literature. For example [Mun1975, p. 195] imposes the extra condition that one-
point sets are closed.

(2) Let X be a normal topological space. If every one-point subset is closed, then X is
also Hausdor�.106 But, as we will see in Exercise 8.1, without this condition there do
in fact exist normal spaces that are not Hausdor�.

(3) Let X be the line with two zeros that we introduced on page 122. One can easily
verify that every one-point subset is closed. We saw that X is not Hausdor�. Thus
it follows from (2) that X is not normal either.

(4) In Exercise 8.3 we will give an example of a topological space that is Hausdor� but
which is not normal.

(5) It follows easily from the Open -Closed Inclusion Lemma 2.10 (2) that any closed
subset of a normal space is again normal. A topological space that has the property
that every subspace is normal is called hereditarily normal. As we will see in
Proposition 9.12 together with Exercise 9.18, there exist normal spaces that are not
hereditarily normal.

For the reader's convenience we recall the Compact Hausdor� Spaces-Normal Lemma 1.16.
Together with the subsequent the Metric Spaces are Normal Proposition 8.1 it provides us
with a long list of examples of normal spaces.

106On page 349 we de�ne a T0-space to be a topological space that has the property that each one-point
subset is closed.
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Lemma 1.16. (Compact Hausdor�-Normal Lemma) Every compact Hausdor�
space is normal.
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The following proposition gives us an often convenient approach to showing that a topo-
logical space is normal. It implies, among many other things, that every subspace of some
Rn is normal.
Proposition 8.1. (Metric Spaces-Normal Proposition) Let (X, d) be a metric space.
If we equip X with the corresponding topology, then X is normal.

Proof. Let (X, d) be a metric space. We recall the following notation from page 283: given
x ∈ X and given a non-empty subset C of X we write

d(x,C) := inf{d(x, c) | c ∈ C}.

If C is closed, then we know by the Distance-to-Subspace Lemma 6.2 (2) that d(x,C) = 0
if and only if x ∈ C.

Now let A and B be two disjoint closed subsets of X. If one of A or B is empty, then
the desired disjoint neighborhoods are given by the empty set and X. Thus it remains to
consider the case that both A and B are non-empty.
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In our context, since A and B are disjoint and closed, we conclude from the above that for
every x ∈ X we have d(x,A) + d(x,B) > 0. Thus it makes sense to consider the map

X → R
x 7→ d(x,A)

d(x,A) + d(x,B)
.

By the Distance-to-Subspace Lemma 6.2 (1) we know that f is continuous. Evidently
f |A ≡ 0 and f |B ≡ 1. It follows that U := f−1((−∞, 1

4
)) and V := f−1((3

4
,∞)) have the

desired properties. �

The following lemma, which is an analogue of the Points-in-Hausdor� Space Lemma 1.15,
contains a convenient and frequently used property of normal spaces.

Lemma 8.2. (Normal-Open-Closed-Neighborhood Lemma) Let X be a topological
space and let A Ă X be a closed subset and U Ă X be an open subset with A Ă U . If X
is normal, then there exists an open subset V Ă X with A Ă V Ă V Ă U .

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

����
����
����
����

����
����
����
����

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

X

U

A

U

A

V



328

Proof. Let X be a topological space, let A Ă X be a closed subset and let U Ă X be an
open subset with A Ă U . We set B := X \ U . This is a closed subset with A ∩ B = ∅.
Since X is normal there exist disjoint neighborhoods V of A and W of B. It remains to
show that V Ă U . In fact we have V Ă X \W Ă U . But since W is open we know that
X \W is closed. By de�nition of the closure V we have V Ă X \W . �

Remark. The combination of the Paracompact-Criterion Lemma 10.2 and Dieudonné's
Theorem 10.5 gives us many more examples of normal topological spaces.

We conclude this short introduction to normal topological spaces with the following lemma
which often gets used subconsciously.
Lemma 8.3. Let Y be a normal space.
(1) Let A1, . . . , Ak Ă Y be disjoint subsets. If the Ai are all closed, then the natural

map A1 t · · · t Ak → A1 ∪ · · · ∪ Ak is a homeomorphism.
(2) Let X1, . . . , Xk be compact spaces and let ϕi : Xi → Y be embeddings with disjoint

images. If Y is Hausdor�, then the map
k⊔
i=1
fi :

k⊔
i=1
Xi → Y

is an embedding.

f2

f1

f2

f1tf2 : X1tX2 → R2 is not an embedding

f1

f1tf2 : X1tX2 → R2 is an embedding

Proof. Let Y be a normal space.
(1) Let A1, . . . , Ak Ă Y be closed disjoint subsets. Note that for any i ∈ {1, . . . , k} the

union of the Aj with i 6= j is a �nite union of closed subsets, thus it is a closed subset
itself. SinceX is normal we see that there exists an open neighborhood of Ai that does
not intersect any of the other Aj. It follows from this observation and the Disjoint
Union Embedding Lemma 5.14 that the natural map A1 t · · · tAk → A1 ∪ · · · ∪Ak
is a homeomorphism.

(2) Since X1, . . . , Xk are compact and since Y is in particular Hausdor� we know by
the Compact Image Lemma 2.13 and the Compact-Closed Lemma 1.21 (2) that the
images ϕ1(X1), . . . , ϕk(Xk) are closed subsets of Y . It now follows from (1) that
k⊔
i=1
fi :

k⊔
i=1
Xi → Y is indeed an embedding. �

8.2. Urysohn's Lemma. In this section we will state and prove Urysohn's Lemma. De-
spite its modest name it is actually very much non-trivial.

Lemma 8.4. (Urysohn's Lemma) Let X be a topological space. The following two
statements are equivalent:
(1) For any two disjoint closed subsets A and B and any r < s ∈ R there exists a

continuous map f : X → [r, s] with f |A ≡ r and f |B ≡ s.
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(2) X is normal.

A
X=R

A B A A B

r

s

The statement of Urysohn's Lemma 8.4 is really quite amazing, just using the existence of
suitable open subsets it builds up an interesting map.

Remark.
(1) Urysohn's Lemma 8.4 was �rst proved by Paul Urysohn [Ury1925a, p. 290] in 1924.

The paper was �nished three days before Paul Urysohn died in a swimming accident
[Gron2010].

(2) A very nice motivation for the standard proof is given in [Jä2005, p. 109]. A some-
what di�erent proof, using the Cantor function from page 185, is given in [Cîr2021].

(3) Note that Statement (1) in Urysohn's Lemma 8.4 does not say that there exists a
continuous map f : X → [r, s] with f−1(r) = A and f−1(s) = B. In fact, as we will
see in Exercise 8.4, in general we cannot demand to �nd such a map on a normal
space.

(4) The proof of the Metric Spaces-Normal Proposition 8.1 shows that the conclusion of
Urysohn's Lemma 8.4 holds trivially for metric spaces.

(5) Urysohn's Lemma 8.4 motivates the interest in normal spaces. The combination of
the Paracompact-Criterion Lemma 10.2 and the Dieudonné Theorem 10.5 shows that
every topological space that is regionally compact, �second-countable� and Hausdor�
is normal. In many settings this result will be strong enough to conclude that a given
topological space is normal.

(6) In Lemma 21.7 we will prove a �smooth� version of Urysohn's Lemma 8.4.

Proof. The �(1)⇒(2)�-implication is straightforward. Indeed, suppose that A and B are
two disjoint closed subsets of X. If (1) holds, then there exists a continuous function
f : X → [0, 1] with f |A ≡ 0 and f |B ≡ 1. Then U := f−1((−∞, 1

2
)) and V := f−1((1

2
,∞))

have the desired properties.
The �(2)⇒(1)�-implication is the non-trivial direction of Urysohn's Lemma and its proof

will occupy the remainder of the proof. Let A and B be two disjoint closed subsets. An
elementary rescaling argument shows that it su�ces to deal with the case r = 0 and s = 1,
i.e. it su�ces to show that there exists a continuous map f : X → [0, 1] with f |A ≡ 0 and
f |B ≡ 1.

Claim 1. We set P = [0, 1] ∩Q. There exists a family {Us}s∈P of open subsets of X with
the following three properties:

(i) A Ă U0,
(ii) for each p ∈ P with p < 1 we have Up Ă X \B,
(iii) for each s, t ∈ P with s < t we have U s Ă Ut.

Proof. Since P is countable there exists a bijection ϕ : N0 → P . We can arrange that
ϕ(0) = 0 and ϕ(1) = 1. We set U1 := X \ B. Since B is closed we know that U1 is
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open. Since X is normal and since A is closed we obtain from the Normal-Open-Closed-
Neighborhood Lemma 8.2 that there exists an open neighborhood U0 of A with U0 Ă U1.
Now suppose that for some n ≥ 1 we have already de�ned Uϕ(0), Uϕ(1), . . . , Uϕ(n) with the
required properties. We set Pn = {ϕ(0), . . . , ϕ(n)} and we set y := ϕ(n+1). Since ϕ(0) = 0
and ϕ(1) = 1 we see that y ∈ (0, 1). Since Pn is a �nite subset of [0, 1] and since ϕ(0) = 0
and ϕ(1) = 1 we see that the set Pn contains a largest number x less than y = ϕ(n + 1)
and it contains a smallest number z larger than y = ϕ(n+ 1).

Note that our induction hypothesis implies that Ux Ă Uz. Thus, since X is nor-
mal, we obtain from the Normal-Open-Closed-Neighborhood Lemma 8.2 that there ex-
ists an open subset Uy with Ux Ă Uy Ă Uy Ă Uz. One can now easily verify that
Uϕ(0), Uϕ(1), . . . , Uϕ(n), Uϕ(n+1) have the required properties. �
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U 1
2

A

U0

B

U1 = X \B

For each p ∈ (−∞, 0) ∩ Q we set Up := ∅ and for each p ∈ (1,∞) ∩ Q we set Up := X.
Next we consider f : X → R

x 7→ inf{p ∈ Q |x ∈ Up}.
It follows easily from Properties (i) and (ii) that f |A ≡ 0, that f |B ≡ 1 and that f takes
values in [0, 1]. Thus it remains to prove that f is continuous. The proof of continuity
requires some preparations.
Claim 2. Let r ∈ Q.

(a) x ∈ U r =⇒ f(x) ≤ r (a') f(x) > r ⇒ x 6∈ U r.
(b) x 6∈ Ur =⇒ f(x) ≥ r (b') f(x) < r ⇒ x ∈ Ur.

Proof. Statements (a') and (b') are evidently just reformulations of Statements (a) and (b).
Statements (a) and (b) are trivial if r < 0 or r > 1. Now assume that r ∈ P = [0, 1] ∩ Q.
In this case the statements follow from the following straightforward arguments:

by Property (iii) by de�nition of in�mum and since P is dense in [0, 1]
↓ ↓

x ∈ U r =⇒ x ∈ Us for every s ∈ P with s > r =⇒ f(x) ≤ r
x 6∈ Ur =⇒ x 6∈ Us for every s ∈ P with s < r =⇒ f(x) ≥ r. �

Claim 3. Given any r ∈ Q we have

f−1([0, r]) =
⋂
n∈N

U r+ 1
n

and f−1([0, r)) =
⋃
n∈N

Ur− 1
n
.

Proof. Let r ∈ Q. We see that

Image-Preimage Lemma 0.2 (7) by Claim 2 (b')
↓ ↓

f−1([0, r]) = f−1
( ⋂
n∈N

[0, r + 1
n
)
)

=
⋂
n∈N

f−1([0, r + 1
n
)) Ă

⋂
n∈N

Ur+ 1
n

Ă
⋂
n∈N

U r+ 1
n

Ă
⋂
n∈N

f−1([0, r + 1
n
]) = f−1

( ⋂
n∈N

[0, r + 1
n
]
)

= f−1([0, r]).
↑ ↑

by Claim 2 (a) Image-Preimage Lemma 0.2 (7)
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Note that at the beginning and at the end we have the same set. Thus all inclusions have to
be equalities. Therefore we obtain the �rst equality of the claim. The proof of the second
equality is very similar to the proof of the �rst equality. For completeness' sake we carry
out the argument:

Image-Preimage Lemma 0.2 (6) by Claim 2 (b')
↓ ↓

f−1([0, r)) = f−1
( ⋃
n∈N

[0, r − 1
n
)
)

=
⋃
n∈N

f−1([0, r − 1
n
)) Ă

⋃
n∈N

Ur− 1
n

Ă
⋃
n∈N

U r− 1
n

Ă
⋃
n∈N

f−1([0, r − 1
n
]) = f−1

( ⋃
n∈N

[0, r − 1
n
]
)

= f−1([0, r)).
↑ ↑

by Claim 2 (a) Image-Preimage Lemma 0.2 (6)

As above we deduce the desired equality. �
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Claim 4. The map f : X → R is continuous.

Proof. On page 135 we pointed out that the set of rational intervals forms a basis for the
topology of R. It follows from the Subbasis-Continuity Proposition 2.9 that it su�ces to
show that for every choice of c, d ∈ Q the preimage f−1((c, d)) is open. Thus let c, d ∈ Q.
We see that

by the Image-Preimage Lemma 0.2 (8)
and since f(X) Ă [0, 1] by Claim 3

↓ ↓
f−1((c, d)) = f−1([0, d)) \ f−1([0, c]) =

⋃
n∈N

Ud− 1
n︸ ︷︷ ︸

open, since each
Up is open

∖ ⋂
n∈N

U c+ 1
n
.︸ ︷︷ ︸

closed by
Lemmas 1.9 (2)
and 1.3 (2) �

8.3. The Tietze Extension Theorem. Using Urysohn's Lemma 8.4 we can now prove
the following major theorem.

Theorem 8.5. (Tietze Extension Theorem) Let X be a topological space, let A Ă X
be a closed subset and let f : A → R be a continuous map. If X is normal, then there
exists a continuous map g : X → R with g|A = f . If A is non-empty then one can �nd
such g such that

inf g(X) = inf f(A) ∈ R ∪ {−∞} and sup g(X) = sup f(A) ∈ R ∪ {∞}.
graph of f : A→ R

X

graph of g : X → R

X

AA
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Remark.

(1) The Tietze Extension Theorem was �rst proved for metric spaces by Heinrich Tietze
[Tie1915] in 1915. The extension to normal topological spaces was proved by Paul
Urysohn [Ury1925a, p. 293].

(2) Let X be a topological space and let A and B be two disjoint closed subsets. We
consider the map on A t B that is given by f |A ≡ 0 and f |B ≡ 1. By the Pasting
Proposition 2.6 we know that f is continuous. If X is normal, then we can extend f
by the Tietze Extension Theorem 8.5 to a continuous map on all of X. This shows
that the Tietze Extension Theorem 8.5 is an extension of Urysohn's Lemma 8.4.

(3) In Exercise 8.10 we will see, borrowing some ideas from (2), that the Tietze Extension
Theorem 8.5 is optimal in the sense, that if the conclusion holds for a topological
space X, then X is normal.

(4) In Proposition 21.9 we will prove a �smooth� version of the Tietze Extension Theo-
rem 8.5.

For many applications the following formulation of the Tietze Extension Theorem 8.5 is
more convenient.

Theorem 8.6. (Tietze Extension Theorem) Let X be a topological space and let A
be a closed subset of X. Suppose that for i = 1, . . . , n we are given a closed interval Ii Ă R
and suppose that we are given a map f : A → I1 × · · · × In Ă Rn. If X is normal, then
there exists a continuous map g : X → I1 × · · · × In with g|A = f .

Proof. We apply the earlier Tietze Extension Theorem 8.5 to the various coordinate func-
tions fk : A→ Ik, k = 1, . . . , n and we �nd maps g1, . . . , gk : X → R with the same in�ma
and suprema as f1, . . . , fk. But since each Ik is closed we see that the in�ma and suprema
lie in the corresponding Ik. This shows that each gk takes again values in Ik. �

The proof of the Tietze Extension Theorem 8.5 relies on the following proposition.

Proposition 8.7. Let X be a non-empty topological space. First we introduce some
notation: given a bounded map107 g : X → R we set

‖g‖ := sup{|g(x)| |x ∈ X} ∈ R.

Let (gn : X → R)n∈N be a sequence of bounded maps. If
∞∑
n=1
‖gn‖ < ∞, then for each

x ∈ X the series
∞∑
n=1

gn(x) converges in R and the map x 7→
∞∑
n=1

gn(x) is continuous.

Proof of Proposition 8.7. Let X be a non-empty topological space. As in Proposi-
tion 6.12 we consider the set C(X,R) of continuous maps X → R and given f, g ∈ C(X,R)
we write again

d̃(f, g) = sup
{

min{|f(x)− g(x)|, 1}
∣∣x ∈ X}.

107We say g : X → R is bounded if there exists a C ∈ R such that |g(x)| ≤ C for all x ∈ X.
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Now let (gn : X → R)n∈N be a sequence of bounded maps such that
∞∑
n=1
‖gn‖ < ∞. Note

that for each k ≥ l ∈ N we have

d̃
( k∑
n=1

gn ,
l∑

n=1
gn

)
≤
∥∥∥ k∑
n=1

gn −
l∑

n=1
gn

∥∥∥ =
∥∥∥ k∑
n=l+1

gn

∥∥∥ ≤ k∑
n=l+1

‖gn‖.
↑

triangle inequality

It follows easily from this observation and from the hypothesis that the series
∞∑
n=1
‖gn‖

converges in R that the partial sums
k∑

n=1
gk de�ne a Cauchy sequence in (C(X,R), d̃). The

desired statements now follow from Proposition 6.12. �

Proof of the Tietze Extension Theorem 8.5 if f is bounded. Let X be a topologi-
cal space which is normal and let A Ă X be a closed subset. If X is empty, then there
is nothing to show. Thus we can assume that X is non-empty. Given a bounded map
ψ : X → R we write again

‖ψ‖ := sup{|ψ(x)| |x ∈ X} ∈ R.

Claim. Let r ∈ R≥0. Given any continuous map ϕ : A → [−r, r] there exists a continuous
map g : X → R such that

‖g‖ ≤ 1
3
· r and such that |ϕ(a)− g(a)| ≤ 2

3
· r for all a ∈ A.

Proof. We set A− = ϕ−1([−r,−1
3
r]), A0 = ϕ−1([−1

3
r, 1

3
r]) and A+ = ϕ−1([1

3
r, r]). Since

A− and A+ are disjoint closed subsets of X it follows from Urysohn's Lemma 8.4 that
there exists a continuous map g : X → [−1

3
r, 1

3
r] such that g|A− ≡ −1

3
r and g|A+ ≡ 1

3
r. In

particular we have ‖g‖ ≤ 1
3
r. Now let a ∈ A. In each of the three cases a ∈ A−, a ∈ A0

and a ∈ A+ one can easily verify, using the triangle inequality, that |ϕ(a)−g(a)| ≤ 2
3
·r. �

A+

r

−r

graph of g : X → R

A

X

graph of ϕ : A→ R

A−

Now let f : A → R be a bounded map. This means that there exists an s ≥ 0 such that
f takes values in [−s, s]. Thus we can apply the claim to ϕ = f and r = s. We obtain a
continuous map g1 : X → R such that

‖g1‖ ≤ 1
3
· s and |f(a)− g1(a)| ≤ 2

3
· s for all a ∈ A.

Next we apply the claim to the map ϕ = f − g1 and r = 2
3
· s. We obtain a continuous map

g2 : X → R such that
‖g2‖ ≤ 1

3
· 2

3
· s and |(f(a)− g1(a))︸ ︷︷ ︸

=ϕ(a)

− g2(a)| ≤ (2
3
)2 · s for all a ∈ A.

Iterating this procedure we obtain a sequence of continuous maps g1, g2, . . . : X → R such
that for each n ∈ N we have
‖gn‖ ≤ 1

3
· (2

3
)n−1 · s and |f(a)− g1(a)− · · · − gn(a)| ≤ (2

3
)n · s for all a ∈ A.
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Note that
∞∑
n=1
‖gn‖ ≤

∞∑
n=1

1
3
· (2

3
)n−1 · s = 1

3
· s ·

∞∑
n=0

(2
3
)n = s < ∞. Thus it follows from

Proposition 8.7 that the map
X → R
x 7→ g(x) :=

∞∑
n=1

gn(x)

is de�ned and continuous. Next note that for any a ∈ A we have

|f(a)−g(a)| =
∣∣∣f(a)−

∞∑
n=1

gn(a)
∣∣∣ =

∣∣∣f(a)− lim
n→∞

n∑
k=1

gk(a)
∣∣∣ = lim

n→∞

∣∣∣f(a)−
n∑
k=1

gk(a)
∣∣∣︸ ︷︷ ︸

≤ ( 2
3

)n · s by the second property

= 0.

In other words, the maps g and f agree on A.
Finally assume that A is non-empty. Since f : X → R is by hypothesis bounded it

makes sense to set a := inf f(A) ∈ R and to set b := sup f(A) ∈ R. By Lemma 2.3 we
know that the map x 7→ min( max(g(x), a), b)

is continuous. Evidently this map has all the desired properties. �

Proof of the Tietze Extension Theorem 8.5 if f is unbounded. Let X be a topo-
logical space which is normal, let A Ă X be a closed subset and let f : A→ R be a possibly
unbounded continuous map.

We pick a homeomorphism Θ: R→ (−1, 1), e.g. we could pick x 7→ 2
π
· arctan(x). The

map Θ◦f : A→ R is bounded and continuous. By the previous case of the Tietze Extension
Theorem we know that there exists a continuous map g : X → [−1, 1] which agrees with
Θ ◦ f on A. If g(X) Ă (−1, 1), then Θ−1 ◦ g : X → R is the desired extension of f .

It remains to consider the case that g−1(−1) ∪ g−1(1) is non-empty. Note that A and
g−1(−1) ∪ g−1(1) are two disjoint closed subsets of X. Therefore we can apply Urysohn's
Lemma 8.4 and we obtain a continuous map γ : X → [0, 1] with γ|A ≡ 1 and which
vanishes on g−1(−1) ∪ g−1(1). The map x 7→ γ(x) · g(x) takes values in (−1, 1). The map
x 7→ Θ−1(γ(x) · g(x)) is therefore well-de�ned and it is a continuous extension of f : A→ R
to all of X.

By basically the same argument as in the bounded case we can arrange that f and g
have the same in�mum and the same supremum. �

g−1(1)

graph of Θ◦ϕ :A→(−1, 1)

A

X

graph of ϕ : A→ R graph of g :X→R

A

1

−1

Exercises for Chapter 8.

Exercise 8.1. Give an example of a topological space that is normal but which is not
Hausdor�.

Exercise 8.2. Let Y be a topological space and let X1, . . . , Xk be disjoint closed subsets
of Y . Show that if Y is normal, then the Xi are contained in disjoint open subsets.
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Exercise 8.3. We consider the upper half-plane X := {(x, y) ∈ R2 | y ≥ 0} together with
the half-disk topology H which is generated by the usual open disks Br(x, y) with r < y
and the subsets of the form

{(x, 0)} ∪ (Br(x, 0) ∩ {(x, y) ∈ R2 | y > 0}).
(a) Show that (X,H) is Hausdor�.
(b) Show that (X,H) is not normal.
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X open subsets in the
half-disk topology

Exercise 8.4. Give an example of a normal topological space X and two closed subsets
A and B such that there exists no continuous map f : X → R with A = f−1(0) and
B = f−1(1).

Exercise 8.5. Show that every topological graph, as de�ned on page 310, is normal.

Exercise 8.6. Let S := (R, T ) be the Sorgenfrey line that we introduced on page 182.
(a) Show that the Sorgenfrey line is normal.

As in Exercise 5.13 we refer to the product S × S as the Sorgenfrey plane.
(b) Show that A := {(x,−x) |x ∈ Q} and B := {(x,−x) |x ∈ R \Q} are closed subsets

of the Sorgenfrey plane.
Remark. You could make use of Exercise 5.13.

(c) Show that the Sorgenfrey plane is not normal.

Exercise 8.7. Let A Ă Rn be a subset. Show that if A is not closed, then there exists a
continuous map f : A→ R which cannot be extended to a continuous map on all of Rn.

Exercise 8.8. Let X be a topological space that is normal. Let U1, . . . , Um be open subsets

such that X =
m⋃
i=1
Ui. Show that there exist open subsets Vi Ă Ui such that V i Ă Ui and

such that X =
m⋃
i=1
Vi.

Remark. A much stronger version of the statement of this exercise can be found in
[Dug1966, Theorem VII.6.1] or alternatively in [Grote1969, Satz 43].

Exercise 8.9. Let X be a metric space.
(a) Let A,B Ă X be two disjoint closed subsets of X. Does there exist a continuous

map f : X → [0, 1] such that A = f−1(0) and B = f−1(1)?
(b) Let A,B Ă X be two disjoint open subsets of X. Does there exist a continuous

map f : X → R and disjoint open intervals I and J such that A = f−1(I) and
B = f−1(J)?

(c) Let A,B Ă X be two subsets of X such that A ∩ B = ∅ and A ∩ B = ∅. Do there
exist disjoint open neighborhoods U of A and V of B?

Exercise 8.10. Let X be a topological space that satis�es the conclusion of the Tietze
Extension Theorem 8.5, i.e. we assume that given any closed subset A of X and given any
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continuous map f : A → R there exists a continuous map g : X → R with g|A = f . Show
that X is normal.
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9. Second-countable topological spaces and the Urysohn Metrization
Theorem

In this chapter we will �rst introduce the notion of a second-countable topological space.
This notion is used in the formulation of the Urysohn Metrization Theorem. Depending
on the reader's taste, even more importantly, the notion of a second-countable topological
space plays an essential role in the de�nition of topological manifolds on page 511.

9.1. Second-countable topological spaces. Recall that on page 132 we introduced the
notion of a basis of a topological space. With this notion we can de�ne what it means for
a topological space to be second-countable.
De�nition. A topological space is called second-countable if there exists a countable basis
for the topology.

Non-Example. Of course not every topological space is second-countable. For example
consider the uncountable set R, but for once equipped with the discrete topology D. It
follows easily from the de�nitions that X = (R,D) is not second-countable. There are
also more subtle examples, for example we will see in Exercise 9.6 that there exist compact
topological spaces that are not second-countable. Furthermore in Theorem 22.13 we will
see that there exists a path-connected space that is not second-countable.

Using the next lemma we will see that many of the topological spaces that we are interested
in are actually second-countable.

Lemma 9.1. (Second Countability Lemma)
(1) For every n ∈ N0 the topological space Rn is second-countable.
(2) If X is a topological space that is second-countable, then every subspace is also

second-countable.
(3) (a) IfX1, . . . , Xk are topological spaces that are second-countable, thenX1×· · ·×Xk

is second-countable.
(b) Let {Xi}i∈I be a countable family of topological spaces. If each Xi is second-

countable, then
∏
i∈I
Xi is also second-countable.

(4) Let X be a topological space. If there exists a countable family of open subsets
{Ui}i∈I such that

⋃
i∈I
Ui = X and such that each Ui is second-countable, then X

itself is second-countable.
(5) Let X be a topological space and let ∼ be an equivalence relation on X. If X is

second-countable and if the projection X → X/∼ is an open map, then X/∼ is also
second-countable.

Proof.
(1) This statement is basically the content of Exercise 1.8. For completeness' sake we

provide the argument. Let n ∈ N0. We denote by B the set of all open balls around
points in Qn with rational radii. By the Countability Lemma 0.8 we know that B is
countable. Thus it remains to show that B is a basis for the standard topology on
Rn. Note that each set in B is an open subset of Rn. By the de�nition of the basis
of a topology, see page 132, it now su�ces to prove the following claim.
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Claim. Given any open subset U Ă Rn and given any x ∈ U there exists a B ∈ B
with x ∈ B Ă U .

Proof. Let U Ă Rn be an open subset and let x ∈ U . Since U is open there exists
an ε > 0 such that Bn

ε (x) Ă U . Since Q is dense in R there exists a q ∈ Qn with
‖x− q‖ < 1

3
ε. Next we pick an s ∈ Q with s ∈ (1

3
ε, 2

3
ε). A straightforward argument,

using the triangle inequality, shows that x ∈ Bn
s (q) Ă Bn

ε (x) Ă U . �
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Rn x

Bn
s (q)

(2) This statement follows from Lemma 1.33 and the Countability Lemma 0.8 (3).
(3) (a) This statement follows from the Product Topology-Basics Lemma 5.4 (3) and the

Countability Lemma 0.8 (5).
(b) This statement follows from the Product Topology-Basics Lemma 5.4 (3) and the

Countability Lemma 0.8 (3) and (5).
(4) For each Ui we pick a countable basis Bi of the topology of Ui. Using the Basis

Characterization Lemma 1.32 it is straightforward to verify that
⋃
i∈I
Bi is a basis for

the topology of X. By the Countability Lemma 0.8 (2) this is a countable set.
(5) This statement follows from Lemma 5.22 and the Countability Lemma 0.8 (3). �

The following lemma gives us a convenient property of second-countable topological spaces.

Lemma 9.2. (Countable Covering Lemma) Let X be a topological space and let
{Ui}i∈I be an open cover of X. If X is second-countable, then there exists a countable
subset J Ă I with X =

⋃
j∈J
Uj.

Proof. Let B be a countable basis for the topology of X. We write

B′ := {V ∈ B |V Ă Ui for some i ∈ I}.

Given V ∈ B′ we pick j ∈ I with V Ă Uj. It follows from the Countability Lemma 0.8 (1)
that the set J Ă I of all such j is countable. It remains to show that X =

⋃
j∈J
Uj.

Thus let x ∈ X. By hypothesis there exists an i ∈ I with x ∈ Ui. Since B is a basis
for the topology of X there exists a V ∈ B with x ∈ V Ă Ui. Note that V ∈ B′. But this
implies that x ∈ Uj for some j ∈ J . �

We conclude this introduction to second-countable topological spaces with the discussion
of exhaustions of topological spaces, which play a role later on.

De�nition. Let X be a topological space. We say that a sequence {Pi}i∈N of subsets of
X is an exhaustion if the following two conditions are satis�ed:

(1) We have X =
⋃
i∈N
Pi.

(2) For each i ∈ N we have P i Ă
◦
P i+1.

We say that the exhaustion is compact, if each Pi is compact.
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X

Pi

Example. A compact exhaustion of Rn is given by Pi := B
n

i (0) with i ∈ N.

Lemma 9.3. (Compact Exhaustion Lemma) Let X be a topological space which is
second countable, Hausdor� and regionally compact.
(1) There exists an exhaustion of X by compact subsets.
(2) Given any compact subset K Ă X there exists an open neighborhood P of K such

that the closure P is compact.

Remark. In the Exhaustion Function Lemma 10.7 we will prove a re�nement of the Com-
pact Exhaustion Lemma 9.3 (1).

Proof.

(1) First recall that on page 178 we said that a subset A Ă X is precompact in X if
the closure A of A in X is compact. By hypothesis we know that X is regionally
compact and Hausdor�. It follows from Lemma 2.42 that X is locally precompact,
which implies by Lemma 2.39 that the topology of X admits a basis of precompact
open subsets. Since X is second-countable we know by the Countable Covering
Lemma 9.2 that X is in fact covered by a countable family {Ui}i∈N of precompact
open subsets. It remains to prove the following claim.
Claim. There exists a sequence {Ki}i∈N of compact subsets of X such that for each
i ∈ N we have Ui Ă Ki and such that for each i ≥ 2 we have Ki−1 = Ki−1 Ă

◦
Ki.

Proof. We set K1 := U1. Suppose we have already constructed K1, . . . , Kn with the
above properties. Since Kn is compact there exists an r ∈ N with Kn Ă U1∪· · ·∪Ur.
We set Kn+1 := U1 ∪ · · · ∪ U r ∪ Un+1.

Since the U1, . . . , Ur, Un+1 are precompact, their closures are by de�nition compact.
Thus it follows from the Compact-Union-Intersection Lemma 1.20 that Kn+1 is com-
pact. Evidently Un+1 Ă Kn+1. Finally observe that

Kn = Kn Ă U1 ∪ · · · ∪ Ur Ă
◦
Kn+1 Ă Kn+1.

↑
since X is Hausdor� we know by the Compact-Closed Lemma 1.21 (2)

that compact subsets are closed

By iterating this procedure we get the desired sequence.
(2) Let K be a compact subset of X. We continue with the notation from (1). The sets

◦
Kn form an open cover of K. Since K is compact and since we have

◦
Kn Ă

◦
Kn+1

we see that there exists an n ∈ N with K Ă
◦
Kn. But Kn is compact, thus we are

done. �

9.2. The Urysohn Metrization Theorem. In this section we will state and prove a
major consequence of Urysohn's Lemma 8.4, namely the Urysohn Metrization Theorem.
Before we can state the theorem, let us recall the following de�nition from page 110.
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De�nition. A topological space X is called metrizable if there exists a metric d on X
such that the given topology agrees with the topology coming from d.
For second-countable topological spaces the following theorem gives a complete character-
ization of metrizability.

Theorem 9.4. (Urysohn Metrization Theorem) Let X be a topological space. If X
is second-countable, then the following two statements are equivalent:
(1) X is normal and every one-point subset is closed108.
(2) X is metrizable.

Remark.
(1) The Urysohn Metrization Theorem 9.4 was proved by Paul Urysohn in 1924. Ury-

sohn's proof was written up posthumously by Paul Alexandro� [Ury1925b].
(2) The later Completely Metrizable Criterion Proposition 10.8 can often be used to

show that a given topological space is in fact completely metrizable.
(3) In Exercise 9.21 we will show that a compact metrizable space is second-countable.

The proof of the Urysohn Metrization Theorem 9.4 relies on a proposition which is inter-
esting in its own right. To formulate this proposition we need to introduce or recall the
following notation.
Notation. We write

RN := {all maps N→ R} = {(x1, x2, . . . ) | all xi ∈ R}.
We equip RN with the product topology introduced on page 226, namely this is the topology
which is de�ned by the condition that a basis for the topology is given by the sets

U1 × · · · × Uk × R× R× . . . Ă RN

where U1, . . . , Uk are open sets in R.

Proposition 9.5. The topological space RN is metrizable.

Proof. Throughout the proof we adopt the following notation:
• Given a, b ∈ R we write d(a, b) := min{|b− a|, 1}.
• Given x ∈ RN we denote by x1, x2, . . . the �coordinates� of x.
• Given x, y ∈ RN we set109

D(x, y) := sup
k∈N

{ 1

k
· d(xk, yk)

}
∈ R.

Claim 1. The map D de�nes a metric on RN.

Proof. It is clear that D is symmetric and that D(x, y) = 0 if and only if x = y. Thus it
remains to prove the triangle inequality. Let x, y, z ∈ RN. We have

D(x, z) = sup
k∈N

{1
k ·d(xk, zk)

}
≤ sup

k∈N

{1
k ·d(xk, yk) + 1

k ·d(yk, zk)
}
≤ D(x, y) +D(y, z).

↑ ↑
follows from the straightforward by de�nition of the supremum
observation that d is a metric �

108By the Points-in-Hausdor� Space Lemma 1.15 (1) this condition is satis�ed if X is Hausdor�.
109By de�nition of d we see that the set { 1

k ·d(xk, yk) | k ∈ N} is bounded by 1. It follows that the supremum
does in fact exist.
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It remains to prove the following claim.

Claim 2. The topology de�ned by the metric D equals the product topology on RN.
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open ball Bε(x)D in the metric

NN

R

element of basis of RN

R
Bd
kε(xk) = RBd

3ε(x3)Bd
ε (x1)U1 Uk R

Proof. First we show that the metric topology is contained in the product topology. Thus
let U Ă RN be open in the metric topology. We want to show that U is open in the product
topology. By the JH-Lemma 1.7 it su�ces to show that for each x ∈ U there exists a set
V , which is open in the product topology, with x ∈ V Ă U . Note that since U is open in
the metric topology we know that there exists an ε > 0 with BD

ε (x) Ă U . We pick n ∈ N
with 1

n
< ε and we set

V = (x1 − ε, x1 + ε)× · · · × (xn − ε, xn + ε)× R× R× . . . Ă RN.

It follows easily from the de�nitions that V Ă BD
ε (x). By the above discussion we know

that V is open in the product topology. Thus we have veri�ed that U is open in the product
topology.

Now we need to show that the product topology is contained in the metric topology.
By the Subbasis Lemma 1.28 it su�ces to show that for each subset

U := U1 × · · · × Uk × R× R× . . . (where U1, . . . , Uk are open sets in R)

and each x ∈ U there exists an open set V of the metric topology with x ∈ V Ă U . Note
that since the Ui are open we know that for i = 1, . . . , k there exists a µi ∈ (0, 1) with
(xi − µi, xi + µi) Ă Ui. We set

ε := min
{µ1

1 ,
µ2

2 , . . . ,
µk
k

}
.

It follows easily from the de�nitions that V := BD
ε (x) Ă U . �

Now we can �nally provide the proof of the Urysohn Metrization Theorem 9.4.

Proof of the Urysohn Metrization Theorem 9.4. LetX be a topological space which
is second-countable. The �(2)⇒(1)�-direction is basically clear. Indeed, if X is metrizable,
then it follows from Proposition 1.13 that X is Hausdor� which in turn implies by the
Points-in-Hausdor� Space Lemma 1.15 (1) that every one-point subset is closed. Further-
more by the Metric Spaces-Normal Proposition 8.1 we know that X is normal.

We turn to the proof of the signi�cantly more interesting �(1)⇒(2)�-direction. Thus we
now assume that X is normal and that every one-point set is closed.

The idea, at this stage not very surprising, is to attempt to �nd an embedding
Φ: X → RN and to use the fact that by Proposition 9.5 we know that RN is
metrizable. A map Φ: X → RN is basically the same as a sequence of maps
{ϕn : X → R}n∈N.
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Claim 1. There exists a family {ϕn : X → [0, 1]}n∈N of maps with the following property:
for each x ∈ X and each open neighborhood U of x there exists an n ∈ N such that
ϕn(x) = 1 and such that ϕn|X\U ≡ 0.

X

graph of ϕn : X → [0, 1]

Ux

Proof. Since X is by hypothesis second-countable there exists a countable basis {Bj}j∈J
for the topology of X. For every choice of i, j ∈ J with Bi Ă Bj we can and will apply
Urysohn's Lemma 8.4110 to the disjoint closed subsets Bi and X \Bj and we obtain a map
gi,j : X → [0, 1] with gi,j|Bi ≡ 1 and gi,j|X\Bj ≡ 0. Since J is countable we know by the
Countability Lemma 0.8 that the set

K := {(i, j) ∈ J × J |Bi Ă Bj} Ă J × J

is again countable, thus in bijection with a subset of N. Therefore it remains to show
that these maps {gi,j}(i,j)∈K have the desired properties. Now let x ∈ X and let U be
a neighborhood of x. By de�nition of a basis of the topology there exists a j ∈ J with
x ∈ Bj Ă U . By hypothesis X is normal and every one-point subset is closed. Therefore
we obtain from the Normal-Open-Closed-Neighborhood Lemma 8.2 an open subset V of X
with x ∈ V Ă V Ă Bj. By de�nition of a basis there exists an i ∈ J with x ∈ Bi Ă V . But
then we also have Bi Ă V Ă Bj. Note that the map gi,j satis�es gi,j(x) = 1 and it vanishes
on X \Bj. From Bj Ă U we obtain that gi,j vanishes in particular on X \ U . �

��X

V
Bj

Bi

Ux

We consider the product RN =
∏
n∈N

R, equipped with the product topology. By Proposi-

tion 9.5 we know that RN is metrizable. Thus it su�ces to prove the following claim.
Claim 2. The map Φ: X → RN

x 7→ (ϕ1(x), ϕ2(x), . . . )

is an embedding, i.e. it is a homeomorphism onto its image.

Proof. It follows immediately from the continuity of the ϕn and the Topological-Product
Proposition 5.1 that Φ is continuous. Next we show that Φ is injective. Thus let x 6= y be
two points in X. Since X is normal and since each one-point set is closed there exists an
open neighborhood U of x that does not contain y. By construction there exists an n ∈ N
with ϕn(x) = 1 and with ϕn(y) = 0. This shows that Φ is injective.

We have now shown that Φ is an injective continuous map. We want to show that Φ
is actually a homeomorphism onto its image. By the Open -Injective Map Lemma 2.16 it
now su�ces to show that Φ is an open map.

110Here we use our hypothesis that X is normal
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Thus let U Ă X be an open subset. We need to show that Φ(U) is open in Φ(X). By
the JH-Lemma 1.7 it remains to show that for every z0 ∈ Φ(U) there exists an open set
W Ă Φ(U) with z0 ∈ W Ă Φ(U). We pick x0 ∈ U with Φ(x0) = z0. By construction there
exists an n ∈ N with ϕn(x0) = 1 and with ϕn|X\U ≡ 0. We denote by πn : RN → R the
projection onto the n-th coordinate. By the Topological-Product Proposition 5.1 we know
that πn is continuous.
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V

U
RN

Φ

R

0
πnx0

z0
X

We set V := π−1
n ((0,∞)) and we set W := V ∩ Φ(X). By de�nition of the subspace

topology we know that W is open in Φ(X). It remains to show that z0 ∈ W and that
W Ă Φ(U).
• It follows from πn(z0) = (πn ◦ Φ)(x0) = ϕn(x0) = 1 > 0 that z0 ∈ W .
• Let z ∈ W . We denote by x ∈ X the unique element with Φ(x) = z. Note that
πn(z) = (πn ◦ Φ)(x) = ϕn(x) > 0. Since ϕn|X\U ≡ 0 we see that x ∈ U . In particular
z = Φ(x) ∈ Φ(U). �

9.3. Regular topological spaces. It turns out that one can formulate the Urysohn
Metrization Theorem 9.4 with an a priori weaker hypothesis. This weaker hypothesis
is used in most formulations of the Urysohn Metrization Theorem 9.4 in the literature.
Therefore, for completeness' sake we will discuss this weaker hypothesis, even though we
will not really make use of the results of this section.
We start out with the following notion.

De�nition. A topological space X is called regular if given any x ∈ X and given any
closed subset A Ă X there exist disjoint open subsets U and V with x ∈ U and A Ă V .

Remark.

(1) Note that in the de�nition of a regular topological space we do not demand, in
contrast say to [Mun1975, p. 195], that one-point sets are closed.

(2) In Section 9.4 we will discuss the relationship between the various �separation ax-
ioms�, i.e. between the notions �Hausdor��, �regular� and �'normal�.

We have the following analogue of Lemmas 1.15 and 8.2.

Lemma 9.6. (Regular-Open-Closed-Neighborhood Lemma) Let X be a topologi-
cal space, let x ∈ X and let U Ă X be an open neighborhood of x. If X is regular, then
there exists an open subset V with x ∈ V Ă V Ă U .
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Proof. The proof of the lemma is almost identical to the proof of the Normal-Open-Closed-
Neighborhood Lemma 8.2. For peace of mind we nonetheless provide the argument. Let
U be an open neighborhood of x. We set B := X \ U . This is a closed subset with x 6∈ B.
Since X is regular there exist disjoint neighborhoods V of x and W of B. It remains to
show that V Ă U . In fact we have V Ă X \W Ă U . But since W is open we know that
X \W is closed. By de�nition of V we have V Ă X \W . �

The following proposition, together with the previous remark shows that for a large class
of topological spaces the notions of being regular and normal coincide.
Proposition 9.7. Let X be a topological space. If X is regular and if X is second-
countable, then X is also normal.

Proof. Let X be a topological space that is regular and that is second-countable. The
latter condition means that there exists a countable basis {Bj}j∈J for the topology of X.
Now let C and D be two disjoint closed subsets of X.

Claim 1. There exist open subsets {Um}m∈N such that C Ă
⋃
m∈N

Um Ă
⋃
m∈N

Um Ă X \D.

Proof. Since J is countable we know that the set {j ∈ J |Bj Ă X\D} Ă J is also countable.
It remains to show that the union of the corresponding Bj covers C. Thus let c ∈ C. Since
X is regular and since D is closed we know by the Regular-Open-Closed-Neighborhood
Lemma 9.6 that there exists an open neighborhood U of c such that U Ă X \ D. By
de�nition of a basis of the topology there exists a j ∈ J with c ∈ Bj Ă U . By construction
Bj Ă U Ă X \D, thus j lies in the given index set. �

We swap the roles of C and D in the previous claim and we obtain open subsets {Vn}n∈N
such that D Ă

⋃
n∈N

Vn Ă
⋃
n∈N

V n Ă X \ C. Note that we do not know whether
⋃
m∈N

Um and⋃
n∈N

Vn are disjoint. Thus we have to go into extra time and do some more work. Given

m,n ∈ N we now set

Ũm := Um \
m⋃
i=1

V i︸ ︷︷ ︸
�nite union of
closed subsets

and Ṽn := Vn \
n⋃
i=1

U i.︸ ︷︷ ︸
�nite union of
closed subsets

Since the �nite union of closed subsets is closed we see that the subsets Ũm and Ṽn are
open. Furthermore, since each V i is disjoint from C we see that the Ũm cover C. Similarly
we see that the Ṽn cover D. It remains to prove the following claim.

Claim 2. The open sets
⋃
m∈N

Ũm and
⋃
n∈N

Ṽn are disjoint.

Proof. It su�ces to show that for each m,n ∈ N we have Ũm ∩ Ṽn = ∅. If m ≤ n, then we
have by construction that even Ũm∩V n = ∅. Similarly, if n ≤ m, we have by construction
that even Ṽn ∩ Um = ∅. �

Now we can give the standard formulation of the Urysohn Metrization Theorem.
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Theorem 9.8. (Urysohn Metrization Theorem) Let X be a topological space. If X
is second-countable, the following two statements are equivalent:
(1) X is regular and every one-point subset is closed.
(2) X is metrizable.

Proof. Let X be a topological space which is second-countable.
First we consider again the basically trivial �(2)⇒(1)�-direction. If X is metrizable, then

it follows from Proposition 1.13 that X is Hausdor� which in turn implies by the Points-in-
Hausdor� Space Lemma 1.15 (1) that every one-point subset is closed. Furthermore by the
Metric Spaces-Normal Proposition 8.1 we know that X is normal. Since one-point subsets
are closed this also implies that X is regular.

Now we consider the �(1)⇒(2)�-direction. Thus we assume that X is regular and that
every one-point subset is closed. SinceX is second-countable it follows from Proposition 9.7
that X is normal. Thus it follows from the �(1)⇒(2)�-direction of the original Urysohn
Metrization Theorem 9.4 that X is metrizable. �

The Urysohn Metrization Theorems 9.4 and 9.8 give a satisfactory characterization of
metrizable topological spaces among all second-countable topological spaces.

For completeness' sake we state the following theorem which gives, rather astonishingly,
a complete characterization of metrizable topological spaces among all topological spaces:

Theorem 9.9. (Nagata-Smirnov Metrization Theorem) Let X be a topological
space. The following two statements are equivalent:
(1) X is metrizable.
(2) The following three conditions are satis�ed:

(a) X is regular.
(b) X is Hausdor�.
(c) The topology of X admits a basis that is the union of countably many locally

�nite families of subsets of X.In other words, there exists a countable set I and
for each i ∈ I there exists a locally �nite family Bi of subsets of X such that⋃
i∈I
Bi is a basis for the topology of X.

Remark. The theorem was proved independently by Junichi Nagata [Naga1950] and
Yurii Smirnov [Smi1951]. A variation on the metrization theorem was proved by R. H.
Bing [Bin1951].111

Example.

111The �rst and middle name of Bing are �R.� and �H.�.
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(1) Let X be a topological space that is second-countable, i.e. it admits a countable basis
{Ui}i∈I of the topology. We set Bi := {Ui} Ă P(X) and we see that condition (c) is
satis�ed. This shows that the Nagata-Smirnov Metrization Theorem 9.9 implies the
Urysohn Metrization Theorem 9.8.

(2) Let X be a set that is equipped with the discrete topology. The family of all one-
point subsets is locally �nite. Thus, if we set I := {∗} and B∗ := {{x}}x∈X}, then
we see that X satis�es Properties (a), (b) and (c), thus X is metrizable. In fact in
this case it is easy to provide an explicit example of a metric, namely we just need
to consider the discrete metric that is given by

d(x, y) :=

{
0, if x = y,
1, if x 6= y.

Proof. Despite its beauty we will not make use of the Nagata-Smirnov Metrization Theo-
rem. We use this as an excuse for not providing the proof. The theorem is of course proved
in the original sources [Naga1950] and Yurii Smirnov [Smi1951]. A textbook proof is
given in [Mun1975, Chapters 6.2 and 6.3], [Enge1989, Theorem 4.4.7] and [Pat2009,
Chapter 7.3]. �

9.4. Separation Axioms. We have now introduced the properties of being Hausdor�,
normal and regular. Each such property states to what degree points and closed subsets can
be separated by open subsets. The limitless imagination of mathematicians has produced
many variations on these separation axioms. In this section we will state, for reference,
several other time-honored separation axioms, even though we will not really make use of
the axioms that we introduce in this section.
De�nition. Let X be a topological space. Let A and B be two subsets of X. We say A
and B are separated by subsets U and V if A Ă U and B Ă V and if U ∩ V = ∅. We use
the obvious extensions of these de�nitions if we are dealing with points instead of subsets.
With these de�nitions we can reformulate the de�nitions of being �Hausdor��, �regular�
and �normal�:
(1) A topological X is Hausdor� precisely if any two distinct points can be separated

by open neighborhoods.
(2) A topological X is regular precisely if every point x can be separated from every

closed subset A with x 6∈ A by open neighborhoods.
(3) A topological X is normal if any two disjoint closed subsets of X can be separated

by open neighborhoods.
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normalHausdor� regular

De�nition. Let X be a topological space. Let A and B be two subsets of X.
(1) We say that A and B are separated by a map if there exists a continuous map

f : X → R such that f |A ≡ 0 and f |B ≡ 1.
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(2) We say that A and B are precisely separated by a map if there exists a continuous
map f : X → R such that f−1(0) = A and f−1(1) = B.

We use the obvious extensions of these de�nitions if we are dealing with points instead of
subsets.
By Urysohn's Lemma 8.4 we know that given a topological space X the following two
statements are equivalent:
(1) Any two disjoint closed subsets can be separated by open neighborhoods.
(2) Any two disjoint closed subsets can be separated by maps.

It is less clear whether these statements are equivalent to the following statement:
(3) Any two disjoint closed subsets can be precisely separated by maps.

This leads us to the following re�nement of the notion of being normal.

De�nition. A topological space is called perfectly normal if any disjoint closed subsets
can be precisely separated by a map.

Example. In the proof of the Metric Spaces-Normal Proposition 8.1 we implicitly showed
that metric spaces are perfectly normal.

For some purposes it is convenient to work with a reformulation of being �perfectly normal
and Hausdor��. To do so we will need the following de�nition.

De�nition. Let X be a topological space. We say a subset is a Gδ-subset if it is the
intersection of countably many open subsets.

Lemma 9.10. Let X be a Hausdor� space. The following three statements are equivalent:
(1) X is perfectly normal.
(2) For every closed subset A Ă X there exists a map f : X → [0, 1] with A = f−1(0).
(3) X is normal and every closed subset of X is a Gδ-subset.

Remark. In many, arguably most, textbooks, e.g. [Kel1975, p. 134], [SS1978, p. 16]
and [Jos1983, p. 187], the characterization of Lemma 9.10 (3) is used for the de�nition of
a perfectly normal topological space.

Proof. First we prove the �(1)⇒(2)�-direction. Let A be some closed subset of X. If
A = X, then we can take f to be the constant map. Now suppose that A Ĺ X. We pick
x ∈ X \ A. Since X is Hausdor� we know by the Points-in-Hausdor� Space Lemma 1.15
that {x} is a closed subset. Since X is perfectly normal there exists a map f : X → [0, 1]
with A = f−1(0) and with {x} = f−1(1).

We turn to the proof of the �(2)⇒(1)�-direction. Let A and B be two disjoint closed
subsets. By hypothesis there exists a map f : X → [0, 1] with A = f−1(0) and a map
g : X → [0, 1] with B = g−1(0). Since A and B are disjoint we see that for every x ∈ X we
have f(x) + g(x) > 0. As in the proof of the Metric Spaces-Normal Proposition 8.1 we can
consider the map h : X → [0, 1]

x 7→ f(x)

f(x) + g(x)
.

Evidently A = h−1(0) and B = h−1(0).
Next we prove the �(2)⇒(3)�-direction. It follows from the �(2)⇒(1)�-direction that X

is normal. Thus it su�ces to prove that every closed subset of X is a Gδ-subset. Now let A
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be a closed subset of X. By hypothesis there exists a map f : X → [0, 1] with A = f−1(0).
We now see that

A = f−1(0) = f−1
( ⋂
n∈N

[0, 1
n
)
)

=
⋂
n∈N

f−1([0, 1
n
))︸ ︷︷ ︸

open subset of X

.x
Image-Preimage Lemma 0.2 (7)

Finally we provide the proof of the �(3)⇒(2)�-direction. Thus we assume that X is
normal and we assume that every closed subset of X is a Gδ-subset. Let A be a closed
subset of X. By hypothesis there exists a countable family {Un}n∈N of open subsets such
that A =

⋂
n∈N

Un. Let n ∈ N. Since X is normal and since A and X \ Un are disjoint we

obtain from Urysohn's Lemma 8.4 a continuous map fn : X → [0, 1] with fn|A ≡ 0 and
fn|X\Un ≡ 1. It follows from Proposition 6.12 that the map

f : X → [0, 1]

x 7→
∑
n∈N

1
2n · fn(x)

is continuous. Furthermore note that

X \ A = X \
⋂
n∈N

Un =
⋃
n∈N

(X \ Un).︸ ︷︷ ︸
here fn ≡ 1

It follows almost immediately from this observation that f−1(0) = A. �

Since this was so much fun we want to introduce one more variation on being normal. For
this we need the following de�nition.

De�nition. Let X be a topological space. We say two subsets A and B are separate if
A ∩B = ∅ and if A ∩B = ∅.112

Example. Let X = R. The subsets A = (−1, 0) and B = (0, 1) are separate.

De�nition. A topological space is called completely normal if separate subsets are sepa-
rated by open neighborhoods.
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A

completely normalA and B are separate

A
B V

Lemma 9.11. Let X be a topological space. If X is perfectly normal, then it is also
completely normal.

Proof. Let X be a perfectly normal Hausdor� space and let A and B be two separate
subsets of X. By Lemma 9.10 and the Interior-Closure Lemma 1.9 (2) there exist maps
f : X → [0, 1] and g : X → [0, 1] with f−1(0) = A and g−1(0) = B. We consider the map
h = f − g. By construction A Ă h−1((−∞, 0)) and B Ă h−1((0,∞)). �

112Evidently disjoint closed subsets are separate.
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graph of g

XX
A B

graph of f

De�nition. Let X be a topological space. We say two points x and y are topologically
indistinguishable if x and y have the same neighborhoods, i.e. if a subset U Ă X is a
neighborhood of x if and only if it is a neighborhood of y. Otherwise we say that the
points are topologically distinguishable.

Example. If X is a set that is equipped with the trivial topology {∅, X}, then any two
points are topologically indistinguishable.

We can now formulate the following hierarchy of separations axioms, which has its origins
in the work of Heinrich Tietze [Tie1923].113

De�nition. Given a topological space X we introduce the following separability axioms:

T0 Kolmogorov distinct points are topologically distinguishable
T1 Fréchet every one-point subset is closed
T2 Hausdor� distinct points are separated by open neighborhoods
T2 1

2
Urysohn distinct points are separated by closed neighborhoods

T3 regular Hausdor� X is Hausdor� & every point x is separated from any
closed subset A with x 6∈A by open neighborhoods

T3 1
2
Tychono� X is Hausdor� & every point x is separated from

every closed closed subset A with x 6∈ A by a map
T4 normal Hausdor� X is Hausdor� & disjoint closed subsets are

separated by open neighborhoods
T5 completely normal Hausdor� X is Hausdor� & separate subsets are separated

by open neighborhoods
T6 perfectly normal Hausdor� X is Hausdor� & disjoint closed subsets are precisely

separated by a map.

We say X is a Ti-space if the corresponding condition is satis�ed.

Remark.
(1) Note that the de�nitions can di�er slightly in the literature, for example in [vQu2001,

Chapter 6] and in [SS1978, Section 2] the T3 and the T4-axiom is stated without the
Hausdor� condition. The advantage of the above de�nition is that the separability
axioms are increasingly stronger. More precisely, in Proposition 9.12 we will see that
for Ti and Tj in the list with i < j every Tj-space is also a Ti-space.

(2) In Exercise 9.18 we give an alternative characterization of complete normal Hausdor�
spaces.

113The �T� in the names of the separation axioms goes back to the German word �Trennungsaxiom�.
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Proposition 9.12. For every two axioms Ti and Tj with i < j in the above de�nition the
following holds:
(1) If a topological space is a Tj-space, then it is also a Ti-space.
(2) There exists a topological space that is Ti but not Tj.

Remark. Proposition 9.12 says in particular that the obvious analogue of Urysohn's Lem-
ma 8.4 for regular spaces does not hold. More precisely, Proposition 9.12 says in particular
that there exists a topological space X which satis�es T3 but does not satisfy T3 1

2
. In plain

English this means that the topological space X has the following two properties:
(1) X is regular space X and every one-point subset is closed.
(2) There exists a point x ∈ X and a closed subset A Ă X with x 6∈ A such that there

is no continuous map f : X → R with f(x) = 0 and f |A ≡ 1.

Proof.
(1) In the Points-in-Hausdor� Space Lemma 1.15 we showed that in a Hausdor� space

every one-point subset is closed. In most cases this shows that for i < j a Tj-space
is also a Ti-space. The implications �T6 ⇒ T5� and �T3 1

2
⇒ T3� rely on the simple

observation, which we already used in the easy direction of Urysohn's Lemma 8.4, that
if two subsets can be separated by a map, then they can also be separated by open
subsets. Perhaps the only implication which is not entirely obvious is why a T6-space
is a T5-space. Fortunately this implication follows immediately from Lemma 9.11.

(2) The following list of examples, exercises and references provides us with the promised
topological spaces:

T0 but not T1 Sierpi«ski space, see Exercise 2.22
T1 but not T2 line with two zeros, see page 122
T2 but not T2 1

2
see Exercise 9.15

T2 1
2

but not T3 see Exercise 9.16 or alternatively Exercise 8.3
T3 but not T3 1

2
see [SS1978, Example 91]

T3 1
2

but not T4 see Exercise 9.17
T4 but not T5 see [SS1978, Examples 87 and 105]
T5 but not T6 see [SS1978, Example 32].

Many more examples regarding these and other separation axioms are discussed in
[SS1978], which is a never-ending source of amusing topological spaces. �

Exercises for Chapter 9.

Exercise 9.1. Let X be a topological space. Show that if X is second-countable, then X
has only countably many components.

Exercise 9.2. Let X be a topological space. Show that if X is second-countable, then
every locally �nite open cover {Ui}i∈I of X is countable.

Exercise 9.3. Let n ∈ N. We equip Rn with the standard topology T .
(a) Show that the open balls with rational centers and rational radii, i.e. the set

C := {Bn
r (q) | r ∈ Q≥0 and q ∈ Qn},
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is a basis for the topological space Rn.
(b) Use (a) to show that for the cardinality of T we have #T ≤ #P(Q).
(c) Use the Bernstein-Schröder Theorem 0.11 to show that #T = #P(Q).

Remark. By Exercise 0.10 we know that #P(Q) = #R and by Exercise 0.10 we know
that #R < #P(R). Evidently #P(R) ≤ #P(Rn). In summary we have thus shown that
#T < #P(Rn). Informally speaking this means that open sets are �rare� among all subsets
of Rn.

Exercise 9.4. Given a non-empty subset I Ă R we denote by Cb(I,R) the set of all
bounded continuous maps I → R and given f ∈ Cb(I,R) we set

‖f‖ := sup{|f(x)| |x ∈ I}.
Note that (Cb(I,R), ‖−‖) is a metric space. We will equip Cb(I,R) with the corresponding
topology.
(a) Show that if I is a compact interval, then Cb(I,R) is second-countable.
(b) Show that if I is a non-compact interval, then Cb(I,R) is not second-countable.

Exercise 9.5. Let X be a topological space that admits a compact exhaustion {Pi}i∈N
in the sense of the de�nition of page 338. Suppose that X is connected. Show that there
exists also a compact exhaustion {Qi}i∈N such that each Qi is connected.

Exercise 9.6. Let I be an uncountable set. Show that [0, 1]I is not second-countable.
Remark. By the Tychono� Theorem 5.9 we know that [0, 1]I is compact. Thus the exercise
shows that there exist compact spaces that are not second-countable.

Exercise 9.7. Let S := (R, T ) be the Sorgenfrey line that we introduced on page 182.
Show that the Sorgenfrey line is not second-countable.

Exercise 9.8. A topological space is called separable if it admits a subset that is countable
and dense.
(a) Show that every second-countable topological space is separable.
(b) Let X be a set. We equip X with the co�nite topology that we de�ned on page 108.

(i) Show that X is separable.
(ii) Suppose that X is uncountable. Show that X is not second-countable.
Remark. This example is taken from [SS1978, Example 19].

(c) Let X be a topological space that is separable and Hausdor�. Show that X is
second-countable.

Exercise 9.9. A topological space is called separable if it admits a subset that is countable
and dense.
(a) Show that the Sorgenfrey line S, which we introduced on page 182, and the Sorgenfrey

plane S × S are separable.
(b) Show that the diagonal ∆ = {(x, x) ∈ S × S |x ∈ S} is not separable.

Hint. Use Exercise 5.13.
Remark. This exercise shows that in general separability is not inherited by subsets.

Exercise 9.10. Let (X, d) be a metric space. Show that the corresponding topological
space is second-countable if and only if X admits a countable dense subset.
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Exercise 9.11. Show that every regionally compact Hausdor� space is regular.

Exercise 9.12. Let X be the Sierpi«ski space which we introduced on page 186, i.e. let
X = {0, 1} be the set with two elements which we equip with the topology T = {∅, X, {0}}.
Show that X is regular and show that X is not normal.

Exercise 9.13. Show that the product of two regular topological spaces is again regular.
Remark. Together with Exercise 8.6 we see that the Sorgenfrey plane is regular but not
normal. One can easily show that the Sorgenfrey plane is Hausdor�. Thus we see that the
Sorgenfrey plane is an example of a topological space that is T3 but not T4.

Exercise 9.14. Provide an example of a topological space that is not T0.

Exercise 9.15. Let D := B2
1(0) Ă R2 be the open disk of radius 1 centered on the origin

and let
X := D ∪ {(−1, 0)} ∪ {(0, 1)}.

We equip X with the topology that is generated by the following subsets:
• For every P ∈ D and every r > 0 we consider B2

r (P ) ∩X.
• For every h ∈ (0, 1) we consider the sets

Uh := {(x, y) ∈ D |x < 0 and x2 + y2 > h} ∪ {(0,−1)}
Vh := {(x, y) ∈ D |x > 0 and x2 + y2 > h} ∪ {(0, 1)}.

The following two exercises show that (X, T ) is T2 but not T2 1
2
.

(a) Show that (X, T ) is Hausdor�.
(b) Show that the points (0,−1) and (0, 1) cannot be separated by closed neighborhoods.

Remark. This exercise also solves Exercise 1.17.
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UhD

(0, 1)(−1, 0)

Exercise 9.16. We set K := { 1
n
|n ∈ N}. As in Exercise 2.51 we de�ne the K-topology

on R as the topology K that is generated by the open intervals (a, b) and by all sets of the
form (a, b) \K where a, b ∈ R.
(a) Show that (R,K) is Hausdor�.
(b) Show that (R,K) is Urysohn.
(c) Show that (R,K) is not regular.

Hint. First show that K is closed in (R,K).
Remark. The exercises show that (R,K) is T2 1

2
but not T3.

Exercise 9.17. We consider the upper half-plane X := {(x, y) ∈ R2 | y ≥ 0} together with
the tangent disk topology D, i.e. the topology which is generated by the usual open disks
Br(x, y) with r < y and the subsets By(x, y) ∪ {(0, x)}.
(a) Show that (X,D) is Hausdor�.
(b) Show that (X,D) is Tychono�.
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(c) Show that (X,D) is not normal.
Hint. Show that {(x, 0) |x ∈ Q} and {(x, 0) |x 6∈ Q} are closed subsets.

Remark. The exercises show that (X,D) is T3 1
2
but not T4.
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X open subsets in the
tangent disk topology

Exercise 9.18. Let X be a Hausdor� space. Show that the following two statements are
equivalent:
(1) X is T5, i.e. X is completely normal and Hausdor�.
(2) X is hereditarily normal, i.e. if every subspace of X is normal.

Exercise 9.19. Let X be a perfectly normal topological space and let A Ă X be a closed
subset. By Lemma 9.10 we know that if X is Hausdor�, then there exists a map f : X →
[0, 1] with A = f−1(0). Do we need the hypothesis that X is Hausdor�?

Exercise 9.20. We consider the set

H :=
∏
n∈N

[0, 1
n
] =

{
(x1, x2, . . . ) | for every n ∈ N we have xn ∈ [0, 1

n
]
}

with the metric
d(x, y) :=

√
∞∑
n=1

(xn − yn)2.

This metric space, and the corresponding topological space, are called the Hilbert Cube.
(a) Show that d is de�ned, i.e. show that the series converges and show that d does

indeed de�ne a metric on H.
(b) Show that the Hilbert Cube, viewed as a topological space, is homeomorphic to the

product space [0, 1]N.
Remark. By Tychono�'s Theorem 5.9 this implies that the Hilbert Cube is compact.

(c) Let X be a metric space that is second-countable.114 Show that there exists an
embedding f : X → H of topological spaces.
Hint. Reread the proof of the Urysohn Metrization Theorem 9.4.
Remark. Statements (b) and (c) imply that any second-countable metric space admits
an embedding, as a topological space, into a compact metrizable topological space.

(d) Show that every compact second-countable topological space is homeomorphic to a
closed subset of the Hilbert Cube.

Exercise 9.21. Let X be a compact metrizable space.
(a) Show that X is second-countable.

Hint. Use the fact that given any n ∈ N there exists a �nite subset An Ă X with⋃
a∈An

B 1
n
(a) = X.

(b) Show that X is regionally compact.

114In Exercise 9.8 we showed that a metric space is second-countable if and only if it is separable. With
this reformulation Statement (c) is commonly used in the literature.
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10. Paracompact spaces and partitions of unity

10.1. Paracompact spaces. We recall the following de�nitions from page 114.
De�nition. Let X be a topological space.
(1) A cover of a subset A Ă X is a family {Ui}i∈I of subsets of X with A Ă

⋃
i∈I
Ui.

(2) We say a cover {Ui}i∈I is open if each Ui is open.
(3) We say a family {Ui}i∈I of subsets is locally �nite if each x ∈ X admits an open

neighborhood W such that {i ∈ I |Ui ∩W 6= ∅} is �nite.
We add one and a half de�nitions in the context of covers.
De�nition. Let X be a topological space and let {Ui}i∈I and {Vj}j∈J be two covers of X.
(1) We say that {Vj}j∈J is a re�nement of {Ui}i∈I if each Vj is contained in some Ui.
(2) If furthermore each Vj is open, then we say that {Vj}j∈J is an open re�nement of
{Ui}i∈I .

X cover {Ui}i∈I
re�nement {Vj}j∈J

Now we can give the key de�nition of this chapter, which was introduced by Jean Dieudonné
in [Die1944, p. 66].

De�nition. A topological space is called paracompact if every open cover admits a locally
�nite open re�nement.

Remark. Many books, e.g. [Bre1993, De�nition I.12.3] and [Kel1975, p. 156] demand
that a paracompact space is also Hausdor�.

X = R
Vj = (j − 1, j + 1), j ∈ Z is a locally
�nite re�nement of {Ui}i∈N

Ui = (−∞, i), i ∈ N is an open cover
of X that is not locally �nite

As the name suggests, paracompact spaces are somewhat related to compact spaces. It is
clear that a compact space is paracompact. The following lemma gives a useful example of
a topological space that is not compact, but which is nonetheless paracompact.
Lemma 10.1. For every n ∈ N0 the topological space Rn is paracompact.

Proof. Let {Ui}i∈I be an open cover of Rn. Let m ∈ N. We consider

the closed annulus Am := {x ∈ Rn |m ≤ ‖x‖ ≤ m+ 1}
the open annulus Wm := {x ∈ Rn |m− 1 < ‖x‖ < m+ 2}.

By the Heine-Borel Theorem 1.24 we know that Am is compact. Therefore there exists a
�nite subset Jm Ă I such that the sets {Uj}j∈Jm form an open cover of Am. One can now
easily verify that

{Wm ∩ Uj}m∈N0,j∈Jm
is a locally �nite open re�nement of the open cover {Ui}i∈I . �
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In fact, according to the principle �what properties of Rn did we really use?� we can
generalize the above lemma to the following statement.

Lemma 10.2. (Paracompact-Criterion Lemma) Let X be a topological space. If X
is second countable, Hausdor� and regionally compact, then X is also paracompact.

Remark. It follows from the discussion on pages 178 and 228 that Lemma 10.1 is actually
a special case of the Paracompact-Criterion Lemma 10.2.

Proof. Let X be a topological space that is second countable, Hausdor� and regionally
compact. We want to show that X is paracompact. Thus let {Ui}i∈I be an open cover
of X.

By the Compact Exhaustion Lemma 9.3 (1) there exists a sequence of compact subsets
{Kn}n∈N of X such that the following two conditions are satis�ed:

(1) for every n ∈ N we have Kn Ă
◦
Kn+1,

(2) we have X =
⋃
n∈N

Kn.

We set K0 = ∅. Let n ∈ N. Since Kn is compact we obtain from the elementary the

��
��
��
��

��
��
��
��

����

X

compact exhaustion Kn

Compact Subspace Covering Lemma 1.19 that there exists a �nite subset Jn Ă I such that
the sets {Uj}j∈Jn form an open cover of Kn. One can now easily verify that115

{(
◦
Kn+1 \Kn−1) ∩ Uj}n∈N,j∈Jn

is a locally �nite open re�nement of the open cover {Ui}i∈I . �

The following lemma can be viewed as an analogue of the Compact-Closed Lemma 1.21
(1). In combination with Lemmas 10.1 and 10.2 this new lemma gives us already a long
list of paracompact spaces.

Lemma 10.3. (Closed Subset-Paracompact Lemma) LetX be a paracompact space.
Every closed subset of X is also paracompact.

Remark. As is shown in [Mun1975, p. 254], in general a subspace of a paracompact
space need not be paracompact.

Proof. The proof of the Closed Subset-Paracompact Lemma 10.3 is almost identical to
the proof of the Compact-Closed Lemma 1.21 (1). Indeed, let X be a paracompact space
and let A Ă X be a closed subset. Let {Ui}i∈I be an open cover of A. By de�nition of the
subspace topology there exists for each i ∈ I an open subset Vi of X such that Ui = Vi∩A.
Since A is a closed subset of X we see that {Vi}i∈I together with X \ A is an open cover
of X. Since X is paracompact there exists a locally �nite open re�nement {Wj}j∈J of this
cover of X. Evidently {Wj ∩A}j∈J is a locally �nite open re�nement of our original cover
{Ui}i∈I of A. �

115Since Kn−1 is compact and since X is Hausdor� we obtain from the Compact-Closed Lemma 1.21 that
Kn−1 is a closed subset. Thus it follows that

◦
Kn+1 \Kn−1 is an open subset of X.
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We conclude our initial list of examples of paracompact spaces with the following di�cult
theorem. We will not make use of it and thus we will not provide the proof.

Theorem 10.4. (Stone's Theorem) Every metric space is paracompact.

Proof. The theorem was �rst proved by Arthur Stone [Stone1948] in 1948. A much
shorter proof can be found in [RudiM1969]. Alternatively a proof is given in [Mun1975,
Theorem 41.4]. �

Remark. As we will see, most topological spaces that are of interest to us, are in fact
paracompact. For example we just saw that Stone's Theorem shows that metrizable
topological spaces are paracompact. Furthermore in the Manifold Paracompact-Normal
Proposition 18.9 (1) we will see, using the Paracompact-Criterion Lemma 10.2 that �topo-
logical manifolds� are paracompact. Furthermore in the CW-Complex Paracompactness
Proposition 68.13 and in the Simplicial-Implies-CW Lemma 93.24 we will see that �CW-
complexes� and �simplicial complexes� are paracompact. Nonetheless, elementary topolog-
ical psychology tells us that surely not every topological space is paracompact. Indeed in
Proposition 22.14 we will see that the �long line�, that we will de�ne on page 613, is not
paracompact.

Next we recall the following de�nition from page 123.

De�nition. A topological spaceX is called normal if any two disjoint closed subsets A and
B ofX are separated by open neighborhoods, i.e. if there exist disjoint open neighborhoods
U of A and V of B.
In the Compact Hausdor� Spaces-Normal Lemma 1.16 (2) we showed that every com-
pact Hausdor� space is normal. The following theorem, which is originally due to Jean
Dieudonné [Die1944, Théorème 1], generalizes this result from compact to paracompact
spaces.

Theorem 10.5. (Dieudonné's Theorem) Every paracompact Hausdor� space is nor-
mal.
The proof of Dieudonné's Theorem 10.5 rests on the following technical but useful lemma.

Lemma 10.6. (Closure-of-Locally Finite Cover Lemma) Let X be a topological
space. If {Ui}i∈I is a locally �nite cover of X, then {U i}i∈I is also a locally �nite cover of
X.

Proof of Lemma 10.6. Let X be a topological space and let {Ui}i∈I is a locally �nite
cover of X. The lemma follows immediately from the de�nitions and the following claim.

Claim. If W and U are two disjoint open subsets of X, then U ∩W = ∅.
Proof. Let W and U be two disjoint open subsets of X. This means that U is contained
in the closed subset X \W . By de�nition of the closure this implies that U Ă X \W . In
particular U ∩W = ∅. �

Proof of Dieudonné's Theorem 10.5. First recall that, according to the de�nition on
page 343, a topological space X is called regular if given any x ∈ X and given any closed
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subset B Ă X there exist disjoint open subsets U and V with x ∈ U and B Ă V . Now let
X be a paracompact Hausdor� space. In the following claim we �rst use paracompactness
to upgrade from Hausdor� to regular.
Claim. The topological space X is regular.
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Hausdor� normalregular

closed if Hausdor�

Proof. Let x ∈ X and let B Ă X be a closed subset. Since X is Hausdor� it follows from
the Points-in-Hausdor� Space Lemma 1.15 (2) that we can �nd for each b ∈ B an open
neighborhood Rb of b ∈ X such that x 6∈ Rb. The open sets {Rb}b∈B together with the
open set X \ B form an open cover of X. Since X is paracompact there exists a locally
�nite open re�nement {Sj}j∈J of this cover. We set

U := X \
⋃

j∈J with Sj∩B 6=∅
Sj and V :=

⋃
j∈J with Sj∩B 6=∅

Sj.

We make the following observations:
• Evidently we have U ∩ V = ∅.
• Since the Sj are an open cover of X we see that V is an open neighborhood of B.
•We claim that x ∈ U . If j ∈ J with Sj ∩ B 6= ∅, then we see that Sj is contained
in one of the Rb's, since it cannot be contained in X \ B. Since Sj Ă Rb we see that
x 6∈ Sj. This implies that x ∈ U .
•We need to show that U is open. Note that by construction the family {Sj}j∈J is locally
�nite. Next note that it follows from the Closure-of-Locally Finite Cover Lemma 10.6
that {Sj}j∈J is also a locally �nite family of subsets of X. By Lemma 1.3 (2b) we
know that the union of a locally �nite collection of closed subsets is again closed. This
shows that U is open.

We have thus shown that U and V are disjoint open neighborhoods of x and B. �
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x
closed subset B

x {Sj}j∈J

Rbb

In the remainder we will use the argument of the claim to use paracompactness to upgrade
from �regular� to �normal�. Thus let A and B be two disjoint closed subsets of X. By the
claim we know that X is regular. By the Regular-Open-Closed-Neighborhood Lemma 9.6
this implies that for each a ∈ A there exists an open neighborhood Ra of a such that
Ra Ă X \B.

The open sets {Ra}a∈A together with the open set X \ A form an open cover of X.
Since X is paracompact there exists a locally �nite open re�nement {Sj}j∈J of this cover.
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We set
U :=

⋃
j∈J with Sj∩A 6=∅

Sj and V := X \
⋃

j∈J with Sj∩A 6=∅
Sj.

By basically the same argument as above we see that U is an open neighborhood of A,
that V is an open neighborhood of B and that U ∩ V = ∅. �

We conclude this section with a short discussion of exhaustion functions.
De�nition. Let X be a topological space. An exhaustion function is a map f : X → R≥0

such that for every c ∈ R≥0 the preimage f−1([0, c]) is a compact subset of X.116

graph of an exhaustion
function on X = RR

Lemma 10.7. (Exhaustion Function Lemma) Let X be a topological space. If X
is second countable, Hausdor� and regionally compact, then X admits an exhaustion
function.

Remark. The Exhaustion Function Lemma 10.7 can be viewed as a re�nement of the
Compact Exhaustion Lemma 9.3 (1).

Proof. Let X be a topological space which is second countable, Hausdor� and regionally
compact. By the Compact Exhaustion Lemma 9.3 (1) we know that X admits an exhaus-
tion by compact subsets. In other words we know that there exists a sequence {Pn}n∈N of
compact subsets of X such that the following two conditions are satis�ed:

(1) We have X =
⋃
n∈N

Pn.

(2) For each n ∈ N we have117 Pn Ă
◦
P n+1.

Furthermore, the combination of the Paracompact-Criterion Lemma 10.2 and Dieudonné's
Theorem 10.5 shows that X is normal. Since X is Hausdor� we know by the Compact-
Closed Lemma 1.21 that each Pn is closed. Furthermore, by (2) we know that for each
n ∈ N the closed sets Pn and X \

◦
P n+1 are disjoint. Since X is normal we obtain from

Urysohn's Lemma 8.4 for each n ∈ N a map fn : X → [0, 1] such that fn|Pn ≡ 0 and
fn|

X\
◦
Pn+1

≡ 1.

X graph of fn : X → [0, 1]

Pn
Pn+1

Claim 1. The sets Un = {x ∈ X | fn(x) 6= 0}n∈N are a locally �nite open cover of X.

Proof. Evidently each Un = f−1
n ((0, 1]) is open. Now let x ∈ X be a point. According to

the de�nition on page 114 we need to show that x admits an open neighborhood W such

116One can easily show that a map X → R≥0 is an exhaustion function if and only if it is proper in the
sense of the de�nition on page 180.
117Here we use the Compact-Closed Lemma 1.21 (2) which tells us that every compact subspace of our
Hausdor� space X is a closed subset.
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that W is contained in only �nitely many Un's. By (1) and (2) we know that x is contained
in some open subset

◦
P k. By (2) and by construction we know that fn(y) = 0 for all y ∈ Pk

and all n ≥ k + 1. �
By the claim it makes sense to consider the map

f : X → R≥0

x 7→
∑
k∈N

fn(x).

Furthermore it follows from the Pasting Proposition 2.6 that f is continuous. It remains
to prove the following claim.

Claim 2. For every c ∈ R the preimage f−1([0, c]) is compact.

Proof. Let c ∈ R. We pick N ∈ N with N ≥ c. Then

f−1([0, c]) = f−1([0, c]) ∩ f−1([0, N ])
Ă f−1([0, c]) ∩ PN+1 = closed subset ∩ compact subset.
↑

since f(x) ≥ N + 1 for all x ∈ X \
◦
PN+1

It follows from the Compact-Closed Lemma 1.21, see also the elementary Exercise 1.22,
that f−1([0, c]) is indeed compact. �

Let X be a topological space that is second countable, Hausdor� and regionally compact.
By the Paracompact-Criterion Lemma 10.2 we know that X is paracompact. It follows
from Dieudonné's Theorem 10.5 that X is normal. Since X is second-countable, normal
and Hausdor� it follows from the elementary the Points-in-Hausdor� Space Lemma 1.15
(1) and the much less elementary Urysohn Metrization Theorem 9.4 that X is metrizable.
The concept of exhaustion functions allows us to prove the following proposition which
upgrades the conclusion from �metrizable� to �completely metrizable�.

Proposition 10.8. (Completely Metrizable Criterion Proposition) Let X be a
topological space. If X is second countable, Hausdor� and regionally compact, then it is
completely metrizable.

Proof. Let X be a topological space that is second countable, Hausdor� and regionally
compact. As we just discussed, it follows from the Paracompact-Criterion Lemma 10.2,
Dieudonné's Theorem 10.5, the Points-in-Hausdor� Space Lemma 1.15 (1) and the Urysohn
Metrization Theorem 9.4 that X is metrizable.

Now let d be a metric on X which induces the given topology on X. Since X is
second countable, Hausdor� and regionally compact we know by the Exhaustion Function
Lemma 10.7 that X admits an exhaustion function, i.e there exists a map f : X → R≥0

such that for every c ∈ R≥0 the preimage f−1([0, c]) is a compact subset of X.
We now de�ne d̃ : X ×X → N0

(x, y) 7→ d(x, y) + |f(x)− f(y)|.

It follows from Exercise 6.4 that d̃ is a metric and that d̃ induces again the given topology.
Now let (xn)n∈N be a Cauchy sequence in (X, d̃). It follows immediately from the

de�nition of d̃ that there exists a c ∈ R≥0 such that |f(xn)| ≤ c for all n ∈ N. In other
words, the sequence (xn)n∈N takes place in the compact subspace f−1([0, c]). But by the
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Compact-Complete Proposition 6.10 we know that any Cauchy sequence in a compact
metric space converges. �

10.2. Partitions of unity. In this section we introduce the notion of a �partition of unity�
and we will see that for Hausdor� spaces the existence of suitable partitions of unity is
equivalent to being paracompact. On numerous occasions we will see that �partitions of
unity� are very useful for building interesting maps �out of� a given topological space.

De�nition. Let X be a topological space.
(1) The support of a map f : X → R is de�ned as

supp(f) := {x ∈ X | f(x) 6= 0}.
(2) A partition of unity onX is a family of maps118 {fi : X → [0, 1]}i∈I with the following

properties:
(a) For each x ∈ X there exists an open neighborhood U of x such that fi vanishes

on U for all but �nitely many i.119

(b) For every x ∈ X we have120 ∑
i∈I
fi(x) = 1.

(3) Let {Ui}i∈I be an open cover. A partition of unity subordinate to the open cover
{Ui}i∈I is a partition of unity {fj : X → [0, 1]}j∈J such that for each j ∈ J there
exists an i ∈ I with supp(fj) Ă Ui.

Example. In the �gure below we consider the topological space X = R together with some
open cover {Ui}i∈I and we illustrate a partition of unity subordinate to this open cover.

open cover {Ui}i∈I
X = R

partition of unity of R
subordinate to {Ui}i∈I

The following is the most interesting and useful theorem of this chapter.

Theorem 10.9. (Paracompact-Partition of Unity Theorem) Let X be a topological
space that is Hausdor�. The following three statements are equivalent:
(1) The topological space X is paracompact.
(2) For every open cover {Ui}i∈I of X we can �nd a partition of unity subordinate to

the open cover {Ui}i∈I .
(3) For every open cover {Ui}i∈I of X we can �nd a partition of unity {fi : X → [0, 1]}i∈I

such that for every i ∈ I we have supp(fi) Ă Ui.

118As always, all maps are assumed to be continuous.
119If U is a subset on which a map f : X → R vanishes, and if U is open, then it follows from the de�nition
of the closure that supp(f) ∩ U = ∅. This observation shows that (a) implies that for each x ∈ X there
exist only �nitely many i ∈ I such that x ∈ supp(fi).
120Note that by (a) there are only �nitely many non-zero summands, hence the expression on the left-hand
side makes sense even if I is in�nite.
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The proof of the �(1)⇒(3)�-direction of the Paracompact-Partition of Unity Theorem 10.9
rests on the shoulders of the following lemma which is interesting in its own right.

Lemma 10.10. (Shrinking Lemma) Let X be a paracompact Hausdor� space and let
{Ui}i∈I be an open cover of X. There exists a locally �nite open cover {Vi}i∈I of X such
that for each i ∈ I we have V i Ă Ui.

X

Ui

Vi

Proof of the Shrinking Lemma 10.10. Let X be a paracompact Hausdor� space and
let {Ui}i∈I be an open cover of X. We de�ne A to be the set of all open subsets A of X
such that the closure A is contained in some subset Ui of the given open cover.
Claim 1. The sets in A form an open cover of X.

Proof. Since X is paracompact and Hausdor� we obtain from Dieudonné's Theorem 10.5
that X is normal. Furthermore since X is Hausdor� we know by the Points-in-Hausdor�
Space Lemma 1.15 that every one-point subset of X is closed. It follows from these facts,
together with the Normal-Open-Closed-Neighborhood Lemma 8.2, that given any Ui and
given any x ∈ Ui there exists an open subset A of X with x ∈ A Ă A Ă Ui. Note that
A ∈ A. Since the Ui form an open cover of X we now see that the sets in A also form an
open cover of X. �

Since X is paracompact there exists a locally �nite open cover {Bk}k∈K of X that is a
re�nement of A. Note that every Bk is contained in some set in A. Thus for every k ∈ K
we can and will pick an f(k) ∈ I with Bk Ă Uf(k). Given i ∈ I we set

Vi :=
⋃

k∈K with f(k)= i

Bk.

X

Ui

{Bk}k∈K is locally �nite
Vi is the union of these two

sets in {Bk}k∈K

open cover {Ui}i∈I

Claim 2. For each i ∈ I we have V i Ă Ui.

Proof. Let i ∈ I. We see that

V i =
⋃

k∈K with f(k)= i

Bk =
⋃

k∈K with f(k)= i

Bk Ă Ui.
↑ ↑

follows from Lemma 1.11 (3b) by de�nition of f : K → I we
since {Bk}k∈K is locally �nite know that for each k ∈K with

f(k) = i we have Bk Ă Ui �
It remains to prove the following claim.
Claim 3. The family {Vi}i∈I is locally �nite.
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Proof. Let x ∈ X. Since {Bk}k∈K is locally �nite there exists an open neighborhood W
of x ∈ X such that W has non-empty intersection with only �nitely many Bk. Suppose
that the corresponding indices are k1, . . . , km ∈ K. If W ∩ Vi 6= ∅, then by de�nition
of Vi there exists a k ∈ K with f(k) = i and with W ∩ Bk 6= ∅, but this implies that
i ∈ {f(k1), . . . , f(km)}. �

Proof of the Paracompact-Partition of Unity Theorem 10.9. The �(2)⇒(1)�-direction
is basically trivial. Indeed let {Ui}i∈I be an open cover of X. By hypothesis there exists
a partition of unity {fj : X → [0, 1]}j∈J subordinate to the open cover {Ui}i∈I . It follows
immediately from the de�nitions that {f−1

j ((0,∞))}j∈J is a locally �nite open cover that
is a re�nement of {Ui}i∈I .

The �(3)⇒(2)�-direction is utterly trivial. Thus it remains to prove the �(1)⇒(3)�-
direction. Let {Ui}i∈I be an open cover of X. By applying the Shrinking Lemma 10.10
twice we obtain locally �nite open covers {Vi}i∈I and {Wi}i∈I such that for each i ∈ I we
have W i Ă Vi Ă V i Ă Ui.

X

Ui

Vi
Wi

Since X is paracompact and Hausdor� we know by Dieudonné's Theorem 10.5 that X is
normal. Now let i ∈ I. Since X is normal we can apply Urysohn's Lemma 8.4 to the
disjoint closed subsets W i and X \ Vi and we obtain a continuous map gi : X → R with
g|W i

≡ 1 and g|X\Vi ≡ 0.

Claim. For each x ∈ X there exists an open neighborhood U of x such that gi vanishes on
U for all but �nitely many i.

Proof. For every i ∈ I we have {x ∈ X | gi(x) 6= 0} Ă Vi. The claim now follows from the
fact that the cover {Vi}i∈I is locally �nite. �

By the claim it makes sense to consider the map

g : X → R
x 7→ g(x) :=

∑
i∈I
gi(x).

It follows from the claim and the Pasting Proposition 2.6 that g is continuous. Furthermore
note that it follows from the fact that the {Wi}i∈I form a cover of X and that gi|Wi

≡ 1
that for every x ∈ X we have g(x) > 0. Therefore given i ∈ I it makes sense to consider
the map fi : X → R

x 7→ gi(x)
g(x) .

The maps fi add up to the constant function 1. Together with the claim it follows that the
maps {fi}i∈I form a partition of unity.

Finally let i ∈ I. As we mentioned above, we have {x ∈ X | fi(x) 6= 0} Ă Vi. It follows
that supp(fi) Ă V i Ă Ui. �

The following, slightly technical proposition, sometimes makes it possible to �nd a suitable
countable open cover. We will only make use of it once, namely much later, when we study
vector bundles. For the time being it is surely best to just ignore it.
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Proposition 10.11. (Countable Cover Proposition) Let X be a topological space
and let {Ui}i∈I be an open cover of X. If X is paracompact and Hausdor�, then there
exists a countable locally �nite open cover {Vj}j∈J such that each component of any Vj is
contained in some Ui.

Proof. Since X is paracompact it follows from the Paracompact-Partition of Unity Theo-
rem 10.9 that there exists a partition of unity {fi : X → [0, 1]}i∈I such that for each i ∈ I
we have supp(fi) Ă Ui. Given a �nite non-empty subset S Ă I we de�ne

VS := {x ∈ X | fs(x) > fi(x) for all s ∈ S and all i 6∈ s}.

Claim 1.
(1) Each VS is open.
(2) Each x ∈ X is contained in some VS.
(3) Each VS is contained in some Ui.
(4) For �nite non-empty subsets S and T of I we have VS Ă VT if and only if S Ă T .

Proof.
(1) Let S Ă I be �nite and non-empty. We need to show that VS is open. By the

JH-Lemma 1.7 it su�ces to show that given any x ∈ VS there exists an open neigh-
borhood U of x such that VS ∩ U is open. Thus let x ∈ VS. By de�nition of a
partition of unity there exists a neighborhood U on which all but �nitely many of
the functions fi vanish. We set T := {i ∈ I \ S | fi(x) 6= 0}. We see that

VS ∩ U =
⋂
t∈T

⋂
s∈S
{x ∈ X | fs(x) > ft(x)}︸ ︷︷ ︸

=(ft−fs)−1((−∞,0))

.

This is the intersection of �nitely many open sets, thus open.
(2) Let x ∈ X. By de�nition of a partition of unity the set S = {i ∈ I | fi(x) > 0} is

�nite and non-empty. Evidently we have x ∈ VS.
(3) Let S Ă I be a �nite non-empty subset. Given any i ∈ S we have VS Ă supp(fi) Ă Ui.
(4) This statement follows immediately from the de�nitions. �

Now given n ∈ N0 we set Vn :=
⋃

#S=n
VS Ă X. It follows from the above that the VS with

#S = n are disjoint and open. Therefore we deduce from the Component Lemma 2.33
(4b) that each component of Vn is contained in some VS which in turn, as we saw above,
is contained in some Ui. It is now clear that the family {Vn}n∈N0 has all the desired
properties. �

10.3. The Neighborhood Embedding Theorem. We conclude this chapter with the
Neighborhood Embedding Theorem which shows that under favorable circumstances one
can extend an embedding from a closed subset to an open neighborhood.
Before we discuss the Neighborhood Embedding Theorem let us �rst state and prove a
lemma, which is of independent interest, but which often gets used in conjunction with the
Neighborhood Embedding Theorem.

Lemma 10.12. Let X be a topological space and let f : X → R be a map (not necessarily
continuous) with the property that for every x ∈ X there exists an open neighborhood Ux
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of x and an εx > 0 such that for each y ∈ Ux we have f(y) ≥ εx. If X is paracompact,
then there exists a continuous map g : X → (0,∞), such that for all x ∈ X we have
g(x) ≤ f(x).

Ux

εx

graph of
f : X → R

graph of
g : X → R

x

Proof. Since X is paracompact we know by the Paracompact-Partition of Unity Theo-
rem 10.9 that we can pick a partition of unity {ϕx}x∈X such that for each x ∈ X we have
supp(ϕx) Ă Ux. We set

g :=
∑
x∈X

ϕx · εx.

As always it follows from the Pasting Proposition 2.6 that g is continuous. Since each
εx > 0 we see that g(y) > 0 for all y ∈ X. Finally, for every y ∈ X we have

g(y) =
∑
x∈X

ϕx(y) · εx ≤
∑

x∈X with y∈Ux
ϕx(y) · εx ≤

∑
x∈X with y∈Ux

ϕx(y) · f(y) = f(y).

↑ ↑ ↑
since supp(ϕx) Ă Ux property of εx since {ϕx}x∈X is a partition of unity

and since supp(ϕx) Ă Ux

In summary, we have shown that g(y) ≤ f(y) for all y ∈ X. �

Now we turn our attention to the actual hero of this section.
Theorem 10.13. (Neighborhood Embedding Theorem) Let f : X → Y be a map
between two topological spaces and let K Ă X be a subset. We assume that the following
conditions are satis�ed.
(1) The restriction of f to f : K → Y is an embedding.
(2) K is a closed subset of X and f(K) is a closed subset of Y .
(3) The map f : X → Y is a local homeomorphism at each P ∈ K.
(4) The topological space X is regionally compact.
(5) The topological space Y is paracompact.

Then there exists an open neighborhood U of K such that the restriction of f to f : U → Y
is an embedding and such that f(U) is an open subset of Y .
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regionally compact

K f(X)
K

UX f(K) f(U)

paracompact

Remark.
(1) This very useful theorem is based on [Lang1985, p. 97], [Kos1993, Lemma 9.2]

and [God1973, p. 150]. Writing down the proof of the Neighborhood Embedding
Theorem caused countless hours of pain for the author.

(2) The Neighborhood Embedding Theorem 21.13 gives the corresponding statement for
smooth manifolds.
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Proof. We start out with the �rst of several claims.
Claim 1. For each x ∈ K there exists an open neighborhood Ax of x ∈ X and an open
neighborhood Bx of f(x) ∈ Y such that f |Ax : Ax → Bx is a homeomorphism and such
that f−1(Bx ∩ f(K)) = Ax ∩K.

Proof. Let x ∈ K. Since f is a local homeomorphism at x ∈ K we know that there exists
an open neighborhood Ã of x ∈ X and an open neighborhood B̃ of f(x) ∈ Y such that
f |Ã : Ã→ B̃ is a homeomorphism.

Since X is regionally compact there exists a compact subset C Ă X with x ∈ C Ă Ã.
Furthermore, since K Ă X is closed we see that K ∩ C is a closed subset of C. It follows
from the Compact-Closed Lemma 1.21 that K ∩ C is also compact. Next we consider
f(K ∩C). By the Compact Image Lemma 2.13 we know that f(K ∩C) is compact. Since
Y is paracompact it is in particular Hausdor�. Thus we obtain from the Compact-Closed
Lemma 1.21 that f(K ∩ C) is a closed subset of Y .

Next note that K ∩ (X \ Ã) is a closed subset of K. Since f is an embedding we see
that f(K ∩ (X \ Ã)) is a closed subset of f(K). Since f(K) is a closed subset of Y we
obtain from the Open -Closed Inclusion Lemma 2.10 (2) that f(K ∩ (X \ Ã)) is a closed
subset of Y .

Since f is in particular injective we see that the two closed subsets f(K ∩ C) and
f(K∩(X\Ã)) are actually closed disjoint. Since Y is paracompact we know by Dieudonné's
Theorem 10.5 that Y is normal. Thus there exist disjoint open neighborhoods V of f(K∩C)

and W of f(K ∩ (X \ Ã)).
We set Bx := B̃ ∩ V and we set Ax := Ã ∩ f−1(Bx). Basically by construction these

have the desired properties. �
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V

B̃

C

Ã f f(K ∩ C)

K f(K)
x

Claim 2. There exists a family of open subsets {Ui}i∈I of X with the following properties:
(a) The maps f |Ui : Ui → Vi = f(Ui) are homeomorphisms.
(b) For each i ∈ I we have f−1

i (Vi ∩ f(K)) = Ui ∩K.
(c) The sets {Vi}i∈I form a locally �nite open cover of f(K) in the sense that given

any y ∈ f(K) there exists an open neighborhood W̃ of y ∈ Y such that W̃ has
non-empty intersection with only �nitely many Vi.

Proof. For each x ∈ K we pick Ax and Bx as in Claim 1. Note that the sets {Bx}x∈K
form an open cover of f(K). By hypothesis f(K) is a closed subset of Y . Thus the sets
{Bx}x∈K and Y \f(K) form an open cover of Y . Since Y is paracompact it follows from the
Paracompact-Partition of Unity Theorem 10.9 that we can �nd a locally �nite open cover
{Vi}i∈I′ that is a re�nement of the given open cover of Y . In particular each Vi is contained
in some Bx or it is contained in Y \f(K). We set I := {i ∈ I ′ |Vi is contained in some Bx}.
For each i ∈ I we set Ui = f−1(Vi). These sets have, almost by de�nition, the desired
properties. �
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For each i ∈ I we write fi := f |Ui : Ui → Vi and we write gi := f−1
i : Vi → Ui. It

follows from the hypothesis that Y is paracompact and that f(K) is a closed subset, by the
argument of the Paracompact-Partition of Unity Theorem 10.9 that there exists an open
cover {Di}i∈I of f(K) Ă Y such that for each i ∈ I we have Di Ă Vi.

Claim 3. Let y ∈ f(K). There exists a subset Wy Ă Y with the following properties:
(a) {i ∈ I |Di ∩Wy 6= ∅} is �nite.
(b) Wy is an open neighborhood of y ∈ Y .
(c) If Di ∩Wy 6= ∅, then Wy Ă Vi.
(d) For each i, j ∈ I with Di ∩Wy 6= ∅ and Dj ∩Wy 6= ∅ we have121 gi|Wy = gj|Wy .

Proof. Let y ∈ f(K). Since the open cover {Vi}i∈I is locally �nite and since for each i ∈ I
we have Di Ă Vi we know that there exists an open neighborhood W̃ of y ∈ Y such that
J := {i ∈ I |Di ∩ W̃ 6= ∅} is �nite. We set J̃ := {j ∈ J | y ∈ Dj} and we set

Wy :=
(
W̃ \

⋃
j ∈ J with y 6∈ Dj

Dj

)
∩ f

( ⋂
j∈J̃

Uj

)
.

We claim that Wy has the desired properties:

(a) By construction {i ∈ I |Di ∩Wy 6= ∅} is �nite.
(b) First we make the following observations:

• We pick some i ∈ J̃ . Note that
⋂
j∈J̃

Uj is the intersection of �nitely many open

subsets of Y . It follows that it is an open subset of Ui. Since f : Ui → Vi is a
homeomorphism and since Vi is an open subset of Y we obtain, using the elemen-
tary the Open -Closed Inclusion Lemma 2.10, that f

( ⋂
j∈J̃

Uj

)
is an open subset

of Y .
• The set Wy is thus obtained by removing a �nite number of closed sets from W̃
and by taking afterwards the intersection with an open subset of Y .

This discussion shows that Wy is an open subset of Y .
It remains to show that y ∈ Wy. Since f : K → Y is an embedding there exists a

unique x ∈ K with f(x) = y. It remains to show that for each j ∈ J̃ we have x ∈ Uj.
Thus let j ∈ J̃ . By de�nition we have y ∈ Dj Ă Vj. By Property (b) of Claim 2 we
have f−1

j (Vj ∩ f(K)) = Uj ∩K. It follows that f−1
j (y) ∈ Uj ∩K, which means that

f−1
j (y) = x. Thus we have shown that x ∈ Uj.

(c) Suppose that we have an i ∈ I with Di ∩Wy 6= ∅. By construction of Wy we have
y ∈ Di. This in turn implies that i ∈ J̃ which then implies, by construction, that
Wy Ă f(Ui) = Vi.

(d) Now let Q ∈ Wy. Let i ∈ I with Di ∩Wy 6= ∅.
• By de�nition gi(Q) is the unique element P ∈ Ui with f(P ) = Q.
• In (c) we just saw that i ∈ J̃ .
• By construction of Wy we have Q ∈ f

( ⋂
j∈J̃
Uj

)
.

121Note that it follows from (c) that gi and gj are de�ned on Wy.
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• Since i ∈ J̃ and since f : Ui → Y is injective we obtain from the above that
P ∈

⋂
j∈J̃
Uj.

In summary we have shown that gi(Q) is the unique P ∈
⋂
j∈J̃
Uj with f(P ) = Q. But

this shows that gi(Q) is independent of the choice of i ∈ J . �

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������

�
�
�
� ��

g1

x
U1

U2

g2

y

V2

V1

Wy

f

K

X

Y

L

Next we set
V :=

⋃
y∈f(K)

Wy and U :=
⋃

y∈f(K)

⋃
i∈I
gi(Wy ∩Di).

Since each Wy is open we see that V is an open neighborhood of f(K). Furthermore, each
Wy ∩ Di is an open subset of Vi and thus each gi(Wy ∩ Di) is an open subset of Ui, in
particular also of X. This shows that U is an open subset of X. Finally, since the Di form
an open cover of Y we see that U contains K. Thus we have shown that U is an open
neighborhood of K.

The following claim now shows the desired statement, namely it shows that the restric-
tion of f to f : U → Y is an embedding such that f(U) is an open subset of Y .
Claim 4. The map

g : V → U
Q 7→ gi(Q) where i ∈ I is chosen such that Q ∈ Di

is well-de�ned, continuous and it satis�es f ◦ g = idV and g ◦ f = idU .

Proof. It follows almost immediately from Claim 3 (d) that g is well-de�ned in the sense,
that g(Q) does not depend on the choice of i ∈ I. Furthermore, basically by de�nition of
U we see that g(V ) Ă U .

Next, note that on each subset Di ∩ V the map g is given by the continuous map gi.
Since the Di ∩ V are an open cover of V we obtain from the Pasting Proposition 2.6 that
g is continuous.

Basically by de�nition we have f ◦ g = idV . It remains to show that g ◦ f = idU . Thus
let P ∈ U . By de�nition P is of the form gi(Q) Ă Ui for some Q ∈ Wy ∩Di. This implies
that f(P ) = f(gi(Q)) = Q ∈ Wy ∩ Di. By de�nition we have g(f(P )) = gi(f(P )). But
gi(f(P )) is the unique element of Ui which gets mapped to f(P ) under f . This element
is P . We have thus shown that g(f(P )) = P . �

Exercises for Chapter 10.

Exercise 10.1. Let X be a topological space and let {Ui}i∈I be an open cover of X.
Show that if there exists a partition of unity subordinate to the open cover {Ui}i∈I , then
there exists a partition of unity {fi : X → [0, 1]}i∈I such that for every i ∈ I we have
supp(fi) Ă Ui.
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Remark. For Hausdor� spaces this is precisely the (2)⇒(3)-direction of the Paracompact-
Partition of Unity Theorem 10.9. But even for Hausdor� spaces it is worth providing a
direct proof.

Exercise 10.2. Let X be a paracompact space and let Y be a compact space. Show that
the product X × Y is also paracompact.

Exercise 10.3. Let S := (R, T ) be the Sorgenfrey line that we introduced on page 182.
Show that the Sorgenfrey line is Hausdor� and paracompact.
Remark. We consider the product S × S, which is often called the Sorgenfrey plane. Since
S is Hausdor� we know by the Product Topology Properties Proposition 5.6 that the
Sorgenfrey plane S×S is also Hausdor�. In Exercise 8.6 we saw that the Sorgenfrey plane
S × S is not normal. It follows from these two observations, together with Dieudonné's
Theorem 10.5, that the Sorgenfrey plane S × S is not paracompact. This shows that the
property of being paracompact is not preserved under taking products.

Exercise 10.4. Give an example of a paracompact space X together with an open cover
{Ui}i∈I such that there is no subset J Ă I such that {Ui}i∈J is a locally �nite open cover
of X.

Exercise 10.5.
(a) Show that every discrete space is paracompact.
(b) Provide an example of a map f : X → Y such that X is paracompact, but such that

the image f(X) is not paracompact.
Remark. This exercise shows that the Compact Image Lemma 2.13 cannot be generalized
from compact spaces to paracompact spaces.
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11. The covering dimension of topological spaces

In this chapter we introduce the covering dimension of a topological space. This topic is not
essential for the main �ow of the lecture notes, but it is interesting and amusing in its own
right. The most di�cult result of this chapter is the Euclidean Embedding Theorem 11.13
for Topological Spaces which shows that, under reasonably mild extra hypotheses, a topo-
logical space of covering dimension m admits a closed embedding into R2m+1. Later in
Chapter 27 we will use some of the results of this chapter to show that every (possibly
non-compact) �topological manifold� admits a closed embedding into some Rn and every
�smooth manifold� admits a �smooth embedding� into some Rn. The exposition of this
chapter is based on [Mun1975, Chapter 50] and [Flo2020].

11.1. The de�nition of the covering dimension of a topological space.

De�nition. Let X be a set and let m ∈ N0. A family {Ui}i∈I of subsets of X has order
m if the following two statements hold:

(1) There exists J Ă I with #J = m such that
⋂
j∈J
Uj 6= ∅.

(2) For every J Ă I with #J > m we have
⋂
j∈J
Uj = ∅.

If no such m exists, then we say that the family has in�nite order.
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non-empty intersection of three sets

open cover of R2 of order 3

De�nition. Let X be a topological space. If X is non-empty, then we refer to

cdim(X) := min

{
m ∈ N0 ∪ {∞}

∣∣∣∣ every open cover of X admits an
open re�nement of order ≤ m+ 1

}
as the122 covering dimension of X. If X is empty, then we set cdim(X) := −1.

open cover of order 4

open re�nement of order 2
X = R

Remark. The above de�nition of the covering dimension of a topological space is equiv-
alent to the de�nition given in [Mun1975, Chapter 50].123 In many other books, e.g.

122In the mathematical literature the words �cover� and �covering� often get used indiscriminately. In these
notes we usually reserve the word �cover� for the concept introduced on page 114 and we reserve the word
�covering� for the concept that we will introduce on page 1067. Thus it would make more sense to call the
present concept �cover dimension�. But since this term is not used at all in the literature we stick to the
slightly illogical name �covering dimension�.
123The de�nition is not entirely the same as the de�nition in [Mun1975, Chapter 50] since we consider
families of subsets (where we allow repetitions), whereas [Mun1975, Chapter 50] works with subsets of
the power set of X, in other words, families of subsets without repetition. Nonetheless, elementary logic
shows that the de�nition of covering dimension that we give results in the same covering dimension as in
[Mun1975, Chapter 50].
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[Enge1995, p. 42], [Pear1975, p. 111] and [Char2019, p. 10], the covering dimension is
de�ned by considering �nite covers only. For many topological spaces these two notions
agree, for example in [Enge1995, Proposition 3.2.2] it is shown that the two notions agree
for paracompact spaces.

The following trivial lemma, which is an immediate consequence of the de�nitions, says
that the covering dimension is a homeomorphism invariant.
Lemma 11.1. Let X and Y be two topological spaces. If X and Y are homeomorphic,
then cdim(X) = cdim(Y ).
The next lemma simpli�es life and the notation in applications signi�cantly.

Lemma 11.2. Let X be a topological space with covering dimension d := cdim(X) ∈ N0.
Given any open cover {Ui}i∈I there exists an open cover {Vi}i∈I of order ≤ d+ 1 such that
for each i ∈ I we have Vi Ă Ui.

Proof. Let {Ui}i∈I be an open cover of X. Since d := cdim(X) ∈ N0 we know that there
exists an open re�nement {Wj}j∈J of order ≤ d+ 1. Since {Wj}j∈J is a re�nement for the
original cover we see that for each j ∈ J we can pick an i(j) ∈ I such that Wj Ă Ui(j).
Given i ∈ I we set Vi =

⋃
j ∈ J with i(j) = i

Wj Ă Ui.

Evidently the family {Vi}i∈I is an open cover of X that is a re�nement of the original cover
{Ui}i∈I . It remains to show that the cover {Vi}i∈I has order ≤ d+ 1. So let x ∈ X. Since
{Wj}j∈J has order ≤ d + 1 we see that #{j ∈ J |x ∈ Wj} ≤ d + 1. But then it follows
follows that #{i ∈ I |x ∈ Vi} ≤ d+ 1. �

{Wj}j∈J

{Ui}i∈I
Ui

X

re�ne to obtain order at most d+ 1

get combined to Vi

The following theorem hopefully justi�es somewhat the term covering dimension.

Theorem 11.3. Let n ∈ N0. For every compact subspace X Ă Rn we have cdim(X) ≤ n.

Auxiliary Lemma 11.4. Let n ∈ N0. There exists an open cover {Vj}j∈J of Rn of order
n+ 1 such that for each j ∈ J we have diam(Vj) ≤

√
n.

Remark. The proof we give of Lemma 11.4 is rather ad hoc. We will give an alternative
proof using simplicial complexes in Exercise 94.8.

Proof of Lemma 11.4. Let x = (x1, . . . , xn) ∈ (1
2
· Z)n.

•We set Rx := {i ∈ {1, . . . , n} |xi ∈ Z + 1
2
} (the �rational coordinates� of x)

•We set

V (x) := x+

{
n∑
i=1
ei · λi

∣∣∣∣ for i ∈ Rx we have λi ∈ (−1
2
, 1

2
),

for i 6∈ Rx we have |λi| < max{1
2
− |λj| | j ∈ Rx}

}
Given d ∈ {0, . . . , n} we consider the following families of open subsets of Rn:

Vd := {V (x)}x∈Xd where Xd := {x ∈ (1
2
· Z)n |#Rx = d}.
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We claim that V0 ∪ · · · ∪ Vd has the desired properties.

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������

����

�
�
�
�

�
�
�
�

�
�
�
�

��
��
��
��

��
��
��

��
��
��

��������

�
�
�
�

��
��
��
��

����

��
��
��
��

��

����

�
�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��
��

��
��
��
��

�
�
�
�

��

�
�
�
�

��
��
��
��

��
��
��
��

���� �� ����

�� ��

��

������

open sets in V0 open sets in V2open sets in V1

It remains to prove the following claim.
Claim.
(1) Each V (x) is an open subset of Rn with diam(V (x)) ≤

√
n.

(2) V is a cover of Rn.
(3) For every d ∈ {0, . . . , n} the sets in Vd are disjoint.

Proof.

(1) Let x = (x1, . . . , xn) ∈ (1
2
· Z)n. It is rather elementary to verify that V (x) is

open. We leave it to the reader to �ll in the details. Furthermore note that for each
y = (y1, . . . , yn) ∈ V (x) and each i ∈ {1, . . . , n} we have yi ∈ (xi − 1

2
, xi + 1

2
). This

implies that diam(V (x)) ≤
√
n.

(2) Let y = (y1, . . . , yn) ∈ Rn. For i = 1, . . . , n we set

xi :=

{
yi, if yi ∈ Z,
byic+ 1

2
, if yi 6∈ Z

and we set x = (x1, . . . , xn) Note that for i ∈ {1, . . . , n} with yi 6∈ Z we have i ∈ Rx

and yi ∈ (xi − 1
2
, xi + 1

2
). It is now clear that y ∈ V (x).

(3) Let d ∈ {0, . . . , n} and let x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Xd with x 6= y.
• If there exists an i ∈ {1, . . . , n} with |xi−yi| ≥ 1, then it follows from considering
the i-th coordinate that V (x) ∩ V (y) = ∅.
• Suppose there exists no i ∈ {1, . . . , n} with |xi − yi| ≥ 1. Since x 6= y we see
that Rx 6= Ry. Since #Rx = #Ry we see that there exists an i ∈ {1, . . . , n} with
i ∈ Rx and i 6∈ Ry and there exists a j ∈ {1, . . . , n} with j 6∈ Rx and j ∈ Ry. It is
now elementary to see that the points in V (x) and V (y) di�er in the i-th or the
j-th coordinate. �
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Proof of Theorem 11.3. Let X Ă Rn be a compact subspace and let U = {Ui}i∈I be an
open cover of X. We equip X with the usual Euclidean metric coming from Rn.124 Since
X is compact it follows from the Lebesgue Lemma 6.5 that there exists a δ > 0 such that
for every subset A of X with diam(A) < δ there exists an i ∈ I with A Ă Ui.

124By Exercise 1.3 we know that this metric gives the topology of X.
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By Lemma 11.4 there exists an open cover V = {Vj}j∈J of order ≤ n+ 1 such that for
each j ∈ J we have diam(Vj) ≤

√
n. We consider the homeomorphism

f : Rn → Rn

x 7→ δ
2
√
n
· x.

It is clear that {f(Vj) ∩X}j∈J is an open cover of X of order ≤ n + 1 such that for each
j ∈ J we have diam(f(Vj) ∩X) ≤ δ. But then it follows from the choice of δ that this is
an open cover subordinate to the original open cover U = {Ui}i∈I of X. �

{Ui}i∈I

f
X {Vj}j∈J

11.2. Basic properties of the covering dimension. The main goal of this section is to
prove the Exhaustion-Covering Dimension Proposition 11.8 which allows us, in many cases,
to obtain an upper bound on the covering dimension of a topological space in terms of cover-
ing dimensions of suitable subspaces. We start out with the following fairly straightforward
lemma.

Lemma 11.5. (Closed Subspace Covering Dimension Lemma) Let X be a topolog-
ical space and let A Ă X be a subspace. If A is a closed subset, then cdim(A) ≤ cdim(X).

Proof. As we will see, the proof of the lemma is very similar to the proof of the Compact-
Closed Lemma 1.21 (1) and of the Closed Subset-Paracompact Lemma 10.3. Indeed, let
X be a topological space of covering dimension d = cdim(X) and let A Ă X be a closed
subset. If d = cdim(X) =∞, then the statement of the lemma is trivial. Thus we assume
that d = cdim(X) <∞. We need to show that cdim(A) ≤ d. Let {Ui}i∈I be an open cover
of A. By de�nition of the subspace topology there exists for each i ∈ I an open subset Vi
of X such that Ui = Vi ∩A. Since A is a closed subset of X see that {Vi}i∈I together with
X \A is an open cover of X. Since cdim(X) = d there exists an open re�nement {Wj}j∈J
of this cover of X of order ≤ d + 1. Evidently {Wj ∩ A}j∈J is an open re�nement of our
original cover of A of order ≤ d+ 1. �
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{Ui}i∈I
A

X

{Vi}i∈I

Proposition 11.6. (Finite Union-Covering Dimension Proposition) Let X be a
topological space and let A1, A2, . . . , Ak be �nitely many closed subsets of X. Then

cdim(A1 ∪ · · · ∪ Ak) = max{cdim(A1), . . . , cdim(Ak)} ∈ N0 ∪ {∞}.
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Example. Let n ∈ N0. We can write Sn as the union of the upper and lower hemispheres
Sn≥0 and S

n
≤0. We obtain that

cdim(Sn) = max{cdim(Sn≥0), cdim(Sn≤0)} = cdim(B
n
) ≤ n.

↑ ↑ ↑
by Proposition 11.6 since Sn≥0 by Lemma 11.1 since on page 152 Theorem 11.3

and Sn≤0 are closed subsets of Sn we saw that both hemispheres
are homeomorphic to B

n

The proof of the Finite Union-Covering Dimension Proposition 11.6 requires some prepa-
rations.
De�nition. Let X be a topological space and let A Ă X be a subset. We say that a family
{Ui}i∈I of subsets of X has order m ∈ N0 ∪ {∞} in A if the following two statements
hold:125

(1) There exists a J Ă I with #J = m such that A ∩
⋂
j∈J
Uj 6= ∅.

(2) For each J Ă I with #J > m we have A ∩
⋂
j∈J
Uj = ∅.

Auxiliary Lemma 11.7. Let X be a topological space, let d ∈ N0 and let A Ă X be a
closed subset with cdim(A) ≤ d. If {Ui}i∈I is an open cover of X, then there exists an
open re�nement of {Ui}i∈I that has order at most d+ 1 in A.

Proof of Lemma 11.7. For each i ∈ I we set Vi = Ui ∩A. Since {Vi}i∈I is an open cover
of A and since cdim(A) ≤ d there exists an open re�nement {Wj}j∈J of {Vi}i∈I of order
d+ 1. For each j ∈ J we can and will pick an i(j) ∈ I with Wj Ă Vi(j).
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{Vi}i∈I Ui(j)

A

{Ui}i∈I
X

Wj{Wj}j∈J

W̃j

By de�nition of the subspace topology we can pick for each j ∈ J an open subset W̃j Ă X

with Wj = W̃j ∩ A. Since A is a closed subset we see that {W̃j ∩ Ui(j)}j∈J together with
the sets {Ui \A}i∈I is an open cover of X that is a re�nement of the original cover {Ui}i∈I
and that has order at most d+ 1 in A. �

Proof of the Finite Union-Covering Dimension Proposition 11.6. An elementary
induction argument shows that it su�ces to prove the proposition for k = 2. Furthermore
we can assume that the two subspaces cover the total topological space. In other words,
we can assume that we are in the following setting. We are given a topological space X
and two closed subsets A,B Ă X such that X = A ∪B. We set

d := max{cdim(A), cdim(B)} ∈ N0 ∪ {∞}.
We need to show that cdim(X) = d. Since A and B are closed subsets we obtain from the
Closed Subspace Covering Dimension Lemma 11.5 that cdim(X) ≥ d. Thus it remains to
show that cdim(X) ≤ d.

125In other words, the family {Ui}i∈I of subsets of X has order m in A if and only if the family {Ui∩A}i∈I
of subsets of A has order m.
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If d = ∞, then the statement is trivial. Thus we assume that d ∈ N0. Let {Ui}i∈I be
an open cover of X. By Lemma 11.7 there exists an open re�nement {Vj}j∈J of {Ui}i∈I
that has order at most d+ 1 in A and there exists an open re�nement {Wk}k∈K of {Vj}j∈J
that has order at most d+ 1 in B.

For each k ∈ K we pick j(k) ∈ J with Wk Ă Vj(k). Given j ∈ J we set126

P (j) :=
⋃

k ∈ K with j(k) = j

Wk Ă Vj.

The following claim says that {P (j)}j∈J has all the desired properties.

A B

{Vj}j∈J

{Ui}i∈I

{Wk}k∈K

Vj

get combined to P (j)

re�ne to obtain order at most d+1 in B

re�ne to obtain order at most d+1 in A

Claim.
(1) {P (j)}j∈J is an open cover of X.
(2) {P (j)}j∈J is a re�nement of the original cover {Ui}i∈I of X.
(3) The order of the open cover {P (j)}j∈J is at most d+ 1.

Proof.
(1) It is clear that each P (j) is open. Furthermore, given x ∈ X there exists a k ∈ K

with x ∈ Wk but this implies that x ∈ P (j(k)).
(2) For every j ∈ J we have P (j) Ă Vj. Since {Vj}j∈J was a re�nement of {Ui}i∈I we

see that {P (j)}j∈J is a re�nement of {Ui}i∈I .
(3) Suppose we have distinct j1, . . . , je ∈ J such that P (j1) ∩ · · · ∩ P (je) contains a

point x. We need to show that e ≤ d + 1. For l = 1, . . . , e we can and will pick a
kl ∈ K with j(kl) = jl and with x ∈ Wkl . Note that k1, . . . , kl are also distinct. Now
we see that

x ∈ Wk1 ∩ · · · ∩Wke Ă Vj1 ∩ · · · ∩ Vje .
Since X = A ∪B we know that x ∈ A or x ∈ B.
• If x ∈ A, then e ≤ d+ 1 since {Vj}j∈J has order at most d+ 1 in A.
• If x ∈ B, then e ≤ d+ 1 since {Wk}k∈K has order at most d+ 1 in B. �

The following proposition can be viewed as a generalization of the Finite Union-Covering
Dimension Proposition 11.6.

Proposition 11.8. (Exhaustion-Covering Dimension Proposition) LetX be a topo-
logical space, let d ∈ N0 and let {Pi}i∈N be a sequence of closed subsets of X such that
the following three conditions are satis�ed:127

(1) We have X =
⋃
i∈N
Pi.

126Here we use the same approach as in the proof of the Shrinking Lemma 10.10.
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(2) For each i ∈ N we have Pi Ă
◦
P i+1.

(3) For each i ∈ N we have cdim(Pi+1 \
◦
P i) ≤ d.

Then cdim(X) ≤ d.
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X

P3
P2

P1

open cover {Uj}j∈J of X

Remark. In many settings the combination of the Exhaustion-Covering Dimension Propo-
sition 11.8, the Closed Subspace Covering Dimension Lemma 11.5 and the Finite Union-
Covering Dimension Proposition 11.6 can be used to give an upper bound on the covering
dimension of a non-compact space. For example in Proposition 11.11 we will use this trinity
to show that the covering dimension of any subspace of Rn is ≤ n. Furthermore in the
Covering Dimension-of-Manifolds Proposition 27.7 we will use these three results to show
that the covering dimension of any n-dimensional �topological manifold� is ≤ n.

Proof. 128 Let X be a topological space, let d ∈ N0 and let {Pi}i∈N be a sequence of closed
subsets of X such that the following two conditions are satis�ed:

(1) We have X =
⋃
i∈N
Pi.

(2) For each i ∈ N we have Pi Ă
◦
P i+1.

To be on the safe side we set P0 := ∅. In the following we say that a subset W Ă X is
small if there exists a j ∈ N with W Ă

◦
P j+1 \ Pj−1.

Claim 1. Let W Ă X be a small subset and let k ∈ N0.

(1) W ∩ Pk 6= ∅ =⇒ W Ă
◦
P k+1

(2) W ∩ (X \
◦
P k) 6= ∅ =⇒ W ∩

◦
P k−1 = ∅.
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Pk−1 Pk Pk+1

small subsets are contained
in one of those subsets

127The �rst two conditions just say that {Pi}i∈N is an exhaustion of X in the sense of the de�nition on
page 338.
128As we mentioned above, the Exhaustion-Covering Dimension Proposition 11.8 can be viewed as a gen-
eralization of the Finite Union-Covering Dimension Proposition 11.6. In fact the proof of the Exhaustion-
Covering Dimension Proposition 11.8 can be viewed as a re�nement of the ideas of the proof of the Finite
Union-Covering Dimension Proposition 11.6.
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Proof. Note that Statement (2) is just the contrapositive of Statement (1). Thus it su�ces
to prove Statement (1). We assume that W ∩ Pk 6= ∅. Since W is small there exists a
j ∈ N with W Ă

◦
P j+1 \ Pj−1. Note that W ∩ Pj−1 = ∅. Since W ∩ Pk 6= ∅ we see that

k ≥ j. But this implies that W Ă
◦
P j+1 Ă

◦
P k+1. �

Now we turn to the actual proof of the Exhaustion-Covering Dimension Proposition 11.8.
Thus we make the following extra assumption:

(3) For each i ∈ N we have cdim(Pi+1 \
◦
P i) ≤ d.

Recall that we need to show that cdim(X) ≤ d. Thus let U = {Uj}j∈J be an open cover
of X. It follows easily from (1) and (2) that the sets {

◦
P i+1 \ Pi−1}i∈N form an open cover

of X. Thus, after possibly replacing U by the open cover {Uj ∩ (
◦
P i+1 \Pi−1)}j∈J,i∈N we can

assume that each set in the given open cover U is small in the above sense.
Claim 2. There exists a sequence Vi, i ∈ N0 of families of subsets of X with the following
properties:
(0) V0 = U .
(1) Each Vi is an open cover of X.
(2) Each Vi with i ≥ 1 is a re�nement of Vi−1.
(3) If i ≥ 1 and A ∈ Vi−1 is a set that is contained in

◦
P i−2, then A ∈ Vi.

(4) Each set in Vi is small in the above sense.
(5) Each Vi has order at most d+ 1 in Pi.

Proof. We set V0 = U . By the discussion preceding the claim we know that (4) is satis�ed.
Otherwise there is nothing to show.

Now we suppose that we have already constructed V0, . . . ,Vi with the desired properties.
By hypothesis Pi+1 is a closed subset of X. It follows that Pi+1 \

◦
P i is also a closed subset

of X. By hypothesis we know that cdim(Pi+1 \
◦
P i) ≤ d. Thus it follows from Lemma 11.7

that there exists an open re�nement W of Vi that has order at most d + 1 in Pi+1 \
◦
P i.

Since W is a re�nement of Vi we can and will pick for each W ∈ W a set Ψ(W ) ∈ Vi with
W Ă Ψ(W ). For A ∈ Vi we set

Φ(A) := (A ∩
◦
P i) ∪

⋃
W ∈ W with Ψ(W ) = A
such that W ∩ Pi 6= ∅

and such that W ∩
◦
P i–1 = ∅

W Ă A.

Note that for any W ∈ W with W ∩Pi 6= ∅ and with W ∩
◦
P i−1 = ∅ we have by de�nition

W Ă Φ(Ψ(W )). We de�ne Vi+1 Ă P(X) to be the following two types of subsets of X:
(α) all Φ(A) for A ∈ Vi,
(β) all W ∈ W such that W ∩ Pi = ∅.

We need to verify that Vi+1 has the desired properties:
(1) We want to show that Vi+1 is an open cover of X. Evidently each set in Vi+1 is open.

Now let x ∈ X. We need to show that there exists a U ∈ Vi+1 with x ∈ U .
• First we suppose that x ∈

◦
P i. Since Vi is an open cover of X there exists an

A ∈ Vi with x ∈ A. Since x ∈
◦
P i we have x ∈ A ∩

◦
P i Ă Φ(A). Thus we have

shown that x is contained in a set of type (α).
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sets in W
sets in Vi

Pi+1
PiPi−1

order ≤ d+1 in Pi
order ≤ d+1 in Pi+1 \

◦
P i

• Now we suppose that x 6∈
◦
P i. Since W is an open cover of X we know that there

exists a W ∈ W with x ∈ W . If W ∩Pi = ∅, then W is a set of type (β). Thus it
remains to consider the case that W ∩ Pi 6= ∅. Since x ∈ W and x 6∈

◦
P i we have

W ∩ (X \
◦
P i) 6= ∅, thus we obtain from Claim 1 (2), that W ∩

◦
P i−1 = ∅. This

implies that x ∈ W Ă Φ(Ψ(W )). We have thus shown that x is contained in a set
of type (α).

(2) It is clear from the construction that Vi+1 is a re�nement of Vi.
(3) Let A ∈ Vi be a set that is contained in

◦
P i−1. By de�nition Φ(A) = A. Thus we see

that A = Φ(A) ∈ Vi.
(4) Since each set Vi is small and since Vi+1 is a re�nement of Vi we see that each set in
Vi+1 is also small.

(5) We need to show that Vi+1 has order at most d+1 in Pi+1. Let U1, . . . , Uk be distinct
sets in Vi+1 such that there exists an x ∈ Pi+1 with x ∈ U1 ∩ · · · ∩ Uk. We need to
show that k ≤ d+ 1.
• First we suppose that x ∈ Pi. In this case U1, . . . , Uk are of type (α), i.e. there
exist distinct A1, . . . , Ak ∈ Vi such that each Uj is given by Uj = Φ(Aj). By
construction we have Φ(Aj) Ă Aj. Thus we see that x is contained in each Aj.
Since Vi has order at most d+ 1 in Pi we see that k ≤ d+ 1.
• We suppose that x ∈ Pi+1 \ Pi. After possibly reordering we can assume that
U1, . . . , Ul are of type (α) and Ul+1, . . . , Uk are of type (β). By de�nition of the
two types of sets this implies the following:
(a) There exist distinct A1, . . . , Al ∈ Vi with Uj = Φ(Aj) for j = 1, . . . , l. Note

that by de�nition of the sets of type (α) and the fact that x 6∈
◦
P i there exist

W1, . . . ,Wl ∈ W with x ∈ Wj for j = 1, . . . , l and with Wj ∩ Pi 6= ∅ for
j = 1, . . . , l. Since Ψ(Wj) = Aj for j = 1, . . . , l are pairwise distinct we see
that W1, . . . ,Wl are pairwise distinct.

(b) We have Ul+1, . . . , Uk ∈ W with Uj ∩ Pi = ∅ for j = l + 1, . . . , k.
It follows that W1, . . . ,Wl, Ul+1, . . . , Uk are pairwise distinct sets in W and each
contains x. Since W has order at most d+ 1 in Pi+1 \

◦
Pi we see that k ≤ d+ 1. �

The following claim completes the proof of the proposition.
Claim 3. We consider

V :=
⋃
i∈N
{V ∈ Vi |V Ă

◦
P i−1} Ă P(X).
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We view V as a family of subsets. This family of subsets has the following properties:
(1) It is an open cover of X.
(2) It a re�nement of U .
(3) It has order at most d+ 1.

Proof.

(1) Let x ∈ X. Since X =
⋃
i∈N
Pi there exists an i ∈ N≥2 such that x ∈ Pi−2. Since Vi is

an open cover of X there exists a V ∈ Vi+2 with x ∈ V . By Claim 2 (4) we know
that V is small. Therefore it follows from the fact that V ∩ Pi−2 6= ∅ together with
Claim 1 (1), that V Ă

◦
P i−1, i.e. V ∈ V . This shows that the sets in V form an open

cover of X.
(2) By Claim 2 (2) each Vi is a re�nement of U , it follows immediately that V is a

re�nement of U .
(3) Let U1, . . . , Uk ∈ V be distinct sets in V with U1 ∩ · · · ∩ Uk 6= ∅. We need to show

that k ≤ d+ 1.
We pick x ∈ U1 ∩ · · · ∩ Uk and we pick an i0 ∈ N with x ∈ Pi0 . Next note that

by de�nition of V there exists for each j ∈ {1, . . . , k} an ij ∈ N with Uj ∈ Vij and
with Uj Ă

◦
P ij−1. We set i := max{i0, i1, . . . , ik}. It follows from Claim 2 (3), applied

iteratively, that for each j we have Uj ∈ Vi. By Claim 2 (5) we know that Vi has
order at most d+ 1 in Pi. Since x ∈ Pi0 Ă Pi we see that indeed k ≤ d+ 1. �

Corollary 11.9. For every open subset U Ă Rn we have cdim(U) ≤ n.

Proof. Let U Ă Rn be an open subset. By the Second Countability Lemma 9.1 we know
that U is second-countable and by the discussion on page 178 we know that U is regionally
compact. Evidently U is Hausdor�. It follows from the Compact Exhaustion Lemma 9.3
(1) that there exists a sequence of compact subsets {Ki}i∈N of U such that the following
two conditions are satis�ed:

(1) for every i ∈ N we have Ki Ă
◦
Ki+1,

(2) we have U =
⋃
i∈N
Ki.

Since Rn is Hausdor� we know by the Compact-Closed Lemma 1.21 that Ki is closed. Also
note that each Ki+1 \

◦
Ki is a closed subset of the compact subset Ki+1. In particular

Ki+1 \
◦
Ki is compact by the Compact-Closed Lemma 1.21. By Theorem 11.3 we know that

for each i ∈ N we have cdim(Ki+1 \
◦
Ki) ≤ n. It follows from the Exhaustion-Covering

Dimension Proposition 11.8 that cdim(U) ≤ n. �
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exaustion
{Ki}i∈N of U

Question 11.10. Is the inequality from Corollary 11.9 always an equality? In other words,
is it true that for every open subset U Ă Rn we have cdim(U) = n?
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We will answer the above question in Section 27.3. We conclude this discussion of the
Finite Union-Covering Dimension Proposition 11.6 and its consequences with the following
proposition. The statement of the proposition is perhaps not a surprise, but the proof is
exceedingly neat.

Proposition 11.11. For every subset X Ă Rn we have cdim(X) ≤ n.

Remark. Later, in Theorem 77.6 we will state a characterization of subsets X of Rn with
cdim(X) = n.

Proof. Let {Ui}i∈I be an open cover of X. By de�nition of the subspace topology we know
that for each i ∈ I there exists an open subset Ũi of Rn with Ui = X∩Ũi. We set X̃ :=

⋃
i∈I
Ũi.

Evidently X̃ is an open subset of Rn and {Ũi}i∈I is an open cover of X̃. By Corollary 11.9
we know that cdim(X̃) ≤ n. This implies that there exists an open re�nement {Ṽj}j∈J of
{Ũi}i∈I of order ≤ n+ 1. But then {X ∩ Ṽj}j∈J is evidently an open re�nement of {Ui}i∈I
of order ≤ n+ 1. �
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11.3. The Covering Dimension Re�nement Theorem. The following theorem will
play a crucial role in the proof of the Small Atlas Proposition 27.8 which says that every
�smooth manifold� admits a ��nite atlas�. This result in turn is an essential ingredient in
the proof of the Euclidean Embedding Theorem 27.1 that says that any �smooth manifold�
admits a �smooth embedding� into some Rn.

Theorem 11.12. (Covering Dimension Re�nement Theorem) Let X be a Haus-
dor� space of covering dimension m and let {Ui}i∈I be an open cover of X.
(1) If X is paracompact, then there exists a locally �nite re�nement {Vj}j∈J of {Ui}i∈I

and subsets J1, . . . , Jm+1 of J such that J = J1 t · · · t Jm+1 and such that for any
n ∈ {1, . . . ,m+ 1} and any r, s ∈ Jn we have Vr ∩ Vs = ∅.

(2) If X is second-countable, then we can arrange that J is countable.

X = S1

open cover
{Ui}i∈I of order 1

open cover {Vj}j∈J that splits
into two families of disjoint sets

covering dimension = 1

Proof. Let {Ui}i∈I be an open cover of X. Since X has covering dimension m we might as
well assume that the open cover {Ui}i∈I has order m+ 1. If X is second-countable we can
assume, by the Countable Covering Lemma 9.2, that I is countable. SinceX is paracompact
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and Hausdor� it follows from the Paracompact-Partition of Unity Theorem 10.9 that there
exists a partition of unity {fj : X → [0, 1]}i∈I such that for each i ∈ I we have supp(fi) Ă Ui.
Given a �nite non-empty subset S Ă I we set

VS := {x ∈ X | fs(x) > fi(x) for all s ∈ S and all i 6∈ S}.

X = R
graphs of the maps fs with s ∈ S

VS

Claim 1.
(a) Each VS is open.
(b) Each x ∈ X is contained in some VS.
(c) If i ∈ S, then VS Ă Ui. In particular if S is non-empty and �nite, then VS is

contained in some Ui.
(d) Let S and T of I be two �nite non-empty subsets of J . If #S = #T and S 6= T ,

then VS ∩ VT = ∅.
Proof. We basically proved this claim already in the proof of the Countable Cover Propo-
sition 10.11. For the reader's convenience we recall the argument.
(a) Let S Ă I be non-empty and �nite. We need to show that VS is open. By the

JH-Lemma 1.7 it su�ces to show that given any x ∈ VS there exists an open neigh-
borhood U of x ∈ X such that VS ∩ U is open. Thus let x ∈ VS. By de�nition of
a partition of unity there exists a neighborhood U on which all but �nitely many of
the functions fi vanish. We set T := {i ∈ I \ S | fi(x) 6= 0}. We see that

VS ∩ U =
⋂
t∈T

⋂
s∈S
{x ∈ X | fs(x) > ft(x)}︸ ︷︷ ︸

=(fs−ft)−1((0,∞))

.

This is the intersection of �nitely many open sets, thus open.
(b) Let x ∈ X. By de�nition of a partition of unity the set S = {i ∈ I | fi(x) > 0} is

�nite and non-empty. Evidently we have x ∈ VS.
(c) Let S Ă I be a �nite non-empty subset. Given any i ∈ S we have VS Ă supp(fi) Ă Ui.
(d) Let S and T of I be two di�erent �nite non-empty subsets of J with #S = #T . We

can pick s ∈ S \ T and we can pick t ∈ T \ S. If x ∈ VS, then fs(x) > ft(x) and if
x ∈ VT , then ft(x) > fs(x). This implies that VS ∩ VT = ∅. �

Beyond this claim which is already familiar we also have the following new claim.
Claim 2. If S Ă I is a �nite subset with #S > m+ 1, then VS = ∅.

Proof. If S Ă I is a �nite subset with #S > m+ 1, then

VS Ă
⋂
j∈S

Uj = ∅.
↑ ↑

by Claim (1c) since #S>m+1 and {Ui}i∈I has order m+1 �
Given n ∈ N we set

Jn := {all subsets of I with precisely n elements}
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and we set J :=
⊔
n∈N

Jn. Now we can conclude the argument:

(1) It follows from Claim 1 (a)-(c) that {Vj}j∈J is an open re�nement of the original
cover {Ui}i∈I . Furthermore it follows from Claim 2 that J = J1 t · · · t Jm+1. Finally
it follows from Claim 1 (d) that for any n ∈ {1, . . . ,m + 1} and any S, T ∈ Jn with
S 6= T the sets VS and VT are disjoint.

(2) Finally, if X is second-countable then we already arranged that I is countable. It
follows from the Countability Lemma 0.8 (3) and (6) that J is also countable. �

11.4. The Euclidean Embedding Theorem for Topological Spaces. We conclude
this discussion of covering dimensions with the following Embedding Theorem.

Theorem 11.13. (Euclidean Embedding Theorem for Topological Spaces) Let
X be a topological space such that the covering dimension d := cdim(X) is �nite. If X is
second countable, Hausdor� and regionally compact, then there exists a closed embedding
X → R2d+1, in other words, X is homeomorphic to a closed subset of R2d+1.
Before we turn to the proof of the Euclidean Embedding Theorem 11.13 for Topological
Spaces it is worth pointing out a little corollary.

Corollary 11.14. Let X be a topological space with cdim(X) < ∞. If X is second
countable, Hausdor� and regionally compact, then X is completely metrizable.129130

Proof. Let X be a topological space with cdim(X) < ∞ that is second countable, Haus-
dor� and regionally compact. By the Euclidean Embedding Theorem 11.13 for Topological
Spaces there exists an embedding f : X → R2d+1 such that f(X) is a closed subset. We
equip R2d+1 with the usual Euclidean metric d. Since f(X) is a closed subset we know
by the Closed Subspace-Completeness Lemma 6.9 that (f(X), d) is also complete and by
Exercise 1.3 we know that the metric d on f(X) gives the subspace topology.

Since f : X → f(X) is a homeomorphism we see that X admits a complete metric such
that the metric topology agrees with the given topology. �

The proof of the Euclidean Embedding Theorem 11.13 will require the remainder of this
section. We start out with formulating a criterion for a map f : X → RN to be a closed
embedding.

De�nition. Let X be a topological space and let f ∈ C(X,RN). We write

f(x)
x→∞−−−→∞ :⇐⇒ for every R > 0 there exists a compact subset K Ă X

such that ‖f(x)‖max > R for all x ∈ X \K

Lemma 11.15. Let X be a topological space and let f : X → RN be an injective map. If
f(x) x→∞−−−−→∞, then f : X → RN is a closed embedding.

128It is perhaps worth recalling that the Urysohn Metrization Theorem 9.4 implies that a second-countable
Hausdor� space is metrizable. This shows that (1) and (2) have a signi�cant overlap. Nonetheless the two
statements are independent.
129Recall that on page 299 we said that a topological space X is completely metrizable if there exists a
complete metric d on X such that the given topology agrees with the topology coming from d.
130Recall that by the Compact-Complete Proposition 6.10 we know that every compact metrizable space
is already completely metrizable.
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K
X = R

R

−R

graph of map f : X → R
with f(x)

x→∞−−−→∞

Proof. Let f : X → RN be a map which satis�es f(x) x→∞−−−−→∞.

Claim. The map f : X → RN is proper.131132

Proof. Let L Ă RN be a compact subset. By Lemma 1.23 we know that L is closed and
we know that it is bounded, i.e. there exists an R ≥ 0, such that L Ă B

N

R (0). Since
f(x) x→∞−−−−→∞ there exists a compact subset K Ă X with f−1(B

N

R (0)) Ă K. Now we see
that

f−1(L) = f−1
(
B
N

R (0) ∩ L
)

= f−1
(
B
N

R (0)
)
∩ f−1(L)

Ă K ∩ f−1(L) = compact subset ∩ closed subset of X = compact.
↑ ↑

since L is closed by the Compact-Closed Lemma 1.21 (1)

We have thus shown that f : X → RN is proper. �
Now we assume that f : X → RN is furthermore injective. By the discussion on page 178

we know that RN is regionally compact. Evidently RN is also Hausdor�. Thus it follows
from the Proper-Closed Proposition 2.43133 that f : X → RN is in fact a closed embedding.

�

We proceed with introducing the following notation which we will use throughout the
remainder of this chapter.
Notation. Let N ∈ N0.
(1) Given x = (x1, . . . , xN) ∈ RN we consider the maximum norm from page 102:

‖x‖max := max{|x1|, . . . , |xN |}.
(2) As in Lemma 6.11 we equip RN with the metric that is given by

ρ(x, y) := min{1, ‖x− y‖max}.
It follows from the Equivalent Metric Lemma 1.2 and the Norm Equivalence Propo-
sition 2.15 together with Lemma 6.11 that ρ induces the usual topology on RN . In
particular (RN , ρ) is also complete.

Let X be a topological space.
(3) We denote as usual by C(X,RN) the set of continuous maps from X to RN .

131Recall that on page 180 we called a map f : X → Y between two topological spaces proper if the
preimage of every compact subset of Y is a compact subset of X.
132Let f : X → RN be a map. The claim says that if f(x) x→∞−−−−−→∞, then f is proper. It is straightforward to
show that the converse also holds. For our purpose though it is better work with the notion �f(x) x→∞−−−−−→∞�
instead of the notion �proper�.
133One can also deduce the statement from the Closed Embedding-to-Rn Proposition 2.19.
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(4) If X is non-empty, then we equip C(X,RN) with the metric

ρ(f, g) := sup{ρ(f(x), g(x)) |x ∈ X}.
Since (RN , ρ) is complete we know by Proposition 6.12 that (C(X,RN), ρ) is also
complete.

Lemma 11.16. Let X be a topological space. Furthermore let f, g ∈ C(X,RN) such that
ρ(f, g) < 1. If f(x) x→∞−−−−→∞, then also g(x) x→∞−−−−→∞.

Proof. Let R > 0. Since f(x) x→∞−−−−→∞ there exists a compact subset K Ă X such that
‖f(x)‖max > R + 1 for all x ∈ X \K. For x ∈ X \K we now obtain that

‖g(x)‖max ≥ ‖f(x)‖max − ‖f(x)− g(x)‖max > ‖f(x)‖max − 1 > R + 1− 1 = R.
↑ ↑ ↑

triangle inequality since ρ(f, g) < 1 implies that ρ(f(x), g(x)) < 1 choice of K
which implies that ‖f(x)− g(x)‖max < 1 �

De�nition. Let (X, d) be a metric space. Given f ∈ C(X,RN) and given a non-empty
compact subset K Ă X we set

∆(f,K) := sup{d(x, y) |x, y ∈ K with f(x) = f(y)}.
For safety, we extend this de�nition to ∆(f,∅) := 0.

�small� ∆(f,K) means that f : K → RN

is �close� to an injective map

X

RN graph of f : X → RN

K

X

�large� ∆(f,K) means that f : K → RN

is �far� from an injective map

K

graph of f : X → RNRN

x y x y

Lemma 11.17. Let (X, d) be a metric space. We equip C(X,RN) with the metric ρ from
above. Let ε > 0 and let K Ă X be compact. Then

Uε(K) := {f ∈ C(X,RN) |∆(f,K) < ε}
is an open subset of C(X,RN).

Proof. By de�nition of the topology in a metric space it su�ces to show that for every
f ∈ Uε(K) there exists an r > 0 with Bρ

r (f) Ă Uε(K). Thus let f ∈ Uε(K). By de�nition
of Uε(K) we can pick a b ∈ R with ∆(f,K) < b < ε. We set

A := {(x, y) ∈ K ×K | d(x, y) ≥ b}.

In the Metric-is-Continuous Lemma 6.1 we showed that d : K × K → R is continuous.
Thus it follows that A is a closed subset of the compact space K ×K. It follows from the
Compact-Closed Lemma 1.21 that A itself is compact.
Claim 1. The map X ×X → R

(x, y) 7→ ρ(f(x), f(y))

is strictly positive and continuous on A.
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Proof. It follows from the Metric-is-Continuous Lemmas 6.1, Lemma 6.11 and the Product
Topology-Basics Lemma 5.4 (3) that the map is continuous. Now let (x, y) ∈ A Ă K ×K.
By de�nition of A we have d(x, y) ≥ b > ∆(f,K). By de�nition of ∆(f,K) this implies
that f(x) 6= f(y). But this in turn implies that d(f(x), f(y)) > 0. �

Since A is compact it follows from the claim and the Compact Image Lemma 2.13 that

r := 1
2
·min{ρ(f(x), f(y)) | (x, y) ∈ A}

exists and that r > 0. It remains to prove the following claim.
Claim 2. We have Bρ

r (f) Ă Uε(K).

Proof. Let g ∈ Bρ
r (f), in other words, ρ(f, g) < r. We need to show that g ∈ Uε(K).

Since b < ε it su�ces to show that for any x, y ∈ K we have either g(x) 6= g(y) or we have
d(x, y) ≤ b. Thus let x, y ∈ K. We distinguish two cases:
• Suppose that (x, y) ∈ A. In this case ρ(f(x), f(y)) ≥ 2r. Note that we have the
inequalities ρ(f(x), g(x)) ≤ ρ(f, g) < r and ρ(f(y), g(y)) ≤ ρ(f, g) < r. In combination
these show that ρ(g(x), g(y)) > 0, i.e. g(x) 6= g(y).
• Suppose that (x, y) 6∈ A. In this case d(x, y) < b by de�nition of A. �

De�nition.
(1) We say that points P0, . . . , Pk ∈ RN are a�nely independent if for every choice of

λ0, . . . , λk ∈ R we have134

k∑
i=0
λi · Pi = 0 and

k∑
i=0
λi = 0 =⇒ λ0 = · · · = λk = 0.

(2) We say that a subset S Ă RN is in general position if every collection of ≤ N + 1
distinct points in S is a�nely independent.135

Lemma 11.18. Let x1, . . . , xn ∈ RN be distinct points and let r > 0. There exist distinct
points y1, . . . , yn ∈ RN with the following properties:
(1) For all i = 1, . . . , n we have ‖xi − yi‖max < r.
(2) The set {y1, . . . , yn} is in general position.

xi

R2

yi

R2R2

Bmax
r (xi)

Proof. Given x ∈ RN and r ≥ 0 we denote by Bmax
r (x) = {y ∈ RN | ‖x − y‖max < r}

the r-ball with respect to the maximum norm. With this notation we can formulate the
following claim.

134In other words, P0, . . . , Pk are a�nely independent if the a�ne vector subspace of RN spanned by these
points is k-dimensional. Or put di�erently, P0, . . . , Pk are a�nely independent if P1 − P0, . . . , Pk − P0 are
linearly independent.
135We leave it to the reader to verify that for N = 3 this is precisely the notion of being in general position
that we introduced on page 323.
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Claim. Let V1, . . . , Vk Ă RN be a�ne subspaces each of which has codimension ≥ 1. For
each x ∈ RN and r > 0 the set Bmax

r (x) \ (V1 ∪ · · · ∪ Vk) is non-empty.

Proof. Recall that by the Norm Equivalence Proposition 2.15 the maximum norm and the
usual Euclidean norm de�ne equivalent metrics on RN . Thus the desired statement follows
immediately from the Baire Category Theorem 6.16 (1), the fact that the metric space RN

is complete and the fact that hyperplanes of codimension ≥ 1 are nowhere dense. �
Let x1, . . . , xn ∈ RN be distinct points and let r > 0. We construct the points y1, . . . , yn

iteratively. We set y1 := x1. Now suppose that points y1, . . . , yk have already been found
with the desired properties.

We denote by P the union of all a�ne subspaces of RN that are generated by all subsets
A Ă {y1, . . . , yk} with #A ≤ N . Note that each such subspace in P has codimension
≥ N −#A− 1 ≥ 1. By the above claim there exists a yk+1 ∈ Bmax

r (x) \ P . This point has
the desired properties. �

The following lemma is the key technical ingredient in the proof of the Euclidean Embedding
Theorem 11.13 for Topological Spaces.

Lemma 11.19. Let (X, d) be a metric space that is second-countable and regionally com-
pact such that cdim(X) ≤ n. If K Ă X is a compact subspace, then for every ε > 0 the
set U2n+1

ε (K) := {g ∈ C(X,R2n+1) |∆(g,K) < ε}
is dense in C(X,R2n+1) with respect to the metric ρ that we de�ned on page 383.

g ∈ U2n+1
ε (K)

R2n+1

KX gKX

f ∈ C(X,R2n+1)

f

Proof. Let f ∈ C(X,R2n+1) and let r ∈ (0, 1). We need to show that there exists a
g ∈ U2n+1

ε (K) such that ρ(f, g) ≤ r.
Claim 1. There exist �nitely many open non-empty subsets U1, . . . , Um of K with the
following properties:
(1) the sets U1, . . . , Um are an open cover of K,
(2) for all i = 1, . . . ,m we have diam(Ui) <

ε
2
,

(3) for all i = 1, . . . ,m we have diam(f(Ui)) <
r
2
,

(4) the cover {U1, . . . , Um} has order at most n+ 1.

Proof. For each x ∈ K we consider

Vx := BX
ε
2

(x)︸ ︷︷ ︸
open ball of radius ε

2
around x ∈ X

∩ f−1
(
BR2n+1

r
2

(f(x))︸ ︷︷ ︸
open ball of radius r

2
around f(x) ∈ R2n+1

)
∩ K.

These sets form an open cover of K. By hypothesis we have cdim(X) ≤ n. Since K Ă X is
compact and since X is Hausdor� we know by the Compact-Closed Lemma 1.21 (2) that
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K Ă X is a closed subset. Thus it follows from the Closed Subspace Covering Dimension
Lemma 11.5 that we also have cdim(K) ≤ n. Therefore there exists an open re�nement
{Ui}i∈I of the open cover {Vx}x∈K that has order at most n + 1. Since K is compact we
know that we can cover K by �nitely many of the Ui. Finally, since each Ui is contained
in some Vx we see that each of non-empty Ui has the desired properties (2) and (3). �

Since X is regionally compact and second-countable and since metric spaces are Haus-
dor� we know by the Paracompact-Criterion Lemma 10.2 that X is paracompact. As
we just mentioned, K Ă X is a closed subset. Thus we obtain from the Closed Subset-
Paracompact Lemma 10.3 that K itself is also paracompact. Thus it follows from the
Paracompact-Partition of Unity Theorem 10.9 that there exists a partition of unity Φ1, . . . ,Φm

on K such that for each i ∈ {1, . . . ,m} we have supp(Φi) Ă Ui.
For each i ∈ {1, . . . ,m} we pick a point xi ∈ Ui. By Lemma 11.18 there exist distinct

points z1, . . . , zm ∈ R2n+1 with the following two properties:

(1) For each i ∈ {1, . . . ,m} we have ‖zi − f(xi)‖max <
r
2
,

(2) The set {z1, . . . , zm} is in general position.

Next we consider the map
g̃ : K → R2n+1

x 7→
m∑
i=1

Φi(x) · zi.

��
��
��
��
��

����

���
�
�
�

g̃

f |K

K

R2n+1
KX

U1, . . . , Um

x1, . . . , xm

z1 zm

z1, . . . , zm are in general position

Claim 2. For all x ∈ K we have ‖g̃(x)− f(x)‖max < r.

Proof. Given x ∈ K we see that

since Φ1(x) + · · ·+ Φm(x) = 1
↓∥∥g̃(x)− f(x)

∥∥
max

=
∥∥∥ m∑
i=1

Φi(x) · (zi − f(xi)) +
m∑
i=1

Φi(x) · (f(xi)− f(x))
∥∥∥

max

≤
m∑
i=1

Φi(x) · ‖zi − f(xi)‖max︸ ︷︷ ︸
< r

2
by choice of zi

+
m∑
i=1

Φi(x) · ‖f(xi)− f(x)‖max︸ ︷︷ ︸
if Φi(x) 6= 0, then x ∈ Ui,
since diam(f(Ui)) <

r
2
this

implies that this term < r
2

<
m∑
i=1

Φi(x) · r
2

+
m∑
i=1

Φi(x) · r
2

= r ·
m∑
i=1

Φi(x)︸ ︷︷ ︸
=1

= r.

�
Claim 3. If x, y ∈ K satisfy g̃(x) = g̃(y), then d(x, y) < ε

2
.
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Proof. Let x, y ∈ K with g̃(x) = g̃(y). Since each diam(Ui) <
ε
2
it su�ces to show that

there exists an i ∈ {1, . . . ,m} with x, y ∈ Ui. We set

A := {i ∈ {1, . . . ,m} |Φi(x) 6= 0} and B := {i ∈ {1, . . . ,m} |Φi(y) 6= 0}.

Recall that the cover {U1, . . . , Um} has order n + 1. Furthermore recall that by choice we
know that each supp(Φi) is contained in the corresponding Ui. Thus we see that #A ≤ n+1
and we see that #B ≤ n+ 1. Next note that∑
i∈A∪B

(Φi(x)− Φi(y)) · zi = g̃(x)− g̃(y) = 0.
↑ ↑

since the i 6∈ A ∪B since g̃(x) = g̃(y)
do not contribute

and
∑

i∈A∪B
(Φi(x)− Φi(y)) = 0

↑
since the Φi are a partition of unity and
since the i 6∈ A ∪B do not contribute

Since the points z1, . . . , zm are distinct, since the set {z1, . . . , zm} Ă R2n+1 is in general
position and since

#{zi | i ∈ A ∪B} = #(A ∪B) ≤ #A+ #B = 2n+ 2

we see that Φi(x)− Φi(y) = 0 for each i ∈ {1, . . . ,m}. Since
m∑
i=1

Φi(x) = 1 we see that there

exists an i ∈ {1, . . . ,m} with Φi(x) > 0. By the above we have Φi(x) = Φi(y) > 0. This
implies that x, y ∈ supp(Φi) Ă Ui. �

In Claim 1 and 2 we constructed an interesting map g̃ : K → R2n+1. It remains to
extend this map in a satisfactory way to a map g : X → R2n+1. To do so we consider the
map Θ: K → R2n+1

x 7→ f(x)− g̃(x).

It follows from Claim 2 that this map takes values in [−r, r]2n+1.
Since X is metric we know by the Metric Spaces-Normal Proposition 8.1 that X is nor-

mal. Furthermore, since K is compact and since X is Hausdor� we know by the Compact-
Closed Lemma 1.21 that K Ă X is a closed subset. This implies that we can apply the
Tietze Extension Theorem 8.6 to obtain an extension of the above map Θ: K → [−r, r]2n+1

to a continuous map Θ̃ : X → [−r, r]2n+1. Finally we consider the map

g : X → R2n+1

x 7→ f(x)− Θ̃(x).

By construction we have g|K = g̃. By Claim 3 we have ∆(g,K) ≤ ε
2
, which implies that

g ∈ U2n+1
ε (K). Furthermore, since Θ takes values in [−r, r]2n+1 we see that ρ(f, g) ≤ r. �

Now we turn to the actual proof of the Euclidean Embedding Theorem 11.13 for Topological
Spaces.

Proof of the Euclidean Embedding Theorem 11.13. Let n ∈ N0 and let X be a
topological space with cdim(X) ≤ n that is second countable, Hausdor� and regionally
compact. We need to show that X is homeomorphic to a closed subset of R2n+1. We make
the following two preparations:
(1) Since X is second countable, Hausdor� and regionally compact we know by the Com-

pact Exhaustion Lemma 9.3 (1) that there exists an exhaustion of X by compact
subspaces. By the de�nition on page 338 this means that there exists a sequence
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{Ki}i∈N of compact subspaces of X such that the following two conditions are satis-
�ed:
(a) We have X =

⋃
i∈N
Ki.

(b) For each i ∈ N we have Ki Ă
◦
Ki+1.

(2) Since X is second countable, Hausdor� and regionally compact we know by the
Paracompact-Criterion Lemma 10.2 thatX is paracompact, together with the Dieudonné
Theorem 10.5 this implies that X is normal. It follows from the Urysohn Metriza-
tion Theorem 9.4 that X is metrizable. We pick a metric d on X such that the
corresponding metric topology equals the given topology.

Claim 1. The set136
∞⋂
i=1
U2n+1

1
i

(Ki) is dense in C(X,R2n+1) with respect to the metric ρ that
we de�ned on page 383.

Proof. It follows from our hypothesis that cdim(X) ≤ n, together with Lemmas 11.17
and 11.19, that each U2n+1

1
i

(Ki) is open and dense in C(X,R2n+1). By Proposition 6.12 we

know that the metric space C(X,R2n+1) is complete. The claim now follows from the Baire
Category Theorem 6.16 (1) together with the Baire Space Characterization Lemma 6.17.
�

Claim 2. Every f ∈
∞⋂
i=1
U2n+1

1
i

(Ki) is injective.

f ∈ U2n+1
1
3

(K3)

f ∈ U2n+1
1 (K1)

R2n+1

X K1

f ∈ U2n+1
1
2

(K2)

K2 K3

Proof. Let x, y ∈ X such that f(x) = f(y). There exists an i ∈ N such that for all j ≥ i
we have x, y ∈ Kj. Now let j ≥ i. By hypothesis f ∈ U2n+1

1
j

(Kj). Thus it follows from

f(x) = f(y) that d(x, y) ≤ 1
j
. Since this holds for all j ≥ i we see that d(x, y) = 0. �

Since X is second countable, Hausdor� and regionally compact we know by the Ex-
haustion Function Lemma 10.7 that X admits an exhaustion function f̃ : X → R≥0. Recall
that according to the de�nition on page 358 this is a map f̃ : X → R≥0 such that for every
c ∈ R≥0 the preimage f−1([0, c]) is a compact subset of X. We now consider the map

f : X → R2n+1

x 7→ (f̃(x), 0, . . . , 0).

By comparing de�nitions one sees that f(x) x→∞−−−−→∞.

136Recall that in Lemma 11.17 we de�ned U2n+1
ε (K) = {f ∈ C(X,RN ) |∆(f,K) < ε}.
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By Claim 1 the set
∞⋂
i=1
U2n+1

1
i

(Ki) is dense in (C(X,R2n+1), ρ). In particular we see

that there exists a ι ∈
∞⋂
i=1
U2n+1

1
i

(Ki) with ρ(f, ι) < 1. The theorem now follows from the
following observations:
(1) By Claim 2 we know that ι : X → RN is injective.
(2) It follows from ρ(f, ι) < 1 and Lemma 11.16 that ι(x) x→∞−−−−→∞.
(3) It follows from (1) and (2), together with Lemma 11.15, that ι : X → R2n+1 is a

closed embedding. �

Remark. There are many books that are completely dedicated to dimension theory, see
e.g. [HuW1948, Enge1978, Enge1995, Naga1983, Pear1975, Char2019]. We refer
the reader, whose appetite got whetted, to the above books for more results.

Exercises for Chapter 11.

Exercise 11.1. Give an example of a compact space X of covering dimension ≤ d and an
open cover {Ui}i∈I such that there is no subset J Ă I such that {Uj}j∈J is a cover of X of
order ≤ d+ 1.

Exercise 11.2. We consider the Topologist's Sine Curve

S :=
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2.

Show that cdim(S) = 1.

Exercise 11.3. Let X be a connected space with at least two points. Show that if X is
T1, in the sense of the de�nition on page 349, then cdim(X) ≥ 1.

Exercise 11.4. Let X be a topological space. Show that if cdim(X) = 0, then X is normal.

Exercise 11.5. What is the covering dimension of Q? Here we equip Q Ă R as always
with the subspace topology.

Exercise 11.6. Let C be the Cantor set as de�ned on page 130. What is the covering
dimension of the topological space X := (C × [0, 1]) ∪ ([0, 1]× {0}) Ă R2?

Exercise 11.7. Let X = {a, b, c, d}. We equip X with the topology that is generated by
{a}, {d}, {b, d} and {c, d}. What is cdim(X)?

Exercise 11.8. Let X be a topological space and let {Ui}i∈I be an open cover of �nite
order. Is the open cover necessarily locally �nite?

Exercise 11.9. Show that there exists a surjective map f : X → Y between topological
spaces such that cdim(X) < cdim(Y ).
Remark. You could use the Cantor function from page 185.

Exercise 11.10. Let X be a topological space and let A and B be disjoint subsets of X.
We say a subset P Ă X is a partition between A and B, if there exist disjoint open subsets
U and V of X with A Ă U , B Ă V and X \ P = U ∪ V .

Next we iteratively de�ne classes C−1, C0, C1, . . . of topological spaces:
(1) We de�ne C−1 to be the class consisting only of the empty topological space.
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(2) Suppose that for some n ∈ N0 we have de�ned C−1, C0, . . . , Cn−1. Given a topological
space X we say X ∈ Cn if for every x ∈ X and every closed subset B Ă X with
x 6∈ B there exists a partition P between {x} and B with P ∈ Cn−1.

We de�ne C∞ to be the class of all topological spaces. Note that C−1 Ă C0 Ă C1 Ă . . . .
Given a topological space X we de�ne the small inductive dimension ind(X) as follows:

ind(X) := min{n ∈ Z≥−1 ∪ {∞} |X ∈ Cn}.

Prove the following statements:

(a) If X is a non-empty discrete space, then ind(X) = 0.
(b) The small inductive dimension of R equals 1.
(c) For every subspace A of a topological space X we have ind(A) ≤ ind(X).

�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������

�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������

������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������

������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

V
X U

A

B

A
B

partition P

Exercise 11.11. We iteratively de�ne classes D−1,D0,D1, . . . of topological spaces:

(1) We de�ne D−1 to be the class consisting only of the empty topological space.
(2) Suppose that for some n ∈ N0 we have de�ned D−1,D0, . . . ,Dn−1. Given a topological

space X we say X ∈ Dn if for any two closed disjoint subsets A and B of X there
exists a partition P between A and B with P ∈ Dn−1. (We refer to Exercise 11.10
for the de�nition of a partition.)

We de�ne D∞ to be the class of all topological spaces. Note that D−1 Ă D0 Ă D1 Ă . . . .
Given a topological space X we de�ne the large inductive dimension ind(X) as follows:

Ind(X) := min{n ∈ Z≥−1 ∪ {∞} |X ∈ Dn}.

Prove the following statements:

(a) The large inductive dimension of [0, 1] equals 1.
(b) For every closed subspace A of a topological space X we have Ind(A) ≤ Ind(X).

Exercise 11.12. Given a topological space X we denote by ind(X) the small inductive
dimension that we de�ned in Exercise 11.10 and we denote by Ind(X) the large inductive
dimension that we de�ned in Exercise 11.11.

(a) Let X be the Sierpi«ski space that we introduced on page 186, i.e. let X = {0, 1}
with the topology T = {∅, X, {0}}. Show that cdim(X) = Ind(X) = 0 and show
that ind(X) =∞.

(b) Let X = {1, 2, 3} with the topology that is generated by the subsets {1, 2} and {2, 3}.
Show that cdim(X) = 1 and show that ind(X) = Ind(X) =∞.

Remark. This exercise shows that the covering dimension, the small inductive and the large
inductive dimension are di�erent �dimension functions�.

Exercise 11.13. Let X be the topological space that is obtained from the open disk B2

by removing three points. By Corollary 11.9 we know that cdim(X) ≤ 2. It follows from
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the Euclidean Embedding Theorem 11.13 that there exists an embedding f : X → R5 such
that f(X) is a closed subset. Determine

min{n ∈ N0 | there exists an embedding f : X → Rn such that f(X) is a closed subset}.

Exercise 11.14. Let P1, . . . , P5 be �ve points in R2 that are in general position. Show
that there exist four points among P1, . . . , P5 that span a convex quadrilateral.
Remark. This result was proved by George Szekeres and Esther Klein in 1935. Paul Erdös
called this statement the Happy Ending Theorem since it lead to the marriage of George
Szekeres and Esther Klein who were married for 68 years.
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12. The compact-open topology

Given two topological spaces X and Y we will introduce the compact-open topology on the
set of all continuous maps X → Y .
First, recall that we saw on page 124 that a topology on a given set X makes it possible to
talk of the convergence of a sequence in X. From real analysis we know that it is not only
interesting to think about convergence of sequences of points but also to talk of convergence
of functions. In fact, in real analysis one often encounters two di�erent types of convergence
that we now recall.
De�nition. Let U Ă Rn be a subset, let {fn : U → R}n∈N be a sequence of functions and
let f : U → R be a function. We de�ne

(fn)n∈N converges pointwise to f :⇐⇒ ∀
x∈U

∀
ε>0

∃
N∈N

∀
n≥N

|fn(x)− f(x)| < ε

and
(fn)n∈N converges uniformly to f :⇐⇒ ∀

ε>0
∃
N∈N

∀
x∈U

∀
n≥N

|fn(x)− f(x)| < ε.

Example. We consider the sequence of functions

fn : R → R

t 7→


0, if t < 0 or t > 2

n
,

n · t, if t ∈ [0, 1
n
],

2− n · t, if t ∈ ( 1
n
, 2
n
].

One easily veri�es that this sequence converges pointwise to the zero function but it does
not converge uniformly to the zero function.

f2 f1
f3

At times one also wants to study convergence of sequences of continuous137 maps between
general topological spaces. This leads us to the following de�nition.
De�nition. Let X and Y be topological spaces.
(1) We denote by XY = C(Y,X) the set of all continuous maps from Y to X.
(2) The compact-open topology on XY is the topology generated, in the sense of the

de�nition on page 135, by all the sets of the form

M(K,U) := {f ∈ XY | f(K) Ă U}
where K Ă Y is compact and where U Ă X is open. This de�nition is illustrated in
the �gure below.

Examples.

137Here and in the following we sometimes talk explicitly about �continuous� maps, even though it is usually
understood in these notes that all maps are continuous.
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(1) Let Y Ă R be an interval. We want to consider the compact-open topology on
C(Y,R) = RY . As usual we picture elements of C(Y,R) by their graphs. In the
�gure below we show on the left an open set M(K,U) as above and on the right we
show the graph of some function f ∈ C(Y,R) and an open neighborhood thereof.

Now let fn ∈ C(Y,R), n ∈ N be a sequence of functions and let f ∈ C(Y,R). We
leave it as an amusing, albeit somewhat lengthy, exercise to show that the following
holds:

(fn)n∈N converges138 to f with respect
to the compact-open topology ⇐⇒

for each compact subset K Ă Y
the sequence (fn|K)n∈N

converges uniformly to f |K

Alternatively a proof139 for this statement is given in [Will1970, Theorem 43.7] or
in [Jos1983, Theorem 15.1.2].
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M(K,U) are the continuous functions
whose graph is contained in this set

Y K Y

U

open neighborhood of f ∈ C(Y,R) with
respect to the compact-open topology

f ∈ C(Y,R)

(2) We consider Y = {1, . . . , n} which we equip with the discrete topology. In Ex-
ercise 12.7 we will see that for any topological space X we have a homeomorphism
XY ∼= Xn.

The �nal example deserves its own lemma.

Lemma 12.1. Let m,n ∈ N. We have the obvious inclusion

M(m× n,R) → C(Rn,Rm) = (Rm)R
n

A 7→
(

Rn → Rm

v 7→ Av

)
.

The compact-open topology on C(Rn,Rm) induces the usual topology on M(m × n,R)
that we introduced on page 171.

Sketch of proof. This statement can be proved, with some e�ort, using the Subbasis
Lemma 1.28. Alternatively the statement can also be deduced from [Hat2002, Proposi-
tion A.13] or [Mun1975, Theorem 5.1]. �

139We refer to page 124 for the de�nition of convergence of a sequence in a topological space.
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To get some practice with the compact-open topology we will prove the following two
lemmas in Exercises 12.1 and 12.2.
Lemma 12.2. Let X and Y be topological spaces. If Y is Hausdor�, then XY is also
Hausdor�.

Lemma 12.3. (Constant Map Lemma) If X and Y are non-empty topological spaces,
then the map

X → XY

x 7→ constant map y 7→ x

is continuous and it is an embedding.
We continue with a few technical statements on the compact-open topology. In most
applications later on we will consider the case that Y = [0, 1]. In particular the extra
hypothesis in the subsequent propositions on the topological space Y will not be an issue
in our future applications.

Proposition 12.4. (Evaluation Map Proposition) LetX and Y be topological spaces.
If Y is regionally compact, then the following two statements hold:
(1) The evaluation map140

e : XY × Y → X
((f : Y → X), y) 7→ f(y)

is continuous.
(2) For any y ∈ Y the evaluation map

ey : XY → X
(f : Y → X) 7→ f(y)

is continuous.
Proof.
(1) Let U be an open subset of X. We need to show that e−1(U) is open. By the JH-

Lemma 1.7 it su�ces to show that given (f, y) ∈ e−1(U) there exists a neighborhood
W of (f, y) with W Ă e−1(U). Thus let f ∈ XY and y ∈ Y with e(f, y) = f(y) ∈
U . Since f is continuous and since Y is regionally compact there exists a compact
neighborhood K of y which is contained in the open neighborhood f−1(U) of y.
In other words, we have found a compact neighborhood K of y with f(K) Ă U .
Therefore we have f ∈ M(K,U) and the map e sends W := M(K,U) ×K into U .
By the de�nition of the product topology the set W = M(K,U) × K is in fact a
neighborhood of (f, y) in XY × Y .

(2) This statement follows from (1) and the Product Topology-Basics Lemma 5.4 (2a).
�

We continue with the following elementary but essential lemma.

140Here we equip XY × Y with the product topology from page 224.
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Lemma 12.5. (Compact-Open Functoriality Lemma) Let X and Y be topological
spaces.
(1) If ϕ : X → X̃ is a continuous map, then the induced map

ϕ∗ : XY → X̃Y

(f : Y → X) 7→ (ϕ ◦ f : Y → X̃)

is continuous.
(2) If ϕ : X → X̃ is an embedding, then so is ϕ∗ : XY → X̃Y .
(3) Let ϕ, ψ : X → X̃ be continuous maps. If ϕ and ψ are homotopic141, then so are

ϕ∗, ψ∗ : XY → X̃Y .
(4) If X̃ is a topological space that is homotopy equivalent to X, then X̃Y is also

homotopy equivalent to XY .
(5) If ψ : Y → Ỹ is a continuous map, then the induced map

ψ∗ : X
Ỹ → XY

(f : Ỹ → X) 7→ (f ◦ ψ : Y → X)

is continuous.

Remark. The Compact-Open Functoriality Lemma 12.5 (2) says in particular, that given
topological spaces X and Y and a subset A of X, we can view AY as a subset of XY .

Proof. To clarify the statements we replace in this proof the notation M(K,U) by the
notation MXY (K,U), with the obvious interpretation thereof.

(1) We check continuity using the continuity criterion of the Subbasis-Continuity Propo-
sition 2.9. Thus let K Ă Y be a compact subset and let U Ă X̃ be an open subset.
We have

(ϕ∗)−1(MX̃Y (K,U)) ={f ∈XY |ϕ∗(f)∈MX̃Y (K,U)} = {f : Y →X |
=ϕ(f(K))︷ ︸︸ ︷

(ϕ◦f)(K)ĂU}
={f : Y → X | f(K) Ă ϕ−1(U)} = MXY (K,ϕ−1(U)).
↑

by Exercise 0.2

Since ϕ is continuous we see that ϕ−1(U) is an open subset of X. Since the sets
M(K,U) form by de�nition a basis for the topology of X̃Y we deduce from the
Subbasis-Continuity Proposition 2.9 that ϕ∗ is indeed continuous.

(2) Since ϕ is an embedding we can identify X with its image in X̃. Put di�erently, it
su�ces to consider the case of an inclusion i : X → X̃. By the Open -Injective Map
Lemma 2.16 (1) together with Lemma 2.11 it su�ces to show that for any compact
subset K Ă Y and any open subset U Ă X the image i∗(MXY (K,U)) is an open
subset of i∗(XY ). Since U Ă X is open there exists, by de�nition of the subspace

141We apologize to the reader for using the notion of being homotopic, even though it is only introduced
on page 418. The reader who made it that far into this chapter will surely not be frightened by this
inconvenience.
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topology, an open subset V Ă X̃ such that U = V ∩X. We have

i∗(MXY (K,U)) = {i ◦ f : Y → X̃ | f : Y → X and f(K) Ă U}
= {f : Y → X | f(K) Ă V } = i∗(X

Y ) ∩MX̃Y (K,V ).
↑

since f(Y ) Ă X implies for any x ∈ X that f(x) ∈ U if and only if f(x) ∈ V

By the de�nition of the subspace topology this is an open subset of i∗(XY ) Ă X̃Y .
(3) Let F : X × [0, 1] → Y be a homotopy between F0 = ϕ and F1 = ψ. Using the

Subbasis-Continuity Proposition 2.9 and the JH-Lemma 1.7 it is not particularly
challenging to show that the map

XY × [0, 1] → X̃Y

(g : Y → X, t) 7→
(
Y → X̃
y 7→ F (g(x), t)

)
is continuous. This is the desired homotopy between ϕ∗ and ψ∗.

(4) This statement follows almost immediately from (3).
(5) Let K Ă Y be a compact subset and let U Ă X be an open subset. We have

(ψ∗)
−1(MXY (K,U)) = {f ∈ X Ỹ |ψ∗(f) ∈MXY (K,U)}

= {f : Ỹ → X | (f ◦ψ)(K)︸ ︷︷ ︸
=f(ψ(K))

Ă U} = MXỸ (ψ(K), U).

Since ψ is continuous we obtain from the Compact Image Lemma 2.13 that ψ(K) is
a compact subset of Ỹ . Thus we obtain again from the Subbasis-Continuity Propo-
sition 2.9 that ψ∗ is indeed continuous. �

On many occasions we will also need the following rather technical proposition.

Proposition 12.6. (Compact-Open Exponential Proposition) Let Y be a topologi-
cal space that is regionally compact. Furthermore let X and T be two topological spaces.
Let H : Y × T → X be a map. Given t ∈ T we denote by Ht : Y → X the map de�ned by
Ht(y) := H(y, t). Then

H : Y×T →X is continuous ⇐⇒ (1) each Ht : Y → X is continuous, and
(2) the map142 T →XY given by t 7→Ht is continuous.

In other words, the map
XY×T → (XY )T

(H : Y × T → X) 7→
(
T → XY

t 7→ (y 7→ H(y, t))

)
is well-de�ned143 and it is a bijection.

Proof. 144 Note that the �in other words� part of the proposition is indeed just a reformu-
lation of the �rst part of the proposition. Thus it remains to prove the equivalence of the
two statements in the beginning.

142Note that by (1) we know that Ht ∈ XY .
143Here �well-de�ned� means that the map T → XY actually de�nes an element in (XY )T . More precisely,
the map T → XY given by z 7→ (y 7→ H(y, z)) actually lies in (XY )T .
144I strongly advise against reading the proof.
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First we prove the �⇐�-direction. We point out that H : Y ×T → X is the composition
of the two maps

Y × T → XY × Y
(y, t) 7→ (Ht, y)

and the evaluation map
XY × Y → X

(f, y) 7→ f(y).

The �rst map is continuous by (2) and the Product Topology-Basics Lemma 5.4 (3). Fur-
thermore, since Y is regionally compact we obtain from the Evaluation Map Proposi-
tion 12.4 that the second map is continuous. Thus H itself is continuous.

Now we turn to the �⇒�-direction. Thus we suppose that H : Y ×T → X is continuous.

(1) Let t ∈ T . The mapHt is the composition of the inclusion Y → Y ×T , y 7→ (y, t) with
the map H. The �rst map is continuous by the Product Topology-Basics Lemma 5.4
(2a) and the second map is continuous by our hypothesis. HenceHt is also continuous.
In particular we now know that Ht de�nes an element in XY .

(2) We need to show that the map T → XY given by t 7→ Ht is continuous. By the
Subbasis-Continuity Proposition 2.9 and the JH-Lemma 1.7 it su�ces to show that
for any set of the form M(K,U) Ă XY and any t ∈ T with Ht ∈ M(K,U) there
exists a neighborhood W of t ∈ T such that for all t′ ∈ W we have Ht′ ∈M(K,U).

Thus let K be a compact subset of Y , let U be an open subset of X and let t ∈ T
with Ht ∈M(K,U). We start out with the following claim.

Claim. Given any y ∈ K there exist open neighborhoods Vy Ă Y of y and Wy Ă T
of t such that H(Vy ×Wy) Ă U .

Proof. By the continuity of H : Y × T → X we know that H−1(U) is an open subset
of Y × K. Note that H(y, t) = Ht(y) ∈ U since Ht ∈ M(K,U) and y ∈ K. Thus
H−1(U) is an open neighborhood of (y, t) ∈ Y ×K. The existence of Vy and Wy is
now a consequence of the de�nition of the product topology of Y × T . �
It follows from the compactness ofK and the Compact Subspace Covering Lemma 1.19
that there exist points y1, . . . , yn ∈ K with K Ă Vy1 ∪ · · · ∪ Vyn . Next we set
W := Wy1 ∩ · · · ∩Wyn Ă T . Note that this is an open neighborhood of t. Then

H(K ×W ) Ă H
( n⋃
i=1
Vyi×W

)
Ă H

( n⋃
i=1
Vyi×Wyi

)
=

n⋃
i=1
H(Vyi×Wyi)︸ ︷︷ ︸

ĂU

Ă U.
↑ ↑

since K Ă

n⋃
i=1

Vyi since W Ă Wyi

It follows from this observation and the de�nition of Ht′ and M(K,U) that for any
t′ ∈ W we have Ht′ ∈M(K,U). �

On one later occasion we will also need the following equally technical proposition.

Proposition 12.7. (Exponential Proposition) Let X, Y and Z be topological spaces.
If Y and Z are both regionally compact and Hausdor�, then the map145

XY×Z → (XY )Z

(f : Y × Z → X) 7→
(
Z → XY

z 7→ (y 7→ f(y, z))

)
is a homeomorphism.
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Remark. In fact a slightly stronger version of the Exponential Proposition 12.7 holds. By
[Dug1966, Theorem XII.5.3] one only needs to assume that Y is regionally compact, with
no further restrictions on X, Y or Z. We will not need this stronger statement.

Once again no sane person will ever voluntarily read the proof. For those readers who are
still around we �rst provide the proof of the following lemma.

Lemma 12.8. Let X and Y be topological spaces. Furthermore let V be a subbasis for
X. We consider

C =
{
M(K,V ) ∈ P

(
XY
) ∣∣K a compact subset of Y and V ∈ V

}
.

If Y is Hausdor�, then C is subbasis146 for the topology of XY .

Proof. Let K be a compact subset of Y , let U be an open subset of X and let f be a point
in M(K,U), i.e. f : Y → X is a map with K Ă f−1(U). By the Basis Characterization
Lemma 1.32 (2) we need to show that there exist �nitely many C1, . . . , Cm ∈ C with

f ∈
m⋂
i=1
Ci Ă M(K,U).

Since V is a subbasis for the topology of X we can write U =
⋃
i∈I
Ui where each Ui is of

the form Ui =
⋂

V ∈Pi
V where Pi is a �nite subset of V . Since K is compact and since f is

continuous it follows from the Compact Subspace Covering Lemma 1.19 that there exists
a �nite subset J Ă I such that K Ă

⋃
j∈J
f−1(Uj).

Since K is compact and Hausdor� we obtain from the Shrinking Lemma 10.10, together
with the Compact-Closed Lemma 1.21 (1) and the hypothesis that Y is Hausdor�, that
there exist compact subsets Kj Ă f−1(Uj), j ∈ J , with K Ă

⋃
j∈J
Kj.

Thus we see that
since M(K,A ∩B) = M(K,A) ∩M(K,B)

↓
f ∈

⋂
j∈J
M(Kj, Uj) =

⋂
j∈J
M
(
Kj,

⋂
V ∈Pj

V
)

=
⋂
j∈J

⋂
V ∈Pj

M(Kj, V )︸ ︷︷ ︸
∈C

Ă M(K,U).x x x
since Kj Ă f−1(Uj) de�nition of Pj since K Ă

⋃
j∈J

Kj and since each V lies in U

The �nitely many sets {M(Kj, V )}j∈J,V ∈Pj in C thus do the trick. �
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f−1(U)

X
Y

U
Uif−1(Ui)

f
K

Now we are �nally ready to provide the proof of the Exponential Proposition 12.7.

145By the Compact-Open Exponential Proposition 12.6 we know that the map is well-de�ned and that it
is a bijection.
146We refer to page 135 for the de�nition of a subbasis of a topological space.
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Proof of Proposition 12.7. Let X, Y and Z be topological spaces. We assume that Y
and Z are both regionally compact and Hausdor�. We need to show that the map

Φ: XY×Z → (XY )Z

(f : Y × Z → X) 7→
(
Z → XY

z 7→ (y 7→ f(y, z))

)
is a homeomorphism.
Claim. The set

C =

{
M(A×B,U) ∈ P

(
XY×Z) ∣∣∣ A a compact subset of Y , B a compact subset of Z

and U an open subset of X

}
is a subbasis for the topological space XY×Z .

Proof. Let K Ă Y × Z be a compact subset, let U be an open subset of X and let
f be a point in M(K,U), i.e. f : Y × Z → X is a map with K Ă f−1(U). By the
Basis Characterization Lemma 1.32 (2) we need to show that there exist �nitely many

C1, . . . , Cm ∈ C with f ∈
m⋂
i=1
Ci Ă M(K,U).

Let k ∈ K Ă Y × Z. We write k = (y, z). Since f−1(U) is an open subset of Y × Z
it follows from the de�nition of the product topology on Y × Z that there exist open
neighborhoods Vk Ă Y of y and Wk Ă Z of z such that k = (y, z) ∈ Vk ×Wk Ă f−1(U).
Since Y and Z are regionally compact we can �nd a compact neighborhood Ak Ă Y of y
and a compact neighborhood Bk Ă Z of z such that k ∈ Ak × Bk Ă Vk ×Wk Ă f−1(U).
Since K is compact it follows from the Compact Subspace Covering Lemma 1.19 that there

exist �nitely many points k1, . . . , km ∈ K such that K Ă
m⋃
i=1
Aki ×Bki . Now we see that

since M(V ∪W,U) = M(V,U) ∩M(W,U)
↓

f ∈
m⋂
i=1

∈C︷ ︸︸ ︷
M(Aki ×BkI , U) = M

( m⋃
i=1
Aki ×Bki , U

)
Ă M(K,U).

↑ ↑
since f(Aki ×Bki) Ă U since K Ă

m⋃
i=1

Aki ×Bki �
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f−1(U)

X

Z

U
Y

Y × Z

k = (y, z)

K f

Ak ×Bk

y

z

As we already remarked in the Compact-Open Exponential Proposition 12.6, the given
map Φ: XY×Z → (XY )Z is clearly a bijection. Furthermore under this bijection the sets
M(A × B,U) are precisely the sets M(B,M(A,U)). By the claim the former sets form a
subbasis for XY×Z . Thus it su�ces to show that the latter sets form a subbasis for (XY )Z .
But that is an immediate consequence of Lemma 12.8, applied twice, and our hypothesis
that Y and Z are Hausdor�. �

The following proposition is also somewhat technical.
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Proposition 12.9. (Compact-Open Composition Proposition) Let X, Y and Z be
topological spaces. If Y is regionally compact, then the map

Φ: XY × Y Z → XZ

(f, g) 7→ f ◦ g
is continuous.
The proof of the Compact-Open Composition Proposition 12.9 rests on the following little
lemma.
Lemma 12.10. Let Y be a topological space that is regionally compact. If K is a compact
subset that is contained in an open subset U of Y , then there exists a compact subset L
with K Ă

◦
L Ă L Ă U .

Proof. Let x ∈ K. Since Y is regionally compact there exists a compact neighborhood
Lx Ă U of x. Since K is compact there exist x1, . . . , xm ∈ K with K Ă

◦
Lx1 ∪ · · · ∪

◦
Lxm .

We set L := Lx1 ∪ · · ·∪Lxm . By the Compact-Union-Intersection Lemma 1.20 (1) we know
that L is compact. We have

K Ă
m⋃
i=1

◦
Lxi Ă interior of

m⋃
i=1

Lx =
◦
Lxi Ă L Ă U.

↑
Lemma 1.11 (1a) �

Proof of the Compact-Open Composition Proposition 12.9. By the Subbasis-Continuity
Proposition 2.9 and the JH-Lemma 1.7 and the de�nition of the product topology on
XY × Y Z it su�ces to prove the following claim.

Claim. Let K be a compact subset of Z and let V be an open subset of X. If f ∈ XY and
g ∈ Y Z satisfy f ◦ g ∈ M(K,V ), then there exists an open subset U Ă Y and a compact
subset L Ă Y with

Φ
(
M(L, V )︸ ︷︷ ︸

ĂXY

× M(K,U)︸ ︷︷ ︸
ĂY Z

)
Ă M(K,V ).

Proof. First note that g(K) Ă Y is compact by the Compact Image Lemma 2.13 and that
f−1(V ) Ă Y is open since f is evidently continuous. Since Y is regionally compact we obtain
from Lemma 12.10 that there exists a compact subset L with g(K) Ă

◦
L Ă L Ă f−1(U). It

is clear that U =
◦
L and L have the desired properties. �
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The following corollary gives us a very long list of new examples of topological groups.
Corollary 12.11. Let X be a topological space. If X is compact and Hausdor�, then the
group Homeo(X) := the set of all self-homeomorphisms of X,
equipped with the subspace topology coming from XX , is a topological group.

Remark. Let X be a topological space that is regionally compact and Hausdor�. In light
of the Compact-Open Composition Proposition 12.9 one might expect that in this case
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Homeo(X) forms a group. In [Dij2005] it is shown that this is in general not the case. On
the other hand it is shown in [Are1946, Theorem 4] that if X is furthermore regionally
connected, then Homeo(X) is in fact a topological group.

Proof. Let X be a topological space that is compact and Hausdor�. First note that by
Lemma 2.41 we know that X is regionally compact. Thus it follows from the Compact-
Open Composition Proposition 12.9 that the multiplication map Homeo(X)×Homeo(X)→
Homeo(X) is continuous. Therefore it su�ces to show that the map

Φ: Homeo(X) → Homeo(X)
f 7→ f−1

is continuous. The proof of continuity rests on the following simple claim.

Claim 1. If K Ă X and U Ă X are subsets, then Φ−1(M(K,U)) = M(X \ U,X \K).

Proof. Let h ∈ Homeo(X). We have

since Φ is a bijection and Φ(h) = h−1 since h is a bijection
↓ ↓

h ∈ Φ−1(M(K,U)) ⇐⇒ h−1 ∈M(K,U) ⇐⇒ h−1(K) Ă U ⇐⇒ K Ă h(U)
⇐⇒ X \ h(U)︸ ︷︷ ︸

=h(X\U)

Ă X \K ⇐⇒ h ∈M(X \ U,X \K).

�
By the Subbasis-Continuity Proposition 2.9 it now su�ces to prove the following claim.

Claim 2. IfK Ă X is a compact subset and if U Ă X is an open subset, then Φ−1(M(K,U))
is an open subset of X.

Proof. By Claim 1 we know that Φ−1(M(K,U)) = M(X \ U,X \ K). Since U is open
we know that X \ U is closed. Since X is compact we obtain from the Compact-Closed
Lemma 1.21 (1) that X \ U is compact. Furthermore, since K is compact and since X is
Hausdor� we obtain from the Compact-Closed Lemma 1.21 (2) that X \K is open. Thus
we see that M(X \ U,X \K) is an open subset of XX . �

We conclude this section with a di�erent source of topological groups.

Lemma 12.12. Let X be a topological space.
(1) Let X̃ and Y be topological spaces. If Y is regionally compact, then the map

Ψ: XY × X̃Y → (X × X̃)Y

(f, f̃) 7→

(
f × f̃ : Y → X × X̃

y 7→ (f(y), f̃(y))

)
is continuous.

(2) Let G be a topological group. If G is regionally compact, then the topological space
GX together with the multiplication

GX ×GX → GX

(f, g) 7→
(
X → G
x 7→ f(x) · g(x)

)
is a topological group.

Proof.
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(1) By the Subbasis-Continuity Proposition 2.9 it su�ces to show that for any compact
subset K Ă Y and any open subsetW Ă X×X̃ the preimage Ψ−1

(
M(X×X̃)Y (K,W )

)
is an open subset of XY × X̃Y . We will do so by appealing to the JH-Lemma 1.7.

Thus let (f, f̃) ∈ Ψ−1(M(X×X̃)Y (K,W )). Note that this means that we are given

f : Y → X and f̃ : Y → X̃ with (f × f̃)(K) Ă W . For each y ∈ K we can and will
pick open subsets Uy of X and Ũy of X̃ such that (f × f̃)(y) ∈ Uy × Ũy Ă W . By
the Product Topology-Basics Lemma 5.4 (1b) we know that (f × f̃)−1(Uy× Ũy) is an
open subset of Y . Since Y is regionally compact there exists a compact neighborhood
Ky of y such that y ∈ Ky Ă (f × f̃)−1(Uy × Ũy).

Since K is compact we obtain from the Compact Subspace Covering Lemma 1.19
that there exist y1, . . . , ym ∈ Y such that K Ă Ky1 ∪ · · · ∪Kym . Now we see that

(f, f̃) ∈
m⋂
i=1

MXY (Kyi , Uyi)×MX̃Y (Kyi , Ũyi) Ă Ψ−1
(
M(X×X̃)Y (K,W )

)
Ă XY ×X̃Y .

↑ ↑
since (f × f̃)(Kyi) Ă Uyi × Ũyi since Uyi × Ũyi Ă W and since K Ă

⋃
Kyi

It follows from the JH-Lemma 1.7 that Ψ−1(M(X×X̃)Y (K,U)) is indeed an open subset

of XY × X̃Y .
(2) At this stage there is not much left that needs to be done, we outsource the argument

to Exercise 12.4. �
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Exercises for Chapter 12.

Exercise 12.1. Let X and Y be topological spaces. Suppose that Y is Hausdor�. Show
that XY is also Hausdor�.

Exercise 12.2. Let X and Y be non-empty topological spaces. We consider the following
map:

ϕ : X → XY

x 7→ constant map y 7→ x

(a) Show that ϕ is continuous.
(b) Show that ϕ is an embedding.

Exercise 12.3. LetX be a topological space that is compact and Hausdor�. Show that the
group Homeo(X) of self-homeomorphisms of X, equipped with the compact-open topology,
is a topological group.
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Exercise 12.4. Let X, X̃ and Y be topological spaces. We suppose that Y is regionally
compact and Hausdor�. Show that the map

XY × X̃Y → (X × X̃)Y

(f, g) 7→
(
Y → X × X̃
y 7→ (f(y), f̃(y))

)
is a homeomorphism.
Remark. We refer to [Enge1989, Exercise 3.4B, p. 165] for a similar, and for the most
part, much more general statement.

Exercise 12.5. Let X be a topological space and let G be a topological group. We suppose
that G is regionally compact. Show that GX with the multiplication

GX ×GX → GX

(f, g) 7→
(
X → G
x 7→ f(x) · g(x)

)
is a topological group.

Exercise 12.6. Let n ∈ N. We consider the following map

Θ: SO(n) → Homeo(Sn−1) := self-homeomorphisms of Sn−1

A 7→ (P 7→ A · P ).

(a) Show that the map Θ is continuous.
(b) Show that the map Θ is an embedding.

Hint. Use Lemma 2.1 (4) and Lemma 12.1.

Exercise 12.7. Let Y = {1, . . . , n} be a �nite discrete space with n elements and let X
be a topological space. Show there exists a homeomorphism XY ∼= Xn.
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13. Mixing product and quotient topologies

In this, rather technical chapter, we will see that mixing product and quotient topologies
can be quite delicate. In particular we will give rather disturbing examples of natural
continuous bijections that are not homeomorphisms. Fortunately we will also give some
criteria which let us circumvent these issues.

13.1. Mixing product and quotient topologies: a disturbing example. We start
out with the following elementary lemma.
Lemma 13.1. Let X and Y be two topological spaces. Suppose we are given an equiv-
alence relation ∼ on X. We denote by ∼× the equivalence relation on X × Y that is
generated by (x, y) ∼× (x′, y) whenever x ∼ x′. The following map is a bijection and it is
continuous: ϕ : (X × Y )/∼× → (X/∼)× Y

[(x, y)] 7→ ([x], y).

Proof. It follows basically immediately from the de�nition of ∼× that the map ϕ is a
bijection. We will walk cautiously through the continuity argument.

We denote by p : X×Y → (X×Y )/∼× and q : X → X/∼ the two natural projections.
We have the following commutative diagram

X × Y
p

vv

q×idY

((

(X × Y )/∼×
ϕ

// (X/∼)× Y.

Let W Ă (X/∼)× Y be an open subset. We need to show that ϕ−1(W ) is an open subset
of (X ×Y )/∼×. By de�nition of the quotient topology we need to show that p−1(ϕ−1(W ))
is an open subset of X × Y .

By the JH-Lemma 1.7 and the de�nition of the product topology it su�ces to prove
the following claim.
Claim. For each (x, y) ∈ p−1(ϕ−1(W )) Ă X × Y there exists an open neighborhood Ux of
x ∈ X and an open neighborhood Vy of y ∈ Y such that Ux × Vy Ă p−1(ϕ−1(W )).

Proof. Since ([x], y) ∈ W and since W is an open subset of (X/∼) × Y we obtain, by
de�nition of the product topology, an open neighborhood Ũ[x] of [x] ∈ X/∼ and an open
neighborhood Vy of y ∈ Y with Ũ[x] × Vy Ă W . We set Ux := q−1(Ũ[x]). By de�nition
of the quotient topology this is an open subset of X. Therefore it remains to show that
Ux × Vy Ă p−1(ϕ−1(W )). In other words, we need to show that ϕ(p(Ux × Vy)) Ă W . This
inclusion follows from the following short argument:

ϕ(p(Ux×Vy)) = (ϕ ◦ p)(Ux×Vy) = (q×idY )(Ux×Vy) = q(q−1(Ũ[x]))×Vy = Ũ[x]×Vy Ă W.
↑ ↑

by the above commutative triangle since Ux = q−1(Ũ[x])

This concludes the proof of the claim and thus also of the lemma. �

One would expect that the map from Lemma 13.1 surely must be a homeomorphism. But
perhaps rather shockingly, the next lemma shows that in general this is not the case:
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Lemma 13.2. There exist topological spaces X and Y and an equivalence relation ∼ on
X with the following property: If we denote by ∼× the equivalence relation on X × Y
generated by (x, y) ∼× (x′, y) whenever x ∼ x′, then the map

ϕ : (X × Y )/∼× → (X/∼)× Y
[(x, y)] 7→ ([x], y)

is a bijection and it is continuous, but it is not a homeomorphism.
Remark. We refer to [Fab2005, Theorem 1], [BrownR2006, p. 111] and [Bou1998,
p. 128] for other examples which also show that mixing product and quotient topologies is
in general a very dangerous idea.

Proof. We consider X = R × N = {(x, n) |x ∈ R, n ∈ N}, equipped with the product
topology. Let ∼ be the equivalence relation on X that is generated by (0,m) ∼ (0, n)

for all m,n ∈ N. We set Y :=
∏
i∈N

R, equipped with the product topology introduced on

page 226. By Lemma 13.1 we know that the map

ϕ : (X × Y )/∼× → (X/∼)× Y
[(x, y)] 7→ ([x], y)

is a bijection and that it is continuous. It remains to show that ϕ is not a homeomorphism.
We will do so by exhibiting an open subset V of (X × Y )/∼× such that the image ϕ(V ) is
not an open subset of (X/∼)× Y .

Before we can proceed we need to introduce the following notation:
(1) We denote by q : X → X/∼ the natural projection.
(2) We write f = q × idY : X × Y → (X/∼)× Y .
(3) Given n ∈ N we set

Un := {((t, n), (y1, y2, y3, . . . )) ∈ X × Y | |t · yn| < 1}.

and we set U :=
⋃
n∈N

Un.

The key to proving the lemma is the following claim.
Claim 1. The set U has the following properties:
(1) U is an open subset of X × Y ,
(2) f−1(f(U)) = U ,
(3) f(U) is not open in (X/∼)× Y .

Proof.

(1) We want to show that U is an open subset of X × Y . It su�ces to show that each
Un is open. First note that the map

γ : X × Y = R× N×
∏
i∈N

R → R
(t, n, y1, y2, . . . ) 7→ t · yn

is continuous by the Topological-Product Proposition 5.1. Furthermore note that
{n} is an open subset of N. Now we see that

Un = γ−1((−1, 1)) ∩ R× {n} ×
∏
i∈N

R︸ ︷︷ ︸
open by de�nition of the product topology
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is the intersection of two open sets, thus it is open itself.
(2) We need to show f−1(f(U)) = U . By the Image-Preimage Lemma 0.2 (1) it remains

to show that f−1(f(U)) Ă U . In other words, we need to show that if v is an element
ofX×Y with f(v) ∈ f(U), then v ∈ U . But this statement follows from the following
claim.
Subclaim. Let v = ((s,m), (y1, y2, . . . )) and w = ((t, n), (z1, z2, . . . )) be two elements
in X × Y . If f(v) = f(w) and if w ∈ U , then we also have v ∈ U .
Proof. If v = w, then there is nothing to show. On the other hand, if v 6= w,
then it follows from the de�nition of the map f and the equivalence relation ∼ that
s = t = 0. But this implies that v and w lie in every Un, in particular they both lie
in U . �

(3) We prove this statement by contradiction. Thus suppose that f(U) is, contrary
to our hopes, an open subset of (X/ ∼) × Y . Note that ((0, 0), (0, 0, . . . )) ∈ U .
This implies that f((0, 0), (0, 0, . . . )) = ([(0, 0)], (0, 0, . . . )) is contained in f(U). By
de�nition of the product topology of (X/∼) × Y and of the product topology of
Y =

∏
i∈N

R there exists an open subset V Ă X/∼ and open subsets Wi Ă R with

([(0, 0)], (0, 0, . . . )) ∈ V ×
∏
i∈N
Wi Ă f(U) and such that all but �nitely Wi are equal to

R. We pick an N ∈ N withWN = R. Since [(0, 0)] ∈ V we see that q−1(V ) is an open
subset of X = R× N that contains the subset q−1([(0, 0)]) = {0} × N. In particular
q−1(V ) contains some point (s,N) with s 6= 0. We pick a real number yN > 1

|s| and
we consider the point

P := ((s,N), (0, . . . , 0, yN , 0, . . . )) ∈ X × Y.
↑

N -th entry
Note that

P ∈ q−1(V )×
∏
i∈N
Wi = f−1

(
V ×

∏
i∈N
Wi

)
Ă f−1(f(U)) = U =

⋃
n∈N

Un.
↑ ↑ ↑ ↑

since (s,N) ∈ q−1(V ) since f = q × idY see above by (2)
and since WN = R

By de�nition of the Un's we see that the only possibility is that P ∈ UN . But we
have |s · yN | > 1, i.e. P cannot possibly lie in UN . We have obtained a contradiction.
�

It remains to prove the following claim.
Claim 2. We set V := p(U).
(1) V is an open subset of (X × Y )/∼×,
(2) ϕ(V ) is not an open subset of (X/∼)× Y .

Proof. We denote by p : X × Y → (X × Y )/∼× the natural projection. We have the
following commutative diagram

X × Y f=q×idY //

p ((

(X/∼)× Y

(X × Y )/∼× .
ϕ

55



13. MIXING PRODUCT AND QUOTIENT TOPOLOGIES 407

Note that
p−1(V ) = p−1(p(U)) = f−1(f(U)) = U = an open subset of X × Y .

↑ ↑ ↑
since p = ϕ−1 ◦ f and since ϕ is a bijection by the previous claim

By the de�nition of the quotient topology on (X × Y )/∼× this means that V is indeed an
open subset of (X × Y )/∼×. Furthermore we have ϕ(V ) = ϕ(p(U)) = f(U). But by the
previous claim we know that f(U) is not an open subset of (X/∼) × Y . This concludes
the proof of the claim and thus of the lemma. �

The previous lemma leads us to the following cautionary remark:

Remark.

In general products and quotients of topological spaces do not mix well.

13.2. Whitehead's Quotient Theorem. In this section we will state Whitehead's Quo-
tient Theorem. It allows us to prove the Product-Quotient Mixing Lemma 13.6 which
shows that the disturbing situation of Lemma 13.1 cannot arise if Y is regionally compact.
In many applications later on we will consider the case Y = [0, 1] and the Product-Quotient
Mixing Lemma 13.6 will ride to our rescue.

De�nition. We say that a map f : X → Y between topological spaces is a quotient map
if f is surjective and if a subset U Ă Y is open in Y if and only if the preimage f−1(U) is
open in X.

Examples.
(1) We consider the map f : R→ R whose graph is shown in the �gure below. This map

is continuous, it is not an open map, but the reader is invited to verify that the map
is in fact a quotient map.

R

R

graph of f

(2) Let X = {0, 1} be a set of two elements 0, 1. Let S = {∅, X} be the trivial topology
and let T = {∅, X, {0}, {1}} be the discrete topology. Evidently the identity map
(X, T )→ (X,S) is a continuous bijection. But clearly it is not a quotient map.

The following lemma summarizes a few elementary properties of quotient maps.

Lemma 13.3. (Quotient Map Lemma)
(1) Let X be a topological space and let ∼ be an equivalence relation on X. The

projection X → X/∼ is a quotient map.
(2) If f : X → Y is a quotient map, then it is also continuous.
(3) If f : X → Y is a bijection between topological spaces and if it is a quotient map,

then f is a homeomorphism.

Proof.
(1) This statement follows immediately from the de�nition of the quotient topology on

the quotient X/∼.
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(2) Let f : X → Y be a quotient map. It follows immediately from the �only if� bit of
the de�nition of a quotient map that f is continuous.

(3) This statement follows immediately from (2) and the Open -Injective Map Lemma 2.16
(2). �

The following is the key technical theorem which in most reasonable situations will help us
to navigate the choppy waters involving product and quotient maps.

Theorem 13.4. (Whitehead Quotient Theorem) Let f : X → Z be a map between
topological spaces that is a quotient map. Furthermore let Y be a topological space. If Y
is regionally compact (e.g. if Y = [0, 1]), then the map

f × idY : X × Y → Z × Y
is also a quotient map.

Remark. This theorem is sometimes just called the �Whitehead Theorem� since it was �rst
proved by John Whitehead [WhdJ1948, Lemma 4] in 1948. For disambiguation purposes
we refer to it as the Whitehead Quotient Theorem and we reserve the name �Whitehead
Theorem� for Theorem 162.1.

We will provide the proof of the Whitehead Quotient Theorem 13.4 in the next section.
In the following we �rst state and prove some useful consequences of the Whitehead Quo-
tient Theorem 13.4. In fairness to the reader one should perhaps say that it is arguably
best to move on to the next chapter. It is only advisable to read the remainder of this
section once one really faces acute technical problems involving the mix of product and
quotient maps.
The following little lemma is the key to many applications of the Whitehead Quotient
Theorem 13.4.
Lemma 13.5. Suppose we are given a commutative diagram of maps between topological
spaces: X

p

zz

f

$$
Y ϕ

// Z.

The following two statements hold:
(1) If p and f are quotient maps, then ϕ is also a quotient map.
(2) If p is a quotient map and if f is continuous, then ϕ is continuous.

Proof.

(1) Suppose that p and f are quotient maps. Let V Ă Z be an open subset. We have
the following implications:

V is open ⇔ f−1(V ) is open ⇔ p−1(ϕ−1(V )) is open ⇔ ϕ−1(V ) is open.
↑ ↑ ↑

since f is a quotient since f = ϕ ◦ p we have since p is a quotient map and
map f−1(V ) = p−1(ϕ−1(V )) since p(p−1(ϕ−1(V ))) = ϕ−1(V )

Furthermore, it follows from the fact that the diagram commutes and the fact that
f is surjective, that ϕ is surjective. We have thus veri�ed that ϕ is a quotient map.

(2) Now we suppose that p is a quotient map and that f is continuous. We need to show
that given an open subset V Ă Z the preimage ϕ−1(V ) is open. The argument is
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basically exactly the same as in (1), except that the �rst arrow is only a right arrow,
since we only assume that f is continuous. �

We have the following addendum to Lemma 13.1.

Lemma 13.6. (Product-Quotient Mixing Lemma) Let X and Y be two topological
spaces. Suppose we are given an equivalence relation ∼ on X. We denote by ∼× the
equivalence relation on X × Y that is generated by (x, y) ∼× (x′, y) whenever x ∼ x′. If
Y is regionally compact, then the following map is a homeomorphism:

ϕ : (X × Y )/∼× → (X/∼)× Y
[(x, y)] 7→ ([x], y).

Proof. As we pointed out in the proof of Lemma 13.1, it is basically clear that ϕ is a
bijection. By the Quotient Map Lemma 13.3 it remains to show that ϕ is a quotient map.
We denote by p : X × Y → (X × Y )/∼× and q : X → X/∼ the two natural projections.
We have the following commutative diagram

X × Y
p

vv

f=q×idY

((

(X × Y )/∼×
ϕ

// (X/∼)× Y.

By the Quotient Map Lemma 13.3 (1) we know that p and q are quotient maps. Since Y
is regionally compact we obtain from the Whitehead Quotient Theorem 13.4 that q × idY
is a quotient map. It follows from Lemma 13.5 (1) that ϕ is also a quotient map. �

Later on we will use the following special case of the Product-Quotient Mixing Lemma 13.6.
Lemma 13.7. Let X and Y be two topological spaces, let A Ă X be a subset and let
f : A→ Y be a map. Using the notation from page 262, we see that the map

(X × [0, 1]) ∪f×id[0,1]
(Y × [0, 1]) → (X ∪f Y )× [0, 1]

[(P, t)] 7→ ([P ], t)

is a homeomorphism.

Proof. Once one unravels the de�nitions it is clear that this statement follows immediately
from the Product-Quotient Mixing Lemma 13.6 together with the observation that [0, 1] is
regionally compact. �

We conclude this list of applications of the Whitehead Quotient Theorem 13.4 with the
following proposition that gives a fairly explicit illustration of how the Whitehead Quotient
Theorem 13.4 can be used.
Proposition 13.8. Let X be a topological space, let A be a subset of X and let Y be a
topological space that is regionally compact. Then the map

ϕ : (X/A)× Y → (X × Y )/(A× Y )
([x], y) 7→ [(x, y)]

is a quotient map, in particular it is continuous.

Example. In the �gure below we illustrate the map studied in Proposition 13.8 in the case
that X = R, A = [a, b] and Y = [0, 1].
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X = R A = [a, b]

ϕ

(X/A)× [0, 1] (X × [0, 1])/(A× [0, 1])

Proof. We denote by p : X × Y → (X × Y )/(A × Y ) and q : X → X/A the two natural
projections. We have the following commutative diagram

X × Y
q×idY

vv

p

))

(X/A)× Y ϕ
// (X × Y )/(A× Y ).

By the Quotient Map Lemma 13.3 the maps p and q are quotient maps. Since Y is regionally
compact we obtain from the Whitehead Quotient Theorem 13.4 that q × idY is a quotient
map. It follows from Lemma 13.5 that ϕ is also a quotient map. By the Quotient Map
Lemma 13.3 (2) this implies that ϕ is indeed continuous. �

13.3. Proof of the Whitehead Quotient Theorem 13.4. Now that we procrastinated
for as long as possible, we will �nally run out of reasons not to turn to the proof of the
Whitehead Quotient Theorem 13.4. In fact we provide two proofs.

The �rst proof of the Whitehead Quotient Theorem 13.4 cleverly reduces the proof
to the Compact-Open Exponential Proposition 12.6. This approach pushes all the set-
theoretic nastiness into the proof of the Compact-Open Exponential Proposition 12.6. The
second proof of the Whitehead Quotient Theorem 13.4 is a bare-hands argument which can
be read independently of the previous section on the compact-open topology.

Proof. First proof of Theorem 13.4, using the Compact-Open Exponential Proposition 12.6]
We write W = Z × Y and we equip W with the topology that turns

g : X × Y → W
(x, y) 7→ (f(x), y)

into a quotient map. In other words, as a set we have W = Z × Y , but this time equipped
with the topology that is de�ned by the condition that U Ă W is open if and only if g−1(U)
is open. Note that with this topology on W the map g is in particular continuous. Next
we consider the following diagram

X × Y f×idY //

g(x,y)=(f(x),y) ''

Z × Y

h(z,y)=(z,y)xx
W

where h : Z × Y → W is the identity. Since g is by de�nition a quotient map it remains to
show that h is a homeomorphism. Evidently h is a bijection. Furthermore note that every
open set in Z × Y is open in W since f × idY is continuous. Thus it remains to show that
h is continuous.
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We consider the maps

ĝ : X → W Y

x 7→
(
Y → W
y 7→ g(x, y)

)
and

ĥ : Z → W Y

z 7→
(
Y → W
y 7→ h(z, y)

)
These maps �t into the following commutative diagram:

X
f

zz

ĝ

&&

Z
ĥ

// W Y .

We make the following observations:

(1) Since g : X × Y → W is continuous and since Y is by hypothesis regionally compact
we obtain from the Compact-Open Exponential Proposition 12.6 that ĝ : X → W Y

is continuous.
(2) By our hypothesis the map f is a quotient map.
(3) It follows from (1) and (2), together with Lemma 13.5 (2), that the map ĥ : Z → W Y

is continuous.
(4) It follows from the Compact-Open Exponential Proposition 12.6 and (3) that h is

indeed continuous. �

Our second proof of the Whitehead Quotient Theorem 13.4 is independent of earlier results.
But it does mean that we will have to get our hands somewhat dirty.

De�nition. Let f : X → Y be a map between two sets. We say U Ă X is saturated with
respect to f if U = f−1(f(U)). If f is understood, then we just say U is saturated.

X
projection f

Y

not saturated

saturated

Remark. Let f : X → Y be a map between two sets.

(1) Let U Ă Y be a subset. By the Image-Preimage Lemma 0.2 (1) we know that
U Ă f−1(f(U)). Thus U is saturated if and only if f−1(f(U)) Ă U .

(2) If f is an injection, then it follows from the Image-Preimage Lemma 0.2 (1) that
every subset of X is saturated.

The following is, besides the Image-Preimage Lemma 0.2, the only purely set-theoretic
lemma of these notes.

Lemma 13.9. Let f : X → Z be a map between two sets and let Y be another set. Let W̃
be a subset of X ×Y that is saturated with respect to the map f × idY : X ×Y → Z ×Y .
Let K Ă Y . We consider the set

U := {x′ ∈ X | {x′} ×K Ă W̃}.
The set U is saturated with respect to f .
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Proof. We write h = f × idY . By the above we need to show that f−1(f(U)) Ă U . Thus
let x ∈ f−1(f(U)) Ă X. We have

h({x}×K) = (f×idY )({x}×K) = {f(x)}×K = {f(x′)}×K = h({x′}×K) Ă h(W̃ ).
↑ ↑ ↑ ↑

de�nition of h since f(x) ∈ f(U) we know that de�nition of since x′ ∈ U
f(x) = f(x′) for some x′ ∈ U h = f × idY

It follows that

{x} ×K Ă h−1(h({x} ×K) Ă h−1(h(W̃ )) = W̃ .
↑ ↑ ↑

Image-Preimage Lemma 0.2 (1) by the above argument since W̃ is saturated

We have thus shown that x ∈ U . �

We will also need the following lemma which is again in the realm of topological spaces. It
can be viewed as a minuscule generalization of the Tube Lemma from Exercise 5.9.

Lemma 13.10. Let X and Y be topological spaces, let x ∈ X and let K Ă Y be a
compact subset. Let W̃ Ă X × Y be an open subset that contains {x} ×K. There exist
open neighborhoods U Ă X of x and V Ă Y of K such that {x} ×K Ă U × V Ă W̃ .
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XX

YY

K

x

W̃

X × Y

U × V

Proof of Lemma 13.10. Since W̃ Ă X × Y is open and since {x} ×K Ă W̃ we can �nd
for any k ∈ K open neighborhoods Ak of x ∈ X and Bk of k ∈ Y such that Ak ×Bk Ă W̃ .
Since K is compact there exist k1, . . . , km ∈ K such that K Ă V := Bk1 ∪ · · · ∪ Bkm . We
de�ne U := Uk1 ∩ · · · ∩ Ukm . Since U is the intersection of �nitely many open sets each of
which contain x we see that U is an open neighborhood of x. Clearly we have the inclusions
{x} ×K Ă U × V Ă W̃ . �

For convenience we remind the reader of the following lemma.
Lemma 1.7. Let X be a topological space and let U Ă X be a subset. If given any x ∈ U
there exists a neighborhood V of x that is contained in U , then U is open.
Now we can provide our alternative proof of the Whitehead Quotient Theorem 13.4.

Second proof of Theorem 13.4. Let f : X → Z be a map between topological spaces
that is a quotient map. Furthermore let Y be a topological space that is regionally compact.
We need to show that the map

f × idY : X × Y → Z × Y

is also a quotient map.
Since f is a quotient map we know by the Quotient Map Lemma 13.3 (2) that f is

continuous. Therefore it follows from the Product Topology-Basics Lemma 5.4 (3) that the
map f× idY is continuous. Therefore it now remains to show that ifW Ă Z×Y is a subset
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such that the preimage W̃ := (f × idY )−1(W ) is an open subset of X × Y , then W itself is
open.

We intend to use the JH-Lemma 1.7 to show that W is open. Thus let (z, y) ∈ W .
We pick x0 ∈ f−1(z). We equip {x0} × Y Ă X × Y with the subspace topology. By the
Product Topology-Basics Lemma 5.4 (2a) the map

i : Y → {x0} × Y
y 7→ (x0, y)

is an embedding. In particular Yx0 := i−1(W̃ ∩ ({x0} × Y )) is an open subset of Y . Note
that {x0} × Yx0 Ă W̃ . Since Y is regionally compact we can �nd a compact neighborhood
Kx0 of x0 that is contained in Yx0 . By de�nition of a neighborhood there exists an open
subset Y ′x0

of Y with x0 ∈ Y ′x0
Ă Kx0 . We de�ne

Ux0 := {x ∈ X | {x} ×Kx0 Ă W̃}.

Claim 1. The set f(Ux0) is an open subset of Z.

Proof. First we intend to use the JH-Lemma 1.7 to show that Ux0 is indeed an open subset
of Yx0 . Thus let x ∈ Ux0 . Since W̃ is an open subset of X × Y and since Kx0 is compact
it follows from Lemma 13.10 that there exist open subsets A Ă X and B Ă Y with x ∈ A
and Kx0 Ă B such that A×B Ă W̃ . Evidently this implies that A Ă Ux0 . Since x ∈ A we
have veri�ed that the openness criterion of the JH-Lemma 1.7 is satis�ed. We have thus
shown that Ux0 is an open subset of Yx0 .

Now we want to show that V := f(Ux0) is an open subset of Z. By Lemma 13.9 we
know that Ux0 is saturated with respect to f . In other words, we know that Ux0 = f−1(V ).
Now we use that by hypothesis f : X → Z is a quotient map. Since f−1(V ) = Ux0 is open
by (1) we obtain that V itself is open. But that is what we had wanted to show. �

By de�nition of the product topology we obtain that f(Ux0)× Y ′x0
is an open subset of

X × Y . Evidently we have (x, y) ∈ f(Ux0)× Y ′x0
. It remains to prove the following claim.

Claim 2. We have f(Ux0)× Y ′x0
Ă W .

Proof. The claim follows from the following equalities and inclusions:

de�nition of Ux0↓
f(Ux0)×Y ′x0

= (f×idY )(Ux0×Y ′x0
) Ă (f×idY )(Ux0×Kx0) Ă (f × idY )(W̃ ) = W.
↑ ↑

since Y ′x0 Ă Kx0 by the Image-Preimage Lemma 0.2 (2)
since by de�nition W̃ = (f × idY )−1(W ) �

Remark. A di�erent proof of the Whitehead Quotient Theorem 13.4, based on Proposi-
tions 12.4 and 12.6, is given in [Hat2002, Lemma A.17].

13.4. Mixing product and quotient topologies II (∗). In this section we prove a
second statement regarding the interplay between product and quotient topologies. More
precisely, we will prove the following proposition.
Proposition 13.11. Let X and Y be topological spaces. Let B be a subset of Y . We
denote by q : Y → Y/B the projection. If B is a compact subset of Y and if Y is Hausdor�,
then the map
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idX ×q : X × Y → X × (Y/B)
(x, y) 7→ (x, [y])

is a quotient map.

Remark.

(1) At �rst glance the statement of Proposition 13.11 might sound quite similar to the
statement of the Whitehead Quotient Theorem 13.4. But in a way it is quite di�erent,
this time there are no conditions at all on the �una�ected� factor X, but we do put
a condition on the projection Y → Y/B.

(2) According to [tD2008, Chapter 2.2, Exercise 16] one does not need to assume that
Y is Hausdor�.

(3) Finally we refer to [BrownR2006, Chapter 4.3] for more information on the interplay
between product and quotient topologies.

In the proof of Proposition 13.11 we need the following fairly elementary lemma.

Auxiliary Lemma 13.12. Let X and Y be topological spaces and let B be a compact
subset of Y . Let x ∈ X. IfW is an open subset of X×Y that contains {x}×B, then there
exists an open subset U of X and an open subset Ṽ Ă Y with {x} ×B Ă U × Ṽ Ă W .
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X × Y

{x} ×B {x} ×B

U × Ṽ
x

X Y

B

W W

Proof. Let W be an open subset of X × Y that contains {x} × B. By de�nition of the
product topology we can �nd for each b ∈ B an open neighborhood Ub of x in X and an
open neighborhood Vb of b in Y such that Ub × Vb Ă W . Since B is compact there exist
b1, . . . , bm such that B Ă Vb1 ∪ · · · ∪ Vbm . One can easily verify that U := Ub1 ∩ · · · ∩ Ubm
and Ṽ := Vb1 ∪ · · · ∪ Vbm have the desired properties. �

Proof of Proposition 13.11. Let X and Y be topological spaces and let B be a compact
subset of Y . We assume that Y is Hausdor�. We denote by q : Y → Y/B the natural
projection. Note that p = idX ×q. First note that it follows from the Topological-Quotient
Proposition 5.15 (1b) and the Product Topology-Basics Lemma 5.4 (3) that p is continuous.
This implies the �only if�-direction. It remains to show that �if�-direction. Thus let W Ă

X × (Y/B) be a subset that has the property that p−1(W ) is an open subset of X × Y .
We need to show that W is an open subset of X × (Y/B). By the JH-Lemma 1.7 and the
de�nition of the product topology it su�ces to prove the following claim.

Claim. For each (x, [y]) ∈ W Ă X× (Y/B) there exists an open neighborhood Ux of x ∈ X
and an open neighborhood V[y] of [y] ∈ Y/B such that Ux × V[y] Ă W .

Proof. As in the proof of Proposition 13.8 we consider two cases separately. First we
consider the case that [y] = [B] ∈ Y/B. It follows that p−1((x, [y])) = {x} × B. By
hypothesis p−1(W ) is an open subset of X × Y that contains p−1((x, [y])) = {x} × B.
Therefore it follows from Lemma 13.12 there exists an open subset Ux of X and an open
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subset Ṽy Ă Y with {x} × B Ă Ux × Ṽy Ă p−1(W ). We denote by V[y] the image of Ṽy
under the projection q : Y → Y/B. Note that V[y] is an open neighborhood of [y] ∈ Y/B.147
Finally note that

Ux × V[y] = (idX ×q)(Ux × Ṽy) = p(Ux × Ṽy) Ă p(p−1(W )) = W.

It remains to consider the case that [y] 6= [B] ∈ Y/B. We see that (x, y) ∈ W . Since B
is compact and since Y is Hausdor� we know by the Compact-Closed Lemma 1.21 that B
is a closed subset of Y , i.e. Y \B is open. It follows immediately from the de�nition of the
product topology on X × B, the fact that Y \ B is open, the fact that p−1(W ) is an open
neighborhood of (x, y) and the fact that y 6∈ B that there exists an open neighborhood Ux
of x and an open neighborhood Ṽy of y with Ṽy Ă X \B and with Ux× Ṽy Ă p−1(W ). One
easily veri�es that Ux and Vy = q(Ṽy) have the desired properties. �

147Indeed, since B Ă Ṽy we see that q−1(V[y]) = q−1(q(Ṽy)) = Ṽy ∪ B = Ṽy, which is an open set. By the
de�nition of the quotient topology on Y/B we see that q−1(V[y]) is indeed open.





Part II

Basics of homotopy theory



14. Homotopies

Loosely speaking two maps f, g : X → Y are called homotopic if one can be deformed
into the other. In the subsequent chapter we will use to this notion of homotopic maps to
explain what it means for two topological spaces to be �homotopy equivalent�.

14.1. Homotopic maps. In its most basic form a homotopy is a continuous deformation
of maps between two topological spaces. To make this notion precise it is convenient to
introduce the following notation.

Notation. Let X and Y be two topological spaces and let I Ă R be a subset. Given a
map F : X × I → Y 148 and given t ∈ I we often denote by Ft the map149

Ft : X → Y
x 7→ F (x, t).

Now we move on to the actual de�nition we are interested in.

De�nition. Let X and Y be two topological spaces.
(1) Let f0, f1 : X → Y be two maps. A homotopy between the maps f0 and f1 is a map

F : X × [0, 1] → Y with F0 = f0 and F1 = f1. If there exists a homotopy between
the maps f0 and f1, then we say that f0 and f1 are homotopic and sometimes we
write f0 ' f1.

(2) A map f : X → Y is called null-homotopic if it is homotopic to a constant map.
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X

f0

f1

Y

X×[0, 1] F

Examples.

(1) In the �gure below we show four maps α, β, γ and δ from the circle S1 to the annulus
Y = B2(0)\B1(0). The maps α and β are homotopic whereas the maps γ and δ look
as if they are not homotopic. But only much later, namely in Chapter 48, will we
develop methods for showing that these maps are indeed not homotopic.
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β δ

γα

the maps γ and δ appear not to be homotopicthe maps α and β are homotopic

148Recall that all maps between topological spaces are understood to be continuous.
149Note that it follows from the Product Topology-Basics Lemma 5.4 (1a) together with Lemma 2.1 (1)
that the map Ft is indeed continuous.
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(2) Given an orthogonal matrix A ∈ O(n) we denote by ρ(A) the map f : Sn−1 → Sn−1

that is given x 7→ A · x.
(a) Let γ : [0, 1] → SO(n) be a path from some matrix A to some matrix B. The

map150 Sn−1 × [0, 1] → Sn−1

(x, t) 7→ γ(t) · x
is a homotopy from ρ(A) to ρ(B).

(b) Let A ∈ O(n). If det(A) = 1, i.e. if A ∈ SO(n), then it follows from the
Matrix Group Path-Component Proposition 2.37 (3) that there exists a path
γ : [0, 1] → SO(n) with γ(0) = A and γ(1) = id. It follows from (a) that ρ(A)
is homotopic to the identity. Much later, on page 1686, we will see that if
det(A) = −1, then f is actually not homotopic to the identity.

(c) It follows immediately from the de�nitions that a topological space X is path-
connected if any two maps {∗} → X are homotopic.

The next example of a homotopy is written down as a lemma.

Lemma 14.1. (Convex Homotopy Lemma) Let X be a topological space and let
Y Ă Rn be a subset. Furthermore let f0, f1 : X → Y be two maps. If Y is convex, then

F : X × [0, 1] → Y
(x, t) 7→ f0(x) · (1− t) + f1(x) · t︸ ︷︷ ︸

∈ Y since Y is convex

is a homotopy between f0 and f1.
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F (x, t) = f0(x) · (1− t) + f1(x) · x

f0

f1

x

Proof. Basically by de�nition we have F0 = f0 and F1 = f1. But we are not done yet, the
conscientious reader will not have failed to notice that we need to show that the map F
is actually continuous. The map F can be written as the composition of the following two
maps:

X × [0, 1]
(x,t)7→(f0(x),f1(x),t)−−−−−−−−−−−−→ Rn × Rn × [0, 1]

(x,y,t)7→(x·(1−t)+y·t)−−−−−−−−−−−−−→ Rn.

The �rst map is continuous by the Product Topology-Basics Lemma 5.4 (2) and the Product
Topology-Basics Lemma 5.4 (1) and the second map is continuous by Lemmas 2.3 and the
Product Topology-Basics Lemma 5.4 (2a). �

Often it is more interesting to consider homotopies that �x a given subset. This leads us
to the following de�nition.
De�nition. Let X and Y be topological spaces and let A Ă X be a subset.
(1) We say a map F : X× [0, 1]→ Y is a homotopy rel A if for all x ∈ A and s, t ∈ [0, 1]

we have F (x, s) = F (x, t).

150It follows from various standard results, see e.g. Lemma 2.3, the Product Metric Lemma 5.3 and the
Product Topology-Basics Lemma 5.4 (4) that the map is continuous.
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(2) We say that two maps f, g : X → Y with f |A = g|A are homotopic rel A if there
exists a homotopy F rel A with F0 = f and F1 = g.
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homotopy F rel A
g

f

A

Examples.
(1) Let f, g : [a, b]→ Y = R2 \B1(0) be the two maps from an interval to the topological

space Y that are shown in the �gure below. Note that f(a) = g(a) and f(b) = g(b).
As we will see in Exercise 14.2, any two maps from an interval into a path-connected
space are homotopic. On other hand it looks rather unlikely that the two maps are
homotopic rel {a, b}, i.e. it does not look like we can deform f into g while keeping
the endpoints of the interval �xed. Unfortunately we will have to wait till Chapter 48
to develop tools for showing that these two maps f and g are indeed not homotopic
rel {a, b}.
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Y = R2 \B1(0)

g

f

a b

(2) We consider the two maps f, g : B
2 → S2 that are shown in the �gure below. These

maps agree on S1. It is fairly easy to see that the two maps are homotopic but it
seems rather unlikely that they are homotopic rel S1. Unfortunately, as in (1), right
now we lack the tools for showing the latter statement. Only much later, namely in
Exercise 74.24, will we see that the two maps f and g are not homotopic rel S1.
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A = S1

We continue with the next variation on the notion of homotopy.
De�nition. Let X and Y be two topological spaces.
(1) (a) An isotopy is a homotopy F : X × [0, 1] → Y such that for each t ∈ [0, 1] the

map Ft : X → Y is an embedding.
(b) A homeotopy is a homotopy F : X × [0, 1]→ Y such that for each t ∈ [0, 1] the

map Ft : X → Y is a homeomorphism.
(2) Let f0, f1 : X → Y be two maps that are embeddings. We say f0 and f1 are isotopic

if there exists an isotopy F : X × [0, 1]→ Y with F0 = f0 and F1 = f1. Similarly we
de�ne homeotopic.

Examples.
(1) In the �gure below we show two maps f0, f1 : [0, 1] → R2 that are embeddings. We

also indicate two homotopies F and G between f0 and f1. The map F is an isotopy,
the map G is not.
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f0GF

f1

f0

0

1

X × [0, 1]

F is an isotopy

f1

G is not an isotopy

(2) Let n ∈ N. Let f : B
n → B

n
be a homeomorphism. If f |Sn−1 = idSn−1 , then f is

isotopic to idBn . Indeed, in Exercise 14.5 we will see that the map

H : B
n × [0, 1] → B

n

(x, t) 7→
{
t · f(x

t
), if 0 ≤ ‖x‖ < t,

x, otherwise

is continuous and that each Ht is a homeomorphism. It is clear that H0 = id and
H1 = f . Thus we see that H is the desired isotopy. The fact that f is isotopic to
idBn is often referred to as the Alexander trick.151
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��� the map fH(x, t) = x outside of

the blue cone

the map f �shrunk� to a map B
n

t → B
n

t

B
n×{0} B

n×{1}

idBn

The next lemma is a re�ned version of the Convex-to-Ball Proposition 2.20 (2).

Lemma 14.2. Let A be a bounded closed convex subset of Rn with non-empty interior.
Let Q be a point in the interior of A. There exists a canonical isotopy F : A× [0, 1]→ Rn

with the following three properties:
(1) we have F0 = idA,
(2) the map F1 is a homeomorphism from A to B

n
and this map restricts to a homeo-

morphism ∂A→ Sn−1,
(3) for any t ∈ [0, 1] we have F (Q, t) = (1− t) ·Q.152
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Ft(A)

B
n

Q

A

Remark. If A is �di�eomorphic� to B
n
, then the Di�eotopies-of-Rn-Classi�cation Propo-

sition 34.3 gives a signi�cant re�nement of the conclusion of Lemma 14.2.

151The existence of such a homotopy was �rst observed by James Alexander in 1923, see [Al1924a].
152In particular, if Q is already the origin, then F is a homotopy rel the origin.
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Proof. First consider the case that Q is the origin. As in the statement of the Convex-to-
Ball Proposition 2.20 (2) we consider the map.

ρ : A \ {Q} → R≥0

x 7→ sup
{
‖rx‖

∣∣ r ∈ R>0 and r(x−Q) +Q ∈ A
}
.

In Lemma 2.21 (1) we showed that ρ is continuous. Similar to the discussion on page 160
we consider the map

F : A× [0, 1] → B
n

(x, t) 7→

{
x · 1

(1−t)+t·ρ(x) , if x 6= 0,

0, if x = 0.

As in Lemma 2.21 (2) one can show that F is continuous. It is straightforward to verify
that this map has all the desired properties.

We leave it to the reader to modify the above proof to deal with the case that Q is not
the origin. �

After these examples we return to developing the general theory of homotopies. On many
occasions it will be useful to combine two homotopies or isotopies. This leads us to the
following lemma.

Lemma 14.3. (Homotopy Stacking Lemma) Let X and Z be topological spaces.
(a) Let Y be a topological space and let f : X × Y → Z be a map. Suppose we are

given �nitely many closed subsets A1, . . . , Am of Y with
m⋃
i=1
Ai = Y . If each map

X × Ai → X × Y → Z is continuous, then f itself is continuous.
(b) Let a < b < c be real numbers and let f : X× [a, c]→ Z be a map. If the restrictions

of f to X × [a, b] and to X × [b, c] are continuous, then f itself is continuous.

Proof.
(1) By the Product Topology-Basics Lemma 5.4 (4) the identity

X × Ai equipped with the
subspace topology from Y

−→ X × Ai equipped with the subspace
topology from X × Y

is actually a homeomorphism. Together with our hypothesis this shows that for each
i ∈ {1, . . . ,m} the map

f |X×Ai : X × Ai︸ ︷︷ ︸ −→ Z

↑
equipped with subspace topology from X × Y

is continuous. By the Product-of-Subsets Lemma 5.5 (1) we know that Ai × Y is a
closed subset of X × Y . Now it follows from the Pasting Proposition 2.6 (2) that f
is indeed continuous.

(2) This statement is just a frequently used special case of (1). �

Now we can introduce the promised lemma that allows us to combine homotopies.

Lemma 14.4. (Homotopy Combination Lemma) Let X and Y be topological spaces
and let A Ă X be a (possibly empty) subset of X. Let G,H : X × [0, 1] → Y be two
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homotopies rel A. If G1 = H0, then the map

G ∗H : X × [0, 1] → Y

(P, t) 7→
{
G(P, 2t), if t ∈ [0, 1

2
],

H(P, 2t− 1), if t ∈ [1
2
, 1].

is a homotopy rel A from G0 to H1. Furthermore, if G and H are isotopies (homotopies),
then G ∗ H is also an isotopy (homeotopy). We refer to G ∗ H as the combination of G
and H.
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YG

H
G ∗H

0

1
2

1

Proof. We only need to verify that G ∗H is indeed continuous, but that is a consequence
of the Homotopy Stacking Lemma 14.3 together with our hypothesis that G1 = H0. �

The following lemma says in particular that being homotopic is an equivalence relation on
the set of maps between two topological spaces.
Lemma 14.5.
(1) Let X be and Y topological spaces and let A be a (possibly empty) subset of X.

Then �homotopy rel A of maps� forms an equivalence relation on the set of maps
from X to Y . The same applies for �isotopy� and �homeotopy�.

(2) Let f, g : X → Y , let α : W → X and β : Y → Z be maps between topological spaces.
Furthermore let A Ă X be a (possibly empty) subset. The following conclusion
holds:

f is homotopic to g rel A =⇒ f ◦ α is homotopic to g ◦ α rel α−1(A)
f is homotopic to g rel A =⇒ β ◦ f is homotopic to β ◦ g rel A
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βf

g

α X Y

A

W Z

α−1(A)

Proof.

(1) We have to show that �homotopy rel A� satis�es the three properties of an equivalence
relation. To simplify the notation we only deal with the case A = ∅. In the following
let f, g, h : X → Y be three maps.
• The �constant homotopy� given by F (x, t) := f(x) de�nes a homotopy between f
and f .
• Let F be a homotopy from f to g. Then it is clear that the map F ′ that is de�ned
by F ′(x, t) := F (x, 1− t) is a homotopy from g to f .
• Let F be a homotopy from f to g and let G be a homotopy from g to h. We
consider the map

X × [0, 1] → Y

(x, t) 7→
{
F (x, 2t), if t ∈

[
0, 1

2

]
,

G(x, 2t− 1), if t ∈
(

1
2
, 1
]
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It follows from the Homotopy Stacking Lemma 14.3 that this map is continuous.
It is now clear that this map is a homotopy from f to h.

(2) This statement is basically obvious, we just need to precompose and postcompose a
homotopy H : X × [0, 1]→ Y between f and g by α× id[0,1] : W × [0, 1]→ X × [0, 1]
respectively by β : Y → Z. �

Lemma 14.6. Let X, Y and Z be topological spaces. Let f, f ′ : X → Y and g, g′ : Y → Z
be maps.
(1) If f and f ′ are homotopic and if g and g′ are homotopic, then the map g ◦ f is

homotopic to g′ ◦ f ′.
(2) If there exists a subset A of X such that f and f ′ are homotopic rel A and if there

exists a subset B of Y such that f(A) = f ′(A) Ă B and such that g and g′ are
homotopic rel B, then g ◦ f is homotopic to g′ ◦ f ′ rel A.
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��������������f

g

Y

g′

f ′X Z

Proof.
(1) Let F : X × [0, 1] → Y be a homotopy between f and f ′ and let G : Y × [0, 1] → Z

be a homotopy between g and g′. We denote by π : X × [0, 1]→ [0, 1] the projection
onto the second factor. We now consider the map

H : X × [0, 1]
(F,π)−−−→ Y × [0, 1]

G−→ Z
(x, t) 7→ (F (x, t), t)

(y, t) 7→ G(y, t).

It follows from Lemma 2.1 (1) and the Product Topology-Basics Lemma 5.4 (1b)
that the map H(x, t) = G(F (x, t), t) is actually continuous. By plugging in t = 0
and t = 1 we see that H : X × [0, 1]→ Z is a homotopy between g ◦ f and g′ ◦ f ′.

(2) One can easily verify that the homotopy in (1) also does the trick for (2). �

14.2. Homotopies on quotients and pushouts. In this section we collect several subtle
lemmas which show that, under the right circumstances, homotopies descend to quotient
spaces and that given a �gluing X ∪f Y � we can also glue homotopies. This section is much
less pleasant to read than the previous section and it is arguably best if the reader only
takes a peek once the results are actually used.

Before we state these two technical statements, we point out that the proof of these
two statements eventually boils down to the rather subtle and delicate Whitehead Quotient
Theorem 13.4.

After this preamble, let us move to the key result of this section which shows that
homotopies descend to quotients.

Theorem 14.7. (Homotopy Quotient Theorem) Let X and Y be topological spaces.
Furthermore let ∼X be an equivalence relation on X and let ∼Y be an equivalence relation
on Y . If F : X× [0, 1]→ Y is a homotopy such that F (x, t) ∼Y F (x′, t) whenever x ∼X x′,
then the map153
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ϕ : (X/∼X)× [0, 1] → Y/∼Y
([x], t) 7→ [F (x, t)]

is continuous.

Remark. We will deal with the important special case where the equivalence relation on
X is given by a group action in Exercise 48.23.

Proof. We denote by p : X → X/∼X and q : Y → Y/∼Y the natural projections. We have
the following commutative diagram

X × [0, 1]
p×id[0,1]

tt

q◦F

((

(X/∼X)× [0, 1]
ϕ

([x],t)] 7→[F (x,t)]
// Y/∼ .

By the Quotient Map Lemma 13.3 (1) the map p is a quotient map. Since [0, 1] is regionally
compact we obtain from the Whitehead Quotient Theorem 13.4 that p × id[0,1] is also
a quotient map. Note that by the Topological-Quotient Proposition 5.15 (1a) and by
hypothesis the map q ◦ F is continuous. Thus we obtain from Lemma 13.5 (1) that ϕ is
continuous. �

For the reader who is wary of the Whitehead Quotient Theorem 13.4 we provide a second
argument that works in many, but certainly not all cases.
Proof of Theorem 14.7 if X is compact and if X/ ∼X is Hausdor�. On X × [0, 1]
we consider the equivalence relation ∼ given by (x, t) ∼ (x′, t′) ⇐⇒ x ∼X x′. We denote
by h : X × [0, 1]→ (X × [0, 1])/ ∼ the natural projection. We consider the maps

f : X × [0, 1] → X/ ∼X ×[0, 1]
(x, t) 7→ ([x], t)

and
π : (X × [0, 1])/ ∼ → X/ ∼X ×[0, 1]

[(x, t)] 7→ ([x], t).

By the Topological-Quotient Proposition 5.15 (1a) the projection p : X → X/ ∼X is con-
tinuous. This shows that the map to the left is continuous. By the Topological-Quotient
Proposition 5.15 (1b) this implies that the induced map π to the right is also continuous.
One can easily verify that π is a bijection. By hypothesis X is compact. By the Product
Topology Properties Proposition 5.6 (2) this implies that X × [0, 1] is compact. It follows
from Topological-Quotient Proposition 5.15 (1a) and the Compact Image Lemma 2.13 that
(X × [0, 1])/ ∼ is compact. Next recall that by hypothesis X/ ∼X × is Hausdor�. By
the Product Topology Properties Proposition 5.6 (1) this implies that X/ ∼X ×[0, 1] is
Hausdor�. In summary it follows from the Compact-Hausdor� Proposition 2.17 (3) that π
is a homeomorphism.

Now we consider the following diagram:

X × [0, 1]
F //

f

��

h

++

Y

q

��

(X × [0, 1])/ ∼

π

∼=
ss g

,,
(X/∼X)× [0, 1]

ϕ
// Y/ ∼Y .

153It follows from our hypothesis on F that the map ϕ is well-de�ned.
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We make the following clari�cations and observations:
(1) Note that the map q ◦ F : X × [0, 1] → Y factors by our hypothesis through the

map h : X × [0, 1]→ (X × [0, 1])/ ∼. It follows again from the Topological-Quotient
Proposition 5.15 (1b) that the induced map g : (X× [0, 1]) ∼→ Y/ ∼Y is continuous.

(2) We denote by q : Y → Y/ ∼Y the natural projection.
(3) The map ϕ : (X/∼X)× [0, 1]→ Y/ ∼Y equals the map q ◦ F ◦ π−1. We just showed

that each of these three maps is continuous. Thus ϕ is continuous. �

Example. Let n ∈ N and let ϕ : [0, 1]→ GL(n,R) be a map. It follows from the Homotopy
Quotient Theorem 14.7 that the map

RPn−1 × [0, 1] → RPn−1

([P ], t) 7→ [ϕ(t) · P ]

is continuous. The same conclusion also holds if we replace �R� by �C�.

The following lemma is a hands-on special case of the Homotopy Quotient Theorem 14.7.
Lemma 14.8. Let X be a topological space. Furthermore let A Ă B be two subsets of
X. If F : B × [0, 1]→ X is a homotopy with F (A× [0, 1]) Ă A, then the induced map154

(X/A)× [0, 1] → Y/B
([x], t) 7→ [F (x, t)]

is continuous.

Example. Let γ : [0, 1]→ O(n) be a continuous map. We consider the maps

F : B
n × [0, 1] → B

n

(x, t) 7→ γ(t) · x and F : (B
n
/Sn−1)× [0, 1] → B

n
/Sn−1

([x], t) 7→ [γ(t) · x].

It follows from Lemma 2.3, the Product Metric Lemma 5.3 and the Product Topology-
Basics Lemma 5.4 (4) that the map F to the left is continuous. We now obtain from
Lemma 14.8 that the map F to the right is also continuous.

Proof. This statement follows immediately from the Homotopy Quotient Theorem 14.7
and the fact that quotients of topological spaces are de�ned via equivalence relations. �
We conclude this section with the following lemma which shows how to de�ne homotopies
on pushouts.

Lemma 14.9. (Homotopy Pushout Lemma) Let f : X → Y and g : X → Z be maps
between topological space. As on page 259 we de�ne the pushout

Y ∪X Z := (Y t Z)/∼ where f(x) ∼ g(x) for all x ∈ X.
Furthermore let W be another topological space. Suppose that we are given two homo-
topies G : Y × [0, 1] → W and H : Z × [0, 1] → W such that for every x ∈ X and every

154Since F is a homotopy rel A we see that the map is well-de�ned.
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t ∈ [0, 1] we have G(f(x), t) = H(g(x), t). Then the map

F : (Y ∪X Z)× [0, 1] → W

([P ], t) 7→
{
G(P, t), if P ∈ Y,
H(P, t), if P ∈ Z

is well-de�ned and it is continuous.
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Y ×[0, 1] Y ×[0, 1]F GW

Y

f g
Y ∪X ZX

Z

Proof. It follows from Exercise 5.3 that the map

(Y t Z)× [0, 1] → W

(P, t) 7→
{
G(P, t), if P ∈ Y,
H(P, t), if P ∈ Z

is continuous. The statement now follows from the Homotopy Quotient Theorem 14.7 and
the de�nition of the pushout as a quotient of Y t Z. �

Exercises for Chapter 14.

Exercise 14.1. Let X be a topological space and let f, g : X → Sn be two maps such that
for any x ∈ X we have ‖f(x)− g(x)‖ < 2. Show that f and g are homotopic.

Exercise 14.2. Let Y be a path-connected space.

(a) Show that any two maps from an interval into Y are homotopic.
(b) Let k ∈ N0. Show that any two maps B

k → Y are homotopic.

Exercise 14.3. Let X be a topological space and let f, g : X → S1 be maps. We assume
that for any x ∈ X we have f(x) 6= −g(x) ∈ S1. Show that f and g are homotopic.
Hint. Consider the map S1 → S1 that is given by z 7→ f(z) · g(z)−1.

Exercise 14.4. Let X be a topological space and let f : X → Rn \ {0} be a map. Show
that f is homotopic to the map X → Rn \ {0} given by x 7→ f(x)

‖f(x)‖ .

Exercise 14.5. Let n ∈ N and let f : B
n → B

n
be a homeomorphism with f |Sn−1 = idSn−1 .

We consider the map
H : B

n × [0, 1] → B
n

(x, t) 7→
{
t · f(x

t
), if 0 ≤ ‖x‖ < t,

x, otherwise.

(a) Show that H is continuous.
(b) Show that for each t ∈ [0, 1] the map Ht : B

n → B
n
is a homeomorphism.

Remark. The fact that f is isotopic to idBn is often referred to as the Alexander trick.
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Exercise 14.6. Let X and Y be topological spaces and let F : X × [0, 1] → Y be a
homotopy. Show that there exists a homotopy G : X × [0, 1] → Y with the following
properties:
(1) G0 = F0 and G1 = F1,
(2) there exists an ε ∈ (0, 1) such that for each t ∈ [0, ε] we have Gt = G0 and such that

for each t ∈ [1− ε, 1] we have Gt = G1

(3) For each s ∈ [0, 1] there exists a t ∈ [0, 1] with Gs = Ft.

Exercise 14.7.

(a) Let f : [0, 1]→ [0, 1] be a self-homeomorphism.
(i) Show that f is monotonously increasing or monotonously decreasing.
(ii) Suppose f is monotonously increasing. Show that f is isotopic to the map that

is given by g(x) = x.
(iii) Suppose f is monotonously decreasing. Show that f is isotopic to the map that

is given by g(x) = −x.
(b) Show that any self-homeomorphism of S1 is isotopic to the map f(z) = z or to the

map g(z) = z.
Hint. Let f : S1 → S1 be a self-homeomorphism. First consider the case that
f(1) = 1.

Remark. We will provide a di�erent, and arguably more satisfying, proof of Statement (a)
in Exercise 48.24.

Exercise 14.8. Let X be a Hausdor� space, let P ∈ X and let F : B
n × [0, 1] → X be a

map such that for every t ∈ [0, 1] the image Ft(B
n
) is a neighborhood of P .

(a) Show that there exists a connected open neighborhood U of P such that for every
t ∈ [0, 1] we have Ft(Sn−1) ∩ U = ∅.

(b) Let U be as in (a). Show that for each t ∈ [0, 1] we have U Ă Ft(B
n).
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Exercise 14.9. Let h be a complex polynomial of degree ≥ 1. In Exercise 2.35 we showed
that the map Θ(h) : C ∪ {∞} → C ∪ {∞}

z 7→
{
h(z), if z ∈ C,
∞, if z =∞

is continuous. Now let f and g be two polynomials with complex coe�cients of degree ≥ 1.
Suppose that deg(f) = deg(g). Show that the maps Θ(f) and Θ(g) are homotopic.
Remark. It is quite easy to write down a candidate for a homotopy. But why is the map
you wrote down actually continuous?

Exercise 14.10. Using Lemma 2.18 we can make the identi�cation S1 = R ∪ {∞}. Now
let f be a polynomial with real coe�cients of degree n ≥ 1. In Exercise 2.35 we showed
that the map



14. HOMOTOPIES 429

F : S1 = R ∪ {∞} → R ∪ {∞} = S1

t 7→
{
f(t), if t ∈ R,
∞, if t =∞

is continuous. (See the �gure on page 188 for an illustration.) Show that F is homotopic
to one of the following three types of self-maps of S1:

(1) a(z) = z (2) b(z) = z (3) c(z) = 1.

Exercise 14.11. Let X be a topological space and let Y be a topological space that is
regionally compact. Let f0, f1 : Y → X be two maps. Show that the following holds:

f0 and f1 are homotopic ⇐⇒ f0 and f1 lie in the same path component of Y X .

Remark. Use the Compact-Open Exponential Proposition 12.6.

Exercise 14.12. We consider the two maps f, g : [0, 1] → R3 shown in the �gure below.
Note that f(0) = g(0) and f(1) = g(1).
(a) Show that the maps f and g are homotopic rel {0}.
(b) Are the two maps f and g homotopic rel {0, 1}?
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Exercise 14.13. Recall that according to the de�nition on page 180 a map f : A → B
between topological spaces is called proper, if the preimage of each compact subset of B
is a compact subset of A. Let X and Y be topological spaces. Provide an example of a
homotopy F : X × [0, 1]→ Y such that each Ft : X → Y is proper but such that the map
F : X × [0, 1]→ Y is not proper itself.
Hint. You can �nd examples with X = Y = R and F0 = F1 = id.

Exercise 14.14. Recall that according to the de�nition on page 180 a map f : A → B
between topological spaces is called proper, if the preimage of each compact subset of B
is a compact subset of A. Let X and Y be topological spaces. We say that two maps
f, g : X → Y are properly homotopic if there exists a proper homotopy F : X × [0, 1] → Y
between f and g, i.e. F is a homotopy between f and g and the map F : X × [0, 1]→ Y is
also proper.
(a) Show that any two proper maps [0,∞)→ R2 are properly homotopic.
(b) Show that there exist proper maps f, g : [0,∞) → R × [−1, 1] that are not properly

homotopic.
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properly homotopic?

R× [−1, 1]

properly homotopic

proper maps

[0,∞)
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15. Homotopy equivalences and homotopy equivalent topological spaces

This chapter is a direct continuation of the previous chapter. In the last chapter we de�ned
what it means formaps between topological spaces to be homotopic. Now in this chapter we
will use this notion to de�ne what it means for topological spaces to be homotopy equivalent.
This notion is rather subtle and - at least for this author - not entirely intuitive.

15.1. Homotopy equivalent topological spaces. For the reader's convenience we recall
the following de�nition from page 418.

De�nition. Let X and Y be two topological spaces. We say that two maps f0, f1 : X → Y
are homotopic, written f0 ' f1, if there exists map F : X × [0, 1] → Y with F0 = f0 and
with F1 = f1.
The following de�nition is one of the key de�nitions in topology. Unfortunately it usually
takes some time to fully digest it.

De�nition. Let X be and Y topological spaces.
(1) A map f : X → Y is a homotopy equivalence between X and Y , if f admits a

homotopy inverse, i.e. a map g : Y → X with g ◦ f ' idX and f ◦ g ' idY .
(2) If there exists a homotopy equivalence between X and Y , then we say that X and

Y are homotopy equivalent.
(3) Given a topological space X we refer to the class of all topological spaces that are

homotopy equivalent to X as the homotopy type of X.

Remark.

(1) Basically by de�nition a homeomorphism is a homotopy equivalence.
(2) In this chapter we study basic properties and basic examples of homotopy equiv-

alences. Much much later we will state and prove the Whitehead Theorem 162.1
which in many cases gives a fairly practical criterion for showing that a given map is
a homotopy equivalence.

The name �homotopy equivalence� already suggests that this is an equivalence relation on
the class of topological spaces. This is indeed the case:

Lemma 15.1. (Homotopy-Equivalence Basics Lemma)
(1) Let f : X → Y and g : Y → Z be maps between topological spaces. If two out of

the three maps f, g and g ◦ f are homotopy equivalences, then so is the third.
(2) The relation �homotopy equivalence� is an equivalence relation on the class of all

topological spaces.155

(3) Let f, g : X → Y be two maps between topological spaces. If f is a homotopy
equivalence and if g is homotopic to f , then g is also a homotopy equivalence.

(4) Let X, Y and Z be topological spaces.
(a) Let f : X → Y and let g0, g1 : Y → Z be maps such that g0 ◦ f ' g1 ◦ f . If f is

a homotopy equivalence, then g0 ' g1.
(b) Let f0, f1 : X → Y and let g : Y → Z be maps such that g ◦ f0 ' g ◦ f1. If g is

a homotopy equivalence, then f0 ' f1.
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Proof.
(1) Let f : X → Y and g : Y → Z be maps between topological spaces. There are three

slightly di�erent statements that need to be proved.
(a) First suppose that the maps f : X → Y and g : Y → Z admit homotopy inverses

f ′ : Y → X and g′ : Z → Y . Then we see that

(f ′ ◦ g′) ◦ (g ◦ f) = f ′ ◦ (g′ ◦ g) ◦ f ' f ′ ◦ idY ◦f = f ′ ◦ f ' idX .
↑

by Lemma 14.5 (2) since g′ ◦ g ' idY

Similarly one shows that (g ◦ f) ◦ (f ′ ◦ g′) ' idZ . Thus we have shown that g ◦ f
is a homotopy equivalence.

(b) Next suppose that f : X → Y and g ◦ f : X → Z admit homotopy inverses
f ′ : Y → X and h′ : Z → X. Then we see that

(f ◦ h′) ◦ g ' f ◦ h′ ◦ (g ◦ f) ◦ f ′ ' f ◦ idX ◦f ′ ' idY .
↑ ↑

by Lemma 14.5 (2) since f ◦ f ′ ' idY since h′ is a homotopy inverse of g ◦ f

Similarly one shows that g ◦ (f ◦ h′) ' idZ . Thus we have shown that g is a
homotopy equivalence.

(c) A slight variation on the argument of (1b) shows that if g and g ◦f are homotopy
equivalence, then so is f .

(2) It is clear that the only property of an equivalence relation that requires any thought
is transitivity. But this follows from (1).

(3) We leave the elementary veri�cation of this statement to the reader.
(4) The proof is very similar to the proof of (1). Again we leave the details to the

reader. �

Before we give examples of homotopy equivalent topological spaces we introduce the fol-
lowing de�nition.

De�nition. Let X be a topological space. We say X is contractible, if X is homotopy
equivalent to a topological space which consists of precisely one point.

Remark. Note that the empty topological space is not contractible.

The following elementary lemma gives a handy criterion for showing that a topological
space is contractible.

155The perspicacious reader might notice that here things get logically a little dicey. More precisely, on
page 89 we had recalled the notion of an equivalence relation. But we had only de�ned the notion of an
�equivalence relation� on a set and �all topological spaces� do not form a set they �only� form a class. One
can also de�ne the notion of an �equivalence relation� on a class, see e.g. [FPr1985, Kapitel 2]. But we do
not want to get into the discussion �what is a class?�. As a cheap way out we interpret the second statement
of the lemma as saying that re�exivity, symmetry and transitivity hold for �homotopy equivalence� with
the obvious interpretation.
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Lemma 15.2. (Contractibility Criterion Lemma) Let X be a topological space.

(1) X is contractible ⇐⇒ (2) there exists an x0 ∈ X such that the inclusion
{x0} → X is a homotopy equivalence

⇐⇒ (3) there exists an x0 ∈ X such that the identity map
idX is homotopic to the constant map cx0 .

Furthermore, if statement (2) or (3) of the Contractibility Criterion Lemma 15.2 hold for
a single point, then the statements also hold for all points in X.
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X homotopy to constant map

image ∗ of the constant map

Proof.

(1)⇒(2) First suppose that X is contractible. Let Y = {∗} be the topological space
consisting of a single element. Since X is contractible we know that there exists
a map g : {∗} → X that is a homotopy equivalence. We set x0 := g(∗). Basically
by de�nition the inclusion map {x0} → X is also a homotopy equivalence.

(2)⇒(3) Let x0 ∈ X be a point such that the inclusion map f : {x0} → X is a homotopy
equivalence. Let g : X → {x0} be the unique map. Since f is a homotopy
equivalence we know that f ◦ g is homotopic to idX . But f ◦ g = cx0 . Thus we
have shown that idX is homotopic to cx0 .

(3)⇒(1) Finally we suppose that the identity map of X is homotopic to a constant map
f : X → X. Let ∗ be the unique point in the image of ∗. We set Y := {∗}.
Let g : {∗} → X be the inclusion map. By hypothesis we have g ◦ f ' idX .
Furthermore we evidently have f ◦ g = idY . This shows that X is homotopic
equivalent to Y = {∗}. �

Finally the �furthermore statement� is proved in Exercise 15.10.
We give two basic examples of homotopy equivalent topological spaces.

Examples.
(1) We say a subset X of Rn is star-shaped if there exists a point x0 ∈ X such that for

any x ∈ X the segment from x0 to x lies in X. Basically by the same argument as
in the Convex Homotopy Lemma 14.1 we see that the map

f : X × [0, 1] → X
(x, t) 7→ x0 · (1− t) + x · t

is a homotopy from idX to a constant map. By the Contractibility Criterion Lemma 15.2
this shows that X is contractible.
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x0 · (1− t) + x · t
x0

x

(2) It follows from the previous example together with the fact that being homotopy
equivalence is transitive, see the Homotopy-Equivalence Basics Lemma 15.1 (2), that
for any n ∈ N and any k ∈ N the topological spaces Rn and Rk are homotopy
equivalent.
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We recall the following de�nition from page 167.

De�nition. LetX be a topological space. We denote by π0(X) the set of path-components
of X.

Lemma 15.3. (π0-Homotopy Equivalence Lemma)
(1) Let f : X → Y be a map between topological spaces. If f is a homotopy equivalence,

then f induces a bijection156 f∗ : π0(X)→ π0(Y ).
(2) If X and Y are homotopy equivalent topological spaces, then X is path-connected

if and only if Y is path-connected.
(3) If X is a contractible topological space, then it is path-connected.

Proof. We leave the proof of the following lemma as an edifying exercise to the reader, see
Exercise 15.12. �

15.2. Deformation retractions. Before we give the de�nition of a deformation retraction
let us give the de�nition of a retraction.

De�nition. Let X be a topological space. We say a subset A Ă X is a retract of X if
there exists a retraction r : X → A, i.e. a map with r(a) = a for all a ∈ A.
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retraction r from X to A

We immediately move on to the related notion of a deformation retraction.

De�nition. Let X be a topological space and let A be a subset.
(1) A homotopy F : X × [0, 1] → X is called a homotopy rel A, if F (a, t) = a for all

a ∈ A and all t ∈ [0, 1].
(2) A deformation retraction from X to A is a homotopy F : X × [0, 1]→ X which has

the following three properties:157

(a) F0 = idX ,
(b) F is a homotopy rel A,
(c) F1(X) Ă A.

(3) We say A is a deformation retract of X if there exists a deformation retraction from
X to A.158

(4) We say a retraction r : X → A is realized by a deformation retraction if there exists
a deformation retraction F from X to A with F1 = r.

We say a point a ∈ X is a deformation retract of X if the subset {a} if a deformation
retract of X.

Examples.

156On page 200 we saw that f : X → Y induces a map f∗ : π0(X)→ π0(Y ).
157Note that F1 : X → A is retraction from X to A.
158Unfortunately in the literature the term �deformation retract� is used di�erently by di�erent authors.
Our notion of a �deformation retract� agrees with the de�nition in [Hat2002, p. 2] and [Mun1984,
p. 208]. What we call a �deformation retract� is called a �strong deformation retract� in [Bre1993, p. 45]
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X
A deformation retraction from X to A

(1) For any topological space X, any interval I Ă R and any a ∈ I the subspace X×{a}
is a deformation retract of X × I. In fact the deformation retraction is given159 by

(X × I)× [0, 1] → X × I
((x, s), t) 7→ (x, s · (1− t) + a · s).

(2) Let n ∈ N. In Exercise 15.13 we will prove the following two statements:
(a) The sphere Sn−1 is a deformation retract of Rn \ {0}.
(b) The hemispheres Sn−1

≤0 is a deformation retract of B
n
.

(c) Given any three non-collinear points A,B,C ∈ Rn the triangle ∆ABC admits a
deformation retraction to the union of any two sides of the triangle.
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Lemma 15.4. (Iterated Deformation Retracts Lemma) LetX be a topological space
and let A Ă B Ă X be subspaces. If A is a deformation retract of B and if B is a
deformation retract of X, then A is a deformation retract of X.

Proof. Let X be a topological space and let A Ă B Ă X be subspaces. Furthermore let
F : B × [0, 1]→ B be a deformation retraction from B to A and let G : X × [0, 1]→ X be
a deformation retraction from X to B. We consider the map

X × [0, 1] → X

(x, t) 7→
{
G(x, 2t), if t ∈ [0, 1

2
],

F (G1(x), 2t− 1), if t ∈ [1
2
, t].

It follows from the Homotopy Stacking Lemma 14.3 that this map is continuous. Once
continuity is veri�ed it is clear that this map is indeed a deformation retraction from X
to A. �

and [Rot1988, p. 209]. In these books this notion is used to distinguish it from the notation of a �weak
deformation retract�, which means that there exists a map F : X × [0, 1]→ X such that
(1) for every x ∈ X we have F (x, 0) = x and F (x, 1) ∈ A,
(2) for every a ∈ A we have F (a, 1) = a.
It turns out that the two concepts are indeed di�erent. For example, let Z be the in�nite zigzag comb which
is shown below the Point Deformation Retract Lemma 15.6. the Point Deformation Retract Lemma 15.6
(2) says that every one-point subset of Z is a weak deformation retract of Z but the Point Deformation
Retract Lemma 15.6 (3) says no one-point subset of Z is a strong deformation retract of X.
159It follows from the discussion on page 142 and the Product Topology-Basics Lemma 5.4 (3) that this
map is actually continuous.
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Lemma 15.5. (Deformation Retract-Homotopy Equivalence Lemma) Let A be a
subset of a topological space X which admits a deformation retraction F from X to A.
Then the inclusion map

i : A → X
a 7→ a

and the map
r : X → A

x 7→ F (x, 1)

are homotopy inverses of one another. In particular both maps are homotopy equivalences
and in particular the deformation retract A is homotopy equivalent to the total space X.

Proof. By de�nition of a deformation retraction the map r ◦ i = F1 ◦ i : A → A is the
identity. Thus it remains to show that i ◦ r : X → X is homotopic to the identity. A
homotopy between id and i ◦ r is given by F . �

Example. It follows from the Deformation Retract-Homotopy Equivalence Lemma 15.5
and the previous example the sphere Sn−1 and Rn \ {0} are homotopy equivalent.

Remark. We now have three methods for showing that topological spaces are homotopy
equivalent:
(1) Homeomorphisms are almost by de�nition homotopy equivalences.
(2) the Homotopy-Equivalence Basics Lemma 15.1 (2) says that being homotopy equiv-

alent is an equivalence relation.
(3) the Deformation Retract-Homotopy Equivalence Lemma 15.5 says that if A is a

deformation retract of some topological space X, then the inclusion i : A → X is a
homotopy equivalence.

The combination of these three methods can be very powerful. For example let us consider
X = ([−1, 1]× [−1, 1]) \ {(0, 0)} and Y = R \B2(0). We consider the maps

X ∂X? _ioo
f

x 7→ x
‖x‖
// S1 � � j

// R2 \B2(0).

As above one can easily show that ∂X is a deformation retract of X and that S1 is a
deformation retract of R2 \B2(0). Furthermore f is a homeomorphism. It follows from the
combination of (1), (2) and (3) that X is homotopy equivalent to R2 \B2(0). In the Point
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Deformation Retract Lemma 15.6 and much later in Exercise ?? we will see that it is in
general not true that homotopy equivalent topological spaces admit deformation retracts
that are homeomorphic. Nonetheless in Corollary 17.17 we will show that (1), (2) and (3)
are in fact enough to characterize homotopy equivalence. More precisely we will show that
given two topological X and Y the following two statements are equivalent:
• X and Y are homotopy equivalent.
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• There exists a topological space W and closed embeddings i : X → W and j : Y → W
such that i(X) is a deformation retract of W and j(Y ) is a deformation retract of W .

The notions of a topological space being contractible and admitting a deformation retraction
to a point sound quite similar. The following lemma gives the precise relationship between
these two notions.
Lemma 15.6. (Point Deformation Retract Lemma)
(1) If a topological space X admits a deformation retraction to a point x0 ∈ X, then X

is homotopy equivalent to {x0}, in particular X is contractible.
(2) If a topological space X is contractible, then given any point x0 ∈ X there exists a

homotopy H : X × [0, 1]→ X such that H0 = idX and H1(x) = x0 for all x0 ∈ X.
(3) The �in�nite zigzag comb� shown in the �gure below is contractible, but it does not

admit a deformation retraction to a point.
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one vertical segment for
each rational number in [0, 1]

10

the in�nite zigzag comb

Proof.
(1) This statement follows immediately from the Deformation Retract-Homotopy Equiv-

alence Lemma 15.5.
(2) SupposeX is a topological space that is contractible. By the Contractibility Criterion

Lemma 15.2 we know that there exists a homotopy G : X × [0, 1]→ X from idX to a
constant map. Let x1 be the image of this constant map. Recall that we know from
the π0-Homotopy Equivalence Lemma 15.3 that X is path-connected. Thus there
exists a path γ : [0, 1]→ X from x1 to x0. The desired homotopy is now given by the
map160

H : X × [0, 1] → X

(x, t) 7→
{
G(x, 2 · t), if t ∈ [0, 1

2
],

γ(2 · t− 1), if t ∈ [1
2
, 1].

(3) This statement will be proved in Exercise 15.2. �

We conclude this discussion of deformation retractions with an extremely useful example
that gets formulated as a proposition.

Proposition 15.7. (Matrix Groups Deformation Retract Proposition) Let n ∈ N0

and let k ∈ {1, . . . , n}. We write

GL(n, k) = set of k-tuples of linearly independent vectors of Rn

O(n, k) = set of k-tuples of orthonormal vectors of Rn.

160It follows from the Homotopy Stacking Lemma 14.3 that this map is continuous.
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(Note that for k = n we have GL(n, k) = GL(n) and O(n, k) = O(n).) We denote by
r : GL(n, k) → O(n, k) the map given by the Gram-Schmidt Orthonormalization Pro-
cess 2.38. The following statements hold:
(1) The above retraction r : GL(n, k)→ O(n, k) is realized by a deformation retraction

R : GL(n, k)× [0, 1]→ O(n, k) which has the following extra property:
(∗) For every k-dimensional vector subspace V of Rn and every t ∈ [0, 1] we have

Rt(basis of V ) = basis of V .

(2) The inclusion O(n, k)→ GL(n, k) is a homotopy equivalence.
The analogous statements hold if we replace the pair O(n, k) and GL(n, k) by one of the
following four pairs:

(a) GL+(n,R) and SO(n)
(b) SL(n,R) and SO(n)
(c) GL(n,C) and U(n)
(d) SL(n,C) and SO(n).

Remark. In Proposition 33.10 we will see that the deformation retraction can be chosen
to be �smooth�.

Proof.

(1) On page 173, in the proof of the Matrix Group Path-Component Proposition 2.37,
we implicitly already showed that each of the 2k steps of the Gram-Schmidt Orthogo-
nalization Process is realized by a deformation retraction that satis�es (∗). It follows
from the Iterated Deformation Retracts Lemma 15.4 that we can combine these 2k
deformation retractions to obtain the desired deformation retraction

R : GL(n, k)× [0, 1] → GL(n, k)

from GL(n, k) to O(n, k) such that R that satis�es (∗). If n = k, then it follows from
the Gram-Schmidt Orthonormalization Process 2.38 (2) and (3) that this deformation
retraction R restricts to a deformation retraction from GL+(n,R) to SO(n) and from
SL(n,R) to SO(n).

Finally note that the complex cases are treated in a very similar fashion.
(2) This statement follows immediately from (1) and the Deformation Retract-Homotopy

Equivalence Lemma 15.5. �

In the following we will see that deformation retractions descend to quotients under suitable
hypotheses.

Theorem 15.8. (Deformation Retraction Quotient Theorem) Let X be a topolog-
ical space and let A Ă X be a subset. Furthermore let F : X× [0, 1]→ X be a deformation
retraction from X to A. Suppose that �∼� is an equivalence relation on X which is com-
patible with the deformation retraction F in the sense that F (x, t) ∼ F (x′, t) whenever
x ∼ x′. Then the map

F : (X/∼)× [0, 1] → X/∼
([x], t) 7→ [F (x, t)]

is a deformation retraction from X/∼ to A/∼.
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Proof. It follows from the Homotopy Quotient Theorem 14.7 that F is continuous. It is
now clear that F is a deformation retraction from X/∼ to A/∼. �

Example. We consider X = [0, 2]× [−1, 1] together with the equivalence relation �∼� that
is generated by

(0, y) ∼ (1,−y) for all y ∈ [−1, 1].

Basically the same argument as on page 264 shows that we can view X/∼ as the Möbius
band. We consider the maps

F : X × [0, 1] → X
((x, y), t) 7→ (x, y · (1− t)) and F : (X/∼)× [0, 1] → X/∼

([(x, y)], t) 7→ [(x, y · (1− t))].

Note that F is a deformation retraction from X to C := [0, 2] × {0}. One can easily
verify that F is compatible with the equivalence relation �∼�. Thus we obtain from the
Deformation Retraction Quotient Theorem 15.8 that H is a deformation retraction from
the Möbius band to C/ ∼. Note that C/ ∼ is homeomorphic to [0, 2]/0 ∼ 2 which is in
turn homeomorphic to S1. It follows from this discussion together with the Deformation
Retract-Homotopy Equivalence Lemma 15.5 that the Möbius band is homotopy equivalent
to S1.
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We conclude our discussion of deformation retracts with the following proposition which
might sound innocuous, but whose proof relies eventually on the tricky Whitehead Quotient
Theorem 13.4.
Proposition 15.9. (Quotient Deformation Retract Proposition) Let X be a topo-
logical space and let A be a subset of X. If A is a deformation retract of X, then the point
A/A is a deformation retract of X/A. In particular X/A is contractible.
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X

A
deformation retraction r

what does X/A �look like�?

Proof. Let r : X × [0, 1] → X be a deformation retraction from X to A. We consider
the equivalence relation �∼� on X that is generated by the condition that all points in
A are equivalent. Note that by de�nition of a deformation retraction the homotopy r is
compatible with the equivalence relation �∼�. Therefore it follows from the Deformation
Retraction Quotient Theorem 15.8 that the map

(X/ ∼)× [0, 1] → X/ ∼
([x], t) 7→ [r(x, t)].

is a deformation retraction from X/∼= X/A to A/∼= A/A. �
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15.3. Homotopies and homotopy equivalences for pairs of topological spaces. On
page 418 we de�ned what it means for two maps f, g : X → Y between topological spaces
to be homotopic and on page 430 we de�ned what it means for two topological spaces to
be homotopy equivalent.

On many occasions one would like to restrict the freedom of a homotopy by �xing some
subset pointwise or setwise. This idea leads us to two relative versions of �homotopy�.
The �rst version we already saw on page 419. For the reader's convenience we recall the
de�nition.
De�nition. Let f, g : X → Y be two maps between topological spaces and let A Ă X be
a subset such that f |A = g|A.
(1) A homotopy between f and g rel A is a homotopy H : X × [0, 1] → Y between f

and g such that H(a, t) = f(a) = g(a) for all t ∈ [0, 1] and all a ∈ A.
(2) We say f and g are homotopic rel A, if such a homotopy rel A exists.
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Before we continue it is convenient to introduce the following harmless de�nition which is
an analogue of the category of pairs of sets that we had introduced on page 196.

De�nition.
(1) A pair of topological spaces is a pair (X,A), where X is a topological space and A

is a subset of X.
(2) A map f : (X,A)→ (Y,B) between pairs of topological spaces is a map f : X → Y

of topological spaces with f(A) Ă B.
(3) We refer to the category PairTop with

Ob(PairTop) := all pairs of topological spaces,
Mor((X,A), (Y,B)) := all continuous maps f from X to Y with f(A) Ă B

with the usual composition of maps as the category of pairs of topological spaces.
We continue with another notion of a �relative homotopy�.

De�nition. Let X and Y be topological spaces and let A Ă X and B Ă Y be subsets.
Let f, g : (X,A)→ (Y,B) be two maps of pairs of topological spaces.
(1) A homotopy between f and g is a map161

H : X × [0, 1]→ Y,

such that the following two conditions are satis�ed:
(a) H0 = f and H1 = g, and
(b) H(a, t) ∈ B for all a ∈ A and all t ∈ [0, 1].

(2) If there exists a homotopy between f and g, then we say that f and g are homotopic
and we write f ' g.

161For A = B = ∅ we get the usual notion of a homotopy between maps f, g : X → Y .
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α, β : (X,A)→ (Y,B) are homotopic but α, γ : (X,A)→ (Y,B) are not homotopic

For completeness we also mention the following de�nition which is the obvious relative
analogue of the concepts that we introduced on page 430.

De�nition. Let (X,A) and (Y,B) be two pairs of topological spaces.
(1) A map f : (X,A)→ (Y,B) is a homotopy equivalence between (X,A) and (Y,B), if

there exists a map g : (Y,B)→ (X,A) such that the following hold:
(a) g ◦ f and idX are homotopic as maps of (X,A) to itself,
(b) f ◦ g and idY are homotopic as maps of (Y,B) to itself.

(2) If there exists a homotopy equivalence between (X,A) and (Y,B), then we say
that (X,A) and (Y,B) are homotopy equivalent.

Examples.
(1) The two pairs of topological spaces (X,A) and (Y,B) shown in the �gure below are

homotopy equivalent.
(2) Let X be a topological space and let A Ă B be subsets of X. If A is a deformation

retract of B, then the inclusion map (X,A)→ (X,B) is easily seen to be a homotopy
equivalence of pairs of topological spaces.

(3) Let A Ă Y be subsets of X. If Y is a deformation retract of X, then the inclusion
map (Y,A) → (X,A) is again easily seen to be a homotopy equivalence of pairs of
topological spaces.
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The above notions can be generalized even further. For example, one could de�ne triples of
topological spaces and there is an obvious de�nition of what it means for maps f, g : (X,A,B)→
(Y,C,D) between triples of topological spaces to be homotopic. Similarly, given pairs of
topological spaces (X,A) and (Y,B) and a subset Z of A there is an obvious de�nition for
what it means for two maps f, g : (X,A)→ (Y,B) to be homotopic rel Z. We will not spell
out all the de�nitions. From the context it should always be clear what we mean.

15.4. The set of homotopy classes of maps between topological spaces. In this
short section we study the set of homotopy classes of maps between topological spaces.
This set will play a crucial much much later in Chapter 164. But at �rst reading one can
still safely ignore this section.
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De�nition. Given two topological spaces X and Y we de�ne

[X, Y ] := {maps X → Y }/∼ where f ∼ g if there exists a homotopy
between f and g.

Sometimes, given a map f : X → Y we denote by [f ] the equivalence class it represents in
[X, Y ].

Example. We write I = [0, 1]. In Exercise 15.1 we will see that for any path-connected
topological space X the set [I,X] consists of a single element, i.e. all maps I = [0, 1]→ X
are homotopic.

The following lemma is an immediate consequence of Lemma 14.6.
Lemma 15.10. Let X, Y and Z be topological spaces. The map

[X, Y ]× [Y, Z] → [X,Z]
([f ], [g]) 7→ [g ◦ f ]

is well-de�ned.
Lemma 15.10 leads us to the following de�nition.

De�nition. We de�ne the homotopy category HomTop of topological spaces by162

Ob(HomTop) := all topological spaces,
Mor(X, Y ) := [X, Y ]

with the composition
Mor(X, Y )×Mor(Y, Z) → Mor(X,Z)

([f ], [g]) 7→ [g ◦ f ].

We continue with the following harmless de�nition.
De�nition. Let f : X → Y be a map between topological spaces. A map g : Y → X
is called a homotopy left inverse of f if g ◦ f is homotopic to idX . Furthermore, a map
h : Y → X is called a homotopy right inverse of f if f ◦ h is homotopic to idY .
Taking the categorical view point now allows us to prove the following lemma by a com-
pletely approach.
Lemma 15.11. Let f : X → Y be a map between topological spaces. If f admits a
homotopy left inverse g and a homotopy right inverse h, then f is in fact a homotopy
equivalence and both g and h are homotopy inverses.

Proof. This lemma follows immediately from applying Lemma 3.3 to the homotopy cate-
gory HomTop. �

We conclude this section with the following elementary but useful lemma.
Lemma 15.12.
(1) Let f : X → Y be a map between topological spaces. The element [f ] ∈ Mor(X, Y ) is

an isomorphism163 in the category HomTop if and only if f is a homotopy equivalence.

162Note that in this category the morphisms are not maps but they are equivalence classes of maps.
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(2) Let f : X1 → X2 be a map between topological spaces and let A be a topological
space. If f is a homotopy equivalence, then the induced maps

[X2, A] → [X1, A]
[g] 7→ [g ◦ f ]

and
[A,X1] → [A,X2]

[g] 7→ [f ◦ g]

are bijections.
Proof.

(1) This statement is a tautology, it follows immediately from the de�nitions.
(2) This statement follows immediately from (1) together with Lemma 3.4. �

Exercises for Chapter 15.

Exercise 15.1. Let X be a topological space and let Y be a contractible topological space.
(a) Show that all maps X → Y are homotopic.
(b) We suppose that X is path-connected. Show that all maps Y → X are homotopic.

Exercise 15.2.
(a) We consider the topological space

X = {(x, y) |x ∈ [0, 1] ∩Q, y ∈ [0, 1− x]} ∪ ([0, 1]× {0})
that is shown in the �gure below to the left.
(i) Show that given any point P in [0, 1]×{0} there exists a deformation retraction

from X to P .
(ii) Show that for any point Q in X that does not lie on [0, 1] × {0} there is no

deformation retraction from X to Q.
(b) We consider the in�nite zigzag comb Z that is shown in the �gure below to the right.

(i) Show that Z is contractible.
(ii) Show that Z does not admit a deformation retraction to any point in Z.
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Z =X =

one vertical segment for
each rational number in [0, 1] the in�nite zigzag comb

[0, 1]× {0}

Exercise 15.3. Let X = {0, 1} be the Sierpi«ski space, i.e. let X be the topological space
with two elements 0 and 1 and where the open sets are precisely ∅, {0}, X.
(a) Is {0} a deformation retract of X?
(b) Is {1} a deformation retract of X?

Exercise 15.4. Let 0 < r < s be two real numbers. Show that the obvious inclusion map
Bn
r (0) \ {0} → Bn

s (0) \ {0} is a homotopy equivalence.
163We refer to page 198 for the de�nition of an isomorphism in a category.
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Exercise 15.5. Let A be a convex subset of Rn which contains the origin 0. Let r > 0
such that A Ă Bn

r (0). Show that Rn \Bn
r (0) is a deformation retract of Rn \ A.

Remark. This exercise is a generalization of Exercise 15.4.
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Exercise 15.6. Let T = (V,E, i, t) be a tree in the sense of the de�nition on page 315.
As on page 308 we consider the corresponding topological realization |T |. Show that the
topological realization |T | is contractible.
Remark. You could make use of Lemma 7.7. You should also explain carefully why the
homotopies you write down are actually continuous.

Exercise 15.7. Let X be a topological space and let H : X × [0, 1]→ X be a deformation
retraction to a subset A. We consider

φ : X → [0, 1]
x 7→ inf{t ∈ [0, 1] |H(x, t) ∈ A}.

Is the map φ necessarily continuous?

Exercise 15.8. Show that the topological spaces

X = { 1
n
|n ∈ N} ∪ {0} and Y = { 1

n
|n ∈ N} ∪ {−1}

are not homotopy equivalent.
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Exercise 15.9. Let f : X → Y and g : A → B be maps between topological spaces. We
say f is a retract of g if there exists a commutative diagram of maps

X p
//

f
��

id

))
A
g'
��

q
// X

f
��

Y
r //

id

55B
s // Y.

such that q ◦ p = idX and s ◦ r = idY . Show that if g is a homotopy equivalence, then f is
also a homotopy equivalence.
Hint. Use Lemma 15.11.

Exercise 15.10. Let X be a topological space.
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(a) Suppose that there exists an x0 ∈ X such that the inclusion {x0} → X is a homotopy
equivalence. Show that for every x1 ∈ X the inclusion {x1} → X is a homotopy
equivalence.

(b) Suppose that there exists an x0 ∈ X such that the identity map idX is homotopic to
the constant map cx0 . Show that for every x1 ∈ X the identity map idX is homotopic
to the constant map cx1 .

Exercise 15.11. Does there exist a topological space with three elements that is homotopy
equivalent to the topology space X = {∗} given by a single point?

Exercise 15.12. Let f : X → Y be a map between topological spaces. Show that if f is a
homotopy equivalence, then f induces a bijection π0(X)→ π0(Y ).164

Exercise 15.13. Let n ∈ N. Prove the following three statements:
(a) The sphere Sn−1 is a deformation retract of Rn \ {0}.
(b) The hemispheres Sn−1

≤0 is a deformation retract of B
n
.

(c) Given any three non-collinear points A,B,C ∈ Rn the triangle ∆ABC admits a de-
formation retraction to the union of any two sides of the triangle.
Hint. You could �rst consider the case that A = (0, 0), B = (0, 1) and C = (1, 0).

These three examples are illustrated in the �gure on page 434.

Exercise 15.14. Let

S :=
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2.

be the �Topologist's Sine Curve� from page 164. As on page 276 we refer to the quotient
space W := S/(0, 0) ∼ ( 1

π
, 0) as the Warsaw Circle. Our goal is to show that the circle is

not contractible. To do so we introduce the following notation:
•We denote by p : S → W the projection .
•We set Q = p(0, 0) and given n ∈ N we set Qn = p(( 1

πn
, 0)).

•We set L := {p(0, y) | y ∈ [−1, 1]} Ă W and U :=
{
p(x, sin( 1

x
))
∣∣x ∈ (0, 1

2π
]} Ă W .

Now go through the following steps:
(a) Let g : W → W be a map. We suppose that there exists an n ∈ N such that for all

m ≥ n we have g(Qn) ∈ U . Show that g(Q) ∈ L ∪ U .
(b) Let F : W × [0, 1]→ W be a homotopy. Show that

T :=

{
t ∈ [0, 1]

∣∣∣ Ft(Q) ∈ L and there exists an n ∈ N such
that for all m ≥ n we have Ft(Qm) ∈ U

}
Ă [0, 1]

is open and closed.
(c) Show that W is not contractible.

Hint. Suppose that W is contractible. By the Contractibility Criterion Lemma 15.2
this means that there exists a homotopy F : W × [0, 1]→ W with F0 = id and such
that F1(w) = Q for all w ∈ W . Use (b) to show that such F cannot exist.

164Recall that given a topological space Z we denote by π0(Z) the set of path-components of Z.
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LQnWarsaw Circle W

Upoints are identi�ed

Q

Exercise 15.15. We consider X = [−1, 1]/− 1 ∼ 1 and we denote by p : [−1, 1]→ X the
projection . We consider the two subspaces A = p((−1, 1)) Ă X and B = p({0}) Ă X. Are
the two pairs (X,A) and (X,B) of topological spaces homotopy equivalent?

Exercise 15.16. Let U Ă Rn be a neighborhood of 0 and let f : U → Rn be a map with
f−1(0) = {0}. Furthermore let g : U → Rn be a map with f(x) − g(x) = O(‖x‖2), i.e. we
assume that there exists a C ≥ 0 and a δ > 0 such that ‖f(x) − g(x)‖ < C · ‖x‖2 for all
x ∈ Bn

δ . Show that there exists an s > 0 such that the maps f and g are homotopic as
maps of pairs (B

n

s , B
n

s \ {0})→ (Rn,Rn \ {0}).
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16. Joins, mapping cones, cylinders and tori

In this section we �rst introduce two systematic ways to construct new topological spaces
out of a given topological space and we present three systematic ways to construct new
topological spaces out of a map f : X → Y between given topological spaces. Initially it
might not be entirely apparent why we should be interested, but all �ve examples will play
an important role at various points.

For example we will associate to a map f : X → Y between topological spaces a topo-
logical space Cyl(f : X → Y ), called the mapping cylinder of f : X → Y . The mapping
cylinder translates questions about the map f : X → Y to questions about the topological
space Cyl(f : X → Y ).

16.1. The join of two topological spaces. In this section we introduce the join of two
topological spaces. This construction will be useful on a few occasions, but it is di�cult to
argue that at this stage this is an essential topic in these notes.

Loosely speaking the join X ∗Y is obtained by connecting each point in X to each point
in Y via an interval. The following de�nition makes this idea precise.

De�nition. Let X and Y be two non-empty topological spaces. We de�ne the join X ∗ Y
to be the topological space obtained from X × [0, 1] × Y , equipped with the product
topology, by performing the following two types of identi�cations:
(1) for every x ∈ X we identify all points in {x} × {0} × Y to a single point and
(2) for every y ∈ Y we identify all points in X × {1} × {y} to a single point.

Furthermore, if one of X or Y is the empty topological space, then we de�ne the join X ∗Y
to be the other topological space.

For completeness we state the following lemma.
Lemma 16.1. Let X1, Y1, X2, Y2 be four topological spaces and let f : X1 → X2 and
g : Y1 → Y2 be maps. The corresponding map

f ∗ g : X1 ∗ Y1 → X2 ∗ Y2

[(x, t, y)] 7→ [(f(x), t, g(y))]

is well-de�ned and continuous.
Proof. It is straightforward to verify that the map f∗g is well-de�ned. It follows easily from
the Topological-Quotient Proposition 5.15 (1b), the Topological-Quotient Proposition 5.15
(1a) and the Product Topology-Basics Lemma 5.4 (3) that the map f ∗g is continuous. �
Before we deal with a few examples we give a criterion for showing that a map of the form
f : X ∗ Y → Z is a homeomorphism.
Lemma 16.2. If X and Y are compact spaces, then the following two statements hold:
(1) The join X ∗ Y is compact.
(2) Let f : X × [0, 1] × Y → Z be a map to a topological space Z such that for any

x, x1, x2 ∈ X and y, y1, y2 ∈ Y we have the equalities f(x, 0, y1) = f(x, 0, y2) and
f(x1, 1, y) = f(x2, 1, y). If Z is Hausdor� and if the induced map165

Ψ: X ∗ Y → Z
[(x, t, y)] 7→ f(x, y, t)
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is a bijection, then the map Ψ is a homeomorphism.
Proof.

(1) It follows from our hypothesis and the Product Topology Properties Proposition 5.6
together with the Quotient-Compact Connected Lemma 5.16 (1) that the joinX∗Y =
(X × [0, 1]× Y )/∼ is compact.

(2) The map Ψ: X ∗ Y → Z is continuous by the Topological-Quotient Proposition 5.15
(1b). Thus we obtain from our hypotheses on Ψ and Z together with the Compact-
Hausdor� Proposition 2.17 (3) that Ψ is indeed a homeomorphism. �

The following, otherwise broadly irrelevant lemma, justi�es somewhat the idea that the
join X ∗ Y is obtained by connecting each point in X to each point in Y via an interval.

Lemma 16.3. Given P,Q ∈ Rn we denote by PQ = {x · (1 − t) + y · t | t ∈ [0, 1]} the
Euclidean segment determined by P and Q. Let X and Y be two compact subsets of Rn

which have the property that for any x, x′ and y, y′ the segments xy and x′y′ intersect at
most in the endpoints. Then the map

Θ: X ∗ Y = (X × [0, 1]× Y )/∼ →
⋃

x∈X,y∈Y
xy

[(x, t, y)] 7→ x · (1− t) + y · t
is a homeomorphism.

Proof. It follows almost immediately from Lemma 16.2 and our hypothesis that the map
Θ is a homeomorphism. �

We continue with another example of joins.

Example. We consider the join of the two intervals X = [0, 1] and Y = [0, 1]. The �gure
below suggests that the joinX∗Y = [0, 1]∗[0, 1] should be homeomorphic to a 3-dimensional
pyramid. In fact let us consider the map

=[0,1]∗[0,1]︷ ︸︸ ︷
([0, 1]× [0, 1]× [0, 1])/∼ → ∆ = {(t1, t2, t3) ∈ [0, 1]3 | t1 + t2 + t3 ≤ 1}

[(x, t, y)] 7→ 1
2
·
(
x · t, y · (1− t), t

)
.

It follows easily from Lemma 16.2 (2) that this map is a homeomorphism.

��
��
��
��

����

X×{1}×{y} is collapsed to a point
t

y

x

{x}×{0}×Y is collapsed to a point

X ∗ Y

We record the next example of joins as a lemma.

165It follows from our hypothesis on f that the map f descends to a map on X ∗ Y = (X × [0, 1]× Y )/∼.
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Lemma 16.4. (Join of Spheres Lemma) Given any m,n ∈ N0 the map

Sm ∗ Sn → Sm+n+1

[(x, t, y)] 7→
(
x · cos

(
πt
2

)
, y · sin

(
πt
2

))︸ ︷︷ ︸
∈Rm+1×Rn+1=Rm+n+2

is a homeomorphism.

Proof. Using Lemma 16.2 (2) one can fairly easily verify that the given map is a homeo-
morphism. �

Convention. Let m,n ∈ N0. We use the homeomorphism from the Join of Spheres
Lemma 16.4 to add the identi�cation Sm ∗ Sn = Sm+n+1 to our long list of avatars of the
spheres.
For completeness we state the following fairly straightforward lemma.
Lemma 16.5. Let X and Y be topological spaces. If X and Y are both Hausdor�, then
the join X ∗ Y is also Hausdor�.

Proof. The proof will be given in Exercise 16.2. �

Finally we consider the delicate question whether the join is associative.

Proposition 16.6. (Join Associativity Proposition) Let X, Y and Z be non-empty
topological spaces that are compact and Hausdor�. Then there exists a homeomorphism

(X ∗ Y ) ∗ Z
∼=−−→ X ∗ (Y ∗ Z).

Remark.
(1) The join X ∗ Y , viewed as a set, can be equipped with another reasonable topology,

namely the �initial topology�, see [BrownR2006, Chapter 5.7]. By [BrownR2006,
Corollary 5.7.2] these two topologies agree if X and Y are compact and Hausdor�.
When dealing with joins it seems that it is safest to stick to the case that X and
Y are compact and Hausdor�. For example the Join Associativity Proposition 16.6
says that in this context the join is associative. But this statement is not true for
all topological spaces. We refer to [CoheD1957], [BrownR2006, Chapter 5.7] and
[FF2016, Chapter 2.4] for details.166167

(2) Let X1, . . . , Xk be �nitely many topological spaces that are non-empty compact and
Hausdor�. It follows from Join Associativity Proposition 16.6 and the discussion on
page 98 that we can unambiguously de�ne the join X1 ∗ · · · ∗Xk.

Proof. We de�ne the join X ∗ Y ∗ Z as follows: we consider

{(r, x, s, y, t, z) ∈ [0, 1]×X × [0, 1]× Y × [0, 1]× Z | r + s+ t = 1}/∼
where �∼� is generated by the following relations:
• (0, x, s, y, t, z) ∼ (0, x′, s, y, t, z),
• (r, x, 0, y, t, z) ∼ (r, x, 0, y′, t, z),
• (r, x, s, y, 0, z) ∼ (r, x, s, y, 0, z′).

166As we will see in Lemma 13.2, products and quotients of topological spaces do not mix well. It is easy
to write down �continuous looking� maps that are not continuous.
167In light of Lemma 13.2 it is perhaps not too shocking that the join is not associative.
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In the following we will use �∼� with several means, we leave it to the reader to �gure out
any given moment what is meant by this symbol.
Claim. The map

Θ:

=(X∗Y )∗Z︷ ︸︸ ︷
(((X × [0, 1]× Y )/∼)× [0, 1]× Z)/∼ →

=X∗Y ∗Z︷ ︸︸ ︷
(X × [0, 1]× Y ∗ [0, 1]× Z)/∼

[([(x, s, y)], t, z)] 7→ [((1− t) · (1− s), x, (1− t)s, y, t, z)]

is a homeomorphism.

Proof. We consider the following diagram

(X × [0, 1]× Y )× ([0, 1]× Z)

����

id // (X × [0, 1]× Y )× ([0, 1]× Z)

����

((X × [0, 1]× Y )× ([0, 1]× Z)/∼
Φ

,,
((X × [0, 1]× Y )/∼ ×([0, 1]× Z)

Ψ //

([u],v)7→[(u,v)] ϕ

OO

����

X ∗ Y ∗ Z.

(((X × [0, 1]× Y )/∼)× [0, 1]× Z)/∼
Θ

22

We make the following clari�cations and observations:
(1) All the maps are the obvious (projection) maps, except for ϕ which is the map given

by Lemma 13.2. The diagram commutes basically by de�nition.
(2) It follows from the Twice Quotient Lemma 5.23 that Φ is continuous.
(3) Our hypothesis that Z is Hausdor� and compact implies by the Product Topology

Properties Proposition 5.6 together with Lemma 2.41 that [0, 1] × Z is regionally
compact. Thus we obtain from the Product-Quotient Mixing Lemma 13.6 that ϕ is
actually a homeomorphism.

(4) It follows from (2) and (3) that Ψ is continuous.
(5) It follows from (4) together with the Topological-Quotient Proposition 5.15 (1b) that

Θ is continuous.
(6) It follows easily from the de�nitions that Θ is a bijection.
(7) By our hypotheses on X, Y and Z we obtain from the Product Topology Properties

Proposition 5.6 and the Compact Image Lemma 2.13 that the domain (X ∗Y ) ∗Z of
the map Θ is compact. Furthermore , by an argument as in Exercise 16.2 one sees
that the target X ∗ Y ∗ Z of the map Θ is Hausdor�.

(8) It follows from (5), (6) and (7) together with the Compact-Hausdor� Proposition 2.17
(3) that Θ is a homeomorphism. �

Basically the same argument as in the above claim also shows that there exists a homeo-
morphism X ∗ (Y ∗Z)→ X ∗Y ∗Z. In summary we see that there exists a homeomorphism
X ∗ (Y ∗ Z)→ (X ∗ Y ) ∗ Z. �

16.2. The cone and suspension of a topological space. In this section we de�ne the
cone and suspension of a topological space. The cone of a topological space is a particularly
easy construction.
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De�nition. Given a non-empty topological space X the cone on X is de�ned to be the
topological space

Cone(X) := (X×[0, 1])/(X×{0}) = (X×[0, 1])/∼ where (x, 0)∼(x′, 0) for all x, x′∈X.

We refer to the point X ×{0} as the tip of the cone Cone(X) or alternatively as the cone
point. For completeness we de�ne the cone of the empty topological space to be the one
point topological space {∗}. In this setting we refer to ∗ as the tip of the cone.

Remark. As a set Cone(X) consists of X, the tip of the cone, and for each x ∈ x a segment
from the tip of the cone to x.

�� ��
��
��
��

Cone(X)

0

XX

1

Cone(X)

0 1

tip of the
cone

tip of the
cone

Examples.

(1) Let n ∈ N0. It follows from the Topological-Quotient Proposition 5.15 (1b) that the
map

Cone(Sn) → B
n+1

[(v, t)] 7→ v · t
is continuous. One can easily verify that the map is a bijection. It follows immediately
from the Quotient-Compact Connected Lemma 5.16 (1) and the Product Topology
Properties Proposition 5.6 that Cone(Sn) is compact. Since B

n+1
is Hausdor� we

obtain from the Compact-Hausdor� Proposition 2.17 (3) that the given map is a
homeomorphism. On a few occasions we will use this speci�c homeomorphism to
make the identi�cation Cone(Sn) = B

n+1
.

(2) Let X be a subset of Rn. We de�ne its physical cone as

C̃one(X) := union of all line segments from (x, 0)︸ ︷︷ ︸
∈Rn+1

to (0, 1)︸ ︷︷ ︸
∈Rn+1

Ă Rn+1.

(a) We consider the map
fX : Cone(X) → C̃one(X)

[(x, t)] 7→ t · (x, 0) + (1− t) · (0, 1).

In Exercise 16.3 we will see that this map is continuous. If X is a compact subset
of Rn, then it follows from the Compact-Hausdor� Proposition 2.17 that the map
is a homeomorphism.

(b) After looking at the �gure above and considering Examples (1) and (2a) one
might walk away with the feeling that one has a pretty good understanding of
the cone construction. But this optimism is potentially ill-founded. For exam-
ple in Exercise 16.3 we see will see that for X = (0, 1) Ă R the above map
fX : Cone(X)→ C̃one(X) from (2a) is not a homeomorphism.
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The de�nition of a cone does not seem to be particularly interesting, but we have one
lemma whose proof is perhaps slightly more subtle than one might initially think.

Lemma 16.7. (Cone Contractibility Lemma) Let X be a topological space. The tip
of the cone Cone(X) is a deformation retract of Cone(X).

Proof. The lemma follows easily from the Quotient Deformation Retract Proposition 15.9.
For the reader's convenience we recall its statement: LetW be a topological space and let A
be a subset of W . If A is a deformation retract of W , then the point A/A is a deformation
retract of X/A. We return to our present setting. As we discussed on page 434, the map

F : (X × [0, 1])× [0, 1] → X × [0, 1]
((x, s), t) 7→ (x, s · (1− t))

is a deformation retraction from X × [0, 1] to X × {0}. It follows from the Quotient
Deformation Retract Proposition 15.9 that the tip of the cone, namely (X×{0})/(X×{0})
is a deformation retract of Cone(X) = (X × [0, 1])/(X × {0}). �

We will state a few basic properties of the cone in the next lemma. But before we do so it
is convenient to �rst introduce a close relative of the cone.
De�nition. Let X be a non-empty topological space. We de�ne the suspension of X to
be the topological space

Σ(X) := (X × [−1, 1])/ ∼
where we identify all points in X × {−1} to a single point and we identify all points
inX×{1} to a single point. Furthermore, we de�ne the suspension of the empty topological
space to be the topological space S0 = {±1}, equipped with the discrete topology.
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X × [−1, 1]
suspension Σ(X)

X

Before we give an example we state a basic lemma regarding cones and suspensions.

Lemma 16.8. (Cone-Suspension Basics Lemma) Let X be a topological space.
(0) Let X be a topological space.

(a) The cone Cone(X) is naturally homeomorphic to the join X ∗ {∗}.
(b) The suspension Σ(X) is naturally homeomorphic to the join X ∗ S0.

(1) If X is compact, then Cone(X) and the suspension Σ(X) are also compact.
(2) If X is Hausdor�, then Cone(X) and the suspension Σ(X) are also Hausdor�.
(3) The maps

X → Cone(X)
x 7→ [(x, 1)]

and
Cone(X) → Σ(X)

[(x, t)] 7→ [(x, 1− t)]
are closed embeddings.

Sometimes we will use the embeddings in (3) to identify the domains with their images.
For example we will use these maps to view X as a closed subset of Cone(X) and to view
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Cone(X) as a closed subset of Σ(X). In particular we can and will at times view X as a
closed subset of Σ(X).
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suspension Σ(X)X Cone(X)

Proof.
(0) We will prove this statement in Exercise 16.5.
(1) This statement follows from the Quotient-Compact Connected Lemma 5.16 (1) and

the Product Topology Properties Proposition 5.6.
(2) In Exercise 16.7 we will show that if X is Hausdor�, then Σ(X) is Hausdor� as well.

The proof for Cone(X) is basically identical.
(3) We will prove this statement in Exercise 16.8. �

Example. It is pretty clear from the �gure on page 451 that the suspension of Sn is homeo-
morphic to Sn+1. In fact throughout the course we will use the following homeomorphism168

to identify Σ(Sn) with Sn+1:
Σ(Sn)

∼=−→ Sn+1 Ă Rn+1 × R
[(P, t)] 7→

(
P · cos

(π
2 t
)︸ ︷︷ ︸

∈Rn+1

, sin
(π

2 t
)︸ ︷︷ ︸

∈R

)
.

Note that this homeomorphism sends the �North Pole� of Σ(Sn) to the �North Pole� of
Sn+1.

We conclude this discussion of suspensions with the fairly obvious notion of the suspension
of a map.
De�nition. Given a map f : X → Y between topological spaces we denote by

Σ(f) : Σ(X) → Σ(Y )
[(x, t)] 7→ [(f(x), t)]

the suspension of f .
Most of the statements of the following lemma will not come as a surprise.

Lemma 16.9. (Suspension Functor Lemma)
(1) If f : X → Y is a map between topological spaces, then Σ(f) : Σ(X)→ Σ(Y ) is also

continuous.
(2) If f : X → Y and g : Y → Z are maps between topological spaces, then the maps

Σ(g ◦ f) and Σ(g) ◦ Σ(f) from Σ(X) to Σ(Z) agree.
(3) The maps X 7→ Σ(X)

(f : X → Y ) 7→ (Σ(f) : Σ(X)→ Σ(Y ))

168Using the Compact-Hausdor� Proposition 2.17 (3) and the Cone-Suspension Basics Lemma 16.8 (1) one
easily veri�es that this map is indeed a homeomorphism.
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de�ne a covariant functor from the category of topological spaces to the category of
topological spaces. We refer to this functor as the suspension functor.

(4) Let f, g : X → Y be two maps between topological spaces. If f and g are homotopic
rel a (possibly empty) subset A, then Σ(f) and Σ(g) are homotopic rel Σ(A).

(5) If f : X → Y is a homotopy equivalence of topological spaces, then the suspension
Σ(f) : Σ(X)→ Σ(Y ) is also a homotopy equivalence.

Remark. We consider the topological space X = [−1, 1], the subset A = (−1, 1) and the
inclusion map i : A→ X. In Exercise 16.14 we will prove the slightly scary statement that
the induced map Σ(i) : Σ(A)→ Σ(X) is not an embedding.

Proof.

(1) We consider the following commutative diagram

X × [−1, 1]
f×id[−1,1]

//

��
++

Y × [−1, 1]

��

Σ(X)
Σ(f)

// Σ(Y ).

By the Product Topology-Basics Lemma 5.4 (3) we know that the top horizontal map
is continuous. By the Topological-Quotient Proposition 5.15 (1a) the left and right
vertical maps are continuous. It follows that the diagonal map is continuous. Fi-
nally we obtain from the Topological-Quotient Proposition 5.15 (1b) that the bottom
horizontal map is continuous.

(2) This statement follows immediately from the de�nitions.
(3) This statement follows immediately from (1) and (2) and the de�nitions.
(4) Clearly it su�ces to prove the following claim.

Claim. If F : X × [0, 1]→ Y is a map, then the map

G : (

=Σ(X)︷ ︸︸ ︷
(X × [−1, 1])/∼)× [0, 1] →

=Σ(Y )︷ ︸︸ ︷
(Y × [−1, 1])/∼

([(x, t)], s) 7→ [(F (x, s), t)]

is continuous.
Proof. Fortunately the claim follows immediately from the Homotopy Quotient The-
orem 14.7. �

(5) It su�ces to show that if f : X → Y and g : Y → X are two maps such that
g ◦ f ' idX , then Σ(g) ◦ Σ(f) ' idΣ(X). Then we see that

Σ(g) ◦ Σ(f) = Σ(g ◦ f) ' Σ(idX) = idΣ(X) .
↑ ↑ ↑
by (3) by (4) by (3) �

16.3. Mapping cylinder and mapping cone. In this section we associate to a map
f : X → Y between two topological spaces two di�erent topological spaces. The main
interest in these topological spaces is that these topological spaces encode some of the
information contained in the actual map. On numerous occasions this will allow us to
translate questions about maps between topological spaces into questions about topological
spaces.
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We start out with the de�nition of a mapping cylinder.
De�nition. Let f : X → Y be a map between topological spaces. We de�ne the corre-
sponding mapping cylinder to be the topological space

Cyl(f) := Cyl(f : X → Y ) := ((X × [0, 1]) t Y )/∼ where (x, 1) ∼ f(x) for all x ∈ X.
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mapping cylinder Cyl(f : X → Y )

X

Y

Remark. In many, arguably most, textbooks on algebraic topology the mapping cylinder is
de�ned by identifying (x, 0) with f(x) instead of identifying (x, 1) with f(x). The de�nitions
are evidently equivalent, but as the author knows from experience, the usage of two di�erent
de�nitions can cause some confusion. The totally non-mathematical advantage of our
de�nition is that it leads to �horizontal� pictures which take up less space.

Example. If X is a topological space and if f : X → {y} is the constant map to the
topological space consisting of a single element y, then the mapping cylinder Cyl(f) is
homeomorphic to Cone(X). This statement is almost, but not completely169 evident. We
invite the general-topology-a�cionado to �ll in the details.

De�nition. Let f : X → Y be a map between two topological spaces. We refer to the
maps X → Cyl(f : X → Y )

x 7→ [(x, 0)]
and

Y → Cyl(f : X → Y )
y 7→ [y]

as the natural inclusions. Sometimes we use these inclusions to identify X and Y with the
corresponding subsets of the mapping cylinder.
The following lemma says that the natural inclusions are closed embeddings. This means
that we can legitimately identify X and Y with their images in the mapping cylinder
Cyl(f : X → Y ). On many occasions we will implicitly use the lemma without actually
referring to it.

Lemma 16.10. (Mapping Cylinder Basics Lemma) Let f : X → Y be a map between
topological spaces.
(1) If X and Y are compact, then Cyl(f) is also compact.
(2) If X and Y are Hausdor�, then Cyl(f) is also Hausdor�.
(3) The natural inclusions X → Cyl(f) and Y → Cyl(f) are embeddings, in particular

they are continuous.
(4) The images of the natural inclusions X → Cyl(f) and Y → Cyl(f) are closed

subsets.
Proof.
(1) We suppose that X and Y are compact. It follows from the Product Topology

Properties Proposition 5.6 (2) and the Pushout Properties Proposition 5.35 (1) that
Cyl(f) is also compact.

169Note that the statement is not true for the empty topological space. This observation shows that the
statement requires at least a little bit of thought.
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(2) We suppose that X and Y are Hausdor�. We will prove Exercise 16.9 that in this
case the mapping cylinder is Hausdor�.

(3) We will provide the proof of the third statement in Exercise 16.10.
(4) The preimage of i(X) under the projection (X × [0, 1]) t Y → Cyl(f) is X × {0}.

It follows from Lemma 5.12 and the Product-of-Subsets Lemma 5.5 that this is a
closed subset. Therefore it follows from the Topological-Quotient Proposition 5.15
(0b) that i(X) is indeed a closed subset of Cyl(f). The proof that the image of the
natural inclusion Y → Cyl(f) is closed is almost the same. �

We continue with a (non-) example. We will not really make use of the following lemma,
but it should warn the reader that the topology on a mapping cylinder is not necessarily
what one might think it is.
Lemma 16.11. Let X be a topological space and let A Ă X be a subset. We denote by
i : A→ X the inclusion map and we consider the map

Θ: Cyl(i) = ((A× [0, 1]) tX)/(a, 1) ∼ i(a) →

equipped with the subspace topology
coming from the product X × [0, 1]︷ ︸︸ ︷

(A× [0, 1]) ∪ (X × {1})

[P ] 7→
{
P, if P ∈ A× [0, 1],
(P, 1), if P ∈ X.

The following three statements hold:
(1) The map Θ is continuous and it is a bijection.
(2) If A is a closed subset of X, then Θ is a homeomorphism.
(3) There exist situations, e.g. X = [0,∞) and A = [0, 1), in which Θ is not a homeo-

morphism.
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A× {0} A× {0}

X × {1} A
A× [0, 1]

Cyl(i : A→ X)

A× [0, 1]

X
A

(A× [0, 1]) ∪ (X × {0})

Proof.

(1) It follows easily from the Topological-Quotient Proposition 5.15 (1b) that the given
map Θ is continuous. Furthermore it is basically clear that Θ is a bijection.

(2) Suppose that A is a closed subset of X. Note that A × {1} is a closed subset of
A× [0, 1]. It follows basically from Lemma 5.36 that Θ is a homeomorphism.

(3) We consider the case X = [0,∞) and A = [0, 1). We denote by

p : (A× [0, 1)) tX → Cyl(i) = ((A× [0, 1)) tX)/∼
the projection . We consider the open set U := {(x, t) ∈ [0, 1) × [0, 1] |x > t} of
A× [0, 1). Furthermore we consider the open subset V := [0, 2) of X = [0,∞). Note
that p−1(p(U t V )) = U t V . Thus it follows immediately from the de�nition of the
quotient topology on Cyl(i) = ((A× [0, 1)) tX)/∼ that p(U t V ) is an open subset
of Cyl(i). On the other hand we have

Θ(p(U t V )) = U ∪ {(x, 1) |x ∈ V },
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but considering the point (1, 1) one can easily verify that this is not an open subset
of (A× [0, 1]) ∪ (X × {1}). �
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V

A
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1X
U

Θ(p(U t V ))

The following lemma summarizes some basic properties of the mapping cylinder.

Lemma 16.12. (Mapping Cylinder Basics Lemma II) Let f : X → Y be a map
between topological spaces.
(1) The subspace Y is a deformation retract of Cyl(f : X → Y ), in fact an explicit

deformation retraction is given by the following map

H : Cyl(f :X → Y )× [0, 1] → Cyl(f : X → Y )

(P, t) 7→

 P, if P ∈ Y,
[(Q, s · (1− t) + t)], if P = [(Q, s)], where

Q ∈ X and s ∈ [0, 1].

(2) We denote by r = H1 the retraction Cyl(f : X → Y ) → Y given by (1). If we
denote by i : X → Cyl(f) and j : Y → Cyl(f) the natural inclusions, then the
following statements hold:
(a) The map j : Y → Cyl(f : X → Y ) and r : Cyl(f : X → Y ) → Y are homotopy

equivalences.
(b) The map i : X → Cyl(f : X → Y ) is a homotopy equivalence if and only if the

map f : X → Y is a homotopy equivalence.

Remark.

(1) On page 454 we saw that the mapping cylinder of a constant map f : X → {y}
is homeomorphic to the cone on X. Thus we see that the Mapping Cylinder Ba-
sics Lemma 16.12 (1) can be viewed as a generalization of the Cone Contractibility
Lemma 16.7.

(2) In Corollary 17.16 we will strengthen the statement of the Mapping Cylinder Basics
Lemma 16.12 (2b), namely we will show that if f : X → Y is a homotopy equivalence,
then i(X) is in fact a deformation retract of Cyl(f : X → Y ).
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deformation retraction H
and retraction r

Y

f

X

i

mapping cylinder Cyl(f : X → Y )

X

Y

Proof.
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(1) We need to show that the map H is continuous. First note that the two maps

(X × [0, 1])× [0, 1] → Cyl(f)
(Q, t) 7→ [(Q, s · (1− t) + t)]

and
Y × [0, 1] → Cyl(f)

(P, t) 7→ P

are continuous170. But this implies, by the somewhat delicate Homotopy Pushout
Lemma 14.9, that

H : ((X × [0, 1]) ∪(x,1)7→f(x) Y )× [0, 1] → Cyl(f)

itself is continuous. Once continuity is out of the way it is basically clear that
H is a deformation retraction. Therefore it follows from the Deformation Retract-
Homotopy Equivalence Lemma 15.5 that the inclusion Y → Cyl(f : X → Y ) is a
homotopy equivalence.

(2) (a) It follows from the Deformation Retract-Homotopy Equivalence Lemma 15.5 that
j and r are homotopy equivalences.

(b) We consider the map

G : X × [0, 1] → Cyl(f : X → Y )
(x, t) 7→ [(x, t)].

This map is continuous by the Topological-Quotient Proposition 5.15 (1b). We
make the following observations:

i=G0 :X→Cyl(f) is a
homotopy equivalence ⇔

i=G1 :X→Cyl(f) is a
homotopy equivalence ⇔

=f︷ ︸︸ ︷
r ◦G1 : X → Y is a
homotopy equivalence

↑ ↑
by the Homotopy-Equivalence Basics by the Homotopy-Equivalence Basics
Lemma 15.1 (3), since G0 and G1 Lemma 15.1 (1), since by (2a) we know
are homotopic that r is a homotopy equivalence

We have thus shown that i is a homotopy equivalence if and only if f = r ◦G1 is
a homotopy equivalence. �

In the above discussion we associated to a map f : X → Y between topological spaces a
new topological space, namely the mapping cylinder Cyl(f : X → Y ). But we see in the
Mapping Cylinder Basics Lemma 16.12 (1) that the mapping cylinder, as a topological
space, is in many ways the same as Y . Therefore we move on to the de�nition of the
mapping cone which is a much more interesting construction.

De�nition. Given a map f : A→ X between topological spaces the corresponding map-
ping cone is de�ned as

Cone(f : A→ X) := (Cone(A) tX)/∼ where [(a, 1)] ∼ f(a) for all a ∈ A.
We refer to the point [A× {0}] as the cone point of the mapping cone.

Remark. Let f : A→ X be a map between topological spaces. If A is non-empty, then it
follows almost immediately from the de�nitions that

Cone(f : A→ X) = Cyl(f : A→ X)/(A× {0}).
The following lemma summarizes some properties of mapping cones.

170For once this is basically obvious.
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f

1

X

A mapping cone Cone(f : A→ X)

0cone point

Lemma 16.13. (Mapping Cone Basics Lemma) Let f : A → X be a map between
topological spaces.
(1) We denote by i : A→ Cone(A) the map that is given by a 7→ [(a, 1)]. The mapping

cone Cone(f : A → X) is the same171 as the pushout of the maps i : A → Cone(A)
and f : A→ X, i.e. we have the pushout diagram

A
i //

f
��

Cone(A)

��

X // Cone(f : A→ X).

(2) The natural inclusion X → Cone(f : A→ X)
x 7→ [x]

is a closed embedding. Often we will use these natural inclusions to identify X with
its image in Cone(f : A→ X).

(3) If the map f : A → X is a (closed or open) embedding, then the natural map
Cone(A)→ Cone(f : A→ X) is a (closed or open) embedding.

(4) If A is non-empty, then the map

Cone(f : A→ X)/X → Σ(A)
[(a, t)] 7→ [(a, 1− 2t)]

is a natural homeomorphism.
(5) The cone point ∗ de�nes a closed subset of Cone(f : A→ X).
(6) There exists a natural deformation retraction from Cone(f : A → X) \ {∗} to X.

In particular the subset X is a deformation retract of the complement of the cone
point.

���
���
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���
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���
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������
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��

0

A f

X

mapping cone Cone(f : A→ X) suspension Σ(A)

+1 −11

Sketch of proof.

(1) This statement follows basically immediately from the de�nitions.

171At this point one can now argue whether they are the same on the nose or whether the obvious map is
just a natural homeomorphism.
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(2) This statement follows immediately from (1) together with the Topological Pushout-
Maps Lemma 5.34 (3) and (4).

(3) This statement also follows immediately from (1) together with the Topological
Pushout-Maps Lemma 5.34 (3) and (4).

(4) It is clear that the given map is a bijection. One can easily verify, without any extra
wizardry, that the given map is indeed a homeomorphism.

(5) This statement follows quite easily from the de�nition of the topologies involved.
(6) The proof of this statement is basically identical to the proof of the Mapping Cylinder

Basics Lemma 16.12 (1). �

So what have we done so far? We have associated to a map f : X → Y between topological
spaces the topological space Cone(f : X → Y ). This construction will allow us to turn
questions about maps between topological spaces into questions about topological spaces.
As always in algebraic topology, not only do we want a map

set of maps between topological spaces → set of topological spaces,

but we really want a functor. It is clear what the category should be on the right. It is a
little less clear what the category should be on the left. Here it is.

De�nition. We refer to the category MapTop with

Ob(MapTop) := all maps between topological spaces,

Mor(f : X → Y, f̃ : X̃ → Ỹ ) :=

all pairs of maps
(ϕ : X → X̃, ψ : Y → Ỹ )
such that the diagram

X
f
//

ϕ
��

Y
ψ
��

X̃
f̃
// Ỹ

commutes

with the (hopefully) obvious composition of morphisms as the category of maps between
topological spaces.
The following lemma says that we can view �taking the mapping cone� and �taking the
mapping cylinder� as covariant functors.

Lemma 16.14. (Mapping Cone Functor Lemma)
(1) The maps

(f :X→Y ) 7→ Cyl(f :X→Y )
and

(ϕ :X→ X̃, ψ : Y → Ỹ ) 7→


Cyl(f :X→Y ) → Cyl(f̃ : X̃→ Ỹ )

[P ] 7→

 [(ϕ(x), t)], if P = (x, t) with,
x ∈ X, t ∈ [0, 1]

[ψ(y)], if P =y with y∈Y

.
de�ne a covariant functor from the category MapTop of maps between topological
spaces to the category Top of topological spaces.

(2) If, in the setting of (1), the maps ϕ and ψ are embeddings, then the corresponding
map Cyl(f : X → Y )→ Cyl(f̃ : X̃ → Ỹ ) is also an embedding.

(3) The analogues of (1) and (2), with obvious modi�cations, hold if we replace mapping
cylinders by mapping cones.
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(4) Given a morphism172

X
f

//

ϕ
��

Y
ψ��

X̃
f̃

// Ỹ

the map from (3) for mapping cones �ts into the following commutative diagram:

Y �
�

//

ψ
��

Cone(f : X → Y )

��

// Σ(X)

Σ(ϕ)
��

Ỹ �
�

// Cone(f̃ : X̃ → Ỹ ) // Σ(X̃)

where the horizontal maps to the left are the inclusion maps that we introduced in
the Mapping Cone Basics Lemma 16.13 (2) and where the horizontal maps to the
right are given by the projection and the homeomorphism from the Mapping Cone
Basics Lemma 16.13 (4).

Proof. One needs to convince oneself that the map between the mapping cylinders and
the mapping cones is in fact continuous. For the mapping cylinders that is an immediate
consequence of the Topological Pushout Proposition 5.33 (1b). For the mapping cones �rst
note that the same argument as in the proof of the Suspension Functor Lemma 16.9 (1)
shows that the map

Cone(X) → Cone(X̃)
[(x, t)] 7→ [(ϕ(x), t)]

is continuous. The continuity of the map between the mapping cones now follows again
from the Topological Pushout Proposition 5.33 (1b).

The second statement will be proved in Exercise 16.13 (3). Finally Statement (4) of the
lemma follows basically from the de�nitions. �
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ψ̃

ψϕ

f

Cone(f : X → Y ) Cone
(
f̃ : X̃ → Ỹ

)
The following lemma shows in particular that homotopic maps give rise to homotopy equiv-
alent mapping cones. In particular at times this lemma allows us to translate the question
whether two maps are homotopic to the question whether two topological spaces are ho-
motopy equivalent.

Proposition 16.15. (Mapping Cone Homotopy Equivalent Proposition) Let f0, f1 : A→
X be maps between topological spaces. If f0, f1 are homotopic, then there exists a homo-
topy equivalence Cone(f0)→ Cone(f1) rel the union of X and the cone point.
It is not that di�cult to write down explicit maps between the cones and to write down
explicit homotopies. But we prefer to go take a more conceptual approach. Namely, instead

172In fancy speak this commutative diagram says that the inclusion maps into the mapping cone and the
projection from the mapping cone to the suspension are natural transformations between suitable functors.
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X

image of a homotopy H

f1

f0

Cone(f) Cone(g)

of proving the Mapping Cone Homotopy Equivalent Proposition 16.15 directly we will prove
the following more technical lemma.

Lemma 16.16. (Mapping Cone Inclusion Lemma) Let f0, f1 : A → X be maps be-
tween topological spaces. Furthermore let H : A × [0, 1] → X be a homotopy between f0

and f1. Let j ∈ {0, 1}. We denote by ij : A→ A× {j} the obvious inclusion map.
(1) The inclusion map ij induces by the Mapping Cone Functor Lemma 16.14 (3) a map

Cone(fj)→ Cone(H). This map is an embedding.
(2) If we use the map from (1) to view Cone(fj) as a subset of Cone(H), then it is a

deformation retract of Cone(H).
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image of the
homotopy H

Cone(f0) Cone(H)

f1

f0

A

Proof of Proposition 16.15 assuming Lemma 16.16. Let H be a homotopy between
f0 and f1. By the Mapping Cone Inclusion Lemma 16.16 we can view Cone(f0) and Cone(f1)
as deformation retracts of Cone(H). It follows from the Deformation Retract-Homotopy
Equivalence Lemma 15.5 and the Homotopy-Equivalence Basics Lemma 15.1 that Cone(f0)
and Cone(f1) are homotopy equivalent. A quick inspection of the maps involved shows that
the two cones are homotopy equivalent rel the union of X and the cone point. �

Proof of the Mapping Cone Inclusion Lemma 16.16. Let f0, f1 : A → X be maps
between topological spaces. Furthermore let H : A × [0, 1] → X be a homotopy between
f0 and f1. For notational convenience we only deal with the case j = 0. We denote by
i : A→ A× {0} the obvious inclusion map. We get a commutative diagram

A
f0 //

i
��

X
=
��

A× [0, 1]
H // X.

Thus we get from the Mapping Cone Functor Lemma 16.14 (3) a map Cone(f0)→ Cone(H).
It follows almost immediately from the Mapping Cone Functor Lemma 16.14 (3) that this
map is an embedding.

Since this proof su�ers from an abundance of intervals playing di�erent roles we rescale
two of the intervals:
(1) We use the interval [0, 1] for the homotopy H.
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(2) We use the interval [0, 2] for the de�nition of the mapping cone.
(3) We use the interval [0, 3] for the de�nition of the desired deformation retraction.

With this convention out of the way we pick a deformation retraction

ϕ : ([0, 1]× [0, 2])× [0, 3] → [0, 1]× [0, 2]

rel ([0, 2] × {0}) ∪ ({2} × [0, 1]) such that ϕ(r, s, t) = (r, 1
3
st) whenever r ∈ [0, 1

2
]. It is

straightforward to see that such a deformation retraction exists. We refer to the �gure
below for an illustration.
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deformation retraction ϕ
[0, 1]× [0, 2]

1

0
0 2

Now we consider the map

G : (

=Cone(H : A×[0,1]→X)︷ ︸︸ ︷
((A×[0, 1]×[0, 2]) tX)/∼)×[0, 3] → Cone(H)

([P ], z) 7→
{

[(a, ϕ(x, y, z))], if P = (a, x, y),
P, if P ∈ X.

Using the Topological-Quotient Proposition 5.15 (1a) and the Homotopy Pushout Lemma 14.9
one can easily show that this map G is continuous. It is straightforward to verify that this
map has the desired properties. �

For completeness' sake we also state the following corollary.
Corollary 16.17. Let f : A → X be a map between topological spaces. Furthermore let
g : X → Y be a homotopy equivalence. The map

Cyl(f : A→ X) → Cyl(g ◦ f : A→ Y )

[P ] 7→
{

[(a, t)], if P = (a, t) ∈ A× [0, 1],
[g(P )], if P ∈ X

is a homotopy equivalence rel A×{0}. The same way one sees that the mapping cones of
f and g ◦ f are homotopy equivalent.

Example. Let f : S1 → R2 be the inclusion and let g : R2 → {∗} be the retraction to the
origin. In the �gure below we show the corresponding mapping cones, which we now know
are homotopy equivalent by Corollary 16.17.
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Y = {∗}

Cone(g ◦ f : S1 → Y )Cone(f : S1 → X)

X = R2

Proof. The corollary is a straightforward consequence of the Mapping Cone Homotopy
Equivalent Proposition 16.15. We leave it to the reader to �ll in the details. �

We conclude our discussion of mapping cones with the following proposition.
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Proposition 16.18. Let X be a topological space and let A be a subset of X. We denote
by i : A → X the inclusion map. We use the Mapping Cone Basics Lemma 16.13 (2) to
view X as a subset of Cone(i : A→ X).
(1) If A is contractible, then given any a0 ∈ A there exists a deformation retraction G

from Cone(i : A→ X) to X such that G1(cone point [A× {0}]) = a0.
(2) If a0 ∈ A is a deformation retract of A, then there exists a deformation retraction G

from Cone(i : A→ X) to X such that for any t ∈ [0, 1] we have G1([(a0, t)]) = a0.
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Cone(i : A→ X)

Proof. We �rst prove Statement (1). Thus let a0 ∈ A. Since A is contractible it follows
from the Point Deformation Retract Lemma 15.6 (2) that there exists a map r : A× [0, 1]→
A such that r0 = id and such that r1(a) = a0 for all a ∈ A. We pick continuous functions
x, y : [0, 1]× [0, 1]→ [0, 1] with the following properties:

(a) For any t ∈ [0, 1] we have x(0, t) = 1 or y(0, t) = 0.
(b) We have x(s, 0) = 0 and y(s, 0) = s for all s ∈ [0, 1].
(c) We have y(s, 1) = 1 for all s ∈ [0, 1].
(d) We have x(1, t) = 0 and y(1, t) = 1 for all t ∈ [0, 1].

We sketch graphs of such functions x and y in the �gure below. Now we consider the map
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F : (

=Cone(A)︷ ︸︸ ︷
(A× [0, 1])/(A× {0}))× [0, 1] →

=Cone(A)︷ ︸︸ ︷
(A× [0, 1])/(A× {0})

([(a, s)], t) 7→ [(r(a, x(s, t)), y(s, t))].

We make the following observations:

(0) Since x and y are continuous and since [0, 1] is regionally compact we obtain from
the Topological-Quotient Proposition 5.15 (1b) and the Product-Quotient Mixing
Lemma 13.6 that F is continuous.

(1) It follows from (a) that F is actually well-de�ned.
(2) It follows from (b) that F0 = id.
(3) It follows from (c) that F1 takes values in A× {1}.
(4) It follows from (d) that F is a homotopy rel A× {1}.
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In summary this shows that F is a deformation retraction from Cone(A) to A× {1}. Now
we consider the map

G : (

=Cone(i : A→X)︷ ︸︸ ︷
Cone(A) ∪(a,1)=a X)× [0, 1] → Cone(i : A→ X)

([P ], t) 7→
{

[F (P, t)] if P ∈ Cone(A),
[P ], if P ∈ X.

It follows from the Homotopy Pushout Lemma 14.9 that this map is continuous. Clearly
G is a deformation retract from Cone(i : A→ X) to X. By construction it sends the cone
point to a0.

It remains to prove Statement (2). If we start out with a deformation retraction r from
A to a0, then the above homotopy F has the desired property. �

16.4. The mapping cone of a suspension. In this section we show that under favorable
circumstances the operation of taking a mapping cone (or mapping cylinder) commutes
with the operation of taking the suspension of a map. This technical proposition will
play a useful role later on. The proposition is also a good way to test whether we really
understand the various topologies involved in the de�nition of mapping cones, mapping
cylinders and suspensions.

Proposition 16.19. (Mapping Cone-Suspension Proposition) If f : X → Y is a
map between topological spaces, then the map173

Φ: Σ(Cone(f : X → Y )) → Cone(Σ(f) : Σ(X)→ Σ(Y ))

P 7→

 [([(x, t)], s)], if P = [([(x, s)], t)] with x ∈ X, t ∈ [−1, 1]
and with s ∈ [0, 1],

[([y], t)], if P = [([y], t)] with y ∈ Y and t ∈ [−1, 1].

is a homeomorphism.
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Cone(Σ(f) : Σ(X)→ Σ(Y ))
X

s0 1

t
f Y

−1

10 s

Σ(Cone(f : X → Y )
1

In the proof of the Mapping Cone-Suspension Proposition 16.19 we will need the following
lemma which is quite similar to Proposition 13.8.

173It takes a major e�ort to disentangle the notation. We write [ − ] to indicate the equivalence class
corresponding to a suspension and we write [ − ] to indicate the equivalence class corresponding to the
equivalence relation used to de�ne mapping cones.
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Lemma 16.20. (Suspension-Product Lemma) Let X be a topological space. If Y is
a regionally compact space (e.g. if Y = [0, 1]), then the map

ϕ : Σ(X)× Y → Σ(X × Y )
([(x, t)], y) 7→ [((x, y), t)]

is continuous.
In the �gure below we illustrate the Suspension-Product Lemma 16.20. This cute picture
is not meant to hide the grim reality that for arbitrary topological spaces X it actually
requires a non-trivial input to prove the Suspension-Product Lemma 16.20.
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Σ(X × Y )

Y

X

Σ(X)×Y

Proof. We denote by p : (X × Y )× [−1, 1] → Σ(X × Y ) and q : X × [−1, 1] → Σ(X) the
two natural projections. We have the following commutative diagram

(X × [−1, 1])× Y
q×idY

��

(x,t,y)7→(x,y,t)

∼=
// (X × Y )× [−1, 1]

p
��

Σ(X)× Y ϕ
// Σ(X × Y ).

By the Product Topology-Basics Lemma 5.4 (2) the top horizontal map is a homeomor-
phism. By the Quotient Map Lemma 13.3 the maps p and q are quotient maps. Since Y is
regionally compact we obtain from the Whitehead Quotient Theorem 13.4 that q× idY is a
quotient map. It follows from Lemma 13.5 that ϕ is also a quotient map. By the Quotient
Map Lemma 13.3 (2) this implies that ϕ is indeed continuous. �

Proof of the Mapping Cone-Suspension Proposition 16.19. Let f : X → Y be a
map between topological spaces. One can easily verify that the given map Φ is a bijection.
It remains to show that Φ and Φ−1 are continuous. We will do so in the following two
claims. The domain and the target of Φ are both a scary mix of product and quotient
topologies. Thus we need to tread super carefully.

Claim 1. The map Φ is continuous.

Proof. To prove the claim we introduce the following notation:

(a) We consider the map ϕ : X × {1} → Y that is given by ϕ(x, 1) = f(x).
(b) We denote by p : Cone(f : X → Y )× [−1, 1]→ Σ(Cone(f : X → Y )) the projection

.
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We consider the following diagram:

(X×[0, 1])×[−1, 1] Y ×[−1, 1]

i
��

j

��

((X×[0, 1])×[−1, 1]) ∪ϕ×id[−1,1]
(Y ×[−1, 1])

[(P,t)] 7→([P ],t)
��

=:Ψ

  

((X×[0, 1]) ∪ϕ Y )×[−1, 1]

=
��

Cone(f : X → Y )×[−1, 1]

([P ],t)7→[(P,t)]q

��

Σ(Cone(f : X → Y ))
Φ // Cone(Σ(f) : Σ(X)→ Σ(Y )).

We make the following observations:

(1) By Lemma 13.7 we know that the vertical map between the second and the third
row is a homeomorphism.

(2) It follows from (1) together with the Topological-Quotient Proposition 5.15 (1b),
applied to the projection q, that Φ is continuous if Ψ is continuous.

(3) It follows from the Topological Pushout Proposition 5.33 (1b) that Ψ is continuous
if Ψ ◦ i and Ψ ◦ j are continuous.

(4) We have the following commutative diagram:

Y × [−1, 1]
Ψ◦i //

(P,t)7→[(P,t)] ))

Cone(Σ(f) : Σ(X)→ Σ(Y )).

Σ(Y )
Q 7→[Q]

33

The diagonal maps are continuous by the Topological-Quotient Proposition 5.15 (1a)
and the Topological Pushout Proposition 5.33 (1b). Thus we see that Ψ ◦ i is con-
tinuous. The same argument shows that Ψ ◦ j is continuous.

The combination of (2), (3) and (4) shows that Φ is indeed continuous. �

Claim 2. The map
=((Σ(X)×[0,1])tΣ(Y ))/∼︷ ︸︸ ︷

Cone(Σ(f): Σ(X)→ Σ(Y ))
Φ−1

−−→ Σ(Cone(f : X → Y ))

P 7→

[([(x, s)], t)], if P = [([(x, t)], s)] with s ∈ [0, 1] and
with [(x, t)]∈Σ(X), i.e. x∈X, t∈ [−1, 1],

[([y], t)], if P = [([y], t)] with t ∈ Y , t ∈ [−1, 1].

is continuous.

Proof. By the Topological Pushout Proposition 5.33 (1b) it su�ces to show that the maps

Σ(X)× [0, 1] → Σ(Cone(f : X → Y ))
([(x, t)], s) 7→ [([(x, s)], t)]

and
Σ(Y ) → Σ(Cone(f : X → Y ))

[(y, t)] 7→ [([y], t)]
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are continuous. The second map is continuous by the Suspension Functor Lemma 16.9 (1).
Furthermore it follows from the combination of the Suspension-Product Lemma 16.20 with
the Suspension Functor Lemma 16.9 (1) that the �rst map is continuous. �

16.5. The mapping torus. In this last section we discuss the mapping torus. This con-
struction gives rise to many interesting topological spaces. We will also see that determining
the fundamental group of a mapping torus is somewhat challenging, but not impossible.

De�nition. Let X be a topological space and let f : X → X be a map. We refer to

Tor(X, f) := (X × [0, 1]) /∼ where (x, 0) ∼ (f(x), 1) for all x ∈ X,
as the mapping torus of (X, f). We refer to the map

Tor(X, f) = (X × [0, 1])/(x, 0) ∼ (f(x), 1) → S1

[(x, t)] 7→ exp(2π it)

as the natural projection onto S1.
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X × [0, 1] natural projection p

X
f

each point (x, 0) gets identi�ed with (f(x), 1)

[0, 1]/0 ∼ 1

The following lemma shows that the mapping torus is a pushout. This is very useful since
it allows us to use all the results from the Topological Pushout-Maps Lemma 5.34.

Lemma 16.21. Let X be a topological space and let f : X → X be a map. The natural
maps α : X × [0, 1] → Tor(X, f)

(x, t) 7→ [(x, t)]
and

β : X → Tor(X, f)
x 7→ [(x, 0)]

induce the following natural homeomorphism:

X × {0, 1}
(x,t) 7→x

//
� _

(x,t)7→(x,t)
��

X

��
β

!!

X × [0, 1] //

α //

(X × [0, 1]) ∪X×{0,1} X
∼=

Ψ ++

Tor(X, f).

Proof. First note that it follows from the the Topological Pushout Proposition 5.33 (1b)
that Ψ is continuous. Next we consider the natural map

Φ: (X × [0, 1])/∼ → (X × [0, 1]) ∪X×{0,1} X
[(x, t)] 7→ [(x, t)].

173It follows from the Topological-Quotient Proposition 5.15 (1b) that the natural projection is indeed
continuous.
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It follows from the the Topological Pushout Proposition 5.33 (1a) and the Topological-
Quotient Proposition 5.15 (1b) that Φ is continuous. One can easily verify that Φ and Ψ
are inverses of one another. Thus we have shown that both maps are homeomorphisms. �

For completeness' sake we state the following almost self-evident lemma which gets used,
often subconsciously, on numerous occasions.

Lemma 16.22. Let X be a topological space and let f : X → X be a map.
(1) The map

with x ∈ X and r ∈ R
↓

Θ: (X×R)/(x, r) ∼ (f(x), r + 1) → Tor(X, f) = (X×[0, 1])/(x, 0) ∼ (f(x), 1)
[(x, t)] 7→ [(x, t)]

is a homeomorphism.
(2) For every interval I Ă R of length less than one, the map

ϕ : X × I → (X × R)/∼ Θ−−→ Tor(X, f)
(x, t) 7→ [(x, t)]

is an embedding. Furthermore, if I is closed respectively open, then ϕ is a closed
respectively open embedding.

Proof. First note that it is straightforward to write down an inverse to Θ. The second
statement follows from elementary arguments. We leave it to the reader to �ll in the
details. �

The following lemma takes care of our two favorite properties of topological spaces, namely
compactness and being Hausdor�.

Lemma 16.23. (Mapping Torus-Compact-Hausdor� Lemma) Let X be a topolog-
ical space and let f : X → X be a homeomorphism.
(1) If X is Hausdor�, then the mapping torus Tor(X, f) is Hausdor�.
(2) If X is compact, then the mapping torus Tor(X, f) is compact.

Proof.

(1) This statement will be proved in Exercise 16.16.
(2) This statement follows immediately from the Product Topology Properties Proposi-

tion 5.6 (2) and the Quotient-Compact Connected Lemma 5.16 (1). �

Next we will see that several well-established topological spaces are actually mapping tori.

Examples.

(1) We consider the topological space [0, 1] and let f : [0, 1]→ [0, 1] be the self-homeomor-
phism of [0, 1] that is given by f(w) = 1 − w. It follows immediately from the
de�nitions that the corresponding mapping torus Tor([0, 1], f) is precisely the Möbius
band as de�ned on page 264.

(2) Let X = S1 and let f : X → X be the homeomorphism that is given by f(z) = z.
It follows easily from the Compact-Hausdor� Proposition 2.17 (3) and the Mapping
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X × {0}
X × {1}

Tor([0, 1], w 7→ 1− w)

(1, 1− w)

(0, w)

Torus-Compact-Hausdor� Lemma 16.23 (1) that the map
Klein bottle︷ ︸︸ ︷

([0, 1]× [0, 1]) / (x, 0) ∼ (x, 1), (0, y) ∼ (1, 1− y) → Tor(S1, f)
[(x, y)] 7→ [exp(2π iy), x)]

is a homeomorphism from the Klein bottle to the mapping torus Tor(S1, f).174
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mapping torus Tor(S1, z 7→ z)Klein bottle [0, 1]× [0, 1]/ ∼

S1 × {0}
=

(3) As a �nal example we consider X = Z3 = {0, 1, 2}, equipped with the discrete
topology. Let f : X → X be the homeomorphism that is given by f(x) = x+1 mod 3.
As we illustrate in the �gure below, the mapping torus Tor(X, f) is homeomorphic
to S1.

�
�
�
�

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

�
�
�
�

����

��

is homeomorphic tothe mapping torus Tor(Z3, f(x) = x+ 1)

We slow down a little to consider the case ϕ = id in more detail. On page 264 we already
saw that Tor(S1, id) is homeomorphic to the torus S1×S1. Thus the following lemma does
not come as a surprise.

Lemma 16.24. (Mapping Torus-of-id Lemma) Given any topological space X the
map

Φ: Tor(X, id) → X × S1

[(x, t)] 7→ (x, exp(2π it))

is a homeomorphism.

Convention. Let X be a topological space. We use the homeomorphism from the Map-
ping Torus-of-id Lemma 16.24 to make the identi�cation Tor(X, id) = X × S1.

Proof. It is easy to verify that Φ is a bijection. Using Remark 5.17 (1) one can easily show
that Φ is continuous. It still remains to show that Φ is actually a homeomorphism.

First we provide an argument based on Proposition 13.11. First note that it follows
from the Compact-Hausdor� Proposition 2.17 (3) that the map [0, 1]/{0, 1} → S1 induced

174What does the mapping torus Tor(S1, z 7→ −z) look like?
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by [t] 7→ exp(2π it) is a homeomorphism. We use this homeomorphism to replace S1 by
[0, 1]/{0, 1}. Next we consider the following diagram:

X × [0, 1]

p
(x,t) 7→(x,[t])

vv
q
(x,t)7→[(x,t)]

))

X × ([0, 1]/{0, 1}) Φ−1

(x,[t])7→[(x,t)]
// (X × [0, 1])/(x, 0) ∼ (x, 1).

By Proposition 13.11, applied to Y = [0, 1] and the compact subset B = {0, 1} we know
that p is a quotient map. By the Topological-Quotient Proposition 5.15 (1a) we know that
q is continuous. Since the diagram commutes we obtain from Lemma 13.5 that Φ−1 is
continuous. We have thus shown that Φ is a homeomorphism.

In the rather unlikely event that the reader skipped Proposition 13.11 we also give a
more direct argument. By the Open -Injective Map Lemma 2.16 (2) it remains to show
that Φ is an open map. So let U be an open subset of Tor(X, id) = (X × [0, 1])/∼. Let
P := [(x, t)] ∈ U be a point. We can assume that t ∈ [0, 1). We need to show that
Q := Φ([(x, t)]) admits an open neighborhood Y that is contained in V := Φ(U). In the
following we denote by p : X × [0, 1]→ Tor(X, id) the projection .

If t ∈ (0, 1), then by the de�nition of the topology on Tor(X, id) there exists an open
subset W Ă X and an open interval (a, b) Ă (0, 1) with P ∈ W × (a, b) Ă U . We set
Y := Φ(W × (a, b)) = W ×{exp(2π it) | t ∈ (a, b)}. Note that p−1(Y ) = Y is an open subset
of X × [0, 1]. Thus Y has the desired property

Now suppose that t = 0. In X × [0, 1] we pick an open neighborhood W1 × [0, ε1)
of the point (x, 0) that is contained in p−1(U). Similarly we pick an open neighborhood
W2×(1−ε2, 1] of the point (x, 1) that is also contained in p−1(U). It is now straightforward
to see that Y := (W1 ∩W2)× {exp(2π is) | s ∈ (−ε2, ε1)} has the desired property. �
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W2 × (1− ε2, 1]W1 × [0, ε1)

t = 1t = 0 t = 0t = 1

P = [(x, t)]

Tor(X, id)

U

Now we continue the discussion of mapping tori with a few more examples.

Examples.

(1) In [Rolf1990, Chapter 10.I.10] and [BZH2014, Section 5.C] it is shown that the
complement of the trefoil and the complement of the �gure-8 knot are homeomorphic
to a mapping torus, where the �ber is given by removing a point from the torus.

(2) If one wants to construct new interesting topological spaces out of a given topological
space we need to �nd �non-trivial� self-homeomorphisms. For example let Σ be a
surface and let Ψ: [−1, 1]× S1 → Σ be an embedding The map

Σ → Σ

P 7→
{
P, if P 6∈ Ψ([−1, 1]× S1),
Ψ(t, z · exp( i ·((t+ 1)·π))) if P = Ψ(t, z) for some t ∈ [−1, 1] and z ∈ S1,
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is called a Dehn twist175 twist along the curve C := Ψ({0} × S1). We will discuss
Dehn twists in greater detail on page 3126.
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S1 × [−1, 1] Ψ

Σ
image of A under the Dehn
twist along the curve Csubset A

C = Ψ({0} × S1)

For completeness we also state the following lemma.

Lemma 16.25. (Manifold-Mapping Torus Lemma) LetM be an n-dimensional smooth
manifold and let f : M →M be a di�eomorphism. The following statements hold:
(1) The mapping torus Tor(M, f) is naturally an (n+ 1)-dimensional smooth manifold

such that the obvious inclusion map M × (0, 1)→ Tor(M, f) is a smooth map.
(2) The boundary ∂ Tor(M, f) is given by the mapping torus Tor(∂M, f |∂M), in partic-

ular, if M is closed, then Tor(M, f) is also closed.
(3) If M is orientable and if f is orientation-preserving, then Tor(M, f) is also an ori-

entable smooth manifold.
Proof. First consider the case thatM has no boundary. By the Smooth Manifold Product
Proposition 19.31 (4) we know that M × [0, 1] is an (n + 1)-dimensional smooth manifold
with boundary given by M × {0, 1}. Note that we obtain the mapping torus Tor(M, f)
from the smooth manifold M × [0, 1] by identifying the boundary component M × {0}
with M × {1}. Thus the statements are an immediate consequence of the Gluing-Smooth
Manifolds-Proposition ??.

We will not make use of the Manifold-Mapping Torus Lemma 16.25 when M has non-
empty boundary. Thus we leave it to the curious reader to modify the above argument to
the general case. �

The lemma says in particular that self-di�eomorphisms of surfaces give rise to 3-dimensional
smooth manifolds. This construction is an important source of examples of 3-dimensional
smooth manifolds.
De�nition. Let X and Y be topological spaces. Two homeomorphisms f, g : X → Y are
called isotopic, if there exists an isotopy from f to g, i.e. a map

H : X × [0, 1] → Y
(x, t) 7→ H(x, t)

such that the following hold:
(1) We have H(x, 0) = f(x) and H(x, 1) = g(x) for all x ∈ X,
(2) for each t ∈ [0, 1] the map X → Y given by x 7→ H(x, t) is a homeomorphism.

Examples.

175Max Dehn (1878-1952) was a German�Jewish mathematician. In 1939 he �ed to Norway. After the
German occupation of Norway he �ed to America via Siberia and Japan. He died in 1952 in Black Mountain,
North Carolina.



472

(1) We consider X = [0, 2] and the two self-homeomorphisms given by f(x) = x and by
g(x) = 1

2
· x2. Then176

H : X × [0, 1] → X
(x, t) 7→ f(x) · (1− t) + g(x) · t

is an isotopy from f to g.
(2) Lickorish [Lic1962] showed that any self-homeomorphism of a compact orientable

2-dimensional smooth manifold is isotopic to the concatenation of �nitely many Dehn
twists.

Lemma 16.26. Let X be a topological space. If f, g : X → X are two homeomorphisms
that are isotopic, then the mapping tori Tor(X, f) and Tor(X, g) are homeomorphic.

Proof. The lemma will be proved in Exercise 16.17. �

Example. We consider X = S1 and the self-homeomorphism that is given by g(z) = −z.
Note that the map H(z, t) = exp(π it) · z de�nes an isotopy from f = id to g. It follows
from Lemma 16.26 that the mapping torus Tor(S1, g(z) = −z) is homeomorphic to the
torus Tor(S1, id) = S1 × S1.

Now we can determine which surfaces are mapping tori.
Proposition 16.27. The annulus, the Möbius band, the torus and the Klein bottle are,
up to homeomorphism, the only connected, compact 2-dimensional topological manifolds
that can be written as a mapping torus Tor(X, f) of a connected 1-dimensional topological
manifold X.
Proof. By the examples (1), (2) on page 468 and by the Mapping Torus-of-id Lemma 16.24
we know that there exist the following types of homeomorphisms:

annulus S1 × [0, 1] ∼= Tor([0, 1], id)
Möbius band ∼= Tor([0, 1], x 7→ 1− x)

and
torus S1 × S1 ∼= Tor(S1, id)
Klein bottle ∼= Tor(S1, z 7→ z).

In particular all these four smooth manifolds are homeomorphic to mapping tori. It remains
to show that these are the only connected, compact 2-dimensional topological manifolds
that can be written as a mapping torus.

It follows from the Topological 1-Dimensional Manifold Classi�cation Theorem 22.1
that any compact connected 1-dimensional topological manifold is homeomorphic to [0, 1]
or to S1. We know from Lemma 50.1 that any self-homeomorphism is isotopic to one
of the self-homeomorphisms that we had written down above. But then it follows from
Lemma 16.26 that any mapping torus is homeomorphic to one from the above list. �

For proving statements about mapping tori the following lemma gives a useful alternative
point of view.

Lemma 16.28. (Mapping Torus-of-Homeomorphism Lemma) Let X be a topolog-
ical space and let f : X → X be a homeomorphism. Then the following hold:
(1) The map177 Z× (X × R) → X × R

(n, (x, t)) 7→ (fn(x), t+ n)

de�nes a continuous, proper and discrete action178 of the group Z on X × R.

176Let t ∈ [0, 1]. Why is the map [0, 2]→ [0, 2] given by x 7→ H(x, t) a homeomorphism?
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(2) The map
Tor(X, f) = (X × [0, 1])/∼ → (X × R)/Z

[(x, t)] 7→ [(x, t)]

is a homeomorphism.
Proof. We leave the task of providing the elementary proof to the reader. �

In the following, given a topological space X and a homeomorphism f : X → X we de-
note the corresponding quotient space by (X × R)/Zf and we will identify the mapping
torus Tor(X, f) with (X × R)/Zf using the homeomorphism of the Mapping Torus-of-
Homeomorphism Lemma 16.28.

Remark. It follows from the Mapping Torus-of-Homeomorphism Lemma 16.28 together
with the Manifold Quotient-by-Group Action Proposition 19.32 that if X is an n-dimen-
sional topological (respectively) smooth manifold and f is a homeomorphism, then the
corresponding mapping torus Tor(X, f) = (X × R)/Zf is a (n + 1)-dimensional topologi-
cal (respectively smooth) manifold. Furthermore, if X is in fact an n-dimensional smooth
manifold and f : X → X is a di�eomorphism, then almost the same argument shows that
the mapping torus Tor(X, f) = (X × R)/Zf is an (n+ 1)-dimensional smooth manifold.

Lemma 16.29. (Mapping Torus Covering Lemma) Let X be a topological space and
let f : X → X be a homeomorphism. The map

X × R → (X × R)/Zf = Tor(X, f)
(x, t) 7→ [(x, t)]

is a covering of in�nite degree. Furthermore for k ∈ N the map
Tor(X, fk) = (X × R)/Zfk → (X × R)/Zf = Tor(X, f)

[(x, t)] 7→ [(x, k · t)]
is a k-fold covering.

Proof. Let X be a topological space and let f : X → X be a homeomorphism. The
�rst statement is an immediate consequence of the Mapping Torus-of-Homeomorphism
Lemma 16.28 and Proposition 48.10.

Now let k ∈ N. We consider the following commutative diagram of maps:

(X × R)/Zfk

[(x,t)] 7→[(x,k·t)] ))

[(x,t)] 7→[(x,k·t)]
// (X × R)/Zf .

(X × R)/(k · Z)f

[(x,t)] 7→[(x,t)]

55

The left diagonal map is easily seen to be well-de�ned and to be a homeomorphism. By
Proposition 48.10 the right diagonal map is a k-fold covering. It follows that the top
horizontal map is also a k-fold covering. �

177Here for n ≥ 1 we write fn(x) = (

n-times︷ ︸︸ ︷
f ◦ · · · ◦ f)(x), for n = 0 we write f0(x) = x and for n ≤ −1 we write

fn(x) = (f−1 ◦ · · · ◦ f−1︸ ︷︷ ︸
|n|-times

)(x).

178Why is it an action?
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Examples.
(1) We apply Mapping Torus Covering Lemma 16.29 to X = [0, 1] and the homeomor-

phism that is given by f(x) := 1− x. Note that for all x we have

f 2(x) = f(f(x)) = f(1− x) = 1− (1− x) = x.

This shows that f 2 = id. Thus we recover the statement from page 1070 that the
annulus Tor([0, 1], id) is a 2-fold covering of the Möbius band Tor([0, 1], f(x) = 1−x).

(2) We apply Mapping Torus Covering Lemma 16.29 to X = S1 and the self-homeo-
morphism of X = S1 that is given by f(z) := z. As in the previous example we see
that f 2 = id. Thus we get, after the discussion on page 1078, a new proof that the
torus Tor(S1, id) is a 2-fold covering of the Klein bottle Tor(S1, f(z) = z).

Exercises for Chapter 16.

Exercise 16.1. Let X and Y be topological spaces. Show that the join X ∗ Y is homeo-
morphic to the pushout of the maps

X × {0, 1} × Y //

��

X × [0, 1]× Y

X t Y
where the horizontal map is the inclusion and the vertical map is de�ned by the two
projections X × {0} × Y → X and X × {1} × Y → Y .
Remark. This exercise explains in particular the initially slightly odd convention in the
de�nition of the join for the special case that at least one of X or Y is the empty topological
space.

Exercise 16.2. Let X and Y be topological spaces. Show that if X and Y are Hausdor�,
then the join X ∗ Y is also Hausdor�.

Exercise 16.3. Given a subset X of Rn we de�ne its physical cone as

C̃one(X) := union of all line segments from (x, 1)︸ ︷︷ ︸
∈Rn+1

to (0, 0)︸ ︷︷ ︸
∈Rn+1

Ă Rn+1

and we consider the map

fX : Cone(X) → C̃one(X)
[(x, t)] 7→ t · (x, 1) + (1− t) · (0, 1).

(a) Let X be a compact subset of Rn. Show that the map fX is a homeomorphism.
(b) Let X = (0, 1) Ă R. Show that the map fX is not a homeomorphism.

Remark. It is actually true that fX is continuous and a bijection. To show that
fX is not a homeomorphism we need to show that there exists an open subset U of
Cone(X) such that the image under fX is not open. You could try your hand at

U := Cone(X) \ {[( 1
n
, 1
n
)] |n ∈ N≥2}.
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���� ���� C̃one(X)

[X × {0}]

(x, t) 7→ [(x, t)] fX

points ( 1
n
, 1
n
)

Exercise 16.4. Let X be a topological space. Show that Cone(X) respectively the sus-
pension Σ(X) are homeomorphic to the pushout of the diagram

X
x 7→(x,1)

//

��

X × [0, 1]

{∗}
respectively

X
x 7→[(x,0)]

//

x 7→ [(x,0)]
��

Cone(X)

Cone(X)

Remark. These descriptions of the cone and the suspension explain our de�nitions for the
case that X is the empty topological space.

Exercise 16.5. Let X be a topological space.
(a) Show that the cone Cone(X) is naturally homeomorphic to the join X ∗ {∗}.
(b) Show that the suspension Σ(X) is naturally homeomorphic to the join X ∗ S0.

Remark. We refer to page 446 for the de�nition of the join of two topological spaces.

Exercise 16.6. Let X be a topological space. Show that the suspension Σ(X) is path-
connected.

Exercise 16.7. Let X be a topological space. Show that if X is Hausdor�, then the
suspension Σ(X) is also Hausdor�.

Exercise 16.8. Let X be a topological space. Show that the injections

X → Cone(X)
x 7→ [(x, 1)]

and
Cone(X) → Σ(X)

[(x, t)] 7→ [(x, 1− t)]
are embeddings.

Exercise 16.9. Let f : X → Y be a map between topological spaces. Show that if X and
Y are Hausdor�, then the mapping cylinder Cyl(f) is also Hausdor�.
Remark. This exercise is the content of the Mapping Cylinder Basics Lemma 16.10 (2).

Exercise 16.10. Let f : X → Y be a map between topological spaces. Show that the
natural inclusions

X → Cyl(f : X → Y )
x 7→ (x, 0)

and
Y → Cyl(f : X → Y )
y 7→ [y]

are embeddings.
Remark. This exercise is the content of the Mapping Cylinder Basics Lemma 16.10 (3).

Exercise 16.11. Let f : X → Y be a map between topological spaces and let Z be a
topological space.
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(a) Show that the map

Θ: Cyl(f×id :X×Z→Y ×Z) → Cyl(f : X → Y )× Z

P 7→
{

([(Q, t)], s), if P =[(Q, t, s)] with Q∈X, t, s∈ [0, 1],
([Q], s), if P =[(Q, s)] with Q∈Y, s∈ [0, 1].

is continuous.
(b) Suppose that Z is regionally compact. Show that the map Θ from (a) is a homeomor-

phism.
Hint. Use the Product-Quotient Mixing Lemma 13.6.

Exercise 16.12. Let X be a topological space and let A be a subset of X.
(a) We denote by i : A→ X the inclusion. Show that the map

A× [0, 1] → Cyl(i) = ((A× [0, 1]) tX)/∼
(a, t) 7→ [(a, t)]

is an embedding.
(b) Let f : A → X be an embedding. Is the map A × [0, 1] → Cyl(f) necessarily an

embedding?

Exercise 16.13. Give a proof of the Mapping Cone Functor Lemma 16.14 (3).

Exercise 16.14. We consider the topological space X = [−1, 1], the subset A = (−1, 1)
and the inclusion map i : A→ X. Show that the induced map Σ(i) : Σ(A)→ Σ(X) is not
an embedding.
Remark. It might help to have a look at the equally scary Exercise 16.3.

Exercise 16.15. Let X and Y be topological spaces. We consider the corresponding join
X ∗ Y = (X × [0, 1]× Y )/∼ as de�ned on page 446. Show that the map

X ∗ Y = (X × [0, 1]× Y )/∼ ∼= (Cone(X)× Y ) ∪(X×{1})×Y=X×(Y×{1}) (X × Cone(Y ))

[(x, t, y)] 7→
{

(x, [(y, 2t)]), if t ∈ [0, 1
2
],

([(x, 2(t− 1))], y), if t ∈ [1
2
, 1].

is a homeomorphism.
Remark. Evidently you need to verify that all the maps are actually continuous.

Exercise 16.16. Let X be a topological space and let f : X → X be a homeomorphism.
We assume that X is Hausdor�. Show that the mapping torus Tor(X, f) is also Hausdor�.

Exercise 16.17. Let X be a topological space. Show that if f, g : X → X are two home-
omorphisms that are isotopic, then the mapping tori Tor(X, f) and Tor(X, g) are homeo-
morphic.

Exercise 16.18. Let ϕ : B
2 → B

2
be the map that is given by (x, y) 7→ (x,−y). Is the

corresponding mapping torus Tor(B
2
, ϕ) homeomorphic to the solid torus?

Exercise 16.19. Let f : X → Y be a map between two topological spaces. Show that if
X and Y are both locally contractible, then so is the mapping cylinder Cyl(f : X → Y ).
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17. Cofibrations

Loosely speaking a map i : A → X between topological spaces is called a co�bration if it
has the homotopy extension property, i.e. if a homotopy on A extends to a homotopy on
X. As we will see many �reasonable� inclusion maps, e.g. the inclusion of a �submanifold�
into a �smooth manifold�, or of a �subcomplex� of a �CW-complex� into the CW-complex
are co�brations. The main technical achievement of this chapter is the daunting proof
of the Homotopy Pushout Theorem 17.19 which will come in handy on several occasions
throughout these notes.

Nonetheless, for the most part the results in this chapter are not essential for the
understanding of the subsequent chapters, thus not much harm is done by initially skipping
this chapter. It is best to return to it, when some of the results are actually needed.
Throughout this chapter we will on numerous occasions make use of the notion of a mapping
cylinder and of a mapping cone. Thus we start out by recalling the de�nition of a mapping
cylinder and a mapping cone that we had initially given on pages 454 and page 457.

De�nition. Let f : X → Y be a map between topological spaces. We de�ne the corre-
sponding mapping cylinder to be the topological space

Cyl(f : X → Y ) := ((X × [0, 1]) t Y )/∼ where (x, 1) ∼ f(x) for all x ∈ X.
We refer to the maps

X
i−→ Cyl(f)

x 7→ (x, 0)
respectively

Cyl(f)
r−→ Y

P 7→
{
P, if P ∈ Y,
f(Q), if P = [(Q, t)] with Q ∈ X, t ∈ [0, 1].

as the natural inclusion respectively the natural retraction.179
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natural inclusion i

X f

Y

Cyl(f) natural retraction r

De�nition. Given a map f : A→ X between topological spaces the corresponding map-
ping cone is de�ned as

Cone(f : A→ X) := (A× [0, 1]) tX/∼ where (a, 0) ∼ (b, 0) for all a, b ∈ A and
(a, 1) ∼ f(a) for all a ∈ A.

We refer to the point [A× {0}] ∈ Cone(f) as the cone point. We illustrate the de�nition
for an inclusion map i : A→ X in the �gure below.

17.1. Co�brations: de�nition and basic examples. We immediately introduce the
main player of this section.

179Note that by the Mapping Cylinder Basics Lemma 16.12 we know that there exists in fact a natural
deformation retraction R : Cyl(f)× [0, 1]→ Cyl(f) from Cyl(f) to Y , viewed as a subspace of Cyl(f), such
that R1 = r.
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mapping cone Cone(i : A→ X)

X

A

cone point

De�nition.
(1) A map i : A → X between topological spaces is called a co�bration if it has the

homotopy extension property, i.e. if given any topological space Y and any two
maps f : X×{0} → Y and G : A× [0, 1]→ Y with f(i(a), 0) = G(a, 0) for all a ∈ A
there exists a map F : X × [0, 1]→ Y such that the following diagram commutes:

A× {0} � � //

i

��

A× [0, 1]
G

vv
i×id

��

Y

X × {0}

f
66

� � // X × [0, 1].

F
hh

We illustrate the de�nition in the �gure below.
(2) If i : A→ X is a co�bration such that i(A) is a closed subset of X, then we refer to

i as a closed co�bration.
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X × [0, 1]

f

Y

?A× [0, 1]
?

X × {0}

G

Remark.
(1) As we will see in the Co�bration-Closed Injective Lemma 17.6, in most cases of

interest the map i : A → X is for all intents and purposes an inclusion. For such
situations the de�nition of the homotopy extension property is illustrated in the
�gure above.

(2) In some books what we call a co�bration is called a �Hurewicz co�bration�. Also,
in some books, see e.g. [Pic1992], a co�bration is de�ned as what we call a closed
co�bration.

Non-Example. Let us start out with a non-example. Namely let us consider X = R and
the subspace A = (0, 1). We write Y = R× {0} ∪ (0, 1)× [0, 1] and let f : X → Y be the
obvious inclusion map and let G : (0, 1) × [0, 1] → Y be the obvious inclusion map. (See
the �gure below for an illustration.) It is an amusing exercise to show that G cannot be
extended to a homotopy on all of R.180 It is an equally amusing exercise to show that the

180Here is a hint: if there was an extension of G to a homotopy F : X × [0, 1] → Y , what would/should
F (1, 1) be?
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homotopy can be extended if throughout we replace the open interval A = (0, 1) by the
closed interval A = [0, 1].

F =?

Y

X

X × {0} ∪ A× [0, 1]A

G = id

We continue with the following fairly elementary lemma.

Lemma 17.1. (Co�bration Composition Lemma) If f : X → Y and g : Y → Z are
two (closed) co�brations, then the composition g ◦f : X → Z is also a (closed) co�bration.

Proof. The lemma will be proved in Exercise 17.2. �

Before we give examples of co�brations it is convenient to add a characterization of co�-
brations to our repertoire.

Lemma 17.2. (Co�bration Characterization Lemma) If i : A→ X is a map between
two topological spaces, then the following two statements are equivalent:
(1) The map i : A→ X is a co�bration.
(2) The map181

s : Cyl(i) → X × [0, 1]

P 7→
{

(i(a), 1− t), if P = [(a, t)] with a ∈ A and t ∈ [0, 1],
(P, 0), if P ∈ X

admits a left-inverse, in other words, there exists a map r : X × [0, 1]→ Cyl(i) such
that r ◦ s = idCyl(i).

If A is a subset of X and if i : A→ X is the inclusion map, then (1) and (2) are equivalent
to
(3) The set (X × {0}) ∪ (A× [0, 1]) is a retract of X × [0, 1].

Example. Let I be an interval in R and let P1, . . . , Pk be �nitely many distinct points in I.
In the �gure below we show a retraction from I× [0, 1] to (I×{0})∪ ({P1, . . . , Pk}× [0, 1]).
Together with the Co�bration Characterization Lemma 17.2 this shows that the inclusion
{P1, . . . , Pk} → I is a co�bration.

��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������

��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���
���

���
���
���

���
���
���

���
���
���
���

retractioninterval I

P3P1 P2

0

1

Proof. First we prove the �(1) ⇒ (2)�-direction. Thus we now suppose that the map
i : A → X is a co�bration. We consider the inclusion map j : X × {0} → Cyl(i) which is

181It follows from the Topological Pushout Proposition 5.33 (1b) that this map is continuous.
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given by j(x, 0) = x and we consider the map

G : A× [0, 1] → Cyl(i)
(a, s) 7→ [(a, 1− s)].

We obtain the following diagram:

A× {0} � � //
� _

i

��

A× [0, 1]
G

uu

� _

i×id

��

Cyl(i)

X × {0}
( �

j 55

� � // X × [0, 1].

r
ii

One easily veri�es that the black diagram commutes. Since i : A → X is a co�bration we
obtain a map r : X × [0, 1]→ Cyl(i) which makes the diagram commute. It is straightfor-
ward to verify that r ◦ s = idCyl(i).

The proof of the converse, i.e. the proof of the �(2)⇒ (1)�-direction is also quite straight-
forward. We will provide the proof in Exercise 17.3.

Now we assume that A is a subset of X and that i : A → X is the inclusion map. We
need to provide the proof for the equivalence of (2) and (3). This turns out to be quite
subtle.
(a) First we assume that A is a closed subset of X.182 Note that the image of Cyl(i) in

X × [0, 1] under the map s is precisely (X × {0}) ∪ (A × [0, 1]). Thus we have the
following commutative diagram

Cyl(i) //

s ''

s // (X × {0}) ∪ (A× [0, 1])
gG

tt

X × [0, 1].

To show that (2) and (3) are equivalent it su�ces to show that the top horizontal map
is a homeomorphism. It is basically clear that the top horizontal map is a bijection.
Furthermore it follows easily from the Topological Pushout Proposition 5.33 (1b)
that the map is continuous. Finally it follows from our hypothesis that A is a closed
subset, together with Lemma 16.11 (2), that the top horizontal map is indeed a
homeomorphism.

(b) The logic of (a) breaks down ifA is not a closed subset. More precisely, in Lemma 16.11
(3) we saw that in general the top horizontal map is not a homeomorphism. Rather
surprisingly it is nonetheless true that (2) and (3) are equivalent. This delicate
argument is given in [Strø1968, Lemma 4] or alternatively in [Hat2002, Proposi-
tion A.18]. �

The next proposition gives another rich source of examples of co�brations.

Proposition 17.3. (Cone-Mapping Cylinder Inclusion Co�bration Proposition)

182This is also the only case we will ever need in practice.
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(1) If f : X → Y is a map between two topological spaces, then the natural inclusion
i : X → Cyl(f) is a closed co�bration.

(2) Let X be a non-empty topological space. The natural inclusion X → Cone(X) is a
closed co�bration.
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X

inclusion is a

co�bration

Xmapping cylinder Cyl(f : X → Y )

inclusion is a

co�bration

Cone(X)

The proof of the Cone-Mapping Cylinder Inclusion Co�bration Proposition 17.3 relies on
the following elementary lemma.

Lemma 17.4. There exists a retraction

ρ : [0, 1]× [0, 1] → ({0} × [0, 1]) ∪ ([0, 1]× {0})
that has the property that ρ({1} × [0, 1]) = {(1, 0)}.

Proof. In the �gure below we show how such a retraction ρ can be constructed, namely
we �rst retract to the t-shaped set ({0, 1} × [0, 1]) ∪ ([0, 1] × {0}) and then we retract to
({0} × [0, 1]) ∪ ([0, 1]× {0}) by collapsing {1} × [0, 1] to the point {0, 1}. �

��
��
��
��

retraction ρ

Proof of the Cone-Mapping Cylinder Inclusion Co�bration Proposition 17.3. First
note that if X is a non-empty topological space and if f : X → {∗} is the constant map,
then, as we pointed out on page 454, the mapping cylinder Cyl(f) is basically the cone of
X. Thus we see that Statement (2) is a special case of Statement (1).

It remains to prove Statement (1). Let f : X → Y be a map between topological spaces.
By the Mapping Cylinder Basics Lemma 16.10 (4) we know that the image of X in Cyl(f)
is a closed subset. Thus it remains to show that i : X → Cyl(f) is a co�bration. By the
Mapping Cylinder Basics Lemma 16.10 (3) the map i is an embedding, thus we can identify
X with its image in Cyl(f).

By the Co�bration Characterization Lemma 17.2 (3)⇒(1) it su�ces to prove the fol-
lowing claim:

Claim. There is a retraction r from Cyl(f)× [0, 1] to its subset (Cyl(f)×{0})∪(X× [0, 1]).

Proof. To construct the desired retraction r we recall that in Lemma 17.4 we saw that
there exists a retraction

s : [0, 1]× [0, 1] → ({0} × [0, 1]) ∪ ([0, 1]× {0})
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YX

retraction r

Cyl(f : X → Y )× [0, 1]

YX

Cyl(f : X → Y ) (Cyl(f)× {0}) ∪ (X × [0, 1])

that has the property that s({1} × [0, 1]) = {(1, 0)}. Now the desired retraction is given
by the map183

r : Cyl(f)× [0, 1] → (Cyl(f)× {0}) ∪ (X × [0, 1])

P 7→
{

[(x, s(t, u))], if P = [(x, t, u)] with x ∈ X and t, u ∈ [0, 1],
[(y, 0)], if P = [(y, u)] with y ∈ Y and u ∈ [0, 1]. �

We conclude this section with a proposition which says that any map f : X → Y between
topological spaces can be �replaced� by a co�bration X → Cyl(f).

Proposition 17.5. (Replace-by-Co�bration Proposition) Let f : X → Y be a map
between topological spaces. We denote by i : X → Cyl(f) the natural inclusion. The
natural retraction r : Cyl(f) → Y is a homotopy equivalence and the following diagram
commutes:

X
i
xx

f

##
Cyl(f)

r // Y.

By the Cone-Mapping Cylinder Inclusion Co�bration Proposition 17.3 (1) we know that
the left diagonal map i : X → Cyl(f) is a co�bration.
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X

retraction

co�bration i

r

Y

fCyl(f)

Proof. We showed in the Mapping Cylinder Basics Lemma 16.12 (2a) that the natural
retraction r : Cyl(f) → Y is a homotopy equivalence. It is clear that the given diagram
commutes. Thus we are done by the Cone-Mapping Cylinder Inclusion Co�bration Propo-
sition 17.3 (1). That was quick. �

17.2. Properties of co�brations. The following lemma summarizes a few key properties
of co�brations.

183This map is continuous by Pasting Proposition 2.6 (2).
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Lemma 17.6. (Co�bration-Closed Injective Lemma) If i : A → X is a co�bration,
then the following three statements hold:
(1) the map i : A→ X is injective,
(2) the map i : A→ X is an embedding,
(3) if X is Hausdor�, then i(A) is a closed subset of X, i.e. i is a closed co�bration.

Remark. In Exercise 17.6 we will see that in the Co�bration-Closed Injective Lemma 17.6
(3) we cannot drop the hypothesis that X is Hausdor�.

Proof. Let i : A→ X be a co�bration.
(1) Similar to the proof of the Co�bration Characterization Lemma 17.2 we consider the

inclusion map j : X ×{0} → Cyl(i) which is given by j(x, 0) = x and we consider the
map G : A× [0, 1] → Cyl(i)

(a, s) 7→ [(a, 1− s)].
We obtain the following diagram:

A× {0} � � //
� _

i

��

A× [0, 1]
G

uu

� _

i×id

��

Cyl(i)

X × {0}
( �

j 55

� � // X × [0, 1].

F
ii

One easily veri�es that the black diagram commutes. Since i is a co�bration we
obtain a map F : X × [0, 1] → Cyl(i) which makes the diagram commute. Note that
by design for any t ∈ (0, 1] the map G : A × {t} → Cyl(i) is injective. Since the
diagram commutes this implies that i× id{t} : A×{t} → X ×{t} is also injective, i.e.
i : A→ X is injective.

(2) We continue with the argument and the notation in (1). Let t ∈ (0, 1]. The map
G|A×{t} : A× {t} → A× {1− t} is evidently a homeomorphism. Thus we see that

(G|A×{t})−1 ◦ F |X×{t} : i(A)× {t} → A× {t}
is an inverse to the map i × id{t} : A × {t} → X × {t}. This implies that the map
i × id{t} : A × {t} → X × {t} is an embedding, but this also implies that the map
i : A→ X is an embedding.

(3) Note that

for x ∈ A we have F (x, 0) = G(x, 0) = [(x, 1)] = [x] by construction of F , furthermore
for x 6∈ A the point [x] does not lie in Cyl(i), thus it does not lie in the image of F
↓

A = {x ∈ X |F (x, 0) = [x]}

=
{ the points in X on

which the maps
X → Cyl(i)
x 7→ F (x, 0)

and
X → Cyl(i)
x 7→ [x]

agree
}
.

It follows from this description of A, our hypothesis that X is Hausdor� (which implies
by (2) and the Mapping Cylinder Basics Lemma 16.10 (2) that Cyl(i) is also Hausdor�)
and Exercise 2.33 that A is indeed a closed subset of X. �

The following lemma shows that inclusion maps that are co�brations are particularly nicely
behaved.
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Lemma 17.7. (Co�bration-Quotient Lemma) Let X be a topological space and let
A Ă X be a non-empty subset. We denote by i : A→ X the inclusion map. If i is a closed
co�bration, then the following three statements hold:
(1) The map184

ϕ : Cone(i : A→ X) → X/A

P 7→
{

[P ], if P ∈ X,
[A], if P = [(a, t)] with a ∈ A and t ∈ [0, 1]

is a homotopy equivalence.
(2) If A is contractible, then the projection X → X/A is a homotopy equivalence.
(3) If a0 ∈ A is a point such that {a0} is a deformation retract of A, then the projection

X → X/A is a homotopy equivalence between the pointed topological spaces (X, a0)
and (X/A, [A]).

Remark. The statement of the Co�bration-Quotient Lemma 17.7 (2) is related in spirit
to the statement of Proposition 70.5.

Proof. Let X be a topological space and let A Ă X be a closed subset such that the
inclusion i : A→ X is a co�bration.

(1) Similar to the proof of the Co�bration-Closed Injective Lemma 17.6 (1) we consider
the following two maps:
(a) First of all we consider the obvious inclusion map j : X × {0} → Cone(i) which

is given by j(x, 0) = x.
(b) We consider the map

G : A× [0, 1] → Cone(i)
(a, s) 7→ [(a, 1− s)].

Note that G1 sends all points in A to the cone point.
We obtain the following diagram:

A× {0} � � //
� _

i

��

A× [0, 1]
G
tt

� _

i×id

��

Cone(i)

X × {0}
' �

j 55

� � // X × [0, 1].

Fjj

One easily veri�es that the diagram commutes. Since i is a co�bration we obtain
a map F : X × [0, 1] → Cone(i) which makes the diagram commute. Note that the
map F1 : X → Cone(i) sends all points in A to the cone point. Thus F1 descends to
a map ψ : X/A→ Cone(i). It remains to prove the following claim.

Claim. The maps ϕ : Cone(i)→ X/A and ψ : X/A→ Cone(i) are homotopy inverses
of one another.

184It follows from the ever popular Pasting Proposition 2.6 (2) and the fact that A is a closed subset of X
that the map ϕ is continuous.
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Proof. Note that F (A × [0, 1]) = G(A × [0, 1]) Ă A. Therefore it follows from
Lemma 14.8 that the map

H : (X/A)× [0, 1]
([x],t) 7→[(x,t)]−−−−−−−→ (X × [0, 1])/(A× [0, 1])

[(x,t)]7→[F (x,t)]−−−−−−−−→ X/A

is continuous. It follows immediately from the de�nitions that H is a homotopy
between idX/A and ϕ ◦ ψ.

Conversely we consider the map

H : Cone(i)× [0, 1] → Cone(i)

(P, s) 7→
{
F (P, s), if P ∈ X,
[a, (1− s) · t], if P = [(a, t)] with a ∈ A and t ∈ [0, 1].

One easily veri�es that this is a homotopy from idCone(i) to ψ ◦ ϕ. �
(2) We consider the following diagram

X

%%

� � // Cone(i : A→ X)

ϕ
uu

X/A.

It follows immediately from the de�nition of ϕ that this diagram commutes. Now
suppose that A is contractible. By Proposition 16.18 (1) there exists a deformation
retraction G from Cone(i : A → X) to X. By Statement (1) we know that ϕ is
a homotopy equivalence. Thus it follows from the Homotopy-Equivalence Basics
Lemma 15.1 (1) that the map X → X/A is a homotopy equivalence.

(3) Now assume that a0 ∈ A is a point which has the property that {a0} is a deformation
retract of A. By Proposition 16.18 (2) there exists a deformation retraction G from
Cone(i : A → X) to X such that for any t ∈ [0, 1] we have G1([(a0, t)]) = a0.
Next we point out that the homotopy equivalence H from (1) has the property that
H(a0, t) = [(a0, 1− t)]. If one combines these observations with the argument in (2)
it is not di�cult to see that the projection is in fact a homotopy equivalence of the
pointed topological spaces (X, a0) and (X/A, [a0]). �

17.3. �Real-life� Examples of co�bration. In future chapters we will discuss many in-
teresting types of topological spaces, e.g. smooth and topological manifolds, CW-complexes
and simplicial complexes. To make the search for results less confusing we now list several
settings that give rise to co�brations, even though we have not introduced the concepts
yet.

On page 511 we will introduce the notion of a topological manifoldM and its boundary
∂M and on page 543 we will introduce the notion of a smooth manifoldM and its boundary
∂M . At this state we will not give the de�nitions, but in the �gure below we show a cartoon
version of a 2-dimensional topological manifold and of a 2-dimensional smooth manifold
which hopefully gives the reader an idea of the concept.

Proposition 17.8. (Manifold Boundary-Co�bration Proposition) LetM be a topo-
logical manifold. For any union W of components of ∂M the inclusion i : W → M is a
closed co�bration.
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boundary ∂M

smooth manifold M

boundary ∂M

topological manifold M

Proof. Let M be a topological manifold and let W be a union of components of ∂M . It
follows from the Topological Collar Neighborhood Theorem 75.5185 that there exists a map
Φ: [0, 1]×W →M with the following four properties:
(1) The map Φ is an embedding.
(2) The image of [0, 1)×W is an open subset of M .
(3) For every P ∈ W we have Φ(0, P ) = P .
(4) The image of [0, 1]×W is a closed subset of M .
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[0, 1]×Wtopological manifold M

ΦW

Recall that in Lemma 17.4 we saw that there exists a retraction

ϕ = (ϕ1, ϕ2) : [0, 1]× [0, 1] → ({0} × [0, 1]) ∪ ([0, 1]× {0})
that has the property that ϕ({1} × [0, 1]) = {(1, 0)}. We consider the map186

r : M×[0, 1] → Cyl(i) = ((W × [0, 1]) tM)/∼ where (x, 1) ∼ x for x ∈ W

(P, t) 7→


(Φ(z ·ϕ1(s, t), Q︸ ︷︷ ︸

∈Φ([0,1]×W )

), ϕ2(s, t)), if P = Φ(s,Q) with s ∈ [0, 1] and Q ∈ W,

P, if P ∈M \ Φ([0, 1)×W ).

(We refer to the �gure below for an illustration of the map r.) One can easily verify that r
is a left-inverse to the map s : Cyl(i)→M×[0, 1] that we had considered in the Co�bration
Characterization Lemma 17.2 (2). Thus it follows from the Co�bration Characterization
Lemma 17.2 that i : W → M is a co�bration. Finally it follows from the Topological
Manifold Boundary Proposition 75.2 (4a) that the union W of boundary components of
the topological manifold M is a closed subset.187 It follows that i : W → M is in fact a
closed co�bration. �

Next we turn to �proper submanifolds� of smooth manifolds. We will introduce this concept
on page 550. In the �gure below we again provide a cartoon to give the reader an idea
what the concept of a �proper submanifold� is about.

185For smooth manifolds we could also use the Smooth Collar Neighborhood Theorem 28.3.
186Recall that by (2) and (4) the sets Φ([0, 1] × W ) and M \ Φ([0, 1) × W ) are actually closed subsets
of M . It now follows from this observation together with the Basics-of-Collars Lemma 28.4 and Pasting
Proposition 2.6 (2) that the map r is indeed continuous.
187See also the Smooth Manifold Boundary Proposition 19.26 (3a) for the corresponding statement for
smooth manifolds which is much easier to prove.
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[0, 1]×W

M W
retraction r

M×[0, 1]
W

Cyl(i)
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proper submanifold N proper submanifold N

smooth manifold M smooth manifold M

Proposition ??. (Submanifold-Co�bration) Let M be a smooth manifold. For any
compact proper submanifold N of M the inclusion i : N →M is a closed co�bration.

Proof. The proof of the Submanifold-Co�bration Proposition ?? relies on the General
Tubular Neighborhood Theorem ?? which can be viewed as a submanifold analogue of the
Topological Collar Neighborhood Theorem 75.5 and the Smooth Smooth Collar Neighbor-
hood Theorem 28.3. Since the General Tubular Neighborhood Theorem ?? is more delicate
to formulate we refrain from doing so right now and we refer to the impatient reader to the
proof of the Submanifold-Co�bration Proposition ?? on page ??. �

Finally we turn to CW-complexes and simplicial complexes. We will de�ne the notion
of a CW-complex on page 1478 and we will de�ne the notion of a simplicial complex
on page 1994. As we will see on pages 1484 and 1995 there are also natural notions of
subcomplexes. We will not give any of the de�nitions. But as an illustration we show in
the �gure below a simplicial complex together with a subcomplex.
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simplicial complex subcomplex

We also point out that a topological graph, as de�ned on page 310, is essentially the same as
a 1-dimensional CW-complex and that by the Simplicial-Implies-CW Lemma 93.24 every
simplicial (sub-) complex is a CW- (sub-) complex.
The following theorem gives us one of the most important examples of a co�bration.

Theorem 17.9. (Subcomplex Co�bration Theorem) Let X be a CW-complex or a
simplicial complex or a topological graph. Given any subcomplex A ( or subgraph A) the
corresponding inclusion map i : A→ X is a closed co�bration.

Proof. By the Simplicial-Implies-CW Lemma 93.24 we only need to consider the case of
a CW-complex. In this setting the desired statement is precisely the statement of the
Homotopy Extension Theorem 70.1. The special case that X is the topological realization
of a graph will also be dealt with in Exercise 17.4. �
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Proposition 17.10. (Graph-mod-Tree Proposition) Let G = (V,E, i, t) be a �nite
connected non-empty abstract graph in the sense of the de�nition on page 307.
(1) There exists spanning tree T for G.
(2) The quotient |G|/|T | is naturally homeomorphic to the topological realization of a

�nite abstract graph that has a single vertex.
(3) The projection |G| → |G|/|T | is a homotopy equivalence.
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abstract graph G |G|/|T |spanning tree T

Remark. In Proposition 50.15 we will give a hands-on proof of the Graph-mod-Tree Propo-
sition 17.10 that, for better or worse, does not use the language of co�brations. In Propo-
sition 70.4 we will generalize the Graph-mod-Tree Proposition 17.10 in a suitable sense to
in�nite graphs.

Proof. Let G be a �nite connected non-empty abstract graph.

(1) By the Spanning Tree Existence Proposition 7.10 we know that G admits a spanning
tree T and that T contains all vertices of G.

(2) As on page 321 we consider the corresponding quotient abstract graph G/T . Since T
contains all vertices of G we see that G/T is an abstract graph with a single vertex.
By the Quotient Abstract Graph Lemma 7.14 we know that |G/T | is homeomorphic
to |G|/|T |.

(3) In Exercise 15.6 we showed, using Lemma 7.7, that topological realizations of trees
are contractible. Furthermore by the Subcomplex Co�bration Theorem 17.9, or al-
ternatively by Exercise 17.4, we know that the inclusion map i : |T | → |G| is a closed
co�bration. Thus it follows from the above together with the Co�bration-Quotient
Lemma 17.7 that the projection |G| → |G|/|T | is a homotopy equivalence. �

17.4. Products and co�brations. In this and the following two sections we collect several
technical useful results on co�brations. As stand-alone sections these are arguably not much
fun to read. Thus it is better to move on and to come back to these three sections when
the results are needed.
Proposition 17.11. (Product-Co�bration Proposition)
(1) If f : A → X and g : B → Y are two (closed) co�brations, then the product map

f × g : A×B → X × Y is also a (closed) co�bration.
(2) If f : A → X is a (closed) co�bration and if Z is a topological space, then the

resulting map f × idZ : A× Z → X × Z is also a (closed) co�bration.

Example. Let I be an interval and let P ∈ I. On page 479 we saw that the inclusion
{P} → I is a co�bration. It follows from the Product-Co�bration Proposition 17.11 that
given any topological space Z the inclusion {P} × Z → I × Z is a co�bration.
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Proof. It is clear that Statement (2) is an immediate consequence of Statement (1). Thus
it remains to prove Statement (1). Now let f : A→ X and g : B → Y be two co�brations,

By the Co�bration-Closed Injective Lemma 17.6 we can assume that f : A → X and
g : B → Y are both inclusions. We point out that by the Co�bration Characterization
Lemma 17.2 (1) ⇒ (3) there exist retractions r : X × [0, 1] → (X × {0}) ∪ (A × [0, 1])
and s : Y × [0, 1]→ (Y × {0}) ∪ (B × [0, 1]). We denote by r =: (rX , r[0,1]) the coordinate
functions of r viewed as a map with values in X× [0, 1]. Similarly we de�ne s =: (sY , s[0,1]).
Next we consider the map

(X × Y )× [0, 1] → ((X × Y )× {0}) ∪ ((A×B)× [0, 1])
((x, y), t) 7→

(
(rX(x, t), sY (y, t))︸ ︷︷ ︸

∈X×Y

, 1
2
(r[0,1](x, t) + s[0,1](y, t))︸ ︷︷ ︸

∈[0,1]

)
.

One can easily verify that this map is a retraction. It follows from the Co�bration Char-
acterization Lemma 17.2 (3) ⇒ (1) that f × g : A×B → X × Y is indeed a co�bration.

If f and g are in fact closed co�brations, then it follows from the Product-of-Subsets
Lemma 5.5 (1) and the above that f × g is also a closed co�bration. �

We continue with the following characterization of closed co�brations that we initially
proved in [Strø1966, Strø1968].

Theorem 17.12. (Strom's Co�bration Characterization Theorem) Let X be a
topological space and let A be a closed subset. The following two statements are equivalent:
(1) The inclusion i : A→ X is a co�bration.
(2) There exists a map φ : X → [0, 1] such that A = φ−1(0) and there exists a homotopy

H : X × [0, 1] → X rel A such that H0 = idX and such that H(x, t) ∈ A whenever
t > φ(x).
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H takes values in A

idX
X A

graph of φ

Remark.

(1) We continue with the notation of the above Strom's Co�bration Characterization
Theorem 17.12. We consider the open subset U := φ−1([0, 1)). The homotopy H
restricts to a homotopy K : U × [0, 1]→ X rel A with K0 = id and with K1(U) Ă A.
This almost sounds like A is a deformation retract of U , but the given situation is
somewhat looser, since K can take values outside of U .

(2) Sometimes a topological space X together with a closed subset A that admit H and φ
as in Strom's Co�bration Characterization Theorem 17.12 (2) is called a neighborhood
deformation retract pair, or short, NDR-pair.

(3) Let X be a topological space and let x0 ∈ X. The pointed space (X, x0) is called
well-pointed if the inclusion {x0} → X is a co�bration. If (X, x0) is well-pointed, then
in most practical situations the point x0 ∈ X is good in the sense of the de�nition
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on page 1171. Nonetheless, as discussed in

https://mathoverflow.net/questions/87387/

it is not necessarily the case that x0 is good.

Example. Let M be a topological manifold. As in the proof of the Manifold Boundary-
Co�bration Proposition 17.8 we appeal to the Topological Collar Neighborhood Theo-
rem 75.5 to obtain a collar neighborhood [0, 2]× ∂M of ∂M . Next we consider the maps

φ : M → [0, 1]

P 7→
{
s, if P = (Q, s) with Q ∈ ∂M and t ∈ [0, 1],
1, otherwise

and F : M × [0, 1] → M

(P, t) 7→

 (Q, 2(s−t)
2−t ), if P = (Q, s) with Q ∈ ∂M and s ∈ [t, 2],

(Q, 0), if P = (Q, s) with Q ∈ ∂M and s ∈ [0, t],
P, otherwise.

One can easily verify that the conditions of Strom's Co�bration Characterization The-
orem 17.12 are satis�ed. This gives basically a new proof of the Manifold Boundary-
Co�bration Proposition 17.8.
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0
homotopy F∂M

values of φ
1

[0, 2]× ∂M

Proof. First we deal with the �(1)⇒(2)�-direction. Thus we suppose that i : A → X is a
co�bration. Note that by the Co�bration Characterization Lemma 17.2 (1)⇒(3) we know
that there exists a retraction r : X × [0, 1]→ (X × {0}) ∪ (A× [0, 1]). We denote the two
coordinate functions of r, viewed as a map with values in X× [0, 1], by rX : X× [0, 1]→ X
and r[0,1] : X × [0, 1]→ [0, 1]. We consider the following two maps:

φ : X → [0, 1]
x 7→ max

t∈[0,1]
|t− r[0,1](x, t)| and

H : X × [0, 1] → X
(x, t) 7→ rX(x, t).

Note that by de�nition of a retraction we have H0 = idX .
Claim 1. The map φ is well-de�ned and continuous.

Proof. We consider the map θ : X × [0, 1]→ [0, 1] that is given by θ(x, t) := |t− r[0,1](x, t)|.
Since [0, 1] is compact and since θ is continuous we obtain from the Compact Image
Lemma 2.13 (2) that θ assumes a maximum, hence φ is well-de�ned.

It remains to show that φ : X → [0, 1] is continuous. Let V be an open subset of [0, 1].
By the JH-Lemma 1.7 it su�ces to show that given any x0 ∈ φ−1(V ) there exists an open
neighborhood U of x0 with U Ă φ−1(V ). First we consider the case that φ(x0) ∈ (0, 1).
This implies that we can pick ε > 0 such that (φ(x0)− ε, φ(x0) + ε) Ă V . Note that by

https://mathoverflow.net/questions/87387/
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de�nition of φ and θ we have θ({x0} × [0, 1]) Ă [0, φ(x0)]. Since [0, 1] is compact and since
[0, φ(x0) + ε) is an open subset of [0, 1] we obtain from Exercise 5.9 that there exists an
open neighborhood U1 of x0 ∈ X such that

{x0} × [0, 1] Ă U1 × [0, 1] Ă θ−1([0, φ(x0) + ε)).

Hence, for every x ∈ U1 we have φ(x) ≤ φ(x0) + ε. Next suppose we are given t0 ∈ [0, 1]
such that θ(x0, t0) ∈ (φ(x0)− ε, φ(x0) + ε). By de�nition of the product topology there
exists an open subset U2 Ă X such that

(x0, t0) ∈ U2 × {t0} Ă θ−1((φ(x0)− ε, φ(x0) + ε)).

Note that this implies that for every x ∈ U2 we have φ(x) ≥ φ(x0)− ε. In particular we see
that U1 ∩U2 Ă φ−1((φ(x0)− ε, φ(x0) + ε)) Ă V . Basically the same argument also works if
φ(x0) = 0 or φ(x0) = 1. �

Claim 2. We have A = φ−1(0).

Proof. First let x ∈ A. Since r is a retraction we know that r(x, t) = (x, t) for all t ∈ [0, 1].
This means that r[0,1](x, t) = t for all t ∈ [0, 1]. Thus we see that φ(x) = 0. Conversely,
suppose that we have x ∈ X with φ(x) = 0. One easily veri�es that this implies that for
every t > 0 we have r(x, t) ∈ A×[0, 1], in other words, we have {x}×(0, 1] Ă r−1(A×[0, 1]).
Since A × [0, 1] is a closed subset of X × [0, 1] we see that the closure of {x} × (0, 1] is
contained in r−1(A× [0, 1]). But the closure is precisely {x} × [0, 1]. Thus we have shown
that {x} × [0, 1] also belongs to r−1(A× [0, 1]). But this implies that x ∈ A. �

It remains to prove the following claim.

Claim 3. Given (x, t) ∈ X × [0, 1] with t > φ(x) we have H(x, t) ∈ A.

Proof. So suppose we are given (x, t) ∈ X × [0, 1] with t > φ(x). Note that this implies
that t > φ(x) ≥ |t − r[0,1](x, t)|. This is only possible if r[0,1](x, t) > 0. Thus we see that
r(x, t) ∈ A × [0, 1]. This implies that H(x, t) ∈ A. This concludes the proof of the claim
and thus completes the proof of the �(2)⇒(1)�-direction.

Finally we provide the proof for the �(1)⇒(2)�-direction. Given φ : X → [0, 1] and the
homotopy H : X × [0, 1]→ X we consider the map

r : X × [0, 1] → (X × {0}) ∪ (A× [0, 1])
(x, t) 7→ (H(x, t),max{t− φ(x), 0}).

One can easily verify that this map is indeed a retraction. Thus it follows from the Co�bra-
tion Characterization Lemma 17.2 (3)⇒(1) that the inclusion i : A→ X is a co�bration. �

Proposition 17.13. Let A Ă X and B Ă Y be subsets of topological spaces. If the
inclusion maps i : A→ X and j : B → Y are closed co�brations, then the inclusion map

(A× Y ) ∪ (X ×B) → X × Y
is also a closed co�bration.

Remark. In Exercise 17.7 we will see that the conclusion of Proposition 17.13 does not
hold, if neither A nor B are closed subsets.
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Proof. Since i and j are closed co�brations we can pick maps φ : X → [0, 1], ψ : Y → [0, 1]
and homotopies G : X × [0, 1] → X and H : Y × [0, 1] → Y as in Strom's Co�bration
Characterization Theorem 17.12. We consider the maps

γ : X × Y → [0, 1]
(x, y) 7→ min{φ(x), ψ(y)}

and K : (X × Y )× [0, 1] → X × Y
((x, y), t) 7→ (G(x,min{t, ψ(y)}), H(y,min{t, φ(x)})).

It is easy to see that γ−1(0) = (X × B) ∪ (A × Y ). Next note that it is basically clear
that K0 = id. Finally note that by construction we have K((x, y), t) ∈ (A × Y ) ∪ (X ×
B), whenever t > γ(x, y). Therefore it follows from Strom's Co�bration Characterization
Theorem 17.12 that the inclusion map (A×X)∪(X×B)→ X×Y is a closed co�bration. �

Corollary 17.14. LetX be a topological space and let A Ă X be a subset. If the inclusion
i : A→ X is a closed co�bration, then the inclusion (X×{0, 1})∪ (A× [0, 1])→ X× [0, 1]
is also a closed co�bration.
Proof. On page 479 we saw that the inclusion map {0, 1} → [0, 1] is a co�bration. It
follows from this observation together with Proposition 17.13 that the given inclusion map
is a closed co�bration. �
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A

(X × {0, 1}) ∪ (A× [0, 1])

0

1

X
X × [0, 1]

Proposition 17.15. (Homotopy Equivalence-Co�bration Proposition) Let i : A→
X be a closed co�bration. If i is a homotopy equivalence, then i(A) is a deformation retract
of X.
Proof. Let i : A → X be a co�bration. By the Co�bration-Closed Injective Lemma 17.6
we can assume that A is a closed subset of X and that i : A → X is the inclusion. Let
q : X → A be a homotopy inverse of i. Recall that this means that q ◦ i = q : A → A is
homotopic to idA and i ◦ q is homotopic to idX .

We pick a homotopy F : A× [0, 1]→ A from q◦ i = q : A→ A to idA. Since i : A→ X is
a co�bration we can extend the map q : X → A on X and the homotopy F : A× [0, 1]→ A

to a homotopy F̃ : X×[0, 1]→ A. Note that F̃1|A = F1|A = idA, in other words, F̃1 : X → A

is a retraction. We write r := F̃1 : X → A Ă X.
Note that r : X → X is homotopic to q = i ◦ q : X → X which in turn is homotopic to

idX . Thus it follows from Lemma 14.5 (1) that there exists a homotopy G from idX to r.
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Now we consider the following map

K : ((X × {0, 1}) ∪ (A× [0, 1]))× [0, 1] → X

(x, s, t) 7→


x, if s = 0,
G(r(x), 1− t), if s = 1,
G(x, (1− t)s), if x ∈ A,
G(x, s), if t = 0.

It follows easily from the hypothesis that A is a closed subset together with Pasting Propo-
sition 2.6 (2) that the map is continuous.

By Corollary 17.14 we know that (X×{0, 1})∪ (A× [0, 1])→ X× [0, 1] is a co�bration.
Thus we can extend the homotopy K to a homotopy K̃ : (X × [0, 1]) × [0, 1] → X. The
map K̃1 : X × [0, 1] → X is now a homotopy rel A from idX to the retraction r. We have
thus shown that A is a deformation retract of X. �
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The Homotopy Equivalence-Co�bration Proposition 17.15 admits two interesting corol-
laries. Since both involve mapping cylinders, let us recall the de�nition. Given a map
f : X → Y between topological spaces we set

Cyl(f) := ((X × [0, 1]) t Y )/∼ where (x, 1) ∼ f(x) for all x ∈ X.

Furthermore we consider the natural inclusions

i : X → Cyl(f)
x 7→ [(x, 0)]

and
j : Y → Cyl(f)

y 7→ [y]

The �rst corollary to the Homotopy Equivalence-Co�bration Proposition 17.15 is a strength-
ening of the Mapping Cylinder Basics Lemma 16.12 (2b).
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Corollary 17.16. Let f : X → Y be a map between two topological spaces. The following
two statements are equivalent:
(1) f is a homotopy equivalence,
(2) i(X) is a deformation retract of Cyl(f).
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Proof. By the Mapping Cylinder Basics Lemma 16.12 (2b) we know that the following
two statements are equivalent:
(1) f is a homotopy equivalence,
(2′) i : X → Cyl(f) is a homotopy equivalence.

Thus it remains to show that (2) and (2′) are equivalent. By the Deformation Retract-
Homotopy Equivalence Lemma 15.5 we know that the �(2)⇒(2′)�-implication holds. It
remains to prove the �(2′)⇒(2)�-direction. Thus we assume that i : X → Cyl(f) is a homo-
topy equivalence. By the Cone-Mapping Cylinder Inclusion Co�bration Proposition 17.3
we know that the natural inclusion i : X → Cyl(f) is a closed co�bration. But now it
follows from the Homotopy Equivalence-Co�bration Proposition 17.15 that i(X) is indeed
a deformation retract of X. �

Corollary 17.17. Let X and Y be two topological spaces. The following two statements
are equivalent:
(1) X and Y are homotopy equivalent.
(2) There exists a topological space W and two closed embeddings i : X → W and

j : Y → W such that i(X) is a deformation retract of W and j(Y ) is a deformation
retract of W .

Proof. The �(2)⇒(1)�-direction is just a consequence of the Deformation Retract-Homotopy
Equivalence Lemma 15.5 and the fact that being homotopy equivalent is an equivalence
relation, see the Homotopy-Equivalence Basics Lemma 15.1 (2).

We turn to the proof of the �(1)⇒(2)�-direction. Thus we now assume that X and Y
are homotopy equivalent. Let f : X → Y be a homotopy equivalence. We consider the
corresponding mapping cylinder Cyl(f). By the Mapping Cylinder Basics Lemma 16.10 we
know that the natural inclusions i : X → Cyl(f) and j : Y → Cyl(f) are closed embeddings.
In the Mapping Cylinder Basics Lemma 16.12 we showed that j(Y ) is always, regardless of
the choice of f , a deformation retract of Cyl(f). Finally, since f : X → Y is by hypothesis
a homotopy equivalence we now know by Corollary 17.16 that i(X) is a deformation retract
of Cyl(f). �

17.5. Push-outs and co�brations. In this section we will consider the relationship be-
tween co�brations and pushouts. We recall the following notation from page 1260.
Notation. Let f : A → X and g : A → Y be two maps between topological spaces. We
write X ∪A Y := (X t Y )/∼ where f(a) ∼ g(a) for all a ∈ A.
We refer to X ∪A Y as the pushout of f and g.
The next proposition continues a theme that we already encountered in the Pushout
Lemma 4.8 and the Topological Pushout-Maps Lemma 5.34.

Proposition 17.18. (Opposite Map-Co�bration Proposition) Let f : A → X and
g : A → Y be two maps between topological spaces. We consider the corresponding
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pushout diagram

A
f

//

g
��

X

i
��

Y
j

// X ∪A Y.
The following two statements hold:
(1) If f is a (closed) co�bration, then the �opposite map� j : Y → X ∪A Y is also a

(closed) co�bration.
(2) If f is a closed co�bration and if f is a homotopy equivalence, then the �opposite

map� j : Y → X ∪A Y is also a homotopy equivalence.
The same statements hold, by symmetry, for g and the �opposite map� i.

Example. Let f : A→ Y be a map between topological spaces. We consider the pushout
diagram

A
a7→(a,0)

//

f

��

A× [0, 1]

i
��

Y
j

// (A× [0, 1]) ∪A Y︸ ︷︷ ︸
=Cyl(f)

.

By the discussion on page 488 we know that the top horizontal map is a co�bration.
Thus it follows from the Opposite Map-Co�bration Proposition 17.18 that the natural
inclusion Y → Cyl(f : A → Y ) is a co�bration. Thus, together with the Cone-Mapping
Cylinder Inclusion Co�bration Proposition 17.3 (1) we see that both the natural inclusions
A→ Cyl(f : A→ Y ) and Y → Cyl(f : A→ Y ) are co�brations.

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
���������� ��

��
��
��
��

��
��
��
��
��

��
��
��
��
��

��
��
��
��
��

inclusion is a

X

inclusion is a

co�bration

mapping cylinder Cyl(f : A→ Y )

image of f : A→ Y

co�bration

A

Proof. Throughout the proof we assume that f : A→ X is a co�bration. By the Co�bration-
Closed Injective Lemma 17.6 we can assume that A is a subspace of X and that f : A→ X
is the inclusion.

First we want to show that j : Y → X∪AY is also a co�bration. Since f is a co�bration
we know by the Co�bration Characterization Lemma 17.2 (1)⇒(3) that there exists a
retraction

r : X×[0, 1] → (X×{0}) ∪ (A×[0, 1]).

We introduce the following extra maps:

(1) We denote by i : X → X ∪A Y and j : Y → X ∪A Y the two natural maps.
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(2) We consider the pushout diagram

Y × {0} //

j×id
��

Y × [0, 1]

k
��

((X ∪A Y )×{0}) // ((X ∪A Y )×{0}) ∪ (Y ×[0, 1]).

We denote by k : Y ×[0, 1]→ ((X ∪A Y )×{0}) ∪ (Y ×[0, 1]) the natural map.
Now we consider the following diagram:

A×[0, 1]

g×id[0,1]

��

f×id[0,1]
// X×[0, 1]

i×id[0,1]

��

r

++

Y ×[0, 1]
j×id[0,1]

//

k ..

(X∪AY )×[0, 1]
s

++

(X×{0}) ∪ (A×[0, 1])

(i×id[0,1])∪(f×id[0,1])

��

((X ∪A Y )×{0}) ∪ (Y ×[0, 1]).

We make the following observations:
(1) It follows immediately from the Topological Pushout-Maps Lemma 5.34 (3) that we

can view Y × [0, 1] as a subspace of (X ∪A Y )× [0, 1].
(2) The diagonal dashed map s comes from the fact, discussed on page 1264, that the

pushout commutes with taking products with the regionally compact space [0, 1].
(3) It follows from (1) and (2) that we can view the map s as a retraction. Thus it follows

from the Co�bration Characterization Lemma 17.2 that the map Y → X ∪A Y is
indeed a co�bration.

Finally note that if f is a closed co�bration, then it follows from the above together with
the Topological Pushout-Maps Lemma 5.34 (4) that the map Y → X ∪A Y is also a closed
co�bration.

Now we assume that f is a closed co�bration and that it is a homotopy equivalence. We
need to show that j : Y → X∪AY is a homotopy equivalence. By the Topological Pushout-
Maps Lemma 5.34 (3) we know that j is an embedding. By the Deformation Retract-
Homotopy Equivalence Lemma 15.5 it now su�ces to show that j(Y ) is a deformation
retract of X ∪A Y . By the Homotopy Equivalence-Co�bration Proposition 17.15 we know
that there exists a deformation retraction G : X × [0, 1] → X from X to A. We consider
the map

H : (X ∪A Y )× [0, 1] → X ∪A Y

([P ], t) 7→
{
i(G(Q), t), if P = i(Q) with Q ∈ X,
j(Q), if P = j(Q) with Q ∈ Y.

It follows from the Homotopy Pushout Lemma 14.9 that this map is actually continuous.
Now that we put our worries regarding continuity to rest it is clear that this map is a
deformation retraction from X ∪A Y to j(Y ). �

The following theorem is the main result of this chapter.
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Theorem 17.19. (Homotopy Pushout Theorem) Suppose we are given the following
commutative diagram of maps between topological spaces:

X
ϕX
��

A? _
ioo

ϕA
��

f
// Y

ϕY
��

X ′ A′? _
i′oo

f ′
// Y ′.

If the vertical maps are homotopy equivalences and if the maps i and i′ to the left are
closed co�brations, then the induced map

X ∪A Y → X ′ ∪A′ Y ′

[P ] 7→
{
ϕX(P ), if P ∈ X,
ϕY (P ), if P ∈ Y

between the pushouts is a homotopy equivalence.
Remark. We outsource the proof, which follows quite closely the argument in [Rap2016],
to the next section. Alternative proofs are given in [BrownR1968, p. 249], [BrownR2006,
Proposition 7.5.7] and [tD2008, Proposition 5.3.4].

Proposition 17.20. Let ϕ : Y → Y ′ be a homotopy equivalence between two topological
spaces. Furthermore let A be a topological space and let f : A → Y and f ′ : A → Y ′ be
two maps such that ϕ ◦ f is homotopic to f ′. Then there is a homotopy equivalence

Cone(f : A→ Y ) → Cone(f ′ : A→ Y ′)

Example. Let f0, f1 : A → Y be two maps between topological spaces. If f0 and f1

are homotopic, then it follows immediately from Proposition 17.20, applied to the map
ϕ = id: Y → Y ′ = Y , that the mapping cones Cone(f : A → Y ) and Cone(f ′ : A → Y )
are homotopy equivalent. Note that this recovers for the most part the statement of the
Mapping Cone Homotopy Equivalent Proposition 16.15.

Proof. Let F : A × [0, 1] → Y ′ be a homotopy between ϕ ◦ f and f ′. We consider the
following commutative diagram

Cone(A)

id
��

A? _oo
f

//

id
��

Y
ϕ

��

Cone(A)

x 7→ (x,0)
��

A? _oo
ϕ◦f

//

a 7→ (a,0)
��

Y ′

y 7→ (y,0)
��

Cone(A)×[0, 1] A×[0, 1]? _oo
(a,t) 7→ (F (a,t),t)

// Y ′×[0, 1]

Cone(A)

x 7→ (x,1)

OO

A? _oo
f ′

//

a 7→ (a,1)

OO

Y ′.

y 7→ (y,1)

OO

The vertical maps are evidently homotopy equivalences. Furthermore we know by the Cone-
Mapping Cylinder Inclusion Co�bration Proposition 17.3 (2) and the Product-Co�bration
Proposition 17.11 that the left horizontal maps are closed co�brations. It follows from
the Homotopy Pushout Theorem 17.19 together with the Homotopy-Equivalence Basics
Lemma 15.1 (1) that the pushout on top is homotopy equivalence to the pushout at the
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bottom. But the pushout on top is precisely Cone(f : A → Y ) and the pushout at the
bottom is precisely Cone(f ′ : A→ Y ′). �

Remark. Another typical application of the Homotopy Pushout Theorem 17.19 is given in
the proof of the Handles-Cells Proposition 136.18 where we show that �handle attachments�
and �cell attachments� lead to homotopy equivalent topological spaces.

17.6. Proof of Theorem 17.19. In this section we provide a proof of Theorem 17.19,
following the argument of [Rap2016]. The least that can be said is that the proof is not
for the faint of heart.

The following lemma is a key step towards the proof of Theorem 17.19.

Lemma 17.21. Let f : A → X and g : A → Y be two maps between topological spaces.
We consider the corresponding pushout diagram

A
f

//

g
��

B

s
tt

i
��

X
j

// X ∪A B.
Let f be a homotopy equivalence. If g is a closed co�bration, and if there exists a map
s : B → A with f ◦ s = idB and which is a closed co�bration, then the map �opposite to
f �, i.e. the map j is a homotopy equivalence.

Remark. Sometimes it takes a while to spot the di�erences to earlier results. In the
similar looking the Opposite Map-Co�bration Proposition 17.18 we had assumed that f
is not only a homotopy equivalence but also a closed co�bration. Now we assume g is a
closed co�bration and that we have the extra map s to play with.

Proof of Lemma 17.21. First note that it follows from the hypotheses that f ◦ s = idB
and that f is a homotopy equivalence, together with the Homotopy-Equivalence Basics
Lemma 15.1 (1), that s is also a homotopy equivalence. We consider the following diagram:

B
s

'
//

g◦s
��

A

u

��

f

'
//

g

$$

B
g◦s
�� i

""

X
v //

= //

P := X∪BA
k //

l
))

X

))

X
j

// X ∪A B.

We make the following clari�cations and observations:

(1) To the top left we have a pushout square. In particular the maps u : A → X ∪B A
and v : X → X ∪B A are the corresponding natural maps.

(2) The map k : X ∪B A → X is de�ned via the identity on X and the map g ◦ s ◦ f
on A.



17. COFIBRATIONS 499

(3) It follows easily from the Pushout Lemma 4.8 (1) and (2)188 that the square to the
top right is a pushout diagram.

(4) The map l : X ∪B A→ X is de�ned via the identity on X and the map g on A.
(5) It follows easily from the de�nitions that the diagram commutes.
(6) Since s is a closed co�bration and a homotopy equivalence it follows from the Opposite

Map-Co�bration Proposition 17.18 (2) that the map v : X → X ∪B A is also a closed
co�bration and a homotopy equivalence.

(7) Note that k ◦ v = idX and l ◦ v = idX . Since v and idX are homotopy equivalences
we obtain from the Homotopy-Equivalence Basics Lemma 15.1 (1) that k and l are
also homotopy equivalences.

(8) Since g ◦ s is a closed co�bration we obtain from the Opposite Map-Co�bration
Proposition 17.18 (1) that the map u is also a closed co�bration.

Next we consider the following two pushout diagrams:

P
l

'
//

p 7→(p,1)

��

X

t
��

(P×[0, 1]) ∪A×[0,1]A // ((P×[0, 1])∪A×[0,1]A)∪PX︸ ︷︷ ︸
=:Cyl(l)A

and

P =X∪BA
ϕ(p)=(p,1)
��

k

'
// X

m
��

Cyl(l)A
w // Cyl(l)A∪PX.

Providing the proof of the following claim is the main di�culty in the proof of the lemma.

Claim. The map w : Cyl(l)A → Cyl(l)A ∪P X is a homotopy equivalence.

Proof. To prove the claim we �rst consider the following pushout diagram:

A×[0, 1]
(a,t)7→a

//

u×id
��

A

��
g

��

P × [0, 1]

(p,t)7→l(p) //

z // (P × [0, 1]) ∪A×[0,1] A
Θ

** X.

We take the resulting map Θ and use it to produce the following even more confusing
pushout diagram

(I)

P
l //

' p7→z(p,0)
��

X

't
��

id

��

(P×[0, 1]) ∪A×[0,1] A

Θ //

// Cyl(l)A = (P×[0, 1]∪A×[0,1]A)∪PX
Ξ'

++ X.

188The Pushout Lemma 4.8 (2) implies that the natural map X ∪BB → (X ∪B ∪A)∪A∪B is a homeomor-
phism and the Pushout Lemma 4.8 (1) implies that the natural map X → X ∪B B is a homeomorphism.
We will apply this type of argument on several occasions.
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We continue with the following comments:

(9) We claim that the left-hand vertical map is a closed co�bration. To verify this
statement we consider the following commutative diagram

(A×[0, 1]) ∪A×{0,1} (P×{0, 1}) //
� _

��

A ∪A×{0,1} (P×{0, 1})

��

P ∪A P∼=
oo P.oo

p 7→z(p,0)rr
P × [0, 1] // (P × [0, 1]) ∪A×[0,1] A

We make a few comments:
(a) The left top horizontal map is induced by the projection A× [0, 1]→ A and the

identity on P × {0, 1}.
(b) The left vertical map is the �obvious� map. It is a closed co�bration by the

combination of Corollary 17.14 with Lemma 5.36.
(c) The middle vertical map and the bottom horizontal map are the obvious maps.
(d) We leave it to the reader to verify that the square is in fact a pushout diagram.
(e) It follows from (b) and (d) together with the Opposite Map-Co�bration Propo-

sition 17.18 that the middle vertical map is a closed co�bration.
(f) The map P ∪A P → A∪A×{0,1} (P ×{0, 1}) is given by sending the �left copy� of

P to P × {0} and the �right copy� of P to P × {1}. There is an obvious inverse
which shows that this map is actually a homeomorphism.

(g) The map P → P ∪A P is given by sending P to the �left copy� of P . Since
A→ P is a closed co�bration we obtain again from the Opposite Map-Co�bration
Proposition 17.18 that the map P → P ∪A P is a closed co�bration.

(h) It follows immediately from the de�nitions that the triangle to the right com-
mutes. Thus we obtain from (e), (f) and (g) together with the Co�bration Com-
position Lemma 17.1 that the diagonal map is a closed co�bration. But that is
precisely what we wanted to show.

(10) We claim that the left-hand vertical map P → (P × [0, 1]) ∪A×[0,1] A of (I) is a
homotopy equivalence. This can be seen as follows. By (9) and the Co�bration-
Closed Injective Lemma 17.6 we can identify P with its image under the inclusion.
It follows from the Homotopy Pushout Lemma 14.9 that the obvious deformation
retraction on P×[0, 1] and the constant map on A give rise to a deformation retraction
from (P × [0, 1]) ∪A×[0,1] A to the image of P . Thus it follows from the elementary
the Deformation Retract-Homotopy Equivalence Lemma 15.5 that the inclusion is
indeed a homotopy equivalence.

(11) We consider the pushout square in (I). It follows from (9), (10) and the Opposite
Map-Co�bration Proposition 17.18 (2) that the right-hand vertical map t in (I) is
also closed co�bration and a homotopy equivalence.

(12) We deduce from (11) and the Homotopy-Equivalence Basics Lemma 15.1 (1) that Ξ
is a homotopy equivalence.
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Next we consider the following diagram:

(II)

P = X ∪B A
' ϕ(p)=(p,0)
��

l

''

k

'
// X

m
��

Cyl(l)A
w //

' Ξ
��

Cyl(l)A ∪P X

X.

We make the following clari�cations and observations:

(13) Cyl(l)A ∪P X is the pushout of the pushout diagram to the to top.
(14) The composition P ϕ−→Cyl(l)A

Ξ−→X equals the map l.
(15) Since l is a homotopy equivalence and since we just saw that Ξ: Cyl(l)A → X

is a homotopy equivalence we obtain again from the Homotopy-Equivalence Basics
Lemma 15.1 (1) that ϕ : P → Cyl(l)A is a homotopy equivalence.

(16) We will now argue that the map ϕ : P → Cyl(l)A is a closed co�bration. To do so
we consider the following diagram:

P

��

ϕ

ww

(A× [0, 1]) ∪A×{0,1} (P × {0, 1})

��

// X ∪A P

��

P × [0, 1] // Cyl(l)A.

We make the following observations:
(a) The top vertical map is a closed co�bration by the Opposite Map-Co�bration

Proposition 17.18 and our hypothesis that A→ X is a closed co�bration.
(b) The map X ∪A P → Cyl(l)A is de�ned by t on X and by ϕ on P .
(c) The vertical map to the left is induced by the inclusions.
(d) The horizontal map on the top is induced by the projection A× [0, 1]→ A, the

obvious identi�cation P × {0} → P and the map l on P = P × {1} → X.
(e) We consider the maps

(P × [0, 1]) ∪(A×[0,1])∪A×{0,1}(P×{0,1}) (X ∪A P ) ↔ ((P × [0, 1]) ∪A×[0,1] A) ∪P X︸ ︷︷ ︸
=Cyl(l)A

which are the obvious maps on P × [0, 1], the obvious map on X and which going
left-to-right is given by the obvious map P → P × {0} and which right-to-left is
given by the natural map A → X ∪B A = P . These maps are well-de�ned and
inverses of one another, hence they are isomorphisms. These maps show that the
square is a pushout diagram.

(f) It follows from Corollary 17.14 together with Lemma 5.36 that the left vertical
map in the square is a closed co�bration.

(g) It follows (f) together with the Opposite Map-Co�bration Proposition 17.18 (1)
that the right vertical map in the square is also a closed co�bration.
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(h) By (a) and (g) the map of our desire is a composition of two closed co�brations,
hence it is itself a closed co�bration by the Co�bration Composition Lemma 17.1.

(17) It follows from (15) and (16) together with the Opposite Map-Co�bration Proposi-
tion 17.18 (2), applied the diagram (II), that the map m : X → Cyl(l)A ∪P X is a
homotopy equivalence.

(18) By (7), (15) and (17) we know that m, k, ϕ are homotopy equivalences. By the
diagram (II) we have w◦ϕ = m◦k. Thus we obtain from the Homotopy-Equivalence
Basics Lemma 15.1 (1) that w is also a homotopy equivalence. �

Finally we consider the following diagram:

X
t

//

j

��

id

++Cyl(l)A
w'
��

'
Ξ

// X

j

��

X ∪A B
t′ //

id

22Cyl(l)A ∪P X
n // X ∪A B.

Here are the customary clari�cations and observations:
(19) Recall that the map t : X → Cyl(l)A is the natural inclusion.
(20) By de�nition of t and Ξ we have Ξ ◦ t = idX .
(21) The map t′ : X ∪A B → Cyl(l)A ∪P X is de�ned by w ◦ t : X → Cyl(l)A and it is

de�ned by m ◦ g ◦ s : B → X. Furthermore the map n : Cyl(l)A ∪P X → X ∪A B is
de�ned by Ξ on Cyl(l)A and by the natural map j : X → X ∪A B on X.

(22) One can easily verify that n ◦ t′ = idX∪AB.
(23) It follows immediately from the de�nitions that the diagram commutes.

It follows from (20), (22) and (23) and the above commutative diagram that j is a retract of
the map w, in the sense of the de�nition in Exercise 15.9. Since w is a homotopy equivalence
we obtain from Exercise 15.9 that j is also a homotopy equivalence. We are done! �

The next lemma is the same statement as Lemma 17.21 except that we can drop the
hypothesis on the existence of s.

Lemma 17.22. (Opposite Map-Homotopy Equivalence Lemma) Let f : A → X
and g : A → Y be two maps between topological spaces. We consider the corresponding
pushout diagram

A
f

//

g
��

B

i
��

X
j
// X ∪A B.

Let f be a homotopy equivalence. If g is a closed co�bration, then the map �opposite to
f �, i.e. the map j is a homotopy equivalence.

Proof of the Opposite Map-Homotopy Equivalence Lemma 17.22. We consider the
maps

A

f

**if

a7→(a,0)
// Cyl(f)

r // B
s

ll
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where if : A → Cyl(f) and s : B → Cyl(f) are the natural inclusions and r : Cyl(f) → B
is the natural retraction. We make the following observations:

(1) It follows from the Cone-Mapping Cylinder Inclusion Co�bration Proposition 17.3
and the discussion on page 495 that if and s are closed co�brations.

(2) It follows immediately from the de�nitions that f = r ◦ if and r ◦ s = idB.
(3) By the Mapping Cylinder Basics Lemma 16.10 (3) and the Mapping Cylinder Basics

Lemma 16.12 we know that r is a homotopy equivalence.
(4) It follows from the hypothesis that f is a homotopy equivalence, together with (2)

and (3) and together with the Homotopy-Equivalence Basics Lemma 15.1 (1), that
if is a homotopy equivalence.

Next we consider the following diagram

A

f

--
if

//

g

��

Cyl(f)
r //

µ

��

B

ν
tt

i

��

s

mm

X ∪A Cyl(f)
β
// (X ∪A Cyl(f)) ∪Cyl(f) B

γ
∼= **

X
j

//

α
77

X ∪A B.

We continue with the following clari�cations and observations:

(5) The quadrilateral to the left is a pushout diagram. In particular α and µ are the
natural maps of a pushout.

(6) The quadrilateral in the top center is also a pushout diagram. In particular β and ν
are the natural maps of a pushout.

(7) The map γ is the natural homeomorphism given by the Pushout Lemma 4.8 (2).
(8) It follows immediately from the de�nitions that the diagram commutes.
(9) We consider the quadrilateral to the left.

(a) By (1) and (4) we know that if is a homotopy equivalence and that it is a closed
co�bration. Thus we obtain from (5) together with the Opposite Map-Co�bration
Proposition 17.18 (2) that the opposite map α : X → X ∪ACyl(f) is a homotopy
equivalence.

(b) By hypothesis g is a closed co�bration, thus we obtain from (5) together with
the Opposite Map-Co�bration Proposition 17.18 (1) that µ is also a closed co�-
bration.

(10) Next we obtain the quadrilateral in the top center. By (1), (3), (6) and (9b) we can
apply Lemma 17.21 and we obtain that the map β is a homotopy equivalence.

(11) By (7), (9a) and (10) we know that α, β and γ are homotopy equivalences. Since
the diagram commutes we see that the bottom map j : X → X ∪A B is indeed a
homotopy equivalence. �



504

Proof of Theorem 17.19. We are given the following commutative diagram

X
ϕX
��

A? _
ioo

ϕA
��

f
// Y

ϕY
��

X ′ A′? _
i′oo

f ′
// Y ′

where all of the vertical maps are homotopy equivalences and where the maps i and i′ to
the left are closed co�brations. Recall that we need to show that the induced map

Φ: X ∪A Y → X ′ ∪A′ Y ′

is a homotopy equivalence.
Case 1. First we assume that f and f ′ are homotopy equivalences. We consider the
following commutative diagram

X
u //

ϕX'
��

X ∪A Y
Φ
��

X ′
u′ // X ′ ∪A′ Y ′

.

We make the following comments:
(1) The horizontal maps u and u′ are the obvious natural maps coming from the following

pushout diagrams

A
f

'
//

i
��

Y
v
��

X
u // X ∪A Y

and
A′

f ′

'
//

i′
��

Y ′

v′
��

X ′
u′ // X ′ ∪A′ Y ′.

Since f and f ′ are homotopy equivalences and since i and i′ are closed co�brations we
obtain from the Opposite Map-Homotopy Equivalence Lemma 17.22, applied to these
two pushout diagrams, that the horizontal maps u and u′ are homotopy equivalences.

(2) The left vertical map of the diagram of the claim is a homotopy equivalence by
hypothesis.

(3) It follows from (1) and (2), together with the Homotopy-Equivalence Basics Lemma 15.1
(1), that Φ is a homotopy equivalence.

Case 2. Next we assume that f and f ′ are co�brations. We consider the following diagram:

A
f

vv

i //

'ϕA

��

X

tt

k

��

'
ϕX

##

Y
j

//

'ϕY

��

X ∪A Y

Φ

%%

l

��

A′

f ′
vv

// X ∪A A′
q

//

l′tt

X ′.

suu

Y ′ // X ∪A Y ′ r
// X ′ ∪A′ Y ′

We make the following observations and clari�cations:



17. COFIBRATIONS 505

(1) The top square and bottom left square are the obvious pushout diagrams.
(2) The vertical map l : X ∪A Y → X ∪A Y ′ is the map induced by ϕY . The square in the

front is a pushout diagram by the Pushout Lemma 4.8 (2).
(3) The square in the back is de�ned to be a pushout diagram.
(4) Since i is a closed co�bration and ϕA is a homotopy equivalence it follows from the

Opposite Map-Homotopy Equivalence Lemma 17.22, applied to the pushout diagram
in the back, that k is a homotopy equivalence.

(5) Since i : A → X is a closed co�bration we obtain, by applying the Opposite Map-
Co�bration Proposition 17.18 to the pushout diagram on the top, that the �opposite
map� j : Y → X ∪A Y is a closed co�bration.

(6) Since j is a co�bration and since ϕY is homotopy equivalence we obtain again from the
Opposite Map-Homotopy Equivalence Lemma 17.22, this time applied to the pushout
diagram in front, that l is a homotopy equivalence.

(7) Since f ′ is a closed co�bration we obtain again from the Opposite Map-Co�bration
Proposition 17.18 that the �opposite map� l′ is a closed co�bration.

(8) We turn to the right part of the diagram. The map q : X ∪A A′ → X ′ is de�ned by
ϕX on X and i′ on A. Furthermore the map r : X ∪A Y ′ → X ′∪A′ Y ′ is de�ned by ϕX
on X ′ and id on Y ′. Finally s : X ′ → X ′ ∪A′ Y ′ is the natural map. One can easily
verify that the right hand part of the diagram commutes.

(9) Since ϕX and k are homotopy equivalences and since q ◦ k = ϕX we obtain from the
Homotopy-Equivalence Basics Lemma 15.1 (1) that q is a homotopy equivalence.

(10) As we mentioned in (2), the bottom left square is a pushout square. Furthermore it
follows immediately from the de�nitions that the big square formed by the two squares
at the bottom is also a pushout square. It follows from a fairly elementary argument,
see e.g. Exercise 4.12, that the bottom right square is also a pushout square.

(11) It follows from (7), (9) and (10) together with the hard-fought the Opposite Map-
Homotopy Equivalence Lemma 17.22 that r is a homotopy equivalence.

(12) Since Φ = r ◦ l we obtain from (6) and (11) that Φ is indeed a homotopy equivalence.
Case 3. Finally we deal with the case that f and f ′ are arbitrary maps. We consider the
following diagram

X

'ϕX

��

A
ioo

f
//

'ϕA

��

j

**

Y

'ϕY

��

Cyl(f)

'
r

44

t

��

X ′ A′
i′oo

f ′
//

j′ **

Y ′

Cyl(f) ∪A A′.
q

44

We make the following clari�cations and observations:
(1) The black part of the diagram is precisely the commutative diagram of our setup.
(2) The top triangle is given by the usual factorization of the map f : A → Y into the

natural inclusion j : X → Cyl(f) and the natural retraction r : Cyl(f) → Y . By the
Cone-Mapping Cylinder Inclusion Co�bration Proposition 17.3 we know that j is a
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closed co�bration. Furthermore, by the Mapping Cylinder Basics Lemma 16.12 (2a)
we know that r is a homotopy equivalence.

(3) The left parallelogram is de�ned to be the pushout of the maps j : A → Cyl(f) and
ϕA : A→ A′.

(4) Since j is a closed co�bration we obtain from (3) and the Opposite Map-Co�bration
Proposition 17.18 that the map j′ : A′ → Cyl(f) ∪A A′ is also a closed co�bration.

(5) Since ϕA is a homotopy equivalence and since j is a closed co�bration we obtain
from the Opposite Map-Homotopy Equivalence Lemma 17.22 that t is a homotopy
equivalence.

(6) The map q : Cyl(f) ∪A A′ → Y ′ is de�ned via t on Cyl(f) and f ′ on A′.
(7) It follows easily from the de�nitions that the right parallelogram commutes, i.e. we

have q◦t = ϕY ◦r. Since r, ϕY and t are homotopy equivalences and since q◦t = ϕY ◦r
we obtain from the Homotopy-Equivalence Basics Lemma 15.1 (1) that q is a homotopy
equivalence.

Next we consider the commutative diagram

X
ϕX
��

A? _
ioo

ϕA
��

j
// Cyl(f)

t
��

X ′ A′? _
i′oo

j′
// Cyl(f) ∪A A′

Here we just make a single observations:

(8) By (2) and (4) and by hypothesis we know that all horizontal maps are closed co�-
brations. Furthermore by hypothesis and (5) we know that all vertical maps are
homotopy equivalences. Thus we obtain from Case 2 that the induced map

Ξ: X ∪A Cyl(f) → X ′ ∪A′ (Cyl(f) ∪A A′)

is a homotopy equivalence.

We move on to consider the following diagram:

(∗)

X ∪A Cyl(f)

' ν

��

Ξ
' **

Cyl(f)
αoo

' t

��

r

'
// Y

' ϕY

��

X ′∪A′ (Cyl(f)∪AA′)

∼=

µ

tt

X ′ ∪A Cyl(f) Cyl(f) ∪A A′γ
oo

β
jj

'
q

// Y ′.

We make the following clari�cations and observations:

(9) The lower left diagonal map µ is the natural homeomorphism that is provided by the
Pushout Lemma 4.8 (2).

(10) The horizontal map α at the top left and the diagonal map β are the natural maps
coming from pushouts. The vertical map ν to the left is induced by ϕX and the
horizontal map γ at the bottom left map is induced by i′. One can easily verify that
the diagram commutes.
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(11) Recall that by hypothesis i : A→ X and i′ : A′ → X ′ are closed co�brations. Thus we
obtain from the Opposite Map-Co�bration Proposition 17.18, applied to the pushouts

A

��

i // X

��

Cyl(f)
α // X ∪A Cyl(f)

and
A′

��

i′ // X ′

��

Cyl(f)∪AA′
β
// X ′∪A′ (Cyl(f)∪AA′)

that the maps α and β are closed co�brations. Since γ = µ ◦ β and since µ is a
homeomorphism we see that γ is also a closed co�brations.

Finally we consider the following diagram:

(X ∪A Cyl(f)) ∪Cyl(f) Y //

∼=
��

(X ′ ∪A Cyl(f)) ∪Cyl(f)∪AA′ Y
′

∼=
��

X ∪A Y
Φ // X ′ ∪A′ Y ′.

As usual we cannot be refrained from making comments.
(12) The top horizontal map is induced by ν and ϕY .
(13) By (5), (8), (9) and our hypothesis we know that all the vertical maps in the diagram

(∗) are homotopy equivalences. Furthermore by (2) and (7) we know that the right
horizontal maps of (∗) are homotopy equivalences. Thus we obtain from Case 1 that
the top horizontal map in our present diagram is a homotopy equivalence.

(14) The vertical maps are the natural homeomorphism provided by the Pushout Lemma 4.8
(2).

(15) One can easily verify that the diagram commutes. Since the top horizontal map is a
homotopy equivalence and since the vertical maps are homeomorphisms we see that
the bottom horizontal map Φ is also a homotopy equivalence. And that had been
our goal since page 497. �

This concludes our discussion of closed co�brations. More information on closed co�bra-
tions can be found in [tD2008, Chapter 5], [BrownR2006, Chapter 7], [May1999a,
Chapter 6] and [Pic1992, Chapter 2.3].

Exercises for Chapter 17.

Exercise 17.1. Solve the following problems �by hand�, i.e. without making use of any of
above results. For example you should not use the Co�bration-Closed Injective Lemma 17.6.
(a) Let A = [a, b] be a compact interval and let X = R. Show that the inclusion

i : A→ X is a co�bration.
(b) Let A = R \ {0} and X = R. Show that the inclusion i : A→ X is not a co�bration.
(c) Let A = (−1, 1) and X = R. Show that the inclusion i : A→ X is not a co�bration.

Exercise 17.2. Let f : X → Y and g : Y → Z be two (closed) co�brations. Show that
g ◦ f : X → Z is a (closed) co�bration.

Exercise 17.3. Prove the �(2)⇒ (1)�-direction of the Co�bration Characterization Lemma 17.2.
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Exercise 17.4. Let X = (V,E, i, t) be an abstract graph as de�ned on page 307 and
let A be a subgraph as de�ned on page 317. We denote by |X| and |A| the topological
realizations of X and A as de�ned on page 308. Show that the corresponding inclusion
map i : |A| → |X| is a closed co�bration.
Remark. This is a special case of the Subcomplex Co�bration Theorem 17.9.

Exercise 17.5. Given an example of a topological space X and a non-empty subset A such
that the map Cone(i : A→ X)→ X/A given in the Co�bration-Quotient Lemma 17.7 (1)
is not a homotopy equivalence.

Exercise 17.6. Let X = {x, y} be a set with two elements and the trivial topology
furthermore let A = {x}. Show that the inclusion A→ X is a co�bration.
Remark. This is an example of a co�bration that is not closed.

Exercise 17.7. Let X = {a, b} be the topological space with two elements a and b and
where the open sets are precisely ∅, {a}, X. We set A := {a}.
(a) Show that the inclusion A→ X is a co�bration.
(b) Show that the inclusion (X × A) ∪ (A×X)→ X ×X is not a co�bration.

Remark. This exercise shows that the conclusion of Proposition 17.13 does not hold if
neither A nor B are closed subsets.

Exercise 17.8. Let i : A → X be a closed co�bration. Show that the induced map
Cone(A)→ Cone(X) is also a co�bration.
Hint. Make sense of the following diagram and use it is as a guideline:

A× {0} //

��

X × {0} //

��

{∗}

��

A× [0, 1] // (X×{0}) ∪A×{0} (A×[0, 1]) //

��

cone(A) = ∗ ∪A×{0} (A×[0, 1])

��

X × [0, 1] // Cone(X).



Part III

Topological and smooth manifolds



In this part of the lecture notes we introduce the concept of topological and smooth
manifolds. We develop all the basic notions, like tangent spaces and orientations, and
we will prove some of the foundational results like the Inverse Mapping Theorem 24.1,
the Smooth Embedding Theorem 24.10, the Regular Value Theorem 26.4, the Euclidean
Embedding Theorem 27.1 and Sard's Theorem 31.1. Throughout we will allow manifolds
to have a boundary, which makes it technically more demanding to write down the correct
statements and precise proofs.
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18. Topological manifolds

In this chapter we introduce topological manifolds and study some basic properties. After-
wards, in the next chapter, we will introduce smooth manifolds, which for most applications
are even more interesting.

18.1. Topological manifolds: de�nition and examples. Before we can give the de�-
nition of topological manifolds we need to introduce the following notation.

Notation. Given n ∈ N0 we write
Hn = {(x1, . . . , xn) ∈ Rn |xn ≥ 0}

∂Hn = {(x1, . . . , xn) ∈ Rn |xn = 0}.
We refer to Hn as the upper half-space in Rn. We equip both sets with the subspace
topology coming from Rn. One can easily verify that ∂Hn is indeed the boundary of
Hn viewed as a subset of Rn. Furthermore it is straightforward to show that the map
Rn−1 → ∂Hn given by x 7→ (x, 0) is a homeomorphism.
Now we can move on to the de�nition of a topological manifold.

De�nition. Let X be a topological space.
(1) An n-dimensional chart for X at a point x ∈ X is a homeomorphism Φ: U → V

where U is an open neighborhood of x and
(i) V is an open subset of Rn or
(ii) V is an open subset of the upper half-space Hn and Φ(x) lies in ∂Hn.
In the former case we say that Φ is a chart of type (i), in the latter case we say that
Φ is a chart of type (ii).

(2) We say X is an n-dimensional topological manifold, if X is second-countable and
Hausdor�, and if for every x ∈ X there exists an n-dimensional chart Φ: U → V
at x.189

(3) An n-dimensional atlas for X is a collection of n-dimensional charts such that the
domains of the charts cover all of X.

For topological manifolds we can furthermore de�ne the notion of the boundary (points):
(4) We say that a point x on a topological manifold X is a boundary point if x does not

admit a chart of type (i).190 We denote by ∂X the set of all boundary points of X.
We refer to ∂X as the boundary of X.

(5) We say a topological manifold X is closed if X is compact with ∂X = ∅.191

Remark.

188The de�nition of a (topological) manifold goes back to the work of Hermann Weyl [Wey1913,

Wey1964, Chapter I.4].
189It might sound more natural to de�ne a boundary point to be a point that admits a chart of type (ii).
In fact we will see in the Topological Manifold Boundary Proposition 75.2 that a point on a topological
manifold admits either a chart of type (i) or a chart of type (ii). But the proof of this statement is not trivial
and as of now we cannot prove this statement. As we will see in the subsequent examples our de�nition
works fairly well, even without making use of the Topological Manifold Boundary Proposition 75.2.
190The latter condition just means that all points in X admit a chart of type (i).
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(1) In some references, see e.g. [Hu1969, Aub2001] and [PoR2021], a topological
manifold is de�ned as above, except that the condition that X is second-countable
is replaced by the condition that X is paracompact. We will see in the Manifold-
Partitions of Unity Existence Theorem 21.1 and Proposition 21.5 that these two
de�nitions of topological manifolds are equivalent. Furthermore in [Wall2016] the
condition of being second-countable is replaced by the condition that X is the union
of countably many compact subsets. We will see in Lemmas 18.12 and 21.6 that
these two de�nitions of topological manifolds are also equivalent.

(2) Note that only in the Topological Manifold-Dimension Proposition 75.4 will we show
that the dimension of a non-empty topological manifold is uniquely determined.

In the following we will give several examples of topological manifolds. When it comes to
verifying that a topological space is a topological manifold the main focus is usually on
establishing that any point admits a chart. It is easy to forget that one also needs to verify
that the topological space is second-countable and Hausdor�. In many cases this task is
taken care of by the following lemma.
Lemma 18.1. Let n ∈ N. Every subset of Rn is second-countable and Hausdor�.

Proof. Let A be a subset of Rn. By the Second Countability Lemma 9.1 we know that A
is second-countable. Furthermore, it follows from Proposition 1.13 and Lemma 1.14 that
A is also Hausdor�. �

For the record we also state the following elementary lemma.
Lemma 18.2. Let X be a topological space.
(1) If X admits a countable atlas, then X is second-countable.
(2) If X is compact and if it admits an atlas, then X is second-countable.

Proof.

(1) Suppose X admits a countable atlas {Φi : Ui → Vi}i∈I . By Lemma 18.1 we know
that each Vi, and thus each Ui, is second-countable. It follows from the Second
Countability Lemma 9.1 (4) that X itself is second-countable.

(2) The second statement in turn is an immediate consequence of the �rst statement
since every compact space that admits an atlas also admits a �nite atlas. �

Now we turn to giving examples of topological manifolds.

Examples. Let n ∈ N.
(1) We consider the sphere Sn. As usual we refer to N := (0, . . . , 0, 1) ∈ Sn as the North

Pole and similarly we refer to S := (0, . . . , 0,−1) ∈ Sn as the South Pole. It follows
quite easily from slight modi�cations of the arguments in the proof of Lemma 2.18
that the stereographic projection Sn \ {N} → Rn from the North Pole together
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with the stereographic projection Sn \ {S} → Rn from the South Pole, as de�ned
in Lemma 2.18, are two n-dimensional charts of type (i) that cover all of Sn. By
Lemma 18.1 this shows that Sn Ă Rn+1 is an n-dimensional topological manifold.

Note that both charts are of type (i), thus we see that the boundary of the
topological manifold Sn is the empty set.191 Finally note that Sn is compact, thus
Sn is a closed n-dimensional topological manifold.

Sn N

S

stereographic projection
from the North Pole

stereographic projection
from the South Pole

(2) Every open subset U of Rn is an n-dimensional topological manifold. This follows
again from Lemma 18.1 and the observation that the identity map is a chart of type
(i) for all points. In particular we see that the boundary of U is empty.

(3) Let M be an open subset of the upper half-space Hn = {(x1, . . . , xn) ∈ Rn |xn ≥ 0}.
Again, using Lemma 18.1, it is straightforward to see that M is an n-dimensional
topological manifold:
(a) Given any point X = (x1, . . . , xn) ∈ M with xn > 0 the identity map on the

open subset U := {(y1, . . . , yn) ∈M | yn > 0} is a chart of type (i) around x.
(b) Given any point (x1, . . . , xn) ∈ M with xn = 0 the identity map M → M is a

chart of type (ii) around x.
In this example we run into a major, and rather painful, subtlety. Namely one would
think that the boundary of M as a topological manifold should be precisely the
points in M with xn = 0. But at the moment we cannot draw this conclusion. After
all, in principle, such points also might admit charts of type (i). Only after having
introduced and studied homology groups we will see in the Topological Manifold
Boundary Proposition 75.2 that no such charts of type (i) exist.
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chart of type (i) ??

(4) Next we want to show that the closed n-ball B
n
is an n-dimensional topological

manifold. We provide the following charts:
(a) We consider the chart of type (i) that is given by the identity on the open subset

Bn of B
n
.

191The vigilant reader will have noticed that we have committed a major sin: we introduced an object
called �boundary� twice, with quite di�erent meanings:

(a) On page 116 we introduced the boundary ∂A of a subset A of a topological space X.
(b) On page 511 we introduced the boundary ∂M of a topological manifold M .

Usually it is clear from the context what we mean when we write ∂. This sorry state of a�airs explain why
some authors, e.g. [Kel1975], refer to the boundary of a subset of a topological space as the frontier.
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(b) We set U := {(x1, . . . , xn) ∈ Bn |xn > 0} and we consider the map

U → Hn

(x1, . . . , xn) 7→ (x1, . . . , xn−1,
√

1− x2
1 − · · · − x2

n−1 − xn).

This is a chart of type (ii) for all points in {(x1, . . . , xn) ∈ Sn−1 |xn > 0}. We
refer to the �gure below for an illustration of this chart.

(c) We consider the obvious variations of the previous chart for xn < 0 and for other
coordinates.

These charts form an atlas for B
n
, together with Lemma 18.1 this shows that B

n
is an

n-dimensional topological manifold. We have found a chart of type (i) for each point
in Bn and for the points on Sn−1 we have found charts of type (ii). This shows that
∂B

n
Ă Sn−1. Furthermore we have the strong suspicion that ∂B

n
= Sn−1 but as in

(3), as of right now we cannot con�rm this. We will only be able to con�rm our hunch
by the time we have proved the Topological Manifold Boundary Proposition 75.2.
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chart of type (ii)

(5) Given a < b in R the interval [a, b] is easily seen to be a 1-dimensional topological
manifold. Every point in (a, b) admits a chart of type (i). It follows from Lemma 7.11
together with the Topological Valence Determination Proposition 7.12 that the two
points a, b ∈ [a, b] do not admit charts of type (i).192 Thus the boundary of [a, b]
consists, as expected, of the two points a and b. Similarly the boundary of the
half-open interval [a, b) equals {a}.

(6) In Exercise 18.1 we will see that a topological space X is a 0-dimensional topological
manifold if and only if X is countable and X is equipped with the discrete topology.
It follows from the Compact-Discrete Lemma 1.22 that a compact 0-dimensional
topological manifold is precisely a �nite set equipped with the discrete topology.

(7) We conclude this list of examples with the simplest of all examples: the empty set is
a topological manifold of any dimension.

It is also worth looking at a few non-examples.

Non-Examples.

(1) In Exercise 18.2 we will verify that the line with two zeros admits a chart of type (i)
for every point. It is also easy to see that the line with two zeros is second-countable.
But since the line with two zeros is not Hausdor� we see that it is not a topological
manifold.

(2) We consider the topological space X that is given by the set X = R but for once we
equip X = R with the discrete topology. Every point of X admits a 0-dimensional
chart and X is obviously Hausdor�. But X is not second-countable, thus X is not a
topological manifold.

192One could also prove this fact directly by hand, see Exercise 2.40.
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(3) In Section 22.4 we will see that there exists a connected Hausdor� space which ad-
mits a 1-dimensional atlas, but which is not second-countable. In particular this
topological space is not a topological manifold.

The following lemma will get used, at least implicitly, on numerous occasions.
Lemma 18.3. Let X be an n-dimensional topological manifold and let P ∈ X.
(1) If P ∈ X \ ∂X, then there exists a chart Φ: U → Bn with Φ(P ) = 0.
(2) If P ∈ ∂X, then there exists a chart Φ: U → Bn

≥0 with Φ(P ) = 0.193

Proof.
(1) If P ∈ X \∂X, then by de�nition of ∂X there exists a chart Ψ: V → W for the point

P of type (i). We write Q = Ψ(P ). Note thatW is an open subset of Rn. This implies
that there exists an r > 0 with Bn

r (Q) Ă W . The desired chart is given by composing
Ψ: Ψ−1(Bn

r (Q))→ Bn
r (Q) with the obvious homeomorphism Bn

r (Q)→ Bn.
(2) The proof of this statement is basically identical to the proof of (1). �
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Ψ−1(Bn
r (Q))

WV

P
Bn
r (Q)
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The following proposition gives a useful method for constructing more topological mani-
folds.
Proposition 18.4. (Topological Manifold Product Proposition) Let X be an m-
dimensional topological manifold and let Y be an n-dimensional topological manifold.
Then the following hold:
(1) The product X × Y is an (m+ n)-dimensional topological manifold.
(2) (a) Each point in (X × Y ) \ ((∂X × Y ) ∪ (X × ∂Y )) admits a chart of type (i).

(b) Each point in (∂X × Y ) ∪ (X × ∂Y ) admits a chart of type (ii).
(c) We have194 ∂(X × Y ) Ă (∂X × Y ) ∪ (X × ∂Y ).

(3) If X and Y are closed topological manifolds, then so is X × Y .
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X × ∂Y
X × Y

Y
=×X

∂X
∂Y∂Y

∂X
∂X × Y

Examples.
(1) It follows from the Topological Manifold Product Proposition 18.4 and the above

discussion of S1 that for any m ∈ N the m-dimensional torus (S1)m is a closed
m-dimensional topological manifold.

193Here we use the notation introduced on page 152, namely Bn≥0 = {(x1, . . . , xn+1) ∈ Bn | xn+1 ≥ 0}.
194Note that right now we can only prove the inclusion �Ă�. Later on in the Topological Manifold Boundary
Proposition 75.2 we will see that in fact we have an equality.
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(2) It follows from the Topological Manifold Product Proposition 18.4 and the above
examples that the annulus S1 × [0, 1] is a 2-dimensional topological manifold with
∂(S1 × [0, 1]) Ă S1 × {0, 1}.

(3) Let X = B
2
and Y = [0, 1], then X × Y = B

2 × [0, 1] is the solid cylinder which is a
3-dimensional topological manifold and the boundary satis�es

∂
(
B

2 × [0, 1]
)

Ă (∂B
2 × [0, 1]) ∪ (B

2 × ∂([0, 1])) Ă (S1 × [0, 1]) ∪ (B
2 × {0, 1}).

↑ ↑
in the Topological Manifold Boundary Proposition 75.2 since ∂B

2
Ă S1

we will see that equality holds

Proof.
(1) Let X be an m-dimensional topological manifold and let Y be an n-dimensional

topological manifold. We consider the topological space X × Y . In the Product
Topology Properties Proposition 5.6 we remarked that the product of two Hausdor�
spaces is again Hausdor�. Thus we see that X × Y is Hausdor�. Furthermore note
that it follows from the Second Countability Lemma 9.1 (3) that X × Y is second-
countable.

It remains to �nd charts for X × Y . So let (x, y) ∈ X × Y . We distinguish three
cases:
(a) If x ∈ X\∂X and y ∈ Y \∂Y then by taking �product charts� it is straightforward

to �nd a chart of type (i) for (x, y) ∈ X × Y .
(b) If x ∈ X \ ∂X and y ∈ ∂Y or if x ∈ ∂X and y ∈ Y \ ∂Y then it is equally

straightforward to �nd a product chart of type (ii) for (x, y) ∈ X × Y .
(c) Finally suppose that x ∈ ∂X and y ∈ ∂Y . Our goal is to �nd a chart of

type (ii) for (x, y) ∈ X × Y . First note that using a product chart it is pretty
straightforward to see that there exists an open neighborhood U of (x, y) ∈ X×Y
and a homeomorphism Φ: U → Rm+n−2×R≥0×R≥0. Next we consider the map

Ψ: Rm+n−2 × R≥0 × R≥0 → Rm+n−2 × R× R≥0

(x1, . . . , xm+n−2, r cos(ϕ), r sin(ϕ)︸ ︷︷ ︸
=:z∈C

) 7→ (x1, . . . , xm+n−2, r
2 · cos(2ϕ), r2 · sin(2ϕ)︸ ︷︷ ︸

=z2

).

Note that the map C → C that is given by z = x + iy 7→ z2 = (x2 − y2) +
2xy i is continuous. It follows that Ψ is continuous. It is straightforward to
show, say using the Closed Embedding-to-Rn Proposition 2.19, that Ψ is indeed
a homeomorphism.
One can now easily verify that Ψ ◦ Φ is a chart of type (ii) around (x, y).

(2) We proved Statements (a) and (b) in (1). Furthermore Statement (c) is an immediate
consequence of (b) and the de�nition of the boundary of a topological manifold.

(3) Now suppose that X and Y are closed. By (2) we know that ∂(X × Y ) = ∅ and
from the Product Topology Properties Proposition 5.6 (2) we obtain that X × Y is
compact. Thus we have shown that X × Y is a closed topological manifold. �

We conclude this section with two technical lemmas.
Lemma 18.5. Let X and Y be two topological manifolds.
(1) If f : X → Y is a local homeomorphism, then f(∂X) = (∂Y ) ∩ f(X).
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X × Y
z 7→ z2

Ψ

(x, y) with x ∈ ∂X and y ∈ ∂Y

Φ

(2) If f : X → Y is in fact a homeomorphism, then f restricts to a homeomorphism
∂X → ∂Y .

Proof. The lemma follows from the elementary observation that the restriction of a chart
for a point on a topological manifold has the same type as the original chart. We leave it
to the reader to �ll in the minuscule details. �

The following lemma is slightly more interesting than the previous lemma.

Lemma 18.6. (Manifold Boundary-Closed Subset Lemma) Let X be a topological
manifold.
(1) Any union of components of ∂X is a closed subset of X. In particular ∂X itself is

a closed subset of X.
(2) If X is compact, then ∂X is also compact.
(3) X \ ∂X is an open subset of X and if ∂X 6= ∅, then X \ ∂X is non-compact.

Proof. Let X be a topological manifold.
(1) First note that, basically by de�nition, the set of points in X admitting a chart of

type (i) is an open subset of X. It follows from the de�nition of ∂X that X \∂X is an
open subset. Thus the boundary ∂X is a closed subset of X. We denote by {Yi}i∈I
the components of ∂X. By the Components-are-Closed Lemma 2.34 each Yi is an
open subset of ∂X. Thus for any i ∈ I there exists, by de�nition of the subspace
topology, an open set Zi Ă X with Zi ∩ ∂X = Yi. For any J Ă I we have

X \
( ⋃
j∈J
Yj

)
= (X \ ∂X)︸ ︷︷ ︸

open in X

∪
⋃
j 6∈J
Zj.︸ ︷︷ ︸

open in X

We have thus shown that the union of components of ∂X corresponding to J is indeed
a closed subset of X.

(2) Now suppose that X is compact. Thus ∂X is a closed subset of the compact space
X. We obtain from the Compact-Closed Lemma 1.21 (1) that ∂X itself is compact.

(3) It follows from (1) that X \∂X is open. It remains to show that if X \∂X is compact,
∂X = ∅. It follows from the elementary the Disjoint Union Topology-Properties
Lemma 5.13 (2) that we only need to consider the case that X is connected. Thus
assume that Y := X \ ∂X is compact. Since X is Hausdor� we obtain from the
Compact-Closed Lemma 1.21 that Y is closed. By (1) we know that ∂X is also
closed. Since X is connected, since X = Y t ∂X and since Y 6= ∅ we see that
∂X = ∅. �

18.2. Surfaces are topological manifolds. On pages 265 and 266 we introduced the
orientable surface of genus g ∈ N0 and the non-orientable surface of genus g ∈ N. The
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names already suggests that these should be 2-dimensional topological manifolds, and the
following proposition con�rms our hunch.

Proposition 18.7. (Surface-is-Topological Manifold Proposition)
(1) For every g ∈ N0 the surface Σg of genus g is a closed 2-dimensional topological

manifold.
(2) For every g ∈ N the non-orientable surface Ng of genus g is a closed 2-dimensional

topological manifold.
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surface of
genus 2

non-orientable
surface of
genus 3

Proof. To simplify the discussion we will only prove Statement (1) of the proposition. We
leave it to the reader to modify the argument to deal with the non-orientable case.

We start out this proof with the discussion of the two cases g = 0 and g = 1 that we had
basically dealt with already. First recall that on page 513 we saw that any Sn is a closed
n-dimensional topological manifold. The surface of genus 0 is by de�nition the sphere S2,
thus we are done by the above. Furthermore, the surface of genus 1 is by de�nition the
torus S1 × S1. The desired statement thus follows from the above and the Topological
Manifold Product Proposition 18.4.

It remains to deal with the case g ≥ 2. To simplify the notation we only deal with the
case g = 2. The proof of the general case is totally analogous. Recall that the surface of
genus 2 is de�ned as E8/∼ where E8 is the octagon with the vertices Qk = exp(2π ik/16),
k = 1, 3, . . . , 15 and where �∼� is the equivalence relation that we introduced on page 265.
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E8/ ∼ is the surface of genus 2

Q5 Q3

Q1
E8

Q−1 = Q15

Note that E8 is compact by the Heine-Borel Theorem 1.24. Thus we obtain from the
Quotient-Compact Connected Lemma 5.16 (1) that E8/∼ is also compact. In the following
we will see that E8/∼ admits a �nite atlas, by Lemma 18.2 this implies in particular that
E8/∼ is second-countable.195 Note that E8 is compact by the Heine-Borel Theorem 1.24.
Thus we obtain from the Compact Image Lemma 2.13 that E8/∼ is also compact. We
leave it to the reader to verify that E8/∼ is Hausdor�.196

Thus, to show that E8/∼ is a closed 2-dimensional topological manifold it remains to
give a �nite atlas for E8/∼ that consists only of charts of type (i).

195It would also not be di�cult to prove second-countability �by hand�.
196This can either be done �by hand�, or more elegantly but possibly with more work, by using the Quotient
Hausdor� Lemma 5.21.



18. TOPOLOGICAL MANIFOLDS 519

First we consider the map

Φ: U := p
( ◦
E8

)
→ V =

◦
E8 Ă R2

p(x) 7→ x.

One can easily verify that this is a chart of type (i) for each point in the interior of E8.
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Φ(p(x)) = x

V =
◦
E8 Ă R2U = p

( ◦
E8

)
Q3

Q1

Next we introduce charts that cover the interiors of the edges. First we consider the
edge given by Q−1 and Q1. We denote by U and U ′ the half-disks that are illustrated in
the �gure below. (Note that it is understood that the line segment is included but that the
circle is not included in U and U ′.) Let f : R2 → R2 be the re�ection in the line that goes
through Q−1 and Q1. It is straightforward to verify that the map

Ψ1 : p(U ∪ U ′) → the open disk U ∪ f(rπ
4
(U)) Ă R2

p(x) 7→
{
x, if x ∈ U
f(rπ

4
(x)), if x ∈ U ′

is well-de�ned. Furthermore, using Pasting Proposition 2.6 (2) one can show that Ψ1 and
its inverse are both continuous. Finally, it follows easily from the de�nitions that p(U ∪U ′)
is an open subset of E8/∼. Thus Ψ1 is a chart of type (i) for all points in the interior of
the edge from Q−1 to Q1. Similarly we de�ne charts Ψ2,Ψ3,Ψ4 that take care of the other
pairs of edges.
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f

rπ
4

Ψ1 := f ◦ rπ
4

Q−1

Q1

U

U ′

It remains to �nd a chart of type (i) that takes care of the point P in E8/∼ that is
represented by the vertices. (It is a fun exercise to verify that all vertices get identi�ed.) We
pick an η > 0 such that the η-disks centered at Q1, . . . , Q15 are disjoint. For k = 1, 3, . . . , 15
we set Uk := Bη(Qk) ∩ E8. The sets U1, U3, . . . , U15 are disjoint and one can easily verify
that p(U1)∪ p(U3)∪ · · · ∪ p(U15) is an open neighborhood of p(Q1) = p(Q3) = · · · = p(Q15).

Before we write down the chart rigorously it might help to visualize the situation. To
the left of the �gure below we see the sets U1, . . . , U15. Next we arrange these �pieces of pie�
as in the second second part of the above. Thus we see the �pieces of pie� with an angle of
3π
4
where we show the various identi�cations of the edges. The map from the second to the

third part is given by compressing the angle of the �pieces of pie� to a third and by rotating
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the �pieces of pie�. These eight �pieces of pie�, each with an angle of π
4
, can be combined

to give a disk in R2.
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U3

1

U15

15

1311

1

9

7

5 3

1

5

3
15

11

13

9
U1

7P

the union of the

pieces of pie forms an

open neighborhood of P

3

5 15

9

11

137

1

7

11

9

155

3

we repositioned the pieces of pie, now in a counterclockwise fashion

consecutive pieces of pie get identi�ed along the edges of the same color

we glue the pieces of pie

together to obtain a disk
we compress and rotate

the pieces of pie

︸ ︷︷ ︸

︷ ︸︸ ︷
13

Now we want to turn the above idea into formal mathematics. We consider the map

Ω: p(U1) ∪ · · · ∪ p(U15) → B2
η(0)

that is de�ned on each p(Uk), k ∈ {1, 3, . . . , 15} to be the map
p
(
Qk + r · exp( iα)︸ ︷︷ ︸

where r ∈ [0, η) and α ∈ [β(k), β(k) + 3
4
π]

)
7→ r · exp( i(1

3
(α− β(k)) + γ(k))).

Here β(k) and γ(k) are given by the following table:

k 1 3 5 7 9 11 13 15

β(k) 3
4
π π 5

4
π 3

2
π 7

4
π 0 1

4
π 1

2
π

γ(k) 3
4
π π 5

4
π 1

2
π 7

4
π 0 1

4
π 3

2
π

It is straightforward, albeit slightly cumbersome, to verify that Ω is a bijection. Further-
more, using Exercise 5.33 together with Pasting Proposition 2.6 (2) one can show fairly
easily that Ω is continuous and that its inverse is also continuous. In other words, the
map Ω is a homeomorphism. As pointed out above, it is straightforward to verify that
p(U1) ∪ · · · ∪ p(U15) is an open subset of E8/∼. In summary, we have shown that Ω is a
chart of type (i) for P .

The eight charts Φ,Ψ1,Ψ2,Ψ3,Ψ4 and Ω are now charts of type (i) that cover all of
E8/∼. We have thus found the desired atlas. �

18.3. Properties of topological manifolds. Topological manifolds are particularly im-
portant and also particularly nice topological spaces. For example the next lemma shows
in particular that when it comes to topological manifolds, we do not have to worry about
the two di�erent de�nitions of connectedness.
Lemma 18.8. (Topological Manifolds-Local Properties Lemma)
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(1) Every n-dimensional topological manifold is locally homeomorphic to an open ball
in Rn or an open half-ball in Hn, in particular it is locally homeomorphic to a convex
subset of Rn or Hn.

(2) Every topological manifold is locally contractibleand in particular locally path-con-
nected.

(3) (a) The components of a topological manifoldM are precisely the path-components
of M . In particular M is connected if and only if M is path-connected.

(b) The components of a topological manifold are open and closed subsets of M .
(4) Every topological manifold is regionally compact.
(5) Every topological manifold is locally precompact.

Remark. Throughout the lecture notes we will on many occasions make use of the Topo-
logical Manifolds-Local Properties Lemma 18.8 (3) without referring to it explicitly.

Proof. Let X be an n-dimensional topological manifold.

(1) Let X be an n-dimensional topological manifold and let P ∈ X. First assume that
P 6∈ ∂X. This means that there exists a chart Φ: U → V of type (i) from some open
neighborhood U of x to some open subset V of Rn. We set Q = Φ(P ). Since V is
open there exists an r > 0 such that Bn

r (Q) Ă V . Evidently Bn
r (Q) is convex and

we see that Φ−1(Bn
r (Q)) is an open neighborhood of P that is homeomorphic to a

convex subset of Rn. Basically the same argument also works if P ∈ ∂X.
(2) On page 432 we saw that convex sets are contractible. Thus it follows from (1) that

topological manifolds are locally contractible. In particular we see that topological
manifolds are locally path-connected.

(3) This statement is an immediate consequence of (2) and of the Locally Path-Connect-
edness Lemma 2.40.

(4) On page 178 we saw that open subsets of Rn are regionally compact. The same
argument shows that open subsets of Hn are regionally compact. Using the Compact
Image Lemma 2.13 it is now easy to see that topological manifolds are regionally
compact.

(5) Since topological manifolds are by de�nition Hausdor� this statement follows imme-
diately from (4) together with Lemma 2.42. �

The humble Topological Manifolds-Local Properties Lemma 18.8, together with previous
work, begets several interesting consequences.

Proposition 18.9. (Manifold Paracompact-Normal Proposition)
(1) Every topological manifold is paracompact.
(2) Every topological manifold X is normal, i.e. given any two disjoint closed subsets A

and B of X there exist disjoint open neighborhoods U of A and V of B.

Proposition 18.10. (Manifold Metrization Proposition) Every topological manifold
X is completely metrizable, i.e. there exists a complete metric d on X such that the given
topology agrees with the topology coming from d.

Remark.
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(1) In the Atlas Improvement Proposition 21.3 we will give an alternative proof that
topological manifolds are paracompact.

(2) In the Manifold Metrization Proposition 27.4 we will give a di�erent proof of the Man-
ifold Metrization Proposition 18.10 which does not require the Urysohn Metrization
Theorem 9.4.

Proof of the Manifold Paracompact-Normal Proposition 18.9. Let X be a topo-
logical manifold.

(1) By the Topological Manifolds-Local Properties Lemma 18.8 we know that X is re-
gionally compact. By de�nitionX is Hausdor� and second-countable. Thus it follows
from the Paracompact-Criterion Lemma 10.2 that X is paracompact.

(2) By de�nition topological manifolds are Hausdor�. We just saw in (1) that topological
manifolds are paracompact. Therefore it follows from Dieudonné's Theorem 10.5 that
topological manifolds are also normal. �

Proof of the Manifold Metrization Proposition 18.10. Let X be a topological man-
ifold. By the Manifold Paracompact-Normal Proposition 18.9 (2) we know thatX is normal.
By de�nition X is second-countable and Hausdor�. The latter condition implies by the
Points-in-Hausdor� Space Lemma 1.15 (1) that every one-point subset of X is closed. This
shows that all the hypotheses of the Urysohn Metrization Theorem 9.4 are satis�ed and we
conclude that X is metrizable.

Furthermore, in the Topological Manifolds-Local Properties Lemma 18.8 we just saw
thatX is also regionally compact. Thus it follows from the Completely Metrizable Criterion
Proposition 10.8 that we can upgrade �metrizable� to �completely metrizable�. �

On several occasions we will need the following, slightly technical lemma.

Lemma 18.11. Let X be a Hausdor� space (e.g. X could be a topological manifold), let
U be an open subset of X and let Φ: U → V be a homeomorphism (e.g. Φ could be a
chart of type (i) or (ii).)
(1) If A Ă V is a subset that is compact, then the corresponding subset Φ−1(A) is a

compact and in particular a closed subset of X.197

(2) If B Ă V is a subset such that the closure of B is compact, then the closure of
Φ−1(B) is also compact.
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VΦ

Φ−1(A)
A

Proof. Let X be a Hausdor� space, let U be an open subset of X and let Φ: U → V be a
homeomorphism. We denote by Ψ = Φ−1 : V → U the inverse map.

(1) Let A Ă V be a subset that is compact. It follows from the Compact Image
Lemma 2.13 that Ψ(A) is a compact subset of X. But by hypothesis X is Hausdor�.

197It does not su�ce that A is a closed subset of the topological space V . Indeed, A = V is a closed subset
of V , but U = Φ−1(V ) is in general not a closed subset of X.
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Hence it follows from the Compact-Closed Lemma 1.21 (2) that Ψ(A) = Φ−1(A) is
closed in X.

(2) Let B Ă V be a subset such that the closure A := B is compact. By (1) we know that
Φ−1(A) = Ψ(A) is compact and closed. Since Φ−1(B) Ă Φ−1(A) and the latter set
is closed we see that the closure of Φ−1(B) is contained in the compact set Φ−1(A).
But then it follows from the Compact-Closed Lemma 1.21 that the closure of Φ−1(B)
is also compact. �

We continue with another technical lemma.
Lemma 18.12. (Topological Manifold Exhaustion Lemma) Let M be a topological
manifold. There exists a compact exhaustion of M in the sense of the de�nition on
page 338. More precisely, there exists a family of compact subsets {Cn}n∈N of M such
that the following two conditions are satis�ed:
(1) we have M =

⋃
n∈N

Cn,

(2) for every n ∈ N we have
◦
Cn Ă Cn+1.
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Proof. The lemma follows immediately from the Compact Exhaustion Lemma 9.3 (1)
together with the Topological Manifolds-Local Properties Lemma 18.8 (4). �

Remark. We will prove a re�nement of the Topological Manifold Exhaustion Lemma 18.12
in the Manifold Exhaustion Lemma 21.2. For smooth manifolds we will prove a further
re�nement in the Compact Submanifold Exhaustion Proposition 31.2.

We conclude this section with the following technical lemma.

Lemma 18.13. (Push Away From Boundary Lemma) Let M be a topological man-
ifold.
(1) Let X be a compact space, let A Ă X be closed and let f : X → M be a map. If

f(A) Ă M \ ∂M , then f is homotopic rel A to a map g : X →M \ ∂M .
(2) If M is path-connected, then M \ ∂M is also path-connected.
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Remark. the Push Away From Boundary Lemma 18.13 foreshadows the Smooth Collar
Neighborhood Theorems 28.3 and 75.5 that we will prove later. In Exercise 28.2 we will
prove a �smooth� version of the Push Away From Boundary Lemma 18.13.
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Proof.
(2) Let us �rst show how to deduce (2) from (1). This also serves as a good example for

(1). So let us assume that M is path-connected. Let P,Q ∈ M \ ∂M . Since M is
path-connected there exists a map f : [0, 1] → M with f(0) = P and f(1) = Q. We
apply (1) to f and A := {0, 1} Ă X := [0, 1] and we obtain a map g : [0, 1]→M \∂M
with g(0) = f(0) = P and g(1) = f(1) = Q.

(1) Let X be a compact space, let A Ă X be closed and let f : X → M be a map with
f(A) Ă M \ ∂M . Since X is compact we know by the Compact Image Lemma 2.13
that f(X) is compact. By the Manifold Boundary-Closed Subset Lemma 18.6 we
know that ∂M is compact. It follows that f(X) ∩ ∂M is compact. As we pointed
out on page 127, this implies that f(X) ∩ ∂M is also compact. It follows from the
Compact Subspace Covering Lemma 1.19 and a variation on Lemma 18.3 that there
exist charts Φi : Ui → Bn−1

2 × [0, 2), i = 1, . . . , k of type (ii) such that

f(X)∩ ∂M Ă
k⋃
i=1

Φ−1
i (Bn−1×{0}) and such that A Ă M \

k⋃
i=1

Φ−1
i (Bn−1

2 × [0, 2)).

Next we consider the homotopy

F : Bn−1×[0, 2)×[0, 1] → Bn−1×[0, 2)

((x, s), t) 7→
{

(x, s), if ‖x‖ > 1 or s ≥ 1− ‖x‖,
(x, s·(1− t) + (1− ‖x‖)·t), if ‖x‖ ≤ 1 and s ≤ 1− ‖x‖

which is illustrated in the �gure below. Using the charts Φ1, . . . ,Φk we can �trans-
plant� the homotopy F and we obtain homotopies F1, . . . , Fk : M × [0, 1]→M . Now
we apply these homotopies one after another to obtain a homotopy M × [0, 1]→M .
More precisely, we consider the homotopy that is given by

M × [0, 1] → M
(x, t) 7→ F1(. . . F2(F1(x, t), t), . . . , t).

One can easily verify that F has all the desired properties. �
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Bn
2 × [0, 2)

homotopy F

Bn × {0}

18.4. Submanifolds. In this section we want to specify what we mean by a submanifold
of a topological manifold.
De�nition. Let X be an n-dimensional topological manifold.
(1) We say a subset N Ă X is a k-dimensional submanifold if given any P ∈ N one of

the following holds:
(α) there exists a chart Φ: U → V of type (i) for X and P such that198

Φ(U ∩N) = V ∩ {(0, . . . , 0, x1, . . . , xk) |xi ∈ R},
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(β) or there exists a chart Φ: U → V of type (ii) for X and P such that Φ(P ) lies
in ∂Hn and199

Φ(U ∩N) = V ∩ {(0, . . . , 0, x1, . . . , xk) ∈ Rn |xk ≥ 0},
(γ) or there exists a chart Φ: U → V of type (i) for X and P such that Φ(P ) lies in

∂Hn and200

Φ(U ∩N) = V ∩ {(0, . . . , 0, x1, . . . , xk) ∈ Rn |xk ≥ 0}.
We refer to such charts as submanifold charts of N .

(2) We say a submanifold N is proper if N is a closed subset of X and if for each P ∈ N
we can �nd submanifold charts of type (α) and (β).
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topological manifold X

submanifold chart
of type (β)

submanifold N

x1

x2
x2

x1

∂X

x2

x1

submanifold chart
of type (γ)

manifold
chart of
type (i)

manifold
chart of
type (i)

submanifold
chart of
type (α)

manifold chart
of type (ii)

Examples.

(1) In the �gure below we give typical examples of submanifolds, some of which are
proper, some are not. We also show some subsets that are not submanifolds. In
particular it is worth pointing out that a non-empty submanifold of X is never a
subset of ∂X.201

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

����
����
����

����
����
����

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������
������
������
������
������

������
������
������
������
������

�������
�������
�������
�������
�������

�������
�������
�������
�������
�������

�
�
�
�

�
�
�
�

���
���
���
���

���
���
���

���
���
���

���
���
���
���

���
���
���
��� ����

�
�
�
�

������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������

proper submanifolds
submanifolds that
are not proper

these are not
submanifolds

∂X

(2) Let us show that S1 is a proper 1-dimensional submanifold of R2. First we consider
the case of a point P = (x0, y0) ∈ S1 with x0 ∈ (−1, 1) and with y0 > 0. We consider

198Why are the zeros to the left and not to the right?
199For k = 0 we interpret {(0, . . . , 0, x1, . . . , xk) ∈ Rn |xk ≥ 0} as the empty set.
200See the previous footnote.
201Indeed, suppose that N is a non-empty submanifold of a topological manifold X. It follows immediately
from the de�nitions of a submanifold that N contains a point P that is contained in a chart of type (i) for
X. But by the de�nition of ∂X on page 511 this means that P 6∈ ∂X.
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the map

Φ:

=:U︷ ︸︸ ︷
{(x, y) |x ∈ (−1, 1) and y > 0} →

=:V︷ ︸︸ ︷{
(x, y)

∣∣x ∈ (−1, 1) and y > −
√

1− x2
}

(x, y) 7→
(
x, y −

√
1− x2

)
.

One can easily verify that this is a chart of type (α) for P = (x0, y0). By precomposing
Φ by a rotation one obtains a chart of type (α) for any other point on S1. Since S1 is
a closed subset of R2 we see that S1 is a 1-dimensional proper submanifold of R2. A
very mild variation on this argument shows that Sn is a proper n-dimensional proper
submanifold of Rn+1.
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(x, y) 7→
(
x, y −

√
1− x2

)
VUS1 (x0, y0)

(3) Let f : V → W be a map between two topological manifolds with f(V ) Ă W \ ∂W .
In Exercise 18.8 we will see that the graph Gr(f) := {(x, f(x)) |x ∈ V } is a proper
submanifold of the topological manifold V ×W . An especially intersection example
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�
� graph Gr(f) of a map f : V → W

W

V

is given by the Cantor function f : [0, 1] → R that we introduced on page 185.
The above discussion implies that the graph of the Cantor function is a proper 1-
dimensional submanifold of [0, 1]× R.

(4) Let X be a topological manifold. It follows easily from the de�nitions that a subset
N Ă X is a 0-dimensional submanifold of X if and only if N is a discrete subset
of X \ ∂X.

(5) Let X be a topological manifold and let U Ă X be an open subset. It follows
almost immediately from the de�nitions that U is a codimension-zero submanifold
of X. Furthermore, if we view U as a topological manifold in its own right, then it
follows again basically immediately from the de�nitions, see also Lemma 18.5, that
∂U = U ∩ ∂X.

Remark. The notion of a �submanifold� is used di�erently by di�erent authors. Therefore,
reading the literature it is a good idea to check what de�nition of a submanifold the authors
use. In particular our de�nition of a �proper submanifold� is often used as the de�nition of
a submanifold.

The following lemma shows that submanifolds are topological manifolds in their own right.

Lemma 18.14. (Submanifold-is-Manifold Lemma) Let X be a topological manifold.
If N Ă X is a k-dimensional submanifold, then N is a k-dimensional topological manifold.
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Remark. Let X be a topological manifold and let N Ă X be a k-dimensional submanifold.
In the Topological Manifold Boundary Proposition 75.2 we will see that N is a proper
submanifold if and only if the following two conditions are satis�ed:
(1) N is a closed subset of X.
(2) We have the equality ∂N = (∂X) ∩N .202 203

Proof. Let X be a topological manifold and let N Ă X be a k-dimensional submanifold.
It follows from Lemmas 1.14 and 9.1 that N is Hausdor� and second-countable. We denote
by q : Rn → Rk the projection onto the last k coordinates. Let P ∈ N . We make the
following slightly excessive observations:
(a) If P admits a submanifold chart Φ: U → V of type (α), then this submanifold chart

is a chart of type (i) for P ∈ X and the map q ◦ Φ|U∩N is a k-dimensional chart of
type (i) for P ∈ N .

(b) If P admits a submanifold chart Φ: U → V of type (β), then this submanifold chart
is a chart of type (ii) for P ∈ X and the map q ◦ Φ|U∩N is a k-dimensional chart of
type (ii) for P ∈ N .

(c) If P admits a submanifold chart Φ: U → V of type (γ), then this submanifold chart
is a chart of type (i) for P ∈ X and the map q ◦ Φ|U∩N is a k-dimensional chart of
type (ii) for P ∈ N .

It follows from these observations that N is indeed a k-dimensional topological manifold.
�
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X

N

Φ V q
Rk

Remark. Unfortunately, when it comes to submanifolds the double usage of the word
�closed� can lead to confusion. More precisely, let X be a topological manifold and let N
be a submanifold.
(1) IfN , viewed as a topological manifold in its own right, is closed, then it is in particular

compact, and it follows from the Compact-Closed Lemma 1.21 (2) that N is actually
a closed subset of X.

(2) If N is a closed subset of X, then it does not follow that N is a closed topological
manifold. For example take X = R2 and N = {0} × R. In this case N is a closed
subset and it is actually even a proper submanifold. But N is evidently not compact,
hence it is not a closed topological manifold.

202Here by ∂N we mean the boundary of N , viewed as a topological manifold in its own right.
203Note that if N is a proper submanifold, then as of right now we lack the means to show that ∂N =
(∂X) ∩N , in fact we even lack the means to show either of the �Ă� and �Ą� inclusions.
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X

submanifold that is closed as a
topological manifold in its own right

submanifold that is a closed
subset of X

Exercises for Chapter 18.

Exercise 18.1. Let X be a topological space. Show that the following two statements are
equivalent:
(1) X is a 0-dimensional topological manifold.
(2) The set X is countable and X is equipped with the discrete topology.

Exercise 18.2. Show that the line with two zeros admits a chart of type (i) for every
point.

Exercise 18.3.
(a) Let X = R∪ {∗} be the line with two zeros. Does there exist a map f : X → R with

f(0) = 0 and f(∗) = 1.
(b) Let X be a topological manifold and let P,Q ∈ X be two disjoint points. Show that

there exists a map f : X → R with f(P ) = 0 and f(Q) = 1.

Exercise 18.4. Let X be a connected topological manifold and let A Ă X be a non-empty
closed subset with A 6= X. Show that X \ A is not compact.
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Exercise 18.5. Does there exist a compact space that satis�es all axioms of a closed
1-dimensional topological manifold except for the Hausdor� axiom?

Exercise 18.6. Let f : X → Y be a map between two topological manifolds. Show that
given any x ∈ X there exist neighborhoods U of x and V of f(x) with f(U) Ă V such that
both U and V are homeomorphic to closed balls.

Exercise 18.7. We consider the topological space X = {(x, y) ∈ R2 |x · y = 0} shown in
the �gure below. Show that X is not a topological manifold.
Remark. It is clear that things go awry at the origin P . But it is somewhat tricky to nail
down why there is no chart around that point.

��
��
��
��

topological space X

origin P

Exercise 18.8. Let f : V → W be a map between two topological manifolds such that
f(V ) Ă W \ ∂W . Show that the corresponding graph Gr(f) := {(x, f(x)) |x ∈ V } is a
proper submanifold of the topological manifold V ×W .
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Exercise 18.9. Can you �nd an atlas for Sn that consists of a single chart?

Exercise 18.10. Let W be an n-gon with sides F1, . . . , Fn. Suppose we identify some of
the sides in an orientation-preserving or orientation-reversing way.
(a) Under what conditions on the identi�cation scheme do we get a topological manifold?
(b) If we get a topological manifold, what is its boundary?
(c) If you have a sense of what an orientable topological manifold should be, under what

conditions do we get an orientable topological manifold?
Remark. Strictly speaking we do not have the tools right now to rigorously prove the
statements. So the exercise is to make an educated guess.

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

Exercise 18.11. In the �gure below we show the topological manifold

X = {(x, y) ∈ R2 | y ≥ 0}
together with the subset K := {(x, x2) |x ≥ 0}. Is K a submanifold of X?
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K is the graph of f(x) = x2 with x ≥ 0
M is the upper

half-plane

Exercise 18.12. Let M := {(x1, . . . , xn) ∈ Rn |x1 ≤ 0}, N := {(x1, . . . , xn) ∈ Rn |x1 ≥ 0}
and H := {(x1, . . . , xn) ∈ Rn |x1 = 0}. Let X Ă M be a k-dimensional topological
submanifold with ∂X = X ∩H and let Y Ă N be a k-dimensional topological submanifold
with ∂Y = Y ∩H. We suppose that X ∩H = Y ∩H. Show that X ∪ Y is a k-dimensional
topological submanifold of Rn.
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Exercise 18.13. Let X be a topological manifold, let P ∈ X and let f : K → X be a
map from a compact space K to X. Show that if P 6∈ f(K), then there exists an open
neighborhood U of P with f(K) ∩ U = ∅.

Exercise 18.14. Let X be a topological manifold, let K be a compact subset and let
U be an open neighborhood of K. Show that there exists an open subset V of X with
K Ă V Ă U such that V Ă U and such that V is compact.

Exercise 18.15. Let n ∈ N. Let Φ+ : Sn → Rn∪{∞} be the stereographic projection from
the North Pole (0, . . . , 0, 1) and let Φ− : Sn → Rn ∪ {∞} be the stereographic projection
from the South Pole (0, . . . , 0,−1). Show that the map Φ− ◦ Φ−1

+ : Rn \ {0} → Rn \ {0} is
given by x 7→ 1

‖x‖2 · x.
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Exercise 18.16. Let X be a connected topological manifold of dimension ≥ 2 and let
P1, . . . , Pk ∈ X be �nitely many points. Show that X \ {P1, . . . , Pk} is connected.
Remark. You could make use of the Union Connected Lemma 2.28.

Exercise 18.17. Let g ∈ N0.
(a) Show that the surface of genus g admits an atlas with two charts.
(b) Show that the surface of genus g admits an atlas consisting of three charts whose

domains are di�eomorphic to 2-balls.

Exercise 18.18. Let X be a connected topological manifold.
(a) Suppose that X is compact. Show that there exists a surjective map [0, 1]→ X.
(b) Suppose that X is non-compact. Show that there exists a surjective map R→ X.

Hint. You might want to use the Space-Filling Curve Theorem 6.13.
Remark. Any surjective map from a connected one-dimensional topological manifold to a
non-empty topological manifold of dimension ≥ 2 is called a space-�lling curve.

Exercise 18.19. Let X be a topological manifold. Show that if X is connected, then
X \ ∂X is also connected.
Remark. Suppose that U and V are open disjoint subsets of X \∂X with X \∂X = U ∪V .
Show that there exists a decomposition ∂M = A t B into open subsets such that U ∪ A
and V ∪B are open subsets of X.

Exercise 18.20. Let X be a topological manifold and let A Ă X be a submanifold of
codimension ≥ 2. Show that if X is path-connected, then so is X \ A.
Remark. You could try to modify the argument of the Push Away From Boundary
Lemma 18.13.

Exercise 18.21. Given a subset I Ă R we de�ne

H(I) := {(x, y) ∈ R2 | y > 0 or x ∈ I and y = 0}.
In other words, H(I) is the open upper half-plane of R2 together with the points on the
x-axis corresponding to I.
(a) Let I Ă R be a subset. Show that H(I) is a submanifold of R2 if and only if I is an

open subset of R.
(b) We consider X := H((−∞, 0) ∪ (0,∞))

Y := H((−∞,−1) ∪ (1,∞)).

Are the two topological manifolds X and Y homeomorphic?
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19. Smooth manifolds

In this chapter we introduce smooth structures on topological manifolds. A topological
manifold equipped with a smooth structure will just be called a smooth manifold. In the
literature the term �smooth manifold� can be used with quite di�erent conventions and
meanings. So we try to state clearly the various de�nitions used throughout these notes.

19.1. Smooth functions on subsets of Rn. In the next section we want to de�ne the
notion of a �smooth structure� on a topological manifold. In this section we want to recall
some basic de�nitions and facts regarding �classical� smooth maps.
Before we discuss properties of smooth maps we have to agree on what we mean by smooth
maps on a subset of Rn. The �rst de�nition is surely uncontroversial.

De�nition. Let U be an open subset of Rn.
(1) Let f : U → R be a map, let i ∈ {1, . . . , n} and let P ∈ U . We denote by ei as usual

the i-th vector of the standard basis of Rn. We de�ne the i-th partial derivative of f
at P as follows:

∂
∂xi

f
∣∣
P

:= lim
h→0

f(P+h·ei)−f(P )
h ,

if the limit exists.204

(2) We say a map f = (f1, . . . , fm) : U → Rm is smooth, if for every coordinate function
fi all iterated partial derivatives ∂

∂xk1
. . . ∂

∂xkd
fi, of arbitrarily large degree, exist.

Example. One can easily verify that given any n ∈ N0 the following maps are smooth:

R× R → R
(x, y) 7→ x · y

R \ {0} → R
x 7→ 1

x

and
Rn × Rn → R

(x, y) 7→ x+ y.

Remark. Since partial derivatives are just classical derivatives in a slightly di�erent con-
text we see that all the classical rules for derivatives hold. For example on several occasions
we will use the Product Rule for partial derivatives which says that for an open subset
U Ă Rn and two smooth functions f, g : U → R and P ∈ U and i ∈ {1, . . . , n} we have

∂(f ·g)
∂xi

(P ) =
∂f
∂xi

(P ) · g(P ) + f(P ) · ∂g∂xi (P ).

Theorem 19.1. (Schwarz Theorem) Let U be an open subset of Rn and let f : U → R
be a map. Furthermore let i, j ∈ {1, . . . , n}. For any P ∈ U we have

∂2

∂xi ∂xj
(P ) =

∂2

∂xi ∂xj
(P ).

Proof. This fundamental theorem is for example proved in [RudiW1976, Theorem 9.41].
�

On many occasions it will also be interesting to consider maps which are not de�ned on
open subsets of Rn. This leads us to the following more risqué de�nition.

204As usual the notation for partial derivatives can change slightly, depending on the circumstances, for
example for n = 1 we might write ∂

∂x instead of ∂
∂xi

.
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De�nition. Let A be any subset of Rn. We say a map f : A→ Rm is smooth, if for every
a ∈ A there exists an open neighborhood U (in Rn) of a, viewed as a point in Rn, and a
smooth map f̃ : U → Rm (now �smooth� in the sense above) which coincides with f on
A ∩ U .205

Examples.
(1) Let A = {(x, y) ∈ R2 |x · y = 0} Ă R. The map f : A→ R given by f(x, y) = x2− y2

is smooth, since it can be extended in an obvious way to a smooth map on all of R2.
(2) The map f : [0,∞) → R given by f(x) =

√
x is not smooth, since it cannot be

extended to a smooth function on any open interval (a, b) that contains 0.
(3) In the �gure below we show a subset A of R2 and a smooth map f : A → R2 which

is more exotic than the lame example given in (1).
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U

De�nition. A subset of a topological space is called regular closed if A =
◦
A, i.e. if it

equals the closure of its interior.206

Example.
(1) By the discussion on page 118 every closed ball Br(x) of radius > 0 is regular closed.
(2) One can easily show that every closed interval with non-empty interior is regular

closed.

Lemma 19.2. Let A Ă Rn be a subset that is regular closed and let f : A → R be a
smooth map. Given any i ∈ {1, . . . , n} there exists a unique continuous map A→ R that
agrees with the partial derivatives ∂f

∂xi
on the open subset

◦
A.

Convention. Let A Ă Rn be a subset that is regular closed and let f : A → R be a
smooth map. Given i ∈ {1, . . . , n} we refer to the map A → R from Lemma 19.2 also as
the partial derivative ∂f

∂xi
.

Proof. Let A Ă Rn be a subset that is regular closed, let f : A→ R be a smooth map and
let i ∈ {1, . . . , n}. By the above de�nition of a smooth map on A these partial derivatives

extend locally to continuous maps on A. Since R is Hausdor� and since
◦
A we obtain from

Exercise 2.33 that these extensions are unique. �

The following proposition can be viewed as the smooth analogue of the Pasting Proposi-
tion 2.6 for continuous maps. It gives a convenient criterion for showing that a given map

205Note that if A is an open subset of Rn, then this de�nition of a smooth map A → Rn actually agrees
with the previous de�nition.
206The name �regular closed� is for example used in [SS1978, p. 6].
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is smooth. This proposition will be used throughout the lecture notes, mostly without
referring to it explicitly.

Proposition 19.3. (Smooth Pasting Proposition I) Let A be a subset of Rn, let
f : A→ Rm be a map and let {Vi}i∈I be an open cover of A. Then the following holds:

f : A→ Rm is smooth ⇐⇒ every restriction f |Vi : Vi → Rm is smooth.

Proof. The lemma follows immediately from the de�nitions. �

Notation. Let I Ă R be an interval. Given a smooth map f = (f1, . . . , fn) : I → Rn and
given x0 ∈

◦
I we set

f ′(x0) :=
(

∂

∂x

∣∣∣
x0

f1, . . . ,
∂

∂x

∣∣∣
x0

fn

)
= lim

h→0

f(x0+h)−f(x0)
h .

If I is closed and if I has non-empty interior, then we see that I is regular closed. Thus,
by the above discussion, we can unambiguously extend f ′ :

◦
I → Rn to a continuous map

f ′ : I → Rn.
The following lemma is one of the key tools for constructing interesting smooth functions.

Lemma 19.4. (Smooth Transition Function Lemma)
(1) Suppose that we are given real numbers a ≤ b < c ≤ d and ε > 0. There exists a

smooth function f : [a, d]→ [0, 1] with the following properties:
(a) f |[a,b] ≡ 0 and f |[c,d] ≡ 1.
(b) f is strictly monotonously increasing on [b, c].
(c) Given any t ∈ (a, d) we have f ′(t) < (1 + ε) · 1

c−b .
(2) Let a < b be two positive real numbers and let n ∈ N. There exists a smooth

function f : Rn → [0, 1] such that f(x) = 1 whenever ‖x‖ ≤ a and such that
f(x) = 0 whenever ‖x‖ > b.
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graph of f

cba

radius bradius a

1

Sketch of proof.
(1) We consider the map ϕ : R → R

x 7→
{

0, if x ≤ 0,
exp(− 1

x2 ), if x > 0.

An induction argument, using l'Hopital's rule, shows that ϕ is in fact smooth, see
[Kön2004, Chapter 9] for details. Next we consider the map

Φ: R → R
x 7→

∫ t=x
t=0

ϕ(t) · ϕ(1− t) dt.
Using a little bit of massaging this map Φ can be turned into the desired map f . We
leave it to the reader to �ll in the remaining details.
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(2) By (1) there exists a smooth function ϕ : [0,∞) → [0, 1] such that ϕ(x) = 0 for
x ∈ [0, a] and such that ϕ(x) = 1 for x ∈ [b,∞). Now consider the map

f : Rn → [0, 1]
x 7→ 1− ϕ(‖x‖).

Since x 7→ ‖x‖ is smooth on Rn\{0} we see that f is smooth on Rn\{0}. Furthermore,
since f is constant on a neighborhood of the origin it follows from the Smooth Pasting
Proposition 19.3 that f is in fact smooth on all of Rn. �

In the following we give characterizations of smooth maps on intervals and certain subsets
of Rn. To the best of our knowledge we do not make use of the characterizations, neither
explicitly nor implicitly. Nonetheless, it is good to know that they exist.

Proposition 19.5. (Smooth Functions on Compact Interval Proposition) Let a <
b be two real numbers and let f : [a, b] → R be a function. The following two statements
are equivalent:
(1) The function f : [a, b]→ R is smooth in the above sense.
(2) All derivatives of f : (a, b) → R are de�ned on the open interval (a, b) and they

extend to continuous maps on the closed interval [a, b].

Proof. The �(1)⇒(2)�-implication is basically clear. The �(2)⇒(1)�-implication is a conse-
quence of Borel's Theorem, see [Strg1981, Theorem 4.32]. �

In fact an even more general statement holds:

Theorem 19.6. (Whitney Extension Theorem) Let a < b be two real numbers, let
U be an open subset of Rn−1 × [a, b] and let f : U → Rm be a function. The following
statements are equivalent:
(1) The map f : U → Rm is smooth in the sense of the de�nition on page 531.
(2) The map f is smooth on the open subset U ∩ (Rn−1 × (a, b)) and all its partial

derivatives extend to continuous maps on U ∩ (Rn−1 × {a, b}).
If U = Rn−1 × [a, b], the two statements are also equivalent to:
(3) The map f can be extended to a smooth map on all of Rn.

The above statements also hold for half-spaces Rn−1 × (−∞, a] and Rn−1 × [a,∞).

Remark. The theorem was �rst proved by Hassler Whitney [Why1934] in 1934.

Proof. The �(1)⇒(2)�-implication and the �(3)⇒(1)�-implication are basically clear. The
�(2)⇒(3)�-implication is a consequence of a generalization of Borel's Theorem, see [Hör1990a,
Theorem 2.3.6]. An outline of the argument is also given in [KP2002, Theorem 2.3.2].
Finally note that the �(1)⇒(3)�-implication also follows from the Tietze Extension Theo-
rem 8.6 combined with the Smooth Approximation Proposition 21.10. �

19.2. Taylor's Theorem. In this short section we formulate Taylor's Theorem, so that
later on we can refer to it. Since the reader is most likely aware of its existence it is arguably
best to move on to the next section.
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De�nition. Let n ∈ N0.
(1) Let m ∈ N0 and let I = (i1, . . . , im) be a sequence of length m with values in the set
{1, . . . , n}.
(a) We write |I| = m.
(b) We write ∂I = ∂m

∂xi1 ···∂xim
.

(c) Given x, a ∈ Rn we write (x− a)I = (xi1 − ai1) · · · · · (xim − aim) and similarly
we de�ne |x− a|I .

(2) Let U Ă Rn be an open subset. Given a smooth map f : U → R, given a ∈ U and
given k ∈ N0 we de�ne the k-th Taylor polynomial of f at a as follows:

pk := p(f, a)k :=
k∑

m=0

1
m!

∑
|I|=m

∂If |a · (x− a)I .

Furthermore, given any x ∈ Rm such that the segment {(1− t) · a+ t · x | t ∈ [0, 1]}
lies in A we de�ne the k-th remainder term of f at a as follows:

rk := r(f, a)k := 1
k!

∑
|I|=k+1

(x− a)I ·
t=1∫
t=0

(1− t)k · ∂If |(1−t)·a+t·x dt.

Theorem 19.7. (Taylor's Theorem) Let U Ă Rn be an open subset, let f : U → R be
a smooth map, let a ∈ U and let k ∈ N0. If W is a convex neighborhood of a in U , then
for every x ∈ W we have

f(x) = p(f, a)k(x) + r(f, a)k(x).

Proof. Taylor's Theorem gets proved in basically every single book on multivariable anal-
ysis. We refer to [Lee2002, p. 648] for a short proof. �

Corollary 19.8. Let U Ă Rn be an open subset, let f : U → R be a smooth map, let
a ∈ U , let k ∈ N0 and let W be a convex neighborhood of a in U . Finally suppose that
we are given M ∈ R such that

M ≥ absolute value of all (k + 1)-st partial derivatives of f on W.

Then for every x ∈ W we have∣∣f(x)− p(f, a)k(x)
∣∣ ≤ nk+1·M

(k+1)! · ‖x− a‖
k+1.

Proof. The corollary follows easily from Taylor's Theorem 19.7, the de�nitions, the obser-
vation that for any I we have |(x− a)I | ≤ ‖x− a‖|I| and some elementary estimates. �

19.3. The di�erential of a smooth map. We start out with the following de�nition
that should also be familiar from a course in real analysis.

De�nition. Let U Ă Rn be an open subset and let f : U → Rm be a map. We say that f
is differentiable in P if there exists a matrix DfP such that

lim
v→0

‖f(P + v)− f(P )−DfP · v‖
‖v‖

= 0
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We refer to the (m×n)-matrix DfP (which is easily shown to be unique) as the differential
of f at P .
Intuitively speaking a map f : U → Rm is di�erentiable in P if in a neighborhood of P the
map f is �close� to the a�ne linear map w 7→ DfP (P − w) + f(P ).

Example. If A ∈ M(m × n,R) and v ∈ Rm, then it follows almost immediately from
the de�nitions that for every P ∈ Rn the a�ne map x 7→ A · x + v is di�erentiable with
di�erential DfP = A.

The following proposition is essential for showing di�erentiability and computing di�eren-
tials. We will use it all the time without acknowledging it.

Proposition 19.9. (Di�erential-from-Partial Derivatives Proposition) Let U Ă

Rn be an open subset and let f = (f1, . . . , fm) : U → Rm be a map. If f is smooth, then
the map f is di�erentiable in every P ∈ U and for every P ∈ U we have

DfP :=
(
∂fi
∂xj

∣∣
P

)
i=1,...,m,j=1,...,n

Proof. This statement is contained in every book on multivariable real analysis, see e.g.
[Lee2002, Proposition C.8] or [Fors2008, p. 70]. �

Example. Let I Ă R be an open subset, let f = (f1, . . . , fm) : I → Rm be a smooth map
and let P ∈ I. It follows immediately from the de�nitions that

f ′(P ) = D fP · 1︸︷︷︸
∈R

= the unique column vector of DfP ∈ Rm.

Put di�erently, the vector f ′(P ) ∈ Rm, viewed as an (m × 1)-matrix in the obvious way,
equals DfP .

We also recall the chain rule for di�erentials.
Proposition 19.10. (Chain Rule) Let U Ă Rk and V Ă Rl be open subsets and let
f : U → Rl and g : V → Rm be two smooth maps such that f(U) Ă V . The composition
g ◦ f : U → Rm is smooth and given any P ∈ U we have

D(g ◦ f)P︸ ︷︷ ︸
m× k-matrix

= Dgf(P )︸ ︷︷ ︸
m× l-matrix

· DfP︸︷︷︸
l × k-matrix

�Chain Rule� .

Proof. This proposition is proved in every book on multivariable real analysis, see e.g.
[Lee2002, Proposition C.3]). �

Example. Let U Ă Rk be an open subset and let f, g : U → R be smooth maps. It follows
from Chain Rule 19.10 and the discussion on page 531 that the following maps are also
smooth:207 U → R

x 7→ f(x) · g(x)
and

U → R
x 7→ f(x) + g(x).

We move on to the following de�nition.
207This example is the smooth analogue of Lemma 2.3.
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De�nition. Let U Ă Rm and V Ă Rn.208 We say that a map f : U → V is a diffeomor-
phism if f is smooth, if f is a bijection and if f−1 : V → U is also smooth. If such a
di�eomorphism exists, then we say that U and V are diffeomorphic.

Examples.

(1) Let n ∈ N and r, s > 0 and x, y ∈ Rn. It is straightforward to show that the open
balls Bn

r (x) and Bn
s (y) are di�eomorphic.

(2) We consider the maps

Bn → Rn

x 7→ x√
1− ‖x‖2

and
Rn → Bn

x 7→ x√
1 + ‖x‖2

.

One can easily verify that they are smooth and that they are inverses of one another.
This shows that both maps are di�eomorphisms. In particular we have shown that
Bn is di�eomorphic to Rn.209

Next we recall a proposition from the analysis courses. Since this proposition is one of the
reasons why later on dealing with smooth manifolds is easier than dealing with topological
manifolds we also provide the proof.

Proposition 19.11. (Smooth Invariance of Domain Proposition) Let U Ă Rm and
V Ă Rn be open sets.
(1) If f : U → V is a di�eomorphism with inverse f−1 : V → U , then for any P ∈ U we

have
D(f−1)f(P ) ·DfP = idm and DfP ·D(f−1)f(P ) = idn .

In particular the di�erential DfP is an invertible matrix.
(2) If U and V are di�eomorphic and non-empty, then m = n.

Example. Suppose U is an open subset, let's say connected, of Rn and that f : U → Rn

is a smooth map such that DfP is invertible for every P ∈ U . One might be tempted to
think that f : U → f(U) is already a di�eomorphism itself. But this is not necessarily the
case, a counterexample is for example given by

f : C \ {0} → C \ {0}
z 7→ z2.

One can easily verify that Dfz is invertible for every z ∈ C \ {0}. But f is evidently not
injective.

Proof.
(1) Let f : U → V be a di�eomorphism between open sets U Ă Rm and V Ă Rn. We

denote by f−1 : V → U the inverse of f . Let P ∈ U . We see that

D(f−1)f(P ) ·DfP = D(f−1 ◦ f)P = D(idU)P = idm ∈ M(m×m,R).
↑

Chain Rule 19.10

208Note that we do not demand that U and V are open subsets.
209In the Star Shaped-Di�eomorphism Type Theorem ?? we will prove a much more general statement,
namely we will see that every open star-shaped subset of Rn is di�eomorphic to Rn.
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The same way one shows that DfP ·D(f−1)f(P ) = idn ∈ M(n×n,R). In other words,
the matrices DfP and D(f−1)f(P ) are inverses of one another. This implies that DfP
is invertible.

(2) Since U is non-empty we can �nd a P ∈ U . By (1) the (m × n)�matrix DfP is
invertible, this means that the matrix is a square matrix, i.e. m = n. �

Before we state the next theorem let us introduce the following harmless de�nition, which
is in line with our de�nition of a local property of a map that we gave on page 179.

De�nition. Let f : U → V be a smooth map between two open subsets of Rn and let
P ∈ U . We say f is a local diffeomorphism at P if there exist open neighborhoods U ′ of
P in U and V ′ of f(P ) in V such that f |U ′ : U ′ → V ′ is a di�eomorphism.

V ′ graph of a map f : R→ R which
is a local di�eomorphism at P

U ′ P

Now we can formulate the following theorem which can be viewed as a partial inverse to
the Smooth Invariance of Domain Proposition 19.11 (1).

Theorem 19.12. (Inverse Function Theorem) Let U Ă Rn be an open subset and let
f : U → Rn be a smooth map. Furthermore let P ∈ U be a point. If DfP is invertible,
then f is a local di�eomorphism at P .

graph of f |U :U→V

P with DfP invertible

V

U

graph of f :R→R

Proof. This theorem is proved in most courses on multivariable real analysis. A proof is
for example given in [Lee2002, Corollary C.34]. �

The Inverse Function Theorem 19.12 is one of the main results in real analysis. For example
the proof of the following proposition rests heavily on the Inverse Function Theorem 19.12.

Theorem 19.13. (Smooth Invariance of Domain Theorem) Let U Ă Rn be an
open set and let f : U → Rn be a smooth map such that the di�erential DfP is invertible
at every point P in the open set U . Then the following two statements hold:
(1) The map f is open, i.e. given any open subset V Ă U the image f(V ) is an open

subset of Rn.
(2) If f is injective, then f : U → f(U) is a di�eomorphism.

Remark. In the Topological Invariance of Domain Theorem 82.7 we will see that the
statement of the Smooth Invariance of Domain Theorem 19.13 (1) also holds if we only
assume that f is continuous and injective.
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Proof. Let U Ă Rn be an open set and let f : U → Rn be a smooth map such that the
di�erential DfP is invertible at every point P in the open set U .

(1) Let V Ă U be an open subset. We need to show that f(V ) is an open subset of Rn.
Let Q ∈ f(V ). We pick P ∈ V with f(P ) = Q. Since DfP is invertible it follows from
the Inverse Function Theorem 19.12, applied to the restriction f : V → Rn, that there
exists an open neighborhood V ′ of P and an open neighborhood W ′ of Q = f(P )
such that f : V ′ → W ′ is a di�eomorphism. But this implies that W ′ Ă f(V ). It
follows from this discussion, together with the elementary the JH-Lemma 1.7, that
f(V ) is indeed an open subset of Rn.

(2) We now suppose that f : U → Rn is injective. By (1) we know that f(U) is an
open subset of Rn. We consider the inverse f−1 : f(U) → U . We need to show that
f−1 : f(U)→ U is smooth. Since f is a local di�eomorphism we see that f−1 is also
a local di�eomorphism. This implies that f−1 is locally smooth which implies by the
Smooth Pasting Proposition 19.3 that f−1 itself is smooth. �

19.4. Special topics in the theory of smooth functions. In this short section we
collect a ragtag of results on smooth functions, each of which will have its moment of glory
later on. Nonetheless, in a �rst reading of this chapter, this section can be skipped.

The �rst proposition says that locally, up to translation, one can describe any smooth
map as matrix multiplication, where the coe�cients of the matrix are allowed to vary.

Proposition 19.14. (Map-as-Matrix Multiplication Proposition) Let U Ă Rn be
some convex subset that contains the origin. Furthermore let f : U → Rm be a smooth
map with f(0) = 0.
(1) There exists a smooth map A : U → M(m × n,R) such that A(0) = Df0 and such

that f(x) = A(x) · x for all x ∈ U.
(2) If there exist k ∈ {0, . . . , n} and l ∈ {0, . . . ,m} with f((Rk × {0})∩U) Ă Rl × {0},

then we can arrange that for each x ∈ (Rk×{0})∩U the corresponding matrix A(x)

is of the form
( ∗ ∗

0 ∗

)
, where the top left corner is an l × k-matrix.
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��������������������� U ∩ (Rk × {0})

f

Proof. First we take care of Statement (1). By considering the coordinate functions of a
given map f = (f1, . . . , fm) : U → Rm separately we see that it su�ces to deal with the
case m = 1. Thus let f : U → R be a smooth map with f(0) = 0. Note that in this case
we need to show that there exist smooth maps a1, . . . , an : U → R such that ai(0) = ∂f

∂xi
(0)

and with

f(x) =
n∑
i=1

ai(xi) · xi for all x = (x1, . . . , xn) ∈ U .
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We observe that given any x = (x1, . . . , xn) ∈ U we have

f(x) = f(x)− f(0)︸ ︷︷ ︸
=0

=
t=1∫
t=0

d
dtf(t · x︸︷︷︸

∈U

) dt =
t=1∫
t=0

n∑
i=1

∂f(t·x)
∂xi

· xi dt =
n∑
i=1

t=1∫
t=0

∂f(tx)
∂xi

dt︸ ︷︷ ︸
=:ai(x)

· xi.x x
Fundamental Theorem of Calculus Chain Rule 19.10

If U is open, then it follows from standard methods in analysis, e.g. the Leibniz Integral
Rule [PedS2015, Theorem 9.2.11], that each ai is smooth. If U is not open, then this fact
can be shown with more e�ort by hand. Alternatively one can use the Smooth Extension
Proposition 21.9 to reduce the problem to the open case.

Finally note that it follows from the above equality and the Product Rule that we have
the equality ai(0) = ∂f

∂xi
(0). This shows that we have indeed A(0) = Df0. This concludes

the proof of Statement (1).
Now we turn to the proof of Statement (2). In fact it is straightforward to see that the

map A : U → M(m×n,R) we constructed above has the desired property. Indeed, as above
we only have to deal with the case m = 1 and l = 1. But if f((Rk × {0})∩U) = {0}, then
it follows immediately from the construction of the matrix that for each x ∈ (Rk×{0})∩U
we obtain the zero matrix. �

On very few occasions we will need the following proposition.

Proposition 19.15. Let U Ă Rn be an open subset, let f : U → Rn be a smooth map and
let P ∈ U . If DfP is invertible, then there exists an ε > 0 such that f(Bn

ε (P )) is convex.

Proof. The proposition is proved in [Pol2001, Theorem 2.1]. �

We conclude this section with a harmless lemma which is elementary, but which time and
again puzzles the author.

Lemma 19.16. Let U Ă Rk and V Ă Rl be two open non-empty subsets and suppose we
are given a map of the form

Θ: U × V → Rk × Rl = Rk+l

(x, y) 7→ (f(x, y), g(y)).

that is a di�eomorphism onto its image. Then g : V → Rl is also a di�eomorphism onto
its image and the inverse of Θ is of the form

Θ−1 : Θ(U × V ) → U × V Ă Rk × Rl

(x, y) 7→ (ϕ(x, y), g−1(y))

for some smooth map ϕ : Θ(U × V )→ Rk.

Proof. We denote by p : Rk × Rl → Rk and q : Rk × Rl → Rl the obvious projections.
We set ϕ = p ◦ Θ−1 and ψ = q ◦ Θ−1. Note that ϕ and ψ are compositions of smooth
maps, hence smooth. Furthermore we have Θ−1 = (ϕ, ψ). Now let x ∈ U . We denote by
jx : V → U×V the inclusion map that is given by y 7→ (x, y). Given any y ∈ V we perform
the following calculation:

ψ(x, g(y)) = (q◦Θ−1◦jx◦g)(y) = (q◦Θ−1◦jx◦q◦Θ◦jx)(y) = (q◦Θ−1◦Θ◦jx)(y) = y.
↑ ↑ ↑

by de�nition of ψ de�nition of g since q◦jx = idRl
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This shows that y 7→ ψ(x, y) is an inverse to g. In particular g is a di�eomorphism and
ψ(x, y) = g−1(y) for all y ∈ V . �

19.5. Smooth manifolds. In this section we will �nally introduce one of the most impor-
tant notions of these lecture notes, namely the concept of a �smooth manifold�.
For the reader's convenience we �rst recall the notion of a topological manifold that we
introduced on page 511.

De�nition. Let X be a topological space.
(1) An n-dimensional chart for X at a point x ∈ X is a homeomorphism Φ: U → V

where U is an open neighborhood of x and
(i) V is an open subset of Rn or
(ii) V is an open subset of the upper half-space Hn and Φ(x) lies in ∂Hn.
In the former case we say that Φ is a chart of type (i), in the latter case we say that
Φ is a chart of type (ii). We refer to the �gure below for an illustration.

(2) We say X is an n-dimensional topological manifold, if X is second-countable and
Hausdor�, and if for every x ∈ X there exists an n-dimensional chart Φ: U → V
at x.

(3) An n-dimensional atlas for X is a collection of n-dimensional charts such that the
domains of the charts cover all of X.
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chart of type (i) chart of type (ii)
Hn

De�nition. Let X be a topological manifold.
(1) We say that two n-dimensional charts Φ1 : U1 → V1 and Φ2 : U2 → V2 are smoothly

compatible if the transition map210

Φ2 ◦ Φ−1
1 : Φ1(U1 ∩ U2)︸ ︷︷ ︸

open set in Rn or Hn

→ Φ2(U1 ∩ U2)︸ ︷︷ ︸
ĂRn

is a di�eomorphism.211

(2) An n-dimensional atlas of an topological manifold for X is called smooth if all charts
in the atlas are smoothly compatible to one another.
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transition map Φj ◦ Φ−1
i

Φi
Φj

210Once again we refer to page 532 for the de�nition of a smooth map U → Rn where U is an open subset
of Hn. We also refer to the Whitney Extension Theorem 19.6 for an alternative characterization of smooth
maps on Hn.
211Note that this condition is indeed symmetric in i and j.
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Example. Let n ∈ N. We denote by N := (0, . . . , 0, 1) the North Pole of Sn and we denote
by S := (0, . . . , 0,−1) the South Pole of Sn. Let Φ+ : Sn \ {N} → Rn be the stereographic
projection from the North Pole N and let Φ− : Sn \ {S} → Rn be the stereographic pro-
jection from the South Pole S, as de�ned in Lemma 2.18. In Exercise 18.15 we saw that
the maps Φ− ◦Φ−1

+ : Rn \ {0} → Rn \ {0} is given by the di�eomorphism x 7→ 1
‖x‖2 · x. This

shows that Φ+ and Φ− are smoothly compatible. Thus the atlas for Sn given by Φ+ and
Φ− is a smooth atlas.

��
��
��
��

��
��
��

��
��
��

stereographic
projection Φ−

S1

stereographic
projection Φ+

transition map Φ− ◦ Φ−1
+ on R \ {0} is given by x 7→ 1

x

De�nition. Let M be a topological manifold and let A be a smooth atlas for M . We
say A is maximal if every chart Ψ that is smoothly compatible with all the charts in the
smooth atlas A is already contained in A.
Proposition 19.17. (Maximal Atlas Existence Proposition) LetM be a topological
manifold and let A be a smooth atlas for M .
(1) The smooth atlas is contained in a unique maximal smooth atlas for M .
(2) The unique maximal smooth atlas from (1) is given by the set of all charts of type

(i) and (ii) from page 511 that are smoothly compatible with all charts in the given
smooth atlas A.

Proof. Let A be a smooth atlas for M . We denote by B the set of all charts of M that
are smoothly compatible with respect to all charts in A.
Claim 1. The charts in B form a smooth atlas.
Proof. Let Ψ1 : U1 → V1 and Ψ2 : U2 → V2 be two charts in B. We need to show that Ψ1

and Ψ2 are smoothly compatible, i.e. we need to show that the transition map

Ψ2 ◦Ψ−1
1 : Ψ1(U1 ∩ U2) → Ψ2(U1 ∩ U2)

is smooth. By the Smooth Pasting Proposition 19.3 it su�ces to show that the map is
locally smooth. Thus let Q ∈ Ψ1(U1 ∩ Uj). We write P := Ψ−1

1 (Q) ∈ M . We pick a
chart Φ: A → B from our smooth atlas A with P ∈ A. Since Ψ1 and Ψ2 are smoothly
compatible with all charts in A we know that the maps Φ ◦Ψ−1

1 : Ψ1(U1 ∩A)→ Φ(U1 ∩A)
and Ψ2 ◦ Φ−1 : Φ(U2 ∩ A) → Ψ2(U2 ∩ A) are smooth. Thus we see that the restriction of
Ψ2 ◦Ψ−1

1 to the open neighborhood Ψ1(U1 ∩ U2 ∩ A) of P is smooth. �
It remains to prove the following claim.
Claim 2. The smooth atlas B is maximal and it is the unique maximal smooth atlas that
contains A.
Proof. If Ψ is a chart that is smoothly compatible with all charts in B, then it is also
smoothly compatible with all charts in A, thus Ψ is already contained in B. This shows
that B is maximal.
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Now let C be a maximal smooth atlas that contains A. We need to show that B = C.
First let Φ ∈ C. By de�nition Φ is smoothly compatible with all charts A, thus Φ ∈ B.
Now let Φ ∈ B. The proof of Claim 1 shows that Φ is also smoothly compatible with any
chart that is smoothly compatible with all charts in A. Thus we see that Φ ∈ C. �

De�nition. Let X be a topological manifold.
(1) An n-dimensional smooth structure on X is a choice of a maximal n-dimensional

smooth atlas for X.
(2) Let A be an n-dimensional smooth atlas for X. By the Maximal Atlas Exis-

tence Proposition 19.17 the smooth atlas A is contained in a unique maximal n-
dimensional smooth atlas M. We refer to M as the smooth structure de�ned by
A.212

(3) An n-dimensional smooth manifold is a pair (X,M) consisting of a topological
manifold X together with an n-dimensional smooth structureM, i.e. together with
a maximal smooth atlas M for X. (As with many other de�nitions we usually
suppress the choice of a smooth atlas from the notation.) We refer to the topological
space X as the underlying topological manifold of the smooth manifold (X,A).

Remark.
(1) In the literature the term �manifold� gets used with wildly di�erent meanings, in

particular often it gets to mean �topological manifold� or �smooth manifold�. To
make matters worse, there are also other perfectly reasonable notions of a �manifold�,
namely on page 2093 we will introduce �PL-manifolds� and on page 2104 we will get
to know �combinatorial manifolds�. To prevent any misunderstanding we only rarely
write �manifold� without any decorations. We only do so in informal discussions
where the precise meaning is irrelevant.

(2) Since the underlying topological space of a smooth manifold is a topological mani-
fold, many results on topological manifolds hold by �at also for smooth manifolds.
For example by the Topological Manifolds-Local Properties Lemma 18.8 we know
that every topological manifold, and thus also every smooth manifold, is locally con-
tractible.

212In practice we might be a little sloppy every now and then and we might not distinguish in our nota-
tion between a smooth atlas and the corresponding maximal smooth atlas, i.e. the corresponding smooth
structure.
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(3) The question which topological manifolds admit smooth atlases is subtle. Perhaps
rather shockingly in 1960 Michel Kervaire [Kerv1960] showed that there exists a
10-dimensional topological manifold that does not admit a smooth atlas. We will
discuss this question in greater detail in Section ??.

(4) A map f : U → Rm from an open subset of Rn to Rm is called a Ck-map, if all
iterated k-fold partial derivatives exist and if they are continuous. Throughout the
above discussion one could replace �smooth� by �Ck�. This leads to the notion of a
Ck-atlas, a Ck-structure and a Ck-manifold. In [Hirs1976, Theorem 2.9] it is shown
that every C1-structure gives rise to an essentially unique smooth structure.

The following proposition gives us interesting examples of smooth manifolds.
Proposition 19.18. The following topological manifolds admit a smooth atlas:
(1) open subsets of Rn and open subsets of Hn,
(2) all closed balls B

n
,

(3) all spheres Sn Ă Rn+1,
(4) the n-dimensional torus (S1)n,
(5) the surfaces of genus g ∈ N0, as de�ned on page 265,
(6) the non-orientable surfaces of genus g ∈ N, as de�ned on page 266.

More precisely, the atlases that we provided in Section 18.1 and in the proof of the Surface-
is-Topological Manifold Proposition 18.7 are smooth.

Proof. It is straightforward to verify that the atlases for examples (1) to (4) that we
provided in Section 18.1 are smooth. For example on page 542, see also Exercise 18.15,
we saw that the transition map for the atlas for Sn given by the stereographic projections
from the Poles is smooth, which shows that the given atlas for Sn is smooth.

It remains to consider the (non-orientable) surfaces of genus g ≥ 2. The atlas that we
provided in the proof of the Surface-is-Topological Manifold Proposition 18.7 might initially
look dubious. In fact all transition maps are compositions of (some of) the following types
of maps:
(1) re�ections in lines,
(2) translations,
(3) and for some η > 0 the map

{r · exp( iα) | r ∈ (0, η), α ∈ (0, π
4
)} → {r · exp( iα) | r ∈ (0, η), α ∈ (0, 3π

4
)}

z = r · exp( iϕ) 7→ r · exp(3 iϕ) = 1
|z|2 · z

3,

(4) the inverse of (3).
It is clear that the �rst three types of maps are smooth. It follows from the Smooth
Invariance of Domain Theorem 19.13 (2) that the fourth map is also smooth. Thus the
transition maps in the atlas are smooth. �

Convention. As we discussed in Proposition 19.18, the atlases that we provided in Sec-
tion 18.1 and in the proof of the Surface-is-Topological Manifold Proposition 18.7, give
smooth atlases for the following topological manifolds:
(1) open subsets of Rn and open subsets of Hn,
(2) all closed balls B

n
,
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(3) all spheres Sn Ă Rn+1,
(4) the n-dimensional torus (S1)n,
(5) the surfaces of genus g ∈ N0, as de�ned on page 265,
(6) the non-orientable surfaces of genus g ∈ N, as de�ned on page 266.

We will invariably work with the corresponding smooth structures, unless we say some-
thing di�erent. We refer to these as the standard smooth structures on these topological
manifolds.
For completeness we state the following lemma which is closely related to the discussion
on page 526.

Lemma 19.19. (Open Subset-Submanifold Lemma) Let M be a smooth manifold
and let X be an open subset of M . The restrictions of the charts of the smooth atlas of
M to X de�ne a smooth atlas for X.

Remark. In the Open Subset-Submanifold Lemma 19.19 we will prove an important ad-
dendum to Lemma 19.20.

Proof. The lemma follows easily from the de�nitions. �
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Convention. We will constantly use the Open Subset-Submanifold Lemma 19.19 to view
open subsets of a smooth manifold as smooth manifolds in their own right.
On page 511 we de�ned the boundary of a topological manifold. We can now similarly
de�ne the notion of the boundary of a smooth manifold.

De�nition. Let M be a smooth manifold.
(1) We say that a point x ∈M is a boundary point if x does not admit a chart of type

(i) in the smooth structure. We denote by ∂M the set of all boundary points of M .
We refer to ∂M as the boundary of M .

(2) We say a smooth manifold M is closed if M is compact with ∂M = ∅.

Remark. As we just mentioned, on page 511 we already de�ned the boundary of a topo-
logical manifolds. In the Topological Manifold Boundary Proposition 75.2 (2) we will see
that the boundary of a smooth manifold in the above sense agrees with the boundary of a
topological manifold.

The following lemma can be viewed as an addendum to the Open Subset-Submanifold
Lemma 19.19.
Lemma 19.20. Let M be a smooth manifold and let X be an open subset of M . We use
the Open Subset-Submanifold Lemma 19.19 to view X as a smooth manifold in its own
right. The boundary ∂X of X viewed as a smooth manifold is given by ∂X = X ∩ ∂M .

Proof. The lemma follows easily from the de�nitions. �
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19.6. Smooth maps between smooth manifolds. We give a few more standard de�-
nitions regarding smooth manifolds.

De�nition. Let M be an m-dimensional smooth manifold and let N be an n-dimensional
smooth manifold.
(1) A map f : M → N is called smooth if for every chart Φ: U → Ũ of M and every

chart Ψ: V → Ṽ of N , in the respective smooth structures, the concatenation

Ψ ◦ f ◦ Φ−1 : Φ(U ∩ f−1(V ))︸ ︷︷ ︸
open subset of Rm or Hm

→ Ṽ Ă Rn

is smooth, in the sense of our de�nition on page 532.
(2) We denote by C∞(M,N) the set of all smooth maps from M to N .
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Ψ ◦ f ◦ Φ−1

Checking the condition in the de�nition of a smooth manifold for all charts in the smooth
structure is evidently very very painful. Fortunately the following lemma simpli�es the life
of a working mathematician greatly.

Lemma 19.21. (Smooth-via-Atlas Lemma) Let f : M → N be some map between
an m-dimensional smooth manifold M and an n-dimensional smooth manifold N . Fur-
thermore let {Φi : Ui → Ũi}i∈I be charts in the smooth structure with M =

⋃
i∈I
Ui and let

{Ψj : Vj → Ṽj}J∈J be charts in the smooth structure N =
⋃
j∈J
Vj. If for all i ∈ I and j ∈ J

the map
Ψj ◦ f ◦ Φ−1

i : Φ(Ui ∩ f−1(Vj)) → Ṽj Ă Rn

is smooth, then f is smooth.

Proof. The proof of the lemma is somewhat similar to the proof of Claim 1 in the proof
of the Maximal Atlas Existence Proposition 19.17. Namely, the lemma follows easily from
the Smooth Pasting Proposition 19.3 together with the fact, see Proposition 19.10, that
the composition of smooth maps between open subsets of some Rn's is again smooth. We
leave it to the reader to �ll in the details. �

Example.

(1) We consider maps f : Sn → Rm. As on page 542 we equip Sn with the smooth atlas
that is given by the stereographic projections and we equip Rm with the smooth atlas
given by the identity chart. An entertaining calculation shows that the inverses of
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the stereographic projections Φ± are given by

Φ−1
± : Rn → Rn \ {(0, . . . , 0, 1)}

(x1, . . . , xn) 7→
(

2x1

x2
1 + · · ·+ x2

n + 1
, . . . , 2x1

x2
1 + · · ·+ x2

n + 1
,±1∓ 2

x2
1 + · · ·+ x2

n + 1

)
the Smooth-via-Atlas Lemma 19.21 implies that f : Sn → Rm is smooth precisely
if f ◦ Φ±−−1 : Rn → Rm are smooth. For example it follows immediately that the
inclusion map Sn → Rn+1 is smooth.

(2) Let U be an open subset of Rn and let f : U → Rm be a map. It follows easily from
the de�nitions that the map f is smooth as a map between smooth manifolds if and
only if it is smooth in the �classical� sense of page 531.

(3) Let n ∈ Z. In Exercise 19.5 we will see that the following map is smooth:

S1 → S1

z 7→ zn

We continue with a very straightforward lemma which gets used implicitly all the time.

Lemma 19.22.
(1) Every smooth map between two smooth manifolds is continuous.
(2) The composition of two smooth maps between smooth manifolds is again smooth.

Proof.

(1) Let f : M → N be a smooth map between two smooth manifolds M and N . Let
{Φi : Ui → Ũi}i∈I be the charts in the smooth structure of M . Furthermore let
{Ψj : Vj → Ṽj}J∈J be the charts in the smooth atlas of N . By hypothesis all the
maps

Ψj ◦ f ◦ Φ−1
i : Φ(Ui ∩ f−1(Vj)) → Ṽj Ă Rn

are smooth. In particular they are continuous. Since Φi and Ψj are by de�nition
homeomorphisms we see that the restriction of f to each Ui ∩ f−1(Vj) is continuous.
Since these form an open cover ofM we obtain from the Pasting Proposition 2.6 that
f is indeed continuous.

(2) By the Chain Rule 19.10 this statement holds for smooth maps between open subsets
of some Rn's. The statement for smooth maps between smooth manifolds follows
fairly easily from this observation, together with the Smooth-via-Atlas Lemma 19.21
and the Smooth Pasting Proposition 19.3. We leave it to the reader to �ll in the
details. �

De�nition.
(1) We say a map f : M → N between smooth manifolds is a diffeomorphism if f is

smooth, if f is a bijection and if f−1 : N → M is also smooth. If such a di�eomor-
phism exists, then we say that M and N are diffeomorphic.

(2) Let f : M → N be a map between two smooth manifolds and let P ∈M . We say f
is a local diffeomorphism at P if there exist open neighborhoods U of P in M and
V of f(P ) in N such that213 f |U : U → V is a di�eomorphism.

213By the Open Subset-Submanifold Lemma 19.19 we can and will view U and V as smooth manifolds in
their own right.
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Example.
(1) Let A ∈ O(n). It is true, but slightly nasty to verify directly from the de�nitions,

that the map Sn−1 → Sn−1

v 7→ A · v
is a di�eomorphism. We will give a satisfactory argument on page 554.

(2) Let n ∈ N. In Exercise 19.6 we will see that the map

Rn → (S1)n = S1 × · · · × S1

(t1, . . . , tn) 7→ (exp(2π it1), . . . , exp(2π itn))

is a local di�eomorphism.

Remark. The Inverse Function Theorem 19.12 gives a tremendously convenient way for
showing that a smooth map between open subsets of Rn is a local di�eomorphism. Later
on, in the Inverse Mapping Theorem 24.1 we will state and prove a generalization of the
Inverse Function Theorem 19.12 to the more general context of smooth maps between
smooth manifolds.

The following harmless proposition contains two basic statements about smooth maps be-
tween smooth manifolds. The �rst statement can be viewed as a smooth analogue of the
Pasting Proposition 2.6

Proposition 19.23. (Smooth Pasting Proposition II) Let f : M → N be a map
between two smooth manifolds.
(1) (a) If there exists an open cover {Ui}i∈I ofM such that for every i ∈ I the restriction

f |Ui : Ui → N is smooth, then f itself is smooth.
(b) If there exists a smooth atlas {Φi : Ui → Ũi}i∈I for M and a smooth atlas
{Ψi : Vj → Ṽj}j∈J for N such that

⋃
i,j

(Ui ∩ f−1(Vj)) = M and such that each

Ψj ◦ f ◦ Φ−1
i : Φi(Ui ∩ f−1(Vj))→ Vj is smooth, then f is smooth.

(2) If f : M → N is a bijection (e.g. if it is a homeomorphism) and if it is a local
di�eomorphism, then it is in fact a di�eomorphism.

(3) Let Ñ be a smooth manifold and let p : Ñ → N be a local di�eomorphism. Further-
more let f̃ : M → Ñ be a map such that the following diagram commutes:

Ñ
p
��

M

g̃
66

g
// N.

Then f : M → N is smooth if and only if f̃ : M → Ñ is smooth.

Remark.
(1) In contrast to the Pasting Proposition 2.6 it does not su�ce to check smoothness on

�nitely many closed subsets. For example, consider the map R→ R that is given by
x → |x|. The restrictions to the closed subsets (−∞, 0] and [0,∞) are smooth, but
the map is evidently not smooth on all of R.
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(2) In practice one can often control a map f : M → N on compact codimension-zero
submanifolds instead of open subsets. As we just pointed out, one cannot conclude
that f is smooth. But in Proposition ?? we will see that one can modify f slightly
to turn f into a smooth map.

Proof.
(1) Both statements follow immediately from the Smooth Pasting Proposition 19.3.
(2) Let f : M → N be a local di�eomorphism that is a bijection. We need to show

that f−1 : N → M is also smooth. But that follows immediately from (1) and our
hypothesis that f is a local di�eomorphism.

(3) This statement follows immediately from (1a). �

For completeness' sake we provide the following de�nition which is a just a generalization
of the de�nition on page 532.
De�nition. Let M and N be smooth manifolds. Furthermore let A Ă M be some subset
and let f : A → N be a map. We say that f is smooth if given any a ∈ A there exists
an open neighborhood U in M of a and a smooth map f̃ : U → N214 and which coincides
with f on A..
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N

f̃

M fA

De�nition. Let M be a topological manifold. We say that two smooth structures A and
B are equivalent if there exists a di�eomorphism between (M,A) and (M,B).

Remark.
(1) There exist topological manifolds that admits inequivalent smooth structures. For

example, as we will see in Corollary ??, John Milnor [Miln1956a] showed in 1956
that S7 admits at least two inequivalent smooth structures.

(2) In Theorem ?? we will see that in dimensions n 6= 4 every closed topological manifold
admits at most a �nite number of inequivalent smooth structures. Amazingly, this
statement is wrong in dimension 4. More precisely there is a plethora of closed 4-
dimensional smooth manifolds that admit an in�nite number of pairwise inequivalent
smooth structures, see e.g. Theorem 135.13 for details.

19.7. Submanifolds of smooth manifolds. In Section 18.4 we introduced the notion of a
submanifold of a topological manifold. The de�nition of a submanifold of a smooth manifold
is basically the same, the only di�erence is that now we demand that the submanifold charts
are smooth. For the reader's convenience we write down the detailed de�nition, even though
there is a serious overlap with our previous de�nition.

214Let U Ă M be an open subset and let f̃ : U → N be a map. We use the convention on page 545 to view
U as a smooth manifold in its own right, and thus we have de�ned what it means for f̃ to be smooth.
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De�nition. Let M be an n-dimensional smooth manifold.
(1) We say a subset N Ă M is a k-dimensional submanifold if given any P ∈ N one of

the following holds:
(α) there exists a chart Φ: U → V of type (i) in the smooth structure for M and P

such that

Φ(U ∩N) = V ∩ {(0, . . . , 0, x1, . . . , xk) |xi ∈ R},
(β) or there exists a chart Φ: U → V of type (ii) in the smooth structure for M and

P such that Φ(P ) lies in ∂Hn and215

Φ(U ∩N) = V ∩ {(0, . . . , 0, x1, . . . , xk) ∈ Rn |xk ≥ 0},
(γ) or there exists a chart Φ: U → V of type (i) in the smooth structure for M and

P such that Φ(P ) lies in ∂Hn and216

Φ(U ∩N) = V ∩ {(0, . . . , 0, x1, . . . , xk) ∈ Rn |xk ≥ 0}.
We refer to such charts as submanifold charts of N . Any collection of submanifold
charts of N that covers N is called a submanifold atlas.

(2) We say a submanifold N is proper if N is a closed subset ofM and if for each P ∈ N
we can �nd submanifold charts of type (α) and (β).
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submanifold N
smooth manifold M

submanifold chart
of type (β)x2

∂M

x2

x1

x1 x1

x2

manifold chart
of type (ii)

submanifold chart
of type (γ)

submanifold
chart of
type (α)

manifold
chart of
type (i)

manifold
chart of
type (i)

Remark. Sometimes the above language can be ambiguous. For example, if we consider
M = R2 it is not clear whether we view M as a topological manifold or as a smooth
manifold. If from the context it is not clear what we mean, then we distinguish in our
language between a topological submanifold and a smooth submanifold. This distinction is
illustrated in the �gure below.
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smooth submanifold of R2topological submanifold of R2,
but not a smooth submanifold of R2

R2

216For k = 0 we interpret {(0, . . . , 0, x1, . . . , xk) ∈ Rn |xk ≥ 0} as the empty set.
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Examples.

(1) We consider the topological manifold M = R2 with the smooth atlas A given by
the identity Φ = idM . Let f : R→ R be a smooth function. We consider the subset
N = {(x, f(x) |x ∈ R} Ă R2. We cannot use the unique chart Φ in our atlas A = {Φ}
to show that N is indeed a submanifold of the smooth manifold (R2,A). But the
chart Ψ: R2 → R2 given by Ψ(x, y) = (x, y − f(x)) lies in the smooth structure, i.e.
in the maximal smooth atlas, de�ned by (R2,A) and we can use it to verify that N
is indeed a submanifold of the smooth manifold (R2,A).

(2) In the �gure below we show a smooth manifold M with boundary together with two
subsets K and L. In Exercise 19.22 we will make the setting more precise and we
will see that both K and L are submanifolds of the topological manifold M but that
they are not submanifolds if we view M as a smooth manifold.
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∂ML

smooth manifold M

Remark. As we remarked on page 526, there are various subtly di�erent de�nitions of
a �submanifold� out in the literature. This is even more pronounced when it comes to
submanifolds of smooth manifolds, especially if M and N are allowed to have boundary.

(1) Surely there is no textbook that would consider L in the above �gure as a submanifold
of the smooth manifold M . As we remarked above, if we follow our convention or
the convention of [Wall2016, p. 31], then K is not a submanifold of M . On the
other hand the de�nition used in [Lee2002, p. 98] or [Hirs1976, p. 30] views K as
a smooth submanifold of the smooth manifold M .

(2) Also note that what we call a proper submanifold is called a neat submanifold in
[Hirs1976, p. 30].

The following lemma is an analogue of the Submanifold-is-Manifold Lemma 18.14 .

Lemma 19.24. (Submanifold Smooth Structure Lemma) Let M be a smooth man-
ifold and let N be a smooth submanifold of M . The collection of all submanifold charts
of M gives naturally rise to a smooth atlas for N . The corresponding smooth structure
has the following properties:
(1) The inclusion map N →M is a smooth map.
(2) If we start out with some submanifold atlas for M , then this gives rise to the same

smooth structure on N .
(3) Let f : W →M be a smooth map. If f(W ) Ă N , then f : W → N is also smooth.
(4) We assume that N is a submanifold of codimension-zero. Let f : N → W be a map

to a smooth manifold. The following two statements are equivalent:
(a) The map f : N → W is smooth as a map between smooth manifolds.
(b) The map f : N → W is smooth in the sense of the de�nition on page 549, where

we think of N as a subset of the smooth manifold M .
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Convention. In the setting of the Submanifold Smooth Structure Lemma 19.24 we will
refer to the smooth structure on the submanifold N , which we construct in the proof of
the Submanifold Smooth Structure Lemma 19.24, as the standard smooth structure on
N .217

Proof. We start out with the following claim.

Claim. Let U and V be open subsets of Rn and let f : U → V be a smooth map.
(a) If for every y ∈ Rk we have f(0, y) ∈ {0} × Rk, then the map

{y ∈ Rk | (0, y) ∈ U}︸ ︷︷ ︸
open subset of Rk

f−→ V ∩ ({0} × Rk)
(0,y)7→y−−−−−→ {y ∈ Rk | (0, y) ∈ V }︸ ︷︷ ︸

open subset of Rk

is smooth.
(b) The analogue of (a) holds if we replace the Rk to the left by Hk.

Proof. The claim follows from the observation that the map to the right is the restriction
of the projection Rn−k × Rk → Rk, which evidently is smooth, to a suitable subset. �

Let M be an n-dimensional smooth manifold and let N Ă M be a k-dimensional
submanifold. It follows from Lemma 1.14 and the Second Countability Lemma 9.1 that N
is Hausdor� and second-countable. Now let Φ: U → V be a submanifold chart of type (α).
As we pointed out in the proof of the Submanifold-is-Manifold Lemma 18.14 it is pretty
straightforward to verify that the map

U ∩N Φ−→ V ∩ {(0, x) ∈ Rn−k × Rk} (0,y)7→y−−−−−→ {x ∈ Rk | (0, x) ∈ V }

is a chart of type (i) for N . In the same fashion submanifold charts of type (β) and (γ)
give rise to charts of type (ii) for N .
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M
Φ

N

V
(x, y) 7→ y

(1) It follows easily from the claim that the above charts de�ne a smooth atlas on N .
(2) Again using the claim one can easily show that any submanifold atlas for N gives

rise to the same smooth structure on N .
(3) Let f : W → M be a smooth map between smooth manifolds with f(W ) Ă N . It

follows easily from the fact that the projection Rn (x, y) 7→ x−−−−−→Rk is smooth that the map
f : W → N is also smooth.

(4) This statement follows easily, but not immediately, from the de�nitions. We leave it
to the reader to �ll in the details. �

Examples.

217The reader might be worried that we equip certain topological manifolds with di�erent �standard smooth
structures�. But, as we will see on page 553, for Sn this new standard smooth structure equals the standard
smooth structure introduced earlier on.
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(1) Let n ∈ N. We consider the n-dimensional sphere Sn Ă Rn+1. Similar to the
discussion on page 513 we consider the map

Φ: U := Bn × (0,∞) → V = {(x, y) ∈ Bn × R | y > −‖x‖2}
(x, y) 7→ (x, y − ‖x‖2).

One can easily verify that this is a submanifold chart of type (α) from the smooth
structure of Rn+1. By changing the roles of the coordinates and changing signs we
see that we can cover Sn by altogether 2(n+1) such submanifold charts which shows
that Sn is an n-dimensional submanifold of the smooth manifold Rn+1. In particular
we obtain from the Submanifold Smooth Structure Lemma 19.24 a smooth atlas for
Sn. We leave it to the reader to verify, using the Submanifold Smooth Structure
Lemma 19.24 (2), that this smooth atlas is smoothly compatible to the smooth atlas
that we gave on page 513. In particular both de�ne the same smooth structure.
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R2

(2) Let M be a smooth manifold and let U Ă M be an open subset. As on page 526 one
sees easily that U is a codimension-zero submanifold of M . Furthermore, if we use
the Submanifold Smooth Structure Lemma 19.24 to view U as a smooth manifold
in its own right, then we obtain, basically by de�nition, the same smooth structure
as we obtained in the Open Subset-Submanifold Lemma 19.19. Finally note that it
follows again basically immediately from the de�nitions that ∂U = U ∩ ∂M .

Remark. If one is mathematically very honest, then one realizes that it is actually a pain
to work directly with the de�nition of the standard smooth structure on a submanifold. For
example, just using the de�nition, it is not that easy to show that a given map f : N → W
is smooth. Life will improve once we have proved the Smooth Embedding Theorem 24.10.

It is worth stressing the following special case of the Submanifold Smooth Structure Lemma 19.24.

Lemma 19.25. (Restrict-to-Submanifold-or-Boundary Lemma)
(1) Let M be a smooth submanifold of some Rn and let f : M → N be a map to some

smooth manifold N . If there exists an open neighborhood U of M Ă Rn and a map
g : U → N that is smooth in the sense of page 531 and which satis�es g|M = f , then
f itself is smooth.

(2) Let M be a smooth manifold and let N be a smooth submanifold of some Rn. Let
f : M → N be a map such that the composition f : M → N → Rn is smooth. Then
f itself is smooth.

Proof.
(1) We denote by i : M → U the inclusion map. It follows from the Submanifold Smooth

Structure Lemma 19.24 (1) and (2) that i is smooth. By the discussion on page 547
we know that f : U → N is smooth as a map between smooth manifolds. Finally it
follows from Lemma 19.22 that f ◦ i : M → N is also smooth.
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(2) This statement is a special case of the Submanifold Smooth Structure Lemma 19.24
(3). �

Example. Let A ∈ O(n). We consider again the map

f : Sn−1 → Sn−1

v 7→ A · v.
We denote by g : Rn → Rn the map that is also given by multiplication by A. By the
discussion on page 536 we know that this de�nes a smooth map on Rn. It follows from the
Restrict-to-Submanifold-or-Boundary Lemma 19.25 (1) that the restriction Sn−1 → Rn is
smooth. But this map takes values in Sn−1, so it follows from the Restrict-to-Submanifold-
or-Boundary Lemma 19.25 (2) that the original map f : Sn−1 → Sn−1 is actually smooth.
The same argument shows of course that f−1, which is given by multiplication with A−1 is
smooth. Thus we now have a convincing argument that for any A ∈ O(n) the map f is a
di�eomorphism, solving the slight conundrum from page 548.

19.8. Topological properties of smooth manifolds. In this section we will employ
several results from Section 19.1 to draw conclusions on smooth manifolds. The fact that
real analysis provides us with such powerful tools, like the Inverse Function Theorem 19.12
and the resulting Smooth Invariance of Domain Theorem 19.13, is one of the reasons why
dealing with smooth manifolds is much easier than dealing with topological manifolds.
We start out with the following, slightly subtle proposition.

Proposition 19.26. (Smooth Manifold Boundary Proposition) Let M be an n-di-
mensional smooth manifold. The following statements hold:
(1) Every point on M admits either a chart of type (i) in the smooth structure or it

admits a chart of type (ii) in the smooth structure.
(2) The restrictions of all of the charts of the smooth atlas to the boundary ∂M give rise

to a natural smooth atlas on ∂M and turn ∂M into a smooth (n − 1)-dimensional
smooth manifold with ∂(∂M) = ∅. The corresponding natural smooth structure
has the following properties:218

(a) The inclusion map ∂M →M is a smooth map.
(b) Restrictions of any set of charts of M that cover ∂M de�ne the same smooth

structure on ∂M .
(c) Let f : W → M be a smooth map between smooth manifolds. If f(W ) Ă ∂M ,

then f : W → ∂M is also smooth.
(3) (a) Any union of components of ∂M is a closed subset ofM . In particular ∂M itself

is a closed subset of M .
(b) If M is compact, then ∂M is also compact.

(4) M \ ∂M is an open subset of M , furthermore, if ∂M is non-empty, then M \ ∂M is
non-compact.

(5) Let N be a submanifold of M . The following two statements are equivalent:
(a) N is a proper submanifold.
(b) The following two conditions are satis�ed:

(i) N is a closed subset of M .
(ii) We have the equality ∂N = N ∩ ∂M .
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(6) If N is a proper submanifold of M , then219 ∂N = N ∩ ∂M is a proper submanifold
of ∂M .
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proper submanifold N

∂M∂M

N ∩ ∂M = ∂N
M

Convention. Let M be an n-dimensional smooth manifold. We refer to the smooth
structure on ∂M that we obtain in the proof of the Smooth Manifold Boundary Proposi-
tion 19.26, by restricting charts from M , as the standard smooth structure on ∂M .

Remark.

(1) Let M be a smooth manifold. By the Smooth Manifold Boundary Proposition 19.26
(1) a point x ∈M is a boundary point if and only if x admits a chart of type (ii).

(2) Here again we would expect that a similar statement as in the Smooth Manifold
Boundary Proposition 19.26 should hold for topological manifolds. But since for
topological manifolds we have fewer tools, e.g. right now we are missing an analogue
of the Smooth Invariance of Domain Theorem 19.13, we have to postpone a proof of
the analogue of the Smooth Manifold Boundary Proposition 19.26 (1) for topological
manifolds to the Topological Manifold Boundary Proposition 75.2.

(3) In practice the description of the smooth structure on ∂M can be a nuisance to work
with. An alternative point of view is given in Exercise 24.12.

Example. Let n ∈ N. On page 513 we constructed an explicit smooth atlas for B
n
which

gives charts of type (ii) precisely for the points in Sn−1. Thus it follows from the Smooth
Manifold Boundary Proposition 19.26 that the boundary of the smooth manifold B

n
is

indeed given by Sn−1. We leave it to the reader to verify, the Smooth Manifold Boundary
Proposition 19.26 (2b), that the smooth structure on ∂B

n
= Sn−1 agrees with the standard

smooth structure on Sn−1 that we introduced on page 544.

Proof. Let M be an n-dimensional topological manifold that is equipped with a smooth
atlas {Φi : Ui → Vi}i∈I .
(1) Suppose there exists a point P that admits a chart Φ of type (i) and a chart Ψ of

type (ii). By intersecting the two domains, which are both open neighborhoods of P ,
we can assume that the charts have a common domain U . We set x0 = Φ(P ) and
y0 = Ψ(P ).

We set τ := Ψ ◦ Φ−1. Since Φ and Ψ belong to a smooth atlas we see that τ and
τ−1 are smooth. Note that by de�nition on page 532 of a smooth map on a (not
necessarily open subset) of Rn there exists an open neighborhood Y of y0 ∈ Rn and
a smooth map η : Y → Rn such that η agrees with τ−1 on Y ∩Ψ(U).

218This statement is similar in nature to the statement of the Submanifold Smooth Structure Lemma 19.24.
219Here ∂N denotes the boundary of N , where we use the Submanifold Smooth Structure Lemma 19.24
to view N as a smooth manifold in its own right.
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Claim. There exists an open subset X Ă Rn with x0 ∈ X Ă τ−1(Y ) ∩ Φ(U).

Proof. Note that τ : Φ(U)→ Ψ(U) is in particular continuous and that, by de�nition
of the subspace topology, Y ∩Ψ(U) is an open neighborhood of y0 ∈ Ψ(U). Thus we
see that τ−1(Y ) is an open neighborhood of x0. Thus X := τ−1(Y ) ∩ Φ(U) has the
desired property. �

We make the following observations:
(a) Let x ∈ X. Note that η ◦ τ = idX . Since X is an open subset of Rn we can take

di�erentials at x of both sides. Since X is open and since Y is open we can apply
the Chain Rule 19.10 to the left-hand side and we see that Dτx is invertible.

(b) It follows from (a) and the Smooth Invariance of Domain Theorem 19.13 that
τ(X) is an open subset of Rn.

(c) Since X Ă Φ(U) we have τ(X) Ă τ(Φ(U)) = Ψ(U) Ă Hn. Furthermore we know
that y0 ∈ Φ(U) and that y0 ∈ ∂Hn. In summary, we have that τ(X) Ă Hn and
that τ(X) ∩ ∂Hn 6= ∅.

(d) Finally note that (b) and (c) are contradictory.

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

����
����
����
����
����
����

����
����
����
����
����
����

�����
�����
�����
�����

�
�
�

�
�
�

�
�
�
�

�
�
�
�M

U

ΨΦ

τ = Ψ ◦ Φ−1
y0

η
Y

P

x0

Ψ(U)Φ(U)

X

The remainder of the proof consists mostly of cleverly applying (1). In the unlikely case
that the reader does not feel like reading more technical proofs it is a good moment to
move on.

(2) First note that it follows from Lemma 1.14 and from the Second Countability Lemma 9.1
(2) that ∂M is Hausdor� and second-countable.

Next we want to show that the smooth atlas on M gives rise to a natural smooth
atlas on ∂M . We start out with the following claim.

Claim. Let U and V be open subsets of Hn and let f : U → V be a smooth map. If
for every y ∈ Rn−1 we have f(y, 0) ∈ Rn−1 × {0}, then the map

{x ∈ Rk | (x, 0) ∈ U}︸ ︷︷ ︸
open subset of Rn-1

f−→ V ∩ (Rn−1 × {0}) (x,0) 7→x−−−−−→ {x ∈ Rn−1 | (x, 0) ∈ V }︸ ︷︷ ︸
open subset of Rn-1

is smooth.

Proof. This statement follows easily from the de�nition of a smooth map on open
subsets of Hn and the fact that the composition of smooth maps is again smooth. �

We continue with the following observation. Let Φ: U → V be a chart of type
(ii) for M . Note that it is a chart of type (i) precisely for the points in Φ−1(∂Hn).
It follows from (1) and the de�nition of ∂M that Φ−1(∂Hn) = ∂M ∩ U .
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Given i ∈ I we now set Ṽi = Vi∩∂Hn, we set Ũi := Φ−1
i (Ṽi) and we set Φ̃i := Φi|Ũi .

Furthermore we denote by p : Rn → Rn−1 the map given by the projection onto the
�rst n−1 coordinates. It follows fairly easily from the above discussion and the claim
that {p ◦ Φ̃i : Ũi → p(Ṽi)}i∈I is a smooth atlas for ∂M and that with respect to this
atlas every point in ∂M admits a chart of type (i). In other words, ∂(∂M) = ∅.
(a) It follows easily from the fact that the inclusion Rn−1 x 7→ (x, 0)−−−−−→Rn is smooth that

the inclusion ∂M →M is a smooth map.
(b) It follows easily from the claim that if we start out with some set of charts

covering ∂M , that these de�ne the same smooth structure on ∂M .
(c) Let f : W →M be a smooth map between smooth manifolds with f(W ) Ă ∂M .

It follows easily from the fact that the projection Hn (x, y) 7→ x−−−−−→Rn−1 is smooth that
the map f : W → ∂M is also smooth.

(3) The proof of the third statement is basically identical to the proof of the Manifold
Boundary-Closed Subset Lemma 18.6.220

(4) The proof of this statement is basically identical to the proof of the correspond-
ing statement for topological manifolds, see the Manifold Boundary-Closed Subset
Lemma 18.6 (3).

(5) Let N Ă M be a k-dimensional submanifold. Recall that N is called proper if N
is a closed subset of M and if every point in N admits a submanifold chart of type
(α) or (β), as de�ned on page 524. As in the proof of the Submanifold-is-Manifold
Lemma 18.14 we denote by q : Rn → Rk the projection onto the last k coordinates
and we make the following observations:
• If P admits a submanifold chart of type (α), then this submanifold chart is a chart
of type (i) for P ∈M and the map q ◦ Φ|U∩N is a k-dimensional chart of type (i)
for P ∈ N .
• If P admits a submanifold chart of type (β), then this submanifold chart is a chart
of type (ii) for P ∈M and the map q ◦Φ|U∩N is a k-dimensional chart of type (ii)
for P ∈ N .
• If P admits a submanifold chart of type (γ), then this submanifold chart is a chart
of type (i) for P ∈M and the map q ◦Φ|U∩N is a k-dimensional chart of type (ii)
for P ∈ N .

The equivalence of (a) and (b) now follows from these three observations together
with (1).

(6) Let N be a proper submanifold of M . We want to show that ∂N is a proper sub-
manifold of ∂M .
• As we saw in (5), a point P ∈ ∂N admits a submanifold chart of type (β). But
such a submanifold chart restricts to a submanifold chart of type (α) for ∂N
viewed as a subset of ∂M .
• In (5) we just saw that ∂N = M ∩∂M . Since N is a closed subset ofM we obtain
from the de�nition of the subspace topology that ∂N is a closed subset of ∂M .

220Note that this statement does not follow directly from the Manifold Boundary-Closed Subset Lemma 18.6
since our de�nition of the boundary of a smooth manifold, given on page 545, is a priori di�erent from
the de�nition of the boundary of a topological manifold. Only later in the Topological Manifold Boundary
Proposition 75.2 (2) will we see that there is no di�erence.
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These two observations put together show that ∂N is indeed a proper submanifold
of ∂M . �

The following lemma is the obvious analogue of Lemma 18.5.

Lemma 19.27. Let M and N be two smooth manifolds.
(1) If f : M → N is a local di�eomorphism, then f(∂M) = (∂N) ∩ f(M).
(2) If f : M → N is in fact a di�eomorphism, then f restricts to a di�eomorphism

∂M → ∂N , where we equip ∂M and ∂N with the above standard smooth structure.

Proof. As in the case of the sister Lemma 18.5, the statement follows easily from the
de�nitions and is left to the reader. �

The following proposition says that the dimension of a non-empty smooth manifold is well-
de�ned. Eventually, using homology groups, we will show in the Topological Manifold-
Dimension Proposition 75.4 that the analogous statements also holds for topological man-
ifolds.
Proposition 19.28. (Smooth Manifold-Dimension Proposition) Let M be a non-
empty m-dimensional smooth manifold and let N be an n-dimensional smooth manifold.
If M and N are di�eomorphic, then m = n.

Proof. LetM be a non-empty m-dimensional smooth manifold, let N be an n-dimensional
smooth manifold and let f : M → N be a di�eomorphism.

It follows from the hypothesis thatM is non-empty, together with the Smooth Manifold
Boundary Proposition 19.26 (4), that M \ ∂M is non-empty. This implies that the smooth
manifold M admits a chart Φ: U → Ũ of type (i), where Ũ is an open subset of Rm.

Since f is a di�eomorphism we see that Φ ◦ f−1 : f(U)→ V is a chart of type (i) for N .
In particular we see that f(P ) ∈ N admits a chart of type (i). Now let Ψ: V → Ṽ be a
chart of type (i) from the given smooth atlas of N for f(P ). Note that Ṽ is an open subset
of Rn.
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By the Smooth Manifold Boundary Proposition 19.26 we know that Ψ also has to be a
chart of type (i). Furthermore note that U ∩ f−1(V ) contains P , thus it is non-empty. In
summary we see that

Ψ ◦ f ◦ Φ−1 : Φ(U ∩ f−1(V )) → Ψ(f(U) ∩ V )

is a di�eomorphism between an open non-empty subset of Rm and an open non-empty
subset of Rn. It follows from the Smooth Invariance of Domain Proposition 19.11 that
m = n. �

19.9. The Smooth Path-Connectivity Proposition. We continue with the following
slightly proposition, which is somewhat technical, but which will have surprisingly many
uses.
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Proposition 19.29. (Smooth Path-Connectivity Proposition) Let M be a smooth
manifold.
(1) Every map γ : [a, b]→M is homotopic rel the endpoints {a, b} to a smooth map.
(2) If M is path-connected, then given any P,Q ∈ M there exists a smooth path from

P to Q.
The proof of the Smooth Path-Connectivity Proposition 19.29 requires the remainder of
this section. The reader might be well advised to move on to the next section. For the
reader who sticks around, we �rst formulate and prove the following useful lemma, which
will be a key ingredient in the proof of the Smooth Path-Connectivity Proposition 19.29.

Lemma 19.30. Let M be a smooth manifold. Let α : [a, b] → M and β : [b, c] → M be
two smooth paths with α(b) = β(b). There exists a smooth map γ : [a, c] → M which is
homotopic to the map [a, c]→M that is de�ned by α and β.

Proof of Lemma 19.30. To simplify the notation we assume that a = 0, b = 1 and c = 2.
By the Smooth Transition Function Lemma 19.4 there exists a smooth map τ : [0, 1]→ [0, 1]
such that τ(t) = 0 for t ∈ [0, 1

3
] and such that τ(t) = 1 for t ∈ [2

3
, 1]. We consider the map

γ : [0, 2] → M

t 7→
{
α(τ(t)), if t ∈ [0, 1],
β(τ(t− 1)), if t ∈ [1, 2].

Note that γ is constant on the interval [2
3
, 4

3
]. Thus it follows easily from the Smooth Pasting

Proposition 19.23 that γ is smooth. Finally the desired homotopy is given by the map

[0, 2]× [0, 1] → M

(t, s) 7→
{
α((1− s) · t+ s · τ(t)), if t ∈ [0, 1],
β((1− s) · (t− 1) + s · τ(t− 1)), if t ∈ [1, 2]. �

Proof of the Smooth Path-Connectivity Proposition 19.29. Note that Statement (2)
is an immediate consequence of Statement (1). Thus it su�ces to prove Statement (1).

Let M be an n-dimensional smooth manifold. Let γ : [a, b] → M be a map. We need
to show that γ is homotopic rel {a, b} to a smooth map γ̃ : [a, b]→M .

Since γ([a, b]) is compact it follows easily from Lemmas 1.19 and 18.3 that we can �nd
points a = t0 < t1 < · · · < tk = b and charts {Φi : Ui → Vi}0=1,...,k−1 with the following
properties:
(a) For each i ∈ {0, . . . , k − 1} we have γ([ti, ti+1]) Ă Ui.
(b) Each Vi is a convex open subset either of Rn or of Hn.

For i = 0, . . . , k−1 we set Pi = Φi(γ(ti)) and for i = 0, . . . , k−1 we consider the homotopy

Fi : [ti, ti+1]× [0, 1] → Rn

(λ, s) 7→ (1− s) · Φi(γ(λ)) + s ·
(
ti+1−λ
ti+1−ti · Pi + λ−ti

ti+1−ti · Pi+1

)
︸ ︷︷ ︸

�straight path� from Pi to Pi+1

.

Note that Fi is a homotopy rel {ti, ti+1} from Φi ◦γ|[ti,ti+1] to the �straight path� from Pi to
Pi+1. Since Vi is a convex subset we see that this homotopy takes values in Vi. We now see
that Φ−1

i ◦ Fi : [ti, ti+1]× [0, 1]→ M is a homotopy from γ|[ti,ti+1] rel {ti, ti+1} to a smooth
path [ti, ti+1]→M .
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Finally it follows from these results, together with Lemma 19.30, that there exists in
fact a homotopy rel {a, b} from γ : [a, b]→M to a smooth map [a, b]→M . �

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������

�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������
�������������������������������������

����
����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����
����

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

�
�
�
���

��
��
��

��
��
��
��

��

��
�
�
�
�

��
��
��
���

�
�
�

��

��
��
��
��

������
����
����
����

����
����
����

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
�������

���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���
���

��

����

�
�
�
�

ΦiΦ0

Pi+1
M

P0

P1

Pi

19.10. Products of smooth manifolds I. In the Topological Manifold Product Propo-
sition 18.4 we saw that the product of any two topological manifolds is again a topological
manifold. The proof of the Topological Manifold Product Proposition 18.4 was mostly
straightforward, except that if both topological manifolds have non-empty boundary, then
we had to use a little ruse to �nd a chart. In the following proposition, where we will deal
with smooth manifolds, we will sidestep this tricky business.

Proposition 19.31. (Smooth Manifold Product Proposition) Let M be an m-di-
mensional smooth manifold and let N be an n-dimensional smooth manifold. We assume
that ∂M = ∅ or ∂N = ∅. We denote by

p : M ×N → M
(x, y) 7→ x

and
q : M ×N → N

(x, y) 7→ y

the two projections. The following statements hold:
(1) The product M ×N is an (m + n)-dimensional topological manifold that admits a

unique smooth manifold structure that satis�es the following two conditions:
(a) The projections p : M ×N →M and q : M ×N → N are smooth.
(b) For any smooth manifold W and any map f : W →M ×N the following holds:

If the two maps p ◦ f : W → M and q ◦ f : W → N are smooth, then f itself is
smooth.

(2) (a) If ∂M = ∅, then ∂(M ×N) = M × (∂N).
(b) If ∂N = ∅, then ∂(M ×N) = (∂M)×N .221
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[0, 1]×S1

S1×S1
[0, 1]×S2

Remark. In Propositions 20.6 and ?? we will deal with the product of two smooth mani-
folds where both smooth manifolds are allowed to have non-empty boundary.

Proof. We �rst consider the case that ∂M = ∅. In the Topological Manifold Product
Proposition 18.4 we already saw thatM×N is an (m+n)-dimensional topological manifold.

Now we turn to the construction of a smooth atlas. Let {Φi : Ui → Ũi}i∈I be the smooth
atlas of M and let {Ψj : Vj → Ṽj}j∈J be the smooth atlas of N . One can easily verify that

221Note that here, when we are dealing with smooth manifolds, we can determine the boundary. This is
in contrast to the slightly unfortunate situation in the Topological Manifold Product Proposition 18.4.
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the maps
Φi ×Ψj : Ui × Vj → Ũi × Ṽj

(x, y) 7→ (Φi(x),Ψj(y))

form a smooth atlas for M × N . We equip M × N with this smooth atlas and with the
corresponding smooth structure. We make the following observations:

• It follows easily from the de�nitions that this smooth atlas has the properties (1a) and
(1b).
• Since ∂M = ∅ it is also clear that Φi × Ψj is of type (ii) if and only if Ψj is of type
(ii). It follows from this observation, together with the Smooth Manifold Boundary
Proposition 19.26 (1), that ∂(M ×N) = M × (∂N).

The fact that the smooth structure is uniquely determined by (1a) and (1b) follows from
a very general, formal argument. Suppose that M × N is equipped with two smooth
atlases A and B that satisfy (1a) and (1b). We need to show that the identity map
id : (M × N,A) → (M × N,B) is smooth. Since A satis�es (1a) we know that p ◦ id and
q ◦ id are smooth. But since B satis�es (1b) this implies that id is smooth.

Finally we consider the case that ∂M 6= ∅ and ∂N = ∅. Recall that a chart of type
(ii) takes values in the upper half-space which is de�ned by restricting the last coordinate
to ≥ 0. Thus we proceed as above, except that we consider the product charts Φi ×Ψj to
make sure that the product of a chart of type (i) and a chart of type (ii) is in fact a chart
of type (ii). �

Convention. Let M and N be two smooth manifolds, where at most one has non-empty
boundary. Unless we say explicitly something else we will always equip M × N with the
smooth structure introduced in the Smooth Manifold Product Proposition 19.31. We will
refer to this as the standard smooth structure on M ×N .

Example.

(1) We equip each Rk with the standard smooth structure that we introduced on page 544.
In Exercise 19.27 we will see that the map

Rm+n → Rm × Rn

(x1, . . . , xm, y1, . . . , yn) 7→ ((x1, . . . , xm), (y1, . . . , yn))

is a di�eomorphism. This observation can be viewed as a variation on the Product
Metric Lemma 5.3.

(2) We now see that products of spheres are naturally smooth manifolds.
(3) LetM and N be two smooth manifolds, where at most one has non-empty boundary.

Let Q ∈ N and P ∈ M . It follows from the Smooth Manifold Product Proposi-
tion 19.31 (1b) that the two inclusion maps

iQ : M → M ×N
x 7→ (x,Q)

and
jP : N → M ×N

y 7→ (P, y)

are smooth.



562

(4) Let f : V → W be a smooth map between two smooth manifolds with ∂V = ∅ and
with ∂W = ∅. As on page 526 one sees that the graph Gr(f) := {(x, f(x)) |x ∈ V }
is a proper submanifold of the smooth manifold V ×W .222

19.11. Manifolds and group actions. In this section we will see that group actions can
be used to construct interesting new examples of smooth manifolds.

For the reader's convenience we recall some de�nitions from pages 248 and 253.

De�nition. Let X be a set and let G be a group with trivial element e that acts on X.
(1) An action is called free, if g · x = x for some x ∈ X implies that g = e.
(2) Suppose that X is a topological space.

(a) We say that the action is continuous, if for every g ∈ G the map X → X given
by x 7→ g · x is continuous.

(b) We say the action is proper if for every two points x and y in X there exist open
neighborhoods U of x and V of y such that the set {g ∈ G | gU ∩ V 6= ∅} is
�nite.

We add the following almost self-explanatory de�nition.
De�nition. Let M be a smooth manifold which is equipped with an action by a group G.
We say that the action is smooth if for every g ∈ G the map M → M given by x 7→ g · x
is smooth.
The following proposition is the main result of this section.

Proposition 19.32. (Manifold Quotient-by-Group Action Proposition) If a group
G acts freely, properly and continuously on an n-dimensional topological manifoldM , then
the following hold:
(1) The quotient space M/G is also an n-dimensional topological manifold and the

projection p : M →M/G is a local homeomorphism.
(2) IfM is a smooth manifold and if G acts smoothly, then there exists a unique smooth

structure onM/G such that the projection p : M →M/G is a local di�eomorphism.
Furthermore, in both cases the following four statements hold:
(a) The G-action restricts to an action on ∂M and we have ∂(M/G) = (∂M)/G.
(b) If M is compact, then M/G is compact.
(c) If M is closed, then M/G is closed.
(d) If N Ă M is a (proper) submanifold such that the G-action restricts to an action

on N , then N/G is a (proper) submanifold of M/G.

Convention. In the setting of the Manifold Quotient-by-Group Action Proposition 19.32
(2) we will refer to the smooth structure on M/G as the standard smooth structure on
M/G.
Before we provide the proof of the Manifold Quotient-by-Group Action Proposition 19.32
let us �rst discuss some consequences and examples.
In the Topological-Quotient Proposition 5.15 (1b) we saw that the quotient topology has
a universal property. The following proposition shows that the standard smooth structure
on M/G also has a universal property:

222In the Local Graph Lemma 24.4 we will prove a partial converse to this statement.
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Corollary 19.33. (Smooth Map-Descends-to-Quotient Corollary) Let G is a group
that acts freely, properly and smoothly on an n-dimensional smooth manifold M . Fur-
thermore let f : M → N be a smooth map such that for every x ∈ X and every g ∈ G we
have f(g · x) = x. The induced map

f : M/G → N
[x] 7→ f(x)

is also smooth. If f is in fact a local di�eomorphism, then f is also a local di�eomorphism.

Proof. Let [x] ∈M/G. Since the projection p : M →M/G is a local di�eomorphism there
exists an open neighborhood U of x and an open neighborhood V of [x] such that p : U → V
is a di�eomorphism. Note that f |V = f◦p−1 : V → N is smooth. It follows from the Smooth
Pasting Proposition 19.23 that f is smooth. If f is a local di�eomorphism then a very mild
modi�cation of the above argument shows that f is also a local di�eomorphism. �

We state our �rst example as a lemma.

Lemma 19.34. (Torus-as-Quotient Lemma)
(1) The action Zn × Rn → Rn

(z, v) 7→ z + v

from page 249 is free, proper and smooth.
(2) It follows from (1) and the Manifold Quotient-by-Group Action Proposition 19.32

that Rn/Zn has a standard smooth structure as an n-dimensional smooth manifold.
We equip (S1)n = S1 × . . . S1 with the standard smooth structure coming from
Proposition 19.18 and the Smooth Manifold Product Proposition 19.31. The map

Rn/Zn → (S1)n = S1 × · · · × S1

[(t1, . . . , tn)] 7→ (exp(2π it1), . . . , exp(2π itn)).

is a di�eomorphism.

Proof. The proof of Statement (1) is elementary. Thus let us turn to the proof of Statement
(2). As we mentioned on page 548, the map

Rn → (S1)n = S1 × · · · × S1

(t1, . . . , tn) 7→ (exp(2π it1), . . . exp(2π itn))

is a local di�eomorphism. By Lemma 5.25 the map

f : Rn/Zn → (S1)n = S1 × · · · × S1

[(t1, . . . , tn)] 7→ (exp(2π it1), . . . , exp(2π itn))

is a homeomorphism. By the Smooth Map-Descends-to-Quotient Corollary 19.33 (2) the
map f is also a local di�eomorphism. Thus it follows from the Smooth Pasting Proposi-
tion 19.23 that the map f is in fact a di�eomorphism. �

We continue with two more examples.

Examples.

(1) Using the action from page 251 of G = {±1} onM = Sn we obtain that the real pro-
jective space RPn = Sn/{±1} admits a canonical structure of a closed n-dimensional
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smooth manifold.223 Now let m ≤ n. We have the embedding

ι : RPm → RPn
[x] 7→ [(x, 0)].

It follows from the Manifold Quotient-by-Group Action Proposition 19.32 (2d) that
ι(RPm) is in fact a submanifold of the smooth manifold RPn. As on page 256 we
will at times drop ι from the notation and we will view RPm as a subspace and
submanifold of RPn.

(2) We consider M = R × [−1, 1] which we endow with the obvious smooth structure.
Using the action of G = Z on M = R × [−1, 1] from page 252 we obtain that the
Möbius band (R × [−1, 1])/Z has a canonical structure of a 2-dimensional smooth
manifold. Furthermore, we have

∂(Möbius band) = (R× {−1, 1})/Z ∼= S1.
↑ ↑

by the Manifold Quotient-by-Group see Exercise 5.43
Action Proposition 19.32 (a)

Convention. In line with the above convention we refer to the above smooth structures
on Rm/Zm, on RPn and on the Möbius band as the standard smooth structures on Rm/Zm,
on RPn and on the Möbius band.

Remark. On page 255 we made the identi�cation

(Rn+1 \ {0})/(R \ {0}) → RPn := Sn/{±1}
[x] 7→

[
x
‖x‖

]
.

Under this identi�cation we obtain a standard smooth structure on (Rn+1 \ {0})/(R \ {0}).
Note that it follows from the Submanifold Smooth Structure Lemma 19.24 (3) that the map
Rn+1 \ {0} → Sn given by x 7→ x

‖x‖ is smooth. Thus it follows from the Manifold Quotient-
by-Group Action Proposition 19.32 that the map Rn+1 \ {0} → (Rn+1 \ {0})/(R \ {0}) is
also smooth.

The proof of the Manifold Quotient-by-Group Action Proposition 19.32 relies on the fol-
lowing two somewhat technical lemmas.
Lemma 19.35. Let X be a topological space and let G be a group that acts freely,
properly and continuously on X. If X is Hausdor�, then for every x ∈ X there exists an
open neighborhood U such that gU ∩ U = ∅ for all g 6= e.

Proof of Lemma 19.35. Let X be a topological space that is Hausdor�. Furthermore let
G be a group that acts freely, properly and continuously on X. Finally let x ∈ X. Since G
acts freely we know that for every non-trivial g ∈ G we have gx 6= x.

Since the action is proper and continuous we can apply Lemma 5.28 to a = b = x and
we obtain open neighborhoods A and B of x such that gA ∩ B = ∅ for every non-trivial
g ∈ G. Thus U := A ∩B has the desired property. �

223We will give an explicit smooth atlas for RPn in Exercise 19.16.
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Lemma 19.36. Let X be a topological space that is Hausdor�. Furthermore let G be a
group that acts continuously on X. We denote by p : X → X/G the projection. If U Ă X
is an open subset such that the map p : U → X/G is injective, then the map p : U → p(U)
is a homeomorphism.

Proof of Lemma 19.36. By the Group-Action Projection Lemma 5.24 the projection
p : X → X/G is continuous. Thus the restriction of p to U is also continuous. By our
hypothesis the map p : U → p(U) is injective and evidently it is surjective. Thus the map
is a bijection. It follows from Lemma 2.10 and the fact that U is open that U → X is
an open map. Furthermore by the Group-Action Projection Lemma 5.24 (2a) the map
p : X → X/G is also open. In summary we see that p : U → p(U) is open. It follows
from the Open -Injective Map Lemma 2.16 (2) that the map p : U → p(U) is in fact a
homeomorphism. �

Now we are in a position to prove the Manifold Quotient-by-Group Action Proposition 19.32.
For clarity we deal with topological manifolds and smooth manifolds separately.

Proof of Proposition 19.32 for topological manifolds. Let M be an n-dimensional
topological manifold and let G be a group that acts on M . We suppose that the action is
continuous, free and proper. We want to show that M/G is an n-dimensional topological
manifold. Thus we need to prove the following claim.
Claim.
(1) M/G is second-countable,
(2) M/G is Hausdor�, and
(3) every point y ∈M/G admits an n-dimensional chart.

Proof. The �rst statement of the claim follows immediately from the Group-Action Pro-
jection Lemma 5.24 and 9.1 (5). The second statement follows from the Group Action-
Hausdor� Quotient Proposition 5.27. Thus it remains to deal with the third statement.
As usual we denote by p : M → M/G the projection. Let y ∈ M/G. We pick an x ∈ M
with p(x) = y. We make the following two observations:

• Since M is an n-dimensional topological manifold there exists an n-dimensional chart
Φ: V → W with x ∈ V .
• By Lemma 19.35 there exists an open neighborhood U of x such that gU ∩ U 6= ∅
for every g 6= e. Note that this implies that the restriction of p : M → M/G to U is
injective.

After possibly replacing U and V by U ∩ V we can assume that U = V . Note that by the
Group-Action Projection Lemma 5.24 (2a) the projection p(U) is an open neighborhood of
x. Finally we consider the maps

p(U)
p−1

−−−→ U
Φ−→ W.

The map Φ is by de�nition a homeomorphism. Furthermore it follows from Lemma 19.36
that the map p : U → p(U) Ă M/G is a homeomorphism as well. Thus the above map
Φ ◦ p−1 : p(U) → W is a homeomorphism, in particular it is an n-dimensional chart for
M/G that contains y. �
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p

M/G = R/Z ∼= S1

Φ: V → W

M = R and the group G = Z acts by addition
W

y
x 1 + x

V 1 + UU

p(U)

We have now shown that M/G is an n-dimensional topological manifold. It remains to
prove the following claim.

Claim.
(∗) The projection p : M →M/G is a local homeomorphism.
(a) The G-action on M restricts to an action on ∂M and we have ∂(M/G) = (∂M)/G.
(b) If M is compact, then M/G is compact.
(c) If M is closed, then M/G is closed.
(d) If N Ă M is a (proper) submanifold such that the G-action restricts to an action on

N , then N/G is a (proper) submanifold of M/G.

Proof.

(∗) Implicitly we had already proved the �rst statement, indeed, given x ∈ M we run
through the above argument and we see, with the same notation, that p(U) is an
open subset of M/G and that p : U → p(U) is a homeomorphism.

(a) It follows from Lemma 18.5 (1) that the G-action onM restricts to an action on ∂M .
Furthermore it follows easily from Lemma 18.5 (2) and the above statement (∗) that
∂(M/G) = (∂M)/G. We leave it to the reader to �ll in the details.

(b) The third statement is of course just an immediate consequence of the Compact
Image Lemma 2.13.

(c) This statement is an immediate consequence of statements (a) and (b).
(d) We now construct submanifold charts for N/G Ă M/G from submanifold charts for

N Ă M the same way that we constructed manifold charts for M/G from manifold
charts of M . Note that these submanifold charts for N/G have the same type as the
submanifold charts for N .

Finally suppose that N is a proper submanifold. Recall that this means that N
is a closed subset of M and that we only require submanifold charts of type (α) and
(β). As we just mentioned, the type of the submanifold charts involved does not
change. Finally it follows from the hypothesis that the G-action on M restricts to a
G-action on N together withe Group-Action Projection Lemma 5.24 (2b) that N/G
is a closed subset of M/G. �

Proof of Proposition 19.32 for smooth manifolds. Let (M,A) be an n-dimensional
smooth manifold. Let G be a group that acts freely, properly and smoothly on M . We
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need to show that M/G admits a smooth atlas such that the projection p : M → M/G is
a local di�eomorphism.
(1) We run through the proof of the Manifold Quotient-by-Group Action Proposition 19.32

(1), but this time only using charts for M that lie in A, and we obtain an atlas
{Φi : Ui → Vi}i∈I for M/G. It is straightforward to see that any transition map
Φj ◦Φ−1

i : Φi(Ui∩Uj)→ Φj(Ui∩Uj) can be written as the composition of (some) the
following maps:
• charts224 and their inverses,
• restrictions to open subsets,
• the restriction of the action of g ∈ G on M to some open subset.
All these maps are smooth maps between smooth manifolds.225 Thus the transition
maps are smooth.

(2) Note that in the above proof of the Manifold Quotient-by-Group Action Proposi-
tion 19.32 (1) we already saw that the projection p : M → M/G is a local homeo-
morphism. It is straightforward to verify that, with our choice of a smooth atlas for
M/G, the projection is in fact a local di�eomorphism.

The proof of the remaining statements (a), (b), (c) and (d) is basically identical to the
above proof for topological manifolds.

Finally, the statement that the smooth structure on M/G is uniquely determined by
the smooth structure on M and the property that the projection M → M/G is a local
di�eomorphism is a consequence of the Smooth Pasting Proposition 19.23 (1) and the fact
that the action is proper. We leave it to the reader to �ll in the details. �

We conclude this section with the following amusing lemma. It gives an example of a
di�eomorphism that will pop up on several occasions.

Lemma 19.37. (Maps-on-Torus Lemma) Let n ∈ N. If A ∈ GL(n,Z) is a matrix,
then the map

f(A) : Rn/Zn → Rn/Zn
[v] 7→ [A · v]

is a di�eomorphism. (In Exercise 25.8 we will see that this di�eomorphism is �orientation-
preserving� if and only if A ∈ SL(n,Z).)

Proof. We will provide the proof in Exercise 19.14. �

Example. We consider the matrix A =
(

2 1
1 1

)
∈ GL(2,Z). The corresponding self-

di�eomorphism f(A) of R2/Z2 = ([0, 1]× [0, 1])/∼ is illustrated in the �gure below.

19.12. Codimension-Zero submanifolds and decompositions of smooth mani-
folds. We start out by introducing the following notation.

224Recall that we view open subsets of Rn as smooth manifolds. With this convention charts are in fact
di�eomorphisms between smooth manifolds.
225Here the smooth manifolds are open subsets of Rn or of M .
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[0, 1]×[0, 1]/ ∼R2/Z2R2/Z2 multiplication

by
(

2 1
1 1

)[0, 1]×[0, 1]/ ∼

==

Notation. Let M be an n-dimensional smooth manifold and let X be a codimension-zero
submanifold. We write226

∂0X := ∂X \ ∂M and ∂1X := ∂X ∩ ∂M.
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M

∂0X

∂1X

X

The following proposition is used frequently, often without noticing it.

Proposition 19.38. (Codimension-Zero Submanifold Proposition) LetM be an n-
dimensional smooth manifold and let X be a codimension-zero submanifold. The following
statement holds:
(1) ∂0X and ∂1X are unions of components of ∂X.

In the remainder we assume that X is a closed subset of M (e.g. X could be a compact
subset). Then the following statements hold:
(2) The boundary of X as a subset of M agrees with ∂0X.
(3) The interior

◦
X of X as a subset of M agrees with X \ ∂0X.

We can furthermore make some statements about the complement Y := M \
◦
X of the

interior:
(4) Y = M\

◦
X is a codimension-zero submanifold with ∂0Y = ∂0X and ∂1Y = ∂M\∂1X.

(5) Y is a closed subset of M and if M is compact, then Y = M \
◦
X is also compact.

(6) If M is connected and if ∂0X is connected, then Y = M \
◦
X is also connected.

Remark. In Proposition 75.3 we will prove an analogue of the Codimension-Zero Sub-
manifold Proposition 19.38 for topological manifolds.

Proof. LetX be a codimension-zero submanifold ofM and let P ∈ X. By the Submanifold
Smooth Structure Lemma 19.24 we can and will view the submanifold X as a smooth
manifold in its own right. We start out with the following observation:
(α) A submanifold chart of type (α) for P is a manifold chart of type (i) for P ∈M and

a manifold chart of type (i) for P ∈ X.
(β) A submanifold chart of type (β) for P is a manifold chart of type (ii) for P ∈M and

a manifold of type (ii) for P ∈ X.

226Recall that by the Submanifold Smooth Structure Lemma 19.24 we can view the submanifold X as a
smooth manifold in its own right. Here ∂X denotes the corresponding boundary of X viewed as a smooth
manifold.
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(γ) A submanifold chart of type (γ) for P is a manifold chart of type (i) for P ∈M and
a manifold chart of type (ii) for P ∈ X.

Note that by the Smooth Manifold Boundary Proposition 19.26 (1) the chart type for a
point is uniquely determined.
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M

(α)(γ)

∂0X

(β)

∂1X
X

(1) From the above observations we see that the following hold:

∂0X = the set of all P ∈ X that admit a submanifold chart of type (γ)
∂1X = the set of all P ∈ X that admit a submanifold chart of type (β)

It follows immediately that ∂0X and ∂1X are both open subsets of ∂X. Thus it
follows from the Component Lemma 2.33 (4) that they are unions of components of
∂X.

Now we assume that X is a closed subset of M .

(2) Let P ∈M . The desired statement follows from the following observations:

this follows from the hypothesis that X is a closed subset and Lemma 1.10

↓P lies in the boundary
of X as a subset of M ⇐⇒ P lies on X and every open neighborhood

of P contains a point in M \X
⇐⇒ P admits a submanifold chart of type (γ) ⇐⇒ P ∈ ∂0X.
↑ ↑

since X is a submanifold of codimension zero see above

(3) This statement follows immediately from (2) together with the Interior-Closure Lemma 1.9
(6).

Now we turn to the proofs of the statements about Y = M \
◦
X.

(4) By the Interior-Closure Lemma 1.9 (7) together with the above Statements (2) and
(3) we know that

◦
Y = Y \ ∂0X. Now let P ∈ Y .

(a) If P ∈
◦
Y , then the charts forM , intersected with

◦
Y , give rise to codimension-zero

submanifold charts of type (α) respectively (β) for P ∈ Y .
(b) If P ∈ ∂0X, then by the above we know that there exists a submanifold chart of

type (γ) for P ∈ X. But �ipping the last coordinate we see that this gives rise
to a submanifold chart of type (γ) for P ∈ Y = M \

◦
X.

It follows from this discussion that Y is indeed a codimension-zero submanifold of
M . Furthermore, using the discussion in the beginning of the proof we see easily
that ∂0Y = ∂0X and ∂1Y = ∂M \ ∂1X.
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(5) By the Interior-Closure Lemma 1.9 (1) we know that
◦
X is an open subset of M .

Thus we see that Y = M \
◦
X is a closed subset of M . If M is compact, then we

obtain from the Compact-Closed Lemma 1.21 that Y = M \
◦
Y is also compact.

(6) This statement follows immediately from Statement (2) together with the Comple-
ment Connected Lemma 2.29. �

the Codimension-Zero Submanifold Proposition 19.38 partially motivates the following def-
inition.
De�nition. Let M be an n-dimensional smooth manifold. We say M is decomposed into
submanifolds {Ai}i∈I if the following conditions hold:

(1) We have M =
⋃
i∈I
Ai.

(2) Each Ai is a codimension-zero submanifold of M .
(3) Each Ai is a closed subset of M .
(4) For any i, j ∈ I with i 6= j the intersection Ai∩Aj is a union of boundary components

of Ai and it is a union of boundary components of Aj.
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A1
A3

A2

On page 564 we equipped the real projective plane with a standard smooth structure. In
Exercise 19.20 we will see that the Klein bottle ([0, 1] × [0, 1])/∼ comes with a canonical
smooth structure. The following cute lemma says that the Klein bottle and the real
projective plane admit some interesting decompositions into submanifolds.

Lemma 19.39.
(1) We can decompose the Klein bottle into two submanifolds M and N where M and

N are both di�eomorphic to the Möbius band.
(2) We can decompose the real projective plane into two submanifolds D and M where

D is di�eomorphic to the disk B
2
and M is di�eomorphic to the Möbius band.

Proof.

(1) The proof of the �rst statement is sketched in Figure A. In Figure B we attempt to
sketch the equivalent statement that the Klein bottle is obtained from gluing two
copies of the Möbius band along the common boundary.
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Möbius band M

Möbius band N

Klein bottle Figure
A: Illustration of the proof of Lemma 19.39 (1).



19. SMOOTH MANIFOLDS 571

Klein bottle

=

two Möbius bands

+

Figure B: Illustration of the proof of
Lemma 19.39 (1).

(2) Let p : S2 → RP2 = S2/x \ −x be the projection. To simplify the notation we think
in the following of B

2
Ă C and S2 Ă C × R. We consider the following two subsets

of S2 which are illustrated in the �gure below:

D̃ :=
{

(z, t) ∈ S2 | t ≥ 1
2

}
and M̃ :=

{
(z, t) ∈ S2 | t ∈ [0, 1

2
]
}
.

Furthermore we set D := p(D̃) and M := p(M̃). We consider the Möbius band
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M̃

S2

D̃

R × [−1, 1]/∼ as de�ned on page 252. We leave it to the reader to verify that the
two maps

B
2 → D

z 7→ p
(√

3
2
z,
√

1− 3
4
·|z|2

) and
R× [−1, 1]/∼ 7→ M

[(x, t)] 7→ p
(√

1− 1
4
t2 ·exp(π ix), 1

2
t
)

are di�eomorphisms.227 �

Remark. If one is not bothered too much about smooth structures, then another decom-
position of the real projective plane into a Möbius band and a real disk is sketched in the
�gure below. Here, for RP2 we use the homeomorphism RP2 ∼= B

2
/∼ that we gave in

Lemma 5.32.
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RP2

S2/ ∼ ∼=

disk D

∼=

M Möbius band

227This can clearly be done, but it not particularly pleasant. The work becomes easier if one uses the
Smooth Embedding Theorem 24.10.
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Exercises for Chapter 19.

Exercise 19.1. Show that there exists a di�eomorphism [0, 1)→ [0,∞) such that f(x) = x
for all x ∈ [0, 1

2
).

Hint. Use the Smooth Transition Function Lemma 19.4 and some creativity.

Exercise 19.2. Let M := A tB t C Ă R2 be the subset shown in the �gure below. Does
there exist a smooth map f : M → R2, as illustrated in the �gure below? which restricts
to di�eomorphisms A→ A′, B → B′ and C → C ′?

A

B B′

C ′
C

f

??? A′

Exercise 19.3. We consider the topological space X = R and the following three charts:

Φ1 : R → R
x 7→ x

Φ2 : R → R
x 7→ x3

Φ1 : R → (−π
2
, π

2
)

x 7→ arctan(x).

(a) Is the atlas given by {Φ1} a smooth atlas for X = R?
(b) Is the atlas given by {Φ2} a smooth atlas for X = R?
(c) Is the atlas given by {Φ1,Φ2} a smooth atlas for X = R?
(d) Is the atlas given by {Φ1,Φ3} a smooth atlas for X = R?

Exercise 19.4. Let x, y ∈ Bn. Show that there exists a di�eomorphism f : Bn → Bn with
f(x) = y.

Exercise 19.5. Let n ∈ Z. We consider the following map:

S1 → S1

z 7→ zn

(a) Show, just using the de�nitions and the Smooth-via-Atlas Lemma 19.21, that f is
smooth.

(b) Show that if n 6= 0, then f is a local di�eomorphism.

Exercise 19.6.
(a) Let r ∈ R. Show that the map

(r − 1
2
, r + 1

2
) → S1 \ {− exp(2πi · r)}
t 7→ exp(2π i · t)

is a di�eomorphism.
(b) Let n ∈ N. Show that the map

Rn → (S1)n = S1 × · · · × S1

(t1, . . . , tn) 7→ (exp(2π i · t1) . . . , exp(2π i · tn))

is a local di�eomorphism.
Remark. The point of this exercise is that one really needs to look up what are the standard
smooth structures on the various smooth manifolds involved.
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Exercise 19.7.
(1) Show that the topological space X = {(x, y) ∈ R2 |x ∈ [0, 1] and y ∈ [0, x]} is a

topological manifold.
(2) Does the topological manifold X admit a smooth atlas?

Exercise 19.8. Give an example of two smooth atlases {Φi}i∈I and {Ψj}j∈J for X = R
such that for all i ∈ I and j ∈ J the map Ψj ◦Φ−1

i is smooth, but such that the two atlases
are not equivalent.

Exercise 19.9. Show that the following two statements are equivalent:
(1) Sn admits two inequivalent smooth structures.
(2) There exists a smooth manifold that is homeomorphic to Sn but not di�eomorphic

to Sn, where we equip Sn with the standard smooth structure.

Exercise 19.10. Let V be some smooth manifold and let W be some smooth manifold
with ∂W = ∅. Furthermore let f : V → W be a smooth map. Show that the corresponding
graph Gr(f) := {(x, f(x)) |x ∈ V } is a proper submanifold of the smooth manifold V ×W .
Remark. This is the smooth analogue of Exercise 18.8.
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graph of the map
(x, y) 7→ 1

2
+
√

1−x2−y2

x

y

z

x

y
z graph of the map

x 7→ (cos(x), sin(x))

B2

K

H

Exercise 19.11. Let M be a smooth manifold and let W be a submanifold of M . We
denote by ∂W the boundary of W viewed as a smooth manifold in its own right. Show
that for every component C of ∂W we have either C Ă ∂M or C Ă M \ ∂M .

Exercise 19.12. Show that there exists a smooth map f = (f1, f2) : [0, 1]→ [0, 1]× [0, 1]
with the following properties:
(a) For t ∈ [0, 1

4
] we have f(t) = (0, 1− t).

(b) For t ∈ [3
4
, 1] we have f(t) = (1, t).

(c) The map f1 : [0, 1]→ [0, 1] is monotonously increasing.
(d) For each t ∈ [0, 1] we have f ′(t) 6= 0 ∈ R2.
(e) For t 6= {0, 1} we have f2(t) ∈ (0, 1).

Hint. Use the Smooth Transition Function Lemma 19.4.
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f
0

[0, 1]× [0, 1]
1

Exercise 19.13. Let U be an open convex neighborhood of 0 ∈ Rn and let f : U → R be
a smooth map with f(0) = 0. We assume that 0 is a critical point, i.e. we assume that the
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di�erential Df0 is zero. Show that there exist smooth functions hij : U → R, i, j = 1, . . . , n
such that hij = hji and such that

f(x) =
n∑
i=1

n∑
j=1

hij(x) · xi · xj for all x = (x1, . . . , xn) ∈ U.

Hint. Make use of the Map-as-Matrix Multiplication Proposition 19.14.

Exercise 19.14. Let n ∈ N and let A ∈ GL(n,Z) be a matrix. Show that the map

f(A) : Rn/Zn → Rn/Zn
[v] 7→ [A · v]

is a di�eomorphism.

Exercise 19.15. Let M be a smooth manifold and let N Ă M be a smooth submanifold
with dim(N) < dim(M).
(a) Show that the interior of N in M is the empty set.
(b) Show that the closure of M \N in M equals M .

Exercise 19.16. Let n ∈ N0. As on page 255 we have the identi�cation

Φ: RPn = Sn/{±1} → Rn+1 \ {0})/(R \ {0})
[x] 7→ [x].

We use the description on the right to de�ne a smooth structure on RPn.
(a) Let i ∈ {0, . . . , n}. Show that Vi := {[x0 : · · · : xn] ∈ RPn |xi 6= 0} is an open subset

of RPn.
(b) Show that the maps

Φi : {[x0 : · · · : xn] ∈ RPn |xi 6= 0} → Rn

[x0 : · · · : xn] 7→
(x0

xi
, . . . ,

xi−1

xi
,
xi+1

xi
, . . . , xnxi

)
.

form a smooth atlas for RPn.
(c) Show that the smooth structure de�ned in (b) is equivalent to the standard smooth

structure on RPn that we introduced on page 564.

Exercise 19.17. We consider the stereographic projection

Φ: S2 → R2 ∪ {∞} = C ∪ {∞}

(x1, x2, x3) 7→

{ (
x1

1− x3
,

x2

1− x3

)
, if x3 < 1,

∞, if x3 = 1.

Let q(z) be a polynomial with complex coe�cients. We denote by N := (0, 0, 1) the North
Pole. Show that the map

f : S2 → S2

P 7→
{

Φ−1(q(Φ(P ))), if P 6= N,
N, if P = N

is smooth.
Hint. Use Exercise 18.15.
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Exercise 19.18. Let M be a smooth manifold and let U Ă M be an open subset. Fur-
thermore let f : U → Rk be a smooth map and let P ∈ U . Show that there exists an open
neighborhood V of P and a smooth map g : M → Rk such that f and g agree on V .
Hint. Use the Smooth Transition Function Lemma 19.4.

Exercise 19.19. Let M be a compact smooth manifold and let N be a proper codimen-
sion-zero submanifold of M . Show that if M is connected and if N 6= ∅, then M = N .

Exercise 19.20. We consider the square X = [0, 1] × [0, 1] with the equivalence relation
that is generated by (0, y) ∼ (1, 1 − y) and (x, 0) ∼ (x, 1). On page 265 we de�ned the
Klein bottle to be the quotient X/∼.
(a) Show that X admits a smooth structure such that the projection X → X/ ∼ is

smooth.
(b) Show that X is di�eomorphic to the non-orientable surface of genus one.

Remark. Note that part (b) is a re�nement of Exercise 5.50. Also note that in Exercise 25.11
we will give an alternative, but equivalent, description of the smooth structure on the Klein
bottle.

Exercise 19.21. Let n ∈ N0 and let P,Q ∈ Bn = B
n \ Sn−1.

(a) Show that there exists a self-di�eomorphism ϕ of B
n
with ϕ(P ) = Q.

(b) Show that there exists a self-di�eomorphism ϕ of B
n
with ϕ(P ) = Q and which is

the identity in some neighborhood of Sn−1.

Exercise 19.22. In the �gure below we show M = {(x, y) ∈ R2 | y ≥ 0} together with two
subsets K := {(x, x2) |x ≥ 0} and L := {(x, |x|+ 1) |x ∈ R}.
(a) Show that both K and L are submanifolds of the topological manifold M .

Remark. You might have already shown in Exercise 18.11 that K is a submanifold.
(b) Show that K and L are not submanifolds if we view M as a smooth manifold.
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K is the graph of f(x) = x2 with x ≥ 0

L is the graph of f(x) = |x|+ 1M is the upper
half-plane

Exercise 19.23. Let M be a smooth manifold and let f : M → N be a map to some
smooth manifold N . Furthermore let W be a smooth manifold and let ϕ : W → M be a
smooth injective map. Show that if f ◦ ϕ : W → N is smooth, then it is nonetheless in
general not true that f : M → N is smooth228 on the subset ϕ(W ) Ă M .
Remark. In Exercise 19.24 we will see that in many important settings we can in fact
deduce that f is smooth on the subset ϕ(W ) Ă M .

Exercise 19.24. Let M be a smooth manifold and let f : M → N be a map to some
smooth manifold N . Recall that given a subset A Ă M we de�ned on page 549 what it
means for f to be smooth on A.
(a) We use the Smooth Manifold Boundary Proposition 19.26 to view the boundary ∂M

as a smooth manifold in its own right. We denote by ι : ∂M →M the inclusion map.
Show that f ◦ ι : ∂M → N is smooth if and only if f is smooth on ∂M .

228Recall that given a subset A Ă M we de�ned on page 549 what it means for f to be smooth on A.
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(b) LetW be a submanifold ofM . We use the Submanifold Smooth Structure Lemma 19.24
to view W as a smooth manifold in its own right. We denote by ι : W → M the
inclusion map. Show that f ◦ ι : W → N is smooth if and only if f is smooth on W .

Remark. Exercise 19.23 shows that the results of this exercise cannot be generalized ad
in�nitum.

Exercise 19.25. Show that the Klein bottle can be decomposed into two submanifolds
that are di�eomorphic to the annulus [0, 1]× S1.

Exercise 19.26. Let f : [a, b]→ R and g : [a, b]→ R be smooth maps such that f ′(x) > 0
and g′(x) > 0 for all x ∈ [a, b]. We assume that g(b) > f(a). Show that there exists an
η > 0 and a smooth map θ : [a, b]→ R with the following properties:
(1) θ′(x) > 0 for all x ∈ [a, b],
(2) θ agrees with f on [a, a+ η],
(3) θ agrees with g on [b− η, b].

Hint. You could use the Smooth Transition Function Lemma 19.4 and consider the deriva-
tives of f and g.

a b a

graph of f

b

graph of g
graph of θ

Exercise 19.27. We equip each Rk with the standard smooth structure that we introduced
on page 544 and we equip Rm × Rn with the product smooth structure introduced in the
Smooth Manifold Product Proposition 19.31. Show that the map

Rm+n → Rm × Rn

(x1, . . . , xm, y1, . . . , yn) 7→ ((x1, . . . , xm), (y1, . . . , yn))

is a di�eomorphism.

Exercise 19.28. Show that N := {(x, y) ∈ R2 | y ≥ x2} is not a smooth submanifold of
the smooth manifold M = {(x, y) ∈ R2 | y ≥ 0}.

Exercise 19.29. Let M be an m-dimensional submanifold of Rn. Show that

T := {(P,w) |P ∈M,w ∈ TPM} Ă Rn × Rn

is an 2m-dimensional smooth submanifold of Rn × Rn.

Exercise 19.30. Let A Ă Rk and B Ă Rl be smooth submanifolds such that at most one
has non-empty boundary. Show that A×B Ă Rk ×Rl = Rk+l is a smooth submanifold of
dimension dim(A) + dim(B).

Exercise 19.31. Let M be a smooth manifold and let W be a (proper) submanifold.
(a) Show that W ∩ ∂M is a (proper) submanifold of ∂M .
(b) Let X be a (proper) submanifold of W . Show that X is also a (proper) submanifold

of M .
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Exercise 19.32. Let M be an n-dimensional smooth manifold with empty boundary. We
consider the product M ×M .
(a) Show that the diagonal ∆ := {(x, x) |x ∈ M} is an n-dimensional submanifold of

M ×M .
(b) Show that the diagonal ∆ is di�eomorphic to M .

Remark. There is an obvious bijection, but why is this bijection a di�eomorphism?

Exercise 19.33. Let X be a topological space and let M be a smooth manifold. Further-
more let f : X → M be a map. Now suppose that we are given two smooth structures A
and A′ on X such that f : (X,A) → M and f : (X,A′) → M are local di�eomorphisms.
Show that the two smooth structures on X are the same.
Hint. Use the Smooth Pasting Proposition 19.23.
Remark. This exercise can be viewed as the smooth manifold version of Exercise 2.3.

Exercise 19.34. Let n ∈ N. A lattice in Rn is a subgroup of (Rn,+) that is a discrete
subset of Rn.
(a) Let v1, . . . , vk ∈ Rn be linearly independent vectors. Show that Λ = Z ·v1 + · · ·+Z ·vk

is a lattice in Rn. We refer to k as the rank of the lattice.
(b) Show that any lattice in Rn is of the form described in (a).
(c) Show that the obvious action of a lattice Λ Ă Rn on Rn, i.e. the action that is given

by addition, is proper.
If Λ is a lattice in Rn, then it follows from (c) and the Manifold Quotient-by-Group Action
Proposition 19.32 that Rn/Λ is naturally an n-dimensional smooth manifold.

(d) Show that if Λ and Λ̃ are two lattices in Rn of the same rank, then Rn/Λ and Rn/Λ̃
are di�eomorphic.

Exercise 19.35. Let g ∈ N. LetM be the smooth manifold that we obtain from removing
a single point from the surface of genus g. Does there exist a smooth map M → S2 that is
a local di�eomorphism?

Exercise 19.36. In the �gure below we show to the left the usual way to depict the Möbius
band M as submanifold in R3. Does there exist an embedding of the Möbius band in R3

such that the boundary is the curve K shown to the right?
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Möbius band M

∂M

Exercise 19.37. Given g ∈ N0 we denote by Σg the surface g as de�ned on page 266 and
given k ∈ N we denote by Nk the non-orientable surface of genus k as de�ned on page 266.
Show that given any k ∈ N there exists a smooth map f : Σk−1 → Nk that is a local
di�eomorphism and that has the property that for each x ∈ Nk we have #f−1(x) = 2.
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20. Smooth manifolds with corner

In this chapter we introduce smooth manifolds with corner. This might be viewed as a
rather obscure topic, but it naturally arises in various situations, for example when one
considers smooth homotopies of smooth manifolds with non-empty boundary.

20.1. De�nition of smooth manifolds with corner. In the Topological Manifold Prod-
uct Proposition 18.4 we saw that the product of two topological manifolds X and Y is again
a topological manifold. If both X and Y have non-empty boundary we had to make use
of a delicate chart (see also the Corner Smooth Lemma 20.1 below.) It turns out that for
smooth atlases this approach does not necessarily lead to a smooth atlas on X × Y . This
debacle requires us to introduce smooth manifolds with corner.

Notation. Given n ∈ N≥2 we refer to

Rn
++ := {(x1, . . . , xn) ∈ Rn |xn−1 ≥ 0 and xn ≥ 0}

as the upper right quadrant of Rn. We refer to

∂ Rn
++ := {(x1, . . . , xn) ∈ Rn |xn−1 = 0 or xn = 0}

as the boundary of Rn
++ and we refer to

∠Rn
++ := {(x1, . . . , xn) ∈ Rn |xn−1 = 0 and xn = 0}

as the corner of Rn
++.
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Lemma 20.1. (Corner Smooth Lemma) Let n ∈ N≥2.
(1) The map229

Ξ: Rn
++ → Hn

(x1, . . . , xn−2, r · cos(ϕ), r · sin(ϕ)︸ ︷︷ ︸
=:z∈C

) 7→ (x1, . . . , xn−2, r
2 · cos(2ϕ), r2 · sin(2ϕ)︸ ︷︷ ︸

=z2

).

is a homeomorphism which restricts to a homeomorphism ∂ Rn
++ → ∂Hn.

(2) Let U be an open subset of Rn
++ that contains a point of the corner ∠Rn

++. There
is no di�eomorphism f : U → V from U to some open subset V Ă Hn such that
f(∂ Rn

++ ∩ U) Ă ∂Hn.
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H2Ξ

z 7→ z2

R2
++

∠R2
++ ∂H2

Proof.

228We �rst encountered this nice map on page 516.
229Note that the de�nition of a di�eomorphism on page 537 also makes sense for subsets of Rn that are
not open.
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(1) The map C→ C that is given by z = x+ iy 7→ z2 = (x2 − y2) + 2xy i is continuous.
It follows that Ξ is continuous. It is straightforward to show, say using the Closed
Embedding-to-Rn Proposition 2.19, that Ξ is indeed a homeomorphism.

(2) The proof of this statement is similar to the proof of the Smooth Manifold Boundary
Proposition 19.26 (1). We outsource the proof to Exercise 20.1. �

In the following we recall the de�nition of charts of type (i) and (ii) from page 511 and we
introduce the notion of a corner chart.
De�nition. Let X be a topological space and let x ∈ X. An n-dimensional chart at the
point x ∈ X is a homeomorphism Φ: U → V where U is an open neighborhood of x and

(i) V is an open subset of Rn or
(ii) V is an open subset of the upper half-space Hn and Φ(x) lies in ∂Hn.

An n-dimensional corner chart at the point x ∈ X is a homeomorphism Φ: U → V where U
is an open neighborhood of x and

(c) V is an open subset of Rn
++ and Φ(x) lies in ∠Rn

++.
To simplify the discussion we refer to these as charts of type (i), (ii) and (c). Sometimes
we call a chart of type (c) also a corner chart.
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corner chart

X
Rn

++

Hn

chart of type (i)

chart of type (ii)

It follows from the Corner Smooth Lemma 20.1 (1) that if a point x ∈ X admits a corner
chart, then it also admits a chart of type (ii). Thus if we are only interested in topological
manifolds such charts do not add anything new and they are basically irrelevant. As the
Corner Smooth Lemma 20.1 (2) indicates, smoothly the situation is di�erent. This leads
us to the following de�nition.
De�nition. Let X be a topological space.
(1) An n-dimensional corner atlas for the topological space X is a collection of n-di-

mensional charts of type (i), (ii) and (c) such that the domains cover all of X.
(2) We say that two n-dimensional charts Φ1 : U1 → V1 and Φ2 : U2 → V2 for X are

smoothly compatible if the transition map

Φ2 ◦ Φ−1
1 :Φ1(U1 ∩ U2)︸ ︷︷ ︸

open set in
Rn, Hn or Rn++

→ Φ2(U1 ∩ U2)︸ ︷︷ ︸
ĂRn

is smooth, in the sense of our de�nition on page 532.
(3) A corner atlas A is called smooth if all charts in the corner atlas are smoothly

compatible to one another.
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(4) A smooth corner A for M is called maximal if every chart Ψ that is smoothly
compatible with all the charts in the smooth atlas A is already contained in A. The
proof of the Maximal Atlas Existence Proposition 19.17 shows that every smooth
corner atlas is contained in a unique maximal smooth corner atlas.

(5) An n-dimensional smooth manifold with corner is a pair (X,A) consisting of a
second-countable Hausdor� space together with a maximal n-dimensional smooth
corner atlas A for X.

Example. Let n ≥ 2. We consider the upper half-ball

B
n

≥0 = {(x1, . . . , xn) ∈ Bn |xn ≥ 0}.

In Exercise 20.2 we will see that B
n

≥0 is a smooth manifold with corner, with charts as
shown in the �gure below.
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B
3

≥0
these points admit chart of type (i)
these points admit chart of type (c)
these points admit chart of type (ii)

these points admit chart of type (ii)

The following lemma says, as we already hinted at, that as topological manifolds we did
not introduce anything new.

Lemma 20.2. If (X,A) is an n-dimensional smooth manifold with corner, then the un-
derlying topological space X is an n-dimensional topological manifold.

Proof. This lemma follows, as will be clear to the reader, from the observation that
the composition of a corner chart with the homeomorphism given in the Corner Smooth
Lemma 20.1 is a chart of type (ii). �

De�nition. Many of the de�nitions for smooth manifolds extend in an obvious way to
smooth manifolds with corner:
(1) As in Lemmas 19.19 and 19.20, and as in the convention on page 545, we can view

an open subset of a smooth manifold with corner as a smooth manifold with corner.
(2) A smooth map between smooth manifolds with corner is de�ned as on page 546.

For completeness' sake we state the following generalization of Lemma 19.22.
Lemma 20.3.
(1) Every smooth map between two smooth manifolds with corner is continuous.
(2) The composition of two smooth maps between smooth manifolds with corner is again

smooth.
Proof. The proof is basically identical to the rather trivial proof of Lemma 19.22. �

The following proposition is a generalization of the Smooth Manifold Boundary Proposi-
tion 19.26 (1).

Proposition 20.4. (Unique Type of Chart Proposition) LetM be a smooth manifold
with corner and let x ∈M . Precisely one of the following three statements holds:
(1) The point x admits a chart of type (i) from the smooth structure.
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(2) The point x admits a chart of type (ii) from the smooth structure.
(3) The point x admits a chart of type (c) from the smooth structure.

Proof. The fact that a point that admits charts of type (i) in the smooth structure cannot
also admit a chart of type (ii) in the smooth structure is the content of the Smooth Manifold
Boundary Proposition 19.26 (1). The same argument also shows that such a point cannot
admit a chart of type (c) in the smooth structure.

The fact that charts of type (ii) and (c) in the smooth structure are mutually exclu-
sive follows easily from the Corner Smooth Lemma 20.1 (2). We outsource the proof to
Exercise 20.3. Alternatively see also [Lee2002, Proposition 16.20] for details. �

The Unique Type of Chart Proposition 20.4 leads us to the following analogue and gener-
alization of the de�nitions on pages 511 and 545.

De�nition. Let M be a smooth manifold with corner.
(1) We say that a point x ∈ M is a boundary point if x admits a chart of type (ii) or

(c) in the smooth structure. We denote by ∂M the set of all boundary points of M .
We refer to ∂M as the boundary of M .

(2) We say that a point x ∈ M is a corner point if x admits a chart of type (c) in the
smooth structure. We denote by ∠M the set of all corner points of M . We refer to
∠M as the corner of M .
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We conclude this section with the following proposition which is an analogue of the Smooth
Manifold Boundary Proposition 19.26 (2) and (3).

Proposition 20.5. Let M be an n-dimensional smooth manifold with corner. The fol-
lowing statements hold:
(1) The corner ∠M has a natural structure of an (n− 2)-dimensional smooth manifold

with ∂(∠M) = ∅. Furthermore the inclusion map ∠M →M is a smooth map.
(2) Any union of components of ∂M is a closed subset of M .
(3) Any union of components of ∠M is a closed subset of M .

Proof. The proof of these statements is very similar to the proof of the Smooth Manifold
Boundary Proposition 19.26 (2) and (3). All we really have to do is to replace the Smooth
Manifold Boundary Proposition 19.26 (1) by the Unique Type of Chart Proposition 20.4.
We leave it to the reader to �ll in the details. �

Of course one could now develop the theory of smooth manifolds with corner in great detail.
For example one could now introduce the notion of a submanifold of a smooth manifold
with corner. We will spare the author and the reader to go through this discussion which
would mostly be a case of �l'art pour l'art�.
Instead, to pique the reader's interest we give a sneak preview of a later result. To formulate
the result we will need the following de�nition.
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De�nition. Let M be an n-dimensional smooth manifold with corner. We say that the
corner ∠M is two-sided if there exist two disjoint open subsets A and B of ∂M such that
the following conditions are satis�ed:
(1) A ∪ ∠M ∪B is an open subset of ∂M ,
(2) For every chart Φ: U → V Ă Rn

++ of type (c) one of the following holds:
• Φ(A ∩ U) Ă {(x1, . . . , xn) |xn−1 = 0} and Φ(B ∩ U) Ă {(x1, . . . , xn) |xn = 0}, or
• Φ(B ∩ U) Ă {(x1, . . . , xn) |xn−1 = 0} and Φ(A ∩ U) Ă {(x1, . . . , xn) |xn = 0}.
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3
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corner chart Φ

The following proposition now says that smooth manifolds with corner can be turned into
smooth manifolds without corner.
Proposition ?? (Simpli�ed). Let M be a smooth manifold with corner ∠M . If ∠M is
two-sided, then any choice of a �bicollar� gives rise to a smooth atlas on M which consists
only of charts of type (i) and (ii).

20.2. Products of smooth manifolds II. In the Topological Manifold Product Propo-
sition 18.4 we saw that the product of two topological manifolds is again a topological
manifold. The case that both topological manifolds have non-empty boundary was some-
what tricky.

Thus, when in Section 19.10 we started to look at the product of two smooth manifolds
we sidestepped the issue by only considering the product of two smooth manifolds where
at least one has empty boundary. We now turn to the product of two smooth manifolds
where both are allowed to have non-empty boundary.

Proposition 20.6. (Smooth Manifold Product Proposition) Let M be an m-di-
mensional smooth manifold and let N be an n-dimensional smooth manifold. We denote
by p : M ×N → M

(x, y) 7→ x
and

q : M ×N → N
(x, y) 7→ y

the two projections. The following statements hold:
(1) The product M ×N is an (m + n)-dimensional topological manifold that admits a

unique structure as a smooth manifold with corner that satis�es the following two
conditions:
(a) The projections p : M ×N →M and q : M ×N → N are smooth.
(b) For every smooth manifold with corner W and every map f : W →M ×N the

following holds: If the two maps p ◦ f : W →M and q ◦ f : W → N are smooth,
then f itself is smooth.

(2) ∂(M ×N) = (M × ∂N) ∪ (N × ∂M).
(3) ∠(M ×N) = ∂M × ∂N .

Proof. Similar to the proof of the Smooth Manifold Product Proposition 19.31 we obtain
a corner atlas for M × N by taking products of charts of M and N . The proof of the
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proposition is thus just a straightforward modi�cation of the already very straightforward
proof of the Smooth Manifold Product Proposition 19.31. The only real di�erence is that
for the proofs of Statement (2) and (3) we need to replace the Smooth Manifold Boundary
Proposition 19.26 (1) by the Unique Type of Chart Proposition 20.4. �

Example.
(1) If ∂M = ∅ or ∂N = ∅, then the Smooth Manifold Product Proposition 20.6 is of

course just a special case of the Smooth Manifold Product Proposition 19.31.
(2) Let M = B

2
and N = [0, 1], then M ×N = B

2 × [0, 1] is the solid cylinder which is
a 3-dimensional smooth manifold with corner such that

boundary ∂
(
B

2 × [0, 1]
)

= (S1 × [0, 1]) ∪ (B
2 × {0, 1})

corner ∠
(
B

2 × [0, 1]
)

= S1 × {0, 1}.
(3) Later, on page 811, given two smooth manifolds M and N and given smooth maps

f, g : M → N we will introduce the notation of a smooth homotopy between f and
g. This is just a smooth map F : M × [0, 1] → N with F0 = f and F1 = g. At this
point we will be very interested in products of the form M × [0, 1].
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B
2 × [0, 1]

B
2

∠(B
2 × [0, 1])

×

[0, 1]

∂B
2 × [0, 1]

= B
2 × ∂([0, 1])

We continue with the following lemma.

Lemma 20.7. Let f : M → M̃ and g : N → Ñ be smooth maps between smooth mani-
folds. The map f × g : M ×N → M̃ × Ñ

(x, y) 7→ (f(x), g(y))

is a smooth map between smooth manifolds with corner.

Proof. The proof is formally similar to the proof of the Product Topology-Basics Lemma 5.4
(3). We encourage the reader to �ll in the details. �

By Proposition ?? we know that, upon the choice of a bicollar, we can usually dispose of
corners. For products of smooth manifolds this leads to the following proposition.
Proposition ?? (Simpli�ed). Let M be an m-dimensional smooth manifold and let N
be an n-dimensional smooth manifold. The corner ∠(M ×N) is two-sided and any choice
of a �bicollar� gives rise to a smooth atlas on M ×N which consists only of charts of type
(i) and (ii).
If one keeps one's eyes open, smooth manifolds with corner occur naturally in many settings.
Nonetheless, the theory of smooth manifolds with corner is an unloved (and some would
say unlovable) topic which did not receive much treatment in the literature. We refer to
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[Lee2002, Chapter 16] and [Joy2012] for more information on smooth manifolds with
corner and the obvious generalization where one allows charts that take values in open
subsets of Rk × (R≥0)n−k.

Exercises for Chapter 20.

Exercise 20.1. Let n ∈ N≥2. Let U be an open subset of Rn
++ that contains a point of

the corner ∠Rn
++. Show that there is no di�eomorphism f : U → V from U to some open

subset V Ă Hn such that f(∂ Rn
++ ∩ U) Ă ∂Hn.

Exercise 20.2. Let n ≥ 2. Show that the upper half-ball

B
n

≥0 = {(x1, . . . , xn) ∈ Bn |xn ≥ 0}
admits the structure of a smooth manifold with corner such that

∠B
n

≥0 = {(x1, . . . , xn−1, 0) ∈ Bn | (x1, . . . , xn−1) ∈ Sn−2} = Sn−2 × {0}.

Exercise 20.3. Let M be an n-dimensional smooth manifold with corner and let x ∈ M .
Show that x cannot admit both a chart of type (ii) and a chart of type (c).

Exercise 20.4. Give an example of a smooth manifoldM with corner such that the corner
∠M is not two-sided.



586

21. Partitions of unity on manifolds

In this short chapter we show in particular that (smooth) manifolds admit (smooth) parti-
tions of unity and that they admit (smooth) exhaustion functions. For topological manifolds
these results also follow from earlier results, like the Paracompact-Partition of Unity The-
orem 10.9 which builds on Urysohn's Lemma 8.4. But for smooth manifolds the results
of this chapter are new and for topological manifolds the arguments from this chapter are
more elementary than the earlier ones.

The existence of (smooth) partitions of unity will be a key technical tool for construct-
ing interesting (smooth) functions on (smooth) manifolds. In particular they will allow us
to prove the Smooth Extension Proposition 21.9 and the Smooth Approximation Proposi-
tion 21.10.

21.1. Existence on partitions of unity on manifolds. First we recall the following
de�nitions from page 360.

De�nition. Let X be a topological space.
(1) The support of a function f : X → R is de�ned as

supp(f) := {x ∈ X | f(x) 6= 0}.
(2) A partition of unity on X is a family of maps {fi : X → [0, 1]}i∈I with the following

properties:
(a) For each x ∈ X there exists an open neighborhood U of x such that fi vanishes

on U for all but �nitely many i.230

(b) For every x ∈ X we have
∑
i∈I
fi(x) = 1.

The following theorem guarantees the existence of many interesting (smooth) partitions of
unity.

Theorem 21.1. (Manifold-Partitions of Unity Existence Theorem) Let X be a
topological manifold.
(1) Given any open cover {Ui}i∈I there exists a partition of unity {fi}i∈I such that for

each i ∈ I we have supp(fi) Ă Ui.
(2) If X is in fact a smooth manifold, then we can arrange that the maps fi are smooth.

X = R

open cover of R given by the sets (i− 1, i+ 1)

smooth partition of unity

Remark.

230It follows from the elementary Closure-of-Locally Finite Cover Lemma 10.6 that Condition (1) is satis�ed
if and only if the supports {supp(fi)}i∈I form a locally �nite family of subsets of X. In other words,
Condition (1) is satis�ed if and only if given any x ∈ X there exists an open neighborhood U of x such
that U ∩ supp(fi) = ∅ for all but �nitely many i.
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(1) the Manifold-Partitions of Unity Existence Theorem 21.1 is a great tool for con-
structing (smooth) maps out of a topological or smooth manifold. For constructing
maps into a smooth manifold a particularly useful tool is given by the Neighborhood
Projection Theorem 28.1.

(2) In the Topological Manifolds-Local Properties Lemma 18.8 we saw that topological
manifolds are regionally compact. Since topological manifolds are by de�nition Haus-
dor� and second-countable we deduce from the Paracompact-Criterion Lemma 10.2
that topological manifolds are paracompact. In the Paracompact-Partition of Unity
Theorem 10.9 we used Urysohn's Lemma 8.4 to show that any paracompact space
satis�es the conclusion of the Manifold-Partitions of Unity Existence Theorem 21.1
(1). Or, to cut a long story short, the above earlier results already provide a proof
of the Manifold-Partitions of Unity Existence Theorem 21.1. In this chapter we give
a di�erent proof, that does not make use of Urysohn's Lemma 8.4, and that has the
distinct advantage that it also provides a proof of the Manifold-Partitions of Unity
Existence Theorem 21.1 (2).

(3) The combination of the Manifold-Partitions of Unity Existence Theorem 21.1 and
the Paracompact-Partition of Unity Theorem 10.9 shows that topological manifolds
are paracompact. This provides a new proof of the Manifold Paracompact-Normal
Proposition 18.9 (1).

We postpone the proof of the Manifold-Partitions of Unity Existence Theorem 21.1 to the
next section. In the following we provide a typical application of the existence of partitions
of unity. To do so we recall the following de�nition from page 358.

De�nition. Let X be a topological space. An exhaustion function is a map f : X → R≥0

such that for every c ∈ R≥0 the preimage f−1([0, c]) is a compact subset of X.231

Examples.
(1) LetM = [0, 1) be the half-open interval, viewed as a 1-dimensional smooth manifold.

In this case the function de�ned by f(x) = 1
1−x is a smooth exhaustion function.

(2) We consider the surface of in�nite genus illustrated in the �gure below. In this case
the function f(x, y, z) = x is a smooth exhaustion function.
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f(x, y, z) = x

M is the surface of �in�nite genus�

0

Lemma 21.2. (Manifold Exhaustion Lemma)
(1) Every topological manifold admits an exhaustion function.

231One can easily show that a map X → R≥0 is an exhaustion function if and only if it is proper in the
sense of the de�nition on page 180.
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(2) Every smooth manifold admits a smooth exhaustion function.
Remark.
(1) In the Exhaustion Function Lemma 10.7 we used Urysohn's Lemma 8.4 to show that

every topological space that is regionally compact, second-countable and Hausdor�
admits an exhaustion function. Thus, as in the previous remark, we see that we
already gave a proof of the Manifold Exhaustion Lemma 21.2 (1). The interest of
the present proof is that it does not make use of Urysohn's Lemma 8.4 and that it
gives a stronger conclusion for smooth manifolds.

(2) The Manifold Exhaustion Lemma 21.2 can be viewed as a re�nement of the Topo-
logical Manifold Exhaustion Lemma 18.12.

Proof. In the following we provide the proof for smooth manifolds. The proof for topo-
logical manifolds is almost verbatim the same.232 Thus let M be a smooth manifold. By
the Topological Manifolds-Local Properties Lemma 18.8 (5) we know that M is locally
precompact, i.e. given any x ∈M there exists a neighborhood U of x such that the closure
of U in M is compact. It follows from the observation that M is by de�nition second-
countable, together with the Countable Covering Lemma 9.2, that there exists a countable
cover {Uk}k∈N of M by precompact sets. Furthermore by the Manifold-Partitions of Unity
Existence Theorem 21.1 we now know that there exists a smooth partition of unity {ψk}k∈N
such that for each k ∈ N we have supp(ψk) Ă Uk. We de�ne

f : M → R≥0

x 7→
∑
k∈N

k · ψk(x).

By de�nition of a partition of unity we know that locally this is a �nite sum of smooth
functions. It follows from the Smooth Pasting Proposition 19.23 that f is smooth. It
remains to prove the following claim.

Claim. For every c ∈ R the preimage f−1([0, c]) is compact.

Proof. Let c ∈ R. We pick N ∈ N with N ≥ c. We start out with the following observation:
Given any point x 6∈ U1 ∪ · · · ∪ UN we have

f(x) =
∞∑
k=1

k · ψk(x) =
∞∑

k=N+1

k · ψk(x) ≥
∞∑

k=N+1

N · ψk(x) = N ·
∞∑
k=1

ψk(x)︸ ︷︷ ︸
=1

= N > c.
↑ ↑

since x 6∈ U1 ∪ · · · ∪ UN and since suppψk Ă Uk Ă Uk

It follows from this observation that
f−1([0, c]) = f−1([0, c])︸ ︷︷ ︸

closed

∩
(
U1 ∪ · · · ∪ UN︸ ︷︷ ︸

compact

)
.

It follows from the Compact-Closed Lemma 1.21, see also Exercise 1.22, that f−1([0, c]) is
indeed compact. �

232Also, as we just mentioned in the remark above, the statement for topological manifolds is a special
case of the Exhaustion Function Lemma 10.7. In fact our proof for smooth manifolds is almost identical
to the proof of the Exhaustion Function Lemma 10.7, the biggest di�erence is that we need to replace
the Paracompact-Criterion Lemma 10.2 and the Paracompact-Partition of Unity Theorem 10.9 by the
Manifold-Partitions of Unity Existence Theorem 21.1.



21. PARTITIONS OF UNITY ON MANIFOLDS 589

M = R ψ1

6 · ψ6

2 · ψ2
3 · ψ3

4 · ψ4

5 · ψ5

21.2. Proof of the Manifold-Partitions of Unity Existence Theorem 21.1. In this
section we now provide the long overdue proof of the Manifold-Partitions of Unity Existence
Theorem 21.1. The key ingredient is the following proposition which sounds technical, but
which is interesting in its own right.

Proposition 21.3. (Atlas Improvement Proposition) Given an n-dimensional topo-
logical manifoldM and given an open cover {Ui}i∈I there exists an atlas {Φj : Vj → Wj}j∈J
with the following properties:
(1) The index set J is countable. If M is compact, then J can be chosen to be �nite.
(2) The open cover {Vj}j∈J is a re�nement of the open cover {Ui}i∈I . In other words,

given any j ∈ J there exists an i ∈ I with Vj Ă Ui.
(3) Each Wj is either the open n-ball Bn or the open half-ball Bn ∩Hn.
(4) The open cover {Vj}j∈J is locally �nite, i.e. given any point x ∈ M there exists

an open neighborhood X of x which has the property that X ∩ Vj = ∅ for all but
�nitely many j ∈ J .

(5) We have M =
⋃
j∈J

Φ−1
j (Wj ∩B

n
1
2
).

If M is in fact a smooth manifold, then we can also arrange that the following extra
condition is satis�ed:
(6) The charts are smooth, i.e. they lie in the maximal atlas of M .
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Remark.
(1) the Atlas Improvement Proposition 21.3 implies in particular that every topologi-

cal manifold is paracompact. This provides a new proof of Manifold Paracompact-
Normal Proposition 18.9 (1).

(2) the Atlas Improvement Proposition 21.3 implies in particular that every topological
manifold admits a locally �nite cover by compact subsets.

(3) In the Atlas Improvement Proposition 21.3 we showed in particular that an n-
dimensional topological manifold M admits a locally �nite atlas. In the Covering
Dimension-of-Manifolds Proposition 27.7 we will see that the covering dimension of
M is ≤ n. In the Small Atlas Proposition 27.8 we will use this fact to re�ne some of
the conclusions of the Atlas Improvement Proposition 21.3.

Now it is time to provide the proof of the Atlas Improvement Proposition 21.3.
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Proof. To simplify the discussion we only treat the case that M is a topological manifold
with empty boundary. The proof of all other cases can is basically the same and is left to
the reader.

Thus let M be an n-dimensional topological manifold with empty boundary and let
{Ui}i∈I be an open cover ofM . By the Topological Manifold Exhaustion Lemma 18.12 there
exists a family of compact subsets {Ck}k∈N of M such that the following two conditions
are satis�ed:

(1) we have M =
⋃
k∈N
Ck,

(2) for every k ∈ N we have Ck Ă
◦
Ck+1.

Note that it follows from the Compact-Closed Lemma 1.21 (2) that each
◦
Ck+1 \Ck−1 is

an open subset ofM . Furthermore, by design these open subsets cover all ofM . Using this
observation it is elementary to see that given any x ∈M there exists a chart Φx : Vx → Wx

with the following properties:

• Vx is an open neighborhood of x which is contained in some Ui,
• there exists a k ∈ N with Vx Ă

◦
Ck+1 \ Ck−1,

• Wx is the open n-ball Bn of radius 1.

For each x ∈ M we set Ũx := Φ−1
x (Bn

1
2

). Evidently the Ũx are open sets which cover all
of M . It follows from the Compact Subspace Covering Lemma 1.19 that for each k ∈ N
there exists a �nite set Jk Ă M such that Ck Ă

⋃
x∈Jk

Ũx. We set J :=
⋃
k∈N
Jk. We now

claim that the atlas {Φj : Vj → Wj}j∈J has all the desired properties. In fact all statements
basically hold by construction. Perhaps Property (4) is the least obvious one, so we provide
the argument. Thus let x ∈ M . There exists a k ∈ N such that x ∈

◦
Ck+1 \ Ck−1. We set

X :=
◦
Ck+1 \ Ck−1. By construction we have X ∩ Vj = ∅ unless j ∈ Jk ∪ Jk−1. �
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At this point it is convenient to recall the following de�nition from page 360.

De�nition. Let {Ui}i∈I be an open cover of a topological space X. A partition of unity
subordinate to the open cover is a partition of unity {fj : X → [0, 1]}j∈J such that for each
j ∈ J there exists an i ∈ I with supp(fj) Ă Ui.
With this de�nition we can now formulate the following lemma.

Lemma 21.4. Let X be a topological space (smooth manifold) and let {Ui}i∈I be an open
cover of X. Suppose that there exists a (smooth) partition of unity {ϕj : X → [0, 1]}j∈J
subordinate to the given open cover, then there exists in fact a (smooth) partition of unity
{ψi : X → [0, 1]}i∈I such that for every i ∈ I we have supp(ψi) Ă Ui.
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Remark. For topological spaces the statement of Lemma 21.4 is precisely the (2)⇒(3)-
direction of the Paracompact-Partition of Unity Theorem 10.9. But even for topological
spaces our proof of Lemma 21.4 is of interest, since it is a direct proof, whereas in the
Paracompact-Partition of Unity Theorem 10.9 we took an indirect approach via Urysohn's
Lemma 8.4.

Proof. Let {ϕj : X → [0, 1]}j∈J be a (smooth) partition of unity subordinate to the given
open cover {Ui}i∈I of the topological space X (smooth manifold X). For each j ∈ J there
exists therefore an i(j) ∈ I with supp(ϕj) Ă Ui(j). Given i ∈ I we set

ψi : X → [0, 1]

x 7→
∑

j∈J with i(j)= i
ϕj(x).

Note that ψi is locally a �nite sum of (smooth) maps, hence the map ψi is locally continuous
(locally smooth), which implies by the Pasting Proposition 2.6 (respectively the Smooth
Pasting Proposition 19.23) that ψi is continuous (respectively smooth). Evidently the maps
ψi add up to 1. Thus it remains to prove the following claim.
Claim. For each i ∈ I we have supp(ψi) Ă Ui.

Proof. Let i ∈ I. The claim follows from the following slightly delicate steps:
(1) By the de�nition of a partition of unity, see page 360, we know that the family
{ϕ−1

j ((0, 1])}j∈J is locally �nite.
(2) It follows easily from (1) and the Closure-of-Locally Finite Cover Lemma 10.6, that

the family {supp(ϕj)}j∈J is also locally �nite.
(3) It follows from (2) and Lemma 1.11 (3b) that

⋃
j∈J with i(j)= i

supp(ϕj) is a closed subset

of X.
(4) By de�nition of ψi we know that ψ−1

i ((0, 1]) is contained in
⋃

j∈J with i(j)= i
supp(ϕj).

Now we obtain the following inclusions:

supp(ψi) = ψ−1
i ((0, 1]) Ă

⋃
j∈J with i(j)= i

supp(ϕj)︸ ︷︷ ︸
ĂUi(j)=Ui

Ă Ui.x
follows from (3) and (4) �

Now we can �nally provide the proof of the Manifold-Partitions of Unity Existence Theo-
rem 21.1.
Proof of the Manifold-Partitions of Unity Existence Theorem 21.1. Let M be a
topological or a smooth manifold with a given open cover {Ui}i∈I ofM . We apply the Atlas
Improvement Proposition 21.3 and we obtain a (smooth) atlas {Φj : Vj → Wj}j∈J with
Properties (1)�(6). Note that according to the Smooth Transition Function Lemma 19.4
there exists a smooth function γ : Bn → [0, 1] such that γ(x) = 1 whenever ‖x‖ ≤ 1

2
and

such that γ(x) = 0 whenever ‖x‖ > 3
4
. For each j ∈ J we consider the function

gj : M → [0, 1]

x 7→
{
γ(Φj(x)), if x ∈ Vj,
0, otherwise.

We make the following observations:
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Φj
M graph of γ

(a) Let j ∈ J . Note that the restriction of gj to the open sets Vj and M \ Φ−1
j (B

n
3
4
) is

continuous, hence gj is continuous by the Pasting Proposition 2.6 (2). Using Property
(6) of the atlas and using the Smooth Pasting Proposition 19.23 (1) we also see that
the gj are smooth, if we start out with a smooth manifold.

(b) It follows from Property (4) of the atlas that given any x ∈ M there exists an open
neighborhood W of x such that gj(x) = 0 for all but �nitely many j ∈ J .

(c) It follows from Property (2) of the atlas that for each j ∈ J there exists an i ∈ I
with supp(gj) Ă Ui.

(d) It follows from Property (5) of the atlas that for each x ∈ M there exists a j ∈ J
with gj(x) 6= 0.

It follows from (b) that it makes sense to consider the function G : M → R≥0 that is given
by G(x) :=

∑
j∈J
gj(x). By (d) we know that G is non-zero everywhere. Furthermore, in the

setting of a smooth manifold this function is smooth. It is now clear that the functions
x 7→ ϕj(x) :=

gj(x)

G(x)
are a (smooth) partition of unity subordinate to the given open cover.

It follows from this discussion together with Lemma 21.4 that there exists a (smooth)
partition of unity {ψi : X → [0, 1]}i∈I such that for every i ∈ I we have supp(ψi) Ă Ui. �

21.3. Paracompactness and second-countability. On page 511 we de�ned an n-di-
mensional topological manifold as a topological space that satis�es the following three
conditions:
(a) X is Hausdor�,
(b) X is locally homeomorphic to an open subset of Rn or Hn,
(c) X is second-countable.

We now consider also the following two properties of topological spaces:
(d) X is paracompact,
(e) X is the union of countably many compact subsets.

In some references, see e.g. [Hu1969, Aub2001] and [PoR2021], a topological manifold
is de�ned as a topological space that satis�es (a), (b) and (d). Furthermore in [Wall2016]
a topological manifold is de�ned as a topological space that satis�es (a), (b) and (e). Our
goal in this section is to show that if a topological space already satis�es (a) and (b), and
if X is connected, then (c) is equivalent to (d) and also to (e).

In fact in the Manifold Paracompact-Normal Proposition 18.9 (1) we just saw that
every topological manifold is paracompact. Furthermore in in the Topological Manifold
Exhaustion Lemma 18.12 we showed in particular that every topological manifold satis�es
(e). The following two results show that a connected space that satis�es (a), (b) and (d)
respectively (e), also satis�es (a), (b) and (c).

We will not really make use of these results, except that it allows us to quote results
from other resources without inhibition and with complete easy of mind. First we have
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the following proposition which can be viewed as a converse to the Manifold-Partitions of
Unity Existence Theorem 21.1.

Proposition 21.5. Let n ∈ N and let X be a topological space that is Hausdor�, con-
nected and that is locally homeomorphic to an open subset of Rn or to an open subset of
Hn. If X is paracompact, then it is also second-countable.
The proof of Proposition 21.5 rests on the following lemma, which can be viewed as the
promised partial converse to the Topological Manifold Exhaustion Lemma 18.12.

Lemma 21.6. Let n ∈ N and let X be a topological space that is locally homeomorphic
to an open subset of Rn or to an open subset of Hn. If X can be written as a union of
countably many compact subsets, then X is second-countable.

Proof of Lemma 21.6. Let {Ki}i∈I be a countable family of compact subsets of X that
cover X.
Claim. Each Ki is contained in an open subset Vi that is second-countable.

Proof. Let i ∈ I. Since Ki is compact and since X is locally homeomorphic to an open
subset of Rn or to an open subset of Hn we see thatKi can be written as the union of �nitely
many sets A1, . . . , An each of which is contained in an open subset Ui that is homeomorphic
to a subset of Rn or Hn. By the Second Countability Lemma 9.1 (1) and (2) we know that
each Ui is second-countable and by the Second Countability Lemma 9.1 (4) we know that
Vi := U1 ∪ · · · ∪ Un is second-countable. �

It follows from the claim that X is the union of countably many second-countable open
subsets. Thus we obtain from the Second Countability Lemma 9.1 (4) that X itself is
second-countable. �

Proof of Proposition 21.5. LetX be a topological space that is Hausdor� and connected
and that is furthermore paracompact. To simplify the notation we only deal with the case
that X is locally homeomorphic to an open subset of Rn. The proof of the general case is
almost identical. The goal is to show, using Lemma 21.6, that X is second-countable.

Claim 1. There exists a locally �nite open cover W of X by subsets such that the closure
of each W ∈ W is compact.

Proof. Note that by hypothesis for each a ∈ X there exists an open neighborhood Ua and
a homeomorphism Φa : Ua → Va where Va is an open subset of Rn. We pick an r > 0 such
that B

n

r (Φa(a)) Ă Va and we set Wa := Φ−1
a (Bn

r (a)). These sets form an open cover of
X. Note that it follows from our hypothesis that X is Hausdor�, from our choice of r,
and from Lemma 18.11 that the closure of Wa is compact. Since X is paracompact there
exists a locally �nite re�nementW of the open cover {Wa}a∈X . This re�nement has all the
desired properties. �

We pick a non-empty V ∈ W .

Claim 2. Given any W ∈ W there exists a k ∈ N and sets V = W1,W2, . . . ,Wk = W inW
such that for each i ∈ {1, . . . , k − 1} we have Wi ∩Wi+1 6= ∅.
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Proof. We consider

U :=
{
P ∈M

∣∣∣ there exist sets V = W1,W2, . . . ,Wk = W in W such
that each Wi ∩Wi+1 6= ∅ and such that P ∈ Wk

}
.

Evidently V Ă U , thus U is non-empty. Since M is connected it remains to show that U is
open and closed. First let P ∈ U . We pick a sequence V = W1,W2, . . . ,Wk = W in W as
in the de�nition of U . Evidently P ∈ Wk Ă U . This shows that U is open. Conversely, let
P 6∈ U . We pick W ∈ W with P ∈ W . If U ∩W was non-empty, it would follow basically
immediately from the de�nition of U that we have W Ă U and thus also P ∈ U , which is
impossible. This shows that U is closed. �
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M locally �nite cover W by open
sets with compact closure

Given W ∈ W we de�ne

ϕ(W ) := minimal k ∈ N such that there exists a sequence as in Claim 2

and given k ∈ N we set
Zk :=

⋃
W∈W with ϕ(W )≤k

W.

Claim 3.
(1) For each k ∈ N there exists only �nitely many W ∈ W with ϕ(W ) ≤ k.
(2) For each k ∈ N the set Zk is compact.

Proof. First we make the following observation. If for some k ∈ N there exist only �nitely
many W ∈ W with ϕ(W ) ≤ k, then we obtain from Lemmas 1.20, 1.11 and 1.21 that Zk
is compact.

Thus it su�ces to show Statement (1) of the claim. We prove this statement by induc-
tion. First let us deal with the case k = 1. Note that ϕ(W ) = 1 if and only if W = V .
Thus we see that ϕ(1) = 1. Now assume that the statement holds for some k ∈ N.

SinceW is locally �nite there exists for each z ∈ Zk an open neighborhood Uz which has
non-empty intersection with at most �nitely many sets in W . By our induction hypothesis
and the above observation we know that Zk is compact. Hence we can cover Zk by �nitely
many of such Uz. But this implies that Zk has non-empty intersection only with �nitely
many W ∈ W . By de�nition we know that each W ∈ W with ϕ(W ) = k + 1 satis�es
W ∩ Zk 6= ∅. Thus we have shown that there are only �nitely many W ∈ W with
ϕ(W ) ≤ k + 1. �

It follows from Claim 2 and Claim 3 that X is the union of countably many compact
subsets. It follows from Lemma 21.6 that X is indeed second-countable. �

21.4. Smooth extensions and approximations. In this section we will see that parti-
tions of unity can be very helpful for constructing maps on manifolds. We start out with
the following variation on Urysohn's Lemma 8.4 for topological and smooth manifolds.
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Lemma 21.7. (Urysohn's Lemma for Manifolds) Let M be a smooth manifold and
let A and B be two disjoint closed subsets of M .
(1) There exists a map f : M → [0, 1] with f |A ≡ 0 and f |B ≡ 1.
(2) If M is in fact a smooth manifold, then we can arrange in (1) that f is smooth.

Proof. Let M be a topological manifold. By the Manifold Paracompact-Normal Proposi-
tion 18.9 (2) we know that M is normal. Thus Statement (1) is an immediate consequence
of Urysohn's Lemma 8.4.

Note that this approach to proving Statement (1) does not generalize to Statement (2).
In the following we will therefore provide a di�erent proof of Statement (1), which does not
appeal to Urysohn's Lemma 8.4, and which generalizes to smooth manifolds.

Thus let M be a topological manifold and let A and B be two disjoint closed subsets
of M . As we mentioned above, we know by the Manifold Paracompact-Normal Proposi-
tion 18.9 (2) that M is normal. By de�nition this means that there exist open neighbor-
hoods U of A and V of B such that U ∩ V = ∅.

Note thatM\B, V is an open cover ofM . By the Manifold-Partitions of Unity Existence
Theorem 21.1 (1) there exists a corresponding partition of unity f, g with supp(f) Ă V ,
supp(g) Ă M \ B. It follows almost immediately from the various de�nitions that f has
the desired properties.
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Now assume that M is in fact a smooth manifold. We use the same argument as above.
The only di�erence is that this time we use the Manifold-Partitions of Unity Existence
Theorem 21.1 (2). �

Proposition 21.8. (Continuous Extension Proposition) LetM be a topological man-
ifold, let A Ă M be a closed subset and let f : A→ Rn be a map. Given any open neigh-
borhood U of A there exists a smooth map f̃ : M → Rn such that f̃ |A = f and such that
supp(f̃) Ă U .

Proof. The Continuous Extension Proposition 21.8 is an immediate consequence of the
Manifold Paracompact-Normal Proposition 18.9 (2), Lemma 21.7 and the Tietze Extension
Theorem 8.6. �

In the remainder of this section we will use partitions of unity to construct useful smooth
functions on smooth manifolds. First we have the smooth analogue of the Continuous
Extension Proposition 21.8.

Proposition 21.9. (Smooth Extension Proposition) Let M be a smooth manifold,
let A Ă M be a closed subset and let f : A → Rn be a smooth map. Given any open
neighborhood U of A there exists a smooth map f̃ : M → Rn such that f̃ |A = f and such
that supp(f̃) Ă U .
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graph of smooth map f : A→ R graph of smooth map f̃ : M → R

Proof. It follows almost immediately from the de�nition of a smooth map f : A → Rn

such that for each P ∈ A there exists an open neighborhood WP Ă U and a smooth map
f̃P : WP → Rn that agrees with f on WP ∩ A.

Since A is closed we see that the sets {WP}P∈A andM \A form an open cover ofM . By
the Manifold-Partitions of Unity Existence Theorem 21.1 there exists a smooth partition
of unity {ϕP}P∈M and ψ such that for each P ∈M we have supp(ϕP ) Ă WP and such that
supp(ψ) Ă M \ A. In particular we have ψ|A ≡ 0.
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Given P ∈M we set
ΘP : M → Rn

x 7→
{
ϕP (x) · f̃(P ), if x ∈ WP ,
0, otherwise.

It follows almost immediately from the Smooth Pasting Proposition 19.23 that ΘP is
smooth. We consider the map

f̃ : M → Rn

x 7→
∑
P∈A

ΘP (x).

It follows easily from ψ|A ≡ 0 and the fact that we are dealing with a partition of unity that
f̃ agrees with f on A. Furthermore it follows easily from Lemma 1.11 that supp(f̃) Ă U . �

Proposition 21.10. (Smooth Approximation Proposition) LetM be a smooth man-
ifold and let f : M → Rn be a map that is smooth on a (possibly empty) closed subset A.
Given any map233 ρ : M → R≥0 with ρ(x) > 0 for all x 6∈ A there exists a smooth map
f̃ : M → Rn with the following two properties:
(1) The maps f and f̃ agree on A.
(2) For every x ∈M we have ‖f(x)− f̃(x)‖ ≤ ρ(x).
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233Evidently we demand, as always, that ρ is continuous.
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Remark. In the Whitney Approximation Theorem 29.1 we will generalize the above propo-
sition from the target Rn to any smooth manifold N .

Before we turn to the proof of the Smooth Approximation Proposition 21.10 let us formulate
two useful corollary.

Corollary 21.11. (Replace-by-Smooth Non-Negative Function Corollary) LetM
be a smooth manifold.
(1) For every map ρ : M → R>0 there exists a smooth map g : M → R>0 such that

g(x) ∈ (0, ρ(x)] for all x ∈M .
(2) Let f : M → R be a map (not necessarily continuous) with the property that for

every x ∈M there exists an open neighborhood Ux of x and an εx > 0 such that for
each y ∈ Ux we have f(y) ≥ εx. Then there exists a smooth map g : M → (0,∞),
such that for all x ∈M we have g(x) ≤ f(x).

M

graph of continuous function ρ : M → R>0

graph of smooth function g : M → R>0

Proof of the Replace-by-Smooth Non-Negative Function Corollary 21.11.

(1) This statement follows immediately from Smooth Approximation Proposition 21.10
applied to the zero function f ≡ 0, to A = ∅ and to the given map ρ : M → R>0.

(2) In the Manifold Paracompact-Normal Proposition 18.9 (1) we saw that topological
manifolds are paracompact. Thus Statement (2) follows immediately from Lemma 10.12
together with Statement (1). �

Proof of the Smooth Approximation Proposition 21.10. By Proposition 21.9 there
exists a smooth map g : M → Rn that agrees with f on A. We consider the open234 subset

V := {y ∈M | |g(y)− f(y)| < ρ(y)}.

Claim. There exists a countable set I Ă M \ A together with an open neighborhood
UP Ă M \ A for each P ∈ I such that

⋃
P∈I

UP = M \ A and such that for every y ∈ UP we

have |f(y)− f(P )| < ρ(y).

Proof. Let x ∈M \A. Since ρ(x) > 0 we obtain from the continuity of ρ and f that there
exists an open neighborhood Ux of x in the open set M \ A such that for every y ∈ Ux we
have

|ρ(y)− ρ(x)| ≤ 1

2
· ρ(x) and |f(y)− f(x)| < 1

2
· ρ(x).

It follows from the triangle inequality that given any y ∈ Ux we have |f(y) − f(x)| <
ρ(y). It follows from the Second Countability Lemma 9.1 (2) and the Countable Covering
Lemma 9.2 that there exists a countable I Ă M \A such that M \A is covered by the UP .
�

234Note that |g(y)− f(y)| < ρ(y) if and only if |g(y)− f(y)| − ρ(y) ∈ (−∞, 0). Using this observation it is
indeed clear that V Ă M is open.
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By the Manifold-Partitions of Unity Existence Theorem 21.1 there exists a smooth
partition of unity {ϕP}P∈I , ψ such that for each P ∈ I we have supp(ϕP ) Ă UP and such
that supp(ψ) Ă V . We consider the map

f̃ : M → Rn

x 7→ ψ(x) · g(x) +
∑
P∈I

ϕP (x) · f(P ).

Note that f̃ is smooth and that f̃ agrees with f on A. It remains to prove the following
claim.

Claim. For every x ∈M we have ‖f(x)− f̃(x)‖ ≤ ρ(x).

Proof. Let x ∈M . We perform the following calculation:

since ψ +
∑
ϕP ≡ 1

↓
‖f(x)− f̃(x)‖ =

∥∥∥(ψ(x) +
∑
P∈I

ϕP (x)
)
· f(x)−

(
ψ(x) · g(x) +

∑
P∈I

ϕP (x) · f(P )
)∥∥∥

≤ ψ(x) · |f(x)− g(x)|︸ ︷︷ ︸
≤ ρ(x) if ψ(x) 6= 0

+
∑
P∈I

ϕP (x) · |f(x)− f(P )|︸ ︷︷ ︸
≤ ρ(x) if ϕP (x) 6= 0

≤ ψ(x) · ρ(x) +
∑
P∈I

ϕP (x) · ρ(x) = ρ(x).
↑

since ψ +
∑
ϕP ≡ 1 �
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Let M be a smooth manifold. For any function f : M → R≥0 the preimage f−1(0) is of
course a closed set. Rather surprisingly the following proposition shows that every closed
subset of M can be realized as the zero set of a smooth function.
Proposition 21.12. (Zero Set-Realization Proposition) Let M be a smooth mani-
fold. Given any closed subset C Ă M there exists a smooth function f : M → R≥0 such
that C = f−1(0).

Proof. Let M be a smooth manifold and let C Ă M be a closed subset. Recall that by
the Manifold Metrization Proposition 18.10 we know that M is metrizable, i.e. there exists
a metric d such that the metric topology agrees with the given topology.

If C is the empty set, then we take f to be the constant function = 1. Now assume
that C is non-empty. This allows us to consider the map

g : M → R≥0

x 7→ d(x,C) := inf{d(x, c) | b ∈ C}.

By the Distance-to-Subspace Lemma 6.2 we know that the map is continuous and, using
that C is a closed subset, we know that g(x) = 0 if and only if x ∈ C.
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Note that g is constant = 0 on C. In particular it is a smooth function on C. By
the Smooth Approximation Proposition 21.10 we know that there exists a smooth map
f : M → R≥0 such that for any x ∈ M we have |f(x)− g(x)| ≤ g(x)

2
. Clearly this map has

the desired properties. �

We conclude this chapter with the following useful theorem.

Theorem 21.13. (Neighborhood Smooth Embedding Theorem) Let f : M → N
be a map between smooth manifolds. Furthermore let K Ă M be a closed subset such
that the map f : K → f(K) is a homeomorphism and such that f(K) is a closed subset of
N . If f is a local di�eomorphism at each P ∈ K, then there exists an open neighborhood
U of K such that the restriction of f to U is a smooth embedding and such that f(U) is
an open subset of N .
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Proof. By the Topological Manifolds-Local Properties Lemma 18.8 we know that M is
regionally compact. Furthermore, by the Manifold Paracompact-Normal Proposition 18.9
(1) we know that N is paracompact. The proof of the Neighborhood Smooth Embedding
Theorem 21.13 is now almost identical to the proof of the Neighborhood Embedding The-
orem 10.13. All we have to do is to replace the Pasting Proposition 2.6 by the Smooth
Pasting Proposition 19.23. �

Exercises for Chapter 21.

Exercise 21.1. Provide an example of a connected space X that does not admit an ex-
haustion function f : X → R≥0.

Exercise 21.2. Give an example of two topological manifolds M and N , a closed subset
A Ă M and a map f : A→ N such that f cannot be extended to a map f̃ : M → N .
Remark. This exercise shows that the Continuous Extension Proposition 21.8 cannot be
extended from N = Rn to the completely general setting.

Exercise 21.3. Let A Ă R be a subset which is not closed.
(a) Show that there exists a smooth map f : A → R which cannot be extended to a

smooth map on all of R.
(b) Show that there exists a continuous map f : R → R which is smooth on A but for

which there does not exist a smooth map f̃ : R→ R such that for all x ∈ R we have
|f(x)− f̃(x)| ≤ 1.

Remark. This exercise shows that in the Smooth Extension Proposition 21.9 and the
Smooth Approximation Proposition 21.10 the hypothesis that A is closed is absolutely
essential.



600

22. 1-dimensional manifolds and the long line

This chapter can be seen as a short break from developing the general theory of smooth
manifolds. In this chapter we will only consider �1-dimensional objects�. More precisely,
we will do the following:

(1) In the Classi�cation Theorems 22.1 and 22.7 we will give the classi�cation of con-
nected 1-dimensional topological respectively smooth manifolds.

(2) We will construct the long line. As we will see in Theorem 22.13, this is a path-con-
nected topological space that satis�es all properties of a 1-dimensional topological
manifold, except that it is not second-countable.

We will at times use these classi�cation Theorems 22.1 and 22.7. But the proofs are
somewhat technical and do not make for particularly leisurely reading. Thus the reader
might be best served by having a quick glance at the, not very surprising, classi�cation
theorems and by moving on to the next chapter.

22.1. The classi�cation of 1-dimensional topological manifolds. One of the goals
of topology is to completely classify suitable classes of topological spaces up to homeo-
morphism. For example one could try to classify all connected topological and smooth
manifolds of a given dimension. In this section we give a complete classi�cation in the
1-dimensional setting.

In the following we �rst deal with 1-dimensional topological manifolds.

Example. Some of the main examples of 1-dimensional topological manifolds are S1, R,
the closed interval [0, 1] and the half-open interval [0, 1).

(1) Note that for S1 and R we found atlases consisting only of charts of type (i), i.e.
the boundary of S1 and of R is empty. On the other hand, as we pointed out on
page 514, it follows easily from Lemma 7.11 together with the Topological Valence
Determination Proposition 7.12 that the boundary of [0, 1] equals {0, 1} and that the
boundary of [0, 1) equals {0}.

(2) By the Heine-Borel Theorem 1.24 we know that S1 and [0, 1] are compact, whereas
R and [0, 1) are non-compact.

This discussion shows in particular that S1, R, [0, 1] and [0, 1) are pairwise non-homeo-
morphic.

The following theorem shows that the above list of 1-dimensional topological manifolds is
in a suitable sense complete.

Theorem 22.1. (Topological 1-Dimensional Manifold Classi�cation Theorem)
Let M be a connected non-empty 1-dimensional topological manifold. Then the homeo-
morphism type of M is given by the following table

without boundary with non-empty boundary
compact the circle S1 the closed interval [0, 1]

non-compact the real line R the half-open interval [0, 1).
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Remark. Note that the adjectives �Hausdor�� and �second-countable� in the de�nition of
a topological manifold are both necessary:

(1) The line with two zeros, which we introduced on page 122, has all the properties of
a 1-dimensional topological manifold except for the Hausdor� axiom.

(2) If one drops the condition that a topological manifold has to be second-countable,
then there are two more examples of connected 1-dimensional topological manifolds,
namely the �open long ray L+ and the �long line L� which we will introduce on
page 613.

Remark.

(1) Many proofs of the Topological 1-Dimensional Manifold Classi�cation Theorem 22.1
exist in the literature, see e.g. [Gal1987], [Lee2000, Theorem 6.1] and [FuR1984,
Sections 3.1.1.16-19].

(2) We will classify 2-dimensional topological manifolds in Theorem 55.4. On the other
hand we will see in Theorem 60.4 that closed smooth manifolds of dimension ≥ 4
cannot be classi�ed.

The proof of the Topological 1-Dimensional Manifold Classi�cation Theorem 22.1 re-
quires several preparations. We start out with the following de�nition.

De�nition. Let M be a topological space.
(1) A c-parametrization for M is a homeomorphism Ψ: [r, s] → C from a compact

interval [r, s] with r < s to a closed subset C of M such that Ψ((r, s)) is an open
subset of M .

(2) A c-atlas is a family of c-parametrizations {Ψi : [ri, si]→ Ci}i∈I of M such that the
union of the Ci's equals M .

Lemma 22.2. Let M be a 1-dimensional topological manifold. Given any P ∈ M and
given any neighborhood W of P there exists a c-parametrization Ψ: [r, s]→ C such that
C is a neighborhood of P and such that C Ă W .

��
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�� �
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Ψ
M P

ΨP

Proof. We distinguish the following cases.

• If P ∈ M \ ∂M , then we pick a chart Φ: U → (−2, 2) of type (i) with Φ(P ) = 0 and
with U Ă W . We write V = Φ−1((−1, 1)), I = [−1, 1] and C = Φ−1([−1, 1]).
• If P ∈ ∂M , then we pick a chart Φ: U → [0, 2) of type (ii) with Φ(P ) = 0 and with
U Ă W . We write V = Φ−1([0, 1)), I = [0, 1] and C = Φ−1([0, 1]).

It follows from Lemma 18.11 that C is closed in M . (Note that here we use that topolog-
ical manifolds are Hausdor�.) Also note that it follows from the Open -Closed Inclusion
Lemma 2.10 that V is open in M and that V is a neighborhood of P . Thus the map
Φ−1 : I → C has all the desired properties. �
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Example. In the �gure below we also show two �non-examples� of c-parametrizations for
wannabe 1-dimensional topological manifolds. In the situation to the left the image of the
map Ψ: [r, s] → X is not closed whereas in the situation to the right Ψ((r, s)) is not an
open subset of X.

r s

Ψ

sr

∗
X = line with two zeros

Ψ([r, s]) is not closed Ψ((r, s)) is not open

X
Ψ

In the following lemmas we study the �interaction� between two c-parametrizations whose
images intersect.

Lemma 22.3. Let M be a topological space and let Ψ1 : [r1, s1]→ C1 and Ψ2 : [r2, s2]→
C2 be two c-parametrizations. Let P ∈ C1 ∩ C2 and let i ∈ {1, 2}. If Ψ−1

i (P ) is not an
endpoint of [ri, si], then one of the following happens:
(1) P ∈ Ψi((ri, si)) ∩Ψ3−i((r3−i, s3−i)), or
(2) Ψ−1

3−i(P ) is an endpoint of [r3−i, s3−i].

C2
C1

M

Ψ−1
1 (C1 ∩ C2) Ψ−1

2 (C1 ∩ C2)

s1r1 r2 s2

Ψ1 Ψ2
P

Proof. Let P ∈ Ci ∩ C3−i with Ψ−1
i (P ) ∈ (ri, si). If Ψ−1

3−i(P ) is an endpoint of [r3−i, s3−i],
then we are done. Now suppose that Ψ−1

3−i(P ) is not an endpoint of [r3−i, s3−i], i.e. we sup-
pose that Ψ−1

3−i(P ) ∈ (r3−i, s3−i). But this means that P ∈ Ψi((ri, si)) ∩ Ψ3−i((r3−i, s3−i)).
�

Lemma 22.4. Let M be a topological space and let Ψ1 : [r1, s1]→ C1 and Ψ2 : [r2, s2]→
C2 be two c-parametrizations.
(1) For every component X of C1 ∩ C2 there exist points P,Q ∈ X (where we allow

P = Q) such that for i = 1, 2 the following two statements hold:
(a) The preimage Ψ−1

i (X) is the closed interval with endpoints Ψ−1
i (P ) and Ψ−1

i (Q).
(b) If Ψ−1

i (P ) is not an endpoint of [ri, si], then Ψ−1
3−i(P ) is an endpoint of [r3−i, s3−i].

The same statement also holds for Q.
(2) If X is a component of C1 ∩ C2 such that Ψ−1

i (X) is contained in (ri, si), then C3−i
is contained in Ci.

(3) C1 ∩ C2 has at most two components.

Ψ1

M

C1

C2

s1r1 s2r2
Ψ2

P Q
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Proof. Let X be a component of C1∩C2. By the Component Lemma 2.33 we know that X
is connected. Furthermore, since C1 and C2 are closed in M we know that C1∩C2 is closed
in M and by the Components-are-Closed Lemma 2.34 this implies that the component X
is also a closed subset of M .

We consider W1 = Ψ−1
1 (X). By the above discussion we know that W1 is a closed

connected subset of the interval [r1, s1]. Since W1 is a connected subset of the interval
[r1, s1] we obtain from Exercise 2.18 thatW1 is closed interval contained in [r1, s1]. In other
words W1 = [a1, b1] for some r1 ≤ a1 ≤ b1 ≤ s1.

Claim. The points P := Ψ1(a1) and Q := Ψ1(b1) have the desired properties stated in (1).

Proof. We write a2 = Ψ−1
2 (P ) and b2 = Ψ−1

2 (Q) and we set Θ := Ψ−1
2 ◦ Ψ1. Note that

Θ(a1) = a2 and Θ(b1) = b2. It follows from an elementary argument, see Exercise 2.6, that
Θ sends the interval [a1, b1] homeomorphically to the interval with endpoints a2 and b2.
(1a) It follows from the above that (1a) is satis�ed for i = 1, 2.
(1b) Suppose that ai = Ψ−1

i (P ) is not an endpoint of [ri, si]. Since ai 6∈ (ri, si) we see
that P = Ψi(ai) 6∈ Ψi((ri, si)) ∩ Ψ3−i((r3−i, s3−i)). It follows from Lemma 22.3 that
a3−i = Ψ−1

3−i(P ) is an endpoint of [r3−i, s3−i]. �

It remains to prove the remaining two statements of the lemma.
(2) We continue with the above notation. If neither ai nor bi is an endpoint of [ri, si],

then it follows from the above that a3−i and b3−i are both endpoints of [r3−i, s3−i].
But this means that the interval given by a3−i and b3−i equals [r3−i, s3−i], which
implies that C3−i Ă Ci.

(3) By (1) we know that each component of C1 ∩ C2 contains at least two endpoints of
the intervals [r1, s1] and [r2, s2]. Since there are only four endpoints we see that there
is only enough room for at most two components. �

Lemma 22.5. Let M be a 1-dimensional topological manifold.235 Let Ψ1 : [r1, s1] → C1

and Ψ2 : [r2, s2] → C2 be two c-parametrizations. If C1 ∩ C2 has one component, then
there exist r̃ ≤ r1 < s1 ≤ s̃ and a c-parametrization

Ψ̃ : [r̃, s̃] → C1 ∪ C2

such that Ψ̃|[r1,s1] = Ψ1.

Proof of Lemma 22.5 if C1 is not contained in C2. First we deal with the case that
C1 is not contained in C2. Since C1 ∩ C2 consists of one component and since C1 is not
contained in C2 we obtain from Lemma 22.4 that Ψ−1

1 (C1 ∩ C2) contains precisely one
endpoint of [r1, s1]. We will now deal with the case that the endpoint is s1. The other case
is treated in essentially the same way.

Next note that Lemma 22.4 now says that there exists a b ∈ [r1, s1] with the following
properties:
(1) Ψ−1

1 (C1 ∩ C2) = [b, s1],
(2) Ψ−1

2 (Ψ1(b)) is an endpoint of [r2, s2].

235Note that in contrast to the previous Lemma 22.4 we now actually assume that we are dealing with a
1-dimensional topological manifold.
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Note that after possibly replacing t 7→ Ψ2(t) by t 7→ Ψ2(r2 + s2 − t) we can assume that
Ψ−1

2 (Ψ1(b)) = r2. (Note that now we are conveniently enough in a setting which corresponds
to the situation shown in the �gure below.) Next note that Lemma 22.4 now also says that
Ψ−1

2 (Ψ1([b, s1])) = [r2, c] for some c ∈ [r2, s2].
We consider the map

Ψ̃ : [r1, s1 + (s2 − c)] → C1 ∪ C2

x 7→
{

Ψ1(x), if x ∈ [r1, s1],
Ψ2(x− s1 + c), if x ∈ [s1, s1 + (s2 − c)].

By construction we have Ψ̃|[r1,s1] = Ψ1. Thus it su�ces to prove the following claim.

Claim. The map Ψ̃ is a c-parametrization.

Proof. We set r̃ = r1 and s̃ = s1 + (s2 − c). It follows from the Pasting Proposition 2.6
that Ψ̃ : [r̃, s̃]→ C1 ∪C2 is continuous and one can easily verify that Ψ̃ : [r̃, s̃]→ C1 ∪C2 is
a bijection. Since M is Hausdor� we obtain from the Compact-Hausdor� Proposition 2.17
(3) that Ψ̃ : [r̃, s̃]→ C1∪C2 is in fact a homeomorphism and that C1∪C2 is a closed subset
of M .

It remains to prove that Ψ̃((r̃, s̃)) is an open subset of M . We set P := Ψ1(s1). Note
that

Ψ̃((r̃, s̃)) = Ψ1((r1, s1))︸ ︷︷ ︸
open since Ψ1

c-parametrization

∪ Ψ2((r2, s2))︸ ︷︷ ︸
open since Ψ2

c-parametrization

∪ {P} Ă M.

If P ∈ Ψ2((r2, s2)), then we are done. Therefore it remains to consider the slightly delicate
case that P 6∈ Ψ2((r2, s2)). Note that this means that P = Ψ2(r2). In this case we still
need to show that

Ψ̃((r̃, s̃)) = Ψ1((r1, s1]) ∪Ψ2([r2, s2))

is a neighborhood of P .
(i) First we assume that P admits a chart of type (i). This means that we can pick a

chart Φ: U → (−1, 1) of type (i) around P with Φ(P ) = 0.
• Since Ψ−1

1 (U) is an open subset of [r1, s1] that contains s1 we see that there exists
an ε1 > 0 such that Ψ1((s1 − ε1, s1]) Ă U .
• Similarly we see that there exists an ε2 > 0 such that Ψ2([r2, r2 + ε2)) Ă U .
Note that I1 = Φ(Ψ1((s1 − ε1, s1])) is a half-open interval in (−1, 1) that contains 0
and that I2 = Φ(Ψ2([r2, r2 + ε2))) is a half-open interval in (−1, 1) that contains 0.
Furthermore note that I1 ∩ I2 = {0}. It follows that I1 ∪ I2 is an open neighborhood
of 0. But that implies that Ψ1((s1− ε1, s1])∪Ψ2([r2, r2 + ε2)) is a neighborhood of P .
Note that this implies that Ψ̃((r̃, s̃)) = Ψ1((r1, s1]) ∪ Ψ2([r2, s2)) is a neighborhood
of P .

(ii) A slight modi�cation of the above argument also shows that P actually cannot admit
a chart of type (ii). �

Proof of Lemma 22.5. We now deal with the case that C1 is contained in C2. We split
C2 into two c-parametrizations C ′2 and C ′′2 such that C1 is contained in neither C ′2 nor C ′′2
and apply the previous case twice. �
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I1 I2(s1 − ε1, s1]

s1 r2 s2

Ψ2
r1

[r2, r2 + ε2)

M

Ψ1

C1 C2

Φ U

P

0

Lemma 22.6. Let M be a 1-dimensional topological manifold. Let Ψ1 : [r1, s1]→ C1 and
Ψ2 : [r2, s2] → C2 be two c-parametrizations. If C1 ∩ C2 has two components, then there
exists a homeomorphism

Θ: S1 → C1 ∪ C2

such that Θ(S1) = C1 ∪ C2 is an open subset of M .

Proof. The proof is a variation on the proof of Lemma 22.5. Since C1 ∩C2 consists of two
components we obtain from Lemma 22.4 that there exist a, b ∈ R with r1 ≤ a < b ≤ s1

such that the following hold:
(1) Ψ−1

1 (C1 ∩ C2) = [r1, a] ∪ [b, s1],
(2) Ψ−1

2 (Ψ1(a)) and Ψ−1
2 (Ψ1(b)) are endpoints of [r2, s2].

Note that after possibly replacing t 7→ Ψ2(t) by t 7→ Ψ2(r2 + s2 − t) we can assume that
Ψ2(s2) = Ψ1(a) and Ψ2(r2) = Ψ1(b). Let c ∈ [r2, s2] with Ψ2(c) = Ψ1(s1) and let d ∈ [r2, s2]
with Ψ2(d) = Ψ1(r1). Since C2 is not contained in C1 we see that c < d.

We consider the map
we identify the two endpoints of the interval
↓

Ψ̃ : [r1, s1 + (d− c)]/∼ → C1 ∪ C2

[x] 7→
{

Ψ1(x), if x ∈ [r1, s1],

Ψ2(x− s1 + c), if x ∈ [s1, s1 + (d− c)].

Note that Ψ̃ is indeed well-de�ned.
As in the proof of Lemma 22.5 one can show fairly easily that Ψ̃ is a homeomorphism,

that the image is closed and that C1 ∪ C2 is an open subset of M . Finally the desired
homeomorphism Θ: S1 → C1∪C2 is given by the observation, which we proved on page 244,
that [r1, s1 + (d− c)]/∼ is homeomorphic to S1. �

ca b

M

Ψ1 Ψ2

r1 s1 s2r2 d

Now we can provide the proof of the Topological 1-Dimensional Manifold Classi�cation
Theorem 22.1. We break the proof into two parts. First we deal with the compact case,
afterwards we will deal with the non-compact case.

Proof of Theorem 22.1 in the compact case. Let M be a compact connected 1-di-
mensional topological manifold. We start out with the following claim.
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Claim. There exists a �nite c-atlas for M .
Proof. Recall that by Lemma 22.2 we know that for each P ∈ M there exists a c-
parametrization ΨP : IP → CP such that CP is a neighborhood of P , i.e. such that there
exists an open subset VP of M with P ∈ VP Ă CP . In particular {VP}P∈M is an open
cover of M . Since M is compact we see that there exist P1, . . . , Pk ∈ M such that the
corresponding open subsets cover M . The corresponding c-parametrizations form a �nite
c-atlas for M . �
Claim. Either M is homeomorphic to S1 or M is homeomorphic to [0, 1].

Proof. We prove the claim by induction on the number of elements of a �nite c-atlas. If we
have a c-atlas consisting of a single c-parametrization, then evidently M is homeomorphic
to [0, 1]. Now assume that we have k ≥ 2 and that the statement holds whenever we have
a c-atlas with < k c-parametrizations. Let {Ψi : Ii → Ci}i=1,...,k be a c-atlas for M . Note
that C1 and C2 ∪ · · · ∪ Ck are both non-empty closed subsets of M . Since M is connected
we see that there exists a j ∈ {2, . . . , k} with C2 ∩ Cj 6= ∅. If C2 Ă Cj or Cj Ă C2, then
we can throw out of one of the c-parametrizations and we are done by induction.

Thus suppose that this is not the case. By Lemma 22.4 (3) we know that C2 ∩ Cj
consists of either one component or of two components. We deal with these two cases
separately:
(1) If C2∩Cj consists of one component, then we know by Lemma 22.5 that there exists

a c-parametrization Ψ̃ with image C2 ∪ Cj. Thus {Ψi}i 6=2,j together with Ψ̃ is a
c-parametrization of M with k − 1 charts. Thus we are done by induction.

(2) Finally suppose that C2 ∩ Cj consists of two components. By Lemma 22.6 we know
that there exists a homeomorphism Θ: S1 → C2∪Cj such that the image is a subset
of M that is closed and open. Since M is connected we see that C2 ∪ Cj = M . �

Now we turn to the classi�cation of non-compact connected 1-dimensional topological man-
ifolds.
Proof of Theorem 22.1 in the non-compact case. LetM be a non-compact connected
1-dimensional topological manifold. We start out with the following claim.
Claim. There exists a countable c-atlas {Ψi : [ri, si]→ Ci}i∈N and a family {Vi}i∈N of open
subsets of M with the following properties:
(1) The sets {Ci}i∈N are a locally �nite cover of M .236

(2) For each i ∈ N we have Vi Ă Ci and the sets {Vi}i∈N form an open cover of M .

Proof. By the Topological Manifold Exhaustion Lemma 18.12 there exists a family of
compact subsets {Kn}n∈N of M and a family of open subsets {Wn+ 1

2
}n∈N of M such that

the following two conditions are satis�ed:
(a) for every n ∈ N we have Kn Ă

◦
Kn+1,

(b) we have M =
⋃
n∈N

Kn.

Note that it follows from the Compact-Closed Lemma 1.21 (2) that each
◦
Kn+1 \ Kn−1 is

an open subset of M . Furthermore, by design these open subsets cover all of M .

236Recall, that according to the de�nition on page 114 this means that each x ∈ M admits an open
neighborhood W such that {i ∈ N |Ci ∩W 6= ∅} is �nite.
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M compact subsets Kn

It follows from the previous observation together with Lemma 22.2 that for each P ∈M
there exists a c-parametrization ΨP : IP → CP with the following properties:

(i) CP is a neighborhood of P , i.e. this means that there exists an open subset VP of M
with P ∈ VP Ă CP ,

(ii) there exists an n ∈ N with VP Ă
◦
Kn+1 \Kn−1.

Let n ∈ N. It follows from the compactness of Kn, the fact that the VP are an open cover of
M and the Compact Subspace Covering Lemma 1.19 that there exists a �nite set Xn Ă M

such that Kn Ă
⋃

P∈Xn
VP . We set X :=

⋃
n∈N

Xn. One can now easily verify that the c-atlas

{Φ−1
P : IP → CP}P∈X together with the sets {VP}P∈X has all the desired properties. �
We move on to the next claim.

Claim. Given any k, l ∈ N there exist r0, . . . , rm ∈ N with k = r0 and l = rm such that for
every i ∈ {0, . . . ,m− 1} we have Cri ∩ Cri+1

6= ∅.

Proof. Let k ∈ N. Recall that by construction the Vi introduced in the �rst claim form an
open cover of M . We set

L := {l ∈ N | there exist k = r0, . . . , rm = l with Vri ∩ Vri+1
6= ∅ for i = 0, . . . ,m− 1}.

Note that A :=
⋃
l∈L
Vl and B :=

⋃
l 6∈L
Vl are both open subsets of M with A ∪ B = M . It

follows easily from the de�nitions that A ∩ B = ∅. Since k ∈ L we know that A is non-
empty. Since M is connected we see that A = M . It follows almost immediately from this
observation that L = N. �

We de�ne a map ϕ : N→ N as follows. We set ϕ(1) := 1. By the above claim it makes
sense to iteratively set

ϕ(n) := min
{
k ∈ N

∣∣ k 6∈ {ϕ(1), . . . , ϕ(n− 1)} and Ck ∩ (Cϕ(1) ∪ · · · ∪ Cϕ(n−1)) 6= ∅
}
.

Given n ∈ N we also set Dn := Cϕ(1) ∪ · · · ∪ Cϕ(n). Note that it follows immediately from
the claim that

⋃
n∈N

Dn =
⋃
n∈N

Cϕ(n) = M .

Claim. There exists a monotonously decreasing sequence {an}n∈N of real numbers, a mono-
tonously increasing sequence {bn}n∈N of real numbers and a sequence of homeomorphisms
Φn : Dn → [an, bn] such that for each n ∈ N we have Φn|Dn−1 = Φn−1.

Proof. We set Φ1 = Ψ1 : [r1, s1] → C1 = D1. We construct the sequences of real numbers
and of homeomorphisms iteratively by applying Lemma 22.5. �

Note that I :=
⋃
n∈N

[an, bn] is an interval in R and that the maps Φn de�ne a bijection

Φ: M → I
x 7→ Φn(x) if x ∈ Dn.

By construction the restriction of Φn to each Dn is continuous. This implies also that
the restriction of Φn to each Cn is continuous. Since the {Cn}n∈N form a locally �nite
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cover of M of closed subsets we obtain from the Pasting Proposition 2.6 that Φ is actually
continuous.

It remains to show that the inverse Φ−1 : I → M is continuous. Since each Dn is
compact we obtain from the Compact-Hausdor� Proposition 2.17 (3) that the restriction
of Φ−1 to each [an, bn] is continuous. It follows from Exercise 2.14 that Φ−1 : I → M is
continuous.

Since every non-compact interval is homeomorphic to either R or [0, 1) we are �nally
done. �

22.2. The classi�cation of 1-dimensional smooth manifolds. If we consider smooth
manifolds instead of topological manifolds and di�eomorphisms instead of homeomorphisms
we get the same answer. More precisely the following proposition holds.

Theorem 22.7. (Smooth 1-Dimensional Manifold Classi�cation Theorem) Let
M be a connected non-empty 1-dimensional smooth manifold. Then the di�eomorphism
type of M is given by the following table

without boundary with non-empty boundary
compact the circle S1 the closed interval [0, 1]

non-compact the real line R the half-open interval [0, 1).

Remark.
(1) Other references for this theorem are [GP1974, p. 212], [Shas2011, Theorem 5.4.1]

and [Miln1965a, appendix].
(2) We will provide a di�erent proof of the Smooth 1-Dimensional Manifold Classi�cation

Theorem 22.7 in Proposition 142.1 and Exercise 142.2.

The proof of the Smooth 1-Dimensional Manifold Classi�cation Theorem 22.7 relies on the
following lemma.
Lemma 22.8. Let M be a 1-dimensional smooth manifold and suppose we have two
smooth maps ϕ : [a, b] → M and ψ : [b, c] → M which are di�eomorphisms onto their
images and which satisfy ϕ([a, b]) ∩ ψ([b, c]) = {ϕ(b)} = {ψ(b)}. Then there exists a
smooth map θ : [a, c] → M which is a di�eomorphism onto its image with the following
properties:
(1) θ([a, b]) = ϕ([a, b]), with θ([b, c]) = ψ([b, c]), and
(2) there exists an ε > 0 such that θ = ϕ on [a, a+ ε] and θ = ψ on [c− ε, c].

�
�
�
�

�
�
�
�

ψ

a b c
R

M
ϕ θ

M

a b c
R

Proof. If a = b then we can take θ = ψ and if b = c, then we can take θ = ϕ. So we only
need to consider the case that a < b < c. By picking a chart from the smooth atlas around
ϕ(b) = ψ(b) we might as well assume that M = R. After possibly applying the re�ection
t 7→ −t to M = R we can furthermore assume that ϕ and ψ are strictly monotonously
increasing.
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We consider the map χ : [a, c] → R
x 7→ x− b+ ϕ(b).

It remains to show that the following hold:
(1) There exists an ηa > 0 and a smooth map θa : [a, b] → R which agrees with ϕ on

[a, a+ ηa] and which agrees with χ on [b− ηa, b].
(2) There exists an ηc > 0 and a smooth map θc : [b, c] → R which agrees with χ on

[b, b+ ηc] and which agrees with ψ on [c− ηc, c].
The existence of both was proved in Exercise 19.26, which in turn relies on the Smooth
Transition Function Lemma 19.4. �

Proof of the Smooth 1-Dimensional Manifold Classi�cation Theorem 22.7. LetM
be a connected non-empty 1-dimensional smooth manifold. Evidently the idea is modify
the proof of the Topological 1-Dimensional Manifold Classi�cation Theorem 22.1. In the
following we discuss the case thatM is non-compact with empty boundary. All other cases
are treated in a similar fashion.

In the proof of Lemma 22.2 we now use smooth charts to obtain smooth c-parametrizations
for M . If we now go through the proof of the Topological 1-Dimensional Manifold Clas-
si�cation Theorem 22.1 we see that there exists a homeomorphism f : R → M which is
smooth outside of a (possibly in�nite) discrete subset D Ă R. By applying Lemma 22.8 to
each x ∈ D we can turn f into a di�eomorphism. �

22.3. Interlude: The order topology. In the next section we will introduce the �long
line�, which is a topological space, that has all the properties of a connected 1-dimensional
topological manifold, except that it is not second-countable. The construction of the �long
line� makes use of the order topology which we will introduce in this section.

First we recall some de�nitions. At least this particular author invariably forgets the
precise meanings of the di�erent type of orders that exist.

De�nition. A partial order on a set X is a relation ≤ that has the following properties:
(1) For every x ∈ X we have x ≤ x.
(2) Whenever x ≤ y and y ≤ x, then we have x = y.
(3) Whenever x ≤ y and y ≤ z, then we also have x ≤ z.

A total order is a partial order that also satis�es the following condition:
(4) For every x, y ∈ X we have x ≤ y or y ≤ x.

Finally a well-order is a total order that satis�es the following condition:
(5) Every non-empty subset has a minimal element.

Such a pair (X,≤) is called a partially ordered set, totally ordered set respectively well-
ordered set.
Next we introduce some self-explanatory notation.

Notation. Let (X,≤) be a totally ordered set. As usual, given x, y ∈ X we write x < y
if x ≤ y and x 6= y. Given x, y ∈ X we write

(x, y) := {a ∈ X |x < a < y}, (x, y] := {a ∈ X |x < a ≤ y}
[x, y) := {a ∈ X |x ≤ a < y} and [x, y] := {a ∈ X |x ≤ a ≤ y}.
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We refer to these subsets in the obvious way as open intervals, half-open intervals and
closed intervals.

De�nition. Let (X,≤) be a totally ordered set on X. Let B be the subset of the power
set P(X) given by the subsets of X of the following four types:
(1) All intervals (a, b) in X.
(2) If x0 is a smallest element of (X,≤), then we also consider the intervals [x0, b).
(3) If x1 is a largest element of (X,≤), then we also consider the intervals (a, x1].
(4) The total set X.

We leave it to the reader to verify that B has the basis property, as de�ned on page 132.237

By the Topology-from-Basis Lemma 1.27 the basis B de�nes a topology on X. We refer
to this topology as the order topology on X.

Examples.
(1) If we equip X = R with the usual total order ≤, then the resulting order topology

equals, basically by de�nition, the usual topology on X.
(2) We equip X = R×R with the lexicographic order induced from the usual well-order

on the two R-factors. Now we equip X with the corresponding order topology. In
the �gure below we show some open intervals in R × R. We will discuss this fun
example in greater detail in Exercise 22.4.
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open interval in R× R, where R× R is
equipped with the lexicographic order

(3) We equip N0 and the half-open interval [0, 1) with the usual total orders and we equip
N0× [0, 1) with the lexicographic order. In Exercise 22.3 we will show that if we equip
N0 × [0, 1) with the corresponding order topology, then N0 × [0, 1) is homeomorphic
to [0,∞).

Convention. In this chapter, given a totally ordered set (X,≤) we equip X with the
corresponding order topology. On numerous occasions we will use the obvious statement
that if two totally ordered sets (X1,≤1) and (X2,≤2) are of the same order type, then the
corresponding topological spaces are homeomorphic.
On several occasions we will use the following lemma, without explicitly referring to it.

Lemma 22.9. Let (X,≤) be a totally ordered set. Given any interval I = (a, b), [a, b),
(a, b] and [a, b] in X the order topology on (I,≤) agrees with the subspace topology coming
from X.

Proof. We will prove the lemma in Exercise 22.2. �

237At �rst glance it might look unnecessary to explicitly throw in X into the set B. But if X should happen
to consist of a single element, then the sets of type (1), (2) and (3) actually do not satisfy property B1.
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Example. Later in this section the half-open interval [0, 1) Ă R, equipped with the usual
total order ≤, will play an important role. It follows from Lemma 22.9 that the resulting
order topology equals the usual topology on X Ă R.

We conclude this section with the following fairly straightforward lemma.

Lemma 22.10. Let (X,≤) be a totally ordered set. The topological space X that is given
by the order topology is Hausdor�.

Proof. Let (X,≤) be a totally ordered set. We start out with the following claim.

Claim. Given any x ∈ X the sets

(−∞, x) := {a∈X | a<x} and (x,∞) := {b∈X |x<b}
are open subsets in the order topology.

Proof. If X has a minimal element x0, then evidently we have (−∞, x) = [x0, x). By
de�nition this set is open. On the other hand, if X does not have a minimal element, then
we have (−∞, x) =

⋃
a<x

(a, x) which is of course an open subset of X. Basically the same

argument also shows that (x,∞) is open. �
Now let x 6= y be two distinct points in X. Since (X,≤) is totally ordered we know

that x < y or y < x. Without loss of generality we can assume that x < y. If there exists
an s ∈ (x, y), then we set U := (−∞, s) and V := (s,∞). Otherwise we set U := (−∞, y)
and V := (x,∞). By the claim U and V are open. It is now clear that these are disjoint
open neighborhoods of x and y. �
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xx y

V := (s,∞)
U := (−∞, s)

s y

V := (x,∞)U := (−∞, y)

22.4. The long line. Let us start with the following dull de�nition.

De�nition. Let (X,≤) be a partially ordered set. Given x ∈ X we refer to

Sx := {y ∈ X | y < x}
as the x-section of (X,≤).
We consider the well-ordered set (N,≤). Evidently the set is countable, but every section
is actually �nite. The following, quite remarkably, theorem says that the same type of
mismatch between the cardinalities of all sections and the cardinality of the actual well-
ordered set can also happen for other cardinalities.

Theorem 22.11.
(1) There exists an uncountable well-ordered set such that every section is countable.
(2) If X and Y are two well-ordered sets as in (1), then X and Y have the same order

type.
We denote by ω1 any well-ordered set as in (1).
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Remark.
(1) The alert reader will have noticed that Statement (1) of Theorem 22.11 is precisely

the content of Exercise 0.6.
(2) The order type of such a well-ordered set as in Theorem 22.11 is often called the

�rst uncountable ordinal. We refer to [Je2003] and [Dev1993, Chapter 3] for an
introduction into the concept of �ordinals�.

(3) The construction of the well-ordered set ω1 is a product of the ever-fertile mind of
our friends the set-theorists. To the best of my knowledge there is no �down to earth�
construction of ω1.

(4) The set well-ordered set ω1 is studied, in �everyday language�, in [Mun1975, p. 67]
and [Gaul2014, Chapter B.2].

Proof.
(1) By the Well-Ordering Theorem 0.7 there exists a well-order on any set. In particular

there exists a well-order ≤ on the uncountable set X = R. If every section of (X,≤)
is countable, then we are done since R is uncountable. If not, then we consider the
following non-empty subset

S := {x ∈ X | the x-section is uncountable}.
Recall that by de�nition of a well-order we know that the non-empty subset S of
X contains a minimal element z. Finally we consider the corresponding z-section
Y := Sz := {x ∈ X |x < z}. Note that it follows from the construction of z that
Y = Sz is uncountable. Furthermore note that it follows immediately from the
de�nition of z that every section of Y = Sz is actually countable.

(2) We will not make use of this statement, thus we will not provide a proof. Instead
we refer to [Mun1975, p. 73] or alternatively to [Je2003, Theorem I.2.12] for a
proof. �

Later on we will need the following simple lemma.
Lemma 22.12. The well-ordered set ω1 does not have a maximal element.

Proof. Let x ∈ ω1. We need to show that x is not a maximal element. By one of the
two de�ning properties of ω1 we know that the section Sx = {y ∈ X | y < x} is countable.
It follows from the Countability Lemma 0.8 (4) that {y ∈ X | y ≤ x} = Sx ∪ {x} is also
countable. Since ω1 is uncountable we see that x cannot be a maximal element. �

Now we are �nally ready to give the de�nition of the legendary long line.
De�nition.
(1) We equip [0, 1) with the usual well-order. Next we equip L≥0 := ω1 × [0, 1) with

the lexicographic order that we introduced on page 92 and we equip L≥0 with the
corresponding order topology. We refer to this topological space L≥0 as the closed
long ray.

(2) We denote by ∗ ∈ ω1 the minimal element. We refer to L+ := L≥0\{(∗, 0)}, equipped
with the subspace topology coming from L≥0, as the open long ray.
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(3) We write L≤0 := L≥0. We refer to the topological space L := L≤0 t(∗,0)=(∗,0) L≥0 as
the long line. (In the literature the long line is sometimes also called the Alexandro�
line.)

Remark. In many references, see e.g. [Mun1966a, p. 158], [SS1978, p. 71] and [Kra2009,
p. 66], the open long ray is called the long line.

The following proposition shows in particular that the open long ray L+ and the long line
L both satisfy all properties of a 1-dimensional topological manifold, except that neither is
second-countable.
Theorem 22.13. The open long ray L+ and the long line L both have the following
properties:
(1) they are Hausdor�,
(2) they are locally homeomorphic to R,
(3) they are path-connected and
(4) they are not second-countable.

Remark.
(1) The proof we give below is based on the sketch given in [Mun1966a, p. 158]. An

alternative account of the proof is given in [Gaul2014, Chapter 1.2].
(2) The discovery of the long line L goes back to work of Georg Cantor [Cant1883] from

1883.
(3) A slightly less otherworldly example of a topological space that satis�es all properties

of a path-connected topological manifold, except that it is not second-countable, is
given in [Bre1993, Corollary 17.5] and [Spr1957, p. 56].

We will prove Theorem 22.13 in the next section. In the remainder of this section we
will discuss the open long ray and long line in greater detail. First of all the following
proposition lists several weird and surprising properties of the open long ray and the long
line.

Proposition 22.14.
(1) Every map f : L+ → R is eventually constant, i.e. there exists an (x, s) ∈ L+ such

that f((y, t)) = f(x, s) for every (y, t) ≥ (x, s).
(2) The topological space L+ is not paracompact.
(3) Every bounded map f : L+ → L+ is homotopic to a constant map.
(4) Every unbounded map f : L+ → L+ is homotopic to the identity map.
(5) An unbounded map f : L+ → L+ is never homotopic to bounded map.
(6) The open long line L+ is not contractible.

Proof.
(1) It is a great exercise to try to prove this statement. If, inexplicably, the reader is not

inclined to provide the arguments, then we refer to [Gaul2014, Proposition 1.17]
for a proof.

(2) We need to show that L+ admits an open cover that does not admit a locally �nite
open re�nement. In fact one can show that the open subsets U(x,s) := ((∗, 0), (x, s))
of L+ is such an open cover. Since we will not make use of this statement we will
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not show that this cover does not admit a locally �nite open re�nement. The state-
ment can be proved using a slight variation on the argument given on [Jos1983,
Theorem 15.3.2(vi)].

(3)-(5) These statements are proved in [Gaul2014, Proposition 1.12].
(6) This statement follows immediately from (5) and the Contractibility Criterion

Lemma 15.2. �

At this stage one might fear that now, when we no longer restrict ourselves to second-
countable topological spaces, the genie is out of the bottle, and that thus any type of
classi�cation result is completely out of reach. Rather stunningly this is not the case.

The following theorem can now be viewed as a generalization of the Topological 1-
Dimensional Manifold Classi�cation Theorem 22.1.

Theorem 22.15. Let X be a topological space that is Hausdor� and path-connected.
(1) If X is locally homeomorphic to an open subset of R, then X is homeomorphic to

one of the following: S1, R, L+ and L.
(2) If X is locally homeomorphic to an open subset of R≥0, then either X is homeomor-

phic to one of the above, or one of the following: [0, 1), [0, 1] and L≥0.

Proof.
(1) This statement is proved in [KnesH1958].
(2) This statement can be deduced easily from (1) by �rst removing the �boundary

points�. We leave it to the reader to provide the details. �

By Theorem 22.13 we now know in particular that the long line L admits an atlas. In fact,
as is shown in [Gaul2014, Proposition 7.9], there exists an atlas on L that is smooth, i.e.
such that all transition maps are smooth. Much more impressively, it turns out that there
are uncountable many mutually non-di�eomorphic smooth structures on L. We refer to
[Gaul2014, Theorem 7.14] and [Nyi1992] for a precise formulation and a proof of this
assertion.

22.5. Proof of Theorem 22.13. In this section we �nally provide the proof of Theo-
rem 22.13. We start out with some general de�nitions and statements regarding well-
ordered sets.
De�nition. Let (X,≤) be a well-ordered set. A subset A of X is called inductive if for
every a ∈ X with Sa Ă A we also have a ∈ A.

Examples.
(1) Let X = R≥0. The interval A = [0, 2) is not inductive whereas A = [0, 2] is inductive.
(2) One can easily show that the only inductive subset of N0 is N0.

The grandiose name of the following theorem is designed to impress friends and family.

Theorem 22.16. (Principle of Trans�nite Induction) Let (X,≤) be a well-ordered
set. If A Ă X is an inductive subset of X, then A = X.

Proof. Let A Ă X be an inductive subset. We suppose that A 6= X. Since X is well-
ordered the set X \ A has a minimal element y. Since y is the minimal element of X \ A
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we see that for every x < y we have x ∈ A. But this means that the y-section Sy is
contained in A. But since A is inductive this implies that y ∈ A. We have thus obtained a
contradiction. �

In the proof of Theorem 22.13 we will need the following fairly straightforward lemma.
De�nition. Let (X,≤) be a partially ordered set.
(1) Let x ∈ X. We say that a ∈ X is an immediate predecessor of x if a < x and if

there is no b ∈ X with a < b < x.
(2) Let x ∈ X. We say that a ∈ X is an immediate successor of x if x < a and if there

is no b ∈ X with x < b < a.
(3) Let A Ă X be a subset. We say that x ∈ X is an upper bound of A if for every

a ∈ A we have a ≤ x.
(4) Let A Ă X be a subset. We say that x ∈ X is a supremum of A if x is an upper

bound of A and if there is no upper bound of A that is less than x.
(5) Let x1 < x2 < . . . be an increasing sequence of elements in X. If b = sup{x1, x2, . . . }

then we say that b is a limit of the sequence.

Examples.
(1) Every element in Z has an immediate predecessor and an immediate successor.
(2) No element in R has an immediate predecessor and no element in R has an immediate

successor.
(3) If (X,≤) is a well-ordered set, then it follows easily from the de�nitions that every

proper subset A Ĺ X admits a unique supremum.

Lemma 22.17. Let (X,≤) be a well-ordered set and let x ∈ X such that the corresponding
section Sx is countable. Precisely one of the following three statements holds:
(1) x is the minimal element of X.
(2) There exists an immediate predecessor of x.
(3) x is the limit of an increasing sequence x0 < x1 < x2 < of elements of X.

Proof. Let (X,≤) be a well-ordered set and let x ∈ X such that the corresponding section
Sx = {w ∈ X |w < x} is countable. We only need to consider the case that x ∈ X is
not the minimal element. This means that the section Sx is non-empty. If the section
Sx is �nite, then it admits a maximal element, which is clearly an immediate predecessor
of x. Next we suppose that the section Sx is in�nite. By hypothesis on x we know that
Sx is also countable. Thus there exists a bijection ϕ : N0 → Sx. Now given any n ∈ N0

we set yn := max{ϕ(0), . . . , ϕ(n)}. By construction we have y1 ≤ y2 ≤ y3 ≤ . . . . If the
sequence y1, y2, . . . is eventually constant, i.e. if there exists an N such that yn = YN for
every n ≥ N , then YN is easily seen to be an immediate predecessor of x. Otherwise there
exists a subsequence ys1 < ys2 < ys3 < . . . which is strictly increasing. By construction x
is the limit of this sequence.

Finally we leave it to the reader to verify that three possibilities are mutually exclusive.
�

Example. We consider the subset X := N0∪{n− 1
k
|n ∈ N0 and k ∈ N≥2} of R, equipped

with the usual partial order. One can easily verify that (X,≤) is actually well-ordered.
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The number 0 is evidently the minimal element. Every x of the form n− 1
k
with n ∈ N and

k ∈ N≥2 has an immediate successor, namely n − 1
k−1

. Finally every n ∈ N is the limit of
the increasing sequence xi = n− 1

1+i
.
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minimal element limit of an increasing sequenceeach element has an
immediate predecessor

1 21 3

Lemma 22.18. Let (X,≤) be a totally ordered set.
(1) Let a < b < c be three elements of X. The interval

ĂX︷︸︸︷
[a, c) has the order type of

ĂR︷ ︸︸ ︷
[0, 1)

if and only if each of the two intervals [a, b) and [b, c) has the order type of [0, 1).
(2) Let b ∈ X be the limit of an increasing sequence x0 < x1 < . . . of elements of X. If

each [xn, xn+1) has the order type of [0, 1), then so does [x0, b).

Proof. Throughout the proof we will make use of the following simple observation: if
(A,≤) and (B,≤) are two totally ordered sets, then they have the same order type if
and only if there exists an order-preserving bijection f : A → B. In other words, the fact
that A and B are totally ordered implies that the inverse f−1 : B → A is automatically
order-preserving. Now we turn to the proofs of the two statements.
(1) Let a < b < c be three elements of X. First suppose that there exist order-preserving

bijections f : [a, b)→ [0, 1) and g : [b, c)→ [0, 1). It is clear that the map

[a, c) → [0, 1)

t 7→
{ 1

2
· f(t), if t ∈ [a, b),

1
2

+ 1
2
· g(t), if t ∈ [b, c)

is an order-preserving bijection. Conversely suppose that there exists an order-
preserving bijection h : [a, c) → [0, 1). We point out that h([a, b)) = [0, h(b)) and
h([b, c)) = [h(b), 1). Evidently the intervals [0, h(b)) and [h(b), 1) have the order type
of [0, 1). Thus we are done.

(2) Now let b ∈ X be the limit of an increasing sequence x0 < x1 < . . . of elements
of X. We suppose that for each n ∈ N0 there exists an order-preserving bijection
ϕn : [xn, xn+1)→ [0, 1). One can now easily verify that the map

[x0, b) =
⊔
n∈N0

[xn, xn+1) → [0, 1)x t 7→ 1
2n+1 · ϕn(t) +

n−1∑
i=0

1
2i+1 for t ∈ [xn, xn+1)

since b is the limit of the
increasing sequence x0<x1<. . .

is an order-preserving bijection. �

The next lemma contains the heart of the proof of Theorem 22.13.

Lemma 22.19. As above we denote by ∗ the minimal element of ω1 and let x ∈ ω1 \ {∗}.
(1) The half-open interval [(∗, 0), (x, 0)) Ă L≥0 has the order type of [0, 1).
(2) The open interval ((∗, 0), (x, 0)) Ă L≥0 has the order type of (0, 1).
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Proof. We consider the set

B :=
{
b ∈ ω1 \ {∗}

∣∣ the set [(∗, 0), (b, 0)) has order type of [0, 1)
}
.

We want to show that B = ω1 \ {∗}. Note that it follows from the fact that ω1 is well-
ordered that the complement of the minimal element ∗, i.e. the set ω1 \ {∗}, is again
well-ordered. Thus it follows from Theorem 22.16, i.e. it follows from the Principle of
Trans�nite Induction, that it su�ces to show that B is inductive.

Now let b ∈ B such that Sb Ă B. By Lemma 22.17 we know that one of the following
holds:
(1) b is the minimal element of B.
(2) b has an immediate predecessor a.
(3) b is the limit of an increasing sequence x0 < x1 < . . . of elements of X.

We will now treat these three cases separately.
(1) Suppose that b is the minimal element of ω1 \ {∗}. In this case we see easily that

[(∗, 0), (b, 0)) = {(∗, t) | t ∈ [0, 1)}, which evidently has the order type of [0, 1).
(2) Suppose that b has an immediate predecessor a. Since Sb Ă B and a < b we see that

a ∈ B, i.e. we see that [(∗, 0), (a, 0)) has order type [0, 1). Next note that the fact that
a is an immediate predecessor of b implies that [(a, 0), (b, 0)) = {(a, x) |x ∈ [0, 1)}.
Thus we see that this interval also has order type [0, 1). It follows from Lemma 22.18
(1) that [(∗, 0), (b, 0)) has order type [0, 1).

(3) Now suppose that b is the limit of an increasing sequence x0 < x1 < . . . of elements
of X. Since Sb Ă B and since for each xn we have xn < b we see as in (2) that
each [(∗, 0), (xn, 0)) has order type [0, 1). It follows from Lemma 22.18 (1) that each
interval [(xn, 0), (xn+1, 0)) has order type [0, 1). Finally it follows from Lemma 22.18
(2) that the interval [(∗, 0), (b, 0)) has order type [0, 1). �

{xn}×[0, 1) {b}×[0, 1){a}×[0, 1)

the closed long ray
L≥0 goes on for a

surprisingly long time

if b is the limit
of a sequence
x0<x1<. . .

if a is an immediate
predecessor of b

{b}×[0, 1)

if b is the
minimal
element
of ω1\{∗}

(∗, 0) {b}×[0, 1)

Now we can �nally provide the proof of Theorem 22.13.
Proof of Theorem 22.13. We will prove the desired statements only for the open long
ray L+. We leave it to the reader to make the minor modi�cations need to show that the
analogous statements also hold for the long line L. Now recall that we need to show the
following four statements regarding the open long ray L+.
(1) L+ is Hausdor�,
(2) L+ is locally homeomorphic to an open subset of R,
(3) L+ is path-connected,
(4) L+ is not second-countable.

We turn to the proofs of these four statements.
(1) This statement conveniently enough follows immediately from Lemma 22.10.
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(2) Let (x, t) ∈ L+. By Lemma 22.12 we can pick some y > x. Since y > x we see that
U := ((∗, 0), (y, 0)) is an open neighborhood of (x, t). Note that by Lemma 22.19 we
know that the interval [(∗, 0), (y, 0)) has the order type of [0, 1). It follows that the
open interval U := ((∗, 0), (y, 0)) is homeomorphic to (0, 1).

(3) Let (x, s) and (y, t) be two points in L+. By Lemma 22.12 we can pick z ∈ X with
z > x and z > y. As in (2) we obtain from Lemma 22.19 that the open interval
U := ((∗, 0), (z, 0)) is homeomorphic to (0, 1). Since the open interval contains the
points (x, s) and (y, t) and since (0, 1) is path-connected we see that there exists a
path γ : [0, 1]→ L+ that connects (x, s) and (y, t).

(4) Let B be a basis for the topological space L+. We need to show that B is uncountable.
For each x ∈ ω1 we consider the open interval Ux := ((x, 1

4
), (x, 3

4
)). It follows

from the de�nition of a basis that given any x ∈ X there exists a set Bx ∈ B
with (x, 1

2
) ∈ Bx Ă Ux. Since the Ux are disjoint we see that the Bx are distinct.

Since X is uncountable we obtain from the Countability Lemma 0.8 (1) that B is
uncountable. �

Exercises for Chapter 22.

Exercise 22.1. Let X be a 1-dimensional topological manifold. Show that X is homeo-
morphic to a proper submanifold of H2.
Remark. Since X is second-countable we know by Exercise 9.1 that X has only countably
many components.

Exercise 22.2.
(a) Let (X,≤) be a totally ordered set. Show that given any interval I = (a, b), [a, b),

(a, b] and [a, b] in X the order topology on (I,≤) agrees with the subspace topology
coming from X.

(b) Let (X,≤) be a totally ordered set and let A Ă X be a subset. Show that the order
topology on (A,≤) does not necessarily agree with the subspace topology coming
from X.

Exercise 22.3. We equip N0 and the half-open interval [0, 1) with the usual total orders
and we equip N0× [0, 1) with the lexicographic order. Finally we equip N0× [0, 1) with the
corresponding order topology. Show that N0 × [0, 1) is homeomorphic to [0,∞).

Exercise 22.4. We consider X := R× R, for once equipped with the order topology O.
(a) Let T be the usual topology on X = R× R = R2. Do we have an inclusion O Ă T ?

Do we have an inclusion T Ă O?
(b) Show that the topological space (X,O) is Hausdor�.
(c) Is the topological space (X,O) second-countable?
(d) Is (X,O) locally homeomorphic to open subsets of R?
(e) Is (X,O) homeomorphic to the long line?

Exercise 22.5. Let ω1 be the well-ordered set introduced in Theorem 22.11.
(a) Show that for every x ∈ ω1 the subset {y ∈ ω1 |x < y} is uncountable.
(b) Let X = {x ∈ ω1 |x has no immediate successor}. Show that X is uncountable.
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Exercise 22.6.
(a) We consider the well-ordered set L+ := ω1 × [0, 1). Show that every increasing

sequence in L≥0 converges.
(b) A topological space that has the property that every sequence admits a convergent

subsequence is called sequentially compact. Show that the closed long ray L+ is
sequentially compact.

Exercise 22.7. Show that the open long ray L+ and the long line L are not homeomorphic.
Hint. What happens if you remove a point?

Exercise 22.8.
(a) Let (X,≤) be a well-ordered set. Let x ∈ X. Show that either x is the largest

element of X or that x has an immediate successor.
(b) Give an example of a partially ordered set (X,≤) that is not well-ordered but that

nonetheless has the property that every x ∈ X has an immediate successor.

Exercise 22.9. Let (X,≤) be a partially ordered set and let x ∈ X.
(1) We say x has depth −1 if x is a minimal element of X.
(2) We say x has depth 0 if x has an immediate predecessor.

Now we iteratively de�ne what it means for x ∈ X to have depth k ∈ N≥2.
(3) We say x has depth k if x is not of depth k − 1 but if there exists an increasing

sequence x1 < x2 < . . . in X, such that each xi has depth < k, and such that x is a
limit of this sequence.

Show that there exists a countable well-ordered subset of R that admits elements of depth
two.

Exercise 22.10. Does the long line L admit an embedding into R2?

Exercise 22.11. A topological space X is called homogeneous if given any x, y ∈ X
there exists a homeomorphism f : X → X with f(x) = y. Show that the long ling L is
homogeneous.
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23. Tangent spaces of smooth manifolds

In this chapter we introduce the notion of tangent spaces of smooth manifolds. As a warm-
up we �rst consider tangent spaces of smooth submanifolds of some Rk. In this setting
the notion of a tangent space can be motivated easily. The notion of a tangent space for a
general �abstract� manifold takes more time to get used to and to appreciate.

23.1. Tangent spaces of smooth submanifolds of Rk. In this section we study smooth
submanifolds of some Rk, where, as always, we equip Rk with the standard smooth struc-
ture. Note that in the Submanifold Smooth Structure Lemma 19.24 we saw that every
smooth submanifold of Rk inherits a standard smooth structure.
De�nition. Let M be an n-dimensional smooth submanifold of Rk and let P ∈M .
(1) A curve through P is a map γ : I →M where I Ă R is an open or half-open interval

with 0 ∈ I and with γ(0) = P .
(2) Given a smooth curve γ : I →M through P we denote by γ′(0) ∈ Rk the derivative

of γ viewed as a smooth map238 γ : I →M → Rk.
(3) We de�ne the physical tangent space as the set of all derivatives of smooth curves

on M through P , i.e. we de�ne239

T̃PM := {γ′(0) | γ : I →M a smooth curve through P} Ă Rk.

We refer to any vector in T̃PM as a tangent vector to M at P .
(4) Let P ∈ ∂M . We say a tangent vector v ∈ T̃PM points outward if v = γ′(0) for

some smooth map γ : (−ε, 0] → M and if v 6∈ T̃P∂M . Similarly we also de�ne the
notion that v points inward.
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γ′(0)

γ′(0)

M
PP

T̃QM

T̃PM

γ

γ

QQ points outward

Remark.
(1) Let M be an n-dimensional smooth submanifold of Rk and let P ∈ M . If P 6∈ ∂M ,

then using charts and using the de�nition of a smooth map on a half-open interval,
see page 549, one can easily show that

T̃PM := all derivatives γ′(0) of smooth maps γ : (−ε, ε)→M with γ(0) = P .

(2) Let M be an n-dimensional smooth submanifold of Rk and let P ∈ M . In the
Physical Tangent Space-Functor Proposition 23.2 (0) we will see that T̃PM is an
n-dimensional vector subspace of Rk. In pictures we usually show, for clarity, the

238Note that according to the Submanifold Smooth Structure Lemma 19.24 the inclusion M → Rk is
smooth, so the composition of the smooth map γ : I →M with the inclusion M → Rk is also smooth.
239Note that if 0 is an endpoint of the interval I, then we use the convention from page 533 to de�ne the
derivative of γ at 0.
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a�ne vector subspace P + T̃PM . This a�ne vector space is the �best possible�
approximation of M by an a�ne vector subspace.

��
��
��
��

the tangent space T̃PM is a vector subspace of Rn

submanifold M
P

the a�ne vector subspace P + T̃PM

We formulate our �rst examples as a lemma.

Lemma 23.1. Let n ∈ N0.
(1) Let M be an open subset of Rn or of the half-plane Hn. For every P ∈ M we have

the equality T̃PM = Rn.
(2) If W Ă Rn is a k-dimensional vector space and Q ∈ Rn, then the a�ne space

Q + W = {Q + w |w ∈ W} is a k-dimensional smooth submanifold of Rn and for
any P ∈ W we have T̃PW = W .

(3) Given any P ∈ Sn Ă Rn+1 we have the equality T̃PSn = {v ∈ Rn+1 | 〈v, P 〉 = 0}.
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T̃PS
1

T̃PS
2

PP

Proof.

(1) First let M be an open subset of Rn and let P ∈M . Note that by de�nition we have
T̃PM Ă Rn. Conversely let v ∈ Rn. Since M is open there exists an ε > 0 such that
{P + t ·v | t ∈ [0, ε]} Ă U . Thus we can consider the smooth map γ : [0, ε)→M given
by γ(t) = P + t · v. Evidently γ′(0) = v, which shows that v ∈ T̃PM . The proof of
the case that M is an open subset of Hn is very similar, we just have to notice that
for any v ∈ Rn we have v ∈ Hn or −v ∈ Hn. We leave it to the reader to �ll in the
few remaining details.

(2) It follows from very elementary linear algebra that there exists an invertible matrix
A ∈ GL(n,R) such that A ·W = {0} × Rk. The map

Q+W → Rn

x 7→ A · (x−Q)

is now a submanifold chart. Thus Q+W is a k-dimensional smooth submanifold of
Rn. Using this chart one can also easily verify that for any P ∈ W we indeed have
T̃PW = W . We leave it to the reader to �ll in the details.
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(3) Let P ∈ Sn. We need to show that T̃PM = {v ∈ Rn+1 | 〈v, P 〉 = 0}. We prove the
two inclusions separately.
(Ă) Let I be a (half-) open interval with 0 ∈ I and let γ : I → Sn be a smooth map

with γ(0) = P . For any t ∈ I we have

0 = d

dt
‖γ(t)‖2 = d

dt
〈γ(t), γ(t)〉 = 2 · 〈γ′(t), γ(t)〉.

↑ ↑
since ‖γ(t)‖ ≡ 1 follows from the Product Rule

In particular for t = 0 we see that 0 = 〈γ′(0), γ(0)〉 = 〈γ′(0), P 〉.
(Ą) Suppose we are given v ∈ Rn+1 with 〈v, P 〉 = 0. If v = 0, then v is the derivative

of the constant curve through P . Now assume that v 6= 0. We consider the curve
that is de�ned by γ(t) := P · cos(t · ‖v‖) + v

‖v‖ · sin(t · ‖v‖). Evidently we have
γ(0) = P and γ′(0) = v. Finally note that it follows from 〈v, P 〉 = 0 that γ
de�nes a curve on Sn. Thus we have shown that v ∈ T̃PSn. �

Proposition 23.2. (Physical Tangent Space-Functor Proposition)
(0) IfM is a d-dimensional submanifold of Rn, then for each P ∈M the physical tangent

space T̃PM is a d-dimensional vector subspace of Rn.
(1) Let f : M → N be a smooth map240 between smooth submanifolds of Rm respec-

tively Rn. Given any P ∈M the map241

DfP : T̃PM → T̃f(P )N
γ′(0) → (f ◦ γ)′(0)

is well-de�ned and linear.
(2) The maps from (1) have the following two properties:242

(a) If id : M →M is the identity map, then for any P ∈M the corresponding map
D idP : T̃PM → T̃PM is also the identity.

(b) For any two smooth maps f : L→M and g : M → N between smooth subman-
ifolds and any P ∈ L we have

D(g ◦ f)P = Dgf(P ) ◦DfP : T̃PL → T̃g(f(P ))N.
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f

γ′(0)

γ

N

f(P )
P

(f ◦ γ)′(0)
M

241At the danger of repeating ourselves, we use the Submanifold Smooth Structure Lemma 19.24 to view
M and N as smooth manifolds in their own right. Thus by a smooth map we mean a smooth map between
these two smooth manifolds.
242By the Submanifold Smooth Structure Lemma 19.24 the inclusion map N → Rn is smooth, thus f ◦ γ
is indeed a smooth curve that takes values in Rn, thus it makes sense to take its derivative.
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De�nition. Let f : M → N be a smooth map between smooth submanifolds of Rm re-
spectively Rn. Given any P ∈M we refer to the map

DfP : T̃PM → T̃f(P )N
γ′(0) → (f ◦ γ)′(0),

that we introduced in the Physical Tangent Space-Functor Proposition 23.2 (2), as the
differential of f at P .

Proof. We start with a preamble. In the proofs of (0) and (1) we will consider smooth
maps h : W → Rt where W is an open subset of some Rs. For each P ∈ W we denote by
DhP ∈ M(t × s,R) the di�erential as de�ned on page 536. Throughout the proofs of (0)
and (1) we use this notation exclusively for such maps.

(0) Let M be a d-dimensional submanifold of Rm and let P ∈ M . First we consider
the case that P ∈ M \ ∂M . Since M is a smooth submanifold of Rm we know that
there exists a submanifold chart Φ: U → V for P ∈ M . We write Q := Φ(P ) and
Ψ := Φ−1 : V → U . We write

Ṽ := {x ∈ Rd | (x, 0) ∈ V }.

This is an open subset of Rd. We denote by ι : Ṽ → V the injective map given by
x 7→ (x, 0). Note that Q = ι(Q̃) for some Q̃ ∈ Ṽ .
Claim. T̃PM = D(Ψ ◦ ι)Q̃ · R

d︸ ︷︷ ︸ Ă Rm.

↑
note that Ψ ◦ ι : Ṽ → Rm is indeed de�ned on an open subset of Rd,

thus it makes sense to consider the �classical� di�erential

Proof. We show the two inclusions �Ą� and �Ă� separately.
(Ă) Let γ : (−ε, ε) → M be a smooth map with γ(0) = P . We need to show that

γ′(0) ∈ D(Ψ ◦ ι)Q̃(Rd). Note that after possibly reducing ε we can assume that
γ((−ε, ε)) Ă U . We denote by π : Rn = Rd × Rn−d → Rd the projection that is
given by (x, y) 7→ x. We see that

γ′(0) = (Ψ ◦ ι ◦ π ◦ Φ ◦ γ)′(0) = D(Ψ ◦ ι)Q̃ · (π ◦ Φ ◦ γ)′(0).︸ ︷︷ ︸
vector in Rd

↑
Chain Rule 19.10

together with the remark on page 536

(Ą) Let v ∈ Rd. Since Ṽ is open we there exists an ε > 0 such that the corresponding
curve γ : (−ε, ε)→ Rd given by t 7→ Q̃+ t · v takes values in Ṽ . Then

D(Ψ ◦ ι)Q̃ · v = D(Ψ ◦ ι)Q̃ · γ′(0) = (Ψ ◦ ι ◦ γ)′(0).
↑

Chain Rule 19.10

Since Ψ◦ ι◦γ : (−ε, ε)→M is a smooth map which sends 0 to P we have shown
the �Ą�-inclusion. �

This concludes the proof of Statement (0) if P ∈ M \ ∂M . The case that P ∈ ∂M
is treated in a very similar fashion. We leave it to the reader to �ll in the details.
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Rd

Ṽ
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γ Q̃
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Q

P

M U

Φ

Ψ

(1) To simplify the notation a little bit we consider the case that P 6∈ ∂M . The case that
P ∈ ∂M is dealt with in essentially the same way. We continue with the notation
and setup that we introduced in (0) for M Ă Rm. We consider the following diagram

T̃PM // T̃f(P )N

{smooth maps γ : (−ε, ε)→U}
γ 7→(f◦γ)′(0)

22

γ 7→γ′(0)

kk

γ 7→(π◦Φ◦γ)′(0)
ssRd

D(Ψ◦ι)
Q̃
·∼=

OO

D(f◦Ψ◦ι)
Q̃
·

77

We make the following observations:
(a) In the proof of the �Ă�-statement in (0) we already showed that the triangle to

the left commutes.
(b) In (0) we showed that the left vertical map is an epimorphism.
(c) By the Chain Rule 19.10 we have D(Ψ ◦ ι)Q̃ = DΨQ ·DιQ̃.
(d) Recall that Ψ is a di�eomorphism. It follows from this fact together with the

Smooth Invariance of Domain Proposition 19.11 that DΨQ is an invertible matrix.
(e) Since the inclusion ι is a linear map we obtain from the discussion on page 536

that multiplication by the matrix DιQ̃ equals the inclusion Rd → Rm.
(f) It follows from (d) and (e) that the left vertical map is a monomorphism.
(g) The combination of (b) and (f) shows that the left vertical map is an isomorphism.
(h) It follows again from the Chain Rule 19.10 that the triangle to the bottom right

commutes.
(i) Basically by de�nition of T̃PM the upper left diagonal map is a surjection.
The above observations imply that there is a unique horizontal map which makes the
upper triangle commute. In other words, the map DfP : T̃PM → T̃f(P )N given by
γ′(0)→ (f ◦ γ)′(0) is well-de�ned. Furthermore, since the above diagram commutes
and since the left vertical map is an isomorphism and since the right diagonal map
is a homomorphism we see that the top horizontal map is indeed a homomorphism.
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In the following proof of (2) we denote by D again the di�erential as de�ned on page 623.

(2) (a) This statement is obvious.
(b) Let f : L → M and g : M → N be smooth maps between smooth submanifolds,

let P ∈ L and let v ∈ T̃PL. Let γ : I → L be a smooth curve through P with
γ′(0) = v. We see that

D(g ◦ f)P (v) = ((g ◦ f) ◦ γ)′(0) = (g ◦ (f ◦ γ))′(0) = Dgf(P )(DfP (v)).
↑

since (f ◦ γ)′(0) = DfP (v) �

Proposition 23.3. (Physical Tangent Space-Inclusion Proposition) Let M be a
smooth submanifold of Rm.
(1) LetW be a submanifold ofM (e.g.W could be an open subset ofM) and let P ∈ W .

We denote by i : W →M the inclusion.
(a) We have T̃PW Ă T̃PM and the di�erential DiP : T̃PW → T̃PM is the inclusion.
(b) If W is of codimension-zero, then we have T̃PW = T̃PM .

(2) We denote by i : ∂M → M the inclusion. We have T̃P∂M Ă T̃PM and the di�er-
ential DiP : T̃P∂M → T̃PM is the inclusion.

(3) Let N be a smooth submanifold of some Rn. If f : M → N is a local di�eomorphism,
then for every P ∈M the di�erential DfP : T̃PM → T̃f(P )N is an isomorphism.

Proof.

(1) (a) By the Submanifold Smooth Structure Lemma 19.24 we know that the inclusion
i : W → M is smooth. Any smooth curve in W is thus a smooth curve in M .
With this observation Statement (1a) is now obvious.

(b) IfW is of codimension-zero, then we know by the Physical Tangent Space-Functor
Proposition 23.2 (0) that the vector spaces T̃PW and T̃PM have the same di-
mension. Thus it follows from (1a) that the vector spaces are actually the same.

(2) As discussed in the Smooth Manifold Boundary Proposition 19.26, the inclusion map
∂M →M is smooth. Thus the statement is obvious.

(3) Let f : M → N be a local di�eomorphism and let P ∈ M . Since f is a local
di�eomorphism there exists an open neighborhood U of P and an open neighborhood
V of Q = f(P ) such that the restriction ϕ = f |U : U → V is a di�eomorphism. We
write ψ = ϕ−1 : V → U . We denote by i : U →M and j : V → N the inclusions. We
obtain the following diagram:

T̃PM
DfP // T̃f(P )N

T̃PU

DiP =

OO

DϕP // T̃f(P )V.

Dψf(P )

kk

Djf(P )=

OO

We make the following three observations:
(a) We have f ◦ i = j ◦ ϕ. Thus it follows from the Physical Tangent Space-Functor

Proposition 23.2 (2b) that the diagram commutes.
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(b) It follows from ψ ◦ϕ = idU and ϕ ◦ ψ = idV , together with the Physical Tangent
Space-Functor Proposition 23.2 (2) that DϕP = Dψ−1

f(P ). In particular we see
that the bottom horizontal map is an isomorphism.

(c) By (1) we know that the vertical maps are the identity.
It follows from the above three observations that the top horizontal map is also an
isomorphism. �

The last lemma of this section relates the two notions of di�erentials that we have introduced
so far.
Lemma 23.4. (Di�erential-equals-Di�erential Lemma) Let f : M → N be a smooth
map between an open subset of Rm and a smooth submanifold of Rn. For every P ∈ M
the following statement holds:

DfP : T̃PM = Rm → T̃PN Ă Rn︸ ︷︷ ︸
di�erential as de�ned on page 623

is given by multiplication by DfP ∈ M(n×m,R).︸ ︷︷ ︸
the di�erential as de�ned

on page 536

Proof. Since DfP : T̃PM = Rm → T̃PN = Rn is linear we only have to check this state-
ment for the standard basis e1, . . . , em of T̃PM = Rm. Let i ∈ {1, . . . ,m}. Since M is
an open subset of Rm there exists an ε > 0 such that the map γ : (−ε, ε) → Rm given by
t 7→ P + t · ei takes values in M . Now we see:

(DfP )(ei) = (DfP )(γ′(0)) = (f ◦ γ)′(0) = DfP · (γ′(0)) = DfP · ei
↑ ↑

see page 623 Chain Rule 19.10 �

23.2. Smooth manifolds and functors. Before we move on to tangent spaces of general
smooth manifolds it is convenient to formulate some of the above results in the language
of category theory.
De�nition.
(1) We refer to the category SmMfd with

Ob(SmMfd ) := all smooth manifolds,
Mor(X, Y ) := all smooth maps from X to Y ,

with the usual composition of maps as the category of smooth manifolds.
(2) We refer to the category SmMfd Rn with244

Ob(SmMfd Rn) := all smooth submanifolds of Rn for an arbitrary n ∈ N0,
Mor(X, Y ) := all smooth maps from X to Y ,

with the usual composition of maps as the category of smooth submanifolds of some
Rn.

In our setting we need a slight variation on the above categories.
De�nition.

244Here the dimension n is variable, thus the category contains as objects that are submanifolds of R0, R,
R2, R3, and so on.
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(1) A pointed smooth manifold is a pair (M,x0) where M is a smooth manifold and x0

is a point in M .
(2) We refer to the category PSmMfd with

Ob(PSmMfd ) := all pointed smooth manifolds,
Mor((M,x0), (N, y0)) := all smooth maps f from M to N with f(x0) = y0

with the usual composition of maps as the category of pointed smooth manifolds.
(3) We de�ne the category PSmMfd Rn of pointed smooth submanifolds of some Rn ex-

actly the same way.
With these de�nitions we can rephrase (most of) the Physical Tangent Space-Functor
Proposition 23.2 as follows.

Proposition 23.5. The maps

(M,P ) 7→ T̃PM
(f : (M,P )→ (N,Q)) 7→ (DfP : T̃PM → T̃QN)

de�ne a covariant functor from the category PSmMfd Rn of pointed smooth submanifolds
of some Rn to the category VecR of R-vector spaces.
Note that SmMfd Rn is a full subcategory of SmMfd in the sense of the de�nition of a full
subcategory on page 197. Similar PSmMfd Rn is a full subcategory of PSmMfd . Thus the
following question arises:

Question 23.6.
(1) Can we �extend� the covariant functor

PSmMfd Rn → VecR
(M,P ) 7→ T̃PM

(f : (M,Q)→ (N,Q)) 7→ (DfP : T̃PM → T̃QN)

to a covariant functor PSmMfd → VecR ?

(2) If we can extend the covariant functor, is the extension �essentially unique�?
We will make Question 23.6 (1) more precise in the following section. There are many
reasons why one should hope for a positive answer to Question 23.6 (1). For example,
even if we only care about smooth submanifolds of some Rn, very often it is convenient
to work with �abstract� descriptions. For example in Torus-as-Quotient Lemma 19.34 we
showed that the torus S1 × S1 is di�eomorphic to R2/Z2. In many situations it is much
more pleasant to work with the smooth manifold R2/Z2 instead of working directly with
the torus S1 × S1. The reader will thus be pleased to hear that we will give a positive
answer in the Tangent Space-Isomorphism Proposition 23.16 (4).

Finally note that once we have proved the Euclidean Embedding Theorem 27.1 we will
be able to provide an answer to Question 23.6 (2) in Exercise 27.1.

23.3. Tangent spaces of smooth manifolds. In this section we introduce the notion
of tangent spaces to points on general smooth manifolds. We jump right into the fray by
giving the de�nition. We will then spend some time trying to explain why this, initially
invariably confusing, de�nition is actually meaningful.



628

De�nition. Let M be a smooth manifold and let P ∈M .245

(1) A derivation at P is a linear map246 w : C∞(M,R) → R such that for every choice
of f, g ∈ C∞(M,R) we have

w(f · g) = f(P ) · w(g) + w(f) · g(P ) �Leibniz rule�.

(2) The set of all derivations at P is called the tangent space TPM at P . We refer
to elements of TPM , i.e. we refer to derivations at P , also as tangent vectors.
Sometimes, especially when we also talk about the physical tangent space T̃PM , we
refer to TPM also the abstract tangent space at P .

Lemma 23.7. Let M be a smooth manifold. For every P ∈ M the tangent space TPM
is a vector subspace of the vector space of linear maps C∞(M,R)→ R.

Proof. Let v, w be two derivations at P . We need to show that v + w is also a derivation
at P . Thus let f, g ∈ C∞(M,R). We perform the following calculation:

(v + w)(f ·g) = v(f ·g) + w(f ·g) = f(P )·v(g) + v(f)·g(P ) + f(P )·w(g) + w(f)·g(P )
= f(P )·(v(g) + w(g)) + (v(f) + w(f))·g(P )
= f(P )·(v + w)(g) + (v + w)(f)·g(P ).

An even easier argument shows that if λ ∈ R, then λ · v is also a derivation at P . Finally
note that evidently the zero homomorphism is a derivation. �

Lemma 23.8. Let M be a smooth manifold, let P ∈M and let w ∈ TPM .
(1) If f : M → R is a constant map, then w(f) = 0.
(2) Let f, g ∈ C∞(M,R). If f(P ) = g(P ) = 0, then w(f · g) = 0.
(3) Let f, g ∈ C∞(M,R). If there exists some open neighborhood U of P such that

f |U = g|U , then w(f) = w(g).

Proof.

(1) Let f : M → R be a constant map. We denote by c the map that is = 1 everywhere.
We perform the following calculation:

w(f) = f(P )·w(c) = f(P )·w(c·c) = f(P )·(c(P )︸ ︷︷ ︸
=1

·w(c) + w(c)·c(P )︸ ︷︷ ︸
=1

) = f(P )·2·w(c).
↑ ↑ ↑

follows from since c=c·c Leibniz rule
f = f(P ) · c,
since w linear

Comparing the second and the last term we see that those terms, and hence all terms,
are zero.

(2) Let f, g ∈ C∞(M,R). If f(P ) = g(P ) = 0, then

w(f · g) = f(P ) · w(g) + w(f) · g(P ) = 0 · w(g) + w(f) · 0 = 0.
↑

by de�nition of a derivation

245We should stress that we allow P to be in the boundary of M .
246Recall that according to the de�nition on page 546 we denote by C∞(M,R) the vector space of all
smooth maps M → R.
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(3) Let f, g ∈ C∞(M,R). We suppose that there exists some open neighborhood U of
P such that f |U = g|U . We set h := f − g. Note that h vanishes on U . Using
the Smooth Transition Function Lemma 19.4 one can easily show that there exists a
smooth map ϕ : M → R which is ≡ 1 on M \ U and which satis�es ϕ(P ) = 0. We
see that

w(f)− w(g) = w(h) = w(h · ϕ) = 0.
↑ ↑ ↑

since w linear since h=h·ϕ by (2) since h(P )=ϕ(P )=0 �

��������
��������
��������
����������������������������
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�
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U UP

graph of ϕM

graph of h
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This de�nition of a tangent space might sound rather odd, but the following proposition
should help in getting some intuition for the de�nition.

Proposition 23.9. Let M be an open subset of Rn. For any P ∈M the map

ΞP : Rn → TPM

v 7→
(
C∞(M,R) → R

f 7→ d
dt

∣∣
t=0

f(P + t · v))︸ ︷︷ ︸
= DfP · v by the Chain Rule 19.10

)

is an isomorphism of vector spaces.

Proof. Let M be an open subset of Rn and let P = (P1, . . . , Pn) ∈ M . Our �rst claim
implies that ΞP actually takes values in TPM .
Claim. For every v ∈ Rn the map

C∞(M,R) → R
f 7→ DfP · v

is a derivation.
Proof. It is clear that the map is linear in f . So it remains to show that it satis�es the
Leibniz rule. Let f, g ∈ C∞(M,R). Note that the map f ·g equals the following composition
of maps:

M
x 7→(x,y)−−−−→

=:d
M ×M f×g−−→ R× R = R2 (x,y)7→x·y−−−−−→

=:m
R.

We see that Chain Rule 19.10
↓

D(f · g)P · v = D(m ◦ (f × g) ◦ d)P · v = Dm(f(P ),g(P )) · (D(f × g)P×P ·DdP ) · v
= (g(P ) f(P ))

(
DfP 0

0 DgP

)
·
(

1
1

)
·v = g(P )·DfP · v + f(P )·DgP · v.

We have thus successfully veri�ed that the Leibniz rule holds. �
It is clear that the map ΞP : Rn → TPM given by v 7→ DfP · v is linear. Thus it

remains to show that ΞP is injective and surjective. Before we continue we introduce one
piece of notation, namely given i ∈ {1, . . . , n} we denote by ci : M → R the map given by
(x1, . . . , xn) 7→ xi.
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Claim. The map ΞP : Rn → TPM is injective.

Proof. Let v = (v1, . . . , vn) ∈ Rn with ΞP (v) = 0. Given any i ∈ {1, . . . , n} we see that

0 = ΞP (v)(ci) = d

d

∣∣
t=0

ci(P + t · v) = d

dt

∣∣
t=0

(Pi + t · vi) = vi.
↑

de�nition of ci

We have now shown that v = (0, . . . , 0) = 0 ∈ Rn. �

Claim. The map ΞP : Rn → TPM is surjective.

Proof. Let w ∈ TPM . We set vi := w(ci) ∈ R and we set v := (v1, . . . , vn) ∈ Rn. We claim
that ΞP (v) = w. Let f ∈ C∞(M,R). By Taylor's Theorem 19.7 we have

f(x) = f(P ) +
n∑
i=1

∂f
∂xi

∣∣
P
· (ci − Pi) +

n∑
i=1

n∑
j=1

(ci − Pi)(cj − Pj)·
1∫
0

(1− t) ∂2

∂xi∂xj

∣∣
P+t(x−P )

dt.︸ ︷︷ ︸
it follows from Lemma 23.8 (2) that w(. . . ) = 0

Finally we see that we have the following equalities:

w(f) =

= 0 by Lemma 23.8︷ ︸︸ ︷
w(f(P )) + w

( n∑
i=1

∂f
∂xi

∣∣
P
· (ci − Pi)

)
=

n∑
i=1

∂f
∂xi

∣∣
P
· (w(ci)︸ ︷︷ ︸

=vi

− w(Pi)︸ ︷︷ ︸
=0

) = ΞP (v).x x x
above observation linearity of w Chain Rule 19.10 �

The following proposition summarizes some basic properties of the tangent space. It can
be viewed as an analogue of the Physical Tangent Space-Functor Proposition 23.2 (1) and
(2) and of Proposition 23.5.

Proposition 23.10. (Tangent Space-Functor Proposition) Let M and N be two
smooth manifolds.
(1) If f : M → N is a smooth map, then for every P ∈M the map

DfP : TPM → Tf(P )N

v 7→
(
C∞(N,R) → R

g 7→ v(g ◦ f)

)
is well-de�ned and linear.

(2) The maps from (1) have the following two properties:
(a) If id : M → M is the identity map, then for any P ∈ M the di�erential

D idP : TPM → TPM is also the identity.
(b) For any two smooth maps f : L→M and g : M → N between smooth manifolds

and any P ∈ L we have

D(g ◦ f)P = Dgf(P )) ◦DfP : TPL → Tg(f(P )N �Chain Rule� .

(3) The maps
(M,P ) 7→ TPM

(f : (M,Q)→ (N,Q)) 7→ (DfP : TPM → TQN)

de�ne a covariant functor from the category PSmMfd of pointed smooth manifolds
to the category VecR of R-vector spaces.
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De�nition. Given a smooth map f : M → N between two smooth manifolds and given
P ∈M we refer to the map

DfP : TPM → Tf(P )N
v 7→ (g 7→ v(g ◦ f))

from the Tangent Space-Functor Proposition 23.10 (1) as the differential of f at P .

Proof.

(1) The only statement one needs to think about for a second is, why does DfP take
values in Tf(P )N? Thus let v ∈ TPM . We need to show that g 7→ v(g ◦ f) is indeed
a derivation. Now let g, h ∈ C∞(N,R). We perform the following little calculation:

v((g · h) ◦ f) = v((g ◦ f) · (h ◦ f)) = (g ◦ f)(P ) · v(h ◦ f) + v(g ◦ f) · (h ◦ f)(P ).

We have thus veri�ed that the Leibniz rule is satis�ed.
(2) This statement follows follow almost immediately from the de�nitions.
(3) This statement just summarizes the contents of (1) and (2) and of Lemma 23.7. �

Example. Let M and N be two smooth manifolds. If f : M → N is a constant map, then
it follows from Lemma 23.8 that for each P ∈ M the di�erential DfP : TPM → Tf(P )N is
actually the zero homomorphism.

The following proposition is the analogue of the Physical Tangent Space-Functor Proposi-
tion 23.2 (0).

Proposition 23.11. (Tangent Space-Dimension Proposition) IfM is an n-dimensional
smooth manifold, then for every P ∈ M the corresponding tangent space TPM is an n-
dimensional vector subspace of the vector space Hom(C∞(M,R),R).
The proof of the Tangent Space-Dimension Proposition 23.11 relies on the following two
lemmas.
Lemma 23.12. Let M be a smooth manifold and let U Ă M be an open subset U . We
denote by ι : U → M the inclusion. For every P ∈ U the map DιP : TPU → TPM is an
isomorphism.

Proof. The lemma follows, with a little bit of thought, from Lemma 23.8 (3). We will �ll
in the details in Exercise 23.5. �

Lemma 23.13. Let n ∈ N and let V Ă Hn be an open subset. We denote by ι : V → Rn

the inclusion. For every P ∈ ∂V the map DιP : TPV → TPRn is an isomorphism.

Proof. Let P ∈ ∂V . First we show that the map DιP : TPV → TPRn is injective. Thus
let w ∈ TPV with DιP (w) = 0. We need to show that w(f) = 0 for every smooth map
f : V → R. Thus let f : V → R be a smooth map. By de�nition of a smooth map on
Hn, seepage 532, there exists an open neighborhood W Ă Rn of P and a smooth map
g : W → R with f |V ∩W = g|V ∩W . By Exercise 19.18, applied to g, there exists furthermore
an open neighborhood X of P and a smooth map h : Rn → R such that h|W∩X = g|W∩X .
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We calculate
w(f) = w(h|W ) = w(h ◦ ι) = (DιP (w))(h) = 0.

↑ ↑
by Lemma 23.8 (3), since by de�nition of DιP (w)
f and h|W agree on W ∩X

It remains to show that DιP : TPW → TPRn is surjective. For i = 1, . . . , n we write

C∞(W,R)
vi−→ R

f 7→ lim
h→0+

1
h
·(f(P+h·ei︸ ︷︷ ︸
∈W for small h>0

)−f(P )) &
C∞(Rn,R)

wi−→ R
f 7→ lim

h→0

1
h
·(f(P+h·ei)−f(P )).︸ ︷︷ ︸

=
∂
∂xi
|P

One can easily verify that v1, . . . , vn are derivations. Evidently we have (DιP )(vi) = wi.
By Proposition 23.9 we know that w1, . . . , wn form a basis for TPRn. We have thus shown
that DιP is a surjection. �
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Proof of the Tangent Space-Dimension Proposition 23.11. LetM be an n-dimensional
smooth manifold. Furthermore let P ∈M . First we consider the case that P 6∈ ∂M . Thus
we can pick a chart Φ: U → V of type (i) where V is an open subset of Rn. We denote by
i : U →M the inclusion map. We have the following isomorphisms:

TPM
DiP←−−−−− TPU

DΦP−−−−−−→ TΦ(P )V
∼=−−−−→ Rn.

↑ ↑ ↑
isomorphism by by the Tangent Space-Functor isomorphism given by
Lemma 23.12 Proposition 23.10 this is an isomorphism Proposition 23.9

with inverse given by D(Φ−1)Φ(P )

Now suppose that P ∈ ∂M . This means that there exists a chart Φ: U → V of type (ii)
where V is an open subset of Hn and Φ(P ) ∈ ∂Hn. We denote by j : V → Rn the inclusion
map. In this setting we have the following isomorphisms:

TPM
DiP←−−−− TPU

DΦP−−−−−→ TΦ(P )V
DjP−−−−→ TΦ(P )Rn

∼=−−→ Rn.
↑ ↑ ↑ ↑

isomorphism by by the Tangent Space-Functor isomorphism isomorphism given by
Lemma 23.12 Proposition 23.10 this is an given by Proposition 23.9

isomorphism with inverse given Lemma 23.13
by D(Φ−1)Φ(P ) �

The following proposition is the analogue of the Physical Tangent Space-Inclusion Propo-
sition 23.3.
Proposition 23.14. Let M be a smooth manifold.
(1) LetW be a submanifold ofM (e.g.W could be an open subset ofM) and let P ∈ W .

We denote by i : W → N the inclusion.
(a) The di�erential DiP : TPW → TPM is a monomorphism.
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(b) If W is of codimension-zero, then the di�erential DiP : TPW → TPM is an
isomorphism.

(2) We denote by i : ∂M → M the inclusion. The di�erential DiP : TP∂M → TPM is
a monomorphism.

(3) Let N be a smooth manifold. If f : M → N is a local di�eomorphism, then for every
P ∈M the di�erential DfP : TPM → Tf(P )N is an isomorphism.

Convention. Let M be a smooth manifold. Since it is notationally dreadful to carry
around inessential information we will usually use the following two conventions.
(1) Let W be a submanifold of M . We denote by i : W → M the inclusion map.

By the Physical Tangent Space-Inclusion Proposition 23.14 we know that the map
DiP : TPW → TPM is a monomorphism. On many occasions we will just identify
TPW with its image under DiP in TPM . In particular we will view TPW as a vector
subspace of TPM .

(2) Let P ∈ ∂M . By the same logic as in (1) we will view TP ∂M as a vector subspace
of TPM .

This convention brings us in line with corresponding situation for physical tangent spaces
as described in the Physical Tangent Space-Inclusion Proposition 23.3 (1) and (2).

Proof. Let M be an n-dimensional smooth manifold.
(1) (a) Let W be a k-dimensional submanifold of M and let P ∈ W . In the following we

deal with the case that P admits a submanifold chart of type (α) in the sense of
the de�nition on page 550. Using Lemma 23.13 the other cases are treated in a
similar fashion. Thus let Φ: U → V be a submanifold chart of type (α). We write
H = {0}×Rk Ă Rn and Q = Φ(P ) ∈ H. We denote by ι : H → Rn the inclusion
and we denote by π : Rn → H the projection that is given by (x, y) 7→ (0, y). We
consider the following diagram:

TPW
DiP
��

TP (W ∩ U)oo

��

D(Φ|W∩U )P
// TQ(V ∩H) //

��

TQH

��
DιQ
��

TPM TPUoo
DΦP // TQV // TQRn.

DπQ

dd

We make the following clari�cations and observations:
• All maps that are not given explicitly are the di�erentials of the obvious
inclusion maps.
• It follows from the Tangent Space-Functor Proposition 23.10 (2) that the
diagram commutes.
• It follows from Lemma 23.12 that the horizontal maps to the left and to the
right are isomorphisms.
• Since Φ and also Φ|W∩U are di�eomorphisms we obtain from from the Tan-
gent Space-Functor Proposition 23.10 that the middle horizontal maps are
isomorphisms.
• Note that π ◦ ι : H → H is the identity. It follows from the Tangent Space-
Functor Proposition 23.10 (2) that DπQ ◦DιQ = D(π ◦ ι)Q = D idQ = id. Thus
we see that DιQ is a monomorphism.
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The combination of the above shows that in fact all vertical maps are monomor-
phisms.

(b) This statement follows immediately from (a) and the fact, which we just proved
in the Tangent Space-Dimension Proposition 23.11, that TPW and TPM have
the same dimension.

(2) The proof of this statement is very similar to the proof of Statement (1). We leave
it to the reader to �ll in the details.

(3) The proof of this statement is basically identical to the proof of the analogous state-
ment in the Physical Tangent Space-Inclusion Proposition 23.3, all we have to is
to replace the Physical Tangent Space-Functor Proposition 23.2 (2) by the Tangent
Space-Functor Proposition 23.10 (2). Again we leave it to the reader to �ll in the
details. �

We conclude this section with a short discussion of outward and inward pointing tangent
vectors. These notions are the analogues of the notions we introduced on page 620.
De�nition. Let M be a smooth manifold and let P ∈ ∂M . We say a tangent vector
w ∈ TPM points outward, if the following two conditions are satis�ed:
(1) For every smooth map f : M → R≥0 with f |∂M ≡ 0 we have w(f) ≥ 0.
(2) There exists a smooth map f : M → R≥0 with f |∂M ≡ 0 such that w(f) > 0.

By replacing �≥� and �>� by �≤� and �<� we obtain the notion of an inward pointing
tangent vector.
The following lemma says that for a point P ∈ ∂M there is a trichotomy for the tangent
vectors in TPM .
Lemma 23.15. Let M be a smooth manifold, let P ∈ ∂M and let w ∈ TPM . Precisely
one of the following three statements holds:
(1) w points outward,
(2) w points inward,
(3) w ∈ DιP (TP ∂M → TPM), where ι : ∂M →M is the inclusion map.

Proof. We will prove the lemma in Exercise 23.7. �

23.4. The relationship between the de�nitions of tangent spaces. Given a k-dimen-
sional smooth submanifold M of some Rm and given P ∈ M we have now introduced two
notions of tangent spaces. On page 620 we introduced the physical tangent space T̃PM ,
which is a k-dimensional vector subspace of Rm. Later, on page 628 we introduced the
tangent space TPM in a signi�cantly more abstract way.

The next proposition elucidates the relationship between the physical tangent space
T̃PM and the tangent space TPM .

Proposition 23.16. (Tangent Space-Isomorphism Proposition)
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(1) Let M be a k-dimensional submanifold of Rm and let P ∈M . The map

ΘM : T̃PM → TPM

v 7→
(
C∞(M,R) → R

g 7→ DgP (v)
↑

where DgP : T̃PM → T̃g(P )R = R

)

is well-de�ned and it is an isomorphism of vector spaces.
(2) Let M be a k-dimensional submanifold of Rm. For P ∈ ∂M the isomorphism ΘM

restricts to a bijection between outward tangent vectors in T̃PM (as de�ned on
page 620) and outward tangent vectors in TPM (as de�ned on page 634). The same
statement also holds with �outward� replaced by �inward�.

(3) If f : M → N is a smooth map between submanifolds of Rm respectively Rn, then
the following diagram commutes

T̃PM
DfP
��

ΘM // TPM
DfP
��

T̃f(P )N
ΘN // Tf(P )N.

Here to the left we consider the di�erential as de�ned on page page 623 and to the
right we consider the di�erential as de�ned on page 631.

(4) The maps ΘM de�ned in (1) give a natural isomorphism, in the sense of the de�nition
on page 203, between the covariant functors

PSmMfd Rn → VecR
(M,P ) 7→ T̃PM

f 7→ DfP
and

PSmMfd Rn → VecR
(M,P ) 7→ TPM

f 7→ DfP
which we introduced in Propositions 23.5 and 23.10.

Remark.
(1) The Tangent Space-Isomorphism Proposition 23.16 (4) gives an a�rmative answer

to Question 23.6 (1).
(2) What matters in the end is that we managed to de�ne a functor (M,P )→ TPM that

satis�es the Tangent Space-Isomorphism Proposition 23.16. The actual de�nition of
TPM is in the following utterly irrelevant. In fact in Section 23.5 we will sketch a
di�erent construction of such a functor, but at the end the actual de�nition of TPM
never gets used.

Proof. We prove the three statements in a di�erent order than formulated.
(3) Let f : M → N be a smooth map between submanifolds of Rm respectively Rn.

Furthermore let v ∈ T̃PM and let g ∈ C∞(N,R). We see that

(DfP ◦ΘM)(v)(g) = D(g ◦ f)P (v) = (Dgf(P ) ◦DfP )(v) = (ΘN ◦DfP )(v)(g).
↑

chain rule of the Physical Tangent Space-Functor Proposition 23.2 (2)

(1) As in the proof of Proposition 23.9 we see that ΘM is well-de�ned in the sense that for
any v ∈ T̃PM the map C∞(M,R)→ R given by g 7→ DgP (v) is indeed a derivation.
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It remains to show that the maps ΘM are isomorphisms. Let M be a k-dimensional
smooth submanifold of Rm and let P ∈ M . As always we use the Submanifold
Smooth Structure Lemma 19.24 to view M as a smooth manifold in its own right.
We pick a corresponding chart Φ: U → V around P . We write Q = Φ(P ). We
denote by i : U →M and j : V → Rk the inclusion maps. We consider the following
diagram

T̃PM

ΘM
��

T̃PU
DiPoo

ΘU
��

DΦP // T̃QV
DjQ

//

ΘV
��

T̃QRk

ΘRk
��

TPM TPU
DiPoo

DΦP // TQV
DjQ

// TQRk.

We make the following observations:
• It follows from (3) that the diagram commutes.
• It follows from Propositions 23.3 and 23.14 that the left and right horizontal maps
are isomorphisms.
• Since Φ is a di�eomorphism we obtain from Propositions 23.2 and 23.10 that the
middle horizontal maps are isomorphisms.
• By Proposition 23.9 we know that the right vertical map is an isomorphism.
The combination of the above shows that the left vertical map is indeed an isomor-
phism.

(2) Let M be a k-dimensional submanifold of Rm and let P ∈ ∂M . Let v ∈ TPM
be a vector that points outward. Recall that this means that v = γ′(0) where
γ : (−ε, 0] → M is a smooth map with γ(0) = P but with γ′(0) 6∈ T̃P (∂M). Let
g : M → R≥0 be a smooth map with g|∂M ≡ 0. We obtain that

(ΘM)(v)(g) = DgP (v) = DgP (γ′(0)) = (g ◦ γ)′(0) ≤ 0.
↑ ↑

Chain Rule 23.2 (2) since (g◦γ)(t)≥0 for t≤0
and (g ◦ γ)(0) = 0

Furthermore, note that using charts it is not di�cult to construct a smooth map
g : M → R≥0 with g|∂M ≡ 0 and with (ΘM)(v)(g) > 0. This shows that ΘM(v) does
indeed point outward. The converse can also be proved by considering charts. We
leave it to the reader to �ll in the details.

(4) This statement follows immediately from (1) and (3), and the de�nition of a natural
isomorphism, see page 203. �

the Tangent Space-Isomorphism Proposition 23.16 allows us to go back and forth between
the two �avors of tangent spaces for a smooth submanifold of some Rk. This leads us to
the following convention.

Convention. Given a submanifold M of some Rk and P ∈ M we will often, especially
in the later chapters, use the natural isomorphism from the Tangent Space-Isomorphism
Proposition 23.16 to make the identi�cation T̃PM = TPM .
As a special case we have the following convention.
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Example. Let M be an open subset M of Rn or of Hn and let P ∈ M . The above
convention says that at times we make the identi�cation

Rn = T̃PM = TPM.
↑ ↑

Lemma 23.1 identi�ed via the natural isomorphism
provided by the Tangent Space-Isomorphism Proposition 23.16

Going through the de�nitions one sees easily that this isomorphism Rn → TPM is precisely
the isomorphism provided by Proposition 23.9.

De�nition. Let I Ă R be an open subset, let M be a smooth manifold and let f : I →M
be a smooth map. Given any t ∈ I we write

f ′(t) := Dft(tangent vector 1 ∈ TtR = T̃tR = R) ∈ Tf(t)M.

Remark. If M is a smooth submanifold of some Rn, then under above the identi�cation
T̃PM = TPM one sees that the above de�nition of f ′(t) ∈ Tf(t)M = T̃f(t)M Ă Rn agrees
with the de�nition on page 533.

23.5. Alternative construction of tangent spaces. In this short section we present an
alternative approach to answering Question 23.6 (1). To simplify the discussion we will only
work with smooth manifolds with empty boundary. Therefore we introduce the following
notation.
Notation. We write:

SmMfd
∂=∅ := category of smooth manifolds without boundary,

PSmMfd
∂=∅ := category of pointed smooth manifolds without boundary.

Similarly we de�ne the analogues where we only consider smooth submanifolds without
boundary of some Rn.

De�nition.
(1) Let M be a smooth manifold and let P ∈M . Let us consider

T̂PM := {all smooth maps γ : (−ε, ε)→M with γ(0) = P}/∼
where we de�ne

α ∼ β ⇐⇒ there exists a chart Φ: U → V and an η > 0 with
(Φ ◦ α|(−η,η))

′(0) = (Φ ◦ β|(−η,η))
′(0) ∈ Rn.

(2) If f : M → N is a smooth map between two smooth manifolds without boundary,
then for any P ∈M we de�ne

DfP : T̂PM → T̂f(P )N
[α] 7→ [f ◦ α].

It is not that di�cult to show that T̂PM and DfP have the same formal properties
as the tangent spaces TPM and the di�erentials DfP , in the sense that the fairly obvious
analogues of Propositions 23.10, 23.11 and 23.14 hold. In particular we see that the maps

(M,P ) 7→ TPM
(f : (M,Q)→ (N,Q)) 7→ (DfP : T̂PM → T̂QN)
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de�ne a covariant functor from the category PSmMfd
∂=∅ of pointed smooth manifolds with

empty boundary to the category VecR of R-vector spaces.
Furthermore, similar to the Tangent Space-Isomorphism Proposition 23.16 one can show

that the maps
ΘM : T̂PM → TPM

[γ] 7→
(
C∞(M,R) → R

g 7→ (g ◦ γ)′(0)

)
de�ne a natural isomorphism.

Thus, at least in the absence of boundary, T̂PM can be used as a replacement of TPM .
One can also develop this theory for smooth manifolds with boundary, but as in the setting
of the physical tangent space, this becomes rather messy. We refer to [Jä93, Chapter 3.3]
and [Nic2020, Chapter 2] for details on T̂PM . We will not make use of this alternative
point of view on tangent spaces of smooth manifolds. Another approach to de�ning the
tangent space is given in [Shah2016, Chapter III.4.D].

23.6. Vector �elds. In this section we will study vector �elds on smooth manifolds and
we will see that often they give rise to self-maps of smooth manifolds. These notions will
play a role on many occasions throughout these notes.
De�nition. Let M Ă Rn be a submanifold.
(1) A vector �eld on M is a continuous map v : M → Rn such that for every P ∈M we

have v(P ) ∈ T̃PM .
(2) A vector �eld on M is called smooth, if the map v : M → Rn is smooth.247

(3) Given a vector �eld v on M we say that x ∈M is a zero of v if v(x) = 0.

Example. Let n ∈ N and let P be a point on Sn. By Lemma 23.1 we have

T̃PSn = {v ∈ Rn+1 | 〈P, v〉 = 0}.
For an odd-dimensional sphere S2k−1 a smooth vector �eld is given by248

v : S2k−1 → R2k

(x1, x2, . . . , x2k−1, x2k) 7→ (−x2, x1, . . . ,−x2k, x2k−1).

This vector �eld has the property that it has no zeros. In the case of the 1-sphere S1 this
is just the vector �eld of constant length 1 that points in the �counterclockwise direction�.

??
??the vector �eld

v(x, y) = (−y, x) on S1

is nowhere-vanishing

S1 S2

does there exists a
nowhere-vanishing
vector �eld on S2?

The following question arises:
247As always we view M as a smooth manifold in its own right and we use the de�nition of smoothness
from page 546.
248Indeed, for any P ∈ S2k−1 we have 〈P, v(P )〉 = 0, i.e. v(P ) does indeed lie in the tangent space TPS2k−1.
It follows easily from the Restrict-to-Submanifold-or-Boundary Lemma 19.25 (1) that v is indeed smooth.
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Question 23.17. Does there exist a nowhere-vanishing vector �eld on even-dimensional
spheres?
We will answer this question with the Hairy Ball Theorem 38.12249 or alternatively in the
Euler Characteristic-Vector Field Theorem 97.15.

Now we de�ne the notion of a vector �eld on any smooth manifold.
De�nition. Let M be a k-dimensional smooth manifold.
(1) A vector �eld on M is a map

v : M →
⊔

P∈M
TPM

such that for each P ∈ M we have v(P ) ∈ TPM and such that the following
continuity condition is satis�ed: If Φ: U → V is a chart250 from an open set U of
M to an open set V of Rk or of Hk, then the following map is continuous:

V → Rk

Q 7→
(
Θ−1
V ◦DΦΨ(Q) ◦

(
DiΨ(Q)︸ ︷︷ ︸

isomorphism
by Proposition 23.14

)−1(
v(Ψ(Q))︸ ︷︷ ︸
∈TΦ−1(Q)M

))
∈ T̃QV = Rk.

Here we use the following notation:
• We denote by Ψ := Φ−1 : V → U the inverse of Φ.
• We denote by i : U →M the inclusion map.
• We denote by ΘV : T̃PV → TPM the natural isomorphism from the Tangent
Space-Isomorphism Proposition 23.16.

(2) We say that the vector �eld v is smooth if in the de�nition of (1) the resulting map
V → Rk is always smooth.

(3) Given a vector �eld v on M we say that x ∈M is a zero of v if v(x) = 0.

Remark. As in the Smooth-via-Atlas Lemma 19.21 one can show fairly easily that it
su�ces to check the condition in part (1) of the de�nition only for a smooth atlas and not
for all charts.
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On smooth submanifolds of Rn we now have a priori two di�erent notions of (smooth)
vector �elds. The following lemma shows that these two notions are essentially the same.
Lemma 23.18. Let M Ă Rn be a smooth submanifold. Given P ∈ M we denote
by ΘP : T̃PM → TPM the natural isomorphism from the Tangent Space-Isomorphism

249We give alternative proofs of the Hairy Ball Theorem on page 1689 and on page 2124.
250Recall that for a smooth manifold we mean by a �chart� a chart from the given smooth structure.
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Proposition 23.16. Let v : M → Rn be a map such that for each P ∈ M we have
v(P ) ∈ T̃PM Ă Rn. The following statement holds:
(1) The map v is a vector �eld on M if and only if P 7→ ΘP (v) is a vector �eld on M .
(2) The map v is a smooth vector �eld on M if and only if P 7→ ΘP (v) is a smooth

vector �eld on M .
Proof. Let M Ă Rn be a k-dimensional smooth submanifold. In the following we deal
with (2), the proof for (1) follows exactly the same logic.

Let Φ̃ : Ũ → Ṽ be a submanifold chart for M . To simplify the notation we consider the
case that Φ is a submanifold chart of type (α) in the sense of the de�nition on page 550. The
other cases are treated the same way. We write U := Ũ∩M and V := {y ∈ Rk | (0, y) ∈ Ṽ }.
We denote by ι : V → Ṽ the inclusion and we denote by π : Rk = Rn−k × Rk → Rn the
projection given by (x, y) 7→ y. We denote by Φ: U → V the di�eomorphism that is
determined by the condition that ι ◦ Φ = Φ̃|Ũ .

We denote by Ψ: V → U the inverse of Φ and we denote by i : U → M the inclusion.
We consider the following diagram:

Rk

U

=:Ω
//

P 7→(P,ΘP (v))
//
⊔
P∈U

TPM
⊔
P∈U

TPU
tDiP
∼=

oo

(P, v)

7→

(Φ(P ),DΦP (v))
��

∼=

��

⊔
P∈Ũ

TPU
tΘP

∼=
oo

(P, v)

7→

(Φ(P ),DΦP (v))
��

∼=

��

(P,v)7→(P,v)
// U × Rk

(P,v)7→v

OO

(P, v)

7→

(Φ(P ),D(π ◦Ψ)P ·v)

��

V

Ψ

OO

=:κ //

=:Ξ //

⊔
Q∈V

TQV
⊔
Q∈Ṽ

TQV
tΘP

∼=
oo

(Q,w)7→(Q,w)

∼=
// V × Rn.

(Ψ(Q),DΨQ ·w)

7→

(Q,w)

OO

(Q,w)7→w
��

Rn.

We make the following clari�cations and observations:

• The maps κ, Ω and Ξ are de�ned in such a way that the left square commutes and the
top and bottom triangle commute.
• The middle square commutes by the naturality of the maps Θ.
• The right hand square commutes (in both possibilities) since Ψ = Φ−1 and by the chain
rule.
• The two right vertical maps connecting the second and the third row are smooth since
the maps P 7→ DΦP , P 7→ D(π ◦Ψ)P and Q 7→ DΨQ are smooth.
• The question whether the vector �eld P 7→ ΘP (v) is smooth in the sense of the de�nition
on page 639 boils down to the question whether Ξ: V → Rn is smooth.
• Note that the naturality of the Θ maps implies that the following diagram commutes:

T̃PU
Θ //

DiP ∼=
��

TPU
DiP∼=
��

T̃PM
Θ // TPM.
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If one goes through the de�nitions, and one uses the above observation, then one sees
that the map Ω is precisely the map P 7→ v(P ). Thus the question whether v is smooth
vector �eld on M in the sense of the de�nition on page 638 boils down to the question
whether Θ is smooth.
• It follows easily from the above that Ξ is smooth if and only if Ω is smooth. �

As a teaser we state the following question.

Question 23.19. Which closed connected 2-dimensional smooth manifolds admit a no-
where-vanishing vector �eld?
We will address the question in Exercise 23.11. For orientable 2-dimensional smooth man-
ifolds we will prove an answer in Corollary 45.23 (2). Furthermore we will give a complete
answer on page 2125. While we are throwing out questions, let us also pose the following
more general, but rather vague question.

Question 23.20. How can we tell whether a closed smooth manifold admits a nowhere-
vanishing vector �eld?
Rather surprisingly we will be able to give a complete and satisfactory answer to this ques-
tion in the Euler Characteristic-Vector Field Theorem 97.15 and the Nowhere Vanishing
Vector Field Existence Theorem 129.6.
For completeness' sake we state the following basic lemma, which will get used on several
occasions.
Lemma 23.21. (Vector Field-Pullback Lemma) Let f : M → N be a map between
two smooth manifolds and let v be a (smooth) vector �eld on N . If f is a local di�eo-
morphism, then for each x ∈M we can de�ne (f ∗v)(x) = (Dfx)−1(v(f(x)) ∈ TxM . These
vectors de�ne a (smooth) vector �eld f ∗v on M . We refer to f ∗v as the pullback of v
under f .

Example. Let p : Sn → RPn = Sn/{±1} be the usual projection. Given any vector �eld
v on RPn the pullback f ∗v is a vector �eld on Sn. The number of zeros of f ∗v equals twice
the number of zeros of v.

Proof. The lemma follows easily from the de�nitions. We leave it to the reader to �ll in
the details. �

We will return to the study of vector �elds on numerous occasions. They are obviously
interesting in their own right. Furthermore, as we will see in the Flow Theorem 35.1, they
can also be used to construct interesting self-maps of smooth manifolds.

Exercises for Chapter 23.

Exercise 23.1. Let U Ă Rn be an open subset and let f : U → Rk be a smooth map. On
page 562 we discussed that the graph

G := {(x, y) ∈ Rn × Rk |x ∈ U}
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is an n-dimensional smooth submanifold of Rn+k. Show that for every x ∈ U we have

T̃(x,f(x))G = span of the columns of the (n+ k)× n-matrix
(

idn
Dfx

)
.

�
�
�
�graph of f : U → R

U
T̃(x,f(x))G = R ·

(
1

f ′(x)

)(x, f(x))

x

Exercise 23.2. Let M be a k-dimensional smooth submanifold of Rn, let P ∈ ∂M and let
v ∈ T̃PM . Show that precisely one of the following statements holds:

(1) v ∈ T̃P∂M ,
(2) v points inward,
(3) v points outward.

Hint. First deal with the case that M is an open subset of the upper half-space Hk.
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M v points outward

v points outwards

v points inward

curve γ : [0, a)→M with γ′(0) = v

curve γ : (a, 0]→M with γ′(0) = v
v points outward

Mk Ă Hk

∂M

Exercise 23.3. Let M be a smooth manifold, let P ∈ ∂M and let v ∈ TPM . We denote
by i : ∂M →M be the inclusion map. Show that precisely one of the following statements
holds:

(1) v lies in the image of DiP : TP∂M → TPM ,
(2) v points inward,
(3) v points outward.

Exercise 23.4. Let M Ă Rm and N Ă Rn be two closed smooth submanifolds. Show that
M × N Ă Rm × Rn = Rm+n is a smooth submanifold and show that for any x ∈ M and
y ∈ N we have

T̃(x,y)(M ×N) = T̃xM × T̃yN Ă Rm × Rn = Rm+n.

Exercise 23.5. Let M be a smooth manifold and let U Ă M be an open subset. We
denote by ι : U →M the inclusion. Show that for every P ∈ U the map DιP : TPU → TPM
is an isomorphism.
Hint. Use Lemma 23.8 (3).

Exercise 23.6. Let MĂRn be a k-dimensional smooth submanifold and let P ∈M \∂M .

(a) Show that there exists an A ∈ O(n) with A · T̃PM = {(0, y) ∈ Rn | y ∈ Rk}.
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(b) Show that there exists a neighborhood U of P Ă M such that the map

U → T̃PM
x 7→A·x−−−−−−→ {(x, 0) |x ∈ Rk} (x,y) 7→x−−−−−−→ Rk

x 7→ orthogonal projection
of x− P onto T̃PM

is a chart for M .

Exercise 23.7. Let M be a smooth manifold, let P ∈ ∂M and let w ∈ TPM .
(a) Let N be a smooth manifold and let f : M → N be a local di�eomorphism with

f(P ) ∈ ∂N . Show that w ∈ TPM points outward if and only if DfP (w) ∈ TPN
points outward.

(b) Show that precisely one of the following three statements holds:
(i) w points outward,
(ii) w points inward,
(iii) w ∈ DιP (TP ∂M → TPM), where ι : ∂M →M is the inclusion map.
Hint. First show that it su�ces to consider the case that M is an open subset of
some Hn.

Exercise 23.8. Let M be a smooth manifold, let X Ă M be a proper submanifold, let
P ∈ ∂X and let w ∈ TPX. We denote by ι : X → M the inclusion map. Show that
w ∈ TPX points outward if and only if DιP (w) points outward.

Exercise 23.9. We consider the following submanifold of R3:

M := {(x, y, x2 + y2) |x, y ∈ R}.

Determine T̃(1,2,5)M Ă R3.

Exercise 23.10. We consider the smooth manifold M shown in the �gure below. Show
that it admits a nowhere vanishing smooth vector �eld.
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Exercise 23.11.
(a) For which closed connected 2-dimensional smooth manifolds can you �nd a nowhere-

vanishing vector �eld?
(b) For which compact connected 2-dimensional smooth manifolds M can you �nd a

nowhere-vanishing vector �eld v with the additional property that for each P ∈ ∂M
we have v(P ) ∈ TP (∂M)?

Remark. At this stage you cannot give a complete answer to these questions. The goal is
to �nd the largest collection of examples where such vector �elds exist.

Exercise 23.12.
(a) Can you �nd a vector �eld on S2 with two zeros?
(b) Can you �nd a vector �eld on S2 with one zero?
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Exercise 23.13. Let n ∈ N. We consider M = Rn ∪ {∞}. We denote by 0 the origin of
Rn.
(a) We consider the maps Φ = id: Rn → Rn and

Ψ: M \ {0} → Rn

x 7→
{

1
‖x‖2 · x, if x 6=∞,
0, if x =∞.

Show that Φ and Ψ form a smooth atlas for M .
(b) We consider the map

f : M → M

x 7→
{

3x, if x 6=∞,
∞, if x =∞

Note that f(0) = 0 and f(∞) =∞.
(i) Show that f is smooth.
(ii) Show that Df0 = 3 · idT0M and show that Df∞ = 1

3
· idT∞M .
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24. The Inverse Mapping Theorem and the Smooth Embedding Theorem

24.1. The Inverse Mapping Theorem. By the Physical Tangent Space-Inclusion Propo-
sition 23.14 we know that for a local di�eomorphism the di�erential at any point is an iso-
morphism. The following theorem gives the much more interesting converse. The theorem
gives in particular a convenient criterion for showing that a map between smooth manifolds
is a (local) di�eomorphism.

Theorem 24.1. (Inverse Mapping Theorem) Let f : M → N be a smooth map be-
tween two smooth manifolds.
(1) Let P ∈M such that DfP is invertible.

(a) If P 6∈ ∂M , then f is a local di�eomorphism at P .
(b) If P ∈ ∂M and if furthermore there exists an open neighborhood U of P such

that f(U ∩ ∂M) Ă f(U) ∩ ∂N , then f is a local di�eomorphism at P .
(2) If DfP is invertible for every P ∈M , if f is a bijection and if f(∂M) = ∂N , then f

is a di�eomorphism.

Remark. In Exercise 24.1 we will consider the case P ∈ ∂M and f(P ) 6∈ ∂N .
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M
f

Nnot a local di�eomorphism at these points
even though the di�erential is an isomorphism

local di�eomorphism at these points

Examples.

(1) The above �gure indicates in particular a map f : M → N and two points P ∈ ∂M ,
such that DfP is an isomorphism, but such f is not a local di�eomorphism at P .
This shows that in general in the formulation of the Inverse Mapping Theorem 24.1
we do indeed have to put an extra condition on f if P ∈ ∂M .

(2) We consider the map
f : Rn → Bn

(x1, . . . , xn) 7→ x2
1+···+x2

n

1+x2
1+···+x2

n
· (x1, . . . , xn).

A slightly heroic calculation shows that f satis�es the conditions of the Inverse Map-
ping Theorem 24.1 (2), thus we see that f is a di�eomorphism. This is actually
quite interesting since at �rst glance it is not totally apparent why f−1 : Bn → Rn is
smooth at the origin.

(3) We consider the smooth map f : M → N that is illustrated in the �gure below. It is
a bijection and for every x ∈ M the di�erential Dfx : TxM → Tf(x)N is an isomor-
phism. But evidently f is not a di�eomorphism. This shows that we cannot drop
the condition f(∂M) = ∂N in the statement of the Inverse Mapping Theorem 24.1
(2).
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M
f

N = S1

Evidently the proof of the Inverse Mapping Theorem 24.1 rests on the shoulders of the
Inverse Function Theorem 19.12, which we now recall for the reader's convenience.
Theorem 19.12. (Inverse Function Theorem) Let U Ă Rn be an open subset, let
f : U → Rn be a smooth map and let P ∈ U be a point. If DfP ∈ M(n×n,R) is invertible,
then f is a local di�eomorphism at P .

For the purpose of this section it is convenient to introduce the following notation that
is modelled on the notation introduced on page 152.
Notation. Given a subset A of Rn we write

A>0 = A ∩ {(x1, . . . , xn) ∈ Rn |xn > 0}.
We de�ne A<0, A=0 and A6=0 in the analogous way.

The proof of the Inverse Mapping Theorem 24.1 for the case P ∈ ∂M rests on the
following lemma, which might actually be interesting in its own right.
Lemma 24.2. Let A and B be open subsets of Rn and let f : A→ B be a di�eomorphism.
If f(A=0) Ă B=0, then f(A=0) is an open subset of B=0
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fA B

A=0

f(A=0)

P Q

Proof. Let Q ∈ f(A=0). We pick P ∈ A=0 with Q = f(P ). We denote by i : A=0 → A
the inclusion map and we denote by j : B=0 → B the inclusion map. Finally we denote by
f=0 : A=0 → B=0 the restriction of f to A=0. Note that f ◦ i = j ◦f=0 : A=0 → B. It follows
from the chain rule that

DfP ◦DiP = DjQ ◦D(f=0)P : T̃PA=0 → T̃QB = Rn.

Since f is a di�eomorphism we know that DfP is an isomorphism. Clearly DiP has rank
n − 1. It follows from the above that the map to the right also has rank n − 1. But this
is only possible if D(f=0)P has rank n − 1. This shows that D(f=0)P : T̃PA=0 → T̃QB=0

is an isomorphism. It follows from the Inverse Function Theorem 19.12 that the image of
A=0 contains an open neighborhood of Q ∈ B=0. It follows from the JH-Lemma 1.7 that
f(A=0) is an open subset of Bn=0. �

Using Lemma 24.2 we can now prove the following variation on the Inverse Function The-
orem 19.12.
Lemma 24.3. Let U Ă Hn be an open subset and let f : U → Rn be a smooth map with
f(U ∩ ∂Hn) Ă ∂Hn. Furthermore let P ∈ U ∩ ∂Hn be a point. If DfP is an isomorphism
and if DfP (Hn) Ă Hn, then f is a local di�eomorphism at P in the sense that there exists
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an open neighborhood X̃ of P ∈ U and an open neighborhood Ỹ of f(P ) ∈ Hn such that
the map f : X̃ → Ỹ is a di�eomorphism between the two smooth manifolds X̃ and Ỹ .
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X̃P

f(P )

Ỹ

Proof. Note that by de�nition of a smooth map on an open subset of Hn, see page 532,
there exists an open neighborhood X of P ∈ Rn and a smooth map g : X → Rn which
agrees with f on U ∩X.

We set Q := f(P ). It follows easily from the Inverse Function Theorem 19.12 that,
after possibly replacing X by a smaller open neighborhood of P , we can assume that there
exists an open ball Y := Bn

r (Q) Ă Rn such that g : X → Y = Bn
r (Q) is a di�eomorphism.
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U f

X Y = Bn
r (Q)

P
g

di�eomorphism

Q = f(P )

Next recall that given a subset A of Rn we write

A>0 = A ∩ {(x1, . . . , xn) ∈ Rn |xn > 0}.

and we de�ne A<0, A=0 and A6=0 in the analogous way. With this notation it remains to
prove the following claim.

Claim. We have f(X≥0) = Y≥0 and the map f = g : X≥0 → Y≥0 is a di�eomorphism.

Proof. We already know that g : X → Y is a di�eomorphism. Thus it remains to prove
that g(X≥0) = Y≥0.

First note that by hypothesis we have g(X=0) Ă Y=0. It follows from Lemma 24.2 that
g(X=0) is an open subset of Y=0. Furthermore note X=0 is a closed subset of X, thus
g(X=0) is a closed subset of Y . But since g(X=0) is contained in Y=0 it follows from the
elementary the Neighborhood Openness Criterion 1.5 that g(X=0) is a closed subset of
Y=0. In summary we see that g(X=0) is a subset of Y=0 that is open and closed. Since
Y=0
∼= Bn−1

r (Q) is connected and since P ∈ X=0 we see that g(X=0) = Y=0.
Since g : X → Y is a homeomorphism and since g(X=0) = Y=0 we see that g : X 6=0 → Y 6=0

is also a homeomorphism. Note that Y 6=0 has precisely two components namely Y>0 and
Y<0. Thus X 6=0 also has precisely two components. Since X>0 and X<0 are open, closed
and non-empty it follows from the elementary the Component Lemma 2.33 that the two
components of X 6=0 are precisely X>0 and X<0. It follows from the fact that g gives a
bijection of the components and from our hypothesis DfP (Hn) Ă Hn that g−1(Y<0) Ă X<0

and g−1(Y>0) Ă X>0. �

Proof of the Inverse Mapping Theorem 24.1.
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(1) Let f : M → N be a smooth map between smooth manifolds. We set m := dim(M)
and n := dim(N).
(a) Let P ∈ M \ ∂M be a point. We write Q := f(P ). In the following we assume

that DfP : TPM → TQN is invertible. We pick a chart Φ: U → Ũ of type (i)
around P and we pick a chart Ψ: V → Ṽ around f(P ).251 We write P̃ := Φ(P )

and Q̃ := Ψ(Q).
After possibly replacing U by U ∩ f−1(V ) we can assume that f(U) Ă V . We
consider the map g := Ψ ◦ f ◦ Φ−1 : Ũ → Ṽ Ă Rn.
Claim. The di�erential DgP̃ ∈ M(m× n,R) is an invertible matrix.

Proof. Let i : U → M and j : V → N be the inclusion maps. We consider the
following diagram:

TPM

DfP
��

TPU
DiPoo

��

DΦP //

DfP
��

TP̃ Ũ
Dg

P̃��

Θ
Ũ // T̃P̃ Ũ

Dg
P̃��

id // Rm

Dg
P̃
·

��

TQN TQV
DjPoo

DΨQ
// TQ̃Ṽ

Θ
Ṽ // T̃Q̃Ṽ

id // Rn.

We make the following observations:
• It follows from Lemma 23.12 that the left horizontal maps are isomorphisms.
• Since Φ and Ψ are di�eomorphisms we obtain from the Tangent Space-Functor
Proposition 23.10 that the center-left horizontal maps are invertible.
• It follows from the Tangent Space-Functor Proposition 23.10 that the two
rectangles to the left commute.
• The horizontal maps ΘŨ and ΘṼ are the natural isomorphisms from the Tan-
gent Space-Isomorphism Proposition 23.16. In particular the third rectangle
commutes.
• By the Di�erential-equals-Di�erential Lemma 23.4 we know that the rectangle
to the right commutes.

The combination of all of the above, together with our hypothesis that DfP is
invertible implies that DgP̃ is indeed an invertible matrix. �
It follows from the claim and the Inverse Function Theorem 19.12 that there exists
an open neighborhood Y of P̃ ∈ Ũ and an open neighborhood Z of Q̃ Ă Ṽ such
that g restricts to a di�eomorphism Y → Z. It follows that f : Φ−1(Y )→ Ψ−1(Z)
is a di�eomorphism. We have thus shown that f is a local di�eomorphism at P .

(b) Now we assume that P ∈ ∂M and we assume that there exists an open neighbor-
hood U of P such that f(U ∩∂M) Ă f(U)∩∂N , then f is a local di�eomorphism
at P . The proof of this statement is almost identical to the proof of (a). We
just need to replace the Inverse Function Theorem 19.12 by Lemma 24.3. (The
condition that DgP (Hn) Ă Hn is automatically satis�ed since g(P ) ∈ ∂Hn and
g(Ũ) Ă Hn.) We leave it to the reader to �ll in the details.

(2) The second statement follows immediately from (1) and the Smooth Pasting Propo-
sition 19.23 (2). �

251Note that a priori we do not know yet whether Q = f(P ) ∈ ∂N , so Ψ could be a chart of type (i) or of
type (ii).
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U Φ Ψ

Q̃
g = Ψ ◦ f ◦ Φ−1

P

P̃

Ũ

V
Ṽ

Q

24.2. The Local Graph Lemma. On page 562 we saw that graphs of smooth maps
between smooth manifolds give rise to submanifolds. Using the Inverse Mapping Theo-
rem 24.1 we can now show that locally, after possibly a rotation, any submanifold of Rn

without boundary is a graph.

Lemma 24.4. (Local Graph Lemma) Let M Ă Rn = Rk × Rn−k be a k-dimensional
smooth submanifold. We denote by p : Rn → Rk the projection onto the �rst k coordinates.
Let (x, y) ∈M \ ∂M such that Dp(x,y) : T̃(x,y)M → Rk is an isomorphism. There exists an
open neighborhood U of x ∈ Rk, an open neighborhood V of y ∈ Rn−k and a smooth map
f : U → V such that

M ∩ (U × V ) = Graph of f : U → V = {(z, f(z)) | z ∈ U}.
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Rn−k
M

Rk
(x, y)

graph of smooth map f : U → V

U × V
y

V

x U

Remark.

(1) Let M Ă Rn be a k-dimensional smooth submanifold and let z ∈ M \ ∂M . By the
Orthogonal Action Lemma 5.26 (5) there exists an orthogonal matrix A ∈ SO(n)

with A · T̃zM = Rk × {0}. It follows that, after a rotation, one can arrange that the
hypotheses of the Local Graph Lemma 24.4 holds. For readers who come back to this
discussion from a future chapter we pointed out that in the Di�eotopies-via-Matrices
Lemma 33.8 we will see that a rotation can be realized by a di�eotopy of Rn.

(2) In the Di�eomorphic-to-Euclidean Submanifold Corollary 27.2 we will see that every
smooth manifold is di�eomorphic to a smooth submanifold of some Rd. Thus we see
that locally every smooth manifold without boundary is di�eomorphic to a graph.

Proof. We view M as a smooth manifold in its own right. By hypothesis the map
Dp(x,y) : T̃(x,y)M → T̃xRk = Rk is an isomorphism. It follows from the Inverse Map-
ping Theorem 24.1 that there exists an open neighborhood A of (x, y) ∈ M and an open
neighborhood B of x ∈ Rk such that p : A→ B is a di�eomorphism. Note that the inverse
of p : A→ B is necessarily of the form

B → A
z 7→ (z, f(z))
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where f : B → Rn−k is a smooth map.
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Rk

p

MM Rn−k

Rk

Rn−k

p
(x, y)(x, y) V

x A

y
U × V

x U

B

By the de�nition of the subspace topology on M and by the de�nition of the topology on
Rn = Rk × Rn−k there exists an open neighborhood U of x and an open neighborhood
V of y such that (U × V ) ∩M Ă A. It is now clear that U, V and f have the desired
properties. �

24.3. Immersions and smooth embeddings. For the reader's convenience we recall the
following de�nition from page 152.

De�nition. We say a map f : X → Y between two topological spaces X and Y is an em-
bedding if f : X → f(X) is a homeomorphism, where f(X) is equipped with the subspace
topology.
Next we state a new de�nition.

De�nition. Let N and M be topological manifolds. A map ϕ : N → M is called proper
if the following two conditions are satis�ed:
(1) ϕ−1(∂M) = ∂N ,
(2) ϕ(N) is a closed subset of M .
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∂M M

N N
this map is not proper

proper map

these two maps are not proper
proper map

For an embedding of topological manifolds the following, rather technical, lemma gives an
alternative characterization of the second condition of a proper map between topological
manifolds.

Lemma 24.5. Let M and N be topological manifolds and let ϕ : N →M be a map. If ϕ
is in fact an embedding, then the following two conditions are equivalent:252

(1) ϕ(N) is a closed subset of M .
(2) For every compact subset K of N the preimage ϕ−1(K) is compact.

252By the Topological Manifolds-Local Properties Lemma 18.8 we know that topological manifolds are re-
gionally compact. Thus the content of Lemma 24.5 is closely related to the Proper-Closed Proposition 2.43.
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Remark. On page 180 we introduced the de�nition that a map f : X → Y between
topological spaces is called proper if the preimage of every compact subset of Y is a compact
subset of X. Unfortunately we now have two notions of the adjective �proper�.

Let us start with the good news. Let M and N be two topological manifolds and let
ϕ : N →M be a map. If ϕ is an embedding, then Lemma 24.5 says that the following two
statements are equivalent:
(1) ϕ satis�es the second condition of a proper map between topological manifolds.
(2) ϕ : N →M is a proper map of topological spaces.

We continue with the bad news. In general the two notions of being �proper� diverge:
(1) The constant map R→ {∗} is a proper map of topological manifolds but it is not a

proper map of topological spaces.
(2) The inclusion map f : N = [−1, 1] → R = M is a proper map of topological spaces

but it is not a proper map of topological manifolds.
Since both de�nitions of �proper� are commonly used in the literature we will have to
live with this very unfortunate ambiguity. We will strive to make sure that, given a map
between two topological manifolds, it is clear which of the two de�nitions of �proper� we
are working with.

Proof. First we prove the �(1)⇒(2)�-implication. Thus we assume that ϕ(M) is a closed
subset of N . Let K be a compact subset of N . Since ϕ(M) is a closed subset of N we
know by the Neighborhood Openness Criterion 1.5 that ϕ(M) ∩ K is a closed subset of
K. Thus we obtain from the Compact-Closed Lemma 1.21 that ϕ(M) ∩ K is compact.
But ϕ : M → N is an embedding, i.e. ϕ : M → ϕ(M) is a homeomorphism. We denote by
ψ : ϕ(M) → M the inverse map, which is a homeomorphism. We now see that ϕ−1(K) =
ϕ−1(ϕ(M) ∩K) = ψ(K) is compact.

Now we prove the �(2)⇒(1)�-implication. We need to show that ϕ(M) is a closed
subset of N . By the Atlas Improvement Proposition 21.3 (which, even though it appears
later is completely independent of the present discussion) there exists a locally �nite cover
{Kj}j∈J of N by compact subsets. Since N is Hausdor� we know that each Kj is also a
closed subset of N . Thus by Lemma 1.8 it su�ces to show that each ϕ(M)∩Kj is a closed
subset of N . Now let j ∈ J . By hypothesis we know that ϕ−1(Kj) is compact. Note that
ϕ(M) ∩ Kj = ϕ(ϕ−1(Kj)). It follows from this observation, together with the Compact
Image Lemma 2.13 (1) and the Compact-Closed Lemma 1.21 (2) that ϕ(M)∩Kj is indeed
closed. �

We continue with the following de�nition that is speci�c to smooth manifolds.

De�nition. A map ϕ : N → M between two smooth manifolds is called an immersion if
the following conditions are satis�ed:
(1) The map ϕ is smooth.
(2) For each P ∈ N the map DϕP : TPN → Tϕ(P )M is a monomorphism.
(3) If ∂M 6= ∅, then we require that also the following conditions are satis�ed:

(a) For each P ∈ N \ ∂N we have ϕ(P ) ∈M \ ∂M .253

(b) For each P ∈ ∂N with ϕ(P ) ∈ ∂M the image DϕP (TPN) is not contained in
Tϕ(P )(∂M).254255
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(c) For every component C of ∂N we have either ϕ(C) Ă ∂M or ϕ(C) Ă M \∂M .256

An immersion that also satis�es the following extra condition
(5) ϕ : N →M is an embedding,257

is called a smooth embedding.
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ψ is not a smooth embedding since
ϕ : N → ϕ(N) is not a homeomorphism

N
ψN

ϕ

ϕ is a smooth embedding
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ϕ is a smooth embedding

ϕ M
M

ψ

ψ

ψ is not a smooth embedding since
condition (3c) is not satis�ed

MM

ϕ is a smooth embedding

ϕ N

ψ is not a smooth embedding since
condition (3b) is not satis�ed

N

N

Remark. Let M be a smooth manifold and let ϕ : M → Hn be a smooth map. We denote
by p : Hn → [0,∞) the projection onto the last coordinate. One can show easily that
Condition (b) in the de�nition of an immersion is satis�ed if and only if for each P ∈ ∂N
with ϕ(P ) ∈ ∂M the map D(q ◦ ϕ)(P ) : TPM → R is an epimorphism.

The following lemma gives an instructive example of immersions and smooth embeddings.
Lemma 24.6. Given λ ∈ R we consider the following map

ϕλ : R → R2/Z2

t 7→ [(t, λ · t)].

253Note that this condition is implied if ϕ−1(∂M) = ∂N , but the condition (3) is weaker than the condition
that ϕ−1(∂M) = ∂N .
254Here we use the sanity preserving convention from page 633 which allows us to view Tϕ(P )∂M as a
vector subspace of Tϕ(P )M .
255Another way of expressing this condition is that the map TPN → Tϕ(P )M/Tϕ(P )∂M is an epimorphism.
255One can also state this condition as a local condition, namely using the fact that boundaries are closed
subsets � see the Smooth Manifold Boundary Proposition 19.26 � one can easily show that this condition
is equivalent to

(c') For every P ∈ ∂N with ϕ(P ) ∈ ∂M , there exists a neighborhood V of P such that ϕ(P ) Ă ∂M .
256If N is compact, then it follows from the Compact-Hausdor� Proposition 2.17 (2) that it su�ces to
verify that ϕ is injective and continuous.
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The following statements hold:
(1) The map ϕλ is an immersion.
(2) The map ϕλ is injective if and only if λ is irrational.
(3) If λ is irrational, then ϕλ : R→ R2/Z2 is not an embedding, in particular ϕλ is not

a smooth embedding.
(4) Suppose λ is rational. We write λ = p

q
with p ∈ Z and q ∈ N such that p and q are

coprime. The map
fλ : S1 → R2/Z2

exp(2π it) 7→ [(qt, λ · qt)]
is well-de�ned and it is a smooth embedding.
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the torus R2/Z2
ϕ 2

3

Proof. We write ϕ = ϕλ.

(1) We denote by p : R2 → R2/Z2 the projection and we denote by Φ: R→ R2 the map
that is given by t 7→ (t, λ · t). Evidently we have ϕ = p ◦ Φ. Let t ∈ R. We consider
the following diagram:

TtR
DΦt

//

Dϕt

,,

TΦ(t)R2

DpΦ(t)

// Tϕ(t)(R2/Z2)

R = T̃ϕ(t)R
DΦt //

Θ ∼=

OO

T̃Φ(t) R2 = R2

Θ∼=

OO

We make the following observations:
(a) It follows from ϕ = p ◦Φ and the functoriality of di�erentials that the top of the

diagram commutes.
(b) By the Manifold Quotient-by-Group Action Proposition 19.32 we know that the

map p : R2 → R2/Z2 is a local di�eomorphism, hence the di�erential of p at any
point is an isomorphism.

(c) The vertical maps are the natural isomorphisms provided by the Tangent Space-
Isomorphism Proposition 23.16. In particular the square commutes.

(d) By the Di�erential-equals-Di�erential Lemma 23.4 the bottom horizontal map

is given by multiplication by the matrix DΦt =
(

1
λ

)
. In particular the bottom

map is a monomorphism.
It follows from all of the above the Dϕt : TtR→ Tϕ(t)(R2/Z2) is a monomorphism.

(2) This statement is an amusing exercise that is left to the reader.
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(3) The proof of this statement requires the simple number theoretic fact that given any
α ∈ R and anyN ∈ N there exist n,m ∈ Z with 1 ≤ n ≤ N and with |nα−m| < 1

N
.257

We leave it to the reader to �ll in the remaining details.
(4) Let λ be rational. We write λ = p

q
with p ∈ Z and q ∈ N such that p and q are

coprime. We consider the following diagram

S1 fλ // R2/Z2

R/Z
g([t])=exp(2π it)

OO

R
[t]←[t

=:p
oo

t7→qt
=:h // R

ϕλ

OO which
gives
rise to

Texp(2π it)S
1 fλ // Tϕ(t)R2/Z2

T[t]R/Z
g∼=
OO

TtR
Dpt

∼=
oo

Dht
∼=

// TtR.
?�
ϕλ

OO

Considering the commutative diagram on the right we see that fλ is indeed an im-
mersion. Furthermore it is straightforward to see that fλ : S1 → R2/Z2 is injective.
Thus it follows from the Compact-Hausdor� Proposition 2.17 (3) that fλ is a smooth
embedding. �

We continue our discussion of smooth embeddings with the following modest lemma.

Lemma 24.7. Let ϕ : N →M be a map between smooth manifolds.
(1) If ϕ is a smooth embedding, then ϕ|∂N : ∂N →M is also a smooth embedding.
(2) If ϕ is a proper smooth embedding, then ϕ|∂N : ∂N → ∂M is also a proper smooth

embedding.

Proof. The statement follows almost immediately from the Physical Tangent Space-Inclusion
Proposition 23.14 (2) and the Smooth Manifold Boundary Proposition 19.26 (3a). �

We conclude this section with the Local Smooth Embedding Theorem which can be viewed
as a generalization of the Inverse Mapping Theorem 24.1.

Theorem 24.8. (Local Smooth Embedding Theorem) Let f : N →M be a smooth
map between two smooth manifolds. Let P ∈ N be a point with f(P ) 6∈ ∂M . We suppose
that DfP : TPN → Tf(P )M is a monomorphism. Then there exists an open neighborhood
U of P such that the restriction of f to a map U →M is a smooth embedding.
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Proof. Since we were very meticulous in the proof of the Inverse Mapping Theorem 24.1,
we feel that it is now OK to provide fewer details in the proof. Thus let P ∈ N be a point
such that f(P ) 6∈ ∂M and such that DfP : TPN → Tf(P )M is a monomorphism.

First we consider the case P ∈ N \ ∂N . Since P 6∈ ∂N and f(P ) 6∈ ∂M we see that,
after applying charts, we might as well assume that N is an open subset of Rn and that
M is an open subset of Rm. Since DfP : TPN → Tf(P )M is a monomorphism we can
pick v1, . . . , vm−n ∈ Rm such that the image of DfP together with the vectors v1, . . . , vm−n

257This statement is known as Dirichlet's Approximation Theorem, but it is actually elementary to prove,
see e.g. [Lee2002, Lemma 4.21].
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span Rm. Now we consider the map

F : M × Rm−n → Rm

(x, (λ1, . . . , λm−n)) 7→ f(x) +
m−n∑
i=1

λi · vi.

Basically by design the di�erential DF(P,0) is an epimorphism, and thus an isomorphism.
Therefore it follows from the Inverse Function Theorem 19.12 that there exists an open
neighborhood U of (P, 0) such that F |W : W → Φ(W ) is a di�eomorphism. It follows
almost immediately that the restriction of f to {u ∈ N | (u, 0) ∈ W} has the desired
property.
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f(N) f(P )
F

Finally we consider the case that P ∈ ∂N . After picking a chart we might as well
assume that N is an open subset of Hn. By de�nition of a smooth map on an open subset
of Hn, see pages 532 and 549, there exists an r > 0 such that Bn

r (P ) ∩ Hn Ă N and a
smooth map f̃ : Bn

r (P ) → M that agrees with f on Bn
r (P ) ∩ Hn. Now that P lies in the

interior of Bn
r (P ) it follows from the previous case that there exists an open neighborhood

Ũ of P ∈ Bn
r (P ) such that the restriction of f̃ to a map Ũ → M is a smooth embedding.

We now set U := Ũ ∩Hn. Then the restriction of f to U is a smooth embedding. �

24.4. The Smooth Embedding Theorem. We start out with a little lemma.

Lemma 24.9. Let M be a smooth manifold and let W be a (proper) submanifold. The
inclusion ι : W →M is a (proper) smooth embedding.

Proof.
(1) By the Submanifold Smooth Structure Lemma 19.24 the inclusion ι is smooth.
(2) It follows from the Physical Tangent Space-Inclusion Proposition 23.14 that each DιP

is a monomorphism.
(3) (a) Basically by de�nition we have W \ ∂W Ă M \ ∂M .

(b) For P ∈ ∂N with ∂M we have a submanifold chart of type (β) which implies
that TPN 6Ă TP ∂M .

(a) In Exercise 19.11 we showed that for every component C of ∂W we have either
C Ă ∂M or C Ă M \ ∂M .

(4) By de�nition of the subspace topology ι is an embedding.
If W is a proper submanifold, then it follows from an easy comparison of the de�nitions
that ι is indeed a proper embedding. �

The following theorem can be viewed as a converse to the simple-minded Lemma 24.9.
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Theorem 24.10. (Smooth Embedding Theorem) Let N be an n-dimensional smooth
manifold and let M be a smooth manifold.
(1) If ϕ : N → M is a smooth embedding, then ϕ(N) is an n-dimensional submanifold

of M and the map ϕ : N → ϕ(N) is a di�eomorphism.258

(2) If ϕ : N → M is a proper smooth embedding, then ϕ(N) is a proper n-dimensional
submanifold of M and the map ϕ : N → ϕ(N) is a di�eomorphism.
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ϕ is a smooth embedding

N
ϕ

M
N

M ϕ

ϕ is a proper smooth embedding

Remark. Let M be a smooth manifold and let N be a smooth submanifold in the sense
of the de�nition on page 550. The Smooth Embedding Theorem 24.10 implies that the
standard smooth structure on N , which we introduced on page 552, is characterized by the
property that it is the unique smooth structure that turns the inclusion i : N → M into a
smooth embedding.

Proof. Let N be an n-dimensional smooth manifold and let M be an m-dimensional
smooth manifold. Let ϕ : N → M be a smooth embedding. By de�nition this means
that ϕ satis�es the following:
(1) The map ϕ is smooth.
(2) For each P ∈ N the induced map DϕP : TPN → Tϕ(P )M is a monomorphism.
(3) If ∂M 6= ∅, then we require that also the following conditions are satis�ed:

(a) For each P ∈ N \ ∂N we have ϕ(P ) ∈M \ ∂M .
(b) For each P ∈ ∂N with ϕ(P ) ∈ ∂M the image DϕP (TPN) is not contained in

Tϕ(P )(∂M).
(c) For every component C of ∂N we have either ϕ(C) Ă ∂M or ϕ(C) Ă M \ ∂M .

(4) ϕ : N →M is an embedding.
We need to show that ϕ(N) is an n-dimensional submanifold of M and that the map
ϕ : N → ϕ(N) is a di�eomorphism.
Claim. Let Q ∈ N . The following statements hold:

(α) Q 6∈ ∂N and ϕ(Q) 6∈ ∂M ⇒ there exists a submanifold chart of type (α) for ϕ(Q)
(β) Q ∈ ∂N and ϕ(Q) ∈ ∂M ⇒ there exists a submanifold chart of type (β) for ϕ(Q)
(γ) Q ∈ ∂N and ϕ(Q) 6∈ ∂M ⇒ there exists a submanifold chart of type (γ) for ϕ(Q).

We refer to page 550 for the de�nitions of the various submanifold charts. A cartoon
version of the de�nitions is also given in the �gure below.

Proof. Note that by hypothesis (3a) the above three cases are the only cases that can occur.
Thus we see that the claim implies that ϕ(N) is indeed a submanifold of M . Furthermore
it follows from the Submanifold Smooth Structure Lemma 19.24 and the Smooth Pasting
Proposition 19.23 that N → ϕ(N) is a di�eomorphism. Furthermore, if ϕ is proper in the
sense of the de�nition on page 650, then ϕ(N) is a closed subset ofM and ϕ−1(∂M) = ∂N .

258Recall that a smooth submanifolds inherits by the Submanifold Smooth Structure Lemma 19.24 the
structure of a smooth manifold. Thus it makes sense to say that ϕ : N → ϕ(N) is a di�eomorphism.
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submanifold chart
of type (β)

ϕN M

x2

x1

x2

x1

∂M

x1

x2

manifold chart
of type (ii)

submanifold
chart of
type (α)

submanifold chart
of type (γ)

manifold
chart of
type (i)

manifold
chart of
type (i)

Q P

The latter fact implies, assuming the claim, that only submanifold charts of type (α) and
(β) occur. Together with the fact that ϕ(N) is closed we now know, by the de�nition on
page 550, that ϕ(N) is indeed proper submanifold. In other words, all that is left to do is
to prove the claim.

So let us provide the proof of the claim. Let Q ∈ N . We treat the three cases separately.

(α) We assume that Q 6∈ ∂M and we assume that P := ϕ(Q) 6∈ ∂M .
• Since Q 6∈ ∂M we can pick a chart Θ: V → Ṽ of type (i) around Q.
• By hypothesis ϕ : N →M is an embedding which means that ϕ : N → ϕ(N) is a
homeomorphism. This implies that ϕ(V ) is an open subset of ϕ(N). By de�nition
of the subspace topology this means that there exists an open subset Z Ă M with
ϕ(V ) = Z ∩ ϕ(N).
• Since P 6∈ ∂M we can pick a chart Ξ: U → Ũ of type (i) around P with U Ă Z.
• After possibly replacing V by V ∩ϕ−1(U) we can and will assume that ϕ(U) Ă V .
Since ϕ(U) Ă V we can consider ϕ̃ := Ξ ◦ ϕ ◦Θ−1 : Ṽ → Ũ . Since ϕ is an immersion
we know that DϕQ : TQN → TPM is a monomorphism. It follows from the Tangent
Space-Isomorphism Proposition 23.16 that the corresponding map Dϕ̃Q̃ : Rn → Rm is
a monomorphism. Thus there exist vectors w1, . . . , wm−n ∈ Rm such that the image
of DϕQ together with these vectors span Rm. We consider the map

F : Rm−n × Ṽ → Rm

((t1, . . . , tm−n), x) 7→ ϕ̃(x) +
m−n∑
i=1

ti · wi.

Note that
DF(0,Q̃) =

(
w1 . . . wm−n Dϕ̃Q̃

)
∈ M(m×m,R).

Thus we see that DF(0,Q̃) is invertible. It follows from the Inverse Function Theo-

rem 19.12 that there exists an open neighborhood A of (0, Q̃) and an open neigh-
borhood B of P̃ ∈ Ũ such that F : A → B is a di�eomorphism. It follows almost
immediately from the construction that (F |B)−1 ◦ Ξ: Ξ−1(B) → A is a submanifold
chart of type (α) for P .
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B

ϕ̃

(0, Q̃)

Rm−n × Ṽ

A

Θ V

wi

U

N

Ũ

Ξ

Q

P̃

P

(β) The proof of this case is very similar to the proof of (α). We need to make only a
few minor adjustments:
• This time we use charts of type (ii) for Q and for P . Our hypothesis (3c) implies
that there exists an open neighborhood V of Q such that ϕ(V ∩ ∂N) Ă ∂M .
• Our hypothesis (3b) implies that we can �nd w1, . . . , wm−n ∈ Rm−1 × {0} such
that the image of DϕQ together with these vectors span Rm.

Using these two observations one can now show easily that the approach taken in
(α) leads to a submanifold chart of type (β). The only di�erence is that we need to
use Lemma 24.3 instead of the Inverse Function Theorem 19.12.

(γ) The proof of this statement is again very similar to the proof of (α). We start out
with a chart of type (ii) for Q and a chart of type (i) for P . We obtain a smooth
map ϕ̃ : Ṽ → V where Ṽ is an open subset of Hn. By the de�nition of a smooth map
on Hn, see page 532, we can (after possibly �rst shrinking Ṽ ) extend this map to an
open subset of Rn. The rest of the argument is now basically identical to the proof
of (α). �

Examples.
(1) We consider the map

Ψ: R2 × S1 → R3

((x, y), exp( iϕ)) 7→

cosϕ − sinϕ 0
sinϕ cosϕ 0

0 0 1


︸ ︷︷ ︸
rotation around z-axis

·

1 + 1
2
x

0
−1

2
y


︸ ︷︷ ︸
describes circle
in xz-plane

which we introduced in Lemma 5.7.
(a) Using the natural isomorphism from the Tangent Space-Isomorphism Proposi-

tion 23.16 one can show fairly easily that Θ restricts to a smooth embedding
Ψ: B

2 × S1 → R3.
(b) It follows from (a) together with Lemma 24.7 that Ψ also restricts to a smooth

embedding Ψ: S1 × S1 → R3.
By Theorem 24.10 this allows us to view B

2×S1 and S1×S1 as submanifolds of R3.
(2) Let n ∈ N0. In Lemma 2.18 we used the stereographic projection to give an explicit

homeomorphism Φ: Sn → Rn ∪ {∞}. We leave it to the reader to verify that the
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map Rn → Rn ∪ {∞} Φ−1

−−→Sn is a smooth embedding. We will use this embedding to
view Rn as a submanifold of the smooth manifold Sn.

(3) We consider the map f : R→ R3 that is shown in the �gure below. The map f is a
smooth embedding, hence its image is a smooth submanifold of R3.

��
��
��
��

��
��
��
��

��
��
��
��

������������

f

(4) Note that in Theorem 24.10 it is essential that we are dealing with an immersion. For
example consider the map f : S1 → R3 that is illustrated in the �gure below. With
a little bit of good will and e�ort one can arrange that f is smooth and that DfP
is a monomorphism at all points except for P = 1. Using the Compact-Hausdor�
Proposition 2.17 (3) it is straightforward to show that this map is a homeomorphism
onto its image, i.e. it is an embedding. But in Theorem 124.13 we will see that f(S1)
is not even a topological submanifold of R3, more precisely we will see, that are no
submanifold charts for the point f(1) ∈ f(S1).259

wild knot

f

there is no
submanifold chart
for this point

1

The following lemma is often used implicitly when dealing with smooth embeddings of
disconnected manifolds.
Lemma 24.11. (Disjoint Union-Smooth Embedding Lemma) Let M1, . . . ,Mk be
compact smooth manifolds, let N be a smooth manifold and let fi : Mi → N be smooth
embeddings. If the images are disjoint, then the map

k⊔
i=1
fi :

k⊔
i=1
Mi → N

is also a smooth embedding.

��
��
��
��

f1

f2

f1 t f2 : M1 tM2 → R2 is a smooth embedding

Proof. The only statement one really needs to verify is that the map is an embedding.
This follows from Lemma 8.3 which we can apply by our hypothesis that M1, . . . ,Mk are
compact, the fact thatN is by de�nition Hausdor� and the observation that by the Manifold
Paracompact-Normal Proposition 18.9 we know that N is normal. �

We state our next example as a lemma.

259The image of an embedding S1 → R3 such that the image is not a topological submanifold is sometimes
called a wild knot.
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Lemma 24.12. (Möbius Smooth Embedding Lemma) As we discussed on pages 252
and 564 the map

Z× (R× [−1, 1]) → R× [−1, 1]
(n, (x, y)) 7→ (x+ n, (−1)n · y)

de�nes an action of Z on M̃ := R × [−1, 1] that is free and smooth. The quotient space
M := (R× [−1, 1])/Z is called the Möbius band. Given ϕ, ψ ∈ R and r ∈ [−1, 1] we set

A(ϕ) :=

(
cosϕ − sinϕ 0
sinϕ cosϕ 0

0 0 1

)
and v(r, ψ) :=

(
2 + r sinψ

0
r cosψ

)
.

The map Ψ: (R× [−1, 1])/Z → R3

[(ϕ, r)] 7→ A(2π · ϕ) · v
(
r, πϕ

)
is a smooth embedding. Thus the Smooth Embedding Theorem 24.10 allows us to view
the Möbius band as a submanifold of R3.
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M̃ = R× [−1, 1]

Möbius band viewed
as a smooth

submanifold of R3

action by 1 ∈ Z

Proof. On page 252 we already mentioned that Ψ is an embedding. It remains to show
that it is an immersion. We denote by Φ: M̃ = R× [−1, 1]→ R3 the map that is given by
Φ(ϕ, r) = A(2π · ϕ) · v(r, πϕ) and we denote by p : M̃ = R× [−1, 1]→ (R× [−1, 1])/Z the
projection. Given any (ϕ, r) ∈ M̃ = R× [−1, 1] we consider the following diagram:

T̃(ϕ,r)M̃

DΦ(ϕ,r)

��

Θ // T(ϕ,r)M̃

DΦ(ϕ,r)

��

Dp(ϕ,r)
// T(ϕ,r)M

DΨ[ϕ,r]tt

T̃Φ(ϕ,r)R3 Θ // TΦ(ϕ,r)R3

We make the following observations and clari�cations:

(1) The horizontal maps to the left are the natural isomorphisms provided by the Tangent
Space-Isomorphism Proposition 23.16.

(2) A slightly heroic, but ultimately elementary calculation using the Di�erential-equals-
Di�erential Lemma 23.4 shows that the vertical map to the left is a monomorphism.

(3) It follows from the Manifold Quotient-by-Group Action Proposition 19.32 that the
horizontal to the top right is an isomorphism.

(4) The triangle commutes by the functoriality of di�erentials.

The combination of the above shows that the diagonal map is a monomorphism. �

24.5. Immersions and smooth embeddings of smooth manifolds into Rn I. In
Question 5.37 we had asked whether the projective space RP2 or the Klein bottle can be
viewed as subsets of R3. Now that we have more mathematical language at our disposal
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we can turn this vague question into a precise question. In fact we can reinterpret this
question in three di�erent ways:

Question 24.13.
(1) Does RP2 (respectively the Klein bottle) admit an immersion into R3?
(2) Does RP2 (respectively the Klein bottle) admit a smooth embedding into R3?
(3) Does RP2 (respectively the Klein bottle) admit an embedding into R3?

We start out with Question 24.13 (1).
(a) We saw in the �gure on page 265 that there exists an immersion of the Klein bottle

K into R3. In the �gure below we show the images of two other immersions of the
Klein bottle into R3. This gives a non-rigorous positive answer to Question 24.13
(1) for the Klein bottle. In Exercise 24.17 we will give a rigorous positive answer to
Question 24.13 (1) for the Klein bottle. Finally we point out that explicit immersions
of the Klein bottle into R3 are discussed in detail in [Frai2012].

(b) The case of the real projective plane is much more interesting. In 1901 David Hilbert,
arguably the greatest German mathematician of his generation, gave his PhD student
Werner Boy [Boy1903]260 the task to prove that there is no immersion of RP2 into R3.
To everyone's surprise Boy did the opposite, he showed that it was possible to immerse
RP2 into R3. In the �gure below we give several illustrations of the image of the
immersion. A detailed description of the immersion is given in [Kir2007, Ap1987].
But perhaps it is more helpful to just watch the following video:

https://www.youtube.com/watch?v=uiq-EcQz_uU

A fun description of Boy's surface, and of many other concepts from topology, can
also be found here:

http://www.savoir-sans-frontieres.com/JPP/telechargeables/English/Topo_the_world_eng.pdf
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Boy's surface at Oberwolfach

As of right now we do not have the tools to answer Questions 24.13 (2) and (3). In
Corollary 43.13 we will give an answer to Question 24.13 (2). Note that on pages 2705

260Werner Boy (1879-1914) was a German mathematician who died in the �rst weeks of World War I.

https://www.youtube.com/watch?v=uiq-EcQz_uU
 http://www.savoir-sans-frontieres.com/JPP/telechargeables/English/Topo_the_world_eng.pdf
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and 2705 we provide two di�erent proofs of Corollary 43.13. Furthermore we will give an
answer to Question 24.13 (3) in Corollary 124.6.
Since we cannot Question 24.13 (2) and (3), let us stick to statements we can actually
prove. For example the next proposition says that any RPn can be smoothly embedded
into some RN .
Proposition 24.14. (Real Projective Space-Smooth Embedding Proposition)
(1) The map

RP2 = S2/± 1 → R4

[(x, y, z)] 7→ (yz, xz, xy, x2 + 2y2 + 3z2)

is a smooth embedding.
(2) Let n ∈ N. The map

RPn = Sn/± 1 → R
n·(n+1)

2
+1

[(x1, . . . , xn+1)] 7→
(

(xi · xj)i=1,...,n+1,j=1,...,i−1,
n+1∑
k=1

k · x2
k

)
is a smooth embedding.

Proof. We will prove Statement (1) in Exercise 24.9. We leave the proof of Statement (2)
to the intellectually intrepid reader. �

Remark. We consider the map

f : RP2 → R3

[(x, y, z)] 7→ (yz, xz, xy).

In other words, we consider the composition of the smooth embedding RP2 → R3 from the
Real Projective Space-Smooth Embedding Proposition 24.14 with the projection R4 → R3

onto the �rst three coordinates. In Exercise 24.10 we will see that there are precisely 6
points on RP2 such that DfP is not a monomorphism. By [Ap1987, p. 40] the image
f(RP2) Ă R3 is the so-called Steiner surface or Roman surface, which was �rst discovered
by the Swiss mathematician Jacob Steiner in Rome in 1844.

Steiner surface in R3

As always in mathematics, a result generates new questions. For example, now that by the
Real Projective Space-Smooth Embedding Proposition 24.14 we know that we can smoothly
embed each RPn into R

n·(n+1)
2

+1, the following question naturally arises:

Question 24.15. Given n ∈ N, what is the minimal dimension d(n) such that RPn admits
a smooth embedding into Rd(n)?
By the Real Projective Space-Smooth Embedding Proposition 24.14 we know that d(n) ≤
n·(n+1)

2
+ 1. In the Weak Whitney Embedding Theorem 30.7 we will show that d(n) ≤

2n + 1 and in Corollary 43.13 we will see that d(2) ≥ 4. Furthermore it follows from
Proposition 123.11 that d(n) ≥ n + 2. Over the years there have been lots of partial



24. THE INVERSE MAPPING THEOREM AND THE SMOOTH EMBEDDING THEOREM 663

answers to Question 24.15, see e.g. [Mah1962, MahM1968]. Nonetheless it seems like
Question 24.15 has not been fully answered yet. Some of the results are summarized in

https://www.lehigh.edu/~dmd1/immtable

24.6. Immersions among smooth manifolds of the same dimension. In the follow-
ing proposition we consider immersions and smooth embeddings between smooth manifolds
of the same dimension.
Proposition 24.16. (Codimension-Zero Smooth Embedding Proposition) LetM
and N be smooth manifolds of the same dimension and let ϕ : N → M be an immersion.
Recall that by the de�nition of an immersion on page 651 we know that for every compo-
nent C of ∂N we have either ϕ(C) Ă ∂M or ϕ(C) Ă M \ ∂M . We denote by C the union
of all components of ∂N with ϕ(C) 6Ă ∂M and we write D := ∂N \ C.
(1) The image ϕ(N \ C) is an open subset of M .
(2) If ϕ : N →M is a smooth embedding and if ϕ(N) is a closed subset of M , then the

following �ve statements hold:
(a) ϕ(N) is a submanifold of M with261 ∂0(ϕ(N)) = ϕ(C) and ∂1(ϕ(N)) = ϕ(D).
(b) M is decomposed, in the sense of the de�nition on page 570, into the submani-

folds ϕ(N) and X := M \ ϕ(N \ C).
(c) The boundary of M \ ϕ(N \ C) as a smooth manifold in its own right is given

by (∂M \ ϕ(D)) ∪ ϕ(C).
(d) If ∂N is connected and if M is connected, then X is also connected.
(e) If M is compact, then M \ ϕ(N \ ∂N) is also compact.
(We refer to the below for an illustration.)

(3) If ϕ : N → M is a smooth embedding, if N is closed and if M is connected, then ϕ
is a di�eomorphism.
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D

C

N

M
M \ ϕ(N \ C)

ϕ

ϕ(N)

ϕ(C) ϕ(D)

Example. It follows from the Codimension-Zero Smooth Embedding Proposition 24.16 (3)
that it is impossible to smoothly embed a closed n-dimensional smooth manifold into Rn.

Sketch of proof.
(1) This statement follows almost immediately from the Inverse Mapping Theorem 24.1.
(2) By the Smooth Embedding Theorem 24.10 we know that ϕ(N) is a codimension-zero

submanifold of N . The statement about ∂0(ϕ(N)) and ∂1(ϕ(N)) follows immediately
from the de�nition on page 568.

All the remaining statements follow from our hypothesis that ϕ(N) is a closed
subset of M together with the Codimension-Zero Submanifold Proposition 19.38.

261We refer to page 568 for the de�nition of ∂0 and ∂1 of a codimension-zero submanifold.

https://www.lehigh.edu/~dmd1/immtable
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(3) We already know by Theorem 24.10 that ϕ : N → ϕ(N) is a di�eomorphism. Thus
it su�ces to show that ϕ(N) = M . First note that it follows from the Compact
Image Lemma 2.13 and the Compact-Closed Lemma 1.21 (2) that ϕ(N) is a closed
subset of M . Furthermore, it follows easily from the Smooth Invariance of Domain
Theorem 19.13 that ϕ(N) is an open subset of M . Since M is connected we see that
M = ϕ(N). �

Exercises for Chapter 24.

Exercise 24.1. Let f : M → N be a smooth map between two n-dimensional smooth
manifolds such that f(∂M) Ă N \∂N . Let P ∈ ∂M be a point such that DfP is invertible.
Show that there exists a chart Φ: U → Bn

≥0 for M around P and a chart Ψ: V → Bn

around f(P ) such that the map Ψ ◦ f ◦ Φ−1 : Bn
≥0 → Bn is the inclusion.
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Exercise 24.2. At which points is the map

f : S2 → S2

(x, y, z) 7→ 1
x4+y4+z4 (x2, y2, z2)

a local di�eomorphism?

Exercise 24.3. LetX and Y be two topological spaces and let ϕ : X → Y be an embedding.
We consider the following two conditions on ϕ.

(I) ϕ(X) is a closed subset of Y .
(II) For every compact subset K of Y the preimage ϕ−1(K) is compact.

In Lemma 24.5 we saw that the two conditions (I) and (II) are equivalent if we are dealing
with a map between topological manifolds.
(a) Given an example of a map ϕ : X → Y between two topological spaces such that (I)

is satis�ed but (II) is not satis�ed.
(b) Given an example of a map ϕ : X → Y between two topological spaces such that (II)

is satis�ed but (I) is not satis�ed.

Exercise 24.4. Let M and N be smooth manifolds and let f : M → N be an immersion.
We denote by ∆ = {(x, x) ∈M ×M |x ∈M} the �diagonal� of M ×M .
(a) Show that there exists an open neighborhood U of the diagonal ∆ such that for every

(x, y) ∈ U \∆ we have f(x) 6= f(y).
(b) We suppose that M is compact. Show that f admits only �nitely many double

points, i.e. that there exist only �nitely many distinct pairs (x1, y1), . . . , (xn, yn) in
(M ×M) \∆ such that f(xi) = f(yi) for i = 1, . . . , n.
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Exercise 24.5.
(1) Show that a closed n-dimensional smooth manifold cannot admit an immersion

into Rn.
(2) Let ϕ : B

2 → T := S1 × S1 be a smooth embedding.
(a) Does there exist an immersion of M := T \ ϕ(B2) to R2?
(b) Does there exist a smooth immersion of M := T \ ϕ(B2) to R2?

Exercise 24.6. Letm,n ∈ N0. Show that the smooth submanifold Sm×Sn is di�eomorphic
to a smooth submanifold of Rm+n+1.

Exercise 24.7. Let A ∈ M(m× n,R) with rows r1, . . . , rm. Show that the map

Rn → Rm

v 7→ A · v
is a monomorphism if and only if there exist i1, . . . , in ∈ {1, . . . ,m} such that the determi-
nant of the n× n-matrix with rows ri1 , . . . , rin has non-zero determinant.

Exercise 24.8. Consider the subsets of R3 that are shown in the �gure below. Show that
they are smooth submanifolds of R3 by giving explicit smooth embeddings of S1 and S1tS1

into R3 such that the images equals the shown subsets.

(4, 2)-torus link
trefoil

Exercise 24.9. Show that the map

RP2 = S2/± 1 → R4

[(x, y, z)] 7→ (yz, xz, xy, x2 + 2y2 + 3z2)

is a smooth embedding.

Exercise 24.10. We consider the map

f : RP2 → R3

[(x, y, z)] 7→ (yz, xz, xy).

Show that there are precisely 6 points on RP2 such that DfP is not a monomorphism.

Exercise 24.11. Let f : M → N be a smooth map between two smooth manifolds M and
N of dimensions m respectively n. Let P ∈M \∂M such that f(P ) ∈ N \∂N . We suppose
that the di�erential DfP : TPM → Tf(P )N is an epimorphism.262 Show that there exists a
chart Φ: U → Bn×Bm−n around P and a chart Ψ: V → Bn around f(P ) with f(U) Ă V
such that the map Ψ◦f ◦Φ−1 : Bn×Bm−n → Bn is just the projection onto the �rst factor.
Remark. This statement can be viewed as a weak version of the Submersion Theorem ??.

Exercise 24.12. Let M be a smooth manifold. We equip ∂M with the smooth structure
that we introduced on page 555. Let W be a smooth manifold and let f : W → M be a
smooth map with f(W ) Ă ∂M .

262Note that this hypothesis implies that m ≥ n.
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(a) Show that if DfP : TPW → TPM is a monomorphism for each P , then f : W → ∂M
is an immersion.

(b) Show that if f is a bijection and if DfP : TPW → TP∂M Ă TPM is an isomorphism
for each P , then f : W → ∂M is a di�eomorphism.

Remark. This exercise can be viewed as a variation on the Smooth Embedding Theo-
rem 24.10.

Exercise 24.13. LetM be an m-dimensional smooth manifold, let N be an n-dimensional
smooth manifold and let f : M → N to be a smooth map.
(a) Let P ∈ M such that DfP : TPM → Tf(P )N is a monomorphism. Show that there

exists a chart Φ: U → Ũ around P and a chart Ψ: V → Ṽ around f(P ) such that
the map

Ψ ◦ f ◦ Φ−1 : Φ(f−1(V ) ∩ U) → Rn

is the map
(x1, . . . , xm) 7→ (x1, . . . , xm, 0, . . . , 0).

(b) We now assume that there exists a k ∈ N such that for any P ∈ M the di�erential
DfP : TPM → Tf(P )N has rank k. Show that for each P ∈ M there exists a chart
Φ: U → Ũ around P and a chart Ψ: V → Ṽ around f(P ) such that the map

Ψ ◦ f ◦ Φ−1 : Φ(f−1(V ) ∩ U) → Rn

is the map
(x1, . . . , xm) 7→ (x1, . . . , xk, 0, . . . , 0).

Remark. This statement is known as the Constant Rank Theorem.

Exercise 24.14. LetM be a connectedm-dimensional smooth manifold and let N Ĺ M be
a submanifold. Show that if there exists a smooth retraction f : M → N , then dim(N) <
dim(M).
Hint. Show that if N is a smooth retract of M with dim(N) = dim(M), then N is closed
and open in M .

Exercise 24.15. Show that the map

R2/(2πZ)2 → R3

(ϕ, θ) 7→

cos(ϕ) − sin(ϕ) 0
sin(ϕ) cos(ϕ) 0

0 0 1


︸ ︷︷ ︸
rotation around the z-axis

·

2 + sin(θ)
0

cos(θ)


︸ ︷︷ ︸
describes a circle
in the xz-plane
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is a smooth embedding.
Remark. By Torus-as-Quotient Lemma 19.34 we know that the torus S1×S1 is di�eomor-
phic to R2/(2πZ)2. This fact, together with the fact that f is a smooth embedding and
the Smooth Embedding Theorem 24.10 proves, the hardly surprising fact, that the torus is
di�eomorphic to a submanifold of R3.
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(2 + sin(θ)) · cos(ϕ)
(2 + sin(θ)) · sin(ϕ)

cos(θ)

z
y

x

2 + sin(θ)
0

cos(θ)


θ

θ

ϕcircle in the xz-plane that
gets rotated arount the z-axis

Exercise 24.16. We consider the map

f : R× R>0 → R3

(ϕ, r) 7→

r · cos(ϕ)
r · sin(ϕ)

ϕ


(a) Sketch the image of f .
(b) Show that f is a smooth embedding.

Exercise 24.17. On page 265 we considered the Klein bottle

K := ([0, 1]× [0, 1])/ ∼ where (x, 0) ∼ (x, 1) and (y, 0) ∼ (1, 1− y).

We now consider

K̃ := R2/ ∼ where (u, v) ∼ (u+ 2k · π, (−1)k · v + 2lπ) for all k, l ∈ Z.

(a) In the description of K̃ we implicitly gave an action of Z2 on R2. This action is
smooth. Show that this action is not free. Nonetheless show that K̃ has a canonical
smooth structure coming from R2.

(b) Show that K is di�eomorphic to K̃.
(c) Show that the map

K̃ → R3

[(u, v)] 7→


cos(2u)·sin(v)

1− 1√
2
(sin(u)·cos(u)+sin(2u)·sin(v)

sin(2u)·sin(v)−sin(u)·cos(v)√
2(1− 1√

2
sin(u)·cos(u)+sin(2u)·sin(v)

cos(u)·cos(v)

1− 1
2 (sin(u)·cos(u)+sin(2u)·sin(v)


is an immersion.
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25. Orientations of smooth manifolds

In this chapter we will introduce the notion of an orientation of a smooth manifold. This
notion captures something very intuitive, even though the technical de�nition takes a little
while to get used to.

25.1. Orientations of real vector spaces I. Before we can introduce and study ori-
entations of smooth manifolds we need to introduce the notion of an orientation of a
�nite-dimensional real vector space. This section is pure linear algebra.

De�nition. Let V be some �nite-dimensional real vector space. If X = (x1, . . . , xn) and
Y = (y1, . . . , yn) are bases263 for V , then there exists a unique matrix PX,Y = (pij) such

that given any i ∈ {1, . . . , n} we have xi =
n∑
j=1
pji · yj. We refer to PX,Y as the transition

matrix from X to Y .
The following lemma is taught in every proper linear algebra course.

Lemma 25.1. (Transition Matrix Lemma) Let V be a �nite-dimensional real vector
space.
(1) If X and Y are two bases of V , then PY,X = P−1

X,Y .
264

(2) If X, Y and Z are bases of V , then PX,Z = PY,Z · PX,Y .

De�nition. Let V be a �nite-dimensional real vector space of dimension > 0.
(1) We say that two bases of V are equivalent265 if the determinant of the corresponding

transition matrix is positive.266

(2) An equivalence class of bases is called an orientation for V . An oriented vector space
is a vector space together with an orientation.

(3) Let O be an orientation for V . We say a basis (v1, . . . , vk) of V is a positive basis,
if (v1, . . . , vk) lies in O, otherwise we say that it is a negative basis.

Examples. Let n ∈ N.
(1) We refer to the orientation on the real vector space Rn that is given by the equivalence

class of the canonical basis (e1, . . . , en) as the standard orientation of Rn. It follows
immediately from the de�nition that

(v1, . . . , vn) is a positive basis for Rn ⇐⇒ det (v1 . . . vn)︸ ︷︷ ︸
n× n-Matrix

> 0.

Unless we say something else we always view the real vector space Rn as equipped
with the standard orientation.

263Here and throughout the notes a basis of a �nite-dimensional vector space is always understood to be
an ordered basis.
264To avoid discussions we de�ne the inverse of the empty matrix to be the empty matrix.
265It follows easily from the Transition Matrix Lemma 25.1 and the multiplicativity of the determinant
that this notion of �equivalent� does indeed de�ne an equivalence relation.
266If V is 0-dimensional, then it has only the empty basis, we use the convention that the determinant of
the empty matrix is +1.
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(2) Let v ∈ Rn be a non-zero vector. We consider the orthogonal complement of v, i.e.
we consider the vector space v⊥ = {w ∈ Rn | 〈v, w〉 = 0}. In Exercise 25.1 we will
show, using elementary linear algebra, that

(w1, . . . , wn−1) is a positive basis of v⊥ :⇐⇒ det(v w1 . . . wn−1) > 0

does indeed de�ne an orientation on v⊥. We say that this orientation is obtained by
the right-hand rule.
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positive basis
of v⊥ by the

right-hand rulew1

w2v⊥ v⊥
vv

(3) Let V be a real vector space of dimension ≥ 1. If (v1, v2, . . . , vn) is a basis of V , then
the basis (−v1, v2, . . . , vn) is inequivalent to the original basis.

(4) In the Complex Vector Space-Orientation Lemma 32.22 we will see that every complex
vector space of dimension n ∈ N, viewed as a 2n-dimensional real vector space, comes
with a natural orientation. The algebraically inclined reader might want to �gure
out what this means and how this works.

It follows easily from the previous example that any �nite-dimensional real vector space of
dimension ≥ 1 admits precisely two orientations. For a surprisingly large number of situa-
tions it is actually very convenient to extend the notion of an orientation to 0-dimensional
real vector spaces in such a way that there are also precisely two orientations. This leads
us to the following de�nition.

De�nition. An orientation of a 0-dimensional real vector space is de�ned as a choice of a
number in {−1,+1}.

De�nition. Let V be a �nite-dimensional real vector space. Given an orientation O for
such a vector space V we denote by −O the other orientation. Sometimes we refer to it
as the opposite orientation.

De�nition. Let V and W be �nite-dimensional real vector spaces.
(1) Let f : V → W be an isomorphism. If dim(V ) = dim(W ) > 0, then basic linear

algebra shows that f induces a bijection

f : orientations of V → orientations of W
[(v1, . . . , vn)] 7→ [(f(v1), . . . , f(vn))].

If dim(V ) = dim(W ) = 0, then given an orientation ε ∈ {−1, 1} for V we refer to ε
also as the image of orientation under the isomorphism f : V → W .

(2) Now assume that V and W are oriented. We say an isomorphism Φ: V → W is ori-
entation-preserving if the image of the orientation of V under the map f described in
(1) equals the orientation ofW .267 Otherwise we say that Φ is orientation-reversing.

For reference we state the following straightforward fact as a lemma.

267In other words, the map is orientation-preserving if the image of a positive basis of V is a positive basis
of W .
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Lemma 25.2. Let Φ: V → W be an isomorphism between two oriented �nite-dimensional
real vector spaces with dim(V ) = dim(W ) > 0. Furthermore let X be a basis for V and
let Y be a basis for W . We make either following hypothesis:
(1) either both bases are positive or
(2) both bases are negative,

then
Φ is orientation-preserving ⇐⇒ det(PΦ(X),Y ) > 0.

The following lemma often gets used subconsciously:

Lemma 25.3. (Orientation-Composition Lemma) Let V0, . . . , Vk be oriented vector
spaces. Furthermore let fi : Vi → Vi+1, i = 0, . . . , k − 1 be isomorphisms. Then

the map fk−1 ◦ · · · ◦ f0 : V0 → Vk
is orientation-preserving ⇐⇒ the number of fi which are

orientation-reversing is even.

In particular the composition of orientation-preserving isomorphisms is again orientation-
preserving.

Proof. If all vector spaces are 0-dimensional, then the statement is completely elemen-
tary. Otherwise the lemma follows easily from the Transition Matrix Lemma 25.1 and
Lemma 25.2 together with the multiplicativity of the determinant. �

De�nition. A short exact sequence of real vector spaces is a sequence of homomorphisms

U
ϕ−→ V

ψ−→ W

between real vector spaces U, V and W such that the following conditions are satis�ed:
(1) ϕ : U → V is a monomorphism,
(2) ψ : V → W is an epimorphism,
(3) im(ϕ) = ker(ψ).

Example. Let V be a real vector space and let U Ă V be a vector subspace. Then the
maps U → V → V/U , given by the inclusion and the natural projection, form a short
exact sequence of real vector spaces. In fact every short exact sequence is essentially of
this form. More precisely, if U ϕ−→V ψ−→ W is a short exact sequence, then we obtain the
following commutative diagram

U �
� ϕ

//

ϕ
��

V

id
��

ψ
// // W

w 7→ [v] where ψ(v) = w
��

ϕ(U) �
�

// V // V/ϕ(U).

where all vertical maps are isomorphisms.

Lemma 25.4. Let
U �
� ϕ

// V
ψ
// // W

be a short exact sequence of �nite-dimensional real vector spaces. We suppose that U and
W are oriented and that dim(U) > 0 and dim(W ) > 0.
(1) We pick a positive basis (u1, . . . , uk) for U and a positive basis (w1, . . . , wl) for W .
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(2) We pick lifts w̃1, . . . , w̃l ∈ V of w1, . . . , wl ∈ W .
Then (u1, . . . , uk, w̃1, . . . , w̃l) is an ordered basis for V and the orientation it de�nes only
depends on the orientations of U and W .
Sketch of proof. It is straightforward to verify that the given vectors de�ne a basis for
V . Furthermore note that any other choice of a positive basis for U , choice of positive basis
for W and choice of lifts of w1, . . . , wl ∈ W leads to a transition matrix of the form(

A X
0 B

)
with det(A) > 0 and det(B) > 0. Thus the two sets of choices lead to equivalent bases
for V . �

De�nition. Let
U

ϕ−→ V
ψ−→ W

be a short exact sequence of �nite-dimensional real vector spaces. We suppose that U , V
and W are oriented.
(1) If dim(U) > 0 and dim(W ) > 0, then we say that the orientations are compatible

if the orientations of U and W de�ne, in the sense of Lemma 25.4, the orientation
of V .

(2) Suppose that dim(U) = 0.
(a) If the orientation of U is +1, then we say that the orientations are compatible

if the isomorphism ψ : V → W is orientation-preserving.
(b) If the orientation of U is −1, then we say that the orientations are compatible

if the isomorphism ψ : V → W is orientation-reversing.
(3) The analogue of (2) holds is dim(W ) = 0.

If the orientations are not compatible, then we say that they are incompatible.

Lemma 25.5. (Compatible Orientations Lemma) Let

U
ϕ−→ V

ψ−→ W

be a short exact sequence of real vector spaces.
(1) If two out of U , V and W are oriented, then there exists a unique orientation on the

third vector space such that the three orientations are compatible.
(2) Suppose U , V and W are oriented in a compatible way.

(a) If we reverse an even number of the given three orientations, then the orienta-
tions are again compatible.

(b) If we reverse an odd number of the given three orientations, then the orientations
are incompatible.

Proof. The proof is straightforward and basically trivial. We will not bore the reader with
details. �

The Compatible Orientations Lemma 25.5 can be used to de�ne various induced orienta-
tions.
De�nition. Let U and V be oriented �nite-dimensional real vector spaces. We de�ne the
direct sum orientation on U⊕V to be the unique orientation268 that makes the orientations
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in the following short exact sequence of real vector spaces compatible:

U
u7→(u,0)−−−−→ U ⊕ V u⊕v 7→v−−−−−→ V.

Remark. If U and V are 0-dimensional real vector spaces with orientations µ ∈ {−1, 1}
and ν ∈ {−1, 1}, then our conventions imply that U⊕V has the orientation µ ·ν ∈ {−1, 1}.

De�nition. Let W be a real vector space and let U be a vector subspace of W .
(1) Let V be another vector subspace of W . We say U and V intersect transversally if

W = U + V .
(2) Let V be a real vector space and let ϕ : V → W be a homomorphism. We say U

and ϕ intersect transversally if W = U + ϕ(V ).
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U

V

UV

V
ϕU

U and ϕ intersect
transversally in W =R3

U and V do not intersect
transversally in W = R3

U and V intersect
transversally in W =R3

Remark. Let W be a real vector space and let U, V be oriented vector subspaces. We
denote by ι : V → W the inclusion map. It follows immediately from the de�nitions that
U and V are transverse if and only if U and ι are transverse. On many occasions this little
observation allows us to treat (1) as a special case of (2).

The following lemma is utterly elementary, but we use it so often that it is convenient to
state it explicitly.

Lemma 25.6. Let W be a real vector space and let U be a vector subspace of W .
(1) Let V be another vector subspace of W . If U and V intersect transversally, then

the map V/U ∩ V → W/U
[v] = v + U ∩ V 7→ [v] = v + U

is an isomorphism.
(2) Let V be a real vector space and let ϕ : V → W be a homomorphism. If U and ϕ

intersect transversally, then the map

V/ϕ−1(U) → W/U
[v] = v + ϕ−1(U) 7→ [ϕ(v)] = ϕ(v) + U

is an isomorphism.

Proof. As pointed out above, (1) is just a reader friendly special case of (2). Thus it
remains to prove (2). It is clear that the map is a monomorphism. It follows almost
immediately from the hypothesis that U and ϕ intersect transversally that the map is also
an epimorphism. �

268Here of course we use the Compatible Orientations Lemma 25.5.
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De�nition. Let W be an oriented real vector space and let U be an oriented vector
subspace.
(1) Let V be another oriented vector subspace of W . We assume that U intersects V

transversally. We consider the following diagram:

U �
�

// W // // W/U

U ∩ V � � // V // // V/(U ∩ V ).

∼= [v] 7→[v]

OO

It follows from Lemma 25.6 that the right-hand vertical map is an isomorphism.
Note that the horizontal sequences are short exact sequences. By the Compatible
Orientations Lemma 25.5 the orientations on U andW induce an orientation onW/U
and the isomorphism induces an orientation on V/(U ∩ V ). Finally, again using the
Compatible Orientations Lemma 25.5 we see that this orientation on V/(U ∩ V ),
together with the given orientation on V , induces an orientation on U ∩V . We refer
to this as the intersection orientation on U ∩ V .

(2) Let V be another real vector space and let ϕ : V → W be a homomorphism. We
assume that ϕ intersects U transversally. We consider the following diagram:

U �
�

// W // // W/U

ϕ−1(U) �
�

// V // // V/ϕ−1(U).

∼= [v]7→[ϕ(v)]

OO

By the same logic as in (1) we see that we obtain an orientation on ϕ−1(U). We
refer to this as the preimage orientation on ϕ−1(U).
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U

V
U ∩ V orientation of U ∩ V

Remark.

(1) A priori there are many reasonable ways to de�ne the intersection orientation on
U ∩ V . Our convention agrees with the convention chosen in [GP1974, p. 100].

(2) Our convention of the intersection orientation is designed as follows: Let A, B and
C be oriented real vector spaces. We set W := A⊕B⊕C and we consider the vector
subspaces U = A ⊕ B ⊕ {0} and V = {0} ⊕ B ⊕ C. If we equip U, V,W with the
obvious orientations, then the intersection orientation on U ∩ V = {0} ⊕ B ⊕ {0} is
the obvious orientation.

(3) Let W be an oriented real vector space and let U, V be oriented vector subspaces.
We denote by ι : V → W the inclusion map. As we remarked above, it follows
immediately from the de�nitions that U and V are transverse if and only if U and ι
are transverse. Furthermore, if this is the case, then it follows again immediately from
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the de�nitions that the intersection orientation on U ∩ V agrees with the preimage
orientation on ι−1(U) = U ∩ V .

Example. Let W be an oriented real vector space and let U and V be oriented vector
subspaces with W = U + V and with U ∩ V = 0. We equip U ⊕ V with the direct sum
orientation that we de�ned on page 672. It follows immediately from the de�nitions that
the intersection-orientation of U ∩ V is given as follows:

orientation of U∩V =

{
+1, if direct sum orientation of U⊕V equals orientation of W,
−1, otherwise.
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We conclude this discussion of orientations on real vector spaces and of orientation-preserving
and orientation-reversing isomorphisms with a short discussion of automorphisms of �nite
dimensional real vector spaces.

De�nition. Let V be a �nite dimensional real vector space and let f : V → V be an
automorphism.
(1) If dim(V ) > 0, then we say that f is orientation-preserving if for one choice of a basis

X for V we have det(Pf(X),X) > 0. Otherwise we say that f isorientation-reversing.
(2) If dim(V ) = 0, then we always say that f is orientation-preserving.

We will use this notion at several occasions. At this point there is not much to say except
that we have the following very elementary lemma which we will use many times, often
without noticing.

Lemma 25.7. Let V be a �nite dimensional real vector space.
(1) The composition of orientation-preserving automorphisms is again orientation-pre-

serving.
(2) Let ϕ : V → W be an isomorphism and let f : V → V be an automorphism. Then

the following two statements are equivalent:
• f : V → V is orientation-preserving,
• ϕ ◦ f ◦ ϕ−1 : W → W is orientation-preserving.

Proof. Both statements follow immediately from the Orientation-Composition Lemma 25.3.
�

25.2. Orientations of smooth manifolds. After the preparations from the last section
we can now introduce the notion of an orientation on a smooth manifold.

268It follows immediately from the Transition Matrix Lemma 25.1 and the multiplicativity of the determi-
nant that the sign of det(Pf(X),X) does not depend on the choice of the basis X.
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An orientation of a smooth manifold M is supposed to be an orientation for each tangent
space TPM which is �continuous�. Turning the idea of �continuity� into a precise notion
requires a little bit of thought.
De�nition. Let M be a smooth manifold.
(1) An orientation for M is a map which assigns to every tangent space TPM , P ∈M ,

an orientation such that the following continuity condition is satis�ed:
(∗) For every chart Φ: U → V of the smooth structure of M and every component

U ′ of U the map

TPM
∼=←−− TPU

DΦP−−−→∼= TΦ(P )V
ΘV−−→ T̃Φ(P )V = Rk

↑ ↑ ↑
isomorphism by natural isomorphism Lemma 23.1

by Proposition 23.14 (2) from Proposition 23.16

is either orientation-preserving for all P ∈ U ′ or it is orientation-reversing for all
P ∈ U ′.

(2) A smooth manifold together with an orientation is called an oriented smooth mani-
fold.

(3) A smooth manifold that admits an orientation is called orientable, otherwise we say
that the smooth manifold is non-orientable.

Remark. Let M be a 0-dimensional smooth manifold. For each P ∈M the tangent space
TPM is a 0-dimensional real vector space. By the de�nition on page 669 an orientation
of TPM is a choice of an element of {−1, 1}. By the discussion on page 514 we know
that the 0-dimensional smooth manifold has the discrete topology. Thus we see that an
orientation of 0-dimensional smooth manifold is the same as a map M → {−1, 1}. Given
a 0-dimensional smooth manifold M we equip it, unless we say something else, with the
orientation given by assigning +1 to each point in M .

Convention. Given a picture of a 1-dimensional submanifold M of R2 or R3 we indicate
an orientation by drawing a positive vector in TPM = T̃PM Ă R3. (Note that in this case
a non-zero vector is already a basis for the tangent space). On page 680 we will introduce
two conventions for indicating orientations of 2-dimensional submanifolds of R3.

arrows indicate the orientation
M

In practice the following lemma can be quite useful for verifying that orientations of tangent
spaces actually de�ne an orientation of a smooth manifold. In particular it says that instead
of having to check the continuity condition for all charts, it su�ces to consider charts that
cover all of M .
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Lemma 25.8. (Orientations-via-Atlas Lemma) Let M be a smooth manifold. Sup-
pose that for each P ∈M we are given an orientation of TPM . The following statements
are equivalent:
(1) The orientations of the tangent spaces de�ne an orientation for M .
(2) Given any x ∈ M there exists a chart Φ: U → V in the given smooth structure

ofM which satis�es the above continuity condition, i.e. which has the property that
for every component U ′ of U the map

TPM
∼=←−− TPU

DΦP−−−→∼= TΦ(P )V
ΘV−−→ T̃Φ(P )V = Rk

↑ ↑ ↑
isomorphism by natural isomorphism Lemma 23.1

by Proposition 23.14 (2) from Proposition 23.16

is either orientation-preserving for all P ∈ U ′ or it is orientation-reversing for all
P ∈ U ′.

Proof. The implication (1) ⇒ (2) is a tautology. Now let us turn to the proof of the
reverse implication (2) ⇒ (1).

Let M be a smooth manifold. The case dim(M) = 0 is trivial. Therefore we now
assume that dim(M) > 0. Suppose that for each P ∈M we are given an orientation ωP of
TPM . We start out with introducing some notation.

Given a chart Φ: U → V from the smooth structure we consider the map

χΦ : U → {±1}

P 7→
{

+1, if (ΘV ◦DΦP )(ωP ) equals the standard orientation of Rk,
−1, otherwise.

We equip {±1} with the discrete topology. We make the following observations:
(a) The continuity condition for Φ is by de�nition satis�ed if and only if χΦ is constant

on each component of U .
(b) By the Connected-to-Discrete Lemma 2.27 a map U → {±1} is continuous if and

only if it is constant on each component of U .
(c) By the Pasting Proposition 2.6 a map is continuous if and only if it is locally contin-

uous.
(d) Let Ũ Ă U be an open subset. We write Φ̃ := Φ|Ũ : Ũ → Φ(Ũ). This is again a chart

and one can easily verify that we have χΦ|Ũ = χΦ̃.
It is now straightforward to assemble a proof of the lemma from the above observations
and the following claim.
Claim. Let U Ă M be a connected subset and let Φ: U → V and Ψ: U → W be two charts
from the smooth atlas. Then χΦ : U → {±1} is constant if and only if χΨ : U → {±1} is
constant.
Proof. Given P ∈ U we consider the following diagram:

TΦ(P )V
ΘV //

D(Ψ◦Φ−1)Φ(P )

��

T̃Φ(P )V
= //

D(Ψ◦Φ−1)Φ(P )

��

Rk

D(Ψ◦Φ−1)Φ(P )

��

TPM TPU
∼=oo

DΦP 55

DΨP
))

TΨ(P )W
ΘW // T̃Ψ(P )W

= // Rk.
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Here we also make a few observations:
(a) The diagram commutes by the functoriality of di�erentials and the naturality of the

Θ maps.
(b) By the Di�erential-equals-Di�erential Lemma 23.4 the vertical map to the right is

given by multiplication by the (k × k)-matrix D(Ψ ◦ Φ−1)Φ(P ).
(c) The map U → {±1}

P 7→ sign of det(D(Ψ ◦ Φ−1)Φ(P ))

is continuous. It follows from the connectedness of U and the Connected-to-Discrete
Lemma 2.27 that this map is in fact constant.

The claim follows easily from combining all of the above. �

As of right now there are not that many examples of oriented smooth manifolds that we
can provide.

Example.
(1) Let n ∈ N and let U be an open subset of Rn or of the half-space Hn. As always

we equip U with the smooth structure given by the identity chart. We now use the
Orientations-via-Atlas Lemma 25.8 in reverse to endow U with an orientation. More
precisely, given any P ∈ U we have the isomorphism

Rn = T̃PU
ΘU←−−− TPU.

↑ ↑
Lemma 23.1 natural isomorphism from Proposition 23.16

Now we use the standard orientation of the vector space Rn and the above isomor-
phism to equip TPU with an orientation. It follows almost immediately from the
Orientations-via-Atlas Lemma 25.8 that this de�nes an orientation on the smooth
manifold U . We refer to this orientation on U as the standard orientation on U .

(2) We de�ne the standard orientation on R0 = {0} to be +1.

We will construct more examples of oriented smooth manifolds in the subsequent sections.
But �rst let us conclude this section with the following de�nition.
De�nition. Let M be an oriented smooth manifold. If for each tangent space we pick the
opposite orientation then evidently we obtain again an orientation, which we refer to as
the opposite orientation. We denote the resulting oriented smooth manifold by −M .

25.3. Orientations of submanifolds of Rn and unit normal �elds. In this section we
will consider �real-life� examples of smooth manifolds, namely we will consider submanifolds
M of some Rn. Throughout this section we will work with the physical tangent spaces
T̃PM Ă Rn.
Observation 25.9. Let M Ă Rn be a smooth submanifold. Under the natural isomor-
phism T̃PM → TPM from the Tangent Space-Isomorphism Proposition 23.16 we see that
an orientation of M is the same as a map which assigns to every physical tangent space
T̃PM , P ∈M , an orientation such that the following continuity condition is satis�ed:

(∗) For every chart Φ: U → V of the smooth structure of the smooth manifoldM (with
the smooth structure de�ned in the Submanifold Smooth Structure Lemma 19.24)
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and every component U ′ of U the map

T̃PM
=←−− T̃PU

DΦP−−−→∼= T̃Φ(P )V = Rk

↑ ↑
Proposition 23.3 Lemma 23.1

is either orientation-preserving for all P ∈ U ′ or it is orientation-reversing for all
P ∈ U ′.

Furthermore, as in the Orientations-via-Atlas Lemma 25.8 the continuity condition only
needs to be veri�ed for charts in some smooth atlas of M .

De�nition. Let M be a codimension-one smooth submanifold of Rn+1. A unit normal
�eld is a map269 v : M → Rn+1

such that the following conditions are satis�ed:
(1) For each P ∈M we have ‖v(P )‖ = 1,
(2) for each P ∈M we have v(P ) ⊥ T̃PM .
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Möbius band

unit normal �eld v

??

??

Examples.
(1) Let n ∈ N. It follows from Lemma 23.1 that the map

v : Sn → Rn+1

P 7→ P

is a unit normal �eld.
(2) In the Möbius Smooth Embedding Lemma 24.12 we saw that we can view the Möbius

band as a smooth submanifold M of R3. Does M admit a unit normal �eld? This
seems unlikely, but how do you show the non-existence of a unit normal �eld?

Our next goal is to show that for a codimension-one smooth submanifold of Rn+1 there
is a natural correspondence between orientations and unit normal �elds. The key tool for
doing so is the following de�nition from linear algebra.

De�nition. Let w1, . . . , wn ∈ Rn+1. As in [Blo1979, Chapter 5.14] we de�ne the cross
product270

w1 × · · · × wn :=
n+1∑
k=1

(−1)k+1 · ek · det

 n× n-matrix obtained from
the (n+ 1)× n-matrix (w1 . . . wn)

by crossing out the k-th row

 .

In the following lemma we summarize a few properties of the cross product.

269As always we expect maps to be continuous.
270By the convention on page 99 the determinant of a 0 × 0-matrix is +1. It follows that for n = 1 the
cross product is always the vector e1 = 1 ∈ R.
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a1 b1

a2 b2

a3 b3

a1 b1

a2 b2

a3 b3


a1 b1

a2 b2

a3 b3

a1

a2

a3

×
b1

b2

b3

 =

 a2b3 − a3b2

−(a1b3 − a3b1)
a1b2 − a2b1



Lemma 25.10. (Cross Product Lemma)
(1) The map Rn+1 × · · · × Rn+1 → Rn+1

(v1, . . . , vn) 7→ v1 × · · · × vn︸ ︷︷ ︸
cross product

is smooth.
(2) Let v1, . . . , vn ∈ Rn+1. The following statements hold:

(a) det(v1 × · · · × vn v1 . . . vn) ≥ 0.
(b) v1 × · · · × vn is orthogonal to each v1, . . . , vn.
(c) The cross product v1 × · · · × vn is non-zero if and only if the vectors v1, . . . , vn

are linearly independent.271

(3) Suppose that v1, . . . , vn and w1, . . . , wn are both collections of linearly independent
vectors in Rn+1. The following statements hold:
(a) v1 × · · · × vn and w1 × · · · × wn are linearly dependent if and only if we have

Span(v1, . . . , vn) = Span(w1, . . . , wn).
(b) There exists a λ > 0 with v1 × · · · × vn = λ · (w1 × · · · × wn) if and only if the

vectors span the same vector subspace of Rn+1 and if v1, . . . , vn and w1, . . . , wn
are equivalent bases.
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the cross product u× v

u

v the plane spanned by u and v

Sketch of proof.

(1) This statement follows from the Leibniz formula for determinants.
(2) Let v1, . . . , vn ∈ Rn. For any u ∈ Rn+1 it follows from the Leibniz expansion by the

�rst row that
det(u v1 . . . vn) = 〈u, v1 × · · · × vn〉.

(a) Using the above equality we see that

det(v1 × · · · × vn v1 . . . vn) = 〈v1 × · · · × vn, v1 × · · · × vn〉 ≥ 0.

271In the Cross Product Characterization Proposition ?? we will see that the length of the cross product
v1 × · · · × vn equals the �n-dimensional volume� of the parallelotope spanned by v1, . . . , vn.
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(b) Let i ∈ {1, . . . , n}. We see that

〈vi, v1 × · · · × vn〉 = det(vi v1 . . . vn) = 0.
↑ ↑

by the above equality since two columns are the same

(c) This statement follows from the fact, proved in Exercise 24.7, that an (n+1)×n-
matrix has rank n if and only if there exist n rows that are linearly independent.

(3) (a) Statement (3a) follows from Statement (2b).
(b) It follows from (3a) that we only have to consider the case that v1, . . . , vn and

w1, . . . , wn span the same vector space. Let A be the transition matrix. It follows
easily from the de�nitions that v1 × · · · × vn = det(A) · (w1 × · · · × wn) which
implies the statement. �

In the following proposition we will see that for a codimension-one smooth submanifold of
Rn+1 there is a natural bijection between orientations and unit normal �elds.

Proposition 25.11. (Orientations-via-Normal Vector Fields Proposition) Let n ∈
N and let M be a codimension-one smooth submanifold of Rn+1. The maps

{unit normal �elds on M} ↔ {orientations on M}

v 7→
given a point P ∈M we say that a
basis w1, . . . , wn of T̃PM is positive

if det
(
v(P ) w1 . . . wn

)
> 0

given a point P ∈M we pick a positive
basis w1, . . . , wn for T̃PM and normalize
the vector w1 × · · · × wn to length one

←[ orientation on M

are well-de�ned and inverses of one-another.

Convention. Given a picture of a 2-dimensional submanifold M of R3 we have two con-
ventions for indicating an orientation:
(1) We draw a part of a little circle together with a directional arrow. This indicates

that a positive basis is given by (v, w) where w is obtained by rotating v into the
indicated direction by an angle in (0, π).

(2) Alternatively we draw a normal vector n, in this case a basis (v, w) of the tangent
space is positive if (n, v, w) is a positive basis for R3.
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M
normal vector nboth conventions indicate the

same orientation of M
v w

Proof. We start out with the following claim.
Claim. For every unit normal �eld v the construction de�nes an orientation on M .

Proof. It follows from the discussion on page 669 that for each P ∈ M the construction
does indeed de�ne an orientation on T̃PM . It remains to show that the continuity condition
holds.
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Let Φ: U → V Ă Rn+1 be a submanifold chart with U connected. Recall that Φ gives
rise to a chart Ψ: U ∩M → Ṽ Ă Rn of M viewed as an n-dimensional smooth manifold.
For Q ∈ U we now denote by f(Q) the (n + 1)-st coordinate of DΦQ(v(Q)) ∈ Rn+1. Note
that f : U → R is continuous and note that f is non-zero everywhere. Now let again Q ∈ U .
For i = 1, . . . , n we set wi := DΨ−1

Ψ(Q)(ei). We have

det(v(Q)w1 . . . wn)︸ ︷︷ ︸
by de�nition > 0
if w1, . . . , wn is a
positive basis

= det(DΦQ)−1 ·
(
∗ e1 . . . en

f(Q) 0 . . . 0

)
= det(DΦQ)−1 · f(Q) · (−1)n+1.x

follows from the
Chain Rule 19.10

This shows that the isomorphism DΨ−1
Ψ(Q) : Rn → T̃QM is orientation-preserving if and only

if det(DΦQ)−1 · f(Q) · (−1)n+1 > 0. But this function in Q is non-zero everywhere. Hence,
since U is connected, we see that the sign of this expression is independent of Q ∈ U . �

Claim. For every orientation on M the construction de�nes a unit normal �eld on M .

Proof. It follows from the Cross Product Lemma 25.10 that for each P ∈ M the vector
w1×· · ·×wn is indeed normal to T̃PM and that it is independent of the choice of the positive
basis w1, . . . , wn of T̃PM . It only remains to show that the resulting map v : M → Rn+1

is continuous. Thus let P ∈ M . We pick a chart Φ: U → V around P such that U
is connected. After possibly composing Φ with a re�ection we can assume that for each
Q ∈ V the map

DΦ−1
Q : Rn → T̃Φ−1(Q)M

is orientation-preserving. It now follows that on U the map v is given by

U → Rn+1

x 7→ DΦ−1
Φ(x)(e1)× · · · ×DΦ−1

Φ(x)(e1) normalized to length = 1.

By the Cross Product Lemma 25.10 (1) we know that this map is continuous. This shows
that v is locally continuous, hence it is continuous. �

We have now shown that the maps given in the statement of current proposition are
well-de�ned. It follows easily from the Cross Product Lemma 25.10 (2) that the two maps
are also inverses of one another. �

Example.
(1) Let n ∈ N. As mentioned above it follows from Lemma 23.1 that the map

v : Sn → Rn+1

P 7→ P

is a unit normal �eld. Given P ∈ Sn we say that a basis (v1, . . . , vn) of the tan-
gent space T̃PSn Ă Rn+1 is positive if det(P v1 . . . vn) > 0. It follows from the
Orientations-via-Normal Vector Fields Proposition 25.11 and Observation 25.9 that
these orientations de�ne an orientation of the smooth manifold Sn. We refer to this
as the standard orientation of Sn. Unless we explicitly say something else we will
always view Sn as an oriented smooth manifold with the above orientation.

(2) We equip the 0-dimensional sphere S0 = {±1} with the obvious orientation given by
±1 7→ ±1.
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orientation of S2orientation of S1

25.4. Orientation-preserving and reversing maps. The next de�nition is basically
self-explanatory.
De�nition. Let f : M → N be a map smooth between two oriented smooth manifolds
such that for every P ∈M the di�erential DfP : TPM → Tf(P )N is an isomorphism.272

(1) We say the map f is orientation-preserving if for every P ∈M the induced isomor-
phism DfP : TPM → Tf(P )N is orientation-preserving.

(2) We say the map f is orientation-reversing if for every P ∈ M the induced isomor-
phism DfP : TPM → Tf(P )N is orientation-reversing.

Examples.
(1) The map Ξ: R → S1 Ă C = R2

t 7→ exp( it) =

(
cos(t)
sin(t)

)
is a local di�eomorphism. If we equip R and S1 with the standard orientation, then
Ξ is orientation-preserving. Indeed, for any t ∈ R we have

D(Ξt)(1) =
(− sin(t)

cos(t)

)
∈ T̃(cos(t)

sin(t)

)S1 which is positive since det
(

cos(t) − sin(t)
sin(t) cos(t)

)
> 0.

↑
positive basis of T̃tR

(2) Let A ∈ O(n). In Exercise 25.5 we will see that the map Sn → Sn given by x 7→ A ·x
is orientation-preserving if and only if det(A) = 1.

(3) Let f : M → N be a local di�eomorphism between two oriented smooth manifolds.
If M is non-empty and connected, then it follows from the Basics-of-Orientations
Lemma 25.13 below that f is either orientation-preserving or orientation-reversing.
On the other hand for disconnected M one can easily come up with maps that are
neither orientation-preserving nor orientation-reversing.

The following lemma gives an easy criterion for showing that a di�eomorphism between
two open subsets of Rn or of Hn is orientation-preserving.

Lemma 25.12. (Orientation Checking-via-Di�erentials Lemma) Let n ∈ N and let
f : X → Y be a di�eomorphism between two open subsets of Rn or Hn. Recall that by the
discussion on page 677 we equip X and Y with the standard orientations. Given P ∈ X

272In most applications f is a local di�eomorphism, but by the Physical Tangent Space-Inclusion Propo-
sition 23.14 the inclusion of a codimension-zero submanifold into its �surrounding� smooth manifold also
has this property.
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we have273

DfP : TPX → Tf(P )Y is orientation-preserving ⇐⇒ det
(
di�erential DfP︸ ︷︷ ︸

n× n-matrix

)
> 0.

↑
di�erential as de�ned on page 631

In particular we see

f : X → Y is orientation-preserving ⇐⇒ det(DfP ) > 0 for all P ∈X.

Example. Let U Ă Rn be an open subset. Let A ∈ GL(n,R) with det(A) > 0 and let
v ∈ Rn. It follows easily from the discussion on page 536 and the Orientation Checking-
via-Di�erentials Lemma 25.12 that the map f given by f(x) = x 7→ A · x + v de�nes an
orientation-preserving di�eomorphism U → f(U).

Proof. By the Tangent Space-Isomorphism Proposition 23.16 we have the following com-
mutative diagram

Rn = T̃PX
DfP
��

ΘX

∼=
// TPX

DfP
��

Rn = T̃f(P )Y
ΘY

∼=
// Tf(P )Y.

The lemma follows from combining the following observations:
(1) As on page 668 we equip Rn with the standard orientation that is de�ned by the

standard basis (e1, . . . , en) of Rn.
(2) The horizontal maps are orientation-preserving by de�nition of the orientations of

the oriented smooth manifolds X and Y .
(3) By the Di�erential-equals-Di�erential Lemma 23.4 the vertical map to the left is given

by multiplication by the di�erential DfP ∈ M(n×n,R). It follows from Lemma 25.2
that the vertical map to the left is orientation-preserving if and only if det(DfP ) > 0.

(4) It follows from the Orientation-Composition Lemma 25.3 that the left-hand vertical
map is orientation-preserving if and only if the right-hand vertical map is orientation-
preserving. �

The following lemma summarizes a few elementary properties of orientations and of orientation-
preserving maps.

Lemma 25.13. (Basics-of-Orientations Lemma) Let n ∈ N0 and let M be an n-
dimensional smooth manifold.
(1) If two orientations on M agree at a point and if M is path-connected, then the two

orientations agree everywhere.
(2) If M is path-connected and non-empty, then M is either non-orientable or it admits

precisely two orientations, which are opposites of one another.
(3) Let f : M → N be a di�eomorphism. If M is path-connected and if there exists

a P ∈ M , such that DfP : TPM → Tf(P )N is orientation-preserving, then f is
orientation-preserving.274

273Unfortunately the symbol DfP has several, subtly di�erent meanings. To the left it stands for the
induced map on tangent spaces. To the right it stands for the n×n�matrix given by the partial derivatives
of f .
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(4) Suppose M is equipped with an orientation O. Let f : M → M be a self-di�eo-
morphism. Then

f is orientation-preserving
with respect to O ⇐⇒ f is orientation-preserving

with respect to −O.
(5) Let M0, . . . ,Mk be oriented smooth manifolds. Suppose that for i = 0, . . . , k− 1 we

are given a smooth map fi : Mi →Mi+1 such that for every P ∈Mi the di�erential
D(fi)P : TPMi → Tfi(P )Mi+1 is an isomorphism. Then

the map fk−1 ◦ · · · ◦ f0 : M0 →Mk

is orientation-preserving ⇐⇒ the number of fi which are
orientation-reversing is even.

In particular the composition of orientation-preserving di�eomorphisms is again
orientation-preserving.

(6) (a) Let N be a smooth manifold and let f : N →M be a smooth map that is a local
di�eomorphism. If M is oriented, then there exists a unique orientation on N
such that f is an orientation-preserving map.

(b) Let N be a submanifold of codimension zero. (In many applications N is just an
open subset of M .) If M is oriented, then N admits a unique orientation such
that the inclusion map N →M is orientation-preserving.

(7) If M \∂M admits an orientation, then M admits a unique orientation such that the
inclusion M \ ∂M →M is orientation-preserving.

Convention. Let M be an oriented smooth manifold and let N be a submanifold of
codimension zero. We refer to the orientation on N that we introduced in the Basics-of-
Orientations Lemma 25.13 (6b), i.e. the unique orientation on N such that the inclusion
map N → M is orientation-preserving, as the standard orientation of a codimension-zero
submanifold.

Example. It follows from the Basics-of-Orientations Lemma 25.13 that for each n ∈ N the
closed ball B

n
inherits an orientation from Rn. We refer to this as the standard orientation

on B
n
. Given P ∈ B

n
it follows immediately from the de�nitions that the image of the

standard basis e1, . . . , en of Rn under the natural isomorphism Θ: T̃PB
n → TPB

n
de�nes

a positive basis for TPB
n
.

Proof. The case n = 0 follows from trivial considerations. Thus we now assume that
n ≥ 1.
(1) Suppose we are given two orientations on M . It follows immediately from the de�-

nitions that for any chart Φ: U → V the two orientations either agree on all of U or
they disagree on all of U .

But this implies that the set of points A where the orientations agree is open
and that the set of points B where the orientations disagree is also open. If the
orientations agree at a point we see that A 6= ∅. It follows from the Topological
Manifolds-Local Properties Lemma 18.8 (3) that A = M .

274By de�nition f : M → N is orientation-preserving if DfP : TPM → Tf(P )N is orientation-preserving for
every P ∈ M . If M is path-connected, then by Statement (3) says that it su�ces to verify this condition
for a single point.
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(2) This statement follows easily from (1).
(3) The proof of this statement is very similar to the proof of the �rst statement. We

leave it to the reader to �ll in the details.
(4) This statement follows immediately from the de�nitions and the Orientation-Composition

Lemma 25.3.
(5) Note only does the lemma smell like the Orientation-Composition Lemma 25.3, it is

also an immediate consequence thereof.
(6) (a) Given Q ∈ N we equip the vector space TQN with the orientation that turns

DfQ : TQN → Tf(Q)M into an orientation-preserving isomorphism. Since f is a
local di�eomorphism we see that charts of M gives rise to charts of N . It now
follows easily from the Orientations-via-Atlas Lemma 25.8 that these orientations
of the tangent spaces of N do indeed de�ne an orientation of N .

(b) Let N be a codimension-zero submanifold. We denote by ι : N → M the inclu-
sion. Let Q ∈ N . By the Physical Tangent Space-Inclusion Proposition 23.14
we know that DιQ : TQN → TQM is an isomorphism. As in (a) we equip the
vector space TQN with the orientation that turns DfQ : TQN → Tf(Q)M into an
orientation-preserving isomorphism. The charts of N , viewed as a smooth man-
ifold in its own right, are given by restricting charts of M . Therefore it follows
again from the Orientations-via-Atlas Lemma 25.8 that these orientations of the
tangent spaces of N do indeed de�ne an orientation of N .

(7) Using charts it su�ces to prove this statement for smooth manifolds that are open
subsets of Hn, but in this case the statement is clear. �

De�nition. Let M be an oriented smooth manifold. We say an atlas {Φi : Ui → Ũi}i∈I
is orientation-preserving if each Φi is orientation-preserving. Hereby we work with the
following orientations:
(1) Each open subset Ui is a codimension-zero submanifold of M , thus we can equip it

with the above standard orientation.
(2) Each Ũi is an open subset of Rn or Hn. Therefore it also comes with a standard

orientation.

Remark. Note that if dim(M) > 0, then any chart Φ: U → V with V can be turned into
an orientation-preserving respectively orientation-reversing chart by possibly composing Φ,
on components of V , with the re�ection in a hyperplane. In particular we see that any
oriented smooth manifold of dimension ≥ 1 admits an orientation-preserving atlas.

The following lemma gives a convenient criterion for showing that a given map is orientation-
preserving.
Lemma 25.14. Let f : M → N be a smooth map between two oriented n-dimensional
smooth manifolds such that for each P ∈ M the di�erential DfP : TPM → Tf(P )N is
an isomorphism. Let {Φi : Ui → Ũi}i∈I be an orientation-preserving atlas for M and let
{Ψj : Vj → Ṽj}j∈J be an orientation-preserving atlas for N . The following two statements
are equivalent:
(1) f is orientation-preserving.



686

(2) For each i ∈ I and j ∈ J and each P ∈ Ui ∩ f−1(Vj) we have

det
(
D(Ψj ◦ f ◦ Φ−1

i )Φi(P )︸ ︷︷ ︸
invertible n× n-matrix

)
> 0.

The analogous statement also holds for �orientation-reversing� and �< 0�.
Proof. This lemma can be deduced easily from the Orientation Checking-via-Di�erentials
Lemma 25.12 and the Basics-of-Orientations Lemma 25.13 (5) and the fact, shown in the
Di�erential-equals-Di�erential Lemma 23.4 and the Tangent Space-Isomorphism Proposi-
tion 23.16 that the various de�nitions of di�erential are compatible. We leave it to the
reader to �ll in the few remaining details. �

We continue with a lemma which gives another approach to de�ning an orientation on a
given smooth manifold.

Lemma 25.15. (De�ne Orientations-via Transition Maps Lemma) Let (M,A) be
a smooth manifold of dimension ≥ 1. Suppose that all transition maps between charts in
A are orientation-preserving. Given P ∈M we de�ne

orientation of TPM := (DΦP )−1
(
standard orientation of TΦ(P )V︸ ︷︷ ︸

as de�ned on page 677

)
where Φ: U → V is a chart around P from the given atlas. The following statements hold:
(1) The de�nition of the orientation of TPM does not depend on the choice of the chart.
(2) The orientations of the tangent space TPM de�ne an orientation for M .
(3) With respect to this orientation the given atlas is orientation-preserving.

Sketch of proof. The �rst statement follows easily from the hypothesis that the transition
maps are orientation-preserving together with the Orientation-Composition Lemma 25.3.
The second statement is a consequence of the Orientations-via-Atlas Lemma 25.8. The
third statement holds basically by de�nition. �

Example. We consider the surface Σ of genus 2. In the Surface-is-Topological Manifold
Proposition 18.7 we gave an explicit atlas for Σ. In Proposition 19.18 we saw that the
transition maps are smooth. In Exercise 25.12 we will verify that all the transition maps are
in fact orientation-preserving. Thus it follows from the De�ne Orientations-via Transition
Maps Lemma 25.15 that Σ is orientable. Basically the same argument shows that all
surfaces of genus g ≥ 3 are also orientable. Note that, as the name suggests, the same
approach does not work for the non-orientable surfaces of some genus g ∈ N.

Lemma 25.16. (Complement-of-Boundary Orientation Lemma) LetM be a smooth
manifold.
(1) Given any orientation on M \ ∂M there exists a unique orientation on M such that

the inclusion M \ ∂M →M is orientation-preserving.
(2) Let N be a submanifold of M of codimension ≥ 2. Given any orientation on M \N

there exists a unique orientation on M such that the inclusion M \ N → M is
orientation-preserving.

Non-Example. Let M be the Möbius band and let N be the proper 1-dimensional sub-
manifold that is shown in the �gure below. ThenM\N is evidently orientable, whereasM is
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not orientable. Thus we see that in the Complement-of-Boundary Orientation Lemma 25.16
the condition on the codimension is necessary.
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Möbius band M N M \N is orientable

Proof. The proof can be found in the long version of the lecture notes. �

Proof. Let M be an n-dimensional smooth manifold. In the following we assume that
n ≥ 2. The case n = 1 can be dealt with by a similar argument or one can directly appeal
to the Smooth 1-Dimensional Manifold Classi�cation Theorem 22.7.
(1) We start out with a general claim.

Claim 1. Let U Ă M be an open subset. We set Ũ := U ∩ (M \ ∂M).
(a) If U is connected, then so is Ũ .
(b) The closure of Ũ in M contains U .

Proof.

(a) The �rst statement follows from the Topological Manifolds-Local Properties Lem-
ma 18.8 and the Push Away From Boundary Lemma 18.13.

(b) This statement follows easily from Lemma 1.10. �
Now let {Φi : Ui → Vi}i∈I be an atlas for M such that each Ui is connected. We

equip the Vi, which are open subsets of Rn or Hn, with the standard orientation.
Given i ∈ I we write Ũi := Ui ∩ (M \ ∂M), Ṽi := Φ(Ũi) and we denote by Φ̃i the
restriction of Φi to the di�eomorphism Φ̃i : Ũi → Ṽi.

Now suppose that we are given an orientation for M \ ∂M . By Claim 1 (a) we
know that each Ũi is connected. Thus we know, say by the Basics-of-Orientations
Lemma 25.13 (3), that Φ̃i : Ũi → Ṽi is orientation-preserving or orientation-preserving.
In the �rst case we set ρi := id and in the second case let ρi be the re�ection in the
(x1 = 0)-hyperplane.275 Note that in either case the map ρi ◦ Φ̃i : Ũi → ρi(Ṽi) is
orientation-preserving.
Claim 2. All transition maps of the atlas {ρi ◦ Φi : Ui → ρi(Vi)}i∈I for M are
orientation-preserving.

Proof. Let i, j ∈ I. By the Orientation Checking-via-Di�erentials Lemma 25.12 it
su�ces to show that the image of

f : Ui ∩ Uj → R
x 7→ det(D((ρi ◦ Φi) ◦ (ρj ◦ Φj)

−1)ρj(Φj(x))︸ ︷︷ ︸
n× n-matrix

)

consists only of positive real numbers. Note that this map f is smooth and non-zero
everywhere. Furthermore, since ρi ◦ Φ̃i and ρj ◦ Φ̃j are orientation-preserving we see,

275Here we use that n ≥ 2, since for n ≥ 2 the re�ection in the (x1 = 0)-hyperplane is an orientation-
reversing di�eomorphism of Hn.
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say using the Orientation Checking-via-Di�erentials Lemma 25.12, that f is positive
on Ũi ∩ Ũj. Since Ui ∩Uj is an open neighborhood of x we obtain from Claim 1 that
x is contained in the closure of Ũi∩ Ũj = (U1∩U2)∩ (M \∂M) in M . Thus it follows
from the Closure-Interior Mapping Lemma 2.5 that f(x) > 0. �

It follows from the claim together with the De�ne Orientations-via Transition
Maps Lemma 25.15 that this atlas de�nes an orientation on M . It is clear that this
orientation restricts to the given orientation on M \ ∂M .

(2) The argument is basically the same as in (1). In the proof of Claim 1 (a) we just
need to replace the Push Away From Boundary Lemma 18.13 by Exercise 18.20. The
remainder of the argument is identical. �

25.5. Boundary orientation. In this section we will see that the boundary of an oriented
smooth manifold inherits an orientation. Before we can formulate the lemma let us recall
the following de�nition from page 634.
De�nition. Let M be a smooth manifold, let P ∈ ∂M and let w ∈ TPM . We say w
points outward, if the following two conditions are satis�ed:
(1) For every smooth map f : M → R≥0 with f |∂M ≡ 0 we have w(f) ≥ 0.
(2) There exists a smooth map f : M → R≥0 with f |∂M ≡ 0 such that w(f) > 0.

Lemma 25.17. (Boundary Orientation Lemma) LetM be an oriented n-dimensional
smooth manifold and let P ∈ ∂M .
(a) If n = 1, then we de�ne the orientation of P as follows:

orientation of TP∂M :=

{
−1, if a positive tangent vector of TPM points inward
+1, if a positive tangent vector of TPM points outward.

(b) Now we assume that n ≥ 2. We pick a tangent vector w ∈ TPM that points outward
in the sense of the de�nition on page 634. We say that a basis (v1, . . . , vn−1) for
TP (∂M) is a positive basis of TP (∂M) if (w, v1, . . . , vn−1) is a positive basis of TPM .

The following �ve statements hold:
(0) If M is a smooth submanifold of some Rk, then the orientation convention in (a)

and (b) also makes sense for the physical tangent spaces and it is compatible with
the Tangent Space-Isomorphism Proposition 23.16.

(1) For n ≥ 2 the de�nition of a positive basis for TPM does not depend on the choice
of w.

(2) These orientations of the tangent spaces of ∂M de�ne an orientation on ∂M .
(3) We have ∂(−M) = −∂M .
(4) Let f : M → N be an orientation-preserving (orientation-reversing) local di�eomor-

phism between oriented n-dimensional smooth manifolds. We equip ∂M and ∂N
with the orientations de�ned in (a) and (b). The restriction of f to a di�eomorphism
∂M → ∂N is also orientation-preserving (orientation-reversing).

Example. The boundary of the 1-dimensional smooth manifold [a, b], which we equip with
the standard orientation coming from R, is easily seen to be given by (−{a}) ∪ {b}.

Proof. The proof in the case that dim(M) = 1 is basically trivial. Thus in the remainder
of the proof we only consider the case that n = dim(M) ≥ 2.
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dim(M) ≥ 2

dim(M) = 1

∂MM

inward pointing

P
Q

+Q
outward pointing

−P

tangent vectors that point outwards

(0) This statement follows easily from the de�nitions together with Tangent Space-
Isomorphism Proposition 23.16 (2).

(1) Let P ∈ ∂M and let (v1, . . . , vn−1) for TP (∂M) be a basis. We pick an orientation-
preserving chart Φ: U → V of type (ii) around P . We denote by i : U → M the
inclusion map. We consider the isomorphisms

TPM
DiP←−−− TPU

DΦP−−−→ TPV
Θ−−→ T̃PV = Rn.

↑ ↑ ↑
isomorphism by Proposition 23.14 Proposition 23.16 Lemma 23.1

We denote by Ω: TPM → Rn the resulting isomorphism. Furthermore we denote
by p : Rn → Rn−1 the projection onto the �rst (n − 1) coordinates and we denote
by q : Rn → R the projection onto the last coordinate. We make the following two
observations:
(a) It follows fairly easily from the Tangent Space-Isomorphism Proposition 23.16

(2) that a vector w ∈ TPM points outward if and only if q(Ω(w)) is negative.
(b) Given a vector w ∈ TPM the following hold:

(w, v1, . . . , vn1) is a
positive basis for TPM

⇐⇒ (Ω(w),Ω(v1), . . . ,Ω(vn−1)) is
a positive basis for Rn

⇐⇒ det(Ω(w) Ω(v1) . . . Ω(vn−1)) > 0
⇐⇒ (−1)n · q(Ω(w)) · det(p(Ω(v1)) . . . p(Ω(vn−1))) > 0.

It follows that the de�nition of a positive basis is independent of the choice of
the outward pointing vector w.

(2) Using the approach of (1) it is not di�cult to verify this statement.
(3) This statement is basically obvious.
(4) This statement follows immediately from the observation that a local di�eomorphism

sends outward pointing vectors to outward pointing vectors. �

Convention. LetM be an oriented n-dimensional smooth manifold. Unless we say some-
thing else we always equip ∂M with the orientation given by the Boundary Orientation
Lemma 25.17. We refer to this orientation of ∂M as the boundary orientation.
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Example. Let n ∈ N. As on page 684 we equip the smooth manifold B
n+1

with the
standard orientation coming from Rn+1. It is not hard to see that the boundary orientation
of ∂B

n+1
= Sn agrees with the standard orientation of Sn that we introduced on page 681.

At this point it makes sense to introduce the following de�nition.

De�nition. Given n ∈ N0 we refer to the category OrSmMfd
n
with

Ob(OrSmMfd
n
) := all oriented n-dimensional smooth manifolds,

Mor(X, Y ) := all orientation-preserving di�eomorphisms from X to Y ,

with the usual composition of maps as the category of oriented n-dimensional smooth
manifolds.

Remark. Note that the Boundary Orientation Lemma 25.17 says in particular that the
map M 7→ ∂M de�nes a functor from the category OrSmMfd

n
of oriented n-dimensional

smooth manifolds to the category OrSmMfd
n−1

of oriented n-dimensional smooth manifolds.

We conclude this discussion of the orientations of the boundary of 1-dimensional smooth
manifolds with the following subtle consequence of the Smooth 1-Dimensional Manifold
Classi�cation Theorem 22.7.
Proposition 25.18. (Boundary-of-Compact Smooth 1-Manifold Proposition) Let
M be a compact oriented 1-dimensional smooth manifold. We equip ∂M with the orien-
tation de�ned on page 688. Then∑

P∈∂M
orientation of P︸ ︷︷ ︸

∈{−1,1}

= 0.

����

�
�
�
�

����
����

M
−1

+1

−1

+1

Proof. It su�ces to prove the statement for a compact oriented connected 1-dimensional
smooth manifold with non-empty boundary. By the Smooth 1-Dimensional Manifold Clas-
si�cation Theorem 22.7 we know that there exists a di�eomorphism f : M → [0, 1]. After
possibly composing this di�eomorphism with the orientation-reversing map [0, 1] → [0, 1]
given by t 7→ 1− t we can assume that f is in fact orientation-preserving. Now we see that∑

P∈∂M
ε(P ) =

∑
P∈∂([0,1])

ε(P ) = −1 + 1 = 0.
↑ ↑

by the Boundary Orientation Lemma 25.17see the example on page 688 �

25.6. Orientations and group actions. We move on to considering the interplay be-
tween orientations and group actions.

De�nition. LetM be an oriented smooth manifold that is equipped with a smooth action
by a group G. We say that the action is orientation-preserving if for every g ∈ G the
di�eomorphism M → M given by x 7→ g · x is orientation-preserving in the sense of the
de�nition on page 682.
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The �rst part of the following proposition can be viewed as a re�nement of the Manifold
Quotient-by-Group Action Proposition 19.32.

Proposition 25.19. (Orientation-Action Proposition) LetM be a smooth manifold.
Furthermore let G be a group that acts freely properly and smoothly on M . By the Man-
ifold Quotient-by-Group Action Proposition 19.32 the quotient M/G admits a standard
smooth structure such that the quotient map p : M →M/G is a local di�eomorphism.
(1) If M is oriented and if the G-action is orientation-preserving, then the smooth

manifold M/G admits an orientation such that the projection p : M → M/G is
orientation-preserving.

(2) Conversely, if the smooth manifold M/G admits an orientation, then there exists
a unique orientation on M such that the projection p : M → M/G is orientation-
preserving. Furthermore this orientation has the property that the G-action on M
is orientation-preserving.

Remark. In Exercise 25.10 we will prove a partial converse to the Orientation-Action
Proposition 25.19 (2).

Proof. Both statements follow fairly easily from the de�nitions. But for completeness'
sake let us sketch the argument.
(1) We assume that M is oriented and that for each g ∈ G the map M → M given by

Q 7→ g ·Q is orientation-preserving.
For each Q ∈M/G we pick some Q̃ ∈M with p(Q̃) = Q and we equip TQ(M/G)

with the orientation given by applying the isomorphism DpQ̃ : TQ̃M → TQ(M/G)
to the orientation of TQ̃M . Since the G-action is orientation-preserving we see that

this de�nition of the orientation is independent of the choice of Q̃. We claim that
these orientations of the tangent spaces of M/G form an orientation of the smooth
manifold M/G.

For each Q ∈M/G we pick a chart ΦQ̃ : UQ̃ → VQ̃ around Q̃ which has the prop-
erty that the restriction of p to UQ̃ is a di�eomorphism onto its image. The maps
ΦQ̃ ◦ (p|U

Q̃
)−1 : p(UQ̃) → VQ̃ form a smooth atlas for M/G. It follows almost imme-

diately from the de�nitions that the orientations we just de�ned are continuous with
respect to these charts. Since these charts form a smooth atlas for M/G we obtain
from the Orientations-via-Atlas Lemma 25.8 that we have de�ned an orientation on
M/G. By construction the map p : M →M/G is orientation-preserving.

���
���
���
���

���
���
���
���

UQ̃

p(UQ̃)

p

M

M/G
Q

Q̃

(2) Now we assume that M/G is equipped with an orientation. For each Q̃ ∈ M there
exists an open neighborhood UQ̃ of Q̃ such that the restriction of p to p : UQ̃ → p(UQ̃)

is a di�eomorphism and such that there exists a smooth chart ΦQ̃ : p(UQ̃) → VQ̃ for

p(Q̃) ∈M/G.
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We equip TQ̃M with the orientation that is obtained by applying the isomorphism
D(p|−1

U
Q̃

)Q̃ : Tp(Q̃)(M/G)→ TQ̃M to the given orientation of Tp(Q̃)(M/G).
Since the charts ΦQ̃ ◦ p : UQ̃ → VQ̃ de�ne a smooth atlas for M we see that these

orientations do indeed de�ne an orientation on M . Basically by construction these
orientations are invariant under the G-action. �

Example. Let v ∈ Rn. We denote by t : Rn → Rn the translation by v. Note that given
any x ∈ Rn the di�erential Dtx ∈ M(n × n,R), in the sense of the de�nition on page 536,
is the identity matrix. Thus it follows from the Orientation Checking-via-Di�erentials
Lemma 25.12 that the action of Zn on Rn that is given by addition, is orientation-preserving.
It follows from the Orientation-Action Proposition 25.19 that Rn/Zn is orientable.

We formulate the next examples as a lemma.

Lemma 25.20. (Surface Non-Orientability Lemma) The following smooth manifolds
are non-orientable:
(1) the Möbius band,
(2) the projective plane RP2,
(3) the Klein bottle, and
(4) any non-orientable surface of genus ≥ 1.

Remark. In Exercises 25.6 and 25.11 we will give di�erent, arguably more satisfactory
proofs that the projective plane RP2 and the Klein bottle are non-orientable.

Proof. Let X = R× [−1, 1] and G = Z. As on page 252 we consider the action

Z× (R× [−1, 1]) → R× [−1, 1]
(n, (x, y)) 7→ (x+ n, (−1)n · y).

As we remarked on pages 252 and 564, this action is free, proper and smooth. By de�nition
the quotient (R× [−1, 1])/Z is the Möbius band.
Claim. The Möbius band is non-orientable.
Proof. Suppose that the Möbius band X/Z admits an orientation. It follows from the
Orientation-Action Proposition 25.19 that X = R × [−1, 1] admits an orientation such
that the Z-action is orientation-preserving. It follows from the Basics-of-Orientations
Lemma 25.13 (3) and (4) that this Z-action preserves the standard orientation on X =
R× [−1, 1]. Given n ∈ Z we consider the di�eomorphism of X = R× [−1, 1] that is given
by the action by n, i.e. we consider the di�eomorphism

Φn : R× [−1, 1] → R× [−1, 1]
(x, y) 7→ (x+ n, (−1)n · y).

Given any (x, y) ∈ X the di�erential of Φn is given by the matrix
(

1 0
0 (−1)n

)
. It follows

from the Orientation Checking-via-Di�erentials Lemma 25.12 that for n odd the di�eomor-
phism Φn is not orientation-preserving. We have thus obtained a contradiction. �

We turn to the proof that the three given closed smooth manifolds are non-orientable.
By the Basics-of-Orientations Lemma 25.13 (6) it su�ces to prove the following claim.
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Claim. The open Möbius band is di�eomorphic to open subsets of the Möbius band, of
the projective plane RP2, of the Klein bottle and for any non-orientable surface of genus
g ≥ 1.

Proof. It is clear that the open Möbius band is an open subset of the Möbius band. The
statements regarding the projective plane RP2 and the Klein bottle follow immediately
from Lemma 19.39.

Recall that by de�nition on page 266 the real projective plane is precisely the non-
orientable surface of genus ≥ 1 and that by Exercise 5.50 the Klein bottle is di�eomorphic
to the non-orientable surface of genus two. Thus it remains to deal with non-orientable
surfaces of genus g ≥ 3. In the �gure below we indicate that for any g ≥ 3 the non-orientable
surface of genus g admits an open subset that is di�eomorphic to the open Möbius band.
We leave it to the reader to upgrade this proof to the desired level of rigor. �
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non-orientable surface of genus 3
Möbius band

Remark. For most people starting out with mathematics the de�nition of a submanifold
M of some Rn and the de�nition of a tangent space to M as a vector subspace of Rn are
quite natural and reasonable. But initially it is perhaps not clear why one should introduce
�abstract� smooth manifolds. Furthermore the de�nition on page 628 of the tangent space
TPM to such a smooth manifold traditionally leads to a lot of head scratching.

The above proof of the Surface Non-Orientability Lemma 25.20 is a good example why
it is useful to introduce these abstract notions. In principle it is possible to show that the
Möbius band, viewed as a submanifold of R3, is non-orientable purely by working in the
explicit 3-dimensional setting, see e.g. [Frie2016a, Lemma 9.16]. But this proof is rather
messy and not very illuminating. In contrast, the fact that we can work with abstract
smooth manifolds, in this case with (R× [−1, 1])/Z, and their tangent spaces liberates us
from the constraints of the 3-dimensional setting and using Lemmas 25.12 and 25.13 we
obtain a much clearer and much more elegant proof that the Möbius band is non-orientable.

We conclude this section with the following lemma which generalizes the Surface Non-
Orientability Lemma 25.20 (3).

Lemma 25.21. (Real Projective Space Orientability Lemma) Let n ∈ N. The real
projective space RPn is orientable if and only if n is odd.

Proof. We outsource the proof to Exercise 25.6. �

25.7. Products of smooth manifolds and orientations. In this section we will study
products of oriented smooth manifolds. As discussed in Section 19.10 and Chapter 20, at
this point it is natural to also study smooth manifolds with corner.
The following de�nition is copy-pasted from page 628.
De�nition. Let M be a smooth manifold with corner. Given P ∈ M we de�ne the tan-
gent space TPM at P as the set of all derivations at P , i.e. TPM is the vector space of all
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linear maps w : C∞(M,R)→ R such that for every choice of f, g ∈ C∞(M,R) we have

w(f · g) = f(P ) · w(g) + w(f) · g(P ) �Leibniz rule�.
Remark. The obvious generalizations of the results obtained in Section 23.3 hold with
minor changes to the proofs. Furthermore one can also de�ne, with almost the same
de�nition as on page 675, the notion of an orientation on a smooth manifold with corner.
Since every author's duty is to strive for brevity we will not go into detail.

For the reader's convenience we recall the Smooth Manifold Product Proposition 20.6.
Proposition 20.6. (Smooth Manifold Product Proposition) Let M be an m-di-
mensional smooth manifold and let N be an n-dimensional smooth manifold. We denote
by

p : M ×N → M
(x, y) 7→ x

and
q : M ×N → N

(x, y) 7→ y

the two projections.
(1) The product M × N is an (m + n)-dimensional topological manifold that admits

a unique structure as a smooth manifold with corner which that the following two
conditions:
(a) The projections p : M ×N →M and q : M ×N → N are smooth.
(b) For any smooth manifold with corner W and any map f : W → M × N the

following holds: If the two maps p ◦ f : W →M and q ◦ f : W → N are smooth,
then f itself is smooth.

(2) ∠(M ×N) = ∂M × ∂N ,276

(3) ∂(M ×N) = (M × ∂N) ∪ (N × ∂M).
We now have the following addendum to the Smooth Manifold Product Proposition 20.6.

Proposition 25.22. (Product Orientation Proposition) We continue with the
notation of the Smooth Manifold Product Proposition 20.6. For the new statements we
introduce the notation that given points P ∈ M and Q ∈ N we consider the inclusion
maps

iQ : M → M ×N
x 7→ (x,Q)

and
jP : N → M ×N

y 7→ (P, y).

The following statements hold:
(4) (a) All the inclusion maps iP and jQ are smooth.

(b) Let P ∈M and Q ∈ N . The map

(DiQ)P ⊕ (DiP )Q : TPM ⊕ TQN → T(P,Q)(M ×N)

is an isomorphism, the inverse is given by Dp(P,Q)⊕Dq(P,Q). (Sometimes we use
this isomorphism to identify the vector spaces to the left and right.)

(c) If M and N are oriented, then we equip the direct sum TPM ⊕ TQN with the
direct sum orientation that we de�ned on page 672. We use the isomorphism
from (4b) to equip T(P,Q)(M × N) with the corresponding orientation. These
orientations of tangent spaces de�ne an orientation of M ×N .

276Recall that on page 582 we introduced the corner ∠W of a smooth manifold with corner.
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(d) If M and N are oriented, then

(−M)×N = M × (−N) = −(M ×N).

(5) We suppose that M and N are both oriented. If ∂N = ∅, then the above equality
∂(M×N) = (∂M)×N from (3) is in fact an equality of oriented smooth manifolds.277

Convention. Let M and N be two oriented smooth manifold. Unless we say something
else we always equip the product M × N with the orientation given by the Product
Orientation Proposition 25.22 (4). We refer to this orientation of M × N as the product
orientation on M ×N .

Proof.

(4) (a) This statement follows from the Smooth Manifold Product Proposition 20.6 (1).
(b) This statement follows easily from the functoriality of the di�erentials.
(c) As so often, when it comes to verifying that orientations of tangent spaces de�ne

an orientation of the smooth manifold, we leave it to the reader to �ll in the
details.

(d) This statement follows from very elementary linear algebra.
(5) Let P ∈ ∂M and Q ∈ N . Using Exercise 23.3 one can show that for an outward

pointing vector w ∈ TPM the image D(iQ)P (w) ∈ T(P,Q)(M × N) is also outward
pointing. We leave it to the reader to �ll in the remaining details. �

Remark. The de�nition of the product orientation is very slick, but it is perhaps worth
spelling this out in more detail.
(1) If M and N are both of dimension ≥ 1, then it follows easily from the de�nitions

that the orientation on T(P,Q)(M ×N) is given by

positive basis of T(P,Q)(M×N) :=
(DiQ)P (positive basis of TPM), followed by

(DjP )Q(positive basis of TQN).

(2) Let N be a smooth manifold and let {P} be the 0-dimensional smooth manifold
consisting of a single point P that is equipped with an orientation ε ∈ {−1, 1}.
(a) If ε = 1, then the product orientation on {P} × N is the orientation that turns

the obvious map N → {P} ×N into an orientation-preserving di�eomorphism.
(b) If ε = −1, then the production orientation {P}×N is the orientation that turns

the obvious map N → {P} ×N into an orientation-reversing di�eomorphism.
(3) IfM = {(P, µ)} and N = {(N, ν)} are two oriented 0-dimensional smooth manifolds,

each consisting of a single point, then it follows from the above de�nition and the
remark on page 672 that M ×N = {(P,Q)} is equipped with the orientation µ× ν.

Example.
(1) Let U Ă Rm and V Ă Rn be open subsets. We equip both with the standard

orientation that we de�ned on page 677. It follows fairly easily from the de�nitions

277In Exercise 25.14 we will determine the relationship between the orientations of ∂(M ×N) and M ×∂N
if N is allowed to have non-empty boundary.
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that the product orientation on U × V Ă Rm × Rn = Rm+n equals the standard
orientation of U × V viewed as an open subset of Rm+n.

(2) If N = {P} is the 0-dimensional smooth manifold consisting of a single point P ,
and if the orientation of that point is given by +1, then the product orientations on
N × {P} and {P} ×N are precisely the orientations that turn the maps

M → M × {P}
x 7→ (x, P )

and
M → {P} ×M
x 7→ (P, x)

into orientation-preserving di�eomorphisms.
(3) Recall that on page 681 we equipped the 0-dimensional sphere S0 = {±1} with

the orientation given by ±1 7→ ±1. It follows immediately from the de�nitions
that for any oriented smooth manifold M we have a natural orientation-preserving
di�eomorphism M × S0 ∼=−→(−M) tM .

(4) Given any oriented smooth manifold N without boundary and given a < b ∈ R we
have the equality

∂([a, b]×N) = ∂([a, b])×N = (−{a} ∪ {b})×N = (−{a} ×N) ∪ ({b} ×N).
↑ ↑

Product Orientation see page 688
Proposition 25.22 (5)

We have one last, rather unsurprising lemma.

Lemma 25.23. (Product Orientation Preserving Lemma) Let f : M → M̃ and
g : N → Ñ be maps between oriented smooth manifolds. We consider the map

f × g : M ×N → M̃ × Ñ .
Let x ∈ M and y ∈ N be points such that Dfx : TxM → Tf(x)M̃ is an isomorphism and
such that Dgy : TyN → Tg(y)Ñ is an isomorphism.

(1) The map D(f × g)(x,y) : T(x,y)(M ×N)→ T̃(x̃,ỹ)(M̃ × Ñ) is an isomorphism.
(2) The map f × g is orientation-preserving at (x, y) if and only if both or none of f

and g are orientation-preserving at x respectively y.

Proof. The lemma can be proved easily using product charts. We leave it to the reader to
�ll in the details. �

This concludes our introduction to the notion of an orientation of smooth manifolds. Per-
haps somewhat unintuitively there does also exist a perfectly �ne notion of the orientation
of a topological manifold. We will introduce this notion in Chapter 105. In the Smooth-
Topological Orientation Proposition 105.11 we will see that this generalizes the present
notion of an orientation. Furthermore in the Topological Manifold-Boundary Orientation
Proposition 105.19 we will generalize the Boundary Orientation Lemma 25.17 to topological
manifolds. Finally in Propositions 113.10 and 113.11 (see also page 2502) we will generalize
the Product Orientation Proposition 25.22 to topological manifolds.

Exercises for Chapter 25.
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Exercise 25.1. Let v ∈ Rn be a non-zero vector. We consider the orthogonal complement
of v, i.e. we consider the vector space v⊥ = {w ∈ Rn | 〈v, w〉 = 0}. Show that

(w1, . . . , wn−1) is a positive basis of v⊥ :⇐⇒ det(v w1 . . . wn−1) > 0

de�nes an orientation on v⊥.

Exercise 25.2. Let W be an oriented �nite dimensional vector space and let U, V be
oriented vector subspaces of W with W = U + V . What is the relationship between the
intersection orientation of U ∩ V and the intersection orientation of V ∩ U?

Exercise 25.3. LetW be an oriented real vector space and let U and V be oriented vector
subspaces with W = U +V . We pick a vector subspace Ũ Ă U such that U = Ũ ⊕ (U ∩V )

and we pick a vector subspace Ṽ Ă V such that V = (U ∩ V )⊕ Ṽ .
(a) Show that there exist unique orientations on U ∩ V , Ũ and Ṽ such that the direct

sum orientations of U = Ũ ⊕ (U ∩ V ), V = (U ∩ V )⊕ Ṽ and W = Ũ ⊕ (U ∩ V )⊕ Ṽ
are the given orientation.

(b) Show that the orientation of U ∩ V is precisely the intersection orientation.
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Exercise 25.4. Let {v1, v2} be a basis for R2 and let ϕ be the unique real number in
(−π, π) such that there exists a λ > 0 with(

cosϕ − sinϕ
sinϕ cosϕ

)
v1 = λ · v2.

Show that the basis (v1, v2) is a positive basis of R2 if and only if ϕ ∈ (0, π).

Exercise 25.5. Let A ∈ O(n). Show that the map Sn → Sn given by x 7→ A · x is
orientation-preserving if and only if det(A) = 1.

Exercise 25.6. Let n ∈ N.
(a) Show that the action of G = {±1} on Sn is orientation-preserving if and only if n is

odd.
Hint. Use the Tangent Space-Isomorphism Proposition 23.16 (2) and the Basics-of-
Orientations Lemma 25.13 (3).

(b) Show that the real projective space RPn is orientable if and only if n is odd.
Hint. Use (a) together with the Basics-of-Orientations Lemma 25.13 and the Orientation-
Action Proposition 25.19.

Exercise 25.7. Let M and N be two smooth manifolds of dimension ≥ 1. Show that
M ×N is orientable if and only if M and N are both orientable.
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Exercise 25.8. Let n ∈ N and let A ∈ GL(n,Z) be a matrix. By the Maps-on-Torus
Lemma 19.37 we know that the map

f(A) : Rn/Zn → Rn/Zn
[v] 7→ [A · v]

is a di�eomorphism. Show that this di�eomorphism is orientation-preserving if and only if
A ∈ SL(n,Z), i.e. if and only if det(A) = 1.

Exercise 25.9.
(a) Let p : Sn → Rn∪{∞} be the stereographic projection from Lemma 2.18. It restricts

to a di�eomorphism ϕ : Sn \ {(0, . . . , 0, 1)} → Rn. We equip both sides with the
standard orientation. Show that ϕ is orientation-preserving if and only if n is odd.

(b) We consider the projection

ψ : Sn>0 = {(x1, . . . , xn+1) ∈ Sn |xn+1 > 0} 7→ Bn

(x1, . . . , xn+1) → (x1, . . . , xn).

We equip both sides with the standard orientation. Show that ψ is orientation-
preserving if and only if n is even.

Exercise 25.10. Let G be a group that acts freely, properly and smoothly on an n-dimen-
sional oriented smooth manifold M . Suppose that M/G is orientable.
(a) Suppose that M is path-connected. Show that every g ∈ G acts on M in an

orientation-preserving way.
Hint. Use the Orientation-Action Proposition 25.19 (2).

(b) Show that the conclusion of (a) does not hold if M is not path-connected.
Remark. This exercise can be viewed as a converse to the Orientation-Action Proposi-
tion 25.19 (1).

Exercise 25.11. We consider the following two self-di�eomorphisms of R2:

A : R2 → R2

(x, y) 7→ (x+ 1, 1− y)
and

B : R2 → R2

(x, y) 7→ (x, y + 1).

We denote by G the subgroup of all di�eomorphisms of R2 that is generated by A and B.
This means

G =
all self-di�eomorphisms of R2 that can be written

as a �nite concatenation of the maps A,B,A−1 and B−1.

(a) For n ∈ Z, what is A−nBAn?
(b) We write C = A2. We denote by H the subgroup of all di�eomorphisms of R2 that

is generated by C and B. Does A lie in H?
Hint. Consider which self-di�eomorphisms of R2 are orientation-preserving.

(c) Show that any element X of G lies in H or it is of the form G = AY with Y ∈ H.
(d) Show that the group G acts freely and properly on R2.
(e) We consider the square X = [0, 1] × [0, 1] with the equivalence relation that is gen-

erated by (0, y) ∼ (1, 1− y) and (x, 0) ∼ (x, 1). Show that the map

X/∼ → R2/G
[(x, y)] 7→ [(x, y)]
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is a di�eomorphism. (Recall that in Exercise 19.20 we equipped X/∼ with a smooth
structure.) This implies that R2/G is di�eomorphic to the Klein bottle that we de�ned
on page 265.

Remark. This discussion, together with the Orientation-Action Proposition 25.19, gives a
new proof of the fact, already shown in the Surface Non-Orientability Lemma 25.20, that
the Klein bottle is non-orientable.

Exercise 25.12. We consider the surface Σ of genus 2 and we consider the explicit atlas
that we constructed in the proof of the Surface-is-Topological Manifold Proposition 18.7.
Show that the transition maps are all orientation-preserving.

Exercise 25.13. Can a closed non-orientable connected smooth manifold be the boundary
of a compact smooth manifold?

Exercise 25.14. Let M be an m-dimensional smooth manifold and let N be an n-
dimensional smooth manifold. We equip the product smooth manifolds with cornerM×N
and N ×M with the product orientations as de�ned in the Product Orientation Proposi-
tion 25.22.
(a) Show that the di�eomorphism

M ×N → N ×M
(x, y) 7→ (y, x)

is orientation-preserving if and only if m · n is even.
(b) We suppose that ∂N = ∅. We equip ∂M and N ×M with the boundary orientation

and we equip N×∂M with the product orientation. Show that we have the following
equality of oriented smooth manifolds:

∂(N ×M) =

{
N × ∂M, if n is even,

−(N × ∂M), if n is odd.

Exercise 25.15. Let M be an oriented smooth manifold without boundary. We denote
by −M the same smooth manifold with the opposite orientation. Show that the product
orientations given by M ×M and (−M)× (−M) are actually the same.

Exercise 25.16. LetM be a smooth codimension-one submanifold of Rn, let γ : [0, 1]→M

be a curve and let v ∈ (T̃γ(0)M)⊥. Show that there exists a unique map γ̃ : [0, 1] → Rn

such that γ̃(0) = γ(0) + v and such that for each t ∈ [0, 1] we have γ̃(t)− γ(t) ∈ (T̃γ(t)M)⊥

with ‖γ̃(t)− γ(t)‖ = ‖v‖.
Remark. Evidently we want γ̃ to be continuous. Note that we do not assume that M is
orientable.
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Exercise 25.17. We consider M̃ := R× [−1, 1] and the self-di�eomorphism

g : M̃ = R× [−1, 1] → M̃ = R× [−1, 1]
(r, s) 7→ (r + 1,−s).
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Recall that the Möbius band is de�ned as M = M̃/∼ where P ∼ g(P ). We denote by
p : R× [−1, 1]→M the projection. We set x := p(0, 0). Show that there exists a di�eotopy
F : M × [0, 1]→M with the following properties:
(1) F0 = id.
(2) F1(x) = x.
(3) D(F1)x : TxM → TxM is orientation-reversing.
(4) Bonus exercise: arrange that F is a di�eotopy rel ∂M .

Exercise 25.18. Let f : R → R be an orientation-preserving local di�eomorphism. Show
that f is strictly monotonously increasing, i.e. show that for any real numbers s > t we
have f(s) > f(t).

Exercise 25.19. Let M be an oriented smooth manifold and let A and B be codimension-
zero submanifolds such that A ∩ B = ∂A = ∂B. We equip the codimension-zero subman-
ifolds A and B with the standard orientations de�ned on page 684 and we equip ∂A and
∂B with the orientations de�ned on page 689. Show that as oriented smooth manifolds we
have ∂A = −∂B.
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Exercise 25.20.
(a) Let M be a smooth manifold and let k ∈ N0. Show that if M × Bk is orientable,

then so is M .
(b) Let M and N be non-empty smooth manifolds. Show that if M × N is orientable,

then so are M and N .
Remark. This exercise can be viewed as a converse to the Product Orientation Proposi-
tion 25.22 (4c).

Exercise 25.21. Does there exist a connected oriented 1-dimensional smooth manifold
that does not admit an orientation-reversing di�eomorphism?
Remark. In Exercise 43.16 we will study the 2-dimensional case.
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26. The Regular Value Theorem

Let M be a smooth manifold, e.g. M = Rn or M = M(n×n,R). In general it can be quite
painful to show directly that a given subset, e.g. O(n) Ă M(n× n,R) is a smooth subman-
ifold. Only the most enterprising reader will feel like writing down explicit submanifold
charts for O(n) Ă M(n× n,R). In this chapter we will state and prove the Regular Value
Theorem which can be used, among many other applications, to give an elegant proof that
O(n) is a submanifold of M(n× n,R).

26.1. Regular values. Not surprisingly the formulation of the Regular Value Theorem is
preceded by the de�nition of a regular value. This notion might be familiar to the reader
from an earlier course on real analysis.

De�nition. LetM and N be smooth manifolds (possibly with boundary). Let f : M → N
be a smooth map.
(1) Let P ∈M .

(a) If P ∈M \ ∂M , then we say P is a regular point if DfP : TPM → Tf(P )N is an
epimorphism.

(b) If P ∈ ∂M , then we say P is a regular point if DfP : TP (∂M) → Tf(P )N is an
epimorphism.278

Otherwise we say that P is a critical point.
(2) We say Q ∈ N is a regular value if all points in the preimage f−1(Q) are regular.

Otherwise we call Q a critical value. In other words, the critical values are precisely
the images of the critical points.
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(x, y) 7→ ycritical points

M

critical value

The following elementary observation will be used several times without explicitly men-
tioning it.

Observation. Let f : M → N be a smooth map between smooth manifolds.

(1) If Q ∈ N is a point with f−1(Q) = ∅, then Q is a regular value.
(2) If dim(M) < dim(N), then the converse to (1) holds: it follows from the Tangent

Space-Dimension Proposition 23.11 and elementary linear algebra that a point Q ∈ N
is a regular value if and only if we have f−1(Q) = ∅.

(3) If ϕ : X → M is a local di�eomorphism, then it follows easily from the Chain
Rule 19.10 that

set of critical points of f ◦ ϕ : X → N = ϕ−1(set of critical points of f : M → N).

278Note that it follows from the Smooth Manifold Boundary Proposition 19.26 (2) that the restriction of
a map on a smooth manifold to its boundary is also a smooth map.
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From this observation together with the Image-Preimage Lemma 0.2 (2) it follows
that
set of critical values of f ◦ ϕ : X → N Ă set of critical values of f : M → N.

↑
equality holds if ϕ is surjective

The following lemma is slightly less trivial than the above observation.

Lemma 26.1. (Regular Value-Open Subset Lemma) Let f : M → N be a smooth
map between smooth manifolds.
(1) The set of regular points of f is an open subset of M .
(2) The set of critical points of f is a closed subset of M .

Example. We consider the smooth functions

f : [1,∞) → R
x 7→ 1

x
· sin(x)

and
f : R → R

x 7→
{
e−

1
x2 · sin( 1

x
), if x 6= 0,

0, if x = 0.

The �rst example shows that the set of critical values is not necessarily closed and the
second example shows that the set of critical points is not necessarily discrete. For purely
artistic reasons we show in the �gure below the graph of some other smooth function
f : (a, b)→ R for which the set of critical values is not closed.

set of critical values
of f is not closed

graph of f

Proof. The second statement is of course just a reader-friendly reformulation of the �rst
statement. We write m := dim(M) and n := dim(N). Let P be a regular point of f .
We pick a chart Φ: U → V around P and we pick a chart Ψ: W → X around f(P ). We
consider the map Ξ: Φ(U ∩ f−1(W )) → M(n×m,R)

Q 7→ D(Ψ ◦ f ◦ Φ−1)Q.

The lemma follows easily from the hypothesis that P is regular point and the following
four observations:
(a) Since f is smooth we see that Ξ is continuous.
(b) A point Q ∈ U ∩ f−1(W ) is a regular point of f if and only if Ξ(Φ(Q)) is a matrix

of rank m.
(c) U ∩ f−1(W ) is an open neighborhood of P .
(d) By Lemma 42.8, see also Exercise 2.41, we know that the set of matrices of rank m

is an open subset of M(n×m,R). �

In the following lemma we summarize a few basic facts about regular points and values of
smooth maps between smooth manifolds of the same dimension.
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Lemma 26.2. (Stack of Records Lemma)279 Let f : M → N be a smooth map between
two smooth manifolds of the same dimension.
(1) For every regular point x ∈M \ ∂M the map f is a local di�eomorphism around x.
(2) Let y ∈ N be a regular value.

(a) The preimage f−1(y) is a discrete subset of M
(b) If M is compact, then f−1(y) is �nite subset of M .
(c) If M is compact, then there exists an open neighborhood W of y ∈ N with the

following properties:
(i) f−1(W ) consists of disjoint open sets Z1, . . . , Zk and the restriction of f to

each Zi de�nes a di�eomorphism Zi → W .
(ii) Each y′ ∈ W is a regular value.
(iii) For each y′ ∈ W we have the equality #f−1(y) = #f−1(y′).
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on W the number
of preimages
is constant

regular value y

N

compact M

M

N f

f−1(y) is a discrete and in�nite set

regular value y

Zi

Proof.

(1) Let x ∈M \ ∂M be a regular point of f . This means that Dfx : Tf(x)M → Tf(x)N is
an epimorphism. Since M and N have the same dimension this implies that Dfx is
an isomorphism. It follows from the hypothesis that x ∈ M \ ∂M together with the
Inverse Mapping Theorem 24.1 that f is a local di�eomorphism around x.

(2) Let y be a regular value of f .
(a) It follows immediately from (1) that for each x ∈ f−1(y) there exists an open

neighborhood U of x such that f : U → f(U) is a di�eomorphism. This implies
that U ∩ f−1(y) = {x}. We have thus shown that f−1(y) is a discrete subset of
M .

(b) By (a) we know that f−1(y) is a discrete subset of M . If M is compact, then it
follows from the Compact-Discrete Lemma 1.22 that f−1(y) is actually a �nite
set.

(c) We denote the points in f−1(y) by x1, . . . , xk ∈ M . Since x1, . . . , xk are regu-
lar points we obtain from (a) open neighborhoods U1, . . . , Uk of x1, . . . , xk and
open neighborhoods V1, . . . , Vk of f(x1), . . . , f(xk) such that for each i the map
fi : Ui → Vi := f(Ui) is a di�eomorphism. Since M is Hausdor� we can and will

279The idea behind the name is that W is a disk (�record�) and �above it� lie k disks (�records�). The name
might make more sense for the readers over 50.
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arrange that the Ui are pairwise disjoint. We set

W :=
( k⋂

i=1
Vi︸︷︷︸

open subset

)
\ f

(
M \

k⋃
i=1
Ui

)
.︸ ︷︷ ︸

since M is compact we
obtain from Lemma 2.13 that
this is a closed subset of N

Note that W is open and that it contains y. Furthermore note that by con-

struction we have f−1(W ) Ă
k⋃
i=1
Ui. For i = 1, . . . , k we set Zi := f−1(W ) ∩ Ui.

Evidently these sets are still disjoint.
• For each i ∈ {1, . . . , k} the map f : Zi → W is a bijection and it is given by the
restriction of a di�eomorphism to an open subset. Hence the map f : Zi → W
is actually a di�eomorphism.
• It follows from (i) that each point in f−1(W ) is a regular point, thus every
point in W is a regular value.
• By (i) the preimage of each y′ ∈ V consists of precisely k points, namely
one x′i in each Ui. In other words, we have shown that #f−1(y) = k for all
y ∈ W . �
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26.2. The Fundamental Theorem of Algebra `. Perhaps rather surprisingly the
straightforward Lemma 26.2 allows us to prove the Fundamental Theorem of Algebra.

Theorem 26.3. (Fundamental Theorem of Algebra) Every nonconstant polynomial
with coe�cients in C has a zero in C.

Remark. We will provide two other proofs of the Fundamental Theorem of Algebra 26.3
on page 1094 and on page 1700.

Proof. Let q(z) = a0 + a1z + · · · + anz
n be a complex polynomial of degree n ≥ 1 with

complex coe�cients. We will perform a proof by contradiction, so we now assume that q(z)
has no zeros. In our argument below we will use the following two inputs which we will not
prove.

(i) Every complex polynomial of degree d ≥ 0 has at most d zeros.
(ii) If p is a complex polynomial of degree ≥ 1, then the map C→ C given by z 7→ p(z)

takes on in�nitely many values.
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We make a few preparations for the proof:
(1) We write P+ = (0, 0,+1). As in Lemma 2.18 we consider the stereographic projection

from P+ which is given as follows:

Φ+ : S2 → R2 ∪ {∞} = C ∪ {∞}

(x1, x2, x3) 7→

{ (
x1

1− x3
,

x2

1− x3

)
, if x3 6= +1,

∞, if x3 = +1.

Similarly we write P− = (0, 0,−1) and we denote by Φ− : S2 → C ∪ {∞} the stereo-
graphic projection from P−. Note that Φ±(P±) =∞ and Φ±(P∓) = 0.

(2) By Exercise 18.15 we know that the transition map between the two charts is given
by Φ+ ◦ Φ−1

− : C \ {0} → C \ {0}
z 7→ 1

|z|2 · z = 1
z
.

(3) As on page 513 and in Proposition 19.18 we equip S2 with the usual smooth atlas
given by Φ+ and Φ−.
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Φ+Φ−

f

S2

transition map z 7→ 1
z

P+

∞∪∪∞

P−

q

f

we assume that 0
is not a value of q

Claim. The map f : S2 → S2

P 7→
{

Φ−1
+ (q(Φ+(P ))), if P 6= P+,

P+, if P = P+

has the following two properties:
(1) the map f is smooth,
(2) the map f has at most n+ 1 critical points.

Proof.

(1) • The map Φ+ ◦ f ◦ Φ−1
+ : C→ C is given by z 7→ q(z), hence it is smooth.

• Note that our assumption that q has no zeros implies that P− does not lie in the
image of f . This in turn implies that∞ does not lie in the image of Φ− ◦ f . Thus
we can consider the map

Φ− ◦ f ◦ Φ−1
− : C → C.

It follows from the discussion of the transition map and the fact that f(P+) = P+

that this map is given by

z 7→

{
0, if z = 0,

1

p( 1
z )

= zn

a0zn+a1zn−1+···+an , if z 6= 0.

But since an 6= 0 we see that this map is smooth, even at zero.
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It follows from the above together, with the Smooth Pasting Proposition 19.23, that
f is smooth.

(2) Note that by standard results in complex analysis, see e.g. the Smooth-Complex Dif-
ferentiability Proposition 32.3, we know that for a holomorphic function the derivative
corresponds to the di�erential. It follows almost immediately from this observation
together with input (i) that the map C→ C given by z 7→ q(z) has at most n critical
points. This implies that f has at most n critical points on Φ+(C) = S2 \{P+}. This
implies that f has at most n+ 1 critical points. �

Now we return to the main argument. First note that if P− = Φ−1
+ (0) is a critical value

of f , then this implies by the discussion on page 701 that 0 is a value of q, i.e. q has a
zero. Now assume that P+ = Φ−1

+ (0) is not a critical value of f . We denote by C the set
of critical values of f . It follows from the claim that C is �nite. Next we consider the map

d : S2 \ C → N0

P 7→ #f−1(P ).

It follows from Lemma 26.2 that this map d : S2 \C → N0 is locally constant, in particular
it is continuous. Since C is �nite we obtain from an elementary argument, see e.g. Exer-
cise 18.16, that the left-hand side is connected. Since N0 is evidently discrete we obtain
from the Connected-to-Discrete Lemma 2.27 that d : S2 \ C → N0 is actually a constant
map.
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�� S2

ff has at most
n+ 1 critical points set of critical values C

number of preimages is locally
constant outside of C

Since q is not a constant polynomial it follows from input (ii) that the map z 7→ q(z),
and thus also the map f : S2 → S2, takes on in�nitely many values. This implies that
d : S2 \ C → N0 cannot be zero everywhere. But since this function is constant and since
we assume that P+ is a regular value we see that d(P+) = #f−1(P+) = #q−1(0) is non-zero.
But this implies that q has at least one zero. �

26.3. The Regular Value Theorem. The following theorem is often a convenient way
for showing that a given subset of a smooth manifold, e.g. a given subset of some Rn or
some M(m× n,R) is in fact a smooth submanifold.

Theorem 26.4. (Regular Value Theorem) LetM be an m-dimensional smooth mani-
fold and let N be an n-dimensional smooth manifold, let f : M → N be a smooth map
and let s ∈ N \ ∂N be a regular value of f . We denote by f∂ : ∂M → N the restriction of
f to ∂M .
(1) The preimage X := f−1(s) is a proper (m− n)-dimensional submanifold of M with

∂f−1(s) = (f∂)
−1(s).
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(2) We denote by i : X →M the inclusion. For every P ∈ X we have

im(DiP : TPX → TPM) = ker(DfP : TPM → TsN).

In particular, if M is a submanifold of some Rk and N is a submanifold of some Rl,
then T̃PX = ker(DfP : T̃PM → T̃sN).

(3) Suppose we have an orientation on M and an orientation on TsN .
(a) Let P ∈ X. By (2) we have a short exact sequence280

TPX
DiP−−−→ TPM

DfP−−−→ TsN.

By our hypothesis the vector spaces in the middle and to the right are oriented. It
follows from the Compatible Orientations Lemma 25.5 that there exists a unique
orientation on TPX such that the orientations are compatiblein the sense of the
de�nition on page 671. These orientations on the tangent spaces TPX de�ne an
orientation on the smooth manifold X.

(b) If we equip ∂f−1(s) with the boundary orientation, then the orientation agrees
with the orientation on (f∂)

−1(s) de�ned by the de�nition of (3a) applied to
f∂ : ∂M → N .

(4) The intersection of X with any compact set of M is compact. In particular, if M is
compact, then X is also compact.

Convention. Recall that the Submanifold Smooth Structure Lemma 19.24 says that a
submanifold of a smooth manifold has a natural smooth structure. We will use this
structure to view preimages of regular values as smooth manifolds in their own right.
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N = R

s

f

X := f−1(s)

ṽ

v

u
P

Example.
(1) In the �gure below we show the torus M as a submanifold of R3 and we consider

the �height function� f : M → R given by f(x, y, z) = z. This function has precisely
four critical points which are indicated in the �gure on the left. On the right we
show a regular value s and its preimage f−1(s) and we show a critical value t and its
preimage f−1(t) which in this case is not a submanifold of M .
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MN = R

f(x, y, z) = z

M

critical values

N = R

f−1(t)

f−1(s)

critical value t

regular value s

280We refer to page 670 for the de�nition of a short exact sequence.
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(2) In the �gure below we consider again a smooth manifold M Ă R3 together with the
�height function�. But this timeM has boundary and f−1(s) is a proper submanifold
of M with non-empty boundary.
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regular value s

f−1(s)

M

critical value

the map D fP : TP M → R is an epimorphism but
the map D fP : TP ∂M → R is not an epimorphism, hence P is a critical point

critical value

(3) We consider the map f : Rn+1 → R
(x1, . . . , xn+1) 7→ x2

1 + · · ·+ x2
n+1.

Since Df(x1,...,xn+1) = (2x1 . . . 2xn+1) we see that each point in Rn+1\{0} is a regular
point and each non-zero r ∈ R is a regular value of f . In particular it follows from
the Regular Value Theorem 26.4 that Sn = f−1(1) is an n-dimensional submanifold
of Rn+1. This proof is signi�cantly more pleasant than the original proof on page 553.
Furthermore we see that for each P ∈ Sn we have

T̃PSn = ker(DfP : Rn+1 → R) = {v ∈ Rn+1 | 〈v, P 〉 = 0}.
↑

by the above calculation of DfP

We have thus found a new proof of Lemma 23.1 (3). In Exercise 26.13 we determine
for which ∈ N the orientation de�ned by the Regular Value Theorem 26.4 (3b) on
Sn agrees with the standard orientation that we introduced on page 681.

(4) Let g ∈ N0. By [Hirs1976, p. 28] there exists a polynomial function f : R3 → R
such that 0 is a regular value and such that f−1(0) is di�eomorphic to the surface of
genus g. For example, if we take

f(x, y, z) = (4x2(1− x2)− y2)2 + z2 − 1
4 ,

then [Hirs1976, p. 28] states that f−1(0) is di�eomorphic to the surface of genus 2.
This shows in particular that the surfaces of genus g ∈ N0 are di�eomorphic to
submanifolds of R3. This was always �clear�, but it is somewhat challenging to prove
rigorously.

Proof of the Regular Value Theorem 26.4. LetM be anm-dimensional smooth man-
ifold, let N be an n-dimensional smooth manifold, let f : M → N be a smooth map and
let s ∈ N \ ∂N be a regular value of f . We write X = f−1(s).
(1) Let P ∈ X. Since s is a regular value we know that P is a regular point.

Claim.
(α) If P ∈ M \ ∂M , then there exists an (m− n)-dimensional submanifold chart

of type (α) around P .
(β) If P ∈ ∂M , then there exists an (m − n)-dimensional submanifold chart of

type (β) around P .
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Proof. First we consider the case that P ∈ M \ ∂M . This means that we can pick
a chart of type (i) for P ∈ M . Since by hypothesis s ∈ N \ ∂N we can also pick a
chart of type (i) for s ∈ N . In fact this shows that we might as well assume that M
is an open subset of Rm and that N is an open subset of Rn. Furthermore after a
translation we can assume that s = 0.

It follows from the fact that P is a regular point in M \ ∂M , together with the
Tangent Space-Isomorphism Proposition 23.16, that the map DfP : Rm = T̃PM →
T̃sN = Rn is an epimorphism. This implies that we can pick a linear map Θ: Rm =

T̃PM → Rm−n such that the map

DfP ×Θ: T̃PM︸ ︷︷ ︸
=Rm

→ T̃sN︸︷︷︸
=Rn

× Rm−n = Rm

is an isomorphism. Next we consider the map

Φ := f ×Θ: M → N × Rm−n
Ă Rm.

Note that DΦP = DfP ×Θ is an isomorphism. Thus it follows from the Inverse Map-
ping Theorem 24.1 that there exists an open neighborhood U of P ∈M and an open
neighborhood V of (0,Θ(P )) ∈ N ×Rm−n such that Φ restricts to a di�eomorphism
Φ: U → V . We claim that Φ is a submanifold chart of type (α) for P ∈ X = f−1(0).
In fact this follows immediately from the observation that given Q ∈ U we have:

Φ(Q) ∈ {0} × Rm−n ⇐⇒ f(Q) = 0 ⇐⇒ Q ∈ X = f−1(0).
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M

regular value s = 0

f−1(s)

N

f

Θ linear
PRm

Rn

Rm−n

Now we consider the case that P ∈ ∂M . In this case we might as well assume
that M is an open subset of Hm with ∂M = M ∩ ∂Hm. As above we can assume
that N is an open subset of Rn and that s = 0. We denote by χ : Rm → R the
projection onto the last coordinate. Recall that it follows from the de�nition of
a regular point on page 701 on the boundary, together with the Tangent Space-
Isomorphism Proposition 23.16, that the map DfP : T̃P∂M → T̃sN = Rn is an
epimorphism. Note that this implies that the map DfP ×χ : Rm = T̃PM → T̃sN×R
is also an epimorphism. It follows that we can pick a linear map Θ: Rm = T̃PM →
Rm−n−1 such that the map

DfP ×Θ× χ : T̃PM︸ ︷︷ ︸
=Rm

→ T̃sN︸︷︷︸
=Rn

× Rm−n−1 × R

is an isomorphism. Next we consider the map

Φ := f ×Θ× χ : M → N × Rm−n−1 × R≥0 Ă Hm.



710

The remainder of the argument is basically the same as above, except that this time
we end up with a submanifold chart of type (β) for P . �

We have thus found for each point in X a submanifold chart of type (α) or (β).
This shows that X is an (m− n)-dimensional submanifold of M . Furthermore, note
that X = f−1(s) is the preimage of a point, hence it is a closed subset of M . It
follows from this observation and the fact that we only need submanifold charts of
type (α) and (β) that X is in fact a proper submanifold in the sense of the de�nition
on page 525.

(2) We denote by i : X → M the inclusion. Since f ◦ i : X → N is a constant map it
follows from the discussion on page 631 that for every P ∈ X = f−1(s) we have the
inclusion

im(DiP : TPX → TPM) Ă ker(DfP : TPM → TsN).

Furthermore we know the following:
• by the Physical Tangent Space-Inclusion Proposition 23.14 we know that DiP is
a monomorphism,
• by hypothesis we know that dim(TPM) = m and dim(TsN) = n, furthermore by
(1) we know that dim(TPX) = m− n,
• by hypothesis DfP : TPM → TsN is an epimorphism.
It follows from the above observations that the above inclusion is in fact an equality.

Finally consider the case that M is a submanifold of some Rk and that N is a
submanifold of some Rl. By the Tangent Space-Isomorphism Proposition 23.16 we
have the following commutative diagram:

TPX
DiP //

Θ∼=
��

TPM
Θ∼=
��

DfP // TsN
Θ∼=
��

T̃PX
DiP // T̃PM

DfP // T̃sN.

The statement now follows from the above discussion and the fact, shown in the
Physical Tangent Space-Inclusion Proposition 23.3, that the map DiP : T̃PX → T̃PM
is an inclusion.

(3)
(a) We leave it to the reader to verify, using the chart from (1), that the given

orientations on the tangent spaces TPX do indeed de�ne an orientation on the
smooth manifold X.

(b) We need to prove that the two orientations on ∂f−1(s) = (f∂)
−1(s) agree. Thus

let P ∈ ∂f−1(s). We work with the following orientations:

TP (f−1(s)) with the orientation from (3a) applied to f : M → N
TP ∂(f−1(s)) with the boundary orientation from page 689
TP (f∂)

−1(s)) with the orientation from (3a) applied to f∂ : ∂M → N
TPM with the given orientation
TP ∂M with the boundary orientation from page 689.

To simplify the notation we view TPf−1(s) as a vector subspace of TPM . We
pick an outward pointing vector o ∈ TPf−1(s). It follows from Exercise 23.8 that
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o, viewed as a vector in TPM , is also outward pointing. Now let u1, . . . , um−n−1

be a basis of TP (∂f−1(s)) = TP (f∂)
−1(s). We see:

u1, . . . , um−n−1 is a positive basis of TP ∂(f−1(s))
⇐⇒ o, u1, . . . , um−n−1 is a positive basis of TPf−1(s)
⇐⇒ o, u1, . . . , um−n−1, ṽ1, . . . , ṽn is a positive basis of TPM
⇐⇒ u1, . . . , um−n−1, ṽ1, . . . , ṽn is a positive basis of TP ∂M
⇐⇒ u1, . . . , um−n−1 is a positive basis of TP (f∂)

−1(s)

(4) Let K be a compact subset of M . Since X = f−1(s) is a closed subset of M we
know X ∩K is a closed subset of K, hence X ∩K is compact by the Compact-Closed
Lemma 1.21. �

26.4. Matrix groups as smooth manifolds. In this section we will see that several
popular matrix groups are in fact smooth manifolds.
Convention.
(1) Given m,n ∈ N we will make the identi�cation

M(m× n,R) → Rm·n

A = (aij) 7→ (a11, . . . , a1n, . . . , am1, . . . , amn).

In particular, given a smooth submanifold M of M(m × n,R) we can consider the
physical tangent space

T̃PM Ă M(m× n,R).

(2) We make the usual identi�cation C = R2 and combining these identi�cations we will
identify M(m× n,C) with = Cm·n = R2m·n.

(3) Throughout this section we use the Tangent Space-Isomorphism Proposition 23.16,
when appropriate, to identify the abstract tangent spaces TPM with the physical
tangent spaces T̃PM .

We just saw made the identi�cation M(m× n,R) = Rm·n which allows us to view M(m×
n,R) as an m · n-dimensional smooth manifold. We can thus view the open subset
GL(n,R) = {A ∈ M(n × n,R) | det(A) 6= 0} also as an n2-dimensional smooth mani-
fold. The next results show that other matrix groups are also smooth manifolds, albeit in
a less trivial way.

Proposition 26.5. (Matrix Group-Smooth Manifold Proposition) Let n ∈ N.
(1) The special linear group

SL(n,R) = {A ∈ M(n× n,R) | det(A) = 1}
is an orientable proper (n2−1)-dimensional submanifold of M(n×n,R). Furthermore
for every A ∈ SL(n,R) we have

T̃A SL(n,R) = A · {B ∈ M(n× n,R) | tr(B) = 0}.
(2) The special linear group

SL(n,C) = {A ∈ M(n× n,C) | det(A) = 1}
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is an orientable proper 2(n2 − 1)-dimensional submanifold of M(n× n,C). Further-
more for every A ∈ SL(n,C) we have

T̃A SL(n,C) = A · {B ∈ M(n× n,C) | tr(B) = 0}.
In the proof of the Matrix Group-Smooth Manifold Proposition 26.5 we will make use

of the following lemma.

Lemma 26.6. Given any smooth map γ : (−ε, ε)→ M(n×n,R) with γ(0) ∈ GL(n,R) we
have d

dt det(γ(t))
∣∣
t=0

= det(γ(0)) · tr
(
γ(0)−1 · γ′(0)

)
.

Proof of Lemma 26.6. We start out with the following claim.
Claim. The map det : M(n×n,R)→ R is smooth and the di�erential at id is given by the
map

M(n× n,R) → R
B 7→ tr(B).

Proof. By the Leibniz formula the determinant of a matrix is a polynomial in the n2 entries.
It follows that the map det : M(n×n,R)→ R is smooth. Next let B = (bij) ∈ M(n×n,R).
Note that D detid(B) = d

dt det(id +t ·B)
∣∣
t=0
.

We now perform the following calculation:

det(id +t ·B) =
∑
σ∈Sn

(−1)sign(σ) ·
n∏
i=1

( δiσ(i)︸︷︷︸
Kronecker

delta

+ t · biσ(i))x
Laplace expansion

=
n∏
i=1

(1 + t · bii)︸ ︷︷ ︸
corresponds to σ = id

+
∑

id6=σ∈Sn

(−1)sign(σ) ·
n∏
i=1

(δiσ(i) + t · biσ(i))︸ ︷︷ ︸
since id 6= σ we have i 6= σ(i)
for at least two i ∈ {1, . . . , n}

which implies that we can factor out t2

=
n∏
i=1

(1 + t · bii) + terms of order at least t2

It is now clear that if we take the derivative at t = 0, then we obtain the trace of B. �
Now let γ : (−ε, ε) → M(n × n,R) be a smooth map with A := γ(0) ∈ GL(n,R). We

see that d
dt det(γ(t))

∣∣
t=0

= det(A) · ddt det(A−1 · γ(t))
∣∣
t=0

= det(A) · tr(A−1 · γ′(0)).
↑

by the Chain Rule 19.10 and the above claim �

Proof of the Matrix Group-Smooth Manifold Proposition 26.5.

(1) First we show that SL(n,R) is an orientable proper (n2−1)-dimensional submanifold
of M(n × n,R). By the Regular Value Theorem 26.4 it su�ces to show that 1 is a
regular value of the smooth map det : M(n × n,R) → R. In fact we will show that
any matrix A ∈ M(n× n,R) with det(A) 6= 0 is a regular point. This in turn follows
from the observation that
d
dt det((1+t)·A)

∣∣
t=0

= d
dt(1+t)n·det(A)

∣∣
t=0

= (n·(1+t)n−1·det(A))
∣∣
t=0

= n · det(A)︸ ︷︷ ︸
6=0

.
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Next let A ∈ SL(n,R). If γ : (−ε, ε) → SL(n,R) is a smooth path with γ(0) = A,
then it follows immediately from Lemma 26.6 that tr(A−1 ·γ′(0)) = 0. In other words,
we see that

T̃A SL(n,R) Ă {B∈M(n×n,R) | tr(A−1·B) = 0} = A·{B∈M(n×n,R) | tr(B) = 0}.
But both are vector spaces of dimension n2 − 1, so we see that equality holds.

(2) First we show that SL(n,C) = {A ∈ M(n × n,C) | det(A) = 1} is an orientable
proper 2(n2−1)-dimensional submanifold of M(n×n,C). This time we need to show
that every matrix A ∈ M(n × n,C) with det(A) 6= 0 is in fact a regular point of
det : M(n× n,C)→ C = R2. Similarly to (1) we calculate that

d
dt det((1 + it) · A)

∣∣
t=0

= d
dt(1 + it)n · det(A)

∣∣
t=0

= i · n · det(A).

Together with the calculation in (1) this shows that D detA : M(n × n,C) → C is
indeed an epimorphism. The remainder of the argument is similarly an adaptation
of the argument provided in (1). We leave it to the reader to �ll in the details. �

The following proposition deals with much more interesting matrix groups.

Proposition 26.7. (Matrix Group-Smooth Manifold Proposition II) Let n ∈ N.
(1) The set O(n) = {A ∈ M(n× n,R) |ATA = id}

of orthogonal matrices is an orientable proper 1
2
n(n − 1)-dimensional submanifold

of M(n× n,R) = Rn2
. Furthermore for every A ∈ O(n) we have

T̃A O(n) = A · {B ∈ M(n× n,R) |B = −BT}.
The analogous statements also hold for the component SO(n) of O(n).

(2) The set
U(n) = {A ∈ M(n× n,C) |ATA = id}

of unitary matrices is similarly an orientable proper n2-dimensional submanifold of
M(n× n,C) = Cn2

= R2n2
. Furthermore for every A ∈ U(n) we have

T̃A U(n) = A · {B ∈ M(n× n,C) |B = −BT}.
(3) The set

SU(n) = {A ∈ M(n× n,C) |ATA = id and det(A) = 1}
of special unitary matrices is an orientable proper (n2− 1)-dimensional submanifold
of M(n× n,C) = Cn2

= R2n2
. Furthermore for every A ∈ SU(n) we have

T̃A SU(n) = A · {B ∈ M(n× n,C) |B = −BT
and tr(B) = 0}.

All of the above examples, viewed as smooth manifolds in their own right, are closed.

Proof of the Matrix Group-Smooth Manifold Proposition 26.7 for O(n). We start
out our proof of the Matrix Group-Smooth Manifold Proposition 26.7 (1) with the following
claim.
Claim.

(i) The set

Sym(n,R) = {B ∈ M(n×n,R) |BT = B} = {(bij) ∈ M(n×n,R) | bij = bji}
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is a submanifold of M(n× n,R) = Rn2
of dimension 1

2
n(n+ 1).

(ii) The map f : M(n× n,R) → Sym(n,R)
A 7→ ATA

is smooth and id is a regular value.

Proof. Statement (i) follows immediately from Lemma 23.1 (2). We turn to the proof of
Statement (ii). It should be clear that f is smooth and that f does indeed take values in
Sym(n,R). Furthermore by de�nition we have O(n) = f−1(id). So it remains to show that
id is a regular value.

In the following we again use Lemma 23.1 (2) which implies that the physical tangent
spaces of the submanifolds Sym(n,R) and M(n × n,R) are just given by these vector
subspaces. So let A ∈ M(n×n,R) with ATA = id and let C ∈ Tid Sym(n,R) = Sym(n,R).
We need to show that there exists a B in TA M(n×n,R) = M(n×n,R) with DfA(B) = C.

We start out with the following little calculation: Given B ∈ M(n,×n,R) we have

d
dtf(A+ tB)

∣∣
t=0

= d
dt(A

T + tBT ) · (A+ tB)
∣∣
t=0

= d
dt

(
ATA+ tATB + tBTA+ t2BTB

)∣∣
t=0

= ATB +BTA.

Using that AT · A = id and C = CT it is now easy to see that B := 1
2
A · C satis�es

DfA(B) = C. �
It follows from the claim, together with the Regular Value Theorem 26.4, that O(n) is an

orientable proper submanifold of M(n×n,R) = Rn2
of dimension n2− 1

2
n(n+1) = 1

2
n(n−1).

Since Rn2
has no boundary and since O(n) is a proper submanifold we see that the boundary

of O(n) is also empty. Finally note that in the Matrix Group Lemma 2.36 (3) we showed
that O(n) is compact. These last two observations imply that O(n) is in fact a closed
smooth manifold.

It remains to prove the following claim.

Claim. For every A ∈ O(n) we have the following equality:

T̃A O(n) = A · {B ∈ M(n× n,R) |B = −BT}.

Proof. Note that both sides are vector subspaces of M(n × n,R) of dimension 1
2
n(n − 1).

Thus it su�ces to prove the �Ă�-inclusion. Let X ∈ T̃A O(n). We pick a smooth map
γ : (−ε, ε)→ O(n) with γ(0) = A and γ′(0) = X. We make the following observations:

γ(t) ∈ O(n) for all t =⇒ γ(t)T · γ(t) = id for all t
=⇒ (γ(t)T )′ · γ(t) + γ(t)T · γ(t)′ = 0 for all t
=⇒ XT · A+ AT ·X = 0
=⇒ (AT ·X)T + AT ·X = 0
=⇒ X = A · AT︸ ︷︷ ︸

=id, since A∈O(n)

·X where B := AT ·X satis�es B = −BT .

�

Proof of the Matrix Group-Smooth Manifold Proposition 26.7 for U(n) and SU(n).
The proof for U(n) is almost verbatim the same as the proof for O(n). The proof for SU(n)
follows from combining the ideas for the proof of U(n) with the ideas for the proof of
the Matrix Group-Smooth Manifold Proposition 26.5 (2) where we showed that SL(n,C)
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is an (n2 − 1)-dimensional submanifold of M(n × n,R). We will deal with SL(n,C) in
Exercise 26.12. We leave the case SL(n,C) to the reader. �

Exercises for Chapter 26.

Exercise 26.1. Let M be a closed smooth manifold and let N be a connected smooth
manifold. Let f : M → N be a map. Show that if f has no critical values, then f is
surjective.
Hint. First consider the case that dim(M) = dim(N).

Exercise 26.2. Let p(z) = a0 + a1z+ · · ·+ anz
n be a complex polynomial of degree n. We

consider the map p : C → C
w 7→ p(w).

Show that there exists a �nite subset Y Ă C such that for every z 6∈ Y we have the equality
#p−1(w) = n.

Exercise 26.3. We consider

M := {(x, y, z) ∈ R3 |x2−y2−z2 = 1} and N := {(x, y, z) ∈ R3 |x2+y2−z2 = 1}.

(a) Show that M and N are 2-dimensional smooth submanifolds of R3.
(b) Sketch M and N .

Exercise 26.4. Let A be a real symmetric n×n-matrix.
(a) Show that {v ∈ Rn | 〈v, A · v〉 = 1} is an (n− 1)-dimensional smooth submanifold of

Rn.
(b) Under what condition on the eigenvalues of A is the submanifold in (a) compact?

Exercise 26.5. We consider

T := {(x, y, z) ∈ R3 | (
√
x2 + y2 − 2)2 + z2 = 1}.

(a) Show that T is rotationally symmetric around the z-axis.
(b) Provide a sketch of T .
(c) Show that T is a submanifold of R3.
(d) In Exercise 24.15 we showed that the map

f : R2/(2πZ)2 → R3

(ϕ, θ) 7→

cos(ϕ) − sin(ϕ) 0
sin(ϕ) cos(ϕ) 0

0 0 1


︸ ︷︷ ︸
rotation around the z-axis

·

2 + sin(θ)
0

cos(θ)


︸ ︷︷ ︸
describes a circle
in the xz-plane

is a smooth embedding. Show that T is di�eomorphic to f(R2/(2πZ)2).

Exercise 26.6. Let M be an m-dimensional smooth manifold and let f : M → R be a
smooth function.
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(a) Let s ∈ R be a regular value of f such that for each component C of ∂M we have
either f−1(s)∩C = C or f−1(s)∩C = ∅. Show that X := f−1((−∞, s]) is a smooth
codimension-zero submanifold of M with ∂0X = f−1(s) \ ∂M and ∂1X = X ∩ ∂M .

(b) Let s < t ∈ R be regular values such that for each component C of ∂M we have
either f−1(s) ∩ C = C or f−1(s) ∩ C = ∅ and such that for each component C of
∂M we have either f−1(t) ∩ C = C or f−1(t) ∩ C = ∅. Show that X := f−1([s, t])
is a smooth codimension-zero submanifold of M with ∂0X = (f−1(s) ∪ f−1(t)) \ ∂M
and ∂1X = X ∩ ∂M .

Exercise 26.7. Let f : Rn → R be a smooth map and let z ∈ R be a regular value. We
set M := f−1(z). Given P ∈ Rn we denote by

grad fP := (DfP )T =
( ∂f
∂x1

∣∣
P
, . . . , ∂f

∂xn

∣∣
P

)
∈ Rn

the gradient. Show that for every P ∈M we have

T̃PM = (grad fP )⊥ = {v ∈ Rn | 〈v, grad fP 〉 = 0}.

Exercise 26.8. Let m,n ∈ N.
(a) Show that

O(m,n) := set of n-tuples of orthonormal vectors of Rm

is a submanifold of M(m× n,R).
(b) Given A ∈ O(m,n) determine T̃A O(m,n) Ă M(m× n,R).

Exercise 26.9. Let A ∈ M(n × n,R) be a symmetric matrix and let v ∈ R \ {0}. Show
that the quadric M := {x ∈ Rn | 〈x,A · x〉 = v}
is an (n− 1)-dimensional submanifold of Rn.

Exercise 26.10. Let d ∈ N0. Show that

Md :=
{

(z0, . . . , zn) ∈ Cn+1
∣∣∣ zd0 + · · ·+ zdn = 0 and

n∑
k=0
|zi|2 = 2

}
is a (2n− 1)-dimensional submanifold of C2n+1.
Remark. These smooth manifolds are sometimes called Brieskorn manifolds.

Exercise 26.11. Any matrix A ∈ M(n × n,C) de�nes an endomorphism of Cn = R2n.
Thus we can view A also as a matrix in M(2n× 2n,R).
(a) Show that with the above convention U(n) is a subgroup of O(2n).
(b) Show that U(n) is a submanifold of O(2n).

Exercise 26.12.
(a) Show that

SU(n) =
{
A ∈ M(n× n,C)

∣∣ATA = id and det(A) = 1
}

is a smooth manifold of dimension n2 − 1.
(b) Show that for every A ∈ SU(n) we have

T̃A SU(n) = A · {B ∈ M(n× n,C) |B = −BT
and tr(B) = 0}.
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Exercise 26.13. We consider the map

f : Rn+1 → R
(x1, . . . , xn+1) 7→ x2

1 + · · ·+ x2
n+1.

We equip Rn+1 and R with the standard orientations. For which n ∈ N does the orientation
on the sphere Sn = f−1(1) that is de�ned by the Regular Value Theorem 26.4 (3b) agree
with the standard orientation on Sn that we introduced on page 681.

Exercise 26.14.
(a) Let A Ă M(m× n,R). Show that A has rank k if and only if there exist k columns

and k rows such that the k×k-matrix that is given by entries corresponding to these
rows and columns has non-zero determinant.

(b) Show that X := {A ∈ M(m× n,R) |A has rank k} is a submanifold of M(m× n,R)
of dimension (m− k) · (n− k).
Hint. Construct explicit charts around each A ∈ X. To preserve sanity it is helpful
to start with A ∈ X which has the property that the top-left k × k-submatrix has
non-zero determinant.

Exercise 26.15. Let k ∈ N and let M be a smooth manifold with empty boundary. We
refer to

Confk(M) := {(x1, . . . , xk) ∈Mk | for all i 6= j we have xi 6= xj}
as the con�guration space of k points in M .
(a) Show that Confk(M) is an open subset ofM . This shows that Confk(M) is a smooth

manifold of dimension dim(M) · k.
(b) We now restrict ourselves to k = 3 and M = R2.

(i) We consider the map

f : Conf3(R2) → R
(x1, x2, x3) 7→ det (x2 − x1 x3 − x1)︸ ︷︷ ︸

2× 2-matrix

.

Show that 0 is a regular value of f .
(ii) We say that (x1, x2, x3) ∈ Conf3(R2) are collinear if there exists a line that con-

tains all three points. Show that the set of collinear (x1, x2, x3) is a submanifold
of Conf3(R2) of dimension 5.
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27. The Euclidean Embedding Theorem

27.1. The statement of the Euclidean Embedding Theorem. For the reader's con-
venience we recall the following de�nitions from pages 152, 651 and 650.

De�nition.
(1) A map ϕ : Y → X between topological spaces is called an embedding if ϕ : Y → ϕ(Y )

is a homeomorphism. (Here we view ϕ(Y ) as a topological space equipped with the
subspace topology coming from X.)

(2) A map ϕ : N → M between two smooth manifolds is called an immersion if the
following conditions are satis�ed:
(a) ϕ is smooth,
(b) for each P ∈ N the di�erential DϕP : TPN → Tϕ(P )M is a monomorphism,
(c) If ∂M 6= ∅, then we require that also the following conditions are satis�ed:

(i) For each P ∈ N \ ∂N we have ϕ(P ) ∈M \ ∂M .
(ii) For each P ∈ ∂N with ϕ(P ) ∈ ∂M the image DϕP (TPN) is not contained

in Tϕ(P )(∂M).
(iii) For every component C of ∂N we have ϕ(C) Ă ∂M or ϕ(C) Ă M \ ∂M .

An immersion that also satis�es the following extra condition
(d) ϕ : N →M is an embedding,
is called a smooth embedding.

(3) Let M and N be two topological manifolds. A map ϕ : N → M is called proper if
the following two conditions are satis�ed:281

(a) ϕ−1(∂M) = ∂N ,
(b) ϕ(N) is a closed subset of M .

(4) Given n ∈ N we write Hn := {(x1, . . . , xn) ∈ Rn |xn ≥ 0}.
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We can now formulate the main theorem of this chapter.

Theorem 27.1. (Euclidean Embedding Theorem)
(1) Given any topological manifold M there exists an n ∈ N and a proper embedding

M → Hn.
(2) Given any smooth manifoldM there exists an n ∈ N and a proper smooth embedding

M → Hn.
We will provide the proof of the Euclidean Embedding Theorem 27.1 in the following
sections.

281On page 651 we gave a short discussion of the unfortunate fact that the adjective �proper� is oversub-
scribed.
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It is already worth pointing out that the proof of the Euclidean Embedding Theorem 27.1
breaks into two cases:

(1) In the compact case the proof of the Euclidean Embedding Theorem 27.1 is fairly
straightforward: using a partition of unity subordinate to a �nite atlas it is fairly
straightforward to cobble together an argument. We refer to Section 27.2 for full
details.

(2) The non-compact case is signi�cantly harder. Our approach relies on the notion of
the covering dimension that we had developed in Chapter 11. In Section 27.3 we
will consider the covering dimension of topological manifolds. In particular in the
Covering Dimension-of-Manifolds Proposition 27.7 we will show that the covering
dimension of an n-dimensional topological manifold is ≤ n. We will use this fact,
together with the Covering Dimension Re�nement Theorem 11.12, to show in the
Small Atlas Proposition 27.8 that every n-dimensional topological manifold admits
an atlas consisting of ≤ n + 1 charts. Using this result, together with the Cover-
ing Dimension Re�nement Theorem 11.12, it is then straightforward to show that
every non-compact topological manifolds admits a proper embedding into some Hn.
Furthermore the last two statements also work for smooth manifolds and provide us
with a smooth atlas consisting of ≤ n + 1 charts and we obtain a proper smooth
embedding M → Hn.

Remark. The fact that every non-compact smooth manifold (at least with empty bound-
ary) admits a proper smooth embedding into some Hn is also proved, using a di�erent
approach, in [Wall2016, Corollary 4.7.8] and [Lee2002, Theorem 6.15]. We will sketch
the argument provided in [Lee2002, Theorem 6.15] later on in Exercise ??.

In the remainder of this section we take the Euclidean Embedding Theorem 27.1 for
granted and we discuss a few consequences.

Corollary 27.2. (Di�eomorphic-to-Euclidean Submanifold Corollary) Given any
smooth manifoldM there exists an n ∈ N such thatM is di�eomorphic to a proper smooth
submanifold of Hn.

Proof. Let M be a smooth manifold. By the Euclidean Embedding Theorem 27.1 there
exists an n ∈ N and a proper smooth embedding M → Hn. Furthermore by the Smooth
Embedding Theorem 24.10 we know that ϕ(N) is a proper n-dimensional smooth subman-
ifold of Hn and that the map ϕ : N → ϕ(N) is a di�eomorphism. �

Remark. Note that the logic of the Di�eomorphic-to-Euclidean Submanifold Corollary 27.2
does not apply to topological manifolds. For example let us consider the embedding
f : S1 → R3 that is shown in the �gure below and that we encountered already on page 659.
The map f : S1 → R3 is an embedding but, as we will see in Proposition 124.15, the image
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f(S1) is not a topological submanifold of R3. But it turns out that the situation can mostly
be �xed:

(1) Let X and Y be topological manifolds with dim(Y ) ≥ dim(X) + 3. It was shown by
Richard Miller [MillR1972, Theorem 5] (see also the work of Aleksei Chernavskii
[Cherna1969b, Theorem 1] and M. A. Stan'ko [Stan1973, Theorem 1]) that given
any embedding f : X → Y , given any metric d on Y and given any ε > 0 there
exists an embedding g : X → Y such that g(X) is a submanifold of Y and such
that for all x ∈ X we have d(f(x), g(x)) < ε. It follows from this fact, together
with the Euclidean Embedding Theorem 27.1, Exercise 2.62 and the Proper-Closed
Proposition 2.43 that every topological manifold of dimension ≥ 2 is homeomorphic
to a topological submanifold of R2n+1 that is a closed subset of R2n+1.282

(2) If X is a 1-dimensional topological manifold, then we know by the Topological 1-
Dimensional Manifold Classi�cation Theorem 22.1 that each component of X is
homeomorphic to one of S1, [0, 1], [0, 1) or (0, 1). Since topological manifolds are
second-countable they have, see Exercise 9.1, only countably many components. So
it is straightforward to show that X is homeomorphic to a proper submanifold of H2.

embedding f : S1 → R3S1

Corollary 27.3. As usual we denote by SmMfd the category of smooth manifolds and
we denote by SmMfd Rn the category of smooth submanifolds of some Rn. The functor
SmMfd Rn → SmMfd that is given by

M 7→ (M, standard smooth structure as de�ned on page 552)
(f : M → N) 7→ (f : M → N)

is a weak equivalence of categories in the sense of the de�nition on page 207.

Proof. The Di�eomorphic-to-Euclidean Submanifold Corollary 27.2 says that the given
functor is essentially surjective in the sense of the de�nition on page 207. The remaining
conditions of the Weak Equivalence of Categories Proposition 3.11 are satis�ed basically
by de�nition. Thus we obtain from said proposition that the functor is a weak equivalence
of categories. �

In the Manifold Metrization Proposition 18.10 we showed, using the mighty Urysohn
Metrization Theorem 9.4 and the less mighty the Completely Metrizable Criterion Proposi-
tion 10.8 that every topological manifold is completely metrizable. In the following propo-
sition we will use the Euclidean Embedding Theorem 27.1 to provide a new proof of this
statement, that does not rely on the Urysohn Metrization Theorem 9.4. In fact for a
smooth manifold M we can even strengthen the earlier result, namely we can now �nd

282The literature does not give control over the behavior of the boundary so we cannot arrange that we
get a proper embedding of R2n+1. This burning issue could surely be resolved if somebody went back to
the original literature and upgraded the results.
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a metric d : M × M → R≥0 that is smooth away from the �diagonal�, i.e. away from
{(x, x) ∈M ×M |x ∈M}.
Proposition 27.4. (Manifold Metrization Proposition)
(1) Every topological manifold M is completely metrizable, i.e. there exists a complete

metric d onM such that the given topology agrees with the topology coming from d.
(2) Every smooth manifold M admits a complete metric d : M ×M → R≥0 such that

the restriction of d to the open subset {(x, y) ∈M ×M |x 6= y} is smooth.

Remark. As we will see shortly, the Manifold Metrization Proposition 27.4 (1) is a straight-
forward consequence of the Euclidean Embedding Theorem 27.1 (1). As we mentioned
above, for compact topological manifolds we provide in Section 27.2 an elementary proof of
the Euclidean Embedding Theorem 27.1. On the other hand, for non-compact topological
manifolds the proof of the Euclidean Embedding Theorem 27.1 relies on our detailed dis-
cussion of the covering dimension of topological manifolds in Chapter 11. For readers who
are not familiar with the theory of covering dimensions we outline an alternative proof of
the Manifold Metrization Proposition 27.4 (1) in Exercise 27.2.

Example. LetM = R\{0}. The usual Euclidean metric on R shows thatM is metrizable,
but this metric is of course not complete. The map

f : R \ {0} → R2

x 7→ (x, 1
x
)

is easily seen to be a proper smooth embedding. Thus R \ {0} is homeomorphic to a closed
subset of R2. Now the Euclidean metric on R2 restricts to a complete metric on f(R \ {0})
and thus it gives rise to a complete metric on R \ {0}.

x 7→ (x, 1
x
)

f
M = R \ {0}

Proof. For each n ∈ N0 we consider the usual Euclidean metric
e : Rn × Rn → R≥0

((x1, . . . , xn), (y1, . . . , yn)) 7→
√

n∑
k=1

(xk − yk)2.

(1) Let M be a topological manifold. By the Euclidean Embedding Theorem 27.1 (1)
there exists an n ∈ N and a closed embedding ϕ : M → Rn. In other words, M
is homeomorphic to the closed subset ϕ(M) Ă Rn. It follows from the elementary
Exercise 1.3 that the Euclidean metric e on Rn restricts to a metric e on ϕ(M)
such that the topology coming from e agrees with the topology given by ϕ(M).
Finally note that the fact that ϕ(M) is closed in Rn implies, by the Closed Subspace-
Completeness Lemma 6.9, that the metric space ϕ(M) itself is complete.

(2) Let M be a smooth manifold. By the Euclidean Embedding Theorem 27.1 (2) there
exists an n ∈ N and a closed smooth embedding ϕ : M → Rn. A very elementary
argument shows that e : Rn × Rn → R≥0 is a smooth map on the open subset set
{(x, y) ∈ Rn×Rn |x 6= y}. In (1) we showed that the map e◦(ϕ×ϕ) : M×M → R≥0
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is a complete metric. Since ϕ is smooth it follows from the above discussion together
with Propositions 19.31 and 20.6 that e ◦ (ϕ × ϕ) is smooth on the open subset
{(x, y) ∈M ×M |x 6= y}. �

Remark.
(1) In the following chapters we will study several re�nements of the Euclidean Embed-

ding Theorem 27.1 for compact smooth manifolds:
(a) In theWeakWhitney Embedding Theorem 30.7 we will show that any n-dimensional

smooth manifold admits a proper smooth embedding into H2n+1.
(b) In Proposition ?? we will show that any two proper smooth embeddingsM → Hn

are �properly smoothly isotopic� as long as n > 2 dim(M) + 1.
(c) In Proposition ?? we will consider a re�nement of Theorem 27.1 for smooth

manifolds M that are equipped with a proper submanifold W .
(2) The Euclidean Embedding Theorem 27.1 is not only interesting in its own right, for

us the fact that every smooth manifold can be viewed as a proper submanifold of Hn

will come in handy on many occasions. One of the nice consequences of considering
submanifolds of Hn is that it makes it relatively easy to construct many interesting
and useful maps. In particular we will use the Euclidean Embedding Theorem 27.1,
together with the Neighborhood Projection Theorem 28.1, to prove the following
results:
(a) the Smooth Collar Neighborhood Theorem 28.3,
(b) the Whitney Approximation Theorem 29.1 and
(c) the Smooth Manifold-Simplicial Structure Theorem 96.2.

As happens so often in mathematics, the proof of a result immediately invites new questions.
For example, in light of the Euclidean Embedding Theorem 27.1 and the Weak Whitney
Embedding Theorem 30.7 the following question arises.

Question 27.5. For a given (topological) smooth manifold M , e.g. M = RPn, what is
the minimal k ∈ N such that M admits a (topological) smooth embedding into Rk?

We will give some partial answers for general smooth manifolds in the Weak Whitney
Embedding Theorem 30.7 and the Strong Whitney Embedding Theorem ??. Further-
more we will consider some speci�c cases of topological and smooth manifolds in Proposi-
tions 43.12, 123.11 and the Topological Codimension-One Orientability Proposition 124.5.

27.2. Proof of the Euclidean Embedding Theorem 27.1 in the compact case. We
start out with the following elementary lemma.
Lemma 27.6. Let M be a compact m-dimensional topological manifold. There exists a
�nite atlas {Φi : Ui → Vi}i=1,...,s such that each Vi is an open subset of Hm. If M is a
smooth manifold, then we can choose the atlas to be smooth.

Remark. In the next section we will generalize Lemma 27.6 to the non-compact case.

Proof. Let M be a compact m-dimensional topological manifold.
(1) For each P ∈M \∂M we can and will pick a chart ΦP : UP → VP of type (i) around P

with VP Ă Rm
>0 = {(x1, . . . , xm) ∈ Rm |xm > 0} Ă Hm.

(2) For each P ∈ ∂M we pick a chart ΦP : UP → VP of type (ii) around P , where VP is
an open subset of Hm.
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Since the sets {UP}P∈M form an open cover, the desired statement follows immediately
from the hypothesis that M is compact. If M is in fact smooth, then we pick charts from
the smooth atlas and we are again done. �
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Rm
>0

M

ΦP
ΦP Hm

Proof of the Euclidean Embedding Theorem 27.1 in the compact case. In the fol-
lowing we go out of order, we �rst deal with the slightly more di�cult smooth case and
then we argue that the topological case follows by essentially the same argument as the
smooth case - except for a technical nuisance.

(2) Let M be a compact m-dimensional smooth manifold. By Lemma 27.6 there exists
a �nite smooth atlas {Φi : Ui → Vi}i=1,...,s such that each Vi is an open subset of Hm.
For i = 1, . . . , s we denote by ζi : Ui → R the composition of Φi with the projection
Hm → R≥0 onto the last coordinate.

By the Manifold-Partitions of Unity Existence Theorem 21.1 we can �nd a smooth
partition of unity {νi : M → [0, 1]}i=1,...,s such that for every i ∈ {1, . . . , s} we have
supp(νi) Ă Ui. For i = 1, . . . , s we de�ne

Φ̃i : M → Rm

x 7→
{

Φi(x) · νi(x), if x∈Ui,
0, else

and
ζ̃i : M → R

x 7→
{
ζi(x) · νi(x), if x∈Ui,
0, else.

It follows easily from the Smooth Pasting Proposition 19.23 (1) that each of these
maps Φ̃i and ζ̃i is smooth. It remains to prove the following claim.
Claim. The map

ϕ : M → Hs·m+s+1

x 7→
(

Φ̃1(x), . . . , Φ̃s(x), ν1(x), . . . , νs(x),
s∑
i=1
ζ̃i(x)

)
is a proper smooth embedding.

Proof. For completeness' sake we provide the proof of the claim, even though the
interest in the full details might be quite muted.
(i) First we show that ϕ is injective. Thus let x, x′ ∈ M be two distinct points.

We pick i with νi(x) 6= 0. If νi(x′) 6= νi(x), then we are done. Now suppose
that νi(x′) = νi(x). In particular both are non-zero, thus x, x′ ∈ Ui. Since
Φi : Ui → Rm is injective we see that Φi(x) 6= Φi(x

′). Since νi(x′) = νi(x) 6= 0 we
see that Φ̃i(x) 6= Φ̃i(x

′). This implies that ϕ(x) 6= ϕ(x′).
(ii) It follows from (i), the hypothesis thatM is compact and the Compact-Hausdor�

Proposition 2.17 (2) that the map ϕ is an embedding.
(iii) We need to show that for each x ∈M the di�erential

Dϕx : TxM → Tϕ(x)Hs·m+s+1 = Rs·m+s+1
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is a monomorphism. We pick i with νi(x) 6= 0. We consider the open subset
Ũi := {y ∈ Ui | νi(y) 6= 0}. Next we consider the following diagram

M
ϕ

// Hs·m+s+1

projection onto suitable
coordinates

p

��

Ũi
Φ̃i×νi //

?�

OO

Φi
**

Rm × (R \ {0}) � � inclusion //

(v,t)7→ 1
t
·v

��

Rm+1

Rm.

Here the right vertical map p : Hs·m+s+1 → Rm+1 is the projection onto the
coordinates that correspond to Φ̃i and νi. It is straightforward to see that the
diagram commutes. We now now consider the corresponding tangent spaces and
di�erentials:283

TxM
Dϕx

// Rs·m+s+1

p=Dpϕ(x)
����

TxŨi
D(Φ̃i×νi)x

//

∼=

OO

D(Φi)x

∼=

))

Rm+1 id //

��

Rm+1

Rm.

It follows from Lemma 23.12 that the left vertical map, the diagonal map and the
right horizontal map are isomorphisms. The combination of these observations
now shows that the top horizontal map is a monomorphism.

(iv) Recall that by the Smooth Manifold Boundary Proposition 19.26 (1) a point on
the smooth manifold M admits either a smooth chart of type (i) or of type (ii).
Furthermore note that it follows easily from our various de�nitions that the last
coordinate of ϕ(P ) is zero if and only if P ∈ ∂M . In other words, we have
ϕ−1(∂Hs·m+s+1) = ∂M .

(v) Using our careful de�nition of the maps ζ̃i and using the discussion on page 652
one can verify easily that for every P ∈ ∂M the image DϕP (TPM) is not con-
tained in Tϕ(P )(∂Hs·m+s+1). �
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283To preserve sanity we use the convention from page 636, namely given a submanifold Y of some RN we
do not distinguish between the tangent spaces TyY and T̃yY .
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(1) The proof for compact topological manifolds is basically the same as in (2). There
are only two di�erences:
(a) In this setting we obtain from the Manifold-Partitions of Unity Existence Theo-

rem 21.1 only a continuous partition of unity {νi : M → [0, 1]}i=1,...,s. In particu-
lar now the map ϕ : M → Hs·m+s+1 that we constructed in (a) is an embedding,
but evidently we cannot hope for any smoothness properties.

(b) In the proof of (iv) we used that by the Smooth Manifold Boundary Propo-
sition 19.26 (1) we know that a point on a smooth manifold admits either a
smooth chart of type (i) or of type (ii). For the proof that ϕ−1(∂Hs·m+s+1) = ∂M
we need the corresponding statement for topological manifolds which, some-
what awkwardly, we only prove in the Topological Manifold Boundary Propo-
sition 75.2.284 �

27.3. The covering dimension of topological manifolds. In this section we provide
the proof of the Euclidean Embedding Theorem 27.1 in the non-compact case. This case
is much more intricate, and thus just so much more fun, than the compact case. The key
trick for dealing with the non-compact case is to make use of the concept of the covering
dimension of a topological space. For the reader's convenience we recall the de�nition from
page 369.

De�nition. Let X be a topological space.
(1) A family {Ui}i∈I of subsets of X has order m if the following two statements hold:

(a) There exists J Ă I with #J = m such that
⋂
j∈J
Uj 6= ∅.

(b) For every J Ă I with #J > m we have
⋂
j∈J
Uj = ∅.

If no such m exists, then we say that the family has in�nite order.
(2) If X is non-empty, then we refer to

cdim(X) := min

{
m ∈ N0 ∪ {∞}

∣∣∣∣ every open cover of X admits an
open re�nement of order ≤ m+ 1

}
as the covering dimension of X. If X is empty, then we set cdim(X) := −1.
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non-empty intersection of three sets

open cover of X of order 3

X

Proposition 27.7. (Covering Dimension-of-Manifolds Proposition) For any n-
dimensional topological manifold M we have cdim(M) ≤ n.

Remark.

284Note that we also use this statement to conclude that the boundary of the smooth manifold Hn is indeed
Rn−1×{0}. If we view Hn as a topological manifold, then we also need the Topological Manifold Boundary
Proposition 75.2 to obtain this result.
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(1) Note that as of right now we do not know yet whether a non-empty topological
manifold has a uniquely de�ned dimension. In principle a non-empty topological
manifold might have several dimensions. We will verify the uniqueness of dimensions
only later in Theorem 77.4 once we have introduced homology groups. But fortu-
nately this issue does not have any impact on the Covering Dimension-of-Manifolds
Proposition 27.7.

(2) Once we have introduced homology groups we can also prove Theorem 77.4 which says
that the dimension and the covering dimension of a non-empty topological manifold
agree.

Proof. Let M be an n-dimensional topological manifold. We start out with the following
claim.
Claim. For every compact subspace K Ă M we have cdim(K) ≤ n.

Proof. Since K is compact it follows from a straightforward argument that there exist
�nitely many charts Φi : Ui → Vi, i = 1, . . . , k and compact subsets Ci Ă Vi such that
K Ă Φ−1

1 (C1) ∪ · · · ∪ Φ−1
k (Ck).

(a) By Theorem 11.3 we know that for each i we have cdim(Ci) ≤ n.
(b) By (a) and Lemma 11.1 we know that for each i we have cdim(Φ−1

i (Ci)) ≤ n.
(c) From (b) and the Finite Union-Covering Dimension Proposition 11.6 we obtain that

cdim(Φ−1
1 (C1) ∪ · · · ∪ Φ−1

k (Ck)) ≤ n.
(d) Since K is compact and sinceM is by de�nition Hausdor� we know by the Compact-

Closed Lemma 1.21 that K is a closed subset of Φ−1
1 (C1)∪· · ·∪Φ−1

k (Ck). Therefore it
follows from (c) together with the Closed Subspace Covering Dimension Lemma 11.5
that cdim(K) ≤ n. �

We now proceed as in the proof of Corollary 11.9. By the Topological Manifold Exhaus-
tion Lemma 18.12, respectively the Compact Exhaustion Lemma 9.3 (1) we know that there
exists a sequence of compact subsets {Ki}i∈N of M such that the following two conditions
are satis�ed:

(1) for every i ∈ N we have Ki Ă
◦
Ki+1,

(2) we have M =
⋃
i∈N
Ki.

Let i ∈ N. Since Ki+1 \
◦
Ki is a closed subset of the compact space Ki+1 we know by the

Compact-Closed Lemma 1.21 thatKi+1\
◦
Ki is also compact. Therefore, by the above claim,

we know that for each i we have cdim(Ki+1 \
◦
Ki) ≤ n. It follows from the Exhaustion-

Covering Dimension Proposition 11.8 that cdim(M) ≤ n. �
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Remark. For topological manifolds without boundary we now have an o�-the-shelves proof
of the Euclidean Embedding Theorem 27.1. Indeed, let X be an n-dimensional topological
manifold. In the Covering Dimension-of-Manifolds Proposition 27.7 we just showed that
cdim(X) ≤ n. By de�nition X is Hausdor� and second-countable. Furthermore, by the
Topological Manifolds-Local Properties Lemma 18.8 we know that X is regionally compact.
Thus it follows from the Euclidean Embedding Theorem 11.13 for Topological Spaces that
there exists a closed embedding X → R2n+1. Note though that this embedding does not
give us any control over ∂X. Also this approach does not give us anything meaningful for
smooth manifolds.

27.4. Proof of the Euclidean Embedding Theorem 27.1 in the non-compact case.
We can now generalize Lemma 27.6 to the non-compact case. Since the proof is no longer
trivial we upgrade the statement from a lemma to a proposition. This proposition might
well be interesting in its own right.

Proposition 27.8. (Small Atlas Proposition) Let m ≥ 2 and let M be an m-dimen-
sional topological manifold.285

(1) There exists an atlas {Φi : Ui → Vi}i∈I consisting of at most m+ 1 charts, such that
each Vi is an open subset of Hm.

(2) If M is a smooth manifold, then we can choose the atlas to be smooth.

Remark. Given an n-dimensional smooth manifold M we de�ne, following [Bers1968,
Hopk1989] the

embedding covering number N(M) :=
minimal cardinality of an open cover {Ui}i∈I

of M such that each Ui admits a
smooth embedding into Rn.

Note that the embedding covering number is precisely the minimal cardinality of a smooth
atlas of M . By the Small Atlas Proposition 27.8 we know that N(M) ≤ dim(M) + 1.
Evidently N(M) ≤ 1 if and only if M is di�eomorphic to an open subset of some Rn.
It follows from this observation that for a non-empty closed smooth manifold we have
N(M) ≥ 2. We deduce from Proposition 19.18 that N(Sn) = 2. In general it is very
di�cult to determine N(M) for a given smooth manifold M . For example let us consider
the real projective space RPn. We write n+ 1 = 2k ·m with m odd. If n 6= 31 and n 6= 47,
then it is shown in [Hopk1989, Theorem 1] (see also [Bers1968, Theorem 1.5]) that

N(RPn) =

{
max{2,m}, if k ≤ 3,⌈ n+ 1

2(k + 1)

⌉
, if k ≥ 4.

This result is surely not what was on everybody's lips. Later on we will prove a related
result, namely we will show in Proposition 121.18 that any open cover of RPn by contractible
open subsets (e.g. by open subsets that are di�eomorphic to Rn) has cardinality at least
n+ 1.

285Note that the condition m ≥ 2 is indeed necessary, namely the conclusion does not hold for the 1-
dimensional smooth manifold M = [0, 1] t [0, 1].
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Proof. In the following we only deal with the case of a smooth manifold. It is straightfor-
ward to modify the argument to deal with topological manifolds.

Let M be an m-dimensional smooth manifold. Similar to the compact case we make
the following preparations:
(a) For each P ∈ M \ ∂M we pick a smooth chart ΦP : UP → Bm((0, . . . , 0, 1)) of type

(i) around P .
(b) For each P ∈ ∂M we pick a smooth chart ΦP : UP → Bm(0) ∩ Hm of type (ii)

around P .
Note that {UP}P∈M is an open cover ofM . In the Covering Dimension-of-Manifolds Propo-
sition 27.7 we just showed that cdim(M) ≤ m. By the Manifold Paracompact-Normal
Proposition 18.9 (1) we know that M is paracompact and by de�nition we know that M is
second-countable. Thus it follows from the Covering Dimension Re�nement Theorem 11.12
that there exists a locally �nite open re�nement {Vj}j∈J of the open cover {UP}P∈M and
countable subsets J0, . . . , Jm of J with J = J0 t · · · t Jm such that for any n ∈ {0, . . . ,m}
and any r, s ∈ Jn we have Vr ∩ Vs = ∅.

Since {Vj}j∈J is a re�nement of {UP}P∈M we can pick for each j ∈ J a Pj ∈ M with
Vj Ă UPj . Note that the images of the charts ΦPj have diameter 2. Thus, since J is
countable and since m ≥ 2 we can �nd a family of points {Qj}j∈J in Rm−1 such the images
of the maps Ψj : Vj → Rm

x 7→ ΦPj(x) + (Qj, 0)

are disjoint. Finally for i ∈ {1, . . . ,m+ 1} we now consider the map
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charts ΨjM

Φi :=
⊔
j∈Ji

Ψj : Vj → Rm.

Note that, basically by construction, Φi is a chart and these charts Φ1, . . . ,Φm+1 form a
smooth atlas for M . �

chart Φ0
M charts in J0

charts in J1

Our proof of the Euclidean Embedding Theorem 27.1 in the non-compact case also rests
on the following lemma.

Lemma 27.9. Let M be a smooth manifold, let ϕ : M → Hd be an injective immersion
and let f : M → R≥0 be a smooth exhaustion function, i.e. f : M → [0,∞) is a smooth
map such that the preimage of every compact interval is compact.286 Then the map

(f, ϕ) : M → R×Hd = Hd+1

x 7→ (f(x), ϕ(x))

is a proper smooth embedding. The same statement holds if we replace Hd by any other
smooth manifold.
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(f, ϕ)M M

injective immersion proper smooth embedding

ϕ

Proof of Lemma 27.9. It is clear that the map (f, ϕ) : M → R × Hd is still an in-
jective immersion with ∂M = (f, ϕ)−1(∂Hd+1). Furthermore it follows easily from the
Closed Embedding-to-Rn Proposition 2.19, or alternatively from the Proper-Closed Propo-
sition 2.43, that the map (f, ϕ) : M → R×Hd is a closed embedding. These two observations
show that the map (f, ϕ) : M → R×Hd is a proper smooth embedding. �

Proof of the Euclidean Embedding Theorem 27.1 in the non-compact case. In the
following we deal with the smooth case. The case of topological manifolds is dealt with in
a very similar fashion.

Let M be a (possibly non-compact) m-dimensional smooth manifold. If m = 0, then
it follows easily from the fact that M is second-countable that we can �nd a smooth
embeddingM → R. If m = 1, then the statement can be proved easily �by hand� using the
Topological 1-Dimensional Manifold Classi�cation Theorem 22.1 and using the fact that a
smooth manifold, by virtue of being second-countable, has countably many components.

So now assume that m ≥ 2. In the proof of the Euclidean Embedding Theorem 27.1
for compact manifolds we used the compactness so that we could appeal to Lemma 27.6.
Now, that M is possibly non-compact, we appeal to the Small Atlas Proposition 27.8, and
we obtain a smooth atlas {Φi : Ui → Vi}i=1,...,m+1 such that each Vi is an open subset of
Hm. We apply the argument in the proof of the Euclidean Embedding Theorem 27.1 on
page 723 and we see that there exists a d ∈ N and an injective immersion

ϕ : M → Hd

with ∂M = ϕ−1(∂Hd). If M is compact, then it follows from the Compact-Hausdor�
Proposition 2.17 (2) that the map ϕ is an embedding.

IfM is non-compact we have to put in some extra e�ort. First note that by the Manifold
Exhaustion Lemma 21.2 we know that M admits a smooth exhaustion function, i.e. there
exists a smooth map f : M → [0,∞) such that the preimage of every compact interval is
compact. By Lemma 27.9 we know that the map

(f, ϕ) : M → R×Hd = Hd+1

x 7→ (f(x), ϕ(x))

is a proper smooth embedding. �

Exercises for Chapter 27.

286Note that by the Manifold Exhaustion Lemma 21.2 we know that every smooth manifold M admits a
smooth exhaustion function.
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Exercise 27.1. Recall that on page 627 we introduced the category PSmMfd of pointed
smooth manifolds and we introduced the category PSmMfd Rn of pointed smooth submani-
folds of some Rn. In Question 23.6 (2) we asked whether the covariant functor

PSmMfd Rn → VecR
(M,P ) 7→ T̃PM

can be extended in an �essentially unique� way to the category PSmMfd . In the Tangent
Space-Isomorphism Proposition 23.16 (4) we showed that such an extension exists. Turn
the �essentially unique� into a precise statement and answer the question in the a�rmative.
Hint. Use the Euclidean Embedding Theorem 27.1 and reread Section 3.4.

Exercise 27.2. We consider

`2(N) :=
{

(x1, x2, . . . ) ∈ RN
∣∣∣ ∞∑
i=1
x2
i <∞

}
.

(a) We consider the map

d : `2(N)× `2(N) → R≥0

((x1, x2, . . . ), (y1, y2, . . . )) 7→
√
∞∑
i=1

(xi − yi)2.

Show that this map does indeed take �nite values and show that it de�nes a complete
metric on `2(N).

(b) Let M be a topological manifold. Modify the argument of Section 27.2 to show that
there exists a closed embedding ϕ : M → `2(N).

Remark. This exercise, together with the Closed Subspace-Completeness Lemma 6.9, pro-
vides a new proof that (possibly non-compact) topological manifolds are completely metriz-
able. In other words, it provides a proof of the Manifold Metrization Proposition 27.4 (1)
that does not make use of the concept of covering dimension that we had developed in
Chapter 11.

Exercise 27.3. Let M be a compact smooth manifold and let A and B be disjoint unions
of components of ∂M such that ∂M = A t B. Show that there exists a proper smooth
embedding f : M → Rn × [0, 1] such that A = f−1(Rn × {0}) and B = f−1(Rn × {1}).
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Rn × {1}
f

Exercise 27.4. Let M be a smooth manifold without boundary. Show that there is no
metric d : M ×M → R≥0 which is a smooth map from the smooth manifold M ×M to the
smooth manifold R≥0.

Exercise 27.5. Let M be a compact m-dimensional smooth manifold and let W be a
(possibly empty) proper submanifold of M . Show that there exists a proper smooth em-
bedding ϕ : M → Hn and a k ∈ {0, . . . , n− 1} such that ϕ(W ) = ϕ(M) ∩ ({0} ×Hk).
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Exercise 27.6. Let M be a closed n-dimensional smooth manifold and let x1, . . . , xk ∈M
be disjoint points. Show that there exists a smooth embedding ϕ : M → Rm such that
ϕ(M) is ��at� near ϕ(x1), . . . , ϕ(xk), in the sense that there exist disjoint neighborhoods
U1, . . . , Uk of x1, . . . , xk and points y1, . . . , yk ∈ Rm−n such that for each i ∈ {1, . . . , k} we
have ϕ(Ui) Ă Rn × {yi}.
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��

ϕ
M

x1

Rm−n

y2

Rn
x2 y1

Exercise 27.7. Let M be the smooth manifold that is obtained from the open disk B2

by removing the three points (0,−1
2
), (0, 0) and (0, 1

2
). Give an explicit proper smooth

embedding f : M → R3.
Remark. This exercise is the �smooth version� of Exercise 11.13. In Exercise 43.12 we will
see that there is no proper smooth embedding f : M → R2.

Exercise 27.8. Given an n-dimensional smooth manifoldM we de�ne, following [Bers1968,
Hopk1989] the

embedding covering number N(M) :=
minimal cardinality of an open cover {Ui}i∈I

of M such that each Ui admits a
smooth embedding into Rn.

In other words, the embedding covering number is precisely the minimal cardinality of a
smooth atlas of M .
(a) Given g ∈ N, what is the embedding covering number of the surface of genus g?
(b) Show that N(RP2) = 3.
(c) What is the embedding covering number of the Klein bottle?

Remark. With the present knowledge one can give upper bounds to N(M) but it is di�cult
to give very meaningful lower bounds on N(M). So the task is to give the best possible
upper bounds.
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28. The Neighborhood Projection Theorem and Smooth Collar
Neighborhoods

As the title of the chapter strongly suggests, in this chapter we will state, prove and
discuss the Neighborhood Projection Theorem 28.1 and the Smooth Collar Neighborhood
Theorem 28.3. Both are essential tools in the study of smooth manifolds and will be used
frequently.

28.1. The Neighborhood Projection Theorem. In this section we state the Neighbor-
hood Projection Theorem, which is a key tool in many of our future constructions. To
state the theorem it is necessary to introduce the following de�nition.

De�nition. A map f : M → N between smooth manifolds is called a submersion if f is
smooth and if given any P ∈M the di�erential DfP : TPM → Tf(P )N is an epimorphism.

With this de�nition in our bag we can state the Neighborhood Projection Theorem.

Theorem 28.1. (Neighborhood Projection Theorem) Let M be a proper k-dimen-
sional smooth submanifold of Rn with ∂M = ∅.287 Given P ∈M we write(

T̃PM
)⊥

= {w ∈ Rn | 〈v, w〉 = 0 for all v ∈ T̃PM}.
There exists a smooth map ε : M → (0,∞) such that the following conditions are satis�ed:
(1) The subset

Z(M, ε) :=
{
P + w |P ∈M and w ∈

(
T̃PM

)⊥ with ‖w‖ < ε(P )
}

Ă Rn

is an open neighborhood of M Ă Rn.
(2) The map

π : Z(M, ε) → M

P + w 7→ P where P ∈M and w ∈
(
T̃PM

)⊥ with ‖w‖ < ε(P )

is well-de�ned, it is smooth, it is a submersion, and it is a retraction Z(M, ε)→M .
Furthermore there exists a smooth288 deformation retraction

R : Z(M, ε)× [0, 1] → Z(M, ε)

with R0 = id and with R1 = π : Z(M, ε)→M .
If M is compact, then we can choose ε to be a constant map.
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(T̃PM)⊥

P

287Since ∂M = ∅ we see, by the de�nition on page 550, that in our context �proper� just means that M
is a closed subset of Rn.
288Note that Z(M, ε) is a smooth manifold with empty boundary. Thus by the Smooth Manifold Product
Proposition 19.31 we know that Z(M, ε) × [0, 1] is a smooth manifold. So it makes sense for a map
Z(M, ε)× [0, 1]→ Z(M, ε) to be smooth.
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Remark. In Borsuk's Theorem 104.3 we will prove a variation of the Neighborhood Projec-
tion Theorem 28.1 that also holds for closed subspaces of Rn that are topological manifolds.

Before we can provide the proof of the Neighborhood Projection Theorem 28.1 we need to
make a few preparations. First, for the reader's convenience we recall the following theorem
which will play a role on three occasions in this chapter.

Theorem 21.13. (Neighborhood Smooth Embedding Theorem) Let χ : A → B
be a map between smooth manifolds. Furthermore let C Ă A be a closed subset such that
the map χ : C → χ(C) is a homeomorphism and such that χ(C) is a closed subset of B.
If χ is a local di�eomorphism at each P ∈ C, then there exists an open neighborhood U
of C such that the restriction of χ to U is a smooth embedding and such that χ(U) is an
open subset of B.
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Our proof of the Neighborhood Projection Theorem 28.1 relies on a lemma that will also
come in handy when we prove the Smooth Collar Neighborhood Theorem 28.3. Therefore
we formulate the lemma in a more general fashion than is strictly needed for just the proof
of the Neighborhood Projection Theorem 28.1.

Lemma 28.2. (Normal Vectors Lemma) Let M be a proper k-dimensional smooth
submanifold of Hn. We set

WM :=
{

(P,w) ∈ Hn × Rn |P ∈M and w ∈
(
T̃PM

)⊥}
.

The following three statements hold:
(1) The subset WM is an n-dimensional submanifold of Hn × Rn where the boundary

is given by ∂(WM) = WM ∩ (∂Hn × Rn).
(2) Given any point P ∈ M and given any open neighborhood U of P ∈ WM there

exists an open neighborhood UP of P ∈ M and an εP > 0 such that the subset{
(x,w) ∈ Hn × Rn |x ∈ UP and w ∈

(
T̃PM

)⊥ with ‖w‖ < εP
}
is contained in U .

(3) The map Π: WM → M
(P,w) 7→ P

is a submersion.
An analogous statement also holds if we replace Hn by Rn.

Proof of the Normal Vectors Lemma 28.2. In the following we deal with the case
that M is a proper k-dimensional smooth submanifold of Hn. The case Rn is dealt with
in almost the same way. Let Φ: U → V be a submanifold chart of M Ă Hn. We write
Ψ := Φ−1 : V → U .

Note that W (V ∩Φ(M)) is given by setting some coordinates of V ×Rn Ă Hn ×Rn

to zero. Unfortunately the map Ψ = Φ−1 : V → U does not quite induce a map
W (V ∩ Φ(M)) → W (U ∩M) Ă WM since it does not preserve orthogonality. But
this problem can be �xed by introducing a map that �makes vectors orthogonal�.
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We introduce the following map:289

Θ: (Rn \ {0})k × Rn → Rn

(v1, . . . , vk, w) 7→ w −
k∑
i=1
〈w, vi〉 · vi

‖vi‖2︸ ︷︷ ︸
orthogonal to v1, . . . , vk

Next we consider the map

GΨ : V × Rn−k × Rk → U × Rn

(Q, v, w) 7→
(

Ψ(Q),Θ
(
DΨQ(en−k+1), . . . ,DΨQ(en)︸ ︷︷ ︸

basis of T̃ψ(Q)M

,DΨQ ·
(
v
0

)
︸ ︷︷ ︸

∈(T̃ψ(Q)M)⊥

,DΨQ ·
(

0
w

)))
.

One can easily show that the map GΨ is a bijection and smooth. Furthermore using
the Smooth Pasting Proposition 19.23 (2) one can show fairly easily that GΨ is in fact a
di�eomorphism. Furthermore, once one has digested the de�nitions it is also quite clear
that the G−1

Ψ : U × Rn → V × Rn de�nes (after a suitable permutation of the coordinates)
a submanifold chart for WM . All the charts G−1

Ψ show that WM is an n-dimensional
submanifold of Hn × Rn.

Furthermore note that it follows from the fact that M is a proper submanifold of Hn

and the fact that the submanifold charts Ψ and GΨ have the same type, in the sense of
the de�nition on page 550, that ∂(WM) = WM ∩ (∂Hn × Rn). In other words, we have
completed the proof of Statement (1).
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M

(T̃PM)⊥

T̃PM

Ψ(Q)
Q

U

Φ

Rn−k

Ψ

RkDΨQ ·
(
v
0

)
(
v
0

)
(

0
w

)

V

Next note that Statement (2) is a straightforward consequence of the de�nition of the
product topology onHn×Rn and the de�nition of the subspace topology onWM Ă Hn×Rn.

Finally we turn to the proof of Statement (3). We need to show that Π: WM →M is
a submersion. Given (P, v) ∈ WM we pick a submanifold chart Φ: U → V for P ∈ M as
above. We make use of the above notation and we obtain the following diagram

(V ∩ ({0} × Rk))× Rn−k × {0} GΨ

∼=
//

(x,v) 7→x
��

W (U ∩M)

Π
��

V ∩ ({0} × Rk)
Ψ

∼=
// U ∩M.

It follows easily from the earlier discussion that the horizontal maps are di�eomorphisms
and that the diagram commutes. Evidently the map to the left is a submersion, thus the

289Here 〈−,−〉 : Rn × Rn → R denotes the usual Euclidean bilinear symmetric form on Rn.
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map to the right is also a submersion. This shows that Π is locally a submersion, but this
implies evidently that Π is also a submersion as a whole. �

Proof of the Neighborhood Projection Theorem 28.1. LetM be a proper k-dimen-
sional smooth submanifold of Rn. As in the Normal Vectors Lemma 28.2 we consider again

WM :=
{

(P,w) ∈ Rn × Rn |P ∈M and w ∈
(
T̃PM

)⊥}
.

By the Normal Vectors Lemma 28.2 we know that WM is an n-dimensional submanifold
of Rn × Rn. We consider the maps

Π: WM → M
(P,w) 7→ P

and
Ξ: WM → Rn

(P,w) 7→ P + w.

�
�
�
�

�
�
�
�

Rn

M
Rn

ΞΠ

M × {0}

the submanifold WM of Rn×Rn

We make the following observations:

(a) The map Rn×Rn → Rn that is given by (P,w)→ P +w is evidently smooth. Since
WM is a smooth submanifold we obtain from Lemmas 19.22 and 19.24 that the map
Ξ: WM → Rn is smooth.

(b) Let P ∈M . It follows easily from T̃PM⊕(T̃PM)⊥ = Rn, together with the discussion
of the di�erential of a linear map on page 536 and the fact that WM is an n-
dimensional smooth manifold that the di�erential of Ξ: WM → Rn at (P, 0) ∈ WM
is an isomorphism.

(c) It follows almost immediately from (b), our hypothesis that ∂M = ∅, the Local
Smooth Embedding Theorem 24.8 and the Normal Vectors Lemma 28.2 (2) that for
each point P ∈M there exists an open neighborhood WP of (P, 0) ∈ WM such that
the restriction of Ξ: WM → Rn to WP is a smooth embedding.

(d) Note that the restriction of Ξ: WM →M to M × {0} is given by (P, 0) 7→ P . This
is evidently an embedding. By hypothesis M is a proper smooth submanifold of Rn

which means in particular, by de�nition of �proper�, thatM = Ξ(M×{0}) is a closed
subset of Rn.

(e) It follows from (b), (c) and (d), together with the Neighborhood Smooth Embedding
Theorem 21.13, that there exists an open neighborhood U of M × {0} Ă WM such
that the restriction of Ξ to Ξ|U : U → Rn is a smooth embedding and such that Ξ(U)
is an open subset of Rn.

(f) It follows from the Replace-by-Smooth Non-Negative Function Corollary 21.11 (2)
together with the Normal Vectors Lemma 28.2 (2) that there exists a smooth map
ε : M → (0,∞) such that for each x ∈ M and each w ∈

(
T̃xM

)⊥ with ‖w‖ < ε(x)
we have (x,w) ∈ U .
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We set

W (ε) :=
{

(P,w) ∈ WM |P ∈M and w ∈
(
T̃PM

)⊥ with ‖w‖ < ε(P )
}

Ă WM.

The theorem is now a consequence of the following observations:
(i) It follows easily from the de�nition of the subspace topology that W (ε) is an open

subset of WM .
(ii) It follows from (i) together with (e) and (f) that the restriction of Ξ: WM → Rn to

Ξ: W (ε)→ Rn is a smooth embedding such that the image is open.
(iii) The image of Ξ: W (ε)→ Rn is precisely Z(M, ε).
(iv) The map

π : Z(M, ε) → M

P + w 7→ P where P ∈M and w ∈
(
T̃PM

)⊥ with ‖w‖ < ε(P )

is precisely the map Π ◦ Ξ−1 : Z(M, ε)→M and thus well-de�ned.
(v) It follows from the Smooth Embedding Theorem 24.10 that Ξ: U → Ξ(U) is a

di�eomorphism. Furthermore we know by the Normal Vectors Lemma 28.2 that
Π: WM → M is a submersion. It follows that π = Π ◦ Ξ−1 : Ξ(U) → M is a
submersion.

(vi) There exists an obvious smooth deformation retraction from W (ε) to M × {0}. Un-
der the di�eomorphism Ξ is gives rise to the desired smooth deformation retraction
R : Z(M, ε)× [0, 1]→ Z(M, ε) with R0 = id and R1 = π : Z(M, ε)→M .

For the reader's and the author's convenience we summarize the various maps in the fol-
lowing commutative diagram:

WM

Ξ
��

U? _oo

Ξ∼=
��

W (ε)? _oo

Ξ∼=
��

Π

))Rn Ξ(U)? _oo Z(M, ε)? _oo π // M.gGkk

Finally if M is compact, then it follows from the Compact Image Lemma 2.13 that the
map ε : M → R>0 assumes a minimal value > 0. Thus we can replace ε throughout by this
minimal value > 0. �

28.2. Statement of the Smooth Collar Neighborhood Theorem. In this section we
will state the Smooth Collar Neighborhood Theorem which is another important tool in
di�erential topology.

De�nition. Let M be a smooth manifold. A collar of ∂M is de�ned as a smooth embed-
ding χ : [0, 1]× ∂M →M that has the following two properties:
(a) the restriction of χ to {0} × ∂M is the obvious map (0, P ) 7→ P ,
(b) the image χ([0, 1]× ∂M) is a closed subset of M .

We refer to the image of χ as a collar neighborhood.

Example. Let m ∈ N and let W be a smooth manifold with ∂W = ∅. The map

χ : [0, 1]× (Sm−1 ×W ) → B
m ×W

(t, P, w) 7→ ((1− 1
2
t) · P,w)
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is evidently a collar for the smooth manifold B
m×W . We refer to this map as the standard

collar of B
m ×W and we refer to the image of f as the standard collar neighborhood of

B
m ×W .
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0 01 1
M=B

2

χχ

standard collar neighborhood for ∂M = S1 collar neighborhood for ∂M

M

Convention.
(1) We continue with the notation from the de�nition. By abuse of notation we some-

times denote the image of a collar χ : [0, 1] × ∂M → M by [0, 1] × ∂M as well. In
particular sometimes we make the identi�cation {0} × ∂M = ∂M .

(2) Let m ∈ N and letW be a smooth manifold with ∂W = ∅. Unless we say something
else we will equip B

m ×W with the above standard collar.

Warning. Suppose that the smooth manifold M is oriented. On page 689 we equipped
∂M with a natural orientation. As usual the smooth manifold [0, 1] comes with its standard
orientation. Let us now equip [0, 1]× ∂M with the product orientation that we introduced
on page 695. It follows from the Product Orientation Proposition 25.22 (4d) that, as an
oriented smooth manifold, ∂([0, 1] × ∂M) = ∂([0, 1]) ×M = −({0} × ∂M) ∪ ({1} × ∂M).
Thus we see that every collar [0, 1] × ∂M → M is orientation-reversing. In principle it
would thus be better to de�ne a collar as a smooth embedding [−1, 0] × ∂M → M which
is the �identity� on {0} ×M . But such a choice would be notationally awkward at times.
So we stick with our somewhat suboptimal convention.

Remark. In the literature one can �nd several slightly di�erent de�nitions of a collar and
of a collar neighborhood.

(1) In [Wall2016, p. 32] the author works with ∂N × [0, 1] instead of [0, 1] × ∂M . As
we saw in the Product Orientation Proposition 25.22 (5), for products of two smooth
manifolds it is usually preferable to have the smooth manifold with boundary as the
�rst factor. As we just discussed, our orientation convention for collar neighborhoods
is suboptimal, but working with ∂N × [0, 1] makes the situation even worse.

(2) In some books, e.g. [Kos1993, p. 21] and [BJ1982, De�nition 13.5], a collar is de�ned
as a smooth embedding χ : [0, 1)× ∂M →M such that χ(0, P ) = P for all P ∈ ∂M .
If we restrict a collar χ : [0, 1] × ∂M → M to [0, 1) × ∂M then this is evidently a
smooth embedding. But as we will see in Exercise 28.3, not every smooth embedding
f : [0, 1)× ∂M →M can be extended to a smooth embedding [0, 1]× ∂M →M . We
prefer to work with our de�nition since it makes it easier to formulate in what sense
collars are unique, see the Uniqueness of Collar-Proposition ??.

(3) Our condition (b), namely that a collar neighborhood needs to be closed, is non-
standard. If ∂M is compact, which is anyway the case in most situations, the image
of any smooth embedding [0, 1]×∂M →M is a closed subset by the Product Topology
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Properties Proposition 5.6, the Smooth Manifold Boundary Proposition 19.26 (3b),
the Compact Image Lemma 2.13 and the Compact-Closed Lemma 1.21. Thus the
condition only has content if ∂M is non-compact. It seems to the author that in the
case of non-compact boundary it is often implicitly assumed that any subset that
satis�es (a) is actually closed. But in general this is not the case. For example, in
the �gure below we consider M = {(x, y) ∈ R2 | y ≥ 0} and the image of a smooth
embedding [0, 1]× ∂M that does not contain a certain point P , but such that P lies
in the closure of the smooth embedding. In other words, the image of [0, 1]× ∂M is
not a closed subset of M . In Lemma 28.7 we will see that this issue can be resolved
in a suitable sense.
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M

image of an embedding
[0, 1]× ∂M →M

�tentacles� get closer and closer to P

∂M

P

Now, after this lengthy discussion of the notion of a collar, we �nally get a chance to state
the Smooth Collar Neighborhood Theorem.

Theorem 28.3. (Smooth Collar Neighborhood Theorem) LetM be a smooth mani-
fold. For any neighborhood V of the boundary ∂M there exists a collar χ : [0, 1]×∂M →M
with χ([0, 1]× ∂M) Ă V .
We will provide a proof of the Smooth Collar Neighborhood Theorem 28.3 in the next
section. In the remainder of this section we will discuss the Smooth Collar Neighborhood
Theorem 28.3 and some of its consequences.

Remark.

(1) The Smooth Collar Neighborhood Theorem 28.3, sometimes in slightly di�erent �a-
vors, is proved in almost every book dealing with the topology of smooth manifolds.
In particular proofs are provided in [Wall2016, Theorem 1.5.5], [Lee2002, The-
orem 9.25], [BJ1982, Theorem 13.6], [Muk2015, Theorem 7.2.13], [Miln1965b,
Corollary 3.5] and [Kos1993, Theorem I.7.3]. As we mentioned above, for non-
compact smooth manifolds our de�nition of a collar is stricter than in the literature.
In Lemma 28.7 we will see that this is not really an issue.

(2) In Project 35.1 we will give an alternative proof of the Smooth Collar Neighborhood
Theorem 28.3.

(3) In Theorem ?? we will state a re�nement of the Smooth Collar Neighborhood Theo-
rem 28.3 which can also take into account submanifolds. Furthermore in the Unique-
ness of Collar-Proposition ?? we will see that collars of compact smooth manifolds
are unique in a suitable sense.

(4) The proof of the Smooth Collar Neighborhood Theorem 28.3 that we will provide
does not generalize to the setting of topological manifolds. Nonetheless, in the Topo-
logical Collar Neighborhood Theorem 75.5 we will generalize the above theorem to
the setting of topological manifolds, using a di�erent argument. The approach taken
in the proof for topological manifolds can, after some �netuning, also be used to
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prove the above Smooth Collar Neighborhood Theorem 28.3. On the other hand, the
argument which we use in this chapter for smooth manifolds has the advantage that
it can also be used to prove several re�nements, e.g. Theorem ?? and the Uniqueness
of Collar-Proposition ??.

(5) At least for the case that ∂M is compact one can also prove the Smooth Collar
Neighborhood Theorem 28.3 using the Smooth Manifold Product Theorem 138.2.

The following lemma summarizes a few more or less technical properties of collar neigh-
borhood. The lemma in particular justi�es the name �collar neighborhood�.

Lemma 28.4. (Basics-of-Collars Lemma) Let M be an n-dimensional smooth mani-
fold. Suppose we are given a collar χ : [0, 1]× ∂M →M . As above we identify [0, 1]× ∂M
with its image in M .
(1) Let t ∈ (0, 1] and let A be a union of components of ∂M . The subset [0, t) × A is

an open subset of M . In particular [0, t)× A and [0, t]× A are neighborhoods of A
in the sense of the de�nition on page 113.

(2) Given any t ∈ (0, 1] the subset Wt := M \ ([0, t) × ∂M) is a codimension-zero
submanifold of M with boundary given by {t} × ∂M .

(3) (a) For every t ∈ (0, 1] the submanifold Wt = M \ ([0, t) × ∂M) is a deformation
retract of M and it is a deformation retract of M \ ∂M .

(b) For every t ∈ [0, 1) there exists a smooth homotopy290 F : M × [0, 1]→M with
the following properties:
• F is a homotopy rel W1 = M \ ([0, 1)× ∂M),
• F0 = id,
• for each P ∈ ∂M and s ∈ [0, 1] we have Fs(P ) Ă [0, 1]× {P},
• F1(M) Ă Wt.
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M
∂M

collar neighborhood [0, 1]× ∂M
{0} × ∂M {1} × ∂M W1 = M \ ([0, 1)×∂M)

is a deformation retract
of M and of M \ ∂M

Proof.

(1) This statement is an immediate consequence of the Codimension-Zero Smooth Em-
bedding Proposition 24.16 (1).

(2) Let t ∈ [0, 1]. By hypothesis χ([0, 1] × ∂M) is a closed subset of M . It follows
from the Open -Closed Inclusion Lemma 2.10 that χ([0, t] × ∂M) is also a closed
subset of M . The desired statement follows from this observation together with the
Codimension-Zero Smooth Embedding Proposition 24.16 (2).

290By the Smooth Manifold Product Proposition 20.6 we can viewM×[0, 1] as a smooth manifold (possibly
with corner). Thus it makes sense to say that the map F : M × [0, 1]→M is smooth.
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(3) (a) Let t ∈ (0, 1]. We consider the map

F : M × [0, 1] → M

(Q, s) 7→
{

((1− s) · u+ s · t, R), if Q = (u,R) ∈ [0, t]× ∂M,
Q, if Q ∈ Wt.

Note that by de�nition the collar neighborhood [0, 1]×∂M is a closed subset ofM
and that we know by (1) thatM \([0, 1)×∂M) is also a closed subset ofM . Since
the restriction of F to the products of these closed subsets with [0, 1] is continuous
we obtain from the Pasting Proposition 2.6 (2) that the map F : M × [0, 1]→M
is indeed continuous. This map de�nes a deformation retraction from M to Wt

and also from M \ ∂M to Wt.
(b) Let t ∈ [0, 1). Using the Smooth Transition Function Lemma 19.4 one can show

easily that there exists a smooth map η : [0, 1] → [t, 1] for which there exists an
ε > 0 such that η(s) = s for all s ∈ [1− ε, 1]. We consider the homotopy

F : M × [0, 1] → M

(Q, s) 7→
{

((1− s) · u+ s · η(u), R), if Q = (u,R) ∈ [0, 1]× ∂M,
Q, if Q ∈ W1.

It follows from the Smooth Pasting Proposition 19.23 that this map is smooth.291

It is now clear that this map has all the desired properties. �

For technical purposes it is at times useful to arrange that maps take values �away from
the boundary�. In many cases this can be achieved by the following corollary.

Corollary 28.5. (Push-Away-from-Boundary Corollary) Let M be a smooth man-
ifold.
(1) The smooth manifold M is homotopy equivalent to M \∂M . In particular, if ∂M is

non-empty, thenM is homotopy equivalent to a non-compact n-dimensional smooth
manifold without boundary.

(2) (a) Let X be a topological space, let f : X → M be a map and let A Ă X be a
(possibly empty) compact subset with f(A) Ă M \ ∂M . There exists a smooth
homotopy H : M × [0, 1] → M rel f(A) with H0 = id and with (H1 ◦ f)(X) Ă

M \ ∂M .
(b) If X is a smooth manifold and f : X →M is a smooth map, then f is smoothly

homotopic to a map f : X →M \ ∂M .
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������������������������ XM A

f H1 ◦ f

Proof. We set M ′ := M \ ∂M . By the Smooth Collar Neighborhood Theorem 28.3 there
exists a collar χ : [0, 1]× ∂M →M .
(1) It follows from the Basics-of-Collars Lemma 28.4 (2a) and Lemmas 15.5 and 15.1

that M and M ′ are homotopy equivalent. Furthermore note that it follows from the
291The super vigilant reader will notice that we are really using the obvious extension of the Smooth
Pasting Proposition 19.23 to smooth manifolds with corner.
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Smooth Manifold Boundary Proposition 19.26 that M ′ is non-compact, that it is an
open subset of M (in particular it is an n-dimensional smooth manifold) and that
the smooth manifold M ′ does not have any boundary.

(2) (a) Since A is compact we obtain from the Compact Image Lemma 2.13 (1) that
f(A) is compact. Since χ([0, 1] × ∂M) is a closed subset we obtain from the
elementary Lemma 1.21 that f(A)∩χ([0, 1]× ∂M) is also compact. Finally note
that it follows from the above discussion, the Compact Image Lemma 2.13 (2)
and the hypothesis that f(A) Ă M \ ∂M that there exists an ε ∈ (0, 1] such that
Φ([0, ε]× ∂M) ∩ f(A) = ∅.
By the Basics-of-Collars Lemma 28.4 (3b), applied to the collar (t, x) 7→ χ(t·ε, x),
there exists a smooth homotopy H : M × [0, 1]→M rel M \ χ([0, ε]× ∂M) such
that H0 = id and such that H1(M) Ă M \ ∂M .

(b) We pick a smooth homotopy H : M × [0, 1]→ M as in (a). The desired smooth
homotopy is now given given the map292

X × [0, 1] → M
(x, t) 7→ H(f(x), t).

�

We conclude this exhausting discussion of collar neighborhoods with the following techni-
cally quite useful lemma.

Lemma 28.6. (Homotopic-to-Product-Near-Boundary Lemma) Let M and N be
smooth manifolds with collars µ : [0, 1]× ∂M → M and ν : [0, 1]× ∂N → N . To simplify
the notation we identify [0, 1] × ∂M and [0, 1] × ∂N with their images under µ and ν.
Furthermore let f : M → N be a map with f(∂M) Ă ∂N . There exists a homotopy
F : M × [0, 1]→ N from f to a map g such that the following holds:
(1) For each t ∈ [0, 1] we have Ft(∂M) Ă ∂N .
(2) The map g : M → N has the following two properties:

(a) For every (t, P ) ∈ [−1
2
, 0]× ∂M we have g(t, P ) = (t, f(P )) ∈ [−1

2
, 0]× ∂N .

(b) We have g−1([−1
2
, 0]× ∂N) = [−1

2
, 0]× ∂M .
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∂N

N

∂M

gf

Proof. We consider the homotopy

G : N × [0, 1] → N

(Q, s) 7→
{

(− s
2
, Q̃), if Q = (t, Q̃) ∈ [− s

2
, 0]× ∂N,

Q, if Q ∈ N \ ((− s
2
, 0]× ∂N)

Note that each Gs �pushes everything in [− s
2
, 0] × ∂N to {− s

2
} × ∂N �. Now we consider

the map

292It follows from the Smooth Manifold Product Proposition 20.6 that this map is indeed smooth.
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F : M × [0, 1] → N

(P, s) 7→

 (t, f(0, P̃ )), if P = (t, P̃ ) with t ∈ [−1
2
s, 0],

Gs

(
f
( t+ 1

2
s

1− 1
2
s
, P̃
))
, if P = (t, P̃ ) ∈ [−1,−1

2
s],

Gs(f(P )), if P 6∈ (−1, 0]× ∂M.


Note that F0 = f . One can now easily verify that this homotopy F has the desired
properties. �
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s = 0

s = 1

Gs

f followed by Gs

compression to [−1,− s
2
] followed by f followed by Gs

id[− s
2
,1]×f |∂M

t=−1 t=0

28.3. Proof of the Smooth Collar Neighborhood Theorem 28.3. This section is
completely dedicated to the proof of the Smooth Collar Neighborhood Theorem 28.3. For
non-compact smooth manifolds we will need the following technical lemma which is of
interest only for diehard fans of noncompact smooth manifolds and their collars.

Lemma 28.7. Let M be a smooth manifold and let f : [0, 1] × ∂M → M be a smooth
embedding such that for every P ∈ ∂M we have f(0, P ) = P . There exists a smooth map
ψ : ∂M → (0, 1] such that the map

g : [0, 1]× ∂M → M
(t, x) 7→ f(ψ(x) · t, x)

is a collar, i.e. it is a smooth embedding such that g(0, P ) = P for all P ∈ ∂M and such
that g([0, 1]× ∂M) is a closed subset of M .
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graph of ψ : ∂M → (0, 1]

Remark.
(1) We had alluded to Lemma 28.7 earlier on page 738 as it allows us navigate between

the di�erent notions of a collar for a non-compact smooth manifolds.
(2) Our proof of Lemma 28.7 is based on the proof provided in [Lee2002b].

Proof. By the Manifold Exhaustion Lemma 21.2 there exists a smooth map µ : M → [0,∞)
with the property that given any C ∈ R the preimage f−1([0, C]) is a compact subset ofM .
We consider the map

ϕ : ∂M → [0, 1]
x 7→ sup

{
t ∈ [0, 1] |µ(f(x, s)) > µ(f(x, 0)︸ ︷︷ ︸

=x

)− 1 for all s ∈ [0, t]
}
.

Using charts one can show fairly easily that the map ϕ is continuous and that ϕ(x) > 0 for
every x ∈ ∂M . By the Replace-by-Smooth Non-Negative Function Corollary 21.11 there
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exists a smooth map ψ : ∂M → (0, 1] such that ψ(x) ∈ (0, ϕ(x)] for all x ∈ ∂M . It su�ces
to prove the following claim:
Claim. The map g : [0, 1]× ∂M → M

(t, x) 7→ f(ψ(x) · t, x)

is a smooth embedding such that g(0, P ) = P for all P ∈ ∂M and such that g([0, 1]×∂M)
is a closed subset of M .

Proof. The only statement which requires some thought is to show that g([0, 1] × ∂M) is
a closed subset of M . We have

M \g([0, 1]×∂M) =
( ⋃
C∈R

µ−1([0, C))
)

︸ ︷︷ ︸
=M

\g([0, 1]×∂M) =
⋃
C∈R

µ−1([0, C)) \ g([0, 1]×∂M)

=
⋃
C∈R

µ−1([0, C))︸ ︷︷ ︸
open

\ g([0, 1]× (

compact by Proposition 19.26 (3a)
and Exercise 1.22︷ ︸︸ ︷

∂M ∩

compact︷ ︸︸ ︷
µ−1([0, C + 1]) ))︸ ︷︷ ︸

closed by the Compact Image Lemma 2.13
and the Compact-Closed Lemma 1.21

.x
since µ(g(t, x)) > µ(x, 0)− 1 for
all (t, x) ∈ [0, 1]× ∂M

Thus we have shown that M \ g([0, 1] × ∂M) is the union of open subsets of M , thus
M \ g([0, 1]× ∂M) itself is open, i.e. g([0, 1]× ∂M) is closed. �

Now we can �nally turn to the actual proof of the Smooth Collar Neighborhood Theo-
rem 28.3.

Proof of the Smooth Collar Neighborhood Theorem 28.3. LetM be a smooth man-
ifold and let V be an open neighborhood of ∂M . By the Euclidean Embedding Theorem 27.1
there exists an n ∈ N and a proper smooth embedding ϕ : M → Hn. Thus, by the Smooth
Embedding Theorem 24.10, we might as well assume that M is a proper smooth submani-
fold of Hn. By de�nition of �proper� this means in particular that the inclusion M → Hn

is a closed embedding. Note that it follows from the Smooth Manifold Boundary Proposi-
tion 19.26 that the inclusion ∂M → Hn is also a closed embedding.
Our goal is to construct a collar χ : [0, 1]×∂M →M . In the following three claims we �rst
introduce three auxiliary maps. Afterwards we provide the actual construction of a collar.
Claim 1. The map Ω: [0,∞)× ∂M → Hn

(t, P ) 7→ P + t · en
is smooth and it satis�es Ω−1(∂Hn) = {0} × ∂M .

Proof. The two statements are basically obvious. �

The idea now is to compose the map Ω: [0,∞)×∂M → Hn with a projection ontoM .
This sounds like a case for the Neighborhood Projection Theorem 28.1. But we had
formulated - for good reasons - the Neighborhood Projection Theorem 28.1 only for
smooth manifolds with empty boundary. Therefore we will have to work quite a bit
to make the original idea work.
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Recall that by the Normal Vectors Lemma 28.2 we know that

WM :=
{

(P,w) ∈ Hn × Rn |P ∈M and w ∈
(
T̃PM

)⊥}
is an n-dimensional submanifold of Hn × Rn with ∂(WM) = WM ∩ (∂Hn × Rn).
Claim 2. We consider the projections

p : Hn → Rn−1

(x1, . . . , xn) 7→ (x1, . . . , xn−1)
and

q : Hn → R≥0

(x1, . . . , xn) 7→ xn.

The map293 Θ: WM → Rn−1 × R≥0 = Hn

(P,w) 7→ (p(P + w), q(P ))

has the following properties:
(1) For every P ∈ ∂M the di�erential DΘ(P,0) : T̃(P,0)WM → Rn is an isomorphism.
(2) Θ−1(∂Hn) = ∂(WM) = WM ∩ (∂Hn × Rn).

����

�
�
�
�

������
��
��
��

��

Hn

M × {0}

the submanifold WM of Hn×Rn

Θ

Proof. Let P ∈ ∂M . Note that294

T̃(P,0)WM = {(v, w) | v ∈ T̃PM and w ∈
(
T̃PM

)⊥}.
Recall that by de�nition of a proper smooth submanifold we know that T̃PM Ĺ Rn−1×{0}.
Using these two observations one can easily prove (1). The second statements follow easily
from the de�nitions. �
Claim 3. The map Π: WM → M

(P,w) 7→ P

is smooth and it satis�es Π−1(∂M) = ∂(WM) = WM ∩ (∂Hn × Rn).

Proof. It follows from the Smooth Manifold Product Proposition 19.31 together with the
Submanifold Smooth Structure Lemma 19.24 that Π: WM →M is smooth. The statement
regarding Π−1(∂Hn) follows easily from the de�nitions. �

As we mentioned above, the inclusion ∂M → Hn is a closed embedding. Evidently for
each P ∈ ∂M we have Θ(P, 0) = P . It follows that the restriction of Θ to ∂M × {0} is a
closed embedding. Furthermore note that it follows from Claim 2 (1) and (2), together with
the Inverse Mapping Theorem 24.1, that Θ: WM → Hn is a local di�eomorphism at each
(P, 0) with P ∈ ∂M . These arguments show that we can apply the Neighborhood Smooth
Embedding Theorem 21.13 to Θ: WM → Hn and the closed subset ∂M × {0}. We obtain

293The map Θ: WM → Hn is related to the map Ξ: WM → Rn, (P,w) 7→ P + w that we introduced
in the Normal Vectors Lemma 28.2. The advantage of Θ is that it satis�es Θ−1(∂Hn) = ∂(WM) =
WM ∩ (∂Hn × Rn) which is not true for Ξ.
294This equality can be seen as follows. One can easily verify that the right hand side is contained in the
left hand side. Both are n-dimensional vector subspaces, thus they have to be the same.
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an open neighborhood U of ∂M × {0} Ă WM such that Θ(U) is an open neighborhood of
Θ(∂M × {0}) = ∂M Ă Hn and such that Θ: U → Θ(U) is a di�eomorphism.
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∂M × [0, 1] Hn

Ω

projection Π: WM →M

Θ−1

Θ(U) is an open neighborhood
of ∂M Ă Hn

Θ

Claim 4. There exists a smooth map µ : ∂M → (0,∞) such that for each P ∈ ∂M we have
Ω([0, µ(P )]× {P}) Ă Θ(U).

Proof. First note that it follows from the fact that Θ(U) is an open subset of Hn and the
de�nition of the product topology on [0, 1] × ∂M that for every P ∈ ∂M there exists a
µ > 0 and an open neighborhood V of P ∈ ∂M such that Ω([0, µ]×V ) Ă Θ(U). The claim
follows from this observation together with the Replace-by-Smooth Non-Negative Function
Corollary 21.11 (2). �
For the reader's convenience we summarize all the maps involved so far:

{(t, P ) | t ∈ [0, µ(P )]} Ω //
� _

��

Θ(U)

Θ−1

&&

� _

��

U
Θ

∼=
oo

� _

��

[0,∞)× ∂M Ω // Hn WM
Θoo Π // M.

The following claim now �nally proclaims that we can �nd a collar.

Claim 5. There exists a smooth map ν : ∂M → (0,∞) such that for each P ∈ ∂M we have
ν(P ) ≤ µ(P ) and such that the map295

[0, 1]× ∂M → M
(t, P ) 7→ (Π ◦Θ−1 ◦ Ω)((ν(P ) · t, P ))

is a collar.

Proof. First we consider the map

g :

=:Z︷ ︸︸ ︷
{(t, P ) ∈ [0,∞)× ∂M | t ∈ [0, µ(P )]} → M

(t, P ) 7→ (Π ◦Θ−1 ◦ Ω)(t, P ).

We make the following observations:

(1) It follows immediately from the de�nitions of the various maps that for every P ∈ ∂M
we have g(0, P ) = P . Since ∂M is a closed subset of Hn we see that the restriction
of g to ∂M × {0} is a closed embedding.

295Note that it follows from ν(P ) ≤ µ(P ) that Ω(ν(P ) · t, P ) ∈ Θ(U). Thus (Π ◦Θ−1 ◦Ω)((ν(P ) · t, P )) is
indeed de�ned.
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(2) We now want to show that for each P ∈ ∂M the di�erential Dg(0,P ) : T̃(0,P )Z → T̃PM
is an isomorphism. To do so we consider the following diagram:

T̃0R≥0 =R id // T̃0R≥0 =R

T̃(0,P )([0,∞)×∂M)

Dϕ(0,P )

OO

DΩ(0,P )

// T̃PHn

DqP
jj

T̃(P,0)WM
DΠ(P,0)

))

DΘ(P,0)

∼=oo

T̃0,P )Z

id

OO

DΩ(0,P )

// T̃PΘ(U)
D(Θ−1)P

∼= //

id

OO

T̃(P,0)U
DΠ(P,0)

//

id

OO

T̃PM

DqP

OO

T̃P∂M

OO

id // T̃P∂M.

OO

We make the following clari�cations and observations:
• As before we denote by q : Hn → R≥0 the projection onto the last coordinate.
• We denote by ϕ : [0,∞) × ∂M → R≥0 the map that is given by the projection
onto the �rst factor.
• The maps that have no names are the di�erentials of the obvious inclusions.
• It follows immediately from the de�nitions that q ◦ Θ = q ◦ Π: WM → R≥0 and
that q ◦Ω = ϕ : [0,∞)× ∂M → R≥0. Using these two observations and using the
chain rule one can easily verify that the diagram commutes.
• The composition of the purple horizontal maps is precisely the map Dg(0,P ).
• It is straightforward to verify that the vertical sequence to the left is exact.296

• It follows easily from the de�nition of a proper submanifold that the vertical
sequence to the right is exact.

A gentle stroll through the diagram now implies that Dg(0,P ) : T̃(P,0)Z → T̃PM is
indeed an isomorphism.

(3) It follows immediately from the corresponding statements in Claim 1, 2 and 3 that
g−1(∂M) = ∂M × {0}.

It follows from (2) and (3), together with the Inverse Mapping Theorem 24.1, that for
each P ∈ ∂M the map g is a local di�eomorphism at (0, P ). Furthermore, using (1), we
obtain from the Neighborhood Smooth Embedding Theorem 21.13 that there exists an
open neighborhood Y of {0} × ∂M Ă Z = {(t, P ) ∈ [0,∞)× ∂M | t ∈ [0, µ(P )]} such that
g : Y → M is a smooth embedding. After possibly replacing Y ∩ V where V is the given
neighborhood of ∂M - the reader surely remembers that we are given such a neighborhood
- we can assume that Y Ă V .

It follows again from Lemma 28.7 together with the Replace-by-Smooth Non-Negative
Function Corollary 21.11 (2) that there exists a smooth map ν : ∂M → (0,∞) such that
the following three conditions are satis�ed:
(1) For each P ∈ ∂M we have ν(P ) ≤ µ(P ).
(2) The image of {(t, P ) ∈ [0,∞)× ∂M | t ∈ [0, ν(P )]} under g is a closed subset of M .

296Recall that according to the de�nition on page 670 a sequence of homomorphisms U ϕ−→V ψ−→W between
real vector spaces is exact if ϕ : U → V is a monomorphism, if ψ : V → W is an epimorphism and if
im(ϕ) = ker(ψ).
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(3) For each P ∈ ∂M we have {(t, P ) ∈ [0,∞)× ∂M | t ∈ [0, ν(P )]} Ă Y .
One can now easily verify that the map of the claim is indeed a collar. �

Exercises for Chapter 28.

Exercise 28.1. Let X and Y be two topological spaces and suppose that Y is equipped
with a metric d. Let ε > 0. We say that two maps f, g : X → Y are ε-close if for all x ∈ X
we have d(f(x), g(x)) < ε.
(a) Let M be a smooth submanifold of some Rn which is closed if viewed as a smooth

manifold in its own right. Show that there exists an ε > 0 with the following property:
If two maps f, g : X →M are ε-close, then they are actually homotopic.

(b) Extend the result in (a) to the case that M is a compact smooth submanifold of Rn

(c) Show that the conclusion of (a) and (b) does not hold if we do not assume that M
is compact.

(d) Let M be a closed smooth manifold and let d be a metric on M that induces the
topology on M . Show that there exists an ε > 0 with the following property: If two
maps f, g : X →M are ε-close, then they are actually homotopic.
Remark. Use Exercise 2.16.

Exercise 28.2. Let M be a smooth manifold, let N be a compact smooth manifold, let
A Ă N be closed and let f : N →M be a (smooth) map with f(A) Ă M \ ∂M . Show that
f is (smoothly) homotopic rel A to a map g : N →M \ ∂M .
Remark. This exercise can be viewed as a smooth analogue of the Push Away From Bound-
ary Lemma 18.13. In particular one can use it to show again that if M is path-connected,
then M \ ∂M is also path-connected.
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Exercise 28.3. Give an example of a smooth manifold M together with a smooth embed-
ding χ : [0, 1)×∂M →M such that χ(0, P ) = P for all P ∈ ∂M , which cannot be extended
to a smooth embedding f : [0, 1]× ∂M →M .

Exercise 28.4. Show that there is no smooth retraction from [0, 2] to [0, 1]. More precisely,
show that there is no smooth map f : [0, 2]→ [0, 1] which satis�es f(x) = x for all x ∈ [0, 1].

Exercise 28.5. Let M be a compact smooth manifold and let N be any smooth manifold.
Furthermore let A be a union of components of ∂M . We set B := ∂M \ A. Show that for
every (smooth) map f : M → N with f(A) Ă ∂N and with f(B) Ă N \ ∂N there exists
a (smooth) homotopy F : M × [0, 1] → N rel ∂M from f : M → N to a map g : M → N
such that g−1(∂N) = A.

Exercise 28.6. Let M be a smooth manifold and let A and B be two distinct boundary
components. Show that there exists a map f : M → [0, 1] such that f |A ≡ 0 and such that
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f |B ≡ 1.
Remark. One can prove this statement easily using Urysohn's Lemma 21.7 for Manifolds.
But it is more fun to prove it using the Smooth Collar Neighborhood Theorem 28.3.

Exercise 28.7. Let M be a smooth manifold and let f : ∂M → Sn be a map. Show that
there exists a smooth map g : M → B

n+1
with g|∂M = f .

Exercise 28.8. Show that given any n-dimensional smooth manifold M there exists an
n-dimensional smooth manifold N with ∂N = ∅ and a smooth embedding ϕ : M → N
such that ϕ(M) is a closed subset of N .
Hint. You could take N = M \ ∂M .

Exercise 28.9. Let M be a proper smooth manifold of some Hn and let W Ă M be a
closed subset with W ∩ ∂M = ∅. Show that there exists a smooth neighborhood Z of
W Ă Rn with Z ∩ ∂M = ∅ and a smooth map π : Z → M which has the following two
properties:
(1) for each P ∈ W we have π(P ) = P ,
(2) π is a submersion, i.e. for each Q ∈ Z the di�erential DπQ is an epimorphism.

Hint. You could try to modify the proof of the Neighborhood Projection Theorem 28.1.
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29. The Whitney Approximation Theorem

29.1. The statement of the Whitney Approximation Theorem. As we will see later
on, there are many ways to construct interesting continuous maps between two smooth
manifolds. The following theorem often allows us to �replace� such a continuous map by a
smooth map.

Theorem 29.1. (Whitney Approximation Theorem) LetM and N be smooth man-
ifolds and let f : M → N be a map.297 There exists a homotopy F : M × [0, 1]→ N with
the following properties:
(1) We have F0 = f .
(2) The map F1 : M → N is smooth.
(3) If there exists a union of components X of ∂M with f(X) Ă ∂N , then we can

arrange that Ft(X) Ă ∂N for all t ∈ [0, 1].
Suppose that f is smooth298 on a (possibly empty) closed subset A and suppose that there
exists an open neighborhood299 of ∂N that does not intersect f(A). Then we can �nd a
homotopy as above which also has the following property:
(4) The homotopy is a homotopy rel A.

Finally suppose that we are given a map300 ρ : M → R≥0 such that ρ(x) > 0 for every
x 6∈ A and suppose that we are given a metric d on N which induces the given topology
on N .301 Then we can �nd a homotopy F as above that also satis�es the following extra
condition:
(5) For every (x, t) ∈M × [0, 1] we have d(F (x, t), f(x)) ≤ ρ(x).
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Remark. Suppose we are in the setting of the Whitney Approximation Theorem 29.1. Let
f : M → N be a map that is injective (respectively surjective, bijective). Now we know that
we can �nd a homotopy from f to some smooth map F1 = g : M → N , but the theorem does
not give us any control over whether the smooth map F1 = g is also injective (respectively
surjective, bijective). For example, by the Space-Filling Curve Theorem 6.13 we know that
there exists a surjective map [0, 1] → [0, 1]2. It follows easily, see also Exercise 6.13, that

297Note that M and N are both allowed to have non-empty boundary.
298Let M and N be smooth manifolds and let A Ă M be an arbitrary subset. On page 549 we de�ned
what it means for a map f : A→ N to be smooth.
299This condition is satis�ed if A is compact and f(A) ∩ ∂N = ∅. Indeed, by the Compact Image
Lemma 2.13 and the Compact-Closed Lemma 1.21 we know that f(A) is closed. Furthermore by the
Smooth Manifold Boundary Proposition 19.26 we know that ∂N is closed. Finally note that by the
Manifold Paracompact-Normal Proposition 18.9 (2) we know that N is normal. But this implies that there
exists an open neighborhood of ∂N that does not intersect f(A).
300Evidently we demand, as always, that ρ is continuous.
301Note that by the Manifold Metrization Proposition 18.10 we know that such a metric always exists.
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there exists also a surjective map R→ R2. But, as we will see in Propositions 30.2 and 30.3
there exists no surjective smooth map R→ R2.

Example.

(1) LetM be a smooth manifold and let f : [0, 1]→M be a path such that the endpoints
f(0) and f(1) lie inM \∂M . By the Whitney Approximation Theorem 29.1, applied
to f and the closed subset {0, 1} Ă [0, 1], the map f is homotopic rel {0, 1} to
a smooth path from f(0) to f(1). This gives a new proof of the Smooth Path-
Connectivity Proposition 19.29 for smooth manifolds with empty boundary.

(2) In the setting of Whitney Approximation Theorem 29.1 (4) we demand that there
exists an open neighborhood of ∂N that does not intersect f(A). In the �gure below
we show a map f : M = S1 → H2 = N which is smooth on A = S1

≤0 but which
cannot be turned into a smooth map without touching the values on A.
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Remark. Proofs of various variations of the Whitney Approximation Theorem 29.1 are
also provided in [Lee2002, Theorem 6.26], [Lee2002, Theorem 9.27], [MTo1997, Lemma A.9],
[Hirs1976, Lemma 5.1.5] and [DFN1985, Theorem 10.1.2].

Before we turn to the proof of the Whitney Approximation Theorem 29.1 it is worth
recalling the following proposition which basically takes care of the case N = Rn.

Proposition 21.10. (Smooth Approximation Proposition) Let M be a smooth
manifold and let f : M → Rn be a map that is smooth on a (possibly empty) closed subset
A. Given any map η : M → R≥0 such that η(x) > 0 for every x 6∈ A there exists a smooth
map f̃ : M → Rn with the following two properties:
(1) The maps f and f̃ agree on A.
(2) For every x ∈M we have ‖f(x)− f̃(x)‖ ≤ η(x).

We break the proof of the Whitney Approximation Theorem 29.1 into two parts. First we
consider the case that ∂N = ∅. Afterwards we deal with the case that ∂N 6= ∅.
Proof of Theorem 29.1 if ∂N = ∅. LetM be a smooth manifold and let N be a smooth
manifold with ∂N = ∅. Let f : M → N be a map that is smooth on a (possibly empty)
closed subset A.

By the Euclidean Embedding Theorem 27.1, together with the Smooth Embedding
Theorem 24.10, we can view N as a smooth submanifold of some Rn. Since ∂N = ∅ we
know by the Neighborhood Projection Theorem 28.1 there exists an open neighborhood U
of N Ă Rn together with a smooth retraction π : U → N .

Since U is open it follows easily from Lemma 10.12 (see also Exercise 2.16) that there
exists a continuous map µ : N → R>0 such that for each y ∈ N we have B

n

µ(y)(y) Ă U .
Next note that by the Smooth Approximation Proposition 21.10 we know that there exists
a map f̃ : M → Rn with the following two properties:
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(a) The maps f and f̃ agree on A.
(b) For every x ∈M we have ‖f(x)− f̃(x)‖ ≤ µ(f(x)).

It is straightforward to verify that the map

F : M × [0, 1] → N

(x, t) 7→ π
(
f(x) · (1− t) + f̃(x) · t︸ ︷︷ ︸

∈U

)
has all the desired properties (1), (2) and (4). Since ∂N = ∅ we see that in our current
setting Statement (3) is vacuous.

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

��
��
��
��

��
��
��
��

����
������ ��

��
��
�� ������

��
��
��

π
f̃

A

N
fM

π
U

Finally we turn to the proof of (5). Thus suppose that we are given a map ρ : M → R≥0

such that ρ(x) > 0 for every x 6∈ A. Furthermore suppose that we are given a metric d on
N that induces the given topology on N . We sketch how one needs to modify the above
argument to obtain that Condition (5) is satis�ed, i.e. we show that can arrange that for
every (x, t) ∈ M × [0, 1] we have d(F (x, t), f(x)) ≤ ρ(x). First we make the following two
observations:

(a) Since ‖−‖ and d give rise to the same topology we obtain from Lemmas 1.2 and 10.12
(see also Exercise 2.16) that there exists a continuous map ν : M → R≥0 such that
for all x ∈M and all y ∈ N with ‖y − f(x)‖ ≤ ν(x) we have d(y, f(x)) ≤ ρ(x).

(b) Since π is smooth one can show without too much e�ort that there exists a continuous
function χ : N → R>0 such that for every y ∈ N and every z ∈ Bµ(y)(y) we have
‖π(z)− y‖ < χ(y) · ‖z − y‖.

Now we apply the Smooth Approximation Proposition 21.10 to the map

η(x) := max
{
µ(f(x)), 1

χ(f(x))
· ν(f(x))

}
and we obtain a suitable smooth map f̃ : M → Rn. As above one can now easily verify
that the map

F : M × [0, 1] → N

(x, t) 7→ π
(
f(x) · (1− t) + f̃(x) · t︸ ︷︷ ︸

∈U

)
has all the desired properties. �

Proof of Theorem 29.1 if ∂N 6= ∅ and X = ∅. Let M be a smooth manifold and let
N be a smooth manifold with ∂N 6= ∅. Let A be a (possibly empty) closed subset such
that there exists an open neighborhood V of ∂N which satis�es f(A)∩ V = ∅. Finally let
f : M → N be a map that is smooth on A.

Note that by the Smooth Collar Neighborhood Theorem 28.3 there exists a collar
χ : [0, 1] × ∂N → N with χ([0, 1] × ∂N) Ă V . As in the proof of the Basics-of-Collars
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Lemma 28.4 (3a) we consider the homotopy

G : N × [0, 1] → N

(Q, s) 7→
{
χ((1− s) · u+ s, R), if Q = χ(u,R) ∈ [0, 1]× ∂N,
Q, if Q ∈ N \ χ([0, 1]× ∂N)

which describes the �obvious� deformation retraction from N to N \ χ([0, 1)× ∂N). Since
χ([0, 1]× ∂N) Ă V and since f(A) ∩ V = ∅ we see that G gives rise to a homotopy rel A
from f = G0 ◦ f to f̃ := G1 ◦ f . Thus we have shown that f is homotopic rel A to a map f̃
that takes values in Ñ := N \ ∂N . By the Smooth Manifold Boundary Proposition 19.26
we know that Ñ is a smooth manifold without boundary. Thus � by the above discussion
of maps to smooth manifolds without boundary � we see that the map f̃ : G1 ◦ f : M → Ñ

is homotopic rel A to a smooth map M → Ñ .
Finally suppose that we are given a map ρ : M → R>0 and suppose that we are given a

metric d on N that induces the given topology on N . Dealing with these extra constraints
requires a more careful choice of γ. We leave it to the reader to �ddle around with our
argument to produce a homotopy that also satis�es Condition (5). �
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Proof of Theorem 29.1 if ∂N 6= ∅ and X 6= ∅. We now suppose that there exists a
union of components X of ∂M with f(X) Ă ∂N . We need to show that we can arrange
that Ft(X) Ă ∂N for all t ∈ [0, 1].

By the Smooth Collar Neighborhood Theorem 28.3 there exist collars µ : [0, 1]×X →M
and ν : [0, 1]× ∂N → N . As above we consider the homotopy

G : N × [0, 1] → N

(Q, s) 7→
{
ν((1− s) · u+ s, R), if Q = ν(u,R) ∈ [0, 1]× ∂N,
Q, if Q ∈ N \ ν([0, 1]× ∂N).

We write f̃ := f |X . Since f̃ : X → ∂M is a map between smooth manifolds without
boundary we know by the above that there exists a homotopy F̃ : X × [0, 1] → ∂M with
F̃0 = f̃ such that F̃1 : X → ∂M is smooth.

It follows from an elementary argument, see Exercise 14.6 or the Trivial-Near-The-Ends-
Lemma 33.4, that we can modify the homotopy F̃ such that there exists an ε > 0 such that
F̃t = F̃1 for all t ∈ [1− ε, 1]. Next we consider the homotopy302

H : M × [0, 1] → N

(x, t) 7→


G(x, t), if x 6∈ µ(X × [0, 1]),

G
(
f
(
µ
(
y,

s− t
2

1− t
2

))
, t
)

if x = µ(y, s) with (y, s) ∈ X × [ t
2
, 1],

ν(F̃ (y, t− 2s), 2s) if x = µ(y, s) with (y, s) ∈ X × [0, t
2
].

302This formula for H is clearly unreadable. Nonetheless, one can easily plug in the neuralgic values and
see, using the Pasting Proposition 2.6, that this map is indeed continuous.
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We set h := H1 : M → N . Note that h is smooth on the closed subset µ([0, ε
2
]× ∂M). We

set M̃ := M \ µ([0, ε
4
)× ∂M) and consider the closed subset Ã := µ([ ε

4
, ε

2
]× ∂M) Ă M̃ .

Note that h(M̃) Ă N \∂N and note that h is smooth on Ã. Thus we can apply the �rst
case to h|M̃ : M̃ → N and we see that h|M̃ is homotopic rel Ã to a smooth map. We extend
this smooth map via h to ∂M × µ([0, ε

4
]) to obtain a map that is de�ned on all of M .

Note that the resulting map is smooth on the open subsets M \ µ([ ε
4
, ε

2
) × ∂M) and

µ([0, ε
2
)× ∂M). Thus it follows from the Smooth Pasting Proposition 19.23 that this map

is smooth.
Some adjustments of the above argument can also take into account the presence of a

closed subset A and a map ρ : M → R>0 and a metric d on N . We leave this fun task to
the reader who is surely tired of reading other people's proofs. �

29.2. Consequences of the Whitney Approximation Theorem 29.1. In this section
we formulate and prove several straightforward but useful consequences of the Whitney
Approximation Theorem 29.1.

Proposition 29.2. (Replace-by-Smooth-Fixed-Point-Free Map Proposition) Let
M be a smooth manifold. Every map f : M → M without �xed points is homotopic to a
smooth map g : M →M without �xed points.

Proof. Let M be a smooth manifold and let f : M → M be a map without �xed points.
By the Manifold Metrization Proposition 18.10 there exists a metric d on M that induces
the given topology onM . Given x ∈M we set ρ(x) := d(x, f(x)). Note that it follows from
the Metric-is-Continuous Lemma 6.1 that ρ is continuous. By the Whitney Approximation
Theorem 29.1 there exists a homotopy F : M × [0, 1]→ M with f = F0 such that g := F1

is a smooth map g : M → M that satis�es the inequality d(f(x), g(x)) < ρ(x) for every
x ∈ M . From the triangle inequality we obtain that d(x, g(x)) > 0 for every x ∈ M . In
other words, g has no �xed points. �

For the reader's convenience we recall the following de�nition from page 433.

De�nition. Let X be a topological space. We say a subset A Ă X is a retract of X if
there exists a retraction r : X → A, i.e. a map with r(a) = a for all a ∈ A.

Proposition 29.3. (Replace-by-Smooth Retraction Proposition) LetM be a smooth
manifold.
(1) Let A be a union of boundary components. If there exists a retraction f : M → A,

then there exists also a smooth retraction g : M → A.
(2) Let B be a proper submanifold of M . If there exists a retraction f : M → B, then

there exists also a smooth retraction g : M → B.
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retraction retraction

Example. Note that in the Replace-by-Smooth Retraction Proposition 29.3 (2) it is essen-
tial that we work with proper submanifolds. For example in Exercise 29.5 we will see that
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for the smooth manifold M = R and the smooth submanifold A = (−∞, 0] there exists a
retraction from M to A but there is no smooth retraction.

The proof of the Replace-by-Smooth Retraction 29.3 makes use of the following lemma,
which is interesting in its own right.

Lemma 29.4. (Smooth-on-Boundary-Submanifold Lemma) Let f : M → N be a
map between two smooth manifolds. We suppose that we are in one of the following two
settings.
(1) We are given a union A of boundary components. We equip A with the standard

smooth structure that we introduced on page 555
(2) We are given a submanifold A ofM . We equip A with the standard smooth structure

that we introduced on page 552.
We denote by ι : A → M the inclusion map. If f ◦ ι : A → N is a smooth map between
smooth manifolds, then f : M → N is smooth on the subset A Ă M in the sense of the
de�nition on page 549.

Remark. the Smooth-on-Boundary-Submanifold Lemma 29.4 is basically the content of
Exercise 19.24.

Proof of the Smooth-on-Boundary-Submanifold Lemma 29.4. We writem = dim(M).
We provide the proof of Statement (1). It should be clear how to modify the proof to
obtain a proof of Statement (2). Now let A be a union of boundary components and
let P ∈ A. Note that basically by de�nition of a boundary point there exists a chart
Φ: U → Bm−1

r × [0, ε) of type (ii) for P ∈M . We denote by π : Bm−1
r × [0, ε)→ Bm−1

r the
natural projection.

The map Ψ := π ◦ Φ ◦ ι : U ∩ ∂M → Bm−1
r is, by de�nition of the smooth structure on

∂M , a chart for ∂M . We denote by Ψ−1 : Bm−1
r → U ∩ ∂M the inverse.

Now we set f̃ := (f ◦ ι) ◦ Ψ−1 ◦ π ◦ Φ. This is a composition of smooth maps between
smooth manifolds, thus it is smooth. Furthermore, by de�nition of Ψ we have f̃ |U∩∂M = f .
We have thus shown that the restriction of f : M → A to A is smooth in the sense of the
de�nition on page 549. �
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f ◦ ι

f
M

U ∩ ∂M

N

∂M

Ψ−1

Bm−1
r × [0, ε) Ψ := π ◦ Φ ◦ ι

π
Φ

U

Proof of the Replace-by-Smooth Retraction 29.3. We provide the proof of State-
ment (1). Again it should be clear how to modify the proof to obtain a proof of Statement
(2). Let M be an n-dimensional smooth manifold and let A be a union of boundary
components. Furthermore let f : M → A be a retraction.

Note that f |A = idA : A→ A is evidently smooth as a map from the smooth manifold
A to itself. It follows from the Smooth-on-Boundary-Submanifold Lemma 29.4 that the
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map f : M → A is smooth on A in the sense of the de�nition on page 549. It follows that
we can apply the Whitney Approximation Theorem 29.1 and we obtain a homotopy rel A
from f to a smooth map g : M → A. Since g is homotopic rel A to the retraction f we see
that g is also a retraction. Thus g is the desired smooth retraction from M to A. �

Proposition 29.5. (Replace-by-Smooth Homotopy Proposition) LetM be a smooth
manifold without boundary and let N be a smooth manifold (with or without boundary).
Let f, g : M → N be two smooth maps that agree on a (possibly empty) closed subset A.
We suppose that there exists an open neighborhood V of ∂N such that f(A) = g(A) is
contained in N \ V .303 If f and g are homotopic rel A, then there exists also a smooth
homotopy rel A between f and g.
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f

Proof. Let f, g : M → N \ ∂N be two smooth maps that agree on a closed subset A and
let Φ: M × [0, 1]→ N be a homotopy rel A.

We �rst consider a special case, namely we suppose that there exists an open neighbor-
hood V of ∂N such that actually f(M) and g(M) are contained in N \ V .

Note that B := (M × {0}) ∪ (A × [0, 1]) ∪ (M × {1}) is a closed subset of M × [0, 1].
Also note that Φ(B) Ă N \ V . Since M has no boundary we see that M × [0, 1] is a
smooth manifold. Finally note that in Exercise 29.2, which is a slight generalization of the
Smooth-on-Boundary-Submanifold Lemma 29.4 (2), we will see that Φ is smooth on B in
the sense of the de�nition on page 549.
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[0, 1]×M

B

M

A

N

g

f
Φ

It follows from the above that we can apply the Whitney Approximation Theorem 29.1
to the map Φ: M × [0, 1] → N and the closed subset B and we see that there exists a
homotopy rel B from Φ to a smooth map Ψ: M × [0, 1] → N . Since it is a homotopy rel
B we see that Ψ|B = Φ|B. But this implies that Ψ is now a smooth homotopy rel A from
Ψ0 = Φ0 = f to Ψ1 = Φ1 = g.

Now we consider the general case. Thus now we only suppose that there exists an open
neighborhood V of ∂N such that f(A) = g(A) is contained in N \ V . By a rather modest
generalization of the Push-Away-from-Boundary Corollary 28.5 one sees that f and g are
smoothly homotopic rel A to maps f ′ and g′ such that there exists an open neighborhood
W of ∂N such that f ′(M) and g′(M) are contained in N \W . By the above special case

303This condition is satis�ed if M is compact and if f and g take values in N \ ∂N . Indeed, in this case
we know by the Compact Image Lemma 2.13 and the Compact-Closed Lemma 1.21 that f(M) ∪ g(M) is
a closed subset of N that is disjoint from the closed subset ∂N . Since topological manifolds are normal,
see Manifold Paracompact-Normal Proposition 18.9 (2), there exists an open neighborhood V of ∂N that
is disjoint from f(M) ∪ g(M).
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we know that f ′ and g′ are smoothly homotopic rel A. Thus in summary we see that f and
f ′, f ′ and g′, g′ and g are smoothly homotopic rel A. It is not hard to show that �smoothly
homotopic rel A� is an equivalence relation304, thus we see that f and g are indeed smoothly
homotopic rel A. �

Proposition 29.6. (Replace-by-Smooth Vector Field Proposition) Let M be a
smooth manifold. If M admits a nowhere-vanishing vector �eld, then it also admits a
smooth nowhere-vanishing vector �eld.

Proof. Let M be a smooth manifold and let v be a nowhere vanishing vector �eld. By the
Euclidean Embedding Theorem 27.1 together with the Smooth Embedding Theorem 24.10
we can view M as a smooth submanifold of some Rn. Furthermore by the Tangent Space-
Isomorphism Proposition 23.16 and Lemma 23.18 we can take the view of (smooth) vector
�elds that take values in the physical tangent spaces T̃PM . Note that each T̃PM is a
subspace of Rn. Thus the vector �eld v is in particular a map M → Rn.

We apply the Whitney Approximation Theorem 29.1 to the map v : M → Rn and the
map ρ : M → R>0 that is given by ρ(x) := 1

2
·‖v(x)‖. We obtain a smooth map w : M → Rn

with the following property:
(∗) For every x ∈M we have ‖v(x)− w(x)‖ ≤ 1

2
· ‖v(x)‖.

����

v(P )
possible values for w(P )

M
P

Finally we consider the map

w̃ : M → Rn

P 7→ orthogonal projection of w(P ) onto T̃PM .

Using an argument as in the proof of the Normal Vectors Lemma 28.2 one can show that
this map is in fact smooth. It is elementary to see, using (∗), that for every P ∈ M we
have w̃(P ) 6= 0. Thus we have found a nowhere-vanishing smooth vector �eld on M . �

29.3. More consequences of the Whitney Approximation Theorem 29.1. We con-
clude this section with two and a half more technical re�nements and consequences of the
Whitney Approximation Theorem 29.1. These results are interesting in their own right,
but the reader might want to skip them initially.

Proposition 29.7. Let M be a smooth manifold (with or without boundary) and let N
be a smooth manifold without boundary. Furthermore let f : M → N be a map. Finally
let A and X be disjoint closed subsets of M such that the restriction of f to A is smooth
and let U Ă N be an open subset that contains f(M \ X). There exists a homotopy
F : M × [0, 1]→ N with the following properties:
(1) The homotopy is a homotopy rel X ∪ A.
(2) We have F0 = f .
(3) The restriction of F1 to the open subset M \X is smooth.305

(4) For each t ∈ [0, 1] we have Ft(M \X) Ă U .

304We will provide the details in the Smooth Isotopy Transitivity Proposition 33.3
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graph of F1graph of f

A XXA X
M

N

M

N

X

Remark. If X = ∅ and U = N , then the statement of Proposition 29.7 is precisely the
statement of the Whitney Approximation Theorem 29.1 (1)-(4).

Proof. First we consider the case that U = N . By the Manifold Metrization Proposi-
tion 18.10 we can pick a metric c on M such that the topology from the metric c agrees
with the given topology on M . The same way we can pick a metric d on N . We consider
the open subset W := M \X and we view it as a smooth manifold. Since X 6= ∅ we can
consider the function

ρ : W → R≥0

w 7→ ρ(w) := c(w,X) = inf{c(w, x) |x ∈ X}.

Since X is closed and since the topology de�ned by c agrees with the topology on M we
see that ρ(w) > 0 for every w ∈ W . By the Distance-to-Subspace Lemma 6.2 we know
that ρ : M → R≥0 is continuous. Since N is a smooth manifold without boundary we can
apply the Whitney Approximation Theorem 29.1 to the map f : W → N and we obtain
that there exists a homotopy G : W × [0, 1]→ N with the following properties:

(a) The homotopy is a homotopy rel A.
(b) We have G0 = f |W .
(c) The map G1 : W → N is smooth.
(d) For every (w, t) ∈ W × [0, 1] we have d(G(w, t), f(w)) ≤ ρ(w).

It follows easily from (d) and the de�nition of ρ that the map

F : M × [0, 1] → N

(x, t) 7→
{
G(x, t), if x ∈ W,
f(x), if x ∈ X

is continuous. Now it is straightforward to verify that this map has all the desired proper-
ties.

Finally we consider the case that U 6= N . In this case we consider the map

ρ : W → R≥0

w 7→ ρ(w) := min{c(w,X), d(f(w), N \ U)}.

Since U is open and since f(W ) Ă U we see that ρ is again non-zero everywhere. The rest
of the argument is basically the same and it follows from (d) that for each t ∈ [0, 1] we
have Ft(M \X) Ă U . �

305Since X is closed we see that M \ X is an open subset of M , thus we can view M \ X as a smooth
manifold in its own right.
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Loosely speaking the following proposition says that a mapM → X from a smooth manifold
to a topological space X can be made smooth with respect to open balls Bn contained in
X.
Proposition 29.8. Let M be a smooth manifold and let f : M → X be a map to a
Hausdor� space X. Let ϕ : B

n → X be an injective map such that ϕ(Bn) is an open
subset of X. Given any r ∈ (0, 1) there exists a map g : M → X with the following
properties:
(1) g is homotopic to f rel the complement of f−1(ϕ(Bn

r )) in M ,
(2) the map f−1(ϕ(Bn

r )) → Bn
r

x 7→ ϕ−1(g(x))

is smooth.
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XM B
n

f

f−1(ϕ(B
n
))

ϕ

Proof. Since B
n
is compact, since X is Hausdor� and since ϕ : B

n → X is injective we
know by the Compact-Hausdor� Proposition 2.17 (2) that ϕ is a closed embedding. Thus
we might as well identify B

n
with its image under the map ϕ : B

n → X. Now let r ∈ (0, 1).
By the Open -Closed Inclusion Lemma 2.10 we know that Bn

r is also an open subset of
X. Furthermore, note that it follows from the fact that X is Hausdor�, together with the
Compact-Closed Lemma 1.21 (1), that B

n

r and B
n
are a closed subsets of X. We consider

the map

α : M → B
n
/Sn−1

x 7→
{
f(x), if x ∈ f−1(Bn),
[Sn−1], if x ∈M \ f−1(Bn).

Note that α is continuous.306 Next note that by the Ball-Quotient Sphere Lemma 5.20 we
can view B

n
/Sn−1 as a smooth manifold such that Bn is a submanifold. Therefore we can

apply Proposition 29.7 to the map α : M → B
n
/Sn−1 with A = ∅, with the closed subset

X = M \ f−1(Bn
r )307 and with the open subset U = Bn

r Ă N . We obtain a homotopy
F : M × [0, 1]→ B

n
/Sn−1 with the following properties:

(1) The homotopy is a homotopy rel X = M \ f−1(Bn
r ).

(2) We have F0 = α.
(3) The restriction of F1 to M \X = f−1(Bn

r ) is smooth.
(4) For each t ∈ [0, 1] we have Ft(f−1(Bn

r )) Ă Bn
r .

306Indeed, the restrictions of α to the closed subsetM \f−1(Bn) is a constant map and the restriction of α
to the closed subset f−1(B

n
) is given by the composition of the map f with the projection B

n → B
n
/Sn−1.

Therefore we obtain from the Pasting Proposition 2.6 (2) that α is indeed continuous.
307Note the discrete subscript �r�.
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Finally we consider the map

G : M × [0, 1] → X

(x, t) 7→
{
F (x, t), if x ∈ f−1(Bn

r )
f(x), if x ∈M \ f−1(Bn

r ).

Note that the restrictions of the map G to the two closed subsets (M \f−1(Bn
r ))× [0, 1] and

f−1(B
n

r )×[0, 1] are continuous.308 Thus we obtain from the Homotopy Stacking Lemma 14.3
that G is continuous. It is now straightforward to verify that g := G1 has all the desired
properties. �

The following proposition is a slight variation on Proposition 29.8.
Proposition 29.9. Let M be a smooth manifold and let f : M → X be a map to a
Hausdor� space X. Let n ∈ N and let ∗ ∈ Sn be a point. Finally let ϕ : Sn → X be an
injective map such that ϕ(Sn\{∗}) is an open subset of X. There exists a map g : M → X
with the following properties:
(1) g is homotopic to f rel the complement of f−1(ϕ(Sn \ {∗})) in M ,
(2) the map f−1(ϕ(Sn \ {∗})) → Sn \ {∗}

x 7→ ϕ−1(g(x))

is smooth.
Proof. We leave it to the reader to modify the proof of Proposition 29.8 to obtain the
desired result, see Exercise 29.1. As the reader will notice, in this case there is no need to
work with some r ∈ (0, 1). In particular the conclusion we get is slightly more satisfactory.

�

Example. Let
k∨
i=1
Sni be a wedge of spheres. We denote by ∗ the wedge point. Let M be a

smooth manifold and let f : M →
k∨
i=1
Sni be a map. By iteratively applying Proposition 29.9

altogether k times we see that f is homotopic rel f−1(∗) to a map that is smooth on the
open sets f−1(Sni \ {∗}), i = 1, . . . , k.
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S1 ∨ S2M f

Lemma 29.10. (Preimage-of-Point-in-Ball Lemma) LetM be an orientable n-dimen-
sional smooth manifold, let f : M → X be a map to some Hausdor� space X, let

308For nervous people, like the author, let us verify in slightly greater detail that the restriction of G to
f−1(B

n

r )× [0, 1] is indeed continuous. First note that by (4) the restriction of the map F to f−1(Bnr )× [0, 1]
takes values in Bnr . It follows from the Closure-Interior Mapping Lemma 2.5 and Exercise 5.16 that the
restriction of the map F to f−1(B

n

r )× [0, 1] takes values in the closure of Bnr in B
n
/Sn−1. Since r ∈ (0, 1)

we see that the closure equals B
n

r Ă Bn. Now we see that the restriction of the map G to f−1(B
n

r )× [0, 1]

equals the composition of the map F : f−1(B
n

r )× [0, 1]→ B
n

r with the inclusion B
n

r → X.
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ϕ : Bk → X be a map and let x ∈ ϕ(Bk) be a point such that the following conditions are
satis�ed:
(1) the image ϕ(Bk) is an open subset of X,
(2) the restriction of f to f−1(ϕ(Bk)) is a smooth map.

Then f−1(x) is a proper (n− k)-dimensional submanifold of M .
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Bk

ϕ
U = f−1(ϕ(Bk))

M

f

xf−1(x)

X

Proof. Note that U := f−1(ϕ(Bk)) is an open subset of M , in particular, as discussed in
the Open Subset-Submanifold Lemma 19.19, it is a smooth manifold in its own right. It
follows from this observation and (3) that we can apply the Regular Value Theorem 26.4.
We obtain that f−1(x) is a proper orientable (n − k)-dimensional submanifold of U . In
particular f−1(x) admits submanifold charts of type (α) and (β), as de�ned on page 524,
with respect to the smooth manifold U . Since U is an open subset of M we see that these
submanifold charts are also submanifold charts of the same type for the set f−1(x), viewed
as a subset of M .

SinceX is by hypothesis Hausdor� we know, by the Points-in-Hausdor� Space Lemma 1.15
(1) that {x} is a closed subset of X. Finally, since f is of course understood to be contin-
uous on all of M we obtain that f−1(x) is a closed subset of M . In other words, we have
shown that f−1(x) satis�es all the conditions, as set out on page 525, of being a proper
submanifold of M . �

Exercises for Chapter 29.

Exercise 29.1. Provide a proof for Proposition 29.9.

Exercise 29.2. Let M and N be two smooth manifolds. We assume that ∂M = ∅.
Furthermore let f, g : M → N be two smooth maps that agree on a subset A and let
Φ: M × [0, 1] → N be a homotopy rel A. Show that Φ is smooth, in the sense of the
de�nition on page 549, on the subset (M × {0}) ∪ (A× [0, 1]) ∪ (M × {1}) of M × [0, 1].

Exercise 29.3. In the �gure below we show an explicit smooth manifold M together with
a boundary component A and a submanifold B.
(a) Is A a retract of M?
(b) Is B a retract of M?
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Exercise 29.4. Let M be a smooth manifold. The Smooth Path-Connectivity Proposi-
tion 19.29 says that every map γ : [a, b] → M is homotopic rel the endpoints {a, b} to a
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smooth map. Give a new proof using the Whitney Approximation Theorem 29.1 and the
Smooth Collar Neighborhood Theorem 28.3.

Exercise 29.5. We consider the smooth manifold R and the smooth submanifold (−∞, 0].
(a) Show that there exists a retraction from R to (−∞, 0].
(b) Show that there is no smooth retraction from R to (−∞, 0].
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30. Subsets of measure zero

Evidently a smooth manifold does not come with a natural notion of a �measure� or �vol-
ume�. But perhaps somewhat surprisingly we will see that it makes perfect sense to talk of
subsets of �measure zero� and of �full measure� of a smooth manifold. We will see that the
image of a smooth map f : M → N with dim(M) < dim(N) has �measure zero�, and that
this implies, that N \ f(M) is dense. This fact is surprisingly useful. In particular we will
use it to show in the Weak Whitney Embedding Theorem 30.7 that every m-dimensional
smooth manifold admits a smooth embedding M → R2m+1.

The notion of subsets of measure zero also plays an essential role in the formulation of
Sard's Theorem 31.1 that we will state and prove in the next chapter.
30.1. Sets of measure zero and the Weak Whitney Embedding Theorem.

De�nition.
(1) Let r ∈ R≥0. An open cube of side length r is any subset of Rm of the form

(c1, c1 + r)× · · · × (cm, cm + r). We de�ne the volume of such an open cube as

vol((c1, c1 + r)× · · · × (cm, cm + r)) := rm.

(2) Given a countable family {ri}i∈I of non-negative real numbers we set∑
i∈I
ri := sup

{ ∑
j∈J

rj

∣∣∣ J Ă I is a �nite subset
}
∈ R≥0 ∪ {∞}.

(3) Let X Ă Rm be a subset. We say that X has measure zero if given any ε > 0 there
exists a countable family {Ai}i∈I of open cubes such that X Ă

⋃
i∈I
Ai and such that∑

i∈I
vol(Ai) < ε. This de�nition is illustrated in the �gure below.

(4) Let M be an m-dimensional smooth manifold.
(a) We say that a subset X Ă M is a subset of measure zero if for every chart

Φ: U → V from the smooth atlas the set Φ(X ∩ U) is a subset of measure zero
of Rm.

(b) We say that a subset X Ă M is a subset of full measure if M \X is a subset of
measure zero.

(5) Let P be a property of points in M . We say that almost every point in M has
property P if the set of points which satisfy P has full measure.
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X has measure zero

Ai

Example.
(1) Let n ≥ 1 and let {P = (p1, . . . , pn)} be a one-point subset of Rn. Since {P} is

contained in any open cube (p1 − ε, p1 + ε)× (pn − ε, pn + ε) of volume (2ε)n we see
that {P} is a subset of measure zero.

(2) Let M be a smooth manifold of dimension ≥ 1. Using (a) it is straightforward to
show that any �nite subset of M has measure zero.
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In the following we formulate three propositions which contain almost everything anybody
ever wanted to know about subsets of measure zero. We will provide the proofs in the next
section.
The de�nition of �measure zero� is not very practical since one needs to verify a certain
condition for every chart. Our �rst proposition greatly simpli�es life, namely it says, that
it su�ces to consider enough charts to cover all of M .

Proposition 30.1. (Measure Zero-via-Atlas Proposition) LetM be anm-dimensional
smooth manifold and let X Ă M be a subset. If there exists a family of smooth charts
{Φi : Ui → Vi}i∈I with the following two properties:
(1) for each i ∈ I the set Φi(X ∩ Ui) is a subset of measure zero of Rm,
(2) we have X Ă

⋃
i∈I
Ui,

then X has measure zero.
The second proposition summarizes a few basic properties of subsets of measure zero.

Proposition 30.2. (Measure-Zero Properties Proposition) Let M be an m-dimen-
sional smooth manifold.
(1) If X is a subset of measure zero of M , then so is every subset of X.
(2) (a) The union of countably many subsets of measure zero is a subset of measure

zero.
(b) The intersection of countably many subsets of full measure is a subset of full

measure.
(3) (a) Let f : M → N be a smooth map between smooth manifolds of the same di-

mension. If X is a subset of measure zero in M , then f(X) has measure zero
in N .

(b) If f : M → N is a di�eomorphism, then X Ă M has measure zero (respectively
full measure) if and only if f(X) does.309

(4) If f : M → N is a smooth map between smooth manifolds and if dim(M) < dim(N),
then f(M) is a subset of measure zero in N . In other words, N \ f(M) is a subset
of full measure.

Example. Let N be a smooth manifold and letM be a submanifold of N of codimension at
least one. By the Submanifold Smooth Structure Lemma 19.24 the inclusion map ι : M →
N is smooth. Therefore it follows from the Measure-Zero Properties Proposition 30.2 (4)
that M Ă N has measure zero.

We conclude this section with one last proposition on subsets of measure zero.

Proposition 30.3. (Full Measure-Density Proposition) LetM be an m-dimensional
smooth manifold.
(1) Given any subset X of measure zero of M the complement M \X is dense in M .310

(2) Every subset of M of full measure is dense in M .

309In Exercise 30.3 we will see that the conclusion does not hold if we replace �di�eomorphism� by �home-
omorphism�.
310By Lemma 1.12 this is equivalent to saying that the interior of X is the empty set.
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the complement of the image
of a smooth map is dense

f
M M

Remark. The above propositions show that on smooth manifolds there is a sensible notion
of subsets of measure zero. Denis Sullivan [Sul1979, p. 549] showed that for dimensions
n 6= 4 any n-dimensional topological manifold has an essentially unique �Lipshitz structure�,
which makes it possible to again introduce a sensible notion of subsets of measure zero. We
will not make use of this fact.

30.2. Proof of Propositions 30.1, 30.2 and 30.3. We start out with the following
self-explanatory de�nition.

De�nition. Let r ∈ R≥0. A closed cube of side length r is any subset of Rm of the form
[c1, c1 + r]× · · · × [cm, cm + r]. We de�ne the volume of such a closed cube as

vol([c1, c1 + r]× · · · × [cm, cm + r]) := rm.

The following lemma contains some very basic statements about subsets of measure zero.

Lemma 30.4. (Measure Zero-Basics Lemma)
(1) If C is a subset of measure zero of Rm, then so is every subset of C.
(2) If {Ci}i∈I is countable family of subsets of Rm of measure zero, then

⋃
i∈I
Ci also has

measure zero.
(3) Let C be a subset of measure zero of Rm and let σ ∈ Sm be a permutation. Then

{(x1, . . . , xm) ∈ Rm | (xσ(1), . . . , xσ(m)) ∈ C}
also has measure zero.

(4) Let C be a subset of Rm. If given any ε > 0 there exists a countable family {Ai}i∈I of
closed cubes such that X Ă

⋃
i∈I
Ai and such that

∑
i∈I

vol(Ai) < ε, then C has measure
zero.

Proof.

(1) This statement is trivial.
(2) Let {Xi}i∈I be a countable family of subsets of measure zero of Rm. Using the fact

that
∑
k∈N

1
2k

= 1 it is straightforward to show that
⋃
i∈I
Xi is also a subset of measure

zero.
(3) This statement is clear since permuting coordinates turns cubes into cubes of the

same volume.
(4) This statement follows from the straightforward observation that any closed cube is

contained in an open cube of at most twice the volume. �

Lemma 30.5. Let A Ă Rn be a measure zero subset and let f : A → Rn be a smooth
map. Then f(A) also has measure zero.
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Remark. The conclusion of Lemma 30.5 does not hold if we replace �smooth� by �contin-
uous�:
(1) It is clear that I = {(x, 0) |x ∈ [−1, 1]} Ă R2 has measure zero, but in Theorem 6.13

we saw that there exists a space-�lling curve, i.e. a map I → [0, 1]2 that is surjective.
But, as we will see in the Cubes-are-Not-Measure Zero Proposition 30.6, [0, 1]2 Ă R2

does not have measure zero.
(2) In Exercise 30.3 we will see that there exists a homeomorphism [0, 1] → [0, 2] and a

measure zero subset C Ă [0, 1] such that f(C) does not have measure zero.

Proof. Let A Ă Rn be a measure zero subset and let f : A → Rn be a smooth map. We
need to show that f(A) also has measure zero. First let P ∈ A. By de�nition of a smooth
map there exists an open neighborhood Up and a smooth function f : UP → Rn which
agrees with the original f on A∩UP . Next we pick r > 0 such that VP := B

n

r (P ) Ă UP . By
the Second Countability Lemma 9.1 we know that A is second-countable. Thus it follows
from the Countable Covering Lemma 9.2 that there exist countably many P ∈ A such that
A is covered by the VP . Therefore, by the Measure Zero-Basics Lemma 30.4 it su�ces to
show that each f(VP ∩ A) has measure zero.
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smooth
f

A

VP

P

So let P ∈ A, let VP = B
n

r (P ) and let f : UP → Rn be as above. Given a matrix
A ∈ M(n× n,R) we de�ne its norm as

‖A‖ := max{‖Av‖ | v ∈ Sn−1} ∈ R≥0.

In Exercise 2.45 (h) we saw that the norm is a continuous map on M(n×n,R). Thus, since
VP is compact, it follows that by the Compact Image Lemma 2.13 we can set

M := max{‖DfP‖ |P ∈ VP}.

Claim. For every x, x′ ∈ Bn

r (P ) we have

‖f(x)− f(x′)| ≤ M · ‖x− x′‖.
Proof. Let x, x′ ∈ Bn

r (P ). We set v := x′ − x. We perform the following calculation:

Fundamental Theorem of Calculus Chain Rule 19.10 Integral Inequality Lemma 0.16

↓ ↓ ↓
‖f(x)− f(x′)‖ =

∥∥∥ t=1∫
t=0

d
dtf(x+ tv) dt

∥∥∥ =
∥∥∥ t=1∫
t=0

Dfx+tv · v dt
∥∥∥ ≤ t=1∫

t=0

‖Dfx+tv · v‖ dt

≤
t=1∫
t=0

‖Dfx+tv‖ · ‖v‖ dt ≤
t=1∫
t=0

M · ‖v‖ dt = M · ‖v‖ = M · ‖x− x′‖.
↑ ↑

Exercise 2.45 (a) de�nition of M �
Let ε > 0. We pick δ > 0 with δ · (2M)n ≤ ε. By the Measure Zero-Basics Lemma 30.4

(1) we know that A∩VP is a subset of measure zero. Therefore there exists a countable set of
closed cubes {Ci}i∈N with A∩ VP Ă

⋃
i∈N
Ci and with

∑
i∈N

vol(Ci) < δ. After possibly splitting

each closed cube Ci into smaller closed cubes we can assume that each Ci is contained in
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UP .311 It follows from the claim, together with an elementary geometric argument regarding
diameters and cubes, that the image f(Ci) of the cube Ci is contained in a cube Wi whose
side length is 2M -times larger than the side length of Ci. In other words, f(Ci) is contained
in a closed cube with vol(Wi) = (2M)n · vol(Ci). We now see that

f(A ∩ VP ) Ă f
( ⋃
i∈N
Ci

)
=

⋃
i∈N
f(Ci) Ă

⋃
i∈N
Wi.

The following calculation, together with the Measure Zero-Basics Lemma 30.4 (4), com-
pletes the proof:

∞∑
i=1

vol(Wi) =
∞∑
i=1

(2M)n · vol(Ci) = (2M)n ·
∞∑
i=1

vol(Ci) < (2M)n · δ ≤ ε.
�
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Now we can provide the proofs of Propositions 30.1 and 30.2.

Proof of the Measure Zero-via-Atlas Proposition 30.1. LetM be anm-dimensional
smooth manifold ad let X Ă M be a subset. Suppose that there exists a family of smooth
charts {Φi : Ui → Vi}i∈I such that the following two conditions hold:
(1) for each i ∈ I the set Φi(X ∩ Ui) is a subset of measure zero of Rm,
(2) we have X Ă

⋃
i∈I
Ui.

Note that it follows from the Second Countability Lemma 9.1 together with the Countable
Covering Lemma 9.2 that X is already covered by countably many of the Ui. Thus we
might as well assume that I is countable.

We need to show that X has measure zero. Thus let Ψ: A→ B be a smooth chart. We
need to show that Ψ(A ∩X) has measure zero in Rm. Note that

Ψ(A ∩X) = Ψ
( ⋃
i∈I

(Ui ∩X)
)

= Ψ
( ⋃
i∈I

Φ−1
i (Φi(Ui ∩X))

)
=
⋃
i∈I

(Ψ ◦ Φ−1
i︸ ︷︷ ︸

smooth

)( Φi(Ui ∩X)︸ ︷︷ ︸
measure zero by (1)

)

︸ ︷︷ ︸
measure zero by Lemma 30.5

Since I is countable we now obtain from the Measure Zero-Basics Lemma 30.4 that Ψ(A∩X)
does indeed have measure zero. �

Proof of the Measure-Zero Properties Proposition 30.2. LetM be anm-dimensional
smooth manifold.
(1) Let X be a subset of measure zero of M . It follows almost immediately from the

Measure Zero-Basics Lemma 30.4 (1) that any subset of X also has measure zero.

311This can be seen as follows. Since UP is open and since VP Ă UP is compact we see that there exists an
ε > 0 such that every closed cube that intersects VP and which has side length < ε is actually contained
in UP . Now let C be a cube of side length d. We pick m ∈ N such that d

m < ε and we break C into mn

closed cubes of side length d
m . Now we only take those cubes which have non-empty intersection with VP .
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(2) (a) It follows easily from the Measure Zero-Basics Lemma 30.4 (2) and the de�nitions
that the union of countably many subsets of measure zero is again a subset of
measure zero.

(b) It follows from (a) and de Morgan's Laws 0.1 that the intersection of countably
many subsets of full measure is again a subset of full measure.

(3) (a) Let f : M → N be a smooth map between smooth manifolds of the same dimen-
sion and let X be a subset of measure zero in M . We need to show that f(X)
has measure zero in N . Let Ψ: A → B be a smooth chart for N . We need to
show that Ψ(A ∩ f(X)) has measure zero in Rn. By the Countable Covering
Lemma 9.2 we know that M admits a countable smooth atlas {Φi : Ui → Vi}i∈I .
Now we see that

Ψ(A∩f(X)) = Ψ
( ⋃
i∈I
f
(
f−1(A)∩X∩Ui

))
= Ψ

( ⋃
i∈I
f
(
Φ−1
i (Φi(f

−1(A)∩X∩Ui))
))

=
⋃
i∈I

(Ψ ◦ f ◦ Φ−1
i︸ ︷︷ ︸

smooth

)(Φi(f
−1(A) ∩X ∩ Ui)︸ ︷︷ ︸

measure zero by (1)

)

︸ ︷︷ ︸
measure zero by Lemma 30.5

It follows from the Measure Zero-Basics Lemma 30.4 (2) that Ψ(A∩ f(X)) does
indeed have measure zero.

(b) This statement is an immediate consequence of (a).
(4) LetM and N be two smooth manifolds with m := dim(M) < dim(N) =: n. Further-

more let f : M → N be a smooth map. We need to show that f(M) is a subset of
measure zero inN . We consider the n-dimensional smooth manifoldW := M×Rn−m.

It follows from n − m > 0 and the discussion on page 762 that {0} Ă Rn−m is
a subset of measure zero. Using product charts and using the Measure Zero-via-
Atlas Proposition 30.1 it follows easily that M × {0} is a subset of measure zero of
W = M × Rn−m. Now consider the smooth map g : W = M × Rn−m → N that is
given by g(x, v) = f(x). Evidently g(M × {0}) = f(M). It follows from the above
and (3a) that g(M × {0}) has measure zero in N . �

For the proof of the Full Measure-Density Proposition 30.3 we need the following subtle
proposition.

Proposition 30.6. (Cubes-are-Not-Measure Zero Proposition) If Q is a closed cube
with side length > 0, then Q does not have measure zero.

Proof. The statement of the proposition follows of course from standard theory of Lebesgue
measures. In the following we give a self-contained proof which in [GP1974, p. 203] gets
attributed to John von Neumann. Let Q be a closed cube with side length q > 0 in
Rm. Suppose that we have a countable covering Q Ă

⋃
i∈I
Ci by open cubes. Given i ∈ I we

denote by ci the side length of Ci. It su�ces to prove the following claim.

Claim. We have the inequality
∑
i∈I
cmi ≥ qm.

Proof. Since Q is compact we see that Q is covered by �nitely many Ci. Thus we can
assume that I = {1, . . . , k} and that Q Ă C1 ∪ · · · ∪ Ck. Given n ∈ N we set

Xn := ( 1
n
· Z)m = {(r1, . . . , rm) | r1, . . . , rm ∈ 1

n
Z}.
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We make the following crucial observation: Given any cube D Ă Rm, closed or open, of
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closed cube Q open cubes C1, . . . , Ck

side length d we have312

(∗)
⌈
d · n

⌉m ≥ #(D ∩Xn) ≥
⌊
d · n

⌋m
.

Now we see that
k∑
i=1

⌈
ci · n

⌉m ≥
k∑
i=1

#(Xn ∩ Ci) ≥ #
(
Xn ∩

k⋃
i=1

Ci

)
≥ #(Xn ∩Q) ≥ br · ncm.

↑ ↑ ↑
by (∗) since Q Ă C1 ∪ · · · ∪ Ck by (∗)

Using the inequalities x+ 1 ≥ dxe and bxc ≥ x− 1 we see that
k∑
i=1

(ci · n+ 1)m ≥ (r · n− 1)m.

If we now divide both sides by nm and if we take the limit n → ∞, then we obtain the

promised inequality
k∑
i=1
cmi ≥ qm. �

Proof of the Full Measure-Density Proposition 30.3. Let M be an m-dimensional
smooth manifold and let X be a subset. We will show that if M \ X is not dense, then
X cannot have measure zero. If M \X is not dense, then there exists an open non-empty
subset W of M which has empty intersection with M \X. In other words, W Ă X. Now
let Φ: U → V be a smooth chart with U Ă W . Since V = Φ(U) is an open non-empty
subset of Rm it contains a closed cube C with side length > 0. It follows from the Cubes-
are-Not-Measure Zero Proposition 30.6 that V = Φ(U) is not a subset of measure zero.
Since V = Φ(U) Ă W Ă X we obtain from the Measure Zero-Basics Lemma 30.4 that X
is not a subset of measure zero. �

�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������

�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������

����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����

����
����
����
����
����
����
����

����
����
����
����
����
����
����

������
������
������

������
������
��������������

����
����
����

����
����
���� C

V
Φ

W

X

M

30.3. The Weak Whitney Embedding Theorem. In the Euclidean Embedding Theo-
rem 27.1 we saw that every smooth manifold M can be properly smoothly embedded into
some Rn. For compact manifolds the following proposition nails down n in terms of the
dimension of M .
Theorem 30.7. (WeakWhitney Embedding Theorem) Everym-dimensional smooth
manifoldM admits a smooth embedding f : M → R2m+1 such that f(M) is a closed subset
of R2m+1.

312This observation follows from the fact that given any interval I Ă R of length d we have

dd · ne ≥ #
(
I ∩

{
x ∈ 1

n · Z
})
≥ bd · nc.
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Remark.

(1) In the Covering Dimension-of-Manifolds Proposition 27.7 we showed that the covering
dimension of an m-dimensional topological manifold M is ≤ m. As we already
mentioned on page 727 it follows almost immediately from the Euclidean Embedding
Theorem 11.13 for Topological Spaces that there exists a closed embedding M →
R2m+1. The Weak Whitney Embedding Theorem 30.7 betters the result in the sense
that for smooth manifolds it provides a smooth embedding into R2m+1.

(2) The fact that the dimension 2m + 1 appears in the Euclidean Embedding Theo-
rem 11.13 for Topological Spaces and the Weak Whitney Embedding Theorem 30.7
suggests that it is a dimension barrier that is hard to break. In fact the Strong
Whitney Embedding Theorem ??, which is signi�cantly harder to prove, shows that
for smooth manifolds we can improve the dimension by 1, namely it says that any
m-dimensional smooth manifold admits a smooth embedding into R2m.

(3) Later on we will prove some negative results, for example in Propositions 123.11 and
the Topological Codimension-One Orientability Proposition 124.5 we will see that
the real projective space RPn does not admit a smooth embedding into Rn+1.

The proof of the Weak Whitney Embedding Theorem 30.7 requires the following lemma,
which is perhaps of interest in its own right.

Lemma 30.8. Let M be an m-dimensional smooth submanifold of Rn. We consider the
vectors v ∈ Sn−1 with the following two properties:
(1) v does not lie in any tangent space T̃PM .
(2) v is not secant to M , in other words, for any two distinct points x, y ∈ M the

di�erence x− y is not parallel to v.
If n > 2m+ 1 the set of such vectors is dense in Sn−1.

�
�
�
�

��

��
��
��
��tangentsecant

M

Proof of Lemma 30.8. Let M be an m-dimensional submanifold of Rn. We start out
with the following claim.

Claim. The subsets313

(1) X := {(P,w) |P ∈M,w ∈ T̃PM \ {0}} Ă Rn × Rn

(2a) Ya := {(x, y) ∈M × (M \ ∂M) |x 6= y} Ă Rn × Rn

(2b) Yb := {(x, y) ∈M × ∂M |x 6= y} Ă Rn × Rn

are smooth submanifolds of Rn × Rn of dimension ≤ 2m.

Proof. First we consider X. Thus let (P,w) ∈ X. We pick a submanifold chart Φ: U → V
around P ∈M . The map

Ψ: U × (Rn \ {0}) → V × (Rn \ {0})
(x, v) 7→ (Φ(x),DΦx(v))

313This claim is closely related to Exercises 19.29 and 19.30.
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is easily seen to be smooth and, using Φ−1, one can easily write down a smooth inverse.
Thus we see that Ψ is a di�eomorphism. Up to a permutation of coordinates the map Ψ is
a 2m-dimensional smooth submanifold chart for (P,w) ∈ X.

Now we turn to Ya and Yb. Using products of submanifold charts one can easily show
that the product of two smooth submanifolds of Rn, where at most one has non-empty
boundary, is a smooth submanifold of Rn × Rn of the obvious dimension. The subsets
Ya and Yb are open subsets of such products, thus they are smooth submanifolds with
dim(Ya) = 2m and dim(Yb) = 2m− 1. �

In the following we suppose that n > 2m+ 1. We consider the maps314

f : X = {(P,w) |P ∈M,w ∈ T̃PM \ {0}} → RPn−1 = (Rn \ {0})/(R \ {0})
(P,w) 7→ [w]

and ga : Ya = {(x, y) ∈M × (M \ ∂M) |x 6= y} → RPn−1

(x, y) 7→ [x− y]
gb : Yb = {(x, y) ∈M × ∂M |x 6= y} → RPn−1

(x, y) 7→ [x− y].

On page 564 we equipped RPn−1 with a standard smooth structure and thus we can view
RPn−1 as an (n − 1)-dimensional smooth manifold. As we just showed in the claim, the
domains X, Ya and Yb of the above maps are smooth submanifolds of R2n = Rn × Rn of
dimension ≤ 2m. It follows from the discussion on page 564 that the maps f , ga and gb are
smooth. Since 2m < n−1 we obtain from Proposition 30.3 together with the Measure-Zero
Properties Proposition 30.2 (2) that the complement of the union of the images of f , ga
and gb is dense.

Let p : Sn−1 → RPn−1 be the projection . One can easily show, see Exercise 5.31, that
the preimage of a dense subset of RPn−1 is a dense subset of Sn−1. The lemma now follows
from the above discussion and the observation that we have the following equality:

set of vectors in Rn \ {0}
that satisfy (1) and (2) = p−1(complement of the images of f , ga and gb).

�

Now we turn to the proof of the Weak Whitney Embedding Theorem 30.7. As always,
the case that M is compact is easier, so let us treat it �rst.

Proof of the Weak Whitney Embedding Theorem 30.7 if M is compact. Let M
be an m-dimensional smooth manifold. We claim that we can smoothly embed M into
R2m+1. By the Euclidean Embedding Theorem 27.1 together with the Smooth Embedding
Theorem 24.10 we can assume that M is already a submanifold of some Rn. If n ≤ 2m+ 1
there is nothing to prove, so we may assume that n > 2m+ 1. By Lemma 30.8 there exists
a non-zero vector v ∈ Rn which does not lie in any tangent space T̃PM and that is not
secant to M , in other words, for any two distinct points x, y ∈ M the di�erence x − y is
not parallel to v.

We consider the projection of Rn onto the orthogonal complement of v, i.e. we consider
the projection p : Rn → v⊥ = {w ∈ Rn | 〈w, v〉 = 0}

u 7→ u− 〈u, v〉 · v
‖v‖2 .

314Here we use the identi�cation Rn \ {0})/(R \ {0}) = RPn−1 := Sn−1/{±1} from page 255.
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Since v does not lie in any tangent space T̃PM we see that p : M → v⊥ is an immersion.
Furthermore, since v is not secant to M we see that p : M → v⊥ is injective. Since we
assume that M is compact we obtain from the Compact-Hausdor� Proposition 2.17 (3)
that p : M → v⊥ is actually an embedding.

In summary we have shown that the restriction of the projection p to M is a smooth
embedding. Thus we have embedded M into a real vector space of dimension n − 1.
Iterating this process we get a smooth embedding of M into R2m+1. �

v⊥
vv

Rn

M

p

Evidently we also want to prove the Weak Whitney Embedding Theorem 30.7 for pos-
sibly non-compact smooth manifolds. As an example, let us consider Z2 Ă R2. This is
a non-compact 0-dimensional proper smooth submanifold of R2. Lemma 30.8 shows that
there exist (many) vectors v ∈ S1 such that the projection of Z2 onto v⊥ is injective. But,
as we will see in Exercise 30.6, none of these projections will be an embedding, i.e. a home-
omorphism onto its image. Thus, to deal with non-compact smooth manifolds we will have
to come up with a new idea.

We will need the following elementary lemma, which is the content of Exercise 28.8.

Lemma 30.9. Given any m-dimensional smooth manifold M there exists an m-dimen-
sional smooth manifold N with ∂N = ∅ and a smooth embedding ϕ : M → N such that
ϕ(M) is a closed subset of N .

Proof. LetM be anm-dimensional smooth manifold. By the Smooth Collar Neighborhood
Theorem 28.3 we can pick a collar neighborhood [0, 1]×∂M . Using the Smooth Transition
Function Lemma 19.4 one can show easily that there exists a di�eomorphism f : [0, 1] →
[1
4
, 1] such that ϕ(t) = t for t ∈ [1

2
, 1]. It is now straightforward to verify that the map

ϕ : M → N := M \ ∂M

x 7→
{
x, if x 6∈ [0, 1]× ∂M,
(ϕ(t), y), if x = (t, y) ∈ [0, 1]× ∂M

is a smooth embedding such that the image is a closed subset of N . �

Proof of the Weak Whitney Embedding Theorem 30.7 if M is non-compact. Let
M be an m-dimensional smooth manifold. We need to show that there exists a smooth
embedding f : M → R2m+1 such that f(M) is a closed subset of R2m+1. It follows from
Lemma 30.9 that we might as well assume that ∂M = ∅.

Given N ∈ N we say that M is N-tubular if there exists a u ∈ RN , an r > 0 and a
proper smooth embedding of M into

T (u, r) := {µ · u+ w |µ ∈ R≥0, and w ∈ u⊥ with ‖w‖ ≤ r}.
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Note that if M is N -tubular, then it follows from the Euclidean Embedding Theo-
rem 27.1 that M is indeed di�eomorphic to a proper submanifold of RN . Thus it remains
to show that M is (2m+ 1)-tubular. We start out with the following claim.
Claim 1. The smooth manifold M is tubular for some N ∈ N.
Proof. By the Euclidean Embedding Theorem 27.1 there exists a smooth embedding
f : M → Rk for some k ∈ N. On page 537 we gave an explicit di�eomorphism α : Rk → Bk.
By the Manifold Exhaustion Lemma 21.2 we know that there exists a smooth exhaustion
function ϕ : M → R≥0, in other words, there exists a smooth map ϕ : M → R≥0 such that
the preimage of each compact interval [0, c] is compact. Next we consider the map

Θ: M → R× Rk = Rk+1

x 7→ (ϕ(x), (α ◦ f)(x)).

Note that Θ(M) Ă T (e1, 1). Finally note that it follows from Lemma 27.9 that Θ is a
proper smooth embedding. �

We see that it remains to prove the following claim.
Claim 2. If M is N -tubular for some N > 2m+ 1, then M is also (N − 1)-tubular.

Proof. We can assume that there exists a u ∈ RN and an r > 0 such that M is a proper
submanifold of T (u, r) Ă RN . By Lemma 30.8 there exists a v ∈ RN with v 6∈ R · u with
the following two properties:
(1) v does not lie in any tangent space T̃PM .
(2) v is not secant to M .

It follows from elementary linear algebra that there exists an isometry Θ: v⊥ → RN−1 of
Euclidean real vector spaces. As on page 770 we consider the map

p : RN → v⊥

x 7→ x− 〈x, v〉 · v
‖v‖2

and now we also consider
Φ: RN → RN−1

x 7→ Θ(p(v)).

It follows easily from the fact that Θ is an isometry that Φ(T (v, r)) Ă T (Φ(v), r). Thus it
remains to show that Φ: M → RN−1 is a proper smooth embedding. Since v does not lie
in any tangent space T̃PM we see, similar to the discussion on page 770, that Φ: M → v⊥

is an immersion and we see, using that v is not secant to M , that Φ: M → v⊥ is injective.
By the Proper-Closed Proposition 2.43 and Lemma 2.44 (1) it remains to show that the
preimage of each compact ball B

N−1

s (0) under the map Φ: M → RN−1 is compact. Thus
let s ≥ 0. Note that for each x = µ · u+ w ∈ T (u, r) with w ∈ u⊥ and ‖w‖ ≤ r we have

‖Φ(x)‖ = ‖p(x)‖ ≥ ‖p(µ · u)‖ − ‖p(w)‖ ≥ |µ| · ‖p(u)‖ −max
{
‖p(w)‖ |w ∈ BN

r

}
.

↑ ↑ ↑
since Φ is since p is linear and since p is linear and since ‖w‖ ≤ r
an isometry by the triangle inequality
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Recall that we cleverly picked v 6∈ R · u. Thus we see that ‖p(u)‖ > 0. It follows easily
from this discussion that Φ−1(B

N−1

s (0)) ∩ T (u, r) is bounded. Since M Ă T (u, r) is closed
we see that Φ−1(B

N−1

r (0)) is a compact subset of M . �
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30.4. The Mini-Fubini Theorem. We conclude this chapter on subsets of measure zero
with the �Mini-Fubini Theorem� which will play an important role in the proof of Sard's
Theorem 31.1 in the next chapter. Our Mini-Fubini Theorem is a basic version of the Fubini
Theorem [StS2005, Chapter 2.3.1] from measure and integration theory. To formulate the
result we need to introduce the following harmless de�nition.

Notation. Let X Ă Rn be a subset. Given c ∈ R we refer to

σc(X) := {y ∈ Rn−1 | (c, y) ∈ X}.
as the c-slice of X.
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X

c-slice σc(X)

Now we can formulate the lemma which we will use in the proof of Sard's Theorem 31.1.

Lemma 30.10. (Mini-Fubini) Let X Ă Rn be a compact subset such that each slice
σc(X) is of measure zero in Rn−1. Then X has measure zero in Rn.

Remark. Lemma 30.10 follows from the Fubini Theorem in measure theory. But as we
will see, one can also give a completely elementary proof, thus there is no need to cite
high-powered results.

Proof. Given U Ă Rm we set

volm(U) := inf

{∑
i∈I

vol(Ci)

∣∣∣∣ {Ci}i∈I is a countable
family of open cubes with U Ă

⋃
i∈I
Ci

}
∈ R≥0 ∪ {∞}.

Claim 1. The following statements hold:
(i) A subset U Ă Rm has measure zero if and only if for every ε > 0 we have volm(U) ≤ ε.
(ii) Given U Ă V Ă Rm we have volm(U) ≤ volm(V ).
(iii) For every interval (c, d) and every subset U of Rm−1 we have

volm((c, d)× U) ≤ (d− c) · volm−1(U).

(iv) For U1, . . . , Ul Ă Rm we have volm(U1 ∪ · · · ∪ Ul) ≤ volm(U1) + · · ·+ volm(Ul).
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Proof. Statements (i), (ii) and (iv) are very elementary. The only proof which is not a
one-liner is the proof of (iii). We leave it to the reader to provide the proofs. �

Now we start with the actual proof of the lemma. Thus let X Ă Rn be a compact
subset such that each slice σc(X) is of measure zero in Rn−1. We need to show that X
has measure zero in Rn. Since X is compact there exist a, b ∈ R with X Ă [a, b] × Rn−1.
We �x some δ > 0. Next let c ∈ [a, b]. By hypothesis we know that σc(X) Ă Rn−1 has
measure zero. By (i) there exists an open set Uc Ă Rn−1, given as the countable union of
open cubes, with σc(X) Ă Uc and voln−1(Uc) ≤ δ.

Claim 2. There exists an open interval Jc with c ∈ Jc and with X ∩ (Jc×Rn−1) Ă Jc×Uc.

Proof. We consider K := X \ (R× Uc). Since Uc is open we see that K is a closed subset
of X, hence it follows from the Compact-Closed Lemma 1.21 that K is also compact. Next
consider the map q : K → R that is given by projection onto the �rst coordinate. By
construction c 6∈ q(K). Since K is compact we know by the Compact Image Lemma 2.13
and the Compact-Closed Lemma 1.21 (2) that R \ q(K) is open. This implies that there
exists an open interval Jc that contains c and with Jc Ă R \ q(K). This open interval has
the desired properties. �

We have thus shown that for each c ∈ [a, b] there exists an open subset Uc Ă Rn−1 with
voln−1(Uc) < δ and an open interval Jc with X ∩ (Jc × Rn−1) Ă Jc × Uc. Since [a, b] is
compact we see that there exist c1, . . . , cl ∈ [a, b] such that [a, b] Ă Jc1 ∪ · · · ∪ Jcl . We write
the intervals Jci = (αi, βi). An elementary argument315 shows that after possibly shrinking

the intervals we can arrange that
l∑
i=1

(βi − αi) ≤ 2 · (b− a). Altogether we see that

voln(X) ≤ voln

( l⋃
i=1
Jci×Uci

)
≤

l∑
i=1

voln(Jci×Uci) ≤
l∑

i=1

(βi − αi)·voln−1(Uci)︸ ︷︷ ︸
≤δ

≤ δ ·2·(b− a).
↑ ↑ ↑
by Claim 1 (ii) by Claim 1 (iv) by Claim 1 (iii)

Since this inequality holds for every δ > 0 we are done by Claim 1 (i). �
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XX

a c

Ucσc(X)

c

q

On a later occasion we will also make use of the following converse to the Mini-Fubini
Lemma 30.10.
Lemma 30.11. (Mini-Fubini II) Let X Ă Rn be a compact subset. If X has measure
zero, then the set

{c ∈ Rn−1 | the c-slice σc(X) has measure zero}
has full measure.

315For example one can arrange that for i ∈ {1, . . . , l − 1} we have βi > αi+1. Now one can easily modify
the intervals by going �from left to right�.
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Proof. We will not provide a proof, we just point out that it follows from the usual Fubini
Theorem in measure theory, see e.g. [StS2005, Chapter 2.3.1]. At least for n = 2 an
elementary proof is given in [Ox1971, p. 51].316 �

Exercises for Chapter 30.

Exercise 30.1. Let C Ă R be the Cantor set as de�ned on page 130. Show that the
Cantor set has measure zero.
Remark In Exercise 2.17 we saw that the Cantor set is uncountable. Thus we have shown
that R contains uncountable subsets of measure zero.

Exercise 30.2. Let X Ă Rn be a subset. Given v ∈ Sn−1 we write

µv(X) := {t ∈ R≥0 | t · v ∈ X}
Show that if X is compact with measure zero, then

{v ∈ Sn−1 |µv(X) has measure zero} Ă Sn−1

has full measure in Sn−1.
Hint. Use the Mini-Fubini Lemma 30.11 and the Measure-Zero Properties Proposition 30.2
(3b).

Sn−1

ray t · v

ray t · w

X

Exercise 30.3. Let c : [0, 1]→ [0, 1] be the Cantor function that we introduced on page 185.
We consider the map f : [0, 1] → [0, 2]

x 7→ x+ c(x).

(a) Show that f is a homeomorphism.
(b) Let C Ă [0, 1] be the Cantor set. Show that f(C) has Lebesgue measure one, in

particular it is not a subset of measure zero.
Hint. Determine the Lebesgue measure of f([0, 1] \ C).

Remark. In principle this exercise requires familiarity with the Lebesgue measure. But one
can also get joy out of the exercise by using a �naive� approach to length.

Exercise 30.4. Let A Ă Rn be a subset of diameter d.
(a) Does there exist a closed ball of radius d

2
that contains A?

(b) Does there exist a closed cube of side length d that contains A?

Exercise 30.5. Let M be an m-dimensional smooth manifold. Show that there exists an
immersion M → R2m.
Hint. Modify the proof of the Weak Whitney Embedding Theorem 30.7.

316The reader who has a self-contained proof of this lemma should communicate this proof to the author.
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Exercise 30.6. We consider the non-compact 0-dimensional proper smooth submanifold
Z2 Ă R2. Show that there is no v ∈ S1 such that the projection of Z2 onto v⊥ is a
homeomorphism onto its image.
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31. Sard's Theorem

We recall the following de�nition from page 701.

De�nition. Let M and N be smooth manifolds and let f : M → N be a smooth map.
(1) Let P ∈M .

(a) If P ∈M \ ∂M , then we say P is a regular point if DfP : TPM → Tf(P )N is an
epimorphism.

(b) If P ∈ ∂M , then we say P is a regular point if DfP : TP (∂M) → Tf(P )N is an
epimorphism.

Otherwise we say that P is a critical point.
(2) We say Q ∈ N is a regular value if all points in the preimage f−1(Q) are regular.

Otherwise we call Q a critical value.

�
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N

(x, y) 7→ ycritical points

M
critical value

In this chapter we will prove Sard's Theorem 31.1 which says that for a smooth map
f : M → N between smooth manifolds �almost every� point in N is a regular value. Sard's
Theorem 31.1 is an absolutely essential tool in di�erential topology. As an amuse-bouche
we will use it in this chapter to provide a proof of the Brouwer Fixed Point Theorem 31.4.

31.1. Sard's Theorem.

Theorem 31.1. (Sard's Theorem) If f : M → N is a smooth map between smooth
manifolds (possibly with boundary)317, then the set of critical values of f is of measure
zero in N .

M = R

N = R

f

graph of f

in�nitely many critical values,
but the set of critical values

is countable

set of critical points is not of measure zero

Remark.

(1) The theorem is named after Arthur Sard [Sar1942] who �rst proved a similar state-
ment in 1942.

(2) As we pointed out on page 701, if f : M → N is a smooth map between smooth
manifolds with dim(M) < dim(N), then a point Q ∈ N is a regular value if and only
if f−1(Q) = ∅. It follows from this observation that Sard's Theorem 31.1, together
with the Measure-Zero Properties Proposition 30.2 (2), implies the Measure-Zero
Properties Proposition 30.2 (4).

317We stress that M and N are allowed to have boundary, since (a) we need these cases, and (b) since
many proofs in the literature assume that M and N do not have boundary.
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(3) Sometimes Sard's Theorem 31.1 is also called Morse-Sard Theorem, since the case
that N = R was �rst proved by Anthony Morse [MorsA1939] in 1939. Furthermore
the fact that the set of regular values is dense was �rst proved by Arthur Brown
[BrownA1935] in 1935.

The proof of Sard's Theorem 31.1 will be the content of the remainder of this section. Like
many other textbooks we follow the account given in [Miln1965a, Chapter 3].
Proof. Let f : M → N be a smooth map between smooth manifolds. We need to show
that the set of critical values of f is of measure zero in N . We set m := dim(M) and
n := dim(N). We prove the theorem by induction on m = dim(M).

First let us consider the case m = 0. Note that this means that M is equipped with
the discrete topology. Since smooth manifolds are in particular second-countable we see
that M is a countable set. Thus the statement follows from the Measure-Zero Properties
Proposition 30.2 (2).

Now assume that the conclusion of Sard's Theorem holds for smooth mapsM → N with
dim(M) < m. Our goal is to prove Sard's Theorem for m-dimensional smooth manifolds
M . From the observation that any smooth manifold is covered by a countable smooth atlas
and from the de�nition of a smooth map on an open subset of Hm it follows easily, using
the Measure-Zero Properties Proposition 30.2, that it su�ces to deal with the case that
M is an open subset of Rm and that N = Rn. We denote by f1, . . . , fn the coordinate
functions of f : M → Rn.

We denote by C Ă M Ă Rm the set of critical points of f : M → N . Given k ∈ N we
set

Ck :=

{
x ∈ C

∣∣∣∣ for all j = 1, . . . , n and all i = 1, . . . , k every
partial derivative of fj of order i at x vanishes

}
.

Since f is smooth we know that all partial derivatives are continuous. Thus we see that C
and all Ck's are closed in M . The proof of Sard's Theorem now proceeds in four steps.

Step 1. The set f(C \ C1) Ă Rn has measure zero.
Let a ∈ C \ C1. By de�nition of C1 we know that there exists a j ∈ {1, . . . , n} an
i ∈ {1, . . . , k} such that the partial derivative ∂fj

∂xi
is non-zero at a. To simplify the notation

we assume that i = j = 1. We write Rm = R× Rm−1 and we consider the map

Θ: M → Rm = R× Rm−1

( x︸︷︷︸
∈R

, y︸︷︷︸
∈Rm−1

) 7→ (f1(x, y), y).

Note that det(DΦa) = ∂f1

∂x1
(a) 6= 0. Thus it follows from the Inverse Function Theorem 19.12

that Θ is a local di�eomorphism at a. This means that there exists an open neighborhood
Va of a in the open subset M \ C1 such that Θ(Va) is an open subset of Rm and such that
Θ: Va → Θ(Va) is a di�eomorphism. By an elementary argument, similar to Lemma 19.16,
we see that f ◦Θ−1 is of the form

(∗) (f ◦Θ−1)(x, y) = (x, g(x, y)︸ ︷︷ ︸
∈Rn−1

) for every (x, y) ∈ Θ(Va)

where g : Θ(Va) → Rn−1 is a smooth map. Next we pick a closed interval I Ă R and a
closed ball J Ă Rm−1, each with non-empty interior, such that Θ(a) ∈ I × J Ă Θ(Va).
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Claim. For each r ∈ I we have
r-slice of the set of critical values

of the map f ◦Θ−1 : I × J → R× Rn−1 = set of critical values of
ϕr : J → Rn−1

y 7→ g(r, y).

Proof. Let r ∈ I. Given y ∈ J it follows from (∗) that we have the following equality:

D(f ◦Θ−1)(r,y) =

(
1 0
∗ D(y 7→ g(r, y))y

)
=

(
1 0
∗ D(ϕr)y

)
.

This shows that (r, y) is a critical point of f ◦Θ−1 if and only if y is a critical point of the
map ϕr : J → Rn−1 given by y 7→ g(r, y). The claim now follows from the above and the
following two observations:
(a) For any s, z we have (f ◦Θ−1)(s, z) = (s, g(s, z)) = (s, ϕs(z)).
(b) It follows from (a) that for w ∈ Rn−1 we have

w ∈ r-slice of f(I × J) ⇐⇒ w ∈ ϕr(J). �
Now we can conclude the proof of Step 1:
(a) Since dim(J) = m− 1 we see that for each r ∈ I the right hand side of the claim has

measure zero by our induction hypothesis.
(b) As we mentioned above, C is closed. This implies that C ∩ (I × J) is compact.

Therefore it follows from (a) together with Lemma 30.10 that the set of critical
values of f ◦Θ−1 in I × J has measure zero.

(c) Since Θ is a di�eomorphism it follows from (b) and the trivial observation on page 701
that the set of critical values of f in Wa := Θ−1(I × J) has measure zero.

(d) We have now shown that each a ∈ C \ C1 admits a neighborhood Wa Ă C \ C1 such
that f(Wa ∩ (C \ C1)) has measure zero.

(e) By the Countable Covering Lemma 9.2 we can cover C \ C1 by countably many of
the Wa. Therefore we can cover f(C \ C1) by countably many of the f(Wa).

(f) It follows from (d), (e) and the Measure Zero-Basics Lemma 30.4 that f(C \C1) has
indeed measure zero.
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VaC
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Step 2. For each k ∈ N the set f(Ck \ Ck+1) Ă Rn has measure zero.
Let a ∈ Ck \Ck+1. Since a 6∈ Ck+1 there exists a k-th partial derivative ϕ : M → R of some
fj such that some partial derivative of ϕ does not vanish at a. Note that this means that
a is a regular point of ϕ : M → R. By the Regular Value-Open Subset Lemma 26.1 we
know that the set of regular points of ϕ is an open subset of M , thus there exists an open
neighborhood Va Ă M \ Ck+1 of a that consists only of regular points of ϕ : M → R.
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We set Y := ϕ−1(0). Note that it follows from the Regular Value Theorem 26.4 that Y
is a codimension-one submanifold of Va. By de�nition of Ck all k-th partial derivatives of
f vanish on Ck, in particular ϕ vanishes on Ck, which implies that Ck ∩ Va Ă Y = ϕ−1(0).

Claim. f(Ck ∩ Va) Ă critical values of f |Y : Y → Rn.

Proof. Let P ∈ Ck∩Va. Since P ∈ C we see that DfP : TPM → Rn is not an epimorphism.
But this implies that D(f |Y )P = (DfP )|TPY : TPY → Rn is also not an epimorphism. Thus
we see that P is a critical point of f |Y : Y → Rn which implies that f(P ) is a critical value
of f |Y : Y → Rn. �
Now we can conclude the proof of Step 2:

(a) Since Y is a smooth manifold of dimension m − 1 we obtain from our induction
hypothesis that the right-hand side of the claim is a set of measure zero.

(b) It follows from (a) together with the Measure-Zero Properties Proposition 30.2 (1)
that each a ∈ Ck \ Ck+1 admits an open neighborhood Va Ă Ck \ Ck+1 such that
f(Va ∩ (Ck \ Ck+1)) has measure zero.

(c) By the Countable Covering Lemma 9.2 we can cover Ck \ Ck+1 by countably many
of the Va. Therefore we can cover f(Ck \ Ck+1) by countably many of the f(Va).

(d) It follows from (b), (c) and the Measure Zero-Basics Lemma 30.4 that f(Ck \ Ck+1)
has indeed measure zero.
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Ck

Step 3. If k > m
n
− 1, then the set f(Ck) Ă Rn has measure zero.

Let a ∈ Ck and let Va be an open cube that is a neighborhood of a inM and which satis�es
V a Ă M .

Claim. There exists some D ∈ R such that for each closed cube W Ă V a of side length s
and which contains a point b ∈ Ck we have

‖f(x)− f(b)‖ ≤ D · sk+1 for each x ∈ W.

Proof. Since f is smooth and since V a is compact we can set

M := maximum of the absolute value of all (k + 1)-st partial derivatives of f on V a.

We denote by f1, . . . , fn the coordinate functions of f .
Next let W Ă V a be a closed cube of side length s which contains a point b ∈ Ck. Let

i ∈ {1, . . . , n}. Note that for b ∈ Ck the k-th Taylor polynomial p(fi, b)k of fi at the point
b, which we introduced on page 535, is actually the constant polynomial fi(b). Thus we see
that for each x ∈ W we have

|fi(x)− fi(b)| = |fi(x)−p(f, b)k(x)︸ ︷︷ ︸
=fi(b)

| ≤ mk+1 ·M
(k + 1)!

· ‖x− b‖k+1 ≤ mk+1 ·M
(k + 1)!

· (
√
m · s)k+1.

↑ ↑
Corollary 19.8 since x, b are contained in an

m-dimensional cube of side length s
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Next recall that given any (y1, . . . , yn) ∈ Rn we have the elementary inequality

‖(y1, . . . , yn)‖ =
√
y2

1 + · · ·+ y2
n ≤ n ·max{|y1|, . . . , |yn|}.

Combining these two inequalities we see that

‖f(x)− f(b)‖ ≤ n · m
k+1·M

(k+1)! · (
√
m)k+1︸ ︷︷ ︸

=:D

· sk+1

�
Note that it follows from the claim for each cube W Ă V a of side length s and which

contains a point in Ck we have

f( W︸︷︷︸
vol=sm

) Ă
closed ball in Rn of
radius D · sk+1 Ă closed cube in Rn of side length D · sk+1.︸ ︷︷ ︸

vol=Dn·s(k+1)n

Here comes the key observations:
If k > m

n
− 1, then it follows that (k + 1)n > m, which implies that the smaller s,

the more the volume shrinks by applying f .
We now have to turn this observation into a proper argument.

Claim. The set f(Ck ∩ V a) has measure zero.

Proof. Let ε > 0. We denote by r the side length of the cube V a. Since m− (k+ 1) · n < 0
there exists an L ∈ N such that

Dn · r(k+1)·n · Lm−(k+1)·n < ε.

We choose L as above and we break V a into Lm closed cubes W1, . . . ,WLm of side length
r
L
. We set

I := {i ∈ {1, . . . , Lm} |Ck ∩Wi 6= ∅}.
We see that

f(Ck ∩ V a) Ă f
( ⋃
i∈I
Wi

)
=

⋃
i∈I
f(Wi) Ă

⋃
i∈I

closed cube of volume Dn · ( r
L

)(k+1)n.
↑

by the above since each such Wi contains a point in Ck

It follows from the choice of L and the fact that |I| ≤ Lm that the sum of the volumes
of the cubes to the right is at most Lm · Dn · ( r

L
)(k+1)n, which by choice of L is < ε. We

have now shown that we can cover f(Ck ∩ V a) by closed cubes whose volumes add up to
less than ε. It follows from the Measure Zero-Basics Lemma 30.4 (4) that f(Ck ∩ V a) has
indeed measure zero. �
Now we can conclude the proof of Step 3:
(a) We have just shown that each a ∈ Ck admits a neighborhood V a Ă M such that

f(Ck ∩ V a) has measure zero.
(b) By the Countable Covering Lemma 9.2 we can cover Ck by countably many of the

V a.
(c) It follows from (a) and (b), together with the Measure Zero-Basics Lemma 30.4 (2),

that f(Ck) has indeed measure zero.
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Wi that contains b ∈ Ck

Step 4. Conclusion of the argument.
We pick some k ∈ N with k > m

n
− 1. Then we have

f(C) = f
(

(C \ C1)∪
k−1⋃
i=1

(Ci \ Ci+1)∪Ck
)

= f(C \ C1)︸ ︷︷ ︸
measure zero
by Step 1

∪
k−1⋃
i=1

f(Ci \ Ci+1)︸ ︷︷ ︸
measure zero
by Step 2

∪ f(Ck).︸ ︷︷ ︸
measure zero
by Step 3

It follows from the Measure Zero-Basics Lemma 30.4 (2) that f(C), i.e. the set of critical
values of f , has measure zero. �

31.2. Applications of Sard's Theorem. In this section we give several applications of
Sard's Theorem. Our �rst proposition of this section often allows us to reduce a statement
about non-compact smooth manifolds to a statement about compact smooth manifolds.

Proposition 31.2. (Compact Submanifold Exhaustion Proposition) Let W be a
connected n-dimensional smooth manifold with compact boundary. There exists a se-
quence X1, X2, . . . of n-dimensional smooth submanifolds of W with the following four
properties:318

(0) We have ∂W Ă X1.
(1) For each i ∈ N we have Xi Ă

◦
X i+1.

(2) Each Xi is compact and connected.
(3) We have

⋃
i∈N

◦
Xi = W .

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

������
������
������
������
������
������

������
������
������
������
������
������

����
����
����
����
����
����
����

����
����
����
����
����
����
����

���
���
���
���
���
���

���
���
���
���
���
���

�����
�����
�����

�����
�����
�����

��
��
��
��

�����
�����
�����
�����

����
����
����
����

∂W

X2

X3

X1

Remark. There is an analogue of the Compact Submanifold Exhaustion Proposition 31.2
if ∂W is non-compact. Since that statement is more technical to formulate we postpone it
to Proposition ??.

Proof. LetW be a connected n-dimensional smooth manifold. IfW is empty, then there is
nothing to show, so we might as well assume thatW is non-empty. We pick a point w0 ∈ W .
By the Manifold Exhaustion Lemma 21.2 there exists a smooth exhaustion function on W ,

318In particular we see that the Xi form a compact exhaustion of W in the sense of the de�nition on
page 338.
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i.e. there exists a smooth function f : W → R≥0 with the property that for every c ∈ R≥0

the preimage f−1([0, c]) is a compact subset of W . Since ∂W is compact it follows from
the Compact Image Lemma 2.13 that there exists a C ∈ R≥0 such that f(∂W ) Ă (−∞, C]
and such that C ≥ f(w0).

It follows from Sard's Theorem 31.1 and the Full Measure-Density Proposition 30.3
(2) that there exists a strictly increasing sequence C < C1 < C2 < C3 < . . . of regular
values of f such that lim

i→∞
Ci =∞. For each i ∈ N we denote by Xi the path-component of

f−1((−∞, Ci]) that contains w0. By Exercise 26.6, which is a reasonably straightforward
consequence of the Regular Value Theorem 26.4, and by our choice of f we know that each
Xi is a compact n-dimensional submanifold with ∂0Xi = Xi ∩ f−1(Ci). It follows from the
Codimension-Zero Submanifold Proposition 19.38 that

◦
X i = Xi ∩ f−1((−∞, Ci)). From

this observation, and from the fact that the Ci are strictly increasing we obtain that for
each i ∈ N we have Xi Ă

◦
X i+1. We have now shown that the Xi satisfy Properties (1) and

(2).
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C2C C1 C30
f(x, y, z) = x

2-dimensional manifold W with compact boundary

w0

∂W

Now let P ∈ W . Since W is path-connected there exists a path γ : [0, 1]→ W from w0

to P . Since [0, 1] is compact it follows again from the Compact Image Lemma 2.13 and
from lim

i→∞
Ci =∞ that there exists an i with γ([0, 1]) Ă f−1((−∞, Ci)). By the above this

implies that P ∈
◦
X i. We have thus shown that (3) is also satis�ed. �

To start our next application we need to recall the following de�nition from page 433.

De�nition. Let X be a topological space. We say a subset A Ă X is a retract of X if
there exists a retraction r : X → A, i.e. a map with r(a) = a for all a ∈ A.

Proposition 31.3. (Boundary Non-Retraction Proposition) Let M be a compact
non-empty smooth manifold. There is no retraction from M to ∂M .319

Remark. In the Fundamental Class-of-Boundary Corollary 100.11 we will give an alter-
native proof of the Boundary Non-Retraction Proposition 31.3 and in Corollary 106.28 we
will extend the conclusion of the Boundary Non-Retraction Proposition 31.3 to topological
manifolds.

Proof. Let M be a compact non-empty smooth manifold. We suppose that there exists
a retraction M → ∂M . It follows from the Replace-by-Smooth Retraction 29.3 that there
exists in fact a smooth retraction r : M → ∂M . Since M is non-empty we obtain from
Sard's Theorem 31.1 that the map r : M → ∂M admits a regular value y. Since M is

319The adjective �compact� is of course necessary, for example the smooth manifold M = [0,∞) admits a
retraction onto its boundary ∂M = {0}.
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compact we obtain from the Regular Value Theorem 26.4 that W := r−1(y) is a proper
compact 1-dimensional submanifold of M . Note that

∂W = W ∩ ∂M = {x ∈ ∂M | r(x) = y} = {y}.
↑ ↑

since W is a proper submanifold since r = id on ∂M

Thus we see that ∂W consists of a single point. But it follows from the Smooth 1-
Dimensional Manifold Classi�cation Theorem 22.7, that the boundary of a compact 1-
dimensional smooth manifold consists of an even number of points. �

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

�����
�����
�����
�����

�����
�����
�����

�����
�����
�����

���
���
���

���
���
���
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regular value y

M M ∂M∂M

??

31.3. The Brouwer Fixed Point Theorem I. The Boundary Non-Retraction Propo-
sition 31.3 from the last section allows to prove the famous Brouwer Fixed Point The-
orem which was �rst proved by Jacques Hadamard [Had1910] and Luitzen Brouwer
[Brou1912a].

Theorem 31.4. (Brouwer Fixed Point Theorem) Every map f : B
n → B

n
admits

a �xed point, i.e. for every map f : B
n → B

n
there exists a point x ∈ B

n
such that

f(x) = x.320

Remark. The Brouwer Fixed Point Theorem 31.4 admits many di�erent proofs. We
provide two more proofs on page 1618 and on page 2118. A fairly elementary proof is
alternatively given in [Miln1978].

Proof. First let f : B
n → B

n
be an arbitrary continuous map.

Claim 1. Given x ∈ Bn
with x 6= f(x) the open ray rx = {f(x) + t · (x − f(x)) | t > 0}

contains a unique point on Sn−1.

Proof. We consider the map

ρx : R → R≥0

t 7→ ‖f(x) + t · (x− f(x))‖2 = ‖f(x)‖2 + 2t · 〈f(x), x− f(x)〉+ t2 · ‖x− f(x)‖2.
↑

follows from ‖v + w‖2 = 〈v + w, v + w〉

Since x 6= f(x) we see that ρx is a quadratic function with lim
t→±∞

ρx(t) = ∞. Therefore

we obtain from ρx(0) = ‖f(x)‖ ≤ 1 together with an elementary calculus argument that
ρ−1
x ([0, 1]) is a compact interval.
It follows from this observation together with ρx(0) = ‖f(x)‖ ≤ 1 and ρx(1) = ‖x‖ ≤ 1

that there exists a unique t ∈ (0,∞) with ρx(t) = 1. This shows that the open ray rx
contains a unique point on Sn−1. �

Now we suppose that f : B
n → B

n
has no �xed points. It follows from Claim 1 that

for each x ∈ Bn
the open ray rx = {f(x) + t · (x − f(x)) | t > 0} contains a unique point

320How can one prove the statement for n = 1 using elementary methods from real analysis?
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on Sn−1. Thus we can consider the following map:

Φ: B
n → B

n

x 7→ the unique intersection point of Sn−1 with the
uniquely determined open ray from f(x) to x.
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f(x)

Sn−1

B
n

Claim 2. The map Φ is continuous.

Proof. As we discussed in Claim 1, for every x ∈ B
n
there exists a unique tx > 0 with

ρx(tx) = ‖f(x)+tx ·(x−f(x))‖2 = 1, and by de�nition we have Φ(x) = f(x)+tx ·(x−f(x)).
Thus it su�ces to show that the map x 7→ tx is continuous. One can determine tx through
the quadratic equation

1 = ‖f(x) + tx · (x− f(x))‖2 = ‖f(x)‖2 + tx · 2〈f(x, x− f(x))〉+ t2x · ‖x− f(x)‖2.

The quadratic formula for polynomials of degree two is continuous in the coe�cients, thus
we see that the map x 7→ tx ∈ R>0 is indeed continuous.321 �

It is evident that Φ(x) = x for all x ∈ Sn−1 and that Φ(x) ∈ Sn−1 for all x ∈ Sn−1. The
map Φ is thus a retraction from B

n
to Sn−1. But according to the Boundary Non-Retraction

Proposition 31.3 this is not possible. Thus we have obtained a contradiction. �

The Brouwer Fixed Point Theorem pops up many times in mathematics. For example
we can use it to prove the following theorem in linear algebra.

Theorem 31.5. (Perron-Frobenius Theorem) Let A = (aij) be an n× n-real matrix.
If all entries are positive, then A has a positive eigenvalue λ with an eigenvector v such
that all entries of v are non-negative.

Remark. There are more precise statements one can prove about matrices with positive
entries we refer to [Meyr2000, Section 8.2] and also to

https://en.wikipedia.org/wiki/Perron-Frobenius_theorem

for details. Supposedly the Perron-Frobenius Theorem and some of the more re�ned results
mentioned in [Meyr2000, Section 8.2] play a major role in Google's algorithm, see e.g.

http://www.math.pku.edu.cn/teachers/yaoy/Fall2011/lecture07.pdf

for more information.

Proof. We introduce two players:

(1) Given v = (v1, . . . , vn) ∈ Rn we write |v| :=
n∑
i=1
|vi|.

321One could also use the home grown Proposition 5.42, if one prefers more fancy arguments.

https://en.wikipedia.org/wiki/Perron-Frobenius_theorem
http://www.math.pku.edu.cn/teachers/yaoy/Fall2011/lecture07.pdf
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(2) We consider
∆ := {(t1, . . . , tn) ∈ [0, 1]n

∣∣ |v| = 1}.

By projecting ∆ onto Rn−1 and using the Convex-to-Ball Proposition 2.20 one sees
that ∆ is homeomorphic to B

n−1
. It follows immediately from this observation and

from the Brouwer Fixed Point Theorem 31.4 that any self-map f : ∆→ ∆ has a �xed
point.
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projection

Now let A = (aij) be an n × n-real matrix such that all entries are positive. We consider
the map f : ∆ → ∆

v = (v1, . . . , vn) 7→ A·v
|A·v| .

Note that this map is de�ned since our hypothesis that all aij are positive and the fact
that all entries of v are non-negative and that at least one entry of v is positive imply that
A · v 6= 0. As we had just discussed above, the map f : ∆ → ∆ has a �xed point v ∈ ∆.
But this means that A · v = |A · v| · v. Put di�erently, we have just shown that v is an
eigenvector to the positive eigenvalue |A · v|. �

We conclude this discussion of the Brouwer Fixed Point Theorem 31.4 with two appli-
cations outside of mathematics:
(1) The board game �Hex� was invented in 1942 by Piet Hein322 and it was re-invented

in 1948 by John Nash.323 The game is illustrated in the �gure below and an online
version can be found at

http://www.lutanho.net/play/hex.html

David Gale [Gal1979] showed in 1979 that the statement that the board game �Hex�
cannot end in a draw, is equivalent to the Brouwer Fixed Point Theorem 31.4. We
also refer to [Gh2014, p. 102] for a discussion of Hex and the Brouwer Fixed Point
Theorem 31.4.

11× 11 Hex gameboard showing
a winning con�guration for Blue

(2) The Brouwer Fixed Point Theorem 31.4 can also be used to show the existence of
a �Nash equilibrium� in game theory. We refer to the following website for more
information:

https://en.wikipedia.org/wiki/Nash_equilibrium.

322Piet Hein (1905-1996) was a Danish mathematician.
323John Nash (1928-2015) was an American mathematician who was awarded the Nobel prize in economics
in 1994. The movie �a beautiful mind� was based on his struggles with schizophrenia.

http://www.lutanho.net/play/hex.html
https://en.wikipedia.org/wiki/Nash_equilibrium
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Exercises for Chapter 31.

Exercise 31.1. In the �gure below we show Σ, the surface of genus two minus three
open disks. By the Boundary Non-Retraction Proposition 31.3 we know that there is no
retraction from Σ to ∂Σ.
(a) Does there exist a retraction to the union of two boundary components?
(b) Does there exist a retraction to a single boundary component?
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Exercise 31.2. We say that a map f : Rn → Rn has bounded displacement if there exists
a C ∈ R such that for every x ∈ Rn we have ‖x − f(x)‖ ≤ C. Show that every map
f : Rn → Rn of bounded displacement is onto.
Hint. Use the Brouwer Fixed Point Theorem 31.4.

Exercise 31.3. LetM be a smooth manifold and letK,L Ă M be disjoint closed subsets of
M . Show that there exist codimension-zero submanifolds A and B of M , which are closed
subsets of M , such that K Ă A, L Ă B, A ∪B = M and such that A ∩B = ∂0A = ∂0B.
Hint. Use Exercise 26.6 and use Urysohn's Lemma 21.7 for Manifolds.
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Exercise 31.4. Let M be a smooth manifold, let U be an open subset of M and let K be
a compact subset of M that is contained in U . Show that there exists a compact codimen-
sion-zero submanifold N of M with K Ă N Ă U .
Remark. The exercise is related to Exercise 31.3, but the compactness condition and
requirement adds a welcome extra layer of di�culty.
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Exercise 31.5. Let n ∈ N. Show that the subset

{A ∈ M(n× n,R) | det(A) = 0} Ă M(n× n,R) = Rn2

has measure zero.
Hint. There are many approaches to proving this statement. You could for example play
with the map

Φ:

n-1 copies︷ ︸︸ ︷
Rn × · · · × Rn × Rn−1 7→ M(n× n,R)

(v1, . . . , vn−1, (λ1, . . . , λn−1) 7→
(
v1 . . . vn−1

n−1∑
i=1

λi · vi
)
.
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You could also make use of the fact that a matrix has determinant zero if and only if the
column vectors are linearly dependent.

Exercise 31.6.
(a) LetX be a topological space and let A and B be disjoint subsets ofX. As on page 389

we say a subset P Ă X is a partition between A and B, if there exist disjoint open
subsets U and V of X with A Ă U , B Ă V and X \ P = U ∪ V .

Show that ifM is an n-dimensional smooth manifold, then given any two disjoint
closed subsets A and B there exists a partition P between A and B that is an (n−1)-
dimensional smooth manifold of M .
Remark. This part of the exercise is quite similar to Exercise 31.3.
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(b) We iteratively de�ne classes D−1,D0,D1, . . . of topological spaces:
• We de�ne D−1 to be the class consisting only of the empty topological space.
• Suppose that for some n ∈ N0 we have de�ned D−1,D0, . . . ,Dn−1. Given a topo-
logical space X we say X ∈ Dn if for any two closed disjoint subsets A and B
of X there exists a partition P between A and B with P ∈ Dn−1. (We refer to
Exercise 11.10 for the de�nition of a partition.)

We de�ne D∞ to be the class of all topological spaces. Given a topological space X
we de�ne, as in Exercise 31.6, the large inductive dimension ind(X) as follows:

Ind(X) := min{n ∈ Z≥−1 ∪ {∞} |X ∈ Dn}.
Show that for every n-dimensional smooth manifold M we have ind(M) ≤ n.
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32. Complex manifolds

As a slight detour from the main story, namely the development of the theory of smooth
manifolds, let us now give a very short introduction to complex manifolds. Complex mani-
folds are topological manifolds that are equipped with a holomorphic atlas. As we will see,
complex manifolds are smooth manifolds with particularly nice properties. Throughout
these notes they will play a role every now and then.
Convention. Let n ∈ N0. Throughout these notes we will use the isomorphism

R2n = (R2)n → Cn

(x1, y1, . . . , xn, yn) 7→ (x1 + y1 i, . . . , xn + yn i)

of real vector spaces to identify R2n with Cn.
The following elementary lemma is the essential tool for describing complex linear maps
by real matrices.
Lemma 32.1. Given any a, b ∈ R the following diagram commutes:

R2

v 7→
(
a −b
b a

)
·v
//

∼=(x,y)7→x+y i
��

R2

∼= (x,y) 7→x+y i
��

C
z 7→(a+b i)·z

// C.

Proof. The lemma follows immediately from an elementary calculation. �

32.1. Holomorphic functions. First we recall the de�nition of a holomorphic function.
De�nition. Let U Ă C be an open subset and let f : U → C be a map.
(1) We say f is holomorphic in z0 ∈ U , if the limit

d

dz
f(z0) := f ′(z0) := lim

z→z0

f(z)− f(z0)

z − z0
∈ C

exists. We refer to d
dz
f(z0) = f ′(z0) as the derivative of f at z.

(2) We say f is holomorphic if f is holomorphic in each z0 ∈ U .

Example. It follows immediately from the de�nition that the function f(z) = z is holo-
morphic. Furthermore it is elementary to show products, fractions, sums and compositions
of holomorphic functions are again holomorphic. This shows in particular that maps de-
scribed by polynomials are holomorphic.

Proposition 32.2. (Complex Power Series Convergence Proposition) Let (cn)n∈N0

be a sequence of complex numbers and let z0 ∈ C. We consider the radius of convergence

R := sup
{
|z − z0|

∣∣∣ ∞∑
n=0

cn · (z − z0)n converges
}
.

The following two statements hold:

(1) Let z ∈ C. The series
∞∑
n=0

cn · (z − z0)n converges if |z − z0| < R and it diverges if

|z − z0| > R.
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(2) The map

BR(z0) → C
z 7→

∞∑
n=0

cn · (z − z0)n
is holomorphic
with derivative

BR(z0) → C
z 7→

∞∑
n=0

cn · n · (z − z0)n−1.
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the power series convergences on
the open disk BR(z0) and it de�nes

a holomorphic function

the power series diverges outside of the disk BR(z0)

z0

radius of convergence of the power series
∞∑
n=0
cn · (z − z0)n

there is no general statement regarding
the convergence on the circle |z − z0| = R

Proof. This proposition is proved in [Lang1999, Theorem II.5.1] or alternatively [Jä2011,
Chapter 1.2]. �

Via the above identi�cation C = R2 we can view a map f : U → C as above also as a
map from an open subset of R2 to R2. The following proposition clari�es the relationship
between holomorphicity and smoothness in the sense of the de�nition on page 532.

Proposition 32.3. (Smooth-Complex Di�erentiability Proposition) Let U Ă C be
an open subset and let f : U → C be a map. Given z ∈ U we write u(z) := Re(f(z)) and
v(z) = Im(f(z)).
(1) For z0 ∈ U and a, b ∈ R the following two statements are equivalent:

(a) The map f : U → C is holomorphic in z0 with derivative f ′(z0) = a+ b i.
(b) The map U → C = R2

z 7→ (u(z), v(z))

is di�erentiable in z0, in the sense of the de�nition on page 535, with di�erential

Dfz0 =
(
a −b
b a

)
.324

(2) The following two statements are equivalent:
(a) The map f : U → C is holomorphic.
(b) The map f : U → C = R2 is smooth in the sense of the de�nition on page 532

and each di�erential is of the form
(
a −b
b a

)
.

324By the Di�erential-from-Partial Derivatives Proposition 19.9 the condition that Dfz0 is of this form is
equivalent to the statement that ∂u

∂x = ∂v
∂y and ∂u

∂y = − ∂v
∂x . These two equations are sometimes called the

Cauchy-Riemann equations.
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Sketch of proof. Let U Ă C be an open subset and let f : U → C be a map.
(1) Given any z0 ∈ U and given any a, b ∈ R we see that:

f is holomorphic in z0

with derivative a+ b i
⇐⇒ lim

h→0

f(z0 + h)− f(z0)

h
= a+ b i

⇐⇒ lim
h→0

f(z0 + h)− f(z0)− (a+ b i) · h
h

= 0

⇐⇒ lim
h→0

f(z0 + h)− f(z0)− (a+ b i) · h
|h|︸ ︷︷ ︸

complex limit in C

= 0

⇐⇒ lim
w→0

f(z0 + w)− f(z0)−
( a −b
b a

)
· w

‖w‖︸ ︷︷ ︸
real limit in R2

= 0

↑
Lemma 32.1

⇐⇒ f is di�erentiable in z0 with Dfz0 =
(
a −b
b a

)
.

↑
see the de�nition on page 535

(2) This statement follows from (1) and the fact, see the Power Series Expansion Theo-
rem 32.5 below, that for every holomorphic map its derivative is again holomorphic.
In other words, all higher derivatives exist. This corresponds to our convention, that
by �smooth� we mean that all higher derivatives exist. �

The de�nition of a complex function being holomorphic is almost verbatim the same as
the de�nition of a real function being di�erentiable, we just replace R by C. But rather
surprisingly being holomorphic has many consequences which one is not used to from the
world of real valued di�erentiable functions. In the following we recall some of the main
results from complex analysis. But before we can state the �rst theorem we need to
introduce a few de�nitions.
De�nition.
(1) Given a subset U of C, we de�ne a path in U to be a map γ : [a, b]→ U .
(2) Let U Ă C be an open subset, let f : U → C be a map and let γ : [a, b] → U be a

smooth path. We de�ne the path integral of f along γ as follows:∫
γ

f(z) dz :=
t=b∫
t=a

f(γ(t))︸ ︷︷ ︸
∈C

· γ′(t)︸︷︷︸
∈C

dt ∈ C.x
product of complex numbers

Examples.
(1) Let U = C \ {0}, let f(z) = 1

z
and let γ : [0, 1] → C \ {0} be the path given

by γ(t) = exp(2π it), i.e. γ is a path that �goes counterclockwise once around the
origin�. Then∫

γ

f(z) dz =

t=1∫
t=0

f(γ(t)) · γ′(t) dt =

t=1∫
t=0

1
exp(2π it) · exp(2π it) · 2π i dt = 2π i.
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(2) If γ is a constant path, then γ′(t) ≡ 0. This shows that the path-integral along a
constant path is zero.

De�nition. Let U Ă C be a subset. Two paths γ0, γ1 : [a, b] → U with the same starting
point P := γ0(a) = γ1(a) and the same endpoint Q := γ0(b) = γ1(b) are called path-ho-
motopic in U , if there exists a homotopy rel {a, b} from γ0 to γ1. In other words, if there
exists a map

Γ: [a, b]× [0, 1] → U
(s, t) 7→ Γ(s, t),

with the following properties

(a) for every s ∈ [a, b] we have Γ(s, 0) = γ0(s) and Γ(s, 1) = γ1(s),
(b) for every t ∈ [0, 1] we have Γ(a, t) = P and Γ(b, t) = Q.
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P

P

Q
Γ

Q

γ1(t) = Γ(t, 1)

γ0(t) = Γ(t, 0)

γ1

γ0γ0 γ1

[a, b]×[0, 1]

a b

The following theorem is the foundational result in complex analysis.

Theorem 32.4. (Cauchy Theorem) Let U Ă C be an open subset, let f : U → C
be a holomorphic function and let γ, δ : [a, b] → U be two smooth paths. If γ and δ are
path-homotopic, then ∫

γ

f(z) dz =
∫
δ

f(z) dz.

Proof. A proof of Cauchy's Theorem is given in every book on complex analysis, see e.g.
[Lang1999, Theorem III.5.1]. �

The Cauchy Theorem ?? is the mother of all results in complex analysis. It is at the heart
of many other results. We now give a hotchpotch list of theorems, which are more or less
immediate consequences of the Cauchy Theorem 32.4, and which we will make use of later
on.
Theorem 32.5. (Power Series Expansion Theorem) Let U Ă C be an open subset
and let f : U → C be holomorphic.
(1) If we are given a disk Br(z0) Ă U , then there exists a sequence (cn)n∈N0 of complex

numbers such that
f(z) =

∞∑
n=0

cn · (z − z0)n for all z ∈ Br(z0).

Furthermore for each s ∈ (0, r) we have

cn =
∫
γs

f(z)

(z − z0)n+1
dz,
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where γs : [0, 1]→ U is the path given by γs(t) = z0 + s · exp(2π it).
(2) All derivatives of f are holomorphic.
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here f can be written as a power series

U

z0 holomorphic
C

f
γs

Proof.
(1) This theorem is [Lang1999, Theorem III.7.2] or alternatively see [Jä2011, Chap-

ter 3.2 Satz 3].
(2) This statement follows from Statement (1) together with the Complex Power Series

Convergence Proposition 32.2. �

Theorem 32.6. (Liouville's Theorem) Every bounded holomorphic map f : C→ C is
constant.
Proof. As we will see in Exercise 32.1, one can deduce Liouville's Theorem 32.6 from the
Power Series Expansion Theorem 32.5 (1). Alternatively we refer to [Lang1999, Theo-
rem III.7.5] or [Jä2011, Chapter 3.2] for a proof. �

Proposition 32.7. (Schwarz Re�ection Principle) Let U be an open subset of the
upper half-plane {z ∈ C | Im(z) ≥ 0} and let f : U → C be a continuous function with
the following properties:
(1) f is holomorphic on

◦
U = {z ∈ U | Im(z) > 0},

(2) f only assumes real values on U ∩ R.
We set U ′ := {z | z ∈ U}, i.e. U ′ is the re�ection of U in the real axis. Then the function325

f̃ : U ∪ U ′ → C

z 7→

{
f(z), if z ∈ U,

f(z), if z ∈ U ′,
is holomorphic.
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U
f̃(z) = f(z)

f̃(z) = f(z)
U ′

Proof. This proposition is proved in [Lang1999, Chapter IX.1] or alternatively in [Jä2011,
Chapter 3.3]. �

Theorem 32.8. (Locally-a-Power Theorem) Let U be an open subset of C. Further-
more let f : U → C be a holomorphic function and let z0 ∈ U be a zero of f .
(1) If all derivatives of f at z0 vanish, then f is zero in an open neighborhood of z0.

325It follows from Lemma 1.8 (2) that U ∪ U ′ is an open subset of C.
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(2) If there exists a k ∈ N such that f(z0) = · · · = f (k−1)(z0) = 0 but f (k)(z0) 6= 0,
then there exists an open neighborhood V Ă U of z0 and a holomorphic function
g : V → C with g′(z0) 6= 0 such that f(z) = (g(z))k for all z ∈ V .

Proof. The �rst statement is an immediate consequence of the Power Series Expansion
Theorem 32.5 together with the Complex Power Series Convergence Proposition 32.2 (2).
The second statement follows from [Jä2011, Kapitel 3 Satz 10 and 12]. �

Proposition 32.9. Let U be an open subset of C and let f : U → C be a holomorphic
function. If V Ă U is a connected open subset such that f |V is not constant, then f(V ) is
an open subset of C.

Proof. We will prove the proposition in Exercise 32.6 using the Locally-a-Power The-
orem 32.8 and using the Inverse Function Theorem 19.12. Alternatively see [Jä2011,
Kapitel 3 Satz 13]. �

Theorem 32.10. (Maximum Principle) Let U be an open connected subset of C and
let f : U → C be a holomorphic function. If the function |f | : U → R≥0 has a local
maximum, then f is constant.

Proof. We will prove the Maximum Principle in Exercise 32.7 using Proposition 32.9.
Alternatively see [Lang1999, p. 271] or [Jä2011, Kapitel 3 Satz 14]. �

32.2. Biholomorphisms in the one-dimensional setting.

De�nition. Let f : U → V be a map between two open subsets of C. We say f is a
biholomorphism if f is holomorphic, f is a bijection and f−1 : V → U is also holomorphic.
The following proposition shows that the only biholomorphisms of C are the obvious ones.

Theorem 32.11. Every biholomorphism f : C→ C is an a�ne linear map, i.e. there exist
a, b ∈ C such that f(z) = a · z + b for all z ∈ C.

Proof. The proposition is proved in [Lang1999, Theorem V.5.3]. �

Example. In some cases one can explicitly write down a biholomorphism. For example,
for the upper half-plane H = {x + iy | y > 0} and the open disk D = {z ∈ C | |z| < 1} it
is straightforward to verify that the maps

Φ: H → D
z 7→ z− i

z+i
and

Ψ: D → H
w 7→ i+iw

1−w

are biholomorphisms that are inverse to one another.

In general it is hard to write down an explicit biholomorphism between two open subsets
of C. One of the main sources of biholomorphisms is the Riemann Mapping Theorem. To
formulate this fantastic theorem we need to introduce the following de�nition.

De�nition. Let U Ă C be a subset. We say U is simply connected if U is non-empty, if
U is path-connected and if each path γ : [0, 1]→ U with γ(0) = γ(1) is path-homotopic to
a constant map.
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these open subsets are biholomorphic to D by the Riemann Mapping Theorem 32.12

Theorem 32.12. (Riemann Mapping Theorem) Let U Ă C be a simply connected
open subset U of C. If U 6= C, then U is biholomorphic to D = {z ∈ C | |z| < 1}.

Remark. The Riemann Mapping Theorem was �rst stated by Bernhard Riemann in 1851
in his doctoral thesis. The �rst rigorous proof was given by William Osgood in 1900, see
[Wals1973].

Proof. The Riemann mapping theorem is proved in most textbooks on complex analysis,
see e.g. [Jä2011, Chapter 10.1] or alternatively [Lang1999, Chapter X]. �

In many applications it is also useful to know that the biholomorphism from the Riemann
Mapping Theorem extends to the boundary of U and D. To state the corresponding theorem
we need one more de�nition.
De�nition.
(1) We write C = C ∪ {∞}, called �C with a point at in�nity�, where we equip the set

C = C ∪ {∞} with the topology that we de�ned on page 122.
(2) Given U Ă C we denote by U the closure of U in C.326
(3) A Jordan curve is the image of an embedding S1 → C.327

The following theorem was proved in 1913 by Constantin Carathéodory [Cara1913].328

Theorem 32.13. (Carathéodory Theorem) Let U Ĺ C be a simply connected open
subset U of C and let φ : U → D be a biholomorphism. If ∂U is a Jordan curve, then φ
extends to a homeomorphism U → D.
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U

−1

∂U is a Jordan curve

i

1

φ
D

Proof. A textbook proof of the theorem is provided in [GM2005, Chapter I.3]. �

Example. We consider the open subset U of C that is shown in the �gure above. It is
a simply connected open proper subset of C and the boundary is clearly a Jordan curve.
Thus it follows from the Riemann Mapping Theorem 32.12 and from Carathéodory's The-
orem 32.13 that there exists a homeomorphism φ : U → D which restricts to a biholomor-
phism φ : U → D.
326Let U Ă C. It follows easily from the de�nition of C that ∞ ∈ U if and only if U is unbounded.
327On page 122 we mentioned that C is Hausdor�. Therefore it follows from the Compact-Hausdor�
Proposition 2.17 that a Jordan curve is the same as an injective map S1 → C.
328Constantin Carathéodory (1873-1950) was a Greek mathematician who was in particular a professor at
the LMU in Munich.
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32.3. Holomorphic maps in the higher-dimensional setting. We now move from the
one-dimensional setting to the higher-dimensional case.
De�nition. Let U Ă Cm be an open subset and let f = (f1, . . . , fn) : U → Cn be a map.
(1) We say f is holomorphic if for every i ∈ {1, . . . ,m}, every j ∈ {1, . . . , n} and every

point (w1, . . . , wi−1, wi+1, . . . , wk) ∈ Cm−1 the map
open subset of C by Exercise 5.10 (a)︷ ︸︸ ︷

{z ∈ C | (w1, . . . , wi−1, z, wi+1, . . . , wk) ∈ U} → C
z 7→ fj(w1, . . . , wi−1, z, wi+1, . . . , wk)

is holomorphic.
(2) We say f : U → f(U) is a biholomorphism if f is holomorphic, if f is a bijection, if

f(U) is an open subset of Cn and if f−1 : f(U)→ U is also holomorphic.
(3) Let P ∈ U . We say f : U → Cm is a local biholomorphism at P if there exists

an open neighborhood V of P and an open neighborhood W of f(P ) such that
f : V → W is a biholomorphism.

Remark. It follows from the Smooth-Complex Di�erentiability Proposition 32.3 that every
holomorphic map from an open subset U Ă Cm = R2m to Cn = R2n is in particular smooth.

Proposition 32.14. (Smooth-Complex Di�erentiability Proposition II) In the fol-
lowing let U Ă Cm be an open subset and let f = U → Cn be a map. The following two
statements are equivalent:
(1) The map f : U → Cn is holomorphic.
(2) The map f : U → Cn, viewed as a map from an open subset of Cm = R2n to Cn = R2n

is smooth and for every P ∈ U the di�erential DfP : Cm = R2n → Cn = R2n is a
complex linear map.

Proof. The proposition can be deduced quite easily from the Smooth-Complex Di�eren-
tiability Proposition 32.3. We leave it to the reader to �ll in the details. �

The following theorem is the holomorphic analogue of the Inverse Function Theorem 19.12.

Theorem 32.15. (Holomorphic Inverse Function Theorem) Let U Ă Cn be an open
subset and let f : U → Cn be a holomorphic map. Furthermore let P ∈ U be a point. If
DfP is invertible, then f is a local biholomorphism at P .

Example. The Holomorphic Inverse Function Theorem 32.15 is already interesting and
non-trivial if n = 1. For example, let k ∈ N. We consider the map

f : C \ {0} → C \ {0}
z 7→ zk.

Note that for every z ∈ C \ {0} we have f ′(z) = k · zk−1 6= 0. Therefore it follows from the
Smooth-Complex Di�erentiability Proposition 32.3 and the Holomorphic Inverse Function
Theorem 32.15 that the above map f : C \ {0} → C \ {0} is a local biholomorphism at
every point in C \ {0}.
Sketch of proof. First note that by the Inverse Function Theorem 19.12 we know that
there exists an open neighborhood V of P ∈ U Ă Cn = R2n and an open neighborhood



32. COMPLEX MANIFOLDS 797

W of f(P ) ∈ Cn = R2n such that f : V → W is a bijection and such that f−1 : W → V
is smooth. Next note that it follows from the Chain Rule 19.10 that for each Q ∈ W we
have D(f−1)P = (Dff−1(Q))

−1. Since f is holomorphic we know by the Smooth-Complex
Di�erentiability Proposition 32.14 that Dff−1(Q) : Cn = R2n → Cn = R2n is a complex linear
map. Thus D(f−1)P is also a complex linear map. It follows from the Smooth-Complex
Di�erentiability Proposition 32.14 that f−1 : W → V is holomorphic. �

32.4. Complex manifolds. Given a topological manifold we now introduce the notion of
a holomorphic atlas and of a complex manifold. The de�nition is almost the same as for
a smooth atlas and a smooth manifold that we gave on page 541, except that we have to
replace �smooth� by �holomorphic�.
De�nition.
(1) Let M be a 2n-dimensional topological manifold M . An atlas {Φi : Ui → Vi}i∈I of

charts of type (i), i.e. of charts where each Vi is an open subset of R2n, for M is
called holomorphic if for all i, j ∈ I the transition map

Φj ◦ Φ−1
i : Φi(Ui ∩ Uj)︸ ︷︷ ︸

open in R2n = Cn

→ Φj(Ui ∩ Uj)︸ ︷︷ ︸
ĂR2n=Cn

is holomorphic.
(2) We de�ne the maximal holomorphic atlas of a complex manifold the same way as

we de�ned the maximal smooth atlas of a smooth manifold, see page 542. Note that
the argument of the Maximal Atlas Existence Proposition 19.17 shows that every
holomorphic atlas is contained in a unique maximal holomorphic atlas.

(3) An n-dimensional complex manifold is a pair (M,A) consisting of a 2n-dimensional
topological manifold M , together with a maximal holomorphic atlas for M .

Remark.
(1) As we mentioned above, by the Smooth-Complex Di�erentiability Proposition 32.3

we know that every holomorphic map from an open subset U Ă Cm to Cn is in
particular smooth. It follows now easily that every holomorphic atlas is also a smooth
atlas. In particular we see that an n-dimensional complex manifold is in particular
a 2n-dimensional smooth manifold.

(2) If M is a complex manifold, then every point admits a chart of type (i) from a
smooth atlas, which according to the de�nitions on page 511 and 545 means, that
the boundary ∂M is empty. In particular a compact complex manifold is also closed
in the sense of the de�nitions on page 511 and 545.

Example. Let U be an open subset of Cn. The identity map is an atlas for U and it is
evidently a holomorphic atlas. Thus we can view U as an n-dimensional complex manifold.

We move on straight to another set of closely related de�nitions, which are the holomorphic
analogues of the smooth de�nitions on pages 546 and 543.
De�nition.
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(1) We say that a map f : M → N between two complex manifolds is holomorphic if f
is continuous and if for every chart Φ: U → V in the holomorphic atlas of M and
every chart Ψ: W → Y in the holomorphic atlas of N the map

Φ(f−1(W ) ∩ U)
Ψ◦f◦Φ−1

−−−−−→ Y

is holomorphic.
(2) We say that a map f : M → N between two complex manifolds is a biholomorphism

if f is a bijection and if both f and f−1 are holomorphic.
(3) We say that a map f : M → N between two complex manifolds is a local biholo-

morphism if given any P ∈ M there exists an open neighborhood U of P and an
open neighborhood V of f(P ) such that f : U → V is a biholomorphism.

(4) We say that two complex atlases for a given topological manifold are equivalent, if the
identity map is a biholomorphism between the two complex manifolds corresponding
to the complex atlases.

(5) A complex structure on a topological manifold is a choice of an equivalence class of
holomorphic atlases.

The next lemma gives us an example of a complex manifold that will play a major role
later on.
Lemma 32.16. (Complex Projective Space-is-Complex Manifold Lemma) Let
n ∈ N. On page 255 we introduced the complex projective space

CPn = (Cn+1 \ {0})/(C \ {0}).
For i = 0, . . . , n we consider the map329

Φi : {[z0 : · · · : zn] ∈ CPn | zi 6= 0} → Cn

[z0 : · · · : zn] 7→
(z0

zi
, . . . ,

zi−1

zi
,
zi+1

zi
, . . . , znzi

)
.

These maps form a holomorphic atlas for CPn that turn the complex projective space
CPn into a compact n-dimensional complex manifold, in particular, as we discussed on
page 797, we can view CPn as a closed 2n-dimensional real smooth manifold.

Convention. We refer to the complex and smooth structure on CPn that we just intro-
duced as the standard complex structure on CPn and as the standard smooth structure
on CPn.

Proof. In the Projective Spaces-Compact+Hausdor� Proposition 5.30 (see also Exercise 5.44)
we saw that each CPn is compact and Hausdor�. As we will show below, CPn admits a �nite
atlas, thus it follows from Lemma 18.2 that CPn is second-countable. For the remaining
statements it is easy to overlook that �rst one needs to prove the following claim.

Claim 1. If i ∈ {0, . . . , n}, then
Vi := {[z0 : · · · : zn] ∈ CPn | zi 6= 0}

is an open subset of CPn.

329We use the notation from page 256, i.e. given a point (z0, . . . , zn) ∈ Cn+1\{0} we denote by [z0 : · · · : zn]
the corresponding point in CPn.
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Proof. The claim is equivalent to showing that the complement CPn \ Vi is a closed subset
of CPn. We note that

CPn \ Vi = the image of the map f : CPn−1 → CPn
[w0 : ... : wn−1] 7→ [w0 : ... : wi−1 : 0 : wi : ... : wn−1].

It follows easily from the elementary the Twice Quotient Lemma 5.23 that the map f is
continuous. Since CPn−1 is compact we obtain from the Compact Image Lemma 2.13 that
f(CPn−1) is compact. But since CPn is Hausdor� we obtain from the Compact-Closed
Lemma 1.21 (2) that f(CPn−1) = CPn \ Vi is in fact a closed subset of CPn. �

Using this claim it is now straightforward to verify that the maps Φ0, . . . ,Φn form an
atlas for CPn. It remains to prove the following claim.330

Claim 2. The atlas is holomorphic.

Proof. First note that for i ∈ {0, . . . , n} the inverse of the chart Φi is given by the map

Φ−1
i : Cn → {[w0 : · · · : wn] ∈ CPn |wi 6= 0}

(w1, . . . , wn) 7→ [w1 : · · · : wi : 1 : wi+1 : · · · : wn].

Now let i, j ∈ {0, . . . , n}. By symmetry it su�ces to consider the case i < j. Using the
above calculation of Φ−1

i one can easily show that the corresponding transition map is given
by

Φj ◦ Φ−1
i : {(w1, ..., wn) ∈ Cn |wj 6= 0} → {(w1, ..., wn) |wi+1 6= 0}

(w1, ..., wn) 7→
(
w1

wj
, ..., wi

wj
, 1
wj
, wi+1

wj
, ...,

wj−1

wj
,
wj+1

wj
, ..., wn

wj

)
.

This map is evidently a biholomorphism. We have thus shown that the given maps
Φ0, . . . ,Φn form a holomorphic atlas for CPn. �

On page 562 we introduced the notion of a smooth action on a smooth manifold. Not
surprisingly we have the following analogue in our present context.
De�nition. LetM be a complex manifold which is equipped with an action by a group G.
We say that the action is holomorphic if for every g ∈ G the mapM →M given by x 7→ g·x
is holomorphic.

The following proposition is the complex analogue of the Manifold Quotient-by-Group
Action Proposition 19.32.

Proposition 32.17. (Complex Manifold Quotient-by-Group Action Proposition)
If a group G acts freely, properly331 and holomorphically on an n-dimensional complex
manifold M , then M/G is an 2n-dimensional topological manifold and there exists a
unique complex structure on M/G such that the projection p : M → M/G is a local
biholomorphism.

Proof. The proof of the proposition is verbatim the same as the proof of the correspond-
ing statements in the Manifold Quotient-by-Group Action Proposition 19.32 for smooth
manifolds. We leave it to the reader to �ll in the details. �

330The following claim is very similar to the content of Exercise 19.16.
331We refer to page 562 for the de�nition of a free action and a proper action.
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Convention. In the setting of the Complex Manifold Quotient-by-Group Action Proposi-
tion 32.17 we will refer to the complex structure onM/G as the standard complex structure
on M/G.

Example. We consider the action

Z× Cn \ {0} → Cn \ {0}
(k, (z1, . . . , zn)) 7→ (ek · z1, . . . , e

k · zn).

One can easily show that this action is free, proper and holomorphic. Thus we see that the
quotient (Cn\{0})/Z has a standard complex structure. Furthermore it is fairly elementary
to verify that the map

(Cn \ {0})/Z → Sn−1 × S1

z 7→
(
z
‖z‖ , exp(2π i · ln(‖z‖))

)
is a di�eomorphism. Thus in summary we have shown that Sn−1 × S1 admits a complex
structure. This complex manifold is called the Hopf manifold [Hopf1948].

We formulate our next example as a lemma.

Lemma 32.18. Let v, w ∈ C be two complex numbers that are linearly independent
over R.
(1) The action (Z · v + Z · w)× C → C

((m · v + n · w), z) 7→ z +m · v + n · w
is free, proper and holomorphic.

(2) The quotient T (v, w) := C/(Z · v + Z · w) is a 2-dimensional topological manifold
and it admits a unique complex structure which has the property that the natural
projection C→ T (v, w) = C/(Z · v + Z · w) is a local biholomorphism.

(3) The complex manifold T (v, w) = C/(Z · v + Z · w) is compact and, viewed as a
smooth manifold, it is di�eomorphic to S1 × S1.

(4) Let ṽ, w̃ be two complex numbers that are linearly independent over R. If there
exists an r ∈ C \ {0} such that r · (Z · v + Z · w) = Z · ṽ + Z · w̃, then the complex
manifolds T (v, w) and T (ṽ, w̃) are biholomorphic.

Remark. In Proposition 63.1 we will see that the converse to Lemma 32.18 (4) holds.
More precisely, we will see that if T (v, w) and T (ṽ, w̃) are biholomorphic, then there exists
an r ∈ C \ {0} such that r · (Z · v + Z · w) = Z · ṽ + Z · w̃.
Proof.

(1) In Exercise 19.34 we showed that the action is proper. It is clear that the action is
free and holomorphic.

(2) This statement follows from (1) together with the Complex Manifold Quotient-by-
Group Action Proposition 32.17.

(3) We consider the map

C/(Z · v + Z · w) → S1 × S1

[r · v + s · w] → (exp(2π is), exp(2π it)).
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It follows from the Smooth Map-Descends-to-Quotient Corollary 19.33 that the map
is a local di�eomorphism. Since v and w are linearly independent one sees that the
map is a bijection. It follows from the Smooth Pasting Proposition 19.23 (2) that
the map is in fact a di�eomorphism. Since S1×S1 is compact we see that T (v, w) is
also compact.

(4) Let ṽ, w̃ be two complex numbers that are linearly independent over R. We assume
that there exists an r ∈ C \ {0} such that r · (Z · v + Z · w) = Z · ṽ + Z · w̃. In this
case we obtain the following commutative diagram:

C
p
��

z 7→r·z // C
p̃
��

T (v, w)
[z] 7→[r·z]

// T (ṽ, w̃).

Note that our hypothesis shows that bottom horizontal map is de�ned and a bijection.
The top horizontal map is of course a biholomorphism. Since the vertical maps are
local biholomorphisms we see that the bottom horizontal map is a bijection and a
local biholomorphism. In other words, it is a biholomorphism. �

We continue our discussion of complex manifolds with a pleasing proposition.

Proposition 32.19. Let M be a compact 1-dimensional complex manifold. Then any
holomorphic function f : M → C is constant.

Proof. We provide the proof of the proposition in Exercise 32.2. �

Remark. If M = T (v, w) = C/(Z · v ⊕ Z · w), then we can also give another, arguably
easier proof of the conclusion of Proposition 32.19. Indeed, let f : C/(Z · v ⊕ Z · w) → C
be a holomorphic function. Since C/(Z · v ⊕ Z · w) ∼= S1 × S1 is compact we obtain from
the Compact Image Lemma 2.13 that the function f is bounded. As usual we denote
by p : C → C/(Z · v ⊕ Z · w) the projection . Recall that p is holomorphic. Thus the
composition f ◦ p : C → C is a bounded holomorphic function. We deduce from the
Liouville Theorem 32.6 that f ◦ p is constant. Since p is surjective it follows that f is also
constant.

Next we introduce the notion of a submanifold of a complex manifold. The de�nition
is almost verbatim the same as the de�nition of a submanifold of a smooth manifold on
page 550. The only di�erence is that we do not need to worry about boundary points.

De�nition. Let M be an n-dimensional complex manifold.
(1) We say a subset N Ă M is a k-dimensional complex submanifold if given any P ∈ N

there exists a chart Φ: U → V in the maximal complex atlas forM and P such that

Φ(U ∩N) = V ∩ {(0, . . . , 0, z1, . . . , zk) | zi ∈ C},
Any collection of charts covering N is called a holomorphic submanifold atlas.

(2) We say a submanifold N is proper if N is a closed subset of M .
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Example. Let n ∈ N and let k ∈ {0, . . . , n}. Using a mild modi�cation of the charts from
the Complex Projective Space-is-Complex Manifold Lemma 32.16 one can easily show that

{[z0 : · · · : zk : 0 : · · · : 0] ∈ CPn | (z0, . . . , zk) ∈ Ck+1 \ {0}}

is a submanifold of the complex manifold CPn.

The following lemma is an analogue of the Submanifold Smooth Structure Lemma 19.24.

Lemma 32.20. (Submanifold Complex Structure Lemma) Let M be a complex
manifold and let N be a complex submanifold of M . The collection of all submanifold
charts of M gives naturally rise to a holomorphic atlas for N which we refer to as the
standard complex structure on the submanifold. The standard complex structure has the
following properties:
(1) The inclusion map N →M is a holomorphic map.
(2) If we start out with some submanifold atlas for M , then this gives rise to the same

complex structure on N .
(3) Let f : W → M be a holomorphic map. If f(W ) Ă N , then f : W → N is also

holomorphic.

Proof. The proof is basically identical to the proof of the Submanifold Smooth Structure
Lemma 19.24. We leave it to the reader to make the few necessary modi�cations. �

The following theorem is the complex analogue of the Regular Value Theorem 26.4. As in
the real case, it is a machine for providing examples of complex (sub-) manifolds.

Theorem 32.21. (Regular Value Theorem for Complex Manifolds) Let M be
an m-dimensional complex manifold and let N be an n-dimensional complex manifold.
Furthermore let f : M → N be a holomorphic map and let s ∈ N be a regular value of f .
(1) The preimage X := f−1(s) is an (m− n)-dimensional complex submanifold of M .
(2) The intersection of X with any compact set of M is compact. In particular, if M is

compact, then X is also compact.

Proof. The proof is almost identical to the proof of the �real� Regular Value Theorem 26.4.
The main di�erence is that we need to replace the Inverse Function Theorem 19.12 by the
Holomorphic Inverse Function Theorem 32.15. We refer to [Huy2005, p. 11 and p. 58] for
some more details. �

Examples.

(1) Let n ∈ N. By basically the same argument as in the proof of the Matrix Group-
Smooth Manifold Proposition 26.5 one can show that

M(n× n,C) → C
A 7→ det(A)

is holomorphic and that 1 ∈ C is a regular value. It follows from the Regular Value
Theorem 32.21 for Complex Manifolds that SL(n,C) is an (n2−1)-dimensional com-
plex submanifold of M(n× n,C) = Cn2

. In particular by the Submanifold Complex
Structure Lemma 32.20 we can view SL(n,C) as an (n2 − 1)-dimensional complex
submanifold.
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(2) Let n ∈ Z. In Exercise 32.12 we will use the Regular Value Theorem 32.21 for
Complex Manifolds to show that {[x : y : z] ∈ CP2 |xn + yn + zn = 0} is a compact
1-dimensional complex manifold.

32.5. The natural orientation of a complex manifold.

Lemma 32.22. (Complex Vector Space-Orientation Lemma)
(1) Let V be an n-dimensional complex vector space.

(a) If (v1, . . . , vn) is a basis of V viewed as a complex vector space, then the set
(v1, iv1, . . . , vn, ivn) is a basis of V viewed as a real vector space.

(b) If (v1, . . . , vn) and (w1, . . . , wn) are two bases of V as a complex vector space,
then the bases (v1, iv1, . . . , vn, ivn) and (w1, iw1, . . . , wn, iwn) are equivalent in
the sense of page 668.

(2) Let f : V → W be an isomorphism of n-dimensional complex vector spaces. If we
equip V and W , viewed as real vector spaces, with the orientation from (1), then
f : V → W is an orientation-preserving isomorphism.

De�nition. Given a �nite-dimensional complex vector space we refer to the orientation
introduced in the Complex Vector Space-Orientation Lemma 32.22 (1) as the natural
orientation.

Example. Let n ∈ N0. If we make the usual identi�cation Cn = (R2)n = R2n, then the
corresponding natural orientation on Cn = R2n agrees with the standard orientation.

Proof.

(1) Let (v1, . . . , vn) be a basis of V as a complex vector space. One can easily verify that
(v1, iv1, . . . , vn, ivn) is a generating set over R and that it is linearly independent
over R. This concludes the proof of (a).

We turn to the proof of (b). Let (v1, . . . , vn) and (w1, . . . , wn) be two bases of V
as a complex vector space. We denote by A ∈ GL(n× n,C) the transition matrix as
de�ned on page 668. We write A = B+ iC, where B,C ∈ M(n×n,R). We consider
the bases

X := (v1, iv1, ..., vn, ivn) and Y := (w1, iw1, ..., wn, iwn)

X̃ := (v1, ..., vn, iv1, ..., ivn) and Ỹ := (w1, ..., wn, iw1, ..., iwn).

We now calculate the determinant of the transition matrix PX,Y from X to Y :

see the Transition Matrix Lemma 25.1 since PX̃,X = PỸ ,Y follows from Lemma 32.1
↓ ↓ ↓

det(PX,Y ) = det(PX̃,X)·det(PX̃,Ỹ )·det(PỸ ,Y ) = det(PX̃,X)︸ ︷︷ ︸
=±1

2 ·det(PX̃,Ỹ ) = det(PX̃,Ỹ )

= det
(
B −C
C B

)
= det

(
B+ iC −C+ iB
C B

)
= det

(
B+ iC 0
C B− iC

)
↑ ↑

add i times bottom to the top subtract i times left from the right

= det(B+ iC) · det(B− iC) = det(B+ iC) · det(B+ iC)
= | det(B+ iC)|2 > 0.

(2) This statement follows immediately from (1). �
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The following proposition says that complex manifolds admit a natural orientation, in
particular they are orientable.

Proposition 32.23. (Complex Manifold-Orientation Proposition)
(1) Let M be an n-dimensional complex manifold.

(a) Given any P ∈M we can use charts from the holomorphic atlas to equip TPM
naturally with the structure of a complex n-dimensional vector space.

(b) If we equip each complex vector space TPM with the corresponding natural
orientation, then these orientations de�ne an orientation on M , viewed as a 2n-
dimensional real smooth manifold. We refer to this orientation as the natural
orientation of the complex manifold M .

(2) If f : M → N is a holomorphic map between two complex manifolds, then for each
P ∈M the di�erential DfP : TPM → Tf(P )N is a complex linear map.

(3) If f : M → N is a local biholomorphism between two complex manifolds, then f
is an orientation-preserving di�eomorphism between M and N , viewed as oriented
smooth manifolds.

Sketch of a proof.
(1) (a) Let M be an n-dimensional complex manifold and let P ∈ M . We pick a chart

Φ: U → V from the holomorphic atlas around P . We get an induced isomorphism
DΦP : TPM → TPV = Cn. We use this isomorphism to equip TPM with the
structure of a complex vector space. Since Φ comes from a holomorphic atlas one
obtains easily from the Smooth-Complex Di�erentiability Proposition 32.14 , see
Exercise 32.8, that this complex vector space structure does not depend on the
choice of the chart Φ.

(b) This statement follows easily from the de�nitions. We leave it to the reader to
�ll in the details.

(2) This statement follows fairly easily from the de�nitions and the Smooth-Complex
Di�erentiability Proposition 32.14. We outsource the details to Exercise 32.11.

(3) The proof is identical to the proof of (1b). �

De�nition. Let M be an n-dimensional complex manifold. We refer to the orientation
on the 2n-dimensional smooth manifold M that is provided by the Complex Manifold-
Orientation Proposition 32.23 as the standard orientation.

Example. In the Complex Projective Space-is-Complex Manifold Lemma 32.16 we equipped
CPn with a complex structure. We refer to the corresponding orientation on the 2n-
dimensional smooth manifold CPn as the standard orientation on CPn.

We continue with the following corollary to the Complex Manifold-Orientation Proposi-
tion 32.23.
Corollary 32.24. The Klein bottle and the real projective plane RP2 do not admit the
structure of a complex manifold.

Proof. In the Surface Non-Orientability Lemma 25.20 we showed that neither the Klein
bottle nor the real projective plane RP2 are orientable. This is in contrast to the fact,
shown in the Complex Manifold-Orientation Proposition 32.23, that complex manifolds are
orientable. �



32. COMPLEX MANIFOLDS 805

As we had already pointed out on page 258, the one-dimensional projective space CP1

is homeomorphic to S2. This shows that S2 can be viewed as a 1-dimensional complex
manifold. We had just seen that the 2-sphere and the torus are complex manifolds and
we saw that non-orientable smooth manifolds cannot be complex manifolds. The following
question now arises:

Question 32.25. Let g ≥ 2. Does the surface of genus g have the structure of a complex
manifold?
We will discuss this question in Proposition 66.2.

Remark. It is often very hard to determine whether or not a given orientable even-dimen-
sional smooth manifold admits that a complex structure. For example, Armand Borel and
Jean-Pierre Serre [BoS1953]332 showed in 1953 that for n 6= 2, 6 the n-dimensional sphere
Sn cannot be a complex manifold. On the other hand it is still an open question whether
S6 admits a complex structure.

Exercises for Chapter 32.

Exercise 32.1. Use the Power Series Expansion Theorem 32.5 (1) to show that every
bounded holomorphic function f : C→ C is constant.

Exercise 32.2. Let M be a compact connected 1-dimensional complex manifold. Show
that any holomorphic function f : M → Cn is constant.
Hint. Use the Maximum Principle, i.e. use Theorem 32.10.

Exercise 32.3. Let f : C → C be a holomorphic non-constant function. Use Liouville's
Theorem 32.6 to show that f(C) is dense in C.

Exercise 32.4. Use Liouville's Theorem 32.6 to show that every complex polynomial of
degree ≥ 1 has a zero.

Exercise 32.5. Let U Ă C be an open connected subset and let f, g : U → C be two
holomorphic functions. Suppose that there exists a z0 ∈ U such that f (k)(z0) = g(k)(z0) for
all k ∈ N0. Use the Locally-a-Power Theorem 32.8 to show that f = g on all of U .

Exercise 32.6. Let U be an open subset of C, let f : U → C be a holomorphic function
and let V Ă U is a connected open subset such that f |V is not constant. Show that f(V )
is an open subset of C.
Hint. Use the Locally-a-Power Theorem 32.8 and use the Inverse Function Theorem 19.12.

Exercise 32.7. Let U be an open connected subset of C and let f : U → C be a holomorphic
function. Show that if the function |f | : U → R≥0 has a local maximum, then f is constant.
Hint. Use Proposition 32.9.

Exercise 32.8. Let U Ă Cn be an open set and let f : U → Cm be a holomorphic map.
Show that given any P ∈ U the di�erential DfP lies in M(m× n,C) Ă M(2m× 2n,R).

332Armand Borel (1923�2003) was a Swiss mathematician, Jean-Pierre Serre (*1926) is a French mathe-
matician who was awarded a Fields medal in 1954.
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Exercise 32.9.
(a) We view S2 as a subspace of C× R = R3. We consider the maps

Φ+ : S2 \ {(0 + 0i, 1)} → C
(z, t) 7→ z

1− t
and

Φ− : S2 \ {(0 + 0i,−1)} → C
(z, t) 7→ z

1 + t
.

Note that Φ+ is the stereographic projection from the North Pole (0+0i, 1) and that
Φ− is the stereographic projection the South Pole (0+0i,−1) composed with complex
conjugation. In Lemma 2.18 we showed that these two maps are homeomorphisms.
Show that these two charts de�ne a holomorphic atlas for S2. We refer to this
complex structure on S2 as the standard complex structure on S2.

(b) In Lemmas 2.18 and 5.32 we gave an explicit homeomorphism S2 → CP1. Show that
this map is a biholomorphism between the complex manifolds S2 and CP1.

Exercise 32.10. Show, without using the Riemann Mapping Theorem 32.12, that the
complex manifolds

U := {z ∈ C | Re(z) > 0 or Im(z) 6= 0}
V := {z ∈ C | Im(z) ∈ (−π, π)}

are biholomorphic.
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Exercise 32.11. Let f : M → N is a holomorphic map between two complex manifolds.
Show that for each P ∈M the di�erential DfP : TPM → Tf(P )N is a complex linear map.

Exercise 32.12. Let n ∈ Z. Show that {[x : y : z] ∈ CP2 |xn + yn + zn = 0} is a compact
1-dimensional complex submanifold of CP2.

Exercise 32.13. Let n ∈ N. Let CPn = (Cn+1 \ {0})/(C \ {0}) be the complex projective
space.
(a) Show that

M := {([z], v) ∈ CPn × Cn+1 | v ∈ C · z}
is a holomorphic submanifold of CPn × Cn+1.

(b) Show that the map π : M → Cn+1

([z], v) 7→ v

is holomorphic and show that π−1(Cn+1 \ {0})→ Cn+1 \ {0} is a biholomorphism.
Remark. The complex manifold M is called the blow up of Cn+1 at the origin.

Exercise 32.14. Let q(z) = be a non-constant complex polynomial. Show that the map

CP1 → CP1

[z : w] 7→
{

[q(a) : 1], if [z : w] = [a : 1] for some a ∈ C,
[1 : 0], if [z : w] = [1 : 0]

is holomorphic.
Remark. On page 705 we showed that this map is smooth.
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Exercise 32.15. We refer to the category CplxMfd with

Ob(CplxMfd ) := all complex manifolds,
Mor(X, Y ) := all holomorphic maps from X to Y ,

with the usual composition of maps as the category of complex manifolds. Furthermore we
de�ne the category PCplxMfd of pointed complex manifolds in the obvious way. Show that
the maps (M,P ) 7→ TPM

(f : (M,Q)→ (N,Q)) 7→ (DfP : TPM → TQN)

de�ne a covariant functor from the category PCplxMfd of pointed complex manifolds to the
category VecC of C-vector spaces.
Remark. This exercise should be viewed as the complex analogue of the Tangent Space-
Functor Proposition 23.10.





Part IV

Di�erential topology



In the last part of the lecture notes we introduced topological and smooth manifolds and we
introduced many of the essential notions and we formulated and proved many of the basic
theorems. In this part of the lecture notes we intensify our study of smooth manifolds. As
the name �di�erential topology� suggests, we are interested in the topological properties
of smooth manifolds. We will start out with a long discussion of smooth homotopies on
smooth manifolds. Afterwards we will introduce the degree of a smooth map between
smooth manifolds. This notion has many applications, for example it allows us to prove
the Hairy Ball Theorem 38.12 and the Borsuk-Ulam 39.8.
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33. Smooth homotopies

In this chapter we will introduce the notion of smooth homotopies, smooth isotopies and
di�eotopies. Furthermore, in this and the following chapter we will discuss some basic
properties and many examples.

33.1. Smooth homotopies. Let M be an m-dimensional smooth manifold and let N be
an n-dimensional smooth manifold. Suppose we are given two smooth maps f0, f1 : M → N .
On page 420 we de�ned a homotopy between f0 and f1 to be a map F : M × [0, 1] → N
with F0 = f0 and F1 = f1. On many occasions one feels much happier if one actually has a
�smooth homotopy�. To make sense of the notion of a smooth homotopy we need to recall
some concepts we introduced earlier.
(1) If M is a smooth manifold with empty boundary and if a < b are two real numbers,

then by the Smooth Manifold Product Proposition 19.31 (1) we can equip M × [a, b]
with a natural structure of an (m+ 1)-dimensional smooth manifold.

(2) More generally, if M is any smooth manifold, possibly with non-empty boundary,
then by the Smooth Manifold Product Proposition 20.6 we can view M × [a, b] as an
(m+ 1)-dimensional smooth manifold with corner ∠(M × [a, b]) = ∂M × {a, b}.

Either way, by the de�nitions on page 546 and on page 581 we now have a notion of a map
F : M × [a, b]→ N to be smooth.
For people who happen to be allergic to smooth manifolds with corner, the following lemma
often makes it possible to avoid dealing with the notion of smooth maps de�ned on smooth
manifolds with corner.
Lemma 33.1. Let M and N be smooth manifolds and let F : M × [a, b]→ N be a map.
(1) Let I be an interval with [a, b] Ă I. (We allow I = [a, b]).
(2) Let M̃ be a smooth manifold that containsM as a submanifold. (We allow M̃ = M).

If there exists a smooth map333 G : M̃×I → N such that the restriction of G to the subset
M × [a, b] equals F , then F : M × [a, b]→ N is also smooth.

Proof. This lemma follows immediately from Lemmas 20.3 and 20.7. �

After this preamble we now introduce the main protagonist of this chapter.
De�nition. Let M and N be smooth manifolds.
(1) A smooth homotopy is a smooth map F : M × [0, 1]→ N .
(2) We say that two smooth maps f0, f1 : M → N are smoothly homotopic if there exists

a smooth homotopy F : M × [0, 1]→ N with F0 = f0 and F1 = f1.334

There are various special types of smooth homotopies which we will now introduce.

333If either I is an open interval, or if ∂M̃ = ∅, then it follows from the Smooth Manifold Product
Proposition 19.31 (1) that we can treat M̃ × I as a smooth manifold without corner.
334Recall that given a homotopy F : X × [a, b] → Y and t ∈ [a, b] we denote by Ft : X → Y the map that
is given by x 7→ F (x, t).
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De�nition. Let M and N be smooth manifolds.
(1) A smooth isotopy of M in N is a smooth map

F : M × [0, 1] → N

such that for each t ∈ [0, 1] the map Ft : M → N is a smooth embedding.335

(2) We say a smooth isotopy F : M × [0, 1]→ N is proper if each Ft is a proper smooth
embedding336 and if the map F : M × [0, 1] → N is proper in the sense of the
de�nition on page 180, i.e. the preimage of every compact subset of N is a compact
subset of M × [0, 1].

(3) We say that two (proper) smooth embeddings f0, f1 : M → N are (properly) smoothly
isotopic if there exists a (proper) smooth isotopy F : M × [0, 1] → N with F0 = f0

and F1 = f1.
If each Ft is a di�eomorphism, then we refer to a smooth isotopy as a diffeotopy and we
say �diffeotopic� instead of �smoothly isotopic�.
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smooth homotopy
but not a

smooth isotopy

smooth isotopy
but not a proper
smooth isotopy

proper smooth isotopy

F0 F0F0M

Ft
F1

Ft

F1

Ft

F1

Example. We will soon give many examples of smooth isotopies. At this point it is perhaps
better to give a non-example. More precisely, we consider the map F : S1 × [0, 1] → R3

that is sketched in the �gure below. This map has the property that for each t ∈ [0, 1] the
map Ft : S1 → R3 is a smooth embedding. But the map F : S1× [0, 1]→ R3 is not smooth.
Thus this map is not a smooth isotopy.

Remark. The term �di�eotopic� is (alas!) used di�erently by di�erent authors. Our
de�nition agrees with the de�nition given in most textbooks, see e.g. [Wall2016, p. 49]
and [BJ1982, De�nition 9.3]. But it di�ers from the de�nition provided in [Hirs1976,
Chapter 8], there the map on M × [0, 1] only needs to be continuous, but each Ft needs to
be a di�eomorphism. As we just saw in the previous example, this is a weaker condition.

335Recall that by the de�nition on page 652 a map f : M → N between smooth manifolds is a smooth
embedding if it is a homeomorphism onto its image, if it is smooth and if the following statements hold:

(1) For each P ∈M the map DϕP : TPM → Tϕ(P )N is a monomorphism.
(2) For each P ∈M \ ∂M we have ϕ(P ) ∈ N \ ∂N .
(3) For each P ∈ ∂M with ϕ(P ) ∈ ∂N the image DϕP (TPM) is not contained in Tϕ(P )(∂N).
(4) For every component C of ∂M we have either ϕ(C) Ă ∂N or ϕ(C) Ă N \ ∂N .

336By the de�nition on page 650 a smooth embedding is called proper if furthermore the following hold:

(5) f−1(∂N) = ∂M ,
(6) f(M) is a closed subset of N .
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t = 4
5

t = 0 t = 1t = 2
5

t = 3
5

t = 1
5

each Ft : S1 → R3 is a smooth embedding

S1 × [0, 1]

F : S1 × [0, 1]→ R3

not smooth at this point

The following elementary lemma says in particular that one can precompose and postcom-
pose smooth isotopies by smooth maps. It can be viewed as the analogue of Lemmas 14.5
(2).

Lemma 33.2. Let K,L,M and N be smooth manifolds. If F : L× [0, 1]→M is a smooth
homotopy and if ϕ : K → L and ψ : M → N are smooth maps, then the maps

K × [0, 1] → M
(x, t) 7→ F (ϕ(x), t)

and
L× [0, 1] → N

(x, t) 7→ ψ(F (x, t))

are also smooth homotopies. If ϕ and ψ are di�eomorphisms, then a (proper) smooth iso-
topy (di�eotopy) F : L× [0, 1]→M becomes again a (proper) smooth isotopy (di�eotopy).
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Proof. All of the statements are basically trivial, except that one needs to argue why the
two maps L×[0, 1]→M and K×[0, 1]→ N are smooth. Note that the map L×[0, 1]→M
is the composition of the maps

K × [0, 1]
ϕ×id[0,1]−−−−−→ L× [0, 1]

F−→ M.

It follows from the Smooth Manifold Product Proposition 20.6 that the map to the left
is smooth. Thus the given map is the composition of two smooth maps between smooth
manifolds with corner. Therefore it follows from Lemma 20.3 that it is smooth. Finally
note that the map K × [0, 1] → N is precisely the map ψ ◦ F , thus it is smooth by
Lemma 20.3. �

In Lemma 14.5 (1) we saw that being homotopic is an equivalence relation. The analogous
statement also holds in the smooth context.
Proposition 33.3. (Smooth Isotopy Transitivity Proposition) Let M and N be
smooth manifolds.
(1) For mapsM → N being �smoothly homotopic�, being �smoothly (properly) isotopic�

and being �di�eotopic� is an equivalence relation.
(2) If A Ă M is a subset, then the statements in (1) also hold �rel A�.337

337Recall that according to the de�nition on page 419 we say that a map F : X × [0, 1] → Y that is a
homotopy rel A if for all x ∈ A and s, t ∈ [0, 1] we have F (x, s) = F (x, t).
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At �rst glance the Smooth Isotopy Transitivity Proposition 33.3 might appear trivial, but
the proof of the transitivity statement is technically slightly involved. The reader who is
happy to swallow the Smooth Isotopy Transitivity Proposition 33.3 as it is, can also press
the fast-forward button and move on to the next section.
Before we provide the proof of the Smooth Isotopy Transitivity Proposition 33.3 we need
to make a few preparations. We start out with the following de�nition.

De�nition. Let X and Y be topological spaces. We say a homotopy F : X × [0, 1] → Y
is trivial near the ends if there exists an ε > 0 such that for all P ∈ X and all t ∈ [0, ε] we
have F (P, t) = F (P, 0) and F (P, 1− t) = F (P, 1).
The proof of the Smooth Isotopy Transitivity Proposition 33.3 rests on the following two
lemmas.
Lemma 33.4. (Trivial-Near-The-Ends-Lemma) 338 Let M and N be smooth mani-
folds, let F : M × [0, 1] → N be a smooth homotopy and let ε ∈ (0, 1

2
). There exists a

smooth homotopy G : M × [0, 1]→ N with the following properties:
(1) We have G0 = F0 and G1 = F1.
(2) For every t ∈ [0, ε) we have Gt = F0 and for every t ∈ [1− ε, 1] we have Gt = F1. In

particular the smooth homotopy G is trivial near the ends.
(3) For each s ∈ [0, 1] there exists a t ∈ [0, 1] with Gs = Ft.

Furthermore, if F is a proper smooth homotopy or a di�eotopy, then so is G.

Proof of the Trivial-Near-The-Ends-Lemma 33.4. Let M and N be smooth mani-
folds and let F : M × [0, 1] → N be a smooth homotopy. Using the Smooth Transition
Function Lemma 19.4 one can easily show that there exists a smooth map ϕ : [0, 1]→ [0, 1]
such that ϕ(0) = 0, ϕ(1) = 1, ϕ(t) = 0 for all t ∈ [0, ε] and ϕ(t) = 1 for all t ∈ [1− ε, 1]. It
follows from Lemmas 20.3 and 20.7 that the map

F ◦ (idM ×ϕ) : M × [0, 1] → N
(x, y) 7→ (x, t) 7→ F (x, ϕ(t))

is smooth. It is clear that this map has the desired Properties (1), (2) and (3).
Finally note that if F is a proper smooth homotopy (di�eotopy), then it follows from

Property (3) that G is also a proper smooth homotopy (di�eotopy). �

1

1

1−εε

graph of ϕ

We also need the following variation on the Homotopy Stacking Lemma 14.3.

338This lemma is the smooth analogue of Exercise 14.6.
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Lemma 33.5. (Smooth Homotopy Stacking Lemma) Let M be a smooth manifold
and let a < b < c be real numbers. Let f : M × [a, c] → N be a map to some smooth
manifold N . We suppose that the following statements hold:
(1) The restrictions of f toM× [a, b] and toM× [b, c] (both viewed as smooth manifolds

with corner) are smooth.
(2) There exists an ε > 0 such that for all t ∈ [a, b] with t ∈ (b− ε, b+ ε) and all x ∈M

we have f(x, t) = f(x, b).
Then f itself is smooth.
Proof of the Smooth Homotopy Stacking Lemma 33.5. If ∂M = ∅, then the state-
ment follows immediately from the Smooth Pasting Proposition 19.23. But as the meticu-
lous reader will already have �gured out, if ∂M 6= ∅, then there is one step which requires
at least a little bit of thought. Namely, after taking charts for P ∈ ∂M one sees that one
still needs to prove the following claim.
Claim. Let V be an open subset of Hm and let ϕ : V × (b− ε, b+ ε)→ Rn be a map with
the following properties:
(1) The restrictions of ϕ to V × (b− ε, b]→ Rn and V × [b, b + ε)→ Rn are smooth in

the sense of the de�nition on page 532.
(2) For every P ∈ V and t ∈ [a, b] with t ∈ (b− ε, b+ ε) we have ϕ(P, t) = ϕ(P, b).

Then ϕ is smooth in the sense of the de�nition on page 532.
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V × (b− ε, b]

V × (b+ ε, b] (P, b)

U

Proof. As the reader can verify, this claim does not follow immediately from the de�nition.
So let P ∈ V . By hypothesis there exists an open neighborhood U of (P, b) ∈ Rm+1 and a
smooth map ϕ̃ : U → Rn with ϕ̃ = ϕ on U ∩ (V × (b− ε, b]). Now we consider the map

ψ̃ : U → Rn

(P, t) 7→ ϕ̃(P, b).

It follows easily from our hypothesis (2) that this map is smooth and that it agrees with ϕ
on U ∩ (V × (b− ε, b+ ε)). �

Proof of the Smooth Isotopy Transitivity Proposition 33.3.

(1) The only non-trivial aspect is to show transitivity. We show how to prove this
statement for �properly smoothly isotopic�. All other cases are dealt with in the
same way. Thus let f, g, h : M → N be proper smooth embeddings. We assume that
f is properly smoothly isotopic to g and that g is properly smoothly isotopic to h.
We need to show that f is properly smoothly isotopic to h.

Let Φ: M × [0, 1]→ N be a proper smooth isotopy from f to g. Furthermore let
Ψ: M×[0, 1]→ N be a proper smooth isotopy from g to h. After applying the Trivial-
Near-The-Ends-Lemma 33.4 to Φ and Ψ we can arrange that there exists an ε ∈ (0, 1)
such that for each P ∈ M and each t ∈ [0, ε] we have Φ(P, t − ε) = g(P ) = Ψ(P, ε).
Note that by the �furthermore� part of Trivial-Near-The-Ends-Lemma 33.4 we can
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guarantee that along the way we did not lose the property of Φ and Ψ being proper
smooth isotopies. Now we consider the map

M × [0, 1] → N

(P, t) 7→
{

Φ(P, 2 · t), if t ∈ [0, 1
2
],

Ψ(P, 2 · t− 1), if t ∈ [1
2
, 1].

By the Homotopy Stacking Lemma 33.5 we know that this map is smooth. It is now
clear that this map is a proper smooth isotopy between f and h.

(2) If we are given a subset A Ă M and if Φ and Ψ are smooth isotopies rel A, then it
follows from the construction and Part (3) of the Trivial-Near-The-Ends-Lemma 33.4
that the above smooth isotopy is again rel A. �

We conclude this section with a proposition that says, loosely speaking, that a smooth
homotopy starting at a smooth embedding is for �small parameters� actually a smooth
isotopy.

Proposition 33.6. (Deform Smooth Embedding Proposition) Let Y and M be
smooth manifolds, let S be a smooth manifold without boundary and let F : Y × S →M
be a smooth map. We assume that Y is compact.
(1) Let s ∈ S be a point such that the map Fs : Y → Y is a smooth embedding. There

exists an open neighborhood U of s such that for every t ∈ U the map Ft : Y →M
is a smooth embedding.

(2) If in the setting of (1) the map Fs is actually a di�eomorphism and if Y and M are
closed connected smooth manifolds, then there exists an open neighborhood U of s
such that for every t ∈ U the map Ft : Y →M is a di�eomorphism.
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FsY × [0, 1]
M

also a smooth embedding

Proof.

(1) We consider the map
Φ: Y × S → M × S

(y, t) 7→ (F (y, t), t).

Let s ∈ S be a point such that the map Fs : Y → M is a smooth embedding. We
observe that such s ∈ S has the following two properties:
(a) The map Φ|Y×{s} : Y × {s} →M × {s} is a smooth embedding.
(b) For each y ∈ Y the di�erential DΦ(y,s) is a monomorphism. It follows from the

Local Smooth Embedding Theorem 24.8 we obtain that for each y ∈ Y the map
Φ is locally a smooth embedding at (y, s).

We deduce from (a) and (b) together with the Neighborhood Smooth Embedding
Theorem 10.13 that there exists an open neighborhood W of Y × {s} Ă Y × S such
that the restriction of Φ to W →M ×S is a smooth embedding. Since Y is compact
we obtain from the elementary Exercise 5.9 that there exists an open neighborhood
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U of s ∈ S such that Y × U Ă W . It follows that for each t ∈ U the map

Φt : Y → M × {t} Ă M × S
y 7→ (Ft(y), y)

is a smooth embedding. Finally note that this in turn implies immediately that for
each t ∈ U the map Ft : Y →M is also a smooth embedding.

(2) Now we assume that Fs : Y →M is a di�eomorphism and that Y and M are closed
connected smooth manifolds. In particular we have dim(Y ) = dim(M). By (1) we
know there exists an open neighborhood U of s such that for every t ∈ U the map
Ft : Y → M is a smooth embedding. Since Y is closed, since M is connected and
since dim(Y ) = dim(M) we obtain from the Codimension-Zero Smooth Embedding
Proposition 24.16 (3) that each Ft is actually a di�eomorphism. �

33.2. Smooth isotopies of (sub-) manifolds. In this very short we introduce a few
basic de�nitions which are slight variations on some of the de�nitions from the last section.
The need for these variations will arise every now and then.

De�nition. Let M0,M1 be two (proper) submanifolds of a smooth manifold N .
(1) A (proper) smooth isotopy between M0 and M1 is de�ned as a (proper) smooth

isotopy F : M0 × [0, 1]→ N with F0 = idM0 and with F1(M0) = M1.339

(2) We say that the two submanifolds M0 and M1 are (properly) smoothly isotopic if
there exists a (proper) smooth isotopy between M0 and M1.

IfM0 andM1 are oriented smooth manifolds, then we demand that the map F1 : M0 →M1

is orientation-preserving.

Remark. Let F : M× [0, 1]→ N be a (proper) smooth isotopy. Recall that it follows from
the Smooth Embedding Theorem 24.10 (1) that each Ft(M) is a (proper) smooth subman-
ifold of N . Thus, loosely speaking, two (proper) submanifolds are (properly) smoothly
isotopic precisely if one submanifold can be smoothly deformed into the other through
(proper) submanifolds.

Example. In the �gure below we consider several oriented 1-dimensional submanifolds of a
surface M . In some cases it is clear that submanifolds are smoothly isotopic, in other cases
this looks dubious. In Chapter 43 we will get to know techniques which allow us to show
that the dubious pairs of oriented 1-dimensional submanifolds are indeed not smoothly
isotopic. In particular in Exercise 43.14 we will return to the given submanifolds.
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submanifolds that are presumably not smoothly isotopic

M

smoothly isotopic submanifolds

For completeness' sake we state the following lemma which we will use implicitly on several
occasions.
339Note that it follows from the Smooth Embedding Theorem 24.10 that F1 : M0 →M1 is a di�eomorphism.



818

Lemma 33.7. Let N be a smooth manifold. The property of being (properly) smoothly
isotopic is an equivalence relation on the set of (proper) submanifolds of (oriented) sub-
manifolds of M .

Proof. It follows almost immediately from the Smooth Isotopy Transitivity Proposition 33.3
that being (properly) smoothly isotopic is an equivalence relation. �

33.3. Examples of smooth homotopies. In this section we will give several examples
of smooth homotopies which will come in handy on numerous several occasions. We start
out with an example of a di�eotopy.

Lemma 33.8. (Di�eotopies-via-Matrices Lemma) Let n ∈ N.
(1) (a) If γ : [0, 1]→ GL(n,R) is a smooth path340, then the map

F : Rn × [0, 1] → Rn

(x, t) 7→ γ(t) · x
is a di�eotopy rel the origin.

(b) Given any A ∈ GL+(n,R) there exists a di�eotopy of Rn from idRn to the
di�eomorphism of Rn that is given by multiplication by A.

(2) (a) If γ : [0, 1]→ O(n) is a smooth path, then the map

F : B
n × [0, 1] → B

n

(x, t) 7→ γ(t) · x
is a di�eotopy rel the origin.

(b) Given any A ∈ SO(n) there exists a di�eotopy of B
n
from idBn to the di�eo-

morphism of B
n
that is given by multiplication by A.

The same statements hold with B
n
replaced by Bn and Sn−1.

Proof. We �rst prove Statement (2) which is slightly more subtle.
(2) (a) By the Matrix Group-Smooth Manifold Proposition 26.7 we know that O(n) is

a smooth submanifold of M(n × n,R). By the Submanifold Smooth Structure
Lemma 19.24 (1) the map γ, viewed as a map γ : [0, 1] → M(n × n,R) is also
smooth. It follows from this observation that the obvious extension of F to
Rn × [0, 1] → Rn is smooth. We deduce from Lemma 33.1, that the given map
F : B

n× [0, 1]→ B
n
is also smooth. It is now clear that it is in fact a di�eotopy.

(b) Let A ∈ SO(n). By the Matrix Group Path-Component Proposition 2.37 we
know that SO(n) is path-connected. It follows from this fact, together with the
Smooth Path-Connectivity Proposition 19.29, that there exists a smooth map
γ : [0, 1] → SO(n) with γ(0) = id and γ(1) = A. It follows from (2a) that there
exists a di�eotopy of B

n
from idBn to the di�eomorphism of B

n
that is given by

multiplication by A.

340Let G = GL(n,R) or G = O(n). By the discussion on page 711 and by the Matrix Group-Smooth
Manifold Proposition 26.7 we know thatG is a smooth submanifold of M(n×n,R). Thus by the Submanifold
Smooth Structure Lemma 19.24 we can and will view G as a smooth manifold in its own right. In this sense
we demand that the map γ : [0, 1] → G is smooth. In practice though we use the Submanifold Smooth
Structure Lemma 19.24 which says that if γ : [0, 1]→ M(n× n,R) is smooth in the ordinary sense, and if
γ takes values in G, then γ : [0, 1]→ G is smooth.
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By the same argument the analogous statements also hold for Bn and Sn−1.
(1) The proof of Statement (1) is almost verbatim the same as the proof of (2). Note that

by the Matrix Group Path-Component Proposition 2.37 we know that GL+(n,R) is
path-connected. �

To formulate our next example we recall the following de�nition which should be familiar
from a course in linear algebra.
De�nition. Let n ∈ N and let V Ă Rn be a hyperplane, i.e. V is a vector subspace of Rn

codimension one. We pick a vector v ∈ Rn with ‖v‖ = 1 that is orthogonal to V . We refer
to the map341342 ρV : Rn → Rn

w 7→ w − 2 · 〈v, w〉 · v
as the re�ection in the hyperplane V .
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ρV (w)

v

R2

V V
B

2

Lemma 33.9. Let n ∈ N.
(1) Any re�ection in a hyperplane of Rn has the following properties:

(a) it is an orientation-reversing di�eomorphism,
(b) it is an isometry (i.e. it preserves the Euclidean distance) and preserves the

origin,
(c) it restricts to orientation-reversing di�eomorphisms of B

n
and Sn−1.

(2) Any two re�ections in hyperplanes of Rn are in fact related by a di�eotopy F : Rn×
[0, 1] → Rn such that each Ft is also a re�ection. In particular the di�eotopies are
di�eotopies rel the origin. The di�eotopies restrict to di�eotopies of B

n
and Sn−1.

Proof. Let n ∈ N.
(1) Let ρ be a re�ection in a hyperplane of Rn. Clearly ρ is smooth and it satis�es

ρ ◦ ρ = idRn . This implies immediately that ρ is a di�eomorphism. Next we want to
show that ρ : Rn → Rn is orientation-reversing. By the Tangent Space-Isomorphism
Proposition 23.16 and by the discussion on page 536 we have the following commu-
tative diagram:

T0Rn ΘRn

∼=
//

Dρ0 ∼=
��

T̃0Rn = Rn

∼= ρ
��

T0Rn ΘRn

∼=
// T̃0Rn = Rn.

Elementary linear algebra shows that the right vertical map has negative determinant,
which means that it is orientation-reversing. By Lemma 25.7 (2) this implies that
the vertical map Dρ0 : T0Rn → T0Rn to the left is also orientation-reversing. It

341Note that v is well-de�ned up to sign, it follows easily that ρV does not depend on the choice of v.
342Here 〈 , 〉 denotes the standard inner product on Rn.
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follows from the Basics-of-Orientations Lemma 25.13 that ρ : Rn → Rn is orientation-
reversing.

A short amusing calculation shows that ρ preserves the scalar product, hence
length. Since ρ(0) = 0 and since ρ preserves the Euclidean metric we see that ρ
restricts to self-maps of B

n
and Sn−1. It follows from the Submanifold Smooth

Structure Lemma 19.24 that these self-maps are in fact di�eomorphisms of B
n
and

Sn−1. The same argument as above shows that the self-di�eomorphism of B
n
is

orientation-reversing. Finally it follows from the Boundary Orientation Lemma 25.17
(4) that the self-di�eomorphism of Sn−1 = ∂B

n
is also orientation-reversing

(2) Suppose we are given two hyperplanes V and W of Rn. We pick vectors v, w ∈ Rn

with ‖v‖ = ‖w‖ = 1 and with v ⊥ V and w ⊥ W . By the Ball-Sphere-Connected
Lemma 2.25 we know that Sn−1 is path-connected. It follows from the Smooth Path-
Connectivity Proposition 19.29 that there exists in fact a smooth path γ : [0, 1] →
Sn−1 with γ(0) = v and γ(1) = w. One can easily verify that the map

F : Rn × [0, 1] → Rn

(P, t) 7→ P − 2 · 〈γ(t), P 〉 · γ(t)

is smooth. By construction F0 = ρV and F1 = ρW . Thus F is the desired di�eotopy
of Rn. As in (1) we see that this di�eotopy of Rn restricts to a di�eotopy of B

n
and

to a di�eotopy of Sn−1. �
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Given a topological space X and a subset A we de�ned on page 433 the notion of a
deformation retraction R : X× [0, 1]→ X from X to A. If X is a smooth manifold, then it
makes sense to talk of a smooth deformation retraction. The following proposition, which
is the smooth version of the Matrix Groups Deformation Retract Proposition 15.7, gives
interesting examples of smooth deformation retractions.

Proposition 33.10. (Matrix Groups Smooth Deformation Retract Proposition)
Let n ∈ N0 and let k ∈ {1, . . . , n}. We write

GL(n, k) = set of k-tuples of linearly independent vectors of Rn

O(n, k) = set of k-tuples of orthonormal vectors of Rn.

(Note that for k = n we have GL(n, k) = GL(n) and O(n, k) = O(n).) We denote by
r : GL(n, k) → O(n, k) the map given by the Gram-Schmidt Orthonormalization Pro-
cess 2.38. The above retraction r : GL(n, k) → O(n, k) is realized343 by a smooth defor-
mation retraction344 R : GL(n, k)×[0, 1]→ O(n, k) which has the following extra property:
(∗) For every k-dimensional vector subspace V of Rn and every t ∈ [0, 1] we have

Rt(basis of V ) = basis of V .
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The analogous statements hold if we replace the pair O(n, k) and GL(n, k) by one of the
following four pairs:

(a) GL+(n,R) and SO(n)
(b) SL(n,R) and SO(n)
(c) GL(n,C) and U(n)
(d) SL(n,C) and SO(n).

Our proof of Proposition 33.10 rests on the following elementary lemma.
Auxiliary Lemma 33.11. Let M be a smooth manifold and let A Ă B Ă X be a
submanifolds. If A is a smooth deformation retract of B and if B is a smooth deformation
retract of M , then A is a smooth deformation retract of X.

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�

A

BM

Proof of Lemma 33.11. The proof of the lemma follows from combining the ideas of
the proof of the Iterated Deformation Retracts Lemma 15.4 and the proof of the Smooth
Isotopy Transitivity Proposition 33.3. We leave it to the reader to �ll in the details. �

Sketch of a proof of Proposition 33.10. In the Matrix Groups Deformation Retract
Proposition 15.7 we gave the same statement as above, except that we did not worry about
smoothness. We will now see that demanding that the deformation retractions are smooth
is not a big deal.

On page 173, in the proof of the Matrix Group Path-Component Proposition 2.37, we
implicitly already showed that each of the 2k steps of the Gram-Schmidt Orthogonalization
Process is realized by a smooth deformation retraction that satis�es (∗). It follows from
Lemma 33.11 that these smooth deformation retractions give rise to the desired smooth
deformation retraction

R : GL(n, k)× [0, 1] → GL(n, k)

from GL(n, k) to O(n, k) such that R that satis�es (∗). If n = k, then it follows from the
Gram-Schmidt Orthonormalization Process 2.38 (2) and (3) that this deformation retrac-
tion R restricts to a deformation retraction from GL+(n,R) to SO(n) and from SL(n,R)
to SO(n).

Finally note that the cases of the complex matrix groups are treated in a very similar
fashion. �

33.4. Homogeneous topological spaces. We start out with the following general de�-
nition.
De�nition. Let X be a topological space.
(1) We say X is homogeneous if given any two points x, y ∈ X there exists a homeo-

morphism f : X → X with ϕ(x) = y.

343Recall that by the de�nition on page 433 we say that a retraction f : X → A is realized by a deformation
retraction R : X × [0, 1]→ X if R1 = f .
344In Exercise 33.4 we will see that GL(n, k) is an open subset of Rnk. Therefore the word �smooth� makes
sense in the most naive sense.
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(2) Let A Ă X be a subset. We say X is homogeneous outside of A if given any two
points x, y ∈ X \ A there exists a homeomorphism f : X → X with ϕ(x) = y.

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�
�
�
�

���� ��
��
��
��

��

B
2
is not homogenous B

2
is homogenous outside of S1

y

x

y

x

Examples.
(1) It is clear that the topological space Rn is homogeneous. Furthermore, an easy linear

algebra argument shows that the sphere Sn is homogeneous.
(2) Every set that is equipped with the trivial topology or the discrete topology is ho-

mogeneous.
(3) In Exercise 22.11 we showed that the long ling L is homogeneous.
(4) We consider the in�nite product X =

∏
k∈N
{0, 1} = {0, 1}N of the discrete space {0, 1}.

In Exercise 33.7 we will see that X is homogeneous. Note that on page 235 we saw
that the Cantor set is homeomorphic to

∏
k∈N
{0, 1} = {0, 1}N. This gives us the not

entirely intuitive conclusion, that the Cantor set is homogeneous.
(5) It follows basically immediately from the de�nitions that a topological manifold

with non-empty boundary and non-empty interior is not homogeneous. In partic-
ular [0, 1]m is not homogeneous. It is thus quite stunning that the Hilbert Cube345,
i.e. the topological space

∏
k∈N

[0, 1] = [0, 1]N, is actually homogeneous. A proof of this

fact is given in [Verb1969, HalW2012].

For topological and smooth manifolds we are interested in �ner notions of homogeneity,
which leads us to the following de�nition.

De�nition. Let M be a topological manifold and let x, y ∈ M \ ∂M . We say x can be
moved to y if there exists a homeotopy F : M × [0, 1]→M with the following properties:
(1) F0 = id,
(2) F1(x) = y,
(3) F is a homotopy rel some neighborhood of ∂M .
(4) F is a homotopy with compact support, i.e. there exists a compact subset K Ă X

such that F (x, t) = x for all x 6∈ K and all t ∈ [0, 1].
If M is a smooth manifold, then we demand that F is actually a di�eotopy.
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y F1

F1(y)
∂M

M

x
F1(x) = y

The following proposition shows in particular that each compact interval [a, b] is homoge-
neous outside of the set of endpoints {a, b}, that every sphere is homogeneous and that the
closed ball B

n
is homogeneous outside of the boundary sphere ∂B

n
= Sn−1.

345We encountered the Hilbert Cube in a slightly di�erent avatar in Exercise 9.20.
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Proposition 33.12.
(1) Let a < b ∈ R. Given any x, y ∈ (a, b) we can move x to y.
(2) Let n ∈ N. Given any x, y ∈ Sn we can move x to y.
(3) Let n ∈ N. Given any x, y ∈ Bn \ ∂Bn

= Bn we can move x to y.

Remark.

(1) Note that Proposition 33.12 (3) gives in particular a solution to the rather challenging
Exercise 19.21.

(2) In Proposition 35.14 we will use the Flow Theorem 35.1 to provide an alternative
proof of Proposition 33.12 (3).

The proof of Proposition 33.12 rests on the following little lemma.

Auxiliary Lemma 33.13. Let M be a smooth manifold and let x, y, z ∈M \ ∂M . If we
can move x to y and if we can move y to z, then we can move x to z.

Proof of Lemma 33.13. Let F : M × [0, 1]→M and G : M × [0, 1]→M be di�eotopies
as in the above de�nition such that F1(x) = y and such that G1(y) = z. Using the Trivial-
Near-The-Ends-Lemma 33.4 we can arrange that F and G are trivial near the ends. One
can now verify easily that the map

H : × [0, 1] → M

(P, t) 7→
{
F (P, 2t), if t ∈ [0, 1

2
],

G(F1(P ), 2t− 1), if t ∈ [1
2
, 1]

has the desired properties. �

Proof of Proposition 33.12.

(1) Let x, y ∈ (a, b). We leave it to the reader to show, say using the Smooth Transition
Function Lemma 19.4, that there exists a di�eomorphism f : [a, b] → [a, b] with
f(x) = y and which is identity in a neighborhood of the two endpoints a and b. We
consider the smooth homotopy

F : [a, b]× [0, 1] → [a, b]
(s, t) 7→ s · (1− t) + f(s) · t

which is evidently a homotopy rel an open neighborhood of {a, b} with F0 = id and
F1 = f . Since the derivative of f is strictly positive one sees easily, say using the
Inverse Mapping Theorem 24.1 (2), that each Ft is a di�eomorphism of [a, b], i.e. F
is the promised di�eotopy.

x

y
graph of f

yx y

y graph of f

(2) Let n ∈ N and let x, y ∈ Sn. By the Orthogonal Action Lemma 5.26 (4) we know
that there exists an A ∈ SO(n+1) with A ·x = y. The desired orientation-preserving
di�eomorphism is thus given by multiplication by A. By the Di�eotopies-via-Matrices
Lemma 33.8 we know that this map is di�eotopic to the identity.
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(3) The case n = 1 is a special case of (1). Thus let us now suppose that n ≥ 2. Let
P,Q ∈ Bn \∂Bn

= Bn. First we deal with the case that P,Q 6= 0. We start out with
the following claim.

Claim. There exists a di�eotopy G : B
n× [0, 1]→ B

n
with G0 = id, G1(‖P‖) = ‖Q‖

and such that G is a homotopy rel a neighborhood of the boundary.

Proof. Since P,Q 6= 0 and since P,Q ∈ Bn we see that ‖P‖, ‖Q‖ ∈ (0, 1). Therefore
it follows from (1) that there exists a di�eotopy F : [0, 1] × [0, 1] → [0, 1] with the
following properties:
(a) We have F0 = id.
(b) The map F1 : [0, 1]→ [0, 1] is a di�eomorphism with F1(‖P‖) = ‖Q‖.
(c) There exists an ε > 0, such that F (s, t) = s for all s ∈ [0, ε] ∪ [1 − ε, 1] and all

t ∈ [0, 1].
Using the Smooth Pasting Proposition 19.3 one can easily verify that the desired
di�eotopy is given by

G : B
n × [0, 1] → B

n

(x, t) 7→
{
x, if ‖x‖ < ε
x
‖x‖ · F (‖x‖, t), if ‖x‖ > 0. �
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ε (0)

It follows from the claim and Lemma 33.13 that it remains to deal with the case
that ‖P‖ = ‖Q‖. We pick µ > 0 with 0 < ‖P‖ − µ < ‖P‖ + µ < 1. We write
v := P

‖P‖ and w := Q
‖Q‖ . Since n ≥ 2 it follows from (2) and the Trivial-Near-The-

Ends-Lemma 33.4 that there exists a di�eotopy F : Sn−1×[0, µ]→ Sn−1 with F0 = id,
with Fµ(v) = w and which is trivial near the ends. Again one can easily verify that
the desired di�eotopy is given by the map

H : B
n × [0, 1] → B

n

(x, t) 7→


x, if ‖x‖ ∈ [0, ‖P‖ − µ],
‖x‖ · F ( x

‖x‖ , t · (‖x‖ − ‖P‖+ µ)), if ‖x‖ ∈ [‖P‖ − µ, ‖P‖],
‖x‖ · F ( x

‖x‖ , t · (‖P‖+ µ− ‖x‖)), if ‖x‖ ∈ [‖P‖, ‖P‖+ µ],

x, if ‖P‖ ∈ [‖x‖+ µ, 1].

We have now settled the case that P,Q 6= 0.
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H1B
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‖P‖−µ(0)

Finally we need to deal with the case that one of two points P,Q ∈ Bn\∂Bn
= Bn

is the origin. In this case we pick a closed ball B
n

r (z) Ă B
n
with P,Q ∈ Bn

r (P ) but
with z 6= P,Q. We apply the above scheme to �nd a di�eotopy of B

n

r (z) that sends
P to Q. Since the di�eotopy is a homotopy rel a neighborhood of the boundary
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of B
n

r (z) we see that we can extend this di�eotopy via the constant homotopy to a
di�eotopy of all of B

n
. This di�eotopy clearly has all the desired properties. �
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The following proposition implies in particular that connected topological manifolds with-
out boundary are homogeneous.

Proposition 33.14. (Homogeneous-via-Di�eotopies Proposition)
(1) Let M be a connected topological manifold. Given any x, y ∈M \ ∂M we can move

x to y via a homeotopy.
(2) Let M be a connected smooth manifold. Given any x, y ∈ M \ ∂M we can move x

to y via a di�eotopy.

Remark. For smooth manifolds we will prove in Proposition 36.4 a re�nement of the
Homogeneous-via-Di�eotopies Proposition 33.14.

Proof. We prove the Homogeneous-via-Di�eotopies Proposition 33.14 for smooth mani-
folds. The case of topological manifolds follows by almost the same argument. Thus let M
be a connected smooth manifold and let x ∈M \ ∂M .

We say that y ∈ M \ ∂M is connected to x via balls if there exist smooth embeddings
Φi : B

n →M \ ∂M , i = 1, . . . , k such that x ∈ Φ1(Bn), y ∈ Φk(B
n) and such that for each

i = 1, . . . , k − 1 we have Φi(B
n) ∩ Φi+1(Bn) 6= ∅.

Claim. Every point in M \ ∂M is connected to x via balls.

Proof. Recall that we assume that M is connected. It follows from the Topological
Manifolds-Local Properties Lemma 18.8 and the Push Away From Boundary Lemma 18.13,
see also Exercise 18.19, that M \ ∂M is also connected. Now let U be the set of points in
M \ ∂M that are connected to x via balls.
• Since x ∈ M \ ∂M we see that there exists a smooth embedding Φ: B

n → M \ ∂M
with x ∈ Φ(Bn), thus x ∈ U , in particular U is non-empty.
• It is clear that U is open.
• Finally let y ∈ U , where we take the closure of U in M \∂M . Again we see that there
exists a smooth embedding Φ: B

n →M \ ∂M with y ∈ Φ(Bn). By the Codimension-
Zero Smooth Embedding Proposition 24.16 we know that Φ(Bn) is an open neighbor-
hood of y in M \ ∂M . Since y ∈ U we obtain from Lemma 1.10 (2) that there exists a
point ỹ ∈ Φ(Bn) ∩ U . We can connect ỹ to x via balls, but then we can also connect
y to x via one extra ball. Thus we have shown that y ∈ U , i.e. we have shown that
U = U . By the Interior-Closure Lemma 1.9 (5) this implies that U is closed.

It follows from the above and the fact that M \ ∂M is connected that U = M \ ∂M . �
Now let y ∈M \∂M . By the claim we know that y is connected to x via balls, i.e. there

exist smooth embeddings Φi : B
n →M\∂M , i = 1, . . . , k such that x ∈ Φ1(Bn), y ∈ Φk(B

n)
and such that for each i = 1, . . . , k− 1 there exists a point xi ∈ Φi(B

n)∩Φi+1(Bn). We set
x0 := x and xk := y.
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x1

Φk(B
n
)x = x0

y = xk

By Lemma 33.13 it remains to prove the following claim.
Claim 2. For each i = 0, . . . , k − 1 we can move xi to xi+1.

Proof. Let i ∈ {0, . . . , k − 1}. Note that by Proposition 33.12 (3) there exists an r ∈ (0, 1)
and a di�eotopy Θ: B

n × [0, 1] → M rel {x ∈ B
n | ‖x‖ ≥ r} with Θ0 = id and with

Θ1(Φ−1
i (xi)) = Φ−1

i (xi+1). We set

Fi : M × [0, 1] → M

(x, t) 7→
{

Φi(Θ(Φ−1
i (x), t)), if x ∈ Φi(B

n),
x, otherwise

Note that Fi is well-de�ned and that it is smooth on the open subsets346 Φi(B
n) × [0, 1]

and (M \ Φi(B
n

r ))× [0, 1] of M × [0, 1]. Thus Fi is smooth by the Smooth Pasting Propo-
sition 19.23. One can now easily verify that Fi has the desired properties. �

33.5. The Flattening Lemma. We conclude this chapter with the following lemma,
which is a little technical, but convenient at times.

Lemma 33.15. (Flattening Lemma) Let M Ă Rn be a smooth submanifold. Further-
more let P ∈ M \ ∂M , let W Ă Rn be a vector subspace and let ϕ : Rn → W be a
homomorphism such that ϕ : T̃PM → W is a monomorphism. Given any open neighbor-
hood U of P ∈ M there exists a smooth isotopy F : M × [0, 1] → Rn rel (M \ U) ∪ {P}
and an open neighborhood Ũ of P ∈M with the following properties:
(1) F0 = id,
(2) T̃P (F1(M)) = ϕ(T̃PM),
(3) F1(Ũ) Ă P +W ,
(4) for each x ∈ M and each t ∈ [0, 1] the point F (x, t) lies on the segment between x

and P + ϕ(x).

��
��
��

��
��
��

��
��
��
��

F1(M)

M

U

P P

P +W
ϕ

Proof. LetM Ă Rn be a k-dimensional smooth submanifold, let P ∈M \∂M , letW Ă Rn

be a vector subspace and let ϕ : Rn → W be a homomorphism such that ϕ : T̃PM → W is a
monomorphism and let U be an open neighborhood of P ∈M . We denote by p : Rn → Rk

346It follows from the Codimension-Zero Smooth Embedding Proposition 24.16 that Φi(B
n) × [0, 1] is an

open subset of M × [0, 1]. Furthermore it follows from the Compact Image Lemma 2.13, the Compact-
Closed Lemma 1.21 and the fact that smooth manifolds are Hausdor� that (M \Φi(B

n

r ))× [0, 1] is also an
open subset of M × [0, 1].
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the projection onto the �rst k coordinates. It follows from elementary linear algebra, see
Exercise 34.5, that there exists a linear isomorphism Φ: Rn → Rn and a monomorphism
χ : Rk → W such that the following diagram commutes:

T̃PM
ϕ
��

Φ

∼=
// Φ(T̃PM)

(x,y)7→xp
��

W Rk.? _
χ

oo

Since DΦP = Φ we can assume, after replacing M by Φ(M), that ϕ = χ ◦ p.
We write P = (x0, y0) ∈ Rk × Rn−k. It follows almost immediately from the Local

Graph Lemma 24.4 that there exists an r > 0 and an open neighborhood T of y0 ∈ Rn−k

and a smooth map f : Bk
r (x0)→ T such that Bk

r (x0)× T Ă U and such that

M ∩ (Bk
r (x0)× T ) = Graph of f : Bk

r (x0)→ T = {(x, f(x)) |x ∈ Bk
r (x0)}.

Next note that by the Smooth Transition Function Lemma 19.4 there exists a smooth map
γ : Bk

r (x0)→ [0, 1] such that
(a) if ‖x− x0‖ ≥ r

2
, then γ(x) = 0,

(b) if ‖x− x0‖ ≤ r
4
, then γ(x) = 1.

One can now easily verify that the map

F : M × [0, 1] → M

(Q, t) 7→
{
Q, if Q 6∈ (Bk

r (x0)× T
(x, f(x) + (y0 − f(x)) · γ(x) · t), if Q = (x, f(x)) with x ∈ Bk

r (x0)

has the desired properties. �
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p

F1(M)
Rn−k

Rk

M

P = (x0, y0)

Bk
r (x0)x0

y0

T

y0

x0

Exercises for Chapter 33.

Exercise 33.1. Let W be a compact smooth manifold without boundary and let N be a
smooth manifold, possibly with boundary. Let d > 0 and let f : W×[0, d]→ N be a smooth
embedding. Let A be a closed subset of M with f(W × {0}) ∩A = ∅. Then the map f is
smoothly isotopic rel W × {0} to a map g : W × [0, d]→ N with g(W × [0, d]) ∩ A = ∅.
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W × [0, d] N
A

W × [0, d]

is smoothly
homotopic to
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Exercise 33.2. Let n ∈ N, let X Ă Bn be compact and let U be an open neighborhood of
the origin 0 ∈ Bn

. Show that there exists a di�eotopy Θ: B
n × [0, 1] → B

n
rel Sn−1 such

that Θ0 = id and such that Θ1(X) Ă U .
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Exercise 33.3. Let M and N be two n-dimensional smooth manifolds. Furthermore let
F : M × [0, 1]→ N be a smooth isotopy.
(a) We suppose that there exists an open subset V Ă N such that for each t ∈ [0, 1] we

have V Ă Ft(M \ ∂M). Show that the map

ϕ : V × [0, 1] → M
(P, t) 7→ F−1

t (P )

is a smooth isotopy.
Hint. To show smoothness of ϕ you could use the Inverse Function Theorem 24.1 to
show that the map V × [0, 1] → M × [0, 1] given by (P, t) 7→ (ϕ(P, t), t) is a local
di�eomorphism.

(b) Let K Ă N be a submanifold such that for each t ∈ [0, 1] we have K Ă Ft(M \ ∂M).
Show that the map

K × [0, 1] → M
(P, t) 7→ F−1

t (P )

is a smooth isotopy.
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Exercise 33.4. Let n ∈ N0 and let k ∈ {1, . . . , n}. We write

GL(n, k) = set of k-tuples of linearly independent vectors of Rn︸ ︷︷ ︸
Rn×···×Rn =Rnk

.

Show that GL(n, k) is an open subset of Rnk.

Exercise 33.5. Let M be a connected smooth manifold.
(a) Let P,Q be points in M \ ∂M .

(i) Show that if dim(M) ≥ 2, then there exists a di�eomorphism f : M → M that
swaps P and Q and that is di�eotopic to the identity.

(ii) For which 1-dimensional smooth manifolds does the conclusion of (i) hold?
(b) Let C be a component of ∂M and let P,Q be two points in C. Show that there exists

a di�eomorphism f : M →M that swaps P and Q.
Hint. Use the Smooth Collar Neighborhood Theorem 28.3.

Exercise 33.6. Show that R/Q is compact, that it is homogeneous and that it is not a
topological manifold.
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Exercise 33.7. Show that the topological space
∏
k∈N
{0, 1} = {0, 1}N is homogeneous and

show that it is not a topological manifold.
Remark. Note that by Tychono�'s Theorem 5.9 and the Product Topology Properties
Proposition 5.8 we know that

∏
k∈N
{0, 1} = {0, 1}N is compact and Hausdor�. Thus we see

that there are compact Hausdor� spaces that are homogeneous but that are not topological
manifolds.

Exercise 33.8.
(a) Let n ≥ 2 and let M be a connected n-dimensional smooth manifold. Suppose we

are given distinct points P1, . . . , Pm and distinct points Q1, . . . , Qm inM \∂M . Show
that there exists a di�eotopy with compact support, rel a neighborhood of ∂M , from
the identity to a di�eomorphism Φ: M →M with Φ(Pi) = Qi for i = 1, . . . ,m.
Hint. Apply the Homogeneous-via-Di�eotopies Proposition 33.14 iteratively.
Remark. The same argument also works for topological manifolds where the conclu-
sion is that we get an isotopy with compact support.

(b) Show that the conclusion of (a) is wrong for 1-dimensional smooth manifolds.

Exercise 33.9. Can you pick up a loose unknotted string with both hands and turn it into
a knotted string as shown in the �gure below, while holding on to the ends of the string?
Either way, which smooth isotopy types of knotted strings can you produce this way?

Exercise 33.10. Let M and N be smooth manifolds and let F : M × R → N be a map
such that each Ft : M → N is a (proper) smooth embedding. Show that

M × R → N × R
(P, t) 7→ (F (P, t), t)

is a (proper) smooth embedding.
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34. Classification of certain diffeomorphisms up to diffeotopy

Given a smooth manifold one would like, ideally, to classify all di�eomorphisms up to
di�eotopy and given two smooth manifolds one would like, ideally, to classify all smooth
embeddings from one into the other up to smooth isotopy. Before we consider explicit
examples let us introduce a few relevant de�nitions.

De�nition. Let M and N be two smooth manifolds of the same dimension.
(1) We denote by Diff(M,N) the set of di�eomorphisms from M to N .
(2) By the Smooth Isotopy Transitivity Proposition 33.3 we know that �di�eotopy�

de�nes an equivalence relation on Diff(M,N). We write

D̃iff(M,N) := Diff(M,N)/ ∼ where f ∼ g if f and g are di�eotopic.

(3) If M and N are oriented, then it makes sense to restrict one selves to orientation-
preserving di�eomorphisms and we obtain Diff+(M,N) and D̃iff

+
(M,N).

Furthermore, given a single smooth manifold M we write Diff(M) := Diff(M,N) and
accordingly for all the related notions.

Remark. If M is a smooth manifold, then Diff(M) is evidently a group. Furthermore it
is not di�cult to see that this group structure descends to a group structure on D̃iff(M).
This group is also called the mapping class group MCG(M). We will study it in greater
detail in Section ??.

De�nition. Let M and N be two smooth manifolds.
(1) We denote by Emb(M,N) the set of smooth embeddings M → N .
(2) By the Smooth Isotopy Transitivity Proposition 33.3 we know that �smooth isotopy�

de�nes an equivalence relation on Emb(M,N). We write

Ẽmb(M,N) := Emb(M,N)/ ∼ where f ∼ g if f and g are smoothly isotopic.

(3) If M and N are oriented and of the same dimension, then it makes sense to restrict
one selves to orientation-preserving smooth embeddings and we obtain Emb+(M,N)

and Ẽmb
+

(M,N).

For completeness' sake we state the following rather obvious lemma.

Lemma 34.1. LetM and N be two smooth manifolds and let ϕ : A→M and ψ : N → B
be di�eomorphisms between smooth manifolds.
(1) The maps

Diff(M,N) → Diff(A,B)
f 7→ ψ ◦ f ◦ ϕ and D̃iff(M,N) → D̃iff(A,B)

[f ] 7→ [ψ ◦ f ◦ ϕ]

are bijections. If all smooth manifolds are oriented and if ϕ and ψ are orientation-
preserving, then the obvious analogues for Diff+ and D̃iff

+
also hold.

(2) The analogues for Emb instead of Diff also hold.

Proof. The lemma follows immediately from Lemma 33.2. �
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Given two smooth manifolds M and N it is in general surely too di�cult to describe
Diff(M,N) and Emb(M,N) in a meaningful way. It is more realistic to try to get a handle
on D̃iff(M,N) and Ẽmb(M,N). But even this problem becomes very hard very quickly.

Example. In the �gure below we see two smooth embeddings f, g : S1 → R3. It is per-
haps intuitively clear that the two smooth embeddings are not smoothly isotopic, i.e. that
they represent di�erent points in Ẽmb(S1,R3). But a proper proof will have to wait till
Proposition 59.6.

f g

The example shows that if at this stage we want to give a classi�cation we will need to
restrict ourselves to fairly basic situations. In fact in this chapter we will consider the
following:
(1) di�eomorphisms of Rn,
(2) smooth embeddings B

n → Rn,
(3) smooth embedding B

k → Rn for k < n,
(4) di�eomorphisms of S1.

34.1. Di�eotopies and orientations. We start out with the following proposition, which
might be intuitively obvious, but which is somewhat subtle to prove.

Proposition 34.2. (Smooth Isotopy-Orientation Proposition) Let M and N be
oriented connected smooth manifolds of the same dimension and let F : M × [0, 1] → N
be a smooth isotopy.347 Then either all smooth embeddings Ft : M → N are orientation-
preserving or all Ft are orientation-reversing.
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Proof. Let M and N be oriented connected n-dimensional smooth manifolds and let
F : M × [0, 1]→ N be a smooth isotopy. We consider the sets

A := {(x, t) ∈M × [0, 1] |D(Ft)x : TxM → TFt(x)N is orientation-preserving}
B := {(x, t) ∈M × [0, 1] |D(Ft)x : TxM → TFt(x)N is orientation-reversing}.

We need to show that A = M × [0, 1] or B = M × [0, 1]. Since M is connected we know,
by the Product Topology Properties Proposition 5.6 (3), that M × [0, 1] is also connected.
Thus it su�ces to prove the following claim.
Claim. The subsets A and B are both open subsets of M × [0, 1].

Proof. We will show that A is open. The proof that B is open is basically the same.
Now let (x, t) ∈ A. We pick an orientation-preserving chart348 Ψ: V → Ṽ for Ft(x) ∈ N .

347The case of a di�eotopy is of course an important special case.
348Here we equip the open subset Ṽ of Rn with the standard orientation.
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Since F : M × [0, 1] → N is in particular continuous we know that F−1(V ) is open. Since
(x, t) ∈ F−1(V ) there exists an open subset of the form U × I of M × [0, 1] such that
(x, t) ∈ U × I Ă F−1(V ). After possibly making U even smaller we can assume that there
exists an orientation-preserving chart Φ: U → Ũ for M .

Claim. The map349 θ : U × I → R \ {0}
(y, s) 7→ det

(
D(Ψ ◦ Fs ◦ Φ−1)Φ(y)︸ ︷︷ ︸

n× n-matrix

)
has the following two properties:
(1) For (y, s) ∈ U × I we have (y, s) ∈ A if and only if θ(y, s) > 0.
(2) The map θ is continuous.

Proof.

(1) Let (y, s) ∈ U × I. By the Tangent Space-Functor Proposition 23.10 we have

D(Ψ ◦ Fs ◦ Φ−1)Φ(y) = DΨFs(y) ◦D(Fs)y ◦D(Φ−1)Φ(y).

Since the charts Ψ and Φ are by our choice orientation-preserving we know that
DΨFs(y) : TFs(y)M → TΨ(Fs(y))Ṽ and D(Φ−1)Φ(y) : TΦ(y)Ũ → TyV are orientation-
preserving. It follows from the elementary the Orientation-Composition Lemma 25.3
that the composition is orientation-preserving if and only if D(Fs)y is orientation-
preserving. But that is what we needed to show.

(2) Note that for each ỹ ∈ Ũ and each s ∈ I we have

(Ψ ◦ Fs ◦ Φ−1)(ỹ) = (Ψ ◦ F ◦ (Φ−1 × idI)︸ ︷︷ ︸
map Ũ×I → U×I

)(ỹ, s).

Since Ψ ◦F ◦ (Φ−1× id[0,1]) is a smooth map from Ũ × I Ă Rn×R to Rn we see that
the determinant of the di�erential is a continuous map on Ũ × I. But this implies
that θ is indeed continuous. �

Since (x, t) ∈ A we obtain from the claim that θ(x, t) > 0. By the claim we also know
that θ is continuous. Since U × I is connected we see that θ is positive on all of U × I. But
again by the claim this means that U × I Ă A. It follows from the JH-Lemma 1.7 that A
is indeed open. �
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U VU × I

Rn

M × [0, 1]

(x, t)

F
N

Ψ

Ft(x)

Ψ ◦ Ft ◦ Φ−1
Φ

F−1(V )

Rn

Ṽ

349As usual we use the Di�erential-equals-Di�erential Lemma 23.4 and the Tangent Space-Isomorphism
Proposition 23.16 to freely go back and forth between the di�erent notions of di�erentials.
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34.2. Di�eotopies of Rn and smooth embeddings of balls into Rn.

Proposition 34.3. (Di�eotopies-of-Rn-Classi�cation Proposition) Let n ∈ N0.
(1) Let f : Rn → Rn be a di�eomorphism.

(a) If f is orientation-preserving, then f is di�eotopic to the identity map.
(b) If f is orientation-reversing, then f is di�eotopic to the re�ection ρ : Rn → Rn

that is given by (x1, x2, . . . , xn) 7→ (−x1, x2, . . . , xn).
(2) Let f : B

n → Rn be a smooth embedding.
(a) If f is orientation-preserving, then f is smoothly isotopic to the inclusion ι.
(b) If f is orientation-reversing, then f is smoothly isotopic to the re�ection ρ|Bn .
The same conclusion also holds for smooth embeddings f : B

n → Bn
r (0) into a

smooth ball of radius r > 1.
(3) Let k < n. Every smooth embedding f : B

k → Rn is smoothly isotopic to the
�standard� smooth embedding given by

ι : B
k → Rn = Rk × Rn−k

x 7→ (x, 0).

The same conclusion also holds for smooth embeddings f : B
k → Bn

r (0) into a
smooth ball of radius r > 1.

In any of the above cases we have the following re�nement: if f(0) = 0, then we can �nd
a di�eotopy rel {0} respectively a smooth isotopy rel {0}.
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B
n

B
n

f ρf ι

f orientation-preserving f orientation-reversing

Remark. In the Smooth Ball Embedding Theorem 37.8 and in the Lower-Dimensional
Smooth Ball Embedding Theorem 37.10 we will classify smooth embeddings of closed balls
into smooth manifolds. This result can be viewed as a generalization of the Di�eotopies-
of-Rn-Classi�cation Proposition 34.3 (2).

Proof. We start out with a few preparations:

• In the following we use on several occasions the fact, proved in the Smooth Isotopy
Transitivity Proposition 33.3, that being di�eotopic and being smoothly isotopic is an
equivalence relation.
• Given a matrix A ∈ M(m× n,R) we denote by µ(A) : Rn → Rm the map that is given
by multiplication by A.
•We use the Di�erential-equals-Di�erential Lemma 23.4 as an excuse not to distinguish
in our notation between the di�erential as a matrix and as a map.
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Now we turn to the actual proof.

(1) First let f : Rn → Rn be an orientation-preserving di�eomorphism. Evidently there
is a di�eotopy to a map that sends the origin to the origin. So by the Smooth
Isotopy Transitivity Proposition 33.3 we might as well assume that f(0) = 0. We
write A := Df0.

Claim. The map f is di�eotopic to the map µ(A).

Proof. Since Rn is a convex subset of Rn that contains the origin and since f(0) = 0
we know by the Map-as-Matrix Multiplication Proposition 19.14 that there exists a
smooth map Θ: Rn → M(n× n,R) such that Θ(0) = A = Df0 and such that for all
x ∈ Rn we have f(x) = Θ(x) · x. We consider the map

F : Rn × [0, 1] → Rn

(x, t) 7→ Θ(t · x)︸ ︷︷ ︸
∈M(n×n,R)

· x.

This map is evidently smooth. Furthermore note that we have F1 = f and note that
F0 = µ(A) = µ(Df0). It remains to show that each Ft is a di�eomorphism. This is
clear for t = 0. For t 6= 0 we see that

Ft(x) = Θ(t · x) · x = 1
t ·Θ(t · x) · (t · x) = 1

t · f(t · x).

Thus we see that Ft is the composition of the three di�eomorphisms x 7→ t · x,
y 7→ f(y) and z 7→ 1

t
z. Hence Ft is a di�eomorphism itself. �

Next note that our hypothesis that the di�eomorphism f is orientation-preserving
implies by the Basics-of-Orientations Lemma 25.13 that det(A) > 0, in other words,
A ∈ GL+(n,R). By the Di�eotopies-via-Matrices Lemma 33.8 we know that multi-
plication by A is di�eotopic to the identity. Thus we are done by the Smooth Isotopy
Transitivity Proposition 33.3.

Now we consider the case that f is orientation-reversing. There are two ap-
proaches to dealing with this situation. We can run exactly the same argument as
above, except that we now use that det(Df0) < 0 and that therefore Df0 lies in
the same path-component of GL(n,R) as the orthogonal matrix representing the
re�ection ρ.
Alternatively we can note that ρ ◦ f is orientation-preserving. We can apply the
above result to ρ ◦ f and we obtain a di�eotopy F : Rn× [0, 1]→ Rn with F0 = ρ ◦ f
and F1 = id. Since ρ ◦ ρ = id we see that ρ ◦ F is now the desired di�eotopy from f
to ρ.

(2) Let f : B
n → Rn be a smooth embedding. It follows by basically exactly the same

argument as in (1) that the smooth embedding is either smoothly isotopic to the
standard inclusion or to the re�ection. We leave the few remaining details to the
reader.

Now assume that we are given an r > 1 and an orientation-preserving smooth
embedding f : B

n → Bn
r (0). As we saw in Exercise 19.1, using the Smooth Transition

Function Lemma 19.4 one can easily �nd a di�eomorphism ϕ : [0, r)→ [0,∞) which
is the identity on [0, 1]. This di�eomorphism ϕ gives rise to the orientation-preserving
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di�eomorphism
Φ: Bn

r (0) → Rn

v 7→ ϕ(‖v‖) · v

which is the identity on B
n
. By the above discussion there exists a smooth isotopy

H : B
n × [0, 1] → Rn with H0 = Φ ◦ f and such that H1 is the inclusion. The

desired smooth isotopy is now given by (x, t) 7→ Φ−1(H(x, t)). The case that f is
orientation-reversing is handled in the same way.

(3) Let k < n and let f : B
k → Rn be a smooth embedding. As in (1) we might as

well assume that f(0) = 0. Throughout the following discussion we make use of the
following two projections:

p : Rn = Rk × Rn−k → Rk

(x, y) 7→ x
and q : Rn = Rk × Rn−k → Rn−k

(x, y) 7→ y.

Claim 1. The smooth embedding f : B
k → Rn is smoothly isotopic to a smooth

embedding g : B
k → Rn such that D(p ◦ g)0 : T0B

k → Rk is an isomorphism.

Proof. Since f is a smooth embedding we know that the matrix Df0 ∈ M(n× k) has
rank k. It follows from k ≤ n and some elementary linear algebra that there exists
a matrix A ∈ GL+(n,R) such that the �rst k rows of A · DfP have rank k. This is
equivalent to the statement that

p ◦ D(µ(A) ◦ f)0︸ ︷︷ ︸
represented by A ·Df0

= D(p ◦ µ(A) ◦ f)0 : T0B
k → Rk

is an isomorphism. By the Matrix Group Path-Component Proposition 2.37 we know
that GL+(n) is path-connected. It follows from this fact, together with the Smooth
Path-Connectivity Proposition 19.29, that there exists a smooth map γ : [0, 1] →
GL+(n) with γ(0) = id and γ(1) = A. Similar to the Di�eotopies-via-Matrices
Lemma 33.8 (1a) we know consider the smooth isotopy

F : B
k × [0, 1] → Rn

(x, t) 7→ γ(t) · f(x). �

Claim 2. The smooth embedding g : B
k → Rn is smoothly isotopic to a smooth

embedding h : B
k → Rn such that p ◦ h : B

k → Rk is a smooth embedding.

Proof. Recall that the map D(p ◦ g)0 : T0B
k → Rk is an isomorphism. It follows

almost immediately from the Inverse Mapping Theorem 24.1 that there exists an
r > 0 such that p ◦ g : B

k

r(0) → Rk is a smooth embedding. The desired smooth
isotopy is now given by

G : B
k × [0, 1] → Rn

(x, t) 7→ g(x · (1− t+ t · r)). �

Claim 3. The smooth embedding h : B
k → Rn is smoothly isotopic to a smooth

embedding i : B
k → Rn that takes values in Rk × {0}.
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Proof. We consider the map

H : B
k × [0, 1] → Rn

(x, t) 7→ ((p ◦ h)(x), (1− t) · (q ◦ h)(x)).

Since p ◦ h : B
k → Rk is a smooth embedding we see that each Ht : B

k → Rn is a
smooth embedding. In particular H is a smooth isotopy. Note that H0 = h. Finally
note that H1 takes values in Rk × {0}. �

Note that it follows from (2) that there exists a smooth isotopy I : B
k×[0, 1]→ Rk

from p ◦ i to id
B
k . Finally note that this smooth isotopy I evidently gives rise to

a smooth isotopy B
k × [0, 1] → Rn = Rk × Rn−k from i to the standard smooth

embedding ι : B
k → Rn = Rk × Rn−k that is given by x 7→ (x, 0).
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i
h

Claim 1 Claim 2 Claim 3 using Statement (2)

Now assume that we are given an r > 1 and an orientation-preserving smooth
embedding f : B

k → Bn
r (0). As in (2) we can reduce this case to the case of a smooth

embedding B
k → Rn, so we are done by the above discussion. �

The following is our �rst classi�cation result of this chapter.

Corollary 34.4. Given n ∈ N and given k ∈ {1, . . . , n} we consider the maps

ρ : Rn → Rn

(x1, . . . , xn) 7→ (−x1, x2, . . . , xn)
and ιk : B

k → Rn

x 7→ (x, 0)

With this notation the following statements hold:

(1) For n ∈ N we have D̃iff
+

(Rn) = {[id]} and D̃iff(Rn) = {[id], [ρ]}.
(2) For n ∈ N we have Ẽmb

+
(B

n
,Rn) = {[ιn]} and D̃iff(B

n
,Rn) = {[ιn], [ρ|Bn ]}.

(3) For k < n we have Ẽmb(B
k
,Rn) = {[ιk]}.

Proof. The three statements follow immediately from the combination of Propositions 34.2
and 34.3. �

34.3. Smooth homotopies and di�eotopies of S1. In the Di�eotopies-of-Rn-Classi�cation
Proposition 34.3 we obtained a very good understanding of di�eotopies of Rn. In this section
we will use the statement for n = 1 to classify the di�eomorphisms of S1 up to di�eotopy.
More precisely we will prove the following proposition.

Proposition 34.5. (Di�eotopies-of-S1-Classi�cation Proposition) Let f : S1 →
S1 be a di�eomorphism.
(1) If f is orientation-preserving, then f is di�eotopic to the identity.
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(2) If f is orientation-reversing, then f is di�eotopic to the re�ection ρ : S1 → S1 that
is given by (x, y) 7→ (x,−y).

Remark.

(1) In Lemma 50.1 we proved an analogous statement for self-homeomorphisms of S1.
(2) In Exercise 35.5 we will use the Flow Theorem 35.13 to give an alternative proof of

the Di�eotopies-of-S1-Classi�cation Proposition 34.5.
(3) The Smale Theorem 146.7 and the Cerf Theorem 58.5 say that the obvious analogues

of the Di�eotopies-of-S1-Classi�cation Proposition 34.5 hold for S2 and S3. But in
Proposition ?? and Theorem ?? we will see that in general the naive analogues in
higher dimensions do not hold. More precisely, there exist in�nitely many n ∈ N≥6

such that the sphere Sn admits an orientation-preserving self-di�eomorphism that is
not di�eotopic to the identity.

Before we turn to the proof of the Di�eotopies-of-S1-Classi�cation Proposition 34.5 let us
�rst state and prove the following almost immediate useful corollary.

Corollary 34.6. (Di�eomorphisms-of-S1-Extension Corollary) Every di�eomor-

phism f : S1 → S1 extends to a di�eomorphism of B
2
.

Remark.

(1) In Exercise 5.35 we encountered the Alexander trick, which shows that every home-
omorphism of Sn extends to a homeomorphism of B

n+1
.

(2) In contrast to the setting of homeomorphisms the analogue of the Di�eomorphisms-
of-S1-Extension Corollary 34.6 does not hold in all dimensions. More precisely, in
Proposition ?? we will see that there exists a di�eomorphism f : S6 → S6 that does
not extend to a di�eomorphism of B

7
.

Proof of Corollary 34.6 assuming Proposition 34.5. Let f : S1 → S1 be a di�eomor-
phism. By (1) we know that there exists a di�eotopy F : S1×[0, 1]→ S1 from F0 = f to the
identity F1 = id or to the re�ection F1 = ρ. By the Trivial-Near-The-Ends-Lemma 33.4 we
can arrange that F is trivial near the ends. In particular we can assume that there exists
an ε > 0 such that Ft = F1 for all t ∈ [1− ε, 1]. We consider the following map:

Φ: B
2 → B

2

P = (x, y) 7→


P = (x, y), if ‖P‖ ≤ 1

2
and if f is orientation-preserving,

(x,−y), if ‖P‖ ≤ 1
2
and if f is orientation-reversing,

‖P‖ · F
(
P
‖P‖ , 2− 2·‖P‖

)
, if ‖P‖ ∈ [1

2
, 1].

It follows easily from the Smooth Pasting Proposition 19.23 that the above map Φ: B
2 →

B
2
is indeed smooth. Furthermore in Exercise 34.6 we will write down an explicit in-

verse to Φ and we will show that the inverse is smooth. This implies that Φ is indeed a
di�eomorphism. �

The proof of the Di�eotopies-of-S1-Classi�cation Proposition 34.5 requires some prepa-
rations, which are IMHO actually interesting in their own right. First we introduce the
following notation:
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Notation. Throughout this section we work with the map

Ξ: R → S1

t 7→ exp( i · t).

Lemma 34.7. Let t ∈ R. The restriction of Ξ to (t − π, t + π) → S1 \ {−Ξ(t)} is a
di�eomorphism.

Proof. The lemma can be proved easily using the Smooth Embedding Theorem 24.10.
Alternatively, as we saw in Exercise 19.6, it is not di�cult to prove the lemma with one's
bare hands. �

De�nition. Let I Ă R be an interval and let f : I → S1 be a map. A lift of f is a map350

f̃ : I → R such that Ξ ◦ f̃ = f , in other words, such for all t ∈ I we have

f(t) = exp
(

i · f̃(t)
)
.

R

t 7→exp( i · t)
f

f̃ Ξ

Remark. On pages 1078 and 1080 we will greatly generalize the notion of a lift.

Lemma 34.8. Let I Ă R be an interval and let f : I → S1 be a map. If f is smooth, then
every lift is also smooth.

Proof. This statement follows from the Smooth Pasting Proposition 19.23 (3) together
with the fact, implicitly shown in Lemma 34.7, that Ξ: R→ S1 is a local di�eomorphism.

�

In the proof of the Di�eotopies-of-S1-Classi�cation Proposition 34.5 we will also make use
of the following very interesting lemma.

Lemma 34.9. (Lifting from S1-to-R Lemma) Let I Ă R be an interval and let x0 ∈ I.
Given any map f : I → S1 and given any ỹ0 ∈ R with f(x0) = exp( i · ỹ0) there exists a
unique lift f̃ : I → R of f with f̃(x0) = ỹ0.

Remark. The Lifting from S1-to-R Lemma 34.9 is an immediate consequence of the gen-
eral theory of coverings that we will study in great detail in Chapter 48. More precisely, it
follows from the discussion on page 1074 and the Actions-Covering Proposition 48.9 that
the map Ξ: R→ S1 is a covering. The statement of the Lifting from S1-to-R Lemma 34.9
follows now from a slight variation on Proposition 48.11. Since at this stage we do not
assume that the reader is familiar with covering theory we will now give a self-contained
proof of the Lifting from S1-to-R Lemma 34.9.

Proof. Our �rst claim already deals with the uniqueness statement of the proposition.

350Evidently this map is required to be continuous.
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Claim 1. Let J be an interval, let f : J → S1 be a map and let ϕ̃, ψ̃ : J → R be two lifts
of f . If ϕ̃ and ψ̃ agree at some point t0 ∈ J , then they agree everywhere.

Proof. We consider the map
θ : J → R

s 7→ ϕ̃(s)− ψ̃(s).

By hypothesis we have θ(t0) = 0. Furthermore note that for each t ∈ J we have

exp
(

i · (ϕ̃(s)− ψ̃(s))
)︸ ︷︷ ︸

=exp(i·θ(t))

= exp
(

i · ϕ̃(s)
)
· exp

(
i · ψ̃(s)

)−1
= f(s) · f(s)−1 = 1.
↑

since ϕ̃, ψ̃ : J → R are lifts of f

It follows that for every s ∈ J we have exp(2π i · (ϕ̃(s) − ψ̃(s))) = 1. This shows that the
map s 7→ µ(s) := ϕ̃(s) − ψ̃(s) takes values in Z. Since J is connected it follows from the
Connected-to-Discrete Lemma 2.27 that the map µ is constant. Since the map µ vanishes
at t0 we see that it is zero everywhere. �

Claim 2. Let b ∈ R and let s ∈ R ∪ {∞} with s > b. If for every c ∈ [b, s) there exists a
lift of f |[b,c], then there exists also a lift of f[b,s).

Proof. It follows from the previous claim that the lifts on the various intervals agree on the
overlaps. Thus they de�ne a lift on all of [b, s). �

To simplify the notation we now only deal with the case that the interval is given by
I = [x0,∞). The proof of the Lifting from S1-to-R Lemma 34.9 for all other types of
intervals is done in a very similar fashion. We set

S := {s ∈ [x0,∞) | there exists a lift of ϕ|[x0,s]}.

By Claim 2 it su�ces to prove the following claim.
Claim 3. S = [x0,∞).

Proof. Note that x0 ∈ S. Since [x0,∞) is connected if su�ces to show that S is open and
closed in [x0,∞). It follows from elementary arguments, see the Interior-Closure Lemma 1.9
(5), that it su�ces to show that for every s ∈ [x0,∞) with [x0, s) Ă S there exists an ε > 0,
such that [x0, s+ ε) Ă S.

Thus suppose we are given an s ∈ [x0,∞) with [x0, s) Ă S. By Claim 2 there exists a
lift f̃ : [x0, s) → R. We pick t ∈ [x0, s) such that f([t, s]) Ă S1 \ {−f(s)}. Recall that by
Lemma 34.7 we know that Ξ: (f̃(t)− π, f̃(t) + π)→ S1 \ {−f(t)} is a di�eomorphism. We
denote its inverse by Ψ. Since f is continuous and since f(s) ∈ S1 \ {−f(t)} there exists
an ε > 0 such that f([s, s+ ε)) Ă S1 \ {−f(t)}. Finally we consider the map

[x0, s+ ε) → R

x 7→
{

f̃(x), if x ≤ s,
Ψ(f(x)), if x ∈ [s, s+ ε).

Note that f̃ and Ψ ◦ f are lifts of f on [s, t] and note that they agree on t. Thus it follows
from Claim 1 that they also agree on s. This shows that this map is in fact well-de�ned at
s. It now follows from the Pasting Proposition 2.6 that this map is continuous. It is clear
that it is a lift of ϕ|[x0,s+ε). Thus we see that [x0, s+ ε) Ă S. �



840

x0 st

f

S1 \ {−f(t)}

(f̃(t)−π, f̃(t)+π) f(t) f(s)

Ξ
f̃

R
Ψ

f̃(t)

Now we can �nally provide the long awaited proof of the Di�eotopies-of-S1-Classi�cation
Proposition 34.5.

Proof of the Di�eotopies-of-S1-Classi�cation Proposition 34.5. Let f : S1 → S1

be a di�eomorphism. First we consider the case that f is orientation-preserving. Note
that by the Lifting from S1-to-R Lemma 34.9, applied to the map f ◦ Ξ: R → S1, there
exists a map f̃ : R→ R such that the following diagram commutes:

R
Ξt 7→ exp( it)
��

f̃
// R
Ξ t 7→ exp( it)
��

S1 f
// S1.

We make the following observations regarding f̃ :

(a) As we observed in Lemma 34.8, it follows from the fact that Ξ is a local di�eomor-
phism, together with the hypothesis that f is a smooth map, that f̃ is also smooth.

(b) Recall that on page 682 we showed that Ξ is an orientation-preserving local di�eomor-
phism. Since f is orientation-preserving we see that f̃ is also orientation-preserving.
As we saw in the elementary Exercise 25.18, the above implies that f̃ is a strictly
monotonously increasing function.

(c) Since f is a di�eomorphism and since the above diagram commutes we see that for
any x ∈ R the restriction of f̃ to the interval [x, x + 2π) de�nes a bijection with
[f(x), f(x) + 2π).

(d) Given x ∈ R it follows immediately from the commutativity of the above diagram,
that the equality f̃(x+ 2π)− f̃(x) ∈ Z · 2π holds.

(e) It follows from (b), (c) and (d) that for any x ∈ R we have f̃(x+ 2π) = f̃(x) + 2π.

Now we consider the map
F̃ : R× [0, 1] → R

(x, t) 7→ f̃(x) · (1− t) + x · t.

This map is evidently smooth. Since the map x 7→ x has the above Properties (a) to (e)
one can see easily that for any t ∈ [0, 1] the map F̃t : R → R has the above Properties (a)
to (e). This implies in particular that the map F̃ descends to a map

F : S1 × [0, 1] → S1

(Ξ(x), t) 7→ Ξ(f̃(x) · (1− t) + x · t)
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where each Ft : S1 → S1 is a homeomorphism. Since each F̃t is a local di�eomorphism and
since Ξ is a local di�eomorphism we obtain from the Smooth Pasting Proposition 19.23 (2)
that each Ft is in fact a di�eomorphism. We have thus shown that F is indeed a di�eotopy
from f to the identity.

Finally we consider the case that f is orientation-reversing. In this case ρ ◦ f is
orientation-preserving. We apply the above result to ρ ◦ f and we obtain a di�eotopy
F : S1 × [0, 1]→ S1 with F0 = ρ ◦ f and F1 = id. Since ρ ◦ ρ = id we see that ρ ◦ F is now
the desired di�eotopy from f to ρ. �

The following is our second classi�cation result of this chapter.

Corollary 34.10. Let ρ : S1 → S1 be the re�ection that is given by (x, y) 7→ (x,−y).
With this notation the following statements hold:

D̃iff
+

(S1) = {[id]} and D̃iff(S1) = {[id], [ρ]}.

Proof. The statements follow immediately from the combination of Propositions 34.2
and 34.5. �

Remark. In Exercise 34.1 we will pick up the last piece of low hanging fruit, namely we
will determine D̃iff

+
(B

1
) and D̃iff(B

1
).

Exercises for Chapter 34.

Exercise 34.1. Show that every di�eomorphism of [−1, 1] = B
1
that preserves the bound-

ary is di�eotopic to the identity.

Exercise 34.2. Let I Ă R be an interval and let x0 ∈ I. Let f, g : I → S1 be two maps
with f(x0) = g(x0) and let f̃ , g̃ : I → R be two lifts with f̃(x0) = g̃(x0). Show that if
f, g : I → S1 are homotopic rel {x0}, then f̃ and g̃ are homotopic rel {x0}.

Exercise 34.3. We consider the map

exp: C → C \ {0}
z 7→ exp(z).

Show that given any map f : [a, b]→ C \ {0} and given any w ∈ C with exp(z) = w there
exists a unique map f̃ : [a, b]→ C \ {0} with f̃(a) = w and such that exp ◦f̃ = f , i.e. such
that for all t ∈ [a, b] we have exp(f̃(t)) = f(t).

Exercise 34.4.

(a) Show that every di�eomorphism of the half-open interval [0, 1) is every orientation-
preserving.

(b) Show that every di�eomorphism of the half-open interval [0, 1) is di�eotopic to the
identity.

Exercise 34.5. Let T Ă Rn be a k-dimensional vector subspace, let W Ă Rn be a vector
space and let ϕ : Rn → W be a homomorphism such that ϕ : T → W is a monomorphism.
We denote by p : Rn → Rk the projection onto the �rst k coordinates. Show that there
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exists a linear isomorphism Φ: Rn → Rn and a monomorphism χ : Rk → W such that
ϕ = χ ◦ p ◦ Φ, i.e. such that the following diagram commutes:

T

ϕ
��

Φ

∼=
// Φ(T )

(x,y)7→xp
��

W Rk.? _
χ

oo

Exercise 34.6. Let f : S1 → S1 be a di�eomorphism and let F : S1 × [0, 1] → S1 be a
di�eotopy with F0 = f and F1 = id. Furthermore let ϕ : [1

2
, 1] → [0, 1] be a smooth map

with ϕ(t) = 0 for t ∈ [1
2
, 5

8
] and with ϕ(t) = 1 for t ∈ [7

8
, 1]. We consider the following map:

Φ: B
2 → B

2

P = (x, y) 7→

{
P = (x, y), if ‖P‖ ≤ 1

2
,

‖P‖ · F
(
P
‖P‖ , f(2− 2·‖P‖)

)
, if ‖P‖ ∈ [1

2
, 1].

Write down an explicit inverse of Φ and show that the inverse is smooth.

Exercise 34.7. For the purpose of this exercise an oriented knot is an oriented submanifold
of R3 that is di�eomorphic to S1. An oriented knot K is called reversible if there exists a
smooth isotopy F : K × [0, 1] → R3 such that F0 : K → R3 is the inclusion and such that
F1 : K → R3 restricts to an orientation-reversing di�eomorphism F1 : K → K. Show that
the trefoil and the �gure-8 knot are reversible. In other words, show that the two oriented
knots shown in the �gure to the left, respectively to the right, are smoothly isotopic.

trefoil with the two orientations �gure-8 knot with the two orientations

Exercise 34.8. For the purpose of this exercise a knot is a submanifold of R3 that is
di�eomorphic to S1. We say that two knots K and J are smoothly isotopic if there exists
a smooth isotopy F : S1 × [0, 1] → R3 such that F0(S1) = K and F1(S1) = J . We de�ne
the mirror image Kmir of a knot K to be the re�ection of K in a hyperplane of R3.
(a) Show that any two mirror images of a given knot are smoothly isotopic.
(b) We say a knot is amphichiral if it is smoothly isotopic to its mirror image. Show that

the �gure-8 knot is amphichiral.
Remark. In Proposition 131.5 and also in Proposition 149.10 we will see that the trefoil is
not amphichiral.

smoothly isotopic knots the �gure-8 knot K and its mirror Kmir
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Exercise 34.9. What is the cardinality of the set Emb({1, . . . , n}, S1) ?
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35. The Flow Theorem

On page 639 we introduced the notion of a smooth vector �eld on a smooth manifold. In
this section we state the Flow Theorem that shows in particular that smooth vector �elds
give rise to di�eotopies. The Flow Theorem cuts both ways. It will help us to construct
interesting di�eotopies using smooth vector �elds, this occurs for example in the proof
of the Isotopy Extension Theorem 36.1. But later on, using information on di�eotopies,
it will also help us to prove results on what type of smooth vector �elds can occur on
a smooth manifold. One such instance is given in the proof of the Smooth Poincaré-
Hopf Theorem 45.17 and much later in the proof of the Euler Characteristic-Vector Field
Theorem 97.15.
35.1. Statement of the Flow Theorem.
De�nition. Let M be a smooth manifold and let v be a smooth vector �eld on M , as
de�ned on page 638.
(1) Let I be an interval with non-empty interior. We say a smooth map ϕ : I → M is

a351 solution of the ODE y′ = v(y) if for every t ∈ I we have the following equality:352

ϕ′(t) = v(ϕ(t)) ∈ Tϕ(t)M.

(2) A complete v-�ow is a smooth map F : M × R → M that satis�es the following
properties:
(a) For each P ∈M we have F (P, 0) = P .
(b) For each P ∈M the map R→M given by t 7→ F (P, t) is a solution of the ODE

y′ = v(y).
The reader might remember from an earlier course the Fundamental Theorem 35.7 for

Autonomous ODEs which says, under mild hypotheses, that �short term� solutions of ODEs
exist and that they are unique in a suitable sense. But note, as we can see in the �gure
below, these solutions might not be de�ned on all of R. In particular there are hazards
if the smooth manifold is non-compact and also if the smooth manifold has non-empty
boundary.
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non-compact smooth manifold M

solution of the ODE y′ = v(y) only
exists on a �nite half-open interval [0, a)

solution of the ODE y′ = v(y) only
exists on a compact interval [0, a]

v

P

smooth manifold with non-empty boundary

P

v

We will get around these issues by considering only compact smooth manifolds and by
restricting ourselves to the following type of vector �elds.

351Here ODE is short for �ordinary di�erential equation�. Note that we do not de�ne the notion of an
ODE, we just de�ne the expression �solution of an ODE y′ = v(y)�.
352We refer to page 637 for the de�nition of ϕ′(t). As discussed on page 533, the fact that the interior of
the interval is non-empty implies that we can talk sensibly of ϕ′ at the endpoints of the interval.
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De�nition. Let M be a smooth manifold and let v be a vector �eld on M . We say v is
boundary parallel if for each P ∈ ∂M we have353 v(P ) ∈ TP ∂M .
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vector �eld is
boundary parallel

vector �eld is not
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Now we are in a position to state the main theorem of this chapter.

Theorem 35.1. (Flow Theorem) Let M be a compact smooth manifold and let v be a
smooth vector �eld onM that is boundary parallel. There exists a unique complete v-�ow
Φv : M × R→M .

Remark. Statements that are very similar to our Flow Theorem 35.1 can also be found
in [Lee2002, Theorem 9.12], [Wall2016, Theorem 1.4.2] and [BJ1982, Theorem 8.10].

The proof of the Flow Theorem 35.1 will consist of massaging the Fundamental Theorem
for Autonomous ODEs 35.7, which, to most readers who made it that far, will be familiar
from an earlier real analysis class. The proof of the Flow Theorem 35.1 is somewhat lengthy,
thus we postpone the proof to the next section. In the following we prefer to discuss the
Flow Theorem 35.1 and to consider an interesting addendum.

De�nition. Let M be a compact smooth manifold and let v be a smooth vector �eld on
M that is boundary parallel.
(1) For each P ∈M we refer to the subset Φv({P} × R) Ă M as a �ow line.354

(2) For t ∈ R the map Φv
t : M → M that is given by P 7→ Φv(P, t) is called the time-t

map of the �ow.
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M

�ow linesvector �eld v

Example. We consider S2 together with the smooth vector �eld that is given by

v : S2 → R3

(x, y, z) 7→ (−y, x, 0).

This vector �eld vanishes at the �North Pole� (0, 0, 1) and at the �South Pole� (0, 0,−1). By
the Flow Theorem 35.1 this vector �eld gives rise to a complex v-�ow Φv : S2×R→ S2. It is
pretty straightforward to see that for any t ∈ R the corresponding time-t map Φv

t : S2 → S2

is just given by rotation around the z-axis by the angle t. In particular we see that the
�ow lines are the circles of latitude.

353Here and throughout this chapter we will use the convention from page 633 which says that given a
smooth manifoldM we can view the tangent spaces of the boundary ∂M and tangent spaces of submanifolds
of M as vector subspaces of the tangent spaces TPM .
354We will not really make use of the concept of a �ow line. But the concept will be useful in illustrations
to draw pictures of �ows.
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the vector �eld
v(x, y, z)=(−y, x, 0)

S2

the vector �eld is zero

the vector �eld is zero

Φv
t is rotation

around the z-axis
by the angle t

�xed point

�xed point

Our next de�nition is a self-explanatory variation on the notion of a boundary parallel
vector �eld.
De�nition. Let M be a smooth manifold and let v be a vector �eld on M . Let W be a
submanifold of M . We say v is parallel to the submanifold W if for each P ∈ W we have
v(P ) ∈ TP W .
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The following proposition summarizes a few properties of complete �ows.

Proposition 35.2. (Flow-Di�eotopy Proposition) LetM be a compact smooth man-
ifold and let v be a smooth vector �eld on M that is boundary parallel. We denote by
Φv : M × R→M the corresponding unique v-�ow.
(1) For each t ∈ R the time-t map

Φv
t : M → M

P 7→ Φv(P, t)

is a di�eomorphism.
(2) Suppose that W Ă M is a proper submanifold. If v is parallel to W , then the map

Φv restricts to a map W ×R→ W and this map is the unique complete �ow of the
vector �eld v|W on the smooth manifold W .

Proof. We postpone the proof of the Flow-Di�eotopy Proposition 35.2 to The next section,
more precisely, to page 853. �

We continue with the following de�nition that will pop up time and again throughout these
notes.
De�nition. Let S be some set and let f : S → S be a map. We say P ∈ S is a �xed point
of f if f(P ) = P .
The following lemma says that zeros of vector �elds give rise to �xed points of the time-t
maps of the complete v-�ows.
Lemma 35.3. LetM be a compact smooth manifold and let v be a smooth vector �eld on
M that is boundary parallel. Let Φv : M ×R→M be the corresponding unique complete
v-�ow from the Flow Theorem 35.1. If P is a zero of the vector �eld, i.e. if v(P ) = 0, then
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for every t ∈ R we have Φv(P, t) = P . Put di�erently, for every t ∈ R the point P is a
�xed point of Φv

t : M →M .

Proof. This statement follows immediately from the uniqueness statement in the Funda-
mental Theorem 35.7 for Autonomous ODEs, applied to the map t 7→ Φv(P, t) and the
constant map t 7→ P . �

Now let M be a compact smooth manifold and let v be a smooth vector �eld on M that is
boundary parallel. Let Φv : M×R→M be the corresponding unique complete v-�ow from
the Flow Theorem 35.1. If P ∈ M is a point with v(P ) 6= 0 it can of course still happen
that there exists a t ∈ R such that Φv

t (P ) = P . For example let us consider the vector �eld
v on S2 that we studied on page 845. In this case we see that Φv

2π = idS2 .
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�ow line
vector �eld

P is a �xed point
of Φv

t : M →M for
�some� time t > 0

zero of the vector �eld

M

The following theorem says that if a vector �eld has no zeros, then at least for a short time
period each time-t map is �xed-point free.

Theorem 35.4. (Flow Fixed Point Theorem) Let M be a compact smooth manifold
and let v be a smooth vector �eld onM that is boundary parallel. Let Φv : M×R→M be
the corresponding unique complete v-�ow from the Flow Theorem 35.1. If v has no zeros,
then there exists an ε > 0 such that for each t ∈ (0, ε] the map Φv

t : M →M is �xed-point
free. In other words, given any t ∈ (0, ε] and given any P ∈M we have Φv

t (P ) 6= P .

Proof. To keep the discussion of the main results as clean as possible we postpone the
proof of the Flow Fixed Point Theorem 35.4 to page 854. �

Remark.

(1) In the Replace-by-Smooth Vector Field Proposition 29.6 we showed that if a smooth
manifold admits a nowhere-vanishing vector �eld355, then it also admits a smooth
nowhere-vanishing vector �eld.

(2) Later, in the Euler Characteristic-Vector Field Theorem 97.15, we will use the com-
bination of the Flow Fixed Point Theorem 35.4 and the Flow-Di�eotopy Proposi-
tion 35.2 to show that every smooth vector �eld on a closed smooth manifolds with
non-zero �Euler characteristic� has at least one zero.

Most of the remainder of this chapter is dedicated to the proofs of Flow Theorem 35.1
and the Flow Fixed Point Theorem 35.4. Only in the very last section we give one more
application of the Flow Theorem 35.1. Readers who happen to be allergic to technical
proofs are advised to move on either to Section 35.6 or straight to the next chapter.

355Recall that according to our de�nition on page 639 a vector �eld is by de�nition continuous, not more
and not less.
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35.2. Proof of the Flow Theorem 35.1. In this section we will provide the proof of
Flow Theorem 35.1. We will use one major ingredient from real analysis, namely the
Fundamental Theorem 35.7 for Autonomous ODEs. Besides this input we will provide all
details.
We start our discussion of the proof of the Flow Theorem 35.1 with the following sanity-
preserving convention.
Convention. Given a smooth submanifold U Ă Rn we will use the Di�erential-equals-
Di�erential Lemma 23.4 and the Tangent Space-Isomorphism Proposition 23.16 as an
excuse for not distinguishing between the various notions of tangent spaces and di�eren-
tials.
Throughout this section it is convenient to work with the following generalization of the
notion of a complete �ow.
De�nition. Let M be a smooth manifold and let t0 ∈ R. A v-�ow based at t0 consists of
an open subset U Ă M and an interval neighborhood I of t0 together with a smooth map
F : U × I →M that satis�es the following properties:
(1) For each P ∈ U we have F (P, t0) = P .
(2) For each P ∈ U the map I → M that is given by t 7→ F (P, t) is a solution of the

ODE y′ = v(y).
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U×[t0, b]

v

M F

U
b

Notation. Let Φ: A→ B be a local di�eomorphism between two smooth manifolds and
let w be a vector �eld on B. We denote by Φ∗w the vector �eld on A which assigns to
each P ∈ A the tangent vector

Φ∗w(P ) := (DΦP )−1(w(Φ(P ))︸ ︷︷ ︸
∈TΦ(P )B

) ∈ TPA.

It follows easily from the de�nitions, and an argument say as in the proof of the Smooth-
via-Atlas Lemma 19.21, that if w is a smooth vector �eld on B, then Φ∗w is a smooth
vector �eld on A.

��
��
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�
�
�

w(Φ(P ))

Φ(P )

B
P

Φ∗w(P )

Φ

w

Φ∗w

Φ

w

A

Lemma 35.5. Let Φ: A → B and Ψ: B → C be local di�eomorphisms between smooth
manifolds and let w be a vector �eld on C. Then Φ∗(Ψ∗w) = (Ψ ◦ Φ)∗w.

Proof. This statement follows immediately from the chain rule of di�erentials, see the
Tangent Space-Functor Proposition 23.10 (2). �

The following lemma allows us to reduce questions on �ows via di�eomorphisms to settings
which are hopefully easier.
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Lemma 35.6. (Flow-Di�eomorphism Lemma) Let Φ: A → B be a di�eomorphism
between two smooth manifolds and let w be a vector �eld on B. Furthermore let U Ă B
be an open subset and let t0 ∈ R. If F : U × I → B is a w-�ow on B based at t0, then the
map Φ−1(U)× I → A

(x, t) 7→ Φ−1(F (Φ(x), t))

is a Φ∗w-�ow based at t0.
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Φ−1

Φ

Φ∗w
w

U × I(x, t) 7→ (Φ(x), t)

F

U B

Φ−1(U)

Proof. Let x ∈ Φ−1(U). First we calculate

by the chain rule, see the Tangent Space-Functor Proposition 23.10
↓

d
dtΦ

−1(F (Φ(x), t)) =
(
DΦΦ−1(F (Φ(x),t))

)−1 · ddtF (Φ(x), t)

=
(
DΦΦ−1(F (Φ(x),t))

)−1 · w(F (Φ(x), t)) = Φ∗(w)(Φ−1(F (Φ(x), t))).
↑ ↑

since F is a w-�ow by de�nition of Φ∗w at the point Φ−1(F (Φ(x), t))

Finally note that for each x ∈ Φ−1(U) we have

Φ−1(F (Φ(x), t0)) = Φ−1(Φ(x)) = x.
↑

since the w-�ow F is a based at t0

We have thus veri�ed that the given map is indeed a Φ∗w-�ow based at t0. �

The Flow-Di�eomorphism Lemma 35.6 gives us the tool to reduce many of our problems
to the setting of open subsets of Rn. This is the right moment for rolling out the following
major theorem from real analysis.

Theorem 35.7. (Fundamental Theorem for Autonomous ODEs) Let W Ă Rn be
an open subset and let v : W → Rn be a smooth map.
(1) Given any P ∈ W and any t0 ∈ R there exists an open neighborhood U of P in W

and an open neighborhood I of t0 such that for every x ∈ U there exists a solution
ϕ : I → W of the ODE y′ = v(y) with ϕ(t0) = x.

(2) Let I Ă R be an open interval. Furthermore let f : I → W and g : I → W be two
solutions of the ODE y′ = v(y). If there exists a t0 ∈ I with f(t0) = g(t0), then
f(t) = g(t) for all t ∈ I.

(3) Let U Ă W be an open subset, let t0 ∈ R and let I Ă R be an open neighborhood
of t0. Suppose that for each x ∈ U we are given a map ϕx : I → W that is a solution
of the ODE y′ = v(y) and such that ϕx(t0) = x. Then the map

Φ: U × I → W
(x, t) 7→ ϕx(t)

is smooth. In other words, Φ is a v-�ow based at t0.
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(4) If F : U × I → W and G : V × J → W are two v-�ows based at t0, then F and G
agree on the intersection of their domains.
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U × (t0−ε, t0+ε)

Φ UW v

P

Proof. The �rst three statements of the theorem get proved in every respectable course on
ordinary di�erential equations. For example a proof is provided in [Lee2002, Theorem D.1].
The last statement is an immediate consequence of (2) and the convenient fact that the
intersection of two intervals is again an interval. �

Lemma 35.8. Let M be a smooth manifold and let v be a smooth vector �eld on M . Let
F : M × (a, b)→M be a v-�ow based at 0.
(1) For every µ, ν with µ ∈ (a, b) and µ+ ν ∈ (a, b) we have

F (F (P, µ), ν) = F (P, µ+ ν).

(2) For every µ ∈ R with −µ ∈ I the maps

M → M
P 7→ F (P,−µ)

and
M → M
P 7→ F (P, µ)

are di�eomorphisms and they are inverses of one another.

Proof.

(1) Let P ∈M and let µ ∈ (a, b). We consider the map

ψ : (a− µ, b− µ) → M
t 7→ F (P, µ+ t).

Note that for each t ∈ (a− µ, b− µ) we have

ψ′(t) = F ′(P, µ+ t) · 1 = v(F (P, µ+ t)) = v(ψ(t)).
↑

chain rule

This shows that t 7→ ψ(t) = F (P, µ + t) is a solution of the ODE y′ = v(y). Note
that ψ(0) = F (P, µ). Another solution of the ODE y′ = v(y) with the same initial
condition is given by t 7→ ϕ(t) := F (F (P, µ), t). It follows from the Fundamental The-
orem 35.7 for Autonomous ODEs (3) that F (P, t+ µ) = ψ(t) = ϕ(t) = F (F (P, µ), t)
for all t ∈ (a− µ, b− µ). But that is what we needed to show.

(2) Let µ ∈ R with −µ ∈ I. We consider the maps

α : M → M
P 7→ F (P,−µ)

and
β : M → M

P 7→ F (P, µ)

The map F : M × (a, b) → M is a �ow, in particular F is smooth. It follows easily
from the Smooth Manifold Product Proposition 19.31 and Lemma 19.22 (2) that the
two maps α and β are smooth. Thus it su�ces to show that the maps α and β are
inverses of one another. But this is an immediate consequence of (1). �
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Now we can �nally provide the proof of the Flow Theorem 35.1. To improve readability we
�rst deal with the case of smooth manifolds without boundary. Afterwards we will explain
how one needs to adapt the argument to deal with smooth manifolds with non-empty
boundary.

Proof of the Flow Theorem 35.1 if ∂M = ∅. LetM be a closed n-dimensional smooth
manifold and let v be a smooth vector �eld on M . We need to show that there exists a
unique complete v-�ow on M . In fact the uniqueness follows almost immediately from the
uniqueness statement of the Fundamental Theorem 35.7 for Autonomous ODEs together
with the Flow-Di�eomorphism Lemma 35.6. Thus it remains to show the existence of a
complete v-�ow Φ: M × R→M .
Claim 1. Given any P ∈ M there exists an open neighborhood AP of P ∈ M , an εP > 0
and a v-�ow FP : AP × (−εP , εP )→M based at 0.

Proof. Let P ∈ M . Since we assume that ∂M = ∅ we know that there exists a chart
ΦP : UP → Bn with ΦP (P ) = 0. We consider the smooth vector �eld w := (Φ−1

P )∗(v) on
Bn. Recall that we assume that v is a smooth vector �eld on M . By the de�nition of a
smooth vector �eld on a smooth manifold, see page 639, this implies that w, viewed as
a map w : Bn → Rn is actually a smooth map. Therefore it follows from Statements (1)
and (3) of the Fundamental Theorem 35.7 for Autonomous ODEs there exists an open
neighborhood NP of 0 ∈ Bn, an εP > 0 and a w-�ow G : NP × (−εP , εP )× Bn based at 0.
We set AP := Φ−1(NP ). The claim now follows from the Flow-Di�eomorphism Lemma 35.6
together with Lemma 35.5. �

Claim 2. There exists an ε > 0 and a v-�ow F : M × (−ε, ε)→M based at 0.

Proof. By hypothesis the smooth manifold M is closed, in particular M is compact. It
follows that there exist �nitely many points P1, . . . , Pk ∈M such thatM = AP1 ∪· · ·∪APk .
We set ε := min{εP1 , . . . , εPk}.

It follows easily from Statement (4) of the Fundamental Theorem 35.7 for Autonomous
ODEs, together with the Flow-Di�eomorphism Lemma 35.6, that the �ows FP1 , . . . , FPk
agree on the overlaps of their domains. In particular these v-�ows combine to give a v-�ow
F : M × (−ε, ε)→M based at 0. �
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Φ−1
Pi

(Bn)× (−εPi , εPi)

M × R
M

vector �eld v

ΦP

Bn wP

P

By Lemma 35.8 we know that Θ := F ε
2

: M → M is a di�eomorphism. For each k ∈ Z
we consider the map

F̃k : M × (k·ε
2
− ε, k·ε

2
+ ε) → M

(P, t) 7→ Θk(F (Θ−k(P ), t− k·ε
2

)).

It follows again from the Fundamental Theorem 35.7 for Autonomous ODEs (4) together
with the Flow-Di�eomorphism Lemma 35.6 that these v-�ows agree on the overlap of their
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domains. Thus these maps can be combined to de�ne a v-�ow F : M × R → R that is
based at 0. �

The proof of the Flow Theorem 35.1 if ∂M 6= ∅ will build on the following lemma.

Lemma 35.9. Let n ∈ N. We set X := Rk × {0} Ă Rn. Let W be an open subset of Rn

and let v : W → Rn be a smooth vector �eld onW that is parallel toW ∩X, i.e. we assume
that for every P ∈ X we have v(P ) ∈ TPX = Rk × {0}. Furthermore let U Ă W be an
open subset and let F : U × I → W be a v-�ow on U based at some t0. Let k ∈ {0, . . . , n}.
(1) The map F : W × I → U restricts to a map

F : (U ∩X)× I → W ∩X.
(2) If k = n− 1, then the map F : W × I → U restricts to a map

F : (U ∩Hn)× I → W ∩Hn.
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W ∩Hn

U

X = Rk × {0}

W

v

�ow lines starting in U ∩Hn

Proof. The �rst statement follows immediately from the Mean Value Theorem. The second
statement follows from the �rst statement and the Intermediate Value Theorem. We leave
it to the reader to �ll in the details. �

Proof of the Flow Theorem 35.1 if ∂M 6= ∅. LetM be a compact n-dimensional smooth
manifold with (possibly) non-empty boundary and let v be a smooth vector �eld onM that
is boundary parallel. As in the proof for closed smooth manifolds it su�ces to prove the
following claim.
Claim 2. There exists an ε > 0 and a v-�ow F : M × (−ε, ε)→M based at 0.

Furthermore, as in the proof for closed smooth manifolds, this Claim 2 follows easily
from the following Claim 1.
Claim 1. Given any P ∈M there exists an open neighborhood A of P ∈M , an ε > 0 and
a v-�ow F : A× (−ε, ε)→M based at 0.

Proof. Let P ∈ M . If P ∈ M \ ∂M , then we apply the same argument as on page 851.
Now let P ∈ ∂M . This implies that there exists a chart Φ: U → Bn

≥0 with Φ(P ) = 0. We
consider the vector �eld w := (Φ−1)∗(v) on Bn

≥0.
Since v is a smooth vector �eld on M we see, by the de�nition of a smooth vector

�eld on a smooth manifold on page 639, that (Φ−1)∗v : Bn
≥0 → Rn is a smooth map. By

de�nition of a smooth map on Bn
≥0, see page 532, there exists an open neighborhood V

of 0 ∈ Rn and a smooth vector map w̃ : V → Rn such that w̃ and (Φ−1)∗v agree on the
common subset V ∩Bn

≥0.
It follows again from Statements (1) and (3) of the Fundamental Theorem 35.7 for

Autonomous ODEs that there exists an open neighborhood N of 0 ∈ V , an ε > 0 and
a w̃-�ow G : N × (−ε, ε) → V based at 0. Next note that it follows from our hypothesis
that v is boundary parallel, together with Lemma 35.9, that the map G restricts to a map
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V
v

M
w = (Φ−1)∗v

Bn
≥0Φ

P

U w̃

G : (N ∩ Bn
≥0) × (−ε, ε) → V ∩ Bn

≥0. We set A := Φ−1(N ∩ Bn
≥0). The desired statement

now follows from the Flow-Di�eomorphism Lemma 35.6 together with Lemma 35.5. �

Finally, with all the tools that we have acquired by now the proof of the Flow-Di�eotopy
Proposition 35.2 is only a formality.

Proof of the Flow-Di�eotopy Proposition 35.2. Let M be a compact smooth mani-
fold and let v be a smooth vector �eld onM that is boundary parallel. Let Φv : M×R→M
be the corresponding complete v-�ow.
(1) Let t ∈ R. We need to show that the map Φv

t : M →M is a di�eomorphism that is
di�eotopic to the identity. To do so we consider the map

H : M × [0, 1] → M
(P, s) 7→ Φv(P, t · s).

Since Φv : M × R → M is a v-�ow we know that Φv : M × R → M is in particular
smooth. It follows that H : M × [0, 1]→M is smooth. Furthermore by Lemma 35.8
we know that each Hs : M → M is a di�eomorphism. This shows that H is a
di�eotopy.

(2) Suppose that W Ă M is a proper submanifold and suppose that v is parallel to W .
We need to show that the map Φv : M ×R→M restricts to a map W ×R→ W and
that this map is the unique complete �ow of the vector �eld v|W on W . Recall that
by the de�nition of a proper submanifold, see page 525, W is a closed subset of M
and for each P ∈M we can �nd submanifold charts of type (α) or (β) as de�ned on
page 525 and as illustrated in the �gure below. Given P ∈ W we consider the map

ϕ : R → M
t 7→ Φv(P, t).

It follows from Lemma 35.9 together with the Flow-Di�eomorphism Lemma 35.6
that ϕ−1(W ) is an open subset of R. Since W is a closed subset of M we know
that ϕ−1(W ) is a closed subset of R. Since ϕ(0) = P we see that ϕ(W ) 6= ∅. By
the Path-Connected Implies Connected Corollary 2.23 we know that R is connected.
Thus we see that ϕ−1(W ) = R. But this implies that Φv(W × R) Ă W . Finally
it follows from the uniqueness statement of the Flow Theorem 35.1 that Φv|W×R is
indeed the complete v|W -�ow. �
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35.3. Proof of the Flow Fixed Point Theorem 35.4. For the reader's convenience we
recall the Flow Fixed Point Theorem 35.4.
Theorem 35.4. (Flow Fixed Point Theorem) Let M be a compact smooth manifold
and let v be a smooth vector �eld on M that is boundary parallel. Let Φv : M × R→ M
be the unique complete v-�ow Φv : M ×R→M from the Flow Theorem 35.1. If v has no
zeros, then there exists an ε > 0 such that for each t ∈ (0, ε] the time t-map Φv

t : M →M
is �xed-point free. In other words, given any t ∈ (0, ε] and given any P ∈ M we have
Φv
t (P ) 6= P .

Remark. We will give a bare hands proof of Flow Fixed Point Theorem 35.4. A more
elegant proof can also be given using Proposition 35.11.

Our proof rests on the following auxiliary lemma.
Auxiliary Lemma 35.10. Let I be an interval and let ϕ : I → U be a smooth map. If
there exists a linear map π : Rn → R such that for every t ∈ I we have π(ϕ′(t)) > 0, then
ϕ is injective.

Proof of Lemma 35.10. We consider the map π ◦ ϕ : I → R. Note that for every t ∈ I
we have (π ◦ ϕ)′(t) = Dπϕ(t)(ϕ

′(t)) = π(ϕ′(t)) > 0.
↑ ↑ ↑

by the Chain Rule 19.10 see page 536 by hypothesis

It follows from elementary real analysis that π ◦ ϕ is injective. But this implies of course
that ϕ : I → U is injective. �

Proof of the Flow Fixed Point Theorem 35.4. LetM be a compact smooth manifold
and let v be a smooth vector �eld on M that is boundary parallel and which has no zeros.
We denote by Φv : M × R→M the corresponding unique complete v-�ow.
Claim. For each P ∈ M there exists an open neighborhood UP of P and an εP > 0 such
that for every x ∈ UP the map (−εP , εP )→M given by t 7→ Φv(x, t) is injective.

Proof. Let P ∈ M . In the following we deal with the case that P ∈ M \ ∂M . The case
P ∈ ∂M is deal with in a very similar fashion.

It follows easily from the hypothesis that v(P ) 6= 0 that there exists a chart Θ: U → Bn

around P such that Φ(P ) = 0 and such that w := (Θ−1)∗v has the property that for each
x ∈ Bn we have ‖w(x)− w(0)‖ < 1

2
· ‖w(0)‖.

Since U is an open subset ofM we obtain from the continuity of Φv that Φv(U) Ă M×R
is an open neighborhood of (P, 0). Thus there exists an open neighborhood UP of P and
an εP > 0 such that Φv(UP × (−εP , εP )) Ă U .

Recall that w(0) 6= 0. Let π : Rn → R be the linear map that corresponds to the
orthogonal projection onto R · w(0). Since ‖w(x) − w(0)‖ < 1

2
· ‖w(0)‖ for all x ∈ Bn we

obtain from an elementary calculation that π(w(x)) > 0 for all x ∈ Bn. It follows from
Lemma 35.10 that for each x ∈ Θ(UP ) the map

(−εP , εP ) → Bn

x 7→ Θ(Φv(Θ−1(x), t))

is injective. This shows that εP together with the open neighborhood UP of P has the
desired properties. �
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M Bn

w

Θ

π

v

R · w(0)

P

Since M is compact there exist P1, . . . , Pk ∈ M with UP1 ∪ · · · ∪ UPk = M . It is clear that
ε := min{εP1 , . . . , εPk} has the desired properties. �

35.4. Appendix I: Zeros of vector �elds. In this �rst appendix to this chapter we state
a proposition which gives us information about the �ow of a vector �eld near a zero of the
vector �eld. We will not make use of it. But perhaps readers, who want to extend some of
the earlier results, will �nd it useful.
Proposition 35.11. Let U Ă Rn be an open subset, let v : U → Rn be a smooth vector
�eld on U and let P be a zero of v. Furthermore let W be an open neighborhood of P
and let F : W × (−ε, ε)→ U be a v-�ow based at 0. Then for every t ∈ (−ε, ε) we have356

D(Ft)P = exp(t ·DvP ).

Here, for a matrix A ∈ M(n× n,R) we write exp(A) :=
∞∑
k=0

Ak

k
.
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DvP =

(−1 0
0 1

)v

Proof. The fact that P is a zero of v implies by Lemma 35.3 that F (P, t) = P for all
t ∈ (−ε, ε). Therefore it follows from [PW2019, Satz 4.3.1], after some slight unraveling
of the de�nitions, that the map

(−ε, ε) → M(n× n,R)
t 7→ D(Ft)P

satis�es the ODE y′ = DvP · y.
But by [PW2019, p. 58] this means that D(Ft)P = exp(t ·DvP ) for every t ∈ (−ε, ε). �

35.5. Appendix II: Dealing with non-compact smooth manifolds. Let M be a
smooth manifold and let v be a smooth vector �eld on M that is boundary parallel. As
we saw on page 844, if M is non-compact, then there does not necessarily exist a complete
v-�ow Φv : M × R→ M . If one wants to show that such a complete v-�ow exists after all
one needs some restrictions on the vector �elds under consideration. In this appendix we
will sketch one approach. We will not make use of the results of this appendix.

The proof of the Flow Theorem 35.1 was based on Statement (1) of the Fundamental
Theorem 35.7 for Autonomous ODEs which says that if W Ă Rn be an open subset and if
v : W → Rn is a smooth map, then given any P ∈ W and any t0 ∈ R there exists an open

356Since v(P ) = 0 we see in Lemma 35.3 that P is a �xed point of every Ft. Hence D(Ft)P is an
automorphism of TPU = T̃PU = Rn. In other words, it is given by a matrix in M(n× n,R).
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neighborhood U of P in W and an open neighborhood I of t0 such that for every x ∈ U
there exists a solution ϕ : I → W of the ODE y′ = v(y) with ϕ(t0) = x.

To deal with non-compact smooth manifolds we will need the following quantitative
version of Statement (1) of the Fundamental Theorem 35.7 for Autonomous ODEs.

Proposition 35.12. Let r > 0 and let v : Bn
2r → Rn be a smooth vector �eld on the open

n-ball Bn
2r Ă Rn of radius 2r. Suppose that we have a C > 0 such that for every x ∈ Bn

2r

we have ‖v(x)‖ ≤ C. We set ε := r
C
.

(1) For every x0 ∈ Bn
r and every t0 ∈ R there exists a solution ϕ : (t0 − ε, t0 + ε)→ Bn

2r

of the ODE y′ = v(y) with ϕ(t0) = x0.
(2) For every t0 ∈ R there exists a unique v-�ow F : Bn

r × (t0 − ε, t0 + ε) → Bn
2r based

at t0.
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Bn
2r

for every x ∈ Bn
2r we have ‖v(x)‖ ≤ C

time t close to t0 + ε

Bn
r

for ε := r
C
there exists a unique v-�ow

F : Bn
r × (t0 − ε, t0 + ε)→ B2r(n) based at t0

v

Proof. Note that Statement (2) is an immediate consequence of Statement (1) together
with Statements (3) and (4) of the Fundamental Theorem 35.7 for Autonomous ODEs.
Thus it su�ces to prove Statement (1).

We set ε := r
C
. Let x0 ∈ Bn

r and t0 ∈ R. In the following we will show that there
exists a solution to the ODE y′ = v(y) with initial condition ϕ(t0) = y0 that is de�ned on
[t0, t0 + ε). Basically the same argument can then be used to get the extension �to the left�,
i.e. to the interval (t0 − ε, t0]. We consider

T := sup

{
t ∈ (t0,∞)

∣∣∣∣ there exists a solution ϕ : [t0, t)→ Bn
2r of

the ODE y′ = v(y) with ϕ(t0) = x0

}
.

If T > t0 +ε then we are evidently done. If T = t0 +ε, then for every a ∈ (t0, T ) there exists
a solution ϕa. But by Statement (2) of the Fundamental Theorem 35.7 for Autonomous
ODEs we know that for any b > a we have ϕb|[t0,a) = ϕa. This shows that these maps ϕa
combine to de�ne a solution ϕ on all of [t0, T ) = [t0, t0 + ε).

Finally suppose that T < t0 + ε. As in the previous paragraph we see that there exists
a solution ϕ : [t0, T )→ Bn

2r. Note that by Statement (2) of the Fundamental Theorem 35.7
for Autonomous ODEs we know at least that T > t0.

Claim. The limit P := lim
t→T

ϕ(t) exists and it lies in Bn
2r.

Proof. We start with a little inequality, namely given x, y ∈ [t0, T ) we have

Integral Inequality Lemma 0.16
↓

‖ϕ(y)− ϕ(x)‖ =

∥∥∥∥ y∫
x

ϕ′(s) ds

∥∥∥∥ ≤
y∫
x

‖ϕ′(s)‖ ds =
y∫
x

‖v(ϕ(s))‖ ds ≤ |y − x| · C.
↑ ↑ ↑

Fundamental Theorem since ϕ is a solution since ϕ takes values in Bn2r
of Calculus of the ODE y′=v(y) we have ‖v(ϕ(s))‖ ≤ C
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We pick a monotonously increasing sequence (tn)n∈N in [t0, T ) with lim
n→∞

tn = T . It follows

from the above inequality that (ϕ(tn))n∈N is a Cauchy sequence in Bn
2r. We denote by

P ∈ Rn its limit. It follows easily from the above inequality that in fact lim
t→T

ϕ(t) = P . It

remains to show that P actually lies in Bn
2r. This follows from the following (in-) equalities:

‖P‖ ≤ ‖x0‖+ ‖P − x0‖ = r +
∥∥∥lim
t→T

(ϕ(t)− ϕ(t0))
∥∥∥ ≤ r + (T − t0) · C < r + ε · rε = 2r.

↑ ↑
by the above inequality we have ‖ϕ(t)− ϕ(t0)‖ ≤ (t− t0) · C since T < t0 + ε

and since ε = r
C �
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t0 t0 + εTtn

ϕ

x0

Since P is contained in the open set Bn
2r it follows from Statement (1) of the Fundamental

Theorem 35.7 for Autonomous ODEs that there exists an open neighborhood A of P ∈ Bn
2r,

an open interval (−µ, µ) and a v-�ow

F : A× (−µ, µ) → Bn
2r

that is based at 0. Since P = lim
t→T

ϕ(t) and since A is an open neighborhood of U there

exists a t′ ∈ (t0, T ) with t′ > T − µ
2
and with ϕ(t′) ∈ A. We consider the map

ψ : [t0, t
′ + µ) → Bn

2r

s 7→
{
ϕ(s), if s ∈ (t0, T )
F (ϕ(t′), s− t′), if s ∈ (t′ − µ, t′ + µ)

Note that s 7→ ϕ(s) and s 7→ F (ϕ(t′), s − t′) are both solutions to the ODE y′ = v(y)
with t′ 7→ ϕ(t′). Thus it follows from Statement (2) of the Fundamental Theorem 35.7 for
Autonomous ODEs that these two maps agree on the common domain, in other words, the
above map ψ is in fact unambiguously de�ned. By construction it is a solution to the ODE
y′ = v(y) with ψ(t0) = x0. Since t+ µ > T − µ

2
+ µ > T we have obtained a contradiction

to the assumption that T < t0 + ε. �

Using Proposition 35.12 one can prove the following variation on the Flow Theorem 35.1.

Theorem 35.13. (Flow Theorem for Non-Compact Smooth Manifolds) Let M
be a proper n-dimensional smooth submanifold of Rm and let v be a smooth vector �eld
on M . If there exists a C ∈ R, such that for each x ∈M we have ‖v(x)‖ ≤ C, then there
exists a unique complete v-�ow Φv : M × R→M .
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Proof. We leave the proof of the theorem as Project 35.2 to the reader. �
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35.6. Moving points on smooth manifolds. As a treat to the reader who made it that
far we conclude this chapter with a neat application of the Flow Theorem 35.1, namely we
can now give a new proof of Proposition 33.12 (2).

Proposition 35.14. Given any two points P,Q ∈ Bn \ ∂Bn
we can move P to Q in the

sense of the de�nition on page 822.

Proof. Let P,Q ∈ Bn \ ∂Bn
.

Claim. There exists a smooth vector �eld v on B
n
which has the following two properties:

(1) The vector �eld vanishes on an open neighborhood of ∂B
n
.

(2) For every t ∈ [0, 1] we have v(P · (1− t) + t ·Q) = Q− P .
Proof. We use Condition (2) as a de�nition of the vector �eld v on the line segment
{P · (1 − t) + t · Q | t ∈ [0, 1]}. Since P,Q ∈ B

n \ ∂Bn
there exists an ε > 0 such that

this line segment is contained in B
n

1−ε. On B
n \ Bn

1− ε
2
we de�ne v to be the zero vector

�eld. We have thus de�ned v on a closed subset of B
n
. It is straightforward to show that

v is smooth in the sense of the de�nition on page 532. Thus it follows from the Smooth
Extension Proposition 21.9 that we can extend v to a smooth map B

n → Rn. �

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�
�
�
�

��

����

����

vector �eld vsegment from P to Q

QQ

P

B
2

P

Note that the vector �eld is in particular parallel to the boundary. Thus it follows from
the Flow Theorem 35.1 that there exists a complete v-�ow Φv : B

n × R → B
n
. It follows

easily from the uniqueness statement of the Fundamental Theorem 35.7 for Autonomous
ODEs that Φ1(P ) = Q and that restriction of each Φv

t to B
n \Bn

1− ε
2
is the identity.

As in the proof of the Flow-Di�eotopy Proposition 35.2 we see that it follows from
Lemma 35.8 that the map

H : B
n × [0, 1] → B

n

(x, s) 7→ Φv(x, s)

is a di�eotopy. From the above discussion it is clear that it has all the desired properties. �

Exercises for Chapter 35.

Exercise 35.1. Let M be a smooth submanifold of Rn and let v be a �time dependent
smooth vector �eld�, i.e. let v : M ×R→ Rn be a smooth map such that each vt : M → Rn

is a smooth vector �eld on M .
• Let I be an interval with non-empty interior. We say a smooth map ϕ : I → M is a
solution of the ODE y′ = v(y, t) if for every t ∈ I we have the following equality:

ϕ′(t) = v(ϕ(t), t) ∈ Tϕ(t)M.

• A complete v-�ow is a smooth map F : M × R→ M that satis�es the following prop-
erties:
(a) For each P ∈M we have F (P, 0) = P .



35. THE FLOW THEOREM 859

(b) For each P ∈ M the map R → M given by t 7→ F (P, t) is a solution of the ODE
y′ = v(y, t).

Now suppose that M , viewed as a smooth manifold, is closed. Show that there exists a
complete v-�ow?

Exercise 35.2. Give an example of a vector �eld v on a closed smooth manifold that has
only �nitely man zeros and such there exists no t > 0 such that the map

M → M
P 7→ Φv(P, t)

has in�nitely many �xed-points.

Exercise 35.3. Let M be a compact smooth manifold.
(a) Let v be a smooth vector �eld on M that is boundary parallel. As usual we denote

by Φv : M × R → M the corresponding complete v-�ow that exists by the Flow
Theorem 35.1. Show that for every s, t ∈ R we have

Φv
s ◦ Φv

t = Φv
s+t : M → M.

(b) We suppose that M is non-empty and that dim(M) > 0. As on page 830 we de-
note by Diff(M) the group of self-di�eomorphism of M . Show that there exists a
monomorphism R→ Diff(M).

Exercise 35.4. We consider the smooth manifold M = R. Does every smooth vector �eld
v on M admit a complete v-�ow?

Exercise 35.5. Use the Flow Theorem 35.13 to give a new proof of the Di�eotopies-of-S1-
Classi�cation Proposition 34.5. More precisely, let f : S1 → S1 be a di�eomorphism, show
that the following two statements hold:
(1) If f is orientation-preserving, then f is di�eotopic to the identity.
(2) If f is orientation-reversing, then f is di�eotopic to the re�ection ρ : S1 → S1 that is

given by (x, y) 7→ (x,−y).

Project 35.1. Let M be a compact smooth manifold.
(a) Show that there exists a smooth vector �eld v on M such that for every x ∈ ∂M the

vector v(x) ∈ TxM points inward in the sense of the de�nition on page 620.
Hint. Use partitions of unity.

(b) Show that there exists an ε > 0 and a smooth map F : ∂M × [0, 1] → M such that
for every x ∈M the following two statements hold:
(a) F (x, 0) = x,
(b) for every t0 ∈ [0, 1] we have d

dt
(t 7→ F (x, t))|t=t0 = v(F (x, t0)).

(c) Show that there exists a µ ∈ (0, ε) such that F : ∂M × [0, µ] → M is a smooth
embedding.
Hint. Use the Neighborhood Smooth Embedding Theorem 21.13.
Remark. This gives a new proof of the Smooth Collar Neighborhood Theorem 28.3
for smooth manifolds with compact boundary.

For readers with an insatiable appetite we have an extra exercise:
(d) Reprove the Smooth Collar Neighborhood Theorem 28.3 also for smooth manifolds

with non-compact boundary.
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Project 35.2. Prove the Flow Theorem 35.13 for Non-Compact Smooth Manifolds.
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36. The Isotopy Extension Theorem

36.1. The statement of the Isotopy Extension Theorem. First let us recall the fol-
lowing de�nition from pages 419 and 822.

De�nition. Let X and Y be topological spaces and let F : X× [0, 1]→ Y be a homotopy.
(1) Let A Ă X be a subset. We say F is a homotopy rel A if for all x ∈ A and s, t ∈ [0, 1]

we have F (x, s) = F (x, t).
(2) If X = Y , then we say F has compact support if there exists a compact subset

K Ă X such that F (x, t) = x for all x 6∈ K and all t ∈ [0, 1].

Examples.

(1) Evidently every di�eotopy of a compact smooth manifold has compact support.
(2) The di�eotopy F : R × [0, 1] → R given by F (x, t) = x + t does not have compact

support.
(3) In the �gure below we sketch a non-trivial di�eotopy of R with compact support.

graphs of F ({x} × [0, 1]) for di�erent values of x ∈ R

The following theorem is one of the key technical tools for dealing with smooth manifolds
and their submanifolds.
Theorem 36.1. (Isotopy Extension Theorem) Let M be a compact smooth manifold
and let N be a smooth manifold. Let A be a union of components of ∂M and let B be a
union of components of ∂N . Let F : M × [0, 1] → N be a smooth isotopy that is trivial
near the ends357 and with the following property:
(∗) For each t ∈ [0, 1] we have Ft(A) Ă B and we have Ft(∂M \ A) Ă N \ ∂N .

Furthermore suppose that we are given an open subset U of N with F (M × [0, 1]) Ă U .
Then there exists a di�eotopy G : N × [0, 1]→ N with the following properties:
(1) G0 = id.
(2) We have G ◦ (F0 × id) = F : M × [0, 1]→ N , in other words, we have

G(F0(x), t) = F (x, t) for all x ∈M and t ∈ [0, 1].

(3) (a) G is a di�eotopy rel N \ U .
(b) G is a di�eotopy rel some neighborhood of ∂N \B.
(c) G has compact support.
(d) G is trivial near the ends.

Proof. We procrastinate a bit and provide the proof in later sections. More precisely, in
Sections 36.3 and 36.4 we will prove the Isotopy Extension Theorem 36.1 in the special case
that M and N are closed smooth manifolds. The general case is dealt with in Section 36.5.

�

357By the Trivial-Near-The-Ends-Lemma 33.4 we know that any smooth isotopy F : M × [0, 1] → N can
be modi�ed easily to obtain a smooth isotopy F̃ : M × [0, 1]→ N that is trivial near the ends.
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U

M

∂M \ A

A B
∂N \B

F0(M)

F1(M)

N

Remark.
(1) Our proof of the Isotopy Extension Theorem 36.1 is modelled on the proofs of Theo-

rem 2.4.2 and Theorem 2.4.6 of [Wall2016]. Our statement is somewhat more gen-
eral though than the corresponding statements in [Wall2016] since we allow maps
that take values in ∂N . We also refer to [Kos1993, Theorem II.5.2], [Hirs1961,
Theorem 8.1.3] and [Pal1960b, Chapter 6] for related results.

(2) Note that there is a version of the Isotopy Extension Theorem 36.1 for topologi-
cal manifolds and for �PL manifolds�. We refer to [EKi1971, Corollary 1.4] and
[FNOP2019, Theorem 2.10] respectively to [RS1972, Theorem 4.24] for details. In
both cases one should carefully read the statements before applying them. We have
no intention of making use of these results.

Example.
(1) Let N be a smooth manifold. The Isotopy Extension Theorem 36.1 often gets applied

as follows: M is a (proper) submanifold in N and we start out with the inclusion map
i : M → N . Thus in this setting loosely speaking the Isotopy Extension Theorem 36.1
says, that if we deform M in N via (proper) submanifolds, then we can do so by
�dragging N � along.

(2) In the statement of the Isotopy Extension Theorem 36.1 it is essential that M is
compact. For example, let us consider the two smooth embeddings f, g : (0, 1)→ R2

that are shown in the �gure below. In Exercise 36.5 we will see that f and g are
smoothly isotopic but we will also see that there is no di�eotopy G : R2× [0, 1]→ R2

with G0 = id and G1 ◦ f = g. Another, even more subtle example, will be studied
in Exercise 36.9.
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g

fM = (0, 1) N = R2

To formulate our last example of this section we need to introduce the following de�ni-
tion.
De�nition. Let N be a smooth manifold and let γ : [0, 1] → N be a smooth path. We
say γ is trivial near the ends if there exists an ε > 0 such that for each t ∈ [0, ε] we have
γ(t) = γ(0) and if for each t ∈ [1− ε, t] we have γ(t) = γ(1).358

358As so often it follows from the Trivial-Near-The-Ends-Lemma 33.4 that we can turn any smooth path
into a smooth path that is trivial near the ends.
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Lemma 36.2. Let N be a smooth manifold and let γ : [0, 1]→ N \ ∂N be a smooth path
that is trivial near the ends. There exists a di�eotopy G : N × [0, 1] → N with compact
support, rel a neighborhood of ∂N , with G0 = id and with G(P, t) = γ(t) for all t ∈ [0, 1].

Proof. Let γ : [0, 1] → N \ ∂N be a smooth path that is trivial near the ends. Note that
the map {0} × [0, 1] → N \ ∂N that is given by (0, t) 7→ γ(t) is a smooth isotopy that
is trivial near the ends. It follows from the Isotopy Extension Theorem 36.1 that there
exists a di�eotopy G : N × [0, 1] → N with G0 = id such that for each t ∈ [0, 1] we have
G(γ(0), t) = γ(t). �
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36.2. Consequences of the Isotopy Extension Theorem 36.1. The following corol-
lary to the Isotopy Extension Theorem 36.1 is quite useful.

Proposition 36.3. (Smooth Isotopies-Complements Proposition) LetM be a com-
pact smooth manifold and let N be a smooth manifold. Let f : M → N and g : M → N
be two proper smooth embeddings. We suppose that there exists a proper smooth isotopy
F : M × [0, 1]→ N from f to g. Then the following two statements hold:
(1) There exists a di�eomorphism Φ: N → N with Φ(f(M)) = g(M).
(2) There exists a di�eomorphism359 from N \ f(M) to N \ g(M).

If N is oriented, then we can arrange the di�eomorphisms in (1) and (2) to be orientation-
preserving.

Proof. Let M be a compact smooth manifold and let N be a smooth manifold. Let
f : M → N and g : M → N be two proper smooth embeddings. Note that here proper
means that f−1(∂N) = ∂M and g−1(∂N) = ∂M . We suppose that there exists a proper
smooth isotopy F : M× [0, 1]→ N from f to g. It follows from the Trivial-Near-The-Ends-
Lemma 33.4 that we can assume that F is in fact trivial near the ends.

By the Isotopy Extension Theorem 36.1, applied with A = ∂M and B = ∂N , we know
that there exists a di�eotopy G : N× [0, 1]→ N with G0 = id such that G1(f(M)) = g(M).
But this implies that G1 : N → N is a di�eomorphism with G1(f(M)) = g(M). Evidently
G1 restricts to a di�eomorphism N \ f(M)→ N \ g(M). Finally note that if N is oriented,
then it follows from G0 = id and the Smooth Isotopy-Orientation Proposition 34.2 that G1

is also orientation-preserving. �

Example. A typical application of the Smooth Isotopies-Complements Proposition 36.3 is
to consider smooth embeddings of S1 into R3. In the �gure below we see two such smooth
embeddings f, g : S1 → R3. The question arises, whether they are smoothly isotopic or
not. In Chapter 47.1 we will introduce the �fundamental group π1(X) of a path-connected
topological X� whose isomorphism type is a homeomorphism invariant of X. In Chapter 59
we will see that the fundamental groups of the complements of f(S1) and g(S1) are not

359SinceM is compact we know by the Compact Image Lemma 2.13 and the Compact-Closed Lemma 1.21
that N \ f(M) and N \ g(M) are open subsets of N , in particular they are smooth manifolds in their own
right.
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isomorphic. By the Smooth Isotopies-Complements Proposition 36.3 this implies that f
and g are not smoothly isotopic.

N = R3 N = R3
gf

�Figure-8 knot� �trefoil�

M = S1

Example. The statement of the Smooth Isotopies-Complements Proposition 36.3 and the
statement of the Isotopy Extension Theorem 36.1 are quite subtle. In the �gure below,
which is basically identical to the �gure on page 813, we illustrate two smooth embeddings
f, g : S1 → R3 and we illustrate a map F : S1 × [0, 1] → R3 with F0 = f , F1 = g and
with the property that given any t ∈ [0, 1] the corresponding map Ft : S

1 → R3 is a
smooth embedding. But similar to the previous example, we will see in Section 59.2 that
the complements R3 \ f(S1) and R3 \ g(S1) are not di�eomorphic. This shows that in
the formulations of the Smooth Isotopies-Complements Proposition 36.3 and the Isotopy
Extension Theorem 36.1 it is essential that the map F is smooth on all of M × [0, 1].

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

����

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

t = 2
5

t = 0 t = 1t = 3
5

t = 4
5

t = 1
5S1 × [0, 1]

F : S1 × [0, 1]→ R3

f(S1) g(S1)

We conclude this section with the following re�nement of the Homogeneous-via-Di�eo-
topies Proposition 33.14 for smooth manifolds.

Proposition 36.4. (Homogeneous-via-Di�eotopies Proposition) Let N be a con-
nected n-dimensional smooth manifold.
(1) Given any two points P and Q in N \∂N there exists a di�eotopy rel a neighborhood

of ∂N from the identity to a di�eomorphism Φ: N → N with Φ(P ) = Q.
(2) If n ≥ 2, then given distinct points P1, . . . , Pm and distinct points Q1, . . . , Qm in

N \ ∂N there exists a di�eotopy rel a neighborhood of ∂N from the identity to a
di�eomorphism Φ: N → N with Φ(Pi) = Qi for i = 1, . . . ,m.

Furthermore, in both cases we can furthermore arrange that the di�eotopy has compact
support.360
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Φ

P 7→ Q

P
Φ(P )

Φ(Q)

P
Q

360Note that if N is oriented, then it follows from the Smooth Isotopy-Orientation Proposition 34.2 that
in both cases Φ is in fact orientation-preserving.
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Remark.

(1) In Exercise 33.8 we gave a down-to-earth proof of Proposition 36.4. In fact the
down-to-earth proof also works for topological manifolds.

(2) For non-orientable smooth manifolds we will prove in the Orientation-Flipping Propo-
sition 37.4 a useful addendum to Proposition 36.4.

Proof. Let N be a connected n-dimensional smooth manifold.
(1) Let P,Q be two points in N \ ∂N . By the Push Away From Boundary Lemma 18.13

we know that N \ ∂N is also path-connected. It follows from the Smooth Path-
Connectivity Proposition 19.29 that there exists a smooth path F : [0, 1]→ N \ ∂N
from P to Q. As we saw in the proof of Lemma 36.2, a smooth path is basically
the same as a smooth isotopy of a 0-dimensional manifold. By the Trivial-Near-The-
Ends-Lemma 33.4 we can arrange that this smooth isotopy is trivial near the ends.
The desired statement now follows from the Isotopy Extension Theorem 36.1.

(2) We prove this statement by induction on m. We dealt with the case m = 1 in (1).
Now suppose that we know the statement for some m ∈ N≥2. Thus let P1, . . . , Pm+1

and Q1, . . . , Qm+1 be two sets of distinct points in N \ ∂N . By induction we can
without loss of generality already assume that Pi = Qi for i = 1, . . . ,m.361 Now
pick disjoint closed n-balls around P1, . . . , Pk that are disjoint from P := Pm+1 and
Q := Qm+1. We denote by W the result of removing the corresponding open balls
from M . By the Codimension-Zero Submanifold Proposition 19.38 we know, using
the fact that n ≥ 2, that W is a submanifold which is still connected. Thus we can
apply (1) to P and Q inW to obtain a di�eotopy ofW with all the desired properties.
Since the di�eotopy is the identity near the boundary of W we can extend it via the
identity to a di�eotopy of all of N . �

36.3. Proof of the Isotopy Extension Theorem 36.1 I: Preparations. In the follow-
ing three subsection we will provide a proof of the Isotopy Extension Theorem 36.1. First
we introduce some notation.
De�nition. Let N be a smooth manifold. We consider the smooth manifold N × [0, 1]
with corner. We denote by p : N × [0, 1] → N and q : N × [0, 1] → [0, 1] the two obvious
projections. Let v be a vector �eld on362 N × [0, 1].
(1) We say v is horizontal near the ends if there exists an ε > 0 such that for all x ∈ N

and all t ∈ [0, ε]∪ [1− ε, 1] we have v(x, t) ∈ ker(Dp(x,t) : T(x,t)(∂N × [0, 1])→ TxN).
(2) We say v is horizontally normal if for each (x, t) ∈ N × [0, 1] we have

Dq(x,t)(v(x, t)) = 1 ∈ TtR = T̃tR = R.
(3) We say v is parallel to the horizontal boundary if for each (x, t) ∈ ∂N × [0, 1] we

have v(x, t) ∈ T(x,t)(∂N × [0, 1]).
(4) (a) Given (x, t) ∈ N × [0, 1] we denote by h the unique vector in T(x,t)(N × [0, 1])

with Dq(x,t)(h) = 1 and Dp(x,t)(h) = 0.
(b) We say that v is h-trivial on a set U Ă N × [0, 1] if v(x, t) = h for all (x, t) ∈ U .

361The super vigilant reader will have noticed that implicitly we are using the Smooth Isotopy Transitivity
Proposition 33.3.
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v is horizontal
near the ends

Dq(x,t)(v(x, t))

v is parallel to the
horizontal boundary

p

The key to proving the Isotopy Extension Theorem 36.1 is the following consequence of the
Flow Theorem 35.1.
Theorem 36.5. (Vector Fields-Di�eotopies Theorem) Let N be a smooth manifold.
We denote by p : N × [0, 1] → N the projection. Suppose we are given a smooth vector
�eld v on N × [0, 1] with the following properties:
(1) The vector �eld is horizontal near the ends.
(2) The vector �eld is horizontally normal.
(3) The vector �eld is parallel to the horizontal boundary.
(4) The vector �eld is h-trivial outside of a subset of the form K × [0, 1] where K is a

compact subset of N .
Then there exists a363 di�eotopy G : N × [0, 1] → N of N with G0 = idN and with the
property, that for each (Q, t0) ∈ N × [0, 1] we have

d
dt(t 7→ G(Q, t))|t=t0 = Dp(G(Q,t0),t0)(v(G(Q, t0), t0)︸ ︷︷ ︸

∈N×[0,1]

) ∈ TG(Q,t0)N.

Furthermore this di�eotopy is trivial near the ends and it is a di�eotopy rel N \K.

Example. Suppose we are already given a di�eotopy H : W× [0, 1]→ W on some compact
smooth manifold W that has the properties (1)�(4) stated in the Vector Fields-Di�eotopies
Theorem 36.5. We consider the vector �eld w on W × [0, 1] that is given by

w(P, t0) = d
dt(t 7→ H(P, t))|t=t0 ∈ T(P,t0)(W × [0, 1]).

One can verify easily that this vector �eld satis�es the hypotheses of the Vector Fields-
Di�eotopies Theorem 36.5 and that the original di�eotopy H has the properties that are
promised in the Vector Fields-Di�eotopies Theorem 36.5.

The remainder of this section is dedicated to the proof of the Vector Fields-Di�eotopies
Theorem 36.5. The proof consists mostly of massaging the setting till eventually one can
apply the Flow Theorem 35.1. The proof does not contain any particularly interesting idea.

362Strictly speaking we never introduced the tangent space of a smooth manifold with corner. But literally
the same de�nition as on page 628 also works for smooth manifolds with corner and all the obvious
statements hold again. As always we strive for brevity and we will thus not develop the concept of tangent
spaces of smooth manifolds with corner in detail.
363One can easily show, using the uniqueness statement of the Fundamental Theorem 35.7 for Autonomous
ODEs, that the di�eotopy is uniquely determined by the stated properties. But we will not make use of
the uniqueness statement and thus we do not claim it.
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Proof. Let N be a smooth manifold. As before we denote by p : N × [0, 1] → N and
q : N × [0, 1]→ [0, 1] the two projection s. Suppose we are given a smooth vector �eld v on
N × [0, 1] with the following properties:
(1) The vector �eld is horizontal near the ends.
(2) The vector �eld is horizontally normal.
(3) The vector �eld is parallel to the horizontal boundary.
(4) The vector �eld is h-trivial outside of a subset of the form K × [0, 1] where K is a

compact subset of N .
We can view v as a �time dependent� vector �eld on N . The Flow Theorem 35.1 does
not apply to time dependent vector �elds. We will get around this issue by applying
the Flow Theorem 35.1 instead to the compact smooth manifold N × (R/Z) for an
appropriate vector �eld ṽ. We get a di�eotopy G̃ : N × (R/Z)× [0, 1]→ N × (R/Z)
on N × (R/Z) such that each corresponding time-t map is just given by addition of
t in the second factor. The desired di�eotopy is then given by the map

G : N × [0, 1]
(Q,s)7→G̃(Q,[0],s)−−−−−−−−−−→ N × (R/Z)

projection−−−−−−→ N.

We consider the compact smooth manifold N × (R/Z) and we consider the following two
smooth maps

Ψ: [0, 1] → R/Z
t 7→ [t]

and
idN ×Ψ: N × [0, 1] → N × (R/Z)

(x, t) 7→ (x, [t]).

Claim 1.
(1) There exists a unique smooth vector �eld ṽ on N × (R/Z) such that

D(idN ×Ψ)(x,t)(v(x, t)) = ṽ(x, [t]) for each (x, t) ∈ N × [0, 1].

(2) The vector �eld ṽ on N × (R/Z) is parallel to the boundary.

Proof.

(1) Note that it follows from our hypothesis that v is horizontal near the ends and that
v is horizontally normal that there exists an ε > 0 such that for all x ∈ N and
t ∈ [0, ε] ∪ [1− ε, 1] we have v(x, t) = h. The promised statement follows easily from
this observation. We leave it to the reader to �ll in the few remaining details.

(2) It follows easily from the hypothesis that the vector �eld v on N × [0, 1] is parallel
to the horizontal boundary that the vector �eld ṽ on N × (R/Z) is parallel to the
boundary.364 �

Claim 2. There exists a unique complete ṽ-�ow

G̃ : N × (R/Z)× R → N × (R/Z).

364Initially it might appear strange to work with N × (R/Z). This smooth manifold has several nice
properties though. It has �less boundary� than N × [0, 1], so the vector �eld ṽ is now horizontal to the
boundary. We could have achieved the same result by working with N × R. But in our setting we will
make use of the fact that K × (R/Z) is compact, whereas K × R is not compact.
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N×[0, 1]

N×(R/Z)Ψ
Π

∂(N×(R/Z))

10 q

(∂N)×[0, 1] vector �eld ṽ

∂N

idN ×Ψ

get identi�ed

p

Proof. As we saw in Claim 1, the vector �eld ṽ on N × (R/Z) is parallel to the boundary.
Thus, ifN is in fact compact, then the claim follows immediately from the above observation
and the Flow Theorem 35.1 applied to the vector �eld ṽ on the compact smooth manifold
N × (R/Z).

On the other hand, if N is non-compact, then unfortunately we cannot apply the Flow
Theorem 35.1 as it is formulated, so we have to get our hands dirty a little bit. Recall that
we assume that the vector �eld v is h-trivial outside of a subset of the form K× [0, 1] where
K is a compact subset of N . This means that v(x, t) = h for all (x, t) ∈ (N × [0, 1]) \K.

It follows from the Product Topology Properties Proposition 5.6 that K× (R/Z) is also
compact. One can easily verify that the following map de�nes a ṽ-�ow:

G̃ : (N \K)× (R/Z)× R → N × (R/Z)
((x, [t]), s) 7→ (x, [t+ s]).

Furthermore note that we can cover the compact set K × (R/Z) by �nitely many charts.
It is now fairly straightforward to adapt the proof of the Flow Theorem 35.1 to give us the
desired result.365 We leave it to the reader, who is eager to show their technical prowess,
to �ll in the details. �

Now we know that there exists a unique complete ṽ-�ow G̃. By de�nition of a complete
ṽ-�ow this means in particular that the following two statements hold:
(a) For each (Q, [s]) ∈ N × (R/Z) we have G̃(Q, [s], 0) = (Q, [s]).
(b) For each (Q, [s]) ∈ N × (R/Z) the map R → N × (R/Z) given by t 7→ G̃(Q, [s], t)

is a solution of the ODE y′ = ṽ(y), in other words, for every t0 ∈ R we have
d
dt

(t 7→ G̃(Q, [s], t))|t=t0 = ṽ(G̃(Q, [s], t0).
In the following we denote by Π: N × (R/Z)→ R/Z the obvious projection.

Claim 3. For every (Q, [s], t) ∈ N × (R/Z)× R we have Π(G̃(Q, [s], t)) = [s+ t].

Proof. First note that we have the following commutative diagram

N × [0, 1]
idN ×Ψ

//

q

��

N × (R/Z)

Π
��

[0, 1]
Ψ // R/Z.

365If ∂N = ∅, then we could apply the Compact Submanifold Exhaustion Proposition 31.2 to arrange that
K is actually a compact smooth manifold.
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Now let (Q, [s], t0) ∈ N×(R/Z) ∈ R. We pick (x, τ) ∈ N×[0, 1] with (x, [τ ]) = G̃(Q, [s], t0).
We calculate

Chain Rule 23.10 by the above Statement (b) and the de�nition of τ
↓ ↓

d

dt

(
t 7→ Π(G̃(Q, [s], t))

)∣∣
t=t0

= DΠG̃(Q,[s],t)

( d
dt

(t 7→ G̃(Q, [s], t))
∣∣
t=t0

)
= DΠ(x,[τ ])(ṽ(G̃(Q, [s], t0)))

= (DΠ(x,[τ ]) ◦D(idN ×Ψ)(x,τ))(v(x, τ)) = (DΨτ ◦Dq(x,τ))(v(x, τ))
↑ ↑

by the de�nition of ṽ and the choice of (x, τ) by the above commutative diagram
together with the Chain Rule 23.10

= the image of 1 ∈ TτR in T[τ ](R/Z).
↑

since v is horizontally normal

The claim follows almost immediately from this calculation and some elementary arguments
from real analysis. �

Finally we denote by Ξ: N × (R/Z) → N the natural projection and we consider the
map

G : N × [0, 1]
(Q,s)7→G̃(Q,[0],s)−−−−−−−−−−→ N × (R/Z)

Ξ−→ N.

Claim 4. The map G : N × [0, 1]→ N has the desired properties.

Proof. First note that it follows from (a) that G0 = idN . Next note that it follows easily
from Claim 3 together with the Submanifold Smooth Structure Lemma 19.24 (3) that G is
a di�eotopy. Next we want to show that the derivatives of t 7→ G(Q, t) are of the promised
form. Note that we have the following simple minded commutative diagram:

N × [0, 1]
idN ×Ψ

//

p
++

N × (R/Z)

ΞssN.

Now let (Q, t0) ∈ N × [0, 1]. By Claim 3 we know that G̃(Q, [0], t0) is of the form
G̃(Q, [0], t0) = (x, [t0]) for some x ∈ N . We calculate

de�nition of G Chain Rule 23.10
↓ ↓

d
dt(t 7→ G(Q, t))|t=t0 = d

dt(t 7→ Ξ(G̃(Q, [0], t)))|t=t0 = DΞ(x,[t0])

( d
dt

(t 7→ G̃(Q, [0], t))
∣∣
t=t0

)
= DΞ(x,[t0])(ṽ(x, [t0])) = (DΞ(x,[t0]) ◦D(idN ×Ψ))(v(x, t0))
↑ ↑

by (b) by de�nition of ṽ

= Dp(x,t0)(v(x, t0)) = Dp(G(x,t0),t0)(v(G(x, t0), t0)).
↑ ↑

by the above commutative diagram by the de�nition of G and x

We conclude the proof of the claim with two observations:
(1) It follows from this calculation, the uniqueness statement of the Fundamental The-

orem 35.7 for Autonomous ODEs and the fact that the vector �eld v is horizontal
near the ends, that the di�eotopy G : N × [0, 1]→ N is trivial near the ends.

(2) Recall that we assume that there exists a compact subsetK Ă N such that the vector
�eld v is h-trivial outside of K × [0, 1]. It follows from the above calculation and the
uniqueness statement of the Fundamental Theorem 35.7 for Autonomous ODEs that
the di�eotopy G : N × [0, 1]→ N is a di�eotopy rel N \K. �
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36.4. Proof of the Isotopy Extension Theorem 36.1 II: Closed smooth manifolds.
We now turn to the actual proof of the Isotopy Extension Theorem 36.1. In this section
we will prove the theorem if M and N are closed. This setting makes the discussion much
easier and the key idea of the proof becomes clearer. The general case will be proved in
the subsequent section.

Evidently, in the setting of the Isotopy Extension Theorem 36.1, we want to use the
Vector Fields-Di�eotopies Theorem 36.5 to construct the desired di�eotopy. Thus we need
to construct suitable vector �elds. We will do so locally and patch them together. This
leads us to the following variation on the above de�nitions from page 865.

De�nition. Let N be a smooth manifold. Let U Ă N × [0, 1] be a subset and let v be
a vector �eld on U . We denote by p : N × [0, 1] → N and q : N × [0, 1] → [0, 1] the two
obvious projections.
(1) We say v is horizontal near the ends if there exists an ε > 0 such that for all (x, t) ∈ U

with t ∈ [0, ε] ∪ [1− ε, 1] we have v(x, t) ∈ ker(Dp(x,t) : T(x,t)(∂N × [0, 1])→ TxN).
(2) We say v is horizontally normal if for each (x, t) ∈ U we have

Dq(x,t)(v(x, t)) = 1 ∈ TtR = T̃tR = R.
The following lemma is the key to patching together promising vector �elds.

Lemma 36.6. Let N be a smooth manifold, let U Ă N × [0, 1] be an open subset, let
v1, v2 be two vector �elds on U and let f1, f2 : U → R be two smooth maps.
(1) If v1 and v2 are horizontal near the ends, then so is f1 · v2 + f2 · v2.
(2) If f1 + f2 ≡ 1 and if v1 and v2 are horizontally normal, then so is f1 · v2 + f2 · v2.

Proof. We start out with the proof of Statement (1). We assume that the vector �elds v1

and v2 are horizontal near the ends. With the hopefully obvious notation we pick suitable
ε1 > 0 and ε2 > 0 and we set ε := min{ε1, ε2}. Now let (x, t) ∈ U with t ∈ [0, ε] ∪ [1− ε, 1].
We see that

since di�erentials are linear
↓

Dp(x,t)(f1(x, t)·v2(x, t) + f2(x, t)·v2(x, t)) = f1(x, t)·Dp(x,t)(v1(x, t))︸ ︷︷ ︸
=0

+ f2(x, t)·Dp(x,t)(v2(x, t))︸ ︷︷ ︸
=0

.

Next we turn to the proof of Statement (2). Now we assume that f1 + f2 ≡ 1. We see that

Dq(x,t)(f1(x, t)·v2(x, t) + f2(x, t)·v2(x, t)) = f1(x, t)·Dq(x,t)(v1(x, t))︸ ︷︷ ︸
=1

+ f2(x, t)·Dq(x,t)(v2(x, t))︸ ︷︷ ︸
=1

= f1(x, t) + f2(x, t) = 1. �

Now we turn to the proof of the Isotopy Extension Theorem 36.1 in the special case
that M and N are both closed smooth manifolds.

Proof of the Isotopy Extension Theorem 36.1 if M and N are closed smooth manifolds.
Let M be a closed m-dimensional smooth manifold and let N be a closed n-dimensional
smooth manifold. Let F : M × [0, 1] → N be a smooth isotopy which is trivial near the
ends. We need to show that there exists a di�eotopy G : N × [0, 1]→ N with the following
properties:

(1) G0 = id.
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(2) We have G ◦ (F0 × id) = F : M × [0, 1]→ N , in other words, we have

G(F0(x), t) = F (x, t) for all x ∈M and t ∈ [0, 1].

(3) G is trivial near the ends.
The idea is to construct the di�eotopy using the Vector Fields-Di�eotopies Theorem 36.5.
We introduce the following notation:
(1) Since F : M× [0, 1]→ N is a smooth isotopy it follows as in the fairly straightforward

Exercise 33.10 that
F̃ : M × [0, 1] → N × [0, 1]

(P, t) 7→ (F (P, t), t)

is a proper smooth embedding. In particular we obtain from the Smooth Embedding
Theorem 24.10 that W := F̃ (M × [0, 1]) is a proper submanifold of N × [0, 1] such
that for any (P, t) ∈M × (0, 1) the point Q = F̃ (P, t) admits a submanifold chart of
type (α).

(2) We denote by p : N × [0, 1]→ N and q : N × [0, 1]→ [0, 1] the two projection s.
(3) Basically as on page 866 we consider the vector �eld w on W that for (F (P, t), t) ∈

W Ă N × [0, 1] is uniquely determined by

Dp(F (P,t),t)(w(F (P, t), t)) = d

ds

(
s 7→ F (P, s)

)
|s=t ∈ TF (P,t)N

Dq(F (P,t),t)(w(F (P, t), t)) = 1 ∈ TtR = R.
One can easily verify that w is horizontal near the ends and horizontally normal.

Claim 1. There exists a smooth vector �eld v on N × [0, 1] with the following properties:
(1) The vector �eld v is horizontal near the ends.
(2) The vector �eld v is horizontally normal.
(3) On W ∩ (N × [0, 1]) the vector �eld v agrees with w.
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N

M
N × [0, 1]

W q vw

Proof.

The idea is to construct such a vector �eld v by constructing suitable vector �elds
on open subsets of N × [0, 1] which form an open cover of N × [0, 1]. We paste these
vector �elds together using a partition of unity and using Lemma 36.6.

Since the smooth isotopy F : M × [0, 1] → N is by hypothesis trivial near the ends there
exists an ε > 0 such that F (P, t) = F (P, 0) for all t ∈ [0, ε] all P ∈ N and such that
F (P, t) = F (P, 1) for all t ∈ [1− ε, 1] and all P ∈ N . On the open subset U0 := N × [0, 1] \
F̃ (M × [ε, 1− ε]) we de�ne the vector �eld v0 to be given by the vector h at each point.

Now let R = F̃ (P, t) with P ∈ M and t ∈ (ε, 1 − ε). As we mentioned above, the
point R = F̃ (P, t) ∈ W Ă N × [0, 1] admits a submanifold chart of type (α). In fact,
similar to the Smooth Embedding Theorem 24.10 one can show that there exists even an
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open neighborhood I of t ∈ (0, 1), an open neighborhood UR of R ∈ N × [0, 1] and a chart
ΦR : UR → VR = Bn−m ×Bm × I with the following properties:

• ΦR(UR ∩W ) = {0} ×Bm × I,
• the map UR

ΦR−−→Bn−m ×Bm × I (x, y, t) 7→ t−−−−−−→I equals q.

We now use ΦR to extend w on UR ∩W to a vector �eld vR on UR as follows:

(x) We consider the vector �eld (Φ−1
R )∗w on ΦR(UR ∩W ) = {0} ×Bm × I.

(y) We extend the vector �eld from (x) to a vector �eld on Bn−m ×Bm × I by �vertical
translation�.

(z) We use ΦR to transport the vector �eld from (y) back to UR.

One can can easily verify that the vector �eld u0 and that the vector �elds uR are horizontal
near the ends, that they are horizontally normal and that they agree with w on W .

Next note that by the Manifold-Partitions of Unity Existence Theorem 21.1 we can �nd
a smooth partition of unity f0 : N × [0, 1]→ R and {fR : N × [0, 1]→ R}R∈F̃ (M×(ε,1−ε)) such

that supp(f0) Ă U0 and such that we always have supp(fR) Ă UR. We denote by f̃0 · v0 the
extension of the vector �eld f0 · v0 on U0 to all of N × [0, 1] by setting it zero outside of U0.
The same way we de�ne f̃R · vR. The vector �eld v is now given by the sum of f̃0 · v0 and
of all the vector �elds f̃R · vR.

It now follows from a very mild generalization of Lemma 36.6 that v does indeed have
all the desired properties. �
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W

I

R = F̃ (P, t)

UR

VR = Bn−m ×Bm × IΦR

(α)-chart

t

we extend the vector �eld (Φ−1
R )∗w via

vertical translation to a
vector �eld on Bn−m ×Bm × I

vector �eld (Φ−1
R )∗w

on 0×Bm × I

We now take the smooth vector �eld v on N × [0, 1] from Claim 1 and we plug it into
the Vector Fields-Di�eotopies Theorem 36.5. We obtain a di�eotopy G : N × [0, 1] → N
with G0 = id and such that for each (Q, t) ∈ N × [0, 1] we have

d
ds(s 7→ G(P, s))|s=t = Dp(G(P,t),t)(v(G(P, t), t)︸ ︷︷ ︸

∈N×[0,1]

) ∈ TG(Q,t)N.

Furthermore we saw in the Vector Fields-Di�eotopies Theorem 36.5 that G is trivial near
the ends. Thus it remains to prove the following claim.

Claim 2. For each x ∈M and t ∈ [0, 1] we have G(F0(x), t) = F (x, t).

Proof. Let x ∈ M . We have G(F0(x), 0) = F0(x) = F (x, 0). Furthermore, as we had just
seen, for each t ∈ [0, 1] we have

d
ds

(
s 7→ G(F0(x), s)

)∣∣
s=t

= Dp(G(F0(x),s),s)(v(G(F0(x), t), t).
↑

see above
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Next note that we have
d
ds(s 7→ F (x, s))|s=t = Dp(F (x,t),t)(w(F (x, t), t)) = Dp(F (x,t),t)(v(F (x, t), t)).

↑ ↑
de�nition of w, see page 871 since w = v on W

It follows from these observations that the maps

[0, 1] → M × [0, 1]
t 7→ (G(F0(x), t), t)

and
[0, 1] → M × [0, 1]

t 7→ (F (x, t), t)

are both solutions of the ODE (y, t)′ = (Dp(y,t)(v(y, t)), 1) on N × [0, 1] and both satisfy
the same starting condition. Using charts one can apply the uniqueness statement of the
Fundamental Theorem 35.7 for Autonomous ODEs and we see that for all t ∈ [0, 1] we
have G(F0(x), t) = F (x, t). �

36.5. Proof of the Isotopy Extension Theorem 36.1 III: The general case. In this
section we �nally provide the proof of the Isotopy Extension Theorem 36.1 in its fullest
generality. The basic idea is identical to the idea of the proof in the special case considered
in the previous section. But the presence of boundary and the fact that we allow N to be
non-compact makes everything technically much more demanding and, let's face it, much
less readable.
De�nition. Let N be a smooth manifold. Let U Ă N × [0, 1] be a subset and let v be a
vector �eld on U .
(3) We say v is parallel to the horizontal boundary if for each (x, t) ∈ (∂N × [0, 1]) ∩ U

we have v(x, t) ∈ T(x,t)(∂N × [0, 1]).
We will need the following addendum to Lemma 36.6.

Lemma 36.6. Let N be a smooth manifold, let U Ă N × [0, 1] be an open subset, let
v1, v2 be two vector �elds on U and let f1, f2 : U → R be two smooth maps.
(3) If v1 and v2 are parallel to the horizontal boundary, then so is f1 · v2 + f2 · v2.

Proof. If v1 and v2 are two vector �elds that are parallel to the horizontal boundary, then
for any (x, t) ∈ (∂N × [0, 1]) ∩ U we have

Dp(x,t)(f1(x, t)·v2(x, t) + f2(x, t)·v2(x, t)) = f1(x, t)·Dp(x,t)(v1(x, t))︸ ︷︷ ︸
∈T(x,t)(∂N×[0,1])

+ f2(x, t)·Dp(x,t)(v2(x, t))︸ ︷︷ ︸
∈T(x,t)(∂N×[0,1])

.

Now we are done, since T(x,t)(∂N × [0, 1]) is a vector subspace. �

Proof of the Isotopy Extension Theorem 36.1. Let M be a compact n-dimensional
smooth manifold and let N be an m-dimensional smooth manifold. Furthermore let A be
a union of components of ∂M and let B be a union of components of ∂N . Finally let
F : M × [0, 1] → N be a smooth isotopy which is trivial near the ends and which has the
following property:
(∗) For each t ∈ [0, 1] we have Ft(A) Ă B and we have Ft(∂M \ A) Ă N \ ∂N .

Finally suppose that we are given an open subset U of N with F (M × [0, 1]) Ă U .
Claim 0. There exists an open subset Z of N with the following three properties:
(1) F (M × [0, 1]) Ă Z Ă U ,
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(2) N \ Z is a neighborhood of ∂N \B,
(3) the closure Z is compact.
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image of the isotopy F

∂M \ A

A M

U

Z

B
∂N \B

F0(M)

F1(M)

N

Proof. By the Smooth Manifold Boundary Proposition 19.26 we know that ∂N \ B is a
closed subset of N . Furthermore since M is compact we obtain from the Compact-Closed
Lemma 1.21, the Product Topology Properties Proposition 5.6 and the Compact Image
Lemma 2.13 that F (M×[0, 1]) is a closed subset ofN . Note that by hypothesis F (M×[0, 1])
and ∂N \ B are disjoint. By the Manifold Paracompact-Normal Proposition 18.9 (2) we
know that N is normal in the sense of the de�nition on page 123. Thus there exist open
disjoint subsets S and T of N with F (M × [0, 1]) Ă S and ∂N \B Ă T .

The subset U ∩ S satis�es (1) and (2), but not necessarily (3). Thus we apply the
Compact Exhaustion Lemma 9.3 (1) (2) to the topological space U ∩ S, which is second-
countable, Hausdor� and regionally compact, and the compact subspace F (M× [0, 1]), and
we obtain a subset Z Ă U ∩ S with all the desired properties. �

It remains to show that there exists a di�eotopy G : N × [0, 1]→ N with the following
properties:

(1) G0 = id.
(2) We have G ◦ (F0 × id) = F : M × [0, 1]→ N , in other words, we have

G(F0(x), t) = F (x, t) for all x ∈M and t ∈ [0, 1].

(3) G is trivial near the ends.
(4) G is a di�eotopy rel N \ Z.366

Again the idea is to construct the di�eotopy using the Vector Fields-Di�eotopies Theo-
rem 36.5. We introduce the following notation:367

(1) We extend the smooth isotopy F : M×[0, 1]→ N×[0, 1] to a map F : M×R→ N×R
by setting F (P, t) = F (P, 0) for t ≤ 0 and F (P, t) = F (P, 1) for t ≥ 1. Since F is
a smooth isotopy that is trivial near the ends we obtain from the Smooth Pasting
Proposition 19.23 that F is again smooth.

(2) Since F is a smooth isotopy it follows, as in the fairly elementary Exercise 33.10,
that

F̃ : M × R → N × R
(P, t) 7→ (F (P, t), t)

366Since G0 = id, since G is a di�eotopy rel N \ Z and since Z is compact we see that G is a di�eotopy
with compact support.
367In the following we partially work with N×R which has the big advantage that this is a smooth manifold
with boundary ∂N × R, whereas N × [0, 1] is a smooth manifold with corner ∂N × {0, 1}, for which we
have fewer ready-made results. For example we never developed the concept of a submanifold of a smooth
manifold with corner.
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is a smooth embedding such that F̃ (M×R) is a closed subset of N×R. In particular
we obtain from the Smooth Embedding Theorem 24.10 and the proof thereof that
W := F̃ (M ×R) is a proper submanifold of N ×R such that for any (P, t) ∈M ×R
the following three statements hold:
(a) If P ∈M \ ∂M , then Q = F̃ (P, t) admits a submanifold chart of type (α).
(b) If P ∈ A, then Q = F̃ (P, t) admits a submanifold chart of type (β).
(c) If P ∈ ∂M \ A, then Q = F̃ (P, t) admits a submanifold chart of type (γ).

(3) We denote by p : N × [0, 1]→ N and q : N × [0, 1]→ [0, 1] the two projection s.
(4) Basically as on page 866 we consider the vector �eld w on W ∩ (N × [0, 1]) that for

(F (P, t), t) ∈ W Ă N × [0, 1] is uniquely determined by

Dp(F (P,t),t)(w(F (P, t), t)) = d

ds

(
s 7→ F (P, s)

)
|s=t ∈ TF (P,t)N

Dq(F (P,t),t)(w(F (P, t), t)) = 1 ∈ TtR = R.

One can easily verify that w is horizontal near the ends, parallel to the horizontal
boundary and horizontally normal.

Claim 1. There exists a smooth vector �eld v on N × [0, 1] with the following properties:
(1) The vector �eld v is horizontal near the ends.
(2) The vector �eld v is horizontally normal.
(3) The vector �eld v is parallel to the horizontal boundary.
(4) The vector �eld v is h-trivial outside of the compact set Z.
(5) On W ∩ (N × [0, 1]) the vector �eld v agrees with w.
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Proof.

The idea is again to construct such a vector �eld v by constructing suitable vector
�elds around each point in N × [0, 1] and by pasting them together using a partition
of unity and using Lemma 36.6.

Thus let R ∈ N × [0, 1].

(α) Suppose that R = F̃ (P, t) with P ∈ M \ ∂M and t ∈ [0, 1]. As we mentioned
above, the point R = F̃ (P, t) Ă W Ă N × R admits a submanifold chart of type
(α). In fact, similar to the Smooth Embedding Theorem 24.10 one can show that
there exists even an open neighborhood I of t ∈ R, an open neighborhood UR of
R ∈ N × [0, 1], with UR Ă (N \ ∂N) × [0, 1] and with UR Ă Z × [0, 1], and a chart
ΦR : UR → VR = Bn−m ×Bm × I with the following properties:
• ΦR(UR ∩W ) = {0} ×Bm × I,
• the map UR

ΦR−−→Bn−m ×Bm × I (x, y, t) 7→ t−−−−−−→I equals q,
• UR ∩ U = ∅.
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We now use ΦR to extend w on UR ∩W to a vector �eld vR on UR as follows:
(x) The combination of ΦR and w de�nes a vector �eld on ΦR(UR∩W ) = {0}×Bm×I.
(y) We extend the vector �eld from (x) to a vector �eld on Bn−m×Bm×I by �vertical

translation�.
(z) We use ΦR to transport the vector �eld from (y) back to UR.

(β) Suppose that R = F̃ (P, t) with P ∈ A and t ∈ [0, 1]. We pick a submanifold chart
ΦR : UR → VR = Bn−m ×Bm × I of type (β) around R with UR Ă Z × [0, 1] and we
de�ne a vector �eld vR on UR in a similar fashion to (α).

(γ) Suppose that R = F̃ (P, t) with P ∈ ∂M \ A and t ∈ [0, 1]. We pick a submanifold
chart ΦR : UR → VR = Bn−m × Bm × I of type (γ) around R with UR Ă Z × [0, 1].
We need to modify the battle plan from (α).
(x) Since in our current setting we have a submanifold chart of type (γ) we have

ΦR(UR ∩ W ) = {0} × Bm
≥0 × I. Therefore the combination of ΦR and w now

de�nes a smooth vector �eld on ΦR(UR ∩W ) = {0} ×Bm
≥0 × I.

(�x) Using the Whitney Extension Theorem 19.6 we can extend the smooth vector
�eld on {0} ×Bm

≥0 to a smooth vector �eld on {0} ×Bm × I.
Now we perform (y) and (z) as above.

(δ) If R 6∈ W = F̃ (M × [0, 1]), then we set UR = (N × [0, 1]) \W and we denote by vR
the unique h-trivial vector �eld on UR.

Note that one can easily verify that each of these four types of vector �elds is horizontal
near the ends, parallel to the horizontal boundary and horizontally normal on its domain.

By the Manifold-Partitions of Unity Existence Theorem 21.1 we can �nd a partition of
unity {fR : N×[0, 1]→ R}R∈N×[0,1] such that for eachR ∈ N×[0, 1] we have supp(fR) Ă UR.

For each R ∈ N × [0, 1] we denote by f̃R · vR the extension of the vector �eld fR · vR on
UR ∩ (N × [0, 1]) to all of N × [0, 1] by setting it zero outside of UR. The vector �eld v is
now given by the sum over all the vector �elds f̃R · vR.

It follows from a very mild generalization of Lemma 36.6 that v does indeed have all
the desired properties. �
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∂N

B
w

A

UR of type (α) UR of type (β) UR of type (γ)

We now take the smooth vector �eld v on N × [0, 1] from Claim 1 and we plug it into
the Vector Fields-Di�eotopies Theorem 36.5. We obtain a di�eotopy G : N × [0, 1] → N
with G0 = id and such that for each (Q, t) ∈ N × [0, 1] we have

d
ds(s 7→ G(P, s))|s=t = Dp(G(P,t),t)(v(G(P, t), t)︸ ︷︷ ︸

∈N×[0,1]

) ∈ TG(Q,t)N.
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Furthermore we saw in the Vector Fields-Di�eotopies Theorem 36.5 that G is trivial near
the ends and that it is a di�eotopy rel N \ Z. In particular it is a di�eotopy rel N \ U , rel
some neighborhood of ∂N \B and it has compact support.

It remains to prove the following claim.

Claim 2. For each x ∈M and t ∈ [0, 1] we have G(F0(x), t) = F (x, t).

Proof. Fortunately we had proved this claim on page 872. �

Exercises for Chapter 36.

Exercise 36.1. We consider the Möbius band M in R3 as shown in the �gure below. It
should be pretty clear that there exists an isotopy F which turns ∂M into the unknot K.
By the Isotopy Extension Theorem 36.1 this isotopy F can be extended to a di�eotopy G
of R3. In particular we obtain a map G1 : R3 → R3 with G1(∂M) = K. What does G1(M)
look like? Put di�erently, we just saw that there exists an embedded Möbius band in R3

with boundary given by K. What does it look like?
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isotopy G of S3Möbius band M

∂M

Exercise 36.2.

(a) Give an example of a connected smooth manifoldM with empty boundary such that
for every P ∈M the two smooth manifolds M \ {P} and M are di�eomorphic.

(b) Give an example of a connected smooth manifold M with non-empty boundary such
that for every P ∈M the two smooth manifolds M \ {P} and M are di�eomorphic.

Exercise 36.3. Let n ∈ N≥2.

(a) Let P Ă Rn be a �nite set. Show that there exists a smooth embedding f : Sn−1 → Rn

with P Ă f(Sn−1).
(b) Show that the conclusion of (a) in general does not hold if P is a countable bounded

subset of Rn.

Exercise 36.4. Let M be a connected 2-dimensional smooth manifold without boundary.
Furthermore let P1, . . . , Pk ∈M be disjoint points. We denote by π : M × [0, 1]→ [0, 1] the

natural projection. A braid in M is a smooth embedding ϕ :
k⊔
i=1
{i} × [0, 1] → M × [0, 1]

such that the following four conditions are satis�ed:

(1) We have ϕ({1, . . . , k}×{0}) = {P1, . . . , Pk} and ϕ({1, . . . , k}×{1}) = {P1, . . . , Pk}.
(2) There exists an ε > 0 such that ϕ(i, t) = ϕ(i, 0) for i = 1, . . . , k and every t ∈ [0, ε].
(3) There exists an ε > 0 such that ϕ(i, t) = ϕ(i, 1) for i = 1, . . . , k and every t ∈ [1−ε, 1].
(4) For each i ∈ {1, . . . , k} and t ∈ [0, 1] we have π(ϕ(i, t)) = t.
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We say that two braids ϕ0, ϕ1 as above are equivalent if there exists a smooth map

Φ:
k⊔
i=1
{i} × [0, 1]× [0, 1]→ M × [0, 1] such that Φ0 = ϕ0, Φ1 = ϕ1 and such that each Φt

is a braid. We denote by Bk(M) := BP1,...,Pk
k (M) the set of equivalence classes of braids.

(1) Show that the map

Bk(M)×Bk(M) → Bk(M)

([ϕ], [ψ]) 7→

 {1, . . . , k} × [0, 1] → M

(i, t) 7→
{
ϕ(i, 2t), if t ∈ [0, 1

2
],

ψ(i, 2t− 1), if t ∈ [1
2
, 1]


de�nes a group structure on Bk(M).

(2) Show that the isomorphism type of Bk(M) does not depend on the choice of the
distinct points P1, . . . , Pk.

(3) Why do we only consider 2-dimensional smooth manifolds?
Remark. The group Bk(M) is called the k-braid group of M . The group Bk := Bk(B

2) is
commonly called the k-braid group.

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

���
���
���

���
���
���

���
���
���
���

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

���
���
���
���

���
���
���

���
���
���

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

��
��
��
��

���
���
���

���
���
���

��
��
��
��

��
��
��
��

product braid

1

braid ψ

0

braid ϕ

P1, . . . , Pk

N = B2

Exercise 36.5. We consider the two smooth embeddings

f : (−1, 1) → R2 = C
t 7→ exp(π it) + i

and
g : (−1, 1) → R2

t 7→ (2t,−1)

that are shown in the �gure below. Show that f and g are smoothly isotopic and show
that there is no di�eotopy G : R2 × [0, 1]→ R2 with G0 = id and G1 ◦ f = g.
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f(0, 1) R2

Exercise 36.6. Let n ∈ N and let ϕ, ψ : B
n → Sn be smooth embeddings with disjoint

images. Show that Sn \ (ϕ(Bn) ∪ ψ(Bn)) is di�eomorphic to Sn−1 × [0, 1].

Exercise 36.7. Let M be a connected orientable smooth manifold and let f : M →M be
an orientation-preserving di�eomorphism that �xes a point P ∈M \ ∂M . Show that there
exists a di�eotopy rel {P} from f to a di�eomorphism g : M → M that is the identity on
an open neighborhood of P .

Exercise 36.8. Let M be a connected smooth manifold.
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(a) Let X Ă M \ ∂M be a �nite set. Show that there exists a chart Φ: U → Bn of type
(i) such that X Ă U .

(b) We now suppose that ∂M is non-empty and connected. Let X Ă M \ ∂M be a �nite
set. Show that there exists a chart Φ: U → Bn

≥0 of type (ii) such that X Ă U .
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Exercise 36.9. We consider the proper smooth embedding f : R → R3 that is shown in
the �gure below and we consider the standard smooth embedding g : R→ R3 that is given
by x 7→ (x, 0, 0). Show that there exists a proper smooth isotopy F : R× [0, 1]→ R3 with
F0 = f and F1 = g.
Remark. Recall that according to the de�nition on page 812 a map F : R× [0, 1]→ R3 is a
proper smooth isotopy if each Ft is a proper smooth embedding and if F : R× [0, 1]→ R3

is proper, i.e. if the preimage of each compact subspace of R3 is a compact subspace
of R × [0, 1]. Remark. In Chapter 59 we will study the �fundamental groups� of the
complements of R3 \ f(R) and R3 \ g(R) and we will see that they are not isomorphic.
As in the Smooth Isotopies-Complements Proposition 36.3 this shows that there is no
homeomorphism Φ: R3 → R3 with Φ ◦ f = g. In particular there is no di�eotopy G : R3 ×
[0, 1]→ R3 with G(f(x), t) = F (x, t) for all (x, t) ∈ R× [0, 1]. This shows again that in the
formulation of the Isotopy Extension Theorem 36.1 it is di�cult to replace the hypothesis
that M is compact by a weaker condition.

f
R
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37. Orientation-preserving and orientation-reversing loops

In this chapter we will apply the Isotopy Extension Theorem 36.1 to introduce and
study the concept of orientation-preserving and orientation-reversing loops. We will use
this concept and various results from earlier chapters to classify smooth embeddings of
balls into smooth manifolds.

37.1. Orientation-preserving reversing and orientation-reversing loops.

De�nition. Let X be a topological space and let γ : [0, 1]→ X be a path.
(1) We say γ is a loop if γ(0) = γ(1).
(2) We say γ is trivial near the ends if there exists an ε > 0 such that for each t ∈ [0, ε]

we have γ(t) = γ(0) and if for each t ∈ [1− ε, 1] we have γ(t) = γ(1).368

Let M be an n-dimensional smooth manifold and let γ : [0, 1] → M \ ∂M be a smooth
path.
(3) Throughout this section we denote the origin of B

n
by ?.

(4) A thickening of the smooth path γ is a smooth isotopy F : B
n × [0, 1] → M \ ∂M

such that for each t ∈ [0, 1] we have F (?, t) = γ(t).
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F

M

γ

F is a thickening of γ

{?}×[0, 1]

B
n×[0, 1]

Proposition 37.1. (Path-Thickening Proposition) Let M be a smooth manifold and
let γ : [0, 1]→M \ ∂M be a smooth path that is trivial near the ends.
(1) Given any smooth embedding ϕ : B

n → M \ ∂M with ϕ(?) = γ(0) there exists a
thickening F : B

n × [0, 1]→M \ ∂M that is trivial near the ends with F0 = ϕ.
(2) Given any smooth embedding ψ : B

n → M \ ∂M with ψ(?) = γ(1) there exists a
thickening F : B

n × [0, 1]→M \ ∂M that is trivial near the ends with F1 = ψ.

Proof. Let M be an n-dimensional smooth manifold and let γ : [0, 1] → M \ ∂M be a
smooth path that is trivial near the ends. We provide the proof of Statement (1). The
proof of Statement (2) is very similar.

As in the proof of Lemma 36.2 we point out that the map {?}× [0, 1]→M \∂M that is
given by (?, t) 7→ γ(t) is a smooth isotopy that is trivial near the ends. It follows from the
Isotopy Extension Theorem 36.1 that there exists a di�eotopy F : M × [0, 1]→ M that is
trivial near the ends with F0 = id and such that for each t ∈ [0, 1] we have F (?, t) = γ(t).
Let ϕ : B

n →M \ ∂M be a smooth embedding with ϕ(?) = γ(0). The map

F ◦ (ϕ× id[0,1]) : B
n → M

(x, t) 7→ F (ϕ(x), t)

is a thickening of γ that is trivial near the ends with F0 = ϕ. �

368As so often it follows from the Trivial-Near-The-Ends-Lemma 33.4 that we can turn any smooth path
into a smooth path that is trivial near the ends.
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De�nition. Let M be an n-dimensional smooth manifold and let γ : [0, 1]→M \ ∂M be
a loop that is trivial near the ends. By the Path-Thickening Proposition 37.1 we can pick
a thickening F : B

n × [0, 1] → M \ ∂M of γ. We say γ is orientation-preserving if the
automorphism

T?B
n D(F0)?−−−−−→∼= Tγ(0)M

D(F1)?←−−−−−∼= T?B
n

of the vector space T?B
n
is orientation-preserving. Otherwise we say that γ is orienta-

tion-reversing.
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M F is a thickening of γ

F1

F0

x

γ is an orientation-reversing loop

{?}×[0, 1]

B
n×[0, 1]

Remark. On page 1114 we will give an alternative and slightly more general de�nition
of orientation-preserving and orientation-reversing loops. In Proposition 49.10 we will see
that the two de�nitions are equivalent for smooth paths that take values in M \ ∂M .

Proposition 37.2. Let M be a smooth manifold. The above de�nition of a loop being
orientation-preserving does not depend on the choice of the thickening.

Proof. Let M be an n-dimensional smooth manifold and let γ : [0, 1]→M \∂M be a loop
that is trivial near the ends. Let F : B

n × [0, 1]→M \ ∂M and G : B
n × [0, 1]→M \ ∂M

be two thickenings of γ.

Claim. The map [0, 1] → R \ {0}
t 7→ det

(
(D(Gt)?)

−1 ◦D(Ft)? : T?B
n → Tγ(t)M → T?B

n)
is continuous. In particular, either all values are positive or all values are negative.

Proof. We need to show that the given map is continuous. By the Pasting Proposition 2.6
it su�ces to show that the given map is locally continuous.

Let t ∈ [0, 1]. We pick a chart Φ: U → V around γ(t). We denote by ι : U → M
the inclusion map. Since F,G : B

n × [0, 1] → M \ ∂M are in particular continuous and
since U is open there exists an open neighborhood I of t ∈ [0, 1] and an r > 0 such that
F (B

n

r ×I) Ă U and such that G(B
n

r ×I) Ă U . We denote by F̃t : B
n → U and G̃t : B

n → U
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the unique maps with Ft = ι ◦ F̃t and with Gt = ι ◦ G̃t. We consider the following diagram

T?B
n

r

D(Ft)?
//

D(F̃t)? ++

Θ∼=

��

Tγ(t)M T?B
n

r

D(Gt)?
oo

Θ∼=

��

D(G̃t)?ss
Tγ(t)U

DΦγ(t)∼=
��

Dιγ(t)∼=

OO

TΦ(γ(t))V

Θ∼=
��

T̃?B
n

r

D(Φ◦F̃t)?
//

id
��

T̃Φ(γ(t))V

id
��

T̃?B
n

r

D(Φ◦G̃t)?
oo

id
��

Rn
v 7→D(Φ◦F̃t)?·v

//

multiplication by the matrix D(Φ ◦ G̃t)-1
? ·D(Φ ◦ F̃t)?

11Rn Rn
v 7→D(Φ◦G̃t)?·v

oo

We make the following clari�cations and observations:
(1) The maps Θ are the natural isomorphisms provided by the Tangent Space-Isomorphism

Proposition 23.16.
(2) The pentagons commutes since the maps Θ are natural.
(3) The triangles commute by the functoriality of di�erentials.
(4) By the Di�erential-equals-Di�erential Lemma 23.4 the di�erential of a smooth map

between the physical tangent spaces of open subsets of Rn is just given by multiplication
by the (n× n)-matrix that is given by the various partial derivatives. In other words,
the two bottom squares commute.

It follows from the above discussion and the fact that F and G are �smooth in t�, that the
map of the claim is continuous on I. We have thus shown that the given map is locally
continuous which, as we mentioned above, implies by the Pasting Proposition 2.6, that the
given map is continuous. �

Finally we consider the following little commutative diagram:

T?B
n

∼=

(D(F1)?)−1 ◦D(F0)?
//

∼=(D(G0)?)−1 ◦D(F0)?
��

T?B
n

(D(G1)?)−1 ◦D(F1)?∼=
��

T?B
n

∼=

(D(G1)?)−1 ◦D(G0)?
// T?B

n

It follows from the claim that the vertical isomorphism to the left is orientation-preserving
if and only if the vertical isomorphic to the right is orientation-preserving. It follows from
this observation and the Orientation-Composition Lemma 25.3 that the top horizontal map
is orientation-preserving if and only if the bottom horizontal map is orientation-preserving.
We have thus shown that it does not matter whether we work with the thickening F or the
thickening G. �
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Proposition 37.3. (Orientability-via-Loops Proposition) Let M be a connected
smooth manifold and let P ∈M \ ∂M . The following four statements are equivalent:
(1) M is orientable,
(2) M \ ∂M is orientable,
(3) every loop γ : [0, 1]→M \∂M that is trivial near the ends is orientation-preserving,
(4) every loop γ : [0, 1]→M \ ∂M with γ(0) = γ(1) = P that is trivial near the ends is

orientation-preserving.

Proof. Let M be a connected n-dimensional smooth manifold and let P ∈ M \ ∂M . The
implication (1) ⇒ (2) is basically obvious. The implication (2) ⇒ (1) is the content of the
Complement-of-Boundary Orientation Lemma 25.16.

We turn to the proof of the implication (2) ⇒ (3). Thus we now assume that we
can pick an orientation for M \ ∂M . Let γ : [0, 1] → M \ ∂M be a loop that is trivial
near the ends. We need to show that γ is orientation-preserving. We pick a thickening
F : B

n × [0, 1] → M \ ∂M of γ. By the Smooth Isotopy-Orientation Proposition 34.2
we know that each DFt : T?B

n → Tγ(t)M is orientation-preserving or each such map is
orientation-reversing. In particular the map is orientation-preserving for t = 0 if and only
if it is for t = 1. It follows immediately that the loop γ is orientation-preserving.

The implication (3) ⇒ (4) is a tautology. Therefore at this stage it remains to prove
the implication (4) ⇒ (2). This proof will require the remainder of this proof.

Thus, in the following we assume that every smooth smooth path γ : [0, 1]→ M \ ∂M
with γ(0) = γ(1) = P that is trivial near the ends is orientation-preserving. We need to
show that M \ ∂M is orientable.

We pick an orientation OP of TPM . Let Q ∈ M \ ∂M . By the Push Away From
Boundary Lemma 18.13 we know that M \ ∂M is also path-connected. It follows from
the Smooth Path-Connectivity Proposition 19.29 together with the Trivial-Near-The-Ends-
Lemma 33.4 that there exists a smooth path γ : [0, 1]→M \∂M from P to Q that is trivial
near the ends. By the Path-Thickening Proposition 37.1 there exists a thickening F : B

n×
[0, 1] → M \ ∂M of γ that is trivial near the ends. We equip TQM with the orientation
OQ that is given by the image of the orientation OP of TPM under the isomorphism

TPM
(D(F0)?)−1

−−−−−−−→ T?B
n D(F1)?−−−−−→ TQM.

Claim 1. This orientation of TQM does not depend on the choice of the smooth path γ.

Proof. Let γ̃ : [0, 1] → M \ ∂M be another smooth path from P to Q that is trivial near
the ends. Recall that by the Path-Thickening Proposition 37.1 (2) there exists a thickening
F̃ : B

n × [0, 1] → M \ ∂M of γ̃ that is trivial near the ends and which has the property
that F̃1 : B

n →M \ ∂M equals F1 : B
n →M \ ∂M . We consider the concatenations

δ : [0, 1] → M \ ∂M

t 7→
{
γ(2t), if t ∈ [0, 1

2
],

γ̃(2−2t), if t ∈ [1
2
, 1]

and
G : B

n × [0, 1] → M \ ∂M

(x, t) 7→
{
F (x, 2t), if t ∈ [0, 1

2
],

F̃ (x, 2−2t), if t ∈ [1
2
, 1].

It follows from the fact that F1 = F̃1 that the maps are well-de�ned and it follows from
the fact that γ, γ̃, F and F̃ are trivial near the ends, together with the Smooth Pasting
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Proposition 19.23, that δ and G are actually smooth. Evidently δ is a loop and G is a
thickening of δ.
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F1(B
n
) = F̃1(B

n
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Finally we consider the following diagram:

TQM

T?B
n

D(F0)?

D(G0)?uu

D(F1)? D(F̃1)?

OO

D(F̃0)?

D(G1)? ))

TPM

66

// TPM.

hh

We make the following clari�cations and observations:

(1) By construction we have F1 = F̃1 and we have G0 = F0, G1 = F̃0. Thus the two
maps on the arrows are always the same map.

(2) The undecorated colored maps are de�ned to be the composition of the (inverse) of
the two maps of the same color. In other words, the diagram commutes by de�nition.

(3) By hypothesis δ is orientation-preserving. This means that the horizontal red map
at the bottom is orientation-preserving.

(4) It follows from the above that the blue map induces the same orientation on TQM
as the violet map. �

At this state it su�ces to prove the following claim.

Claim 2. The orientations of the tangent spaces TQM de�ne an orientation on M \ ∂M .

Proof. We will use the criterion from the Orientations-via-Atlas Lemma 25.8 to verify that
these orientations de�ne an orientation on M \ ∂M . Thus let Q ∈M \ ∂M .

Before we do anything else we introduce the following little notation: for each x ∈ Bn
2

we denote by Sx ∈ TxB
n
the standard orientation.

Next we pick a chart Φ: U → Bn
2 around Q with Φ(Q) = ? and which has the property

that the map DΦQ : TQU → T?B
n

2 sends the orientation OQ to the standard orientation S?
of T?B

n

2 . As usual we denote the inverse of the chart Φ by Ψ: Bn
2 → U . By the Orientations-

via-Atlas Lemma 25.8 it now su�ces to show that Φ is orientation-preserving for every
R ∈ U . Put di�erently, we need to show that for each R ∈ U we have DΦR(OR) = SΦ(R).

We pick a smooth path γ : [0, 1]→ M \ ∂M from P to Q that is trivial near the ends.
It follows from the Path-Thickening Proposition 37.1 (2) that we can pick a thickening
F : B

n × [0, 1] → M \ ∂M of γ that is trivial near the ends and which has the property
that F1 : B

n →M equals Ψ: B
n → U Ă M .

Given R ∈ U we pick a path δ : [0, 1] → U from Q to R that is trivial near the ends.
We use the Path-Thickening Proposition 37.1 (2) to �nd a thickening G : B

n × [0, 1] → U



37. ORIENTATION-PRESERVING AND ORIENTATION-REVERSING LOOPS 885

of δ with G0 = F1. Note that
we use the path γ and the thickening F to de�ne the orientation OQ, and
we use the path and the thickening that are given by concatenating γ and δ and F and G
to de�ne the orientation OR,
equality then follows easily from the chain rule

↓
DΦR(OR) = DΦR((D(G1)? ◦D(G0)−1

? )(OQ)) = DΦR((D(G1)? ◦D(G0)−1
? )((DΦ−1

? )(S?)))
= (D(Φ ◦G1)? ◦ (D(Φ ◦G0)?)

−1)(S?) = SΦ(R).
↑ ↑

chain rule since G0 ◦ Φ and G1 ◦ Φ are smoothly isotopic maps from B
n → Bn2 we

obtain the equality from the Smooth Isotopy-Orientation Proposition 34.2 �
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Remark. In Section 49.4 we will give an alternative and slightly more general de�nition
of orientation-preserving and orientation-reversing loops. In Proposition 49.10 we will see
that the two de�nitions are equivalent for smooth paths that take values inM \∂M . In fact
in Section 49.4 we will study orientation-preserving and reversing loops in greater detail.
For example we will see that if two loops are homotopic, then one is orientation-preserving
if and only if the other is. In principle one could try to prove this statement with the
techniques of the current section, but that promises to be a technical mess.
37.2. Orientation �ipping di�eotopies I.

Proposition 37.4. (Orientation-Flipping Proposition) Let M be a non-orientable
connected smooth manifold and let X, Y Ă M \ ∂M be two disjoint �nite subsets. There
exists a di�eotopy F : M × [0, 1]→M with the following properties:
(1) F0 = id.
(2) F has compact support.
(3) F is a di�eotopy rel ∂M ∪ Y .
(4) Φ := F1 is the identity on X ∪ Y .
(5) The map Φ := F1 has the following properties:

(a) For each x ∈ X the map DΦx : TxM → TxM is orientation-reversing.
(b) For each y ∈ Y the map DΦy : TyM → TyM is orientation-preserving.

Remark.
(1) It follows from the Smooth Isotopy-Orientation Proposition 34.2 that the conclusion

of this proposition does not hold for orientable smooth manifolds.
(2) In Section 49.5 we will give a somewhat di�erent proof of the Orientation-Flipping

Proposition 37.4.

Example. We consider M̃ := R× [−1, 1] and the orientation-reversing self-di�eomorphism

g : M̃ = R× [−1, 1] → M̃ = R× [−1, 1]
(r, s) 7→ (r + 1,−s).
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Recall that the Möbius band is de�ned as M = M̃/ ∼ where P ∼ g(P ). We denote
by p : R × [−1, 1] → M the projection. Let x = p(0, 0). We want to �nd a di�eotopy
F : M × [0, 1] → M as in the Orientation-Flipping Proposition 37.4, with X = {x} and
Y = ∅. Using the Smooth Transition Function Lemma 19.4 we can �nd a smooth map
τ : [−1, 1] → [0, 1] such that τ(0) = 1, such that τ(t) = 0 for s ≥ 1

2
and such that

τ(−s) = τ(s) for all s ∈ [−1, 1]. We consider the map

F̃ : M̃ × [0, 1] → M̃
((r, s), t) 7→ ((r + t · τ(s), s)

that is sketched in the �gure below. Note that F̃ descends to a map F : M × [0, 1] → M

which is a di�eotopy rel ∂M with F0 = id and with F1(x) = x. We set Φ̃ := F̃1 and Φ := F1.
We claim that DΦx : TxM → TxM is orientation-reversing. To show this statement let us
consider the following diagram

T(0,0)(R× [−1, 1])
DΦ̃(0,0)

//

Dp(0,0)
��

T(1,0)(R× [−1, 1])
D(g−1)(1,0)

//

Dp(1,0) ++

T(0,0)(R× [−1, 1])

Dp(0,0)
��

Tp(0,0)M
DΦp(0,0)

// Tp(0,0)M.

Note that p ◦ Φ̃ = Φ ◦ p and p ◦ g = p. Thus the diagram commutes by the functoriality of
the di�erential.

Since F0 = id we know by the Smooth Isotopy-Orientation Proposition 34.2 that
F1 = Φ is also orientation-preserving. In particular DΦ̃(0,0) is orientation-preserving. On
the other hand D(g−1)(1,0) = (Dg(0,0))

−1 is orientation-reversing. In summary we see that
the composition of the top horizontal maps is an orientation-reversing automorphism of
T(0,0)(R × [−1, 1]). The left and right vertical maps are honest-to-G*d the same isomor-
phism. Therefore it follows from the elementary Lemma 25.7 that the bottom horizontal
map is also orientation-reversing.369
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(0, 0) Φ(0, 0)

R×[−1, 1]

Φ̃ = F̃1

action of g

For the proof of the Orientation-Flipping Proposition 37.4 we will need the following two
little lemmas.
Auxiliary Lemma 37.5. Let X be a topological manifold, let A Ă X be a closed subset
and let F : X × [0, 1] → X be a homotopy rel A. If F has compact support, then there
exists an open neighborhood U of A such that F is a homotopy rel U .

Proof of Lemma 37.5. Let K Ă X be a compact subset such that F (x, t) = x for all
x 6∈ K and all t ∈ [0, 1]. Since X is in particular Hausdor� we know by the Compact-Closed

369Note that this example gives a solution to Exercise 25.17.
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Lemma 1.21 (2) that K is a closed subset of X. Since X is a topological manifold we know
by the Manifold Paracompact-Normal Proposition 18.9 (2) that X is normal. This implies
in particular that there exists an open neighborhood U of A that is disjoint from K. But
then F is evidently a homotopy rel U . �

Auxiliary Lemma 37.6. Let M be a smooth manifold and let U be an open subset of
M . Furthermore let G : U × [0, 1]→ U be a di�eotopy with compact support K. Then

G̃ : M × [0, 1] → M

(x, t) 7→
{
G(x, t), if x ∈ K,
x, if x 6∈ K

is a di�eotopy of M .

Proof. Since K is a compact subset of U we know by the Compact Image Lemma 2.13 and
the Product Topology Properties Proposition 5.6 that K × [0, 1] is a compact, and hence a
closed subset ofM× [0, 1]. Thus we see that G̃ is smooth on the open subsets U× [0, 1] and
M × [0, 1] \K× [0, 1]. Since these open subsets cover M × [0, 1] it follows from the Smooth
Pasting Proposition 19.23, or to be precise its extension to smooth manifolds with corner,
that G̃ is smooth. Basically the same argument shows that each G̃t is a di�eomorphism. �

All the work for the proof of the Orientation-Flipping Proposition 37.4 is now done in the
proof of the following auxiliary lemma, which deals with the case that #X = 1.

Auxiliary Lemma 37.7. Let M be a connected non-orientable smooth manifold. Fur-
thermore let Y Ă M be a �nite set and let x ∈ M \ ∂M be a point with x 6∈ Y . There
exists a di�eotopy F : M × [0, 1]→M with the following properties:
(1) F0 = id.
(2) F has compact support.
(3) F is a di�eotopy rel ∂M ∪ Y .
(4) Φ := F1 is the identity on {x} ∪ Y .
(5) The map Φ := F1 has the following properties:

(a) The map DΦx : TxM → TxM is orientation-reversing.
(b) For each y ∈ Y the map DΦy : TyM → TyM is orientation-preserving.

Proof of Lemma 37.7. Let M be a connected non-orientable smooth manifold. Note
that by the Smooth 1-Dimensional Manifold Classi�cation Theorem 22.7 we know that
dim(M) ≥ 2. Let Y Ă M be a �nite set and let x ∈M \ ∂M with x 6∈ Y .
(a) We pick an orientation Ox for TxM .
(b) We setW := M \Y . Since Y is �nite we see that Y is a closed subset. It follows from

Lemmas 19.19 and 19.20 thatW is a smooth manifold with ∂W = ∂M . Furthermore
it follows from the Complement-of-Boundary Orientation Lemma 25.16 (2) that W
is still non-orientable.

(c) Since Y is a �nite set and since dim(M) ≥ 2 we know by the elementary Exercise 18.16
that W is also path-connected.

(d) It follows from the above together with the Orientability-via-Loops Proposition 37.3
that there exists an orientation-reversing loop γ : [0, 1]→ W \∂W that is trivial near
the ends with γ(0) = γ(1) = x.
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Möbius band M

By the Isotopy Extension Theorem 36.1 there exists a di�eotopy F : W × [0, 1]→ W with
the following properties:

(0) For each t ∈ [0, 1] we have Ft(x) = γ(t).
(1) F0 = id.
(2) F has compact support.
(3) F is a di�eotopy rel ∂W .

Note that it follows from (2), together with Lemma 37.6, that we can extend F to a
di�eotopy F : M × [0, 1]→M rel Y on all of M by setting F (x, t) = x for x 6∈ W . Finally
we set Φ := F1 : M →M .

By design F has properties (1), (2), (3) and (4). Furthermore it follows almost immedi-
ately from (0) and the fact that γ is orientation-reversing that (5a) is satis�ed. Furthermore
note that by Lemma 37.5 we know that F is actually a di�eotopy rel an open neighbor-
hood of Y . This implies that for each y ∈ Y we have DΦy = idTyM . Thus (5b) is also
satis�ed. �

Proof of the Orientation-Flipping Proposition 37.4. Let x1, . . . , xk be the elements
of X. It follows from the ever useful Smooth Isotopy Transitivity Proposition 33.3 that
it su�ces to �ip the signs of the points x1, . . . , xk one-by-one. But this can be done
by applying Lemma 37.7 altogether k times, namely to the points xi and to the sets
Yi := Y ∪ {x1, . . . , x̂i, . . . , xk}. �

37.3. The Smooth Ball Embedding Theorem. Our goal of this section is to prove the
following theorem which was originally proved by Richard Palais [Pal1960a] in 1960.

Theorem 37.8. (Smooth Ball Embedding Theorem) Let M be an n-dimensional
smooth manifold. (If M is orientable, then we pick an orientation for M .) In the following
let ϕ1, . . . , ϕk : B

n → M \ ∂M and ψ1, . . . , ψk : B
n → M \ ∂M be two sets of k smooth

embeddings of B
n
with disjoint images. (If M is orientable, then we demand that all ϕi

and ψi are orientation-preserving or that all are orientation-reversing.) If n ≥ 2 or if k = 1,
then there exists a di�eotopy370

G : M × [0, 1] → M

with compact support, rel some neighborhood of ∂M , from the identity G0 = idM to
a di�eomorphism G1 : M → M such that for each i ∈ {1, . . . , k} the following diagram
commutes: B

n

ϕi

vv

ψi

((
M

G1

∼=
// M.

Finally, if ϕi(0) = ψi(0), i = 1, . . . , k and if M is orientable, then we can �nd a di�eotopy
rel {ϕ1(0), . . . , ϕk(0)}.
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Remark.
(1) The Smooth Ball Embedding Theorem 37.8 has many applications, for example we

will see in the Connected Sum-Proposition ?? that it can be used to show that the
�connected sum� of connected orientable smooth manifolds is well-de�ned.

(2) On page ?? we will give a somewhat di�erent proof of the Smooth Ball Embedding
Theorem 37.8 using the Tubular Neighborhood Theorem ??.

(3) In the Topological Ball Embedding Theorem 132.10 we will state an analogue of the
Smooth Ball Embedding Theorem 37.8 in the setting of topological manifolds.

The key to proving the Smooth Ball Embedding Theorem 37.8 is the following proposition.

Proposition 37.9. Let M be a connected n-dimensional smooth manifold. (If M is
orientable, then we pick an orientation for M .) In the following let ϕ1, . . . , ϕk : B

n →
M \ ∂M and ψ1, . . . , ψk : B

n → M \ ∂M be two sets of k smooth embeddings of B
n
with

disjoint images. (If M is orientable, then we demand that all ϕi and all ψi are orientation-
preserving or that all are orientation-reversing.) If n ≥ 2 or if k = 1, then the smooth
embeddings371

k⊔
i=1
ϕi :

k⊔
i=1
B
n → M \ ∂M and

k⊔
i=1
ψi :

k⊔
i=1
B
n →M \ ∂M

are smoothly isotopic.

Remark. In the language of page 830 we can say that Proposition 37.9 calculates Emb(B
n
,Mn).

������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

����
����
����

����
����
����

���
���
���

���
���
���

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

B
2

orientable M

ϕ ψ

F1

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

��

�
�
�
�

����
����

��

B
2

Möbius band M

smooth isotopy F

ϕ ψ

Proof of the Smooth Ball Embedding Theorem 37.8 assuming Proposition 37.9.
By Proposition 37.9 there exists a smooth isotopy

F :
( k⊔
i=1
B
n

i

)
× [0, 1] → M

with F0 = ϕ1 t · · · t ϕk and F1 = ψ1 t · · · t ψk. Furthermore a quick look at the proof
of Proposition 37.9 shows that if ϕi(0) = ψi(0), i = 1, . . . , k and if M is orientable, then

370Again note that if M is orientable, then the di�eomorphism G1 is in fact orientation-preserving by the
Smooth Isotopy-Orientation Proposition 34.2.
371Since the B

n
is compact we obtain from Lemma 24.11 that k smooth embeddings of B

n
with disjoint

images give rise to a smooth embedding of the disjoint union of k closed balls.
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we can �nd a smooth isotopy rel the origins of the k balls. Finally, using the Trivial-Near-
The-Ends-Lemma 33.4 we can arrange that F is actually trivial near the ends.

We now apply the Isotopy Extension Theorem 36.1 to the smooth isotopy F and we
obtain a di�eotopy G : M × [0, 1]→M with all the desired properties. �

Proof of Proposition 37.9 if M is orientable. Note that after possibly precomposing
all the smooth embeddings B

n → M with the re�ection in a hyperplane we only need to
consider the case that all smooth embeddings are orientation-preserving.

We denote by ι : B
n → B

n

2 (0) the inclusion map. We pick orientation-preserving smooth
embeddings {Θi : B

n

2 (0) → M \ ∂M}i=1,...,k with disjoint images. By the Smooth Isotopy
Transitivity Proposition 33.3 it su�ces to show that any orientation-preserving smooth
embedding

k⊔
i=1
αi :

k⊔
i=1
B
n → M

is smoothly isotopic to
the smooth embedding

k⊔
i=1

Θi ◦ ι :
k⊔
i=1
B
n → M.

This statement follows from the subsequent three claims together with the Smooth Isotopy
Transitivity Proposition 33.3.
Claim 1. The smooth embedding
k⊔
i=1
αi :

k⊔
i=1
B
n → M is smoothly isotopic to a smooth embedding

k⊔
i=1
βi :

k⊔
i=1
B
n → M

such that for each i ∈ {1, . . . , k} we have βi(0) = Θi(0).

Proof. Recall that we assume that n ≥ 2 or that k = 1. Also recall that the αi and Θi take
values in M \ ∂M , which implies in particular that the points αi(0) and Θi(0) lie in M \
∂M . SinceM is by hypothesis connected it follows from the Homogeneous-via-Di�eotopies
Proposition 33.14 and Exercise 33.8372 that there exists a di�eotopy F : M × [0, 1] → M
with F0 = id and such that F1(αi(0)) = Θi(0) for i = 1, . . . , k. For i = 1, . . . , k we set
βi := F1 ◦ αi and we have found the desired smooth embeddings. �

Claim 2. The smooth embedding
k⊔
i=1
βi :

k⊔
i=1
B
n → M is smoothly isotopic to a smooth embedding

k⊔
i=1
γi :

k⊔
i=1
B
n → M

such that for each i ∈ {1, . . . , k} we have γi(B
n
) Ă Θi(B

n
2 ).

Proof. Let i ∈ {1, . . . , k}. Since Θi is a smooth embedding of an n-dimensional ball into an
n-dimensional smooth manifold we obtain from the Codimension-Zero Smooth Embedding
Proposition 24.16 that Θi(B

n
2 (0)) is an open subset of M . Since βi(0) = Θi(0) we see that

there exists an εi > 0 such that βi(B
n

εi
) Ă Θi(B

n
2 ). We consider the smooth isotopy

Bi : B
n × [0, 1] → M

(x, t) 7→ βi(x · ((1− t) + t · εi)).

This map is a smooth isotopy from βi to a map γi : B
n → M with γi(B

n
) Ă Θi(B

n
2 (0)).

Since these smooth isotopies it follows from Lemma 24.11 that we have disjoint images we
have found the desired smooth isotopy. �

372Alternatively one could also use Proposition 36.4
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Claim 3. The smooth embedding
k⊔
i=1
γi :

k⊔
i=1
B
n →M is smoothly isotopic to the smooth embedding

k⊔
i=1

Θi◦ι :
k⊔
i=1
B
n →M.

Proof. Let i ∈ {1, . . . , k}. Note that by the Smooth Embedding Theorem 24.10 to-
gether with the Codimension-Zero Smooth Embedding Proposition 24.16 we know that
Θi(B

n
2 (0)) is an open subset of M and we know that Θi : B

n
2 (0) → Θi(B

n
2 (0)) is a dif-

feomorphism. Therefore we can consider the inverse Θ−1
i : Θi(B

n
2 (0)) → Bn

2 (0). Since we
arranged that γi(B

n
) Ă Θi(B

n
2 (0)) we can consider the corresponding orientation-preserving

smooth embedding Θ−1
i ◦ γi : B

n → Bn
2 (0). By the Di�eotopies-of-Rn-Classi�cation Propo-

sition 34.3 (2) we know that Θ−1
i ◦ γi : B

n → Bn
2 (0) is smoothly isotopic in Bn

2 (0) to the
orientation-preserving smooth embedding ι : B

n → Bn
2 (0). Therefore γi is smoothly isotopic

in Θi(B
n
2 (0)) to Θi ◦ ι. Since the Θi(B

n

2 (0)) are disjoint we are done. �
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Proof of Proposition 37.9 if M is non-orientable. Suppose thatM is non-orientable.
As before we denote by ι : B

n → B
n

2 (0) the inclusion map. We pick smooth embeddings
{Θi : B

n

2 (0) → M \ ∂M}i=1,...,k with disjoint images. By the Smooth Isotopy Transitivity
Proposition 33.3 it su�ces to show that any smooth embedding

k⊔
i=1
αi :

k⊔
i=1
B
n → M is smoothly isotopic to the map

k⊔
i=1

Θ ◦ ι :
k⊔
i=1
B
n → M.

This statement follows again from three claims together with the Smooth Isotopy Transi-
tivity Proposition 33.3.

Before we can state the �rst claim we need to introduce one new notion. We say that two
smooth embeddings µ, ν : B

n →M are compatible if µ(0) = ν(0) and if the automorphism
(Dν0)−1 ◦Dµ0 of T0B

n
is orientation-preserving.

Now we can move to the modi�ed three claims.
Claim 1. The smooth embedding
k⊔
i=1
αi :

k⊔
i=1
B
n → M is smoothly isotopic to a smooth embedding

k⊔
i=1
βi :

k⊔
i=1
B
n → M

such that for i = 1, . . . , k the smooth embeddings βi and Θi ◦ ι are compatible.

Proof. As in the oriented case we obtain from Proposition 36.4 that there exists a di�eotopy
F : M × [0, 1] → M with F0 = id and such that (F1 ◦ αi)(0) = (Θi ◦ ι)(0) for i = 1, . . . , k.
For i = 1, . . . , k we set Pi := (Θi ◦ ι)(0). Next we de�ne

I := {i ∈ {1, . . . , k} | the smooth embeddings F1 ◦ αi and Θi ◦ ι are not compatible}.
372On page 674 we de�ned what it means for an automorphism of a �nite dimensional real vector space to
be orientation-preserving.
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From the Orientation-Flipping Proposition 37.4 we obtain a di�eotopy G : M × [0, 1]→M
with G0 = id with the following two properties:

(1) for all i ∈ {1, . . . , k} we have G1(Pi) = Pi,
(2) the map D(G1)Pi : TPiM → TPiM is orientation-preserving if and only if i ∈ I.

For i = 1, . . . , k we now set βi := G1 ◦ (F1 ◦ αi). It follows easily from (1) and (2),
together with the ever-useful Smooth Isotopy Transitivity Proposition 33.3, that these
smooth embeddings β1, . . . , βk have the desired properties. �
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M G1 �ips the orientation

at the points Pi, i ∈ I

Claim 2. The smooth embedding
k⊔
i=1
βi :

k⊔
i=1
B
n → M is smoothly isotopic to a smooth embedding

k⊔
i=1
γi :

k⊔
i=1
B
n → M

such that for each i ∈ {1, . . . , k} we have γi(B
n
) Ă Θi(B

n
2 ) and such that for i = 1, . . . , k

the smooth embeddings γi and Θi ◦ ι are compatible.

Proof. The construction of the γi follows by the same recipe as in the oriented case. It is
basically clear from the construction that for i = 1, . . . , k the smooth embeddings γi and
Θi ◦ ι are indeed compatible. �

Claim 3. The map
k⊔
i=1
γi :

k⊔
i=1
B
n →M is smoothly isotopic to the smooth embedding

k⊔
i=1

Θi◦ι :
k⊔
i=1
B
n →M.
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Proof. Let i ∈ {1, . . . , k}. Since γi(B
n
) Ă Θi(B

n
2 (0)) we can consider the corresponding

smooth embedding ι ◦Θ−1
i ◦ γi : B

n → Bn
2 (0). We consider the following diagram:

T0B
n
2 (0)

T0B
n

∼=

D(Θ−1◦γi)0
55

∼=

(D(Θi◦ι)0)−1◦D(γi)0

// T0B
n
.

∼=
Dι0

ii

Note that the diagram commutes by default. Since γi and Θi ◦ ι are compatible the bottom
map is orientation-preserving. By de�nition of the orientations on B

n
and Bn

2 (0) the right
diagonal map is orientation-preserving. It follows that the left diagonal map is orientation-
preserving. By the Basics-of-Orientations Lemma 25.13 (3) this implies that the smooth
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embedding Θ−1
i ◦ γi is orientation-preserving. At this point the argument proceeds as in

the oriented case.
Indeed, by the Di�eotopies-of-Rn-Classi�cation Proposition 34.3 (2) we now know that

Θ−1
i ◦ γi : B

n → Bn
2 (0) is smoothly isotopic in Bn

2 (0) to the orientation-preserving smooth
embedding ι : B

n → Bn
2 (0). Therefore γi is smoothly isotopic in Θi(B

n
2 (0)) to Θi ◦ ι. Since

the Θi(B
n

2 (0)) are disjoint we are done. �

37.4. The Lower-Dimensional Smooth Ball Embedding Theorem. We also have a
uniqueness theorem for smooth embeddings of lower dimensional balls. In fact it is slightly
easier to state than the Smooth Ball Embedding Theorem 37.8 since we will not care about
orientations.
Theorem 37.10. (Lower-Dimensional Smooth Ball Embedding Theorem) LetM
be an n-dimensional smooth manifold and let d ∈ {0, . . . , n − 1}. In the following let
ϕ1, . . . , ϕk : B

d → M \ ∂M and ψ1, . . . , ψk : B
d → M \ ∂M be two sets of k smooth

embeddings of B
d
with disjoint images. If n ≥ 2 or if k = 1, then there exists a di�eotopy

G : M × [0, 1] → M

with compact support, rel some neighborhood of ∂M , from the identity G0 = idM to
a di�eomorphism G1 : M → M such that for each i ∈ {1, . . . , k} the following diagram
commutes:

B
d

ϕi

ww

ψi

''
M

G1

∼=
// M.

Finally, if ϕi(0) = ψi(0), i = 1, . . . , k and if M is orientable, then we can �nd a di�eotopy
rel {ϕ1(0), . . . , ϕk(0)}.
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Remark.

(1) In the language of page 830 we can say that the Lower-Dimensional Smooth Ball
Embedding Theorem 37.10 calculates Emb(B

d
,Mn) for d < n.

(2) The case d = 0 is precisely the content of the Homogeneous-via-Di�eotopies Propo-
sition 36.4.

Proof. The same that we deduced the Smooth Ball Embedding Theorem 37.8 from Propo-
sition 37.9 we can now deduce the Lower-Dimensional Smooth Ball Embedding Theo-
rem 37.10 from the following claim.
Claim. If n ≥ 2 or if k = 1, then the smooth embeddings

k⊔
i=1
ϕi :

k⊔
i=1
B
d → M \ ∂M and

k⊔
i=1
ψi :

k⊔
i=1
B
d →M \ ∂M

are smoothly isotopic.
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Proof. The proof of the claim is basically identical to the proof of Proposition 37.9 in
the orientable case. All we have to do is to replace the Di�eotopies-of-Rn-Classi�cation
Proposition 34.3 (2) by the Di�eotopies-of-Rn-Classi�cation Proposition 34.3 (3). We leave
it to the reader to �ll in the details. �

Finally we want to consider a variation on the Smooth Ball Embedding Theorem 37.8
and the Lower-Dimensional Smooth Ball Embedding Theorem 37.10 where we look at
smooth embeddings of balls that �respect� a submanifold. This discussion is perhaps a
little peripheral, but it plays a role when later on we introduce the connected sum of
submanifolds and knots.
De�nition. Let n ∈ N and let k ∈ {0, . . . , n}.
(1) We set Jk := {(x, 0) ∈ Bn |x ∈ Bk} = B

n ∩ (Rk × {0}) and we view equip Jk with
the obvious orientation.

(2) LetM be an oriented n-dimensional smooth manifold and let K Ă M be an oriented
k-dimensional submanifold. Furthermore let ϕ : B

n → M be a smooth embedding.
We say ϕ respects K if ϕ(B

n
) Ă M \ ∂M , if ϕ(Jk) = ϕ(B

n
) ∩K, if ϕ : B

n → M is
orientation-preserving and if ϕ|Jk : Jk → ϕ(B

n
) ∩K is orientation-preserving.
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The following theorem gives a uniqueness statement for smooth embeddings of balls that
respect a given submanifold.373

Theorem 37.11. Let M be an oriented n-dimensional smooth manifold. Furthermore let
K Ă M be a connected oriented k-dimensional submanifold. Finally let ϕ : B

n →M and
ψ : B

n →M be two smooth embeddings that respect K. There exists a di�eotopy

G : M × [0, 1] → M

with compact support, rel some neighborhood of ∂M , from the identity G0 = idM to a
di�eomorphism G1 : M → M such that G1 ◦ ϕ = ψ and such that each Gt ◦ ϕ : B

n → M
respects K.
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Sketch of proof. As in the proofs of the Smooth Ball Embedding Theorem 37.8 and of
the Lower-Dimensional Smooth Ball Embedding Theorem 37.10 it su�ces to prove the
following claim.

373The case K = M is in fact the statement of Smooth Ball Embedding Theorem 37.8 in the orientation-
preserving case.
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Claim. For any two smooth embeddings ϕ : B
n → M and ψ : B

n → M that respect K
there exists a smooth isotopy F : B

n× [0, 1]→M such that F0 = ϕ, such that F1 = ψ and
such that each Ft ◦ ϕ respects K.
Proof. The proof of the theorem is a modi�cation of the proof of Proposition 37.9. Evi-
dently now one has to go through the proof of Proposition 37.9, and of all the sources it
uses, to make the necessary changes. It seems to this author that most modi�cations are
straightforward, except for possibly one step. Let us elaborate.

Let f : B
n → Rn be a map that respects K := Rk × {0} and such f(0) = 0. We write

A := Df0 and we denote by µ(A) : B
n → Rn the map that is given by multiplication by A.

The fact that f respects K implies that A is of the form
( ∗ ∗

0 ∗

)
, where the top left corner

is a (k × k)-matrix. It follows fairly easily that µ(A) also respects K = Rk × {0}. Similar
to the discussion on page 834 we need to prove the following claim.

Claim. There exists a smooth isotopy F : B
n → Rn with F0 = f , F1 = µ(A) and such that

each Ft respects K = Rk × {0}
Proof. Since B

n
is a convex subset of Rn that contains the origin, since f(0) = 0 and since f

respects K = Rk×{0} we know by the Map-as-Matrix Multiplication Proposition 19.14 (1)
and (2) that there exists a smooth map Θ: Rn → M(n×n,R) with the following properties:
(1) we have Θ(0) = A = Df0,
(2) for all x ∈ Rn we have f(x) = Θ(x) · x, and
(3) for all x ∈ Jk we have Θ(x) =

( ∗ ∗
0 ∗

)
, where the top left square is a k × k-matrix.

As on page 834 we consider the map

F : B
n × [0, 1] → Rn

(x, t) 7→ Θ(t · x)︸ ︷︷ ︸
∈M(n×n,R)

· x.

As on page 834 we see that F is an isotopy with F0 = f and F1 = µ(A). But now the
above property (3) implies that each Ft respects K = Rk × {0}. �

We leave all other details of the proof of Theorem 37.11 to the unquenchable thirst of
the reader for technical details. �

Exercises for Chapter 37.

Exercise 37.1. We consider the

real projective plane RP2 = B
2
/ ∼ where x ∼ −x for x ∈ S1

Klein bottle K = ([0, 1]× [0, 1])/ ∼ where (x, 0)∼(x, 1) and (0, y)∼(1, 1−y).

In both cases give examples of orientation-reversing loops.
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Exercise 37.2. Let M be a smooth manifold and let γ, δ : [0, 1] → M \ ∂M be smooth
loops that are trivial near the ends with γ(0) = γ(1) = δ(0) = δ(1). We consider the
concatenation

γ ∗ δ : [0, 1] → M

t 7→
{
γ(2t), if t ∈ [0, 1

2
],

δ(2t− 1), if t ∈ [1
2
, 1].

Show that γ ∗ δ is orientation-preserving if and only if either both γ and δ are orientation-
preserving or both are orientation-reversing.

Exercise 37.3. Let n ∈ N and let k ∈ {0, . . . , n}. We set Jk := {(x, 0) ∈ Bn |x ∈ Bk}. Let
N be an n-dimensional smooth manifold and let K Ă N be an k-dimensional submanifold.
As on page 894 we say that a smooth embedding ϕ : B

n → N respects K if ϕ(B
n
) Ă N \∂N

and if ϕ(Jk) = ϕ(B
n
) ∩K. Let F : B

n × [0, 1] → N be a smooth isotopy such that each
Ft respects K. Show that there exists a di�eotopy G : N × [0, 1] → N with the following
properties:
(1) G0 = id.
(2) For all x ∈ Bn

and all t ∈ [0, 1] we have G(F0(x), t) = F (x, t).
(3) For all t ∈ [0, 1] the map Gt restricts to a di�eomorphism of K.

Remark. Evidently you are supposed to at least outline how to modify the proof of the
Isotopy Extension Theorem 36.1 to obtain the desired di�eotopy.
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Exercise 37.4. Let M be a smooth manifold and let P ∈ ∂M . A tail at P is a smooth
embedding ϕ : [0, 1]→M with the following properties:
(1) ϕ(0) = P and ϕ−1(∂M) = {0},
(2) ϕ′(0) 6∈ Tϕ(0)(∂M).

Show that if ϕ, ψ : [0, 1]→M are two tails at P , then they are �smoothly isotopic as tails�,
i.e. show that there exists a smooth map F : [0, 1] × [0, 1] → M with F0 = ϕ, F1 = ψ and
such that each Ft is a tail at P .
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Exercise 37.5. Let M be a smooth manifold and let P ∈ ∂M . As in Exercise 37.4 we
de�ne a tail at P to be a smooth embedding ϕ : [0, 1]→M with the following properties:
(1) ϕ(0) = P and ϕ−1(∂M) = {0},
(2) ϕ′(0) 6∈ Tϕ(0)(∂M).

Solve the following two problems:
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(a) Show that if ϕ, ψ : [0, 1]→M are two tails at P with the same endpoint, i.e. such that
ϕ(1) = ψ(1), then one tail can be turned into the other while keeping the endpoints
�xed. More precisely, show that there exists a smooth homotopy F : [0, 1]×[0, 1]→M
rel {0, 1} with F0 = ϕ, F1 = ψ and such that each Ft is a tail at P .

(b) As an explicit example consider the two tails shown in the �gure below. We consider
a �room� M = R2 × R≥0 with �ceiling� ∂M = R2 × {0}. Furthermore we consider
two cables ϕ and ψ from P to Q. Show that you can turn the �twisted cable ϕ� into
the �untwisted cable ψ� while keeping P and Q �xed.
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38. The degree of a map between oriented smooth manifolds I

38.1. The de�nition of the degree of a map between closed smooth manifolds.

De�nition. Let f : M → N be a smooth map between two oriented n-dimensional smooth
manifolds and let x ∈ M \ ∂M . If f is a local di�eomorphism at x, then we de�ne the
local degree of f at the point x as374

deg(f, x) :=

{
+1, if f is orientation-preserving at x
−1, if f is orientation-reversing at x.

Remark. On page 1694 and page 2379 we will generalize the notion of local degree to maps
that are not necessarily local di�eomorphisms and to suitable maps between topological
manifolds.

We continue with the following simpli�ed version of the Stack of Records Lemma 26.2.
Lemma 26.2. Let f : M → N be a smooth map between two closed smooth manifolds of
the same dimension.
(1) For every regular value y ∈ N the preimage f−1(y) is a �nite subset of M .
(2) Given any regular point x ∈M the map f : M → N is a local di�eomorphism at x.

Proof.

(1) By the Regular Value Theorem 26.4 we know that f−1(y) is a proper 0-dimensional
submanifold of the closed smooth manifold M . It follows from the discussion on
page 514 that f−1(y) is a discrete subset of M . Since M is in particular compact it
follows from the Compact-Discrete Lemma 1.22 that f−1(y) is actually a �nite set.

(2) Let x ∈ M be a regular point of f . This means that Dfx : Tf(x)M → Tf(x)N is an
epimorphism. Since M and N have the same dimension this implies that Dfx is an
isomorphism. It follows from the Inverse Mapping Theorem 24.1 that f is a local
di�eomorphism around x. �

Theorem 38.1. Let f : M → N be a smooth map between two closed oriented connected
smooth manifolds of the same dimension. Let y ∈ N be a regular value. The sum375∑

x∈f−1(y)

deg(f, x) ∈ Z

does not depend on the choice of y.
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fx3

x2

regular value ỹ

x1

x
deg(f, x) = 1

deg(f, x3) = 1
deg(f, x2) = −1
deg(f, x1) = 1

regular value y

374Note that by the discussion on page 675 this de�nition also makes sense for 0-dimensional manifolds.
375We know by Lemma 26.2 that this is indeed a �nite sum.
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We postpone the proof of Theorem 38.1 to the next section. The theorem allows us to
introduce the following de�nition.
De�nition. Let f : M → N be a smooth map between two closed oriented connected
non-empty smooth manifolds of the same dimension. By Sard's Theorem 31.1 there exists
a regular value y. By Theorem 38.1 we can unambiguously de�ne the degree of the smooth
map f as

deg(f) :=
∑

x∈f−1(y)

deg(f, x) ∈ Z.

Let f : M → N be a map (not necessarily smooth) between two closed oriented connected
non-empty smooth manifolds of the same dimension. By the Whitney Approximation
Theorem 29.1 we know that f is homotopic to a smooth map g : M → N . The idea now
is to de�ne the degree of f as the degree of the smooth map g. For this approach to make
sense we need the following proposition.
Proposition 38.2. Let g : M → N be a map between two closed oriented connected non-
empty smooth manifolds of the same dimension. If f0, f1 : M → N are smooth maps that
are both homotopic to g, then deg(f0) = deg(f1).

Proof. We postpone the proof of Proposition 38.2 to the next section. �

Proposition 38.2 allows us to make the following de�nition.
De�nition. Let f : M → N be a map between two closed oriented connected non-empty
smooth manifolds of the same dimension. By the Whitney Approximation Theorem 29.1
we know that f is homotopic to a smooth map g : M → N . By Proposition 38.2 it makes
sense to de�ne deg(f) := deg(g).

Remark.
(1) The notion of the degree was �rst introduced by Luitzen Brouwer [Brou1912a,

p. 103], the degree is therefore sometimes also called the Brouwer degree.
(2) In Section 39.1 we will extend the de�nition of a degree to maps between smooth

manifolds with non-empty boundary.
(3) On page 2222 we will use homology groups to give a di�erent de�nition of the degree

of a smooth map between closed oriented smooth manifolds. In the Local-Global
Degree Proposition 101.6 we will see that the two de�nitions agree.

(4) On page 2379 we will again use homology groups to extend the notion of a degree
from smooth manifolds to topological manifolds.

In the following two theorems we state two interesting properties of the degree.

Theorem 38.3. (Degree Homotopy Invariance Theorem) Let f0, f1 : M → N be
maps between two closed oriented connected non-empty smooth manifolds of the same
dimension. If f0 and f1 are homotopic, then

deg(f0) = deg(f1).

Theorem 38.4. (Degree Multiplicativity Theorem) If f : L → M and g : M → N
are maps between closed oriented connected non-empty smooth manifolds of the same
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dimension, then deg(g ◦ f) = deg(g) · deg(f).
We provide the proofs of these two theorems in the next section.

38.2. Proof of Theorem 38.1, 38.3 and 38.4. For the purpose of this section we intro-
duce the following notation.

Notation. Let f : M → N be a smooth map between closed oriented connected non-
empty smooth manifolds of the same dimension. Let y ∈ N be a regular value. We
de�ne degy(f) :=

∑
x∈f−1(y)

deg(f, x) ∈ Z.

The proofs of Theorem 38.1 and 38.3 rely on three lemmas which we will prove in this
section. The �rst lemma is a slight re�nement of the Stack of Records Lemma 26.2.

Lemma 38.5. Let f : M → N be a smooth map between two closed smooth manifolds of
the same dimension. Every regular value y ∈ N admits an open neighborhoodW such that
each y′ ∈ W is a regular value and such that for each y′ ∈ W we have degy(f) = degy

′
(f).
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W

f f deg(f, x′3) = +1
deg(f, x′2) = −1
deg(f, x′1) = +1

deg(f, x3) = +1

regular value y

deg(f, x2) = −1
x1

x2

x3

regular value y′

deg(f, x1) = +1 x′1
x′2
x′3

Proof. Let f : M → N be a smooth map between two closed smooth manifolds of the
same dimension and let y ∈ N be a regular value. We denote the points in the preimage
f−1(y) by x1, . . . , xk ∈ M . Since x1, . . . , xk are regular points we obtain from the Inverse
Mapping Theorem 24.1 connected open neighborhoods U1, . . . , Uk of x1, . . . , xk such that
each fk : Uk → Vk := f(Uk) is a di�eomorphism. Since M is Hausdor� and since the
x1, . . . , xk are distinct we can arrange, see the elementary Exercise 1.15, that the open
neighborhood U1, . . . , Uk are disjoint. We set

W :=
( k⋂
i=1
Vi

)
\ f

(
M \

k⋃
i=1
Ui

)
.︸ ︷︷ ︸

closed subset of N
since M is compact

Note that W is open and that it contains y. Now let y′ ∈ W . Note that the preimage of
y′ ∈ W consists of precisely k points, namely precisely one x′i in each Ui.376 Since the Ui are
connected it follows immediately from the Basics-of-Orientations Lemma 25.13 that for each
i ∈ {1, . . . , k} we have deg(f, xi) = deg(f, x′i). This shows that degy(f) = degy

′
(f). �

376This can be seen as follows. Let y′ ∈ W . Let i ∈ {1, . . . , k}. By de�nition y′ ∈ Vi, thus there exists a
unique preimage of y′ in Ui. Since U1, . . . , Uk are disjoint we see that y′ has k preimages in U1 ∪ · · · ∪ Uk.
By choice of W the point y′ has no preimage outside of U1 ∪ · · · ∪ Uk.
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Lemma 38.6. Let M and N be two closed oriented n-dimensional smooth manifolds.
Furthermore let f, g : M → N be two smooth maps and let y ∈ N be a regular value for
f and for g. If f and g are smoothly homotopic, then degy(f) = degy(g).

Proof. Let y ∈ N be a regular value for f and for g. It follows immediately from applying
Lemma 38.5 to f and g and taking the intersection of the resulting open neighborhoods of
y ∈ N that there exists an open neighborhood W of y ∈ N such that for every y′ ∈ W we
have degy(f) = degy

′
(f) and degy(g) = degy

′
(g).

SinceW is open and non-empty we obtain from Sard's Theorem 31.1 that there exists a
regular value z ∈ W of F : M×[0, 1]→ N . Note that by the Regular Value Theorem 26.4 we
know that F−1(z) is a compact proper 1-dimensional submanifold ofM×[0, 1]. Furthermore
we saw in the proof of the Regular Value Theorem 26.4 on page 707 that we can equip the
1-dimensional smooth manifold Z := F−1(z) Ă M × [0, 1] with an orientation as follows.
(1) We equip M × [0, 1] with the product orientation that we introduced on page 695.
(2) We pick a positive basis v1, . . . , vn for TzN .
(3) Given a point Q ∈ Z = F−1(z) we pick vectors377 ṽ1, . . . , ṽn ∈ TQ(M × [0, 1]) such

that DFQ(ṽi) = vi for i = i, . . . , n. Now we say that a non-zero vector w ∈ TQZ is
positive if ṽ1, . . . , ṽn, w is a positive basis for TQ(M × [0, 1]).

We equip ∂Z with the corresponding boundary orientation ε : ∂Z → {±1} given by the
de�nition on page 688.
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Z := F−1(z)

(P, 0)

N

+1
+1

(P, 1)
−1

+1

regular value z of F : M × [0, 1]→ N

g
f

M
M +1

+1

−1

g
f F

M × [0, 1]

+1

M×{0} M×{1}

w

Claim. Let P ∈M .378

(1) If (P, 0) ∈ ∂Z, then ε((P, 0)) = − deg(f, P ).
(2) If (P, 1) ∈ ∂Z, then ε((P, 1)) = deg(g, P ).

Proof. First let (P, 0) ∈ ∂Z. We make the following preparations:
(i) We denote by q : M × [0, 1]→ [0, 1] the projection. Note that it follows from the fact

that Z is a proper submanifold ofM×[0, 1] and the fact that T(P,0)∂M = ker(Dq(P,0))
that the image of Dq(P,0) : T(P,0)Z → Tf(P )R = R is non-trivial.

377Since z is a regular value of F we know that DFQ is an epimorphism.
378Recall that our de�nition of a regular value, see page 701, entails that z is also a regular value of
the restriction of F to ∂(M × [0, 1]), in other words, it is a regular value of F0 = f : M → N and
F1 = g : M → N . In particular deg(f, P ) and deg(g, P ) are actually de�ned.
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(ii) By (i) we can pick w ∈ T(P,0)Z with Dq(P,0)(w) > 0.
(iii) Recall that our de�nition of a regular value, see page 701, entails that the di�erential

DF(P,0) : T(P,0)(M × {0}) → TF (P,0)N is also an epimorphism. Therefore we can
actually pick vectors ṽ1, . . . , ṽn ∈ T(P,0)(M × {0}) such that DF(P,0)(ṽi) = vi for
i = i, . . . , n.

(iv) We denote by ι : M →M × [0, 1] the inclusion given by x 7→ (x, 0).
(v) For i = 1, . . . , n we pick ũi ∈ TPM such that DιP (ũi) = vi.

Now we see that the following statements are equivalent:

we apply the de�nition of the boundary orientation from page 688 to γ := q : Z → R≥0

note that γ((P, 0)) = 0 and Dγ(P,0)(w) = Dq(P,0)(w) > 0
↓

ε((P, 0))=−1 ⇐⇒ w ∈ T(P,0)Z is a positive vector
⇐⇒ ṽ1, . . . , ṽn, w is a positive basis for T(P,0)(M × [0, 1])

⇐⇒ ũ1, ..., ũn is a positive
basis for TPM

⇐⇒ DfP :TPM→Tf(P )N is
orientation-preserving ⇐⇒ deg(f, P )=+1.

↑ ↑ ↑
follows from Dq(P,0)(w) > 0 since F0◦ι=f and since v1, . . . , vn by de�nition of deg(f, P )
and the de�nition of the product is a positive basis for Tf(P )N
orientation, see the Product
Orientation Proposition 25.22

Since ε and deg take values in {±1} we are actually done with the proof of (1).
Now suppose that we are given a point (P, 1) ∈ ∂Z. The argument is very similar to

the above. Again we can and will pick w ∈ T(P,1)W with Dq(P,1)(w) > 0. Now we see that
the following statements are equivalent:

we apply the de�nition of the boundary orientation from page 688 to γ(t) := q(1− t) : Z → R≥0

note that γ((P, 1)) = 0 and Dγ(P,1)(w) = −Dq(P,0)(w) < 0
↓

ε((P, 1)) = +1 ⇐⇒ w ∈ T(P,1)W is a positive vector ⇐⇒ . . . ⇐⇒ deg(g, P ) = +1.
↑ ↑

precisely as above

This concludes the proof of (2). �
Now we can easily complete the argument, namely we perform the following calculation:

degy(f)− degy(g) = degz(f)− degz(g) =
∑

P∈∂Z∩(M×{0})
ε(P ) +

∑
P∈∂Z∩(M×{1})

ε(P ) = 0.

↑ ↑ ↑
since z ∈W by the claim by the Boundary-of-Compact 1-Dimensional

Smooth Manifold Proposition 25.18 we
know that the sum over the orientations
of ∂Z is zero, the equality thus follows
from the fact that ∂Z Ă M × {0, 1}

We have thus shown that degy(f) = degy(g). �

Lemma 38.7. Let f : L → M and g : M → N be two smooth maps between closed
oriented connected non-empty smooth manifolds of the same dimension. If z ∈ N is a
regular value of g : M → N such that each point in g−1(z) Ă M is a regular value of
f : L→M , then

degz(g ◦ f) =
∑

y∈g−1(z)

deg(g, y) · degy(f).
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Proof. We perform the following calculation:

by the Orientation-Composition Lemma 25.3 we have deg(g ◦ f, x) = deg(g, f(x)) · deg(f, x)
↓

degz(g ◦ f) =
∑

x∈(g◦f)−1(z)

deg(g ◦ f, x) =
∑

y∈g−1(z)

∑
x∈f−1(y)

deg(g, y) · deg(f, x)

=
∑

y∈g−1(z)

deg(g, y) ·
∑

x∈f−1(y)

deg(f, x).︸ ︷︷ ︸
=degy(f) �

After these preparations we can �nally provide the proofs of Theorem 38.1, 38.3 and 38.4.

Proof of Theorem 38.1. Let f : M → N be a smooth map between two closed oriented
connected non-empty smooth manifolds of the same dimension. Let y ∈ N and z ∈ N be
regular values of f . We need to show that degy(f) = degz(f).

The �rst idea might be to try to connect y and z via a path and to use this path to
show that the two degrees are the same. But this approach is doomed to fail since
in general the set of regular values is not path-connected. Thus we need to use a
di�erent approach.
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M

By the Homogeneous-via-Di�eotopies Proposition 33.14 we know that there exists a
di�eotopy F : N × [0, 1] → N with F0 = id and such that F1(y) = z. We now obtain the
following equalities:

by Lemma 38.7, since F1 is a di�eomorphism
and since y is a regular value of f since F1(y) = z

↓ ↓
degy(f) = deg(F1, y)︸ ︷︷ ︸

= 1 since it follows from the
Smooth Isotopy-Orientation Proposition 34.2

that F1 is an orientation-preserving
di�eomorphism

· degy(f) = degF1(y)(F1 ◦ f) = degz(F1 ◦ f) = degz(f).
↑

follows from Lemma 38.6, since F1◦f and F0◦f=f
are smoothly homotopic and since z is a
regular value of F1 ◦ f and of f �

Proof of Proposition 38.2. Let g : M → N be a map between two closed oriented con-
nected non-empty smooth manifolds of the same dimension and let f0, f1 : M → N be
smooth maps that are both homotopic to g. We need to show that deg(f0) = deg(f1).

It follows from the transitivity of being homotopic, see the Homotopy-Equivalence Ba-
sics Lemma 15.1, that f0 and f1 are homotopic. Furthermore it follows from the Replace-
by-Smooth Homotopy Proposition 29.5 that f0 and f1 are actually smoothly homotopic.

Next note that it follows from Sard's Theorem 31.1 together with the Full Measure-
Density Proposition 30.3 that we can �nd a z ∈ N which is a regular value for f0 and also
for f1. Thus it follows from Lemma 38.6 that deg(f0) = deg(f1). �
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Proof of the Degree Homotopy Invariance Theorem 38.3. Let f0, f1 : M → N be
maps between two closed oriented connected non-empty smooth manifolds of the same
dimension. We assume that f0 and f1 are homotopic. Recall that we need to show that
deg(f0) = deg(f1). By the Whitney Approximation Theorem 29.1 we know that for i = 0, 1

the map fi is homotopic to a smooth map f̃i : M → N . Now we see that

deg(f0) = deg(f̃0) = deg(f̃1) = deg(f1).
↑ ↑ ↑

by de�nition by Proposition 38.2 by de�nition
applied to g = f̃0 �

Proof of the Degree Multiplicativity Theorem 38.4 if f and g are smooth. Let f : L→
M and g : M → N be smooth maps between closed oriented connected non-empty smooth
manifolds of the same dimension. We need to show that deg(g ◦ f) = deg(g) · deg(f). Ev-
idently the plan is to apply Lemma 38.7, but to carry out this idea we need the following
claim.
Claim. There exists a regular value z of g : M → N such that each point in g−1(z) Ă M is
a regular value of f : L→M .

Proof. We start out with some regular value z of g : M → N . We denote the points in
g−1(z) by y1, . . . , yk ∈ M . As in the proof of Lemma 38.5 we obtain from the Inverse
Mapping Theorem 24.1 open neighborhoods U1, . . . , Uk of y1, . . . , yk ∈ M such that each
g : Uk → Vk := g(Uk) is a di�eomorphism. We set

W :=
( k⋂
i=1
Vi

)
\ g
(
M \

k⋃
i=1
Ui

)
Ă N.

As in the proof of Lemma 38.5 we see thatW is an open subset of N and thatW contains z.
For i = 1, . . . , k we set Ũi = Ui ∩ g−1(W ) and we denote by Ci the set of regular values of
f in Ũi. By Sard's Theorem 31.1 we know that the set of critical values of f has measure
zero in M . It follows almost immediately, that each Ci is a set of full measure in the open
subset Ũi of M .
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Since g : Ũi → W is a di�eomorphism we see that each g(Ci) is also a set of full measure
in W . It follows from the Full Measure-Density Proposition 30.3 that the set

{set of regular values of g} ∩W ∩
k⋂
i=1

g(Ci)

is non-empty. Any point in this set has the desired property. �
Now let z ∈ N be a regular value of g such that each point in g−1(z) is a regular value

of f . Then

degz(g ◦ f) =
∑

y∈g−1(z)

deg(g, y) · degy(f)︸ ︷︷ ︸
=deg(f)

= deg(f) ·
∑

y∈g−1(z)

deg(g, y)︸ ︷︷ ︸
=deg(g)

= deg(f) · deg(g).x
by Lemma 38.7 �



38. THE DEGREE OF A MAP BETWEEN ORIENTED SMOOTH MANIFOLDS I 905

Proof of the Degree Multiplicativity Theorem 38.4. Let f : L → M and g : M →
N be maps between closed oriented connected non-empty smooth manifolds of the same
dimension. By the Whitney Approximation Theorem 29.1 we know that there exists a
homotopy F : L× [0, 1]→ M with F0 = f and such that f̃ := F1 is smooth. Furthermore
we know that there exists a homotopy G : M × [0, 1] → N with G0 = g and such that
g̃ := G1 is smooth. Note that the map

G ◦ (F × id[0,1]) : L× [0, 1] → N
(x, t) 7→ G(F (x, t), t)

is a homotopy from g ◦ f to the smooth map g̃ ◦ f̃ . Thus we see that
deg(g ◦ f) = deg(g̃ ◦ f̃) = deg(g̃) · deg(f̃) = deg(g) · deg(f).

↑ ↑ ↑
by the above and the de�nition by the previous discussion by de�nition of the

of the degree of g ◦ f of the smooth case degrees of g and f �

38.3. Calculations of the degree. First we state a few basic properties of the degree.

Lemma 38.8. (Basics of Degree Lemma) Let f : M → N be a smooth map between
two closed oriented connected non-empty smooth manifolds of the same dimension.
(1) If f is not surjective, then deg(f) = 0.
(2) If f is an orientation-preserving di�eomorphism, then deg(f) = 1.
(3) If f is an orientation-reversing di�eomorphism, then deg(f) = −1.

Proof.
(1) If f : M → N is not surjective, then we pick z ∈ N \f(M). Note that z is a regular

value, and if we use this regular value for the calculation of deg(f), then we obtain
immediately that deg(f) = 0.

(2),(3) If f : M → N is a di�eomorphism, then every point in N is a regular value. The
desired statements now follow from the Basics-of-Orientations Lemma 25.13. �

Example. Let A ∈ O(n + 1). In Exercise 25.5 we showed that the map Sn → Sn given
by x 7→ A · x is orientation-preserving if and only if det(A) = 1. Combining this piece of
information with the Basics of Degree Lemma 38.8 we see that

deg
(
Sn → Sn

v 7→ A · v
)

= det(A).

In particular, for A = − idn+1 we obtain that

deg
(
antipodal map

Sn → Sn

v 7→ −v
)

= det(− idn+1) = (−1)n+1.

The following lemma doubles as an interesting example of a calculation of the degree.
Lemma 38.9.
(1) Given any d ∈ Z we have

deg

(
S1 → S1

z 7→ zd

)
= d.
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(2) Let n ∈ N. We think of Sn as a subspace of C×Rn−1. Given any d ∈ N we have379

deg

(
Sn → Sn

(z, v) 7→
(
zd, v ·

√
1 + |z2|+ · · ·+ |z2|d−1

) ) = d.

(3) Given any n ∈ N and given any d ∈ Z there exists a map f : Sn → Sn with degree
deg(f) = d.
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has degree 2

(z, v) 7→
(
z2, v ·

√
1 + |z2|

)
S2 S2

Proof.

(1) The case d = 0 follows immediately from the Basics of Degree Lemma 38.8. Now
assume that d 6= 0. In this case a straightforward calculation shows that each x ∈ S1

is a regular point, thus every y ∈ Sn is a regular value. We take y = 1 ∈ S1 Ă C and
we calculate

deg(f) =
|d|∑
k=1

deg(f, exp(2π ik/|d|)) =
|d|∑
k=1

{
+1, if d ≥ 1,
−1, if d < 1

= d.
↑

using the Orientation Checking-via-Di�erentials Lemma 25.12 the orientation behavior
can be deduced easily for the obvious extension of f to B

2
, the statement

regarding S1 then follows from the Boundary Orientation Lemma 25.17

(2) The proof of (2) is almost identical to the proof of (1). We leave it to the reader to
�ll in the details.

(3) Let n ∈ N. The case d > 0 follows from (2). The case d = −1 follows from
the example preceding the lemma which says in particular that any re�ection in a
hyperplane has degree −1. The case d < 0 follows from (2), the case d = −1 and the
Degree Multiplicativity Theorem 38.4. Finally, by the Basics of Degree Lemma 38.8,
the case d = 0 follows from taking a constant map Sn → Sn. �

The following lemma often can be used to determine the degree of a self-map of S1. The
lemma will come in handy in the proof of the Whitney-Graustein Theorem 41.7.

Lemma 38.10. (Degree-via-Lifts Lemma) Let f : S1 → S1 be a smooth map. If
f̃ : [0, 1] → R is a continuous map such that for every t ∈ [0, 1] we have the equality380

f(exp(2π i · t)) = exp(2π i · f̃(t)), then

deg(f : S1 → S1) = f̃(1)− f̃(0).

379Let d ∈ N and let (z, v) ∈ Sn. Note that (zd, v ·
√

1 + |z2|+ · · ·+ |z2|d−1) does indeed lie in Sn. If
|z| = 1, then v = 0, and in this case clearly (zd, 0) ∈ Sn. Now assume that |z| 6= 1. From (z, v) ∈ Sn it
follows that |z|2 + ‖v‖2 = 1, i.e. 1− |z2| = 1− |z|2 = ‖v‖2. Thus we see that

|zd|2 +
(
‖v‖ ·

√
1 + |z2|+ · · ·+ |z2|d−1

)2

= |z2|d + ‖v‖2 ·
1−|z2|d
1−|z2| = |z2|d + ‖v‖2 ·

1−|z2|d
‖v‖2 = 1.

380In Lemma 34.8 we showed that such a map f̃ always exists.
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0

t 7→exp(2π i · t) t 7→exp(2π i · t)

f̃

f

R
1

Example. Let n ∈ Z. We consider the map f : S1 → S1 that is given by f(z) = zn. In
this case f̃(t) = n · t satis�es the conditions of the Degree-via-Lifts Lemma 38.10. Thus we
see, once again, that deg(f) = f̃(1)− f̃(0) = n.

Proof. We consider the maps

Φ: [0, 1] → S1

t 7→ exp(2π i · t) and
Θ: R → S1

t 7→ exp(2π i · t).

Let f : S1 → S1 be a smooth map and let f̃ : [0, 1]→ R be a map such that for any t ∈ [0, 1]

we have f(exp(2π i · t)) = exp(2π i · f̃(t)). In other words, we have f ◦ Φ = Θ ◦ f̃ , i.e. we
have the following commutative diagram:

[0, 1]

Φ
��

f̃
// R

Θ
��

S1 f
// S1.

Recall that by Lemma 34.7 we know that Θ is a local di�eomorphism. It follows, as in
Lemma 34.8, that f̃ is also smooth.

By Sard's Theorem 31.1 there exists a regular value y ∈ S1\{(Φ◦f)(0)} of f : S1 → S1.
We denote the preimages of y by x1, . . . , xm ∈ S1. We denote by t1, . . . , tm the unique real
numbers in (0, 1) with xi = Φ(ti). After reordering them we can assume that t1 < · · · < tm.
We pick ỹ ∈ R with Θ(ỹ) = y.

We make the following observations:
(1) We equip [0, 1], S1 and R with the standard orientations. Let i ∈ {1, . . . ,m}. Note

that Φ: [0, 1] → S1 and Θ: R → S1 are orientation-preserving. It follows from
f ◦ Φ = Θ ◦ f̃ that f̃ is orientation-preserving at ti if and only if f is orientation-
preserving at xi. This implies that

sign of f̃ ′(ti)︸ ︷︷ ︸
derivative of f̃

= deg(f, xi) ∈ {−1, 1}.

(2) • As f̃([0, t1)) ∈ S1\{y} there is a unique k0 ∈ Z with f̃([0, t1)) Ă (ỹ+k0, ỹ+k0+1).
• Let i ∈ {1, . . . ,m}. Since f̃((ti, ti+1)) ∈ S1 \ {y} there exists a unique ki ∈ Z such
that f̃((ti, ti+1)) Ă (ỹ + ki, ỹ + ki + 1).
• Finally, since f̃((tm−1, 1]) ∈ S1 \ {y} there exists a unique km ∈ Z such that
f̃((tm, 1]) Ă (ỹ + km, ỹ + km + 1).
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(3) It follows from (1) that for i = 0, . . . ,m− 1 we have ki+1 = ki + deg(f, xi).
Now we see that

f̃(1)− f̃(0) = km − k0 =
m−1∑
i=0

(ki+1 − ki) =
m−1∑
i=0

deg(f, xi) = deg(f : S1 → S1).
↑ ↑ ↑

since f̃(1) ∈ (ỹ + km, ỹ + km + 1) and by (3) by the de�nition of
since f̃(0) ∈ (ỹ + k0, ỹ + k0 + 1) we see deg(f : S1 → S1) on page 899
that f̃(1)− f̃(0) ∈ (km − k0 − 1, km − k0 + 1), the
equality then follows from the fact that f̃(1)− f̃(0) ∈ Z

We heave thus proved the desired equality. �

10 f̃
R

f

Φ Θ

y

xi

ỹ ỹ+1 ỹ+2

ti

38.4. Applications of the degree.

Theorem 38.11. (Sphere-Degree Fixed Point Theorem) Let n ∈ N. Every map
f : Sn → Sn with deg(f) 6= (−1)n+1 has a �xed point.

Example. The Sphere-Degree Fixed Point Theorem Theorem 38.11 says in particular that
every map f : S2 → S2 of degree one has a �xed point. Together with the Degree Homotopy
Invariance Theorem 38.3 this implies that every map f : S2 → S2 that is homotopic to the
identity has a �xed point. This means that we cannot �deform� the identity to a map that
is �xed point free. This is in contrast to the case n = 1 where we can �deform� the identity
into the map that is given by rotation by a small angle, which is of course a �xed point
free map.

Proof. Let n ∈ N and let f : Sn → Sn be a map without �xed points. We need to show
that deg(f) = (−1)n+1. The fact that f has no �xed points means by de�nition that for
all x ∈ Sn we have f(x) 6= x. It follows implies that for all t ∈ [0, 1] and all x ∈ Sn we
have381 (1− t) · f(x) 6= t · x. Therefore we can consider the map

F : Sn × [0, 1] → Sn

(x, t) 7→ (1− t) · f(x)− t · x
‖(1− t) · f(x)− t · x‖

.

This map is a homotopy between the map x 7→ f(x) and the antipodal map x 7→ −x. We
obtain that

deg(f) = deg(antipodal mapx 7→ −x) = (−1)n+1.
↑ ↑

by the Degree Homotopy Invariance Theorem 38.3 see page 905
we know that the degree is preserved under homotopies381This case be seen as follows: if t 6= 1

2 we have ‖(1 − t) · f(x)‖ = 1 − t 6= t = ‖tx‖. On the other hand,
for t = 1

2 we have (1− t) · f(x) = 1
2f(x) 6= 1

2x = tx.
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�

Next we turn to the study of vector �elds on spheres. On page 638 we saw that every odd-
dimensional sphere admits a nowhere-vanishing vector �eld. In Question 23.17 we asked
whether it is possible to �nd a nowhere-vanishing vector �eld on even-dimensional spheres.
The following proposition says that this is not possible.

Theorem 38.12. (Hairy Ball Theorem) Every vector �eld on an even-dimensional
sphere S2k vanishes on at least one point.382

Remark.

(1) We will discuss the Hairy Ball Theorem 38.12 again in somewhat greater detail on
page 1690. At that point we will also give a di�erent proof using homology groups.

(2) We will generalize the Hairy Ball Theorem 38.12 with the Smooth Poincaré�Hopf
Theorem 45.17 and the Poincaré�Hopf Theorem 129.7.

(3) The literature contains many proofs of the Hairy Ball Theorem 38.12. Some, as
our proofs, require some technology, some, see e.g. [Miln1978] get away with less
technology. For the case of S2 one can �nd especially short proofs, see e.g. [EG1979,
McG2016].

Proof. Suppose Sn admits a nowhere-vanishing vector �eld v. We have to show that n is
odd. We consider the vector �eld w on Sn that is given by rescaling v to length one, i.e.
that is given by

Sn → Rn+1

x 7→ w(x) := 1
‖v(x)‖ · v(x).

Furthermore we consider the map

F : Sn × [0, 1] → Sn

(x, t) 7→ cos(πt) · x+ sin(πt) · w(x).

The map does indeed take values in Sn, since for any x ∈ Sn and t ∈ [0, 1] we have

��

������
��
��
��

S2

homotopy F from id to − idgives rise to thethe vector �eld w

xx

w(x)
−xF (x, t)

〈F (x, t), F (x, t)〉 = 〈 cos(πt) · x+ sin(πt) · w(x), cos(πt) · x+ sin(πt) · w(x)〉
= cos(πt)2 · ‖x‖2 + sin(πt)2 · ‖w(x)‖2 = 1.
↑ ↑

since 〈x,w(x)〉 = 0 since ‖x‖ = ‖w(x)‖ = 1

382On S2k we had so far found vector �elds which vanish at two points. Can we �nd a vector �eld on S2k

which vanishes on only one point? We will discuss this question in Exercise 76.6.
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Note that the map F is a homotopy between the two maps F0 = id and the antipodal
map F1 = − id. It follows that

1 = deg(idSn) = deg(− idSn) = (−1)n+1.
↑ ↑ ↑

Basics of Degree Lemma 38.8 (1) by the Degree Homotopy see page 905
Invariance Theorem 38.3
applied to the above homotopy

But this means that n is odd. �

38.5. The Hopf Theorem. Before we turn to the Hopf Theorem let us �rst show that
given any closed oriented smooth manifold any integer can be realized as the degree of a
map M → Sn.

Proposition 38.13. (Degree Realization Proposition) Let n ∈ N and let M be a
closed oriented connected non-empty n-dimensional smooth manifold. Given any k ∈ Z
there exists a map f : M → Sn with deg(f) = k.

Remark. We will reprove the Degree Realization Proposition 38.13 on page 2225.

The proof of the Degree Realization Proposition 38.13 rests on the following lemma
which can be useful for calculating degrees of non-smooth maps.

Lemma 38.14. (Degree of Partially Smooth Map Lemma) Let f : M → N be a
map between two closed oriented connected non-empty n-dimensional smooth manifolds.
Let y ∈ N . Suppose that there exists an open neighborhood V of y such that f is smooth
on f−1(V ) Ă M , such that f−1(y) consists of �nitely many points and such that y is a
regular value of the smooth map f : f−1(V )→ V . Then

deg(f) =
∑

x∈f−1(y)

deg(f, x).
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V

M

N
f

f−1(V )
y

Proof of the Degree of Partially Smooth Map Lemma 38.14. The following claim
is the key to proving the lemma.

Claim. The map f is homotopic to a smooth map g such that f−1(y) = g−1(y) and such
that for every x ∈ f−1(y) there exists an open neighborhood of x on which f and g agree.

Proof. We start out with a few preparations:

(a) We denote by x1, . . . , xm the points in f−1(y). For i = 1, . . . ,m we pick a neighbor-
hood Ui of xi such that the closure U i is contained in f−1(V ).

(b) By the Manifold Metrization Proposition 18.10 or alternatively by the Manifold
Metrization Proposition 27.4, we know that we can equip N with a metric d.



38. THE DEGREE OF A MAP BETWEEN ORIENTED SMOOTH MANIFOLDS I 911

(c) Since M is compact and since U1, . . . , Um are open we know by the Compact-Closed
Lemma 1.21 and the Compact Image Lemma 2.13 that f(M \ (U1 ∪ · · · ∪ Um)) is a
closed subset of N . Evidently y ∈ f(M \ (U1 ∪ · · · ∪ Um)).

(d) It follows from (b) and (c) together with the Distance-to-Subspace the Distance-
to-Subspace Lemma 6.2 that there exists an ε > 0 such that d(f(x), y) > ε for all
x ∈M \ (U1 ∪ · · · ∪ Um).

It now follows from the Whitney Approximation Theorem 29.1 that there exists a homotopy
F : M × [0, 1]→ N with the following properties:
(1) We have F0 = f .
(2) The map F1 : M → N is smooth.
(3) The homotopy is a homotopy rel U1 ∪ · · · ∪ Um.
(4) For every (x, y) ∈M × [0, 1] we have d(F (x, t), f(x)) ≤ ε

2
.

We set g = F1. By (2) the map g is smooth and by construction the map g is homotopic
to f . It follows easily from (3) and (4) that f−1(y) = g−1(y). Furthermore it follows from
(3) and (4) that f and g agree on (U1 ∪ · · · ∪ Um) ∩ f−1(B ε

2
(y)). Thus we see that for any

x ∈ f−1(y) the maps f and g agree on the open neighborhood (U1∪ · · ·∪Um)∩f−1(B ε
2
(y))

of x. �
Now we see that

deg(f) = deg(g) =
∑

x∈g−1(y)

deg(g, x) =
∑

x∈f−1(y)

deg(f, x).
↑ ↑ ↑

by the Degree Homotopy by design we know that f−1(y) = g−1(y) and we know that
Invariance Theorem 38.3 maps f and g agree on neighborhoods around each xi,

in particular y is also a regular value for f and g and
for each x ∈ f−1(y) we have deg(f, x) = deg(g, x) �

Proof of the Degree Realization Proposition 38.13. LetM be a closed oriented con-
nected non-empty n-dimensional smooth manifold and let k ∈ Z. By Lemma 38.9 there
exists a map g : Sn → Sn of degree k. It follows from this fact and the Degree Multiplica-
tivity Theorem 38.4 that it su�ces to prove the following claim.
Claim. There exists a map f : M → Sn of degree +1.

Proof. Since M is non-empty we can pick an orientation-preserving smooth embedding
Φ: B

n → M . Next, similar to the setting of the Ball-Quotient Sphere Lemma 5.20 we
consider the map

Ω: B
n → Sn

r · v 7→

 0 (−1)n−1 . . .
0 0 idn−1

−1 . . . 0


︸ ︷︷ ︸

∈SO(n+1)

·
(

cos(πr)
sin(πr) · v

)
︸ ︷︷ ︸
∈R×Rn=Rn+1

with r ∈ [0, 1] and v ∈ Sn−1.

By the Ball-Quotient Sphere Lemma 5.20 this map has the following properties:
(1) The map Ω sends every point in Sn−1 to the North Pole N := (0, . . . , 0, 1).
(2) The map Ω sends the origin to the South Pole S := (0, . . . , 0,−1).
(3) The map Bn → B

n Ω−→ Sn is a smooth embedding and, if we equip Bn and Sn with
the standard orientations, the map is orientation-preserving.
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Next we consider the map
f : M → Sn

x 7→
{

Ω(Φ−1(x)), if x ∈ Φ(B
n
),

N, if x 6∈ Φ(B
n
).

We make the following observations:

(1) It follows from the Compact Image Lemma 2.13, the Compact-Closed Lemma 1.21
(2) and the Pasting Pasting Proposition 2.6 (2) that f is continuous.

(2) The map f is smooth on the open subset Φ(Bn).
(3) Since Φ and Ω: Bn → Sn are orientation-preserving smooth embeddings we see that

the map f |Φ(Bn) : Φ(Bn)→ Sn is an orientation-preserving smooth embedding.

It follows from the Partially Smooth Map Lemma 38.14 applied to y = S and V = Sn\{N}
that deg(f) = 1. �
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f

M
Φ

Sn

Ω

South Pole S

In the Degree Realization Proposition 38.13 we just showed that every closed orientable
connected non-empty n-dimensional smooth manifoldM admits a smooth map f : M → Sn

of degree 1. In particular the torus S1 × S1 admits a smooth map f : S1 × S1 → S2 of
degree 1. The question arises whether we can swap the roles of the torus and the sphere.
In other words we have the following question.

Question 38.15. Does there exist a smooth map f : S2 → S1 × S1 of degree one?
We will answer this question in Proposition ?? or alternatively Corollary 101.9, once we
have developed many more tools.
Now we can �nally state the Hopf Degree Theorem, which is the main theorem of this
section. It gives a very satisfying classi�cation of maps to Sn up to homotopy.

Theorem 38.16. (Hopf Degree Theorem) Let n ∈ N, let M be a closed oriented
connected non-empty n-dimensional smooth manifold and let f, g : M → Sn be two maps.
Then deg(f) = deg(g) ⇐⇒ the maps f and g are homotopic.

Remark.

(1) For n = 2 the theorem was �rst proved by Luitzen Brouwer [Brou1921, p. 281], the
general case was �rst proved by Heinz Hopf [Hopf1927a, Satz IIb].

(2) We will give an alternative proof of the Hopf Degree Theorem 38.16 much later later
on page ??, when we deduce it from the much more general Hopf Theorem ??.

(3) The approach we use to prove the Hopf Degree Theorem 38.16 will also be used later
in the proof of Proposition 157.10 where we calculate the cobordism group Ωfat

0 (Rn).
(4) The reader who already knows about higher homotopy groups will have noticed that

the Degree Realization Proposition 38.13 and the Hopf Degree Theorem 38.16, both
applied to M = Sn, imply that πn(Sn) ∼= Z.
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Proof. We will prove the Hopf Degree Theorem 38.16 in the next and �nal section of this
chapter. �

We conclude this section with the non-orientable analogue of the Hopf Degree Theo-
rem 38.16. To formulate this analogue we need to introduce the Z2-degree.

De�nition. Let f : M → N be a map between two closed (possibly non-orientable) con-
nected non-empty n-dimensional smooth manifolds. We do not assume that M or N are
orientable. By the Whitney Approximation Theorem 29.1 we know that f is homotopic
to a smooth map g : M → N . Let y ∈ N be a regular value of g. We de�ne the Z2-degree
of f as follows: degZ2

(f) := #g−1(y) ∈ Z2.

Using a variation on Proposition 38.2 one can show that this notion is well-de�ned.
One can easily show (see also Exercise 38.7) that the obvious analogues of Propo-

sition 38.2, Theorem 38.1, the Degree Homotopy Invariance Theorem 38.3, the Degree
Multiplicativity Theorem 38.4 and the Degree Realization Proposition 38.13 hold in this
context. As an example we show in the �gure a map f : K → S2 from the Klein bottle K
to the sphere S2 with degZ2

(f) = 1 ∈ Z2.
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Klein bottle S2

f
f−1(y)

Now we can formulate the analogue of the Hopf Degree Theorem 38.16 for non-orientable
manifolds.
Theorem 38.17. (Non-Orientable Hopf Degree Theorem) Let n ∈ N and let M
be a closed non-orientable connected non-empty n-dimensional smooth manifold and let
f, g : M → Sn be two maps. Then

degZ2
(f) = degZ2

(g) ⇐⇒ the maps f and g are homotopic.

Proof. At the very end of this chapter we will explain how to modify the proof of the Hopf
Degree Theorem 38.16 to obtain a proof of the Non-Orientable Hopf Degree Theorem 38.17.

�

38.6. Proof of the Hopf Degree Theorem 38.16. This �nal section is totally dedicated
to the proofs of the Hopf Degree Theorem 38.16 and of the Non-Orientable Hopf Degree
Theorem 38.17. First we recall and introduce some notation.
Notation. As in the Ball-Quotient Sphere Lemma 5.20 we consider the map

Ω: B
n
/Sn−1 → Sn

[r · v] 7→

 0 (−1)n−1 . . .
0 0 idn−1

−1 . . . 0


︸ ︷︷ ︸

∈SO(n+1)

·
(

cos(πr)
sin(πr) · v

)
︸ ︷︷ ︸
∈R×Rn=Rn+1

with r ∈ [0, 1] and v ∈ Sn−1.
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By the Ball-Quotient Sphere Lemma 5.20 this map has the following properties:
(1) The map Ω: B

n
/Sn−1 → Sn is a homeomorphism. We use this homeomorphism and

the usual smooth structure on Sn to equip B
n
/Sn−1 with a smooth structure and

with an orientation.
(2) The map Ω sends the point [Sn−1] ∈ Bn

/Sn−1 to the North Pole N := (0, . . . , 0, 1).
(3) The map Ω sends the origin to the South Pole S := (0, . . . , 0,−1).
(4) The map Bn → B

n
/Sn−1 Ω−→ Sn is an orientation-preserving smooth embedding.

Remark. We use the di�eomorphism Ω: B
n
/Sn−1 → Sn to replace in the following the

smooth manifold Sn by B
n
/Sn−1. This approach greatly simpli�es the notation throughout

the following arguments.

Notation. LetM be a closed n-dimensional smooth manifold. Given smooth embeddings
Φ1, . . . ,Φm : B

n → M with disjoint images we de�ne, similar to the construction in the
proof of the Degree Realization Proposition 38.13, the map

Θ(Φ1, . . . ,Φm) : M → B
n
/Sn−1

x 7→
{

[Φ−1
i (x)], if x ∈ Φi(B

n
),

[Sn−1], otherwise.
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n
Φ1

Φm

The proof of the Hopf Degree Theorem 38.16 rests on three lemmas.

Lemma 38.18. Let M be a closed n-dimensional smooth manifold. Furthermore let
Φ1, . . . ,Φm : B

n →M be smooth embeddings with disjoint images.
(1) IfM is oriented, then the degree of Θ(Φ1, . . . ,Φm) : M → B

n
/Sn−1 can be calculated

as follows:

Θ(Φ1, . . . ,Φm) =
m∑
i=1

{
+1, if Φi is orientation-preserving,
−1, if Φi is orientation-reversing.

(2) Let Ψ1, . . . ,Ψm : B
n →M be another set of smooth embeddings with disjoint images.

If the smooth embedding383 Φ1 t · · · tΦm : B
n t · · · tBn →M is smoothly isotopic

to the smooth embedding Ψ1 t · · · t Ψm : B
n t · · · t Bn → M , then the maps

Θ(Φ1, . . . ,Φm) : M → B
n
/Sn−1 and Θ(Ψ1, . . . ,Ψm) : M → B

n
/Sn−1 are homotopic.

Proof.

(1) The calculation of the degree follows from a slight variation on the argument of
Proposition 38.13, using the general case of the Degree of Partially Smooth Map
Lemma 38.14.

383Since the B
n
is compact we obtain from Lemma 24.11 that m smooth embeddings of B

n
with disjoint

images give rise to a smooth embedding of the disjoint union of m closed balls.
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(2) We start out with a few preparations:
(a) By hypothesis we can pick a smooth isotopy F : (B

n t · · · t Bn
) × [0, 1] → M

from the smooth embedding Φ1 t · · · t Φm : B
n t · · · t Bn → M to the smooth

embedding Ψ1 t · · · tΨm : B
n t · · · tBn →M .

(b) We denote by p : B
n × [0, 1]→ B

n
and q : B

n × [0, 1]→ B
n
the projections.

(c) Given i = 1, . . . ,m we consider the map

F̃i = (F |Bi×[0,1] × q) : B
n × [0, 1] → M × [0, 1]

(x, t) 7→ (F (x, t), t)
↑

with x in the i-th copy of B
n

This map is injective and continuous. Since B
n × [0, 1] is compact and since

M × [0, 1] is Hausdor� it follows from the Compact-Hausdor� Proposition 2.17
(3) that it is an embedding. We denote by F̃−1

i : F̃i(B
n× [0, 1])→ B

n× [0, 1] the
inverse.

Finally we consider the map

G : M × [0, 1] → B
n
/Sn−1

z 7→
{

[p(F̃−1
i (z))], if z ∈ F̃i(B

n × [0, 1]),
[Sn−1], otherwise.

Basically by de�nition we have G0 = Θ(Φ1, . . . ,Φm) and G1 = Θ(Ψ1, . . . ,Ψm). Thus
it remains to show that the map G : M × [0, 1]→ B

n
/Sn−1 is continuous. First note

that it follows from the Codimension-Zero Smooth Embedding Proposition 24.16 that
F̃1(Bn× [0, 1])∪ · · · ∪ F̃m(Bn× [0, 1]) is an open subset of M × [0, 1]. Furthermore it
follows from the Product Topology Properties Proposition 5.6, the Compact Image
Lemma 2.13 and the Compact-Closed Lemma 1.21 (2) that F̃1(B

n × [0, 1]) ∪ · · · ∪
F̃1(B

n× [0, 1]) is a closed subset of M × [0, 1]. It follows from this lengthy discussion
and the Pasting Pasting Proposition 2.6 (2) that this map M × [0, 1]→ B

n
/Sn−1 is

indeed continuous. �

Lemma 38.19. Let M be a closed n-dimensional smooth manifold. Given any map
f : M → B

n
/Sn−1 there exist smooth embeddings Φ1, . . . ,Φm : B

n → M with disjoint
images such that f is homotopic to Θ(Φ1, . . . ,Φm) : M → B

n
/Sn−1.

Proof of Lemma 38.19. We start out with the following straightforward steps:
(1) By the Whitney Approximation Theorem 29.1 and the Degree Homotopy Invariance

Theorem 38.3 we can assume that f is smooth.
(2) By Sard's Theorem 31.1 we know that the smooth map f : M → B

n
/Sn−1 has a

regular value. By applying the Homogeneous-via-Di�eotopies Proposition 33.14 to
the smooth manifold B

n
/Sn−1 we can assume that the �origin� 0 ∈ B

n
/Sn−1 is a

regular value of f .
(3) We denote the preimages of 0 by x1, . . . , xm ∈M .
(4) Since each Dfxi : TxiM → T0B

n
/Sn−1 is an isomorphism we know by the Inverse

Mapping Theorem 24.1 that there exist neighborhoods U1, . . . , Um of x1, . . . , xm and
V of 0 ∈ B

n
/Sn−1 such that for each i ∈ {1, . . . ,m} the map f restricts to a

di�eomorphism f : Ui → V .
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(5) SinceM is Hausdor� we can arrange that the neighborhoods U1, . . . , Um of x1, . . . , xm
are disjoint.

(6) For i = 1, . . . ,m we denote by gi : V → Ui the inverse of f : Ui → V .
(7) We pick an r ∈ (0, 1) such that B

n

r (0) Ă V .
(8) For i = 1, . . . ,m we consider the smooth embedding

Φi : B
n → M
x 7→ gi(x · r).
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the homotopy F pushes B
n

r (0) outwards

fUi

image of Φi : B
n →M

gi B
n

r (0)

M

V

B
n
/Sn−1

xi

It now remains to prove the following claim.

Claim. The map f : M → B
n
/Sn−1 is homotopic to Θ(Φ1, . . . ,Φm) : M → B

n
/Sn−1.

Proof. We consider the homotopy384

F : B
n
/Sn−1 × [0, 1] → B

n
/Sn−1

([x], t) 7→
{

[x · ((1− t) + t · 1
r
)], if ‖x‖ ≤ r,

[x · ((1− t) + t · 1
‖x‖)], if ‖x‖ ≥ r

from F0 = id to a map F1 : B
n
/Sn−1 → B

n
/Sn−1 whose restriction to B

n

r (0) is induced by
multiplication by 1

r
. Intuitively this homotopy F �expands� the r-ball till it covers all of

the sphere B
n
/Sn−1 and everything outside of the r-ball gets pushed to the point [Sn−1].

Finally note that it follows immediately from the de�nitions that the map

G = F ◦ (f × (projection to [0, 1])) : M × [0, 1] → B
n
/Sn−1

(x, t) 7→ F (f(x), t)

is a homotopy from f to Θ(Φ1, . . . ,Φm). �

Our next lemma is a re�nement of the previous Lemma 38.19. The proof of the next
lemma contains perhaps the most clever idea in the context of the proof of the Hopf Degree
Theorem 38.16.
Lemma 38.20. LetM be a closed oriented n-dimensional smooth manifold. Furthermore
let f : M → B

n
/Sn−1 be a map. We set k := | deg(f)|. There exist k smooth embed-

dings Φ1, . . . ,Φk : B
n → M with disjoint images such that the map f : M → B

n
/Sn−1 is

homotopic to Θ(Φ1, . . . ,Φk) : M → B
n
/Sn−1.

384To show that the map is continuous actually requires a bit of footwork. First note that it follows from the
Pasting Proposition 2.6 that the obvious corresponding map B

n× [0, 1]→ B
n
is continuous. By the Twice

Quotient Lemma 5.23 this map descends to a continuous map (B
n×[0, 1])/ ∼→ B

n
/Sn−1. Finally it follows

from the subtle the Product-Quotient Mixing Lemma 13.6 that the given map B
n
/Sn−1×[0, 1]→ B

n
/Sn−1

is also continuous.
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Proof of Lemma 38.20. LetM be a closed oriented n-dimensional smooth manifold and
let f : M → B

n
/Sn−1 be a map of degree k. By Lemma 38.19 we know that there exist

smooth embeddings Φ1, . . . ,Φm : B
n → M with disjoint images such that f is homotopic

to Θ(Φ1, . . . ,Φm) : M → B
n
/Sn−1.

It follows from Lemma 38.18 (1) that m ≥ k. If m = k, then we are done. Now assume
that m > k. It follows again from Lemma 38.18 (1) that, after possibly reordering the Φi,
we can assume that the smooth embedding Φm−1 : B

n → M is orientation-preserving and
that the smooth embedding Φm : B

n → M is orientation-reversing. By induction on m it
su�ces to show that Θ(Φ1, . . . ,Φm) is homotopic to Θ(Φ1, . . . ,Φm−2).

Claim. There exists a smooth embedding Ξ: B
n × [0, 1] → M × [0, 1) with the following

two properties:
(1) For every x ∈ Bn

we have Ξ(x, 0) = (Ψm−1(x), 0) and Ξ(x, 1) = (Ψm(x), 0).
(2) The image of Ξ is disjoint from Φi(B

n
)× [0, 1], i = 1, . . . ,m− 2.
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Ξ

Φm−1 Φm

B
n × [0, 1]M × [0, 1]

Φi(B
n×[0, 1])

Proof. It follows fairly easily from the Smooth Ball Embedding Theorem 37.8 that there
exists an open subset U Ă M and an orientation-preserving chart Γ: U → Bn

6 (0) with the
following properties:

(1) Φ1(B
n
) ∪ · · · ∪ Φm(B

n
) are contained in U ,

(2) Γ(Φ1(B
n
)) ∪ · · · ∪ Γ(Φm−2(B

n
)) is contained in Bn

6 (0) \Bn
4 (0),

(3) Γ ◦ Φm−1 : B
n → Bn

6 (0) is given by (x1, . . . , xn) 7→ (−2 + x1, x2, . . . , xn).
(4) Γ ◦ Φm : B

n → Bn
6 (0) is given by (x1, . . . , xn) 7→ (2− x1, x2, . . . , xn).
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U

Bn
6 (0)M

The desired smooth embedding is now given by

Ξ: B
n × [0, 1] → M × [0, 1]

(x1, x2, . . . , xn, t) 7→ Γ−1(cos(π · t) · (−2 + x1), x2, . . . , xn,
1
2

sin(π · t) · x1︸ ︷︷ ︸
∈[0,1)

).

�
In the following we will use the smooth embedding Ξ: B

n × [0, 1] → M × [0, 1] to
construct a homotopy from Θ(Φ1, . . . ,Φm) to Θ(Φ1, . . . ,Φm−2). To do so we need to make
a few preparations:

(1) For i = 1, . . . ,m − 2 we denote by F̃i : B
n × [0, 1] → M × [0, 1] the embedding that

is given by F̃i(x, t) = (Φi(x), t).
(2) We denote by p : B

n × [0, 1]→ B
n
the projection.
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Similar to the proof of Lemma 38.18 we now consider the map

G : M × [0, 1] → B
n
/Sn−1

z 7→

 p(F̃−1
i (z)), if z ∈ F̃i(B

n × [0, 1]),

p(Ξ−1(z)), if z ∈ Ξ(B
n × [0, 1]),

[Sn−1], otherwise.

The argument in the proof of Lemma 38.18 shows that G : M × [0, 1] → B
n
/Sn−1 is con-

tinuous, i.e. G is a homotopy. Finally note that it follows immediately from the de�nitions
that G0 = Θ(Φ1, . . . ,Φm) and G1 = Θ(Φ1, . . . ,Φm−2). �

Proof of the Hopf Degree Theorem 38.16. Let n ∈ N and let M be a closed oriented
connected non-empty n-dimensional smooth manifold. As we discussed on page 913, the
smooth manifold M admits an orientation-preserving di�eomorphism to B

n
/Sn−1. Thus it

su�ces to prove the following claim.

Claim. Given any two maps f, g : M → B
n
/Sn−1 we have

deg(f) = deg(g) ⇐⇒ the maps f and g are homotopic.

Proof. The �⇐�-direction is just a special case of the Degree Homotopy Invariance Theo-
rem 38.3. We turn to the proof of the �⇒�-direction. We set k := | deg(f)| = | deg(g)|.

First we point out that by Lemma 38.20 we know that there exist smooth embeddings
Φ1, . . . ,Φk : B

n → M with disjoint images such that f : M → B
n
/Sn−1 is homotopic

to Θ(Φ1, . . . ,Φk) : M → B
n
/Sn−1. The same way we also see that there exist smooth

embeddings Ψ1, . . . ,Ψk : B
n → M with disjoint images such that g : M → B

n
/Sn−1 is

homotopic to Θ(Ψ1, . . . ,Ψk) : M → B
n
/Sn−1.

We now assume that deg(f) = deg(g) ≥ 0. Note that in this case it follows immediately
from k = deg(f) = deg(g) and Lemma 38.18 (1) that all of the smooth embeddings
Φ1, . . . ,Φk : B

n →M and Ψ1, . . . ,Ψk : B
n →M are orientation-preserving. Thus it follows

from the Smooth Ball Embedding Theorem 37.8 that there exists a smooth isotopy between
Φ1t· · ·tΦk : B

nt· · ·tBn →M and Ψ1t· · ·tΨk : B
nt· · ·tBn →M . By Lemma 38.18

(2) this implies that Θ(Φ1, . . . ,Φk) : M → B
n
/Sn−1 and Θ(Ψ1, . . . ,Ψk) : M → B

n
/Sn−1

are homotopic.
Finally we assume that deg(f) = deg(g) < 0. In this case it follows immediately

from k = − deg(f) = − deg(g) and Lemma 38.18 (1) that all of the smooth embeddings
Φ1, . . . ,Φk : B

n → M and Ψ1, . . . ,Ψk : B
n → M are orientation-reversing. The remainder

of the argument is identical to the above. �

Proof of the Non-Orientable Hopf Degree Theorem 38.17. The proof is almost en-
tirely the same as the above proof of the Hopf Degree Theorem 38.17. The only real dif-
ference is that we have to reformulate Lemma 38.20 in the obvious way and in the proof of
Lemma 38.20 we now apply the Smooth Ball Embedding Theorem 37.8 for non-orientable
smooth manifolds. Note that in the non-orientable setting we do not have to distinguish
between orientation-preserving and orientation-reversing smooth embeddings of balls. We
leave it to the reader to �ll in the details. �
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Exercises for Chapter 38.

Exercise 38.1. Let M be a connected orientable n-dimensional smooth manifold with
non-empty boundary. We want to show that every map f : M → Sn is null-homotopic.
There are various approaches to proving this result. One way is as follows:
(a) Pick a collar neighborhood [0, 1] × ∂M and show that f is homotopic to a map

g : M → Sn which has a regular value y ∈ Sn such that f−1(y) Ă [0, 1]× ∂M .
(b) Use (a) to show that f is homotopic to a map M → Sn that is not surjective.

Remark. A di�erent approach is sketched in [OR2009, p. 193].

Exercise 38.2. Let M be a connected non-compact n-dimensional smooth manifold with-
out boundary. We want to show that any map f : M → Sn is null-homotopic. There are
various approaches to proving this result. One way is as follows:
(a) By the Compact Submanifold Exhaustion Proposition 31.2 we can pick an exhaustion

of M by a sequence of {Xk}k∈N of compact submanifolds.
(b) Use Exercise 38.1 to show that for each k ∈ N there exists a homotopy F k relM\Xk+1

such that F k
1 (Xk) = {S}, where S = (0, . . . , 0,−1) is the �South Pole�.

(c) Use the homotopies from (b) to de�ne a homotopy G : M × [0, 1] → M , where G is
de�ned separately on the subsets M × [1− 1

2k−1 , 1− 1
2k

].

Remark. A di�erent approach is sketched in [OR2009, p. 193].
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Exercise 38.3. Let f, g : Sn → Sn be two maps. Show that f ◦ g and g ◦ f are homotopic.
Remark. In Exercise 38.5 we will see that the analogous statement is not true for the torus.

Exercise 38.4. Let f, g : S1 → S1 be two maps. We consider the map

f · g : S1 → S1

z 7→ f(z) · g(z).

Show that deg(f · g) = deg(f) + deg(g).

Exercise 38.5. We consider the following maps

i1 : S1 → S1 × S1

z 7→ (z, 1)
i2 : S1 → S1 × S1

z 7→ (1, z)
p1 : S1 × S1 → S1

(z1, z2) 7→ z1

p2 : S1 × S1 → S1

(z1, z2) 7→ z2.

(a) Given a map f : S1 × S1 → S1 × S1 we de�ne

Θ(f) :=
(

deg(p1 ◦ f ◦ i1) deg(p1 ◦ f ◦ i2)
deg(p2 ◦ f ◦ i1) deg(p2 ◦ f ◦ i2)

)
∈ M(2× 2,Z).

Show that for any two maps f, g : S1×S1 → S1×S1 we have Θ(f ◦ g) = Θ(f) ·Θ(g).
Hint. Use Exercise 38.4 and use that id = (p1 ◦ i1) · (p2 ◦ i2) : S1 × S1 → S1 × S1.
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(b) Show that there exist maps f, g : S1×S1 → S1×S1 such that f ◦ g and g ◦ f are not
homotopic.
Remark. This exercise shows that the conclusion of Exercise 38.3 does not hold for
the torus.

Exercise 38.6. We de�ned the degree for a map f : M → N between two closed oriented
connected smooth manifolds of the same dimension. We used that M is compact to argue
that the degree is actually de�ned, i.e. given by a �nite sum of ±1. We did not really make
use of the hypothesis that N is closed. In fact the same de�nition makes perfect sense
if N is any smooth manifold with empty boundary. Show that if M is closed and N is
non-compact, then for any smooth map f : M → N we have deg(f) = 0.

Exercise 38.7. Let f : M → N be a map between two closed connected non-empty n-
dimensional smooth manifolds. We do not assume that M or N are orientable. By the
Whitney Approximation Theorem 29.1 we know that f is homotopic to a smooth map
g : M → N . Let y ∈ N be a regular value of g. We de�ne the Z2-degree of f as follows:

degZ2
(f) := #g−1(y) ∈ Z2.

(a) Convince yourself that the obvious analogues of Proposition 38.2, Theorem 38.1, the
Degree Homotopy Invariance Theorem 38.3 and the Degree Multiplicativity Theo-
rem 38.4 hold in this context. Put di�erently, reread the proofs and make mentally
the necessary adjustments for the present case.

(b) Does there exist a map f from the Klein bottle to the real projective plane RP2 with
degZ2

(f) = 1?

Exercise 38.8. What is the degree of the map

f : CPn → CPn
[z0 : · · · : zn] 7→ [z2

0 : · · · : z2
n] ?

Exercise 38.9.
(1) Let g : Sn → Sn be a smooth map with g(−x) = g(x) for all x ∈ Sn. Show that

deg(g) is even.
(2) Let f : Sn → Sn be a smooth map of odd degree. Show that there exists antipodal

points x,−x in Sn which get sent to antipodal points, i.e. f(x) = −f(−x).
Hint. Let f : Sn → Sn be a map such that for each x ∈ Sn we have f(x) 6= −f(−x).
Consider the homotopy

F : Sn × [0, 1] → Sn

(x, t) 7→ (1− 1
2 t) · f(x) + 1

2 t · f(−x)

‖(1− 1
2 t) · f(x) + 1

2 t · f(−x)‖
.

Exercise 38.10. Let n ∈ N be odd. Recall that by the Real Projective Space Orientability
Lemma 25.21 we know that RPn is a closed orientable smooth manifold. Determine the
degree of the orientation-preserving map p : Sn → RPn that is given by x 7→ [x].

Exercise 38.11.
(a) Let f : M → N be a smooth map between two closed oriented connected non-empty

n-dimensional smooth manifolds. Suppose that there exists a compact smooth man-
ifold W with ∂W = M and a smooth map g : W → N with g|M = f . Show that
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deg(f) = 0.
Hint. Pick up some ideas from the proof of the Degree Homotopy Invariance Theo-
rem 38.3.

(b) Use (a) to give a new proof of the Degree Homotopy Invariance Theorem 38.3.

Exercise 38.12. As in Lemma 2.18 we consider the stereographic projection from the
North Pole N := (0, 0, 1):

Φ: S2 → R2 ∪ {∞} = C ∪ {∞}

(x1, x2, x3) 7→

{ (
x1

1− x3
,

x2

1− x3

)
, if x3 6= 1,

∞, if x3 = 1.

Now let q(z) = a0 +a1z+ · · ·+anzn be a polynomial with complex coe�cients. We consider
the map Θ(q) : S2 → S2

P 7→
{

Φ−1(q(Φ(P ))), if P 6= N,
N, if P = N.

(For the record we mention that on page 705 we showed that this map is smooth.)
(a) Suppose that an 6= 0. Show that the maps Θ(q) and Θ(zn) are homotopic.

Remark. This exercise is almost identical to Exercise 14.9.
(b) Show that deg(Θ(zn)) = n.
(c) Show that if n ≥ 1 and an 6= 0, then q(z) has at least one zero.

Remark. We have just provided another proof of the Fundamental Theorem of Algebra 26.3.

Exercise 38.13. Let p(z) be a complex polynomial.
(a) Let z0 ∈ C be a zero and let r > 0 such that z0 is the only zero of p(z) on Br(z0) Ă C.

We consider the smooth map

ϕz0,r : S1 → S1

w 7→ p(z0 + r · w)

‖p(z0 + r · w)‖
.

Show that

deg(ϕz0,r) = order of the zero z0 of the polynomial p(z).

(b) Let D Ă C be a compact codimension-zero submanifold such that there exists an
orientation-preserving di�eomorphism γ : S1 → ∂D. We suppose that p(z) does not
have a zero on ∂D. Show that

deg

(
S1 → S1

w 7→ p(γ(w))
‖p(γ(w))‖

)
= number of zeros of p(z) in D.

Hint. Pick disjoint disks around the zeros of p(z) in D.
Remark. This statement is known as the Argument Principle.

(c) Use (b) to give one more proof of the Fundamental Theorem of Algebra.

Exercise 38.14. It is easy to come up with a self-map of S2 with a self-homeomorphism
of S2 with two �xed points. Does there exist a self-homeomorphism of S2 with precisely
one �xed point?
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Exercise 38.15. Given a smooth map γ : S1 → C \ {0} we de�ne the winding number

w(γ) := deg

(
S1 → S1

z 7→ γ(z)
‖γ(z)‖

)
.

Let γ : S1 → C \ {0} be a smooth map. Given ξ ∈ S1 we consider the corresponding ray
Rξ := {r · ξ | r ∈ (0,∞)}. We say γ intersects Rz transversally if for every z ∈ S1 with
γ(z) ∈ Rξ the vectors γ′(z) and ξ are linearly independent. Given such a z ∈ S1 we de�ne

sign(γ, z) =

{
+1, if ξ, γ′(z) is a positive basis of C = R2,
−1, otherwise.

Show that if γ intersects Rz transversally, then

w(γ) =
∑

z∈S1 with γ(z)∈Rξ
sign(γ, z).

�
�
�
� ��

��
��
��

����

the ray Rξ
−

w(γ) = −1 + 1− 1 = −1

+γ
−

Exercise 38.16. Given a smooth map γ : S1 → C \ {0} we denote by w(γ) the winding
number that we introduced in Exercise 38.15. Suppose that at a time t = 0 a person starts
walking around a tree and the person keeps a dog on a leash. At t = 1 both the person
and the dog are precisely at the starting position. We suppose that at any moment the
distance of the person to the tree is longer than the leash. Show that the person and the
dog have the same winding number around the tree.
Remark. This statement is colloquially known as the Dog Walking Theorem.

Exercise 38.17. Let f : A→M and g : B → N be smooth maps between closed oriented
connected non-empty smooth manifolds with dim(A) = dim(M) and dim(B) = dim(N).
Show that

deg(f × g : A×B →M ×N) = deg(f : A→M) · deg(g : B → N).

Exercise 38.18.
(a) Let M be a smooth manifold and let X be a closed oriented smooth manifold. Fur-

thermore let f, g : X →M be two smooth maps. Show that if there exists a smooth
map π : M → X such that deg(π ◦ f) 6= deg(π ◦ g), then f and g are not homotopic.

(b) Let M be the surface of genus 2. We consider the six maps S1 → M shown in the
�gure below. Show that these six maps are pairwise not homotopic.
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Exercise 38.19. In the Di�eotopies-of-Rn-Classi�cation Proposition 34.3 we saw that ev-
ery orientation-preserving di�eomorphism of Rn is di�eotopic to the identity. Give examples
of orientation-preserving di�eomorphisms of suitable closed connected smooth manifolds
that are not di�eotopic to the identity.
Hint. Consider products of spheres.

Exercise 38.20. Let k ∈ N0. Show that for every g ≥ k there exists a degree-one map
from the surface Σg of genus g to the surface Σk of genus k.

Exercise 38.21. Let n ∈ N≥2. In the Matrix Group-Smooth Manifold Proposition 26.7
we showed that SU(n) is a closed orientable smooth manifold of dimension 1

2
n · (n − 1).

Show that for any d ∈ Z we have

deg

(
SU(n) → SU(n)

A 7→ Ad

)
= dn−1.

Remark. This exercise is a special case of a much more general calculation of the degree
of a power map on a Lie group in terms of the dimension of a maximal torus. We refer to
[HoM2020, Lemma 6.92] for details.

Exercise 38.22. Let f, g : Sn → Sn be two maps. Show that if deg(f) 6= deg(g), then
there exists a point x ∈ Sn with 〈f(x), g(x)〉 = 0.
Hint. Consider ‖f(x) · (1− t) + g(x) · t‖.
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39. Degrees for smooth manifolds with boundary and the Borsuk-Ulam
Theorem

In this chapter we will extend some of the de�nitions and the results from the previous
chapter to maps between compact smooth manifolds, possibly with non-empty boundary.
This extension is per se not particularly exciting. But we will use it to give our �rst of
many proofs of the celebrated Borsuk-Ulam Theorem 39.8. In the next chapter we will
then put the Borsuk-Ulam Theorem 39.8 to good use, namely we will use it to prove four
theorems which at �rst and second glance are far removed from topology.

39.1. Extension of degrees to smooth manifolds with boundary. In the following
we also intend to study suitable maps between compact oriented smooth manifolds with
non-empty boundary. At this point it is convenient to introduce the following de�nitions.

De�nition.
(1) A pair of topological spaces is a pair (X,A) where X is a topological space and

A Ă X.
(2) A map f : (X,A)→ (Y,B) between pairs of topological spaces is a map385 f : X → Y

such that f(A) Ă B.
(3) We say two maps f0, f1 : (X,A) → (Y,B) between pairs of topological spaces are

homotopic if there exists a homotopy F : X × [0, 1]→ Y with F0 = f0 and F1 = f1

and such that for each t ∈ [0, 1] we have Ft(A) Ă B.
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N

∂N

smooth maps (M,∂M)→ (N, ∂N)

M

∂M

β

γ

α, β : (M,∂M)→ (N, ∂N) are homotopic as maps between pairs of topological spaces,
α, γ : (M,∂M)→ (N, ∂N) are not homotopic as maps of pairs of topological spaces

α

Now we can formulate the following extension of Theorem 38.1.

Theorem 39.1. Let M and N be two compact oriented connected non-empty smooth
manifolds of the same dimension and let f : (M,∂M) → (N, ∂N) be a smooth map. Let
y ∈ N \ ∂N be a regular value. The sum386∑

x∈f−1(y)

deg(f, x) ∈ Z

does not depend on the choice of y.

Proof. We postpone the proof of Theorem 39.1 to the end of the section. �

385As always, f is understood to be continuous.
386It follows from the Regular Value Theorem 26.4 that f−1(y) is a �nite set. Furthermore it follows from
the hypothesis that f(∂M) Ă ∂N and y ∈ N \∂N that f−1(y) Ă M \∂M . Thus it follows from the Inverse
Mapping Theorem 24.1 that for any x ∈ f−1(y) the map f is a local di�eomorphism at x. Therefore the
local degree deg(f, x) is de�ned as on page 898.
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Non-Example. We consider the inclusion f : [0, 1] → [0, 2]. Both y = 1
2
and y′ = 3

2
are

regular values, but f−1(y) consists of a single point whereas f−1(3
2
) = ∅. This shows that

in Theorem 39.1 we cannot drop the hypothesis that f(∂M) Ă ∂N .

N = [0, 2]
f

y = 1
2

y′ = 3
2

M = [0, 1]

Theorem 39.1 leads us to the following generalization of the de�nition on page 899.

De�nition. Let M and N be two compact oriented connected non-empty smooth man-
ifolds of the same dimension and let f : (M,∂M) → (N, ∂N) be a smooth map. By
Sard's Theorem 31.1 there exists a regular value y ∈ N \ ∂N . By Theorem 39.1 we can
unambiguously de�ne the degree of the smooth map f as

deg(f) :=
∑

x∈f−1(y)

deg(f, x) ∈ Z.

Example. Let n ∈ Z. We view B
2
as a subspace of C and we consider the map

f : B
2 → B

2

z 7→ zn.

One can easily show that each y ∈ B2 \ {0} is a regular value. With y = 1
2
we see that

deg(f) =
|n|∑
k=1

deg
(
f, exp

(− ln(2)
n + 2π i · k|n|

)
︸ ︷︷ ︸

n-th root of 1
2

)
=

|n|∑
k=1

{
+1, if n ≥ 1,
−1, if n < 1

= n.
↑

can be deduced using the Orientation
Checking-via-Di�erentials Lemma 25.12

As before we would like to extend the de�nition of the degree to maps that are continuous
but not necessarily smooth. To do so we need the following variation on the Whitney
Approximation Theorem 29.1.

Theorem 39.2. (Relative Whitney Approximation Theorem) Let M and N be
compact smooth manifolds. Every map (M,∂M) → (N, ∂N) is homotopic, as a map of
pairs of topological spaces, to a smooth map (M,∂M)→ (N, ∂N).

Proof. Let f : (M,∂M) → (N, ∂N) be a map between compact smooth manifolds. By
the Collar Neighborhood Theorem 28.3 there exist collars [0, 1]× ∂M and [0, 1]× ∂N . We
denote by f̃ : ∂M → ∂N the restriction of f . By the Whitney Approximation Theorem 29.1
we know that there exists a homotopy F̃ : ∂M × [0, 1]→ ∂N with F̃0 = f̃ and such that F̃1

is a smooth map. In fact, by the Trivial-Near-The-Ends-Lemma 33.4, we can assume that
F̃t = F̃1 for all t ∈ [1

2
, 1]. Now we consider the map

F : M × [0, 1] → N

(P, t) 7→


F̃ (Q, t− 2s), if P = (s,Q) ∈ [0, 1

2
t]× ∂M,

f((s− 1
2
t) · 1

1− 1
2
t
, Q), if P = (s,Q) ∈ [1

2
t, 1]× ∂M,

f(P ), ifP 6∈M \ ([0, 1)×M)
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[0, 1]× ∂M
[0, 1]× ∂Nf

f̃

It follows from the Pasting Proposition 2.6 together with the Basics-of-Collars Lemma 28.4
(1) that this map F : M × [0, 1] → N is continuous, thus it is indeed a homotopy. Note
that for any t ∈ [0, 1] we have Ft(∂M) Ă ∂N . Furthermore note that the restriction of
F1 : M → N to [0, 1

4
] × ∂M is given by the composition of the projection [0, 1

4
] × ∂M to

∂M followed by the smooth map F̃1. Thus we see that the restriction of F1 : M → N to
[0, 1

4
]× ∂M is smooth. In summary we have shown that the map f : (M,∂M)→ (N, ∂N)

is homotopic to a map F1 : (M,∂M)→ (N, ∂N) that is smooth on [0, 1
4
]× ∂M .

Now we can apply the Whitney Approximation Theorem 29.1 to the map F1 : M → N
and the closed subset A := [0, 1

4
] × ∂M . We see that there exists a homotopy rel A from

F1 to a smooth map M → N . In summary we have now �nally shown that the map
f : (M,∂M)→ (N, ∂N) is indeed homotopic, as a map of pairs of topological spaces, to a
smooth map (M,∂M)→ (N, ∂N). �

To extend the de�nition of the degree to non-smooth maps we will also need the following
analogue of Proposition 38.2.
Proposition 39.3. Let g : M → N be a map between two compact oriented connected
non-empty smooth manifolds of the same dimension. If f0, f1 : (M,∂M) → (N, ∂N) are
smooth maps that are both homotopic to g, then deg(f0) = deg(f1).

Proof. We postpone the proof of Proposition 39.3 to the end of this section. �

The Relative Whitney Approximation Theorem 39.2 and Proposition 38.2 allow us to make
the following de�nition.

De�nition. Let f : (M,∂M) → (N, ∂N) be a map between two compact oriented con-
nected non-empty smooth manifolds of the same dimension. By the Relative Whitney
Approximation Theorem 39.2 we know that f is homotopic, as a map of pairs of topolog-
ical spaces, to a smooth map g : (M,∂M)→ (N, ∂N). By Proposition 39.3 it makes sense
to de�ne deg(f) := deg(g).

Remark. On page 2222 we will give an alternative de�nition of the degree using the
�fundamental class�. Fortunately we will see in the Local-Global Degree Proposition 101.6
that the two de�nitions of the degree agree. Furthermore on page 2379 we will extend the
notion of a degree to topological manifolds.

The following two theorems are the obvious extensions of the Degree Homotopy Invariance
Theorem 38.3 and the Degree Multiplicativity Theorem 38.4.

Theorem 39.4. (Degree Homotopy Invariance Theorem) Let M and N be two
compact oriented connected non-empty smooth manifolds of the same dimension and let
f0, f1 : (M,∂M) → (N, ∂N) be maps. If f0 and f1 are homotopic as maps of pairs of
topological spaces, then deg(f0) = deg(f1).
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Theorem 39.5. (Degree Multiplicativity Theorem) Let L,M and N be three com-
pact oriented connected non-empty smooth manifolds of the same dimension. Given any
maps f : (L, ∂L)→ (M,∂M) and g : (M,∂M)→ (N, ∂N) we have the following equality:

deg(g ◦ f) = deg(g) · deg(f).

Proof of Theorems 39.1, 39.4 and 39.5 and the proof of Proposition 39.3. The proofs
of Theorems 39.1, 39.4 and 39.5 and the proof of Proposition 39.3 for compact smooth
manifolds with possibly non-empty boundary are, not surprisingly, very very similar to
the proofs of Theorems 38.1, 38.3 and 38.4 and of Proposition 38.2 of the corresponding
statements for closed smooth manifolds. To generalize the earlier proofs we need to make
three observations. So suppose that M and N are compact connected smooth manifolds.
(1) If y, z ∈ N \ ∂N , then it follows from the Homogeneous-via-Di�eotopies Propo-

sition 33.14 that there exists a di�eotopy F : N × [0, 1] → N with F0 = id and
F1(y) = z.

(2) Let f, g : (M,∂M) → (N, ∂N) be maps. If f and g are homotopic as maps of pairs
of topological spaces, then they are also smoothly homotopic as maps of pairs of
smooth manifolds. We will prove this slight generalization of the Replace-by-Smooth
Homotopy Proposition 29.5 in Exercise 39.1.

(3) Let f, g : (M,∂M) → (N, ∂N) be smooth maps and let F : M × [0, 1] → N be a
smooth homotopy between the maps f and g of pairs of topological spaces. Further-
more let z 6∈ ∂N be a regular value of F : M× [0, 1]→ N . Since f(∂M× [0, 1]) Ă ∂N
we see that F−1(z) Ă (M \ ∂M) × [0, 1]. In fact Z := F−1(z) is a submanifold of
(M \ ∂M) × [0, 1] such that ∂Z Ă (M \ ∂M) × {0, 1}. Since M × [0, 1] is compact
we see that Z is compact. In summary we see that Z = F−1(z) is a proper compact
submanifold of (M \ ∂M)× [0, 1].

With these three observations it is now straightforward to modify the earlier proofs. We
leave it to the reader to �ll in the details. �

39.2. The Boundary Degree Proposition. Now we turn to the key result on our new
more general notion of degree.

Proposition 39.6. (Boundary Degree Proposition) Let M and N be two compact
oriented connected smooth manifolds of the same dimension, such that the boundary ∂M
and ∂N are both connected and non-empty. We equip ∂M and ∂N with the boundary
orientation that we had introduced on page 689. If f : (M,∂M)→ (N, ∂N) is a map, then

deg(f : M → N) = deg(f |∂M : ∂M → ∂N).
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f |∂M
For the proof of the Boundary Degree Proposition 39.6 we will need the following slight
variation on the Smooth Collar Neighborhood Theorem 28.3.
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Lemma 39.7. Let W be a compact oriented smooth manifold. We equip ∂W with the
boundary orientation, we equip [−1, 0] Ă R with the standard orientation and we equip
[−1, 0]×∂W with the product orientation. There exists an orientation-preserving smooth
embedding χ : [−1, 0]×∂W → W such that the restriction of χ to {0}×∂W is the obvious
map (0, P ) 7→ P .
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0

∂W

[−1, 0]×∂W

W

−1

χ

Proof of Lemma 39.7. It follows immediately from the Smooth Collar Neighborhood
Theorem 28.3 that we can �nd a smooth embedding χ : [−1, 0] × ∂W → W such that
the restriction of χ to {0} × ∂W is the obvious map (0, P ) 7→ P . It follows from the
Product Orientation Proposition 25.22 (4d) that, as an oriented smooth manifold, we have
∂([−1, 0] × ∂W ) = ∂([−1, 0]) ×W = −({−1} × ∂W ) ∪ ({0} × ∂W ). It follows from the
Boundary Orientation Lemma 25.17 (3) and (4) that χ is orientation-preserving. �

Proof of the Boundary Degree Proposition 39.6. Let f : (M,∂M) → (N, ∂N) be a
map. It follows from the Relative Whitney Approximation Theorem 39.2 and the Degree
Homotopy Invariance Theorem 39.4 that it su�ces to consider the case that f is smooth.

It follows from Lemma 39.7 that we can �nd orientation-preserving smooth embeddings
Φ: [−1, 0] × ∂M → M and Ψ: [−1, 0] × ∂N → N such that for all P ∈ ∂M we have
Φ(0, P ) = P and such that for all Q ∈ ∂N we have Ψ(0, Q) = Q. To simplify the notation
we identify [−1, 0] × ∂M with its image under Φ and the same way we proceed with
[−1, 0]× ∂N and Ψ. Note that it follows from the Codimension-Zero Smooth Embedding
Proposition 24.16 that (−1, 0]× ∂M Ă M and (−1, 0]× ∂N Ă N are open subsets.

By the Homotopic-to-Product-Near-Boundary Lemma 28.6 we know that the map
f : (M,∂M)→ (N, ∂N) is homotopic to a map g : (M,∂M)→ (N, ∂N) with the following
two properties:

(1) For every (t, P ) ∈ [−1
2
, 0]× ∂M we have g(t, P ) = (t, f(P )) ∈ [−1

2
, 0]× ∂N .

(2) We have g−1([−1
2
, 0]× ∂N) = [−1

2
, 0]× ∂M .

Note that a priori we do not know whether g : M → N is smooth. But note that the
map g : [−1

2
, 0] × ∂M → [−1

2
, 0] × ∂N is smooth. By Sard's Theorem 31.1, together

with Proposition 30.3, we know that there exists a regular value (t, y) ∈ (−1
2
, 0) × ∂N

of g : [−1
2
, 0]× ∂M → [−1

2
, 0]× ∂N . It follows from (1) and (2) that the preimages of (t, y)
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are of the form (t, x1), . . . , (t, xk) with x1, . . . , xk ∈ ∂M . We see that

by Theorem 38.3, since follows from (1) and (2) and the Degree
f and g are homotopic of Partially Smooth Map Lemma 38.14

↓ ↓
deg(f : M → N) = deg(g : M → N) =

k∑
i=1

deg(g, (t, xi))

=
k∑
i=1

deg(id× f |∂M : [−1
2
, 0]× ∂M → [−1

2
, 0]× ∂N, (t, xi))

↑
by (1) the map g : [− 1

2
, 0]×∂M → [− 1

2
, 0]×∂N is given by id×f |∂M , here we implicitly

use that [−1, 0]× ∂M →M and [−1, 0]× ∂N → N are orientation-preserving

=
k∑
i=1

deg(f |∂M : ∂M → ∂N, xi) = deg(f |∂M : ∂M → ∂N).
↑ ↑

it follows from the Product Orientation Preserving Lemma 25.23 by de�nition of the degree
that the corresponding local degrees are the same �
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N ∂N

g

[−1, 0]× ∂MM [−1, 0]× ∂N

f

∂M

on [−1
2
, 0]× ∂M we

have g = id×f |∂M

(t, xi)
regular

value (t, y)

39.3. The Borsuk-Ulam Theorem. We start out with the following simple de�nition.

De�nition. Let A Ă Sn be a subset. We say two points x, y ∈ A are antipodal if y = −x.
The following theorem is arguably the most interesting result one can prove with the
methods and tools of this chapter.

Theorem 39.8. (Borsuk-Ulam Theorem) Let n ∈ N0. For every map f : Sn → Rn

there exists a pair of antipodal points x and −x on Sn with f(x) = f(−x).

Example. If we think of the surface of earth as S2, then it follows from the Borsuk-
Ulam 39.8 that there exists a pair of antipodal points where the temperature and air
pressure agree.

Remark.

(1) The statement of the Borsuk-Ulam Theorem was conjectured by Stanislaw Ulam,
see [Bor1933, p. 178]. The theorem was �rst proved by Karol Borsuk [Bor1933] in
1933.
(a) Karol Borsuk (1905-1982) was a Polish mathematician. He lost his job at the

University of Warsaw after the German invasion in 1939. To survive �nancially
he developed a board game and produced and sold it during the war. Almost
all copies of the game were lost during the Warsaw uprising in 1944, but in the
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1990s one surviving copy was found and the game was republished. We refer to

https://en.wikipedia.org/wiki/Animal_Husbandry_(game)

for more details.
(b) Stanislaw Ulam (1909-1984) was a Polish mathematician and nuclear scientist.

He was one of the fathers of the hydrogen bomb.

Ulam's other contribution to mankind

(2) In Sections 91.3, 97.6 and 121.3 we will provide three other proofs of the Borsuk-
Ulam Theorem 39.8. Furthermore in Theorem 48.21 we will provide a di�erent proof
for the special case n = 2.

(3) The Borsuk-Ulam Theorem 39.8 has many beautiful applications, in particular the
Lusternik-Schnirelmann Theorem 40.1, the Ham-Sandwich Theorem 40.2, P�ster's
Level Theorem 40.9 and, my favorite, the Necklace Theorem 40.11. Beyond these the-
orems the Borsuk-Ulam Theorem has an almost endless string of consequences, many
of which lie in combinatorics and graph theory, we refer to [Mato2008, Steinl1985,
Steinl1993] for an extensive discussion of the Borsuk-Ulam theorem and its corol-
laries.

The key ingredient in our proof of the Borsuk-Ulam Theorem 39.8 is the Smooth Odd
Degree Proposition 39.9. To formulate this proposition we need the following straightfor-
ward de�nition.

De�nition. A map f : Sn → Sn is called odd, if f(−x) = −f(x) for all x ∈ Sn.

Proposition 39.9. (Smooth Odd Degree Proposition) Let n ∈ N and let f : Sn → Sn

be a smooth map. If f is odd, then deg(f) is odd.

Remark. In the Odd Degree Proposition 91.3 we will use homology theory to provide an
alternative proof of the Smooth Odd Degree Proposition 39.9. In fact at that point we will
only need that f is continuous.

Eventually we will prove the Smooth Odd Degree Proposition 39.9 by induction on n.
For the starting point we will need the following elementary lemma.

Auxiliary Lemma 39.10. LetM andN be two compact oriented connected 1-dimensional
smooth manifolds of the same dimension with non-empty boundary. Furthermore let
f : (M,∂M)→ (N, ∂N) be a smooth map. If f : ∂M → ∂N is a di�eomorphism, then

deg(f : M → N) =

{
+1, if f : ∂M → ∂N is orientation-preserving,
−1, if f : ∂M → ∂N is orientation-reversing.

https://en.wikipedia.org/wiki/Animal_Husbandry_(game)
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1

deg(f) = 1

graph of f
1

graph of g

deg(g) = −1

Proof of Lemma 39.10. By the Smooth 1-Dimensional Manifold Classi�cation Theo-
rem 22.7 we can assume that M = N = [0, 1]. Note that

F : [0, 1]× [0, 1] → [0, 1]
(x, t) 7→ f(x) · (1− t) + ((1− x) · f(0) + x · f(1)) · t

is a homotopy of maps ([0, 1], {0, 1})→ ([0, 1], {0, 1}). If f(0) = 0 and f(1) = 1, then F is
a homotopy from f to the map t 7→ t and f(0) = 0 and f(1) = 1, then F is a homotopy
from f to the map t 7→ 1− t. Either way it follows from the Degree Homotopy Invariance
Theorem 38.3 that deg(f)± 1. �

Proof of the Smooth Odd Degree Proposition 39.9. We want to prove the proposi-
tion by induction on n. In the following we will prove the case n = 1 and the induction
step n−1 n by almost the same argument. Only at the very end will the two arguments
diverge slightly.

In the following let n ∈ N and let f : Sn → Sn be a smooth map that is odd. We
introduce the following notation which we will use throughout this proof:
•We denote by N := (0, . . . , 0, 1) the North Pole of Sn.
• As on page 152 we denote by Sn≥0 the upper hemisphere and we denote by Sn=0 the
equator of Sn. Given a map g : Sn → M we denote by g≥0 and g=0 the obvious
restrictions.
•We consider the smooth embedding

Φ: (−1, 1)× Sn−1 → Sn

(t, x) 7→ (0, x) + t ·N
‖(0, x) + t ·N‖

.

•We consider the maps

p : Sn → [−1, 1]
(x1, . . . , xn, xn+1) 7→ xn+1

and
q : Sn \ {±N} → Sn−1

(x1, . . . , xn, xn+1) 7→ (x1, . . . , xn)

‖(x1, . . . , xn)‖
.

Evidently (p ◦ q) ◦ Φ = id(−1,1)×Sn−1 .
It follows from Sard's Theorem 31.1, together with the Measure-Zero Properties Proposi-

tion 30.2, that there exists a v ∈ Sn which is a regular value of the smooth map f : Sn → Sn

and also of the smooth map f=0 : Sn=0 → Sn.
Note that by the Orthogonal Action Lemma 5.26 there exists an orthogonal matrix

A ∈ O(n + 1) with A · v = N . Next note that x 7→ A · f(x) is still odd and note that by
the Degree Multiplicativity Theorem 38.4 and the discussion on page 905 we know that
deg(x 7→ A ·f(x)) = deg(f). This shows that, after composing f with the map that is given
by multiplication by A, we might as well assume that v = N . Note that since f is odd we
see that in fact both N and −N are regular values of f : Sn → Sn and of f=0 : Sn=0 → Sn.
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Sn≥0(−1, 1)×Sn−1
q

Φ

pp× q

odd map f

North Pole N is regular value of f

Sn{0}×Sn−1
Sn=0

f(Sn=0) Ă Sn \ {−N,N}

Claim 1. The map f is homotopic to an odd smooth map g : Sn → Sn such that ±N are
again regular values of g and such that g satis�es g(Sn=0) Ă Sn=0.

387

Proof. Since Snn=0 = Φ({0}× Sn−1) is an (n− 1)-dimensional smooth manifold we see that
the fact that ±N is a regular value of f : Snn=0 → Sn implies that ±N 6∈ (f ◦Φ)({0}×Sn−1).
An elementary compactness argument, see Exercise 5.9, shows that there exists an ε ∈ (0, 1)
such that (f ◦ Φ)([−ε, ε]× Sn−1) Ă Sn \ {±N}.
It follows easily from the Smooth Transition Function Lemma 19.4 that can pick a smooth
map η : [−ε, ε] → [0, 1] such that η(x) = 1 for |x| ≥ ε

2
, η(0) = 0 and which is even in the

sense that η(−x) = η(x). Next we consider the map

F : Sn × [0, 1] → Sn

(z, s) 7→
{
f(z), if |p(z)| ≥ ε,
Φ(p(f(z)) · (1− s+ s · η(p(z)))︸ ︷︷ ︸

∈[−ε,ε]

, q(f(z))), if |p(z)| ≤ ε.

Note that F0 = f . Since η is smooth we see that each Fs is smooth. Furthermore, since η is
symmetric one can easily verify that each Fs is odd. Furthermore note that it follows from
η(0) = 0 that F1(Sn=0) Ă Sn=0. We set g := F1. It remains to show that ±N are also regular
values for g. This can be seen as follows. First recall that ±N are regular values of f . Next
note that by construction of g there exists an open neighborhood U of {−N,N} Ă Sn,
namely U := Sn \ F ([−ε, ε] × Sn−1 × [0, 1]), such that f−1(U) = g−1(U) and such that f
and g agree on this subset. But this implies that ±N are also regular values for g. �

Before we can state the next claim we need to add one more piece of notation to the
above list.
•We denote by π : Sn → B

n
the projection onto the �rst n coordinates.

Claim 2. We equip Sn≥0 with the submanifold orientation coming from Sn and we equip
B
n
with the standard orientation. With these orientations we have the following equality:

deg(g : Sn → Sn) ≡ deg( π ◦ g≥0 : Sn≥0 → B
n︸ ︷︷ ︸

de�ned since g=0(Sn=0) Ă Sn=0

) mod 2.

387Note that we do not claim that one can arrange that g(Sn≥0) Ă Sn≥0.
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Proof. We calculate that in Z2 = Z/2Z, or R/2Z, we have following equalities:

since ±N are both regular values of g
and since mod Z we ignore signs since g is odd and since g(Sn=0) Ă Sn \ {±N}

↓ ↓
deg(g : Sn → Sn) ≡ 1

2
·#g−1(N) + 1

2
·#g−1(−N) = #g−1

≥0(N) + #g−1
≥0(−N)

= #(π ◦ g≥0)−1(0) ≡ deg(π ◦ g : Sn≥0 → B
n
).

↑ ↑
since π−1(0) = {±N} since DπN is an isomorphism we see

that 0 is a regular value of π ◦ g≥0 �
At this point we have to distinguish the cases n = 1 and n ≥ 2. First we deal with the

case n = 1. We perform the following calculation in Z2:

by the Degree Homotopy Invariance Theorem 38.3
since f and g are homotopic by Claim 2

↓ ↓
deg(f : S1 → S1) = deg(g : S1 → S1) = deg(π ◦ g≥0 : S1

≥0 → B
1
) = ±1.

↑
follows from Lemma 39.10, since the fact that g=0 is odd
implies that π ◦ g≥0 : S1

=0 → S0 is a di�eomorphism

Finally let us do the induction step. So now we assume that the conclusion holds for some
n− 1 ∈ N and we want to show that it holds for n. We perform a very similar calculation
in Z2 as above:

by the Degree Homotopy Invariance Theorem 38.3
since f and g are homotopic by Claim 2

↓ ↓
deg(f : Sn → Sn) = deg(g : Sn → Sn) = deg(π ◦ g≥0 : Sn≥0 → B

n
)

= deg(π ◦ g=0 : Sn=0 → Sn−1) = deg
(
Sn−1 x 7→ (π ◦ g)(x, 0)−−−−−−−−−→Sn−1

)
= odd.

↑ ↑ ↑
by the Boundary Degree Proposition 39.6 since x 7→ (x, 0) is a by our hypothesis

di�eomorphism Sn=0→Sn−1 on n− 1 �
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g is odd and ±N are regular values

B
n

Sn=0

f g π

g≥0

Now we can �nally provide the proof of the Borsuk-Ulam Theorem 39.8. We split the proof
into two parts. First we consider the case that f is smooth, afterwards we consider the
general case.

Proof of the Borsuk-Ulam Theorem 39.8 for smooth maps. Let n ∈ N0 and let
f : Sn → Rn be a smooth map. We need to show that there exists an x ∈ Sn with
f(−x) = f(x). The case n = 0 is trivial so we only need to deal with the case n ∈ N.

Suppose there exists no pair of antipodal points x and −x in Sn with f(x) = f(−x).
Put di�erently, suppose that for every x ∈ Sn we have f(x) 6= f(−x). We consider the
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composition of the following two maps

Φ: Sn−1 × [0, 1] → Sn≥0 → Sn−1.

(y, t) 7→ (y ·
√

1− t2, t)
x 7→ f(x)−f(−x)

‖f(x)−f(−x)‖︸ ︷︷ ︸
de�ned since f(x) 6= f(−x)

A quick look at the de�nitions shows that Φ0 is odd and it shows that Φ1 is a constant
map. Thus we see that

by the Degree Homotopy Invariance Theorem 38.3, since Φ0 and Φ1 are homotopic
↓

odd number = deg(Φ0) = deg(Φ1) = deg(constant map) = 0.
↑ ↑ ↑

since Φ0 is odd we obtain from the by de�nition by the Basics of Degree Lemma 38.8 (1)
Smooth Odd Degree Proposition 39.9 of Φ1 since constant maps are

that deg(Φ0) is odd not surjective

We have thus obtained a contradiction. �

Proof of the Borsuk-Ulam Theorem 39.8 for continuous maps. Let f : Sn → Rn

be a continuous map. Suppose there exists no pair of antipodal points x and −x in Sn

with f(x) = f(−x). It follows that the map

ϕ : Sn → R≥0

x 7→ ‖f(x)− f(−x)‖
is never zero. Since Sn is compact we see that there exists an ε > 0 such for all x ∈ Sn we
have ‖f(x)− f(−x)‖ ≥ ε.

By the Smooth Approximation Proposition 21.10 there exists a smooth map f̃ : Sn → Rn

such that for every x ∈ Sn we have ‖f(x)−f̃(x)‖ < ε
2
. It follows from the triangle inequality

that for every x ∈ Sn we have ‖f̃(x)− f̃(−x)‖ > 0. But this contradicts the Smooth Borsuk
Ulam Theorem that we had just proved above. �

Exercises for Chapter 39.

Exercise 39.1. LetM and N be compact smooth manifolds. Let f, g : (M,∂M)→(N, ∂N)
be two smooth maps. We suppose that there exists a homotopy F : M× [0, 1]→ N of maps
of pairs of topological spaces from f to g.
(a) Show that there exists a homotopy G : M× [0, 1]→ N of maps of pairs of topological

spaces from f to g such that G is smooth on a neighborhood of ∂M × [0, 1].
(b) Show that there exists a smooth homotopy G : M × [0, 1] → N of maps of pairs of

topological spaces from f to g.
Hint. For (a) use the Smooth Collar Neighborhood Theorem 28.3 and the Replace-by-
Smooth Homotopy Proposition 29.5. For (b) modify the proof of the Replace-by-Smooth
Homotopy Proposition 29.5.

Exercise 39.2. Let M and N be compact smooth manifolds. Let f, g : M → N be two
smooth maps with f |M = g|M . We suppose that there exists a homotopy F : M×[0, 1]→ N
rel ∂M from f to g.
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(a) Show that there exists a homotopy G : M × [0, 1]→ N rel ∂M from f to g such that
G is smooth on a neighborhood of ∂M × [0, 1].

(b) Show that there exists a smooth homotopy G : M × [0, 1]→ N rel ∂M from f to g.

Hint. For (a) use the Smooth Collar Neighborhood Theorem 28.3 and the Replace-by-
Smooth Homotopy Proposition 29.5. For (b) modify the proof of the Replace-by-Smooth
Homotopy Proposition 29.5.

Exercise 39.3. Let n ∈ N and let f : B
n → B

n
be a smooth map such that the restriction

f : Sn−1 → Sn−1 is a di�eomorphism. Show that f : B
n → B

n
is surjective.

Remark. The case n = 1 is equivalent to the Intermediate Value Theorem from real analysis.

Exercise 39.4.

(a) Generalize the Z2-degree from page 913 to the setting of maps (M,∂M)→ (N, ∂N)
between compact connected smooth manifolds.

(b) Show that the analogue of Boundary Degree Proposition 39.6 also holds for Z2-
degrees.

(c) Use (b) to give a new proof of the Boundary Non-Retraction Proposition 31.3.

Exercise 39.5. Let M be a compact smooth manifold with non-empty boundary and let
N be a closed smooth manifold. Let f : M → N be a smooth map. Given a regular value
y ∈ N we set

degy(f) :=
∑

x∈f−1(y)

deg(f, x) ∈ Z.

(a) Show that in general the de�nition of degy(f) depends on the choice of the regular
value y.

(b) We suppose that f : M → N is a smooth map which is locally constant on ∂M . Show
that in this setting the de�nition of degy(f) does not depend on the choice of the
regular value y.
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Exercise 39.6. Let M be a compact connected oriented n-dimensional smooth manifold
such that ∂M is connected and non-empty. Show that there exists a map f : M → B

n
of

degree +1.

Exercise 39.7. Prove the Borsuk-Ulam Theorem 39.8 for 1-dimensional spheres using
methods from real analysis. In other words, show, just using methods from real analysis,
that given any map f : S1 → R there exists an x ∈ S1 with f(−x) = f(x).

Exercise 39.8. Let n ∈ N. Show that the following are equivalent statements:

(a) For every map f : Sn → Rn there exists an x ∈ Sn with f(x) = f(−x).
(b) For every odd map f : Sn → Rn there exists an x ∈ Sn with f(x) = 0.
(c) There is no odd map f : Sn → Sn−1.
(d) There is no map f : B

n → Sn−1 such that the restriction of f to Sn−1 → Sn−1 is odd.
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Exercise 39.9. Let n ∈ N. Show that the Borsuk-Ulam Theorem 39.8 implies the Brouwer
Fixed Point Theorem 31.4.
Remark. From Exercise 39.8 you can pick your favorite formulation of the Borsuk-Ulam
Theorem 39.8.

Exercise 39.10. Let n ∈ N.
(a) Let f : Sn → Sn be a map. Show that if the map f factors through the projection

p : Sn → RPn, then deg(f) is even.
(b) Let f : Sn → Sn be a map of odd degree. Show that there exists an x ∈ Sn with

f(−x) = −f(x).
Hint. Prove the statement by contradiction and make use of (a).
Remark. This statement can be viewed as a partial converse to the Smooth Odd
Degree Proposition 39.9.
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40. Applications of the Borsuk-Ulam Theorem

In this chapter we will state and prove several particularly interesting consequences of the
Borsuk-Ulam Theorem 39.8.

40.1. The Ham-Sandwich Theorem. Before we can state our �rst application of the
Borsuk-Ulam Theorem 39.8 we need to recall the following harmless de�nition from page 929.
De�nition. Let A Ă Sn be a subset. We say two points x, y ∈ A are antipodal if y = −x.
The following application of the Borsuk-Ulam Theorem 39.8 was �rst proved by the Soviet
mathematicians Lazar Lusternik and Lev Schnirelmann [LuS1930, p. 26-31] in 1930 using
di�erent methods.
Theorem 40.1. (Lusternik-Schnirelmann Theorem) Let A1, . . . , An+1 be closed sub-
sets of Sn with A1 ∪ · · · ∪An+1 = Sn. Then there exists an i ∈ {1, . . . , n+ 1} such that Ai
contains a pair of antipodal points.

Remark. In the Generalized Lusternik-Schnirelmann Theorem 40.7 we will prove a slight
generalization of the Lusternik-Schnirelmann Theorem 40.1.

Examples.
(1) For n = 1 we obtain from the Lusternik-Schnirelmann Theorem 40.1 that if we have

a decomposition S1 = A1 ∪ A2 where A1 and A2 are two closed subsets (which do
not need to be connected), then the subset A1 or the subset A2 contains a pair of
antipodal points x and −x. In Exercise 40.1 we will give a naive proof for the special
case n = 1.

�
�
�
�

�
�
�
�

S1

A1
A2

x,−x ∈ A2

A1 A2

(2) We consider the surface of our earth, we take A1 to be the closure of the land mass,
we take A2 to be the closure of the Paci�c ocean and we take A3 to be the closure of
all seas except for the Paci�c. Then the Lusternik-Schnirelmann Theorem 40.1 says
that at least one of A1, A2 or A3 contains a pair of antipodal points. Which of A1, A2

and A3 contains a pair of antipodal points?
(3) The Lusternik-Schnirelmann Theorem 40.1 is optimal in the following sense: in Ex-

ercise 40.2 we will see that given any n ∈ N0 we can �nd closed subsets A1, . . . , An+2

that cover all of Sn, but such that none of the Ai contains a pair of antipodal points.

Proof. Let A1, . . . , An+1 be closed subsets of Sn with A1 ∪ · · · ∪An+1 = Sn. Without loss
of generality we can assume that all A1, . . . , An+1 are non-empty.388 Given a non-empty
subset A of Sn and x ∈ Sn we consider, as on page 283, the distance from x to A:

d(x,A) := inf{‖x− a‖ | a ∈ A},
where ‖x − a‖ denotes the usual Euclidean distance on Sn Ă Rn+1. By the Distance-to-
Subspace the Distance-to-Subspace Lemma 6.2 together with Exercise 1.3 we know that
the following two statements hold:
388Evidently at least one Ai is non-empty. So if one of the Ai is empty we just replace it with one of the
non-empty ones.



938

(a) If A is closed, then d(x,A) = 0 if and only if x ∈ A.
(b) The map x 7→ d(x,A) is continuous.

We consider the map
f : Sn → Rn

x 7→ (d(x,A1), . . . , d(x,An)).

It follows from (b) that this map is indeed continuous. By the Borsuk-Ulam Theorem 39.8
there exists an x ∈ Sn with f(x) = f(−x). We distinguish three cases:
(1) If there exists an i ∈ {1, . . . , n} such that x ∈ Ai, then it follows from f(x) = f(−x)

that d(−x,Ai) = d(x,Ai) = 0. Since Ai is closed it follows from (a) that −x ∈ Ai.
(2) If there exists an i ∈ {1, . . . , n} such that −x ∈ Ai, then the argument of (1) shows

that we also have x ∈ Ai.
(3) If neither x nor −x lies in one of the Ai, then x,−x both lie in An+1. �

Before we can state the next consequence of the Borsuk-Ulam Theorem 39.8 we need to
introduce one more de�nition.
De�nition. Let A Ă Rn be a measurable subset389 of �nite volume. We say an a�ne
hyperplane H Ă Rn bisects A if for the two half-spaces V, V ′ determined by H we have
the equality vol(A ∩ V ) = vol(A ∩ V ′).
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A a�ne hyperplane bisects A

We continue with the following pretty theorem.

Theorem 40.2. (Ham-Sandwich Theorem) Let A1, . . . , An be measurable �nite-vol-
ume subsets of Rn. Then there exists an (n− 1)-dimensional a�ne hyperplane in Rn that
bisects A1, . . . , An.

Remark.

(1) The Ham-Sandwich Theorem gets its name from the following �application�. Suppose
we are given a sandwich with an upper piece of bread A1, some ham A2 and a lower
piece of bread A3. Then using a knife one can cut the sandwich, along an a�ne
hyperplane, into two pieces such that each piece of bread and the ham are bisected.
This situation is, more or less convincingly, illustrated in the �gure below.
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upper piece of bread

ham
lower piece of bread

a�ne hyperplane bisects each piece

389Here �measurable� means Lebesgue-measurable in the sense of say [Caro2000] or [RudiW1987, Chap-
ter 2].



40. APPLICATIONS OF THE BORSUK-ULAM THEOREM 939

(2) The 2-dimensional version of the Ham-Sandwich Theorem is sometimes referred to
as the �Pancake Theorem�, since one can bisect the two pancakes along a line into
two equal sized halves.
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two �pancakes�

line that bisects both pancakes

(3) The Ham-Sandwich Theorem is sometimes also called, more prosaically, the Stone-
Tukey theorem after the mathematicians Arthur Stone and John Tukey [StT1942].

In the proof of the Ham-Sandwich Theorem we will need the following result from measure
theory.
Proposition 40.3. Suppose that for each t ∈ R we have a measurable subset Xt of Rn

such that for each s ≤ t ∈ R we have Xs Ă Xt. Then
⋃
t∈R
Xt is also measurable and

lim
t→∞

vol(Xt) = vol
( ⋃
t∈R
Xt

)
.

Proof of Proposition 40.3. The proposition can be deduced easily from basic facts of
the Lebesgue measure, see [Caro2000, Chapter 16]. �

Proof of the Ham-Sandwich Theorem 40.2. Let A1, . . . , An be measurable �nite-vol-
ume subsets of Rn. If all Ai have volume zero, then there is nothing to prove. Thus,
without loss of generality we can assume that the volume of An is positive. Given a point
P ∈ Sn−1 and t ∈ R we write

HP,t := {t · P + w | 〈P,w〉 = 0}
V +
P,t := {t · P + w | 〈P,w〉 ≥ 0}
V −P,t := {t · P + w | 〈P,w〉 ≤ 0}.

(We refer to the �gure below on the left for an illustration.) Put di�erently, HP,t is the
a�ne hyperplane through t ·P orthogonal to P , and V ±P,t are the two half-spaces determined
by HP,t. We make the following two observations:

(i) by de�nition we have V ±−P,−t = V ∓P,t,
(ii) for a subset A Ă Rn of �nite volume we have the equality

vol(A ∩ V ±P,t) = vol(A ∩ (Rn \ V ∓P,t)) = vol(A)− vol(A ∩ V ∓P,t).
↑

since HP,t = V +
P,t ∩ V

−
P,t is a set of measure zero

We continue with the following claim.
Claim. There exists a function

t : Sn−1 → R
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with the following three properties:
(1) for every P ∈ Sn−1 we have vol(An ∩ V +

P,t(P )) = 1
2

vol(An), i.e. the a�ne hyperplane
HP,t(P ) bisects An,

(2) for every P ∈ Sn−1 we have t(−P ) = −t(P ),
(3) the function t is continuous.

Proof. We �rst �x P ∈ Sn−1. We consider the function

R → R≥0

t 7→ vol(An ∩ V +
P,t).

This function is continuous390 and we have

lim
t→∞

vol(An ∩ V +
P,t) = vol

( ⋃
t∈R

(An ∩ V +
P,t)
)

= vol(An).
↑

Proposition 40.3

and
lim
t→−∞

vol(An ∩ V +
P,t) = vol(An)− lim

t→−∞
vol(An ∩ V −P,t)︸ ︷︷ ︸

= vol(An) by Proposition 40.3

= 0.
↑
by (ii)

We deduce from the Intermediate Value Theorem that

T :=
{
t ∈ R

∣∣ vol(An ∩ V +
P,t) = 1

2 vol(An)
}

is a non-empty set.391 It is straightforward to see that it is a connected subset of R, i.e. it
is an interval. Since vol(An) > 0 we know that T is a �nite interval. We de�ne

t(P ) := 1
2(inf(T ) + sup(T )).

Note that it follows immediately from the de�nitions that t(−P ) = −t(P ). Furthermore
with some elementary measure theory one can show that the function Sn−1 → R given by
P 7→ t(P ) is continuous. We leave the veri�cation of the details to the reader. �
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V +
P,t

V −P,t vol(An ∩ V −P,t) = vol(An ∩ V +
P,t)

An

HP,t

Sn−1

PP

t · P t · P

Now we consider the map

f : Sn−1 → Rn−1

P 7→
(

vol
(
A1 ∩ V +

P,t(P )

)
, . . . , vol

(
An−1 ∩ V +

P,t(P )

))
.

390This requires at least a little bit of thought since we do not assume that A is bounded, we only assume
it has �nite volume. We leave it as a not entirely trivial exercise to prove this statement using basics facts
of Lebesgue measures.
391One might think that T consists of just a point, but for example if An is disconnected, then it can
happen that T is in fact an interval that is not just a point.
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From the continuity of t : Sn−1 → R it follows that f itself is continuous. By the Borsuk-
Ulam Theorem 39.8, there exists a point P ∈ Sn−1 with f(P ) = f(−P ). We claim that
the a�ne hyperplane HP,t(P ) has the desired property.

By de�nition of t(P ) the a�ne hyperplane HP,t(P ) bisects An. Furthermore note that
for i = 1, . . . , n− 1 we have

vol
(
Ai ∩ V +

P,t(P )

)
= vol

(
Ai ∩ V +

−P,t(−P )

)
= vol

(
Ai ∩ V +

−P,−t(P )

)
= vol

(
Ai ∩ V −P,t(P )

)
.

↑ ↑ ↑
since f(P ) = f(−P ) since t(−P ) = −t(P ) since V +

P,s = V −−P,−s

This shows that the a�ne hyperplane HP,t(P ) also bisects A1, . . . , An−1. �

Remark. The proof for the existence of the a�ne hyperplane that bisects the given sets
A1, . . . , An is non-constructive, in the sense that even with some �exibility in mathematical
rigor one cannot turn it into an algorithm that given A1, . . . , An �nds the a�ne hyperplane
that bisects all of the subsets.

40.2. The chromatic number of Kneser graphs. In the following we give a de�nition
of an undirected abstract elementary graph.
De�nition.
(1) An undirected abstract elementary graph is a pair (V,E) where V is a set, called

the vertex set, and a set E Ă P(V ), called the edge set, where each e ∈ E contains
precisely two elements of the vertex set.392

(2) Elements of the vertex set are called vertices and elements of the edge set are called
edges.

(3) Two vertices v and w are called adjacent if {v, w} is an edge.
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edge

non-adjacent
vertices

undirected abstract
elementary graph

vertices

In this section we only care about the following type of undirected abstract elementary
graph.

De�nition. Let n ∈ N0. The Kneser graph K(n, k) is de�ned as the undirected abstract
elementary graph that is given by the following data:
(1) The vertex set V (n, k) consists of all the k-sets in {1, . . . , n}. (A k-set is just a

subset with precisely k elements.)
(2) We have an edge between v, w ∈ V (n, k) precisely if v ∩ w = ∅.
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{4, 5}
{3, 5}

{3, 4}{2, 5}

{2, 4}

{2, 3} {1, 5}

{1, 4}

{1, 3}

Kneser graph K(5, 2)

{1, 2}

392On page 313 we introduced the notion of an undirected abstract graph. The di�erence is that in an
abstract elementary graph we no longer allow loops, i.e. edges where the two endpoints are the same, and
we no longer allow multiple edges between two vertices.
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De�nition. Let G = (V,E) be an undirected abstract elementary graph in the above
sense such that V is �nite.
(1) Let c ∈ N0. A c-vertex coloring of G = (V,E) is a map ϕ : V → {1, . . . , c} such that

adjacent vertices are assigned di�erent values (colloquially called �colors�). Note
that G = (V,E) admits a c-coloring if and only if there exists a decomposition
V = V1 t · · · t Vc such that no Vi contains an edge.

(2) The chromatic number of G = (V,E) is the minimal c ∈ N0 such that (V,E) admits
a c-vertex coloring.

�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������

��
��
��
��

����

��
��
��
��

�
�
�
�

��

��
��
��
��

�
�
�
�

����

3-coloring

Lemma 40.4. Let k, d ∈ N0. The Kneser graph K(2k + d, k) has chromatic number
χ(K(2k + d, k)) ≤ d+ 2.

Proof. As we mentioned above, if we want to show that χ(K(n, k)) ≤ d+2 we need to �nd a
decomposition V (n, k) = V1t· · ·tVd+2 such that no Vi contains an edge. In other words, we
need to �nd families V1, . . . , Vd+2 of disjoint k-sets in V (n, k) with V (n, k) = V1t· · ·tVd+2.
We do it as follows:

(1) Given i = 1, . . . , d + 1 we denote by Vi the k-sets in {1, . . . , 2k + d} such that the
minimal element is precisely i.

(2) We denote by Vd+2 all the remaining k-sets. Note that Vd+2 are precisely the k-sets
that are contained in {d+2, . . . , 2k+d}. Since {d+2, . . . , 2k+d} has 2k−1 elements
we see that there are no two disjoint k-sets in {d+ 2, . . . , 2k + d}.

We have thus found the desired decomposition. �
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3-vertex coloring of the Kneser graph K(5, 2):

V1 = {{1, 2}, {1, 3}, {1, 4}, {1, 5}}
V2 = {{2, 3}, {2, 4}, {2, 5}}
V3 = {{3, 4}, {3, 5}, {4, 5}}

In 1955 Martin Kneser [KnesM1955] conjectured that the inequality in Lemma 40.4 should
actually be an equality:

Conjecture 40.5. (Kneser Conjecture 1955393) For any choice of k, d ∈ N0 the Kneser
graph K(2k + d, k) has chromatic number χ(K(2k + d, k)) = d+ 2.
This purely combinatorial defeated all attempts to prove it using purely combinatorial
methods. The conjecture was �nally proved in 1978 by László Lovász394 [Lov1978] using
the Borsuk-Ulam Theorem 39.8.

393Here the naming gets a bit confusing since in topology there is another Kneser Conjecture, see Theo-
rem ??, which is named after Hellmuth Kneser, the father of Martin Kneser.
394László Lovász (*1948) is a Hungarian mathematician. He was awarded the Abels prize in 2021.
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Theorem 40.6. (Lovász Theorem 1978) For any k, d ∈ N0 the Kneser graph K(2k +
d, k) has chromatic number χ(K(2k + d, k)) = d+ 2.
The proof of the Kneser Conjecture 40.5 we provide is a simpli�ed version of the proof by
László Lovász. This simpli�ed proof was found by Josh Greene [Greene2002] in 2002.
The proof is so charming that it made it in to �the book of proofs� [AZ2014].

The proof of the Lovász Theorem 40.6 rests on the following generalization of the
Lusternik-Schnirelmann 40.1.
Theorem 40.7. (Generalized Lusternik-Schnirelmann Theorem) Let A1, . . . , An+1

be subsets of Sn with A1 ∪ · · · ∪ An+1 = Sn. We assume that each of the �rst n sets
A1, . . . , An is either an open or a closed subset of Sn. Then there exists an i ∈ {1, . . . , n+1}
such that Ai contains a pair of antipodal points.

Proof of the Generalized Lusternik-Schnirelmann Theorem 40.7. LetA1, . . . , An+1

be subsets of Sn with A1∪· · ·∪An+1 = Sn. We assume that each of A1, . . . , An is closed or
open in Sn. Without loss of generality we can assume that all A1, . . . , An are non-empty.
395 In the following we now assume that none of A1, . . . , An+1 contains a pair of antipodal
points.

Given a non-empty subset A of Sn and x ∈ Sn we consider again the distance from x
to A:

d(x,A) := inf{‖x− a‖ | a ∈ A},
where ‖−‖ denotes the usual Euclidean norm on Sn Ă Rn+1. By the Distance-to-Subspace
the Distance-to-Subspace Lemma 6.2 together with Exercise 1.3 we know that the following
two statements hold:
(a) If A is closed, then d(x,A) = 0 if and only if x ∈ A.
(b) The map x 7→ d(x,A) is continuous.

We consider the map
f : Sn → Rn

x 7→ (d(x,A1), . . . , d(x,An)).

It follows from (b) that this map is indeed continuous. By the Borsuk-Ulam Theorem 39.8
there exists an x ∈ Sn with f(x) = f(−x). Since An+1 does not contain a pair of antipodal
points we see that x or −x is not contained in An+1. By symmetry we can assume that x
is not contained in An+1. It follows that there exists an i ∈ {1, . . . , n} such that x lies in
Ai. We now distinguish the cases that Ai is closed or open.
(1) First we assume that Ai is closed. It follows immediately from f(x) = f(−x) that

d(−x,Ai) = d(x,Ai) = 0. Since Ai is closed it follows from (a) that −x lies in Ai.
Thus both x and −x lie in Ai. We have obtained a contradiction.

(2) Now we assume that Ai is open. The proof is given by a sequence of little arguments
and observations:
(i) It follows from f(−x) = f(x) and x ∈ Ai that d(−x,Ai) = d(x,Ai) = 0.
(ii) It follows from (i) and (a) that −x is contained in the closure Ai of Ai.
(iii) Since Ai is open we see that Sn \ (−Ai) is a closed subset.

395If An+1 = Sn then we are done. Otherwise at least one of the A1, . . . , An is non-empty, if one of Ai is
empty we just replace it with one of the non-empty ones among A1, . . . , An.
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(iv) Recall that we assume that Ai has no pair of antipodal points. It follows that
Ai ∩ −Ai = ∅, i.e. Ai is contained in Sn \ (−Ai).

(v) It follows from (iii) and (iv), together with the de�nition of the closure, that
Ai Ă Sn \ (−Ai).

(vi) It follows from (ii)-(v) that −x ∈ Sn \ (−Ai).
(vii) It follows from (vi) that −x 6∈ −Ai. This implies that x 6∈ Ai. We have obtained

the desired contradiction. �

��
��
��
��

����

S1

Ai is open with no antipodal points

−x

x

We will also need the following elementary lemma.

Lemma 40.8. Given any d ∈ N0 and n ∈ N there exists a subset X Ă Sd+1 with n points
that is in general position, in the sense that no d + 2 points of X lie on a hyperplane
through the origin.

Proof. 396 Let d ∈ N0. We prove the lemma by induction on n ∈ N0. The case n = 0 is
clear. Now suppose that for some n ∈ N0 there exists an n-set in Sd+1 that is in general
position. Let V be the union of all hyperplanes in Rd+2 that are formed by (d+1)-subsets in
X. It follows from the Baire Category Theorem 6.16, or alternatively from Propositions 30.2
and 30.3, that V Ĺ Sd+1. If we add any point in Sd+1 \ V to X we obtain an (n + 1)-set
in Sd+1 that is in general position. �

Proof of the Kneser Conjecture 40.5 aka Lovász Theorem 40.6. Let k, d ∈ N0. By
Lemma 40.4 it remains to show that χ(K(2k+ d, k)) ≥ d+ 2. By Lemma 40.8 there exists
a (2k+ d)-set X Ă Sd+1 in general position. We now think of V (2k+ d, k) as the family of
all k-sets in X.

Now let us assume that χ(K(2k+ d, k)) ≤ d+ 1. This implies that K(2k+ d, k) admits
a (d + 1)-coloring. As we already mentioned in the proof of Lemma 40.4, this means that
there exists a decomposition

V (2k + d, k) = {all k-sets in X = V1 t · · · t Vd+1

with the following property: for any Vi any two k-sets A,B ∈ Vi have non-empty intersec-
tion. Our goal is to reach a contradiction. Thus we need to show that there exist disjoint
k-sets A and B of X that belong to the same Vi.

For x ∈ Sd+1 we consider the corresponding open hemisphere

H(x) := {y ∈ Sd+1 | 〈x, y〉︸ ︷︷ ︸
scalar product

> 0}.

For i = 1, . . . , d+ 1 we set

Oi := {x ∈ Sd+1 |H(x) contains a k-set from Vi}.

396The proof is quite similar to the proof of Lemma 11.18.
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It follows easily from the Neighborhood Openness Criterion 1.5 that each Oi is an open
subset of Sd+1. Evidently the open subsets O1, . . . , Od+1 together with the closed subset
C := Sn \ (O1 ∪ · · · ∪Od+1) form a cover of Sd+1.
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� x ∈ O1

V1
x

H(x)

x X

H(x)
d = 1 and k = 2

Claim. The subset C does not contain a pair of antipodal points.

Proof. Suppose that C = Sn \ (O1 ∪ · · · ∪ Od+1) contains a pair of antipodal points x
and −x. Note that each k-set of X lies in one of the Vi. It follows from this observation
and the de�nition of the Oi's that both open hemispheres H(x) and H(−x) contain less
than k points. But this means that at least d + 2 points lie on Sd+1 \ (H(x) ∪ H(−x)).
But Sd+1 \ (H(x) ∪ H(−x)) is the intersection of Sd+1 with a hyperplane. Thus we have
obtained a contradiction to the fact that the points on X are in general position. �
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hyperplane contains ≥ 2k + d− 2(k − 1) = d+ 2 points
x

X H(−x) does not contain a k-set

H(x) does not contain a k-set

Since the Oi are open and since by the claim we know that C = Sn \ (O1 ∪ · · · ∪Od+1)
does not pair of antipodal points we deduce from the Generalized Lusternik-Schnirelmann
Theorem 40.7 that there exists an i ∈ {1, . . . , d+1} such that Oi contains a pair of antipodal
points x and −x. We make the following two simple observations:

(1) By de�nition of x ∈ Oi there exists a k-set A from Vi with A Ă H(x).
(2) By de�nition of x ∈ Oi there exists a k-set B from Vi with B Ă H(−x).

In summary we see that there exist k-sets A and B, both of which lie in Vi, with A Ă H(x)
and B Ă H(−x). Since the open hemispheres H(x) and H(−x) are disjoint we see that A
and B are disjoint. �
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H(x) contains a k-set A ∈ Vix

H(−x) contains a k-set B ∈ Vi

40.3. The level of a commutative ring. In this section we provide an application of
the Borsuk-Ulam Theorem 39.8 to algebra. First we have the following de�nition.

De�nition. Let R be a commutative ring. The level s(R)397 of R is de�ned as the smallest
number n ∈ N0 such that −1 can be written as the sum of n squares in R. If −1 is not
the sum of squares in R, then we de�ne s(R) =∞.

Examples.

397The letter �s� stands for the German word �Stufe�, which is the original name of �level�.
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(1) Evidently s(C) = 1 and s(R) =∞. In fact a commutative ring R with s(R) =∞ is
sometimes called formally real.

(2) In Exercise 40.4 we will see that s(Z4) = 3 and s(Z[
√

5i]) = 2.

In 1966 Albrecht P�ster [Pf1965] proved the following theorem.

Theorem 40.9. (P�ster's Level Theorem) The level of a �eld is either ∞ or a power
of 2.
Proof. The theorem is of course proved in [Pf1965]. There are many accounts of the
proof, see e.g. also [Pf1995, Theorem 3.1.3] and [Lam2005, Theorem XI.2.2]. �

Albrecht P�ster [Pf1965] also showed that any power of 2 appears as the level of a
�eld. In 1977 Manfred Knebusch [Kneb1977] asked whether every n ∈ N0 is the level of
some commutative ring. The following theorem, proved by Dai�Lang�Peng [DLP1980]
gives an a�rmative answer.

Theorem 40.10. Given any n ∈ N0 there exists a commutative ring R with s(R) = n.

Proof. We consider the ring398 R = R[x1, . . . , xn]/(1 +x2
1 + · · ·+x2

n). Evidently s(R) ≤ n.
We need to show that s(R) ≥ n. So suppose that s(R) < n. This implies that there exist
f0(x), f1(x), . . . , fn−1(x) ∈ R[x] = R[x1, . . . , xn] such that

(1) − 1 = f1(x)2 + · · ·+ fn−1(x)2 + f0(x) · (1 + x2
1 + · · ·+ x2

n) ∈ R[x1, . . . , xn].

Let j ∈ {0, . . . , n−1}. Since fj(x) is a real polynomial we can write fj( ix) = pj(x)+ iqj(x)
where pj(x) is an even real polynomial and qj(x) is an odd real polynomial. Thus if we
plug ix into Equality (1) and if we compare the real parts we obtain the following equality:

(2) − 1 =
n−1∑
j=1

(pj(x)2 − qj(x)2) + p0(x) · (1− x2
1 − · · · − x2

n).

Next we consider the map Q := (q1, . . . , qn−1) : Rn → Rn−1. Since the polynomials
q1, . . . , qn−1 are odd we see that for every a ∈ Sn−1 we have Q(−a) = −Q(a). Fur-
thermore, by the Borsuk-Ulam Theorem 39.8 there exists an a = (a1, . . . , an) ∈ Sn−1 with
Q(−a) = Q(a). Note that it follows from the above symmetry of Q that we have Q(a) = 0.
Now we see that

−1 =
n−1∑
j=1

(pj(a)2 − qj(a)2) + p0(a) ·
= 1 since a ∈ Sn-1︷ ︸︸ ︷

(1− a2
1 − · · · − a2

n) =
n−1∑
j=1

pj(a)2.

↑ ↑
by Equality (2) since Q(a) = 0 and a ∈ Sn−1

Since the right-hand side is non-negative we have thus obtained a contradiction. �

Remark.
(1) The proof of Theorem 40.10 that we provide is rather ad hoc. One can also introduce a

general notion of a level s(X) of a topological space and use it to prove Theorem 40.10.
We refer to [Pf1995, Chapter 3] for details.

(2) In the proof of Theorem 40.10 we only need to apply the Borsuk-Ulam Theorem 39.8
to maps that are given by polynomials. In this setting a purely algebraic proof of
the Borsuk-Ulam Theorem 39.8 was given by Manfred Knebusch [Kneb1982].

398Note that standard algebra, see e.g. [Pf1995, p. 45], shows that R is actually even a domain.
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40.4. The Necklace Theorem. We conclude this chapter with another, fun consequence
of the Borsuk-Ulam Theorem. As in some of the earlier sections this application is again
far-removed from what one would usually consider to be the realm of topology.
The setting is the following: Two thieves steal an open necklace with precious stones of
k di�erent types. Conveniently enough, of each type of stone there is an even number.
The thieves want to cut the string of the open necklace such that they can distribute the
resulting pieces in such a way that both thieves obtain the same number of stones of each
type. The question is, what is the minimal number of cuts necessary? In the �gure below
we show two necklaces, one with two types of stones and one with three types of stones.
Furthermore we show possible cuts to evenly distribute the stones.
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cutscuts

thief 2

necklace with two types of stones necklace with three types of stones

Another open necklace is shown in the �gure below. In this particular example the k
di�erent types of stones are grouped together. It is pretty clear that one will need at least
k cuts to distribute the stones. It turns out that this is the worst case, more precisely, it
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this is the unique solution with a minimal number of cuts

necklace with four types of stones

turns out that any string of k di�erent types of stones can be distributed evenly using at
most k cuts. The following theorem is a formalization of that statement.

Theorem 40.11. (Necklace Theorem) Let S1, . . . , Sk be disjoint �nite subsets of the
interval [0, 1) such that each subset Si has an even number of elements. There exists
a d ∈ {0, . . . , k} and 0 = z0 ≤ z1 ≤ · · · ≤ zd ≤ zd+1 = 1 such that for each �color�
c ∈ {1, . . . , k} we have∑

i even

#([zi, zi+1) ∩ Sc)︸ ︷︷ ︸
number of c-colored pieces

in the even intervals

=
∑
i odd

#([zi, zi+1) ∩ Sc)︸ ︷︷ ︸
number of c-colored pieces

in the odd intervals

.

Remark.

(1) The Necklace Theorem 40.11 was �rst formulated and proved by Charles Goldberg
and Douglas West [GW1985] in 1985 using topological methods. The proof we give
was found shortly afterwards by Noga Alon and Douglas West [AW1986].

(2) A topology-free proof of the Necklace Theorem 40.11 was found in 2008 by Frédéric
Meunier [Meu2008].

(3) The Necklace Theorem 40.11 has been generalized by Noga Alon [Nog1987], again
using topological methods, to the case of more than two thieves. It seems like there
is no known proof for that more general statement, that does not rely on topology.
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(4) The proofs of the Necklace Theorem 40.11 and of the Continuous Necklace Theo-
rem 40.12 are both nicely animated in the following video:

https://www.youtube.com/watch?v=yuVqxCSsE7c&t=868s

The Necklace Theorem 40.11 is a priori a discrete problem, far removed from the world of
topological spaces. In fact the proof consists of two steps, �rst we will use the Borsuk-Ulam
Theorem 39.8 to prove a �continuous analogue� of the Necklace Theorem 40.11. Afterwards
we will show how we can reduce the �discrete Necklace Theorem� from the �continuous
Necklace Theorem�. Since we will not make use of any of the results of this section we will
feel free to use slightly more informal language than usual.
Without further ado, here is the promised continuous analogue of the Necklace Theo-
rem 40.11.
Theorem 40.12. (Continuous Necklace Theorem) Let f : [0, 1] → {1, . . . , k} be a
function399 such that each preimage f−1(c) is a measurable set (e.g. a union of �nitely
many intervals). There exists a d ∈ {0, . . . , k} and 0 = y0 ≤ y1 ≤ · · · < yd ≤ yd+1 = 1
such that for each �color� c ∈ {1, . . . , k} we have∑

i even

vol
(
[yi, yi+1) ∩ f−1(c)

)
︸ ︷︷ ︸

total length of c-colored
segments in the even intervals

=
∑
i odd

vol
(
[yi, yi+1) ∩ f−1(c)

)
.︸ ︷︷ ︸

total length of c-colored
segments in the odd intervals

The same statement also holds for functions f which are de�ned on [0, 1).

f = 3

f = 2
f = 1

y1 y2 y3y0 = 1 y4 = 1

Proof. We adopt the following notation: given (w0, . . . , wk) ∈ Sk we set x0 = 0 and for
i = 1, . . . , k we write xi := w2

0 + · · · + w2
i−1. We make the following observation which is

the key to the subsequent proof:
Let (w0, . . . , wk) ∈ Sk. We note that x0 = 0 ≤ x1 ≤ · · · ≤ xk ≤ xk+1 = 1. Thus
any point in Sk corresponds to a splitting of the interval [0, 1) into k + 1 (possibly
empty) intervals. In fact, if we remember the signs of the wi, then we obtain a way
to assign each interval to one of the two thieves, say we award [xi, xi+1) to thief 1 if
wi < 0 and to thief 2 if wi > 0. Thus the set of splittings of the interval corresponds
to the topological space Sk.

For c = 1, . . . , k we consider the following map:

gc : Sk → R
(w0, . . . , wk) 7→

∑
i with wi > 0

vol
([
xi, xi+1︸ ︷︷ ︸ ) ∩ f−1(c)

)
.

↑
here we use the above de�nition of x0, . . . , xk+1

as determined by w0, . . . , wk

399Evidently for once the convention that all maps are continuous does not apply.

 https://www.youtube.com/watch?v=yuVqxCSsE7c&t=868s
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We leave it to the meticulous reader to show, using standard properties of the Lebesgue-
measure, that the map gc is actually continuous.400

Next we combine all these maps and we obtain a map g = (g1, . . . , gk) : Sk → Rk.
By the Borsuk-Ulam Theorem 39.8 there exists a point (w0, . . . , wk) ∈ Sk such that
g(−w0, . . . ,−wk) = g(w0, . . . , wk). This just means that for each c ∈ {1, . . . , k} we have∑

i with wi < 0

vol
(
[xi, xi+1) ∩ f−1(c)

)
︸ ︷︷ ︸

=gc(−w0,...,−wk)

=
∑

i with wi > 0

vol
(
[xi, xi+1) ∩ f−1(c)

)
︸ ︷︷ ︸

=gc(w0,...,wk)

.

Finally, we consider the numbers x0 ≤ x1 ≤ · · · ≤ xk+1 = 1. Now we just need to combine
adjacent intervals for which the wi's have the same sign. More precisely, iteratively we
remove each xi for which wi ≥ 0 and wi+1 ≥ 0 and we remove each xi for which wi ≤ 0
and wi+1 ≤ 0. It is now fairly elementary to verify that the remaining numbers, let us call
them 0 = y0 < y1 < · · · < yd < yd+1 = 1, have the desired properties. �

Proof of the Necklace Theorem 40.11. Let S1, . . . , Sk be disjoint �nite subsets of the
interval [0, 1] such that each Si has an even number of elements. Evidently we can assume
that S1 ∪ · · · ∪ Sk 6= ∅. We set s := #(S1 ∪ · · · ∪ Sk). It is straightforward to see that
without loss of equality we can assume that the points break [0, 1] into intervals of the

same lengths 1
s
. More precisely, we can assume that

k⋃
i=1
Si = { i

s
| i = 0, . . . , s − 1}. Now

let f : [0, 1) → {1, . . . , k} be the function which is uniquely determined by the property
that for each c ∈ Si we have f(x) = i for x ∈ [c, c + 1

s
). By the Continuous Necklace

Theorem 40.12 there exists a d ∈ {0, . . . , k} and 0 = y0 ≤ y1 ≤ · · · ≤ yd ≤ yd+1 = 1 such
that for each c ∈ {1, . . . , k} we have

(∗)
∑
i even

vol
(
[yi, yi+1) ∩ f−1(c)

)
=

∑
i odd

vol
(
[yi, yi+1) ∩ f−1(c)

)
.

If each of the yi lies in the �lattice� L := { i
s
| i = 0, . . . , s}, then we can set zi := yi − 1

2s
,

i = 1, . . . , d and we are done. (This setting is shown in the �gure below.) Thus it remains
to prove the following claim.
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x3x2x1

necklace with three types of stones

graph of f : [0, 1)→ {1, 2, 3}

y1 y2 y3

Claim. We can �nd 0 = y0 ≤ y1 ≤ · · · ≤ yd ≤ yd+1 = 1 which satisfy (∗) and such that
each yi lies in L = { i

s
| i = 0, . . . , s}.

Proof. We prove the claim by induction on the number of yi that do not lie in the subset
L = { i

s
| i = 0, . . . , s}. Throughout the proof of the claim we use the following slightly

400The fact that we take the sum over all i with wi > 0 might make the reader slightly nervous. But note
that for wi = 0 we have xi+1 = xi, thus vol([xi, xi+1) ∩ f−1(c)) = 0.
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non-standard notation: given y ∈ [0, 1] we de�ne byc and dye as the result of rounding y
down and up to the closest point in L. More precisely, we set byc := max{l ∈ L | l ≤ y}
and we set dye := min{l ∈ L | y ≤ l}. So suppose there does exist some yi that does not lie
in L. In this case we perform the following three steps:

(1) Among all yi which do not lie in L we pick a yi which is closest to a point in L.
Without loss of generality we can assume that i is odd.

(2) We de�ne d to be the distance of yi to some point in L. In other words, if the point
on L that is closest to yi is to the left, then we set d := yi − byic. Otherwise we set
d := dyie − yi.

(3) It follows fairly easily from (∗) and the hypothesis that Sc has an even number of
elements that there exists a j 6= i such that f(yj) = c and such that yj 6∈ L. We
distinguish two cases:
(a) If j is even, then among those we pick the one with a lowest value for yj − byjc.

We replace yi by yi − d ∈ L and we replace yj by yj − d.
(b) If j is odd, then among those we pick the one with a lowest value for dyje − yj.

We replace yi by yi − d ∈ L and we replace yj by yj + d.

One can easily verify that these new numbers still have all the required properties, except
that now yi also lies in L. By induction we are now done. �

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

��
��
��

��
��
��

���
���
���

���
���
���

���
���
���

���
���
���

��
��
��

��
��
��

��
��
��

��
��
��

���
���
���

���
���
���

0
distance d

1

or yjyi yj

Exercises for Chapter 40.

Exercise 40.1. Give a proof of the Lusternik-Schnirelmann Theorem 40.1 for n = 1 just
using methods from real analysis. More precisely, let A,B be two closed subsets of S1 with
A∪B = S1. Show, just using methods from your real analysis course, that A or B contains
a pair of antipodal points.

Exercise 40.2. Let n ∈ N and let P1, . . . , Pn+1 be n + 1 points in Rn that are in general
position, i.e. that are not contained in a hyperplane of Rn. We consider the corresponding
�simplex�

S(P1, . . . , Pn+1) :=
{ n+1∑

i=1
ti · Pi

∣∣∣ n+1∑
i=1

ti = 1 and t1, . . . , tn+1 ∈ R≥0}.

For i = 1, . . . , n + 1 we denote by Fi the �i-th face� of S(P1, . . . , Pn+1), i.e. the subspace
that is given by setting ti = 0.

(1) Show that ∂S(P1, . . . , Pn+1)︸ ︷︷ ︸
subspace of Rn

=
n+1⋃
i=1

Fi.
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(2) Now assume that we have picked P1, . . . , Pn+1 such that the origin 0 lies in the interior
of S(P1, . . . , Pn+1). For i = 1, . . . , n+ 1 we set

Ai := Sn−1 ∩ {λ · v | v ∈ Fi and λ ∈ R≥0}.
Show that each Ai is closed, show that Sn−1 = A1 ∪ · · · ∪An+1 and show that no Ai
contains a pair of antipodal points.
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Exercise 40.3. Let k ∈ N and let l ∈ {1, . . . , k − 1}. Furthermore let f : Sk → Rl be a
map with f(x) = −f(x) for all x ∈ Sk. Show that there exists an x ∈ Sk with f(x) = 0.

Exercise 40.4. Given a commutative ring R we denote by s(R) the level of R as de�ned
on page 945.
(a) Show that s(Z4) = 3.
(b) Show that s(Z[

√
5i]) = 2.

Exercise 40.5. We consider the string of jewels shown in the �gure below. Use four cuts
to distribute the jewels evenly.
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Exercise 40.6. We consider again the setting of the Continuous Necklace Theorem 40.12.
More precisely we are given a map f : [0, 1] → {1, . . . , k} such that each preimage f−1(c)
is a measurable set. For each �color� c ∈ {1, . . . , k} let yc ∈ [0, 1] be such that we have the
equality vol

(
f−1(c)∩ [0, yc]

)
= vol

(
f−1(c)∩ [yc, 1]

)
. Do these points y1, . . . , yk, after order-

ing them, necessarily satisfy the conclusion of the Continuous Necklace Theorem 40.12?
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41. Regular homotopies and the Whitney-Graustein Theorem

In this chapter we will take a short detour from explaining the key concepts of di�erential
topology. Namely we will introduce and study the concept of regular homotopies. We
will use the notion of the degree of a self-map of S1 to prove the Whitney-Graustein
Theorem 41.7 which gives a complete classi�cation of immersions of S1 into R2 up to
regular homotopies. We will not make use of the results of this chapter.

41.1. Regular homotopies. On page 651 we introduced the notion of an immersion. A
smooth homotopy of immersions is called a regular homotopy. More precisely, we have the
following de�nition.

De�nition. Let M and N be smooth manifolds. We assume that ∂N = ∅.
(1) A map f : M → N is called an immersion if f is smooth and if for each P ∈M the

di�erential DfP : TPM → Tf(P )N is a monomorphism.
(2) A regular homotopy is a smooth map F : M× [0, 1]→ N such that each Ft : M → N

is an immersion.
(3) We say that two immersions f0, f1 : M → N are regularly homotopic if there exists

a regular homotopy F : M × [0, 1]→ N with F0 = f0 and F1 = f1.
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regular homotopy F : S1 × [0, 1]→ R2

M = S1

F1
F0

Lemma 41.1. Let M and N be smooth manifolds. We assume that ∂N = ∅. Being
regularly homotopic is an equivalence relation on the set of immersions M → N .

Proof. The proof of the lemma is basically identical to the proof of the Smooth Isotopy
Transitivity Proposition 33.3. �

In the following we restrict ourselves to immersions S1 → Rn. First note that any two
smooth maps γ, δ : S1 → Rn (in particular any two immersions) are smoothly homotopic.
For example such a smooth homotopy is given by the map

F : S1 × [0, 1] → Rn

(z, t) 7→ γ(z) · t+ δ(z) · (1− t).

In Exercise 41.1 we will see that if n ≥ 3, then any two immersions S1 → Rn are regularly
homotopic. This raises the natural question, whether any two immersions S1 → R2 are
also regularly homotopic.
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are these two immersions regularly homotopic?

µ ν
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In the following we will address this question. Throughout the following discussion we will
adopt the following convention and notation.
Convention. We will use the natural isomorphism from the Tangent Space-Isomorphism
Proposition 23.16 as an excuse not to distinguish in the notation between the physical
tangent spaces and the abstract tangent spaces of S1 and Rn. Furthermore we will use
the Di�erential-equals-Di�erential Lemma 23.4 to go back and forth freely between the
di�erent notions of di�erentials.
De�nition.
(1) Given a smooth map f : R → Rn and t ∈ R we write, following the discussion on

page 536, f ′(t) := D ft · 1 ∈ Rn.401

(2) Let r ∈ R. We say that a map f : R → X is r-periodic if for every x ∈ R we have
f(x+ r) = r.

(3) We consider the 2π-periodic map

Ξ: R → S1

s 7→ exp( is).

(4) Let z ∈ S1. We write
vz :=

(
0 1
−1 0

)
· z = i · z.
↑

under the usual identi�cation R2 = C

We make the following two observations:
(a) The vector vz is the unique vector of length one in TzS1 that de�nes a positive

basis of TzS1 with respect to the standard orientation of S1 that we introduced
on page 681.

(b) For any s ∈ R we have DΞs(1) = vΞ(s).
(5) Given a smooth map γ : S1 → Rn and given z ∈ S1 we de�ne

γ′(z) := Dγz(vz) ∈ TzS1,

where Dγz : TzS1
z → Tγ(z)Rn = Rn denotes the di�erential of γ at z.

(6) We say that a smooth map γ : S1 → Rn has unit speed if ‖γ′(z)‖ = 1 for all z ∈ S1.
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γ

R
Ξ

S1

s

vz

z

1 ∈ TsR = R
γ′(z) = Dγz(vz)

When studying maps γ : S1 → X it is often convenient to replace such a map by the
map γ ◦ Ξ: R→ X, since R is a more familiar and much easier domain to work with. The
following lemma summarizes in our context the relationship between the maps γ and γ◦Ξ.
Lemma 41.2.
(1) Let γ : S1 → Rn be a map.

(a) The map γ ◦ Ξ: R→ Rn is 2π-periodic.

401Here 1 ∈ TtR = R.
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(b) The map γ : S1 → Rn is smooth if and only if γ ◦ Ξ: R→ Rn is smooth.
We now assume that γ is smooth. Then the following statements hold:
(c) For any t ∈ R we have γ′(Ξ(t)) = (γ ◦ Ξ)′(t).
(d) The map γ : S1 → Rn is an immersion if and only if (γ ◦Ξ)′(t) 6= 0 for all t ∈ R.

(2) (a) If ρ̃ : R→ Rn is a (smooth) 2π-periodic map, then there exists a unique (smooth)
map ρ : S1 → Rn with ρ̃ = ρ ◦ Ξ.

(b) If F̃ : R × [0, 1] → Rn is a smooth homotopy such that each F̃t is 2π-periodic
map, then there exists a unique smooth homotopy F : S1 × [0, 1] → Rn with
F̃ = F ◦ (Ξ× id[0,1]).

Proof.

(1) (a) This statement is clear.
(b) This statement follows from the Smooth Pasting Proposition 19.23 (3) since Ξ is

a local di�eomorphism.
(c) Given t ∈ R we have

γ′(Ξ(t)) = (DγΞ(t))(vΞ(t)) =

di�erential︷ ︸︸ ︷
D(γ ◦ Ξ)t(1) =

2× 1�matrix︷ ︸︸ ︷
D(γ ◦ Ξ)t · 1 = (γ ◦ Ξ)′(t).

↑ ↑ ↑ ↑
by de�nition and Tangent Space-Functor Lemma 23.4 by de�nition
since vΞ(t) =(DΞt)(1) Proposition 23.10 (2b)

(d) This statement is an immediate consequence of (1c).
(2) (a) By the Smooth Map-Descends-to-Quotient Corollary 19.33 we know that ρ̃ de-

scends to a smooth map R/2πZ→ Rn. The statement now follows from the fact,
which we basically proved in Torus-as-Quotient Lemma 19.34, that the following
map is a di�eomorphism:

R/2πZ → S1

[t] 7→ Ξ(t)

(b) The proof of Statement (b) is basically the same as the proof of Statement (a). �

We start out our discussions of immersions of S1 into Rn with the following proposition.

Proposition 41.3. Every immersion γ : S1 → Rn is regularly homotopic to an immersion
δ : S1 → Rn of unit speed.

S1S1

γ δ

Proof. The proposition is proved via a suitable reparametrization and rescaling of the
immersion γ. We postpone the full proof of Proposition 41.3, with all the technical details,
to Section 41.2. �

Lemma 41.4. Given any immersion γ : S1 → R2 the following map is smooth:

S1 → S1

z 7→ γ′(z)

‖γ′(z)‖
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Proof. Given z ∈ S1 we set g(z) := γ′(z)
‖γ′(z)‖ . We need to show that the map g : S1 → S1

is smooth. As usual let Ξ: R → S1 be the map that is given by Ξ(s) = exp( is). By
Lemma 41.2 (1b) it su�ces to show that g ◦ Ξ: R → S1 is smooth. In fact it su�ces to
show that the map s 7→ γ′(Ξ(s)) is smooth. Note that for any s ∈ R we have

Lemma 41.2 (1c) by de�nition
↓ ↓

γ′(Ξ(s)) = (γ ◦ Ξ)′(s) = D(γ ◦ Ξ)s︸ ︷︷ ︸
2× 1�matrix

· 1.

Since γ and Ξ are smooth we know that γ ◦ Ξ: R → R2 is smooth, which implies, by
de�nition, that the entries of the di�erential D(γ ◦Ξ)s ∈ M(2× 1,R) are smooth in s. This
implies the desired statement. �

Lemma 41.4 allows us to introduce the following de�nition.

De�nition. Given an immersion γ : S1 → R2 we de�ne its rotation number as follows:402403

ρ(γ) := deg

 S1 → S1

z 7→ γ′(z)

‖γ′(z)‖

 .
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immersion γ the corresponding map z 7→ γ′(z)
‖γ′(z)‖

is null-homotopic, hence ρ(γ) = 0

z 7→ γ′(z)
‖γ′(z)‖γ

Remark. The rotation number of an immersion γ : S1 → R2 is sometimes also called
the turning number, see [BG1988, Chapter 9.4] or rotation index, see [doC2016, p. 399]
and[MoR2009, p. 329].

Lemma 41.5. Let n ∈ Z \ {0}. With the usual identi�cation R2 = C we have

ρ

(
S1 → C
z 7→ zn

)
= n.

Proof. Let n ∈ Z \ {0}. We denote by θ : S1 → C the map that is given by z 7→ zn.
Furthermore, very carefully, we denote by Θ: C → C the map that is given by z 7→ zn.

402Since γ is an immersion we know that for every z ∈ S1 we have γ′(z) 6= 0. This implies that it actually
makes sense to normalize γ′(z) to length one.
403The map z 7→ γ′(z)

‖γ′(z)‖ is closely related to the Gauÿ map that we will introduce on page 1036.
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Note that

de�nition of θ′(z) since Θ|S1 =θ Di�erential-equals-Di�erential Lemma 23.4
↓ ↓ ↓

θ′(z) = Dθz(vz) = DΘz︸︷︷︸
Di�erential

(vz) = DΘz︸︷︷︸
2× 2-matrix

· vz

= Θ′(z)· iz = n·zn−1 · iz = n·zn · i = n·zn · i.
↑

by viewing Θ as a holomorphic map, see the
Smooth-Complex Di�erentiability Proposition 32.3, and using the de�nition of vz

Thus we see that

ρ(θ) = deg
(
S1 → S1

z 7→ i · zn
)

= n.
↑ ↑

by the above, since |n·zn · i| = n same calculation as in Lemma 38.9
�

The following proposition explains why we are interested in the rotation number.

Proposition 41.6. Let α, β : S1 → R2 be two immersions. If α and β are regularly
homotopic, then the rotation numbers agree.

Example. We return to the two immersions µ and ν that we encountered in the �gure on
page 952. By Lemma 41.5 and direct inspection we see that the rotation numbers are 0 and
1. It follows from Proposition 41.6 that these two immersions are not regularly homotopic.
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the two immersions have di�erent rotation numbers, thus they are not regularly homotopic

µrotation
number = 0

ν rotation
number = 1

Proof. Let F : S1 × [0, 1] → S1 be a regular homotopy with F0 = α and F1 = β. It
follows immediately from the Degree Homotopy Invariance Theorem 38.3, together with
the de�nition of the winding number, that it su�ces to prove the following claim.

Claim. The map G : S1 × [0, 1] → S1

(z, t) 7→ F ′t (z)

‖F ′t (z)‖
is a smooth map, i.e. it is a smooth homotopy.

Proof. Not surprisingly the proof of the claim shares many features with the proof of
Lemma 41.4. As before we consider the map Ξ: R → S1 that is given by s 7→ exp( is).
Note that Ξ× id[0,1] : R× [0, 1]→ S1× [0, 1] is a local di�eomorphism. Thus it follows from
the Smooth Pasting Proposition (3) that it su�ces to show that G ◦ Ξ: R× [0, 1]→ S1 is
smooth. In fact it su�ces to show that the map

R× [0, 1] → R2 \ {(0, 0)}
(s, t) 7→ F ′t(Ξ(s))
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is smooth. Note that it follows from Lemma 41.2 that for any s ∈ R and t ∈ [0, 1] we have

Lemma 41.2 (1c) since Ft ◦ Ξ = (F ◦ (Ξ× id[0,1]))t as maps R→ R2

↓ ↓
F ′t(Ξ(s)) = D(Ft ◦ Ξ)s · 1 = D((F ◦ (Ξ× id[0,1]))t)s · 1

= vector in R2 given by the two partial derivatives of
F ◦ (Ξ× id[0,1]) at (s, t) in the �rst coordinate.↑

by de�nition of the di�erential

Since F : S1× [0, 1]→ S1 is smooth and since Ξ× id[0,1] : R× [0, 1]→ S1× [0, 1] are smooth
we know that F ◦ (Ξ × id[0,1]) : R × [0, 1] → R2 is smooth. This implies, by the de�nition
on page 531, that the partial derivatives are smooth. By the above calculation this shows
that (s, t) 7→ F ′t(Ξ(s)) is smooth. �

Remark. Note that in the proof of Proposition 41.6 we made very much use of the fact a
regular homotopy F : S1 × [0, 1] → R2 is by de�nition a smooth map. In the �gure below
we show a continuous map F : S1 × [0, 1] → R2 with F0 = µ and F1 = ν, such that each
Ft : S

1 → R2 is an immersion. This shows that we cannot easily replace the condition that
the map F : S1 × [0, 1]→ R2 is smooth by a weaker condition.
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rotation number = 0 rotation number = 0

F1 = νF0 = µ Fs

the map F : S1 → R2 is not smooth in the �time� parameter

FtS1 × [0, 1]

There is nothing a topologist likes better than a complete characterization of a property.
In this setting we are in this lucky situation, since the following theorem says that the
converse to Proposition 41.6 also holds.

Theorem 41.7. (Whitney-Graustein Theorem) Two immersions S1 → R2 are regu-
larly homotopic if and only if their rotation numbers agree.

Proof. The �only if�-statement is of course Proposition 41.6. The �if�-statement was �rst
proved by Hassler Whitney [Why1937, p. 279] in 1937.404 We will give the �standard
proof� for the Whitney-Graustein Theorem 41.7, which relies on Proposition 41.3, whose
proof we still owe to the reader. Thus the plan is as follows:

(1) In Section 41.2 we provide the overdue proof of Proposition 41.3.
(2) In Section 41.3 we will then give the �standard proof� for the Whitney-Graustein

Theorem 41.7.

Note that there are several other proofs in the literature, see for example [Gei2008,
Theorem 6.3.11], [Gei2009] and [Pra2006, p. 68], �nally see also see the discussion in
[Kau1987, p. 172]. �

404Whitney [Why1937, p. 279] writes �this theorem, together with a straightforward proof, was suggested
to me by W. C. Graustein�.
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41.2. Proof of Proposition 41.3. In this section we will �nally prove Proposition 41.3,
i.e. we will show that any immersion is regularly homotopic to an immersion of unit speed.
Before we get into the nitty-gritty of the proof let us start out with a little preparation.

De�nition. Given a smooth map µ : S1 → Rn we de�ne its length as

length of µ :=
r=2π∫
r=0

‖(µ ◦ Ξ)′(r)‖ dr.

Lemma 41.8. Every immersion µ : S1 → Rn is regularly homotopic to an immersion of
length 2π.

Proof. Let µ : S1 → Rn be an immersion. We denote its length by L. By Lemma 41.2
(1c) we know that (µ ◦ Ξ)′(r) = µ′(Ξ(r)). Since µ is an immersion we see that L > 0. One
can easily verify that the map

F : R× [0, 1] → Rn

(s, t) 7→ 1

(1− t) + L
2π · t

· µ(s)

is a regular homotopy from µ to an immersion of length 2π. �

Now we are ready to provide the proof of Proposition 41.3.

Proof of Proposition 41.3. Let γ : S1 → Rn be an immersion. We need to show that γ
is regularly homotopic to an immersion δ : S1 → Rn of unit speed, i.e. such that ‖δ′(z)‖ = 1
for all z ∈ S1. It follows from Lemmas 41.1 and 41.8 that it su�ces to consider the case
that the length of γ is equal to 2π.
Claim 1. We set γ̃ := γ ◦ Ξ: R→ Rn. The map

λ : R → R

s 7→
r=s∫
r=0

‖γ̃′(r)‖ dr

is a di�eomorphism.

Proof. Recall that it follows from Lemma 41.2 (1c) that r 7→ ‖γ̃′(r)‖ is non-zero for every
r ∈ R. It follows from the Fundamental Theorem of Calculus that λ′(s) = ‖γ′(s)‖ 6= 0 for
all s ∈ R. Furthermore note that it follows from Lemma 41.2 (1a) that r 7→ ‖γ̃′(r)‖ is 2π-
periodic. It follows easily from these two observations that λ : R→ R is a bijection. Since
the derivative is non-zero everywhere it follows from the Inverse Function Theorem 19.12
that λ is indeed a di�eomorphism. �

Recall that the assume that γ has length one. This means that λ(2π) = 2π. Next we
consider the map

δ̃ : R → Rn

s 7→ γ̃(λ−1(s)).

Claim 2.
(1) The map δ̃ is 2π-periodic.
(2) For every s ∈ R we have ‖δ̃′(s)‖ = 1.
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Proof. First we prove that δ̃ is 2π-periodic. We start out this proof with a preliminary
calculation. Let x ∈ R. We pick n ∈ Z with n · 2π ∈ [x, x+ 2π]. We calculate that

λ(x+ 2π) =
x+2π∫

0

‖γ̃′(r)‖ dr =
x∫
0

‖γ̃′(r)‖ dr +
x+2π∫
x

‖γ̃′(r)‖ dr

=
x∫
0

‖γ̃′(r)‖ dr +
n·2π∫
x

‖γ̃′(r)‖ dr +
x+2π∫
n·2π
‖γ̃′(r)‖ dr

=
x∫
0

‖γ̃′(r)‖ dr +
2π∫

x−(n−1)·2π
‖γ̃′(r)‖ dr +

x−(n−1)·2π∫
0

‖γ̃′(r)‖ dr︸ ︷︷ ︸
=λ(2π)=2π

= λ(x) + 2π.x
since γ̃′ is 2π-periodic

In other words, we have shown that x+ 2π = λ−1(λ(x) + 2π). It follows that for any s ∈ R
we have

δ̃(s+ 2π) = γ̃(λ−1(s+ 2π)) = γ̃(λ−1(s) + 2π) = γ̃(λ−1(s)) = δ̃(s).
↑ ↑

by the above applied to x = λ−1(s) since γ̃ is 2π-periodic

Thus we have shown that δ̃ is indeed 2π-periodic.
Now we turn to the proof that for every s ∈ R we have ‖δ̃′(s)‖ = 1. This is achieved

by the following calculation:

by de�nition of δ̃ Chain Rule 19.10 Smooth Invariance of Domain Proposition 19.11 (1)
↓ ↓ ↓

‖δ̃′(s)‖ = ‖(γ̃ ◦ λ−1)′(s)‖ = ‖γ̃′(λ−1(s)) · (λ−1)′(s)‖ =
∥∥∥ γ̃′(λ−1(s)) · 1

(λ′)(λ−1(s))

∥∥∥
=
∥∥∥ γ̃′(λ−1(s)) · 1

‖γ̃′(λ−1(s))‖

∥∥∥ = 1.
↑

Fundamental Theorem of Calculus �
Claim 3. We consider the homotopy

F̃ : R× [0, 1] → Rn

(s, t) 7→ γ̃(s · (1− t) + λ−1(s) · t)

from γ̃ to δ̃. This homotopy has the property that each F̃t is 2π-periodic and that each F̃t
is an immersion.

Proof. Let t ∈ [0, 1]. It follows easily from Claim 2 (1) that F̃t is indeed 2π-periodic.
Furthermore note that for each s ∈ R we have

F̃ ′t(s) =

6=0︷ ︸︸ ︷
γ̃′(s · (1− t) + λ−1(s) · t) ·

>0︷ ︸︸ ︷
(1− t+ (λ−1)′(s)︸ ︷︷ ︸

= ‖γ̃’(s)‖ by FTC

· t) 6= 0.
↑

chain rule �
Since F̃ is evidently smooth and since by Claim 3 we know that each F̃t is 2π-periodic

it follows from Lemma 41.2 (2b) that there exists a smooth homotopy F : S1× [0, 1]→ Rn

such that F ◦ (Ξ× id[0,1]) = F̃ . By design we have F0 = γ. Note that it follows from Claim
2 (2) and Lemma 41.2 (1c) that F1 has unit speed. Furthermore it follows from Claim 3
and Lemma 41.2 (1d) that each Ft is an immersion. In summary F : S1× [0, 1]→ S1 is the
desired regular homotopy. �
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41.3. Proof of the �if�-statement of the Whitney-Graustein Theorem 41.7. For
the reader's convenience we recall two earlier statements.

Lemma 34.9. Let I Ă R be an interval and let x0 ∈ I. Given any map f : I → S1 and
given any ỹ0 ∈ R with f(x0) = ỹ0 there exists a unique map f̃ : I → R with f̃(x0) = ỹ0

and such that f = Ξ ◦ f̃ , i.e. such that the following diagram commutes;

R
Ξ
��

I
f

//

f̃
66

S1.

We refer to f̃ as a lift of f .

Lemma 41.9. Let g : S1 → S1 be a smooth map and let g̃ : R → R be a map such that
Ξ ◦ g̃ = g ◦ Ξ, i.e. such that the following diagram commutes:

R
Ξ
��

g̃
// R

Ξ
��

S1 g
// S1.

Then for any s ∈ R we have

deg(g : S1 → S1) = 1
2π · (g̃(s+ 2π)− g̃(s)

)
.

Proof. This lemma follows basically immediately from the Degree-via-Lifts Lemma 38.10
applied to the map f : [0, 1]→ R that is given by f(t) = g(s+ 2π · t). �

We will also need the following lemma.

Lemma 41.10. If Θ: [0, 1]→ Sn is a non-constant map, then∥∥∥∥ r=1∫
r=0

Θ(r) dr

∥∥∥∥ <
r=1∫
r=0

‖Θ(r)‖ dr.

Proof. We view Θ as a map [0, 1]→ Rn+1. the Integral Inequality Lemma 0.16 says that
the following inequality holds:∥∥∥∥ r=1∫

r=0

Θ(r) dr

∥∥∥∥ ≤ r=1∫
r=0

‖Θ(r)‖ dr ∈ R.

Furthermore the Integral Inequality Lemma 0.16 says that equality holds if and only if
there exists a w ∈ Rn+1 and a map λ : [a, b] → R≥0 such that for every t ∈ [a, b] we have
Θ(t) = λ(t) ·w. Since Θ takes values in Sn we see that equality only holds if Θ is a constant
map. �

In the remainder of this section we will need the following geometric de�nition.

De�nition. Let γ : S1 → R2 = C be an immersion of unit speed, i.e. such that γ′(z) ∈ S1

for all z ∈ S1. By the Lifting from S1-to-R Lemma 34.9 there exists a smooth map
Λγ : R→ R such that for all s ∈ R we have Ξ(Λγ(s)) = (γ ◦ Ξ)′(s) ∈ S1.
(1) We say γ : S1 → R2 turns left at 1 ∈ S1 if Λ′γ(0) > 0.405
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(2) We say γ : S1 → R2 turns right at 1 ∈ S1 if Λ′γ(0) > 0.

��
��
��
��

�
�
�
�

��
��
��
��

��

turns left at 1 turns right at 1
S1

γγ

S1

Lemma 41.11. Let γ : S1 → R2 be an immersion of unit speed.
(1) If the rotation number ρ(γ) ≥ 0, then γ is regularly homotopic to an immersion of

unit speed that turns left at 1 ∈ S1.
(2) If the rotation number ρ(γ) ≤ 0, then γ is regularly homotopic to an immersion of

unit speed that turns right at 1 ∈ S1.

Proof. Let γ : S1 → R2 be an immersion of unit speed. Evidently we only deal with one of
the two cases of the lemma. For no particular reason we deal with the case that ρ(γ) ≥ 0.
Recall that by the Lifting from S1-to-R Lemma 34.9 there exists a map Λ: R → R such
that for all s ∈ R we have Ξ(Λ(s)) = (γ ◦ Ξ)′(s).

Claim. There exists a w ∈ R with Λ′(w) > 0.

Proof. Note that

(A)
t=2π∫
t=0

Λ′(t) dt = Λ(2π)− Λ(0) = deg(γ′) = ρ(γ).

↑ ↑ ↑
Fundamental Theorem of Calculus by Lemma 41.9 by de�nition of ρ(γ)

If ρ(γ) > 0 then it is clear from this calculation that there exists a w ∈ [0, 2π] with
Λ′(w) > 0. It remains to consider the case ρ(γ) = 0. Note that we have

(B) 0 = (γ ◦ Ξ)(2π)− (γ ◦ Ξ)(0) =
t=2π∫
t=0

∈S1︷ ︸︸ ︷
(γ ◦ Ξ)′(t) dt.

↑ ↑
since γ ◦ Ξ is 2π-periodic Fundamental Theorem of Calculus

Since γ has unit speed we know that each (γ ◦ Ξ)′(t) ∈ S1. Thus the integral in (B) can
only be zero if (γ ◦ Ξ)′(t) is not constant. This implies that Λ is not constant. But this
implies that Λ′ cannot be identically zero. But the only way how the integral in (A) can
be zero is now that Λ′ assumes negative and positive values. �

We have now shown that γ turns left at some point in S1. It remains to shift this point
to 1 ∈ S1. To do so we consider the following map

F : S1 × [0, 1] → R2

(z, t) 7→ γ(z · exp( i · w · t)).

One can easily verify that this map is smooth and that each Ft is an immersion of unit
speed. In particular F is a regular homotopy from F0 = γ to F1 =: δ. Finally note that by
construction we see that δ turns left at 0. �

405The map Λγ is well-de�ned up to addition of a multiple of 2π. We see that the notion of turning left
and right is independent of the choice of Λγ .
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Now we can �nally provide the proof of the �if�-statement of the Whitney-Graustein The-
orem 41.7.
Proof of the �if�-statement of the Whitney-Graustein Theorem 41.7. In the fol-
lowing let α, β : S1 → R2 be two immersions with ρ(α) = ρ(β). We need to show that α and
β are regularly homotopic. In the following we will deal with the case that ρ(α) = ρ(β) ≥ 0.
The case that ρ(α) = ρ(β) < 0 is proved by an almost identical argument, namely, in the
discussion below we just need to replace Lemma 41.11 (1) by Lemma 41.11 (2).

We start out with a few initial observations. In Lemma 41.1 we showed that being
regularly homotopic is an equivalence relation. It follows from this observation, together
with Proposition 41.3, Lemma 41.11 (1) and Proposition 41.6 that we can assume that the
two given immersions α, β : S1 → R2 have the following properties:

(I) Both α and β are of unit speed.
(II) Both α and β turn left at 1 ∈ S1.

Furthermore, after a translation we can as well assume that the following condition is
satis�ed:
(III) We have α(1) = β(1) = 0 ∈ C.
Since α, β : S1 → R2 = C are immersions of unit speed we get maps α′, β′ : S1 → S1. Thus
we obtain once again from the Lifting from S1-to-R Lemma 34.9 that there exist smooth
maps Λα′ ,Λβ′ : R→ R such that Ξ ◦ α̃′ = α′ ◦ Ξ and such that Ξ ◦ Λβ′ = β′ ◦ Ξ.

For orientation we summarize the various maps in the following commutative diagram:

R
Λα′ //

Ξs 7→ exp( is)
��

R
Ξ s 7→ exp( is)
��

S1

z 7→α′(z)
// S1.

On page 952 we saw that the standard homotopy (z, t) 7→ α(z) ·(1−t)+β(z) ·t shows
that α and β are homotopic. In general this homotopy is not a regular homotopy.
To obtain a regular homotopy, under the hypothesis that ρ(α) = ρ(β) we will use a
variation on the standard homotopy. More precisely, the idea is now as follows:
(a) we consider the lifts α̃′ and Λβ′ of the derivatives of Ξ ◦ α and Ξ ◦ β,
(b) we consider the standard homotopy of α̃′ and Λβ′ ,
(c) we apply Ξ to the homotopy from (b) and we integrate, to �undo� taking the

derivative,
(d) we obtain a regular homotopy F̃ : R× [0, 1]→ Rn between α ◦ Ξ and β ◦ Ξ,
(e) �nally, and that is the most delicate step, we need to modify F̃ to obtain a regular

homotopy G̃ that descends to a regular homotopy on S1.
Next we consider the homotopy

Θ: R× [0, 1] → S1

(s, t) 7→ Ξ
(
Λα′(s) · (1− t) + Λβ′(s) · t

)
.

Claim 1.
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(1) Each Θt is 2π-periodic.
(2) Each Θt : R→ R is non-constant.

Proof. Let t ∈ [0, 1].

(1) Let s ∈ R. We need to show that Θt(s + 2π) = Θt(s). The statement follows
immediately from the fact that Ξ is 2π-periodic and the following calculation:

by Lemma 41.9 we have Λα′(s+ 2π)− Λα′(s) = 2π · deg(α′) = 2π · ρ(α)
and we have Λβ′(s+ 2π)− Λβ′(s) = 2π · deg(β′) = 2π · ρ(β)

↓
Λα′(s+2π) · (1− t) + Λβ′(s+2π) · t = (Λα′(s) + 2π · ρ(α)) · (1− t) + (Λβ′(s) + 2π · ρ(β)) · t

= Λα′(s) · (1− t) + Λβ′(s) · t+ 2π · ρ(α)︸ ︷︷ ︸
∈2π·Z

.
↑

follows from the hypothesis that ρ(α) = ρ(β)

(2) Let t ∈ [0, 1]. Note that by (II) we know that Λα′(0) > 0 and that Λ′β′(0) > 0. It

follows that the derivative of s 7→ α̃′(s) · (1 − t) + Λβ′(s) · t is positive at s = 0. It
follows that Θt is non-constant. �

We use this homotopy Θ: R× [0, 1]→ S1 to de�ne the following map:

F̃ : R× [0, 1] → R2

(s, t) 7→
r=s∫
r=0

Θt(r) dr.

Claim 2. The map F̃ has the following properties:
(1) F̃ is smooth.
(2) F̃0 = α ◦ Ξ and F̃1 = β ◦ Ξ.

Proof.

(1) Note that α and β are smooth. As we mentioned in Lemma 34.8, it follows from
the fact that q : R → S1 is a local di�eomorphism that Λα′ and Λβ′ are smooth.
It now follows from standard facts in real analysis, e.g. the Leibniz Integral Rule
[PedS2015, Theorem 9.2.11], that F̃ is smooth.

(2) Given any s ∈ R we perform the following calculation:

F̃ (s, 0) =
r=s∫
r=0

Θ(r, 0) dr =
r=s∫
r=0

(Ξ ◦ Λα′)(r) dr =
r=s∫
r=0

(α ◦ Ξ)′(r) dr = (α ◦ Ξ)(s).
↑ ↑ ↑ ↑

by de�nition of F̃ by de�nition since we have follows from the Fundamental
of Θ(r, 0) Ξ◦Λα′ =α′◦Ξ=(α◦Ξ)′ Theorem of Calculus and

fact that (α◦Ξ)(0)=0

The same argument shows that F̃1 = β ◦ Ξ. �

All this sounds very promising. But unfortunately there is a problem with the homotopy
F̃ : R × [0, 1] → R2: there is no reason why the maps F̃t should be 2π-periodic, i.e. why
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they should descend to a map S1 → R2. To �x this issue we consider the following map:406

G̃ : R× [0, 1] → R2

(s, t) 7→ F̃ (s, t)− s
2π · F̃ (2π, t) =

r=s∫
r=0

Θt(r) dr − s
2π ·

r=2π∫
r=0

Θt(r) dr.

Claim 3. The map G̃ has the following properties:
(1) Each G̃t is 2π-periodic.
(2) G̃ is smooth.
(3) G̃0 = α ◦ Ξ and G̃1 = β ◦ Ξ.
(4) For each t ∈ [0, 1] the map G̃t : R→ R2 is an immersion.

Proof.

(1) Let t ∈ [0, 1]. We need to show that for each s ∈ R we have G̃(s + 2π, t) = G̃(s, t).
Evidently it su�ces to show that for every s ∈ [0, 2π) and every n ∈ Z we have
G̃(s+ 2π · n, t) = G̃(s, t). We perform the following elementary calculation:

by de�nition and by the additivity of the integral

↓
G̃(s+ 2πn, t) =

2πn+s∫
0

Θt(r) dr − 2πn+s
2π ·

2π∫
0

Θt(r) dr =

=
n−1∑
k=0

2π(k+1)∫
2πk

Θt(r) dr − n ·
2π∫
0

Θt(r) dr +
2πn+s∫
2πn

Θt(r) dr − s
2π ·

2π∫
0

Θt(r) dr

=
n−1∑
k=0

2π∫
0

Θt(r) dr − n ·
2π∫
0

Θt(r) dr︸ ︷︷ ︸
=0

+
s∫

0

Θt(r) dr − s
2π ·

2π∫
0

Θt(r) dr︸ ︷︷ ︸
=G̃(s,t)

= G̃(s, t)x
since by Claim 1 (1) we know that Θt is 2π-periodic

(2) It follows easily from Claim 2 (1) that G̃ is smooth.
(3) Let s ∈ R. We see that

by de�nition by Claim 2 (2)
↓ ↓

G̃0(s) = F̃0(s)− s
2π · F̃0(2π) = (α ◦ Ξ)(s)− s

2π · (α ◦ Ξ)(2π)

= (α ◦ Ξ)(s)− s
2π · (α ◦ Ξ)(0)︸ ︷︷ ︸

= 0 by (III)

= (α ◦ Ξ)(s).
↑

since α ◦ Ξ is 2π-periodic

The same argument shows that G̃1 = β ◦ Ξ.

406While writing this chapter the author regretted on numerous occasions the fact that 1 is not equal to
2π.
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(4) Let t ∈ [0, 1]. We need to show that for every s ∈ R we have G̃t
′(s) 6= 0. Thus let

s ∈ R. Note that

‖G̃t
′(s)‖ =

∥∥∥∥Θt(s)− 1

2π

r=2π∫
r=0

Θt(r) dr

∥∥∥∥ ≥ ‖Θt(s)‖ − 1

2π
·
∥∥∥∥ r=2π∫
r=0

Θt(r) dr

∥∥∥∥
↑ ↑

by the Fundamental Theorem of Calculus triangle inequality
applied to the �rst term of G̃t(s) and
by linearity of the second term of G̃t(s)

> ‖Θt(s)‖︸ ︷︷ ︸
=1

− 1

2π
·
r=2π∫
r=0

‖Θt(r)‖︸ ︷︷ ︸
=1

dr > 0.x
follows from Lemma 41.10, since we know
by Claim 1 (2) that the map Θt is not constant �

It follows from Claim 3 (1) and (3) together with Lemma 41.2 (2b) that there exists a
smooth map G : S1 × [0, 1] → R2

such that for all (s, t) ∈ R× [0, 1] we have G(Ξ(s), t)) = G̃(s, t). It follows easily from the
above properties of G̃ that G is the desired regular homotopy between α and β. �

Exercises for Chapter 41.

Exercise 41.1. Let n ≥ 3. Show that any two immersions S1 → Rn are regularly homo-
topic.
Hint. Use Propositions 30.2 and 30.3.

Exercise 41.2. Let n ∈ Z \ {0}. Use Lemma 41.9 to give a new proof of Lemma 41.5, i.e.
show that

ρ

(
S1 → C
z 7→ zn

)
= n.

Exercise 41.3. Let µ : S1 → Rn be a smooth map. As on page 958 we de�ne its length as

length of µ :=
r=2π∫
r=0

‖(µ ◦ Ξ)′(r)‖ dr.

(Here we use the notation from page 953.) Show that if Φ: S1 → S1 is a di�eomorphism,
then the lengths of µ and µ ◦ Φ agree.

Exercise 41.4. Determine the rotation numbers of the immersions indicated in the �gure
below.
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Exercise 41.5. Let α, β : S1 → R2 be immersions. We suppose that there exists a contin-
uous map F : S1 × [0, 1]→ R2 with the following properties:
(1) Each Ft is an immersion.
(2) F0 = α and F1 = β.
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(3) For each z ∈ S1 the map [0, 1]→ R2 given by t 7→ F ′t(z) is continuous.
Does this imply that the rotation numbers of α and β agree?
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42. The transversality theorem

In this chapter we will do the following:
(1) We will de�ne what it means for two submanifolds of a given smooth manifold to be

transverse.
(2) We will see that if two submanifolds are transverse, then the intersection is again a

submanifold.
(3) We will see that given two submanifolds we can always perform an isotopy of one of

the two submanifolds to obtain a transverse intersection.
Throughout this chapter we will work with two already familiar conventions which will
make our life much easier. First we recall the following convention from page 633
Convention. Let M be a smooth manifold.
(1) Given P ∈ ∂M we view TP ∂M as a vector subspace of TPM .
(2) Given a submanifold W and given P ∈ W we view TPW as a vector subspace of

TPM .
Secondly we adopt the following convention.
Convention. Given a smooth submanifold M of some Rn and given P ∈ M we use the
natural isomorphism from the Tangent Space-Isomorphism Proposition 23.16 as an excuse
for not distinguishing in our notation between the abstract tangent space TPM and the
physical tangent space T̃PM . We will always just write TPM .

42.1. The Transversal Intersection Theorem. In this section we want to study the
following question: given a smooth manifold M and two submanifolds X and Y , is the
intersection X ∩ Y again a submanifold of M? It is not di�cult to show that in general
the answer is negative. For example consider M = R2 with the two submanifolds X and Y
that are shown in the below. The intersection X ∩ Y has three components, one of which
is a submanifold of dimension one, and the other two components consist of a single point.
We see that X ∩ Y is not a smooth manifold (after all, what would its dimension be?), in
particular it is not a submanifold of M .

��

��

M = R2

Y

X ∩ Y

X

If one spends some time pondering the question why in the previous example the in-
tersection X ∩ Y is not a submanifold, then one is inexorably led towards the following
de�nition.
De�nition. Let M be a smooth manifold. Let X and Y be proper submanifolds of M .
(1) Let P ∈ X ∩ Y . We say P is a transverse intersection point if X and Y intersect

transversally in P , i.e. if the equality407

TPX + TPY = TPM
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holds. If P ∈ ∂M , then we also demand that408

TP (X ∩ ∂M) + TP (Y ∩ ∂M) = TP ∂M.

(2) We say that X and Y intersect transversally if each intersection point is a transverse
intersection point.

(3) We abbreviate the expression �X and Y intersect transversally� by X t Y .
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Theorem 42.1. (Submanifold Transversal Intersection Theorem) Let M be an
m-dimensional smooth manifold, let X Ă M be a proper submanifold of codimension k
and let Y be a proper submanifold of M of codimension l.
(1) Let P ∈M be a transverse intersection point of X and Y .

(a) If P 6∈ ∂M , then there exists a chart Φ: U → V of type (i) around P with

Φ(U ∩X) = V ∩ (Rm−k × {0}) & Φ(U ∩ Y ) = V ∩ ({0} × Rm−l).

(b) If P ∈ ∂M , then there exists a chart Φ: U → V of type (ii) around P with

Φ(U∩X) = V ∩(Rm−k−1×{0}×R≥0) & Φ(U∩Y ) = V ∩({0}×Rm−l−1×R≥0).

(2) If the submanifolds X and Y intersect transversally, i.e. if X t Y , then the following
statements hold:
(a) The intersection X ∩ Y is a proper submanifold of M of codimension k + l.

Furthermore X ∩ Y is proper submanifold of X and of Y .
(b) For every P ∈ X ∩ Y we have

TP (X ∩ Y ) = TPX ∩ TPY Ă TPM.

(c) Let M , X and Y be oriented.
(i) By hypothesis for each P ∈ X ∩ Y the vector spaces TPM , TPX and TPY

are oriented. By (2b) we can equip TP (X ∩ Y ) = TPX ∩ TPY with the

407Since X is a submanifold of M we can use the above convention to view the tangent space TPX as a
vector subspace of TPM .
408Note that in Exercise 19.31 (a) we showed that X ∩ ∂M and Y ∩ ∂M are submanifolds of ∂M , thus it
makes sense to consider their tangent spaces.



42. THE TRANSVERSALITY THEOREM 969

intersection orientation that we introduced on page 673. These orientations
de�ne an orientation on X ∩ Y .

(ii) The orientations on the smooth manifolds ∂X ∩ ∂Y and ∂(X ∩ Y ) agree.409

(d) If one of X or Y is compact, then so is X ∩ Y .
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Remark. In the next section we will prove the Transversal Preimage Theorem 42.3 which
is a generalization of the Submanifold Transversal Intersection Theorem 42.1 (2).

De�nition. LetM be a smooth manifold and letX and Y be proper oriented submanifolds
ofM that intersect transversally. We refer to the orientation on X ∩Y that we introduced
in the Submanifold Transversal Intersection Theorem 42.1 (2) as the intersection orienta-
tion.

Example. In the �gure below we see two oriented in�nite cylindersX and Y in the oriented
smooth manifold R3. The cylinders are submanifolds of codimension one. They intersect
transversally and the intersection consists of two circles, i.e. X ∩ Y is a one-dimensional
submanifold of R3. Put di�erently, X ∩ Y is a submanifold of codimension two.
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X

M = R3

Y

X ∩ Y

Auxiliary Lemma 42.2. Let W be an m-dimensional real vector space, let U be an
(m − k)-dimensional vector subspace of W and let V be an (m − l)-dimensional vector
subspace of W . We assume that U +V = W . Furthermore let Θ: W → Rl⊕Rm−k−l⊕Rk

be an isomorphism. If Θ(U) = Rl⊕Rm−k−l⊕{0} and if Θ(U ∩ V ) = {0}⊕Rm−k−l⊕{0},
then the map

V
Θ−−→ Rl ⊕ Rm−k−l ⊕ Rk projection−−−−−−→ Rm−k−l ⊕ Rk

is an isomorphism.

Proof of Lemma 42.2. For dimension reasons we only have to show that the given map
V → Rm−k−l ⊕ Rk is an epimorphism. Thus let y ⊕ z ∈ Rm−k−l ⊕ Rk. Since Θ is an
isomorphism there exists a w ∈ W with Θ(w) = 0 ⊕ y ⊕ z. Since U + V = W there exist
u ∈ U and v ∈ V with u + v = w. By hypothesis Θ(u) = x′ ⊕ y′ ⊕ 0 for some x′ ∈ Rl

and y′ ∈ Rm−k−l. Furthermore by hypothesis we have Θ(U ∩ V ) = {0} ⊕ Rm−k−l ⊕ {0}.
From U +V = W it follows from elementary linear algebra that U ∩V is also of dimension

409Here we give X ∩ Y the orientation from (i) and we give ∂(X ∩ Y ) the boundary orientation from
page 689. Furthermore we equip ∂X, ∂Y and ∂M with the boundary orientations. By de�nition of
transverse intersection we also have ∂X t ∂Y . Thus we can use (i) to equip ∂X ∩ ∂Y with an orientation.
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m − k − l. Thus the map Θ: U ∩ V → {0} ⊕ Rm−k−l ⊕ {0} is actually an isomorphism.
Thus there exists a ṽ ∈ V with Θ(ṽ) = 0⊕ y′ ⊕ 0. Now we see that

Θ(v − ṽ) = Θ(w)−Θ(u)−Θ(ṽ) = 0⊕ y ⊕ z − x′ ⊕ y′ ⊕ 0− 0⊕ y′ ⊕ 0 = (−x′)⊕ y ⊕ z.
Thus we have shown that y ⊕ z lies in the image of the given map V → Rm−k−l ⊕ Rk. �
Proof of the Submanifold Transversal Intersection Theorem 42.1. Let M be an
m-dimensional smooth manifold, let X Ă M be a proper submanifold of codimension
k and let Y be a proper submanifold of M of codimension l.
(1) Let P ∈ M be a transverse intersection point of X and Y . In the following we will

deal with the case that P 6∈ ∂M . The case P ∈ ∂M is proved in a similar fashion,
we leave it to the reader to �ll in the details for the case P ∈ ∂M .

Since X is a proper submanifold of M and since P 6∈ ∂M we can pick a subman-
ifold chart Θ: A→ B of type (α) for X around P . We can arrange that Θ(P ) = 0.
Note that DΘP (TPX) = Rm−k × {0}. Since P is a transverse intersection point we
see that DΘP (TPX ∩ TPY ) is a vector subspace of Rm−k × {0} Ă Rm of dimension
m− k − l. Elementary linear algebra shows that there exists an A ∈ GL(m,R) with
A·(Rm−k×{0}) = Rm−k×{0} and A·DΘP (TPX∩TPY ) = {0}×Rm−k−l×{0} Ă Rm.
After composing Θ with multiplication by the matrix A we might as well assume that
DΘP (TPX ∩ TPY ) = {0} × Rm−k−l × {0} Ă Rm.

Next we consider the projections

p1 : Rm = Rl × Rm−l → Rl

(x1, x2) 7→ x1
and p2 : Rm = Rl × Rm−l → Rm−l

(x1, x2) 7→ x2.

Since P is a transverse intersection point we obtain from the elementary Lemma 42.2
that p2 : TP (Θ(Y ∩ A)) → Rm−l is an isomorphism. It follows from the Inverse
Mapping Theorem 24.1 that p2 : Θ(Y ∩ A) → Rm−l is a local di�eomorphism at 0.
This implies that there exists an open neighborhood B2 of 0 ∈ Rm−l such that the
restriction of p2 to Θ(Y ∩A)∩ (Rl×B2)→ B2 is a di�eomorphism. We denote by q2

the inverse. We pick an open subset B1 Ă Rl such that B1×B2 Ă B and we consider
the map Ω: B1 ×B2 → Rl × Rm−l

(x1, x2) 7→ (x1 − (p1 ◦ q2)(x2), x2).

Claim. The map
Φ := Ω ◦Θ: Θ−1(B1 ×B2) → Ω(B1 ×B2)

has all the desired properties.

Proof. One can easily verify that an inverse to Ψ is given by

Ψ: Ω(B1 ×B2) → Θ−1(B1 ×B2)
(x1, x2) 7→ Θ−1(x1 + (p1 ◦ q2)(x2), x2).

This shows that Φ is a bijection. Furthermore one can easily verify that the dif-
ferential of Φ at each point is invertible. Thus it follows from the Inverse Mapping
Theorem 24.1 together with the Smooth Pasting Proposition 19.23 (2) that Φ is actu-
ally a di�eomorphism. This shows that Φ is a chart of type (i). Finally note that by
construction we have Φ(U∩X) = V ∩(Rm−k×{0}) and Φ(U∩Y ) = V ∩({0}×Rm−l).
�
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�� Rl

Rk

B Ă Rm

X

Rm−k×{0}

P

Ω

Θ(Y ∩A) Rm−k−l

Θ

A Ă M

Y

(2) (a) The charts constructed in (1) de�ne, after possibly reordering the coordinates,
submanifold charts of type (α) and (β) for X ∩ Y Ă M . Since X and Y are
closed the intersection X ∩ Y is also closed. This shows that X ∩ Y is a proper
submanifold of codimension k + l of M .
A slight modi�cation of the above argument shows that X ∩ Y is also a proper
submanifold of X and of Y .

(b) Let P ∈ X ∩ Y . By (2a) we know that X ∩ Y is a proper submanifold of M of
codimension k + l. Thus TP (X ∩ Y ) is a vector space of dimension m − k − l.
Since P is a transverse intersection we obtain from an elementary linear algebra
argument that TPX ∩TPY is also of dimension m− k− l. As discussed in (2a),
X ∩ Y is a proper submanifold of X and Y , thus TP (X ∩ Y ) Ă TPX ∩ TPY .
Since the dimensions are equal we see that the vector spaces are the same.

(c) (i) We leave it to the reader to go through the dull task of verifying that the
given recipe de�nes an orientation on X ∩ Y .

(ii) In the Transversal Preimage Theorem 42.3 (3b) we will prove a generalization
of this statement. The proof is a little delicate. To avoid lengthy repetitions
we refer the reader to the later argument.

(d) By symmetry we can assume that Y is compact. Since X is a proper submanifold
of M it is in particular a closed subset of M . By de�nition of the subspace
topology on Y we see that X ∩ Y is a closed subset of the compact space Y . By
the Compact-Closed Lemma 1.21 (1) this implies thatX∩Y itself is compact. �

42.2. The Transversal Preimage Theorem. The following de�nition can be viewed as
generalization of the de�nition from page 968.
De�nition. LetM be a smooth manifold and let X be a proper submanifold ofM . Let Y
be some other smooth manifold and let f : Y →M be a smooth map such that f−1(∂M)
is a union of components of ∂Y .
(1) Let Q ∈ Y with f(Q) ∈ X. We say X intersects f transversally in Q if

DfQ(TQY ) + Tf(Q)X = Tf(Q)M.

If Q ∈ ∂Y then we also demand that f(Q) ∈ ∂M and that 410

DfQ(TQ (∂Y )) + Tf(Q)(∂X) = Tf(Q)(∂M).

(2) Let C be a subset of Y . We say X intersects f transversally on C if for every Q ∈ C
with f(Q) ∈ X the submanifold X intersects the map f transversally in Q.

(3) We say X intersects f transversally if for every Q ∈ Y with f(Q) ∈ X the subman-
ifold X intersects the map f transversally in Q.
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(4) We abbreviate the expression �X intersects f transversally� by X t f .
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Y f

X

f(Q1) f(Q2)

M

f(Q1)

Q3
Q2 Q4 Q5

f(Q4) = f(Q5)

the intersection of f with X is transverse at Q2, Q4, Q5

Q1

the intersection of f with X is not transverse at Q1 and Q3

Examples.
(1) LetM be a smooth manifold and let X and Y be two proper submanifolds ofM . We

denote by i : Y → M the inclusion map. It follows immediately from the de�nitions
that i intersects X transversally if and only if X intersects Y transversally in the
sense of the de�nition on page 968.

(2) Let Y and M be smooth manifolds and let f : Y → M be a smooth map. Further-
more let x ∈ M \ ∂M . By de�nition the map f is transverse to the 0-dimensional
submanifold {x} if and only if x is a regular value of f , as de�ned on page 701.

The following theorem might ring a bell. Considering the above examples we see that it is
quite close to the statement of the Submanifold Transversal Intersection Theorem 42.1 (2)
and to the statement of the Regular Value Theorem 26.4.

Theorem 42.3. (Transversal Preimage Theorem) Let M be a smooth manifold and
let X be a proper submanifold of M of codimension l. Furthermore let Y be some other
smooth manifold and let f : Y → M be a smooth map such that f−1(X \ ∂X) Ă Y \ ∂Y
and such that f−1(∂M) is a union of components of ∂Y . We denote by f∂ : ∂Y → ∂M
the restriction of f to ∂Y . If X intersects f transversely, i.e. if X t f , then the following
statements hold:
(1) The preimage f−1(X) is a proper submanifold of Y of codimension l where the

boundary ∂(f−1(X)) is given by (f∂)
−1(X) = (f∂)

−1(∂X).
(2) For every P ∈ f−1(X) we have

TP (f−1(X)) = (DfP )−1(Tf(P )X).

(3) Let M , X and Y be oriented. Furthermore let P ∈ Y .
(a) By hypothesis the homomorphism DfP : TPY → Tf(P )M intersects TPX trans-

versally. Thus we can equip TP (f−1(X)) = (DfP )−1(Tf(P )X) with the preim-
age orientation that we introduced on page 673. These orientations de�ne an
orientation on the smooth manifold f−1(X).

(b) The equality ∂(f−1(X)) = (f∂)
−1(∂X) is an equality of oriented smooth mani-

folds.411

410If Q ∈ ∂Y with f(Q) ∈ ∂X, then by hypothesis the component C of ∂Y that contains Q satis�es
f(C) Ă ∂M . It follows from the hypothesis that f is smooth together with the Smooth Manifold Boundary
Proposition 19.26 (2a) and (2c) that f restricts to a smooth map f : C → ∂M . Thus we obtain that
DfQ(TQ (∂Y )) = DfQ(TQ C) is a vector subspace of Tf(Q)(∂M).
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(4) If Y is compact, then so is f−1(X).
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f X

X

∂Y

Mf−1(X)

f−1(X)

M = H3

Remark.
(1) The preimage orientation that we introduced on page 673 is de�ned via the following

diagram
Tf(P )X

� � // Tf(P )M // // Tf(P )M/Tf(P )X

TP (f−1(X)) �
�

// TPY // // TPY/TP (f−1(X)).

∼= [v]7→[DfP (v)]

OO

The orientation on TP (f−1(X)) is the unique orientation that makes the orientations
in the short exact sequences compatible412 and the right vertical map orientation-
preserving.

(2) Let X and Y be proper submanifolds of a smooth submanifold M . If we apply
the Transversal Preimage Theorem 42.3 to the inclusion i : Y → M , then we see
that i−1(X) = X ∩ Y is a proper submanifold of Y . It follows from an elementary
argument, see Exercise 19.31 (a), that i−1(X) is also a proper submanifold ofM . This
discussion shows that we can recover the statement of the Submanifold Transversal
Intersection Theorem 42.1 (2) from the Transversal Preimage Theorem 42.3.

(3) Suppose that in the setting of the Transversal Preimage Theorem 42.3 the subman-
ifold X consists of a single point {x}. We equip this 0-dimensional manifold with
the orientation given by +1. Inspecting the de�nitions one sees that the preimage
orientation on f−1(x) that we just introduced agrees with the orientation on f−1(x)
that we introduced in the Regular Value Theorem 26.4 (3).

Proof. LetM be an m-dimensional smooth manifold and let X be a proper submanifold of
M of codimension l. Let Y be some other smooth manifold and let f : Y →M be a smooth
map such that f−1(X \ ∂X) Ă Y \ ∂Y and such that f−1(∂M) is a union of components
of ∂Y .

(1) We need to show that the preimage f−1(X) is a proper submanifold of Y of codimen-
sion l with boundary ∂(f−1(X)) = (f∂)

−1(∂X). First note that X is a closed subset

411It takes a while to �gure out what orientations we are talking about. We give f−1(X) the orientation
from (3a) and we give ∂(f−1(X)) the boundary orientation from page 689. Furthermore we equip ∂X, ∂Y
and ∂M with the boundary orientations. By de�nition of transverse intersection we also have ∂X t f∂ .
Thus (f∂)−1(∂(X)) is a proper submanifold of ∂Y and we use (3a) to equip (f∂)−1(∂X) with an orientation.
412We refer to page 671 for the de�nition of compatible orientations.
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ofM since X is a proper submanifold. Therefore f−1(X) is a closed subset of Y . Fur-
thermore note that it follows from our hypothesis thatX is a proper submanifold ofM
and our hypotheses on f−1(X\∂X) and on f−1(∂M) that (f∂)

−1(∂X) = f−1(X)∩∂Y .
Thus it remains to show that every point Q in f−1(X) admits a submanifold chart of
type (α) or of type (β). To prove this statement it su�ces to show that every point
Q in f−1(X) admits an open neighborhood Ỹ Ă Y such that f−1(X)∩ Ỹ is a proper
submanifold of Ỹ .

Let Q ∈ f−1(X). We set P := f(Q) ∈ X. We need to distinguish the two cases
that P ∈ X \ ∂X and that P ∈ ∂X.
(a) First we consider the case that P ∈ X \ ∂X. In this case it follows from the

hypothesis that X is a proper submanifold of M that there exists a submanifold
chart Φ: U → V of type (α) around P such that Φ(P ) = 0.
Since we assume that f−1(X \∂X) Ă Y \∂Y we see that Ỹ := f−1(U)∩ (Y \∂Y )
is an open neighborhood of Q. Now it su�ces to prove the following claim.

Claim. The subset f−1(X) ∩ Ỹ is a proper submanifold of Ỹ .

Proof. We write f̃ := f |Ỹ . Since Φ is a submanifold chart of type (α) we know
that we have Φ(X ∩ U) = {0} × Rl. We denote by p : Rm = Rm−l × Rl → Rm−l

the natural projection. Note that

f−1(X) ∩ Ỹ = f̃−1(X) ∩ Ỹ = f̃−1(X ∩ U) = (p ◦ Φ ◦ f̃)−1(0).

Note that the Regular Value Theorem 26.4 says that (p ◦Φ ◦ f̃)−1(0) is a proper
submanifold of Ỹ if 0 is a regular value of p ◦Φ ◦ f̃ : Ỹ → Rm−l. So it remains to
show that 0 is a regular value of p ◦Φ ◦ f̃ : Ỹ → Rm−l. By de�nition of a regular
value we need to show that each Q′ ∈ Ỹ is a regular point of p ◦ Φ ◦ f̃ . By our
clever choice of Ỹ we know that Q′ 6∈ ∂Ỹ . Therefore we only need to show that
D(p ◦ Φ ◦ f̃)−1

Q′ : TQ′Ỹ → T0Rm−l is an epimorphism. The fact that this map is
indeed an epimorphism follows easily from our hypothesis that f is transverse to
X together with Lemma 42.2. �
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Rm−l

Rm−l

Rl

V

U

M
Ỹ

Φ

type (α)

f

f−1(X)

Y
PQ

(b) Now we consider the case that P ∈ ∂X. In this case it follows from the hypothesis
that X is a proper submanifold of M that there exists a submanifold chart
Φ: U → V of type (β) around P such that Φ(P ) = 0. By our hypothesis on
f−1(∂M) we know that there exists a component C of ∂Y with C ∈ ∂Y and with
f(C) Ă ∂M . By the Smooth Manifold Boundary Proposition 19.26 we know that
∂M \C is a closed subset. Thus we see that Ỹ := (f−1(U))∩ (M \ (∂M\)) is an
open neighborhood of Q. Now it su�ces to prove the following claim.
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Claim. The subset f−1(X) ∩ Ỹ is a proper submanifold of Ỹ with boundary
(f∂)

−1(∂X) ∩ Ỹ .

Proof. We write f̃ := f |Ỹ . Since Φ is a submanifold chart of type (β) we know
that V is an open subset of Hm and that Φ(X∩U) = {0}×Hl. As in the previous
claim we need to show that each Q′ ∈ Ỹ is a regular point of p ◦ Φ ◦ f̃ .
Let Q′ ∈ Ỹ . It follows as before that D(p ◦ Φ ◦ f̃)−1

Q′ : TQ′Ỹ → T0Rm−l is an
epimorphism. Now assume that Q′ ∈ ∂Ỹ . From the de�nition of Ỹ we see that
Q′ ∈ C, in particular Q′ ∈ ∂Y and f(Q′) ∈ ∂M . It follows from the de�nition
on page 971, that D(p ◦ Φ ◦ f̃)−1

Q′ : TQ′(∂Ỹ ) → T0Rm−l is also an epimorphism.
Thus we see that Q′ satis�es all the conditions of a regular point as laid out on
page 701. �
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Rm−l

Hl

Rm−l

U

Ỹ

V

M

Φ

type (β)

Y f

f−1(X)

Q P

(2) Let Q ∈ f−1(X). Evidently we have (Dff(Q))
−1(TQ(f−1(X))) Ă Tf(Q)(X), which

implies that TQ(f−1(X)) Ă (Dff(Q))
−1(Tf(Q)(X)). Both sides are vector spaces of

dimension m− k − l, which implies that equality holds.
(3) (a) We leave the veri�cation of this statement to the reader.

(b) We need to show that the two orientations on ∂(f−1(X)) = (f∂)
−1(∂X) agree.

Thus let P ∈ ∂f−1(X) we write Q = f(P ). For orientation it might help to
consider the following diagram

TQX // TQM // TQM/TQX

TP (f−1(X)) // TPY // TPY/TP (f−1(X))

DfP

OO

TP ((f∂)
−1(∂X)) //

OO

TP (∂Y ) //

OO

TP (∂Y )/TP ((f∂)
−1(∂X))

∼=

OO

In the following we make a few preparations.
(i) The orientations on TQX and TQM de�ne an orientation on TQM/TQX.

We pick vectors v1, . . . , vl ∈ TQM/TQX which represent this orientation.
(ii) We pick ṽ1, . . . , ṽl ∈ TPY such that DfP (ṽi) = vi for i = 1, . . . , l.
We use the following orientations:

TP (f−1(X)) with the orientation from (3a) applied to f : Y →M
TP (∂(f−1(X))) with the boundary orientation from page 689
TP ((f∂)

−1(X)) with the orientation from (3a) applied to f∂ : ∂Y →M
TPY with the given orientation
TP (∂Y ) with the boundary orientation from page 689.
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To simplify the notation we view TP (f−1(X)) as a vector subspace of TPY . We
pick an outward pointing vector o ∈ TP (f−1(X)). It follows from Exercise 23.8
that o, viewed as a vector in TPY , is also outward pointing. Now let u1, . . . , ud
be a basis of TP (∂(f−1(X))) = TP (f∂)

−1(∂X). We see:

u1, . . . , ud is a positive basis of TP (∂(f−1(X)))
⇐⇒ o, u1, . . . , ud is a positive basis of TP (f−1(X))
⇐⇒ o, u1, . . . , ud, ṽ1, . . . , ṽl is a positive basis of TPY
⇐⇒ u1, . . . , ud, ṽ1, . . . , ṽl is a positive basis of TP (∂Y )
⇐⇒ u1, . . . , ud is a positive basis of TP ((f∂)

−1(∂X)).

(4) Suppose that Y is compact. Since X is a proper submanifold ofM it is in particular a
closed subset of M . Therefore f−1(X) is a closed subset of the compact space Y . By
the Compact-Closed Lemma 1.21 (1) this implies that f−1(X) itself is compact. �

42.3. The Transversality Theorem. Our goal of this section is to state the Transver-
sality Theorem. For the reader's convenience we �rst state a simpli�ed version before we
state the bells-and-whistles version.
Theorem 42.4. (Transversality Theorem) LetM be a smooth manifold with ∂M = ∅
and letX be a proper submanifold ofM . Furthermore let Y be a compact smooth manifold
and let f : Y →M be a smooth map.
(1) There exists a smooth homotopy F from F0 = f : Y → M to a map F1 : Y → M

that is transverse to X.
(2) If f is a smooth embedding, then we can choose F to be a smooth isotopy.
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X F1f=F0

Y

We postpone the proof of the Transversality Theorem 42.4 to Section 42.4. We move
straight on to a more general statement.

Theorem 42.5. (Transversality Theorem II) Let M be a smooth manifold and let X
be a proper submanifold of M . Furthermore let Y be a compact smooth manifold and let
f : Y → M be a smooth map such that f−1(∂M) is a union of components of ∂Y . We
assume that X t f on ∂Y \ f−1(∂M). Finally let C be a closed subset of Y such that
X t f on C.
(1) There exists a smooth homotopy F : Y × [0, 1]→M with the following properties:

(a) F is a smooth homotopy rel C from F0 = f to a map F1 with X t F1.
(b) The set of t ∈ [0, 1] such that X t Ft has full measure.
(c) For each t ∈ [0, 1] we have F−1

t (∂M) = f−1(∂M).413

(2) If f is a smooth embedding, then we can choose F to be a smooth isotopy.

Remark.

413In particular if f is proper, i.e. if f−1(∂M) = ∂Y , then for each t we have F−1
t (∂M) = ∂Y , i.e. each Ft

is proper.
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(1) Similar statements are also proved in [Lee2002, Theorem 6.36] and [GP1974, p. 70].
Most statements of the theorem also follow from Proposition 4.4.4, Theorem 4.5.6
and Proposition 4.5.7 of [Wall2016].414

(2) For many purposes the Avoid-Tubular Neighborhoods Proposition ?? can be a useful
variation on the Transversality Theorem 42.4.

Example. LetM be a smooth manifold. Furthermore letX and Y be two proper submani-
folds ofM . If dim(X)+dim(Y ) < dim(M), then one deduces easily from the de�nitions that
X and Y intersect transversally if and only if X and Y are disjoint. With this observation
the Transversality Theorem 42.4 (2) says in particular that any two proper 1-dimensional
submanifolds X and Y of the 3-dimensional ball B

3
can be made disjoint after a smooth

isotopy. If the boundaries are already disjoint, then we can apply the Transversality The-
orem 42.4 (2) with C = ∂Y and we see that can make X and Y disjoint while keeping X
and the boundary of Y �xed.

��

M = B
3M = B

3

Y ′Y

X X

intersection point
is not transverse

The following is a typical and often used consequence of the above transversality theorems.

Corollary 42.6. Let M be a connected n-dimensional smooth manifold and let X be a
proper k-dimensional smooth submanifold of M . If k ≤ n − 2, then M \ X is path-con-
nected.

Proof. Let P,Q ∈M\X. SinceM is connected we know by the Smooth Path-Connectivity
Proposition 19.29 that there exists a smooth map f : [0, 1] → M with f(0) = P and
f(1) = Q.

Using the Smooth Collar Neighborhood Theorem 28.3 one can show, see Exercise 28.5,
that there exists in fact a smooth path g : [0, 1] → M with g(0) = P and g(1) = Q and
with g−1(∂M) Ă {0, 1}.

Note that the fact that P,Q ∈ M \X implies that X t f on ∂[0, 1] = {0, 1}. Thus we
can apply the Transversality Theorem 42.5 to the closed subset C = {0, 1} and we obtain a
smooth map h : [0, 1]→M with h(0) = g(0) = f(0) = P and h(1) = g(1) = f(1) = Q and

414A �rst look at [Wall2016, Theorem 4.5.6] might be slightly confusing since it demands that X is a
�submanifold of Jr(M,N)� for some r ∈ N0. But as is explained on page 101 of [Wall2016], we have
J0(M,Y ) = M × Y , and X × {∗} is clearly a submanifold of M × Y for any ∗ ∈ Y \ ∂Y .
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such that X t h. But since dim(X) + dim([0, 1]) < dim(M) the last condition just says
that X ∩ h([0, 1]) = ∅. In other words, h is a path in M \X that connects P and Q. �
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We now turn to the proofs of the Transversality Theorems. In Section 42.4 we provide the
proof of the Transversality Theorem 42.4. This proof has a neat idea and is quite readable.
Afterwards in Section 42.5 we provide the proof of the Transversality Theorem 42.5. This
proof is much more technical and arguably much less fun for the author and the reader.

42.4. Proof of the Transversality Theorem 42.4. First we introduce or recall the
following easy-to-digest notation.
Notation. Let Y × S →M be a map. For each s ∈ S we set

Fs : Y → M
y 7→ F (y, s).

The proofs of the Transversality Theorems 42.4 and 42.5 rest on the following proposition.

Proposition 42.7. (Parametric Transversality Proposition) Let Y andM be smooth
manifolds and letX Ă M be a proper smooth submanifold. Furthermore let S be a smooth
manifold with empty boundary. Finally let F : Y × S → M be a proper smooth map. If
F : Y × S → M is transverse to X, then for almost every415 s ∈ S the map Fs : Y → M
is also transverse to X.
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Y × S F

Fs X

M

Y

Y × {s}

Proof of the Parametric Transversality Proposition 42.7. Since F : Y × S →M is
transverse to the proper submanifold X Ă M we obtain from the Transversal Preimage
Theorem 42.3 that W := F−1(X) is a submanifold of Y × S. Let πS : Y × S → S be the
obvious projection. By Sard's Theorem 31.1 we know that the set of regular values of the
smooth maps πS : W → S and πS : ∂W = ∂Y ×S → S have full measure. Thus, according
to the de�nition on page 971, it su�ces to show the following claim.
Claim.
(1) If s ∈ S is a regular value of πS|W : W → S, then for any Q ∈ Y with Fs(Q) ∈ X

we have TFs(Q)X + D(Fs)Q(TQY ) = TFs(Q)M .
(2) If s ∈ S is a regular value of πS|∂W : ∂W → S, then for any Q ∈ ∂Y with Fs(Q) ∈ ∂X

we have TFs(Q)∂X + D(Fs)Q(TQ∂Y ) = TFs(Q)∂M .

415Recall that, according to the de�nition on page 762, the expression �almost every� means that the set
of points s ∈ S for which Fs is transverse to X has full measure.
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In other words, if s ∈ S is a regular value of πS|W : W → S and if s ∈ S is a regular value
of πS|∂W : ∂W → S, then Fs : Y →M is transverse to X.

Proof. We prove Statement (1). The proof of Statement (2) is basically identical. Thus let
s ∈ S be a regular value of πS|W : W → S and let Q ∈ F−1

s (X). We set P := Fs(Q) ∈ X.
We need to show that TPX + D(Fs)Q(TQY ) = TPM . We consider the following diagram

T(Q,s)W ⊕ T(Q,s)(Y × {s})
∼= //

DF(Q,s)

��

DF(Q,s)
����

T(Q,s)(Y × S)

DF(Q,s)

��

D(πY )(Q,s)⊕D(πS)(Q,s)
// TQY ⊕ TsS

TPX ⊕ D(Fs)Q(TQY ) // TPM

����

TQY
D(Fs)Q

//

D(Fs)Q

OOOO

TPM/TPX.

We make the following clari�cations and observations:

(1) The top right horizontal map is induced by the projection πY : Y × S → Y and the
projection πS : Y × S → S.

(2) The undecorated maps are either given by inclusion maps or the natural projections.
(3) It is clear that the diagram commutes.
(4) Since s is a regular value of πS|W : W → S one sees easily that the composition of the

top two horizontal maps is an epimorphisms. Since all vector spaces on the top row
are of the same dimension we see that the horizontal map to the top left is actually
an isomorphism.

(5) Recall that by hypothesis the map F : Y ×S →M is transverse to X. Thus we know
that TPX + DF(Q,s)(T(Q,s)(Y × S)) = TPM . This implies that the composition of
the middle two vertical maps is an epimorphism.

(6) By the Transversal Preimage Theorem 42.3 we have T(Q,s)W = (DF(Q,s))
−1(TPX),

which implies that DF(Q,s)(T(Q,s)W ) Ă TPX.
(7) Evidently we have DF(Q,s)(T(Q,s)(Y × {s})) = D(Fs)Q(TQY ).
(8) It follows from the above that the map D(Fs) : TQY → TPM/TPX is an epimor-

phism. But that implies of course that TPX + D(Fs)Q(TQY ) = TPM , which is
exactly what we needed to show. �
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M

Fs

F
Y ×S

W =F−1(X)S

πS

Y

s

πY
(Q, s)

P

Q

Proof of the Transversality Theorem 42.4. Let M be a smooth manifold such that
∂M = ∅ and let X be a proper submanifold of M . Furthermore let Y be a compact
smooth manifold and let f : Y → M be a smooth map. First we need to show that there
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exists a smooth homotopy F from F0 = f : Y →M to a map F1 : Y →M that is transverse
to X. To do so, we make the following preparations:
(1) By the Euclidean Embedding Theorem 27.1 and the Smooth Embedding Theo-

rem 24.10 we can assume that M is a proper smooth submanifold of some Rn.
(2) By the Neighborhood Projection Theorem 28.1 there exists an open neighborhood

N(M) of M Ă Rn and a smooth map π : N(M) → M which has the following two
properties:
(a) π is a retraction,
(b) π is a submersion, i.e. for each Q ∈ N(M) the di�erential DπQ is an epimorphism.

Since Y is compact we obtain from the Compact Image Lemma 2.13 together with the
elementary Exercise 6.1 that there exists an r > 0 such that for each y ∈ Y we have
Bn
r (f(y)) Ă N(M). Therefore we can consider the map

F : Y ×Bn
r (0) → M

(y, v) 7→ π(f(y) + v).

Evidently the map Y × Bn
r (0) → N(M) given by (y, v) 7→ f(y) + v is a submersion.

Furthermore by (2b) we know that π : N(M)→M is a submersion. This discussion shows
that for each (y, v) ∈ Y × Bn

r (0) the map DF(y,v) is an epimorphism. This implies that
F : Y ×Bn

r (0)→M is transverse to X.
By the Parametric Transversality Proposition 42.7 there exists a v ∈ Bn

r (0) such that
Fv : Y →M is transverse to X. The desired smooth homotopy is now given by the map

H : Y × [0, 1] → M
(y, t) 7→ Ft·v(y) = F (y, t · v) = π(f(y) + t · v).

Now assume that f is a smooth embedding. Since F0 = f it follows from the Deform
Smooth Embedding Proposition 33.6 (1) that, after possibly shrinking r, we can assume
that for each v ∈ Bn

r (0) the map Fv : Y → M is a smooth embedding. In this setting the
above map H is now actually a smooth isotopy. �
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Y ×Bn
r (0)

f(y)

N(M)

X M
Y = {y}

π

f

42.5. Proof of the Transversality Theorem 42.5. In hindsight the proof of the Transver-
sality Theorems 42.4 was not all that bad. The proof of the considerably more elaborate
Transversality Theorem 42.5 will be, well, considerably more elaborate.

We start out with the following lemma, which is of independent interest.

Lemma 42.8. Given any m,n, r ∈ N0 the set

{A ∈ M(m× n,R) | rank(A) ≥ r}
is an open subset of M(m× n,R).

Remark. Lemma 42.8 is a slight generalization of Exercise 2.41.
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Proof. Given I Ă {1, . . . ,m} and J Ă {1, . . . , n} with #I = r and #J = r we consider
the map

detI,J : M(m× n,R) → R
A = (aij) 7→ determinant of the r × r-matrix (aij)i∈I,j∈J .

It follows from the Leibniz formula that detI,J is continuous. Using this notation we can
formulate the following claim.

Claim. Let A = (aij) ∈ M(m× n,R). The following two statements are equivalent:
(1) rank(A) ≥ r.
(2) There exist subsets I Ă {1, . . . ,m} and J Ă {1, . . . , n} with #I = r and #J = r

such that detI,J(A) 6= 0.

Proof. We leave it to the reader to pull out their favorite linear algebra book and to prove
the claim. �

It follows from the claim that

{A ∈ M(m× n,R) | rank(A) ≥ r} =
⋃

I, J with
#I=r and #J=r

(detI,J)−1(R \ {0}).

Since each detI,J is continuous we see that the set to the left is indeed open. �

Lemma 42.9. (Transversality-Extends-to-Neighborhood Lemma) LetM be a smooth
manifold and let X be a proper submanifold of M . Furthermore let Y be a smooth man-
ifold and let f : Y → M be a smooth map such that f−1(∂M) = ∂Y . If C is a closed
subset of Y such that X t f on C, then there exists an open neighborhood U of C such
that X t f on U .
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Proof. It su�ces to show that for each P ∈ C∩f−1(X) there exists an open neighborhood
V of P ∈ Y such that X t f on V .

First we consider the case that P 6∈ ∂Y . After using charts of type (i) for P ∈ Y and
for f(P ) ∈ X we can assume that Y is an open subset of Rl, that M is an open subset of
Rm and that X = {0}×Rk. The fact that X t f on P implies that the (m× l+ k)-matrix

(DfP em−k+1 . . . em)

has rank m. It follows from Lemma 42.8 that this condition is satis�ed in an open neigh-
borhood of P .

The case that P ∈ ∂Y is dealt with in almost the same way. In this case we use a
chart of type (ii) for P ∈ ∂Y and for f(P ) ∈ ∂X. With the same argument as above
one can �nd an open neighborhood V1 of P ∈ Y that satis�es the �rst condition for
transversality and one can �nd an open neighborhood V2 of P ∈ ∂Y that satis�es the
second condition for transversality of points on the boundary. On the open neighborhood
V = V1 ∩ (M \ (∂M \ V2)) we now have X t f . �
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Now we turn to actual proof of the Transversality Theorem 42.5. The following lemma
implies in particular the Transversality Theorem 42.5 if ∂Y = ∅.
Lemma 42.10. Let M be a smooth manifold and let X be a proper submanifold of M .
Furthermore let Y be a compact smooth manifold, let f : Y → M be a smooth map and
let C be a closed subset of Y such that X t f on C. We assume that f−1(∂M) Ă C.
(1) There exists a smooth homotopy F rel C from F0 = f to a map F1 with F1 t X

with the following properties:
(a) F is a smooth homotopy rel C from F0 = f to a map F1 with X t F1.
(b) The set of t ∈ [0, 1] such that X t Ft has full measure.
(c) For each t ∈ [0, 1] we have F−1

t (∂M) = f−1(∂M).416

(2) If f is a smooth embedding, then we can choose F to be a smooth isotopy.

Proof. LetM be a smooth manifold and letX be a proper submanifold ofM . Furthermore
let Y be a compact smooth manifold, let f : Y → M be a smooth map and let C be a
closed subset of Y such that X t f on C and such that f−1(∂M) Ă C.

By the Transversality-Extends-to-Neighborhood Lemma 42.9 there exists an open neigh-
borhood U of C Ă Y such that X t f on U . By the Manifold Paracompact-Normal Propo-
sition 18.9 (2) we know that Y is normal. Using the Normal-Open-Closed-Neighborhood
Lemma 8.2 twice we see that there exist open subsets V,W of Y with C Ă W Ă W Ă V Ă

V Ă U .
Since V and Y \U are disjoint closed subsets of Y we obtain from Urysohn's Lemma 21.7

for Manifolds that there exists a smooth map τ : Y → R with τ |V ≡ 0 and τ |Y \U ≡ 1. In
the following we proceed similar to the proof on page 979.

(1) By the Euclidean Embedding Theorem 27.1 and the Smooth Embedding Theo-
rem 24.10 we can assume that M is a proper smooth submanifold of some Hn.

(2) By hypothesis we have f−1(∂M) Ă C. It follows that f(Y \W ) Ă M \ ∂M . Since Y
is compact we know by the Compact Image Lemma 2.13 that f(Y \W ) is a closed
subset of M that is disjoint from ∂M . We now know by Exercise 28.9, which is a
mild generalization of the Neighborhood Projection Theorem 28.1, that there exists
an open neighborhood N of f(Y \W ) Ă Rn with N ∩ ∂M = ∅ and a smooth map
π : N →M which has the following two properties:
(a) for each P ∈ f(Y \W ) we have π(P ) = P ,
(b) π is a submersion, i.e. for each Q ∈ N(M) the di�erential DπQ is an epimorphism.

Since Y \W is compact we obtain from the Compact Image Lemma 2.13 together with the
elementary Exercise 6.1 that there exists an r > 0 such that for each y ∈ f(Y \W ) we have
Bn
r (f(y)) Ă N(M). Therefore we can consider the map

F : Y ×Bn
r (0) → M \ ∂M

(y, v) 7→
{
π(f(y) + τ(y) · v), if y ∈ Y \W,
y, if y ∈ W.

Since τ |V ≡ 0 we see that on the open set V ×Bn
r (0) the map F is just given by the smooth

map (y, v) 7→ y. Furthermore by construction F is smooth on (Y \W ) × Bn
r (0). Since F

is smooth on open sets that cover Y ×Bn
r (0) we see that F is indeed smooth.
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Claim. We have X t F .
Proof. Let y ∈ Y .
• If τ(y) = 0, then by construction of τ we have y ∈ U . By the choice of U this implies
that X t f at y. But since τ(y) = 0 this implies that X t F at every (y, v).
• If τ(y) 6= 0, then it follows from the fact that f(y) + τ(y) · Bn

r (0) = Bn
τ(y)(f(y)) is an

open neighborhood of f(y) ∈ M Ă N(M) Ă Rn and the fact that π is a submersion
that for each (y, v) ∈ Y × Bn

r (0) the map DF(y,v) is an epimorphism, i.e. X t F at
(y, v). �

The remainder of the argument is similar to the proof on page 979. By the Parametric
Transversality Proposition 42.7, together with Exercise 30.2 (which is a consequence of
the Mini-Fubini Lemma 30.11), there exists a v ∈ Bn

r (0) such that X t Fv, i.e. such that
Fv : Y →M is transverse to X, and such that the following condition is satis�ed:
(∗) The set of t ∈ [0, 1] such that X t Ft·v has full measure in [0, 1].

Next we consider the map

H : Y × [0, 1] → M
(y, t) 7→ Ft·v(y) = F (y, t · v).

It remains to to verify that the map H has all the desired properties:
(a) Since F is smooth we see that H is smooth. By construction H is a homotopy from

H0 = f to a map H1 with X t H1. Note that for y ∈ C we have, by the choice of τ ,
that H(y, t) = y for all t ∈ [0, 1]. In other words, H is indeed a homotopy rel C.

(b) It follows from (∗) that the set of t ∈ [0, 1] such that X t Ht has full measure.
(c) Since N ∩ ∂M = ∅ and since ∂M Ă C we see that for each t ∈ [0, 1] we have

H−1
t (∂M) = f−1(∂M).

Finally assume that f is a smooth embedding. Since F0 = f it follows from the Deform
Smooth Embedding Proposition 33.6 (1) that, after possibly shrinking r, we can assume
that for each s ∈ Bn

r (0) the map Fs : Y → M is a smooth embedding. In this setting the
above map H is now actually a smooth isotopy. �
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Proof of the Transversality Theorem 42.5. Let M be a smooth manifold and let X
be a proper submanifold of M . Furthermore let Y be a compact smooth manifold and let
f : Y → M be a smooth map such that f−1(∂M) is a union of components of ∂Y . To
simplify the language and notation we actually assume that f−1(∂M) = ∂Y . Finally let C
be a closed subset of Y such that X t f on C. Recall that we need to show the following:
(1) There exists a smooth homotopy F : Y × [0, 1]→M with the following properties:

(a) F is a smooth homotopy rel C from F0 = f to a map F1 with X t F1.
(b) The set of t ∈ [0, 1] such that X t Ft has full measure.
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(c) For each t ∈ [0, 1] we have F−1
t (∂M) = ∂M , i.e. F is a proper smooth homotopy.

(2) If f is a smooth embedding, then we can choose F to be a smooth isotopy.
We start out with the following claim.
Claim.
(1) There exists a proper smooth homotopy G rel C from f to a map g : Y → M such

that X t g on C ∪ ∂Y .
(2) If f is a smooth embedding, then we can choose G to be a smooth isotopy.

Proof. 417 We make the following preparations:
(a) We write f∂ := f |∂Y : ∂Y → ∂M .
(b) By the de�nition of transversality we know that the submanifold ∂X Ă ∂M is

transversal to the map f∂ : ∂Y → ∂M on ∂Y ∩ C.
(c) By the Transversality-Extends-to-Neighborhood Lemma 42.9 there exists an open

neighborhood U of ∂Y ∩ C Ă ∂Y such that f |∂ t f |∂Y on U .
(d) By the Manifold Paracompact-Normal Proposition 18.9 (2) we know that ∂Y is

normal. By the Normal-Open-Closed-Neighborhood Lemma 8.2 this implies that
there exists an open subset V Ă ∂Y with ∂Y ∩ C Ă V Ă V Ă U .

(e) By the Smooth Collar Neighborhood Theorem 28.3 we can pick a collar [0, 1] × ∂Y
for Y and we can pick a collar [0, 1]× ∂M for M .

(f) Since Y is compact, since C Ă Y is closed and since [0, 1]× ∂Y is closed we see that
C ∩ ([0, 1]× ∂Y ) is compact. Furthermore since [0, 1]× ∂Y is a neighborhood of ∂Y
and since V is a neighborhood of C ∩ ∂Y Ă ∂Y it follows from Exercise 5.7 that we
can pick an ε > 0 such that C ∩ ([0, ε]× ∂Y ) = C ∩ ([0, ε]× V ).

(g) It follows from the Basics-of-Collars Lemma 28.4, and the compactness of ∂Y , that
after possibly shrinking ε, we can also assume that f([0, ε]) Ă [0, 1)× ∂M .

(h) We denote by π : [0, 1]× ∂M → [0, 1] the projection onto the �rst factor.
(i) By the Smooth Transition Function Lemma 19.4 we can pick a smooth function

η : [0, ε]→ R such that η(0) = 0 and η(t) = 1 for t ∈ [ ε
2
, ε] and we can pick a smooth

function τ : [0, ε]→ R such that τ(0) = 1 and τ(t) = 0 for t ∈ [ ε
2
, ε] and

Now we can provide the actual proof of the claim. Since ∂∂Y = ∅ we know by Lemma 42.10
that there exists a smooth homotopy F : ∂Y × [0, 1]→ ∂M rel ∂Y ∩ V such that ∂X t F1

and such that the following statement holds:
(∗) The set of t ∈ [0, 1] with ∂X t Ft has full measure in [0, 1].

Now we consider the map

G : Y × [0, 1] → M

(y, t) 7→
{
f(y), if y 6∈ [0, ε]× ∂Y,
(F (ỹ, τ(s))︸ ︷︷ ︸

∈∂M

, η(f(y))︸ ︷︷ ︸
∈[0,1]

), if y = (s, ỹ) ∈ [0, ε]× ∂Y.

First note that by design the map G : Y × [0, 1]→ M is smooth on the open subsets (Y \
[0, ε

2
])×[0, 1] and ([0, 1)×∂Y )×[0, 1]. It follows from the Smooth Pasting Proposition 19.23

417In many situations this claim can also be proved fairly easily using the Homotopic-to-Product-Near-
Boundary Lemma 28.6 and Lemma 42.10 applied to ∂Y . But for the most general statements we have to
get our hands dirty again.
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that G is smooth. Note that this is a smooth homotopy with G0 = f . Furthermore for
each t ∈ [0, 1] we have G−1

t (∂M) = ∂Y . Next note that G is constant outside of [0, ε]× Y .
Furthermore it is constant on [0, ε] × V . By the choice of ε this means that G is constant
on C. In other words, the above is the desired smooth homotopy.

If f is a smooth embedding then we can arrange, using (∗) and the Deform Smooth
Embedding Proposition 33.6 (2), by rescaling the original map G that G is actually a
smooth isotopy. �
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M

[0, 1]×∂M

Y

V

[0, 1]×∂Y
C

[0, ε]×V

It follows from the claim and the Smooth Isotopy Transitivity Proposition 33.3 that it
remains to consider the case that f : Y → M is a smooth map with f−1(∂M) = ∂Y such
that X t f on C ∪ ∂Y , where C is a closed subset of Y . But this case we have dealt with
in Lemma 42.10. �

Exercises for Chapter 42.

Exercise 42.1. Let M Ă Rn be a smooth submanifold. Show that the set

{P ∈ Rk |M is not transverse to the submanifold Rn−k × {P}}
has measure zero in Rk.

transverse to M
not transverse to M

Rk

Rn−k

M

Exercise 42.2. LetM and N be two smooth manifolds with empty boundary. We suppose
that dim(M) < dim(N). Furthermore let W be a submanifold of N without boundary.
Finally we suppose that for every point P ∈ M with f(P ) ∈ W we have the equality
DfP (TPM) + Tf(P )W = Tf(P )N . Show that W \ f(M) has full measure in W .
Hint. Use the Local Smooth Embedding Theorem 24.8, the Submanifold Transversal In-
tersection Theorem 42.1 (2) and the Measure-Zero Properties Proposition 30.2.

M N

W

f

Exercise 42.3. Let M be an oriented smooth manifold and let X and Y be two proper
smooth submanifolds that intersect transversally. By the Submanifold Transversal Inter-
section Theorem 42.1 we obtain oriented submanifolds X ∩ Y and Y ∩ X. What is the
relationship between the orientations of X ∩ Y and Y ∩X ?
Remark. This exercise is just a reminder for the reader to do Exercise 25.2.
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Exercise 42.4. Let M be a 2-dimensional smooth manifold with ∂M = ∅, let A,B,C
be three 1-dimensional smooth submanifolds of M and let P ∈ A ∩ B ∩ C be a point
such that all pairs among A,B and C intersect transversally. Does there exist a chart
Φ: U → V for P ∈ M with Φ(P ) = (0, 0), Φ(A) Ă R × {0}, Φ(B) Ă {0} × R and with
Φ(C) Ă {(x, x) ∈ R2 |x ∈ R} ?
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Exercise 42.5. Let L Ă S1 × S2 be a 1-dimensional smooth submanifold. Show that L is
smoothly isotopic to a 1-dimensional smooth submanifold that is contained in S1 × S2

≥0.

Exercise 42.6. We consider the smooth manifold M = R × [−1, 1] together with the
submanifolds

Wt := {(t+ 1
y2−1

, y) | y ∈ (−1, 1)} where t ∈ R.

Show that there is no smooth path γ : [−1, 1] → M that connects the bottom R × {−1}
with the top R×{1} such that γ is transverse to everyWt, i.e. such that for any s ∈ (−1, 1)
with γ(s) ∈ Wt we have γ′(s) 6∈ Vγ(s)Wt.
Remark. This decomposition of the interior of M = R × [−1, 1] into submanifolds is
sometimes called a Reeb foliation.

�
�
�
�

��
��
��
��

γ ?

R× {1}
submanifolds Wt

R× {−1}

?

Exercise 42.7. Let M be a closed smooth manifold and let α : Sk →M be a map. Show
that there exists an r ∈ N0 and a smooth embedding ϕ : Sk → ∂(M × Br

) such that the

maps Sk α−→M x 7→ (x, 0)−−−−−→M ×Br
and ϕ : Sk →M ×Br

are homotopic.

Exercise 42.8. LetM be an m-dimensional smooth manifold, letW be compact codimen-
sion-zero submanifold of M and let Y be a proper submanifold of M that intersects ∂W
transversally. Show that Y ∩W is a proper submanifold of W .
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Exercise 42.9. LetM be an n-dimensional smooth manifold with ∂M = ∅ and let X and
Y be proper submanifolds of M of dimensions k and l. We assume that there exists an
m ∈ N0 such that for any P ∈ X ∩ Y we have dim(TPX + TPY ) = m. Show that X ∩ Y
is a proper submanifold of M of dimension k + l −m.
Hint. Given any P ∈ M you can assume, after applying a chart, that you are working in
an open subset of Rn. Apply the Submanifold Transversal Intersection Theorem 42.1 to a
suitable setting.
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Project 42.1. Formulate and prove a version of the Submanifold Transversal Intersection
Theorem 42.1 for three, or more generally n ∈ N, submanifolds.
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43. The algebraic intersection number

In this section we will use the results from the last chapter to introduce the algebraic
intersection number between transverse submanifolds of complementary dimension. The
algebraic intersection number is one of the most popular notions of geometric topology.
In this chapter we will use this concept to prove the Generalized Smooth Jordan-Brouwer
Separation Theorem 43.10 which implies, as we will see in Corollary 43.13, that there is no
smooth embedding of RP2 or the Klein bottle into R3.

43.1. The Algebraic intersection number between a submanifold and a map. We
start out with the following de�nition, which is a special case of the de�nition on page 650.
De�nition. LetM be a topological manifold and let Y be a compact topological manifold.
We say that a map f : Y →M is proper if f−1(∂M) = ∂Y .418
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De�nition. Let M be an m-dimensional smooth manifold and let X Ă M be a compact
proper submanifold of dimension k.
(1) Let Y be a compact smooth manifold of dimension m− k and let f : Y → M be a

proper smooth map that intersects X transversally in the sense of the de�nition on
page 971, i.e. such that X t f . By the Transversal Preimage Theorem 42.3 we know
that f−1(X) is a compact 0-dimensional manifold. As we remarked on page 514 this
means that f−1(X) is a �nite set. Thus we can de�ne

geometric intersection number of X and f := #f−1(X).

(2) If Y is a compact proper (m− k)-dimensional submanifold of M with X t Y , then
we de�ne

geometric intersection number of X and Y := #(X ∩ Y ).
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The geometric intersection number (except perhaps for its parity) is frankly not a very
interesting number. In the presence of orientations we can introduce a signi�cantly more
interesting number.
De�nition. Let M be an oriented m-dimensional smooth manifold and let X Ă M be a
compact oriented proper submanifold of dimension k.
(1) Let Y be a compact oriented smooth manifold of dimensionm−k and let f : Y →M

be a proper smooth map with X t f . By the Transversal Preimage Theorem 42.3
we know that f−1(X) is a compact oriented 0-dimensional submanifold. Thus we

418It follows from the Compact Image Lemma 2.13 that for a compact topological manifold this de�nition
is equivalent to the de�nition on page 650.
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can de�ne

algebraic intersection number of X and f := X · f :=
∑

P∈f−1(X)

orientation of P︸ ︷︷ ︸
∈{−1,1}

.

(2) If Y is a compact proper (m− k)-dimensional submanifold of M with X t Y , then
we de�ne419

algebraic intersection number of X and Y := X · Y :=
∑

P∈X∩Y
orientation of P︸ ︷︷ ︸

∈{−1,1}

.

Example. Let M and Y be compact oriented smooth manifolds of the same dimension
and let f : Y →M be a smooth map with f−1(∂M) Ă ∂Y . By Sard's Theorem 31.1 there
exists a regular value P ∈M \∂M . Basically by de�nition the fact that P is regular means
that the map f : Y →M is transverse to the 0-dimensional submanifold {P}. As usual we
give {P} the orientation given by +1. If one goes through the de�nitions one sees that

{P} · f = deg(f : Y →M),

where deg(f : Y →M) denotes the degree that we introduced on pages 899 and 925.

The above de�nition of the algebraic intersection number is very elegant, but it is ar-
guably not very intuitive. Therefore we now give an alternative description of the algebraic
intersection number.
De�nition. Let M be an oriented m-dimensional smooth manifold and let X Ă M be a
compact oriented proper submanifold of dimension k ∈ {1, . . . ,m− 1}.
(1) Let Y be a compact oriented smooth manifold of dimensionm−k and let f : Y →M

be a proper smooth map with X t f . Let P ∈ f−1(X). We set sign(P ) := 1, if

(positive basis of Tf(P )X,DfP (positive basis of TPY )) = positive basis of Tf(P )M .

Otherwise we set sign(P ) := −1.420

(2) If Y is a compact oriented proper submanifold of M of dimension m − k, then for
any P ∈ X ∩ Y we de�ne sign(P ) as in (1).

Lemma 43.1. We suppose that we are in the setting of the above de�nition. We have

X · f =
∑

P∈f−1(X)

sign(P ).

In particular, if Y is a compact proper submanifold of M with X t Y , then

X · Y =
∑

P∈X∩Y
sign(P ).

Proof. The lemma follows almost immediately from the de�nitions. But, for peace of
mind, let us provide at least some details, to make sure that the sign conventions really do
work out. It su�ces to show the following claim.

419If ι : Y →M denotes the inclusion map, then it follows immediately from the remark on page 674 that
X · Y = X · ι.
420It is a straightforward exercise in linear algebra to show that the de�nition of sign(P ) does not depend
on the choice of the positive bases of TPX and TPY .
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geometric intersection number of X and f = 3
algebraic intersection number of X and f = 1

X

MY

X · f = 1− 1 + 1

+1−1+1
f

Claim. For each P ∈ f−1(X) the preimage orientation on P equals sign(P ).

Proof. Let P ∈ f−1(X). We write Q = f(P ). Note that by the Transversal Preimage
Theorem 42.3 (2) we have (DfP )−1(TQX) = TP{P}. Using this observation, we consider,
as in the de�nition of the preimage orientation on page 673, the following diagram:

TQX
� � // TQM // // TQM/TQX

TP{P} �
�

// TPY ∼=
// //

DfP
∼=

44

TPY/TP{P}.
∼= [v]7→[DfP (v)]

OO

The diagonal map exists since TP{P} is 0-dimensional. We equip TQM/TQX with the ori-
entation given by the orientation on TPY and the isomorphism DfP . It follows immediately
from this diagram that the following three statements are equivalent:
(1) The preimage orientation of P ∈ f−1(X) equals +1.
(2) The orientations on TQX,TQM and TQM/TQX are compatible in the sense of the

de�nition on page 671.
(3) sign(P ) = 1. �
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If we are given two oriented submanifolds X and Y of M , then of course it makes sense to
consider X · Y as well as Y ·X. The following lemma elucidates the relationship between
these algebraic intersection numbers.421

Lemma 43.2. Let M be an oriented smooth manifold and let X, Y Ă M be compact
oriented proper submanifolds of M with dim(X) + dim(Y ) = dim(M). If X t Y , then
also Y t X and Y ·X = (−1)dim(X)·dim(Y ) · X · Y .
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X · Y = +1− 1 + 1 = +1
Y ·X = −1 + 1− 1 = −1

Proof. We set k = dim(X), l = dim(Y ) and m = dim(M). The cases k = 0 and l = 0
follow easily from the de�nitions. Thus let us now suppose that k, l ∈ {1, . . . ,m−1}. In this
421The next lemma deals with a special case of Exercise 42.3.
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case it follows from the claim in the proof of Lemma 43.1 that at each P ∈ X ∩Y = Y ∩X
the orientations di�er by the sign of the determinant of the following matrix:(

0l×k idl
idk 0k×l

)
.

We leave it to the reader to bring out their favorite tricks for computing determinants to
show that the determinant of this matrix equals (−1)k·l. �

The following elementary lemma shows how the algebraic intersection number is a�ected
by several basic operations.

Lemma 43.3. Let M be an oriented m-dimensional smooth manifold, let X Ă M be a
compact oriented proper submanifold of dimension k, let Y be a compact oriented smooth
manifold of dimension m− k and let f : Y →M be a proper smooth map with X t f .
(1) As usual we denote by −X the submanifold with the opposite orientation. We have

(−X) · f = −X · f.

(2) Let M̃ be an oriented smooth manifold with dim(M̃) = dim(M). If Φ: M → M̃ is
a smooth embedding, then

Φ(X) · (Φ ◦ f) =

{
X · f, if Φ is orientation-preserving
−X · f, if Φ is orientation-reversing.

(3) Let Ỹ be an oriented smooth manifold. If Ψ: Ỹ → Y is a di�eomorphism, then

X · (f ◦Ψ) =

{
X · f, if Ψ is orientation-preserving
−X · f, if Ψ is orientation-reversing.

Proof. All statements follow easily from the de�nitions together with the Compatible
Orientations Lemma 25.5 (2). �

Proposition 43.4. (Intersection-Number Zero-if-Extends Proposition) Let M be
an oriented m-dimensional smooth manifold, let X Ă M be a compact oriented proper
submanifold of dimension k, let Y be a closed oriented smooth manifold of dimensionm−k
and let f : Y → M be a proper422 smooth map with X t f . If there exists a compact
oriented smooth manifold Ỹ with423 ∂Ỹ = Y and if there exists a map424 f̃ : Ỹ →M with
f̃ |∂Ỹ = f , then X · f = 0.
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M

Y
f f̃

+1

−1

Remark. The Intersection-Number Zero-if-Extends Proposition 43.4 gives in particular a
solution to Exercise 38.11.

422Since Y is closed this just means that f(Y ) Ă M \ ∂M .
423On page 689 we introduced the natural orientation of the boundary of an oriented smooth manifold.
With this de�nition the equality ∂Ỹ = Y is supposed to be an equality of oriented smooth manifolds.
424Note that we do not assume that f̃ is smooth.
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Proof. Let Ỹ be a compact oriented smooth manifold of dimension m−k+1 with ∂Ỹ = Y

and let f̃ : Ỹ →M be a map with f̃ |∂Ỹ = f . We need to show that X · f = 0.

Claim. There exists a smooth map γ : Ỹ →M \ ∂M with γ|∂Ỹ = f such that X t γ.

Proof. We will perform three upgrades to f̃ to get the desired map.
(α) Since f̃ |∂Ỹ = f is smooth we obtain from the Smooth-on-Boundary-Submanifold

Lemma 29.4 together with the Whitney Approximation Theorem 29.1425 that we can
replace f̃ by a smooth map α : Ỹ →M with α|∂Ỹ = f .

(β) By hypothesis the map f : Y → M is proper, which in this setting just means
that f(Y ) = α(Y ) Ă M \ ∂M . It follows from the Push-Away-from-Boundary
Corollary 28.5 that we can replace α by a smooth map β : Ỹ → M \ ∂M with
β|∂Ỹ = α|∂Ỹ = f .

(γ) It follows from X t f that X t β on Y = ∂Ỹ . Since β takes values in M \ ∂M
we can apply the Transversality Theorem 42.5 to the map β : Ỹ →M \ ∂M and the
closed subset C := Y = ∂Ỹ of Ỹ . We obtain a smooth map γ : Ỹ → M \ ∂M with
γ|∂Ỹ = f̃ and with X t γ. �

Given a compact oriented 0-dimensional smooth manifold A we denote by ε(A) ∈ Z the
sum of the orientations of the points in M . We now see that

X · f = ε(f−1(X)) = ε(∂γ−1(X)) = ε
(

compact oriented 1-dimensional
smooth manifold

)
= 0.

↑ ↑ ↑ ↑
by de�nition by the Transversal Preimage Theorem 42.3 (3) and (4), Boundary-of-Compact

here we use that X t γ, that γ|∂Ỹ = f 1-Dimensional Smooth
and that Ỹ is compact Manifold Proposition 25.18

We have thus proved that X · f = 0. �
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43.2. The Intersection Number Homotopy Invariance Theorem. The following the-
orem can be viewed as an analogue of the Degree Homotopy Invariance Theorem 38.3.

Theorem 43.5. (Intersection Number Homotopy Invariance Theorem) Let M
be an oriented m-dimensional smooth manifold, let X Ă M be a compact oriented proper
submanifold of dimension k, let Y be a closed oriented smooth manifold of dimension
m − k and let f0, f1 : Y → M be proper smooth maps with X t f0 and X t f1. If there
exists a homotopy426 F : Y × [0, 1]→M between f0 and f1, then

X · f0 = X · f1.

Example. Note that in the statement of the Intersection Number Homotopy Invariance
Theorem 43.5 we cannot just drop the hypothesis that Y is closed. More precisely, in the

425Note that the hypothesis that f : Y → M is proper implies that f(∂Ỹ ) Ă M \ ∂M , so we can indeed
apply the Whitney Approximation Theorem 29.1.
426Note that we do not demand that the homotopy is proper or smooth.
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X · f0 = +1

X

MY
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�gure below we show a smooth manifold M , a proper submanifold X with ∂X 6= ∅ and
two properly smoothly homotopic maps Y → M with ∂Y 6= ∅, which are both transverse
to X, such that X · f0 6= X · f1. As always in mathematics, under extra hypotheses one
can in fact allow Y to have non-empty boundary. We will see one such instance with the
Intersection Number Homotopy Invariance Theorem II 43.6 and we will see more examples
in Chapter 126.
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M
X · f0 = −1
X · f1 = 0X

Y

f1

f0

Proof. Let M be an oriented m-dimensional smooth manifold, let X Ă M be a compact
oriented proper submanifold of dimension k, let Y be a closed oriented smooth manifold
of dimension m− k and let f0, f1 : Y →M be smooth maps with X t f0 and X t f1 such
that there exists a homotopy between f0 and f1. We need to show that X · f1−X · f0 = 0.

Given t ∈ [0, 1] we equip {t} × Y with the product orientation that we introduced on
page 695. Furthermore we denote by

ιt : Y → {t} × Y
y 7→ (t, y)

the obvious di�eomorphism. The hypothesis that f0 and f1 are homotopic implies that
there exists a map F : [0, 1]× Y → M with F ◦ ι0 = f0 and F ◦ ι1 = f1. Now we perform
the following calculation:

X ·f1 −X ·f0 = X ·(F ◦ ι1)−X ·(F ◦ ι0) = X ·F |{1}×Y −X ·F |{0}×Y
↑

by Lemma 43.3 (1) since by the discussion on page 696 we know
that ι0 and ι1 are orientation-preserving di�eomorphisms

= X ·F |{1}×Y +X ·F |−({0}×Y ) = X ·F |{1}×Y ∪−({0}×Y ) = X ·F |∂([0,1]×Y ) = 0.
↑ ↑ ↑ ↑

by Lemma 43.3 (2) since the algebraic intersection see page 696 Proposition 43.4
number is additive underdisjoint unions �
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Under suitable restrictions one can generalize the Intersection Number Homotopy Invari-
ance Theorem 43.5 from the case of a closed smooth manifold Y to the case of non-empty
boundary. In the next section we will make use of the following theorem.
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Theorem 43.6. (Intersection Number Homotopy Invariance Theorem II) Let M
be an oriented m-dimensional smooth manifold, let X Ă M be a compact oriented proper
submanifold of dimension k, let Y be a compact oriented smooth manifold of dimension
m− k and let f0, f1 : Y → M \ ∂M be smooth maps with X t f0 and X t f1. We make
the following hypothesis on the behavior of the maps on the boundary:
(1) f0|∂Y = f1|∂Y .
(2) f0(∂Y ) ∩X = f1(∂Y ) ∩X = ∅.

If f0 and f1 are homotopic rel ∂Y , then

X · f0 = X · f1.
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X · f0 = −1 + 1− 1
X · f1 = −1

∂Y

−

f1

+−
f0

Proof. The proof can be found in the long version of the lecture notes. �

Proof. Once again we need to show that X · f1 −X · f0 = 0. Since [0, 1]× Y is a smooth
manifold with corner ∂Y × {0, 1} we cannot use the o�-the-shelf approach that we took
in the proof of the Intersection Number Homotopy Invariance Theorem 43.5. Therefore in
the following we also need to look under the hood of the proof of the Intersection-Number
Zero-if-Extends Proposition 43.4 to make the argument work.

We will outline the changes that need to be made. As before, given t ∈ [0, 1] we equip
{t} × Y with the product orientation and we denote by

ιt : Y → {t} × Y
y 7→ (x, y)

the obvious di�eomorphism.
Claim 1. There exists a map δ : [0, 1]× Y →M with the following properties:
(1) We have δ ◦ ι0 = f0 and δ ◦ ι1 = f1.
(2) For each t ∈ [0, 1] and P ∈ ∂Y we have δ(t, P ) = f0(P ).
(3) We have δ([0, 1]× ∂Y ) ∩ ∂M = ∅.
(4) The map δ is smooth.

Proof. The proof of the claim uses an approach similar to the one taken in the proof of the
Intersection-Number Zero-if-Extends Proposition 43.4. Again we proceed in several steps:
(1) Since f0 and f1 are homotopic rel ∂Y there exists a map α : [0, 1] × Y → M which

satis�es (1) and (2).
(2) the Push-Away-from-Boundary Corollary 28.5 implies that we can replace α by a

map β which now satis�es (1), (2) and (3).
(3) Next note that by the Trivial-Near-The-Ends-Lemma 33.4 we can replace β by a

homotopy γ : [0, 1]× Y →M which has the following properties:
(a) For each t ∈ [0, 1

4
] we have γ ◦ ιt = f0.

426Again we do not demand that the homotopy is smooth.
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(b) For each t ∈ [3
4
, 1] we have γ ◦ ιt = f1.

(4) We apply the Whitney Approximation Theorem 29.1 to γ : (0, 1)×Y →M \∂M and
the closed subset A = ((0, 1

8
]×Y )∪((7

8
, 1]×Y )∪([0, 1]×∂Y ) to obtain a smooth map

δ : (0, 1)×Y →M \∂M . We extend δ to [0, 1]×M \∂M via f0 and f1. It follows from
the obvious extension of the Smooth Pasting Proposition 19.23 to smooth manifolds
with corner that this map δ : [0, 1]×Y →M \ ∂M is smooth. By construction it has
all the desired properties. �

Claim 2. We have X · δ∂([0,1]×Y ) = 0.

Proof. If ∂Y = ∅, then this equality follows immediately from the Intersection-Number
Zero-if-Extends Proposition 43.4. Now consider the case that ∂Y 6= ∅. We make the
following two observations:
(1) By construction we have δ−1(X) Ă M \ ∂M .
(2) Since X is closed and since Y is compact we see that the preimage δ−1(X) is compact.

Note that it follows from (1) and (2), and the argument of the proof of the Intersection-
Number Zero-if-Extends Proposition 43.4, that δ−1(X) is a compact submanifold of the
smooth manifold [0, 1]× (Y \∂Y ). Therefore, by exactly the same argument as in the proof
of the Intersection-Number Zero-if-Extends Proposition 43.4 we see that X · δ∂([0,1]×Y ) = 0.
�
Now we perform the following calculation:

X ·f1 −X ·f0 = X ·(δ ◦ ι1)−X ·(δ ◦ ι0) = X ·δ|{1}×Y −X ·δ|{0}×Y
↑

by Lemma 43.3 (1) since by the discussion on page 696 we know
that ι0 and ι1 are orientation-preserving di�eomorphisms

= X ·δ|{1}×Y +X ·δ|−({0}×Y ) = X ·δ|{1}×Y ∪−({0}×Y ) = X ·δ|∂([0,1]×Y ) = 0.
↑ ↑ ↑ ↑

by Lemma 43.3 (2) since the algebraic intersection number see page 696 Claim 2
is additive under disjoint unions �
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+1

M M

+1
−1

f0 f1

+1

f0

+1

f1

submanifold X

YY
+1

+1

−1

δ

∂Y
[0, 1]× Y{0}×Y {1}×Y

In the Intersection Number Homotopy Invariance Theorem 43.5 we showed that under
suitable hypotheses the algebraic intersection number X ·f stays constant if we �deform� f .
The question arises, what happens if we �deform� the submanifold X by a smooth isotopy.
If we are dealing with the algebraic intersection number between two submanifolds, then we

426Note that [0, 1] × Y could be a smooth manifold with non-empty corner, but (0, 1) × Y is fortunately
smooth manifold without corner. This is the reason why we want to work with (0, 1)× Y .
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can use the (anti-) symmetry from Lemma 43.2 to swap the roles of the two inputs and we
can reduce the problem to the Intersection Number Homotopy Invariance Theorem 43.5.

In the general setting we have the following theorem:

Proposition 43.7. (Intersection Number Homotopy Invariance Theorem III)
Let M be an oriented m-dimensional smooth manifold, let Y be a closed oriented smooth
manifold of dimension m− k, let X be a compact oriented smooth manifold of dimension
k and let H : X × [0, 1] → M be a proper smooth isotopy such that427 H0(X) t f and
H1(X) t f . Then

H0(X) · f = H1(X) · f.
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Proof. The natural idea would be to try to modify the argument of the Intersection Num-
ber Homotopy Invariance Theorem 43.5. We will do it di�erently though, namely we will
employ the Isotopy Extension Theorem 36.1, to sidestep all di�culties.

By the Isotopy Extension Theorem 36.1 there exists a di�eotopy Φ: M × [0, 1] → M
with the following properties:
(1) Φ0 = id.
(2) Φ1 ◦H0 = H1 : X →M .

We now see that
H0(X) · f = Φ1(H0(X)) · (Φ1 ◦ f) = H1(X) · (Φ1 ◦ f) = H1(X) · f.

↑ ↑
since Φ0 = id we know by the Smooth by the Intersection Number Homotopy Invariance
Isotopy-Orientation Proposition 34.2 Theorem 43.5, since (x, t) 7→ Φt ◦ f is a homotopy
that Φ1 is an orientation-preserving between f = id ◦f = Φ0 ◦ f and Φ1 ◦ f
di�eomorphism, the statement
now follows from Lemma 43.3 �

43.3. The Z2-algebraic intersection number. If we do not have orientations at hand,
then we cannot de�ne the Z-valued algebraic intersection number. We can of course still
consider the geometric intersection number, but the geometric intersection number is clearly
not invariant under homotopies. But, playing around with pictures shows that the parity
of the geometric intersection number has a chance of being invariant under homotopies.
This hope leads us to the following de�nition.
De�nition. Let M be an m-dimensional smooth manifold and let X Ă M be a compact
proper submanifold of dimension k.
(1) Let Y be a compact smooth manifold of dimension m− k and let f : Y → M be a

proper smooth map with X t f . We de�ne the

Z2-valued intersection number of X and f := X ·Z2 f := [#f−1(X)] ∈ Z2.

427Note that it follows from the Smooth Embedding Theorem 24.10 that each Ht(X) is indeed a proper
smooth submanifold of M .
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(2) If Y is a compact proper (m− k)-dimensional submanifold of M with X t Y , then
we de�ne

Z2-valued intersection number of X and Y := X ·Z2 Y := [#(X ∩ Y )] ∈ Z2.

Remark. In the setting of the above de�nition, if X, Y and M are actually oriented, then
we evidently have X ·Z2 f = X · f mod 2.
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Möbius band M
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Our previous results on the algebraic intersection numbers in the oriented setting also
have obvious analogues in the unoriented �mod 2�-setting. We just need to delete the
adjective �oriented� and replace Z by Z2. For example we have the following analogue the
Intersection-Number Zero-if-Extends Proposition 43.4.

Proposition 43.8. (Intersection-Number Zero-if-Extends Proposition) Let M
be an m-dimensional smooth manifold, let X Ă M be a compact proper submanifold of
dimension k, let Y be a closed smooth manifold of dimension m − k and let f : Y → M

be a proper smooth map with X t f . If there exists a compact smooth manifold Ỹ with
∂Ỹ = Y and a map f̃ : Ỹ →M with f̃ |∂Ỹ = f , then X ·Z2 f = 0.

Proof. The proof is almost identical to the proof of the Intersection-Number Zero-if-
Extends Proposition 43.4. �

At the end of the day, the only result about Z2-value intersection numbers we really care
about is the following analogue of the Intersection Number Homotopy Invariance The-
orem 43.6. In fact we will put it to good use in the next section in our proof of the
Generalized Smooth Jordan-Brouwer Separation Theorem 43.10.

Theorem 43.9. (Intersection Number Homotopy Invariance Theorem) Let M
be an m-dimensional smooth manifold, let X Ă M be a compact proper submanifold
of dimension k and let Y be compact oriented smooth manifold of dimension m − k.
Furthermore let f0, f1 : Y →M \∂M be smooth maps with X t f0 and X t f1. We make
the following hypotheses on the behavior of the maps on the boundary:
(1) f0|∂Y = f1|∂Y .
(2) f0(∂Y ) ∩X = f1(∂Y ) ∩X = ∅.

If f0 and f1 are homotopic rel ∂Y , then

X ·Z2 f0 = X ·Z2 f1.

Proof. Again the proof is a worry-free analogue of the proof of the original Intersection
Number Homotopy Invariance Theorem 43.6. Along the way we just need to replace the
Intersection-Number Zero-if-Extends Proposition 43.4 by the above Intersection-Number
Zero-if-Extends Proposition 43.8. �

Example. LetM be the Möbius band. We consider the proper 1-dimensional submanifold
X and the two maps f, f̃ : [0, 1] → M shown in the �gure below. Since X ·Z2 f = 0 ∈ Z2
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and X ·Z2 f̃ = 0 ∈ Z2 we obtain from the Intersection Number Homotopy Invariance
Theorem 43.9 that the two maps are not homotopic rel {0, 1}.
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43.4. The Smooth Jordan-Brouwer Separation Theorem.

Theorem 43.10. (Generalized Smooth Jordan-Brouwer Separation Theorem)
Let M be a connected non-empty smooth codimension-one submanifold of Rn that is
closed if viewed as a smooth manifold in its own right.
(1) The complement Rn \ M has precisely two path-components428, one of which is

bounded and one which is unbounded.
(2) Let A and B be the two path-components of Rn\M . The following statements hold:

(a) The closures A and B are codimension-zero submanifolds of Rn.
(b) ∂A = ∂A = ∂B = ∂B = A ∩B = M .429
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As an almost immediate corollary we obtain the following result:

Corollary 43.11. (Smooth Jordan-Brouwer Separation Theorem) Let n ∈ N.
(1) LetM be a closed connected non-empty n-dimensional smooth manifold. Given any

smooth embedding f : M → Rn+1 the complement Rn+1 \ f(M) has precisely two
path-components.

(2) If f : Sn → Rn+1 is a smooth embedding, then Rn+1 \ f(Sn) has precisely two path-
components.

fS1

Proof of Corollary 43.11. The �rst statement follows from the Smooth Embedding The-
orem 24.10 together with the Generalized Smooth Jordan-Brouwer Separation Theorem 43.10.
The second statement is evidently an immediate consequence of the �rst statement. �

Remark.
(1) The case n = 1 is sometimes referred to as the Smooth Jordan Curve Theorem.

428It follows from the Compact Image Lemma 2.13 and the Compact-Closed Lemma 1.21 (2) that Rn \M
is an open subset of Rn. Thus it follows from the Topological Manifolds-Local Properties Lemma 18.8 that
the path-components of Rn \M are also the components of Rn \M .
429Since A and B are closed subsets and since they are codimension-zero submanifolds it follows from
the Codimension-Zero Submanifold Proposition 19.38 that the boundaries of A and B viewed as smooth
manifolds agree with the boundaries of A and B viewed as subsets of Rn.



43. THE ALGEBRAIC INTERSECTION NUMBER 999

(2) (a) In the Jordan�Brouwer Separation Theorem 82.2 we will generalize the Smooth
Jordan-Brouwer Separation Theorem 43.11 from smooth embeddings Sn → Rn+1

to injective continuous maps Sn → Rn+1.
(b) In the Generalized Jordan�Brouwer Separation Theorem 124.4 we will generalize

the Smooth Jordan-Brouwer Separation Theorem 43.11 (1) from smooth embed-
dingsM → Rn+1 of closed connected non-empty smooth manifolds to embeddings
M → Rn+1 of closed connected non-empty topological manifolds.

Proof of the Generalized Smooth Jordan-Brouwer Separation Theorem 43.10.
LetM be a connected non-empty smooth codimension-one submanifold of Rn that is closed
if viewed as a smooth manifold in its own right. On several occasions we will use that it
follows from the Compact Image Lemma 2.13 and the Compact-Closed Lemma 1.21 (2)
that M is a closed subset of Rn. The cases n = 0 and n = 1 are trivial, hence we now
assume that n ≥ 2.

SinceM is closed we obtain from the Neighborhood Projection Theorem 28.1 that there
exists an ε > 0 such that

Z :=
{
P + w |P ∈M and w ∈

(
T̃PM

)⊥ with ‖w‖ < ε
}

is an open neighborhood of M Ă Rn and such that the map

π : Z → M

P + w 7→ P where P ∈M and w ∈
(
T̃PM

)⊥
is well-de�ned. We also saw that the map π is smooth and that π is a retraction Z →M .

Since M is non-empty we can pick a point P ∈ M . Since M has codimension 1 in
Rn there exist precisely two vectors u ∈ (T̃PM)⊥ with ‖u‖ = ε

2
. Let u be one of the two

vectors. We set P± = P ± u.
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P+ = P + u

Z
π

M

u

P− = P − u
P

Claim 0. The topological space Z \M contains at most two path-components.

Proof. Let Q ∈ Z \M . By Lemma 2.30 we know that being connected via a path is an
equivalence relation. Thus it su�ces to show that there exists a path from Q to P− or P+.
We pick z ∈M and v ∈ (T̃PM)⊥ with ‖v‖ < ε and with z + v = Q. Since M is connected
there exists a path γ : [0, 1] → M with γ(0) = z and γ(1) = P . Since M is a codimen-
sion-one submanifold one can show easily, either by hand430 or using the Path-Thickening
Proposition 37.1 together with the cross product from page 678, that there is a smooth
map γ̃ : [0, 1]→ Rn with the following properties:
(a) γ̃(0) = γ(0) + v,
(b) for each t ∈ [0, 1] we have γ̃(t)− γ(t) ∈ (T̃γ(t)M)⊥,
(c) for each t ∈ [0, 1] we have ‖γ̃(t)− γ(t)‖ = ‖v‖.

430The �by hand� approach is the content of Exercise 25.16.
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Note that γ̃(1) = P + λ · u for some λ ∈ (−2, 0) ∪ (0, 2). It follows that γ̃(1) is connected
via a path in Z \M to P + λ · u, thus γ̃(1) is also connected via a path in Z \M to P− or
to P+. �
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Claim 1. The topological space Rn \M contains at most two path-components.

Proof. Let Q ∈ Rn \M . Since Rn is path-connected we know that there exists a path
γ : [0, 1] → Rn with γ(0) = Q and γ(1) ∈ M . Since M is a closed subset of Rn we know
that γ−1(M) Ă [0, 1] is a closed subset of the compact space [0, 1]. It follows from the
Compact-Closed Lemma 1.21 that γ−1(M) is compact. Since 0 6∈ γ−1(M) we deduce from
the Compact Image Lemma 2.13 (2) that γ−1(M) has a minimal element, i.e. there exists a
T ∈ γ−1(M) such that [0, T ) ∩ γ−1(M) = ∅. Since Z is an open neighborhood of M Ă Rn

there exists an ε > 0 such that (T−ε, T ) Ă γ−1(Z). Thus the restriction of γ to the interval
[0, T − ε

2
] gives us a path within Rn \M from P to a point in Z \M . It follows from Claim

0 that Rn \M has indeed at most two path-components. �
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Claim 2.
(1) Let P ∈ M and let u ∈ (T̃PM)⊥ with ‖u‖ < ε. The points P± = P ± u lie in two

di�erent path-components of Rn \M .
(2) The topological space Rn \M contains at least two path-components.

Proof. SinceM is non-empty we see that (2) is an immediate consequence of (1). Therefore
it su�ces to prove (1). Thus let P ∈ M and let u ∈ (T̃PM)⊥ with ‖u‖ < ε. We set
P± = P ± u. We need to show that the points P−, P+ ∈ Rn \ M lie in di�erent path-
components of Rn \M . Let α : [0, 1]→ Rn the �straight path� from P− to P+ that is given
by α(t) = (1− t) · P− + t · P . It follows from the properties of Z and the choice of u that
the path α from P− = P − u to P+ = P + u intersects M precisely at t = 1

2
and that this

intersection point is transverse. Suppose that there exists also a path β : [0, 1] → Rn \M
from P− to P+. Since M is a closed subset of Rn we know that Rn \M is an open subset,
in particular it is a smooth submanifold of Rn. Thus it follows from the Smooth Path-
Connectivity Proposition 19.29 that there exists in fact a smooth path β̃ : [0, 1]→ Rn \M
from P− to P+. Note that

F : [0, 1]× [0, 1] → Rn

(t, s) 7→ α(t) · (1− s) + β̃(t) · s
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is a homotopy rel {0, 1} from α to β̃. We obtain the following equality of intersection
numbers of submanifolds of Rn:

Intersection Number Homotopy Invariance Theorem 43.9
↓

0 = M ·Z2 β̃ = M ·Z2 α = 1 ∈ Z2.
↑ ↑

since β̃ takes values in Rn \M since α intersects M transversally precisely in t = 0 �
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Claims 1 and 2 show that Rn \M contains precisely two path-components. Since M is
compact there exists an r > 0 such that M Ă Br(0). It follows from our hypothesis that
n ≥ 2 and the Complement Connected Lemma 2.29 that Rn \ Bn

r (0) is path-connected.
Therefore Rn \Bn

r (0) is contained in a path-component B of Rn \M . We denote the other
path-component of Rn \M by A. We set Ã := A ∪M and we set B̃ := B ∪M . By the
Codimension-Zero Submanifold Proposition 19.38 it remains to prove the following claim.
Claim 3.
(1) Ã and B̃ are closed subsets of Rn.
(2) Ã is compact.
(3) Ã and B̃ are codimension-zero submanifolds of Rn with ∂Ã = ∂B̃ = Ã ∩ B̃ = M .

Proof.

(1) As we remarked above Rn \M is an open subset of Rn. In particular, as we remarked
on page 176, Rn\M is locally path-connected. It follows from Locally Path-Connected
Lemma 2.40 and the Components-are-Closed Lemma 2.34 that A and B are open
subsets of Rn \M . Since M is a closed subset of Rn we see that A and B are both
open subsets of Rn. It follows that Ã = Rn \B and B̃ = Rn \ A are closed.

(2) By design we have Ã Ă Bn
r . Since Ã is closed it follows from the Heine-Borel

Theorem 1.24 that Ã is in fact compact.
(3) We show that Ã is a codimension-zero submanifold of Rn with ∂Ã = M . For the

points in A the identity de�nes a submanifold chart. Now let P ∈ M . Since M is a
codimension-zero submanifold there exists a chart Φ: U → Bn−1× (−1, 1) around P
such that Φ(U∩M) = Bn−1×{0}. Note thatBn−1×(0, 1) andBn−1×(−1, 0) are path-
connected. Furthermore note that it follows almost immediately from Claim (3a) that
Φ−1(Bn−1 × (0, 1)) and Φ−1(Bn−1 × (−1, 0)) lie in two di�erent path-components of
Rn \M . These two observations imply that either we have Φ(U ∩ Ã) = Bn−1× [0, 1)

or we have Φ(U ∩ Ã) = Bn−1 × (−1, 0]. Either way we have found (possibly after
composing Φ with a re�ection) a submanifold chart of type (γ) for P .

The same argument works for B̃. We have thus shown the desired statements. �

Using the Smooth Jordan-Brouwer Separation Theorem 43.11 we can easily prove the
following pretty proposition.
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Proposition 43.12. (Smooth Codimension-One Orientability Proposition) Let
M be some closed n-dimensional smooth manifold. If there exists a smooth embedding
M → Rn+1, then M is orientable.

Remark.

(1) On page 2705 we will give an alternative proof of the Smooth Codimension-One
Orientability Proposition 43.12.

(2) In the Topological Codimension-One Orientability Proposition 124.5 we will strengthen
the result.

Proof. Let M be a closed n-dimensional smooth manifold. that admits a smooth embed-
ding M → Rn+1. It is clear that we only need to deal with the case that M is non-empty
and connected. Now let us show that M is orientable. The proof proceeds in three easy
steps:

(1) By the Smooth Embedding Theorem 24.10 we know that f(M) is a closed codimension-
one smooth submanifold of Rn+1 such that f : M → f(M) is a di�eomorphism.

(2) It follows from the Smooth Jordan-Brouwer Separation Theorem 43.11 that there
exists a codimension-zero submanifold A of Rn+1 such that ∂A = f(M).

(3) By the Basics-of-Orientations Lemma 25.13 we know that A is orientable. It follows
from the Boundary Orientation Lemma 25.17 that ∂A = f(M) is orientable. Since
f is a di�eomorphism we obtain that M itself is orientable. �

In Question 24.13 (2) we asked whether RP2 or the Klein bottle admit a smooth embedding
into R3. We can now give a negative answer.

Corollary 43.13. Neither RP2 nor the Klein bottle admit a smooth embedding into R3.

Remark. In Corollary 124.6 we will see RP2 and the Klein bottle do not even admit a
(possibly non-smooth) embedding into R3.

Proof. By the Surface Non-Orientability Lemma 25.20 we know that RP2 and the Klein
bottle are both non-orientable. Since both are closed 2-dimensional smooth manifolds it
follows from the Smooth Codimension-One Orientability Proposition 43.12 that neither
RP2 nor the Klein bottle admit a smooth embedding into R3. �

Proposition 43.14. If n ∈ N≥2 is even, then there is no smooth embedding from RPn
into Rn+1.

Proof. Let n ∈ N≥2 be even. It follows from the Real Projective Space Orientability
Lemma 25.21 that RPn is non-orientable. Since RPn is a closed n-dimensional smooth
manifold it follows from the Smooth Codimension-One Orientability Proposition 43.12 that
there is no smooth embedding from RPn into Rn+1. �
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Remark. In Proposition 123.11 we will see that the conclusion of Proposition 43.14 holds
for any n ∈ N≥2, i.e. regardless of whether or not RPn is orientable, it cannot be smoothly
embedded into Rn+1.

Exercises for Chapter 43.

Exercise 43.1. Let f : A→M and g : M → N be smooth maps between compact oriented
smooth manifolds. Let Y Ă N be a compact oriented proper submanifold such that Y t g.
By the Transversal Preimage Theorem 42.3 we know that g−1(Y ) is a compact oriented
proper submanifold of M . We suppose that dim(A) + dim(Y ) = dim(M) and we suppose
that g−1(Y ) t f . Show that

X · (g ◦ f) = g−1(X) · f.

Exercise 43.2. Let X be a closed oriented smooth manifold, let f : X →M be a smooth
map to a compact oriented smooth manifolds and let Y Ă N be a compact oriented proper
submanifold with dim(X) + dim(Y ) = dim(M). Finally let X̃ be a closed oriented smooth
manifold with dim(X̃) = dim(X) and let ϕ : X̃ → X be a smooth map. Show that

X · (f ◦ ϕ : X̃ →M) = (X · (f : X →M)) · deg(ϕ : X̃ → X).

Exercise 43.3. In the example on page 993 we saw that the conclusion of Theorem 43.5
does not hold if we do not assume that Y is closed. Go through the proof of Theorem 43.5
and �nd out where the proof fails if Y is not closed.

Exercise 43.4. LetM be a connected oriented smooth manifold and let X, Y be two closed
oriented submanifolds with dim(X) = dim(Y ) = dim(M). We suppose that X · Y = 0.
Does it follow that there exists a smooth homotopy F : Y × [0, 1] → M such that F0 = id
and X ∩ F1(Y ) = ∅?

Exercise 43.5. Is the curve that goes twice around the Möbius band null-homotopic, i.e.
is it homotopic to the constant curve?

Exercise 43.6.

(a) Show that every smooth map f : S1 → S2 is null-homotopic, i.e. homotopic to a
constant map.

(b) Show that S2 not di�eomorphic to S1 × S1.
(c) Can you upgrade the argument to show that S2 is not homeomorphic to S1 × S1?

Exercise 43.7. In the Intersection Number Homotopy Invariance Theorem 43.6 we studied
the homotopy invariance of the algebraic intersection number under the following fairly
strong hypotheses:
(1) f0|∂Y = f1|∂Y .
(2) f0(∂Y ) ∩X = f1(∂Y ) ∩X = ∅.
(3) There exists a homotopy F rel ∂Y .

Formulate the weakest hypothesis on the behavior of f0, f1 and F on ∂Y and prove the
corresponding theorem.
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Exercise 43.8. Let M be a codimension-zero smooth submanifold of Rn which is a closed
smooth manifold. Determine the number of components of Rn \M in terms of the number
of components of M .

Exercise 43.9. Let M be a smooth manifold. For i = 1, . . . , k let Yi be a compact smooth
manifold and let fi : Yi →M be a proper smooth embedding. Show that there exist proper
smooth embeddings f̃i : Yi →M , i = 1, . . . , k with the following properties:

(1) Each f̃i is smoothly isotopic to fi.
(2) For any i 6= j ∈ {1, . . . , k} we have f̃i(Yi) t f̃j(Yj).

Exercise 43.10. Let ϕ : S1 → R2 be a smooth embedding. Show that there exist distinct
three points x, y, z ∈ S1 such that ϕ(x), ϕ(y), ϕ(z) from an equilateral triangle.
Hint. Use the Smooth Jordan-Brouwer Separation Theorem 43.11 for n = 1. Let n ∈ N.

Exercise 43.11. Let

S :=
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2

be the �Topologist's Sine Curve� from page 164. As on page 276 we turn the Topologist's
Sine curve into the Quasi-Circle Q by connecting the point (0, 0) with ( 1

π
, 0) via the green

curve shown in the �gure below. We consider the points A = ( 1
π
,−1) and B = (2,−1).

(a) Given ε > 0 we consider the thickened up topological space

Qε := {P ∈ R2 | there exists x ∈ Q with d(x, P ) < ε}.
Show that for every ε > 0 there exists a smooth curve ϕ : S1 → Qε such that A and B
lie in di�erent path-components of R2 \ ϕ(S1).
Hint. Use the Smooth Jordan-Brouwer Separation Theorem 43.11.

(b) Show that there is no path f : [0, 1]→ R2 \Q from A to B.
Hint. By Exercise 5.30 we know that Q is compact. Lemma 6.3 might come in handy.

(c) Show that R2 \Q has precisely two path components.

QP

Quasi-Circle Q

the interval from (0,−1) to (0, 1) on the y-axis

the graph of the function sin( 1
x
) with x ∈ (0, 1

π
]

Exercise 43.12. LetM be the smooth manifold that is obtained from the open disk B2 by
removing the three points (0,−1

2
), (0, 0) and (0, 1

2
). Show that there is no proper smooth

embedding f : M → R2.
Remark. This exercise can be viewed as the complement of Exercise 11.13.

Exercise 43.13. Let M be a closed connected non-empty n-dimensional smooth manifold
and let f : M → Rn+1 be a smooth embedding. Furthermore let Φ: Rn+1 → Rn+1 be an
orientation-preserving di�eomorphism. Show that the smooth embeddings f : M → Rn+1

and Φ ◦ f : M → Rn+1 are not smoothly isotopic.
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Hint. You could try to get the Generalized Smooth Jordan-Brouwer Separation Theo-
rem 43.10 into the game.

M = S1

Φ ◦ f

f

Exercise 43.14. We consider the smooth manifold M together with the oriented subman-
ifolds A, B, C, D and E are that are shown in the �gure below. Show that the smooth
submanifolds a pairwise non isotopic.
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Exercise 43.15. Let g ∈ N0 and let Σg be the orientable surface of genus g. We equip
Σg with some orientation. For the purpose of this exercise, given a closed oriented 1-
dimensional submanifold C Ă Σg we de�ne the self-intersection number C · C := 0. What
is the maximal k ∈ N0 such that there exist closed oriented 1-dimensional submanifolds
A1, . . . , Ak Ă Σg such that any two Ai, Aj with i 6= j are transverse and such that the
matrix (Ai · Aj)i,j=1,...,k has non-zero determinant?
Remark. With the current techniques it is perhaps di�cult to show that you have achieved
the maximal k, but at least you can try to aim for the highest k possible.

Exercise 43.16. We set
H := {(x, y) ∈ R2 | y > 0} the open half-plane

A−1 := {(x, 0) |x < 0}
and for k ∈ N0 we set Ak := {(x, 0) |x ∈ (2k + 1, 2k + 2)},

�nally we setM := H ∪ (A−1 ∪ A0 ∪ A1 ∪ . . . ).
We need to introduce some more language:
• Let k 6= l. A track from Ak to Al is a connected oriented proper 1-dimensional smooth
manifold T of M such that ∂T = {−P} ∪ {Q} where P ∈ Ak and Q ∈ Al.
•We say that two components Ak and Al of ∂M are adjacent if there exists a track T
from Ak to Al such that all other components of ∂M are contained in one component
of M \ T .

Now we turn to the actual problems:
(a) Show that M := H ∪ (A−1 ∪ A0 ∪ A1 ∪ . . . ) is a 2-dimensional smooth submanifold

with ∂M = A−1 ∪ A0 ∪ A1 ∪ . . . .
(b) Show that for any k 6= l in Z≥−1 the corresponding components Ak and Al are

adjacent if and only if k − l ∈ {−1, 1}.
(c) Let f : M → M be a self-di�eomorphism. Show that for each k ∈ Z≥−1 we have

f(Ak) = Ak.
Hint. Note that adjacency is preserved by di�eomorphisms.

(d) Show that every di�eomorphism of M is orientation-preserving.
Hint. Look at intersection numbers of tracks between components.
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Remark. You can use the fact, which we will show later in Exercise 55.19, that any two
tracks from Ak to Al are properly isotopic.
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M

A1 and A2 are adjacent
A3A−1 A0 A1 A2
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44. Linking numbers

In this short chapter we will use the techniques that we have developed over the last
chapters to introduce and discuss linking numbers of suitable disjoint submanifolds in Rn.
To de�ne the linking numbers it is convenient to generalize slightly the notion of the degree
of a map between closed oriented connected smooth manifolds.
De�nition. LetM be a closed oriented smooth manifold with componentsM1, . . . ,Mk and
let N be a closed oriented connected non-empty smooth manifold of the same dimension.
Given any map f : M → N we de�ne

deg(f) :=
k∑
i=1

deg(f |Mi
: Mi → N).︸ ︷︷ ︸

de�ned on page 899

Now we can turn to the key de�nition of this section.
De�nition. Let n ∈ N. Let K and L be disjoint closed oriented smooth submanifolds of
Rn with dim(K) + dim(L) = n− 1. We de�ne the linking number lk(K,L) as431

lk(K,L) := (−1)dim(L) · deg

(
K × L → Sn−1

(x, y) 7→ x−y
‖x−y‖

)
Remark. There are many ways think about the linking number. In particular on page 2865
we will also give an alternative de�nition of the linking number which we will discuss in
detail in Section 131.4. In the Linking Number Reformulation Proposition 131.16 we will
see that our two de�nitions of the linking number agree. Our sign convention is chosen in
a way such that the latter de�nition becomes pretty, which unfortunately forces us to add
the slightly ugly �(−1)dim(L)�-factor to the above de�nition.

Example. Let n ∈ N, let L = Sn−1 Ă Rn be the sphere equipped with the standard orien-
tation from page 681 and let K = {P} be the 0-dimensional submanifold that consists of a
single point P ∈ Rn \ Sn−1 and that is equipped with the orientation +1. In Exercise 44.3
we will see that

lk({P}, Sn−1) =

{
1, if P ∈ Bn,
0, otherwise.
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S1 S1 S2 S2

lk({P}, S1) = 0

P

lk({P}, S2) = 1

P

lk({P}, S2) = 0

PP

lk({P}, S1) = 1

Our main interest will be in the case n = 3 and dim(K) = dim(L) = 1. It is thus convenient
to introduce the following de�nition.

431Here we endow K × L with the product orientation that we de�ned on page 695 and we equip Sn−1

with the standard orientation that we introduced on page 681. Thus we see that K×L is a closed oriented
smooth manifold of dimension n− 1. Therefore it makes sense to talk of the degree of a map to Sn−1.
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De�nition. An oriented knot in R3 is an oriented submanifold of R3 that is di�eomorphic
to S1.

��
��
��
��knot L

knot K
what is lk(K,L) ?

To formulate our next proposition we will need the following notation and de�nition.

De�nition.
(1) Let n ∈ N. We denote by

π : Rn → Rn−1

(x1, . . . , xn) 7→ (x1, . . . , xn−1)
and

z : Rn → R
(x1, . . . , xn) 7→ xn

the projections onto the �rst n− 1 coordinates and onto the last coordinate.
(2) Given two oriented vector subspaces V,W of Rm with dim(V ) + dim(W ) = m and

with V +W = Rm we set

sign(V,W ) :=

{
+1, if V ×W → Rm, (v, w) 7→ v + w is orientation-preserving,
−1, otherwise.

V

W
sign(V,W ) = +1

V

W
sign(V,W ) = −1

The next proposition presents one way to calculate linking numbers. In �real life� it gives
a handy way to calculate the linking number of two disjoint oriented knots in R3. We will
also make use of it for a more theoretical purpose.

Proposition 44.1. Let K and L be two disjoint closed oriented smooth submanifolds of
Rn with dim(K) + dim(L) = n − 1. We assume that for each P ∈ K and Q ∈ L with
π(P ) = π(Q) we have π(T̃PK) + π(T̃QL) = Rn−1. Then there are only �nitely many
(P,Q) ∈ K × L with π(P ) = π(Q) and with z(P ) > z(Q). Furthermore432

lk(K,L) =
∑

P ∈K and Q∈L
with π(P ) = π(Q) and

z(P ) > z(Q)

sign(π(T̃PK), π(T̃QL)).

��

��
��
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��
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�
�
�

�� ����

��

sign = −1

L

K

no contribution

L

K
z

x

y

K

L

sign = +1

Q

P

Example. We want to explain in slightly more detail how Proposition 44.1 can be used
to calculate the linking number between two disjoint oriented knots K and L in R3. In

432Note that dim(K) + dim(L) = n− 1 and π(T̃PK) + π(T̃QL) = Rn−1 imply that the restriction of π to
T̃PK and to T̃QL are both monomorphisms. Thus we can view π(T̃PK) and π(T̃QL) as oriented vector
subspaces of Rn−1.
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practice the knots K and L are given by a diagram, i.e. the images of the knots in the
xy-plane and one remembers which z-coordinate is larger. In this setting Proposition 44.1
says the following:

(1) To each point where K crosses over L we assign +1 if the following �right hand rule�
is satis�ed: if the thumb of the right hand points into the direction of the knot K,
then the �ngers point in the direction of the knot L. Otherwise we assign −1 to such
a crossing point.

(2) We sum up over all signs de�ned in (1) and we obtain the linking number lk(K,L)
of K and L.

K

L

contributes +1 to lk(K,L) contributes −1 to lk(K,L)

K

L

In practice it is now straightforward to calculate linking numbers of disjoint oriented knots
in R3. Some calculations are shown in the following �gure.

−1
L

K

linking number = +1

+1

K L

linking number = 0

LK

−1

linking number = −1

K

L

+1

linking number = 0

Proof of Proposition 44.1. We set k := dim(K) and l := dim(L). We consider the map

Θ: K × L → Sn−1

(P,Q) 7→ P−Q
‖P−Q‖ .

Claim.
(1) For any (P,Q) ∈ K × L we have T̃(P,Q)(K × L) = T̃PK × T̃QL Ă Rn × Rn.
(2) For any (P,Q) ∈ K × L with P −Q = λ · en for some λ > 0 the map

D(π ◦Θ)(P,Q) : T̃PK × T̃QL → T̃π(Θ(P,Q))Rn−1 = Rn−1

is given by
(v, w) 7→ λ · (π(v)− π(w)).

(3) Given P ∈ K and Q ∈ L the following two statements are equivalent:
(a) π(P ) = π(Q) and z(P ) > z(Q),
(b) Θ(P,Q) = en.

(4) en ∈ Sn−1 is a regular value of Θ.
(5) There are only �nitely many (P,Q) ∈ K×L with π(P )=π(Q) and with z(P )>z(Q).

Proof.

(1) We know by Exercise 23.4 that T̃(P,Q)(K × L) = T̃PK × T̃QL.
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(2) Let (P,Q) ∈ K × L with P − Q = λ · en where λ > 0. We introduce the following
two maps:

τ : Rn × Rn → Rn

(v, w) 7→ v − w and
ν : Rn \ {0} → Sn−1

x 7→ x
‖x‖ .

Let v ∈ T̃PK and w ∈ T̃QL. We perform the following calculation:

by de�nition of Θ Chain rule and since π is linear
↓ ↓

D(π ◦Θ)(P,Q)(v, w) = D(π ◦ ν ◦ τ)(P,Q)(v, w) = π ◦ (Dνλ·en ◦Dτ(P,Q))(v, w)
= λ · (π ◦ τ)(v, w) = λ · (π(v)− π(w)).
↑

explicit calculation of Dνλ·en and since τ is linear

(3) This statement follows easily from the de�nitions.
(4) Note that D(π|Sn−1)en : T̃enSn−1 → Rn−1 is an isomorphism. It follows from this

observation, together with (2) and (3) and our hypothesis in the proposition, that en
is a regular value of Θ.

(5) It follows from (3) and (4) and the Stack of Records Lemma 26.2, that there are only
�nitely (P,Q) ∈ K × L with π(P ) = π(Q) and with z(P ) > z(Q). �

Before we move on to the actual calculation of the linking number let us introduce one
more piece of notation: given any isomorphism ϕ : V → W between oriented vector spaces
we write

deg(ϕ) :=

{
+1, if ϕ : V → W is orientation-preserving,
−1, if ϕ : V → W is orientation-reversing.

Using this notation we calculate

see above de�nition by the de�nition of deg on page 899, since en is a regular value
↓ ↓

lk(K,L) = (−1)l · deg

(
K×L Θ−→ Sn−1

(x, y) 7→ x−y
‖x−y‖

)
= (−1)l ·

∑
(P,Q)∈Θ−1(en)

deg(T̃PK×T̃QL
DΘ(P,Q)−−−−−→ T̃enSn−1)

= (−1)l·
∑

(P,Q)∈Θ−1(en)

deg(D(π ◦Θ)(P,Q) : T̃PK×T̃QL→ Rn−1)
↑

by the chain rule, and since by the de�nition of the standard orientation on Sn−1, see page 681, we
see that the map D(π|Sn−1)en : T̃enS

n−1 → Rn−1 is an orientation-preserving isomorphism

= (−1)l·
∑

(P,Q)∈Θ−1(en)

deg

(
T̃PK×T̃QL → Rn−1

(v, w) 7→ π(v)+π(−w)

)
↑

follows from Statement (2) of the claim, the fact that z(P −Q) > 0 and the fact that −π(w) = π(−w)

=
∑

(P,Q)∈Θ−1(en)

deg

(
T̃PK × T̃QL → Rn−1

(v, w) 7→ π(v)+π(w)

)
=

∑
(P,Q)∈Θ−1(en)

sign(π(T̃PK), π(T̃QL)).

↑ ↑
for the l-dimensional vector space W = T̃QL the by the de�nition of the sign
degree of the map w 7→ w equals (−1)l

It follows from Statement (3) of the claim that the sum on the right hand side is precisely
the sum on the right hand side of the proposition. �

We continue with the development of the theory of linking numbers.
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Proposition 44.2. Let K and L be disjoint closed oriented smooth submanifolds of Rn

with dim(K) + dim(L) = n− 1.
(1) If F : (K t L)× [0, 1]→ Rn is a smooth isotopy, then,

lk(F0(K), F0(L)) = lk(F1(K), F1(L)).

(2) We have the following equality

lk(L,K) = (−1)dim(K)·dim(L)+1 · lk(K,L).

Proof. We write k = dim(K) and l = dim(L).
(1) We consider the map Ξ: K × L× [0, 1] → S2

(x, y) 7→ Ft(x)−Ft(y)
‖Ft(x)−Ft(y)‖ .

Now we see that by the Degree Homotopy Invariance Theorem 38.3
↓

lk(F0(K), F0(L)) = (−1)l · deg(K×L Ξ0−→ S2) = (−1)l · deg(K×L Ξ1−→ S2)
= lk(F1(K), F1(L)).

(2) We consider the three maps

Θ: K × L → Sn−1

(x, y) 7→ x−y
‖x−y‖

τ : K × L → L×K
(x, y) 7→ (y, x)

and
σ : Sn−1 → Sn−1

z 7→ −z.

Then by de�nition Degree Multiplicativity Theorem 38.4
↓ ↓

lk(L,K) = (−1)k · deg(σ ◦Θ ◦ τ) = (−1)k · deg(σ) ◦ deg(Θ) · deg(τ)
= (−1)k · (−1)k+l+1 · det(Θ) · (−1)k·l = (−1)k·l+1 · lk(K,L).
↑

by the Basics of Degree Lemma 38.8 and since
σ is orientation-preserving if and only if n = k + l + 1 is even (see Exercise 25.5)
τ is orientation-preserving if and only if k · l is even (see Exercise 25.14) �

We conclude this chapter with the following proposition which can be very useful for cal-
culating linking numbers of knots in R3.

Proposition 44.3. (Linking Numbers-via-Intersection Numbers Proposition) Let
n ∈ N and let K and L be two disjoint closed oriented smooth submanifolds of Rn such
that dim(K) + dim(L) = n − 1. Suppose that there exists a compact orientable smooth
submanifold W of Rn with ∂W = K (as oriented smooth manifolds). If W intersects L
transversally, then lk(K,L) = (−1)n+1 · (W · L)

where W · L denotes the algebraic intersection number that we introduced on page 989.
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lk(K,L) = W · L = −1 + 1 = 0

sign = +1

sign = −1

Remark. In Proposition 131.13 we will give an alternative proof of the Linking Numbers-
via-Intersection Numbers Proposition 44.3 in the special case that n = 3.
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We will prove the Linking Numbers-via-Intersection Numbers Proposition 44.3 by �rst
considering two special cases.
Auxiliary Lemma 44.4. Let n ∈ N and letK and L be closed oriented smooth manifolds
of Rn with dim(K) + dim(L) = n − 1. If there exists a compact orientable smooth
submanifold W of Rn such that ∂W = K (as oriented smooth manifolds) and which is
disjoint from L, then lk(K,L) = 0.
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Proof of Lemma 44.4. Since W is disjoint from L we can consider the map

Θ: W × L → Sn−1

(x, y) 7→ x−y
‖x−y‖ .

By Sard's Theorem 31.1 we know that Θ|K×L : K×L→ Sn−1 has a regular value P ∈ Sn−1.
Now we see that433 see page 989

↓
lk(K,L) = (−1)dim(L) · deg(Θ|K×L → Sn−1) = (−1)dim(L) · ({P} ·Θ|K×L) = 0.

↑ ↑
by de�nition by the Intersection-Number Zero-if-Extends Proposition 43.4 �

Auxiliary Lemma 44.5. Let n ∈ N and let K and L be two disjoint closed oriented
smooth submanifolds of Rn with dim(K) + dim(L) = n− 1. We suppose that there exists
a smooth embedding Ψ: B

dim(K)+1 → Rn such that Ψ: Sdim(K) → K is a di�eomorphism
of oriented smooth manifolds. If Ψ(B

k+1
) intersects L transversally, then

lk(K,L) = (−1)n+1 · (Ψ(B
k+1

) · L).
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sign = +1

Proof of Lemma 44.5. First we consider a special case. Afterwards we will reduce the
general case to the special case.

Claim 1. Let ι : B
k+1 → Rn be the standard smooth embedding that is given by x 7→ (x, 0).

Furthermore let L̃ be a closed oriented smooth submanifold of Rn that is disjoint from
K̃ := ι(Sk) and with dim(L̃) = n − k − 1. If L̃ is transverse to B

k+1 × {0} and to
Sk × {0} × R, then

lk(K̃, L̃) = (−1)n+1 · (ι(Bk+1
) · L̃).

Proof. Since L̃ is compact there exists an r < 0 such that L̃ Ă Rn−1 × (r,∞). Using the
Smooth Transition Function Lemma 19.4 one can easily show that there exists a smooth
embedding γ : [0, 1] → R2

t 7→ γ(t) = (α(t), β(t))

433The argument becomes even more direct if one has solved Exercise 38.11.
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with the following properties:
(1) For t ∈ [0, 1

4
] we have γ(t) = (t,−r − 1).

(2) For t ∈ [1
4
, 3

4
] we have γ(t) ∈ [1

4
, 1]× [−r − 1,−r].

(3) For t ∈ [3
4
, 1] we have γ(t) = (1,−r · (1− (t− 3

4
))).

Next we consider the smooth map

B
k+1 × [0, 1] → Rn

(v, t) 7→
{

(v, 0, . . . , 0, t · (r + 1)), if ‖v‖ < 1
4
,

( v
‖v‖ · (‖v‖ · (1− t) + t · α(‖v‖)), 0, . . . , 0, t · β(‖v‖)), if ‖v‖ > 0.

We make the following observations and preparations:

(1) Note that F1(B
k+1

) ∩ (Rn−1 × (−∞, 0]) = Sk × {0} × (−r, 0].
(2) As above we denote by π : Rn → Rn−1 the projection onto the �rst n−1 coordinates.
(3) Since L̃ is transverse to Sk × {0} × R we obtain from the Submanifold Transversal

Intersection Theorem 42.1 that (Sk × {0} × R) ∩ L̃ is a compact 0-dimensional sub-
manifold, i.e. it is a �nite set. We denote the intersection points of F1(B

k+1
) with L̃

by (xi, 0, ti) ∈ Sk × {0} × (−r, 0), 1, . . . ,m.
(4) Note that the points (xi, 0, ti) ∈ L̃, i = 1, . . . ,m are precisely the points on L̃ such

that π(K̃)∩π(L̃) 6= ∅ and such that the last coordinate of the point on K̃ is greater
than the last coordinate of the point on L̃.

(5) It follows from the Boundary Orientation Lemma 25.17 (4) together with the Product
Orientation Proposition 25.22 (5) that the map Θ: (3

4
, 1] × Sk → B

k+1
given by

(t, v) 7→ t · v is orientation-preserving.
(6) It follows easily from (5) that the map

F1 : {v ∈ Bk+1 | ‖v‖ > 3
4
} → Sk × {0} × [0, r)
v 7→ ( v

‖v‖ , 0, . . . , 0,−r · (1− (‖v‖ − 3
4
)))

is orientation-reversing.

(7) We have det
(

0 idn−1

1 0

)
= (−1)n.

(8) Let i ∈ {1, . . . ,m}. It follows easily from (6) and (7) and the various de�nitions that

sign of the intersection point
(xi, 0, ti) of F1(B

k+1
) and L︸ ︷︷ ︸

as de�ned on page 989

= (−1)n+1 · sign(π(T̃(xi,0,t)K̃), π(T̃(xi,0,t)L̃))︸ ︷︷ ︸
as de�ned on page 1008

Then we see that

ι(B
k+1

) · L̃ = F0(B
k+1

) · L̃ = F1(B
k+1

) · L̃ =
m∑
i=1

sign(xi) = (−1)n+1 · lk(K̃, L̃).
↑ ↑ ↑

Intersection Number Homotopy Lemma 43.1 follows from (8) and
Invariance Theorem 43.6 Proposition 44.1 �

The statement of the following Claim 2 is identical to the statement of Claim 1, except
that we will manage to drop the hypothesis that L̃ is transverse to Sk × {0} × R.
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ι(B
k+1

)

K̃

γ F1(B
k+1

)

L̃

13
4

1
4

0

Claim 2. Let L̂ be a closed oriented smooth submanifold of Rn that is disjoint from the
submanifold K̃ := ι(Sk) and with dim(L̂) = n − k − 1. If L̂ is transverse to B

k+1 × {0},
then lk(K̃, L̂) = (−1)n+1 · (ι(Bk+1

) · L̂).

Proof. It follows easily from the Transversality-Extends-to-Neighborhood Lemma 42.9
together with the Transversality Theorem 42.5, applied to the smooth manifold M =

Rn \ (Sk × {0}), that there exists a smooth isotopy G : L̂× [0, 1]→ Rn rel an open neigh-
borhood of L̂ ∩ (B

k+1 × {0}), such that G0 = idL̂ and such that (Sk × {0} × R) t G1(L̂).
We set L̃ := G1(L̂). Now we see that

lk(K̃, L̂) = lk(K̃, L̃) = (−1)n+1 · (ι(Bk+1
) · L̃) = (−1)n+1 · (ι(Bk+1

) · L̂).
↑ ↑ ↑

Proposition 44.2 Claim 1 since L̃ = L̂ in a neighborhood of ι(B
k+1

) �
Now we �nally turn to the general setting of the proposition. Thus let K and L be two
disjoint closed oriented smooth submanifolds of Rn with dim(K) + dim(L) = n − 1. We
set k := dim(K). We suppose that there exists a smooth embedding Ψ: B

k+1 → Rn such
that Ψ: Sk → K is a di�eomorphism of oriented smooth manifolds. It follows from the
Lower-Dimensional Smooth Ball Embedding Theorem 37.10 that there exists a di�eotopy
F : Rn × [0, 1] → Rn such that F0 = id and such that F1 ◦ Ψ: B

k+1 → Rn is the standard
embedding ι : B

k+1 → Rn given by x 7→ (x, 0). Note that it follows from F0 = id and the
Smooth Isotopy-Orientation Proposition 34.2 that F1 is orientation-preserving. Now we see
that

lk(K,L) = lk(F1(K), F1(L)) = ι(B
k+1

) · F1(L) = Ψ(B
k+1

) · L.
↑ ↑ ↑

Proposition 44.2 by Claim 2 since Lemma 43.3 applied to the
F1(K) = K̃ orientation-preserving di�eomorphism F−1

1 �

Proof of the Linking Numbers-via-Intersection Numbers Proposition 44.3. LetK
and L be disjoint closed oriented smooth submanifolds of Rn with dim(K)+dim(L) = n−1.
We suppose that there exists a compact orientable smooth submanifold W of Rn with
∂W = K and with W t L.

It follows from the Submanifold Transversal Intersection Theorem 42.1 that W ∩ L is
a compact 0-dimensional submanifold of W . This means that W ∩ L consists of �nitely
many points P1, . . . , Pm ∈ W \ ∂W .

We set k := dim(K). Evidently we can pick orientation-preserving smooth embeddings
Ψi : B

k+1 → W \ ∂W , i = 1, . . . ,m, with disjoint images, and such that Ψi(0) = Pi for
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i = 1, . . . ,m. We set V := W \
m⋃
i=1

Ψi(B
k+1) and for i = 1, . . . ,m we set Ji := Ψi(S

k). We

equip Ji with the orientation coming from the standard orientation of Sk.
By the Codimension-Zero Smooth Embedding Proposition 24.16 we know that V is a

compact codimension-zero submanifold of W . If we equip V with the orientation coming

from W , then it follows from Exercise 25.19 that ∂V = K ∪
m⋃
i=1

(−Ji). Finally we see that

lk(K,L) = lk
(
K ∪

m⋃
i=1

(−Ji), L
)

+
m∑
i=1

lk(Ji, L) = 0 +
m∑
i=1

Ψi(B
k+1

) · L = W · L
↑ ↑ ↑

follows easily from the de�nition by Lemma 44.4 since ∂V = K ∪
m
∪
i=1

(−Ji) since V ∩L=∅
of the linking number and

and by Lemma 44.5, since Ji = ∂Ψi(B
k+1

)basic properties of the degree �
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Exercises for Chapter 44.

Exercise 44.1. An oriented link in R3 is a closed oriented smooth submanifold of R3. We
say anm-component link L Ă R3 is a trivial link if it boundsm disjoint smoothly embedded
disks in R3. It follows immediately from the Lower-Dimensional Smooth Ball Embedding
Theorem 37.10 that all m-component trivial links are in fact smoothly isotopic.
(a) Give an example of two disjoint knots K,L in R3 such that K and L are smoothly

isotopic to the trivial knot, such that lk(K,L) = 0 but such that K t L is not
smoothly isotopic to a trivial link.

(b) Give an example of a 3-component link L = L1 ∪ L2 ∪ L3 in R3 such that any two
components are isotopic to a trivial link but such that L itself is not smoothly isotopic
to a trivial link.

(c) Generalize (b) from m = 3 to any m ∈ N≥3.
Remark. We lack the tools right now to show that a link with zero linking numbers is not
smoothly isotopic to a trivial link. Thus with the methods we have developed so far we
cannot really give a complete answer to the challenges. But this should not prevent the
reader from trying to �nd examples.

Exercise 44.2. An oriented link in R3 is a closed oriented smooth submanifold of R3. An
m-component link L = L1t· · ·tLm Ă R3 is called split link if there exist disjoint smoothly
embedded closed 3-dimensional balls B1, . . . , Bm Ă R3 such that each Li is contained in Bi.
Show that if L = L1t· · ·tLm Ă R3 is a split link, then for any i 6= j we have lk(Li, Lj) = 0.
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Exercise 44.3. Let n ∈ N, let L = Sn−1 Ă Rn be the sphere equipped with the standard
orientation from page 681 and let K = {P} be the 0-dimensional submanifold that consists
of a single point P ∈ Rn \ Sn−1 and that is equipped with the orientation +1. Show that

lk({P}, Sn−1) =

{
1, if P ∈ Bn,
0, otherwise.
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45. The smooth Euler characteristic and the Smooth Poincaré-Hopf
Theorem

45.1. The smooth Euler characteristic. The following de�nition generalizes the de�-
nition from page 989 of the algebraic intersection number of two transverse submanifolds
to the non-transverse case.
De�nition. Let M be an oriented smooth manifold.
(1) LetX and Y be two closed oriented submanifolds ofM of complementary dimension,

i.e. we have dim(X) + dim(Y ) = dim(M). Let ι : Y → M be the inclusion map.
By the Transversality Theorem 42.5 the map ι is smoothly isotopic to a smooth
embedding f : Y → M with X t f . It follows from the Intersection Number
Homotopy Invariance Theorem 43.5 that

X · Y := X · f ∈ Z
does not depend on the choice of f . We refer to X · Y as the algebraic intersection
number of X and Y .

(2) If M is even-dimensional and if X is a closed oriented submanifold of M such that
2 · dim(X) = dim(M), then in (1) we can take Y = X and we refer to X ·X ∈ Z as
the algebraic self-intersection number of X
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X · Y = +1

X

Y ι f

f̃Y
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X ·X = +1− 1 = 0

ι f

X

X

We continue with an analogue of Lemmas 43.2 and 43.3
Lemma 45.1. Let M be an oriented m-dimensional smooth manifold and let X, Y Ă M
be two closed oriented submanifolds of M with dim(X) + dim(Y ) = dim(M).
(1) The following equality holds:

Y ·X = (−1)dim(X)·dim(Y ) · X · Y .
(2) If we reverse the orientation of precisely one of X, Y or M , then the sign of the

algebraic intersection number �ips.

Proof.
(1) One might think that this statement is just a special case of Lemma 43.2. But that

is not the case: in the de�nition of the algebraic intersection number in the non-
transverse case we apply a smooth isotopy only to the second submanifold. Thus the
de�nition of the algebraic intersection number is not symmetric in X and Y .

We write k = dim(X) and l = dim(Y ). We denote by i : X →M and j : Y →M
the inclusion maps. By the Transversality Theorem 42.4 there exists a smooth isotopy
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G : X × [0, 1] → M with X0 = i : X → M and such that Y t G1. By the Isotopy
Extension Theorem 36.1 there exists a di�eotopy H : M × [0, 1] → M with H0 = id
such that for each (y, t) ∈ Y × [0, 1] we have H(y, t) = G(y, t). Now we see that

by Lemma 43.3 and the Smooth
Isotopy-Orientation

by de�nition Proposition 34.2 since H−1
1 ◦G1 = j

↓ ↓ ↓
Y ·X = Y ·G1 = H−1

1 (Y ) · (H−1
1 ◦G1) = H−1

1 (Y ) ·X
= (−1)k·l ·X ·H−1

1 (Y ) = (−1)k·l ·X ·H−1
1 = (−1)k·l ·X · Y .

↑ ↑ ↑
Lemma 43.2 by de�nition by de�nition of X · Y

since the map
Y × [0, 1] → M

(y, t) 7→ H−1
t (y)

is a smooth isotopy

(2) This statement follows from the Compatible Orientations Lemma 25.5 (2). �

Before we can introduce the key de�nition of this chapter we need to state and prove the
following elementary lemma.
Lemma 45.2. Let M be a smooth manifold with ∂M = ∅.
(1) The diagonal ∆M := {(x, x) |x ∈M} is a proper submanifold of the smooth manifold

M ×M .
(2) The diagonal ∆M is di�eomorphic to M .

Proof. 434 Let M be an n-dimensional smooth manifold with ∂M = ∅.
(1) Let (x, x) ∈ ∆M . We pick a chart Φ: U → V for x ∈ M . It is straightforward to

verify that the map

U × U Φ×Φ−−−→ V × V → {(c, d) ∈ R2n | c+ d ∈ V and d ∈ V }
(a, b) 7→ (a− b, b)

is a submanifold chart for ∆M . Since M is by de�nition Hausdor� we know by
Exercise 5.23 that the diagonal ∆M is a closed subset of M ×M . This shows that
∆M is a proper submanifold of M ×M .

(2) We consider the following two maps:

p : ∆M → M
(x, x) 7→ x

and
d : M → ∆M

x 7→ (x, x).

Evidently these two maps are inverses of one another. Furthermore it follows from the
Smooth Manifold Product Proposition 19.31 and the Submanifold Smooth Structure
Lemma 19.24 that p and d are smooth. This shows that both maps are di�eomor-
phisms. �

De�nition. Let M be a closed orientable smooth manifold. We pick an orientation and
we consider the product M ×M , equipped with the product orientation introduced on
page 695, and we consider the submanifold ∆M := {(x, x) |x ∈M}, called the diagonal of
M . By Lemma 45.2 (2) we know that ∆M is orientable. We equip ∆M with an orientation.

434Note that this proof solves Exercise 19.32.



45. THE SMOOTH POINCARÉ-HOPF THEOREM 1019

We de�ne the smooth Euler characteristic χsm(M) of M as follows:

χsm(M) := ∆M ·∆M .

Remark. On page 1519 and page 1882 we will de�ne the Euler characteristic χ(X) of
suitable topological spaces X. Furthermore we will see in the Smooth Manifolds-Invariants
Proposition 96.6 and alternatively on page 2997 that this more general Euler characteristic
is de�ned for every compact smooth manifold. We will see in the Intersection Number-
via-Cup Product Theorem 126.5 and Proposition 128.1, or alternatively in Corollary 129.5
(which we prove twice, once on page 2821 and once on page 3016) that the smooth Euler
characteristic χsm(M) of a closed orientable smooth manifold M agrees with the more
general Euler characteristic χ(M).

Lemma 45.3.
(1) Let M be a closed orientable smooth manifold. The smooth Euler characteristic

χsm(M) is independent of the choice of the orientation of M and independent of the
choice of the orientation of ∆M .

(2) Let M and N be two closed orientable smooth manifolds. If M and N are di�eo-
morphic, then χsm(M) = χsm(N).

Proof.

(1) Let M be a closed orientable smooth manifold. The desired statement follows imme-
diately from the following two facts:
• By the Product Orientation Proposition 25.22 (3) we have (−M)×(−M)=M×M .
• By Lemma 45.1 (2) we have (−∆M) · (−∆M) = −∆M · (−∆M) = ∆M ·∆M .

(2) This statement follows easily from the de�nitions. �

Example. In the �gure below we consider M = S1. The diagonal ∆S1 Ă S1 × S1 is the
curve shown in the �gure. We denote by ι : ∆S1 → S1 × S1 the inclusion and as in the
�gure we pick a map f : ∆S1 → S1 × S1 that is smoothly isotopic to ι and which satis�es
∆S1 t f . We see that ∆S1 ·∆S1 = ∆S1 · f = 0. In fact the next lemma shows that this is
not a coincidence.

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
�������������

�
�
�

���� ��
��
��
��

��
��
��
��

����

��

����

��

�
�
�
�

��

�
�
�
�

����S1 × S1
f(∆S1)∆S1

χsm(S1) = ∆S1 ·∆S1 = ∆S1 · f = 0

Lemma 45.4. (Odd-Dimensional Manifold-Euler Characteristic Lemma) The
smooth Euler characteristic of any closed orientable odd-dimensional smooth manifold
is zero.

Remark. In the Odd-Dimensional Manifold-Euler Characteristic Proposition 119.7 and
the Odd-Dimensional Manifold-Euler Characteristic Corollary 140.5 we will reprove and
generalize the Odd-Dimensional Manifold-Euler Characteristic Lemma 45.4.
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Proof. LetM be a closed orientable (2n+1)-dimensional smooth manifold. By Lemma 45.2
we know that the diagonal ∆M is also an (2n+ 1)-dimensional smooth manifold. Now we
see that
χsm(M) = ∆M ·∆M = (−1)(2n+1)·(2n+1) ·∆M ·∆M = −∆M ·∆M = −χsm(M).

↑ ↑ ↑
by de�nition by Lemma 45.1 (1) by de�nition

It follows that χsm(M) = 0. �

It is now natural to try to compute the smooth Euler characteristic of our favorite
orientable smooth manifolds. We pose the following question.
Question 45.5.
(1) Let n ∈ N be even. What is the smooth Euler characteristic of Sn ?
(2) Let g ∈ N. What is the Euler characteristic of the surface Σg of genus g ?

To answer Question 45.5 we will have to develop tools for calculating smooth Euler charac-
teristics. In the following sections we will formulate and prove the Smooth Poincaré�Hopf
Theorem 45.17 which allows us to compute the smooth Euler characteristic of closed ori-
entable smooth manifolds in terms of �indices� of �non-degenerate� zeros of vector �elds.
We will then be able to answer Question 45.5 (1) in the Sphere-Euler Characteristic-
Proposition 45.19 and we will be able to answer Question 45.5 (2) in the Surface-Euler
Characteristic Proposition 45.20.

45.2. Zeros of vector �elds. As on several occasions we adopt for the remainder of this
chapter the following popular convention.
Convention. We will use the natural isomorphism from the Tangent Space-Isomorphism
Proposition 23.16 to go back and forth between the physical tangent space T̃PM and the
abstract tangent space TPM of a smooth submanifold M of some Rn.
Recall that on page 639 we introduced the notion of a smooth vector �eld on a smooth
manifold and recall the following de�nition from the Vector Field-Pullback Lemma 23.21.
Notation. Let f : M → N be a local di�eomorphism between two smooth manifolds M
and N and let w be a vector �eld on N . We denote by f ∗w the vector �eld on M which
assigns to each P ∈M the tangent vector (DfP )−1(w(f(P ))).435

We continue with a new aspect of vector �elds.
De�nition. Let M be a smooth manifold and let v be a smooth vector �eld on M . Let
P ∈M \ ∂M be a zero of v. We pick a chart Φ: U → V . We set Q := Φ(P ) and we write
Ψ := Φ−1. We consider the map

Ψ∗v : V → Rn

x 7→ (Ψ∗v)(x) = DΦΨ(x)(v(Ψ(x))).︸ ︷︷ ︸
∈TxRn=T̃xRn=Rn

(1) If D(Ψ∗v)Q is an invertible matrix, then we say that the zero is non-degenerate.
Otherwise we call the zero degenerate.

435We will often use that by the Vector Field-Pullback Lemma 23.21 we know that if w is a smooth vector
�eld, then f∗w is also smooth.
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(2) If the zero P is non-degenerate, then we de�ne

index(v, P ) :=

{
+1, if det(D(Ψ∗v)Q) > 0,
−1, if det(D(Ψ∗v)Q) < 0.

In Lemma 45.6 we will see that these notions do not depend on the choice of the chart Φ.
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Ψ∗v

v

Φ

P

Q = Φ(P )

Ψ

Lemma 45.6. The notions introduced in the previous de�nition do not depend on the
choice of the chart Φ.
In the proof of Lemma 45.6 we will need the following, potentially slightly confusing, little
lemma.

Auxiliary Lemma 45.7. Let A Ă Rm be an open subset and let Ξ: A → M(n × k,R)
and u : A→ Rk be smooth maps. Let S ∈ A. If u(S) = 0, then

D(x 7→ Ξ(x) · u(x)︸ ︷︷ ︸
map A→ Rn

)S = Ξ(S) ·DuS ∈ M(n×m,R).

Proof of Lemma 45.7. The lemma follows immediately from the Product Rule applied
to each entry and the fact that u(S) = 0. �

Proof of Lemma 45.6. Let M be an n-dimensional smooth manifold, let v be a smooth
vector �eld on M and let P ∈ M \ ∂M be a zero of v. We need to show that if we have
two di�erent charts Φ: U → V and Φ̃ : Ũ → Ṽ around P , then we end up with the same
notion of degeneracy and index.

We set A := Φ(U ∩ Ũ), B = Φ̃(U ∩ Ũ) and we denote by Θ := Φ̃ ◦ Φ−1 : A → B the
transition map between the two charts. It follows easily from Lemma 35.5 that we only
have to prove the following claim.

Claim. Let Θ: A → B be a di�eomorphism between two open subsets of some Rn. Let
w : B → Rn be a smooth vector �eld on B with a zero at some point T ∈ B. We set
S := Θ−1(T ) ∈ A. We consider the maps

Θ∗w : A → Rn

x 7→ (Θ∗w)(x)
and

w : B → Rn

y 7→ w(y).

Then D(Θ∗w)S is invertible if and only if DwT is invertible. Furthermore det(D(Θ∗w)S) > 0
if and only if det(DwT ) > 0.
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by de�nition and the Di�erential-equals-Di�erential Lemma 23.4
↓

D(x 7→ (Θ∗w(x)))S = D
(
x 7→ (DΘx)

−1 · (w ◦Θ)(x)
)
S

= (DΘS)−1 ·D(w ◦Θ)S = (DΘS)−1 ·DwT ◦DΘS.
↑ ↑

by Lemma 45.7 and since (w ◦Θ)(S) = 0 by the Chain Rule and since Θ(S) = T

This shows that D(Θ∗w)S is invertible if and only if DwT is invertible. Furthermore we see
that det(D(Θ∗w)S) > 0 if and only if det(DwT ) > 0. �

Remark. On page 2818 we will introduce a more general notion of an index of a zero of
a vector �eld which is de�ned also for degenerate zeros of vector �elds. It follows from
Lemma 76.15 that the two de�nitions of the index agree, if both are de�ned.

Example. We consider the vector �elds on R2 = C with isolated zero at the origin that are
shown in the �gure below. In the following we use the identity chart Φ = id to determine
the various indices. We obtain the following table:

(a) (b) (c) (d) (e) (f) (g)
vector �eld v at

(x, y)=z
(x, y) (−x,−y) (−y, x) (x,−y) (x2+y2, 0) z2 z−2

Dv(0,0)

(
1 0
0 1

) (−1 0
0 −1

) (
0 −1
1 0

) (
1 0
0 −1

) (
0 0
0 0

) (
0 0
0 0

) (
0 0
0 0

)
non-degenerate zero

∣∣ degenerate zero
index 1 1 1 −1 not de�ned

(a) (c)(b) (f)(e) (g)

degenerate zeros of the vector �eld

(d)

non-degenerate zeros of the vector �eld

We state our last example of indices of zeros of vector �elds as a lemma.

Lemma 45.8. Given any n ∈ N0 there exists a smooth vector �eld v on Sn with the
following properties:
(1) The vector �eld has precisely two zeros, namely at the South Pole S = (0, . . . , 0,−1)

and at the North Pole N = (0, . . . , 0, 1).
(2) The two zeros are non-degenerate and the indices are given by index(v, S) = 1 and

index(v,N) = (−1)n.
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index +1
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Proof. Statement (1) is taken care of by the following claim.
Claim. We think of Sn as a subspace of Rn × R. The map

v : Sn → Rn+1

(x, y)︸ ︷︷ ︸
x∈Rn, y∈R

7→ (x · (−y), ‖x‖2)

de�nes a smooth vector �eld on Sn with precisely two zeros, namely at S and N .

Proof. It follows from ‖x‖2 = x2
1 + · · · + x2

n that v is a smooth map. It is clear that for
(x, y) ∈ Sn Ă Rn × R we have v(x, y) = 0 if and only if x = 0. In particular N and S are
the only two zeros. Next note that for each (x, y) ∈ Sn we have

〈(x, y), v(x, y)〉 = 〈(x, y), (x · (−y), ‖x‖2〉 = −〈x, x〉 · y + y · ‖x‖2 = 0.

Thus it follows from Lemma 23.1 that v(x, y) ∈ T̃(x,y)S
n. This shows that v de�nes indeed

a smooth vector �eld on the smooth manifold Sn. �
It remains to prove Statement (2). For ε = ±1 we consider the zero Pε = (0, . . . , 0, ε)

of our vector �eld v. We consider the chart

Φε : U := Sn>0 = {(x, y) ∈ Sn Ă Rn × R | y · ε > 0} → Bn

(x, y) 7→ x.

The inverse of the chart is given by Ψε(x) = (x, ε·
√

1− ‖x‖2). A straightforward calculation
shows that Ψ∗εv is given by

Ψ∗εv : Bn → Rn

x 7→ −ε · x ·
√

1− ‖x‖2.

An elementary calculation shows that D(Ψ∗εv)0 = (−ε) · id. This shows that the zero of v
at Pε is non-degenerate and that index(v, Pε) = (−ε)n. �

Lemma 45.9. Let M be a smooth manifold and let v be a smooth vector �eld on M .
(1) Every non-degenerate zero of v is an isolated point in the set of zeros of v.
(2) If M is compact and if all zeros of v are non-degenerate, then v has only �nitely

many zeros.

Proof.

(1) Using a chart it is clear that we only need to deal with the case that M is an open
subset of some Rn and that v : M → Rn is a smooth vector �eld with a zero at x = 0.
In this setting the statement follows easily from the Inverse Function Theorem 19.12.

(2) This statement follows from (1) together with the Compact-Closed Lemma 1.21, the
Compact-Discrete Lemma 1.22 and the fact that smooth manifolds are by de�nition
Hausdor�. �

The above discussion motivates the following question.

Question 45.10. Does every closed smooth manifold admit a smooth vector �eld such
that all zeros are non-degenerate?

To answer Question 45.10 we will develop some more general theory in the following
section. We will then be able to answer the question in Proposition 45.15.
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45.3. The total tangent space and vector �elds. In this section we will introduce the
total tangent space and we will prove several statements that relate the total tangent space
with vector �elds. This discussion might initially appear tangential to the topics so far.
But in fact we will be so successful in this section, that afterwards the proofs of the main
result of this chapter, namely the Smooth Poincaré�Hopf Theorem 45.17, will be a breeze.

We start out with the following new notation.

Notation.
(1) Let M be a smooth submanifold of Rn. We de�ne the total tangent space

T̃M := {(x, v) ∈ Rn × Rn |x ∈M and v ∈ T̃xM}.
(2) Let M be a smooth submanifold of Rm and let N be an smooth submanifold of Rn.

Given any smooth map f : M → N we obtain an induced map

f∗ : T̃M → T̃N
(x, v) 7→ (f(x),Dfx(v)).

(3) We consider the maps

p : T̃M → M
(x, y) 7→ x

q : T̃M → Rn

(x, y) 7→ y
and ι : M → T̃M

x 7→ (x, 0).
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M

Remark. Let M be a smooth submanifold of Rn. The total tangent space T̃M together
with the map p : T̃M → M is called the tangent bundle of M . The tangent bundle will
play a signi�cant role later on.

Lemma 45.11. Let k ∈ N.
(1) Let M be a k-dimensional smooth submanifold of Rn.

(a) The subset T̃M is a 2k-dimensional smooth submanifold of Rn × Rn.
(b) For each (x, v) ∈ T̃M we have T̃(x,v)T̃M = T̃xM × T̃xM Ă Rn × Rn.
(c) IfM is oriented, then there exists a unique orientation on T̃M such that for each

(x, v) ∈ T̃M the equality T̃(x,v)T̃M = T̃xM × T̃xM Ă Rn ×Rn is an equality of
oriented vector spaces.

(2) Let M be a smooth submanifold of Rm and let N be a smooth submanifold of Rn.
Furthermore let f : M → N be a smooth map.
(a) The map f∗ : T̃M → T̃N is smooth.
(b) If f is an orientation-preserving local di�eomorphism, then so is f∗ : T̃M → T̃N .

(3) The construction in (1a) and the maps in (2a) de�ne a covariant functor from the
category SmMfd Rn of smooth submanifolds of some Rn, which we introduced on
page 626, to itself.

Proof.
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(1) (a) Recall that we denote by p : T̃M → M the projection. Let Φ: U → V be a
submanifold chart for M . One can easily verify that

p−1(U) = U × Rn → V × Rn

(x, v) 7→ (Φ(x),DΦx(v))

is, after a permutation of coordinates, a submanifold chart for T̃M . Thus we
have shown that T̃M →M is a 2k-dimensional smooth submanifold of Rn×Rn.

(b) Let (x, v) ∈ T̃M . One can easily verify that T̃xM × T̃xM Ă T̃(x,v)T̃M . But since
both are 2k-dimensional vector spaces we actually have equality.

(c) We leave it to the reader to verify that this way we get an orientation for T̃M .
(2) We leave the veri�cation of this statement to the reader.
(3) This statement follows easily from the de�nitions. �

Notation. Let M be a k-dimensional smooth submanifold of Rn. Given a smooth vector
�eld v : M → Rn on M we consider the graph

graph(v) := {(x, v(x)) |x ∈M} Ă T̃M.

As on page 526 one can easily verify that graph(v) is a k-dimensional smooth submanifold
of T̃M such that the map p : graph(v) → M , (x, y) 7→ x, is a di�eomorphism. If M is
oriented, then we equip graph(v) with the corresponding orientation.436

Proposition 45.12. LetM be a smooth submanifold of Rn with empty boundary and let
v be a smooth vector �eld on M . The following statements hold:
(0) We have (x, y) ∈ ι(M) ∩ graph(v) if and only if x ∈M , y = 0 and v(x) = 0.
(1) All zeros of the vector �eld v are non-degenerate if and only if the two submanifolds

ι(M) = M×{0} and graph(v) intersect transversally in T̃M , i.e. if ι(M) t graph(v).
(2) If x is non-degenerate zero of v, then

index(v, x) = sign of the intersection point (x, 0) of ι(M) and graph(v).
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T̃Mvector �eld v graph(v)

point corresponds to
non-degenerate zero of v

ι(M) = M × {0}
M

We �rst prove Proposition 45.12 for open subsets of Rk. This is almost precisely the content
of the following lemma.

Lemma 45.13. Let W be an open subset of Rk and let w : W → Rk be a smooth vector
�eld on W . The following statements hold:
(1) Let y ∈ W be a zero of the vector �eld w. The zero y is non-degenerate if and only

if the submanifolds ι(W ) = W × {0} and graph(w) of in T̃W = W × Rk intersect
transversally in (y, 0).

436If v is the zero vector �eld, then graph(v) = M ×{0} = ι(M), and we see that ι(M) is also an (oriented)
k-dimensional smooth submanifold of T̃M .
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(2) If y ∈ W is a non-degenerate zero of w, then

index(w, y) = sign of the intersection point (y, 0) of ι(W ) and graph(w).

Proof of Lemma 45.13. Let W be an open subset of Rk, let w : W → Rk be a smooth
vector �eld onW and let y ∈ W be a point with w(y) = 0. Evidently (y, 0) is an intersection
point of ι(W ) = W × {0} and graph(w). For the de�nition of a non-degenerate zero and
the index of a non-degenerate zero we need to pick a chart. But since W is already an open
subset of Rk we might as well use the identity chart. Next note that

T̃(y,0)ι(W ) + T̃(y,0) graph(w) = im

 Rk → Rk×Rk

a 7→
(
a
0

) + im

 Rk → Rk×Rk

a 7→
(

a
Dw(y,0) · a

) 
=

(
id id
0 Dw(y,0)

)(
Rk

Rk

)
.

We see that T̃(y,0)ι(W )+ T̃(y,0) graph(w) = R2k = T̃(y,0)T̃W if and only if Dw(y,0) : Rk → Rk

is an isomorphism. This observation, together with the de�nitions on pages 968 and 1021
concludes the proof of Statement (1).
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T̃W

ι(W ) = W × {0}

vector �eld w

W y

graph(w)

(y, 0)

Finally Statement (2) follows from the following little calculation:

sign of the intersection point
(y, 0) of ι(W ) and graph(w)

= det

(
id id
0 Dw(y,0)

)
= det(Dw(y,0)) = index(w, y).

↑ ↑
by the above discussion and the de�nition on page 989 see de�nition on page 1021 �

Proof of Proposition 45.12. Let M be a k-dimensional smooth submanifold of Rn with
empty boundary and let v be a smooth vector �eld onM . Statement (0) follows immediately
from the de�nitions.

Let x ∈ M be a zero of the vector �eld. We pick a chart Φ: V → W around x. We
set y := Φ(x) and we set Ψ := Φ−1. We consider the vector �eld w := Ψ∗v. The desired
statements follow from Lemma 45.13 and the following claim.
Claim.
(1) The point y ∈ W is a zero of the vector �eld w.
(2) x ∈M is non-degenerate if and only if y ∈ W is non-degenerate.
(3) index(v, x) = index(w, y).
(4) (x, 0) is a transverse intersection point of ι(M) and graph(v) if and only if (y, 0) is

a transverse intersection point of ι(W ) and graph(w).
(5) The sign of the intersection point (x, 0) equals the sign of the intersection point

(y, 0).

Proof.

(1) This statement is trivial.
(2),(3) These two statements hold by the de�nitions of non-degeneracy and of the index

on page 1021.
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M
W

w = Ψ∗v

v

Φ

x

y = Φ(x)

Ψ

(4),(5) We denote by i : V →M the inclusion. We consider the following diagram:

M
ι��

V
ioo

ι��

// W
ι��

T̃M T̃V
i∗oo

Φ∗ // T̃W

graph(v : M → Rn)
?�

OO

graph(v : V → Rn)
?�

OO

i∗oo
Φ∗ // graph(w : W → Rk)

?�

OO

We make the following observations:
(a) It follows easily from the de�nitions that i∗ : T̃V → T̃M and Φ∗ : T̃V → T̃W

restrict to local di�eomorphisms graph(v : V → Rn) → graph(v : M → Rn)
and graph(v : V → Rn)→ graph(w : W → Rk).

(b) It follows immediately from the de�nitions that the diagram commutes and
that the horizontal maps are orientation-preserving local di�eomorphisms.

The desired Statements (4) and (5) follow immediately from this discussion. �

Lemma 45.14. Let M be a closed smooth submanifold of Rn. There exists a smooth
vector �eld v on M such that ι(M) t graph(v).

Proof. Let M be a closed smooth submanifold of Rn. As before we consider the natural
projection p : T̃M →M .

Claim. There exists a smooth embedding g : M → T̃M such that ι(M) t g and such that
p ◦ g = idM in T̃M .

Proof. Note that by the Transversality Theorem 42.4 there exists a smooth homotopy
F : M × [0, 1]→ T̃M with F0 = ι such that

T := {t ∈ [0, 1] | the map Ft : M → T̃M is transverse to ι(M) in T̃M}
has full measure in [0, 1]. By the Measure-Zero Properties Proposition 30.2 this means that
T is dense in [0, 1]. Next we consider the smooth homotopy

H : M × [0, 1] → M
(x, t) 7→ p(F (x, t)).

It follows from H0 = id, the fact that M is closed, the Deform Smooth Embedding Propo-
sition 33.6 (2) and the fact that T is dense in [0, 1] that there exists a t ∈ T such that Ht

is a di�eomorphism. By Lemma 45.11 the di�eomorphism H−1
t : M →M induces a di�eo-

morphism (H−1
t )∗ : T̃M → T̃M . Finally we set g := (H−1

t )∗ ◦ Ft : M → T̃M . We claim
that g has the desired properties. This claim follows from the following two observations:
• It follows immediately from the de�nitions that (H−1

t )∗(ι(M)) = ι(M). Thus the fact
that ι(M) t Ft implies that ι(M) t (H−1

t )∗ ◦ Ft.
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• We have the following equalities of maps M →M : by de�nition of (H−1
t )∗ : T̃M → T̃M

↓
p ◦ g = p ◦ ((H−1

t )∗ ◦ Ft) = (p ◦ (H−1
t )∗) ◦ Ft = (H−1

t ◦ p) ◦ Ft
= H−1

t ◦ (p ◦ Ft)︸ ︷︷ ︸
=Ht

= id .

�

�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������

�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������

T̃M
q

p

M

Rn

F1(M)
M

Ft(M)ι

ι(M)

Finally we study the vector �eld v : M → Rn

x 7→ q(g(x))︸ ︷︷ ︸
∈T̃xM

.

Since p ◦ g = idM we see that graph(v) = g(M). Since ι(M) t g and since g : M → T̃M is
a smooth embedding it follows from the remark on page 968 that ι(M) t graph(v). �

Now we can prove the following proposition, which gives an a�rmative answer to Ques-
tion 45.10.
Proposition 45.15. (Non-Degenerate Vector Field Existence Proposition) Every
closed smooth manifold admits a vector �eld v such that each zero of v is non-degenerate.

Remark. In Proposition 129.4, which we will prove twice on page 2821 and 2983, we will
give an alternative proof of the Non-Degenerate Vector Field Existence Proposition 45.15.

Proof. Let M be a closed smooth manifold. By the Euclidean Embedding Theorem 27.1
it su�ces to deal with the case that M is a k-dimensional smooth submanifold of some Rn

and vector �elds that are de�ned in terms of the physical tangent spaces. It follows from
Lemma 45.14 that there exists a smooth vector �eld v on M such that ι(M) t graph(v) in
T̃M . By Proposition 45.12 this implies that v is a vector �eld such that each zero of v is
non-degenerate. �

45.4. The total tangent space and the diagonal.

Proposition 45.16. (Total Tangent Space-Diagonal Embedding Proposition)
Let M be a closed smooth submanifold of Rn. There exists a smooth embedding

f : T̃M → M ×M
such that for each x ∈ M we have f(x, 0) = (x, x). If M is oriented, then this smooth
embedding can be chosen to be orientation-preserving.
The proof of Proposition 45.16 rests on the following tricky theorem from an earlier chapter.
Theorem 21.13. (Neighborhood Smooth Embedding Theorem) Let b : X → Y be
a map between smooth manifolds. Furthermore let C Ă X be a compact subset such that
the map b : C → Y is an embedding. If b is a local di�eomorphism at each P ∈ C, then
there exists an open neighborhood U of C such that the restriction of b to U is a smooth
embedding.
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Proof of Proposition 45.16. LetM be a closed k-dimensional smooth submanifold of Rn.
Given σ > 0 we write

T̃M(σ) := {(x, v) ∈ T̃M | ‖v‖ < σ}.

We prove a few basic facts about T̃M(σ).
Claim 1.
(1) For every σ > 0 the above set T̃M(σ) is an open subset of T̃M . Thus we can view

T̃M(σ) as an (oriented) smooth manifold.
(2) Given any open neighborhood W of M × {0} Ă T̃M there exists a σ > 0 such that

T̃M(σ) Ă W .
(3) For every σ > 0 there exists a di�eomorphism T̃M(σ)→ T̃M which is the identity

on the common subset M × {0}. If M is oriented, then the di�eomorphism can be
chosen to be orientation-preserving.

Proof.

(1) This statement follows easily from the de�nition of the product topology on Rn×Rn

and the de�nition of the subspace topology on T̃M .
(2) Since W is an open neighborhood of M × {0} Ă T̃M(σ) we know, by the de�nition

of the product topology on Rn × Rn and by de�nition of the subspace topology on
T̃M , that for each P ∈ M there exists an open neighborhood UP of P ∈ M and
a σP > 0 such that {(x, v) ∈ T̃M |x ∈ UP and ‖v‖ < σP} Ă W . Since M is
compact there exist P1, . . . , Pm ∈ M with M = UP1 ∪ · · · ∪ UPm . It is clear that
σ := min{σP1 , . . . , σPm} has the desired properties.

(3) Using the Smooth Transition Function Lemma 19.4 one can easily show that there
exists an orientation-preserving di�eomorphism χ : [0, σ) → R≥0 that is the identity
on a neighborhood of 0. We consider the map

g : T̃M(σ) → T̃M

(x, v) 7→
{

(x, 0), if v = 0,
(x, v

‖v‖ · χ(‖v‖)), if v 6= 0.

Note that g is the identity on a neighborhood ofM×{0}. Using the Smooth Pasting
Proposition 19.3 one can now show that g is smooth. Using the inverse of the
di�eomorphism χ one can easily write down a smooth inverse to the map g, thus
we see that g is a di�eomorphism. If M is oriented, then g is evidently orientation-
preserving. �

We consider the map437
a : T̃M → Rn × Rn

(x, v) 7→ (x, x) + (−v, v).

437There are many choices for a, for example a(x, v) = (x, x) + (0, v) would also work. We picked the given
map for subjective aesthetic reasons.
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diagonal ∆M

M ×M

a

(x, v)

T̃M

ι(M) = M × {0}

T̃M(σ)

(x, x) + (−v, v)

Claim 2. For each x ∈M the map

Da(x,0) : T̃(x,0)T̃M → Rn × Rn

restricts to an isomorphism
Da(x,0) : T̃(x,0)T̃M → T̃xM × T̃xM.

If M is oriented, then this isomorphism is orientation-preserving.

Proof. Recall that by Lemma 45.11 we know that T̃(x,0)T̃M = T̃xM × T̃xM . Since a is
a linear map it follows almost immediately that the map Da(x,0) : T̃(x,0)T̃M → Rn × Rn is
given by the map

Da(x,0) :

ĂRn×Rn︷ ︸︸ ︷
T̃(x,0)T̃M → Rn × Rn(

u
v

)
→

(
u
u

)
+
(−v

v

)
.

Thus we see that the image of Da(x,0) : T̃(x,0)T̃M → Rn × Rn lies in T̃xM × T̃xM . Next
we pick a basis for T̃xM and we equip T̃xM × T̃xM with the obvious corresponding
basis. It follows from the above discussion, that with this choice of a basis, the map

Da(x,0) : T̃(x,0)T̃M → T̃xM × T̃xM is represented by the matrix
(

id − id
id id

)
. Therefore

we see that the map Da(x,0) : T̃(x,0)T̃M → T̃xM × T̃xM is a monomorphism. Since both
vector spaces are 2k-dimensional we see that Da(x,0) : T̃(x,0)T̃M → T̃xM × T̃xM is in fact
an isomorphism. Furthermore, if M is oriented, then we see that, with the appropriate
orientations, the map Da(x,0) : T̃(x,0)T̃M → T̃xM × T̃xM is also orientation-preserving. �

By the Neighborhood Projection Theorem 28.1 there exists an open neighborhood Z of
M ×M Ă Rn×Rn and a smooth retraction π : Z →M ×M . Note that a−1(Z) is an open
neighborhood ofM×{0} Ă T̃M . It follows from Claim 1 (b) that there exists a µ > 0 such
that T̃M(µ) Ă a−1(Z). By Claim 1 (c) and Claim 2 it now su�ces to prove the following
claim.
Claim 3. There exists a ν ∈ (0, µ) such that the following map is a smooth embedding:

b : T̃M(ν) → M ×M
(x, v) 7→ π(a(x, v)).

Proof. By the choice of µ it makes sense to consider the map

b : T̃M(µ) → M ×M
(x, v) 7→ π(a(x, v)).
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We make the following two observations:

(1) Since π : Z → M is a retraction we see that the restriction of b to the closed subset
M × {0} of T̃M(µ) is given by the map x 7→ (x, x). It follows from the Compact-
Hausdor� Proposition 2.17 that the map b : M × {0} → T̃M(µ) is an embedding.

(2) Let (x, 0) ∈M ×{0} be arbitrary. By Claim 2 we know that we get an isomorphism
Da(x,0) : T̃(x,0)T̃M → T̃xM × T̃xM . Since π : Z → M ×M is a retraction we know
that the restriction of Dπ(x,x) to T̃(x,x)(M ×M) = T̃xM × T̃xM is the identity. In
summary we see that the map Db(x,0) = Dπ(x,x) ◦ Da(x,0) : T̃(x,0)T̃M → T̃xM × T̃xM
is an isomorphism. It follows from the Inverse Mapping Theorem 24.1 that b is a
local di�eomorphism at (x, 0) ∈M × {0}.

It follows from the above and the Neighborhood Smooth Embedding Theorem 21.13 that
there exists an open neighborhood U of M × {0} Ă T̃M(µ) such that the restriction of b
to U is a smooth embedding. We obtain the desired ν ∈ (0, µ) from Claim 1 (b). �

45.5. The Smooth Poincaré�Hopf Theorem. We move on to the most interesting
result of this chapter.

Theorem 45.17. (Smooth Poincaré�Hopf Theorem) Let M be a closed orientable
smooth manifold and let v be a smooth vector �eld on M such that all zeros of v are
non-degenerate. Then we have the equality438∑

x a zero of v

index(v, x) = χsm(M).

Remark.

(1) In case the reader is wondering, as we mentioned on page 1019, the smooth Euler
characteristic χsm(M) equals the �usual� Euler characteristic χ(M), that we will
de�ne on page 1519 and on page 1882. In fact in Proposition 129.4, which we will
prove twice on page 2821 and on page 2983, we will construct a smooth vector �eld
onM such that all zeros of v are non-degenerate and such that the sum of the indices
equals χ(M). As we point out in Corollary 129.5, this construction together with the
Smooth Poincaré�Hopf Theorem 45.17 implies that χ(M) = χsm(M).

(2) In the Poincaré�Hopf Theorem 129.7 we will reprove the Smooth Poincaré�Hopf
Theorem 45.17 and generalize it in two directions:
(a) We will have a more general notion of the index of a zero of a vector �eld. Thus

we no longer demand that the zeros are non-degenerate, we only demand, that
there are only �nitely many.

(b) We will allow compact smooth manifolds with non-empty boundary. If M has
boundary, then we will demand that along the boundary ∂M the vector �eld v
is pointing outward.

Our proof of the Smooth Poincaré�Hopf Theorem 45.17 rests on the following proposition,
which is interesting in its own right.

438Note that by Lemma 45.9 we know that v has only �nitely many zeros, so the sum on the left hand side
is actually de�ned.
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Proposition 45.18. Let M be a closed orientable k-dimensional smooth submanifold
of Rn. As on page 1024 we consider the oriented 2k-dimensional smooth manifold T̃M
and the smooth embedding ι : M → T̃M that is given by x 7→ (x, 0). Let v be a smooth
vector �eld on M such that all zeros of v are non-degenerate. Then439∑

x a zero of v

index(v, x) = ι(M) · ι(M).︸ ︷︷ ︸
self-intersection
number in T̃M

Proof. We denote by x1, . . . , xk the zeros of v. We consider the smooth homotopy

F : M × [0, 1] → T̃M
(x, t) 7→ x+ t · v(x).

Note that F0 = ι : M → T̃M and that F1(M) = graph(v). Note that by our hypothesis on
v and by Proposition 45.12 we know that ι(M) t F1. The proposition now follows from
the following calculation:

Proposition 45.12
↓∑

x a zero of v

index(v, x) =
k∑
i=1

index(v, xi) =
k∑
i=1

sign of the intersection point
(xi, 0) of ι(M) and F1(M)

= ι(M) ·T̃M F1(M) = ι(M) ·T̃M ι(M).
↑ ↑

by de�nition by de�nition of the self-intersection number, here
we use that F1 is smoothly homotopic to ι �

Proof of the Smooth Poincaré�Hopf Theorem 45.17. Let M be a closed orientable
smooth manifold and let v be a smooth vector �eld on M such that all zeros of v are
non-degenerate. By the Euclidean Embedding Theorem 27.1 we can assume that M is a
smooth submanifold of some Rn.

By the Total Tangent Space-Diagonal Embedding Proposition 45.16 there exists an
orientation-preserving smooth embedding

f : T̃M → M ×M

such that for each x ∈M we have f(x, 0) = (x, x). Now we see that∑
x a zero of v

index(v, x) = ι(M) ·
T̃M

ι(M) = ∆M ·
M×M

∆M = χsm(M).
↑ ↑ ↑

by Proposition 45.18 follows from f(ι(M)) = ∆M by de�nition
and Lemma 43.3 (2) �

Remark. Let M be a closed orientable smooth manifold. In the proof of the Smooth
Poincaré�Hopf Theorem 45.17 we showed that ι(M) ·T̃M ι(M) = ∆M ·M×M ∆M = χsm(M).
In the literature this statement sometimes gets shortened to the catchy and mysterious
looking �M ·M = χsm(M)�.

439To make sense of the individual terms on the right hand side we have to pick an orientation of M . This
orientation then endows ι(M) and T̃M with an orientation and the self-intersection number ι(M) · ι(M)
is de�ned.
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45.6. Applications of the Smooth Poincaré�Hopf Theorem 45.17. The beauty of
the Smooth Poincaré�Hopf Theorem 45.17 is that it can be used for two di�erent purposes:
(1) By constructing suitable vector �elds we can use the Smooth Poincaré�Hopf Theo-

rem 45.17 to calculate smooth Euler characteristics.
(2) Once we have calculated the smooth Euler characteristic of a smooth manifold M

the Smooth Poincaré�Hopf Theorem 45.17 gives us information on the existence of
certain vector �elds on M .

In the following we will see both principles in action. First, recall that in Question 45.5
we were challenged to calculate the smooth Euler characteristics of spheres and surfaces of
genus g. Fortunately we can now rise to the challenge.

Proposition 45.19. (Sphere-Euler Characteristic Proposition) Given n ∈ N0 we
have χsm(Sn) = 1 + (−1)n.

Proof. Let n ∈ N0. By Lemma 45.8 we know that there exists a smooth vector �eld v on
Sn with the following properties:
(1) The vector �eld has precisely two zeros, namely at the South Pole S = (0, . . . , 0,−1)

and at the North Pole N = (0, . . . , 0, 1).
(2) The two zeros are non-degenerate and the indices are given by index(v, S) = 1 and

index(v,N) = (−1)n.
It now follows that

χsm(Sn) =
∑

x a zero of v

index(v, x) = index(v, S) + index(v,N) = 1 + (−1)n.
↑ ↑ ↑

Smooth Poincaré�Hopf Theorem 45.17 by the above by the above �

Proposition 45.20. (Surface-Euler Characteristic Proposition) The smooth Euler
characteristic of the surface of genus g equals 2− 2g.

Proof. Let Σg be the surface of genus g. We will prove the proposition using the Smooth
Poincaré�Hopf Theorem 45.17 and an explicit smooth vector �eld. In fact we will provide
two constructions of smooth vector �elds on Σg. The �rst one is slightly informal, the
second one is more formal.
(1) First we view Σg as a smooth submanifold of R3 in the �usual way�, as shown in

the �gure below. We denote by v the smooth vector �eld on Σg that is given at
each x ∈ Σg by projecting the vector e1 = (1, 0, 0) onto the tangent plane T̃xΣg.
This vector �eld has non-degenerate zeros of index +1 to the �very left� and it has
a non-degenerate zero of index +1 to the �very right�. Furthermore, for each �hole�
there exist two non-degenerate zeros of index −1. The are no other zeros. It follows
from this discussion that

χsm(Σg) =
∑

x a zero of v

index(v, x) = +1 + 2g · (−1) + 1 = 2− 2g.
↑ ↑

Smooth Poincaré�Hopf Theorem 45.17 by the above

(2) We consider the surface Σg = E4g/ ∼ as de�ned on page 266. We construct a smooth
vector �eld v on E4g/ ∼ as follows:
(a) We break E4g/ ∼ into 4g triangles, as shown in the �gure below.
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surface Σg of genus g

vector �eld is projection of e1 = (1, 0, 0) onto T̃PΣg

index +1

index −1

index +1

index −1

(b) The vector �eld v is zero on each vertex, on each midpoint of an edge and on the
midpoint of each triangle.

(c) On the edges and on the triangles the vector �eld v points towards the midpoint.
We make the following observations regarding the number of zeros and the indices
of the zeros:440

(a) at the two vertices the vectors point outward in all directions, thus the index
equals +1,

(b) at the midpoints of the 2g + 4g edges the vectors point inward in one direction
and outward in another direction, thus the index equals −1,

(c) at the midpoints of the 4g triangles the vectors point inward from all directions,
thus the index equals +1.

The vector �eld is non-zero at all other points. In summary we see that

Smooth Poincaré�Hopf Theorem 45.17
↓

χsm(Σg) =
∑

x a zero of v

index(v, x) = (+1)·#vertices︸ ︷︷ ︸
=2

+ (−1)·#edges︸ ︷︷ ︸
=2g+4g

+ (+1)·#triangles︸ ︷︷ ︸
=4g

= 2− 2g − 4g + 4g = 2− 2g. �
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surface of genus 2

index = +1

index = +1

index −1

index +1

vector �eld v

Corollary 45.21. (Surfaces-Non Di�eomorphic Corollary) If g 6= h then the surface
of genus g and the surface of genus h are not di�eomorphic.

Remark.
(1) In the Di�eomorphism-to-Standard Surfaces Theorem 142.7 we will show that any

closed orientable connected non-empty 2-dimensional smooth manifold is di�eomor-
phic to some surface of genus g. This theorem together with the above Surfaces-Non
Di�eomorphic Corollary 45.21 gives us a di�eomorphism classi�cation of closed ori-
entable connected non-empty 2-dimensional smooth manifolds.

440On page 2821 we will generalize this construction and calculation to smooth manifolds that are equipped
with a �smooth triangulation�.
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(2) In the Surfaces-Non Homeomorphic Theorem 55.6 we will see that for g 6= h the
surface of genus g and the surface of genus h are in fact not even homeomorphic.

(3) We refer to Chapters 55 and 142 for more information on the classi�cation of 2-
dimensional smooth and topological manifolds.

Proof. This corollary follows immediately from the fact, see Lemma 45.3 (2), that the
smooth Euler characteristic is a di�eomorphism invariant together with the calculation of
the smooth Euler characteristic of surfaces in the Surface-Euler Characteristic Proposi-
tion 45.20. �

The following theorem is an almost immediate consequence of the Smooth Poincaré�Hopf
Theorem 45.17
Theorem 45.22. (Smooth Euler Characteristic-Vector Field Theorem) Let M
be a closed orientable smooth manifold. If M admits a nowhere-vanishing vector �eld,
then χsm(M) = 0.

Remark. In the Euler Characteristic-Vector Field Theorem 97.15 we will reprove the
Smooth Euler Characteristic-Vector Field Theorem 45.22 and we will extend the statement
to non-orientable smooth manifolds.

Proof. Let M be a closed smooth manifold that admits a nowhere-vanishing vector �eld.
By the Replace-by-Smooth Vector Field Proposition 29.6 we know that M also admits a
smooth nowhere-vanishing vector �eld. It follows immediately from the Smooth Poincaré�
Hopf Theorem 45.17 that χsm(M) = 0. �

The Smooth Euler Characteristic-Vector Field Theorem 45.22 together with the above
calculations of smooth Euler characteristics gives us the following pleasant corollary.
Corollary 45.23.
(1) If n ∈ N0 is even, then there is no nowhere vanishing vector �eld on Sn.
(2) If g 6= 1, then there is no nowhere vanishing vector �eld on the surface Σg of genus g.

Remark.
(1) The statement of Corollary 45.23 (1) is of course precisely the content of the Hairy

Ball Theorem 38.12.
(2) Corollary 45.23 (2) answers Question 23.19 in the orientable case.

Proof.
(1) Let n ∈ N0 be even. By the Sphere-Euler Characteristic Proposition 45.19 we know

that χsm(Sn) = 1 + (−1)n = 2 6= 0. It follows from the Smooth Euler Characteristic-
Vector Field Theorem 45.22 that Sn cannot admit a nowhere-vanishing vector �eld.

(2) Let g 6= 1. By the Surface-Euler Characteristic Proposition 45.20 we know that
χsm(Σg) = 2 − 2g 6= 0. Thus we see, as in (1), that Σg does not admit a nowhere-
vanishing vector �eld. �

We conclude this section with a sneak preview of a theorem which we will prove later on.
This proposition is basically the converse to the Smooth Euler Characteristic-Vector Field
Theorem 97.15.
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Theorem 129.6. (Nowhere Vanishing Vector Field Existence Theorem) LetM be
a closed connected smooth manifold. If χsm(M) = 0, then M admits a nowhere-vanishing
smooth vector �eld.

45.7. The Gauÿ map I. In this section we will introduce the Gauÿ map and we will
determine its degree. We will not make use of the results of this section.
The following de�nition introduces the protagonist of this section.

De�nition. Let n ∈ N0 and let M Ă Rn+1 be a closed oriented smooth submanifold of
codimension one. We refer to the map

G : M → Sn

P 7→

the unique G(P ) ∈ Rn+1 that has the following properties:
(1) G(P ) is normal to the physical tangent space T̃PM ,
(2) G(P ) has length one, i.e. G(P ) ∈ Sn,
(3) G(P ) followed by a positive basis for T̃PM is a positive basis for Rn+1

as the Gauÿ map of M .441 442
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M Gauss map G

S2P G(P )
R3

Example. Let n ∈ N. We consider the submanifold Sn Ă Rn+1 with the standard ori-
entation introduced on page 681. It follows almost immediately from the de�nitions and
conventions that the corresponding Gauÿ map G : Sn → Sn is the identity.

The following theorem was �rst proved by Heinz Hopf [Hopf1925] in 1925.

Theorem 45.24. (Gauÿ Map-Degree Theorem) Let M Ă Rn+1 be a closed oriented
connected smooth submanifold of codimension one. If n is even, then

deg(Gauÿ map G : M → Sn) = 1
2 · χ

sm(M).
↑

equipped with the standard orientation from page 681

Remark.

(1) Alternative proofs of the Gauÿ Map-Degree Theorem 45.24 are given in [Bre1993,
Theorem VI.12.11], [Cib2016], [Sakk1990], [Tu2011, p. 174] and [GP1974, p. 198].
Furthermore we will give a somewhat di�erent proof in Section 129.3.

(2) Note that in general the conclusion of the Gauÿ Map-Degree Theorem 45.24 does
not hold if n is odd. For example if we consider M = S1 Ă R2, then we know by the
above that the Gauÿ map G is the identity, hence its degree equals one, whereas we
saw in the Sphere-Euler Characteristic Proposition 45.19 that χsm(S1) = 0.

441A variation on the Gauÿ map appeared also in the de�nition of the rotation number of an immersion
S1 → R2 on page 955.
442As discussed in the Orientations-via-Normal Vector Fields Proposition 25.11, this map is smooth.
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Before we provide a proof of the Gauÿ Map-Degree Theorem 45.24, let us formulate
and prove a neat corollary.
Corollary 45.25. If M is a closed orientable even-dimensional smooth manifold that
admits a smooth embedding into Rdim(M)+1, then χsm(M) is even.

Example. Let n ∈ N. In Exercise 45.5 we will see that χsm(CPn) = n + 1. Thus, if n is
in fact even, then it follows from Corollary 45.25 that the 2n-dimensional smooth manifold
CPn does not admit a smooth embedding into R2n+1. No wonder you never saw a copy of
CP2 in R5.

Proof of Corollary 45.25. We write n = dim(M). By the Smooth Embedding Theo-
rem 24.10 we know that M is di�eomorphic to a smooth submanifold N Ă Rn+1. It follows
that

χsm(M) = χsm(N) = 2 · deg(Gauÿ map G : N → Sn) ∈ 2 · Z.
↑ ↑

Lemma 45.3 Gauÿ Map-Degree Theorem 45.24, since n is even �

Proof of the Gauÿ Map-Degree Theorem 45.24. Let n ∈ N0 and let M Ă Rn+1 be
a closed oriented connected smooth submanifold of codimension one. Recall that above
we observed that the Gauÿ map G : M → Sn is smooth. Thus we can appeal to Sard's
Theorem 31.1 which, together with the Measure-Zero Properties Proposition 30.2, implies
that there exists some z ∈ Sn such that z and −z are both regular values of the Gauÿ
map G. By the Orthogonal Action Lemma 5.26 we know that SO(n + 1) acts transitively
on Sn. It follows easily from this observation, together with Lemma 33.8 and the Degree
Homotopy Invariance Theorem 38.3 that, after a rotation, we can assume that z = en+1 =
(0, . . . , 0, 1) ∈ Rn+1. Next we consider the vector �eld

v : M → Rn+1

Q 7→ z − 〈z,G(Q)〉 ·G(Q).︸ ︷︷ ︸
orthogonal projection of z to T̃QM

Clearly we have v(Q) = 0 if and only if G(Q) = z or G(Q) = −z.
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v(P )

M

Gauss map G
S2

B
2

r B
2

r

pΨ = p−1

z = e3
R3

Ψ∗v

T̃PM

P Q
U V

Let Q ∈ M with G(Q) = ±z. By design we know that Q is a regular value of G. By
the Stack of Records Lemma 26.2 (1) we know that G : M → Sn is a local di�eomorphism
at Q, thus, as on page 898, it makes sense to introduce the following de�nition:

deg(G, Q) =

{
+1, if G is orientation-preserving at Q
−1, if G is orientation-reversing at Q.
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Claim. Let Q ∈M .
(1) If G(Q) = z, then index(v,Q) = (−1)n · deg(G, Q).
(2) If G(Q) = −z, then index(v,Q) = deg(G, Q).

Proof. First we consider the case that we are given Q ∈ M with G(Q) = z. We make the
following observations and preparations.
(a) We denote by p : Rn+1 → Rn the projection onto the �rst n coordinates.
(b) It follows fairly easily from the Inverse Mapping Theorem 24.1, see also Exercise 23.6,

that there exists a neighborhood U of Q ∈ M , a neighborhood V of z ∈ Sn and an
r ∈ R>0 with the following properties:
(i) We have G(U) Ă V .
(ii) The restriction of the projection p : Rn+1 → Rn to U Ă M and V Ă Sn de�nes

di�eomorphisms p : U → B
n

r and p : V → B
n

r . It follows immediately from the
orientation conventions and some elementary linear algebra that both maps are
orientation-preserving if n is even and both maps are orientation-reversing if n is
odd.

(c) We set Ψ := p−1 : B
n

r → U .
(d) Recall that by de�nition we have v(x) = z − 〈z,G(x)〉 · G(x). Using the fact that

G(Q) = e, which implies in particular that p(G(Q)) = p(z) = 0, one can easily show,
using the Product Rule for partial di�erentials, that443

D(p ◦ (x 7→ −v(x)) ◦Ψ)p(Q) = D(p ◦G ◦Ψ)p(Q).

This fact is also illustrated, more or less convincingly, in the �gure below.

p

z = G(Q)

G(x)

x

Q

T̃xM
M

Rn

v(x)

We now see that
we know that p and Ψ are either
both orientation-preserving or they
are both orientation-reversing by (d)

↓ ↓
deg(G, Q) = +1 ⇐⇒ det(D(p ◦G ◦Ψ)p(Q)) > 0 ⇐⇒ det(D(p ◦ (x 7→ −v(x)) ◦Ψ)p(Q) > 0

⇐⇒ det(D( p∗(−v)︸ ︷︷ ︸
pullback of -v

)p(Q) > 0 ⇐⇒ (−1)n · det(D(p∗v)p(Q) > 0

⇐⇒ index(v,Q) = (−1)n.

Now we consider the case that G(Q) = −z. The calculation is basically identical to the
above. The only di�erence is that in this setting the map p is orientation-preserving if and
443Note that if W is an open subset of Rn and if f : W → R and g : W → Rn are smooth maps, then it
follows immediately from the Product Rule for partial di�erentials that for any w ∈W we have

D(f · g)w = ( ∂f∂x1
(w) · g(w) . . . ∂f∂xn (w) · g(w)) + f(w) ·Dgw.

We now apply this scheme to f(y) = 〈z, (G ◦Ψ)(y)〉 and g = p ◦G ◦Ψ and we obtain the desired equality.
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only if n is odd, whereas before p was orientation-preserving if and only if n is even. On
the other hand the behavior of the orientation of Ψ does not change, i.e. Ψ is orientation-
preserving if and only if n is even. Thus we obtain the same result as above, except that
by Lemma 76.16 we pick up a sign (−1)n. �
We turn to the actual proof of the promised equality. Thus we now assume that n is even.
We perform the following calculation:

since z and −z are regular values we can apply the Local-Global Degree Proposition 101.6 to z and to −z
↓

2·deg(Gauÿ map G :M→Sn) =
∑

Q∈M with
G(Q) = z

deg(G, Q) +
∑

Q∈M with
G(Q) = −z

deg(G, Q)

=
∑

Q∈M with
v(Q) = 0

deg(G, Q) =
∑

Q∈M with
v(Q) = 0

index(v,Q) = χsm(M).x x x
since v(Q)=0 if and only if by the claim and Smooth Poincaré-Hopf
G(Q)=z or G(Q)=−z since n is even Theorem 45.17�

Remark. This concludes our discussion of the algebraic (self-) intersection number for the
time being. We will return to the study of algebraic (self-) intersection numbers much later
in Chapter 126 when we will relate it to the cup product on cohomology.

Exercises for Chapter 45.

Exercise 45.1.

(a) Let M and N be two closed oriented smooth manifold. Show that

χsm(M ×N) = χsm(M) · χsm(N).

(b) Show that given any k ∈ Z≥2 there exist closed orientable connected 2k-dimensional
smooth manifolds of arbitrarily large and arbitrarily low values for the smooth Euler
characteristic.

Exercise 45.2.

(a) Let M be a closed 2n-dimensional smooth manifold and let X Ă M be a closed
submanifold. We do not make any assumptions on orientability. Show that one can
still introduce a Z2-algebraic self-intersection number X ·Z2 X ∈ Z2 in a reasonable
way.

(b) Let ι : RP1 → RP2 be the smooth embedding given by [x0 : x1] 7→ [x0 : x1 : x2].
Determine the Z2-algebraic self-intersection number of ι(RP1) Ă RP2.

Exercise 45.3. We consider the smooth embedding

ι : CP1 → CP2

[z0 : z1] 7→ [z0 : z1 : z2].

Determine the algebraic self-intersection number of ι(CP1) Ă CP2.
Remark. We know by the Complex Projective Space-is-Complex Manifold Lemma 32.16
that each CPn is a closed oriented 2n-dimensional smooth manifold.
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Exercise 45.4. Let M be a smooth submanifold of some Rn and let f : M → R be a
smooth function. Let P ∈ M \ ∂M be a critical point. We pick a chart Φ: U → V for P .
We write Q := Φ(P ). In Lemma 137.1 we will see that the congruence class of the Hessian
matrix

Hess(f ◦ Φ−1)Q :=
(

∂2

∂xi ∂xj

∣∣∣
Q
f ◦ Φ−1

)
i,j=1,...,n

∈ M(n× n,R)

is independent of the choice of the chart. We say the critical point P is non-degenerate if
det(Hess(f ◦ Φ−1)Q) 6= 0. We refer to

index(f, P ) := number of negative eigenvalues of Hess(f ◦ Φ−1)Q

as the index of the critical point P . Next we consider the vector �eld that is given by

∇f : M → Rn

x 7→ the unique v(x) ∈ T̃xM such that for
all w ∈ T̃xM we have 〈v(x), w〉 = Dfx(w).

We refer to it as the gradient vector �eld of f . Show that for every x ∈ M the following
statements hold:
(a) x is a critical point of f if and only if x is a zero of ∇f .
(b) If x is a critical point of f , then x is a non-degenerate critical point of f if and only

if x is a non-degenerate zero of ∇f .
(c) If x is a non-degenerate critical point of f , then index(∇f, x) = (−1)index(f,x).

Exercise 45.5. Let n ∈ N0. We pick real numbers c0 < c1 < · · · < cn. We consider the
following functions on RPn = Sn/{± id} and CPn = S2n+1/S1:

f : RPn → R

[x0 : · · · : xn] 7→
n∑
j=0

cj · x2
j

and
g : CPn → R

[z0 : · · · : zn] 7→
n∑
j=0

cj · |zj|2.

By the Smooth Embedding Theorem 24.10 we can think of RPn and CPn as smooth
submanifolds of some RN . This allows us to consider the corresponding gradient vector
�elds ∇f and ∇g that we introduced in Exercise 45.4.
(a) Show that ∇f has precisely n+ 1 zeros, that these are non-degenerate and that the

indices are 1,−1, . . . , (−1)n+1.
(b) Show that ∇g has precisely n+ 1 zeros, that these are non-degenerate and that the

index is always +1.
Remark. You might want to use the explicit charts given in Exercise 19.16 and the Complex
Projective Space-is-Complex Manifold Lemma 32.16.
Remark. Note that it follows from this exercise together with the Smooth Poincaré�Hopf
Theorem 45.17 that χsm(RPn) = 1

2
(1 + (−1)n) and that χsm(CPn) = n+ 1.

Exercise 45.6. Let M be a closed orientable smooth manifold and let p ∈M . Does there
necessarily exist a smooth embedding f : M →M ×M such that for every x ∈M we have
f(x) = (x, p) ?

Exercise 45.7. Let p : M̃ → M be a local di�eomorphism between two closed oriented
connected non-empty smooth manifolds.
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(a) Show that for any x, y ∈ M we have #p−1(x) = #p−1(y) and show that the cardi-
nality of this set is �nite.

(b) Show that the cardinality of the set in (a) equals | deg(p)|.
(c) Show that χsm(M̃) = deg(p) · χsm(M).
(d) Given k ∈ N we denote by Nk the non-orientable surface of genus k as de�ned on

page 266. Show that Nk admits a nowhere vanishing smooth vector �eld if and only
if k = 2.
Hint. Make use of Exercise 19.37.





Part V

Fundamental Groups



46. How can we show that two topological spaces are (not)
homeomorphic?

In the previous two sections we collected many examples of topological spaces. In many
cases it was relatively straightforward to see that two topological spaces are homeomorphic.
For example we wrote down an explicit homeomorphism from Rn/Zn to (S1)n. Sometimes
it is rather painful to explicitly write down a homeomorphism, for example it was not
particularly easy to �nd a homeomorphism from the open cube (0, 1)n to the open ball
Bn = {x ∈ Rn | ‖x‖ < 1}. Nonetheless, if two topological spaces are homeomorphic, then
usually one can write down an explicit homeomorphism.
On the other hand, how can we tell that two topological spaces are not homeomorphic?
There are a couple of trivial criteria: being compact, connected, Hausdor� are properties
of topological spaces that are shared by homeomorphic topological spaces. This implies for
example that the closed cube [0, 1]n is not homeomorphic to the open cube (0, 1)n, since
the former topological space is compact and the latter is not.
But these criteria are of no use when it comes to studying more subtle examples. For
example they do not su�ce to address the following questions:

(1) Can surfaces with di�erent genera be homeomorphic?
(2) Given k ∈ Z≥0 we denote by U the complement of k points in R2. If k 6= l, is it

possible that Uk and Ul are homeomorphic?
(3) Is the complement of the trefoil homeomorphic to the complement of the trivial knot?

In each case we suspect that the answer is no. Certainly we do not succeed in �nding a
homeomorphism, but how can we show that this is not due to lack of imagination, but that
there is indeed no homeomorphism?
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are these surfaces homeomorphic?

trefoil

are the complements homeomorphic?

trivial knot

The reader might have encountered some ideas for tackling these questions in one or both
of the following topics:

(a) Di�erential forms on smooth manifolds, in particular de Rham cohomology, as de-
veloped say in [BoT1982, Lee2002].

(b) Complex analysis, see e.g. [Lang1999, Jä2011].

For the reader who has seen di�erential forms and de Rham cohomology we recall that
each smooth manifold M and each k ∈ Z≥0 we can assign the de Rham cohomology
group Hk

dR(M). It follows more or less from the de�nition that di�eomorphic smooth
manifolds have isomorphic de Rham cohomology groups. This approach has several disad-
vantages:

(1) the de Rham cohomology groups are only de�ned for smooth manifolds,
(2) the de Rham cohomology groups can only be used to show that two smooth manifolds

are not di�eomorphic, a priori they cannot be used to show that two smooth manifolds
are not homeomorphic,
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(3) at least just starting from the de�nition it is not clear how one can calculate the de
Rham cohomology groups of a given smooth manifold.

Later on, in Chapter 108, we will introduce �singular cohomology� which will take care of
all of these three issues.
Next we give some de�nitions that are familiar to the reader who has taken a course on
complex analysis.
De�nition.
(1) Given a subset U of C, we de�ne a path in U to be a map γ : [a, b] → U . If

γ(a) = γ(b), then we say that γ is a loop.
(2) Two paths γ0, γ1 : [a, b] → U with the same starting point P := γ0(a) = γ1(a) and

the same endpoint Q := γ0(b) = γ1(b) are called path-homotopic in U , if there exists
a homotopy rel {a, b} from γ0 to γ1. In other words, if there exists a map

Γ: [a, b]× [0, 1] → U
(t, s) 7→ Γ(t, s),

with the following properties444

(a) for every t ∈ [a, b] we have Γ(t, 0) = γ0(t) and Γ(t, 1) = γ1(t),
(b) for every s ∈ [0, 1] we have Γ(a, s) = P and Γ(b, s) = Q.

In the �gure below we illustrate a path-homotopy between two paths.
(3) A loop γ : [a, b]→ U is called null-homotopic if it is path-homotopic to the constant

path given by δ(t) := γ(a) for all t ∈ [a, b].
(4) We say U is simply connected if U is non-empty, if U is path-connected and if each

loop is null-homotopic.
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P

P

Q
Γ

Q

γ1(t) = Γ(t, 1)

γ0(t) = Γ(t, 0)

γ1

γ0γ0 γ1

[a, b]×[0, 1]

a b

Example. Every loop in R2 = C is null-homotopic. Indeed, we let γ : [0, 1]→ C be a loop
with starting and endpoint P . Then

Γ: [a, b]× [0, 1] → Rn

(t, s) 7→ γ(t) · (1− s) + P · s
is a path-homotopy between the loop γ and the constant path at P .

Next we recall the following de�nition from page 791.

444Loosely speaking a path-homotopy between two paths consists of a �continuous� family of paths
{Γ(−, s)}s∈[0,1] from P to Q which interpolates between the paths γ0 and γ1.
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γ path in C
P P

path-homotopy from γ to a constant path

De�nition. Let U Ă C be an open subset, let f : U → C be a map and let γ : [a, b]→ U
be a smooth path. We de�ne the path integral of f along γ as follows:∫

γ

f(z) dz :=
t=b∫
t=a

f(γ(t)) · γ′(t) dt ∈ C.

We also recall the following examples from page 791.

Examples.
(1) Let U = C \ {0}, let f(z) = 1

z
and let γ : [0, 1] → C \ {0} be the loop given by

γ(t) = exp(2π it), i.e. γ is a loop that �goes once around the origin�. Then∫
γ

f(z) dz =

t=1∫
t=0

f(γ(t)) · γ′(t) dt =

t=1∫
t=0

1
exp(2π it) · exp(2π it) · 2π i dt = 2π i.

(2) If γ is a constant path, then γ′(t) ≡ 0. This shows that the path-integral along a
constant path is zero.

We also recall the following theorem.
Theorem ??. (Cauchy Theorem) Let U Ă C be an open subset, let f : U → C be
a holomorphic function and let γ, δ : [a, b] → U be two smooth paths. If γ and δ are
path-homotopic, then ∫

γ

f(z) dz =
∫
δ

f(z) dz.

The following corollary is a consequence of the Cauchy Theorem ?? and of the above
calculations.
Corollary 46.1. The loop γ : [0, 1] → C \ {0} given by γ(t) = exp(2π it) is not path-
homotopic to a constant path, i.e. γ is not null-homotopic.
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�� the loop γ(t) = e2πit cannot be �deformed�

in C \ {0} to a constant path

U = C \ {0}

Remark. In the following Chapter 46.1 we will use Corollary 46.1 so that we have at
least one non-trivial topological statement in our toolbox. Somewhat later, after somewhat
lengthy preparations, we will prove a general result, namely Corollary 48.18, which in
particular will provide us with a new proof of Corollary 46.1.

Example. If two subsets of C are homeomorphic, then evidently either both are simply
connected or none is. From Corollary 46.1 it now follows immediately that R2 = C and
R2 \ {(0, 0)} = C \ {0} are not homeomorphic.
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This second approach to showing that two topological spaces are di�erent also has several
disadvantages over the �rst approach:
(1) A priori these notions are de�ned only for subsets of C,
(2) this approach does not allow us to show that the two subsets U = C \ {0} and

V = C \ {0, 1} are not homeomorphic, since neither is simply connected.
The �rst objection is of course easy to rectify, since the de�nitions make sense for any
topological space. But if we work with more general situations a new problem arises:
how can we show, without using complex analysis, that a topological space is not simply
connected? In the following chapters we will address all these issues.
In particular, when it comes to distinguishing U = C \ {0} and V = C \ {0, 1}, then
naively we would say that V has �more� loops that are not null-homotopic than U . In the
Chapter 47 we will in particular make precise what �more� means.
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47. The fundamental group

47.1. Path-homotopy classes of paths. In this section we extend some of the ideas and
notions about paths that we introduced in the previous section to the more general setting
of paths in topological spaces. The following de�nition is a slight generalization of the
concept of a path that we initially introduced on page 161.
De�nition. Let X be a topological space.
(1) We de�ne a path in X as a445 map γ : [a, b] → X. We call γ(a) the starting point

of γ and we call γ(b) the endpoint of γ. Often we say that γ is a path from γ(a) to
γ(b).

(2) A loop is a path for which the starting point and the endpoint coincide.

Convention. In the following, if we do not specify the domain of a path or a loop, then
it is understood to be [0, 1].

De�nition. Given a path γ : [a, b] → X we refer to the path γ : [a, b] → X that is given
by γ(t) = γ(b+ a− t) as the inverse path of γ.
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a path γ

the inverse path γa loop

X

De�nition. Let X be a topological space.
(1) Let γ0, γ1 : [a, b] → X be two paths with the same starting point P and the same

endpoint Q. A path-homotopy between the paths γ0 and γ1 is a homotopy rel
{a, b} between γ0 and γ1. In other words, spelling out the de�nition on page 419, a
path-homotopy is a map

Γ: [a, b]× [0, 1] → X
(t, s) 7→ Γ(t, s),

with the following properties:

(a) for every t ∈ [a, b] we have Γ(t, 0) = γ0(t) and Γ(t, 1) = γ1(t),
(b) for every s ∈ [0, 1] we have Γ(a, s) = P and Γ(b, s) = Q.

(2) If there exists a path-homotopy between two paths γ0 and γ1, then we say that γ0

and γ1 are path-homotopic, and we write γ0 ' γ1.
(3) We say a loop γ : [a, b]→ X is null-homotopic, if it is path-homotopic to the constant

path δ given by δ(t) = γ(a) for all t ∈ [a, b].

Examples.
(A) Let C be a convex subset of Rn and let γ0, γ1 : [a, b]→ C be two paths in C with same

starting point and the same endpoint. As in the Convex Homotopy Lemma 14.1 we
see that Γ: [a, b]× [0, 1] → Rn

(t, s) 7→ γ0(t) · (1− s) + γ1(t) · s
is a path-homotopy between γ0 and γ1.446

445Recall that all maps are understood to be continuous, unless we say something else.
446We had already illustrated this fact in the �gure on page 1046.
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(B) Let X = C \ {0} = R2 \ {(0, 0)}. As we had just seen in Corollary 46.1, the path

γ : [0, 1] → X
t 7→ exp(2π it) = (cos(2πt), sin(2πt))

is not null-homotopic in X.
(C) Let Y = S1 × (0, 2) and consider the loop

γ̃ : [0, 1] → Y = S1 × (0, 2)
t 7→ (exp(2π it), 1).

This loop is not null-homotopic. This can be seen as follows: we consider the map
Φ: Y = S1 × (0, 2) → X = C \ {0}

(z, t) 7→ z · t.

If γ̃ was null-homotopic in Y , then there would exist a path-homotopy

F̃ : [0, 1]× [0, 1] → Y

from γ̃ to the constant path δ̃(t) := (1, 1), t ∈ [0, 1]. But then
F := Φ ◦ F̃ : [0, 1]× [0, 1] → X

would be a path-homotopy in X = C \ {0} from the path γ := Φ ◦ γ̃ to the constant
path δ := Φ ◦ δ̃. But γ = Φ ◦ γ̃ is precisely the path γ from example (B) which we
showed not to be null-homotopic in X = C \ {0}.

(D) We consider the two loops in the �gure below. In both cases it is hard to see how these
loops could possibly be path-homotopic to a constant path, but it is also di�cult to
�nd an argument why that should not be possible.447
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loop in the complement of a knotloop in C \ {0, 1}

(E) We consider the real projective space RP2. Recall that in Lemma 5.32 we gave an
identi�cation RP2 = B

2
/∼ where ∼ is the equivalence relation on B

2
generated by

P ∼ −P for P ∈ S1 = ∂B
2
. Then

γ : [0, 1] → B
2
/∼

t 7→ [(cos(πt), sin(πt))]

is a loop in RP2 = B
2
/∼.448 But is it null-homotopic?

(F) On page 141 we considered the pseudocircle, namely the set X = {A,B,C,D} with
a slightly unusual topology. Furthermore we gave an example of a continuous non-
constant loop f : S1 → X. The question arises, is this loop null-homotopic?

447For example the given loop in C \ {0, 1} is actually null-homotopic in C \ {0} and it is null-homotopic
in C \ {1}. In particular our trick of using Corollary 46.1 does not work in this case.
448Why is it a loop?
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loop in RP2
RP2 = B

2
/ ∼

0 1 γ

Remark. Let X be a topological space and let x0 ∈ X. It follows from Lemma 5.18 that
the maps

{loops γ : [0, 1]→ X with γ(0) = γ(1) = x0} ⇔ {maps f : S1 → X with f(1) = x0}
(γ : [0, 1]→ X) 7→ (z = exp(2π it) 7→ γ(t))

(t 7→ f(exp(2π it))) ←[ (f : S1 → X)

are evidently bijections. Thus we can think of loops in X where the starting and endpoint
is x0 as maps from S1 to X that send 1 to x0. We will use this bijection to go back and
forth between these two points of view.

The following lemma gives a useful criterion for a loop to be null-homotopic.

Lemma 47.1. (Extension-to-Disk Lemma) Let X be a topological space and let x0 ∈
X. Let γ : [0, 1]→ X be a loop with γ(0) = γ(1) = x0. We denote by

ϕ : S1 → X
z = exp(2π it) 7→ γ(t)

the corresponding map from S1 to X. Then γ is null-homotopic if and only if there exists
a map Φ: B

2 → X so that Φ|S1 = ϕ.
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Xγ ϕ

0 1 x0
Φ

Proof. We start out this proof with a few rather elementary preparations. We write
A := ([0, 1]× {0}) ∪ ({0, 1} × [0, 1]) and we consider the map

g : [0, 1]× [0, 1] → B
2

(t, s) 7→ s exp(2π it) + 1− s.

Note that this map has the property that all points in A get sent to 1 ∈ S1. Using this
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s = 0

s = 1
2

A

s = 1
g

observation, the Topological-Quotient Proposition 5.15 (1b) and the Compact-Hausdor�
Proposition 2.17 (3) we see that the map

h : ([0, 1]× [0, 1])/A → B
2

[P ] 7→ g(P )
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is a homeomorphism.
Now we turn to the actual proof of the lemma. Thus let X be a topological space, let

x0 ∈ X and let γ : [0, 1]→ X be a loop with γ(0) = γ(1) = x0. We de�ne ϕ : S1 → X via
ϕ(exp(2π it)) = γ(t).

First we suppose that γ is null-homotopic. This means that there exists a path-
homotopy F : [0, 1] × [0, 1] → X such that F (t, 0) = x0 and F (t, 1) = γ(t) for all t ∈ [0, 1]
and such that F (0, s) = F (1, s) = x0 for all s ∈ [0, 1]. In other words, F is constant on A.
We consider the map449

Φ: B
2 h←−−∼= ([0, 1]× [0, 1])/A → X

[P ] 7→ F (P ).

One can easily verify that we have Φ|S1 = ϕ.
Conversely, if there exists a map Φ: B

2 → X so that Φ|S1 = ϕ, then one can easily
verify that Φ ◦ g : [0, 1] × [0, 1] → X is a path-homotopy from the loop γ to the constant
loop cx0 .

450 �

Before we continue with the examples we need to gather a few more elementary facts about
path-homotopies of paths. The following lemma is a special case of Lemma 14.5.
Lemma 47.2. Let X be a topological space and let x, y ∈ X. Then �path-homotopy� is
an equivalence relation on the set of paths γ : [a, b]→ X from x to y.

Proof. This lemma is just the special case Lemma 14.5 with X = [a, b] and A = {a, b}.
For the reader's convenience we provide the straightforward proof also in this context. We
have to show that �path-homotopy� satis�es the three properties of an equivalence relation.
Let α, β, γ : [a, b]→ X be three paths from x to y.
(1) The �constant path-homotopy� given by Γ(t, s) := γ(t) de�nes a path-homotopy

between γ and γ.
(2) Let Γ be a path-homotopy from α to β. It is basically clear that the map Γ′ de�ned

by Γ′(t, s) := Γ(t, 1− s) is a path-homotopy from β to α.
(3) Let Γ be a path-homotopy from α to β and let ∆ be a path-homotopy from β to γ.

We consider the map

[a, b]× [0, 1] → X

(t, s) 7→
{

Γ(t, 2s), if s ∈
[
0, 1

2

]
,

∆(t, 2s− 1), if s ∈
(

1
2
, 1
]

It follows from the Homotopy Stacking Lemma 14.3 that this map is continuous. It
is now clear that this map is a path-homotopy from α to γ. �

De�nition. Given a path f : [0, 1] → X in a topological space X we denote by [f ] the
equivalence class of f with respect to the equivalence relation which is given by path-
homotopies. We call [f ] the path-homotopy class of f .

449Note that we implicitly use the Topological-Quotient Proposition 5.15 (1b) to argue that the map
([0, 1]× [0, 1])/A→ X is well-de�ned and continuous.
450Why did we not just de�ne g to be the map that sends the horizontal lines to concentric circles where
each of them is centered around the origin?
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β

γ

α

path-homotopy ∆

path-homotopy between α and γ
path-homotopy Γ

De�nition. Let γ : [a, b]→ X be a path in a topological space and let ϕ : [a, b]→ [a, b] be
a map451 with ϕ(a) = a and ϕ(b) = b. We refer to γ ◦ϕ : [a, b]→ X as a reparametrization
of γ.
The following lemma says that reparametrizing does not change the path-homotopy class
of a path.

Lemma 47.3. Let γ : [a, b]→ X be a path in a topological space. If a path δ : [a, b]→ X
is obtained from γ by a reparametrization, then γ and δ are path-homotopic.

Proof. Let γ : [a, b] → X be a path in a topological space and let ϕ : [a, b] → [a, b] be a
map with ϕ(a) = a, ϕ(b) = b. A path-homotopy between γ and γ ◦ ϕ is given by452

P : [a, b]× [0, 1] → X
(t, s) 7→ γ(t · s+ ϕ(t) · (1− s)). �

We now recall the following de�nition from page 165.

De�nition. Let X be a topological space and let α : [a, b]→ X and β : [c, d]→ X be two
paths with α(b) = β(c). We de�ne the concatenation of α and β as the path α ∗ β which
is given by

α ∗ β : [0, 1] → X

t 7→
{
α(a+ 2t(b− a)), if t ∈

[
0, 1

2

]
β(c+ (2t− 1)(d− c)), if t ∈

(
1
2
, 1
]
.

The concatenation of two paths is thus given by ��rst running along α� and then �running
along β�. Here we reparametrized the path so that the domain of α ∗ β is [0, 1]. This
convention might look slightly odd, but later on we will mostly work with paths that are
de�ned on the interval [0, 1].

���
���
���
���

���
���
���
���

���
���
���

���
���
���

βα

α ∗ β

Lemma 47.4. Let α, α′ : [a, b] → X and β, β′ : [c, d] → X be two pairs of paths in a
topological space X such that α(b) = α′(b) = β(c) = β′(c). Then

α ' α′ and β ' β′ =⇒ α ∗ β ' α′ ∗ β′.
Put di�erently, if [α] = [α′] and [β] = [β′], then [α ∗ β] = [α′ ∗ β′].

Proof. We leave it to the reader to provide the fairly elementary proof. �

451Note that ϕ is not required to be a homeomorphism.
452Where do we actually use the hypothesis that ϕ(a) = a and ϕ(b) = b?
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α is path-homotopic to α′

and β is path-homotopic to β′ then α ∗ β is path-homotopic to α′ ∗ β′

α ∗ β

α′ β′

βα

α′ ∗ β′

De�nition. Let [α] and [β] be two equivalence classes of paths in a topological space X
with α(1) = β(0). We de�ne the453 product of the equivalence classes [α] and [β] as

[α] · [β] := [α ∗ β].

The following proposition says that the product of equivalence classes of paths shares many
properties of the product structure of a group.

Proposition 47.5. (Path-Homotopy Concatenation Proposition) Let α, β, γ : [0, 1]→
X be three paths in a topological space X. Then the following hold:
(1) If α(1) = β(0) and β(1) = γ(0), then454

[α] · ([β] · [γ]) = ([α] · [β]) · [γ].

(2) For x ∈ X we denote by ex the constant path that is given by ex(t) := x, t ∈ [0, 1].
Then the following equality holds

[eα(0)] · [α] = [α] = [α] · [eα(1)].

(3) We denote by α the inverse path. Then the following equalities hold

[α] · [α] = [eα(0)] and [α] · [α] = [eα(1)].

Proof. Let α, β, γ : [0, 1]→ X be three paths in a topological space X.
(1) Suppose that α(1) = β(0) and β(1) = γ(0). We need to show that

α ∗ (β ∗ γ) ' (α ∗ β) ∗ γ.
We consider the map Φ: [0, 1] → X

t 7→


α(3t), if t ∈ [0, 1

3
],

β(3t− 1), if t ∈ [1
3
, 2

3
],

γ(3t− 2), if t ∈ [2
3
, 1].

It follows from our hypothesis and Pasting Proposition 2.6 (2) that this map is indeed
continuous. We consider the maps

p : [0, 1] → [0, 1]

t 7→
{ 2

3
t, if t ∈ [0, 1

2
],

4
3
t− 1

3
, if t ∈ (1

2
, 1]

and
q : [0, 1] → [0, 1]

t 7→
{ 4

3
t, if t ∈ [0, 1

2
],

2
3
t+ 1

3
, if t ∈ (1

2
, 1]

453According to Lemma 47.4 this de�nition does not depend on the choice of the representatives α and β
of the equivalence classes.
454Put di�erently, the paths α ∗ (β ∗ γ) and (α ∗ β) ∗ γ are path-homotopic. Note that these paths are
similar in the sense that both paths �run through� the points on α, β and γ, but at di�erent speeds. In
general the paths are not equal, for example we have (α ∗ (β ∗ γ))( 1

2 ) = α(1) and ((α ∗ β) ∗ γ)( 1
2 ) = β(1).
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Then α ∗ (β ∗ γ) = Φ ◦ p ' Φ ' Φ ◦ q = (α ∗ β) ∗ γ
↑ ↑ ↑ ↑

by de�nition by Lemma 47.3 by de�nition

(2) We consider the map
q : [0, 1] → [0, 1]

t 7→
{

0, if t ∈ [0, 1
2
],

2t− 1, if t ∈ [1
2
, 1].

Then eα(0) ∗ α = α ◦ q ' α.
↑ ↑

by de�nition by Lemma 47.3

This shows that [eα(0)] · [α] = [eα(0) ∗α] = [α]. Almost the same argument also implies
that [α] = [α] · [eα(1)].

(3) We write P = α(0). Note that α ∗ α is a loop in P . We consider the map

F : [0, 1]× [0, 1] → X

(t, s) 7→
{

α(2t · s), if t ∈ [0, 1
2
],

α(2s− 2t · s), if t ∈ [1
2
, 1].

It follows from the Homotopy Stacking Lemma 14.3 that this map is indeed contin-
uous. For s = 0 we obtain the constant path at P and for s = 1 we obtain the path
α∗α. For any s ∈ [0, 1] we furthermore have F (0, s) = F (1, s) = P . Thus F is a path-
homotopy from the constant path to α∗α which implies that [eα(0)] = [α∗α] = [α]·[α].
Almost the same argument shows that [α ∗ α] = [eα(1)]. �
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α

α
intermediate path of

the path-homotopy for s = 1
2

α ∗ α

47.2. The fundamental group of a pointed topological space. In the Path-Homotopy
Concatenation Proposition 47.5 we saw that the concatenation of path-homotopy classes
of paths shares many properties of the multiplication in a group. Nonetheless the path-
homotopy classes of paths do not form a group, since the concatenation of two paths is not
de�ned, unless the endpoint of the �rst path agrees with the starting point of the second
path.
We will resolve this problem by restricting our attention to loops.

De�nition. Let X be a topological space and let x0 ∈ X be a point. A loop in (X, x0)
is a path f : [0, 1] → X455 with f(0) = f(1) = x0, i.e. x0 is the starting as well as the
endpoint of f .

Proposition 47.6. Let X be a topological space and x0 ∈ X. The set

π1(X, x0) := {path-homotopy classes of loops in (X, x0)}
together with the product map [α] · [β] := [α ∗β] forms a group where the neutral element
is represented by the constant path at x0 and where the inverse of [γ] is given by [γ].

455Note that part of the de�nition of �loop in (X,x0)� is that the domain is the interval [0, 1].
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Proof. It is clear that the concatenation of any two loops in (X, x0) is de�ned. According
to Lemma 47.4 the concatenation of paths descends to a well-de�ned map

π1(X, x0)× π1(X, x0) → π1(X, x0)
([α], [β]) 7→ [α] · [β] := [α ∗ β].

According to the Path-Homotopy Concatenation Proposition 47.5 (1) this product map
satis�es the associativity axiom. The trivial element is according to the Path-Homotopy
Concatenation Proposition 47.5 (2) given by the path-homotopy class of the constant loop
[ex0 ]. Furthermore according to the Path-Homotopy Concatenation Proposition 47.5 (3)
the inverse of the path-homotopy class of a loop γ : [0, 1] → X in x0 is given by the path-
homotopy class of the loop de�ned by γ(t) := γ(1− t), t ∈ [0, 1]. �

De�nition. We call π1(X, x0) the fundamental group of X with respect to the base
point x0.
One of our main goals in the intermediate future will be to determine the fundamental
group of the topological spaces that we introduced in the earlier sections.

Examples.
(1) Let X be a convex subset of Rn and let x0 ∈ Rn be an arbitrary point. As we

pointed out on page 1048, all loops in (X, x0) are null-homotopic. More precisely, if
γ : [0, 1]→ Rn is a loop in (Rn, x0), then

F : [0, 1]× [0, 1] → Rn

(t, s) 7→ γ(t) · (1− s) + x0 · s
is a path-homotopy between the loop γ and the constant loop ex0 . Thus it follows
that π1(X, x0) = 0.456

(2) We say that a subset X Ă Rn is star-shaped if there exists an x ∈ X such that for all
y ∈ X the segment {xt+ y(1− t) | t ∈ [0, 1]} lies in X. For example open and closed
balls and open and closed rectangles are star-shaped. Furthermore all convex subsets
are star-shaped. Precisely the same proof as in (1) shows that the π1(X, x) = 0.
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star-shaped subset of R2

x

Next we state the following theorem from complex analysis.

456If π1(X,x0) is the trivial group, then we usually write π1(X,x0) = 0. This notation is commonly used,
even though it is not entirely logical: we use the multiplicative notation for the product structure on the
group π1(X,x0), and it would therefore make more sense to write π1(X,x0) = 1 if the group π1(X,x0) is
trivial.
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Theorem 47.7. Let X be a proper subset457 of C, let x0 ∈ X be a point and let w ∈ C\X
be a point in the complement of X. The map

π1(X, x0) → Z
[γ] 7→ 1

2π i

∫
γ

1
z−w dz

is a well-de�ned homomorphism.
Remark. As in the case of Corollary 46.1, we do not really need Theorem 47.7 and its
subsequent Corollary 47.8. If one has seen complex analysis, or if one is willing to take
Theorem 47.7 on face value, it allows us to show that some fundamental groups are non-
trivial, before we have developed the full machinery for calculating fundamental groups.
But eventually we will supplant Corollary 47.8 by a much stronger statement proved using
purely topological methods.

Proof. A vigilant reader might �rst have noticed that the statement of Theorem 47.7
contains a slight cheat. We use the path integral over a continuous path γ, whereas so far
on page 791 we gave only the de�nition for the integral over a smooth path. The more
general de�nition of a path integral is given in [Lang1999, Chapter III.4]. The fact that the
given integral takes values in Z is proved in [Lang1999, Lemma IV.4.1]. Furthermore the
fact that this integral de�nes a well-de�ned map on the fundamental group is a consequence
of [Lang1999, Theorem III.5.1]. Finally it follows almost immediately from the de�nitions
that the given map is a homomorphism. �
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is a homomorphism

π1(X, x0) → Z
[γ] 7→ 1

2π i

∫
γ

1
z−w dz

γ
the map

x0

X

w

The previous example together with Theorem 47.7 give us the following neat corollary.

Corollary 47.8. There exists an epimorphism π1(S1, 1)→ Z.
Proof. The corollary follows from Theorem 47.7 and the calculation on page 791. �

This raises the following question.

Question 47.9. Is the above epimorphism π1(S1, 1)→ Z in fact an isomorphism?
The de�nition of the fundamental group of a topological space X relies on the choice of a
base point x0. The following proposition shows that, at least for path-connected topological
spaces, the choice of the base point does not a�ect the isomorphism type of the fundamental
group.

Proposition 47.10. (Change-of-Base Point Proposition) Let X be a topological
space, let x0 and x1 be two points in X and let p : [0, 1] → X be a path from x0 to x1.
Then the following �ve statements hold:
(1) The map

457We say A is a proper subset of B if A Ă B and if A 6= B.
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p∗ : π1(X, x1) → π1(X, x0)
[γ] 7→ [p ∗ γ ∗ p]

is well-de�ned and it is a group isomorphism.
(2) If x0 = x1, then the map p∗ is just conjugation by [p] ∈ π1(X, x0), i.e. for any

g ∈ π1(X, x0) = π1(X, x1) we have

p∗(g) = [p] · g · [p]−1 ∈ π1(X, x0).

(3) If q : [0, 1]→ X is a path from x1 to another point x2, then

(p ∗ q)∗ = p∗ ◦ q∗ : π1(X, x2) → π1(X, x0).

(4) If π1(X, x0) is abelian, then for any two paths p, q : [0, 1]→ X from x0 to x1 we have
p∗ = q∗ : π1(X, x1)→ π1(X, x0).

(5) If f : X → Y is a map to another topological space, then the following diagram
commutes:

π1(X, x0)

f∗
��

p∗
// π1(X, x1)

f∗
��

π1(Y, f(x0))
(f◦p)∗

// π1(Y, f(x1)).
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p γ

x0 x1

X

Proof. LetX be a topological space and let x0 and x1 be two points inX that are connected
via a path p : [0, 1]→ X from x0 to x1.
(1) Let γ be a loop in (X, x1). Then p ∗ γ ∗ p is evidently a loop in (X, x0). From

Lemma 47.4 and the Path-Homotopy Concatenation Proposition 47.5 it follows that
the path-homotopy class of p∗γ ∗p depends only on the choice of the path-homotopy
class of γ, i.e. the map

Φ: π1(X, x1) → π1(X, x0)
[γ] 7→ [p ∗ γ ∗ p]

is well-de�ned. Furthermore for two loops γ, δ in (X, x1) we have

Φ([γ]) ∗ Φ([δ]) = [p ∗ γ ∗ p] ∗ [p ∗ δ ∗ p] = [p ∗ γ ∗ p ∗ p ∗ δ ∗ p]
= [p ∗ γ ∗ ex1 ∗ δ ∗ p] = [p ∗ (γ ∗ δ) ∗ p] = Φ([γ ∗ δ]).
↑ ↑

Path-Homotopy Concatenation Proposition 47.5 (3) and Lemma 47.4Path-Homotopy Concatenation Proposition 47.5 (2) and Lemma 47.4

Thus we have shown that Φ is a group homomorphism. Furthermore Φ is even a
group isomorphism, since an inverse map is given by458

Ψ: π1(X, x0) → π1(X, x1)
[δ] 7→ [p ∗ δ ∗ p].

(2),(3) These two statements follow basically immediately from the de�nitions.
(4) This statement is a straightforward consequence of (1), (2) and (3). We will provide

the proof in Exercise 47.3.
458Why is Φ ◦Ψ the identity on π1(X,x0) and why is Ψ ◦ Φ the identity on π1(X,x1)?
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(5) This statement again follows immediately from the de�nitions. �

We obtain the following corollary:

Corollary 47.11. (Base Point Independence Corollary) Let X be a path-connected
topological space and let x0, x1 ∈ X. Then the groups π1(X, x0) and π1(X, x1) are isomor-
phic.

Example. Let X be a star-shaped subset of Rn. Above we saw that there exists an x ∈ X
such that π1(X, x) = 0. It now follows from the Base Point Independence Corollary 47.11
that π1(X, y) = 0 for any point y ∈ X. Put di�erently, the fundamental group of every
star-shaped subset of Rn with respect to any base point is trivial.

If X is a path-connected topological space, then the Base Point Independence Corol-
lary 47.11 states that the isomorphism type of the fundamental group does not depend
on the choice of the base point. Sometimes we suppress the base point from the notation
and we denote by π1(X) the isomorphism type of the fundamental group.

De�nition. Let X be a non-empty path-connected topological space. If π1(X) = 0459,
then we say that X is simply connected.460

Lemma 47.12. Let X be a topological space and let P,Q be two points in X. If X is
simply connected, then any two paths from P to Q are path-homotopic.

Proof. The proof is precisely the content of Exercise 47.2. �

We already saw on page 1055 that Rn and more generally, all star-shaped subsets of Rn

are simply connected. The following statement is much more interesting:

Proposition 47.13. (Sphere-π1-Proposition) For any n ≥ 2 the sphere Sn is simply
connected.
In the proof of the Sphere-π1-Proposition 47.13 we will need the following lemma.

Lemma 47.14. For any P ∈ Sn the topological space Sn \ {P} is simply connected.

Proof of Lemma 47.14. Recall that in Lemma 2.18 we showed that there exists a home-
omorphism f : Sn → Rn∪{∞}. We set Q := f−1(∞). Thus f restricts to homeomorphism
f : Sn \{Q} → Rn. Now let P be any other point on Sn. There exists a homeomorphism461

g : Sn → Sn with g(P ) = Q. Then f ◦ g : Sn → Rn ∪ {∞} restricts to a homeomorphism
Sn \ {P} → Rn. But Rn is simply connected, hence Sn \ {P} is also simply connected. �

Now we can turn to the proof of the Sphere-π1-Proposition 47.13.
Here is a very short �proof�: Let x0 ∈ Sn and let γ : [0, 1]→ Sn be a loop in x0. We
have to show that γ is null-homotopic. We pick a point P that does not lie in the
image of γ. By Lemma 47.14 the topological space Sn \ {P} is simply connected,
hence γ is null-homotopic in Sn \ {P}, in particular it is null-homotopic in Sn.

459Since X is a path-connected topological space it is irrelevant which base point we consider.
460It is straightforward to see that for subsets of C we obtain the same notion of �simply connectedness�
as on page 1045.
461The existence of the homeomorphism follows from Proposition 36.4. But one can also easily give an
elementary proof of that fact. More precisely, using basic facts from linear algebra one can show that there
exists an orthogonal matrix A with A · P = Q. Then the map g : Sn → Sn that is given by multiplication
by A has the desired property.
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This sounds convincing, except for one crucial gap: we did not justify why there exists
a point P that does not lie in the image of γ. In fact, as we saw in the Space-Filling
Curve Theorem 6.13, such a point does not need to exist since there are surjective
maps from an interval to any Sn.

We provide two approaches to �xing this problem. The �rst approach uses the Whit-
ney Approximation Theorem 29.1. The second approach is completely self-contained and
considerably longer.

First proof of the Sphere-π1-Proposition 47.13. Let n ≥ 2, let x0 ∈ Sn and let
γ : [0, 1] → Sn be a loop in x0. It follows immediately from the Whitney Approximation
Theorem 29.1, applied to the closed set462 A = {0, 1} Ă [0, 1], that there exists a homotopy
rel {0, 1} from γ : [0, 1] → Sn to a smooth map δ : [0, 1] → Sn with δ(0) = δ(1) = x0.
It follows from the Measure-Zero Properties Proposition 30.2 and 30.3 and the hypothesis
that n ≥ 2 that the smooth map δ : [0, 1] → Sn is not surjective. We pick P ∈ Sn \ {P}.
By Lemma 47.14 we know that δ is homotopic rel {0, 1} to the constant map. Thus γ is
also homotopic rel {0, 1} to the constant map. We have thus shown that δ represents the
trivial element in π1(Sn, x0). �

Second proof of the Sphere-π1-Proposition 47.13. Let n ≥ 2. We write

N := (0, . . . , 0, 1) �North Pole� and U := Sn \ {N},
and also S := (0, . . . , 0,−1) South Pole and V := Sn \ {S}.

We �x a base point x0 on Sn that is neither N nor S. By Lemma 47.14 it su�ces to show
that any loop in (Sn, x0) is path-homotopic to a loop in U = Sn \ {N}.

So let γ be a loop in (Sn, x0).

Claim. There exists a subdivision

0 = t0 < t1 < . . . < tk−1 < tk = 1,

such that the following hold:
(1) for each i ∈ {0, . . . , k − 1} we have γ([ti, ti+1]) Ă U or γ([ti, ti+1]) Ă V , and
(2) for each i ∈ {1, . . . , k − 1} we have γ(ti) 6= N and γ(ti) 6= S.

Proof. By the Lebesgue Corollary 6.6 applied to γ : [0, 1] → Sn and Sn = U ∪ V there
exists a k such that for any i ∈ {0, . . . , k − 1} the image γ([ i

k
, i+1
k

]) lies in U or in V . In
particular the subdivision ti = i

k
, i = 0, . . . , k satis�es condition (1).

Now suppose that there exists an i ∈ {1, . . . , k − 1} with γ(ti) = N . Then neither
γ([ti−1, ti]) nor γ([ti, ti+1]) can be contained in U = Sn \ {N}. So by (1) both have to
be contained in V , in particular we have γ([ti−1, ti+1]) Ă V . But then we can remove ti
from the subdivision. Iterating this process we can assume that for each every i we have
γ(ti) 6= N . Similarly we can arrange for every i we have γ(ti) 6= S. �
As mentioned before, by Lemma 47.14 it now su�ces to prove the following claim.

Claim. The loop γ : [0, 1] → Sn in (Sn, x0) is path-homotopic to a path that does not hit
the North Pole N .

462We use the observation that it follows immediately from the de�nition on page 549 that the restriction
of any map [0, 1]→M to a smooth manifold is smooth on the subset {0, 1}.
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γ

the path δ is path-homotopic
to the path γ|[ti,ti+1]

γ([ti, ti+1]) lies in V = Sn \ {S}

γ

N

S

x0 γ(ti+1)

N

S

x0

γ(ti) γ(ti)

γ(ti+1)

Proof. We pick a subdivision as in the previous claim. Suppose there exists an i ∈
{0, . . . , k − 1} such that γ([ti, ti+1]) hits N . By the choice of our subdivision we know
that γ([ti, ti+1]) lies entirely in V = Sn \ {S}.463 Since Sn \ {N,S} is path-connected and
since γ(ti) 6= N,S, γ(ti+1) 6= N,S we can pick a path δ : [ti, ti+1] → U ∩ V = Sn \ {N,S}
that connects γ(ti) and γ(ti+1). Since the paths γ|[ti,ti+1] and δ both lie in the simply con-
nected set V = Sn \ {S} they are path-homotopic by Lemma 47.12. In the loop γ we
now replace γ([ti, ti+1]) by δ. We obtain a new loop that is path-homotopic to the original
loop and that does not hit N on the interval [ti, ti+1]. Iterating this procedure gives us the
desired path-homotopy to a loop that does not hit N .464 �

47.3. The fundamental group as functor.

De�nition. Let f : X → Y be a map between topological spaces and let x0 ∈ X be a
base point. If γ : [0, 1] → X is a loop in the point x0, then f ◦ γ : [0, 1] → Y is a loop in
the point f(x0). It is straightforward to see that

f∗ : π1(X, x0) → π1(Y, f(x0))
[γ] 7→ [f ◦ γ]

is a well-de�ned map, i.e. f∗([γ]) is independent of the choice of the representative of the
path-homotopy class.465 Furthermore it follows easily from the de�nitions466 that f∗ is
a group homomorphism. We call f∗ the induced map. It also follows easily from the
de�nitions that

(idX)∗ = idπ1(X,x0), for all pointed pairs (X, x0),
(g ◦ f)∗ = g∗ ◦ f∗, for all maps f : (X, x0)→ (Y, y0) and g : (Y, y0)→ (Z, z0).

The above description of the properties of the induced maps look very much like the prop-
erties of a covariant functor. We just need to �gure out what the categories are supposed
to be. This leads us to the following de�nition.

463We know it lies in U or V , but since it hits N it cannot lie in U .
464Where did we use in the proof that n ≥ 2?
465Indeed, suppose that γ and δ are two loops in (X,x0) that are path-homotopic. Let F be a path-
homotopy between γ and δ. Then f ◦ F is a path-homotopy between f ◦ γ and f ◦ δ. We had used almost
the same argument on page 1049.
466If γ and δ are loops in x0, then it follows immediately from the de�nitions that (f ◦γ)∗(f ◦δ) = f ◦(γ∗δ).
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De�nition. A pointed topological space is a pair (X, x0), where X is a topological space
and x0 is a point in X. We refer to the category PTop with

Ob(PTop) := all pointed topological spaces,
Mor((X, x0), (Y, y0)) := all continuous maps f from X to Y with f(x0) = y0

with the usual composition of maps as the category of pointed topological spaces.
Summarizing we just convinced ourselves of the validity of the following proposition.
Proposition 47.15. Let PTop be the category of pointed topological spaces and let Group
be the category of groups. Then the map

Ob(PTop) → Ob(Group)
(X, x0) 7→ π1(X, x0)

together with the maps
Mor((X, x0), (Y, y0)) → Mor(π1(X, x0), π1(Y, y0))

(f : (X, x0)→ (Y, y0)) 7→
(
f∗ : π1(X, x0) → π1(Y, y0)

[γ] 7→ [f ◦ γ]

)
is a covariant functor.
Next we will see that the functoriality of the fundamental groups can be helpful for studying
certain questions. Let us recall the following de�nition from page 433.

De�nition. Let X be a topological space and let A Ă X be a subspace. We say A is a
retract of X if there exists a retraction r : X → A, i.e. a map with r(a) = a for all a ∈ A.

Examples.
(1) Let X be a topological space. Then any point x0 ∈ X is a retract of X, indeed, the

map r(x) = x0 for x ∈ X is a retraction.
(2) The circle S1 × {1} is a retract of the torus S1 × S1, in fact a retraction is given by

r(z, w) = (z, 1).
(3) The circle S1 is a retract of B

2 \ {(0, 0)}, indeed, the map

B
2 \ {(0, 0)} → S1

z 7→ z
|z|

is a retraction. (Here we consider B
2
as subset of C.)

(4) The set S0 = {−1, 1} is not a retract of B
1

= [−1, 1]. Indeed, since [−1, 1] is con-
nected and since S0 is discrete it follows from the Connected-to-Discrete Lemma 2.27
that any map from [−1, 1] to S0 has to be constant. Thus there does not exist a map
f : [−1, 1]→ S0 with f(−1) = −1 and f(1) = 1.

(5) Finally we consider the knotted curve C in the solid torus B
2 × S1 that is shown in

the �gure below. We invite the reader to think about the question whether or not C
is a retract of B

2 × S1. We will answer the question in Section 162.1.
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Now we can push the second-to-last example up by one dimension.

Lemma 47.16. The circle S1 is not a retract of B
2
.

Proof. We denote by i : S1 → B
2
the inclusion map. Suppose there exists a retraction

r : B
2 → S1. By de�nition this means that r ◦ i = idS1 . We obtain the following commu-

tative diagram of maps between topological spaces

B
2

r

""

S1

i
<<

r◦i=idS1

// S1

which induces
π1(B

2
, 1)

r∗

''

π1(S1, 1)

i∗
77

(r◦i)∗=(idS1 )∗

// π1(S1, 1).

It follows from the functoriality of fundamental groups that r∗◦i∗ = (r◦i)∗, i.e. the diagram
on the right-hand side commutes. By the functoriality we know that (idS1)∗ is the identity
of π1(S1, 1).

We saw on page 1058 that π1(B
2
, 1) is the trivial group whereas we saw in Corollary 47.8

that π1(S1, 1) is not the trivial group. The lower horizontal map in the second diagram is
thus an isomorphism of a non-trivial group, but the upper map factors through the trivial
group, i.e. the composition of i∗ and r∗ cannot be an isomorphism of a non-trivial group.467

Thus we have obtained a contradiction. �

The last example and the last lemma now raise the following question.

Question 47.17. Let n ≥ 2. Is Sn a retract of B
n+1

?
At the moment we cannot answer this question. We will �rst need to develop new invariants
before we can return to this question. We will not be able to answer this question for many
months.
Lemma 47.18. Let X be a topological space and let A Ă X be a retract of X. Let a ∈ A.
We denote by i : A→ X the inclusion map.
(1) There exists an epimorphism ϕ : π1(X, a)→ π1(A, a) such that ϕ ◦ i∗ is the identity

on π1(A, a).
(2) The inclusion induced map π1(A, a)→ π1(X, a) is a monomorphism.

Proof. Almost exactly the same argument as in the proof of Lemma 47.16 also provides a
proof of the lemma. We will �ll in the details in Exercise 47.8. �

Example. We had just seen on page 1061 that the circle S1×{1} is a retract of the torus
S1 × S1. Furthermore we saw in Corollary 47.8 that π1(S1, 1) is not the trivial group.
It follows from Lemma 47.18 that the fundamental group of the torus is also non-trivial.
In the Sphere-π1-Proposition 47.13 we saw that π1(S2) = 0. Thus we see that the torus
S1 × S1 and the sphere S2 are not homeomorphic.

467Why not?
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Lemma 47.19. Let E8 be the regular octagon from the de�nition of the surface of genus
2, see page 265 for details, and let Σ = E8/∼ be the surface of genus 2. Let P and Q be
two adjacent vertices of E8. Then the following hold:
(1) The map γ : S1 → E8/∼

exp(2π it) 7→ [t · P + (1− t) ·Q]

is an embedding.
(2) There exists a map Φ: E8/∼→ S1 × S1 such that the following diagram commutes

S1

γ

yy

z 7→(z,1)

&&

E8/∼
Φ // S1 × S1.

(3) The subset γ(S1) is a retract of Σ = E8/∼.
(4) There exists an epimorphism π1(Σ, P )→ Z that sends [γ] onto 1.468
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Q

Σ = E8/ ∼

∼=

P
γ

Remark. The lemma shows in particular that the four loops that we drew in the �gure
on 266 on the surface of genus 2 represent non-trivial elements in the fundamental group.
Almost the same way one can show that in the surface of genus g, g ≥ 2, de�ned as a
quotient of a regular 4g-gon, each edge gives rise to a non-trivial element of the fundamental
group.

Proof.

(1) It is clear that γ is continuous and injective. By the Surface-is-Topological Manifold
Proposition 18.7 we know that Σ = E8/∼ is Hausdor�. It follows from the Compact-
Hausdor� Proposition 2.17 (2) that γ is a closed embedding.

(2) The map Φ is sketched in the �gure below on the top. It is given by sending all points
in the lower pentagon to a single point, such a map can be extended continuously
to the upper pentagon in such a way that the remaining four sides of the upper

468Recall that by the bijection on page 1050 we view maps f : S1 → Σ with f(1) = P as elements in
π1(Σ, P ).
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pentagon get sent homeomorphically to the four sides of the square.469 470 This map
Φ has the desired property.

(3) The retraction is now given by the concatenation of the maps

Σ
Φ−→ S1 × S1 (z,w) 7→z−−−−−→ S1.

(4) This statement is a consequence of (3), Lemma 47.18 and Corollary 47.8. �
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Φ(P )

∼ =

Φ(Q)Σ = E8/ ∼

∼ =
P

Φ

[0, 1]× [0, 1]/ ∼= S1 × S1

every point on the right of the surface gets sent to a single point

In many applications we will want to know whether a given map between topological spaces
induces an isomorphism of fundamental groups. The following lemma says that in many
settings the property of being an isomorphism is independent of the choice of base point.

Proposition 47.20. Let ϕ : X → Y be a map between topological spaces and let x0 ∈ X.
(1) If γ : [0, 1] → X is a path from x0 to some point x1, then the following diagram

commutes471
π1(X, x1)
ϕ∗
��

∼=

γ∗
// π1(X, x0)

ϕ∗
��

π1(Y, ϕ(x1)) ∼=

(ϕ◦γ)∗
// π1(Y, ϕ(x0)).

(2) If ϕ∗ : π1(X, x0) → π1(Y, ϕ(x0)) is an isomorphism (epimorphism, monomorphism)
for some base point x0 ∈ X, then for any other base point x1 in the same path
component of X the map ϕ∗ : π1(X, x1) → π1(Y, ϕ(x1)) is also an isomorphism
(epimorphism, monomorphism).

469It is clearly slightly painful to write down this map explicitly. It is easier to write down a similar map,
which maps a square X onto a triangle Y in such a way that one side of the square gets sent to a vertex of
the triangle and such that the remaining three sides of the square get sent to the three sides of the triangle.
For example the map

X := [0, 1]× [0, 1] → Y := {(x, y) ∈ R2 |x ∈ [0, 1], y ∈ [0, x]}
(x, y) 7→ (x, xy)

is of that form.
470In the lower part of the above �gure we illustrate the map for the surfaces viewed as subsets of R3.
There the map Φ is given by crushing the right-hand half of the surface of genus 2 to a single point.
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Proof.

(1) This statement follows immediately from the de�nitions.
(2) This statement follows from (1) and the fact that the horizontal maps are isomor-

phisms. �

Exercises for Chapter 47.

Exercise 47.1. Consider the torus T = S1 × S1 and consider the loop

[0, 1]/0 ∼ 1 → T = S1 × S1

t 7→ (exp(2π it), 1).

Is the loop null-homotopic? If yes, provide a path-homotopy to a constant path. If not,
show that the path is not null-homotopic.

Exercise 47.2. Let X be a topological space and let P,Q be two points in X. We suppose
that X is simply connected. Show that any two paths from P to Q are path-homotopic.

Exercise 47.3. Let X be a topological space and let x0 and x1 be two points in X.
Furthermore let p, q : [0, 1]→ X be two paths from x0 to x1. We suppose that π1(X, x0) is
abelian. Show that p∗ = q∗ : π1(X, x1)→ π1(X, x0).

Exercise 47.4.
(a) Let f : X → Y be a surjective map of topological spaces and let x ∈ X. Is the

induced map f∗ : π1(X, x)→ π1(Y, f(x)) necessarily an epimorphism?
(b) Let f : X → Y be an injective map of topological spaces and let x ∈ X. Is the

induced map f∗ : π1(X, x)→ π1(Y, f(x)) necessarily a monomorphism?

Exercise 47.5. Given a group π we de�ne its automorphism group Aut(π) as the group
of all self-isomorphisms of π. We de�ne the inner automorphism group as

Inn(π) := {ϕ ∈ Aut(π) | there exists an h ∈ π such that ϕ(g) = hgh−1 or all g ∈ G}.
One can easily verify that Inn(π) is a normal subgroup of Aut(π). Thus we can de�ne the
outer automorphism group to be the group

Out(π) := Aut(π)/ Inn(π).

Now let X be a path-connected topological space, let x0 ∈ X and let n ∈ N.
(a) Show that the map

Θ: Homeo(X) → Out(π1(X, x0))

(f : X → X) 7→ (π1(X, x0)
f∗−→ π1(X, f(x0))

γ∗−→ π1(X, x0))
↑

pick any path γ from x0 to f(x0) and consider the
corresponding isomorphism given by the Change-of-Base Point Proposition 47.10

is well-de�ned, i.e. independent of the choice of the paths.
(b) Show that Θ: Homeo(X)→ Out(π1(X, x0)) is a group homomorphism.

472Here the horizontal maps are the isomorphisms that we introduced in the Change-of-Base Point Propo-
sition 47.10 (1).
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Exercise 47.6. Show that π1(S1 × S1) admits an epimorphism onto Z2.

Exercise 47.7. Show that there exists a homeomorphism of the torus S1 × S1 that does
not extend to a di�eomorphism of the solid torus S1 ×B2

.

Exercise 47.8. Let a ∈ A. We denote by i : A→ X the inclusion map.
(a) Show that there exists an epimorphism ϕ : π1(X, a)→ π1(A, a) such that ϕ◦ i∗ is the

identity on π1(A, a).
(b) Show that the inclusion induced map π1(A, a)→ π1(X, a) is a monomorphism.

Exercise 47.9.
(a) Show that the two oriented 1-dimensional submanifolds A and B of S1×S1 that are

shown in the �gure on the left are not smoothly isotopic.
(b) We consider R2 with the two oriented 1-dimensional submanifolds X and Y that are

shown in the �gure on the right. Are these X and Y smoothly isotopic?
Remark. Beware of base points.
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R2

X Y

Exercise 47.10. Let X be a topological space, let A Ă X be a path-connected subspace
and let x0 ∈ A. We denote by i : A → X the inclusion map. We suppose that the map
i∗ : π1(A, x0) → π1(X, x0) is an epimorphism. Finally let γ : [0, 1] → X be a path with
γ(0) ∈ A and γ(1) ∈ A. Show that there exists a homotopy F : [0, 1]× [0, 1]→ X rel {0, 1}
such that F0 = γ and such that F1 takes values in A.
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48. Fundamental groups and coverings

We have now introduced the fundamental group of a (pointed) topological space and we
have proved several basic facts. But the only proof that fundamental groups are non-trivial
relied on a fact from complex analysis. In particular, so far we have not yet managed to
compute a single fundamental group that is not the trivial group. For example, we know
that π1(S1) is non-trivial, but we do not know what group it is.
In this chapter we will compute many non-trivial fundamental groups using the theory of
covering spaces.

48.1. Coverings of topological spaces. Now we return to the study of topological
spaces.
De�nition. Let p : X → B be a map between topological spaces.
(1) We say an open subset U Ă B is uniformly covered, if p−1(U) is the union of disjoint

open subsets {Vi}i∈I with the property, that the restriction of p to each subset Vi is
a homeomorphism.

(2) We say the map p : X → B is a473 covering, if it is surjective and if for every b ∈ B
there exists an open neighborhood U of b which is uniformly covered.

Remark. If U is a uniformly covered subset of B, then clearly any open subset of U is
also uniformly covered. For example it follows that if p : X → B is a covering and if B is
locally (path-) connected, then any point b ∈ B admits also a (path)- connected uniformly
covered neighborhood.

Examples.
(a) The map p : R → S1

ϕ 7→ exp( iϕ)

is a covering. Indeed, let P = exp( iα) be a point in S1. We pick the open neighbor-
hood

U :=
{

exp( iϕ)
∣∣ϕ ∈ (α− π

4 , α + π
4

)}
.

Then
p−1(U) :=

⊔
j∈Z

(
α− π

4 + 2πj, α + π
4 + 2πj

)︸ ︷︷ ︸
=:Vj

,

and for each j ∈ Z the restriction of p to Vj → U is a homeomorphism. This example
is illustrated in the �gure below.

(b) We consider the �in�nite helix�

H :=
{

(r · exp( it), t)
∣∣ r ∈ (1, 2) and t ∈ R

}
together with the �annulus�

A :=
{
r · exp( it)

∣∣ r ∈ (1, 2) and t ∈ R}.

473On page 114 we introduced the notion of a �cover�. As we mentioned on page 114, such a �cover� is
sometimes also called a �covering�. Now we introduce the notion of a �covering�. Rather maddeningly, in
the literature this notion often also gets called a �cover�. Fortunately, from the context, it is usually clear
what is meant by �cover� and �covering�. These issues do not arise in other languages, e.g. in German
and French what we call �cover� is referred to as �Überdeckung� and �recouvremement� and what we call
�covering� is referred to as �Überlagerung� and �revêtement�.
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V−1 V0 V1 V2α R

S1

U

the restriction of p
to each Vj is a
homeomorphism

p(ϕ) = eiϕ

α + 2π

eiα

The map
p : H → A

(r · exp( it), t) 7→ r · exp( it)

is a covering. This statement is illustrated in the �gure below. The proof of the
statement is similar to the proof in the previous example.
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H =
{

(reit, t)
∣∣ r ∈ (1, 2) and t ∈ R

}

A =
{
reit

∣∣ r ∈ (1, 2) and t ∈ R}

Vi, i ∈ I

U

(c) The map p : Rn → Rn/Zn
x 7→ [x] = x+ Zn

is a covering. Indeed, let [x] = [(x1, . . . , xn)] be a point in Rn/Zn. We consider

W :=
{

(y1, . . . , yn)
∣∣ |yi − xi| < 1

2

}
Ă Rn

and we put U := p(W ). Then U is an open474 neighborhood of [x]. Furthermore

p−1(U) =
⋃
i∈Zn

(W + i),

and for each i the restriction of p to W + i Ă Rn is a homeomorphism.475

474The set U is open since the projection p : Rn → Rn/Zn is open by the Group-Action Projection
Lemma 5.24 (2a).
475It is straightforward to verify that the map p : Vi := W + i → U is a bijection. It follows from the
Group-Action Projection Lemma 5.24 (1) that the projection p is continuous and as we had just mentioned
in the previous footnote, the projection is also open. It follows that the map p : Vi = W + i → U is a
homeomorphism.
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(d) For every n ∈ N the map

p : Sn → RPn = Sn/x ∼ −x
x 7→ [x] = {x,−x}

is a covering. Indeed, for [x] ∈ RPn we set
W = {y ∈ Sn | x · y︸︷︷︸

scalar product

> 0}.

Then p(W ) is an open neighborhood of [x] and it is uniformly covered by the two
open sets W and −W .

(e) The projection p : S1 → [−1, 1]
(x, y) 7→ x

is not a covering. Indeed, the point b = 1 ∈ [−1, 1] has no open neighborhood that
is uniformly covered. This example is illustrated in the �gure below.
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U is not uniformly covered

Lemma 48.1. Let p : X → B be a covering of topological spaces. If B is a path-connected
topological space, then for any two points P and Q in B we have

#p−1(P ) = #p−1(Q).

Proof. The proof of the lemma is the content of Exercise 48.1. �

Example. For a general map p : X → B between topological spaces the number of preim-
ages of a point depends of course on the point chosen in B. For instance in the above
example (e) we have #p−1(0) = 2 but #p−1(1) = 1.

De�nition. Let p : X → B be a covering of a path-connected non-empty topological
space.
(1) We de�ne the degree [X : B] of p as the cardinality of #p−1(b) for some b ∈ B.476
(2) If the degree is a �nite number n, then we say that p is an n-fold covering of B.

Otherwise we say that p is an in�nite covering. If the cardinality is countable, then
sometimes we call it a countable covering.

For completeness sake we extend this de�nition to the case that B, and thus also X, are
the empty space. In this case we de�ne the degree to be 1.

Examples.

(1) We had just seen that the map p : Sn → Sn/ ∼ is a 2-fold covering of the real
projective space Sn/∼= RPn.

476It follows from Lemma 48.1 that this de�nition does not depend on the choice of b.
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(2) Let n ∈ N. As usual we consider S1 = {z ∈ C | |z| = 1} as a subset of C. Then the
map p : S1 → S1 given by p(z) := zn is a covering. Indeed, let z = exp(2π iϕ) be a
point in S1. Then

U :=
{

exp(2π iψ)
∣∣ψ ∈ (ϕ− 1

4 , ϕ+ 1
4

)}
has the desired property. Indeed, we have

p−1(U) =
n⊔
j=1

{
exp(2π iψ)

∣∣ψ ∈ ( 1
n(ϕ− 1

4) +
j
n ,

1
n(ϕ+ 1

4) +
j
n

)}︸ ︷︷ ︸
=:Vj

,

and the restriction of p to each set Vj is easily seen to be a homeomorphism. This
shows that p is a covering and it is clear that p is an n-fold covering.

UV1

V2
z 7→ z3

V3

(3) Let n ∈ N. Note that basically the same argument as before shows that the map
p : C \ {0} → C \ {0} given by p(z) = zn is an n-fold covering.

(4) We consider the map

p :

annulus︷ ︸︸ ︷
R× [−1, 1]/(x, y) ∼ (x+ 1, y) →

Möbius band︷ ︸︸ ︷
R× [−1, 1]/(x, y) ∼ (x+ 1

2 ,−y)
[(x, y)] 7→ [(x, y)].

It is straightforward to show that p is a 2-fold covering. Thus we can view the annulus
as a 2-fold covering of the Möbius band. This covering is illustrated in the �gure
below.
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[0, 1
2
]× [−1, 1]/(0, y) ∼ (1

2
,−y)

[0, 1]× [−1, 1]/(0, y) ∼ (1, y)

∼=−→R× [−1, 1]/(x, y) ∼ (x+ 1, y)

∼=−→R× [−1, 1]/(x, y) ∼ (x+ 1
2 ,−y)

[x, y]
↓

[x, y]

[x, y]
↓

[x− 1
2
,−y]

[x, y]
↓

[x, y]

∼=←−

∼=←−

(5) If in the previous example we replace the interval [−1, 1] by the circle [−1, 1]/−1 ∼ 1,
then on the left-hand side we obtain the torus and on the right-hand side we obtain
the Klein bottle. This shows that there exists a degree 2 covering map from the torus
to the Klein bottle.
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(6) In the �gure below we sketch three coverings of topological graphs. The coverings
are hereby given by sending edges of a certain color, with the indicated direction, to
the edge of the same color with the indicated direction.477
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ppp

Question 48.2. We had just seen that there exists a covering map S2 → RP2 of degree
two and that there exists a covering map from the torus to the Klein bottle of degree
two. This raises the question: between which surfaces do there exist covering maps? More
precisely we can ask the following:
(1) Does there exist a covering map from the torus S1 × S1 to the sphere S2?
(2) Does there exist a covering map from the sphere S2 to the torus S1 × S1?

The following lemma summarizes some basic facts about coverings.
Lemma 48.3. Let p : X → B be a covering of topological spaces. Then the following
hold:
(1) The map p : X → B is open.478

(2) For any b ∈ B the preimage p−1(b) is a discrete subset of X.
(3) If B is Hausdor�, then X is also Hausdor�.
(4) If p is a �nite covering and if B is compact, then X is also compact.
(5) If p is an in�nite covering, then X is non-compact.

Proof. Let p : X → B be a covering of topological spaces.
(1) Let U be an open subset of X. We need to show that p(U) is open. It su�ces to show

that for each P ∈ p(U) there exists an open neighborhood V such that P ∈ V Ă U .
Since p is a covering there exists an open neighborhood W of P such that p−1(W )
is the union of disjoint open subsets {Wi}i∈I with the property that the restriction
of p to each subset Wi is a homeomorphism.

Since P ∈ p(U) there exists a Q ∈ U with p(Q) = U . There exists an i ∈ I with
Q ∈ Wi. SinceWi is open and since U is open the set U ∩Wi is also open in X. Since
p : Wi → W is a homeomorphism and since U ∩Wi is open in Wi the set p(U ∩Wi)
is also open in p(Wi) = W . But since W is open the set V := p(U ∩Wi) is also an
open subset of B. It is the desired open neighborhood of P with P ∈ V Ă U .

(2) Let b ∈ B. Since p : X → B is a covering there exists an open neighborhood U of b
such that p−1(U) is the union of disjoint open subsets {Vi}i∈I with the property that
the restriction of p to each subset Vi is a homeomorphism. For each i ∈ I there

477It is a good exercise to convince oneself, that the indicated maps are in fact coverings.
478Recall that this means that the image of each open set in X is open in B.
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p(U)

exists a unique point xi ∈ Vi with p(xi) = b and the preimage p−1(b) consists of
precisely the xi, i ∈ I. Since each Vi is open in X it follows from the de�nition of the
subspace topology that each xi ∈ p−1(b) is an open subset of p−1(b). Put di�erently,
the subspace topology on p−1(b) is the discrete topology. But this is equivalent to
saying that p−1(b) is a discrete subset of X.

(3) This statement is relatively easy to prove.We will provide the details in Exercise 48.4.
(4) Let p : X → B be an n-fold covering of a compact space B. Let {Ui}i∈I be an open

cover of X. Let b ∈ B. We pick an open connected neighborhood M of b that is
uniformly covered. For each x ∈ p−1(b) we denote by Nx the component of p−1(M)
that contains x. For each point in x ∈ p−1(b) we pick an ix ∈ I with x ∈ Uix . We
write Wb :=

⋂
x∈p−1(b)

p(Uix ∩Nx).

Claim. The preimage p−1(Wb) is contained in the union of n = #p−1(b) subsets of
our open cover {Ui}i∈I .
Proof. Since M is uniformly covered the map p : Nx → M is a homeomorphism
for any x ∈ p−1(y). We denote by px : Nx → M this homeomorphism. We write
F := p−1(b). We then have

p−1(Wb) =
⋃
y∈F

p−1
y

( ⋂
x∈F

px(Uix ∩Nx)
)

=
⋃
y∈F

ĂUiy∩Ny︷ ︸︸ ︷⋂
x∈F

p−1
y (px(Uix))︸ ︷︷ ︸
= Uiy if y = x

∩ p−1
y (px(Nx))︸ ︷︷ ︸

=Ny

Ă
⋃
y∈F

Uiy .
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Nx'sUix 's

b

By (1) each p(Uix ∩Nx) is an open subset of B and since p−1(b) is a �nite set we
see thatWb is an open subset of B. Furthermore b is contained in each p(Uix∩Nx), so
Wb is in fact an open neighborhood of b ∈ B. Since B is compact we can cover B by
�nitely many of these open sets, i.e. there exist b1, . . . , bk ∈ B withB = Wb1∪· · ·∪Wbk .
The preimages p−1(Wb1), . . . , p−1(Wbk) cover X. By the above claim each preimage
p−1(Wbi) is contained in the union of n = #p−1(bi) subsets of our open cover {Ui}i∈I .
Summarizing we have shown that we can cover X by n · k sets out of the collection
{Ui}i∈I .

(5) Let p : X → B be an in�nite covering. If B is non-compact, then it follows from the
Compact Image Lemma 2.13 that X is also non-compact. So now suppose that B
is compact. By de�nition we can cover B by open sets that are uniformly covered.
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Since B is compact we can cover B by �nitely many open sets U1, . . . , Uk that are
uniformly covered. Without loss of generality we can assume that Uk is not contained
in U1 ∪ · · · ∪ Uk−1.479 Now let P be a point in Uk \ (U1 ∪ · · · ∪ Uk−1). Furthermore
let Vi, i ∈ I be the disjoint open subsets of X such that p−1(Uk) is the union of the
Vi's and such that the restriction of p to each Vi is a homeomorphism. For i ∈ I we
denote by Qi ∈ Vi the unique point with p(Qi) = P . Now we consider the open cover

X = p−1(U1) ∪ . . . ∪ p−1(Uk−1) ∪
⋃
i∈I
Vi.

Note that for i ∈ I the point Qi is contained only in Vi. This means that we cannot
remove any of the open sets Vi, i ∈ I from the open cover. Since I is in�nite it follows
that X does not satisfy the de�nition of a compact set, i.e. X is not compact. �

We conclude this section with the following lemma.

Lemma 48.4. Let p : X̃ → X be a 2-fold covering of a topological space X.
(1) The map

Ξ: X̃ → X̃
x 7→ the unique element in p−1(p({x})) \ {x}

is continuous.
(2) Let A be a topological space and let f : A→ X be a map. We say a map f̃ : A→ X̃

is a lift of f , if p ◦ f̃ = f . If f̃ : A→ X̃ is a lift of f , then Ξ ◦ f̃ is the unique other
lift of f .

Proof. We will prove the lemma in Exercise 48.21. �

p
X

X̃ Ξ: X̃ → X̃ swaps the points of the same color

48.2. Group actions and covering spaces. We recall two de�nitions about actions from
pages 248 and 253 and we introduce one new de�nition.
De�nition. Let G be a group which acts continuously on a topological space X.
(1) We say G acts freely if g · x = x for g ∈ G and x ∈ X implies that g = e.
(2) We say G acts properly if for every two points x and y in X there exist open

neighborhoods U of x and V of y such that the set {g ∈ G | gU ∩ V 6= ∅} is �nite.
(3) We say G acts discretely, if for each x ∈ X there exists an open neighborhood U so

that U ∩ g · U = ∅ for all g 6= e.

The following lemma summarizes the relationship between these di�erent de�nitions.
Lemma 48.5. Let G be a group which acts continuously on a topological space X.
(1) If G is �nite, then the action is proper.

479Indeed, if Uk was contained in U1 ∪ · · · ∪ Uk−1, then we could remove Uk from the collection of open
sets and we continue with the collection U1, . . . , Uk−1.
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(2) If G acts discretely, then it also acts freely.
(3) If X is a Hausdor� space and if the action by G is free and proper, then the action

is also discrete.
Proof. The �rst two statements follow immediately from the de�nitions. The third state-
ment is the content of Lemma 19.35. �

Examples.

(A) The group G = Zn acts on X = Rn by addition. This action is discrete. Indeed, for
each x = (x1, . . . , xn) ∈ Rn the open neighborhood

U =
{
y = (y1, . . . , yn) ∈ Rn

∣∣ max{|x1 − y1|, . . . , |xn − yn|} < 1
2

}
has the desired property.

(B) Let X = R× [−1, 1] and G = Z. The action

Z× (R× [−1, 1]) → R× [−1, 1]
(n, (x, y)) 7→ (x+ n, (−1)ny)

is discrete. Indeed, for any (x, y) ∈ X the open neighborhood

U =
{

(a, b)
∣∣ |a− x| < 1

2 and b ∈ [−1, 1]
}

has the desired property.
(C) Let X = Sn and G = {±1}. The map

{±1} × Sn → Sn

(ε, P ) 7→ ε · P

de�nes an action that is discrete. Indeed, for any P ∈ Sn the open hemisphere

U = {Q ∈ Sn | P ·Q︸ ︷︷ ︸
scalar product

> 0}

has the desired property.480

(D) Every discrete action is free, but as we will see in this example, the converse does
not hold. Let X = Rn+1 \ {0} and G = R \ {0}. The map

(R \ {0})× (Rn+1 \ {0}) → Rn+1 \ {0}
(r, P ) 7→ r · P

de�nes an action. It is straightforward to see that the action is free. But the action
is not discrete. Indeed, it is easy to see that for each open non-empty set U there
exist uncountably many real numbers r 6= 1 with U ∩ rU 6= ∅.

(E) As in Exercise 25.11 we consider the following two self-homeomorphisms of R2:

A : R2 → R2

(x, y) 7→ (x+ 1, 1− y)
and

B : R2 → R2

(x, y) 7→ (x, y + 1).

480Alternatively one can argue, that the action is obviously free and Sn is Hausdor�, hence the action is
discrete by Lemma 48.5 (1) and (3).
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We denote by G the subgroup of all homeomorphisms of R2 that is generated by A
and B. This means

G =
all self-homeomorphisms of R2 that can be written

as a �nite concatenation of the maps A,B,A−1 and B−1.

The group G acts by de�nition on R2. In Exercise 48.8 we will see that this action
of G on R2 is discrete. Note that in Exercise 25.11 we already saw that the obvious
map [0, 1] × [0, 1]/∼→ R2/G de�nes a homeomorphism from the Klein bottle, as
de�ned on page 265, to the quotient space R2/G.

(F) Let
X = S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1}

and let G = Zp for some p ∈ Z \ {0}. Furthermore let q ∈ Z with gcd(p, q) = 1.
Then the map

Zp × S3 → S3

(k + pZ, (z1, z2)) 7→ (exp(2π ik/p) · z1, exp(2π ikq/p) · z2)

de�nes a smooth, orientation-preserving and discrete action of Zp on S3.481 We denote
by L(p, q) = S3/Zp the quotient space. It follows from the Manifold Quotient-by-
Group Action Proposition 19.32 that L(p, q) is again a closed 3-dimensional smooth
manifold. Furthermore it follows from the Orientation-Action Proposition 25.19 that
L(p, q) is orientable, in fact it has an orientation such that the projection p : S3 →
L(p, q) is orientation-preserving. We will always view L(p, q) as a smooth manifold
equipped with this orientation. We refer to the smooth manifolds L(p, q) as lens
spaces.482 We consider two special cases:
(a) For p = 1 we only have the action of the trivial group on S3 and the quotient

space L(1, q) is therefore just the original sphere S3.
(b) For p = 2 we have q is odd, so for k = 0 we have exp(2π ik/2) = exp(2π ikq/2) = 1

and for k = 1 we have exp(2π ik/2) = exp(2π ikq/2) = −1. Put di�erently, the
action of Z2 on S3 is the same as the action of Z2 = {±1} that we had used in
the de�nition of the real projective space RP3. This shows that L(2, q) = RP3.

We discuss the last type of examples in slightly more detail. For p ∈ N and q ∈ N with
gcd(p, q) = 1 we just introduced a new topological space, namely the lens space L(p, q). It
is natural to ask, for which parameters (p, q) are these topological spaces homeomorphic?

Lemma 48.6. (Lens Spaces-Di�eomorphisms Lemma) Let p ∈ N and furthermore
let q, r ∈ Z with gcd(p, q) = gcd(p, r) = 1. If q ≡ ±r±1 mod p,483 then L(p, q) and L(p, r)
are di�eomorphic.484

481It is straightforward to verify that the map does indeed de�ne an action. It is clear that the action is
smooth and a direct calculation shows that the action is orientation-preserving. One can also easily verify
that the action is free. It follows from Lemma 48.5 (1) and (3) that the action is discrete.
482The name �lens space� comes from an alternative description of these smooth manifolds.
483By our hypothesis we have gcd(p, r) = 1. This implies that there exists a multiplicative inverse of r
modulo p, i.e. there exists an s with r · smod p. We write r−1 := s.
484In particular any lens space is of the form L(p, q) with q ∈ {0, . . . , p− 1}.
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Proof. Let p ∈ N and let q, r ∈ Z with gcd(p, q) = gcd(p, r) = 1. We suppose that
q ≡ ±r±1 mod p. We de�ne a map

L(p, q) → L(p, r)
as follows: Case 1: q ≡ r mod p. [(z1, z2)] 7→ [(z1, z2)]

Case 2: q ≡ −r mod p. [(z1, z2)] 7→ [(z1, z2)]
Case 3: q ≡ r−1 mod p. [(z1, z2)] 7→ [(z2, z1)]
Case 4: q ≡ −r−1 mod p. [(z1, z2)] 7→ [(z2, z1)]

In all four cases it is straightforward to verify that the given map is well-de�ned and that
it is in fact a di�eomorphism. �

In the proof of the Lens Spaces-Di�eomorphisms Lemma 48.6 it was quite straightforward
to write down the homeomorphism. This raises the question whether there are homeomor-
phisms between more lens spaces that are harder to �nd, or whether all other pairs of lens
spaces are non-homeomorphic. More precisely, we have the following question.

Question 48.7. Let p, p̃ ∈ N and let q, q̃ ∈ Z with gcd(p, q) = gcd(p̃, q̃) = 1. If L(p, q)
and L(p̃, q̃) are homeomorphic, does it follow that p = p̃ and q ≡ ±q̃±1 mod p?
This question will keep us busy for a very long time. We will eventually provide the answer
in the Lens Space-Homeomorphism Classi�cation Theorem ??.

We had just seen on page 1074 that the group {±1} acts freely and continuously on any
sphere. We had also seen that any �nite cyclic group Zp acts freely and continuously on
the 3-sphere. This raises the question, whether such an action by Zp also exists on the
2-sphere. More generally we can ask the following question.

Question 48.8. Given n ∈ N, which �nite cyclic groups can act freely and continuously
on the n-dimensional sphere Sn?485

We will give a complete answer to this question once we have introduced homology groups,
see Exercise 76.21 and Proposition 87.10.

The following proposition connects the notion of discrete actions to the theory of covering
spaces.

Proposition 48.9. (Actions-Covering Proposition) Let X be a topological space to-
gether with a discrete and continuous action by a group G. Then the natural projection
p : X → X/G is a covering.

Example. This proposition, combined with examples (A) and (C), gives in particular new
proofs that the maps Rn → Rn/Zn and Sn → Sn/∼= RPn are covering maps.

Proof. Let G be a group which acts discretely and continuously on a topological space X.
We want to show that the projection p : X → X/G is a covering. Let [x] ∈ X/G. Since the
group acts discretely there exists an open neighborhood V of x ∈ X such that

V ∩ gV = ∅ for all g 6= e.

485Any cyclic group Zk, k 6= 0 admits a non-trivial action on Sn where j ∈ Zk acts by rotation around
the x-axis by the angle 2π jk . But this action is not free, since the points (−1, 0, . . . , 0) and (1, 0, . . . , 0) are
�xed.
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We put U := p(V ). It follows from the Group-Action Projection Lemma 5.24 that the
set U is an open neighborhood of [x] = p(x). The preimage p−1(U) is the disjoint union
of the open subsets486 gV, g ∈ G. The restriction of the map p to any gV is a continuous,
bijective487 map gV → U and according to Lemma 5.24 this map is furthermore open.
It follows that the restriction of p to any gV is in fact a homeomorphism. Thus we see
that U is uniformly covered. Since this holds for any point in X/G we have shown that the
projection p : X → X/G is a covering. �

The following proposition is a slight generalization of the previous proposition.
Proposition 48.10. Let X be a topological space together with a discrete and continuous
action by a group G. Furthermore let H be a subgroup of G. Then the natural projection

p : X/H → X/G
[x] 7→ [x]

is a covering.
For H the trivial group we recover the statement of the Actions-Covering Proposition 48.9.
In fact the proof of Proposition 48.10 is almost identical to the proof of the Actions-Covering
Proposition 48.9. We leave the details to the reader.

Examples.
(1) Let X = R× [−1, 1] and G = Z. Once again we consider the discrete action

Z× (R× [−1, 1]) → R× [−1, 1]

(n, (x, y)) 7→
(
x+ 1

2n, (−1)ny
)
.

Let H = 2Z. According to Proposition 48.10 the projection p : X/H → X/G is
a covering. Put di�erently, all the horizontal maps in the following commutative
diagram are coverings:

(R×[−1, 1])/2Z //

id
��

(R×[−1, 1])/Z
id
��

(R×[−1, 1])/(x, y) ∼ (x+ 1
2
2k, (−1)2ky) //

id

��

(R×[−1, 1])/(x, y) ∼ (x+ 1
2
k, (−1)ky)

id
��

(R× [−1, 1])/(x, y) ∼ (x+k, y)︸ ︷︷ ︸
=the annulus

// (R×[−1, 1])/(x, y) ∼ (x+ 1
2
k, (−1)ky).︸ ︷︷ ︸

=Möbius band

Each point on X/G has precisely two preimages, so the covering is in fact a 2-fold
covering. Thus we recover the result from page 1070 that the annulus is a 2-fold
covering of the Möbius band.

(2) We consider again the group G of self-homeomorphisms of R2 that is generated by

A : R2 → R2

(x, y) 7→ (x+ 1, 1− y)
and

B : R2 → R2

(x, y) 7→ (x, y + 1).

486Why is p−1(U) =
⋃
g∈G

gV and why are the sets gV disjoint?

487Why is the map bijective?
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We let H be the subgroup of G generated by A2 and B. Note that A2 is the map
given by

A2 : R2 A−→ R2 A−→ R2

(x, y) 7→ (x+ 1, 1− y) 7→ ((x+ 1) + 1, (1− (1− y)).︸ ︷︷ ︸
=(x+2,y)

Note that A2 and B are two homeomorphisms that commute, so any element in H
is in fact of the form

A2k ◦Bl : R2 → R2

(x, y) 7→ (x+ 2k, y + l)

for some k, l ∈ Z. By Proposition 48.10 the projection p : R2/H → R2/G is a covering
map. We already know that R2/G is the Klein bottle. It follows immediately from
the above description of H, R2/H = R2/(2Z⊕Z), so R2/H is just the 2-dimensional
torus. As on page 1070 we see that we can view the 2-dimensional torus as a 2-fold
covering of the Klein bottle.

48.3. Lifting of paths.

De�nition. Let p : X → B be a map between topological spaces and let f : [a, b]→ B be
a path. Let x ∈ X be a point with p(x) = f(a). A path g : [a, b]→ X is called a lift of f
to the starting point x, if g(a) = x and if p ◦ g = f , i.e. if the following diagram of maps
commutes:

X

p
��

[a, b]

g
99

f
// B.

Examples.
(1) We consider the map p : R → S1

t 7→ exp( it)
and the path f : [0, b] → S1

t 7→ exp(2 it)
with starting point f(0) = 1. Let x = 4π. Then p(x) = p(4π) = 1 and

g : [0, b] → R
t 7→ 4π + 2t

is a lift of f to the starting point 4π. Note that if b = π, then f is a loop in (S1, 1),
but the lift is not a loop in (R, 4π). Put di�erently, the lift of a loop is not necessarily
again a loop. This example is illustrated in the �gure below.

(2) In the �gure below we illustrate the lifting of a path in the covering p : H → A of an
in�nite helix over an annulus that we had considered on page 1068.

Proposition 48.11. Let p : X → B be a covering and let f : [0, 1]→ B be a path. Then
given any x ∈ X with p(x) = f(0) there exists a unique lift g : [0, 1] → X of f to the
starting point x.
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Proof. Let p : X → B be a covering, let f : [0, 1]→ B be a path and let x be a point in X
with p(x) = f(0). We �rst show the existence of a lift and then we prove the uniqueness
of the lift.
(a) We consider

S :=
{
s ∈ [0, 1]

∣∣ there exists a lift of f |[0,s] to the starting point x
}
.

Note that S is non-empty since 0 has the desired property. We put t := sup(S). We
want to show that t = 1 and that t ∈ S. It su�ces to show that there exists an ε > 0
such that [t, t+ ε) ∩ [0, 1] still lies in S. We set b := f(t). Since p is a covering there
exists an open neighborhood U of b ∈ B, which is uniformly covered. As a reminder,
this means that p−1(U) is the union of disjoint open subsets {Vi}i∈I with the property
that the restriction of p to each subset Vi is a homeomorphism. Since U is open and
since f is continuous there exists an ε > 0 such that f((t− ε, t+ ε) ∩ [0, 1]) Ă U .

By the de�nition of t there exists an s ∈ (t − ε, t] ∩ S. We denote by g the lift
of f |[0,s] the starting point x. There exists a unique i ∈ I such that g(s) ∈ Vi. We
denote by pi : Vi → U the homeomorphism which is given by the restriction of p to
Vi.

We consider the map

h : [0, t+ ε) ∩ [0, 1] → X

z 7→
{
g(z), if z ∈ [0, s],
p−1
i (f(z)), if z ∈ (s, t+ ε) ∩ [0, 1].

Since g(s) = p−1
i (f(s)) we see that this map is indeed continuous. It is clear that

this de�nes a lift of f to the starting point x.
(b) Now we show the uniqueness of the lift. The proof of that statement is similar to the

proof of the existence of a lift. So suppose that g, h : [0, 1]→ X are two lifts of f to
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p

0

f

1

Vi

U

p−1
i pi := p|Vi is a homeomorphism

x

t
b := f(t)

s f(s)

lift g of f |[0,s] to the starting point x

g
g(s)

f(0)

the starting point x. We want to show that g = h. We consider

S := {s ∈ [0, 1] | g(t) = h(t) for all t ∈ [0, s]} .
Note that 0 ∈ S, i.e. S is non-empty. We put t := sup(S). We want to show that
t = 1 and that t ∈ S. Again it su�ces to show that there exists an ε > 0 such that
[t, t+ ε) ∩ [0, 1] still lies in S.

We put b := f(t). Since p is a covering there exists an open neighborhood U
of b ∈ B which is uniformly covered. Since U is open and since f is continuous there
exists an ε > 0 such that f((t− ε, t+ ε)∩ [0, 1]) Ă U . We pick an s ∈ (t− ε, t]∩ [0, 1].
There exists a unique i ∈ I such that g(s) ∈ Vi. We denote by pi : Vi → U the
homeomorphism which is given by the restriction of p to Vi.

Since g(s) = h(s) it follows that h(s) ∈ Vi. Then it follows that g(z) ∈ Vi and
h(z) ∈ Vi for all z ∈ (t− ε, t+ ε) ∩ [0, 1]. It follows from the de�nitions that

g(z) = p−1
i (f(z)) and h(z) = p−1

i (f(z))

for all z ∈ (t− ε, t+ ε) ∩ [0, 1]. In particular [t, t+ ε) ∩ [0, 1] lies in S. �

48.4. Lifting of path-homotopies. In the last chapter we saw that given a covering
map p : X → B any path f : [0, 1] → B can be lifted to a path g : [0, 1] → X. In this
chapter we want to study the question whether the lifts of path-homotopic paths are still
path-homotopic.

Before we start this discussion we �rst generalize the notion of a lift.
De�nition. Let p : X → B be a covering and let f : Y → B be a map between topological
spaces. A lift of f to X is a map488 f̃ : Y → X such that p ◦ f̃ = f , i.e. such that the
following diagram of maps commutes:

X

p
��

Y

f̃
;;

f
// B.

Proposition 48.12. (Path-Homotopy Lifting Proposition) Let p : X → B be a
covering, let B be a topological space, let Y be a topological manifold489 and let f : Y ×

488Once again, all maps are understood to be continuous.
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[0, 1]→ B be a map. Furthermore let f̃ : Y × 0→ X be a lift of f |Y×0. Let

f̃ : Y × [0, 1] → X

be the map that is uniquely determined490 by the property that for each y ∈ Y the path
t 7→ f̃(y, t) is the lift of the path t 7→ f(y, t) to the starting point f̃(y, 0). Then the map
f̃ : Y × [0, 1]→ X is continuous.
One way of formulating the Path-Homotopy Lifting Proposition 48.12 is that a �continuous�
family of paths in B lifts again to a �continuous� family of paths in X.
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10 10
f

Y

f̃

B

X

B

f̃ : Y × 0→ X

f
Y

X

lift of f |Y×0 to X lift of each path y × [0, 1] to X

Proof. Let p : X → B be a covering, let f : Y × [0, 1] → B be a continuous map and let
f̃ : Y × 0 → X be a continuous lift of f |Y×0. (Here and throughout this proof we do not
suppose that all maps are continuous.) We begin with the following de�nitions:

(1) A good set U × I consists of a connected subset U Ă Y and an open interval491

I Ă [0, 1] such that f(U × I) lies in a uniformly covered subset of B.
(2) We say a good set U × I is very good, if there exists a t ∈ I such that the restriction

of f̃ to U × {t} is continuous.
(3) Let y ∈ Y and t ∈ [0, 1]. A (very) good neighborhood of (y, t) is a (very) good set

U × I with y ∈ U and t ∈ I.

It follows easily492 from the continuity of f , the hypothesis that Y is a topological manifold
and the fact that p : X → B is a covering that each point (y, t) admits a good neighbor-
hood.493

Claim. Let U Ă Y open and let I Ă [0, 1] be an open interval such that U × I is very good.
Then f̃ is continuous on U × I.

489Later on we will apply the proposition to the case that Y = [0, 1] and that Y = B
n
for some n ∈ N0.

490The existence and the uniqueness of this map is an immediate consequence of Proposition 48.11.
491We say A Ă [0, 1] is an open interval, if A is an interval and if A is open with respect to the subspace
topology of [0, 1]. Put di�erently, A = (a, b), or A = [0, a) or A = (b, 1] or A = [0, 1] for 0 ≤ a ≤ b ≤ 1.
492Why does this follow?
493Here we use the fact, established in the Path-Connected Implies Connected Corollary 2.23 and the Topo-
logical Manifolds-Local Properties Lemma 18.8 (2), that the topological manifold Y is locally connected.
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f

p

subset of B1

U

I

X
U × I

Y

0

uniformly covered subset of B

Proof. Let U Ă Y be an open connected subset and let I Ă [0, 1] be an interval such that
U × I is very good. This means in particular that there exists a t ∈ I such that

U → X

y 7→ f̃(y, t)

is continuous.
According to our hypothesis there exists a uniformly covered subset W Ă B such that

f(U × I) Ă W . Since U × I is connected we can without loss of generality suppose that W
is connected. Since W is uniformly covered the preimage p−1(W ) is the union of disjoint
open subsets {Vj}j∈J , with the property, that the restriction of p to each subset Vj is a
homeomorphism.

Now we want to show that there exists a j ∈ J with f̃(U×I) Ă Vj. We choose a y ∈ U .
Then there exists a unique j ∈ J such that f̃(y, t) ∈ Vj. Since f̃ is continuous U ×{t} and
since U is connected it follows from Lemma 2.35494 that f̃(U × {t}) Ă Vj. Now let z ∈ U .
We just showed that f̃(z, t) ∈ Vj. By the construction of f̃ the map f̃ is continuous on
{z} × I. Since I is connected it follows again from Lemma 2.35 that f̃({z} × I) Ă Vj. We
have thus shown that f̃(U × I) Ă Vi. This part of the argument is sketched in the �gure
below.
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p

U × I

t

f̃ is continuous on each set {z} × I

Y × [0, 1]

f̃

f
W

Vj

f̃ is continuous on U × {t}

We denote by pj : Vj → W the homeomorphism which is given by the restriction of p
to Vj. Since f̃(U × I) Ă Vj it follows that on U × I the map f̃ is given by f̃ = p−1

j ◦ f . In
particular the map f̃ is a composition of continuous maps, so it is continuous on U × I.�
Claim. Let y ∈ Y . We consider

T := {t ∈ [0, 1] | there exists a very good neighborhood of (y, t)}.

494We apply Lemma 2.35 to the continuous map U × {t} → p−1(W ) from the connected set U to the set
p−1(W ) with components Vj , j ∈ J .
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We claim that T = [0, 1].

Proof. Thus let y ∈ Y . Since [0, 1] is connected it su�ces to show the following three
statements:

(1) T 6= ∅,
(2) T is open, and
(3) T is closed.

Now we will prove these three statements:

(1) As we pointed out above, every point in Y × I, in particular the point (y, 0), admits
a good neighborhood. By our hypothesis f̃ is continuous on Y ×{0}. It follows that
the good neighborhood is in fact very good.

(2) It is easy to see that T is open. Indeed, suppose that we are given a very good
neighborhood U × I of (y, t). Then U × I is also a very good neighborhood for any
(y, s) ∈ U × I. Therefore the open neighborhood I of t also lies in T .

(3) It remains to show that T is closed. Put di�erently, we need to show that T equals
its closure T . Thus let t ∈ T . As we already pointed out, there exists a good
neighborhood U × I of (y, t). Since t ∈ T there exists an s ∈ T ∩ I. Since s ∈ T
it follows from the above claim that there exists a very good open neighborhood
V × J of (y, s). By the previous claim the restriction of f̃ to V × J is continuous,
in particular it is continuous on (U ∩ V )× {s}. We denote by W the component of
U ∩ V that contains y. Then W × I is a very good neighborhood of (y, t). This step
is illustrated in the �gure below. �

T0 s t 1

y

Y {y} × [0, 1]
good neighborhood U × I of (y, t)

very good neighborhood V × J of (y, s),
f̃ is continuous on V × J

(U ∩ V )× {s}

We have just shown that given any y ∈ Y and any t ∈ [0, 1] there exists a very good
neighborhood Uy,t of (y, t). By the �rst claim the map f̃ is continuous on each Uy,t. But
the open subsets Uy,t cover all of Y × [0, 1]. It follows from the Pasting Proposition 2.6 that
f̃ is continuous on Y × [0, 1]. �

Corollary 48.13. Let p : X → B be a covering and let f, g : [0, 1]→ B be two paths. Let
f̃ , g̃ : [0, 1]→ X be two lifts with the same starting point. If f and g are path-homotopic,
then the endpoints of f̃ and g̃ agree and the paths f̃ and g̃ are path-homotopic.

Proof. We write P := f(0) = g(0) and Q := f(1) = g(1). Furthermore we denote by
P̃ := f̃(0) = g̃(0) the common starting point of the lifts and we write Q̃ := f̃(1). Let

H : [0, 1]× [0, 1] → B
(t, s) 7→ H(t, s)
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p

0 1

X

g

g̃
f̃

f

B

path-homotopic paths in B
lift to path-homotopic paths in X

P

P̃

Q

Q̃

be a path-homotopy between the paths f and g. As a reminder, H is a map such that

H(t, 0) = f(t) and H(t, 1) = g(t) for all t ∈ [0, 1],
and such that H(0, s) = P and H(1, s) = Q for all s ∈ [0, 1].

On {0} × [0, 1] we consider the lift H̃ of H which is given by H̃(0, s) = P̃ . Furthermore
we denote by H̃ : [0, 1]× [0, 1]→ X the map which is de�ned as follows: for each s ∈ [0, 1]

the path t 7→ H̃(t, s) is the unique lift of the path t 7→ H(t, s) to the starting point P̃ lift.
According to the Path-Homotopy Lifting Proposition 48.12 the map H̃ is in fact continuous.
By de�nition of H̃ we have

H̃(t, 0) = f̃(t) and H̃(t, 1) = g̃(t) for all t ∈ [0, 1],

For each s ∈ [0, 1] we have p(H̃(1, s)) = Q. Since H̃ is continuous we obtain a map

[0, 1] → p−1(Q) Ă X

s 7→ H̃(1, s).

Since [0, 1] is connected it follows from the Connected-to-Discrete Lemma 2.27 and Lemma 48.3
that H̃(1, s) = Q̃ for all s ∈ [0, 1]. In particular we obtain that

f̃(1) = H̃(1, 0) = Q̃ = H̃(1, 1) = g̃(1).

Thus it follows that H̃ is indeed a path-homotopy between the paths f̃ and g̃. �

De�nition. Let p : X → B be a map between topological spaces and let x0 ∈ X and
b0 ∈ B. We say a map p : X → B is a covering of pointed topological spaces, if p : X → B
is a covering and if p(x0) = b0.

Corollary 48.14. For any covering p : (X, x0)→ (B, b0) of pointed topological spaces the
induced map p∗ : π1(X, x0)→ π1(B, b0) is a monomorphism.

Proof. We have495

[f ] ∈ ker
(
π1(X, x0)

p∗−→ π1(B, b0)
)

=⇒ [p ◦ f ] = e ∈ π1(B, b0) =⇒ p ◦ f ' eb0
=⇒ f ' ex0 =⇒ [f ] = e ∈ π1(X, x0).
↑

by Corollary 48.13, since f is the lift of p ◦ f and ex0 is the lift of eb0 to the starting point x0 �

495We use the notation from page 1053: for y ∈ Y we denote by ey the constant path ey(t) := x, t ∈ [0, 1].
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Example. In Question 48.2 (1) we had asked whether there exists a covering map from the
torus S1×S1 to the sphere S2. By the Sphere-π1-Proposition 47.13 we know that π1(S2) = 0
whereas we saw on page 1062 that π1(S1×S1) is non-trivial. Using Corollary 48.14 we can
now answer Question 48.2 (1) in the negative: there is no covering map from S1 × S1 to
S2.

We conclude the section with the following lemma.

Lemma 48.15. Let p : (X, x0)→ (B, b0) be a covering of pointed topological spaces.

(1) Let f be a loop in (B, b0). We denote by f̃ the lift of f to the starting point x0.
Then the following holds:

f̃ is a loop in (X, x0) ⇐⇒ [f ] lies in p∗(π1(X, x0)) Ă π1(B, b0).

In particular, if f̃ is not a loop in (X, x0), then [f ] is a non-trivial element of π1(B, b0).
(2) Now we suppose that X is simply connected. Let f and g loops in (B, b0) and let f̃

and g̃ be the lifts of f and g to the starting point x0. Then the following holds:

f and g are path-homotopic loops ⇐⇒ the endpoints of f̃ and g̃ agree.

(3) If X is path-connected, then [X : B] = [π1(B, b0) : p∗(π1(X, x0))].

Remark. In Exercise 48.11 we will use Lemma 48.15 (3) to answer Question 48.2 (2) in
the negative.

Proof.

(1) We prove the �⇒�-direction. So let f be a loop in (B, b0). We denote by f̃ the lift
of f to the starting point x0. If f̃ is a loop in (X, x0), then it de�nes an element
in π1(X, x0) and we have [f ] = [p ◦ f̃ ] = p∗([f̃ ]) ∈ p∗(π1(X, x0)). The proof of the
�⇐�-direction is Exercise 48.10.496

(2) The �⇒�-direction is an immediate consequence of Corollary 48.13. The proof of
the �⇐�-direction is done once again in Exercise 48.10. For that direction we need
that X is simply connected.

(3) This statement is proved in Exercise 48.10. �

Example. The last sentence of Lemma 48.15 (1) can at times be surprisingly useful for
showing that a given element in a fundamental group. As proof of concept, we consider
the pointed topological space (B, b0) and we show a loop f : [0, 1]→ B shown in the �gure
below. We also show a covering p : (X, x0)→ (B, b0) of pointed topological spaces together
with the lift f̃ of f to the starting point x0. Since f̃ is not a loop we see that [f ] ∈ π1(B, b0)
is non-trivial. In Exercise 48.12 we will use the same approach to show that π1(B, b0) is
actually non-abelian.

48.5. Group actions and fundamental groups. The following proposition �nally allows
us to determine many fundamental groups. This proposition is the reward for the many
rather theoretical results of the previous sections.

496Note that [f ] lies in p∗(π1(X,x0)) Ă π1(B, b0) means that there exists a loop g in (X,x0) such that p◦ g
is path-homotopic to f . A priori it does not mean that there exists a loop g with p ◦ g = f .
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Theorem 48.16. (Fundamental Group-via-Actions Theorem) Let X be a topolog-
ical space and let G be a group which acts continuously and discretely on X. We choose
an x ∈ X. We denote by p : X → X/G the natural projection .
(1) If X is simply connected, then the map

G → π1(X/G, [x])
g 7→ [p ◦ (path in X from x to g · x)]

is a well-de�ned isomorphism of groups. In particular we have π1(X/G) ∼= G.
(2) Regardless of whether or not X is simply connected, the subgroup p∗(π1(X, x)) is

normal in π1(X/G, [x]) and the map

G → π1(X/G, [x])/p∗(π1(X, x))
g 7→ [p ◦ (path in X from x to g · x)]

is a well-de�ned isomorphism of groups.
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G = Z acts on X = R× [−1, 1] by addition
on the �rst coordinate

(R× [−1, 1])/Z = S1 × [−1, 1]

x

x+ 2
[x]

21−1 0

p

p ◦ fpath f from x to x+ 2

Before we provide the proof of the Fundamental Group-via-Actions Theorem 48.16, let us
impatiently use it to �nally con�rm our suspicion that the fundamental group of S1 is
isomorphic to Z.
Proposition 48.17.
(1) The maps

Φ: Z → π1(R/Z, [0])

n 7→

[
[0, 1] → R/Z

t 7→ p(nt) = [nt]︸ ︷︷ ︸
the map t 7→ nt is a
path from 0 to 0 + n

]
and

Ψ: Z → π1(S1, 1)

n 7→
[

[0, 1] → S1

t 7→ exp(2π int)

]

are isomorphisms of groups.
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(2) Let n ∈ N. We consider the map f : S1 → S1 that is given by z 7→ zn. The induced
map on π1(S1, 1) is given by multiplication by n.

(3) The map Θ: π1(S1, 1) → Z
[γ] 7→ 1

2π i

∫
γ

1
z
dz

is an isomorphism.
Proof.

(1) We consider the action of G = Z on the simply connected space X = R. We denote
by p : R → R/Z the natural projection . It follows immediately from the Funda-
mental Group-via-Actions Theorem 48.16 that the given map Φ: Z → π1(R/Z, [0])
is an isomorphism. We denote by φ : R/Z → S1 the homeomorphism given by
φ([t]) = exp(2π it). If we compose the above isomorphism with the isomorphism
φ∗ : π1(R/Z, [0]) → π1(S1, 1), then we see that the second map Ψ: Z → π1(S1, 1) is
also an isomorphism.

(2) This statement follows easily from the de�nitions. To practice the de�nitions we will
prove this statement in Exercise 48.16.

(3) It is straightforward to see that Θ ◦ Ψ: Z → π1(S1, 1) → Z is the identity. By (1)
the �rst map Ψ is an isomorphism. Thus Θ = Φ−1 is also an isomorphism. �

We will provide many more examples for the Fundamental Group-via-Actions Theorem 48.16
immediately after the proof of the Fundamental Group-via-Actions Theorem 48.16.
Proof of the Fundamental Group-via-Actions Theorem 48.16. To simplify the dis-
cussion we only provide the proof of the Fundamental Group-via-Actions Theorem 48.16
(1). The proof of the Fundamental Group-via-Actions Theorem 48.16 (2) is almost the
same. We leave it to the reader to make the necessary modi�cations.

Let X be a simply connected space and let G be a group which acts continuously and
discretely onX.497 We choose an x ∈ X. We denote by p : X → X/G the natural projection
. We consider the map Φ: G → π1(X/G, [x])

g 7→ [p ◦ (path in X from x to gx)].

We need to prove the following four statements:
(1) Φ is well-de�ned,
(2) Φ is a group homomorphism,
(3) Φ is surjective,
(4) Φ is injective.

Now we provide the proofs for these four claims.
(1) We �rst show that the map Φ is well-de�ned. Let g ∈ G. Since X is in particular

path-connected there exists a path from x to gx. Now let f be an arbitrary path
in X from x to gx. From p(x) = [x] = [gx] = p(gx) it follows that p ◦ f is a loop in
(X/G, [x]). In particular p ◦ f does indeed de�ne an element in π1(X/G, [x]).

Now we need to show that this element does not depend on the choice of f . So
let f ′ be another path in X from x to gx. Since X is simply connected it follows
from Lemma 47.12 that the paths f and f ′ are path-homotopic in X, i.e. there exists

497It is perhaps helpful to read the proof with the example of the action of Zn on Rn in mind.
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a path-homotopy H : [0, 1]× [0, 1]→ X from f to f ′. But then p◦H : [0, 1]× [0, 1]→
X/G is a path-homotopy from the loop p ◦ f to the loop p ◦ f ′. This shows that the
map Φ is well-de�ned.

(2) Now we show that Φ is a group homomorphism. Let g, h ∈ G and pick be a path k
from x to gx and pick a path l from x to hx. Then gl498 is a path from gx to ghx
and k ∗ gl is a path from x to ghx. It follows that

since p(gx) = p(x) ∈ X/G for all x ∈ X
↓

Φ(gh) = [p ◦ (k ∗ gl)] = [(p ◦ k) ∗ (p ◦ gl)] = [(p ◦ k) ∗ (p ◦ l)]
↑ = [p ◦ k] · [p ◦ l] = Φ(g) · Φ(h).

since k ∗ gl is a path from x to ghx ↑
de�nition of · in π1(X/G, [x])

���
���
���
���
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l

lk

x

x

x

g

h

g

h x

g

Before we continue let us recall that according to the Actions-Covering Proposition 48.9
the projection p : X → X/G is a covering.
(3) Now we prove that Φ is surjective. We choose an arbitrary element c ∈ π1(X/G, [x])

and represent it by a loop f in (X/G, [x]). According to Proposition 48.11 there
exists a lift f̃ : [0, 1]→ X of the path f to the starting point x. By de�nition we have
p ◦ f̃ = f . In particular we obtain for the endpoint of f̃ that p(f̃(1)) = [x], therefore
it follows that f̃(1) = gx for some g ∈ G. Thus we have proved that

Φ(g) =
[
p ◦ (path from x to gx)

]
= [p ◦ f̃ ] = [f ] = c.

(4) We conclude the proof of the proposition by showing that Φ is injective. Let g ∈ G.
Then the following holds:

Φ(g) = e =⇒ [p ◦ (path f from x to gx)] = e ∈ π1(X/G, [x])
=⇒ p ◦ f ' e[x] in X/G
=⇒ f(1) = ex(1) =⇒ gx = x =⇒ g = e.
↑ ↑

by Corollary 48.13, since f is a lift of p ◦ f and ex since the action is discrete,
is a lift of e[x] to the starting point x hence free

This shows that Φ is indeed injective.
We have thus shown that Φ is a well-de�ned isomorphism. �

Now we can determine the fundamental groups of many of the topological spaces that we
have encountered so far.

498Here gl denotes the path [0, 1]→ X that is given by t 7→ g · l(t).
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Corollary 48.18. We have the following isomorphisms of fundamental groups

(A) π1(n-dimensional torus) = π1(Rn/Zn) ∼= Zn
in particular

π1(S1) = π1(R/Z) ∼= Z,
(B) for any n 6= 0, 1

π1(real projective space RPn) = π1(Sn/{±1}) ∼= Z2,
(C) π1(Möbius band ) = π1((R× [−1, 1])/Z) ∼= Z,
(D) π1(lens space L(p, q)) = π1(S3/Zp) ∼= Zp.

Proof. By the Sphere-π1-Proposition 47.13 we know that for any n ≥ 2 the sphere Sn is
simply connected. Furthermore we know by the discussion on page 1055 that Rn, n ≥ 1,
and that the strip R × [−1, 1] are simply connected. We saw on page 1074 that all the
actions are discrete. The actions are of course also continuous. The corollary is now an
immediate consequence of the Fundamental Group-via-Actions Theorem 48.16. �

Thus we have now �nally determined the fundamental groups of many spaces. In the
Sphere-π1-Proposition 47.13 we saw that π1(S2) = 0 whereas we have now seen that π1(S1×
S1) ∼= Z2. The fundamental groups are not isomorphic, hence the sphere S2 and the torus
S1 × S1 are not homeomorphic.

We also obtained a partial answer to Question 48.7: if two lens spaces L(p, q) and
L(p̃, q̃) are homeomorphic, then p = p̃. But as of right now we cannot say anything about
the parameters q and q̃.

Examples. the Fundamental Group-via-Actions Theorem 48.16 not only gives us the fact
that π1(X/G) is isomorphic to the group G, but it also gives us an explicit isomorphism.
Now we will study this isomorphism in two examples to explicitly determine non-trivial
elements in the fundamental group of the torus and the real projective space.
(1) As a reminder, the torus is de�ned as499

T = R2/Z2 = [0, 1]× [0, 1]/(x, 0) ∼ (x, 1) and (0, y) ∼ (1, y).

The explicit isomorphism of the Fundamental Group-via-Actions Theorem 48.16

Φ: Z2 → π1(T, (0, 0))
assumes in particular the following values

Φ((1, 0)) = x :=

[
[0, 1] → ([0, 1]× [0, 1])/∼

t 7→ [(t, 0)]︸ ︷︷ ︸
t 7→ (t, 0) is a path from (0, 0) to (1, 0)

]

and

Φ((0, 1)) = y :=

[
[0, 1] → ([0, 1]× [0, 1])/∼

t 7→ [(0, t)]︸ ︷︷ ︸
t 7→ (0, t) is a path from (0, 0) to (0, 1)

]
.

In the description of the torus as a subset of R3, see the �gure below, these two loops
correspond to the �longitude� and the �meridian�.

499Here we are slightly generous in our usage of the equality sign. More precisely, strictly speaking R2/Z2

is not the same as ([0, 1]× [0, 1])/∼. But there exists a canonical homeomorphism between these two spaces
that we use to identify these spaces.
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�longitude� x

�meridian� yx

(2) Now we consider the real projective space RP2 = S2/{±1} = S2/x ∼ −x and as
usual we denote by p : S2 → RP2 the projection. We put Q := (1, 0, 0). We consider
the following path in S2:

f : [0, 1] → S2

t 7→ (cos(πt), sin(πt), 0).

This is a path from Q to −Q = (−1) · Q. Since −1 is the one non-trivial element
of the group G = {±1} it follows from the explicit isomorphism of the Fundamental
Group-via-Actions Theorem 48.16 that the equivalence class of p ◦ f is precisely the
one non-trivial element of the fundamental group π1(RP2, p(Q)) ∼= {±1}.500 Since
π1(RP2, p(Q)) is isomorphic to Z2 we see that p ◦ f represents an element of order
2, i.e. (p ◦ f) ∗ (p ◦ f) represents the trivial element in the fundamental group. Put
di�erently, (p ◦ f) ∗ (p ◦ f) is null-homotopic. This one can see quite explicitly. More
precisely, we have

[p ◦ f ] · [p ◦ f ] = [(p ◦ f) ∗ (p ◦ f)] = [(p ◦ (−f)) ∗ (p ◦ f)] = [p ◦ (f ∗ (−f))]

=

[
p ◦
(
f : [0, 1] → S2

t 7→ (cos(2πt), sin(2πt), 0)︸ ︷︷ ︸
loop g in S2

)]
.

The loop g in (S2, Q) is clearly null-homotopic.501 But then the loop p ◦ g is also
null-homotopic. This example is illustrated in the �gure below.
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RP2 = S2/ ∼ RP2 = S2/ ∼

p p

∗(−f) ff

the closed loop f ∗ (−f) is path-homotopic to the constant loop eQ

(p ◦ f) ∗ (p ◦ f) = (p ◦ f) ∗ (p ◦ (−f)) = p ◦ (f ∗ (−f))

p ◦ f

QQ = (1, 0, 0)−Q

500In particular we have now shown that the loop in RP2 given on page 1049 is not null-homotopic.
501More precisely, it is straightforward to write down an explicit path-homotopy from g to the constant
path eQ. Alternatively one can also deduce that g is null-homotopic from our calculation π1(S2, Q) = 0.
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Example. We consider the Klein bottle. Recall that on page 1074 we introduced the
group G that is given by all self-homeomorphisms of R2 that can be written as concatena-
tions of the two self-homeomorphisms

A : R2 → R2

(x, y) 7→ (x+ 1, 1− y)
and

B : R2 → R2

(x, y) 7→ (x, y + 1)

and their inverses. In Exercise 48.8 we will see G acts discretely on R2. Also recall we
saw in Exercise 25.11 that R2/G is homeomorphic to the Klein bottle. It follows from the
Fundamental Group-via-Actions Theorem 48.16 that

π1(Klein bottle) ∼= G = group that is generated by the homeomorphisms A and B.

The maps A and B do not commute. Indeed, the map A ◦B : R2 → R2 is given by

(x, y) 7→ (x+ 1, (1− (y + 1))) = (x+ 1,−y)

whereas the map B ◦ A : R2 → R2 is given by
(x, y) 7→ (x+ 1, (1− y) + 1) = (x+ 1, 2− y).

Thus we see that the fundamental group of the Klein bottle is a non-abelian group.
In the �gure below we show the two elements b and c of the fundamental group of

the Klein bottle K = ([0, 1] × [0, 1])/∼ which correspond to B and C = B−1 ◦ A under
the isomorphism of the Fundamental Group-via-Actions Theorem 48.16 and the homeo-
morphism from Exercise 25.11. Since the two homeomorphisms B(x, y) = (x, y + 1) and
C(x, y) = (x+ 1,−y) do not commute, the corresponding elements [b] and [c] of π1(K) do
not commute either.
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Klein bottle K = [0, 1]× [0, 1]/ ∼
b

the elements [b], [c] ∈ π1(K) do not commute

The previous example showed that fundamental groups can be non-abelian groups. In fact,
as we will see later in Chapter 52, many, actually arguably �most� fundamental groups are
non-abelian. This will pose several major problems. For example, what is a good way to
describe a non-abelian group? How can we decide whether or not two non-abelian groups
are isomorphic?

We conclude this section with a more unusual topological space. Namely we remark in
Exercise 48.15 we will use the Fundamental Group-via-Actions Theorem 48.16 to show that
the fundamental group of the pseudocircle, i.e. of the topological space X = {A,B,C,D}
from page 141, is isomorphic to Z. In particular we show that the loop given on page 141
is not null-homotopic. This answers the question we had posed on page 1049.

48.6. The fundamental group of the product of two topological spaces. The next
proposition says that the fundamental groups of the product A × B of two topological
spaces A and B is the direct product of the fundamental groups of A and B. Before we
state the proposition explicitly we recall the de�nition of the direct product of two groups.
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De�nition. Let G and H two groups. We can form the cartesian product

G×H := {(g, h) | g ∈ G and h ∈ H}.
This is again a group with the group structure given by

(g1, h1) · (g2, h2) := (g1g2, h1h2)

for g1, g2 ∈ G and h1, h2 ∈ H. We call the group G×H the direct product of the groups
G and H.
We start out with the following lemma, which strictly speaking we will not need, but which
is worth knowing.

Lemma 48.19. Let ϕ1 : G1 → π and ϕ2 : G2 → π be two group homomorphisms. If for
every g1 ∈ G1 and g2 ∈ G2 the images ϕ1(g1) ∈ π and ϕ2(g2) ∈ π commute, i.e. if we have
ϕ1(g1) · ϕ2(g2) = ϕ2(g2) · ϕ1(g1), then the map

ϕ1 × ϕ2 : G1 ×G2 → π
(g1, g2) 7→ ϕ1(g1) · ϕ2(g2)

is a homomorphism.502

Proof. We write Φ = ϕ1 × ϕ2. Let g1, g
′
1 ∈ G1 and let g2, g

′
2 ∈ G2. We have

Φ(g1, g2) · Φ(g′1, g
′
2) = ϕ1(g1) · ϕ2(g2) · ϕ1(g′1) · ϕ2(g′2)

= ϕ1(g1) · ϕ1(g′1) · ϕ2(g2) · ϕ2(g′2) = ϕ1(g1g
′
1) · ϕ2(g2g

′
2)

↑ = Φ(g1g
′
1, g2g

′
2).

by our hypothesis �

Now we can formulate the promised proposition.

Proposition 48.20. (Fundamental Group-of-Product Proposition) Let A and B
be two topological spaces and let a0 ∈ A and b0 ∈ B. We consider the inclusion maps

i : A → A×B
a 7→ (a, b0)

and
j : B → A×B

b 7→ (a0, b)

and we consider the projection s

p : A×B → A
(a, b) 7→ a

and
q : A×B → B

(a, b) 7→ b.

The maps Φ: π1(A, a0)× π1(B, b0) → π1(A×B, (a0, b0))
(x, y) 7→ i∗(x) · j∗(y)

and Ψ: π1(A×B, (a0, b0)) → π1(A, a0)× π1(B, b0)
z 7→ (p∗(z), q∗(z))

are both homomorphisms503 and they are inverses of one another, in particular both are
isomorphisms.

502In fact the converse also holds, if ϕ1 × ϕ2 is a homomorphism, then for every g1 ∈ G1 and g2 ∈ G2 the
images ϕ1(g1) ∈ π and ϕ2(g2) ∈ π commute. Why is that?
503Note that a priori it is not clear that Φ is a homomorphism since it is not clear whether the hypothesis
of Lemma 48.19 is satis�ed.
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Example. It follows from the Fundamental Group-of-Product Proposition 48.20 and Corol-
lary 48.18 that

π1(S1 × L(p, q)) ∼= π1(S1)× π1(L(p, q)) ∼= Z× Zp.
Similarly, we see, using the Sphere-π1-Proposition 47.13, that for any k ≥ 2 we have

π1(S1 × Sk) ∼= π1(S1)× π1(Sk) ∼= Z× 0 ∼= Z.
Of course we can also apply the Fundamental Group-of-Product Proposition 48.20 several
times and we see once again that

π1

(
S1 × · · · × S1︸ ︷︷ ︸

n times

) ∼= π1(S1)×. . .×π1(S1)︸ ︷︷ ︸
n times

∼= Z× · · · × Z︸ ︷︷ ︸
n times

∼= Zn.

Finally it follows from Propositions 47.13 and 48.20 that for any k, l ≥ 2 we have
π1(Sk × Sl) ∼= π1(Sk)× π1(Sl) ∼= 0× 0 = 0.

In particular we see that the fundamental group cannot distinguish the products of spheres
of dimension ≥ 2. For example at the moment we cannot show that the two 6-dimensional
smooth manifolds S3 × S3 and S2 × S2 × S2 are not homeomorphic.

In the proof of the Fundamental Group-of-Product Proposition 48.20 we will need the
following purely group-theoretic lemma.

Proof of the Fundamental Group-of-Product Proposition 48.20. It is clear that

Ψ = (p∗, q∗) : π1(A×B, (a0, b0)) → π1(A, a0)× π1(B, b0)

is a homomorphism. Thus it su�ces to show that Φ and Ψ are inverses of one another.
Once we have shown that, it follows for free that Φ is also a homomorphism.

To show that Φ and Ψ are inverses of one another we introduce another map, namely
we consider504

Θ: π1(A, a0)× π1(B, b0) → π1(A×B, (a0, b0))

([f : (S1, 1)→ (A, a0)], [g : (S1, 1)→ (B, b0)]) 7→
[

(S1, 1) → (A×B, (a0, b0))
z 7→ (f(z), g(z))

]
.

It is almost a tautology that Θ and Ψ are inverses of one another. Thus it remains to prove
the following claim.

Claim. The two maps Φ,Θ: π1(A, a0)× π1(B, b0)→ π1(A×B, (a0, b0)) agree.

Proof. We use the convention from page 1050 to change our view of fundamental groups.
Thus let f : [0, 1]→ A be a loop in (A, a0) and g : [0, 1]→ B be a loop in (B, b0). We need
to show that

i∗([f ]) · j∗([g]) = [(t 7→ (f(t), g(t))] ∈ π1(A×B, (a0, b0).

In other words, we need to show that the two loops

[0, 1] → A×B

t 7→
{

(f(2t), b0), if t ∈ [0, 1
2
]

(a0, g(2t− 1)), if t ∈ [1
2
, 1]

and
[0, 1] → A×B

t 7→ (f(t), g(t))

504One can easily verify that Θ is well-de�ned.
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are path-homotopic. In fact an explicit path-homotopy is given by the map505

F : [0, 1]× [0, 1] → A×B

(t, s) 7→
{ (

f
(

2t
1+s

), g(st)
)
, if t ∈ [0, 1

2
](

f(st), g
(

2t−1+s
1+s

)
)
, if t ∈ [1

2
, 1]. �

Summarizing we have now �nally managed to calculate many non-trivial fundamental
groups. Nonetheless, the list of topological spaces for which we cannot yet calculate the
fundamental group is still pretty long, it includes
(1) topological graphs,
(2) knot complements,
(3) the complement of more than one point in C, e.g. C \ {0, 1},
(4) surfaces of genus ≥ 2.

In the following chapters we will introduce more methods for determining the fundamental
group of a given topological space. But �rst we give in the next section two applications
of our results.

48.7. The Fundamental Theorem of Algebra and the Borsuk-Ulam Theorem `.
As a �rst application of our methods we give another proof of the Fundamental Theorem
of Algebra. Somewhat surprisingly, contrary to the standard proof [Lang1999, Corol-
lary III.7.6], this proof does not make use of complex analysis.

Theorem 26.3. (Fundamental Theorem of Algebra) ` Every nonconstant polyno-
mial with coe�cients in C has a zero in C.
Remark. Other proofs are provided on page 704 and page 1700.

Proof. Let q(z) be a polynomial with complex coe�cients with q(z) 6= 0 for all z ∈ C with
|z| = r. We consider the path

f
q(z)
r : [0, 1] → S1

s 7→ q(r · exp(2π is))/q(r)∣∣q(r · exp(2π is))/q(r)
∣∣

Note that f q(z)r (s = 0) = f
q(z)
r (s = 1) = 1, i.e. f q(z)r is a loop in (S1, 1). Now let

p(z) = anz
n + an−1z

n−1 + · · ·+ a1z + a0

be a polynomial of degree n ≥ 1. We assume that p(z) has no zeros in C. For t ∈ [0, 1] we
also consider the polynomial

pt(z) := anz
n + t(an−1z

n−1 + · · ·+ a1z + a0).

Note that p1(z) = p(z) and p0(z) = anz
n. Since an 6= 0 there exists an s > 0 such that506

|anzn| > |an−1z
n−1 + · · ·+ a1z + a0|

for any z with |z| = s. This inequality implies that for any t ∈ [0, 1] and any z with |z| = s
we have pt(z) 6= 0, i.e. pt(z) has no zeros on the circle |z| = s.

505Note that this is indeed a path-homotopy of loops.
506In fact we can write it down explicitly: it follows easily from the triangle inequality that any s ∈ R such
that s · |an| > |an−1|+ · · ·+ |a0| will work.
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We obtain the following sequence of path-homotopic loops:

follows from the de�nition follows from p0(z) = anz
n

↓ ↓
constant loop at 1 = f

p(z)
0 ' f

p(z)
s = f

p1(z)
s ' f

p0(z)
s = the loop [0, 1] → S1

t 7→ exp(2π int).↑ ↑
maps fp(z)r with r ∈ [0, s] are de�ned, maps fpt(z)s with t ∈ [0, 1] are de�ned, since
since the polynomials p(z) has no zeros polynomials pt(z) have no zeros on |z|=s, and

they form a path-homotopy from f
p(z)
0 to fp(z)s and they form a path-homotopy from f

p1(z)
r to fp0(z)

r

By Proposition 48.17 we had know that the loop on the right de�nes a non-trivial element
in the fundamental group π1(S1, 1), but we had just shown that it is path-homotopic to
the constant path. Thus we have obtained a contradiction. �

The following theorem goes back to the Polish mathematicians Karol Borsuk (1905-1982)
and Stanislaw Ulam (1909-1984).507 It was �rst proved in 1932.

Theorem 48.21. (Borsuk-Ulam Theorem) For every map f : S2 → R2 there exists a
pair of antipodal points x and −x in S2 with f(x) = f(−x).

Examples.

(1) It follows from the Borsuk-Ulam Theorem that there exists pair of antipodal points
on earth with the same temperature and the same barometric pressure.

(2) The Borsuk-Ulam Theorem implies in particular that there is no injective map from
S2 → R2.

(3) The statement of the Borsuk-Ulam Theorem also makes sense for 2 replaced by any
n ∈ N. For n = 1 one can prove the statement using elementary methods.508 We will
address the problem for n ≥ 3 once we have introduced homology groups.

Proof. We prove the theorem by contradiction. So suppose there exists a map f : S2 → R2

such that f(x) 6= f(−x) for all x ∈ S2. This allows to de�ne the map

g : S2 → S1

x 7→ f(x)−f(−x)
‖f(x)−f(−x)‖ .

Note that g(−x) = −g(x) for all x ∈ S2. Now let η be the loop that is de�ned by
η : [0, 1] → S2

s 7→ η(s) = (cos(2πs), sin(2πs), 0)

and let h = g ◦ η : [0, 1] → S1 be the composition of η with g. We pick a c ∈ R such that
h(0) = exp(2π ic). We denote by p : R → S1, t 7→ exp(2π it), the usual covering map. We
note that for z, w ∈ R we have

p(z) = p(w) ⇐⇒ z − w ∈ Z and p(z) = −p(w) ⇐⇒ z − w ∈ 1
2 + Z.

By Proposition 48.11 we can lift the path h : [0, 1] → S1 to a path h̃ : [0, 1] → R with
h̃(0) = c.

507Ulam became much more famous through his work on the hydrogen bomb.
508How would you prove the statement?
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c c+ q

1

h(0) = e2πic
η

0

R
h̃

g(x) =
f(x)−f(−x)
‖f(x)−f(−x)‖

S1

p(t) = e2πit

h := g ◦ η
null-homotopic

h(1
2
) = −h(0)

Given any s ∈ [0, 1
2
] we have

p
(
h̃
(
s+ 1

2

))
= h

(
s+ 1

2

)
= g

(
η
(
s+ 1

2

))
= g(−η(s)) = −g(η(s)) = −h(s) = −p

(
h̃(s)

)
.

↑ ↑
by the de�nition of η since g(−x) = −g(x) for all x ∈ S2

By the above discussion of p this implies that

h̃
(
s+ 1

2

)
− h̃(s) =:

q(s)
2

with q(s) an odd integer. The map q : [0, 1
2
]→ Z is the di�erence of two continuous maps,

hence continuous. It follows from the Connected-to-Discrete Lemma 2.27 that it is constant.
We denote this constant value by q. Since q is odd it is in particular non-zero.

It follows from the above that

h̃(1) = h̃
(1

2

)
+

q
2 = h̃(0) +

q
2 +

q
2 = h̃(0) + q.

Since q is non-zero we obtain from Lemma 48.15 that h = g ◦ η is not null-homotopic. But
h was the composition h = g ◦ η : [0, 1] → S2 → S1. By the Sphere-π1-Proposition 47.13
the loop η is null-homotopic in S2 which implies by Proposition 47.15 that h = g ◦ η is
null-homotopic in S1. Thus we have obtained a contradiction. �

Exercises for Chapter 48.

Exercise 48.1. Let p : X → B be a covering of topological spaces. We suppose that B is
a path-connected topological space. Show that for any two points P and Q in B we have

#p−1(P ) = #p−1(Q).

Exercise 48.2.
(a) Let p : X → B be a map between topological spaces that is two-to-one, i.e. such that

for any b ∈ B the preimage p−1(b) consists of precisely two points. Is p necessarily a
covering map?

(b) Is the map C → C \ {0}
z 7→ exp(z)

a covering map? Hint. z = x+ iy with x, y ∈ R.
(c) Let p : X → B be a surjective map between topological spaces. Let f : [0, 1] → B

be a map. Does there always exist a lift from f to X, i.e. does there exist a map
g : [0, 1]→ X such that p ◦ g = f? Give a short justi�cation for your answer.
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Exercise 48.3.
(a) Show that there exists a map p : X → B be a map between topological spaces that

is a local homeomorphism and that is surjective but which is not a covering map.
(b) Let p : X → B be a map between topological spaces that is a local homeomorphism

and that is surjective. Furthermore we suppose that p is proper, i.e. we assume that
the preimage of each compact set is compact. Is p necessarily a covering map?

Exercise 48.4. Let p : X → B be a covering of topological spaces. Show that if B is
Hausdor�, then X is also Hausdor�.

Exercise 48.5. Let X, Y and Z be topological spaces and let p : X → Y and q : Y → Z
be maps. Which of the following two statements are true?
(a) If q ◦ p is a covering map, then p is also a covering map.
(b) If q ◦ p is a covering map, then q is also a covering map.

Exercise 48.6. Consider the 5-fold covering map

p : X = S1 → B = S1

z 7→ z5.

Let f : [0, 1]→ B = S1 be the loop given by t 7→ exp(2π ikt). By Proposition 6.11 this loop
lifts to a path g : [0, 1]→ X = S1. For which k is the lift g again a loop?

Exercise 48.7. Let p : X̃ → X be a covering of topological spaces.
(a) Show that for A Ă X we have closure of p−1(A) = p−1(closure of A)
(b) Show that for A Ă X we have interior of p−1(A) = p−1(interior of A).

Exercise 48.8. We consider the following two self-homeomorphisms of R2:

A : R2 → R2

(x, y) 7→ (x+ 1, 1− y)
and

B : R2 → R2

(x, y) 7→ (x, y + 1).

We denote by G the subgroup of all homeomorphisms of R2 that is generated by A and B.
This means

G =
all self-homeomorphisms of R2 that can be written

as a �nite concatenation of the maps A,B,A−1 and B−1.

(a) For n ∈ Z, what is A−nBAn? (Perhaps start out with n = 1.)
(b) We write C = A2. We denote by H the subgroup of all homeomorphisms of R2 that

is generated by C and B. Does A lie in H?
Hint. Consider which self-di�eomorphisms of R2 are orientation-preserving.

(c) Show that any element X of G lies in H or it is of the form G = AY with Y ∈ H.
(d) Show that the group G acts discretely on R2.

Exercise 48.9. Let n ∈ N and let A ∈ M(n×n,Z) be a matrix with non-zero determinant.
Show that the map

f(A) : Rn/Zn → Rn/Zn
[v] 7→ [A · v]

is a covering map of degree | det(A)|.
Remark. This can be viewed as a generalization of Exercise 19.14.
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Exercise 48.10. Let p : (X, x0)→ (B, b0) be a covering of pointed topological spaces.

(a) Let f be a loop in (B, b0). We denote by f̃ the lift of f to the starting point x0.
Show that if [f ] lies in p∗(π1(X, x0)) Ă π1(B, b0), then f̃ is a loop in (X, x0).

(b) Now we suppose that X is simply connected. Let f and g loops in (B, b0) and let f̃
and g̃ be the lifts of f and g to the starting point x0. Show that if the endpoints of
f̃ and g̃ agree, then f and g are path-homotopic loops.

(c) Show that if X is path-connected, then [X : B] = [π1(B, b0) : p∗(π1(X, x0))].

Exercise 48.11. Show that there is no covering map from the sphere S2 to the torus
S1 × S1.
Hint. Use Lemma 48.15.

Exercise 48.12. We consider the pointed topological space (B, b0) and we consider the
loops α, β : [0, 1]→ B shown in the �gure below.
(a) Show that there exists a covering p : (X, x0) → (B, b0) of pointed topological spaces

such that the loop α ∗ β ∗ α ∗ β does not lift to a loop in (X, x0).
(b) Use Lemma 48.15 (1) to show that π1(B, b0) is non-abelian.

��
��
��
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��
��
��

��
��
��

B α β

Exercise 48.13.
(a) Does there exist a covering map p : K → T from the Klein bottle to the 2-dimensional

torus?
(b) Let X be a topological space and let b ∈ π1(X, x0). Does there necessarily exist a

map f : (S1, 1)→ (X, x0) with b ∈ f∗(π1(S1, 1))?
(c) Let X be a topological space and let b, c ∈ π1(X, x0). Does there necessarily exist a

map f : (S1 × S1, (1, 1))→ (X, x0) with b, c ∈ f∗(π1(S1 × S1, (1, 1)))?

Exercise 48.14. Which of the maps between topological graphs that are shown in the
�gure below are covering maps?
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Exercise 48.15.
(a) Use the Fundamental Group-via-Actions Theorem 48.16 to show that the fundamen-

tal group of the pseudocircle, i.e. of the topological space X = {A,B,C,D} from
page 141, is isomorphic to Z.

(b) Let f : S1 → X be the map that we introduced on page 141. Show that the induced
map f∗ : π1(S1, 1)→ π1(X,A) is an isomorphism.
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Exercise 48.16. Let n ∈ N. We consider the map f : S1 → S1 that is given by z 7→ zn.
Show that the induced map on π1(S1, 1) is given by multiplication by n.

Exercise 48.17. Let A and B be topological spaces and let a0 ∈ A and b0 ∈ B. We
consider the maps

f : A → A×B
a 7→ (a, b0)

and
g : B → A×B

b 7→ (a0, b)

and the map Φ: π1(A, a0)× π1(B, b0) → π1(A×B, (a0, b0))
(x, y) → f∗(x) · g∗(y)

(a) Show that Φ is a monomorphism, i.e. that it is injective.
Hint. Consider the maps

p : A×B → A
(a, b) 7→ a

and
q : A×B → B

(a, b) 7→ b.

(b) Show that Φ is an epimorphism, i.e. that it is surjective.
Hint. Let h(t) = (α(t), β(t)) be a loop in (A×B, (a0, b0)). Consider the map

Ψ: [0, 1]× [0, 1] → A×B
(s, t) 7→ (α(s), β(t)).

Hint. You might want to use ideas similar to the proof that the map Φ is a homo-
morphism.

Exercise 48.18. Let A ∈ GL(n,Z) be a matrix. In the Maps-on-Torus Lemma 19.37 we
saw that the map f(A) : Rn/Zn → Rn/Zn

v 7→ Av

is a homeomorphism. We identify π1(Rn/Zn, 0) with Zn as in the Fundamental Group-via-
Actions Theorem 48.16. Show that the diagram

π1(Rn/Zn, 0)

id
��

f(A)∗
// π1(Rn/Zn, 0)

=
��

Zn v 7→Av // Zn

commutes.

Exercise 48.19. Let (X, d) be a metric space and let p : X̃ → X be a covering. Given
x, y ∈ X̃ we de�ne

d̃(x, y) := inf

{
n−1∑
i=0
d(wi, wi+1)

∣∣∣∣ with w0, . . . , wn ∈ X, p(w0) = x, p(wn) = y and such

that for each i ∈ {0, . . . , n− 1} there exists a uniformly

covered open subset that contains wi and wi+1

}
.

(a) Show that d̃ de�nes on X̃ and that the corresponding topology equals the topology
of X̃.

(b) Show that p : X̃ → X is a local isometry.
Remark Recall that a topological space X is called metrizable if there exists a metric d on
X such that the given topology agrees with the topology coming from d. The exercise shows
in particular that every covering of a metrizable topological space is again metrizable.
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Exercise 48.20.

(a) Consider the following maps:
(S1, 1)

p z 7→z2

��

(S1, 1)

??? lift f̃ ???
55

f

z 7→z // (S1, 1).

Show that the map f does not lift to a map f̃ .
(b) Let p : M̃ → M be a �nite covering and let f : M → M be map. Does there

necessarily exist a map f̃ : M̃ → M̃ that makes the following diagram commute:

M̃
p
��

f̃
// M̃

p
��

M
f

// M ?

Exercise 48.21. Let p : X̃ → X be a 2-fold covering of a topological space X.

(a) Show that the map

Ξ: X̃ → X̃
x 7→ the unique element in p−1(p({x})) \ {x}

is continuous.
(b) Let A be a topological space and let f : A → X be a map. Show that if f̃ : A → X̃

is a lift of f , then Ξ ◦ f̃ is the unique other lift of f .

Exercise 48.22. Let p : X̃ → X be a covering of a connected space X. Show that for each
component Y of X̃ the map p : Y → X is also a covering.

Exercise 48.23. Let X be a topological space and let G be a group that acts continuously,
properly and freely on X.

(a) Show that the natural projection X → X/G is a local homeomorphism.
(b) We denote by ∼ the equivalence relation on the topological space X × [0, 1] that is

generated by (x, t) ∼ (g · x, t) for g ∈ G and (x, t) ∈ X × [0, 1]. Show that the map

(X × [0, 1])/ ∼ → X/G× [0, 1]
[(x, t)] 7→ ([x], t)

is a homeomorphism.
Remark. This is a special case of the Product-Quotient Mixing Lemma 13.6, which
relies on the tricky Whitehead Quotient Theorem 13.4. But in our setting, using (a),
one can give an elementary proof.

(c) Suppose that F : X × [0, 1] → X is a homotopy that is G-equivariant in the sense
that for any (x, t) ∈ X × [0, 1] and any g ∈ G we have F (g · x, t) = g · F (x, t). Show
that the map

X/G× [0, 1] → X/G
([x], t) 7→ [F (x, t)]
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is continuous.
Remark. This is a special case of the Homotopy Quotient Theorem 14.7. But in our
setting one can deduce it from (b).

Exercise 48.24. We denote by p : R → S1 the covering map that is given by t 7→
exp(2π it). Let ε ∈ {−1, 1} We say that a map f : R → R is ε-equivariant if for any t ∈ R
and n ∈ Z we have f(n+ t) = ε · n+ f(t).
(a) Show that any self-homeomorphism of S1 lifts to a self-homeomorphism of R that is

ε-equivariant for some ε ∈ {−1, 1}.
(b) Show that any self-homeomorphism of R is either monotonously increasing or mono-

tonously decreasing.
(c) Let g : R → R be an ε-equivariant self-homeomorphism. Show that there exists an

isotopy G : R× [0, 1] → R
from g to the map that is given by x 7→ ε · gx and such that each Gt is ε-equivariant.

(d) Show that any self-homeomorphism of S1 is isotopic to the map f(z) = z or to the
map g(z) = z.
Hint. Use Exercise 48.23.

Remark. This gives a new proof of Exercise 14.7 (b).

Exercise 48.25. Let Y be a topological space and let q : Ỹ → Y be a covering. Further-
more let X be a topological space and let f : X → Y be a map. We de�ne the pullback

f ∗Ỹ := {(x, ỹ) ∈ X × Ỹ | f(x) = q(ỹ)}.

We equip X × Ỹ with the product topology and we equip f ∗Ỹ with the subspace topology.
Finally we consider the maps

p : f ∗Ỹ → X
(x, ỹ) 7→ x

and f̃ : f ∗Ỹ → Ỹ
(x, ỹ) 7→ ỹ

(a) Show that p : f ∗Ỹ → X is a covering with [f ∗Ỹ : X] = [Ỹ : Y ].
Remark. We refer to p : f ∗Ỹ → X as the pullback of the covering q : Ỹ → Y .

(b) Recall that a map between topological spaces is proper if the preimage of each com-
pact set is open. Show that if f : X → Y is proper, then f̃ : f ∗Ỹ → Ỹ is also
proper.

Exercise 48.26.
(a) Give an example of a map f : S1 × S1 → R2 such that there is no (x, y) ∈ S1 × S1

with f(−x,−y) = f(x, y).
(b) Show that given any map f : S1 × S1 → R there exists an (x, y) ∈ S1 × S1 with

f(−x,−y) = f(x, y).

Exercise 48.27. Let k ∈ N and let X be a topological manifold. We refer to

Confk(X) := {(x1, . . . , xk) ∈ Xk | for all i 6= j we have xi 6= xj}
as the con�guration space of k points in X. Let X Ă R2 be a connected topological
graph that has at least one vertex of valence three. Show that π1(Conf2(X)) admits an
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epimorphism onto Z.
Hint. Consider the map Conf2(X) → S1

(x1, x2) 7→ x2−x1

‖x2−x1‖ .
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49. Coverings of smooth and topological manifolds

49.1. Fundamental groups of topological manifolds. Our only goal in this section is
to prove a proposition, which will help us with dealing with a technical issue in the following
section. But the proposition is also interesting in its own right and it provides a good way
to practice what we learned in the last chapters.

Proposition 49.1. (Countable Fundamental Group Proposition)
(1) Let X be a topological space and let x0 ∈ X. If X is second-countable and locally

simply connected, then π1(X, x0) is countable.
(2) If X is a topological manifold and if x0 ∈ X, then π1(X, x0) is countable.

Remark.

(1) In Proposition 96.7 and 104.15 we will give an alternative proof of the Countable
Fundamental Group Proposition 49.1 for smooth respectively topological manifolds.

(2) In Propositions 96.6, 104.14 and on page 2997 we will see that fundamental groups
of compact topological manifolds are in fact ��nitely generated�.

Proof. The second statement follows almost immediately from the �rst statement. Indeed,
�rst note that topological manifolds are by de�nition second-countable. Furthermore note
that in the Topological Manifolds-Local Properties Lemma 18.8 we showed that an n-
dimensional topological manifold is locally homeomorphic to non-empty convex subsets of
Rn. It follows immediately from the Convex Homotopy Lemma 14.1, or from the discussion
on page 1055, that non-empty convex subsets of Rn are simply connected. This shows that
topological manifolds are locally simply connected.

Now we turn to the proof of the �rst statement. Thus letX be a topological space that is
second-countable and locally simply connected. Furthermore let x0 ∈ X. Since X is locally
simply connected we know that for each x ∈ X there exists an open neighborhood Ux Ă X
of x that is simply connected. Since X is second-countable we know by the Countable
Covering Lemma 9.2 that there exists a countable subset I Ă X such that X =

⋃
i∈I
Ui. We

pick i0 ∈ I in the path-component of x0. By the Change-of-Base Point Proposition 47.10
it su�ces to show that π1(X, i0) is countable.

Claim 1. For each i, j ∈ I the intersection Ui ∩ Uj has only countably many path-com-
ponents, i.e. π0(Ui ∩ Uj) is countable.

Proof. Let {Wk}k∈K be the path-components of Ui ∩ Uj. For each k ∈ K we pick a
point zk. Since Ui and Uj are open we know that Ui ∩ Uj is also open. Since X is locally
simply connected we see that there exists a simply connected neighborhood Ck of zk with
Ck Ă Ui∩Uj. Recall that �simply connected� means in particular that Ck is path-connected.
Therefore it follows from the Path-Component Lemma 2.31 that Ck Ă Wk. Thus we see
that the open sets Ck, k ∈ K are disjoint. Now we obtain from our hypothesis that
X is second-countable, together with say the Countable Covering Lemma 9.2, that K is
countable. �
Let i, j ∈ I. Given any C ∈ π0(Ui ∩ Uj) we pick a point yC ∈ Ci,j. Since Ui and Uj are in
particular path-connected we can pick a path αC,i from i to yC and we can pick a path αC,j
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from j to yC . Note that it follows from Claim 1 together with the Countability Lemma 0.8
that the set

⋃
i∈I

⋃
j∈J
π0(Ui ∩ Uj) is countable. Thus it remains to prove the following claim.
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Claim 2. Every loop in i0 is path-homotopic to a composition of the paths αC,i and their
inverses.
Proof. Let γ : [0, 1]→ X be a loop in i0. We start out with a few preparations:
• Since the sets {Ui}i∈I form an open cover and since [0, 1] is compact we obtain easily
from the Lebesgue Corollary 6.6 that there exists an N ∈ N and i1, . . . , iN−1 ∈ I such
that for each k ∈ {0, . . . , N − 1} we have γ([ k

N
, k+1
N

]) Ă Uik .
• Given k ∈ {0, . . . , N−1} we de�ne γk to be the restriction of γ to the interval [ k

N
, k+1
N

].
• For k = 1, . . . , N − 1 we have γ( k

N
) ∈ Uik−1

∩ Uik . We denote by Ck the path-
component of Uik−1

∩ Uik that contains γ( k
N

). Since Ck is path-connected there exists
a path µk : [0, 1]→ Ck from γ( k

N
) to yCk .

Next we reuse some notation that we had introduced earlier on.
• Given a path δ : [a, b] → X we denote, as on page 1051, by [δ] the path-homotopy
class of δ.
• Given two paths δ : [a, b] → X and ε : [c, d] → X with δ(b) = ε(c) we denote by
δ ∗ ε : [0, 1]→ X the concatenation as de�ned on page 1052.
• Given a path δ : [0, 1]→ X we denote by δ : [0, 1]→ X the inverse path that is given
by δ(t) = δ(1− t).

Now we can provide the actual proof of the claim. By constantly using the Path-Homotopy
Concatenation Proposition 47.5 and Lemmas 47.4 we obtain that

[γ] = [γ0 ∗ γ1 ∗ . . . ∗ γN−1]
= [ γ0 ∗ µ1︸ ︷︷ ︸

same endpoints
as αC1,0

∗ µ1 ∗ γ1 ∗ µ2︸ ︷︷ ︸
same endpoints
as αC1,1 ∗ αC2,1

∗ µ2 ∗ . . . ∗ µN−1 ∗ µN−1 ∗ γN−1︸ ︷︷ ︸
same endpoints
as αCN−1,N

]

= [αC1,0 ∗ αC1,1 ∗ αC1,1 ∗ . . . ∗ αCN−1,N
]

↑
here we use Lemma 47.12 and that the Uik are simply connected

We have thus proved the desired statement. �

49.2. Manifold structures on coverings of manifolds. We recall the following de�ni-
tion from page 1067.

De�nition. Let p : X → B be a map between two topological spaces. We say the map
p : X → B is a covering, if it is surjective and if for every b ∈ B there exists an open neigh-
borhood U of b which is uniformly covered, i.e. p−1(U) is the union of disjoint open subsets
{Vi}i∈I with the property that the restriction of p to each subset Vi is a homeomorphism.
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In the context of smooth and complex manifolds it is appropriate to introduce the following
variation.
De�nition.
(1) Let p : X → B be a map between smooth manifolds. We say the map p : X → B

is a covering of smooth manifolds, if it is surjective and if for every b ∈ B there
exists an open neighborhood U of b such that p−1(U) is the union of disjoint open
subsets {Vi}i∈I with the property, that the restriction of p to each subset Vi is a
diffeomorphism.

(2) We have the analogous de�nition of a covering between complex manifolds, we just
need to replace �di�eomorphism� by �biholomorphism�.

Remark. Note that a covering map between smooth manifolds is in particular a local
di�eomorphism, which implies by the Smooth Pasting Proposition 19.23 that it is smooth.

Example. We consider the smooth manifold M = R and the map

R → R
x 7→ x3.

This map is a homeomorphism, in particular it is a 1-fold covering between topological
spaces. On the other hand this map is not a (local) di�eomorphism, hence it is not a
covering between smooth manifolds.

Proposition 49.2. (Manifold Covering Proposition) Let X be an n-dimensional
topological manifold and let p : X̃ → X be a covering.
(0) If X and X̃ are connected, then p : X̃ → X is a countable covering.509

Now suppose that p : X̃ → X is a countable covering.
(1) The covering space X̃ is also an n-dimensional topological manifold.
(2) (a) If X admits a smooth atlas, then X̃ admits a smooth atlas such that p : X̃ → X

is a covering of smooth manifolds.
(b) If X is equipped with a smooth structure510 then X̃ admits a unique smooth

structure such that p : X̃ → X is a covering of smooth manifolds.
(3) (a) Regardless of whether we work with smooth or topological manifolds we have

the equality ∂X̃ = p−1(∂X).
(b) If p : X̃ → X is a �nite covering and if X is a closed smooth or topological

manifold, then so is X̃.
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(4) If X is an oriented smooth manifold, then X̃ admits a unique orientation such that
p : X̃ → X is orientation-preserving.

(5) IfX is equipped with a complex structure, then X̃ admits a unique complex structure
such that p : X̃ → X is a covering of complex manifolds.

Convention. IfM is a smooth manifold, i.e. ifM is a topological manifold equipped with
a smooth structure, and if we are given a covering p : M̃ → M , then usually we equip
M̃ with the unique smooth structure given by the Manifold Covering Proposition 49.2
(2b). The same convention also applies to coverings of oriented smooth manifolds and to
coverings of complex manifolds.
In the proof of the Manifold Covering Proposition 49.2 we will need the following technical
lemma.

Auxiliary Lemma 49.3. Let p : X̃ → X be a countable covering of a topological spaceX.
If X is second-countable, then X̃ is also second-countable.

Proof of Lemma 49.3. Let p : X̃ → X be a countable covering of a topological space X.
Recall that we say U Ă X is uniformly covered, if p−1(U) is the union of disjoint open
subsets {Ũi}i∈I with the property that the restriction of p to each subset Ũi is a homeo-
morphism. If U is uniformly covered, then it follows from the remark on page 1067 that
every open subset of U is also uniformly covered.

Let B be a countable basis for the topology of X. We denote by U = {Uj}j∈J the
family of all open subsets of X that are uniformly covered. Since p is a covering we have⋃
j∈J
Uj = X. It follows from Lemma 1.30 that

B′ := {B ∈ B | there exists a j ∈ J with B Ă Uj}
is also a basis for the topology of X.

Now let B ∈ B′. Since open subsets of uniformly covered subsets are uniformly covered
we know that p−1(B) is the union of disjoint open sets Bi, i ∈ IB such that the restriction
of p to each Bi is a homeomorphism. Since p is a countable covering the index set IB is
countable.
Claim. B̃ := {Bi | B ∈ B′ and i ∈ IB}
is a basis for the topology of X̃.

Proof. It is straightforward to see that B̃ has the basis property. Every set in B̃ is of course
open in X̃. By Lemma 1.29 it su�ces to show that given any open set W of X̃ and any
point x ∈ W there exists a set Bi in B̃ with x ∈ B Ă W . So let x ∈ W . Since B′ is a basis
for the topology of X there exists a B ∈ B′ with p(x) ∈ B Ă p(W ). But then there exists
an i ∈ IB with x ∈ Bi Ă W . �

Since B′ is countable and since each IB is countable we know by the Countability
Lemma 0.8 that B̃ consists of countably many open sets. This shows that X̃ is second-
countable. �

509Recall that a covering p : X̃ → X of a connected space is called countable if the degree, i.e. the cardinality
of the preimage of a point in X, is countable.
510We refer to page 543 for the de�nition of a smooth structure on a smooth manifold.
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Proof of the Manifold Covering Proposition 49.2. Let X be an n-dimensional topo-
logical manifold and let p : X̃ → X be a covering.

(0) Suppose that X and X̃ are path-connected. If X is the empty set there is nothing to
show. If X is non-empty, we pick x0 ∈ X. Furthermore we pick x̃0 ∈ X̃ with p(x̃0) =
x0. By the Countable Fundamental Group Proposition 49.1 we know that π1(X, x0)

is countable. By Lemma 48.15 we know that [X̃ : X] = |π1(X, x0) : p∗(π1(X̃, x̃0))|.
It follows from the fact that π1(X, x0) is countable and the Countability Lemma 0.8
that [X̃ : X] is countable.

Now we assume that p : X̃ → X is a countable covering.

(1) First we note that it follows from the hypothesis that X is a topological manifold
that X is Hausdor�. It follows from Lemma 48.3 (3) that X̃ is also Hausdor�. Next
note that it follows from our hypothesis that X is a topological manifold and that p
is a countable covering, together with Lemma 49.3, that X̃ is second-countable.

Since p : X̃ → X is a covering there exists a family of open subsets {Ui}i∈I of X
such that each Ui is uniformly covered. Furthermore, since X is an n-dimensional
topological manifold there exists an atlas {Φj : Vj → Wj}j∈J for X. After possibly
replacing each Vj by the family {Vj ∩Ui}i∈I we can without loss of generality assume
that each Vj is uniformly covered. Thus for each j the preimage p−1(Vj) is the union
of disjoint open subsets {Ṽji}i∈Ij with the property, that the restriction of p to each
subset Ṽji is a homeomorphism. It is clear that {Φj ◦p : Ṽji → Wj | j ∈ J and i ∈ Ij}
is an n-dimensional atlas for X̃.

(2) (a) The transition maps of the atlas from (1) are precisely given by restrictions to
open subsets of the transition maps of the atlas {Φj : Vj → Wj}j∈J for X. Thus
if we start out with a smooth atlas for X, then the atlas we just constructed for
X̃ is also smooth.
Since p : X̃ → X is a covering we know that each x ∈ X admits an open neigh-
borhood U such that p−1(U) is the union of a family {Vi}i∈I of disjoint open
subsets such that each p : Vi → U is a homeomorphism. By the de�nition of
the smooth structure on X̃ these maps are now di�eomorphisms. We have thus
shown that p : X̃ → X is a covering of smooth manifolds.

(b) This statement follows immediately from (a), together with the rather straight-
forward Exercise 19.33.

(3) (a) Let X be a topological manifold. Since p : X̃ → X is a local homeomorphism we
obtain easily from Lemma 18.5 that ∂X̃ = p−1(∂X). If X is in fact a smooth
manifold, then the statement follows from the fact that now p : X̃ → X is a local
di�eomorphism together with Lemma 19.27.

(b) This statement follows from (a) together with Lemma 48.3.
(4) This statement follows immediately from the fact that p is a local di�eomorphism

together with the Basics-of-Orientations Lemma 25.13 (6).
(5) The proof of this statement is almost identical to the proof of (2). We leave it to the

reader to �ll in the details. �
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49.3. The orientation covering of a non-orientable smooth manifold. We saw that
many of our examples of non-orientable smooth manifolds admit a 2-fold covering such that
the covering space is an orientable smooth manifold:

Examples.

(1) By the discussion on page 1069 the projection p : S2 → RP2 = S2/{±1} is a 2-fold
covering. This shows that the real projective plane is covered by the sphere.

(2) On page 1070 we had considered the map

p :

annulus︷ ︸︸ ︷
(R× [−1, 1])/(x, y) ∼ (x+ 1, y) →

Möbius band︷ ︸︸ ︷
(R× [−1, 1])/(x, y) ∼ (x+ 1

2 , 1− y)
[(x, y)] → [(x, y)]

and we remarked that this is a 2-fold covering. Thus the non-orientable Möbius band
admits a 2-fold covering such that the covering space is orientable.
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(3) Almost the same map as in (2) also shows that there exists a 2-fold covering map
from the torus to the Klein bottle.

In this section we will see that every non-orientable smooth manifold admits a 2-fold cov-
ering such that the covering space is orientable. Furthermore we will see that this 2-fold
covering is in a suitable sense unique.
First let us introduce and recall some notation which we will use throughout this section.

Notation.
(1) Given an orientation O for a real vector space we denote by −O the unique other

orientation.
(2) Given an isomorphism ϕ : V → W between vector spaces and given an orientation
O on V we denote by ϕ(O) the corresponding orientation on W .

Proposition 49.4. Let M be a smooth manifold. We consider the set

M̃ = {(Q,O) | Q ∈M and O is an orientation of TQM}
together with the map p = pM : M̃ → M

(Q,O) 7→ Q.

(1) There exists a unique topology on M̃ such that pM : M̃ →M is a 2-fold covering.
(2) There exists a unique smooth structure on the topological space M̃ such that the

projection pM : M̃ →M is a covering of smooth manifolds.
(3) Let x̃ = (x,O) ∈ M̃ . By (2) the map p : M̃ → M is a local di�eomorphism, which

implies that Dpx̃ : Tx̃M̃ → TxM is an isomorphism. Now we equip Tx̃M̃ with the
orientation (Dpx̃)−1(O). These orientations of the tangent spaces of M̃ de�ne an
orientation of the smooth manifold M̃ .
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De�nition. Let M be a smooth manifold. The covering pM : M̃ → M from Proposi-
tion 49.4 is called the orientation covering of M . We always equip M̃ with the topology,
smooth structure and orientation from Proposition 49.4.

Remark. In the Orientation Covering-Proposition 105.15 we will prove an analogue of
Proposition 49.4 for topological manifolds.

Proof. Let M be an n-dimensional smooth manifold.
(1) Let Φ: U → V be a chart of the smooth atlas ofM and let ε ∈ {−,+}. We introduce

the following notation:
• We denote by i : U →M the inclusion map.
• For x ∈ V Ă Rn we denote by OV,x the standard orientation of TxV that we
introduced on page 677.

We set Bε(Φ) := {(Q, ε · (DiQ ◦ (DΦQ)−1)(OV,Φ(Q))︸ ︷︷ ︸
orientation of TQM

) | Q ∈ U} Ă M̃.

It is straightforward to show that the collection of these sets B±(Φ) satis�es the
basis properties (B1) and (B2) from page 132. Now we endow M̃ with the topology
generated by the sets B±(Φ).

Claim 1. The projection p : M̃ →M is continuous.

Proof. Note that for each chart Φ: U → V of M we have p−1(U) = B−(Φ) ∪B+(Φ).
This shows that p−1(U) is in fact an open subset of M̃ . Next note that it follows from
the Basis Characterization Lemma 1.32 that the domains of the charts for M have
the basis property for the topological space M . Combining these two observations
with the Subbasis-Continuity Proposition 2.9 we see that p is indeed continuous. �

Claim 2. The projection p : M̃ →M is a 2-fold covering.

Proof. Let Q ∈ M . We pick a chart Φ: U → V around Q such that U is connected.
Note that p−1(U) = B−(Φ) ∪ B+(Φ). It follows from the Basics-of-Orientations
Lemma 25.13 (1), applied to the connected smooth manifold U , that B−(Φ) and
B+(Φ) are disjoint. Evidently the maps p : B±(Φ)→ U are bijections.

Let ε ∈ {−,+}. Using Lemma 2.11 one sees easily that the map p : Bε(Φ) → U
is open. We already know that the map p : Bε(Φ) → U is continuous. Thus it
follows from the Open -Injective Map Lemma 2.16 that the map p : Bε(Φ)→ U is a
homeomorphism.

In summary we have shown that U is uniformly covered by the two open sets
B±(Φ). This implies that p is a 2-fold covering. �

Finally note that the uniqueness of the topological structure on M̃ with the
desired properties is an immediate consequence of the fairly elementary Exercise 2.3.

(2) This statement is an immediate consequence of (1) and the Manifold Covering Propo-
sition 49.2 (2).

(3) It follows immediately from the de�nition of the smooth structure on M̃ , see the
Manifold Covering Proposition 49.2 (2), that a smooth atlas for M̃ is given by the
maps Φ ◦ p : Bε(Φ)→ V , where Φ runs over all smooth charts Φ: U → V of M with
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U connected, and where ε ∈ {−,+}. By the Orientations-via-Atlas Lemma 25.8 it
su�ces to consider the continuity of the orientation with respect to the above atlas.
So let Φ: U → V be a chart of M such that U is connected and let ε ∈ {−,+}.
We denote by Φε = Φ ◦ p : B±(Φ) → V the corresponding chart of M̃ . But then by
construction we know that Φε is orientation-preserving for all points if ε = + and it
is orientation-reversing for all points if ε = −. �

The following proposition summarizes the key properties of the orientation coverings.

Proposition 49.5. (Orientation Covering-Proposition)
(1) Let f : M → N be a local di�eomorphism between smooth manifolds. The map

f̃ : M̃ → Ñ
(P,O) 7→ (f(P ),DfP (O)).
↑ ↑

orientation of TPM orientation of Tf(P )N

is the unique orientation-preserving local di�eomorphism M̃ → Ñ that has the
property that the following diagram commutes:511

M̃
pM
��

f̃
// Ñ

pN
��

M
f

// N.

(2) Let M be a connected smooth manifold.
(a) If M is oriented, then there exists a unique orientation-preserving di�eomor-

phism Θ: M̃ →M t −M such that the following diagram commutes:

M̃
Θ

∼=
//

pM %%

M t −M

q
ww

M

where q is the obvious map given by the identity on each component ofMt−M .
(b) If M is non-orientable, then M̃ is connected.

(3) Let M be a smooth manifold. The map

ΞM : M̃ → M̃
(Q,O) 7→ (Q,−O)

is the unique orientation-reversing self-di�eomorphism ΞM : M̃ → M̃ which has the
property that the following diagram commutes:

M̃
ΞM

∼=
//

pM %%

M̃

pMyy
M.

Furthermore, given a local di�eomorphism f : M → N we have f̃ ◦ ΞM = ΞN ◦ f̃ .



49. COVERINGS OF SMOOTH AND TOPOLOGICAL MANIFOLDS 1111

(4) Let M be a connected non-orientable smooth manifold. Suppose q : M̂ → M is a
2-fold covering of smooth manifolds such that M̂ is a connected orientable smooth
manifold. There exists a unique di�eomorphism Φ: M̃ → M̂ such that the following
diagram commutes:

M̃
Φ //

pM %%

M̂

q
yy

M.

If M̂ is oriented, then there exists a unique orientation-preserving di�eomorphism
Φ: M̃ → M̂ that makes the above diagram commute.

(5) Let M be a smooth manifold. We denote by ι : ∂M → M the inclusion. There
exists a unique natural di�eomorphism ∂M̃ → ∂̃M such that the following diagram
commutes:

∂̃M

ι̃

))

p∂M
��

// ∂M̃ �
�

// M̃
pM
��

∂M
ι // M.

Remark. In the Orientation Covering-Proposition 105.15 we will prove an analogue of the
Orientation Covering-Proposition 49.5 for topological manifolds.

Sketch of proof.

(1) It is clear that the following diagram commutes:

M̃
pM
��

=:f̃

(Q,O)7→(f(Q),DfQ(O))
// Ñ

pN
��

M
f

// N.

From the fact that pM , pN and f are local di�eomorphisms it follows easily that the
top map f̃ : M̃ → Ñ is also a local di�eomorphism. It follows immediately from the
de�nitions of the orientations on M̃ and Ñ that f̃ is indeed orientation-preserving.
The proof of the fact that f̃ is the unique map with the stated properties follows
easily from Lemma 48.4 (2).

(2) Let M be a connected smooth manifold.
(a) We suppose that M is oriented. One can easily verify that the map

Θ: M̃ → M t −M

(P,O) 7→
{
P ∈M, if O is a positive orientation,
P ∈ −M, if O is a negative orientation

is an orientation-preserving di�eomorphism Θ: M̃ → M t −M that has the
desired properties. Uniqueness can once again be deduced from Lemma 48.4 (2).

511We leave it to the reader to express this statement in categorical language.
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(b) Now we suppose that M is non-orientable. We need to show that M̃ is con-
nected. If M̃ was not connected, then M̃ would consist of at least two components
{M̃i}i∈I . Since M is connected it follows from Exercise 48.22 that the restriction
of each p : M̃ →M to pi : M̃i →M is also a covering of smooth manifold. Clearly
2 = [M̃ : M ] =

∑
i∈I

[M̃i : M ]. It follows that #I = 2 and that each pi : M̃i →M is
a covering of degree one, i.e. each pi is a di�eomorphism. But that is not possible
since M was assumed to be non-orientable whereas M̃i is orientable.

(3) It is straightforward to show that ΞM is a local di�eomorphism. It is basically clear
that it is orientation-preserving. The uniqueness follows easily from Lemma 48.4 (2).
Finally, if we are given given a local di�eomorphism f : M → N , then it follows
immediately from the de�nitions that we have f̃ ◦ ΞM = ΞN ◦ f̃ .

(4) LetM be a connected non-orientable smooth manifold. Suppose we are given a 2-fold
covering q : N →M of smooth manifolds where N is a connected orientable smooth
manifold and where q is a local di�eomorphism. Since q is a local di�eomorphism
we can consider the corresponding local di�eomorphism q̃ : Ñ → M̃ from (1) which
makes the following diagram commute

Ñ

pN

��

q̃

** M̃

pM
��

N q

++ M.

It follows easily from the fact that q, pM and pN are 2-fold coverings of smooth
manifolds that q̃ : Ñ → M̃ is also a 2-fold covering of smooth manifolds. From the
fact that N is connected and orientable together with (2) we obtain that Ñ consists
of two components Ñ1 and Ñ2. As in (2) we see that the restriction of pN to Ñ1

and the restriction of q̃ to Ñ2 are 1-fold coverings of smooth manifolds. In other
words pN : Ñ1 → N is in fact a di�eomorphism. One can now easily verify that
q̃ ◦ (pN |Ñ1

)−1 : N → M̃ has the desired properties.
If N is oriented, then, after possibly composing the di�eomorphism N → M̃ with

the orientation-reversing di�eomorphism Ξ: M̃ → M̃ from (3), we can arrange that
the di�eomorphism N → M̃ is orientation-preserving. Once again one can deduce
from Lemma 48.4 (2) that the orientation-preserving di�eomorphism Φ: N → M̃ ,
that commutes with the projections to M , is unique.

(5) We will not make use of this statement. Thus we have no qualms with delegating
the proof of this statement to Exercise 49.10. �

49.4. The orientation character. We start out with an elementary lemma in group
theory.
Lemma 49.6.
(1) Let π be a group. Any subgroup of index 2 is normal.
(2) If G is a group with two elements, then there exists a unique isomorphism G→ Z2.
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Proof. We outsource the proof to Exercise 49.1. �

Convention. Let G be a group with two elements. It follows from Lemma 49.6 (2) that
we can safely make the identi�cation G = Z2.

Proposition 49.7. LetM be a non-orientable connected smooth manifold and let x0 ∈M .
We denote by p : M̃ → M the orientation cover. Finally we pick a point x̃0 ∈ M̃ with
p(x̃0) = x0.

(1) The subgroup p∗(π1(M̃, x̃0)) Ă π1(M,x0) is a normal subgroup of index 2.
(2) There exists a unique isomorphism π1(M,x0)/p∗(π1(M̃, x̃0))→ Z2.
(3) The projection

wx0
1 : π1(M,x0) → π1(M,x0)/p∗(π1(M̃, x̃0)) = Z2

↑
see above convention

is an epimorphism that does not depend on the choice of x̃0.
(4) Let x1 ∈M be some other point and let γ : [0, 1]→M be a path from x0 to x1. We

denote by γ∗ : π1(M,x1) → π1(M,x0)
[ϕ] 7→ [γ ∗ ϕ ∗ γ]

the isomorphism that we introduced in the Change-of-Base Point Proposition 47.10.
The following diagram commutes:

π1(M,x1) w
x1
1

++γ∗

��
Z2.

π1(M,x0) w
x0
1

33

Proof. LetM be a non-orientable connected smooth manifold, let x0 ∈M and let x̃0 ∈ M̃
with p(x̃0) = x0.

(1) By Proposition 49.4 the orientation covering p : M̃ →M has degree 2. Furthermore,
sinceM is non-orientable we know by the Orientation Covering-Proposition 49.5 that
M̃ is connected Therefore it follows from Lemma 48.15 that p∗(π1(M̃)) is an index 2
subgroup of π1(M). By Lemma 49.6 (1) we know that every index 2 subgroup of a
group is normal. In particular p∗(π1(M̃)) is a normal subgroup of π1(M) of index 2.

(2) This statement is an immediate consequence of Lemma 49.6 (2).
(3) By the above it remains to show that the epimorphism wx0

1 does not depend on
the choice of x̃0. So let x̂0 be the unique other point in p−1(x0). By the Orienta-
tion Covering-Proposition 49.5 (3) there exists a homeomorphism Ξ: M̃ → M̃ with
Ξ(x̃0) = x̂0 and with p = p ◦ Ξ. We see that

since p = p ◦ Ξ functoriality of π1

↓ ↓
p∗(π1(M̃, x̃0)) = (p ◦ Ξ)∗(π1(M̃, x̃0)) = p∗(Ξ∗(π1(M̃, x̃0)))

= p∗(π1(M̃,Ξ(x̃0))) = p∗(π1(M̃, x̂0)).
↑ ↑

since Ξ homeomorphism and since π1 is functorial since Ξ(x̃0) = x̂0

(4) Let γ : [0, 1] → M be a path from x0 to x1. By Proposition 48.11 there exists a
unique lift γ̃ : [0, 1]→M of γ to the starting point x̃0. By the Change-of-Base Point
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Proposition 47.10 (5) the following diagram commutes:

π1(M̃, γ(1))

γ∗
��

p∗
// π1(M,x1)

γ∗

��

π1(M̃, x̃0)
p∗

// π1(M,x0).

But this implies immediately the promised statement. �

De�nition. Let M be a connected smooth manifold and let x0 ∈M .
(1) If M is non-orientable, then we refer to the epimorphism

w1 : π1(M,x0) → π1(M,x0)/p∗(π1(M̃, x̃0)) = Z2

from Proposition 49.7 as the orientation character of M .
(2) If M is orientable, then we de�ne the orientation character of M to be the trivial

homomorphism w1 : π1(M,x0)→ Z2.
It is worth formulating the following immediate corollary to Proposition 49.7.

Corollary 49.8. (Non-Orientable Z2-Epimorphism Corollary)
(1) If M is a non-orientable connected non-empty smooth manifold, then there exists

an epimorphism π1(M)→ Z2.
(2) Every simply connected smooth manifold is orientable.

De�nition. Let M be a connected smooth manifold and let γ : [0, 1] → M be a loop in
a point x0. We say γ is orientation-preserving if wx0

1 (γ) = 0 otherwise we say that γ is
orientation-reversing.

Remark. On page 881 we already introduced the notion of orientation-preserving and
orientation-reversing loops in a more restrictive setup. It follows immediately from Propo-
sition 49.10 below that the two de�nitions agree on the type of loops that are covered by
both de�nitions.

The following lemma gives a practical criterion for determining whether or not a loop is
orientation-preserving.

Lemma 49.9. LetM be a connected smooth manifold. As before we denote by p : M̃ →M
the orientation covering provided by Proposition 49.4. Let x0 ∈ M be a point and let
γ : [0, 1]→ M be a loop in x0. We pick x̃0 ∈ p−1(x0) and we denote by γ̃ : [0, 1]→ M̃ the
unique lift of γ, provided by Proposition 48.11, to the starting point x0. Then

γ is orientation-preserving ⇐⇒ γ̃(1) = γ̃(0)
γ is orientation-reversing ⇐⇒ γ̃(1) 6= γ̃(0).

Proof. This lemma follows immediately from Lemma 48.15. �

Example. Let M be the Möbius band and let M̃ be the annulus. We consider the 2-
fold covering p : M̃ → M that is de�ned on page 1070. Note that by the Orientation
Covering-Proposition 49.5 we know that this covering is just an incarnation of the orienta-
tion covering. We pick a point inM and we denote by γ a loop that goes �once aroundM �.
The lift of γ is not a loop, hence it follows from Lemma 49.9 that γ is orientation-reversing.
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The following proposition hopefully justi�es the names �orientation-preserving� and �orient-
ation-reversing� for loops.

Proposition 49.10. Let M be a smooth manifold, let γ : [0, 1] → M be a smooth loop
at a point x ∈ M and let N be a codimension-zero submanifold of M with x ∈ N \ ∂N .
We denote by k : N →M the inclusion map. Finally let F : N × [0, 1]→ M be a smooth
isotopy with F0 = k such that for each t ∈ [0, 1] we have Ft(x) = γ(t). Then512

(Dkx)−1 ◦D(F1)x : TxN → TxN is
orientation-preserving ⇐⇒ γ is orientation-preserving.
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F
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γ

M

F0 = k

x

F1

{x}×[0, 1]

N×[0, 1]

The proof of Proposition 49.10 rests squarely on the shoulders of the following rather
technical lemma.

Auxiliary Lemma 49.11. Let M be a smooth manifold. We denote by p : M̃ → M the
orientation cover. Let γ : [0, 1] → M be a smooth loop at some point x ∈ M and let N
be a codimension-zero submanifold of M with x ∈ N \ ∂N . We denote by k : N →M the
inclusion map. Let F : N × [0, 1] → M be a smooth isotopy with F0 = k such that for
each t ∈ [0, 1] we have Ft(x) = γ(t). We pick an orientation Ox of TxN and we denote by
γ̃ : [0, 1] → M̃ the unique lift of γ : [0, 1] → M to the starting point (x,D kx(Ox)). Then
for each t ∈ [0, 1] the map (Dpγ̃(t))

−1 ◦D(Ft)x : TxN → Tγ̃(t)M̃ is orientation-preserving.

Proof of Auxiliary Lemma 49.11. We consider the following two subsets of [0, 1]:

A := {t ∈ [0, 1] | (Dpγ̃(t))
−1 ◦D(Ft)x : TxN → Tγ̃(t)M̃ is orientation-preserving}

B := {t ∈ [0, 1] | (Dpγ̃(t))
−1 ◦D(Ft)x : TxN → Tγ̃(t)M̃ is orientation-reversing}.

512On page 674 we de�ned what it means for an automorphism of a �nite dimensional real vector space to
be orientation-preserving.
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We want to show that A = [0, 1]. By the choice of the lift γ̃ and since F0 = k we know that
0 ∈ A. By the Interval-Connectedness Proposition 2.22 we know that the interval [0, 1] is
connected. Thus it remains to show that A and B are both open subsets of [0, 1].

In the following we will show that A is open. The proof that B is open is basically the
same. Thus let t ∈ A. Since p : M̃ → M is a local di�eomorphism we can pick an open
neighborhood Ũ of γ̃(t) ∈ M̃ such that p(U) is an open neighborhood of γ(t) and such that
the projection p : Ũ → U := p(Ũ) is a di�eomorphism.

(1) We denote by q : U → Ũ the inverse of p : Ũ → U .
(2) We denote by j : U →M and j̃ : Ũ → M̃ the inclusion maps.
(3) We equip Ũ with the standard codimension-zero submanifold orientation from page 684.

In other words, we equip Ũ with the unique orientation such that for each y ∈ Ũ the
map Dj̃y : TyŨ → TyM̃ is orientation-preserving.

Since F : N × [0, 1]→ M is continuous and since U is an open subset of M we know that
F−1(U) is an open neighborhood of (x, t). Using the fact that x 6∈ ∂N we see that we can
pick a product neighborhood W × [a, b] of (x, t) with the following properties:

(1) We have (x, t) ∈ W × [a, b] Ă F−1(U).
(2) W Ă N \ ∂N is an open subset that is di�eomorphic to an open ball.
(3) [a, b] Ă [0, 1] is a neighborhood of t ∈ [0, 1].

Next we introduce a few more players:

•We denote by ι : W → N the inclusion map.
• Since W is di�eomorphic to an open ball we know that W is orientable. We equip it
with the unique orientation such that Dιx : TxW → TxN is orientation-preserving.
•We denote by F ′ : W × [a, b]→ U the restriction of F : N × [0, 1]→M to W × [a, b].
•We consider the map

F̃ ′ : W × [a, b] → Ũ
(w, s) 7→ q(F ′(w, s)) = (q ◦ F ′s)(w).

Since q is a di�eomorphism we see that F̃ ′ is a smooth isotopy.

Claim. For s ∈ [a, b] we have

the map DF̃ ′s : TxW → Tγ̃(s)Ũ is orientation-preserving ⇐⇒ s ∈ A.

Proof. To prove the claim we consider the following diagram:

Tγ̃(s)Ũ

Dpγ̃(s)

��

Dj̃γ̃(s)

**

Tγ̃(s)M̃

Dpγ̃(s)

��

TxW

Dιx ))

D(F̃ ′s)x

55

D(F ′s)x // TF ′s(x)U

DjF ′s(x) **

DqF ′s(x)

WW

TxN
D(Fs)x

// TFs(x)M.

(Dpγ̃(s))
−1

WW
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Note that the above diagram commutes by the functoriality of the di�erential and the fact
that F̃ ′s = q ◦ F ′s : W → Ũ , j ◦ F ′s = Fs ◦ ι, p ◦ j̃ = j ◦ p : Ũ → M and q = p−1 : Ũ → U . It
follows from the commutativity of the diagram that

Dj̃γ̃(s)︸ ︷︷ ︸
orientation-preserving
by de�nition of the
orientation on Ũ

◦ DF̃ ′s ◦ (Dιx)−1︸ ︷︷ ︸
orientation-preserving
by de�nition of the
orientation of TxW

= (Dpγ̃(s))
−1 ◦D(Fs)x︸ ︷︷ ︸

orientation-preserving
precisely if s ∈ A

: TxN → Tγ̃(t)M̃.

The claim follows immediately from this observation. �
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(x, t)
N × [0, 1]

U

Ũ

M
p

M̃

p−1(U)

W

q
F

F̃ ′

W × [a, b]

Now we can easily conclude the proof of the lemma.
(1) Since t ∈ A we obtain from the claim that F̃ ′t : W → Ũ is orientation-preserving at x.
(2) It follows from the Basics-of-Orientations Lemma 25.13 that F̃ ′t : W → Ũ is orientation-

preserving.
(3) It follows from the Smooth Isotopy-Orientation Proposition 34.2 that F̃ ′s : W → Ũ is

orientation-preserving for all s ∈ [a, b].
(4) It follows from (3) that the di�erential DF̃ ′s : TxW → Tγ̃(s)Ũ is orientation-preserving

for all s ∈ [a, b].
(5) It follows from (4) and the claim that [a, b] Ă A.
(6) Since [a, b] is a neighborhood of t ∈ [0, 1] we now deduce from the JH-Lemma 1.7

that A is indeed an open subset of [0, 1]. �

Proof of Proposition 49.10. Let M be a smooth manifold. Furthermore let γ : [0, 1]→
M be a smooth loop at a point x ∈M and let N be a codimension-zero submanifold of M
with x ∈ N \∂N . We denote by k : N →M the inclusion map. Finally let F : N × [0, 1]→
M be a smooth isotopy with F0 = k such that for each t ∈ [0, 1] we have Ft(x) = γ(t). We
set Φ = F1 : N →M and we set

ε :=

{
+1, if γ is orientation-preserving,
−1, if γ is orientation-reversing.

We need to show that

(Dkx)−1 ◦DΦx : TxN → TxN is orientation-preserving ⇐⇒ ε = 1.

We pick an orientation Ox of TxN and we denote by γ̃ : [0, 1] → M̃ the unique lift of
γ : [0, 1]→M to the starting point (x,D kx(Ox)). Now we see that

DΦx(Ox) = Dp(x,ε·Dkx(Ox)) ◦ (Dp(x,ε·Dkx(Ox)))
−1 ◦DΦx(Ox)

= Dp(x,ε·Dkx(Ox))(orientation of M̃ at (x, ε ·Dkx(Ox))) = ε ·Dkx(Ox).
↑ ↑

by Lemma 49.11 (1) applied to t = 1, by Proposition 49.4
note that γ(1) = (x, ε ·Dkx(Ox)) and Φ = F1
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But this is precisely what we needed to show. �

49.5. Orientation �ipping di�eotopies II. In this section we will give a new proof of the
Orientation-Flipping Proposition 37.4. Before we can restate and reprove said proposition
let us recall the following de�nition from page 822.

De�nition. Let X be a topological space. We say that a homotopy F : X × [0, 1] → X
has compact support if there exists a compact subset K Ă X such that F (x, t) = x for all
x 6∈ K and all t ∈ [0, 1].
Now we can recall the Orientation-Flipping Proposition 37.4.
Proposition 37.4. (Orientation-Flipping Proposition) Let M be a non-orientable
connected smooth manifold and let X, Y Ă M \ ∂M be two disjoint �nite subsets. There
exists a di�eotopy F : M × [0, 1]→M with the following properties:
(1) F0 = id.
(2) F has compact support.
(3) F is a di�eotopy rel ∂M ∪ Y .
(4) Φ := F1 is the identity on X ∪ Y .
(5) The map Φ := F1 has the following properties:

(a) For each x ∈ X the map DΦx : TxM → TxM is orientation-reversing.
(b) For each y ∈ Y the map DΦy : TyM → TyM is orientation-preserving.

Remark. Our �rst proof of the Orientation-Flipping Proposition 37.4 rested on the Isotopy
Extension Theorem 36.1. Our new proof only requires the existence of the orientation cover.
Our new proof also has the big advantage that it can be generalized to topological manifolds.
We refer to page 2342 for a few more details.

Our new proof of the Orientation-Flipping Proposition 37.4 is in many ways similar to the
previous proof. In particular it rests on elementary two auxiliary lemmas which we now
recall.
Auxiliary Lemma 37.5. Let X be a topological manifold, let A Ă X be a closed subset
and let F : X × [0, 1] → X be a homotopy rel A. If F has compact support, then there
exists an open neighborhood U of A such that F is a homotopy rel U .
Auxiliary Lemma 37.6. Let M be a smooth manifold and let U be an open subset of
M . Furthermore let G : U × [0, 1]→ U be a di�eotopy with compact support K. Then

G̃ : M × [0, 1] → M

(x, t) 7→
{
G(x, t), if x ∈ K,
x, if x 6∈ K

is a di�eotopy of M .
Again all the work for the proof of the Orientation-Flipping Proposition 37.4 is now done
in the proof of the following auxiliary lemma, which deals with the case that #X = 1.
Auxiliary Lemma 37.7. Let M be a connected non-orientable smooth manifold. Fur-
thermore let Y Ă M be a �nite set and let x ∈ M \ ∂M be a point with x 6∈ Y . There
exists a di�eotopy F : M × [0, 1]→M with the following properties:
(1) F0 = id.



49. COVERINGS OF SMOOTH AND TOPOLOGICAL MANIFOLDS 1119

(2) F has compact support.
(3) F is a di�eotopy rel ∂M ∪ Y .
(4) Φ := F1 is the identity on {x} ∪ Y .
(5) The map Φ := F1 has the following properties:

(a) The map DΦx : TxM → TxM is orientation-reversing.
(b) For each y ∈ Y the map DΦy : TyM → TyM is orientation-preserving.

Proof. New proof of Lemma 37.7] Let M be a connected non-orientable smooth manifold.
Note that by the Smooth 1-Dimensional Manifold Classi�cation Theorem 22.7 we know
that dim(M) ≥ 2. We denote by p : M̃ →M the orientation covering from page 1109. We
recall that by Propositions 49.4 and 49.5 this covering has the following properties:

(O1) The map p is a local di�eomorphism. In particular for each a ∈ M̃ the di�erential
Dpa : TaM̃ → Tp(a)M is an isomorphism.

(O2) Our hypothesis that M is non-orientable implies that M̃ is connected.
Now let Y Ă M be a �nite set and let x ∈M \ ∂M with x 6∈ Y .
(a) We pick an orientation Ox for TxM .
(b) We set W := M \ Y and W̃ := p−1(M \ Y ). Since Y is �nite we see that Y and

p−1(Y ) are closed subsets. It follows from Lemmas 19.19 and 19.20 that W and W̃
are smooth manifolds with ∂W = ∂M and ∂W̃ = ∂M̃ .

(c) Since p−1(Y ) is a �nite set and since dim(W̃ ) = dim(M̃) = dim(M) ≥ 2 we know by
the elementary Exercise 18.16 that W̃ is also path-connected.

(d) It follows from the Smooth Path-Connectivity Proposition 19.29 together with the
Push Away From Boundary Lemma 18.13 that there exists in fact a smooth path
γ̃ : [0, 1]→ W̃ \ ∂W̃ from (x,Ox) to (x,−Ox).

By the Isotopy Extension Theorem 36.1 there exists a di�eotopy F : W × [0, 1]→ W with
the following properties:
(0) For each t ∈ [0, 1] we have Ft(x) = (p ◦ γ̃)(t).
(1) F0 = id.
(2) F has compact support.
(3) F is a di�eotopy rel ∂W .

Note that it follows from (2), together with Lemma 37.6, that we can extend F to a
di�eotopy F : M × [0, 1]→M rel Y on all of M by setting F (x, t) = x for x 6∈ W . Finally
we set Φ := F1 : M →M .

By design F has properties (1), (2) and (3). Furthermore note that by Lemma 37.5 we
know that F is actually a di�eotopy rel an open neighborhood of Y . This implies that for
each y ∈ Y we have DΦy = idTyM . Thus (5b) is also satis�ed. Since (p ◦ γ̃)(1) = x we also
see that Φ(x) = x. Together with the above discussion this shows that Φ is the identity on
{x} ∪ Y . We thus veri�ed that (4) holds.

It remains to show that (5a) holds. This statement is fortunately taken care of by
Proposition 49.10. Indeed, we just need to apply Proposition 49.10 to N = M and the
smooth loop p ◦ γ̃ : [0, 1]→M , which is orientation-reversing by Lemma 49.9. �

Proof. New proof of the Orientation-Flipping Proposition 37.4] Let x1, . . . , xk be the ele-
ments of X. It follows from the ever useful Smooth Isotopy Transitivity Proposition 33.3
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that it su�ces to �ip the signs of the points x1, . . . , xk one-by-one. But this can be
done by applying Lemma 37.7 altogether k times, namely to the points xi and the sets
Yi := Y ∪ {x1, . . . , x̂i, . . . , xk}. �

Exercises for Chapter 49.

Exercise 49.1.

(a) Let π be a group. Show that every index 2 subgroup of π is normal.
(b) Give an example of a group π together with a subgroup of index 3 that is not normal

in π.
(c) Show that if G is a group with two elements, then there exists a unique isomorphism

G→ Z2.
(d) What is the smallest n ∈ N such that there exists a group with n elements which

does not admit a unique isomorphism G→ Zn?
(e) What is the smallest n ∈ N such that there exists a group G with n elements which

does not admit an isomorphism G→ Zn?

Exercise 49.2. Let f : S1 → S1 be a map with f(1) = 1. We denote by p : R → S1 the
covering that is given by t 7→ exp( it).

(a) Show that there exists a unique map f̃ : R→ R with f(0) = 0 such that the following
diagram commutes:

R
p
��

f̃
// R

p
��

S1 f
// S1.

(b) Suppose that f is a di�eomorphism. Show that the map f̃ from (a) is also a di�eo-
morphism.

Exercise 49.3. Let f : M → N be a smooth map between two smooth manifolds. We
assume that f is a covering of topological spaces and we assume that f is a local di�eo-
morphism. Does it follow that f is a covering of smooth manifolds?

Exercise 49.4.

(a) We consider the following commutative diagram

M̃
f̃

//

p
��

Ñ
q
��

M
f

// N

of maps between smooth manifolds M̃ , M , Ñ and N . We assume that p and q are
covering maps of smooth manifolds and we assume that p and q have the same �nite
degree. Show that f is a di�eomorphism if and only if f̃ is a di�eomorphism.

(b) Let M and N be smooth manifolds and let f : M → N be a di�eomorphism. We
denote by p : M̃ →M and q : M̃ →M the orientation coverings of M and N . Show
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that there exists an orientation-preserving di�eomorphism f̃ : M̃ → Ñ such that the
following diagram commutes:

M̃
p
��

f̃
// Ñ

q
��

M
f

// N.

Exercise 49.5. Let K be the Klein bottle and let x ∈ K. Describe an explicit self-
di�eomorphism f : K → K with f(x) = x such that Dfx : TKx → TKx is orientation-
preserving.

Exercise 49.6. Let p : T → K be the 2-fold covering of the Klein bottle by the torus that
we discussed on page 1070. Give an example of a smooth map f : K → K such that there
is no map f̃ : T → T which makes the following diagram commute:

T
p
��

f̃
// T

p
��

K
f

// K.

Remark. This exercise shows that not every self-map of a smooth manifold gives rise to a
self-map of its orientation cover.

Exercise 49.7. Let M be an oriented n-dimensional smooth manifold, let N be a non-
orientable connected n-dimensional smooth manifold and let f : M → N be a smooth em-
bedding. We denote by p : Ñ → N the orientation-covering from the Orientation Covering-
Proposition 49.5. Show that there exists an orientation-preserving smooth embedding
g : M → Ñ with p ◦ g = f .

Exercise 49.8. Let f : M → N be an immersion between two smooth manifolds without
boundary and of the same dimension.
(a) We suppose that M and N are compact, non-empty and connected. Show that f is

a covering map.
Hint. Use the Inverse Mapping Theorem 24.1.

(b) Does the conclusion of (a) still hold if instead we only assume that M and N are
connected and that f is surjective?

Exercise 49.9. Let M and M̃ be closed oriented connected non-empty smooth manifolds
and let p : M̃ →M be a �nite covering. We denote by deg(p) ∈ Z the degree as de�ned on
page 899. Show that deg(p) = [M̃ : M ].

Exercise 49.10. Let M be a smooth manifold. We denote by ι : ∂M → M the inclusion.
Show that there exists a unique natural di�eomorphism ∂M̃ → ∂̃M such that the following
diagram commutes:

∂̃M

ι̃

))

p∂M
��

// ∂M̃ �
�

// M̃
pM
��

∂M
ι // M.
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Exercise 49.11. Let k ∈ N. On page 266 we introduced the non-orientable surface Nk of
genus k. The orientation cover of Nk is di�eomorphic to a surface of some genus g. Try to
determine g in terms of k.

Exercise 49.12. Let M be a smooth manifold and let p : M̃ → M be the orientation
covering. Show that

# boundary components of M̃ = # non-orientable boundary components of M
+2 ·# orientable boundary components of M.

Exercise 49.13. Let M and N be two connected smooth manifolds, let f : M → N be a
local di�eomorphism and �nally let x0 ∈M . We denote by wx0

1 (M) ∈ Hom(π1(M,x0),Z2)

and w
f(x0)
1 (N) ∈ Hom(π1(N, f(x0)),Z2) the corresponding orientation characters. Show

that

wx0
1 (M) = w

f(x0)
1 (N) ◦ (f∗ : π1(M,x0)→ π1(N, f(x0))) ∈ Hom(π1(M,x0)→ Z2).
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50. Homotopies and fundamental groups

In this chapter we will see that homotopy equivalent topological spaces have isomorphic
fundamental groups. In some instances this fact will allow us to reduce the calculation of
fundamental groups to some of our earlier calculations.

50.1. Closed oriented curves and fundamental groups. The following de�nition gets
used frequently throughout the notes.

De�nition. Let M be a smooth manifold. A closed (oriented) curve in M is a closed
(oriented) connected 1-dimensional submanifold either of ∂M or of M .
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closed oriented curves in M

manifold M

Convention. Often we just write �curve� instead of �closed curve�.

Remark.
(1) Note that the boundary ∂M a smooth manifold M is not a submanifold of M . In

particular, if M is a 2-dimensional smooth manifold and C is a closed boundary
component, then C is not a submanifold of M , but it is a closed curve in M in the
above sense.

(2) On occasions, when we deal with explicit examples, we will use gentle generalizations
of the above notion of a closed oriented curve, which in practice should not cause
any confusion.

Closed (oriented) curves in a given smooth manifold M have the nice feature that they are
easy to draw. But strictly speaking they do not represent elements in π1(M) since elements
in π1(M) are represented by maps S1 → M and not just the images of such maps. Thus
we need to clarify the connection between curves and homotopy classes of maps.

The key to this issue is the following lemma, which is also of independent interest.

Lemma 50.1.
(1) Let f : [0, 1]→ [0, 1] be a self-homeomorphism.513

(a) If f is monotonously increasing, then f is isotopic to the map f(x) = x.
(b) If f is monotonously decreasing, then f is isotopic to the map f(x) = −x.

(2) Every self-homeomorphism of S1 is isotopic to the map f(z) = z or to the map
g(z) = z.

(3) Let f : S1 → S1 be a di�eomorphism. If f is orientation-preserving, then f is
di�eotopic to the identity, otherwise f is di�eotopic to the re�ection r : S1 → S1

given by (x, y) 7→ (x,−y).

Proof. We proved Statements (1) and (2) in Exercise 14.7 or alternatively in Exercise 48.24.
We proved Statement (3) in the Di�eotopies-of-S1-Classi�cation Proposition 34.5. The

513It is an elementary real analysis exercise to show that every self-homeomorphism f : [0, 1] → [0, 1] is
either monotonously increasing or monotonously decreasing.
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proof of the Di�eotopies-of-S1-Classi�cation Proposition 34.5 can also be modi�ed easily
to take care of Statement (2). �

Corollary 50.2. Let M be a smooth manifold and let C Ă M be a closed oriented
curve in M . Furthermore let x0 ∈ C. For any two orientation-preserving di�eomorphisms
α, β : S1 → C with α(1) = β(1) = x0 we have [α] = [β] ∈ π1(M,x0).

Proof. It is fairly straightforward to prove the corollary using Lemmas 50.1 (1) and 47.3.
We leave the task of �lling in the details to the reader. �

Convention. Let M be a smooth manifold and let C Ă M be a closed oriented curve in
M . Throughout these notes we use that Corollary 50.2 allows us to view C unambiguously
as an element in π1(M,x0) for any base point x0 ∈ C.

50.2. The fundamental groups of homotopy equivalent topological spaces. Now
we will see that homotopy equivalent topological spaces have isomorphic fundamental
groups. On numerous occasions this fact will often greatly simplify the calculation of
fundamental groups.

Proposition 50.3. (Homotopy-π1-Proposition)
(1) Let f, g : X → Y be two maps between topological spaces and let x0 ∈ X. If f and

g are homotopic, then there exists a path α : [0, 1] → Y from f(x0) to g(x0) such
that the following diagram commutes:

π1(Y, g(x0))

α∗ [s] 7→ [α∗s∗α]

��

π1(X, x0)

g∗ 22

f∗
,,

π1(Y, f(x0)).

Here the vertical map is the isomorphism given by the Change-of-Base Point Propo-
sition 47.10. In particular

f∗ : π1(X, x0)→ π1(Y, f(x0))
is an isomorphism ⇐⇒ g∗ : π1(X, x0)→ π1(Y, g(x0))

is an isomorphism.

The analogous statement holds if we replace �isomorphism� by �epimorphism� or
�monomorphism�. Furthermore, the following two re�nements hold:
(a) If f and g are homotopic rel x0, then f∗ = g∗.514

(b) If f(x0) = g(x0) and if the maps f and g are homotopic, then there exists an
α ∈ π1(Y, f(x0)) such that f∗(z) = α · g∗(z) · α−1 for every z ∈ π1(X, x0).

(2) Let f : X → Y be a map between topological spaces and let x0 ∈ X. If f is a
homotopy equivalence, then the induced map

f∗ : π1(X, x0) → π1(Y, f(x0))

is an isomorphism.
(3) If X is contractible topological space, then for any x0 ∈ X we have π1(X, x0) = 0.

514This statement can be viewed as a special case of Lemma 14.6.
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Example. For any n ≥ 2 and any Q ∈ Rn we have

by the Deformation Retract-Homotopy Equivalence Lemma 15.5, Exercise 15.13 and the
Homotopy-π1-Proposition 50.3 (2)

↓
π1(Rn \ {Q}) ∼= π1(Rn \ {0}) ∼= π1(Sn−1) ∼=

{
Z, if n = 2,
0, if n ≥ 3.↑ ↑

since Rn \ {Q} is homeomorphic to Rn \ {0} by Corollary 48.18 and the
Sphere-π1-Proposition 47.13

Proof.
(1) Let f, g : X → Y be two maps between topological spaces and let x0 ∈ X. Let

H : X × [0, 1]→ Y be a homotopy between f and g. We denote by

α : [0, 1] → Y
t 7→ H(x0, t)

the path with which the homotopy H connects the points H(x0, 0) = f(x0) and
H(x0, 1) = g(x0).
Claim. The maps

f∗ : π1(X, x0) → π1(Y, f(x0))
[s] 7→ [f ◦ s] and

π1(X, x0) → π1(Y, f(x0))
[s] 7→ [α ∗ (g ◦ s) ∗ α]

are identical.
Proof. Let s : [0, 1]→ X be a loop in (X, x0). We need to show that the loops f ◦ s
and α ∗ (g ◦ s) ∗ α are path-homotopic. We consider the map

G : [0, 1]× [0, 1] → X

(r, t) 7→


α(4r), if r ∈

[
0, 1

4
t
]
,

H

(
s

(
r − 1

4 t

1− 1
2 t

)
, 1− t

)
, if r ∈ (1

4
t, 1− 1

4
t),

α(4r − 3), if r ∈
[
1− 1

4
t, 1
]
.

Using the Homotopy Stacking Lemma 14.3 it is straightforward to verify that G is
indeed a continuous map. Furthermore it follows easily from the de�nition that the
map G satis�es

G(0, t) = G(1, t) = f(x0) for all t ∈ [0, 1]

and that it satis�es

G(r, 0) = (f ◦ s)(r) and G(r, 1) = (α ∗ (g ◦ s) ∗ α)(r) for all r ∈ [0, 1].

This observation shows that G is in fact a path-homotopy between the loops f ◦ s
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g ◦ sα α

H ◦ s
G

f ◦ s

X
Y

f(x0)

g(x0)

α

f

g

x0
s
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and α ∗ (g ◦ s) ∗ α515 in (Y, f(x0)). �
As in the statement of the proposition we consider the following diagram:

π1(Y, g(x0))

α∗ [s] 7→ [α∗s∗α]

��

π1(X, x0)

g∗ 22

f∗
,,

π1(Y, f(x0)).

We make the following observations:
(a) It follows from the claim that the diagram commutes.
(b) By the Change-of-Base Point Proposition 47.10 we know that the vertical map

is an isomorphism.
(c) It follows from (a) and (b) that f∗ is an isomorphism if and only if g∗ is an

isomorphism.
(d) Now suppose that f and g are homotopic rel x0. By de�nition this means that

there exists a homotopy H with H(x0, t) = f(x0) for all t ∈ [0, 1]. In other words,
α(t) := H(x0, t) is a constant path. It follows from the above that f∗ = g∗.

(e) If f(x0) = g(x0), then α is a loop in (Y, f(x0)), i.e. it de�nes an element in
π1(Y, y0). Thus we have [α ∗ (g ◦ s) ∗ α] = [α] · g∗(s) ◦ [α]−1. By the above
commutative diagram we obtain the desired equality.

The analogous statement holds if we replace �isomorphism� by �epimorphism� or
�monomorphism�.

(2) Let f : X → Y be a map between topological spaces which is a homotopy equivalence.
Let x0 ∈ X be a point. We pick a homotopy inverse g : Y → X of f . According to
our hypothesis we have g ◦ f ' idX and f ◦ g ' idY . It follows from (1) and the
functoriality of fundamental groups that g∗ ◦ f∗ is an isomorphism of π1(X, x0) and
that f∗ ◦ g∗ is an isomorphism of π1(Y, f(x0)). Thus it remains to prove the following
purely group theoretic claim.
Claim. Let α : A→ B and β : B → A be group homomorphisms. If α ◦ β and β ◦ α
are isomorphisms, then α is an isomorphism.

Proof. First note that the fact that β ◦ α : A → A is an isomorphism implies that
α is a monomorphism. Furthermore, the fact that α ◦ β : B → B is an isomorphism
implies that α is an epimorphism. Thus we have shown that α is a monomorphism
and an epimorphism, therefore it is an isomorphism. �

(3) This statement is just a frequently used special case of the second statement. �

In Lemma 2.26 we already saw that the topological spaces R and R2 are not homeomorphic.
Now we can prove a similar statement in one dimension higher.

Lemma 50.4. The topological spaces R2 and R3 are not homeomorphic.
Unfortunately we are still not able to settle the question whether for k 6= l ≥ 3 the
topological spaces Rk and Rl can be homeomorphic. Before we can settle this question we
will have to develop a completely new set of tools.

515To be precise, G is a homotopy between f ◦ s and a suitable parametrization of α ∗ (g ◦ s) ∗ α.
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Proof. Let us suppose that there exists a homeomorphism f : R2 → R3. Let P ∈ R2 be
a point. We put Q := f(P ). Then f restricts to a homeomorphism from R2 \ {P} to
R3 \ {Q}. But then we obtain that

Z ∼= π1(R2 \ {P}) ∼= π1(R3 \ {Q}) = 0.
↑ ↑ ↑

page 1125 since f is a homeomorphism page 1125

Thus we obtained a contradiction. �

50.3. The fundamental group of mapping tori. Let X be a topological space and let
f : X → X be a map. On page 467 we introduced the corresponding mapping torus

Tor(X, f) := (X × [0, 1]) /∼ where (x, 0) ∼ (f(x), 1) for all x ∈ X.

Our goal in this section is to determine the fundamental groups of mapping tori. Before
we can do so we need to introduce a new concept from group theory.

De�nition. Let N be a group, let k ∈ N0 and let ϕ : N → N be an isomorphism such
that ϕk = id.516 We de�ne the semidirect product of N and Zk with respect to ϕ as the
group N oϕ Zk where the underlying set is given by the direct product N × Zk,517 but
where the group multiplication518 is given by

(h,m) · (h′,m′) := (h · ϕm(h′),m+m′).

If ϕ is understood from the context, then we drop it from the notation, i.e. we write NoZk
instead of N oϕ Zk. If ϕ 6= id, then we say that the semidirect product as non-trivial.

Examples.

(1) Let N be a group and ϕ = idN , then N oid Z = N × Z is the direct product of N
and Z.

(2) Let G = Z2 and let N = Zn for some n ∈ N0. We denote by ϕ : Zn → Zn the
isomorphism that is given by multiplication by −1. Clearly this isomorphism satis�es
ϕ2 = id, thus we can form the semidirect product Zn oϕ Z2, which is called the n-th
dihedral group Dn. It has 2n elements. As an example, the third dihedral group D3

is isomorphic to the permutation group S3 via the isomorphism 519

Ψ: Z3 o Z2 → S3

(h,m) 7→ (1 2 3)h · (1 2)m.

516Note that this condition is automatically satis�ed if k = 0, i.e. for any isomorphism ϕ of any group we
always have ϕ0 = id.
517In particular, if N is �nite and k ∈ N, then the cardinality of N o Zk is given by |N | · k.
518It is an elementary argument to show that N oϕ Zk with the given multiplication is indeed a group.
519First note that a straightforward calculation shows that (1 2)−1 · (1 2 3) · (1 2) = (1 3 2) = (1 2 3)−1. This
implies that also for any m ∈ Z2 and s ∈ Z we have (1 2)−m · (1 2 3)s · (1 2)m = (1 2 3)s(−1)m . Now for any
(h,m), (h′,m′) ∈ Zn oϕ Z2 we have

Ψ(h,m)Ψ(h′,m′) = (1 2 3)h · (1 2)m ·(1 2 3)h
′ ·(1 2)m

′
= (1 2 3)h ·(1 2)m ·(1 2)−m ·(1 2 3)(−1)mh′ ·(1 2)m ·(1 2)m

′

= (1 2 3)h+(−1)mh′ · (1 2)m+m′ = Ψ(h+ (−1)mh′,m+m′) = Ψ((h,m) · (h′,m′)).
We have thus shown that Ψ is a homomorphism.
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Remark. In Exercise 50.16 we will see that N = {(h, 0) | h ∈ N} Ă N o Zk is a normal
subgroup of N oZk. Put di�erently, we have N /N oZk. This is the reason for the symbol
�o� in the notation of the semidirect product.

We have the following elementary lemma.

Lemma 50.5. (Semidirect Product Lemma) Let G be a group and let γ : G→ Z be
an epimorphism. We pick an element t ∈ G with γ(t) = 1 and we write N := ker(γ). We
denote by ϕ the isomorphism

ϕ : N → N
h 7→ tht−1.

Then the map520 Ψ: G → N oϕ Z
g 7→

(
gt−γ(g), γ(g)

)
is an isomorphism of groups.

Proof. It is straightforward to verify that Ψ is injective and surjective. It remains to show
that Ψ is a homomorphism: given g, h ∈ G we have indeed

Ψ(g · h) = (ght−γ(gh), γ(gh)) = (gt−γ(g) · tγ(g) · ht−γ(h) · t−γ(g)︸ ︷︷ ︸
=ϕγ(g)(ht−γ(h))

, γ(g) + γ(h))

= (gt−γ(g), γ(g)) · (ht−γ(h), γ(h)) = Ψ(g) ·Ψ(h). �

The following proposition shows that the fundamental group of a mapping torus Tor(X, f)
is isomorphic to a semidirect product of π1(X) with Z.
Proposition 50.6. (Mapping Torus-π1-Proposition) Let X be some non-empty path-
connected topological space and furthermore let f : X → X be some homeomorphism.
Then there exists an isomorphism ψ : π1(Tor(X, f)) ∼= π1(X) o Z such that the following
diagram commutes

π1(X) //

��

π1(Tor(X, f))

ψ∼=
��

// π1(S1)
∼=
��

π1(X) // π1(X) o Z // Z.

Here the top-left horizontal map is induced by the inclusion X = X × {0} → Tor(X, f)
and the top-right horizontal map is induced by the natural projection Tor(X, f) → S1.
The bottom-left horizontal map is given by the natural inclusion into the �rst term of the
semidirect product and the bottom-right horizontal map is given by the projection onto
the second term of the semidirect product.521

Proof. Note that Fundamental Group-via-Actions Theorem 48.16 (2) and
Semidirect Product Lemma 50.5

↓
π1(Tor(X, f)) = π1((X × R)/Zf ) ∼= π1(X × R) o Z ∼= π1(X) o Z.

↑ ↑
Mapping Torus-of-Homeomorphism Lemma 16.28 Homotopy-π1-Proposition 50.3

520Note that γ(gt−γ(g)) = γ(g) + γ(t)(−γ(g)) = 0, i.e. gt−γ(g) does indeed lie in N = ker(γ).
521Note that both maps on the bottom are group homomorphisms.
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Thus we have obtained an isomorphism ψ : π1(Tor(X, f))
∼=−→ π1(X) o Z. We leave the

veri�cation that the given diagram commutes to the reader. �

Remark. A careful reading of the proof of the proposition shows that we can identify
the automorphism in the semidirect product. More precisely, let X be a path-connected
topological space and let f : X → X be a homeomorphism. Let x be a base point and let
γ be a path from f(x) to x. We denote by ϕ the automorphism of π1(X, x) that is given
by

π1(X, x)
f∗

//

=:ϕ

44
π1(X, f(x))

∼=
Prop. 47.10

// π1(X, x).

Then π1(Tor(X, f)) ∼= π1(X, x) oϕ Z.
We conclude this section with a discussion of several examples.

Examples.
(1) Let K = Tor(S1, f(z) := z) be the Klein bottle. Then the automorphism f∗ =: ϕ of

π1(S1) = Z is multiplication by −1. It follows from the previous remark522 that

π1(Klein bottle) ∼= Z oϕ Z.
(2) Let A ∈ GL(n,Z) be a matrix. Recall that in Exercise 48.18 we showed that

the map f(A) : Rn/Zn → Rn/Zn given by [v] 7→ [Av] is a homeomorphism. Fur-
thermore we know that, under the usual identi�cation π1(Rn/Zn, 0) = Zn as in
the Fundamental Group-via-Actions Theorem 48.16, the induced map f(A)∗ on
π1(Rn/Zn, 0) = Zn is given by multiplication by A. It follows from the above remark
that π1(Tor(Rn/Zn, f(A))) ∼= ZnoAZ. Note that this implies that π1(Tor(Rn/Zn, f(A)))
is solvable.523

(3) Let X be a connected topological space. We calculate that

π1(X×S1) = π1(Tor(X, idX)) ∼= π1(X) oid Z = π1(X)×Z = π1(X)×π1(S1).
↑ ↑

Mapping Torus-of-id-Lemma 16.24 by the above remark

So in this special case we obtain the same result as in the Fundamental Group-of-
Product Proposition 48.20.

50.4. The boundary of 2-dimensional topological manifolds. The goal of this section
is to prove the subtle statement that the boundary of a 2-dimensional topological manifold
is what you think it should be. To make sense of this it is perhaps worth reminding us of
the de�nitions from page 511.

522On page 1222 we saw that π1(K) ∼= 〈x, y | yxyx−1〉. What is an explicit isomorphism between the groups
〈x, y | yxyx−1〉 and Z oϕ Z?
523Recall that a group G is solvable if there exist subgroups G0 = {1} Ă G1 Ă G2 Ă · · · Ă Gk = G such
that for i = 0, . . . , k− 1 the group Gi is normal in Gi+1 and such that Gi+1/Gi is abelian. In our case the
�ltration is given by {0} Ă Zn Ă Zn oA Z.
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De�nition. Let F be an n-dimensional topological manifold.
(a) An n-dimensional chart for F at a point x ∈ X is a homeomorphism Φ: U → V

where U is an open neighborhood of x and V is one of the following:
(i) V is an open subset of Rn or
(ii) V is an open subset of the upper half-space H := {(x1, . . . , xn) ∈ Rn | xn ≥ 0}

and Φ(x) lies on ∂H = {(x1, . . . , xn) ∈ Rn | xn = 0}.
In the former case we say that Φ is a chart of type (i) in the latter case we say that
Φ is a chart of type (ii).

(b) We say that a point x on a topological manifold is a boundary point if x does not
admit a chart of type (i). We denote by ∂X the set of all boundary points of X.

Proposition 50.7. Let F be an 2-dimensional topological manifold. The following state-
ments hold:
(1) Every point on F admits either a chart of type (i) or it admits a chart of type (ii).
(2) If F is equipped with a smooth atlas, i.e. if we view F as a smooth manifold, then

the boundary of F as a topological manifold agrees with the boundary of F viewed
as a topological manifold.

(3) The boundary ∂F is an 1-dimensional topological manifold with empty boundary,
i.e. we have ∂(∂F ) = ∅.

Remark. It might come as a surprise that we do not yet know the statement of the
proposition. In fact in the Smooth Manifold Boundary Proposition 19.26 we saw that the
boundary of any n-dimensional smooth manifold is an (n−1)-dimensional smooth manifold.
But we did not show the corresponding statement for topological manifolds. In fact at
the moment we can prove the statement only for topological manifolds of dimension two.
We will deal with the case of higher-dimensional topological manifolds in the Topological
Manifold Boundary Proposition 75.2 once we introduced and studied homology groups.

Example. In the �gure below we show once again the Möbius band M and the annulus
A. Proposition 50.7, together with the Smooth Manifold Boundary Proposition 19.26, says
that the boundary of the Möbius band M and the annulus A, as a topological manifold, is
exactly what we think it should be. In particular we see that ∂M consists of one component
whereas ∂A consists of two components. Since homeomorphisms of topological manifolds
induced homeomorphisms of their boundaries and since ∂M is not homeomorphic to ∂A
we see that the Möbius band M is not homeomorphic to the annulus A.
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annulus A

these points admit a chart of type (ii)

not homeomorphic

Möbius band M these points admit a chart of type (i)

The key ingredient in the proof of Proposition 50.7 is the following lemma.

Lemma 50.8. Let H = {(x, y) ∈ R2 | y ≥ 0} be the upper half-space in R2. If V is an
open subset of H with V ∩∂H 6= ∅, then V is not homeomorphic to an open subset of R2.
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H
cannot be homeomorphic

V

Proof. Let V be an open subset of the upper half-space H which contains at least one
point Q ∈ ∂H = {(x, 0) | x ∈ R}. Furthermore let U be an open subset of R2. Suppose
there exists a homeomorphism Φ: U → V . We write Ψ := Φ−1 and we write P = Ψ(Q).

Since U is open in R2 we can pick a σ > 0 with Bσ(P ) Ă U . Furthermore, since V
is open in H and since Ψ is continuous there exists an ε > 0 with Bε(Q) ∩ H Ă V and
with Ψ(Bε(Q)) Ă Bσ(P ). Finally, by the continuity of Φ there exists an η > 0 with
Φ(Bη(P )) Ă Bε(Q)). We refer to the �gure below for an illustration. We consider the
following commutative diagram of maps

(Bε(Q) \ {Q}) ∩H
Ψ=Φ−1

((

Bη(P ) \ {P}

Φ
66

i
// Bσ(P ) \ {P},

where i : Bη(P )\{P} → Bσ(P )\{P} denotes the inclusion map. Now we pick a base point
x ∈ Bη(P ) \ {P}. By the functoriality of fundamental groups, the above commutative
diagram of maps gives rise to the following commutative diagram

π1((Bε(Q) \ {Q}) ∩H,Φ(x))
Ψ∗=Φ−1

∗

**

π1(Bη(P ) \ {P}, x)

Φ∗
44

i∗
// π1(Bσ(P ) \ {P}, x).

We make the following observations:
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Ψ = Φ−1

Φ
UU

P

P

Bη(P )

P

Ψ(Bε(Q) ∩H)

Φ(Bη(P ))

Q

Bε(Q) ∩H

Bσ(P )

V

i

(1) The topological spaces on the left and on the right are homotopy equivalent to S1,
in particular the fundamental groups are non-trivial.

(2) By Exercise 15.4 we know that the inclusion map Bη(P ) \ {P} → Bσ(P ) \ {P} is
a homotopy equivalence, therefore it follows from the Homotopy-π1-Proposition 50.3
(2) that the inclusion induced map i∗ : π1(Bη(P ) \ {P}, x) → π1(Bσ(P ) \ {P}, x) is
an isomorphism.
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(3) The topological space (Bε(Q) \ {Q}) ∩ H is star-shaped524, which implies by the
discussion on page 1058 that π1((Bε(Q) \ {Q}) ∩H,Φ(x)) = 0.

Summarizing we just showed that an isomorphism of non-trivial groups factors through the
trivial group. This is not possible and hence we have obtained the desired contradiction. �
Now we can turn to the proof of Proposition 50.7.
Proof of Proposition 50.7. Let F be an 2-dimensional topological manifold.
(1) Let x be a point on F . We need to show that x admits either a chart of type (i)

or it admits a chart of type (ii). Suppose that x admits a chart Φ: U → V of type
(i) and also a chart Ψ: X → Y of type (ii). Then Φ ◦ Ψ−1 : Ψ(U ∩X)→ Φ(U ∩X)
would give rise to a homeomorphism from an open set of H containing a point
on ∂H = {(x, 0) | x ∈ R} to an open set in R2. But by Lemma 50.8 such a
homeomorphism cannot exist.

(2) Now suppose that F is equipped with a smooth atlas. For the purpose of this proof
we write ∂topF and ∂smF . By the de�nitions on pages 511 and 545 we have

∂topF = all points that do not admit a chart of type (i)
∂smF = all points that do not admit a chart of type (i) from the smooth atlas.

By de�nition we have ∂topF Ă ∂smF . Now let P ∈ ∂smF . This means that P does not
admit a chart of type (i) from the smooth atlas. By de�nition of a smooth manifold
it admits a chart of type (ii). But by (1) this means that it cannot admit any chart
of type (i). Thus we see that P ∈ ∂smF .

(3) We need to show that the boundary ∂F is a 1-dimensional topological manifold
which has no boundary, i.e. such that ∂Y = ∅. First let P ∈ F be a point on the
boundary. Let Φ: U → V be a chart of type (ii) for P . It follows from the (1)
and the de�nitions that ∂F ∩ U = Φ−1(∂H ∩ V ). Thus we see that Φ restricts to a
chart Φ: ∂F ∩ U → ∂H ∩ V of type (i), here we view ∂H ∩ V as an open subset of
∂H = R. This shows that ∂F admits a 1-dimensional atlas where all charts are charts
of type (i). Since F is second-countable and Hausdor� we obtain from the Second
Countability Lemma 9.1 (2) and Lemma 1.14 that ∂F is also second-countable and
Hausdor�. �

50.5. The wedge of pointed topological spaces.

De�nition. Let {(Xi, xi)}i∈I be a family of pointed topological spaces.
(1) We refer to∨

i∈I
Xi :=

∨
i∈I

(Xi, xi) :=
( ⊔
i∈I
Xi

)
/∼ where xi ∼ xj for all i, j ∈ I

as the wedge of the pointed topological spaces (Xi, xi). We refer to the point given
by the identi�cations as the wedge point. If we do not say anything else it will be
denoted by ∗.

(2) Let Y be a topological space and suppose that we are given a family of maps
{fi : Xi → Z}i∈I such that for every i, j ∈ I we have fi(xi) = fj(xj). We de�ne the
map

524Why is that?
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i∈I
fi :

∨
i∈I

(Xi, xi) → Z

[y] 7→ fi([y]) if y ∈ Xi.

It follows from the Topological-Quotient Proposition 5.15 (1b) that this map is
indeed continuous.

(3) If i = {i1, . . . , ik} is a �nite family, then often we just write (Xi1 , xi1) ∨ · · · ∨ (Xik , xik)
and similarly we just write fi1 ∨ · · · ∨ fik .

Examples.
(1) The wedge (A, a) ∨ (B, b) of two pointed topological spaces (A, a) and (B, b) should

be viewed as the result of gluing A and B along the points a and b.

wedge of two circles

a = (1, 0)

=⇒

b = (−1, 0)

S1 ∨ S1

a = b

(2) Let n ∈ N0 and let G = (V = {v}, E, i, t) be an abstract graph with a single vertex.
It follows quite easily from the Twice Quotient Lemma 5.23 (1) together with the
fact that [0, 1]/0 ∼ 1 is homeomorphic to S1 that the map

|G| = (V t (E × [0, 1]))/∼ →
∨
e∈E

S1
e

[x] 7→
{
∗, if x = v,
exp(2π it) ∈ S1

e , if x = (e, t) ∈ E × [0, 1]

is a homeomorphism. Evidently this also shows that every topological graph with
one vertex and n edges is homeomorphic to the wedge of n circles.

(3) In general the homeomorphism type of the wedge depends on the choice of base
points. This becomes particularly clear if we consider disconnected spaces. For
example it is pretty clear that the wedges (A, a)∨(B, b) and (A, a)∨(B, b̃) considered
in the �gure below are not homeomorphic.
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(A, a) ∨ (B, b̃)A (A, a) ∨ (B, b)B

b
a

b̃

Even though we just saw that in general the homeomorphism type of the wedge of two
topological spaces depends on the choice of the base points, there are also many other
situations where the choice is basically irrelevant. For example we have the following
lemma.
Lemma 50.9. Let {Xi}i∈I be a family of smooth manifolds. We suppose that for each
i ∈ I we are given points xi, yi ∈ Xi \ ∂Xi. If each Xi is connected, then there exists a
homeomorphism ∨

i∈I
(Xi, xi)

∼=−→
∨
i∈I

(Xi, yi).
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Proof. The lemma is an almost immediate consequence of Proposition 36.4. We leave it
to the reader to �ll in the details. �

This leads us to the following convention which is often safe, but which can also be am-
biguous.

Convention. Let {Xi}i∈I be a family of non-empty topological spaces. For each i ∈ I we
pick a point xi ∈ Xi and we write ∨

i∈I
Xi :=

∨
i∈I

(Xi, xi).

Examples.

(1) On numerous occasions we will talk about the wedge S1 ∨ S1 of two circles. By
Lemma 50.9 there is usually no need to specify which points in the two copies of S1

get identi�ed.
(2) In Exercise 50.2 we will see that the wedge of two circles is homotopy equivalent to

C \ {±1}. More precisely, we will show that

S1 ∨ S1 = {z ∈ C | |z + 1| = 1} ∪ {z ∈ C | |z − 1| = 1}︸ ︷︷ ︸
two circles that meet at the origin

is a deformation retract of C \ {±1}.
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{z ∈ C | |z + 1| = 1} ∪ {z ∈ C | |z − 1| = 1} = S1 ∨ S1

C \ {−1, 1}

De�nition. Let {(Xj, xj)}j∈J be a family of pointed topological spaces. Given k ∈ J we
refer to the maps

ik : Xk →
∨
j∈J
Xj

x 7→ [x] and
pk :

∨
j∈J
Xj → Xk

[x] 7→
{
x, if x ∈ Xk,
xk, otherwise

as the natural inclusion respectively the natural projection.

Lemma 50.10. Let {Xj}j∈J be a family of topological spaces and suppose that for each
j ∈ J we are given a point xj ∈ Xj. Let k ∈ J .
(1) The natural inclusion ik is an embedding.
(2) A map f :

∨
j∈J
Xj → Y to a topological space is continuous if and only if for each

k ∈ J the map f ◦ ik : Xk → Y is continuous.
(3) The natural projection pk is continuous.

Remark. In most cases Lemma 50.10 allows us to safely view each Xk as a subset of the
wedge

∨
j∈J
Xj.
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Proof.

(2) This statement follows easily from the Topological-Coproduct Proposition 5.11 (1)
and the Topological-Quotient Proposition 5.15 (1b).

(3) This is an immediate consequence of (2).
(1) It follows easily from the Topological-Coproduct Proposition 5.11 (1) and the Topological-

Quotient Proposition 5.15 (1a) that the natural inclusion ik is continuous. It is clear
that the natural inclusion ik is an injection. Evidently we have pk ◦ ik = idXk . Since
the natural projection pk is continuous we see that the natural inclusion ik is indeed
an embedding. �

The following lemma collects a few basic properties of the wedge of topological spaces. It
is entirely possible that later on we use the lemma without giving it credit.

Lemma 50.11. Let {(Xi, xi)}i∈I be a family of pointed topological spaces.

(1) If I is �nite and if each Xi is compact, then
∨
i∈I
Xi is compact.

(2) If each Xi is Hausdor�, then
∨
i∈I
Xi is Hausdor�.

(3) If each Xi is (path)-connected, then
∨
i∈I
Xi is (path)-connected

Proof.

(1) It follows immediately from Lemma 50.10 (3) and the Topological-Coproduct Propo-
sition 5.11 (1) that the map

⊔
i∈I
pi :

⊔
i∈I
Xi →

∨
i∈I
Xi is continuous. Thus the desired

statement follows from the Disjoint Union Topology-Properties Lemma 5.13 (2) to-
gether with the Compact Image Lemma 2.13.

(2) We will prove this statement in Exercise 50.3.
(3) We will prove this statement in Exercise 50.4. �

We conclude this section with two technical lemmas which can safely be skipped at a �rst
reading.

Lemma 50.12. Let {(Xi, xi)}i∈I be a family of pointed topological spaces and let (Z, z0)
be a pointed topological space. Furthermore let {fi : (Xi, xi)→ (Z, z0)}i∈I and {gi : (Xi, xi)→
(Z, z0)}i∈I be two families of maps. The following statement holds:

for every i ∈ I there exists a
homotopy rel xi from fi to gi

⇐⇒
the maps

∨
i∈I
fi and

∨
i∈I
gi from

∨
i∈I
Xi to Z

are homotopic rel the wedge point.

Proof. The �⇐�-direction of the lemma follows immediately from Lemma 50.10 (1). If
the index set I has two elements, then the �⇒�-direction lemma is a straightforward con-
sequence of the Homotopy Pushout Lemma 14.9 which eventually reduces the problem to
the Product-Quotient Mixing Lemma 13.6. For a general family the �⇒�-direction lemma
can also be reduced easily to the Product-Quotient Mixing Lemma 13.6.

It is worth pointing out that the proof of the �⇒�-direction is not obvious. As we just
pointed out, it all boils down to the Product-Quotient Mixing Lemma 13.6. This lemma
in turn relies on the delicate, frequently overlooked, underappreciated Whitehead Quotient
Theorem 13.4. �

The following lemma gives in particular a nice little application of Lemma 50.12.
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Lemma 50.13. Let (A, a0) and (B, b0) be two pointed topological spaces. We consider the
wedge A∨B = (A, a0)∨ (B, b0). If {a0} is a deformation retract of A, then B = {a0} ∨B
is a deformation retract of A ∨B.
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A

B
admits a deformation

retraction to

Proof. Let F : A × [0, 1] → A be a deformation retraction from A to {a0}. Let G be the
trivial homotopy on B. It follows again from the Homotopy Pushout Lemma 14.9 that we
can combine the two homotopies to get the desired deformation retraction. �

50.6. Topological graphs. In this section we have another look at abstract graphs and
their topological incarnations. First we recall the following de�nitions from page 315.

De�nition. Let G = (V,E, i, t) be an abstract graph.
(1) If G is �nite, i.e. if V and E are �nite, then we refer to

χ(G) = #V − #E = number of vertices − number of edges

as the Euler characteristic of G.
(2) A tree is a �nite connected abstract graph with Euler characteristic 1.
(3) The valence of a vertex v is de�ned as

valence(v) := #{e ∈ E | i(e) = v}+ #{e ∈ E | t(e) = v}.
Given a topological graph (X,G = (V,E, i, t),Θ: |G| → X) we de�ne the properties of X
to be the properties of G, e.g. we de�ne χ(X) := χ(G) and we say that X is a tree if G is
a tree.525
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34

1
3

3

2
Euler characteristic of G

equals χ(G) = 8− 10 = −2
valences of the vertices

example of a tree

Proposition 50.14. Let T be a topological graph that is a tree. Then the following hold:
(1) If T has at least one edge, then it admits at least two vertices of valence one.
(2) The tree T admits a deformation retraction to a vertex, in particular it is con-

tractible.
(3) The fundamental group π1(T ) is trivial.

Remark. Proposition 50.14 is basically the constant of Exercise 15.6.

525On many occasions we will use the fact, established in the Abstract Graph-Topological Realization
Lemma 7.1 (5), that a topological graph is connected if and only if the underlying abstract graph is
connected.
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Proof. Basically by de�nition of a topological graph it su�ces to deal throughout with
the topological realizations of a tree. Thus let T = (V,E, i, t) be a tree.
(1) This statement is precisely the content of Lemma 7.7.
(2) We will prove that any tree admits a deformation retraction to a vertex. We will

prove this statement by induction on the number of edges. If a tree has zero edges,
then it follows from the connectedness of T that T consists of precisely one vertex.
So we are done.

Now suppose that we know that all trees with n edges admit a deformation
retraction to a vertex. Let T = (V,E, i, t) be a tree with n+1 edges. By (1) we know
that T admits a vertex v of valence one. We denote by e the unique edge with v as
an endpoint. We set T ′ = (V \ {v}, E \ {e}, i|E\{e}, j|E\{e}). Note that T ′ is again
an abstract graph. Furthermore note that we reduced the number of vertices and of
edges by one, so the Euler characteristic is unchanged, i.e. χ(T ′) = χ(T ) = 1, so T ′

is again a tree.
We will now show that |T ′| is a deformation retract of |T |. We denote by u the

other endpoint of e. We consider the maps

f : |T | → |T ′|

x 7→
{
u, if x ∈ |e|,
x, otherwise

and
g : |T ′| → |T |

x 7→ x.

It follows quite easily from the Twice Quotient Lemma 5.23 (2) together with the
Topological-Coproduct Proposition 5.11 that both maps are continuous.

We claim that g is a homotopy inverse to f . Evidently f ◦ g = id|T ′|. We need
to show that g ◦ f ' id|T |. By de�nition and by the Abstract Graph-Topological
Realization Lemma 7.1 (3) we can pick a characteristic map Φe : [0, 1] → |e| with
Φe(0) = u and Φe(1) = v. Next we consider the map

H : |T | × [0, 1] → |T |

(x, t) 7→
{

Φe(Φ
−1
e (x) · t), if x ∈ |e|,

x, otherwise.

We leave it to the reader to verify, say using the Homotopy Quotient Theorem 14.7,
Lemma 5.23 (2) and the Topological-Coproduct Proposition 5.11 that H is continu-
ous. Now it is clear that H is a homotopy from g ◦ f to idT .

We have thus shown that |T ′| is a deformation retract of |T ′|. By our induction
hypothesis |T ′| admits a deformation retraction to a vertex v ∈ T ′. So it follows
from the Homotopy Combination the Homotopy Combination Lemma 14.4 that |T |
also admits a deformation retraction to the vertex v. Finally it follows from this fact
together with the Point Deformation Retract Lemma 15.6 (1) that T is contractible.
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(3) It follows from (2) and the Homotopy-π1-Proposition 50.3 (3) that the fundamental
group of T is trivial. �

Next we recall a few more de�nitions from page 317.

De�nition. Let G = (V,E, i, t) be an abstract graph.
(1) A subgraph of G = (V,E, i, t) is an abstract graph G′ = (V ′, E ′, i′, t′) such that

V ′ Ă V and E ′ Ă E are subsets such that i′ = i|E′ and t′ = t|E′ .
(2) A spanning tree for G is a subgraph that is a tree and which does not admit an

adjacent edge.
We extend the above de�nitions in an obvious way to topological graphs.
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spanning tree

subgraph G′topological graph G

We conclude this discussion of abstract and topological graphs with the following proposi-
tion.
Proposition 50.15. Let (X,G = (V,E, i, t),Θ: |G| → X) be a �nite topological graph.
(1) For every spanning tree T of X the projection X → X/T is a homotopy equivalence.
(2) If X is connected and non-empty, then the topological graph X is homotopy equiv-

alent to the wedge of 1− χ(X) circles.
(3) Two �nite connected topological graphs with the same Euler characteristic are ho-

motopy equivalent.

Remark.
(1) The content of Proposition 50.15 is basically identical to the content of the Graph-

mod-Tree Proposition 17.10. WE will now give a somewhat di�erent self-contained
proof.

(2) In the Quotient-by-Tree Proposition 69.8 and the Quotient-by-Contractible Corol-
lary 70.3 we will provide generalizations of Proposition 50.15.

(3) Later, in the Fundamental Group-of-Graph Proposition 52.5 we will study the ques-
tion, whether the converse to Statement (3) holds: if two �nite connected topological
graphs are homotopy equivalent, does it follow that the Euler characteristics are the
same?
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quotient out T G/T

spanning tree T

G

Proof. As we mentioned above, the content of Proposition 50.15 is basically identical
to the content of the Graph-mod-Tree Proposition 17.10. The proof of the Graph-mod-
Tree Proposition 17.10 relied on the language of co�brations and, more seriously, on the
Homotopy Extension Theorem 70.1. We will now give a self-contained proof.
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topological graph of Euler
characteristic 8− 10 = −2

wedge of three circles

is homotopy equivalent to

First note that basically by de�nition we only need to deal with the topological re-
alization of an abstract graph. Thus let G = (V,E, i, t) be a �nite connected abstract
graph.
(1) Let T = (W,F ) be a spanning tree of G. Recall that on page 321 we introduced

the notion of the quotient abstract graph G/T . Next we consider the following little
commutative diagram

|G| p
//

x 7→[x] ''

|G/T |

|G|/|T |

66

where p is the map introduced in the Quotient Abstract Graph Lemma 7.14 (2). We
need to show that the projection |G| → |G|/|T | to the left is a homotopy equivalence.
By the Quotient Abstract Graph Lemma 7.14 (2b) we know that the diagonal map
to the right is a homeomorphism. Thus it su�ces to show that the horizontal map
p : |G| → |G/T | is a homotopy equivalence.

Note that by Proposition 50.14 (2) we know that |T | admits a deformation re-
traction R : |T | × [0, 1] → |T | to some vertex t0 ∈ T . Put di�erently, there exists a
homotopy R : |T | × [0, 1] → |T | such that R1 = id|T | and such that R0 = ct0 is the
constant map.

Let f be an edge of G that is not contained in T . If i(f) = t(f), then it follows
from the Abstract Graph-Topological Realization Lemma 7.1 that there exists a
map Φf : [−2, 2] → |G| which induces a homeomorphism [−2, 2]/ − 2 ∼ 2 → |f |.
Furthermore, if i(f) 6= t(f), then it follows from the Abstract Graph-Topological
Realization Lemma 7.1 that there exists a map Φf : [−2, 2] → |G| which restricts
to a homeomorphism [−2, 2] → |f |.526 We write af = Φf (−2) and bf = Φf (2).
Note that it follows from our hypothesis that T is a spanning tree together with the
Spanning Tree Existence Proposition 7.10 that af , bf ∈ |T |.

Next we consider the quotient graph G/T . Let p : |G| → |G/T | be the projection.
For every edge f of G/T , i.e. for every f ∈ E \F , we denote by Ψf : [−2, 2]→ |G/T |
the map p ◦ Φf . We consider the map

q : |G/T | → |G|

x 7→

 R(af ,−s− 1), if x = Ψf (s) for some s ∈ [−2,−1],
Ψf (2 · s), if x = Ψf (s) for some s ∈ [−1, 1],
R(bf , s− 1), if x = Ψf (s) for some s ∈ [1, 2].

526In other words, the map Φf is just a rescaling of characteristic maps of f .
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It follows fairly easily from the Twice Quotient Lemma 5.23 that q is continuous.
(The maps p and q are illustrated, to the best of the author's abilities, in the �gure
below.) It remains to prove the following claim.

Claim. The maps p and q are homotopy inverses of one another.

Proof. The proof of the claim is fairly elementary, just notationally a little messy.
First we consider the following map

H : |G/T | × [0, 1] → |G/T |

(x, t) 7→


∗, if x = Ψf (s) for some s ∈ [−2,−1− t],
Ψf (

2s
1+t

), if x = Ψf (s) for some s ∈ [−1− t, 1 + t],
∗, if x = Ψf (s) for some s ∈ [1 + t, 2].

It follows, reasonably easily, from the combination of the Twice Quotient Lemma 5.23
and the Homotopy Quotient Theorem 14.7 that H is continuous. It follows immedi-
ately from the de�nitions that H0 = p ◦ q and H1 = id|G/T |. Next we consider the
following map

H̃ : |G| × [0, 1] → |G|

(x, t) 7→


R(x, t), if x ∈ T,
R(af , s+ 2 + t), if x = Φf (s) for some s ∈ [−2,−1− t],
Φf (

2s
1+t

), if x = Φf (s) for some s ∈ [−1− t, 1 + t],
R(bf ,−s+ 2 + t), if x = Φf (s) for some s ∈ [1 + t, 2].

Again, using the Twice Quotient Lemma 5.23 and the Homotopy Quotient Theo-
rem 14.7 one can show that H̃ is continuous. Furthermore it follows again immedi-
ately from the de�nitions that H̃0 = q ◦ p and H̃1 = id|G|. �
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bv maximal tree T

quotient out T X/T

q X/T

v

p

av
v

t0

t0

X

X

(2) Note that by the Spanning Tree Existence Proposition 7.10 (1) we know that G
admits a spanning tree T . Furthermore note that in (1) we showed that the map
p : |G| → |G/T | is a homotopy equivalence. Thus it remains to show that |G/T | is
homeomorphic to the wedge of 1− χ(G) circles. We make the following observation:
(a) By the Spanning Tree Existence Proposition 7.10 the spanning tree T contains

all vertices of G. In other words, the abstract graph G/T contains only a single
vertex.

(b) It follows from the Quotient Abstract Graph Lemma 7.14 (2) and the de�nition of
a tree in terms of the Euler characteristic that χ(G/T ) = χ(G)−χ(T )+1 = χ(G).

(c) By (1) and (2) we know that G/T has 1− χ(G) edges.
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(d) It follows from (1) and (3), together with the discussion on page 1133 that |G/T |
is indeed homeomorphic to the wedge of 1− χ(G) circles.

(3) The last statement is an immediate consequence of (2) and the Homotopy-Equivalence
Basics Lemma 15.1. �

50.7. Homotopy classes of loops. In the last section of this chapter we want to study
the question, when are two maps S1 → X to a topological space homotopic? In fact the
following proposition gives in some sense a complete answer to the above question.

Proposition 50.16. (Homotopies-of-Loops Proposition) Let X be a topological
space and let f0, f1 : S1 → X be two maps. We write x0 = f0(1) and x1 = f1(1).
(1) The following statement holds:527

f0 and f1 are homotopic ⇐⇒ there exists a path γ from x0 to x1

such that [γ ∗ f1 ∗ γ] = [f0] ∈ π1(X, x0).

(2) If x0 = x1, then the following statement holds:

f0 and f1 are homotopic ⇐⇒ [f0] and [f1] are conjugate in π1(X, x0).

f1f0

X
γ

Proof. Note that the second statement is an immediate consequence of the �rst statement
and the observation that if x0 = x1 any path from x0 to x1 = x0 is in fact a loop and thus
de�nes an element in π1(X, x0). Therefore it su�ces to prove the �rst statement.

Now let X be a topological space. We take the view that maps S1 → X are the same
as loops, i.e. maps [0, 1] → X such that 0 and 1 get sent to the same point. Thus let
f0, f1 : [0, 1]→ X be two loops. We write x0 = f0(1) and x1 = f1(1).
�⇒� Suppose there exists a homotopy F : [0, 1] × [0, 1] → X with F (0, t) = F (1, t) for

all t ∈ [0, 1] and such that F0 = f0 and F1 = f1. We denote by γ : [0, 1] → X the
path that is given by γ(t) = F (0, t) for t ∈ [0, 1]. We consider the surjective map
Φ: [0, 1]× [0, 1]→ [0, 1]× [0, 1] that is shown in the �gure below. The map Φ ◦ F is
easily seen to be a homotopy between the loops f0 and γ ∗ f1 ∗ γ. But that is exactly
what we needed to show.
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Φ

�⇐� In the following we now suppose that there exists a path γ from x0 to x1 such that
[γ ∗ f1 ∗ γ] = [f0] ∈ π1(X, x0). By de�nition this means that there exists a homotopy
F : [0, 1]×[0, 1]→ X with F (0, t) = F (1, t) = x0 for all t ∈ [0, 1] and such that F0 = f0

and F1 = γ ∗ f1 ∗γ. We consider the homeomorphism Ψ: [0, 1]× [0, 1]→ [0, 1]× [0, 1]
that is shown in the �gure below. The map Ψ ◦ F is easily seen to be a homotopy

527Sometimes two maps S1 → X that are homotopic are called freely homotopic to stress the fact that no
base points are �xed.
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between cx0 ∗ f0 ∗ cx0 and f1, viewed as maps S1 → X. But the map cx0 ∗ f0 ∗ cx0 is
easily seen to be homotopic to the map f0. Since being homotopic is transitive we
have indeed shown that f0 and f1 are homotopic.
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Exercises for Chapter 50.

Exercise 50.1. Let n ∈ N.
(a) Show that SL(n,R) is a retract of GL(n,R) and show that it is not a deformation

retract of GL(n,R).
(b) Solve (a) with C instead of R.

Exercise 50.2. Show that

S1 ∨ S1 = {z ∈ C | |z + 1| = 1} ∪ {z ∈ C | |z − 1| = 1}︸ ︷︷ ︸
two circles that meet at the origin

is a deformation retract of C \ {±1}.

Exercise 50.3. Let {(Xi, xi)}i∈I be a family of pointed topological spaces. We suppose
that each Xi is Hausdor�. Show that

∨
i∈I
Xi is also Hausdor�.

Exercise 50.4. Let {(Xi, xi)}i∈I be a family of pointed topological spaces.

(a) We suppose that each Xi is path-connected. Show that
∨
i∈I
Xi is path-connected.

(b) We suppose that each Xi is connected. Show that
∨
i∈I
Xi is connected.

Exercise 50.5. Let X := {(x, y) ∈ R2 |x2 + y2 ≤ 1}. We denote by ‖ − ‖ the usual
Euclidean norm on X. We denote by P = (0, 0) the center of X. The Paris metric on X
is given by

X ×X → R≥0

(A,B) 7→ ‖A− P‖+ ‖B − P‖.
This metric takes its name from the fact that all (OK, many) train lines in France go
towards Paris. So if you want to go from A to B you invariably (OK, often) have to go
through Paris.
(a) Show that the map

ϕ :
∨
z∈S1

[0, 1]z → X

[r] 7→ r · z if r ∈ [0, 1]z.

is not a homeomorphism.
(b) Does there exist a homeomorphism between

∨
z∈S1

[0, 1]z and X?
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r in the Paris metric the distance
between P and Q equals r + sParis P

A

B

Exercise 50.6. Let (X, x0) and (Y, y0) be two pointed topological spaces. We use the base
points to de�ne the wedge X ∨ Y .
(a) Show that the map f : X ∨ Y → X × Y

[P ] 7→
{

(P, y0), if P ∈ X,
(x0, P ), if P ∈ Y

is an embedding.
Remark. We do not assume that X and Y have any nice properties.

(b) Using (a) we can view X ∨ Y as a subspace of X × Y . We refer to the quotient

X ∧ Y := (X, x0) ∧ (Y, y0) := (X × Y )/(X ∨ Y )

as the smash product of (X, x0) and (Y, y0). Show that for any m,n ∈ N0 the smash
product Sm ∧ Sn is homeomorphic to Sm+n.

We refer to the �gure below for an illustration.
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S1 × S1

S1 ∨ S1 f

Exercise 50.7. We consider the following two subsets of C:
X := {z ∈ C | |z − 2| = 1}︸ ︷︷ ︸

=:A

∪ [−1, 1] ∪ {z ∈ C | |z + 2| = 1}︸ ︷︷ ︸
=:B

and

Y := {z ∈ C | |z − 1| = 1}︸ ︷︷ ︸
=:C

∪ {z ∈ C | |z + 1| = 1}︸ ︷︷ ︸
=:D

.

Show that X and Y are homotopy equivalent.
Remark. It follows basically from Proposition 50.15 thatX and Y are homotopy equivalent.
The exercise thus consists of showing �by hand� that X and Y are homotopy equivalent.

YX

Exercise 50.8. Let {Xi}i∈I be a family of topological spaces. Suppose that for each i ∈ I
we are given a point xi ∈ Xi with the property that {xi} is a closed subset of Xi. We use
these points to form the wedge

∨
i∈I
Xi. We denote by ∗ the wedge point. Suppose that for

each i ∈ I we are given an open neighborhood Ui of xi in Xi such that xi is a deformation
retract of Ui. We set U :=

⋃
i∈I
Ui.

(a) Show that U is an open neighborhood of ∗.
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(b) Let J Ă I be a subset. Show that
∨
i∈J
Xi is a deformation retract of U ∪

∨
i∈J
Xi. (In

particular, with J = ∅ this implies that ∗ is a deformation retract of U .)
Remark. You need to show that the wannabe deformation retraction which you
wrote down is continuous. You might want to use a result along the lines of the
Product-Quotient Mixing Lemma 13.6.

Exercise 50.9. Let {Xi}i∈I be a family of topological spaces. Suppose that for each i ∈ I
we are given a point xi ∈ Xi. We use these points to form the wedge

∨
i∈I
Xi. Let K Ă

∨
i∈I
Xi

be a compact subset.
(a) We suppose that each Xi is Hausdor�. Show that there exists a �nite subset J Ă I

such that K Ă
∨
i∈J
Xi.

Hint. For any i ∈ I with K ∩ (Xi \ {xi}) 6= ∅ pick some point ai ∈ K ∩ (Xi \ {xi}).
We denote by A the union of these points. Show that A is a discrete subset of K.

(b) Show that in general the conclusion of (a) does not hold if we do not assume that
the Xi are Hausdor�.

Exercise 50.10. We consider the subset X of R2 that is shown in the �gure below. It is
the union of in�nitely many circles Ai Ă R2, i ∈ N that meet in the origin. Furthermore
let Y =

∨
i∈N
S1. There exists a fairly obvious bijection f : X → Y which sends each Ai to

the i-th factor of Y .
(a) Is the map f continuous?
(b) Is the map f−1 continuous?

��
��
��
��

the origin
X

A1 A2
A3

Exercise 50.11. In the following we consider the wedge X :=
∨
i∈N0

[0, 1]i given by �wedging�

the points 0 ∈ [0, 1]i, i ∈ N0.
(a) Show that the sequences of points xi := 1

2i
∈ [0, 1]i Ă X, i ∈ N0 does not converge to

the wedge point.
(b) Show that X is not metrizable, i.e. show that it does not admit a metric such that

the topology given by the metric agrees with the topology of X.

Exercise 50.12. Let f, g : (X, x0) → (Y, y0) be two maps between pointed topological
spaces.
(a) Show that if f and g are homotopic rel {x0}, then f∗ = g∗ : π1(X, x0)→ π1(Y, y0).
(b) Does the conclusion of (a) hold if we only demand that f and g are homotopic, but

we no longer demand that they are homotopic rel the base point?

Exercise 50.13. Let f : X → Y be a map between two topological spaces. Let x0 ∈ X
be a base point. We write y0 = f(x0) and we denote by i : f(X) → Y the inclusion
map. Suppose that f∗ : π1(X, x0) → π1(Y, y0) is an isomorphism. Does it follow that
i∗ : π1(f(X), y0)→ π1(Y, y0) is also an isomorphism?



50. HOMOTOPIES AND FUNDAMENTAL GROUPS 1145

Exercise 50.14.
(a) Show that every topological graph is locally contractible.
(b) Let {(Xi, xi)}i∈I be a family of pointed topological spaces. We suppose that each Xi

is locally contractible. Show that the wedge
∨
i∈I
Xi is also locally contractible.

Remark. If you get away without using the Homotopy Quotient Theorem 14.7, then you
should go carefully over your continuity arguments.

Exercise 50.15. Let T be a tree and let v ∈ T be any vertex. Show that T admits a
deformation retraction to v.
Remark. This is a slight re�nement of the statement of Proposition 50.14 (2).

Exercise 50.16. Let N be a group, let k ∈ N0 and let ϕ : N → N be an isomorphism such
that ϕk = id. As on page 1127 we de�ne the semidirect product of N and Zk with respect
to ϕ as the group N oϕ Zk where the underlying set is given by the direct product N ×Zk,
and where the multiplication is given by

(h,m) · (h′,m′) := (h · ϕm(h′),m+m′).

(a) Show that N oϕ Zk is indeed a group.
(b) Show that N = {(h, 0) ∈ N oϕ Zk |h ∈ N} is a normal subgroup of N o Zk.
(c) Is Zk = {(0, n) ∈ N oϕ Zk |n ∈ Zk} Ă N oϕ Zk necessarily a normal subgroup?
(d) Suppose that k = 0. Let n ∈ N and let K be a subgroup of N of some �nite index m.

Show that if K is preserved by ϕ, then KonZ is a subgroup of N oZ of index m ·n.

Exercise 50.17. Let N be a group and let ϕ : N → N be an isomorphism.
(a) Let k ∈ N and let G Ă N be a subgroup with ϕk(G) = G. Show that kZ oϕ G is a

subgroup of Z oϕ N .
(b) Show that in general not every subgroup of Z oϕ N is of the form kZ oϕ G.
(c) Let π be a �nite-index subgroup of Z oϕ N .

(i) Show that there exists a k ∈ N and a normal subgroup G of N with ϕk(G) = G
such that [Z oϕ N : π] = k · [G : π] and such that π is isomorphic to Z oϕk G.

(ii) We suppose that N is �nitely generated. Show that there exists a k ∈ N and a
normal �nite-index subgroup G of N such that kZ oϕ G Ă π.

Exercise 50.18. Let

1 // K
α
��

ϕ
// π
β
��

ψ
// G

γ
��

// 1

1 // K̃
ϕ̃

// π̃
ψ̃

// G̃ // 1

be a commutative diagram of group homomorphisms with the following properties:
(1) ϕ and ϕ̃ are monomorphisms.
(2) ψ and ψ̃ are epimorphisms.
(3) im(ϕ) = ker(ψ) and im(ϕ̃) = ker(ψ̃).

Show that if two out of the three vertical maps α, β and γ are isomorphisms, then so is
the third one.
Remark. We will generalize this statement later on in the Five Lemma 74.10.
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Exercise 50.19. Let π be a group and let φ : π×〈t〉 → Z be an epimorphism. We suppose
that k := φ(t) 6= 0. We set Γ := ker(π

φ−→Z → Zk). Since φ is an epimorphism there exists
an x ∈ π such that gcd(φ(x), k) = 1. Let µ : Γ→ Γ be the automorphism that is given by
g 7→ xgx−1. Show that the map

Γ oµ Z → π × Z
(g, n) 7→ (gxn, n+ φ(g))

is an isomorphism.
Hint. You could use Exercise 50.18 together with Exercise 50.16 (d).
Remark.
(1) By Exercise 53.2 and Proposition 69.15 we know that if π is �nitely generated (pre-

sented), then so is Γ. The exercise thus says that if a �nitely presented group π admits
an epimorphism onto Z, then we can write a product π × Z in many interesting and
perhaps surprising ways as a semidirect product.

(2) We will prove a manifold analogue in Proposition 118.15.

Exercise 50.20. Let G and π be groups and let ϕ : π → Aut(G) be a homomorphism. We
consider the set G× π with the multiplication

(g, a) · (h, b) := (g · ϕ(a)(h), a · b).
(a) Show that G× π with the above multiplication is a group. This group is denoted by

Goϕ π and it is called the semidirect product of G and π with respect to ϕ.
(b) In what sense does this de�nition of the semidirect product of two groups generalize

the concept introduced on page 1127?
(c) Let K be a group and let α : K → π be an epimorphism onto a group π. We suppose

that α admits a right-inverse, i.e. we suppose that there exists a homomorphism
ϕ : π → K with α ◦ ϕ = idπ. Show that K is isomorphic to a semidirect product of
the form ker(α) o π.

(d) (i) Let n ∈ N. Show that GL(n,R) is isomorphic to a semidirect product of the form
SL(n,R) o (R \ {0}).

(ii) For which n ∈ N is GL(n,R) isomorphic to a direct product SL(n,R)o(R\{0})?
(iii) Repeat (i) and (ii) with C instead of R.
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51. Basics of group theory

Before we continue with developing the theory of fundamental groups of topological spaces
we want to introduce several basic constructions in group theory and we want state several
facts which we will use throughout the remainder of this course.

51.1. Free abelian groups and �nitely generated abelian groups. The following
de�nition will stay with us throughout these notes.
De�nition.
(1) Let S be a non-empty set. We write

ZS := all maps from S to Z.
Furthermore, for S the empty set we write ZS := {0}. We consider ZS with the
obvious group structure, i.e. the group structure that is given by

ZS × ZS → ZS

(f, g) 7→
(
S → Z
s 7→ f(s) + g(s)

)
.

(2) Given any set S, we are mostly interested in the subgroup

Z(S) := all maps from S to Z which are non-zero for only �nitely many s ∈ S.
We refer to Z(S) as the free abelian group generated by S or as the free abelian
group on the generating set S.

(3) We refer to the cardinality of S as the rank of Z(S).
When working with free abelian groups it is usually helpful to use the following notation.
Notation. Let S be a set.
(1) Given s ∈ S we denote by s also the map

S → Z

t 7→
{

1, if t = s,
0, otherwise.

This map lies of course in Z(S). Thus we can view S as a subset of Z(S).
(2) Given elements s1, . . . , sk ∈ S and n1, . . . , nk ∈ Z we obtain the corresponding

element n1s1 + · · · + nksk of Z(S). We refer to n1s1 + · · · + nksk as a formal linear
combination of elements in S. Every element of Z(S) can be written as such a formal
linear combination of �nitely many elements of S. Indeed, for f ∈ Z(S) we can
write528 f =

∑
s ∈ S with f(s) 6= 0

f(s) · s.

The following lemma says that the free abelian group generated by a set S has a �universal
property�. The lemma also says that possessing such a universal property classi�es free
abelian groups up to isomorphism.

528It is straightforward to see that both sides de�ne the same map S → Z, so they are the same element
of Z(S).
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Lemma 51.1.
(1) Let S be a set and let φ : S → G be a map to an abelian group G. Then there exists

a unique homomorphism ψ : Z(S) → G that makes the following diagram commute

S

φ ##

� � // Z(S)

ψ
��

G.

(2) Conversely let π be a group that admits a subset S with the following universal
property: given any map φ : S → G to an abelian group G there exists a unique
homomorphism ψ : π → G that makes the following diagram commute

S

φ !!

// π

ψ
��

G.

Then π is isomorphic to Z(S).
Lemma 51.1 suggests the following de�nition.
De�nition.
(1) We say that a group π is a free abelian group on a generating set S, if π has the

universal property with respect to S. In other words, by Lemma 51.1, G needs to
be isomorphic to Z(S).

(2) We say that a group π is free abelian if it is a free abelian group on some generating
set S.

Proof.
(1) We consider the map529

ψ : Z(S) → G

f =
n∑
i=1

nisi 7→ ψ(f) :=
n∑
i=1

ni · φ(si).

It is straightforward to verify that ψ has the desired property and that it is the unique
such homomorphism.

(2) Let π be a group that has the universal property with respect to S. We need to show
that π is isomorphic to Z(S). It is more elegant to show that it is isomorphic to any
other group π′ that has the universal property with respect to S.

This argument is similar to many other �universal property� proofs in algebra.
We consider the inclusion maps ϕ : S → π and ϕ′ : S → π′. By the universal property
of ϕ and ϕ′ there exist homomorphisms ψ : π → π′ and ψ′ : π′ → π that make the
following diagrams commute:

S

ϕ′ !!

ϕ
// π

ψ
��

π′
and

S

ϕ
!!

ϕ′
// π′

ψ′

��
π.

529Here we assume that G is written as an additive group. If G is a multiplicative group we would need to
replace ni · φ(si) by φ(si)

ni and we would need to replace the sum by a product.
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In particular we get the commutative diagrams

S

ϕ

��

ϕ′

$$

ϕ
// π

ψ
��

π′

ψ′

��
π

which simpli�es to

S

ϕ
!!

ϕ
// π

ψ′◦ψ
��
π

and of course we
also have the
commutative
diagram

S

ϕ
""

ϕ
// π

idπ
��
π.

It follows from the uniqueness part of the universal property applied to the two
diagrams on the right that ψ′ ◦ψ = idπ. The same way one shows that ψ ◦ψ′ = idπ′ .
In particular ψ and ψ′ are isomorphisms. �

Lemma 51.2. (Subgroup-of-Free Abelian Group Lemma)
(1) Any subgroup G of a free abelian group F is again a free abelian group.
(2) If ϕ : Z(S) → Z(T ) is a monomorphism, then530 #S ≤ #T .
(3) If ϕ : Z(S) → Z(T ) is an epimorphism, then #S ≥ #T .

Proof. The �rst two statements are proved in [Rot1988, Theorem 9.3]. It remains to
prove the third statement. Now let ϕ : Z(S) → Z(T ) be an epimorphism. For each t ∈ T
there exists therefore some φ(t) ∈ S with ϕ(φ(t)) = t. By Lemma 51.1 there exists a
unique homomorphism ψ : Z(T ) → Z(S) with ψ(t) = φ(t) for all t ∈ T . Therefore we have
ϕ(ψ(t)) = ϕ(φ(t)) = t for all t, so ϕ◦ψ = id, in particular ψ is a monomorphism. It follows
from (2) that #T ≤ #S. �

De�nition.
(1) If F is a free abelian group, then we de�ne the rank of F as the cardinality of any

set S with F ∼= Z(S).531

(2) Given an abelian group G we say that S Ă G is a generating set if the canonical
homomorphism Z(S) → G is an epimorphism.532

(3) Given an abelian group G we say that S Ă G is a basis if the canonical homomor-
phism Z(S) → G is an isomorphism.

(4) We say that an abelian group G is �nitely generated if it admits a �nite generating
set.

Example. Let S be a �nite set with m elements s1, . . . , sm. Let φ : S → Zm be the map
given by φ(si) = ei. Then the resulting homomorphism Ψ: Z(S) → Zm is an isomorphism.
Put di�erently, Zm is a free abelian group of rank m.

530Here we denote by #S and #T the cardinalities of the sets S and T , as de�ned on page 94.
531It follows from the Subgroup-of-Free Abelian Group Lemma 51.2 and the Bernstein-Schröder Theo-
rem 0.11 that the rank of a free abelian group is well-de�ned.
532Here we mean by �canonical map Z(S) → G� the unique homomorphism ψ : Z(S) → G from Lemma 51.1
that makes the following diagram commute

S s�

φ %%

� � // Z(S)

ψ
��
G

where S → G is the inclusion map.
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We leave it to the reader to provide the proof of the following useful characterizations of
generating sets.

Lemma 51.3. Let G be an abelian group and let S Ă G be a subset. Then the following
two statements are equivalent:
(1) S is a generating set of G.
(2) Any subgroup H of G that contains S is already equal to G.

We use this opportunity to recall the classi�cation of �nitely generated abelian groups
which had been proved in the algebra course. A proof is for example also provided in
[Hun1980, Chapter II.2].

Theorem 51.4. (Finitely Generated Abelian Group Classi�cation Theorem) Let
A be a �nitely generated abelian group. There exist non-zero natural numbers a1, . . . , ak
with ai|ai+1 for i = 1, . . . , k − 1 and an r ∈ N0 such that

A ∼= Zr ⊕
k⊕
i=1

Zai .

Furthermore the numbers a1, . . . , ak and r are uniquely determined by A.

De�nition. Given a �nitely generated abelian group A we denote the direct sum of the
cyclic groups on the right-hand side of the Finitely Generated Abelian Group Classi�cation
Theorem 51.4 as the canonical form of A.

Example. The Chinese Remainder Theorem says that for any coprime m and n we have
an isomorphism

Zmn
∼=−→ Zm × Zn = Zm ⊕ Zn

k +mnZ 7→ (k +mZ, k + nZ).

For example consider A = Z3⊕Z5. It is not in the form of the Finitely Generated Abelian
Group Classi�cation Theorem 51.4, but we have the isomorphism Z3 ⊕ Z5

∼= Z15, which is
of the desired form. Thus Z15 is the canonical form of Z3 ⊕ Z5.

We will not provide a proof for the Finitely Generated Abelian Group Classi�cation The-
orem 51.4. But we will sketch the proof of a weaker version of the Classi�cation Theo-
rem 51.4. Before we can get to this point we need to prove the following theorem.

Theorem 51.5. (Smith Normal Form Theorem) Let V be an m× n�matrix over Z.
There exist two matrices A ∈ GL(m,Z) and B ∈ GL(n,Z)533 such that534

A · V ·B =


p1 0 0 0

0
. . . 0 0

0 0 pt 0
0 0 0 0(m−t)×(n−t)

 ∈ M(m× n,Z)

for some p1, . . . , pt ∈ N. The matrix on the right is sometimes called a Smith normal form
of V .

533The matrices A and B are invertible over Z, i.e. their determinants are ±1.
534Here the last row and column of zeros can be arbitrarily large.
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Remark. In Exercise 51.19 we will discuss a more re�end version of the Smiith Normal
Form Theorem 51.5, which then also gives us a uniqueness statement for the Smith normal
form. Alternativel we refer to [NewM1972, Chapter 15] and [Nor2012, Chapter 1] for
more information.

Proof. First note that if an m × n�matrix P is obtained from an m × n�matrix Q by
swapping two rows, then P is obtained by left-multiplying Q by an m ×m�matrix of the
form535 

id 0 0 0 0
0 0 0 1 0
0 0 id 0 0
0 1 0 0 0
0 0 0 0 id

 .

Similarly if P is obtained from an m×n�matrix Q by adding the k-th row to the l-th row,
then P is obtained by left-multiplying Q by an m×m�matrix of the form

id 0 0 0 0
0 1 0 1 0
0 0 id 0 0
0 0 0 1 0
0 0 0 0 id


where the extra 1 sits in the (1, k)-entry. Both these m ×m-matrices lie in GL(m,Z). If
we do the same operations for columns, then this corresponds to right multiplication by
the same type of matrices in GL(n,Z) as above.

Now let V be an m × n�matrix over Z. If V is the zero matrix, then there is nothing
to show. So suppose that V is not the zero matrix. We perform the following steps:
(1) After swapping rows and columns we can arrange that the absolute value of the

(1, 1)-entry is less or equal than the absolute value of all other entries. After possibly
multiplying the �rst column by −1 we can assume that the (1, 1)-entry v11 is positive.

(2) By adding and subtracting the �rst column from the other columns we can arrange
that all entries in the �rst row, except for the (1, 1)-entry, lie between 0 and v11 − 1.

(3) The same way as in (2) we can arrange that all entries in the �rst column, except for
the (1, 1)-entry, lie between 0 and v11 − 1.

Now we have to distinguish two cases:
(1) If there exists outside of the (1, 1)-entry another entry in the �rst row or column that

is non-zero, then we start again with (1). Note that the new entry (1, 1)-entry will
be less than before. So this process will come to a halt after �nitely many steps.

(2) If all entries in the �rst row and column, except for the (1, 1)-entry are zero, then

V =

(
v11 0
0 V ′

)
for some (m − 1) × (n − 1)�matrix V ′ and we perform the same operations on the
smaller matrix V ′. �

535Here is the reality check whether that is really correct: we have(
0 1
1 0

)(
a b
c d

)
=

(
c d
a b

)
.
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The second statement of the following lemma is a somewhat weaker version of Theorem 51.4.

Lemma 51.6. (Matrix Quotient Lemma)
(1) Let V be an m × n�matrix over Z. For matrices A ∈ GL(m,Z) and B ∈ GL(n,Z)

we have an isomorphism

Zm/AV BZn ∼= Zm/V Zn.
(2) Let A be a �nitely generated abelian group. Then there exists an r ≥ 0 and there

exist p1, . . . , pt ∈ N such that

A ∼= Zr ⊕
t⊕
i=1

Zpi .

Proof. (1) The proof of the �rst statement is elementary. We leave it to the reader to
�ll in the details.

(2) Let A be a �nitely generated abelian group. By the de�nition of a �nitely generated
abelian group there exists an epimorphism ψ : Zm → A. Since Z is a Noetherian
ring we know that ker(ψ) is again a �nitely generated free abelian group of rank
n ≤ m. In particular there exists an isomorphism v : Zn → ker(ψ). We denote by V
the m×n�matrix that represents the resulting map Zn → ker(ψ) Ă Zm with respect
to the standard bases. Then A ∼= Zm/V Zn. We pick matrices A and B as in (2).
From (1) it follows that Zm/V Zn is isomorphic to Zm/AV BZn. But the latter is
isomorphic to Zp1 ⊕ · · · ⊕ Zpt ⊕ Zm−n. �

De�nition. Let A be an abelian group.
(1) If A is �nitely generated, then we refer to the r in the statement of the Finitely

Generated Abelian Group Classi�cation Theorem 51.4 as the rank of the �nitely
generated abelian group A. We denote it by rank(A).536

(2) We refer to
Tor(A) := {a ∈ A | there exists an n ∈ N with na = 0}

as the torsion subgroup of A.537 If Tor(A) is the trivial subgroup, then we say that
A is torsion-free.

In the following three lemmas we collect several basic facts about �nitely generated abelian
groups. Most of the statements follow more or less directly from the Finitely Generated
Abelian Group Classi�cation Theorem 51.4. We will not prove the lemmas. We leave
it to the reader to deduce the statements from the Finitely Generated Abelian Group
Classi�cation Theorem 51.4 and the algebra course the reader took.

Lemma 51.7. (Rank Additivity Lemma) Let

0 → A → B → C → 0

536If A is a �nitely generated free abelian group, then this de�nition of rank agrees with the de�nition
given for free abelian groups on page 1147.
537In Exercise 51.16 we will see that A is indeed a subgroup.
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be a short exact sequence of abelian groups538 such that at least two of these groups are
�nitely generated. Then the following holds:
(1) all three groups are �nitely generated abelian groups,
(2) rank(B) = rank(A) + rank(C),
(3) if A and C are torsion-free, then B is also torsion-free.

Remark. Let B be a �nitely generated group and let ϕ : B → C be an epimorphism. Note
that C is evidently also �nitely generated. If B is abelian it thus follows from the Rank
Additivity Lemma 51.7 (1) that the kernel ker(ϕ) is also �nitely generated. Note that if B
is not abelian, then this conclusion does not necessarily hold. For example in Exercise 51.17
we will give an example of a group epimorphism ϕ : B → C from a non-commutative group
B on two generators onto an abelian group C, such that the kernel is in�nitely generated.

Lemma 51.8. Let A ∈ M(n× n,Z) be a matrix. Then

Zn/AZn is �nite ⇐⇒ det(A) 6= 0.

Furthermore, if det(A) 6= 0, then

0 → Zn A·−→ Zn → Zn/AZn → 0

is a short exact sequence and Zn/AZn is a �nite group with | det(A)| elements.
We also have the following lemma.

Lemma 51.9.
(1) If A,B and C are �nitely generated abelian groups, then

A⊕ C ∼= B ⊕ C =⇒ A ∼= B.

(2) Let A be a subgroup of an abelian group B.
(a) Tor(A) is a subgroup of Tor(B).
(b) If B is �nitely generated, then A is also �nitely generated, and we have the

inequality rank(A) ≤ rank(B).
(3) If A is a subgroup of a free abelian group of rank r, then A is a free abelian group

with rank less or equal than r.539

(4) If A is a subgroup of a free abelian group B and if rank(A) < rank(B), then A is a
proper subgroup, i.e. A 6= B.

(5) Let ϕ : A → B be a homomorphism between two �nitely generated abelian groups
that are abstractly isomorphic.540 If ϕ is an epimorphism, then ϕ is already an
isomorphism.

(6) If A is a �nitely generated abelian group and ϕ : A→ B is an epimorphism, then B
is also �nitely generated and rank(A) ≥ rank(B).

Abelian groups that are not �nitely generated are not classi�ed and they tend to be sig-
ni�cantly harder to deal with. For example the following lemma shows that not every
torsion-free abelian group is a free abelian group.

538Recall that this means that the map A → B is injective, that B → C is surjective and that the image
of A→ B agrees with the kernel of B → C.
539In fact this statement is already contained in the Subgroup-of-Free Abelian Group Lemma 51.2.
540For example A and B could be two free abelian groups of the same �nite rank.
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Lemma 51.10. The abelian group (Q,+) is torsion-free but not free abelian.

Proof. Clearly (Q,+) is torsion-free. If it was free abelian, then there would exist an
epimorphism to Z. In Exercise 51.1 we will show that such an epimorphism cannot exist.

�

In Exercise 51.3 (1) we will see that the conclusion of Lemma 51.9 (1) does not hold for
general abelian groups. But the following statement actually does hold.
Proposition 51.11. Let A and B be any two abelian groups. If C is a �nitely generated
abelian group, then

A⊕ C ∼= B ⊕ C =⇒ A ∼= B.

Proof. We will consider a special case in Exercise 51.3 (b). The general case is proved in
[Cohn1956, WalkE1956]. �

51.2. The free product of groups. We �rst recall the de�nition of the direct product of
two groups G and H that we already gave on page 1092.
De�nition. The direct product of two groups G and H is de�ned as

G×H := {(g, h) | g ∈ G and h ∈ H}
together with the group structure that is given by

(g1, h1) · (g2, h2) := (g1g2, h1h2)

for g1, g2 ∈ G and h1, h2 ∈ H. We call the group G×H the direct product of the groups
G and H. Via the monomorphisms

G → G×H
g 7→ (g, e)

and
H → G×H
h 7→ (e, h)

we can view G and H as subgroups of G × H. Note that these subgroups commute, i.e.
for every g ∈ G and h ∈ H we have the equality (g, e) · (e, h) = (g, h) = (e, h) · (g, e).
Now we will introduce the �free product� G ∗H of two groups G and H. The de�nition is
perhaps initially harder than the de�nition of the �direct product� G ×H. But for many,
perhaps even most applications, the free product is more useful.

De�nition. Let G be and H be two groups. We consider the set G ∗H of all �nite
sequences (x1, . . . , xm) such that the following conditions are satis�ed:
(a) each xi lies in one of the groups G or H,
(b) no xj is the neutral element of G or of H,
(c) any two consecutive xj's lie in two di�erent groups.

Here we also allow the �empty sequence� (). Such sequences are sometimes called reduced
words in G and H.

Let (x1, . . . , xm) and (y1, . . . , yn) be two elements in G ∗H. We de�ne the product of
these two elements as follows:
(1) First suppose that xm and y1 lie in di�erent groups. Then we de�ne

(x1, . . . , xm) · (y1, . . . , yn) := (x1, . . . , xm, y1, . . . , yn).
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(2) Now suppose that xm and y1 lie in the same group. Let j ∈ {1, . . . ,min{m,n}} be
the maximal element such that xm+1−i = y−1

i for i = 1, . . . , j. If j < min{m,n},
then we de�ne541

(x1, . . . , xm) · (y1, . . . , yn) := (x1, . . . , xm−j · yj+1︸ ︷︷ ︸
6=e

, . . . , yn).

If j = m, then we de�ne

(x1, . . . , xm) · (y1, . . . , yn) := (ym+1, . . . , yn).

We proceed similarly if j = n.
Another way of stating the product formula is as follows: given two sequences (x1, . . . , xm)
and (y1, . . . , yn) we stack them together (x1, . . . , xm, y1, . . . , yn) and then we delete any
occurrence of a subsequence of the form a, a−1 for a ∈ G or a ∈ H and if a subsequence is
of the form a, b with a, b ∈ G or a, b ∈ H, then we replace it by ab.

We henceforth refer to G ∗H together with this product structure as the free product
of G and H.
We have the following important lemma.

Lemma 51.12. The free product of two groups G and H is again a group. The neutral
element of G ∗H is hereby given by the empty sequence () and the inverse of an element
(x1, . . . , xm) ∈ G ∗H is given by

(x1, . . . , xm)−1 = (x−1
m , . . . , x−1

1 ) ∈ G ∗H.

Proof. It is clear that the empty sequence is a neutral element. It follows immediately
from the de�nition of the product that the inverse of an element (x1, . . . , xm) ∈ G ∗ H is
given by (x−1

m , . . . , x−1
1 ). It remains to show that the multiplication satis�es associativity.

In principle one can show associativity naively �by hand�, but there are surprisingly
many cases one needs to distinguish, so that the proof becomes rather painful.

We will therefore follow a di�erent approach. We write W = G ∗H and we denote by
(P (W ), ◦) the group of all permutations of W , i.e. P (W ) is the set of all bijections from
W to W and the group structure is given by composition of maps. For g ∈ G we consider
the map542

λg : W → W

(x1, . . . , xm) 7→

 (g, x1, x2, . . . , xm), if x1 ∈ H,
(gx1, x2, . . . , xm), if x1 ∈ G and g 6= x−1

1 ,
(x2, . . . , xm), if g = x−1

1 .

It is now straightforward to see that for any g, g′ ∈ G and any (x1, . . . , xm) ∈ W we have
g(g′ · (x1, . . . , xm)) = (gg′) · (x1, . . . , xm). This means that λg ◦ λg′ = λgg′ . It is now
straightforward to see that the map

λ : G → P (W )
g 7→ λg

541Since xm and y1 lie in the same group, the elements xm−j and yj+1 also lie in the same group, so it
makes sense to consider xm−j · yj+1.
542It is straightforward to see that the sequences on the right do indeed lie in G ∗H.
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is a group homomorphism. Similarly we de�ne λ : H → P (W ). Now we consider the map

λ : W → P (W )
(x1, . . . , xn) 7→ λx1 ◦ · · · ◦ λxn .

This map is injective since λ(x1, . . . , xn) applied to the empty word () gives the word
(x1, . . . , xn). Hence λ(x1, . . . , xn) is not the identity map from W → W , i.e. λ(x1, . . . , xn)
is non-trivial in P (W ).

Furthermore the map λ : W → P (W ) satis�es λ(x · y) = λx ◦ λy. Put di�erently, λ
de�nes an injective map λ : (W, · )→ (P (W ), ◦) that preserves the product structure. But
since (P (W ), ◦) satis�es the associativity law we now see that (W, · ) also satis�es the
associativity law. �

The following lemma summarizes two main properties of the free product of two groups.

Lemma 51.13. Let G and H be two groups. The following two statements hold:
(1) The maps

i : G → G ∗H

g 7→
{

(g), if g 6= e,
(), if g = e

and
j : H → G ∗H

h 7→
{

(h), if h 6= e,
(), if h = e

are monomorphisms.
(2) For any two group homomorphisms α : G→ A and β : H → A there exists a unique

group homomorphism γ : G ∗H → A such that the following diagram commutes

G ∗H
γ

((

G
ioo

α
��

H

j

OO

β
// A.

Example. Let G and H be groups. We denote by α : G→ G×H and β : H → G×H the
obvious inclusion maps. It follows from Lemma 51.13 there exists a unique homomorphism
γ : G ∗H → G×H which makes the following diagram commute:

G ∗H
γ

((

G
ioo

α
��

H

j

OO

β
// G×H.

Remark. In the literature the direct product of two groups often gets introduced in a
slightly di�erent way, namely by a �universal property�. More precisely, let G be and H be
two groups. The direct product of G and H is then de�ned as a group K together with two
homomorphisms i : G → K and j : G → K which satisfy the following universal property:
for every two group homomorphisms α : G→ A and β : H → A there exists a unique group
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homomorphism γ : K → A such that the following diagram commutes

K
γ

%%

G
ioo

α
��

H

j

OO

β
// A.

Lemma 51.13 can now be reinterpreted as saying that the direct product of two groups
always exists. An argument that is very similar to the one we gave on page 1149 shows
that the direct product is unique in the following sense: If (K, i : G→ K, j : H → K) and
(K ′, i′ : G → K ′, j′ : H → K ′) both satisfy the above universal property, then there exists
a unique isomorphism Φ: K → K ′ such that i′ = Φ ◦ i and j′ = Φ ◦ j. 543

Proof. It is clear that the maps i and j are injective, furthermore it follows immediately
from the de�nition of the group structure onG∗H that the maps are group homomorphisms.

Now let α : G → A and β : H → A be two group homomorphisms. For an element
(g1, h1, . . . , gk, hk) ∈ G ∗H with gi ∈ G, hi ∈ H, i = 1, . . . , n we de�ne

γ(g1, h1, . . . , gk, hk) := α(g1) · β(h1) · · · · · α(gk) · β(hk).

The same way we de�ne γ for all other elements in G ∗H. Now one can show easily that
γ is a group homomorphism.

It remains to show the uniqueness of γ. Any element in G ∗H is a product of elements
of the form i(g), g ∈ G and j(h), h ∈ H. It follows that any homomorphism δ : G ∗H → A
is already uniquely determined by the values of δ on all elements of the form i(g), g ∈ G
and j(h), h ∈ H. Put di�erently, there is at most one homomorphism δ : G ∗H → A with
δ(i(g)) = α(g) for all g ∈ G and δ(i(h)) = β(h) for all h ∈ H. �

Remark.

(1) We will use the monomorphisms from Lemma 51.13 to view G and H as subgroups
of G ∗H.

(2) If there is no danger of confusion, then we often shorten (x1, . . . , xm) ∈ G ∗H to the
notation x1 . . . xm. This notation is coherent with the convention (1). Note that if
g ∈ G and h ∈ H are non-trivial elements, then the sequences (g, h) and (h, g) both
lie in G∗H and they are di�erent. With the convention that we just introduced that
means that g · h 6= h · g. Put di�erently, a non-trivial element of G never commutes
with a non-trivial element of H.

(3) The construction of the free product of two groups generalizes in an obvious way to
the free product of �nitely many, in fact even to in�nitely many groups.

Let t be a symbol. We de�ne

〈t〉 := {. . . , t−2, t−1, e, t, t2, . . . }.

The set 〈t〉 admits an obvious group structure that is given by ti · tj := ti+j. This group is
called the in�nite cyclic group generated by t. The map Z → 〈t〉, n 7→ tn is evidently an
isomorphism. Now we come to one of the main de�nitions in group theory.

543Why does K = G × H with the obvious maps i : G → K and j : H → K not satisfy this universal
property? Or does it?
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De�nition. For a set S we refer to

〈S〉 := free product of the groups 〈s〉, s ∈ S
as the free group on the (generating) set S. Via the map s 7→ (s) we can and will view S
as a subset of 〈S〉.

Example. If S = {t1, . . . , tk}, then we obtain the group

〈t1, . . . , tk〉 := 〈t1〉 ∗ · · · ∗ 〈tk〉

which we also refer to as the free group on the generators t1, . . . , tk. Each element of the
free group 〈t1, . . . , tk〉 is thus of the form

ts1r1 t
s2
r2
. . . tslrl

with ri 6= ri+1 for i = 1, . . . , l − 1 and si 6= 0 for i = 1, . . . , l.

Convention. Sometimes we denote the free group on k generators just by Fk.

Example. We consider the free group 〈x, y〉 on the two generators x and y. Elements in
this group are of the form xy3x−2y or y−2xy. The multiplication is the �obvious one�, for
example

(xy3x−1y2) · (y−2x3yxy−1) = xy3x2yxy−1.

The group is not abelian since xy 6= yx.544

Lemma 51.14. Let S be a set. The free group 〈S〉 is torsion-free. In other words, every
non-trivial element in the free group 〈S〉 has in�nite order.

Proof. We will prove the lemma in Exercise 51.4. �

The following innocent looking lemma summarizes the key property of free groups.

Lemma 51.15. Let S be a set, let G be an arbitrary group and let g : S → G be a map.
Then there exists a unique homomorphism ϕ : 〈S〉 → G with ϕ(s) = g(s) for every s ∈ S.

Proof. For s ∈ S the map 〈s〉 → G
sn 7→ g(s)n

is evidently the unique homomorphism ϕs : 〈s〉 → G with ϕs(s) = g(s). It now follows from
the obvious generalization of Lemma 51.13 to the case of the free product of arbitrarily many
groups that there exists a unique homomorphism ϕ : 〈S〉 → G with ϕ(s) = ϕs(s) = g(s)
for s ∈ S. �

Remark. Sometimes in the literature free groups are de�ned via a universal property.
More precisely, let S be a set. A free group on S is sometimes de�ned as a group K
together with a map f : S → K which satis�es the following universal property: for any
map g : S → G from the set S to a group G545 there exists a unique group homomorphism

544Why is xy 6= yx?
545Note that in contrast to Lemma 51.1, the group G is now not necessarily abelian.
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ϕ : K → G such that the following diagram commutes

S

g %%

f
// K

ϕ
��

G.

In this language our above Lemma 51.15 says that the obvious map S → 〈S〉 is a free group
on S in the above sense. As before, a slight variation on the argument on page 1149 shows
that the free group on S is unique in an appropriate sense.

De�nition.
(1) A group G is called free, if it is isomorphic to the free group 〈S〉 on some set S. We

say a subset S Ă G is a basis, if the natural map546 〈S〉 → G is an isomorphism.
(2) Given group G we say that S Ă G is a generating setif the natural homomorphism
〈S〉 → G is an epimorphism.Sometimes we also say that the elements in S are
generators of G.

(3) We say that a group G is �nitely generated if it admits a �nite generating set.

Examples.
(1) As on page 1074 we consider the following two self-homeomorphisms of R2:

A : R2 → R2

(x, y) 7→ (x+ 1, 1− y)
and

B : R2 → R2

(x, y) 7→ (x, y + 1)

and we denote by G the subgroup of all homeomorphisms of R2 that is generated by
A and B. This means that

G =
all self-homeomorphisms of R2 that can be written

as a �nite concatenation of the maps A,B,A−1 and B−1.

We saw in Exercise 25.11 that R2/G equals the Klein bottle K and using the Funda-
mental Group-via-Actions Theorem 48.16 we saw on page 1091 that π1(Klein bottle) ∼=
G. The group G is �nitely generated in the above sense. More precisely, it follows
immediately from the de�nition of G that S = {A,B} Ă G is a generating set for G.

(2) For any set S there exists by Lemma 51.15 a unique homomorphism 〈S〉 → Z(S) that
sends s ∈ S to s viewed as an element in Z(S). Since the set S Ă Z(S) generates
Z(S) we see that this homomorphism is an epimorphism. It follows that any �nitely
generated abelian group in the sense of page 1149 is also a �nitely generated group
in the above sense.

The subgroup of a free abelian group is again a free abelian group. Does the same hold for
free groups? We record this as a question for future reference.

546Here we mean by �canonical map 〈S〉 → G� the unique homomorphism ψ : 〈S〉 → G from Lemma 51.15
that makes the following diagram commute

S r�

φ $$

� � // 〈S〉
ψ
��
G

where S → G is the inclusion map.
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Question 51.16. Is every subgroup of a free group again a free group?
The next lemma says in particular that free groups on two sets are isomorphic if and only
if the cardinalities of the sets are the same.
Lemma 51.17. Let S and T be two sets.
(1) If there exists an epimorphism 〈S〉 → 〈T 〉, then #S ≥ #T .
(2) If 〈S〉 is isomorphic to 〈T 〉, then #S = #T .
(3) If given n ∈ N we denote by Fn the free group on n generators, then for k 6= l the

groups Fk and Fl are not isomorphic.

Proof.
(1) We �rst recall that we had just seen in the previous example that for any set U there

exists a unique epimorphism ψU : 〈U〉 → Z(U) that sends u ∈ U to u viewed as an
element in Z(U).

Now let S and T be two sets and let ϕ : 〈S〉 → 〈T 〉 be an epimorphism. By
Lemma 51.1 there exists a unique homomorphism ϕ̃ : Z(S) → Z(T ) that sends s ∈ S
to ψT (ϕ(s)) ∈ Z(T ). We obtain the following diagram of homomorphisms

〈S〉
ψS ����

ϕ
// // 〈T 〉

ψT����

Z(S) ϕ̃
// Z(T ).

It follows immediately from the de�nition of ϕ̃ that this diagram commutes.547 Since
the top horizontal is an epimorphism and since the vertical maps are epimorphisms
we see that the bottom horizontal map is also an epimorphism. It follows from the
Subgroup-of-Free Abelian Group Lemma 51.2 that #S ≥ #T .

(2) Let f : 〈S〉 → 〈T 〉 be an isomorphism. We apply (1) to f and to f−1 and we obtain
that #S ≥ #T and #T ≥ #S. It follows from the Bernstein-Schröder Theorem 0.11
that #S = #T .

(3) This statement is an immediate consequence of (2).548 �

51.3. An alternative de�nition of the free product of groups. For some purposes it
is sometimes useful to work with a di�erent model for the free product of two groups.

De�nition. Let A and B be two groups. We set549

S(A,B) := {all �nite sequences (g1, . . . , gk) with each gi in A or B}

547Here we use that a homomorphism γ : 〈S〉 → G is uniquely determined by the values of γ on S. Put
di�erently, if α : 〈S〉 → G and β : 〈S〉 → G are two homomorphisms with α(s) = β(s) for all s ∈ S, then it
follows immediately from the uniqueness statement of Lemma 51.15 that α = β.
548Note that if we just want to prove Statement (3), then in the proof of (2) we could replace the slightly
esoteric the Subgroup-of-Free Abelian Group Lemma 51.2 by the more conventional the Rank Additivity
Lemma 51.7 that was proved in the Algebra course.
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and we denote by ∼ the equivalence relation on S(A,B) that is generated by the relations

(g1, . . . , gl, e, gl+2, . . . , gk) ∼ (g1, . . . , gl, gl+2, . . . , gk)
and by the relations

(g1, . . . , gl, gl+1, . . . , gk) ∼ (g1, . . . , glgl+1, . . . , gk)

if both gl and gl+1 lie in A or both lie in B. It is now straightforward to verify that the
map S(A,B)/∼ × S(A,B)/∼ → S(A,B)/∼

([(g1, . . . , gk)], [h1, . . . , hl]) 7→ [(g1, . . . , gk, h1, . . . , hl)]

is well-de�ned and that it de�nes a group structure on S(A,B)/∼.550

Proposition 51.18. Let A and B be two groups. Then the map551

Φ: S(A,B)/∼ → A ∗B
[(g1, . . . , gk)] 7→ g1 · · · · · gk

is well-de�ned and it is an isomorphism. The inverse map is given by

Ψ: A ∗B → S(A,B)/∼
(g1, . . . , gk) 7→ [(g1, . . . , gk)].

In the proof of Proposition 51.18 we will need the following little lemma.

Lemma 51.19. Let Φ: G→ H and Ψ: H → G be two group homomorphisms such that
Φ ◦Ψ = idH and such that Ψ is an epimorphism. Then Φ is an isomorphism.
The lemma can be summarized as follows, if we are given a commutative diagram of the
form

G
Φ

%%
H

Ψ :: ::

id
// H,

then Φ is an isomorphism.552

Proof. It follows from Φ ◦Ψ = idH that Φ is an epimorphism. It remains to show that Φ
is a monomorphism. So let g ∈ ker(Φ). Since Ψ is an epimorphism there exists an h ∈ H
with Ψ(h) = g. Since Φ ◦ Ψ = idH we see that h = Φ(Ψ(h)) = Φ(g) = e. Thus h = e and
thus g = Ψ(h) = Ψ(e) = e. �

Proof. It is straightforward to verify that the map

Φ: S(A,B)/∼ → A ∗B
[(g1, . . . , gk)] 7→ g1 · · · · · gk

549This de�nition is similar to the de�nition of A ∗B, but now we allow that elements of the sequence are
trivial and we allow that consecutive elements lie in the same group.
550The neutral element is again represented by the empty sequence ( ) and the inverse of [(g1, . . . , gk)] is
given by [(g−1

k , . . . , g−1
1 )]. This time associativity is not a problem. Why not?

551Recall that we use the canonical monomorphisms from Lemma 51.13 to view A and B as subgroups
of A∗B. If we want to be more precise, then we could say that Φ is given by [(g1, . . . , gk)] 7→ (g1) · · · · · (gk).
552Is Ψ also necessarily an isomorphism?
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is well-de�ned and that it is a homomorphism. This homomorphism is surjective since
A ∗B is a subset of S(A,B). Next we consider the map553

Ψ: A ∗B → S(A,B)/∼
(g1, . . . , gk) 7→ [(g1, . . . , gk)].

It is straightforward to see that Ψ is a homomorphism. It is clear that Φ ◦ Ψ = idA∗B. It
is not so obvious that Ψ ◦ Φ = idS(A,B)/∼. In fact we will proceed in a slightly di�erent
fashion: to show that Φ is an isomorphism it su�ces, according to Lemma 51.19, to show
that Ψ is surjective. This in turn follows from the following claim.
Claim. Any element in S(A,B) is equivalent to an element in A ∗B.
Proof. We prove the claim by induction on the length of a sequence in S(A,B). Clearly
the claim holds for all sequences of length 0. Suppose we already know the claim for all
sequences of length≤ k−1. Let (g1, . . . , gk) be a sequence of length k. If (g1, . . . , gk) ∈ A∗B,
then we are done. Now suppose that this is not the case. Then one of the following occurs:
(1) either there exists an i ∈ {1, . . . , k} with gi = e, or
(2) there exists an i ∈ {1, . . . , k − 1} with gi, gi+1 ∈ A, or
(3) there exists an i ∈ {1, . . . , k − 1} with gi, gi+1 ∈ B.

In the �rst case the sequence is equivalent to (g1, . . . , gi−1, gi+1, . . . , gk). In the second and
third case the sequence is equivalent to (g1, . . . , gi−1 · gi+1, . . . , gk). In all three cases we
have thus shown that our original sequence is equivalent to a sequence of length k − 1. So
we are done by our induction hypothesis. �

Let A and B be two groups. In the following we will use the isomorphism of Proposi-
tion 51.18 to identify the group S(A,B)/∼ with the free product A ∗B. Both groups have
their advantages:
(1) In the group S(A,B)/∼ it is easier to write down the product of two elements, we

just need to juxtapose sequences of elements in A and B.
(2) On the other hand in the group A∗B it is trivial to check whether two elements are the

same. For example for two non-trivial elements a ∈ A and b ∈ B the elements (a, b)
and (b, a) of A ∗B are by de�nition di�erent. But from the de�nition of S(A,B)/∼
it is not immediately clear that [(a, b)] and [(b, a)] are indeed di�erent.

51.4. The Grushko-Neumann Theorem. We start out with the following natural def-
inition.
De�nition. Let G be a �nitely generated group. We denote by d(G) ∈ N0 the minimal
number of elements in a generating set for G.

Remark. It is an unfortunate fact of life that in the literature the number d(G) is usually
referred to as the rank of the group G. But for abelian groups the invariants rank(G) and
d(G) can di�er quite dramatically. For example for G = (Z2)n we have rank(G) = 0 but
d(G) = n.

The following theorem was proved by Igor Grushko [Gru1940] in 1940 and independently
by Bernhard Neumann [Neum1943] in 1940.

553Put di�erently, A ∗ B → S(A,B)/∼ is the homomorphism that is given by the universal property of
A ∗B.
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Theorem 51.20. (Grushko-Neumann Theorem) Given any two �nitely generated
groups A and B we have d(A ∗B) = d(A) + d(B).

Proof. The proof is evidently given in the above two references, but it can also be found in
any self-respecting book on combinatorial group theory, see e.g. [LyS1977, Corollay IV.1.9]
and [MKS1976, p. 192]. �

We already saw that some groups can be written as a direct product of two groups in
di�erent ways. For example it follows from the Chinese Remainder Theorem that the
groups Z3×Z35 and Z5×Z21 are isomorphic. The following theorem says that the situation
is much more rigid for free products. Before we can state the theorem we have to introduce
the following de�nition.

De�nition. A group G is indecomposable if it is not isomorphic to the free product of
two non-trivial groups.

Lemma 51.21. Abelian groups and �nite groups are indecomposable.

Proof. The lemma will be proved in Exercise 51.6. �

Now we can state the Grushko554 Decomposition Theorem.

Theorem 51.22. (Grushko Decomposition Theorem) Let G be a �nitely generated
group.
(1) The group G is isomorphic to the free product G = A1 ∗ · · · ∗ Ak of non-trivial

indecomposable groups.555

(2) The isomorphism types of A1, . . . , Ak are unique up to permutation. More precisely,
if A1, . . . , Ak and B1, . . . , Bl are indecomposable �nitely generated groups such that

A1 ∗ · · · ∗ Ak ∼= B1 ∗ · · · ∗Bl,

then k = l and furthermore there exists a permutation σ ∈ Sk such that Ai ∼= Bσ(i)

for i = 1, . . . , k.

Proof.

(1) This statement follows easily from induction on d(G) and the Grushko-Neumann
Theorem 51.20. Indeed, if d(G) = 0 then there is nothing to prove. Next suppose
that the statement is known for all groups G with d(G) < k. Let G be a group
with d(G) = k. If G is indecomposable, we are done. If G is not indecomposable,
then we can write G as the free product of two non-trivial groups A and B. By the
Grushko-Neumann Theorem 51.20 we have d(G) = d(A) + d(B). Since A and B are
non-trivial we have d(A) ≥ 1 and d(B) ≥ 1. Thus we have d(A) < k and d(B) < k
and by induction we can �nd decompositions for A and B. These two decompositions
put together give the desired decomposition for G = A ∗B.

(2) The uniqueness statement was proved by Aleksandr Kurosh in 1934, see [Kuro1934,
Isomorphismsatz] and [Kuro1960, p. 27]. Alternative proofs are given in [Stal1975,
p. 168f] and [Nel, Theorem 4.5]. Also see [CM1982, Chapter II.4] for more context.

�

554Igor Grushko was a Russian mathematician. The theorem was proved in 1940.
555If G is trivial then k = 0 and the free product of zero groups is by convention the trivial group.
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Example. It follows from Lemma 51.21 and from the Grushko Decomposition Theo-
rem 51.22 that the free product Z3 ∗ Z35 is not isomorphic to the free product Z5 ∗ Z21.

Exercises for Chapter 51.

Exercise 51.1. Show that Q does not admit an epimorphism onto Z.

Exercise 51.2. Given n ∈ Z we consider the matrix B(n) =
(

0 3
3 n

)
and we consider the

abelian group An := Z2/B(n)Z2. Complete the following sentence: given m,n ∈ Z the
abelian groups Am and An are isomorphic if and only if . . . .

Exercise 51.3.
(a) Show that there exists an abelian group G with G⊕G ∼= G.
(b) Let A be a �nitely generated abelian group. Show that if B is an abelian group with

B ⊕ A ∼= A, then B ∼= 0.
Hint. Arguably it is easiest to start out with the special case that A = Z.

Exercise 51.4. . Let S be a set. Show that every non-trivial element in the free group
〈S〉 has in�nite order.
Exercise 51.5. Let M be a connected smooth manifold, let P1, . . . , Pn and Q1, . . . , Qn

be points on M . Does there exist an action by a free group F on M such that for any
i ∈ {1, . . . , n} there exists a g ∈ F with g · Pi = Qi?

Exercise 51.6. Show that abelian groups and �nite groups are indecomposable.

Exercise 51.7. Let G be an additive abelian group. We say that an element g ∈ G is
primitive if there does not exist an h ∈ G and an n ≥ 2 with n · h = g.
(1) Suppose G is �nitely generated. Let g ∈ G. Show that the following statements are

equivalent:
(a) g is a primitive element.
(b) We can write G = Z · g ⊕H for some abelian group G.
(c) There exists a homomorphism ϕ : G→ Z with ϕ(g) = 1.

(2) Which of the implications in (1) also hold for in�nitely generated abelian groups?

Exercise 51.8. Let p, q, r ∈ N≥2 be coprime. By the Chinese Remainder Theorem we
know that Zpq ×Zr ∼= Zp ×Zqr. Show, without making use of the Grushko Decomposition
Theorem, that Zpq ∗ Zr is not isomorphic to Zp ∗ Zqr.
Perhaps it is notationally easier to write A = {e, a, . . . , apq−1}, B = {e, b, . . . , br−1},
C = {e, c, . . . , cp−1} and D = {e, d, . . . , dqr−1}, where A,B,C and D have the obvious
multiplicative group structure. Then the problem is to show that A ∗ B is not isomorphic
to C ∗D.

Exercise 51.9. Let S and T be sets. If there exists a monomorphism ϕ : 〈S〉 → 〈T 〉, does
it follow that #S ≤ #T?

Exercise 51.10. Let P be a property of groups. A group G is called locally P if every
�nitely generated subgroup has property P .
(1) Is every locally abelian group in fact an abelian group?
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(2) Is every locally free group in fact a free group?
(3) Is every locally �nite group in fact a �nite group?

Exercise 51.11. Let A and B be two non-trivial groups. Show that the free product A∗B
is in�nite.

Exercise 51.12. Let G be a group and let g ∈ G. The centralizer of g ∈ G is de�ned as

CG(g) := {h ∈ G | gh = hg}.
(a) Let A and B be groups and let g ∈ A ∗B. We view A and B as subgroups of A ∗B

in the obvious way. Let g ∈ A ∗B. Show that

CG(g) =

 CA(g), if g ∈ A,
CB(g), if g ∈ B,
〈h〉, h ∈ A ∗B of in�nite order otherwise.

(b) Let S be a set. Show that every abelian subgroup of the free group 〈S〉 is isomorphic
to Z.
Remark. Note that S is not necessarily �nite.

Exercise 51.13. Let G be a group and let x, y ∈ G. Suppose there exists an action of G on
some set X and two disjoint subsets A and B of X such that the following two conditions
are satis�ed:
(1) for every n ∈ Z \ {0} we have xn · A Ă B, and
(2) for every n ∈ Z \ {0} we have yn ·B Ă A.

Show that x and y generate a free subgroup of G, i.e. show that the map 〈x〉 ∗ 〈y〉 → G is
a monomorphism.
Hint. Show that any non-trivial element (g1, . . . , gk) ∈ 〈x〉 ∗ 〈y〉 acts non-trivially on X.
Remark. This statement is known as the Ping-Pong Lemma.
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Exercise 51.14. We consider the group G = SL(2,Z) and we consider the two matrices

x =
(

1 2
0 1

)
, y =

(
1 0
2 1

)
. Use the Ping-Pong Lemma from Exercise 51.13 to show that x

and y generate a free subgroup of G.
Hint. Consider X = R2 together with the subsets A = {(x, y) ∈ R2 | |y| > |x|} and
B = {(x, y) ∈ R2 | |x| > |y|}.

Exercise 51.15. A group π is called residually �nite if given any non-trivial element g ∈ π
there exists a homomorphism α : π → G to a �nite group G such that α(g) is non-trivial.
(a) Show that for any n ∈ N the group GL(n,Z) is residually �nite.
(b) Show that the free group on two generators is residually �nite.

Remark. Use Exercise 51.14.
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Exercise 51.16. Let G be a group. We consider the subset

Tor(G) := {g ∈ G | there exists an n ∈ N with gn = e}.

(a) Suppose that G is abelian. Show that Tor(G) is a subgroup of G. We refer to it as
the torsion subgroup of G.

(b) Give an example of a group G such that Tor(G) is not a subgroup of G.

Exercise 51.17.

(a) Let φ : 〈x, y〉 → Z be the homomorphism given by φ(x) = 1 and φ(y) = 0. Show that
ker(φ) is in�nitely generated.
Remark. In Proposition 53.14 we will see that any non-trivial normal subgroup of
in�nite index of a free group is in�nitely generated.

(b) Let ψ : 〈s, t〉 × 〈x, y〉 → Z be the homomorphism given by ψ(s) = 1, ψ(t) = 0,
ψ(x) = 1 and ψ(y) = 0. Show that ker(ψ) is �nitely generated.

Exercise 51.18. We consider the free group F = 〈x, y〉. Let a = (a1, a2, . . . , am) be a
reduced word in 〈x〉 and 〈y〉. We denote by a = (am, . . . , a1) the reverse word. Given any
reduced word z = (z1, . . . , zn) we write

|z|a = number of non-overlapping subsequences of z1, . . . , zn that agree with a1, . . . , am.

Now we consider the following map

ϕa : 〈x, y〉 → Z≥0

z 7→ |z|a − |z|a.

(a) Show that in general ϕa is not a homomorphism.
(b) Show that there exists a D > 0 such that for every g, h ∈ 〈x, y〉 we have

|ϕa(g · h)− ϕa(g)− ϕa(h)| ≤ D.

Remark. Any map ϕ : G→ R from a group G to R that admits a D as above is called
a quasi-morphism. The above quasi-morphism is called the Brooks quasi-morphism
[Brooks1981].

Exercise 51.19.

(a) Let p, q ∈ N. Show that if p and q are coprime, then there exist X, Y ∈ GL(2,Z)
with

X ·
(
p 0
0 q

)
· Y =

(
x · y 0

0 1

)
.

(b) Let A ∈ M(m×n;Z). By the Smith Normal Form Theorem 51.5 we know that there
exist matrices P ∈ GL(m,Z) and Q ∈ GL(n,Z) such that P · A ·Q is of the form

P · A ·Q =

(
Dk×k 0k×(n−k)

0k×(m−k) 0(n−k)×(m−k)

)
where D = diag(d1, . . . , dk) is a diagonal (k×k)-matrix such that the diagonal entries
d1, . . . , dk lie in N. Show that we can �nd P andQ such that for each i ∈ {1, . . . , k−1}
we have di|di+1.

(c) Show that d1, . . . , dk with di|di+1 as in (b) are unique.
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Exercise 51.20. Show that every matrix in GL(n,Z) can be written as a product of
elementary matrices, i.e. of matrices of the following form:

id 0 0
0 r 0
0 0 id


︸ ︷︷ ︸

(I)

,


id 0 0 0 0
0 0 0 1 0
0 0 id 0 0
0 1 0 0 0
0 0 0 0 id


︸ ︷︷ ︸

(II)

and


id 0 0 0 0
0 1 0 r 0
0 0 id 0 0
0 0 0 1 0
0 0 0 0 id

 ,

︸ ︷︷ ︸
(III)

with r ∈ {−1, 1}.

Exercise 51.21. Let G and H be two groups.
(a) Suppose there exist monomorphisms ϕ : G→ H and ψ : H → G. Does it follow that

G and H are isomorphic?
(b) Suppose there exist epimorphisms ϕ : G→ H and ψ : H → G. Does it follow that G

and H are isomorphic?
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52. The basic Seifert�van Kampen Theorem

We are still lacking the computation of fundamental groups of even fairly simple topological
spaces. Now we will take a new approach to calculating fundamental groups. Namely in
the following two chapters we will formulate and prove results which allow us to calculate
the fundamental group of a given topological space from the fundamental groups of suitable
subspaces.

52.1. The formulation of the basic Seifert�van Kampen Theorem. The idea of the
Seifert�van Kampen theorem is to reduce the calculation of the fundamental group of a
topological space X to the determination of fundamental groups of �simpler subsets� of X.
Let X be a topological space and let U, V Ă X be two subsets with X = U ∪ V and with
U ∩ V 6= ∅. We choose a base point x0 ∈ U ∩ V and we consider the following inclusion
maps and the corresponding induced homomorphisms of the fundamental groups:

U ∩ V

��

// U

i
��

V
j
// X = U ∪ V

and

π1(U ∩ V, x0)

��

// π1(U, x0)

i∗
��

π1(V, x0)
j∗
// π1(X, x0) = π1(U ∪ V, x0).

Our goal is to determine the fundamental group of the total space X = U ∪ V in terms of
the fundamental groups of U , V , U ∩ V and the induced maps π1(U ∩ V, x0) → π1(U, x0)
and π1(U ∩ V, x0)→ π1(V, x0).

We start out with the following lemma:

Lemma 52.1. Let X be a topological space and let U, V Ă X be two open subsets with
X = U ∪ V and such that U ∩ V 6= ∅. We choose a base point x0 ∈ U ∩ V . If U ∩ V is
path-connected, then the homomorphism

π1(U, x0) ∗ π1(V, x0) → π1(X, x0),

which is induced by the homomorphisms π1(U, x0)→ π1(X, x0) and π1(V, x0)→ π1(X, x0)
and by Lemma 51.13 (2), is surjective.

Examples.

(1) We consider the sphere

X = S2 = {(x, y, z) | x2 + y2 + z2 = 1},
with the covering X = U ∪ V given by the two open subsets

U = {(x, y, z) | x2 + y2 + z2 = 1 and z > −1
2
},

V = {(x, y, z) | x2 + y2 + z2 = 1 and z < 1
2
}.

We pick the base point x0 = (1, 0, 0) Ă U ∩ V . Here the intersection U ∩ V is path-
connected, therefore we can apply Lemma 52.1. It says that we have an epimorphism

π1(U, x0) ∗ π1(V, x0) → π1(S2, x0).
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The subspaces U and V are homeomorphic to an open disk,556 thus the fundamental
groups are trivial. It follows that the trivial group557 surjects onto π1(S2, x0), thus
π1(S2, x0) itself is trivial. Precisely the same argument shows that π1(Sn) = 0 for
n ≥ 3.

We had already obtained this result in the Sphere-π1-Proposition 47.13. In fact,
as we will see shortly, the proof of Lemma 52.1 has clear parallels to the proof of the
Sphere-π1-Proposition 47.13.

(2) We consider the sphere

X = S1 = {exp( it) | t ∈ R},
with the covering X = U ∪ V given by the two open subsets

U := {exp( it) | t ∈ (−π
4
, 5π

4
)}

V := {exp( it) | t ∈ (3π
4
, 9π

4
)}.

We pick the base point x0 = 1. The subsets U and V are both homeomorphic to an
open interval, hence π1(U, x0) = π1(V, x0) = 0, but of course we know from Corol-
lary 48.18 that π1(X, x0) ∼= Z. Thus we see that π1(U, x0) ∗ π1(V, x0) → π1(X, x0)
is not an epimorphism. This is not a contradiction to Lemma 52.1, since in this
example the intersection U ∩ V is not path-connected.

Now we turn to the proof of Lemma 52.1.

Proof of Lemma 52.1. Let X be a topological space and let U, V Ă X be two open
subsets with X = U ∪ V and such that U ∩ V 6= ∅. We choose a base point x0 ∈ U ∩ V .
It su�ces to prove the following claim.558

Claim. Every loop s : [0, 1] → X = U ∪ V in x0 is path-homotopic to a loop which is the
product of �nitely many loops in (U, x0) or in (V, x0).

Proof. So let s : [0, 1] → X = U ∪ V be a loop in x0. Since U and V are open we can use
the Lebesgue Corollary 6.6 to �nd a subdivision

0 = t0 < t1 < t2 < . . . < tk < tk+1 = 1

of the interval [0, 1] such that the image of each si := s|[ti,ti+1] lies in U or in V . The same
argument as in the proof of the Sphere-π1-Proposition 47.13 shows that we can assume
that each s(ti) lies in U ∩ V .559 The problem is that even though the paths si lie in U
respectively in V , they are not necessarily loops in x0. But since U ∩ V is path-connected
we can �nd for each i ∈ {1, . . . , k} a path pi in U ∩ V which connects s(ti) ∈ U ∩ V to the

556A homeomorphism is for example given by stereographic projection.
557Here we use the obvious fact that the free product of two copies of the trivial group is again the trivial
group.
558Why does it su�ce to prove this claim?
559Indeed, if s(ti) lies in U \ V , then s([ti−1, ti]) and s([ti, ti+1]) cannot lie in V , hence they both lie in U .
This implies that s([ti−1,ti+1]) lies in U , and therefore we can remove ti from the subdivision.
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VU U ∩ V s0 ∗ p1

=⇒

s

p1 ∗ s1x0

s(t1)

p1

base point x0 ∈ U ∩ V . Now we have the following path-homotopies:

by Lemma 47.3, since s
is a reparametrization since each pi ∗ pi
of s0 ∗ · · · ∗ sk is null-homotopic
↓ ↓

s ' s0 ∗ · · · ∗ sk ' s0 ∗ p1 ∗ p1 ∗ s1 ∗ p2 ∗ p2 ∗ s2 ∗ p3 ∗ p3 ∗ . . . ∗ pk ∗ sk
' ( s0 ∗ p1︸ ︷︷ ︸

loop in (U, x0)
or in (V, x0)

) ∗ ( p1 ∗ s1 ∗ p2︸ ︷︷ ︸
loop in (U, x0)
or in (V, x0)

) ∗ ( p2 ∗ s2 ∗ p3︸ ︷︷ ︸
loop in (U, x0)
or in (V, x0)

) ∗ (p3 ∗ . . . ∗ (pk ∗ sk).

Thus we have shown that s is path-homotopic to a product of loops in (U, x0) and (V, x0).560

�

Theorem 52.2. (Seifert�van Kampen Theorem)561 Let X be a topological space and
let U, V Ă X be two open subsets with X = U ∪ V and with U ∩ V 6= ∅. We choose a
base point x0 ∈ U ∩ V . If U ∩ V is simply connected, then the map

π1(U, x0) ∗ π1(V, x0) → π1(X, x0)

that is induced by π1(U, x0)→ π1(X, x0) and π1(V, x0)→ π1(X, x0) and Lemma 51.13 (2),
is an isomorphism.

Remark. One might wonder whether the hypothesis that U ∩ V is simply connected is
really necessary. But this is indeed the case. For example we could take X = S1 × [−1, 1]
with U = S1 × [−1, 1

2
) and V = S1 × (−1

2
, 1]. In this case we have π1(X) ∼= Z which is not

isomorphic to the non-abelian group π1(U) ∗ π1(V ) ∼= Z ∗ Z.
We postpone the proof of the Seifert�van Kampen Theorem 52.2 to the next section and
we �rst discuss several examples and applications of the theorem.
Let A and B be two topological spaces and let a ∈ A and b ∈ B be two points. Recall that
on page 1132 we de�ned the wedge A ∨B of A and B as

A ∨B := A tB / a = b.

We illustrate this de�nition in the �gure below. In the following we will often identify A
and B with their respective images in A∨B. Another way of thinking about the wedge of
560The proof of Lemma 52.1 is arguably easier to follow than the proof of the Sphere-π1-Proposition 47.13.
The reason is that in the special case the Sphere-π1-Proposition 47.13 we introduced more notation, e.g.
North Pole and South Pole, than was perhaps strictly necessary. All we really needed was that we could
cover S2 by two open simply connected subsets U and V such that U ∩ V is path-connected. The precise
choice of U and V is irrelevant.
561The theorem was proved independently by Herbert Seifert (1907-1996) and Egbert van Kampen (1908-
1942).
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A and B is to say that the wedge X = A∨B can be decomposed into two subsets A and B
such that A∩B is a point. Since A∩B is a point it is in particular simply connected. Thus
it sounds like one should be able to apply the Seifert�van Kampen Theorem 52.2. This
is almost correct, except that in the Seifert�van Kampen Theorem we have to deal with
decompositions of a topological space X into open subsets. We therefore need to introduce
a somewhat technical de�nition.
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De�nition. We say a point x in a topological space X is good, if the following two
conditions are satis�ed:
(1) {x} is a closed subset of X and
(2) there exists an open neighborhood U of x such that x is a deformation retract of U .

Remark.

(1) If X is Hausdor�, then it we know by the Points-in-Hausdor� Space Lemma 1.15 (1)
that any subset consisting of a single point is closed. Thus the �rst condition in the
de�nition of a good point is satis�ed �for free�.

(2) What we call a �good point� is sometimes called a �non-degenerate point�, see e.g.
[Lee2000, p. 212]. On the other hand, the term �non-degenerate point� is de�ned in
a subtly di�erent way, see e.g. [Spa1995, p. 380] or [Bre1993, p. 435]. Also note
that a point x ∈ X is good if the pair (X, {x}) is good in the sense of [Hat2002,
p. 114].

Examples.

(1) Let X be an n-dimensional topological manifold (e.g. a sphere). We claim that every
point is good. Since X is by de�nition Hausdor� we only need to show that Condition
(2) is always satis�ed. Thus let x ∈ X. Using a chart around x one easily sees that
x admits an open neighborhood that is homeomorphic to the open ball Bn or to
the �open half-ball� {(x1, . . . , xn) ∈ Bn |xn ≥ 0}. In both cases x is evidently a
deformation retract of that open neighborhood.

(2) We consider X = C \ { 1
n
| n ∈ N}. Morally speaking the point x = 0 is not

good, �since any open neighborhood of 0 has non-trivial fundamental group�. In
Exercise 52.1 we will provide a proper proof that x = 0 is not a good point of X.
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X = C \ { 1
n
|n ∈ N}

neighborhood U
loop in U that is not null-homotopic

x = 0

holes at 1
n
, n ∈ N



1172

Proposition 52.3. (Wedge-π1-Proposition) Let A and B be two path-connected topo-
logical spaces and let a ∈ A and b ∈ B be good points. Then the inclusion maps induce
an isomorphism562

π1(A, a) ∗ π1(B, b)
∼=−→ π1(A ∨B, a = b).

Remark. In the de�nition of a �good point� we demanded that the one-point subset given
by the point is closed. Strictly speaking we do not need this fact in the proof of the
Wedge-π1-Proposition 52.3.

Proof. Let A and B be two path-connected topological spaces and let a ∈ A and b ∈ B
be good points. We write X = A ∨ B and x0 = {a, b} ∈ A ∨ B. By Lemma 50.10 we can
view A and B as subsets of X = A ∨B in the obvious way.

We pick an open neighborhood C in A of a that deformation retracts to a. Furthermore
we pick an open neighborhood D of b in B that deformation retracts to b. We consider
U := A ∨D and V := B ∨ C, each viewed as subsets of X = A ∨B.
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b D

B

Va

U

=⇒

A C

Now we consider the following diagram

π1(A, a) ∗ π1(B, b) //

��

π1(X, x0)

id
��

π1(U, x0) ∗ π1(V, x0) // π1(X, x0).

We make the following observations:
(1) The vertical and horizontal maps are all induced by the various inclusions of topo-

logical spaces. In particular the diagram commutes.
(2) It follows from the de�nition of the quotient topology on A∨B = (AtB)/∼ that U

and V are open subsets of X.
(3) It follows from Lemma 50.13 that A is a deformation retract of U = A ∨ C.
(4) As in (3) we see that B is a deformation retract of V = B ∨D.
(5) Furthermore, very similar to the argument in (3), we see that A∩B is a deformation

retract of U ∩ V = C ∨ D. It follows from the Deformation Retract-Homotopy
Equivalence Lemma 15.5 and the Homotopy-π1-Proposition 50.3 (2) that U ∩ V is
simply connected.

(6) By (2) and (5) we can apply the Seifert�van Kampen Theorem 52.2 to the decom-
position A∨B = U ∪ V and we obtain that the bottom horizontal map of the above
diagram is an isomorphism.

562More precisely, the two natural inclusions A→ A∨B and B → A∨B induce homomorphisms π1(A, a)→
π1(A ∨ B, a = b) and π1(B, b) → π1(A ∨ B, a = b). Combined with Lemma 51.13 (2) we obtain the
homomorphism π1(A, a) ∗ π1(B, b)→ π1(A ∨B, a = b).
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(7) It follows from (3), (4) and the Deformation Retract-Homotopy Equivalence Lemma 15.5
that the inclusions A→ U = A∪D and B → V = B∪C are homotopy equivalences.

(8) It follows from (6) together with the Homotopy-π1-Proposition 50.3 (2) that the two
inclusion induced maps π1(A, a) → π1(U, a) and π1(B, b) → π1(V, b) are isomor-
phisms, which implies that the left vertical map in the above commutative diagram
is an isomorphism.

(9) We deduce that the top horizontal map is, as desired, also an isomorphism. �

Examples.
(1) We consider again the wedge S1∨S1 with a = (1, 0) and b = (−1, 0). These points are

simple.563 By Proposition 48.17 we know that π1(S1, a) = 〈x〉564 and π1(S1, b) = 〈y〉
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x
y

a = b

π1(S1 ∨ S1) = 〈x, y〉a = (1, 0)

=⇒

b = (−1, 0)

y−1x−1yx is a non-trivial element
in π1(S1 ∨ S1) = 〈x, y〉

BA

where x and y are represented by loops that go �once around the circle�, as illustrated
in the �gure above. the Wedge-π1-Proposition 52.3 says that the inclusion maps
induce an isomorphism

〈x, y〉 = 〈x〉 ∗ 〈y〉 = π1(S1, a) ∗ π1(S1, b)
∼=−→ π1(S1 ∨ S1, a = b).

(2) We consider the loop γ from page 1049 in C\{±1} that is also illustrated in the �gure
below. We had already pointed out on page 1134 that there exists a deformation
retraction f from C \ {±1} to the wedge of two circles that is given by

S1 ∨ S1 = {z ∈ C | |z + 1| = 1} ∪ {z ∈ C | |z − 1| = 1}︸ ︷︷ ︸
two circles that meet at the origin

.

We then have f∗([γ]) = [f ◦ γ] = 〈y−1x−1yx〉 ∈ 〈x, y〉 = π1(S1 ∨ S1), which is non-
trivial. Thus we see that f ◦ γ is not null-homotopic in S1 ∨ S1 which implies that γ
is not null-homotopic in C \ {±1}.565

Before we continue we condense the above example into a lemma.

563This follows either from the general statement that any point on a topological manifold is simple, or
more simply, by taking A and B to be small �intervals� around a and b.
564Recall that 〈x〉 denotes the free group generated by x, i.e. 〈x〉 = {. . . , x−1, e = x0, x, x2, . . . }.
565We could also have applied Seifert�van Kampen Theorem 52.2 to the covering C \ {±1} = U ∪ V where
U = {z ∈ C \ {−1} | Re(z) < 1

2} and V = {z ∈ C \ {1} | Re(z) > − 1
2}. Both sets U and V are open and

they are homotopy equivalent to a circle.
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retraction f from

loop γ in C \ {±1}

C \ {±1} to S1 ∨ S1

[f ◦ γ] = y−1x−1yx ∈ π1(S1 ∨ S1)

Lemma 52.4. (Fundamental Group-Wedge-of-Circles Lemma) Let k ∈ N0. The
map

〈x1, . . . , xk〉 → π1

( k∨
i=1
S1, ∗

)
that is given by

xi 7→
[

[0, 1] → S1
i

t 7→ exp(2π it)

]
is an isomorphism.

Convention. We refer to the images of x1, . . . , xk under the isomorphism of the Funda-

mental Group-Wedge-of-Circles Lemma 52.4 as the standard generating set of π1

( k∨
i=1
S1, ∗

)
.

Proof. Similar to the above example the lemma follows from applying the Wedge-π1-
Proposition 52.3 altogether k − 1 times. �

Proposition 52.5. (Fundamental Group-of-Graph Proposition)
(1) Let G = (V,E, i, t) be a �nite connected non-empty abstract graph and let T be a

maximal tree of G. Let e1, . . . , en be the edges not contained in T . We pick some
v ∈ V . For j = 1, . . . , n we pick a path αj : [0, 1]→ |T | from v to i(ej), we denote by
βj : [0, 1] → [(ej, t)] ∈ |G| the obvious path from i(ej) to t(ej), and we pick a path
γj : [0, 1]→ |T | from t(ej) to v. Then the map

ΘG : 〈x1, . . . , xn〉 → π1(|G|, v)
that is given by

xj 7→ [αj ∗ βj ∗ γj]
is an isomorphism.

(2) Let X be a �nite connected non-empty topological graph with v vertices and e edges.
Then

π1(X) ∼= free group on 1− χ(X) = 1 + e− v generators.

(3) Two �nite connected topological graphs are homotopy equivalent if and only if they
have the same Euler characteristic. �
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γ2

α2

α1

e1
e2

spanning tree |T |

β2

topological graph |G|

γ1 β1

v

Proof.
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(1) We consider the maps
isomorphism induced by the homeomorphism on page 1133

↓
〈x1, . . . , xn〉

ΘG−−→ π1(|G|, v) → π1(|G|/|T |, v)
∼=←− π1

( n∨
j=1
S1
j

) ∼=←− 〈y1, . . . , yn〉.
↑ ↑

isomorphism by Propositions 50.15 and 50.3 (2) isomorphism given by the Fundamental Group-Wedge-of-Circles Lemma 52.4

It follows fairly easily from the explicit descriptions of the various maps that for each
j ∈ {1, . . . , n} the images of xj and yj in π1(|G|/|T |, v) are represented by homotopic
loops, in particular the images of xj and yj in π1(|G|/|T |, v) are the same. But now
it follows from the above and the fact that all other maps are isomorphisms that ΘG

itself is indeed an isomorphism.
(2) Basically by de�nition we only need to prove the statement if X = |G| is the topo-

logical realization of a �nite connected non-empty abstract graph G = (V,E, i, t).
By the Spanning Tree Existence Proposition 7.10 (1) we know that G admits a
spanning tree T = (W,F ). By the Spanning Tree Existence Proposition 7.10 we
know that T contains all vertices of V . Furthermore, since T is a tree we know by
de�nition of a tree that #W − #F = 1. Thus it follows that there are precisely
#E −#F = e− (#W − 1) = e− v + 1 edges of G that are not contained in T . The
desired statement now follows from (1).

(3) Let X and X ′ be two �nite connected topological graphs. If χ(X) = χ(X ′), then we
already saw in Proposition 50.15 (3) that X and X ′ are homotopy equivalent. On
the other hand, if χ(X) 6= χ(X ′), then it follows from (1) together with Lemma 51.17
that X and X ′ are not homotopy equivalent. �

As a last example in this section we would like to determine the fundamental group of

X =
(
R t (Z× S2)

)
/ n ∼ (n, (0, 0,−1)).

The topological space X consists of an in�nite line where to each n ∈ Z we attach a
2-dimensional sphere. The topological space X is illustrated in the �gure below. Given
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the topological space X

Z× S2

R

k ∈ N we denote by Xk the topological space that is obtained by X by restricting oneself
to the interval (−k − 1

2
, k + 1

2
), i.e.

Xk =
((
− k − 1

2 , k + 1
2

)
t ({−k, . . . , k − 1, k} × S2)

)
/ n ∼ (n, (0, 0,−1)).

Note that Xk can be viewed as the wedge of an open interval with 2k+1 spheres. It follows
immediately from the Sphere-π1-Proposition 47.13, the Wedge-π1-Proposition 52.3 and a
straightforward induction argument that π1(Xk) = 0 for all k. Furthermore one can easily
convince oneself that the sets Xk are open. It now follows from the following lemma that
π1(X) is also trivial.
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Lemma 52.6. Let X be a path-connected topological space and let x0 ∈ X. Furthermore
let Xk, k ∈ N be a sequence of subsets of X such that the following hold:
(1) each Xk is open,
(2) each Xk is simply connected,
(3) the sequence Xk is nested, i.e. for each k we have Xk Ă Xk+1,
(4) we have

⋃
k∈N

Xk = X.

Then π1(X, x0) = 0.

Proof. The proof of the lemma, which will make essential use of Lemma 2.12, is the content
of Exercise 52.2. �

We conclude this section with the following generalization of the Wedge-π1-Proposition 52.3.

Proposition 52.7. Let {Ak}k∈K be a family of topological spaces. For each k ∈ K
suppose that we are given a good point ak ∈ Ak. Given j ∈ K we denote by

ij : Aj →
∨
k∈K

Ak respectively pj :
∨
k∈K

Ak → Aj

the natural inclusion map respectively the natural projection . We denote by ∗ the wedge
point of

∨
i∈I
Xi. For every n ∈ N0 the projections pk induces an isomorphism

∗
k∈K

pk∗ : π1

( ∨
k∈K

Ak, ∗
)
→ free product of the groups {π1(Ak, ak)}k∈K .

The inverse is induced by the inclusions ik.

Proof. Let {Ak}k∈K be a family of topological spaces. For each k ∈ K suppose that we
are given a good point ak ∈ Ak. We use these points to form the wedge

∨
k∈K

Ak. Recall that

the fact that ak is good means that
(1) {ak} is a closed subset of Ak and
(2) that there exists an open neighborhood Uk of ak in Ak such that ak is a deformation

retract of Uk.
The trick in the proof of Proposition 52.7 is to reduce the statement to the case of Propo-
sition 52.7. We will show that the map

∗
k∈K

ik : ∗
k∈K

π1(Ak) → π1

( ∨
k∈K

Ak

)
is an isomorphism. (Here and throughout out we work with the obvious base points, which
we suppress from the notation.) Once we will have established this fact it is straightforward

to show that the inverse is given by ∗
k∈K

pk∗.

The idea of the proof is to show that the map is a monomorphism and an epimorphism.
Claim. The map ∗

k∈K
ik : ∗

k∈K
π1(Ak) → π1

( ∨
k∈K

Ak

)
is an epimorphism.

Proof. We introduce the following notation:

(1) We write B :=
∨
k∈K

Ak and we set U :=
⋃
k∈K

Uk Ă B.
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(2) Given a subset J Ă K we write BJ :=
∨
j∈J
Aj and we write B̂J := U ∪BJ .

Given a �nite subset J Ă K we have the following commutative diagram

∗
j∈J
π1(Aj)

∼= //

� _

��

π1(BJ) ∼=
))

��

π1(B̂J)

uu∗
k∈K

π1(Ak) // π1(B).

We make the following observations and comments:
(1) The maps are either the obvious algebraic inclusion maps or they are the obvious

maps induced by inclusions of topological spaces. It follows almost immediately from
the de�nitions that the diagram commutes.

(2) Since J is �nite we obtain, from applying the Wedge-π1-Proposition 52.3 �nitely
many times, that the top horizontal map is an isomorphism.

(3) By Exercise 50.8 we know that BJ is a deformation retract of B̂J . It follows from
the Homotopy-π1-Proposition 50.3 (2) that the top diagonal map is an isomorphism.

(4) By Exercise 50.9 we know that given any compact subset L Ă B there exists a �nite
subset J Ă K with L Ă B̂J .

Now we show that the above map ∗
k∈K

ik∗ is an epimorphism. So suppose we are given some

[σ : S1 → B] ∈ π1(B). It follows from (4) there exists a �nite subset J Ă K such that
σ ∈ Cn(B̂J). But considering the above diagram, and using the fact that the top horizontal
map is an isomorphism we see that [σ] actually lies in the image of ∗

k∈K
ik. �

Claim. The map ∗
k∈K

ik : ∗
k∈K

π1(Ak) → π1

( ∨
k∈K

Ak

)
is a monomorphism.

Proof. We continue with the notation that we introduced in the proof of the previous claim.
Given any two �nite subsets J Ă J̃ Ă K we have the following commutative diagram

∗
j∈J
π1(Aj)

∼= //
� x

++

� n

��

π1(BJ)

))

��

((

∗
j∈J̃
π1(Aj)

∼= //

jJ
xx

π1(BJ̃)

zz

∼= // π1(B̂J̃).

pp∗
k∈K

π1(Ak) // π1(B)

In Exercise 52.7 we will use this diagram to show that the map ∗
k∈K

ik∗ is also a monomor-
phism. �

52.2. Proof of the Seifert�van Kampen Theorem 52.2. After this long list of appli-
cations we �nally provide the proof of the Seifert�van Kampen Theorem 52.2.
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Proof. Let X be a topological space and let U, V Ă X be two open subsets with X = U∪V
and with U∩V 6= ∅ such that U∩V is simply connected. We choose a base point x0 ∈ U∩V .
We write A := π1(U, x0) and B := π1(V, x0). We need to show that the map

Φ: A ∗B = π1(U, x0) ∗ π1(V, x0) → π1(X, x0)

that is induced by the inclusions U → X and V → X is an isomorphism. Taking into
account Lemma 52.1 it su�ces to show that the map is injective. To prove injectivity it is
enough to show that there exists a map Ψ: π1(X, x0) → A ∗ B such that Ψ ◦ Φ = idA∗B.
We will prove the existence of such a map Ψ in three steps:

(1) we �rst construct a map Ψ: {loops in (X, x0)} → A ∗B,
(2) then we show that Ψ descends to a well-de�ned map

Ψ: π1(X, x0) → A ∗B
[g] 7→ Ψ(g)

(3) and �nally we show that Ψ ◦ Φ = idA∗B.

For the remainder of the proof we will identify A∗B with S(A,B)/∼ using the isomorphism
given by Proposition 51.18.

We start out with step (1). Let g : [0, 1] → X be a loop in (X, x0). We apply the
Lebesgue Corollary 6.6 to the map g : [0, 1] → X and the open cover X = U ∪ V . We
obtain an N such that for every i ∈ {0, . . . , N − 1} the image of the interval [ i

N
, i+1
N

] under
the map g lies in U or in V . We introduce a few de�nitions.

(a) We say a subinterval of [0, 1] can be colored green if the image of the subinterval
under the map g lies in U and we say an interval can be colored blue if the image of
the subinterval lies in V . Note that the image of a subinterval lies in U ∩ V if and
only if the subinterval can be colored green as well as blue.

(b) A coloring is a map α : {0, 1
N
, . . . , 1− 1

N
} → {blue, green} such that each subinterval

[i, i+ 1
N

] can be colored by α(i). This de�nition is illustrated in the �gure below.
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x0

U ∩ V VU

g

image lies in V
image of subinterval lies in U

g

0 1

a1 a2

(c) Given a coloring α we denote by 0 < a1 < · · · < ak−1 < 1 the numbers where the
coloring of the subintervals changes from one color to another. This de�nition is also
illustrated in the �gure above. Note that for each ai the intervals [ai − 1

N
, ai] and

[ai, ai + 1
N

] can be colored in two di�erent colors, which implies that g(ai) ∈ U ∩ V .
(d) A basing for a coloring α is a collection of paths p1, . . . , pk−1 in U ∩V such that each

path pi goes from x0 to g(ai).566

566Such basing exists since each g(ai) lies in U ∩ V and since U ∩ V is path-connected.
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Now given a coloring α and a basing p1, . . . , pk−1 we de�ne567 568

Ψ(g) :=
[
[ g|[0,a1] ∗ p1︸ ︷︷ ︸
loop in (U, x0) or
loop in (V, x0)

], [p1 ∗ g|[a1,a2] ∗ p2︸ ︷︷ ︸
loop in (U, x0) or
loop in (V, x0)

], . . . , [ pk−1 ∗ g|[ak−1,1]︸ ︷︷ ︸
loop in (U, x0) or
loop in (V, x0)

]
]
∈ S(A,B)/∼= A ∗B.
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g

g|[0,a1]

g|[a1,a2]

a2

p1

a1

p2

g(a2)

q1
g(a1)

Our next goal is to prove the following claim.

Claim. The de�nition of Ψ(g) does not depend on any of the choices made.

Proof. We need to prove the following three statements:
(a) given N and a coloring the de�nition does not depend on the choice of the basings,
(b) given N the de�nition does not depend on the choice of the coloring,
(c) the de�nition does not depend on the choice of N .

We �rst �x a coloring α and we show that the de�nition of Ψ(g) does not depend on the
choice of the basing. First we pick a di�erent path q1 from x0 to g(a1) instead of the original
path p1. (See the above �gure for an illustration.) In this case we have

de�nition of Ψ(g) using the basing p1, p2, . . . , pk−1 =

=
[
[g|[0,a1] ∗ p1], [p1 ∗ g|[a1,a2] ∗ p2], . . . , [pk−1 ∗ g|[ak−1,1]]

]
=
[
[g|[0,a1] ∗ p1 ∗ q1 ∗ q1], [q1 ∗ q1 ∗ p1 ∗ g|[a1,a2] ∗ p2], . . . , [pk−1 ∗ g|[ak−1,1]]

]
↑

since q1 ∗ q1 is null-homotopic

=
[
[g|[0,a1] ∗ q1], [q1 ∗ g|[a1,a2] ∗ p2], . . . , [pk−1 ∗ g|[ak−1,1]]

]
↑

p1 ∗ q1 and q1 ∗ p1 are null-homotopic since U ∩ V is simply connected569

= de�nition of Ψ(g) using the basing q1, p2, . . . , pk−1.

Precisely the same argument shows that the choices of the other paths pi are also irrelevant.
This concludes the proof of (a).

Now we show that the de�nition does not depend on the choice of the coloring. So
suppose we have two colorings α and β. We can turn one coloring into the other by a �nite
sequence of color swaps of a single subinterval. Therefore it su�ces to consider the case
that there exists a single i where the values for α(i) and β(i) di�er.

567Each path pm ∗ g|[am,am+1] ∗ pm+1 is a loop in (U, x0) or (V, x0), so each path represents an element in
π1(U, x0) or π1(V, x0). Thus we obtain a sequence of elements in π1(U, x0) and π1(V, x0). The equivalence
class of this sequence de�nes an element in S(A,B)/∼= A ∗B.
568This de�nition is almost the same as in the proof of Lemma 52.1.
569This is the only time that in the proof we use the hypothesis that U ∩ V is simply connected. In fact
if one studies the argument carefully one sees that we only used that the maps π1(U ∩ V, x0)→ π1(U, x0)
and π1(U ∩ V, x0)→ π1(V, x0) are trivial.
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We consider the case, sketched in the �gure below, with α(i) = blue and β(i) = green
such that the common coloring to the left is green and the common coloring to the right is
blue. All other cases are dealt with in a similar way.570

Let 0 = a0 < a1 < · · · < ak = 1 be the decomposition for α. We pick a basing
p1, . . . , pk−1 for α. There exists a unique m with am = i. The corresponding decomposition
for the coloring β is given by 0 = a0 < a1 < · · · < am + 1

N
< am+1 < ak = 1. We write

q = g[am,am+ 1
N

]. Since [am, am+ 1
N

] can be colored green and blue we see that q lies actually
in U ∩ V . We have

de�nition of Ψ(g) using the coloring α and the basing p1, . . . , pk−1 =
=
[
[g|[0,a1] ∗ p1], . . . , [pm−1 ∗ g|[am−1,am] ∗ pm], [pm ∗ g|[am,am+1] ∗ pm+1], . . .

]
=
[
[g|[0,a1] ∗ p1], . . . , [pm−1 ∗ g|[am−1,am+ 1

N
] ∗ q ∗ pm], [pm ∗ q ∗ g|[am+ 1

N
,am+1] ∗ pm+1], . . .

]
↑

since g[am−1,am] ' g[am−1,am+ 1
N

] ∗ q and g[am,am+ 1
N

] ' q ∗ g[am+ 1
N
,am+1]

= de�nition of Ψ(g) using the coloring β and basing p1, ..., pm−1, pm∗q, pm+1, ..., pk−1.

(We refer to the �gure below for an illustration of the proof.) This concludes the proof of
(b).
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x0

g(am + 1
N

)

i = am

g(am)

g

the interval [am, am + 1
N

]

coloring α

coloring β

pm

q = g|[am,am+ 1
N

]

g|[am−1,am]
g|[am+ 1

N
,am+1]

It remains to prove (c). First suppose that instead of dividing [0, 1] into N intervals
we divide it into m · N intervals for some m ∈ N. A coloring for the subdivision into
N subintervals then also gives rise to a coloring into m · N subintervals, and it follows
immediately from the de�nitions that we end up with the same element of A ∗ B. Now
if had chosen a di�erent N ′ instead, then we can replace N and N ′ by N · N ′ and by the
argument we just made we obtain the same element of A ∗B. This concludes the proof of
(c). Summarizing, we are now done with the proof of the claim.

We turn to step (2) of the above program. We need to prove the following claim.

Claim. If g, g′ : [0, 1]→ X are two path-homotopic loops in (X, x0), then Ψ(g) = Ψ(g′).

Proof. Let g, g′ : [0, 1] → X be two path-homotopic loops in (X, x0). We pick a path-
homotopy

H : [0, 1]× [0, 1] → X
(t, s) 7→ Hs(t).

from the loop g to the loop g′. We apply the Lebesgue Corollary 6.6 to the map H : [0, 1]×
[0, 1]→ X and the open cover X = U ∪V . We obtain an N ∈ N such that for every choice
of i, j ∈ {0, 1

N
, . . . , 1− 1

N
} the image of the square [i, i+ 1

N
]× [j, j + 1

N
] under the map H

570In fact the only case which requires a slightly modi�ed argument is that the coloring to the left and
right are the same, i.e. either both are blue or both are green. We leave it to the reader to perform that
argument.
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lies in U or in V . Given j ∈ {0, 1
N
, . . . , 1} we now de�ne

g(j) : [0, 1] → X
t 7→ Hj(t)

Note that each g(j) is a loop in x0 and that g(0) = g and g(1) = g′. Therefore it su�ces
to show that for any j ∈ {0, 1

N
, . . . , 1 − 1

N
} we have Ψ(g(j)) = Ψ(g(j + 1

N
)). So let

j ∈ {0, 1
N
, . . . , 1− 1

N
}.

As above we say that a subset of [0, 1]× [0, 1] can be colored green if the image of the
subset under the map H lies in U and we say the subset can be colored blue if the image
lies in V . We pick a map α : {0, 1

N
, . . . , 1 − 1

N
} → {blue, green} such that for each i the

value α(i) is a color with which the square [i, i+ 1
N

]× [ j
N
, j+1
N

] can be colored. Note that
α also de�nes a coloring for the loops g(j) and g(j + 1

N
).

We de�ne 0 = a0 < a1 < · · · < . . . ak = 1 as above for the coloring α. Furthermore we
pick a basing pi, i = 1, . . . , k−1 for the loop g(j). For i = 0, . . . , k we write qi = H [j,j+ 1

N
]|ai .

Put di�erently, qj connects a point on the loop g(j) to the corresponding point on the loop
g(j + 1

N
). Now we have

Ψ(g(j)) = Ψ(g(j)) de�ned using the coloring α and the basing p1, . . . , pk−1

=
[
· · · ∗ [pm ∗ Hj|[am,am+1]︸ ︷︷ ︸

=g(j)|[am,am+1]

∗ pm+1] ∗ . . .
]

=
[
· · · ∗ [pm ∗ qm ∗ qm ∗Hj|[am,am+1] ∗ qm+1 ∗ qm+1 ∗ pm+1] ∗ . . .

]
↑

since each qm ∗ qm is null-homotopic

=
[
· · · ∗ [pm ∗ qm ∗ Hj+ 1

N |[am,am+1]︸ ︷︷ ︸
=g(j+ 1

N
)|[am,am+1]

∗ qm+1 ∗ pm+1] ∗ . . .
]x

since H restricts to path-homotopies from qm ∗Hj |[am,am+1] ∗ qm+1

to Hj+ 1
N |[am,am+1] for m = 0, . . . , k − 1

= Ψ(g(j + 1
N

)) de�ned using α and the basing p1 ∗ q1, . . . , pk−1 ∗ qk−1.

This last part of the proof is illustrated in the �gure below. This concludes the proof of
the claim and thus of part (2) of our three step program.
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x0

H

am am+1

coloring for the squares

[0, 1]× {j + 1
N
}

[0, 1]× {j}
pm pm+1

qm+1qm

g(j + 1
N

)

g(j)

Summarizing we now showed that the map Ψ descends to a well-de�ned map

Ψ: π1(X, x0) → A ∗B
[g] 7→

[
Ψ(g)

]
.

It remains to prove the following claim.
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Claim. We have Ψ ◦ Φ = idA∗B.

Proof. So let [y1] · · · · · [yk] ∈ A ∗B where y1, . . . , yk are loops in (U, x0) and (V, x0). Then

de�nition of Φ: A ∗B = π1(U, x0) ∗ π1(V, x0)→ π1(X,x0)
↓

(Ψ ◦ Φ)([y1] · · · · · [yk]) = Ψ([y1 ∗ · · · ∗ yk]) =
[

Ψ(y1 ∗ · · · ∗ yk)
]

= [y1 ∗ · · · ∗ yk]
= [y1] · · · · · [yk]. ↑

by de�nition of Ψ, where we use N = k and where
we can use the constant paths as basings since
y1, . . . , yk are already loops in (U, x0) and (V, x0)

This concludes the proof of the claim and thus also the proof of the Seifert�van Kampen
Theorem 52.2 �

52.3. More examples: surfaces and the connected sum of smooth manifolds.
Given g ∈ N0 we denote by Σg the surface of genus g. In this section we �rst want to prove
the following proposition.
Proposition 52.8. For g 6= h the surface Σg of genus g is not homeomorphic to the surface
Σh of genus h.
As on several earlier occasions we want to prove this result by considering what happens if
we remove a point from the topological spaces.
Lemma 52.9. Let g ∈ N0. We denote by Σg the surface of genus g.
(1) For any point P the complement Σg \{P} is homotopy equivalent to the wedge of 2g

circles. In particular

π1(Σg \ {P}) ∼= 〈x1, y1, . . . , xg, yg〉.

(2) Let f : B
2 → Σg be a smooth embedding. The complement Σg \ f(B2) is homotopy

equivalent to the wedge of 2g circles. Furthermore, if Q ∈ f(S1) is a point, then
there exists an isomorphism

π1(Σg \ f(B2), Q)
∼=−→ 〈x1, y1, . . . , xg, yg〉

with [f : S1 → Σg \ f(B2)] 7→ [x1, y1] · · · · · [xg, yg]
where [xi, yi] := xiyix

−1
i y−1

i is the commutator of xi and yi. In particular the map
f : S1 → Σg \ f(B2) represents a non-trivial element in π1(Σg \ f(B2), Q).
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Σ1 \ f(B2)torus Σ1

f(S1)P

y1

x1

y1

x1 Q

Proof of Lemma 52.9. We prove the lemma for the surface Σ of genus 2. The proof for
g ≥ 3 is almost identical. So let Σ = E8/∼ as sketched in the �gure below.
(1) We denote by O the origin in E8 Ă C. We �rst show that Σ \ {O} is homotopy

equivalent to the wedge of 4 circles.
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f

origin O

∼=

f(O)

Claim. There exists a deformation retraction from Σ \ {O} = (E8 \ {O})/∼ to the
subset ∂E8/∼.
Proof. First we consider the map571572

r : E8 \ {O} → ∂E8

r · exp( iϕ) 7→ unique point s exp( iϕ) on ∂E8.

This map �projects points radially outward towards the boundary�. The deformation
retraction is now given by �pushing outward radially�, i.e. it is given by the map

((E8 \ {O})/∼)× [0, 1] → (E8 \ {O})/∼
([P ], t) 7→ [P · (1− t) + r(P ) · t]. �

Claim. The topological space ∂E8/∼ is homeomorphic to the wedge of 4 circles.

Proof. A homeomorphism is given by sending the point on ∂E8/∼ that corresponds
to the vertices to the common point of the four circles, and by sending the edges that
get identi�ed to the same circle. We refer to the �gure below for an illustration. We
leave it to the reader to write down the proof in detail.

The two claims put together show that Σ \ {O} is homotopy equivalent to the
wedge of 4 circles. Now we obtain that

π1(Σ2 \ {P}) ∼= π1(wedge of 4 circles) ∼= 〈x1, y1, x2, y2〉.
↑ ↑

Fundamental Group-Homotopy by Lemma 52.4
Proposition 50.3 (2)

Now let P be some other point on Σ. By Proposition 36.4 there exists a homeomor-
phism Φ: Σ → Σ with Φ(P ) = O.573 This shows that Σ \ {P} is homeomorphic to
Σ \ {O}. We can thus appeal to the above calculation to get the desired result.
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wedge of four circlessurface minus the origin

∼=

�radial outward projection�

→

(2) The proof of this statement is very similar to the proof of the �rst statement. First
remove an open disk centered at O and we perform almost the same calculation
as above. One easily sees that the boundary curve corresponds to the product of

571Note that this map cannot be extended continuously to O.
572Here we use polar coordinates, i.e. r, s are positive real numbers.
573Note that here we use Proposition 19.18 which says that Σ is a smooth manifold with empty boundary.
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commutators. It follows from the Smooth Ball Embedding Theorem 37.8 that the
same calculation also works for any other disk. We leave the details to the reader. �

Now we can turn to the proof of Proposition 52.8.

Proof of Proposition 52.8. Let S and T be two surfaces of genus g and h. Suppose that
there exists a homeomorphism f : S → T . Pick a point P ∈ S. We write Q = f(P ). The
homeomorphism f restricts to a homeomorphism f : S \ {P} → T \ {Q}. It now follows
that

〈x1, . . . , x2g〉 ∼= π1(S \ {P})
∼=−−→
f∗

π1(T \ {Q}) ∼= 〈y1, . . . , y2h〉.
↑ ↑

Lemma 52.9 (1) Lemma 52.9 (1)

We obtain from Lemma 51.17 that g = h. �

For many applications the following theorem, which is a variation on the Seifert�van Kam-
pen Theorem 52.2, is very useful.

Theorem 52.10. (Seifert�van Kampen Theorem for topological manifolds) Let
M be an m-dimensional topological manifold and let R, S Ă M be two m-dimensional
submanifolds such that the following hold:
(1) M = R ∪ S,
(2) R ∩ S is a component of ∂R and it is a component of ∂S,
(3) R ∩ S is non-empty and simply connected,
(4) R and S are closed subsets of M . (Note that by the Compact-Closed Lemma 1.21

(2) this condition is satis�ed if R and S are compact.)
Then for any base point x0 ∈ R ∩ S the inclusion induced map

π1(R, x0) ∗ π1(S, x0) → π1(M,x0)

is an isomorphism.
We will of course prove Theorem 52.10 by reducing it to Theorem 52.2. As we will see, the
proof is very similar to the proof of the Wedge-π1-Proposition 52.3 where we determined
the fundamental group of a wedge of two spaces.
The proof of Theorem 52.10 relies on the following lemma which we will use on several
occasions.
Lemma 52.11. Let X be a topological space. Furthermore let A and B be two subsets
with X = A∪B. If A∩B is a deformation retract of B and if A and B are closed subsets
of X, then A is a deformation retract of X.
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A B
deformation retraction

from B to A ∩B

Proof. Lemma 52.11 can also be viewed as a consequence of Lemma 5.36 and the slightly
scary the Homotopy Pushout Lemma 14.9. Since our situation is fairly straightforward we
also give a direct, fairly elementary proof.

We pick a deformation retraction F : B× [0, 1]→ B from B to A∩B. We consider the
map
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G : X × [0, 1] → X

(x, t) 7→
{
x, if x ∈ A,
F (x, t), if x ∈ B.

Since A and B are closed subsets of X we obtain from the Homotopy Stacking Lemma 14.3
that G is continuous. It is now clear that G is the desired deformation retraction from X
to A. �

Remark. On two occasions we are going to struggle a lit bit to verify the hypothesis of
Lemma 52.11 that A and B need to be closed. Thus it is good to remind ourselves of the
fact that hypothesis are usually added not to vex the reader but since they are necessary.
For example, let us consider the situation shown in the �gure below. Here A ∩ B is a
deformation retract of B, but it should be pretty clear that A is not a deformation retract
of A ∪B = S1.

A

B

Proof of Theorem 52.10. LetM be anm-dimensional topological manifold and letR, S Ă

M be two m-dimensional submanifolds such that the following hold:
(1) M = R ∪ S,
(2) R ∩ S is a union of components of ∂R and it is a union of components of ∂S,
(3) R ∩ S is simply connected,
(4) R and S are closed subsets of M .

We pick a base point574 x0 ∈ R ∩ S. Furthermore we pick maps f : [0, 1] × ∂R → R and
g : [0, 1]× ∂S → S that are provided by the Smooth Collar Neighborhood Theorem 75.5575

It follows from (2) that we can set

U := R ∪ [0, 1)× g((R ∩ S))︸ ︷︷ ︸
Ă[0,1)×S

and V := S ∪ [0, 1)× f((R ∩ S))︸ ︷︷ ︸
Ă[0,1)×R

.
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f([0, 1)× ∂R) g([0, 1)× ∂S)

V = S ∪ f([0, 1)× ∂R)U = R ∪ g([0, 1)× ∂S)

∂R = ∂S
SR

We consider the following diagram

π1(R, x0) ∗ π1(S, x0) //

��

π1(M,x0)

id��

π1(U, x0) ∗ π1(V, x0) // π1(M,x0).

574Recall that being simply connected entails being non-empty, hence such a point exists.
575If we are dealing with a smooth manifold we can also use the Smooth Collar Neighborhood Theorem 28.3.
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The following steps are similar to the ones we performed in the proof of the Wedge-π1-
Proposition 52.3.
(1) Since the vertical maps are induced by inclusions we see that the diagram commutes.
(2) We claim that U is an open subset of M = R ∪ S. Since R and S are by our

hypothesis (4) closed subsets ofM we obtain from Lemma 1.8 (2a) it su�ces to show
that U ∩R is open in R and that U ∩ S is open in S. Evidently U ∩R = R is open
in R. Furthermore, U ∩S = g([0, 1]× (R∩S)) is an open subset of S by (2) and the
Basics-of-Collars Lemma 28.4.

(3) We want to use Lemma 52.11 to show that R is a deformation retract of U . We need
to verify that the hypotheses of Lemma 52.11 are satis�ed, i.e. we need to show that
R and g([0, 1) × (R ∩ S)) are closed subsets of U . By our hypothesis R and S are
closed subsets of M . It follows from the Neighborhood Openness Criterion 1.5 (2)
that R = R ∩ U and g([0, 1]× (R ∩ S)) = S ∩ U are closed subsets of U .

(4) The obvious analogues of (2) and (3) hold for V and S.
(5) We obtain from (2), (3), (4) and the Homotopy-π1-Proposition 50.3 (2) that the

vertical map on the left is an isomorphism.
(6) Similar to (3) one can show thatR∩S is a deformation retract of U∩V . It follows from

(3), the Deformation Retract-Homotopy Equivalence Lemma 15.5 and the Homotopy-
π1-Proposition 50.3 (2) that U ∩ V is simply connected.

(7) It follows from the Seifert�van Kampen Theorem 52.2 that the bottom horizontal
map of the above commutative diagram is an isomorphism.

(8) Since the vertical maps are isomorphisms we see that the top horizontal map is also
an isomorphism. �

We conclude this section by considering the connected sum of two smooth manifolds of
dimension ≥ 3. More precisely, we have the following proposition:

Proposition 52.12. (Connected Sum-π1-Proposition) Let n ≥ 3 and let M and M ′

be two oriented connected non-empty n-dimensional smooth manifolds. Then576

π1(M#M ′) ∼= π1(M) ∗ π1(M ′).

Examples.
(1) Let p, q be two coprime integers and let r, s be another two coprime integers. We

can then consider the lens spaces L(p, q) and L(r, s). It follows from the Connected
Sum-π1-Proposition 52.12 and Corollary 48.18 that

π1(L(p, q)#L(r, s)) ∼= Zp ∗ Zr.
It follows for example from this calculation of fundamental groups, from Lemma 51.21
and from the Grushko Decomposition Theorem 51.22 that the two topological spaces
L(3, 1)#L(35, 1) and L(5, 1)#L(21, 1) are not homeomorphic.

(2) Let n ≥ 3 and let M and N be two oriented connected n-dimensional smooth
manifolds. We denote by −N the same smooth manifold as N but with the op-
posite orientation. It follows from the Connected Sum-π1-Proposition 52.12 that
π1(M#N) ∼= π1(M#(−N)).

576Note that by the Connected Sum-Proposition ?? (3) we know that M#M ′ is also connected, thus we
do not need to worry about base points.
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Proof of the Connected Sum-π1-Proposition 52.12. Let M and M ′ be two oriented
connected non-empty n-dimensional smooth manifolds and let ϕ : B

n →M and ϕ′ : B
n →

M ′ be two smooth embeddings where ϕ is orientation-preserving and ϕ′ is orientation-
reversing. Recall that the connected sum of M and M ′ is de�ned as

M#M ′ :=
(

(M \ ϕ(Bn))︸ ︷︷ ︸
=:X

t (M ′ \ ϕ′(Bn))︸ ︷︷ ︸
=:X′

)
/ϕ(P ) = ϕ′(P ) for P ∈ Sn−1.

We pick a base point x0 that lies in the intersection of the images of X and X ′ in M#M ′.

Claim. The inclusion induced maps π1(X, x0) → π1(M,x0) and π1(X ′, x0) → π1(M ′, x0)
are isomorphisms.

Proof. We show that the inclusion induced map π1(X, x0)→ π1(M,x0) is an isomorphism.
We write Y = ϕ(B

n
). It follows from the Smooth Embedding Theorem 24.10 that X and Y

are n-dimensional submanifolds ofM . Note that X∪Y = M and that X∩Y = ∂Y ∼= Sn−1.
Since n ≥ 3 we obtain from the Sphere-π1-Proposition 47.13 thatX∩Y is simply connected.
We obtain that

π1(X, x0)
∼=−→ π1(X, x0) ∗ π1

(
B
n
, x0

) ∼=−→ π1(M,x0).
↑ ↑

since π1

(
B
n
, x0

)
= {e} Seifert�van Kampen Theorem 52.10

Since the horizontal maps are induced by the inclusion maps we see that the inclusion
induced map π1(X, x0) → π1(M,x0) is an isomorphism. The same way we can show that
the inclusion induced map π1(X ′, x0)→ π1(M ′, x0) is an isomorphism. �

Now we see that577

π1(M#M ′, x0)
∼=←− π1(X, x0) ∗ π1(X ′, x0)

∼=−→ π1(M,x0) ∗ π1(M ′, x0).
↑ ↑

by Theorem 52.10, since above claim
X ∩X ′ ∼= Sn−1 is simply connected �

Remark. We cannot apply the Seifert�van Kampen Theorem 52.2 to the connected sum
of two surfaces, since in this case the fundamental group of the overlap R∩R′ in the proof of
the Connected Sum-π1-Proposition 52.12 is not simply connected. In particular we cannot
use this approach to determine the fundamental group of the surface of genus 2, which
by the �gure on page ?? is the connected sum of two tori. Our next goal is to formulate
and prove a generalization of the Seifert�van Kampen Theorem 52.2 which will allow us to
determine the fundamental group of the surface of genus g for g ≥ 2.

Exercises for Chapter 52.

Exercise 52.1. We consider X = C \ { 1
n
|n ∈ N}. Show that the point x = 0 is not good,

i.e. show that there does not exist an open neighborhood U of x = 0 such that x = 0 is a
deformation retract of U .

Exercise 52.2.

577Here the directions of the arrow indicate in which direction the obvious inclusion induced maps point.
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(1) Let X be a path-connected topological space and let x0 ∈ X. Furthermore let
Xk, k ∈ N be a sequence of subsets of X such that the following hold:
(a) each Xk is open,
(b) each Xk is simply connected,
(c) the sequence Xk is nested, i.e. for each k we have Xk Ă Xk+1,
(d) we have

⋃
k∈N

Xk = X.

Show that π1(X, x0) = 0.
Hint. Use Lemma 2.12.

(2) Does the conclusion of (1) also hold if the sets Xk are not open?

Exercise 52.3. Let M be a topological manifold of dimension n ≥ 3. Let P be a point
and let x0 ∈M \ {P} be a base point. Show that the inclusion induced map

π1(M \ {P}, x0) → π1(M,x0)

is an isomorphism.

Exercise 52.4.
(a) How can one hang a painting with two nails provided, such that if one removes either

of the two nails, the painting falls down?
(b) What is a solution to (a) if we use three nails instead of two nails?

Hint. What does this have to do with free groups?
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Exercise 52.5. Show that condition (4) in the statement of the Seifert�van Kampen The-
orem 52.10 for smooth manifolds cannot be dropped. More precisely, give an example of
an m-dimensional smooth manifold and m-dimensional submanifolds R and S such that
conditions (1), (2) and (3) are satis�ed, but such that π1(R, x0)∗π1(S, x0) is not isomorphic
to π1(M,x0).
Hint. The dimension m does not have to be taken particularly large.

Exercise 52.6. We consider the two topological manifolds X and Y that are shown in the
�gure below. Show that X and Y are not homeomorphic.
Remark. As a smooth manifold X is orientable and Y is non-orientable. But as of right
now we do not know whether orientability is preserved under homeomorphisms.
Hint. You could use Proposition 50.7 and consider the interaction between the topological
manifolds and their boundaries.

Exercise 52.7. In the proof of Proposition 52.7, given on page 1176, show that the map

∗
k∈K

ik∗ : ∗
k∈K

π1(Ak) → π1

( ∨
k∈K

Ak

)
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YX

is a monomorphism.
Hint. Consider the commutative diagram shown on page 1177.

Exercise 52.8. Let Σ be the 2-dimensional smooth manifold that is shown in the �gure
below. We denote by C the boundary of Σ.
(a) What is the homeomorphism type of the topological space that we obtain from gluing

a disk B
2
to Σ along the boundary C?

(b) Is C a retract of Σ?
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Σ C

Exercise 52.9.
(a) Let n ≥ 3 and furthermore let K Ă Rn be a compact subset. We view K also as a

subset of Sn = Rn ∪ {∞}. Let x0 ∈ Rn \K. Show that the inclusion induced map
π1(Rn \K, x0)→ π1(Sn \K, x0) is an isomorphism.

(b) Does the conclusion of (a) also hold for n = 2?
(c) Does the conclusion of (c) also hold for non-compact subsets of Rn?

Exercise 52.10. We consider the two topological spaces

X = R2 \ {( 1
n
, 0) |n ∈ N} and and Y = R2 \ {( 1

n
, y) |n ∈ N, y ∈ [−1, 1]}.

We write x0 = (0, 0). We refer to the �gure below for an illustration.
(a) Show that π1(X, x0) is uncountable.

Hint. For n ∈ N we write Zn := R2 \ { 1
n
, 0} and we denote by fn : X → Zn the

inclusion map. Use the induced maps fn∗ : π1(X, x0) → π1(Zn, x0) ∼= Z to �nd a
homomorphism from π1(X, x0) to a group such that the image is uncountable.

(b) Show that π1(Y, x0) is countable.
Hint. Use Exercise 2.44 to �nd a monomorphism from π1(Y, x0) into a countable
group.

�
�
�

�
�
�

�
�
�

�
�
�

��������
��
��
��

��
��
��

��
��
��
��

���
���
���

���
���
���

�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�

��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��

�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�

���� ����

Y = R2 \ {( 1
n
, y) |n ∈ N, y ∈ [−1, 1]}X = R2 \ {( 1

n
, 0) |n ∈ N}

x0 x0{( 1
n
, 0)}

Exercise 52.11. Show that given any k ∈ N and given any n ≥ 3 there exists a closed
orientable connected n-dimensional smooth manifold M such that π1(M) ∼= 〈x1, . . . , xk〉.
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Exercise 52.12. We consider the wedge S1 ∨ S1 of two circles and we denote by ∗ the
wedge point. We consider the map f : S1 ∨S1 → S1 ∨S1 that is shown in the �gure below.
(a) Show that f is a homotopy equivalence.
(b) Show that every homeomorphism of S1 ∨ S1 preserves the wedge point ∗.
(c) Determine

{ϕ ∈ Aut(π1(S1 ∨ S1, ∗)) | there exists a homeomorphism g with ϕ = g∗}.
(d) Show that f is not homotopic to a self-homeomorphism of S1 ∨ S1.

Remark. In Proposition ?? we will show that there exist self-homotopy equivalences of
smooth manifolds that are not homotopic to homeomorphisms.
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f

wedge point ∗

Exercise 52.13. We consider 2-dimensional smooth manifold M and the two oriented
loops a and b in the point x0 ∈M that are shown in the �gure below. Sketch an embedded
loop g : S1 →M that represents the commutator [a, b] ∈ π1(M,x0).
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Exercise 52.14. Let g ∈ N. We denote by Σg the surface of genus g.
(a) Does there exist a smooth map Σg → S2 that is a local di�eomorphism?
(b) Let M be the smooth manifold that we obtain from removing a single point from

the surface of genus g. Does there exist a smooth map M → S2 that is a local
di�eomorphism?
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53. Presentations of groups and amalgamated products

We have now made some progress, for example we have shown that surfaces of di�erent
genus are not homeomorphic. But this proof is perhaps slightly unsatisfactory in so far
as we used the trick of removing a point, instead of dealing directly with the fundamental
groups of surfaces.

In the next section we will cover the generalized Seifert�van Kampen Theorem. It will
allow us to compute many more fundamental groups. In particular we will determine the
fundamental groups of surfaces and knot complements.
Before we can state the generalized Seifert�van Kampen Theorem we need to introduce
more concepts from group theory. We will do so in this chapter.

53.1. Basic de�nitions in group theory. We recall a few basic de�nitions from group
theory.
De�nition. Let G be a group.
(1) A subgroup H is called normal if for every g ∈ G we have g−1Hg = H. If H Ă G

is normal, then we often write H C G. If {Hi}i∈I is a family of normal subgroups
of G, then it is straightforward to see that the intersection

⋂
i∈I
Hi is again a normal

subgroup of G.
(2) Let H be a subgroup of G. The subgroup H de�nes an equivalence relation on G

by de�ning g ∼ g̃ if there exists an h ∈ H with gh = g̃. Put di�erently, we have
g ∼ g̃ if g̃−1g ∈ H. (Note that the equivalence classes are precisely the sets of the
form gH = {gh | h ∈ H} for some g ∈ G.) We denote the set of equivalence classes
by G/H.

Remark. Let H be a normal subgroup of G.
(1) For any h ∈ H and a, b ∈ G we have

ahbH = ab · b−1hb︸ ︷︷ ︸
in H since H is normal

H = abH.

(2) If aH = bH, then for any c, d ∈ G we have

cadH = cb(b−1a)︸ ︷︷ ︸
∈H

dH = cbdH.
↑

above remark (1)

Now we will see that the group structure on G descends to a group structure on G/H.
More precisely, given aH and bH we set

aH · bH := abH.

It follows immediately from the above remark (1) that this de�nition does not depend on
the representatives a and b. It is now straightforward to see that this de�nes indeed a group
structure on G/H. The following lemma plays the same role as the Topological-Quotient
Proposition 5.15 (1b) does for topological spaces.

Lemma 53.1. Let G be a group and let H be a normal subgroup. Let ϕ : G → Γ be
a group homomorphism with the property that H Ă ker(ϕ). Then there exists a unique
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homomorphism ψ : G/H → Γ such that the following diagram commutes

G

ϕ
##

// G/H

ψ
��

Γ.

Proof. For gH ∈ G/H we put ψ(gH) := ϕ(g). Since H Ă ker(ϕ) this de�nition is
independent of the choice of the representatives g.578 It is straightforward to verify that ψ
is a homomorphism and that it is uniquely determined by the desired property. �

53.2. Presentations of groups.

De�nition. Let G be a group and let A Ă G be a subset. We de�ne

subgroup of G generated by A := 〈A〉 :=
⋂

A Ă H Ă G
H subgroup

H,

i.e. 〈A〉 is the intersection of all subgroups H of G which contain A. This is again a
subgroup of G, namely the smallest579 subgroup of G which contains A. Similarly we
de�ne

subgroup of G normally generated by A := 〈〈A〉〉 :=
⋂

AĂHCG

H,

i.e. 〈〈A〉〉 is the intersection of all normal subgroups H of G which contain A. This is again
a normal subgroup of G, namely the smallest normal subgroup of G which contains A.
The following lemma follows immediately from the de�nitions and from the fact that in an
abelian group every subgroup is normal.

Lemma 53.2. Let G be a group and let A Ă G be a subset.
(1) If A is a subgroup, then 〈A〉 = A.
(2) If A is a normal subgroup, then 〈〈A〉〉 = A.
(3) If G is abelian, then 〈〈A〉〉 = 〈A〉.
(4) For any B Ă G with A Ă B Ă 〈〈A〉〉 we have 〈〈B〉〉 = 〈〈A〉〉.
(5) Suppose that for each a ∈ A we are given ga ∈ A. Then 〈〈{gaag−1

a }a∈A〉〉 = 〈〈A〉〉.
The following lemma gives a more explicit description of 〈A〉 and 〈〈A〉〉.
Lemma 53.3. Let G be a group and let A Ă G be a subset.
(1) Then 〈A〉 equals the set of all elements of G which can be written as products of

elements in A and their inverses, i.e.

〈A〉 =
{
aε11 · · · · · a

εk
k | a1, . . . , ak ∈ A and ε1, . . . , εk ∈ {−1, 1}

}
.

(2) The subset 〈〈A〉〉 equals the set of all elements of G which can be written as products
of conjugates of elements in A and their inverses, i.e.

〈〈A〉〉 =
{
g1a

ε1
1 g
−1
1 . . . gka

εk
k g
−1
k |a1, . . . , ak∈A, g1 . . . , gk∈G and ε1, . . . , εk∈{−1, 1}

}
.

578Indeed, if gH = g̃H, then g = g̃h for some h ∈ H, therefore ϕ(g) = ϕ(g̃h) = ϕ(g̃) · ϕ(h) = ϕ(g̃).
579Here �smallest� means that if B is another subgroup that contains A, then 〈A〉 Ă B. This statement is
obvious, since B appears in the de�nition of 〈A〉 as one of the H's.
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Example. On page 1074 we introduced a subgroup of the group H of all self-homeomor-
phisms of R2 that was generated by two given self-homeomorphisms A and B. The lemma
shows that the de�nition of �being generated� by a subset used on page 1074 agrees with
the above more formal de�nition.

Proof. We only prove the second statement. The proof of the �rst statement is very similar.
So let G be a group and let A Ă G be a subset. The subgroup 〈〈A〉〉 contains all elements
of A and their inverses. The normal subgroup 〈〈A〉〉 then contains also all elements of the
form ga±1g−1, g ∈ G, a ∈ A. Since 〈〈A〉〉 is a subgroup it is also closed under multiplication,
i.e. it contains products of such elements. It follows that 〈〈A〉〉 contains the right-hand side
of (2). Conversely it is straightforward to see that the right-hand side is indeed a normal580

subgroup of G that contains A, hence it is contained in the left-hand side of (2). �

Lemma 53.4. Let G be a group and let A Ă G be a subset. Let α : G → Γ be a group
homomorphism such that α(a) = e ∈ Γ for all a ∈ A. Then there exists a unique group
homomorphism β : G/〈〈A〉〉 → Γ such that the following diagram commutes:

G //

α
&&

G/〈〈A〉〉
β
��

Γ.

Proof. Let G be a group and let A Ă G be a subset. Furthermore let α : G → Γ be a
group homomorphism such that α(a) = e ∈ Γ for all a ∈ A. This means that A Ă ker(α).
Since ker(α) is a normal subgroup it follows from the de�nition of 〈〈A〉〉 that 〈〈A〉〉 Ă ker(α).
The proposition now follows immediately from Lemma 53.1. �

The following de�nition will subsequently play an important role:

De�nition. Let X be a set and let R be a subset of the free group 〈X〉 generated by the
set X. We de�ne

〈X | R〉 := 〈X〉 / 〈〈R〉〉.
If X = {x1, . . . , xk} and R = {r1, . . . , rl}, then we use the convenient shorthand

〈x1, . . . , xk | r1, . . . , rl〉 := 〈{x1, . . . , xk} | {r1, . . . , rl}〉.

Examples.
(1) For any k ∈ N0 we have

〈g | gk〉 = 〈g〉/〈〈gk〉〉 = 〈g〉/〈gk〉 ∼= Zk.
↑

since 〈g〉 is abelian it follows from Lemma 53.2 that 〈〈gk〉〉 = 〈gk〉

(2) The group 〈x1, . . . , xk |〉 with R = ∅ is just the free group on x1, . . . , xk.

Before we continue we formulate an elementary but useful lemma.

Lemma 53.5. Let 〈x1, . . . , xk | r1, . . . , rl〉 be a presentation.
(1) Given any a, b ∈ 〈x1, . . . , xk〉, given any i ∈ {1, . . . , l} and given any ε ∈ {−1, 1} we

have

580Why is the right-hand side normal?
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a · rεi · b = a · b ∈ 〈x1, . . . , xk | r1, . . . , rl〉.
(2) Let a, b ∈ 〈x1, . . . , xk〉 and c, d ∈ 〈x1, . . . , xk〉. If a = b ∈ 〈x1, . . . , xk | r1, . . . , rl〉, then

c · a · d = c · b · d ∈ 〈x1, . . . , xk | r1, . . . , rl〉.
Proof. The �rst statement is just a special case of Remark (1) on page 1191 and the second
statement is just a special case of Remark (2) on page 1191. �

This lemma allows us to prove the following lemma.
Lemma 53.6.
(1) There exists a unique homomorphism

β : π = 〈x, y〉/〈〈[x, y]〉〉 = 〈x, y | [x, y]〉 → Z2

with β(x) = (1, 0) and β(y) = (0, 1). Furthermore this homomorphism is an isomor-
phism.

(2) Let m ∈ N. There exists a unique isomorphism

β : 〈x1, . . . , xm | [xi, xj] = e for all i, j ∈ {1, . . . ,m}〉
∼=−→ Zm

which sends each xi to the i-th standard basis vector ei of Zm.
Proof. By Lemma 51.15 there exists a unique homomorphism α : 〈x, y〉 → Z2 which satis-
�es α(x) = (1, 0) and α(y) = (0, 1). Note that

α([x, y]) = α(xyx−1y−1) = α(x) + α(y)− α(x)− α(y) = 0.

Thus by Lemma 53.4 there exists a unique group homomorphism

β : π = 〈x, y〉/〈〈[x, y]〉〉 = 〈x, y | [x, y]〉 → Z2

with β(x) = (1, 0) and β(y) = (0, 1). It is clear that β is an epimorphism. Thus it remains
to show that α is a monomorphism. This follows immediately from the following claim.
Claim. Given any w ∈ 〈x, y〉 there exist m,n ∈ Z with w = xmyn ∈ 〈x, y | [x, y]〉.
Proof. First we note that we have the following equalities in 〈x, y | [x, y]〉

yx = xyx−1y−1 · yx = xy
↑

Lemma 53.5 (1)
and

xy−1 = y−1 · yx · y−1 = y−1 · xy · y−1 = y−1x.
↑

calculation on the left and Lemma 53.5 (2)

In Exercise 53.4 we will show that the equalities yx−1 = x−1y and x−1y−1 = y−1x−1 hold
in π = 〈x, y | [x, y]〉. This means that in π an arbitrary product of powers of x and y can
be reordered to equal a product of the xmyn. For example in π we have the equality

x3y2x−1y = x3y · yx−1 · y = x3y · x−1y · y = x3 · yx−1 · y2 = x3 · x−1y · y2 = x2y3.
↑ ↑

since yx−1 = x−1y since yx−1 = x−1y �

We consider one more example.

Example. We consider the following three self-homeomorphisms of R2:

A : R2 → R2

(s, t) 7→ (s+ 1, 1− t) and
B : R2 → R2

(s, t) 7→ (s, t+ 1)
and Ã : R2 → R2

(s, t) 7→ (s+ 1,−t).
We already know the �rst two maps from page 1074. We denote by G the subgroup of all
homeomorphisms of R2 that is generated by A and B. We are interested in the group G
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since R2/G is the Klein bottleK and by the Fundamental Group-via-Actions Theorem 48.16
we have π1(K) ∼= G.

Note that Ã = B−1A. Let X = {x, y} be the set that consists of two elements. By
Lemma 51.15 there exists a unique homomorphism α : 〈x, y〉 → G with α(x) = Ã and
α(y) = B. Now let R be the subset of 〈X〉 = 〈x, y〉 that consists of the single element
yxyx−1. We want to consider α(yxyx−1) ∈ G, which is by de�nition a map from R2 to R2.
For any point (s, t) ∈ R2 this map is given by

α(yxyx−1)(s, t) = BÃBÃ−1(s, t) = BÃB(s− 1,−t)
= BÃ(s− 1,−t+ 1) = B(s, t− 1) = (s, t).

This shows that α(yxyx−1) is the identity map of R2, i.e. it is the trivial element in G. It
follows from Lemma 53.4 that α descends to a homomorphism

β : 〈x, y〉/〈〈yxyx−1〉〉 = 〈x, y | yxyx−1〉 → G.

This homomorphism is an epimorphism, since the image of β is the group generated by
Ã = B−1A and B, but this group is the same as the group generated by A and B, i.e. the
image of β is G. Is the homomorphism β also a monomorphism? We will come back to
this question later on page 1223.

We continue with the following de�nitions.

De�nition.
(1) A presentation is a set X together with a subset R Ă 〈X〉. We call the elements

of X the generators and we call the elements of R the relators581 of the presentation.
(2) Let π be a group. A presentation for π is a presentation (X,R) together with an

isomorphism 〈X | R〉
∼=−→ π.

Very often one just says 〈X | R〉 is a presentation for π and the explicit isomorphism
is suppressed from the notation.

(3) We say that a group π is �nitely generated, if π admits a presentation with �nitely
many generators.582

(4) We say a group π is �nitely presented, if π admits a presentation with �nitely many
generators and �nitely many relators.

Now we give some examples of �nitely generated and �nitely presented groups.

Examples.

(1) Every group admits a presentation. Indeed, let π be a group. Then we setX := π, i.e.
X is the set of elements of π. By Lemma 51.15 there exists a unique homomorphism
α : 〈X〉 → π with α(g) = g for all g ∈ X = π. We set R := ker(α). Then

〈X | R〉 = 〈X〉/〈〈R〉〉 = 〈X〉/〈〈ker(α)〉〉 = 〈X〉/ ker(α)
∼=−−→
α

G.
↑

by Lemma 53.2 since R = ker(α) is a normal subgroup

581The relators are often also called relations.
582This de�nition of a �nitely generated group is equivalent to the one we gave on page 1159. Why is that?
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(2) We had just see in Lemma 53.6 (2) that

Zn ∼= 〈x1, . . . , xn | [xi, xj] = e with i, j ∈ {1, . . . , n}〉

which shows that Zn is a �nitely presented group.
(3) In fact every �nitely generated abelian group is also �nitely presented. Indeed, let A

be a �nitely generated abelian group. Then

A ∼=
n⊕
i=1

Zai = 〈x1, . . . , xn | [xi, xj] = e for i, j=1, . . . , n, xaii =e for i=1, . . . , n〉.
↑ ↑

Theorem 51.4 as in (2)
for some ai ∈ N0

(4) There exist groups which are �nitely generated but not �nitely presented. In fact
there are countably many isomorphism types of �nitely presented groups,583 whereas
there are uncountably many isomorphism types of �nitely generated groups.584 A
proof for both statements is given in Chapter 14 of [Rob1995].

(5) We saw on page 1159 that the fundamental group of the Klein bottle is �nitely
generated. But is it also �nitely presented?

53.3. Tietze transformations.
De�nition. Let π be a group and let

φ : 〈x1, . . . , xk | r1, . . . , rl〉
∼=−→ π

be a presentation. We obtain new presentations as follows:
(1) For any element s of 〈〈r1, . . . , rl〉〉 Ă 〈X〉 we obtain the presentation

〈x1, . . . , xk | r1, . . . , rl, s〉 = 〈x1, . . . , xk | r1, . . . , rl〉
φ−→ π.

(2) For any x 6= x1, . . . , xk and any two words s, t in x1, . . . , xk we obtain the presenta-
tion585

〈x1, . . . , xk, x | r1, . . . , rl, s · x · t〉 → 〈x1, . . . , xk | r1, . . . , rl〉
φ−→ π.

xi 7→ xi
x 7→ s−1 · t

The above two methods, and their inverses, of obtaining new presentations out of a given
one are called Tietze transformations.586

The above Tietze transformations show that from a given �nite presentation we can ob-
tain in�nitely many new �nite presentations. This fact is not that surprising. What is
much more interesting is the following theorem which was �rst proved by Heinrich Ti-
etze [Tie1908] in 1908.

Theorem 53.7. (Tietze Theorem) Any two �nite presentations for a given group are
related by a �nite sequence of Tietze transformations.

583That statement is pretty obvious.
584This statement is much less obvious. The idea is that in a free group 〈x1, . . . , xk〉 there are uncountably
many in�nite sequences of elements {r1, r2, . . . }. The di�culty is to show that there exist uncountably
many sequences that give raise to non-isomorphic groups.
586The map to the left is an isomorphism, in fact an inverse is given by xi 7→ xi.
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In the proof of the Tietze Theorem 53.7 we will need the following four pretty elementary
preparatory lemmas.

Lemma 53.8. Let θ : G → H be a group homomorphism and let X be a generating set
for G. The subgroup of G ∗ H that is generated by {g · θ(g−1) | g ∈ G} equals that the
subgroup of G ∗H that is normally generated by {x · θ(x−1) |x ∈ X}.

Proof of Lemma 53.8. We set N := {x · θ(x−1) |x ∈ X}. We only need to show that
given any g ∈ G we have g · θ(g−1) ∈ 〈〈N〉〉. This statement follows easily by induction on
the length of g as a word in the generating set X and the observation that for x, y ∈ X we
have the following equality:

xy · θ((xy)−1) = xy · θ(y−1) · θ(x−1) = x · y · θ(y)−1︸ ︷︷ ︸
∈N

· x−1 · x · θ(x−1)︸ ︷︷ ︸
∈N

.

�

Lemma 53.9. Let G and H be two groups, let θ : G → H be an isomorphism and let
α : G→ π be an isomorphism. We consider the homomorphism

Ψ: G ∗H → π

de�ned by α on G and by α ◦ θ−1 on H. The kernel of the homomorphism Ψ is generated
by {g · θ(g−1) | g ∈ G}.

Proof of Lemma 53.9. We set M := {g · θ(g−1) | g ∈ G}. We need to show that the
kernel of the homomorphism Ψ is generated byM . Let g1 ·h1 · · · · ·gk ·hk ∈ ker(Ψ) Ă G∗H,
where we use self-explanatory notation.

If k = 1, then it follows from e = Ψ(g1 · h1) = α(g1) · α(θ−1(g1)) = α(g1 · θ−1(g1)) and
the fact that α and θ are isomorphisms that g1 · h1 = g1 · θ(g1

−1).
Now suppose that k > 1. If g1 6= e, then we can write

g1 · h1 · g2 · h2 · · · · · gk · hk = g1 · θ(g1
−1)︸ ︷︷ ︸

∈M

· θ(g1) · h1︸ ︷︷ ︸
∈H

· g2 · h2 · . . . gk · hk.

If g1 = e, then we write

h1 · g2 · h2 · · · · · gk · hk = (θ−1(h1) · θ(θ−1(h1)−1)︸ ︷︷ ︸
∈M

)−1 · θ−1(h1) · g2︸ ︷︷ ︸
∈G

· h2 · . . . gk · hk.

Iterating this procedure we obtain the desired statement. �

Lemma 53.10. Let

φ : 〈x1, . . . , xk | r1(x1, . . . , xk), . . . , rl(x1, . . . , xk)〉 → π

be a presentation. For pairwise di�erent y1, . . . , yk the presentation

〈y1, . . . , yk | r1(y1, . . . , yk), . . . , rl(y1, . . . , yk)〉 → π
yi 7→ φ(xi)

can be obtained from the original one by Tietze transformations.
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Proof of Lemma 53.10. We consider the Tietze transformations

〈x1, . . . , xk | r1(x1, . . . , xk), . . . 〉
(2)
! 〈x1, . . . , xk, y1 | r1(x1, . . . , xk), . . . , y1 · x−1

1 〉
(1)
! 〈x1, . . . , xk, y1 | r1(x1, . . . , xk), . . . , y1 · x−1

1 , r1(y1, . . . , xk), . . . 〉
(1)
! 〈x1, . . . , xk, y1 | y1 · x−1

1 , r1(y1, . . . , xk), . . . 〉
(1)
! 〈x1, . . . , xk, y1 |x1 · y1

−1, y1 · x−1
1 , r1(y1, . . . , xk), . . . 〉

(1)
! 〈x1, . . . , xk, y1 |x1 · y1

−1, r1(y1, . . . , xk), . . . 〉
(2)
! 〈x2, . . . , xk, y1 | r1(y1, . . . , xk), . . . 〉.

Iterating this process leads to the desired sequence of Tietze transformations. �

Lemma 53.11. Let α : A→ B and β : B → C be group epimorphisms. Let X Ă A be a
subset such that ker(α) = 〈〈X〉〉 and let Y Ă B be a subset such that ker(β) = 〈〈α(Y )〉〉.
Then ker(β ◦ α : A→ C) = 〈〈X ∪ Y 〉〉.

Proof of Lemma 53.11. It is clear that X ∪ Y Ă ker(β ◦ α : A → C). To prove the
reverse inclusion let g ∈ ker(β ◦ α : A → C). We have α(g) ∈ ker(β) = 〈〈α(Y )〉〉. Since α
is an epimorphism the map α : 〈〈Y 〉〉 → 〈〈α(Y )〉〉 is an epimorphism. Thus there exists an
h ∈ 〈〈Y 〉〉 with α(g) = α(h). But this implies that g · h−1 ∈ ker(α) = 〈〈X〉〉. It follows that
g ∈ 〈〈X ∪ Y 〉〉. �

Proof of the Tietze Theorem 53.7. Let π be a group and let φ1 : 〈X1 |R1〉
∼=−→ π and

φ2 : 〈X2 |R2〉
∼=−→ π be two �nite presentations for π. We need to show that they are related

by Tietze transformations. First note that it follows from Lemma 53.10 that by applying
a sequence of Tietze transformations we can arrange that X1 ∩X2 = ∅.

We denote by p1 : 〈X1〉 → 〈X1 |R1〉 and p2 : 〈X2〉 → 〈X2 |R2〉 the obvious epimorphisms.
We set X := X1 tX2. We consider the homomorphism

Ψ: 〈X1〉 ∗ 〈X2〉 = 〈X〉 → π

that is induced by φ1 ◦ p1 on 〈X1〉 and φ2 ◦ p2 on 〈X2〉.
Note that the restriction of Ψ to 〈X2〉 is an epimorphism. Therefore we can pick for

each x ∈ X1 a wx ∈ 〈X2〉 with Ψ(x) = Ψ(wx). We write S1 := {x · w−1
x |x ∈ X1} Ă 〈X〉.

The same way we de�ne S2 Ă 〈X〉.

Claim. We have ker(Ψ) = 〈〈R2 ∪ S1〉〉.

Proof. First note that it follows almost immediately from Lemmas 53.8, 53.9 and 53.11
that ker(Ψ) = 〈〈R1∪R2∪S1〉〉. Thus it remains to show that 〈〈R1∪R2∪S1〉〉 = 〈〈R2∪S1〉〉.
Put di�erently, given r1 ∈ R1 we need to show that r1 ∈ 〈〈R2∪S1〉〉. Let θ : 〈〈X1〉〉 → 〈〈X2〉〉
be the homomorphism that is given by x 7→ wx for x ∈ X1. Note that we have the following



53. PRESENTATIONS OF GROUPS AND AMALGAMATED PRODUCTS 1199

commutative diagram:

〈X1〉
θ //

p1

����

))

〈X2〉

uu
p2

����

G

〈X1 |R1〉

φ1

∼=

55

〈X2 |R2〉.

φ2

∼=

ii

In particular we have (φ2 ◦ p2)(θ(r1)) = (φ1 ◦ p1)(r1) = 1. This implies that θ(r1) ∈ 〈〈R2〉〉.
On the other hand it follows from Lemma 53.8 that r1 · θ(r1)−1 ∈ 〈〈S1〉〉. Thus we see that
r1 = r1 · θ(r1)−1 · θ(r1) ∈ 〈〈S1 ∪R2〉〉. �

After these preparations we turn to the actual proof of the theorem.
(a) First note that we can turn the presentation 〈X2 |R2〉 into 〈X |R2∪S1〉 by a sequence

of Tietze transformations (2), where we add one by one the elements of X1 and for
each element of X1 we add the corresponding relation in S1.

(b) Note that R1 ∪S2 Ă ker(Ψ). By the claim this implies that R1 ∪S2 Ă 〈〈R2 ∪S1〉〉. In
particular, using Tietze transformations (1) we can turn the presentation 〈X |R2∪S1〉
into the presentation 〈X |R1 ∪ S2 ∪R2 ∪ S1〉.

(c) By exactly the same reasoning as in (a) and (b) we can also turn the presentation
〈X1 |R1〉 into the presentation 〈X |R1 ∪S2 ∪R2 ∪S1〉 via a sequence of Tietze trans-
formations.

Since 〈X1 |R1〉 and 〈X2 |R2〉 can be turned into precisely the same presentation using Tietze
transformations, the two presentations are in fact related by Tietze transformations. �

Remark. Alternative proofs of the Tietze Theorem 53.7 can be found in [Tie1908] and
also [LyS1977, Proposition II.2.2] and [MKS1976, Theorem 1.5].

The following lemma often works well in practice to show that two presentations correspond
to isomorphic groups.

Lemma 53.12. Let X = {x1, . . . , xk} be a �nite set and furthermore let r = {r1, . . . , rl}
be a �nite subset of 〈X〉 = 〈x1, . . . , xk〉. Suppose that we can write each ri(x1, . . . , xk) as
a word si(x1, . . . , xk−1, xk ·w) where w is a word in x1, . . . , xk−1, then the homomorphism

〈x1, . . . , xk | r1, . . . , rl〉 → 〈x1, . . . , xk−1, t | s1, . . . , sl〉
that is induced by xi 7→ xi, i = 1, . . . , k − 1, and xk 7→ tw−1 is an isomorphism.

De�nition. We refer to the isomorphism of Lemma 53.12 as the isomorphism given by
the substitution t = xk · w.

Example. A picky reader might decide that the formulation of Lemma 53.12 is not com-
pletely precise. But the following example should make the meaning clear:

〈a, b | a−1ba−1bab−1〉 = 〈a, b | a−1b · a−1b · a · (a−1b)−1 · a−1︸ ︷︷ ︸
=a−1ba−1bab−1

〉 = 〈a, c | c · c · a · c−1 · a−1〉.
↑

substitution c = a−1b

Proof. It follows from Lemma 53.13 that there exists in fact a unique homomorphism

〈x1, . . . , xk | r1, . . . , rl〉 → 〈x1, . . . , xk−1, t | s1, . . . , sl〉
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that has the property that xi 7→ xi, i = 1, . . . , k − 1 and that xk 7→ tw−1. Furthermore,
we have a map from the right to left by the reverse substitution t 7→ xk · w. It is straight-
forward to verify that these homomorphisms are inverses of one another, hence both are
isomorphisms. �

As we will now see, �nite presentations of groups are useful for �nding group homomor-
phisms. To formulate the corresponding lemma we need the following de�nition.

De�nition. Let X = {x1, . . . , xk} be a set and let r ∈ 〈X〉. Furthermore let G be a group
and let g1, . . . , gk be elements of G. We say that g1, . . . , gk satisfy the relation r if the
homomorphism587 〈x1, . . . , xk〉 → G that is given by xi 7→ gi, i = 1, . . . , k sends r to the
trivial element.

Examples.

(1) We consider {x1, x2} and the word r = x1x2x
−1
1 x−1

2 . If a group is abelian, then any
two elements g1, g2 satisfy the relation x1x2x

−1
1 x−1

2 .
(2) Let G be a �nite group with d elements. We consider the set {x}. It follows from

Lagrange's Theorem, see e.g. [KuS2004, p. 8], that every element in G satis�es the
relation xd.

Lemma 53.13. Let π be a group with a �nite presentation π = 〈x1, . . . , xk | r1, . . . , rl〉.
For any group G the map

Hom(π,G) → {all (g1, . . . , gk) ∈ Gk that satisfy r1, . . . , rl}
f 7→ (f(x1), . . . , f(xk))

is a bijection.

Remark. Note that if G is a �nite group, then the right-hand side of Lemma 53.13 is a
�nite set. In practice it is usually straightforward, albeit tedious, to determine the right-
hand side.

Proof. This lemma follows immediately from Lemma 53.4 and Lemma 51.15. �

Next, recall that in Exercise 51.17 we gave an explicit example of a group epimorphism
ϕ : 〈x, y〉 → Z such that the kernel ker(ϕ) is in�nitely generated. The next proposition
shows that this was not a �uke.
Proposition 53.14. Every non-trivial normal subgroup of a free group is in�nitely gen-
erated.

Proof. A purely group theoretic proof is given in [LyS1977, Proposition I.3.12]. Alterna-
tively a proof using topological methods is provided in [dlH2000, p. 45]. �

Fortunately the following proposition, which we obtain from [DrK2018, Lemma 7.29],
gives us at least some control over the �size� of a kernel.

Proposition 53.15. Let ϕ : π → G be a group epimorphism. If π is �nitely generated
and if G is �nitely presented, then ker(ϕ) is �nitely normally generated. In other words,
there exists a �nite subset S Ă ker(ϕ) such that 〈〈S〉〉 = ker(ϕ).

587The fact that there exists a unique such homomorphism is a consequence of Lemma 51.15.
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Example. Let ϕ : 〈x, y〉 → Z2 be the epimorphism that is given by ϕ(x) = (1, 0) and
ϕ(y) = (0, 1). In Exercise 53.10 we will see that ker(ϕ) is normally generated by a single
element, namely the commutator xyx−1y−1.

We conclude this section with an interesting little lemma. For the formulation we need the
following harmless de�nition.

De�nition. Let G and H be groups. We say H is a retract of G if there exist a group
homomorphisms ϕ : H → G and ρ : G→ H such that ρ ◦ ϕ = idH .

Lemma 53.16. (Finite Presentation-Retract Lemma) Every retract of a �nitely
presented group is also �nitely presented.

Proof. Let H be a group, let G be a �nitely presented group and let ϕ : H → G and
ρ : G → H be group homomorphisms such that ρ ◦ ϕ = idH . We need to show that H is
also �nitely presented.

To do so we pick a �nite presentation G = 〈g1, . . . , gk | r1, . . . , rl〉 for the group G. We
write F = 〈g1, . . . , gk〉. In the following we denote by p : F → G the obvious epimorphism.
For each i ∈ {1, . . . , k} we pick wi ∈ F with p(wi) = (ϕ ◦ ρ ◦ p)(gi) ∈ G. It su�ces to prove
the following claim.

Claim. A �nite presentation for H is given by 〈g1, . . . , gk | r1, . . . , rl, g
−1
1 w1, . . . , g

−1
k wk〉.

Proof. Let L be the group that is de�ned by the �nite presentation of the claim. We denote
by u : G→ L and q : F → L the obvious projections. Note that for each j ∈ {1, . . . , l} we
have ρ(p(ri)) = ρ(e) = e and for each i ∈ {1, . . . , k} we have

ρ(p(g−1
i wi)) = ρ(p(g−1

i )) · ρ(p(wi)) = ρ(p(g−1
i )) · ρ(p(gi)) = e.

↑
since p(wi) = (ϕ ◦ ρ ◦ p)(gi) and since ρ ◦ ϕ = idH

It follows from Lemma 53.4 that the homomorphism p ◦ ϕ : F → H factors through a
homomorphism v : L→ H.

We want to show that u ◦ ϕ is an isomorphism. First note that

v ◦ (u ◦ ϕ) = (v ◦ u) ◦ ϕ = ρ ◦ ϕ = idH .
↑

since ρ = v ◦ u

By Lemma 51.19 it remains to show that u◦ϕ is an epimorphism. Note that for i = 1, . . . , k
we have (u ◦ ϕ)((ρ ◦ p)(wi)︸ ︷︷ ︸

∈H

) = u(p(wi)) = q(wi) = gi ∈ L.
↑ ↑

since ϕ ◦ ρ = idH since q(wi) = gi ∈ L

Since g1, . . . , gk is a generating set for L we see that u ◦ ϕ is indeed an epimorphism.
For convenience we summarize all objects in the following diagram

H
ϕ

// G = 〈g1, ..., gk | r1, ..., rl〉
u
��

ρ

vv
F = 〈g1, ..., gk〉

p
oo

qrr

L := 〈g1, ..., gk | r1, ..., rl, g
−1
1 w1, ..., g

−1
k wk〉.

v

kk

�
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53.4. The Andrews-Curtis Conjecture. In this section we want to introduce Nielsen
transformations and we want to present the Andrews-Curtis Conjecture. Both are mostly
peripheral to the content of these notes. But for general culture it is perhaps interesting
to know that in this supposedly fairly elementary context of �nite presentations there are
di�cult conjectures lurking in the background.
First we introduce the following notation.

Notation. Given a set S and n ∈ N0 we refer to an element (g1, . . . , gn) ∈ Sn as an
ordered set of elements in S.588

Now we can introduce the de�nition we are really interested in.

De�nition. Let π be a group and let (g1, . . . , gn) be an ordered set of elements in π. A
Nielsen operation is one of the following three ways of obtaining a new ordered set of
elements in π:

(1) (g1, g2, g3, . . . , gn)  (g−1
1 , g2, g3, . . . , gn)

(2) (g1, g2, g3, . . . , gn)  (g2, g1, g3, . . . , gn)
(3) (g1, g2, g3, . . . , gn)  (g1 · g2, g2, g3, . . . , gn).

The following theorem that was proved by Jakob Nielsen [Nie1924] (see also [LyS1977,
Proposition I.4.1] and [MKS1976, Theorem 3.2]) in 1924.

Theorem 53.17. (Nielsen 1924) Let F = 〈x1, . . . , xn〉 be a free group. If y1, . . . , yn ∈ F
form a basis589 for the free group F , then (y1, . . . , yn) can be obtained from (x1, . . . , xn)
through a �nite sequence of Nielsen operations (1), (2) and (3).

Remark.
(1) Let F = 〈g1, . . . , gn〉 be a �nitely generated free group. It follows from Lemma 51.15

that any Nielsen operation, applied to (g1, . . . , gn), gives rise to an endomorphism of
the free group F . One can easily show that these endomorphisms are in fact automor-
phisms of the free group. We refer to any such automorphism as a Nielsen automor-
phism. Nielsen's Theorem 53.17 implies almost immediately that any automorphism
of the free group is in fact a composition of �nitely many Nielsen automorphisms. In
other words, the group Aut(F ) is generated by the Nielsen transformations.

(2) The fact that the group Aut(F ) is generated by the Nielsen operations is similar in
spirit to the fact, established in any self-respecting linear algebra course, that the
group Aut(Zn) = GL(n,Z) is generated by elementary matrices.

The following conjecture was formulated by James Andrews and Morton Curtis [AC1965]
in 1965.
Conjecture 53.18. (Andrews-Curtis Conjecture) Let 〈g1, . . . , gn | r1, . . . , rn〉 be a �-
nite presentation. If the corresponding group is the trivial group, then (r1, . . . , rn) can
be obtained from (g1, . . . , gn) through a �nite sequence of operations where we allow the
Nielsen operations (1), (2), (3) and the following fourth operation:

(4) (g1, g2, g3, . . . , gn)  (hg1h
−1, g2, g3, . . . , gn) for some h ∈ π.

588Note that we do not assume that g1, . . . , gn are pairwise di�erent.
589Recall that by the de�nition on page 1159 the elements y1, . . . , yn form a basis if the natural map
〈y1, . . . , yn〉 → F is an isomorphism.
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The Andrews-Curtis Conjecture is notoriously di�cult. It seems like most experts believe
the conjecture to be false, but not much progress has been made over the last decades.
Finally note that the Andrews-Curtis Conjecture will raise its head once more in Sec-
tion 141.2.

53.5. The abelianization of a group. The following de�nition should already be familiar
from the algebra course.
De�nition. Let π be a group. We refer to

[π, π] := 〈〈{ [x, y]︸︷︷︸
=xyx−1y−1

| x, y ∈ π}〉〉

as the commutator subgroup of π.
We start out with the following elementary lemma.
Lemma 53.19. Let π be a group. Then the following hold:
(1) The group π/[π, π] is abelian.
(2) We have

[π, π] :=
{

n∏
i=1

[xi, yi]
∣∣∣x1, y1, . . . , xn, yn ∈ π

}
.

Remark. Note that in general not every element of the commutator subgroup is a com-
mutator. For example, if π = 〈a, b, c, d〉 is the free group on four generators a, b, c, d, then
we have [a, b] · [c, d] ∈ [π, π], but it is not a commutator.590

Proof. Let π be a group.
(1) For any two elements x, y ∈ π we have

xy [π, π] = yx · x−1y−1xy [π, π] = yx · [x−1, y−1]︸ ︷︷ ︸
∈[π,π]

[π, π] = yx [π, π].

This shows that π/[π, π] is indeed abelian.
(2) Note that the inverse of a commutator is again a commutator, i.e. given x, y ∈ π we

have
[x, y]−1 = (xyx−1y−1)−1 = yxy−1x−1 = [y, x].

Furthermore a conjugate of a commutator is again a commutator. Indeed, given
x, y, g ∈ π we have

g[x, y]g−1 = gxyx−1y−1g−1 = gxg−1gyg−1gx−1g−1gy−1g−1

= (gxg−1)(gyg−1)(gxg−1)−1(gyg−1)−1 = [gxg−1, gyg−1].

It follows from this discussion and from Lemma 53.3 that each element of the com-
mutator subgroup can be written as a product of commutators, i.e.

[π, π] :=
{

n∏
i=1

[xi, yi]
∣∣∣x1, y1, . . . , xn, yn ∈ π

}
. �

De�nition. Let π be a group. We call

πab := π/[π, π]

590Why not?
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the abelianization of π.591

The following proposition summarizes some of the key properties of the abelianization of
groups.

Proposition 53.20. (Abelianization Proposition)
(1) If π is abelian, then πab = π.
(2) Let π be a group and let α : π → H be a homomorphism to an abelian group. Then

there exists a unique homomorphism β : πab = π/[π, π]→ H such that the following
diagram commutes:

π //

α
((

πab = π/[π, π]

β
��

H.

In particular for any group π and any abelian group G the map

Hom(πab, G) → Hom(π,G)

(α : πab → G) 7→
(
π → πab

α−→ G
)

is a bijection.
(3) Let G and H be two groups. There exists a unique isomorphism

(G ∗H)ab

∼=−→ Gab ×Hab

which makes the following diagram commute:

G ∗H
����

// // G×H
����

(G ∗H)ab

∼= // Gab ×Hab,

where the other three maps are the natural projections.
(4) Let F = 〈x1, . . . , xm〉 be the free group onm generators x1, . . . , xm. Then the map592

Φ: Fab = F/[F, F ] → Zm
[xi] 7→ ei := the i-th standard basis vector

is an isomorphism.
(5) Let π = 〈x1, . . . , xm | r1, . . . , rn〉 be a �nitely presented group. We denote by

Φ: 〈x1, . . . , xm〉 → Zm

the homomorphism that is given by Φ(xi) = ei. There exists a unique isomorphism

Ψ: π/[π, π]
∼=−−→ Zm/〈Φ(r1), . . . ,Φ(rn)〉

591The abelianization of a group π is sometimes also written as H1(π). The reason for that somewhat
strange looking notation will become clear later on when we formulate the Hurewicz Theorem 84.5 and
when we consider the homology groups, see Chapter ??.
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such that the following diagram commutes

〈x1, . . . , xm〉
����

xi 7→ei
Φ

// // Zm

����

π = 〈x1, . . . , xm〉/〈〈r1, . . . , rn〉〉
����

πab = π/[π, π] ∼=
Ψ // Zm/〈Φ(r1), . . . ,Φ(rn)〉.

(6) The maps
G 7→ Gab = G/[G,G]

and
(ϕ : G→ H) 7→

(
ϕ∗ : Gab = G/[G,G] → Hab = H/[H,H]

[g] 7→ [ϕ(g)]

)
de�ne a covariant functor from the category Group of groups to the category AbGroup
of abelian groups.

(7) Given a group G we denote by

ΦG : G → Gab = G/[G,G]
g 7→ [g]

the projection . These maps ΦG de�ne a natural transformation from the identity
functor Group → Group to the abelianization functor Group → Group that we had
introduced in (6).593

(8) Isomorphic groups have isomorphic abelianizations.
(9) If ϕ : A → B is an epimorphism, then the induced map Aab → Bab is also an

epimorphism.

Examples.

(1) By the Abelianization Proposition 53.20 (1) and (3) we have

(Z3 ∗ Z35)ab
∼= Z3 × Z35 and (Z5 ∗ Z21)ab

∼= Z5 × Z21.

It follows from the Chinese Remainder Theorem that the abelianizations are isomor-
phic. On the other hand on page 1164 we had already observed that the Grushko
Decomposition Theorem 51.22 implies that the groups Z3 ∗ Z35 and Z5 ∗ Z21 are not
isomorphic. Thus we have seen that non-isomorphic groups can have isomorphic
abelianizations.

(2) We give an explicit example for Statement (5). Let

π = 〈x, y | x2y−2x, y−1x3yx〉.

592By Lemma 51.15 there exists a unique homomorphism F → Zm with xi 7→ ei. By (1) this map descends
to a homomorphism F/[F, F ]→ Zm. The way we write down the map is a little bit sloppy, since we only
specify the map on the generators of F/[F, F ].
593Super-picky readers might argue that in (6) we introduced a functor from Group to AbGroup, but of course
we can also view it as a functor from G to G.
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Let Φ: 〈x, y〉 → Z2 be the epimorphism given by Φ(x) = (1, 0) and Φ(y) = (0, 1).
Then the abelianization of π is given by594

πab = Z2/〈Φ(x3y−2)︸ ︷︷ ︸
=

(
3
−2

) ,Φ(y−1x3yx)︸ ︷︷ ︸
=

(
4
0

) 〉 = Z2/
(

3 4
−2 0

)
Z2 ∼= Z8.

(3) Let S be a set. It is straightforward to show that the abelianization of the free group
〈S〉 generated by S is isomorphic to the free abelian group Z(S) generated by S.

(4) Given k ∈ N we denote by Sk the permutation group on k elements and we denote
by Ak Ă Sk the alternating group, i.e. the group of all permutations with positive
sign. In the algebra course it was shown that for k ≥ 5 the group Ak is simple, i.e.
the only normal subgroups of Ak are the trivial group and the group Ak itself.595 The
commutator subgroup [Ak, Ak] is normal. Since Ak is not abelian we cannot have
[Ak, Ak] = {e}. Thus we see that [Ak, Ak] = Ak, which implies that the abelianization
of Ak is the trivial group.

Now we provide the proof of the Abelianization Proposition 53.20.

Proof of the Abelianization Proposition 53.20.

(1) The �rst statement is obvious.596

(2) Let π be a group and let α : π → H be a homomorphism to an abelian group. Then
[π, π] lies in the kernel of α. The desired statement now follows immediately from
Lemma 53.1.

(3) The maps

Φ: (G ∗H)ab → Gab ×Hab

[(x1, . . . , xk)] 7→
([ ∏

xi∈G
xi
]
,
[ ∏
xi∈H

xi
]) and

Ψ: Gab ×Hab → (G ∗H)ab

([g], [h]) 7→ [g · h]

are easily seen to be well-de�ned, to be homomorphisms and to be inverses of one
another.

(4) This statement follows immediately from the statements (1) and (3) together with
the observation that 〈x1, . . . , xm〉 = 〈x1〉 ∗ · · · ∗ 〈xm〉, that 〈xi〉ab

∼= Z and that
Zm = Z× · · · × Z.

(5) It is straightforward to see that there exists a unique homomorphism

Ψ: π/[π, π] → Zm/〈Φ(r1), . . . ,Φ(rn)〉

that makes the diagram of Statement (5) commute. It remains to show that Ψ is
an isomorphism. We write F = 〈x1, . . . , xm〉 and we write G = 〈y1, . . . , yn〉. We

594Why is the group isomorphic to Z8?
595A proof of this statement is also given in any self-respecting algebra book, see e.g. [Rob1995, p. 69].
596Why?
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consider the following diagram

Gab = G/[G,G] ∼=

[yi] 7→ei
//

[yi] 7→[ri]
��

Zn

ei 7→Φ(ri)

��

Fab = F/[F, F ] ∼=

Φ([xi])=ei
//

����

Zm

����

πab = π/[π, π]
Ψ //

Zm

〈Φ(r1), . . . ,Φ(rn)〉
.

Note that the diagram commutes. By (4) the top two horizontal maps are isomor-
phisms. The bottom vertical maps are clearly epimorphisms and it is clear that the
images of the top vertical maps lie in the kernel of the bottom vertical maps. It now
follows from an elementary �diagram chase� that the bottom horizontal map is also
an isomorphism.597 We leave the details to the reader.

(6) This statement follows easily from the de�nitions and the observation that the image
of a commutator under a group homomorphism is once again a commutator.

(7) This statement is basically obvious once one has internalized the de�nition of a
natural transformation.

(8) This statement is an immediate consequence of (6).
(9) We will prove this statement in Exercise 53.6. �

53.6. The amalgamated product of groups I. In the formulation of the generalized
version of the Seifert�van Kampen theorem we will need to replace the free product of two
groups by the �amalgamated product� of two groups.
In Section 51.2 we had �rst de�ned the free product via an explicit construction. We had
then explained that one can also characterize the free product via a universal property. In
this section we will proceed the other way round, we will �rst state the desired universal
property and then we will explicitly construct a group which satis�es the universal property.
Proposition 53.21. Let α : G→ A and β : G→ B be two group homomorphisms. Then
there exists a triple

(A ∗G B,ϕ : A→ A ∗G B,ψ : B → A ∗G B)

597More precisely, we use the following fact: suppose we are given a commutative diagram

A
��

∼= // A′

��

B
����

∼= // B′

����

C // C ′,

of group homomorphisms where the bottom vertical maps are epimorphisms, where the top two horizontal
maps are isomorphisms and where the kernels of the bottom vertical maps are the images of the top vertical
maps. Then the bottom horizontal map is also an isomorphism. This general statement can be proved by
a �diagram chase�. This statement can also be viewed as a special case of the ��ve lemma�.
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where A ∗G B is a group and ϕ and ψ are homomorphisms with the following properties:
(a) the following diagram commutes:

G
α //

β
��

A
ϕ
��

B
ψ

// A ∗G B,

(b) if (H ′, ϕ′ : A→ H ′, ψ′ : B → H ′) is another triple which satis�es property (a), then
there exists a unique homomorphism Θ: A ∗G B → H ′ such that ϕ′ = Θ ◦ ϕ and
ψ′ = Θ ◦ ψ, i.e. such that the following diagram commutes

G
α //

β
��

A

ϕ
��

ϕ′

��

B
ψ
//

ψ′
11

A ∗G B
Θ ((

H ′.

Proof. Let α : G→ A and β : G→ B be two group homomorphisms. As usual we view A
and B as subgroups of A ∗B. We put

A ∗G B := A ∗B/〈〈{α(g)β(g)−1}g∈G〉〉

and we de�ne ϕ : A→ A ∗G B as the composition of the obvious homomorphisms

A ↪→ A ∗B � A ∗B/〈〈{α(g)β(g)−1}g∈G〉〉,

and precisely the same way we de�ne the homomorphism ψ : B → A ∗G B. It follows from
the construction of A ∗G B that ϕ(α(g)) = ψ(β(g)) for all g ∈ G. Therefore the triple
(A ∗G B,ϕ : A→ A ∗G B,ψ : B → A ∗G B) satis�es property (a).

Now let (H ′, ϕ′ : A → H ′, ψ′ : B → H ′) be another triple which satis�es property (a).
We consider the following diagram

G
α //

β

��

AcC

rr
ϕ

��

ϕ′

��

A ∗B

Φ
00

,, ,,

B
' �

44

ψ
//

ψ′

11

A ∗G B =
A ∗B

〈〈α(g)β(g)−1〉〉

))
H ′

where Φ: A ∗ B → H ′ is the unique homomorphism determined by ψ′ and ϕ′. Since
ϕ′ ◦ α = ψ′ ◦ β it follows that for any g ∈ G we have

Φ(α(g) · β(g)−1) = Φ(α(g)) · Φ(β(g))−1 = ϕ′(α(g)) · ψ′(β(g))−1 = e.

Put di�erently, all elements of the form α(g)β(g)−1 in A ∗ B lie in the kernel of Φ. By
Lemma 53.4 there exists a unique homomorphism Θ: A ∗ B/〈〈{α(g)β(g)−1}g∈G〉〉 → H ′
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which makes the following diagram commute

A ∗B

Φ
++

// A ∗G B = A ∗B/〈〈{α(g)β(g)−1}g∈G〉〉

Θ
��

H ′.

This proves the existence of Θ. The uniqueness follows from the observation that another
choice of Θ′ would give another choice for Φ, but this homomorphism is unique. �

De�nition. Let α : G→ A and β : G→ B be two group homomorphisms. We write

A ∗G B := A ∗B/〈〈{α(g)β(g)−1}g∈G〉〉
and we refer to A ∗G B as the amalgamated product of A and B with amalgam G.598

We refer to the obvious homomorphisms A → A ∗G B and B → A ∗G B as the natural
homomorphisms.599

Remark. A variation on the argument on page 1149 shows that if

(H,ϕ : A→ H,ψ : B → H)

is a triple that has both the properties (a) and (b) of Proposition 53.21, then there exists a
unique isomorphism Θ: A ∗GB

∼=−→ H such that ϕ(a) = Θ(a) for all a ∈ A and ψ(b) = Θ(b)
for all b ∈ B. Often we will use this uniquely de�ned isomorphism to identify H with the
amalgamated product A ∗G B.

Example. Let G = Z2, A = Z4 and B = Z6 and consider the homomorphisms

α : G → A
[k] 7→ [2k]

and
β : G → B

[k] 7→ [3k].

Furthermore we consider the homomorphisms600

ϕ : A = Z4 → SL(2,Z)

k 7→
(

0 1
−1 0

)k and
ϕ : B = Z6 → SL(2,Z)

k 7→
(

1 1
−1 0

)k
.

It is straightforward to verify that601 ϕ◦α = ψ◦β, therefore there exists by Proposition 53.21
a homomorphism

A ∗G B = Z4 ∗Z2 Z6 → SL(2,Z).

More surprisingly, this homomorphism is in fact an isomorphism. We refer to [Rosb1994,
p. 218] and [Ser1980, p. 35] for a proof.

The following lemma summarizes some important special cases of the amalgamated product
of groups.

598The notation is a little misleading since the homomorphisms α and β do not get mentioned in the
notation, even though they play of course an important role. In particular di�erent choices of α and β can
lead to non-isomorphic amalgamated products.
599We leave it again to the reader to �gure out in what sense these homomorphisms are �natural�.
600Are these really homomorphisms?
601Indeed, the one non-trivial element of G = Z2 gets sent under both maps to − id.
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Lemma 53.22. (Amalgamated Product Lemma)
(1) For two groups A and B and G = {e} the trivial group, the corresponding amalga-

mated product is the usual free product, i.e.

A ∗{e} B = A ∗B.
(2) If α : G→ A is a group homomorphism and if β : G→ {e} is the trivial homomor-

phism, then A ∗G {e} = A/〈〈α(G)〉〉.
(3) Let α : G→ A and β : G→ B be group homomorphisms. We consider the diagram

G
α //

β
��

A

��

B // A ∗G B.

The following two statements hold:602

(a) If the left vertical map β is an isomorphism, then the right vertical map is also
an isomorphism and the inverse A ∗G B → A is given by the identity on A and
β−1 : B → G.

(b) If the left vertical map β is an epimorphism, then the right vertical map is also
an epimorphism.

(4) Let A,B,C and G,H be groups and let α : G → A, β : G → B, β̃ : H → B and
γ : H → C be group homomorphisms. Then the universal properties of the amalga-
mated products de�ne an isomorphism603

(A ∗G B) ∗H C
∼=−→ A ∗G (B ∗H C).

(5) Let α : G → A and β : G → B be group homomorphisms and let ϕ : H → G be an
epimorphism. The natural map A ∗G B → A ∗H B is an isomorphism.

(6) Let α : G∗H → A and β : G∗H to be group homomorphisms. If the restriction of β
to H is trivial, then the natural map A ∗G∗H B → A/〈〈H〉〉 ∗G B is an isomorphism.

Remark. The Amalgamated Product Lemma 53.22 (4) is actually quite useful since it
allows us to form iterated amalgamated products without having to worry about parenthe-
ses.

Sketch of proof. The �rst two statements follow immediately from the de�nition

A ∗G B := A ∗B/〈〈{α(g)β(g)−1}g∈G〉〉.

The remaining statement follow either directly from the universal property of the amal-
gamated product or from the actual description. For some statements we will �ll in the
details in Exercise 53.14. �

The following lemma gives us a convenient description of the amalgamated product of two
�nitely presented groups.

602The statements are similar in spirit to the statement of the Topological Pushout-Maps Lemma 5.34 for
the pushout of topological spaces.
603In an attempt to lessen the burden on the reader we refrained from writing down the super-precise
statement.
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Lemma 53.23. Let A = 〈x1, . . . , xk | r1, . . . , rp〉
and B = 〈y1, . . . , yl | s1, . . . , sq〉
be two �nitely presented groups. Furthermore let α : G→ A and β : G→ B be two group
homomorphisms and let g1, . . . , gm be generators of G. Then

A ∗G B = 〈x1, . . . , xk, y1, . . . , yl | r1, . . . , rp, s1, . . . , sq and α(gi) = β(gi), i = 1, . . . ,m〉.

Examples.
(1) Let A1 = 〈x1, y1〉 and A2 = 〈x2, y2〉 be two free groups. Furthermore for i = 1, 2

let ϕi : 〈t〉 → Ai be the homomorphism that is given by ϕi(tn) := [xi, yi]
n. Then we

obtain from Lemma 53.23 that

A1 ∗〈t〉 A2 = 〈x1, y1, x2, y2 | [x1, y1] = [x2, y2]〉.
(2) Let A = 〈a〉 and let B = 〈b〉 be two in�nite cyclic groups and let G = 〈x, y | [x, y]〉

be a group that is isomorphic to Z2. We consider the homomorphism α : G→ A that
is given by α(x) = a and α(y) = e and we consider the homomorphism β : G → B
that is given by β(x) = e and β(y) = b. Then

A ∗G B = 〈a, b | α(x) = β(x), α(y) = β(y)〉 = 〈a, b | a = e, e = b〉 = 〈|〉 = {e}.
↑ ↑

Lemma 53.23 Tietze transformation (2), see page 1196

This shows in particular that the amalgamated product of two non-trivial groups can
in fact be trivial.

Proof of Lemma 53.23. We need to show that
A∗B

〈〈{α(g)β(g)−1}g∈G〉〉︸ ︷︷ ︸
de�nition of A*GB

= A∗B
〈〈{α(gi)β(gi)−1}i=1,...,m〉〉︸ ︷︷ ︸

right-hand side of the proposition

.

Put di�erently, we need to prove the following claim.
Claim. In the free product A ∗B we have

〈〈{α(g)β(g)−1}g∈G〉〉 = 〈〈{α(gi)β(gi)
−1}i=1,...,m〉〉.

Proof. It is clear that the right-hand side is contained in the left-hand side. To show the re-
verse inclusion we need to show that for each g ∈ G we have α(g)β(g)−1 ∈ 〈〈{α(gi)β(gi)

−1}i=1,...,m〉〉.
We start out with two observations:
(1) We �rst consider the case g = g−1

i for some i. Then

α(g)β(g)−1 = α(g−1
i )β(g−1

i )−1 = α(gi)
−1
(
α(gi)β(g−1

i )
)−1

α(gi),

thus α(g)β(g)−1 is a conjugate of the inverse of α(gi)β(g−1
i ), in particular it lies in

〈〈{α(gi)β(gi)
−1}i=1,...,m〉〉.

(2) Note that if a, b and c are elements in a group π such that ac and b lie in a normal
subgroup Γ, then abc = ac · c−1bc also lies in Γ.

Now we turn to the proof of the claim. We de�ne the length of g ∈ G as

`(g) = min{n | we can write g = gε1i1 · · · · · g
εn
in

for εj ∈ {−1, 1} and ij ∈ {1, . . . ,m}}.
Since g1, . . . , gm are generators of G any g ∈ G has a length.
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We prove the claim by induction on the length of g ∈ G. For `(g) = 0 there is nothing
to prove. Now suppose we have shown the claim for all elements of length n− 1. Now let
g ∈ G be an element of length n. Thus we can write g = gε1i1 · · · · ·g

εn
in
for ε1, . . . , εn ∈ {−1, 1}

and i1, . . . , in ∈ {1, . . . ,m}. We then have

α(g)β(g)−1 = α(g)β(g−1) = α
(
gε1i1 · · · g

εn
in

)
· β
(
g−εnin
· · · g−ε1i1

)
= α

(
gε1i1
)
· · ·α

(
g
εn−1

in−1

)︸ ︷︷ ︸
=:a

· α
(
gεnin
)
· β
(
g−εnin

)︸ ︷︷ ︸
=:b

· β
(
g
−εn−1

in−1

)
· · · β

(
g−ε1i1

)︸ ︷︷ ︸
=:c

.

Note that b lies in the normal subgroup 〈〈{α(gi)β(gi)
−1}i=1,...,m〉〉 by (1) and ac lies in the

normal subgroup 〈〈{α(gi)β(gi)
−1}i=1,...,m〉〉 by induction. Thus abc = α(g)β(g)−1 lies in

〈〈{α(gi)β(gi)
−1}i=1,...,m〉〉 by (2). �

53.7. The amalgamated product of groups II. In this last section we will state and
outline proofs of a few more advanced properties of amalgamated products.
Recall that on page 1211 we saw that the amalgamated product of two non-trivial groups
can be trivial. The following proposition gives a criterion for the amalgamated product to
be non-trivial.
Proposition 53.24. (Amalgamated Product-Monomorphism Proposition) Let α : G→
A and β : G → B be two group homomorphisms. If α and β are both monomorphisms,
then the natural homomorphisms A→ A ∗G B and B → A ∗G B are also both monomor-
phisms.

Convention. If we are in the setting of the Amalgamated Product-Monomorphism Propo-
sition 53.24, then we will use the natural monomorphisms A→ A ∗G B and B → A ∗G B
to identify A, B and G with the images in A ∗G B under these monomorphisms.

Remark. In Exercise 53.12 we will see that there exists an injective group homomorphism
α : G→ A and a non-injective group homomorphism β : G→ B such that the amalgamated
product A ∗G B is trivial. This shows that there is no obvious way how one can weaken
the hypothesis in the Amalgamated Product-Monomorphism Proposition 53.24 that both
maps are monomorphisms.

The proof of the Amalgamated Product-Monomorphism Proposition 53.24 relies on the
following proposition which is proved in [Ser1980, p. 3], or alternatively [vdW1948],
[LyS1977, Theorem IV.2.6] and [CgRR2008, Satz 5.2].

Theorem 53.25. (Normal Form Theorem) Let α : G → A and β : G → B be two
group monomorphisms. We identify G with its image in A and B. Let S Ă A be a set
of coset representatives for G\A and let T Ă B be a set of coset representatives for G\B.
Then any element h in A ∗G B we can be written uniquely as a product h = g · c1 · · · ck
where g ∈ G and c1, . . . , ck ∈ S t T .

Proof of the Amalgamated Product-Monomorphism Proposition 53.24. Let α : G→
A and β : G → B be two group monomorphisms. Let S be a set of coset representatives
for G\A and let T be a set of coset representatives for G\B. We have the following modest
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commutative diagram

G× S
(g,s)7→g·s

//

(g,s) 7→g·s **

A
natural homomorphism
��

A ∗G B.

The top map is a bijection by de�nition of S. Furthermore the diagonal map is an injection
by the Normal Form Theorem 53.25. Thus the vertical map is a monomorphism. �

We conclude this chapter with another consequence of the Normal Form Theorem 53.25.

Proposition 53.26. Let α : G → A and β : G → B be two group monomorphisms. Fur-
thermore let ϕ : π → A∗GB be a group epimorphism. We write Ã := ϕ−1(A), B̃ := ϕ−1(B)

and G̃ := ϕ−1(G). Then there exists a unique isomorphism ψ : Ã ∗G̃ B̃ → π which makes
the following diagram commute:

Ã ∗G̃ B̃
ψ

��

induced by ϕ : Ã→ A and ϕ : B̃ → B

((

π ϕ
// A ∗G B.

Proof. Let α : G → A and β : G → B be two group monomorphisms. It follows from the
universal property of the amalgamated product that there exists a unique homomorphism
ψ : Ã ∗G̃ B̃ → π which makes the above diagram commute. It remains to show that ψ is an
isomorphism.

Let S be a set of coset representatives for G\A and let T be a set of coset representatives
for G\B. By the Normal Form Theorem 53.25 we know that any element h in A ∗G B we
can be written uniquely as a product h = g · c1 · · · ck where g ∈ G and c1, . . . , ck ∈ S t T .
We write `(h) := k.

Now we turn to the proof that ψ is an epimorphism. We need to show that every g ∈ π
lies in the image of ψ. We prove this statement by induction on `(ϕ(g)). If `(ϕ(g)) ≤ 1,
then ϕ(g) ∈ A or ϕ(g) ∈ B. But this means that g ∈ ψ(Ã) or g ∈ ψ(B̃). Suppose we know
that we have an n ∈ N such that the desired statement holds whenever `(ϕ(g)) ≤ n. Let
g ∈ π with `(ϕ(g)) = n + 1. Since ϕ is an epimorphism we see that there exist x, y ∈ π
with g = x · y such that `(ϕ(x)) = n and `(ϕ(y)) = 1. By induction we know that x and y
lie in the image of ψ. But then so does g = x · y.

It remains to show that ψ is also a monomorphism. Thus let h ∈ ker(ψ). Since ϕ
restricts to a surjective map G̃\Ã→ G\A we see that there exists a set S̃ of coset represen-
tatives for G̃\Ã with ϕ(S̃) Ă S. Similarly there exists a set T̃ of coset representatives for
G̃\B̃ with ϕ(T̃ ) Ă T . By the Normal Form Theorem 53.25 we can write h = g̃ · c̃1 · · · · · c̃k
with g̃ ∈ G̃ and c̃1, . . . , c̃k ∈ S̃ t T̃ . Note that

e = ϕ(e) = ϕ(ψ(h)) = ϕ(g̃) · ϕ(c̃1)︸ ︷︷ ︸
∈StT

· · · · · ϕ(c̃k)︸ ︷︷ ︸
∈StT

∈ A ∗G B.
↑

since the diagram commutes

It follows immediately from the uniqueness statement of the Normal Form Theorem 53.25
that k = 0, i.e. we see that h = g̃ ∈ G̃. But the restriction of ψ : Ã ∗G̃ B̃ → π to G̃ is of
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course just the inclusion G̃→ π, in particular the restriction is a monomorphism. Thus we
see that h = e. �

Exercises for Chapter 53.

Exercise 53.1. Let π be a group and let A,B Ă π be two subsets of π. Show that there
exists a natural isomorphism between (π/〈〈A〉〉)/〈〈B〉〉 and π/〈〈A ∪B〉〉.

Exercise 53.2. Let π be a �nitely generated group. Show that every �nite-index subgroup
is also �nitely generated.
Remark. In Proposition 69.15 we will prove the more subtle result that every �nite-index
subgroup of a �nitely presented group is �nitely presented.

Exercise 53.3. Let π be a �nitely generated group and let G be a �nite group. Show that
the set Hom(π,G) of homomorphisms from π to G is a �nite set.

Exercise 53.4.
(a) Show that 〈x1, . . . , xk |xk〉 ∼= 〈x1, . . . , xk−1〉.
(b) Show that in the group 〈x, y |xyx−1y−1〉 we have the equalities yx−1 = x−1y and

x−1y−1 = y−1x−1.

Exercise 53.5.
(a) Let k ≥ 5. Determine the abelianization of the permutation group Sk.
(b) Let G be an abelian group, let α : G → A and β : G → B be epimorphisms. Show

that A ∗G B is also abelian.

Exercise 53.6. Given a group G we denote by Gab its abelianization.
(a) Let ϕ : A → B be an epimorphism. Show that the induced map Aab → Bab is also

an epimorphism.
(b) Let ϕ : A→ B be a monomorphism. Is the induced map Aab → Bab also a monomor-

phism?

Exercise 53.7. Let (X, x0) be a path-connected topological space and let f : X → X be a
homeomorphism with f(x0) = x0. Show that there exists an isomorphism of the following
form:

π1(Tor(X, f))ab
∼= Z⊕ coker

(
π1(X, x0)ab

f∗−id−−−→ π1(X, x0)ab

)
.

Remark. Make use of the Mapping Torus-π1-Proposition 50.6.

Exercise 53.8. Let ϕ : G → H be a group epimorphism. We write K := ker(ϕ). We
consider its abelianization Kab.
(a) Let h ∈ G. We pick h̃ ∈ G with ϕ(h̃) = h. Show that the map

Kab → Kab

[k] 7→ [h̃ · k · h̃−1]

is a group isomorphism and show that this map does not depend on the choice of h̃.
(b) What goes wrong in (a) if we work with K instead of Kab?
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Exercise 53.9. Given any l,m, n ∈ N. We consider the von Dyck group

T (l,m, n) := 〈a, b | al, bm, (ab)n〉.
Show that T (l,m, n)ab

∼= Zgcd(l,m,n).
Remark. It follows in particular that if l,m, n are coprime, then the abelianization is trivial.
If 1

l
+ 1

m
+ 1

n
< 1, then it follows from Corollary 66.24 together with Lemma 66.23 that the

von Dyck group T (l,m, n) is nonetheless in�nite.

Exercise 53.10. Let ϕ : 〈x, y〉 → Z2 be the epimorphism that is given by ϕ(x) = (1, 0)
and ϕ(y) = (0, 1). Show that the kernel ker(ϕ) is normally generated by the commutator
[x, y] = xyx−1y−1.

Exercise 53.11. Let ϕ : G → A and ψ : G → B group monomorphisms which we use
to de�ne the amalgamated product A ∗G B. Suppose that the map A → A ∗G B is an
isomorphism. Show that ψ is an isomorphism.

Exercise 53.12. Let G be a group. Let α : G → A be a monomorphism to a simple
group A and let β : G→ B be an epimorphism that is not an isomorphism. Show that the
amalgamated product A ∗G B is trivial.

Exercise 53.13. Let A and G be groups and let ϕ : A → G be an epimorphism. Fur-
thermore let G′ be a copy of G. We consider the amalgamated product G ∗A G′ given by
using twice the epimorphism ϕ : A → G and ϕ : A → G′ = G. Show that the natural
homomorphism G→ G ∗A G′ is an isomorphism.

Exercise 53.14.
(a) Let α : G → A and β : G → B be group homomorphisms and let ϕ : H → G be an

epimorphism. Show that the natural map A ∗G B → A ∗H B is an isomorphism.
(b) Let α : G ∗H → A and β : G ∗H to be group homomorphisms. We assume that the

restriction of β to H is trivial. Show that the natural map A∗G∗H B → A/〈〈H〉〉 ∗GB
is an isomorphism.

Exercise 53.15. LetX be a path-connected topological space and let x0 ∈ X. Furthermore
let C Ă X be a subset that is homeomorphic to S1. We pick a homeomorphism ϕ : S1 → C
and a path γ : [0, 1] → X from x0 to ϕ(1). We denote by ϕ̃ : [0, 1] → X the map that is
given by t 7→ ϕ(exp(2π it)). Show that the subgroup

〈〈C〉〉 := 〈〈γ ∗ ϕ ∗ γ̃〉〉 Ă π1(X, x0)

neither depends on the choice of ϕ nor on the choice of γ.
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Exercise 53.16. Let π be a group and let S be a generating set for π. We set V := π,
we set E := V × S and we de�ne the initial map i : E = V × S → V by i((v, s)) = v and
we de�ne the terminal map t : E = V × S → V by t((v, s)) = v · s. Note that (V,E, i, t) is
an abstract graph. It is called the Cayley graph Γ(π, S) of the group π with respect to the
generating set S.
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(a) We consider π = 〈x, y |xyx−1y−1〉 with the generating set S = {x, y}. Sketch |Γ(π, S)|
as a subset of R2.

(b) We consider π = 〈x, y |∅〉 with the generating set S = {x, y}. Sketch |Γ(π, S)| as a
subset of R2.

(c) We consider π = 〈x, y |x2, xyx−1y−1〉 with the generating set S = {x, y}. Sketch
|Γ(π, S| as a subset of R3.

Exercise 53.17. Let K = R or K = C. Let n ∈ N.
(a) Show that the abelianization of SL(n,K) is the trivial group.

Hint. Try to write the elementary matrices as commutators.
(b) Determine the abelianization of GL(n,K).

Remark. A group with trivial abelianization is sometimes called perfect. We have thus
shown that the groups SL(n,K) are perfect.
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54. The general Seifert�van Kampen Theorem

In this chapter we will generalize the �basic� Seifert�van Kampen Theorem 52.2 to the
setting where we no longer need to assume that the intersection U ∩V is simply connected.
We will use the resulting Seifert�van Kampen Theorem 54.1 to determine the fundamental
groups of the (non-) orientable surfaces Σg and Ng. In Chapter 55 we will use these
calculations to give the classi�cation of compact 2-dimensional smooth and topological
manifolds.
Towards the end of this chapter we will use the Seifert�van Kampen Theorem 54.1 to prove
the Fundamental Group-Manifold Realization Proposition 54.12 which says, in a nutshell,
that every �nitely presented group occurs as the fundamental group of a closed smooth
manifold of dimension ≥ 4.

54.1. The formulation of the general Seifert�van Kampen Theorem. With the
group theoretic preparations from Chapter 53 we can now formulate and prove the general
Seifert�van Kampen Theorem.

Theorem 54.1. (Seifert�van Kampen Theorem) Let X be a topological space and
let X = U ∪ V be a decomposition of X in two open subsets U and V such that U ∩ V is
non-empty and path-connected. Let x0 ∈ U ∩ V . Then there exists an isomorphism

Φ: π1(U, x0) ∗π1(U∩V,x0) π1(V, x0)
∼=−−→ π1(X, x0)

such that the following diagram commutes:

π1(U ∩ V, x0) //

��

π1(U, x0)

��

��

π1(V, x0)

00

// π1(U, x0) ∗π1(U∩V,x0) π1(V, x0)
Φ

∼= **

π1(X, x0).

Here all the �undecorated� maps are the obvious inclusion induced homomorphisms.
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π1(X, x0) ∼= π1(U, x0) ∗π1(U∩V,x0) π1(V, x0)

V

U ∩ V

The proof of the general Seifert�van Kampen Theorem is a modi�cation of the proof of
the more �basic� Seifert�van Kampen Theorem 52.2 where we had assumed that U ∩ V
is in fact simply connected. We only sketch the proof of the general Seifert�van Kampen
Theorem 54.1. The full details are for example given in Section 1.2 of [Hat2002].
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Sketch of the proof. The various inclusions of topological spaces give rise to the following
commutative diagram:

π1(U ∩ V, x0)
i //

j
��

π1(U, x0)

##

π1(V, x0)

--
π1(X, x0).

By Proposition 53.21 there exists a unique homomorphism

Φ: π1(U, x0) ∗π1(U∩V,x0) π1(V, x0) → π1(X, x0)

such that the following diagram commutes:

π1(U ∩ V, x0)
i //

j
��

π1(U, x0)

��

k
��

π1(V, x0)

00

l // π1(U, x0) ∗π1(U∩V,x0) π1(V, x0)
Φ

**

π1(X, x0).

It remains to show that Φ is surjective and that Φ is injective.
We �rst show surjectivity. We consider the following commutative diagram604 of homo-

morphisms
π1(U, x0) ∗π1(U∩V,x0) π1(V, x0)

Φ

**

π1(U, x0) ∗ π1(V, x0) //

33

π1(X, x0).

By Lemma 52.1 the horizontal map is surjective. It follows that the diagonal map Φ on
the right is also surjective.

Now we turn to the proof of the injectivity of Φ. We write A = π1(U, x0), B = π1(V, x0)
and G = π1(U ∩ V, x0). As on page 1160 we consider the set

S(A,B) := {all �nite sequences (x1, . . . , xk) with each xi in A or B}.
Furthermore we denote by ∼G the equivalence relation on S(A,B) generated by the relation

(x1, . . . , xl, e, xl+2, . . . , xk) ∼ (x1, . . . , xl, xl+2, . . . , xk)
where e is trivial in A or B, by the relation

(x1, . . . , xl, xl+1, . . . , xk) ∼ (x1, . . . , xlxl+1, . . . , xk)
if both xl and xl+1 lie in A or both lie in B, and also by the relation

(x1, . . . , xl, i(g), xl+2, . . . , xk) ∼ (x1, . . . , xl, j(g), xl+2, . . . , xk)

for g ∈ G. Similar to Proposition 51.18 one can now show that the map

S(A,B)/∼G → A ∗G B
[(x1, . . . , xk)] 7→ x1 · · · · · xk

604What are the maps, and why does the diagram commute?
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is a well-de�ned bijection. We will use this isomorphism to identify S(A,B)/ ∼G with
A ∗G B.

The proof of the present theorem is now almost identical to the proof of Theorem 52.2,
one just needs to replace the discussion involving S(A,B)/∼ by the corresponding objects
in S(A,B)/∼G. More precisely, in Footnote 569 we pointed out where in the proof of
Theorem 52.2 we used the hypothesis that U ∩V is simply connected. At that point in the
proof of Theorem 52.2 we need to replace A ∗B = S(A,B)/∼ with A ∗GB = S(A,B)/∼G.
Full details for the proof can be found for example in Section 1.2 of [Hat2002]. �

As a �rst example we can now prove the following lemma.

Lemma 54.2. (Suspension-π1-Lemma) If X is a path-connected605 non-empty topo-
logical space, then its suspension606 Σ(X) = (X × [−1, 1])/ ∼ is simply connected.

Proof. Let X be a path-connected non-empty topological space. In the following we
denote by p : X × [−1, 1] → Σ(X) the natural projection. We consider the subsets U =
p(X × [−1, 1

2
)) and V = p(X × (−1

2
, 1]). It follows from the de�nition of the quotient

topology on Σ(X) that U and V are open subsets of Σ(X). We pick a base point x on
X = X × {0} Ă Σ(X). We calculate that

π1(Σ(X), x) ∼= π1(U, x) ∗π1(U∩V,x) π1(V, x) =
amalgamated product

of trivial groups = trivial group.
↑ ↑

Seifert�van Kampen as in the Cone Contractibility Lemma 16.7 we see that U and V
Theorem 54.1 are contractible, hence their fundamental groups are trivial by

Homotopy-π1-Proposition 50.3 (3)

We have thus shown that Σ(X) is indeed simply connected. �
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The following lemma calculates the fundamental groups of mapping cones, which we intro-
duced on page 457.

Lemma 54.3. (Mapping Cone-π1-Lemma ) Let f : A → X be a map between topo-
logical spaces and let a0 ∈ A. We write x0 := f(a0). If A is path-connected, then the
inclusion induces an isomorphism

π1(X, x0)/f∗(π1(A, a0)) → π1(Cone(f : A→ X), [x0]).

Example. Let n ∈ N and let A = X = S1. We consider the map f : A = S1 → X = S1

that is given by f(z) = zn. It follows from Lemma 54.3 and Proposition 48.17, perhaps
counter-intuitively, that π1(Cone(f : A → X)) ∼= Zn. We refer to the �gure below for an
attempt at an illustration of this example.

Proof. We will provide the proof in Exercise 54.1. �

605In Exercise 57.5 we will consider the fundamental group of topological spaces that are not path-
connected.
606We refer to page 451 for the de�nition of the suspension of a topological space.
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z 7→ z2

Cone(A)

The same way that we deduced Theorem 52.10 from Theorem 52.2 we can now obtain the
following theorem from Theorem 54.1.

Theorem 54.4. (Seifert�van Kampen Theorem for Topological Manifolds) Let
M be an m-dimensional topological manifold and let R, S Ă M be two m-dimensional
submanifolds such that the following hold:
(1) M = R ∪ S,
(2) R ∩ S is a component of ∂R and it is a component of ∂S,
(3) R and S are closed subsets of M .

We pick a base point x0 ∈ R ∩ S. Then the inclusion induced map

π1(R, x0) ∗π1(R∩S,x0) π1(S, x0) → π1(M,x0)

is an isomorphism.

Example. Given n ∈ N0 we denote as usual by Sn≥0 the upper hemisphere of Sn and we
denote by Sn≤0 the lower hemisphere of Sn. We denote by Sn=0 = Sn≥0 ∩ Sn≤0 the �equator�
of Sn, which is of course homeomorphic to Sn−1. Given any n ∈ N≥2 and any P ∈ Sn=0 we
can perform the following calculation:

by page 152 the hemispheres are homeomorphic to B
n
, hence the fundamental groups are trivial

↓
π1(Sn, P ) ∼= π1(Sn≤0, P ) ∗π1(Sn=0,P ) π1(Sn≥0, P ) ∼= {e} ∗π1(Sn−1,P ) {e} ∼= {e}.

↑ ↑
by the Seifert�van Kampen Theorem 54.4, note that we use by de�nition or by the Amalgamated

that our hypothesis n∈N≥2 implies that Sn−1 is path-connected Product Lemma 53.22

This calculation gives a new, and arguably more conceptual proof of the Sphere-π1-Pro-
position 47.13.
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Sn≤0

Sn≥0Sn

Sn=0

P

54.2. The fundamental groups of surfaces. Now we want to use the Seifert�van Kam-
pen Theorem 54.1 to determine the fundamental groups of surfaces of genus g ≥ 2. Before



54. THE GENERAL SEIFERT�VAN KAMPEN THEOREM 1221

we do so we consider the torus, the Klein bottle and the real projective plane to gain some
con�dence in our newly acquired methods.607

(1) We �rst consider the torus T = ([0, 1] × [0, 1])/∼. In the following we will use the
following notation, see also the �gure below for an illustration:
(a) We denote by Q the point on T corresponding to the four vertices of the square.
(b) We write T = U ∪ V where

U = T \B 1
8
(1

2
, 1

2
) Ă T and V = B 1

4
(1

2
, 1

2
) Ă T,

i.e. U is the complement of a closed disk and V is an open disk and U ∩ V is an
open annulus.

(c) We let P = (r, r) ∈ U ∩ V and we denote by p the direct path from Q to P .
(d) We pick a loop γ in (U ∩ V, P ) that �goes counterclockwise around the annulus�

and that represents a generator of the in�nite cyclic group π1(U ∩ V, P ) ∼= Z.608
(e) We denote by x and y the two loops in (T,Q) corresponding to the horizontal

and the vertical edge of the square. By a slight abuse of notation we denote the
corresponding elements in π1(T,Q) by x and y as well.
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U V

U ∩ V

xP

y

is path-homotopic to

U ∩ VU

the loop xyx−1y−1

pQ

the loop p ∗ γ ∗ p
γ

Now we have

π1(T, P ) ∼= π1(U, P ) ∗π1(U∩V,P ) π1(V, P ) = π1(U, P ) ∗π1(U∩V,P ) {e}
↑ ↑

Seifert�van Kampen Theorem 54.1 V is a disk, hence π1(V, P ) = {e}

= π1(U, P )/〈〈i∗(π1(U ∩ V, P ))〉〉 = π1(U, P )/〈〈[γ]〉〉
↑ ↑

by the Amalgamated Product Lemma 53.22 since π1(U ∩ V, P ) = 〈[γ]〉
we have A ∗G {e} = A/〈〈α(G)〉〉

∼=−→ π1(U,Q)/〈〈[p ∗ γ ∗ p]〉〉 = π1(U,Q)/〈〈xyx−1y−1〉〉 = (∗).
↑ ↑

by the Change-of-Base Point Proposition 47.10 since p ∗ γ ∗ p is path-homotopic to xyx−1y−1

path p gives rise to an isomorphism p∗

As in the proof of Lemma 52.9 we can show that W := ∂([0, 1] × [0, 1])/ ∼ is a
deformation retract of U and that W is homeomorphic to the wedge of two circles.
By the Fundamental Group-Wedge-of-Circles Lemma 52.4 we can therefore make the
identi�cation π1(W,P ) = 〈x, y〉, see also the �gure below. Now we continue with the

607The following examples can also be handled using Theorem 54.4 instead of Theorem 54.1. The advantage
of using Theorem 54.1 at this point is that in the illustrations one can draw U ∩ V better if U and V are
open subsets.
608Since U ∩ V is an open annulus its fundamental group is isomorphic to Z.
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above calculation of π1(T, P ). We have

(∗) = π1(U,Q)/〈〈xyx−1y−1〉〉
∼=−→ π1(W,P )/〈〈xyx−1y−1〉〉
↑

by the Deformation Retract-Homotopy Equivalence Lemma 15.5 and the
Homotopy-π1-Proposition 50.3 (2)

= 〈x, y〉/〈〈xyx−1y−1〉〉 = 〈x, y | [x, y]〉 ∼= Z2.
↑ ↑

since W is the wedge of the circles x and y see Lemma 53.6 (1)

Thus we have reproved that the fundamental group of the torus is isomorphic to the
free abelian group Z2.
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x

y

∼=

Wretraction from U to W

U

(2) We turn to the Klein bottle K. The approach to calculating the fundamental group
of the Klein bottle is almost identical to the above approach to calculating the fun-
damental group of the torus. We just replace the situation illustrated in the �gure
above by the situation illustrated in the �gure below. The same argument as above
shows that609

π1(K) ∼= 〈x, y | yxyx−1〉.
Using this presentation and using the Abelianization Proposition 53.20 (5) we obtain
in particular that the abelianization of π1(K) is given by

π1(K)ab
∼= 〈x, y | yxyx−1〉ab

∼= Z2/
(

0
2

)
Z ∼= Z⊕ Z2.

On page 1091 we already gave a very di�erent calculation of π1(K). More precisely,
we introduced the group G that is given by all self-homeomorphisms of R2 that can
be written as concatenations of the two self-homeomorphisms

A : R2 → R2

(s, t) 7→ (s+ 1, 1− t) and
B : R2 → R2

(s, t) 7→ (s, t+ 1)

and their inverses and we showed that π1(K) ∼= G. On page 1195 we already showed
that there exists a homomorphism Φ: 〈x, y | yxyx−1〉 → G with Φ(x) = B−1A and
Φ(y) = B. This homomorphism is in fact an isomorphism. This can be seen as
follows. Denote by H the group of all self-homeomorphisms of R2. We consider the
diagram

〈x, y | yxyx−1〉
Φ

x 7→B−1A,y 7→B

33

∼= // π1(K) subgroup of H
generated by A,B.

∼=oo

609In particular this shows that π1(K) is �nitely presented. This answers the question we had raised on
page 1196.
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Here the isomorphisms to π1(K) are the ones given by the two calculations of the
fundamental group. If one goes carefully through the de�nitions of the two hori-
zontal maps, then one can see that the diagram commutes. Since two of the three
maps are isomorphisms and since the diagram commutes it follows that Φ is also an
isomorphism.
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x

U ∩ V

the Klein bottle

y

U
V the loop yxyx−1

this loop
is path-homotopic to

(3) Next we consider again the real projective space RP2. Here we use the description
of RP2 from Lemma 5.32 as

RP2 = B
2
/∼ where for z ∈ S1 we have z ∼ −z.

As in the previous two examples we decompose RP2 into an open disk V and the
complement of a closed disk U such that U ∩ V is an annulus. We consider the base
point Q = [1] = [−1] ∈ RP2 and we denote by α the loop

α : [0, 1] → RP2

t 7→ [exp( iπt)].

By a slight abuse of notation we now denote by α also the corresponding element
in π1(RP2, Q). Furthermore we denote by W the image of α in RP2. Evidently α is
a generator of π1(W,Q). Then, with similar arguments as in the torus case, we see
that
π1(RP2) ∼= π1(U,Q)/〈〈p ∗ γ ∗ p〉〉 ∼= π1(W,Q)/〈〈p ∗ γ ∗ p〉〉 ∼= 〈α〉/〈α2〉 ∼= Z2.

↑ ↑ ↑
by the Seifert�van Kampen Theorem 54.1 andsince W is a deformation since π1(W,Q) = 〈α〉
Amalgamated Product Lemma 53.22 (2) retract of U and [p ∗ γ ∗ p] = α2

In particular we obtain the same result, as we should, as in Corollary 48.18.
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W
RP2

α

Q

U ∩ V
U

p

V
γ

W is a deformation
retraction of U

U
the loop p ∗ γ ∗ p

the loop α2

(4) Now that we have gained some con�dence that the approach of determining funda-
mental groups using Seifert�van Kampen Theorem 54.1 does indeed give the right
fundamental groups we turn to the surfaces of higher genus that we could not handle
with our previous methods.

So let us consider the surface F = E8/∼ of genus 2. As in the torus case we write
F = U ∪ V where V is an open disk and where U is the complement of a closed disk
such that U ∩ V is an annulus. Similar to the torus case we write W = ∂E8/∼. By
the proof of Proposition 52.8 we know that W is a deformation retraction of U and
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that W is homeomorphic to the wedge of four circles corresponding to x1, y1, x2, y2.
See also the �gures below for an illustration. Basically exactly the same argument
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x2

y1

x1

y2

x2

y1

x1

y2

UU U

QU ∩ V

V
U ∩ V

p
the path p ∗ γ ∗ p

the path x1y1x
−1
1 y−1

1 x2y2x
−1
2 y−1

2

γ

P

as in the torus case shows that

π1(E8/∼, P ) ∼= π1(U,Q)/〈〈

path-homotopic to p*γ*p︷ ︸︸ ︷
x1y1x

−1
1 y−1

1 x2y2x
−1
2 y−1

2︸ ︷︷ ︸
=[x1,y1][x2,y2]

〉〉

∼= π1(W,Q)/〈〈[x1, y1][x2, y2]〉〉
∼= 〈x1, y1, x2, y2〉/〈〈[x1, y1][x2, y2]〉〉 = 〈x1, y1, x2, y2 | [x1, y1][x2, y2]〉.

Thus we have �nally succeeded in calculating the fundamental group of the surface
of genus 2.
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U

The following gives in particular a new proof for Proposition 52.8.

Proposition 54.5. (Fundamental Group-of-Surfaces Proposition)
(1) For any g ∈ N0 we have

π1(surface Σg of genus g) ∼= 〈x1, y1, . . . , xg, yg | [x1, y1] · · · · · [xg, yg]〉
and we have π1(surface of genus g)ab

∼= Z2g.

(2) For g 6= h the surfaces of genus g and h are not homeomorphic.

Proof.

(1) Let g ∈ N0. For g = 0 we obtain the fundamental group from the Sphere-π1-
Proposition 47.13 and for g = 1 we obtain the presentation from the discussion on
page 1221. For g ≥ 2 the presentation follows from a straightforward generalization
of the calculation preceding the proposition. Finally the stated abelianization of
the fundamental group is an immediate consequence of the Abelianization Proposi-
tion 53.20 (5).
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(2) For g 6= h we obtain from the Finitely Generated Abelian Group Classi�cation The-
orem 51.4 that the abelianizations of the fundamental groups of the surfaces of genus
g and h are not isomorphic. Hence the surfaces are not homeomorphic. �

Remark.

(1) In the �gure below we show loops that represent the generators x1, y1, x2, y2 of the
fundamental group for the surface of genus 2.
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(2) As explained in the �gure on page ?? we can view the surface Σ of genus 2 as the
connected sum of two copies of the torus T . We can also use this point of view to
determine the fundamental group of the surface Σ of genus 2. More precisely, we
have Σ = F1∪F1 with F1 = T \B2 and F2 = T \B2 where F1∩F2 = ∂F1 = ∂F2

∼= S1

and we obtain that610

Seifert�van Kampen Theorem 54.4 by Lemma 52.9 (2) where t 7→ [x1, y1] and t 7→ [x2, y2]
↓ ↓

π1(Σ) ∼= π1(F1) ∗π1(F1∩F2) π1(F2) ∼= 〈x1, y1〉 ∗〈t〉 〈x2, y2〉
∼= 〈x1, x2, y1, y2 | [x1, y1] = [x2, y2]〉.
↑

see page 1211

Let g ≥ 2 and let π be the fundamental group of the surface of genus g. We have just
shown that πab

∼= Z2g. This raises the question, whether perhaps π is isomorphic to Z2g or
to the free group F2g on 2g generators. The proof of the following lemma is Exercise 54.2.

Lemma 54.6. The group π = 〈x1, y1, . . . , xg, yg | [x1, y1] · · · · · [xg, yg]〉 is non-abelian.
The lemma says in particular that π is not isomorphic to Z2g. It is much harder to determine
whether or not π is a free group. We record this as a question for later.

Question 54.7. Let π be the fundamental group of the surface of genus g. Is π isomorphic
to the free group F2g on 2g generators?
We will give an answer to the question in Proposition 64.17 and also on page 1887.
Let π be the fundamental group of the surface of genus g. In Exercise 54.4 we will see that
if g ≥ 2, then π contains a free group on two generators as a subgroup. This raises the
question, what other groups can occur as subgroups of π? Let us record this as a question.

Question 54.8. Let π be the fundamental group of the surface of genus g. What iso-
morphism types of subgroups can appear? Is every subgroup again a free group or the
fundamental group of a surface?
We will provide the answer to Question 54.8 in the Subgroups-of-Surface Groups Proposi-
tion 64.6.

610Why is this group isomorphic to the above group 〈x1, y1, x2, y2 | [x1, y1][x2, y2]〉?
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54.3. Non-orientable surfaces. In this section we will discuss the fundamental groups
of the non-orientable surfaces Ng of some genus g ∈ N. It is also worth recalling that in
Exercise ?? we showed that the connected sum of g copies of RP2 is di�eomorphic to the
non-orientable surface of genus g that we introduced on page 266.
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is di�eomorphic to##

non-orientable surface N3 of genus 3RP2 RP2RP2

The following proposition is the analogue of the Fundamental Group-of-Surfaces Proposi-
tion 54.5.
Proposition 54.9. (Fundamental Group-of-Surfaces Proposition II)
(1) For any g ∈ N we have

π1(non-orientable surface Ng of genus g) ∼= 〈x1, . . . , xg | x2
1 · · · · · x2

g〉
and we have

π1(non-orientable surface Ng of genus g)ab
∼= Zg−1 ⊕ Z2.

(2) For g 6= h the non-orientable surfaces of genus g and h are not homeomorphic.

Proof.

(1) Let g ∈ N. Recall that the non-orientable surface of genus one is by de�nition the
real projective plane. In Corollary 48.18 we saw that π1(RP2) ∼= Z2

∼= 〈x |x2〉.
The case g ≥ 2 follows from a straightforward modi�cation of the calculation of the
fundamental group of the surface of genus 2 that we gave on page 1224. Using the
�gure below the reader should have no troubles with assembling a full argument.
Finally note that the stated abelianization of the fundamental group is an immediate
consequence of the Abelianization Proposition 53.20 (5).
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(2) For g 6= h we obtain from the above calculation and from the Finitely Generated
Abelian Group Classi�cation Theorem 51.4 that the abelianizations of the funda-
mental groups of the non-orientable surfaces of genus g and h are not isomorphic.
Hence the non-orientable surfaces of genus g and h are not homeomorphic. �

As mentioned above, in Exercise ?? we showed that for any g ∈ N the non-orientable
surface of genus g is di�eomorphic to the connected sum of g copies of RP2. In particular
the Klein bottle is di�eomorphic to RP2#RP2. Just for fun and for practice we provide the
direct calculation of the fundamental group of RP2#RP2 using the Seifert�van Kampen
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Theorem 54.4 for Smooth Manifolds. The calculation is somewhat interesting since it
involves some interesting maps between fundamental groups.

Lemma 54.10. π1(RP2#RP2) ∼= 〈x, y | x2 = y2〉.

Proof. In order to distinguish the two copies of RP2 = B
2
/∼ we write P = RP2 and

Q = RP2. The proof is of course a variation on the proof of the Connected Sum-π1-
Proposition 52.12. We have

π1(RP2#RP2) = π1(P#Q) ∼= π1

(
P \ 1

2
B2
)
∗π1( 1

2
S1) π1

(
Q \ 1

2
B2
)
.

↑
by the de�nition of P#Q and the Seifert�van Kampen Theorem 54.4

We pick a generator g for π1(1
2
S1). In the calculation of the fundamental group of the

real projective plane on page 1223 we saw that π1(P \ 1
2
B2) ∼= 〈x〉 and that the inclusion

induced map π1(1
2
S1) → π1(P \ 1

2
B2) is given by g 7→ x2. Evidently the same holds for Q

with π1(Q \ 1
2
B2) ∼= 〈y〉. Summarizing we see that

π1(RP2#RP2) ∼= π1

(
P \ 1

2B
2
)
∗π1( 1

2
S1) π1

(
Q \ 1

2
B2
)

∼= amalgamated product of
( 〈g〉 → 〈x〉

g 7→ x2 and
〈g〉 → 〈y〉
g 7→ y2

)
∼= 〈x, y | x2 = y2〉 = 〈x, y | x2y−2〉.
↑

Lemma 53.23

We have thus shown that π1(RP2#RP2) ∼= 〈x, y | x2 = y2〉. �

We conclude this section with a short discussion of the properties of fundamental groups
of compact 2-dimensional smooth manifolds. We recall that the fundamental group of the
real projective space RP2 is isomorphic to Z2, therefore it is torsion and in particular it
is not torsion-free. It is less clear whether or not the fundamental groups of the other
2-dimensional smooth manifolds are torsion-free. More precisely, we have the following
question.

Question 54.11.
(1) Let g ∈ N. Is the fundamental group

π1(surface of genus g) ∼= 〈x1, y1, . . . , xg, yg | [x1, y1] · · · · · [xg, yg]〉
torsion-free?

(2) Let k ≥ 2. Is the fundamental group

π1(k · RP2) ∼= 〈x1, . . . , xk | x2
1 · · · · · x2

k〉
torsion-free?

We will come back to this question in Exercise 56.12, Corollary 64.7 and Proposition ??.

54.4. Fundamental groups of high-dimensional smooth manifolds. Later on, in the
Smooth Manifolds-Invariants Proposition 96.6 we will see that the fundamental group of
a compact connected smooth manifold is necessarily �nitely presented. In this section we
want to study the converse: which �nitely presented groups can occur as fundamental
groups of smooth manifolds?
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First note that it follows from the Smooth 1-Dimensional Manifold Classi�cation Theo-
rem 22.7 that only the trivial group and Z occur as the fundamental group of a compact con-
nected 1-dimensional topological manifold. Similarly, we will see shortly in Theorem 55.4
that only �few� �nitely presented groups occur as the fundamental group of compact con-
nected 2-dimensional topological manifold. In contrast we will now see that once we go to
dimension ≥ 4 any �nitely presented group occurs as the fundamental group of a closed
orientable smooth manifold
Proposition 54.12. (Fundamental Group-Manifold Realization Proposition) Let
π be a �nitely presented group. Given any n ≥ 4 there exists a closed orientable connected
non-empty n-dimensional smooth manifold M with π1(M) ∼= π.

Remark.
(1) We will give an alternative proof of the Fundamental Group-Manifold Realization

Proposition 54.12 on page 3031.
(2) the Fundamental Group-Manifold Realization Proposition 54.12 is a key ingredient

of the proof of the fact, stated in Theorem 60.4, that closed smooth manifolds of a
�xed dimension ≥ 4 cannot be classi�ed.

The proof of the Fundamental Group-Manifold Realization Proposition 54.12 relies on two
lemmas and one theorem. The �rst lemma is actually quite interesting in its own right.
Lemma 54.13. Let W be a connected n-dimensional smooth manifold. Suppose we are
given k ∈ N0 and a submanifold of the form B

n−k ×K where K is di�eomorphic to Sk.
(1) If n ≥ k + 3, then for every base point w0 ∈ W \ (Bn−1 ×K) the inclusion induced

map π1(W \ (Bn−1 ×K), w0)→ π1(W,w0) is an isomorphism.
(2) If n = k + 2, then for every base point w0 ∈ W \ (Bn−1 ×K) the inclusion induced

map π1(W \ (Bn−1 ×K), w0)→ π1(W,w0) is an epimorphism.

Proof of Lemma 54.13. We write X = W \ (Bn−k × K). Note that it follows from
Proposition 47.20 that it su�ces to prove the statement for some base point w0 ∈ Sn−k−1×
K.

First we consider the case that n ≥ k + 3. Next note that we have the following two
isomorphisms:

π1(X,w0)
∼=−−→ π1(X,w0) ∗π1(Sn−k−1×K,w0) π1

(
B
n−k ×K,w0

) ∼=−−→ π1(W,w0).
↑ ↑

map is an isomorphism by Lemma 53.22 (3a) and since by the Seifert�van Kampen
map π1(Sn−k−1×K,w0)→ π1(B

n−k×K,w0) is an isomorphism, Theorem 54.4, which we can
note that for the latter statement we used that n ≥ k + 3 apply by Proposition 24.16

Since the horizontal maps are induced by the inclusions we see that the inclusion induced
map π1(X,w0)→ π1(W,w0) is indeed an isomorphism.

If n = k + 2, then the inclusion induced map π1(Sn−k−1 × K) → π1(B
n−k × K) is

an epimorphism but no longer an isomorphism. If we now use the Amalgamated Product
Lemma 53.22 (3b) instead of the Amalgamated Product Lemma 53.22 (3a) we see that
π1(X,w0)→ π1(W,w0) is at the very least an epimorphism. �
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Lemma 54.14. Let W be an n-dimensional smooth manifold and suppose we are given a
boundary component of the form Sn−2×C where C admits a di�eomorphism ϕ : S1 → C.
We set

X := (W t (Sn−2 ×B2
))/∼ where (x, ϕ(y)) ∼ (x, y) for (x, y) ∈ Sn−2 × S1.

If n ≥ 4, then for any w0 ∈ W the inclusion induced map π1(W,w0)→ π1(X,w0) induces
an isomorphism611

π1(W,w0)/〈〈C〉〉
∼=−→ π1(X,w0).

Proof. Note that it follows from Proposition 47.20 that it su�ces to prove the statement
for some base point w0 ∈ Sn−2×C. Next note that we have the following two isomorphisms:

π1(W,w0)/〈〈C〉〉
∼=−−→ π1(W,w0) ∗π1(Sn−2×C,w0) π1

(
Sn−2 ×B2

, w0

) ∼=−−→ π1(X,w0).
↑ ↑

map is an isomorphism by the Amalgamated Product Lemma 53.22 (2), here we useby the Seifert�van Kampen
that π1(Sn−2 ×B2

, w0) = 0 and that π1(Sn−2 × C,w0) = 〈C〉, Theorem 54.4 which we can
note that for the latter statement we used that n ≥ 4 apply by the Gluing-Smooth Manifolds-Proposition ??

Since the horizontal maps are induced by the inclusions we see that the inclusion induced
map π1(W,w0)/〈〈C〉〉 → π1(X,w0) is indeed an isomorphism. �

Now we are fully equipped for proving the Fundamental Group-Manifold Realization Propo-
sition 54.12.

Proof of the Fundamental Group-Manifold Realization Proposition 54.12. Throughout
the proof we will mostly ignore base points. But at the end of the proof we will argue, why
being a little sloppy with base points in between does not a�ect the outcome.

Let π = 〈g1, . . . , gk | r1, . . . , rl〉 be a �nitely presented group. Furthermore let n ≥ 4.
We consider

X := (S1×Sn−1)# . . .#(S1×Sn−1)︸ ︷︷ ︸
k copies of S1×Sn-1

.

It follows basically from the Connected Sum-Proposition ?? that X is a closed orientable
connected n-dimensional smooth manifold.

We see that

π1(

=X︷ ︸︸ ︷
(S1×Sn−1)# . . .#(S1×Sn−1)) ∼= π1(S1×Sn−1) ∗. . .∗ π1(S1×Sn−1) ∼=

=〈g1,...,gk〉︷ ︸︸ ︷
〈g1〉 ∗. . .∗ 〈gk〉.

↑ ↑
by the Connected Sum-π1-Proposition 52.12 since n ≥ 3by the discussion on page 1093

we know that π1(S1 × Sn−1) ∼= Z

We use this isomorphism to make the identi�cation π1(X, x0) = 〈g1, . . . , gk〉. Next we pick
loops b1, . . . , bl : (S1, ∗)→ (X, x0) that represent r1, . . . , rl ∈ π1(X, x0) = 〈g1, . . . , gk〉.

By hypothesis we have dim(X) = n ≥ 4. Thus we can apply Theorem ?? and we obtain
that the map b1 t · · · t bl : S1 t · · · t S1 → X is in fact homotopic to a smooth embedding
c1 t · · · t cl : S1 t · · · t S1 → X. For i = 1, . . . , l we write Ci := ci(S

1). It follows from the
Smooth Embedding Theorem 24.10 and the Tubular Neighborhood Theorem ?? that we

611Here we use that Exercise 53.15 tells us that C = {0}×C gives us a well-de�ned normal subgroup 〈〈C〉〉.



1230

can thicken up the Ci to disjoint submanifolds B
n−1 × C1, . . . , B

n−1 × Cl. We consider612

Y := X\
l⋃
i=1

(Bn−1×Ci) and Z :=
(
Y t

l⊔
i=1

(Sn−2×B2

i )
)/
∼ where (x, ci(y)) ∼ (x, y) for

x ∈ Sn−2 and y ∈ S1
i = S1.

It follows from the Codimension-Zero Smooth Embedding Proposition 24.16 and the Gluing-
Smooth Manifolds-Proposition ?? that Z is indeed a closed oriented connected n-dimensional
smooth manifold. Finally we see that

Lemma 54.14 applied l times Lemma 54.13 applied k times
↓ ↓

π1(Z) ∼= π1(Y )/〈〈C1, . . . , Cl〉〉 ∼= π1(X)/〈〈C1, . . . , Cl〉〉
∼= 〈g1, . . . , gk〉/〈〈x1r1x

−1
1 , . . . , xlrlx

−1
l 〉〉 ∼= 〈g1, . . . , gk〉/〈〈r1, . . . , rl〉〉︸ ︷︷ ︸

=〈g1,...,gk | r1,...,rl〉

.x x
by the above, the xi are necessary since by Lemma 53.2 (5)
we lost track of the base points

We have thus found the promised smooth manifold. �
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(S1 × Sn−1)#(S1 × Sn−1)C1 then glue in Sn−2 ×B2

after gluing C1 bounds a disk�rst remove Bn−1 × C1

In the proof of the Fundamental Group-Manifold Realization Proposition 54.12 we used on
several occasions that we are dealing with dimensions ≥ 4. The following question arises
naturally.

Question 54.15. Is every �nitely presented group the fundamental group of a closed (or
at least compact) orientable connected 3-dimensional smooth manifold?
We will answer Question 54.15 in Theorem 146.5.

Exercises for Chapter 54.

Exercise 54.1. Let f : A → X be a map between topological spaces and let a0 ∈ A. We
write x0 := f(a0). We suppose that A is path-connected. Show that the natural inclusion
map X → Cone(f : A→ X)) induces an isomorphism

π1(X, x0)/f∗(π1(A, a0)) → π1(Cone(f : A→ X)).

Exercise 54.2. Let g ∈ N≥2. We consider the group

π := π1(surface of genus g) ∼= 〈x1, y1, . . . , xg, yg | [x1, y1] · · · · · [xg, yg]〉.
612The smooth manifold Y is e�ectively obtained from (S1×Sn−1)# . . .#(S21×Sn−2) by removing copies
of B

n−1 × S1 and gluing in copies of Sn−2 × B2
. This operation is frequently called a surgery. We will

discuss surgeries in greater detail in Chapter ??.
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(a) Show that π admits an epimorphism onto a free group of rank ≥ 2.
(b) What is the largest k ∈ N for which you manage to �nd an epimorphism onto a free

group of rank k?

Exercise 54.3. We consider the curve C on the surface Σ3 of genus three that is shown in
the �gure below.
(a) Show that C represents the trivial element in π1(Σ3, P )ab.
(b) Show that C represents a non-trivial element in π1(Σ3, P ).
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Σ3
C

P

Exercise 54.4. Let π be the fundamental group of the surface Σ of genus g. Show that π
contains a free subgroup of rank 2.
Hint. You could make use of your solution to Exercise 54.2 or you could show that there
exists an embedding ϕ : S1 ∨ S1 → Σ such that ϕ(S1 ∨ S1) is a retract of Σ. We refer to
the �gure below for an illustration.
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Exercise 54.5. Let K be the Klein bottle. Recall that on page 1222 we showed that
π1(K) ∼= 〈x, y | yxyx−1〉 and in the Fundamental Group-of-Surfaces Proposition 54.5 we
showed that π1(K) ∼= 〈x, y |x2y2〉. Give a purely algebraic proof that the groups 〈x, y |
yxyx−1〉 and 〈x, y |x2y2〉 are isomorphic.

Exercise 54.6.
(a) Let M be an oriented connected m-dimensional smooth manifold and let N be a

1-dimensional submanifold that is di�eomorphic to S1. Let x0 ∈ M \ N . Suppose
that m ≥ 4. Show that the inclusion induced map π1(M \N, x0)→ π1(M,x0) is an
isomorphism.
Hint. Use the Tubular Neighborhood Theorem ??.

(b) Show that the conclusion (a) does not hold for m = 3, i.e. give an example of a
connected 3-dimensional smooth manifold M and a connected 1-dimensional sub-
manifold N such that the inclusion induced map π1(M \ N, x0) → π1(M,x0) is not
an isomorphism.
Remark. The smooth manifold M in the example does not have to be closed.

Exercise 54.7. Let X be the result of removing the interior of a smoothly embedded disk
from a torus. Furthermore let Y be the result of removing the interiors of three disjointly
smoothly embedded disks from the sphere S2.
(a) Show that X and Y are homotopy equivalent.
(b) Show that X and Y are not homeomorphic.
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but not homeomorphic

homotopy equivalent Y

Exercise 54.8. Let g ∈ N and let Σ be the surface of genus g minus one open disk. We
pick a di�eomorphism ϕ : S1 → ∂Σ. Let ψ : S1 × ∂Σ → ∂Σ × S1 be the di�eomorphism
given by (z, w) 7→ (ϕ(z), ϕ−1(w)). We consider the inclusion map

f : (S1 × ∂Σ) ∪ψ (∂Σ× S1) → Σ× Σ

[(z, w)] 7→
{

(z, ϕ(w)), if (z, w) ∈ S1 × ∂Σ,
(ϕ(z), w), if (z, w) ∈ ∂Σ× S1.

Show that the induced map

f∗ : π1((S1 × ∂Σ) ∪ϕ (∂Σ× S1)) → π1(Σ× Σ)

has non-trivial kernel.
Remark. You might want to use the Normal Form Theorem 53.25.
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55. The classification of compact 2-dimensional manifolds I

One of the goals of mathematicians is to classify certain objects. For example one goal
would be, given a dimension n ∈ N, to �classify� all compact connected non-empty n-
dimensional topological manifolds. But what does �classify� mean? One interpretation
would be the following:

(I) Provide a collection {Xi}i∈I of compact connected non-empty n-dimensional topo-
logical manifolds with the following two properties:
(a) Any compact connected non-empty n-dimensional topological manifold is home-

omorphic to some Xi.
(b) If i 6= j, then Xi and Xj are not homeomorphic.

(II) Furthermore provide an algorithm which determines, given a compact connected n-
dimensional topological manifold M , to which Xi it is homeomorphic to.

With obvious modi�cations the same goal can also be formulated in the smooth setting.
For n = 1 we have achieved this goal with the Classi�cation Theorems 22.1 and 22.7. In this
setting a complete list is given by {S1, [0, 1]} and given a compact connected non-empty
1-dimensional topological or smooth manifold it is trivial to determine to which of the two
it corresponds.
In this chapter we turn our gaze to the 2-dimensional setting. We will state the classi�cation
theorem for topological and smooth manifolds and we will prove (I b) and (II) in the above
setting. For the proof of (I a) we will need some patience though, we will only provide it
in Chapter 142.

55.1. Surfaces with boundary. As mentioned above, one goal of any classi�cation theo-
rem is to provide a �complete� list of objects. We already have a good list of closed surfaces.
Now we need to add surfaces with non-empty boundary to our arsenal. We start out with
reminding the reader of the following subtle fact.613

Proposition 50.7.
(2) Let M be a 2-dimensional smooth manifold. The boundary of M , viewed as a

smooth manifold agrees with the boundary of M viewed as a topological manifold.
Now let us move on to the �rst de�nition of this chapter,
De�nition. Let Σ be a closed connected non-empty 2-dimensional smooth manifold and
let n ∈ N0. We pick smooth embeddings ϕ1, . . . , ϕn : B

2 → Σ with disjoint images. We
refer to Σ \ (ϕ1(B2) ∪ · · · ∪ ϕn(B2)) as Σ minus n open disks.
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open disks

The following lemma captures some of the main features of the above de�nition.

613The statement is indeed subtle, for example we will only be able to prove the higher-dimensional analogue
in the Topological Manifold Boundary Proposition 75.2 after a thorough study of homology groups.
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Lemma 55.1. Let Σ be a closed connected non-empty 2-dimensional smooth manifold
and let n ∈ N0.
(1) The topological space Σ minus n open disks is a compact connected topological

submanifold of Σ with n boundary components, which are given by the boundaries
of the closed disks whose interiors were removed.

(2) Σ minus n open disks is a submanifold of the smooth manifold Σ, in particular it is
a smooth manifold in its own right.

(3) The di�eomorphism type of the smooth manifold Σ minus n open disks does not
depend on the choice of the disks.

Sketch of proof.

(1),(2) Let ϕ1, . . . , ϕn : B
2 → Σ be smooth embeddings with disjoint images. Note that we

obtain from applying the Codimension-Zero Smooth Embedding Proposition 24.16
(2) iteratively altogether n times that Σ \ (ϕ1(B2) ∪ · · · ∪ ϕn(B2)) is a compact
connected submanifold of Σ. In particular we see that it is a smooth and topological
manifold in its own right. The fact that the boundary, as a topological manifold,
is precisely given by ϕ1(S1), . . . , ϕn(S1) follows from Propositions 19.26 and 50.7.

(3) This statement follows easily from the Smooth Ball Embedding Theorem 37.8. �

This leads us to the following notation:

Notation. Given g, n ∈ N0 we write

Σg,n := the surface of genus g minus n open disks.
Furthermore for g ∈ N and n ∈ N0 we write

Ng,n := the non-orientable surface of genug g minus n open disks.

Sometimes we refer to g as the genus of Σg,n and also of Ng,n.

Examples.

(1) The surface Σ0,2 is the result of removing two open disjoint disks from the 2-sphere.
It is pretty elementary to show that the resulting smooth manifold is di�eomorphic
to the �cylinder� [0, 1] × S1. We refer to the �gure below for an illustration of this
statement.
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(2) A smooth manifold that is di�eomorphic to S2 minus three open disks is often called
a pair of pants. We refer to the �gure below for an illustration which hopefully
justi�es the name. As we will see in Exercise 55.8, pairs of pants can be viewed as a
�building block� for almost all compact connected 2-dimensional smooth manifolds.
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S2 minus three open disks is di�eomorphic to
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(3) We saw in the �gure on page 571 that the result of removing an open disk from RP2

is the Möbius band, i.e. N1,1 is the Möbius band.

The following lemma shows that the fundamental groups of our new friends are rather dull
and uninformative.
Lemma 55.2.
(1) Given g ∈ N0 and n ∈ N the surface Σg,n admits a deformation retract to a topolog-

ical graph of Euler characteristic 2 − 2g − n. In particular π1(Σg,n) is a free group
on 2g + n− 1 generators.

(2) Given k ∈ N and n ∈ N the surfaceNk,n admits a deformation retract to a topological
graph of Euler characteristic 2 − k − n. In particular π1(Nk,n) is a free group on
k + n− 1 generators.

Remark. Lemma 55.2 can be viewed as a generalization of the fact, essentially shown in
Lemma 52.9, that Σg,1 admits a deformation retraction to a wedge Γ of 2g circles, which is
of course a topological graph of Euler characteristic 1− 2g.

Sketch of proof.
(1) We denote by C1, . . . , Cn the boundary components of Σg,n. Let Γ be the topological

space that is given by the wedge of 2g-circles (which is obtained from identifying
as usual the edges of the 4g-gon pairwise), together with the boundary components
C1, . . . , Cn−1 and together with edges e1, . . . , en−1 that connect the wedge point to
C1, . . . , Cn−1. The deformation retraction from Σg,n to Γ is given by pushing the
remaining boundary component Cn �inward�. We illustrate this in the �gure below.
(This is one of the rare occasions where we provide a �proof by picture�. It is of
course possible to give a completely rigorous proof, but one does not gain anything
from doing so.) We equip Γ with the obvious structure of a topological graph which
has n = 1 + (n− 1) vertices and 2g + 2(n− 1) edges. Note that χ(Γ) = 2− 2g − n.
Finally we see that

π1(Σg,n) ∼= π1(Γ) ∼= π1

(
connected topological graph Γ

with χ(Γ) = 2− 2g − n.
)

∼= free group on
2g+n−1 generators↑ ↑

by the above together with the Deformation Retract-Homotopy Equivalence Lemma 15.5 and the
Homotopy-π1-Proposition 50.3 by the Fundamental Group-of-Graph Proposition 52.5

(2) The proof of this statement is almost identical to the proof of the �rst statement.
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topological graph Γ deformation retraction
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In the following we will see that we can �recover� the closed surfaces Σg and Ng from any
Σg,n respectively any Ng,n. The key to doing so is the following de�nition.



1236

De�nition. Let M be a topological manifold. Let �∼� be the equivalence relation on M
that is generated by x ∼ y whenever x and y lie on the same component of ∂M . We write
M̂ := M/∼.
The following lemma shows in particular that Σ̂g,n is homeomorphic to Σg and that N̂g,n

is homeomorphic to Ng.

Lemma 55.3. Let F be a closed connected non-empty 2-dimensional smooth manifold
and let n ∈ N0. If we set M to be F minus n open disks, then M̂ is homeomorphic to F .

Proof. Let ϕ1, . . . , ϕn : B
2 → F be smooth embeddings with disjoint images. We need to

show that forM := F \ (ϕ1(B2)∪· · ·∪ϕn(B2)) there exists a homeomorphism M̂ → F . By
the Embedding Extension Theorem ?? we can extend the smooth embeddings ϕ1, . . . , ϕn
to smooth embeddings B

2

2(0)→ F with disjoint images. We consider the following map:614

Θ: M̂ → F

P 7→
{
ϕi(Q · 2·(‖Q‖−1)), if P =[ϕi(Q)] for some i∈{1, ..., n} and Q∈B2

2(0)\B2,
P, otherwise.

It follows from the Topological-Quotient Proposition 5.15 (1b) and the Smooth Propo-
sition 2.6 (2) that Θ is continuous. Note that by the Compact Image Lemma 2.13 we
know that M̂ is compact. Now it follows almost immediately from the Compact-Hausdor�
Proposition 2.17 (3) that the given map Θ: M̂ → F is indeed a homeomorphism. �
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MF F

boundary components of M

in M̂ these curves get identi�ed to a point each

Θϕ1(B
2
) ϕ2(B

2
)

= ϕ2(B
2

2(0))

= Θ(ϕ2(B
2

2(0)\B2))

55.2. The Surface Classi�cation Theorem. The following theorem achieves Goal (I)
that we set out on page 1233.

Theorem 55.4. (Surface Classi�cation Theorem) Every compact connected non-
empty 2-dimensional topological manifold is homeomorphic to either
(1) the surface Σg,n for unique g, n ∈ N0 or
(2) to the surface Nk,n for unique k ∈ N and n ∈ N0.

Furthermore, if we are given a smooth manifold, then we can upgrade �homeomorphic� to
di�eomorphic.

Remark. The surfaces Σg, and thus also the surfaces Σg,n, come with a canonical orien-
tation and each of these surfaces admits an orientation-reversing self-di�eomorphism given
by a re�ection. Thus, if we are given a compact oriented connected 2-dimensional smooth

614Note that discretely we are using Lemma 55.1 (1) which says that the boundary of M , viewed as a
topological manifold, is indeed what we think it should be, namely it is given by ϕ1(S1) t · · · t ϕn(S1).
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manifold, then we can in fact �nd an orientation-preserving di�eomorphism to the corre-
sponding Σg,n.

Theorem 55.4 leads us to the following de�nition.
De�nition. Let M be a compact connected non-empty 2-dimensional topological mani-
fold. By the Surface Classi�cation Theorem 55.4 there exists a unique g ∈ N0 such that
M is homeomorphic to some Σg,n or to some Ng,n. We refer to g as the genus(M) of M .
At the end of the section we will state a slightly more precise version of the Surface Clas-
si�cation Theorem 55.4 that gives us Goal (II) from page 1233. Before we talk about the
proof of the Surface Classi�cation Theorem 55.4 let us discuss a few examples.

Examples.
(1) At least for closed orientable connected 2-dimensional smooth manifolds it is perhaps

tempting to dismiss the Surface Classi�cation Theorem 55.4 (1) as �obvious�. After
all, what other closed orientable connected 2-dimensional smooth manifold could
there possibly be? It is thus instructive to consider the �gure below. It shows a
hexagon and a decagon where opposite sides are identi�ed. The quotient spaces
are closed orientable 2-dimensional smooth manifolds.615 To which of the standard
surfaces are they di�eomorphic to? We will come back to this question on page 1880.
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hexagon with opposite sides identi�ed dodecagon with opposite sides identi�ed

(2) Let g ∈ N. We consider the surface Σg of genus g. The connected sum Σg#RP2

contains a Möbius band as a submanifold of codimension zero,616 hence Σg#RP2 is
non-orientable. It follows from the Surface Classi�cation Theorem 55.4 that Σg#RP2

is di�eomorphic to k ·RP2 for some unique k ∈ N. In Exercise 55.2 we will determine
k as a function of g.

The Surface Classi�cation Theorem 55.4 is an immediate consequence of the following three
theorems.
Theorem 142.7. Let Σ be a compact connected non-empty 2-dimensional smooth man-
ifold.
(1) If Σ is orientable, then Σ is di�eomorphic to the surface Σg,n for some g, n ∈ N0.

615Indeed, basically the same proof that showed that the 4g-gon, with appropriate sides identi�ed, is a
closed orientable 2-dimensional smooth manifold also shows that the topological spaces shown in the �gure
above are closed orientable 2-dimensional smooth manifolds.
616This follows from the observation that Σg#RP2 contains RP2 \ 1

2B
2, which by the �gure on page 571

is a Möbius band.
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(2) If Σ is non-orientable, then Σ is di�eomorphic to the surface Nk,n for some k ∈ N
and n ∈ N0.

Theorem 55.5. (Surface-Smooth Structure Existence Theorem) Every compact
2-dimensional topological manifold admits a smooth structure.

Theorem 55.6. (Surfaces-Non Homeomorphic Theorem) The topological spaces
Σg,m and Nh,n are pairwise non-homeomorphic.617

We now turn to the discussion of the proofs of the three theorems.

Proof of the Di�eomorphism-to-Standard Surfaces Theorem 142.7. We provide the
proof of the Di�eomorphism-to-Standard Surfaces Theorem 142.7 in Chapter 142. Actu-
ally the proof is not as advanced as it may sound. The only ingredient one needs is the
notion and existence of a handle decomposition which are given in Chapter 138. We will
also sketch an alternative approach to proving the Di�eomorphism-to-Standard Surfaces
Theorem 142.7 in Exercise ??. Also note that there are several other approaches to prov-
ing the Di�eomorphism-to-Standard Surfaces Theorem 142.7. For example [Mata2002,
Chapter 5.2] and [Hirs1976, Chapter 9.3] give a proof using �Morse theory�.618 �

Proof of the Surface-Smooth Structure Existence Theorem 55.5. LetM be a com-
pact 2-dimensional topological manifold. There are two approaches to showing that M
admits a smooth structure.
(1) In 1922 Tibor Radó [Rad1926] showed that M is homeomorphic to a �nite 2-

dimensional simplicial complex. Alternative proofs are given in [Moi1977, p. 60],
[DM1968, Corollary 1], [Tn1992, Theorem 4.1], [MTh2001, Theorem 3.1.1], [AS1960,
p. 107] and [GX2013, Appendix E]. A sketch of the proof is provided in [Lee2000,
Theorem 5.12].619

We will give the de�nition of a simplicial complex on page 1994. For the purpose of
this proof it su�ces to know that this means thatM is homeomorphic to a topological
space that is obtained from gluing �nitely many triangles linearly along their sides.

Recall that in Proposition 19.18 we showed that the surface E2g/∼ of genus g
admits a smooth structure. The proof can be modi�ed without too many problems to
show that any compact 2-dimensional topological manifold that admits a simplicial
structure, also admits a smooth structure.

(2) In [Hat2013, Theorem A] a direct proof is given for the fact thatM admits a smooth
structure. Note that this approach does not rely on the Schön�ies Theorem 82.4. �

Since we did not really prove the �rst two theorems we should at least provide full details
for the third theorem. The idea is to �nd a complete set of invariants to distinguish the Σg,m

and Nh,n pairwise. The �rst invariant we want to use is of course the (abelianization) of

617In the Surfaces-Non Di�eomorphic Corollary 45.21 we showed the weaker statement that the surfaces
Σg are pairwise non-di�eomorphic.
618We will provide an introduction to Morse Theory in Chapter 138 but we will not discuss how Morse
theory can be used directly to prove the Di�eomorphism-to-Standard Surfaces Theorem 142.7. We will
only use Morse theory indirectly, since it allows us to study smooth manifolds via handle decompositions,
which is the key to our proof of the Di�eomorphism-to-Standard Surfaces Theorem 142.7.
619The key ingredient to the proof is the Schön�ies Theorem 82.4 which we will formulate later, but which
we will not prove.
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the fundamental group. But since this invariant is not enough we have to look for further
invariants. One idea would be to use the number of boundary components. But as we
saw in the �gure on page 1189, even this extra information is not enough. To resolve this
conundrum let us recall the following notation from page 1236.

Notation. Let M be a topological manifold. Let �∼� be the equivalence relation on M
that is generated by x ∼ y whenever x and y lie on the same component of ∂M . We write
M̂ := M/∼.
The following proposition contains all invariants that we will need.

Proposition 55.7. For g ∈ N0 and k ∈ N we have the following table of invariants:

X Σg Σg,m with n≥1 Nk Nk,n with n≥1

isomorphism type of π1(X)ab Z2g Z2g+m−1 Zk−1 ⊕ Z2 Zk+n−1

number of boundary components 0 n 0 n

isomorphism type of π1(X̂)ab Z2g Z2g Zk−1 ⊕ Z2 Zk−1 ⊕ Z2.

Proof. The proposition is an immediate consequence of Propositions 54.5 and 54.9, to-
gether with Lemmas 55.1, 55.2 and 55.3. �

Now we can prove the Surfaces-Non Homeomorphic Theorem 55.6.

Proof of the Surfaces-Non Homeomorphic Theorem 55.6. It follows immediately from
Proposition 55.7 that the Σg,m and Nh,n are pairwise non-homeomorphic. For complete-
ness we point out that in Exercise 80.15 we will use (relative) homology groups to give an
alternative proof of the Surfaces-Non Homeomorphic Theorem 55.6. �

Proposition 55.7 also gives us a practical way to determine whether two surfaces are home-
omorphic respectively di�eomorphic. This proposition also gives a hopefully satisfying
answer to Goal (II) from page 1233.

Proposition 55.8. Let M and N be two compact connected non-empty 2-dimensional
topological (respectively smooth) manifolds. The following are equivalent:
(1) M and N are homeomorphic (respectively di�eomorphic),
(2) (a) π1(M)ab

∼= π1(N)ab,
(b) M and N have the same number of boundary components,
(c) π1(M̂)ab

∼= π1(N̂)ab.
In the smooth setting we can replace (c) by
(c') M and N have the same orientability.

Remark.

(1) Only much later, in the Smooth-Topological Orientation Proposition 105.11, will we
see that homeomorphisms between smooth manifolds preserve orientability. If we
factor this proposition in, then we can replace (c) by (c') also in the topological
setting.

(2) In Proposition 64.17 we will see that the fundamental group of the surface Σg is not
isomorphic to the free group on 2g generators. Once we know this fact, one can
replace (a) and (b) by π1(M) ∼= π1(N).
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Proof. In the topological setting this proposition follows immediately from Proposition 55.7
and the Surface Classi�cation Theorem 55.4. In the smooth setting the proposition follows
from the above, together with the fact that on page 686 we showed that the Σg,m are ori-
entable and that in the Surface Non-Orientability Lemma 25.20 we showed that the Nk,n

are non-orientable. �

We conclude this discussion of the classi�cation theorem with a long remark on various other
approaches to giving the topological classi�cation of 2-dimensional topological manifolds.

Remark. The Surface Classi�cation Theorem 55.4 says in particular that every compact
connected non-empty 2-dimensional topological (respectively smooth) manifold is homeo-
morphic (respectively di�eomorphic) to one of the Σg,n or one of the Nk,n. Basically all
proofs in the literature that deal with the purely topological setting use the fact, mentioned
on page 1238, that a 2-dimensional topological manifold admits a simplicial structure. The
idea then is to modify the simplicial structure to turn it into a simplicial structure of one
of Σg,n or Nk,m. The traditional account of this proof is given in [ST1934, ST1980] or
alternatively in [Mass1991, Theorem 5.1]. A variation on this proof, which is usually
referred to as Conway's Zip Proof, is outlined in [FW1999, Wild2010], with full de-
tails given in [Gle] and [SchubJ2017]. Other proofs are given in [Tn1992], [Meie] and
[AKM2022]. There is also a proof due to Eric Zeeman, see [Zee1966, Put2]. The proof
given in [Arm1988, Chapter 7] is somewhat di�erent, its basic idea is related to the ap-
proach taken in Exercise ??. Finally we point to [GX2013] for a book that is completely
dedicated to the proof of the Surface Classi�cation Theorem 55.4 in the topological setting.

By now we might have the impression that we have a solid understanding of surfaces. The
following question provides a good test for our true understanding.

Question 55.9. LetM be the surface of genus g ∈ N0 and let p : M̃ →M be a covering of
�nite degree d such that M̃ itself is connected. By the Manifold Covering Proposition 49.2
and Lemma 48.3 we know that M̃ is a closed orientable connected 2-dimensional smooth
manifold. Can we determine the genus of M̃ in terms of g and d?
We will answer this question later on in the Subgroups-of-Surface Groups Proposition 64.6.
It is worth trying to come up with an answer with our current knowledge.

55.3. Non-compact 2-dimensional smooth manifolds. Just for kicks we also want to
consider non-compact 2-dimensional smooth manifolds. A short moment's thought there
is a plethora of examples:
(1) Given any connected 2-dimensional smooth manifold Σ and given any non-empty

closed discrete subset A Ă Σ one can easily show that the complement Σ \ A is in
fact a non-compact connected 2-dimensional smooth manifold. For example, this
shows that W = R2 \ {(n, 0) |n ∈ Z} is a non-compact connected 2-dimensional
smooth manifold.

(2) In the �gure below we show two non-compact 2-dimensional smooth manifolds X
and Y for which the name �in�nite genus� seems appropriate.

In Exercises 55.14 and Exercise 55.15 we will show, with some e�ort, that the non-compact
2-dimensional smooth manifolds W , X and Y are pairwise not di�eomorphic. This already
shows that the classi�cation of non-compact connected 2-dimensional smooth manifolds
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can get a little tricky. In fact the classi�cation of non-compact orientable connected 2-
dimensional smooth manifolds without boundary was �rst given by Ian Richards [Ric1963]
in 1963, building on earlier work of Béla Kerékjártó [Kere1923] from 1923. In [PM2007]
this result was extended to the case of 2-dimensional smooth manifolds with non-empty
boundary.
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W surface Y of �in�nite genus�surface X of �in�nite genus�

Remark. As an aside we point out that the surface Y of in�nite genus shown in the
�gure above is sometimes called the Loch Ness monster. The reason is shown in the �gure
below: the visible part of an in�nite Loch Ness monster, together with the surface of the
in�nite Loch Ness form a 2-dimensional smooth manifold that is di�eomorphic to Y . More
information on the mathematical Loch Ness monster and an explicit rigorous construction
are given in [ARM2017].
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the in�nite Loch Ness monster produces a surface of in�nite genus

55.4. Retractions onto boundary components of 2-dimensional smooth mani-
folds. In this section we will deal with the following question: for which 2-dimensional
smooth manifolds is a given boundary component a retract? This discussion is useful but
not essential and one can safely skip this section.

Without further apologies let us recall the following de�nition from page 1061.

De�nition. Let X be a topological space. We say that a subset A of X is a retract of X
if there exists a retraction r : X → A, i.e. a map with r(a) = a for all a ∈ A.
For the reader's convenience we also recall the statement of Lemma 47.16.

Lemma 47.16. The circle S1 is not a retract of B
2
.

We quickly recall the proof of Lemma 47.16.

Proof. We denote by i : S1 → B
2
the inclusion map. Suppose there exists a retraction

r : B
2 → S1, i.e. a map with r ◦ i = idS1 . We obtain the commutative diagram

B
2

r

!!

S1

i
==

r◦i=idS1

// S1

which induces
the commutative

diagram

π1(B
2
, 1)︸ ︷︷ ︸

=0
r∗

''

π1(S1, 1)︸ ︷︷ ︸
∼=Z

i∗ 88

(r◦i)∗=(idS1 )∗

// π1(S1, 1)︸ ︷︷ ︸
∼=Z

.
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But a commutative diagram as given on the right-hand side cannot exist since an isomor-
phism of a non-trivial group cannot factor through the trivial group. �

In light of Lemma 47.16 the following question arises:

Question 55.10. Let Σ be a 2-dimensional smooth manifold and let C be a boundary
component of Σ. Is C a retract of Σ?
By the Surface Classi�cation Theorem 55.4 it su�ces to address Question 55.10 for the
smooth manifolds Σg,m and Nh,n. For notational convenience we will work throughout with
Σ = Σg,m. We will deal with Σ = Nh,n in Exercise 55.13.

So let us consider Σ = Σg,n. Lemma 47.16 says that the answer to Question 55.10 is
no if g = 0 and n = 1. The proof of Lemma 47.16 suggests that if we want to answer
Question 55.10, then given a boundary component C of Σg,n we should try to understand
the inclusion induced map π1(C) → π1(Σg,n). Of course by Lemma 55.2 we know that
π1(Σg,n) is a free group on 2g + n − 1 generators. But back then we mostly cared about
the isomorphism type of π1(Σg,n) and we did not worry about the relationship of Σg,n and
its boundary components.

The following lemma gives a new description of π1(Σg,n). This description is more
complicated in the sense that it is not totally immediate that π1(Σg,n) is a free group. On
the other hand it makes it clearer how the boundary components of Σg,n interact with
Σg,n.

Lemma 55.11. Let g ∈ N0 and let n ∈ N. We denote the boundary components of Σg,n

by C1, . . . , Cn. The following statements hold:
(1) Let ∗ ∈ Σg,n be the standard base point given by the �vertex� of E2g/∼. We pick

an orientation for Σg,n. There exists a presentation

π1(Σg,n, ∗) = 〈x1, y1, . . . , xg, yg, z1, . . . , zn | [x1, y1] · · · · · [xg, yg] · z1 · · · · · zn〉
with the following properties:
(a) The elements x1, y1, . . . , xg, yg are represented by the edges of the 2g-gon in the

�usual way�.
(b) For any i ∈ {1, . . . , n} the element zi is represented by a curve of the form

α ∗ γ ∗ α where α is a path from ∗ to a point on Ci and γ is a path that goes
once around Ci in an orientation-preserving way.620

We refer to the �gure below for an illustration.
(2) For every i ∈ {1, . . . , n} the obvious map

〈x1, y1, .., xg, yg, z1, .., ẑi, .., zn〉︸ ︷︷ ︸
free group

→ 〈x1, y1, .., xg, yg, z1, .., zn | [x1, y1]...[xg, yg]·z1 ..zn︸ ︷︷ ︸
relation

〉

is an isomorphism. The inverse is induced by the obvious assignments together with

zi 7→ zi−1
−1 · · · · · z1

−1 · [yg, xg] · · · · · [y1, xg] · zn−1 · . . . zi+1
−1.

In particular π1(Σg,n) is a free group on 2g + n− 1 generators.
(3) If g ≥ 1 or if n ≥ 2, then for every i ∈ {1, . . . , n} the inclusion induced map

π1(Ci)→ π1(Σg,n) is a monomorphism.

620Since we picked an orientation for Σg,n each boundary component also inherits an orientation.
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Σ2,2
base point ∗

base point ∗

y1
∼=

x1

y1

x2

y2

z1 z2y2

z2 x2

z1
x1

Sketch of the proof. Let g ∈ N0 and let n ∈ N.
(1) First note that by Proposition 36.4 we can without loss of generality assume that

the base point corresponds to any of the vertices of the 4g-gon as shown in the �gure
below. The following argument is very similar to the argument on the pages 1221
and 1224 and it relies heavily on the notation from the �gure below. We have

Seifert�van Kampen Theorem 54.1 Amalgamated Product Lemma 53.22
↓ ↓

π1(Σg,n) = π1(U) ∗π1(U∩V ) π1(V )︸ ︷︷ ︸
={e}

∼= π1(U)/〈〈π1(U ∩ V )〉〉

= 〈x1, y1, . . . , xg, yg, z1, . . . , zn〉/〈〈[x1, y1] · · · · · [xg, yg] · z1 · · · · · zn〉〉.
↑

followings from the deformation retraction shown in the �gure below
together with the Deformation Retract-Homotopy Equivalence Lemma 15.5 and the
Homotopy-π1-Proposition 50.3 (2)
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Σ2,2

π ∼= 〈x1, y1, x2, y2, z1, z2〉
z1

y2

x2

z2

y1

x1z1

z2

y2

x2

y1

x1

V is a disk

U deformation
retracts to

U ∩ V is an annulus with central curve isotopic to [x1, y1] · · · [xg, yg]z1 · · · zn
base point ∗

(2) It follows immediately from the discussion on page 1196 that for any i ∈ {1, . . . , n}
the obvious map

〈x1, y1, .., xg, yg, z1, .., ẑi, .., zn〉 → 〈x1, y1, .., xg, yg, z1, .., zn | [x1, y1]...[xg, yg]·z1 ..zn〉
is an isomorphism. The map that we give in the inverse direction is evidently a
converse.

(3) Now suppose that g ≥ 1 or that n ≥ 2. Let i ∈ {1, . . . , n}. The image of π1(Ci)
in π1(Σg,n) is the subgroup generated by zi. It su�ces to show that zi is an element
of in�nite order in π1(Σg,n). We apply (2) to i. We obtain an isomorphism

π1(Σg,n) → 〈x1, y1, . . . , xg, yg, z1, . . . , ẑi, . . . , zn〉
zi 7→ zi−1

−1 · · · · · z1
−1 · [yg, xg] · · · · · [y1, x1] · . . . zn−1 · · · · · zi+1

−1.

Since g ≥ 1 or n ≥ 2 we see that the element on the right-hand side is represented
by a non-empty reduced word. Thus by de�nition it represents a non-trivial element
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in a free group. By Lemma 51.14 we know that every non-trivial element of a free
group has in�nite order. Thus we have shown that zi is indeed an element of in�nite
order of π1(Σg,n). �

Finally the following technical lemma can be viewed as a re�nement of Lemma 55.2 (1).

Lemma 55.12. Let g ∈ N0 and let n ∈ N.
(1) We denote the boundary components of Σg,n by C1, . . . , Cn. Given any i ∈ {1, . . . , n}

there exists a topological graph G Ă Σg,n which contains all Cj with i 6= j and which
contains a point on Cj, a deformation retraction r : Σg,n → G, a spanning tree T Ă G
and a homeomorphism621

Θ: G/T → C1 ∨ · · · ∨ Ĉi ∨ · · · ∨ Cn ∨ S1 ∨ · · · ∨ S1︸ ︷︷ ︸
2g copies

such that the following diagram commutes:

Cj //

xx ��

C1∨. . .∨Ĉi∨. . .∨Cn∨S1∨. . .∨S1

∼=Θ
��

Σg,n
r // G

p
// G/T.

Note that (p ◦ r)∗ : π1(Σg,n) → π1(G/T ) is an isomorphism by Propositions 50.3
and 50.15 (1).

(2) The fundamental group π1(Σg,n) is a free group on 2g + n− 1 generators.
Given k ∈ N and n ∈ N completely analogous statements also hold for Nk,n.
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Σ2,2

C2

y1

x1

y2

x2

z1

y2

x2

C2

y1

x1C1

C2

z1

y2

x2

y1

C2

y1

x2

x1

y2

x1

deformation retraction r projection p

G/Ttopological graph G

spanning tree T

Sketch of proof.

(1) In the �gure we show that, starting from any boundary component Ci of Σg,n, we can
push �inward� to obtain a deformation retraction622623 to a subset that is a topological
graph G that can be described as

G =
(
C1 t · · · t Ĉi t · · · t Cn t S1 ∨ · · · ∨ S1︸ ︷︷ ︸

2g copies

)
together with a spanning tree T .

621Here Ĉi means that we leave out Ci.
622We leave it to others with more time and energy to write down a rigorous argument. One possibility
would be to apply several times the deformation retractions that we found in Exercise 15.13.
623This argument is evidently closely related to the proof of Lemma 52.9.
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The vertical map to the right is the homeomorphism given by the discussion on
page 1133. It follows immediately from the construction that the diagram commutes.

(2) This statement follows from (1) together with the Fundamental Group-Wedge-of-
Circles Lemma 52.4. �

The proof for Nk,n is almost identical to the above proof for Σg,n. We leave it to the reader
to �gure out the precise statements and to write down the proof.

The following lemma gives an answer to Question 55.10.

Lemma 55.13. Let g ∈ N0.
(1) The unique boundary component of Σg,1 is not a retract of Σg,1.
(2) For k ≥ 2 every boundary component of Σg,k is a retract of Σg,k.

Proof. Let g ∈ N0.

(1) The case g = 0 was dealt with in Lemma 47.16. Now we assume that g ≥ 1. We
denote by C the unique boundary component of Σ := Σg,1. We had just seen in
Lemma 55.11 that π1(C)→ π1(Σ) is a monomorphism if g ≥ 1. So we cannot apply
the same argument as in Lemma 47.16 where we studied the induced map on the
level of fundamental groups. The idea now is to study instead the induced map on
the abelianizations of the fundamental groups.

We denote by i : C → Σ the inclusion map and we suppose that there exists a
retraction r : Σ → C, i.e. a map with r ◦ i = idC . We write π1(C) = 〈t〉 and we use
the isomorphism from Lemma 55.11 (1) to make the identi�cation

π1(Σ) = 〈x1, y1, . . . , xg, yg, z | [x1, y1] · · · · · [xg, yg] · z〉

where z corresponds to t under the inclusion C = ∂Σ → Σ. We obtain the commu-
tative diagram

Σ
r

!!

C

i
==

r◦i=idC

// C

which induces
by Proposition 53.20 (6)

the commutative
diagram

π1(Σ)ab
r∗
((

π1(C)ab︸ ︷︷ ︸
=〈t〉

i∗

t7→z

66

(r◦i)∗=id
// π1(C)ab︸ ︷︷ ︸

=〈t〉

.

In π1(Σ) we have
z = ([x1, y1] · · · · · [xg, yg])−1 ∈ π1(Σ).

This shows that z lies in the commutator subgroup of π1(Σ), i.e. z represents the
trivial element in π1(Σ)ab. Thus we have shown that the left diagonal map is the
zero map. But the bottom horizontal map is an isomorphism of a non-trivial group
and the diagram commutes. We have thus obtained a contradiction.

(2) This statement follows immediately from Lemma 55.12 since we can project the
wedge of circles onto any circle. Alternatively, a retraction from Σ2,n to a boundary
component is sketched in the �gure below. The general case is treated the same
way.624 �

624The proof is somewhat similar to the proof of Lemma 47.19.
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retraction to the green boundary component

Σ2,n cylinder minus
n− 2 open disks

sphere minus
n open disks

∼=−→
projection to z = 1

55.5. Curves on surfaces. In this section we will use the Surface Classi�cation Theo-
rem 55.4 to draw several hopefully interesting consequences on curves on surfaces. We
start out with the following lemma.

Lemma 55.14. (Boundary Curve-Permutation Lemma) Let Σ be a compact con-
nected 2-dimensional smooth manifold. We denote the boundary components of Σ by
C1, . . . , Cn. Given any permutation σ ∈ Sn there exists a di�eomorphism f of Σ with
f(Ci) = Cσ(i), i = 1, . . . , n. Furthermore, if Σ is oriented, then we can choose f to be
orientation-preserving.
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Proof. In the proof we deal with the setting that Σ is orientable. The case that Σ is non-
orientable is dealt with in almost the same way. We pick an orientation for Σ and we equip
the boundary components C1, . . . , Cn with the corresponding orientations. Furthermore we
pick orientation-reversing di�eomorphisms ϕ1, . . . , ϕn : S1 → Ci and we consider

M := (Σ t (B
2

1 t · · · tB
2

n))/ϕi(x) ∼ x with x ∈ S1 and i ∈ {1, . . . , n}.

It follows from the Codimension-Zero Submanifold Proposition 19.38 that M is a closed
oriented connected 2-dimensional smooth manifold with obvious orientation-preserving
smooth embeddings ψi : B

2 → M . Now let σ ∈ Sn be a permutation. Note that it
follows from the Smooth Ball Embedding Theorem 37.8 that there exists a di�eotopy
F : M × [0, 1] → M with F0 = id such that for each i ∈ {1, . . . , n} we have F1 ◦ ϕi =

ϕσ(i) : B
2 →M . Note that F1 is orientation-preserving by the Smooth Isotopy-Orientation

Proposition 34.2. The desired di�eomorphism is now given by the restriction of F1 to Σ. �

We move on to the following general de�nition.

De�nition. Let M be a smooth manifold and furthermore let N Ă M be a closed sub-
manifold of codimension one. We say N is non-separating ifM \N is connected, otherwise
we see that N is separating.
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non-separating submanifold N separating submanifold N

Next we recall that on page ?? we introduced the notion of cutting an orientable smooth
manifold along a proper codimension-one submanifold. In Proposition ?? (4) and Proposi-
tion ?? we saw that this is operation is the inverse of the operation of gluing two boundary
components that we introduced in the Gluing-Smooth Manifolds-Proposition ??. We will
not recall the precise de�nitions but we hope that the �gure below will bring back fond
memories.
The following lemma explains how gluing and cutting a�ects surfaces.

Lemma 55.15. (Surface-Gluing-Cutting Lemma) Let Σ be a compact oriented con-
nected 2-dimensional smooth manifold.
(1) Let C and D be two distinct boundary components of Σ. Gluing C to D via an

orientation-reversing di�eomorphism increases the genus by one and it decreases the
number of boundary components by two.

(2) Let F be a closed non-separating curve on Σ. Cutting along F decreases the genus
by one and it increases the number of boundary components by two. (In particular
this implies that the genus of Σ is ≥ 1.)
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glueing C to D increases the genus by one

cutting along F decreases the genus by one

Sketch of proof.
(1) By the Surface Classi�cation Theorem 55.4 we can assume that Σ = Σg,n for some g ∈

N0 and some n ∈ N≥2. We denote byM the result of gluing the boundary components
C and D via an orientation-reversing di�eomorphism. Note that it follows from the
Gluing-Smooth Manifolds-Proposition ?? that M is a compact oriented connected
2-dimensional smooth manifold. In particular it has some genus h. Also note that it
follows from the Boundary Curve-Permutation Lemma 55.14 that the di�eomorphism
type of M does not depend on the choice of the two boundary components C and D.

It is now elementary, albeit painful, to show clearly that gluing C to D via an
orientation-reversing di�eomorphism increases the genus by one. We will deal with
a special case in Exercise 55.12. The general case is not much harder. Finally note
that evidently the number of boundary components goes down by two.

For readers who are slightly unhappy about the above proof of the statement that
the genus goes up by one we also give an alternative approach. Namely, the genus
of M can be read o� directly from suitable invariants. For example later on we will
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use the HNN-Seifert�van Kampen Theorem 57.3 to calculate π1(M) which, together
with Proposition 55.7 implies that h = g + 1. Alternatively one can use the Euler
characteristic, which we will introduce in Chapter 87, together with Lemmas 87.5
and 87.6 to see once again that h = g + 1.

(2) Note that if we cut along a non-separating curve, then the resulting 2-dimensional
smooth manifold is again connected. Thus we see that Statement (2) is an immediate
consequence of Statement (1) together with Proposition ??. �

We move on to the following de�nition.
De�nition. Let Σ be an oriented 2-dimensional smooth manifold and let C and D be two
closed oriented curves in Σ. We say C and D are equivalent if there exists an orientation-
preserving self-di�eomorphism f of Σ that restricts to an orientation-preserving di�eomor-
phism f : C → D.
It is clear that if two curves are equivalent, then either both are separating or both are
non-separating. Furthermore if they are both separating, then the results of cutting the
2-dimensional smooth manifold along the curves are di�eomorphic. The following theorem
gives us the converse to this observation.

Theorem 55.16. (Curves-on-Surfaces-Classi�cation Theorem) Let Σ be a compact
oriented connected 2-dimensional smooth manifold and let C and D be two closed oriented
curves in Σ \ ∂Σ.
(1) If C and D are non-separating, then C and D are equivalent.
(2) Suppose C and D are separating. If Σ cut along C is di�eomorphic to Σ cut along

D, then C and D are equivalent.

Example. It follows from the Curves-on-Surfaces-Classi�cation Theorem 55.16 (1) that the
two non-separating curves shown in the �gure below are actually equivalent. Furthermore it
follows easily from the Curves-on-Surfaces-Classi�cation Theorem 55.16 (2) and the future
Exercise 87.5 that any separating curve on the surface of genus four is equivalent to one of
the separating curves shown in the �gure below.
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separating
curves

Remark. In Exercise 55.17 we will generalize the Curves-on-Surfaces-Classi�cation The-
orem 55.16 to certain pairs of curves.

Sketch of proof. Let Σ be a compact oriented connected 2-dimensional smooth manifold.
(1) Let C and D be two closed oriented non-separating curves on Σ. We denote by

M respectively N the smooth manifold obtained from Σ by cutting along C re-
spectively D. We denote by C± and D± the boundary components arising from
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C and D. Since C and D are non-separating it follows from the Surface-Gluing-
Cutting Lemma 55.15 (2) and the Boundary Curve-Permutation Lemma 55.14 that
there exists an orientation-preserving di�eomorphism ϕ : M → N that restricts to
orientation-preserving di�eomorphisms ϕ : C± → D±. Using Lemma 50.1 and us-
ing a collar neighborhood one can arrange that under the obvious identi�cations
C− = C+ and D− = D+ the maps ϕ : C− → D− and ϕ : C+ → D+ agree. As in
the Gluing-Smooth Manifolds-Proposition ?? (7) we see that ϕ : M → N descends
to an orientation-preserving di�eomorphism ϕ : M/C− = C+ → N/D− = D+. If
we combine this di�eomorphism with the di�eomorphisms Σ → M/C− = C+ and
Σ→ N/D−=D+ from Proposition ?? we obtain the desired di�eomorphism.

(2) The argument is similar to the proof of Statement (1), except that we do not need
to appeal to the Surface-Gluing-Cutting Lemma 55.15 (2), instead we can use our
hypothesis directly. We leave it to the reader to �ll in the details. �
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In the remainder of this section we will state a few consequences of the Curves-on-Surfaces-
Classi�cation Theorem 55.16.
Proposition 55.17. Let Σ be a compact orientable connected 2-dimensional smooth man-
ifold and let C be a closed oriented curve on Σ.
(1) If C is non-separating, then C is not null-homotopic.
(2) If C is separating, and if the two components of Σ cut along C are not disks, then

C is not null-homotopic.
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Σg,m ΣΣ

the curve C represents a non-trivial element in π1(Σ, P )

Σh,n

Proof. Let Σ be a compact 2-dimensional smooth manifold and let C be a closed oriented
curve on Σ.
(1) First assume that C is non-separating. By the Surface Classi�cation Theorem 55.4

we can assume that Σ = Σg,n for some g ∈ N0 and some n ∈ N0. Since C is non-
separating we know by the Surface-Gluing-Cutting Lemma 55.15 (2) that g ≥ 1.
Next note that by the Curves-on-Surfaces-Classi�cation Theorem 55.16 we only need
to show that there exists a single non-separating curve on Σg,n that is not null-
homotopic. By Lemma 55.11 we have a presentation

π1(Σg,n, ∗) = 〈x1, y1, . . . , xg, yg, z1, . . . , zn | [x1, y1] · · · · · [xg, yg] · z1 · · · · · zn〉
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where each xi is represented by a non-separating curve. But the xi represent non-
trivial elements in the abelianization of π1(Σg,n), in particular the corresponding
curves are not null-homotopic.

(2) Now we suppose that C is separating. We cut Σ along C and we obtain two connected
surfaces. By the Surface Classi�cation Theorem 55.4 we can assume that the two
surfaces are of the form Σg,m and Σh,n. By hypothesis neither surface is a disk, so
we have g > 0 or m > 1 and we have h > 0 or n > 1. To simplify the notation we
now assume that g = 1 and h = 1 and m = 2 and n = 2. We perform the following
calculation:
Seifert�van Kampen Theorem 54.4 by Lemma 55.11, here C corresponds to c1 and to z−1

1↓ ↓
π1(Σ) ∼= π1(Σ1,2) ∗π1(C) π1(Σ1,2) = 〈a, b, c1, c2|[a, b]·c1 ·c2〉 ∗π1(C) 〈x, y, z1, z2|[x, y]·z1 ·z2〉

= 〈a, b, c1, c2, x, y, z1, z2 | [a, b]·c1 ·c2, [x, y]·z1 ·z2, c1 = z−1
1 〉

↑
by Lemma 53.23

where the curve C corresponds to c1 = z−1
1 . We need to show that c1 represents

a non-trivial element in π1(Σ). In our present setting we see that c1 represents a
non-trivial element in the abelianization, but this is not the case if m = 1. So we
need to come up with an alternative argument to show that c1 is non-trivial. Note
that it follows from Lemma 53.13 that there exists a homomorphism

ϕ : 〈a, b, c1, c2, x, y, z1, z2 | [a, b]·c1 ·c2, [x, y]·z1 ·z2, c1 = z−1
1 〉 → 〈u, v〉

with625

a 7→ u, b 7→ v, c1 7→ [v, u], c2 7→ e, x 7→ v, y 7→ u, z1 7→ [u, v], z2 7→ e.

Finally note that ϕ(c) = [u, v] is a non-trivial element of the free group 〈u, v〉. It
follows that C is not null-homotopic. �

Remark. What is the �right� proof for a statement is often a matter of taste. For example
an alternative, arguably more conceptual, proof for Proposition 55.17 (1) can be obtained by
the combination of the Surface Classi�cation Theorem 55.4 together with the future HNN-
Seifert�van Kampen Theorem 57.3, Lemma 55.11 (3) and the HNN-Extension Monomor-
phism Proposition 57.2. Similarly an alternative proof for Proposition 55.17 (2) can be
obtained by the combination of the Surface Classi�cation Theorem 55.4 with Seifert�van
Kampen Theorem 54.4, Lemma 55.11 (3) and the Amalgamated Product-Monomorphism
Proposition 53.24.

We conclude this section with the following consequence of Proposition 55.17.
Proposition 55.18. Let Σ be a compact orientable 2-dimensional smooth manifold. Fur-
thermore let f : S1 → Σ be a smooth embedding. If f is null-homotopic, then there exists
a smooth embedding F : B

2 → Σ with F |S1 = f .

Proof. Let f : S1 → Σ be a smooth embedding that is null-homotopic. By Proposi-
tion 55.17 (1) we know that f(S1) is separating. Let A and B be the two components
of Σ cut along f(S1). By Proposition 55.17 (2) we know that at least one of A and B is

625Recall that [s, t] denotes the commutator of s and t, i.e. we have [s, t] = sts−1t−1. The veri�cation that
the relations are indeed satis�ed relies on the trivial but useful observation that [s, t]−1 = [t, s].
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di�eomorphic to a disk. Let us assume that A is di�eomorphic to B
2
. It follows easily from

Lemma 50.1 (3), see also the Di�eomorphisms-of-S1-Extension Corollary 34.6, that there
exists such a di�eomorphism F : B

2 → A with F |S1 = f . �

Exercises for Chapter 55.

Exercise 55.1. Determine the genus of the surface M shown in the �gure below.
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Exercise 55.2. Let g ∈ N. By the Surface Classi�cation Theorem 55.4 we know that
Σg#RP2 is di�eomorphic to k ·RP2 for some unique k ∈ N. Determine k as a function of g.

Exercise 55.3. Let X be the Möbius band minus two disks. We denote by A,B,C the
three boundary components of X. We glue a torus minus one open disk and a Möbius
band to the boundary components of X. By the Gluing-Smooth Manifolds-Proposition ??
we obtain a compact 2-dimensional smooth manifold.
(a) Do the resulting di�eomorphism types depend on the gluing?
(b) How do the resulting smooth manifolds �t into the classi�cation scheme of the Surface

Classi�cation Theorem 55.4?
We refer to the �gure below for an illustration.
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Möbius bandMöbius band minus two diskstorus minus one disk

A B

CX

Exercise 55.4. Recall that in the �gure on page 571 we saw that N1,1 is a Möbius band.
In particular we can view N0,1 as a submanifold of R3.
(a) Is N2,1 di�eomorphic to a submanifold of R3?
(b) Show that N3,1 is di�eomorphic to a submanifold of R3.
(c) For which k ∈ N is Nk,1 di�eomorphic to a submanifold of R3?

Exercise 55.5. Let F be the sphere minus k open disks. (Alternatively, let F be the disk
B

2
minus k− 1 open disks.) We denote by C1, . . . , Ck the boundary components of F . We

pick a base point x0 ∈ F . Furthermore for each i ∈ {1, . . . , k} we pick a path γi from a
point on Ci to x0. Finally let Γ Ĺ π1(F, x0) be a proper normal subgroup. Show that there
exists an i ∈ {1, . . . , k} such that Ci, viewed as an element in π1(F, x0) via the path γi,
does not lie in Γ.
Hint. You might want to start out with your preferred base point x0 and your preferred
paths γ1, . . . , γk, e.g. as shown in the �gure below.
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B2 with three
disks removed

γ1, . . . , γ4 x0

C1, . . . , C4

Exercise 55.6. Let Σ be the torus minus one disk. We denote by P ∈ ∂Σ a base point.
Furthermore let x, y, z be the curves shown in the �gure below. We denote by x, y, z also
the elements in π1(Σ, P ) represented by these curves.
(a) Convince yourself of the fact that π1(Σ, P ) = 〈x, y, z | [x, y] = z〉.

Remark. This statement is closely related to the statement of Lemma 55.11, but it
takes some e�ort to get the orientations of the curves right.

(b) Show that z ∈ π1(Σ, P ) is not a proper power, i.e. show that there is no w ∈ π1(Σ, P )
such that z = wd for some d ∈ N≥2.
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Exercise 55.7. What is the genus of the surface shown in the �gure below.
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Exercise 55.8. We say a 2-dimensional smooth manifold M admits a pair of pants de-
composition if there exist submanifolds P1, . . . , Pk such that each Pi is a pair of pants and
such that for each i 6= j the intersection Pi ∩ Pj is a (possibly empty) union of boundary
components of Pi and also of Pj.
(a) Determine all g, n ∈ N0 such that Σg,n admits a pair of pants decomposition.
(b) Determine all g ∈ N and n ∈ N0 for which Nk,n admits a pair of pants decomposition.

Exercise 55.9. Let Σ be a compact connected 2-dimensional smooth manifold and let
C and D be two closed oriented non-separating curves in Σ \ ∂Σ. In the Curves-on-
Surfaces-Classi�cation Theorem 55.16 we showed that if Σ is orientable, then there exists
a self-di�eomorphism ϕ of Σ with ϕ(C) = D.
(a) Show that this conclusion does not necessarily hold if we drop the hypothesis that Σ

is orientable.
(b) Where in the proof of the Curves-on-Surfaces-Classi�cation Theorem 55.16 did we

really make use of the hypothesis that Σ is orientable?

Exercise 55.10. We consider the 2-dimensional smooth manifold M together with the
map ϕ : S1 → M that is shown in the �gure below. Show that ϕ is not homotopic to a
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pair of pants

pair of pants

smooth embedding.
Remark. At this stage it is a challenging, but by now means impossible, task to provide a
completely rigorous proof.
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Exercise 55.11.
(a) Let k ∈ N. By Proposition 49.4 we know that the non-orientable surface Nk admits

an essentially unique 2-fold covering Σ → Nk that is orientable. What is the genus
of Σ?
Hint. First deal with the cases N1

∼= RP2 and N2
∼= RP2#RP2. Given k ∈ N≥2 you

can write Nk as the connected sum of an orientable smooth manifold with RP2 or
with RP2#RP2.

(b) Let k ∈ N and m ∈ N0. By Proposition 49.4 we now know that the non-orientable
surface Nk,m admits an essentially unique 2-fold covering Σ→ Nk,m that is orientable.
What is the genus of Σ and what is the number of boundary components of Σ?

Hint. In Exercise 87.2 we will give a di�erent, perhaps less ad hoc approach to dealing
with these two questions.

Exercise 55.12. Let F be the torus minus two open disks. We pick an orientation-reversing
di�eomorphism ϕ : C → D between the two boundary components. Show that F/c ∼ ϕ(c)
is di�eomorphic to the surface of genus two.
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Exercise 55.13. For which values of g ∈ N and n ∈ N is every boundary component of
Ng,n a retract of Ng,n?
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Exercise 55.14. Let W = R2 \ {(n, 0) |n ∈ Z} and let X be the surface of in�nite genus
that is shown in the �gure below. Show that W and X are not di�eomorphic.
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Hint. What compact submanifolds can occur?
Remark. The same argument also shows that W is not di�eomorphic to the other surfaces
of �in�nite genus� that are shown in the �gure below.
Remark. Later in Exercise 115.5 we will see that W and X are not homeomorphic. With
the present knowledge it is at best quite challenging to give a watertight proof that W and
X are not homeomorphic.
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Exercise 55.15. Let X be a topological space. Given a compact subset K Ă X we de�ne
m(K) to be the number of non-compact path-components of X \K that are not contained
in a compact subset of X. As in Exercise 2.27 we refer to

End(X) := max{m(K) |K is a compact subset of X} ∈ N0 ∪ {∞}

as the number of ends of X.

(a) Determine the number of ends for each of the three non-compact surfaces shown in
the �gure below.

(b) Which (if any) of the three �surfaces of in�nite genus� shown in the �gure below are
homeomorphic?

(c) For each n ∈ N give an example of a non-compact connected 2-dimensional smooth
manifolds such that the number of ends equals n.
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Exercise 55.16. Let n ∈ N, let Mn be S2 minus n open disks and let C be a closed curve
in Mn \ ∂Mn.

(a) Show that C is separating.
(b) Let n = 3. Show that C either bounds a disk or that it is isotopic to a boundary

component of Mn.
(c) Show that the conclusion of (b) is in general not true for n ≥ 4.

Exercise 55.17. Let Σ be a closed orientable connected 2-dimensional smooth manifold
and let {A,B} and {A′, B′} be pairs of closed curves on Σ such that A intersects B transver-
sally in a single point and such that A′ intersects B′ transversally in a single point.

(a) Show that there exists a di�eomorphism f : Σ→ Σ with f(A) = A′ and f(B) = B′.
Remark. The statement of this exercise, and of the closely related Curves-on-
Surfaces-Classi�cation Theorem 55.16, are proved and extended, in [FaM2011, Chap-
ter 1.3]. They refer to statements of this type as the change of coordinates principle.
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(b) Suppose that all the curves are oriented. Can we �nd f such that the maps f : A→ A′

and f : B → B′ are both orientation-preserving?
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Exercise 55.18. Show that the map f : S1 → T = S1 × S1 that is shown in the �gure
below is not homotopic to a smooth embedding.
Remark. This settles an issue that arose on page ??.
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Exercise 55.19. We set
H := {(x, y) ∈ R2 | y > 0} the open half-plane
A := {(x, 0) |x < −1}
B := {(x, 0) |x > 1}.

We consider the smooth manifold M = H ∪ A ∪ B. A track from A to B is a connected
oriented proper 1-dimensional smooth manifold T ofM such that ∂T = {−P}∪{Q} where
P ∈ A and Q ∈ B.
(a) Show that if S and T are two tracks from A to B, then there exists a proper smooth

isotopy from S to a track S ′ and from T to a track T ′ such that S ′ and T ′ are disjoint.
(b) Show that all tracks from A to B are smoothly isotopic.
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56. Limits

The goal of this section is to determine the fundamental group of �unbounded spaces�,
e.g. we would like to determine the fundamental group of the surface of �in�nite genus�
illustrated in the �gure below.626 One idea might be to view the surface of �in�nite genus� as
the limit of a sequence given by compact surfaces. But then we need to make precise what
we mean by a �limit of topological spaces� and �limit of the corresponding fundamental
groups�. We will do so in the following sections.
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surface of �in�nite genus�

56.1. Preordered and directed sets. The following de�nition partly recalls some notions
that we introduced on page 89.

De�nition. Let X be a set and let ≤ be a relation on X.
(1) The relation is called re�exive if for every x ∈ X we have x ≤ x.
(2) The relation is called transitive if for every x, y, z ∈ X we have

x ≤ y and y ≤ z =⇒ x ≤ z.

(3) A re�exive and transitive relation is called a preorder.
(4) A set together with a preorder is called a preordered set.
(5) A directed set is a preordered set such that for any x, y ∈ X there exists a z ∈ X

with x ≤ z and y ≤ z.

Examples.

(1) Let X be a subset of R and denote by ≤ the usual �less or equal� relation on the real
numbers. Then (X,≤) is a directed set. In particular (N,≤) is a directed set.

(2) Given any set X the relation �≤� where x ≤ y only if x = y is a preorder, which we
call the trivial preorder on X.

(3) Let M be a set. We denote by P(M) the power set of M , i.e. the set of all subsets
of M . Then �being a subset�, i.e. the relation given by �Ď�, de�nes a preorder
on P(M). Thus (P(M),Ď) is a preordered set, in fact it is straightforward to see
that it is even a directed set.

(4) The set X = {0, x, y} with the trivial relations 0 ≤ 0, x ≤ x, y ≤ y and the non-
trivial relations 0 ≤ x and 0 ≤ y is a preordered set. We refer to ({0, x, y},≤) as the
push-pull set. Note that this is not a directed set, since there is no z ∈ X with x ≤ z
and y ≤ z.

(5) We consider the set N. The divisibility relation k|l for k, l ∈ N is a preorder on N
and with this preorder N is in fact a directed set.627

626Actually we also need to make precise what we mean by the surface of �in�nite genus�.
627Indeed, given k, l ∈ N we have k|kl and l|kl.
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56.2. The direct limit of a direct system.

De�nition. Let (I,≤) be a preordered set628 and let C be a category. A direct sys-
tem in the category C over I is a family of objects {Xi}i∈I in C , together with a family of
morphisms {fij : Xi → Xj} for all i, j ∈ I with i ≤ j such that the following two conditions
are satis�ed:
(1) fii = idXi for all i ∈ I,
(2) fik = fjk ◦ fij for all i, j, k ∈ I with i ≤ j ≤ k.

Examples.
(A) We consider the directed set I = (N,≤) and the category of groups. For i ∈ N we

consider the group Zi and for i ≤ j we denote by

fij : Zi → Zj
(x1, . . . , xi) 7→ (x1, . . . , xi, 0, . . . , 0)

the inclusion map. Then ({Zi}i∈N, {fij}i≤j) forms clearly a direct system.
(B) Again we consider I = (N,≤) and the category of groups. Given i ∈ N we de�ne

Fi := 〈x1, . . . , xi〉 = the free group on i generators

and given i ≤ j we set
fij : Fi → Fj

xk 7→ xk, for k = 1, . . . , i.

This is clearly a direct system of groups.
(C) Given r ∈ N ∪ {∞} we set

Xr :=
(
0, r + 1

2

)
∪

r⋃
j=1

{
z ∈ C

∣∣ ∣∣z − (j + 1
4i)
∣∣ = 1

4

}︸ ︷︷ ︸
circle of radius 1

4
around j + 1

4
i ∈ C

Ă C.

For example, for r ∈ N the set Xr is the subset of C = R2 that is given by the interval
(0, r + 1

2
) with r circles attached. We refer to the �gure below for an illustration.

Now we consider the directed set (N,≤) and for r ≤ s we denote by frs : Xr → Xs

the obvious inclusion map. This is clearly a direct system of topological spaces.

X3

2 31

(D) We can generalize example (C) as follows. Let (I,≤) be a preordered set and let
{Xi}i∈I be a family of topological spaces such that for any i ≤ j we have Xi Ă Xj.
Given i ≤ j we denote by ιij : Xi → Xj the inclusion map. Then ({Xi}i∈I , {ιij}i≤j)
is a direct system in the category of topological spaces.

(E) Let ({0, x, y},≤) be the push-pull set and let C be a category. A direct system
in the category C over the preordered set ({0, x, y},≤) consists of three objects
A0, Ax, Ay, the identity morphisms idA0 , idAx , idAy and morphisms fx : A0 → Ax and

628In the literature one often demands that I is a directed set, see e.g. [Hat2002, p. 243], but this is not
necessary.
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fy : A0 → Ay. We refer to such a system as a pushout system and often we arrange
the morphisms in a diagram as follows

A0
fx
//

fy
��

Ax

Ay.

De�nition. Let (I,≤) be a preordered set and let C be a category. Suppose we are given
a direct system ({Xi}i∈I , {fij}i≤j) in the category C . A direct limit629 of the direct system
is an object Y in C together with morphisms gi : Xi → Y, i ∈ I in the category C such
that the following two conditions are satis�ed:
(1) For all i ≤ j we have gj ◦ fij = gi : Xi → Y , i.e. for all i ≤ j the following diagram

commutes
Xj gj

))
Y.

Xi
gi

55fij

OO

(2) If we are given another object Y ′ and morphisms g′i : Xi → Y ′, i ∈ I that satisfy (1),
then there exists a unique morphism F : Y → Y ′ such that for all i ≤ j the following
diagram commutes630

Xj

gj &&

g′j

##

Y
F

∃!
// Y ′.

Xi

gi
77

g′i

;;
fij

OO

The �usual argument� for objects that satisfy a universal property631 shows that if the direct
limit exists, then it is unique in an appropriate sense. We denote the direct limit by lim

−→
Xi

or sometimes by lim
−→
I

Xi.632

Examples. Now we discuss the direct limits of the direct systems we had discussed above.

(A) We consider the above direct system in the category of groups that is given by the
free abelian groups Zi, i ∈ N, with the obvious inclusion homomorphisms Zi → Zj
for i ≤ j. We claim that633

lim−→Zi = Z(N) = {(x1, x2, . . . ) | xi ∈ Z but only �nitely many xi's are non-zero},

629Somewhat confusingly a �direct limit� is often also called a �projective limit� or �colimit of a direct
system�.
630The notation ∃! means that there exists a uniquely de�ned morphism that makes the diagram commute.
631See for instance the discussion on page 1149 for an example of such an argument.
632Here we ignore the maps fij and gi in the notation. Usually these maps are clear from the context.
633Why is the direct limit not given by ZN, i.e. the group of all in�nite sequences?
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where the maps Zj → lim−→Zi = Z(N), j ∈ N are the obvious inclusion maps. Indeed,

given a group Y ′ and homomorphisms g′j : Zj → Y ′ that satisfy condition (1) we
de�ne

F : lim−→Zi = Z(N) → Y ′

(x1, . . . , xj, 0, . . . ) 7→ g′j(x1, . . . , xj).

It is straightforward to see that this de�nition is well-de�ned, i.e. independent of
the choice of xj.634 It is clear that the diagram (2) commutes. Furthermore, since
(x1, . . . , xj, 0, . . . ) = gj(x1, . . . , xj) it is clear that F is the unique homomorphism
that makes the diagram (2) commute.

Thus we have now shown that the direct limit is the free abelian group on an
in�nite countable generating set.

(B) We consider the above direct system in the category of groups that is given by the
free groups Fi := 〈x1, . . . , xi〉, i ∈ N, with the obvious inclusion homomorphisms
Fi → Fj for i ≤ j. Similar to the proof of (A) one can show that

lim−→Fi = 〈x1, x2, x3, . . . 〉 = free group on the generators x1, x2, x3, . . .

where the maps Fj → lim−→Fi = 〈x1, x2, . . . 〉, j ∈ N are the obvious maps. Put
di�erently, the direct limit is the free group on an in�nite countable generating set.

(C) We continue with the direct system (Xr, r ∈ N) in the category of topological spaces
from above. Perhaps not surprisingly the direct limit is the interval (0,∞) with
in�nitely many circles attached, i.e.

lim−→Xr = X∞ =
(
0,∞

)
∪

∞⋃
j=1

{
z ∈ C

∣∣ ∣∣z − (j + 1
4i)
∣∣ = 1

4

}
Ă C,

where the maps Xs → lim−→Xr = X∞, s ∈ N are the obvious inclusion maps. We
leave the veri�cation of this statement to the reader.

�� �� ��

Σr

lim
−→

=

(D) Let (I,≤) be a preordered set and let {Xi}i∈I be a family of topological spaces such
that for any i ≤ j we have Xi Ă Xj. In the category of topological spaces we have

lim−→Xi = X :=
⋃
i∈I
Xi,

where the topology on X =
⋃
i∈I
Xi is given by the rule that U Ă X is open if and only

if U ∩Xi is open for all i ∈ I. Furthermore the maps gj : Xj → X =
⋃
i∈I
Xi, j ∈ N are

the obvious inclusion maps.635 The veri�cation of this statement is Exercise 56.5.

634Here we did not demand that xj 6= 0.
635Why are the maps gj continuous, i.e. why are they morphisms in the category of topological spaces.
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De�nition. If the direct limit of a pushout system

A0
fx
//

fy
��

Ax

Ay

exists, then we refer to it as the pushout of the pushout system. The de�ning property of
the pushout Z can be summarized in the following commutative diagram636

A0
fx

//

fy
��

Ax
gx
��

g′x

��
Ay

gy
//

g′y

11

pushout Z ∃!
**
Z ′.

Examples.

(1) We �rst consider the pushout in the category of groups. By Proposition 53.21 the
pushout of a pushout system in the category of groups

G
α //

β
��

A

B

is given by
G

α //

β
��

A

��

B // A ∗G B =
A ∗B

〈〈{α(g) · β(g)−1}g∈G〉〉
.

(2) Now we consider the pushout in the category of topological spaces. In the Topological
Pushout Proposition 5.33 we already showed, in ever so slightly di�erent words, that
the pushout of the pushout system of topological spaces

X
f
//

g
��

Y

Z

is given by
X

f
//

g
��

Y

��

Z // Y ∪X Z := (Y t Z)/f(x) ∼ g(x).

Here we equip Y ∪X Z with the quotient topology induced from the obvious topology
on Y t Z.

(3) The direct limit of a direct system does not always exist. For example, denote by C
the category with two objects, namely the trivial group and the group Z2, and where
the morphisms are the usual group homomorphisms. Then the pushout system

0 //

��

Z2

Z2

does not have a direct limit
since there is no commutative

diagram of the form

0 //

��

Z2

β��

Z2
α // C

636Here we suppress the morphism g0 : A0 → Z from the diagram since it is given by gx ◦ fx = gy ◦ fy.
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with C = 0 or C = Z2 such that in the following two diagrams there exists the
desired diagonal maps from C to Y ′ = Z2:637

0 //

��

Z2

β
��

x 7→x

��
Z2

α //

x7→0
00

C
((

Y ′ = Z2

and
0 //

��

Z2

β
��

x 7→0

��
Z2

α //

x 7→x 00

C
((

Y ′ = Z2.

Proposition 56.1. (Direct Limit Existence Proposition) The direct limit of any
direct system exists in the following categories:
(0) the category of sets,
(1) the category Top of topological spaces,
(2) the category Group of groups,
(3) the category AbGroup of abelian groups,
(4) the category Ring of rings,
(5) the category R-Mod of R-modules, where R is a commutative ring.

Sketch of proof. Let (I,≤) be a preordered set and let C be one of the six given categories.
Furthermore let ({Xi}i∈I , {fij : Xi → Xj}i≤j) be a direct system in C.

(0),(1) If we work in the category of sets, then we de�ne the direct limit as the set

lim−→Xi :=
( ⊔
i∈I
Xi

)
/ ∼ where x ∼ fij(x) for all i ≤ j, x ∈ Xi.

If we work in the category of topological spaces, then
⊔
i∈I
Xi is equipped with the

topology where a subset U is open if and only if U ∩Xi is open for all i.638

(2) If we work in the category of groups, then we cannot use the de�nition of (0)
and (1), since the union of groups is not a group. Therefore we de�ne the direct
limit via the �smallest group that contains all Xi�, i.e. we de�ne it as the group

lim−→Xi :=
( ∗
i∈I
Xi

)
/ 〈〈{fij(x) · x−1 | i ≤ j and x ∈ Xi}〉〉.

(3),(4),(5) If we work in the category of abelian groups, or in the category of rings or in
the category of R-modules, then we de�ne639

lim−→Xi :=
(⊕
i∈I
Xi

)
/ {fij(x)− x | i ≤ j and x ∈ Xi}.

Furthermore in all six cases we denote by gj : Xj → lim−→Xi, j ∈ I the obvious maps. It
is now straightforward to verify that in all �ve categories we provided a direct limit. We
leave the details to the reader. �

637Why is there no such diagram with C = 0 or C = Z2 and homomorphisms α and β?
638Note that for the above example of the pushout we do not get the same topological space (why not?)
but we get a topological space that is homeomorphic (why?) to the above pushout. Since we only care
about the direct limit up to homeomorphism this makes no di�erence.
639Here we really mod out by the subgroup generated by the di�erences fij(x)− x.
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Remark.
(1) Suppose we are given a direct system ({Xi}i∈I , {fij : Xi → Xj}i≤j) in any of the four

algebraic categories mentioned in the previous proposition. Now we assume that
(I,≤) is not only a preordered set, but that it is in fact a directed set. Then, as for
direct limits of sets and topological spaces, we can also de�ne

lim−→Xi :=
( ⊔
i∈I
Xi

)
/ ∼ where x ∼ fij(x) for all i ≤ j, x ∈ Xi

and we denote by gj : Xj → lim−→Xi, j ∈ I, the obvious maps. If we work in the
category of groups, then lim−→Xi is naturally a group as follows: if we are given a ∈ Xi

and b ∈ Xj, by de�nition of a directed set there exists k ∈ I with i ≤ k and j ≤ k,
and we de�ne

[a] · [b] :=
[
fik(a)︸ ︷︷ ︸
∈Xk

· fjk(b)︸ ︷︷ ︸
∈Xk

]
∈ lim−→Xi.

It follows easily from the de�nition of a direct system that this de�nition of the
product structure is independent of the choice of k and that this de�nes indeed a
group structure on lim−→Xi. Similarly we deal with the case that we work in the other
three algebraic categories.

(2) An important special case is given by I = N0 and where the maps fij : Xi → Xj are
inclusion maps. In this case one can in fact take

lim−→Xi :=
⋃
i∈N0

Xi.

The algebraic structure is de�ned as in the previous remark.

We continue our discussion with the following lemma that gives a particularly simple but
commonly used calculation of a direct limit.

Lemma 56.2. (Direct Limit Stabilization Lemma) Let fn : Xn → Xn+1 be a sequence
of morphisms in any category. Suppose there exists an N ∈ N such that all fn for n ≥ N
are isomorphisms. Then lim−→Xn exists and it is naturally isomorphic toXN , more precisely,
a direct limit is given by lim−→Xn := XN and the maps

fN−1 ◦ · · · ◦ fn+1 ◦ fn : Xn → XN if n ≤ N,
(fn ◦ · · · ◦ fN+1 ◦ fN)−1 : Xn → Xn if n > N

de�ne a direct limit.
Proof. We will provide the proof in Exercise 56.4. �

56.3. The direct limit in the topological category. In this short section we discuss a
few results about direct limits that are speci�c to the category of topological spaces. We
start out with the discussion of an important example of direct limits in the topological
category.
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Lemma 56.3. (Direct Limit-of-Topological Spaces Lemma) Let ({Xi}i∈N0 , {fij}i≤j)
be a direct system in the category of topological spaces. We assume that all the maps
fij : Xi → Xj are inclusion maps.
(1) In this case one can in fact take

lim−→Xi :=
⋃
i∈N0

Xi

where the topology is given, as in the proof of the Direct Limit Existence Proposi-
tion 56.1, by the condition that U Ă X is open if and only if each U ∩Xi is an open
subset of Xi.

(2) For each i ∈ N the obvious map Xi → lim−→Xi is an embedding.

Proof.

(1) The argument is the same as in the proof of the Direct Limit Existence Proposi-
tion 56.1 (1).

(2) Let i ∈ N. The map Xi → lim−→Xi is evidently injective and continuous. By the Open

-Injective Map Lemma 2.16 (1) it remains to show that the map is an open map.
Thus let Ui Ă Xi be an open subset. By de�nition of the subspace topology there
exists an open subset Ui+1 Ă Xi+1 such that Ui+1∩Xi = Ui. We iterate this procedure
to obtain subsets Ui, Ui+1, Ui+2, . . . . We set U :=

⋃
j≥n
Uj. Evidently U ∩Xi = Ui. �

Finally we conclude this section with two lemmas which show that in the category of topo-
logical spaces direct limits commute, under favorable circumstances, with direct products
and quotients.

Lemma 56.4. (Direct Limits-and-Products Lemma) Let (I,≤) be a preordered set
and let ({Xi}i∈I , {fij : Xi → Xj}i≤j) be a direct system in the category of topological
spaces. We denote by gi : Xi → lim−→Xi the canonical maps. Furthermore let Y be a
topological space. By de�nition of the direct limit the maps

gi × idY : Xi × Y → (lim−→Xi)× Y
induce a map lim−→ (Xi × Y ) →

(
lim−→Xi

)
× Y.

If Y is regionally compact, then this map is a homeomorphism.

Example. Let f : X → Y and g : X → Z be maps between topological spaces. These
maps de�ne a pushout system, and taking the product with [0, 1] also de�nes a pushout
system. We get the following two diagrams:

X
f
//

g
��

Y
i
��

Z
j
// X ∪Y Z

and

X×[0, 1]
f×id

//

g×id
��

Y ×[0, 1]

I
�� i×id

  

Z×[0, 1]
J //

j×id //

X×[0, 1] ∪Y×[0,1] Z×[0, 1]

++

(X∪Y Z)×[0, 1].
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By the property of the pushout we have the diagonal map. Since [0, 1] is regionally compact
we obtain from the Direct Limits-and-Products Lemma 56.4, or more directly from the
Product-Quotient Mixing Lemma 13.6, that the diagonal map is a homeomorphism.

Sketch of proof. This lemma follows easily from the explicit description of the direct
limit in the category of topological spaces that we gave in the Direct Limit Existence
Proposition 56.1 together with the Product-Quotient Mixing Lemma 13.6. �

Lemma 56.5. Let (I,≤) be a preordered set and let ({Xi}i∈I , {fij : Xi → Xj}i≤j) be a
direct system in the category of topological spaces. Let G be a group. Suppose that for
each i ∈ I we are given an action of G on Xi such that given any i ≤ j the following
diagram commutes:

G×Xi

idG×fij
��

// Xi

fij
��

G×Xj
// Xj.

It follows almost immediately from this data that G also acts on lim−→Xi. We denote by
gi : Xi → lim−→Xi the canonical maps. By de�nition of the direct limit the corresponding
maps

Xi/G → (lim−→Xi)/G

induce a map lim−→ (Xi/G) →
(
lim−→Xi

)
/G.

This map is a homeomorphism.

Sketch of proof. This lemma follows easily from the explicit description of the direct
limit in the category of topological spaces that we gave in the Direct Limit Existence
Proposition 56.1. �

56.4. Fundamental groups and direct limits. In this section we want to address the
following question:

Question 56.6. Let ({Xi}i∈I , {fij}i≤j) be a direct system of topological spaces. Now we
can form the direct limit lim−→Xi of the topological spaces. The maps fij also induce homo-
morphisms on fundamental groups. The question is, when does �taking limits commute
with taking fundamental groups�, i.e. under what circumstances do we have640

π1

(
lim−→Xi

)
= lim−→π1(Xi) ?

Example. We have already seen two instances where the equality of the question holds.
(1) Suppose X is a topological space that is the union of two open subsets U and V such

that U, V and U ∩ V are path-connected. We �x a base point in U ∩ V . Then

π1

(
lim−→

U ∩ V→ U
↓
V

)
= π1(X) = π1(U) ∗π1(U∩V ) π1(V ) = lim−→

π1(U ∩ V ) → π1(U)
↓

π1(V )↑ ↑ ↑
see page 1260 Seifert�van Kampen see page 1260

Theorem 54.1

640As it is this question is not well-phrased, since fundamental groups depend on base points and we ignored
them in the above discussion.
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(2) Let X be a path-connected topological space and let Xk, k ∈ N be a sequence of
subsets of X such that the following hold:
(a) each Xk is open,
(b) each Xk is simply connected,
(c) the sequence Xk is nested, i.e. for each k we have Xk Ă Xk+1,
(d) we have

⋃
k∈N

Xk = X.

Then for any w ∈ X1 we have641

π1

(
lim−→Xi, w

)
= π1

( ⋃
i∈N
Xi, x0

)
= {e} = lim−→{e} = lim−→π1(Xi, w).

↑ ↑
see the Direct Limit-of-Topological Spaces Lemma 56.3Lemma 52.6

The following proposition generalizes the second example.

Proposition 56.7. (Direct Limit-π1-Proposition) Let Xi, i ∈ N be a sequence of
topological spaces such that the following holds:
(1) the sequence is nested, i.e. for each i ∈ N we have Xi Ă Xi+1,

and such that one of the following two conditions holds:
(2) every compact subset of lim−→Xi is already contained in one of the Xi, or

(3) each Xi is open in Xi+1.
Then for any w ∈ X1 we have

π1

(
lim−→Xi, w

)
= lim−→π1(Xi, w).

Remark. We will see that the proof of the Direct Limit-π1-Proposition 56.7 is a general-
ization of the ideas behind the proof of Lemma 52.6.

The following lemma shows that the hypothesis (3) in the Direct Limit-π1-Proposition 56.7
implies in fact hypothesis (2).

Lemma 56.8. Let Xi, i ∈ N be a sequence of topological spaces such that each Xi is open
in Xi+1. Then every compact subset of lim−→Xi is already contained in one of the Xi.

Proof of Lemma 56.8. Let Xi, i ∈ N be a nested sequence of topological spaces such
that each Xi is open in Xi+1.
Claim. For every i ∈ N the subset Xi is open in X.

Proof. By the de�nition of the topology on X we have to show that for each j ∈ N the
intersection Xi ∩ Xj is open in Xj. Since the sequence is nested it follows that for j ≤ i
we have Xi ∩Xj = Xj, in particular Xi ∩Xj is open in Xj. Now we need to show that Xi

is open in any Xi+k with k ∈ N0. We do so by induction on k. For k = 0 the statement
is clear. Suppose we already know that Xi is open in Xi+k. Then Xi is an open subset in

641Recall that by the discussion on page 1257 the topological spaces {Xi}i∈N together with the inclusion
maps form a direct system in the category of topological spaces. The direct limit is given by the union of
all Xi's, where the union is given a suitable topology. Furthermore note that the inclusion induced maps
π1(Xi, w)→ π1(Xj , w) turn the groups {π1(Xi, w)}i∈N into a direct system in the category of groups.
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Xi+k and Xi+k is in turn an open subset of Xi+k+1 by our hypothesis. It follows that Xi is
open in Xi+k+1.642 �
Now let K Ă lim−→Xi be a compact subset. From the claim we know that each Xi is open
in X = lim−→Xi we obtain immediately from Lemma 2.12 and the hypothesis that the Xi's
are nested that there exists a k ∈ N such that K Ă Xi. �

The proof of the Direct Limit-π1-Proposition 56.7 also relies on the following lemma that
we will use implicitly and explicitly on numerous occasions.

Lemma 56.9. Let (X, x0) be a pointed topological space.
(1) Given any g ∈ π1(X, x0) there exists a compact subset K of X with x0 ∈ K such

that g lies in the image of the inclusion induced map π1(K, x0)→ π1(X, x0).
(2) Let Y be a subset of X with x0. If g ∈ π1(Y, x0) lies in the kernel of the inclusion

induced map π1(Y, x0)→ π1(X, x0), then there exists a compact subset K of X such
that g lies in the kernel of the inclusion induced map π1(Y, x0)→ π1(Y ∪K, x0).

Proof.

(1) Let g ∈ π1(X, x0). We represent g by a loop γ : [0, 1] → X. By the Compact Image
Lemma 2.13 the image γ([0, 1]) is compact. Thus K := γ([0, 1]) has the desired
property.

(2) Now suppose that we are given g = [γ] ∈ π1(Y, x0) that lies in the kernel of the
inclusion induced map π1(Y, x0) → π1(X, x0). By de�nition this means that there
exists a path-homotopy H : [0, 1] × [0, 1] → X from the path γ to the constant
path. We appeal again to the Compact Image Lemma 2.13 to deduce that K :=
H([0, 1]× [0, 1]) is a compact subset of X. Evidently K has the desired property. �
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Now we can provide the proof of the Direct Limit-π1-Proposition 56.7.

Proof of the Direct Limit-π1-Proposition 56.7. By Lemma 56.8 we only have to prove
the proposition under the hypothesis (2). Thus let Xi, i ∈ N be a nested sequence of topo-
logical spaces such that every compact subset of lim−→Xi is already contained in one of the

Xi. Let w ∈ X1. We write X =
⋃
i∈I
Xi = lim−→Xi.

Given k ≤ l we denote by ϕkl the inclusion induced map π1(Xk, w) → π1(Xl, w).
We denote by Φ: lim−→ π1(Xi, w) → π1(X,w) the unique homomorphism that makes the

642Here we use the following general fact: if U is an open subset in V and V is an open subset of W ,
then U is an open subset of W . Why is that true?
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following diagram commute for any k ≤ l:

π1(Xl, w)

ψl
** ))

lim−→π1(Xi, w)
Φ

∃!
// π1(X,w).

π1(Xk, w)

ψk 44 66
ϕkl

OO

We need to show that Φ is an isomorphism. First we show that the map Φ is surjective.
Let g ∈ π1(X,w). By Lemma 56.9 (1) and our hypothesis (2) there exists a k ∈ N such
that g lies in the image of the inclusion induced map π1(Xk, w) → π1(X,w). We consider
the following commutative diagram

lim−→ π1(Xi, w)
Φ // π1(X,w).

π1(Xk, w) [γ]7→g

66
55

By our choice of k we see that g lies in the image of the curved map, hence it also lies in
the image of Φ. This concludes the proof that Φ is surjective.

Now we show that the map Φ is injective. So let g ∈ lim−→ π1(Xi, w). Since (N,≤) is a
directed set we can use the description of the direct limit from page 1262, i.e. we can write

lim−→ π1(Xi, w) =
( ⊔
i∈N
π1(Xi, w)

)
/ ∼ where g ∼ ϕkl(g) for all k ≤ l, g ∈ π1(Xk, w).

In particular we see that there exists a k such that g lies in the image of the map
ψk : π1(Xk, w) → lim−→ π1(Xk, w). It follows from Lemma 56.9 (1) and our hypothesis (2)

that there exists an l ≥ k such that ϕkl([γ]) is trivial in π1(Xl, w). We obtain the following
diagram

π1(Xl, w)

**

lim−→π1(Xi, w)
g 7→e

// π1(X,w).

π1(Xk, w)
[γ]7→g
44

[γ] 7→e

OO

It follows immediately that g itself is trivial. This concludes the proof that Φ is injective. �

Examples.
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(1) As on page 1257 we denote by X∞ the interval (0,∞) with in�nitely many circles
attached. We pick the base point w = 1

4
. We then have 643

π1

(
X∞, w

)
= π1

(
lim−→Xr, w

)
= lim−→π1

(
Xr, w

)
= lim−→〈x1, . . . , xr〉 = 〈x1, x2, . . . 〉.

↑ ↑ ↑ ↑
see page 1259 Direct Limit-π1-Proposition 56.7Proposition 52.5 see page 1259

Furthermore the proof of the Fundamental Group-of-Graph Proposition 52.5 and the
above argument show that the generators x1, x2, . . . of π1(X∞) can be chosen such
that xn, n ∈ N, corresponds to a loop which goes �once around the n-th circle�.

(2) Now we consider

X̃ := R ∪
⋃
j∈Z

{
z ∈ C

∣∣ ∣∣z − (j + 1
4i)
∣∣ = 1

4

}︸ ︷︷ ︸
circle of radius 1

4
around j + 1

4
i ∈ C

Ă C.

Put di�erently, X̃ is the real axis with in�nitely many circles attached. The same
argument as in (1) shows that π1(X̃) is the free group on in�nitely many generators
xn, n ∈ Z. In the �gure below we illustrate a covering map p : X̃ → X = S1∨S1. By
Corollary 48.14 the map π1(X̃)→ π1(X) is a monomorphism. We had just seen that
π1(X̃) is a free group on in�nitely generators and by the discussion on page 1173
we know that π1(X) is a free group on two generators. In fact, with appropriate
orientations and conventions this shows that the homomorphism

π1(X̃) = 〈. . . , x−2, x−1, x0, x1, x2, . . . 〉 → 〈s, t〉 = π1(X)
xn 7→ snts−n

is a monomorphism. In particular we see that the free group 〈s, t〉 contains a subgroup
that is �much larger� than the original free group itself.

������������������������ ������

x1x0x−1

t

x2

X̃

p
X = S1 ∨ S2

s

(3) An argument similar to (1) shows that π1(C\Z) is a free group generated by xn, n ∈ Z
where xn is a loop which goes �once around the n-th hole�. We leave the task of
providing the details to the reader. We refer to the �gure below for an illustration.

643The third equality follows from the Fundamental Group-of-Graph Proposition 52.5, to be more precise,
it follows from the fact that for any r ≤ s the inclusion map ιrs : Xr → Xs and the isomorphisms of the
Fundamental Group-of-Graph Proposition 52.5 give rise to a commutative diagram

π1(Xr, w)
∼= //

(ιrs)∗
��

〈x1, . . . , xr〉
xi 7→xi
��

π1(Xs, w)
∼= // 〈x1, . . . , xs〉.

The fact that this diagram commutes follows easily from the proof of the Fundamental Group-of-Graph
Proposition 52.5. We leave the details to the reader.
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56.5. The surface of �in�nite genus�. In this section we return to the initial goal of
this chapter, namely we want to determine the fundamental group of the surface of �in�nite
genus� that we illustrate in the �gure below. Before we can calculate its fundamental group
we have to give a precise description of the surface of in�nite genus.
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surface of �in�nite genus�

De�nition. We write
F := the torus minus two open disks.

We label the two boundary components by C− and C+. We pick orientation-preserving
di�eomorphisms ϕ± : S1 → C±. We de�ne

Σ∞ :=
( ⋃
i∈Z

(F × {i})
)/
∼ where (ϕ+(x), i) ∼ (ϕ−(x), i+ 1) for x ∈ S1 and i ∈ Z.

We refer to Σ∞ as the surface of in�nite genus. It should be clear that this de�nition gives
a rigorous description of the surface that we sketched in the �gure on page 1269.644
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F

=Σ∞

C−

F×{−1}

C+

F×{0} F×{1} F×{2}

Lemma 56.10.
(1) The surface Σ∞ is a 2-dimensional orientable smooth manifold.
(2) Given k ∈ N we write

Xk :=
( k⋃
i=−k+1

(F × {i})
)/
∼ where (ϕ+(x), i) ∼ (ϕ−(x), i+ 1) for x ∈ S1

and i ∈ {−k + 1, . . . , k − 1}.
The obvious maps Xk → Σ∞ de�ne a homeomorphism

lim−→Xi

∼=−−→ Σ∞.

Sketch of proof.

644One might be tempted to say that the surface of in�nite genus is the connected sum of in�nitely many
tori. But it is not clear that �connected sum of in�nitely many tori� is actually a well-de�ned concept.
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(1) This statement follows fairly easily from the Gluing-Smooth Manifolds-Proposition ??.
(2) It follows almost immediately from the Compact-Hausdor� Proposition 2.17 (2) that

for each k ∈ Z the two obvious maps Yk := F × {k} → lim−→Xi and F × {k} → Σ∞

are embeddings. Thus we can view each Yk as a subset of lim−→Xi and as a subset
of Σ∞. By unraveling the de�nitions of the topology one sees that in both cases a
subset U is open if and only if the intersection with each Yk is open. It now follows
easily that the map lim−→Xi → Σ∞ is a homeomorphism.

In both cases we leave it to the reader to �ll in all the details. �

In the following lemma we compute the fundamental group of the surface of in�nite genus.

Lemma 56.11. The fundamental group of the surface of in�nite genus is the free group
on in�nitely many generators.

Remark. In Proposition 64.5 we will see that the fundamental group of any non-compact
orientable 2-dimensional smooth manifold is a free group.
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Proof. We continue with the notation from Lemma 56.10. By Lemma 56.10 (2) it su�ces
to show that the fundamental group of lim−→Xi is a free group on in�nitely many generators.

By Lemma 55.11 we have645

π1(F ) = 〈a, b, c, c′ | c = [a, b] · c′〉 = 〈x, y, z, z′ | z = [x, y] · z′〉

where the generators z, z′ and c, c′ correspond to the two boundary components. An induc-
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tion argument, using the Seifert�van Kampen Theorem 54.4 for smooth manifolds together
with Lemma 53.23 and the above presentations of π1(F ) shows that for any l ≥ k we have

645This is indeed a consequence of Lemma 55.11, the only change is that we reversed the orientation of
one of the boundary curves.
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a commutative diagram

π1(Xk)

��

∼= //

〈
x1, y1, ..., xk, yk
a1, b1, ..., ak, bk

zk, ck

∣∣∣ k∏
j=1

[aj, bj]ck =
k∏
j=1

[xj, yj]zk

〉
ck 7→

l∏
j=k+1

[aj ,bj ]cl zk 7→
l∏

j=k+1
[xj ,yj ]zl

��

π1(Xl)
∼= //

〈
x1, y1, ..., xl, yl
a1, b1, ..., al, bl

zl, cl

∣∣∣ l∏
j=1

[aj, bj]cl =
l∏

j=1

[xj, yj]zl

〉
where the left vertical map is induced by the inclusion Xk → Xl. We leave the details to
the energetic reader. For any l ≥ k we also have the following commutative diagram of

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
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z1c1

x1

y1b1

a1

homomorphisms:〈
x1, y1, ..., xk, yk
a1, b1, ..., ak, bk

p
〉

� _

��

∼=

p 7→
k∏
j=1

[aj ,bj ]ck

//

〈
x1, y1, ..., xk, yk
a1, b1, ..., ak, bk

zk, ck

∣∣∣ k∏
j=1

[aj, bj]ck =
k∏
j=1

[xj, yj]zk

〉
ck 7→

l∏
j=k+1

[aj ,bj ]cl zk 7→
l∏

j=k+1

[xj ,yj ]zl

��〈
x1, y1, ..., xl, yl
a1, b1, ..., al, bl

p
〉 ∼=

p 7→
l∏

j=1
[aj ,bj ]cl

//

〈
x1, y1, ..., xl, yl
a1, b1, ..., al, bl

zl, cl

∣∣∣ l∏
j=1

[aj, bj]cl =
l∏

j=1

[xj, yj]zl

〉
The horizontal homomorphisms are in fact isomorphisms, this is for example a consequence
of the Tietze transformations from page 1196.646

We denote by Σ∞ the surface of in�nite genus. Furthermore given any i ∈ N0 we write
Ui = Xi \ ∂Xi. Note that each Ui is in fact an open subset of Σ∞. We have

by the above two
Direct Limit-π1-Proposition 56.7 commutative diagrams

↓ ↓
π1(Σ∞) = π1

(
lim−→Ui

)
= lim−→π1(Ui) = lim−→π1(Xi) = lim−→

〈
x1, y1, .., xi, yi
a1, b1, .., ai, bi

p
〉

=
〈
x1, y1, ..
a1, b1, ..

p
〉
.

↑ ↑ ↑
since Σ∞ =

⋃
i∈N0

Ui since π1(Ui)
∼=−→ π1(Xi) see example on

page 1259

646Indeed, we write X = {x1, y1, . . . , xm, ym, a1, b1, . . . , am, bm}, u =
m∏
j=1

[aj , bj ], v =
m∏
j=1

[xj , yj ], c = cm and

z = zm, then

〈X, z, c | uc = vz〉 = 〈X, z, c | z = v−1uc〉
∼=←− 〈X, c〉

∼=−→ 〈X, c, p | p = uc〉 = 〈X, c, p | X, c = u−1p〉
∼=←− 〈X, p〉

where all three isomorphisms are the isomorphisms of the Tietze transformation (2). It is straightforward
to see that the concatenation equals for m = k, l precisely the horizontal maps in the diagram.
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This concludes the proof of the lemma. �

In the �nal part of this section we will see that we can actually use Lemma 56.11 to draw
an interesting conclusion on fundamental groups of surfaces of �nite genus. First we have
the following lemma.
Lemma 56.12. Let g ≥ 2. We denote by Σ∞ the surface of in�nite genus and we denote
by Σg the surface of genus g.
(1) There exists an action of Z on Σ∞ that is discrete and continuous and such that the

quotient Σ∞/Z is homeomorphic to Σg.
(2) There exists a covering p : Σ∞ → Σg of in�nite degree.
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surface Σ∞ of �in�nite genus�

action of 1 ∈ Z

Σ∞/Z Σ2

get identi�ed

∼=

Sketch of proof.
(1) We continue with the notation from page 1269 and Lemma 56.10. Let g ∈ N≥2. As

before we consider

Σ∞ :=
( ⋃
i∈Z

(F×{i})
)/
∼ where (ϕ+(x), i) ∼ (ϕ−(x), i+ 1) for x ∈ S1 and i ∈ Z.

Given n ∈ Z and [(x, k)] ∈ Σ∞ we de�ne n · [(x, k)] := [(x, k+ (g− 1) · n)]. It follows
from Exercise 56.14647 that this action is continuous and proper. Furthermore we ob-
tain from Exercise 56.14 that the quotient Σ∞/Z is homeomorphic to the topological
space that is given by identifying the two boundary components of( g−1⋃

i=0
(F × {i})

)/
∼ where (ϕ+(x), i) ∼ (ϕ−(x), i+ 1) for x ∈ S1

and i ∈ {0, . . . , g − 1}.
The experienced reader will surely be convinced that this topological space is home-
omorphic to the surface of genus g. We leave it to the scrupulous reader to �ll in the
details.

(2) This statement follows immediately from (1) together with the Actions-Covering
Proposition 48.9. �

Using the results of this section we can prove the following proposition.

647It follows from the Smooth Collar Neighborhood Theorem 28.3 together with the Basics-of-Collars
Lemma 28.4 that there exist open disjoint neighborhoods of the two boundary components of F , thus the
extra hypothesis for Exercise 56.14 (c) is in fact satis�ed.
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Proposition 56.13. Let g ≥ 2. We consider the automorphism

ϕ : 〈{x1,i, y1,i, . . . , xg−1,i, yg−1,i}i∈Z〉︸ ︷︷ ︸
free group of in�nite rank

→ 〈{x1,i, y1,i, . . . , xg−1,i, yg−1,i}i∈Z〉︸ ︷︷ ︸
same free group of in�nite rank

that is induced by xj,i 7→ xj,i+1

yj,i 7→ yj,i+1.

There exists an isomorphism

π1(Σg) ∼= 〈{x1,i, y1,i, . . . , xg−1,i, yg−1,i}i∈Z〉oϕ Z.
Sketch of proof. We consider the surface Σ∞ of in�nite genus together with the Z-action
that is provided by Lemma 56.12 (1). By the Actions-Covering Proposition 48.9 (2) we
know that the projection p : Σ∞ → Σ∞/Z = Σg is a covering.

We pick a base point a0 ∈ Σg. Next let ã0 ∈ Σ∞ be a point with p(ã0) = a0. It follows
from Corollary 48.14 that p∗ : π1(Σ∞, ã0) → π1(Σg, a0) is a monomorphism. We will use
this monomorphism to view π1(Σ∞, ã0) as a subgroup of π1(Σg, a0). We pick a path µ̃ ∈ Σ∞
from a0 = 0 · a0 to 1 · a0. We write µ := p ◦ µ̃ and we consider the isomorphism

ψ : π1(Σ∞, ã0) → π1(Σ∞, ã0)
g 7→ [µ] · g · [µ]−1.

Now we have the following isomorphisms:

by Lemma 56.11 we have an explicit isomorphism π1(Σ∞, ã0) ∼= 〈{x1,i, y1,i, . . . , xg−1,i, yg−1,i}i∈Z〉
we leave it to the reader to verify that ψ and ϕ match up

↓
π1(Σg, a0)

∼=−→ π1(Σ∞, ã0) oψ Z
∼=−→ 〈{x1,i, y1,i, . . . , xg−1,i, yg−1,i}i∈Z〉oϕ Z.

↑
by the Fundamental Group-via-Actions Theorem 48.16 (2) we have an
epimorphism γ : π1(Σg, a0)→ Z with γ([µ]) = 1 and with kernel π1(Σ∞, ã0)
thus we obtain the isomorphism from the Semidirect Product Lemma 50.5

We have thus found the promised isomorphism. �
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Σ∞ Σ2
p

ã0 µ̃
µ

x0 x1

a0

Using Proposition 56.13 we can prove the following proposition.

Proposition 56.14. Let g ≥ 2. Every abelian subgroup of π1(Σg) is isomorphic to Z.

Proof. This proposition is a pleasant application of Proposition 56.13 and Exercise 51.12.
We will provide the details in Exercise 56.11. �

56.6. The inverse limit of an inverse system. For completeness' sake we also introduce
the inverse limit of an inverse system, even though it will not play a role in the intermediate
future.
De�nition. Let (I,≤) be a preordered set and let C be a category. An inverse system
in the category C over I is a family of objects {Xi}i∈I in C , together with a family of
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morphisms {fji : Xj → Xi} for all i, j ∈ I with i ≤ j648 such that the following two
conditions are satis�ed:
(1) fii = idXi for all i ∈ I,
(2) fki = fji ◦ fkj for all i, j, k ∈ I with i ≤ j ≤ k.

Examples.
(A) For each i ∈ N we de�ne Xi := Zi and for i ≤ j we denote by

fji : Zj → Zi
(x1, . . . , xj) 7→ (x1, . . . , xi)

the projection onto the �rst i coordinates. Then ({Zi}i∈N, {fji}i≤j) forms an inverse
system in the category of groups.

(B) Let p be a prime. For each i ∈ N we de�ne Xi := Zpi and for i ≤ j we denote by

fji : Zpj → Zpi
n+ pjZ 7→ n+ piZ

the natural projection. Then ({Zpi}i∈N, {fji}i≤j) forms an inverse system in the
category of rings.

(C) We let I = N, but this time we use the preorder given by divisibility, i.e. we write
k ≤ l if and only if k|l. For each k ∈ N we de�ne Xk := Zk and for k|l we denote by

flk : Zl → Zk
n+ lZ 7→ n+ kZ

the natural projection. Then ({Zk}k∈N, {flk}k|l) forms an inverse system in the cate-
gory of rings.

The following de�nition is the �mirror� image of the de�nition of the direct limit of a direct
system.

De�nition. Let (I,≤) be a preordered set and let C be a category. Furthermore suppose
we are given an inverse system ({Xi}i∈I , {fji}i≤j) in the category C . An inverse limit649

of the inverse system is an object Y in C together with morphisms gi : Y → Xi, i ∈ I, in
the category C such that the following two conditions are satis�ed:
(1) For all i ≤ j we have fji ◦ gj = gi : Y → Xi, i.e. for all i ≤ j the following diagram

commutes
Xj

fji
��

Y

gj 55

gi ))
Xi.

(2) If we are given another object Y ′ and morphisms g′i : Y
′ → Xi, i ∈ I, that satisfy

(1), then there exists a unique morphism F : Y ′ → Y such that for all i ≤ j the

648So here for i ≤ j we have a morphism Xj → Xi instead of Xi → Xj in a direct system.
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following diagram commutes

Xj

fji

��

Y ′

g′j ..

g′i
00

F

∃!
// Y

gj

99

gi

%%

Xi.

The �usual argument� for objects that satisfy a universal property shows that if the inverse
limit exists, then it is unique in an appropriate sense. We denote the inverse limit by lim

←−
Xi

or sometimes by lim
←−
I

Xi.

In the following diagram we compare schematically the de�nition of the direct limit of a
direct system to the inverse limit of an inverse system:650

��
��
��
��

����

�
�
�
�

�
�
�
�

�
�
�
�

Xi

Xj
Xk

Xl

preorder direct limitXm

direct system

lim−→Xi Y ′
∃!

universal property
Xi

Xj
Xk

Xl Xm

inverse system

lim
←−

Xi
∃!

Y ′

universal property

inverse limit preorder

Examples. In order to get an idea of how to construct inverse limits we �rst consider the
special case that the preorder on I is trivial, in the sense that we have i ≤ j if and only if
i = j.

(D) Let I be a set with the trivial preorder. Suppose that for every i ∈ I we are given
a set Xi. Together with the identity maps of the Xi this de�nes an inverse system

649Somewhat confusingly an �inverse limit� is often also called an �inductive limit� or �limit of an inverse
system�.
650The di�erence between a direct limit and an inverse limit is not the direction of the arrows between
the Xi. In fact given a preorder �≤� one could de�ne a preorder �≤̃� via a≤̃b if and only if b ≤ a, hence
a direct system over (I,≤) is an inverse system over (I, ≤̃). The real di�erence is whether the Xi map to
the limit, or whether the limit maps to the Xi.
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over I in the category of sets. We claim that the inverse limit is given by651

lim
←−

Xi =
∏
i∈I
Xi

together with the maps gi that are given by the projection onto the i-component.
Now we verify this statement. Since we only have i ≤ j if i = j there is nothing to
verify in part (1) of the de�nition of the inverse limit. Now suppose we are given a
set Y ′ and maps g′i : Y

′ → Xi. Then we de�ne

F : Y ′ → lim
←−

Xi

y 7→

(
I →

∏
i∈I
Xi

i 7→ g′i(y)

)
.

It is straightforward to verify that F is uniquely determined and that it has the
desired property. We have thus determined the inverse limit lim

←−
Xi.

(E) Let I be a set with the trivial preorder and suppose that for any i ∈ I we are given
a topological space Xi. Together with the identity maps of the Xi this de�nes an
inverse system over I in the category of topological spaces. As in (D) we de�ne

lim
←−

Xi =
∏
i∈I
Xi

and each map gi is again given by the projection onto the i-component.
To conclude that we have found an inverse limit in the category of topological

spaces we still have to equip
∏
i∈I
Xi with a topology which has the following two

properties:
(i) the maps gi :

∏
i∈I
Xi → Xi are continuous,

(ii) given a topological space Y ′ and continuous maps g′i : Y
′ → Xi the map F , de�ned

as in (D), is continuous.652

We set

B :=
{∏
i∈I
Ui Ă

∏
i∈I
Xi

∣∣∣ (1) each Ui is open in Xi and
(2) there exist only �nitely many i's with Ui 6= Xi

}
.

651Recall that the product
∏
i∈I
Xi is de�ned as the set of all maps f : I →

⊔
i∈I
Xi with the property that

f(i) ∈ Xi for all i ∈ I. Such a map f is often written as (f(i))i∈I and often we refer to f(i) as the
i-component of f . Furthermore we refer to the map∏

i∈I
Xi → Xi

f 7→ f(i)

as the projection onto the i-component. Note that if the Xi's are groups, rings or modules, then the product
inherits this algebraic structure by component-wise multiplication and addition.
652On the product

∏
i∈I
Xi we could also consider the topology T that is generated by all sets of the form∏

i∈I
Ui with Ui open in Xi. This might be a more �natural� topology on

∏
i∈I
Xi. But with this topology T

the map F does not necessarily have to be continuous. The problem is that T has �too many� open sets.
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It is straightforward to verify that B has the basis property that we introduced on
page 132. We equip

∏
i∈I
Xi with the topology generated by this basis and we refer to

this topology as the product topology.653 Now we need to verify that we found the
correct topology on the direct limit.
(i) It follows immediately from the de�nitions that the maps gi are continuous with

respect to the product topology.
(ii) Suppose we are given Y and g′i as above. We denote by F the map de�ned as

above. We claim that F is continuous. By the Subbasis-Continuity Proposi-
tion 2.9 it su�ces to verify that the preimage of any set in B is open. So let

∏
i∈I
Ui

be a set in B. Then

F−1
( ∏
i∈I
Ui

)
=
⋂
i∈I

(g′i)
−1(Ui) =

⋂
Ui 6=Xi

(g′i)
−1(Ui)︸ ︷︷ ︸

open in Y ’

=
intersection of �nitely

many open subsets of Y ′.

This concludes the proof that F is continuous.

Now we can prove fairly easily that inverse limits exist in many categories that are of
interest to us.
Proposition 56.15. (Inverse Limit Existence Proposition) The inverse limit of any
inverse system exists in the following categories:
(0) the category Set of sets,
(1) the category Top of topological spaces,
(2) the category Group of groups,
(3) the category TopGr of topological groups,
(4) the category AbGroup of abelian groups,
(5) the category Ring of rings,
(6) the category of R-modules, where R is a commutative ring.

Furthermore, the direct limits of (0),. . . ,(6) are �coherent�. For example if {Xi}i∈I is
a direct system of topological groups, then the direct limit is the direct system of the
corresponding topological spaces together together with an appropriate group structure.
We will see that the proof of the Inverse Limit Existence Proposition 56.15 is a relatively
straightforward generalization of the examples (D) and (E) above.

Proof. Let (I,≤) be a preordered set and let C be one of the seven given categories.
Furthermore let ({Xi}i∈I , {fji : Xj → Xi}i≤j) be an inverse system in the category C. We
de�ne

lim
←−

Xi :=
{

(xi)i∈I ∈
∏
i∈I
Xi

∣∣ fji(xj) = xi for all i ≤ j
}
.

Furthermore we denote by gi : lim
←−

Xi → Xi the natural projections. It follows immediately
from the de�nitions that for any i ≤ j we have fji ◦ gj = gi. Furthermore, given an object
Y ′ and morphisms g′i : Y

′ → Xi, i ∈ I which satisfy the condition fji ◦ g′j = g′i for all i ∈ I

653If the index set I is �nite, i.e. if we consider the product of �nitely many topological spaces, then this
de�nition of the product topology agrees with the de�nition given on page 224.
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we de�ne

F : Y ′ → lim
←−

Xi

y 7→

(
I →

∏
i∈I
Xi

i 7→ g′i(y)

)
.

It is straightforward to verify that F (Y ′) lies in lim
←−

Xi and that F is the unique map with

the desired property. This shows that the inverse limit exists in the category of sets.654

For the remaining six categories we will use the same de�nition of the direct limit as a
set and the same maps, but we now have to verify that we have objects and morphisms in
the given category.

(1) Suppose that we work in the category of topological spaces. We equip
∏
i∈I
Xi with

the product topology that we de�ned in Example (E) above. We equip lim
←−

Xi

with the subspace topology. The same argument as in Example (E) shows that
the maps gi and F are continuous.

(2) In the category of groups we view
∏
i∈I
Xi as a group via component-wise multipli-

cation. Since the fij are group homomorphisms we see that lim
←−

Xi is a subgroup

of
∏
i∈I
Xi. It is straightforward to verify that the above maps are all morphisms

in the category of groups.
(3) We equip the set lim

←−
Xi with the topological structure and the group structure

as in the above statements (1) and (2). It follows from Lemma 5.39 that this
turns lim

←−
Xi into a topological group, which turns out to be the inverse limit of

the inverse system of topological groups.
(4),(5),(6) These categories are dealt with the same way as (2).

For all seven categories we have now provided an inverse limit. Since we always equipped
the same set with di�erent structures we see that the direct limits are coherent. �

Remark. We consider the important special case that the preordered set (I,≤) = (N,≤).
Furthermore let

({Xn}n∈N, {fnm : Xn → Xm}m≤n)

654Now we will see that we can use the �same� inverse limit for all the categories, this is very di�erent
from the construction of the direct limit for the same categories. There, in the proof of the Direct Limit
Existence Proposition 56.1, we had to use several di�erent construction.
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be an inverse system over (N,≤) in any of the above seven categories. Given n ∈ N≥2 we
write gn := fn,n−1 : Xn → Xn−1. We have

lim
←−

Xi =
{

(x1, x2, x3, . . . ) | xn ∈ Xn for all n ∈ N and fnm(xn) = xm for all m ≤ n}
=
{

(x1, x2, x3, . . . ) | xn ∈ Xn for all n ∈ N and gn(xn) = xn−1 for all n ∈ N≥2}
↑

follows from fnm = fn,n−1 ◦ · · · ◦ fm+1,m = gn ◦ · · · ◦ gm+1

= all in�nite sequences of the form

: :

7→ ↓
x3 ∈ X3

7→ ↓ g3

x2 ∈ X2

7→ ↓ g2

x1 ∈ X1

This discussion shows that we can view of elements in the inverse limit as �upward going
sequences�.

Now we return to our initial examples of inverse systems and their inverse limits.

Examples.

(A) It follows quite easily from the previous remark that

lim
←−
n∈N

Zn = {(x1, x2, x3, . . . ) | xn ∈ Z} ∼= ZN.

Note that this is an uncountable group. Recall that on page 1258 we had determined
that

lim−→Zi = Z(N) = {(x1, x2, . . . ) | xi ∈ Z but only �nitely many xi are non-zero}

which is a countable group.655 Thus we see that in this particular case the inverse
limit is �much larger� than the direct limit.656

(B) Let p be a prime. The inverse limit Ẑp := lim
←−

Zpi of the rings Zpi = Z/piZ is called

the ring of the p-adic numbers.657 The p-adic numbers play a very prominent role in
many branches of pure mathematics.

(C) The inverse limit Ẑ := lim
←−

Zn of the rings Zn, n ∈ N, with the preorder on N de�ned

by the divisibility relation k|l, is called the ring of the pro�nite integers. Using the
Chinese Remainder Theorem one can show that

Ẑ ∼=
∏

prime p

Ẑp.

655Why is Z(N) countable?
656Note though that we are comparing limits of di�erent system, �rst of a direct system and then of an
inverse system.
657In number theory one often uses a di�erent convention, namely one writes explicitly Z/pZ for the
quotient ring and one denotes the p-adic numbers by Zp. If the expression �Zp� appears in a paper or a
book it is a good idea to check the convention used by the author.
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Now we continue with three examples that we had not considered yet.
(D) We let (I,≤) = (N,≤). Given i ∈ N we set Xi := N and for i ≤ j we de�ne

fji : Xj = N → Xi = N
n 7→ n+ (j − i).

Then ({Xi = N}i∈N, {fji}i≤j) forms an inverse system in the category of sets. In
Exercise 56.10 we will see that in this case the inverse limit is the empty set.

(E) Let X be a topological space. We denote by K the set of all compact subsets
of X. We consider K with the preorder given by inclusion, i.e. we have A ≤ B
if A Ď B. Given A ∈ K we de�ne XA := X \ A. Furthermore given A ≤ B we
denote by658 fAB : π0(XB) → π0(XA) the map induced by the inclusion XB → XA.
It is straightforward to verify that the sets {π0(XA)}A∈K , together with the inclusion
induced maps fAB for A ≤ B de�ne an inverse system in the category of sets. The
elements of ends(X) := lim

←−
π0(XA) are called the ends of X. In Exercise 56.13 we

will determine the number of ends of X = Rn.
(F) Given a topological space Y we denote by C(Y,R) the abelian group of all contin-

uous functions on Y . Note that for each subset W Ă Y we have a homomorphism
C(Y,R)→ C(W,R) given by f 7→ f |W , i.e. given by restricting a function on Y to a
function on W .

Let X be a topological space and let {Ui}i∈N be a sequence of open subsets such
that for each i ∈ N we have Ui Ă Ui+1 and such that

⋃
i∈N
Ui = X. Then the groups

{C(Ui,R)}i∈N together with the restriction maps form an inverse system. We leave
it to the reader to verify that the restriction maps from X to the Ui gives rise to an
isomorphism C(X,R) −→ lim

←−
C(Ui,R).

De�nition. Let ({0, x, y},≤) be the push-pull set as de�ned on page 1256, i.e. the pre-
ordered set with the non-trivial relations 0 ≤ x and 0 ≤ y, and let C be a category. An
inverse system in the category C over ({0, x, y},≤) consists of three objects A0, Ax, Ay,
the identity morphisms idA0 , idAx , idAy and morphisms fx : Ax → A0 and fy : Ay → A0.
We refer to such a system as a pullback system and often we arrange the morphisms in a
diagram as follows Ay

fy
��

Ax
fx

// A0.

If the inverse limit of such a pullback system exists, then we refer to it as the pullback of
the pullback system. The de�ning property of the pullback Z can be summarized in the
following diagram

658Recall that on page 167, given a topological space Y we de�ned π0(Y ) as the set of path-components
of Y . A map f : Y → Z between two topological spaces induces a map f∗ : π0(Y ) → π0(Z) in an obvious
way.
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Z ′

∃! ''

g′x

((

g′y

((
pullback Z gx

//

gy
��

Ay
fy
��

Ax
fx

// A0.

The following lemma deals with the pullback in the category of topological spaces.

Lemma 56.16. (Topological-Pullback Lemma) Let p : X → B be a map of topological
spaces, let C be a topological space and let f : C → B be a map.
(1) In the category of topological spaces the pullback of the pullback system

X
p
��

C
f
// B

is given by
f ∗X := {(c, x)∈C×X | f(c)=p(x)}

(c,x) 7→c
��

(c,x)7→x
// X

p
��

C
f

// B.

Often the pullback is denoted by f ∗X.
(2) If X and C are connected, then f ∗X is also connected.
(3) Let p : X → B be a covering.

(a) The pullback q : f ∗X → C is also a covering.
(b) If B is connected, then

deg(q : f ∗X → C) = deg(p : X → B).

(c) Let c ∈ C. We write b = f(c) and we pick659 x ∈ X such that p(x) = b. The
following equality holds:

q∗(π1(f ∗X, (c, x))) = f−1
∗ (p∗(π1(X, x))) Ă π1(C, c).

Proof.

(1) This statement follows quite easily from the de�nitions or alternatively from the proof
of the Inverse Limit Existence Proposition 56.15.

(2) We will prove this statement in Exercise 56.17.
(3) Let p : X → B be a covering. We write Z := f ∗X and z := (c, x). Finally we denote

by q : f ∗X → C the map given by (c, x) 7→ c.
(a) Suppose V Ă B is uniformly covered. In Exercise 56.16 we will verify that f−1(V )

is uniformly covered. Since f−1(V ) is open we see that q : Z → C is a covering.
(b) Since B is connected it makes sense to speak of the degree of p. For any c ∈ C

we have a bijection

q−1(c) = {(c, x) ∈ C ×X | f(c) = p(x)} bijection−−−−→ p−1(f(c)) = deg(p).

This shows that the degree of q equals the degree of p.

659Recall that covering maps are in particular surjective, in particular such x exists.
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(c) We need to show that q∗(π1(Z, z)) = f−1
∗ (π1(X, x)). We show the two inclusions

�Ă� and �Ą� separately.
�Ă� Let f̃ : Z → X be the map given by (c, x) → x. By construction we have

f ◦ q = f̃ ◦ p. But this implies immediately that f∗(q∗(π1(Z, z)) is contained
in p∗(π1(X, x)).

�Ą� Let γ : [0, 1] → C be a loop in (C, c) with [f ◦ γ] = f∗([γ]) ∈ p∗(π1(X, x)).
We write g := f ◦ γ. Let g̃ : [0, 1] → X be the lift with g̃(0) = x. Since
[g] ∈ p∗(π1(X, x)) we obtain from Lemma 48.15 (1) that g̃ is actually a loop.
Thus the map α : [0, 1]→ C×X that is given by t 7→ (γ(t), g̃(t)) is a loop. By
construction the loop takes values in Z and evidently we have q∗([α]) = [γ].
This shows that [γ] ∈ q∗(π1(Z, z)). �

We conclude this section on inverse limits with the following lemma.

Lemma 56.17. Let (I,≤) be a preordered set and let ({Xi}i∈I , {fji : Xj → Xi}i≤j) be an
inverse system of topological spaces.
(1) If all the Xi's are Hausdor�, then the inverse limit lim

←−
Xi is a closed subset of

∏
i∈I
Xi.

(2) If all the Xi's are compact and Hausdor�, then the inverse limit lim
←−

Xi is also

compact.660

Example. Let p be a prime. The abelian group Ẑp is the inverse limit of �nite, hence
compact groups. It follows from Proposition 56.18 that Ẑp is also a compact topological
group. On the other hand Ẑp is in�nite,661 which shows that the topology on Ẑp is not the
discrete topology.

Proof. Let (I,≤) be a preordered set and let ({Xi}i∈I , {fji : Xj → Xi}i≤j) be an inverse
system of topological spaces.
(1) We suppose that all the Xi are Hausdor�. Given i ∈ I we denote by pi :

∏
j∈J
Xj → Xi

the projection and we denote by Di = {(x, x) | x ∈ Xi} Ă Xi ×Xi the diagonal. By
Exercise 5.23 the hypothesis that Xi is Hausdor� implies that the diagonal Di is a
closed subset ofXi×Xi. By the proof of the Inverse Limit Existence Proposition 56.15
we have

lim
←−

Xi :=
{

(xi)i∈I ∈
∏
i∈I
Xi

∣∣ flk(xl) = xk for all k ≤ l
}

=
⋂
k≤l

{
x ∈

∏
i∈I
Xi

∣∣ ((flk ◦ pl)× pk)︸ ︷︷ ︸
(flk ◦ pl)× pk is a map∏

i∈I
Xi → Xk ×Xk

(x) ∈ Dk

}
=
⋂
k≤l

((flk ◦ pl)× pk)−1(Dk)︸ ︷︷ ︸
closed since Dk closed

.

Thus we see that lim
←−

Xi is the intersection of closed subsets of
∏
i∈I
Xi, hence lim

←−
Xi

itself is a closed subset.
660Note that this is very di�erent from the situation of the direct limit. The direct limit of topological
spaces is not necessarily compact, for example the direct limit of the direct system [0, n], n ∈ N is given by
the non-compact space

⋃
n∈N

[0, n] = [0,∞).

661In fact Ẑp is uncountable (why?).
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(2) Now we suppose that all the Xi are Hausdor� and compact. We obtain from Ty-
chono�'s Theorem 5.9 that

∏
i∈I
Xi is compact. Together with (1) we see that lim

←−
Xi

is a closed subset of a compact space. Thus it follows from the Compact-Closed
Lemma 1.21 (1) that lim

←−
Xi is also compact. �

56.7. The pro�nite completion of a group. Note that we can view any group as a
topological group by equipping it with the discrete topology. With this topology a group
is compact if and only if it is �nite. Furthermore any homomorphism of groups equipped
with the discrete topology is also a morphism in the category TopGr of topological groups.

Proposition 56.18. Let (I,≤) be a preordered set and let ({Gi}i∈I , {fji : Gj → Gi}i≤j)
be an inverse system of �nite groups. Then the inverse limit lim

←−
Gi exists in the category

of topological groups and it is a compact topological group.

Proof. It follows from the Inverse Limit Existence Proposition 56.15 that the inverse limit
lim
←−

Gi exists in the category of topological groups. Since all the Gi's are �nite, in particular

compact, it follows from Lemma 56.17 (2) that the inverse limit lim
←−

Gi is also compact. �

Now let π be a group. We consider the set of all �nite index normal subgroups {πi}i∈I . We
equip the index set I with the preorder de�ned by the convention that i ≤ j if and only
if πj Ă πi.662 Given i ≤ j we denote by ϕji : π/πj → π/πi the natural projection. Then
({π/πi}i∈I , {ϕji : π/πj → π/πi}i≤j) forms an inverse system. We refer to

π̂ := lim
←−

π/πi

as the pro�nite completion of π. By Proposition 56.18 the pro�nite completion π̂ is a
compact topological group. It follows immediately from the de�nition of an inverse limit
that there exists a unique homomorphism π → π̂ such that for any i the following diagram
commutes: π

00

// π̂
''

π/πi.

Examples.

(1) The pro�nite completion Ẑ of the group Z equals precisely the pro�nite integers that
we had encountered on page 1279.

(2) The pro�nite completion of a �nite group G is the group itself, i.e. Ĝ = G.663

(3) Let G = Q. This group has no proper subgroups of �nite index.664 It follows
immediately from the de�nitions that Q̂ = {0}.

Now let ϕ : A → B be a group homomorphism. We denote by {Bi}i∈I the �nite index
normal subgroups of B. For Bj Ă Bi we denote again by pji : B/Bj → B/Bi the projection
. For every i ∈ I the preimage ϕ−1(Bi) is a �nite index normal subgroup of A.665 Now
we de�ne ψi : Â → A/ϕ−1(Bi)

ϕ−→ B/Bi. Note that ψi is continuous since the �rst map is

662Note that we wrote πj Ă πi instead of πi Ă πj .
663Why is that?
664Why not?
665Why is it a �nite index subgroup?
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continuous by de�nition and the second map is a map between two topological spaces that
are equipped with the discrete topology. It follows immediately from the de�nitions that
for Bj Ă Bi we have pji ◦ ψj = ψi. It now follows from the de�nition of the inverse limit
in the category of topological groups that there exists a unique continuous homomorphism
ϕ̂ : Â→ B̂ such that for any i the following diagram commutes

Â

ψi
//

ϕ̂
// B̂

''

B/Bi.

It follows easily from the de�nitions and Proposition 56.18 that the maps

A 7→ Â
together with the maps Mor(A,B) → Mor(Â, B̂)

(ϕ : A→ B) 7→ (ϕ̂ : Â→ B̂)

de�ne a functor from the category of groups to the category of compact topological groups.

Exercises for Chapter 56.

Exercise 56.1. We consider the following subset of R2:

X :=
⋃
n∈N

circle of radius 1
n
around ( 1

n
, 0) =

⋃
n∈N
{(x, y) ∈ R2 | (x− 1

n
)2 + y2 = 1

n2}.

This subset, equipped with the subspace topology is colloquially referred to as the Hawaiian
earrings, see the �gure below for an illustration.
(a) Let A = {0} ∪ { 1

n
|n ∈ N}. Show that X is homeomorphic to [0, 1]/A.

Remark. We encountered the topological space [0, 1]/A in Exercise 5.37.
(b) Show that X is compact.
(c) Is X homeomorphic to the wedge of countably in�nitely many circles?
(d) Show that π1(X) is in�nitely generated.
(e) Even better than (d): Show that π1(X) is uncountably generated, i.e. show that

there is no countable generating set for π1(X).
The combination of (b) and (d) implies, perhaps somewhat surprisingly, that there exist
compact spaces whose fundamental groups are in�nitely generated.
Remark. The precise determination of π1(X) is actually rather delicate, we refer to
[MoM1986] and [Smit1992] for details. In particular, despite appearances, it is shown
in [Smit1992] that π1(X) is not a free group.

Hawaiian earrings X

Exercise 56.2. For n ∈ N let Cn be the circle in R2 × {0} of radius 1
2n

with center ( 1
n
, 0).

The harmonic archipelago H is the topological space that obtained from R2 as follows: For
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each n ∈ N we delete an open disk between Cn and Cn+1 and we glue on a cone such that
the z-coordinate of the cone equals 1. We refer to the �gure below for an illustration.
(a) Give a precise description of the harmonic archipelago H.

Remark. You might want to skip this exercise, unless you are inclined to super-
rigorous mathematics.

(b) Show that the harmonic archipelago H is non-compact.
(c) Let x0 = (0, 0) be the origin. Show that for each n the inclusion induced map

π1(Cn, x0)→ π1(H, x0) is a monomorphism.
(d) As in Exercise 56.1 we refer to X :=

⋃
n∈N

Cn as the Hawaiian earrings. Show that the

inclusion induced map π1(X, x0)→ π1(H, x0) is not a monomorphism.
(e) Is π1(H, x0) countable or uncountable?
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C2 C1

xy-plane with in�nitely many
open disks removed

harmonic archipelago
x0

Exercise 56.3.
(a) Given k ≤ l ∈ N we consider the homomorphism

ϕkl : Z → Z
n 7→ l!

k! · n.
These homomorphisms de�ne a direct system ({Z}k∈Z, {ϕkl}k≤l) in the category of
abelian groups. Show that the corresponding direct limit lim−→Z is isomorphic to

(Q,+).
(b) Provide a direct system ({G}i∈N, {ϕi : Gi → Gj}i≤j) consisting of �nitely generated

abelian groups such that the direct limit is isomorphic to Z[1
2
].

(c) Provide a direct system ({G}i∈N, {ϕi : Gi → Gj}i≤j) consisting of �nitely generated
abelian groups such that the direct limit is isomorphic to Q2.

Exercise 56.4. Let fn : Xn → Xn+1 be a sequence of morphisms in any category. Suppose
there exists an N ∈ N such that all fn for n ≥ N are isomorphisms. Show that lim−→Xn

exists and show that it is naturally isomorphic to XN , more precisely, show that a direct
limit is given by lim−→Xn := XN and show that the maps

fN−1 ◦ · · · ◦ fn+1 ◦ fn : Xn → XN if n ≤ N,
(fn ◦ · · · ◦ fN+1 ◦ fN)−1 : Xn → Xn if n > N

de�ne a direct limit.

Exercise 56.5. Let (I,≤) be a preordered set and let {Xi}i∈I be a family of topological
spaces such that for any i ≤ j we have Xi Ă Xj. We de�ne

lim−→Xi = X :=
⋃
i∈I
Xi,
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where the topology on X =
⋃
i∈I
Xi is given by the rule that U Ă X is open if and only if

U ∩ Xi is open for all i ∈ I. Furthermore we denote by gj : Xj → X =
⋃
i∈I
Xi, j ∈ N the

obvious inclusion maps. Show that lim−→Xi together with the maps gj is the direct limit of
the direct system in the category of topological spaces.

Exercise 56.6. Let {Xi}i∈N be a family of topological spaces. Suppose that for each i ∈ N
we are given an injective map fi : Xi → Xi+1.
(a) Show the map Xi → lim−→Xi is not necessarily an embedding.

(b) Suppose that each fi : Xi → Xi+1 is an embedding. Show that in this case each map
Xi → lim−→Xi is in fact an embedding.

Exercise 56.7.
(a) For i ∈ N we de�ne Fi = 〈xi, xi+1〉. For i ∈ N we denote by gi : Fi → Fi+1 the

homomorphism that is given by gi(xi) = e, gi(xi+1) = xi+1. Furthermore for i < j we
de�ne fi : Fi → Fj to be the homomorphism gj−1 ◦ · · · ◦ gi+1 ◦ gi. What is the direct
limit lim−→Fi in the category of groups?

(b) Given k ∈ N we de�ne Xk = N to be the topological space where the open sets are
{1, . . . , k}, {k + 1}, {k + 2}, . . . . For k ≤ l we denote by fkl : Xk → Xl the identity
map. (Note that with the choice of our topologies on Xk and Xl this map is in fact
continuous). What is the direct limit lim−→Xk in the category of topological spaces?
Remark. as a set the direct limit is again N, but what is the topology?

Exercise 56.8. Suppose we are given two pushouts

X //

��

Y

��

Z // P

and
X̃ //

��

Ỹ

��

Z̃ // P̃ .

Furthermore suppose
we are given a

commutative diagram

X //

��

&&

Y

��

&&
X̃

��

// Ỹ

��

Z //

&&

P
∃!
&&

X̃ // P̃ .

An example for such a situation is sketched in the �gure below.
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(a) Show that there exists a unique map P → P̃ which makes the cube commute.
(b) Suppose that the maps X → X̃, Y → Ỹ and Z → Z̃ are homotopy equivalences.

Does it follows that the map P → P̃ is a homotopy equivalence?

Exercise 56.9. Proof the Direct Limit Stabilization Lemma 56.2. It is best to prove it
using the de�nition of direct limits instead of using any of the above explicit descriptions
of direct limits.
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Exercise 56.10. We let (I,≤) = (N,≤). Given i ∈ N we set Xi := N and for i ≤ j we
de�ne fji : Xj = N → Xi = N

n 7→ n+ (j − i).
Then ({Xi = N}i∈N, {fji}i≤j) forms an inverse system in the category of sets. Show that
the inverse limit is the empty set.

Exercise 56.11. Let g ≥ 2. We denote by Σg the surface of genus g. Show that every
abelian subgroup of π1(Σg) is isomorphic to Z.
Hint. Make use of Proposition 56.13 and Exercise 51.12.

Exercise 56.12. Let g ∈ N≥2. Use Proposition 56.13 to show that the fundamental group
of the surface of genus g is torsion-free.

Exercise 56.13. Let X be a topological space. We denote by K the set of all compact
subsets of X. We consider K with the preorder given by inclusion, i.e. given A,B ∈ K we
have A ≤ B if A Ď B. Given A ∈ K we de�ne666 XA := π0(X \ A). Furthermore given
A ≤ B we denote by fAB : π0(XB)→ π0(XA) the map induced by the inclusion XB → XA.
It follows immediately from the discussion on page 200 that the sets {π0(XA)}A∈K, together
with the inclusion induced maps fAB for A ≤ B de�ne an inverse system in the category
of sets. The elements of lim

←−
π0(XA) are called the ends of X.

(a) Let Top be the category of topological spaces and let Set be the category of sets. Show
that X 7→ lim

←−
π0(XA)

gives rise to a covariant functor from Top to Set .
(b) Show that for a topological space X the cardinality of lim

←−
π0(XA), viewed as an

element in N0 ∪ {∞}, equals the number of ends of M as de�ned in Exercise 2.27.
(c) Let n ∈ N0. Determine the number of ends of X = Rn.
(d) For each k ∈ N0 give an example of a connected 1-dimensional CW-complex X with

precisely k ends.

Exercise 56.14. Let X be a topological space, let A and B be two subsets of X and let
f : A→ B be a homeomorphism. We de�ne

X̃ :=
( ⋃
i∈Z
X × {i}

)
/ (a, i) ∼ (f(a), i− 1) for a ∈ A and i ∈ Z.

We consider the action of Z on X̃ that is given by n·[(x, i)] := [(x, i+n)] for (x, i) ∈ X×{i}.
(a) Show that this action is continuous.
(b) We write X(f) = X/∼ where a ∼ f(a) for a ∈ A. Show that the maps

Φ: X(f) → X̃/Z
[x] 7→ [(x, 0)]

and Ψ: X̃/Z → X(f)
[(x, i)] 7→ [x]

are continuous and inverses of one another. (This implies of course that both maps
are homeomorphisms.)

666Recall that by the de�nition on page 167, given a topological space Y we had denoted π0(Y ) by the set
of path-components of X.
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(c) Suppose that there exist disjoint open neighborhoods U of A and V of B. Show that
the action is discrete.

Exercise 56.15. We consider the pro�nite integers, i.e. the inverse limit Ẑ := lim
←−

Zn of

the rings Zn, n ∈ N, with the preorder on N de�ned by the divisibility relation k|l. Does
there exist an epimorphism Ẑ→ Z of groups?

Exercise 56.16. Show that the pullback f ∗X → C of a covering p : X → B under a map
f : C → B is again a covering.

Exercise 56.17. Let f ∗X → C be the pullback of a map p : X → B and a map f : C → B.
Show that if X and C are connected, then f ∗X is also connected.

Exercise 56.18. Let 1 → A
α−→ B

β−→ C → 1 be a short exact sequence of groups. Fur-
thermore let g : Z → C be a group homomorphism. Show that there exists a commutative
diagram of group homomorphisms of the form below such that the top horizontal sequence
is also exact:

1 // A
=
��

α̃ // Y
f
��

β̃
// Z

g
��

// 1

1 // A
α // B

β
// C // 1.

Exercise 56.19.

(a) We consider the inverse system (Xi)i∈N where Xi = Z and where for each i ≥ j the
map Xi → Xj is given by multiplication by 2i+j. Determine lim

←−
Xi in the category

of abelian groups.
(b) Now we work in the category of sets. Show that there exists an inverse system

({Xi}i∈N, {fji : Xj → Xi}i≤j) of non-empty sets such that lim
←−

Xi = ∅.

Remark. In Exercise 56.20 we will see that the inverse limit of an inverse system of �nite
non-empty sets is in fact non-empty.

Exercise 56.20. In this exercise we consider the category of topological space. Let
({Xi}i∈N, {fji : Xj → Xi}i≤j) be an inverse system of topological spaces that are non-
empty, Hausdor� and compact.
(a) For each j ∈ N we set

Zj := {(xi)i∈N | for all i ≤ j we have xi = fji(xj)} Ă
∏
i∈N
Xi.

Show that Zj is closed and non-empty.
Hint. You might want to consider Lemma 56.17 (1).

(b) Show that for any i, j ∈ N we have Zi ∩ Zj 6= ∅.
(c) Apply Tychono�'s Theorem 5.9, together with Exercise 1.29, to conclude that lim

←−
Xi 6=

∅.
Remark. We can apply this statement in particular to an inverse system of �nite non-
empty sets, viewed as topological spaces by equipping each of the �nite sets with the
discrete topology. Evidently a �nite discrete space is Hausdor� and compact.
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Exercise 56.21. Let I be preordered set, let {fi : Ai → Aj}i≤j be a direct system in the
category of abelian groups and let {gi : Bi → Bj}j≤i be an inverse system in the category
of abelian groups. Suppose that for each i ∈ I we are given a bilinear map ϕi : Ai×Bi → Z
such that for any i ≤ j, and a ∈ Ai and b ∈ Bj we have ϕi(ai, gj(bj)) = ϕj(fi(ai), bj).
De�ne an �interesting� bilinear map

lim−→Ai × lim
←−

Bi → Z.
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57. The HNN-Seifert�van Kampen Theorem

One of our main goals at the moment is to calculate fundamental groups of interesting
topological spaces. As we have discovered, one of the most powerful tools is the Seifert�van
Kampen Theorem 54.1.
In light of Exercise 5.38 (c) we can say, modulo technical details, that the Seifert�van
Kampen Theorem 54.1 allows us to calculate the fundamental group of a topological space
X = Y ∪f Z that is obtained from gluing two path-connected topological spaces Y and Z
along path-connected open subsets A Ă Y and B Ă Z. This situation is illustrated in the
�gure below, to the left.
Sometimes one is given the situation that is shown in the �gure below, to the right. Namely
we are given a path-connected topological space X and we glue two disjoint path-connected
open subsets A and B together. In this chapter we will prove the HNN-Seifert�van Kampen
Theorem which will allow us to calculate the fundamental group in the latter situation.
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π1(Y ∪f Z) = π1(Y ) ∗π1(A) π1(Z)

Y

Y

π1 =???

B
Z

X

A

Z

glue
glue

We start out with the following notation.
Notation. Let X be a topological space, let A and B be two subsets of X and let f : A→
B be a homeomorphism. We write

X(f) := X(f : A→ B) := X/∼ where f(a) ∼ a for a ∈ A.

Examples.
(1) Let X be the torus with two open disks removed. We denote by A and B the two

boundary components and we endow them with the orientation coming from a �xed
orientation of the torus. Let f : A→ B be an orientation-reversing di�eomorphism.
Then one sees that X(f : A→ B) is di�eomorphic667 to the surface of genus 2. This
statement is illustrated in the �gure below.668

(2) Let Y be a topological space and let f : Y → Y be a homeomorphism. We consider
X = Y × [0, 1]. Furthermore, by an abuse of notation, we denote by f : Y × {0} →
Y ×{1} also the map de�ned by f(y, 0) = (f(y), 1). It follows immediately from the
de�nitions that

X(f) = (Y × [0, 1])(f) = (Y × [0, 1])/∼ = Tor(X, f),

667Note that by Lemma ?? we know that X(f : A→ B) is indeed a smooth manifold.
668What topological space do we obtain if f is chosen to be orientation-preserving?
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X is the torus with two
open disks removed

∼=

A

X(f : A→ B)

A

BB

surface of genus 2

where Tor(X, f) denotes the mapping torus that we introduced on page 467.

Our goal now is to determine π1(X(f)) in terms of the fundamental groups of X, A and the
induced map f∗ : π1(A)→ π1(B). To formulate the Seifert�van Kampen Theorem 54.1 we
needed to introduce the notion of an amalgamated product of groups. So it does perhaps
now come as a surprise that we need a new construction from group theory to formulate
the desired result.
De�nition. Let π and Γ be two groups and let α, β : Γ→ π be two homomorphisms. We
refer to

〈π, t | α(Γ) = tβ(Γ)t−1〉 := (π ∗ 〈t〉) / 〈〈{α(g)tβ(g)−1t−1}g∈Γ〉〉
as the HNN-extension corresponding to (π, α, β).669

Example. Let π be a group and let Γ be the trivial group. It follows immediately from
the de�nitions that the corresponding HNN-extension is the free product π ∗ 〈t〉.

The following lemma summarizes some basic properties of HNN-extensions. It says in
particular that a semidirect product is a special case of an HNN-extension.

Lemma 57.1.
(1) Let π = Γ. Furthermore let α : π → π and β : π → π be isomorphisms. We write

ϕ = β ◦ α−1 : π → π. In this setting the map

Φ: π oϕ Z → 〈π, t | α(Γ) = tβ(Γ)t−1〉
(g, n) 7→ g · t−n

is an isomorphism.
(2) Let π = 〈x1, . . . , xk | r1, . . . , rl〉 be a �nitely presented group and let g1, . . . , gm is a

generating set for Γ. A presentation for the HNN-extension of (π, α, β) is given by

〈x1, . . . , xk, t | r1, . . . , rl, α(gi) = tβ(gi)t
−1 for i = 1, . . . ,m〉.

(3) Let π and Γ be two groups and let α, β : Γ→ π be two homomorphisms. Then there
exists an epimorphism

〈π, t | α(Γ) = tβ(Γ)t−1〉 → Z
that is uniquely determined by g 7→ 0 if g ∈ π and tn 7→ n.

Sketch of proof.

669The concept of such a group was introduced by Graham Higman, Bernhard Neumann and Hannah
Neumann [HNN1950] in 1950, whence the name.
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(1) We �rst verify that the given map is indeed a homomorphism. Let (g,m) and (h, n)
be two elements in πoϕZ. First we assume thatm ≥ 0. Then the following equalities
hold in 〈π, t | α(Γ) = tβ(Γ)t−1〉:

since α is an isomorphism we can write
h = α(α−1(h)) = tβ(α−1(h))t−1 = tϕ(h)t−1 = t · tϕ(ϕ(h))t−1 · t−1 = · · · = tmϕm(h)t−m

↓
Φ(g,m) · Φ(h, n) = gt−m · ht−n = gt−m · tmϕm(h)t−m · t−n = gϕm(h)t−m−n

= Φ(gϕm(h),m+ n) = Φ((g,m)(h, n)).
↑

de�nition of product structure on π oϕ Z

If m < 0 then a very similar calculation, using that β is an isomorphism, shows again
that Φ(g,m) · Φ(h, n) = Φ((g,m)(h, n)). This shows that Φ is indeed a homomor-
phism. By Lemma 51.13 there exists a unique homomorphism

Ψ: π ∗ 〈t〉 → π o Z
with Ψ(g) = (g, 0) for every g ∈ π and with Ψ(t) = (0, 1). Using Lemma 53.4
and using an elementary calculation one can easily show that Ψ descends to a map
〈π, t | α(Γ) = tβ(Γ)t−1〉 → π o Z. Since Φ ◦ Ψ and Ψ ◦ Φ are the identity on
the generating sets π and t we see that both homomorphisms are the identity. In
particular Φ is an isomorphism.

(2) This time we apply Lemma 53.4 twice to obtain the desired isomorphism and its
inverse.

(3) This statement is once again an immediate consequence of Lemma 53.4. �

The following proposition is an analogue of the Amalgamated Product-Monomorphism
Proposition 53.24.

Proposition 57.2. (HNN-Extension Monomorphism Proposition) Let π and Γ be
two groups and let α, β : Γ→ π be two homomorphisms. If α and β are monomorphisms,
then the obvious inclusion map

π → 〈π, t | α(Γ) = tβ(Γ)t−1〉 := (π ∗ 〈t〉) / 〈〈{α(g)tβ(g)−1t−1}g∈Γ〉〉
h 7→ h

is also a monomorphism.

Proof. The proposition is proved in [Ser1980, p. 45]. Alternatively the proposition fol-
lows from the Normal Form Theorem for HNN-extensions which is formulated and proved
in [LyS1977, Theorem IV.2.1] or alternatively in [CgRR2008, Satz 6.3] and [Sti1993,
Chapter 9.2]. �

Now we return to topological spaces. The following theorem can be considered a sibling of
the Seifert�van Kampen Theorem 54.1.

Theorem 57.3. (HNN-Seifert�van Kampen Theorem) Suppose we are in one of the
following two settings:
(1) We are given a path-connected topological space X, two open disjoint subsets A

and B of X and a homeomorphism f : A→ B.
(2) We are given a path-connected smooth manifold X, two distinct components A and

B of ∂X and a homeomorphism f : A→ B.
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We pick a base point x0 ∈ A and we pick a path γ in X from x0 to f(x0). Furthermore
we write Γ = π1(A, x0). Finally we denote by

α : Γ = π1(A, x0) → π1(X, x0)

the inclusion induced map and we denote by

β : Γ = π1(A, x0)
f∗−→ π1(B, f(x0)) → π1(X, f(x0))

γ∗−→ π1(X, x0)

the concatenation of the maps induced by f , the inclusion and the base point change
isomorphism from the Change-of-Base Point Proposition 47.10, using the path γ. Then
there exists an isomorphism

Φ: π1(X(f), x0)
∼=−→ 〈π1(X, x0), t | α(Γ) = tβ(Γ)t−1〉

which has the following two properties:
(1) The diagram

π1(X, x0)

++uu

π1(X(f), x0)
Φ // 〈π1(X, x0), t | α(Γ) = tβ(Γ)t−1〉

with the obvious diagonal maps commutes.
(2) The closed loop in X(f) de�ned by γ corresponds under the isomorphism Φ to t.
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corresponds to t

A A = B

X

γ

f
X(f)

B f(x0) x0 = f(x0)x0

Remark. The HNN-Seifert�van Kampen Theorem 57.3 is a frequently used tool in the
calculation of fundamental groups of topological spaces. The popularity of the result is in
contrast to the sparsity of proofs in the literature. A sketch of an outline of a proof is given
in [ScW1979]. A much more general statement is proved in [Bou2007, Proposition IV.5.5
on p. 431].

Example. As on page 1290 we consider the surface X that is given by removing two open
disks from a torus. We refer to the two boundary components as A and B. We equip A and
B with the orientations given in the �gure below. We pick a di�eomorphism f : A → B
that preserves the orientation. As discussed on page 1290, the resulting topological space
X(f) is homeomorphic to the surface of genus two.

We pick a base point x0 ∈ A. We pick a loop a in (A, x0), we pick loops c, d in (X, x0),
a path γ in X from x to f(x) and a loop b in (B, f(x)) as indicated in the �gure below.
Finally we write b̃ = γ ∗ b ∗ γ. By Lemma 55.11 and as in the proof of Lemma 56.11 we
have an isomorphism

π1(X, x0)
∼=−→ 〈c, d, a, b̃ | a = [c, d] · b̃〉.
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We write Γ = π1(A, x0). Note that Γ = 〈a〉 and α(a) = a and β(a) = b̃. We see that

π1(X(f), x0) ∼= 〈π1(X), t | α(Γ) = tβ(Γ)t−1〉 = 〈c, d, a, b̃, t | a = [c, d] · b̃, a = t̃bt−1〉
↑ ↑

Theorem 57.3 (2) Lemma 57.1

= 〈c, d, b̃, t | [c, d] · b̃ = t̃bt−1〉 = 〈c, d, b̃, t | [c, d] · b̃t̃b−1t−1︸ ︷︷ ︸
=[c,d][̃b,t]

〉.
↑

Tietze transformations

Thus we have now obtained the same presentation that we had already obtained in the
Fundamental Group-of-Surfaces Proposition 54.5.
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f(x0)
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d
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c
x0

X
X(f)

t
b′f : A

∼=−→ B

In the proof of Theorem 57.3 (1) we will need one extra piece of notation and one more
lemma.
Notation. Let π and Γ be groups and let α, β : Γ → π be homomorphisms. Given i ∈ Z
we write πi := π and Γi := Γ. We write670

. . . π−2 ∗
Γ−1

π−1 ∗
Γ0

π0 ∗
Γ1

π1 ∗
Γ2

π2 . . . := lim−→
(
π−i ∗

Γ−i+1

. . . π−1 ∗
Γ0

π0 ∗
Γ1

π1 . . . ∗
Γi
πi︸ ︷︷ ︸

iterated amalgamated product de�ned by α and β

)
.

By a slight abuse of language we refer to this group as an in�nite amalgamated product.
By the universal property of the direct limit there exists an automorphism Ξ of this in�nite
amalgamated product that shifts all indices by one to the right.

Lemma 57.4. With the above notation there exists a well-de�ned map(
. . . π−2 ∗

Γ−1

π−1 ∗
Γ0

π0 ∗
Γ1

π1 ∗
Γ2

π2 . . .
)
oΞ Z

∼=−→ 〈π, t | α(Γ) = tβ(Γ)t−1〉
(gi, n) 7→ gt−i · tn, where gi ∈ πi

which is an isomorphism.

Example. If α and β are isomorphisms, then it follows easily from the Amalgamated
Product Lemma 53.22 (3) that the �in�nite amalgamated product� is isomorphic to π. We
see that in this special case the statement of Lemma 57.4 is basically the same as the
statement of Lemma 57.1 (1).

Sketch of proof of Lemma 57.4. It follows easily from the universal property of the
direct limit and of the amalgamated product that there exists a well-de�ned map

. . . π−2 ∗
Γ−1

π−1 ∗
Γ0

π0 ∗
Γ1

π1 ∗
Γ2

π2 . . . → 〈π, t | α(Γ) = tβ(Γ)t−1〉
gi 7→ gt−i, where gi = g ∈ πi = π.

670By the Amalgamated Product Lemma 53.22 (4) we can form the iterated amalgamated product without
having to worry about parentheses.
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A straightforward calculation as in the proof of Lemma 57.1 (1) shows that we get an
induced map on the semidirect product. This shows that the map given in the lemma
actually makes sense. It remains to show that the map is an isomorphism. Note that
using Lemma 53.4 one can easily show that there exists a well-de�ned homomorphism from
right to left which is an inverse to our given map. We leave it to the reader to �ll in the
details. �

Proof of Theorem 57.3 (1). 671 Let X be a path-connected topological space, let A and
B be two open disjoint path-connected subsets of X and let f : A → B be a homeomor-
phism. We pick a base point x ∈ A and we pick a path γ in X from x to f(x). Furthermore
we de�ne

X̃(f) :=
( ⋃
i∈Z
X × {i}

)
/ (a, i) ∼ (f(a), i− 1) for a ∈ A and i ∈ Z.

We equip X̃(f) with the base point x̃ which is represented by (x, 0). There is an obvious
action of Z on X̃(f) given by n · [(P, i)] := [(P, i+ n)] for (P, i) ∈ X × {i}. Since A and B
are open and disjoint we can apply Exercise 56.14. We obtain that this action is discrete
and continuous and that the map

Φ: X(f) → X̃(f)/Z
[x] 7→ [(x, 0)]

is a homeomorphism.
For i ∈ Z we now write Xi := X×{i}, Ai := A×{i}, Bi := B×{i} and xi := {x}×{i}.

Furthermore we write πi := π1(Xi, xi) and Γi = π1(Ai, xi). We refer to the �gure below for
an illustration.
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Xi−1XA Xi
B Xi+1

X(f)
X̃(f)

p

Bi = Ai+1Bi−1 = Ai

1 ∈ Z acts by shifting �one to the right�f : A
∼=−→ B

A = B

γ
x f(x)

Claim. Given any i ∈ Z we consider the homomorphism

πi = π1(Xi, xi) −→ π1(X̃(f), xi) −→ π1(X̃(f), x̃).
↑ ↑

induced by the induced by the Change-of-Base Point Proposition 47.10 (1)

inclusion Xi → X̃(f) where we use i translates of the path γ to connect xi to x̃ = x0

671As we saw on pages 1291 and in Lemma 57.1 (1), we can view Theorem 57.3 as a generalization of the
Mapping Torus-π1-Proposition 50.6. In fact the subsequent proof is partly modelled on the proof of the
Mapping Torus-π1-Proposition 50.6.
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These homomorphisms induce an isomorphism

. . . π−2 ∗
Γ−1

π−1 ∗
Γ0

π0 ∗
Γ1

π1 ∗
Γ2

π2 . . .
∼=−→ π1(X̃(f), x̃).

Here given i ∈ Z the maps in the amalgamated product are de�ned as follows:
=πi−1︷ ︸︸ ︷

π1(Xi−1, xi−1)
γ∗←− π1(Xi−1, f(xi−1)) ← π1(Bi−1, f(xi))

f∗←−
=Γi︷ ︸︸ ︷

π1(Ai, xi) →
=πi︷ ︸︸ ︷

πi(Xi, xi).
↑ ↑ ↑

given by the Change-of-Base Point induced by theProposition 47.10 (1) induced by the
inclusion Bi−1 → Xi−1 inclusion Ai → Xi

Proof. To prove the claim we need to introduce one more gadget. Namely, given n ∈ N we
write

Ỹn :=
( n⋃
i=−n

Xi

)
/ (a, i) ∼ (f(a), i− 1) for a ∈ A, i ∈ {−n+ 1, . . . , n}.

It follows from the Seifert�van Kampen Theorem 54.1, applied iteratively 2n times, that

π1

(
Ỹn, x̃

) ∼=←− π−n ∗
Γ−n+1

π−n+1 . . . πn−1 ∗
Γn
πn.

Now we see that

π1

(
X̃(f), x̃

)
= π1

(
lim−→Ỹn, x̃

) ∼=←− lim−→π1

(
Ỹn, x̃

) ∼=←− . . . π−2 ∗
Γ−1

π−1 ∗
Γ0

π0 ∗
Γ1

π1 ∗
Γ2

π2 . . .
↑ ↑

since A, B are open in X we can apply the by the above calculation and the de�nition
Direct Limit-π1-Proposition 56.7 (3) of the right hand side �

In summary we obtain isomorphisms

by the Fundamental Group-via-Actions Theorem 48.16 (2) and
and the Semidirect Product Lemma 50.5, here the

above homeomorphism automorphism Θ is given by conjugation by [γ] ∈ π1(X(f), x)
↓ ↓

π1(X(f), x) ∼= π1

(
X̃(f)/Z, [x̃]

) ∼= p∗(π1(X̃(f), x̃)) oΘ Z
∼= π1(X̃(f), x̃) o Z ∼=

(
. . . π−2 ∗

Γ−1

π−1 ∗
Γ0

π0 ∗
Γ1

π1 ∗
Γ2

π2 . . .
)
oΞ Z

↑ ↑
Corollary 48.14 here, as on page 1294, we denote by Ξ the automorphism of the in�nite

amalgamated product that �shifts every term by one to the right�,
isomorphism is then given by the above claim and the veri�cation that
under this isomorphism the automorphisms Θ and Ξ match up

∼=−→ 〈π1(X(f), x), t | α(Γ) = tβ(Γ)t−1〉.
↑

Lemma 57.4

We leave it to the reader to verify that the given isomorphism has all the properties that
were promised. �

Sketch of the proof of Theorem 57.3 (2). The proof of Theorem 57.3 (2) is basically
the same as the proof of Theorem 57.3 (1), we just need to replace the Seifert�van Kampen
Theorem 54.1 by the Seifert�van Kampen Theorem 54.4 for smooth manifolds. We leave
it to the reader to �ll in the details and to make the necessary changes to the proof. �

In many situations the following corollary to the HNN-Seifert�van Kampen Theorem 57.3
is quite useful.
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Corollary 57.5. Let X be a topological space. We suppose that it can be written as a
union X = Y ∪ Z such that the following conditions are satis�ed:
(1) Y and Z are open subsets,
(2) Y is path-connected,
(3) Z is simply connected,
(4) Y ∩Z consists of two simply connected path components A and B, each of which is

open in X.
Let y be a point in Y and let γ be the concatenation of a path in Y from y to a point
a ∈ A, a path in Z from a to a point b ∈ B and a path in Y from b to y. Then the map

π1(Y, y) ∗ 〈t〉 → π1(X, y)

that is given by the inclusion induced map π1(Y, y)→ π1(X, y) and given by t 7→ [γ] is an
isomorphism.
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the loop γ
aZ

y

b

BA

Example. We consider the topological space X that is obtained from �gluing an interval�
to the torus. Using the notation from the �gure below one can show quite easily, using
Corollary 57.5 that π1(X, x0) ∼= 〈x, y, t | [x, y]〉 ∼= Z2 ∗ 〈t〉. We will work out the details of
this example in Exercise 57.1.
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Proof. Let Z ′ be a disjoint copy of Z (e.g. we could set Z ′ = Z × {0}). We consider
W = (Y t Z ′)/a ∼ a′ where we identify each point a ∈ A with the corresponding point
in Z ′. We denote by B′ the copy of B in Z ′ and thus also the copy in W . Thus we see
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W here are two copies of B,
�on top of one another�
gluing them returns X

that B and its doppelgänger B′ are contained in W . We denote by f : B′ → B the obvious
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homeomorphism. We obtain the following isomorphisms:672

by the HNN-Seifert�van Kampen Theorem 57.3 and since B is simply connected
↓

π1(X, y) ∼= π1(W (f), y) ∼= π1(W, y)∗〈t〉 ∼= (π1(Y, y)∗π1(A,y)π1(Z ′, y))∗〈t〉 = π1(Y, y)∗〈t〉.
↑ ↑ ↑

by Lemma 5.36 the obvious map Seifert�van Kampen Theorem 52.2 since A and Z′ are
X →W (f) is a homeomorphism simply connected

One can easily verify that this is precisely the map in the statement of the corollary. �

We conclude this chapter with the following technical lemma which we will need once at a
later occasion.
Lemma 57.6. Let n ∈ N and let M be the 2-sphere with n open disks removed. We
enumerate the boundary components by C1, . . . , Cn. For i = 1, . . . , n we pick a path
βi : [0, 1] → Ci that goes once around Ci. We pick a base point ∗ ∈ M \ ∂M . We pick
paths α1, . . . , αn : [0, 1]→M with the following properties:
(1) each αi is a smooth embedding,
(2) each αi is a path from ∗ to the point βi(0),
(3) for each i we have αi([0, 1)) Ă M \ ∂M ,
(4) the images of the paths only intersect at ∗.

For any j ∈ {1, . . . , n} the homomorphism

〈y1, . . . , yj−1, yj+1, . . . , yn〉 → π1(M, ∗)
that is uniquely determined by yi 7→ [αi ∗ βi ∗ αi]
is an isomorphism.
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∗

αi
βi

Remark.

(1) This proposition should ring a bell, it sounds quite like Lemma 55.11. The di�erence
is that in Lemma 55.11 we only said that there exist certain paths βi such that the
given map is an isomorphism. The above lemma gives a more precise statement what
type of paths work.

(2) One might think that perhaps one can use any old paths αi to obtain a basis for the
free group π1(M, ∗). But as we will see in Exercise 57.6, this is not the case.

We conclude this chapter with a sketch of a proof of Lemma 57.6. Perhaps the most friendly
words that can be uttered regarding the proof are that the proof shows that it can be quite
hard to write down rigorous arguments once one leaves the friendly word of submanifolds
and instead tries to deal with more general subsets.

672It follows from our hypothesis that A, Y, Z are open in X that in the settings of the HNN-Seifert�van
Kampen Theorem 57.3 and the Seifert�van Kampen Theorem 52.2 we do in fact deal with open subsets.



57. THE HNN-SEIFERT�VAN KAMPEN THEOREM 1299

Sketch of a proof. Without loss of generality we can assume that j = n. We consider
N := M \ αn([0, 1]). This is an open subset of the smooth manifold M , thus N itself is a
smooth manifold. Furthermore by Exercise ?? we know that the inclusion M \αn([0, 1])→
M is a homotopy equivalence.673 For i = 1, . . . , n − 1 we write Xi := αi((0, 1]) Ă N . It
follows from (1) and the Smooth Embedding Theorem 24.10 (1) that X = X1 ∪ · · · ∪Xn−1

is a submanifold of N . By the Tubular Neighborhood Theorem ?? we can pick a tubular
map [−1, 1]×X. We write W := N \ (−1, 1)×X, we pick a base point ? ∈ W and we pick
path p in M from ∗ to ?.

Using Corollary 57.5 one can prove674 the following:
(1) there exist loops η1, . . . , ηn−1 in (N, ?) such that the obvious map

π1(W, ?) ∗ 〈[η1], . . . , [ηn−1]〉 → π1(N, ?)

is an isomorphism,
(2) for each i ∈ {1, . . . , n− 1} the loop p ∗ ηi ∗ p is path-homotopic to αi ∗ βi ∗ αi.

Putting everything together we see that we have an isomorphism

π1(W ) ∗ 〈[α1 ∗ β1 ∗ α1], . . . , [αn−1 ∗ βn−1 ∗ αn−1]〉
∼=−−→ π1(M).

By Lemma 55.11 we know that the right-hand side is a free group of rank n− 1. It follows
from the Grushko-Neumann Theorem 51.20 that π1(W ) is trivial. We have thus obtained
the desired isomorphism.675 �

Exercises for Chapter 57.

Exercise 57.1. Give full details for the calculation of the fundamental group of the topo-
logical space shown in the �gure on page 1297.

Exercise 57.2. Let π = 〈a〉, let Γ = 〈t〉 and let α, β : Γ→ π be the homomorphisms given
by α(t) = a and β(t) = a2. Show that the corresponding HNN-extension is isomorphic to
the semidirect product Z[1

2
]ϕ oZ where ϕ : Z[1

2
]→ Z[1

2
] is the group homomorphism given

by multiplication by 2.

Exercise 57.3. Let X be a path-connected topological space. Furthermore let f : X → X
be a homeomorphism. In the Mapping Torus-π1-Proposition 50.6 we saw that there exists
an isomorphism ψ : π1(Tor(X, f)) ∼= π1(X)oZ. Give an alternative proof of this statement
using the HNN-Seifert�van Kampen Theorem 57.3.

673The alert reader will not have failed to notice that we are referring to an exercise that is dealt with
later in the notes. Fortunately we do not need to be afraid of circular logic. The exercise builds on an
extension of the Tubular Neighborhood Theorem ?? to submanifolds with boundary. This formulation, see
Theorem ??, is just a little awkward and was thus postponed to later on. But if one uses a naive extension
of the Tubular Neighborhood Theorem ?? to the case of submanifolds with boundary, then one can easily
prove Exercise ?? with our present knowledge.
674Here is the point where the demanding reader might feel that not enough details are provided.
675The esthetically-inclined reader might object to the use of the Grushko-Neumann Theorem 51.20. But
any other approach also opens up a can of worms. For example one might be tempted to show that W is
contractible.
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Exercise 57.4. Let X be the result of removing two open disks from the surface of genus g.
We denote by C and D the resulting boundary components. We pick orientation-preserving
di�eomorphisms ϕ : S1 → C and ψ : S1 → D.
(a) We consider the homeomorphism

f : C × S1 → D × S1

(c, z) 7→ (ψ(z), ϕ−1(c)).

What is the abelianization of the fundamental group of (X × S1)(f)?
(b) Does the answer to (a) change if we pick ϕ to be orientation-preserving and ψ to be

orientation-reversing?

Exercise 57.5. Let X be a topological space. In the Suspension-π1-Lemma 54.2 we showed
that if X is non-empty and path-connected, then the fundamental group of the suspension
Σ(X) is trivial.
(a) Suppose that X has two path-components. Show that π1(Σ(X)) ∼= Z.
(b) Suppose that X has k path-components with k ≥ 1. Show that π1(Σ(X)) is isomor-

phic to a free group on k − 1 generators.

Exercise 57.6. We consider the permutation group S4 where given α, β ∈ S4 we write
α · β = α ◦ β. We consider the cycles676

σ = (1 2 3 4) =

(
1 2 3 4
2 3 4 1

)
, µ = (1 2) =

(
1 2 3 4
2 1 3 4

)
and ν = (1 3) =

(
1 2 3 4
3 2 1 4

)
.

(a) Show that σ and µ form a generating set for S4.
(b) Show that σ and ν do not form a generating set for S4.
(c) Show that (µ · σ) · µ · (µ · σ)−1 = ν.
(d) Show that the endomorphism 〈x, y〉 → 〈x, y〉 that is given by x 7→ (yx)−1x(yx) and

y 7→ y is not an isomorphism.
(e) We consider M which is de�ned as the disk B

2
minus two open disks677 We consider

the base point ∗ and the curves β1 and β2 as shown in the �gure below. Show that for
i = 1, 2 there exist paths αi from ∗ to the starting point of βi such that [α1 ∗ β1 ∗α1]
and [α2 ∗ β2 ∗ α2] do not form a generating set for π1(M, ∗).
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M is the disk B
2
minus two open disks.

∗

C2C1

676Recall that for pairwise disjoint a1, . . . , ak ∈ {1, . . . , n} we denote by (a1 a2 . . . ak) ∈ Sn the permuta-
tion that is given by

{1, . . . , n} → {1, . . . , n}

m 7→

 ai+1, if m = ai for some i ∈ {1, . . . , k − 1},
a1 if m = ak,
m, otherwise.

Put di�erently, the numbers (a1, . . . , ak) get cyclically permuted and all other numbers stay the same.
677It follows easily from stereographic projection that M is di�eomorphic to S2 minus three open disks.
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58. Introduction to knot theory

Before we introduce knots we recall several di�erent ways how we can describe the 3-sphere
S3. More precisely, by de�nition and Lemma 2.18 we have

S3 =
{

(z, w)∈C2
∣∣|w|2+|z|2 =1

}
=
{

(w, x, y, z)∈R4
∣∣w2+x2+y2+z2 =1

} ∼= R3∪{∞}.
↑

via the stereographic projection from Lemma 2.18

We will go back and forth between these models without mentioning these maps. In
particular, as discussed on page 659, we will always view R3 as a submanifold of the
smooth manifold S3 = R3 ∪ {∞}.

De�nition. A knot is a submanifold of S3 = R3∪{∞} that is di�eomorphic to S1.678 We
say that the knot is oriented if it is oriented as a 1-dimensional smooth manifold.

Remark.

(1) It follows from the Smooth Embedding Theorem 24.10 that a subset of S3 is a knot
if and only if it is the image of a smooth embedding S1 → S3.679

(2) The de�nition of a knot is supposed to model the �physical objects� that we have in
mind and that are sketched in the �gure below. It is therefore perhaps at �rst not
clear why we consider knots in S3 = R3 ∪ {∞} instead of knots in R3. The reason
is that topologists prefer, if possible, to work with compact spaces. In particular the
compact space S3 = R3 ∪ {∞} is often strongly preferable to the non-compact space
R3.

We start out with the most boring but also the most important knot.

De�nition. The trivial knot is de�ned as {(x, y, 0) ∈ R3 |x2 + y2 = 1} Ă R3 ∪ {∞} = S3.
In the �gure below we show the trivial knot together with two other examples of knots.
More precisely, we show 1-dimensional submanifolds of R3 that we view as 1-dimensional
submanifolds of R3 ∪ {∞} = S3.680

Now we want to say that two knots are �the same� if one can be �deformed� into the other.
Fortunately we already have the language to make this picture precise: The notion of a
smooth isotopy between (oriented) submanifolds that we introduced on page 817 makes this
notion precise. For the reader's convenience we repeat the de�nition of �smoothly isotopic�
in our context.

678Sometimes, to distinguish this knot from the higher dimensional siblings that we will introduce on
pages 1338 and ?? we also refer to such a knot as a classical knot.
679To be more precise, the �if�-direction is a consequence of Theorem 24.10. On the other hand, if K Ă S3

is a knot, then by de�nition there exists a di�eomorphism ϕ : S1 → K Ă S3 and it follows easily from the
de�nitions that the map ϕ viewed as a map from S1 → S3 is a smooth embedding whose image is precisely
K.
680In principle it is possible to give a precise description of all these three knots. For example we just gave
a de�nition of the trivial knot as {(x, y, 0) |x2 + y2 = 1} Ă S3 = R3 ∪ {∞}. Later, on page 1312, we will
give a precise de�nition of the trefoil. It is also clear that one can give a precise description of the �gure-8
knot, but this description would be painful to write down and it would not add to our understanding. We
therefore stick with the picture, with the understanding, that if somebody was challenging us, we could
write down a precise description in coordinates. But it is considered very impolite to challenge a topologist
to give a rigorous description.
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�gure-8 knottrivial knot trefoil

De�nition. We say that two knots K and J are smoothly isotopic if there exists a smooth
isotopy from K to J , i.e. a smooth map

F : S1 × [0, 1] → S3

(z, t) 7→ F (z, t)

such that the following hold:
(1) we have F (S1 × {0}) = K and F (S1 × {1}) = J , and
(2) for each t ∈ [0, 1] the map S1 → S3 given by z 7→ F (z, t) is a smooth embedding.

If K and J are oriented, then we demand that the map K → J given by x 7→ F1(F−1
0 (x))

is orientation-preserving.

Remark. It follows from the Smooth Isotopy Transitivity Proposition 33.3 that the prop-
erty of being smoothly isotopic de�nes an equivalence relation on the set of knots.

Example. The three knots shown in the �gure below are smoothly isotopic. Usually we
do not distinguish two knots if they are smoothly isotopic. For example, any knot that is
smoothly isotopic to a trivial knot is called trivial knot. Sometimes we also say that a knot
that is smoothly isotopic to a trivial knot is trivial.

Playing around with pictures for some time shows that it might be quite di�cult to show
that the trefoil is smoothly isotopic to the trivial knot. This arouses the suspicion, that
the trefoil is in fact not smoothly isotopic to the trivial knot. This raises the following
question.
Question 58.1. How can we show that the trefoil is not smoothly isotopic to the trivial
knot?
It is also fun to consider orientations. This leads us to the following de�nition.

De�nition. A knot K is called reversible if the two orientations on K give smoothly
isotopic oriented knots.681

Example. As we see in the �gure below it is basically clear that the trivial knot is reversible.
In Exercise 34.7 we showed that the trefoil and the �gure-8 knot are also reversible.

This leads us to the following question which we will answer on page 2859.
681In the literature what we call a reversible knot is often called an invertible knot. We reserve the adjective
invertible for a related, but di�erent notion, see page 2857.
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�
�
�
�

rotation around the z-axis
by the angle π turns the trivial knot
into itself but �ips the orientation

trivial knot

Question 58.2. Is every knot reversible?
In the remainder of this section we will ignore orientations and instead we will discuss the
following generalization of Question 58.1.

Question 58.3. Given a knot K682, how can we determine whether or not K is smoothly
isotopic to the trivial knot?
The following proposition allows us to turn these two questions into the question, whether
two topological spaces are di�eomorphic.
Proposition 58.4. Let K and J be two knots. If they are smoothly isotopic, then the
following two statements hold:
(1) There exists an orientation-preserving di�eomorphism Φ: S3 → S3 with Φ(K) = J .

IfK and J are oriented, then Φ restricts to an orientation-preserving di�eomorphism
K → J .

(2) There exists an orientation-preserving di�eomorphism between the knot comple-
ments S3 \K and S3 \ J .

The proposition is basically a special case of the Smooth Isotopies-Complements Proposi-
tion 36.3. But for the reader's convenience let us recall the argument. The key input is the
following (simpli�ed) version of the Isotopy Extension Theorem 36.1.

Theorem (Isotopy Extension Theorem 36.1) Let M and K be two closed smooth
manifolds. Given any smooth isotopy F : K× [0, 1]→M there exists a di�eotopy G : M×
[0, 1]→M with the following properties:
(1) G0 = id.
(2) We have G ◦ (F0 × id) = F : N × [0, 1]→M , in other words, we have

G(F0(x), t) = F (x, t) for all x ∈ N and t ∈ [0, 1].

Proof of Proposition 58.4. Let

F : S1 × [0, 1] → S3

(z, t) 7→ F (z, t)

be a smooth isotopy from a knot K to a knot J . By the Isotopy Extension Theorem 36.1
we can extend the smooth isotopy F to a di�eotopy of S3. This means in particular that
there exists a di�eotopy

G : S3 × [0, 1] → S3

(z, t) 7→ G(z, t)

from the identity to a di�eomorphism Φ = G1 : S3 → S3 with Φ|K = F1, in particular with
Φ(K) = J . By the Smooth Isotopy-Orientation Proposition 34.2 the di�eomorphism Φ is

682The phrase �given a knot K� is consciously slightly vague.



1304

orientation-preserving. The map Φ restricts to an orientation-preserving di�eomorphism
Φ: S3 \K → S3 \ J . �

It is natural to ask to what degree the converse of Proposition 58.4 holds. It turns out that
in both cases the converse holds, but in both cases these are di�cult theorems. First we
have the following theorem that was proved in 1969 by Jean Cerf [Cer1968].

Theorem 58.5. (Cerf Theorem) Every orientation-preserving di�eomorphism of S3 is
di�eotopic to the identity.
Now we obtain the promised converse to Proposition 58.4 (1).

Corollary 58.6. Let K and J be two knots. If there exists an orientation-preserving
di�eomorphism Φ: S3 → S3 with Φ(K) = J , then K and J are smoothly isotopic.

Proof. Let Φ: S3 → S3 be an orientation-preserving di�eomorphism with Φ(K) = J . By
the Cerf Theorem 58.5 there exists a di�eotopy F : S3 × [0, 1] → S3 with F0 = id and
F1 = Φ. The restriction of F to [0, 1]×K is the desired smooth isotopy from K to J . �
The following theorem also gives us the converse to Proposition 58.4 (2).

Theorem 58.7. (Gordon-Luecke) Let K and J be two knots in S3. If there exists an
orientation-preserving di�eomorphism between the knot complements S3 \K and S3 \ J ,
then K and J are smoothly isotopic.

Proof. This theorem is signi�cantly more di�cult to prove than Proposition 58.4. In
fact a proof was given only in the 1980s by Cameron Gordon and John Luecke [GL1989,
Theorem 1]. The proof builds on the work of William Thurston [Thu1982] for which he
was awarded the Fields medal in 1982. �

The following proposition gives a neat characterization of trivial knots.

Proposition 58.8. (Genus-Zero Knots Proposition) Let K be a knot. The following
two statements are equivalent:
(1) The knotK bounds a smoothly embedded disk, i.e. there exists a smooth embedding

ϕ : B
2 → S3 with ϕ(S1) = K.

(2) The knot K is smoothly isotopic to the trivial knot.
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�������knot K bounds a disk

Proof. Let K be a knot. We need to prove the equivalence of (1) and (2).
First we prove the almost trivial �(2)⇒(1)�-direction. It is clear that the trivial knot

{(x, y, 0) ∈ R3 |x2 + y2 = 1} Ă R3 ∪ {∞} = S3 bounds a disk. It follows immediately from
the Isotopy Extension Theorem 36.1 that any knot that is smoothly isotopic to the trivial
knot also bounds a smoothly embedded disk.

Now we turn to the proof of the much more interesting �(1)⇒(2)�-direction. In fact this
is a special case of the Lower-Dimensional Smooth Ball Embedding Theorem 37.10. But to
make this section slightly more self-contained we show how one can deduce this statement
directly from the Di�eotopies-of-Rn-Classi�cation Proposition 34.3 (2).
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Thus let ϕ : B
2 → S3 = R3 ∪ {∞} be a smooth embedding with ϕ(S1) = K. We

write R3 = C × R and we make the identi�cation C = C × {0} Ă R3. It su�ces to show
that there exists a smooth isotopy from ϕ to a smooth embedding ψ : B

2 → R3 such that
ψ(S1) = S1 Ă C. We perform the following steps:
(0) By the Matrix Group Path-Component Proposition 2.37 (3) we know that SO(4) is

path-connected. Together with the Smooth Path-Connectivity Proposition 19.29 we
see that we can �nd a smooth isotopy such that afterwards we have ∞ 6∈ ϕ(B

2
).

(1) Using that SL(3,R) is path-connected, see again the Matrix Group Path-Component
Proposition 2.37 (2), and using again the Smooth Path-Connectivity Proposition 19.29
we can �nd a smooth isotopy such that afterwards we have ϕ(0) = 0 and (Dϕ0)(T0B

2
) =

C× {0}.
(2) We can shrink the disk, i.e. we can precompose the map ϕ : B

2 → C × R with the
smooth isotopy B

2× [ε, 1]→ B
2
that is given by (p, t) 7→ p · t for some ε ∈ (0, 1], such

that composition p◦ϕ of ϕ with the projection p : R3 = C×R→ C is an embedding.
(3) We write ϕ = ϕC × ϕR : B

2 → C× R. It follows from (2) that the map

B
2 × [0, 1] → C× R

(x, t) 7→ (ϕC(x), ϕR(x) · t)
is a smooth isotopy. This shows that we only need to deal with a smooth embedding
ϕ : B

2 → C with ϕ(0) = 0.
(4) Now we can apply the Di�eotopies-of-Rn-Classi�cation Proposition 34.3 (2).

We illustrate the steps (2) to (4) in the �gure below. We leave it to the reader to �ll in all
the technical details and to make all steps rigorous. �
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Cknot K

image of ϕ : B
2 → R3

ϕ(0)

(4)(3)(2)

We continue our discussion of knots with a de�nition.
De�nition. Let K be an oriented knot in S3. By the Tubular Neighborhood Theorem ??
there exists an orientation-preserving smooth embedding

F : B
2 ×K → S3

such that F (0, P ) = P for all P ∈ K. For any P ∈ K we refer to the oriented submani-
fold683 F (S1 × {P}) as a meridian of K.
A priori the de�nition of the meridian depends on the choice of the tubular neighborhood.
The following lemma, which is an immediate consequence of Proposition ??, says that the
meridian is well-de�ned up to smooth isotopy.

683It follows immediately from the Smooth Embedding Theorem 24.10 that F (S1 × {P}) is indeed a
submanifold of S3 \K.
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tubular neighborhood F
(
B

2 ×K
)

meridian
F (S1 × {P})

oriented knot K

P
F
(
B

2 × {P}
)

Lemma 58.9. The meridian of an oriented knot in S3 is well-de�ned up to smooth isotopy
in S3 \K.
The following proposition gives a convenient criterion for showing that a given closed ori-
ented curve is indeed a meridian.
Proposition 58.10. Let K be an oriented knot in S3. Let µ Ă S3 \ K be a closed
oriented curve. Suppose there exists a smooth embedding ϕ : B

2
Ă S3 with the following

two properties:
(1) the map ϕ|S1 de�nes an orientation-preserving di�eomorphism S1 → µ,
(2) the image ϕ(B

2
) intersects K transversally in a single point P ,

(3) a positive basis for TP (ϕ(B
2
)) together with a positive basis for TPK gives a positive

basis for TPS3,684

then µ is a meridian of K.

Remark. More casually speaking, Proposition 58.10 says that a meridian is any closed
curve which circles once around a knot where the orientation is given by the right-hand-
rule, i.e. if the thumb points into the direction of the knot, then the �ngers point into the
direction of the meridian. This rule is illustrated in the �gure below.

meridian

oriented knot K

Sketch of proof. By the Tubular Neighborhood Theorem ?? there exists an orientation-
preserving smooth embedding F : B

2 ×K → S3 such that F (0, P ) = P for all P ∈ K. For
convenience we denote the image of F by B

2 ×K. We perform the following steps which
are quite similar to the steps in the proof of the Genus-Zero Knots Proposition 58.8.

(a) We pick a point Q 6= P on K. We can shrink the disk such that ϕ(B
2
) is contained

in B
2 × (K \ {Q}).

(b) It follows from our hypothesis (1) and the de�nition of di�erentiability that we can
shrink the disk even further, such that the map

B
2 ϕ−→ B

2 × (K \ {Q}) (v,z)7→(v,P )−−−−−−−→ B
2 × {P}

684Later, on page 2748, we will say that P is a positive intersection point of ϕ(B
2
) and K.
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is an embedding. It follows from the hypothesis (2) that this map is actually
orientation-preserving.

(c) Similar to Step (3) of the proof of the Genus-Zero Knots Proposition 58.8 we see
that ϕ is smoothly isotopic, rel (0, P ), to an orientation-preserving embedding into
B

2 × {P}.
(d) The statement now follows from the Di�eotopies-of-Rn-Classi�cation Proposition 34.3

(2).
As in the proof of the Genus-Zero Knots Proposition 58.8 we leave it to the reader to �ll
in the details. �

��
��
��
��

B
2 ×Kknot K

meridian

(d)

(b)

(a) (c)

µ P

test test
Later on, in Chapter 59, we will study the fundamental group of a knot complement.

Implicitly we will make use of the following lemma.

Lemma 58.11. Given any knot K Ă S3 the complement S3 \K is path-connected.

Proof. We will provide the proof in Exercise ??. �
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59. An excursion into knot theory

In this chapter we will study the fundamental groups of the complements of knots. In
particular we will use these calculations to show that the trivial knot, the trefoil and the
�gure-8 knot are pairwise di�erent, i.e. we will show that they are pairwise not smoothly
isotopic.

59.1. One more avatar of spheres. The spheres Sn = {x ∈ Rn+1 | ‖x‖ = 1} are some
of the most important topological spaces. We already saw that there are di�erent ways to
think about spheres, in particular on pages 156 and 261 and in the Ball-Quotient Sphere
Lemma 5.20 we made the following identi�cations

Sn = Rn ∪ {∞}, Sn = B
n
/Sn−1, and Sn = B

n

+ ∪Sn−1 B
n

−.

Furthermore, on page 263 we had given a canonical homeomorphism

(Sm−1×Bn
) ∪Sm−1×Sn−1 (B

m × Sn−1)
∼=−→ Sm+n−1.

Even though the homeomorphism is canonical, it is not particularly explicit. Furthermore
it has the disadvantage that, if one looks up the de�nition, one sees that the restriction to
the two solid tori Sm−1 ×Bn

and B
m × Sn−1 is not smooth. The following lemma recti�es

these two problems.

Lemma 59.1. Let m,n ∈ N0. We consider the following two maps:

Φ: Sm−1 ×Bn → A :=
{

(z, w) ∈ Rm×Rn=Rm+n
∣∣ ‖w‖2+‖z‖2 =1 and ‖z‖2≥ 1

2

}
(a, b) 7→

(
a√

‖a‖2+‖b‖2
, b√
‖a‖2+‖b‖2

)
and

Ψ: B
m × Sn−1 → B :=

{
(z, w) ∈ Rm×Rn=Rm+n

∣∣ ‖w‖2+‖z‖2 =1 and ‖w‖2≥ 1
2

}
(a, b) 7→

(
a√

‖a‖2+‖b‖2
, b√
‖a‖2+‖b‖2

)
.

These maps have the following properties:
(1) The map Φ: Sm−1 ×Bn → A is an orientation-preserving di�eomorphism.
(2) The map Ψ: B

m×Sn−1 → B is a di�eomorphism, it is orientation-preserving if and
only if m is even.

(3) The map685

Θ: (Sm−1 ×Bn
) ∪Sm−1×Sn−1 (B

m × Sn−1) → Sm+n−1

[P ] 7→
{

Φ(P ), if P ∈ Sm−1 ×Bn
,

Ψ(P ), if P ∈ Bm × Sn−1

is well-de�ned, it is a di�eomorphism, and it is orientation-preserving if and only if
m is even.

685We equip the boundaries of Sm−1×Sn and B
m×Sn−1 with the �obvious� collars. We use these collars

and the Gluing-Smooth Manifolds-Proposition ?? (1b) to equip the left-hand side with the structure of
a smooth manifold. Furthermore we use the Gluing-Smooth Manifolds-Proposition ?? (6) to equip the
left-hand side with the orientation, where the orientation matches the orientation of Sm−1×Bn and which
matches the orientation of B

m × Sn−1 if and only if m is even.
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Convention. We use the di�eomorphism Θ from Lemma 59.1 (2) to add the smooth
manifold (Sm−1 ×Bn

) ∪Sm−1×Sn−1 (B
m × Sn−1) to our list of avatars of Sm+n−1.
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S2

S0 ×B2 B
1 × S1

Φ

Ψ

B

A

Sketch of proof.

(2) Since the orientations are a little more interesting in the second case let us treat the
second case in detail. We consider the map

Ψ̃ : B=
{

(z, w) ∈ Rm×Rn=Rm+n
∣∣ ‖w‖2+‖z‖2 =1 & ‖w‖2≥ 1

2

}
→ B

m×Sn−1

(z, w) 7→
(

z
‖w‖ ,

w
‖w‖

)
.

One can easily verify that Ψ̃ and Ψ are inverses of one another and that Ψ and Ψ̃
are smooth. This observation implies that Ψ: B

m × Sn−1 → B is a di�eomorphism.
It remains to show that Ψ is orientation-preserving. By the Basics-of-Orientations
Lemma 25.13 it su�ces to prove the following claim.

Claim. For em+1 = ((0, . . . , 0), (1, 0, . . . , 0)) ∈ Bm × Sn−1 the corresponding di�er-
ential DΨem+1 : T̃em+1(B

m×Sn−1)→ T̃Ψ(em+1)B is orientation-preserving if and only
if m is even.

Proof. By the orientation conventions from page 681 and the Smooth Manifold
Product Proposition 19.31 we know that {e1, . . . , em, em+2, . . . , em+n} is a positive
basis for T̃em+1(B

m × Sn−1). First note that a straightforward calculation shows
that the di�erential of Ψ at the point em+1 is actually the identity. Next note that
Ψ(em+1) = em+1. Finally note that by de�nition {v1, . . . , vm+n−1} is a positive basis
for T̃Ψ(em+1)B = T̃em+1S

m+n−1 if and only if det(em+1, v1, . . . , vm+n−1) > 0. The claim
follows almost immediately from these observations. �

(1) The proof of this statement is almost identical to the above proof of (2).
(3) It is clear that Φ and Ψ agree on Sm−1 × Sn−1. Therefore it follows from the

Topological-Quotient Proposition 5.15 (1b) that the given map Θ: (Sm−1×Bn
)∪Sm−1×Sn−1

(B
m × Sn−1) → Sm+n−1 is well-de�ned and continuous. Using (1) one easily veri-

�es that the map is a bijection. It follows from the Compact-Hausdor� Proposi-
tion 2.17 (3) that the map Θ is a homeomorphism. Going through the de�nition of
the smooth structure of the smooth manifold on the left, as de�ned in the Gluing-
Smooth Manifolds-Proposition ?? (1b), shows that the map is actually a di�eo-
morphism. Finally it follows from (1) and (2) that the di�eomorphism is actually
orientation-preserving. �
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Throughout this chapter we are mostly interested in the case m = n = 2. In this setting
we have the following identi�cations which are given by de�nition and b Lemma 2.18:

S3 =
{

(w, x, y, z)
∣∣w2 + x2 + y2 + z2 = 1

}
=
{

(z, w) ∈ C2
∣∣ |w|2 + |z|2 = 1

}
= R3 ∪ {∞}.
↑

via the stereographic projection as de�ned in Lemma 2.18
note that in Exercise 25.9 we saw that this map

is (lucky us!) orientation-preserving

We will go back and forth between these models without mentioning these maps. In
particular, as discussed on page 659, we will view R3 as a submanifold of the smooth
manifold S3 = R3∪{∞}. Furthermore we now view A and B as subsets of S3 = R3∪{∞}.
In this setting we have

�central curve of A� = Φ(S1 × {0}) = S1 × {0} = the trivial knot
and we have

�central curve of B� = Ψ({0} × S1) = the z-axis ∪ {∞}.
We visualize the solid torus A and the central curve of the solid torus B in the �gure below.
The solid torus B is more di�cult to illustrate. It consists of a closed disk attached to each
point on the central curve. For example the closed disk attached to the origin is just the
�obvious� closed disk in the xy-plane that touches the torus Φ(S1 × S1).686
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the solid torus A with central curve S1 × {0}

the central curve of the solid torus B
is z-axis ∪ {∞}

z

x

B ∩ xz-plane

A ∩ xz-plane

Lemma 5.7 and Lemma 59.1 give us two smooth embeddings of the 2-dimensional torus
S1×S1 into R3. The following lemma says that these two smooth embeddings are essentially
the same.
Lemma 59.2. We denote by Ω: S3\{(0, 1)} → R3 the stereographic projection as de�ned
in Lemma 2.18. We consider the two smooth embeddings687688

B
2×S1 Θ−→ R3

((x, y), exp( iϕ)) 7→

cosϕ − sinϕ 0
sinϕ cosϕ 0

0 0 1

·
1 + x

2
0
−y

2

 and

B
2×S1 Ξ−→ S3 \ {(0, 1)} Ω−→ R3

(z, w) 7→
( w√

|z|2+|w|2
, z√
|z|2+|w|2

)

provided by Lemma 5.7 and provided by Lemma 59.1. There exists a di�eotopy G of S3

rel {(0, 0)} × S1 with G0 = id and G1 ◦Θ = Ω ◦ Ξ.

686What is the disk attached to the point ∞?
687Note that Ξ: B

2 × S1 → S3 is just the composition of the swap B
2 × S1 → S1 × B2

and the smooth
embedding Φ: S1 ×B2 → S3.
688As a reality check note that it follows from Lemma 2.18 that Θ and Ω ◦ Ξ agree on {(0, 0)} × S1.
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Convention. In all the future examples we will not distinguish between the two smooth
embeddings of the solid torus B

2 × S1 → R3 that are given in Lemma 59.2.

Sketch of proof. By the Isotopy Extension Theorem 36.1 it su�ces to show that there
exists a smooth isotopy rel {(0, 0)} × S1 from Θ to Ω ◦ Ξ.

We write H = {(x, 0, z) ∈ R3 |x > 0}. Let us �rst consider the restrictions of Θ and
Ω◦Ξ to the disk B

2×{1}. In both cases the image lies in H. These maps are illustrated in
the �gure below. We leave it to the dear reader to show that there exists a smooth isotopy
F : B

2 × {1} × [0, 1]→ H rel {(0, 0, 1)} from Θ to Ω ◦ Ξ.
The desired isotopy is given by �rotating F � around the z-axis. Slightly more precisely

it is given by the map

B
2 × S1 × [0, 1] → R3

((x, y), exp( iϕ), t) 7→ rotation of F ((x, y), t) ∈ R3 by ϕ around the z-axis. �
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H
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x

z

x

B
2×{1}

Θ Ω ◦ Ξ

59.2. The fundamental group of the complement of the trefoil. Now we want to
�nally turn to the study of knots. For the reader's convenience we recall the relevant
de�nitions from page 1301 and 1302.

De�nition.
(1) A knot is a submanifold of S3 = R3 ∪ {∞} that is di�eomorphic to S1.689 We say

that the knot is oriented if it is oriented as a 1-dimensional smooth manifold.
(2) We say that two knotsK and J are smoothly isotopic if there exists a smooth isotopy

from K to J , i.e. a smooth map

F : S1 × [0, 1] → S3

(z, t) 7→ F (z, t)

such that the following hold:
(a) we have F (S1 × {0}) = K and F (S1 × {1}) = J , and
(b) for each t ∈ [0, 1] the map S1 → S3 given by z 7→ F (z, t) is a smooth embed-

ding.
If K and J are oriented, then we demand that the map K → J given by x 7→
F1(F−1

0 (x)) is orientation-preserving.
In the following we would like to study the knots that are illustrated in the �gure below. In
Question 58.1 we had raised the question, how can one show that the trefoil is not trivial,
i.e. not smoothly isotopic to the trivial knot?
Now we have some tools to attack this question. We saw in Proposition 58.4 that if K
and J are smoothly isotopic knots, then the knot complements S3 \ K and S3 \ J are
di�eomorphic. In particular if π1(S3 \K) and π1(S3 \ J) are not isomorphic, then K and
J are not smoothly isotopic. Thus we arrive at the following variation on Question 58.1.
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�gure-8 knottrivial knot trefoil

Question 59.3. Can the fundamental group be used to distinguish the trefoil from the
trivial knot?
Before we continue we want to give a precise description of the trivial knot and the trefoil.
In fact, we will use the occasion to introduce an interesting family of knots which contains
the trefoil knot.

De�nition.
(1) As on page 1301 we de�ne the trivial knot as the knot690

U := {(exp( it), 0) | t ∈ R} Ă
{

(z, w) ∈ C2
∣∣ |w|2 + |z|2 = 1

}
or equivalently

U := {(cos t, sin t, 0) | t ∈ R} Ă R3 ∪ {∞}.
(2) Let p, q ∈ N be coprime. We consider the curve C = {(p · t, q · t) | t ∈ R} on the

torus T = [0, 2π] × [0, 2π]/∼. We de�ne the (p, q)-torus knot T (p, q) as the image
of C under the map

Φ: T = [0, 2π]× [0, 2π]/∼ → S3

(s, t) 7→
(

1√
2

exp( is), 1√
2

exp( it)
)
.

(3) We de�ne the trefoil to be the (2, 3)-torus. This de�nition of the trefoil is illustrated
in the �gure below.
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Φ

(s, t) 7→
(

1√
2
eis, 1√

2
eit
)the torus T = [0, 2π]× [0, 2π]/ ∼

K := Φ(C) is the trefoil

torus in R3 �viewed from above�

the curve C

Now we turn to the calculation of the fundamental groups of the complements of the trivial
knot and of the trefoil.

Proposition 59.4. If U is the trivial knot, then S3 \ U is di�eomorphic to S1 × C, in
particular π1(S3 \ U) ∼= Z.

690The name U comes from the fact that the trivial knot is often also called the unknot.
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Proof. Note that

S3 \ U = {(z, w) ∈ C2 | |z|2 + |w|2 = 1} \ {(z, 0) | |z| = 1}
= {(z, w) ∈ C2 | |z|2 + |w|2 = 1 and |w|2 > 0}.

Now basically the same argument as in the proof of Lemma 59.1 shows that the map

Φ: S1 × C → S3 \ U =
{

(z, w) ∈ C2
∣∣ |w|2 + |z|2 = 1 and |w|2 > 0

}
(a, b) 7→

(
b√

|a|2+|b|2
, a√
|a|2+|b|2

)
is a di�eomorphism. Since S1 ×C is homotopy equivalent to S1 we obtain from the above
and from the Homotopy-π1-Proposition 50.3 (2) that π1(S3 \ U) = π1(S1 ×C) = π1(S1) ∼=
Z. �

Remark. Let U be the trivial knot. A careful reading of the proof of Proposition 59.4
shows that a generator of π1(S3 \ U) is given by a meridian that we de�ned on page 1305.
We refer to the �gure below for an illustration of the trivial knot and a meridian.
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the trivial knot U meridian is a generator of π1(S3 \ U) ∼= Z

Proposition 59.5.
(1) Let p, q ∈ N be coprime. Then π1(S3 \ T (p, q)) ∼= 〈x, y | xp = yq〉.
(2) If K is the trefoil, then π1(S3 \K) ∼= 〈x, y | x2 = y3〉.

Proof. By de�nition of the trefoil Statement (2) is just a special case of Statement (1).
Thus we only need to prove Statement (1). Let p, q ∈ N be coprime. By Lemma 59.1 there
exists a di�eomorphism

Φ: S3 ∼=−→
(
S1 ×B2)︸ ︷︷ ︸

=:A

∪S1×S1=S1×S1

(
B

2 × S1
)︸ ︷︷ ︸

=:B

which is, up to scaling by a factor of
√

2, the identity on T := S1 × S1. We identify the
(p, q)-torus knot with its image under Φ, i.e. we have

K = {(exp(ps i), exp(qs i)) | s ∈ R} Ă T.

We write AK = A\K,BK = B\K and TK = T \K. Note that AK and BK are submanifolds
of XK := S3 \K and with691 AK ∩BK = ∂Ak = ∂BK = TK and with AK ∪BK = XK . Note
that x := S1 × {0} is a deformation retract of AK and that y := {0} × S1 is a deformation
retract of BK . Finally note that TK retracts onto a parallel copy of K. More precisely, for
ε > 0 su�ciently small, the subset TK retracts onto the loop

z = {(exp(ps i + ε), exp(qs i)) | s ∈ R} Ă TK .

691Here we mean by ∂AK and ∂BK the boundary of AK and BK viewed as submanifolds of S3.
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By an abuse of notation we denote by x, y and z also the loops corresponding to the circles
x, y and z with the obvious orientation. Then the inclusion induced maps

π1(AK) ← π1(TK) → π1(BK)
i∗(g) ←[ g 7→ j∗(g)

become
〈x〉 ← 〈z〉 → 〈y〉
xp ←[ z 7→ yq.

Thus we see that
π1(XK) = π1(AK) ∗π1(TK) π1(BK) ∼= 〈x〉 ∗xp=yq 〈y〉 = 〈x, y | xp = yq〉.

↑ ↑ ↑
Seifert�van Kampen Theorem 54.4 above discussion Lemma 53.23 �

Now the question is whether or not π1(S3 \K) = 〈x, y | x2 = y3〉 is isomorphic to π1(S3 \
U) = Z. As usual we �rst consider the abelianization of π1(S3\K), but it is straightforward
to see, using the Abelianization Proposition 53.20 that the abelianization is isomorphic to
Z.692693 Despite this slight setback the following lemma does fortunately show that the
group π1(S3 \K) = 〈x, y | x2 = y3〉 is not isomorphic to π1(S3 \ U) = Z.
Proposition 59.6.
(1) The group 〈x, y | x2 = y3〉 admits an epimorphism onto the permutation group S3,

in particular the group 〈x, y | x2 = y3〉 is non-abelian and it is not isomorphic to Z.
(2) The trefoil is not smoothly isotopic to the trivial knot.

Proof.

(1) It follows from Lemma 53.4 and a straightforward calculation that there exists a
unique homomorphism

Φ: 〈x, y | x2 = y3〉 → S3 = permutation group on three elements
with

Φ(x) = σ := (1 2) =
( 1 2 3

2 1 3

)
and

Φ(y) = τ := (1 2 3) =
( 1 2 3

2 3 1

)
.

The permutations σ and τ do not commute, hence the image of Φ is a non-abelian
subgroup of S3.694 On the other hand the abelian group Z cannot admit an epimor-
phism onto a non-abelian group695.

(2) It follows from (1) and above discussion that the trefoil is non-trivial. �

The following question arises naturally.

Question 59.7. Are the (p, q)-torus knots pairwise di�erent, i.e. if (p, q) and (r, s) for
coprime pairs of natural numbers, does it follow that T (p, q) and T (r, s) are not smoothly
isotopic?
The approach of the proof of Proposition 59.6 is most likely too pedestrian to deal with
Question 59.7. We will return to Question 59.7 at a much later stage.

692In fact that is not a coincidence, using homology groups we will soon see that for any knot J the
abelianization of π1(S3 \ J) is isomorphic to Z.
693If one goes very carefully through the de�nitions and calculations then one can see that a meridian once
again becomes a generator of the abelianization.
694In fact it is easy to see that the only non-abelian subgroup of S3 is S3 itself, i.e. Φ is an epimorphism
onto S3.
695Why not?
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Remark. Let p, q ∈ N be coprime. We consider the map

f : S3 = {(z, w) ∈ C2 | |z|2 + |w|2 = 1} → C
(z, w) 7→ zq − wp.

Note that by de�nition the (p, q)-torus knot T (p, q) equals f−1(0). It follows from work
of Milnor, see [Miln1968, Theorem 4.8] and [Sav2012, Chapter 8] (see also [EN1985,
p. 125] and [Rolf1990, Chapter 10.I]), that there exists a surface and a self-di�eomorphism
of order pq together with a di�eomorphism Θ: S3 \ T (p, q) → Tor(Σ, ϕ) such that the
following diagram commutes

S3 \ T (p, q) ∼=
Θ //

P 7→ f(P )
|f(P )| &&

Tor(Σ, ϕ)

[(z,t)] 7→exp(2π it)
xx

S1.

This generalizes the observation from 470 that the complement of the trefoil is di�eomorphic
to a mapping torus.

The question arises, whether the fundamental group is strong enough to detect the smooth
isotopy class of a knot. In the section we will see that this is perhaps a tri�e to optimistic.

59.3. The mirror image of a knot. We continue with the following nicely geometric
de�nition.
De�nition. Given a knot K Ă S3 the re�ection of K in any hyperplane of R4 is called
mirror of K and denoted by Kmir.

Lemma 59.8.
(1) Let K Ă S3 be a knot. The re�ections in any two hyperplanes of R4 give rise to

smoothly isotopic knots.
(2) LetK Ă R3 be a knot. We use the di�eomorphism R3∪{∞} → S3 from Lemma 2.18

to view K as a knot in S3. The image of K under a re�ection of an a�ne hyperplane
in R3 corresponds under this embedding to a mirror of K.

Sketch of proof.

(1) We will prove this statement in Exercise 59.1, making use of the Matrix Group Path-
Component Proposition 2.37 and the Smooth Path-Connectivity Proposition 19.29.

(2) Let K Ă R3 be a knot. First note that the same argument as in (1) shows that
re�ection in any two a�ne hyperplanes of R3 lead to smoothly isotopic knots in R3.
Thus it remains to show that there exists a single hyperplane H of R3 such that the
re�ection of K in H corresponds to the mirror image of K Ă R3 Ă S3 as de�ned
above. Next note that the stereographic projection, that we used in Lemma 2.18,
commutes with the re�ection in the (x1 = 0)-hyperplane of R4 respectively R3. Thus
we see that the hyperplane (x1 = 0) has the desired property. �

Convention. Let K Ă S3. Since usually we only care about knots up to smooth isotopy
we use Lemma 59.8 to talk of �the mirror image� of K instead of the slightly more correct
�a mirror image of K�.
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Example. Let K Ă R3 Ă R3 ∪ {∞} = S3 be a knot. Keeping Lemma 59.8 (2) we see in
the �gure below the trefoil and its mirror and we also see the �gure-8 knot and its mirror.

the trefoil K and its mirror Kmir the �gure-8 knot J and its mirror Jmir

The question arises, whether the mirror image of a knot is �truly di�erent� from the original
knot. We are now naturally led to the following de�nition.

De�nition. We say that a knot K in R3 is amphichiral if it is smoothly isotopic to its
mirror image, otherwise we call the knot K chiral.

Examples.

(1) The trivial knot equals of course its mirror, in particular the trivial knot is amphichi-
ral.

(2) In the �gure below we show that the �gure-8 knot J is smoothly isotopic to its mirror
image J∗, i.e. the �gure-8 knot is also amphichiral.

isotopy�ip green over purple

the mirror Jmirthe �gure-8 knot J

rotate by π around the origin

It is now natural to ask whether the trefoil is amphichiral. But endless hours of playing
around with the trefoil do not lead to any success. So the suspicion arises that the following
question should be answered in the negative.

Question 59.9. Is the trefoil chiral?
Much later, in Proposition 131.5 and 149.10 we will use two di�erent approaches to give
negative answer to this question. In the �rst approach we use the fundamental group
together with the �longitude�, in the latter approach we use linking pairings of the �2-fold
branched covering of K�.
We return to the study of fundamental groups. Let K Ă S3 be a knot and let Kmir be
its mirror image. Evidently S3 \ K is di�eomorphic to S3 \ Kmir, so we cannot hope to
distinguish K and Kmir using the fundamental groups of their complements. This leads us
to the following question:

Question 59.10. Let K and J be two knots such that the fundamental groups of S3 \K
and S3 \ J are isomorphic. Does this imply that K is smoothly isotopic to J or to its
mirror J∗?
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59.4. The connected sum of oriented submanifolds and knots. In this section, given
two submanifolds K Ă M and L Ă N we introduce the corresponding connected sum
K#L Ă M#N . Eventually our main interest will be in the connected sum of knots
K,L Ă S3.
To introduce the connected sum of submanifolds and knots we need to make a few prepa-
rations. We recall and expand on some de�nitions from page 894.

Notation. Let n ∈ N and let k ∈ {1, . . . , n− 1}.
(1) We denote by B

n

2 and B
k

2 the closed balls of radius 2 in Rn and Rk.
(2) We set Jk := {(x, 0) ∈ B

n

2 |x ∈ B
k

2} and we view equip Jk with the obvious
orientation.

(3) LetM be an oriented n-dimensional smooth manifold and let K Ă M be an oriented
k-dimensional submanifold. Furthermore let ϕ : B

n

2 →M be a smooth embedding.
(a) We say ϕ respects K if ϕ(Jk) = ϕ(B

n

2 ) ∩ K, if ϕ : B
n

2 → M is orientation-
preserving and if ϕ|Jk : Jk → ϕ(B

n

2 ) ∩K is orientation-preserving.
(b) We say ϕ anti-respects K if the same conditions as in (a) hold, except that we

now demand that both maps are orientation-reversing.
In the �gure below we illustrate the de�nition of a map that respects K in the special case
that M = S3 and that K is in fact a knot.
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respects KJ1

ϕ K Ă S3

The following proposition says that maps that respect a submanifold K always exist and
that in a sense they are unique.

Proposition 59.11. Let M be an oriented n-dimensional smooth manifold. Furthermore
let K Ă M be an oriented k-dimensional submanifold.
(1) If K is non-empty, then there exists a map ϕ : B

n

2 →M that respects K.
(2) If K is connected, then for any two maps ϕ : B

n

2 → M and ψ : B
n

2 → M that
respect K there exists a di�eotopy F : M × [0, 1]→M such that F0 = id, such that
F1 ◦ ϕ = ψ and such that each Ft ◦ ϕ respects K.

The obvious analogues of (1) and (2) also hold for �anti-respect� instead of �respect�.

Remark. An analogue of Proposition 59.11 for topological manifolds is proved in [Liv2021].

Sketch of proof. The �rst statement follows easily from the de�nition of a submanifold.
Now let us turn to the proof of the second statement. Thus we assume that K is connected.
Let ϕ : B

n

2 → M and ψ : B
n

2 → M be two maps that respect K. By Theorem 37.11 there
exists a smooth isotopy I : B

n × [0, 1] → M such that I0 = ϕ, such that I1 = ψ and such
that each It ◦ ϕ respects K.

It follows from a slight generalization of the Isotopy Extension Theorem 36.1, see Ex-
ercise 37.3, that there exists a di�eotopy F : M × [0, 1]→M with the following properties:

(1) F0 = id.
(2) For all x ∈ Bn

and all t ∈ [0, 1] we have F (I0(x), t) = F (x, t).
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This di�eotopy has all the desired properties. �

Let us move on to the key de�nition of this section which can be viewed as a variation
on the de�nition of the connected sum of two oriented smooth manifolds that we gave on
page ??.
De�nition. Let M be a closed oriented n-dimensional smooth manifold and let K Ă M
be a closed oriented k-dimensional submanifold. Furthermore let N be a closed oriented
n-dimensional smooth manifold and let L Ă N be a closed oriented k-dimensional sub-
manifold. We pick a map ϕ : B

n

2 → M that respects K and we pick a map ψ : B
n

2 → N
that anti-respects L. We use ϕ : B

n →M and ψ : B
n → N to de�ne M#N . Furthermore

we use696 B
k

= B
k

1
x 7→ (x, 0)−−−−−→Jnk

ϕ−→K and B
k

= B
k

1
x 7→ (x, 0)−−−−−→Jnk

ψ−→L to de�ne the connected
sum K#L as we did on page ??. We refer to the resulting pair (M#N,K#L) as the
connected sum of (M,K) and (N,L).
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M#N K#L

The following proposition can be viewed as an analogue of the Connected Sum-Proposition ??.
Proposition 59.12. Let M be a closed oriented n-dimensional smooth manifold and let
K be a closed oriented k-dimensional submanifold of M . Furthermore let N be a closed
oriented n-dimensional smooth manifold and let L be a closed oriented k-dimensional
submanifold of N .
(1) The subset K#L is a closed k-dimensional smooth submanifold of M#N .
(2) If M and N are both connected, then the oriented di�eomorphism type of the pair

(M#N,K#L) does not depend on the choice of the map that respects K and the
map that anti-respects L.

Sketch of proof.
(1) We leave it to the reader to verify this statement. Note that here one needs to make

use of the fact that the maps that (anti-) respect the submanifold give us control on
B
n

2 and not just on B
n
.

(2) This statement follows fairly easily from Proposition 59.11. �

Now we can �nally specialize to our beloved setting of knots in S3. Following most books in
knot theory, see e.g. [Rolf1990, p. 40] and [Kaw1996, p. 30] we introduce the connected
sum of two oriented knots as follows:
De�nition.
(1) Let K and L be two oriented knots in S3. We pick a map ϕ : B

3

2 → S3 that respects
K and we pick a map ψ : B

3

2 → S3 that anti-respects L. We perform the connected

696Note that here we deliberately restrict ourselves from balls of radius 2 to balls of radius 1.
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sum (S3#S3, K#L) and we use the explicit orientation-preserving di�eomorphism
S3#S3 → S3 from Lemma ?? to view K#L as an oriented knot in S3.

(2) We say a knot K is prime if it is not smoothly isotopic to the connected sum of two
non-trivial knots.

Examples.
(1) In the �gure below we show the connected sum of the trefoil K and the �gure-8 knot

L. Admittedly it can take a minute to connect the picture to the actual de�nition.
Just for fun we also show meridians of K, L and K#L.
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trefoil K �gure-8 knot L connected sum K#L

meridian µK meridian µL meridians for K#L

(2) In the �gure below we show the trefoil and its �mirror image� Kmir, i.e. the re�ection
of K in the xy-hyperplane. The connected sum K#K is called the square knot and
the connected sum K#Kmir is called the granny knot. It is notoriously tricky to
distinguish the square knot and the granny knot, even up to taking �mirror images�.

trefoil K mirror image K∗ granny knot K#K∗square knot K#K

Proposition 59.13. On the set of smooth isotopy classes of oriented knots the connected
sum operation is well-de�ned and commutative.

Sketch of proof. First note that it follows almost immediately from the Isotopy Extension
Theorem 36.1 together with Proposition 59.12 that the connected sum operation is indeed
well-de�ned.697 A slight variation on the proof of the Connected Sum-Proposition ?? (5)
shows that the connected sum of knots is commutative. �

But now let us return to our main hobby these days, namely the calculation of fundamental
groups. We have the following proposition.

697Note though that the statement does not follow just from Proposition 59.12 since we claim that K#L
is well-de�ned up to isotopy in S3. This is a priori not the same statement as saying that the oriented
di�eomorphism type of (S3#S3,K#L) is well-de�ned.
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Proposition 59.14. Let K and L be two oriented knots in S3. We pick meridians µK
and µL and base points x0 ∈ µK and y0 ∈ µL. There exists an isomorphism

π1(S3 \ (K#L)) ∼= π1(S3 \K, x0) ∗〈µK〉=〈µL〉 π1(S3 \ L, y0).
↑

given by making the identi�cation µK = µJ

Sketch of proof. To preserve our sanity we only provide a sketch of the proof. We pick
a map ϕ : B

3

2 → S3 that respects K and we pick a map ψ : B
3

2 → S3 that anti-respects
L. We write D3

+ := S3 \ ϕ(B3), D3
− := ϕ(B

3
) and K± := D3

± ∩ K. Similarly we write
E3

+ := S3 \ ψ(B3), E3
− := ψ(B

3
) and L± := E3

± ∩ K. Since all meridians are equivalent
we can arrange that µK Ă ϕ(S2) and that µL Ă ψ(S2).698 Now we consider the following
diagram

isomorphism by the Seifert�van Kampen Theorem 54.4 for Smooth Manifolds
↓

π1(S3 \K#L) = π1(S3#S3 \K#L) ∼= π1(D3
+ \K+) ∗〈µK〉=〈µL〉 π1(E3

+ \ L+)y∼= y∼=
π1(S3 \K) ∗〈µK〉=〈µL〉 π1(S3 \ L).

Here the vertical maps are isomorphisms by another two applications of the Seifert�van
Kampen Theorem 54.4, applied this time to S3 \ K = (D3

+ \ K+) ∪ (D3
− \ K−) and to

S3 \L = (E3
+ \L+)∪ (E3

− \L−). Note that here we secretly use the Amalgamated Product
Lemma 53.22 (3) twice. �
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Remark. In Section 102.7 we will introduce the �internal connected sum� of two oriented
submanifolds. In particular we will introduce the �internal connected sum� of two oriented
knots which, for most intents and purposes agrees with the connected sum of two oriented
knots.

In Exercise 59.6 we will prove the following corollary to Proposition 59.14.

Corollary 59.15. Let K and L be oriented knots. The fundamental groups of S3\(K#L)
and S3 \ (K#L∗) are isomorphic.
In particular we see that the square knot and the granny knot cannot be distinguished by the
fundamental group of their complements. On the other hand we will see in Exercise 149.3
that the granny knot is neither smoothly isotopic to the square knot nor to its mirror image.
In particular we see that in general the answer to Question 59.10 is negative.
Fortunately the following deep theorem shows that the situation is much better once we
restrict to prime knots. Namely, under this extra hypothesis we actually do get a positive
answer to Question 59.10.

698Readers who go through the proof with a �ne logical comb will notice that the last sentence requires
some extra thought.
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Theorem 59.16. (Whitten Theorem) Let K and L be two prime knots in R3 Ă R3 ∪
{∞} = S3. If π1(S3 \K) is isomorphic to π1(S3 \L), then K is smoothly isotopic to L or
to its mirror image L∗.

Proof. Let K and L be two prime knots such that the fundamental groups π1(S3 \ K)
and π1(S3 \ L) are isomorphic. Wilbur Whitten [Whn1987, Corollary 2.1], building on
the Gordon-Luecke Theorem 58.7, showed that there exists a di�eomorphism F : S3 → S3

with F (K) = L. By possibly composing F with the re�ection in a hyperplane we see that
there exists an orientation-preserving di�eomorphism F : S3 → S3 with F (K) = L or with
F (K) = L∗. The claimed statement now follows from Corollary 58.6. �

59.5. Knot diagrams. In the previous section we gave a completely rigorous calculation
of the isomorphism type of the fundamental group of the complement of a trefoil and
we used this to show that the trefoil is not smoothly isotopic to the trivial knot. In the
next section we will give a practical algorithm for determining the isomorphism type of
the fundamental group of the complement of a given knot. The key to formulating the
algorithm is the notion of a knot diagram that we will study in this section.
Before we start with knot theory we introduce one bit of notation.

Notation. Given a smooth map f : S1 → Rn and z = exp( is) ∈ S1 we write

f ′(z) := derivative at the point s of the function R→ Rn given by t 7→ f(exp( it)).

De�nition. A map γ : S1 → R2 is called diagrammatic if the following conditions are
satis�ed:
(a) the map is an immersion,
(b) if z 6= w ∈ S1 satisfy γ(z) = γ(w), then γ′(z) and γ′(w) are linearly independent,
(c) given any P ∈ γ(S1) the preimage γ−1(P ) consists of either one or two points.

Furthermore any z ∈ S1 for which there exists a w 6= z ∈ S1 with γ(z) = γ(w) is called a
double point of γ.
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images of diagrammatic mapsnot allowed in a diagrammatic map

images of double points

Lemma 59.17. Every diagrammatic map has only �nitely many double points.

Proof. The lemma will be proved in Exercise 59.4. �

De�nition.
(1) A knot diagram is a diagrammatic map γ : S1 → R2 together with a map

c : {double points of γ} → {±1}
which has the property that for z 6= w ∈ S1 with γ(z) = γ(w) we have c(z) 6= c(w).
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(2) Let (γ, c) be a knot diagram. Let z be a double point. If c(z) = +1, then we say
that the double point is an overcrossing, otherwise we call it an undercrossing.

The next lemma shows that knot diagrams give rise to knots.

Lemma 59.18. Let (γ : S1 → R2, c) be a knot diagram. We can pick disjoint compact
segments I1, . . . , Ik of S1 and a smooth function η : S1 → [−1, 0] with the following prop-
erties:
(a) Each segment contains a unique undercrossing and each undercrossing is contained

in some segment.
(b) No segment contains an overcrossing.
(c) The value of η outside the segments is equal to 0.
(d) On each segment the function has a unique local minimum, namely at the corre-

sponding undercrossing where the value of η is equal to −1.
The following two statements hold:
(1) The image of S1 under the map S1 → R3 given by z 7→ (γ(z), η(z)) is a knot.
(2) Any two choices of segments and η as above give rise to smoothly isotopic knots.

If we equip S1 with the standard orientation, then in the above statements we can also
replace �knot� by �oriented knot�.
Lemma 59.18 shows that a knot diagram gives rise to an essentially unique (oriented) knot.
We refer to this knot as the knot associated to the knot diagram. At times we will rather
blur the di�erence between a knot diagram and the associated knot.

Example. In the �gure below we show to the left a knot diagram. To the right we show
the associated knot. It is pretty clear that the resulting knot is smoothly isotopic to the
trefoil.
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Proof. It follows quite easily from the Smooth Transition Function Lemma 19.4 that such
segments I1, . . . , Ik and that such a function η exist. Given such a function it is clear that
the map z 7→ (γ(z), η(z)) is injective. Since γ is an immersion it follows that the map z 7→
(γ(z), η(z)) is in fact a smooth embedding. Thus it follows from the Smooth Embedding
Theorem 24.10 (1) that the image is a one-dimensional submanifold of R3∪{∞} = S3 that
is di�eomorphic to S1. In other words, the image is a knot.

Finally suppose we are given functions η and η′ with the properties stated as above.
We consider the map

H : S1 × [0, 1] → R3 ∪ {∞} = S3

(z, t) 7→ (γ(z), η(z) · (1− t) + η′(z) · t).
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This map is smooth. By construction we know that for any two distinct points z, w ∈ S1

with γ(z) = γ(w) we have η(z) < η(w) if and only if c(z) = −1 if and only if η′(z) < η′(w).
Using this observation one can easily verify that each Ht is a smooth embedding. In other
words, the map Ht is a smooth isotopy between the two (oriented) knots corresponding to
η and η′. �

In practice, i.e. in future examples, we do what every other sane topologist does, namely we
draw a suggestive picture and we interpret it as a knot diagram and a corresponding knot
in the obvious way. For example in the �gure below we show the �rst knots in the standard
table of knots. We refer to the standard textbooks on knot theory [Rolf1990, BZH2014]
for a continuation of the table. But it should already be pretty clear from this table that
knots form a straightforward way to produce an almost endless list of interesting topological
problems.

7372 74

3101 41 51 52 61

62 63 71

In Lemma 59.18 we saw that any knot diagram gives rise to a knot. The following propo-
sition gives us the converse:

Proposition 59.19. (Knot Diagram Existence Proposition) Given any knotK Ă S3

there exists a knot diagram such that K is smoothly isotopic to the knot associated to the
knot diagram.
The proof of the Knot Diagram Existence Proposition 59.19 mostly rests on the next lemma.
The formulation of this lemma requires the following notation.

Notation. Given v ∈ S2 we denote by

πv : R3 → v⊥ := {w ∈ R3 | 〈v, w〉 = 0}
w 7→ w − 〈v, w〉v

the projection onto the orthogonal complement of v.
Now we can formulate the lemma.
Lemma 59.20. Let K Ă R3 be a knot. We pick a di�eomorphism f : S1 → K. We
consider the following three properties of a vector v ∈ S2:
(a) the map πv ◦ f : S1 → v⊥ = {w ∈ R3 | 〈v, w〉 = 0} is an immersion,
(b) whenever z 6= w ∈ S1 satisfy (πv ◦ f)(z) = (πv ◦ f)(w), then (πv ◦ f)′(z) and

(πv ◦ f)′(w) are linearly independent,
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(c) for every P ∈ (πv ◦ f)(S1) the preimage (πv ◦ f)−1(P ) consists of either one or two
points.

The set {v ∈ S2 | v satis�es (a), (b) and (c)}
has full measure in S2.699

Remark. Recall that in the Full Measure-Density Proposition 30.3 we showed that a subset
of full measure is dense. We leave it to the chronically bored reader to show that the set
{v ∈ S2 | v satis�es (a), (b) and (c)} considered in Lemma 59.20 is open.

Proof. LetK Ă R3 be a knot. We pick a di�eomorphism f : S1 → K. We say that a subset
of a smooth manifoldW is large if it is open and if it has full measure inW . It follows from
the Measure-Zero Properties Proposition 30.2 that the intersection of two large subsets is
again large. Furthermore, it follows from the Measure-Zero Properties Proposition 30.2
that any self-di�eomorphism of S2 sends large sets to large sets.

It is convenient to consider an extra property of vectors in S2 which is somewhat weaker
than the above property (c):

(c′) given any P ∈ (πv◦f)(S1) the preimage (πv◦f)−1(P ) consists of �nitely many points.

We write
V (a) := {v ∈ S2 | v satis�es (a)}.

Similarly we de�ne V (b), V (c), V (a, b), V (a, b, c′) and so on. Note that with this language
we need to show that V (a, b, c) has full measure.

Let v ∈ S2. We start out with three elementary observations regarding the projections
πv.

(1) Given u ∈ R3 \ {0} we have

πv(u) = 0 ⇐⇒ u ∈ R · v ⇐⇒ u
‖u‖ ∈ {v,−v}.

(2) The projection πv is linear, hence for any P ∈ R3 we have (Dπv)P = πv.
(3) It follows from (2) and the Chain Rule 19.10 that given any z ∈ S1 we have the

equality (πv ◦ f)′(z) = πv(f
′(z)).

Next we consider the three maps700 701

ϕ : S1 → S2

z 7→ f ′(z)
‖f ′(z)‖

ψ :

=:M︷ ︸︸ ︷
{(z, w) ∈ S1 × S1 | z 6= w} → S2

(z, w) 7→ f(z)−f(w)
‖f(z)−f(w)‖

and
ρ : S2 → S2

v 7→ −v.

699We refer to page 762 for the de�nition of a subset of full measure.
700Since f is an immersion we see that the map ϕ is well-de�ned, i.e. we do not divide by zero. Similarly,
since f is in particular injective we see that the map ψ is well-de�ned, i.e. once again we do not divide by
zero.
701The astute reader will notice that throughout the argument it might be more reasonable to work with
maps ϕ and ψ that take values in RP2 = S2/x ∼ −x instead of taking values in S2. We stick with the
maps to S2 since S2 has the advantage that its tangent spaces can be described easily as vector subspaces
of R3, which makes it easy to write down di�erentials. Also, the approach of working with maps to RP2

instead creates an extra layer of notation which is as annoying as our notation which requires the extra
map ρ.
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We make the following observations:
(4) If X is a subset of full measure (respectively large subset) of S2, then it follows from

the above discussion that X ∩ ρ(X) is also a subset of full measure (respectively
large).

(5) Since f is smooth we see that the map ϕ is also smooth.
(6) Given v ∈ S2 it follows easily from (1) and (3) that πv ◦ f : S1 → R2 is an immersion

if and only if neither v nor −v lies in ϕ(S1). In other words, we have the equality
V (a) = (S2 \ ϕ(S1)) ∩ ρ(S2 \ ϕ(S1)).

(7) Note that M = {(z, w) ∈ S1 × S1 | z 6= w} is an open subset of the smooth manifold
S1×S1, thus it is a smooth manifold in an obvious way. With this smooth manifold
structure the map ψ : M → S2 is easily seen to be smooth.

(8) For each (x, y) ∈ S1 we make the identi�cation702 T(x,y)S
1 = R via the basis vector

(−y, x). Given (z, w) ∈M we use the above identi�cation to make the identi�cation
T(z,w)M = T(z,w)(S

1 × S1) = R2. Furthermore given v ∈ S2 we already saw in
Lemma 23.1 that we have the equality TvS2 = v⊥ = {w ∈ R3 | 〈v, w〉 = 0} Ă R3.

(9) Using the identi�cations from (8) an elementary calculation703 shows that for a
point (z, w) ∈ M we can write the di�erential Dψ(z,w), viewed as a homomorphism
T(z,w)M = R2 → Tψ(z,w)S

2 Ă R3, in the following way as a (3× 2)�matrix:

Dψ(z,w) = 1
‖f(z)−f(w)‖ ·

(
πψ(z,w)(f

′(z)) −πψ(z,w)(f
′(w))

)︸ ︷︷ ︸
(3× 2)�matrix, in particular two columns

.

(10) It follows from (9) that (z, w) ∈ M is a regular point of ψ if and only if the vectors
πψ(z,w)(f

′(z)) and πψ(z,w)(f
′(w)) are linearly independent.

(11) Let v ∈ S2. It follows immediately from (1) and the linearity of πv that we have
πv(f(z)) = πv(f(w)) if and only if ψ(z, w) = v or ψ(z, w) = −v.

(12) We denote by σ : S1 × S1 the di�eomorphism given by (z, w) 7→ (w, z). It follows
immediately from the de�nitions that ψ ◦ σ = ρ ◦ ψ.

(13) It follows easily from (3), (10), (11) and (12) that

V (b) = {regular values of ψ}.
After these initial remarks we turn to our �rst claim.
Claim.
(α) The sets V (a) and V (a, b) are large.
(β) We have V (a) = V (a, c′) and V (a, b) = V (a, b, c′).

Proof. We prove the two statements of the claim in several steps.
(i) Since S1 is compact we obtain from the Compact Image Lemma 2.13 and the Compact-

Closed Lemma 1.21 that S2 \ ϕ(S1) is an open subset of S2. Furthermore, since ϕ
is smooth and since dim(S1) < dim(S2) we obtain from the Full Measure-Density
Proposition 30.3 (5) that S2 \ ϕ(S1) is a subset of full measure. In summary, we

702As on many other occasions we use the Tangent Space-Isomorphism Proposition 23.16 to view the
tangent space of a submanifold of some Rn as a vector subspace of Rn.
703This calculation can be performed easily using the Chain Rule 19.10 and by writing ψ as the composition
of the map (z, w) 7→ f(z)− f(w) followed by the map P 7→ P

‖P‖ .
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have shown that S2 \ ϕ(S1) is large. It follows from (5) and (6) that V (a) =
(S2 \ ϕ(S1)) ∩ ρ(S2 \ (ϕ(S1))) is large.

(ii) It follows from Sard's Theorem 31.1 that the set of regular values of ψ is a subset
of full measure. It follows from (i) and (13), together with the Full Measure-Density
Proposition 30.3 (1) that V (a, b) = V (a) ∩ V (b) has full measure.

(iii) Let v ∈ V (a). It follows from (11), from the fact that S1 is compact and from
Exercise 24.4 that ψ−1(v) is �nite. In particular we see that V (a, c′) = V (a) and thus
also V (a, b, c′) = V (a, b).

(iv) It remains to show that V (a, b) is open. Let v ∈ V (a, b) = V (a) ∩ V (b). From
(13) and (iii), together with Lemma 26.2 (2), we obtain an open neighborhood U of
v ∈ S2 that is still contained in V (b). Since V (a) is open we see that U ∩ V (a) is an
open neighborhood of v ∈ S2 that is still contained in V (a, b). It follows from the
JH-Lemma 1.7 that V (a, b) is indeed open. �

Before we continue it is perhaps helpful to summarize what we have shown so far: In the
claim we have seen that V (a, b, c′) = V (a, b) is large, in particular that it has full measure.
But our actual goal is to show that V (a, b, c) has full measure.

To do so we consider the map

Ξ:

=:N︷ ︸︸ ︷
{(x, y, z) ∈ S1 × S1 × S1 |x 6= y and x 6= z} → S2 × S2

(x, y, z) 7→ (ψ(x, y), ψ(x, z)).

We make the following simple observations:
(14) We view N as a smooth manifold in an obvious way. Evidently the map Ξ is smooth.
(15) It follows easily from (1) that we have v ∈ V (c) if and only if none of the four vectors

(±v,±v) lies in Ξ(N).
(16) If one of the four vectors (±v,±v) lies in Ξ(N), then so does (v, v). This can be

seen as follows: If Ξ(x, y, z) ∈ {(±v,±v)}, then f(x), f(y), f(z) lie on the line R · v.
After possibly permuting x, y, z we can assume that f(x) = f(y) + r · v and that
f(x) = f(z)+s·v with r, s > 0. But with this permutation we have Ξ(x, y, z) = (v, v).

Claim. We consider the �partial diagonal�

∆ := {(v, v) ∈ S2 × S2 | v ∈ V (a, b)}.
The complement of Ξ(N) ∩∆ has full measure in ∆.

Proof. In the previous claim we saw that V (a, b) is an open subset of S2. Using this fact
it is straightforward to see that ∆ is a 2-dimensional submanifold of S2 × S2. Thus, by
Exercise 42.2 (b) it su�ces to prove that if (x, y, z) ∈ N satis�es Ξ(x, y, z) = (v, v) for some
v ∈ V (a, b), then Ξ intersects ∆ transversally, i.e. we have the equality

(DΞ(x,y,z))(T(x,y,z)N) + T(v,v)∆ = T(v,v)(S
2 × S2) Ă R3 × R3 = R6.

We write p = πv(f
′(x)), q = πv(f

′(y)) and r = πv(f
′(z)) and we write µ = 1

‖f(x)−f(y)‖ and
ν = 1

‖f(x)−f(z)‖ . By (10) and (13), and by the fact that v ∈ V (b), we know that p, q and r
are pairwise linearly independent. In particular q and r form a basis for TvS2. Note that

this implies that
(
q
q

)
and

(
r
r

)
form a basis for T(v,v)(S

2 × S2). Thus, using (9) we see
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that

(DΞ(x,y,z))(T(x,y,z)N) + T(v,v)∆ = span of the columns of
(
µ · p −µ · q 0 q r
ν · p 0 −ν · r q r

)
.

Using that p, q and r are pairwise linearly independent it is not hard to see that the
�ve columns of the matrix on the right span a 4-dimensional subspace of R6. Since this
subspace is contained in the 4-dimensional subspace T(v,v)(S

2 × S2) we see that it equals
T(v,v)(S

2 × S2). �
We consider the �diagonal map� d : V (a, b)→ ∆ Ă S2×S2 that is given by d(v) = (v, v).

One can easily show that d : V (a, b) → ∆ is a di�eomorphism. It follows from (16) that
V (a, b, c) = d−1(∆ \ Ξ(N)). By the claim ∆ \ Ξ(N) is a subset of full measure of ∆. Since
d is a di�eomorphism we obtain from the Measure-Zero Properties Proposition 30.2 that
V (a, b, c) = d−1(∆ \ Ξ(N)) has full measure in V (a, b). We saw above that V (a, b) has full
measure in S2. It follows easily from the Measure-Zero Properties Proposition 30.2 that
∆ \ Ξ(N) has full measure in S2. �

Proof of the Knot Diagram Existence Proposition 59.19. Let K Ă S3 = R3∪{∞}
be a knot. As we saw in Exercise ?? (a), it follows easily from the Orthogonal Action
Lemma 5.26 (4) and the Di�eotopies-via-Matrices Lemma 33.8 (2) that, possibly after
applying a smooth isotopy, we can assume that K Ă R3.

Next we pick v ∈ S2 as in Lemma 59.20. It follows from the Orthogonal Action
Lemma 5.26 (4) and the Di�eotopies-via-Matrices Lemma 33.8 (2) that, possibly after
applying a smooth isotopy, we can assume that v = e3. We de�ne γ := πe3 ◦ f : S1 →
R2 × {0} = R2. It follows immediately from the fact that v = e3 has the three properties
(a), (b) and (c) stated in Lemma 59.20 that γ is diagrammatic. Next we consider the
function

ε : S1 → R
w 7→ z-coordinate of f(w).

Furthermore, given z1 6= z2 ∈ S1 with γ(z1) = γ(z2) we de�ne

c(zi) :=

{
+1, if ε(zi) > ε(z3−i),
−1, if ε(zi) < ε(z3−i).

It is clear that (γ, c) is a knot diagram. We pick a function η : S1 → [−1, 0] as in
Lemma 59.18. We consider the map

H : S1 × [0, 1] → R3

(z, t) 7→ (γ(z), (1− t) · ε(t) + t · η(t)).

Clearly this map is smooth. Given any z, w ∈ S1 with γ(z) = γ(w) we have η(z) < η(w)
if and only if c(z) = −1 if and only if η(z) < η(w). From this observation we deduce that
each Ht is actually a smooth embedding. Thus we see that H is a smooth isotopy from K
to the knot associated to the knot diagram (γ, η). �

We have now seen that every knot, up to smooth isotopy, arises from a knot diagram.
The question arises, when do two knot diagrams give rise to smoothly isotopic knots. The
following theorem gives a complete answer. We formulate the theorem in a slightly informal
way since we will not make use of it.
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Theorem 59.21. (Reidemeister Moves Theorem) Two knot diagrams give rise to
smoothly isotopic knots if and only if the two diagrams are related by a �nite sequence
of smooth isotopies of R2 and Reidemeister moves. The three Reidemeister moves are
illustrated in the �gure below.

⇐⇒ ⇐⇒ ⇐⇒ ⇐⇒

Reidemeister move 1 Reidemeister move 2 Reidemeister move 3

Proof. The theorem, not surprisingly, goes back to work of Kurt Reidemeister [Rei1932,
Chapter 3] in 1932. The formulation and proof in [Rei1932] is in terms of �polygonal
knots�. The statement of the theorem is well known in our setting, where knots are de�ned
as submanifolds of S3 and it appears in any textbook on knot theory. A satisfactory proof
can be found in [OSS2015, Theorem B.1.1]. �

Remark. Throughout these lecture notes we will see on several occasions that the tools of
algebraic topology, e.g. fundamental groups, linking pairings and Reidemeister torsion can
be used fruitfully to study knots. the Knot Diagram Existence Proposition 59.19 and the
Reidemeister Moves Theorem 59.21 open up an alternative route to studying knots. More
precisely, these two results show that there exists a bijection

knot diagrams up to smooth isotopy
and Reidemeister moves

∼=−→ knots up to smooth isotopy

This bijection lies at the heart of the de�nition of several knot invariants, like the Jones
polynomial [JonV1985] that was introduced in 1984 and the HOMFLY-PT polynomial
[FYHLMO1985, PT1987] that was discovered in 1985. These polynomial invariants are
quite di�erent from any of the invariants that are obtained through algebraic-topological
methods. We refer to [Lic1997a, Chapters 3 and 15] and [BZH2014, Chapter 17] for
more information on these invariants.

59.6. The Wirtinger presentation. In the previous section we saw that we can associate
a knot diagram to any given knot. In this section we will see that we give an explicit
algorithm that, given a knot diagram, produces a presentation for the fundamental group
of the complement S3 \K of a knot K.
In this section we will take several liberties and we will not attempt to give full details in
the proofs. The issue is that any attempt to make the proofs completely rigorous renders
them totally unreadable.
Before we can state the promised algorithm we need to introduce a few more de�nitions.

De�nition. Let K Ă R3 be an oriented knot that is associated to some knot diagram
(f : S1 → R2, c).
(1) We refer to the images of the double points as the crossings of K.
(2) Let x ∈ f(S1) be a crossing. Let z, w ∈ S1 with f(z) = f(w) = x and such that z

is an undercrossing and w is an overcrossing. We say x is a positive crossing if the
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ordered basis {f ′(w), f ′(z)} is a positive basis for R2. Otherwise we say that x is a
negative crossing.

(3) We refer to the components of K ∩ (R2 × {0}) as the strands of K.
These de�nitions are illustrated in the �gures below.

Remark. In a picture of a diagram the strands are understood to correspond precisely to
the segments drawn.

�
�
�
�

��
��
��
��

positive crossing negative crossing

f

w

z

and six crossingswith six strandsknot

+

−
−

+

−

−

The following lemma will be proved in Exercise 59.8.

Lemma 59.22. If a knot diagram has at least one crossing, then the number of crossings
equals the number of strands.
The following proposition shows how to determine the fundamental group of a knot that is
associated to a knot diagram. We will sacri�ce some rigor in the formulation in an attempt
to make it more readable. We leave it to the reader to make the proposition totally rigorous.

Proposition 59.23. (Wirtinger Presentation Proposition) Let K be a knot that
is associated to a given knot diagram that has at least one crossing. We enumerate the
strands cyclically by x1, . . . , xn where we make the identi�cations x0 = xn and xn+1 = x1.
For the crossing between the strands xj and xj+1 we de�ne a relation rj as shown in the
�gure below. Then we have an isomorphism

π1(S3 \K) ∼= 〈x1, . . . , xn | r1, . . . , rn〉.
Furthermore we can drop any one of the relations and we still obtain an isomorphism.
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xj+1

xj
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xj+1

xj

xk

the negative crossing gives
rise to the relation
rj = x−1

k ·xj+1 ·xk ·x−1
j

the positive crossing gives
rise to the relation
rj = xk ·xj+1 ·x−1

k ·x
−1
j
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Remark. Given a knotK, any presentation with n generators and n−1 relators as obtained
from the Wirtinger Presentation Proposition 59.23 is called a Wirtinger presentation of
π1(S3 \K).

In the following we �rst explain why the Wirtinger Presentation Proposition 59.23 is plau-
sible. Afterwards we will provide the technical proof of the Wirtinger Presentation Propo-
sition 59.23.

Proof. �Plausibility argument for the Wirtinger Presentation Proposition 59.23�] Suppose
we are given a knot diagram that has n crossings. We denote by K the corresponding
knot. We work with the base point ∗ = (0, 0, 2) ∈ R3 which lies �above� the knot K. We
enumerate the strands cyclically. For the j-th strand we denote by xj the oriented triangle
that starts at ∗ and �circles once around the j-th strand� according to the �right-hand rule�.
We illustrate the de�nition in the �gure below.
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j-th strand

base point ∗ = (0, 0, 2)
xj

Next we consider the situation at a positive crossing. By �sliding� various xj along the
strands and by some further path-homotopies we can assume that we are in the situation
in the �gure below on the left. If one follows the loop xk ∗ xj+1 ∗ xk ∗ xj on its journey one
realizes that on three occasions one goes back and forth to the base point. Thus the loop
is actually path-homotopic to the loop shown in the �gure below on the right. But that
loop is clearly null-homotopic. Almost the same logic applies to negative crossings.
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xk

xk

xj+1

xj

base point ∗ = (0, 0, 2)

the loop
xk ∗ xj+1 ∗ xk ∗ xj
is path-homotopic

to this loop

but this loop is clearly null-homotopic

This discussion, together with Lemmas 51.15 and 53.4, shows that there exists a unique
group homomorphism

〈x1, . . . , xn | relations corresponding to crossings〉 → π1(S3 \K, ∗)
with xi 7→ [xi].

It remains to show that this group homomorphism is in fact an isomorphism. We will do
so next in the proper proof of the Wirtinger Presentation Proposition 59.23. �

Sketch of a proof for the Wirtinger Presentation Proposition 59.23. Suppose once
again that we are given a knot diagram (γ : S1 → R2, c) that has n ≥ 1 crossings. We de-
note by P1, . . . , Pn the double points of γ. We pick a smooth function η : S1 → [−1, 0] as
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in the statement of Lemma 59.18. We denote by K the image of the map S1 → R3 given
by z 7→ (γ(z), η(z)). It follows from property (d) of Lemma 59.18 that

K ∩ (R2 × R≤−1) = K ∩ (R2 × {−1}) = {(P1,−1), . . . , (Pn,−1)}.

In contrast to the above plausibility argument we now actually work with the base point
∞ ∈ S3 = R3 ∪ {∞}. We set

A := ({(x, y, z) ∈ R3 | z ≥ −1} ∪ {∞}) \ K,
and

B := ({(x, y, z) ∈ R3 | z ≤ −1} ∪ {∞}) \ K.

We start out with the following claim.
Claim 1. The inclusion maps induce an isomorphism

π1(A,∞) ∗π1(A∩B,∞) π1(B,∞) ∼= π1(S3 \K).

Proof. Evidently the statement of the claim smells like it should be a consequence of the
Seifert�van Kampen 54.1. The problem is that A and B are not open subsets of S3 \K.
We rectify this problem by replacing A and B by suitable open subsets. We de�ne

U := A ∪ (R2 \ {P1, . . . , Pn})× (−2,−1)
and V := B ∪ (R2 \ γ(S1))×[−1, 0)

∪ {(z, t) | there exists w ∈ S1 with z = γ(w) and t ∈ [−1, η(z))}.

One can easily verify that U and V are open subsets of S3 \K. Furthermore the �obvious
retractions� of the blue sets to the corresponding subsets of R2 × {−1} show that A is
a deformation retract of U , that B is a deformation retract of V and that A ∩ B is a
deformation retract of U ∩ V . Now we see that the inclusion maps induce isomorphisms

π1(S3 \K)
∼=←− π1(U,∞) ∗π1(U∩V,∞) π1(V,∞)

∼=−→ π1(A,∞) ∗π1(A∩B,∞) π1(B,∞).
↑ ↑

by the Seifert�van Kampen by the above, the Deformation Retract-Homotopy Equivalence Lemma 15.5
Theorem 54.1 and the Homotopy-π1-Proposition 50.3 (2) �

Our next goal is to understand the groups π1(A,∞), π1(B,∞) and π1(A ∩ B,∞). We
handle these three groups consecutively. To better understand π1(A,∞) we introduce the
following objects.

(1) As in the plausibility argument we set ∗ = (0, 0, 2). We �x once and for all a path-
connecting ∗ to ∞.

(2) We write D := {(γ(z), w) | z ∈ S1 and w ∈ [−1, η(z))}.
(3) We cyclically enumerate the strands of the knot.
(4) For j ∈ {1, . . . , n} we denote by Dj the unique component of D that contains the

j-th strand in its closure.
(5) For j = 1, . . . , n we denote by xj a loop in ∗ that is the boundary of a triangle that

intersects Dj precisely once in a positive704 direction. We use the path from (1) to
view each xj as a loop in ∞.

704Here by �positive direction� we mean that the orientation vectors of the triangle followed by the orien-
tation vector of the knot should form a positive basis for R3.
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R2 × {0}

∗ = (0, 0, 2)
z-axis

Dj

j-th strand

xj

Claim 2. The obvious map 〈x1, . . . , xn〉 → π1(A,∞) is an isomorphism.

Proof. Note that each Dj is contractible and hence simply connected. Furthermore one
can easily show that A \ D is contractible. We use Corollary 57.5 iteratively n times to
prove the claim. We leave it to the assiduous reader to �ll in the details.705 �
Fortunately the next group π1(B,∞) on our list is easy to handle.

Claim 3. The group π1(B,∞) is trivial.

Proof. Using the stereographic projection from Lemma 2.18 and using the map de�ned on
page 152 it is not hard to see that there exists a homeomorphism

f : ({(x, y, z) ∈ R3 | z ≤ −1} ∪ {∞} → B
3

which sends the points in R2×{−1} to S2. SinceK∩(R2×R≤−1) = {(P1,−1), . . . , (Pn,−1)}
we see that B is homeomorphic to B

3
with n points on its boundary removed. But this does

not change the fact that the origin is a deformation retract. We have thus shown that f(B),
and hence also B, is contractible. But this implies by the Homotopy-π1-Proposition 50.3
(3) that π1(B,∞) is indeed trivial. �
Finally we turn to the group π1(A∩B,∞). We pick orientation-preserving smooth embed-
dings ϕi : B

2 → R2 × {−1}, i = 1, . . . , n with disjoint images and such that for each i we
have ϕi(0) = (Pi,−1). It follows almost immediately706 from Lemma 57.6 that we have an
equality

〈z1, . . . , zn | z1 · · · · · zn〉 = π1(A ∩B,∞)

where for any i ∈ {1, . . . , n} the element zi is represented by a curve of the form αi ∗ γi ∗αi
where αi is a suitable path from ∞ to a point on ϕi(S1) and γi is a path that goes once
around ϕi(S1) in an orientation-preserving way.

705The details involve replacing the set Dj by a suitable open subset to be able to apply Corollary 57.5.
706The slightly cautious �almost� refers to the fact that we also make use of the fairly obvious fact that

((R2 ×{−1})∪ {∞}) \
n⋃
i=1

ϕi(B
2) is a deformation retract of A∩B = ((R2 ×{−1})∪ {∞}) \ {P1, . . . , Pn}.
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Now we can �nally prove the desired statement. Indeed, we have

π1(S3 \K) ∼= π1(A,∞) ∗π1(A∩B,∞) π1(B,∞) ∼= π1(A,∞)/〈〈π1(A ∩B,∞)〉〉
↑ ↑

by Claim 1 by Claim 3 and the Amalgamated Product Lemma 53.22 (2)
∼= 〈x1, . . . , xn〉/〈〈z1, . . . , zn〉〉 ∼= 〈x1, . . . , xn〉/〈〈r1, . . . , rn〉〉.
↑ ↑

by Claim 2, Lemma 53.2 (4) and the �plausibility argument shows that each
above fact that {z1, . . . , zn} is a zi is conjugate to ri, thus it follows from
generating set for π1(A ∩B,∞) Lemma 53.2 (5) that 〈〈z1, . . . , zn〉〉 = 〈〈r1, . . . , rn〉〉

It remains to show that we can drop any one of the relations. Thus let j ∈ {1, . . . , n}. It
follows easily from z1 · · · · · zn = e that zj ∈ 〈z1, . . . , zj−1, zj+1, . . . , zn〉. Now note that by
Lemma 53.2 (4) this implies that 〈〈z1, . . . , zn〉〉 = 〈〈z1, . . . , zj−1, zj+1, . . . , zn〉〉. Therefore we
see that in the above equality we can drop the relation rj. �

As mentioned above, we continue with two examples, namely the trefoil and the �gure-8
knot. First we consider the knot diagram for the trefoil K that is shown in the �gure below
to the left. We number the strands as shown. To the right we show how the three crossings
give rise to three relations. As pointed out in the Wirtinger Presentation Proposition 59.23,
we can drop any one of the relations.
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knot diagram for the trefoil
with three negative crossings

1

2

3

1

3

2

relation x−1
3 ·x2 ·x3 ·x−1

1

relation x−1
2 ·x1 ·x2 ·x−1

3

relation x−1
1 ·x3 ·x1 ·x−1

2

This discussion shows that we have proved the following lemma.

Lemma 59.24. Let K be the trefoil. There exists an isomorphism

π1(S3 \K) ∼= 〈x1, x2, x3 |x−1
3 x2x3x

−1
1 , x−1

2 x1x2x
−1
3 〉.

Remark. Let K be the trefoil. In Proposition 59.5 we had also shown that there exists
an isomorphism π1(S3 \K) ∼= 〈x, y | x2 = y3〉. In particular we have now shown that the
two groups 〈x1, x2, x3 |x−1

3 x2x3x
−1
1 , x−1

2 x1x2x
−1
3 〉 and 〈x, y | x2 = y3〉 are isomorphisms. In

Exercise 59.9 we will give a purely algebraic proof of this statement.

The following corollary to the Wirtinger Presentation Proposition 59.23 gives us the dis-
appointing news that our old trick of using abelianizations of fundamental groups cannot
be used to distinguish knots.

Corollary 59.25. (Knot Group-Abelianization Corollary) Given any knot K the
abelianization of the group π1(S3 \K) is isomorphic to Z.

Proof. We will prove the corollary in Exercise 59.5. Later, on page 1836, once we have
introduced homology groups we will give a di�erent, arguably more conceptual proof of the
lemma. �
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After this sobering corollary we move on to the next example.

Lemma 59.26. Let J be the �gure-8 knot. There exists an isomorphism

π1(S3 \ J) ∼= 〈x1, x2, x3, x4 |x3x2x
−1
3 x−1

1 , x−1
4 x3x4x

−1
2 , x1x4x

−1
1 x−1

3 〉.

Proof. We leave it to the reader to use the knot diagram shown in the �gure below to
prove the lemma. �

knot diagram for
the �gure-8 knot

1
43

2

On its own Lemma 59.26 is not particularly enlightening. It is initially not clear whether
this group is isomorphic to Z or to the fundamental group of the complement of the trefoil.
By the Knot Group-Abelianization Corollary 59.25 we know that there is no hope that the
abelianization will tell us something interesting.

So we need a di�erent approach. Recall that in Proposition 59.6 we used the (non-)
existence of an epimorphism onto the symmetric group S3 to distinguish the trefoil from
the trivial knot. The idea now is to repeat this trick with a di�erent �nite group. Recall
that on page 1127 we introduced the dihedral groups Dn which have 2n elements. It is
encouraging that D3

∼= S3 thus we try our luck with D5.707

Using Lemma 53.13 and enough time on our hands we obtain the following table:

trivial knot trefoil �gure-8 knot
epimorphism onto S3 7 X 7

epimorphism onto the dihedral group D5 7 7 X

This table shows that we have proved the following corollary.

Corollary 59.27. The trivial knot, the trefoil and the �gure-8 knot are pairwise not
smoothly isotopic.
This approach of trying to distinguish knots by the (non-) existence of epimorphisms onto
�nite groups is rather ad hoc, but not without its merits. For example the following
proposition is proved in [BF2020, BR2020].

Proposition 59.28. Let K be either the trivial knot, the trefoil or the �gure-8 knot.
Furthermore let J be another knot. If for all �nite groups G the group π1(S3 \K) admits
an epimorphism onto G if and only if π1(S3 \ J) does, then J is smoothly isotopic to K
or to the mirror image of K, i.e. the re�ection of K in the xy-plane.
We conclude this section with the following question which is still open.

Question 59.29. Let K and J be two knots in R3 Ă R3 ∪ {∞} = S3. Suppose that the
�nite groups onto which π1(S3 \ K) and π1(S3 \ J) admit epimorphisms are the same.
Does this imply that K and J are smoothly isotopic, up to possibly taking a re�ection in
the xy-plane?

707The reader might ask, why we do not try our luck with D4. But for reasons we cannot get into right
now, given a knot K and an even number 2n there cannot be an epimorphism π1(S3 \K)→ D2n.
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59.7. The Reidemeister-Schreier process. Even though the Knot Group-Abelianization
Corollary 59.25 was quite disappointing, using a clever jiu-jitsu move we will see in this
section that we can actually turn the Knot Group-Abelianization Corollary 59.25 to our
advantage. The key to doing so is contained in the following de�nition and the subsequent
lemma.
De�nition. Let π be a group and let n ∈ N. We say that a subgroup Γ Ă π is cocyclic of
order n if Γ is a normal subgroup such that π/Γ is isomorphic to Zn.

Lemma 59.30. If π is a group whose abelianization is isomorphic to Z, then given any
n ∈ N there exists a unique subgroup that is cocyclic of order n. It is given by the kernel
of any epimorphism π → Zn.
Proof. Let π be a group whose abelianization is isomorphic to Z and let n ∈ N. We denote
by ψ : π → πab the natural projection and we pick an isomorphism ϕ : πab

∼=−→ Z. It is clear
that (ϕ ◦ ψ)−1(nZ) is a subgroup of π that is cocyclic of order n. On the other hand,
suppose that Γ is a subgroup of π that is cocyclic of order n. We pick an isomorphism
θ : π/Γ ∼= Zn. It follows from the Abelianization Proposition 53.20 that there exists a
unique epimorphism α : Z→ Zn such that the following diagram commutes:

π
ψ

∼=
//

g 7→gΓ
����

πab
ϕ

∼=
// Z
α
����

π/Γ
θ

∼=
// Zn.

It follows immediately that Γ = (ϕ ◦ ψ)−1(nZ). �

The Knot Group-Abelianization Corollary 59.25 and Lemma 59.30 allow us to make the
following de�nition.

De�nition. Given a knot K and n ∈ N we denote by π(K,n) the unique subgroup of
π1(S3 \K) that is cocyclic of order n.

Example. If K is the trivial knot, then we saw in Proposition 59.4 that we can make an
identi�cation π1(S3 \K) = Z. It follows easily that for any n ∈ N we have π(K,n) = n ·Z,
in particular π(K,n) is isomorphic to Z.

We have now a new tool for trying to distinguish knots:
Lemma 59.31. Let K and J be two knots. If K and J are smoothly isotopic, then given
any n ∈ N the groups π(K,n) and π(J, n) are isomorphic. In particular the abelianizations
of these groups are isomorphic.
The question arises, given a knot K and n ∈ N, how can we determine π(K,n) from
a given presentation for π1(S3 \ K)? Fortunately the following proposition gives us an
explicit algorithm. To facilitate the uptake we formulate the following proposition in a
slightly informal way.

Proposition 59.32. (Reidemeister-Schreier Process) Let π = 〈x1, . . . , xm, t | r1, . . . , rl〉
be a group and let φ : π → Zn be an epimorphism such that φ(x1) = · · · = φ(xm) = 0 and



1336

φ(t) = 1. Then a presentation for the subgroup ker(φ : π → Zn) is given by

〈y1,0, . . . , y1,n−1, . . . , ym,0, . . . , ym,n−1, u | s0
1, . . . , s

n−1
1 , . . . , s0

l , . . . , s
n−1
l 〉

where each sji is obtained as follows:
(1) For i = 1, . . . , l and j = 0, . . . , n− 1 we write tjrit−j as an expression in

x1, tx1t
−1, . . . , tn−1x1t

−n+1, . . . , xm, txmt
−1, . . . , tn−1xmt

−n+1 and tn.

(2) Then we replace each term tjxit
−j by yi,j and we replace tn by u. We obtain a word

in the new generators and denote it by sji .
The inclusion map ker(φ : π → Zn) → π is then given by sending each yi,j to tjxit−j and
by sending u to tn.
Proof. As we had mentioned above, the proposition follows fairly easily from the more gen-
eral Reidemeister-Schreier process that is explained in [LyS1977, Chapter II.4], [MKS1976,
Chapter 2.3] or [Bog2008, Chapter 2.9]. �

Instead of studying the proof of Proposition 59.32 our time is better spent trying to un-
derstand two explicit examples.

Example. Let K Ă S3 be the trefoil. We write π = π1(S3 \ K). In Proposition 59.5
we showed that we can make the identi�cation π = 〈x, t | x3 · t−2︸ ︷︷ ︸

=r

〉. By Lemma 53.13

there exists a unique epimorphism φ : π → Z2 with φ(x) = 0 and φ(t) = 1. Evidently
π(K, 2) = ker(φ : π → Z2). Now we will use Proposition 59.32 to �nd a presentation
〈y0, y1, u | s0, s1〉 for ker(φ : π → Z2). We write

t0rt−0 = x3︸︷︷︸
=y3

0

· t−2︸︷︷︸
=u−1

and more interestingly t1rt−1 = tx3t−3 = (txt−1)3·t−2 = (txt−1︸ ︷︷ ︸
y3
1

)3· t−2︸︷︷︸
=u−1

.

Thus we see that
π(K, 2) = ker(φ : π → Z2) = 〈y0, y1, u | y3

0u
−1, y3

1u
−1〉 = 〈y0, y1 | y3

0 = y3
1〉.

↑ ↑
Proposition 59.32 by the Tietze transformations from page 1196

Using the Abelianization Proposition 53.20 we can now easily compute that the abelian-
ization of the above group π(K, 2) = ker(φ : π → Z2) is isomorphic to Z⊕ Z3.

This calculation, together with Lemma 59.31 and the above discussion of the trivial
knot, gives a new proof of Proposition 59.6.

The previous example was fairly straightforward since we had started out with a presenta-
tion where one generator got sent to one, and the other ones got sent to zero. Unfortunately
this is not the case for Wirtinger presentations, so we will need to work somewhat harder.
In the following example we consider the �gure-8 knot K and we carry out the �rst steps
needed to calculate the isomorphism type of π(K, 2).

Example. Let J be the �gure-8 knot. In Lemma 59.26 we saw that we can make the
identi�cation

π1(S3 \ J) = 〈y1, y2, y3, y4 | y−1
1 y4y1y

−1
3 , y−1

3 y2y3y
−1
1 , y−1

2 y1y2y
−1
4 〉.

We denote by φ : π1(S3 \ J) → Z2 the epimorphism that is given by sending each yi to 1.
We set t := y1. The goal is to replace the generators y1, y2, y3 by generators x1, x2, x3 which
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satisfy φ(xi) = 0. In fact we have

π1(S3 \ J) = 〈t, y2, y3, y4 | t−1y4ty
−1
3 , y−1

3 y2y3t
−1, y−1

2 ty2y
−1
4 〉

= 〈t, y2, y3, y4 | t−1y4t
−1tty−1

3︸ ︷︷ ︸
=t−1y4ty

−1
3

, t−1ty−1
3 y2t

−1ty3t
−1︸ ︷︷ ︸

=y−1
3 y2y3t−1

, t−1ty−1
2 ty2t

−1ty−1
4︸ ︷︷ ︸

=y−1
2 ty2y

−1
4

〉

= 〈t, x2, x3, x4 | t−1x4tx
−1
3 , t−1x−1

3 x2tx3, t
−1x−1

2 tx2x
−1
4 〉.

↑
substitution xi = yit

−1, x−1
i = ty−1

i , see Lemma 53.12

At this point we have a presentation to which we can apply Proposition 59.32. A heroic
calculation shows that π(J, 2)ab

∼= Z ⊕ Z5. Thus we obtain a new proof that the �gure-8
knot and the trefoil are not smoothly isotopic.

The above procedure for distinguishing knots works fairly well in practice. For example,
with enough time at one's hand, or alternatively a convenient computer implementation,
one can use the above methods to show that all the knots shown in the �gure on page 1323
are in fact pairwise di�erent.
Nonetheless, the above approach is not overly satisfying. It would be much better to have
invariants of knots that are much quicker to calculate. We will come back to this challenge
at a much later point.
The above discussion, in particular Proposition 59.32 raises the following purely algebraic
question.
Question 59.33. Let π be a group with a given �nite presentation and let φ : π → G be
an epimorphism onto a �nite group.
(1) Is the kernel ker(φ : π → G) a �nitely presented group?
(2) If the answer to (1) is yes, how can we determine a �nite presentation for the kernel

in terms of the given data?
It turns out that the answer to the �rst question is yes.
Proposition 59.34. If π is a �nitely presented group and φ : π → G is an epimorphism
onto a �nite group, then ker(φ : π → G) is also �nitely presented.
The proof of the proposition is given in most books on combinatorial group theory, see
e.g. [LyS1977, Chapter II.4], [MKS1976, Chapter 2.3] or [Bog2008, Chapter 2.9]. In
fact the proof is algorithmic, in particular it also gives an a�rmative answer to the sec-
ond question. The algorithm is called the Reidemeister-Schreier process. The general
Reidemeister-Schreier process is somewhat messy to formulate. Thus we refer to the above
literature for details.

Remark. In the proof of Proposition 59.6 we showed that the group 〈x, t |x3 · t−2〉 admits
an epimorphism α onto the permutation group S3. In [Bog2008, Example 2.9.3] the
general Reidemeister-Schreier process is used to determine a presentation for the kernel of
α : 〈x, t |x3 · t−2〉 → S3.

59.8. High-dimensional knots. Since the study of knots in S3 was so much fun, it would
be a shame not to consider high-dimensional knots.
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De�nition. An n-dimensional knot in Sk is a smooth submanifold of Sk that is di�eo-
morphic to Sn. For n = 1 and k = 3 we say that such a knot is classical, when we allow
any dimension then sometimes we say the knot is high-dimensional.
We start out with a boring example.

Example. Let n, k ∈ N with k ≥ n. We refer to U := {(x, 0) ∈ Sn+2 Ă Rk+1 |x ∈ Sn} as
the trivial n-dimensional knot in Sk.

De�nition. We say an n-dimensional knot in Sk is trivial if it is smoothly isotopic to the
trivial n-dimensional knot in Sk.
In Exercise ?? we showed, building on Proposition ??, that every n-dimensional knot in
a sphere of dimension ≥ 2n + 3 is trivial. The following theorem is a re�nement of this
result.
Theorem 59.35. (Hae�iger's (Un-)knotting Theorem)
(1) Let n, k ∈ N. If 2k > 3(n+ 1), then every n-dimensional knot in Sk is trivial.
(2) Given any m ∈ N there exists a (4m−1)-dimensional knot in S6m that is non-trivial.

Example. It follows immediately from Hae�iger's Unknotting Theorem 59.35, and an
elementary calculation, that for any n ≥ 2 every n-dimensional knot in S2n+1 is trivial. As
we saw in Proposition 59.6, this conclusion does not hold for n = 1.

Proof. The �rst statement was proved by André Hae�iger [Hae1961a, p. 47] in 1961.
(An alternative proof is given in [Wall2016, p. 192].) Shortly afterwards André Hae�iger
[Hae1962b] also proved the second statement. �

Remark. In the remainder of this section we will only consider knots of codimension two,
i.e. n-dimensional knots in Sn+2. In principle one could also study embedded spheres of
other codimensions. But �rst note that the Generalized Smooth Schön�ies Theorem 82.5
implies that, at least for n 6= 4, codimension one knots in Sn are trivial. Also note that
André Hae�iger [Hae1967, Hae1962a, Hae1961b, Hae1962b] showed that in codimen-
sions ≥ 3 there can be knots that are non-trivial. But Eric Zeeman [Zee1963c, p. 505]
and John Stallings [Stal1963, Corollary 9.3] showed that knots of codimension ≥ 3 are
�unknotted� in the �PL-category� and in the �topological category�. Thus usually topolo-
gists tend to stick to knots of codimension two. Nonetheless, we will make use of knots of
larger codimension in page ??.

We continue with the following very unsurprising lemma.
Lemma 59.36. Let n ∈ N.
(1) Let K and L be two n-dimensional knots in Sn+2. If K and L are smoothly isotopic,

then π1(Sn+2 \K) ∼= π1(Sn+2 \ L).
(2) If K is a trivial n-dimensional knot in Sn+2, then π1(Sn+2 \K) ∼= Z.

Proof.
(1) The proof of this statement is verbatim the same as the proof of Proposition 58.4.
(2) Let K be a trivial n-dimensional knot in Sn+2. We see that

follows from Exercise 59.15 together with the Homotopy-π1-Proposition 50.3
↓

π1(Sn+2 \K) ∼= π1(Sn+2 \ U) ∼= π1(S1) ∼= Z.
↑ ↑

by (1) by Corollary 48.18
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Evidently the question now is whether there exist non-trivial high-dimensional knots. Or
perhaps better, the question is whether we will manage to explicitly construct such exam-
ples. The good news is, we can indeed do so.
In the following we will present a construction, which has its origins in the work of Emil
Artin [Art1925] and Eric Zeeman [Zee1965] that turns an n-dimensional knot into a
family of (n+ 1)-dimensional knots. We make the following preparations:

(1) As on page 261 we make the identi�cation Sn+2 = B
n+2

+ ∪Sn+1 B
n+2

− .
(2) By Lemma 59.1 we can make the identi�cation Sn+3 =(S1×Bn+2

)∪S1×Sn+1 (B
2×Sn+1).

(3) We make the identi�cation Rn+2 = C× Rn. In particular we view B
n+2

as a subset
of C× Rn.

(4) Given z ∈ S1 let ρz : B
n+2 → B

n+2

(w, x) 7→ (z · w, x)

the rotation of B
n+2

by the �angle� z ∈ S1 around �the 0×Bn
-axis�.

Now let K Ă Sn+2 be a knot. It follows fairly easily from the Smooth Ball Embedding
Theorem 37.8 and the fact that K is a smooth submanifold that, after possibly applying a
di�eotopy of Sn+2, we can assume that J− := K ∩ Bn+2

− = {(0, w) |w ∈ Bn} is the �trivial
disk knot� in B

n+2
. We denote by J+ := K ∩ Bn+2

+ the �other disk knot�. Next, given
m ∈ Z we denote by Φm the di�eomorphism

Φm : S1 ×Bn+2 → S1 ×Bn+2

(z, x) 7→ (z, ρzm(x)).

Informally speaking Φm spins B
n+2

altogether m times as we go around the S1-direction.
Note that Φ0 is the identity and also note that each Φm leaves the subset S1×Sn−1 invariant
as a subset. Now we de�ne the m-twist spin Sm(K) as follows:

Sm(K) := Φm(S1 × J+)︸ ︷︷ ︸
ĂS1×Bn+2

∪S1×Sn−1 (B
2 × Sn−1)︸ ︷︷ ︸

ĂB
2×Sn+1

Ă (S1 ×Bn+2
) ∪S1×Sn+1 (B

n × Sn+1).︸ ︷︷ ︸
=Sn+3

We leave it to the reader to verify that Sm(K) is indeed an (n + 1)-dimensional knot. In
the �gure below we do our best to illustrate this construction for n = 1. Again informally
speaking, Sm(K) is given by spinning the disk knot J+ around the S1-direction, performing
m spins around J+ as you go around S1, and then capping o� the result by B

2 × Sn−1.
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B
n+2

−

B
n+2

−

Φm(S1×J+)

cap o� with
B
n+2×Sn−1

S1×Bn+2

J−

J+

Sn+1

The following proposition will show shortly, perhaps unsurprisingly, that some twist spins
are non-trivial. Perhaps more surprisingly the proposition also shows that (±1)-twist spins
are always trivial.
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Proposition 59.37. Let K Ă Sn+2 be an n-dimensional knot.
(1) For the 0-twist spin there exists an isomorphism π1(Sn+3 \ S0(K)) ∼= π1(Sn+2 \K).
(2) For every ε ∈ {−1, 1} the ε-twist spin knot Sε(K) is trivial.

Sketch of proof.

(1) We have the following isomorphisms:

by the Seifert�van Kampen Theorem 54.4, we also use that Φ0(S1 × J+) = S1 × J+

↓
π1(Sn+3\S0(K)) ∼= π1(S1×(B

n+2\J+)) ∗π1(S1×(Sn+1\Sn−1)) π1(B
2×(Sn+1\Sn−1))

∼=

y isomorphisms given by the
Fundamental Group-of-Product Proposition 48.20

(〈t〉 × π1(B
n+2 \ J+)) ∗〈s〉×〈t〉 〈s〉
∼=

x isomorphism by the group theoretic
fact that Γ

∼=−→ (〈t〉 × Γ) ∗〈s〉×〈t〉 〈s〉

π1(B
n+2 \ J+)
∼=
y isomorphism by Theorem 54.4

π1(Sn+2 \K).

By now the reader will be fully aware of the fact that it is supremely painful to
completely keep track of all identi�cations, base points, induced maps and so on.
Thus we also took some liberties to improve readability.

(2) This statement is proved implicitly in [Zee1965, p. 486] and explicitly in [FO2015,
Corollary 2.1]. The reason for writing [FO2015] was that it felt easier to prove the
statement, than to try to read the proofs written down by others. So we warmly
recommend to try to prove the statement on your own. �

Corollary 59.38. Given any n ∈ N there exists an n-dimensional knot in Sn+2 that is
non-trivial.
Proof. Let K Ă S3 be the trefoil and let n ∈ N. We see that

π1(Sn+2 \ (n− 1)-st iterated 0-twist spin of K) ∼= π1(S3 \K) 6∼= Z.
↑ ↑

Proposition 59.37 Proposition 59.5 and
Proposition 59.6

It now follows from Lemma 59.36 (2) that the (n− 1)-st iterated 0-twist spin of the trefoil
is a non-trivial knot. �

Exercises for Chapter 59.

Exercise 59.1. Let K Ă S3 be a knot and let H1 and H2 be two hyperplanes of R4. For
i = 1, 2 we denote by K∗i the re�ection of K in the hyperplane Hi. Show that K∗1 and K∗2
are smoothly isotopic.
Hint. Use the Matrix Group Path-Component Proposition 2.37 and the Smooth Path-
Connectivity Proposition 19.29.
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Exercise 59.2. Given k ∈ Z we consider the map

S1 × S1 → S1 × S1

(w, z) 7→ (wzk, z).

Show that (S1 ×B2
) ∪ϕk (S1 ×B2

) is homeomorphic to S3 if and only if k ∈ {−1, 1}.
Hint. It might be helpful to compute the fundamental group or the �rst homology group
of this topological space.

Exercise 59.3. We consider the two knot diagrams shown in the �gure below. Use Rei-
demeister moves to show that the associated knots are smoothly isotopic.

Exercise 59.4. Show that every diagrammatic map has only �nitely many double points.

Exercise 59.5. Let K be a knot. Use the Wirtinger Presentation Proposition 59.23 to
show that the abelianization of the group π1(S3 \K) is isomorphic to Z.

Exercise 59.6. Let K and L be oriented knots. We denote by L∗ the mirror image of L.
Show that the fundamental groups of S3 \ (K#L) and S3 \ (K#L∗) are isomorphic.

Exercise 59.7. We de�ned the sign of a crossing of a diagram of an oriented knot. How
does the sign change if we reverse the orientation of the knot?

Exercise 59.8. Show that if a knot diagram has at least one crossing, then the number of
crossings equals the number of strands.

Exercise 59.9. Give a purely algebraic proof that the two groups 〈x, y | x2 = y3〉 and
〈a, b, c | c−1bca−1, b−1abc−1〉 are isomorphic.
Remark. You could use the Tietze transformations introduced on page 1196 and you could
use Lemma 53.12.

Exercise 59.10. Let K Ă S3 be a knot. We consider the �cone�

C := {r · P |P ∈ K and r ∈ [0, 1]} Ă B
4
.

(a) Show that C is homeomorphic to the disk B
2
.

(b) We suppose that K is smoothly isotopic to the unknot. Show that C is a topological
submanifold of the topological manifold B

4
.

Exercise 59.11. Let K Ă S3 be the trefoil. As in Exercise 59.10 we consider the �cone�

C := {r · P |P ∈ K and r ∈ [0, 1]} Ă B
4
.

In Exercise 59.10 we shewed that C is homeomorphic to the disk B
2
. In the following we

will show that C is not a submanifold of the topological manifold B
4
.

(a) Let α : π1(S3 \ K) → Z and β : Z → π1(S3 \ K) be two maps. Show that the
composition β ◦ α : π1(S3 \K)→ π1(S3 \K) is not an isomorphism.
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(b) Suppose that F is a proper 2-dimensional topological submanifold of B
4
. Show that

given any point P ∈ F ∩ B4 there exists a map Φ: B
4 → B

4
that is an embedding

such that Φ(0) = P and such that Φ(B
2 × {0}) = Φ(B

4
) ∩ C.

(c) Show that C is not a topological submanifold of B
4
.

Hint. Evidently the idea is to apply (c) to the point P = 0 ∈ C. The di�culty is
that the map Φ from (c) is not just a rescaling of the identity but it is potentially a
completely di�erent chart. To deal with the problem we introduce some notation.
(i) Given I Ă [0, 1] we write DI := {v ∈ B4 | ‖v‖ ∈ I}.
(ii) Given I Ă [0, 1] we write NI := Φ(DI).
(iii) Given t ∈ (0, 1] we write Dt := D{t} and Nt := N{t}.
Show that the following statements hold:
(1) Given any t ∈ (0, 1] there exists an s ∈ (0, 1) with D[0,s] Ă N[0,t).
(2) Given any s ∈ (0, 1] there exists a t ∈ (0, 1) with N[0,t] Ă D[0,s).
(3) Given any choice of r < s in (0, 1] the two inclusion mapsDr\C → D[r,s]\C andDs\

C → D[r,s]\C are homotopy equivalences, in particular they induce isomorphism of
fundamental groups. Each of the fundamental groups is isomorphic to π1(S3\K).

(4) Given any choice of r < s in (0, 1] the two inclusion mapsNr\C → N[r,s]\C andNs\
C → N[r,s]\C are homotopy equivalences, in particular they induce isomorphism
of fundamental groups. Each of the fundamental groups is isomorphic to Z.

(5) Use the above discussion together with (b) to show that such Φ cannot exist.
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the trivial knot

Exercise 59.12. Let K be the trefoil. Compute the abelianization of the group π(K, 3).

Exercise 59.13. Let π be a group. We say that a subset S Ă π normally generates π if
〈〈S〉〉 = π. We de�ne the weight of π as

w(π) := min{#S | S is a subset of π that normally generates π} ∈ N0 ∪ {∞}.
(a) Determine the weight of Zm.
(b) Determine the weight of the free group on m generators.
(c) Let K Ă S3 be a knot. Show that w(π1(S3 \K)) = 1.

Exercise 59.14. We say two knots K and J in R3 are related by a crossing change if there
exists a smooth map F : S1× [0, 1]→ R3 and some s ∈ (0, 1) with the following properties:
(1) We have F0(S1) = K and F1(S1) = J .
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(2) For every t 6= s the map Ft : S1 → S3 is an embedding.
(3) The map Fs : S1 → S3 is an immersion and there exist w, z ∈ S1 with the following

properties:
(i) the restriction of Fs to S1 \ {w, z} is an injection,
(ii) Fs(w) = Fs(z) and the vectors F ′s(w) and F ′s(z) are linearly independent.

In the �gure below we illustrate the de�nition of a crossing change.

�
�
�
�

F1

J

F0

K

Ft
Fs(z) = Fs(w)Fs

Given two knots K and J the minimal number of crossing changes needed to turn K into
J is called the Gordian distance between K and J . The Gordian distance of a knot K to
the trivial knot is called the unknotting number of K. Given explicit knots these numbers
are notoriously di�cult to calculate.
(a) Show that any two knots in R3 are related by a sequence of �nitely many crossing

changes. In other words, show that the Gordian distance between two knots is �nite.
Hint. You could use the fact that every knot admits a knot diagram.

(b) What are the best lower and upper bounds you can �nd on the Gordian distance
between the trefoil and the �gure-8 knot?

Remark. For readers who prefer completely formal proofs it can be a fun challenge to tweak
the argument of the proof of Proposition ?? to obtain a proof of (a).

Exercise 59.15. Let n ∈ N and let k ∈ {1, . . . , n − 1}. We consider the submanifold
K := {(x, 0) ∈ Rn+1 |x ∈ Sk}. Show that Sn \K is homotopy equivalent to Sn−k−1.

Exercise 59.16. Let K Ă S3 be an oriented knot and let m ∈ Z. As on page 1339 we
consider the m-twist spin Sm(K) Ă S4. We view S3 as a subset of S4 via the embedding
z 7→ (z, 0). The intersection Sm(K) ∩ S3 is a knot. What is the smooth isotopy type of
this knot? A possible answer is that this knot is a connected sum of K with some suitable
other knot.

Exercise 59.17. A tangle is a proper 1-dimensional submanifold of B
3
. We consider the

�ve tangles shown in the �gure below. Note that the boundary of each of the four tangles
is the same.
(a) For which pairs S, T of the �ve tangles does there exist an orientation-preserving

di�eomorphism ϕ : B
3 → B

3
with ϕ(S) = T?

(b) For which pairs S, T of the �ve tangles does there exist an orientation-preserving
di�eomorphism ϕ : B

3 → B
3
with ϕ(S) = T and with ϕ|S2 = idS2 .

Exercise 59.18. We start out with a few de�nitions.
(1) A long knot is a submanifold K of R3 that is di�eomorphic to R and which has the

property that there exists an r > 0 such that

K ∩ (R3 \B3
r (0)) = (R× {(0, 0)}) ∩ (R3 \B3

r (0)).
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B3
r (0)

long knot

A long knot comes with a natural orientation given by �going from −∞ to ∞�.
(2) We say two long knots K and J are equivalent if there exists a proper 708 smooth

isotopy F : R × [0, 1] → R3, in the sense of the de�nition on page 812, such that
F0(R) = K, F1(R) = J and such that each Ft(R) is a long knot.

(3) Let L be a long knot. We pick an r > 0 such that

L ∩B3
r (0) Ă R× {(0, 0)}.

We denote by
Φ: B

3

2r(0) → S3

x 7→
(
x
2r
,
√

1− | x
2r
|2
)

the obvious smooth embedding whose image is precisely the upper hemisphere. We
refer to

Lcl := Φ
(
L ∩B3

2r(0)
)
∪
{(
x, 0, 0,

√
1− x2

)
|x ∈ [−1, 1]

}
as the closure Lcl of the long knot L. Note that the closure inherits an orientation
from L.
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closure Lcl

long knot L

Now we turn to the actual exercises:
(a) There is a pretty obvious de�nition of a composition L#L′ of long knots L and L′.

Turn this idea into a proper de�nition. Are L#L′ and L#L′ equivalent?
(b) Show that the fundamental groups of R3 \ L and S3 \ Lcl are isomorphic.
(c) Show that the closure Lcl is well-de�ned up to smooth isotopy and show that the

map

{long knots up to equivalence} → {oriented knots up to smooth isotopy}
[L] 7→ [Lcl]

is a bijection.
708The discussion in Exercise 36.9 shows that we cannot drop the requirement that the smooth isotopy is
proper.
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Exercise 59.19. We consider the epimorphism

φ : Z2 ∗ Z2 = 〈a, b | a2, b2〉 → Z2

that is given by φ(a) = φ(b). Show that ker(φ) is isomorphic to Z.
Hint. Use the Reidemeister-Schreier Process 59.32.
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60. Decision problems

In the last chapters we had developed several techniques for determining the fundamental
groups of topological spaces. In particular we managed to �nd �nite presentations for the
fundamental groups of large classes of topological spaces, e.g. topological graphs, surfaces,
knot complements and mapping tori. In fact we now have enough tools to determine,
with enough e�ort and perseverance, a presentation for the fundamental groups of most
�nice� spaces. Furthermore we will see later in Propositions 96.6 and 104.14 on that the
fundamental group of every compact topological manifold admits a �nite presentation.
The question that now arises is, what information can we extract from a �nite presentation
of a group? Here are a couple of natural questions.
Question 60.1.
(1) Does there exist an algorithm that can decide whether or not a given �nite presen-

tation π = 〈g1, . . . , gk | r1, . . . , rl〉 represents the trivial group?
(2) Does there exist an algorithm that can decide whether or not two given �nite pre-

sentations π = 〈g1, . . . , gk | r1, . . . , rl〉 and Γ = 〈h1, . . . , hm | s1, . . . , sn〉 represent
isomorphic groups?709

(3) Does there exist an algorithm that can determine, given
(a) a �nite presentation π = 〈g1, . . . , gk | r1, . . . , rl〉 and
(b) a word w in g1, . . . , gk, i.e. an element w ∈ 〈g1, . . . , gk〉,
whether or not w represents the trivial element in the group π?710

(4) Does there exist an algorithm that can determine, given
(a) a �nite presentation π = 〈g1, . . . , gk | r1, . . . , rl〉 and
(b) and two words v and w in g1, . . . , gk,
whether or not v and w represent conjugate elements in the group π?711

Remark.
(1) This question was �rst posed by Max Dehn [Deh1911] in 1911. In fact shortly

afterwards, in 1912 Max Dehn [Deh1912] gave positive answers to the word problem
and the conjugacy problem for the fundamental groups of compact 2-dimensional
smooth manifolds.

(2) The above question is formulated in a slightly informal way. After all, what is an
�algorithm� supposed to be? The questions are made more precise in [CZ1993,
Chapter 7], [Stil1982] and [MillC1992].

On page 1196 we introduced the Tietze transformations on presentations. We pointed
out that two �nite presentations for a given group are in fact related by a �nite sequence
of Tietze transformations. In particular, if π = 〈g1, . . . , gk | r1, . . . , rl〉 is a presentation
for the trivial group, then we can turn the presentation after �nitely many Tietze trans-
formations into the trivial presentation 〈|〉. The problem is that we do not know how
many Tietze transformations are required to turn a presentation of a trivial group into a
trivial presentation. In particular at times it can be very hard to �nd the correct Tietze
transformations.
709The question whether such an algorithm exists is often called the isomorphism problem.
710The question whether such an algorithm exists is often called the word problem.
711The question whether such an algorithm exists is often called the conjugacy problem.
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Example. We consider the presentation

π = 〈a, b, c | a3, b3, c4, ac = ca−1, aba−1 = bcb−1〉.

This is a presentation of the trivial group as can be seen as follows:712

(1) from aba−1 ∼ bcb−1 we get (aba−1)3 ∼ (bcb−1)3,
(2) since a−1a ∼ 1 and b−1b ∼ 1 it follows that (aba−1)3 ∼ ab3a−1 and (bcb−1)3 ∼ bc3b−1,
(3) we have b3 ∼ 1, hence ab3a−1 ∼ 1, therefore we get from (1) and (2) that bc3b−1 ∼ 1

hence c3 ∼ 1,
(4) we have c3 ∼ 1 but we also have the relation c4 ∼ 1, so c ∼ 1,
(5) since aba−1 ∼ bcb−1 it follows that aba−1 ∼ 1 and so b ∼ 1,
(6) from ac ∼ ca−1 and c ∼ 1 it follows that a ∼ a−1, hence a2 ∼ 1,
(7) together with a3 ∼ 1 we obtain a ∼ 1.
(8) we now showed that a, b, c are all equivalent to 1, thus we see that the group de�ned

by the presentation is the trivial group.
This example shows that if a presentation corresponds to the trivial group, then it can be
surprisingly complicated to verify this statement.

Now suppose we are given a �nite presentation and we have to decide whether or not
it is a presentation of the trivial group. We can modify the presentation using Tietze
transformations. If at some point we end up with the trivial presentation we know that
the given presentation corresponds to the trivial group. But what happens if after many
attempts at modifying the presentation using Tietze transformations we still do not have
the trivial presentation. Does that mean that the presentation corresponds to a non-trivial
group? Or does it just mean that we did not try long enough?
So the real question is, does there exist an algorithm, that given a presentation which
de�nes a non-trivial group, actually veri�es that the group is non-trivial?
Unfortunately the answer is quite sobering.

Theorem 60.2. The answer to all four questions raised in Question 60.1 is no.

Remark. Here �no� means that one can show that no such algorithm exists. This is a much
stronger statement than saying that we do not know of an example of such an algorithm.

Proof.

(1) Adyan [Ady1955] and Michael Rabin [Rabi1958] showed in 1955 that the answer
to the �rst question is no. Alternatively see [MillC1992, Theorem 3.3] for a proof.

(2) An algorithm that performs (2) would also give an algorithm for determining whether
or not a given presentation is isomorphic to the trivial group with the empty pre-
sentation 〈|〉. But since the answer to (1) is no, it follows that the answer to (2) is
also no. Historically, it was �rst proved by Sergey Novikov [Nov1965] and William
Boone [Boo1958] that (2) has a negative answer before a negative answer to (1) was
given.

(3) If there did exist an algorithm that dealt with the third problem, then we could apply
it in particular to the generators. Since a presentation presents the trivial group if
and only if all generators are trivial, it follows that an algorithm for (3) would also

712For elements g, h of 〈a, b, c〉 we write g ∼ h if they represent the same element in π.
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give an algorithm for (1). Since the latter cannot exist, the former cannot exist
either.

(4) An element in a group is trivial if and only if it is conjugate to the trivial element.
Hence the fact that (3) has a negative answer leads to a negative answer to (4). �

Remark.
(1) There are many other non-existence results in the vein of Theorem 60.2. For example,

[MillC1992, Corollary 3.4], see also Exercise 60.2 says the following:
(a) it is undecidable whether a �nitely presented group is free,
(b) it is undecidable whether a �nitely presented group is abelian,
(c) it is undecidable whether a �nitely presented group is nilpotent,
(d) it is undecidable whether a �nitely presented group is solvable,
(e) it is undecidable whether a �nitely presented group is simple,
(f) it is undecidable whether a �nitely presented group is torsion-free.

(2) The statement of Theorem 60.2 that the answer to all four questions of Question 60.1
is no, is of course somewhat disappointing. But this raises the question whether there
are interesting classes of groups for which the answer is actually yes. For example
Mikhail Gromov [Grom1987]713 introduced the notion of a �word hyperbolic group�
for which the answer to all four questions turns out to be yes. Examples of word
hyperbolic groups are given by
(a) �nite groups,
(b) free groups, fundamental groups of surfaces of genus ≥ 2,
(c) fundamental groups of hyperbolic smooth manifolds of any dimension,
(d) fundamental groups of �Riemannian manifolds with negative sectional curva-

ture�.
In fact in a precise sense a �random� �nitely presented group is word hyperbolic, see
e.g. [Ol2005] for more details.

The topic of word hyperbolic groups is a very important topic of mathematics in
its own right. See e.g. [Löh2015] for an introduction to word hyperbolic groups.

Of course our main goal is not to classify groups, but our goal is to understand �nice�
topological spaces. For example ideally we would like to classify compact topological and
smooth manifolds. The following theorem gives us some hope that this task is not com-
pletely hopeless.

Theorem 60.3. Let n ∈ N0.
(1) There exist only countably many homeomorphism classes of compact n-dimensional

topological manifolds.
(2) There exist only countably many di�eomorphism classes of compact n-dimensional

smooth manifolds.

Proof. The �rst statement is proved in [CK1970]. The second statement follows from
[Pets1984, p. 77] and the fact that every smooth manifold admits a Riemannian struc-
ture, see e.g. [Wall2016, Theorem 1.3.1]. For n ≥ 6 the second statement can also be

713Mikhail Gromov (1943-) is a French-Russian mathematician famous for his many contributions to ge-
ometry and group theory. He was the �rst person to view groups as �geometric objects�, giving rise to the
subject of �geometric group theory�.



60. DECISION PROBLEMS 1349

deduced from the fact that every compact n-dimensional smooth manifold admits a �nite
simplicial structure, see the Smooth Manifold-Simplicial Structure Theorem 96.2, the fact
that there are only countably many isomorphism classes of �nite simplicial complexes, see
Exercise 93.4, and the (very di�cult) Theorem ?? which says that for n ≥ 6 every compact
topological manifold admits at most �nitely many smooth structures. �

Given n ∈ N we would like to classify closed orientable connected n-dimensional smooth
manifolds up to di�eomorphism. For n = 1 we did so in the Smooth 1-Dimensional Manifold
Classi�cation Theorem 22.7 and for n = 2 we saw the classi�cation in the Surface Clas-
si�cation Theorem 55.4. In particular we saw that in these dimensions only �few groups�
appear as fundamental groups.

We also proved the following result which shows that in dimension ≥ 4 the situation is
dramatically di�erent.

Proposition 54.12. Given any �nitely presented group π and any n ≥ 4 there exists a
closed orientable connected n-dimensional smooth manifold with fundamental group π.
Theorem 60.2 and the Fundamental Group-Manifold Realization Proposition 54.12 are at
the heart of the proof of the following theorem.

Theorem 60.4. Let n ≥ 4.
(1) Then there is no algorithm that can decide whether or not two closed orientable

n-dimensional smooth manifolds are homeomorphic.
(2) Then there is no algorithm that can decide whether or not two closed orientable

n-dimensional smooth manifolds are di�eomorphic.

Proof. The �rst statement was �rst proved by Markov [Mark1958]. We refer to [BHP1968,
Theorem 1] and [Hak1973] for a detailed discussion of the proofs of both statements. �

This leaves us with the case of 3-dimensional smooth manifolds. It turns out that in this
dimension there does in fact exist such an algorithm.

Theorem 60.5. There exists an algorithm that can decide whether or not two closed
orientable connected 3-manifolds are di�eomorphic.
In this case the algorithm is considerably more complicated than in the 1-dimensional and
the 2-dimensional case. The proof that such an algorithm exists is due to the work of many
mathematicians, �rst and foremost William Thurston [Thu1982] and Grigori Perelman.
The proof of the theorem was completed about 2003. It is impossible to mention here all
the work that goes into proving Theorem 60.5. We refer to the survey paper [AFW2015,
Theorem 4.27] for details and precise references.

Exercises for Chapter 60.

Exercise 60.1.

(a) Show that every �nite group is isomorphic to some permutation group Sn.
(b) Let π = 〈x1, . . . , xk | r1, . . . , rl〉 be a �nitely presented group. Suppose that we know

that π is �nite. Show that there exists an algorithm which determines an injective
homomorphism ϕ : π → Sn for some n ∈ N.
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(c) Let π = 〈g1, . . . , gk | r1, . . . , rl〉 and Γ = 〈h1, . . . , hm | s1, . . . , sn〉 be two �nitely
presented groups. Suppose we know that π and Γ are �nite. Show that there exists
an algorithm that can determine whether or not π and Γ are isomorphic.

Exercise 60.2.
(a) Show that it is undecidable whether a �nitely presented group is free.
(b) Show that it is undecidable whether a �nitely presented group is abelian.
(c) Show that it is undecidable whether a �nitely presented group is nilpotent.
(d) Show that it is undecidable whether a �nitely presented group is solvable.

Somewhat more precisely, for each group property show that there is no algorithm that
can decide whether or not a given �nite presentation π = 〈g1, . . . , gk | r1, . . . , rl〉 represents
a group that has said property.

Exercise 60.3. A group π is called residually �nite if given any non-trivial element g ∈ π
there exists a homomorphism α : π → G to a �nite group G such that α(g) is non-trivial.
Show that the word problem is solvable in a �nitely generated group that is residually
�nite.
Remark. A solution to this exercise can be found in [MillC1992, Theorem 5.2].



Part VI

The universal covering



61. The existence of universal coverings

After spending a lot of time on determining the fundamental groups of topological spaces
we now want to return to the study of covering maps. One key goal of this section is to
address the following question.
Question 61.1. Does every path-connected topological space B admit a path-connected
covering p : X → B such that X is simply connected?
We know of course that the answer is yes for the torus, the Klein bottle and the Möbius
band. But does such a covering exist for the surface of genus 2? Or does it exist for the
complement S3 \K of a knot K Ă S3? How about the wedge S1 ∨ S1 of two circles?

61.1. Local properties of topological spaces. Before we can address Question 61.1 we
need to recall the de�nition of a local property of topological spaces that we already gave
in Section 2.8.
De�nition. Let P be a property of topological spaces. We say a topological space X
is locally P if given any Q ∈ X and any neighborhood U of Q there exists an open
neighborhood V of Q that is contained in U that has the property P .

Examples.
(1) By the Homotopy-π1-Proposition 50.3 we know that every contractible topological

space is simply connected. Thus every locally contractible topological space is also
locally simply connected. Furthermore every simply connected space is by de�nition
path-connected, thus every locally simply connected space is also locally path-con-
nected.

(2) On page 176 we saw that every open subset of Rn is locally simply connected.
(3) By the Topological Manifolds-Local Properties Lemma 18.8 (1) every topological

manifold is locally homeomorphic to some non-empty convex subset of Rn. Since
non-empty convex subsets are contractible we see that every topological manifold is
locally contractible.

(4) In Exercise 61.1 we will show that every topological graph is locally contractible and
we will show that the wedge of locally contractible topological spaces is again locally
contractible.

(5) We consider
X := R2 \

∞⋃
n=1

{
1
n

}
× [−1, 1],

with the usual subspace topology coming from R2. Then X is path-connected but
not locally path-connected. Indeed, we consider the point (0, 0) ∈ X and the neigh-
borhood U = (−1

2
, 1

2
) × (−1

2
, 1

2
) ∩ X. It is straightforward to show that there does

not exist a path-connected neighborhood V of (0, 0) which is contained in U .
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(6) We consider
X := R2 \

∞⋃
n=1

( 1
n , 0
)
,

with the subspace topology coming from R2. Then X is path-connected, locally
path-connected but it is not locally simply connected. Indeed the origin admits no
neighborhood of the desired form, since any neighborhood of the origin contains
�in�nitely many holes�. We made this statement precise in Exercise 52.1.

61.2. Lifting maps to coverings. Let p : (X, x0) → (B, b0) be a covering of pointed
topological spaces. Furthermore let f : (Z, z0)→ (B, b0) be a map. Recall that on page 1080
we said that f lifts, if there exists a lift f̃ : (Z, z0) → (X, x0), i.e. a map f̃ : Z → X with
f̃(z0) = x0 and which makes the following diagram commute

(X, x0)

p
��

(Z, z0)
f
//

f̃ 77

(B, b0).

For example, if f : ([0, 1], 0) → (B, b0) is a map from the interval [0, 1] to B, i.e. if f is a
path with starting point b0, then we saw in Proposition 48.11 that there exists a unique lift
of f to a map f̃ : ([0, 1], 0)→ (X, x0).

Example. Consider the following maps:

(S1, 1)

p z 7→z3

��

(S1, 1)

??? lift f̃ ???
55

f

z 7→z2
// (S1, 1).

Here the map p is a 3-fold covering. Does the map f lift to a map f̃?

To answer the question we need to study lifts of maps more carefully. Let p : (X, x0) →
(B, b0) be a covering of pointed topological spaces and let f : (Z, z0) → (B, b0) be a map.
Suppose that there exists a lift f̃ : (Z, z0) → (X, x0). We then obtain the commutative
diagram

(X, x0)

p

��

(Z, z0)

f̃
99

f
// (B, b0)

from the functoriality of the
fundamental group it follows

that f∗ =
(
p ◦ f̃

)
∗ = p∗ ◦ f̃∗, i.e.

we get the commutative diagram

π1(X, x0)

p∗
��

π1(Z, z0)

f̃∗
77

f∗
// π1(B, b0).

Thus it follows that if f lifts, then

im(f∗) = im
((
p ◦ f̃

)
∗

)
= im

(
p∗ ◦ f̃∗

)
Ă im(p∗).

So summarizing, if there exists a lift of f , then

im(f∗ : π1(Z, z0)→ π1(B, b0)) Ă im(p∗ : π1(X, x0)→ π1(B, b0)).
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Example. In the above example we have π1(S1, 1) = Z and im(f∗) = 2Z whereas we have
im(p∗) = 3Z. So we see that f does not lift.

The following proposition says, that the above conclusion has a converse, for �reasonably�
topological spaces. More precisely, we have the following proposition which, under a modest
technical hypothesis, gives a complete criterion for when a map lifts.

Proposition 61.2. (Map Lifting Criterion) Let p : (X, x0)→ (B, b0) be a covering of
pointed topological spaces. Furthermore let Z be a path-connected topological space and
let f : (Z, z0)→ (B, b0) be a map.
(1) If Z is locally path-connected, then we have the following equivalence of statements:

(X, x0)

p
��

(Z, z0)
f
//

there exists a lift f̃ 66

(B, b0)

⇐⇒ im(f∗) Ă im(p∗).

(2) There exist at most one such lift, in other words, any two such lifts agree.714

Examples. Let p : (X, x0)→ (B, b0) be a covering of pointed topological spaces.

(1) The condition on the fundamental groups in the Map Lifting Criterion 61.2 is auto-
matically satis�ed if Z is simply connected.

(2) Now let f : (Sn, s0) → (B, b0) be a map. The topological manifold Sn is path-con-
nected and locally path-connected. By the Sphere-π1-Proposition 47.13 the sphere
Sn is simply connected if n ≥ 2. Thus it follows from (1) that there exists a uniquely
determined lift f̃ : (Sn, s0)→ (X, x0) of the map f : (Sn, s0)→ (B, b0).

Remark. In Exercise 61.4 we will see that we cannot drop the hypothesis that Z is locally
path-connected.

In the proof of the Map Lifting Criterion 61.2 we will need the following lemma.

Lemma 61.3. Let p : (X, x0) → (B, b0) be a covering of pointed spaces, let γ be a path
in B with starting point b0 and let δ be another path in B with δ(0) = γ(1). We denote
by γ̃ the lift of γ with starting point x0. Then

endpoint of the lift of γ ∗ δ
to the starting point x0

=
endpoint of the lift of δ

to the starting point γ̃(1).

Proof. Let p : (X, x0) → (B, b0) be a covering of pointed spaces, let γ be a path in B
with starting point b0 and let δ be another path in B with δ(0) = γ(1). We denote by γ̃
the lift of γ with starting point x0 and we denote by δ̃ the lift of δ to the starting point
γ̃(1). Finally we denote by γ̃ ∗ δ the lift of γ ∗ δ to the starting point x0. For t ∈ [0, 1]

we write β(t) = (γ ∗ δ)(1
2
(t + 1)) and β̃(t) = (γ̃ ∗ δ)(1

2
(t + 1)). Note that by de�nition we

have β(t) = δ(t) for t ∈ [0, 1] and that β̃ and δ̃ are both lifts of β = δ to the starting point

714Note that for (2) we do not need the annoying hypothesis that Z is locally path-connected.
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p

γ̃

γ

X

b0

x0

B

δ

β(0) = γ(1) = δ(0). Thus it follows that

endpoint of γ̃ ∗ δ = (γ̃ ∗ δ)(1) = β̃(1) = δ̃(1) = endpoint of δ̃.
↑

by Proposition 48.11 �

Now we can give the proof of the Map Lifting Criterion 61.2. To make the proof slightly
more readable we prove the two statements (1) and (2) separately.
Proof of the Map Lifting Criterion 61.2 (1). Let p : (X, x0) → (B, b0) be a covering
of pointed topological spaces. Furthermore let Z be a path-connected and locally path-
connected topological space and let f : (Z, z0)→ (B, b0) be a map.

By the discussion on page 1353 we only have to prove the �⇐=�-direction of the propo-
sition. So suppose that we have

im(f∗ : π1(Z, z0)→ π1(B, b0)) Ă im(p∗ : π1(X, x0)→ π1(B, b0)).

We have to construct a lift f̃ : (Z, z0) → (X, x0). We will do so as follows. Let z ∈ Z be
a point. Since Z is path-connected we can �nd a path α : [0, 1] → Z with α(0) = z0 and
α(1) = z. According to Proposition 48.11 we can lift the path f ◦ α : [0, 1]→ B to a path

(̃f ◦ α) : [0, 1]→ X with starting point x0. We de�ne

f̃(z) := (̃f ◦ α)(1).
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p

X

f
B

Z f̃

f ◦ αα

lift f̃ ◦ α of f ◦ α to
the starting point x0z

f(z)

z0

b0

x0

We have to verify the following statements:

(1) the map f̃ : Z → X is well-de�ned,
(2) the map f̃ is continuous,
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(3) the map f̃ is a lift.
(4) and the map f̃ is the unique lift.

We will do so in the following:

(1) We have to show that for z ∈ Z the point f̃(z) ∈ X is well-de�ned, i.e. independent
of the choice of the path α. Thus let β : [0, 1] → Z be another path with β(0) = z0

and β(1) = z. (This situation is illustrated in the �gure below.) It follows that

(̃f ◦ α)(t = 1) = (lift of f ◦ α to the starting point x0)(t = 1)

= (lift of (f ◦ α) ∗ (f ◦ β) ∗ (f ◦ β) to the starting point x0)(t = 1)
↑

by Corollary 48.13 since f ◦ α and (f ◦ α) ∗ (f ◦ β) ∗ (f ◦ β) are path-homotopic

= (lift of (f ◦ ( α ∗ β︸ ︷︷ ︸
=: γ, a loop in (Z, z0)

)) ∗ (f ◦ β) to the starting point x0)(t = 1)

= (lift of f ◦ β to the starting point (f̃ ◦ γ)(1))(t = 1)
↑

Lemma 61.3, where f̃ ◦ γ denotes the lift of f ◦ γ to the starting point x0

= (lift of f ◦ β to starting point x0)(t = 1) = (̃f ◦ β)(t = 1).
↑

by our hypothesis we have [f ◦ γ] = f∗([γ]) ∈ im(f∗) Ă p∗(π1(X,x0)),

hence f̃ ◦ γ is a loop in x0 by Lemma 48.15715

Thus we have shown that the map f̃ is well-de�ned.
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p
Z

X

f
B

α

lift f̃ ◦ β of f ◦ β

f ◦ α

lift f̃ ◦ α of f ◦ α
β

f(z)

z

z0

x0

b0

(2) Now we want to show that f̃ is continuous. So let z ∈ Z. We pick a path α from z0

to z. Since p is a covering there exists an open neighborhood V of f̃(z) such that the
restriction of p to V is an embedding. We denote by q : p(V )→ V the inverse map.
Since Z is locally path-connected there exists an open neighborhood U of z that is
contained in f−1(p(V )) and that is path-connected. Since f and q are continuous it
su�ces to prove the following claim.

Claim. On the open neighborhood U of z the map f̃ agrees with q ◦ f .

715Lemma 48.15 (1) says the following: if δ is a loop in (B, b0) and if δ̃ denotes the lift of δ to the starting
point x0, then the following holds:

δ̃ is a loop in (X,x0) ⇐⇒ [δ] lies in p∗(π1(X,x0)) Ă π1(B, b0).

We apply the lemma to δ = f ◦ γ.
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Proof. So let w ∈ U . Since U is path-connected there exists a path δ from z to w
that lies in U . Then
f̃(w) = endpoint of the lift of f ◦(α∗δ) = (f ◦α)∗(f ◦δ) to the starting point x0

= endpoint of the lift of f ◦ δ to the starting point f̃(z)
↑

by Lemma 61.3 and the de�nition of f̃(z) as the endpoint of f̃ ◦ α
= endpoint of q ◦ (f ◦ δ) = (q ◦ f)(δ(1)) = (q ◦ f)(w).
↑

since q = p−1 we know that q ◦ (f ◦ δ) is the lift of f ◦ δ to the starting point f(z)

(3) We need to show that f̃ is a lift, i.e. we need to show that p ◦ f̃ = f . So let z ∈ Z.
Then

p
(
f̃(z)

)
= p

((
f̃ ◦ α

)
(1)
)

= (f ◦ α)(1) = f(α(1)) = z.
↑

pick path α from z0 to z and denote by f̃ ◦ α the lift of f ◦ α �
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p|V is a homeomorphismp q

V

B

f

Z

X

f̃

α f ◦ α f ◦ δ
δ

f(w)w

f̃(z)

f(z)

x0

b0

z0

z

U is contained in f−1(p(V )) and it is path-connected

Proof of the Map Lifting Criterion 61.2 (2). Let p : (X, x0) → (B, b0) be a covering
of pointed topological spaces. Furthermore let Z be a path-connected topological space.
Finally suppose we are given a map f : (Z, z0)→ (B, b0).

We will now see, using the uniqueness of the lift of paths established in Proposi-
tion 48.11, that any two lifts f̃ , f̃ ′ : (Z, z0) → (X, x0) agree. Thus let z ∈ Z. Since Z
is path-connected there exists a path α : [0, 1] → Z from z0 to z. Then f ◦ α : [0, 1] → B

is a path and f̃ ◦ α and f̃ ′ ◦ α are both lifts of f ◦ α to the starting point x0. By Proposi-
tion 48.11 we have f̃ ◦ α = f̃ ′ ◦ α. In particular the endpoints agree. But this implies the
desired statement that f̃(z) = (f̃ ◦ α)(1) = (f̃ ′ ◦ α)(1) = f̃ ′(z). �

In Exercise 61.3 we will prove the following corollary.
Corollary 61.4. Let π : X → B be a covering of topological spaces. Then every open
simply connected and locally path-connected subset U Ă B is uniformly covered.

61.3. Semi-locally simply connected spaces. Our next goal will be to show that every
�reasonable� path-connected non-empty topological spaces admits a covering that is simply
connected. To make precise what we mean by �reasonable� we need to introduce the
following de�nition.
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De�nition. A topological space X is called semi-locally simply connected716 if for every
point x ∈ X there exists an open717 neighborhood U of x such that the inclusion induced
map π1(U, x)→ π1(X, x) is the trivial map.

Examples.
(1) Every simply connected space is semi-locally simply connected.
(2) Let H be the Hawaiian earring that we introduced on page 1284. In Exercise 61.2

we will see that H is not semi-locally simply connected.
(3) Evidently every topological space that is locally simply connected is also semi-locally

simply connected. But the converse does not hold. For example let us consider the
cone(H) on the Hawaiian earring.
(a) By the Cone Contractibility Lemma 16.7 we know that the tip of cone(H) is a

deformation retract. This implies that cone(H) is simply connected, in particular
it is semi-locally simply connected.

(b) On the other hand we will see in Exercise 61.2 that cone(H) is not locally simply
connected.

�
�
�
�

semi-locally simply connected
but not locally simply connected

Hawaiian earrings H Cone(H)

not semi-locally simply connected

tip of the cone

61.4. Existence of covering spaces. Let p : (X, x0) → (B, b0) be a covering of pointed
topological spaces. In Corollary 48.14 we saw that

p∗ : π1(X, x0) → π1(B, b0)

is an injective map. Thus we can view π1(X, x0) as a subgroup of π1(B, b0).
Generalizing Question 61.1 one can now ask, whether to each subgroup Γ of π1(B, b0) there
exists a corresponding covering with p∗(π1(X, x0)) = Γ. We will see that this is indeed the
case, at least under the rather technical assumption that the topological space B is locally
path-connected and semi-locally simply connected.
The following theorem gives in particular an a�rmative answer to Question 61.1 under
rather modest hypotheses.

716Note that in contrast to �locally simply connected� there is no general notion of what �semi-locally�
means. In other words, we de�ne �semi-locally simply connected� as a single object.
717If there exists a neighborhood W of x such that the inclusion induced map π1(W,x) → π1(X,x) is
the trivial map, then the interior U of W is an open neighborhood of x and the inclusion induced map
π1(U, x) → π1(X,x) is trivial, since it factors through the trivial map π1(W,x) → π1(X,x). Thus in the
de�nition it makes no real di�erence whether we demand a �neighborhood� or an �open neighborhood�.
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Theorem 61.5. (Covering Existence Theorem) Let Y be a topological space that is
path-connected, locally path-connected and semi-locally simply connected, let y0 ∈ Y and
let Γ Ă π = π1(Y, y0) be a subgroup.
(1) There exists a path-connected covering718 p : (X, x0)→ (Y, y0) of pointed topological

spaces such that p∗(π1(X, x0)) = Γ.
(2) For the covering p from (1) we have

[X : Y ] = [π1(Y, y0) : Γ].
We will provide the proof of the Covering Existence Theorem 61.5 in the next section.
In the following we discuss a few examples and an important variation on the Covering
Existence Theorem 61.5.

Examples.
(1) We consider (Y, y0) = (S1, 1). We pick an identi�cation719 π1(S1, 1) = Z. Given

n ∈ N we consider Γ = nZ Ă Z = π1(S1, 1). Then the covering

p : S1 → S1

z 7→ zn

has the property that p∗(π1(S1, 1)) = nZ. Another example is given by the covering

q : R/nZ → S1

t+ nZ 7→ exp(2π it).

Here we also have im(q∗) = nZ.
(2) Let Z be a simply connected space and let z0 ∈ Z. Furthermore let π be a group

that acts on Z continuously and discretely. We consider Y = Z/π, we denote by
q : Z → Y = Z/π the projection and we write y0 = q(z0). Using the isomorphism of
the Fundamental Group-via-Actions Theorem 48.16 we can identify π with π1(Y, y0).

Now let Γ Ă π = π1(Y, y0) be a subgroup. Then the group Γ also acts on Z and
we can consider the projection

p : X := Z/Γ → Y := Z/π

We denote by x0 the image of z0 under the projection Z → X = Z/Γ. One can show
easily that p : X = Z/Γ → Y = Z/π is a covering map with p∗(π1(X, x0)) = Γ. We
summarize the situation in the following diagram

Z

q

��

))

π1(Z, z0) = {e}
��

X = Z/Γ
p

uu

π1(X, x0) = Γ
� _

p∗ ��

Y = Z/π π1(Y, y0) = π.

In the following we apply the Covering Existence Theorem 61.5 to any �avor of a manifold.

718Here we say that a covering p : X → Y is path-connected if X is path-connected.
719This means that we pick an isomorphism π1(S1, 1)

∼=−→ Z and then ignore it in the notation.
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Proposition 61.6. (Coverings-of-Manifolds Existence Proposition) Let Y be a
path-connected topological manifold, let y0 ∈ Y and let Γ Ă π1(Y, y0) be a subgroup.
(1) There exists a path-connected covering p : (X, x0) → (Y, y0) of pointed topological

spaces such that p∗(π1(X, x0)) = Γ. Any such X is a topological manifold.
(2) If Y is a smooth manifold, then any cover as in (1) can be equipped with a unique

smooth structure such that p : X → Y is a covering of smooth manifolds in the sense
of the de�nition on page 1105.

(3) If Y is a complex manifold, then any cover as in (1) can be equipped with a unique
complex structure such that p : X → Y is a covering of complex manifolds.

Proof. First of all note that by the Topological Manifolds-Local Properties Lemma 18.8 we
know that topological manifolds are locally contractible. In particular they are locally path-
connected and semi-locally simply connected. Thus we obtain from the Covering Existence
Theorem 61.5 that there exists a path-connected covering p : (X, x0) → (Y, y0) of pointed
topological spaces such that p∗(π1(X, x0)) = Γ and such that [X : Y ] = [π1(Y, y0) : Γ].

The statements regarding smooth and complex manifolds follow immediately from the
Manifold Covering Proposition 49.2. �

61.5. Proof of the Covering Existence Theorem 61.5. Now we turn to the proof of
the Covering Existence Theorem 61.5. Note that we only need show the existence of such
a covering, the statement about the degree of the covering is an immediate consequence of
Lemma 48.15 (3).
We start out with a general discussion of the construction of the covering. Only afterwards
we will turn to the nitty-gritty of the proof. In particular for the time being let Y be any
path-connected topological space, without any other adjectives. Furthermore let y0 ∈ Y
and let Γ Ă π1(Y, y0) be a subgroup.

To get an idea for the construction, let us �rst consider the case that Γ is the trivial
group. In this case we want to construct a covering p : X → Y such that X is simply
connected. Let us assume for a second, that we have such an X. We pick x0 ∈ X with
p(x0) = y0. Then, somewhat similar to the statement of the Fundamental Group-via-
Actions Theorem 48.16, we have a map

Φ: X → {path-homotopy classes of paths starting in y0}
x 7→ p ◦ (any path from x0 to x).

In fact the proof of the Fundamental Group-via-Actions Theorem 48.16 comes close to
showing that the map Φ is a bijection. Hence Φ is in fact a homeomorphism, provided
we equip the right-hand side with an appropriate topology.
Now that we are not givenX, the idea is, that given (Y, y0) we can de�ne the right-hand
side of the above bijection, and with a suitable topology we will have found our X.

As on page 392 we denote by Y [0,1] the set of all maps [0, 1] → Y . Next we consider the
path space720

Py0 := {γ ∈ Y [0,1] | γ(0) = y0} = {all paths in Y with starting point y0}.

720On page 3280 the path space will be called P (Y, y0). Later on it will play an important role, but for the
purpose of this discussion it is easier to work with a shorter notation.
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For u, v ∈ Py0 we write

u ∼ v :⇐⇒ u and v have the same endpoint and [u ∗ v] ∈ Γ.

Using the fact that Γ Ă π1(Y, y0) is a subgroup one can show easily that ∼ is indeed an
equivalence relation on Py0 . The de�nitions of Py0 and ∼ are illustrated in the �gure below.
We write Xy0,Γ := Py0/∼ and x0 := [ey0 ], i.e. x0 is the equivalence class of the constant
path.
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Y is an annulus

β

α

γ

y0
we consider Γ = 2Z Ă π1(Y, y0) = Z,

then α and β are equivalent,
but α and γ are inequivalent

Now we consider the evaluation map

p : Xy0,Γ = Py0/∼ → Y
[v] 7→ v(1).

Note that this map is well-de�ned, i.e. it is independent of the choice of the representative v.
It remains to equip Xy0,Γ = Py0/∼ with a sensible topology and to show that the map
p : Xy0,Γ = Py0/∼→ Y has all the desired properties.
In fact in the following we provide two approaches to de�ning such a topology:

(1) The �rst one is is �by hand�, namely we construct a topology on Xy0,Γ = Py0/∼ from
scratch.

(2) The second approach is �o�-the-shelves�, meaning we make use of the compact-open
topology that we introduced on page 392.

Put di�erently, both Lemma 61.7 and Lemma 61.8 can be used to complete the proof of
The Covering Existence Theorem 61.5.
We start out with the �by hand� approach.

Lemma 61.7. Let Y be a path-connected topological space, let y0 ∈ Y and let Γ Ă

π1(Y, y0) be a subgroup. We write P := Py0 and we write X := Xy0,Γ. Given x = [f ] ∈
X = P/∼ and given an open neighborhood V of p(x) = f(1) ∈ Y we consider

U(x, V ) := {[f ∗ u] | u is a path in V with starting point f(1)} Ă X = P/∼ .

With this notation the following statement holds:
(0) The family of all such subsets U(x, V ) of X satisfy the �basis property� that we

introduced on page 132.
The topology that is generated on X = XY0,Γ via the sets U(x, V ) is called the whisker
topology. If Y is locally path-connected and semi-locally simply connected, and if we equip
X = XY0,Γ with the whisker topology, then the following statements hold:
(1) The above evaluation map p : X → Y is continuous and open.
(2) The map p : X → Y is a covering.
(3) The topological space X is path-connected,
(4) We have p∗(π1(X, x0)) = Γ.
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Proof. Let Y be a path-connected, let y0 ∈ Y and let Γ Ă π1(Y, y0) be a subgroup. We
write P := Py0 and we write X := Xy0,Γ. Given x = [f ] ∈ X = P/∼ and given an open
path-connected neighborhood V of p(x) = f(1) ∈ Y we consider

U(x, V ) := {[f ∗ u] | u is a path in V with starting point f(1)} Ă X = P/∼ .

We denote by B the family of all such subsets of X.

(0) We need to show that B has the basis property.
(B1) For each x ∈ X we have x ∈ U(x,X). This shows that B satis�es (B1).
(B2) Now let x = [f ] be a point in the intersection of U(a,A) and U(b, B). Let

V be any open neighborhood V of f(1) with V Ă A ∩ B, e.g. we could take
V = A ∩B. It is straightforward to see that U(x, V ) Ă U(a,A) ∩ U(b, B).
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In the following we assume that Y is locally path-connected and that Y is semi-locally
simply connected. We equip X = XY0,Γ with the whisker topology, i.e. we equip it with
the topology generated by B. Since Y is locally path-connected it follows easily that the
whisker topology is also generated by

C := {U(x, V ) ∈ B |x ∈ X and V is a path-connected open neighborhood of p(x)}.

(1) We need to show that the map p : X = P/ ∼→ Y is continuous and open. We
start with the following observation: for every x ∈ X and every open path-connected
neighborhood V of p(x) we have p(U(x, V )) = V .721

Now we turn to the actual proof of continuity. So let A Ă Y be an open subset
and let x = [f ] ∈ p−1(A). It su�ces to show that there exists an open subset B of Y
such that U(x,B) Ă p−1(A). Since Y is locally path-connected, there exists an open
neighborhood B of x that is contained in A and that is path-connected. By the above
observation we have p(U(x,B)) = B Ă A, i.e. U(x,B) Ă p−1(A).

Finally we show that p is also open. By Lemma 2.11 it su�ces to verify that
images of the basis C of the topology of X are open. But this statement we had just
veri�ed in the above observation.

(2) Now we want to prove that p : X = P/∼→ Y is a covering map. So let y ∈ Y be a
point. We need to show that there exists a connected open neighborhood V of y such
that the restriction of p to each component of p−1(V ) is a homeomorphism.

Since Y is semi-locally simply connected, there exists an open neighborhood U of
y such that the inclusion induced map π1(U, x) → π1(Y, y) is the trivial map. We
claim that V already has the desired property.
Claim. p−1(V ) =

⊔
ỹ∈p−1(y)

U(ỹ, V ).

721By de�nition we have p(U(x, V )) Ă V . But since V is path-connected we also have V Ă p(U(x, V )).
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Proof. It is clear that the right-hand side is contained in the left-hand side. Next
we want to show that the left-hand side is contained in the right-hand side. So
let [g] ∈ p−1(V ). Here g is a path in Y from y0 to a point v ∈ V . Since V is in
particular path-connected there exists a path h in V from v to y. We then have

[g] = [g ∗ h ∗ h] ∈ U([g ∗ h]︸ ︷︷ ︸
∈p−1(y)

, V ).
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It remains to show that the sets on the right-hand side of the claim are disjoint.
So let [v′], [v′′] ∈ p−1(y) and let [g] ∈ U([v′], V )∩U([v′′], V ). Then there exist paths u′

and u′′ in V with [v′ ∗ u′] = [v′′ ∗ u′′]. It follows that
[v′] = [v′ ∗ u′ ∗ u′] = [v′′ ∗ u′′ ∗ u′] = [v′′].

↑
u′′ ∗ u′ is null-homotopic since the map π1(V, y)→ π1(Y, y) is the trivial map

Thus U([v′], V ) ∩ U([v′′], V ) intersect only if [v′] = [v′′]. We refer to the �gure below
for an illustration. �

����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������

����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

���
���
���
���
���
���

���
���
���
���
���
���

������
������
������

������
������
������

��������
����
����
����

�
�
�
�

�������
�������
�������
�������

��
��
��
��

���
���
���
���

���
���
���
���

v′
u′

y

u′′y0

Y

Vv′′

The sets U(ỹ, V ) are by de�nition open. By the above claim the sets are also disjoint.
Thus it su�ces to prove the following claim.
Claim. For each ỹ ∈ p−1(y) the restriction of the projection p : X = P/∼→ Y to the
map p : U(ỹ, V )→ V is a homeomorphism.

Proof. So let ỹ ∈ p−1(y). As we had just pointed out in (1), the map p : U(ỹ, V )→ V
is surjective. From the fact that the inclusion induced map π1(V, y) → π1(Y, y) is
trivial it also follows immediately that p is injective. Furthermore we had just veri�ed
in (1) that p is continuous and open. Therefore p : U(ỹ, V )→ V is a homeomorphism.
�

(3) Now we want to show that X = P/ ∼ is path-connected. We start out with the
following claim.
Claim. Let α : [0, 1]→ Y be a path. Then

α̃ : [0, 1] → X = P/∼

t 7→
[

[0, 1] → Y
s 7→ α(ts)

]
.
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is a continuous map.
Proof. By the Subbasis-Continuity Proposition 2.9 it su�ces to show that for each
U(x, V ) in the basis C of the topology on X the preimage α̃−1(U(x, V )) is open in
[0, 1]. So suppose we are given U(x, V ). We denote by {Ij}j∈J the path-components
of α−1(V ). Since α is continuous each Ij is an open subset of [0, 1]. Note that for each
j ∈ J we either have722 α̃(Ij) Ă U(x, V ) or α̃(Ij) ∩ U(x, V ) = ∅. It follows that

α̃−1(U(x, V )) = union of all the Ij with the property that α̃(Ij) Ă U(x, V ).

Thus we see that α̃−1(U(x, V )) is a union of open subsets of [0, 1], hence the preimage
itself is open. �

To show that X is path-connected it su�ces to show that for every point x ∈ X
there exists a path in X from x0 = [ey0 ] to x. So let x = [α] ∈ X. Then such a path is
given by α̃ : [0, 1] → X, where α̃ is de�ned as in the claim. By the claim α̃ is indeed
continuous.

(4) It remains to show that p∗(π1(X, x0)) = Γ. Let g ∈ π1(Y, y0). We choose a represen-
tatives α : [0, 1]→ Y of g. We consider the following path723 in X = P/∼

α̃ : [0, 1] → X = P/∼

t 7→
[

[0, 1] → Y
s 7→ α(ts)

]
.

Note that α̃ is evidently the lift of α to the starting point x0. Then we have

g∈p∗(π1(X, x0)) ⇔ α̃ is a loop ⇔ in X = P/∼ we have α̃(1)=x0 =[ey0 ] ⇔ α∈Γ.
↑ ↑

Lemma 48.15 (1) de�nition of ∼ on P �

Next we use the �o�-the-shelves�-topology, namely we will make use of the compact-open
topology. For the reader's convenience we recall the de�nition from page 392.

De�nition. Let Y and A be topological spaces. The compact-open topology on the set
Y A, i.e. on the set of all maps from A to Y , is the topology generated, in the sense of the
de�nition on page 135, by all the sets of the form

M(K,U) := {f ∈ Y A | f(K) Ă U}
where K Ă A is compact and where U Ă Y is open.

Lemma 61.8. Let Y be a path-connected topological space and let y0 ∈ Y . Furthermore
let Γ Ă π1(Y, y0) be a subgroup.

(i) We equip Y [0,1] = set of all maps [0, 1]→ Y with the compact-open topology.
(ii) We equip Py0 = {γ ∈ Y [0,1] | γ(0) = y0} with the subspace topology.
(iii) We equip Xy0,Γ = Py0/∼ with the quotient topology.

We refer to this topology on Xy0,Γ = Py0/ ∼ as the CO-topology on Xy0,Γ. We write
X := Xy0,Γ. If Y is locally path-connected and semi-locally simply connected, then the
following statements hold:
(1) The above evaluation map p : X → Y is continuous and open.

722This might require a few minutes of thought.
723Note that this map is continuous by the claim in (3).
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(2) The map p : X → Y is a covering.
(3) The topological space X is path-connected,
(4) We have p∗(π1(X, x0)) = Γ.

Proof. Let Y be a topological space that is path-connected, locally path-connected and
semi-locally simply connected, let y0 ∈ Y and let Γ Ă π1(Y, y0) be a subgroup. We write
X := Xy0,Γ and we equip X := P/∼ with the CO-topology. We make a few preparations:

(i) We consider the maps

P �
�

//

q
��

Y [0,1]

ev f 7→f(1)
��

X = P/∼ p
// Y

where q is the projection and ev : Y [0,1] → Y is given by the evaluation at 1. By the
Topological-Quotient Proposition 5.15 (1a) we know that q is continuous. Further-
more by the Evaluation Map Proposition 12.4 we know that the map ev : Y [0,1] → Y
is continuous. Thus it follows from Lemma 2.1 (3) and the Topological-Quotient
Proposition 5.15 (1b) (2) that the induced map p : X = P/∼→ Y is continuous.

(ii) Since Y is locally path-connected it follows from Lemma 2.39 that the open path-
connected subsets of Y form a basis for the topology of Y . Since [0, 1] is Hausdor�
we obtain from Lemma 12.8 that the sets M(K,U), with K Ă [0, 1] compact and U
open and path-connected form a basis for the topology of the compact-open topology
on Y [0,1].

(iii) Let x = [f ] ∈ X = P/ ∼ and let V be an open path-connected neighborhood
of p(x) = f(1) ∈ Y . As in Lemma 61.7 we consider

U(x, V ) := {[f ∗ u] | u is a path in V with starting point f(1)} Ă X = P/∼ .

We want to show that U(x, V ) is an open subset of X. By de�nition of the quotient
topology we need to show that q−1(U(x, V )) is an open subset of P . This statement
is easily seen to be a consequence of the following claim.

Claim. Let g : [0, 1]→ Y be a path with g(0) = y0 and g(1) ∈ V . The set{
h ∈ P

∣∣∣ there exists a path u : [0, 1]→ V with u(0) = g(1)
such that h is path-homotopic to g ∗ u

}
is an open subset of P .

Proof. Let h ∈ P be a path that is path-homotopic to g ∗u for some path u : [0, 1]→
V . Note that it follows from the fact that Y is semi-locally simply connected, to-
gether with the Lebesgue Corollary 6.6, that there exists an n ∈ N and open subsets
D1, . . . , Dn of Y with the following properties:
(a) For each i ∈ {0, . . . , n− 1} we have h([ i

n
, i+1
n

]) Ă Di.
(b) For each i ∈ {0, . . . , n−1} the inclusion induced map π1(Di, h( i

n
))→ π1(Y, h( i

n
))

is the trivial map.
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Since Y is locally path-connected we can furthermore �nd open path-connected neigh-
borhood E1, . . . , En−1 of h( 1

n
), . . . , h(n−1

n
). Now let

Z :=
n−1⋂
i=0

M([ i
n
, i+1
n

], Di) ∩
n−1⋂
i=1

M({ i
n
}, Ei) ∩ M({1}, V ).

We make the following observations:
(α) By de�nition of the compact-open topology we know that Z is an open subset of

Y [0,1]. Furthermore it follows from (a) and the choice of E1, . . . , En−1 that h ∈ Z.
(β) By the JH-Lemma 1.7 it remains to show that Z ∩P is contained in the set that

we described in the statement of the claim.
Now let k ∈ Z ∩ P .
(γ) Since k(1) ∈ V and since V is path-connected there exists a path v : [0, 1] → V

from h(1) to k(1).
(δ) Since theE1, . . . , En−1 are path-connected we can arrange, after a path-homotopy,

that k( i
n
) = (h ∗ v)( i

n
) for i = 0, . . . , n− 1.

(η) It follows from (b) together with a slight variation on Lemma 47.12 that we can
show that k is path-homotopic to h ∗ v.

Since k is path-homotopic to h ∗ v and since h is path-homotopic to g ∗ u we have
now shown that k is path-homotopic to g ∗ (u ∗ v). But this means that k lies again
in the set de�ned in the statement of the claim. �

����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������

����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������

����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������

����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�� �
�
�
�

����

��
��
��
��

�
�
�
����

���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

��

E1

hh D1

v

u

y0

Y Y

Vg k

(iv) Let α : [0, 1]→ Y be a path with α(0) = y0. It follows easily from the Compact-Open
Exponential Proposition 12.6 and Lemma 2.1 (4) that the map

[0, 1] → P Ă Y [0,1]

t 7→
(

[0, 1] → Y
s 7→ α(ts)

)
.

is continuous.
Now we turn to the actual proofs of the four statements.
(1) In (i) we already showed that p : X = P/∼→ Y is continuous. We still need to show

that p is open. It follows from an elementary argument, see Exercise 5.26, that it
su�ces to show that the evaluation map ev = p◦q : P → Y is open. In fact it follows
from (ii), together with Lemmas 1.33 and Lemma 2.11 that it su�ces to prove the
following claim.
Claim. For each compact subset K Ă [0, 1] and each path-connected open subset
V Ă Y we have ev(M(K,V ) ∩ P ) = V .

Proof. A straightforward argument, that uses that Y and V are path-connected,
shows that
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ev(M(K,V ) ∩ P ) =

 ∅, if M(K,V ) = ∅,
Y, if 1 6∈ K and M(K,V ) 6= ∅,
V, if 1 ∈ K.

Thus we see that in any case the image ev(M(K,V )) is an open subset of Y . �
(2) Now we want to prove that p : X = P/∼→ Y is a covering map. So let y ∈ Y be

a point. We need to show that there exists a connected open neighborhood V of y
such that the restriction of p to each component of p−1(V ) is a homeomorphism.

Since Y is semi-locally simply connected, there exists an open neighborhood V
of y such that the inclusion induced map π1(V, y)→ π1(Y, y) is the trivial map. We
claim that V already has the desired property.
Claim. p−1(V ) =

⊔
ỹ∈p−1(y)

U(ỹ, V ).

Proof. For the reader's convenience we repeat word-by-word the proof from page 1363.
First note that it is clear that the right-hand side is contained in the left-hand side.
Next we want to show that the left-hand side is contained in the right-hand side. So
let [g] ∈ p−1(V ). Here g is a path in Y from y0 to a point v ∈ V . Since V is in
particular path-connected there exists a path h in V from v to y. We then have

[g] = [g ∗ h ∗ h] ∈ U([g ∗ h]︸ ︷︷ ︸
∈p−1(y)

, V ).

It remains to show that the sets on the right-hand side of the claim are disjoint. So
let [v′], [v′′] ∈ p−1(y) and let [g] ∈ U([v′], V ) ∩ U([v′′], V ). Then there exist paths u′

and u′′ in V with [v′ ∗ u′] = [v′′ ∗ u′′]. It follows that

[v′] = [v′ ∗ u′ ∗ u′] = [v′′ ∗ u′′ ∗ u′] = [v′′].
↑

u′′ ∗ u′ is null-homotopic since the map π1(V, y)→ π1(Y, y) is the trivial map

Thus U([v′], V ) ∩ U([v′′], V ) intersect only if [v′] = [v′′]. �
By (iii) we know that the sets U(ỹ, V ) are open. By the above claim the sets are also
disjoint. Thus it su�ces to prove the following claim.

Claim. For each ỹ ∈ p−1(y) the restriction of the projection p : X = P/∼→ Y to
the map p : U(ỹ, V )→ V is a homeomorphism.

Proof. The proof of this claim is again almost verbatim the same as on page 1363. So
let ỹ ∈ p−1(y). It follows easily from the fact that V that the map p : U(ỹ, V )→ V is
surjective. From the fact that the inclusion induced map π1(V, y)→ π1(Y, y) is trivial
it also follows immediately that p is injective. Furthermore we had just veri�ed in
(1) that p is continuous and open. Therefore p : U(ỹ, V )→ V is a homeomorphism.
�

(3) It follows from the fact that Y is path-connected together with (iv) that P is path-
connected. By the Quotient-Compact Connected Lemma 5.16 (2) this implies that
X = P/∼ is path-connected.

(4) It remains to show that p∗(π1(X, x0)) = Γ. The proof we now give is basically iden-
tical to the proof on page 1364. Thus let g ∈ π1(Y, y0). We choose a representatives
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α : [0, 1]→ Y of g. We consider the following map:

α̃ : [0, 1] → X = P/∼

t 7→
[

[0, 1] → Y
s 7→ α(ts)

]
.

By (iv) we know that α̃ is in fact continuous. It is now clear that α̃ is the lift of α to
the starting point x0. Then we have

g∈p∗(π1(X, x0)) ⇔ α̃ is a loop ⇔ in X = P/∼ we have α̃(1)=x0 =[ey0 ] ⇔ α∈Γ.
↑ ↑

Lemma 48.15 (1) de�nition of ∼ on P �

Remark.
(1) The construction of the universal covering of a topological space has its origin in the

work of Hermann Weyl from 1913, see [Wey1913][Wey1964, p. 58].
(2) Let Y be a path-connected topological space, let y0 ∈ Y and let Γ Ă π = π1(Y, y0)

be a subgroup. Recall that in Lemma 61.7 we introduced the whisker topology and
that in Lemma 61.8 we introduced the CO-topology on Xy0,Γ := Py0/∼.
(a) In [FZ2007, Lemma 2.1] it is shown that the CO-topology is contained in the

whisker topology.
(b) In [FZ2007, Example 2.2] it is shown that the two topologies are in general not

equal, for example they disagree for the Hawaiian earrings that we introduced on
page 1284.

(c) It follows from the Covering Uniqueness Theorem 61.9 (see also [FZ2007, Lemma 2.1])
that the two topologies agree for every topological space that is locally path-con-
nected and semi-locally simply connected.

(3) The various choices of topologies on Xy0,Γ = Py0/∼ are discussed in greater detail
in [FZ2007, VZ2014] and [Pav2020]. The history of the construction of covering
spaces is also outlined [Pav2020].

61.6. Uniqueness of covering spaces. Now the question arises, to what degree is the
covering corresponding to the subgroup Γ unique. To answer that question we need an
appropriate notion of two coverings being equivalent.

De�nition. Let p : X → B and q : Y → B be two coverings of a topological space B. We
say p and q are equivalent, if there exists a homeomorphism Φ: X → Y such that the
following diagram commutes:

X
Φ

∼=
//

p ""

Y

q||

B.

Similarly we de�ne the equivalence of coverings of pointed topological spaces.

Example. Given n ∈ N the two coverings

p : S1 → S1

z 7→ zn
and

q : R/nZ → S1

t+ nZ 7→ exp( it)

are equivalent. In fact the desired map Φ: S1 → R/nZ is given by exp(2π it) 7→ [nt].
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Now we can formulate the following theorem:

Theorem 61.9. (Covering Uniqueness Theorem) Let B be a topological space, let
b0 ∈ B and let Γ Ă π1(B, b0) be a subgroup.
(1) Let p : (X, x0) → (B, b0) be a path-connected and locally path-connected covering

such that p∗(π1(X, x0)) = Γ. This covering has the following universal property:
for any other path-connected covering q : (Y, y0) → (B, b0) with Γ Ă q∗(π1(Y, y0))
there exists a unique covering r : (X, x0) → (Y, y0) such that the following diagram
commutes: (X, x0)

p

��

∃! r
))

(Y, y0)

quu

(B, b0).

(2) If B is path-connected, locally path-connected and semi-locally simply connected,
then there exists, up to equivalence, a unique path-connected covering p : (X, x0)→
(B, b0) of pointed topological spaces such that p∗(π1(X, x0)) = Γ.

Remark. Let B be a topological space that is path-connected, locally path-connected
and semi-locally simply connected. Furthermore let b0 ∈ B and let Γ Ă π1(B, b0) be a
subgroup. It follows from the Covering Uniqueness Theorem 61.9 that the whisker topology
and the CO-topology on the set X = {γ ∈ B[0,1] | γ(0) = b0}/∼, which we introduced in
Lemmas 61.7 and 61.8, are actually the same.

Proof. Let B be a topological space and let b0 ∈ B.
(1) Let p : (X, x0) → (B, b0) and q : (Y, y0) → (B, b0) be two path-connected coverings

such that p∗(π1(X, x0)) Ă q∗(π1(Y, y0)). We assume furthermore that X is locally
path-connected. It follows from the Map Lifting Criterion 61.2 that there exists a
unique map r : (X, x0)→ (Y, y0) which makes the following diagram commute

(Y, y0)

q
��

(X, x0) p
//

r
66

(B, b0).

It remains to show that r is a covering. This will be done in Exercise 61.5.
(2) The existence of such a covering is just the statement of the Covering Existence

Theorem 61.5. The uniqueness statement is an immediate consequence of (1)724 and
the usual proof of uniqueness for an object satisfying a universal property. We leave
the details to the reader. �

The Covering Existence Theorem 61.5 and the Covering Uniqueness Theorem 61.9 (2) lead
us to the following de�nition.

724If one does the argument carefully, then one sees, that here we use the following fact: if B is locally
path-connected, then also every covering space of B is locally locally path-connected.
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De�nition. Let B be a topological space that is path-connected, locally path-connected
and semi-locally simply connected, let b0 ∈ B and let Γ Ă π1(B, b0) be a subgroup.
(1) As in the proof of the Covering Existence Theorem 61.5 we consider the set

B̃Γ
b0

:= {all paths in B with starting point b0}/∼
where u ∼ v if and only u and v have the same endpoint and if [u ∗ v] ∈ Γ. We
equip the set B̃Γ

b0
with the topology introduced in the proof of the Covering Existence

Theorem 61.5. We refer to B̃Γ
b0
together with map p : B̃Γ

b0
→ B given by [u] 7→ u(1) as

the natural covering corresponding to (B, b0,Γ). Furthermore we refer to the point
in B̃Γ

b0
that is represented by the constant path as the natural base point of B̃Γ

b0
.

(2) If Γ = {e} is the trivial subgroup of π1(B, b0), then we write B̃b0 := B̃Γ
b0
and we refer

to p : B̃b0 → B as the natural universal covering of (B, b0).
(3) We refer to any path-connected covering p : (X, x0)→ (B, b0) of pointed topological

spaces with p∗(π1(X, x0)) = Γ as a covering of B corresponding to Γ. By the
Covering Uniqueness Theorem 61.9 (2) any two such coverings are equivalent, in
particular any such covering is equivalent to the above natural covering. In practice
usually we do not care about this indeterminacy.

The Covering Uniqueness Theorem 61.9 can be viewed as a �machine� that constructs
covering spaces of a given topological space X. In the next section we discuss the case that
X is a surface in somewhat greater detail to get a better feeling for what is happening.

Example. Let M be a connected smooth manifold and let x0 ∈ M . On page 1114 we
introduced the orientation character w1 : π1(M,x0) → Z2. It follows from the Orientation
Covering-Proposition 49.5 that the covering ofM corresponding to ker(w1) is equivalent to
the orientation covering that we introduced on page 1109.

Let B be a topological space and let ρ : [0, 1] → B be a path from a point b0 = ρ(0) to a
point b1 = ρ(1). In the Change-of-Base Point Proposition 47.10 we saw that ρ induces an
isomorphism

ρ∗ : π1(B, b1) → π1(B, b0)
[α] 7→ [ρ ∗ α ∗ ρ]

The following lemma now shows that ρ also induce a homeomorphism of natural coverings.

Lemma 61.10. Let B be a topological space that is path-connected, locally path-con-
nected and semi-locally simply connected. Furthermore let ρ : [0, 1] → B be a path from
a point b0 = ρ(0) to a point b1 = ρ(1). Finally let Γ Ă π1(B, b1) be a subgroup. The map

ρ∗ : B̃
Γ
b1
→ B̃

ρ∗(Γ)
b0

[β] 7→ [ρ ∗ β]

is a homeomorphism.

�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������

�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������
�����������������������������������������������������

�
�
�
���
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β represents a point in B̃Γ
b1

B

ρ

b0 b1
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Proof. One can easily verify that the map ρ∗ : B̃Γ
b1
→ B̃

ρ∗(Γ)
b0

is well-de�ned and that it is
continuous. An inverse is given by the map ρ∗, which shows that the map ρ∗ is indeed a
homeomorphism. �

Example. The map de�ned in Lemma 61.10 is also interesting if b0 = b1 and if ρ is a loop
in (B, b0). Let us consider B = S1 Ă C with base point b0 = 1 = exp(0i) and the trivial
subgroup Γ = {1} Ă π1(S1, 1). It follows from the Covering Uniqueness Theorem 61.9 that

the natural covering p : S̃1
{e}
b0
→ S1 is equivalent to the usual covering q : R → S1 that is

given by q(t) = exp(2π it). In fact they can become equivalent via the homeomorphism

R→ S̃1
{e}
b0

that sends x ∈ R to the path [0, 1]→ S1 that is given by t 7→ exp(2π itx). Now
let ρ : [0, 1] → S1 be the loop that is given by t 7→ exp(2π it). One can now easily show
that under the homeomorphism Φ the map

S̃1
{e}
b0

ρ∗
//

p
##

S̃1
{e}
b0

p
{{

S1

becomes
R

q ##

x 7→x+1
// R

q{{

S1

In summary we see that ρ∗ acts non-trivially on S̃1
{e}
b0
. We will explore this action of loops

on natural coverings in much greater detail in the subsequent Chapter 62 on the deck
transformation group of coverings.

61.7. The universal covering. In the Covering Uniqueness Theorem 61.9 we saw that
subgroups of fundamental groups give rise to covering spaces. An obvious choice of a
subgroup is the trivial group and we immediately obtain the following corollary to the
Covering Uniqueness Theorem 61.9.

Corollary 61.11. Let X be a topological space that is path-connected, locally path-con-
nected and semi-locally simply connected. Furthermore let x0 ∈ X. Then the following
holds:
(1) There exists, up to equivalence, a unique path-connected covering

p : (X̃, x̃0) → (X, x0)

such that X̃ is simply connected.
(2) Let q : (Y, y0) → (X, x0) be another path-connected covering. Then there exists a

unique covering r : (X̃, x̃0)→ (Y, y0) such that the following diagram commutes:

(X̃, x̃0)

p

��

r
((

(Y, y0)

qvv

(X, x0).
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Proof. Let X be a topological space that is path-connected, locally path-connected and
semi-locally simply connected and let x0 ∈ X.
(1) We just apply the Covering Uniqueness Theorem 61.9 to the trivial subgroup of π1(X, x0)

and we obtain, up to equivalence, a unique path-connected covering p : (X̃, x̃0) →
(X, x0) such that p∗(π1(X̃, x̃0)) is the trivial group. But then it follows from Corol-
lary 48.14 that X̃ is simply connected.

(2) The second statement is also an immediate consequence of the Covering Uniqueness
Theorem 61.9. �

De�nition. Let X be a topological space that is path-connected, locally path-connected
and semi-locally simply connected and let x0 ∈ X.
(1) We refer to the natural covering p : X̃x0 := X̃

{e}
x0 → X, as de�ned on page 1370, as

the natural universal covering of (X, x0).
(2) We refer to any covering p : (X̃, x̃0) → (X, x0) such that X̃ is simply connected as

a universal covering of (X, x0). As we remarked in the de�nition on page 1370,
very often we suppress the fact that the universal covering is well-de�ned only up
to equivalence.725

(3) Sometimes we ignore base points and we say that a covering p : X̃ → X is the
universal covering if X̃ is simply connected.

Remark. Note that most �reasonable� topological spaces are locally path-connected and
semi-locally simply connected. For example we saw on page 1352 that every topological
manifold is locally simply connected, which implies in particular that it is locally path-
connected and semi-locally simply connected. Thus, given a path-connected topological
manifold we can talk of is universal covering.

Examples.
(1) The map p : R → R/Z = S1

t 7→ exp(2π it)

is the universal covering of S1.
(2) More generally, the map

p : Rn → (S1)n

(t1, . . . , tn) 7→
(

exp(2π it1), . . . , exp(2π itn)
)

is the universal covering of the n-dimensional torus (S1)n.
(3) The projection p : S3 → S3/Zp = L(p, q) is the universal covering of the lens space

L(p, q).

Remark. The universal covering is often also just called the universal cover. Also very
often one suppresses the actual map p from the notation. For example, often one says
that �Rn is the universal covering of (S1)n�. The name �universal cover(ing)� stems from
the fact, proved in Corollary 61.11, that the universal cover(ing) of a topological space X
�covers� every other covering of X.

725In the literature the universal covering of a topological space is usually indicated by the same symbol
but decorated with a tilde, e.g. the universal covering of X is usually denoted by X̃.
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We have now shown that for every topological space X that is locally path-connected and
semi-locally simply connected there exists a universal covering p : X̃ → X. So far we have
given an abstract construction, but if possible we would like to visualize it. We have just
given an explicit description of the universal covering of the n-dimensional torus (S1)n and
the lens spaces. Now we will describe the universal covers of X = S1∨S2 and X = S1∨S1.
First we consider X = S1 ∨ S2 where we identify i ∈ S1 with (0, 0,−1) ∈ S2. As on
page 1175 we consider the topological space

X̃ =
(
R ∪ (Z× S2)

)
/ n ∼ (n, (0, 0,−1)), n ∈ Z.

It is straightforward to see that the map

p :
(
R ∪ (Z× S2)

)
/ n ∼ (n, (0, 0,−1)) → S1 ∨ S2

P 7→
{

exp( i(2πP + π
2
)), ifP ∈ R

Q, ifP = (n,Q)withn ∈ Z, Q ∈ S2

is well-de�ned and in fact a covering. We saw on page 1175 that X̃ is simply connected.
Thus p : X̃ → X is the universal covering of X.

������������������������ ������ X = S1 ∨ S2
p

X̃

Now we turn to X = S1 ∨ S1. In the following we give a semi-rigorous description of the
universal covering of S1∨S1 as a subset of R2. Iteratively we build a sequence of topological
spaces Yk, k ∈ N0 as follows:
(1) The topological space Y0 is the cross centered at the origin where each segment has

length 1.
(2) Given Yk we attach to each endpoint of Yk three segments of length 1

4k
726 such that

each endpoint of Yk now has a neighborhood that is a cross. We denote the resulting
space by Yk+1.

Finally we put Y =
⋃
k∈N0

Yk.
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Y0

Y1
Y2

We summarize some of the key properties of the construction in the following claim.
Claim.

726In the �gures the lengths of the segments is 1
2k

since these are easier to draw.
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(1) Each Yk is a tree.727

(2) Y is simply connected.

Sketch of proof. First note that χ(Y0) = 5 − 4 = 1. For k ≥ 1 we obtain Yk from Yk−1

by adding three vertices and three edges, hence χ(Yk) = χ(Yk−1) = · · · = χ(Y0) = 1. This
shows that each Yk is a tree. It follows from Proposition 50.14 that each Yk is simply
connected.

Given k ∈ N we denote by Uk the result of removing the 4k+1 endpoints of Yk. Note
that each Uk is open in Yk, hence each Uk is open in Y . Furthermore each Uk deformation
retracts to Yk−1. Hence it follows from the fact that each Yk is simply connected that also
each Uk is simply connected.

It follows as in Lemma 52.6 that Y =
⋃
k∈N
Yk =

⋃
k∈N
Uk itself is simply connected. �

Now we construct a covering p : Y → S1∨S1. To distinguish the two copies of S1 we name
them A and B, which are wedged together along a ∈ A and b ∈ B. We give both A and
B the usual counterclockwise orientation. Furthermore we orient each edge of the in�nite
topological graph Y as indicated in the �gure below. We consider the map p : Y → A∨B

����������

��������

����������

��������������������������

��������
������������

����������������������������������������������������������

��������������������������

������������

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
��
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
��
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
��
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
� �

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

��
��
��
��

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��

��
��
��

�
�
�
�

��
��
��
��

��
��
��

��
��
��

�
�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

��
��
��
��

�
�
�

�
�
�

�
�
�
�

�
�
�
�

��
��
��
��

�
�
�
�

��
��
��
��

�
�
�
�

��
��
��

��
��
��

��
��
��
��

�
�
�
�

�
�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��

��
��
��

�
�
�
�

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

�
�
�
�

��
��
��

��
��
��

��
��
��

��
��
��

�
�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��

��
��
��

������������������������

�
�
�

�
�
�

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��
��

�
�
�

�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

B

X = S1 ∨ S1 = A ∨B

A

Y

p

that is given as follows:
(1) each vertex of the in�nite topological graph Y gets sent to the point a = b ∈ A ∨B,
(2) each horizontal edge of Y gets sent in an orientation-preserving way to A \ {a},
(3) each vertical edge of Y gets sent in an orientation-preserving way to B \ {b}.

This map is illustrated in the �gure above. It is relatively straightforward to convince
oneself that p : Y → X is in fact a covering.728 Since Y is simply connected, this is the
universal covering of X = A ∨B = S1 ∨ S1.
We have now determined explicitly the universal covers of several topological spaces. The
surfaces of genus g ≥ 2 are arguably one of the most interesting types of topological
manifolds. Therefore it is natural to ask the following question.

Question 61.12. What does the universal covering of the surface of genus g ≥ 2 look
like?
We continue with the following proposition which will prove helpful at times.

727Recall that by de�nition a tree is a topological graph with �nitely many vertices V and edges E, such
that the Euler characteristic χ(G) = #V −#E = 1.
728We have to check that each point in X = A∨B admits an open neighborhood that is uniformly covered.
It is clear that such a point exists for all points that are not the wedge point. For the wedge point itself
the desired open neighborhood is given by small open intervals on A and B. Then each component of the
preimage consists of a little cross with center P , with one horizontal edge going into P , one horizontal edge
going out of P , one vertical edge going into P and one vertical edge going out of P .
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Proposition 61.13. (Lift-to-Universal Coverings Proposition) Let X and Y be
topological spaces that are path-connected, locally path-connected and semi-locally simply
connected. Let p : X̃ → X and q : Ỹ → Y be universal coverings. Finally suppose we are
given a map f : X → Y and points x0 ∈ X, x̃0 ∈ X̃ and ỹ0 ∈ Ỹ with p(ỹ0) = f(x0).

(1) There exists a unique map f̃ : X̃ → Ỹ with f̃(x̃0) = ỹ0 such that the following
diagram commutes:

X̃
p
��

f̃
// Ỹ

p
��

X
f

// Y.

(2) If f is a homeomorphism, then f̃ is also a homeomorphism.
(3) Suppose that X and Y are smooth manifolds and that p and q are coverings of

smooth manifolds.729

(a) If f is smooth (respectively a di�eomorphism), then f is also smooth (respectively
a di�eomorphism). The analogous statement also holds for complex manifolds.

(b) If X and Y are oriented, and if p and q are orientation-preserving, then f is
orientation-preserving if and only if f̃ are orientation-preserving.

Remark.
(1) the Lift-to-Universal Coverings Proposition 61.13 is a generalization of Exercise 49.2

(a).
(2) In Proposition 62.13 we will prove that the map f̃ has an interesting extra property.

Proof.
(1) We consider the map f ◦ g := p : X̃ → Y . Since Ỹ is the universal covering, since

π1(X̃, x̃0) and since X is locally path-connected and semi-locally simply connected we
obtain from the Map Lifting Criterion 61.2 that there exists a unique lift g̃ : X̃ → Ỹ
of g with g̃(x̃0) = ỹ0. This map is precisely the map we were trying to �nd.

(2) This statement follows easily from the uniqueness statement of (1). We will �ll in
the details in Exercise 61.11.

(3) Note that coverings of smooth manifolds are in particular local di�eomorphisms. The
statement now follows easily from (1) and (2), together with the Smooth Pasting
Proposition 19.23. The case of complex manifolds is treated in almost entirely the
same way. �

We conclude this section with a more general statement. Recall that in the Fundamental
Group-via-Actions Theorem 48.16 we saw that if X is a simply connected space and if
G is a group that acts continuously and discretely on X, then the fundamental group of
the quotient space X/G is isomorphic to G. Now we will show that, under modest extra
hypotheses, the converse holds. More precisely, we have the following proposition.
Proposition 61.14. p Let Y be a topological space that is path-connected, locally path-
connected and semi-locally simply connected and let y0 ∈ Y . We write π = π1(Y, y0).
Then there exists a simply connected space X, namely the universal covering of Y , and a
continuous and discrete action of π on X such that Y is homeomorphic to X/π.

729We refer to page 1105 for the de�nition of a covering between smooth manifolds.
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Proof. Let Y be a topological space that is path-connected, locally path-connected and
semi-locally simply connected and let y0 ∈ Y be a base point. In the Covering Existence
Theorem 61.5 we already showed that Y admits a simply connected covering. We recall
the explicit construction given in the proof of the Covering Existence Theorem 61.5. Thus
we consider

P := {f ∈ Y [0,1] | f(0) = y0} = {all paths in Y with starting point y0}.
For u, v ∈ P we write

u ∼ v :⇔ u and v have the same endpoint and [u ∗ v] = e ∈ π1(Y, y0)

and we put X = P/ ∼. As in Lemma 61.7 given x = [f ] ∈ X = P/ ∼ and an open
path-connected neighborhood V of f(1) we de�ne

U(x, V ) := {[f ∗ u] | u is a path in V with starting point f(1)} Ă X = P/∼ .

Furthermore, as in Lemma 61.7 we endow X with the whisker topology, i.e. with the
topology generated by these sets U(x, V ).
Claim. The map π1(Y, y0)×X → X

([g], [u]) 7→ [g ∗ u]

is a well-de�ned action.
Proof. We �rst show that the map is independent of the choice of u. So suppose that
u, v ∈ P are equivalent. Then g ∗ u and g ∗ v still have the same endpoint. Now we need
to consider the second condition in the de�nition of ∼. We have

[(g ∗ u) ∗ (g ∗ v)] = [g ∗ u ∗ v ∗ g] = [g] ∗ [u ∗ v]︸ ︷︷ ︸
=e∈π1(Y,y0)

∗ [g]−1 = e ∈ π1(Y, y0).

It is straightforward to see that the map does not depend on the choice of representative g.
Finally we want to show that it is indeed an action. So let [g], [h] ∈ π1(Y, y0). Then

[g] · ([h] · [u]) = [g] · [h ∗ u] = [g ∗ (h ∗ u)] = [(g ∗ h) ∗ u] = [g ∗ h] · [u] = ([g] · [h]) · [u].

�
Now we need to show the following:
(1) the group π1(Y, y0) acts continuously and discretely on X = P/∼,
(2) there exists a homeomorphism f : X/π1(Y, y0)→ Y .

We do this in the following two steps:
(1) It follows immediately from the de�nition of the whisker topology on X = P/∼ and

from the Subbasis-Continuity Proposition 2.9 that the action is continuous.
Now we need to show that the action is discrete. So let x = [γ] ∈ P/∼. We

set z := γ(1) ∈ Y . Since Y is semi-locally simply connected there exists an open
neighborhood V of z = γ(1) such that the inclusion induced map π1(V, z)→ π1(Y, z)
is trivial. It su�ces to show that for [g] ∈ π1(Y, y0) we have

[g] · U(x, V ) ∩ U(x, V ) 6= ∅ =⇒ [g] = e ∈ π1(Y, y0).

So suppose that [g] · U(x, V ) ∩ U(x, V ) 6= ∅. This means that there exist paths a
and b in U , starting from P such that g ∗ γ ∗ a and γ ∗ b have the same endpoint and
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they are path-homotopic in Y . But then

[g] = [g] · [γ] ·

=e∈π1(Y,y0)={e}︷ ︸︸ ︷
[a ∗ b] ∗ [γ]−1︸ ︷︷ ︸

=e∈π1(Y,y0)

= [(g ∗ γ ∗ a) ∗ (γ ∗ b)] = e ∈ π1(Y, y0).

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

��
����

open neighborhood V of z such
that π1(V, z)→ π1(Y, z) is trivial

b

a
γ

g

y0 z

(2) We consider the map
f : X/π1(Y, y0) → Y

[γ] 7→ γ(1).

It is straightforward to see that this map is a bijection. It follows immediately from
the Topological-Quotient Proposition 5.15 (1b) that the map is continuous and it
follows from Lemma 2.11 that the map is open. Thus it is a homeomorphism. �

Exercises for Chapter 61.

Exercise 61.1.
(a) Show that every topological graph is locally contractible.
(b) Let {Xi}i∈I be a family of locally contractible topological spaces. Show that any

wedge
∨
i∈I
Xi is also locally contractible.

Remark. For a rigorous argument you will want to use the Homotopy Quotient Theo-
rem 14.7.

Exercise 61.2. Let H be the Hawaiian earring that we introduced on page 1284 and that
we show in the �gure below to the left.
(a) Show that H is not semi-locally simply connected.
(b) Show that cone(H) is not locally simply connected.

�
�
�
�

not semi-locally simply connected not locally simply connected

Cone(H)Hawaiian earrings H

Exercise 61.3. Let π : X → B be a covering of topological spaces. Show that every simply
connected and locally path-connected subset U Ă B is uniformly covered.

Exercise 61.4. On page 164 we introduced the Topologist's Sine Curve

X :=
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2.
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As on page 276 we refer to quotient space Z := X/(0, 0) ∼ ( 1
π
, 0) as the Warsaw Circle.

We consider the map

f : Z → S1

[(x, y)] 7→ exp(2π2 · x · i)
and the covering map

p : R → S1

t 7→ exp(t · i).

(a) Show that f : Z → S1 is continuous.
(b) Show that there is no continuous map f̃ : Z → R with p ◦ f̃ = f : Z → S1.

Remark. This Exercise shows that in the Map Lifting Criterion 61.2 we cannot drop the
hypothesis that Z is locally path-connected.

1
π

p

identi�ed

Warsaw Circle ZTopologist's Sine Curve

1
π

f

Exercise 61.5. Let p : (X, x0) → (B, b0) and q : (Y, y0) → (B, b0) be two path-connected
coverings of topological spaces such that p∗(π1(X, x0)) Ă q∗(π1(Y, y0)). It follows from the
Map Lifting Criterion 61.2 that there exists a unique map r : (X, x0)→ (Y, y0) which makes
the following diagram commute

(Y, y0)

q
��

(X, x0) p
//

r
66

(B, b0).

Show that r is a covering.

Exercise 61.6. We consider the �gure below.
(a) Let X be the wedge of two circles and let p : Y → X be the universal covering that

is illustrated in the �gure. Denote the usual generators of π1(X) by a and b. By an
abuse of notation we denote by a and b also representing loops. What does the lift
of the loop a ∗ b ∗ a ∗ b to Y to the starting point y0 look like?

(b) We continue with the notation from (1). Now consider the loop

γ := a ∗ a ∗ b ∗ a ∗ a ∗ b ∗ a ∗ b ∗ b ∗ a ∗ a ∗ b ∗ a ∗ b.
We denote by γ̃ the lift of γ to the starting point y0. Is y0 the endpoint of γ̃?

(c) Does there exist a homeomorphism f : Y → Y with f(y0) = z0?

Exercise 61.7. Let X = S1 ∪ {∗} be S1 = {z ∈ C | |z| = 1} with two �1�, where the
topology is de�ned as for the line with two zeros, see page 122. Does X admit a universal
cover? If yes, can you describe it explicitly?

Exercise 61.8.
(a) Let M be the Möbius band. We pick an identi�cation π1(M) = Z. Given k ∈ N we

denote by Γk the kernel of the epimorphism π1(M) = Z→ Zk. Let Mk →M be the



61. THE EXISTENCE OF UNIVERSAL COVERINGS 1379

��������������������������

����������

��������������������������������������������������������

��������������������������

����������

��������

���������� ����������

��������

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
��

�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
��

�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
� �

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������������������

�
�
�
�

��
��
��

��
��
��

�
�
�
�

��
��
��

��
��
��

��
��
��
��

�
�
�

�
�
�

��
��
��
��

��
��
��
��

�
�
�
�

��
��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

�
�
�
�

�
�
�

�
�
�

��
��
��
��

��
��
��
��

�
�
�

�
�
�

�
�
�
�

�
�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��
��

�
�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��
��

��
��
��
��

�
�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��

��
��
��

��
��
��

��
��
��

X = S1 ∨ S1

a b

p

y0

z0

Y

covering corresponding to Γk. What well-known topological space is Mk? You do
not have to justify your answer.

(b) Draw the universal covering of RP2 ∨ S1 as a subset of R3.
(c) LetX = A∨B be the wedge of two circles. Let Γ Ă π1(X) = 〈a, b〉 be the commutator

subgroup. What does the covering p : X̃ → X corresponding to Γ look like? You can
draw it as a subset of R2.
Hint. You have seen X̃ many times in your life.

Exercise 61.9. Let X be a topological space and let f : X → X be a homeomorphism.
We denote byM := Tor(X, f) := (X× [0, 1])/(x, 0) ∼ (f(x), 1) the corresponding mapping
torus (see page 467.) Let p : M̃ → M be a �nite covering. Show that M̃ is homeomorphic
to a mapping torus.

Exercise 61.10. We say two smooth manifolds M and N are commensurable if M and N
admit �nite covers M̃ and Ñ that are di�eomorphic.
(a) Show that the torus and the surface of genus two are not commensurable.
(b) Let g, h ∈ Nn≥2. Let M be the surface of genus g and let N be the surface of genus

h. Show that M and N are commensurable.
(c) Determine which compact connected 2-dimensional smooth manifolds are commen-

surable.

Exercise 61.11. Let X be a topological space and let p : X̃ → X be a covering. Let
f : X → X be a homeomorphism and let f̃ : X̃ → X̃ be a map such that the following
diagram commutes:

X̃
p
��

f̃
// X̃

p
��

X
f

// X.

Show that f̃ is also a homeomorphism.
Remark. This is a generalization of Exercise 49.2 (b).
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Exercise 61.12. Give an example of a topological space X, a �nite covering p : X̃ → X

and a homeomorphism f : X → X which does not lift to a map f̃ : X̃ → X̃, i.e. such there
is no map f̃ : X̃ → X̃ such that the following diagram commutes:

X̃
p
��

f̃
// X̃

p
��

X
f

// X.

Exercise 61.13. Let X be a path-connected topological space that is locally path-con-
nected and let p : X̃ → X be a �nite covering of degree d.

(a) Let f : X → X be a homeomorphism. Show that there exists a map f̃ : X̃ → X̃ such
that p ◦ f̃ = fd ◦ p.

(b) Does the conclusion of (a) also hold, if we do not assume that f is a homeomorphism?

Exercise 61.14. Let X be a path-connected topological space that is locally path-con-
nected and semi-locally simply connected. Furthermore let x0 ∈ X. By the Covering
Uniqueness Theorem 61.9 there exists an, essentially unique, covering p : (X̃, x̃0)→ (X, x0).
We refer this covering as the universal abelian covering of (X, x0).
(a) Let X be torus minus one open disk. Give an explicit description of the universal

abelian cover of X.
(b) Let X be the sphere minus three open disks. Give an explicit description of the

universal abelian cover of X.
Evidently the expression �explicit� is a little vague, you could interpret it as an explicit
description as a submanifold of say R3.

Exercise 61.15. Let f : (X, x0) → (Y, y0) be a map between pointed topological spaces
such that f∗ : π1(X, x0)→ π1(Y, y0) is a monomorphism. We assume that both X and Y are
locally path-connected and semi-locally simply connected. Let Γ be a subgroup of π1(Y, y0)

Let q : Ỹ → Y be the covering corresponding to Γ. Show that the pullback p : f ∗Ỹ → X,
as de�ned in the Topological-Pullback Lemma 56.16, is the covering corresponding to the
subgroup f−1

∗ (Γ) of π1(X, x0).

Exercise 61.16. Let X be a path-connected topological space that is locally path-con-
nected and that is semi-locally simply connected. Furthermore let p : X̃ → X be the
universal covering. Let x0 ∈ X be a base point and let ϕ : π1(X, x0) → Γ be a group
homomorphism. We consider

q : X̃ϕ := (X̃ × Γ)/

x∈X,g∈Γ and h∈π1(X,x0)︷ ︸︸ ︷
(x, g) ∼ (h · x, ϕ(h) · g) → X

[(x, g)] 7→ p(x)

where we equip Γ with the discrete topology, X̃ × Γ with the product topology and X̃ϕ

with the quotient topology.

(a) Suppose that ϕ is an epimorphism. Show that q : X̃ϕ → X is the covering corre-
sponding to ker(ϕ).
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(b) In general, show that the number of components of X̃ϕ has the same cardinality as
coker(ϕ) and show that the restriction of q : X̃ϕ → X to each component of X̃ϕ is
the covering corresponding to ker(ϕ).

Exercise 61.17. Let X be a topological space and let x0 ∈ X. We say that a covering
p : (X̃, x̃0) → (X, x0) is universal if given any other covering q : (Y, y0) → (X, x0) (we do
not demand that Y is path-connected) there exists a map r : (X̃, x̃0) → (Y, y0) such that
the following diagram commutes:

(X̃, x̃0)

p

��

r
((

(Y, y0)

qvv

(X, x0).

Show that if X is path-connected, locally path-connected and semi-locally simply con-
nected, then a covering p : (X̃, x̃0) → (X, x0) is universal in the above sense if and only if
X̃ is simply connected.
Remark 1. This exercise shows that the above de�nition of a universal covering is compat-
ible with the de�nition on page 1372.
Remark 2. In Exercise 61.18 we will see that in general a simply connected covering is not
a universal covering in the above sense.

Exercise 61.18. On page 164 we introduced the Topologist's Sine Curve

S :=
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2.

As on page 276 we refer to quotient space W := S/(0, 0) ∼ ( 1
π
, 0) as the Warsaw Circle.

(a) Show that the Warsaw Circle is path-connected and simply connected.
Remark. This exercise is similar to Exercise 2.48 where we showed that the Topolo-
gist's Sine Curve S is connected but not path-connected.

(b) Show that the Warsaw Circle is not locally path-connected.
(c) We set w0 = [(0, 0)]. Provide an example of a 2-fold covering q : (Y, y0)→ (W,w0).

Remark. By (a) we know that (W,w0) is simply connected. The example in (c) shows
that the identity map (W,w0) → (W,w0) does not have the universal property stated in
Exercise 61.17 respectively Corollary 61.11, even though (W,w0) is simply connected.

identi�ed

1
π

Warsaw Circle W

1
π

Topologist's Sine Curve

Exercise 61.19. We de�ne the Modi�ed Warsaw Circle to be the topological space

C := X/(0, 0) ∼ ( 1
π
, 0) where S := {(0, 0)} ∪

{
(x, sin( 1

x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2.

As in Exercise 5.30 and 61.18 one can show that C is compact and simply connected.
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(a) We de�ne the Topologist's Electrocardiogram to be the topological space

E := (S × Z)/(( 1
π
, 0), k) ∼ ((0, 0), k + 1) for k ∈ Z.

Show that the map pE : E → C
[(P, k)] 7→ [P ]

is a covering.
(b) We consider the following subspace of R2:

L :=
(

0× Z t
⋃
k∈Z
{(x, 1

x
+ k) |x ∈ (0, 1

π
]}
)∖

(0, k) ∼ ( 1
π
, k) for k ∈ Z.

Show that the map
pL : L → C

[(x, y)] 7→
{

[(0, 0)], if (x, y) ∈ {0} × Z,
[(x, sin( 1

x
))], if x > 0.

is a covering. This covering is called the Löhlein covering.
(c) Show that there is no map f : E → L such that pL ◦ f = pE.

Remark. This shows that the covering p : E → C is not a universal covering in any
sense.
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Topologist's Electrocardiac Diagram E

pE

L

W

1
π

pL
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62. The deck transformation group

The following de�nition introduces the main actor of this chapter.

De�nition. Let p : X → B be a covering.
(1) A deck transformation is a homeomorphism d : X → X such that p(d(x)) = p(x) for

all x ∈ X, i.e. such that the following diagram commutes:

X

p ##

d

∼=
// X

p{{

B.

The group of deck transformations730 is called the deck transformation group of the
covering p : X → B and we denote it by Deck(p : X → B).

(2) We say that the covering is regular if for every b ∈ B the deck transformation group
Deck(p : X → B) acts transitively on p−1(b), i.e. if given any two points x, x′ with
p(x) = p(x′) = b there exists a deck transformation d with d(x) = x′. Otherwise we
say that the covering is irregular.

For completeness' sake we also mention the following de�nition even though we will barely
make use of it:
(3) Let P be a property of isomorphism types of groups, e.g. cyclic, free, nilpotent,

solvable etc. We say the covering p : X → B is a P -covering if the covering is
regular and if the deck transformation group has the property P .

B

pp

d
X

Example.

(1) We consider the covering
p : S1 → S1

z 7→ z2.

The map d : S1 → S1 given by d(z) := −z is a deck transformation. It is now clear
that the covering is regular.

(2) Let p : X̃ → X be a 2-fold covering. We de�ne

f : X̃ → X̃
Q 7→ the unique other point in p−1(p(Q)).

In Lemma 48.4 we saw that f is a deck transformation. It follows immediately that
any 2-fold covering is regular.

730Why do deck transformations form a group?
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(3) As an important special case of (2) consider a non-orientable path-connected smooth
manifold M . We consider the orientation covering

M̃ := {(Q,O) | Q ∈M and O an orientation of TQM} → M
(Q,O) 7→ Q

from page 1109. It is straightforward to show that the map d : M̃ → M̃ given by
d((Q,O)) := (Q,−O) is a deck transformation of p.

(4) We consider again the �rst two coverings of topological graphs from the �gure on
page 1071 which are also shown again in the �gure below. The covering maps are
the ones suggested by the colors and the directions. We �rst make the following
observations. A deck transformation d does the following:
(a) it sends a vertex again to a vertex,
(b) it sends a blue edge to a blue edge, preserving the orientation,
(c) it sends a red edge to a red edge, preserving the orientation,
(d) if e is an edge with endpoints P and Q, then d(e) is an edge with endpoints d(P )

and d(Q), in particular if e is a loop, then d(e) is also a loop.
Now we consider the two examples.
(a) The example on the left admits one non-trivial deck transformation, namely the

map that is given by �rotation by π� around the center of the topological graph.
The covering is now easily seen to be regular.

(b) The loop a3 in the topological graph on the right is the only red loop, so any
deck transformation has to send it to itself. It follows that there can be no deck
transformation that sends the vertex to the right to any of the other vertices.731

Thus the covering on the right is irregular.
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p

regular covering

p

irregular covering

a1

a2

a3

a b

b1

b2

b3

deck transformation is
given by rotation by π around P

a deck transformation has to send the red loop a3

to another loop, but a3 is the only red loop

(5) Finally we consider the 4-fold coverings illustrated in the �gure below. They are both
regular coverings. For the topological graph on the left the deck transformation group
is isomorphic to Z4, a generator is given by �rotation by π

2
�. The deck transformation

group on the right is isomorphic to Z2⊕Z2, here one Z2 summand is given by �rotation
by π� and the other one corresponds to �swapping the inner and the outer circle�.

731Does this covering admit any deck transformation?
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deck transformation group Z2 ⊕ Z2

p

deck transformation group Z4

p

Lemma 62.1. Let p : (X, x0) → (B, b0) be a covering of pointed path-connected topo-
logical spaces. The deck group Deck(p : X → B) acts discretely and continuously on
X.
Proof. By de�nition of a deck transformation the action is continuous. We will show in
Exercise 62.1 that the action is discrete. �

Lemma 62.2. (Deck Group-Free Action Lemma) Let p : (X, x0) → (B, b0) be a
covering of pointed path-connected topological spaces and let d1 and d2 be two deck
transformations of p. Then the following holds

d1 = d2 ⇐⇒ d1(x0) = d2(x0).

In other words, given any b0 ∈ B the deck transformation group Deck(p : X → B) acts
freely on p−1(b0).

Proof. Evidently we only need to show the �⇐�-direction. Thus let d be a deck trans-
formation of p. One way of stating that d is a deck transformation is to state that the
following diagram commutes:

(X, d(x0))

p
��

(X, x0)

d
77

p
// (B, b0).

Put di�erently, the map d can be viewed as a lift of the map (X, x0) → (B, b0) to the
covering (X, d(x0)) → (B, b0). By the uniqueness of lifts732, that we showed in the Map
Lifting Criterion 61.2 (2), we now see that two deck transformations d1 and d2 of p with
d1(x0) = d2(x0) agree. �

Example. We let B = (S1 × {a} t S1 × {b})/(1, a) ∼ (1, b), i.e. B is the wedge of two
circles and we consider

X = (S1 t (S1 × Z5))/(exp(2π in/5) ∼ (1, n)) for n ∈ Z5,

i.e. X is a circle with �ve circles attached at the points exp(2π ik/5), k = 0, . . . , 4. Then
the map

p : (S1 t (S1 × Z5))/∼ → G = (S1 × {a} t S1 × {b})/(1, a) ∼ (1, b)

732Here we use that X is path-connected.
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that is given by p(z) = (z5, a) for z ∈ S1 and p((z, n)) = (z, b) for (z, n) ∈ S1 × Z5, is a
covering map of degree �ve.
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p : X → B

deck transformation is given by rotation by 2π
5

We consider the map

Z5 → Deck(p : X → B)

m 7→

 X → X
z 7→ exp(2π im/5) · z, for z ∈ S1,

(z, n) 7→ (z,m+ n) for (z, n) ∈ S1 × Z5


In the �gure above this corresponds to �rotation ofX by the angle 2πm

5
�. It is straightforward

to show that this map is well-de�ned, i.e. the maps on the right are deck transformations,
and using the Deck Group-Free Action Lemma 62.2 one can easily see that this map is
an isomorphism. Also one can now convince oneself easily that the covering p : X → B is
regular.

Lemma 62.3. Let X be a path-connected topological space on which a group G acts
continuously and discretely. We consider the corresponding covering p : X → X/G. Then
p : X → X/G is regular and the map

Φ: G → Deck(p : X → X/G)

g 7→
(
X → X
x 7→ g · x

)
is an isomorphism of groups.

Proof. It is straightforward to see that the maps x 7→ gx are indeed deck transformations.
It follows almost immediately that the covering p : X → X/G is regular. Also it follows
easily from the axioms of a group action that Φ is a homomorphism of groups. Furthermore
it is clear that Φ is a monomorphism.

It remains to show that Φ is an epimorphism. So let d ∈ Deck(p : X → X/G) be a deck
transformation. We pick x ∈ X. Since p(d(x)) = p(x) we have d(x) = gx for some g ∈ G.
Since X is path-connected it follows from the Deck Group-Free Action Lemma 62.2 that
d(y) = gy for all y ∈ X. This shows that Φ is an epimorphism. �

Lemma 62.4. Any 2-fold covering of path-connected topological spaces is regular and the
deck transformation group contains precisely two elements.

Proof. Let p : X → B be a 2-fold covering of path-connected topological spaces. By
Lemma 48.4 we know that

d : X → X
x 7→ the unique other element of p−1(p(x))
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is a deck transformation. Evidently it is regular. It follows easily from the Deck Group-
Free Action Lemma 62.2 and our hypothesis that X,B are path-connected that any deck
transformation of p is either the identity or it equals the above deck transformation d. �

We recall the following important, albeit somewhat technical, de�nition.

De�nition. Let G be a group and let H Ă G be a subgroup. The normalizer N(H) of
the subgroup H Ă G is de�ned as

N(H) := {g ∈ G | g−1Hg = H}.
The following lemma summarizes a few elementary properties of the normalizer of a sub-
group.

Lemma 62.5. Let G be a group and let H Ă G be a subgroup.
(1) The subgroup H of G is normal if and only if N(H) = G.
(2) The normalizer N(H) of H Ă G is a subgroup of G.
(3) The normalizer N(H) of H Ă G is the largest subgroup of G which contains H as

a normal subgroup, in the sense that if A is a subgroup of G which contains H as a
normal subgroup, then A Ă N(H).

Proof. Both statements are easily veri�ed. Alternatively see [Isa1994, p. 26] for the
elementary proof. �

We return to topology and we consider one more example in detail.

Example. Let Y be a topological space that is path-connected, locally path-connected
and semi-locally simply connected and let y0 ∈ Y . Furthermore let Γ Ă π = π1(Y, y0) be a
subgroup. By the Covering Existence Theorem 61.5 there exists a path-connected covering
p : (X, x0) → (Y, y0) of pointed topological spaces such that p∗(π1(X, x0)) = Γ. We recall
the construction of X. We �rst considered

P := {all paths in Y with starting point y0}

and for u, v ∈ W we wrote

u ∼ v :⇔ u and v have the same endpoint and [u ∗ v] ∈ Γ.

We de�ned X = P/ ∼ and the projection p : P/ ∼→ Y that is given by [w] 7→ w(1).
We then showed that, with an appropriate topology on P/∼, the map p : P/∼→ Y is a
path-connected covering with p∗(π1(P/∼, x0)) = Γ.

As in the proof of Proposition 61.14 we now would like to construct deck transformations
by precomposing elements in P by a loop in y0. More precisely, let g be a loop in (Y, y0).
We consider the map

P → P
w 7→ g ∗ w

We need to check that the map respects our equivalence relation ∼ on P . So suppose that
u, v ∈ P are equivalent. Then g ∗ u and g ∗ v still have the same endpoint. Now we need
to consider the second condition. We have

[(g ∗ u) ∗ (g ∗ v)] = [g ∗ u ∗ v ∗ g] = [g] ∗ [u ∗ v]︸ ︷︷ ︸
∈Γ

∗ [g]−1.
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In general it is not the case that the right-hand side lies again in Γ. But it is true if [g] lies
in the normalizer of Γ. As in the proof of Proposition 61.14 it is now straightforward to
see that the map

Ψ: N(Γ)/Γ → Deck(p : X → Y )

[g] 7→
(
P/∼ → P/∼

[u] 7→ [g ∗ u]

)
is a well-de�ned homomorphism. We will see in Proposition 62.6 that this in fact an
isomorphism of groups.

Now we want to consider the general case of a covering. So let p : (X, x0) → (B, b0) be
a covering of pointed path-connected topological spaces. We write π := π1(B, b0) and
Γ := p∗(π1(X, x0)).733 Now the question arises whether there is a connection between the
groups π, Γ and Deck(p : X → B).

De�nition. Similar to the proof of the Fundamental Group-via-Actions Theorem 48.16
we can consider the following map734

Ξ(X,x0) : Deck(p : X → B) → π/Γ
d 7→

[
p ◦ (path in X from x0 to d(x0))

]
.

It is straightforward to see that this map is well-de�ned, i.e. it does not depend on the
choice of the path.
The question now arises, whether this map Φ is a group isomorphism. But in general this
is not the case, after all, if Γ is not normal in π, then π/Γ is not even a group. But we have
the following proposition:

Proposition 62.6. Let p : (X, x0) → (B, b0) be a covering of pointed topological spaces.
We suppose that X and B are both path-connected and locally path-connected. We write
π := π1(B, b0) and Γ := p∗(π1(X, x0)). The above map

Ξ(X,x0) : Deck(p : X → B) → π/Γ
d 7→

[
p ◦ (path in X from x0 to d(x0))

]
.

restricts to an isomorphism of groups
Ξ(X,x0) : Deck(p : X → B)

∼=−→ N(Γ)/Γ.

Proof. Let p : (X, x0)→ (B, b0) be a covering of pointed path-connected topological spaces.
We write π := π1(B, b0), Γ := p∗(π1(X, x0)), D := Deck(p : X → B) and Φ := Ξ(X,x0).

(A) First we have to show that Φ(D) lies indeed in N(Γ)/Γ. Thus let d ∈ D. We need
to show that Φ(d) lies in N(Γ)/Γ. Thus let f be a loop in (X, x0) and and let g be a
path in X from x0 to d(x0). We have to verify that [p ◦ f ] · [p ◦ g] · [p ◦ f ] ∈ Γ. Indeed
the following holds

[p ◦ f ] · [p◦ g] · [p◦ f ] =
[
p ◦ f ∗ p◦ g ∗ p◦ f

]
=
[
p◦
(
f ∗ g ∗ f︸ ︷︷ ︸

loop in (X,x0)

)]
∈ p∗(π1(X, x0)) = Γ.

733Recall that by Corollary 48.14 the induced map p∗ : Γ→ π is injective, thus Γ ∼= π1(X,x0).
734We denote hereby with [p◦f ] not only the equivalence class of the loop p◦f in π, but also its equivalence
class π/Γ, since the notation [p ◦ f ]Γ is too cumbersome.
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(B) Now we have to show that Φ is a group homomorphism. So let d and e be two deck
transformations. We pick a path g from x0 to d(x0) and we pick a path h from x0

to e(x0). Then
endpoint of g equals starting point of d ◦ h

↓
Φ(d) · Φ(e) = [p ◦ g] · [p ◦ h] = [p ◦ g] · [p ◦ (d ◦ h)] = [g ∗ (d ◦ h)] = Φ(e ◦ d).

↑ ↑ ↑
de�nition of Φ(e) and Φ(d) since p ◦ d = p since g ∗ (d ◦ h) is a path

from x0 to d(e(x0)), see the �gure below
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d ◦ h

g

h

x0

d(x0)

e(x0)

d(e(x0))

(C) Now we will construct a map Ψ: N(Γ)/Γ → D in the inverse direction. Thus let
[f ] ∈ N(Γ) Ă π = π1(B, b0) where f is a loop in (B, b0). Let x1 be the endpoint of
the lift f̃ of f to the starting point x0.735 We have p(x1) = p

(
f̃(1)

)
= f(1) = x0.

Thus we obtain the following diagram of maps of pointed topological spaces:

(X, x1)

p
��

(X, x0)
p
// (B, b0).

Then

p∗(π1(X, x1)) =
{[
p ◦
(
f̃ ∗ g ∗ f̃

)] ∣∣ [g] ∈ π1(X, x0)
}

= [f ] p∗(π1(X, x0)) [f ]−1

↑ = p∗(π1(X, x0)).
by Proposition 47.10 since f̃ is a path from x0 to x1 ↑

since [f ] ∈ N(Γ)

Note that it follows from the Map Lifting Criterion 61.2 that there exists a lift
p̃ : (X, x0) → (X, x1) of p, i.e. there exists a map p̃ such that the following diagram
commutes:

(X, x1)

p
��

(X, x0)
p
//

p̃
77

(B, b0).

The map is p̃ is now by de�nition a deck transformation.
We have thus constructed a map N(Γ)→ D. We still need to show that this map

descends to a map N(Γ)/Γ→ D. So let [f ] ∈ N(Γ) and let [g] ∈ Γ. We denote by f̃
the lift of f to the starting point x0. Similarly we de�ne g̃ ∗ f . By the above we only

735According to Corollary 48.13 the de�nition of x1 does not depend on the choice of the representative
of [f ] ∈ N(Γ).
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need to show that the endpoints of f̃ and g̃ ∗ f agree. In fact we have

g̃ ∗ f(1) =
endpoint of the lift of f
to the starting point g̃(1)

=
endpoint of the lift of f
to the starting point x0

= f̃(1)x x
Lemma 61.3 by Lemma 48.15 (2) (1) since [g] ∈ p∗(π1(X,x0))

(D) Now we want to show that Φ is a bijection. It su�ces to show that Ψ ◦ Φ = id and
Φ ◦Ψ = id.

First let d ∈ D. Then
Ψ(Φ(d)) = Ψ(loop f in (B, b0) that lifts to a path from x0 to d(x0))

= deck transformation that sends x0 to d(x0) = d
↑

Deck Group-Free Action Lemma 62.2

This shows that Ψ ◦ Φ is the identity.
Now let g ∈ N(Γ)/Γ. We pick a representative loop s in b0 and we denote by s̃

the lift of s to the starting point x0. We denote by x1 the endpoint of s̃. Then

Φ(Ψ(g)) =
[
p ◦
(
path in X from x0 to

=x1︷ ︸︸ ︷
Ψ(g)(x0)

)]
=
[
p ◦ s̃

]
= [s] = g.

↑
s̃ is a path from x0 to x1

This shows that Φ ◦Ψ is the identity. �

Remark. Let X be a path-connected topological space on which a group G acts contin-
uously and discretely. We denote by p : X → X/G the natural projection . Finally let
x0 ∈ X. We now have three isomorphisms relating the groups G, Deck(p : X → X/G) and
π1(X/G, [x0]). More precisely we consider the isomorphisms

Ψ: G → Deck(p : X → X/G)

g 7→
(
X → X
x 7→ g · x0

)
and

Θ: G → π1(X/G, [x])
g 7→ [p ◦ (path in X from x0 to g · x0)]

from Lemma 62.3 and the Fundamental Group-via-Actions Theorem 48.16. Furthermore
we consider isomorphism

Ξ(X,x0) : Deck(p : X → B) → π1(X, x0)
d 7→

[
p ◦ (path in X from x0 to d(x0))

]
from Proposition 62.6. Fortunately these three isomorphisms are compatible in the sense
that Ξ(X,x0) ◦Ψ = Θ.

Proof. This lemma follows immediately from the de�nitions. �

In most applications we will use the following special case of Proposition 62.6.

Proposition 62.7. Let (X, x0) be a pointed topological space that is path-connected,
locally path-connected and semi-locally simply connected. Furthermore let γ : π1(X, x0)→
G be an epimorphism onto a group G. We denote by p : (X̃, x̃0) → (X, x0) the covering
corresponding to ker(γ) that is given by the Covering Existence Theorem 61.5 and that is
unique up to covering equivalence by the Covering Uniqueness Theorem 61.9. Then the



62. THE DECK TRANSFORMATION GROUP 1391

map
Φ: Deck(p : X̃ → X) → π1(X, x0)/p∗(π1(X̃, x̃0))

γ−→ G.
d 7→

[
p ◦ (path from x0 to d(x0))

]
is an isomorphism.

Proof. First note that p∗(π1(X̃, x̃0)) = ker(γ) is a normal subgroup of π1(X, x0). Therefore
the normalizer of Γ := p∗(π1(X̃, x̃0)) equals π1(X, x0). It now follows immediately from
Proposition 62.6 that the homomorphism on the left is an isomorphism. The homomor-
phism on the right is an isomorphism since p∗(π1(X̃, x̃0)) = ker(γ). �

Convention. Let (X, x0) be a pointed topological space that is path-connected, locally
path-connected and semi-locally simply connected.
(1) Let γ : π1(X, x0) → G be an epimorphism onto some group G. Furthermore let

p : (X̃, x̃0) → (X, x0) be a covering corresponding to ker(γ). We use the inverse of
the isomorphism Deck(p : X̃ → X)

∼=−→G from Proposition 62.7 to equip X̃ with a left
G-action.

(2) Let p : (X̃, x̃0)→ (X, x0) be a universal covering. We use the inverse of the isomor-
phism Deck(p : X̃ → X)

∼=−→π1(X, x0) from Proposition 62.6 to equip X̃ with a left
π1(X, x0)-action.

The following corollary to Proposition 62.6 gives a complete characterization of regular
coverings.

Corollary 62.8. (Regular Covering-Characterization Corollary) Let p : (X, x0)→
(B, b0) be a covering of pointed topological spaces that are path-connected and locally
path-connected. Then the following statements are equivalent:736

(1) The covering is regular.
(2) The deck transformation group Deck(p : X → B) acts transitively on p−1(b0) Ă X.737

(3) The subgroup p∗(π1(X, x0)) is a normal subgroup of π1(B, b0).
(4) There exists a groupG which acts discretely onX and there exists a homeomorphism

f : X/G→ B such that the following diagram commutes:

X
q

zz

p

""
X/G

f
// B

where q : X → X/G is the natural projection .
If p is a �nite covering then the above statements are furthermore equivalent to
(5) # Deck(p : X → B) = [X : B].

Remark. Let p : (X, x0) → (B, b0) be a 2-fold covering of path-connected pointed topo-
logical spaces. In Lemma 62.4 we saw that p is regular, which by the Regular Covering-
Characterization Corollary 62.8 means that the index two subgroup p∗(π1(X, x0)) of π1(B, b0)

736Note that being regular does not depend on the choice of b0 ∈ B. Thus, by the equivalence of the
statements, we see that if Statements (2) and (3) hold for a single b0, they hold for any point in B.
737Note that by the Deck Group-Free Action Lemma 62.2 we already know that the deck transformation
group acts freely on p−1(b0).
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is normal. In fact we already showed in Lemma 49.6 that any index 2 subgroup Γ of a
group π is normal.

Proof. Let p : (X, x0)→ (B, b0) be a covering of pointed path-connected topological spaces.
We write π := π1(B, b0), Γ := p∗(π1(X, x0)) and D = Deck(p : X → B). The following four
steps prove the equivalence of (1), (2) (3) and (4).
(1)⇔ (2) Recall that a covering is regular if for every b ∈ B the group D acts transitively

on p−1(b). Thus (1) ⇒ (2) is trivial. Now suppose that d acts transitively on
p−1(b0). Let b be some other point in B. Since B is path-connected there exists
a path s from b to b0.

Now let x, x′ be two points in p−1(b). We denote by s̃ the lift of s to the
starting point x and similarly we de�ne s̃′. We denote by x0 and x′0 the endpoints
of s̃ and s̃′. SinceD acts transitively on p−1(b0) there exists a deck transformation
d with d(x0) = x′0. By the uniqueness of lifts to a starting point we then also
have d ◦ s̃ = s̃′. But then we also have that d turns the starting point of s̃ into
the starting point of s̃′, i.e. we have d(x) = x′.

(2)⇔ (3) We consider again the map

Φ: Deck(p : X → B) 7→ π/Γ
d 7→

[
p ◦ (path in X from x0 to d(x0))

]
.

We �rst prove the following claim.
Claim. We have the following equivalence of statements:

D acts transitively on p−1(b0) Ă X ⇔ Φ: D → π/Γ is surjective.

Proof. First suppose that D acts transitively on p−1(b0) Ă X. Let g ∈ π/Γ and
pick a loop f that represents g. We denote by f̃ the unique lift of f to the starting
point x0 and we denote by x̃0 the endpoint of f̃ . Since D acts transitively there
exists a deck transformation d with d(x0) = x̃0. Now

Φ(d) = [p ◦ (path in X from x0 to d(x0))] = [p ◦ (d ◦ f̃)] = [p ◦ f̃ ] = [f ] = g.
↑ ↑

since f̃ is a path from x0 to d(x0) since p ◦ d = p

Now suppose that Φ: D → π/Γ is surjective. Let x̃0 ∈ p−1(b0). We pick a path
f̃ from x0 to x̃0 and we denote by f the loop p ◦ f̃ . Since Φ is surjective there
exists a deck transformation d with Φ(d) = [f ]. But then d(x0) = x̃0. �

Now we have the following equivalences

D acts transitively on p−1(b0) Ă X ⇐⇒ Φ: D → π/Γ is surjective
⇐⇒ π = N(Γ) ⇐⇒ Γ is normal in π.
↑ ↑

Proposition 62.6 by the de�nitions

(1)⇒ (4) We will show that the deck transformation group D has the desired properties.
We �rst show that the deck transformation group acts discretely on X. So

let x ∈ X. We write b = p(x). Since p : X → B is a covering there exists
a connected open neighborhood U of b that is uniformly covered. This means
that the restriction of p to each component of p−1(U) is a homeomorphism. Now
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let V be the component of p−1(U) that contains x. Then gV ∩ V = ∅ for each
non-trivial g. This shows that the action of D is discrete.

The map p : X → B has the property that p(gx) = p(x) for all g ∈ D.
Therefore the map p factors through a map f : X/D → B. The map f is clearly
surjective. Furthermore it is injective since we suppose that D acts transitively
on each p−1(b). Finally the map f is not only continuous but, as follows easily
from Lemma 48.3 (1), it is also open. Thus f is a homeomorphism.

(4)⇒ (1) Now suppose that such a homeomorphism f : X/G → B exists. First note that
for each g ∈ G the map x 7→ gx not only de�nes a deck transformation of the
covering q : X → X/G but also of the covering p : X → B. Now let b ∈ B
and let x, x′ ∈ X with p(x) = p(x′). Since f is a homeomorphism we also have
q(x) = q(x′). Hence there exists a g ∈ G with gx = x′.

Now we suppose that p is a �nite covering. We show the following equivalence:

(5)⇔ (3) We have the following equivalences:738

Lemma 48.15 (3) Proposition 62.6
↓ ↓

#D = [X : B] ⇐⇒ #D = [π : Γ] ⇐⇒ [N(Γ) : Γ] = [π : Γ]
⇐⇒ N(Γ) = π ⇐⇒ Γ Ă π is a normal subgroup. �

Proposition 62.9. (Induced-Deck Transformation Proposition) Let X, Y , A and
B be topological spaces that are path-connected and locally path-connected. Furthermore
let p : X → A be a covering and let q : Y → B be a regular covering. Finally let ϕ : A→ B
and let Φ: X → Y be maps such that the following diagram commutes:

X
Φ //

p
��

Y
q
��

A
ϕ

// B.

In this setting the following two statements hold:
(1) Given any f ∈ Deck(p : X → B) there exists a unique f̃ ∈ Deck(q : Y → B) such

that the following diagram commutes:

X

p

$$

f
//

Φ

**

X
Φ

tt

p

zz

Y
f̃

//

q

##

Y
q

{{
B

A.

ϕ

OO

(2) The map f 7→ f̃ from (1) de�nes a group homomorphism

Deck(p : X → A) → Deck(q : Y → B).

738Where do we actually use in the argument that the covering is �nite?
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In the proof of the Induced-Deck Transformation Proposition 62.9 we will use the following
lemma which gives a sometimes useful description of a deck transformation.

Lemma 62.10. Let r : (Z, z0) → (C, c0) be a covering and let h : Z → Z be a deck
transformation. Let z ∈ Z. We pick a path α : [0, 1] → Z from z0 to h(z0) and we pick a
path γ : [0, 1]→ Z from z0 to z. Then

h(z) = endpoint of the unique lift of (p ◦ α) ∗ (p ◦ γ) : [0, 1]→ C to the starting point z0.

�������������������������������������������
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�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������

�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������

�
�
�
�

�
�
�
�

��

���� �
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γ

p

Z

C

z0
α

p ◦ α

h(z0)

z

p ◦ γ

Proof of Lemma 62.10. Note that

endpoint of the unique lift of (p ◦ α) ∗ (p ◦ γ) : [0, 1]→ C to the starting point z0

= endpoint of α ∗ h ◦ γ = (h ◦ γ)(1) = h(γ(1)) = h(z)).
↑

since h is a deck transformation we see that h ◦ γ is the lift of p ◦ γ to
starting point α(1) = h(z0) �

Proof of the Induced-Deck Transformation Proposition 62.9.

(1) We pick x0 ∈ X. We set a0 = p(x0), y0 := Φ(x0) and b0 := q(y0). We consider the
following diagram of maps between pointed topological spaces:

(X, x0)

p

$$

f
//

Φ

))

(X, f(x0))
Φ

tt

p

xx

(Y, y0)
f̃

??
//

q

$$

(Y,Φ(f(x0)))
q

ww

(B, b0)

([0, 1], 0)

δ

OO

p◦δ
// (A, a0).

ϕ

OO

(The maps in blue will only be explained a little later on.)

Claim 1. We have q∗(π1(Y, y0)) = q∗(π1(Y,Φ(f(x0)))).

Proof. Since Y is path-connected we can pick a path γ : [0, 1] → Y with γ(0) = y0

and γ(1) = Φ(f(x0)). Then

q∗(π1(Y, y0)) =

∈π1(B,b0)︷ ︸︸ ︷
[q ◦ γ] · q∗(π1(Y,Φ(f(x0)))) · [q ◦ γ]−1 = q∗(π1(Y,Φ(f(x0)))).

↑ ↑
by the Change-of-Base Point by the Regular Covering-Characterization Corollary 62.8,

Proposition 47.10 since q : Y → B is a regular covering �
Since q∗(π1(Y, y0)) = q∗(π1(Y,Φ(f(x0)))) and since Y is locally path-connected we
obtain from the Map Lifting Criterion 61.2 a unique map f̃ : (Y, y0)→ (Y,Φ(f(x0)))
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such that q = q ◦ f̃ , i.e. such that the small triangle commutes. It remains to prove
the following claim.
Claim 2. The quadrilateral on top also commutes.

Proof. Let x ∈ X. We need to show that (f̃ ◦ Φ)(x) = (Φ ◦ f)(x).
(a) We pick a path α : [0, 1]→ X from x0 to f(x0) and we pick a path γ : [0, 1]→ X

from x0 to x.
(b) Evidently Φ ◦ α : [0, 1]→ Y is a path from y0 = Φ(x0) to Φ(f(x0)) and evidently

Φ ◦ γ : [0, 1]→ Y is a path from y0 = Φ(x0) to Φ(x).
(c) Let δ : [0, 1]→ X be the unique lift of

(p ◦ α) ∗ (p ◦ γ) = p ◦ (α ∗ γ) : [0, 1] → A

to the starting point x0.
(d) Note that

q ◦ Φ ◦ δ = ϕ ◦ p ◦ δ = ϕ ◦ p ◦ (α ∗ γ) = (q ◦ Φ) ◦ (α ∗ γ) = q ◦ (Φ ◦ α ∗ Φ ◦ γ).
↑ ↑ ↑

since q ◦ Φ = ϕ ◦ p since δ lift of α ∗ γ since q ◦ Φ = ϕ ◦ p

(e) It follows from (d) that Φ◦δ is the (necessarily unique) lift of q◦(Φ◦α)∗q◦(Φ◦γ)
to the starting point y0.

In summary we see that

f̃(Φ(x)) = (Φ ◦ δ)(1) = Φ(δ(1)) = Φ(f(x)) = (Φ ◦ f)(x).
↑ ↑

by Lemma 62.10 with (b) and (e) by Lemma 62.10 and choice of δ �
(2) This statement follows easily from Statement (1). We leave it to the reader to �ll in

details. �

Lemma 62.11. Let X, Y , A and B be topological spaces that are path-connected and
locally path-connected. Furthermore let p : X → A be a covering and let q : Y → B be a
regular covering. Finally let ϕ : A→ B and let Φ: X → Y be maps such that the following
diagram commutes:

X
Φ //

p
��

Y
q
��

A
ϕ

// B.

Let x0 ∈ X. We write a0 = p(x0), y0 = Φ(x0) and b0 = q(Φ(x0)). In this setting the
following diagram commutes:

Deck(p : X → A)

��

Ξ(X,x0)
// π1(A, a0)/p∗(π1(X, x0))

ϕ∗
��

Deck(q : Y → B)
Ξ(Y,y0)

// π1(B, b0)/q∗(π1(Y, y0)),

where the horizontal maps are the maps we introduced on page 1388, where the left vertical
map is the map given by the Induced-Deck Transformation Proposition 62.9 and the right
vertical map is induced by Φ∗ : π1(A, a0)→ π1(B, b0).739

739It follows from q ◦ Φ = ϕ ◦ p that ϕ∗(p∗(π1(X,x0))) Ă q∗(π1(Y, y0)).
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Proof. The lemma follows immediately from the de�nitions. �

The following proposition tells us how one can obtain in a relatively explicit way �all� cov-
erings from the universal covering. It can be viewed as a re�nement of Proposition 61.14.
Proposition 62.12. Let X be a topological space that is path-connected, locally path-
connected and semi-locally simply connected, let x0 ∈ X and let p : X̃ → X be a universal
covering. We pick x̃0 ∈ X̃ with p(x̃) = x0. We endow X̃ with the π1(X, x0)-action that
we introduced on page 1391. Let Γ: π1(X, x0) be a subgroup. The map

q : X̃/Γ → X
[x̃] 7→ p(x)

is a covering with q∗(π1(X̃/Γ, [x̃0])) = Γ.

Proof. By Lemma 62.1 we know that the action of Γ on X̃ is discrete and continuous.
Thus it follows from Proposition 48.10 that the map q : X̃/Γ → X is indeed a covering.
In the Fundamental Group-via-Actions Theorem 48.16 we gave an explicit isomorphism
π1(X̃/Γ, [x̃0]) ∼= Γ. One can easily verify that this map is precisely q∗. �

The following proposition is a re�nement of the Lift-to-Universal Coverings Proposition 61.13.

Proposition 62.13. Let X and Y be topological spaces that are path-connected, locally
path-connected and semi-locally simply connected. Let p : X̃ → X and q : Ỹ → Y be
universal coverings. Furthermore suppose we are given a map f : X → Y and points
x0 ∈ X, x̃0 ∈ X̃ and ỹ0 ∈ Ỹ with p(ỹ0) = f(x0). By the Lift-to-Universal Coverings
Proposition 61.13 there exists a unique map f̃ : X̃ → Ỹ with f̃(x̃0) = ỹ0 such that the
following diagram commutes:

X̃
p
��

f̃
// Ỹ

p
��

X
f

// Y.

We equip X̃ with the action by π1(X, x0) and we equip Ỹ with the action by π1(Y, y0)

that we introduced on page 1391. The map f̃ : X̃ → Ỹ has the following property: given
any x̃ ∈ X̃ and given any g ∈ π1(X, x0) we have

f̃(g · x̃) = f∗(g)︸ ︷︷ ︸
∈π1(Y,y0)

· f̃(x̃).

Proof. It is worth recalling how the action of fundamental groups on coverings are actually
de�ned. In Proposition 167.1 we saw that if r : (Ẑ, ẑ0) → (Z, z0) is a regular covering of
pointed topological spaces that are both path-connected and locally path-connected, then
the map

ΦẐ,ẑ0
: Deck(p : Ẑ → Z) → π1(Z, z0)/p∗(π1(Ẑ, ẑ0))

d 7→
[
p ◦ (path in Ẑ from ẑ0 to d(ẑ0))

]
is an isomorphism, and we used the inverse of this isomorphism to de�ne the action of
π1(Z, z0) on Ẑ.
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Now let x̃ ∈ X̃. First we consider the case that p(x̃) = x0.
Now let x̃ be an arbitrary point. Since X is path-connected we can pick a path

γ : [0, 1]→ X from x0 to p(x̃0).
�

Proof. Once one has digested the de�nition this statement follows immediately from the
de�nitions. We leave it to the reader to �ll in the details. �

We conclude this chapter with the following proposition which often, rather conveniently,
allows us to replace an irregular covering by a regular covering.

Proposition 62.14. Let p : (X, x0)→ (B, b0) be a covering of pointed topological spaces
that are path-connected, locally path-connected and semi-locally simply connected. If
p is a �nite-degree covering, then there exists a covering q : (Y, y0) → (X, x0) such that
p ◦ q : (Y, y0)→ (B, b0) is a �nite-degree regular covering. For convenience this statement
is summarized in the following diagram:

(Y, y0)

(2) there exists a covering q
��

(3) such that p ◦ q is a �nite-degree regular covering

ww

(X, x0)

(1) given a �nite-degree covering p
��

(B, b0).

Proof. Let p : (X, x0) → (B, b0) be a �nite-degree covering of pointed topological spaces
that are path-connected, that are locally path-connected and that are semi-locally sim-
ply connected. In the following we write G := π1(X, x0) and H := p∗(π1(B, b0)). By
Lemma 48.15 we know that H is a �nite-index subgroup of G. It follows from the Normal
Core Lemma 64.13 that the normal core Hc of H in G is a �nite-index normal subgroup of
G that is contained in H. Since B is locally path-connected and semi-locally simply con-
nected we obtain from the Covering Existence Theorem 61.5 a �nite-degree path-connected
covering r : (Y, y0)→ (B, b0) of pointed topological spaces such that r∗(π1(Y, y0)) = Hc.

The existence of the desired covering map q : (Y, y0) → (X, x0) with r = p ◦ q is an
immediate consequence of the Covering Uniqueness Theorem 61.9 and the fact that Hc is
contained in H. �

Exercises for Chapter 62.

Exercise 62.1. Let p : (X, x0)→ (B, b0) be a covering of pointed path-connected topolog-
ical spaces. Show that the action of the deck group Deck(p : X → B) on X is discrete.

Exercise 62.2. In the �gure below we show two coverings p : Y → X = S1 ∨ S1 and
q : Z → X = S1 ∨ S1.
(a) Determine which coverings are regular.
(b) For the regular covering(s) in (a), determine the isomorphism type of the deck trans-

formation group.
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X = S1 ∨ S1

Exercise 62.3. Let Σ be the surface of genus 2. Does there exist a regular covering
p : Σ̃ → Σ such that the deck transformation group is isomorphic to the permutation
group S3?

Exercise 62.4. Let G be a �nite group. Show that there exists a closed orientable 2-
dimensional smooth manifold that admits a free and transitive action by G.

Exercise 62.5. Let p : X̃ → X be a covering with deck transformation group G and let
K Ă X̃ be a compact subset. We suppose that X is Hausdor� and regionally compact.
Show that the set {g ∈ G | g ·K ∩K 6= ∅} is �nite.
Remark. In [Scot1978, Lemma 1.2] claims that the same conclusion holds without the
hypothesis that X is regionally compact. Try to prove this more general statement.

Exercise 62.6. Verify Proposition 62.13.

Exercise 62.7. Let X be a topological space that is locally contractible and connected
and let x0 ∈ X. As in the proof of the Covering Existence Theorem 61.5 we consider the
topological space

X̃x0 = {γ : [0, 1]→ X | γ(0) = x0}/∼ where α ∼ β if α(1) = β(1) and
α ∗ β is null-homotopic.

We denote by p : X̃x0 → X the covering map that is given by the evaluation map [γ] 7→ γ(1)

In Proposition 62.6 we can an explicit isomorphism Deck(p : X̃x0 → X) ∼= π1(X, x0). Show
that the corresponding action of the fundamental group π1(X, x0) on X̃x0 is given by

π1(X, x0)× X̃x0 → X̃x0

([α], [γ]) 7→ [α ∗ γ].
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63. Topics in covering theory

In this chapter we will discuss several applications and examples of the existence of (uni-
versal) coverings of suitable topological spaces.

63.1. Self-di�eomorphisms of S1. Using covering theorem we can now provide a new
prove of the following proposition.

Proposition 34.5 Let f : S1 → S1 be a di�eomorphism. If f is orientation-preserving,
then f is di�eotopic to the identity, otherwise f is di�eotopic to the re�ection r : S1 → S1

given by (x, y) 7→ (x,−y).

Remark. The proof of the Di�eotopies-of-S1-Classi�cation Proposition 34.5 that we now
provide is very similar to the original proof. The key di�erence is that we replace the ad hoc
the Lifting from S1-to-R Lemma 34.9 by the more general the Map Lifting Criterion 61.2.

Proof. In Torus-as-Quotient Lemma 19.34 we showed that the smooth manifolds S1 and
R/Z are di�eomorphic. Thus we might as well work with R/Z. First let f : R/Z→ R/Z be
an orientation-preserving di�eomorphism. We denote by p : R → R/Z the usual covering
map. By the Lift-to-Universal Coverings Proposition 61.13 there exists an orientation-
preserving di�eomorphism f̃ : R→ R such that the following diagram commutes:

R
p
��

f̃
// R

p
��

R/Z
f

// R/Z.

We make the following observations:

(a) The map f̃ is in particular smooth.
(b) Since f̃ is orientation-preserving we know, by Exercise 25.18, that f̃ is a strictly

monotonously increasing function.
(c) Since f̃ is a di�eomorphism the restriction of f̃ to the interval [x, x + 1) de�nes a

bijection with [f(x), f(x+ 1)).
(d) Given x ∈ R we obtain from the commutative diagram that f̃(x+ 1)− f̃(x) ∈ Z.
(e) It follows from (a), (b), (c) and (d) that for any x ∈ R we have f̃(x+ 1) = f̃(x) + 1.

Now we consider the map
F̃ : R× [0, 1] → R

(x, t) 7→ f̃(x) · (1− t) + x · t.

This map is evidently smooth. Since x 7→ x is a strictly monotonously increasing di�eo-
morphism of R one can see easily that for any t ∈ [0, 1] the map F̃t : R→ R has the above
Properties (a) to (e). This implies in particular that the map F̃ descends to a map

F : (R/Z)× [0, 1] → R/Z
([x], t) 7→ f̃(x) · (1− t) + x · t

where each Ft : R/Z→ R/Z is a homeomorphism. Since each F̃t is a local di�eomorphism
and since p is a local di�eomorphism we obtain from the Smooth Pasting Proposition 19.23
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(2) that each Ft is in fact a di�eomorphism. We have thus shown that F is indeed a
di�eotopy from f to the identity.

Finally we consider the case that f is orientation-reversing. In this case r ◦ g is
orientation-preserving. We apply the above result to r ◦ g and we easily obtain the de-
sired di�eotopy from f to r. �

63.2. Complex one-dimensional tori. The following de�nition is inspired by Lemma 32.18
and Exercise 19.34.
Notation.
(1) A lattice in C is a subgroup of C that is of the form Z · a+ Z · b where a, b ∈ C are

two complex numbers that are linearly independent over R.
(2) Given a lattice Λ we write T (Λ) = C/Λ. The holomorphic analogue of the Man-

ifold Quotient-by-Group Action Proposition 19.32 shows that T (Λ) is naturally a
1-dimensional complex manifold such that the projection p : C→ T (Λ) is a covering
map of complex manifolds, in particular it is a local biholomorphism.

(3) We say that two lattices Λ and Λ̃ in C are homothetic if there exists an r ∈ C \ {0}
such that r · Λ = Λ̃.

The following proposition gives a complete and satisfactory characterization for when two
lattices de�ne biholomorphic complex manifolds.

Proposition 63.1. Let Λ and Λ̃ be two lattices in C. The complex manifolds T (Λ) and
T (Λ̃) are biholomorphic if and only if Λ and Λ̃ are homothetic.

Proof. Let Λ and Λ̃ be two lattices in C. We denote by p : C → T (Λ) and p̃ : C → T (Λ̃)
the natural projections. Note that there local holomorphisms.

First assume that Λ and Λ̃ are homothetic, i.e. we assume that there exists an r ∈ C\{0}
such that r · Λ = Λ̃. In this case we obtain the following commutative diagram:

C
p
��

z 7→r·z // C
p̃
��

T (Λ)
[z] 7→[r·z]

// T (Λ̃).

Note that our hypothesis shows that bottom horizontal map is de�ned and a bijection.
The top horizontal map is of course a biholomorphism. Since the vertical maps are local
biholomorphisms we see that the bottom horizontal map is a bijection and a local biholo-
morphism. In other words, it is a biholomorphism.

Now we assume that there exists a biholomorphism f : T (Λ) → T (Λ̃). By the Lift-to-
Universal Coverings Proposition 61.13 there exists a biholomorphism f̃ : C→ C such that
the following diagram commutes:

C
p
��

f̃
// C

p̃
��

T (Λ)
f

// T (Λ̃).

Next we make the following observations and preparations:
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(a) We equip the universal covering C with the actions of π1(T (Λ), [0]) and π1(T (Λ̃), [s])
that we introduced on page 1391.

(b) By Proposition 62.13 we know that for all z ∈ C and all g ∈ π1(T (Λ), x0) we have

f̃(g · z) = f∗(g) · f̃(z)︸ ︷︷ ︸
∈π1(T (Λ̃),[s])

.

(c) Note that the Fundamental Group-via-Actions Theorem 48.16 provides us with ex-
plicit isomorphisms Θ: Λ→ π1(T (Λ), x0) and Θ̃ : Λ̃→ π1(T (Λ̃), x0).

(d) It follows from the discussion on page 1390 that (c) translates into the statement
that for all z ∈ C and all λ ∈ Λ we have

f̃(λ+ z) = (Θ̃ ◦ f∗ ◦Θ−1)(λ) + f̃(z).

(e) Since f̃ : C → C is a biholomorphism we know by Theorem 32.11 that there exist
r, s ∈ C such that f(z) = r · z + s for all z ∈ C.

(f) The combination of (d), applied to z = 0, and (e) shows that for all λ ∈ Λ we have

r · λ+ s = (Θ̃ ◦ f∗ ◦Θ−1)(λ) + s.

(g) The map f∗ : π1(T (Λ), [0])→ π1(T (Λ̃), [s]) is an isomorphism since f is in particular
a homeomorphism. In particular Θ̃ ◦ f∗ ◦Θ−1 : Λ→ Λ̃ is an isomorphism.

The combination of (f) and (g) shows that r ·Λ = Λ̃. We have thus shown that the lattices
Λ and Λ̃ are homothetic. �

Corollary 63.2. There are closed complex manifolds that are di�eomorphic but that are
not biholomorphic.

Proof. Let Λ and Λ̃ be two lattices in C. It follows from Exercise 19.34 that the tori T (Λ)

and T (Λ̃), viewed as smooth manifolds, are di�eomorphic. In Exercise 63.1 we will see that
there exist lattices Λ and Λ̃ in C that are not homothetic. It follows from Proposition 63.1
that T (Λ) and T (Λ̃) are not biholomorphic. �

63.3. Complex logarithms. In this short section we will discuss complex logarithms.
This discussion does not play a role in the remainder of these notes, but it is a fun appli-
cation of covering theory.

De�nition. Let U Ă C \ {0} be a subset. We say the complex logarithm exists on U if
there exists a map740 ln : U → C such that exp(ln(z)) = z for all z ∈ U .
The following proposition gives a very pleasing su�cient and necessary criterion for complex
logarithms to exist.

Proposition 63.3. Let U Ă C \ {0} be an open path-connected subset. The following
statement holds:741

the complex logarithm
exists on U ⇐⇒

for some x0 ∈ U the inclusion induced map
π1(U, x0)→ π1(C \ {0}, x0)

is the trivial map.

740As always, all maps are understood to be continuous.
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C \ {0}

x0

U the map π1(U, x0)→ π1(C \ {0}, x0)
is the trivial map, hence

the complex logarithm exists on U

Proof. Let U Ă C \ {0} be an open path-connected subset and let x0 ∈ U . We consider
the following rather simple minded diagram

C
z 7→ exp(z)
��

U ��
i

//

55

C \ {0}.

We make the following observations:
(1) As on page 1067 one can show that the vertical map exp is actually a covering map.
(2) The question whether the complex logarithm exists on U is equivalent to the question

whether the inclusion map i : U → C \ {0} lifts to a map U → C.
(3) Since exp: C→ C \ {0} is surjective we can pick a y0 ∈ C with exp(y0) = x0.
(4) Note that C is simply connected. The image im(exp∗ : π1(C, y0) → π1(C \ {0}, x0))

is therefore the trivial group.
(5) Since U is an open subset of C \ {0} it is in particular locally path-connected. Thus

we can apply the Map Lifting Criterion 61.2. Together with (4) we obtain from the
Map Lifting Criterion 61.2 the statement

there exists a lift of
the map i : U → C \ {0} ⇐⇒ the map i∗ : π1(U, x0)→ π1(C \ {0}, x0)

is the trivial map.

(6) The combination of (2) and (5) is precisely the statement we had set out to prove. �

63.4. Preimages of subsets under coverings. Let (B, b0) be a pointed topological space
that is path-connected, locally path-connected and semi-locally simply connected. In the
Covering Existence Theorem 61.5 (2) we saw that subgroups of π1(B, b0) give rise to cover-
ings of B. Arguably the most common source of subgroups is given by considering kernels
of group homomorphisms π1(B, b0)→ G.

Example. Let B be the 2-dimensional sphere S2 minus three open disks. We pick a base
point b0 for B and we pick loops u, v, w as shown in the �gure below. From Lemma 55.11 we
know that π1(B, b0) = 〈u, v, w |uvw〉. By Lemma 53.4 there exists a unique homomorphism
ϕ : π1(B, b0)→ Z6 with ϕ(u) = 2, ϕ(v) = 3 and ϕ(w) = −5. Let p : X → B be the covering
corresponding to ker(ϕ). By the Manifold Covering Proposition 49.2 we know that X is
again a compact orientable 2-dimensional smooth manifold, where the boundary is given
by ∂X = p−1(∂B). Thus we know from the Surface Classi�cation Theorem 55.4 that there
exist unique g ∈ N0 and n ∈ N such that X is homeomorphic to Σg,n, i.e. such that X is
homeomorphic to the surface of genus g minus n open disks.

741It follows from Proposition 47.20 that the condition on the right-hand side does not depend on the
choice of the base point.
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�
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�

�
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�

sphere minus three open disks

b0

w 7→ −5 ∈ Z6

v 7→ 3 ∈ Z6

u 7→ 2 ∈ Z6

U

V

W

B

Therefore the following question arises:

Question 63.4. In the previous example, what are g and n?
The �nal proposition of this chapter will allow us to answer one half of Question 63.4,
namely we can determine n. We will determine g in Exercise 64.3.

Proposition 63.5. (Preimage-of-Covering Proposition) Let (B, b0) be a pointed
topological space that is path-connected, locally path-connected and semi-locally simply
connected. Let ϕ : π1(B, b0)→ G be a group epimorphism and let p : (X, x0)→ (B, b0) be
the covering with p∗(π1(X, x0)) = ker(ϕ). Finally let A be a path-connected subset of B
and let a0 ∈ A. We denote by i : A→ B the inclusion map and we pick a path γ from b0

to a0. We consider the homomorphism

ψ := ϕ ◦ γ∗ ◦ i∗ : π1(A, a0)
i∗−→ π1(B, a0)

γ∗−→ π1(B, b0)
ϕ−→ G.

With these preparations the following two statements hold:
(1) Each path-component of p−1(A) is a covering of A corresponding to the subgroup

ker(ψ : π1(A, a0)→ G).
(2) If G is a �nite group, then

number of path-components of p−1(A) = [G : im(ψ : π1(A, a0)→ G)].

(3) Let Ã be a path-component of p−1(A). The following diagram commutes:

Deck(p : p−1(A)→ A)
Ξ(A,a0)

//

��

π1(A, a0)/ ker(ψ)

γ∗◦i∗
��

Deck(p : X → B)
Ξ(B,a0)

// π1(B, a0)/ ker(ϕ ◦ γ∗).

Here the horizontal maps are the isomorphisms that we introduced on page 1388
and the left vertical map is the map that we introduced in the Induced-Deck Trans-
formation Proposition 62.9.

Example. As promised we can now determine the number n of boundary components
of the covering X in the previous example. More precisely, denote by U, V,W the three
boundary components of B. We make the following three observations:

(1) The image of π1(V ) in Z6 is the subgroup generated by ϕ(u) = 2, thus the subgroup
has index two, which by the Preimage-of-Covering Proposition 63.5 implies that
p−1(U) consists of two components.

(2) The image of π1(W ) in Z6 is the subgroup generated by ϕ(v) = 3, thus p−1(V )
consists of three components.
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(3) The image of π1(U) in Z6 is the subgroup generated by ϕ(w) = −5. Since −5 is
coprime to 6 we see that this subgroup is all of Z6, thus p−1(W ) consists of precisely
one component.

Altogether we see that X has 2 + 3 + 1 = 6 boundary components.

Remark. The reader who is in need of a brain teaser might want to come up with an
appropriate generalization of the Preimage-of-Covering Proposition 63.5 to the case where
we consider coverings of B coming from a non-normal subgroup.

Proof. To simplify the notation a little bit we assume that a0 = b0, in particular we ignore
the role of γ. Throughout the proof we refer to the �gure below for an illustration.
(1) Let W be a path-component of p−1(A). We pick a point w0 ∈ W with p(w0) = a0.

We start out with the following slightly subtle claim.
Claim. We have the following equality:

p∗(π1(X,w0)) = ker(ϕ : π1(B, a0)→ G).

Proof. We pick a path γ in X from x0 to w0. Since p ◦ γ is a loop in a0 we can write
h := [p ◦ γ] ∈ π1(B, a0). We consider the following diagram

π1(X,w0)
p∗
��

γ∗

∼=
// π1(X, x0)

p∗
��

π1(B, a0)
ϕ
��

g 7→hgh−1

∼=
// π1(B, a0)

ϕ
��

G
g 7→ϕ(h)gϕ(h)−1

∼=
// G.

The top square commutes by the Change-of-Base Point Proposition 47.10 (2) and
(5). Evidently the bottom square also commutes. By de�nition of (X, x0) we have

p∗(π1(X, x0)) = ker(ϕ : π1(B, a0)→ G).

The claim now follows from the fact that the diagram commutes and that the hori-
zontal maps are isomorphisms.

In the following we denote by j : W → X the inclusion map. We consider the
following diagram

π1(W,w0)
j∗

//

p∗
��

π1(X,w0)
p∗
��

π1(A, a0)

ψ
**

i∗ // π1(B, a0)

ϕ
��

G.

Recall that we need to show the equality p∗(π1(W,w0)) = ker(ψ). We show the two
inclusions separately.
�Ă� This inclusion follows immediately from the de�nitions, from the commutativity

of the above diagram and from the claim.
�Ą� Thus let g ∈ ker(ψ). We represent it by a loop γ in (A, a0). By the above claim

and Lemma 48.15 the loop i◦γ in (B, a0) lifts to a loop γ̃ in (X,w0). By de�nition
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the image of γ̃ lies in p−1(A) and it contains w0. In particular the image of γ̃ lies
in the path-component of p−1(A) that contains w0, in other words, γ̃ is actually
a loop in (W,w0). Since g = p∗([γ̃]) we obtain that g ∈ p∗(π1(W,w0)).

(2) We write n = |G| and k = | im(ψ : π1(A, a0)→ G)|. It follows from Lemma 48.15 and
(1) that each path-component of p−1(A) is a k-fold covering of A. By Lemma 48.15
the map p : X → B is an n-fold covering. Evidently p : p−1(A) → A is also an
n-fold covering. It follows almost immediately that p−1(A) has necessarily n/k path-
components. But n/k = |G|/| im(ψ)| is by de�nition the degree of im(ψ) in G.

(3) This statement follows easily from the de�nition of the horizontal maps. We leave
the details to the reader. �
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63.5. Covering spaces of surfaces. Suppose we start out with a surface F of genus g and
a �nite index subgroup Γ of π1(F ), then by the Covering Existence Theorem 61.5 we obtain
a corresponding �nite covering p : F̃ → F . By the Manifold Covering Proposition 49.2 and
Lemma 48.3 (4) the topological space F̃ is again a closed orientable connected 2-dimensional
smooth manifold. From the Surface Classi�cation Theorem 55.4 we know that F̃ is again
a surface of some genus h. How can we determine h from g and Γ?
For future reference we record the question.

Question 63.6. Given a surface F of genus g and a �nite index subgroup Γ of π1(F ),
what is the genus of the corresponding �nite cover?
It will take a while till we can give a satisfactory answer. In fact we will obtain a complete
answer only once we have introduced the Euler characteristic.
But we want to discuss one example in detail. We consider the surface F of genus two that
we view as the connected sum of two tori S = S1×S1 and T = S1×S1. We denote by u, v
the standard generators for π1(S) given by the two copies of S1 in each torus. Similarly
we denote by x, y the standard generators for π1(T ). We pick an embedded closed disk
in S and an embedded closed disk in T which both lie in the complement of the standard
generators. We denote the corresponding open disks by D and E and we write S∗ = S \D
and T ∗ \ E. We build the connected sum S#T by gluing S∗ to T ∗ along the boundary.742

Furthermore, by a slight abuse of notation, we denote by u, v and x, y also the generators
of π1(S∗) = 〈u, v〉 and π1(T ∗) = 〈x, y〉.

742It follows from Corollary ?? that we can be a bit casual in our language, i.e. we can talk about �gluing
surfaces� without specifying explicit di�eomorphisms of boundary components, as long as we take into
account orientations.
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By the discussion on page 1225 the abelianization of π1(S#T ) = π1(S∗ ∪∂S∗=∂T ∗ T ∗) is the
free abelian group on u, v, x, y. Now we consider the epimorphism

ϕ : π1(S#T ) → π1(S#T )/[π1(S#T ), π1(S#T )] → Z3

given by u 7→ 1, v 7→ 0, x 7→ 0 and y 7→ 0. Our goal in the following discussion is to visualize
the covering p : F̃ → F = S#T corresponding to ker(ϕ). Since ϕ is an epimorphism onto a
group of order 3 we see that ker(ϕ) is a subgroup of index 3. By Lemma 48.15 this implies
that p is a 3-fold covering.
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F = S#TS∗ = S \D
D

x T ∗ = T \ E
E

We �rst consider the torus S = S1 × S1 and furthermore we consider the epimorphism
ψ : π1(S) = 〈u, v | [u, v]〉 → Z3 given by ψ(u) = 1 and ψ(v) = 0. The covering correspond-
ing to ker(ψ) Ă π1(S) is equivalent to the covering743

S̃ = S1 × S1 → S = S1 × S1

(a, b) 7→ (a3, b).

Now we consider the epimorphism ψ∗ : π1(S∗) → Z3 given by ψ∗(u) = 1 and ψ∗(v) = 0.
By the argument of Footnote 743 the covering corresponding to ker(ψ∗) is then given by
p : S̃∗ := S̃ \ p−1(D) → S∗ = S \D. Recall that we perform the connected sum operation
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p p(a, b) 7→ (a3, b)

p−1({1} × S1)

{1} × S1

S̃

S

S∗ = S \D

S̃∗

D

p−1(D)

S#T by gluing T ∗ := T \ E to S∗ = S \ D to obtain F = S#T . The same way we can
also glue three copies of T ∗, i.e. T ∗ × {1, 2, 3}, to the three boundary components of S̃∗ to
obtain a closed smooth manifold F̃ . It follows from the Pasting Proposition 2.6 (2′) that

743Indeed, since S̃ → S is a connected 3-fold covering we know from Lemma 48.15 that p∗(π1(S̃)) is a

subgroup of π1(S) of index three. Furthermore it is contained in the subgroup ker
(
π1(S)

ψ−→ Z3) which
also has index three, thus p∗(π1(S̃)) = ker(ψ : π1(S)→ Z3). But by the Covering Uniqueness Theorem 61.9
all path-connected coverings that correspond to the same subgroup are equivalent.



63. TOPICS IN COVERING THEORY 1407

the map

q : F̃ → F

P 7→
{
p(P ), if P ∈ S̃∗,
Q, if P = Q× {n} with Q ∈ T ∗ and n ∈ {1, 2, 3}

is continuous. Similar to Footnote 743 one can now see that q : F̃ → F is indeed the
covering of F corresponding to ker(ϕ). This construction is illustrated in the �gure below
which also shows that F̃ is a surface of genus 4.
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q
p

S∗ = S \D

S̃∗

F̃ = S̃#T

F = S#T

=
∪3 copies of T ∗

∪
D

T ∗ = T \ E

=
E

Exercise for Chapter 63.

Exercise 63.1. Show that there exist lattices Λ and Λ̃ in C that are not homothetic, i.e.
such that there exists no r ∈ C \ {0} such that r · Λ = Λ̃.

Exercise 63.2. We write C∗ := C \ {0}.
(a) Let m ∈ N. Show that the map

C∗ → C∗
z 7→ zm

is a holomorphic map between complex manifolds and show that this map is a cov-
ering map with degree = m.

(b) Show that the exponential map

exp: C → C∗ := C \ {0}
z 7→ exp(z)

is a holomorphic map between complex manifolds and show that this map is a cov-
ering map of in�nite degree.

(c) A complex logarithm on an open subset U Ă C∗ is a map f : U → C such that for all
z ∈ U we have f(exp(z)) = z.
(i) Show that every complex logarithm is holomorphic.



1408

(ii) Show that on any simply connected open subset U Ă C∗ one can de�ne a complex
logarithm.

(iii) Show that it is not possible to de�ne a complex logarithm on all of C∗.

Exercise 63.3. Let Σ be a compact oriented connected 2-dimensional smooth manifold
and let f : ∂Σ→ ∂Σ be a di�eomorphism. Show that there exists a di�eomorphism Σ→ Σ
with F |∂Σ = f if and only if f is either orientation-preserving or orientation-reversing.
Hint. Use the Boundary Curve-Permutation Lemma 55.14 , the Di�eotopies-of-S1-Classi�cation
Proposition 34.5 and the Smooth Collar Neighborhood Theorem 28.3.

Exercise 63.4. Let n ∈ N≥3.
(a) We consider the connected sum M = RPn#RPn. We consider the following homo-

morphism

ϕ : π1(RPn#RPn)
∼=−→ π1(RPn) ∗ π1(RPn)

∼=−→ Z2 ∗ Z2 = 〈a | a2〉 ∗ 〈b | b2〉 → Z2.
↑ ↑ a 7→ 1

Connected Sum-π1-Proposition 52.12Corollary 48.18 b 7→ 1

We denote by M̃ the cover corresponding to ker(ϕ : π1(M) → Z2). Show that M̃ is
di�eomorphic to S1 × Sn−1.
Hint. Use the Preimage-of-Covering Proposition 63.5.

(b) Let k ∈ N. We consider the connected sum M of k copies of RPn. As in (a) we have
an obvious epimorphism π1(M)→ Z2. It turns out that the corresponding covering
space M̃ is di�eomorphic to the connected sum of m copies of S1×Sn−1. Determine
m in terms of k.
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64. Coverings of topological graphs and applications to group theory

In this chapter we will apply the results obtained in Chapter 61 to prove several results in
group theory.

64.1. Coverings of topological graphs. In our proofs of the promised group-theoretic
results we will need the following proposition which is also of interest in its own right.

Proposition 64.1. (Covering-of-Graph Proposition) Let G = (V,E, i, t) be a con-
nected abstract graph and let p : X̃ → |G| be a covering of the topological realization
X := |G| of G. Then there exists a natural744 abstract graph G̃ = (Ṽ , Ẽ, i, t), a natural
homeomorphism f : |G̃| → X̃ and a natural map q : G̃ → G of abstract graphs with the
following properties:
(1) We have #Ṽ = [X̃ : X] ·#V and #Ẽ = [X̃ : X] ·#E.
(2) The following diagram commutes:

|G̃|
|q|
��

f
// X̃

p

��

|G| id // X.

Here |q| denotes the topological realization of the map q, as de�ned in Lemma 7.2.

Remark. In the CW-complex Covering Proposition 68.37 we will generalize the above
proposition to the setting of �CW-complexes�.

Proof. Let G = (V,E, i, t) be a connected abstract graph. Recall that on page 308 we
de�ned the topological realization of G as follows:

|G| :=
(
V t (E × [0, 1])

)/
∼ where for e ∈ E we have (e, 0) ∼ i(e) and (e, 1) ∼ t(e).

Note that by the Abstract Graph-Topological Realization Lemma 7.1 we know that |G| is
connected. Given e ∈ E we set µ(e) := [(e, 1

2
)], i.e. µ(e) is the �midpoint� of e. Furthermore,

given e ∈ E we denote by γe : [0, 1]→ X the path given by t 7→ [(e, t)].
Note that in Exercise 50.14 we showed that X = |G| is locally contractible, in particular

it is locally path-connected. Thus in the following discussion we will have no troubles with
applying the results from Chapter 61.

Now let p : X̃ → |G| be a covering of the topological realization X = |G| of G. We set
Ṽ := p−1(V ) Ă X̃ and we set Ẽ := p−1({µ(e) | e ∈ E}) Ă X̃. Since X = |G| is connected
we know that the degree [X̃ : X] is de�ned. By de�nition, or if you want, by Lemma 48.1,
we have #Ṽ = [X̃ : X] ·#V and #Ẽ = [X̃ : X] ·#E.

Now let ẽ ∈ Ẽ. We denote by ϕ(ẽ) the unique edge in E with p(ẽ) = µ(ϕ(ẽ)). By
the Map Lifting Criterion 61.2 there exists a unique lift γ̃ẽ : [0, 1]→ X̃ of γϕ(ẽ) : [0, 1]→ X
with γ̃(1

2
) = ẽ. We set i(ẽ) = γ̃(0) and t(ẽ) = γ̃(1). Since γ̃ẽ is a lift of γe we see that

i(ẽ) and t(ẽ) actually lie in Ṽ . In other words, (Ṽ , Ẽ, i, t) is actually an abstract graph.
Furthermore note that the two maps p : Ṽ → V and ϕ : Ẽ → E de�ne by, basically by
construction, a map q : G̃ = (Ṽ , Ẽ, i, t)→ (V,E, i, t) = G of abstract graphs.

744We leave the pleasure of �guring out what �natural� means to the reader.
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Next we de�ne f : |G̃| → X̃ via the inclusion Ṽ → X̃ and by sending (ẽ, t) to γ̃ẽ(t).
It follows immediately from the Topological-Quotient Proposition 5.15 (1b) that f is con-
tinuous. Furthermore, using the existence and uniqueness statement of the Map Lifting
Criterion 61.2 it is not di�cult to see that the map f is actually a bijection. Next note
that, with a little bit of an e�ort, one can also show that f is an open map. Thus we obtain
from the Open -Injective Map Lemma 2.16 that f is actually a homeomorphism.

Finally note that it is straightforward to see that the given diagram in the proposition
does indeed commute. �
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µ(e)

p−1(µ(e))

0 1 γe

γ̃ẽ

64.2. Fundamental group of countable topological graphs. In the Fundamental
Group-of-Graph Proposition 52.5 we showed that the fundamental group of any �nite topo-
logical graph is a free group. We generalize this result to countable topological graphs.

Proposition 64.2. If X is a countable connected non-empty topological graph, then
π1(X) is a free group.

Remark. In the Fundamental Group-of-1-Complex Theorem 69.9 we will show that the
fundamental of any (not necessarily countable) connected topological graph is a free group.
Since the proof of this more general statement is technically rather demanding we feel that
it is worth to prove this intermediate statement.

The proof of Proposition 64.2 builds on the following reasonably straightforward lemma.

Lemma 64.3. Let H be a �nite connected graph and let G be a connected non-empty
subgraph of H. Let v be a vertex of G. We denote by i : |G| → |H| the inclusion. We set
s := χ(H)− χ(G). Then there exists a homomorphism ϕ : 〈x1, . . . , xs〉 → π1(|H|, v) such
that the map

i∗ ∗ ϕ : π1(|G|, v) ∗ 〈x1, . . . , xs〉 → π1(|H|, v)

is an isomorphism.

Proof of Lemma 64.3. Let H = (W,F, i, t) be a �nite connected graph. Furthermore
let G = (V,E, i, t) be a connected non-empty subgraph of H. By the Spanning Tree
Existence Proposition 7.10 (1) there exists a spanning tree S for G. By a rather elementary
argument, which we outsourced to Exercise 64.1, there exists a spanning tree T of H such
that T ∩G = S. Let e1, . . . , em be the edges of G not contained in S and let em+1, . . . , en
be the edges of H not contained in T . For j = 1, . . . ,m we pick a path αj in |S| from
v to i(ej), we denote by βj the obvious path form i(ej) to t(ej) and we pick a path γj in
|S| from t(ej) to v. We proceed analogously for j = m+ 1, . . . , n, except that now can no
longer demand that the paths αj and γj lie in |S|, but we will demand that they lie in |T |.
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Finally we consider the following diagram:

π1(|G|, v) ∗ 〈ym+1, . . . , ym+n〉

++

〈y1, . . . , ym〉 ∗ 〈ym+1, . . . , ym+n〉
ΘH //

ΘG∗id 22

π1(|H|, v).

Here the homomorphisms ΘG and ΘH are the maps induced by yj 7→ [αj ∗ βj ∗ γj]. By
the Fundamental Group-of-Graph Proposition 52.5 we know that both ΘG and ΘH are
isomorphisms. This shows that the homomorphism 〈x1, . . . , xn−m〉 → π1(|H|, v) given by
xj 7→ ΘH(ym+j) has the desired properties. Finally one can easily verify that χ(G) = 1+m
and χ(H) = 1 + n. Thus we see that n−m = χ(H)− χ(G). �
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Proof of Proposition 64.2. Let G = (V,E, i, t) be a countable connected non-empty
abstract graph. We pick a vertex v ∈ V . We need to show that π1(G, v) is a free group. By
Exercise 7.8 we know that there exists a sequence {Gj}j∈N of subgraphs with the following
properties:
(1) Each Gj is �nite connected.
(2) Each Gj contains v.
(3) We have G =

⋃
i∈N
Gj in the sense that V =

⋃
j∈N
Vj and E =

⋃
j∈N
Gj.

We see that

π1(|G|, v) = π1

( ⋃
j∈N
|Gj|, v

)
= lim−→π1(|Gj|, v) = free group.
↑ ↑

by Exercise 7.5 and the follows from Lemma 64.3 and
Direct Limit-π1-Proposition 56.7 discussion on page 1259 �

64.3. Subgroups of free groups. In this section we will apply our topological results to
the study of free groups. First we introduce the following de�nition.

De�nition. Given a free group F , i.e. given a group F that is isomorphic to the free group
〈S〉 generated by some set S, we refer to the cardinality of S as the rank of F .745

The following proposition is arguably the most interesting result of this chapter. The
statement is purely group-theoretical, but as we will see, a topological point of view leads
to a very neat proof.

Proposition 64.4. Let F be a free group of countable rank.
(1) Every subgroup of F is again a free group.
(2) If F is �nitely generated and if G is a �nite-index subgroup of F , then746

rank(G)− 1 = [F : G] · (rank(F )− 1).

745It follows from the discussions on the pages 1206 and 1149 that the rank of F is well-de�ned.
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Examples.
(1) If F = Z then the formula from Proposition 64.4 does indeed show that every �nite-

index subgroup of Z is again a free group of rank one, i.e. every �nite-index subgroup
of Z is isomorphic to Z.

(2) Let α : F := 〈a, b〉 → Z3 be the epimorphism de�ned given by α(a) = 1 and α(b) = 0.
It follows from Proposition 64.4 that the kernel G := ker(α) is a free group of rank
[F : G] · (rank(F ) − 1) + 1 = 3 · 1 + 1 = 4. In Exercise 64.2 we will determine four
elements of G = ker(α) that are generators for this free group.

Remark.
(1) In the Subgroup-of-Free Group Corollary 69.10 we will extend the statement to all

free groups, i.e. we will drop the condition that the rank should be countable. The
idea of the proof is fairly similar to the one used below, but the proof of the more
general statement is overall �technologically� somewhat more fancy.

(2) There are purely group theoretic proofs of Proposition 64.4 and of the Subgroup-
of-Free Group Corollary 69.10, see e.g. [Schre1927], [HallM1976, Theorem 7.2.1]
or [Bau1993, Chapter III.3], but the topological proof that we had just provided is
arguably conceptually the clearest proof.

(3) the Subgroup-of-Free Group Corollary 69.10 and Proposition 64.4 are a special case
of the Kurosh Subgroup Theorem. This theorem says that if G is the product of
groups Ai, i ∈ I and if H is a subgroup of G, then H is a free product of a free group
and groups Bi, i ∈ I where each Bi is a (potentially trivial) group that is conjugate to
a subgroup of Ai. We refer to [LyS1977, Theorem IV.1.10] for details and a proof.

Proof. Let F = 〈E〉 be a free group on a countable generating set E and let G be a
subgroup of F . Note that it follows easily from the Countability Lemma 0.8 that G is a
countable set. Let Γ = ({x0}, E, i, t) be the abstract graph with one vertex and one edge for
each element of E. By the discussion on page 1133 we know that the topological realization
X := |G| is homeomorphic to the wedge

∨
e∈E

S1
e . It follows from the Fundamental Group-

Wedge-of-Circles Lemma 52.4 that there exists an isomorphism ϕ : F = 〈E〉 → π1(X, x0).
By the CW-Complex Properties Proposition 68.10 (6) and the Covering Existence The-
orem 61.5 there exists a path-connected covering p : (Y, y0) → (X, x0) of degree [F : G]
such that p∗(π1(Y, y0)) = G. By Corollary 48.14 the map p∗ is injective. Thus we see that
π1(Y, y0) itself is isomorphic to G. By the Covering-of-Graph Proposition 64.1 we can equip
Y with the structure of a topological graph. Since E and G are countable we see that Y
is a countable topological graph. We deduce from Proposition 64.2 that G ∼= π1(Y, y0) is a
free group. This completes the proof of (1).

Now suppose that F is �nitely generated and that G is a �nite-index subgroup of F .
We see that we have the following equalities:

Fundamental Group-of-Graph Proposition 52.5 (2)
↓ ↓

rank(π1(Y, y0))︸ ︷︷ ︸
=rank(G)

− 1 = χ(Y ) = [Y : X] · χ(X) = [F : G] · (rank(π1(X, x0))︸ ︷︷ ︸
=rank(F )

− 1).
↑

Covering-of-Graph Proposition 64.1

746Does the equality hold if G is in�nite-index and if we interpret [F : G] · (rank(F ) − 1), as usual, as
∞ · (rank(F )− 1) =∞ for F 6∼= Z?
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This completes the proof of (2). �

64.4. Subgroups of surface groups. We start out with the following proposition that is
similar in spirit to Proposition 64.2, but potentially it is more surprising.

Proposition 64.5. If M is a connected 2-dimensional smooth manifold that is non-
compact, then π1(M) is a free group.

Remark. A somewhat di�erent proof of Proposition 64.5 is given in [Sti1993, p. 142].

Example. The 2-dimensional smooth manifolds shown in the �gure below are non-compact
and thus their fundamental groups are free. For the example on the left we saw this already
in Lemma 56.11.
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Proof. Let M be a connected 2-dimensional smooth manifold that is non-compact. In
Corollary 75.7 we will show, using the Smooth Collar Neighborhood Theorem 28.3, thatM
is homotopy equivalent to a smooth manifold with empty boundary. So we might as well
assume that M has no boundary.

By the Compact Submanifold Exhaustion Proposition 31.2 we know that there exists
a sequence X1, X2, . . . of n-dimensional smooth submanifolds of M with the following four
properties:

(1) The sequence is nested, i.e. for each i ∈ N we have Xi Ă Xi+1.
(2) Each Xi is compact and connected.
(3) The Xi are submanifolds in the sense of the de�nition on page 524.
(4) We have

⋃
i∈N

◦
Xi = M .

We pick an embedding ϕ : B
2 → X1\∂X1 and given any i ∈ N we setX ′i := Xi\ϕ(B2). With

a moderate e�ort we see, by iteratively applying the Surface Classi�cation Theorem 55.4
and Lemma 55.12, that there exists a sequence of �nite topological graphs {Gi}i∈I with
the following properties:

(5) G1 contains a point v ∈ ϕ(S1).
(6) For each i ∈ N we have Gi Ă Gi+1.
(7) Each Gi is a deformation retract of X ′i.

We see that
follows from (4) and the

Direct Limit-π1-Proposition 56.7
↓

π1(M \ ϕ(B2), v) = π1

( ⋃
j∈N
X ′j, v

)
= lim−→ π1(X ′j, v)

= lim−→ π1(|Gj|, v) = π1(G1, v) ∗ free group.
↑ ↑

by (7) and the follows from Lemma 64.3 and the
Homotopy-π1-Proposition 50.3 discussion on page 1259
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Now we can perform the following calculation:

Seifert�van Kampen Theorem 54.4
↓

π1(M, v) = π1((M \ ϕ(B2)) ∪C ϕ(B
2
), v) ∼= π1(M \ ϕ(B2), v) ∗π1(C,v)

={e}︷ ︸︸ ︷
π1(ϕ(B

2
), v)

∼= (π1(G1, v) ∗ free group)/〈〈π1(C, v)〉〉 = free group.
↑ ↑

by the above calculation of π1(M \ ϕ(B2), v) together by Lemma 55.12 we know that we can
with the Amalgamated Product Lemma 53.22 (2) write π1(G1, v) = π1(C, v) ∗ free group �
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Next we address the following question.
Question 54.8. Let π be the fundamental group of the surface of genus g ≥ 2. What
isomorphism types of subgroups can appear? Is every subgroup again a free group or the
fundamental group of a surface?
The following proposition gives an a�rmative answer.

Proposition 64.6. (Subgroups-of-Surface Groups Proposition) Let M be the sur-
face of genus g and let Γ Ă π1(M) be a subgroup.
(1) If the index [π : Γ] is �nite, then Γ is the fundamental group of the surface of genus

[π : Γ] · (g − 1) + 1.
(2) If the index [π : Γ] is in�nite, then Γ is a free group.

Remark. In Exercise 64.6 we will consider the case of subgroups of the fundamental group
of a non-orientable surface of some genus g ∈ N.
Proof. Let g ∈ N≥2 and let Σ be the surface of genus g. We pick a base point x0 ∈ Σ.
Let Γ Ă π1(Σ, x0) be a subgroup. We obtain from the CW-Complex Properties Proposi-
tion 68.10 (6) and the Covering Existence Theorem 61.5 that there exists a path-connected
covering p : (Σ̃, x̃0) → (Σ, x0) of index [π1(M,x0) : Γ] with p∗(π1(Σ, x̃0)) = Γ. By the
Manifold Covering Proposition 49.2 we know that Σ̃ is an orientable 2-dimensional smooth
manifold with empty boundary.

(1) If the index [π : Γ] is �nite, then we know by Lemma 48.3 (4) that Σ̃ is again compact.
This implies that we now know that Σ̃ is a closed 2-dimensional smooth manifold.
In Exercise 64.6 we will show that the genus is given by the slightly weird formula

(2) By Lemma 48.3 (5) we know that Σ̃ is non-compact. Thus it follows from Proposi-
tion 64.5 that Γ ∼= π1(Σ̃) is a free group. �

Note that the following lemma gives an a�rmative answer to Question 54.11 (1).

Corollary 64.7. For every g ∈ N the fundamental group of the surface of genus g is
torsion-free.
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Proof. We will prove the corollary to the Subgroups-of-Surface Groups Proposition 64.6
in Exercise 64.4. �

We conclude this section with the following proposition which is closely related to Propo-
sition 53.14. We will not prove the proposition, but we will it use at one occasion later
on.
Proposition 64.8. LetM be a surface of genus ≥ 2. If Γ Ă π1(M) is a normal non-trivial
subgroup of in�nite-index, then π1(M) is a free group of in�nite rank.

Proof. Let M be a surface of genus ≥ 2 and let Γ Ă π1(M) be a normal non-trivial
subgroup of in�nite-index. By the Subgroups-of-Surface Groups Proposition 64.6 it re-
mains to show that Γ is in�nitely generated. A proof for this statement is given in
[Cat2003, Lemma 3.4], alternatively one can prove the second statement using [Lü1997,
Theorem 0.7]. A signi�cantly stronger statement is proved in [BrH2007, Theorem 1]. �

64.5. Residually �nite groups and Hop�an groups. Let (X, x0) be a pointed topologi-
cal space that is path-connected, locally path-connected and semi-locally simply connected.
In the Covering Uniqueness Theorem 61.9 we saw that there exists a bijection between the
set of subgroups of π1(X, x0) and the set of equivalence classes of path-connected coverings
of (X, x0).
Let (X, x0) be a pointed topological space that is path-connected, locally path-connected
and semi-locally simply connected that is compact. It follows from the above, that given a
(�nite-index) subgroup of π1(X, x0) we can associate to (X, x0) a (�nite) covering p : X̃ →
X. For the most part we like to stick to the world of compact spaces X. By Lemma 48.3
this means that we are interested in �nite-index subgroups of π1(X, x0). This leads us to
the following, purposefully vague question.

Question 64.9. Which (�nitely generated) groups have lots of �nite-index subgroups?
In this section we will try to address Question 64.9. The following de�nition, which we
already stated in Exercise 51.15, gives one popular way to turn Question 64.9 into a proper
mathematical question.

De�nition. A group π is called residually �nite if given any non-trivial element g ∈ π
there exists a homomorphism α : π → G to a �nite group G such that α(g) is non-trivial.

Examples.

(1) The group Z is residually �nite, indeed given g ∈ Z we can consider the epimorphism
α : Z→ Z/(|g|+ 1) · Z onto a �nite group, which evidently satis�es α(g) 6= 0.

(2) It follows easily from the Finitely Generated Abelian Group Classi�cation Theo-
rem 51.4, a slight generalization of (1), that every �nitely generated abelian group is
residually �nite.

(3) In Exercise 64.12 we will see that the group (Q,+) is not residually �nite.

The following is now a meaningful interpretation of Question 64.9.

Question 64.10. Which (�nitely generated) groups are residually �nite?
Before we address Question 64.10 let us heighten the interest in Question 64.10 by stating
a surprising property of residually �nite groups.
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De�nition. A group π is called Hop�an747 if every epimorphism ϕ : π → π is in fact a
monomorphism.

Example.
(1) It follows immediately from Lemma 51.9 (5) that every �nitely generated abelian

group is Hop�an.
(2) Note that in contrast to (1), the in�nitely generated free abelian group Z(N) is ac-

tually not Hop�an. Indeed, the homomorphism ϕ : Z(N) → Z(N) which is given by
ϕ(x1, x2, x3, . . . ) = (x2, x3, . . . ) is an epimorphism, but evidently it is not a monomor-
phism.

It is self-evident that being Hop�an is a convenient property. As we will see later in the
Hopf Conjecture 101.13, the notion of a Hop�an group also naturally arises in topology.
The following proposition relates the two concepts that we just introduced.

Proposition 64.11. (Residually Finite-Hop�an Proposition) Let π be a �nitely
generated group. If π is residually �nite, then it is Hop�an.

Remark. Shortly we will see that the converse to the Residually Finite-Hop�an Proposi-
tion 64.11 does not hold.

Proof. Let π be a �nitely generated group that is residually �nite. Let ϕ : π → π be
an epimorphism. Now we assume that ϕ is not a monomorphism. We pick a non-trivial
element g 6= e ∈ ker(ϕ). Since π is residually �nite there exists a homomorphism α : π → G
onto a �nite group G such that α(g) 6= e.

Since π is �nitely generated we know by the rather elementary Exercise 53.3 that the
set Hom(π,G) of homomorphisms from π to G is �nite. We set n := # Hom(π,G) and we
denote by β1, . . . , βn : π → G the distinct homomorphisms.

Next we consider the homomorphisms β1 ◦ ϕ, . . . , βn ◦ ϕ : π → G. Since ϕ is an epi-
morphism we see that these homomorphisms are also distinct. But note they all satisfy
(βi◦ϕ)(g) = βi(ϕ(g)) = βi(e) = e. So these n homomorphisms are di�erent from our initial
homomorphism α : π → G. This means that we have found n+ 1 distinct homomorphisms
from π → G. This is a contradiction to the de�nition of n. �

Now that we are fully convinced of the value of residually �nite groups, let us explore this
class of groups in greater detail. The following proposition gives a convenient characteri-
zation of residually �nite groups.
Proposition 64.12. Let π be a group. The following two statements are equivalent.
(1) The group is residually �nite.
(2) Given any non-trivial element g ∈ π there exists a �nite-index subgroup Γ with

g 6∈ Γ.
If π is countable, then the above are also equivalent to the following statement:
(3) There exists a sequence π Ą π0 Ą π1 Ą π2 Ą . . . of �nite index normal subgroups of

π such that
⋂
i∈N
πi = {e}.

The proof of Proposition 64.12 rests on the following group-theoretic concept.

747This notion is once again named after Heinz Hopf.
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De�nition. Let G be a group and let H be a subgroup. We refer to

Hc :=
⋂
g∈G

gHg−1

as the normal core of G.
The following lemma is the key ingredient for the proof of Proposition 64.12. But note that
the lemma is also interesting in its own right.

Lemma 64.13. (Normal Core Lemma) Let G be a group and let H be a subgroup.
(1) The normal core of H is a normal subgroup of G.
(2) If X is a subgroup of G that is contained in H and that is normal in G, then X Ă Hc.
(3) If H is of �nite-index d in G, then Hc is a subgroup of G of index at most d!, in

particular Hc is also of �nite-index in G.

Proof of the Normal Core Lemma 64.13.

(1) Let k ∈ G. We have

kHck−1 =
⋂
g∈G

k · gHg−1 · k−1 =
⋂
g∈G

(kg)H(kg)−1 =
⋂
g∈G

gHg−1 = Hc.

(2) Let X be a subgroup of G that is contained in H and that is normal in G. Then

X =
⋂
g∈G

gXg−1 Ă
⋂
g∈G

gHg−1 = Hc.
↑ ↑

since X normal in G since X Ă H

(3) The proof of the last statement is arguably more interesting. Thus let H be a
subgroup of index d ∈ N of G. We consider the set G/H of right coset of G with
respect to H. We denote by Perm(G/H) the group of permutations of G/H, i.e. it is
the group of all bijections of the set G/H. Note that G/H and thus also Perm(G/H)
are �nite. We consider the map

ϕ : G 7→ Perm(G/H)

g 7→
(
G/H → G/H
xH 7→ gxH

)
.

This map is easily seen to be a homomorphism. Since Perm(G/H) is �nite we see
that ker(ϕ) is a �nite-index normal subgroup of G. We claim that ker(ϕ) Ă H. Thus
let g ∈ ker(ϕ). This implies in particular that ϕ(g)(H) = H, but that means that
gH = H, i.e. that g ∈ H. We have thus shown that indeed ker(ϕ) Ă H. From (2)
and the above observation that ker(ϕ) is normal in G we obtain that ker(ϕ) Ă Hc.
But since the index of ker(ϕ) in G is at most d! we see that the index of the normal
Hc in G is also at most d!. �

Proof of Proposition 64.12. Let π be a group.
(1)⇒(2) Let g ∈ π be a non-trivial element. Since π is residually �nite there exists a

homomorphism α : π → G to some �nite group G such that α(g) is non-trivial.
The kernel Γ := ker(α) is a �nite-index subgroup of π with g 6∈ Γ.

(2)⇒(1) Let g ∈ π be a non-trivial element and let Γ be a �nite-index subgroup of π
with g 6∈ Γ. By the Normal Core Lemma 64.13 we know that the normal core
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Γc is a �nite-index normal subgroup of π. Thus we see that the homomorphism
α : π → π/Γc is an epimorphism onto a �nite group with γ(g) 6= e.

(3)⇒(1) This statement is trivial. Note that here we do not need that π is countable.
(1)⇒(3) We outsource the straightforward proof to Exercise 64.9. �

The following lemma gives a topological criterion for a (fundamental) group to be residually
�nite.
Lemma 64.14. Let (X, x0) be a pointed topological space that is path-connected, lo-
cally path-connected and semi-locally simply connected. The following two statements are
equivalent:
(1) The group π1(X, x0) is residually �nite.
(2) Given any loop γ : [0, 1] → X in (X, x0) that represents a non-trivial element in

π1(X, x0) there exists a �nite covering p : (X̃, x̃0) → (X, x0) such that the corre-
sponding lift γ̃ : [0, 1]→ X̃ is not a loop.

Proof. Let (X, x0) be a topological space that is path-connected, locally path-connected
and semi-locally simply connected. First we prove the (1)⇒(2)-implication. Thus we
assume that the group π1(X, x0) is residually �nite. Let γ : [0, 1]→ X be a loop in (X, x0)
that represents a non-trivial element in π1(X, x0). By Proposition 64.12 there exists a
�nite-index subgroup Γ of π1(X, x0) such that [γ] 6∈ Γ. Since X is locally path-connected
and semi-locally simply connected we know by the Covering Existence Theorem 61.5 that
there exists a covering p : (X̃, x̃0)→ (X, x0) of X of degree [π : Γ] with p∗(π1(X̃, x̃0)) = Γ.
By Lemma 48.15 we know that the corresponding lift γ̃ : [0, 1]→ X̃ is not a loop.

Now we prove the (2)⇒(1)-implication. Let g ∈ π1(X, x0) be a non-trivial element. We
pick a representative loop γ : [0, 1] → (X, x0). By hypothesis there exists a �nite covering
p : (X̃, x̃0) → (X, x0) such that the corresponding lift γ̃ : [0, 1] → X̃ is not a loop. By
Lemma 48.15 we know that g = [γ] does not lie in p∗(π1(X̃, x̃0)) and that this is a �nite-
index subgroup of π1(X, x0). It follows from Proposition 64.12 that π1(X, x0) is residually
�nite. �

Proposition 64.15. (Free Groups-are-Residually Finite Proposition) Every free
group is residually �nite.
In the following we will provide two proofs of the Free Groups-are-Residually Finite Propo-
sition 64.15. The �rst is algebraic, very short and elegant. The other proof is topological
in nature and great fun. The eagle-eyed reader will notice that the basic ideas of the two
proofs are actually not that dissimilar.

Remark. In Exercise 51.15 we gave a third proof for the Free Groups-are-Residually Fi-
nite Proposition 64.15. Furthermore, a completely di�erent proof of the Free Groups-are-
Residually Finite Proposition 64.15, based again on topology, is given in [Hem1972].

First proof of the Free Groups-are-Residually Finite Proposition 64.15. LetX be
a set and let g ∈ 〈X〉 be a non-trivial element in the free group generated by the set X. We
can and will write g as a product g = yε11 ·· · ··y

εk
k with y1, . . . , yk ∈ X and ε1, . . . , εk ∈ {−1, 1}

such that the following condition is satis�ed:

(∗) For every i ∈ {1, . . . , k − 1} we have (yi, εi) 6= (yi+1,−εi+1).
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It follows easily from (∗) that for every x ∈ X we can pick a permutation σx ∈ Sk+1 with
the following two properties:

(1) For every i ∈ {1, . . . , k} with x = yi and εi = 1 we have σx(i+ 1) = i.
(2) For every i ∈ {1, . . . , k} with x = yi and εi = −1 we have σx(i) = i + 1. In other

words, we have σ−1
x (i+ 1) = i.

By Lemma 51.15 there exists a unique homomorphism ϕ : 〈X〉 → Sk+1 such that ϕ(x) = σx
for every x ∈ X. We claim that ϕ(g) ∈ Sk+1 is a non-trivial permutation. In fact we have

ϕ(g)(k+1) = ϕ(yε11 · ... ·y
εk
k )(k+1) = ϕ(y1)ε1(...(ϕ(yk)

εk(k + 1)︸ ︷︷ ︸
=k

)...) = ... = ϕ(y1)ε1(2) = 1.

This shows that the permutation ϕ(g) ∈ Sk+1 sends k + 1 to 1, in other words, it is a
non-trivial permutation. �

Sketch of second proof of the Free Groups-are-Residually Finite Proposition 64.15.
For simplicity we only provide the proof that the free group on two generators is residually
�nite. Recall that by the Fundamental Group-Wedge-of-Circles Lemma 52.4 we can make
an identi�cation 〈a, b〉 = π1(S1

a ∨ S1
b , ∗) where a and b correspond to loops around S1

a and
S1
b . It follows fairly easily from Lemma 48.15 and Lemma 64.14 that it remains to show

that for any loop γ = am1
1 ∗ bn1

1 ∗ · · · ∗ a
mk
k ∗ b

nk
k : [0, 1] → X = S1

a ∨ S1
b there exists a

�nite-covering p : X̃ → X such that the lift of γ is not a loop. In the �gure below we show
the following two-step construction of such a covering for the loop γ = a ∗ b ∗ a ∗ b.748

(1) First we build an �upward turning lift γ̃ of γ�.
(2) Afterward we complete the �image of γ̃� to a �nite covering X̃.

It is an extraordinary charming exercise to turn the above idea into a rigorous argument
for the general case. We would not dream of robbing the reader from this experience. �
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10

γ = a ∗ b ∗ a ∗ b p

X̃

a b

Basically for free we now get the following result.

Corollary 64.16. Every �nitely generated free group is Hop�an.

Proof. This statement follows immediately from the Free Groups-are-Residually Finite
Proposition 64.15 together with the Residually Finite-Hop�an Proposition 64.11. An al-
ternative proof of the corollary is given in [MKS1976, p. 109]. �

748The reader will notice that this is basically the solution to Exercise 48.12.
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In Question 54.7 we had asked whether the fundamental group of the surface of genus g is
isomorphic to the free group F2g on 2g generators. Now we can answer this question in the
negative.

Proposition 64.17. If g ≥ 1, then the group

π1(surface of genus g) ∼= 〈x1, y1, . . . , xg, yg | [x1, y1] · · · · · [xg, yg]〉
is not isomorphic to the free group F2g on 2g generators.749

Remark. We will give alternative proofs of Proposition 64.17 on page 1887 and in Corol-
lary ??.

In fact Proposition 64.17 is an immediate consequence of the following more general state-
ment.
Proposition 64.18. Let X = {x1, . . . , xk} be a �nite set with k elements. If r is a
non-trivial element in the free group 〈x1, . . . , xk〉, then the group 〈x1, . . . , xk | r〉 is not
isomorphic to 〈x1, . . . , xk〉.

Proof. Let X is a �nite set and let r be an element in 〈X〉. Suppose there exists an
isomorphism ϕ : 〈X | r〉 → 〈X〉. We denote by ψ : 〈X〉 → 〈X | r 〉 the obvious epimorphism.
Then ϕ ◦ ψ : 〈X〉 → 〈X〉 is an epimorphism. It follows from Corollary 64.16 that ϕ ◦ ψ is
actually an isomorphism. This implies in particular that ψ is a monomorphism. But r lies
in the kernel of ψ, this is only possible if r = e ∈ 〈X〉. �

Our next goal is to give a useful criterion for a group to be residually �nite. To do so we
need to introduce the following de�nition.

De�nition. Let R be a ring. We say that a group G is linear over R if there exists an
n ∈ N and a monomorphism G→ GL(n,R).

Examples.

(1) In Exercise 51.14 we showed that the free group on two generators is linear over Z.
(2) Let G be a group and let R be a ring. In Exercise 64.15 we will show that if G admits

a �nite-index subgroup which is linear over R, then G itself is linear over R.

Now we can formulate the promised proposition.

Proposition 64.19. Let G be a �nitely generated group. If G is linear over C, then G is
residually �nite.

Sketch of proof. We only provide a full proof of the following easier claim which is the
content of Exercise 51.15 (a).

Claim. The group GL(n,Z) is residually �nite.

Proof. Let A = (aij) ∈ GL(n,Z) be a matrix with A 6= id. We pick some m ∈ N such that
m > max{|aij − δij| | i, j = 1, . . . , n}. The ring homomorphism Z → Zm induces a group
homomorphism α : GL(n,Z)→ GL(n,Zm). Basically by construction we have α(A) 6= id.
Since GL(n,Zm) is a �nite group we are done. �

749It follows from considering the abelianizations, see the Fundamental Group-of-Surfaces Proposition 54.5,
that π1(surface of genus g) cannot be isomorphic to any other free group either.
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Now let G be a �nitely generated subgroup of GL(n,C). The proof that G is residually
�nite consists of two steps:
(1) First, since G is �nitely generated one sees, almost immediately, that there exists a

�nitely generated subring S of C such that G Ă GL(n, S).
(2) Next one needs to show that S is a �residually �nite ring�, i.e. one needs to show that

given any non-zero s ∈ S there exists a ring homomorphism α : S → T to some �nite
ring T with α(s) 6= 0. This part requires some input from ring theory.

Once one has proved (1) and (2) it is straightforward to modify the proof of the claim to
conclude that G is residually �nite.

The full details for the above proof are given in [Mal1940, Mal1965] and also in
[Weh1973, Theorems 4.1, 4.3] and in [Hem87]. �

We already mentioned that (Q,+) is not residually �nite and that Z(N) is not Hop�an.
These are amusing observations, but most group theorists and geometric topologists restrict
their interest to �nitely generated groups. Thus the question arises, whether perhaps every
�nitely generated group is residually �nite or Hop�an.
Proposition 64.20. Given m,n ∈ N we consider the Baumslag-Solitar group

BS(m,n) = 〈x, y |x−1ymx = yn〉.
The following statements hold:
(1) The group BS(m,n) is Hop�an if and only if m and n are �meshed�, i.e. if and only

if m or n divides the other or if m and n have precisely the same prime divisors.
(2) The group BS(m,n) is residually �nite if and only if |m| = 1, or if |n| = 1 or if
|m| = |n|.

Example. By Proposition 64.20 the group BS(2, 6) is Hop�an but not residually �nite.
This shows, as promised, that the converse to the Residually Finite-Hop�an Proposi-
tion 64.11 does not hold.

Proof. The �rst statement was proved in 1962 by Gilbert Baumslag and Solitar [BaS1962].
The second statement is proved in [Mes1972, Theorem C] and also [Cam1990, p. 61]. �
By Proposition 64.20 we now know that there exist �nitely generated groups which do not
have �many� �nite quotients. The question arises, does every non-trivial group admit at
least some �nite index subgroups? It is now time to recall the following standard de�nition
from group theory.

De�nition. A group G is called simple if the only normal subgroups are the trivial group
{e} and the whole group G.

Example. One of the most basic statements in the theory of �nite groups is the fact that
for n ≥ 5 the alternating group An is actually simple, we refer to [Bog2008, Chapter 1.12]
for a proof.

It is now natural to ask whether there exist in�nite simple groups. The answer is yes, but
one needs to be rather creative when it comes to producing such groups. This discussion
leads us to the following groups which were introduced by Richard Thompson in 1965.
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De�nition.
(1) A continuous self-homeomorphism f : [0, 1] → [0, 1] is called dyadic if there exists

an m ∈ N such that the restriction of f to each interval [ i
2m
, i+1

2m
] is linear and the

slope on each such interval is a (possibly negative) power of 2.
(2) We say a map g : S1 → S1 is dyadic if there exists a dyadic map f : [0, 1] → [0, 1]

such that g(exp(2π it)) = exp(2π if(t)).

graphs of diadic maps

We leave it to the reader to verify that the set of dyadic self-homeomorphisms of [0, 1] and
of S1 actually form groups. This observation leads us to the key de�nition.

De�nition.
(1) Thompson's group F is de�ned as the group of dyadic self-homeomorphisms of [0, 1].
(2) Thompson's group T is de�ned as the subgroup of the self-homeomorphisms of S1

that is generated by the dyadic self-homeomorphisms together with the homeomor-
phism given by z 7→ −z.

The following theorem summarizes some of the many interesting properties of Thompson's
groups.

Theorem 64.21.
(1) Thompson's group F and Thompson's group T are both �nitely presented.
(2) The commutator subgroup of Thompson's group F is simple, in particular Thomp-

son's group F is not residually �nite.
(3) Thompson's group T is simple, in particular it is not residually �nite.

Proof.

(1) The statements are proved in [CFP1996] and [Geo2008, Chapters 9.2].
(2) By [CFP1996] and [Geo2008, Chapters 9.2] the commutator subgroup of Thomp-

son's group F is simple. One can easily verify that Thompson's group F is non-
abelian and torsion-free. It now follows from an elementary argument that it is not
residually �nite.

(3) It is shown in [CFP1996] and [Geo2008, Theorem 9.4.3] that Thompson's group
T is simple. Clearly T is in�nite, hence it cannot be residually �nite. �

In this section we have shown, among many other statements, that free groups are residually
�nite. It is natural to ask which of the other friendly groups which we have encountered
are actually residually �nite. Let us pose two questions:

Question 64.22.
(1) Are the fundamental groups of closed 2-dimensional smooth manifolds residually

�nite?
(2) Is the fundamental group of every knot complement residually �nite?

We will return to these questions later on in Proposition 66.19.
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Exercises for Chapter 64.

Exercise 64.1. Let H be a �nite connected graph and let G be a connected non-empty
subgraph of H. Let S be a spanning tree of G. Show that there exists a spanning tree T
of H such that T ∩G = S.
Remark. This exercise is a rather straightforward generalization of the Spanning Tree
Existence Proposition 7.10 (1).

Exercise 64.2. Let α : 〈a, b〉 → Z3 be the epimorphism de�ned given by α(a) = 1 and
α(b) = 0. Furthermore let X be the wedge of two circles A and B. As usual we equip X
with the CW-structure with one 0-cell P and two 1-cells a and b. Furthermore we make
the identi�cation π1(X) = 〈a, b〉.
(a) �Construct� the covering p : X̃ → X corresponding to ker(α), i.e. construct the cov-

ering p such that p∗(π1(X̃)) = ker(α). More precisely, give the CW-structure on X̃
and indicate, e.g. using colors, the cellular map p.

(b) We know from Proposition 64.4 (2) that ker(α) is a free group on four generators.
Determine four elements of ker(α) that generate ker(α) as a free group. You do not
have to justify your answer.

Exercise 64.3. In Question 63.4 we had considered an explicit 6-fold covering X → B
where B is the 2-dimensional sphere minus three open disks. On page 1404 we saw that X
has six boundary components. Determine the genus of X.

Exercise 64.4. Let g ∈ N≥2. Use Proposition 64.5 to show that the fundamental group of
the surface of genus g is torsion-free.
Remark. We posed this already as Exercise 56.12 but with di�erent instructions.

Exercise 64.5. Let P be a property of groups. We say a group G is virtually P if G
admits a �nite-index subgroup that has property P . Let G be a �nitely generated group.
Show that if G is virtually abelian, then there exists a short exact sequence of the form
0→ Zd → G→ A→ 1 where d ∈ N0 and A is a �nite group.

Exercise 64.6. Let p : Σ̃ → Σ be a covering map of degree d between two closed non-
orientable connected 2-dimensional smooth manifolds. Show that the following equality
holds: genus(Σ̃) = d · (genus(Σ)− 1) + 1.

Hint. Let ϕ : B
2 → Σ be an embedding. Consider the compact connected 2-dimensional

smooth manifolds M := Σ \ ϕ(B2) and M̃ := p−1(M). What can you say about the
fundamental group and the number of boundary components of M̃?
Remark. This exercise is meant as the non-orientable analogue of the Subgroups-of-Surface
Groups Proposition 64.6. In Lemma 87.9 we will use �Euler characteristics� to give an
alternative proof of this equality.

Exercise 64.7. We consider the non-compact 2-dimensional smooth manifold M shown
in the �gure below. Does there exist a closed 2-dimensional smooth manifold N such that
M is a covering space of N?
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Exercise 64.8. In Exercise 51.15 we introduced the notion of a residually �nite group and
we showed that the free group on two generators is residually �nite.
(a) Show that every �nitely generated free group is residually �nite.

Remark. Use Proposition 64.4 (2).
(b) Show that every free group is residually �nite.

Exercise 64.9. Let π be a countable residually �nite group. Show that there exists a
descending sequence π Ą π0 Ą π1 Ą π2 Ą . . . of �nite index normal subgroups of π such
that we have

⋂
i∈N
πi = {e}.

Exercise 64.10. Let G be a �nitely generated group. Show that given any n ∈ N there
exist only �nitely many subgroups of G of index n.

Exercise 64.11. Let G be a group. A subgroup Γ of G is called characteristic if for every
automorphism ϕ : G→ G we have ϕ(Γ) = Γ.
(a) Show that if subgroup is characteristic, then it is also normal.
(b) Let H be a subgroup of G. Suppose that G is �nitely generated. Show that there

exists a characteristic subgroup K Ă G with K Ă H and such that K has �nite
index in G.

(c) Show that in (b) we cannot drop the hypothesis that G is �nitely generated.

Exercise 64.12. Show that the group (Q,+) is not residually �nite.

Exercise 64.13. Let ϕ : A→ B be a homomorphism between free groups of the same �nite
rank. Suppose that ϕ∗ : Aab → Bab is an isomorphism. Show that ϕ is a monomorphism.
Hint. Use Proposition 64.4 and Corollary 64.16.

Exercise 64.14. Let G be a group and let ϕ : G → G be an automorphism. We suppose
that G is residually �nite and �nitely generated. Show that the semidirect product GoϕZ,
that we de�ned on page 1127, is also residually �nite.
Hint. Make good use of Exercise 64.11.

Exercise 64.15. Let R be a ring, let G be a group and let H be a subgroup of �nite index
d ∈ N. Suppose there exists a monomorphism ϕ : H → GL(n,R). Show that there exists a
monomorphism ϕ : G→ GL(n · d,R).

Exercise 64.16.
(a) Provide an example of an in�nitely generated group that is Hop�an.
(b) Show that every in�nite simple group is Hop�an.

Exercise 64.17. Let k ∈ N≥2. We consider the direct product 〈x1, . . . , xk〉 × Z. Show
that given any N ∈ N there exists a �nitely generated free group F of rank ≥ N and an
automorphism ϕ of F such that 〈x1, . . . , xk〉 × Z is isomorphic to the semidirect product
F oϕ Z.
Remark. Most of the hard work was already done in Exercise 50.19.



64. COVERINGS OF TOPOLOGICAL GRAPHS AND APPLICATIONS TO GROUP THEORY 1425

Exercise 64.18. Let X be a path-connected non-empty topological space. We denote by
p : X̃ → X the universal covering. Let K Ă X̃ be a compact subset. Show that if π1(X)
is residually �nite, then there exists a �nite covering q : Y → X such that for the induced
covering r : X̃ → Y , that is given by Corollary 61.11, the restriction of r to r|K : K → Y is
an embedding.

X = S1

K

Y = S1X̃ = R

z 7→ z3
p

q

r
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65. Hyperbolic geometry

In this chapter we will switch gears and we will introduce some basics on hyperbolic ge-
ometry. The reason for doing so is that in Chapter 66 we will see that every surface of
genus ≥ 2 admits a hyperbolic structure, and this fact will be extremely helpful in getting
a better understanding of surfaces.

65.1. Hyperbolic space. We start out with the following de�nition.

De�nition. Let V be a real vector space. A symmetric form on V is a map750

g : V × V → R
that is bilinear, i.e. for all u, v, w ∈ V and µ, λ ∈ R we have

g(λ · u+ µv, w) = λ · g(u,w) + µg(v, w)
g(u, λ · v + µ · w) = λ · g(u, v) + µ · g(u,w)

and that is symmetric, i.e. for all v, w ∈ V we have
g(v, w) = g(w, v).

We say g is positive-definite if for all v ∈ V \ {0} we have
g(v, v) > 0.

Now we can recall the following key de�nition from the theory of smooth manifolds, see
e.g. [Lee2002, Chapter 17].

De�nition.
(1) A Riemannian structure on a smooth manifoldM is a smooth751 map g which assigns

to each point P a positive-de�nite symmetric form gP on the tangent space TPM .
(2) A Riemannian manifold is a pair (M, g) consisting of a smooth manifoldM together

with a Riemannian structure g.
As so often in mathematics, given some structure one is very much interested in maps that
preserve the given structure. This leads us to the following de�nition.
De�nition.
(1) Given a smooth map f : M → N between smooth manifolds and given P ∈M we de-

note by DfP = f∗ : TPM → Tf(P )N the di�erential, i.e. the induced homomorphism
from the tangent space TPM to the tangent space Tf(P )N .

(2) Let f : M → N be a local di�eomorphism. Given a Riemannian structure h on N
we denote by f ∗h the Riemannian structure on M that at each point P ∈ M is
given by (f ∗h)(v, w) = h(f∗v, f∗w).752

(3) We say that a map f : (M, g) → (N, h) between Riemannian manifolds is a (local)
isometry if f is a (local) di�eomorphism and if g = f ∗h.

(4) Given a Riemannian manifold (M, g) we denote by Isom(M, g) the group of isome-
tries of (M, g). If M is orientable, then we denote by Isom+(M, g) the group of
orientation-preserving isometries of (M, g).

750Sometimes such a structure is called a bilinear symmetric form, but we abbreviate this to symmetric
form.
751The notion of �smooth� in this context is made precise in [Lee2002, Chapter 17]. Once one has digested
the de�nition of a �smooth map� it is straightforward to see that all examples below satisfy this condition.
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(5) We say that Riemannian manifolds (M, g) and (N, h) are isometric if there exists
an isometry from (M, g) to (N, h).

In this chapter and the following chapter we are mostly interested in Riemannian structures
on surfaces, and more speci�cally, in hyperbolic structures. Now we give the de�nition of
hyperbolic space.
De�nition. The hyperbolic half-plane is the smooth manifold

H = {(x, y) ∈ R2 | y > 0} = {z = x+ iy ∈ C | y > 0}
together with the Riemannian structure that assigns to the tangent space TzH = R2 at a
point z = x+ iy ∈ H the positive-de�nite symmetric form

g : R2 × R2 → R
(v, w) 7→ 1

y2 · 〈v, w〉

where 〈v, w〉 denotes the usual scalar product on R2.

Example. In the �gure below we see a decomposition of H into angels and devils. With
respect to the hyperbolic metric all the angels have the same size and all the devils have
the same size, even though they di�er in the usual Euclidean sense.

As we mentioned before, we are very much interested in the group Isom+(H) of orient-
ation-preserving isometries of the Riemannian manifold H. This leads us to the following
de�nition.
De�nition. A Möbius transformation of H is a map of the form753

H → H
z 7→ az + b

cz + d

where a, b, c, d ∈ R with ad− bc = 1.

Examples. We give three special types of Möbius transformations of H:

(1) given r > 0 the scalar multiplication z 7→ rz =
√
r·z+0

0·z+ 1√
r

is a Möbius transformation,

(2) given d∈R the horizontal translation z 7→ z + d= 1·z+d
0·z+1 is a Möbius transformation,

(3) the map z 7→ −1
z

= 0·z+1
(−1)·z+0 is a Möbius transformation.

752It follows from [Lee2002, Proposition 13.9] that f∗h is indeed a Riemannian structure on M . Note
that in the proof, to show that f∗h is indeed non-degenerate, one needs that f is a local di�eomorphism.
753An elementary calculation shows that the image of a Möbius transformation H → C does indeed lie
again in H.
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The third Möbius transformation is the composition of taking the inverse z 7→ 1
z
and the

re�ection z 7→ −z in the origin. We illustrate this map in the �gure below. For simplicity
we refer to the map z 7→ −1

z
as an inversion.
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unit circle {z ∈ C | |z| = 1}
z = re iϕ

1
z = 1

re
− iϕ

−1
z = −1

re
− iϕ

Rather amazingly we are already done with listing all elements in Isom+(H). More precisely,
we have the following proposition.
Proposition 65.1. The map

SL(2,R) → Isom+(H)(
a b
c d

)
7→

(
H → H
z 7→ az+b

cz+d

)
is a group isomorphism.

Sketch of proof. One can easily calculate by hand that each Möbius transformation is an
orientation-preserving isometry of H. Furthermore, it is an amusing calculation to verify
that the given map is indeed a group homomorphism. It is elementary to see that the map
is a monomorphism. The only bit of the proposition which requires some thought is the
statement that every orientation-preserving isometry is already a Möbius transformation.
This statement is for example shown in [And2005, Theorem 3.19]. �

Now that we have seen that every orientation-preserving isometry of H is a Möbius trans-
formation it makes sense to study Möbius transformations in greater detail.
Proposition 65.2. Every Möbius transformation of H is the composition of scalar multi-
plications, horizontal translations and inversions.

Proof. Let a, b, c, d ∈ R with ad− bc = 1 and denote by

Φ(z) =
az + b

cz + d
the corresponding Möbius transformation. If c = 0, then

Φ(z) =
a

d
z +

b

d

is the composition of the scalar multiplication754 z 7→ a
d
z with the horizontal translation

z 7→ b
d

+ z. If c 6= 0, then

Φ(z) =
az + b

cz + d
=

acz + bc

c2z + dc
=

acz + ad− 1

c2z + cd
=
−1 + a(cz + d)

c2z + cd
=

−1

c2z + dc
+
a

c
.

↑
since ad− bc = 1

Thus we see that Φ is the composition of the following maps

z 7→ c2z, z 7→ z + dc, z 7→ −1

z
and z 7→ z +

a

c
. �

754Note that c = 0 implies that 1 = ad− bc = ad, in particular ad > 0, hence a
d > 0.
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De�nition.
(1) The hyperbolic disk755 is the smooth manifold

D = {z ∈ C | |z|2 < 1}
together with the Riemannian structure which assigns to the tangent space TzD =
R2 at a point z ∈ D the positive-de�nite symmetric form

gz : R2 × R2 → R
(v, w) 7→ 2

(1− |z|2)2
〈v, w〉

where, as above, 〈v, w〉 denotes the usual scalar product on R2.
(2) A Möbius transformation of D is a map of the form756

D → D
z 7→ exp( iθ) · z−a1−az

for some θ ∈ R and a ∈ D.

Examples.
(1) In the �gure below we see three di�erent decompositions of D into subsets. In each of

the three cases these subsets have the same hyperbolic size, even though they di�er
in the usual Euclidean sense.

(2) If we set a = 0 in the de�nition of a Möbius transformation of D, then we obtain
precisely the rotation by the angle θ. Put di�erently, the Möbius transformations
preserving 0 are precisely given by rotations around the origin.

The following proposition will allow us to go back and forth between the hyperbolic half-
plane and the hyperbolic disk.
Proposition 65.3. The maps

Φ: H → D
z 7→ z− i

z+i
and

Ψ: D → H
w 7→ i+iw

1−w
have the following properties:
(1) Φ and Ψ are inverses to one another, in particular they are biholomorphisms,

755The hyperbolic disk is often also called the Poincaré model for hyperbolic space.
756An elementary calculation shows that the image of a Möbius transformation D → C does indeed lie
again in D.
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(2) they extend to homeomorphisms between H = {z ∈ C | Im(z) ≥ 0} ∪ {∞}757 and
D = {z ∈ C | |z| ≤ 1},

(3) they are orientation-preserving,758

(4) they are isometries,
(5) they give a bijection between the Möbius transformations of D and H.759

Proof. All �ve statements follow from a straightforward calculation. The statements can
also be deduced, more or less directly, from any book that deals with Möbius transforma-
tions, see e.g. [Schwe1979, Chapter 6] and [And2005, Chapter 2]. �

Remark. Proposition 65.3 says that D and H are two equivalent ways to describe hyper-
bolic space. In fact there are several other ways to describe hyperbolic space, for example
we could also use the Beltrami-Klein model

https://en.wikipedia.org/wiki/Beltrami-Klein_model

or the hyperboloid model

https://en.wikipedia.org/wiki/Hyperboloid_model.

Some of the connections between these models are explained in the following video of Henry
Segerman and Saul Schleimer:

https://www.youtube.com/watch?v=eGEQ_UuQtYs.

The following proposition summarizes some of the key properties of Möbius transforma-
tions.
Proposition 65.4. 760

(1) Compositions of Möbius transformations are again Möbius transformations and the
inverse of a Möbius transformation is again a Möbius transformation.

(2) Möbius transformations are biholomorphisms, they are isometries and they are
orientation-preserving.

(3) Möbius transformations act transitively, i.e. given any two points P and Q there
exists a Möbius transformation which sends P to Q.

(4) Given P,Q ∈ D and non-zero vectors v ∈ TPD and w ∈ TQD with ‖v‖g = ‖w‖g
there exists a Möbius transformation φ with φ(P ) = Q and dφP (v) = w.

(5) Let φ and ψ be two Möbius transformations. Suppose there exists a P ∈ D such
that φ(P ) = ψ(P ) and such that dφP = dψP . Then φ = ψ.

Proof. By Proposition 65.3 it su�ces to prove the statements for D or for H, whichever is
more convenient.
(1),(2) The �rst two statements follow from a straightforward calculation, see e.g. [Schwe1979,

p. 43].

757Here H has the same topology as de�ned on page 122.
758The hyperbolic half-plane H and the hyperbolic disk D are both subsets of C = R2 and inherit from
C = R2 the natural orientation.
759More precisely, if α is a Möbius transformation of H, then Φ ◦ α ◦ Ψ is a Möbius transformation of D
and conversely, if α is a Möbius transformation of D, then Ψ ◦ α ◦ Φ is a Möbius transformation of H.
760The statement of the proposition applies to Möbius transformations of D and to Möbius transformations
of H.

https://en.wikipedia.org/wiki/Beltrami-Klein_model
https://en.wikipedia.org/wiki/Hyperboloid_model
https://www.youtube.com/watch?v=eGEQ_UuQtYs
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(3) We prove this statement for D. Note that by (1) it su�ces to show that given any
P ∈ D there exists a Möbius transformation ψ with ψ(P ) = 0. But such a Möbius
transformation is given by

ψ(z) = z−P
1−Pz .

(4) Using (3) we see that we only have to deal with the case that P = Q = 0. But
then the desired Möbius transformation is given by a rotation.

(5) By (3) there exists a Möbius transformation θ such that θ(0) = P and there exists
a Möbius transformation ω such that ω(φ(P )) = ω(ψ(P )) = 0. We consider the
Möbius transformations φ′ = ω ◦ φ ◦ θ and ψ′ = ω ◦ ψ ◦ θ. It follows from our
hypothesis that both φ′ and ψ′ �x 0. As we pointed out above, the only Möbius
transformations of D that �x 0 are rotations.

By our hypothesis we have dφ′0 = dψ′0, which means that the rotations φ′ and
ψ′ agree. But this implies that φ and ψ also agree. �

Note that Möbius transformations extend in an obvious way uniquely to homeomorphisms
of D = {z ∈ C | |z| ≤ 1} and H = {z ∈ C | Im(z) ≥ 0} ∪ {∞}. We will denote the
extension of a Möbius transformation with the same symbol.

Lemma 65.5. Let {P,Q,R} and let {S, T, U} be two sets of three distinct points on
the boundary ∂H = R ∪ {∞}. Then there exists a Möbius transformation ψ of H with
ψ(P ) = S and ψ({Q,R}) = {T, U}.
Proof. Let P,Q,R be three distinct points on ∂H = R ∪ {∞}. It su�ces to show that
there exists a Möbius transformation ψ with ψ(P ) =∞ and with ψ({Q,R}) = {0, 1}. We
proceed as follows:
(1) We �rst claim that there exists a Möbius transformation α with α(P ) =∞. Indeed, if

P =∞ then we just take α = id. Otherwise we can combine a horizontal translation
with the inversion to obtain a Möbius transformation α with α(P ) =∞. Given such
α we write Q′ = α(Q) and R′ = α(R). Note that the points Q′, R′ lie on R = H\{∞}.
Without loss of generality we can assume that Q′ < R′.

(2) Next we pick a horizontal translation such that β(Q′) = 0. Note that we still have
(β ◦ α)(P ) = β(∞) =∞. Also note that it follows from Q′ < R′ that β(R′) > 0.

(3) Finally we pick a scalar multiplication γ such that (γ ◦ β)(R′) = 1. Note that γ �xes
0 and ∞. Thus we see that ψ = γ ◦ β ◦ α has the desired property. �

De�nition. A hyperbolic line is a subset of D of one of the following two types:
(1) it is the intersection of D with a Euclidean line through the origin,
(2) it is the intersection of D with a Euclidean circle that intersects the circle S1 = ∂D

orthogonally.
In each of the two cases we refer to the intersection of the Euclidean object with S1 = ∂D
as the endpoints of the hyperbolic line.

Lemma 65.6.
(1) For any two distinct points P and Q in D there exists a unique hyperbolic line that

contains P and Q.
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D =
{
z ∈ C

∣∣ |z| < 1
}

P

Q

A

B hyperbolic line through A and B

hyperbolic line through P and Q

(2) For any two distinct points P and Q in ∂D there exists a unique hyperbolic line with
P and Q as endpoints.

(3) Let P and Q be two distinct points in ∂D. Every Möbius transformation φ sends
the hyperbolic line with endpoints P and Q to the hyperbolic line with endpoints
φ(P ) and φ(Q).

(4) Möbius transformations act transitively on hyperbolic lines, i.e. given any two hy-
perbolic lines g and h there exists a Möbius transformation φ with φ(g) = h.

Proof. In principle one can prove the lemma directly in D. But it is easier to prove it
using H. In H the hyperbolic lines are de�ned to be vertical lines {x + iy | y > 0} and
Euclidean half-circles such that the origin lies on R. It is straightforward to see that the
di�eomorphisms of Proposition 65.3 de�ne a bijection between the hyperbolic lines in D
and in H.

The corresponding statements for hyperbolic lines in H are straightforward to prove.
They can also be obtained from any textbook on hyperbolic geometry, see e.g. [And2005]
and [Bon2009, Chapter 2]. �

65.2. Angles in Riemannian manifolds. We continue our quick introduction to Rie-
mannian manifolds and hyperbolic space with a short discussion of angles.
De�nition.
(1) Let g be a positive-de�nite symmetric form on a real vector space V . Given two

non-zero vectors v, w ∈ V \ {0} we de�ne761

angle between v and w := unique α ∈ [0, π] with g(v, w) = cos(α) · ‖v‖ · ‖w‖.
(2) Given a Riemannian manifold (M, g) and non-zero vectors v, w ∈ TPM we use the

form gP to de�ne the angle between v and w.

Examples.
(1) Let U be an open subset of Rn and let f : U → R>0 be a smooth function. For any

P ∈ U we can de�ne a positive-de�nite symmetric form gP on TPU = Rn via

gP (v, w) = f(P ) · 〈v, w〉,
where 〈 , 〉 denotes the usual scalar product. A straightforward calculation shows
that in this Riemannian structure the angle at any point is the usual Euclidean angle
in Rn. This argument implies in particular to the Riemannian manifolds D and H,
in both cases the hyperbolic angle, de�ned by the hyperbolic Riemannian structure,
is the same as the Euclidean angle.

761We have |g(v, w)| ≤
∣∣‖v‖ · ‖w‖∣∣ by the Cauchy-Schwarz Inequality 0.12.
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(2) A hyperbolic triangle is de�ned to be a compact subset of H whose boundary is given
by segments of three hyperbolic lines. One of the many elegant theorems in hyperbolic
geometry, see [And2005, Theorem 5.16], says that given such a hyperbolic triangle
its angle sum equals π minus its �area�. Even without the de�nition of �area� it is
pretty clear that this result implies that the angle sum of a hyperbolic triangle is
always less than π.
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the sum of the angles is less than π

D triangle in D

The following lemma follows easily from the de�nitions and from Proposition 65.4 (2).

Lemma 65.7. Local isometries, in particular Möbius transformations, preserve angles.

De�nition.
(1) Let P ∈ D and let g be a hyperbolic line through P . Let Q be one of the two

endpoints of g. We refer to the set of points between P and Q as a ray emanating
from P .

(2) Let P ∈ D and let r, s be two rays emanating from P . We refer to the angle between
the tangent vectors of r and s at P as the angle between the rays r and s.

��
��
��
��

��

D
P

ray emanating from P

angle between
the two raysray emanating from P

Examples.

(1) Given ϕ ∈ [0, 2π) the set Sϕ := {r · exp( iϕ) | r ∈ [0, 1)} is a ray emanating from 0.
(2) It follows from the above discussion of angles in D, that given ϕ, θ ∈ [0, 2π) the angle

between the two rays Sϕ and Sθ in D is the usual Euclidean angle.

Lemma 65.8. Let r, s be two rays emanating from P ∈ D and let r′, s′ be two rays
emanating from P ′ ∈ D. Then the following holds:

there is a Möbius transformation φ
with φ(r ∪ s) = r′ ∪ s′ ⇐⇒ angle between r, s = angle between r′, s′.

Furthermore, if such a Möbius transformation exists, then it is unique.

Proof. By Lemma 65.7 Möbius transformations preserve angles and by Proposition 65.4
Möbius transformations act transitively on D. Therefore we can without loss of generality
assume that P = P ′ = 0. The lemma follows from the observation, made on page 1429, that
Möbius transformations preserving 0 are precisely given by rotations around the origin. �
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65.3. The distance metric of a Riemannian manifold.

De�nition. Let (M, g) be a connected Riemannian manifold.
(1) Given v ∈ TPM we write ‖v‖g :=

√
gP (v, v). If g is understood from the context,

then we just write ‖v‖.
(2) Let γ : [a, b]→M be a piecewise smooth path. By de�nition we can pick a subdivi-

sion a = s0 < s1 < · · · < sm = b such that for i = 0, . . . ,m− 1 the map γ|[si,si+1] is
smooth. We de�ne the length of γ as762

`(M,g)(γ) :=
m−1∑
i=0

t=si+1∫
t=si

‖γ′(t)‖g dt.

If (M, g) is understood from the context, then we write `(γ) instead of `(M,g)(γ).
(3) Let P and Q be two points on M .

d(M,g)(P,Q) := inf{`(γ) | γ is a smooth path in M from P to Q︸ ︷︷ ︸
exists by the Smooth Path-Connectivity Proposition 19.29

}.

If (M, g) is understood from the context, then we just write d(P,Q).
We start our discussion of the distance function d on Riemannian manifolds with the
following somewhat technical proposition.

Proposition 65.9. Let (M, g) be a connected Riemannian manifold. The following state-
ments hold:
(1) The pair (M,d(M,g)) is a metric space.
(2) The topology de�ned by the metric d(M,g) agrees with the topology of M .
(3) Given any P ∈ M and given any open neighborhood U of P there exists an r > 0

such that
B(M,g)
r (P ) := {Q ∈M | d(M,g)(P,Q) < r} Ă U.

Proof. Let (M, g) be a connected n-dimensional Riemannian manifold. We �rst show that
(M,d(M,g)) is a metric space.

It is clear that d = d(M,g) is symmetric. It follows easily from the de�nitions and the
fact that the concatenation of two piecewise smooth paths is again piecewise smooth that
d satis�es the triangle inequality.

Now let P 6= Q be two distinct points in M . We need to show that d(P,Q) > 0.
SinceM is Hausdor� and since it is locally di�eomorphic to open subsets of Rn we can �nd
a chart Φ: U → B2r(0) for P with Φ(P ) = 0 and such that Q 6∈ U . We write Ψ = Φ−1.
Before we continue we introduce the following de�nitions:
(1) We write Ur = Φ−1({x ∈ Rn | ‖x‖ = r}) and given a subset I Ă [0, 2r) we write

UI = Φ−1({x ∈ Rn | ‖x‖ ∈ I}).
(2) For a positive-de�nite bilinear form h on Rn we set

‖h‖ := min
{√

h(v, v)
∣∣ v ∈ Sn−1

}
.

Note that h is positive-de�nite, that h : Rn×Rn → R is continuous and that Sn−1 is
compact. It follows from the Compact Image Lemma 2.13 that the minimum exists

762Recall that given a smooth path δ : [a, b] → M and given any t ∈ [a, b] the path de�nes, basically by
de�nition of the tangent space Tδ(t)M , an element in Tδ(t)M . We denote this vector by δ′(t).
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and that ‖h‖ > 0. It is straightforward to see that for any v ∈ Rn we have

h(v, v) ≥ ‖h‖ · ‖v‖eucl.

(3) We set
C := min

{
‖(Ψ∗g)P‖

∣∣P ∈ Br(0)
}
.

Since P 7→ ‖(Ψ∗g)P‖ is continuous and since Br(0) is compact it follows from the
Compact Image Lemma 2.13 that C > 0.

Claim. Let γ : [0, 1]→M be a piecewise smooth path from P to Q. There exists a t ∈ [0, 1]
with γ(t) ∈ Ur.

Proof. Suppose there is no t ∈ (0, 1) with γ(t) ∈ Ur. We consider the sets A = U[0,r) and
B = M \ U[0,r]. The set A is clearly open. Furthermore it follows from Lemma 18.11 that
U[0,r] is closed, hence B is open. Since γ([0, 1])∩Ur = ∅ we have [0, 1] = γ−1(A)t γ−1(B).
But both sets γ−1(A) and γ−1(B) are open by the continuity of γ and both are non-empty
since 0 ∈ γ−1(A) and 1 ∈ γ−1(B). But this contradicts the fact, established with some
e�ort in the Interval-Connectedness Proposition 2.22, that [0, 1] is connected. �
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M B2r(0)U

Urγ

Φ

Ψ {z ∈ Rn | ‖z‖ = r}
P = γ(0)Q = γ(1)

Now it su�ces to prove the following claim.

Claim. Let γ : [0, 1]→M be a piecewise smooth path from P to Q. Then `g(γ) ≥ C · r.

Proof. Let T := inf{t ∈ (0, 1) | γ(t) ∈ Ur}. By the above claim this de�nition makes sense
since we take the in�mum of a non-empty set. By Lemma 18.11 the set Ur is a closed
subset of M . Since γ is continuous we also have γ(T ) ∈ Ur. Now we have

`g(γ) ≥ `g(γ|[0,T ]) = `Ψ∗g(Φ ◦ γ|[0,T ]) =
t=T∫
t=0

‖(Φ ◦ γ)′(t)‖Ψ∗g dt

≥
t=T∫
t=0

C · ‖(Φ ◦ γ)′(t)‖eucl dt ≥ C ·
∥∥∥ t=T∫
t=0

(Φ ◦ γ)′(t) dt
∥∥∥

eucl
↑ ↑

for any v ∈ TPBr(0) = Rn we have Integral Inequality Lemma 0.16

‖v‖(Ψ∗g)P ≥ ‖(Ψ
∗g)P ‖ · ‖v‖eucl

= C · ‖(Φ ◦ γ)(T )︸ ︷︷ ︸
‖−‖eucl=r

− (Φ ◦ γ(0))︸ ︷︷ ︸
=0

‖eucl = C · r.

This concludes the proof of the claim and therefore the proof of Statement (1) of the
proposition.

Next we turn to the proof of Statement (2). This means that we need to show that
the topology de�ned by d is the same as the original topology of M . The proof is again
somewhat technical and uses ideas similar to the proof of (1). We refer to [Lee1997,
Lemma 6.2] for the proof.
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Finally Statement (3) is just an immediate consequence of the de�nitions and of State-
ment (2). �

Lemma 65.10. Let (M, g) and (N, h) be two connected Riemannian manifolds. Further-
more let f : (M, g)→ (N, h) be a local isometry. Then the following hold:
(1) For any piecewise smooth path γ : [a, b]→M we have

`(N,h)(f ◦ γ) = `(M,g)(γ).

(2) For any P,Q ∈M we have

d(N,h)(f(P ), f(Q)) ≤ d(M,g)(P,Q).

Proof. Let f : (M, g)→ (N, h) be a local isometry. We start out with the following claim.
Claim.
(1) For a smooth path γ : [c, d]→M and t∈(c, d) we have ‖(f◦γ)′(t)‖(N,h) =‖γ′(t)‖(M,g).
(2) For any piecewise smooth path γ : [a, b]→M we have `(N,h)(f ◦ γ) = `(M,g)(γ).

Proof.
(1) The �rst statement is an immediate consequence of the de�nitions and the hypothesis

that f is a local isometry.
(2) By the additivity of the lengths of piecewise smooth paths it su�ces to consider the

case that γ : [a, b] → M is a smooth path. But in that case the equality follows
immediately from the de�nitions and from (1). �

Now let P and Q be two points on M . For any piecewise smooth path p in M from P to
Q we have

d(N,h)(f(P ), f(Q)) ≤ `(N,h)(f ◦ p) = `(M,g)(p).
↑ ↑

by de�nition of d(N,h) by the claim

It follows that the left-hand side is also less or equal than the in�mum over all paths on
the right-hand side. Thus d(N,h)(f(P ), f(Q)) ≤ d(M,g)(P,Q). �

65.4. The hyperbolic distance function. We start out with the following de�nition.

De�nition. Let (M, g) be a Riemannian manifold. A path γ : [0, a] → M is called a
geodesic if the following conditions are satis�ed:
(1) γ is smooth,
(2) ‖γ′(t)‖g = 1 for every t ∈ [0, a] and
(3) `(γ) = d(M,g)(γ(0), γ(a)).

The following proposition summarizes the key facts about the distance metric on D.
Proposition 65.11.
(1) Let r ∈ (0, 1) and ϕ ∈ R. In the Riemannian manifold D the path

γ : [0, r] → D
t 7→ t exp( iϕ)

is, up to reparametrization, the unique shortest path from 0 to r · exp( iϕ).
(2)
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d(D,g)
(
0, r · exp( iϕ)

)
= `(γ) =

t=r∫
t=0

√
2

1− |γ(t)|2
‖γ′(t)‖eucl dt =

t=r∫
t=0

√
2

1− t2
dt.

(3) Given ϕ ∈ R we have

lim
r→1

d(D,g)
(
0, r · exp( iϕ)

)
= ∞.

(4) Given any P and Q in D there is a unique geodesic from P to Q.

Proof. The �rst statement can be deduced easily from [Bon2009, Lemma 2.4 and Propo-
sition 2.22]. The second statement follows immediately from the �rst statement, and the
third statement is a straightforward consequence of the second statement. For the fourth
statement, note that it su�ces to prove it for P = 0. In that case it is a straightforward
consequence of (1). �

Lemma 65.12. Let (P,Q) and (S, T ) be two pairs of distinct points on D such that
d(P,Q) = d(S, T ). Then there exists a unique Möbius transformation φ with φ(P ) = S
and φ(Q) = T .

Example. Let r ∈ (0, 1), ϕ ∈ [0, 2π], ψ ∈ [0, 2π] and γ ∈ (0, π). We consider the pairs of
points P = r · exp( iϕ), Q = r · exp( i(ϕ + γ)) and S = r · exp( iψ), T = r · exp( i(ψ − γ)).
We then have
d(S, T ) = d(T, S) = d(r · exp( i(ψ − γ)), r · exp( iψ)) = d(r · exp( iϕ), r · exp( i(ϕ+ γ))).

↑
since rotation by ϕ+ γ − ψ is an isometry

By Lemma 65.12 there exists a Möbius transformation φ with φ(P ) = S and φ(Q) = T .
This Möbius transformation is illustrated in the �gure below. Recall that from Proposi-
tion 65.4 and Lemma 65.6 we know that Möbius transformations preserve hyperbolic lines
and that they are orientation-preserving. In particular φ sends the hyperbolic line through
P and Q to the hyperbolic line through S and T . Since φ is orientation-preserving it
�swaps� the two sides of the hyperbolic line. We refer to the �gure below for an illustration.
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φ

line through
P and Q

line through
S and T

D
T = re i(ψ−γ)S = re iψ

D

P = re iϕ

Q = re i(ϕ+γ)

arrow that points aways from blue

Proof of Lemma 65.12. It follows from Proposition 65.4 (3) that, without loss of gener-
ality, we can assume that P = 0 and S = 0. We write Q = r · exp( iϕ) and T = exp( iψ).
It is a direct consequence of Proposition 65.11 (1) and our hypothesis that

d(0, r · exp( iϕ)) = d(P,Q) = d(S, T ) = d(0, s · exp( iψ))

that we have r = s. But this means that we can apply the rotation by the angle ϕ − ψ,
which is a Möbius transformation, to turn (P,Q) into (S, T ). This proves the existence of
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φ. The uniqueness follows from the observation, that we had made already on page 1429,
that the only Möbius transformations that �x 0 are precisely rotations. �

Lemma 65.13. Let P ∈ D and r > 0. Let S, T ∈ Br(P ). Then the image of the unique
geodesic in D from S to T lies in Br(P ).

Proof. As usual, this time by Propositions 65.4, 65.6 and 65.11, it su�ces to prove the
lemma for P = 0. In this special case the reader will have no troubles providing the
elementary argument. We also refer to the �gure below for an illustration. �
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Next we recall the following de�nition from page 289.

De�nition. We say that a metric space (X, d) is complete if every Cauchy sequence
in (X, d) converges.
The present setting motivates the following de�nition.

De�nition. We say that a connected Riemannian manifold (M, g) is complete if the cor-
responding metric space (M,d(M,g)) is complete.
In the Compact-Complete Proposition 6.10 we showed that every compact metric space is
complete. The Riemannian manifolds D and H are of course not compact, but nonetheless,
as we will now see, we can use the Compact-Complete Proposition 6.10 to show that D and
H are complete.
Lemma 65.14. The Riemannian manifolds D and H are complete.

Proof. By Proposition 65.3 the two Riemannian manifolds D and H are isometric. There-
fore it su�ces to show that D is complete. We denote by d = d(D,g) the metric on D
corresponding to the Riemannian structure. Let {an}n∈N be a Cauchy sequence with re-
spect to d. An elementary argument using the triangle inequality and the de�nition of a
Cauchy sequence shows that there exists a C ∈ R such that d(0, an) ≤ C for all n ∈ N.

It follows from Proposition 65.11 that there exists an r ∈ (0, 1) such that all an are
contained in the closed Euclidean ball B

eucl

r (0). By the Heine-Borel Theorem 1.24 this ball
is a compact subset of R2, viewed with the usual topology. It follows from Proposition 65.9
that B

eucl

r (0) is also compact in the topology de�ned by d. Now we see that {an}n∈N is a
Cauchy sequence in the compact metric space (B

eucl

r (0), d). It follows from the Compact-
Complete Proposition 6.10 that the sequence converges. �

Exercises for Chapter 65.

Exercise 65.1. Does the smooth manifold B2 \{0} admit a complete Riemannian metric?
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66. The universal covering of surfaces

Throughout this chapter we mean by a surface a connected 2-dimensional smooth manifold.
For example the surface of genus g, g ≥ 0, but also C, C\{0, 1} and the result of removing
�nitely many points from Σg are surfaces.

De�nition. LetM be a surface. We say that a Riemannian structure g onM is hyperbolic
if the following two conditions are satis�ed:
(1) (M, g) is locally isometric to D, i.e. if given any P ∈ M there exists an isometry

Φ: U → V from an open neighborhood U of P to an open subset V of D,
(2) (M, g) is complete.

If g is hyperbolic, then we refer to (M, g) as a hyperbolic surface.

Remark. By the Compact-Complete Proposition 6.10 the condition (2) of the de�nition
is automatically satis�ed if M is a closed surface.

In this chapter we will pursue the following three goals:
(1) we want to show that for any g ≥ 2 the surface of genus g is a complex manifold,
(2) we intend to prove that for any g ≥ 2 the surface of genus g is hyperbolic,
(3) given g ≥ 2 we want to determine the universal covering of the surface of genus g.

66.1. Hyperbolic surfaces. In this section we will show that the surfaces of genus ≥ 2
are complex manifolds and that they are hyperbolic. In the subsequent subsection we will
then consider more general types of surfaces.

De�nition. Let M be a 2-dimensional topological manifold without boundary. A Möbius
structure for M is a family of homeomorphisms {Φi : Ui → Vi}i∈I from open subsets of M
to open subsets of D such that

⋃
i∈I
Ui = M and such that for any i, j ∈ I the transition

map
Φi(Ui ∩ Uj)︸ ︷︷ ︸

ĂD

(Φi|Ui∩Uj)
−1

−−−−−−−−→ Ui ∩ Uj
Φj |Ui∩Uj−−−−−→ Φj(Ui ∩ Uj)︸ ︷︷ ︸

ĂD
is given by a Möbius transformation. Sometimes we refer to a smooth manifold together
with a Möbius structure as a Möbius manifold.

Example.
(1) We will always view D as equipped with the Möbius structure that is given by the

chart id : D→ D.
(2) Any open subset of a Möbius manifold is also a Möbius manifold.

The following lemma says that Möbius structures are useful for solving two problems at
once: we can use them to show that a smooth manifold is a complex manifold and we can
use them to show that a smooth manifold has a hyperbolic structure.

Lemma 66.1. Let M be a surface and let {Φi : Ui → Vi}i∈I be a Möbius structure for M .
Then the following hold:
(1) The charts form a holomorphic atlas for M , in particular M is a complex 1-dimen-

sional smooth manifold.
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(2) (a) The smooth manifold M admits a unique Riemannian structure g such that all
the charts in the atlas {Φi : Ui → Vi}i∈I are isometries.

(b) If the Riemannian structure from (a) is complete, then (M, g) is hyperbolic.
In the following we will always view a Möbius manifold as a 1-dimensional complex manifold
and as a Riemannian manifold with the structures coming from Lemma 66.1.

Proof. Let M be a surface and let {Φi : Ui → Vi}i∈I be a Möbius structure for M .

(1) The �rst statement is an immediate consequence of the de�nitions and of the fact,
proved in Proposition 65.4 (2), that Möbius transformations are biholomorphisms.

(2) (a) We denote by g the Riemannian structure on D. We de�ne a Riemannian struc-
ture onM as follows. Let P ∈M . We pick a chart Φi : Ui → Vi from our Möbius
structure and we de�ne hP := Φ∗i (gΦi(P )). Now suppose that we had picked a
di�erent chart Φj from the Möbius structure. The transition map from Φi to
Φj is by de�nition a Möbius transformation, which is an isometry by Proposi-
tion 65.4 (2). It follows easily that Φj gives rise to the same de�nition of hP . It
is now straightforward to verify that this de�nes a Riemannian structure on M
and that it has the desired properties.

(b) This statement is an immediate consequence of (a) and of the de�nition of a
hyperbolic surface. �

The following proposition gives in particular an a�rmative answer to Question 32.25.

Proposition 66.2. Let g ≥ 2. Then the following hold:
(1) The surface of genus g admits a Möbius structure.
(2) The surface of genus g admits the structure of a 1-dimensional complex manifold.
(3) The surface of genus g admits a hyperbolic Riemannian structure.

Proof. We prove the proposition for the case that g = 2. The general case is proved by
almost the same argument.

We �rst show that the surface of genus 2 admits a Möbius structure. By [Bon2009,
Lemma 5.3] (see also [Frie2016a, Lemma 21.5]) there exists an r > 0 such that the interior
angle at any vertex of the hyperbolic octagon H8 in D, de�ned by Qk = r · exp(2π ik/16),
k = 1, 3, . . . , 15, equals π

4
.763
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Q1

Q−1 = Q15

Q13

Q9

all interior angles equal π
4H8

763Here is a sketch for the proof: For r → 0 the interior angle converges to the interior angle of a Euclidean
regular octagon, namely 3π

4 , whereas for r → ∞ the interior angle converges to 0. The interior angle
changes continuously with r (that is sort of clear, except that it is somewhat painful to provide a rigorous
proof), so by the Intermediate Value Theorem there exists an r such that the interior angle equals π

4 .



66. THE UNIVERSAL COVERING OF SURFACES 1441

Let k ∈ {0, 1, 4, 5}. By Lemma 65.12 and the example on page 1437 there exists a unique
Möbius transformation Φk with Φk(Q2k−1) = Q2k+5 and Φk(Q2k+1) = Q2k+3. The Möbius
transformations Φ0 and Φ1 are illustrated in the �gure below.
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Q1

Q3

Φ0

Q1

Q−1 = Q15

Φ1

Q3
Q5

Q7

Q5

Given k ∈ {0, 1, 4, 5} we declare any point P on the edge connecting Q2k−1 and Q2k+1

to be equivalent to Φk(P ). We denote by ∼ the equivalence relation that is generated
by these equivalences. It is straightforward to see that H8/ ∼ is homeomorphic to the
surface of genus 2 that we de�ned on page 265 as E8/∼. In the following we denote by
p : H8 → H8/∼ the natural projection.
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Q13
Q11

Q9

Q7

Q5 Q3

Q1

is homeomorphic to

H8/ ∼

Q15 = Q−1

E8/ ∼

Now we will give an explicit Möbius structure for H8/∼. More precisely, given any
P ∈ H8/∼ we will give a chart ψP such that the transitions maps are given by Möbius
transformations. So let P ∈ H8/∼.

(1) If P = p(z) for some z ∈
◦
H8, then the map

ψP : p
( ◦
H8

)
→

◦
H8

p(w) 7→ w

is a chart around P = p(z).
(2) Now suppose that P = p(z) where z lies in the interior of one of the eight edges

of ∂H8. In the following we deal with the case that z lies on the edge from Q−1

to Q1. We pick an r > 0 such that B2r(z) does not contain any of the vertices
Q1, Q3, . . . , Q15 and does not hit any of the other edges. Then we consider the map

ψP : p(Br(z) ∩H8) ∪ p(Φ0(Br(z)) ∩H8) → Br(z)

p(w) 7→
{
w, if w ∈ Br(z) ∩H8

Φ−1
0 (w), if w ∈ Φ0(Br(z)) ∩H8.

This map is a chart around P = p(z). We refer to the �gure below for an illustration
of the de�nition of the map ψP .
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0

id

H8/ ∼ H8

zP = p(z)

Br(z)

p(Φ0(Br(z)) ∩H8)

p(Br(z) ∩H8)

(3) Finally suppose that P = p(Q1) = · · · = p(Q15). We choose r ∈ (0, 1
2
d(Q−1, Q1)).

Given k ∈ {1, 3, . . . , 15} we de�ne γ(k) via the following table:

k 1 3 5 7 9 11 13 15

γ(k) 3
4
π π 5

4
π 1

2
π 7

4
π 0 1

4
π 3

2
π.

Recall that we had chosen the octagon H8 such that the angle at any vertex equals π
4
.

For k = 1, 3, . . . , 15 we can therefore apply Lemma 65.8 to �nd a unique Möbius
transformation θk with the following two properties:
(a) θk(Qk) = 0,
(b) The map θk applied to the two rays emanating from Qk equals the two rays
{s · exp( iγ(k)) | s ≥ 0} and {s · exp( i(γ(k) + π

4
)) | s ≥ 0} emanating from 0.

We consider the map

ψP : p(Br(Q1) ∩H8) ∪ · · · ∪ p(Br(Q15) ∩H8) → Br(0)
p(z) 7→ θk(z), if z ∈ Br(Qk) ∩H8.

We leave it to the reader to verify that ψP is well-de�ned and that it is indeed a
homeomorphism. This map is a chart around P = p(z). We refer to the �gure below
for an illustration of the de�nition of the map ψP .
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p(Br(Q5) ∩H8) P

ψP

It is straightforward to verify that all the transition maps between the above maps are
given by Möbius transformations. We have thus shown that the maps {ψP}P∈H8 form a
Möbius structure for H8/∼. This concludes the proof of (1).

Now we turn to the proof of (2). The existence of a Möbius structure together with
Lemma 66.1 (2) shows immediately that the surface of genus 2 is a 1-dimensional complex
manifold.

Finally we provide the proof of (3). In light of (1) and Lemma 66.1 (2) it su�ces to show
that the Riemannian manifold (H8/∼, g) is complete. By Proposition 65.9 the topology
onM de�ned by the metric d(M,g) agrees with the given topology ofM . SinceM is compact
it now follows from the Compact-Complete Proposition 6.10 that (M, g) is complete. �
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66.2. More hyperbolic structures on the surfaces of genus g ≥ 2p. Now we want
to study the question, how many hyperbolic metrics does a surface of genus g admit. To
make this question more precise, we introduce the following de�nition.

De�nition. Let M be a surface of genus g ≥ 2 and let h, h′ be two hyperbolic metrics
on M . We say h and h′ are equivalent if there exists an isometry from (M,h) to (M,h′).
This raises the question, whether a surface of genus g ≥ 2 admits non-equivalent hyperbolic
metrics. We return to the construction of a hyperbolic metric in Proposition 66.2. In our
construction we started out with a regular 4g-gon with interior angle 2π

4g
and we identi�ed

pairs of sides. Two facts were crucial to obtain a hyperbolic metric:

(1) the sides were identi�ed via an isometry,
(2) the sum of the interior angles equals 2π.

Or put di�erently, any choice of a 4g-gon with side lengths k1, . . . , k4g and interior angles
α1, . . . , α4g that satisfy the equations

k1 = k3, k2 = k4, . . . , k4g−3 = k4g−1, k4g−2 = k4g and α1 + · · ·+ α4g = 2π

gives rise to a hyperbolic metric on a topological space that is homeomorphic to the surface
of genus g. It is of course not clear whether di�erent parameters give rise to non-equivalent
hyperbolic structures. One way to distinguish them, in principle at least, is to look at the
shortest length of a closed curve that is not null-homotopic. We will not elaborate on this
procedure.
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How many such 4g-gons are there? On the one hand we have parameters k1, k3, . . . , k4g−1

and α1, . . . , α4g. On the other hand we have the condition that α1 + · · · + α4g = 2π. Fur-
thermore we want a 4g-gon, so the last angle and the length of the last edge are determined
by the others. Thus we obtain two other conditions. Summarizing we have 2g + 4g = 6g
parameters that need to satisfy 3 conditions. Of course it is not clear which of these
Riemannian structures are isometric. This naive discussion suggests that the space of hy-
perbolic metrics is (6g − 3)-dimensional. Surprisingly this is not too far o� the correct
answer, in fact in [BP1992, Chapter B.4] the following proposition is proved.

Proposition 66.3. The topological space of hyperbolic metrics on a surface of genus g ≥ 2
can be viewed as a smooth manifold of dimension 6g − 6.
We will not make use of this proposition. The topological space of hyperbolic metric is
called the Teichmüller space, more information can be found at

https://en.wikipedia.org/wiki/Teichmueller_space.

https://en.wikipedia.org/wiki/Teichmueller_space
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The theory is named after Oswald Teichmüller (1913-1943) who was a brilliant mathemati-
cian and an ardent Nazi, see

https://en.wikipedia.org/wiki/Oswald_Teichmueller

http://www-history.mcs.st-andrews.ac.uk/Biographies/Teichmuller.html

and
https://de.wikipedia.org/wiki/Oswald_Teichmueller.

66.3. More examples of hyperbolic surfaces. In this section we will generalize the
discussion from the previous section to surfaces that are non-compact.
In the following let Q1 = 1, Q2 = i, Q3 = −1 and Q0 = Q4 = − i. We denote by H4 the
closed, non-compact subset of D that is bounded by the four hyperbolic lines with endpoints
Qk, Qk+1 where k = 0, 1, 2, 3. We refer to the �gure on page 1445 for an illustration.
We consider the Möbius transformations764

Φ1(z) := (− i) ·
z − −1+i

2

1 − −1− i
2 z

and Φ2(z) := (− i) ·
z +

−1− i
2

1 +
−1+i

2 z
.

We record a few key properties of Φ1 and Φ2 in a lemma.
Lemma 66.4.
(1) We have Φ1(Q2) = Q4 and Φ1(Q3) = Q3 and we also have Φ2(Q2) = Q4 and

Φ1(Q1) = Q1.
(2) The restriction of Φ1 to the hyperbolic line with endpoints Q3 and Q2 is given by

re�ection in the x-axis.765

(3) The restriction of Φ2 to the hyperbolic line with endpoints Q1 and Q2 is given by
re�ection in the x-axis.

Proof. The �rst statement follows immediately from plugging in the points. A straight-
forward, albeit slightly painful calculation shows that for any α ∈ R we have

Φ1

(
− 1 + i + e− iα

)
= −1− i + exp( iα).

This proves the second statement. The third statement is proved by a similarly tedious
calculation. �

Remark. We consider the Möbius transformation Φ1 in more detail. It sends the hyper-
bolic line with endpoints Q3 and Q2 to the hyperbolic line with endpoints Q3 and Q4. In
particular it sends the two halves determined by the hyperbolic lines to one another. Which
half gets sent to which half is determined by the fact that Φ1 is orientation-preserving. We
refer to the �gure below for an illustration of the Möbius transformations Φ1 and Φ2.

Given k ∈ {1, 2} we declare any point P on the line with the endpoints Qk and Qk+1 to be
equivalent to Φ3−k(P ). We denote by ∼ the equivalence relation that is generated by these
equivalences.

764Recall that a Möbius transformation of D is a map of the form ψ(z) = e iθ · z−a1−az for some θ ∈ R and
a ∈ D.
765The Möbius transformation Φ1 sends the hyperbolic line with endpoints Q3 and Q2 to the hyperbolic line
with endpoints Q3 and Q4. There are many such Möbius transformations, but the Möbius transformation
we picked has the extra property, that on the hyperbolic line it is the �obvious map�.

https://en.wikipedia.org/wiki/Oswald_Teichmueller
http://www-history.mcs.st-andrews.ac.uk/Biographies/Teichmuller.html
https://de.wikipedia.org/wiki/Oswald_Teichmueller


66. THE UNIVERSAL COVERING OF SURFACES 1445

�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������

�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������

�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������

��
��
��
��

��
��
��
��

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

��������������������

���
���
���
���
���
���
���

���
���
���
���
���
���
���

������������������

����
����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

�
�
�
�

�
�
�
�

�
�
�

�
�
�

��
��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

��

Φ1

Q4

Q2

Q1

Φ2

Q3
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H4

Q2

Q1

Q4 = Q0

Q3 these hyperbolic lines get
identi�ed via the

Möbius transformation Φ2

these hyperbolic lines
get identi�ed via the

Möbius transformation Φ1

Proposition 66.5.
(1) The topological space H4/∼ admits a Möbius structure. In particular it is a 1-di-

mensional complex manifold.
(2) The Riemannian structure on H4/∼ coming from (1) and Lemma 66.1 is complete.
(3) The topological space H4/∼ admits a hyperbolic metric.

Proof. We start out with the proof of (1). We have to show that H4/∼ admits a Möbius
structure. The following argument is almost identical to the proof of Proposition 66.2 (1).

We denote by p : H4 → H4/∼ the projection . In the following let P ∈ H4/∼.
(1) If P = p(z) for some z ∈

◦
H4, then

ψP : p
( ◦
H4

)
→

◦
H4

p(w) 7→ w

is a chart around P = p(z).
(2) Now suppose that P = p(z) where z lies on ∂H4. In the following we deal with the

case that z lies on the edge from Q1 to Q2. All other cases are dealt with almost the
same way. We pick an r > 0 such that B2r(z) intersects no other component of ∂H4.
We consider the map

ψP : p(Br(z) ∩H4) ∪ p(Φ2(Br(z)) ∩H4) → Br(z)

p(w) 7→
{
w, if w ∈ Br(z) ∩H4

Φ−1
2 (w), if w ∈ Φ−1

1 (Br(z)) ∩H4.

This map is a chart around P = p(z).
The charts that we just constructed form an atlas for H4/∼. It follows immediately from
the de�nitions that all transition maps are given by Möbius transformations. It follows
that the maps ψP form a Möbius structure for H4/∼. As in the proof of Proposition 66.2
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it follows that H4/∼ is a 1-dimensional complex manifold and that these charts satisfy the
conditions of Lemma 66.1. This concludes the proof of (1).

We continue with the proof of (2). We have to show that the Riemannian structure
on H4/∼ coming from (1) and Lemma 66.1 is complete. The subsequent argument is a
variation on the proof of the Compact-Complete Proposition 6.10.

We denote by d the metric corresponding to the Riemannian structure on H4/∼. Let
{an}n∈N be a Cauchy sequence in H4/∼ with respect to d. As in the proof of the Compact-
Complete Proposition 6.10 we see that there exists a C ∈ R such that d(0, an) ≤ C for all
n ∈ N.
Claim. There exists an r ∈ [0, 1) such that for any z ∈ H4 with d(0, p(z)) ≤ C we have
|z| ≤ r.

Proof. Given s ∈ [0, 1) we set

g(s) :=
t=s∫
t=0

√
2

1−t2 dt.

Clearly we have lim
s→1

g(s) =∞. In particular there exists an r ∈ [0, 1) such that g(s) > C+1

for all s ≥ 1
2
r.

We claim that r has the desired property. So let z = x + iy ∈ H4 with |z| > r. Since
H4 is a subset of the square spanned by ±1 and ±i we see that we have |z| ≤ |x|+ |y|. Put
di�erently, we have |x| ≥ 1

2
r or |y| ≥ 1

2
r. Without loss of generality we can assume that

|x| ≥ 1
2
r.

We need to show that d(0, p(z)) ≥ C + 1. It su�ces to show that for any piecewise
smooth path γ : [0, a]→ H4/∼ with γ(0) = 0 and γ(a) = p(z) we have `(γ) ≥ C + 1.

We denote by q : H4/∼ → (−1, 1)
[x+ iy] 7→ x

the projection onto the real part. It follows from Lemma 66.4 that this map is indeed
well-de�ned. A straightforward calculation shows that for all t ∈ [0, a] we have∥∥γ′(t)∥∥

H4/∼
≥
∥∥(q ◦ γ)′(t)

∥∥
D.

It follows that since |x| ≥ 1
2
r

↓
`(γ) =

a∫
0

∥∥γ′(t)∥∥
H4/∼

dt ≥
a∫
0

∥∥(q ◦ γ)′(t)
∥∥
D dt ≥ d(D,g)(0,

=x︷ ︸︸ ︷
q(γ(a))) = g(|x|)≥ C + 1.

↑ ↑ ↑
above inequality de�nition of d(D,g) Proposition 65.11 �

By the above claim the sequence {an}n∈N lies in the compact set p({z ∈ H4 | |z| ≤ r}).
But by the Compact-Complete Proposition 6.10 the metric space p({z ∈ H4 | |z| ≤ r})
is complete, so the sequence {an}n∈N converges in p({z ∈ H4 | |z| ≤ r}), in particular it
converges in p(H4) = H4/∼. Thus we have proved that H4/∼ is complete. This concludes
the proof of (2).

Finally Statement (3) is an immediate consequence of the de�nition of a hyperbolic
metric and of Statement (2). �

We had just seen in Proposition 66.5 that H4/∼ admits a Möbius structure, in particular
it is a 1-dimensional complex manifold. It is relatively straightforward to show that H4/∼
is homeomorphic to the sphere minus three points, or equivalently, to C minus two points.
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Now we show the much stronger statement that H4/∼ is actually biholomorphic to C \
{0, 1}.
Proposition 66.6. There exists a biholomorphism H4/∼→ C \ {0, 1}.

Remark. We equipH4/∼ with the Riemannian metric g coming from the Möbius structure
and we equip C \ {0, 1} with the usual Euclidean Riemannian metric that we denote by h.

By Proposition 66.5 the metric space (H4/∼, g) is complete whereas (C \ {0, 1}, h) is
evidently not complete. Thus we see that the biholomorphism H4/∼→ C \ {0, 1} from
Proposition 66.6 is not an isometry.

�
�
�
�

�
�
�
�

�
�
�
�

����

����

sphere minus three points

neighborhoods of the
points we removed

in hyperbolic geometry the neighborhoods
become in�nitely long open annuli, called cusps

Proof of Proposition 66.6. We denote by ∆ the open subset of D bounded by the three
hyperbolic lines with endpoints −1, 1 and i. (We refer to the �gure below for an illustra-
tion of ∆.) It follows from applying the Riemann Mapping Theorem 32.12 together with
Carathéodory's Theorem 32.13 that there exists a biholomorphism Ψ: ∆→ D that extends
to a homeomorphism Ψ: ∆ → D. We combine Ψ with the biholomorphism from D to H
coming from Proposition 65.3. This way we obtain a biholomorphism Φ: ∆ → H that
extends to a homeomorphism Φ: ∆→ H.

Using Lemma 65.5 we can, if necessary, compose Φ with a Möbius transformation of H,
to arrange that Φ(i) =∞ and that Φ({−1, 1}) = {0, 1}.

Note that Φ restricts to a homeomorphism Φ: ∂∆→ ∂H = R∪ {∞}. By the above we
have Φ(∂∆) = R \ {0, 1}. Now we consider the map

Ψ: H4 → C \ {0, 1}

z 7→

{
Φ(z), if z ∈ ∆,

Φ(z), if z ∈ ∆,

Note that by the above we have f((−1, 1)) = (0, 1). Thus it follows from the Schwarz
Re�ection Principle, see Proposition 32.7, that the restriction of Ψ to the interior of H4 is
holomorphic. It follows from Lemma 66.4 that if P and Q are two equivalent points on
∂H4, then Ψ(P ) = Ψ(Q). Therefore the map Ψ factors through a map H4/∼→ C \ {0, 1}.
Using once again the Schwarz Re�ection Principle one can show that this map is in fact a
biholomorphism. We leave the veri�cation of this step to the reader. �

De�nition. Given g ∈ N0 and n ∈ N0 we now denote by Fg,n the surface that is obtained
from the surface of genus g by removing n points. We refer to Fg,n as the n-punctured
surface of genus g.
For example the three-punctured sphere F0,3 is the sphere with three points removed. As
we pointed out above, F0,3 is di�eomorphic to C \ {0, 1}. In particular, as we have just
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Φ: ∆→ H

−1

i

1

− i

∆

z 7→ Φ(z)

H4

seen, the three-punctured sphere admits a hyperbolic structure. The following theorem
says that �most� surfaces admit a hyperbolic structure.

Theorem 66.7. Let g ∈ N0 and let n ∈ N0. If 2g + n − 2 > 0, then Fg,n admits a
hyperbolic structure.

Sketch of a proof. Let g ∈ N0 and let n ∈ N0. If 2g + n − 2 > 0 then variations on
the argument of Propositions 66.2 and 66.5 show that Fg,n admits a hyperbolic metric.
In the �gure below we sketch the constructions needed to show that the once-punctured
and the twice-punctured torus have a Möbius structure. The proof that the corresponding
Riemannian manifolds are complete is similar to the proof of Proposition 66.5. �
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once punctured torus twice punctured torus

66.4. The universal covering of surfaces.

De�nition. Let f : M → N be a map between two Möbius manifolds.
(1) We say that f is a Möbius map if for every two chart Φ: U → V in the Möbius

structure ofM and any chart Ψ: X → Y in the Möbius structure of N the restriction
of the map

Φ(U ∩ f−1(X))︸ ︷︷ ︸
ĂD

Ψ◦f◦Φ−1

−−−−−−→ Ψ(X ∩ f(U))︸ ︷︷ ︸
ĂD

to any component of Φ(U ∩ f−1(X)) is given by a Möbius transformation.
(2) We say that f is a Möbius isomorphism, if f is a Möbius map, if f is a bijection,

and if f−1 is also a Möbius map.
The following lemma is an immediate consequence of the de�nitions and the fact, proved
in Proposition 65.4, that Möbius transformations are biholomorphisms and isometries.
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Lemma 66.8. Let M and N be two Möbius manifolds and let f : M → N be a Möbius
map. Then the following two statements hold:
(1) the map f is a local biholomorphism,
(2) the map f is a local isometry.

The following theorem is the main result of this chapter.

Theorem 66.9. (Hadamard's Theorem) Let g ≥ 2, and let M = H4g/∼ be the
surface of genus g with the Möbius structure constructed in Proposition 66.2. Then there
exists a covering map p : D→M with the following properties:
(1) p is a Möbius map,
(2) p is a local isometry,
(3) p is a local biholomorphism.

The hyperbolic disk D is of course simply connected. The theorem thus says that for any
g ≥ 2 the hyperbolic disk D is the universal covering of the surface of genus g. Thus we
have now answered Question 61.12.
The proof of Theorem 66.9 will require the following two sections.

66.5. Proof of Theorem 66.9 I. In this section we will lay the technical foundations for
the proof of Theorem 66.9.
In the following lemma we �rst summarize a few properties of Möbius maps.

Lemma 66.10.
(1) If U Ă D is a connected subset and if f : U → D is a Möbius map, then f is given

by a Möbius transformation.
(2) Let f : M → N be a map between two Möbius manifolds. If f is locally a Möbius

map, then f is a Möbius map.
(3) The composition of two Möbius maps is again a Möbius map.
(4) A bijective Möbius map is a Möbius isomorphism.

Proof.

(1) Let U Ă D be a connected subset and let f : U → D be a Möbius map. It follows from
Proposition 65.4 (4) that given P ∈ U there exists a unique Möbius transformation
φP such that f = φP in an open neighborhood of P . We consider the map

φ : U → set of all Möbius transformations
P 7→ φP .

We equip the right-hand side of the map φ with the discrete topology. It follows from
the de�nitions that this map is continuous. But then it follows from the Connected-
to-Discrete Lemma 2.27 that this map is constant. But that is exactly what we had
tried to show.

(2) This statement follows immediately from (1) and the de�nitions.
(3) This statement is an immediate consequence of de�nitions and the fact, proved in

Proposition 65.4, that the compositions of two Möbius transformations is again a
Möbius transformation.

(4) Let f : M → N be a bijective Möbius map. In Proposition 65.4 we saw that the
inverse of a Möbius transformation is again a Möbius transformation. It follows that
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f−1 is locally a Möbius map. But then it follows from (2), that f−1 is in fact a
Möbius map. �

Lemma 66.11. Let U be an open connected subset of D and letM be a Möbius manifold.
Furthermore let Φ,Ψ: U →M be two Möbius maps.766 Suppose one of the following two
conditions is satis�ed:
(1) There exists an open non-empty subset of U on which Φ and Ψ agree, or
(2) there exists a point Q ∈ U with Φ(Q) = Ψ(Q) and a non-zero vector v ∈ TQD such

that DΦQ(v) = DΨQ(v),
then the Möbius maps Φ and Ψ agree on all of U .

Proof. Let U be an open connected subset of D, let M be a Möbius manifold and let
Φ,Ψ: U →M be two Möbius maps. We consider one more statement:

(3) There exists a point Q ∈ U such that Φ(Q) = Ψ(Q) and such that DΦQ = DΨQ.

Clearly we have (1) ⇒ (3). We also have (2) ⇒ (3). Indeed, the di�erentials DΦQ and
DΨQ are homomorphisms between two 1-dimensional complex vector spaces. So if they are
agree on one non-zero vector, then they agree on all of the vector space TQD.

So it su�ces to show that if (3) is satis�ed, then the maps Φ and Ψ agree on all
of U . So suppose that there exists a point Q ∈ U such that Φ(Q) = Ψ(Q) and such that
DΦQ = DΨQ. We consider

Y := {P ∈ U | Φ(P ) = Ψ(P ) and DΦP = DΨP}.

By our hypothesis we know that Y contains Q, in particular Y is non-empty. Since Φ and
Ψ are smooth it follows that Y is closed. It remains to show that Y is open.

So let P ∈ Y . We pick a map Θ: W → D from the Möbius structure of M such
that W is an open neighborhood of Φ(P ) = Ψ(P ). We denote by V the component of
Φ−1(W ) ∩ Ψ−1(W ) that contains P . Since Φ and Ψ are Möbius maps it follows from
Lemma 66.10 (3) that the maps Θ ◦ Φ: V → D and Θ ◦Ψ: V → D are also Möbius maps.
Since V is connected it follows from Lemma 66.10 (1) that both maps are given by Möbius
transformations. These two Möbius transformations agree at P and they have the same
di�erential at P . It follows from Proposition 65.4 (5) that Φ and Ψ agree on an open
neighborhood of P . This shows that Y is also open. �

De�nition. Let M be a Möbius manifold and let Q ∈ M and r > 0. We say BM
r (Q) is

small if there exists a Möbius isomorphism Ω: BD
r (0)→ BM

r (Q) with Ω(0) = Q.

Proposition 66.12. Let M be a Möbius manifold and let Q ∈ M . Then there exists an
r > 0 such that BM

r (Q) is small.
In the proof of Proposition 66.12 we will make use of the following lemma.

Lemma 66.13. Let (X, g) and (Y, h) be Riemannian manifolds. Let Q ∈ X and r > 0.
Let f : BX

3r(Q)→ (Y, h) be a local isometry and let S, T ∈ BX
r (Q). Then we have

dY (f(S), f(T )) ≤ dX(S, T ).

766Here we view U Ă D as equipped with the obvious Möbius structure.
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Y
X

f ◦ γγ

Q BX
3r(Q)

f

S T
f(S)

f(T )BX
r (Q)

Proof. Let S, T ∈ BX
r (Q). Furthermore let ε > 0. By the triangle inequality we have

dX(S, T ) < 2r. In particular there exists a piecewise smooth path γ in X from S to T such
that `X(γ) < 2r and with `X(γ) < dX(S, T ) + ε. Given any t we have

dX(Q, γ(t)) ≤ dX(Q,S) + dX(S, γ(t)) < r + `X(γ) < 3r.

Thus we have shown that the image of γ lies in BX
3r(Q). In particular the image of γ lies

in the domain of f . Thus we see that

dY (f(S), f(T )) ≤ `Y (f ◦ γ) = `X(γ) < dX(S, T ) + ε.
↑ ↑

since f ◦ γ is a path from by Lemma 65.10, since
f(S) to f(T ) f is a local isometry

Since this inequality holds for all ε > 0 we see that dY (f(S), f(T )) ≤ dX(S, T ). �

Proof of Proposition 66.12. Let M be a Möbius manifold and let Q ∈ M . We pick a
map Φ: U → V from the Möbius structure of M such that U is an open neighborhood
of Q. By Proposition 65.4 (3), after possibly composing Φ with a Möbius transformation,
we can furthermore assume that Φ(Q) = 0. We write Ω := Φ−1. By Proposition 65.9
(3) and by the openness of V there exists an r > 0 such that BM

3r (Q) Ă U and such that
BD

3r(0) Ă V .767
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M

V

U

BM
3r (Q)

BM
r (Q)

D

Q
0

BD
3r(0)

Ω

Φ

BD
r (0)

It follows immediately from Lemmas 66.8 and 66.13 and from our choice of r that the
following holds:
(1) For any S, T ∈ BM

r (Q) we have dD(Φ(S),Φ(T )) ≤ dM(S, T ).
(2) For any S, T ∈ BD

r (Q) we have dM(Ω(S),Ω(T )) ≤ dD(S, T ).
It follows immediately from these two inequalities, from Φ(Q) = 0 and from the fact
that Φ = Ω−1 that Ω restricts to an isometry Ω: (BD

r (0), dD) → (BM
r (Q), dM) of metric

spaces which is furthermore a bijection. Furthermore, since Φ is a Möbius isomorphism
it follows that the inverse map Ω = Φ−1 : (BD

r (0), dD) → (BM
r (Q), dM) is also a Möbius

isomorphism. �

767Note the discrete factor 3 in the radius of the ball.
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Lemma 66.14. LetM be a Möbius manifold. Let Q ∈M and let r > 0 such that BM
r (Q)

is small. Let Φ: D→M be a Möbius map such that BM
r (Q) Ă Φ(D). Then the following

hold:
(1) For any X∈Φ−1(Q) the map Φ restricts to a Möbius isomorphism BD

r (X)→BM
r (Q).

(2) Let s ≤ r
2
and let Y ∈ D such that Φ(Y ) ∈ BM

s (Q). Then there exists an X ∈
Φ−1(Q) with Y ∈ BD

s (X).

Proof. Let M be a Möbius manifold. Let Q ∈M and let r > 0 such that BM
r (Q) is small.

We pick a Möbius isomorphism Ω: BD
r (0) → BM

r (Q) as in the de�nition of �small�. Let
Φ: D→M be a Möbius map such that BM

r (Q) Ă Φ(D).
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M

BM
r (Q) is smallBD

r (X)

Φ(D)

Φ

D

BD
r (0)

Q

∼=
Ω

X ∈ Φ−1(Q)

(1) Let X ∈ Φ−1(Q). It follows immediately from the fact that Möbius maps are local
isometries and from Lemma 66.13 that Φ(BD

r (X)) Ă BM
r (Q). Therefore we can con-

sider the Möbius map Ω−1◦Φ: BD
r (X)→ BD

r (0). By Lemma 66.10 this Möbius map is
the restriction of a Möbius transformation. In particular it is a Möbius isomorphism.
But since Ω is a Möbius isomorphism as well we obtain that Φ: BD

r (X)→ BM
r (Q) is

also a Möbius isomorphism.
(2) Let s ≤ r

2
and let Y ∈ D such that Φ(Y ) ∈ BM

s (Q), i.e. such that dM(Q,Φ(Y )) < s.
By the triangle inequality we have

BM
s (Φ(Y )) Ă BM

2s (Q) Ă BM
r (Q).

The same argument as in (1) shows that the map Φ restricts to a Möbius isomorphism
BD
s (Y ) → BM

s (Φ(Y )). We have dM(Q,Φ(Y )) < s, i.e. we have Q ∈ BM
s (Φ(Y )).

Hence there exists an X ∈ BD
s (Y ) with Φ(X) = Q. �
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r (Q)Φ

D

Φ(D)

BD
s (Y )

Q

Y

Φ(Y )
X

66.6. Proof of Theorem 66.9 II. In this section we will now �nally provide the proof of
Theorem 66.9. We will only cover the case g = 2, the proof of the general case is almost
identical.
Throughout this section letM = H8/∼ be the surface of genus 2 with the Möbius structure
constructed in Proposition 66.2. In the following we will show that there exists a Möbius
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map p : D→ M that is in fact a covering map. It then follows from Lemma 66.8 that p is
also a local isometry and a local biholomorphism.
For the remainder of the proof we adopt the following notation and conventions.

(1) We view
◦
H8 as a subset of D and also of H8/∼.

(2) Given Z ∈ D we denote by
γZ : [0, 1] → D

t 7→ t · Z

the radial path from the origin 0 ∈ D to Z.
(3) We say that U Ă D is convex if it is convex in the usual Euclidean sense, i.e. if given

any P,Q ∈ U the points t ·P +(1− t) ·Q, t ∈ [0, 1] also lie in U . On several occasions
throughout the proof we will make use of the following elementary observations:
(a) convex sets are path-connected,
(b) the intersection of two convex sets is also convex,
in particular, combining (a) and (b) we get
(c) the intersection of two convex sets is path-connected.

Our �rst goal is to construct a suitable map p : D→ M = H8/∼. So let Z ∈ D. We write
γ = γZ . We say t ∈ [0, 1] is good if there exists a convex open neighborhood U of γ([0, t])
and a map Ψ: U →M which has the following properties:

(i) Ψ is a Möbius map,
(ii) it restricts to the identity on

◦
H8 ∩ U Ă M .

We start out with the following lemma.

Lemma 66.15. The point t = 1 is good.

Proof. We set
T := {t ∈ [0, 1] | t is good}.

We start out with the following observations:

(1) We have that 0 ∈ T since the identity on the open neighborhood
◦
H8 of 0 has the

required properties.768

(2) Being good is clearly an open condition, hence T Ă [0, 1] is open.

We want to show that T = [0, 1]. By the above, and since [0, 1] is connected, it su�ces to
show that s := sup(T ) is good.

Since 0 ∈ S and since T is open we see that s > 0. Therefore there exists an increasing
sequence {tn}n∈N of good numbers tn ∈ [0, t) that converges to s. Since each tn is good we
can pick for each n a convex open neighborhood Un of γ([0, tn]) and a map Ψn : Un → M
that has the desired properties (i) and (ii).

Let m,n ∈ N. The Möbius maps Ψm and Ψn agree on the open non-empty connected
subset

◦
H8 ∩ Un ∩ Um. It follows from Lemma 66.11 that the maps Ψm and Ψn agree on

Un ∩ Um.
By the continuity of γ the sequence {γ(tn)}n∈N converges to γ(t), in particular it is a

Cauchy sequence with respect to dD. It follows from Lemma 65.10 that {Ψn(γ(tn))}n∈N

768Here we use that for each point Z ∈
◦
H8 the identity map id :

◦
H8 →

◦
H8 is part of the Möbius structure

of M .
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is a Cauchy sequence with respect to dM .769 It follows from Proposition 66.2 that the
metric space (M = H8/∼, dM) is complete. Therefore the Cauchy sequence {Ψn(γ(tn))}n∈N
converges to a point S ∈M .

It follows from Proposition 66.12 that there exists an r > 0 and a Möbius isomorphism
Ω: BD

r (0)→ BM
r (S) such that Ω(0) = S. We pick an n such that Ψn(γ(tn)) ∈ BM

r (S) and
such that dD(γ(t), γ(s)) < r. We write t = tn,Ψ = Ψn, U = Un and we write X = γ(t).
Let v ∈ TXD be a non-zero vector. We let w := d(Ω−1 ◦ Ψ)X(v). The Möbius maps Ω
and Ψ are in particular local isometries, therefore we have ‖w‖ = ‖v‖. It follows from
Proposition 65.4 (4) that there exists a Möbius transformation Θ with Θ(X) = Ω−1(Ψ(X))
and such that dΘX(v) = w.
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BM
r (S)

D Ψ

X = γ(t)

Möbius transformation Θ

Ψ(U)

U

γ(s)

Ψ(X)

S

BD
r (0)

Ω

Ω−1(Ψ(X))

v

w

The Möbius maps Ω ◦Θ: BD
r (X)→M and Ψ: U →M agree at X = γ(t) and we have

D(Ω ◦ Θ)X(v) = DΨX(v). It follows from Lemma 66.11 that Ω ◦ Θ and Ψ agree on the
path-connected set BD

r (X) ∩ U .
Now we consider the map

Φ: U ∪BD
r (γ(t)) → M

Q 7→
{

Ψ(Q), if Q ∈ U,
Ω−1(Θ(Q)), if Q ∈ BD

r (γ(t)).

By the above discussion this map is well-de�ned and it is locally a Möbius map. It follows
from Lemma 66.10 (3) that this map is a Möbius map. It follows from dD(γ(t), γ(s)) < r
and the fact that γ is a geodesic in D that γ([t, s]) Ă BD

r (γ(t)), in particular U ∪BD
r (γ(t))

is an open subset of D that contains γ([0, t])∪γ([t, s]) = γ([0, s]). It is now straightforward
to see that we can �nd a convex open subset W of U ∪ BD

r (γ(t)) that contains γ([0, s]).
The Möbius map Φ: W →M now certi�es that s is also good. �

Thus we have now shown that there exists a convex open neighborhood U of γ([0, 1]) and
a local isometry Ψ: U → H8/∼ which agrees with the identity map on U ∩

◦
H8. We de�ne

p(Z) := Ψ(Z). By Lemma 66.11 this de�nition does not depend on the choice of U and
Ψ.

769Indeed, suppose we have ε > 0. Since {γ(tn)}n∈N is a Cauchy sequence there exists an N such that
dD(γ(tm), γ(tn)) < ε for all m,n ≥ N . Now let m,n ≥ N . Without loss of generality we have m > n. Then

dM (Ψm(γ(tm)),Ψn(γ(tn))) = dM (Ψm(γ(tm)),Ψm(γ(tn))) ≤ dD(γ(tm), γ(tn)) < ε.
↑ ↑

since Ψm and Ψn agree on γ|[0,tn] Lemma 65.10
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Lemma 66.16. The map p : D→M is a Möbius map.
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���������� convex open neighborhood U of γ

that we used to de�ne Φ(P )

BD
r (P )

γQ

P

D

γP
Q ∈ BD

r (P ), we can use U to de�ne p(Q)

Proof. By Lemma 66.10 (2) it su�ces to show that p is locally a Möbius map. This means
that it su�ces to show that every point P ∈ D admits an open neighborhood W such that
the restriction of p to W is a Möbius map. Thus let P ∈ D. By the above claim there
exists a convex open neighborhood U of γP ([0, 1]) and a Möbius map Ψ: U → H8/∼ which
restricts to the identity on U ∩

◦
H8. Since U is open we can �nd an r > 0 such that for all

Q ∈ BD
r (P ) the image of the radial path γQ from 0 to Q also lies in U . (We refer to the

above �gure for an illustration.) This implies that we can use the Möbius map Ψ: U →M
to de�ne p for any Q ∈ BD

r (P ). Put di�erently, p = Ψ on BD
r (P ). We have thus shown

that the restriction of p to the open neighborhood W = BD
r (P ) of P is a Möbius map. �

The following lemma now concludes the proof of Theorem 66.9

Lemma 66.17. The map p : D→M = H8/∼ is a covering map.

Proof. First we show that the map p : D → M = H8/∼ is surjective. Recall that by
construction p is the identity on

◦
H8. Since p is continuous770 it follows that the restriction

of p to H8 →M = H8/∼ is surjective.771

It remains to show that every Q ∈ M admits a uniformly covered neighborhood. Let
Q ∈M . By Proposition 66.12 there exists an r > 0 such that BM

2r (Q) is small.772 We claim
that BM

r (Q) is uniformly covered. More precisely, we make the following claims:
(1) p−1(BM

r (Q)) =
⋃

X∈p−1(Q)

BD
r (X),

(2) for X 6= X ′ ∈ p−1(Q) we have BD
r (X) ∩BD

r (X ′) = ∅,
(3) given any X ∈ p−1(Q) the restriction of p to BD

r (X)→ BM
r (Q) is a homeomorphism.

We apply Lemma 66.14 to the map p : D→M . It gives us the following three facts:
(a) If Y ∈ D satis�es p(Y ) ∈ BM

r (Q), then there exists an X ∈ p−1(Q) with Y ∈ BD
r (X).

(b) For any X ∈ p−1(Q) the restriction of p to BD
r (X) → BM

r (Q) is a Möbius isomor-
phism, in particular it is a homeomorphism.

(c) For any X ∈ p−1(Q) the restriction of p to BD
2r(X) is injective.

Now the desired properties (1) and (3) follow immediately from (a) and (b). It remains
to prove (2). Suppose that we have X 6= X ′ ∈ p−1(Q) with BD

r (X) ∩ BD
r (X ′) 6= ∅. We

770The map p is a Möbius map, in particular it is a local biholomorphism which implies that it is a local
homeomorphism. Thus it follows from the Pasting Proposition 2.6 that p itself is continuous.
771This is the only part of the proof where we actually use that we work with H8/∼, the remainder of the
proof works for any smooth manifold M with a Möbius structure such that the corresponding Riemannian
manifold is complete.
772Note the factor 2.
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need to show X = X ′. We pick Y ∈ BD
r (X)∩BD

r (X ′). The triangle inequality implies that
X ′ ∈ BD

2r(X). But p restricted to BD
2r(X) is injective by (c). Hence X = X ′. �

66.7. Fundamental groups of surfaces. In this section we will combine Hadamard's
Theorem 66.9 and the discussion of the deck transformation group in Chapter 62 to draw
some interesting consequences on the structure of fundamental groups of surfaces. First we
have the following proposition.
Proposition 66.18. Let g ∈ N≥2. We denote by Σg the surface of genus g. We pick a
base point x0 ∈ Σg. There exists a monomorphism π1(Σg, x0)→ SL(2,R).

Proof. Throughout the proof we will make use of the notion of a Möbius structure, of a
Möbius manifold and of a Möbius map between Möbius manifolds. We refer to pages 1439
and 1448 for the de�nitions, in case the reader needs a refresher.

Now let g ≥ 2. As in the proof of Proposition 66.2 we can and will make the identi�-
cation Σg = H4g/∼ where H4g is a regular hyperbolic 4g-gon in D with interior angle π

2g
.

Furthermore, as in the proof of Proposition 66.2 we equip Σg = H4g/∼ with the canonical
Möbius structure. By Hadamard's Theorem 66.9 there exists a covering map p : D → Σg

such that p is a Möbius map.
Claim. Every deck transformation of the covering map p : D → Σg is a Möbius transfor-
mation.
Proof. Let f : D→ D be a deck transformation. Recall that this means that the following
diagram commutes:

D

p $$

f
// D

pzz

Σg.

Since p is a Möbius map and since p is a local di�eomorphism we see that f is locally a
Möbius map. By Lemma 66.11 (2) this implies that f is in fact a Möbius map. It now
follows from Lemma 66.11 (1) that f is in fact a Möbius transformation. �
Now we can easily conclude the proof of the proposition, indeed we have the following
isomorphisms:

π1(Σg, x0) ∼= Deck(p : D→ Σg) Ă group of Möbius transformations of D ∼= SL(2,R).
↑ ↑ ↑

by Proposition 62.6 by the claim by Proposition 65.1 �

The following proposition gives in particular a positive answer to Question 64.22.
Proposition 66.19. Let Σ be a closed connected 2-dimensional smooth manifold. We
pick a base point x0 ∈ Σ. The following two statements hold:
(1) The group π1(Σ, x0) is linear over R.
(2) The group π1(Σ, x0) is residually �nite.

Remark.
(1) In [NewM1985, Lemma 1], see also [Scot1978, Section 3] together with [Bou1981,

Chapitre V, �4, Section 4], it shown that π1(Σ, x0) is in fact linear over Z.
(2) There are many other proofs that π1(Σ, x0) is residually �nite, see e.g. [Chis1999,

Corollary 4.9] and [Hem1972] for alternative arguments.
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Proof. Let Σ be a closed connected 2-dimensional smooth manifold. By Proposition 49.4
we know that there exists a �nite covering p : (Σ̃, x̃0) → (Σ, x0) such that Σ̃ is a closed
orientable connected 2-dimensional smooth manifold. By Proposition 66.18 we know that
π1(Σ̃, x̃0) is isomorphic to a subgroup of SL(2,R). In particular we see that π1(Σ̃, x̃0) is
linear over R.

By Corollary 48.14 and Lemma 48.15 we know that π1(Σ̃, x̃0) is isomorphic to a �nite-
index subgroup of π1(Σ, x0). Thus it follows from the above together with Exercise 64.15
that π1(Σ, x0) is also linear over R. By Proposition 64.19 this implies that π1(Σ, x0) is
residually �nite. �

66.8. Picard's Theorem `. We also have the following variation on Theorem 66.9.

Proposition 66.20. Let H4/∼ be the three-punctured sphere with the Möbius structure
constructed in Proposition 66.5. Then there exists a covering map p : D→ H4/∼ with the
following properties:
(1) p is a Möbius map,
(2) p is a local isometry,
(3) p is a local biholomorphism.

Proof. The proof of Proposition 66.20 is almost the same as the proof of Theorem 66.9.
In the proof of Theorem 66.9 we used that H8/∼ is complete. In the present case it follows
from Proposition 66.5 (3) that H4/∼ is complete. The construction of the Möbius map
Φ: D→ H4/∼ is verbatim the same as the construction of the Möbius map Φ: D→ H8/∼.
The same argument as before shows that Φ: D→ H4/∼ is surjective and that it is a covering
map. �

Remark. We consider again the covering p : D→ H8/∼ that we had just constructed. It
follows from Corollary 61.4 that the interior of H8 is uniformly covered. In particular we
see that

D \ p−1(∂H8)︸ ︷︷ ︸
�1-dimensional�

=
⊔

copies of
◦
H8.

Put di�erently, up to the �one-dimensional� subset p−1(∂H8) we can cover D by in�nitely
many disjoint copies of the open hyperbolic octagon. Such a decomposition is often called
a tessellation. This tessellation is shown in the �gure below on the left. The same ar-
gument also applies to the covering D → H4/∼ that we also had just constructed. The
corresponding tessellation of D is shown in the �gure below on the right.

At the end of this chapter we return to complex analysis. There are di�erent types of
holomorphic functions de�ned on C.
(1) There are the (rather dull) constant functions.
(2) There are holomorphic functions f : C → C that are surjective. For example it is

an easy consequence of the fundamental theorem of algebra that all maps de�ned by
non-constant polynomials are surjective.

(3) There are also non-constant maps that are not surjective, for example the exponential
function z 7→ exp(z) is never zero773, in fact its image is C \ {0}.

773Why not?
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preimages of
◦
H8 under the

universal cover p : D→ H8/ ∼
preimages of

◦
H4 under the

universal cover p : D→ H4/ ∼

On the other hand it is fairly easy prove, using Liouville's Theorem 32.6, that the image
of a non-constant holomorphic function on C is dense.
Now we can prove Picard's Theorem774 which is a signi�cantly stronger statement than the
above statement that the image is dense.

Theorem 66.21. (Picard's Theorem) Let f : C → C be a non-constant holomorphic
function. Then there exists at most one z ∈ C which does not lie in the image of f .

Proof. Let f : C→ C be a holomorphic function such that there exist two di�erent complex
numbers a, b that do not lie in the image of f . We need to show that f is constant. We
consider the biholomorphism

α : C \ {a, b} → C \ {0, 1}
z 7→ z − a

b− a
.

Furthermore we denote by β : C\{0, 1} → H4/∼ the biholomorphism from Proposition 66.6.
Now we consider the following diagram of maps

D
Φ
��

C
f
// C \ {a, b} α

∼=
// C \ {0, 1} β

∼=
// H4/∼

where Φ: D → H4/ ∼ is the covering map from Proposition 66.20. Recall that Φ is a
Möbius map which implies by Lemma 66.8 that Φ is a local biholomorphism.

Since C is simply connected we can appeal to the Map Lifting Criterion 61.2 to obtain
a lift of the map β ◦ α ◦ f : C → H4/∼ to the universal covering. More precisely, there

774Emile Picard (1856-1941) was a French mathematician. Many readers will have encountered him already
in real analysis, as one of the two namesakes of the Picard-Lindelöf Theorem.
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exists a map ˜β ◦ α ◦ f : C→ D such that the following diagram commutes

D
Φ
��

C
f
//

β̃◦α◦f //

C \ {a, b} α

∼= // C \ {0, 1}
β

∼= // H4/∼ .

Note that it follows from the fact that β ◦α◦f is holomorphic and the fact that Φ is a local
biholomorphism, that the map ˜β ◦ α ◦ f : C → D is also holomorphic. But D is of course
bounded. Therefore it follows from Liouville's Theorem 32.6 that ˜β ◦ α ◦ f is constant.
But then β ◦α ◦ f is also constant. Since α and β are biholomorphisms this implies that f
itself is already constant. �

Remark. In the literature Theorem 66.21 is sometimes referred to as Picard's Little The-
orem, to distinguish it from Picard's Great Theorem which says that if z0 is an essential
singularity of a holomorphic function, then in any neighborhood of z0 the function f as-
sumes all, but possibly one, value in�nitely many times. We refer to [Conw78, Section 12]
for details.

66.9. Triangle groups. In this short bonus section we will discuss the triangle groups.
But before we can do so we need to introduce the notion of the re�ection in a hyperbolic
plane.

De�nition. We de�ne the re�ection in the hyperbolic line l := {x+ 0i |x ∈ (−1, 1)} Ă D
to be the orientation-reversing isometry

ρl : D → D
z = x+ iy 7→ z = x− iy.

Now let k be any hyperbolic line in D. By Lemma 65.6 there exists a Möbius transformation
Φ with Φ(k) = l. We de�ne the re�ection in k to be the map

ρk : D → D
x 7→ Φ−1 ◦ ρl ◦ Φ

In Exercise 66.1 we will see that the de�nition of ρk does not depend on the choice of Φ.
Next recall that given any two distinct points P,Q ∈ D there exists by Lemma 65.6 a unique
hyperbolic line g(P,Q) through P and Q. Now we can formulate the key proposition of
this section.
Proposition 66.22. Let l,m, n ∈ N with 1

l
+ 1

m
+ 1

n
< 1.

(1) There exists a hyperbolic triangle ∆ABC with interior angles π
l
, π
m

and π
n
at the

vertices A,B and C.
LetG be the subgroup of that is generated by the re�ections in the hyperbolic lines g(C,A),
g(A,B) and g(B,C). The following statements hold:
(2) (a) Given any g 6= h ∈ G the intersection g ·∆ABC ∩ h ·∆ABC is either empty or a

vertex or a side.
(b)

⋃
g∈G

g ·∆ABC = D.



1460

(3) The map

〈x, y, z |x2, y2, z2, (xy)l = (yz)m = (zx)n〉 → G
x 7→ re�ection in g(C,A)
y 7→ re�ection in g(A,B)
z 7→ re�ection in g(B,C).

is an isomorphism.
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D

hyperbolic triangle ∆ABC

g ·∆ABC
angle π

l
angle π

m

angle π
n

Proof.
(1) This statement is shown in [Rat2019, Theorem 3.5.6]. In fact in that reference it is

also shown that the triangle is unique up to an isometry.
(2) The statements (2a) and (2b) are both shown in [Cara1954, p. 177-182] or alterna-

tively in [Mask1971].
(3) (a) First note that the map is actually well-de�ned. In fact this follows from the

observation that every re�ection has order 2 and that xy, yz and zx get sent to
a rotation around a vertex with rotation angles 2π

l
, 2π
m

and 2π
n
.

(b) The fact that the map is in fact an isomorphism is shown in [Mag1974, Theo-
rem 2.8]. �

Remark.
(1) A decomposition of the euclidean plane R2 or the hyperbolic disk D into isometric

geometric shapes that only overlap on the boundary is called a tessellation. Proposi-
tion 66.22 thus shows that the hyperbolic disk D can be tessellated by any hyperbolic
triangle with angles π

l
, π
m
and π

n
for l,m, n ∈ N with 1

l
+ 1

m
+ 1

n
< 1. Tessellations for

various values of (l,m, n) are shown in the �gure below.
(2) Note that, as illustrated in the �gure on page 1458, Hadamard's Theorem 66.9 and

Proposition 66.20 also provide tessellations of D2.

(2, 3, 7) (2, 3, 9) (3, 3, 4) (6, 6, 6)

Proposition 66.22 partly motivates the following de�nition.
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De�nition. Let l,m, n ∈ N.
(1) The group

T ∗(l,m, n) := 〈x, y, z |x2, y2, z2, (xy)l = (yz)m = (zx)n〉
is called the (l,m, n)-triangle group.

(2) The group
T (l,m, n) := ker

{
T ∗(l,m, n) → Z2

x, y, z 7→ 1

}
is called the (l,m,n)−vonDyckgroup.

Remark. Let l,m, n ∈ N.
(1) (a) If 1

l
+ 1
m

+ 1
n
< 1, then we saw in Proposition 66.22 that T ∗(l,m, n) is isomorphic to

the subgroup of Isom(D) generated by re�ections in the hyperbolic lines de�ned
by a hyperbolic triangle with interior angles π

l
, π
m
and π

n
.

(b) If 1
l

+ 1
m

+ 1
n

= 1, then it is shown in [Mag1974, Section II.4] that T ∗(l,m, n) is
isomorphic to the subgroup of Isom(R2) generated by re�ections in the euclidean
lines de�ned by a euclidean triangle with interior angles π

l
, π
m
and π

n
.

(c) Finally, if 1
l

+ 1
m

+ 1
n
> 1, then it is shown in [Mag1974, Section II.4] that

T ∗(l,m, n) is isomorphic to the subgroup of Isom(S2) generated by re�ections in
the great circles de�ned by a spherical triangle with interior angles π

l
, π
m
and π

n
.

(2) In each of the three cases above the (l,m, n)-von Dyck group is the intersection of
the (l,m, n)-triangle group with the subgroup of orientation-preserving isometries.

The following lemma gives a particularly simple presentation of the von Dyck groups.

Lemma 66.23. Given any l,m, n ∈ N the map

〈a, b | al, bm, (ab)n〉 → T (l,m, n)
a 7→ xy
b 7→ yz

is an isomorphism.

Proof. We will prove Lemma 66.23 in Exercise 66.3. �

We conclude this chapter with the following corollary to Proposition 66.22.

Corollary 66.24. Let l,m, n ∈ N. If 1
l

+ 1
m

+ 1
n
< 1, then the triangle group T ∗(l,m, n)

and the von Dyck group T (l,m, n) are in�nite.

Proof. Let l,m, n ∈ N with 1
l

+ 1
m

+ 1
n
< 1. We denote by G the group introduced in

Proposition 66.22. Note that it follows from Proposition 66.22 (2), the fact that ∆ABC

is compact and the fact that D is non-compact that G is in�nite. By Proposition 66.22
(3) this implies that the triangle group T ∗(l,m, n) is in�nite. The index two subgroup
T (l,m, n) is evidently also in�nite. �

Exercises for Chapter 66.

Exercise 66.1. We de�ne re�ection in the hyperbolic line l := {x |x ∈ (−1, 1)} Ă D to be
the map
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ρl : D → D
z = x+ iy 7→ z = x− iy.

Now let k be any hyperbolic line in D. By Lemma 65.6 there exists a Möbius transformation
Φ with Φ(k) = l. We de�ne the re�ection in k to be the map

ρk : D → D
x 7→ Φ−1 ◦ ρl ◦ Φ

Show that the de�nition of ρk does not depend on the choice of Φ.

Exercise 66.2. Show that the map

SL(2,R)×H → H((
a b
c d

)
, z
)
7→ az + b

cz + d

de�nes an action of the group SL(2,R) on H and show that this action is transitive.

Exercise 66.3. Let l,m, n ∈ N. Show that the map

〈a, b | al, bm, (ab)n〉 → T (l,m, n)
a 7→ xy
b 7→ yz

is an isomorphism.
Hint. First use Proposition 59.32 to �nd an explicit presentation for T (l,m, n).
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67. Related constructions in algebraic geometry and Galois theory

In this short chapter we indicate some connections between the topics that we have covered
so far to algebraic geometry and Galois theory. Since the author of these notes does not
know much about either �eld the following discussion should be taken with a grain of salt.
In particular for an expert the subsequent discussion will certainly look too simplistic.

67.1. The fundamental group of an algebraic variety.

De�nition. Let K be a �eld.775

(1) Given a set of multivariable polynomials S, i.e. given a subset S Ă K[t1, . . . , tn] we
denote by

V (S) = {(x1, . . . , xn) ∈ Kn | f(x1, . . . , xn) = 0 for all f ∈ S}
the vanishing set of S, i.e. the set of all points in Kn where all the polynomials in S,
viewed as maps Kn → K, vanish.

(2) We say U Ă Kn is Zariski open,776 if there exists a subset S of K[t1, . . . , tn] such
that U = Kn \ V (S).

Remark. Let S be a subset of K[t1, . . . , tn]. Since the ring K[t1, . . . , tn] is Noetherian there
exists a �nite set {f1, . . . , fk} Ă K[t1, . . . , tn] such that V (S) = V (f1, . . . , fk).

Lemma 67.1. Let K be a �eld. The Zariski open subsets form a topology on Kn.

Remark.

(1) The topology de�ned by the Zariski open subsets is of course called the Zariski
topology on Kn.

(2) If K = R or K = C, then every Zariski open subset is also open with respect to the
usual topology on Rn or Cn = R2n. But for n ≥ 1 the converse does not hold, in fact
�most� subsets that are open with respect to the usual topology are not open with
respect to the Zariski topology.

Proof. Let K be a �eld.

(1) The vanishing set of the empty set, i.e. V (∅) is all of Kn, hence the empty set
∅ = Kn \ V (∅) is open.

(2) The vanishing set of the constant polynomial f = 1 is the empty set, therefore
Kn = Kn \ V (1) is open.

(3) We need to show that the intersection of �nitely many Zariski open sets is again
Zariski open. By induction it su�ces to consider the case of two Zariski open sets.
So suppose we are given Zariski open sets X = Kn \V (S) and Y = Kn \V (T ). Then

Kn \ (X ∩ Y ) = (Kn \X) ∪ (Kn \ Y ) = V (S) ∪ V (T ) = V
(
{s · t}s∈S,t∈T

)
.

775For example we could take K = Q,R,C but K could also be a �eld of non-zero characteristic, e.g. for a
prime p we could take K = Fp or K could be the algebraic closure Fp of Fp.
776Oscar Zariski (1899-1986) was a Russian-American mathematician working in algebraic geometry.
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(4) We need to show that the union of Zariski open sets is again Zariski open. So suppose
we are given a family of Zariski open sets Xi = Kn \ V (Si), i ∈ I. Then

Kn \
⋃
i∈I
Xi =

⋂
i∈I

(Kn \Xi) =
⋂
i∈I
V (Si) = V

( ⋃
i∈I
Si

)
.

Thus we have veri�ed that the Zariski open sets have all the properties of a topology. �

De�nition. Let K be a �eld.
(1) A variety over K is de�ned as the vanishing set of a set of multivariable polynomials.
(2) The Zariski topology on a variety V Ă Kn is de�ned as the subspace topology on V

induced from the Zariski topology on Kn.

Example. Let K be a �eld and let and f(s, t) = s2 + t2 − 1. We de�ne

S1
K := V (f) = {(x, y) ∈ K2 | f(x, y) = x2 + y2 − 1 = 0} = {(x, y) ∈ K2 | x2 + y2 = 1}.

For K = R we obtain the usual circle S1.

Any variety V is again a topological space, so in principle one could study the usual
fundamental group. But in many cases, e.g. if the characteristic of K is non-zero, one will
see that all continuous maps S1 → V are constant, hence the usual fundamental group is
trivial.
The correct analogue of a �nite covering p : X → B between topological spaces for varieties
is a �nite étale morphism. The precise de�nition of a �nite étale morphism is irrelevant for
our purpose.777 A heuristic fact is that varieties tend to have many �nite étale morphisms,
but there is no well-behaved analogue of an in�nite covering in the context of varieties. In
particular usually there is no concept of a �universal� étale morphism. The question is now,
whether one can recover the notion of a fundamental group from the knowledge of �nite
covers.
Given a variety V we can consider all �nite regular étale morphisms pi : Wi → V , i ∈ I.
The corresponding deck transformations groups Deck(pi : Wi → V ), i ∈ I are �nite groups
that form an inverse system. Now we can de�ne the étale fundamental group of V as

πét1 (V ) := lim
←−
i

Deck(pi : Wi → V ).

By Proposition 56.18 the étale fundamental group πét1 (V ) is naturally a compact topological
group. In algebraic geometry the étale fundamental group of a variety plays a role similar
to the role of the fundamental group of a topological space in topology.
If V is a complex variety without singularities, then the étale fundamental group is isomor-
phic to the pro�nite completion778 of the usual topological fundamental group π1(V ), i.e.
we have

πét1 (V ) ∼= π̂1(V ).

We refer to [Groth1971] for a proof of this statement.
More information on this topic can be found at

https://en.wikipedia.org/wiki/etale_fundamental_group

777Furthermore it is unknown to the author of these lecture notes.
778Recall that on page 1283 we introduced the pro�nite-completion π̂ of a group π.

https://en.wikipedia.org/wiki/etale_fundamental_group
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67.2. Galois theory. The theory of coverings of topological spaces has some similarities
to the Galois theory of �eld extensions.
Throughout this section let K be a �eld of characteristic zero779 and let L/K be a �eld
extension of K, i.e. L is a �eld which contains K as a sub�eld. The dimension of L as a K
vector space is denoted by [L : K]. We consider the group

Gal(L/K) = all �eld automorphisms of L which are the identity on K.

Put di�erently, a �eld automorphism f : L→ L lies in Gal(L/K) if and only if the following
diagram commutes: K

{{ $$
L

f
// L.

We consider two examples:
(1) Q(

√
2)/Q is a �eld extension with [Q(

√
2) : Q] = 2 and Gal(Q(

√
2)/Q) consists of

the identity and the homomorphism a+ b
√

2 7→ a− b
√

2.
(2) Q( 3

√
2)/Q is a �eld extension with [Q( 3

√
2) : Q] = 3 and the group Gal(Q( 3

√
2)/Q)

consists only of the identity.
Given a �eld K we denote by K the algebraic closure of K. A �eld extension L/K is called
Galois, if for each f ∈ Gal(K/K) we have f(L) = L.780 In the usual course on Galois
theory one shows that L/K is Galois if and only if each polynomial in K[x] which admits
a zero in L splits over L, i.e. all other zeros of f lies also in L. For a Galois extension L/K
we refer to Gal(L/K) as the Galois group of the �eld extension.
We return to the above two examples:
(1) Q(

√
2)/Q is a Galois �eld extension.

(2) Q( 3
√

2)/Q is not a Galois �eld extension, since 3
√

2 is a zero of x3−2, but the complex
zero 3

√
2 · exp(2π i/3) of f does not lie in Q( 3

√
2).781

If L/K is a �nite extension, then the main theorem of Galois theory says that the following
two statements are equivalent:
(1) The �eld extension L/K is Galois.
(2) # Gal(L/K) = [L : K].

The statement is formally very similar to the statement of the Regular Covering-Characterization
Corollary 62.8 which says that for some �nite covering p : X → B of topological spaces the
following statements are equivalent:
(1) The covering p : X → B is regular.
(2) # Deck(p : X → B) = [X : B].

The analogy between Galois theory and covering theory goes considerably further. Many
statements about the Galois group of a Galois extension have a corresponding statement
for the deck transformation group of a normal covering. For example, given a �nite ex-
tension L/K the (normal) subgroups of Galois group Gal(L/K) correspond to (normal)

779This restriction to characteristic zero is not necessary, but it simpli�es the discussion.
780Strictly speaking this is the de�nition of a normal extension, but since K is a �eld of characteristic zero,
a normal extension is already Galois.
781We put z = 3

√
2 and w = exp(2π i/3). It is a good exercise to show that Q(z, w)/Q is a normal �eld

extension with [Q(z, w) : Q] = 6. The group Gal(Q(z, w)/Q) is isomorphic to the permutation group S3.
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intermediate �elds and (normal) subgroups of the deck transformation group correspond
to (regular) intermediate coverings.
Now let L/K be a Galois extension of in�nite degree. All �nite intermediate Galois ex-
tensions of K, i.e. all �nite Galois extensions F/K with F Ă L, form a preordered set via
the inclusion. The corresponding Galois groups form an inverse set. Indeed, given two
�nite Galois extensions F/K and G/K with F Ď G the restriction of an automorphism
of G to an automorphism of F de�nes a group homomorphisms Gal(G/K) → Gal(F/K).
Therefore we can form the inverse limit of these Galois groups. By [FJ2008, Section 1.3]
there exists a canonical isomorphism of groups

Gal(L/K) = lim
←−

F/K �nite
Galois extension

Gal(F/K).

On the right-hand side we consider the inverse limit of an inverse system of �nite groups.
It follows from Proposition 56.18 that the right-hand side, and thus also the Galois group
Gal(L/K), is naturally a compact topological group. This topology on Gal(L/K) is called
the Krull topology.

Example. Let p be a prime. We denote by Fp the �nite �eld with p elements and we
denote by Fp its algebraic closure. It is shown in [FJ2008, Section 1.5] that there exists a
canonical isomorphism

Gal
(
Fp/Fp

) ∼= Ẑ
where Ẑ denotes the pro�nite completion of Z, or equivalently the pro�nite integers that
we introduced on page 1279.



Part VII

CW-complexes



68. CW-complexes I: Definitions, basic properties and constructions

In this chapter we will introduce CW-complexes. Initially the de�nition of a CW-complex
might look rather confusing and arti�cial. But in this and in Chapters 69 and 70 we will
see that the notion of a CW-complex strikes the right balance:

(1) CW-complexes are topological space that have many desirable properties,
(2) the notion is �exible enough so that most of the topological spaces that we are

interested in are actually CW-complexes.

68.1. De�nition of �nite-dimensional CW-complexes and examples. We start out
with the de�nition of a �nite-dimensional CW-complex and its topological realization.

De�nition.
(a) A CW-complex X of dimension ≤ −1 is de�ned to be the empty set. Its topological

realization |X| is also de�ned to be the empty set.
(b) We de�ne inductively higher dimensional CW-complexes. Let n ∈ N0. A CW-com-

plex Xn of dimension ≤ n is a pair (Xn−1, {{ϕi : Sn−1 → |Xn−1|}i∈In}) where the
following holds:
(i) Xn−1 is a CW-complex Xn−1 of dimension ≤ n− 1, with topological realization

denoted by |Xn−1|,
(ii) {ϕi : Sn−1 → |Xn−1|}i∈In is a set of maps.
The topological realization |Xn| of Xn is de�ned as the topological space

|Xn| :=
(
|Xn−1| t

⊔
i∈In

B
n
)
/∼

where for each i ∈ In we use the map ϕi to identify the points on the corresponding
copy of Sn−1 = ∂B

n
with the corresponding points in |Xn−1|.

(c) A CW-structure for a topological space Y is a CW-complex X together with a
homeomorphism f : |X| → Y .

Remark.

(1) Let X be a CW-complex as above and let n ∈ N0. It follows from the the Topological
Pushout-Maps Lemma 5.34 (3)that the obvious map |Xn−1| → |Xn| is an embedding.
Thus we can and will view |Xn−1| as a subspace of |Xn|.

(2) Note that B
0
consists of a point and that S−1 = ∅. It follows from the above

de�nition that a CW-complex of dimension ≤ 0 is exactly the same as set of points
with the discrete topology.

(3) CW-complexes were introduced by John H. C. Whitehead782. The name comes
from �C� for �closure-�nite�, and the �W� for �weak topology�. We will explain on
pages 1479 and 1491 what �closure-�nite� and �weak topology� mean. Some people
also say it goes back to the initials C. W. of Whitehead. Some authors, see e.g.
[Lee2000, p. 132] and [Mun1984, p. 214] require �closure-�niteness� as part of the
de�nition, but as we will see, this property follows from the de�nition as given.

782John Henry Constantine Whitehead (1904-1960) was a British mathematician.
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(4) In the notation we usually do not distinguish between the CW-complex and its topo-
logical realization, i.e. we usually denote the topological realization of a CW-com-
plex X again by X.

Before we discuss a long list of examples of CW-complexes we want to introduce a few
more de�nitions.
De�nition. Let X be a CW-complex as above and let k ∈ N0. We continue with the
notation used in the previous de�nition

(1) The images of the B
k

i , i ∈ Ik, in X are called the k-dimensional cells, or often short
k-cells, of X.

(2) The images of the Bk
i , i ∈ Ik, in X are called the open k-cells of X.

(3) The maps ϕi : Sk−1
i → X783 are called the attaching maps of the k-cells and the

obvious maps B
k

i → X are referred to as the characteristic maps of the k-cells.
(4) We refer to the CW-complex Xk as the k-skeleton of X.
(5) If X is empty, then we de�ne its dimension to be −1. If X is non-empty, then we

de�ne the dimension dim(X) ∈ N0 ∪ {∞} as the maximal dimension of a cell.

Remark. At times, when we say that �a CW-complex X is k-dimensional�, we allow the
possibility, that the highest dimension of a cell is actually less than k. This slightly fuzzy
language should not pose a problem in practice.

Example. We consider the topological space which is sketched in the �gure below, namely

Y := ([−1, 1]× [−1, 1]) ∪ {(x, y) ∈ R2 |x2 + (y − 1)2 = 1 and y ≥ 1}.
The topological space X thus consists of a square together together with a semicircle.

�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

Y

Our goal is to �nd a CW-structure for X. First we consider the 0-dimensional CW-complex
which consists of the 4 vertices of the square. Next we add a 1-cell. To do so we consider the
map ϕ which sends ∂B

1
= {±1} to the two points ±1×−1. The topological space X0∪ϕB

1

consists of the four points {±1,±1} together with an edge which connects the lower two
points. This topological space is sketched in the center of the �gure below. The same way
we attach four more 1-cells and we obtain the 1-dimensional CW-complex which is sketched
on the right of the �gure below. Finally we attach a 2-cell to X1 with the attaching map
shown in the �gure below and we obtain a CW-complex X2 whose topological realization
is homeomorphic to Y .

Now we will see that most of the topological spaces that we have encountered so far can
be described as CW-complexes.
(1) It follows almost immediately from the de�nitions that every topological graph, as de-

�ned on page 310, admits naturally the structure of a one-dimensional CW-complex
where the vertices correspond precisely to the 0-cells and the edges correspond pre-
cisely to the 1-cells. Conversely, every 1-dimensional CW-complex admits naturally

783Here we already use the convention that in our notation we do not distinguish between a CW-complex
and its topological realization.
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X0

attaching
all 1-cells

attaching
one 1-cell

X0 with one 1-cell attached

characteristic map
of a 1-cell

attaching map
ϕ of a 1-cell

= S0 = B
1
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attaching the 2-cell

X1

X2

attaching map ϕ characteristic map

the structure of a topological graph. Therefore in the following we will freely go back
and forth between these objects.

(2) As a special case of (1) we see that S1 can be viewed as a CW-complex with one 0-cell
and one 1-cell. Furthermore we can view the wedge S1 ∨ S1 as a CW-complex with
one 0-cell and two 1-cells. Finally R can be viewed as a CW-complex where the 0-cells
are given by the integers Z and the 1-cells are given by the intervals [k, k + 1] with
k ∈ Z. We refer to the �gure below for an illustration.
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�� RS1 ∨ S1S1

(3) Now we consider the torus T = ([0, 1]× [0, 1])/∼. We denote by p : [0, 1]× [0, 1]→ T
the natural projection. We can view T as a CW-complex with one 0-cell corresponding
to the point p(0, 0) = p(0, 1) = p(1, 0) = p(1, 1), two 1-cells corresponding to p(0 ×
[0, 1]) = p(1 × [0, 1]) and to p([0, 1] × 0) = p([0, 1] × 1) and one 2-cell corresponding
to p([0, 1]× [0, 1]). Note that since we have only one 0-cell there is a unique choice of
attaching map for the 1-cells. Finally the attaching map for the 2-cell is illustrated in
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the �gure below.784 In the �gure below we sketch the CW-structure of the torus and
also the corresponding CW-structure of the torus viewed as a subset of R3. We refer
to it as the standard CW-structure of the torus.
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T 0 T 1 T 2

attaching one 2-cellattaching two 1-cells

torus as subset of R3

torus [0, 1]× [0, 1]/ ∼

(4) Next we consider the Klein bottle K = ([0, 1] × [0, 1])/∼. As usual we denote by
p : [0, 1]× [0, 1]→ K the projection . Similar to the torus we can view K as CW-com-
plex with one 0-cell corresponding to p(0, 0) = p(0, 1) = p(1, 0) = p(1, 1), two 1-cells
corresponding to p(0× [0, 1]) = p(1× [0, 1]) and to p([0, 1]× 0) = p([0, 1]× 1) and one
2-cell corresponding to p([0, 1]× [0, 1]) with the attaching map sketched in the �gure
below.785

The 1-skeleta of the torus and the Klein bottle are both wedges of two circles. Fur-
thermore both CW-complexes have precisely one 2-cell. The di�erence between the
torus and the Klein bottle is that the attaching maps for the 2-cells are di�erent.
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K0

attaching one 2-cellattaching two 1-cells

K1 K2

Klein bottle [0, 1]× [0, 1]/ ∼

(5) In the �gure below we show that we can endow the torus with di�erent CW-structures.

784Strictly speaking the attaching map is given by

S1 → T 1

exp( it) 7→


p( 2
π t, 0), if t ∈ [0, π2 ]

p(1, 2
π (t− π

2 )), if t ∈ [π2 , π]
p(1− 2

π (t− π), 1), if t ∈ [π, 3π
2 ]

p(0, 1− 2
π (t− 3

2π)), if t ∈ [ 3π
2 , 2π].

But writing out the attaching map with explicit formulas is clearly not very instructive.
785Evidently, as in Footnote 784, one could spell out the attaching map with precise formulas, but there is
no point in doing it.
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one 0-cell
two 1-cells
one 2-cell

three 0-cells
�ve 1-cells
two 2-cells

one 0-cell
three 1-cells
two 2-cells

standard CW-structure of the torus

(6) In the �gure below we sketch how we can view the surface of genus 2, the projective
plane RP2, the non-orientable surface of genus 3 and the Möbius band as CW-com-
plexes.786
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Möbius bandnon-orientable surface of genus 3RP2

two 0-cells
three 1-cells
one 2-cell

one 0-cell
three 1-cells
one 2-cell

one 0-cell
four 1-cells
one 2-cell

surface of genus 2

one 0-cell
one 1-cell
one 2-cell

(7) We conclude this discussion of surfaces with the 2-sphere. Since it makes no di�erence,
we will immediately discuss the case of any sphere. We can describe the n-dimensional
sphere Sn as a CW-complex X as follows: We take a single 0-cell given by a point
P and one n-cell where the attaching map ϕ : Sn−1 → X0 = {P} sends the whole
boundary Sn−1 to the point P . The topological realization of X is thus given by

X0 ∪ϕ B
n

= {P} ∪P=∂B
n B

n
= B

n
/Sn−1

∼=−→ Sn.
↑

identi�cation from the Ball-Quotient Sphere Lemma 5.20

We refer to this CW-structure on Sn as the canonical CW-structure on Sn. Note that
the identi�cation from the Ball-Quotient Sphere Lemma 5.20 identi�es the unique 0-
cell to the left with the North Pole (0, . . . , 0, 1). Unless we say something else we will
equip Sn with the above CW-structure.

We continue the discussion of CW-complexes with two more explicit examples, namely the
real projective spaces and the complex projective spaces which we had already de�ned on
page 255. In the following let A = R or A = C. We denote by ∼ the equivalence relation
on An+1 \ {0} given by multiplication by an element in A \ {0} and we de�ne

APn := (An+1 \ {0})/∼ .

786What does the 1-skeleton of the given CW-structure for the surface of genus two look like, if we view
the surface Σ as a �physical object� in R3?
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On page 564 and the Complex Projective Space-is-Complex Manifold Lemma 32.16 we saw
that APn is a smooth manifold. Given a point (v0, . . . , vn) ∈ An+1 \ {0} we denote by
[v0 : . . . : vn] its equivalence class. For k ≤ n the map

APk → APn
[v0 : . . . : vk] 7→ [v0 : . . . : vk : 0 : . . . : 0]

is easily seen to be a smooth embedding and we use it to view APk as a submanifold of APn.

We can give an explicit description of RPn and CPn as CW-complexes.
Lemma 68.1. Let n ∈ N0.
(1) We can view RPn as a CW-complex with the following properties:

(a) the CW-structure has exactly one cell in the dimensions 0, 1, . . . , n and no other
cells,

(b) for each k ≤ n the k-skeleton of RPn is given by RPk.
(2) We can view CPn as a CW-complex with the following properties:

(a) the CW-structure has exactly one cell in the dimensions 0, 2, . . . , 2n and no other
cells,

(b) for each k ≤ n the 2k-skeleton of CPn is given by CPk.

Proof.

(1) We prove the statement by induction on n. For n = 0 the topological space RP0

consists of a single point which means that it is a CW-complex with a single 0-cell.
Now suppose that we have equipped RPn−1 with a CW-structure with the properties
stated in (a) and (b). We view RPn−1 as the subspace of RPn that is given by setting
the last coordinate to zero. We consider the attaching map

ϕ : Sn−1 → RPn−1

(x1, . . . , xn) 7→ [x1 : . . . : xn].

It remains to show that there exists a homeomorphism RPn−1 ∪ϕ B
n → RPn that

restricts to the identity on RPn−1. We consider the map

Θ: RPn−1 ∪ϕ B
n → RPn

[P ] 7→
{

[x1 : · · · : xn : 0], if P = [x1 : · · · : xn] ∈ RPn−1,

[P : 1− ‖P‖], if P ∈ Bn
.

It follows immediately from the de�nition of ϕ that the map Θ is well-de�ned. Fur-
thermore it follows easily from the Topological-Quotient Proposition 5.15 (1b) that
the map Θ is continuous. It is basically clear that the map Θ is a surjection and
it is straightforward to verify that the map Θ is an injection. Using the Projec-
tive Spaces-Compact+Hausdor� Proposition 5.30, the Topological-Quotient Propo-
sition 5.15 (1b) and the Compact-Hausdor� Proposition 2.17 (3) one can easily verify
that the map is a homeomorphism. Finally it is clear that the restriction of the map
Θ to RPn−1 is the identity.

(2) The proof for CPn is basically identical to the proof of (1). We just need to view
S2n−1 and B

2n
as subsets of Cn. We leave it to the reader to make the necessary

minuscule modi�cations. �
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To enhance the reader's interest in CW-complexes we now give a sneak preview of a later
result.
Theorem 96.5. Every compact connected n-dimensional smooth manifold M admits a
�nite CW-structure with the following properties:
(1) the maximal dimension of a cell is n,
(2) the boundary ∂M is a subcomplex.

Furthermore, if M = A ∪B is a decomposition into two n-dimensional submanifolds such
that A∩B is a union of boundary components of A and a union of boundary components
of B, then we can �nd a CW-structure on M which has all the above properties and such
that A and B are subcomplexes.
In the above discussion we have seen that many of the topological spaces we are interested
in can be viewed as CW-complexes. But note that not every topological space can be
described as a CW-complex. For example consider the topological space X which consists
of precisely two points P and Q and which is endowed with the trivial topology. (Recall
that this means that the only open sets are the empty set and all of X.) Then we cannot
view X as CW-complex since any CW-complex with �nitely many points consists only of
0-cells together with the discrete topology. For the same reason {0} ∪ { 1

n
|n ∈ N} is not a

CW-complex.

68.2. Two topologies on R∞. In the next section we want to introduce in�nite-dimen-
sional CW-complexes. Before we do so we want to get more acquainted with R∞ and
topologies on the set R∞. First of all we write

R∞ := R(N) := {(x1, x2, . . . ) | only �nitely many xi are non-zero}.

As in the �nite-dimensional case we can equip R∞ with the Euclidean metric787

d((x1, x2, . . . ), (y1, y2, . . . )) :=

√
∞∑
i=1
|xi − yi|2.

By Metric-Topology Lemma 1.1 the metric d de�nes a topology on R∞, more precisely

S := {U Ă R∞ | for every P ∈ U there exists an ε > 0 such that Bε(P ) Ă U}

is a topology on R∞.
This topology might feel like it is the �right topology� on R∞. But the next two examples
might sow some doubts.

Examples.

(1) We claim that the map
α : R∞ → R

(x1, x2, . . . ) 7→
∞∑
i=1

2i · xi

is not continuous with respect to S. To show this claim we consider the open subset
(−1, 1) Ă R, then α−1((−1, 1)) contains the origin 0. We claim that there is no ε > 0

787Note that the series on the right is in fact a �nite sum, since all but �nitely many terms are zero. It is
again straightforward to verify that d is a metric.
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with Bε(0) Ă α−1((−1, 1)). Indeed, suppose such ε > 0 exists. We pick i ∈ N with
1
2i
< ε and we consider the point

Q = (0, . . . , 0, 1
2i
, 0, . . . ).

Then Q ∈ Bε(0) but α(Q) = 1, i.e. Q 6∈ α−1((−1, 1)).
(2) Let B be the in�nite diagonal matrix where the diagonal entries are given by 2i for

i = 1, 2, . . . , i.e. let

B :=


2 0 0 . . .
0 4 0 . . .
0 0 8 . . .
...

...
...
. . .

 .

We claim that the map
β : R∞ → R∞

x 7→ B · x

is not continuous with respect to S. Indeed, an argument similar to (1) shows that
the preimage of the open set U = B1(0) is not open.

The maps α and β feel quite natural, so we might want to look around for a di�erent
topology on R∞ for which these two maps are in fact continuous. Of course that would be
achieved by equipping R∞ with the discrete topology, but clearly that's not what we want.
Another reasonable condition on the desired topology is that for any n ∈ N0 the inclusion
map

ιn : Rn ↪→ R∞
(x1, . . . , xn) 7→ (x1, . . . , xn, 0, . . . )

should also be continuous. This immediately eliminates the discrete topology as a contender
for the �right topology�.
In fact this last condition leads us almost immediately to an alternative topology on R∞.
We saw in the proof of the Direct Limit Existence Proposition 56.1 that in the category of
topological spaces we have

lim−→Rn = R∞,

where R∞ is equipped with the �weak topology�, i.e. with the topology

T := {U Ă R∞ | for every n ∈ N the set U ∩ Rn is open in Rn}.

Put di�erently, a map f : R∞ → X to a topological space X is continuous with respect
to T if and only if for each n ∈ N the map Rn ↪→ R∞ f−→X is continuous.

Examples.

(1) By de�nition of T the inclusion map Rn → R∞ is continuous with respect to T .
(2) The above map α : R∞ → R is continuous with respect to the topology T . Indeed,

for any n ∈ N the restriction Rn → R∞ → R is a linear map, hence continuous.
(3) In Exercise 68.2 we will see that S Ă T . This implies in particular that the identity

map de�nes a continuous map (R∞, T )→ (R∞,S).
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(4) Let ai, bi, i ∈ N be real numbers. The in�nite hyperrectangle

(a1, b1)× (a2, b2)× (a3, b3)× . . .
is easily seen to be an open subset of (R∞, T ).788

The following lemma shows in particular that the above map β : R∞ → R∞ is continuous
with respect to the topology T .
Lemma 68.2. Let C = (cij)i,j∈N be an in�nite diagonal matrix. Then the map789

γ : R∞ → R∞
x 7→ C · x

is continuous with respect to the topology T .
Proof. Let U ∈ T . We need to show that γ−1(U) lies in T . So given any n ∈ N we need
to show that γ−1(U) ∩ Rn is an open subset of Rn. So let n ∈ N. Given m ∈ N we denote
by Cm,n the submatrix of C given by the top left m× n-submatrix of C and we denote by
γm,n : Rn → Rm the map given by x 7→ Cm,n · x. We have790

γ−1(U) ∩ Rn =
{
x ∈ Rn

∣∣C · x ∈ U} =
{
x ∈ Rn

∣∣C · x ∈ ⋃
m∈N

(U ∩ Rm)
}

=
⋃
m∈N

{
x ∈ Rn

∣∣C · x ∈ U ∩ Rm
}

=
⋃
m∈N

{
x ∈ Rn

∣∣Cm,n · x ∈ U ∩ Rm
}
.

=
⋃
m∈N

γ−1
m,n(

open in Rm︷ ︸︸ ︷
U ∩ Rm

)
.︸ ︷︷ ︸

open in Rn since
γm,n is continuous

This shows that γ−1(U) ∩ Rn is a union of open subsets of Rn, hence itself is open. �

This discussion shows hopefully that the following convention is reasonable.

Convention. Unless we say something else we will view R∞ as a topological space with
the topology T . Put di�erently, we think of R∞ as R∞ = lim−→Rn. Similarly we de�ne
C∞ = lim−→Cn as topological spaces.

Remark. In Exercise 68.3 we will verify that the map

C∞ → R∞
(x1 + iy1, x2 + iy2, . . . ) 7→ (x1, y1, x2, y2, . . . )

is a homeomorphism. At times we will use this homeomorphism to make the identi�cation
C∞ = R∞.
In the future, the more we work with R∞ and C∞, the more we will see that the �direct
limit topology� is in fact the �right� topology to work with.
To get acquainted with this new topological space we want to prove the following lemma.

788This example is less obvious. The topology T has more open sets than S which made it easier in (2)
to argue that the map α is continuous. But here in (3) it also makes it harder, since we have to check the
continuity for more open sets on the right-hand side.
789Does this also work for any in�nite-square matrix?
790For each k ∈ N we view Rk as a subset of R∞ via the inclusion ιk.
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Lemma 68.3. Given any compact subset K of R∞ there exists an n ∈ N with K Ă Rn.

Proof. So let K Ă R∞ be a compact set. Suppose that there is no n ∈ N such that
K Ă Rn. Then there exists an in�nite increasing sequence n1, n2, n3, . . . of natural numbers
and points x1, x2, x3, . . . in K such that xi ∈ Rni \ Rni−1. We denote by X the set whose
elements are precisely the xi.
Claim 1. The set X is a discrete subset of R∞.
Proof. To simplify the notation we assume that ni = i for all i ∈ N. For each i we denote
by zi the i-coe�cient of xi. Put di�erently, zi is the highest non-zero coe�cient of xi.
Furthermore for each i ∈ N we pick εi ∈ (0, ‖zi|

2
). Finally, given x ∈ R and ε > 0 we write

Iε(x) = (x− ε, x+ ε). We de�ne

U1 = Iε1(z1) × Iε2(0) × Iε3(0) × Iε4(0) × . . .
U2 = R × Iε2(z2) × Iε3(0) × Iε4(z4) × . . .
U3 = R × R × Iε3(z3) × Iε4(0) × . . .

:

As we remarked on page 1476, each Ui is an open subset of R∞. Evidently Ui contains
xi and thus each Ui is an open neighborhood of xi. Furthermore the sets Ui, i ∈ N are
easily seen to be disjoint. But this shows, by de�nition of the subspace topology, that X
is discrete. �
Claim 2. The set X is a closed subset of K.
Proof. We need to show that X \ K is open. By de�nition of the subspace topology it
su�ces to show that R∞ \X is open. In the following we continue with the notation from
the previous claim. Thus let y ∈ R∞. We pick n ∈ N such that y ∈ Rn. In Rn we can and
will pick an open neighborhood U of (y1, . . . , yn) that does not contain x1, . . . , xn ∈ Rn.
One can now verify easily that

V := U × Iεn+1(0)× Iεn+2(0)× . . .

is an open neighborhood of y ∈ R∞ that does not intersect X. �
It follows from Claim 1, Claim 2 and the Compact-Discrete Lemma 1.22 (2) that X is

indeed �nite. But that is a contradiction to our assumption that there is no n ∈ N such
that K is contained in Rn. �

We conclude this section with a short discussion of the in�nite-dimensional sphere S∞.

De�nition. We refer to

S∞ := {x ∈ R∞ | d(x, origin) = 1} =
{

(x1, x2, . . . ) ∈ R∞
∣∣∣ ∞∑
i=1
x2
i = 1

}
,

equip with the subspace topology coming from R∞, as the in�nite-dimensional sphere.
Even though we did not show it yet, we strongly expect that the �nite-dimensional spheres
Sn are not contractible. In contrast to this expectation we have the following mind-bending
lemma.
Lemma 68.4. The in�nite-dimensional sphere S∞ is contractible.

Proof. We want to show that S∞ is contractible. We recall that by the π0-Homotopy
Equivalence Lemma 15.3 it su�ces to show that there exists a homotopy H from idS∞ to
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a constant map. Our goal is to �nd such H. We set

X := {(0, p2, p3, . . . ) ∈ R∞ | pi ∈ R}.
Next we consider the maps

F : R∞×[0, 1] → R∞
(P, t) 7→ P ·(1− t) + (0, P )·t︸ ︷︷ ︸

6= 0 if P 6= 0

and
G : X×[0, 1] → R∞

(P, t) 7→ P ·(1− t) + (1, 0, . . . )·t︸ ︷︷ ︸
6= 0 if P 6= 0

.

For non-zero P ∈ R∞ and P ∈ X we de�ne F̃ (P, t) and G̃(P, t) to be the normalization of
F (P, t) and G(P, t) to length one. Next we consider the map

H : S∞ × [0, 1] → S∞

(P, t) 7→
{
F̃ (P, 2t), if t ∈ [0, 1

2
],

G̃(F̃ (P, 1), 2t− 1), if t ∈ [1
2
, 1].

Clearly H0 = id and it is straightforward to see that H1 is a constant map. It is tempting
to conclude that we are done. But in fact we still need to show the following claim.
Claim. The map H is continuous.

Proof. By the Homotopy Stacking Lemma 14.3 it su�ces to show that the restriction of
H to the subsets S∞ × [0, 1

2
] and S∞ × [1

2
, 1] are continuous. Since intervals are regionally

compact it follows from the Direct Limits-and-Products Lemma 56.4 that it su�ces to
show for each n ∈ N the restrictions of H to the subsets Sn × [0, 1

2
] and Sn × [1

2
, 1] are

continuous. But now we are in familiar territory and the continuity is a consequence of
elementary arguments. �

68.3. In�nite-dimensional CW-complexes. The following de�nition now generalizes
the notion of a CW-complex.
De�nition.
(a) A CW-complex X is de�ned as a sequence

X−1 := ∅ Ă X0
Ă X1

Ă X2
Ă . . .

of CW-complexes (in the sense of the de�nition of page 1468) such that for each
m ≤ n the CW-complex Xm is the m-skeleton of Xn. Let n ∈ N0. We adopt the
following language:
(i) The (open) n-cells of Xn are called the (open) n-cells of X.
(ii) We refer to Xn as the n-skeleton of X

(b) We de�ne the topological realization |X| of such a CW-complex X as

|X| := lim−→|X
n|.

Recall that on page 1468 we argued that for each n ∈ N0 we can view |Xn| as a subset
of |Xn+1|. Thus it follows from the Direct Limit-of-Topological Spaces Lemma 56.3
that we can and will write

|X| :=
⋃
n∈N0

|Xn|
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where a subset U Ă |X| is open if and only if for every n ∈ N0 the intersection
U ∩ |Xn| is an open subset of |Xn|. As before, in the notation we usually do not
distinguish between the notation for a CW-complex and its topological realization.

(c) We de�ne the dimension dim(X) ∈ N0∪{∞} of a non-empty CW-complex X as the
maximal dimension of a cell.791 We de�ne the dimension of the empty CW-complex
to be −1.

(d) We say a CW-complex is �nite if it has only �nitely many cells and we say it is
countable if it has only countably many cells.

(e) A CW-structure for a topological space Y is a CW-complex X together with a
homeomorphism f : |X| → Y .

Remark.

(1) Let X be a CW-complex and let n ∈ N0. By the Direct Limit-of-Topological Spaces
Lemma 56.3 we know that the inclusion map |Xn| → |X| is an embedding. Thus we
can and will view the n-skeleton as a subset of X.

(2) The topology given in (b) on a union of topological spaces is sometimes called the
the weak topology. This explains the �W� of the name CW-complex.

(3) It follows almost immediately from the de�nitions that the topological realization
|X| of a CW-complex is, as a set, the disjoint union of all the open cells.

(4) On a few occasions we will refer to X∞ := X as the ∞-skeleton.

Examples.

(1) We consider the in�nite sphere

S∞ = {x ∈ R∞ | d(x, origin) = 1} =
{

(x1, x2, . . . ) ∈ R∞
∣∣∣ ∞∑
i=1
x2
i = 1

}
which equip with the subspace topology coming from R∞. It follows easily from
the fact that R∞ = lim−→Rn that we have the equality S∞ = lim−→S

n. We consider

iteratively the spheres Sn as CW-complexes, where S0 consists of two 0-cells and
where Sn is built starting from Sn−1 by attaching two n-cells (�the upper hemisphere
and the lower hemisphere�) to Sn−1. We then obtain an ascending sequence

S0
Ă S1

Ă S2
Ă . . .

of CW-complexes which satis�es precisely the required properties of a CW-complex as
de�ned above. This shows that the sphere S∞ is an in�nite-dimensional CW-complex.
We refer to the �gure below for an illustration.792
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791Here we de�ne dim(X) :=∞ if X admits cells of arbitrarily large dimensions.
792If we equip S∞ with the topology S coming from the Euclidean metric on R∞, then this argument does
not work and it is not clear (and presumably wrong), that (S∞,S) is a CW-complex.
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(2) Let I be a set and for each i ∈ I let ni ∈ N. In Exercise 68.10 we will see that the
wedge

∨
i∈I
Snii has a natural CW-structure with one 0-cell and where for each n ∈ N0

the n-cells correspond precisely to the n-dimensional spheres in our family of spheres
{Snii }i∈I .

The following de�nition and notation is the obvious in�nite-dimensional analogue of the
�nite-dimensional de�nitions introduced on page 255.

De�nition. Let A = R or A = C.
(1) We de�ne the in�nite-dimensional projective space AP∞ as the set

AP∞ = (A∞ \ {0})/(A \ {0})
together with the quotient topology.

(2) Given a point (x1, x2, . . . ) ∈ A∞ \ {0} we denote its equivalence class in AP∞ by
[x1 : x2 : . . . ].

(3) Given n ∈ N we view APn as a subset of AP∞ via the inclusion map

APn → AP∞
[x0 : · · · : xn] 7→ [x0 : · · · : xn : 0 : . . . ].

The following lemma shows in particular that we can view the real in�nite projective space
RP∞ as an in�nite-dimensional CW-complex.

Lemma 68.5.
(1) For each n ∈ N the obvious map RPn → RP∞ is an embedding. Furthermore these

maps de�ne a homeomorphism lim−→RPn ∼=−→RP∞.
(2) The topological space RP∞ admits a CW-structure such that for every n ∈ N the

n-skeleton is given by RPn → RP∞ where RPn is equipped with the CW-structure
coming from Lemma 68.1.

(3) The in�nite real projective space RP∞ admits a CW-structure which has precisely
one n-cell for every n ∈ N0.

(4) (a) The action {±1} × S∞ → S∞ given by (ε, v) 7→ ε · v is continuous and discrete.
(b) The natural projection S∞ → S∞/x ∼ −x is a 2-fold covering.
(c) The map

S∞/x ∼ −x → RP∞
[(x1, x2, . . . )] 7→ [x1 : x2 : . . . ]

is a homeomorphism.

Proof.

(1) We leave it as a very mildly interesting exercise to the reader to show that for each
n ∈ N the obvious map RPn → RP∞ is an embedding. Next we note that we have
the following equalities:

homeomorphism by Lemma 56.5
↓

lim−→RPn = lim−→(Rn+1 \ {0})/(R \ {0})
∼=−→
(
lim−→(Rn+1 \ {0})

)
/(R \ {0})

= (R∞ \ {0})/(R \ {0}) = RP∞.
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It follows easily from the de�nitions that this homeomorphism is the inclusion induced
map.

(2) This statement follows immediately from (1) and the de�nition of a CW-complex on
page 1478.

(3) This statement is an immediate consequence of (2) and the de�nition of the CW-
structure on each RPn.

(4) (a) The statement is not di�cult to prove, but one needs to argue carefully with the
given topology on S∞. We will �ll in the details in Exercise 68.4.

(b) This statement follows from (a) and the Actions-Covering Proposition 48.9.
(c) It is straightforward to verify that the given map is a bijection. We leave it to the

reader to verify that the map is continuous and that its inverse is continuous. �
The following lemma is the complex sibling of Lemma 68.5.
Lemma 68.6.
(1) For each n ∈ N the obvious map CPn → CP∞ is an embedding. Furthermore the

maps CPn → CP∞ de�ne a homeomorphism lim−→CPn ∼=−→CP∞.
(2) The topological space CP∞ admits a CW-structure such that for every n ∈ N the

2n-skeleton is given by CPn → CP∞ where CPn is equipped with the CW-structure
coming from Lemma 68.1.

(3) The in�nite complex projective space CP∞ admits a CW-structure which has pre-
cisely one n-cell for every even n ∈ N0.

Proof. The proof of this lemma is basically verbatim the same as the proof of the corre-
sponding parts of Lemma 68.5. �

Convention. We will use Lemmas 68.5 (1) and 68.6 as an excuse to view each RPn as a
subset of RP∞ and to view each CPn as a subset of CP∞.
The following lemma says that characteristic maps are continuous and it gives a convenient
approach to showing that a map starting at a CW-complex is continuous.

Lemma 68.7. (Characteristic Maps Lemma) Let X be a CW-complex. We denote
by {Φi : B

ni → X}i∈I the characteristic maps of all the cells of X. The following four
statements hold:
(1) Every characteristic map Φi is continuous.
(2) A subset U Ă X is open if and only if for each i ∈ I the preimage of U under the

characteristic map Φi is open, i.e. if each Φ−1
i (U) Ă B

ni is an open subset of B
ni .

(3) The statement in (2) also holds if we replace �open� by �closed�.
(4) A map f : X → Y to a topological space Y is continuous if and only if each map

f ◦ Φi : B
ni → Y is continuous.

Proof. Given n ∈ N0 we denote by In Ă I the indices corresponding to the characteristic
maps of the n-dimensional cells.
(1) Let i ∈ In. The characteristic map Φ: B

n → X is the composition of the maps

B
n

= B
n

i →|Xn−1| t ⊔
j∈In

B
n

j →|Xn| =
(
|Xn−1| t ⊔

j∈In
B
n

j

)
/∼ →|X| = lim−→|X

k|.

All these maps are obviously continuous, hence the composition is also continuous.
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(2) Once one has unraveled the de�nition of the topology on a CW-complex one sees that
the �rst statement of the lemma is obvious. In the following we will try to convince
the reader that this glib statement is actually correct.

Thus let U Ă X be a subset. By the de�nition on page 1479 we know that U is
open if and only if for each n ∈ N0 the intersection U ∩ |Xn| is an open subset of
|Xn|. The statement follows from this observation together with the following claim.

Claim. Let n ∈ N and let U be a subset of |Xn|. The following two statements are
equivalent:
(a) U is an open subset of |Xn|.
(b) U ∩ |Xn−1| is an open subset of |Xn−1| and for every i ∈ In the preimage Φ−1

i (U)
is an open subset of B

n
.

Proof. By the de�nition on page 1468 we have

|Xn| =
(
|Xn−1| t

⊔
i∈In

B
n

i

)
/∼ where Φi(x) ∼ x for x ∈ ∂Bn

i .

The statement now follows easily from the de�nition of the quotient topology and
the disjoint union topology. We leave it to the reader to weave these slogans into a
coherent argument. �

(3) The �only if�-direction follows from the Characteristic Maps Lemma 68.7 (1). The
�if�-direction follows from (1) and a slight generalization of Lemma 2.7 which one can
easily prove using the Image-Preimage Lemma 0.2 (8). We leave it to the reader to
make sense of this cryptic remark.

(4) Let f : X → Y be a map to a topological space. If f is continuous, then it follows
from the Characteristic Maps Lemma 68.7 (1) that each map f ◦ Φi : B

ni → Y is
continuous. Now suppose conversely that each map f ◦ Φi : B

ni → Y is continuous.
Let U Ă Y be an open subset. We need to show that f−1(U) is an open subset of
X. By (1) it su�ces to show that each preimage Φ−1

i (f−1(U)) is an open subset of
B
ni . But this follows from the observation that Φ−1

i (f−1(U)) = (f ◦ Φi)
−1(U) and

the hypothesis that each f ◦ Φi is continuous. �

68.4. Homotopies on in�nite CW-complexes. On several occasions throughout these
notes, in particular in the next section, we will want to construct a homotopy on an
in�nite-dimensional CW-complex by working our way up through the skeleta. In the end
one needs to combine in�nitely many homotopies which obviously leads to continuity issues.
This rather technical section deals with these issues. It is best to initially skip this section
and to go back to it if later on one really wants to know how an argument works.

For the undaunted reader we start out with the following subtle lemma.

Lemma 68.8. (Intervall CW-Product Lemma) Let X be a CW-complex. The fol-
lowing three topologies on X × [0, 1] agree:
(1) The product topology on the product X × [0, 1].
(2) The topology on X × [0, 1] viewed as the direct limit lim−→(Xk × [0, 1]).793
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(3) The topology which is de�ned on the set X × [0, 1] by the condition that a given
subset U Ă X × [0, 1] is open if and only if for each characteristic map Φ: B

n → X
the preimage (Φ× id[0,1])

−1(U) is an open subset of B
n × [0, 1].

Proof. Let X be a CW-complex. First note that it follows immediately from the fact that
X = lim−→Xk together with the Product Topology-Basics Lemma 5.4 (4) that any subset

that is open with respect to (1) is also open with respect to (2). Furthermore it follows
from the Characteristic Maps Lemma 68.7 (1) together with the Product Topology-Basics
Lemma 5.4 (3) that any subset that is open with respect to (2) is also open with respect
to (3). Thus it su�ces to show that any set that is open with respect to (3) is also open
with respect to (1).

Let W Ă X × [0, 1] be a subset that is open with respect to (3). We need to show
that W is also open with respect to the product topology on X × [0, 1]. Let (x0, t0) ∈ W
be a point. By the Product Topology-Basics Lemma 5.4 it su�ces to show the following
statement:
(∗) There exists a neighborhood V of x0 ∈ X and a neighborhood K of t0 ∈ [0, 1] such

that V ×K is contained in W .
To prove (∗) we start out with the following claim.

Claim. There exists a compact neighborhood K of t0 ∈ [0, 1] such that {x0} ×K Ă W .

Proof. Let Φ: B
n → X be the characteristic map of the open cell that contains x0. Note

that Φ: Bn → X is injective. Thus there exists a unique y0 ∈ Bn with Φ(y0) = x0. We
write Ψ := Φ× id[0,1]. SinceW is open with respect to (3) we know that Ψ−1(W ) is an open
subset of B

n × [0, 1]. Since (y0, t0) ∈ Ψ−1(W ) we obtain from the de�nition of the product
topology on B

n × [0, 1] there exists in particular an open neighborhood J of t0 ∈ [0, 1]
such that {y0} × J Ă Ψ−1(W ). Since [0, 1] is regionally compact we see that there exists a
compact neighborhood K of t0 that is contained in J . Now we see that

{x0} ×K = {Φ(y0)} ×K = Ψ({y0} ×K) Ă Ψ({y0} × J) Ă Ψ(Ψ−1(W )) Ă W.
↑ ↑ ↑

de�nition of Ψ since {y0} × J Ă Ψ−1(W ) Image-Preimage
Lemma 0.2 (2)

Thus K has the desired property. �
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X × [0, 1]
preimage of W

W

X

{y0} ×KΦ

(x0, t0)x0

Φ× id[0,1]

(y0, t0)

Next we consider V := {x ∈ X | {x}×K Ă W}. By the choice of K we have x0 ∈ V . Thus
to prove (∗) it remains to prove the following claim.
Claim. The subset V is open in X.

793Recall that we showed in the Direct Limit-of-Topological Spaces Lemma 56.3 that this is the topology
where a given subsetW of X×[0, 1] = lim−→(Xk×[0, 1]) is open if and only each intersectionW ∩(Xk×[0, 1])

is an open subset of Xk × [0, 1].
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Proof. We use the Characteristic Maps Lemma 68.7 (2) to show that V is open in X. Thus
let Φ: B

n → X be the characteristic map of an n-cell of X. We need to show that the
preimage Φ−1(V ) is open in B

n
. We write U := (Φ× id[0,1])

−1(W ). Since W is open with
respect to (3) we see that U is an open subset of B

n × [0, 1]. Basically by de�nition we
have the equality

Φ−1(V ) = {y ∈ Bn | {y} ×K Ă U}.
It follows from elementary point-set topology, see Exercise 5.10, that the set on the right-
hand side is indeed open. This concludes the proof of the second claim and thus of the
lemma. �

Later on we will frequently need the following corollary.

Corollary 68.9. (Interval CW-Product Corollary) Let X be a CW-complex and let
Φ: X × [0, 1] → Y be a map to a topological space Y . The following statements are
equivalent:
(1) The map f is continuous.
(2) For every k ∈ N0 the restriction of f to Xk × [0, 1] is continuous.
(3) For every characteristic map Φ: B

n → X the map

B
n × [0, 1]

(v,t)7→(Φ(v),t)−−−−−−−−−→ X × [0, 1]
f−→ Y

is continuous.
Proof. The corollary follows immediately from the equivalence of the three topologies in
the Intervall CW-Product Lemma 68.8. �

68.5. Properties of CW-complexes. We have seen, as promised, that many topological
spaces that we are interested in are indeed CW-complexes. In this section we will prove a
somewhat technical proposition that shows that CW-complexes have, again as promised,
many nice topological properties.
To formulate the key result of this section we need the following de�nition which we will
explore in much greater detail in the subsequent section.

De�nition. A subcomplex of a CW-complex X is a subset of X that is the union of
arbitrarily many cells of X. We say a subcomplex is �nite it contains only �nitely many
cells of X.
Now we can state the main result of this section.
Proposition 68.10. (CW-Complex Properties Proposition)
(1) Every point on a CW-complex is closed.794

(2) (a) CW-complexes are Hausdor�.
(b) CW-complexes are normal.795

(3) (a) Every cell of a CW-complex X is compact and it is a closed subset of X.
(b) Every �nite CW-complex is compact.
(c) The closure of an open cell is the corresponding cell. More precisely, given a

characteristic map Φ: B
n → X the closure of Φ(Bn) is indeed Φ(B

n
).

(d) If a closed subset of X contains an open cell, then it also contains the corre-
sponding cell.
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(4) Let X be a CW-complex, let x ∈ X and let U be an open neighborhood U of x.
(a) There exists an open neighborhood V of x that is contained in U and that

admits a deformation retraction to {x}.
(b) There exists a closed neighborhood V of x that is contained in U and that

admits a deformation retraction to {x}.
(5) Every point on a CW-complex is good in the sense of the de�nition on page 1171.
(6) CW-complexes are locally contractible, locally path-connected, locally simply-con-

nected and semi-locally simply connected.
(7) Let X be a CW-complex. The following statements are equivalent:

(a) X is connected.
(b) X is path-connected.
(c) The 1-skeleton X1 is connected.
(d) The 1-skeleton X1 is path-connected.
(e) Given any two distinct points P,Q in the 0-skeleton of X there exists an em-

bedding γ : [0, 1] → X1 with γ(0) = P , γ(1) = Q and such that γ([0, 1]) is a
subcomplex of X1.

(8) There exists a map Φ which assigns to each subcomplex A a subset Φ(A) Ă X such
that the following statements hold:
(a) for each subcomplex A the set Φ(A) is an open neighborhood of A such that A

is a deformation retract of Φ(A),
(b) for any two subcomplexes A1 and A2 we have

Φ(A1 ∩ A2) = Φ(A1) ∩ Φ(A2) and Φ(A1 ∪ A2) = Φ(A1) ∪ Φ(A2),

(c) for any two subcomplexes A and B with A Ă B we have Φ(A) Ă Φ(B).
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CW-complex X
subcomplex A

A

open neighborhood of A that deformation retracts to A

Remark.

(1) In a slightly simpli�ed form the CW-Complex Properties Proposition 68.10 (8) says
that we can assign to each subcomplex A in a �systematic way� an open neighborhood
Φ(A) that deformation retracts to A.

794Note that we need (1) in the proof of (2), thus we cannot just use the Points-in-Hausdor� Space
Lemma 1.15 (1) to deduce (2) from (1).
795Recall that on page 123 we introduced the de�nition that a topological space X is called normal if
any two disjoint closed subsets A and B of X are separated by neighborhoods, i.e. if there exist disjoint
neighborhoods U of A and V of B.
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(2) In the CW-Complex Properties Proposition 68.10 (8) it is essential that A is a sub-
complex. For example, if we consider X = R and A = {0}∪{ 1

n
|n ∈ N}, then A does

not admit an open neighborhood U such that A is a deformation retract of U .796

(3) the CW-Complex Properties Proposition 68.10 (6) sounds somewhat technical, but
it ensures that later on we can apply the Covering Existence Theorem 61.5 to obtain
coverings of CW-complexes.

(4) Many other useful properties of CW-complexes are proved in [LW1969, Section II.3].
(5) There is a limit to what degree CW-complexes are nice, for example in Exercise 50.11

we saw that the wedge
∨
i∈N0

[0, 1]i, which is easily seen to be a CW-complex, is not

metrizable.

Proof. We start out with the following notation. Given a subset A of B
n
and ε > 0 we

denote by

Nε(A) :=
{
x ∈ Bn ∣∣ there exists an y ∈ A with ‖x− y‖ < ε

}
the ε-neighborhood around A. One easily veri�es that Nε(A) is an open subset of B

n
.

Furthermore given two non-empty subsetsX and Y of B
n
we follow the notation introduced

on page 283 and we write

d(X, Y ) := inf{‖x− y‖ |x ∈ X and y ∈ Y }.

Furthermore, if X or Y is empty, then we de�ne d(X, Y ) = ∞ and evidently we write
∞ > 0.

Now let X be a CW-complex. We denote by Γ the set of cells of X and given n ∈ N0

we denote by Γn the set of n-cells. Given a cell γ we denote by Φγ the corresponding
characteristic map.

Let A Ă X be a subset and let ε be a map that assigns to each γ ∈ Γ a positive number
εγ. Given n ∈ N0 we de�ne a subset Nn

ε (A) inductively as follows:
(i) For n = 0 we de�ne N0

ε (A) := A ∩X0.
(ii) Suppose that Nε(A)n has already been de�ned. We de�ne

Nn+1
ε (A) := Nn

ε (A) ∪
⋃

γ∈Γn+1

Φγ

(
Nεγ (

ĂB
n+1︷ ︸︸ ︷

Φ−1
γ (A)) ∪ (1− εγ, 1]×

ĂSn︷ ︸︸ ︷
Φ−1
γ (Nn

ε (A))︸ ︷︷ ︸
radial coordinates on B

n+1

)
.

It is straightforward to verify that each Nn
ε (A) is an open neighborhood of A ∩Xn in Xn.

The de�nition of Nn+1
ε (A) is illustrated in the �gure below. Finally we set Nε(A) :=
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(1− εγ, 1]× Φ−1
γ (N1

ε (A))
N1
ε (A)

AΦ−1
γ (A)

Φγ

Nεγ (Φ
−1
γ (A))

796Why not?
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n∈N

Nn
ε (A). It follows easily from the de�nition of the topology of a CW-complex that

Nε(A) is an open neighborhood of A in X. The de�nition of Nε(A) is illustrated in the
�gure below.
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Nε(A)

XA ∩X1

N1
ε (A)

X A X1

Now we turn to the proofs of the eight statements:

(1) This statement follows fairly easily from the the Topological Pushout-Maps Lemma 5.34
(4). We will �ll in the details in Exercise 68.6.

(2) Since by (1) we know that points are closed it su�ces to show that CW-complexes are
normal. Thus let A and B of X be disjoint closed subsets of X. We need to show that
there exist open disjoint neighborhoods of A and B.
So let A and B be two disjoint closed subsets of X. We will �nd ε as above such
that Nε(A) and Nε(B) are disjoint. We will de�ne the values of ε inductively on the
dimension of the cells. For 0-cells we take ε = 1. Now suppose that we have already
found disjoint open sets Nn

ε (A) and Nn
ε (B). Let γ be an (n+1)-cell with characteristic

map Φγ : B
n+1 → X.

Claim. We have the following inequalities:

(a) µ1 := d(Φ−1
γ (Nn

ε (A)),Φ−1
γ (B)) > 0,

(b) µ2 := d(Φ−1
γ (Nn

ε (B)),Φ−1
γ (A)) > 0,

(c) µ3 := d(Φ−1
γ (B),Φ−1

γ (A)) > 0.
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Nn
ε (A) B

Nn
ε (B)

AB
n+1

Φγ

Φ−1
γ (A)

Φ−1
γ (Nn

ε (A))

Φ−1
γ (B) Φ−1

γ (Nn
ε (B))

Proof. We deal with the three inequalities separately:
(a) We �rst consider µ1. Suppose that µ1 = 0. If this was the case then there would

exist a sequence of points in Φ−1
γ (B) that converges to a point of Φ−1

γ (B) in ∂B
n+1

of distance zero from Φ−1
γ (Nn

ε (A)). But this is impossible since Φ−1
γ (Nn

ε (B)) is a

neighborhood of Φ−1
γ (B) ∩ ∂Bn+1

in ∂B
n+1

which is disjoint from Φ−1
γ (Nn

ε (A)).
(b) The proof of the second inequality µ2 > 0 is proved exactly the same as the proof

of the inequality µ1 > 0.
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(c) It follows from the Characteristic Maps Lemma 68.7 (1) and our hypothesis that A
and B are disjoint closed subsets that the preimages Φ−1

γ (A) and Φ−1
γ (B) are dis-

joint closed subsets of B
n+1

. By the Compact-Closed Lemma 1.21 (1) we know that
they are in fact disjoint compact subsets of B

n
. Thus it follows from Lemma 6.3

that µ3 = d(Φ−1
γ (B),Φ−1

γ (A)) > 0. �
We set εγ := 1

2
min{µ1, µ2, µ3}. We do this for all (n + 1)-cells γ. It then follows

immediately from the de�nitions that Nn+1
ε (A) and Nn+1

ε (B) are disjoint.
(3) (a) Every k-cell is the image of the compact set B

k
, hence it is compact by the Compact

Image Lemma 2.13. It follows from the Compact-Closed Lemma 1.21 (2) and the
fact, proved in (2), that X is Hausdor� that every k-cell is also a closed subset of
X.

(b) A �nite CW-complex is the union of �nitely many cells. Thus it follows from
(3a) together with the Compact-Union-Intersection Lemma 1.20 that a �nite CW-
complex is compact.

(c) Let Φ: B
n → X be a characteristic map. We have the following inclusions

Φ(B
n
) Ă Φ(Bn) =

⋂
closed subsets containing Φ(Bn) Ă Φ(B

n
).

↑ ↑ ↑
Closure-Interior de�nition of the closure by (3a)

Mapping Lemma 2.5

We have thus shown that we indeed have Φ(Bn) = Φ(B
n
).

(d) This statement follows immediately from (3b) and the de�nition of the closure of
a set.

(4) Let x ∈ X and let U be an open neighborhood of x. We need to prove the following
two statements;
(a) There exists an open neighborhood V of x that is contained in U and that admits

a deformation retraction to {x}.
(b) There exists a closed neighborhood V of x that is contained in U and that admits

a deformation retraction to {x}.
In the following we will prove Statement (a). We leave it to the reader to make the
slight modi�cations to obtain Statement (b).

So let us start with the proof of Statement (a). We leave it to the long-su�ering
reader to show that there exists an ε such that Nε(x) is contained in U .

It remains to show that Nε(x) admits a deformation retraction to {x}. We denote
by m the unique natural number with x ∈ Xm \ Xm−1. It follows easily from the
de�nitions that Nm

ε (x) is an open ball around x, in particular Nm
ε (x) deformation

retracts onto {x}. Therefore it su�ces to �nd a deformation retraction from Nε(x) to
Nm
ε (x).
First note that for n > m �sliding radially outward� we obtain a deformation

retraction

R(n) : Nn
ε (x)× [0, 1] → Nn

ε (x)
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from Nn
ε (x) to Nn−1

ε (x). We denote by rn := R(n)1 : Nn
ε (x) → Nn−1

ε (x) the corre-
sponding retraction. For each k ∈ N≥m+1 we consider the map

fk : Nε(x) → Nk−1
ε (x)

y 7→
{

(rk ◦ · · · ◦ rl)(y), if y ∈ N l
ε(x) and l ≥ k,

y, if y ∈ Nk−1
ε (x).

It follows from the Interval CW-Product Corollary 68.9 that this map fk is continuous.
Now we consider the following map

F : Nε(x)× [0, 1] → Nε(x)

(y, s) 7→


y, if x ∈ Nk

ε (x) and s ∈ [0, 1
2k+1 ],

rk
(
y, 2k+1 · (s− 1

2k+1 )
)
, if x ∈ Nk

ε (x) and s ∈ [ 1
2k+1 ,

1
2k

],

fk(y), if x ∈ Nk
ε (x) and s ∈ [ 1

2k
, 1].

We refer to the �gure below for an illustration. It follows from the Homotopy Stacking
Lemma 14.3 that the restriction of F to each Nk

ε (x) × [0, 1] is continuous. Thus it
follows from the Interval CW-Product Corollary 68.9 that F : Nε(x) × [0, 1] → Nε(x)
is continuous. This map is the desired deformation retraction.
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(m+ 1)-cellsNε(x) Nm
ε (x) is a ball

X
x ∈ Xm \Xm−1 x ∈ Xm \Xm−1

push radially outward on
cells of dimension > m

(5) This statement follows immediately from (2) and (4).
(6) Note that this statement follows immediately from (4) since every topological space

that admits a deformation retraction to a point is contractible, and since every con-
tractible topological space is path-connected and simply connected. Finally note that
a topological space that is locally simply connected is in particular semi-locally simply
connected.

(7) By Locally Path-Connected Lemma 2.40 an locally path-connected topological space
is connected if and only if it is path-connected. This shows the equivalence (a) ⇔ (b)
and (c)⇔ (d). It follows from the Abstract Graph-Topological Realization Lemma 7.1
(5) and the discussion on page 1470 that we also have (d)⇔ (e). We will prove (d)⇒
(b) and (a) ⇒ (c) in Exercise 68.7.

(8) We pick an ε ∈ (0, 1). Given a subcomplex A of X we set Φ(A) := Nε(A). In each
cell of X \A the set Nε(A) is a product neighborhood of the boundary of this cell. So
a deformation retraction of Nε(A) onto A can be constructed as in (4). We leave the
details to the reader. It is clear that Φ has all the other desired properties. �

Our next goal is to formulate an addendum to the CW-Complex Properties Proposi-
tion 68.10. To do so we need to introduce the following de�nition.

De�nition. We say that a CW-complex is locally �nite if every cell is disjoint from all
but �nitely many cells of X.
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Examples. The CW-complex CP∞ is not locally �nite, whereas the CW-complexes illus-
trated in the �gure below are locally �nite.
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S3 S4

The following proposition is the promised addendum to the CW-Complex Properties Propo-
sition 68.10.
Proposition 68.11. A CW-complex is regionally compact if and only if it is locally �nite.

Proof. We will not make use of Proposition 68.11, except that in the negative sense,
that now we know that many CW-complexes we are interested in are unfortunately not
regionally compact. The proposition is proved in [Geo2008, Proposition 10.1.8]. �

One of the curses of the working topologist is the unfortunate fact that a bijection continu-
ous map between topological spaces does not need to be a homeomorphism. The following
lemma gives a nice criterion for a map between CW-complexes to be a homeomorphism.

Lemma 68.12. (CW-Complex Homeomorphism Lemma) Let f : X → Y be a map
between CW-complexes. Suppose the following three conditions are satis�ed:
(1) f is a bijection,
(2) f is continuous,
(3) the images of the cells of X are precisely the cells of Y .

Then f : X → Y is a homeomorphism.

Proof. We denote by g = f−1 : Y → X the inverse of f . It remains to show that g
is continuous. Let {Φi : B

mi → X}i∈I be the characteristic maps of the CW-complex
X and let {Φj : B

nj → Y }j∈J be the characteristic maps of the CW-complex Y . By
the Characteristic Maps Lemma 68.7 it su�ces to show that for each j ∈ J the map
g ◦ Ψj : B

nj → X is continuous. We consider the cell Ψj(B
nj

). By hypothesis (3) there
exists an i ∈ I such that f(Φi(B

mi
)) = Ψj(B

nj
). Since Φi(B

mi
) is compact and since we

know by the CW-Complex Properties Proposition 68.10 that Ψj(B
nj

) Ă Y is Hausdor� it
follows from the Compact-Hausdor� Proposition 2.17 (3) that f : Φi(B

mi
)→ Ψj(B

nj
) is a

homeomorphism. But this implies that f−1 = g is continuous on Ψj(B
nj

). It follows that,
as desired, the map g ◦Ψj is continuous. �

We conclude this section with the following proposition.

Proposition 68.13. (CW-Complex Paracompactness Proposition) Every CW-complex
is paracompact.

Proof. As always, when it comes to CW-complexes, the proof is slightly delicate. Since we
will not really make use of the proposition we refer instead to [FrPi1990a, Theorem 1.3.5],
or alternatively to [Hat2, Proposition 1.20], [Lee2000, Theorem 5.22], [LW1969, Theo-
rem II.4.2] and [Miy1952], for a proof. �

68.6. The Finiteness Theorem for CW-complexes. The following proposition is one
of the key technical results about in�nite CW-complexes.
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Theorem 68.14. (CW-Complex-Finiteness Theorem) Every compact (connected)
subset of a CW-complex X is contained in a �nite (connected) subcomplex.

Remark. The statement of the proposition and also its proof have more than a passing
resemblance with Lemma 68.3.

Example. We consider the wedge X :=
∨
i∈N0

S1
i . As discussed on page 1480, we can view X

as a CW-complex with one 0-cell, given by the wedge point, and 1-cells indexed by i ∈ N0.
It follows from the CW-Complex-Finiteness Theorem 68.14 that each compact subset of X
is contained in the union of �nitely many S1

i . In fact this statement already follows from
Exercise 50.9.

Before we start out with the proof of the CW-Complex-Finiteness Theorem 68.14 we for-
mulate the following pretty corollary.

Corollary 68.15. (CW-Complex Compactness Corollary) A CW-complex is com-
pact if and only if it is �nite.

Proof. In the CW-Complex Properties Proposition 68.10 (3) we showed that every �nite
CW-complex is compact. Now we want to prove the converse. Thus let X be a compact
CW-complex. It follows from the CW-Complex-Finiteness Theorem 68.14 that X is con-
tained in a �nite subcomplex Y of X. But from X Ă Y Ă X it follows that X = Y , i.e. X
is a �nite CW-complex. �

The proof of the CW-Complex-Finiteness Theorem 68.14 will be a fairly straightforward
consequence of the following rather technical lemma.
Lemma 68.16. Let X be a CW-complex.
(1) Let A Ă X be a subset. If every open cell of X contains at most one point of A,

then A is closed and discrete.
(2) If C Ă X is a compact subset, then C is contained in a �nite union of open cells.
(3) Every cell of X is contained in a �nite subcomplex of X.797

Remark. Lemma 68.16 (3) together with the CW-Complex Properties Proposition 68.10
(3a) and (3c) shows in particular that the closure of each open cell is contained in the
union of �nitely many open cells. This property is sometimes referred to as X being
�closure �nite� which explains the �C� in the name CW-complex.

Proof of Lemma 68.16. We start out with the following claim.
Claim. Let Y be a CW-complex. Then the statements (1), (2) and (3) are equivalent.

Proof. Let Y be a CW-complex. First we show (1)⇒ (2). Let C Ă Y be a compact subset.
For each cell that intersects C we pick a single point. We denote the resulting set of points
by A. By (1) the set A is closed and discrete. Since A is a closed subset of compact set we
obtain from the Compact-Closed Lemma 1.21 (1) that A is compact. Since A is compact
and discrete we obtain from the Compact-Discrete Lemma 1.22 (1) that A is in fact �nite.
But that means that C intersects only �nitely many cells, i.e. C is contained in a �nite
union of open cells as claimed.
797Recall that by de�nition, see page 1484, a subcomplex is �nite if it contains only �nitely many cells of
X. So even a subcomplex that is given by a single cell might a priori contain many other cells.
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Now we will prove (2) ⇒ (3). So let Cσ Ă Y be an n-cell. We denote by Uσ the
corresponding open cell. By the CW-Complex Properties Proposition 68.10 (3) and by
de�nition of a cell we know that Cσ \Uσ is a compact subset of the (n− 1)-skeleton Y n−1.
It follows from (2) that the subset Cσ \ Uσ is contained in a �nite union of open cells of
dimension ≤ n − 1. By the same argument each of these lower-dimensional closed cells is
again contained in a �nite union of open cells of smaller dimension, except again for the
cell itself. A straightforward induction argument now shows that we end up with �nitely
many cells which form a subcomplex of Y .

Next we will show (3) ⇒ (1). Let A Ă Y be a subset such that no two points lie
in the same open cell. We consider the intersection of A with a closed cell. By (3) this
intersection is contained in a �nite subcomplex Y ′. Since A has at most one point in
common with any open cell this intersection A∩Y ′ must be �nite and hence closed in A∩Y ′
by the CW-Complex Properties Proposition 68.10 (2). By the CW-Complex Properties
Proposition 68.10 (3) the �nite subcomplex Y ′ is a closed subset of X. Hence A ∩ Y ′ is a
closed subset of X. For any point x ∈ A the set A \ {x} also satis�es the hypothesis for A,
and so it must also be a closed subset of X. Hence {x} is open in A, so A is discrete. �

Now let X be a CW-complex. First note that Statement (1) holds for X0 by de�nition
of the topology on X0. Now suppose we know (1) for the n-skeleton Xn for some n ∈ N0.
By claim we know that (2) and (3) also for Xn. But the proof of (2) ⇒ (3) for a given
n-cell only used (2) for subsets of Xn−1. Thus we actually have (3) for Xn+1. Thus we also
have (1) for Xn+1. Summarizing we have all three statements for Xn for all n. But any
cell lies in some Xn, and so we know (3) for X itself, and by the claim this implies that (1)
and (2) also hold for X. �

Proof of the CW-Complex-Finiteness Theorem 68.14. LetX be a CW-complex and
let C Ă X be a compact subset. By Lemma 68.16 (2) the subset C is contained in a union
of �nitely many open cells. By Lemma 68.16 (3) each of these open cells is contained in
a �nite subcomplex. The union of these �nitely many �nite subcomplexes is a �nite sub-
complex Z which contains C.
If C is connected, then we take the component of Z that contains C. By Lemma 68.21 (3)
this is again a subcomplex. �

68.7. Cellular maps. Before we move on to considering subcomplexes and constructions
of CW-complexes let us quickly introduce the type of maps between CW-complexes that
are reasonable.
De�nition.
(1) A map g : X → Y between two CW-complexes is called cellular if for each n ∈ N0

we have g(Xn) Ă Y n.
(2) A map g : X → Y between two CW-complexes is called a cellular isomorphism if f

is cellular, if f is a bijection and continuous, and if f−1 is also cellular.

Example. In general maps between CW-complexes are not cellular. For example consider
the CW-complexX = [0, 1] with two 0-cells and one 1-cell and we consider the CW-complex
Y = [0, 1]× [0, 1] with four 0-cells, two 1-cells and one 2-cell. Then the diagonal map

g : X = [0, 1] → Y = [0, 1]× [0, 1]
t 7→ (t, t)

,
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which is illustrated in the �gure below is not a cellular map.
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It is clear that the composition of two cellular maps is again cellular. This leads us to the
following de�nition.

De�nition. We call the category CW with

Ob(CW ) := all CW-complexes,
Mor(X, Y ) := all cellular maps from X to Y ,

together with the usual composition of maps the category of CW-complexes. This category
should not be confused with the full category of CW-complexes that is given by

Ob(FullCW ) := all CW-complexes,
Mor(X, Y ) := all continuous maps from X to Y .

Now is as good as any other moment to introduce a little more categorical language.

De�nition. A covariant functor F : C → D between two categories is called faithful if for
every two objects X, Y ∈ Ob(C) the map Mor(X, Y )→ Mor(F (X), F (Y )) is an injection.
If the map is in fact a bijection, then we call the functor fully faithful. The same de�nition
applies, with the obvious modi�cations, to contravariant functors.
To practice the de�nitions we formulate the following lemma.

Lemma 68.17. The maps

CW-complex X 7→ |X|
(f : X → Y ) 7→ (f : |X| → |Y |)

de�ne a covariant functor from the category CW of CW-complexes to the category of
topological spaces. The functor is faithful but not fully faithful. The maps also de�ne
a covariant functor from the full category FullCW of CW-complexes to the category of
topological spaces, this time the functor is fully faithful.

Proof. The statements are basically obvious. The fact that we just found a continuous
map which is not cellular gives us that the functor CW → Top is not fully faithful. �

68.8. Subcomplexes. In this section we will discuss in great deal the concept of a sub-
complex. We de�ned the notion on a subcomplex in a perfunctory way on page 1484, but
to give the concept its due prominence let us repeat the de�nition.

De�nition. A subcomplex of a CW-complex X is a subset of X that is the union of
arbitrarily many cells of X.

Examples.
(1) In the �gure below we consider the smooth manifold X that is given by removing

an open disk from a torus. We see that X has the structure of a CW-structure such
that the boundary ∂X is a CW-subcomplex.
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X is the torus [0, 1]× [0, 1]/ ∼ with an open disk removed

∂X is a subcomplex with one 0-cell and one 1-cell

(2) Let X be a CW-complex. For each n ∈ N0 the n-skeleton Xn is a subcomplex.

The name �subcomplex� suggests that a subcomplex should again be a CW-complex. That
is indeed the case.
Lemma 68.18. (Subcomplex Lemma) Let X be a CW-complex and let A be a sub-
complex of X.
(1) The subset A admits a CW-structure such that for each n ∈ N0 we have the equality
|An| = A ∩ |Xn| and such that the characteristic maps of A correspond precisely to
the characteristic maps of X that take values in A.

(2) The inclusion map A→ X is a closed embedding, in particular A is a closed subset
of X.

Proof. We start out with the proof of Statement (1). We set Y −1 = |Y −1| := ∅. For
n = 0, 1, 2, 3, . . . we iteratively do the following:
(1) Let {ϕi : Sn−1 → |Y n−1|}i∈I be the attaching maps from the CW-structure of X that

correspond to n-cells that lie in A. We de�ne Y n = (Y n−1, {ϕi : Sn−1 → |Y n−1|}i∈I).
(2) We set |Y n| :=

(
|Y n−1| t

⊔
i∈I
B
n
)
/∼.

Finally we de�ne Y to be the CW-complex that is given by the sequence of CW-complexes
Y−1 Ă Y0 Ă Y1 Ă . . . .

Since A is by de�nition the union of cells we see that the obvious map ϕ : |Y | → A
is a bijection. It remains to show that the map ϕ is actually a homeomorphism. Note
that by de�nition, if Φ: B

n → |Y | is a characteristic map of the CW-complex Y , then
ϕ ◦ Φ: B

n → |X| is a characteristic map of the CW-complex X. Thus it follows from the
Characteristic Maps Lemma 68.7 (1) and (4) that ϕ is continuous.

By the Open -Injective Map Lemma 2.16 (1) it remains to show that the map ϕ : |Y | →
X is a closed map.
Claim. The map ϕ : |Y | → X is a closed map.

Proof. Lt C Ă |Y | be a closed subset. We need to show that ϕ(C) is also a closed subset
of A. By the Characteristic Maps Lemma 68.7 (1) and (3) it su�ces to show that for each
cell e Ă X the set ϕ(C) ∩ e is closed. By Lemma 68.16 we know that e intersects only
�nitely many cells. In particular there are only �nitely many cells contained in A ∩ e. We
denote these by a1, . . . , am. Now we see that

ϕ(C) ∩ e = ϕ(C) ∩ (A ∩ e) = ϕ(C) ∩
m⋃
i=1
ai =

m⋃
i=1

(ϕ(C) ∩ ai)
↑ ↑

since ϕ(C) Ă A since A is a subcomplex

=
m⋃
i=1
closed subset of ai =

m⋃
i=1
closed subset of e = closed subset of e.

↑ ↑
since C is closed in |Y | and since by the Open -Closed Inclusion Lemma 2.10 (2) since the ai
a1, . . . , am ∈ S are cells of Y are closed subsets of e �
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Now we turn to the proof of Statement (2). In fact this follows immediately from the claim.
Indeed, evidently |Y | is a closed subset of |Y | and from the claim we obtain that ϕ(|Y |) is
a closed subset of X. But ϕ(|Y |) = A. Thus we have shown that A is a closed subset of
X. �

De�nition. Let A and X be CW-complex. A map f : A→ X is called a cellular embed-
ding if f is injective and if the image of a cell of A is a cell of X.

Lemma 68.19. (Cellular Embedding Lemma) Let f : A→ X be a cellular embedding
between two CW-complexes. The following statements hold:
(1) The image f(A) is a subcomplex of A and the map f : A → f(A) is a cellular

isomorphism.
(2) The map f : A→ X is a closed embedding.

Proof. It follows immediately from the above de�nition of a subcomplex and of a cellular
embedding that the image of a cellular embedding f : A → X is a subcomplex. Next we
consider the map f−1 : f(A) → A. We deduce from the Characteristic Maps Lemma 68.7
together with the Compact-Hausdor� Proposition 2.17 (3) that the map f−1 : f(A) → A
is continuous. It follows almost immediately that f : A → f(A) is a cellular isomorphism.
Finally we obtain from the above together with the Subcomplex Lemma 68.18 that f : A→
X is a closed embedding. �

Lemma 68.20. (CW-Complex Pasting Lemma) Let X be a CW-complex and let
{Xi}i∈I be a family of subcomplexes such that

⋃
i∈I
Xi = X. The following three statements

hold:
(1) A subset U Ă X is open if and only if each Xi ∩ U is an open subset of Xi.
(2) A subset A Ă X is closed if and only if each Xi ∩ A is a closed subset of Xi.
(3) A map f : X → Y to a topological space Y is continuous if and only if each map

f |Xi : Xi → Y is continuous.

Proof.

(1) This statement is an easy consequence of the Characteristic Maps Lemma 68.7 (2).
(2) The �only if�-direction is an immediate consequence of the Neighborhood Openness

Criterion 1.5 (2). The �if�-direction follows from (1) and Lemma 2.7 (1) ⇒ (2).
(3) The �only if�-direction is an immediate consequence of Lemma 2.1 (3). The �if�-

direction follows from (1) and Lemma 2.7 (1) ⇒ (3). �

The following lemma shows in particular that some straightforward constructions provide
examples of subcomplexes.
Lemma 68.21. Let X be a CW-complex.
(1) For any n ∈ N0 the n-skeleton Xn is a subcomplex of X.
(2) The union and also the intersection of arbitrarily many subcomplexes is again a

subcomplex.
(3) Every path-component of a complex is again a subcomplex.

Proof.

(1) This statement is clear.
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(2) This statement is also clear.
(3) This statement is basically obvious since each closed ball is path-connected. �

We conclude this section with the following proposition.

Proposition 68.22. (Iterated Deformation Retracts Proposition) Let X be a CW-
complex and let Y = Y0 Ă Y1 Ă Y2 Ă . . . be a sequence of subcomplexes such that the
following two conditions are satis�ed:
(1) we have X =

⋃
i∈N
Yi,

(2) each Yi is a deformation retract of Yi+1.
Then Y0 is a deformation retract of X.
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Proof. By hypothesis there exists for each k ∈ N0 a deformation retraction

R(k) : Yk × [0, 1] → Yk−1.

We denote by rk := R(k)1 : Yk → Yk−1 the corresponding retraction. For each k ∈ N0 we
consider the map

fk : X × [0, 1] → Yk−1 × [0, 1]

(x, t) 7→
{

(rk ◦ · · · ◦ rl)(x), if x ∈ Yl and l ≥ k,
x, if x ∈ Yk−1.

It follows from the Interval CW-Product Corollary 68.9 that this map fk is continuous.
Now we consider the following map

F : X × [0, 1] → X

(x, t) 7→


x, if x ∈ Yk and t ∈ [0, 1

2k+1 ],

rk
(
x, 2k+1 · (t− 1

2k+1 )
)
, if x ∈ Yk and t ∈ [ 1

2k+1 ,
1
2k

],

fk(x), if x ∈ Yk and t ∈ [ 1
2k
, 1].

We refer to the �gure below for an illustration. It follows from the Homotopy Stacking
Lemma 14.3 that the restriction of F to each Yk× [0, 1] is continuous. Thus it follows from
the Interval CW-Product Corollary 68.9 that F : X × [0, 1]→ X is continuous. This map
is the desired deformation retraction. �
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68.9. Products of CW-complexes I. Let X and Y be two CW-complexes. We can form
the product topological space X × Y . Ideally one would like to equip X × Y with a CW-
structure. Throughout this section we use the homeomorphism from the Convex-to-Ball
Proposition 2.20 (2) to identify the n-dimensional closed ball B

n
with the n-dimensional

cube In = [0, 1]n and we use it to make the identi�cation Sn−1 = ∂In. For p + q = n we
evidently have In = Ip × Iq and we have

∂(In) = ∂Ip×Iq ∪ Ip×∂Iq.
The idea is now to de�ne a CW-structure on X × Y such that the product of a p-cell in X
with a q-cell in Y corresponds to a (p+ q)-cell in X × Y .
In the following we want to execute this idea rigorously. First, to be on the safe side, we
consider the case of two �nite complexes.

De�nition. LetX and Y be two CW-complexes. Given p ∈ N0 let {ϕj : Sp−1 → Xp−1}j∈Jp
and Kp := {ψk : Sp−1 → Y p−1}k∈Kp be the set of attaching maps of p-dimensional cells of
X and Y . Furthermore we denote by {Φj : B

p → Xp}j∈Jp and {Ψk : B
p → Y p}k∈Kp the

corresponding characteristic maps of the cells. We de�ne a new CW-complex Z as follows:
(1) We put Z−1 = ∅.
(2) Suppose Zn−1 is already de�ned for some n ∈ N0. Given j ∈ Jp and k ∈ Kn−p we

de�ne798 θ(j,k) : ∂In = ∂Ip×In−p ∪ Ip×∂In−p → Zn−1

(x, y) 7→ (Φj(x),Ψk(y)).

We set
Zn :=

(
Zn−1 t

⊔
p+q=n

⊔
j∈Jp,k∈Kn−p

(
Ip × In−p︸ ︷︷ ︸

=B
n

)
(j,k)

)
/∼

where for each j ∈ Jp, k ∈ Kn−p we de�ne (x, y) ∈ (Ip × In−p)(j,k) with the point
θ(i,j)(x, y) ∈ Zn−1.

(3) Given j ∈ Jp and k ∈ Kn−p we denote by Θ(j,k) : In = Ip × In−p → Zn the corre-
sponding characteristic map.

(4) We set Z := lim−→Z
n.

As the discussion suggests, the above construction does indeed (often) de�ne a CW-
structure on the topological space X×Y . To simplify the initial discussion we �rst consider
the case that X and Y are two �nite CW-complexes.

Proposition 68.23. (CW-Complex Product Proposition) Let X and Y be two
CW-complexes. We use the notation from the above de�nition.
(1) The above data turns Z into a CW-complex.
(2) The characteristic maps Θ(i,j) de�ne a continuous bijection Θ: Z → X × Y .
(3) Suppose we are in one of the following two settings:

(a) X and X are both �nite CW-complexes, or
(b) Y = [0, 1] where Y is equipped with the usual CW-structure with two 0-cells

and one 1-cell,

798Why does the image of this attaching map lie in (X × Y )n−1?
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then the map Θ: Z → X × Y from (2) is a homeomorphism. In particular the
topological space X × Y has a CW-structure such that for each n ∈ N0 we have

(X × Y )n︸ ︷︷ ︸
n-skeleton of X × Y

=
⋃

p+q=n

Xp × Y q.

De�nition. Let X and Y be �nite CW-complexes. Suppose we are in one of the two
settings of the CW-Complex Product Proposition 68.23 (3).
(1) We refer to the above CW-structure on X × Y as the product CW-structure.
(2) Given a p-cell e for X and given a q-cell for Y we denote by e× f the corresponding

(p+ q)-cell for X × Y .

Remark. The second case of the CW-Complex Product Proposition 68.23 (3) might ap-
pear somewhat random, but it will actually prove important for showing that several con-
structions, like mapping cylinders and mapping cones, give rise to CW-complexes.

Proof. Let X and Y be two CW-complexes.
(1) This statement follows basically immediately from the de�nitions.
(2) It follows from the Characteristic Maps Lemma 68.7 (4) that the map Θ: Z → X×Y ,

which is de�ned via the characteristic maps Θ(i,j), is continuous.
(3) (a) Suppose that X and X are both �nite CW-complexes. In this case Z has only

�nitely many cells, hence Z is compact by the CW-Complex Compactness Corol-
lary 68.15. Furthermore note that X×Y is Hausdor� by the CW-Complex Prop-
erties Proposition 68.10 (2) and the Product Topology Properties Proposition 5.6.
It follows from the Compact-Hausdor� Proposition 2.17 (3) that Θ: Z → X ×Y
is indeed a homeomorphism.

(b) Suppose we have Y = [0, 1] with the obvious CW-structure. It follows basically
immediately from the equivalence of the topologies (1) and (3) of the Intervall
CW-Product Lemma 68.8 that the map Θ: Z → X × Y is a homeomorphism.
Since Θ: Z → X × Y is a homeomorphism and since Z is a CW-complex we

have endowed X × Y with a CW-structure. The statement about the skeleta follows
immediately from the de�nition of the CW-structure on Z. �

Examples.

(1) If we equip S1 = [0, 1]/0 ∼ 1 with the usual CW-structure with one 0-cell and one
1-cell, then the product CW-structure on the torus S1 × S1 = ([0, 1] × [0, 1])/∼ is
precisely the CW-structure that we had already encountered on page 1471. We refer
to the �gure below for an illustration.
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S1 × S1S1

a× d

b× c
a× c

b× d

(2) Given a = s0 < s1 < · · · < sk = b and c = t0 < t1 < · · · < tl = d we can view
the intervals [a, b] and [c, d] as CW-complexes where the 1-cells are given precisely
by the intervals [si, si+1], i = 0, . . . , k− 1 and [tj, tj+1], j = 0, . . . , l− 1. The product
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CW-complex is the topological space [a, b]× [c, d] where the 2-cells are given by the
rectangles [si, si+1] × [tj, tj+1] with i ∈ {0, . . . , k − 1} and j ∈ {0, . . . , l − 1}. The
analogous statement holds also for higher-dimensional hyperrectangles. For example,
given k ∈ N and n ∈ N we can equip the cube [0, 1]n with a CW-structure where the
n-cells are precisely given by the cubes [ s1

k
, s1+1

k
] × · · · × [ sn

k
, sn+1

k
] with s1, . . . , sn ∈

{0, . . . , k − 1}.
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c

d

sk−1s2s1s0

ba

sk

[a, b]× [c, d]

The formulation of Proposition 68.23 already suggests that the conclusion does not hold
without some assumptions on X and Y . In fact, the following lemma, which goes back to
[Dow1952], shows that there are indeed examples of CW-complexes X and Y such that
the map Θ: Z → X × Y is not a homeomorphism. In other words, in general the �naive�
attempt to endow a product of CW-complexes with a CW-structure fails.

Lemma 68.24. Let S := {(s1, s2, . . . ) | si ∈ N} be the set of all in�nite sequences of
positive integers. Let X =

∨
i∈[0,1]

[0, 1]s be the wedge of uncountably many copies of [0, 1],

obtained by wedging all the 0 ∈ [0, 1]s. Similarly we form the wedge Y =
∨
j∈N

[0, 1]j of

countably many copies of [0, 1]. We equip X and Y with the �obvious CW-structure�, see
e.g. the CW-Complex Construction Lemma 68.32 (4). In this setting the map Θ: Z →
X × Y from the CW-Complex Product Proposition 68.23 is not a homeomorphism.

Proof. For s ∈ S and j ∈ N we consider ( 1
sj
, 1
sj

) ∈ [0, 1]s × [0, 1]j ∈ X × Y . We denote by
P Ă X × Y the subset de�ned by all these points. Since each 2-cell of the CW-complex Z
contains a single point of P we obtain from the Characteristic Maps Lemma 68.7 (3) that
P is a closed subset of Z. To show that Θ is not a homeomorphism it remains to prove the
following claim.
Claim. The set P is not closed with respect to the product topology on X × Y .
Proof. We denote by x0 ∈ X and y0 ∈ Y the wedge points. Note that (x0, y0) 6∈ P . Thus
it su�ces to show that every neighborhood of (x0, y0) ∈ X × Y contains a point of P . In
fact, by de�nition of the product topology, see page 224, it su�ces to show that any subset
U × V of X × Y of the form U =

∨
s∈S

[0, as] Ă X and V =
∨
j∈N

[0, bj] Ă Y contains a point of

P . We pick a sequence t = (t1, t2, . . . ) ∈ S such that for every j ∈ N we have tj > j and
such that tj > 1

bj
. Furthermore we pick a k ∈ N with k > 1

at
. It follows that tk > k > 1

at
,

which implies that 1
tk
< at. Recall that by construction we also have 1

tk
< bk. Thus we see

that ( 1
tk
, 1
tk

) is a point of P that lies in [0, at]× [0, bk). Hence it also lies in U × V . �

68.10. Products of CW-complexes II. In this section we will discuss the product of
two in�nite CW-complexes in somewhat greater detail. We will not make use of the results
of this and the coming section, thus these two sections can be skipped safely.
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First we mention the following proposition which can be viewed as a generalization of the
CW-Complex Product Proposition 68.23.

Proposition 68.25. Let X and Y be two CW-complexes. If at least one of the two
CW-complexes has only countably many cells, then the map Θ: Z → X × Y from the
CW-Complex Product Proposition 68.23 (2) is a homeomorphism, in particular X × Y
has a natural CW-structure.

Proof. This statement is proved in [LW1969, Theorem II.5.2]. If one of X or Y is a �nite
CW-complex, then the statement is also proved in [Hat2002, Theorem A.6]. If both CW-
complexes have countably many cells, then the statement is also proved in [FrPi1990a,
Proposition 2.2.3] or [Miln1956b, Lemma 2.1]. �

De�nition. Let X and Y be two CW-complexes.
(1) If at least one of the two CW-complexes has only countably many cells, then we

refer to the above CW-structure on X × Y as the product CW-structure.
(2) Following [LW1969, p. 56] we denote by X ⊗ Y the topological space whose under-

lying set is given by X × Y but whose topology is the unique topology that turns
the map Θ: Z → X ⊗ Y from Proposition 68.23 into a homeomorphism.

Remark. Note that [Brooke2017, Theorem 1] gives a necessary and su�cient condition
for the product of two CW-complexes to be a CW-complex.

We conclude this section with a short discussion on the relationship between X ⊗ Y and
X × Y .
Proposition 68.26. Let X and Y be two CW-complexes.
(1) The identity map id : X ⊗ Y → X × Y is a continuous bijection.
(2) A subset K Ă X ⊗ Y is compact if and only if it is compact in X × Y .
(3) Given any (x, y) ∈ X × Y the induced map π1(X ⊗ Y, (x, y))→ π1(X × Y, (x, y)) is

an isomorphism.
(4) If at least one of the two CW-complexes has only countably many cells, then the

map X ⊗ Y → X × Y is a homeomorphism.
The proof of Proposition 68.26 (3) is mostly outsourced to the following lemma.

Lemma 68.27. Let Θ: A→ B be a continuous bijection between two topological spaces
which has the property that a subset K Ă A is compact if and only if Θ(K) Ă B is
compact. If A is Hausdor�, then for any a0 ∈ A the map Θ∗ : π1(A, a0)→ π1(B, f(a0)) is
an isomorphism.

Proof. We write b0 := f(a0). The proof of the lemma naturally breaks up into showing
that Θ∗ : π1(A, a0)→ π1(B, b0) is an epimorphism and that it is a monomorphism.

Let us �rst show that the map Θ∗ is an epimorphism. Suppose we are given an element
[f : (S1, ∗) → (B, b0)] ∈ π1(B, b0). By the Compact Image Lemma 2.13 we know that
L := f(S1) is a compact subset of B. We set K := Θ−1(L). Since Θ is a bijection we
have Θ(K) = L. It follows from our hypothesis that K is a compact subset of A. Since Θ
is a bijection, since K is compact and since L is Hausdor� we obtain from the Compact-
Hausdor� Proposition 2.17 (3) that Ψ := Θ|K : K → L is a homeomorphism. In particular
the inverse Ψ−1 : L → K is continuous. Next we set g := Ψ−1 ◦ f : (S1, ∗) → (A, a0).
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We have Θ∗([g]) = [Θ ◦ g] = [Θ|K ◦ Ψ−1 ◦ f ] = [f ]. Thus we have shown that Θ∗ is an
epimorphism.

The proof that Θ∗ is a monomorphism is quite similar. The key observation is that the
image of a homotopy in B between two loops is a compact subset. We leave it to the reader
to �ll in the few remaining details. �
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Proof of Proposition 68.26. Let X and Y be two CW-complexes.

(1) It follows immediately from Proposition 68.23 (2) and the de�nition of the topological
space X ⊗ Y that the identity map id : X ⊗ Y → X × Y is a continuous bijection.

(2) Let K Ă X ⊗ Y . If K is compact in X ⊗ Y . It follows from (1) and the Compact
Image Lemma 2.13 that K is also compact in X × Y . Now suppose conversely that
K is compact in the product topological space X × Y .
(a) Note that X × Y is Hausdor� by the CW-Complex Properties Proposition 68.10

(2) and the Product Topology Properties Proposition 5.6. Thus it follows from
the Compact-Closed Lemma 1.21 (2) that K is a closed subset of X × Y . It
follows from (1) that K is closed in X ⊗ Y .

(b) We denote by p : X × Y → X and q : X × Y → Y the obvious projections. It
follows from the Compact Image Lemma 2.13 that p(K) and q(K) are compact.
By the CW-Complex-Finiteness Theorem 68.14 we know that there exist �nite
subcomplexes X ′ Ă X and Y ′ Ă Y such that p(K) Ă X ′ and q(K) Ă Y ′. But
this implies that K is contained in the �nite subcomplex X ′ ⊗ Y ′ of X ⊗ Y . By
the CW-Complex-Finiteness Theorem 68.14 we know that X ′ ⊗ Y ′ is compact.
Together with (a) we see that K is a closed subset of X ⊗ Y that is contained in
a compact subset X ′ ⊗ Y ′. It follows from the Compact-Closed Lemma 1.21 (1)
that K itself is compact.

(3) This statement follows immediately from (1) and (2), the fact that X×Y is Hausdor�
and Lemma 68.27.

(4) This statement is just a reformulation of Proposition 68.23 (3). �

68.11. A convenient category of topological spaces. Let X and Y be two CW-
complexes. We can equip the set X × Y := {(x, y) |x ∈ X and y ∈ Y } with two di�erent
topologies, namely the familiar product topology from the Topological-Product Proposi-
tion 5.1 and the less familiar topology X ⊗ Y from the previous section. As we saw in
Lemma 68.24, in general these two topologies are di�erent.
This is quite a nuisance. In this section we will discuss one approach to addressing this
issue. We will not make much use of the ideas discussed in this section, thus the reader
can safely move on to the next section.
Let us �rst re�ect about what �product� is supposed mean in the �rst place. After con-
templating on the concept of �product� for a while one will surely arrive at the following
de�nition that we already gave on page 211.
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De�nition. Let C be a category and letX, Y ∈ Ob(C) be two objects. A product ofX and
Y in the category C is some object P ∈ Ob(C) together with two morphisms p : P → X
and q : P → Y such that the following property is satis�ed: Whenever we are given two
morphisms f : Z → X and g : Z → Y there exists a unique morphism Φ: Z → P such
that f = p ◦ Φ and g = q ◦ Φ. The situation is summarized in the following diagram

X

Z

f --

g
11

Φ // P
p

44

q

**
Y.

Sometimes we refer to P also as the categorical product of X and Y if we want to distin-
guish it from the usual set-theoretic product.

Remark. The de�nition of the product can be formulated in terms of inverse limits. More
precisely, we consider the set I = {∗, ?} with the trivial preorder. An inverse system over
I in a category C is just the data of two objects X and Y in C . The corresponding inverse
limit, if it exists, is by de�nition799 precisely a product of X and Y in C .

The usual �formal nonsense� shows that the product, if it exists, is unique up to a canonical
isomorphism. Thus we will use usual parlance and we will speak of the product, if it exists.

Examples.

(1) Let Set be the category of sets and let X, Y ∈ Ob(Set). As we mentioned already
on page 212, one can easily verify that the product is given by the set X × Y :=
{(x, y) |x ∈ X and y ∈ Y } together with the obvious maps X×Y → X and X×Y →
Y .

(2) Let Top be the category of topological spaces and let (X,A), (Y,B) ∈ Ob(Top). Let
P be the product topology on the set X × Y that we de�ned on page 224. Recall
that in the Topological-Product Proposition 5.1 we showed that in the category of
topological space the product is given by the topological space (X × Y,P) together
with the obvious maps X × Y → X and X × Y → Y .

(3) Let PTop be the category of pointed topological spaces that we introduced on page 1061.
Furthermore let (X, x0), (Y, y0) ∈ Ob(PTop) together with the obvious maps. In Ex-
ercise 68.12 we will see that the product in PTop is given by the smash product
(X, x0) ∧ (Y, y0) that we introduced on page 1143, together with the obvious mor-
phisms (X, x0) ∧ (Y, y0)→ (X, x0) and (X, x0) ∧ (Y, y0)→ (Y, y0).

(4) Let SmMfd
∂=∅ be the category of smooth manifolds with empty boundary that we

introduced on page 637 In the Smooth Manifold Product Proposition 19.31 we saw
that �the obvious construction� implies that this category admits a product. Note
though that this does not apply to the category SmMfd of all smooth manifolds. In
Exercise 68.19 we will see that this category does not have products.800

799We refer to page 1273 for the de�nition of an inverse limit.
800Note that in Propositions 20.6 and ?? we saw two hacks which at times allow us to get around this
annoying issue.
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The following theorem shows that if we move from considering all topological spaces to a
slightly more constrained setup, then we can combine the two concepts of products that
we introduced for CW-complexes.

Theorem 68.28. (Convenient Category Theorem) There exists a full subcategory C
of the category of topological spaces with the following properties:
(1) Every regionally compact Hausdor� space is an object of C .
(2) Every CW-complex is an object of C .
(3) Every direct system in C has a direct limit and every inverse system in C has an

inverse limit.
(4) If X and Y are two CW-complexes, then the CW-complex X ⊗ Y is in fact the

product in C .

Remark. A category as in the Convenient Category Theorem 68.28 is often called a conve-
nient category. Note though that the notion of a convenient category might be used some-
what di�erently by di�erent authors. In fact there are many �convenient categories�, pos-
sibly with somewhat di�erent properties from the ones we stated. We refer to [Stee1967,
Miln1959a, Spa1963, VogR1971, McCor1967, Stri, Pre2002, BrownR1963] and
[Stro2011, Chapter 3.4] for more examples and for the discussion of various notions of a
�convenient category�.

We will outline the proof of the Convenient Category Theorem 68.28 by giving an explicit
example of a convenient category. We will need the following de�nitions.
De�nition.
(1) A subset A of a topological space X is called compactly closed if for every map

ϕ : K → X, where K is a compact Hausdor� space, the preimage ϕ−1(A) is a closed
subset of K.801

(2) A topological space X is called compactly generated if every compactly closed subset
of X is actually closed.802

(3) A topological space X is called weakly Hausdor� if for every map ϕ : K → X, where
K is a compact Hausdor� space, the image ϕ(K) is closed.803

(4) A topological space X is called a CGWH-space804 if it is compactly generated and
if it is weakly Hausdor�.

First, for the readers who like weird topological spaces we give some non-examples.

Examples.
(1) We equip the set X = (N×N) ∪ {∗} with the topology where U Ă X is open if one

of the following holds:
(a) the point ∗ is contained in U , or
(b) for all but �nitely many n ∈ N the set U contains all but �nitely many points in
{n} × N.

801It follows from the Continuity-via-Closed Subsets Lemma 2.4 that every closed subset of X is actually
compactly closed.
802Sometimes in the literature a compactly generated topological space is also called a k-space.
803By the Compact-Closed Lemma 1.21 (2) we know that a topological space that is Hausdor� is also, as
it should be, weakly Hausdor�.
804Evidently the acronym CGWH stands for Compactly Generated and Weakly Hausdor�.
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In Exercise 68.13 we will see that X is not compactly generated.
(2) We consider X = R \ { 1

n
|n ∈ N} and we consider Y = R/Z where Z Ă R is the

subset given by integers.805 In Exercise 68.16 we will see that the product topological
space X × Y is not compactly generated.

(3) In Exercise 68.17 we will give an example of a topological space that is weakly
Hausdor� but that is not Hausdor�.

We proceed with an actual example of a CGWH-space.
Proposition 68.29. Every CW-complex is a CGWH-space.

Proof. Let X be a CW-complex.
(1) Let A be a compactly closed subset of X. It follows easily from the Characteristic

Maps Lemma 68.7 (3) that A is in fact a closed subset of X.
(2) By the CW-Complex Properties Proposition 68.10 (2) we know that X is Haus-

dor�. It follows from the Compact-Closed Lemma 1.21 (2) that X is in fact weakly
Hausdor�. �

We continue with the following simple-minded de�nition.

De�nition. The category CGWH of CGWH-spaces is the full subcategory of the category
of topological spaces whose objects are precisely the CGWH-spaces.

Remark. The category of CGWH-spaces was introduced by Michael McCord [McCor1969],
building on work by Norman Steenrod [Stee1967].

The following theorem shows that the category of CGWH-spaces has many charming prop-
erties. The theorem provides us in particular with a proof of the Convenient Category
Theorem 68.28.
Theorem 68.30. (CGWH-Category Theorem) The category CGWH of CGWH-spaces
has the following properties:
(0) The category CGWH is a full subcategory of the category of topological spaces.
(1) Every regionally compact Hausdor� space is an object of CGWH .
(2) Every CW-complex is an object of CGWH .
(3) Every direct system in CGWH has a direct limit and every inverse system in CGWH

has an inverse limit.
(4) Given any two objects X and Y in CGWH there exists a product in the category

CGWH .
(5) Let X and Y be two objects in CGWH . The following statements hold:

(a) The product of X and Y in CGWH is given by the set X × Y together with
a topology T that contains the usual product topology P . In particular the
identity map (X × Y, T ) → (X × Y,P)

is a bijection and continuous.
(b) If X and Y are compact and Hausdor�, then T = P , i.e. the map in (a) is a

homeomorphism.

805We use this cumbersome notation to make sure that we do not confuse the quotient space R/Z with the
quotient of R by the obvious action of the group (Z,+) on the topological space R.
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(c) If X and Y are two CW-complexes, then the identity map (X×Y, T )→ X⊗Y
is a homeomorphism.

Remark. Let X and Y be two CGWH-spaces. We denote by X×̃Y the categorical prod-
uct of X and Y in the category of CGWH-spaces. the CGWH-Category Theorem 68.30
(4) can be reformulated as saying that we have a continuous bijection X×̃Y → X × Y .
Furthermore, if X and Y are two CW-complexes, then the identity map X×̃Y → X ⊗ Y
is a homeomorphism.

Sketch of proof. Most of the statements below were �rst proved by Michael McCord
[McCor1969], building on work by Norman Steenrod [Stee1967]. Arguably the best
account of the proof is given in [Stri]. In the following we show that our theorem, as
formulated, can be deduced from the statements in [Stri].
(0) This statement holds by de�nition.
(1) [Stri, Proposition 1.7] says that every regionally compact Hausdor� space is in fact

a CGWH-space.
(2) In Proposition 68.29 we just saw that every CW-complex is a CGWH-space.
(3) In [Stri, Propositions 2.23 and 2.30] it is shown that every direct system and every

inverse system in the category of CGWH-spaces actually has a limit in the category
of CGWH-spaces.

(4) As we discussed on page 1502, this is just a special case of (3).
(5) Let X and Y be two topological spaces. Let T be the usual product topology on

X×Y . Furthermore let P be the topology onX×Y that is generated by all compactly
closed subsets of (X × Y, T ). By the Continuity-via-Closed Subsets Lemma 2.4 we
know that every closed subset is compactly closed, thus we see that T Ă P . It follows
from [Stri, Proposition 2.4 and Corollary 2.16] that (X ×Y,P) is the product in the
category of CGWH-spaces.
(a) This statement follows immediately from the above discussion.
(b) Now suppose thatX and Y are compact and Hausdor�. By the Product Topology

Properties Proposition 5.6 we know that the product topological space X × Y
is also compact and Hausdor�. But it follows almost immediately from the
de�nitions that in a compact Hausdor� space a subset is compactly closed if
and only if it is closed. Thus we see that P = T .

(c) Now let X and Y be CW-complexes. We denote by X the topology of X×̃Y
that we introduced on page 1500. We need to show that P = X . We make the
following two observations:
(i) By de�nition a subset A Ă X×Y is closed in P if and only if the intersection

of A with each compact subset of (X × Y, T ) is closed.
(ii) By de�nition a subset A Ă X×Y is closed in X if and only if the intersection

of A with each cell of the CW-complex X ⊗ Y is closed.
Using the Characteristic Maps Lemma 68.7 (3), the CW-Complex-Finiteness
Theorem 68.14 and Exercise 5.17 one can show that P and X have the same
closed subsets. We leave it to the reader to �ll in the details. �

Remark. Given CGWH-spaces X and Y it is also convenient to equip XY with a slight
modi�cation of the usual compact-open topology. We refer to [Stri, Proposition 2.24] for
details.
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We conclude this section with the following proposition that gives us three other conve-
nient properties of the category of CGWH-spaces. The reader who has struggled with
the intricacies of the Whitehead Quotient Theorem 13.4 and Proposition 13.11 will surely
appreciate these statements.
Proposition 68.31.
(1) Let f : X → Y be a bijection between two topological spaces. If f is proper in the

sense of the de�nition on page 180, i.e. if the preimage of every compact subset of
Y is a compact subset of X, and if X and Y are CGWH-spaces, then f is actually
a homeomorphism.

(2) Let f : W → X and g : Y → Z be quotient maps. If W,X, Y and Z are CGWH-
spaces, then f × g : W × Y → X × Z is also a quotient map.

(3) Let X and Y be topological spaces and let B Ă Y be a closed subset. If X and
Y are CGWH-spaces, then the obvious map (X × Y )/(X × B) → X × (Y/B) is a
homeomorphism.

Proof. This proposition is proved in [Stri, Propositions 2.20, 2.40 and 3.17]. �

Remark. The category of CGWH-spaces admits a fully faithfully embedding into the
category of �quasiseparated condensed sets�. The category of �quasiseparated condensed
sets� is particularly well-suited for dealing with technical problems that arise in topology.
We refer to [Schol2019, Theorem 2.16] and [Schol2019b, Proposition 1.2] for details.

68.12. Constructions of more CW-complexes. In this section we will see how one can
build new CW-complexes out of given CW-complexes. We start out with the following
lemma.
Lemma 68.32. (CW-Complex Construction Lemma)

(1) Let {Xi}i∈I be a family of CW-complexes. The disjoint union
⊔
i∈I
Xi admits a natural

CW-structure such that each Xi is a subcomplex.
(2) Let X and Y be CW-complexes, let A be a subcomplex of X and let f : A→ Y be

a cellular map. As on page 259 we consider the topological pushout:

X ∪A Y := (X t Y )/∼ where a ∼ f(a) for a ∈ A
Furthermore we consider the following pushout diagram:

A �
�

//

f
��

X
x 7→ [x]
��

Y
y 7→ [y]

// X ∪A Y.

The following statements hold:806

(a) The map pushout X ∪A Y admits a natural CW-structure.
(b) The map Y → X ∪A Y is a cellular embedding and for any subcomplex B of X

that is disjoint from A, the map B → X ∪A Y is also a cellular embedding.
(c) If f : A→ Y is cellular embedding, then the opposite map X → X ∪A Y is also

a cellular embedding.
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(3) Let X be a CW-complex and let A be a subcomplex. The quotient X/A admits a
natural CW-structure such that the projection X → X/A is cellular and where the
cells of X/A are in one-to-one correspondence to the cells of X that do not entirely
lie in A together with one 0-cell given by the point [A].807

(4) Let {Xi}i∈I be a family of CW-complexes and suppose that for each i ∈ I we are
given a point ai ∈ X0

i . If we use these points to form the wedge
∨
i∈I
Xi, then the

wedge admits a natural CW-complex structure such that each Xi is a subcomplex.
(5) Let (X, x0) and (Y, y0) be pointed CW-complexes. If at least one of X or Y has

only countably many cells, then the smash product

X ∧ Y = (X × Y )/((X × {y0}) ∪ ({x0} × Y )),

as de�ned in Exercise 50.6, has a natural CW-structure.
(6) Let X be a CW-complex, let A be a complex of X and let f : A→ X be a cellular

map with the following properties:
(a) For each n-cell σ of A we have either f(σ) Ă Xn−1 or f |σ is a homeomorphism.
(b) The image of f is contained in a subcomplex of X that is disjoint from A.
Then X/∼, where a ∼ f(a) for all a ∈ A, admits a natural CW-structure such that
for any subcomplex B that is disjoint from f(A) the natural map B → X/∼ is a
cellular embedding.

(We point out that by the Cellular Embedding Lemma 68.19 we know that the image of
a cellular embedding is in fact a cellular homeomorphism onto a subcomplex and we will
often use this cellular isomorphism to identify the domain with its image.)

Convention. When we form the wedge of a family of a CW-complexes, then we always
use a point that lies in the 0-skeleton, so that we can view the wedge in a natural way as
a CW-complex.

Proof.
(1) The �rst statement is basically obvious.
(2) First note that it is pretty clear what the CW-structure on X ∪A Y should be.

The problem that arises is that one needs to show that the topology of the new
CW-complex agrees in fact with the intended topology. If X (and Y ) are �nite CW-
complexes then this follows easily from the Compact-Hausdor� Proposition 2.17 (3).
The general case gets more technical. We refer to [LW1969, p. 60 and Theorem 5.11]
or alternatively to [FrPi1990a, Theorem 2.31 on p. 62] for complete proofs. The
remaining two statements follow easily from the actual de�nition of the CW-structure
on X ∪A Y .

(3) Note that this statement is the special case of (2) where we consider the constant
map f : A → Y = {∗} where Y = {∗} is a topological space consisting of a single
point.

806The statements below should be viewed as an extension of the discussion of the properties of the pushout
that we gave in the Topological Pushout-Maps Lemma 5.34.
807It is worth considering the case that A = ∅ is the empty subcomplex. By the de�nition on page 242 we
know that X/A = X/∅ equals the disjoint union of X with the topological space {∅} consisting of a single
point. The above de�nition of the CW-structure on X/A still makes, namely it is given by the disjoint
union of the CW-complex with {∅} viewed as a CW-complex in the only possible way.
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(4) This follows easily from (1) and (2).
(5) This statement follows immediately from Proposition 68.23 (3) and (2).
(6) This statement follows from [LW1969, Proposition 5.8]. We can apply [LW1969,

Proposition 5.8] since our hypothesis on f ensures that f de�nes a �cellular equiva-
lence relation� in the sense of [LW1969, p. 32]. �

Later on we will make good use of the following lemma.

Lemma 68.33. (Skeleton-Quotient Lemma) Let X be a CW-complex and let n ∈ N.
Let {ϕi : B

n+1 → Xn}i∈I be the characteristic maps of the (n + 1)-cells of X. For each
i ∈ I let B

n+1

i be a copy of B
n+1

and let Sni be a copy of Sn. We write Sni = ∂B
n+1

i .
(1) The map

f :
∨
i∈I

homeomorphic to Sn+1, see Lemma 5.20︷ ︸︸ ︷
(B

n+1

i /Sni ) → Xn+1/Xn

[x] 7→ [ϕi(x)] if x ∈ Bn+1

i

is a homeomorphism.
(2) If X has only one 0-cell {x0} and no cells in dimensions 1, . . . , n, then the home-

omorphism f , together with the homeomorphism B
n+1

/Sn → Sn+1 from the Ball-
Quotient Sphere Lemma 5.20 induces a homeomorphism∨

i∈I
Sn+1
i → Xn+1.

(3) For every i ∈ I the subset Xn+1 \ Φi(B
n+1
i ) is a subcomplex of Xn+1 and the map

B
n+1

i /Sni → Xn+1/(Xn+1 \ Φi(B
n+1
i ))

[x] 7→ [Φi(x)]

is a homeomorphism.

Example. In the �gure below we see the torus together with a CW-structure X that
has two 2-dimensional cells. It follows from the Skeleton-Quotient Lemma 68.33 (1) that
X/X1 = X2/X1 is homeomorphic to the wedge of two spheres.
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torus X

X/X1 is homeomorphic to

Proof.

(1) First note that it is basically clear that the given map f is a bijection. Furthermore
it follows immediately from Lemma 50.10 that f is continuous. We use the CW-
Complex Construction Lemma 68.32 to view both sides of the Skeleton-Quotient
Lemma 68.33 as CW-complexes. The map f gives a bijection between the cells of
the two sides. Thus it follows from the CW-Complex Homeomorphism Lemma 68.12
that f is a homeomorphism.

(2) This statement follows immediately from (1).
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(3) Since we remove a �top-dimensional� open cell from Xn+1 it follows immediately
from the de�nitions that Xn+1 \ Φi(B

n+1
i ) is a subcomplex of Xn+1. Similar to the

argument in (1) we now see that the map is a homeomorphism. �

Lemma 68.34. (Ascending Union-CW Complex Lemma) Let fi : Xi → Xi+1, i ∈ N
be a sequence of cellular inclusion maps between CW-complexes. Then the direct limit808

lim−→Xi =
⋃
i∈I
Xi admits a CW-structure such that eachXi is a subcomplex of lim−→Xi =

⋃
i∈I
Xi.

Example. The Ascending Union-CW Complex Lemma 68.34 allows us to view the line
with in�nitely many spheres attached as a CW-complex.809 We refer to the �gure below
for an illustration.
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X2 the topological space
X =

⋃
i∈N
Xi

X3

Proof. We leave it to the reader to write down the, notationally messy but mathematically
elementary, proof. �

We conclude this section with the following corollary that shows that several constructions
that we are familiar with can also be performed in the category of CW-complexes.

Corollary 68.35. (CW-Complex Cone Corollary) Let X be a CW-complex.810

(1) The cone

Cone(X) = (X × [0, 1])/∼ where (x, 0) ∼ (y, 0) for every x, y ∈ X
admits a natural CW-structure such that the inclusion map X → Cone(X) given
by x 7→ [(x, 1)] is a cellular embedding.

(2) The suspension

Σ(X) = (X × [−1, 1])/∼ where for every x, y ∈ X we have (x,−1) ∼ (y,−1)
and (x, 1) ∼ (y, 1)

admits a natural CW-structure such that the map X → Σ(X) given by x 7→ [(x, 0)]
is a cellular embedding.

(3) If A is a CW-complex and if f : A→ X is a cellular map, then the mapping cone

Cone(f : A→ X) = ( )/∼ where (a, 1) ∼ f(a) for all a ∈ A
and the mapping cylinder

Cyl(f : A→ X) = (A× [0, 1] tX)/∼ where (a, 1) ∼ f(a) for all a ∈ A

808We write explicitly �direct limit� to remind the reader that, according to the discussion on page 1259,
the topology on lim−→Xi =

⋃
i∈I
Xi is given by the condition that a subset U is open if and only if each

intersection U ∩Xi is an open subset of Xi.
809It follows from the Closed Embedding-to-Rn Proposition 2.19 that the topology on the �line with in�n-
itely many spheres� coming from R3 agrees with the topology coming from the CW-structure.
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admit natural CW-structures. Furthermore the obvious maps X → Cone(f : A →
X) and Cyl(f : A→ X) are cellular embeddings and the map A 7→ Cyl(f : A→ X)
given by a 7→ [(a, 0)] is a cellular embedding.

(4) If f : X → X is a cellular map, then the mapping torus

Tor(X, f) := (X × [0, 1]) /∼ where (x, 0) ∼ (f(x), 1) for all x ∈ X
admits a natural CW-structure such that the natural embedding X → Tor(X, f)
given by x 7→ (x, 0) is in fact a cellular embedding.

(As in the statement of the CW-Complex Construction Lemma 68.32 we point out that
often we will use a cellular embedding to identify the domain with its image.)
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fA X

mapping cone Cone(f : A→ X)mapping cylinder Cyl(f : X → Y )

Proof. All four statements can be proved fairly easily using Proposition 68.23 (3b) and the
CW-Complex Construction Lemma 68.32. We only point out that the CW-structure on
the mapping torus Tor(X, f) is obtained in a 2-stage process, �rst we equip the mapping
cylinder Cyl(f : X → X) with the natural CW-structure given by (3). Afterwards we apply
the CW-Complex Construction Lemma 68.32 (6). We leave it to the reader to �ll all the
other details. �

We conclude this discussion of constructions of CW-structures with the following slightly
sobering proposition.
Proposition 68.36. There exists a �nite 3-dimensional CW-complex that admits an open
subset that does not admit a CW-structure.
Proof. This statement is proved in [Cau1992, Exemple 2]. �

68.13. Coverings of CW-complexes. In this section we will see that a covering of a
CW-complex inherits a natural CW-structure.

Proposition 68.37. (CW-complex Covering Proposition) Let p : X̃ → X be a cov-
ering of a connected CW-complex X. We can equip X̃ with a natural structure of a
CW-complex such that the following statements hold:
(1) The map p : X̃ → X is a cellular map.
(2) For any k ∈ N0 we have811

#k-cells of X̃ =
[
X̃ : X

]
· #k-cells of X.

(3) The dimension of X̃ is the same as the dimension of X.
(4) If A is a subcomplex of X, then p−1(A) is a subcomplex of X̃.

810Strictly speaking, or Bourbakily speaking if that's an adverb, we should really specify in each case what
the �natural CW-structure� is. But this should hopefully be clear in each case, and we do not encumber
the reader with unnecessary extra notation.
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Remark. The CW-complex Covering Proposition 68.37 is a generalization of the Covering-
of-Graph Proposition 64.1 where we showed that any covering of a topological graph is again
a topology graph. In fact, as we will see, the proofs are structurally very similar.

Proof. Let p : X̃ → X be a covering of a connected CW-complex X of degree n := [X̃ : X].
Let ψ : B

k → X be a characteristic map of a k-cell of X. We write x = ψ(0). We consider
the following diagram

X̃
p
��

B
k

ψ
//

ψ̃
88

X.

Since B
k
is simply connected and locally path-connected we can apply the Map Lifting

Criterion 61.2 which says in this context that for each x̃ ∈ p−1(x) there exists a unique lift
B
k → X̃ with ψ̃(0) = x̃. By the de�nition on page 1069, the degree n = [X̃ : X] of the

covering equals the cardinality of p−1(x). Thus we see that ψ gives rise to n maps B
k → X̃.

It is straightforward to verify that all these lifts of the characteristic maps for the cells of
X de�ne a CW-structure for X̃. We leave the joyful task of verifying the details to the
reader. Alternatively we refer to [Bre1993, Theorem IV.8.10] for details.

It follows immediately from the above construction and the de�nitions that the CW-struc-
ture we had just de�ned on X̃ has the desired properties (1) to (4). �

Examples.

(1) We equip S1 with the CW-structure consisting of one 0-cell and one 1-cell. We
denote by p : R → S1, t 7→ exp(2π it) the universal covering of S1. If we apply
the construction of the CW-structure on R given in the proof of the CW-complex
Covering Proposition 68.37, then we end up equipping R with the CW-structure
where the 0-cells correspond to Z and the 1-cells are precisely the intervals [k, k+ 1],
with k ∈ Z. We illustrate the CW-structure of R in the �gure below.
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characteristic

lifts p : R→ S1

map of the 1-cell

(2) Almost the same approach as in (1), applied to the universal covering R2 → S1×S1,
endows R2 with a CW-structure that is illustrated in the �gure below.
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p : R2 → S1 × S1

811Note that this is an equality of cardinalities. For example, if [X̃ : X] is in�nite countable and if X has
�nitely many k-cells, then X̃ has in�nitely many, but countably many, k-cells.
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(3) In the proof of Hadamard's Theorem 66.9 we constructed an explicit covering map
D → H8/∼∼= E8/∼. If we equip E8/∼ with the �usual� CW-structure then we
obtain from the CW-complex Covering Proposition 68.37 the CW-structure on D
that is shown in the �gure below.
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D→ E8/ ∼

induced CW-structure on D

CW-structure on the
surface of genus 2

Exercises for Chapter 68.

Exercise 68.1.
(a) Does every compact subset of R2 admit a CW-structure?
(b) Let n ∈ N. Does the open ball Bn

1 (0) admit a CW-structure?
(c) Let C be the Cantor set as de�ned on page 130. Does C admit a CW-structure?

Exercise 68.2.
(a) We equip R∞ with the metric that is given by

d((x1, x2, . . . ), (y1, y2, . . . )) :=

√
∞∑
i=1
|xi − yi|2.

We consider the following two topologies on R∞:
S := {U Ă R∞ | for every P ∈ U there exists ε > 0 such that Bε(P ) Ă U}

and
T := {U Ă R∞ | for every n ∈ N the set U ∩ Rn is open in Rn}.

Show that S Ă T .
(b) We view R∞ as equipped with the topology S. Does the Heine-Borel Theorem hold

in R∞? More precisely, is every bounded closed subset of R∞ compact?
(c) We view R∞ as equipped with the topology T . Show that the projection p : R∞ → Rn

is continuous and open.

Exercise 68.3. Show that the map

C∞ → R∞
(x1 + iy1, x2 + iy2, . . . ) 7→ (x1, y1, x2, y2, . . . )

is a homeomorphism.

Exercise 68.4. Show that the action
{±1} × S∞ → S∞

(ε, v) 7→ ε · v
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of the group {±1} on the topological space S∞ is continuous and discrete.

Exercise 68.5. Let P,Q ∈ S∞. Show that there exists a homeomorphism h of S∞ with
h(P ) = Q.

Exercise 68.6. Let X be a CW-complex and let x ∈ X. Show that {x} is a closed subset
of |X|.
Hint. Make good use of the Topological Pushout-Maps Lemma 5.34 (4).

Exercise 68.7. Let X be a CW-complex.
(a) Show that if the 1-skeleton X1 is path-connected, then X itself is path-connected.
(b) Show that if X is connected, then X1 is also connected.

Hint. Make good use of Lemma 2.24, the Ball-Sphere-Connected Lemma 2.25 and Lemma 2.28.

Exercise 68.8. Show that a CW-complex is locally �nite if and only if it is regionally
compact.

Exercise 68.9. We equip RP2 with the CW-structure with one cell in dimensions 0, 1, 2.
Let p : S2 → RP2 = S2/ ± 1 be the usual 2-fold covering. The CW-structure on RP2

induces a CW-structure on S2. What does this CW-structure on S2 look like?

Exercise 68.10. Let I be a set and for each i ∈ I let ni ∈ N. Show that the wedge∨
i∈I
Snii has a natural CW-structure with one 0-cell and where for each n ∈ N0 the n-cells

correspond precisely to the n-dimensional spheres in the family of spheres {Snii }i∈I .
Hint. Use the Twice Quotient Lemma 5.23 and use the fact, shown in the Ball-Quotient
Sphere Lemma 5.20, that for each n ∈ N the sphere Sn is homeomorphic to B

n
/Sn−1.

Exercise 68.11. Let X be a �nite CW-complex. Show that there exists an n ∈ N0 and a
map ϕ : |X| → Rn that is an embedding.

Exercise 68.12. Recall that we denote by PTop the category of pointed topological spaces.
Suppose we are given (X, x0), (Y, y0) ∈ Ob(PTop). Show that the direct product of (X, x0)
and (Y, y0) in PTop is given by the smash product (X, x0) ∧ (Y, y0) that we introduced on
page 1143.
Hint. This exercise is very similar to Exercise 4.6.

Exercise 68.13. We consider the set X = (N × N) ∪ {∗}. We say U Ă X is open if
∗ 6∈ U or if for all but �nitely many n ∈ N the set U contains all but �nitely many points
in {n} × N.
(a) Show that these open sets do indeed de�ne a topology on X.
(b) Show that X is Hausdor�.
(c) Show that every in�nite subset of X contains an in�nite closed and discrete subset.
(d) Show that every compact subset of X is �nite.
(e) Show that the compactly generated topology on X is the discrete topology.

These steps show that X is not compactly generated.

Exercise 68.14. Let C be a convenient category of topological spaces, i.e. let C be a full
subcategory C of the category of topological spaces that has the properties stated in the
Convenient Category Theorem 68.28. Let X and Y be CW-complexes. Show that if the
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usual product X × Y lies in C , then X × Y is homeomorphic to the product CW-complex
X ⊗ Y .
Exercise 68.15. Let X and Y be CGWH-spaces. We denote by X×̃Y the product in
the category of CGWH-spaces, which exists by the CGWH-Category Theorem 68.30 (4).
Show that for each n ∈ N, each x0 ∈ X and y0 ∈ Y the natural maps p : X×̃Y → X and
q : X×̃Y → Y induce an isomorphism

p∗ × q∗ : πn(X×̃Y, (x0, y0))
∼=−−→ πn(X, x0)× πn(Y, y0).

Remark. The exercise is to verify that the proofs of Propositions 48.20 and 71.8 also apply
to X×̃Y instead of the usual product topological space X × Y .
Exercise 68.16. We consider X = R\{ 1

n
|n ∈ N} and we consider Y = R/Z where Z Ă R

is the subset given by integers. We consider the subset

A =
{(1

i + ai
j , i+ 1

2j

)
∈ X × Y

∣∣ i, j ∈ N
}

where ai = 1
2

(1
i −

1
i+1

)
.

(a) Show that the closure of A contains (0, [0]).
(b) Show that for any compact subset K Ď X × Y , the set K ∩ A has only �nitely many

points.
(c) Show that X is not compactly generated.

Exercise 68.17.
(a) We consider

X := {0} ∪
⋃

n,m∈N
{ 1
n

+ 1
m+n} Ă R.

We equip X with the usual metric coming from R. We set x := 0.
(i) Show that each point in X \ {x} is open.
(ii) Show that X is not regionally compact at x.

(b) LetX be a countable metric space which admits a point x ∈ X such that the following
conditions are satis�ed:
(i) Each point in X \ {x} is open.
(ii) The topological space X is not regionally compact at x.
Let Y := X ∪ {∞} be the one-point compacti�cation as de�ned in Exercise 2.59.
(α) Show that compact sets of Y are closed. (This implies that Y is weakly Haus-

dor�.)
(β) Show, by considering the points x and ∞, that Y is not Hausdor�.

Remark. The combination of (a) and (b) shows that there exist topological spaces that are
weakly Hausdor� but not Hausdor�.

Exercise 68.18. Let X be a CW-complex with countably many cells.
(a) Show that there exists a sequence A1 Ă A2 Ă . . . of �nite subcomplexes Ai of X

such that X =
⋃
i∈N0

Ai.

(b) If X is connected, then show that we can arrange in (a) that every Ai is connected.

Exercise 68.19. Let SmMfd be the category of all smooth manifolds that we introduced on
page 637 (in particular there are no restrictions on the boundary). Show that this category
does not have a product in the sense of the de�nition on page 211.
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69. CW-complexes II: Fundamental groups

In this chapter we will consider fundamental groups of CW-complexes. First we collect
a few general statements. Then we will show that fundamental groups of 1-dimensional
CW-complexes are free groups. Finally we will see how can calculate fundamental groups
of more general CW-complexes in practice.

69.1. Fundamental groups of CW-complexes. Using the CW-Complex Properties
Proposition 68.10 we can now prove the following very useful version of the Seifert�van
Kampen Theorem 54.1. In view of the Smooth Manifold-CW Structure Theorem 96.5 ,
which we mentioned already on page 1474, this can be viewed as a generalization of the
Seifert�van Kampen Theorem 54.4 for smooth manifolds.

Theorem 69.1. (Seifert�van Kampen Theorem for CW-complexes) Let X be a
CW-complex and let X = A∪B be a decomposition of X in two subcomplexes such that
A ∩B is path-connected. Let x0 ∈ A ∩B. Then

π1(X, x0) ∼= π1(A, x0) ∗π1(A∩B,x0) π1(B, x0).

Examples.
(1) Let X be the wedge of two circles. We can view X as a CW-complex with one 0-cell

x0 and two 1-cells a and b. Then A = {x0, a} and B = {x0, b} are subcomplexes,
each of which is homeomorphic to S1. We refer to the �gure below for an illustration.
It follows, as on page 1173, that

π1(X, x0) ∼= π1(A, x0) ∗π1(A∩B,x0) π1(B, x0) ∼= 〈a〉 ∗ 〈b〉 = 〈a, b〉.
↑ ↑

Seifert-van Kampen Theorem 69.1 since A and B are homeomorphic to S1
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(2) We consider
K := (S1 × S1)︸ ︷︷ ︸

=:A

∪ (B
2 × {1})︸ ︷︷ ︸

=:B

,

i.e. K is given by a torus where the �central hole� is �lled in with a disk. We refer
to the �gure below for an illustration.812 In the above de�nition of K we already
wrote K as the union of two subsets. It is quite straightforward to see that K can
be given a CW-structure such that A and B are subcomplexes.813 We pick the base
point x0 = (1, 1). We obtain that

Theorem 69.1 since A ∩B = S1 × {1} Amalgamated Product Lemma 53.22
↓ ↓ ↓

π1(K, x0) ∼= π1(A, x0) ∗π1(A∩B,x0) π1(B, x0) ∼= 〈x, y|[x, y]〉 ∗〈s〉 {e}︸ ︷︷ ︸
with x←[ s

∼= 〈y〉.

812Here the name K stands for �kiacherl�.
813How would you de�ne the CW-structures?
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������������������
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������������������
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������������������

A = S1 × S1

B = B
2 × {1}

=

Kiacherl

Proof of Theorem 69.1. 814 Let X be a CW-complex and let X = A ∪ B be a decom-
position of X in two subcomplexes such that A∩B is path-connected. Note that A∩B is
also a subcomplex. Let x0 ∈ A ∩B.

We use the notation of the CW-Complex Properties Proposition 68.10 (8). We write
U = Φ(A) and V = Φ(B). Note that by the CW-Complex Properties Proposition 68.10 (8b)
we have U ∩V = Φ(A∩B). Since A∩B is path-connected and since A∩B is a deformation
retract of Φ(A ∩ B) we see that U ∩ V = Φ(A ∩ B) is also path-connected. Therefore we
can apply the Seifert�van Kampen Theorem 54.1 to the decomposition X = U ∪ V . We
obtain the following commutative diagram

π1(U, x0) ∗π1(U∩V,x0) π1(V, x0)
∼= // π1(X, x0)

π1(A, x0) ∗π1(A∩B,x0) π1(B, x0) //

OO

π1(X, x0),

=
OO

where the two vertical maps are induced by the inclusions. By the CW-Complex Properties
Proposition 68.10 (8a) and the Homotopy-π1-Proposition 50.3 (2) the three inclusion in-
duced maps π1(A, x0)→ π1(U, x0), π1(B, x0)→ π1(V, x0) and π1(A∩B, x0)→ π1(U∩V, x0)
are isomorphisms. The top horizontal map is an isomorphism by the Seifert�van Kampen
Theorem 54.1. It follows that the bottom horizontal map is also an isomorphism. �

Next we want to compute the fundamental group of a CW-complex that is obtained by
gluing two subcomplexes of a connected CW-complex. We recall and introduce the following
two de�nitions.
De�nition. Let X be a topological space, let A be a subset of X and let f : A → X be
an embedding. Following the discussion on page 1290 we de�ne

X(f) := X(f : A→ X) := X/∼ where f(a) ∼ a for every a ∈ A.
Furthermore we de�ne the partial mapping torus815

Tor(f) := Tor(f :A→X) := (Xt(A×[0, 1]))/∼ where (a, 0)∼a and (a, 1)∼f(a)
for every a ∈ A.
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Continuing with the above notation, note that the projection A× [0, 1]→ A induces a map
p : Tor(f)→ X(f). In Proposition 70.5 we will see that under reasonably mild hypotheses

814The proof is very similar to the proof of the Seifert�van Kampen Theorem for Smooth Manifolds 54.4.
815If A = X, then one can easily show that the partial mapping torus is naturally homeomorphic to the
mapping torus that we introduced on page 467.



69. CW-COMPLEXES II: FUNDAMENTAL GROUPS 1517

the map p : Tor(f) → X(f) is a homotopy equivalence. In particular by the Homotopy-
π1-Proposition 50.3 we see that p induces an isomorphism of fundamental groups.
Now we can formulate, prove and discuss the following theorem.

Theorem 69.2. (HNN-Seifert�van Kampen Theorem for CW-complexes) Sup-
pose we are given a path-connected CW-complex X and two path-connected disjoint sub-
complexes A and B. Let f : A → B be a cellular isomorphism. We pick a base point
x0 ∈ A. Let γ : [0, 1] → X be an embedding with γ(0) = x0 and with γ(1) = f(x0) such
that γ([0, 1]) is a subcomplex of the 1-skeleton X1.816 We write Γ = π1(A, x0). Finally we
denote by α : Γ = π1(A, x0) → π1(X, x0)

the inclusion induced map and we denote by

β : Γ = π1(A, x0)
f∗−→ π1(B, f(x0)) → π1(X, f(x0))

γ∗−→ π1(X, x0)

the concatenation of the maps induced by f , the inclusion and the base point change
isomorphism from the Change-of-Base Point Proposition 47.10, using the path γ. Then
there exists an isomorphism

Φ: π1(Tor(f), x0)
∼=−→ 〈π1(X, x0), t | α(Γ) = tβ(Γ)t−1〉

which has the following two properties:
(1) The diagram

π1(X, x0)

++tt

π1(Tor(f), x0)
Φ // 〈π1(X, x0), t | α(Γ) = tβ(Γ)t−1〉

with the obvious diagonal maps commutes.
(2) The closed loop in Tor(f) given by the composition of γ with the path s 7→ [(x0, 1−s)]

corresponds under the isomorphism Φ to t.
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x0

γ γ

x0

A
f(A) = B

X
s 7→ [(x0, 1−s)]cellular isomorphism

f : A→ B

Remark.

(1) Basically the same way that we obtained the HNN-Seifert�van Kampen Theorem 57.3
from the Seifert�van Kampen Theorem 54.1 one can also obtain the above HNN-
Seifert�van Kampen Theorem 69.2 for CW-complexes from the Seifert�van Kam-
pen Theorem 69.1 for CW-complexes. Below we will give a di�erent proof of the
HNN-Seifert�van Kampen Theorem 57.3 for CW-complexes which is easier than the
argument provided in the proof of the HNN-Seifert�van Kampen Theorem 69.2.

816Note that it follows from our hypothesis that X is path-connected together with the CW-Complex
Properties Proposition 68.10 (7) that such γ exists.
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(2) The original HNN-Seifert�van Kampen Theorem 57.3 is more general than the above
HNN-Seifert�van Kampen Theorem 57.3 for CW-complexes, but for most applica-
tions the latter result will be just �ne.

(3) Using Proposition 70.5 one can also deal with certain situations where the map
f : A→ B is not a cellular isomorphism. We leave it to the reader to �gure out what
these generalized statements might be.

Sketch of a proof of Theorem 69.2. Let X be a path-connected CW-complex X and
let f : A→ B be a cellular isomorphism between two path-connected disjoint subcomplexes
of X. Let x0 ∈ A and let γ : [0, 1] → X be an embedding with γ(0) = x0 and with
γ(1) = f(x0) such that C := γ([0, 1]) is a subcomplex.

It follows from the CW-Complex Product Proposition 68.23 (3b) and the CW-Complex
Construction Lemma 68.32 that Tor(f) is equipped with a natural CW-structure such that
we can view A× [0, 1] and X as subcomplexes of Tor(f).

We consider Y := (X t ({x0} × [0, 1])/∼ where (x0, 0) ∼ x0 and (x0, 1) ∼ f(x0). We
view Y as a CW-complex given by attaching a single 1-cell to X. We denote by D the
image of {x0} × [0, 1] in Y . Furthermore we denote by δ : [0, 1] → D the path given by
s 7→ (x0, 1− s). Now note that we have the following two isomorphisms:

π1(Y, x0) ∼= π1(X, x0) ∗π1(C,x0) π1(C ∪D, x0) ∼= π1(X, x0) ∗ 〈t = [γ ∗ δ]〉
↑ ↑

Seifert�van Kampen Theorem 69.1 since C contractible and since
for CW-complexes C ∪D is homeomorphic to S1

and
π1(A, x0) ∗ π1(B, f(x0)) ∼= π1(A, x0) ∗ π1(D ∪B, x0) ∼= π1(A ∪D ∪B, x0).

↑ ↑
by the Seifert�van Kampen Theorem 69.1 and the base point change f(x0) 7→ x0 induced by δ

Finally we also have the isomorphism:

π1(Tor(f), x0) ∼= π1(Y, x0) ∗π1(A∪D∪B,x0) ∗π1(A× [0, 1], x0).︸ ︷︷ ︸
∼=π1(A,x0)

x
by the Seifert�van Kampen Theorem 69.1, here we use that Y ∩ (A×[0, 1]) = A∪D∪B is connected

Note that in the above discussion basically all maps are induced by the obvious inclusion
maps We leave it to the intrepid reader to go through the explicit descriptions of the various
homomorphisms and the description of the amalgamated product in Proposition 53.21 to
show that we do indeed end up with the promised description of π1(Tor(f), x0). �
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A

x0C=γ([0, 1])x0

X f(A) = B
A×[0, 1]D = {x0}×[0, 1]

δ

We conclude this section with the following proposition that is an immediate consequence
of the Direct Limit-π1-Proposition 56.7 and the Finiteness the CW-Complex-Finiteness
Theorem 68.14
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Proposition 69.3. Let X be a CW-complex and let X1 Ă X2 Ă X3 Ă . . . be a sequence
of subcomplexes such that X =

⋃
i∈N
Xi. Then for any w ∈ X1 we have

π1(X,w) = lim−→π1(Xi, w).

Examples.
(1) We have817

π1(RP∞) = π1

( ⋃
n∈N

RPn
)

= lim−→

↑
π1(RP3)
↑

π1(RP2)
↑

π1(RP1)

= lim−→

↑ ∼=
Z2

↑ ∼=
Z2

↑
Z

∼= Z2.
↑ ↑

see page 1480 Proposition 69.3

(2) In Exercise 69.1 we will use Proposition 69.3 to show that there exists a CW-complex
X with π1(X) ∼= (Q,+).

69.2. The Euler characteristic of a CW-complex. In the following sections we will
give ea complete calculation of the fundamental group of a 1-dimensional CW-complex.
In the subsequent discussion it will be convenient to have the following de�nition at our
disposal.

De�nition. Given a �nite CW-complex X we de�ne its Euler characteristic χ(X) as
follows: χ(X) :=

∑
n∈N0

(−1)n · number of n-cells.

Examples.
(1) If G is a �nite topological graph, then, according to the discussion on page 1470,

we can view G as a 1-dimensional CW-complex where the number of 0-cells equals
the number of vertices and the number of 1-cells equals the number of edges of G.
Thus it follows immediately from the de�nitions that in this case the above Euler
characteristic agrees with the de�nition of the Euler characteristic of a topological
graph that we gave on page 315.

(2) For the CW-structures provided by Lemma 68.1 we have χ(RPn) = 1
2
(1+(−1)n) and

χ(CPn) = n+ 1.
(3) A short glance at the three examples in the �gure below shows that these three

di�erent CW-structures for the torus have the same Euler characteristic. Later on,
in Chapter 87, we will �nd out whether or not that is a coincidence.

The following three propositions give us several convenient statements about the Euler
characteristic of a �nite CW-complex.

Proposition 69.4. (Covering-χ-Proposition) Let p : X̃ → X be a �nite covering of
a �nite CW-complex X. We equip X̃ with the structure of a CW-complex given by the

817By Corollary 48.18 we know that π1(RPn) ∼= Z2 for n ≥ 2. But why is π1(RP1) ∼= Z?
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CW-complex Covering Proposition 68.37. Then

χ(X̃) = [X̃ : X] · χ(X).

Proof. Let d := [X̃ : X]. As we mentioned in the CW-complex Covering Proposition 68.37
(2), it follows immediately from the construction of the CW-structure on X̃ that for each
k we have

#k-cells of X̃ =
[
X̃ : X

]
· #k-cells of X.

The proposition is an immediate consequence of this equality. �

The following lemma can be viewed as a generalization of the Quotient Abstract Graph
Lemma 7.14.
Lemma 69.5. (Quotient-χ-Lemma) Let X be a �nite CW-complex and let A be a sub-
complex. We equip the quotient X/A with the CW-structure given by the CW-Complex
Construction Lemma 68.32 (3). Then

χ(X/A) = χ(X)− χ(A) + 1.

Proof. It follows immediately from the construction of the CW-structure on X/A given in
the CW-Complex Construction Lemma 68.32 (3) that for each k ∈ N0 we have the following
equalities:

#k-cells of X/A =

{
#k-cells of X not in A, if k > 0,
#k-cells of X not in A + 1, if k = 0.

Evidently these equalities implies the equality χ(X/A) = χ(X)− χ(A) + 1. �

Proposition 69.6. Let X be a non-empty �nite connected 1-dimensional CW-complex.
Then χ(X) = 0 if and only if X is contractible.

Proof. This statement is an immediate consequence of the Fundamental Group-of-Graph
Proposition 52.5 and the fact that we can view any 1-dimensional CW-complex as a topo-
logical graph of the same Euler characteristic. �

We have now assembled enough information to get us through this chapter. Later on in
Chapter 87 we will give a much more elaborate discussion of the Euler characteristic of a
CW-complex.

69.3. The fundamental group of 1-dimensional CW-complexes. The goal in this
section is to show that the fundamental group of a connected non-empty 1-dimensional
CW-complex X is a free group. The idea is quite simple:
(1) If the CW-complex X has a single 0-cell, then it follows basically from Proposi-

tion 52.7 that π1(X) is a free group.
(2) In the general case we show that X is homotopy equivalent to a 1-dimensional CW-

complex with a single 0-cell.
The following de�nition is the key to proving Statement (2).

De�nition.
(1) A tree is a 1-dimensional CW-complex that admits a deformation retraction to a

0-cell.
(2) Let G be a 1-dimensional CW-complex. A spanning tree is a subcomplex T that is

a tree and that contains all vertices of G.
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Remark.

(1) On page 315 we de�ned a tree to be a �nite connected non-empty topological graph
with Euler characteristic 1. It follows from Proposition 69.6 that the above de�nition
of a tree is consistent with the de�nition that we had given on page 315.

(2) We leave it to the reader to show that for a �nite topological graph the above de�-
nition of a spanning tree is equivalent to the one we had given on page 317.

(3) A spanning tree is often also called a maximal tree.
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spanning treespanning treespanning tree

In the �gure below we give examples of spanning trees in topological graphs. We see in
particular that in general there is no unique spanning tree.

Proposition 69.7. (Spanning Tree Existence Proposition)
(1) Given any connected 1-dimensional CW-complex G and given any tree S Ă G there

exists a spanning tree T that contains S and such that S is a deformation retract
of T .

(2) Every connected non-empty 1-dimensional CW-complex admits a spanning tree.

Remark.

(1) the Spanning Tree Existence Proposition 69.7 can be viewed as a generalization of
the Spanning Tree Existence Proposition 7.10.

(2) A somewhat di�erent proof of the Spanning Tree Existence Proposition 69.7 is given
in [FrPi1990a, Lemma 2.6.3].

Proof. Statement (2) follows from Statement (1) by applying Statement (1) to a tree that
is given by a single vertex. Thus it remains to prove Statement (2). Now let G be a
connected 1-dimensional CW-complex and let S Ă G be a tree.
Claim. There exists a sequence S = Y0 Ă Y1 Ă Y2 Ă . . . of subcomplexes of G with the
following properties:
(1) The union Y :=

⋃
i∈N
Yi contains all 0-simplices of G.

(2) Each Yi is a deformation retract of Yi+1.

Proof. To prove the claim we �rst construct a sequence S = X0 Ă X1 Ă X2 Ă . . . of
subcomplexes of G as follows.

(a) We set X0 := S.
(b) Given Xi we de�ne Xi+1 to be the union of Xi with all 1-dimensional cells which

contain at least one 0-cell of Xi.

We make the following observations:

(i) It follows from Lemma 68.21 (2) that Xi+1 is a subcomplex of G.
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(ii) We claim thatG =
⋃
i∈N
Xi =: X. This can be seen as follows. Basically by construction

we have for each characteristic map818 Φ: B
n → G, n = 0, 1 that Φ−1(X) = ∅ or

Φ−1(X) = B
n
. Since G is 1-dimensional it follows from the Characteristic Maps

Lemma 68.7 that X is a subset of G that is closed and that is open. Since G is
connected and since X is non-empty we see that X = G.

Next we do the following iterative construction:
(a) We set Y0 := X0 = S.
(b) Suppose we are given Yi. For each 0-cell v in Yi+1 that is not contained in Yi we pick

precisely one 1-cell ev of Yi+1 that contains v. We de�ne Yi+1 to be the union of Yi
with all these 1-cells. By Lemma 68.21 (2) we know that Yi+1 is a subcomplex of Yi.

By construction the 0-cells of each Yi are precisely the 0-cells of Xi. It follows from (ii)
that Y :=

⋃
i∈N
Yi contains all 0-cells of G. It remains to show that each Yi is a deformation

retract of Yi+1. As we will see, this is almost obvious, except that we need to worry a little
bit about continuity issues. Let V be the set of 0-cells in Yi+1 that are not contained in Yi.
Note that the corresponding 1-cell ev contains two 0-cells, namely v and one 0-cell w in Yi.
Let ϕv : ev × [0, 1] → ev be the obvious deformation retraction to w. Finally we consider
the map

F :
( =Yi+1︷ ︸︸ ︷
Yi ∪

⊔
v∈V

ev

)
× [0, 1] → Yi+1 = Yi ∪

⊔
v∈V

ev

([P ], t) 7→
{
P, if P ∈ Yi,
ϕv(P, t), if P ∈ ev.

It follows almost immediately from the Interval CW-Product Corollary 68.9 that the map
is continuous. It is now basically clear that F de�nes a deformation retraction from Yi+1

to Yi. �
We set Y :=

⋃
i∈N
Yi By Lemma 68.21 (2) we know that Y is a subcomplex of G. We

need to show that Y is contractible. Since S is contractible it follows from the Homotopy-
Equivalence Basics Lemma 15.1 (2) and the Deformation Retract-Homotopy Equivalence
Lemma 15.5 that it su�ces to that S is a deformation retract of Y . But this is an immediate
consequence of Statement (2) of the claim together with the Iterated Deformation Retracts
Proposition 68.22. �
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v

SG

w

S = X0 X1 X2 X3

X4

S = Y0 Y1 Y2 Y3

ϕv

818For n = 0 the statement is a tautology. For n = 1 note that if Φ−1(X) 6= ∅, then there exists an i
with Φ−1(Xi) 6= ∅. Since Xi is a subcomplex we see that Φ−1(Xi) contains at least one 0-cell. But by
construction this means that Φ−1(Xi+1) = B

1
.
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Proposition 69.8. (Quotient-by-Tree Proposition) Let X be a 1-dimensional CW-
complex.
(1) For every spanning tree T of X the following holds:

(a) The projection p : X → X/T is a homotopy equivalence.
(b) The quotient X/T X is homeomorphic to a wedge of circles. If X is �nite, then

X/T is homeomorphic to the wedge of 1− χ(X) circles.
(2) If X is connected and non-empty, then X is homotopy equivalent to the wedge of

circles. Furthermore if X is �nite, then X is homotopy equivalent to the wedge of
1− χ(X) circles.

Remark.

(1) the Quotient-by-Tree Proposition 69.8 is a fairly straightforward generalization of
Proposition 50.15. In fact the proof below is at times verbatim the same as the proof
of Proposition 50.15.

(2) Later on, in the Quotient-by-Contractible Corollary 70.3, we will generalize the
Quotient-by-Tree Proposition 69.8 in a suitable way to the case of arbitrary CW-
complexes.

Proof. Let X be a 1-dimensional CW-complex.
(1a) Let T be a spanning tree of X. By hypothesis and by de�nition there exists a 0-cell t0

of T such that there exists a deformation retraction from T to {t0}, i.e. there exists a
homotopy R : T × [0, 1]→ T such that R1 = id and such that R0 = ct0 is the constant
map. For notational convenience we make the obvious identi�cation B

1
= [−2, 2].

Now let {Φi : [−2, 2]→ X}i∈I be the characteristic maps of the 1-cells of X that are
not contained in T . We write ai = Φi(−2) and bi = Φi(2).

By the CW-Complex Construction Lemma 68.32 (3) we can view X/T as a 1-
dimensional CW-complex with a single 0-cell ∗ and one 1-cell for each i ∈ I. We
denote by {Ψi : [−2, 2] → X/T}i∈I the characteristic maps of these 1-cells. We
consider the map

q : X/T → X

x 7→

 R(ai,−y − 1), if x = Ψi(y) for some y ∈ [−2,−1],
Ψi(2 · y), if x = Ψi(y) for some y ∈ [−1, 1],
R(bi, y − 1), if x = Ψi(y) for some y ∈ [1, 2].

It follows from the Characteristic Maps Lemma 68.7 (1) and (4) that q is continuous.
(We refer to the �gure below from a long time ago for an illustration of q.) It remains
to prove the following claim.
Claim. The maps p and q are homotopy inverses of one another.

Proof. The proof of the claim is fairly elementary, just notationally a little messy.
First we consider the following map

F : (X/T )× [0, 1] → X/T

(x, t) 7→


∗, if x = Ψi(y) for some y ∈ [−2,−1− t],
Ψi(

2y
1+t

), if x = Ψi(y) for some y ∈ [−1− t, 1 + t],
∗, if x = Ψi(y) for some y ∈ [1 + t, 2].
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Using the Interval CW-Product Corollary 68.9 (3) one can easily show that F is
continuous. It follows immediately from the de�nitions that F0 = p◦q and F1 = idX/T .
Next we consider the following map

G : X × [0, 1] → X

(x, t) 7→


R(x, t), if x ∈ T,
R(ai, y + 2 + t), if x = Φi(y) for some y ∈ [−2,−1− t],
Φi(

2y
1+t

), if x = Φi(y) for some y ∈ [−1− t, 1 + t],
R(bi,−y + 2 + t), if x = Φi(y) for some y ∈ [1 + t, 2].

Again, using the Interval CW-Product Corollary 68.9 (3) one can easily show that
G is continuous. Furthermore it follows again immediately from the de�nitions that
G0 = q ◦ p and G1 = idX . �

(1b) Let T be a spanning tree of X. We denote by I the set of 1-cells of X that are not
contained in T . As mentioned in (1), it follows from the CW-Complex Construction
Lemma 68.32 (3) that we can view X/T as a 1-dimensional CW-complex with a
single 0-cell ∗ and one 1-cell for each i ∈ I. By the Skeleton-Quotient Lemma 68.33
we know that X/T is homeomorphic to the wedge

∨
i∈I
S1
i .

Finally we suppose that X is �nite. At this point it su�ces to show that X/T
is homeomorphic to the wedge of 1− χ(X) circles, in other words, we want to show
that |I| = 1− χ(X). This in turn follows from the following calculation:

1− |I| = χ
( ∨
i∈I
S1
i

)
= χ(X/T ) = χ(X)− χ(T ) = χ(X).

↑ ↑ ↑
see page 1480 by the Quotient-χ-Lemma 69.5by Proposition 69.6

(2) Now we assume that X is connected and non-empty. By the Spanning Tree Existence
Proposition 69.7 we know that X admits a spanning tree T . The desired conclusion
now follows from (1) together with (2). �

Now we no longer have any troubles with computing the fundamental group of 1-dimensional
CW-complexes. More precisely, we have the following theorem which generalizes the Fun-
damental Group-of-Graph Proposition 52.5 and 64.2

Theorem 69.9. (Fundamental Group-of-1-Complex Theorem) Let X be a con-
nected non-empty 1-dimensional CW-complex. Furthermore let x0 ∈ X. Then the follow-
ing holds:
(1) The group π1(X, x0) is isomorphic to a free group. In fact, if T is a spanning

tree for X, then the cardinality of the generating set of the free group equals the
cardinality of the set of edges in X \ T .

(2) If X is a �nite CW-complex, then π1(X, x0) is a free group with 1−χ(X) generators.
(3) An explicit description of the isomorphism in (1) is given as follows. Pick a base

point x0 in the spanning tree and for each 1-cell e that is not contained in T we pick
a path αe from p to one of the endpoints and pick a path βe from the other endpoint
back to p819 and let te be the loop given by �rst going along αe, then going through
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e and then going back to the base point via βe. Then the map〈
{xe}e cell not in T

〉
→ π1(X, x0)

xe 7→ [te]

is an isomorphism.
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βf
βe

f
e

αf

αe

spanning tree TCW-complex X

x0

Proof. Let X be a connected non-empty 1-dimensional CW-complex. By the Spanning
Tree Existence Proposition 69.7 we know that X admits a spanning tree T . We denote by
E the set of 1-cells of X that are not contained in T . Let x0 be a point in T . We denote by
p : X → X/T the projection . We write ∗ = p(x0). We have the following isomorphisms:

π1(X, x0)
p∗−−→ π1(X/T, ∗ )

∼=−−→ π1

( ∨
e∈E

S1
e , ∗

) ∼=←−− 〈{xe}e∈E〉.
↑ ↑ ↑

by the Quotient-by-Tree Proposition 69.8 Fundamental Group-Homotopy isomorphism given by
we know that the map p : X → X/T is a Proposition 50.3 (1b) Proposition 52.7
homotopy equivalence, from the Fundamental
Group-Homotopy Proposition 50.3 (1a)
we obtain that p∗ is an isomorphism

If one goes through the explicit isomorphism, then one sees that the map given in (3) is
indeed an isomorphism.

Finally suppose that X is a �nite 1-dimensional CW-complex. It is not terribly hard to
show directly that E has cardinality 1−χ(X). But since we proved the desired statement re-
garding the rank of π1(X, x0) already in the Fundamental Group-of-Graph Proposition 52.5
we will not work out the details of the argument. �

We conclude this discussion of CW-complexes with an application to group theory, namely
to the study of free groups. Recall that in Proposition 64.4 we used topological graphs to
show that if F is a free group of countable rank, then every subgroup is also a free group.
Now that we have developed the theory of CW-complexes we can remove the slightly
arti�cial restriction on the cardinality of the generating set. More precisely, we have the
following corollary to our previous results.

Corollary 69.10. (Subgroup-of-Free Group Corollary) Every subgroup of a free
group (of any rank) is again a free group.

Remark. Even for free groups of countable rank the proof of the Subgroup-of-Free Group
Corollary 69.10 might be of interest, since it di�ers somewhat from the proof of Proposi-
tion 64.4.

819The two paths exist since a tree is in particular connected.
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Proof. Let F = 〈S〉 be a free group on a set S and let G be a subgroup of F .

(1) By attaching one 1-cell for each s ∈ S to a one-point set {P} we obtain a 1-dimen-
sional CW-complex X with one 0-cell P and with one 1-cell for each s ∈ S. By
the Fundamental Group-of-1-Complex Theorem 69.9 we have π1(X,P ) ∼= F . By
the CW-Complex Properties Proposition 68.10 (6) and the Covering Existence The-
orem 61.5 there exists a covering p : (Y,Q) → (X,P ) of degree [F : G] such that
p∗(π1(Y,Q)) = G. By Corollary 48.14 the map p∗ is injective. Thus we see that
π1(Y,Q) itself is isomorphic to G. By the CW-complex Covering Proposition 68.37
we can equip Y with the structure of a 1-dimensional CW-structure. We deduce
from the Fundamental Group-of-1-Complex Theorem 69.9 that G ∼= π1(Y,Q) is a
free group.

(2) Now suppose that F is a free group of �nite rank m and suppose that G is a �nite-
index subgroup of F . By Proposition 69.4 we know that χ(Y ) = [F : G] · χ(X). It
is now a consequence of the Fundamental Group-of-1-Complex Theorem 69.9 that
rank(G)− 1 = [F : G] · (rank(F )− 1). �

Example. Let G be the CW-complex consisting of one 0-cell v and two 1-cells which we
denote by s and t. By a slight abuse of notation we denote the corresponding elements
in π1(G, v) by s and t as well. By the Fundamental Group-of-Graph Proposition 52.5
we can identify π1(G, v) with the free group 〈s, t〉 on the generators s and t. Now let
φ : π1(G, v) = 〈s, t〉 → Z be the homomorphism that is given by φ(s) = 0 and φ(t) = 1.
By the Covering Existence Theorem 61.5 there exists a covering q : (Ĝ, v̂) → (G, v) with
q∗(π1(Ĝ, v̂)) = ker(φ), furthermore by the Covering Uniqueness Theorem 61.9 this covering
is unique up to equivalence, in the sense of the de�nition on page 1368.

We consider the in�nite covering illustrated in the �gure below, which is very similar to
the �nite covering studied on pages 1385.820 For i ∈ Z we denote by xi the loop in (G̃, ṽ) as
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t

p : G̃→ G s

deck transformation is given by translation by n ∈ Z

illustrated in the �gure below. We denote by xi also the corresponding element in π1(G̃, ṽ).
It follows from the Fundamental Group-of-1-Complex Theorem 69.9 that π1(G̃, ṽ) equals
the free group 〈. . . x−2, x−1, x0, x1, x2 . . . 〉. It is straightforward to see that

p∗(xi) = tist−i.

820This covering can also be described rigorously. More precisely, we view G as the union of two copies A
and B of S1 glued along the common point 1. We de�ne

G̃ = (R t (S1 × Z))/(n ∼ (1, n)) for n ∈ Z.
Then the projection

p : (R t (S1 × Z))/∼ → G = (S1 × {A} t S1 × {B})/(1, A) ∼ (1, B)

is given by p(x) = (exp(2π ix), A) for x ∈ R and p((z, n)) = (z,B) for (z, n) ∈ S1 × Z.
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By Corollary 48.14 the homomorphism p∗ is a monomorphism. Thus we see that tist−i,
i ∈ Z, generate an in�nitely generated free subgroup of the �nitely generated generated
free group 〈s, t〉. Furthermore we see that p∗(π1(G̃, ṽ)) Ă ker(φ : π1(G, v) → Z). It is easy
to see that the deck transformation group is isomorphic to Z.

Now we claim that the coverings p : G̃ → G and q : Ĝ → G are equivalent. By the
Covering Uniqueness Theorem 61.9 it su�ces to show that p∗(π1(G̃, ṽ)) = q∗(π1(Ĝ, v̂)). We
consider the following sequence of maps

Z ∼= Deck(p : G̃→ G) ∼= π1(G, v)/p∗(π1(G̃, ṽ)) � π1(G, v)/ ker(φ : π1(G, v)→ Z)
φ−→∼= Z

↑ ↑ ↑
see above isomorphism of Proposition 62.7 since p∗(π1(G̃, ṽ)) Ă ker(φ : π1(G, v)→ Z)

Thus, reading from left to right, we get an epimorphism from Z onto itself. But any
such epimorphism has to be an isomorphism. It follows that the third map is also an
isomorphism, i.e. p∗(π1(G̃, ṽ)) = π1(G, v)/ ker(φ : π1(G, v) → Z), but the latter group is
precisely q∗(π1(Ĝ, v̂)). So we get the desired equality of subgroups.
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ṽ

p : G̃→ G

v

the i-th generator xi of π1(G̃, ṽ) = 〈. . . , x−2, x−1, x0, x1, x2, . . . 〉

69.4. Fundamental groups of CW-complexes. In this section we will discuss funda-
mental groups of CW-complexes. For the statement of our �rst proposition it is useful to
introduce the following de�nition.
The following de�nition is evidently inspired by the de�nition of a CW-complex.

De�nition. Let X be a topological space and let ϕ : Sn−1 → X be a map. We refer to
X ∪ϕ B

n
as the topological space X with an n-cell attached via the attaching map ϕ. We

refer to the image of B
n
in X ∪ϕ B

n
as an n-cell.

Remark. On page 450 we gave an explicit homeomorphism Cone(Sn−1)
∼=−→Bn

. Using this
homeomorphism one sees almost immediately that, using the notation from the above
de�nition, we have a homeomorphism Cone(ϕ : Sn−1 → X)

∼=−→X∪ϕB
n
which is the identity

on X. In other words, attaching a cell is just a special case of taking a mapping cone.

The following proposition now tells us how attaching a cell a�ects the fundamental group
of a given topological space.

Proposition 69.11. (Cell Attachment-π1-Proposition) Let X be a topological space,
let n ≥ 1, let ϕ : Sn−1 → X be a map and let x0 be a point in ϕ(Sn−1). Then the following
hold:
(n > 2) The inclusion induced map π1(X, x0)→ π1(X ∪ϕ B

n
, x0) is an isomorphism.

(n = 2) The map ϕ : S1 → X de�nes an element in π1(X, x0) that we denote by [ϕ],
and the inclusion induced map π1(X, x0) → π1(X ∪ϕ B

n
, x0) descends to an
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isomorphism

π1(X, x0)/〈〈[ϕ]〉〉
∼=−−→ π1

(
X ∪ϕ B

2
, x0

)
.

(n = 1) Let ε ∈ {−1, 1} such that x0 = ϕ(ε). We set y0 := ϕ(−ε).
(a) Suppose that x0 and y0 lie in the same path-component of X. Let γ be a

loop in X ∪ϕB
1
that is given by the concatenation of the obvious path in the

1-cell from x0 = ϕ(ε) to y0 = ϕ(−ε) and some path in X from y0 = ϕ(−ε) to
x0 = ϕ(ε). With this notation the map

π1(X, x0) ∗ 〈t〉 → π1(X ∪ϕ B
1
, x0)

that is given by the inclusion induced map π1(X, x0)→ π1(X ∪ϕ B
1
, x0) and

given by t 7→ [γ] is an isomorphism.
(b) Suppose that x0 and y0 lie in two di�erent path components of X. Then we

get an isomorphism

π1(X, x0) ∗ π1(X, y0) → π1(X ∪ϕ B
1
, x0).
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X ∪ϕ B
1

X

the loop γ1−1

x0

y0

Examples.

(1) LetX = S1 and let n ∈ N. We attach to S1 a 2-cell via the attaching map ϕ : S1 → S1

that is given by ϕ(z) = zn. Then821

π1

(
S1 ∪ϕ B

2
, 1
)

= π1(S1, 1)/〈[ϕ]〉 = 〈x〉/〈xn〉 ∼= Zn.
↑ ↑

Cell Attachment-π1-Proposition 69.11 see Proposition 48.17

(2) We attach a 2-cell to X = R2 via the attaching map id = ϕ : S1 → S1 that is
given by the identity. The resulting topological space is illustrated in the �gure
below. This topological space is again simply connected by the Cell Attachment-π1-
Proposition 69.11.
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X = R2

=∪id

B
2

(3) Using the Fundamental Group-of-1-Complex Theorem 69.9 and the Cell Attachment-
π1-Proposition 69.11 we can now easily compute fundamental groups of �nite CW-com-
plexes. For example, as in the �gure below we view the surface Σ of genus 2 as a
CW-complex with one 0-cell P , four 1-cells x1, y1, x2, y2 and one 2-cell. We denote
by X the 1-skeleton of Σ and we denote by ϕ : S1 → X the attaching map of the

821We leave it to the reader to show that for n = 2 the topological space S1∪ϕB
2
is actually homeomorphic

to RP2.
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=∪ϕ

1-skeleton X

P

x1

y1

x2

y2

2-cell. We have

π1(Σ, P ) = π1

(
X∪ϕB

2
, P
)

= π1(X,P )/〈〈[ϕ]〉〉 = 〈x1, y1, x2, y2〉/〈〈[x1, y1][x2, y2]〉〉.
↑ ↑

Cell Attachment-π1-Proposition 69.11 by the Fundamental Group-of-1-Complex Theorem 69.9
and since [ϕ] = [x1, y1][x2, y2]

Of course we had obtained the same result much earlier. The advantage of CW-com-
plexes is that the Cell Attachment-π1-Proposition 69.11 absorbs many of the technical
arguments we had to deal with in the proof of the Fundamental Group-of-Surfaces
Proposition 54.5, i.e. in our initial calculation of π1(Σ, P ).

Proof of the Cell Attachment-π1-Proposition 69.11 for n ≥ 2 . LetX be a topolog-
ical space, let n ≥ 2, let ϕ : Sn−1 → X be a map and let x0 be a point in ϕ(Sn−1). The key
idea of the proof is to apply the Seifert�van Kampen Theorem 54.1 to the following two
open822 subsets of X ∪ϕ B

n

U = X ∪ϕ
{
z ∈ Bn ∣∣ ‖z‖ > 1

4

}
and V =

{
z ∈ Bn ∣∣ ‖z‖ < 3

4

}
.

The remainder of the proof consists in showing that the resulting isomorphism implies the
desired, a priori slightly di�erent, isomorphism.

We pick a point x1 ∈ U ∩ V and we pick a path in U from x0 to x1. We refer to the
�gure below for an illustration. Note that V is a ball, hence π1(V, x1) is the trivial group.

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

���
���
���
���

���
���
���
����������

�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������

���������
���������
���������
���������
���������

���������
���������
���������
���������
���������

������
������
������
������
������

������
������
������
������
������

���
���
���
���

���
���
���
���

��������������������������

������������
������������
������������
������������

���
���
���
���

U

X
ϕ(Sn−1)

x0

ϕ

x0

V

x1

822Why are they open subsets?
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We consider the following diagram of maps

π1(X, x0) //

∼=
��

π1(X ∪ϕ B
n
, x0)

= ��

π1(U, x0) //

∼=
��

π1(X ∪ϕ B
n
, x0)

∼=��

π1(U, x1) //

��

π1(X ∪ϕ B
n
, x1)

=
��

π1(U, x1)/〈〈π1(U ∩ V, x1)〉〉 //

∼= theAmalgamatedProductLemma 53.22

��

π1(X ∪ϕ B
n
, x1)

=
��

π1(U, x1) ∗π1(U∩V,x1) π1(V, x1)︸ ︷︷ ︸
={e}

∼=
Seifert–van Kampen

// π1(X ∪ϕ B
n
, x1).

We want to prove the following three statements:
(i) the diagram commutes,
(ii) all vertical maps except possibly the third vertical map on the left are isomorphisms,
(iii) the bottom horizontal map is an isomorphism.

The two vertical maps on the second level are the isomorphisms induced by the choice of
base point coming from the chosen path from x0 to x1. All the other vertical and horizontal
maps are induced by inclusions or they are the obvious algebraic map. It follows easily
that the diagram commutes.

Most of the maps are obviously isomorphisms. Using the Homotopy Pushout Lemma 14.9
one can easily show that X is a deformation retract of U . It follows from the Deforma-
tion Retract-Homotopy Equivalence Lemma 15.5 and the Homotopy-π1-Proposition 50.3
(2) that the top left vertical map is an isomorphism. The bottom vertical map on the left
is an isomorphism by the Amalgamated Product Lemma 53.22.

Finally the bottom horizontal map is an isomorphism by the Seifert�van Kampen The-
orem 54.1.

Now we consider the case n ≥ 3. In this case π1(U ∩ V, x1) is trivial since U ∩ V
is homotopy equivalent to Sn−1 which has trivial fundamental group by the Sphere-π1-
Proposition 47.13. It is now clear that the one missing vertical map on the left is also an
isomorphism. Since all vertical maps are now isomorphisms and since the bottom horizontal
map is an isomorphism it follows that the top horizontal map is an isomorphism.

Finally we consider the case n = 2. In this case U ∩ V is homotopy equivalent to S1

which implies that π1(U ∩ V, x1) ∼= Z. Under the isomorphism Φ: π1(X, x0) → π1(U, x1)
this in�nite cyclic subgroup corresponds to 〈[ϕ]〉. It is straightforward to see that we get a
commutative diagram

π1(X, x0)

,,

//

��

π1

(
X ∪ϕ B

n
, x0

)
��

π1(X, x0)/〈〈[ϕ]〉〉∼=
rr

33

π1(U, x1)/〈〈π1(U ∩ V, x1)〉〉 ∼=
// π1

(
X ∪ϕ B

n
, x1

)
.
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This concludes the proof of the proposition. �

Proof of the Cell Attachment-π1-Proposition 69.11 for n = 1 . The proof of the case
n = 1 is quite similar to the proof of the case n ≥ 2. The only serious di�erence is that we
need to replace the Seifert�van Kampen Theorem 54.1 by Corollary 57.5, which in turn is
a corollary to the HNN-Seifert�van Kampen Theorem 57.3. We leave it to the reader to
�ll in the details. �

In the following corollary we will see that every �nitely presented group is the fundamental
group of a �nite CW-complex. The key to proving the corollary is the following con-
struction, which associates to any �nite presentation a 2-dimensional CW-complex. The
construction is illustrated in the �gure below. If the reader feels comfortable with that
illustration it might be best to skip the o�cial de�nition.
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2
ϕ2

ϕ1

S1
3

S1
2

S1
1

S1
3

S1
1 x0x0

2-dimensional CW-complex for the presentation
〈g1, g2, g3 | g1 ·g−1

2 ·g1, g3 ·g2〉

CW-complex is given by attaching two 2-cells to S1
1 ∨ S1

2 ∨ S1
3

Construction. Let 〈g1, . . . , gk | r1, . . . , rm〉 be a �nite presentation. For i = 1, . . . , k let
S1
i be a copy of S1. For j = 1, . . . ,m we do the following:
(1) We write the relation rj as a reduced word gε1s(1) · · · · · g

εn
s(n) with ε1, . . . , εn ∈ {−1, 1}.

(2) We denote by ϕj : S1 = [0, 1]/0 ∼ 1→
k∨
i=1
S1
i the (hopefully obvious) path which on

the interval [ i−1
n
, i
n
] travels through S1

s(i) at constant speed in the direction deter-
mined by εi.

We denote by X the CW-complex that is given by attaching m 2-cells to
k∨
i=1
S1
i along

the attaching maps ϕ1, . . . , ϕm. We refer to X as the CW-complex associated to the
presentation.
Now we can state the corollary that we promised above.

Corollary 69.12. Let 〈g1, . . . , gk | r1, . . . , rm〉 be a �nite presentation for a group π. If Y
is the associated 2-dimensional CW-complex, then π1(Y ) ∼= π.

Proof. Let π = 〈g1, . . . , gk | r1, . . . , rm〉 be a �nitely presented group. We use the notation
introduced in the above construction of the CW-complex associated to π. We denote by X
the wedge of the k circles and we denote by x0 the wedge point. Following the discussion
on page 1173 we can make the identi�cation π1(X, x0) = 〈g1, . . . , gk〉. This identi�cation
has the property that for j = 1, . . . ,m the corresponding loop ϕj : S1 → X represents
rj ∈ π1(X, x0) = 〈g1, . . . , gk〉. We write Y0 = X and for j = 1, . . . ,m we iteratively de�ne
Yj to be the 2-dimensional CW-complex that is given by attaching a 2-cell to Yj−1 with the



1532

attaching map ϕj. We obtain that

Cell Attachment-π1-Proposition 69.11, applied m times since [ϕj ] = rj
↓ ↓

π1(Ym, x0) ∼= 〈g1, . . . , gk〉/〈〈[ϕ1]〉〉 . . . /〈〈[ϕm]〉〉 = 〈g1, . . . , gk〉/〈〈r1〉〉 . . . /〈〈rm〉〉
= 〈g1, . . . , gk〉/〈〈r1, . . . , rm〉〉 = 〈g1, . . . , gk | r1, . . . , rm〉.
↑ ↑

by Exercise 53.1 by de�nition �

The following proposition says in particular that for many CW-complexes the fundamental
group of a CW-complex is the same as the fundamental group of its 2-skeleton.

Proposition 69.13. (CW-Skeleton-π1-Proposition) Let X be a connected CW-com-
plex and let x0 be a point in the 0-skeleton of X.
(1) If X has �nitely many cells in each dimension, then the following statements hold:

(a) The inclusion induced map823 π1(X1, x0)→ π1(X, x0) is an epimorphism.
(b) For any k ≥ 2 the inclusion induced map π1(Xk, x0) → π1(X, x0) is an isomor-

phism.
(2) If X has only �nitely many cells in dimensions 0 and 1, then π1(X, x0) is �nitely

generated.
(3) If X has only �nitely many cells in dimensions 0, 1 and 2, then π1(X, x0) is �nitely

presented.

Remark. In the CW-Skeleton-πn-Proposition 71.9 we will generalize the CW-Skeleton-π1-
Proposition 69.13 to all connected CW-complexes.

Example. Let X = RP∞ be the in�nite real projective space with the CW-structure
from page 1480. For this CW-complex the 1-skeleton is X1 = RP1 ∼= S1 and the 2-
skeleton is X2 = RP2. It follows from the CW-Skeleton-π1-Proposition 69.13 (1) that
Z ∼= π1(S1) → π1(RP∞) is an epimorphism and it follows from the CW-Skeleton-π1-
Proposition 69.13 (1) that Z2

∼= π1(RP2)→ π1(RP∞) is an isomorphism. This calculation
of π1(RP∞) is certainly easier than the argument from page 1519.

Proof.

(1) We �rst suppose that X is a �nite CW-complex. Then the two statements fol-
low immediately from iteratively applying the Cell Attachment-π1-Proposition 69.11
�nitely many times. If X is an in�nite CW-complex, but with �nitely many cells
in each dimension, then one can reduce the two statements to the �nite case using
Propositions 69.3. We leave the details to the reader.

(2) Now we turn to the proof of (2). By (1) it su�ces to show that the fundamental
group of a �nite connected 1-dimensional CW-complex is �nitely generated, but we
showed this in the Fundamental Group-of-1-Complex Theorem 69.9.

(3) Finally we turn to the proof of (3). By (1) it su�ces to show that a �nite connected
2-dimensional CW-complex X has a �nitely presented fundamental group. We pick
x0 ∈ X. We denote by ϕ1, . . . , ϕk the attaching maps of the 2-cells. For i = 1, . . . , k
we pick a path pi from x0 to a point on ϕi(S1) and we write ψi = pi ∗ ϕi ∗ pi. We
then have

823Recall that for k ∈ N we denote by Xk the k-skeleton of X, i.e. the union of all cells of dimension ≤ k.
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π1(X) ∼= π1(X1)/〈〈[ψ1]〉〉 . . . /〈〈[ψk]〉〉 = π1(X1)/〈〈[ψ1], . . . , [ψk]〉〉
↑ ↑

Propositions 47.10 and 69.11 by Exercise 53.1

= {�nitely generated free group}/〈〈[ψ1], . . . , [ψk]〉〉.
↑

Statement (2)

We have thus shown that π1(X) is a �nitely presented group. �

Remark. On page 1474 we already mentioned the Smooth Manifold-CW Structure Theo-
rem 96.5 which says in particular that every compact smooth manifold admits the structure
of a �nite CW-complex. Together with the CW-Skeleton-π1-Proposition 69.13 (3) we now
obtain that the fundamental group of any connected compact smooth manifoldM is �nitely
presented.

The following corollary is an immediate but rather convenient consequence of the CW-
Skeleton-π1-Proposition 69.13 (1).

Corollary 69.14. Let X be a connected CW-complex with countably many cells. If X
has no 1-cells, then X is simply connected, i.e. π1(X) = 0.

Examples.

(1) On page 1472 we pointed out that for n ≥ 2 the sphere Sn admits a CW-structure
with one 0-cell and one n-cell. From Corollary 69.14 we now recover the result from
the Sphere-π1-Proposition 47.13 that Sn is simply connected.

(2) It follows from Lemma 68.1 and Corollary 69.14 that for any n we have π1(CPn) = 0.
Similarly it follows, using Lemma 68.6, that π1(CP∞) = 0.

We conclude this chapter with a purely group theoretic result. To put the result in con-
text, �rst recall that in Exercise 53.2 we saw that every �nite-index subgroup of a �nitely
generated group is �nitely generated. Now we can prove the following analogue.

Proposition 69.15. Every �nite-index subgroup of a �nitely presented group is �nitely
presented.

Remark. We will provide a proof of Proposition 69.15 that makes heavy use of topological
methods. Not surprisingly one can also give a purely group theoretic proof. In fact such a
proof can be given by the Reidemeister-Schreier process that we alluded to in Section 59.7.
We refer to [LyS1977, p. 103] and [MKS1976, p. 90] for details.

Proof. Let π = 〈g1, . . . , gk | r1, . . . , rm〉 be a �nitely presented group. Let Y be the �-
nite 2-complex associated to this presentation that we constructed on page 1531. By
Corollary 69.12 we know that π1(Y ) ∼= π. Now let Γ be a �nite-index subgroup of π.
By the CW-Complex Properties Proposition 68.10 together with the Covering Existence
Theorem 61.5 there exists a �nite covering p : Ỹ → Y such that π1(Ỹ ) ∼= Γ. By the
CW-complex Covering Proposition 68.37 (2) the 2-complex Ỹ has �nitely many 1-cells and
2-cells. Thus it follows from the CW-Skeleton-π1-Proposition 69.13 (3) that Γ ∼= π1(Ỹ ) is
a �nitely presented group. �
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Exercises for Chapter 69.

Exercise 69.1. Let A = S1 × [0, 1] be an annulus.
(a) (i) We consider

X :=
( ⋃

k∈N0

A× {k}
)
/(z, 0, k) ∼ (z2, 1, k − 1) for z ∈ S1, k ∈ N.

Determine π1(X).
(ii) We consider

Y :=
( ⋃

k∈N0

A× {−k}
)
/(z, 0,−k) ∼ (z2, 1,−k − 1) for z ∈ S1, k ∈ N.

Determine π1(Y ).
In both cases the group you obtain is an abelian group that is isomorphic to a

subgroup of (R,+).

(b) Give an example of topological space Z such that π1(Z) ∼= (Q,+).

Exercise 69.2. Next let X and Y be two �nite CW-complexes. On page 1498 we intro-
duced the product CW-structure which by Proposition 68.23 is indeed a CW-structure for
the topological space X × Y . Is χ(X × Y ) determined by χ(X) and χ(Y )?
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70. CW-complexes III: Advanced properties

In this chapter we will prove several key technical theorems on CW-complexes, in particular
we will prove the Homotopy Extension Theorem 70.1 and the Cellular Approximation
Theorem 70.15. The reader who is in a hurry could just have a look at the Cellular
Approximation Theorem 70.15 and then move on.

70.1. The Homotopy Extension Theorem. We recall the following de�nition from
page 478.
De�nition.
(1) A map i : A → X between topological spaces is called a co�bration if it has the

homotopy extension property, i.e. if given any topological space Y and any two
maps f : X×{0} → Y and G : A× [0, 1]→ Y with f(i(a), 0) = G(a, 0) for all a ∈ A
there exists a map F : X × [0, 1]→ Y such that the following diagram commutes:

A× {0} � � //

i

��

A× [0, 1]
G

vv
i×id

��

Y

X × {0}

f
66

� � // X × [0, 1].

F
hh

We illustrate the de�nition in the �gure below.
(2) If i : A→ X is a co�bration such that i(A) is a closed subset of X, then we refer to

i as a closed co�bration.

Theorem 70.1. (Homotopy Extension Theorem) Let X be a CW-complex and let
A be a subcomplex of X.
(1) The inclusion map A→ X is a closed co�bration.
(2) In slightly di�erent words: let Y be a topological space and let f0 : X → Y be

map. Furthermore, suppose that A Ă X is a subcomplex and suppose we are given
a homotopy G : A × [0, 1] → Y from g0 := f0|A to some map g1 : A → Y . Then
there exists a homotopy F : X× [0, 1]→ Y starting from f0 such that the restriction
F |A×[0,1] equals G.
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X × [0, 1]

f0

Y

?A× [0, 1]
?

X × {0}

G

We postpone the long and strenuous proof of the Homotopy Extension Theorem 70.1 to the
following section. Let us �rst revel in some exciting corollaries of the Homotopy Extension
Theorem 70.1.
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Corollary 70.2. Let X be connected CW-complex, let P be a point in the 0-skeleton of
X and let Q be some other point on Y .
(1) Given any path γ : [0, 1]→ X with γ(0) = P and γ(1) = Q there exists a homotopy

F : X × [0, 1]→ X with F (P, t) = γ(t) for all t ∈ [0, 1] and such that F0 = id.
(2) There exists a map h : X → X with h(P ) = Q that is homotopic to the identity.

Example. We consider the CW-complexX and the two points P and Q shown in the �gure
below. It should be pretty clear that there is no homeomorphism f of X with f(P ) = Q.
But Corollary 70.2 gives us a decent replacement, namely a map h : X → X with h(P ) = Q
which is homotopic to the identity.
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Proof. Let X be connected CW-complex, let P be a point in the 0-skeleton of X and let
Q be some other point on Y .

(1) Let γ : [0, 1]→ X be a path with γ(0) = P and γ(1) = Q. We write A := {P}. Since
P is a point in the 0-skeleton of X we see that A is a subcomplex of A. We apply
the Homotopy Extension Theorem 70.1 to f0 = id: X → X, g0(P ) := P , g1(P ) = Q
and G(P, t) = γ(t). The resulting homotopy F : X × [0, 1] → X has all the desired
properties.

(2) Since X is connected we obtain from the CW-Complex Properties Proposition 68.10
that there exists a map γ : [0, 1] → X with γ(0) = P and γ(1) = Q. From (1) we
obtain a homotopy F : X × [0, 1] → X with F0 = id and F1(P ) = Q. The map
h := F1 evidently has all the promised properties. �

We can now dip into the theory of co�brations that we developed in Chapter 17. In
particular we obtain the following useful corollary.

Corollary 70.3. (Quotient-by-Contractible Corollary) Let X be a CW-complex and
let A Ă X be a subcomplex.
(1) If A is contractible, then the projection X → X/A is a homotopy equivalence.
(2) If a0 ∈ A is a point such that {a0} is a deformation retract of A, then the projection

X → X/A is a homotopy equivalence between the pointed topological spaces (X, a0)
and (X/A, [A]).

Remark. the Quotient-by-Contractible Corollary 70.3 (1) is a generalization of the Quotient-
by-Tree Proposition 69.8.
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Proof. By the Subcomplex Co�bration Theorem 17.9 we know that the inclusion A→ X
is a closed co�bration. The two statements now follow immediately from the corresponding
statements in the Co�bration-Quotient Lemma 17.7. �

The following proposition is a neat corollary to the Quotient-by-Contractible Corollary 70.3.

Proposition 70.4. Let X be a 0-connected CW-complex.
(1) There exists a contractible 1-dimensional subcomplex T which contains all 0-cells.824

(2) Given any T as in (1) the quotient X/T is a CW-complex with precisely one 0-cell.
Furthermore the projection X → X/T is a homotopy equivalence.
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Remark.
(1) Using the Cell Attachment-π1-Proposition 69.11 it is very easy to calculate the fun-

damental group of a �nite 0-connected CW-complex with a single 0-cell. Proposi-
tion 70.4 says in particular that given a �nite 0-connected CW-complex we can always
reduce the calculation of the fundamental group to the case of a �nite CW-complex
with a single 0-cell.

(2) Let X be a 0-connected CW-complex with countably many 1-cells. Let x0 ∈ X
be a 0-cell. By the CW-Skeleton-πn-Proposition 71.9 the inclusion X1 → X of the
1-skeleton induces an epimorphism π1(X1, x0) → π1(X, x0). Furthermore it follows
from Proposition 70.4 and 52.7 that π1(X1, x0) is a free group on a countable gener-
ating set. It follows from this discussion, together with the Countability Lemma 0.8
(2), that π1(X, x0) is countable.

Proof. Let X be a 0-connected CW-complex.
(1) In the Spanning Tree Existence Proposition 69.7 (1) we showed that the 1-skeletonX1

admits a subcomplex T that contains all 0-cells of X and that admits a deformation
retraction to x0.

(2) By the CW-Complex Construction Lemma 68.32 the quotient X/T admits a CW-
structure with one 0-cell. Furthermore note that it follows from the Quotient-by-
Contractible Corollary 70.3 (2) that the projection X → X/T is a homotopy equiv-
alence between. �

The following proposition gives another typical application of the Homotopy Extension
Theorem 70.1.
Proposition 70.5. Let f : A→ B be a cellular map between CW-complexes that has the
following property:

(∗) For each n-cell σ of A we have either f(σ) Ă Bn−1 or f |σ is a homeomorphism.
We consider the corresponding mapping cylinder

Cyl(f) := Cyl(f : A→ B) := ((A× [0, 1]) tB)/∼ where (a, 1) ∼ f(a) for all a ∈ A.

824Such a subcomplex is basically what we called a spanning tree on page 317.
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that we de�ned on page 454. Finally let Y be a CW-complex together with a cellular
embedding i t j : A tB → Y . The map

Φ: (Y t Cyl(f : A→ B))/∼ → Y/i(a) ∼ j(f(a))

[P ] 7→

 [P ], if P ∈ Y,
[i(a)], if P = [(a, t)] with a ∈ A and t ∈ [0, 1],
[j(b)], if P = [b] with b ∈ B

is a homotopy equivalence.

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

��

��

����
��
��
��
��

��
��
��
��

��

��
��
��
��

Cyl(f :A→B)

Ψ

Y/i(a) ∼ j(f(a))B
(Y t Cyl(f :A→B))/ ∼A

f

Y Y

Example. In many applications the map f will actually be a cellular isomorphism. In this
special case Proposition 70.5 basically says that one can compress a product A × [0, 1] to
a single copy of A without changing the homotopy type. Two such examples are shown in
the �gure below.
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homotopy equivalence homotopy equivalence

Remark. Note that the statement of Proposition 70.5 is related in spirit to the statement
of the Co�bration-Quotient Lemma 17.7 (2).

Proof. First note that by the Cellular Embedding Lemma 68.19 we can and will view
A t B as a subcomplex of Y . In the following let R : Cyl(f : A → B) × [0, 1] → B be
the natural deformation retraction given by the Mapping Cylinder Basics Lemma 16.12.
Furthermore note that it follows quite easily from the CW-Complex Cone Corollary 68.35
(3) and the CW-Complex Construction Lemma 68.32 (2) that we can and will equip Cyl(f)
and (Y t Cyl(f))/ ∼ with natural CW-structures. Finally, it follows from our slightly
technical hypothesis on f together with the CW-Complex Construction Lemma 68.32 (6)
that Y/∼ also admits a natural CW-structure. Next we consider the homotopy

G : (A tB)× [0, 1] → Cyl(f) Ă (Y t Cyl(f))/∼

[(Q, t)] 7→
{
R([(Q, 0)], t), if Q ∈ A,
Q, if Q ∈ B.
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We obtain the following diagram:

(A tB)× {0} � � //
� _

itj

��

(A tB)× [0, 1]
G

ss

� _

(itj)×id

��

(Y t Cyl(f))/∼

Y × {0}
& �

33

�� // Y × [0, 1]

F
kk

Y/a ∼ f(a)

Ψ

OO

Y.

y 7→(t,1)

OO

oooo

We make the following observations and clari�cations:

(1) The map i t j : A tB → Y is the inclusion map.
(2) It follows from the Homotopy Extension Theorem 70.1 and the fact that A t B is a

subcomplex of Y that there exists a map F : Y × [0, 1]→ (Y tCyl(f))/∼ that makes
the two triangles involving F commute.

(3) For any a ∈ A we have

F1(a) = F (a, 1) = G(a, 1) = f(a)︸︷︷︸
∈B

= G(f(a), 1) = F (f(a), 1) = F1(f(a)).

It follows from this calculation that the map F1 : Y → (Y t Cyl(f))/∼ descends to
a map Ψ: Y/a ∼ f(a)→ (Y t Cyl(f))/∼.

It remains to show the following claim.

Claim. The maps Φ: (Y tCyl(f))/∼→ Y/a∼f(a) and Ψ: Y/a∼f(a) → (Y tCyl(f))/∼
are homotopy inverses of one another.

Proof. First we consider the map

H : (Y/a ∼ f(a))× [0, 1] → Y/a ∼ f(a)
([ P︸︷︷︸
∈Y

], t) 7→ Φ(F (P, t)).

One can easily verify that the map is, despite �rst appearances, actually well-de�ned.
Using the fact that Y/a ∼ f(a) is a CW-complex and using the Interval CW-Product
Corollary 68.9 one can show quite easily that H is continuous. Basically by construction
we have H0 = id and H1 = Φ ◦ Ψ. Thus we have found our �rst homotopy. Finally we
consider the map

H : (Y t Cyl(f))/∼ → (Y t Cyl(f))/∼

([P ], t) 7→
{
R(P, t), if P ∈ Cyl(f),
F (P, t), if P ∈ Y.

Similar to the above one sees that H is continuous, that H0 = id and that H1 = Ψ ◦Φ. �

70.2. Proof of the Homotopy Extension Theorem 70.1. Before we can provide the
proof of Theorem 70.1 we will need to formulate and prove several lemmas.
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deformation
1

0
retraction

the �cup� (B
n × {0}) ∪ (Sn−1 × [0, 1])solid cylinder B

n × [0, 1]

Lemma 70.6. For any n ∈ N0 there exists a deformation retraction from the solid cylinder
B
n × [0, 1] to the �cup� B

n × {0} ∪ Sn−1 × [0, 1].

Proof. It is straightforward to verify that the map

r : B
n × [0, 1] → (B

n × {0}) ∪ (Sn−1 × [0, 1])

P 7→ the unique point on B
n × {0} ∪ Sn−1 × [0, 1] that

gets hit by the ray from (0, 2) ∈ Rn × R through P .

is a retraction. We refer to the �gure below for an illustration. Since B
n × [0, 1] is convex

we can de�ne the corresponding deformation retraction as follows:

(B
n × [0, 1])× [0, 1] → B

n × [0, 1]
(P, t) 7→ P · (1− t) + r(P ) · t. �
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P ∈ Bn × [0, 1] r(Q) ∈ Sn−1 × [0, 1]

Q ∈ Bn × [0, 1]

(0, 2) ∈ Rn × R

r(P ) ∈ Bn × {0}

Lemma 70.7. If X is a CW-complex and if A is a subcomplex of X, then there exists a
deformation retraction from X × [0, 1] to the subcomplex (X × {0}) ∪ (A× [0, 1]).

retraction
X × [0, 1]

X

X × {0} ∪ A× [0, 1]

A

A× [0, 1]

Proof. Let X be a CW-complex and let A be a subcomplex. For each n ∈ N0 we set

Zn := X × {0} ∪ (Xn−1 ∪ A)× [0, 1].

Note that each Zn is a subcomplex of the product CW-complex X × [0, 1]. Evidently we
have a sequence

(X × {0}) ∪ (A× [0, 1]) = Z0 Ă Z1 Ă Z2 Ă . . . with X × [0, 1] =
⋃
n∈N0

Zn.
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Thus it follows from the Iterated Deformation Retracts Proposition 68.22 that it su�ces
to prove the following claim.
Claim. For every n ∈ N0 there exists a deformation retraction from Zn+1 to Zn.

Proof. Let n ∈ N0. We denote by Φi : B
n → X, i ∈ I, the characteristic maps of all the

n-cells of X that do not lie in A. By Lemma 70.6 there exists a deformation retraction
r : B

n × [0, 1]× [0, 1] → B
n × [0, 1] from B

n × [0, 1] to B
n × {0} ∪ Sn−1 × [0, 1]. The idea

is to apply this retraction to all k-cells of X to obtain the desired deformation retraction.
More precisely we consider the map

rn :

=Zn+1︷ ︸︸ ︷
(X×{0}∪(Xn∪A)×[0, 1])×[0, 1] →

=Zn+1︷ ︸︸ ︷
X×{0}∪(Xn ∪ A)×[0, 1]

((P, t), s) 7→


Φi(r((Q, t), s)), if P = Φi(Q) with

Q ∈ Bn
and i ∈ I,

(P, t), otherwise.

This map is easily seen to be a deformation retraction from Zn+1 to Zn.825 �

Proof of the Homotopy Extension Theorem 70.1. Let X be a CW-complex and let
A Ă X be a subcomplex. We need to show that the inclusion map i : A → X is a closed
co�bration. Note that by the Subcomplex Lemma 68.18 (2) we know that A is a closed
subset of X. It remains to show tht i : A→ X is a co�bration.

Thus let Y be a topological space, let f0 : X → Y be a map and let G : A× [0, 1]→ Y
be a homotopy from g0 := f0|A to some map g1 : A → Y . We need to show that we can
extend G to a homotopy on all of X × [0, 1].

Note that by Lemma 70.7 there exists a retraction

H : X × [0, 1] → (X × {0}) ∪ (A× [0, 1]).

Therefore the theorem follows from the Co�bration Characterization Lemma 17.2 or, equiv-
alently, from the following claim.
Claim. The map

F : X × [0, 1]
H−→ (X × {0}) ∪ (A× [0, 1]) → Y

(x, 0) 7→ f0(x), for x ∈ X,
(a, t) 7→ G(a, t), for (a, t) ∈ A× [0, 1].

has all the desired properties.

Proof. First we have to verify that the map is continuous. In fact, for continuity we do have
to worry a little bit about the right-hand map. But note that the Subcomplex Lemma 68.18
(2) says that the subcomplex A is a closed subset of X. Thus we see that the map on the
right-hand side is continuous when restricted to the closed subsets X × {0} and A× [0, 1].
Thus it is continuous by the Pasting Proposition 2.6 (2). Note it is clear that F has the
desired properties, i.e. that it is a homotopy F : X × [0, 1]→ Y starting from f0 such that
the restriction F |A×[0,1] equals G. �

825It follows from the Characteristic Maps Lemma 68.7 (4) that the map is in fact continuous.
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70.3. Dropping base points. Even though base points are necessary and valuable, in
practice they are frequently a major nuisance. Fortunately, using the Homotopy Extension
Theorem 70.1, we can prove a proposition that often allows us to stop worrying about base
points.
We start out with a few de�nitions. Some of them we have encountered before.
De�nition.
(1) A pointed topological space is a pair (X, x0) where X is a topological space and

x0 ∈ X is a point. We refer to x0 as the base point of the pointed topological space.
(2) A map f : (X, x0)→ (Y, y0) between pointed topological spaces is a map f : X → Y

with f(x0) = y0.
(3) We say that two maps f, g : (X, x0) → (Y, y0) between pointed topological spaces

are homotopic if there exists a homotopy F : X × [0, 1]→ Y rel {x0} from f to g.
(4) Given two pointed topological spaces (X, x0) and (Y, y0) we write826

〈(X, x0), (Y, y0)〉 := {maps (X, x0)→ (Y, y0)}/∼ where f ∼ g if there exists a
homotopy in the above sense
between f and g.

Example. Let (X, x0) be a pointed topological space, let n ∈ N and let ∗ be the usual
base point of Sn. By de�nition we have 〈(Sn, ∗), (X, x0)〉 = πn(X, x0).

We have a natural map 〈(X, x0), (Y, y0)〉 → [X, Y ]. It is worth spending a minute on trying
to �nd examples that show that in general this map is neither an injection nor a surjection.
In this section we want to give some criteria that give us some control over this map. We
start out with the following easy, albeit fairly restrictive, example.

Proposition 70.8. Let (Y, y0) be a path-connected topological space. If π1(Y, y0) is
abelian, then the map 〈(S1, ∗), (Y, y0)〉 → [S1, Y ]

[f ] 7→ [f ]

is a bijection.

Proof. It follows from the fact that Y is path-connected together with the Homotopies-
of-Loops Proposition 50.16 (1) that the map is a surjection. Furthermore it follows from
the hypothesis that π1(Y, y0) is abelian together with the Homotopies-of-Loops Proposi-
tion 50.16 (2) that the map is an injection. �

Now we want to move away from the fairly simple topological space S1. In the proof of
the Homotopies-of-Loops Proposition 50.16 we had to construct fairly explicitly maps on
S1 and S1 × [0, 1]. In the following we will now replace S1 by CW-complexes, we have
now developed several tools for building maps out of a CW-complex. This leads us to the
following de�nition.

De�nition. A pointed CW-complex is a pair (X, x0) where X is a CW-complex and x0

is a point in the 0-skeleton X0 of X.

826The notation 〈X,Y 〉 goes back to [Hat2002, p. 357], where it says �the notation 〈. . . 〉 is intended to
suggest pointed homotopy classes�.
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Proposition 70.9. Let (X, x0) be pointed a CW-complex and let (Y, y0) be a pointed
topological space. We consider the map

〈(X, x0), (Y, y0)〉 → [X, Y ]
[f ] 7→ [f ].

The following two statements hold:
(1) If Y is path-connected, then the map 〈(X, x0), (Y, y0)〉 → [X, Y ] is a surjection.
(2) If Y is simply connected, then the map 〈(X, x0), (Y, y0)〉 → [X, Y ] is a bijection.

Remark. In Proposition 164.25 we will formulate a variation on Proposition 70.9 for CW-
complexes with abelian fundamental groups.

For the record we state the following corollary to our results.

Corollary 70.10.
(1) Let (X, x0) be a path-connected pointed topological space and let n ∈ N. If n = 1,

then we assume that π1(X, x0) is abelian and if n ≥ 2 we assume that π1(X, x0) is
trivial. In this setting the map

〈(Sn, x0), (X, x0)〉︸ ︷︷ ︸
=πn(X,x0)

[f ]7→[f ]−−−−→ [Sn, X]

is a bijection.
(2) Given any n ∈ N and given any base point x0 ∈ Sn the map

〈(Sn, x0), (Sn, x0)〉 [f ]7→[f ]−−−−→ [Sn, Sn]

is a bijection.

Proof of Corollary 70.10.

(1) (a) The case n = 1 is precisely the content of Proposition 70.8.
(b) Now let n ∈ N≥2. We can and will equip Sn with a CW-structure such that x0

is a 0-cell. The desired statement now follows from Proposition 70.9 (2).
(2) This statement follows immediately from (1) and the fact, established in Corol-

lary 48.18 and the Sphere-π1-Proposition 47.13, that for n ≥ 2 the fundamental
group π1(Sn) is trivial. �

Now we turn to the proof of Proposition 70.9. This proof relies very much on the following
lemma.
Lemma 70.11. Let (X, x0) and (Y, y0) be pointed CW-complexes and let F : X× [0, 1]→
Y be a homotopy with F0(x0) = F1(x0) = y0. We consider the loop γ : [0, 1] → Y that is
given by γ(t) := F (x0, t). If the loop γ is null-homotopic, then there exists a homotopy
J : X × [0, 1]→ Y with J0 = F0 and J1 = F1 and such that J(x0, t) = y0 for all t ∈ [0, 1].

Proof of Lemma 70.11. We prove the lemma in three easily digestible steps:

(1) We consider the loop γ : [0, 1]→ Y that is given by γ(t) := F (x0, t). By our hypoth-
esis the loop γ is null-homotopic. By de�nition this means that there exists a map
ϕ : [0, 1] × [0, 1] → Y with ϕ(t, 0) = γ(t) for all t ∈ [0, 1] and such that ϕ(x, y) = y0

for all other points in ∂([0, 1]× [0, 1]).
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(2) We consider the map827

G :

subcomplex of (X × [0, 1])×[0, 1]︷ ︸︸ ︷
(X×[0, 1])×{0} ∪ (X×{0, 1} ∪ {x0}×[0, 1])︸ ︷︷ ︸

subcomplex of X × [0, 1]

×[0, 1] → Y

(x, s, t) 7→

 F (x, s), if t = 0,
F (x, s), if s = 0, 1,
ϕ(s, t), if x = x0.

It follows from the CW-Complex Pasting Lemma 68.20 that this map G is continuous.
(3) By the Homotopy Extension Theorem 70.1 the map G from (2) extends to a map

H : (X× [0, 1])×[0, 1]→ Y . It follows basically immediately from the de�nitions that
J := H1 : X × [0, 1]→ Y has the desired properties. �
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F

ϕ

X×[0, 1]

γf0

f1

x0

t

s

y0

Y
G de�ned

H

by F and ϕ

X × [0, 1]

at t = 1 we have the desired homotopy

Now we turn to the actual proof of Proposition 70.9.
Proof of Proposition 70.9. Let (X, x0) and (Y, y0) be pointed CW-complexes.
(1) We suppose that Y is path-connected. Let f : X → Y be map. We set y1 = f(x0).

Since Y is path-connected there exists a path γ : [0, 1] → Y with γ(0) = y1 and
γ(1) = y0. Since {x0} is a subcomplex ofX we obtain from Corollary 70.2 that we can
extend γ, viewed as a homotopy {x0}× [0, 1]→ Y , to a homotopy F : X× [0, 1]→ Y .
This shows that f = F0 is homotopic to a map g := F1 with g(x0) = y0. This implies
that the map 〈(X, x0), (Y, y0)〉 → [X, Y ] is a surjection.
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F

(2) By (1) it remains to show that the map 〈(X, x0), (Y, y0)〉 → [X, Y ] is injective. Thus
let f0, f1 : (X, x0)→ (Y, y0) be two maps which represent the same element in [X, Y ].
This means that there exists a homotopy F : X × [0, 1] → Y with F0 = f0 and
F1 = f1. We need to show that there exists a homotopy J : X × [0, 1] → Y with

827Secretly we use Proposition 68.23 which tells us in this instance that the product CW-structure X ×
[0, 1]× [0, 1] is indeed a CW-structure for the topological space X × [0, 1]× [0, 1].
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J0 = f0 and J1 = f1 and such that J(x0, t) = y0 for all t ∈ [0, 1]. We consider the
loop γ : [0, 1]→ Y that is given by γ(t) := F (x0, t). Since Y is simply connected we
know that γ is null-homotopic. Thus we can apply Lemma 70.11 and we obtain the
desired homotopy J . �

We conclude this section with the following proposition.
Proposition 70.12. Let X be a CW-complex and let x0 and x1 be two points in the
0-skeleton of X. If X is connected, then there exists a map f : X → X with the following
properties:
(1) The map f is homotopic to the identity.
(2) We have f(x0) = x1.
(3) The map f de�nes a homotopy equivalence (X, x0)→ (X, x1) of pointed topological

spaces.

Proof. SinceX is connected we obtain from the CW-Complex Properties Proposition 68.10
(7) that there exists a path γ : [0, 1]→ X with γ(0) = x0 and γ(1) = x1. Since x0, x1 lie in
the 0-skeleton of X we can apply Corollary 70.2 and we obtain a homotopy F : X× [0, 1]→
X with F (x0, t) = γ(t) for all t ∈ [0, 1] and such that F0 = id. We set f := F1. Evidently f
is homotopic to the identity and f(x0) = x1. It remains to show that f : (X, x0)→ (X, x1)
is a homotopy equivalence of pointed topological spaces.

We need to �nd a homotopy inverse to f . Once again we appeal to Corollary 70.2 to
obtain a homotopy G : X × [0, 1]→ X with G(x1, t) = γ(t) := γ(1− t) for all t ∈ [0, 1] and
such that G0 = id. We set g := G1. We need to show that g ◦ f : (X, x0) → (X, x0) and
f ◦ g : (X, x1)→ (X, x1) are homotopic828 to the identity. We consider the homotopy829

F : X × [0, 1] → X

(x, t) 7→
{
F (x, 2t), if t ∈ [0, 1

2
],

G(f(x), 2t− 1), if t ∈ [1
2
, 1].

Note that this is a homotopy from idX to g ◦ f : X → X. Furthermore note that the loop
given by γ(t) = F (x0, t) is precisely the loop γ ∗ γ. By the Path-Homotopy Concatena-
tion Proposition 47.5 (3) we know that this loop is null-homotopic. Thus we can apply
Lemma 70.11. We obtain a homotopy J : X×[0, 1]→ X with J0 = F0 = idX , J1 = F1 = g◦f
and J(x0, t) = x0 for all t ∈ [0, 1]. But that is precisely what we needed. �
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g ◦ f

f

idX

G ◦ f

F

F

x0t = 0 γ

t = 1
2

t = 1

x1

X

70.4. Combining in�nitely many homotopies and the telescope construction. In
the Homotopy Combination the Homotopy Combination Lemma 14.4 we saw that one
can combine �nitely many homotopies. Later on we will want to combine in�nitely many
homotopies of CW-complexes. This slightly delicate procedure can be performed using the
following lemma.

828Here, as a reminder, �homotopic� means �homotopic as maps of pointed topological spaces�.
829It follows from the Homotopy Stacking Lemma 14.3 that F is indeed continuous.
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Lemma 70.13. Let X be a CW-complex, let A be a subset of X and let Y be a topological
space. Finally let W0 Ă W1 Ă W2 Ă . . . be a sequence of subcomplexes of X such that
for each k ∈ N0 there exists an l ∈ N0 such that the k-skeleton Xk is contained in Wl.
(In many applications we have Wk = Xk.) Let f0, f1, . . . be maps from X to Y . Suppose
that for each k ∈ N0 we are given a homotopy H(k) : X × [0, 1] → Y rel A ∪Wk from fk
to fk+1. (Since it is easy to overlook this bit of the hypothesis we stress that H(k) is in
particular a homotopy rel Wk). We de�ne830

g : X → Y
x 7→ fk(x) where k ∈ N0 such that x ∈ Wk.

For k = 0, 1, 2, . . . we write sk =
k∑
j=1

1
2j
. Then the map

H : X × [0, 1] → Y

(x, t) 7→
{
H(k)(x, 2k+1 · (t− sk)), if t ∈ [sk, sk+1),
g(x), if t = 1

that is illustrated in the �gure below is a homotopy rel A from f0 to g. We refer to the
homotopy H as the combination of {H(k)}k∈N0 .

homotopy rel X0, X1, X2 etc.

H(1)H(0)

s1 = 1
2 s2 = 3

4
1s0 = 0

f1 f2 f3 gf0

Proof. We only need to show that H is continuous. Note that for each l ∈ N0 it follows
from our choice of maps fl and the Homotopy Stacking Lemma 14.3 that the restriction
of H to Wl × [0, 1] is continuous. Since each Xk is contained in some Wl we see that the
restriction of H to each Xk × [0, 1] is continuous. But now it follows from the Interval
CW-Product Corollary 68.9 that H : X × [0, 1]→ Y is also continuous. �

We conclude this technical section with an application that we will need once, namely in
the proof Proposition ??. But the application doubles also as a nice illustration for how to
apply the previous lemma.

De�nition. Let Z be a CW-complex. We equip [0,∞) with the CW-structure where the
0-skeleton is given by N0. We equip Z × [0,∞) with the product CW-structure. We refer
to the subcomplex

T (Z) :=
⋃
i∈N0

Zi × [i, i+ 1] Ă Z × [0,∞)

as the telescope of Z. .

830It follows easily from the setup that the map g is well-de�ned, i.e. given x ∈ X the point g(x) does not
depend on the choice of k.
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Z Z × [0,∞)T (Z)

Z0 × [0, 1] Zi × [i, i+ 1]

The following lemma shows that the telescope T (Z) is homotopy equivalent to Z.

Lemma 70.14. (Telescope Lemma) Let Z be a CW-complex. The following statements
hold:
(1) T (Z) is a deformation retract of Z × [0,∞).
(2) The telescope T (Z) is homotopy equivalent to Z.

Remark. One can also show that the Telescope Lemma 70.14 is a consequence of the much
more general the Whitehead Deformation Retract Proposition 162.2.

Proof. First note that Z = Z ×{0} is clearly a deformation retract of Z × [0,∞). Thus it
follows from Lemmas 15.5 and 15.1 that (2) is a consequence of (1). Therefore it remains
to prove (1).

As in the de�nition of the telescope T (Z) we view [0,∞), X := Y := Z × [0,∞) and
T (Z) as CW-complexes. It follows from Lemma 70.7 that for each k ∈ N0 there exists a
deformation retraction

rk : (Z × [0, 1])× [0, 1] → Z × [0, 1]

from Z × [0, 1] to (Zk × [0, 1]) ∪ (Z × {1}). We denote by

ρk : Z × [k, k + 1] → (Zk−1 × [k, k + 1]) ∪ (Zk × {k + 1})
(z, t) 7→ (rk(z, t− k) + (0, k), 1)

the corresponding retraction, with the intervals shifted by k. We make the following prepa-
rations:

(1) Given k ∈ N0 we de�ne Wk := Zk × [0,∞). Note that it follows from the de�nition
of the product CW-structure on Z × [0,∞) that the k-skeleton of X = Z × [0,∞) is
contained in Wk+1.

(2) For each k ∈ N0 we consider the map

fk : X = Z × [0,∞) → Y = Z × [0,∞)

(z, t) 7→
{

(z, t), if x ∈ Zk and t ≥ k + 1,
(ρk ◦ · · · ◦ ρ1 ◦ ρ0)(x), if z ∈ Zk and t < k + 1.

(3) We consider the map

H(k) : X × [0, 1] → Y = Z × [0,∞)

((z, t), s) →
{

(z, t), if t ≥ k + 1,
rk+1(ρk(z, t), s), if t < k + 1.

This de�nes a homotopy from fk to fk+1 rel Wk. Note that H(0)1 = idX .
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As in the statement of Lemma 70.13 we consider the map

g : X → Y
x 7→ fk(x) where k ∈ N0 such that x ∈ Wk.

One can easily verify that this is a retraction of X = Z × [0,∞) to the telescope T (Z). It
follows from Lemma 70.13 that there exists a homotopy from H(0)1 = id to g, i.e. T (Z) is
in fact a deformation retract of X = Z × [0,∞). �
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Z × [0,∞) f1ρ0 ρ1T (Z)

70.5. The Cellular Approximation Theorem. We recall the following de�nition from
page 1492.

De�nition. A map g : X → Y between CW-complexes is called cellular if for each n ∈ N0

we have g(Xn) Ă Y n

It will be instructive to return to the example of a non-cellular map that we gave on
page 1492.

Example. In general maps between CW-complexes are not cellular. For example consider
the CW-complexX = [0, 1] with two 0-cells and one 1-cell and we consider the CW-complex
Y = [0, 1]× [0, 1] with four 0-cells, two 1-cells and one 2-cell. Then the diagonal map

g : X = [0, 1] → Y = [0, 1]× [0, 1]
t 7→ (t, t)

,

which is illustrated in the �gure below on the left, is not a cellular map.

The following theorem is the main result of this section.

Theorem 70.15. (Cellular Approximation Theorem) Let g : X → Y be a map be-
tween CW-complexes and let A be a subcomplex of X such that the restriction of g to A
is a cellular map.831 The map g is homotopic rel A to a cellular map g̃ : X → Y .

Remark. Let g : X → Y be a homeomorphism between CW-complexes. By the Cellular
Approximation Theorem 70.15 we know that g is homotopic to a cellular map h. But in
general we cannot arrange that h is again a homeomorphism. For example consider the
torus T = ([0, 1] × [0, 1])/∼= R2/R2 with the standard CW-structure from page 1471
which has precisely one 0-cell ∗ that corresponds to the origin. As in the Fundamental
Group-via-Actions Theorem 48.16 we make the identi�cation π1(Rn/Z2, ∗) with Z2. Let

P =
(

2 1
1 1

)
∈ GL(2,Z). We consider the map

f : R2/Z2 → R2/Z2

v 7→ P · v.
831For example f : X → Y could be any map between CW-complexes, then the hypothesis is satis�ed for
A the empty set.
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In the Maps-on-Torus Lemma 19.37 we saw that this map is a homeomorphism. Further-
more, in Exercise 48.18 we saw that the induced map on π1(R2/Z2, ∗) = Z2 is given by
multiplication by P . On the other hand the map on π1(R2/Z2, ∗) = Z2 induced by any

cellular homeomorphism g̃ on R2/Z2 is represented by a matrix of the form832
(±1 0

0 ±1

)
or
(

0 ±1
±1 0

)
. It follows from Exercise 50.12 (a) that g cannot be homotopic, rel ∗, to any

such g̃.

Example. We consider again the above example of a non-cellular map. More precisely, we
consider again the above diagonal map

g : X = [0, 1] → Y = [0, 1]× [0, 1]
t 7→ (t, t).

We want to deform g into a cellular map, while keeping the endpoints �xed. Put di�erently,
we want to �nd a homotopy rel A = {(0, 0), (1, 1)} from g to a cellular map g̃. Such a map
g̃ is given by

g̃ : X = [0, 1] → Y = [0, 1]× [0, 1]

t 7→
{

(2t, 0), if t ∈ [0, 1
2
]

(1, 2t− 1), if t ∈ [1
2
, 1]

One way of stating this example is that we turn g into a cellular map g̃ by �pushing g o� the
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g is not a cellular map

g

g̃ is a cellular map

g̃

A

X
Y

high-dimensional cell�. The proof of Cellular Approximation Theorem 70.15 is built on the
same concept. But somewhat similar to the proof of the Sphere-π1-Proposition 47.13, we
have to worry about space-�lling curves that exist by the Space-Filling Curve Theorem 6.13.

Before we attack the proof of the Cellular Approximation Theorem 70.15 we want to for-
mulate a relative version thereof. To formulate this relative version we need the following
semi-obvious de�nition.
De�nition. A pair of CW-complexes is a pair (X,A) where X is a CW-complex and A
is a subcomplex of X.
Now we can formulate the promised theorem.

Theorem 70.16. (Cellular Approximation Theorem for Pairs) Suppose we are
given a map g : (X,A)→ (Y,B) between pairs of CW-complexes. Let Z be a subcomplex
of A such that the restriction of g to Z is a cellular map. Then g is homotopic rel Z to a
cellular map g̃ : (X,A)→ (Y,B).833

832Why is that?
833Here we refer to page 440 for the discussion on the notion of homotopies of pairs of topological spaces
rel a subset.
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Proof assuming the Cellular Approximation Theorem 70.15. The desired homotopy
is constructed as follows:

(1) By the Cellular Approximation Theorem 70.15 applied to g|A : A→ B there exists a
homotopy F rel Z from g|A : A→ B to a cellular map.

(2) By the Homotopy Extension Theorem 70.1 we can extend the homotopy F from (1)
to a homotopy G : X × [0, 1]→ Y . Note that G is still a homotopy rel Z. We write
h = g1 : X → Y . Note that h|A is cellular and that h(A) Ă B.

(3) We apply the Cellular Approximation Theorem 70.15 to h and we obtain a homotopy
H rel A from h to a cellular map.

(4) The combination of the homotopies G and H has all the desired properties. �

Now we turn to the proof of Cellular Approximation Theorem 70.15. The following propo-
sition is the key step towards the desired proof.

Proposition 70.17. Let V be a CW-complex andW be a topological space. Furthermore
let ψ : Sn−1 → V n−1 be a map to the (n−1)-skeleton of V and let ϕ : Sk−1 → W be another
map. Finally let

h : V ∪ψ B
n → W ∪ϕ B

k

be a map with h(ψ(Sn−1)) Ă W . If n < k, then h is homotopic rel V to a map h′ such
that h′(Bn) does not intersect Bk.
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ϕ(Sk−1)

W

h′

h

h(ψ(Sn−1))

B
k

ψ(Sn−1)

B
n

V

The statement of Proposition 70.17 is fairly obvious, if there exists a point P ∈ Bk that
does not get hit by h(Bn). Indeed, if such a point P exists, then we can use the deformation
retraction B

n \ {p} → Sn−1 to push h on Bn o� the ball Bk. Put in general such a point P
does not exist, since even for n < k there exist continuous surjective maps Bn → Bk. To
get around this problem requires a fairly hard, not particularly inspiring, argument which
we will give later on in Section 70.6.
In the following we will use Proposition 70.17 to prove the Cellular Approximation Theo-
rem 70.15.

Corollary 70.18. Let Z be a �nite n-dimensional CW-complex.
(1) Let g : Z → Y be a map to a k-dimensional CW-complex Y with g(Zn−1) Ă Y n−1.

Let B be a subcomplex of Z with g(B) Ă Y n. If n < k, then g is homotopic rel
Zn−1 ∪B to a map g′ with g′(Z) Ă Y k−1.

(2) Let g : Z → Y be a map to a CW-complex Y such that g(Zn−1) Ă Y n−1. Let B
be a subcomplex of Z with g(B) Ă Y n. The map g is homotopic rel Zn−1 ∪ B to a
map g′ with g′(Z) Ă Y n.
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Zn−1 Y with k = 3

g

B whose image lies in Y n where n = 2

n-cell whose image does not lie in Y k−1

Proof. Let Z be a �nite n-dimensional CW-complex. By the CW-Complex Properties
Proposition 68.10 (3) the CW-complex Z is compact. It follows from the CW-Complex-
Finiteness Theorem 68.14 that the image of the compact set Z in a CW-complex is con-
tained in a �nite subcomplex. Therefore we can assume in both (1) and (2) that Y is in
fact a �nite CW-complex.
(1) Let g : Z → Y be a map to a �nite k-dimensional CW-complex Y with g(Zn−1) Ă

Y n−1. Let B be a subcomplex of Z with g(B) Ă Y n. We suppose that n < k. We
denote by Ẑ the union of Zn−1 with all the n-cells of Z whose image is contained
in Y k−1. In other words we can write Z = Ẑ ∪ e1 ∪ · · · ∪ er where e1, . . . , er are the
n-cells such that the image is not contained in Y k−1. We denote by f1, . . . , fs the
k-cells of Y . Note that by hypothesis on B the interiors of the cells e1, . . . , er are
disjoint from B.

In the following we apply Proposition 70.17 precisely r · s times to get the desired
homotopy. More precisely, we do the following:
(a) We apply Proposition 70.17 to the map

h : (Ẑ ∪ e1 ∪ · · · ∪ er−1) ∪ er → (Y ∪ f1 ∪ · · · ∪ fs−1) ∪ fs
to obtain a homotopy rel Ẑ Ą Zn−1 ∪B to a map hrs such that the image of the
interior of er under the map hrs does not intersect the interior of fs. Next we
apply Proposition 70.17 to the map

hrs : (Ẑ ∪ e1 ∪ · · · ∪ er−2 ∪ er) ∪ er−1 → (Y ∪ f1 ∪ · · · ∪ fs−1) ∪ fs.

Iterating this process we obtain a homotopy rel Ẑ to a map such that the image
of the interiors of the cells e1, . . . , er does not intersect the interior of fs.

(b) Again iterating the process above we obtain a homotopy rel Ẑ to a map such
that image of the interiors of the cells e1, . . . , er does not intersect the interior of
any of the fi. But that means that the image of Z lies in Y k−1.

(2) Let g : Z → Y be a map to a CW-complex Y such that g(Zn−1) Ă Y n−1 and let B
be a subcomplex of Z with g(B) Ă Y n. As we pointed out in the beginning of the
proof, we can assume that Y is �nite-dimensional, we denote the dimension by k.
But then Statement (2) is just an immediate consequence of applying (1) iteratively
k − n times. �

Now we turn to the proof of the Cellular Approximation Theorem 70.15.
Proof. Let X be a CW-complex and let A be a (possibly empty) subcomplex of X. Fur-
thermore let Y be a CW-complex. We prove the Cellular Approximation Theorem 70.15
only in the special case that X has �nitely many cells. The general case is dealt with in
[Hat2002, Theorem 4.8].
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Let g : X → Y be map.
(1) We say an n-cell e of X is g-bad if g(e) is not contained in Y n.
(2) If g is non-cellular, then we de�ne

n(g) := minimal dimension of a cell that is g-bad.

If g is cellular, then we de�ne n(g) :=∞.

Claim. Let g : X → Y be a non-cellular map such that the restriction of g to A is a cellular
map. Then there exists a homotopy from g to a map g′ rel A such that n(g′) > n(g).

Proof. We write n = n(g). We apply Corollary 70.18 (2) to g : Z := Xn → Y and
B = An.834 We obtain a homotopy G rel Xn−1 ∪ An from g : Z = Xn → Y to a map
g′ : Z = Xn → Y with g′(Xn) Ă Y n. We can extend this homotopy to a homotopy G
on (Xn ∪ A) × [0, 1] via the trivial homotopy on A × [0, 1]. Now we apply the Homotopy
Extension Theorem 70.1 to obtain a homotopy rel Xn ∪ A from g : X → Y to a map
g′ : X → Y such that g′(Xn) Ă Y n. Note that by the choice of our homotopy we have
g′|Xn−1 = g|Xn−1 . By de�nition of n(g) the map g′|Xn−1 = g|Xn−1 is cellular. Thus we see
that n(g′) ≥ n+ 1 = n(g) + 1. �

Finally let g : X → Y be a non-cellular map such that the restriction of g to A is
a cellular map. We apply the claim iteratively as many times as possible to obtain a
sequence of maps g = g1, g2, g3, . . . : X → Y , each of which is homotopic to g rel A, such
that n(g) = n(g1) < n(g2) < . . . . Note that n can take on only �nitely many values,
namely {0, . . . , dim(X),∞}. This means that the sequence is �nite which implies that the
last map is cellular. �

70.6. Proof of Proposition 70.17 (∗). 835 Before we can even think of proving Propo-
sition 70.17 we need to introduce a few more de�nitions and we need to prove a rather
technical lemma.
De�nition.
(1) A closed half-space in Rn is a set of the form {v ∈ Rn | 〈v, w〉 ≥ 0}, for some �xed

non-zero vector w ∈ Rn.
(2) A convex polyhedron in Rn is a bounded subset of Rn that is the intersection of

�nitely many closed half-spaces.
(3) A polyhedron in Rn is the union of a �nite number of convex polyhedra.836

(4) Given a polyhedron P a map f : P → Rk is called piecewise linear if there exists
a subdivision of P into �nitely many convex polyhedra Q1, . . . , Qm such that the
restriction of f to each Qi is a�ne linear.837

The following, very technical lemma, will get us around the problem of space-�lling curves,
i.e. it will get us around the problem that we saw in Space-Filling Curve Theorem 6.13 that
there exist surjective continuous maps B

n → B
k
even if n < k.

834Note that by de�nition of n we have g(Xn−1) Ă Y n−1.
835Here the (∗) indicates once again that we do not provide the proof in the lecture. You are reading this
section at your own risk.
836Note that the union of zero convex polyhedra is the empty set.
837A map f : V → Rk from a subset V of Rn is called a�ne linear if there exists a P ∈ Rk and a
k × n�matrix A such that f(v) = P +Av for all v ∈ V .
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convex polyhedron polyhedronclosed half-space

Lemma 70.19. LetW be a topological space and let ϕ : Sk−1 → W be map. Furthermore
let g : [0, 1]n → Z := W ∪ϕB

k
be a map. Then there exists a (possibly empty) polyhedron

K Ă [0, 1]n and a map g̃ : [0, 1]n → Z with the following properties:
(1) The map g̃ is homotopic to g rel g−1(W ).
(2) We have g̃(K) Ă Bk.
(3) The restriction g̃|K : K → Bk is piecewise linear.
(4) There exists an open non-empty subset U Ă Bk such that g̃−1(U) Ă K.
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g−1(W )

[0, 1]n

image of B
k

K

g̃ is piecewise linear

g̃−1(U) U 6= ∅

Z = W ∪ϕ B
k

W

Example. Suppose that in the setting of Lemma 70.19 there exists an open subset U Ă Bk

such that g([0, 1]n)∩U = ∅. Then the empty polyhedronK = ∅ and the map g̃ = g already
have the desired property.

Proof. Let W be a topological space and let ϕ : Sk−1 → W be map. Furthermore let
g : [0, 1]n → Z := W ∪ϕB

k
be a map. We write D1 := B 1

4
(0) Ă Bk and D2 := B 1

2
(0) Ă Bk.

The set g−1(D2) Ă [0, 1]n is closed and therefore compact by the Heine-Borel Theorem 1.24.
We obtain from Proposition 6.7 that g is uniformly continuous on g−1(D2).838 This implies
that we can �nd an ε > 0 with the following two properties:

(i) For any x, y ∈ g−1(D2) with ‖x− y‖ < ε we have ‖g(x)− g(y)‖ < 1
8 .

(ii) We have839

ε < distance between g−1(D1) and [0, 1]n \ g−1
( ◦
D2

)
.

We divide [0, 1]n into cubes such that the diameter of each cube is less than ε. We denote
by K1 the union of all the cubes that meet g−1(D1) and we denote by K2 the union of all
the cubes meeting K1. By the second property of ε we have K2 Ă g−1(D2). We refer to
the �gure below for an illustration.
838Why can't we conclude that g is uniformly continuous on all of [0, 1]n?
839Here recall that, according to the de�nition on page 283, for two non-empty subsets A and B of Rn we
refer to

d(A,B) := inf{‖P −Q‖ |P ∈ A and Q ∈ B}
as the distance between A and B. If A and B are compact and disjoint, then it follows from Lemma 6.3
that d(A,B) > 0.
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Z = W ∪ϕ B
k

g

g−1(D2)

K2

K1

g−1(D1) D1 = B 1
4
(0)

D2 = B 1
2
(0)

We need one more de�nition: Suppose we are given points P1, . . . , Pn+1 ∈ Rn such that
the vectors P2 − P1, . . . , Pn+1 − P1 are linearly independent. We refer to

convex hull of P1, . . . , Pn+1 =
{n+1∑
i=1
ti · Pi

∣∣∣ n+1∑
i=1
ti = 1

}
as a simplex in Rn.840 We will make use of the following trivial observation: if we are given
w1, . . . , wn+1 ∈ Rk, then there exists a unique a�ne linear map Φ with Φ(Pi) = wi, namely
the map that is given by

Φ
( n+1∑
i=1
ti · Pi

)
:=

n+1∑
i=1

tiwi.

We leave it to the reader to show that each cube can be subdivided841 into simplices. We
also refer to the �gure below for an illustration.
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simplices in R2 a square can be decomposed
into two simplices

simplex in R3

Now we subdivide all the cubes inK2 into simplices. By the above discussion there exists
a map h : K2 → Rk that equals g on all the vertices of the simplices in the subdivision of
the cubes.842 Furthermore we choose a map ψ : K2 → [0, 1] with ψ|∂K2 ≡ 0 and ϕ|K1 ≡ 1.843

840Given a subset S of Rk we de�ned on page 157 the convex hull of S as the intersection of all convex
subsets of Rk that contain S. As we saw in Exercise 2.38, if S is a �nite subset of Rk, then the convex hull
of S is given by {∑

s∈S
as · s

∣∣∣ as ∈ [0, 1] and
∑
s∈S

as = 1
}
.

841Here, by �subdivide� we mean that given any cube K there exist simplices S1, . . . , Sk such that the
interiors of the Si are disjoint and such that K = S1 ∪ · · · ∪ Sk.
842Note that it follows from the uniqueness statement above that the map g is in fact continuous.
843Such a map can be constructed as follows: we assign the value 1 to all vertices in K1 and we assign the
value 0 to all other vertices in K2. By the above �trivial observation� this de�nes a map on K2 with the
desired property.
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Now we consider the homotopy844

F : [0, 1]n × [0, 1] → Z = W ∪ϕ B
k

(P, t) 7→
{

(1− t · ψ(P )) · g(P ) + t · ψ(P ) · h(P ), if P ∈ K2

g(P ), otherwise.

This is a homotopy from g to a map g̃ : [0, 1]→ Z = W ∪ϕB
k
that restricts to the piecewise

linear map h on K1.

Claim. The point 0 ∈ D1 does not lie in g̃
(
[0, 1]n \K1

)
.

Proof. The claim is proved in two steps:
(1) On [0, 1]n \K2 we have g̃ = g. By Property (ii) of ε we have g−1(D1) Ă K2. It follows

that the image of [0, 1]n \K2 lies outside of D1.
(2) Now let σ be a simplex of K2 that does not lie in K1. Note that K2 Ă g−1(D2).

It follows from Property (i) of ε that g(σ) is contained in some ball Bσ of radius
1
8
. Since g(σ) Ă Bσ and since Bσ is convex we also have h(σ) Ă Bσ. Again by the

convexity of Bσ we have g̃(σ) Ă Bσ. We know that Bσ is not contained in D1 since
σ contains points outside K1, hence outside g−1(D1). The radius of Bσ is half that
of D1, so it follows that 0 is not in Bσ, and hence 0 does not lie in g̃(σ). �

Since g̃
(
[0, 1]n \K1

)
is compact it follows from the claim that there exists in fact an

open neighborhood U of 0 that does not intersect the image of [0, 1]n \K1. Put di�erently,
we have g̃−1(U) Ă K1. It is now straightforward to verify that K = K1, g̃ and U have the
desired properties. �

Lemma 70.20. LetW be a topological space and let ϕ : Sk−1 → W be the attaching map
of a k-cell. Furthermore let h : B

n → Z := W ∪ϕ B
k
be a map with h(Sn−1) Ă W . If

n < k, then h is homotopic rel Sn−1 to a map h′ that misses Bk.

Proof. Let W be a topological space and let ϕ : Sk−1 → W be the attaching map of a
k-cell. Furthermore let h : B

n → Z := W ∪ϕ B
k
be a map with h(Sn−1) Ă W . We suppose

that n < k. We have to show that h is homotopic rel Sn−1 to a map h′ that misses Bk.
By the Convex-to-Ball Proposition 2.20 there exists a homeomorphism Φ: [0, 1]n → B

n
.

So after precomposing h with Φ we might as well assume that the domain of h is [0, 1]n,
i.e. that h is a map h : [0, 1]n → Z := W ∪ϕ B

k
with h(∂[0, 1]n) Ă W .

We pick a polyhedron K, a map h̃ : [0, 1]n → Z and an open non-empty subset U Ă Bn

with h̃−1(U) Ă K as in the statement of Lemma 70.19. Since n < k and since h̃|K : K → Bk

is piecewise linear we deduce that h̃(K) cannot contain the open subset U of Bn.845 We
pick a point P ∈ U \ h̃(K). By Statement (4) of Lemma 70.19 we know that P does not
lie in the image of h̃ : [0, 1]n → Z.

As we pointed out on page 434, there exists a deformation retraction from B
k \ {P}

to Sk−1. We can extend this deformation retraction via the identity map to a deformation

844Since ϕ|∂K2 ≡ 0 we see that F is indeed continuous.
845Indeed, since h̃|K : K → Bk is piecewise linear and since n < k we know that the image h̃(K) is set of
Lebesgue-measure zero in Bn whereas an open non-empty subset has positive Lebesgue-measure.
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retraction from Z = W ∪ϕ (B
k \ {P}) to W . If we compose h̃ with this deformation

retraction we obtain a homotopy, rel Sn−1, from h̃ to a map h′ that misses Bk. �
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[0, 1]n[0, 1]n

K
Bk

K

h′([0, 1]n)

h̃(K)

h′

Bk

h̃([0, 1]n)

h̃

h̃(K)
h̃−1(U) P

U

WW

Now we can �nally provide the proof of Proposition 70.17.
Proof of Proposition 70.17. Let V be a CW-complex and let W be some topological
space. Furthermore let ψ : Sn−1 → V n−1 be a map to the (n − 1)-skeleton of V and let
ϕ : Sk−1 → W be another map. Finally let

h : V ∪ψ B
n → W ∪ϕ B

k

be a map with h(ψ(Sn−1)) Ă W . We suppose that n < k.
We denote by θ the obvious map B

n → V ∪ψ B
n
, furthermore we write h = g ◦ θ. By

our hypothesis we have h(Sn−1) Ă W . By Lemma 70.20 there exists a homotopy G rel
Sn−1 from h to a map h′ : B

n → W that misses Bk. The desired homotopy is now given
by846847

F : (V ∪ψ B
n
)× [0, 1] → W ∪ϕ B

k

(P, t) 7→
{
G(Q, t), if P = θ(Q), for some Q ∈ Bk

,
g(P ), otherwise. �

Exercises for Chapter 70.

Exercise 70.1. Let X be a contractible CW-complex and let x0 ∈ X. Show that X admits
a deformation retraction to the point x0.
Hint. Use the Homotopy Extension Theorem 70.1.

Exercise 70.2. We consider the map

ϕ : S1 → S1

exp( it) 7→

 exp(3 it), if t ∈ [0, 2π
3

],
exp(−3it), if t ∈ [2π

3
, 4π

3
],

exp(3 it), if t ∈ [4π
3
, 2π].

846We view V ∪ψ B
n
as a CW-complex where V is a subcomplex and the image of B

n
is an n-cell.

Furthermore we equip V ∪ψ B
n
with the product CW-structure. It follows from the Intervall CW-Product

Lemma 68.8 and the CW-Complex Pasting Lemma 68.20, applied to the subcomplexes given by V × [0, 1]

and θ(B
n
)× [0, 1], that the map F is continuous.

847One might be tempted to use a di�erent approach to show that F is continuous: Namely one might
want to write (V ∪ψ B

n
)× [0, 1] = (V × [0, 1]) ∪ψ×id[0,1]

(B
n × [0, 1]) and then argue using the Topological

Pushout Proposition 5.33 (1b) that the given map is continuous. But this approach is problematic since it
is not clear that the two topologies on (V ∪ψ B

n
)× [0, 1] = (V × [0, 1]) ∪ψ×id[0,1]

(B
n × [0, 1]) agree.
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Put di�erently, ϕ wraps S1 �rst around S1 clockwise, then counter clockwise and then once
again clockwise. We write Y = S1 and we consider

X := Y ∪ϕ B2,

where we identify z ∈ ∂B2
= S1 with ϕ(z) ∈ S1 = Y .

(a) Show that X is homotopy equivalent to B
2
.

(b) Is X homeomorphic to B
2
?

Exercise 70.3. Let X be a CW-complex which admits a single 0-cell. Show that every
subcomplex Y of X is path-connected.

Exercise 70.4. Let X be a CW-complex. Use the Cellular Approximation Theorem 70.15
to give a direct proof that if X is path-connected, then its 1-skeleton X1 is also path-con-
nected.
Remark. We gave a roundabout proof of this statement in the CW-Complex Properties
Proposition 68.10 (7).





Part VIII

Singular Homology



71. Higher homotopy groups: a primer

After these rather technical chapters on CW-complexes we now return to our original goal,
namely trying to distinguish topological spaces. Using the fundamental group we had
established several non-trivial results, for example we proved that
(1) S1 and Sk with k ≥ 2 are not homeomorphic,
(2) R2 and Rn with n ≥ 3 are not homeomorphic,
(3) surfaces of di�erent genus are not homeomorphic,
(4) we showed that S1 is not a deformation retract of B

2
,

(5) the trefoil is not isotopic to the trivial knot.
On the other hand there are still many even rather elementary questions we cannot answer.
For example at the moment we cannot show that for k 6= l with k, l ≥ 2 the spheres Sk

and Sl are not homeomorphic and we cannot show that for k 6= l with k, l ≥ 3 the
topological spaces Rk and Rl are not homeomorphic. Also, the somewhat mysterious lens
spaces L(p, q) still evaded our attempts at distinguishing them for a given p.
The problem with fundamental groups is that we only probe a topological space X with
loops. The natural idea is now to go from using maps S1 → X to studying maps Sn → X
for n ≥ 2. As we will see, this idea leads us naturally to the de�nition of the �higher
homotopy groups� of a topological space.

71.1. De�nition of the higher homotopy groups.

Notation. Throughout this chapter we write I = [0, 1] for the unit interval. Given n ∈ N
we denote by In Ă Rn the cube in Rn and we denote, as usual, by ∂In its boundary as a
subset of Rn.
Now let X be a topological space and let x0 ∈ X. With the de�nitions from page 439 we
can write

π1(X, x0) = homotopy classes of maps (I, ∂I)→ (X, x0).

This de�nition can be easily generalized to higher dimensions:

De�nition. Given a pointed topological space (X, x0) and n ∈ N0 we de�ne

πn(X, x0) := homotopy classes of maps (In, ∂In)→ (X, x0).

For n ≥ 1 we refer to πn(X, x0) as the n-th homotopy group.
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X = S2 ∨ S1

x0

I2

∂I2

f : (I2, ∂I2)→ (X, x0)

Remark. This de�nition makes in particular sense for n = 0, we can thus consider
π0(X, x0). In Section 2.5 we had already de�ned π0(X) as the set of path-components
of X. In fact it is straightforward to see that the map

π0(X, x0) → π0(X)
[γ : I0 = {0} → X] 7→ path-component of X that contains γ(0)

is a bijection.
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Note that πn(X, x0) is a priori only a set. So to justify the name �homotopy group� we
need to de�ne a group structure on πn(X, x0) which for n = 1 agrees with our previous
de�nition of the group structure. Here is what we do:

De�nition. Let (X, x0) be a pointed topological space and let n ≥ 1. Furthermore let
f, g : (In, ∂In)→ (X, x0) be two maps. We de�ne

f ∗ g : (In, ∂In) → (X, x0)

(x1, . . . , xn) 7→

 f(2x1, . . . , 2xn), if (x1, . . . , xn) ∈ [0, 1
2
]n,

g(2x1 − 1, . . . , 2xn − 1), if (x1, . . . , xn) ∈ [1
2
, 1]n,

x0, otherwise.

This map is illustrated in the �gure below.848 Applying the Homotopy Stacking Lemma 14.3
several times one sees that this map is indeed continuous.
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g

f

=

f g

points which get mapped to x0

∗

It is straightforward to see that the homotopy class of f ∗ g only depends on the homotopy
classes of f and g. This leads us to the following de�nition:

De�nition. Let (X, x0) be a pointed topological space and let n ≥ 1. We de�ne

πn(X, x0)× πn(X, x0) → πn(X, x0)
([f ], [g]) 7→ [f ] · [g] := [f ∗ g].

Note that for n = 1 this is precisely the same de�nition of the product structure that we
had we already introduced in Chapter 47.2.
Now we can formulate the following proposition:

Proposition 71.1. Let (X, x0) be a pointed topological space and let n ≥ 1. The following
two statements hold:
(1) The map

πn(X, x0)× πn(X, x0) → πn(X, x0)
([f ], [g]) 7→ [f ] · [g] := [f ∗ g]

de�nes a group structure on πn(X, x0).
(2) Given a map f : (In, ∂In)→ (X, x0) the inverse of [f ] ∈ πn(X, x0) is represented by

the map f ◦Φ: (In, ∂In)→ (X, x0) where Φ: In → In is the homeomorphism given
by Φ(x1, x2, . . . , xn) = (1− x1, x2, . . . , xn).

As we will see, the proof of Proposition 71.1 is very similar to the proof of Proposition 47.6
and the proof of the Path-Homotopy Concatenation Proposition 47.5. To deal with the
technical di�erences between the case n = 1 and the general case we need a few more
de�nitions and one lemma.

848For mysterious reasons in all �gures of this chapter the origin (0, 0) is in the top left corner and the
point (1, 1) is the vertex at the bottom right.
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De�nition.
(1) A hyperrectangle is any subset of Rn of the form [c1, d1]× · · · × [cn, dn].
(2) We say a hyperrectangle [c1, d1]×· · ·× [cn, dn] is non-degenerate if for all i = 1, . . . , n

we have di > ci.
Let X be a topological space, let x0 ∈ X and let f : In → X be a map.
(3) We say a hyperrectangle A Ă In is boundary-trivial if f sends all points on the

boundary ∂A of A to x0.
(4) Let A = [a1, b1] × · · · × [an, bn] Ă In be a boundary-trivial hyperrectangle and

furthermore let C = [c1, d1]× · · · × [cn, dn] be a non-degenerate hyperrectangle that
is contained in A. We de�ne

f(A,C) : In → X

x = (x1, . . . , xn) 7→


f(x), if x 6∈ A,
x0, if x ∈ A \ C,
f
(
a1+(x1 - c1)b1−a1

d1−c1 , ..., an+(xn - cn)bn−andn−cn

)
if x ∈ C.

By applying the Homotopy Stacking Lemma 14.3 several times one can easily verify that
this map is continuous.
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f f(A,C)points which get mapped to x0

non-degenerate cuboid C Ă A

boundary-trivial cuboid A

up to rescaling the same map

Lemma 71.2. Let (X, x0) be a pointed topological space and let f : (In, ∂In) → (X, x0)
be a map. Furthermore let A Ă In be a boundary-trivial hyperrectangle and let C be a
non-degenerate hyperrectangle that is contained in A. Then the maps f and f(A,C) from
(In, ∂In) to (X, x0) are homotopic.

Proof. Let f : (In, ∂In) → (X, x0) be a map, let A = [a1, b1] × · · · × [an, bn] Ă In be a
boundary-trivial hyperrectangle and let C = [c1, d1] × · · · × [cn, dn] be a non-degenerate
hyperrectangle that is contained in A. For t ∈ [0, 1] we write

ot =
[
a1(1− t) + c1t, b1(1− t) + d1t

]
× · · · ×

[
an(1− t) + cnt, bn(1− t) + dnt

]
.

Note that C0 = A and C1 = C. It is now straightforward to see that the map

In × [0, 1] → X
(x, t) 7→ f(A,Ct)(x)

is a homotopy between f and f(A,C). �

Proof of Proposition 71.1. The neutral element of the product structure is given by the
equivalence class of the constant map

cx0 : In → X
x 7→ x0.
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Indeed, it follows immediately from Lemma 71.2, applied to A = [0, 1]n and C = [0, 1
2
]n,

that given any map f : (In, ∂In) → (X, x0) we have f ∗ cx0 ' f . Basically the same
argument shows also that cx0 ∗ f ' f .
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∗

f

'
Lemma 71.2

=

cx0

points which get mapped to x0

cx0

f

f

Now consider three maps f, g, h : (In, ∂In)→ (X, x0). By applying Lemma 71.2 several
times one can easily show that (f ∗g)∗h ' f ∗ (g ∗h), see e.g. the �gure below. This proves
that the multiplication on πn(X, x0) is associative.
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(f ∗ g) ∗ h =

f

'
Lemma 71.2
applied twice

= f ∗ (g ∗ h)

ff

Lemma 71.2
applied twice

'

hhg

g

h g

points get sent to x0

Now we turn to the most interesting question, namely �nding the inverse of a given
element in πn(X, x0). Thus suppose we are given a map f : (In, ∂In) → (X, x0). We
consider the map f : In → X

(x1, . . . , xn) 7→ f(1− x1, x2, . . . , xn).

We claim that [f ] · [f ] = [f ∗ f ] = [cx0 ]. Thus we need to show that f ∗ f is homotopic to
cx0 . It follows from Lemma 71.2 that f ∗ f is homotopic to the map

h : (In, ∂In) → (X, x0)

(x1, . . . , xn) 7→


f(2x1, x2, . . . , xn), if x1 ∈ [0, 1

2
],

f(2x1 − 1, x2, . . . , xn)︸ ︷︷ ︸
=f(2−2x1,x2,...,xn)

, if x1 ∈ [1
2
, 1].

Thus it su�ces to show that h is homotopic to cx0 . It is in fact straightforward to see that
the map849850

H : In × [0, 1] → X

(x1, . . . , xn, t) 7→


f(2(x1 − t

2
), x2, . . . , xn), if x1 ∈ [ t

2
, 1

2
],

f(2− 2(x1 + t
2
), x2, . . . , xn), if x1 ∈ (1

2
, 1− t

2
],

x0, otherwise

849This map is continuous by the Homotopy Stacking Lemma 14.3.
850Even for n = 1 this homotopy is di�erent from the homotopy used in the Path-Homotopy Concatenation
Proposition 47.5 (3). Why is that?
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is a homotopy from h to cx0 . We refer to the �gure below for an illustration of the argument.
Basically the same argument also shows that [f ] · [f ] = [f ∗f ] = [cx0 ]. We have thus veri�ed
both statements of the proposition. �
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Lemma 71.2

applied to each
of the two halves
left and right homotopy H

h

'

points which get mapped to x0

'

f

f

f ∗ f =

Example. There is one non-empty topological space for which we can immediately com-
pute the higher homotopy groups, namely the topological space consisting of a single point
P . In this case the only map In → {P} is the constant map, hence we see that πn({P}) = 0
for any n ≥ 1.

The higher homotopy groups πn(X, x0) seem even more complicated than the fundamental
group. Surprisingly at least their algebraic structure is much simpler.

Proposition 71.3. (Homotopy Group-Abelian Proposition) For any pointed topo-
logical space (X, x0) and any n ≥ 2 the homotopy group πn(X, x0) is abelian.

Remark. The higher homotopy groups were initially introduced by Eduard �ech in 1932
[�ec1932]. Since it was quickly noticed that they are abelian it was initially assumed that
higher homotopy groups are of little interest. This perception changed soon afterwards.

Proof. Suppose we are given two maps f, g : (In, ∂In) → (X, x0). We have to show that
f ∗ g is homotopic to g ∗ f . The homotopy is described in the �gure below for n = 2. It is
straightforward to write down an explicit homotopy between f ∗ g and g ∗ f by composing
four instances of the homotopy provided by Lemma 71.2. We leave the details to the reader.
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g

f

' = g ∗ f''f ∗ g =

f

g

points that get mapped to x0

all homotopies are provided by Lemma 71.2

'

71.2. Alternative descriptions of homotopy groups. In this short section we present
several alternative points of views regarding elements in homotopy groups. In the following
let n ∈ N.
(1) We denote by Φ: (In, ∂In)→ (B

n
, Sn−1) the homeomorphism from page 158.
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(2) We write ∗ = (0, . . . , 0, 1) ∈ Sn. We denote by Ψ: (B
n
/Sn−1, [Sn−1]) → (Sn, ∗) the

homeomorphism from the Ball-Quotient Sphere Lemma 5.20.
Now let X be a topological space and let x0 ∈ X. The above homeomorphisms Φ and Ψ,
together with Lemma 5.18, de�ne bijections

(homotopy classes) of maps (In, ∂n)→ (X, x0)

⇐⇒ (homotopy classes) of maps (B
n
, Sn−1)→ (X, x0)

⇐⇒ (homotopy classes) of maps (B
n
/Sn−1, [Sn−1])→ (X, x0)

⇐⇒ (homotopy classes) of maps (Sn, ∗)→ (X, x0).

The four equivalences combined say that we can view elements in πn(X, x0) as homotopy
classes of maps (Sn, ∗) → (X, x0). This point of view is perhaps closest to our visual
approach to thinking about topological spaces. But as we have seen above, for technical
purposes it is often much easier to work with the maps (In, ∂In)→ (X, x0).

Remark. It is visually most natural to work with the last point of view, namely to think
of elements in πn(X, x0) as homotopy classes of maps (Sn, ∗) → (X, x0). Unfortunately
with this de�nition it is a little less clear how the group structure on πn(X, x0) is de�ned.
To visualize the group structure we need to work a little:
(1) First note that the homeomorphism Φ: (In, ∂In)→ (B

n
, Sn−1) descends to a homeo-

morphism Φ: I/∂In → B
n
/Sn−1.

(2) We consider the homeomorphism Θ := Φ
−1◦Ψ−1 : Sn → In/∂In. Note that it identi�es

the North Pole (0, . . . , 0, 1) with the point [∂In].
(3) We write K := {(x1, . . . , xn) ∈ In |x1 = 1

2
}.

In the �gure below we show K and its journey through the maps Φ and Ψ.
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�
�
�
� x2

x1

Ψ

B
n

Φ

∂[0, 1]n

K

[0, 1]n x3Sn−1

(4) We denote by Sn1 ∨ Sn2 the wedge of two copies of Sn along the point ∗ ∈ Sn.
(5) We refer to the map851

Sn
Θ−→ In/∂In → In/(∂In ∪K) → Sn1 ∨ Sn2

[x1, . . . , xn] 7→
{

Θ−1([2x1, x2, . . . , xn]) ∈ Sn1 , if x1 ∈ [0, 1
2
),

Θ−1([2x1 − 1, x2, . . . , xn]), if x1 ∈ [1
2
, 1]

as the pinching map.
(6) It follows basically immediately from the de�nitions that the group structure on

πn(X, x0) is given as follows:

πn(X, x0)× πn(X, x0) → πn(X, x0)

([f1 : Sn → X], [f2 : Sn → X]) 7→
[
Sn → Sn1 ∨ Sn2

f1∨f2−−−→ X
]
.

851It follows easily from the Pasting Proposition 2.6 (2′) that this map is continuous.
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In the �gure below we sketch the pinching map and we sketch the corresponding de�nition
of the group structure on πn(X, x0).852
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pinching map collapses

vertical equator to a point

gf

g

f ∗ g

(X, x0)(X, x0)

f

We conclude this section with the following lemma that can be viewed as a generalization
of the Extension-to-Disk Lemma 47.1.
Lemma 71.4. (Trivial-in-πn-Lemma) Let X be a topological space, let x0 ∈ X and let
n ≥ 1. Furthermore let f : (Sn, ∗)→ (X, x0) be a map. Then the following statements are
equivalent:
(1) the map f : Sn → X is homotopic to a constant map,
(2) there exists a map F : B

n+1 → X so that F |Sn = f ,
(3) f represents the trivial element in πn(X, x0).

Proof. The equivalence of (2) and (3) is proved in a similar way as the Extension-to-Disk
Lemma 47.1. We leave it to the reader to make the fairly straightforward modi�cations.

We turn to the proof that (3) implies (2). This is basically obvious. Indeed, the fact
that f represents the trivial element in πn(X, x0) means that there exists a homotopy of
maps of pairs (Sn, ∗)→ (X, x0) from f to the constant map. But this means in particular
that f is homotopic to the constant map cx0 .

Finally suppose that (1) holds. This means that we assume that there exists a homotopy
H : Sn×[0, 1]→ X withH0 = f andH1 = cx0 . This time we do not assume thatH(∗, t) = ∗
for all ∈ [0, 1]. We consider the map

F : B
n+1 → X

P 7→
{
H(Q, 2− 2t), if P = Q · t with Q ∈ Sn and t ∈ [1, 1

2
],

x0, otherwise.

It follows from the Pasting Proposition 2.6 (2) that this map is indeed continuous. By
construction we have F |Sn = f . Thus we see that (2) is satis�ed. This concludes the proof
that all three statements are equivalent. �
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1
2
S1F

852The meticulous reader will notice that it is perhaps not completely clear how the maps f and g are
de�ned on the two smaller spheres.
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71.3. Properties and basic calculations of higher homotopy groups. Now we want
to understand some of the basic properties of higher homotopy groups. Perhaps not surpris-
ingly, many of the basic statements about the fundamental group can be easily generalized
to the setup of higher homotopy groups.
For example the following proposition can be viewed as a generalization of the Change-of-
Base Point Proposition 47.10.

Proposition 71.5. (Change-of-Base Point Proposition) LetX be a topological space,
let x0 and x1 be two points in X and let γ : [0, 1]→ X be a path from x0 to x1. Given a
map f : (In, ∂In)→ (X, x1) we consider the map853854

fγ : (In, ∂In) → (X, x0)

(t1, . . . , tn) 7→

{
f
(
2t1 − 1

2
, . . . , 2tn − 1

2

)
, if (t1, . . . , tn) ∈

[
1
4
, 3

4

]n
,

γ(t), if (t1, . . . , tn) ∈ ∂
([

t
4
, 4−t

4

]n) for t ∈ [0, 1].

The de�nition of fγ is illustrated in the �gure below. The map

γ∗ : πn(X, x1) → πn(X, x0)
[f ] 7→ [fγ]

is well-de�ned and it is a group isomorphism.
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to x1

goes to x0goes to x1

path from
and γ is a path γ on the segments

that connect the outer cube
to the inner cube

fγ : (In, ∂In)→ (X, x0)

x0

f : (In, ∂In)→ (X, x1)

=⇒

f

goes to x1

Remark. If X is a path-connected topological space and if we are only interested in the
isomorphism type of the n-th homotopy group of X, then sometimes we use this proposition
as an excuse to just write πn(X), i.e. we suppress the base point from the notation.

Proof. Let X be a topological space, let x0 and x1 be two points in X and let γ : [0, 1]→ X
be a path from x0 to x1. We need to prove the following claim.
Claim.
(1) The map Φ: πn(X, x1)→ πn(X, x0) given by [f ] 7→ [fγ] is well-de�ned,
(2) the map Φ is a bijection, and
(3) the map Φ is a group homomorphism.

Proof.
(1) This statement can be veri�ed easily by hand.
(2) As usual we denote by γ the path given by γ(t) = γ(1− t). It is straightforward to

verify that the map Ψ: πn(X, x0)→ πn(X, x1) given by [g] 7→ [fγ] is an inverse to Φ.

853If we view elements in π1(X,xi) as represented by maps (S1, ∗)→ (X,xi), what does the corresponding
map π1(X,x1)→ π1(X,x0) look like?
854Using Pasting Proposition 2.6 (2) one can easily verify that the map is continuous.
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(3) Now let f, g : (In, ∂In)→ (X, x0) be maps. We need to show that fγ∗gγ is homotopic
to (f ∗ g)γ. (These two maps are illustrated in the �gure below.) It should be clear
that verifying this statement is elementary, in the sense that one can write down an
explicit homotopy. On the other hand it should also be clear that writing down an
explicit homotopy is supremely painful and highly non-instructive. Thus we will skip
this step and leave it to the eager reader to �ll in the details. �
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path γ on the
segments

gg

fγ ∗ gγ (f ∗ g)γ

ff

Next we will see that higher homotopy groups are functorial.
De�nition. Let f : X → Y be a map between two topological spaces, let n ∈ N and let
x0 ∈ X. We write y0 = f(x0). The map

f∗ : πn(X, x0) → πn(Y, y0)

[σ : (In, ∂In)→ (X, x0)] 7→ [f ◦ σ : (In, ∂In)
σ−→ (X, x0)

f−→ (Y, y0)]

is well-de�ned map and it is a group homomorphism for every n ≥ 1.855 As usual we say
that f∗ is the map induced by f .
The following proposition is a straightforward generalization of Proposition 47.15.
Proposition 71.6. Let n ≥ 1. Recall that we denote by PTop the category of pointed
topological spaces and that we denote by Group be the category of groups. Then

Ob(PTop) → Ob(Group)
(X, x0) 7→ πn(X, x0)

together with the maps
Mor(PTop) → Mor(Group)

(f : (X, x0)→ (Y, y0)) 7→ (f∗ : πn(X, x0)→ πn(Y, y0))

is a covariant functor.
Proof. It follows immediately from the de�nitions that

id∗ = id for all pointed pairs (X, x0),
and that

(g ◦ f)∗ = g∗ ◦ f∗ for all maps f : (X, x0)→ (Y, y0) and g : (Y, y0)→ (Z, z0).

But this is exactly what we need to show. �

We continue with the following fairly elementary but useful proposition, which generalizes
the Homotopy-π1-Proposition 50.3.

855Both statements follow basically immediately from the de�nitions.
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Proposition 71.7. (Homotopy-πn-Proposition) Let n ≥ 1.
(1) Let f, g : X → Y be two maps between topological spaces and let x0 ∈ X. If f and

g are homotopic, then

f∗ : πn(X, x0)→ πn(Y, f(x0))
is an isomorphism ⇐⇒ f∗ : πn(X, x0)→ πn(Y, g(x0))

is an isomorphism.

The analogous statement holds if we replace �isomorphism� by �epimorphism� or
�monomorphism�.

(2) Let f : X → Y be a map between topological spaces and let x0 ∈ X be a point. If
f is a homotopy equivalence, then

f∗ : πn(X, x0) → πn(Y, f(x0))

is an isomorphism.
(3) If X is a contractible topological space, then the following two statements hold:

(a) for any base point x0 ∈ X we have πn(X, x0) = 0,
(b) any map f : Sn → X can be extended to a map B

n+1 → X.
(4) Let (X, x0) be a pointed topological space. If we denote by Y the component of X

that contains x0 and if we denote by i : Y → X the inclusion map, then the map

i∗ : πn(Y, x0) → πn(X, x0)

is an isomorphism.

Proof.

(1) This statement is proved basically the same way as the Homotopy-π1-Proposition 50.3
(1). We leave it to the reader to make the necessary changes to the argument.

(2) As in the case of the Homotopy-π1-Proposition 50.3 one can easily deduce Statement
(2) from Statement (1).

(3) Let X be a contractible topological space.
(a) By de�nition of �contractible� the topological spaceX is homotopy equivalent to a

topological space consisting of a single point {∗}. Evidently πn({∗}, ∗) = 0, which
by (2) implies that πn(X, x0) = 0 for some base point x0. In the π0-Homotopy
Equivalence Lemma 15.3 we saw that a contractible topological space is path-
connected. Thus it follows from the Change-of-Base Point Proposition 71.5 that
πn(X, x0) = 0 for any base point x0.

(b) This statement is proved basically the same way as the Extension-to-Disk Lem-
ma 47.1. For completeness' sake we carry out the argument. So let f : Sn → X
be a map. We pick a base point ∗ for Sn and we set x0 := f(∗). By (a) we know
that πn(X, x0) = 0. We take the point of view from page 1565. Thus we can view
[f ] as an element in πn(X, x0) = 0. By de�nition [f ] = 0 means that there exists
a homotopy F : Sn × [0, 1] → X such that F (p, 0) = f(p) for all p ∈ Sn, that
F (p, 1) = x0 for all p ∈ Sn and that F (∗, t) = x0 for all t ∈ [0, 1]. We consider
the map

B
n+1 → X
r · v 7→ F (v, (1− r))
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where we write a point in B
n+1

as r · v with r ∈ [0, 1] and v ∈ Sn. It follows from
Lemma 5.19 (2) that this map is indeed continuous. Clearly this is the desired
extension.

(c) This statement is an easy consequence of Lemma 2.35 and the fact that In is
path-connected. �

Example. The topological space Rn is homotopy equivalent to a point P . Thus it follows
from the Homotopy-πn-Proposition 71.7 (2) and the discussion on page 1564 that πk(Rn) ∼=
πk(P ) ∼= 0. Exactly the same way, using the discussion on page 432, one can show that
all the higher homotopy groups of convex subsets of Rn vanish, e.g. we have πk

(
B
n)

=
πk(B

n) = 0.

The following proposition is the high-dimensional analogue of the Fundamental Group-of-
Product Proposition 48.20.

Proposition 71.8. (Homotopy Groups-of-Product Proposition) Let A and B be
two topological spaces and let a0 ∈ A and b0 ∈ B. We consider the inclusion maps

i : A → A×B
a 7→ (a, b0)

and
j : B → A×B

b 7→ (a0, b)

and we consider the projection s

p : A×B → A
(a, b) 7→ a

and
q : A×B → B

(a, b) 7→ b.

(1) The maps
Φ: πn(A, a0)× πn(B, b0) → πn(A×B, (a0, b0))

(x, y) 7→ i∗(x) · j∗(y)

and Ψ: πn(A×B, (a0, b0)) → πn(A, a0)× πn(B, b0)
z 7→ (p∗(z), q∗(z))

are both homomorphisms856 and they are inverses of one another, in particular both
are isomorphisms.

(2) The map Φ agrees with the map

Θ: πn(A, a0)× πn(B, b0) → πn(A×B, (a0, b0))

([f : (Sn, ∗)→ (A, a0)], [g : (Sn, ∗)→ (B, b0)]) 7→
[

(Sn, ∗) → (A×B, (a0, b0))
z 7→ (f(z), g(z))

]
.

In particular we obtain from (1) that Θ is a homomorphism.

Proof. The proof of this proposition is almost verbatim the same as the proof of the
Fundamental Group-of-Product Proposition 48.20. We leave it to the reader to make the
minute modi�cations. �

We continue with the following very general and actually very convenient proposition re-
garding homotopy groups of CW-complexes. The proposition greatly generalizes the CW-
Skeleton-π1-Proposition 69.13 (1).

856In fact in this case it follows immediately from the Homotopy Group-Abelian Proposition 71.3 and
Lemma 48.19 that Φ is a homomorphism.
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Proposition 71.9. (CW-Skeleton-πn-Proposition)
(1) Let X be a CW-complex and let k ∈ N0. As usual we denote by Xk the k-skeleton

of X. Let x0 ∈ Xk. The following two statements hold:
(a) For j = 1, . . . , k − 1 the inclusion induced map πj(X

k, x0) → πj(X, x0) is an
isomorphism.

(b) The inclusion induced map πk(Xk, x0)→ πk(X, x0) is an epimorphism.
(2) Let X be a CW-complex with a single 0-cell x0 and let n ∈ N. If X has no cells in

dimensions 1, . . . , n, then πn(X, x0) = 0 for k = 1, . . . , n.
Note that the above proposition is a generalization of Corollary 69.14.

Proof.

(1) LetX be a CW-complex and let x0 ∈ Xk. We denote by i : Xk → X the inclusion. We
take the point of view from page 1565, i.e. we view elements of πj(X, x0) as homotopy
classes of maps (Sj, ∗)→ (X, x0). As on page 1472 we consider the j-sphere Sj as a
CW-complex with one 0-cell ∗ and one j-cell.
(a) First we show that for j = 1, . . . , k the map i∗ : πj(X

k, x0) → πj(X, x0) is an
epimorphism.
Let [g] ∈ πj(X, x0) be some element. In other words, we are given a map
g : (Sj, ∗) → (X, x0) be a map. By the Cellular Approximation Theorem 70.15,
applied to g : Sj → X and the subcomplex {∗} Ă Sj, there exists a homotopy F
rel {∗} from the map g to a cellular map g̃. Since F is a homotopy rel {∗} we see
that F also de�nes a homotopy of maps (Sj, ∗)→ (X, x0) of pairs of topological
spaces. Thus we see that [g] = [g̃] ∈ πj(X, x0).
Since g̃ is cellular we know that g̃(Sj) lies in the j-skeleton of X. Since j ≤ k
we see in particular that g̃(Sj) is contained in Xk. In other words, g̃ is a map
(Sk, ∗) → (Xk, x0). This shows that [g] = [g̃] = [i ◦ g̃] = i∗([g̃]) lies in the image
of πj(Xk, x0).

(b) Now we show that for j = 1, . . . , k − 1 the map i∗ : πj(X
k, x0) → πj(X, x0)

is a monomorphism. So suppose that we are given [f0], [f1] ∈ πj(X
k, x0) with

i∗([f0]) = i∗([f1]). By the Cellular Approximation Theorem 70.15 we can assume
that the maps f0, f1 : (Sj, ∗) → (Xk, x0) are cellular. The fact that i∗([f0]) =
i∗([f1]) means that there exists a homotopy H : Sj× [0, 1]→ X with H0 = f0 and
H1 = f1. This time we apply the Cellular Approximation Theorem 70.15 to the
map H : Sj×[0, 1]→ X and the subcomplex (Sj×{0})∪(Sj×{1}) and we obtain
a cellular map H̃ : Sj × [0, 1] → X such that H̃0 = H0 = f0 and H̃1 = H1 = f1.
Since H̃ is cellular it takes values in the (j+ 1)-skeleton of X × [0, 1]. Since j < k

we see in particular that H̃ takes values in Xk × [0, 1]. But this means that we
can use H̃ to show that [f0] = [f1] ∈ πj(Xk, x0).

(2) Let n ∈ N. Let X be a CW-complex with a single 0-cell x0 and which has no cells
in dimensions 1, . . . , n. Let k ∈ {1, . . . , n}. By hypothesis the k-skeleton of X equals
{x0}. By (1a) we know that the map πk({x0}, x0) → πk(X, x0) is an epimorphism.
But the former group is evidently trivial, hence πk(X, x0) is trivial as well. �
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In the Sphere-π1-Proposition 47.13 we saw that π1(Sn) = 0 for n ≥ 2. Now we can prove
the analogous statement for higher homotopy groups. Now we obtain, basically for free,
the following much more general proposition.

Proposition 71.10. Let n ∈ N. For any k ∈ {1, . . . , n− 1} we have
πk(S

n) = 0.

Proof.

(1) Again, as on page 1472 we consider the n-sphere Sn as a CW-complex with one
0-cell and one n-cell. With this CW-structure it follows immediately from the CW-
Skeleton-πn-Proposition 71.9 that πk(Sn) = 0 for k = 1, . . . , n− 1.

(2) An alternative approach to proving Proposition 71.10 is given by the point of view
taken on page 1059 where we used the Whitney Approximation Theorem 29.1, the
Replace-by-Smooth Homotopy Proposition 29.5 and Proposition 30.3 to show that
for an n ≥ 2 we have π1(Sn) = 0. �

The following proposition is also a straightforward generalization from the setting of fun-
damental groups to the setting of higher homotopy groups. The proof is almost verbatim
the same as the proof of Proposition 69.3 and of the Direct Limit-π1-Proposition 56.7.

Proposition 71.11. (Direct Limit-πn-Proposition) Let X be a topological space and
let X1 Ă X2 Ă X3 Ă . . . be a sequence of subsets such that X =

⋃
i∈N
Xi and such that of

one the following three conditions holds:
(1) every compact subset of X is already contained in one of the Xi, or
(2) each Xi is open in X, or
(3) X is a CW-complex and each Xi is a subcomplex.

Then for any w ∈ X1 and any n ∈ N the inclusion induced maps πn(Xi, w) → πn(X,w)
induce an isomorphism

πn(X,w) = lim−→πn(Xi, w).

In Lemma 68.4 we already saw that S∞ is contractible, thus we know by that all homotopy
groups are trivial. But it is also illuminating to apply the Direct Limit-πn-Proposition 71.11
to obtain this result.
Corollary 71.12. For every n ∈ N we have πn(S∞) = 0.

Proof. We equip S∞ and all spheres Sk, k ∈ N with the CW-complex structure that we
de�ned on page 1479. We have

by the Direct Limit-πn-Proposition 71.11 by Proposition 71.10 we
and by de�nition of the topology of S∞ have πn(Sk) = 0 for k > n

↓ ↓
πn(S∞) = πn

( ⋃
kßN
Sk
)

= lim−→πn(Sk) = 0. �

71.4. Covering spaces and higher homotopy groups. One of the main tools in study-
ing fundamental groups was to study the relationship between the fundamental group of
a topological space and coverings of the given topological space. Perhaps somewhat sur-
prisingly, for n ≥ 2 we have a completely di�erent relationship between the n-th homotopy
group and coverings.
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Proposition 71.13. (Coverings-πn-Proposition) Let p : (X, x0)→ (B, b0) be a cover-
ing of pointed topological spaces. Let n ≥ 2. Then the following two statements hold:
(1) The map p∗ : πn(X, x0)→ πn(B, b0) is an isomorphism.
(2) The map857

πn(B, b0) → πn(X, x0)
[f : (Sn, ∗)→ (B, b0)] 7→ [unique lift of f to a map (Sn, ∗)→ (X, x0)]

is well-de�ned and it is the inverse to p∗.
Before we provide the proof of the Coverings-πn-Proposition 71.13 let us �rst state an
immediate, and very useful, corollary to the Coverings-πn-Proposition 71.13 and let us give
a few examples.

Corollary 71.14. Let X be a topological space that is path-connected, locally path-
connected and semi-locally simply connected. Given any n ≥ 2 the universal covering
p : X̃ → X induces an isomorphism858

p∗ : πn(universal covering X̃ of X)
∼=−→ πn(X).

Now we present some examples for Corollary 71.14. We will consider a few more examples
after the proof of the Coverings-πn-Proposition 71.13.

Examples.

(1) Let k ∈ N and n ≥ 2. We have

πn((S1)k) = πn(Rk/Zk)
∼=←−− πn(Rk) = 0.
↑ ↑

Coverings-πn-Proposition 71.13 page 1570

In particular we see that all of the higher homotopy groups of S1 and the torus
S1 × S1 vanish.

(2) We consider X = S1∨S2. On page 1373 we had determined its universal covering X̃.
For convenience we picture it again in the �gure below. It follows from the Coverings-
πn-Proposition 71.13 that π2(S1 ∨ S2) is isomorphic to π2(X̃). At the moment we
cannot determine π2(X̃), but since X̃ has �in�nitely many spheres� one might expect
π2(X̃) to be pretty big.

������������������������ ������ X = S1 ∨ S2
p

X̃

(3) One of our goals is still to complete the classi�cation of lens spaces, in particular we
would like to answer Question 48.7. So let L(p, q) and L(p, r) be two lens spaces.

857Here we take the point of view from page 1565 where we saw that we view the elements of πn(B, b0) as
homotopy classes of maps (Sn, ∗)→ (B, b0).
858In Corollary 61.11 we showed that every topological space X that is path-connected, locally path-con-
nected and semi-locally simply connected admits a universal covering p : X̃ → X, i.e. a covering such that
X̃ is simply connected.
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Then for any n ≥ 2 we have

πn(L(p, q))
∼=←− πn(S3)

∼=−→ πn(L(p, r)).
↑ ↑

Coverings-πn-Proposition 71.13

We do not know the higher homotopy groups of S3, but this argument shows that
higher homotopy groups are useless for distinguishing lens spaces.

Proof of the Coverings-πn-Proposition 71.13. Let p : (X, x0)→ (B, b0) be a covering
of pointed topological spaces and furthermore let n ≥ 2. Our goal is to construct an inverse
to the map p∗ : πn(X, x0)→ πn(B, b0).

We saw on page 1565 that we can think of elements in πn(B, b0) as homotopy classes
of maps (Sn, ∗)→ (B, b0). Thus let f : (Sn, ∗)→ (B, b0) be given. We are in the following
setting859

(X, x0)

p
��

(Sn, ∗)
f
// (B, b0).

by the Map Lifting Criterion 61.2

since π1(Sn) = 0
//

(X, x0)

p
��

(Sn, ∗)
f
//

exists
unique f̃ 77

(B, b0).

Furthermore it follows again from the Map Lifting Criterion 61.2, applied to Z = Sn×[0, 1],
that the lifts of two homotopic maps (Sn, ∗)→ (B, b0) are two homotopic maps (Sn, ∗)→
(X, x0).860 Summarizing we just constructed a map

λ : πn(B, b0) → πn(X, x0)

[f ] 7→ [f̃ ].

Now we have to show that λ is an inverse to p∗. First of all, given any [f ] ∈ πn(B, b0) we
have

(p∗ ◦ λ)([f ]) = p∗
([
f̃
])

=
[
p ◦ f̃

]
= [f ].

Now let [g] ∈ πn(X, x0). We then have

(λ ◦ p∗)([g]) = λ([p ◦ g]) = [g].
↑

since g is the unique lift of p ◦ g to x0. �

Now we give a few more applications of the Coverings-πn-Proposition 71.13.

Examples.
(1) Let Σ be a surface of genus ≥ 2. In Theorem 66.9 we have seen that there exists

a covering p : D → Σ where D = B1(0) Ă C. Since D is convex it follows from

859In the Map Lifting Criterion 61.2 we need that the sphere Sn is of path-connected and locally path-con-
nected, but there are no hypotheses on B or X.
860Here there is a little hidden subtlety: if F : Sn × [0, 1] → B is a homotopy between two maps
f, g : (Sn, ∗) → (B, b0), then we can lift f, g to maps f̃ , g̃ : (Sn, ∗) → (X,x0). Furthermore we can ap-
ply the Map Lifting Criterion 61.2 to lift F to a map F̃ : Sn × [0, 1] → X such that F̃ (∗, 0) = x0.
We still need to show that F̃ (∗, t) = x0 for all t ∈ [0, 1]. We know that for every t ∈ [0, 1] we have
F̃ (∗, t) ∈ p−1(b0). By Lemma 48.3 the preimage p−1(b0) is discrete. Since [0, 1] is connected it follows that
the map p : [0, 1] → p−1(b0) is constant by the Connected-to-Discrete Lemma 2.27. But since it takes the
value x0 for t = 0 it takes the value x0 for all t ∈ [0, 1].
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the Coverings-πn-Proposition 71.13 and the discussion on page 1570 that πn(Σ) ∼=
πn(D) = 0 for all n ≥ 2.

Together with the example on page 1573 we have now shown that the higher
homotopy groups of every surface of genus ≥ 1 vanish.

(2) Let Σ be a surface of genus ≥ 1 and let f : Σ → Σ be a self-homeomorphism. We
denote by Tor(Σ, f) the mapping torus that we introduced on page 467. For n ≥ 2
we have

πn(Tor(Σ, f)) ∼= πn(Σ× R) ∼= πn(Σ) = 0.
↑ ↑ ↑

by the Mapping Torus Covering Lemma 16.29Homotopy-πn-Proposition 71.7 previous example
and the Coverings-πn-Proposition 71.13

Lemma 71.15. Let X be a 1-dimensional CW-complex and let x0 ∈ X be base point.
Then πn(X, x0) = 0 for every n ≥ 2.

Sketch of proof. Let X be a 1-dimensional CW-complex, let x0 ∈ X and let n ≥ 2. We
�rst assume that X is �nite and connected. We write k = 1− χ(X). We have

by the Coverings-πn-Proposition 71.13 by the Direct Limit-πn-Proposition 71.11 and the �gure below
↓ ↓

πn(X) ∼= πn

(
k∨
i=1

S1
)
∼= πn

(
universal covering of

k∨
i=1

S1
)
∼= lim−→ πn(trees Ti) = lim−→0 = 0.

↑ ↑
Quotient-by-Tree Proposition 69.8 (2) and by Proposition 50.14 and
Homotopy-πn-Proposition 71.7 Homotopy-πn-Proposition 71.7
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S1 ∨ S1

p

universal covering of S1 ∨ S1

union of an ascending sequence of trees {Ti}i∈N

Now suppose that X is an arbitrary 1-dimensional CW-complex. Let [f ] ∈ πn(X, x0). It
follows from the CW-Complex-Finiteness Theorem 68.14 that the image of f lies in a �nite
connected subcomplex Y of X. But by the above discussion [f ] = 0 ∈ πn(Y, x0), hence, by
functoriality of πn, we also have [f ] = 0 ∈ πn(X, x0). �

The discussion of π2(S1 ∨ S2) on page 1573 strongly suggests that even simple topologi-
cal spaces can have surprisingly large higher homotopy groups. This raises the following
anxious question, which after these examples is no longer totally absurd.

Question 71.16. Are the homotopy groups of a countable CW-complex countable?

Remark. On page 1537 we saw that at least the fundamental of a countable CW-complex
is countable.

We will answer this question in Proposition 104.21.
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71.5. Are there any higher homotopy groups that are non-trivial? We have now
computed lots of higher homotopy groups, but so far the results have been rather dull, all
the groups we have computed so far are trivial.
So are there are any higher homotopy groups that are non-trivial? A natural candidate for
a non-trivial group is surely πn(Sn). The following question naturally arises:

Question 71.17. Let n ≥ 2. Does the identity map id : Sn → Sn de�ne a non-trivial
element in the homotopy group πn(Sn, ∗)?
We will answer Question 71.17 in Lemma 85.2 and Corollary 85.6. For readers familiar with
the degree of a smooth map between smooth manifolds, that we introduced on page 898,
we will alternatively answer Question 71.17 in Exercise 71.6. In a similar vein we will use
smooth methods to answer the question in Corollary 157.12.
We can also ask, what are the higher homotopy groups of spheres, i.e. what can we say
about πk(Sn) for k > n? On page 1573 we saw that all these groups are trivial for n = 1.
But what happens for n > 1? Can the higher homotopy groups of spheres be non-trivial?
To construct our �rst example of a potentially interesting map from a higher-dimensional to
a lower-dimensional sphere we recall that on page 258 we gave an identi�cation CP1 = S2.
We consider the following map which is usually referred to as the Hopf861 map:

H : S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1} → S2 = CP1

(z1, z2) 7→ [z1 : z2].

The homotopy class of H de�nes an element in π3(S2).

Question 71.18. Does the Hopf map H : S3 → S2 represent a non-trivial element in the
homotopy group π3(S2)?

Remark. The de�nition of the Hopf map is very elegant, but unfortunately we pay for
the elegance by loosing any intuition for what the map looks like. So how are supposed
to think about the Hopf map? A straightforward calculation shows that for each P ∈ S2

the preimage H−1(P ) is a circle. Furthermore, if we use the explicit homeomorphism from
Lemma 2.18 to make the identi�cation of S3 with R3∪{∞} then we can make the following
observations:
(1) the circle S1×{0} corresponds to the points (z, 0) ∈ S3, in particular the circle gets

sent to the point [1 : 0] ∈ CP1,
(2) the circle that is given by the z-axis together with ∞ corresponds to the points

(0, z) ∈ S3, in particular the circle gets sent to the point [0 : 1] ∈ CP1.
Next recall that Lemma 59.1 we gave an explicit identi�cation862(

S1 ×B2) ∪S1×S1

(
B

2 × S1
) ∼=−→ S3.

It follows from the de�nition of this identi�cation that on the torus S1 × S1 the �diagonal
circle� {(z, z) | z ∈ S1} is the preimage of the point [1 : 1] ∈ CP1. In the �gure below we
show the preimages of H for some points in CP2 = S2.

861Heinz Hopf (1894-1971) was a German mathematician.
862Note that in Lemma 59.2 we saw that the corresponding smooth embedding S1 ×B2 → S3 is essential
given by the standard smooth embedding.
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the solid torus B
2 × S1

the circle S1 × {0}

the circle {0} × S1

We introduce one more construction of maps that represent potentially non-trivial elements
in homotopy groups of spheres.
De�nition.
(1) Let X be a topological space. Recall that on page 451 we de�ned the suspension of

X to be the topological space

Σ(X) := (X × [−1, 1])/∼
where we identify all points in X ×{−1} to a single point and we identify all points
in X × {1} to a single point. We refer to the point [X × {1}] as the North Pole of
Σ(X).

(2) Given a map f : X → Y between topological spaces we denote by

Σ(f) : Σ(X) → Σ(Y )
[(x, t)] 7→ [(f(x), t)]

the suspension of f .
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����������������������������� North Pole

suspension Σ(X)

X×[−1, 1]
X

Remark. Let n ∈ N0. Recall that on page 452 we wrote down an explicit homeomorphism
Σ(Sn)→ Sn+1 that sends the North Pole of Σ(Sn) to the North Pole (0, . . . , 0, 1) of Sn+1.
We will use this homeomorphism to identify Σ(Sn) with Sn+1.

Now we have the following elementary lemma.

Lemma 71.19. (Suspension Homomorphism Lemma) Let k ∈ N0.
(1) Let (X, x0) be a pointed topological space. We denote by ∗ the North Pole of Σ(X).

The map
πk(X, x0) → πk+1(Σ(X), ∗)

[f : Sk → X] 7→
[
Σ(f) : Σ(Sk) = Sk+1 → Σ(X)

]
is a well-de�ned group homomorphism. We refer to it as the suspension homomor-
phism.

(2) Let n ∈ N0. We denote by ∗ the North Pole of Sn and Sn+1. The map

πk(S
n, ∗) → πk+1(Sn+1, ∗)

[f : Sk → Sn] 7→
[
Σ(f) : Σ(Sk) = Sk+1 → Σ(Sn) = Sn+1

]
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is a well-de�ned group homomorphism. We refer to it also as the suspension homo-
morphism.

Proof.

(1) It follows from the Suspension Functor Lemma 16.9 (4) that this map is well-
de�ned.863 We leave it the task of verifying that the map is in fact a group ho-
momorphism as a somewhat challenging exercise to the reader. Alternatively we
refer to [Hilt1953, Theorem 2.1] for a proof.

(2) This statement follows immediately from (1). �

We conclude this chapter with the following question:

Question 71.20. Let H : S3 → S2 be the Hopf map. Is the image of [H] ∈ π3(S2) under
the iterated suspension homomorphisms π3(S2, x0)→ π3+k(S

2+k, x1) non-trivial?
Unfortunately at the moment we do not have the tools to answer any of the above questions.
In general it is very hard to compute higher homotopy groups as there are few computational
techniques that can be used to show that higher homotopy groups are non-zero. One of
the key problems is that there is no analogue to the Seifert�van Kampen Theorem 54.1.
We will get to know a few techniques to compute higher homotopy groups of spheres, but
we will cover these only in much later chapter, since the calculations will require the use of
singular homology groups. But even then we will only be able to determine some homotopy
groups of spheres. The results we obtain are summarized in Chapter 160. But note that
the full computation of homotopy groups of spheres is still an open problem.
This sorry state of a�airs means that as of right now we cannot use higher homotopy groups
to distinguish any of the topological spaces that we could not distinguish already using the
fundamental group. In particular we still cannot show that for k 6= l the topological spaces
Rk and Rl are not homeomorphic. We will only be able to do so after developing a new
tool, namely the singular homology groups, in the coming sections.

Exercises for Chapter 71.

Exercise 71.1. Let X be a topological space, let x0 ∈ X and let f : (In, ∂In) → (X, x0)
be a map with n ≥ 1. We consider the map

f : In → X
(x1, . . . , xn) 7→ f(1− x1, 1− x2, . . . , 1− xn).

Is [f ] ∈ πn(X, x0) the inverse of [f ] ∈ πn(X, x0)?

Exercise 71.2. Let k ≤ l be natural numbers, let f : Sk → Sl be a map and let x0 ∈ Sk.
Show that for any i ∈ N the map f∗ : πi(Sk, x0)→ πi(S

l, f(x0)) is the trivial map.
Hint. Use Proposition 71.10.

Exercise 71.3. In this exercise you can assume that we already know that π3(S2) ∼= Z.
Show that there exists an epimorphism π3(S1 ∨ S2)→ Z3 ⊕ Z4.
863In an earlier version of these it was written that �it is straightforward to see that the map is well-de�ned�.
If one traces through the ancestry of the Suspension Functor Lemma 16.9 (4) one realizes that this lemma
is, despite appearances, by no means obvious.
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Exercise 71.4. Let n ∈ N and let K be a non-empty compact subset of Rn. Let r ∈ R
such that r > sup{‖P‖ |P ∈ K}. Show that for any k ∈ N the inclusion induced map
πk(S

n−1
r (0))→ πk(Rn \K) is a monomorphism.

K Sn−1
r (0)

Exercise 71.5. We consider the pseudocircle, i.e. we consider the slightly weird topological
space X = {A,B,C,D} from page 141. Show that πn(X,A) = 0 for any n ≥ 2.
Hint. Find a convenient covering of X.

Exercise 71.6. Let n ∈ N. Given a smooth map f : Sn → Sn we introduced on page 899
the corresponding degree deg(Sn) ∈ Z. Now let f : Sn → Sn be any (not necessarily
smooth) map. By the Whitney Approximation Theorem 29.1 we know that f is homo-
topic to a smooth map g : M → N . It follows from the Degree Homotopy Invariance
Theorem 38.3 that the map

deg : πn(Sn, x0) → Z
[f ] 7→ deg(g : Sn → Sn a smooth map homotopic to f)

is well-de�ned.
(a) Show that deg : πn(Sn, x0)→ Z is well-de�ned.
(b) Show that deg : πn(Sn, x0)→ Z is an epimorphism.
(c) The adventurous reader can try to show that deg : πn(Sn, x0) → Z is actually a

monomorphism. For example, suppose that we have a smooth map f : Sn → Sn with
deg(f : Sn → Sn) = 0. Pick a regular value y ∈ Sn. If #f−1(y) > 0 there exist
two points x0, x1 in the preimage with deg(f, x0) = − deg(f, x1). Can one �nd a
homotopy from f to a map g such that g−1(y) has two preimages less?

Exercise 71.7. Let (X, x0) be a topological space. We denote by Σ(X) the suspension of
X and we denote by ∗ the North Pole of Σ(X). Is the suspension homomorphism

π1(X0, x0) → π2(Σ(X), ∗),
that we introduced in the Suspension Homomorphism Lemma 71.19, necessarily a monomor-
phism?

Exercise 71.8. Let M be a smooth manifold, let Y Ă M be a compact submanifold and
let P ∈M \ Y .
(a) Show that for every i < dim(M)− dim(Y )− 1 the map πi(M \ Y, P )→ π1(M,P ) is

an isomorphism.
(b) Show that for i = dim(M) − dim(Y ) − 1 the map πi(M \ Y, P ) → π1(M,P ) is an

epimorphism.
Hint. Use the Transversality Theorem 42.4.

Exercise 71.9. On page 164 we introduced the Topologist's Sine Curve

S :=
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2.
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As on page 276 we refer to quotient space W := S/(0, 0) ∼ ( 1
π
, 0) as the Warsaw Circle.

(a) Show that the image of every map Sn → W lies in a contractible subset of W .
Hint. Use Exercise 2.48 and use the fact that each Sn is path-connected.

(b) Show that for every n ∈ N we have πn(W, [(0, 0)]) = 0.
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72. The homology groups of a topological space

One of our main goals is to show that for m 6= n the spheres Sm and Sn are not homeomor-
phic. We have seen that for most cases fundamental groups are of no use. Furthermore, it
might be that in principle higher homotopy groups can distinguish such spheres, but since
we cannot compute higher homotopy groups, those are of no use either. So we need a new
approach to �nding invariants that can distinguish spheres.
In this chapter we want to introduce a new functor from the category of topological spaces
to an algebraic category, more precisely, we will introduce a functor from the category of
topological spaces to the category of abelian groups.

72.1. Singular chains.

De�nition. Let n ∈ N0.
(1) Given k points P1, . . . , Pk in Rn such that P2−P1, . . . , Pk−P1 are linearly indepen-

dent we refer to the convex hull of P1, . . . , Pk as a k-simplex.
(2) Given n ∈ N0 we refer to the convex hull of the standard basis vectors e1, . . . , en+1

of Rn+1, i.e. to

∆n := {(x0, . . . , xn) ∈ Rn+1 |x0 + · · ·+ xn = 1 and xi ≥ 0 for all i = 0, . . . , n}
as the standard n-simplex.864

(3) Given the standard n-simplex ∆n we de�ne its boundary as865

∂∆n :=
n⋃
i=0

{(t0, . . . , tn) ∈ ∆n | ti = 0}.

(4) We write ◦
∆
n

:= ∆n \ ∂∆n.

Sometimes it will be helpful to view
◦
∆
n
as a smooth manifold where a smooth

atlas for
◦
∆
n
is given by projection to the �rst n coordinates. We equip the smooth

manifold
◦
∆
n
with the orientation where for each P ∈

◦
∆
n
a basis v1, . . . , vn of T̃P

◦
∆
n

is positive if the vectors {(1, . . . , 1), v1, . . . , vn} are a positive basis for Rn+1.

Example. The standard 0-simplex ∆0 is just the point {1} ∈ R, the standard 1-simplex ∆1

equals the segment in R2 from (1, 0) to (0, 1) and the standard 2-simplex ∆2 is the triangle
in R3 spanned by the vertices (1, 0, 0), (0, 1, 0) and (0, 0, 1). We refer to the �gure below
for an illustration of the standard simplices in dimension 0, 1 and 2 and for an illustration
of the boundary of the standard 2-simplex.
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◦
∆
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x x

y

z

x x

y

z z

x

y

y

864In Exercise 2.38 (a) we showed that the standard n-simplex ∆n is the convex hull of ei ∈ Rn+1,
i = 1, . . . , n+ 1. In particular the standard n-simplex is an n-simplex.
865The de�nition of the �boundary� of the standard n-simplex ∆n is the �obvious one�. Nonetheless note
that if we had taken the original de�nition of the boundary of a subset A in some subspace X as introduced
on page 116 and applied it to ∆n Ă Rn+1, then the boundary of ∆n in Rn+1 would be all of ∆n.
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For the record we state the following elementary lemma.

Lemma 72.1. (Standard Simplex Homeomorphism Lemma) Let n ∈ N.
(1) Every n-simplex, in particular the standard n-simplex ∆n, is compact and con-

tractible.
We set ◺n :=

{
(x1, . . . , xn) ∈ [0, 1]n

∣∣∣ n∑
i=1
xi ∈ [0, 1]

}
and refer to it as the planar n-simplex. The following statements hold:
(2) The maps

Φ: ∆n → ◺n

(t0, . . . , tn) 7→ (t0, . . . , tn−1) and
Ψ: ◺n → ∆n

(s0, . . . , sn−1) 7→
(
x1, . . . , xn, 1−

n∑
i=1
xi

)
are homeomorphisms that are inverses of one another.

(3) The map

∆n Φ−→ ◺n
the homeomorphism Ξ obtained from the Convex-to-Ball Proposition 2.20 (2)−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

applied to ◺
n and Q = ( 1

n+1
, . . . , 1

n+1
)

B
n

is a homeomorphism that restricts to a homeomorphism from ∂∆n to the sphere
Sn−1.

Proof.

(1) We had proved in Exercise 2.38 (b) that each n-simplex is compact. (Of course it
is not di�cult to prove the statement using Heine-Borel Theorem 1.24.) Note that
each n-simplex is convex, thus star-shaped, thus it is contractible by the elementary
discussion on page 432.

(2) Note that Φ extends �by the same formula� to a map Rn+1 → Rn which is evidently
continuous. Hence the restriction to ∆n is also continuous. Now that this is settled
we see that the remaining statements are basically trivial.

(3) This statement follows easily from (1) and the Convex-to-Ball Proposition 2.20 (2).
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∆2

◺2 = {(x, y) ∈ [0, 1]2 |x+ y ∈ [0, 1]}

Φ
xx

z
y

y

Convention. Let n ∈ N. We use the homeomorphism from the Standard Simplex Home-
omorphism Lemma 72.1 to make the identi�cations ∆n = B

n
and ∂∆n = Sn−1.

De�nition. An r-dimensional face of the standard n-simplex is de�ned as a subset of the
form {(t0, . . . , tn) ∈ ∆n | td1 = td2 = · · · = tdn−r = 0},
where d1 < d2 < · · · < dn−r ∈ {0, . . . , n} are �xed.

Remark.
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i21

∆2

∆1

∆3 faces of ∆3

x

y

z

x

y i20

i22

(1) The boundary ∂∆n of the standard n-simplex is the union of all (n− 1)-dimensional
faces of ∆n.

(2) Every r-dimensional face of ∆r is homeomorphic to the standard r-simplex. For later
we �x homeomorphism in the case of (n − 1)-dimensional faces. More precisely, for
j ∈ {0, . . . , n} we consider the map

inj : ∆n−1 → ∆n

(t0, . . . , tn−1) 7→ (t0, . . . , tj−1, 0, tj, . . . , tn−1).

This map is sometimes called the j-th face map. It is straightforward to see that these
face maps are homeomorphisms. The face maps i20, i

2
1, i

2
2 : ∆1 → ∆2 are illustrated in

the �gure below on the right.

The �rst idea for the de�nition of homology groups is now the following. In the de�nition of
the fundamental group π1(X, x0) we had considered all maps f : [0, 1]→ X with the extra
condition f(0) = f(1) = x0. Using this extra condition we could concatenate loops to
eventually end up with a group structure. Now given n ∈ N0 we want to consider all maps
from ∆n to X with no extra condition on the boundary. This time there is no reasonable
way how two such maps can be composed to give a new map. Since we nonetheless want
the notion of a group we turn the set of all maps ∆n → X into a group by �brute force�,
i.e. by considering the free abelian group generated by these maps.
This leads us to the following de�nition.

De�nition. Let X be a topological space and let n ∈ N0.
(1) A singular n-simplex is a map σ : ∆n → X.
(2) We de�ne

Cn(X) := free abelian group generated by the set of singular n-simplices in X.

For n ∈ Z<0 we set Cn(X) = 0.
(3) We refer to an element in Cn(X) as a singular n-chain in X.

Remark. In principle, given a map σ : ∆n → X to some topological space X we need
to show that this map is actually continuous. If one really feels compelled to give an
argument, then often it is more convenient to show the equivalent statement that the map
σ ◦ Ψ: ◺n → X is continuous, where Ψ: ◺n → ∆n is the homeomorphism given in the
Standard Simplex Homeomorphism Lemma 72.1 (1).

Examples.

(1) For n = 0 a singular n-simplex is a map from ∆0 to X. Such a map is uniquely
determined by the corresponding point in X. Therefore frequently we will identify
singular 0-simplices with points in X.
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(2) For points z0, . . . , zk ∈ Rn we consider the map866

[z0, . . . , zk] : ∆k → Rn

(t0, . . . , tk) 7→
k∑
j=0
tj · zj.

The map [z0, . . . , zk] thus sends the standard k-simplex ∆k to the simplex spanned
by z0, . . . , zk in Rn. Put di�erently, [z0, . . . , zk] is a singular k-simplex in Rn.

Remark. Let X be a topological space. By the discussion on page 1147 we can view every
element in Cn(X), i.e. every singular n-chain, as a linear combination a1σ1 + · · · + akσk
where a1, . . . , ak ∈ Z and where σ1, . . . , σk are singular n-simplices.

Now let f : X → Y be a map between topological spaces. For each n we consider

f∗ : Cn(X) → Cn(Y )
k∑
i=1
ai · σi 7→

k∑
i=1
ai · (f ◦ σi).

It is easy to verify that X 7→ Cn(X) and f 7→ f∗ de�nes a functor from the category of
topological spaces to the category of abelian groups.
Have we made any progress towards our goal of distinguishing topological spaces? Not
really. For example, if X is a smooth manifold of dimension ≥ 1, then given any n ∈ N0

there exist uncountably many maps ∆n → X, i.e. the group Cn(X) is a free abelian group
with uncountably many generators. Such groups are totally useless for distinguishing non-
homeomorphic topological spaces.

72.2. De�nition of the homology groups of a topological space. Before we give
the de�nition of homology groups it is perhaps helpful to recall the de�nition of de Rham
cohomology.
Let M be a smooth manifold. We write

Ωn(M) := {smooth n-forms on M}.
The isomorphism type of this vector space is an invariant of the di�eomorphism type of
the smooth manifold M , but it is rather useless, since for 1 ≤ n ≤ dim(M) this is a vector
space of uncountable dimension. To cut Ωn(M) into something much smaller we de�ned
linear maps dn : Ωn(M) → Ωn+1(M) with dn+1 ◦ dn = 0. Finally we de�ned the n�th de
Rham cohomology group of M as

Hn
dR(M) := ker(dn : Ωn(M)→ Ωn+1(M))/ im(dn−1 : Ωn−1(M)→ Ωn(M)).

We are now in a similar situation: to a topological space X we associated the free abelian
group Cn(X) which is �too big�. The idea now is to introduce a �di�erential� as for the case
of di�erential forms. But in this case there is no good way to associate to a map ∆n → X a
new map ∆n+1 → X. But by restricting the map ∆n → X to each of the (n−1)-dimensional
faces of ∆n which are, as we have seen, homeomorphic to the standard (n− 1)-simplex, we
can associate to a singular n-simplex σ : ∆n → X a sum of singular (n− 1)-simplices, i.e. a
singular (n− 1)-chain. To do this we will use the maps ink : ∆n−1 → ∆n, k = 0, . . . , n from

866Using the Standard Simplex Homeomorphism Lemma 72.1 (2) one can easily show that this map is
continuous.
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page 1585 to identify the standard (n − 1)-simplex with the (n − 1)-dimensional faces of
∆n. Now we can de�ne

∂̃nσ :=
n∑
j=0

σ ◦ inj .

By Lemma 51.1 this de�nes a map ∂̃n : Cn(X)→ Cn−1(X). But it is quite straightforward
to see that for this de�nition the composition of the maps ∂̃n : Cn(X) → Cn−1(X) and
∂̃n−1 : Cn−1(X) → Cn−2(X) is not zero867. But we can rectify this problem by cleverly
introducing signs.
Now we are ready to de�ne homology groups. For clarity we �rst repeat the de�nition of
the face maps. Afterwards we will provide the de�nition of homology groups.

De�nition. Let n ∈ N0. For j ∈ {0, . . . , n} we de�ne the j-th face map as follows:

inj : ∆n−1 → ∆n

(t0, . . . , tn−1) 7→ (t0, . . . , tj−1, 0, tj, . . . , tn−1).

De�nition. Let X be a topological space and let σ : ∆n → X be a singular n-simplex.
The boundary ∂nσ ∈ Cn−1(X) of σ is de�ned as

∂nσ :=
n∑
j=0

(−1)j · σ ◦ inj .

By Lemma 51.1 the map σ 7→ ∂nσ extends uniquely to a linear map
∂n : Cn(X) → Cn−1(X)

k∑
r=1

ar · σr 7→
k∑
r=1

ar · ∂σr,

which we refer to as the n-th boundary map. If it is clear with what dimension we are
working with, then we just write ∂ instead of ∂n.

Examples.
(1) For any singular 1-simplex σ : ∆1 → X we have868

∂σ = (−1)0 · σ ◦ i10 + (−1)1 · σ ◦ i11 = σ(0, 1)− σ(1, 0).

Put di�erently, a singular 1-simplex can be viewed as a map σ from the �interval�
∆1 to X. The boundary of σ is thus the �endpoint� σ(0, 1) �minus� the �starting
point� σ(1, 0). Here we view points in X again as singular 0-simplices. We sketch
the de�nition of a singular 1-simplex in the �gure below.

(2) In the �gure below we sketch the boundary of a singular 2-simplex.

As promised, these boundary maps have the following fundamental property:
Proposition 72.2. Let X be a topological space. For any n ∈ N0 the composition

∂n−1 ◦ ∂n : Cn(X) → Cn−2(X)

867Indeed, let S be a set and let Z(S) be the free abelian group generated by S. We de�ne ε : Z(S) → Z to
be the linear map that assigns to each s ∈ S the value 1. It follows easily from the de�nitions that for any
σ : ∆n → X we have ε(∂̃nσ) = n+ 1 and ε((∂̃n−1 ◦ ∂̃n)(σ)) = n · (n+ 1).
868Here we again use the convention that given a point x ∈ X we denote by x also the corresponding
singular 0-simplex.
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is the zero map.

Proof. It su�ces to show that ∂n−1(∂n(σ)) = 0 for every singular n-simplex σ : ∆n → X.
Thus let σ : ∆n → X be a singular n-simplex. Then it follows immediately from the
de�nitions that

∂n−1(∂n(σ)) = ∂n−1

(
n∑
j=0

(−1)j · σ ◦ inj
)

=
n−1∑
k=0

(−1)k ·
n∑
j=0

(−1)j · (σ ◦ inj ) ◦ in−1
k

=
∑

0=k<j≤n
(−1)k+j · σ ◦ (inj ◦ in−1

k ) +
∑

0=j≤k≤n−1

(−1)k+j · σ ◦ (inj ◦ in−1
k ) =: (∗).

Now we want to show that each expression σ ◦ (inj ◦ in−1
k ) appears precisely twice, but with

opposite signs. From the de�nitions it follows easily that for j ≤ k we have869

inj ◦ in−1
k = ink+1 ◦ in−1

j .

869Indeed, if j ≤ k, then the zero-entries of (inj ◦ i
n−1
k )(t0, . . . , tn−1) are the entries j and k + 1.
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Now we continue with the above calculation:
(∗) =

∑
0=k<j≤n

(−1)k+j · σ ◦ (inj ◦ in−1
k ) +

∑
0=j≤k≤n−1

(−1)k+j · σ ◦ (ink+1 ◦ in−1
j )x

above calculation of inj ◦ in−1
k

=
∑

0=k<j≤n
(−1)k+j · σ ◦ (inj ◦ in−1

k ) +
∑

0=j<l≤n
(−1)l+j−1 · σ ◦ (inl ◦ in−1

j ) = 0.x x
substitution l = k + 1 all summands left and right cancel �

The following is arguably the most important de�nition of algebraic topology.

De�nition. Let X be a topological space and let n ∈ N0. We de�ne the n-th singular
homology group of X as the quotient group870

Hn(X) :=
ker(∂n : Cn(X)→ Cn−1(X))

im(∂n+1 : Cn+1(X)→ Cn(X))
.

For n ∈ Z<0 we extend this de�nition to Hn(X) := 0. Throughout the lecture notes we
will mostly shorten the name �singular homology� to �homology�.871

One of the key goals of this course is to develop tools for computing homology groups of
topological spaces. In particular we want to compute the homology groups for all spheres.
In the subsequent discussions it is helpful to introduce a few more de�nitions.
De�nition. Let X be a topological space.
(1) We say c ∈ Cn(X) is a singular n-cycle, or short n-cycle, if ∂c = 0.
(2) If c is an n-cycle, then we refer to [c] ∈ Hn(X) as the homology class of c.
(3) We say two singular n-chains c and d are homologous if there exists a singular

(n + 1)-chain e with ∂e = c − d. In particular, if c and d are cycles, then they are
homologous if they represent the same homology class.

(4) An n-cycle c is called null-homologous, if [c] = 0 ∈ Hn(X).
(5) Given a singular 1-simplex σ : ∆1 → X we denote by σ the singular 1-simplex that

is given by σ(t, 1 − t) = σ(1 − t, t). Put di�erently, σ is given by reversing the
orientation of σ.

Example. In the �gure below we show that torus T = ([0, 1] × [0, 1])/∼ together with
two singular 1-simplices c and d and together with two singular 2-simplices α and β. It
follows easily from the de�nitions that c and d are 1-cycles. It is a good exercise to verify
that α − β is a 2-cycle. With our present knowledge it is impossible though to determine
whether these cycles represent non-trivial homology classes.

The following lemma will be proved in Exercises 72.3 and 72.6.

870It follows from Proposition 72.2 that we have the following inclusion:

im(∂n+1 : Cn+1(X)→ Cn(X))) Ă ker(∂n : Cn(X)→ Cn−1(X)).

Furthermore the groups C∗(X) are abelian, in particular any subgroup is also abelian and normal. Therefore
it does indeed make sense to consider the quotient group.
871Later on, in Chapters 80 and 95, we will also introduce �cellular homology� and �simplicial homology�.
At that point it will be useful to remember that our present homology groups have a more precise name,
namely singular homology groups.
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α− β is a 2-cycle

torus T

c and d are 1-cycles

torus T

α

βc

d

Lemma 72.3. Let X be a topological space and let σ : ∆1 → X be a singular 1-simplex.
(1) If σ is a constant map, then σ is null-homologous.
(2) The singular 1-chains −σ and σ are homologous.
(3) Let s ∈ (0, 1) and consider the singular 1-simplices

α : ∆1 → X
(t, 1− t) 7→ σ(st, 1− st) and

β : ∆1 → X
(t, 1− t) 7→ σ(s+ t(1− s), 1− (s+ t(1− s))).

Then the singular 1-chains σ and α + β are homologous.
The second part of the lemma says that for a singular 1-simplex the geometric operation
of reversing the orientation is (up to the boundary of a simplicial 2-chain) the same as
algebraically inverting the sign. Furthermore, the third part of the lemma says that for a
singular 1-simplex (again up to the boundary of a simplicial 2-chain) it does not make a
di�erence whether or not we split the singular 1-simplex into two singular 1-simplices.

σ and α + β are homologousσ and −σ are homologous

β
α

X

σ σ σ

X

Examples.
(1) We consider the �gure below. We see three singular chains on the torus, and it is

straightforward to show that all three singular chains are cycles. Now the question

�++ +++�+ +

hf gca bca b

arises, which of these cycles are in fact null-homologous. In the �gure below we
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see that the �rst cycle a − b + c in the �gure below is the boundary of a singular
2-simplex D. One can easily see that the second cycle, a+ b+ c in the �gure below
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D b

∂

=

a c

+

is not the boundary of a singular 2-simplex. On the other hand by Lemma 72.3 we
know that b+ b is a null-homologous cycle, i.e. there exists an E ∈ C2(X) such that
b+ b = ∂E ∈ C1(X). Thus it follows that

a+ b+ c = a+ ∂E − b+ c = a− b+ c+ ∂E = ∂D + ∂E = ∂(D + E),

i.e. a+ b+ c is null-homologous.
It is not clear whether the third cycle in the �gure below is the boundary of a

2-dimensional singular chain. We will see later that this not the case. But it will
take us quite some time to develop the techniques which will allow us to prove this
statement.

(2) In the �gure below we show the torus T = ([0, 1] × [0, 1])/ ∼ and two singular
simplices α : ∆2 → T and β : ∆2 → T that are given by a�ne linear maps.872 It
is straightforward to verify that α − β is a cycle, hence it represents an element in
H2(T ). We will see later on page 1589 whether or not this element is zero in H2(T ).
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(3) In Exercise 72.8 we will try to generalize the approach taken for the torus to other 2-
dimensional smooth manifolds, namely the sphere, the Klein bottle and the projective
space RP 2.

72.3. First calculations of homology groups. Given a topological space the corre-
sponding homology groups are de�ned as the quotient of two abelian groups which in
general will be in�nitely generated. Somewhat surprisingly we will see in the coming chap-
ters that the homology groups are nonetheless very frequently �nitely generated abelian
groups.
We start out our computations of homology groups with the 0-th homology of a path-con-
nected topological space. The key to the calculation is the following de�nition.

872More precisely, α is the unique a�ne linear map with α(1, 0, 0) = [(0, 0)], α(0, 1, 0) = [(1, 0)] and
α(0, 0, 1) = [(1, 1)] whereas β is the unique a�ne linear map with β(1, 0, 0) = [(0, 0)], β(0, 1, 0) = [(0, 1)]
and β(0, 0, 1) = [(1, 1)].
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De�nition. Given a topological space X we refer to the map

εX : C0(X) → Z
k∑
i=1
aiσi 7→

k∑
i=1

ai

as the augmentation map.
The following lemma shows that the augmentation map is a neat addition to the singular
chain complex of a topological space.

Lemma 72.4. Let X be a topological space.
(1) The map εX ◦ ∂1 : C1(X)→ Z is the zero map.
(2) The map εX : H0(X) → Z

[σ] 7→ [εX(σ)]

is well-de�ned. In the following we refer to this map also as the augmentation map.

Proof. Let X be a topological space.

(1) Let c =
n∑
i=1
biσi ∈ C1(X). We calculate that

ε(∂1(c)) = ε
( n∑
i=1
bi ·∂1(σi

)
= ε

( n∑
i=1
bi ·σi(0, 1)− bi ·σi(1, 0)

)
=

n∑
i=1
bi −

n∑
i=1
bi = 0.

↑ ↑
for every singular 1-simplex σ we by de�nition of ε

have ∂σ = σ(0, 1)− σ(1, 0), see page 1585

(2) Note that

H0(X) = ker(∂0 : C0(X)→ C−1(X)) / im(∂1 : C1(X)→ C0(X))
= C0(X) / im(∂1 : C1(X)→ C0(X)).
↑

since C−1(X) = 0

Thus we see that Statement (2) is an immediate consequence of Statement (1). �

Before we can state the key result of this section let us introduce the following handy
convention.
Notation. Let X be a topological space. Given a point P ∈ X we denote by P also the
singular 0-simplex ∆0 → X that is given by sending the single point in ∆0 to P .
Now we can formulate the following proposition.

Proposition 72.5. (H0-Proposition) Let X be a path-connected non-empty topological
space and let P be a point in X. Then the augmentation map

ε = εX : H0(X) → Z
is a natural isomorphism where the inverse is given by the map

ι : Z → H0(X)
n 7→ n · [P ].

Proof. Let X be a non-empty path-connected topological space. Let P be a point in X.
It is clear that ε ◦ ι = idZ, in particular the homomorphism ε is surjective. It remains to
show that ε is injective.
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Thus let c ∈ C0(X) with ε(c) = 0. By de�nition of C0(X) we can �nd points Q1, . . . , Qk

in X and a1, . . . , ak ∈ Z such that c =
k∑
i=1
ai · Qi. We choose a point P in X. Since X is

path-connected we can �nd, for i = 1, . . . , k, a path from P to Qi. Put di�erently, for each
i = 1, . . . , k we can �nd a singular 1-simplex σi with ∂σi = Qi − P . Then we have

∂
( k∑
i=1
ai · σi

)
=

k∑
i=1

ai · ∂σi =
k∑
i=1

ai · (Qi − P ) =
k∑
i=1

ai ·Qi −
( k∑
i=1
ai

)
︸ ︷︷ ︸

=ε(c)=0

· P =
k∑
i=1

ai ·Qi.

This implies that [c] = 0 ∈ H0(X). Thus we have shown that ε is injective. �
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Lemma 72.6. (Single Point-Homology Lemma) Let X be a topological space which
consists of a single point. Then the following holds

Hn(X) ∼=
{

Z, if n = 0,
0, if n 6= 0.

Proof. The proof of the lemma is the content of Exercise 72.5. �

The calculation of H0(X) in the H0-Proposition 72.5 and the calculation of the homology
of a point in the Single Point-Homology Lemma 72.6 are the only calculations of homology
groups of path-connected topological spaces that one can do �by hand�. For all other
topological spaces we will need to work signi�cantly harder.

72.4. Algebraic chain complexes. Before we continue with the discussion of homology
groups it is convenient to introduce several algebraic de�nitions. The following de�nitions
are just the obvious algebraic abstractions of the de�nitions that we had already introduced.
De�nition.
(1) An (algebraic) chain complex (C∗, ∂∗) is a sequence

. . . → Cn
∂n−−→ Cn−1

∂n−1−−−→ . . . C1
∂1−−→ C0 → 0

of maps between abelian groups873 such that for every i ∈ N we have ∂i−1 ◦ ∂i = 0.
As before we introduce the convention that Cn = 0 for n ∈ Z<0.

(2) We de�ne the n-th homology group of the chain complex precisely the same way as
we de�ned the homology of a topological space, namely we set

Hn(C) := ker(∂n : Cn → Cn−1) / im(∂n+1 : Cn+1 → Cn).

(3) As before we refer to elements in the kernel of ∂n : Cn → Cn−1 as cycles. Furthermore
we say that a cycle z ∈ Cn is null-homologous if [z] = 0 ∈ Hn(C).

(4) An algebraic chain complex (C∗, ∂∗) is called acyclic if all homology groups are zero.
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On some occasions we will need the following generalization:
(5) A generalized (algebraic) chain complex (C∗, ∂∗) is a sequence

. . . → C3
∂3−−→ C2

∂2−−→ C1
∂1−−→ C0

∂0−−→ C−1
∂−1−−−→ C−2 → . . .

of maps between abelian groups such that for every i ∈ Z we have ∂i−1 ◦ ∂i = 0.
Basically all present and future de�nitions and results for chain complexes also make
sense for generalized chain complexes. In most cases we will not explicitly state the
generalization to generalized chain complex.

Now we introduce a new notion, namely the notion of a chain map between chain com-
plexes.

De�nition. A chain map f : C∗ → D∗ between two chain complexes874 consists of a family
{fn : Cn → Dn}n∈N0 of maps such that for each n the following equality holds:875

fn−1 ◦ ∂n = ∂n ◦ fn.
Put di�erently the maps fn have the property that the following diagram commutes:

. . .
∂ // Cn+1

∂n+1
//

fn+1

��

Cn
∂n //

fn
��

Cn−1

∂n−1
//

fn−1

��

. . .

. . .
∂ // Dn+1

∂n+1
// Dn

∂n // Dn−1

∂n−1
// . . .

Remark. On many occasions we will use the elementary observation that the composition
of two chain maps f : C∗ → D∗ and g : D∗ → E∗ de�nes a chain map g ◦ f : C∗ → E∗.

Now we can prove the following lemma:

Lemma 72.7. Let f : C∗ → D∗ be a chain map between chain complexes C∗ and D∗.
Then the map f∗ : Hn(C∗) → Hn(D∗)

[c] 7→ [fn(c)]

is well-de�ned.

De�nition. In the setting of Lemma 72.7 we refer to the map f∗ : Hn(C)→ Hn(D) as the
induced map on homology.

Proof. Let c ∈ Cn be a cycle. First we have to show that fn(c) is again a cycle. Indeed
we have

∂n(fn(c)) = fn−1(∂nc) = fn(0) = 0.
↑ ↑

de�nition of a chain map since c is a cycle

873Note that we do not assume that the chain groups C∗ are free abelian groups.
874As usual we suppress bits from the notation which are understood from the context. In this instance
we suppress the notation for the boundary maps in the chain complexes. Put di�erently, instead of saying
�let (C∗, ∂∗) be a chain complex� we say simply �let C∗ be a chain complex�.
875More precisely, for any c ∈ C we have fn−1(∂n(c)) = ∂n(fn(c)) where on the left-hand side we consider
the boundary map Cn → Cn−1, and on the right-hand side we consider the boundary map Dn → Dn−1

which we also denote by ∂n. Usually it is obvious from the context which boundary map we consider.



72. THE HOMOLOGY GROUPS OF A TOPOLOGICAL SPACE 1593

Now let c, d ∈ Cn be two cycles which represent the same element in Hn(C). We have to
show that [fn(c)] = [fn(d)]. Indeed we have

[fn(c)]− [fn(d)] = [fn(c− d)] = [fn(∂n+1(e))] = [∂n+1(fn+1(e))] = 0 ∈ Hn(D).
↑ ↑

since c, d are homologous there de�nition of a chain map
exists an e ∈ Cn+1 with ∂n+1e = c− d �

We can state the above results more formally. To do so it is convenient to introduce the
following de�nition.

De�nition. We refer to category ChCplx that is given by

Ob(ChCplx ) := all chain complexes,
and with morphisms

Mor(C∗, D∗) := all chain maps from C∗ to D∗.

with the obvious composition of morphisms as the category of chain complexes.
The following lemma follows easily from Lemma 72.7 and from the de�nitions:

Lemma 72.8. For each n ∈ N0 the maps

C∗ 7→ Hn(C∗)
(f : C∗ → D∗) 7→ (f∗ : Hn(C∗)→ Hn(D∗))

de�ne a functor from the category ChCplx of chain complexes to the category AbGroup of
abelian groups.

72.5. The functoriality of homology groups. Let f : X → Y be a map between topo-
logical spaces. We already saw on page 1584 that for each n ∈ N0 the map f induces a
map

f∗ : Cn(X) → Cn(Y )
k∑
i=1

ai · σi 7→
k∑
i=1

ai · f ◦ σi.

Now we can formulate the following lemma:

Lemma 72.9.
(1) The boundary maps ∂n : Cn(X) → Cn−1(X) are natural transformations. Put dif-

ferently, in plain English, if f : X → Y is a map between topological spaces, then
given any c ∈ Cn(X) we have

f∗(∂nc) = ∂n(f∗(c)) ∈ Cn(Y ).

In particular f∗ : C∗(X)→ C∗(Y ) is a chain map.
(2) The maps

topological space X 7→ C∗(X)
and (f : X → Y ) 7→ (f∗ : C∗(X)→ C∗(Y ))

de�ne a functor from the category Top of topological spaces to the category ChCplx
of chain complexes.

Proof.
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(1) Let f : X → Y be a map between topological spaces. Given any singular n-simplex
σ : ∆n → X we have

f∗(∂σ) = f∗

( n∑
j=0

(−1)j ·σ◦inj
)

=
n∑
j=0

(−1)j ·f ◦(σ◦inj ) =
n∑
j=0

(−1)j ·(f ◦σ︸︷︷︸
=f∗σ

)◦inj = ∂(f∗σ).

Since the singular n-simplices generate Cn(X) we obtain the desired equality for all
singular n-chains. By de�nition this means that f∗ : C∗(X)→ C∗(Y ) is a chain map.

(2) The second statement is an almost immediate consequence of the �rst statement. �

In particular, using Lemma 72.7 we immediately obtain the following lemma.

Lemma 72.10. Let f : X → Y be a map between topological spaces. Then the map

f∗ : Hn(X) → Hn(Y )[ k∑
i=1
ai · σi

]
7→

[ k∑
i=1
ai · (f ◦ σi)

]
is well-de�ned.

Example. Let f : X → Y be a map between two topological spaces. It follows immediately
from the de�nitions that the following diagram commutes

H0(X)
f∗

//

εX &&

H0(Y ).

εYxxZ

where the maps εX and εY denote the augmentation maps. In particular, if X and Y are
path-connected topological spaces, then it follows easily from the H0-Proposition 72.5 that
the map f∗ : H0(X) → H0(Y ) is an isomorphism. Furthermore, if X = Y , i.e. if f is a
self-map on a path-connected topological space X, then f∗ is in fact the identity on H0(X).

The combination of Lemmas 72.9 and 72.8 now gives us the following lemma.

Lemma 72.11. For each n ∈ N0 the map

X 7→ Hn(X)
together with the map

(f : X → Y ) 7→

(
f∗ : Hn(X) → Hn(Y )[ k∑
i=1
ai · σi

]
7→

[ k∑
i=1
ai · (f ◦ σi)

] )
de�nes a functor from the category of topological spaces to the category of abelian groups.

Example. Let X and Y be non-empty topological spaces. Let f : X → Y be a map. We
suppose that f is constant, i.e. we suppose that there exists a y ∈ Y such that f(X) = {y}.
We denote by i : {y} → Y the inclusion. Let n ∈ N. We consider the commutative diagram

{y} � s
i

%%
X

f
99

f
// Y

which gives rise to the
commutative diagram

Hn({y})
i∗
''

Hn(X)

f∗
77

f∗
// Hn(Y ).
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By the Single Point-Homology Lemma 72.6 we know that Hn({y}) = 0. Thus we see that
f∗ : Hn(X)→ Hn(Y ) factors through the trivial group, i.e. the map is the trivial map. On
many occasions we will make use of this observation without referring to this discussion.

72.6. Direct products and direct sums (∗). In this short section we recall the de�nition
of the direct product and the direct sum of a family of abelian groups.

De�nition. Let Gi, i ∈ I be a family of abelian groups. We de�ne the direct product as∏
i∈I
Gi :=

{
all maps g : I →

⋃
i∈I
Gi such that for all i ∈ I we have g(i) ∈ Gi

}
.

Given such a map we usually write gi := g(i) for i ∈ I and we denote such a map by
{gi}i∈I . The direct product is again a group with respect to the group structure∏

i∈I
Gi ×

∏
i∈I
Gi →

∏
i∈I
Gi(

(ai)i∈I , (bi)i∈I
)
7→ (ai + bi)i∈I .

Furthermore we consider the direct sum⊕
i∈I
Gi :=

{
(gi)i∈I ∈

∏
i∈I
Gi

∣∣∣ there exists only �nitely many i ∈ I with gi 6= e
}
.

The same way one can also de�ne the direct product respectively the direct sum of rings,
algebras, vector spaces, modules and so on.

Example. Let I = N and for each i ∈ I = N we pick Gi = R. Then∏
i∈N

R = all real-valued sequences i 7→ ai

and ⊕
i∈N

R = all real-valued sequences with only �nitely many non-zero terms.

In general the direct product is �signi�cantly larger� than the direct sum. For example the
direct product

∏
i∈N

Z is uncountable while the direct sum
⊕
i∈N

Z is countable.876

Convention. Let {Gi}i∈I be family of abelian groups.
(1) For some element gj ∈ Gj, following the discussion on page 1147, we sometimes

denote by gj also the element in
⊕
i∈I
Gi that is given by i 7→ 0 if i 6= j and j 7→ gj.

In particular we can view each Gj as a subgroup of
⊕
i∈I
Gi.

(2) Given i1, . . . , il ∈ I and gij ∈ Gij we can use (1) to consider the corresponding
element gi1 + · · ·+ gil ∈

⊕
i∈I

Gi.

It follows immediately from the de�nitions that any element of
⊕
i∈I
Gi is of that form.

Finally we introduce the following notation.

876Why is that the case?
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Notation.
(I) Let {Gi}i∈I be a family of abelian groups and let H be an abelian group. Further-

more let {ϕi : Gi → H}i∈I be a family of homomorphisms. We refer to⊕
i∈I
ϕi :

⊕
i∈I
Gi → H

gi1 + · · ·+ gil 7→ ϕi1(gi1)︸ ︷︷ ︸
∈H

+ · · ·+ ϕil(gil)︸ ︷︷ ︸
∈H

as the direct sum of the homomorphisms {ϕi}i∈I .
(II) Let G be an abelian group, let {Hi}i∈I be a �nite family of abelian groups and let
{ϕi : G→ Hi}i∈I be a family of homomorphisms. We refer to⊕

i∈I
ϕi : G →

⊕
i∈I
Hi

g 7→
∑
i∈I

ϕi(g)︸ ︷︷ ︸
∈Hi

also as the direct sum of the family of homomorphisms {ϕ}i∈I .
(III) Let {ϕi : Gi → Hi}i∈I be a �nite family of homomorphisms between abelian groups.

We refer to ⊕
i∈I
ϕi :

⊕
i∈I
Gi →

⊕
i∈I
Hi∑

i∈I
gi 7→

∑
i∈I
ϕi(gi)︸ ︷︷ ︸
∈Hi

also as the direct sum of the homomorphisms {ϕi}i∈I .
The notation is arguably somewhat ambiguous. But usually it should be clear from the
context what we precisely mean when we write

⊕
i∈I
ϕi. Sometimes, in desperation, we will

refer to
⊕
i∈I
ϕi a direct sum of type (I), (II) or (III).

For reference we jot down the following lemma which follows immediately from the de�ni-
tions.
Lemma 72.12. Let I be a �nite set and let {ϕi : Gi → Hi}i∈I be a family of homomor-
phisms between abelian groups.
(1) Let F be an abelian group and let {α : F → Gi}i∈I be a family of homomorphisms.

Then
(⊕
i∈I
ϕi

)
◦
(⊕
i∈I
αi

)
=

⊕
i∈I
αi ◦ ϕi : F →

⊕
i∈I
Gi.

(2) Let {αi : Fi → Gi}i∈I be another family of homomorphisms between abelian groups.
Then

(⊕
i∈I
ϕi

)
◦
(⊕
i∈I
αi

)
=

⊕
i∈I
αi ◦ ϕi :

⊕
i∈I
Fi →

⊕
i∈I
Gi.

72.7. The homology groups of a direct sum. Now we return to the study of chain
complexes. Let C∗ and D∗ be two chain complexes. The same way as we introduced the
direct sum of abelian groups we can also de�ne the direct sum of chain complexes. The
following lemma says that homology commutes with direct sums and direct products. The
proof is a standard exercise in homological algebra, which oddly enough nobody ever feels
like doing, see [Weib1994, p. 5].
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Lemma 72.13. If {Ca}a∈A is a family of chain complexes, then the obvious inclusion maps
Ca →

⊕
a∈A

Ca and Ca →
∏
a∈A

Ca induce isomorphisms⊕
a∈A

Hn(Ca)
∼=−→ Hn

( ⊕
a∈A

Ca
)

and
∏
a∈A

Hn(Ca)
∼=−→ Hn

( ∏
a∈A

Ca
)
.

Now we can formulate and prove the following lemma.

Lemma 72.14. Let X be a topological space with path-components {Xa}a∈A. Given
a ∈ A we denote by ia : Xa → X the inclusion map. Then the map⊕

a∈A
ia :

⊕
a∈A

C∗(Xa) → C∗(X)

is an isomorphism of chain complexes. In particular for each n ∈ N0 the map⊕
a∈A

ia∗ :
⊕
a∈A

Hn(Xa) → Hn(X)

is an isomorphism.
The lemma says in particular that the homology groups of a topological space X are the
direct sum of the homology groups of the path-components of X. Put di�erently, this shows
that in most cases it su�ces to consider the homology groups of path-connected topological
spaces.

Examples.
(1) One of our goals is to calculate the homology groups of the spheres. Now we can cal-

culate the homology groups of the 0-dimensional sphere S0 = {±1}. More precisely,
by Lemmas 72.6 and 72.14 we have

Hn(S0) ∼=
{

Z2, if n = 0,
0, if n 6= 0.

Later in the proof of Proposition 74.4 we will cleverly reduce the computation of the
homology groups of all other spheres to this calculation.

(2) LetX be a topological space and let {Ua}a∈A be a family of disjoint open subsets ofX.
It follows fairly easily from Lemma 72.14 together with the Component Lemma 2.33
(4) and (5) that the map⊕

a∈A
ia∗ :

⊕
a∈A

Hn(Ua) → Hn

( ⋃
a∈A

Ua

)
is an isomorphism.

Proof. Evidently the standard simplex ∆n is path-connected. Thus it follows from Lemma 2.35
that the image of a map σ : ∆n → X is contained in a path-component Xa. This shows
that ⊔

a∈A
singular n-simplices in Xa = singular n-simplices in X.

It follows that the map ⊕
a∈A

ia :
⊕
a∈A

Cn(Xa) → Cn(X)( k∑
i=1
ci(σ : ∆n → Xai)

)
7→

( k∑
i=1
ci(σ : ∆n → Xai)

)
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is an isomorphism of free abelian groups. From the de�nitions it follows immediately that
this a chain map. The second statement of the lemma now follows from Lemma 72.13. �
The following corollary is an immediate consequence of the H0-Proposition 72.5 and Lemma 72.13.

Corollary 72.15. Let X be a topological space. As on page 167 we denote by π0(X) the
set of path-components of X. Then

H0(X) ∼= Z(π0(X)).
In particular, if X consists of n path-components with n ∈ N0, then

H0(X) ∼= Zn.

Exercises for Chapter 72.

Exercise 72.1. How many faces does the standard simplex ∆n have?

Exercise 72.2. Let n ∈ N. As in the Standard Simplex Homeomorphism Lemma 72.1 we
consider

◺n :=
{

(x1, . . . , xn) ∈ [0, 1]n
∣∣∣ n∑
i=1
xi ∈ [0, 1]

}
Ă Rn.

We denote by Φ: ∆n → ◺n the natural projection. We pick any P ∈
◦
◺n. Next we consider

the maps

fP :
◦
◺n → Rn

(x1, ..., xn) 7→ ((x1,...,xn)−P )
x1·····xn·(1−x1−···−xn)

and
g : Rn → Bn

(x1, ..., xn) 7→ x2
1+···+x2

n

1+x2
1+···+x2

n
· (x1, ..., xn)

Note that fP is de�ned in such a way that it sends rays emanating from P to rays emanating
from the origin.
(a) Show that fP :

◦
◺n → Rn is an orientation-preserving di�eomorphism.

(b) Show that g : Rn → Bn is an orientation-preserving di�eomorphism.
Note that for the most part we had solved this problem on page 645.

(c) Show that g ◦ fP :
◦
◺n → Bn extends to a homeomorphism Θ: ◺n → B

n
.

(d) Let Ξ: ◺n → B
n
be the homeomorphism obtained from the Convex-to-Ball Propo-

sition 2.20 (2) applied to P . Show that Θ and Ξ are homotopic rel P .
Remark. The composition Ψ ◦ Φ: ∆n → B

n
is now a homeomorphism such that the

restriction
◦
∆
n
→ Bn is a di�eomorphism. Furthermore this di�eomorphism is orientation-

preserving if and only if n is even. Here we use the de�nitions on page 1581 to view
◦
∆
n
as

an oriented smooth manifold.
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Exercise 72.3.
(a) Let X be a topological space and let x ∈ X. For each n ∈ N0 denote by σn the

singular n-simplex σn : ∆n → X which is de�ned by σn(P ) = x for all P ∈ ∆n.
Determine ∂σn ∈ Cn−1(X).
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(b) Let X be a topological space and let σ : ∆1 → X be a singular 1-simplex. Show that
if σ is a constant map, then σ is null-homologous.

Exercise 72.4. Let (C∗, c∗) and (D∗, d∗) be a chain complex and let ϕ : C∗ → D∗ be a
chain map. Show that the groups Kn := ker(ϕn : Cn → Dn) form a subcomplex of (C∗, c∗).

Exercise 72.5. Let X be a topological space which consists of a single point. Show that
the following holds:

Hn(X) ∼=
{

Z, if n = 0,
0, if n 6= 0.

Exercise 72.6.

(a) LetX be a topological space and let σ : ∆1 → X be a singular 1-simplex. We consider
the singular 1-simplices

σ1 : ∆1 → X
(t, 1− t) 7→ σ(1

2
t, 1− 1

2
t)

and
σ2 : ∆1 → X

(t, 1− t) 7→ (1
2

+ 1
2
t, 1

2
− 1

2
t).

Show that σ and σ1 + σ2 are homologous.
(b) LetX be a topological space and let σ : ∆1 → X be a singular 1-simplex. We consider

the singular 1-simplex

σ : ∆1 → X
(t, 1− t) 7→ σ(1− t, t).

Show that σ + σ is a 1-cycle and that this 1-cycle is null-homologous.
We refer to the �gure below for an illustration of the de�nitions.

Exercise 72.7. Let Σ = E8/∼ be the surface of genus 2. Provide an example of a 2-cycle
m∑
i=1

ai · σi ∈ C2(Σ) with the following three properties:

(1) At least one ai is non-zero.
(2) The images of the singular 2-simplices cover the whole surface.
(3) The images of the singular 2-simplices overlap only in �1-dimensional� subsets.

Remark. Note that on page 1589 we provided an example of such a 2-cycle for the torus
Σ = ([0, 1]× [0, 1])/∼.
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Exercise 72.8.

(a) Try to �nd �interesting� elements in the following homology groups:
(i) H2(S2),
(ii) H2(surface Σ of genus 2),
(iii) H2(Klein bottle K) and
(iv) H2(RP2).
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More precisely, try to �nd 2-cycles which have the properties (1), (2) and (3) from
Exercise 72.7.

(b) Make a guess for which surfaces you expect H2 to be zero and for which it is non-zero.

Exercise 72.9. Let n ∈ N.

(a) Provide an example of an n-cycle
m∑
i=1

ai · σi ∈ Cn(Sn) which has the properties (1),

(2) and (3) from Exercise 72.7.
(b) Make an educated guess what the homology groups of Sn might be.

Exercise 72.10. Provide an example of a chain complex (C∗, ∂∗) such that all C∗ are
�nitely generated free abelian groups and such that Hi(C∗) = 0 for all even i ∈ N0 and
such that Hi(C∗) = Z2 for all odd i ∈ N0.

Exercise 72.11.

(a) Determine the isomorphism types of the homology groups of the chain complex

0 → C1 = Z2

(
3 7
4 2

)
−−−−−→ C0 = Z2 → 0.

(b) Determine the isomorphism types of the homology groups of the chain complex

0 → C2 = Z2

(
2 5
4 10

)
−−−−−→ C1 = Z2

(
−2 1

)
−−−−−−→ C0 = Z → 0.

(Why is this a chain complex?)

Exercise 72.12. Given a topological space X and n ∈ N0 we consider the map

ε : Cn(X) → Z
k∑
i=1
aiσi 7→

k∑
i=1

ai.

(a) Show that the following diagram commutes

. . . // C3(X)
∂3 //

ε
��

C2(X)
∂2 //

ε
��

C1(X)
∂1 //

ε
��

C2(X)
∂0 //

ε
��

0

. . .
id // Z 0 // Z id // Z 0 // Z // 0.

(b) Show that if n is even, then for every cycle σ ∈ Cn(X) we have ε(σ) = 0.

Exercise 72.13. Let f : C → B be a homomorphism between abelian groups and let A be
a subgroup of B with the following two properties:
(1) We have f(C) ∩ A = 0.
(2) The subgroups f(C) and A generate B.

Show that the map A → coker(f) = B/ im(f)
a 7→ [a]

is an isomorphism.
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Exercise 72.14. Suppose we are chain complex of the following form

D∗ = . . . → Ck+2
∂k+2−−−→ Ak+1 ⊕Bk+1

∂k+1−−−→ Ak ⊕Bk
∂k−−→ Ck−1 → . . .

Givenm ∈ {k, k+1} we denote by im : Am → Am⊕Bm and jm : Bm → Am⊕Bm the natural
inclusions and we denote by pm : Am ⊕ Bm → Am and qm : Am ⊕ Bm → Bm the natural
projections. We suppose that pk ◦ ∂k+1 ◦ ik+1 : Ak+1 → Ak is an isomorphism. Show that
we can �cancel� Ak+1 and Ak from the chain complex without changing the isomorphism
type of the homology groups. More precisely, consider the following chain complex:

D̃∗ = . . . → Ck+2
pk+1◦∂k+2−−−−−−−→ Bk+1

qk◦∂k+1◦jk+1−−−−−−−−→ Bk
∂k◦jk−−−−→ Ck−1 → . . .

Show that for each i ∈ N0 there exists an isomorphism Hi(D∗)→ Hi(D̃∗).
Remark. This implies in particular that D∗ is acyclic if and only if D̃∗ is acyclic.

Exercise 72.15. We de�ne the direct sum of two chain complexes (C∗, ∂∗) and (D∗, ∂∗)
in the obvious way. A chain complex is called indecomposable if it cannot be written as
the direct sum of two non-zero chain complexes. Show that every chain complex (C∗, ∂∗),
where the groups Ci are all �nitely generated free abelian groups, can be written as a direct
sum of chain complexes of the form

0 → Z → 0
↑

degree i

and 0 → Z ·n−−→ Z → 0.
↑ ↑

degree i degree i− 1

Remark. Use the Smith Normal Form Theorem 51.5.

Exercise 72.16. Let (C∗, ∂∗) be a chain complex of abelian groups. Show that there exists
a chain complex (F∗, ∂∗) of free abelian groups together with a chain map ϕ : F∗ → C∗ such
that the induced maps f∗ : Hk(F∗)→ Hk(C∗) are isomorphisms for all k ∈ N0.
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73. Homology and homotopies

It was not overly di�cult to introduce the homology groups of a topological space. We also
proved several straightforward properties of homology groups. But so far we are unable
to calculate any interesting homology group. In this section we will show in particular
that homotopy equivalent topological spaces have isomorphic homology groups. That does
not yet lead to the calculation of non-trivial homology groups, but this result will play an
important role in the calculation of the homology groups of spheres that we will give in
Proposition 74.4.

73.1. Chain homotopies. In this section we introduce a criterion that ensures that two
chain maps f, g : C∗ → D∗ induce the same maps on the corresponding homology groups.

De�nition. Let f, g : C∗ → D∗ be chain maps between chain complexes C∗ and D∗. A
chain homotopy P = {Pn}n∈N0 between f and g consists of family {Pn : Cn → Dn+1}n∈N0

such that for each n ∈ N0 we have

∂n+1 ◦ Pn + Pn−1 ◦ ∂n = fn − gn.
If there exists a chain homotopy between chain maps f and g, then we say that f and g
are chain homotopic and we write f ' g.
For the de�nition of a chain homotopy and the subsequent discussion of chain homotopies
it is sometimes helpful to keep in mind the following diagram that combines all objects
involved in the de�nition:

∂n+2
// Cn+1

∂n+1
//

f∗,g∗

��

Cn
∂n //

f∗,g∗

��

Pn

||

Cn−1

∂n−1
//

f∗,g∗

��

Pn−1

||∂n+2
// Dn+1

∂n+1
// Dn

∂n // Dn−1

∂n−1
//

Lemma 73.1. Let C∗ and D∗ be two chain complexes.
(1) Chain homotopy de�nes an equivalence relation on the set of all chain maps from

C∗ to D∗. In particular, if f, g, h : C∗ → D∗ are chain maps with f ' g and g ' h,
then f ' h.

(2) Let f, g : C∗ → D∗ be chain maps, and let e : B∗ → C∗ and h : D∗ → E∗ be two
other chain maps. Then

f ' g =⇒ f ◦ e ' g ◦ e and h ◦ f ' h ◦ g.

Proof. The lemma will be proved in Exercise 73.1. �

Now we can formulate the following lemma.

Lemma 73.2. Let f, g : C∗ → D∗ be two chain maps between chain complexes. If f and
g are chain homotopic, then f∗ = g∗ : Hn(C)→ Hn(D) for all n ∈ N0.
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Proof. Let P = {Pn}n∈N0 be a chain homotopy between f and g. Then for any cycle
z ∈ Cn we get the equalities

f(z)− g(z) = (f − g)(z) = (∂n+1Pn + Pn−1∂n)(z) = (∂n+1Pn)(z) + Pn−1 ∂nz︸︷︷︸
=0

= ∂Pnz,

i.e. f(z) and g(z) are homologous. �

De�nition. Let C∗ and D∗ be two chain complexes.
(1) A chain map f : C∗ → D∗ is called a chain homotopy equivalence between C∗ andD∗,

if it admits a chain homotopy inverse, i.e. a chain map g : D∗ → C∗ with g ◦f ' idC∗
and f ◦ g ' idD∗ .

(2) If there exists a chain homotopy equivalence between C∗ andD∗, then we say that the
chain complexes C∗ and D∗ are chain homotopy equivalent and we write C∗ ' D∗.

Lemma 73.3. The relation �homotopy equivalence� of chain complexes is indeed an equiv-
alence relation on the class of all chain complexes.

Proof. This statement follows easily from the de�nitions.We �ll in the details in Exer-
cise 73.2. �

For later we record the following straightforward corollary to Lemma 73.2.
Corollary 73.4. If f : C∗ → D∗ is a chain homotopy equivalence between chain complexes,
then the induced maps f∗ : Hn(C)→ Hn(D) are isomorphisms.

Proof. Let g : D∗ → C∗ be a chain homotopy inverse to f . Then we see that

g∗ ◦ f∗ = (g ◦ f)∗ = (idC∗)∗ = idHn(C) .
↑

by Lemma 73.2 since g ◦ f is chain homotopic to the identity

The same way we see that f∗ ◦ g∗ = idHn(D). �

We also record the following useful little lemma.

Lemma 73.5. Let (C∗, ∂∗) be a chain complex. If there exist �diagonal� maps Pn, n ∈
Z≥−1, to obtain a diagram877

. . . // C3

id

��
P3

zz

∂3 // C2

id

��

∂2 //

P2
zz

C1

id

��

∂1 //

P1
zz

C0

id

��

∂0 //

P0
zz

0

. . . // C3
∂3

// C2
∂2

// C1
∂1

// C0
∂0

// 0

such that for every n ∈ N0 we have the equality

∂n+1 ◦ Pn + Pn−1 ◦ ∂n = idCn ,

then all homology groups of (C∗, ∂∗) vanish.

Proof. Let D∗ be the zero chain complex and for each n ∈ N0 let fn : Cn → Dn = 0 be the
trivial map. Since the homology groups of D∗ it su�ces, by Corollary 73.4, to show that
f∗ is a chain homotopy equivalence. For each n ∈ N0 let gn : Dn → Cn be the trivial map.

877The diagram has no particular role, except that it shows the domain and the target of the maps Pn and
that it is convenient for keeping track of the various maps.
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Evidently fn ◦ gn = idD∗ . Thus it remains to show that g∗ ◦ f∗ ' idC∗ . In other words we
need to show that 0 ' idC∗ . But that is exactly what the maps Pn do. �

73.2. Homology and homotopic maps. The name chain homotopy introduced in the
previous section suggests that this concept is related to the notion of a homotopy between
two topological spaces. As we will see shortly, this is indeed the case. For the reader's
convenience we recall that if f, g : X → Y are two maps between topological spaces, then
a homotopy between the maps f and g is a map

F : X × [0, 1]→ Y,

such that F (x, 0) = f(x) and F (x, 1) = g(x) for all x ∈ X.

If there exists a homotopy between f and g, then we say that f and g are homotopic and
we write f ' g.

Proposition 73.6. (Homotopic Maps-and-Homology Proposition) Let X and Y
be two topological spaces and let f, g : X → Y be two maps. If f and g are homotopic,
then the following hold:
(1) the induced maps f∗ and g∗ from C∗(X) to C∗(Y ) are chain homotopic,
(2) for each n ∈ N0 we have f∗ = g∗ : Hn(X)→ Hn(Y ).

Remark. The proposition can be stated more succinctly as follows:

f ' g : X → Y =⇒ f∗ ' g∗ : C∗(X)→ C∗(Y ) =⇒ f∗ = g∗ : Hn(X)→ Hn(Y ).

We start out with a discussion of the key idea behind the proof of the Homotopic Maps-
and-Homology Proposition 73.6. Afterwards we will �ll in the details. So let f, g : X → Y
be two maps between topological spaces and let F : X× [0, 1]→ Y be a homotopy between
the maps f and g. Our goal is to �nd a chain homotopy between f∗ and g∗. Thus let
σ : ∆n → X be a singular n-simplex. We need to �nd P (σ) ∈ Cn+1(Y ) and P (∂σ) ∈ Cn(Y )
such that

∂P (σ) = −P (∂σ) + f∗(σ) − g∗(σ).
Note that F ◦ (σ × id[0,1]) de�nes a map ∆n × [0, 1] → Y . Now we can rewrite the above
desired equality as follows:

∂P (σ) = −P (∂σ) +
map F ◦ (σ × id[0,1])
restricted to ∆n × {0}︸ ︷︷ ︸

=∆n

−
map F ◦ (σ × id[0,1])
restricted to ∆n × {1}︸ ︷︷ ︸

=∆n

.

To get an idea we consider the �gure below. We make the following trivial observation: we
have

∂(∆n × [0, 1]) = ∂∆n × [0, 1] ∪ ∆n × {0} ∪ ∆n × {1}.
Comparing the desired equality of maps and the equality of sets suggests that each map
Pk : Ck(X) → Ck+1(Y ) should take the role of replacing a singular k-simplex µ : ∆k → X
by the map F ◦ (µ× id[0,1]) : ∆k × [0, 1]→ Y . This is a good idea, but the problem is that
∆k × [0, 1] is not a (k + 1)-simplex. The idea now is to write ∆k × [0, 1] as the union
of (k+ 1)-simplices. In the �gure below we see for example that we can view ∆1× [0, 1] as
the union of the triangles with the vertices v0, w0, w1 respectively v0, v1, w1.
To generalize this observation we have to introduce some more notation.
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∆1 × [0, 1]

∆1

g

f

σ

σ × id

f

F

g

X × [0, 1]

YX

∆1 × {0}
∂∆1 × [0, 1]

∆1 × {1}

Notation. Let n ∈ N0.
(1) For i = 0, . . . , n we write

vi := (0, . . . , 1, 0, . . . , 0)× {0} ∈ Rn+1 × {0},
and wi := (0, . . . , 1, 0, . . . , 0)× {1} ∈ Rn+1 × {1}.
The points v0, . . . , vn thus span the simplex ∆n × 0 and the points w0, . . . , wn span
the simplex ∆n× 1. Furthermore for each i the points v0, . . . , vi, wi, . . . , wn span an
(n+ 1)-simplex that is a subset of ∆n × [0, 1].878

(2) For a0, . . . , ak ∈ ∆n × [0, 1] we consider, as on page 1584, the map

[a0, . . . , ak] : ∆k → ∆n × [0, 1]

(λ0, . . . , λk) 7→
k∑
j=0

λj · aj.

The map [a0, . . . , ak] thus sends the standard k-simplex ∆k to the simplex spanned
by a0, . . . , ak in ∆n × [0, 1].

(3) We set
Ωn :=

n∑
j=0

(−1)j · [v0, . . . , vj, wj, . . . , wn]︸ ︷︷ ︸
∆n+1→∆n×[0,1]

∈ Cn+1(∆n × [0, 1]).
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simplex spanned by v0, w0, w1

simplex spanned by v0, v1, w1

w1

F

f

σ × id

w0 g

v0

v1

[v0, v1, w1]

[v0, w0, w1]
X × [0, 1]

Y

878It is a straightforward exercise to show that the union of these (n+ 1)-dimensional simplices is precisely
∆n × [0, 1]. We will not make use of this fact.
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In the following lemma we compute the boundary of Ωn ∈ Cn+1(∆n× [0, 1]). The statement
might not be particularly visually appealing, but it will turn out to be very useful.

Lemma 73.7. (Prism Boundary Lemma) Let n ∈ N0. Given t ∈ {0, 1} we write
ηt : ∆n → ∆n × [0, 1]

x 7→ (x, t).

With this notation we have

∂n+1(Ωn) +
n∑
j=0

(−1)j · (inj × id[0,1])∗
(

Ωn−1︸ ︷︷ ︸
∈Cn(∆n−1×[0,1])

)
= η1 − η0 ∈ Cn(∆n × [0, 1]).

Proof. The proof of the lemma is basically an elementary, albeit slightly confusing calcu-
lation. First note that

∂Ωn = ∂
( n∑
j=0

(−1)j · [v0, . . . , vj, wj, . . . , wn]
)

=
n+1∑
k=0

(−1)k ·
n∑
j=0

(−1)j · [v0, . . . , vj, wj, . . . , wn] ◦ in+1
k .

It is straightforward to see that for any k ∈ {0, . . . , n+ 1} we have879

[v0, . . . , vj, wj, . . . , wn] ◦ in+1
k =

{
[v0, . . . , v̂k, . . . , vj, wj, . . . , wn], if k ≤ j,
[v0, . . . , vj, wj, . . . , ŵk−1, . . . , wn], if k > j.

Thus it follows that880

∂Ωn =
∑

0≤k≤j≤n

(−1)k · (−1)j · [v0, . . . , v̂k, . . . , vj, wj, . . . , wn]

+
∑

n+1≥k>j≥0

(−1)k · (−1)j · [v0, . . . , vj, wj, . . . , ŵk−1, . . . , wn].

Now we split the �rst sum into the cases k = j and k < j and we split the second sum into
the cases k = j + 1 and k > j + 1. This leads us to the following equality:

∂Ωn =
n∑
k=0

(−1)2k · [v0, . . . , vk−1, wk, . . . , wn]

+
n+1∑
k=1

(−1)2k+1 · [v0, . . . , vk−1, wk, . . . , wn]

+
∑

0≤k<j≤n

(−1)k · (−1)j · [v0, . . . , v̂k, . . . , vj, wj, . . . , wn]

+
∑

n+1≥k>j+1≥1

(−1)k · (−1)j · [v0, . . . , vj, wj, . . . , ŵk−1, . . . , wn].

879The �rst case, k ≤ j is slightly easier: one has to �gure out, where the h-th vertex eh of the stan-
dard n-simplex gets sent to. If h < k, then in+1

k sends the h-th vertex again to the h-th vertex,
and [v0, . . . , vj , wj , . . . , wn] sends this vertex to vh. If h ≥ k, then in+1

k sends the h-th vertex again to
the (h+ 1)-th vertex, and [v0, . . . , vj , wj , . . . , wn] sends this vertex to vh+1. If k ≤ j this corresponds just
to the map [v0, . . . , v̂k, . . . , vj , wj , . . . , wn].
The second case, k > j is proved precisely the same way.
880Here we use the usual notation that v̂k means that we do not plug in v̂k, the same applies to ŵk−1.
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Next we consider the �rst two sums. The summands cancel each other, except for the
summands for k = 0 and k = n+ 1. Thus we obtain that

(∗)

∂Ωn = [w0, . . . , wn]− [v0, . . . , vn]

+
∑

0≤k<j≤n

(−1)k · (−1)j · [v0, . . . , v̂k, . . . , vj, wj, . . . , wn]

+
∑

n+1≥k>j+1≥1

(−1)k · (−1)j · [v0, . . . , vj, wj, . . . , ŵk, . . . , wn].

The �rst summand is just η1 and the second is −η0. It remains to show that the remaining
summand corresponds to the remaining term in the formula. Thus we continue our proof
with the discussion of the one term in the statement of the lemma that we have not studied
yet. We have881

n∑
j=0

(−1)j ·(inj ×id[0,1])∗(Ωn−1) =
n∑
r=0

n−1∑
s=0

(−1)r · (−1)s ·(inr×id[0,1])◦[v0, . . . , vs, ws, . . . , wn−1].
↑

de�nition of (inj × id[0,1])∗ and substitution r = j

It follows from an elementary (but arguably confusing) argument, using only the de�nitions,
that we have the following equalities of maps ∆n → ∆n × [0, 1]:

(inr × id[0,1])◦ [v0, . . . , vs, ws, . . . , wn−1] =

{
[v0, . . . , v̂r, . . . , vs+1, ws+1, . . . , wn], if r ≤ s,

[v0, . . . , vs, ws, . . . , ŵr+1, . . . , wn], if r > s.

Thus we see that
n∑
j=0

(−1)j ·(inj × id[0,1])∗(Ωn−1) =
∑

0≤r≤s≤n−1

(−1)s ·(−1)r ·[v0, . . . , v̂r, . . . , vs+1, ws+1, . . . , wn]

+
∑

n≥r>s≥0

(−1)s ·(−1)r ·[v0, . . . , vs, ws, . . . , ŵr+1, . . . , wn].

In the �rst term we perform the substitutions r = k and s = j − 1 and in the second term
we perform the substitutions r = k − 1, s = j. We obtain the following equality:
n∑
j=0

(−1)j ·(inj × id[0,1])∗(Ωn−1) =
∑

0≤k≤j−1≤n−1

(−1)j−1 ·(−1)k ·[v0, . . . , v̂k, . . . , vj, wj, . . . , wn]

+
∑

n≥k−1>j≥0

(−1)j ·(−1)k−1 ·[v0, . . . , vj, wj, . . . , ŵk, . . . , wn].

We see immediately that these terms are just the negatives of the corresponding terms in
the above equation (∗). �

The following lemma implies in particular the �rst statement of the Homotopic Maps-and-
Homology Proposition 73.6. The second statement of the Homotopic Maps-and-Homology
Proposition 73.6 regarding the induced maps on homology follows immediately from the
�rst statement together with Lemma 73.2. In other words, the following lemma completes
the proof of the Homotopic Maps-and-Homology Proposition 73.6.

881Here v0, . . . , vn−1, w0, . . . , wn−1 are now, unfortunately somewhat confusingly, the corresponding vertices
of ∆n−1 × [0, 1].
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Lemma 73.8. Let X be a topological space and let F : X × [0, 1] → Y be a homotopy
from a map f to a map g. Given any n ∈ N0 we de�ne

Pn : Cn(X) → Cn+1(Y )
to be the map that is induced by

(σ : ∆n → X) 7→ (F ◦ (σ × id[0,1]))∗(Ωn).

Then for any n ∈ N0 we have

∂Pn + Pn−1∂ = g∗ − f∗
as maps from Cn(X) to Cn(Y ).

Proof. Let X be a topological space and let F : X × [0, 1] → X be a homotopy from a
map f to a map g. Furthermore let σ : ∆n → X be a singular k-simplex. Then

(∂Pn + Pn−1∂)(σ) = ∂(Pn(σ)) + Pn−1

( n∑
j=0

(−1)j ·σ◦inj
)

= ∂(Pn(σ)) +
n∑
j=0

(−1)j ·Pn−1(σ◦inj )

= ∂((F ◦ (σ × id[0,1]))∗(Ωn)) +
n∑
j=0

(−1)j · (F ◦ (σ ◦nj × id[0,1]))∗(Ωn−1)

= (F ◦ (σ × id[0,1]))∗

(
∂(Ωn)) +

n∑
j=0

(−1)j · (inj × id[0,1])∗(Ωn−1)
)

↑
by Lemma 72.9 (1) and since (σ × id) ◦ (inj × id) = (σ ◦ inj )× id

= (F ◦ (σ × id[0,1]))∗(η1 − η0) = f ◦ σ − g ◦ σ = g∗(σ)− f∗(σ).
↑ ↑

Prism Boundary Lemma 73.7 since F is a homotopy from f to g�

We recall the following de�nition from page 430.

De�nition. Let X and Y be topological spaces.
(1) A map f : X → Y is a homotopy equivalence between X and Y , if there exists a ho-

motopy inverse to f , i.e. if there exists a continuous map g : Y → X with g◦f ' idX
and f ◦ g ' idY .

(2) If there exists a homotopy equivalence between X and Y , then we say that the
topological spaces X and Y are homotopy equivalent and we write X ' Y .

(3) We say X is contractible, if X is homotopy equivalent to Y = {∗}, i.e. if X is
homotopy equivalent to a topological space which consists of precisely one point.

Now we obtain the following corollary to the Homotopic Maps-and-Homology Proposi-
tion 73.6. This corollary mirrors the fact, proved in Propositions 50.3 (2) and 71.7 (2), that
homotopy equivalences induce isomorphisms of fundamental groups and higher homotopy
groups.

Corollary 73.9. (Homotopy Equivalence-H∗-Corollary) Let X and Y be topological
spaces and let n ∈ N0.
(1) If f : X → Y is a homotopy equivalence (e.g. a homeomorphism), then the induced

map f∗ : Hn(X)→ Hn(Y ) is an isomorphism.
(2) If X and Y are homotopy equivalent, then Hn(X) ∼= Hn(Y ).
(3) If X is contractible, then H0(X) ∼= Z and Hn(X) = 0 for n ≥ 1.
(4) If X is a deformation retract of Y , then the inclusion induced map Hn(X)→ Hn(Y )

is an isomorphism.
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Proof.
(1) Let f : X → Y be a homotopy equivalence and let g : Y → X be a homotopy inverse

of f , i.e. g is a map such that f ◦ g ' idY and g ◦ f ' idX . It follows from the
Homotopic Maps-and-Homology Proposition 73.6 and the functoriality of homology
that f∗ ◦ g∗ = (f ◦ g)∗ = idHn(Y ) and similarly g∗ ◦ f∗ = idHn(X). But that means
precisely that f∗ : Hn(X)→ Hn(Y ) is an isomorphism.

(2) This statement follows immediately from (1).
(3) This statement follows immediately from (2) and the Single Point-Homology Lemma 72.6.
(4) This statement follows immediately from (1) and the Deformation Retract-Homotopy

Equivalence Lemma 15.5. �

Examples.
(1) On page 432 we saw that every convex subset of Rn, e.g. the open disk Bn, the closed

disk B
n
, any simplex or Rn, is contractible. Thus it follows from the Homotopy

Equivalence-H∗-Corollary 73.9, that

Hi(convex subset of Rn) ∼= Hi(B
n) ∼= Hi(B

n
) ∼= Hi(Rn) ∼=

{
Z, if i = 0,
0, if i > 0.

(2) In Exercise 73.3 we will use the Homotopy Equivalence-H∗-Corollary 73.9 to show
that if A is a compact convex subset of Rn and if x is a point in the interior of A, then
the inclusion Rn \ A → Rn \ {x} induces isomorphisms Hi(Rn \ A) → Hi(Rn \ {x})
for all i.

Remark. Given a map f : X → Y between topological spaces we denote by [f ] the homo-
topy equivalence class of f , and we denote by [X, Y ] the set of equivalence classes of maps
from X to Y . As we pointed out on page 441,

Ob(HomTop) := all topological spaces,
Mor(X, Y ) := [X, Y ]

together with the composition
Mor(X, Y )×Mor(Y, Z) → Mor(X,Z)

([f ], [g]) 7→ [g ◦ f ]

de�nes a category HomTop, called the homotopy category. the Homotopic Maps-and-Homology
Proposition 73.6 thus says that for each n ∈ N0 the maps

X 7→ Hn(X)
and [f ] 7→ (f∗ : Hn(X)→ Hn(Y ))

de�ne a functor from the category HomTop to the category AbGroup of abelian groups. In
particular we now have the following commutative diagram of categories and functors:

category Top of
topological spaces

X 7→X //

X 7→Hn(X)
))

homotopy
category HomTop

X 7→Hn(X)
uu

category AbGroup of abelian
groups.
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Exercises for Chapter 73.

Exercise 73.1. Let C∗ and D∗ be two chain complexes.
(a) Show that chain homotopy de�nes an equivalence relation on the set of all chain

maps from C∗ to D∗.
(b) Let f, g : C∗ → D∗ be chain maps, and let e : B∗ → C∗ and h : D∗ → E∗ be two other

chain maps. Show that if f ' g, then f ◦ e ' g ◦ e and h ◦ f ' h ◦ g.

Exercise 73.2. Show that the relation �homotopy equivalence� of chain complexes is indeed
an equivalence relation on the class of all chain complexes.

Exercise 73.3. Let A be a compact convex subset of Rn and let x ∈ A be a point. Show
that the inclusion Rn \A→ Rn \ {x} induces isomorphisms Hi(Rn \A)→ Hi(Rn \ {x}) for
all i.
Hint. Use Exercise 15.5.

Exercise 73.4. Let X = S1 and let Y = B
2×S1. We consider the map f : X → Y shown

in the �gure below. Show that for every i ∈ N the induced map f∗ : Hi(X)→ Hi(Y ) is the
zero map.
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74. The Excision Theorem

In this section, given a topological space X and a �good� subset A we will relate the
homology groups of X, A and the quotient space X/A via a long exact sequence. We will
use this long exact sequence to ful�ll our dream of calculating the homology groups of all
spheres. Unfortunately it will take a very long time to prove the existence of this long exact
sequence.

74.1. Reduced homology groups. In this section we introduce the reduced homology
groups of a topological space. These are a minute but at times surprisingly useful variation
on the usual homology groups.

De�nition. Let X be a topological space. By Lemma 72.4 (1) we know that the following
is a generalized882 chain complex

degree 0 degree −1
↓ ↓

. . .
∂3−−→ C2(X)

∂2−−→ C1(X)
∂1−−→ C0(X)

ε−→ Z → 0.
k∑
i=1
ri · σi 7→

k∑
i=1
ri

↑
augmentation map from page 1590

We introduce the following three de�nitions.
(1) We refer to this chain complex as the augmented chain complex C̃∗(X) of X.
(2) Given n ∈ Z≥−1 we de�ne the n-th reduced homology group H̃n(X) of X to be the

n-th homology group of the augmented chain complex.
(3) If f : X → Y is a map between topological spaces we denote by f∗ : C̃∗(X)→ C̃∗(Y )

the map that is the usual map on C̃n(X) = Cn(X) for n ≥ 0 and that is the identity
on the �nal Z-term.

The following elementary lemma summarizes a few properties of reduced homology groups.

Lemma 74.1. (Reduced Homology Lemma)
(0) Given a topological space X we have883

H̃−1(X) =

{
0, if X 6= ∅,
Z, if X = ∅.

(1) If f : X → Y is a map between two topological spaces, then the induced maps
f∗ : C̃∗(X) → C̃∗(Y ) are chain maps. In particular we see that for each n ∈ Z≥−1

we get a well-de�ned induced map f∗ : H̃n(X)→ H̃n(Y ).
(2) For every n ∈ Z≥−1 the maps

X 7→ H̃n(X)

(f : X → Y ) 7→ (f∗ : H̃n(X)→ H̃n(Y ))

de�ne a functor from the category of topological spaces to the category of abelian
groups.

882Recall that a generalized chain complex is like a chain complex, but we also allow non-zero groups in
negative degrees.
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(3) For each n ∈ Z≥−1 the maps

æ : H̃n(X) → Hn(X)
[σ] 7→ [σ]

are well-de�ned. Furthermore they de�ne a natural transformation from the functor
X 7→ H̃n(X) to the functor X 7→ Hn(X).

(4) For every topological space X the following statements hold:
(a) Given any point P ∈ X the map

H̃0(X)⊕ Z → H0(X)
[σ]⊕ n 7→ [σ] + [n · P ]

is an isomorphism.
(b) For every n ≥ 1 the natural map æ : H̃n(X)→ Hn(X) is the identity.

(5) If X is a topological space with n ∈ N path-components, then H̃0(X) ∼= Zn−1. In
particular X is path-connected if and only if H̃0(X) = 0.

(6) The statements of the Homotopy Equivalence-H∗-Corollary 73.9 (1), (2) and (4)
also hold the same way for reduced homology groups and the corresponding induced
maps. For example, if X is a deformation retract of some topological space Y , then
the inclusion induced maps H̃k(X)→ H̃k(Y ) are isomorphisms for all k ∈ Z≥−1.

(7) If X is a contractible topological space, then H̃k(X) = 0 for all k ∈ Z≥−1.
The lemma shows in particular that reduced homology groups are almost the same as the
usual homology groups. So it might sound slightly silly to introduce them. But we will
see that on several occasions reduced homology groups make it easier to formulate some
statements.

Remark.
(1) If X is a non-empty topological space, then it follows from the Reduced Homology

Lemma 74.1 (4) that we have isomorphisms

Hn(X) ∼=
{

H̃0(X)⊕ Z, if n = 0,

H̃n(X), if n 6= 0.

Furthermore, by the Reduced Homology Lemma 74.1 (3) we know that for n ≥ 1 the
isomorphism is natural. On other hand for n = 0 the isomorphism depends on the
choice of a point.

(2) In Lemma 74.2 we will formulate a useful variation on the Reduced Homology
Lemma 74.1 (3).

(3) By the Reduced Homology Lemma 74.1 (7) we know for any k ∈ N0 and any n ∈ Z≥−1

we have

H̃n(∆k) = H̃n(Bk) = H̃n(B
k
) = H̃n(Rk) = 0.

(4) We will often use the Reduced Homology Lemma 74.1 without explicitly mentioning
it. For example we will refer to earlier results about homology groups and state the
corresponding results for reduced homology groups.

883This calculation shows that in almost all cases we can ignore H̃−1(X). Nonetheless, some formulas later
on become cleaner if we take into account that H̃−1(∅) = Z.
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Proof.

(0) First let X be a non-empty topological space. It follows immediately from the de�ni-
tions that the augmentation map ε is an epimorphism which entails that H̃n−1(X) =

0. The fact that H̃−1(∅) = Z is clear.
(1) Let f : X → Y be a map between two topological spaces. It is a straightforward

consequence of the de�nition of the augmentation maps that the following diagram
commutes:

C0(X)

ε &&

f∗
// C0(Y )

εxxZ.
It follows almost immediately from the fact that this diagram commutes that the
induced maps f∗ : C̃∗(X) → C̃∗(Y ) are chain maps. Furthermore we obtain from
Lemma 72.7 that we get induced maps on reduced homology.

(2) This statement is basically obvious.
(3) This statement follows easily from the de�nitions.
(4) Let X be a topological space. By the de�nition of H̃n(X) we only have to deal with

the case n = 0. Let P ∈ X be a point. It is straightforward to show that the maps

H̃0(X)⊕ Z → H0(X)
[σ]⊕ n 7→ [σ] + [n · P ]

and H0(X) → H̃0(X)⊕ Z
[σ] 7→ [σ − εX(σ) · P ] + εX(σ)

are inverses of one another. In particular both maps are isomorphisms.
(5) This statement follows immediately from (1), Corollary 72.15 and Lemma 51.9 (4).
(6) This statement is proved exactly the same way as the Homotopy Equivalence-H∗-

Corollary 73.9.
(7) This �nal statement follows immediately from (5) and (6). �

74.2. Long exact sequences. We need two more de�nitions before we can formulate one
of the key theorems of homology theory.

De�nition. Let X be a topological space and let A Ă X be a subset. We say A is good
if A is closed and if there exists an open neighborhood U of A in X such that A is a
deformation retract of U .

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

X A is a good subset of X

U

Remark. Our de�nition of a good subset is the same as on [Hat2002, p. 114], except that
we do not demand that a good subset is non-empty.

Examples.

(1) Let x ∈ X be a point. Basically by de�nition the subset {x} Ă X is good in the
above sense if and only the point is good in the sense of the de�nition on page 1171.

(2) The sphere Sn−1 is a good subset of the closed ball B
n
. Indeed, it is clear that Sn−1

is a closed subset. Furthermore, if we consider the open neighborhood U = B
n \ {0},
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then a deformation retraction is given by the map

(B
n \ {0})× [0, 1] → B

n \ {0}
(x, t) 7→

(
1− t · 1−‖x‖

‖x‖

)
· x.

(3) We can generalize the second example: It follows easily from the Smooth Manifold
Boundary Proposition 19.26 (3) and the Smooth Collar Neighborhood Theorem 28.3
that every boundary component of a smooth manifold is good.

(4) Finally it follows from the Subcomplex Lemma 68.18 (2) and the CW-Complex Prop-
erties Proposition 68.10 (8a) that every subcomplex A of a CW-complex X is good.

The following de�nition might be familiar from earlier algebra courses.

De�nition. A sequence of group homomorphisms

. . . An+1
fn+1−−−→ An

fn−→ An−1
fn−1−−−→ An−2 → . . .

is called exact, if for each n we have

ker(fn) = im(fn+1).

Example. Let A and B be abelian groups. The sequence

0 → A
a7→(a,0)−−−−−→ A⊕B (a,b) 7→b−−−−−→ B → 0

is easily seen to be exact.

Remark. We collect a few basic statements about exact sequences which we will use
frequently.

(1) In any exact sequence the composition of two consecutive maps is necessarily zero.
(2) We have the following equivalences of statements:

the sequence 0→ A
f−→ B is exact ⇐⇒ f is injective

the sequence A
f−→ B → 0 is exact ⇐⇒ f is surjective

the sequence 0→ A
f−→ B → 0 is exact ⇐⇒ f is an isomorphism.

(3) Sometimes we also use the following observations:

the sequence 0→ A→ B
f−→ C is exact =⇒ A ∼= ker(f)

the sequence A
f−→ B → C → 0 is exact =⇒ C ∼= coker(f).

The following lemma gives us the �rst slightly interesting example of an exact sequence.

Lemma 74.2. If X is a non-empty topological space, then the natural sequence

0 → H̃0(X)
æ−−→ H0(X)

augmentation map εX−−−−−−−−−−−−−→
from Lemma 72.4

Z → 0

is exact.
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Proof. Let P ∈ X be a point. We consider the following diagram:

0 // H̃0(X)

v 7→(v,0) ))

æ // H0(X)
εX // Z // 0

H̃0(X)⊕ Z

(v,n)7→(æ(v),[n·P ]∼=
OO

(v,n)7→n

::

We make the following observations:
(1) It follows immediately from the de�nitions that the diagram commutes.
(2) By the Reduced Homology Lemma 74.1 (4) we know that the vertical map is an

isomorphism.
(3) The �bottom sequence� via H̃0(X)⊕Z is precisely of the form of the above example,

i.e. this sequence is exact.
(4) It follows easily from the above that the original sequence is also exact. �

Now we can formulate the following theorem.

Theorem 74.3. Let X be a topological space and let A Ă X be a good subset.884 We
denote by i : A → X the inclusion map and we denote by p : X → X/A the projection .
For each n ∈ N0 there exists a natural885 homomorphism ∂ : H̃n(X/A) → H̃n−1(A) such
that the sequence

. . .
p∗−−−→ H̃n+1(X/A)

∂−−→
→ H̃n(A)

i∗−−→ H̃n(X)
p∗−−−→ H̃n(X/A)

∂−−→
→ H̃n−1(A)

i∗−−→ . . .

is exact.

Example. In the �gure below we show a topological spaceX together with a good subset A
and we show the inclusion map i : A→ X and the projection p : X → X/A. Theorem 74.3
relates the (reduced) homology groups of A, X and X/A in a mysterious way.
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Remark.
(1) In Exercise 74.19 we will see that in general the conclusion of Theorem 74.3 does not

hold, if we do not assume that A is a good subset.
(2) If A is non-empty, then it follows from the Reduced Homology Lemma 74.1 that the

last term that is possibly non-zero is H̃0(X/A).
884The most common situation is that X is a CW-complex and that A is a subcomplex.
885Here natural means the following: If f : (X,A) → (Y,B) is a map between pairs of topological spaces
and if A and B are good subsets, then the following diagram commutes:

H̃n(X/A)

f∗ ��

∂ // H̃n−1(A)

f∗��

H̃n(Y/B)
∂ // H̃n−1(B).
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It will take a while to prove Theorem 74.3. Therefore we will �rst consider several appli-
cations which will convince us that proving Theorem 74.3 is worth the e�ort.

74.3. The homology groups of spheres. Using Theorem 74.3 we can now determine
the homology groups of spheres and we get a nice and satisfactory result.
Proposition 74.4. For each n ∈ Z≥−1 we have

H̃k(S
n) ∼=

{
Z, if k = n, and
0, if k 6= n.

Remark.
(1) Put di�erently, the combination of the Reduced Homology Lemma 74.1 and Propo-

sition 74.4 says that for any n > 0 we have
Hk(S

n) ∼=
{

Z, if k = 0 or k = n, and
0, if k 6= 0, n.

Furthermore we have

Hk(S
0) ∼=

{
Z2, if k = 0, and
0, if k 6= 0.

(2) Note that the statement of Proposition 74.4 is in marked contrast to the situation
for higher homotopy groups. As formulated in Question 71.18 we have the strong
suspicion that π3(S2) 6= 0.

By the Smooth Manifold-Dimension Proposition 19.28 we know that for k 6= l the spheres
Sk and Sl are not di�eomorphic. The following corollary is a serious upgrade of this fact.

Corollary 74.5. For k 6= l the spheres Sk and Sl are not homeomorphic.
So we have �nally managed to distinguish spheres of di�erent dimensions. Our initial idea
had been to use higher homotopy groups to prove that result. Even though the de�nition
of higher homotopy groups is arguably much more natural than the de�nition of homology
groups, it turns out that the latter groups are signi�cantly easier to compute.
Proof of Proposition 74.4 assuming Theorem 74.3. We prove the proposition by in-
duction on n. First note that for n = −1 we have Sn = S−1 = ∅, thus the statement follows
immediately from the Reduced Homology Lemma 74.1 (0).886

Now we suppose that the statement of the proposition holds for n − 1. We want to
determine the reduced homology of Sn. In the Ball-Quotient Sphere Lemma 5.20 we had
shown that Sn is homeomorphic to B

n
/Sn−1. We had just seen on page 1614 that Sn−1

is a good subset of B
n
. Therefore we can apply Theorem 74.3 to X = B

n
and the closed

subset A = Sn−1 and we obtain the following exact sequence

. . . −−→ H̃k+1(B
n
)

p∗−−→ H̃k+1(B
n
/Sn−1)

∂−−→
→ H̃k(S

n−1)
i∗−−→ H̃k(B

n
)

p∗−−→ H̃k(B
n
/Sn−1)

∂−−→
→ H̃k−1(Sn−1)

i∗−−→ . . .

From the induction hypothesis, from the homeomorphism Sn ∼= B
n
/Sn−1 and from the fact

that H̃i(B
n
) = 0 for all i (obtained on page 1612) we now see that the above long exact

886To readers who prefer S0 as a starting point we point out that S0 consists of precisely two points. Thus
the promised isomorphisms follow from Lemmas 72.6, 72.14 and 74.1.
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sequence gives rise to the following exact sequence:

. . . −−→ 0
p∗−−→ H̃k+1(Sn)

∂−−→
→ H̃k(S

n−1)
i∗−−→ 0

p∗−−→ H̃k(S
n)

∂−−→
→ H̃k−1(Sn−1)

i∗−−→ . . .

In particular we obtain for each k an exact sequence

0 → H̃k+1(Sn)
∂−−→ H̃k(S

n−1) → 0.

But this means that the maps ∂ are isomorphisms, and using our induction hypothesis we
obtain the desired result that

H̃k(S
n) = H̃k−1(Sn−1) ∼=

{
Z, if k − 1 = n− 1, i.e. if k = n and
0, if k 6= n. �

In Lemma 2.26 we had used elementary arguments to show that R is not homeomorphic
to R2. Furthermore, in Lemma 50.4 we had used the fundamental group to prove that R2

is not homeomorphic to Rn for n ≥ 3. Now we can �nally show that for any k 6= l the
topological spaces Rk and Rl are not homeomorphic.

Proposition 74.6. For any k 6= l the topological spaces Rk and Rl are not homeomorphic.

Proof. Clearly we only have to deal with the case k, l ≥ 1. Let k, l ∈ N and suppose there
exists a homeomorphism f : Rk → Rl. Then we obtain that

follows from the Homotopy Equivalence-H∗-Corollary 73.9
↓ ↓

Z ∼= H̃k−1(Sk−1) ∼= H̃k−1(Rk \ {0}) f∗−→ H̃k−1(Rl \ {f(0)}) ∼= H̃k−1(Sl−1).
↑ ↑

Proposition 74.4 isomorphism since f is a homeomorphism

So we have H̃k−1(Sl−1) ∼= Z. But by Proposition 74.4 that is only possible if k = l. �

74.4. The Brouwer Fixed Point Theorem II. In Lemma 47.16 we had used the funda-
mental group to show that S1 is not a retract of B

2
. Precisely the same argument, together

with Proposition 74.4, now gives us the following proposition.

Proposition 74.7. For every n ∈ N the sphere Sn−1 = ∂B
n
is not a retract of the closed

ball B
n
.

Remark. I found the following amusing description of Proposition 74.7 online:
�Suppose a shark jumps into a shoal of �sh (a kind of big ball). The small �shes start
escaping in all directions towards the border of the shoal, where the �shes stand still. Yet
they escape with a certain disposition to follow a continuous �ow, as they usually do, since
everybody tends to follow its neighborhoods. But since there is no continuous retraction
to the boundary, somebody doesn't know where to go, and stay there for a moment, much
to the shark's satisfaction. There is also a 2D version, with a wolf entering into a herd of
sheep.�
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Proof. Suppose there exists a retraction r : B
n → Sn−1. We denote by i : Sn−1 → B

n
the

inclusion map. We consider the following diagram

H̃n−1(B
n
)

r∗

((

H̃n−1(Sn−1)

i∗
66

(r◦i)∗
// H̃n−1(Sn−1).

This diagram commutes since it follows from the functoriality of the homology groups that
r∗ ◦ i∗ = (r ◦ i)∗. Since r is a retraction it follows that r ◦ i = idSn−1 , i.e. (r ◦ i)∗ = (idSn−1)∗
is the identity map on H̃n−1(Sn−1) which, by Proposition 74.4, is isomorphic to Z. The
lower map is thus an isomorphism, but the upper map factorizes through the trivial group,
i.e. the composition of i∗ and r∗ cannot be an isomorphism of Z. Thus we have obtained a
contradiction. �

Now we can again provide a proof of Brouwer Fixed Point Theorem 31.4.

Theorem (Brouwer Fixed Point Theorem 31.4. Every map f : B
n → B

n
admits a

�xed point, i.e. for every map f : B
n → B

n
there exists a point x ∈ Bn

such that f(x) = x.

Remark. We already provided on proof on page 784 and we will provide another proof on
page 2118.

Proof. The proof of the Brouwer Fixed Point Theorem 31.4 is basically identical to the
one provided on page 1618. We just need to replace the Boundary Non-Retraction Propo-
sition 31.3 by Proposition 74.7. For the reader's convenience we provide the argument,
minus the technical details, again.

Suppose there exists a map f : B
n → B

n
without a �xed point. Since f admits no �xed

points we saw on page 784 that for each x ∈ Bn
the open ray {f(x) + t · (x− f(x)) | t > 0}

which starts at f(x) and which goes through x contains precisely one point in Sn−1. Thus
we can consider the following map:

Φ: B
n → B

n

x 7→ the intersection point of Sn−1 with the
uniquely determined open ray from f(x) to x.
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��Φ(x)

x
f(x)

Sn−1

B
n

As we saw on page 785, it is elementary to show that Φ is continuous. It is evident that
Φ(x) = x for all x ∈ Sn−1 and that Φ(x) ∈ Sn−1 for all x ∈ Sn−1. The map Φ is thus a
retraction from B

n
to Sn−1. But according to Proposition 74.7 this not possible. Thus we

have obtained a contradiction. �
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As we mentioned already in Section 31.2, the Brouwer Fixed Point Theorem pops up many
times in mathematics. For example we can use it to prove the following theorem in linear
algebra.

Theorem 31.5. (Perron-Frobenius Theorem) Let A = (aij) be an n×n-real matrix.
If all entries are positive, then A has a positive eigenvalue λ with an eigenvector v such
that all entries of v are non-negative.

Proof. For the reader's convenience we recall the proof from page 785. We need to intro-
duce two players:

(1) Given v = (v1, . . . , vn) ∈ Rn we write |v| :=
n∑
i=1
|vi|.

(2) We consider again the standard (n− 1)-simplex

∆n−1 := {(t1, . . . , tn) ∈ [0, 1]n
∣∣ |v| = 1}.

We saw in the Standard Simplex Homeomorphism Lemma 72.1 that ∆n−1 is homeo-
morphic to B

n−1
. It follows immediately from this observation and from the Brouwer

Fixed Point Theorem 31.4 that any self-map f : ∆n−1 → ∆n−1 has a �xed point.

Now let A = (aij) be an n × n-real matrix such that all entries are positive. We consider
the map

f : ∆n−1 → ∆n−1

v = (v1, . . . , vn) 7→ A·v
|A·v| .

Note that this map is de�ned since our hypothesis that all aij are positive and the fact
that all entries of v are non-negative and that at least one entry of v is positive imply that
A · v 6= 0. As we had just discussed above, the map f : ∆n−1 → ∆n−1 has a �xed point
v ∈ ∆n−1. But this means that A · v = |A · v| · v. Put di�erently, we have just shown that
v is an eigenvector to the positive eigenvalue |A · v|. �

74.5. Basic homological algebra. Now that we have made use of Theorem 74.3 we also
need to provide a proof of Theorem 74.3. In this chapter we will �rst develop several
algebraic methods which later on will be used in the proof of the existence of the exact
sequence of Theorem 74.3.

De�nition. A short exact sequence is an exact sequence of the form

0 → A → B → C → 0,
which consists of at most three non-trivial groups. A short exact sequence of chain com-
plexes

0 → A∗
i−→ B∗

p−→ C∗ → 0
consists of chain complexes A∗, B∗,C∗ and chain maps i : A∗ → B∗ and p : B∗ → C∗ such
that for each n the maps

0 → An
i−→ Bn

p−→ Cn → 0

form a short exact sequence.
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Remark. Throughout the subsequent discussion in the following pages it is helpful to keep
in mind the following commutative diagram of short exact sequences:

0 // An+1
i //

∂n+1

��

Bn+1
p
//

∂n+1

��

Cn+1
//

∂n+1

��

0

0 // An
i //

∂n
��

Bn
p
//

∂n
��

Cn //

∂n
��

0

0 // An−1
i //

∂n−1

��

Bn−1
p
//

∂n−1

��

Cn−1
//

∂n−1

��

0

0 // An−2
i // Bn−2

p
// Cn−2

// 0.

De�nition. Now suppose that we are given such a short exact sequence of chain com-
plexes. We will de�ne a map

∂n : Hn(C) → Hn−1(A)

as follows:
(1) Let z ∈ Hn(C).
(2) We pick c ∈ Cn with z = [c].
(3) By the surjectivity of p we have c = p(b) for some b ∈ Bn.
(4) We have p(∂b) = ∂p(b) = ∂c = 0.

↑ ↑
since the diagram commutes since c is a cycle

(5) Since the second horizontal row in the above diagram is exact it follows immediately
from (4) that ∂b = i(a) for some uniquely determined a ∈ An−1.

(6) We put ∂n(z) := [a].
We refer to this map ∂n : Hn(C)→ Hn−1(A) as the connecting homomorphism.
The following lemma summarizes two of the key properties of the connecting homomor-
phisms.

Lemma 74.8. (Connecting Homomorphism Lemma)
(1) Let 0 → A∗ → B∗ → C∗ → 0 be a short exact sequence of chain complexes. The

connecting homomorphism ∂n : Hn(C)→ Hn−1(A) is well-de�ned and it is indeed a
homomorphism.

(2) The connecting homomorphism is natural, i.e. if

0 // A∗
i //

a
��

B∗
b
��

p
// C∗ //

c
��

0

0 // A′∗
i // B′∗

p
// C ′∗ // 0
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is a commutative diagram of chain maps where the horizontal sequences are exact,
then the following diagram commutes for every n ∈ N:

Hn(C)
c∗
��

∂n // Hn−1(A)
a∗
��

Hn(C ′)
∂n // Hn−1(A′)

Remark. Let us explain why we say that the connecting homomorphism is �natural�. Let
S be the category of short exact sequences of chain complexes where the morphisms are
chain maps. the Connecting Homomorphism Lemma 74.8 (2) says given any n ∈ N0 the
connecting homomorphism ∂n : Hn(C) → Hn−1(A) is a natural transformation from the
functor

S → AbGroup
(A∗→B∗→C∗) 7→ Hn(C)

to the
functor

S → AbGroup
(A∗→B∗→C∗) 7→ Hn−1(A).

The proof of this lemma and the following proposition are done by a �diagram chase�. This
means that one needs to keep the commutative diagram on page 1620 in mind and one has
to use on several occasions that the vertical maps are chain maps and that the horizontal
sequences are exact. In both cases the proofs are quite elementary.
Proof.

The proof below is elementary but not very readable. It is much easier to prove the
lemma on your own than to try to read the proof.

For the undeterred reader we now provide the fully gory details.
(1) We start out with the following claim.

Claim. The map ∂n : Hn(C) → Hn−1(A)

is well-de�ned.
Proof. Let z ∈ Hn(C). We denote by c, b and a the elements as in the de�nition of
∂n. We need to show that the element a is indeed a cycle and that the de�nition of
∂n([c]) does not depend on the choices of c and b.

The proofs of these two statements is not particularly di�cult and it is done via
�diagram chasing�. First we note that

i(∂a) = ∂i(a) = ∂(∂b) = 0.
↑

since the diagram commutes

Since i is injective we obtain that ∂a = 0, i.e. a is indeed a cycle. Now we show that
the homology class [a] depends only on the homology class [c].
(a) If we chose a di�erent element in Bn, then it follows from the fact that the

horizontal sequences are exact that this element would be of the form b + i(a′)
for some a′ ∈ An. But then we obtain the following equality:

since the diagram commutes
↓

∂(b+ i(a′)) = ∂b+ ∂(i(a′)) = ∂b︸︷︷︸
=i(a)

+ i(∂a′) = i(a+ ∂a′).

Since [a] = [a+ ∂a′] ∈ Hn−1(A) this does not change the homology class.
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(b) If we picked an other representative for [c], then this representative would be of
the form c+∂c′ for some c′ ∈ Cn+1. Since the map p : Bn → Cn is an epimorphism
there exists a b′ ∈ Bn+1 with p(b′) = c′. It follows that

p(b+ ∂b′) = p(b) + p(∂b′) = c+ ∂p(b′) = c+ ∂c′.
↑

since the diagram commutes

Since ∂(b+∂b′) = ∂b we see that we have ended up with the same element in Bn−1

as before. �
Claim. The map ∂n : Hn(C) → Hn−1(A)

is a homomorphism.

Proof. Thus let [c1] and [c2] be given. For j = 1, 2 we choose bj as in this de�nition
of ∂n, and we denote by aj the uniquely determined element with i(aj) = ∂bj. Then
we also have p(b1 +b2) = c1 +c2 and i(a1 +a2) = i(a1)+i(a2) = ∂b1 +∂b2 = ∂(b1 +b2).
It follows that

∂n([c1 + c2]) = [a1 + a2] = [a1] + [a2] = ∂n([c1]) + ∂n([c2]). �
(2) The second statement follows easily from the de�nitions. We leave the veri�cation

of the details to the reader. �

Now we can formulate the following proposition which explains the name �connecting ho-
momorphism�.

Proposition 74.9. (LES Proposition)
(1) Let

0 → A∗
i−→ B∗

p−→ C∗ → 0

be a short exact sequence of chain complexes. Then the sequence

. . . → Hn(A)
i∗−−→ Hn(B)

p∗−−→ Hn(C)
∂−→ Hn−1(A)

i∗−−→ Hn−1(B)
p∗−−→ . . .

is exact.
(2) The connecting homomorphism is natural. More precisely, let

0 // A∗
i //

a
��

B∗
b
��

p
// C∗ //

c
��

0

0 // A′∗
i // B′∗

p
// C ′∗ // 0

be a commutative diagram of chain maps where the horizontal sequences are exact.
Then the following diagram commutes:

. . . // Hn(A)
a∗
��

i∗ // Hn(B)
b∗
��

p∗
// Hn(C)

c∗
��

∂ // Hn−1(A)
a∗
��

// . . .

. . . // Hn(A′)
i∗ // Hn(B′)

p∗
// Hn(C ′)

∂ // Hn−1(A′) // . . .

The fact that the square to the right commutes is just in plain words the statement
that the connecting homomorphism is natural.

In the following we refer to the exact sequence of the LES Proposition 74.9 as the as long
exact sequence in homology corresponding to the short exact sequence of chain complexes.
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Proof of the LES Proposition 74.9. First note that Statement (2) is an immediate
consequence of the Connecting Homomorphism Lemma 74.8. We included the statement
for the convenience of the reader. Thus let us turn to the actual meat, namely Statement
(1).

The proof below is elementary but not very readable. It is much easier to prove the
proposition on your own than to try to read the proof.

Let 0 → A∗
i−→ B∗

p−→ C∗ → 0

be a short exact sequence of chain complexes. Then the sequence

. . . → Hn(A)
i∗−−→ Hn(B)

p∗−−→ Hn(C)
∂−→ Hn−1(A)

i∗−−→ Hn−1(B)
p∗−−→ . . .

is exact. We examine the exactness at the three groups Hn−1(A),Hn(B) and Hn(C). Put
di�erently, at each of the three groups we want to show the following two statements:
(1) the image of the map to the left is contained in the image of the map to the right, or

equivalently, the composition of the map to the left and the map to the right is zero,
(2) the kernel of the map to the right is contained in the image of the map to the left.

Now we perform these steps:
(A) First let [c] ∈ Hn(C). We want to show that i(∂[c]) = 0. We choose b with p(b) = c

and denote by a ∈ An−1 the element with i(a) = ∂b. Then we have

i(∂[c]) = i([a]) = [∂b] = 0 ∈ Hn−1(B).
↑

de�nition of ∂ : Hn(C)→ Hn−1(A)

Now let [a] ∈ ker(i∗). Then i(a) = ∂b for some b ∈ Bn. It follows immediately from
the de�nitions that ∂[p(b)] = [a].

(B) From p ◦ i = 0 it follows that p∗ ◦ i∗ = 0, i.e. im(i∗) Ă ker(p∗).
Conversely let b ∈ ker(p∗). Then p(b) = ∂c′ for some c′ ∈ Cn+1. Since p is surjective,
there exists a b′ ∈ Bn+1 with p(b′) = c′. From the commutativity it follows that
p(∂b′) = ∂p(b′) = ∂c′ = p(b). Thus it follows that p(b − ∂b′) = 0, i.e. b − ∂b′ = i(a)
for some a ∈ An. But then it follows that [b] = [b− ∂b′] = [i(a)] ∈ im(i∗).

(C) Let [b] ∈ Hn(B). We have to show that ∂(p∗([b])) = 0. In the de�nition of ∂p∗([b])
we choose some b ∈ B. Since ∂b = 0 it follows immediately that ∂p∗([b]) = 0.
Finally let [c] ∈ ker(∂ : Hn(C) → Hn−1(A)). We choose b ∈ Bn with p(b) = c.
Then there exists a uniquely determined a ∈ An−1 with i(a) = ∂b. Since we have
[a] = ∂[c] = 0 ∈ Hn−1(A) there exists an a′ ∈ An with ∂a′ = a. Then it follows that

∂(b− i(a′)) = ∂b− ∂i(a′) = ∂b− i(∂a′) = ∂b− i(a) = 0,

i.e. b−i(a′) is a cycle. On the other hand we have p(b−i(a′)) = p(b)−(p◦i)(a′) = p(b).
Thus we see that p∗([b− i(a′)]) = [c]. We have thus shown that ker(∂) Ă im(p∗).

Thus we have proved the claim and therefore we have also completed the proof of the
proposition. �
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Lemma 74.10. (Five Lemma) Let

A
i //

a
����

B
j
//

b∼=
��

C
k //

c
��

D
l //

d∼=
��

E� _
e
��

A′
i′ // B′

j′
// C ′

k′ // D′
l′ // E ′

be a diagram of groups (here for once we do not suppose that the groups are abelian) such
that the horizontal sequences are exact and such that every squares commute (if all the
groups are abelian, then it su�ces it the squares commute up to a sign). If a is surjective,
if b and d are isomorphisms, and if e is injective, then c is an isomorphism.887

Proof. One can prove the lemma via a �diagram chase�. Filling in the details is precisely
the task of Exercise 74.6. �

74.6. Relative homology groups. In this section we will introduce the relative homology
groups which will play an important role in the proof of Theorem 74.3 and also in the
remainder of this course.
De�nition. Let (X,A) be a pair of topological spaces.888 We view each chain group Cn(A)
as a subgroup of Cn(X). Thus we can de�ne

Cn(X,A) := Cn(X)/Cn(A)

and we consider the boundary map889

∂n : Cn(X,A) → Cn−1(X,A)
[c] 7→ [∂nc].

We refer to

. . .
∂n+2−−−→ Cn+1(X,A)

∂n+1−−−→ Cn(X,A)
∂n−→ Cn−1(X,A)

∂n−1−−−→ . . .

as the chain complex of the pair (X,A).890 Given any n ∈ N0 we de�ne the n-th relative
homology group of (X,A) as follows:

Hn(X,A) := Hn(C∗(X,A)).

Remark. Let (X,A) be a pair of topological spaces and let n ∈ N0. We write

S := {σ : ∆n → X | im(σ) ∩ (X \ A) 6= ∅},
i.e. S denotes the set of all singular n-simplices of X that are not completely contained
in A. Then it is straightforward to show that the map

Z(S) → Cn(X,A)
n∑
i=1
niσi 7→

[ n∑
i=1
niσi

]
887In many applications it su�ces to remember the following slightly weaker statement: if the two vertical
maps on the left and right are isomorphisms, then the middle map is also an isomorphism.
888Recall that according to the de�nition on page 439 this means that X is a topological space and A Ă X
is a subset.
889The map ∂n is well-de�ned, since for any c ∈ Cn(A) Ă Cn(X) the boundary ∂c lies obviously
in Cn−1(A) Ă Cn−1(X).
890Since ∂n−1 ◦ ∂n : Cn(X) → Cn−2(X) is the zero map it follows immediately that the composition
∂n−1 ◦ ∂n : Cn(X,A)→ Cn−2(X,A) is also the zero map.
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is an isomorphism. In particular we see that Cn(X,A) is a free abelian group.

Examples.
(1) If A = ∅, then for all n ∈ N0 we have Cn(∅) = 0 and Cn(X,∅) = Cn(X), i.e. we

have Hn(X,∅) = Hn(X). In the following we will freely go back and forth between
the notations Hn(X,∅) and Hn(X).

(2) If X is a path-connected topological space and if A is non-empty, then H0(X,A) = 0.
Indeed, let P ∈ X be a point. We pick a point Q ∈ A. Since X is path-connected
we can pick a map σ : ∆1 → X such that σ(0, 1) = P and σ(1, 0) = Q. As discussed
on page 1585, in C∗(X,A) we have ∂σ = P − Q, but since Q = 0 ∈ C0(X,A) we
have ∂σ = P , which shows that P = 0 ∈ H0(X,A). But this clearly implies that
H0(X,A) = 0. We refer to the �gure below for an illustration.

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������

�
�
�
�

����

X A

QP
σ

(3) Whereas it is often di�cult to write down singular cycles in absolute chain complexes
C∗(X), it can be surprisingly easy to write down singular cycles in a relative chain
complex C∗(X,A). Indeed, given any map σ : ∆n → X with σ(∂∆n) Ă A we have

∂n(σ) =
n∑
j=0

(−1)j · σ ◦ inj = 0 ∈ Cn−1(X,A) = Cn−1(X)/Cn−1(A).
↑

since σ ◦ inj : ∆n−1 takes values in A we see that σ ◦ inj ∈ Cn−1(A)

Thus σ de�nes a cycle in the chain complex Cn(X,A). As an example we consider
X = R2 and A = B1(−2) ∪ B1(2). Let σ : ∆1 → X be a singular 1-simplex with
σ(0, 1) ∈ B1(2) and σ(1, 0) ∈ B1(−2). (We refer to the �gure below for an illustra-
tion.) It follows from the above discussion that σ is a cycle in C∗(X,A). Later, on
page 1630, we will see whether or not [σ] ∈ H1(X,A) is non-trivial.
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∆1 X = R2

A is the disjoint union of two balls

σ

De�nition.
(1) Recall that we refer to the category that is given by

Ob(PairTop) := all pairs of topological spaces,
Mor((X,A), (Y,B)) := all continuous maps f : X → A with f(A) Ă B

with the usual composition of maps as the category of pairs of topological spaces.
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(2) Let f : (X,A)→ (Y,B) be a map of pairs of topological spaces, i.e. a map f : X → Y
with f(A) Ă B. Then f induces maps

f∗ : Hn(X,A) → Hn(Y,B)[ n∑
j=1
ajσj

]
7→

[ n∑
j=1
aj(f ◦ σj)

]
.

It is straightforward to show that these maps are well-de�ned.
The following lemma follows almost immediately from the de�nitions.
Lemma 74.11. For each n ∈ N0 the maps

(X,A) → Hn(X,A)
(f : (X,A)→ (Y,B)) 7→ (f∗ : Hn(X,A)→ Hn(Y,B))

de�ne a covariant functor from the category PairTop of pairs of topological spaces to the
category AbGroup of abelian groups.

Remark. If (Y,B) is a pair of topological spaces and if X Ă Y and A Ă B, then we
have the obvious inclusion map (X,A)→ (Y,B) and we therefore obtain the induced maps
Hn(X,A) → Hn(Y,B) in relative homology. If it is clear from the context that we are
dealing with such an inclusion induced map, then on many occasions we will not explicitly
point out that we are working with the inclusion induced maps.

Next we study the interaction between ordinary homology, relative homology and reduced
homology. We introduce the following notation.

Notation. Let X be a topological space, let A Ă X and let n ∈ N0. We introduce the
following maps:

Hn(X)
= //

=:ÿ=:ÿX,A

33
Hn(X,∅) // Hn(X,A) and H̃n(X)

æ //

=:æX,A

33
Hn(X)

ÿ // Hn(X,A).

Lemma 74.12. Let X be a topological space and let n ∈ N0. The following statements
hold:
(1) Let A Ă X. The maps ÿX,A and æX,A are natural in the sense that if we are given a

map f : (X,A) → (Y,B) of pairs of topological spaces then the following diagrams
commute:

Hn(X)
f∗

//

ÿX,A

��

Hn(Y )
ÿY,B

��

Hn(X,A)
f∗

// Hn(Y,B)

and
H̃n(X)

f∗
//

æX,A

��

H̃n(Y )
æY,B

��

Hn(X,A)
f∗

// Hn(Y,B).

(2) For each x0 ∈ X the map

æX,{x0} : H̃n(X) → Hn(X, {x0})
is a natural isomorphism.

Proof.

(1) The �rst statement follows immediately from the de�nitions.
(2) We will provide the proof of this statement in Exercise 74.14. �
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Before we can state the next proposition we need to introduce the notion of a triple of
topological spaces which is de�ned in almost the same fashion as a pair of topological
spaces.
De�nition.
(1) A triple of topological spaces is a triple (X,B,A) where X is a topological space

and A Ă B Ă X are subsets.
(2) A map f : (X,B,A)→ (X ′, B′, A′) between triples of topological spaces is a contin-

uous map f : X → X ′ such that f(B) Ă B′ and f(A) Ă A′.

Proposition 74.13. (Topological LES-Proposition) Let X be a topological space and
let A Ă B Ă X be two subsets. We denote by i : (B,A) → (X,A) and by p : (X,A) →
(X,B) the obvious maps.
(1) For each n ∈ N0 the map891892

∂n : Hn(X,B) → Hn−1(B,A)[ k∑
j=1
aj · (σj : ∆n → X)

]
7→

[ k∑
j=1
aj · ∂σj

]
is well-de�ned.

(2) We consider the category of triples of topological spaces.893 The maps ∂n from
(1) de�ne a natural transformation from the functor (X,B,A) → Hn(X,B) to the
functor (X,B,A) → Hn−1(B,A). In down-to-earth language this means that for a
map f : (X,A,B)→ (X̃, Ã, B̃) of triples of topological spaces the following diagram
commutes:

Hn(X,B)
∂n //

f∗
��

Hn−1(B,A)

f∗
��

Hn(X̃, B̃)
∂n // Hn−1(B̃, Ã).

In particular the following diagram commutes:

. . . // Hn(B,A) //

f∗
��

Hn(X,A) //

f∗
��

Hn(X,B)

f∗
��

∂ // Hn−1(B,A) //

f∗
��

. . .

. . . // Hn(B̃, Ã) // Hn(X̃, Ã) // Hn(X̃, B̃)
∂ // Hn−1(B̃, Ã) // . . . .

(3) The maps

. . . → Hn(B,A)
i∗−−→ Hn(X,A)

p∗−−→ Hn(X,B)
∂n−−→ Hn−1(B,A) → . . .

form an exact sequence.
The long exact sequence of the Topological LES-Proposition 74.13 (2) is sometimes called
the long exact sequence of the triple (X,B,A) and we refer to ∂n as the connecting homo-
morphism of the triple (X,B,A).

891The fact that here the symbol �∂n� denotes the boundary map of singular chains and the desired map
Hn(X,B)→ Hn−1(B,A) is an unfortunate problem in our choice of notation.
892Here we use that every homology class in Hn(X,B) admits by de�nition a representative in the quotient
Cn(X,B) = Cn(X)/Cn(B), so it can be represented by a singular n-chain in X.
893It should be clear from the de�nitions preceding the de�nition what the objects and morphisms of this
category are.
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Proof. It follows immediately from the de�nitions and the third isomorphism theorem894

that 0 → C∗(B,A)
i∗−−→ C∗(X,A)

p∗−−→ C∗(X,B) → 0

is a short exact sequence of chain complexes.
Claim. The maps ∂n introduced in Statement (1) of the propositions are precisely the
connecting homomorphisms, as de�ned on page 1620, of the above short exact sequence
of chain complexes. In particular the maps ∂n are well-de�ned.

Proof. The claim follows basically immediately from the de�nitions. But for completeness'
sake we give some details. We consider the following commutative diagram

0 // Cn(B,A) //

∂
��

Cn(X,A) //

∂
��

Cn(X,B) //

∂
��

0

0 // Cn−1(B,A) // Cn−1(X,A) // Cn−1(X,B) // 0.

Let z ∈ Hn(X,A). Now we will determine the image of z under the connecting homomor-
phism Hn(X,B)→ Hn−1(B,A) which during the proof of the claim we denote by ∂c.

We pick a representative
k∑
j=1
aj ·(σj : ∆n → X) in Cn(X). Note that

k∑
j=1
aj ·(σj : ∆n → X)

also de�nes an element in Cn(X,A). We then take the boundary of the above singular
n-chain under the boundary map ∂n : Cn(X,A) → Cn−1(X,A) and we end up with the

singular n-chain
k∑
j=1
aj · ∂σj ∈ Cn−1(X,A). As we have seen in the proof of the Connecting

Homomorphism Lemma 74.8 this singular n-chain lies in fact in Cn−1(B,A) Ă Cn−1(X,A).
The homology class thereof is by de�nition precisely ∂c(z) ∈ Hn−1(B,A). Summarizing we
have shown that

∂c(z) =
[ k∑
j=1
aj · ∂σj

]
.

This shows that the map de�ned in (1) agrees with ∂c. �
Statement (2) of the lemma is an easy consequence of the Connecting Homomorphism

Lemma 74.8. The fact that the stated sequence of homology groups is exact is now an
immediate consequence of the LES Proposition 74.9. �

For convenience we record two important special cases of the Topological LES-Proposition 74.13
in the following corollary.

Corollary 74.14. (Topological LES-Corollary)
(1) Let X be a topological space and let B Ă X be a subset. The connecting homo-

morphism of the Topological LES-Proposition 74.13 applied to A = ∅ gives rise to
along exact sequence

. . . // Hn(B)
i∗ // Hn(X)

p∗
// Hn(X,B)

∂ // Hn−1(B) // . . .

894The third isomorphism theorem in group theory implies that we have a natural isomorphism
(C∗(X)/C∗(A))/(C∗(B)/C∗(A)) ∼= C∗(X)/C∗(B).
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Furthermore, for n = 1 the connecting homomorphism ∂ : H1(X,B)→ H0(B) takes
values in H̃0(B) and we obtain a long exact sequence895

. . . // H̃n(B)
i∗ // H̃n(X)

æX,B∗
// Hn(X,B)

∂ // H̃n−1(B) // . . .

(2) The connecting homomorphisms in (1) are natural. In particular, given a map
f : (X,A) → (Y,B) between pairs of topological spaces we obtain a commutative
diagram

. . . // Hn(A)
i∗ //

f∗
��

Hn(X)

f∗
��

ÿ // Hn(X,A)

f∗
��

∂ // Hn−1(A)

f∗
��

// . . .

. . . // Hn(B)
i∗ // Hn(Y )

ÿ // Hn(Y,B)
∂ // Hn−1(B) // . . .

The analogous statement also holds for reduced homology groups.
The long exact sequences of the Topological LES-Corollary 74.14 (1) are sometimes called
the long exact sequence (in reduced homology) of the pair (X,B).

Proof. First note that the statement regarding unreduced homology follows from the Topo-
logical LES-Proposition 74.13 applied to A = ∅. Now we turn to the statement regarding
reduced homology. This statement follows basically immediately from the unreduced case
together with the Reduced Homology Lemma 74.1 (4) and Lemma 74.2. We leave it to the
reader to �ll in the dull details for the reduced case. �

Remark. Let (X,B,A) be a triple of topological spaces. Then (X,B,∅)→ (X,B,A) is a
map between triples of topological spaces and by the naturality of the long exact sequence
we obtain the following commutative diagram

. . . // Hn(B) //

��

Hn(X) //

��

Hn(X,B)
=
��

∂ // Hn−1(B) //

��

. . .

. . . // Hn(B,A) // Hn(X,A) // Hn(X,B)
∂ // Hn−1(B,A) // . . . .

Example. Let X be a topological space. Furthermore let x0 ∈ X be a point. We denote
by i : {x0} → X the inclusion map. By the Topological LES-Corollary 74.14 we have a
long exact sequence

// H1({x0})︸ ︷︷ ︸
=0

i∗ // H1(X) // H1(X, {x0})
i∗ // H0({x0}) // H0(X) // H0(X, {x0}) // 0.

We obtain from this long exact sequence that the map i∗ : H0({x0})→ H0(X) is a monomor-
phism. Together with the Single Point-Homology Lemma 72.6 we see that for each n ∈ N
the map Hn(X)→ Hn(X, {x0}) is an isomorphism.

We move on to a more elaborate example.

895Note that if B is non-empty, then it follows from the Reduced Homology Lemma 74.1 (0) that H̃−1(B) =
0. Thus the last possibly non-zero term is H0(X,B). On the other hand, if B = ∅, then we have
H̃−1(B) = H̃−1(∅) = Z, and if X = ∅, then we have H̃−1(X) = H̃−1(∅) = Z. If B = ∅ the sequence is
understood to continue with H0(B,∅)

ε−→ H−1(∅)→ H−1(X).
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Example. We let X = R2 and A = B2
1(−2) ∪ B2

1(2). We want to determine the relative
homology groups of (X,A). We denote by i : A→ X the inclusion map. By the Topological
LES-Corollary 74.14 we have a long exact sequence

H2(X) // H2(X,A) // H1(A)
i∗ // H1(X) // H1(X,A) // H0(A) // H0(X) // H0(X,A) // 0.

By the Homotopy Equivalence-H∗-Corollary 73.9 (3) together with Lemma 72.14 we have
Hi(X) = Hi(R2) = 0 and also Hi(A) = Hi(B1(−2)) ⊕ Hi(B1(2)) = 0 for i ≥ 1. Thus
we see from the above long exact sequence that Hi(X,A) = 0 for i ≥ 2. We denote by
ε : H0(R2)→ Z the augmentation map that is an isomorphism by the H0-Proposition 72.5.
Similarly we denote by µ1 : H0(B1(−2)) → Z and µ2 : H0(B1(2)) → Z the isomorphisms
that are given by the augmentation maps. We obtain the following commutative diagram

0 // H1(X,A)
=
��

∂ // H0(A)
µ1⊕µ2 ∼=

��

i∗ // H0(X)

ε∼=
��

// H0(X,A)
=
��

// 0

0 // H1(X,A) // Z2 // Z // H0(X,A) // 0.

We want to determine the matrix representing the homomorphism Z2 → Z at the bottom.
We do so in the following claim.

Claim. The homomorphism ε ◦ i∗ ◦ (µ1 ⊕ µ2)−1 : Z2 → Z is given by the matrix (1 1).

Proof. We pick a point P ∈ B1(−2) and we pick a point Q ∈ B1(2). It follows from the
H0-Proposition 72.5 and Lemma 72.14 that the map

Ψ: Z2 → H0(A) = H0(B1(−2))⊕ H0(B1(2))
(m,n) 7→ [m · P + n ·Q]

is the inverse to µ1⊕µ2. Now it is easy to verify that ε ◦ i∗ ◦ (µ1⊕µ2)−1 = ε ◦ i∗ ◦Ψ applied
to (1, 0) and (0, 1) gives in both cases the value 1. So the map is described by the matrix
(1 1). �

Since the top sequence in the above commutative diagram is exact and since the ver-
tical maps are isomorphisms we see that the bottom sequence is also exact. It is now
straightforward to see that

H1(X,A) ∼= ker
(
Z2 (1 1)−−→ Z

) ∼= Z and H0(X,A) ∼= coker
(
Z2 (1 1)−−→ Z

) ∼= 0.

Now we return to the situation of the example on page 1625. Let σ : ∆1 → X be a singular
1-simplex with σ(0, 1) ∈ B1(2) and σ(1, 0) ∈ B1(−2). We have

((µ1 ⊕ µ2) ◦ ∂)[σ]) = ((µ1 ⊕ µ2)([∂σ]) = (µ1 ⊕ µ2)([σ(0, 1)︸ ︷︷ ︸
∈B1(2))

]− [σ(1, 0)︸ ︷︷ ︸
∈B1(−2))

]) = (1,−1).
↑

description of ∂ in the Topological LES-Proposition 74.13

Since (1,−1) is a generator of the kernel of Z2 (1 1)−−→ Z we see that [σ] is in fact a generator
of H1(X,A) ∼= Z. In particular it is non-zero.

Recall that, as de�ned on page 439, we say that two maps f, g : (X,A) → (Y,B) between
pairs of topological spaces are homotopic, if there exists a map F : X × [0, 1] → Y such
that F (x, 0) = f(x) and F (x, 1) = g(x) for all x ∈ X, and F (a, t) ∈ B for all a ∈ A
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and all t ∈ [0, 1]. The following proposition extends the Homotopic Maps-and-Homology
Proposition 73.6 to the relative case.

Proposition 74.15. Let f, g : (X,A)→ (Y,B) be two maps between pairs of topological
spaces. If f and g are homotopic, then the maps f∗, g∗ : C∗(X,A) → C∗(Y,B) are chain
homotopic, in particular for every n ∈ N0 we have

f∗ = g∗ : Hn(X,A) → Hn(Y,B).

Proof. Let f, g : (X,A) → (Y,B) be two homotopic maps between pairs of topological
spaces. To prove the proposition we have to look again at the proof of the Homotopic
Maps-and-Homology Proposition 73.6. In that proof we explicitly constructed a chain
Pn : Cn(X) → Cn+1(Y ), n ∈ N0 between the maps f∗ and g∗ from C∗(X) to C∗(Y ). It
follows immediately from the de�nition of the chain homotopy that it has the property
that Cn(A) gets sent to Cn+1(B). In particular the chain homotopy descends to maps
Qn : Cn(X,A) → Cn+1(Y,B) which then form a chain homotopy between the maps f∗
and g∗ from C∗(X,A) to C∗(Y,B). It now follows immediately from Lemma 73.2 that
f∗ = g∗ : Hn(X,A)→ Hn(Y,B). �

We conclude this section with the following result that can be viewed as a generalization
of the Homotopy Equivalence-H∗-Corollary 73.9 to the relative setting.
Corollary 74.16.
(1) If f : (X,A) → (Y,B) is a homotopy equivalence of pairs of topological spaces,896

then for every n ∈ N0 the induced map f∗ : Hn(X,A)→ Hn(Y,B) is an isomorphism.
(2) Let X be a topological space.

(a) Let A Ă B be subsets of X. If A is a deformation retract of B, then for every
n ∈ N0 the inclusion induced map Hn(X,A)→ Hn(X,B) is an isomorphism.

(b) If A is a deformation retract of X, then Hn(X,A) = 0 for all n ∈ N0.
(c) Let A Ă Y be subsets of X. If Y is a deformation retract of X, then for every

n ∈ N0 the inclusion induced map Hn(Y,A)→ Hn(X,A) is an isomorphism.

Proof. Let X be a topological space.
(1) We deduce this statement from Proposition 74.15 the same way we deduced the

Homotopy Equivalence-H∗-Corollary 73.9 from the Homotopic Maps-and-Homology
Proposition 73.6.

(2) (a) Let A Ă B be a deformation retract of B. As we mentioned on page 440, the
inclusion map (X,A)→ (X,B) is a homotopy equivalence of pairs of topological
spaces. Thus the desired statement follows from (1).

(b) This statement follows from Statement (a) applied to B = X and the trivial
observation that Hn(X,X) = 0 for all n ∈ N0.

(c) Let A Ă Y be subsets of X. If Y is a deformation retract of X, then we saw
already on page 440 that the inclusion map (Y,A) → (X,A) is a homotopy
equivalence of pairs of topological spaces. Thus the desired statement follows
again from (1). �

The statement of the Topological LES-Corollary 74.14 looks already very similar to the
statement of Theorem 74.3 that we actually want to prove. Now we �only� have to �nd

896We refer to page 440 for the de�nition.
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the connection between the groups Hn(X,A) and Hn(X/A). The notations already look
very similar, and they do so for good reasons, since in both cases �one ignores what lies
in A�. Nonetheless, proving the precise relationship will still require some substantial piece
of work.

74.7. The Excision Theorem. The key step in �nding the connection between the groups
Hn(X,A) and Hn(X/A) is given by the following Excision Theorem 74.17.

Theorem 74.17. (Excision Theorem) Let X be a topological space and let Z Ă A Ă X
be subsets such that the closure of Z is contained in the interior of A. Then the inclusion
(X \ Z,A \ Z)→ (X,A) induces for each n ∈ N0 an isomorphism

Hn(X \ Z,A \ Z)
∼=−−→ Hn(X,A).

The theorem thus says in particular that if we are given a pair of topological spaces (X,A)
and if we excise 897 a subset Z from the interior of A, then this does not a�ect the relative
homology groups.
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Hn(X,A) ∼= Hn(X \ Z,A \ Z)

X X \ Z

A A \ Z
Z

On many occasions we will need the following variation on the Excision Theorem 74.17.

Theorem 74.18. (Excision Theorem) Let X be a topological space.
(1) Let K be a subset of X and let U be a neighborhood of the closure of K. Then the

inclusion (U,U \K)→ (X,X \K) induces for each n ∈ N0 an isomorphism

Hn(U,U \K)
∼=−−→ Hn(X,X \K).

(2) The hypotheses of (1) are satis�ed if X is Hausdor� (e.g. if X is a topological
manifold) and if K is a compact subset that is contained in an open set U .
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U

here we have Hn(U,U \K)
∼=−→ Hn(X,X \K)

Proof of Theorem 74.18 assuming Theorem 74.17.

(1) We have

Hn(U,U \K) = Hn(X \ Z,A \ Z)
∼=−−→ Hn(X,A) = Hn(X,X \K).

↑ ↑
set A := X \K and Z := X \ U since U is a neighborhood of the closure of K we see

that the closure of Z is contained in the interior of A,
thus we can apply the Excision Theorem 74.17

897The verb �to excise� means to cut out, or in German �ausschneiden�.
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(2) If X is Hausdor� and if K is a compact subset that is contained in an open set U ,
then it follows from the Compact-Closed Lemma 1.21 (2) that K is also a closed
subset, hence we have K Ă U . �

Before we turn to the proof of the Excision Theorem 74.17 we �rst want to show that we
can now relate the relative homology groups of a pair (X,A) to the homology groups of the
quotient space X/A, assuming A Ă X is good. To do so we need the following de�nition.

De�nition. Let X be a topological space and let A Ă X be a898 subset. We denote by
p : (X,A)→ (X/A,A/A) the natural projection. For each n ∈ N0 we de�ne

Hn(X,A)

=: þ

22

p∗
// Hn(X/A,A/A) H̃n(X/A)∼=

æ from Lemma 74.12oo .

The following lemma summarizes two properties of the maps þ.

Lemma 74.19.
(1) Let X be a topological space and let A Ă X be a subset. We denote by p : X → X/A

the projection. The following diagram commutes:899

Hk(X,A)
þ

))

H̃k(X)

æ
66

p∗
// H̃k(X/A).

(2) We denote by PairTop the category of pairs of topological spaces that we introduced
on page 439. Furthermore as usual we denote by AbGroup the category of abelian
groups. The above maps þ de�ne a natural transformation from the functor

PairTop → AbGroup
(X,A) 7→ Hn(X,A)

to the functor
PairTop → AbGroup
(X,A) 7→ H̃n(X/A).

Proof.

(1) We consider the following diagram

Hk(X,A)

þ

((

p∗
��

Hk(X/A,A/A)

H̃k(X)

æ

77

p∗
//

[σ] 7→[σ]

33

H̃k(X/A).
∼=

Lemma 74.12
mm

It follows immediately from the de�nitions that all three regions of the diagram
commute. This observation gives us the desired statement.

(2) This statement follows basically immediately from the de�nitions. �

The following proposition is much more interesting than the previous lemma.

898Note that the de�nition also makes sense if A is the empty set.
899The left diagonal map is the composition of the natural map H̃k(X) → Hk(X) from the Reduced
Homology Lemma 74.1 with the natural map Hk(X)→ Hk(X,A).
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Proposition 74.20. (Homology-of-Quotients Proposition) Let X be a topological
space, let A Ă X be a subset and let n ∈ N0. If A is a good subset900, then the natural
homomorphism Hn(X,A)

þ−→ H̃n(X/A) is an isomorphism.

Remark. In Corollary 78.16 we will show the analogue of the Homology-of-Quotients
Proposition 74.20 under the slightly di�erent hypothesis that the inclusion map i : A→ X
is a closed co�bration.

Example. Let X be a topological space, let A Ă X be a subset and let n ∈ N0. For
better or worse the natural homomorphism Hn(X,A) → H̃n(X/A) is in general not an
isomorphism. In fact in general the two groups Hn(X,A) and H̃n(X/A) are not even
abstractly isomorphic.

For example consider X = [0, 1] and A = {0}∪{ 1
n
|n ∈ N}. In Exercise 56.1 we showed

that the quotient space X/A is homeomorphic to the Hawaiian earrings. (See the �gure
below for an illustration.) In Exercise 74.18 we will prove the following two statements:

(1) The group H1(X,A) is countable.
(2) The group H1(X/A) is uncountable.

Hawaiian earrings XA = {0} ∪ { 1
n
|n ∈ N}

We will �rst provide a proof of the Homology-of-Quotients Proposition 74.20 assuming the
Excision Theorem 74.17. This proof relies on the following elementary little lemma, which
is precisely the content of Exercise 5.46.

Auxiliary Lemma 74.21. Let X be a topological space and let A be a closed subset
of X.
(1) For every open subset U Ă X \A the obvious map U → X/A is an open embedding.
(2) For every open neighborhood W of A the obvious map W \ A→ (W/A) \ (A/A) is

a homeomorphism.
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X X

A A

U W(1) (2)

Proof of Lemma 74.21. Let X be a topological space and let A be a closed subset of X.
We denote by p : X → X/A the natural projection.

(1) Let U Ă X \ A be an open subset. Recall that we need to show that the map
q : U → X → X/A is an open embedding. It follows from U Ă X \ A that q is
an injection. Furthermore note that by the Topological-Quotient Proposition 5.15
(1a) we know that q is continuous. By the Open -Injective Map Lemma 2.16 (2) it
remains to show that q : U → X/A is an open map. Now let V Ă U be an open

900We refer to page 1614 for several examples of good subsets. For example we saw that if X is a CW-
complex, then any subcomplex A is a good subset.
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subset. We need to show that q(V ) Ă X/A is open. We break the argument into
three easy steps:
(a) It follows from the Open -Closed Inclusion Lemma 2.10 (1) and the fact that A

is by hypothesis closed, that V is also an open subset of X.
(b) Since A ∩ V = ∅ we see that p−1(p(V )) = V , which by (a) is in fact an open

subset of X.
(c) It follows from (b) and the de�nition of the quotient topology that p(V ) is an

open subset of X/A.
(2) Let W be an open neighborhood of A. We set U := W \ A. Since A is closed

we see that U is an open subset of W \ A. Recall that we want to show that the
obvious map q : W \ A → (W/A) \ (A/A) is a homeomorphism. It is clear that
q is a bijection and it follows from the Twice Quotient Lemma 5.23 (2) that q is
continuous. By the Open -Injective Map Lemma 2.16 (2) it remains to show that
q : W \A→ (W/A) \ (A/A) is an open map. Thus let V be an open subset of W \A.
We have q(V ) = p(V ) ∩ (W/A \ A/A). It follows from (1c) and the de�nition of the
subspace topology that q(V ) is an open subset of (W/A) \ (A/A). �

Proof of Proposition 74.20 assuming the Excision Theorem 74.17. LetX be a to-
pological space, let A Ă X be a good subset and let n ∈ N0.

First we need to get the annoying case that A = ∅ out of the way. Note that the map
(X,∅)→ (X/∅,∅/∅) is easily seen to be a homeomorphism of pairs of topological spaces.
Thus it remains to show that the map æ : H̃n(X/∅) → Hn(X,∅) is an isomorphism. It
follows immediately from the Reduced Homology Lemma 74.1 (4) and the Topological LES-
Corollary 74.14 that the only dimension one needs to worry about for a second is n = 0.
In this case we have the following diagram:

0
��

H0(∅/∅)
∼=

((
��

0 // H̃0(X/∅)
æ //

æ ))

H0(X/∅)
ε //

��

Z // 0

H0(X/∅,∅/∅)
��

0.

It follows from Lemma 74.2 and the Topological LES-Corollary 74.14 that the horizontal
and the vertical sequences are both exact. The diagonal map on the top right is easily seen
to be an isomorphism. Some mild diagram chasing, see Exercise 74.10, now shows that the
diagonal map on bottom the is also an isomorphism.

Now we turn to the much more interesting case that A 6= ∅. We make the following
simple preparations:

(1) Since A is good we can pick an open neighborhood U of A in X such that A is a
deformation retract of U .

(2) We denote by p : X → X/A the projection .
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(3) We denote by q : X \ A → (X/A) \ (A/A) the restriction of p to X \ A. For com-
pleteness' sake we point out that it follows from Lemma 2.1 that q is continuous.

Now we consider the following diagram

Hn(X,A)
p∗
��

// Hn(X,U)
p∗
��

Hn(X \ A,U \ A)oo

q∗
��

Hn(X/A,A/A) // Hn(X/A,U/A) Hn((X/A) \ (A/A), (U/A) \ (A/A)),oo

here all the horizontal maps are induced by inclusions of pairs of topological spaces. It
follows easily from the de�nitions that the diagram commutes. It follows from our hy-
pothesis that A is closed, together with the above auxiliary Lemma 74.21 (2), that the
map q : (X \A,U \A)→ ((X/A) \ (A/A), (U/A) \ (A/A)) is a homeomorphism of pairs of
topological spaces. We obtain from this observation that the vertical map on the right is
an isomorphism. Our actual goal is to show that the vertical map on the left is an isomor-
phism. This follows from the commutativity of the above diagram and from the following
claim:
Claim. All horizontal maps are isomorphisms.

Proof. We distinguish three di�erent situations:
(1) It follows from the Excision Theorem 74.17 that both the top horizontal and the

bottom horizontal map on the right-hand side are isomorphisms.
(2) Since A is deformation retract of U we obtain from Corollary 74.16 that the top left

horizontal map is an isomorphism.
(3) Recall that A is a deformation retract of U . It follows from the Quotient Deformation

Retract Proposition 15.9 that A/A is a deformation retract of U/A.901 As in (2) we
now see that the bottom-left horizontal map is an isomorphism. �
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����������X good A

open neighborhood U

Proof of Theorem 74.3 assuming the Excision Theorem 74.17. Let X be a topo-
logical space and let A Ă X be a good subset. We denote by i : A→ X the inclusion and
we denote by q : X → X/A the projection . We consider the following diagram:

. . . // H̃n(A)
i∗ // H̃n(X)

æX,A∗
//

q∗ ((

Hn(X,A)
þ

��

∂ // H̃n−1(A) // H̃n−1(X)
i∗ // . . .

H̃n(X/A).

We make the following comments and observations:
(1) The horizontal sequence is the long exact sequence coming from the Topological

LES-Corollary 74.14.

901The diligent reader who checks the statements we refer to will not fail to notice, that the Quotient
Deformation Retract Proposition 15.9 rests eventually on the Whitehead Quotient Theorem 13.4. It is all
too often overlooked (see see e.g. earlier version of these notes) that the Quotient Deformation Retract
Proposition 15.9 is required and that it is non-trivial.
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(2) The vertical map is the natural homomorphism that we de�ned on page 1633. By
Lemma 74.19 (1) we know that the triangle commutes.

(3) Since A is good we obtain from the Homology-of-Quotients Proposition 74.20 that
the vertical map þ is an isomorphism.

Now we consider the maps ∂̃ := þ
−1 ◦ ∂ : H̃n(X/A)→ H̃n−1(A). Since þ and ∂ are natural

we see that the maps þ−1 ◦ ∂ are also natural. By the above the sequence

. . . // H̃n(A)
i∗ // H̃n(X)

q∗
// H̃n(X/A)

∂̃ // H̃n−1(A) // H̃n−1(X)
i∗ // . . .

is exact. �

74.8. The proof of the Excision Theorem 74.17: the idea. We are still not done
with the proof of Theorem 74.3 since we still have to prove the Excision Theorem 74.17. In
this section we want to come up with the idea for the proof of the Excision Theorem 74.17.
The full details of the proof will then be given in the following section.
Thus let X be a topological space and let Z Ă A Ă X be two subsets such that the
closure of Z is contained in the interior of A. Our goal is to show that the inclusion
(X \ Z,A \ Z)→ (X,A) induces for every n ∈ N0 an isomorphism

Hn(X \ Z,A \ Z) → Hn(X,A).

Let us attempt to prove that the map Hn(X \Z,A \Z)→ Hn(X,A) is surjective. We take
an element in Hn(X,A) and we choose a representative a1σ1+· · ·+arσr where σi : ∆n → X,
i = 1, . . . , r are singular n-simplices in X.
We make the following two basic observations:
(1) If the singular n-simplices σ1, . . . , σr lie in X \Z,902 then [a1σ1 + · · ·+arσr] evidently

lies in the image of the inclusion induced map Hn(X \ Z,A \ Z)→ Hn(X,A).
(2) If a singular n-simplex lies entirely in A, then it represents the zero element in the

quotient group Cn(X,A) = Cn(X)/Cn(A).
The combination of these two observations proves the following lemma.
Lemma 74.22. Let X be a topological space and let Z Ă A be two subsets of X. Let
c = a1σ1 + · · ·+ arσr be a cycle in X such that each σi lies entirely in A or it lies entirely
in X \ Z. Then [c] lies in the image of Hn(X \ Z,A \ Z)→ Hn(X,A).
Unfortunately not every cycle in Cn(X) satis�es the hypothesis of the lemma. But we will
see in the next section that we can subdivide each singular simplex into smaller singular
simplices that lie entirely in A or lie entirely in X \ Z.

74.9. The proof of the Excision Theorem 74.17: the full details. In this chapter
we will now turn the vague idea of the last section into a rigorous proof of the Excision
Theorem 74.17. This will take a surprisingly long time.
First we introduce a few de�nitions.

902Given a topological space X and a subset A we say that a singular simplex σ : ∆n → X lies in A if the
image of σ lies in A.
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A

X

Z

singular 1-simplex σ in X

subdivision of σ such that each new
singular simplex lies in A or in X \ Z

De�nition. Let again X be a topological space.
(1) On page 114 we de�ned a cover of X to be a family {Ui}i∈I of subsets of X such

that X =
⋃
i∈I
Ui.

(2) We say a cover {Ui}i∈I is comfortable if X =
⋃
i∈I

◦
U i, i.e. if the interiors of the Ui also

form a cover of X.
We move straight to the next de�nition.

De�nition. Let again X be a topological space. Given a comfortable cover U = {Ui}i∈I
we consider the following subgroup of Cn(X):

CUn (X) :=
{ k∑
j=1
aj·σj

∣∣∣ for each j there exists a Ui∈U such that the image of σj lies in Ui
}
.

It follows quite easily from the de�nitions that the restriction of the usual boundary
map ∂n : Cn(X)

∂−→ Cn−1(X) to CUn (X) restricts to a map ∂n : CUn (X)
∂−→ CUn−1(X). Since

this map is the restriction of the usual boundary map it follows in particular that the
composition ∂n ◦ ∂n+1 : CUn+1(X)

∂−→ CUn−1(X) is the zero map. Thus we can de�ne

HUn (X) := Hn

(
CU∗ (X), ∂∗

)
= ker

(
∂n : CUn (X)→ CUn−1(X)

) /
im
(
∂n+1 : CUn+1(X)→ CUn (X)

)
.

The homology groups HUn (X) are thus de�ned by singular chains which are �small� in the
sense that the image of each singular simplex lies in some Ui.
The following proposition says that we can determine the homology of a topological space
through such �small� singular chains. As we will see later on many occasions, this propo-
sition is at the heart of many methods for computing homology groups.

Proposition 74.23. (Comfortable Covering Proposition) Let X be a topological
space and let U = {Ui}i∈I be a comfortable cover of X. Then the inclusion map

CU∗ (X) → C∗(X)

induces for every n ∈ N0 an isomorphism

HUn (X)
∼=−→ Hn(X).

Remark. In fact a stronger statement holds: the inclusion map CU∗ (X) → C∗(X) is in
fact a chain homotopy equivalence. Later, in Section 81.2, we will show that this stronger
statement follows in fact from the Comfortable Covering Proposition 74.23 and a purely
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algebraic argument. Alternatively one can �ght one's way through the proof of the Com-
fortable Covering Proposition 74.23 and upgrade the proof to this stronger statement. This
approach is for example pursued in [Hat2002, Proposition 2.21]. The disadvantage is that
it makes the proof even more complicated than it already is.

The idea of the proof of the Comfortable Covering Proposition 74.23 is the one we already
described in the previous section. We want to replace systematically each singular n-

simplex σ : ∆n → X by a singular n-chain of the form
r∑
j=1
aj · σj such that the image of

each singular simplex σj lies in some Ui ∈ U . As we have seen before in Lemma 72.3 in the
1-dimensional case, an appropriate subdividing procedure does not change the homology
class. The systematic approach we are going to use is given by �barycentric subdivision�.
The key idea is sketched in the �gure below for the case n = 2.
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σ u2(σ)

Ui

X

sum of six singular simplicessingular simplex

Before we can execute this idea we have to introduce a few more de�nitions.
(1) Given n ∈ N0 we denote by Bn := ( 1

n+1
, . . . , 1

n+1
) ∈ ∆n the barycenter 903 of the

standard n-simplex ∆n.
(2) Given a singular l-simplex µ : ∆l → ∆n we consider the singular (l + 1)-simplex

cl+1(µ) : ∆l+1 → ∆n which is de�ned as the composition of the (inverses) of the
following two maps:

homeomorphism by the
Compact-Hausdor� Proposition 2.17 (3) continuous by the Topological-Quotient Proposition 5.15 (1b)

↓ ↓
cl+1(µ) : ∆l+1

∼=←− (∆l×[0, 1])/∆l×{1} → ∆n

((t0, . . . , tl) · (1− s), s) ←[ [((t0, . . . , tl), s)]
[((t0, . . . , tl), s)] 7→ µ(t0, . . . , tl) · (1− s) +B · s.︸ ︷︷ ︸

contained in ∆n since ∆n is convex

Pictorially speaking the singular (l+1)-simplex cl+1(µ) thus corresponds to the �cone�
which is given by the singular l-simplex µ and the barycenter Bn. By Lemma 51.1
this map µ → cl+1(µ) de�nes a linear map Cl(∆n) → Cl+1(∆n) that we also denote
by cl+1 and which we call the (l + 1)-st cone map.

903The word �barycenter� comes from the Greek word �barys� which means heavy. In physics the barycenter
of an object is the center of mass, in our case the barycenter of the standard n-simplex is the center of
mass if we view ∆k as a physical object of uniform density.
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c2(µ)

∆2

µ

barycenter B2 of ∆2

(3) For n = 0, 1, 2, 3, . . . we now inductively do the following:
(a) we de�ne an element χn ∈ Cn(∆n), and
(b) for each topological space X we de�ne a homomorphism un : Cn(X)→ Cn(X).
We do this inductive procedure as follows:
(i) We set χ0 = id: ∆0 → ∆0 and for each topological space X we de�ne u0 to be

the identity on C0(X).
(ii) Now suppose χn−1 ∈ Cn−1(∆n−1) and that furthermore all the homomorphisms

un−1 : Cn−1(X)→ Cn−1(X) are already de�ned. Then we de�ne

χn := (−1)n · cn(un−1(∂ id∆n)︸ ︷︷ ︸
∈Cn−1(∆n)

) ∈ Cn(∆n).

Furthermore, for each topological space X we de�ne

un : Cn(X) → Cn(X)
r∑
l=1

al · (σl : ∆n → X) 7→
r∑
l=1

al · (σl)∗( χn︸︷︷︸
∈Cn(∆n)

).x
map σl : ∆l → X induces a map (σl)∗ : Cn(∆l)→ Cn(X)

Note that with this notation we have un(id∆n) = χn. The map un is illustrated
for n = 1 in the �gure below. For n = 2 we already gave a more schematic sketch
in the �gure below without considering signs and orientations.
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−c1(σ((0, 1)))+−

∆1 ∆0

σ = id

B1

∂σ

−

+

c1(σ((1, 0)))

−c1(u0(∂σ)) = −c1(∂σ)

Before we can continue we need to prove several technical lemmas about the subdivision
maps.
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Lemma 74.24. (Chain Subdivision Lemma) Let X be a topological space. The maps
un : Cn(X) → Cn(X), n ∈ N0, form a chain map from the chain complex (C∗(X), ∂) to
itself.
The statement of the Chain Subdivision Lemma 74.24 is equivalent to the statement that
for any singular n-simplex σ in X we have

un−1(∂σ) = ∂(un(σ)).

Put di�erently, the Chain Subdivision Lemma 74.24 says that it does not make a di�erence
whether we �rst take the boundary and then subdivide, or whether we �rst subdivide and
then take the boundary. This statement is sketched in the �gure below. The picture is
quite convincing.
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X

∂σu1(∂σ) u2(σ) ∂u2(σ)σ

∂u1 u2 ∂

Proof of the Chain Subdivision Lemma 74.24. 904 We adopt the following notation
and we make the following remarks:
(1) We denote the barycenter of ∆n by b.
(2) As on page 1584, given points x0, . . . , xk ∈ ∆n we denote by [x0, . . . , xk] the singular

k-chain ∆k → ∆n that is given by905

∆k → ∆n

(t0, . . . , tk) 7→
k∑
i=0

tixi,

we refer to such a singular k-simplex as a linear singular simplex.
(3) We denote by Clin

k (∆n) the subgroup of Ck(∆n) generated by all the linear singular
k-simplices. Note that the boundary map ∂ : Ck(∆n) → Ck−1(∆n) restricts to a
boundary map ∂ : Clin

k (∆n)→ Clin
k−1(∆n).

(4) For x0, . . . , xk ∈ ∆n we write

[x0, . . . , x̂i, . . . , xk] := [x0, . . . , xi−1, xi+1, . . . , xk].

The proof of the lemma will be broken into three claims.

Claim. For any µ ∈ Clin
k (∆n) we have

∂(ck+1(µ)) = ck(∂µ) + (−1)k+1 · µ ∈ Ck(∆n).

904We will not do this proof in the lectures. The proof is somewhat lengthy but straightforward. The
cleverness hereby does not lie in the proof, but in the cleverly chosen de�nitions, which turn the veri�cation
into a simple calculation.
905It is straightforward to show that this map does indeed take values in ∆n.
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∆2

µ
=⇒

∂µ
⇐=

barycenter b of ∆2 c1(∂µ)c2(µ)

Proof. To prove the claim we �rst note that for any choice of points x0, . . . , xl−1 ∈ ∆n we
have by de�nition of cl that

cl([x0, . . . , xl−1]) = [x0, . . . , xl−1, b].

It now follows that for any w0, . . . , wk ∈ ∆n we have the following equality in Ck(∆n):

by the above equality
↓

∂(ck+1([w0, . . . , wk])) = ∂([w0, . . . , wk, b])

=
k∑
j=0

(−1)j · [w0, . . . , ŵj, . . . , wk, b] + (−1)k+1 · [w0, . . . , wk]
↑

de�nition of ∂ and by the above equality
↓
= ck(∂([w0, . . . , wk])) + (−1)k+1 · [w0, . . . , wk].

The claim immediately follows from this equality.

Claim. For any n ∈ N0 and any ν ∈ Clin
n (∆n) we have

∂un(ν) = un−1(∂ν).

Proof. We will prove this claim by induction on n. The case n = 0 is trivial. So now
suppose we have already shown the case n − 1. It su�ces to show the claim for all linear
singular n-simplices. So let ν : ∆n → ∆n be a linear singular n-simplex. We then have

de�nition of un and χn, see page 1640 since ∂ ◦ ν∗ = ν∗ ◦ ∂
↓ ↓ ↓

∂un(ν) = ∂(ν∗(χn)) = (−1)n · ∂(ν∗(cn(un−1(∂ id∆n)))) = (−1)n · ν∗
(
∂(cn(un−1(∂ id∆n)︸ ︷︷ ︸

=:µ

))
)

= (−1)n · ν∗
(
cn−1(∂(un−1(∂ id∆n)) + (−1)n · un−1(∂ id∆n)

)
↑

we can apply the previous claim since µ := un−1(∂ id∆n) ∈ Clin
n−1(∆n)

= (−1)n · ν∗
(
cn−1(un−2(∂∂ id∆n︸ ︷︷ ︸

=0

))
)

+ ν∗(un−1(∂ id∆n))
↑

by induction hypothesis we have ∂un−1(ρ) = un−2(∂ρ) for ρ ∈ Clin
n−1(∆n), applied here to ρ = ∂ id∆n

= un−1(ν∗(∂ id∆n)) = un−1(∂ν).
↑ ↑

Lemma 74.25 applied to f=ν by de�nition
�

The following claim is just a reformulation of the statement of the lemma.

Claim. For any singular n-simplex σ in X we have un−1(∂σ) = ∂(un(σ)).
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Proof. So let σ : ∆n → X be a singular n-simplex in X. Then we have

Lemma 74.25 applied to f = σ since σ∗ is a chain map
↓ ↓

∂(un(σ)) = ∂(un(σ∗(id∆n))) = ∂(σ∗(un(id∆n))) = σ∗(∂(un(id∆n)))
= σ∗(un−1(∂ id∆n)) = un−1(σ∗(∂ id∆n)) = un−1(∂σ∗(id∆n)) = un−1(∂σ).
↑ ↑ ↑

by the previous claim Lemma 74.25 applied to f=σ since σ∗ is a chain map �

We continue with a refreshingly straightforward lemma.

Lemma 74.25. The maps un : Cn(X)→ Cn(X) are natural,906 in particular for any map
f : X → Y between topological spaces and any n ∈ N0 we have

f∗ ◦ un = un ◦ f∗ : Cn(X) → Cn(Y ).

As we will see, Lemma 74.25 follows immediately from the de�nitions.

Proof. Let σ : ∆n → X be a singular n-simplex. Then

f∗(un(σ)) = f∗(σ∗(χn)) = (f ◦ σ)∗(χn) = un(f∗(σ)).
↑ ↑ ↑

by de�nition of un(σ) since (f ◦ σ)∗ = f∗ ◦ σ∗ by de�nition of un(f∗(σ))
as maps Cn(∆n)→ Cn(Y )

Since the desired equality holds for all generators of Cn(X) it also holds for all of Cn(X). �

The proof of the next lemma is again rather involved.

Lemma 74.26. Let X be a topological space. The chain maps

un : Cn(X) → Cn(X)

are chain homotopic to the identity.

Proof. Showing that the chain maps (un)n∈N are chain homotopic to the identity requires
us to �nd maps Pn : Cn(X) → Cn+1(X), n ∈ N0 such that for each n ∈ N0 the following
equality holds:

∂n+1 ◦ Pn = −Pn−1 ◦ ∂n + un − id .

First we consider the case that X is a convex subset of some Rm. Recall that we de�ned
C−1(X) = 0, accordingly we de�ne P−1 : C−1(X) → C0(X) to be the zero map. Let us
suppose that we have already found maps P−1, . . . , Pn−1 with the desired properties.

We want to de�ne the next map Pn : Cn(X) → Cn+1(X). This map has to have the
property that for each singular n-simplex σ we have

∂n+1(Pn(σ)) = −(Pn−1 ◦ ∂n)(σ) + (un − id)(σ).
Put di�erently, to de�ne Pn(σ) we have to �nd a singular (n+1)-chain Eσ ∈ Cn+1(X) with

∂Eσ = −(Pn−1 ◦ ∂)(σ) + (un − id)(σ),

906Let us explain in what sense these maps deserve to be called �natural�. Given n ∈ N0 we consider the
functor C∗ from the category Top of topological spaces to the category ChCplx of chain complexes which is
given by topological space X 7→ C∗(X)
and (f : X → Y ) 7→ (f∗ : C∗(X)→ C∗(Y )).

Given a topological space X we denote by ΦX : C∗(X) → C∗(X) the map that is given by the n-th
subdivision map that we de�ned on page 1640. Lemmas 74.24 an 74.25 say that these maps de�ne a
natural transformation from the functor C∗ to itself.
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so that we can then de�ne Pn(σ) := Eσ. Thus let σ : ∆n → X be a singular n-simplex.
(1) For n = 0 we have (

P−1︸︷︷︸
=0

◦ ∂0 + u0︸︷︷︸
=id

− id
)
(σ) = 0 ∈ C0(X),

and we put Eσ := 0 ∈ C1(X).
(2) Now suppose that n > 0. SinceX is convex we know from the discussion on page 1609

that Hn(X) = 0. Therefore to show that an element c ∈ Cn(X) is the boundary of
some element in Cn+1(X) it su�ces to show that ∂c = 0. In our speci�c situation we
calculate

by the Chain Subdivision Lemma 74.24 the subdivision maps form a chain map, i.e. ∂ ◦ un = un−1 ◦ ∂
↓

∂
(

(−Pn−1∂n + un − id) (σ)
)

= −∂Pn−1∂σ + un−1∂σ − ∂σ
= (−∂Pn−1 + un−1 − id︸ ︷︷ ︸

=Pn−2∂

)(∂σ) = Pn−2(∂∂σ︸︷︷︸
=0

) = 0.

As we had just remarked, this implies that there exists an Eσ ∈ Cn+1(X) with
∂(Eσ) = (Pn−1∂n − un−1 − id)(σ).

Now we denote by Pn : Cn(X)→ Cn+1(X) the map which assigns to each singular n-simplex
σ the element Eσ ∈ Cn+1(X). Then it follows from the de�nition of Eσ that

∂n+1 ◦ Pn + Pn−1 ◦ ∂n = un − id

as maps Cn(X) → Cn(X). This concludes the proof of Lemma 74.26 if X is a convex
subset of some Rm.

Now we deal with the general case. So let X be a topological space. We consider

Pn : Cn(X) → Cn+1(X)
r∑
l=1

al · (σl : ∆n → X) 7→
r∑
l=1

al · (σl)∗(Pn(id∆n)︸ ︷︷ ︸).
↑

de�ned since ∆n is convex

It is straightforward to see that this is a chain homotopy from the subdivision map to the
identity map. �

Remark. Later on, in Chapter 113.7, we will generalize the idea behind the proof of
Lemma 74.26, to prove the Acyclic Model Theorems.

De�nition. Given a topological space X and m ∈ N0 we denote by umn the m-fold com-
position of un : Cn(X)→ Cn(X).

Lemma 74.27. For each topological space X and every m ∈ N the maps {umn }n≥0 form a
chain map C∗(X)→ C∗(X) that is chain homotopic to the identity.

Proof. Recall that in the Chain Subdivision Lemma 74.24 we already saw that the maps
{un}n≥0 form a chain map C∗(X)→ C∗(X). As we remarked on page 1592, the composition
of chain maps is again a chain map. Thus for any m ∈ N0 the maps {umn }n≥0 are also chain
maps.

By Lemma 74.26 we have u∗ ' id. By Lemma 73.1 (2) this implies u2
∗ ' u∗, and by

Lemma 73.1 (1) this implies u2
∗ ' id. An induction argument now shows that um∗ ' id for

all m. �
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De�nition. Given a singular chain c we can write it uniquely as c = a1σ1 + · · · + asσs
with a1, . . . , as ∈ Z \ {0} and where the σi are pairwise di�erent. We then say σ1, . . . , σs
are the pieces of c.
If σ : ∆n → X is a singular n-simplex, then the pieces of un(σ) are evidently �smaller� than
the pieces of σ, and by iteratively applying un one can hope to make the resulting pieces
�arbitrary small�. In the following two lemmas we will make it precise what we mean by
�arbitrary small�. Before we formulate the �rst lemma we need to recall and introduce
several de�nitions.
De�nition.
(1) Given a bounded subset A of Rn+1 the diameter is de�ned as

diam(A) := sup
{
‖a− b‖

∣∣ a, b ∈ A} ∈ R≥0.

(2) Given a singular simple σ : ∆n → X we denote by |σ| the image of σ.
Now we can formulate the following lemma.

Lemma 74.28. For any x0, . . . , xk ∈ Rn and any piece τ of uk([x0, . . . , xk]) we have907

diam(|τ |) ≤ n
n+1 · diam(|[x0, . . . , xk]|).
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the image of [x0, x1, x2]

x2

x1

x0

the image of a piece τ of u2([x0, x1, x2])

In the proof of Lemma 74.28 we will need the following elementary908 geometric lemma.

Lemma 74.29. Let y0, . . . , yk ∈ Rn.
(1) We have the equality

diam(|[y0, . . . , yk]|) = max
{
‖yi − yj‖

∣∣ i, j = 1, . . . , k
}
.

(2) We denote by b = 1
k

k∑
i=0
yi the barycenter of y0, . . . , yk. Then for any i = 0, . . . , k we

have ‖yi − b‖ ≤ diam(|[y0, . . . , yk]|).

Proof of Lemma 74.29.

(1) The inequality �≥� follows immediately from the de�nitions and the observation that
each yi lies in

|[y0, . . . , yk]| =
{ k∑
i=0
ti · yi

∣∣∣ ti ∈ [0, 1] and
k∑
i=0
ti = 1

}
.

We turn to the proof of the reverse inequality �≤�. So we pick a, b ∈ |[y0, . . . , yk]|.

By de�nition we can write a =
k∑
i=0
siyi and b =

k∑
i=0
tiyi with si, ti ∈ [0, 1] and such that

907Recall the de�nition on page 1584 of the map [x0, . . . , xk] : ∆k → Rn.
908Here �elementary� means that the statement and the proof are basically high school level mathematics
which does not mean that the proofs are entirely obvious.
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k∑
i=0
si =

k∑
i=0
ti = 1. We then have

since
k∑
i=0

ti = 1y
‖a− b‖ =

∥∥∥a − k∑
i=0

tiyi

∥∥∥ =
∥∥∥ k∑
i=0

ti(a− tiyi)
∥∥∥ ≤ k∑

i=0

‖ti(a− tiyi)‖

≤
k∑
i=0

ti · max
i=0,...,k

{‖a− yi‖} = max
i=0,...,k

{‖a− yi‖} ≤ max
i,j=0,...,k

{‖yj − yi‖}x x
since

k∑
i=0

ti = 1 same argument applied to a =
k∑
j=0

sjyj

(2) We denote by bi the barycenter of y0, . . . , ŷi, . . . , yk, i.e.

bi = 1
k

∑
j 6=i
yj.

We then have b = 1
k+1yi + k

k+1bi.

It follows that

‖b− yi‖ =
∥∥∥ 1
k+1yi + k

k+1bi − yi
∥∥∥ =

∥∥∥ k
k+1bi −

k
k+1yi

∥∥∥
= k

k+1‖bi − yi‖ ≤
k
k+1 · diam(|[y0, . . . , yk]|).

Thus we have obtained the desired inequality. �

Now we are ready to provide the proof of Lemma 74.28.
Proof of Lemma 74.28. We need to show that for any x0, . . . , xk ∈ Rn and any piece τ
of uk([x0, . . . , xk]) we have

diam(|τ |) ≤ n
n+1 · diam(|[x0, . . . , xk]|).

We prove the claim by induction on k. For k = 0 all the diameters are zero, so the
inequality holds trivially. Now suppose that the claim holds for k− 1. Let x0, . . . , xk ∈ ∆n

and denote by b = 1
k

k∑
i=0
xi the barycenter of x0, . . . , xk. We denote by σ1, . . . , σr the pieces

of ∂[x0, . . . , xk].909

Now let τ be a piece of uk([x0, . . . , xk]). By the de�nition of the subdivision map given
on page 1640 we see that |τ | = |[w0, . . . , wk−1, b]| where [w0, . . . , wk−1] is a piece of uk−1(σs)
for some s ∈ {1, . . . , r}. By Lemma 74.29 (1) it now su�ces to prove the following claim.
Claim.
(1) For any i, j = 0, . . . , k − 1 we have ‖wi − wj‖ ≤ k

k+1
· diam(|[x0, . . . , xk]|).

(2) For any i = 0, . . . , k − 1 we have ‖wi − b‖ ≤ k
k+1
· diam(|[x0, . . . , xk]|).

Proof. First let i, j ∈ {0, . . . , k − 1}. Then

‖wi − wj‖ ≤ diam([w0, . . . , wk−1]) ≤ k−1
k · diam(σs) ≤ k

k+1 · diam([x0, . . . , xk]).
↑ ↑

induction hypothesis since |σs| Ă |[x0, . . . , xk]| and k−1
k
≤ k

k+1
applied to σs

909Why does it not say that the number of pieces is k + 1?
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Now let i ∈ {0, . . . , k − 1}. We then have

‖wi − b‖ ≤ k
k+1 · diam(|[w0, . . . , wk−1]|) ≤ k

k+1 · diam(|[x0, . . . , xk]|)
↑ ↑

Lemma 74.29 (2) since |[w0, . . . , wk−1]| Ă |[x0, . . . , xk]| �
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Lemma 74.30. Let X be a topological space and let U = {Ui}i∈I be an open cover of X.
For every singular n-simplex σ : ∆n → X there exists an m such that umn (σ) lies in CUn (X).

Proof. Let X be a topological space let U = {Ui}i∈I be an open cover of X and let
σ : ∆n → X be a singular n-simplex. By the Lebesgue Lemma 6.5 there exists a δ > 0 such
that for any subset A of ∆n with diameter diam(A) < δ there exists an i ∈ I such that
A Ă σ−1(

◦
Ui).

We pick an m ∈ N such that
(

n
n+1

)m
< δ. We have

Lemma 74.25 by Lemma 74.28 and
(

n
n+1

)m
< δy y

umn (σ) = umn (σ∗(id∆n)) = σ∗(u
m
n (id∆n)) = σ∗

(simplicial chain such that the image
has diameter less than δ

)
= σ∗

(simplicial chain such that the image
of each piece lies in some σ−1(

◦
U i)

)
.

↑
by de�nition of δ

But this means precisely that umn (σ) ∈ CUn (X). �

Now we can prove the Comfortable Covering Proposition 74.23.
Proof of the Comfortable Covering Proposition 74.23. LetX be a topological space
and let U = {Ui}i∈I be an open cover of X. We want to show that the inclusion map
ι : CU∗ (X)→ C∗(X) induces for each n an isomorphism

ι∗ : HUn (X)
∼=−→ Hn(X).

We �rst show that the map ι∗ : HUn (X)
∼=−→ Hn(X) is surjective. Let z ∈ Hn(X) be given.

We choose a cycle c =
r∑
j=1
ajσj ∈ Cn(X) which represents z ∈ Hn(X). It follows from

Lemma 74.30, applied to the singular n-simplices σ1, . . . , σr, that there exists an m ∈ N
such that umn (c) ∈ CUn (X). By Lemma 74.27 the maps {umn }n∈N0 form a chain map that
is chain homotopic to the identity. By de�nition this means that there exists a chain
homotopy Pk : Ck(X)→ Ck+1(X), k ∈ N0. Thus we obtain that

z = [c] =
[
umn (c)− Pn−1

=0︷ ︸︸ ︷
∂n(c)− ∂n+1Pn(c)

]
=
[
umn (c)− ∂n+1Pn(c)

]
=

∈ι∗(HUn (X))︷ ︸︸ ︷
[umn (c)].

↑ ↑
since ∂n+1Pn + Pn−1∂n = umn − id equality in Hn(X)

Thus we have shown that ι∗ : HUn (X)
∼=−→ Hn(X) is surjective.
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The argument that the map ι∗ : HUn (X)
∼=−→ Hn(X) is injective is very similar. Indeed,

let [c] ∈ HUn (X) be an element such that [c] = 0 ∈ Hn(X). This means that there exists
an e ∈ Cn+1(X) with ∂e = c. From Lemma 74.30 it follows, as above, that there exists an
m ∈ N with umn+1(e) ∈ CUn+1(X). We again choose a chain homotopy {Pk}k∈N0 between the
chain maps {umk }k∈N0 and id. Then we have

c = ∂e = ∂
(
umn+1(e)− ∂Pn+1(e)− Pn∂e

)
= ∂ umn+1(e)︸ ︷︷ ︸

∈CUn+1(X)

− ∂Pn(c).︸ ︷︷ ︸
∈CUn+1(X)

↑
since ∂Pn+1 + Pn∂ = umn+1 − id

Thus have we have shown that c is indeed the boundary of an (n + 1)-dimensional sin-
gular chain, in CUn+1(X) i.e. [c] = 0 ∈ HUn (X). Put di�erently, we have now proved that
ι∗ : HUn (X)

∼=−→ Hn(X) is injective. �

Using the Comfortable Covering Proposition 74.23 we can now prove the Excision Theo-
rem 74.17.

Proof of the Excision Theorem 74.17. Let X be a topological space. Furthermore let
Z Ă A Ă X be subsets such that the closure of Z is contained in the interior of A. We have
to show that the inclusion (X \Z,A\Z)→ (X,A) induces for each n ∈ N0 an isomorphism

Hn(X \ Z,A \ Z)
∼=−→ Hn(X,A).

We put B := X \ Z. Note that A ∩ B = A \ Z. It follows from our hypothesis on Z and
A that X is the union of the interiors of A and B, put di�erently, the two sets {A,B} is a
cover of X.

For each n we consider the following commutative diagram of abelian groups:910

0 // Cn(A)
=
��

// C{A,B}n (X) //
� _

��

C{A,B}n (X)/Cn(A) //

��

0

0 // Cn(A) // Cn(X) // Cn(X,A) // 0.

Note that by de�nition the horizontal sequences are in fact short exact sequences of chain
complexes. We �rst make the observation that it follows immediately from the de�nition
of C{A,B}n (X) that the inclusion

Cn(B) → C{A,B}n (X)
induces a chain map Cn(B,A ∩B) → C{A,B}n (X)/Cn(A)

that is in fact an isomorphism. Thus in the above diagram we can replace the chain complex
C{A,B}n (X)/Cn(A) by Cn(B,A ∩B) = Cn(X \ Z,A \ Z).

Now we consider the long exact sequence of homology groups arising from the above
short exact sequences of chain complexes. By the LES Proposition 74.9 we obtain the

910Here we use the de�nition from page 1638 which in this context says that

C{A,B}n (X) := {σ + τ |σ ∈ Cn(A) and τ ∈ Cn(B)}.
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following commutative diagram where the horizontal sequences are exact:

. . . // Hn(A)

=

��

// H{A,B}n (X)

��

//

=Hn(X\Z,A\Z)︷ ︸︸ ︷
Hn(B,A ∩B)

��

∂ // Hn−1(A)

=

��

// H{A,B}n−1 (X) //

��

. . .

. . . // Hn(A) // Hn(X) // Hn(X,A)
∂ // Hn−1(A) // Hn−1(X) // . . .

From the Comfortable Covering Proposition 74.23 it follows that the second and �fth
vertical map are isomorphisms. Since the �rst and fourth map are evidently isomorphisms
it now follows from the Five Lemma 74.10 that the middle map is also an isomorphism. �
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74.10. Excision for CW-complexes. On some occasions the following variation on the
Excision Theorem 74.17 is useful.
Theorem 74.31. (Excision Theorem for CW-complexes) Let X be a CW-complex
and let A and B be two subcomplexes with X = A ∪ B. For every n ∈ N0 the inclusion
induced map Hn(B,A ∩B)

∼=−→ Hn(X,A)

is an isomorphism.

Proof. Let X be a CW-complex. Furthermore let A and B be two subcomplexes of X
with X = A∪B. We denote by i : B → X the inclusion. We consider the following diagram

Hn(B,A ∩B)
þ

��

i∗ // Hn(X,A)
þ

��

H̃n(B/(A ∩B))
i∗ // H̃n(X/A).

By Lemma 74.19 we know that the diagram commutes. Furthermore, since A andB are sub-
complexes we obtain from the Homology-of-Quotients Proposition 74.20 that the vertical
maps are isomorphisms. Finally note that by the CW-Complex Construction Lemma 68.32
(3) the quotients B/(A ∩ B) and X/A have natural CW-structures. It follows from the
CW-Complex Homeomorphism Lemma 68.12 that the induced map B/(A ∩ B) and X/A
is a homeomorphism. Thus we see that the bottom horizontal map is an isomorphism. It
follows from this discussion that the top map is, as promised, an isomorphism. �

Remark. In the Excision Theorem 75.10 for Topological Manifolds we will get to see
another variation on the Excision Theorem 74.17.

Exercises for Chapter 74.

Exercise 74.1. Let X be a non-empty topological space. By the Reduced Homology
Lemma 74.1 (4) we know that there exists an isomorphism H0(X)

∼=−→ H̃0(X)⊕Z. Show that
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there is no natural isomorphism H0(X)
∼=−→ H̃0(X)⊕ Z. More precisely, show that it is not

possible to assign to each non-empty topological space X an isomorphism ΦX : H0(X)
∼=−→

H̃0(X) ⊕ Z such that for any map f : X → Y between non-empty topological spaces the
following diagram commutes:

H0(X)
ΦX //

f∗
��

H̃0(X)⊕ Z
f∗⊕idZ
��

H0(Y )
ΦY // H̃0(Y )⊕ Z.

Hint. Let X be the discrete space consisting of two points. If such a natural isomorphism
ΦX did exist, what should the map ΦX do?

Exercise 74.2. Let Z f−→ B
g−→ Z⊕ Z6 → 0

be an exact sequence, i.e. we know that g ◦ f = 0, we know that im(f) = ker(g) and we
know that g is an epimorphism. What are the possible isomorphism types of the group B?

Exercise 74.3. We consider the following commutative diagram of homomorphisms be-
tween abelian groups:

0 //

��

A //

a
��

B //

b
��

C //

c
��

0

��

0 // Ã // B̃ // C̃ // 0.

We suppose that the horizontal sequences are exact and that the maps a and c to the left
and right are the zero map. Does it follow that the middle map b is also the zero map?

Exercise 74.4. Let X be a topological space with H̃0(X) ∼= Z.
(a) Show that given any ε ∈ {−1, 0, 1} there exists a map f : X → X such that the

induced map f∗ on H̃0(X) is given by multiplication by ε.
(b) Show that given any map f : X → X the induced map f∗ on H̃0(X) is given by

multiplication by some ε ∈ {−1, 0, 1}.

Exercise 74.5. Determine the homology groups of S2 ∨ S1.

Exercise 74.6.
(a) Let

A
i //

a
��

B
j
//

b
��

C
k //

c
��

D
l //

d
��

E

e
��

A′
i′ // B′

j′
// C ′

k′ // D′
l′ // E ′

be a commutative diagram such that the horizontal sequences are exact. Show that
if a is surjective, if b and d are isomorphisms, and if e is injective, then c is an
isomorphism.

(b) Does the statement in (a) also hold, if a injective and if e is surjective ?

Exercise 74.7. Let M be the Möbius band. Determine the relative homology groups of
the pair (M,∂M).
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Exercise 74.8. Give examples of two contractible subspaces A and B of R2 such that
H1(A ∪B) is in�nitely generated.

Exercise 74.9. Let
0 // A∗

ϕ
//

a
��

B∗
b
��

ψ
// C∗ //

c
��

0

0 // A′∗
ϕ′
// B′∗

ψ′
// C ′∗ // 0

be a commutative diagram of homomorphisms between abelian groups. Show that there
exists an exact sequence

0 // ker(a)
ϕ
// ker(b)

ψ
// ker(c)

// coker(a)
ϕ′
// coker(b)

ψ′
// coker(c) // 0.

This statement is sometimes referred to as the �Snake Lemma�.
Hint. Try to prove the statement with as little e�ort as possible.

Exercise 74.10. We consider the following diagram of homomorphisms between abelian
groups: 0

��

M
µ

��

β◦µ

%%
0 // A

α //

ν◦α
%%

B
β

//

ν
��

C // 0

N
��

0.

We suppose that the horizontal and the vertical sequences are exact.
(a) Show that β ◦ µ is a monomorphism if and only if ν ◦ α is a monomorphism.
(b) Show that β ◦ µ is an epimorphism if and only if ν ◦ α is an epimorphism.

Exercise 74.11. Let
0 // A∗

��

// B∗

��

// C∗

��

// 0

0 // A′∗ // B′∗ // C ′∗ // 0

be a commutative diagram of short exact sequences of chain complexes. Show that if two
of the vertical maps induce isomorphisms on homology, then so does the third.

Exercise 74.12. We consider the following commutative diagram:

ker(β)

��

ϕ

ww
0 // A

α
����

// B
β
����

// C //

γ
��

0

0 // A′ // B′ // C ′ // 0.
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Evidently we assume that the horizontal sequences are exact. Furthermore we assume that
α : A→ A′ and β : B → B′ are epimorphisms. Show that γ : C → C ′ is an isomorphism.

Exercise 74.13. For readers who really really enjoy diagram chases we have the following
problem on o�er. Suppose we are given the following commutative diagram of

0
��

0
��

0
��

0 // A∗ //

��

B∗
hB //

vB��

C∗
��

// 0

0 // D∗
hD //

vD��

E∗ //

��

F∗
��

// 0

0 // G∗ //

��

H∗ //

��

J∗
��

// 0

0 0 0

where the vertical and horizontal sequences are exact. We suppose that the chain complex
H∗ is acyclic, i.e. we suppose that homology groups of H∗ vanish. Show that for any k ∈ N0

the following diagram commutes up to a minus sign:

Hk(D∗)

��

vD∗ // Hk(G∗) Hk+1(K∗)
∂

∼=
oo

∼=∂
��

Hk(E)
v−1
B∗
∼=

// Hk(B)
hB∗ // Hk(C).

Exercise 74.14. Let X be a topological space, let x0 ∈ X be a point and let n ∈ N0.
Show that the map

H̃n(X) //

=:ΦX,x0

33
Hn(X)

= // Hn(X,∅) // Hn(X, {x0})

is an isomorphism.

Exercise 74.15. We say that a map f : Rn → Rn has bounded displacement if there exists
a C ∈ R such that for any x ∈ Rn we have ‖x−f(x)‖ ≤ C. Show that any map f : Rn → Rn

of bounded displacement is onto.
Hint. Use the Brouwer Fixed Point Theorem.

Exercise 74.16. Let (X,A) be a pair of topological spaces. Suppose there exists a deforma-
tion retraction r : X × [0, 1]→ X from X to some subset Y = r1(X). We write B = r1(A).
Show that the inclusion induced maps Hk(Y,B)→ Hk(X,A) are isomorphisms.
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Exercise 74.17. Let X0 Ă X1 Ă X2 Ă · · · Ă Xm be a nested sequence of topological
spaces.
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(a) Suppose that for each k = 0, . . . ,m − 1 we have Hn(Xk+1, Xk) = 0 for all n ∈ N0.
Show that Hn(Xm, X0) = 0 for all n ∈ N0.

(b) Let n ∈ N0. Suppose that for each k = 0, . . . ,m−1 we have Hn(Xk+1, Xk) = 0. Does
it also follow that Hn(Xm, X0) = 0?

Exercise 74.18. We consider X = [0, 1] and A = {0} ∪ { 1
n
|n ∈ N}. Prove the following

two statements:
(a) The group H1(X,A) is countable.
(b) The group H1(X/A) is uncountable. For psychological reasons it might be convenient

to recall that in Exercise 56.1 we showed that the quotient space X/A is homeomor-
phic to the Hawaiian earrings.

Remark. The homology groups of the Hawaiian earrings are computed in [EKa2000]. In
particular it is shown that the higher homology groups Hi(X/A) are zero for i ≥ 2, which
is not clear at all, see e.g. [BaM1962].

Exercise 74.19. Give an example of a topological space X and some non-empty subset A
for which there is no exact sequence of the form

. . . → H̃n+1(X/A) → H̃n(A)
i∗−−→ H̃n(X)

p∗−−→ H̃n(X/A) → . . .

where i : A→ X is the inclusion and p : X → X/A is the projection.
Remark. You might want to consult your calculations from Exercise 74.18.

Exercise 74.20. Let X be a non-empty bounded subset of Rn. We pick an r ∈ R>0 such
that X is contained in the bounded n-ball B

n

r of radius r. We consider the map

f : Sn−1 → Rn \X
x 7→ 2r · x.

Show that the induced map f∗ : Hn−1(Sn−1)→ Hn−1(Rn \X) is a monomorphism.
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Exercise 74.21. Show that for k ≥ 1 the wedge Sk ∨ Sk is not a topological manifold.

Exercise 74.22. Compute the homology groups of the quotient of S2 obtained by identi-
fying the North Pole N and the South Pole S to a point. We refer to the �gure below for
an illustration.
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identify North and South Pole and we obtain

Exercise 74.23. Let T = S1 × S1 be the torus. We consider the subset A := S1 × {1}.
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(a) Show that T/A is homeomorphic to the topological space S2/(S ∪N) considered in
Exercise 74.22.

(b) Compute the homology groups of the torus.
(c) Bonus question: How far can you push the above approach if we start out with the

Klein bottle instead of the torus?
Remark. We will soon see a more conceptual, less ad hoc, approach to calculating the
homology groups of the torus.

Exercise 74.24. We consider the two maps

f+ : B
2 → S2

(x, y) 7→
(
x, y,

√
1− x2 − y2

) and f− : B
2 → S2

(x, y) 7→
(
x, y,−

√
1− x2 − y2

)
Show that these two maps f−, f+ : B

2 → S2 are not homotopic rel S1.
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75. Applications and variations of the Excision Theorem 74.17

As the title of this chapter suggests, in this chapter we will consider some applications of
the Excision Theorem 74.17 and we will state and prove several variations thereof.

In particular we will prove several statements on the topology of topological manifolds
which extend the results obtain in Section 19.8 from the setting of smooth manifolds to the
more general context of topological manifolds. We will also use the opportunity to state a
few other results on topological manifolds. At the end of the chapter we will introduce the
double of a manifold. This construction makes sense, and is of interest, for smooth and for
topological manifolds.

The chapter does not contain any real surprises. The overall message is that the state-
ment of the Excision Theorem 74.17 holds in several convenient alternative settings and
that many of the statements which we know and love about the topology of smooth man-
ifolds also hold for topological manifolds. These variations and generalizations of earlier
results are non-trivial, but most readers will have a hard time building up enthusiasm for
these results. Thus it might be best to have a quick glimpse at the results and then move
on to the next section.

75.1. The local homology groups of a topological space. We start out with the
following de�nition which at �rst glance might look somewhat arti�cial.
De�nition. Given a topological space X and a point x0 ∈ X the relative homology group
Hn(X,X \ {x0}) is called the n-th local homology group of X at the point x0.
The main goal of this section is to calculate the local homology groups of topological
manifolds and to draw several consequences from this calculation. At this point it is
helpful to recall the de�nition on page 511 of charts of type (i) and (ii) of a topological
manifold. For the reader's convenience we illustrate the de�nitions in the �gure below. We
also recall that on page 511 we said that a point x on a topological manifold is a boundary
point if x does not admit a chart of type (i).
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The following lemma calculates the local homology groups of topological manifolds.

Lemma 75.1. (Manifold-Local Homology Lemma) Let M be a k-dimensional topo-
logical manifold.
(1) Every point on X admits either a chart of type (i) or it admits a chart of type (ii).
(2) Given any point P ∈M , any l ∈ N0 and any neighborhood U of P we have

Hl(U,U \{P})
∼=−→ Hl(M,M \{P}) ∼=

{
Z, if P ∈M \ ∂M and if l = k,
0, otherwise.

↑
induced by the inclusion (U,U \{P})→ (M,M \{P})

Proof. Let P be a point on a k-dimensional topological manifold M . We start out with
the following claim.
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Claim. We have the following isomorphisms:

Hl(U,U \{P})
∼=−→ Hl(M,M \{P}) ∼=

{
Z, if P admits a chart of type (i) and if l = k,
0, if P admits a chart of type (ii) or if l 6= k.

Proof. First we consider the case that P admits a chart of type (i). It follows easily from
the de�nition of an open subset of Rk that we can pick a chart Φ: U → Bk for P with
Φ(P ) = 0. We then have the following isomorphisms:

isomorphism since Φ is a homeomorphism
↓

Hl(M,M \{P})
∼=←− Hl(U,U \{P})

Φ∗−→ Hl(B
k, Bk\{0}) ∂−→ H̃l−1(Bk\{0})

∼=←− H̃l−1(Sk−1).
↑ ↑ ↑

isomorphism by the isomorphism by the long exact isomorphism since
Excision Theorem 74.18 sequence in reduced homology Sk−1 is homotopy

of the pair (Bk, Bk \ {0}) and the equivalent to Bk \ {0}
fact that H̃∗(Bk) = 0 by page 1612

The desired statement now follows from the calculation of the reduced homology groups of
spheres given in Proposition 74.4.

Now we consider the case that P admits a chart of type (ii). Similar to the above we
can pick a chart Φ: U → Bk

≥0 := Bk ∩ Hk for P with Φ(P ) = 0. By arguments that are
very similar to the ones used above we see that we have the following isomorphisms:

Hl(M,M \{P})
∼=←− Hl(U,U \{P})

Φ∗−→∼= Hl(B
k
≥0, B

k
≥0\{0})

∂−→∼= H̃l−1(Bk
≥0\{0}) = 0.

↑
one can easily show that Bk≥0 is contractible, hence its

reduced homology vanishes by the Reduced Homology Lemma 74.1 �
Now it is straightforward to prove the statements of the lemma.
(1) It follows from the above claim that Hk(M,M \ {P}) ∼= Z if and only if P admits a

chart of type (i). This observation immediately implies the promised statement.
(2) The �rst map is an isomorphism by the Excision Theorem 74.18. The second iso-

morphism follows immediately from the above claim. �

75.2. The topology of topological manifolds. With the results from Chapter 74 we
can now generalize the Smooth Manifold Boundary Proposition 19.26 from the case of
smooth manifolds to the more general setting of topological manifolds.

Proposition 75.2. (Topological Manifold Boundary Proposition) Let X be an
n-dimensional topological manifold. The following statements hold:
(1) Every point on X admits either a chart of type (i) or it admits a chart of type (ii).
(2) If F is equipped with a smooth atlas, i.e. if we view F as a smooth manifold, then

the boundary of F as a topological manifold agrees with the boundary of F viewed
as a topological manifold.

(3) The boundary ∂X is an (n−1)-dimensional topological manifold with empty bound-
ary, i.e. we have ∂(∂X) = ∅.

(4) (a) Any union of components of ∂X is a closed subset of X. In particular ∂X itself
is a closed subset of X.

(b) If X is compact, then ∂X is also compact.
(5) If ∂X is non-empty, then X \ ∂X is non-compact.
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(6) Let N be a submanifold of X. The following two statements are equivalent:
(a) N is a proper submanifold.
(b) The following two conditions are satis�ed:

(i) N is a closed subset of X.
(ii) We have the equality911 ∂N = N ∩ ∂X.

(7) If N Ă X is a proper k-dimensional submanifold, then we have N ∩ ∂X = ∂N , and
N ∩ ∂X = ∂N is a proper (k − 1)-dimensional submanifold of ∂X.

(8) If X is an m-dimensional topological manifold and if Y is an n-dimensional topo-
logical manifold, then X × Y is an (m + n)-dimensional topological manifold with
∂(X × Y ) = (∂X × Y ) ∪ (X × ∂Y ).

Example. It follows from the Topological Manifold Boundary Proposition 75.2 and the
examples of charts for B

n
given on page 514 that the boundary of the n-dimensional

topological manifold is indeed Sn−1. We had suspected this for a long time, but only
recently did we acquire the tools for providing a proof.

Remark.
(1) For 2-dimensional topological manifolds we had proved some of the statements of the

Topological Manifold Boundary Proposition 75.2 in Proposition 50.7.
(2) In Propositions 19.31 and 20.6 we showed the analogue of the Topological Manifold

Boundary Proposition 75.2 (7) in the setting of smooth manifolds.
(3) Let M and N be two connected n-dimensional topological manifolds with empty

boundary. If M × [0, 1] is homeomorphic to N × [0, 1], then evidently the corre-
sponding boundaries are also homeomorphic. Note that it follows from the Topolog-
ical Manifold Boundary Proposition 75.2 (7) that ∂(M × [0, 1]) = M × {0, 1} and
∂(N × [0, 1]) = N × {0, 1}. Since M and N are connected we obtain easily from the
above that M and N are homeomorphic. Even though this sounds quite reasonable,
very similar sounding statements can easily be wrong. For example there exists a
3-dimensional topological manifoldW (called the Whitehead manifold) which is non-
compact and has no boundary, which is not homeomorphic to R3 but such thatW×R
is homeomorphic to R3 ×R = R4. We refer to [Kir1989, p. 87] and [AnR1965] for
details.

Proof. Let X be an n-dimensional topological manifold.
(1) This statement is precisely the statement of the Manifold-Local Homology Lemma 75.1

(1). The only reason why we wrote down the statement again is to preserve the anal-
ogy with the Smooth Manifold Boundary Proposition 19.26.

(2) Verbatim the same argument as in the 2-dimensional setting, see the proof of Propo-
sition 50.7 (2) on page 1132, shows how to deduce this statement from Statement
(1).

(3) First note that it follows from Lemma 1.14 and from the Second Countability Lemma 9.1
(2) that ∂X is Hausdor� and second-countable. Now it remains to show that ∂X
admits an (n− 1)-dimensional atlas. Let P ∈ ∂X. By de�nition of ∂X there exists
a chart Φ: U → V of type (ii) for X with P ∈ U . Note that Φ is a chart of type
(ii) precisely for the points in Φ−1(∂Hn). Also note that it follows from (1) and

911Here ∂N denotes the boundary of N , viewed as a topological manifold in its own right.
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the de�nition of ∂X that Φ−1(∂Hn) = ∂X ∩ U . In other words, under the obvious
identi�cation ∂Hn = Rn−1 we see that Φ restricts to an (n− 1)-dimensional chart of
type (i) for the topological space ∂X. This shows that ∂X is an (n− 1)-dimensional
topological manifold with empty boundary.

(4) This statement is precisely the content of the Manifold Boundary-Closed Subset
Lemma 18.6 (1) and (2).

(5) This statement is the content of the Manifold Boundary-Closed Subset Lemma 18.6
(3).

(6) As we already saw in the proof of Statements (5) and (6) of the Smooth Manifold
Boundary Proposition 19.26, this statement is straightforward consequence of (1)
and (4).

(7) In the Topological Manifold Product Proposition 18.4 we already showed that X ×
Y is an (m + n)-dimensional topological manifold. Furthermore recall that in the
Topological Manifold Product Proposition 18.4 we showed that each point in (X ×
Y )\ ((∂X×Y )∪ (X×∂Y )) admits a chart of type (i) and we showed that each point
in (∂X × Y ) ∪ (X × ∂Y ) admits a chart of type (ii). By (1) and by de�nition of
the boundary of a topological manifold this means that we have indeed ∂(X × Y ) =
(∂X × Y ) ∪ (X × ∂Y ). �

Let X be a topological manifold and let Y be a submanifold. It follows almost immediately
from the de�nitions that Y is a topological manifold in its own right. In particular it
makes sense to consider its boundary ∂Y and in particular it makes sense to introduce the
following de�nition which can be viewed as a generalization of the de�nition on page 568.
De�nition. Let X be a topological manifold and let Y be a submanifold. We write

∂0Y := ∂Y \ ∂X and ∂1Y := ∂Y ∩ ∂X.
↑ ↑

here ∂Y denotes the boundary of Y viewed as a topological manifold

The de�nition is illustrated in the �gure below.
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proper submanifold Y ′

non-proper submanifold YY ∂0Y
∂1Y

∂1Y
′

∂0Y∂1Y

X

X

The next proposition gives us some results on the boundary of submanifolds. It can be
viewed as an analogue of the Codimension-Zero Submanifold Proposition 19.38, which we
had formulated in the smooth context.
Proposition 75.3. Let X be an m-dimensional topological manifold and let Y be an n-
dimensional submanifold. We assume that Y is a closed subset of X. (In most applications
Y will be compact).
(1) ∂0Y and ∂1Y are disjoint and each of them is a union of components of ∂Y .
(2) If Y is a proper submanifold, then ∂Y = ∂1Y = Y ∩ ∂X.
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(3) If Y is of codimension zero, then the interior
◦
Y of Y as a subset of X agrees with

Y \ ∂0Y . In particular Y \ ∂0Y is an open subset of X.
(4) Suppose that Y is of codimension zero and that Y is compact.

(a) The set Z := X \
◦
Y is also a codimension-zero submanifold of X and we have

Y ∩ Z = ∂0Y = ∂0Z.
(b) If X and ∂Y are connected, then Z = X \

◦
Y is also connected.

(c) If X is compact, then Z = X \
◦
Y is also compact.

Proof. The proposition follows easily from making the obvious modi�cations to the proof of
the Codimension-Zero Submanifold Proposition 19.38. The biggest change is that we need
to replace the Smooth Manifold Boundary Proposition 19.26 by the Topological Manifold
Boundary Proposition 75.2. We leave it to the reader to �ll in the details. �

We conclude this section with the following proposition which is the generalization of
the Smooth Manifold-Dimension Proposition 19.28 from smooth manifolds to topological
manifolds.
Proposition 75.4. (Topological Manifold-Dimension Proposition) Let M be an
m-dimensional non-empty topological manifold and let N be an n-dimensional topological
manifold. If M is homeomorphic to an open subset of N (e.g. if M is homeomorphic to
N), then m = n.
It follows in particular from the Topological Manifold-Dimension Proposition 75.4 that the
dimension of a non-empty topological manifold is well-de�ned.

Proof. By the remark on page 526 it su�ces to consider the case that we are given a
homeomorphism f : M → N between a non-empty m-dimensional topological manifold M
and a topological manifold N . By the Topological Manifold Boundary Proposition 75.2 (5)
we know that M \ ∂M is non-empty. In particular we can �nd a point P ∈M \ ∂M . Then

Z ∼= Hm(M,M \ {P})
∼=−→ Hm(N,N \ {f(P )}).

↑ ↑
Manifold-Local Homology Lemma 75.1 since f is a homeomorphism

It now follows from the Manifold-Local Homology Lemma 75.1 that N is also m-dimensi-
onal. �

75.3. The Topological Collar Neighborhood Theorem. In the next section we will
consider some useful variations on the Excision Theorem 74.17 for topological manifolds.
To prove these results we will make use of the following following theorem which is an
analogue of the Smooth Collar Neighborhood Theorem 28.3 for topological manifolds.

Theorem 75.5. (Topological Collar Neighborhood Theorem)Given any topological
manifold M there exists a map Φ: [0, 1]× ∂M →M with the following four properties:
(1) The map Φ is an embedding.
(2) The image of [0, 1)× ∂M is an open subset of M .
(3) For every P ∈ ∂M we have Φ(0, P ) = P .
(4) The image of [0, 1]× ∂M is a closed subset of M .

Remark.
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[0, 1]× ∂Mtopological manifold M

Φ∂M

(1) In the compact case the Topological Collar Neighborhood Theorem 75.5 is also proved
in [Vic1994, Theorem Appendix II.7] and [Hat2002, p. 253]. The general case,
where M is also allowed to be non-compact, is also proved in [BrownM1962, The-
orem 3] and [Arm1970, Theorem 1]. Note that [Arm1970, Theorem 1] has a few
re�nements which could be useful in some applications. The proof we provide is
based on [Conn1971]

(2) In Exercise 120.1 we will prove a variation on the Topological Collar Neighborhood
Theorem 75.5 for the case that M is a codimension-zero submanifold with corner of
some other topological manifold.

(3) In Exercise 75.11 we will use the Topological Collar Neighborhood Theorem 75.5 to
give a new proof of the Push Away From Boundary Lemma 18.13. In particular we
will show again that a topological manifold X is path-connected if and only if X \∂X
is path-connected.

Proof of Theorem 75.5 for compact M . We consider M with an �external collar� at-
tached, i.e. we considerW := M ∪∂M={0}×∂M ([0, 1]×∂M). Let us assume for a second that
we have found a homeomorphism F : M → W with F (∂M) = {1}× ∂M . In this fortunate
setting one can verify easily, say using the Topological Pushout-Maps Lemma 5.34 (3) and
(4), that the map

Φ: [0, 1]× ∂M → M
(t, x) 7→ F−1([(1− t, x)])

has all the desired properties. Thus it remains to show that such an F actually exists.
We start out our search for such F with the following claim.

Claim. There exist compact subsets K1, . . . , Km Ă ∂M , embeddings Φi : Ki× [−1, 0]→M
and maps fi : ∂M → [0, 1] such that the following are satis�ed:
(1) For each i ∈ {1, . . . ,m} we have Φ−1

i (∂M) = Ki × {0}.
(2) For each i ∈ {1, . . . ,m} we have supp(fi) Ă Ki.
(3) We have f1 + · · ·+ fm = 1 on all of ∂M .

Proof. It follows from the de�nition of ∂M , together with the Topological Manifold Bound-
ary Proposition 75.2 (1), that for each x ∈ ∂M there exists an open neighborhood Ux of x
and an embedding Φx : [−1, 0] × Ux → M with Φ−1

x (∂M) = {0} × Ux. For each x we can
and will pick a compact neighborhood Kx with Kx Ă Ux. Since M is compact we know by
the Topological Manifold Boundary Proposition 75.2 (4b) that ∂M is also compact. Evi-
dently the interiors of the Kx cover all of ∂M . Since ∂M is compact we see that there exist
x1, . . . , xm ∈ ∂M such that ∂M is covered by the interiors of the Kxi . Finally note that
it follows from the Manifold-Partitions of Unity Existence Theorem 21.1 that there exist
maps f1, . . . , fm : ∂M → [0, 1] such that for each i ∈ {1, . . . ,m} we have supp(fi) Ă Kxi
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and such that f1 + · · ·+fm = 1. Renaming Kxi and Φxi as Ki and Φi we obtain the desired
result. �
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∂M×[0, 1]M

W

M

image of Φ2 K2

graph of f1K1

graph of f2

Next, for i = 0, . . . ,m we set gi := f1 + · · ·+ fi and we set

Wi := M ∪∂M={0}×∂M {(t, x) |x ∈ ∂M and t ∈ [0, gi(x)]}.
By the Topological Pushout-Maps Lemma 5.34 (1) we know that W0 is homeomorphic to
M and evidently Wm = W .
Claim. For i = 1, . . . ,m there exists a homeomorphism Fi : Wi−1 → Wi.

Proof. Let i ∈ {1, . . . ,m}. We consider the map

Θ: [−1, 1]×Ki → W

(t, x) 7→
{

[Φi((t, x))], if t ∈ [−1, 0],
[(t, x)], if t ∈ [0, 1].

It follows fairly easily from the Topological Pushout-Maps Lemma 5.34 (3) and (4), Lemma 5.36
and the Compact-Hausdor� Proposition 2.17 (2) that this map is a closed embedding. To
simplify the notation we will identify [−1, 1]×Ki with its image in W . The desired home-
omorphism Wi−1 → Wi is now given by �stretching horizontally� along [−1, 1]×Ki. More
precisely, we consider the map

Fi : Wi−1 → Wi

x 7→
{
x, if x 6∈ [−1, 1]×Ki(
− 1 + 1+gi(y)

1+gi−1(y)
· (t+ 1), y

)
, if x = (t, y) ∈ [−1, 1]×Ki.

It follows easily from the fact that supp(fi) Ă Ki, the Product Topology-Basics Lemma 5.4
(3) and Pasting Proposition 2.6 that this map is continuous and it follows from the
Compact-Hausdor� Proposition 2.17 (2) that this map is in fact a homeomorphism. �

It is now clear that F := Fm ◦ · · · ◦ F1 : M → W is a homeomorphism which has the
feature that F (∂M) = {1} × ∂M . �
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W1

homeomorphism

W2

F2

[−1, 1]×K2

Proof of the Topological Collar Neighborhood Theorem 75.5. Now let M be any
topological manifold. The proof of the Topological Collar Neighborhood Theorem 75.5 in
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this setting is not that di�erent from the compact case. For space and time reasons we
only sketch the argument.

It follows from the fact that ∂M is in particular second-countable together with the
Manifold-Partitions of Unity Existence Theorem 21.1 that there exists an in�nite sequence
K1, K2, . . . of compact subsets, embeddings Φi : Ki × [−1, 0] → M and maps fi : ∂M →
[0, 1] such that beyond the aforementioned Statements (1), (2) and (3) the following extra
condition is satis�ed:
(4) For each x ∈ ∂M there exists an open neighborhood V such that there exist only

�nitely many i ∈ N with supp(fi) ∩ U 6= ∅.
As in the previous argument we now de�ne functions g1, g2, . . . , subsets W1,W2, . . . and
homeomorphisms Fi : Wi−1 → Wi. It follows from (4) that the map

F : M → W
x 7→ (Fk ◦ · · · ◦ F1)(x) if fi(x) = 0 for i ≥ k

is well-de�ned and continuous. In fact using the Closed Embedding-to-Rn Proposition 2.19
it is straightforward to see that F is actually a homeomorphism. Furthermore, note that
by construction we again have F (∂M) = {1} × ∂M . Thus, as in the proof of the compact
case, we are done. �

The following uniqueness statement for collar neighborhoods is almost verbatim the same
as the statement of the Uniqueness of Collar-Proposition ??.

Proposition 75.6. Let M be a topological manifold and let f0, f1 : [0, 1]× ∂M → M be
two embeddings that are the identity map on {0} × ∂M = ∂M . If ∂M is compact, then
there exists an isotopy

H : M × [0, 1] → M

rel ∂M from H0 = idM to a homeomorphism Φ = H1 : M → M with Φ ◦ f0 = f1. In
particular Φ restricts to a homeomorphism

Φ: f0([0, 1]× ∂M) → f1([0, 1]× ∂M).

Remark. In the study of smooth manifold several constructions, in particular the glu-
ing construction, depends on the choice of a smooth collar. The Uniqueness of Collar-
Proposition ?? then shows that these constructions are well-de�ned up to di�eomorphism.
In the context of topological manifolds constructions usually do not depend on the choice
of a collar. Thus the uniqueness statement of Proposition 75.6 is nice to know, but we will
never need to make use of it.

Proof. The proof is sketched in [KSi1969, Essay I, Theorem A.2]. The proof is also given
in [Arm1970, Theorem 2].912 �

Convention. Suppose we are given a topological manifold M with compact boundary
∂M . We pick a map Φ: [0, 1] × ∂M → M as in the conclusion of the Topological Collar

912The proof in [Arm1970] makes me slightly nervous, there is no hypothesis that ∂M is compact, and
there is no statement that the image of [0, 1] × ∂M needs to be closed. But that would imply that the
�usual� collar neighborhood for M = {(x, y) | y ≥ 0} is equivalent to the one shown in the �gure below,
which is certainly not the case.
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Neighborhood Theorem 75.5. Usually we identify [0, 1]× ∂M with the image in M under
the map Φ and we just refer to [0, 1]× ∂M as a �collar neighborhood of ∂M �. Sometimes
we also �nd it convenient to use other intervals in our notation, e.g. we might write �let
[−3, 0]× ∂M be a collar neighborhood�. It is then understood that {0} × ∂M = ∂M .
For later we record the following corollary to the Topological Collar Neighborhood Theo-
rem 75.5 which is the analogue of the Basics-of-Collars Lemma 28.4 and the Push-Away-
from-Boundary Corollary 28.5.

Corollary 75.7. Let M be an n-dimensional topological manifold. Let [0, 1] × ∂M be a
collar neighborhood.
(1) The subset W := M \ ([0, 1) × ∂M) is an n-dimensional topological manifold with

boundary given by {1} × ∂M .
(2) The subset W = M \ ([0, 1) × ∂M) is a deformation retract of M and it is a

deformation retract of M \ ∂M .
(3) If M is non-empty, then M is homotopy equivalent to a non-compact n-dimensional

topological manifold without boundary.

Proof. The proof of Corollary 75.7 is basically the same as the proof of the Basics-of-Collars
Lemma 28.4 and the Push-Away-from-Boundary Corollary 28.5. We just need to replace
the Smooth Collar Neighborhood Theorem 28.3 by the Topological Collar Neighborhood
Theorem 75.5 and we need to replace the Smooth Manifold Boundary Proposition 19.26
by the Topological Manifold Boundary Proposition 75.2. �

We conclude this discussion of the Topological Collar Neighborhood Theorem 75.5 with
the following proposition that looks uncannily similar to the Gluing-Smooth Manifolds-
Proposition ??.

Proposition 75.8. (Gluing-Topological Manifolds-Proposition) Let M be an n-
dimensional topological manifold (we do not assume that M is connected). Let A and
B be disjoint unions of boundary components of M . Furthermore let f : A → B be a
homeomorphism. Then the following two statements hold:
(1) The topological space

M/a ∼ f(a) for a ∈ A
is an n-dimensional topological manifold.

(2) If M consists of two components X and Y and if A Ă X and B Ă Y , then the
images of X and Y in M/a ∼ f(a) are codimension-zero submanifolds.

(3) If M is compact, then M/a ∼ f(a) is also compact.
(4) The boundary of M/a ∼ f(a) is given by ∂M \ (A ∪B).
(5) If each component ofM contains at least one component of A or B, thenM/a ∼ f(a)

is connected.
In Chapter 25 we will introduce the notion of an orientation of a topological manifold.
To preserve the symmetry with the Gluing-Smooth Manifolds-Proposition ?? we add the



1664

following statement, even though with the present knowledge it does not have any meaning
yet.
(6) Assume that M is oriented. We equip A and B with the boundary orientations, as

de�ned in the Topological Manifold-Boundary Orientation Proposition 105.19.
(a) If f is orientation-reversing, then M/a ∼ f(a) admits an orientation such that

the inclusion M \ (A ∪B)→M/a ∼ f(a) is orientation-preserving.
(b) If M is connected and if f is not orientation-reversing, then M/a ∼ f(a) is

non-orientable.
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X Y

X Y
B

f
A

M M/a ∼ f(a)M

Proof. For the most part the proof of the Gluing-Topological Manifolds-Proposition 75.8
is almost the same as the proof of the Gluing-Smooth Manifolds-Proposition ??. For
statements (1) to (5) we just need to make the following replacements:

(1) We need to replace the Smooth Manifold Boundary Proposition 19.26 (3a) by Lemma 18.6.
(2) We need to replace the Smooth Collar Neighborhood Theorem 28.3 by the Topological

Collar Neighborhood Theorem 75.5.
(3) We need to replace the Smooth Manifold Boundary Proposition 19.26 (1) by the

Topological Manifold Boundary Proposition 75.2 (1).

The alert reader will notice that in the proof of the Gluing-Topological Manifolds-Proposition 75.8
it is not really necessary to use the Topological Collar Neighborhood Theorem 75.5. For
example, as we will see in Exercise 75.5, one can de�ne an atlas for M/a ∼ f(a) �by
hand�. Nonetheless we leave the proof as it is, since the Topological Collar Neighborhood
Theorem 75.5 greatly simpli�es the discussion.

Finally we will prove Statement (6) in Exercise 105.4. �

75.4. Variations on the Excision Theorem 74.17. In this section we will state and
prove two variations on the Excision Theorem 74.17. First we have the following rather
technical sounding theorem.

Theorem 75.9. Let X be a topological space and let Z Ă A Ă X be two subsets. We
suppose that there exists a subset U Ă Z such that the closure of U is contained in the
interior of A and such that the following statements hold:
(1) X \ Z is a deformation retract of X \ U
(2) A \ Z is a deformation retract of A \ U .

Then the inclusion (X \ Z,A \ Z)→ (X,A) induces for each n ∈ N0 an isomorphism

Hn(X \ Z,A \ Z)
∼=−→ Hn(X,A).

The hypotheses of Theorem 75.9 might sound complicated, but as we will see, in practice
these conditions are often satis�ed.

Example. Let n ∈ N. As usual we denote by Sn≥0 and Sn≤0 the upper and lower hemi-
sphere of Sn and we make the obvious identi�cation Sn−1 = Sn≥0 ∩ Sn≤0. It follows from
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Theorem 75.9 and the choices of X,A,Z and U illustrated in the �gure below that the
inclusion induced map Hn(Sn≥0, S

n−1) → Hn(Sn, Sn≤0)

is an isomorphism.
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A

X = Sn

Z U

Sn≥0 = X \ Z

Sn−1 = A \ Z

We can easily generalize the above example. More precisely, Theorem 75.9 also allows us to
prove the following variation on the Excision Theorem 74.17. It says, under mild technical
hypotheses, that in the relative homology of an m-dimensional topological manifold we can
excise the interior of a codimension-zero submanifold.
Theorem 75.10. (Excision Theorem for Topological Manifolds) Let X be an m-di-
mensional topological manifold and let A be a subset of X. Furthermore let B be an
m-dimensional submanifold of X that is a closed subset of X. We write

◦
B := B \ ∂0B.913

If
◦
B Ă A, then for every n ∈ N0 the inclusion induced map

Hn

(
X \

◦
B,A \

◦
B
) ∼=−→ Hn(X,A)

is an isomorphism.
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A

B B

A

∂0B∂0B

X X

Example. If we take X = Sn, A = Sn≤0 and B = Sn≤0, then all the hypothesis of the
Excision Theorem 75.10 for Topological Manifolds are satis�ed and we obtain, as above,
that the inclusion induced map

Hn(Sn≥0, S
n−1) → Hn(Sn, Sn≤0)

is an isomorphism.

Remark. In Theorem 120.2 we will generalize the statement of the Excision Theorem 75.10
for Topological Manifolds to the setting that B is a submanifold �with corner�.

Proof of Theorem 75.10 assuming Theorem 75.9. Note that by Proposition 75.3 we
know that ∂0B is a union of boundary components of B and that

◦
B is indeed the interior of

B viewed as a subset of X. In particular we can apply the Topological Collar Neighborhood
Theorem 75.5 to ∂0B. We obtain an embedding ϕ : [−1, 0]× ∂0B → B that is the identity
map on {0}×∂0B = ∂0B. To simplify the notation we identify [−1, 0]×∂0B with its image
in B. We set Z =

◦
B = B \ ({0} × ∂0B) and we set U = B \ ((−1, 0]× ∂0B).

913We refer to page 1658 for the de�nition of ∂0B.
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Claim. There exists a deformation retract from X \ U to X \ Z.
Proof. First note that we can write X \ U = (X \ Z) ∪ ([−1, 0]× ∂0B). Furthermore note
that (X \ Z) ∩ ([−1, 0]× ∂0B) = {0} × ∂0B. The idea is to use Lemma 52.11 to conclude
that the obvious deformation retraction from [−1, 0]× ∂0B to {0} × ∂0B gives rise to the
desired deformation retraction.

We still have to perform the task of verifying the hypotheses of Lemma 52.11, i.e. we
need to argue that X \Z and [−1, 0]× ∂0B are closed subsets of X \U . First note that by
Proposition 75.3 we know that Z =

◦
B is an open subset ofX. It follows thatX\Z is a closed

subset of X \ U . Furthermore by Statement (4) of the Topological Collar Neighborhood
Theorem 75.5 we know that [−1, 0]×∂0B is a closed subset of X, in particular it is a closed
subset of X \ U . �

Claim. There exists a deformation retract from A \ U to A \ Z.

Proof. Since
◦
B Ă A we have A \ U = (A \ Z) ∪ ([−1, 0] × ∂0B). Furthermore note that

(A \ Z) ∩ ([−1, 0]× ∂0B) = {0} × ∂0B. Thus basically the same argument as in the proof
of the previous claim shows that such a deformation retraction exists. �

The statement of Excision Theorem 75.10 for Topological Manifolds now follows imme-
diately from Theorem 75.9. �
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Z =
◦
B = B \ ∂0B

∂0B

U

X

We conclude this section with the proof of Theorem 75.9.
Proof of Theorem 75.9. We consider the following commutative diagram of inclusion
induced maps Hn(X \ Z,A \ Z) //

��

Hn(X,A)

Hn(X \ U,A \ U).
∼=

44

The diagonal map is an isomorphism by the Excision Theorem 74.17. Thus it su�ces to
show that the vertical map is an isomorphism.

We consider the following diagram:

Hn(A \ Z)
=
��

// Hn(X \ Z) //

��

Hn(X \ Z,A \ Z)

��

// Hn−1(A \ Z)
=
��

// Hn−1(X \ Z)

��

Hn(A \ Z) //

��

Hn(X \ U)
=
��

// Hn(X \ U,A \ Z)

��

// Hn−1(A \ Z)

��

// Hn−1(X \ U)
=
��

Hn(A \ U) // Hn(X \ U) // Hn(X \ U,A \ U) // Hn−1(A \ U) // Hn−1(X \ U).

Here the horizontal maps are pieces of the long exact sequences of the various pairs of
topological spaces provided by the Topological LES-Corollary 74.14 (1). Note that by the
Topological LES-Corollary 74.14 (2) we know that the diagram commutes.
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Furthermore the vertical maps are induced by the various inclusion maps. On the upper
level the �rst and the fourth vertical maps are the identity. Furthermore it follows from
the hypothesis that X \ Z is a deformation retract of X \ U and from Corollary 74.16
that the second and the �fth vertical map are also isomorphisms. It follows from the Five
Lemma 74.10 that the upper middle vertical map is also an isomorphism.

Using the hypothesis that A \Z is a deformation retract of A \U one can show exactly
the same way that the lower middle vertical map is also an isomorphism. Combining the
two middle vertical maps we obtain the desired isomorphism. �

75.5. The double of topological and smooth manifolds. In this short section we
introduce the double of a topological manifold. This construction associates to a compact
manifold with non-empty boundary a closed manifold. This procedure comes in handy on
several occasions. In particular sometimes this procedure allows us to reduce the proof of
a certain statement for compact manifolds to the closed case. As the reader will notice,
this section has only a moderately convincing justi�cation for �tting into this particular
chapter, but the material has to go somewhere, and some of the more technical statements
in this section make use of the earlier results of this section.
After this apology, let us give the key de�nition of this section.

De�nition. LetM be a topological manifold and let W be the union of some components
of ∂M . We refer to

DWM := (M × {1}) ∪W×{1}=W×{2} (M × {2})
as the double of M along W . We refer to DM := D∂MM as the double of M .

Example. The double ofM is given by taking two copies ofM and identifying the bound-
ary points �left and right� in the obvious way.

(1) On page 152 we gave an explicit homeomorphism B
n ∼=−→Sn≥0. Using this homeomor-

phism it is straightforward to see that the double of the n-ball B
n
is homeomorphic

to the n-dimensional sphere Sn. We refer to the �gure below for an illustration.
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disk B
2

double is homeomorphic to S2lower hemisphere S2
≤0

doubling
giveshomeomorphic to

(2) the �gure below makes a convincing case that the double of the torus minus two open
disks is homeomorphic to the surface of genus 3. We refer to the �gure below for an
illustration.
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(3) In Exercise 75.7 we will see that the double of the Möbius band and the Klein bottle
minus an open disk are homeomorphic to well-known topological spaces.

The following de�nition allows us to relate a topological manifold to its double.
De�nition. LetM be a topological manifold and let W be the union of some components
of ∂M . We refer to the map

i : M
P 7→(P,1)−−−−−→M × {1} → (M × {1}) t (M × {2}) → DWM

as the natural inclusion. Furthermore we refer to the map

r : DWM = ((M × {1}) ∪ (M × {2}))/∼ → M
[(P, i)] 7→ P

as the folding map. Finally we refer to the map

ρ : DWM → DWM
[(P, i] 7→ [(P, 3− i)]

as the natural involution on DWM .
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Lemma 75.11. Let M be a topological manifold and let W be the union of some compo-
nents of ∂M .
(1) The natural inclusion i : M → DWM is an embedding.
(2) The folding map DWM →M is continuous and it satis�es r ◦ i = idM .
(3) The natural involution DWM → DWM is continuous and it is an involution, i.e.

ρ ◦ ρ = id.

Proof. It follows from the Topological-Coproduct Proposition 5.11 and the Topological-
Quotient Proposition 5.15 (1a) that the natural inclusion i is continuous and that the
involution ρ are continuous. It is clear that ρ ◦ ρ = id. Furthermore it follows from
the Topological-Coproduct Proposition 5.11 and the Topological-Quotient Proposition 5.15
(1b) that the folding map r is continuous. Clearly we have r ◦ i = idM . This shows in
particular that i : M → i(M) is a homeomorphism, i.e. i is an embedding.

Finally it follows from the Topological-Coproduct Proposition 5.11, the Topological-
Quotient Proposition 5.15 (1a) and the Topological-Quotient Proposition 5.15 (1b) that
the involution ρ is continuous. It is clear that ρ ◦ ρ = id. �

Convention. Sometimes we will use the fact, established in Lemma 75.11, that the natural
inclusion M → DWM is an embedding as an excuse to view M as a subspace of DWM
and to view r : DWM →M as a retraction.
The following lemma summarizes a few key properties of the doubling operation.
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Lemma 75.12. (Doubling-Manifold Lemma) Let M be an n-dimensional topological
(smooth) manifold and let W be the union of some components of ∂M . The following
statements hold:
(1) (a) The double DWM along W is an n-dimensional topological manifold such that

M Ă DWM is a submanifold and such that M is a closed subset of DWM .
(b) If M is actually a smooth manifold, then the double DWM is naturally an n-di-

mensional smooth manifold such that M Ă DWM is a smooth submanifold and
such that the natural inclusion i : M → DWM is a smooth embedding.914

(2) The boundary of the double DWM is given by two copies of ∂M \W . In particular
the boundary of the double DM is empty.

(3) M is compact if and only if the double DWM is compact.
(4) If M is connected and if W 6= ∅, then the double DWM is also connected.
(5) If M is an oriented smooth manifold, then DWM admits an orientation such that

M → DWM is an orientation-preserving embedding. Conversely, if DWM is ori-
ented, then M admits an orientation such that the inclusion M → DWM is orien-
tation-preserving.915

(6) For every k ∈ N0 the inclusion induced map

Hk(M,W ) → Hk(DWM,M)

is an isomorphism.
Proof. LetM be an n-dimensional topological (smooth) manifold. Statements (1), (2) and
(4) follow immediately from applying the Gluing-Smooth Manifolds-Proposition ?? and
the Gluing-Topological Manifolds-Proposition 75.8 iteratively to (W ×{1})t (W ×{2}) Ă

(M × {1}) t (M × {2}).
We turn to the proof of Statement (3). Note that it follows easily from Lemmas 75.11,

2.13 and 1.20 that M is compact if and only if the double DWM is compact.
Next we provide the proof of Statement (5). Thus we suppose that M is an oriented

smooth manifold. We equip M × {1} with the obvious orientation. Furthermore we equip
M × {2} with the opposite orientation. With these orientations it is straightforward to

see that the map ∂(M × {1}) (P, 1) 7→ (P, 2)−−−−−−−−→∂(M × {2}) is orientation-reversing. Thus it
follows from the Gluing-Smooth Manifolds-Proposition ?? that the double DWM admits
an orientation such that M → DWM is an orientation-preserving embedding. Conversely,
if DWM is oriented, then it follows from the Basics-of-Orientations Lemma 25.13 (4) that
M inherits an orientation such that the inclusion M → DM is orientation-preserving.

Finally note that Statement (6) is an immediate consequence of the Excision Theo-
rem 75.10 for Topological Manifolds, and the fact, established in (1), that M is a closed
subset of DM . �

The following lemma relates some of the algebraic invariants of a manifold M to the in-
variants of its double DM .

914Note though that the folding map r : DWM →M is not smooth.
915In the Double-Orientability Lemma 105.18 we will prove an analogous statement for topological mani-
folds.
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Lemma 75.13. Let M be a topological manifold and let W be the union of some compo-
nents of ∂M .
(1) For every j ∈ N0 the inclusion induced map Hj(M) → Hj(DWM) is a monomor-

phism.
(2) If ∂M is non-empty and if x0 is a point in ∂M , then for every j ∈ N0 the inclusion

induced map πj(M,x0)→ πj(DWM,x0) is a monomorphism.

Remark. In the Homology-of-Double Proposition 141.2 we will calculate the homology
groups of DM in terms of the homology groups of M .

Proof. Let i : M → DWM be the natural inclusion map and let r : DWM → M be the
folding map. In Lemma 75.11 we saw that both maps are continuous and that r ◦ i = idM .
The two statements now follow as usual from the functoriality of homology groups and
homotopy groups. More precisely, in both cases we have r∗ ◦ i∗ = id∗, i.e. i∗ needs to be a
monomorphism. �

In favorable circumstances we can fully control the fundamental group of the double.

Proposition 75.14. Let M be a compact connected n-dimensional topological manifold,
let W be a component of ∂M and let P ∈ W . If the inclusion induced map π1(W,P ) →
π1(M,P ) is an epimorphism, then the inclusion induced map π1(M,P )→ π1(DWM,P ) is
an isomorphism.
The proof of Proposition 75.14 results on the following group-theoretic lemma, which is
precisely the content of Exercise 53.13.

Lemma 75.15. Let A and G be groups and let ϕ : A → G be an epimorphism. Fur-
thermore let G′ be a copy of G. We consider the amalgamated product G ∗A G′ given by
using twice the epimorphism ϕ : A → G and ϕ : A → G′ = G. In this setting the natural
homomorphism G→ G ∗A G′ is an isomorphism.

Proof of Lemma 75.15. By Proposition 53.21 there exists a unique homomorphism Θ: G∗A
G′ → G′ that makes the following diagram commutes:

A // //

����

G

��
id

��
G′ //

id
11

G ∗A G′

Θ ))
G.

In particular we see that the right vertical map is a monomorphism. The left vertical map
is by hypothesis an epimorphism. It follows from the Amalgamated Product Lemma 53.22
(3) that the right vertical map is also an epimorphism. Thus we shown that the right
vertical map is indeed an isomorphism. �

Proof of Proposition 75.14. Let P ∈ W . Since W is non-empty and connected we
obtain from the Seifert-van Kampen Theorem 54.4 that the inclusions of the two copies of
M into the double DWM induce an isomorphism π1(DM,P ) ∼= π1(M,P )∗π1(W,P ) π1(M,P ).
By our hypothesis the map π1(W,P ) → π1(M,P ) is an epimorphism. It follows from the
above, together with Lemma 75.15, that the map π1(M,P ) → π1(DWM,P ) is indeed an
epimorphism. �
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We conclude this introduction to the double of a topological manifold with the following
harmless but at times useful lemma. The lemma follows almost immediately from the
de�nitions, hence we leave it to the conscientious reader to �ll in the details.

Lemma 75.16. (Doubling-Homology Lemma) Let M be a topological manifold and
let W be the union of some components of ∂M . Given i ∈ {1, 2}, we denote by ji : M →
M × {i} → DWM the obvious map.
(1) For every k ∈ N0 the map

D : Ck(M,W ) → Ck(DWM)[
σ︸︷︷︸

∈Ck(M)

]
7→ j1∗(σ)− j2∗(σ)

is well-de�ned.
(2) The maps from (1) de�ne a natural chain map, in particular for every k ∈ N0 these

maps induce a map

D : Hk(M,W ) → Hk(DWM)

which is called the doubling homomorphism.
(3) We make the identi�cation M = j1(M ×{1}) and we write M ′ = j2(M ×{2}). The

doubling homomorphism has the property that the following diagram commutes

Hk(M,W )
D //

**

Hk(DWM)

tt

Hk(DWM,M ′),

where the diagonal maps are the obvious maps. (As an aside we mention that it fol-
lows from the Excision Theorem 75.10 that the left diagonal map is an isomorphism.)
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M

σ D(σ) = j1∗(σ)− j2∗(σ)

M × {1} M × {2}

Exercises for Chapter 75.

Exercise 75.1. Let M be a topological manifold. Furthermore let x1, . . . , xk be distinct
points in M . Let n ∈ N0. For i ∈ {1, . . . , k} we denote by

νi : Hn(M,M \ {x1, . . . , xk}) → Hn(M,M \ {xi})
the map that is induced by the inclusion M \ {x1, . . . , xk} →M \ {xi}. Show that the map

k⊕
i=1

νi : Hn(M,M \ {x1, . . . , xk}) →
k⊕
i=1

Hn(M,M \ {xi})

is an isomorphism.
Hint. Use Excision Theorem 74.18.
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Exercise 75.2. Let X be a �nite topological graph, in other words, let X be a �nite
1-dimensional CW-complex. Given any point x ∈ X compute the local homology groups
H∗(X,X \ {x}).

Exercise 75.3. Let n1, . . . , nk ∈ N. We form the wedge X := Sn1 ∨ · · · ∨ Snk . We denote
by P the wedge point. Compute the local homology groups H∗(X,X \ {P}).

Exercise 75.4. Let X be a topological space and let n ∈ N0. We consider the following
two maps.
(1) Let p : X × S1 → X be the projection.
(2) We consider the homomorphism ψ : Hn(X × S1)→ Hn−1(X) that is given by

Hn(X × S1) → Hn(X × S1, X × S1
≤0)

∼=←− Hn(X × S1
≥0, X × {±1})

↑
isomorphism by the Excision Theorem 75.9

→ Hn−1(X × {±1}) → Hn−1(X × {1}) = Hn−1(X).
↑ ↑

connecting homomorphism projection induced homomorphism

Show that the map

p∗ ⊕ ψ : Hn(X × S1) → Hn(X)⊕ Hn−1(X)

is an isomorphism.
Hint. Consider the long exact sequence of the pair (X × S1, X × S1

≤0).
Remark. In Lemma 78.21 we will give a di�erent approach to calculating Hn(X × S1).

Exercise 75.5. Let M be an n-dimensional topological manifold and let A and B be
disjoint unions of boundary components of M . Furthermore let f : A → B be a homeo-
morphism. Show, without using the Topological Collar Neighborhood Theorem 75.5, that
the topological space M/a ∼ f(a) for a ∈ A
is an n-dimensional topological manifold.

Exercise 75.6. We recall the following de�nitions:
(1) The suspension of a topological space X is de�ned to be the topological space

Σ(X) := (X × [−1, 1])/∼
where we identify all points in X × {−1} and we identify all points in X × {1}.

(2) A topological space X that has the property that for each x ∈ X we have

Hk(X,X \ {x}) ∼=
{

Z, if k = n,
0, otherwise

is called an n-dimensional homology manifold.
(3) We say that an n-dimensional topological manifold X is a topological homology

n-sphere if for every k ∈ N0 we have Hk(X) ∼= Hk(S
n).

Let Y be a homology n-sphere.
(a) Show that Y × R is an (n+ 1)-dimensional homology manifold.
(b) Show that the suspension Σ(Y ) of Y is an (n+ 1)-dimensional homology manifold.
(c) Show that if π1(Y ) is non-trivial, then the suspension Σ(Y ) is not a topological

manifold.
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Remark. In Proposition 98.11 we will see that there exists a closed orientable 3-dimensi-
onal smooth manifold Y that is a homology 3-sphere, but such that π1(Y ) is a non-trivial
group. Together with the above this shows that there exist homology manifolds that are
not topological manifolds.

Exercise 75.7. What is a familiar topological space that is homeomorphic to the double
of the Möbius band? Furthermore, which one is homeomorphic to the double of the Klein
bottle minus an open disk?

Exercise 75.8. Let M be a compact connected n-dimensional topological manifold such
that ∂M has k ∈ N components.
(a) Show that rank(H1(DM)) ≥ k − 1.
(b) Show that π1(M) admits an epimorphism onto a free group of rank k − 1.

Exercise 75.9. Let X be a topological space and let x ∈ X. On page 319 we de�ned the
topological valence of x as

topval(x,X) := min

{
n ∈ N ∪ {∞}

∣∣∣∣∣ for every open neighborhood U of x there
exists an open neighborhood V of x with V Ă U
such that V \ {x} has at least n components

}
.

(a) Show that if X is locally contractible and if x is not an isolated point, then

topval(x,X) = rank(H1(X,X \ {x})).
(b) Show that the conclusion of (a) does not necessarily hold if X is not locally con-

tractible.

Exercise 75.10. LetM be a compact smooth manifold. Show that there exists a compact
smooth manifold W with ∂W = DM .

Exercise 75.11. Let M be a topological manifold, let X be a Rham co, let A Ă X be
closed and let f : X → M be a map with f(A) Ă M \ ∂M . Use the Topological Collar
Neighborhood Theorem 75.5 to show that f is homotopic rel A to a map g : X →M \∂M .
Remark. This exercise gives a new proof of the Push Away From Boundary Lemma 18.13.
In particular one can use it to show again that if M is path-connected, then M \ ∂M is
also path-connected.
Remark. The exercise is the topological analogue of Exercise 28.2.
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76. Homology and self-maps of spheres

By Proposition 74.4 we know that for any n ∈ N0 we have

H̃k(S
n) ∼=

{
Z, if k = n, and
0, if k 6= n.

Thus we have determined the homology groups of all �nite-dimensional spheres. In this
chapter, given n ∈ N0, we will determine an explicit singular n-chain which is a generator
of H̃n(Sn). Furthermore, given a map f : Sn → Sn we will get to know several techniques
for determining the induced map f∗ : H̃n(Sn) → H̃n(Sn). These results will allow us to
prove various interesting results, e.g. the mysterious sounding Hair Ball Theorem. The
results of this chapter will also be essential later on in Chapter 80 when we will introduce
cellular homology.

76.1. Explicit generators of relative homology groups. We start out with the fol-
lowing elementary lemma that we will use explicitly and implicitly on many occasions.

Lemma 76.1. Let n ∈ N0. We have

H̃k(B
n
, Sn−1) ∼=

{
Z, if k = n,
0, otherwise.

Proof. We consider the long exact sequence in reduced homology of the pair (B
n
, Sn−1):

. . . → H̃k(B
n
)︸ ︷︷ ︸

= 0, see page 1612

→ Hk(B
n
, Sn−1)

∂−→ H̃k−1(Sn−1)︸ ︷︷ ︸
calculated in

Proposition 74.4

→ H̃k−1(B
n
)︸ ︷︷ ︸

= 0, see page 1612

→ . . .

The statement of the lemma is now an immediate consequence of Proposition 74.4. �

We continue with the following lemma.

Lemma 76.2. Identity-is-Generator Lemma) For any n ∈ N0 the following two state-
ments hold:
(1) Hn(∆n, ∂∆n) ∼= Z.
(2) The identity map id : ∆n → ∆n represents a generator of Hn(∆n, ∂∆n) ∼= Z.

Proof. The �rst statement is an immediate consequence of Lemmas 76.1 and 72.1. Now
we turn to the proof of the second statement. We prove the second statement by induction
on n. It follows easily from the H0-Proposition 72.5 that the statement holds for n = 0.
Now we suppose that the desired statement holds for n− 1 with n ∈ N.

Our next goal is to �nd a connection between the two homology groups Hn(∆n, ∂∆n)
and Hn−1(∆n−1, ∂∆n−1). We introduce the following notation.

(1) We consider
Λ :=

n−1⋃
i=0

{(t0, . . . , tn) ∈ ∆n | ti = 0},

i.e. Λ is the union of all (n − 1)-dimensional faces of ∆n except for the face given
by tn = 0. A generalization of the argument of Exercise 15.13 (c) shows that Λ is a
deformation retract of ∆n. We refer to the �gure below for an illustration.
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(2) We write

◦
Λ :=

n−1⋃
i=0

{(t0, . . . , tn) ∈ Λ | ti = 0 and tn > 0},

the set
◦
Λ is thus the �interior� of Λ.

In the following we view Rn as the subset of Rn+1 given by setting the last coordinate equal
to zero. This point of view allows us to view ∆n−1 as a subset of ∆n. Note that with this
convention we have ∂∆n−1 Ă Λ.
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t2Λ Λ
◦
Λ

deformation retraction from ∆2 to Λ

Claim. We consider the maps

Hn(∆n, ∂∆n)
∂−→ Hn−1(∂∆n,Λ)

i∗←−− Hn−1(∆n−1, ∂∆n−1).

Here the map on the left is the connecting homomorphism in the long exact sequence of
the triple (∆n, ∂∆n,Λ) and the right-hand map is induced by the inclusion. Then the
following holds:
(1) Both maps are isomorphisms.
(2) ∂([id∆n ]) = (−1)n · i∗([id∆n−1 ]).
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It is clear that a proof of the claim together with the induction hypothesis implies that
[id∆n ] is a generator of Hn(∆n, ∂∆n). In particular a proof of the claim implies the Identity-
is-Generator Lemma 76.2.

Proof. Of the two maps in the claim we �rst consider the map ∂ on the left. It follows
from the exact sequence of the triple (∆n, ∂∆n,Λ) that the following sequence is exact:

Hn(∆n,Λ)︸ ︷︷ ︸
= 0 by Corollary 74.16 since

Λ is a deformation
retract of ∆n

p−→ Hn(∆n, ∂∆n)
∂−→ Hn−1(∂∆n,Λ)

i∗−→ Hn−1(∆n,Λ).︸ ︷︷ ︸
= 0 by Corollary 74.16 since

Λ is a deformation
retract of ∆n



1676

This shows that Hn(∆n, ∂∆n)
∂−→ Hn−1(∂∆n,Λ) is an isomorphism. Furthermore we have

∂([id∆n ]) = [∂ id∆n ] =
[n−1∑
j=0

(−1)j id ◦inj︸ ︷︷ ︸
lies in Cn−1(Λ)

+ (−1)n · id ◦inn︸ ︷︷ ︸
=id∆n−1

]
= (−1)n · [id∆n−1 ].

↑ ↑
Topological LES-Proposition 74.13 since we work in Hn−1(∂∆n,Λ)

Now we turn our attention to the right-hand map in the statement of the claim. It follows
from Theorem 75.9, applied to X = ∂∆n, A = Λ, Z =

◦
Λ and U = (0, . . . , 0, 1)916 that the

inclusion induced map

Hn−1(∆n−1, ∂∆n−1) = Hn−1(∂∆n \
◦
Λ︸ ︷︷ ︸

=∆n−1

, Λ \
◦
Λ︸ ︷︷ ︸

=∂∆n−1

)
i∗−→ Hn−1(∂∆n,Λ)

is an isomorphism. Furthermore we evidently have i∗([id∆n−1 ]) = [id∆n−1 ].
Thus we have proved that both maps in the claim are isomorphisms and that

∂([id∆n ]) = (−1)n · [id∆n−1 ] = (−1)n · i∗([id∆n−1 ]). �

In the remainder of this section we explain how to �nd explicit generators of the local
homology groups of a topological manifold. We recall the following lemma from the previous
section.
Lemma 75.1. (Manifold-Local Homology Lemma) LetM be a k-dimensional topo-
logical manifold. Then for any P ∈M , any l ∈ N0 and any open neighborhood U of P we
have

Hl(M,M \ {P}) ∼=
{

Z, if P ∈M \ ∂M and l = k,
0, otherwise.

Examples. Our goal now is to give explicit generators for the relative homology groups
Hk(M,M \ {x}) ∼= Z. We �rst do so for open subsets of Rk and then we �transport� those
generators to topological manifolds using charts.
(1) Let U Ă Rk be an open subset that contains 0. Let σ : ∆k → U be an injective a�ne

linear map. We suppose that 0 lies in the image of the �interior�
◦
∆
k

:= ∆k \ ∂∆k of
∆k. We claim that σ represents a generator of Hk(U,U \ {0}). To prove this claim
we consider the commutative diagram

Hk(∆
k, ∂∆k)
σ∗
��

σ∗ // Hk(U,U \ {0})
∼=
��

Hk(σ(∆k), σ(∂∆k)) // Hk(Rk, σ(∂∆k)) // Hk(Rk,Rk \ {0})

where the maps that are not induced by σ are induced by the obvious inclusions.
The left vertical map is an isomorphism since we know by the Compact-Hausdor�
Proposition 2.17 (3) that σ : ∆k → σ(∆k) is a homeomorphism. The bottom hor-
izontal maps are isomorphisms by Corollary 74.16 since one can easily show that
σ(∆k) is a deformation retract of Rk and similarly one can show that σ(∂∆k) is de-
formation retract of Rk \ {0}. By the Identity-is-Generator Lemma 76.2 we know
that id∆n represents a generator of Hn(∆n, ∂∆n). It follows from the above that
σ ◦ id∆n = σ represents a generator of Hk(Rk,Rk \{0}). But the right vertical map is

916One can easily show that U has the property required in Theorem 75.9.



76. HOMOLOGY AND SELF-MAPS OF SPHERES 1677

an isomorphism by the Excision Theorem 74.18, hence σ also represents a generator
of Hk(U,U \ {0}).

(2) Let M be a k-dimensional topological manifold and let P ∈ M \ ∂M . In the
following we want to give an example of an explicit singular k-simplex that represents
a generator for Hk(M,M \ {P}) ∼= Z. We pick a chart Φ: U → Bk around P with
Φ(P ) = 0 and we pick an a�ne linear map σ : ∆k → Bk as in (1). It follows
from (1) together with the proof of the Manifold-Local Homology Lemma 75.1 that
Φ−1 ◦ σ : ∆k →M represents a generator of Hk(M,M \ {P}). We refer to the �gure
below for an illustration.
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76.2. The standard generator of Hn(Sn). In this section we want to �nd explicit gen-
erators of Hn(Sn) ∼= Z for n ≥ 1.

Notation. We consider the map α : ∆n → Sn that is given by the concatenation of the
following two maps

∆n homeomorphism given−−−−−−−−−−−−→
by the Standard Simplex Homeomorphism Lemma 72.1

B
n → Sn Ă Rn+1 = Rn × R
x 7→

(
x,
√

1− ‖x‖2
)
.

We refer to the �gure below for an illustration of the de�nition of the map α.
It follows easily from the de�nitions and the Compact-Hausdor� Proposition 2.17 (3) that
this map α de�nes a homeomorphism ∆n → Sn≥0 = {(x1, . . . , xn+1) ∈ Sn |xn+1 ≥ 0} and
that it restricts to a homeomorphism ∂∆n to Sn−1 = {(x1, . . . , xn+1) ∈ Sn |xn+1 = 0}.
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∆2

α

Notation. We denote by β : ∆n → Sn the map which is the composition of α with re�ec-
tion in the hyperplane de�ned by xn+1 = 0. The maps α : ∆n → Sn and β : ∆n → Sn both
de�ne singular n-chains in Sn. Note that α and β agree on ∂∆n. Both maps are sketched
in the �gure below.

Lemma 76.3. Let n ≥ 1. The above singular n-chain α − β ∈ Cn(Sn) is a cycle and it
represents a generator of H̃n(Sn) = Hn(Sn).

De�nition.
(1) Let n ≥ 1. We refer to the generator from Lemma 76.3 as the standard generator

of Hn(Sn).917 With great foresight we denote it by [Sn].
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∆2
∆2

β

α

(2) We de�ne [c1 − c−1] ∈ H̃0(S0) to be the standard generator of H̃0(S0).
Proof. We start out with the following claim.
Claim. The singular n-chain α− β is a cycle.

Proof. We denote by ρ the re�ection in the hyperplane de�ned by xn+1 = 0. We have

since α(∂∆n) Ă Rn × 0 we have ∂α ∈ Cn−1(Rn × 0)
↓

∂(α− β) = ∂(α− ρ∗(α)) = (id−ρ∗)(∂α) = 0.
↑ ↑

since ρ∗ is a chain map since ρ = id on Rn × 0 Ă Rn+1 �
As usual we denote by Sn≥0 := {(x1, . . . , xn+1) ∈ Sn |xn+1 ≥ 0}

Sn≤0 := {(x1, . . . , xn+1) ∈ Sn |xn+1 ≤ 0}
the two �hemispheres�. By the discussion on page 152 both hemispheres are homeomorphic
to the closed ball B

n
, in particular they are contractible which implies by the discussion

on page 1612 that their reduced homology groups vanish. We also consider the �equator�

Sn=0 := {(x1, . . . , xn+1) ∈ Sn |xn+1 = 0}.
Next we consider the following sequence of maps

isomorphism by the long exact isomorphism by
sequence in reduced homology example on isomorphism since

of the pair (Sn, Sn≤0) on page 1665 α is a homeomorphism
↓ ↓ ↓

H̃n(Sn) → Hn(Sn, Sn≤0)
i∗←− Hn(Sn≥0, S

n
=0)

α∗←− Hn(∆n, ∂∆n)
[α− β] 7→ [α− β] = [α] ←[ [α] ←[ [id∆n ].

↑
since β = 0 in Cn(Sn, Sn≤0)

So we have shown that all maps are isomorphisms. Furthermore, by the Identity-is-
Generator Lemma 76.2 we know that [id∆n ] is a generator of Hn(∆n, ∂∆n). But [id∆n ]
and [α − β] get sent to the same element in Hn(Sn, Sn≤0), therefore [α − β] must also be
generator of H̃n(Sn). �

In the following lemma we give an alternative description of the standard generator of the
homology group H1(S1).

917It follows easily from Lemma 72.3 and the de�nitions that the two de�nitions of standard generator of
H1(S1) agree.
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Lemma 76.4. The singular 1-simplex

σ : ∆1 → S1

(1− t, t) 7→ exp(2π it)

is a cycle that represents the standard generator [S1] of H1(S1) ∼= Z.
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β

S1σα

Proof. We denote by α, β : ∆1 → S1 the singular 1-simplices in the de�nition of the
standard generator of H1(S1). We have

[α− β] = [α + β] = [σ] ∈ H1(S1).
↑ ↑

by Lemma 72.3 (2) and (3)

We refer to the �gure below for an illustration. �

Remark. By Lemma 76.4 we know that there exists a singular 1-simplex σ that represents
a generator of H1(S1). In Exercise 76.3 we will discuss the question, for which n ∈ N does
there exist a singular n-simplex σ : ∆n → Sn that represents a generator of Hn(Sn).

We conclude this section with a short discussion of several related homology groups and
their �standard generators�.

De�nition. Let n ∈ N. The standard generator of Hn(B
n
, Sn−1) is de�ned to be the

unique element that gets sent to the standard generator of H̃n−1(Sn−1) under the connect-
ing homomorphism Hn(B

n
, Sn−1) → H̃n−1(Sn−1) of the long exact sequence in reduced

homology of the pair (B
n
, Sn−1). We denote the standard generator by [B

n
].

Example. Recall that the standard generator of H̃0(S0) is de�ned as [c1 − c−1] ∈ H̃0(S0).
It follows easily from the explicit description of the connecting homomorphism, see the
Topological LES-Proposition 74.13, and the explicit description of the boundary of a sin-
gular 1-simplex, see page 1585, that the standard generator of H1(B

1
, S0) is represented by

the cycle ∆1 → B
1

(1− t, t) 7→ 2t− 1.

We refer to the �gure below for an illustration.
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(1− t, t) 7→ 2t− 1
∆1

We have now introduced several standard generators of homology groups. The following
proposition shows the relationship between these standard generators under various maps.
The proposition, let alone the proof, are not much fun to read, but it is an absolutely
essential proposition since it settles several rather subtle signs.
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Proposition 76.5. (Standard Generator-Relationship Proposition) Let n ∈ N. We
denote by f : (∆n, ∂∆n) → (B

n
, Sn−1) the homeomorphism from the Standard Simplex

Homeomorphism Lemma 72.1 and we denote by g : B
n
/Sn−1 → Sn the homeomorphism

from the Ball-Quotient Sphere Lemma 5.20. We set ∗ := g([Sn−1]).918 We consider the
following diagram:

H̃n(B
n
/Sn−1)

g∗
//

æ ∼=
��

H̃n(Sn)

æ∼=
��

Hn(∆n, ∂∆n)

∂
��

f∗
// Hn(B

n
, Sn−1)

∂
��

//

þ

44

Hn(B
n
/Sn−1, [Sn−1])

g∗
// Hn(Sn, ∗) Hn(Sn).oo

H̃n−1(∂∆n−1)
f∗
// H̃n−1(Sn−1)

The following statements hold:
(1) The diagram commutes and the top vertical maps are isomorphisms.
(2) We have

f∗([id∆n ]) = (−1)n · standard generator [B
n
] of Hn(B

n
, Sn−1).

(3) The standard generator [B
n
] of Hn(B

n
, Sn−1) has the same image in Hn(Sn, ∗) as

the standard generator [Sn] of Hn(Sn).
(4) The image of the standard generator [B

n
] ∈ Hn(B

n
, Sn−1) in Hn−1(Sn−1) equals the

standard generator [Sn−1] of Hn−1(Sn−1).
(5) We have

f∗(∂[id∆n ]) = (−1)n · standard generator [Sn−1] of Hn−1(Sn−1).

Proof of the Standard Generator-Relationship Proposition 76.5.

(1) The triangle commutes by de�nition of þ, see page 1633. Furthermore it follows
from Lemma 74.12 and the Topological LES-Corollary 74.14 that the two squares
commute.

(3),(4) The calculation of these two signs is delicate and tricky. It becomes somewhat
easier after we have developed a few more tools. Thus we postpone the proof of
these two statements to Section 76.7.

(4) This statement is just a repetition of the de�nition of the standard generator [B
n
].

(5) This statement is an immediate consequence of (1), (2) and (4). �

We conclude this section with the following lemma which gives us another slightly subtle
sign calculation.

Lemma 76.6. Let n ∈ N. We consider the following sequence of maps

Hn(Sn)
ÿ−→ Hn(Sn, Sn≥0)

∼=←−− Hn(Sn≥0, S
n−1)

∂−→ H̃n−1(Sn−1).
↑

inclusion induced map is an isomorphism by the discussion on page 1665

The image of the standard generator [Sn] ∈ Hn(Sn) under this map is (−1)n · [Sn−1].

918The fact that we use the expression [Sn−1] for two very di�erent objects, namely �rst for the point in
B
n
/Sn−1 given by the equivalence class Sn−1 and secondly for the standard generator of H̃n−1(Sn−1) is

unfortunate, but di�cult to avoid if one wants to follow the standard conventions.
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Proof. We recall and introduce the following notation:
(1) Let f : (∆n, ∂∆n)→ (B

n
, Sn−1) be the homeomorphism from the Standard Simplex

Homeomorphism Lemma 72.1.
(2) Let p+ : Sn≥0 → B

n
be the natural projection and let q+ : B

n → Sn≥0 be the map given
by x 7→ (x,

√
1− ‖x‖2). Evidently p and q are inverses of one another. We de�ne

p− : Sn≤0 → B
n
and q− : B

n → Sn≤0 in an analogous fashion.
(3) Note that α := q+ ◦ f : ∆n → Sn and β := q− ◦ f : ∆n are the singular n-simplices

that we introduced on page 1677.
Next we consider the following diagram

Hn(Sn)
ÿ // Hn(Sn, Sn≥0) Hn(Sn≥0, S

n−1)
ioo

p+
��

∂ // Hn−1(Sn−1).

Hn(B
n
, Sn−1)

q+

OO

∂

55

Note that the triangle to the right commutes by the naturality of the connecting homo-
morphism, see the Topological LES-Corollary 74.14. Now we see that

de�nition of [Sn] de�nition of ÿ since β = 0 ∈ Cn(Sn, Sn≤0)
↓ ↓ ↓

∂(i−1
∗ (ÿ([Sn]))) = ∂(i−1

∗ (ÿ([α− β]))) = ∂(i−1
∗ ([α− β])) = ∂(i−1

∗ ([α])) = ∂([α])
= ∂(q+∗([p+ ◦ α])) = ∂(q+∗([f ])) = ∂([f ]) = (−1)n · [Sn−1].
↑ ↑ ↑ ↑

since p+ = q−1
+ since α = q+ ◦ f since the triangle Proposition 76.5 (5)

commutes �
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−β

Sn Sn≥0 Sn−1

Sn≤0

76.3. Suspensions and homology groups. In the next section we will study self-maps
of spheres. In that section it will be useful to consider the e�ect of taking suspensions on
homology. Since this is going to be interesting for larger classes of topological spaces we
dedicate this short section to the study of homology groups of suspensions of topological
spaces.
The following de�nition follows the de�nition on page 451 and the convention given by the
Cone-Suspension Basics Lemma 16.8 (3).

De�nition. Let X be a non-empty topological space.
(1) We de�ne the suspension of X to be the topological space

Σ(X) := (X × [−1, 1])/∼
where we identify all points in X ×{−1} to a single point and we identify all points
in X × {1} to a single point.

(2) We denote by p : X × [−1, 1]→ Σ(X) the natural projection. We write

C−X := p(X × [−1, 1)) and C+X := p(X × (−1, 1]).
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By the Cone-Suspension Basics Lemma 16.8 (3) we know that the map X
x7→p(x,0)−−−−−→ Σ(X)

is a closed embedding. We use this embedding to view X as a subspace of C±X and of
Σ(X).
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X Σ(X)

South pole S

C−X C+X

In the Suspension-π1-Lemma 54.2 and Exercise 57.5 we calculated the fundamental group
of the suspension of a non-empty topological space with �nitely many path components.
The following proposition, which is the main result of this section, determines the homology
groups of a suspension.

Proposition 76.7. (Suspension-H∗-Proposition) Let X be a non-empty topological
space and let n ∈ Z.919

(1) The following maps are isomorphisms:

H̃n(X)
∂←− Hn+1(C+X,X) → Hn+1(Σ(X), C−X)

æ←−− H̃n+1(Σ(X)).
↑ ↑ ↑

connecting homomorphism of the inclusion induced natural map given by the Reduced Homology Lemma 74.1 (3)
pair (C+X,X) from the
Topological LES-Corollary 74.14

(2) The resulting isomorphism

ΣX : H̃n(X)
∼=−→ H̃n+1(Σ(X))

is natural. In other words, given any map f : X → Y between topological spaces
the following diagram commutes:

H̃n(X)

f∗
��

ΣX // H̃n+1(Σ(X))

Σ(f)∗
��

H̃n(Y )
ΣY // H̃n+1(Σ(Y )).

Example. Let n ∈ N and let X be the disjoint union of n intervals. It follows from the
Suspension-H∗-Proposition 76.7 together with the Reduced Homology Lemma 74.1 that
H1(Σ(X)) ∼= Zn−1. In the �gure below we show a generating set for H1(Σ(X)) for n = 3.
We leave it to the reader to deduce from the proof of the Suspension-H∗-Proposition 76.7
that the given cycles do indeed form a generating set for H1(Σ(X)).
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919Note that the proposition has non-trivial content for n = −1.
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Proof. Let n ∈ Z.
(1) (a) By the same argument as in the proof of the Cone Contractibility Lemma 16.7 we

see that both C−X and C+X admit a deformation retraction to a point. It follows
from the Deformation Retract-Homotopy Equivalence Lemma 15.5 that both are
contractible, therefore by the Reduced Homology Lemma 74.1 (7) the reduced
homologies of C−X and C+X vanish. Note that it follows in particular that the
connecting homomorphism ∂ : Hn+1(C+X,X)→ H̃n(X) is an isomorphism.

(b) We denote by S := [X × {−1}] ∈ Σ(X) the South Pole of the suspension. Note
that Σ(X) \ S = C+X and C−X \ S = C−X ∩ C+X. Using this observation we
obtain from the Excision Theorem 74.17920 that the second horizontal map is an
isomorphism.

(c) Similar to (a) we obtain from the Topological LES-Corollary 74.14 that the third
horizontal map is an isomorphism.

(2) First note that the connecting homomorphism is natural by the Topological LES-
Proposition 74.13 (2) and the fact that Σ(f)|X = f . It is clear that the second
horizontal map is natural. Finally it follows from the Reduced Homology Lemma 74.1
(3) that the map æ is natural. The combination of these observations shows that
ΣX itself is natural. �

Example. Let n ∈ N. Let Σ(Sn)→ Sn+1 be the homeomorphism from page 452. It follows
quite easily from the de�nition of the suspension isomorphism ΣSn : Hn(Sn)→ Hn+1(Sn+1)
and Lemma 76.6 that

ΣSn([Sn]) = (−1)n+1 · [Sn+1] ∈ Hn+1(Sn+1).

We conclude this section with the following corollary.
Corollary 76.8. Let X be a topological space that is compact and Hausdor�. Further-
more let k ∈ N≥−1. For every n ∈ Z there exists a natural isomorphism

H̃n(X)
∼=−−→ H̃n+k+1(Sk ∗X).

↑
join of Sk and X, see page 446 for the de�nition

Here, recall that if X is the empty topological space, then by the Reduced Homology
Lemma 74.1 (0) we have H̃−1(∅) = Z.
Proof. First note that the caseX = ∅ follows from the fact that, by de�nition, Sk∗∅ = Sk,
and the calculation of the reduced homology groups of Sk that we gave in Proposition 74.4.

Now assume that X 6= ∅. If k = −1, then we have, again by de�nition, the equality
S−1 ∗X = ∅ ∗X = X which implies the desired statement. Thus it remains to deal with
case that k ≥ 0. To simplify the notation we only consider the case k = 1. In this case we
have

Join of Spheres Lemma 16.4 Exercise 16.5
↓ ↓

H̃n+2(S1∗X) ∼= H̃n+2((S0∗S0)∗X) ∼= H̃n+2(S0∗(S0∗X)) ∼= H̃n+2(Σ(Σ(X))) ∼= H̃n(X).
↑ ↑

by the Join Associativity Proposition 16.6 Suspension-H∗-Proposition 76.7
see page 448 for the de�nition applied twice

of the homeomorphism

920One can easily verify that the hypotheses for the Excision Theorem 74.17 are satis�ed.



1684

It follows easily from the de�nitions of the maps that the isomorphism is in fact natural. �

76.4. The degree of a self-map of a sphere. Now that we know the homology groups
of spheres, we want to study the maps on homology induced by maps f : Sn → Sn. This is
interesting in its own right, but it will also play a major role later on in Chapter 80 when
we will try to determine the homology groups of CW-complexes.
Throughout the remaining sections of this chapter we will work a lot with the following
simple-minded de�nition.

De�nition. Let (G,+) be a group that is isomorphic to Z. Furthermore let Φ: G → G
be a homomorphism. Note that Φ is given by multiplication by a unique integer which we
refer to as the degree deg(Φ).
For completeness' sake we record two basically obvious statements regarding the degree.

Lemma 76.9. Let (G,+) be a group that is isomorphic to Z.
(1) Let g ∈ G be any non-trivial element. Furthermore let Φ: G → G be a homomor-

phism. The degree deg(Φ) is uniquely determined by the equality Φ(g) = deg(Φ) ·g.
(2) Let ϕ : G → H be an isomorphism and let f : H → H be a homomorphism. Then

deg(ϕ−1 ◦ f ◦ ϕ : G→ G) = deg(f : H → H).
Next we relate the above de�nition to topology.

De�nition. Let n ∈ N0 and let f : Sn → Sn be map. Since H̃n(Sn) is isomorphic to Z we
can de�ne the degree of f as

deg(f) := deg
(
f∗ : H̃n(Sn)→ H̃n(Sn)

)
.

Remark. Let n ∈ N. On page 899 we introduced in particular the degree of a smooth map
f : Sn → Sn. On page 1697 we will see that in the setting of a smooth map f : Sn → Sn

the two de�nitions of the degree agree.

Example. We consider the map f : S1 → S1 that is illustrated in the �gure below on the
left.921 We denote by τ : ∆1 → S1 the singular 1-simplex that is given by τ(1 − t, t) =
exp(2π it). By Lemma 76.4 we know that [τ ] ∈ H1(S1) is a generator.

We pick singular 1-simplices σ1, . . . , σ5 as in the middle of the �gure below and we
denote by γ : ∆1 → S1 the constant singular 1-simplex that sends all points to 1. Then

by Lemma 72.3 (3)
↓

f∗([τ ]) = f∗([σ1 + · · ·+ σ5]) =
[ =γ︷ ︸︸ ︷
σ1 ◦ f +

=τ︷ ︸︸ ︷
σ2 ◦ f +

=γ︷ ︸︸ ︷
σ3 ◦ f +

=τ︷ ︸︸ ︷
σ4 ◦ f +

=τ︷ ︸︸ ︷
σ5 ◦ f

]
= [2 · τ + τ + 2 · γ] = [τ ] = (+1)︸︷︷︸

=:deg(f)

· [τ ].
↑

Lemma 72.3 (2)

Summarizing we have shown that deg(f) = +1. With almost the same approach we can
calculate the degrees of the maps that are illustrated in the �gure below.

Almost the same arguments that we used in the discussion of the above example gives us
the following lemma.

921More precisely, given an �interval� on S1 going from exp( iα) to exp( iβ) we mean the singular 1-simplex
that is given by (1− t, t) 7→ exp( i(α · (1− t) + β · t)).
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deg(c) = −3deg(a) = 0 deg(b) = +5

Lemma 76.10. For any k ∈ Z the degree of the map

S1 → S1

z 7→ zk

equals k.

Proof. We denote by τ : ∆1 → S1 the singular 1-simplex that is given by τ(1 − t, t) =
exp(2π it). By Lemma 76.4 we know that [τ ] ∈ H1(S1) is a generator.

Now we �rst consider the case k ≥ 1. For j = 0, . . . , k − 1 we denote by σj : ∆1 → S1

the singular 1-simplex that is given by (1− t, t) 7→ exp(2π i( t+j
k

)). Then

f∗([τ ]) = f∗([σ0 + · · ·+ σk−1]) =
[
f ◦ σ0︸ ︷︷ ︸

=τ

+ · · ·+ f ◦ σk−1︸ ︷︷ ︸
=τ

]
= k · [τ ].

↑
by Lemma 72.3 (3)

The case k < 0 is proved is proved in a similar fashion using Lemma 72.3 (2). Finally
the case k = 0 follows from the fact that the map S1 → S1, z 7→ 1 is constant, hence, as
discussed on page 1595, the induced map on �rst homology is the zero map. �

Before we move on to the next lemma it is convenient to introduce the following notation.

Notation. As on page 419, given a matrix A ∈ O(n + 1) we denote by ρ(A) : Sn → Sn

the map given by x 7→ A · x.
The following lemma summarizes several important properties of the degree of the self-map
of a sphere.

Lemma 76.11. (Sphere Degree Lemma) Let f, g : Sn → Sn be two maps. Then the
following hold:
(1) deg(idSn) = 1.
(2) If f is not surjective, then deg(f) = 0.
(3) If f is homotopic to g, then deg(f) = deg(g). (In the Degree Isomorphism Proposi-

tion 86.8 we will see that the converse to this statement holds.)
(4) deg(f ◦ g) = deg(f) · deg(g).
(5) If f is a self-homeomorphism of Sn, then deg(f−1) = deg(f).
(6) Given any A ∈ O(n) we have deg(ρ(A)) = det(A) ∈ {−1, 1}.

Examples.
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(1) If f : Sn → Sn is the re�ection in a hyperplane, then it follows from the Sphere
Degree Lemma 76.11 (6) that deg(f) = −1,

(2) If f : Sn → Sn is the re�ection in the origin i.e. if f(x) = −x for all x ∈ Sn, then it
follows from the Sphere Degree Lemma 76.11 (6) we have deg(f) = (−1)n+1.

(3) Let A ∈ O(n + 1). Let f : Sn → Sn be the map that is given by f(P ) = A · P . If
det(A) = 1, then we saw on page 419 that f is actually homotopic to the identity.
On the other hand, if det(A) = −1, then it now follows from the Sphere Degree
Lemma 76.11 (1), (3) together with the Sphere Degree Lemma 76.11 (6) that f is
not homotopic to the identity.

Proof.
(1) Since (idSn)∗ = idHn(Sn) we know that deg(idSn) = 1.
(2) Suppose that the map f : Sn → Sn misses the point P ∈ Sn. We consider the

commutative diagram

Sn\{P}� r
i

$$
Sn

f ::

f
// Sn

which gives rise to the
commutative diagram

Hn(Sn\{P})
i∗
((

Hn(Sn)

f∗
66

f∗
// Hn(Sn).

By the Orthogonal Action Lemma 5.26 (6) we know Sn\{P} is homeomorphic to Rn.
Thus we see that Sn\{P} is contractible which implies by the Homotopy Equivalence-
H∗-Corollary 73.9 that Hn(Sn\{P}) = 0. But this means that f∗ : Hn(Sn)→ Hn(Sn)
factors through the zero group, i.e. f∗ is the zero map.

(3) If f is homotopic to g, then it follows from the Homotopic Maps-and-Homology
Proposition 73.6 that deg(f) = deg(g).

(4) We consider the following diagram

Hn(Sn)

(f◦g)∗

55

f∗

· deg(f)
// Hn(Sn)

g∗

· deg(g)
// Hn(Sn).

This diagram commutes since (f ◦ g)∗ = f∗ ◦ g∗. It follows that the curved map is
given by multiplication by deg(f) · deg(g), i.e. deg(f ◦ g) = deg(f) · deg(g).

(5) This statement follows immediately from (1) and (4).
(6) We start out with the following claim.

Claim. Let µ : Sn → Sn be the re�ection in the (xn+1 = 0)-hyperplane. Then we
have deg(µ) = −1.

Proof. We consider again the singular chain

α : ∆n
∼=−→
{

(x1, . . . , xn) ∈ [0, 1]n
∣∣∣ n∑
i=1
xi ∈ [0, 1]

} ∼=−→ B
n → Sn.

(t0, . . . , tn) 7→ (t0, . . . , tn−1) x 7→
(
x,
√

1− ‖x‖2
)
.

that we had already considered on page 1677. We write β = µ ◦ α. In Lemma 76.3
we saw that the singular n-chain α− β is a generator of Hn(Sn). Next we calculate

µ∗([α− β]) = [µ ◦ α]− [µ ◦ β] = [β]− [µ ◦ µ︸ ︷︷ ︸
=id

◦ α] = [β]− [α] = −[α− β].
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The map µ∗ is therefore given by multiplication with −1. �
Now let A ∈ O(n + 1). First we consider the case det(A) = 1, i.e. we assume

that A ∈ SO(n + 1). By the Matrix Group Path-Component Proposition 2.37 we
know that SO(n+ 1) is path-connected, so there exists a map h : [0, 1]→ SO(n+ 1)
with h(0) = id and h(1) = A. But then F (x, t) = h(t) · x de�nes a homotopy
from id to ρ(A). It follows from the Sphere Degree Lemma 76.11 (1) and (3) that
deg(ρ(A)) = deg(id) = 1.

Finally we consider the case that det(A) 6= 1. Let R ∈ O(n + 1) be the matrix
such that ρ(R) = µ. Now we see that

deg(ρ(A)) = deg(ρ(A ·R ·R−1)) = deg(ρ(A ·R)) · deg(ρ(R)) = 1 · (−1) = −1.
↑ ↑

by (4) since det(A ·R) = 1 and by the claim �

We have now seen that the circle admits self-maps of arbitrary degrees and that every
sphere admits self-maps of degree −1, 0, 1. It is natural to ask whether there are also maps
on higher-dimensional spheres that have other degrees. The combination of Lemma 76.10
and the following lemma shows that in fact every k ∈ Z is realized as the degree of every
high-dimensional sphere.

Lemma 76.12. (Degree-Suspension Lemma) Let n ∈ N and let f : Sn → Sn be a
map. Let Σ(f) : Σ(Sn) → Σ(Sn) be the suspension of f that we de�ned on page 452.
Furthermore let Θ: Σ(Sn)→ Sn+1 be the homeomorphism from page 452. Then

deg(Θ ◦ Σ(f) ◦Θ−1 : Sn+1 → Sn+1) = deg(f : Sn → Sn).

Examples.

(1) Let k ∈ Z. We view S2 as a subset of R3 = C× R. We consider the map

g : S2 → S2

(r · exp( iϕ), w) 7→ (r · exp( iϕk), w).

One can easily verify that the map g equals Θ◦Σ(z 7→ zk)◦Θ−1. Thus it follows from
Lemma 76.10 and the Degree-Suspension Lemma 76.12 that deg(g) = deg(Σ(z 7→
zk)) = k.

(2) Let n ∈ N and let k ∈ Z. It follows from Lemma 76.10 and the Degree-Suspension
Lemma 76.12 that there exists a self-map f : Sn → Sn of degree k.

Proof. We consider the following diagram

H̃n(Sn)
ΣSn+1

//

f∗· deg(f)
��

H̃n(Σ(Sn))
Θ∗ //

Σ(f)∗
��

H̃n+1(Sn+1)

(Θ◦Σ(f)◦Θ−1)∗
��

H̃n(Sn)
ΣSn+1

// H̃n+1(Σ(Sn))
Θ∗ // H̃n+1(Sn+1).

First note that it follows from the Suspension-H∗-Proposition 76.7 that the square to the
left commutes and that the horizontal maps to the left are isomorphisms. It is clear that
the square to the right commutes. Furthermore, since Θ is a homeomorphism we see that
the horizontal maps to right are isomorphism. Note that it follows immediately from the
above discussion together with Lemma 76.9 (2) that deg(Θ ◦ Σ(f) ◦Θ−1) = deg(f). �
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The following theorem is an interesting application of our discussion of degrees of self-maps
of spheres.
Theorem 38.11. (Sphere-Degree Fixed Point Theorem) Let f : Sn → Sn be a map.
If deg(f) 6= (−1)n+1, then f has a �xed point.

Example. The Sphere-Degree Fixed Point Theorem Theorem 38.11 says in particular that
every map f : S2 → S2 of degree one has a �xed point. Together with the Sphere Degree
Lemma 76.11 this implies that every map f : S2 → S2 that is homotopic to the identity
has a �xed point. This means that we cannot �deform� the identity to a map that is �xed
point free. This is in contrast to the case n = 1 where we can �deform� the identity into
the map that is given by rotation by a small angle, which is of course a �xed point free
map.

Proof. We had proved the Sphere-Degree Fixed Point Theorem Theorem 38.11 on page 908
using the notion of the degree of a smooth map f : Sn → Sn. In a rather blatant case of
self-plagiarism the proof we now provide is almost identical to the proof on page 908.

Let f : Sn → Sn be a map which admits no �xed point. This means that for all x ∈ Sn
we have f(x) 6= x. We need to show that deg(f) = (−1)n+1. We will do this by showing
that f is homotopic to − id.

Our hypothesis implies that (1−t)f(x) 6= tx for all t ∈ [0, 1] and all x ∈ Sn.922 Therefore
we can consider the map

F : Sn × [0, 1] → Sn

(x, t) 7→ (1− t)f(x)− tx
‖(1− t)f(x)− tx‖

.

This map is a homotopy between the maps x 7→ f(x) and x 7→ −x. Thus it follows that
deg(f) = deg(− id) = (−1)n+1.

↑ ↑
Sphere Degree Lemma 76.11 (3) Sphere Degree Lemma 76.11 (6) �

In the following we recall the de�nition from page 638 of a vector �eld on a submanifold of
Rn.

De�nition. LetM Ă Rn be a submanifold. Given P ∈M \∂M we denote by T̃PM Ă Rn

the physical tangent vector space as de�ned on page 620. A vector �eld on M is a
continuous map v : M → Rn such that for any P ∈M we have v(P ) ∈ T̃PM .

Examples.
(1) Let P be a point on Sn. By Lemma 23.1 we have

T̃PSn = {v ∈ Rn+1 | 〈P, v〉 = 0}.
(2) For an odd-dimensional sphere S2k−1 a vector �eld is given by923

v : S2k−1 → R2k

(x1, x2, . . . , x2k−1, x2k) 7→ (−x2, x1, . . . ,−x2k, x2k−1).

922This case be seen as follows: if t 6= 1
2 we have ‖(1− t)f(x)‖ = 1− t 6= t = ‖tx‖. On the other hand, for

t = 1
2 we have (1− t)f(x) = 1

2f(x) 6= 1
2x = tx.

923Indeed, for any P ∈ S2k−1 we have 〈P, v(P )〉 = 0, i.e. v(P ) does indeed lie in the tangent space TPS2k−1.
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This vector �eld has the property that it is nowhere-vanishing. In the case of the
1-sphere S1 this is just the vector �eld of constant length 1 that points in the �coun-
terclockwise direction�.

(3) For an even-dimensional sphere S2k a vector �eld is similarly given by

v : S2k → R2k+1

(x1, x2, . . . , x2k−1, x2k, x2k+1) 7→ (−x2, x1, . . . ,−x2k, 0).

This vector �eld vanishes at the �North Pole� (0, . . . , 0, 1) and it also vanishes at the
�South Pole� (0, . . . , 0,−1). Both types of vector �elds are sketched in the �gure
below.

S1

the vector �eld
v(x, y) = (−y, x) on S1

is nowhere-vanishing

the vector �eld
v(x, y, z)=(−y, x, 0) on S2

vanishes at (0, 0,±1)

S2

In Question 23.17 we asked whether it is possible to �nd a nowhere-vanishing vector �eld
on even-dimensional spheres. The following theorem says that this is not possible.

Theorem 38.12. (Hairy Ball Theorem) Every vector �eld on an even-dimensional
sphere S2k vanishes on at least one point.924

Remark.

(1) For n = 2 we get the following �real life application�: on the surface of earth there
always exists at least one point where the wind does not blow at all. This fact is
illustrated at the following website

https://earth.nullschool.net/

(2) The �Hairy Ball Theorem� gets its observation that for n = 2 the theorem says that
�you can't comb a hairy ball �at without creating a cowlick�.

(3) Contrary to most other languages in German the Hairy Ball Theorem 38.12 is called
the �Satz vom (gekämmten) Igel�, i.e. it is referred to as the �Combed Hedgehog
Theorem�.

(4) Evidently the fun never stops. Now that we know that odd-dimensional spheres admit
one nowhere-vanishing vector �eld the question arises, how many linearly independent
vector �elds can we �nd on a given odd-dimensional sphere. It turns out that there is
complete and highly non-trivial answer, see [Adam1962], [MillH1989] and [VogI]
for details.

Proof. We had proved the Hairy Ball Theorem 38.12 on page 909 using the notion of the
degree of a smooth map f : Sn → Sn. In an another shameless case of self-plagiarism the
proof we now provide is again almost identical to our earlier proof.

924On S2k we had so far found vector �elds which vanish at two points. Can we �nd a vector �eld on S2k

which vanishes on only one point? We will discuss this question in Exercise 76.6.

https://earth.nullschool.net/
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Let v be a vector �eld on the sphere Sn which is nowhere-vanishing. We have to show
that n is odd. We consider the vector �eld w on Sn that is given by rescaling v to length
one, i.e. that is given by

Sn → Rn+1

x 7→ w(x) := 1
‖v(x)‖v(x).

Furthermore we consider the map

F : Sn × [0, 1] → Sn

(x, t) 7→ cos(πt) · x+ sin(πt) · w(x).

We refer to the �gure below for an illustration. The map does indeed take values in Sn,
since
〈cos(πt)x+ sin(πt)w(x), cos(πt)x+ sin(πt)w(x)〉 = cos(πt)2‖x‖2 + sin(πt)2‖w(x)‖2 = 1.

↑ ↑
since 〈x,w(x)〉 = 0 since ‖x‖ = ‖w(x)‖ = 1

The map F0 = F (−, 0) is the identity and the map F1 = F (−, 1) equals F is − id. Put
di�erently, the map F is a homotopy between the two maps id and − id. It follows that

1 = deg(id) = deg(− id) = (−1)n+1.
↑ ↑ ↑

Sphere Degree Lemma 76.11 (1)Lemma 76.11 (3) Lemma 76.11 (6)

But this means that n is odd. �

��
��
��
��

��

��
��
��
��

S2

xx

w(x)

F (x, t) −x

76.5. The local degree I. As the reader will have noticed, it is not entirely trivial to
compute the isomorphism types of the homology groups of a given topological space. In
the following two sections we will get to know a few tricks to address this problem.

We start out with the following harmless lemma which is a variation on the Manifold-
Local Homology Lemma 75.1.
Lemma 76.13. Let U be a subset of Rn. For every point P in the interior of U we have

Hk(U,U \ {P}) ∼=
{

Z, if k = n,
0, otherwise.

Proof. Since P lies in the interior of U there exists an r > 0 such that Bn
r (P ) Ă U . Now

we see that

Hk(U,U \{P}) ← Hl(Br(P ), Br(P )\{P}) ∂−→ H̃k−1(Bn
r (P )\{P}) ←− H̃k−1(Sn−1).

↑ ↑ ↑
Excision Theorem 74.18 isomorphism by the long exact isomorphism since

sequence in reduced homology Sn−1 is homotopy
of the pair (Bnr (P ), Bnr (P ) \ {P}) equivalent to Bnr (P ) \ {P}

The lemma now follows from the calculation of H̃∗(Sn−1) in Proposition 74.4. �



76. HOMOLOGY AND SELF-MAPS OF SPHERES 1691

We move on to the following much more interesting proposition.

Proposition 76.14. (Local Di�eomorphism-Degree Proposition) LetW be a subset
of Rn and let A be a subset of W such the origin 0 is contained in the interior of U . Let
f : A→ W be an injective map with f(0) = 0. We suppose that f is a local di�eomorphism
at 0. Then the degree of the map925

Hn(W,W \ {0}) ι∗←−−∼= Hn(A,A \ {0}) f∗−−→ Hn(W,W \ {0})

equals +1 if f is orientation-preserving at 0 and −1 if f is orientation-reversing at 0.
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In the proof of the Local Di�eomorphism-Degree Proposition 76.14 we will make use of the
following two lemmas which we will also use on several other occasions later on.
Lemma 76.15. Let f : U → V be a di�eomorphism between two open subsets of Rn. Let
P ∈ U . We denote by λ : Rn → Rn

x 7→ (DfP )(x) + f(P )

the linearization of f at P . There exists an open neighborhood U ′ = Bn
r (P ) of P such that

the restrictions of f and λ to maps (U ′, U ′ \ {P})→ (Rn,Rn \ {f(P )}) are homotopic.

Remark. Lemma 76.15 is the key to translating information from smooth methods into
topology and later on homology groups.

Proof. Let f : U → V be a di�eomorphism between two open subsets of Rn. To simplify
the notation we assume that P = 0 and that f(P ) = 0. Furthermore, by restriction to
an open ball we might as well assume that U is convex. We write D := Df0. Thus the
linearization of f at P = 0 is given by the map λ(x) = D · x. Since f is in particular a
local di�eomorphism a P = 0 we know by the Chain Rule 19.10 together with the Smooth
Invariance of Domain Proposition 19.11, that D is an invertible matrix.

Since U Ă Rn is convex we obtain from the Map-as-Matrix Multiplication Proposi-
tion 19.14 that there exists a smooth map A : U → M(n× n,R) such that A(0) = Df0 and
such that f(x) = A(x) · x for all x ∈ U . Since det(A(0)) 6= 0 we see that there exists an
r > 0 such that det(A(x)) 6= 0 for all x ∈ Bn

r (0). This implies that the map

Bn
r (0)× [0, 1] → Rn

(x, t) 7→ A(x · (1− t)) · x
is a homotopy of the maps f and λ as maps (Bn

r (0), Bn
r (0) \ {0})→ (Rn,Rn \ {0}) of pairs

of topological spaces. �

We adopt the following notation:
Notation.

925By Lemma 76.13 we know that Hn(W,W \ {0}) ∼= Z, thus it makes sense to talk of the degree of an
automorphism of Hn(W,W \ {0}).
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(1) Given a matrix P ∈ GL(n,R) we denote by ρ(P ) : Rn → Rn the map given by
x 7→ P · x.

(2) Given a non-zero real number r we denote its sign by sign(r) ∈ {−1,+1}.

Lemma 76.16. Let n ∈ N. Given A ∈ GL(n,R) we have

deg
(
ρ(A)∗ : Hn(Rn,Rn \ {0}) → Hn(Rn,Rn \ {0})

)
= sign(det(A))

and given A ∈ O(n) we have
deg

(
ρ(A)∗ : Hn(B

n
, B

n \ {0}) → Hn(B
n
, B

n \ {0})
)

= sign(det(A)).

Proof of Lemma 76.16. For simplicity we only prove the �rst statement of the lemma.
Thus let A ∈ GL(n,R). We start out by picking an orthogonal matrix B ∈ O(n) such that
sign(det(B)) = sign(det(A)). Next we consider the following diagram

Hn(Rn,Rn \ {0})
ρ(A)∗
��

id // Hn(Rn,Rn \ {0})
ρ(B)∗
��

∂ // Hn−1(Rn \ {0})
ρ(B)∗
��

Hn−1(Sn−1)oo

ρ(B)∗
��

Hn(Rn,Rn \ {0}) id // Hn(Rn,Rn \ {0}) ∂ // Hn−1(Rn \ {0}) Hn−1(Sn−1).oo

We make the following observations:
(1) Since sign(det(B)) = sign(det(A)) we obtain from the Matrix Group Path-Component

Proposition 2.37 (1) that there exists a path [0, 1]→ GL(n,R) from A to B. Similar
to the discussion on page 419 this path gives rise to a homotopy between ρ(A) and
ρ(B). We obtain from Proposition 74.15 that ρ(A)∗ = ρ(B)∗, in other words, the
square to the left commutes.

(2) The square in the middle commutes by the naturality of the connecting homomor-
phism, see the Topological LES-Corollary 74.14.

(3) The horizontal maps to the right are induced by the inclusion Sn−1 → Rn \ {0}. It
is clear that the square to the right commutes.

Now we see that

by the above commutative diagram together with Lemma 76.9 (2)
↓

deg
(
Hn(Rn,Rn\{0}) ρ(A)∗−−−→ Hn(Rn,Rn\{0})

)
= deg(ρ(B) : Sn−1 → Sn−1)

= det(B) = sign(det(B)) = sign(det(A)).
↑ ↑ ↑

Sphere Degree Lemma 76.11 (6) since B∈O(n) we choice of B
have det(B)∈{±1} �

Proof of the Local Di�eomorphism-Degree Proposition 76.14 . LetW be a subset
of Rn and let A be a subset of W such that the origin 0 is contained in the interior. Let
f : A→ W be an injective map with f(0) = 0. We suppose that f is a local di�eomorphism
at 0. Recall that this means that there exists an open neighborhood U of 0 that is contained
in A and an open neighborhood V of 0 that is contained in B such that the map f : U → V
is a di�eomorphism.

We start out with the following preparations.
(1) We set

ε :=

{
+1, if f is orientation-preserving at 0,
−1, if f is orientation-reversing at 0.
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Note that it follows from the Orientation Checking-via-Di�erentials Lemma 25.12
that we have ε = sign(det(Df0)).

(2) By Lemma 76.15 there exists an open neighborhood U ′ of 0 that is contained in U
such that the restrictions of f and ρ(Df0) to maps (U ′, U ′ \ {0}) → (Rn,Rn \ {0})
are homotopic.

Now we consider the following diagram

Hn(W,W \{0})

∼=

��

Hn(A,A\{0})
∼=oo f∗

// Hn(W,W \{0})

∼=

��

∼=tt

Hn(U ′, U ′\{0})
id
��

∼=
OO

f∗
// Hn(Rn,Rn\{0})

id
��

Hn(U ′, U ′\{0})
∼=

tt

ρ(Df0)∗
// Hn(Rn,Rn\{0})

∼=
**

Hn(Rn,Rn\{0})
ρ(Df0)∗

// Hn(Rn,Rn\{0}).

We continue with the following clari�cations and observations:

(3) The undecorated maps are induced by inclusions. All of them are isomorphisms by
the Excision Theorem 74.18.

(4) It follows from (2) and Proposition 74.15 that the central square commutes. All other
regions of the diagram commute by the functoriality of homology groups.

(5) By Lemma 76.16 the bottom horizontal map equals multiplication by sign(det(Df0)).
(6) It follows from all of the above that the top map is given by multiplication by ε. But

that is precisely what we wanted to show. �

76.6. The local degree II. As mentioned in the previous section, we want to develop some
tools for addressing the following problem: given a map f : X → Y between topological
spaces, how can we determine the induced map on homology? For example, let us consider
the following question.

Question 76.17. Let f be a complex polynomial of degree ≥ 1. By Exercise 2.35 we
know that the map

Θ(f) : S2 = C ∪ {∞} → C ∪ {∞} = S2

z 7→
{
f(z), if z ∈ C,
∞, if z =∞

is continuous. What is the induced map on homology, i.e. what is the degree of Θ(f)?
In this section we will develop a method for determining the degree of a self-map of a
sphere which can be applied in many �reasonable� cases. In particular we will be able to
answer Question 76.17. The answer will give us an alternative proof of the Fundamental
Theorem 26.3 of Algebra.

We start out with the following observation.
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Observation. Let n ≥ 1. Now let x ∈ Sn be a point and let U be a neighborhood of x in
Sn. We have isomorphisms

Hn(Sn)
ÿ−→ Hn(Sn, Sn \ {x})

∼=←−− Hn(U,U \ {x}).
↑ ↑

isomorphism by the long exact isomorphism by the
of the pair (Sn, Sn \ {x}) Excision Theorem 74.18

Throughout this section will use frequently that these maps are isomorphisms.

De�nition. We say a map f : X → Y between two topological spaces is nice at a point
x ∈ X if there exists a neighborhood U of x such that for all x′ 6= x in U we have
f(x′) 6= f(x). We refer to such a neighborhood as a nice neighborhood of x.

Examples.

(1) Let f : X → Y be a map between two topological spaces and let x ∈ X. If U is
a neighborhood such that f |U is injective, then U is evidently a nice neighborhood
of x.

(2) We consider the functions

f : R → R
t 7→ t2

and
g : R → R

t 7→
{

0, if t = 0,
t sin(1

t
), if t 6= 0.

For the function f every point on R is nice, in fact for x < 0 we can take U = (−∞, 0),
for x > 0 we can take U = (0,∞) and for x = 0 we can take U = R. On the other
hand it is straightforward to see that for the function g the point x = 0 is not nice.

The following is the key de�nition of this section.

De�nition. Let n ≥ 1, let f : Sn → Sn be a map and let x ∈ Sn be a nice point. Let U
be a nice neighborhood of x. The local degree of f at the point x is de�ned as the degree
of the homomorphism926

Hn(Sn)
ÿ−→ Hn(Sn, Sn\{x})

∼=←− Hn(U,U \{x}) f∗−→ Hn(Sn, Sn\{f(x)}) ÿ←−∼= Hn(Sn).

We denote this local degree by deg(f, x).

Remark. We will generalize the notion of a local degree on page 2379 to maps between
oriented topological manifolds.

Lemma 76.18. The local degree deg(f, x) of a map f : Sn → Sn at a nice point x ∈ Sn
is well-de�ned.

Proof. Let n ≥ 1, let f : Sn → Sn be a map and let x ∈ Sn be a nice point. Let U,U ′ be
nice neighborhoods of x. After replacing U ′ by U ∩ U ′ we can without loss of generality

926Note that f induces a map of pairs (U,U \ {x})→ (Sn, Sn \ {f(x)}) since U is nice.
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assume that U ′ Ă U . We consider the following commutative diagram

Hn(U ′, U ′\{x})∼=
ss

∼=

��

f∗
// Hn(Sn, Sn\{f(x)})

id

��

Hn(Sn) // Hn(Sn, Sn\{x}) Hn(Sn).

∼=kk

∼=ss

Hn(U,U \{x})
∼=
kk

f∗
// Hn(Sn, Sn\{f(x)}).

All the non-decorated maps are induced by inclusions. It is clear that the diagram com-
mutes. Also note that the left vertical map is an isomorphism by the Excision Theo-
rem 74.18. It follows immediately from these observations that the local degree de�ned
using U ′ agrees with the local degree de�ned using U . �

Lemma 76.19. Let n ≥ 1, let f : Sn → Sn be a map and let x ∈ Sn. If f is a homeomor-
phism, then for every nice point x ∈ Sn we have

deg(f, x) = deg(f).

Proof. From the hypothesis that f is a homeomorphism we obtain that U = Sn is a nice
neighborhood for x. We take V = Sn and we consider the following diagram

Hn(Sn)
∼= ÿ

��

f∗
// Hn(Sn)

∼=ÿ

��

Hn(Sn, Sn \ {x}) f∗
// Hn(Sn, Sn \ {f(x)})

The statement now follows immediately from the de�nitions. �

The following proposition can often be used to determine the local degree of a map.

Proposition 76.20. Let f : Sn → Sn be a map with n ≥ 1 and let x ∈ Sn.
(1) If f is a local homeomorphism around x, then x is nice and

deg(f, x) = ±1.

(2) If f is a local di�eomorphism around x, then x is nice and

deg(f, x) =

{
1, if f is orientation-preserving at x,
−1, if f is orientation-reversing at x.

Example. We consider the map f : S1 → S1 given by (x, y) 7→ (x, |y|). It follows from
Proposition 76.20 (2) that for every point on the open upper semicircle the local degree
is +1 and that for every point on the open lower semicircle the local degree is −1. In
Exercise 76.10 we will prove that the local degree at the points ±1 is in both cases zero.

��
��
��
��

��
��
��
��

��
��
��

��
��
��

���
���
���

���
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���

��
��
��
��

��
��
��
��

local degree 0

local degree 1

local degree −1

f(x, y) = (x, |y|)
local degree 0
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Remark. Proposition 76.20 shows that for a smooth map f : Sn → Sn and a point x ∈ Sn
at which f is a local di�eomorphism the de�nition of the local degree on page 898 agrees
with the above de�nition.

Proof of Proposition 76.20. Let f : Sn → Sn be a map with n ≥ 1 and let x ∈ Sn.

(1) Suppose that f is a local homeomorphism around the point x. Recall that this means
that there exists an open neighborhood U of x and an open neighborhood V of f(x)
such that f : U → V is a homeomorphism. This implies in particular that U is nice.
Now we consider the following rather simple diagram:

Hn(Sn)
∼= // Hn(Sn, Sn\{x}) Hn(U,U \{x})

∼=oo //

f∗
��

Hn(Sn, Sn\{f(x)}) Hn(Sn).
∼=oo

Hn(V, V \{f(x)})
∼=

44

It is clear that the diagram commutes. Since the map f restricts to a homeomorphism
(U,U \{x})→ (V, V \{f(x)}) of pairs we see that the vertical map is an isomorphism.
Furthermore the diagonal map is an isomorphism by the Excision Theorem 74.18.
Thus we see that all horizontal maps are isomorphism. This implies immediately
that deg(f, x) = ±1.

(2) Let f : Sn → Sn be a map with n ≥ 1 and let x ∈ Sn. We assume that f is a local
di�eomorphism around x. By the Orthogonal Action Lemma 5.26 we know that
there exists an A ∈ SO(n− 1) with A · f(x) = x. By Exercise 25.5 we know that the
map z 7→ A · z is orientation-preserving and by the Sphere Degree Lemma 76.11 (6)
we know that deg(z 7→ A · z) = 1. Thus, after replacing f by the z 7→ A · f(z), we
might as well assume that f(x) = x.

We make a few further preparations.
(a) We pick a chart Φ: V → W around x.
(b) Since f is a local di�eomorphism around x there exists an open neighborhood

U of x such that f : U → f(U) is a di�eomorphism. Note that after possibly
replacing U by U ∩ V ∩ f−1(V ) we can assume that U Ă V and f(U) Ă V .

(c) We set y := Φ(x).
(d) We set

ε :=

{
1, if f is orientation-preserving at x,
−1, if f is orientation-reversing at x.
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Next we consider the following diagram

Hn(Sn)
· deg(f,x)

//

∼=ÿ

��

Hn(Sn)
∼= ÿ

��

Hn(Sn, Sn\{x}) Hn(U,U \{x})
∼=oo

Φ∗

��

f∗

**

f∗
// Hn(Sn, Sn\{x})

Hn(f(U), f(U)\{x})
Φ∗

))

Hn(W,W \{y})

·ε

22

Φ−1
∗

OO

Hn(Φ(U),Φ(U)\{y})
∼=oo

(Φ◦f◦Φ−1)∗
// Hn(W,W \{y}).

Φ−1
∗

OO

We make the following observations and clari�cations.
(a) As usual the undecorated maps are induced by inclusions.
(b) The top rectangle commutes by the de�nition of deg(f, x). The middle regions

of the diagram commute by the functoriality of relative homology. Finally, note
that Φ ◦ f ◦ Φ−1 is orientation-preserving at y if and only if f is orientation-
preserving at x. Thus we see that the bottom part of the diagram commutes by
the Local Di�eomorphism-Degree Proposition 76.14.

(c) It follows from the above together with Lemma 76.9 (2) that deg(f, x) = ε. �

Using the following proposition we can determine the degree of a map from local degrees.

Proposition 76.21. (Local-Global Degree Proposition) Let f : Sn → Sn be a map
where n > 0 and let y ∈ Sn such that f−1(y) consists of �nitely many points x1, . . . , xm.927

Then928

deg(f) =
m∑
i=1

deg(f, xi).

Remark.

(1) In Proposition 106.32 we will generalize the Local-Global Degree Proposition 76.21
to a more general setting.

(2) Let n ∈ N and let f : Sn → Sn be a smooth map. In this setting we have two
de�nitions of �degree�, namely we have the de�nition from page 1684 and also from
page 899. Mercifully it follows from the Local-Global Degree Proposition 76.21 to-
gether with Proposition 76.20 that the two de�nitions agree. We now see that we
have some overlap of results, for example the Sphere Degree Lemma 76.11 overlaps
with Theorems 38.3 and 38.4 and the Basics of Degree Lemma 38.8.

Proof. It follows easily from the fact that Sn is Hausdor� that we can choose disjoint open
neighborhoods U1, . . . , Um for x1, . . . , xm and we choose an open neighborhood V of y such
that f(Ui) Ă V for i = 1, . . . ,m. We consider the following diagram:

927Does there always exist such a y?
928The hypothesis implies immediately that all the points x1, . . . , xm are nice, hence the local degrees are
de�ned.
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��

���� ����
��
��
��
��

f

xm

x1

yx2

U1

U2 Um

Hn(Sn)
f∗

//

⊕ÿi
��

ÿ

,,

Hn(Sn)

∼=ÿ

��

m⊕
i=1
Hn(Sn, Sn\{xi}) Hn(Sn, Sn\f−1(y))

f∗

''

⊕pi
∼=

oo

Hn

( m⋃
i=1
Ui,

m⋃
i=1
Ui\{xi}

)ι ∼=

OO

m⊕
i=1
Hn(Ui, Ui\{xi})

∼=⊕ri

OO

⊕fi∗ //

⊕si

∼= 33

Hn(Sn, Sn\{y}).

We make the following clari�cations and observations:
(1) The maps ri, si, pi and ι are the maps induced by the obvious inclusions of pairs

of topological spaces. Furthermore the maps fi : (Ui, Ui \ {xi})→ (Sn, Sn \ {y}) are
given by the restriction of f to Ui.

(2) It follows easily from the functoriality of relative homology groups that the diagram
commutes.

(3) The argument on page 1597 shows that the diagonal map
m⊕
i=1
si to the bottom left is

an isomorphism.
(4) It follows from the Excision Theorem 74.17 that the vertical map ι and that the maps

ri are isomorphisms.
(5) It follows from the fact that the diagram commutes together with (3) and (4) that

the horizontal map
m⊕
i=1
pi is also an isomorphism.

Since ÿ : Hn(Sn) → Hn(Sn, Sn \ {y}) is an isomorphism it su�ces to prove the following
claim.
Claim. We have

ÿ(f∗([S
n])) =

m∑
i=1

deg(f, xi) · ÿ([Sn]) ∈ Hn(Sn, Sn \ {y}).

Proof. We verify the claim by performing the following calculation:

since the diagram commutes and since the by Lemma 72.12 (1) and (2) and
maps ⊕pi and ⊕ri are isomorphisms since each ri is an isomorphism

↓ ↓
ÿ(f∗([S

n])) =
( m⊕
i=1
fi∗

)
◦
( m⊕
i=1
ri∗

)−1

◦
( m⊕
i=1
ÿi∗

)
([Sn]) =

( m⊕
i=1
fi∗

)
◦
( m⊕
i=1
r−1
i∗ ◦ ÿi

)
([Sn])

=
( m⊕
i=1
fi∗

)( m∑
i=1

(r−1
i ◦ÿi)([Sn])︸ ︷︷ ︸
∈Hn(Ui,Ui\{xi})

)
=

m∑
i=1

(fi◦r−1
i ◦ÿi)([Sn]) =

m∑
i=1

deg(f, xi)·ÿ([Sn]).x x x
de�nition of direct sum of type (II) de�nition of direct sum of type (I) de�nition of local
of homomorphisms, see page 1596 of homomorphisms, see page 1596 degree, see page 1694
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Examples.
(1) The map f : S1 → S1 given by f(x, y) = (x, |y|) that is illustrated in the �gure below

has degree zero by the Sphere Degree Lemma 76.11. Taking preimages of points in
S1 one sees that in each case the sum of the local degrees of the preimages is zero.

(2) In the �gure below we sketch a map f : S1 → S1 and we choose several points y ∈ S1.
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deg(f, x1) = 1

deg(f, x2) = 1

deg(f, x1) = 0

deg(f, x3) = 1
deg(f, x2) = −1

x1

x2

y

x1

x2

x3

y

x1

y

deg(f, x1) = 1

We use Proposition 76.20 to determine the various degrees at the given points.929 We
see that the number of preimages and the degrees at the points in the preimages vary,
but in all three cases the sum of the degrees at the points in the preimage is the same.

(3) We consider the map f : S1 → S1

z 7→ zm

We had already determined in Lemma 76.10 that deg(f) = m. Now we will show,
just for fun, that the degree of f can also easily be determined using the Local-Global
Degree Proposition 76.21.

First let m 6= 0. Then we choose y = 1. The preimages of y are given by
xj = exp(2π ij/m) where j = 1, . . . ,m. It follows from Proposition 76.20 (2) that for
each j ∈ {1, . . . ,m} we have

deg(f, xj) =

{
1, if m > 0,
−1, if m < 0.

Thus it follows from the Local-Global Degree Proposition 76.21 that deg(f) = |m| ·
sign(m) = m. If m = 0, then deg(f) = 0. The easiest way to see this is to take
y = −1, since in this case the preimage is the empty set.

As promised, we can now provide an answer to Question 76.17:

929Why is in the third example the degree deg(f, x1) equal to zero?
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Proposition 76.22. Let f be a complex polynomial of degree ≥ 1. The degree of the
map

Θ(f) : S2 = C ∪ {∞} → C ∪ {∞} = S2

z 7→
{
f(z), if z ∈ C,
∞, if z =∞

equals the degree of the polynomial f .
Sketch of proof. Let f be a complex polynomial of degree n ≥ 1. We also consider the
polynomial g(z) = zn. We calculate that

by the Sphere Degree Lemma 76.11 (3), since by Exercise 14.9 we know that Θ(f) and Θ(g) are homotopic
↓

deg(Θ(f)) = deg(Θ(g(z) = zn)) = n.
↑

follows from the Local-Global Degree Proposition 76.21 and Proposition 76.20, see Exercise 76.7 �

More excitingly we can provide one more proof for the Fundamental Theorem of Algebra.
Theorem 26.3. (Fundamental Theorem of Algebra) ` Every nonconstant polyno-
mial with coe�cients in C has a zero in C.
Remark. We already gave two other proofs on page 704 and page 704.

Proof. Let f be a nonconstant polynomial with complex coe�cients. In other words, f is
a complex polynomial of degree n ≥ 1. By Proposition 76.22 we know that the degree of
the self-map Θ(f) of S2 = C∪ {∞} equals n ≥ 1. By the Sphere Degree Lemma 76.11 (2)
this implies that Θ(f) : C∪ {∞} → C∪ {∞} is surjective, in particular 0 lies in the image
of Θ(f). Since Θ(f)(∞) =∞ we see that 0 lies in the image of f : C→ C∪{∞}. In other
words, there exists a z ∈ C with Θ(f)(z)︸ ︷︷ ︸

=f(z)

= 0. �

76.7. Proof of the Standard Generator-Relationship Proposition 76.5. For the
tenacious reader we now provide the long-delayed proof of Statements (2) and (3) of the
Standard Generator-Relationship Proposition 76.5. For the convenience of the reader we
recall the relevant two statements.
Proposition 76.5. Let n ∈ N. We denote by f : (∆n, ∂∆n) → (B

n
, Sn−1) the home-

omorphism from the Standard Simplex Homeomorphism Lemma 72.1 and we denote by
g : B

n
/Sn−1 → Sn the homeomorphism from Lemma 5.20. We set ∗ := g([Sn−1]). We

consider the following sequence of maps:

Hn(∆n, ∂∆n)
f∗
// Hn(B

n
, Sn−1) // Hn(B

n
/Sn−1, [Sn−1])

g∗
// Hn(Sn, ∗) Hn(Sn).

ÿoo

The following statements hold:
(2) We have

f∗([id∆n ]) = (−1)n · standard generator [B
n
] of Hn(B

n
, Sn−1)︸ ︷︷ ︸

de�ned by the condition ∂([B
n

]) = [Sn-1], see page 1679

.

(3) The standard generator [B
n
] of Hn(B

n
, Sn−1) has the same image in Hn(Sn, ∗) as

the standard generator [Sn] of Hn(Sn).
In the following we introduce and recall the following notation:



76. HOMOLOGY AND SELF-MAPS OF SPHERES 1701

Notation. Let n ∈ N0.
(1) Given P ∈ Sn we denote by [Sn]P the image of the standard generators [Sn] under

the map Hn(Sn)→ Hn(Sn, Sn \ {P}).
(2) Let Ψ: ∆n → ◺

n be the obvious projection. In the Standard Simplex Homeo-
morphism Lemma 72.1 (1) we saw that Ψ is a homeomorphism. We write Φ :=
Ψ−1 : ◺n → ∆n.

(3) Let α : ∆n → Sn≥0 Ă Sn and β : ∆n → Sn≤0 Ă Sn be the two maps de�ned on
page 1677.

(4) We denote by N = (0, . . . , 0, 1) the North Pole of Sn.
The proof of the Standard Generator-Relationship Proposition 76.5 requires the following
lemma.
Lemma 76.23. Let k ∈ N0 and let f : ∆k → Sk be an injective map such that the map
f ◦ Φ:

◦
◺k → Sk is a smooth embedding.930 Then for every Q ∈ f(

◦
∆
k
) we have the

following equality in Hk(S
k, Sk\{Q}):

[f∗(id∆k)] = ε·[Sk]Q where ε =

{
+1, if f ◦ Φ:

◦
◺
k
→ Sk is orientation-preserving,

−1, if f ◦ Φ:
◦
◺
k
→ Sk is orientation-reversing.

Proof of Lemma 76.23. First we deal with the special case that Q = N and that
f(∆k) Ă Sk≥0. We consider the following diagram:

Hk(Rk,Rk\{0}) ·ε // Hk(Rk,Rk\{0})

Hk(tP (◺k), tP (◺k)\{0})
i∗ ∼=

OO

t−1
X ◦Ψ◦α

−1◦f◦Ψ−1◦tP
// Hk(tX(◺k), tX(◺k)\{0})

j∗∼=

OO

Hk(◺k,◺k\{P})
Ψ◦α−1◦f◦Ψ−1

//

tP ∼=

OO

f◦Ψ−1

∼=
**

Hk(◺k,◺k\{X})
tX∼=

OO

α◦Ψ−1

∼=
tt

Hk(◺k, ∂◺k)

µ ∼=

OO

Hk(S
k, Sk\{N}) Hk(◺k, ∂◺k)

µ∼=

OO

Hk(∆
k, ∂∆k)

Ψ∗ ∼=

OO
f∗

44

·ε //

i◦tP ◦Ψ

GG

Hk(∆
k, ∂∆k).

Ψ∗∼=

OO
α∗

jj

j◦tX◦Ψ

WW

We make the following clari�cations and observations:

(1) We set P := Ψ(f−1(N)) ∈
◦
◺k and X := Ψ(α−1(N)) ∈

◦
◺k. Evidently we have the

equality (f ◦Ψ−1)(P ) = N = (α ◦Ψ−1)(X).
(2) Given v ∈ Rk we denote by tv : Rk → Rk the map that is given by x 7→ x− v.
(3) The maps i : tP (◺k)→ Rk and j : tX(◺k)→ Rk are the inclusion maps.
(4) The maps µ : (◺k, ∂◺k) → (◺k,◺k \ {P}) and µ : (◺k, ∂◺k) → (◺k,◺k \ {X})

are the inclusion maps of pairs of topological spaces.

930Note that
◦
◺
k is an open subset of Rk, in particular, following the convention established on page 677,

we will view it as an oriented k-dimensional smooth manifold.
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(5) Since f(∆k) Ă Sk≥0 we have in particular that f(∆k) Ă α(∆k) which means that the
map α−1 ◦ f is actually de�ned.

(6) One can easily verify that α ◦ Ψ−1 is orientation-preserving. As mentioned on
page 683, the translation maps tv are also orientation-preserving. Therefore we see
that the map t−1

X ◦ Ψ ◦ α−1 ◦ f ◦ Ψ−1 ◦ tP is orientation-preserving if and only if
the map f ◦ Ψ−1 = f ◦ Φ is orientation-preserving. Thus we obtain from the Local
Di�eomorphism-Degree Proposition 76.14 that the top square commutes.

(7) The second square from the top, the top triangle and the two triangles to the left
and right commute basically by de�nition.

(8) It is straightforward to see that the maps i ◦ tP ◦ Ψ and j ◦ tX ◦ Ψ are homotopic
as maps of pairs (∆k, ∂∆k) → (Rk,Rk \ {0}). In particular we obtain from this
observation together with Proposition 74.15 that the two sequences of vertical maps
on the left and on the right are actually the same map.

(9) Using Corollary 74.16 (2a) and using the Excision Theorem 74.18 one can show fairly
easily that all the vertical maps are isomorphisms and we see that the upper diagonal
maps are isomorphisms. Since the triangles to the left and right commute we see that
all diagonal maps are isomorphisms.

(10) It follows from (6), (7), (8) and (9) that the bottom triangle also commutes.

Now we are basically done with the proof for our special case. Indeed we see that

[f∗(id∆k)] = ε · [α∗(id∆k)] = ε · [α] = ε · [α− β]Q = ε · [Sk]Q.
↑ ↑ ↑

by (10) since β = 0 ∈ Ck(Sn, Sn\{N}) de�nition of [Sk]

Now we still need to deal with the general case. In all likelihood few readers will have made
it so far. So let us just sketch the ingredients for reducing the general case to the above
special case:

(1) By the Orthogonal Action Lemma 5.26 (4) there exists an A ∈ SO(n + 1) with
A · Q = N . By the discussion on page 419 the map ϕ : Sn → Sn that is given by
ϕ(x) = A · x is homotopic to the identity.

(2) Every map ϕ : ∆k → Sk which contains N in its image is homotopic to some map
ψ : ∆k → Sk≥0 into the upper hemispheres which has otherwise �the same properties�.

We leave it to the reader to �ll in the details. �

Proof of the Standard Generator-Relationship Proposition 76.5 (2) and (3).

(2) We need to show that f∗([id∆n ]) = (−1)n · [Bn
]. To do so we recall the following

maps:
(a) As on page 1585 we denote by i = inn : ∆n−1 → ∆n the n-th face map that is

given by i(t0, . . . , tn−1) = (t0, . . . , tn−1, 0).
(b) Below we will denote by æ the natural map from reduced homology to relative

homology that we introduced in Lemma 74.12.
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We consider the following diagram

[id∆n ]

Hn(∆n, ∂∆n)
∂ //

f∗

��

∂[id∆n ]

H̃n−1(∂∆n)
æ //

f∗

��

∂[id∆n ]=(−1)n·i∗([id∆n−1 ])

Hn−1(∂∆n,Λ)

f∗

��

(−1)n·[id∆n−1 ]

Hn−1(∆n−1, ∂∆n−1)∼=
i∗oo

(f◦i)∗
uu

Hn(B
n
, Sn−1)

[B
n

]

∂ // H̃n−1(Sn−1)
[Sn−1]=[α−β]

æ // Hn−1(Sn−1, Sn−1\{N})
[α−β]=[α]

Hi(∆
n−1, ∂∆n−1)
[id∆n−1 ]

.α∗
oo

(Here we put on top and above of the various groups the elements which will play
a role in the subsequent argument.) Note that the diagram commutes by the Topo-
logical LES-Corollary 74.14 (2) and Lemma 74.12 (1). Now we see that we have the
following equalities in Hn−1(Sn−1, Sn−1 \ {N}):

since the diagram we have æ(∂(id∆n)) = (−1)n · i∗(id∆n−1) ∈ Cn−1(∂∆n,Λ) since
commutes all other summands of ∂(id∆n) are zero in Cn−1(∂∆n,Λ)

↓ ↓
æ(∂(f∗([id∆n ]))) = f∗(æ(∂([id∆n ]))) = f∗((−1)n · i∗([id∆n−1 ])) = (−1)n · [α]

= (−1)n ·(f ◦i)∗([id∆n−1 ]) = (−1)n ·α∗([id∆n−1 ])
↑

we leave it to the reader to verify that f ◦ i : ∆n−1 → Sn−1 and α : ∆n−1 → Sn−1

are both orientation-preserving, thus the equality follows from Lemma 76.23

= (−1)n · ([α− β]) = (−1)n ·æ([Sn−1]) = (−1)n ·æ(∂([B
n
])).

↑ ↑ ↑
since β = 0 ∈ Cn−1(Sn, Sn−1 \ {N}) de�nition of [Sn−1] de�nition of [B

n
]

As discussed earlier, by the various long exact sequences we know that the maps ∂
and æ are both isomorphisms. Thus we obtain from the above the desired equality
f∗([id∆n ]) = (−1)n · [Bn

].
(3) We consider the following commutative diagram:

Hn(∆n, ∂∆n)
f∗
//

--

Hn(B
n
, Sn−1) // Hn(B

n
/Sn−1, [Sn−1])

g∗
// Hn(Sn, ∗)

∼=
��

Hn(Sn).oo

xx

Hn(Sn, Sn\{−∗})

Let Φ: ◺n → ∆n be the map that we introduced above. One can easily verify
that the map g ◦ f ◦ Φ:

◦
◺n → Sn is orientation-preserving if and only if n is even.

This observation, together with Lemma 76.23 implies that the image of [id∆n ] in
Hn(Sn, Sn \ {−∗}) under the diagonal map agrees with [Sn]−∗. Since the vertical
map is an isomorphism we obtain the desired equality. �

Exercises for Chapter 76.

Exercise 76.1. Let n ∈ N0 and let P ∈
◦
∆
n
. Show that Hn(∆n,∆n \ {P}) = Z · [id∆n ].

Hint. Make use of the Identity-is-Generator Lemma 76.2.

Exercise 76.2. Let n ∈ N. Let
ρ : ∆n → ∆n

(t0, t1, t2, . . . , tn) 7→ (t1, t0, t2, . . . , tn)
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be the map that swaps the �rst two coordinates of ∆n. Show that the induced map
ρ∗ : Hn(∆n, ∂∆n)→ Hn(∆n, ∂∆n) is given by multiplication by −1.
Hint. First prove the statement for n = 1. Then use an induction argument similar to the
proof of the Identity-is-Generator Lemma 76.2 (2). Hereby you need to use the naturality
of the connecting homomorphism of the long exact sequence in homology of a pair of
topological spaces.

Exercise 76.3. For which n ∈ N does there exist a singular simplex σ : ∆n → Sn that
represents a generator of Hn(Sn)?

Exercise 76.4. Let f : Rn → Rn be a map with f(0) = 0, with f(Rn \ {0}) Ă Rn \ {0}
and with f(Sn−1) Ă Sn−1. Show that

deg(f∗ : Hn(Rn,Rn \ {0})→ Hn(Rn,Rn \ {0})) = deg(f∗ : Hn−1(Sn−1)→ Hn(Sn−1)).

Remark. The analogous statement also holds if we replace Rn by B
n
.

Exercise 76.5.
(a) Let n ∈ N≥2. Show that given any k ∈ N there exists a map f : B

n → B
n
with

f(Sn−1) Ă Sn−1 such that

deg
(
f∗ : Hn(B

n
, Sn−1)︸ ︷︷ ︸
∼=Z

→ Hn(B
n
, Sn−1)

)
= k.

(b) Show that the conclusion of (a) does not hold for n = 1.

Exercise 76.6. On S2k we had found a vector �eld which vanishes at precisely two points.
Does there exist a vector �eld on S2 which vanishes on only one point?

Exercise 76.7. Let n ≥ 1. We consider the complex polynomial g(z) = zn. Show that the
degree of the map Θ(g) : S2 → S2 equals n.
Hint. Use the Local-Global Degree Proposition 76.21 and Proposition 76.20.

Exercise 76.8. Let X be a topological space. Suppose that the suspension Σ(X) is a
closed n-dimensional topological manifold. Show that X is a topological homology (n−1)-
sphere, i.e. show that Hi(X) ∼= Hi(S

n−1) for all i ∈ N0.
Remark. Also have a look at Exercise 76.9.

Exercise 76.9. Let n ∈ N≥3 and letM be a 0-connected space with non-trivial fundamen-
tal group.
(a) Show that the suspension Σ(M) is not an n-dimensional topological manifold.

Hint. There are many di�erent approaches one can take. One possibility is to study
the fundamental group of Σ(M) and to study the fundamental group of Σ(M) with
some points removed, and to use Exercise 52.3.

(b) Show that the suspension Σ(M) is not a topological manifold of any dimension.
Remark. In Exercise 76.8 we just showed that if Σ(M) is a closed n-dimensional topological
manifold, then M is a topological homology (n − 1)-sphere, i.e. Hi(M) ∼= Hi(S

n−1) for all
i ∈ N0. Together with (a) and the proof of the Poincaré Conjecture in all dimensions, see
Chapter ??, this shows that if n ∈ N≥2 and ifM is a 0-connected n-dimensional topological
manifold such that Σ(M) is a topological manifold, then M is necessarily homeomorphic
to Sn.
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Exercise 76.10.
(a) We consider the map f : S1 → S1 given by (x, y) 7→ (x, |y|). Show that the local

degree at the point −1 is zero.
(b) Let f : S1 → S1 be a map and let z ∈ S1 be a nice point. Suppose that deg(f, z) = 1.

Does it follow that f is a local homeomorphism at z? It su�ces to give a short
justi�cation for your answer.

Exercise 76.11. Let f = f(z) be a polynomial with complex coe�cients of degree ≥ 1.
Let Θ(f) be the corresponding self-map of S2 = C∪{∞} that we introduced on page 1693.
Show that the local degree of Θ(f) at a root of f(z) equals the multiplicity of the root.

Exercise 76.12. Let n ∈ N be even. Show that every map f : RPn → RPn has a �xed
point.
Hint. Apply the Lift-to-Universal Coverings Proposition 61.13 to get a suitable map
f̃ : Sn → Sn. If deg(f̃) 6= −1, then we are basically done by the Sphere-Degree Fixed
Point Theorem Theorem 38.11. What can we do if deg(f̃) = −1?

Exercise 76.13. Let n ∈ N≥2. In this exercise we identify Sn−1 with the equatorial sphere
{(x, 0) ∈ Sn |x ∈ Sn−1}.
(a) Let f : Sn → Sn be a map with f(Sn≥0) Ă Sn≥0 and with f(Sn≤0) Ă Sn≤0. Show that

deg(f : Sn → Sn) = deg(f : Sn−1 → Sn−1).
(b) Let f : Sn → Sn be a map with f(Sn≥0) Ă Sn≤0 and with f(Sn≤0) Ă Sn≥0. Show that

deg(f : Sn → Sn) = − deg(f : Sn−1 → Sn−1).

Exercise 76.14. Let X be a topological space. Given a homology class ϕ ∈ Hk(X) we
de�ne

‖ϕ‖Z := inf
{ n∑
i=1
|ai|
∣∣∣σ =

n∑
i=1
ai · σi︸ ︷︷ ︸

with σi 6= σj for i 6= j

is a cycle with [σ] = ϕ ∈ Hk(X)
}
.

(a) Let X be a path-connected topological space. Show that for any ϕ ∈ H1(X) we have
‖ϕ‖Z = 1.

(b) Let n ∈ N. Determine ‖[Sn]‖Z.
Remark. The notation with the subscript �Z� is used to distinguish this de�nition from the
concept that we will introduce in Exercise 101.9.

Exercise 76.15. Let f : Sn → Sn be an orientation-preserving di�eomorphism. Show that
f is homotopic to the identity.
Hint. You can easily arrange that f �xes say the North Pole N = (0, . . . , 0, 1). Now use
Lemma 76.15 and push everything that is �awkward� into the South Pole.

Exercise 76.16. Given z ∈ S1 we denote by Φz : S2 → S2 the map that is given by
rotating S2 along the z-axis by the angle z. The map

G : S1 × S2 → S1 × S2

(z, v) 7→ (z,Φz(v))

is called the Gluck twist. Show that the Gluck twist is homotopic to the identity.
Hint. The exercise builds on Exercise 76.15.



1706

Remark. The Gluck twist is in so far remarkable as it is not di�eotopic to the identity.
This non-trivial fact is proved in [Glue1962, Chapter 5] and [Wall1970, p. 232].

Exercise 76.17. Let n ∈ N. Show that every vector �eld on B
n
that points outward on

Sn−1 admits at least one zero in B
n
.
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?? vector �eld that points outward on S1

Exercise 76.18. Let k, l ∈ Z. We consider the sphere S3 = {(z, w) ∈ C2 | |z|2 + |w2| = 1}
and the self-map

f : S3 → S3

(z, w) 7→ (zk, wl).

Determine the degree of f .

Exercise 76.19. Let X be a topological space with subsets A,B, U, V and suppose that
we have the following diagram of inclusion maps

A
i //

j
��

U

V B.
loo

k

OO

Suppose that the inclusion induced maps i∗, j∗, k∗, l∗ on the �rst homology groups are
isomorphisms. Does it follow that i∗ ◦ j−1

∗ = k∗ ◦ l−1
∗ : H1(V )→ H1(U)?

Exercise 76.20. Let n ∈ N and let f : Sn × Sn → Sn be a map. We pick x0, y0 ∈ Sn. We
de�ne the bidegree of f as

bideg(f) := (p, q) where p := deg

(
Sn

i−→ Sn

x 7→ f(x, y0)

)
and q := deg

(
Sn

j−→ Sn

y 7→ f(x0, y)

)
.

(a) Show that the de�nition not depend on the choice of x0 and y0.
(b) Let f : S1×S1 → S1 be the map that is given by complex multiplication. Show that

the bidegree of f equals (1, 1).
Remark. If you already know quaternions, perform the same exercise for the map
f : S3 × S3 → S3 that is given by quaternionic multiplication.

(c) Show that the map

Hn(Sn)⊕ Hn(Sn)
i∗⊕j∗−−−−→ Hn(Sn × Sn)

f∗−−→ Hn(Sn)

is of the form ϕ⊕ ψ 7→ p · ϕ+ q · ψ.

Exercise 76.21. Let n ∈ N and let G be a group that acts continuously on Sn. We suppose
that the action of G is free. Recall that according to the de�nition on page 248 this means
that for every g 6= e and every x ∈ Sn we have g · x 6= x.



76. HOMOLOGY AND SELF-MAPS OF SPHERES 1707

(a) Show that if n is even, then the map

G → {±1}

g 7→ deg

(
Sn → Sn

x 7→ g · x

)
is a monomorphism.
Remark. This exercise shows in particular that if a group admits a continuous free
action on an even-dimensional sphere, then G has order at most 2. This gives in
particular a complete answer to Question 48.8. We will give a di�erent proof of this
statement in Proposition 87.10.

(b) Show that the conclusion of (a) does not necessarily hold if n is odd.

Exercise 76.22. Let n ∈ N0. We consider

Λ :=
n−1⋃
i=0

{(t0, . . . , tn) ∈ ∆n | ti = 0},

i.e. Λ is the union of all (n−1)-dimensional faces of ∆n except for the face given by tn = 0.
We make the identi�cation

∆n−1 := {(t0, . . . , tn) ∈ ∆n | tn = 0}.
Let f : ∆n → ∆n be a map with f(Λ) Ă Λ, with f(∆n−1) Ă ∆n−1 and which also satis�es
f(∂∆n−1) Ă ∂∆n−1. Show that

deg
(
Hn(∆n, ∂∆n)

f∗−→Hn(∆n, ∂∆n)
)

= deg
(
Hn−1(∆n−1, ∂∆n−1)

f∗−→Hn−1(∆n−1, ∂∆n−1)
)
.
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77. The covering dimension of topological spaces II

Recall that in Chapter 11 we introduced the covering dimension of a topological space. Also
recall that in Chapter 11 we managed to give upper bounds on the covering dimension for
various topological spaces. For example in Proposition 11.11 we showed that for every
subspace X Ă Rn we have cdim(X) ≤ n. But we failed to give any meaningful lower
bounds on the covering dimension. Now, with the homology groups under our belt, we
have the tools to rectify this issue. In particular we now have the tools to answer some
questions that had occurred naturally, but that back then we could not answer.
First let us recall the following de�nition from page 369.
De�nition. Let X be a topological space.
(1) A family {Ui}i∈I of subsets of X has order m if the following two statements hold:

(a) There exists J Ă I with #J = m such that
⋂
j∈J
Uj 6= ∅.

(b) For every J Ă I with #J > m we have
⋂
j∈J
Uj = ∅.

If no such m exists, then we say that the family has in�nite order.
(2) If X is non-empty, then we refer to

cdim(X) := min

{
m ∈ N0 ∪ {∞}

∣∣∣∣ every open cover of X admits an
open re�nement of order ≤ m+ 1

}
as the covering dimension of X. If X is empty, then we set cdim(X) := −1.
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non-empty intersection of three sets

open cover {Ui}i∈I of X of order 3

X

The following is the main technical result of this section.
Theorem 77.1. Let n ∈ N0. The covering dimension of the standard n-simplex

∆n := {(x0, . . . , xn) ∈ Rn+1 |x0 + · · ·+ xn = 1 and xi ≥ 0 for all i = 0, . . . , n}
equals n.

Theorem 77.1 has many applications. For example, later in Theorem 77.4 we will use
it to nail down the covering dimension of topological manifolds. But before we can revel in
the applications, we �rst have to go through the hard slog of proving Theorem 77.1.
The proof of Theorem 77.1 requires some preparations. First let us recall the following
de�nition from page 1582.

De�nition. Let n ∈ N0. We denote by e1, . . . , en+1 the standard basis vectors of Rn+1.
(1) Given a �nite subset K Ă {1, . . . , n+ 1} with r = #K elements we refer to{ ∑

k∈K
λk · ek

∣∣∣ ∑
k∈K

λk = 1 and each λk ∈ R≥0

}
Ă ∆n

as an r-dimensional face of the standard n-simplex.
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(2) Given i ∈ {1, . . . , n+ 1} we denote by F i the (n− 1)-dimensional face that is given
by the set {1, . . . , î, . . . , n+ 1}, i.e. we set

F i := F{1,...,̂i,...,n+1} =
{n+1∑
j=1

λj · ej ∈ ∆n | ei = 0
}
.

(3) As on page 1581 we write ∂∆n =
n+1⋃
i=1

Fi.
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F{2,3} = F 1F{2}∆2

e2

e3

e1 e1

e2

e3

e1

e2

e3

Auxiliary Lemma 77.2. Let f : ∆n → ∆n be a map. If f sends each face of ∆n into itself,
then931 f∗ : Hn(∆n, ∂∆n)→ Hn(∆n, ∂∆n) is the identity, in particular it is an isomorphism.

Proof of Lemma 77.2. We prove the lemma by induction on n. The case n = 0 is
basically trivial, it follows for example from the discussion on page 1594. So now suppose
that the statement holds for some n− 1. Let f : ∆n → ∆n be a map that sends each face
of ∆n into itself.
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We introduce the following notation:

• As on page 1674 we denote by Λ = F 1 ∪ · · · ∪ F n the union of all (n− 1)-dimensional
faces of ∆n except for the �last one�, i.e. except for the (n− 1)-dimensional face F n+1

that is given by {1, . . . , n}.
•We denote by i : ∆n−1 → F n+1 → ∆n the inclusion of ∆n−1 as the �last n-dimensional
face�, i.e. i : ∆n−1 → F n+1 → ∆n is the map given by i(x) = (x, 0).
• The hypothesis that the map f : ∆n → ∆n sends each face of ∆n into itself implies
that f(Λ) Ă Λ, it implies that f(∂∆n) Ă ∂∆n and �nally it implies that there exists a
self-map f̃ : ∆n−1 → ∆n−1 such that f ◦ i = i ◦ f̃ . Note that f̃ again has the property
that it sends each face of ∆n−1 into itself.
•We denote by ∂ : Hn(∆n, ∂∆n)→ Hn−1(∂∆n,Λ) the connecting homomorphism of the
long exact sequence of the triple (∆n, ∂∆n,Λ), see the Topological LES-Proposition 74.13
for details.

931Note that the hypothesis that f sends each face of ∆n into itself implies that f(∂∆n) Ă ∂∆n. Thus f
does indeed induce a self-map of Hn(∆n, ∂∆n).
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∆2∆2 Λ

F3

∆1

f f̃

i

e1

e2

e3

1

2

3

We obtain the following commutative diagram

Hn(∆n, ∂∆n)
∂ //

f∗
��

Hn−1(∂∆n,Λ)

f∗
��

Hn−1(∆n−1, ∂∆n−1)
i∗oo

f̃∗
��

Hn(∆n, ∂∆n)
∂ // Hn−1(∂∆n,Λ) Hn−1(∆n−1, ∂∆n−1).

i∗oo

We make the following observations:
• The square to the left commutes by the naturality of the connecting homomorphism,
see the Topological LES-Corollary 74.14. The square to the right commutes by the
functoriality of homology groups and the fact that f ◦ i = ß ◦ f̃ .
• As on page 1675 we see that all of the horizontal maps are isomorphisms. For the
reader's convenience we recall the argument. First note that the long exact sequence
of the triple (∆n, ∂∆n,Λ) looks as follows:

Hn(∆n,Λ)︸ ︷︷ ︸
= 0 by Corollary 74.16 since

Λ is a deformation
retract of ∆n

p−→ Hn(∆n, ∂∆n)
∂−→ Hn−1(∂∆n,Λ)

i∗−→ Hn−1(∆n,Λ).︸ ︷︷ ︸
= 0 by Corollary 74.16 since

Λ is a deformation
retract of ∆n

Thus we see that the connecting homomorphism is an isomorphism. Now we turn
our attention to the inclusion induced maps i∗. It follows from a variation on the
Excision Theorem 74.17, namely Theorem 75.9, applied to X = ∂∆n, A = Λ, Z =

◦
Λ

and U = (0, . . . , 0, 1)932 that the map

Hn−1(∆n−1, ∂∆n−1) = Hn−1(∂∆n \
◦
Λ︸ ︷︷ ︸

=∆n−1

, Λ \
◦
Λ︸ ︷︷ ︸

=∂∆n−1

)
i∗−→ Hn−1(∂∆n,Λ)

is an isomorphism.
• By induction hypothesis the right hand vertical map is the identity.
• It follows from the above that the left hand vertical map is also the identity. �

Before we head to the actual proof of Theorem 77.1 we recall, for the reader's convenience,
the following lemma.

Lemma 11.2 Let X be a topological space with covering dimension d := cdim(X) ∈ N0.
Given any open cover {Ui}i∈I there exists an open cover {Vi}i∈I of order ≤ d+ 1 such that
for each i ∈ I we have Vi Ă Ui.

932One can easily show that U has the property required in Theorem 75.9.
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Proof of Theorem 77.1. Let n ∈ N0. We need to show that cdim(∆n) = n. By the
Standard Simplex Homeomorphism Lemma 72.1 we know that ∆n is homeomorphic to a
compact subset of Rn. Therefore it follows from Theorem 11.3 that cdim(∆n) ≤ n. Thus
it remains to show that cdim(∆n) ≥ n. We assume by contradiction that cdim(∆n) < n.

We introduce some notation. Given i ∈ {1, . . . , n + 1} we denote by F i the (n − 1)-
dimensional face that is given by the set {1, . . . , î, . . . , n+ 1}, i.e.

F i := F{1,...,̂i,...,n+1} =
{n+1∑
j=1

λj · ej ∈ ∆n | ei = 0
}
.

Furthermore for i = 1, . . . , n + 1 we set Ui := ∆n \ F i. Note that ei is the only vertex of
∆n that is contained in Ui. It is rather elementary to verify that each Ui is open in ∆n.
Furthermore, note that U1∪· · ·∪Un+1 = ∆n. In other words, U1, . . . , Un+1 is an open cover
of ∆n. Since we assume that cdim(∆n) < n we know, by Lemma 11.2, that there exists an
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e1

e2

e3

open re�nement {V1, . . . , Vn+1} of the open cover {U1, . . . , Un+1} of order ≤ n such that for
each i ∈ {1, . . . , n+ 1} we have Vi Ă Ui.
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Claim 1. There exists a partition of unity {Φi : ∆n → [0, 1]}i=1,...,n+1 on ∆n such that for
each i ∈ {1, . . . , n+ 1} we have supp(Φi) Ă Vi.

Proof. In Lemma 10.1 we saw that it follows from the Paracompact-Criterion Lemma 10.2
that Rn+1 is paracompact. We deduce from the Closed Subset-Paracompact Lemma 10.3
that the closed subset ∆n is also paracompact. The statement now follows from the
Paracompact-Partition of Unity Theorem 10.9 (1)⇒(3).933 �

Claim 2. The map r : ∆n → Rn+1

x 7→
∑

i∈{1,...,n+1}
Φi(x) · ei

has the following properties:
(1) it sends each face of ∆n into itself, in particular it sends ∆n into itself,
(2) we have r(∆n) Ă ∂∆n.

Proof.

933Alternatively note that by the Standard Simplex Homeomorphism Lemma 72.1 we know that ∆n is
homeomorphic to B

n
, which implies easily that ∆n is an n-dimensional topological manifold. Thus one

can deduce Claim 1 from the Manifold-Partitions of Unity Existence Theorem 21.1
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(1) Let K Ă {1, . . . , n+ 1} be a subset. As above we denote by

FK :=
{ ∑
k∈K

λk · ek
∣∣∣ ∑
k∈K

λk = 1 and each λk ∈ R≥0

}
the corresponding face. We need to show that f(FK) Ă FK . We start out with the
three observations:
(a) We have the following description of the face FK :

FK =
{n+1∑
i=1

λi·ei ∈ ∆n
∣∣∣λi = 0 if i 6∈ K

}
=

⋂
i6∈K

F i =
⋂
i 6∈K

(∆n\Ui) = ∆n\
( ⋃
i6∈K

Ui

)
.

(b) It follows from (a) that if x ∈ FK ∩ Ui, then i ∈ K.
(c) Let x ∈ ∆n. If Φi(x) 6= 0, then x ∈ supp(Φi) Ă Vi Ă Ui.
Recall that we need to show that r(FK) Ă FK . Let x ∈ FK . We calculate

r(x) =
∑

i∈{1,...,n+1}
Φi(x)·ei =

∑
i ∈ {1, . . . , n+ 1} with x ∈ Ui

Φi(x)·ei =
∑
i∈K

Φi(x)·ei ∈ FK .
↑ ↑ ↑

de�nition of r follows from (c) by (b) we know that x ∈ FK ∩ Ui
implies that i ∈ K

(2) Since the cover {Vi}i∈{1,...,n+1} has order ≤ n we see that for each x ∈ ∆n there exist
at most n indices i ∈ {1, . . . , n+ 1} for which Φi(x) 6= 0. But this means that r(x) is

the linear combination of at most n vertices, which means that r(x) ∈
n+1⋃
i=1
F i = ∂∆n.

�

We consider the following diagram

Hn(∆n, ∂∆n)
r∗ //

r∗ ++

Hn(∆n, ∂∆n).

Hn(∂∆n, ∂∆n)

33

We make the following observations:
• By Claim 2 (2) we know that r(∂∆n) Ă ∂∆n. Thus we see that the top horizontal
map is actually de�ned. Next with note that it follows from Claim 2 (2) together with
Lemma 77.2 that the top horizontal map is an isomorphism.
• It follows from Claim 2 (3) that the top horizontal map factors through the bottom
group.
• The bottom group is evidently zero.
•We know by the Identity-is-Generator Lemma 76.2 that the top groups are non-trivial.

The above four statements are incompatible. Thus we have found a contradiction to our
hypothesis that cdim(∆n) < n. �

Corollary 77.3. For each n ∈ N0 we have cdim(B
n
) = n.

Proof. Note that cdim(B
n
) = cdim(∆n) = n.
↑ ↑

by Lemmas 11.1 and 72.1 by Theorem 77.1 �

The name of the game is now to identify topological spaces that contained closed subsets
that are homeomorphic to B

n
or equivalently to ∆n.
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2∼=∆2 ∼=
y

x

Theorem 77.4. Let n ∈ N0. Given any non-empty n-dimensional topological manifold
M we have cdim(M) = n.

Proof. LetM be a non-empty n-dimensional topological manifold. In the Covering Dimen-
sion-of-Manifolds Proposition 27.7 we already showed that cdim(M) ≤ n. Thus it remains
to show that cdim(M) ≥ n.

Since M is non-empty there exists a chart Φ: U → V where V is an open non-empty
subset of Rn or Hn. By pick an embedding f : B

n → V . Note that Φ−1 ◦ f : B
n →M is an

embedding. Now we see that

Lemma 11.1 Corollary 77.3
↓ ↓

cdim(M) ≥ cdim((Φ−1 ◦ f)(B
n
)) = cdim(B

n
) ≥ n.

↑
this follows from the Closed Subspace Covering Dimension Lemma 11.5, since by the
Compact Image Lemma 2.13 and the Compact-Closed Lemma 1.21
we know that (Φ−1 ◦ f)(B

n
) is a closed subset �
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In Proposition 11.11 we showed that for every subset X Ă Rn we have cdim(X) ≤ n.
We now have the following complementary result, which gives in particular an a�rmative
answer to Question 11.10.
Corollary 77.5. Let X Ă Rn be a subset. If the interior of X is non-empty, then
cdim(U) = n.

Proof. Let X Ă Rn be a subset with
◦
X 6= ∅. Note that by the Interior-Closure Lemma 1.9

we know that
◦
X is an open subset of Rn. It follows that there exists an embedding

f : B
n →

◦
X. Now we see that

n ≥ cdim(X) ≥ cdim(f(B
n
)) = cdim(B

n
) ≥ n.

↑ ↑ ↑ ↑
Proposition 11.11 by the Closed Subspace Lemma 11.1 Corollary 77.3

Covering Dimension Lemma 11.5 and
since it follows from Lemmas 1.21 and 2.13
that f(∆)n) is a closed subset of M �

Interestingly the converse to Corollary 77.5 holds:
Theorem 77.6. Given any subset X Ă Rn we have

cdim(X) = n ⇐⇒ the interior of X is non-empty.

Proof. The �⇐�-direction is precisely the content of Corollary 77.5. The proof of the �⇒�-
direction is given in [Enge1978, Theorem 1.8.10], except that the statement is formulated
with the �inductive dimension� instead of the covering dimension. Also note that the
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de�nition of �covering dimension� given in [Enge1978, De�nition 1.6.7] di�ers slightly
from our. But by [Enge1978, Theorem 1.7.7] and [Enge1978, Exercise 1.7.E] these three
di�erent notions of �dimension� agree for subsets of Rn. �

For completeness' sake we mention the following proposition which we will not make use
of.
Proposition 77.7. Given any CW-complex X we have

dim(X) = cdim(X).

Proof. Let X be a CW-complex that contains an n-dimensional cell. Let Φ: B
n → X be

the characteristic map of an n-cell. By the Characteristic Maps Lemma 68.7 we know that
Φ is continuous. Furthermore, by de�nition, the restriction of Φ to B

n
1
2
→ X is injective.

Furthermore note that by the CW-Complex Properties Proposition 68.10 (1) we know that
X is Hausdor�.

Since B
n
1
2
is compact, since Φ is continuous and since X is Hausdor� we know by the

Compact Image Lemma 2.13, the Compact-Closed Lemma 1.21 (2) and the Compact-
Hausdor� Proposition 2.17 (2) that Φ: B

n
1
2
→ X is a closed embedding. Thus we see

that
cdim(X) ≥ cdim(Φ(B

n
1
2
)) = cdim(B

n
1
2
) = n.

↑ ↑ ↑
Closed Subspace Covering Lemma 11.1 Corollary 77.3
Dimension Lemma 11.5

This shows that cdim(X) ≥ dim(X). The reverse inequality is proved in [FrPi1990b,
Theorem 4.4]. �

Exercises for Chapter 77.

Exercise 77.1. We consider the cube [−1, 1]n. Given a subset J = (j1, . . . , jn) ∈ {−1, 0, 1}n
we de�ne the corresponding J-face as the subset

FJ := {(x1, . . . , nn) ∈ [−1, 1]n | for every i ∈ {1, . . . , n} with ji 6= 0 we have xi = εi}.
Let f : [−1, 1]n → [−1, 1]n be a map that sends every J-face into itself. Show that f is
surjective.

Exercise 77.2. Let n ∈ N.
(a) Provide a �nite set {Mj}j∈J of submanifolds of Sn such that the following statement

holds: if f : Sn → Sn is a map such that for every j ∈ J we have f(Mj) Ă Mj, then
f∗ : Hn(Sn)→ Hn(Sn) is an isomorphism.

(b) What is the minimal cardinality for J that you can achieve?
Remark. The author does not know the answer, but evidently one should strive for
minimal cardinality of J . If we allow all submanifolds, in particular open subsets,
then the record is n + 2. If we restrict ourselves to compact submanifolds, then the
record is 2n+ 2.

Exercise 77.3. Let X be an n-dimensional topological manifold. Show that for every
subset A Ă X the covering dimension A is ≤ n.
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78. The Mayer�Vietoris sequence and its applications

In this chapter we will state and prove the Mayer�Vietoris sequence for homology groups.
It makes often allows us to compute the homology groups of a topological space from the
homology groups of appropriate subspaces together with the knowledge of the nature of
inclusion induced maps on homology.
The role of the Mayer�Vietoris sequence in homology theory is similar to the role of the
Seifert�van Kampen Theorem 54.1 for fundamental groups. The Mayer�Vietoris sequence
will give us the tool to compute the homology groups of many topological spaces that we
are interested in. In particular we will determine the homology groups of RP2, the torus
and the Klein bottle.

78.1. Split exact sequences. We already saw in Theorem 74.3 that homology groups of
di�erent topological spaces are sometimes related by a long exact sequence of homology
groups. The Mayer�Vietoris sequence that we will introduce later on in this chapter is
another instance of such a long exact sequence. Very often one ends up in the situation
that one knows the homology groups of two out of three topological spaces and hopefully
one knows something about maps between these homology groups, and given this data one
would like to determine the homology groups of the third topological space from the long
exact sequence. Algebraically the question is as follows: suppose we are given an exact
sequence

. . . → An → Bn → Cn → An−1 → . . .

of abelian groups where we know the groups A∗ and C∗, can we determine the groups B∗
from this long exact sequence? The same question of course also arises when the roles of
A,B and C are switched.
In this section we will study the simplest case, namely the case of a short exact sequence

0 → A → B → C → 0.

If we know A and C, can we read �read o�� B from this short exact sequence? In general
the answer is no. For example the short exact sequence

0 → Z2 −→ B −→ Z2 → 0
could be of the form

0 → Z2
x 7→(x,0)−−−−→ Z2 ⊕ Z2

(x,y)7→y−−−−→ Z2 → 0

but it could also be of the form934

0 → Z2
x 7→2x−−−→ Z4

x 7→x−−→ Z2 → 0.

In this short section we will give a criterion for when the naive guess B ∼= A⊕C is actually
the correct answer.
De�nition. We say that a short exact sequence

0 → A
i−→ B

p−→ C → 0

of (not necessarily abelian) groups splits, if there exists a splitting s : C → B, i.e. a
homomorphism s : C → B such that p ◦ s = idC .

934Are there any other possibilities for the isomorphism type of B?
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For example the short exact sequence

0 → Z k 7→(k,0)−−−−−→ Z⊕ Zn
(k,l) 7→l−−−−→ Zn → 0

splits, in fact a splitting is given by the map b 7→ (0, b). On the other hand the short exact
sequence

0 → Z k 7→nk−−−−→ Z → Zn → 0.

does not split.935

Lemma 78.1. Let 0 → A
i−→ B

p−→ C → 0

be a short exact sequence of abelian groups. If C is a free abelian group, then the short
exact sequence splits.

Proof. Let {ci}i∈I be a basis of the free abelian group C. For each i ∈ I we choose a
bi ∈ B with p(bi) = ci. By Lemma 51.1 there exists a unique homomorphism s : C → B
with s(ci) = bi for all i. We have (p ◦ s)(ci) = ci for each ci. But then it follows from the
uniqueness part of Lemma 51.1 that p ◦ s = idC . The homomorphism s is thus indeed a
splitting. �

The following lemma gives two useful criteria for a short exact sequence to split.

Lemma 78.2. (Splitting Lemma) Let

{e} → A
i−→ B

p−→ C → {e}
be a short exact sequence of groups. The following two statements are equivalent:
(1) There exists a homomorphism t : B → A such that t ◦ i = idA.
(2) There exists an isomorphism Φ: B → A × C such that the following diagram

commutes:
B

Φ∼=

��

p

&&{e} // A

i
88

&&

C // {e}

A× C

88

where the lower left diagonal map is the obvious inclusion and the lower right diag-
onal map is the natural projection.

Furthermore, if B is abelian, then the above statements are also equivalent to the following
statement:
(3) The short exact sequence splits.

Remark. If B is not abelian, then the implication (3) ⇒ (1) of Splitting Lemma 78.2
does in general not hold. For example consider the sequence 0→ Z3

ϕ−→S3
σ−→Z2 → 0 where

S3 is as always the permutation group on the three elements, where ϕ : Z3 → S3 is the
homomorphism given by ϕ(1) = (1 2 3) and where σ : S3 → Z2 is the unique epimorphism
from the permutation group S3 onto Z2. A splitting of σ is given by ϕ(1) = (1 2). Since
σ is also the only epimorphism from S3 onto a non-trivial group we see that the sequence
does not split, hence (1) is not satis�ed.

935Why does it not split?
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Proof.

(1)⇒(2) Let t : B → A be a homomorphism such that t ◦ i = idA. We de�ne

Φ: B → A× C
b 7→ (t(b), p(b)).

It follows easily from the exactness of the initial sequence that this map is in fact
an isomorphism.936 It is straightforward to verify that Φ has all the other desired
properties.

(2)⇒(1),(3) Now suppose we are given an isomorphism Φ: B → A×C such that the given dia-
gram commutes. It follows immediately from the de�nitions and given properties
that the maps

B
Φ−→ A× C (a,c)7→a−−−−−→ A and C

c7→(0,c)−−−−→ A× C Φ−1

−−→ B

have the required properties.
Finally we assume that B is abelian.
(3)⇒(1) Let s : C → B be a splitting, i.e. let s be a homomorphism such that p ◦ s = idC .

We need to �nd an appropriate homomorphism t : B → A. Since the sequence
is exact, our task is basically the same as �nding an appropriate homomorphism
B → ker(p). Let b ∈ B. We have

p(b− s(p(b))) = p(b)− (p ◦ s︸︷︷︸
=id

)(p(b)) = p(b)− p(b) = 0.

By the exactness of the short exact sequence there exists a unique a ∈ A with
i(a) = b−s(p(b)). We de�ne t(b) := a. It follows easily from the fact that p and s
are homomorphisms that the map t : B → A is a homomorphism. It remains to
show that t ◦ i = idA. Let a ∈ A. We have to show that t(i(a))− a = 0. Since i
is injective it su�ces to show that i(t(i(a)))− i(a) = 0. We have

i(t(i(a)))− i(a) = (i(a)− s(p(i(a))))− i(a) = i(a)− i(a) = 0.
↑ ↑

since t(y) is the unique element since p ◦ i = 0
with i(t(y)) = y − s(p(y)) �

In many applications we only need the following corollary that is an immediate consequence
of Lemmas 78.1 and 78.2.
Corollary 78.3. (Direct Sum Corollary) Let

0 → A
i−→ B

p−→ C → 0

be a short exact sequence of abelian groups. Then the following hold:
(1) If C is a free abelian group, then B ∼= A⊕ C.
(2) Suppose A and C are free abelian groups. If X is a basis for A and if Y Ă B is a

subset such that p(Y ) is a basis for C, then X t Y is a basis for the free abelian
group B.

Proof. The �rst statement is an immediate consequence of Lemmas 78.1 and 78.2. The
second statement follows easily from Splitting Lemma 78.2 (1)⇒ (3). We leave the details
to the reader. �
936In fact the argument is basically the same as in the proof of the Reduced Homology Lemma 74.1 (4a).
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Example. Let B be an abelian group, let b ∈ B and let p : B → Z be a homomorphism
with p(b) = 1. It follows immediately from the Direct Sum Corollary 78.3, applied to the
short exact sequence 0→ ker(p)→ B → Z→ 0, that we can write B = K ⊕Z · b for some
subgroup K that is isomorphic to ker(p).

The above discussion gives us tools for dealing with short exact sequence. The following
lemma allows us to break a long exact sequence into shorter exact sequences.

Lemma 78.4. (Break-into-SES Lemma) Let

. . . → An+2
fn+2−−−→ An+1

fn+1−−−→ An
fn−→ An−1

fn−1−−−→ An−2 → . . .
be an exact sequence of abelian groups. Then for any n the sequences

0 → coker
(
An+2

fn+2−−→ An+1

) fn+1−−→ An
fn−→ An−1

fn−1−−−→ An−2 → . . .
and

. . . → An+2
fn+2−−−→ An+1

fn+1−−−→ An
fn−→ ker

(
An−1

fn−1−−→ An−2

)
→ 0

are also exact. In particular

0 → coker
(
An+2

fn+2−−→ An+1

) fn+1−−→ An
fn−→ ker

(
An−1

fn−1−−→ An−2

)
→ 0

is a short exact sequence.

Proof. The statements follow immediately from the de�nitions. We leave it to the reader
to �ll in the details. �

Example. A typical application is that if we are given an exact sequence

. . . An+2
fn+2−−−→ An+1

fn+1−−−→ An
fn=0−−−→ An−1

fn−1−−−→ An−2
fn−2−−−→ An−3 . . .

of abelian groups such that the map fn is the zero map, then the exact sequence can be
split �into the two halves� along that zero map, i.e.

0 → An−1
fn−1−−−→ An−2

fn−2−−−→ An−3 . . .
and

. . . An+2
fn+2−−−→ An+1

fn+1−−−→ An → 0

are also exact sequences. In the remainder of this course we will frequently use this fact
without explicitly citing the Break-into-SES Lemma 78.4.

78.2. The Mayer�Vietoris sequence. In the following theorem and throughout the sub-
sequent discussion we will use the following notation: given a topological space D and a
subset C Ă D, we denote the corresponding inclusion map C → D by iC . To avoid pande-
monium with subscripts we often drop denote the inclusion induced maps on homology by
iC instead of the more accurate (iC)∗.

Theorem 78.5. (Mayer�Vietoris Theorem) 937 Let X be a topological space and let
A,B Ă X be subsets such that X =

◦
A ∪

◦
B. Then the following two statements hold:

(1) For each n ∈ N there exists a unique homomorphism

∂n : Hn(X) → Hn−1(A ∩B)
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which has the following property: for every a ∈ Cn(A) and b ∈ Cn(B) such that
a+ b ∈ Cn(X) is a cycle we have938

∂n([a+ b]) = [ ∂a ] = − [ ∂b ] ∈ Hn−1(A ∩B).

We refer to the maps ∂n : Hn(X)→ Hn−1(A∩B) as the connecting homomorphisms
corresponding to (X,A,B).

(2) The connecting homomorphism of (1) is natural in the following sense. Let X and
Y be two topological spaces and let A,B Ă X and C,D Ă Y be subsets with
X =

◦
A ∪

◦
B and Y =

◦
C ∪

◦
D. If f : X → Y is a map with f(A) Ă C and f(B) Ă D,

then for every n ∈ N the following diagram commutes

Hn(X)

f∗
��

∂n // Hn−1(A ∩B)

f∗
��

Hn(Y )
∂n // Hn−1(C ∩D)

where the horizontal maps are the connecting homomorphisms from (1).
(3) The following sequence is exact:

...→Hn(A∩B)
iA∩B⊕−iA∩B−−−−−−−−→ Hn(A)⊕Hn(B)

iA+iB−−−→ Hn(X)
∂n−→Hn−1(A∩B)→ ...

s 7−−−−−−−→(iA∩B(s),−iA∩B(s))

s 7−−−→ iA(s)+iB(s)

Totally analogous statements also hold if we replace the homology groups of A ∩ B,A,B
and X by the corresponding reduced homology groups.939

Walther Mayer (1887-1948)
with some other person

Leopold Vietoris (1891-2002) at 110

The long exact sequence in Theorem 78.5 is usually called the Mayer�Vietoris sequence of
the decomposition X = A ∪B.

Example. In the �gure below we consider the annulus X together with two closed subsets
A and B with X =

◦
A ∪

◦
B. Furthermore we show chains a ∈ C1(A) and b ∈ C1(B) such

that a + b form a cycle in C1(X). The connecting homomorphism of the Mayer�Vietoris
sequence sends [a+ b] ∈ H1(X) to [∂a] = −[∂b] ∈ H0(A ∩B).

937Walther Mayer (1887-1948) and Leopold Vietoris (1891-2002) were two Austrian mathematicians. Vi-
etoris was the longest living Austrian man ever.
938Here in the expression �∂a� we mean by ∂ the boundary map ∂ : Cn(A)→ Cn−1(A). In our case we will
see that ∂a ∈ Cn−1(A ∩B) Ă Cn−1(A). A similar statement holds for ∂b.
939Note though that for reduced homology groups we might need to use the fact, obtained in the Reduced
Homology Lemma 74.1 (0), that H̃−1(∅) = Z.



1720

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

��

�
�
�
�

X
aA

B b

∂a = −∂b

Remark.
(1) In many applications some of the inclusions appearing in Mayer�Vietoris Theo-

rem 78.5 are homotopy equivalences, in particular, by the Homotopy Equivalence-H∗-
Corollary 73.9 many of the inclusion induced maps on homology will be isomorphisms.
If that is the case, then it is worth looking up Exercise 72.14 which might greatly
simplify the calculations.

(2) Suppose that we are given a topological space X together with an open cover {Ui}i∈I .
If the cover consists of precisely two sets U1 and U2, then the Mayer�Vietoris Theo-
rem 78.5 relates the homology groups of X, U1, U2 and the intersection U1 ∩ U2. If
the open cover consists of more than two sets, then the situation is much more tricky.
In this more general setting the homology groups of X are related to the homology
groups of the Ui and the homology groups of all �nite intersections Ui1 ∩ · · · ∩ Uim
via the �Mayer�Vietoris spectral sequence�. We refer to [LSVJ2011, Staf2015],
[Dim2004, Remark 2.3.9], [TC2019, Chapter 3] and [BoT1982, Chapter 15] for
details. It is also worth having a look at Exercise 78.19.

Proof. Let X be a topological space and let A,B Ă X be subsets such that X =
◦
A ∪

◦
B.

There are two approaches to proving the Mayer�Vietoris Theorem 78.5.
The more elegant approach is as follows: In Exercise 78.1 we prove a purely algebraic

statement, namely we construct the algebraic Mayer�Vietoris sequence. In Exercise 78.2
we use this exact sequence together with the Excision Theorem 74.17 and the long exact
sequences of pairs of topological spaces to prove the desired statements. This approach
allows us to prove Statements (2) and (3) of the Mayer�Vietoris Theorem 78.5 without
working again on the �chain level�.

In the following we will carry out the second approach. It works on the �chain level�
and is thus arguably less conceptual. On the other hand it has the advantage that it is
clearer �why it works�. After this long preamble, let us remind the reader of the following
notation from page 1638:

C{A,B}n (X) := {a+ b | a ∈ Cn(A) and b ∈ Cn(B)}.

The inclusion maps induce the following sequence of chain maps:

0 → C∗(A ∩B)
iA∩B⊕−iA∩B−−−−−−−−→ C∗(A)⊕ C∗(B)

iA+iB−−−→ C{A,B}∗ (X) → 0.

Claim. The above sequence of chain maps is exact.

Proof. We prove the claim in the following four steps:
(a) It is clear that each of the maps C∗(A ∩ B) → C∗(A) and C∗(A ∩ B) → C∗(B) is

already injective, in particular the map iA∩B ⊕−iA∩B is injective.
(b) It is an immediate consequence of the de�nition of C{A,B}∗ (X) that the map iA + iB

is surjective.
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(c) It follows immediately from the de�nitions that the composition of both maps is the
zero map,940 i.e. im(iA∩B ⊕−iA∩B) Ă ker(iA + iB).

(d) It remains to show that ker(iA + iB) Ă im(iA∩B ⊕ −iA∩B). Thus let x ∈ Cn(A) and
y ∈ Cn(B) such that (iA + iB)(x + y) = 0. By de�nition this means that x and y,
viewed as elements in Cn(X), satisfy x = −y. This means that x lies in Cn(A) and
also in Cn(B). Put di�erently, x ∈ Cn(A) ∩ Cn(B) = Cn(A ∩ B). But then we have
(iA∩B ⊕−iA∩B)(x) = x+ y. �

Next we consider the following maps:

... // Hn(A∩B)
iA∩B⊕−iA∩B // Hn(A)⊕Hn(B)

iA+iB //

iA+iB **

H{A,B}n (X)
pn
//

Φn
��

Hn−1(A∩B) // ...

Hn(X)
:=∂n

66

We make the following clari�cations and observations:
(a) Given n ∈ N we denote by pn : H{A,B}n (X)→ Hn−1(A∩B) the connecting homomor-

phism of the above short exact sequence of chain complexes, as de�ned on page 1620.
(b) By the LES Proposition 74.9 the top horizontal sequence is exact.
(c) It follows from the Comfortable Covering Proposition 74.23, together with our hy-

pothesis that X =
◦
A ∪

◦
B, that for every n ∈ N0 the inclusion map

C{A,B}∗ (X) → C∗(X)
induces an isomorphism

Φn : H{A,B}n (X)
∼=−→ Hn(X).

For each n ∈ N0 we now write ∂n := pn ◦ Φ−1
n . It remains to show that these maps have

the two desired properties stated in the theorem:
(3) It is clear from the above discussion that the sequence given in (3) is indeed exact.
(1) We leave it to the reader to verify that it follows from the de�nition of the connecting

homomorphism pn on page 1620 that for every a ∈ Cn(A) and b ∈ Cn(B) such that
a+ b ∈ Cn(X) is a cycle we have

∂n([a+ b]) = pn([a+ b]) = [∂a] = − [∂b] ∈ Hn−1(A ∩B).

Furthermore, the isomorphism Φn : H{A,B}n (X)
∼=−→ Hn(X) shows that every element

in Hn(X) is of the form [a + b] for some a ∈ Cn(A) and b ∈ Cn(B), which implies
that ∂n is uniquely determined by the above rule.

(2) It follows basically immediately from the existence and uniqueness of the connecting
homomorphisms ∂n that these maps are also natural.

We leave it to the reader to verify, using the Reduced Homology Lemma 74.1, that the
analogous statements also hold if we replace the homology groups of A∩B,A,B and X by
the corresponding reduced homology groups. �

The following lemma gives an alternative description of the connecting homomorphism of
the Mayer�Vietoris sequence.

940Note that here we use the minus-sign that appears in the �rst map.
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Lemma 78.6. Let X be a topological space and let A,B be two open subsets of X with
X = A ∪B. The connecting homomorphism ∂n : Hn(X)→ Hn−1(A ∩B) equals the map

Hn(X)
ÿ−→ Hn(X,B)

∼=←−− Hn(A,A ∩B)
∂n−−→ Hn−1(A ∩B).

↑ ↑
inclusion induced map is an connecting homomorphism of

isomorphism by the Excision Theorem 74.17 pair (B,A ∩B)

Proof. This equality follows easily from the precise description of the connecting ho-
momorphisms given in the Mayer�Vietoris Theorem 78.5 and in the Topological LES-
Proposition 74.13. �

We conclude this section with the following variation on the Mayer�Vietoris Theorem 78.5.
This theorem might sound rather unnatural, but it will play an important role in the proof
of the Non-Compact PD Theorem 119.18.

Theorem 78.7. (Inverted Mayer�Vietoris Theorem) Let X be a topological space
and let U and V be open subsets. Then for all n ∈ N0 there exists a natural homomorphism
∂n : Hn(X,U ∪ V )→ Hn−1(X,U ∩ V ) such that

... → Hn(X,U∩V )
i⊕−i−−−→ Hn(X,U)⊕Hn(X, V )

i+i−−→ Hn(X,U∪V )
∂−→ Hn−1(X,U∩V )→ ...

is an exact sequence.

Proof. Note that as in the proof of Theorem 78.5 we have a short exact sequence

0 → Cn(X,U ∩ V ) → Cn(X,U)⊕ Cn(X, V ) → Cn(X)/C{U,V }n (U ∪ V ) → 0.

Thus we get a corresponding long exact sequence of homology groups. It su�ces to show
that the homology groups of the chain complex on the right are precisely the homology
groups of the pair (X,U ∪ V ). To do so we consider the following commutative pair of
short exact sequences

0 // C{U,V }∗ (U ∪ V ) //

��

C∗(X)

��

// C∗(X)/C{U,V }∗ (U ∪ V )

��

// 0

0 // C∗(U ∪ V ) // C∗(X) // C∗(X,U ∪ V ) // 0.

We obtain the corresponding long exact sequence of homology groups:

. . . // H{U,V }n (U ∪ V ) //

��

Hn(X)

��

// Hn

(
C∗(X)/C{U,V }∗ (U ∪ V )

)
��

// H{U,V }n−1 (U ∪ V ) //

��

. . .

. . . // Hn(U ∪ V ) // Hn(X) // Hn(X,U ∪ V ) // Hn−1(U ∪ V ) // . . .

It follows from the Comfortable Covering Proposition 74.23 that the �rst and fourth vertical
map are isomorphisms. The second map and the �fth map (which for space reasons is not
shown) are the identity. Hence it follows from the Five Lemma 74.10 that the third vertical
map is also an isomorphism. �

78.3. Applications of the Mayer�Vietoris sequence. As a warm-up we �rst consider
the homology groups of the suspension Σ(X) of a topological space X. More precisely,
we have the following lemma which basically gives a new proof for the Suspension-H∗-
Proposition 76.7.
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Proposition 76.7. (Suspension-H∗-Proposition) Let k ∈ Z. Given any topological
space X we have a natural isomorphism

ΣX : H̃k(X)
∼=−−→ H̃k+1(Σ(X)).

Example. Let n ∈ N0. We perform the following calculation:

H̃k(S
n) ∼= H̃k(Σ(. . . (Σ(S0)))) ∼= H̃k−n(S0) ∼=

{
Z, if k = n,
0, else.↑ ↑ ↑

see page 452 see the Suspension-H∗-Proposition 76.7 see page 1597

This recovers the calculation we made in Proposition 74.4.

Remark. Let X be a topological space. In Exercise 78.11 we will see that the two
natural isomorphisms H̃k(Σ(X))

∼=−→ H̃k−1(X) that we constructed in the Suspension-H∗-
Proposition 76.7 and that we construct in the proof of the Suspension-H∗-Proposition 76.7
are actually the same on the nose.

Proof. Let k ∈ Z.
(1) Let X be a topological space. We denote by p : X × [−1, 1] → Σ(X) the natural

projection. As on page 1681 we consider the subspaces C+ := C+X = p(X×(−1, 1]))
and C− := C−X = p(X × [−1, 1)). Note that C+X and C−X are both open subsets
of Σ(X) and that Σ(X) = C+X ∪ C−X. We consider the corresponding long exact
sequence in reduced homology from the Mayer�Vietoris Theorem 78.5:

H̃k+1(C+)︸ ︷︷ ︸
=0

⊕H̃k+1(C−)︸ ︷︷ ︸
=0

// H̃k+1(Σ(X))
∂k // H̃k(C+∩C−) // H̃k+1(C+)︸ ︷︷ ︸

=0

⊕H̃k+1(C−)︸ ︷︷ ︸
=0

H̃k(X).
ΣX

hh

i∗

OO

We make the following clari�cations and observations:
(a) Note that by the same argument as in the proof of the Cone Contractibility

Lemma 16.7 we see that both C+ = C+X and C− = C−X admit a deforma-
tion retraction to a point. It follows from the Deformation Retract-Homotopy
Equivalence Lemma 15.5 that both C+ and C− are contractible, therefore we
know by the Reduced Homology Lemma 74.1 (7) the reduced homology groups
of C+X and C−X vanish.

(b) It follows immediately from (1) that the connecting homomorphism

∂ : H̃k+1(Σ(X)) → H̃k(C+X ∩ C−X)

is in fact an isomorphism.
(c) We consider the following little diagram:

X

=:i

**

x 7→(x,0)
// X × {0} p

//
� _

��

C+X ∩ C−X

X × (−1, 1)
p

44
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The vertical map is evidently a homotopy equivalence. Furthermore one can
easily show, either by hand, or using Lemma 74.21 (1), that the diagonal map is
a homeomorphism. We obtain that the map i : X → C+X ∩C−X is a homotopy
equivalence. Thus we obtain from the Reduced Homology Lemma 74.1 (6) that
the induced map i∗ : H̃k(X × {0})→ H̃k(C+X ∩ C−X) is an isomorphism.

We de�ne ΣX to be the map

H̃k(X) = H̃k(X × {0})
i∗−−→ H̃k(C+X ∩ C−X)

∂−1
k−−−→ H̃k+1(Σ(X)).

(2) It follows easily from the de�nition of ΣX and the naturality of the connecting ho-
momorphisms of the Mayer�Vietoris sequence, see Theorem 78.5 (2), that the iso-
morphism ΣX is natural. �

����
��
��
��

�
�
�
�

�
�
�
�

��
��
��
��

�
�
�
�

��
��
��
��

�� ����

X Σ(X) C−X C+X

As our next example we want to determine the homology groups of the 2-dimensional
projective space RP2.

Lemma 78.8. Let n ∈ N0. We have

Hn(RP2) ∼=

 0, if n ≥ 2,
Z2, if n = 1,
Z, if n = 0.

Remark. In Exercise 78.10 we will determine an explicit cycle that represents the unique
non-trivial element of H1(RP2).

Proof. In the proof of Lemma 78.8 we use the description from page 258 of RP2 as

RP2 = B
2
/∼ where x ∼ y if x, y ∈ ∂B2

and x = −y.

In the following we denote by p the projection B
2 → B

2
/∼. We consider the open subsets

A := p
({
z ∈ B2 ∣∣ |z| > 1

4

})
and B := p

({
z ∈ B2 ∣∣ |z| < 3

4

})
.

Evidently we have
◦
A ∪

◦
B = A ∪ B = RP2. From the Mayer�Vietoris Theorem 78.5 we

obtain the following long exact sequence of reduced homology groups:

· · · → H̃2(A)⊕ H̃2(B) → H̃2(RP2)
∂−→ H̃1(A ∩B) → H̃1(A)⊕ H̃1(B) → H̃1(RP2) → . . .

Now we have to collect all the available information on the reduced homology groups of

��������
��
��
��

B

ARP2 = B
2
/ ∼
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A, B and A ∩B. We make the following observations:
(1) We remarked on page 1612 that the reduced homology of a disk vanishes, i.e. we have

H̃n(B) = 0 for all n ∈ N0.
(2) Note that p(1

2
S1) is a deformation retract of A ∩ B = p({z ∈ B

2 | |z| ∈ (1
4
, 3

4
)}).

This implies that the map j : S1 → A ∩ B = p
(
{z ∈ B

2 | |z| ∈ (1
4
, 3

4
)}
)
given by

z 7→ 1
2
z is a homotopy equivalence. It follows from the Homotopy Equivalence-H∗-

Corollary 73.9 (2) and Proposition 74.4 that H̃n(A ∩ B) = 0 for n 6= 1 and that
j∗ : H̃1(S1)→ H̃1(A ∩B) is an isomorphism.

(3) We consider the retraction
r : A → {z ∈ ∂B2}/z ∼ −z

p(s exp( iϕ)) 7→ exp( iϕ)
which is easily seen to be a homotopy equivalence and we also consider the homeomorphism

f : {z ∈ ∂B2}/z ∼ −z → S1

z 7→ z2.

As in (2) it follows that H̃n(A) = 0 for n 6= 1 and that (f ◦ r)∗ : H̃1(A) → H̃1(S1) is
an isomorphism.

The above Mayer�Vietoris sequence is thus in our case of the following form:

... // 0 // H̃3(RP2) // 0 // 0 // H̃2(RP2)
∂ // H̃1(A ∩B)

i∗ // H̃1(A)
∼= (f◦r)∗
��

i∗ // H̃1(RP2) // 0

H1(S1)

j∗ ∼=
OO

(f◦r◦i◦j)∗

· deg(f◦r◦i◦j)
// H1(S1).

We obtain immediately that H̃n(RP2) = 0 for n ≥ 3. Furthermore it follows immediately
from the de�nitions that the map f ◦r◦ i◦j : S1 → S1 is given by z 7→ z2. By Lemma 76.10
this implies that deg(f ◦ r ◦ i ◦ j) = 2. Thus we obtain the following exact sequence

0 → H̃2(RP2) → Z ·2−→ Z → H̃1(RP2) → 0.

It follows from the discussion on page 1614 that

H̃2(RP2) ∼= ker
(
Z ·2−−→ Z

)
= 0 and H̃1(RP2) ∼= coker

(
Z ·2−−→ Z

)
= Z2. �

Remark. It is a non-trivial, but certainly very amusing exercise to generalize the calcula-
tion of Lemma 78.8 to compute the homology groups of any real projective space RPn. We
cordially invite the reader to try to make an educated guess of what the homology groups
of RPn might be. We will compute the homology groups later on in Proposition 80.11 using
a somewhat di�erent approach.

78.4. The Mayer�Vietoris Theorem for manifolds and CW-complexes. Recall
that when we studied fundamental groups we �rst proved the Seifert�van Kampen Theo-
rem 54.1 for the decomposition of a topological space X into two open subsets. Afterwards
we showed in Theorem 54.4 and Theorem 69.1 that an analogous statement holds if we de-
compose a smooth manifold into suitable submanifolds and if we decompose a CW-complex
into subcomplexes.

In a similar fashion we now state and prove the �manifold version� and the �CW-complex
version� of the Mayer�Vietoris Theorem 78.5.
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Theorem 78.9. (Mayer�Vietoris Theorem for Topological Manifolds) LetX be an
m-dimensional topological manifold and let A,B Ă X be two m-dimensional submanifolds
such that the following statements hold:
(a) X = A ∪B,
(b) A ∩B is a union of components of ∂A and it is a union of components of ∂B,
(c) A and B are closed subsets of X. (Note that by the Compact-Closed Lemma 1.21

(2) this condition is satis�ed if A and B are compact.)
The following three statements hold:
(1) For each n ∈ N0 there exists a unique homomorphism ∂n : Hn(X) → Hn−1(A ∩ B)

which has the following property: If we are given a ∈ Cn(A) and b ∈ Cn(B) are such
that a+ b ∈ Cn(X) is a cycle, then

∂n([a+ b]) = [∂a] = − [∂b] ∈ Hn−1(A ∩B).

(2) The following sequence is exact:

... → Hn(A ∩B)
iA∩B⊕−iA∩B−−−−−−−−→ Hn(A)⊕ Hn(B)

iA+iB−−−→ Hn(X)
∂n−→ Hn−1(A ∩B)→ ...

(3) The connecting homomorphism ∂n : Hn(X)→ Hn−1(A ∩B) equals the map

Hn(X)
ÿ−→ Hn(X,B)

∼=←−− Hn(A,A ∩B)
∂n−−→ Hn−1(A ∩B).

↑ ↑
inclusion induced map is an connecting homomorphism of

isomorphism by the Excision Theorem 75.10 pair (B,A ∩B)

A totally analogous statement also holds if we replace the homology groups of A∩B,A,B
and X by the corresponding reduced homology groups.

Proof. Let X be an m-dimensional topological manifold and let A,B Ă X be two m-
dimensional submanifolds such thatA and B are closed subset of M , such that X = A∪B
and such that A ∩ B is a union of components of ∂A and also a union of components of
∂B.

We pick maps f : [0, 1) × ∂A → A and g : [0, 1) × ∂B → B that are provided by the
Topological Collar Neighborhood Theorem 75.5941 We set

U := A ∪ (g([0, 1)× (A ∩B))︸ ︷︷ ︸
Ă[0,1)×B

and V := B ∪ (f([0, 1)× (A ∩B))︸ ︷︷ ︸
Ă[0,1)×A

.

As in the proof of Theorems 52.10 and 54.4 we note that the following statements hold:

(i) U and V are open subsets of X,942

(ii) A is a deformation retract of U ,
(iii) B is a deformation retract of V , and
(iv) A ∩B is a deformation retract of U ∩ V .

941Of course, if X is a smooth manifold, then we could also use the Smooth Collar Neighborhood Theo-
rem 28.3.
942At this point we secretly use our hypothesis that A and B are closed subsets of X.
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Now we consider the following diagram

. . . // Hn(A ∩B)
i⊕−i

//

��

Hn(A)⊕ Hn(B)

�� ��

i+i
// Hn(X)

id
��

∂n // Hn−1(A ∩B)

��

// . . .

. . . // Hn(U ∩ V )
i⊕−i

// Hn(U)⊕ Hn(V )
i+i

// Hn(X)
∂n // Hn−1(U ∩ V ) // . . .

where the bottom sequence is given by the Mayer�Vietoris Theorem 78.5. We make the
following observations:
(a) The two squares to the left commute since all the relevant maps are given by inclu-

sions.
(b) The vertical maps are isomorphisms by the Homotopy Equivalence-H∗-Corollary 73.9.
(c) By (ii) we can now de�ne the dotted map Hn(X)

∂n−→ Hn−1(A ∩ B) such that the
third square also commutes.

It now follows from the Mayer�Vietoris Theorem 78.5 that the sequence in (2) is exact. We
leave the somewhat technical task of verifying Statement (1) to the reader. Finally note
that, as in the proof of Lemma 78.6, Statement (3) is a straightforward consequence of the
descriptions of the various maps. �
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A ∩B
A B

Now we turn to CW-complexes.

Theorem 78.10. (Mayer�Vietoris Theorem for CW-complexes) Let X be a CW-
complex. If A and B are two subcomplexes of X such that X = A ∪ B, then basically
exactly the same conclusion as in the Mayer�Vietoris Theorem 78.9 for Manifolds holds.943

Proof. Let X be a CW-complex and let A and B be two subcomplexes of X with X = A∪
B. By the CW-Complex Properties Proposition 68.10 (8) there exist open neighborhoods
U of A and V of B such that the following statements hold:
(1) A is a deformation retract of U ,
(2) B is a deformation retract of V , and
(3) A ∩B is a deformation retract of U ∩ V .

The proof is now verbatim the same as the proof of the Mayer�Vietoris Theorem 78.9 for
Topological Manifolds. �

Later on in Theorem 109.14 we will generalize the above Mayer�Vietoris theorems to an
even more general setting, namely to �excisive triads�. But for the time being we will be
able to handle most situations with the Mayer�Vietoris theorems that we stated above.

943In Statement (3) we just need to replace the Excision Theorem 75.10 for Topological Manifolds by the
Excision Theorem 74.31 for CW-complexes.
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78.5. The homology groups of the torus and the Klein bottle. In this section we
will determine the homology groups of the torus and the Klein bottle. We do so partly
since the results are interesting, but partly also to get to some practice for applying the
various Mayer�Vietoris Theorems.

Lemma 78.11. Let T = S1 × S1 be the torus. The following two statements hold.
(1) We have the following isomorphisms

Hn(T ) ∼=

 Z, if n = 0, 2,
Z2, if n = 1,
0, otherwise.

(2) The homology groups are generated by the following cycles.944

(a) The singular 1-simplices c and d shown in the �gure below on the left are
generators for H1(T ) ∼= Z2.

(b) The singular 2-chain α − β that is given by the singular 2-simplices α and β
shown in the �gure below on the right is a generator for H2(T ) ∼= Z. Note that
this singular 2-chain is precisely the one that we had already considered in the
�gure below. In particular this answers our question from page 1589, the cycle
α− β does indeed represent a non-trivial element in H2(T ).

Note that Lemma 78.11 (2) shows in particular that the cycles considered in the �gure
below represent non-trivial homology classes.

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�
�
�
� ����

��
��
��

��
��
��

��

��
��
��
��

�
�
�

�
�
�

��
��
��

��
��
��

�
�
�
�

��

�
�
�
�

����

��

�
�
�

�
�
�

z

y

x

zy

y

x x

torus T = S1 × S1 = S1 × R/Z
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β
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c

To increase readability we break the proof of Lemma 78.11 into two parts.

Proof of Lemma 78.11 (1). First we point out that throughout the proof we identify
the torus T with S1 × R/4Z in the obvious way. Next we introduce some notation. We
denote by p : S1 × R → T = S1 × R/4Z the projection . In the following we write
A := p(S1 × ([0, 1] ∪ [3, 4])) and B := p(S1 × [1, 3]). Evidently we have T = A ∪ B.
Furthermore we write C1 := p(S1 × {1}) and C2 := p(S1 × {3}). Evidently we have
A ∩B = C1 ∪ C2.
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0 4

944Here the singular simplices in the �gure below are understood to be given by the obvious a�ne maps
∆n → ([0, 1]× [0, 1])/∼.
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It is fairly easy945 to verify that the hypotheses for the Mayer�Vietoris Theorem 78.9
for Manifolds are satis�ed for T = A∪B. Thus we obtain the following long exact sequence
in homology946

. . . → H2(T )
∂−→

→ H1(C1)
H1(C2)

(
iC1 iC2

−iC1
−iC2

)
−−−−−−−−−−→

H1(A)
H1(B)

iA+iB−−−→ H1(T )
∂−→

→ H0(C1)
H0(C2)

(
iC1 iC2

−iC1
−iC2

)
−−−−−−−−−−→

H0(A)
H0(B)

iA+iB−−−→ H0(T ) −→ 0.

Given x ∈ [0, 4] we consider the 0-cycle Qx := (1, x) and we consider the 1-cycle

σx : ∆1 → S1 × R/4Z
(1− t, t) 7→ exp(2π it).

Let I Ă R be a compact interval of length less than four. We make the following four
observations:

(a) Since the length of I is less than four one obtains almost immediately from the
Compact-Hausdor� Proposition 2.17 (3) that p : S1× I → p(S1× I) is a homeomor-
phism.

(b) It is a straightforward consequence of the Homotopic Maps-and-Homology Proposi-
tion 73.6 that for any two points x, x′ in I we have [Qx] = [Qx′ ] ∈ H1(p(S1× I)) and
[σx] = [σx′ ] ∈ H1(p(S1 × I)).

(c) It follows from (1) together with the H0-Proposition 72.5 that for each x ∈ I we have
H0(p(S1 × I)) = Z · [σx].

(d) It follows from (1) together with Lemma 76.4 and the Homotopic Maps-and-Homology
Proposition 73.6 that for each x ∈ I we have H1(p(S1 × I)) = Z · [Qx].

It follows from (c) and (d) that we can rewrite the above Mayer�Vietoris sequence as
follows:

0 → H2(T )
∂−→

→ Z · [σ1]
Z · [σ3]

(
iC1 iC2

−iC1 −iC2

)
−−−−−−−−−→

Z · [σ0]
Z · [σ2]

iA+iB−−−→ H1(T )
∂−→

→ Z · [Qx1 ]
Z · [Qx1 ]

(
iC1 iC2

−iC1 −iC2

)
−−−−−−−−−→

Z · [Qx0 ]
Z · [Qx2 ]

iA+iB−−−→ H0(T ) −→ 0.

To determine the homology groups H2(T ) and H1(T ) we now need to understand the maps
in the above long exact sequence. For example, it follows immediately from (b) that we
have iC1([σ1]) = [σ1] = [σ0]. Basically identical considerations using (b) tell us that we

945To be completely fair, it might take a few lines to write down a complete argument why A and B are
submanifolds of T .
946Here we write

Hi(C1)
Hi(C2)

instead of Hi(C1)⊕Hi(C2) and
Hi(A)
Hi(B)

instead of Hi(A)⊕Hi(B).

The reason is that we think of direct sums as columns vectors so that we can use the usual matrix notation
for describing the maps between the direct sums.
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obtain the following long exact sequence:

0 → H2(T )
∂−→

→ Z · [σ1]
Z · [σ3]

(
1 1
−1 −1

)
−−−−−−→

Z · [σ0]
Z · [σ2]

(1 1)−−→ H1(T )
∂−→

→ Z · [Q1]
Z · [Q3]

(
1 1

−1 −1

)
−−−−−−→

Z · [Q0]
Z · [Q2]

(1 1)−−→ H0(T ) −→ 0.

We will now calculate the homology groups by hand. Alternatively one could now also use
Exercise 72.14 to quickly calculate the homology groups. Note that it follows from the
discussion on page 1614 that

H2(T ) ∼= ker

(
Z
Z

(
1 1

−1 −1

)
−−−−−−→

Z
Z

)
= Z ·

( 1
−1

)
∼= Z.

To determine H1(T ) we consider the following diagram:

0 // coker

(
Z·[σ1]
Z·[σ3]

(
1 1
−1 −1

)
−−−−−−→

Z·[σ0]
Z·[σ2]

)
// H1(T )

∂1 // ker

(
Z·[σ0]
Z·[σ2]

(
1 1
−1 −1

)
−−−−−−→

Z·[Q1]
Z·[Q2]

)
// 0.

0 // Z·[σ1]
0

∼=
OO

// H1(T )

id

OO

∂ // Z·
(

[Q1]
−[Q2]

)id

OO

// 0.

It follows from the above discussion and the Break-into-SES Lemma 78.4 that the top
horizontal sequence is exact. Elementary linear algebra shows that the vertical maps are
isomorphisms. Finally it is basically clear that the diagram commutes. Since in the bottom
the groups to the left and right are both isomorphic to Z we obtain from the Direct Sum
Corollary 78.3 that H1(T ) ∼= Z2. Finally it follows from the above long exact sequence and
the discussion on page 1614 that947

H0(T ) ∼= coker

(
Z · [Q1]
Z · [Q3]

(
1 1
−1 −1

)
−−−−−−→

Z · [Q0]
Z · [Q2]

)
∼= Z.

This concludes the proof of Statement (1) of the lemma. �

Now we turn to the proof of the second statement of Lemma 78.11.

Proof of Lemma 78.11 (2). We continue with the notation that we introduced in the
proof of Statement (1) of Lemma 78.11. Next we provide the proof of (2a). Note that
[c] = [σ1] ∈ H1(C). Let a and b be the singular simplices in A and B that are indicated in
the �gure below. Recall that we have the following short exact sequence:

0 // Z·[σ1] // H1(T )
∂ // Z·

(
[Q1]
−[Q2]

)
// 0.

947Of course we already knew by the H0-Proposition 72.5 that H0(T ) ∼= Z.
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B

AC1
C2 d with [d] = [a+ b]

40 d

c

ca

b Q
P

Evidently [c] = [σ1] represents a generator of the group on the left-hand side. Furthermore
note that a+ b is a cycle in T with a ∈ C1(A) and b ∈ C1(B), thus we have

∂1([a+ b]) = [∂a] = [P −Q] =
( 1
−1

)
∈ H1(C1) = Z

H1(C2) = Z
↑

see the de�nition of ∂1 in Theorem 78.9 (1)

Thus we see that ∂1([a+ b]) is a generator of the group on the right-hand side of the above
short exact sequence. It follows from the Direct Sum Corollary 78.3 (2) that [c] and [a+ b]
generate the free abelian group H1(T ) ∼= Z2. The desired statement now follows from the
observation that Lemma 72.3 (3) implies that [a + b] = [d]. This concludes the proof of
(2a).

Now we turn to the proof of (2b). Let α and β be the two singular 2-simplices that
are shown in the �gure below on the right. It is straightforward to verify that the singular
2-chain α − β is indeed a cycle. Note that the proof that α − β represents a generator of
H2(T ) is less immediate than the previous argument since the singular simplices α and β do
not ��t� into any of the groups of our long exact sequence. In fact, as we will see, the proof
that α− β represents a generator of H2(T ) is quite similar to the proof of Lemma 76.3.

We denote by A and B the images of α : ∆2 → T and β : ∆2 → T . (We refer to the
�gure below for an illustration.) We consider the following maps

H2(T )

��

[α−β] 7→[α−β]

''

H2(∆2, ∂∆2)

∼=
��

[id∆2 ] 7→[α]

rr

H2(T/B) // H2(T/B,B/B)︸ ︷︷ ︸
here [α− β] = [α]

H2(A/∂A, ∂A/∂A)∼=
oo H2(∆2/∂∆2, ∂∆2/∂∆2).∼=

α∗oo

We make the following observations:
(i) By the Identity-is-Generator Lemma 76.2 we know that [id∆2 ] ∈ H2(∆2, ∂∆2) ∼= Z is

a generator.
(ii) The two horizontal maps on the right are induced by homeomorphisms of pairs of

topological spaces, hence they are isomorphisms.
(iii) The vertical homomorphism on the right is an isomorphism by the Homology-of-

Quotients Proposition 74.20 and Lemma 74.12.
(iv) Note that statements (i), (ii) and (iii) imply that [α] represents a generator of the

group H2(T/B,B/B) ∼= Z.



1732

(v) The singular 2-simplex β : ∆2 → B is zero in C2(T/B,B/B). Therefore we have
[α− β] = [α] ∈ H2(T/B,B/B).

(vi) Next note that statements (iv) and (v) imply that the image of [α− β] ∈ H2(T ) ∼= Z
under the map H2(T ) → H2(T/B,B/B) is a generator of H2(T/B,B/B) ∼= Z. But
this implies that [α− β] is a generator of H2(T ) ∼= Z. �
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torus T A B

Lemma 78.12. Let

K = ([0, 1]× [0, 1])/ ∼ where (x, 0) ∼ (x, 1) and (0, y) ∼ (1, 1− y)

be the Klein bottle as de�ned on page 265. We consider the two singular 1-cycles

c : ∆1 → K
(t, 1− t) 7→ [(1

2
, t)]

and
d : ∆1 → K

(t, 1− t) 7→ [(1
2
, t)]

Then
Hn(K) =

 Z, if n = 0,
Z · [c]⊕ Z2 · [d], if n = 1,
0, otherwise.

Proof. The lemma can be proved using the Mayer�Vietoris Theorem 78.9 for Manifolds.
We will carry out the details in Exercise 78.3. �

Furthermore we can determine explicitly two generators of H1(K). More precisely, we
consider the �gure below. There the singular 1-simplex d generates the Z2-summand and
the singular 1-simplex c generates a Z-summand of H1(K).948 We leave the veri�cation of
this statement to the reader.
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Klein bottle K

c generates a Z-summand

d generates the
Z2-summand

Remark. With some e�ort one could now use the Mayer�Vietoris Theorem 78.9 for Man-
ifolds to compute the homology groups of the surfaces of genus ≥ 2. We will not carry
out the argument in this chapter since in Proposition 80.10 we will perform the calculation
using an alternative argument, namely using �cellular homology� which greatly simpli�es
the calculation. For the impatient reader we state the calculation of the homology groups
of surfaces of genus ≥ 2 as Exercise 78.13.

78.6. The �rst homology group of a knot complement. Finally we want to determine
the �rst homology group of the complement of a knot. We recall the relevant de�nitions
from pages 1301 and 1305.

948It is straightforward to see that c generates an element of in�nite order since the �vertical projection�
K → [0, 1]/∼ sends c to a generator of H1([0, 1]/∼) = H1(S1).
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De�nition. (1) A knot is a 1-dimensional submanifold of S3 that is di�eomorphic to
S1.

(2) Let K be an oriented knot in S3. By the Tubular Neighborhood Theorem ?? there
exists an orientation-preserving smooth embedding F : B

2 × K → S3 such that
Φ(0, P ) = P for all P ∈ K. For any ∗ ∈ S1 we refer to the oriented submanifold
F (S1 × {∗}) as a meridian of the knot K.

We refer to the �gure below for an illustration of an oriented knot and a meridian. We
also introduce one new de�nition:
(3) LetM be a smooth manifold and let C be a closed oriented curve inM , see page 1123

for the de�nition. Sometimes, by a slight abuse of notation, we denote by C also
the element in H1(M) that is given by the image of the standard generator [S1] of
H1(S1) under the map H1(S1)

Φ∗−→ H1(C)→ H1(M).949

�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������

������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������

generator of H1(S3 \K)

tubular neighborhood F
(
B

2 ×K
)

meridian F (S1 × {∗})oriented knot K

F
(
B

2 × {∗}
)

Lemma 78.13. Let K Ă S3 be a knot. Then950

H0(S3 \K) ∼= Z and H1(S3 \K) = Z · [µ].
↑

here µ is any meridian of K

Later, in Lemma 100.16, we will compute the remaining homology groups of S3 \K.

Remark. The result of Lemma 78.13 is easy to state but also slightly disappointing since
it shows that the �rst homology groups cannot be used to distinguish di�erent knots. In
contrast to this fact we saw in Proposition 59.5 and Proposition 59.6 that the fundamental
group can be used to distinguish the trivial knot from the trefoil.

Proof. Let K Ă S3 be a knot. By the Tubular Neighborhood Theorem ?? there exists a
smooth embedding Φ: B

2 × K → S3 with Φ(0, P ) = P for all P ∈ K. To simplify the
notation we drop Φ from the notation, in particular we write B

2×K instead of Φ(B
2×K).

It is basically clear that the interiors of S3 \ K and B
2 × K cover S3. Therefore we can

apply the Mayer�Vietoris Theorem 78.5 to the decomposition S3 = (S3 \K) ∪ (B
2 ×K)

949It follows from the Di�eotopies-of-S1-Classi�cation Proposition 34.5 and the Homotopic Maps-and-
Homology Proposition 73.6 that, up to a sign, the homology class does not depend on the choice of the
orientation-preserving di�eomorphism Φ.
950By the H0-Proposition 72.5 the �rst statement just says that S3 \ K is path-connected. This seems
obvious from the pictures, but it is nonetheless somewhat non-trivial to prove. For example, as discussed
in Corollary 42.6, this statement can be viewed as a consequence of the Transversality Theorem 42.4.
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and we obtain the following exact sequence
=0︷ ︸︸ ︷

H2(S3) −→ H1

(
(B

2 \ {0})×K
)
−→ H1(S3 \K)⊕ H1(B

2×K) −→
=0︷ ︸︸ ︷

H1(S3) −→
−→ H̃0((B

2 \ {0})×K) −→ H̃0(S3 \K)⊕ H̃0

(
B

2×K
)
−→ H̃0(S3)︸ ︷︷ ︸

=0

−→ 0.

Now we have to study the homology groups of the various spaces in more detail.951

(1) We denote by [µ] = S1 × {∗} the meridian and we de�ne [λ] = {∗} ×K. It follows
from Lemma 78.11 (2) that [µ] and [λ] is a basis for H1(S1 × K). The inclusion
S1 ×K → (B

2 \ {0})×K is a homotopy equivalence. It follows from the above, the
H0-Proposition 72.5 and the Homotopy Equivalence-H∗-Corollary 73.9 that H1

(
(B

2 \
{0})×K

) ∼= Z · [µ]⊕ Z · [λ] and that H̃0((B
2 \ {0})×K) = 0.

(2) We write [γ] = {0}×K. The inclusion {0}×K → B
2×K is a homotopy equivalence.

Similar to (1) we see that H1(B
2 ×K) ∼= Z · [γ] and that H̃0(B

2 ×K) = 0.
(3) Under the inclusion induced map

H̃1((B
2 \ {0})×K) = Z · [µ]⊕ Z · [λ] → H̃1(B

2 ×K) = Z · [γ]

we have [µ] 7→ 0952 and we have [λ] 7→ [γ].953.

Thus we obtain an exact sequence of the following form

0 −→ Z · [µ]⊕ Z · [λ]

[µ] 7→ ([µ], 0)
[λ] 7→ ([λ], [γ])
−−−−−−−−−−→∼=

H1(S3 \K)⊕ Z · [γ] −→ 0 −→
−→ 0 −→ H̃0(S3 \K)⊕ 0 −→ 0 −→ 0.

Now it follows immediately from the Direct Sum Corollary 78.3 and Lemma 51.9 (1) that
H1(S3 \ K) ∼= Z and that H̃0(S3 \ K) ∼= 0. Furthermore note that it follows easily that
[µ] ∈ H1(S3 \K) = H1(S3 \K) is a generator.954 �

Remark.

(1) In the proof of Lemma 78.13 we used the Mayer�Vietoris Theorem 78.5 in a di�erent
way than in the previous examples. More precisely, instead of decomposing S3 \K
into smaller pieces, we used that for a decomposition X = U ∪V the Mayer�Vietoris
sequence not only relates the homology groups of U, V and U ∩ V to the homology
groups of X, but also that it relates the homology groups of U to the homology
groups of V, U ∩ V and X.

(2) The reader might wonder what the approach of Lemma 78.13 can say about the
groups H2(S3 \ K) and H3(S3 \ K). In fact the approach shows that the exists an

951We will do the calculation by hand. Alternatively this calculation is also a good moment to use Exer-
cise 72.14.
952This can be seen as follows: the map H1(S1 × {∗})→ H1(B

2 ×K) factors through H1(B
2 × {∗}) = 0.

953Why is that?
954Why does this follow?
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exact sequence

H3(S3 \K) → H3(S3)︸ ︷︷ ︸
∼=Z

∂−−−→
=??

H2((B
2 \ {0})×K)︸ ︷︷ ︸
∼=Z

→ H2(S3 \K) → 0.

Since do not know whether the connecting homomorphism is the zero map, injective
or perhaps even an isomorphism we cannot determine H2(S3 \K) and H3(S3 \K).
Later, in Chapter 100 will acquire the tools necessary to study this map. This will
allow us in Lemma 100.16 to completely determine the isomorphism classes of the
homology groups of S3 \K.

Lemma 78.14. Let X Ă Rn be a non-empty compact subset. As usual we denote by
Sn = Rn ∪ {∞} the topological space Rn with a �point at in�nity�. Then for any k ∈ N0

we have

Hk(Rn \X) ∼=
{

Hk((Rn ∪ {∞}) \X)⊕ Z, if k = n− 1,
Hk((Rn ∪ {∞}) \X), otherwise.

Proof. We outsource the proof of the lemma to Exercise 78.12. �

78.7. The homology groups of a mapping cone (∗). In this section we will discuss the
homology groups of a mapping cone. Before we start the discussion we recall the relevant
de�nitions.
De�nition. (1) On page 450, given a non-empty topological space A we de�ned the

cone on A as

Cone(A) := (A× [0, 1])/∼ where (a, 0) ∼ (a′, 0) for all a, a′ ∈ A.
If A = ∅, then we de�ned Cone(∅) = {∗} to be the topological space consisting of
a single point ∗.

(2) Given a map f : A → X between topological spaces we de�ned on page 457 the
corresponding mapping cone as

Cone(f : A→ X) := (Cone(A) tX)/∼ where (a, 1) ∼ f(a) for all a ∈ A.
We refer to [A× 0] respectively ∗ as the cone point of Cone(A) and of Cone(i : A→ X).
The following lemma, which is an analogue of the Mapping Cone-π1-Lemma reflem:mapping-
cone, gives an elegant calculation of the homology groups of a mapping cone of an inclusion.

Lemma 78.15. (Mapping Cone-H∗-Lemma )
(1) Let X be a topological space and let A Ă X be a subset. We denote by i : A → X

the inclusion map. For any n ∈ N0 the two maps

Hn(X,A) → Hn(Cone(i : A→ X),Cone(A))
æ←− H̃n(Cone(i : A→ X))

↑
induced by the embedding X → Cone(i : A→ X)

are isomorphisms.
(2) We denote by PairTop the category of pairs of topological spaces and we denote by

AbGroup the category of abelian groups. The composition of the two isomorphisms
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in (1) de�ne a natural isomorphism from the functor955

PairTop → AbGroup
(X,A) 7→ H̃n(Cone(i : A→ X))

to the functor
PairTop → AbGroup
(X,A) 7→ Hn(X,A).

Proof.

(1) Just for kicks we throw in one more map:

Hn

(
Cone(A

i−→X)\ {P},Cone(A)\{P}
)

(b)

��

Hk(X,A) //

(a)
33

Hk(Cone(i : A→ X),Cone(A)) H̃k(Cone(i : A→ X)).
æ

(c)
oo

Since the diagram commutes it su�ces to show that the maps (a), (b) and (c) are
isomorphisms.
(a) From a slight variation on the Mapping Cylinder Basics Lemma 16.12 (1) we ob-

tain a deformation retraction from Cone(i : A→ X)\{P} to X which restricts to
a deformation retraction from Cone(A) to A. Thus it follows from Exercise 74.16
that the map (a) is an isomorphism.

(b) It follows from the Excision Theorem 74.17 that the vertical map (b) is an iso-
morphism.

(c) By the Cone Contractibility Lemma 16.7 we know that the cone Cone(A) is
contractible. It follows from the Topological LES-Corollary 74.14 that the map
(c) is an isomorphism.

(2) It is clear that the two maps in (1) are natural. Thus it follows that the two maps
together de�ne a natural isomorphism. �

��
��
��
��
��

��
��
��
��
��

���
���
���
���
���

���
���
���
���
���

��
��
��
��

A
X

mapping cone
Cone(i : A→ X)

the cone minus P admits a
deformation retraction to X

cone point P

Remark.
(1) It is worth comparing the Mapping Cone-H∗-Lemma 78.15 to Lemma 74.12 which

says that given a pointed topological space (X, x0) the reduced homology groups
H̃i(X) are naturally isomorphic to the relative homology groups Hi(X, {x0}).

(2) In the Homology-of-Quotients Proposition 74.20 we showed that, under favorable
circumstances, we can replace the relative homology group Hn(X,A) by the homology
group H̃n(X/A). the Mapping Cone-H∗-Lemma 78.15 says that we can replace any
relative homology group by the homology group of the mapping cone of the inclusion.

(3) Loosely speaking, the Mapping Cone-H∗-Lemma 78.15 says that for all intents and
purposes we can usually replace the relative homology groups of a pair (X,A) of

955As in the Mapping Cone Functor Lemma 16.14 (3) we see that the left-hand side does indeed de�ne a
functor.
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topological spaces by the reduced homology of the mapping cone of the inclusion
A→ X.

Proof. We had just seen that the map is an isomorphism. It is straightforward to verify
that the maps de�ne a natural transformation. �

We obtain the following convenient corollary which is a very close relative of the Homology-
of-Quotients Proposition 74.20.
Corollary 78.16. Let X be a topological space and let A Ă X be a subset. We denote by
i : A→ X the inclusion map. If i is a closed co�bration, then for any n ∈ N0 the natural
map þ : Hn(X,A)→ H̃n(X/A) from page 1633 is an isomorphism.

Proof. The case that A = ∅ is basically trivial and is left to the reader. In the following
we assume that A Ă X is a non-empty subset. Let n ∈ N0. We consider the following
diagram

Hn(X,A)
þ //

∼= **

H̃n(X/A)

H̃n(Cone(i : A→ X)).

ϕ

44

We make the following clari�cations and observations:
(1) The top horizontal map is the natural homomorphism that we introduced on page 1633.
(2) The left diagonal map is the natural isomorphism of the Mapping Cone-H∗-Lemma 78.15.
(3) The right diagonal map is the map

ϕ : Cone(i : A→ X) → X/A

P 7→
{

[P ], if P ∈ X,
[A], if P = [(a, t)] with a ∈ A and t ∈ [0, 1]

that we introduced in the Co�bration-Quotient Lemma 17.7 (1).
(4) It follows easily from the de�nitions that the diagram commutes.
(5) Since i : A→ X is by hypothesis a closed co�bration we obtain from the Co�bration-

Quotient Lemma 17.7 (1) that ϕ is a homotopy equivalence. Therefore we obtain
from the Homotopy Equivalence-H∗-Corollary 73.9 that the right diagonal map is
also an isomorphism.

(6) Putting everything together we see that the top map is indeed an isomorphism. �
Let A be a subset of a topological space X. We denote by i : A → X the corresponding
inclusion map. It follows from the Topological LES-Corollary 74.14 together with the
Mapping Cone-H∗-Lemma 78.15 that the inclusion induced maps i∗ : Hk(A) → Hk(X) �t
into the following natural long exact sequence

. . . → Hk(A)
i∗−−→ Hk(X) → Hk(X,A)︸ ︷︷ ︸

∼=H̃k(Cone(i : A→X))

∂−→ Hk−1(A)
i∗−−→ Hk−1(X) → . . .

The following lemma generalizes this neat fact to the setting of any map f : A→ X between
topological spaces.

Lemma 78.17. (Mapping Cone-H∗-Lemma )956
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(1) Let f : A→ X be a map between topological spaces.
(a) We denote by j(f) : X → Cone(f) = (Cone(A) t X)/∼ the obvious inclusion

map.
(b) We denote by U the image of A × [0, 3

4
) in Cone(f) and we denote by V the

complement of the image of A× [0, 1
4
]. (See also the �gure below.) We consider

the following diagram957

. . . // Hk(U)⊕ Hk(V ) // Hk(Cone(f))
∂k // Hk−1(U ∩ V ) //// . . .

Hk(Cone(f))
∂k //

æ

OO

=:∂k(f)
// Hk−1(A).

∼=

OO

Here the top sequence is the long exact sequence arising from the Mayer�Vietoris
Theorem 78.5958 and the vertical map is induced by the inclusion a 7→ (a, 1

2
)

which is a homotopy equivalence. From the above diagram we obtain a map

∂k(f) : H̃k(Cone(f)) → Hk−1(A).

With these de�nitions the following sequence is exact

. . . // Hk(A)
f∗
// Hk(X)

j(f)∗
// H̃k(Cone(f))

∂k(f)
// Hk−1(A) // . . .

(2) The connecting homomorphism in (1) is natural. In particular given any commuta-
tive diagram

A
f
//

ϕ
��

X
ψ��

Ã
f̃
// X̃

of maps between topological spaces the following diagram commutes:

. . . // Hk(A)
f∗
//

ϕ∗
��

Hk(X)
j(f)∗

//

ψ∗
��

H̃k(Cone(f))

��

∂k(f)
// Hk−1(A) //

ϕ∗
��

. . .

. . . // Hk(Ã)
f̃∗
// Hk(X̃)

j(f̃)∗
// H̃k(Cone(f̃))

∂k(f̃)
// Hk−1(Ã) // . . . .

Here the vertical maps between the homology groups of the mapping cones are
induced by the maps from the Mapping Cone Functor Lemma 16.14 (3).

(3) Let X be a topological space and let A Ă X be a subset. We denote by i : A → X
the inclusion map. The following diagram

. . . // Hk(A)

=

��

i // Hk(X) //

=

��

Hk(X,A)
∂ //

∼=
��

H̃k−1(A) //

=
��

H̃k−1(X)

=
��

// . . .

. . . // Hk(A)
i // Hk(X) // H̃k(Cone(i))

∂ // H̃k−1(A) // H̃k−1(X) // . . .

commutes. Here the middle vertical map is the natural isomorphism from the Map-
ping Cone-H∗-Lemma 78.15, the top sequence is the long exact sequence arising from
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the Topological LES-Corollary 74.14 and the bottom sequence is the exact sequence
from (1).

The obvious analogues of the above statements for reduced homology of A and X also
hold.

���
���
���
���
���
���
���

���
���
���
���
���
���
���

��
��
��
��

XA

f

mapping cone Cone(f : A→ X)

U V

A× 1
2

Proof.

(1) We consider the following diagram:

... // Hk(U∩V ) // Hk(U)⊕Hk(V ) // Hk(Cone(f))
∂k // Hk−1(U∩V ) //// ...

... // Hk(A)

∼=
OO

c∗⊕f∗
// Hk({∗})⊕Hk(X) //

∼=
OO

∼=
OO

Hk(Cone(f))

id

OO

// Hk−1(A) //

∼=
OO

...

... // Hk(A)

∼=

OO

f∗
// H̃k({∗})︸ ︷︷ ︸

=0

⊕Hk(X)
j(f)∗
//

æ

OO

∼=

OO

H̃k(Cone(f))

æ

OO

∂k(f)
// Hk−1(A) //

∼=

OO

...

We make the following clari�cations and observations:
(a) The top sequence is the long exact sequence arising from the Mayer�Vietoris

Theorem 78.5 applied to the open cover Cone(f) = U ∪ V .
(b) We denote by ∗ the cone point of Cone(f).
(c) The vertical maps are the almost obvious inclusion maps. The map c : A→ {∗}

is the constant map. It follows almost immediately from the de�nitions together
with the Homotopic Maps-and-Homology Proposition 73.6 that the upper part
of the diagram commutes.

(d) As in the Cone Contractibility Lemma 16.7 we see that the inclusion {∗} → U is
a homotopy equivalence. Furthermore, by the Reduced Homology Lemma 74.1
(7) we know that H̃k({∗}) = 0.

(e) It follows now fairly easily from Lemma 74.2 that the lower part of the diagram
also commutes and that the lower sequence is exact. But that is what we wanted
to show.

(2) This statement follows from the naturality of the connecting homomorphisms of the
Mayer�Vietoris sequence, see Theorem 78.5 (2).

(3) We will prove this statement in Exercise 78.18. �

956In the statement and the proof of the lemma we implicitly use Lemmas 16.8 and 16.13 (2) several times to
show that various maps are open and closed embeddings. For example it follows from the Cone-Suspension
Basics Lemma 16.8 that the map j(f) given in (1a) is actually a closed embedding.
957We leave it to the reader to give a reasonable interpretation of what we say here in the special case that
A = ∅.
958Note that U and V are open subsets of Cone(f).
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In the Cell Attachment-π1-Proposition 69.11 we saw how attaching an n-cell to a topological
space a�ects its fundamental group. Basically for free we now get a corresponding statement
for homology groups.

Lemma 78.18. (Cell Attachment-H∗-Lemma) Let X be a topological space, let n ≥ 2
and let ϕ : Sn−1 → X be a map. We denote by i : X → X ∪ϕ B

n
the obvious map. (Note

that by the Topological Pushout-Maps Lemma 5.34 (3) and (4) we know that i is a closed
embedding.) There exists a natural exact sequence of the form

0 → Hn(X)
i∗−→ Hn

(
X ∪ϕ B

n) → Hn−1(Sn−1)︸ ︷︷ ︸
∼=Z

ϕ∗−→ Hn−1(X)
i∗−→ Hn−1

(
X ∪ϕ B

n) → 0.

Furthermore, for any k 6= n− 1, n the inclusion induced map

i∗ : Hk(X)
∼=−→ Hk(X ∪ϕ B

n
)

is an isomorphism.

Example. LetX be a topological space with �nitely generated homology groups. Let n ≥ 2
and let ϕ : Sn−1 → X be a map. Loosely speaking the Cell Attachment-H∗-Lemma 78.18
says that gluing on a copy of B

n
along ϕ has the following e�ect on homology:

Hn Hn−1

Hn−1(Sn−1)
ϕ∗−→Hn−1(X) has in�nite image unchanged rank goes down by 1

Hn−1(Sn−1)
ϕ∗−→Hn−1(X) has �nite image rank goes up by 1 unchanged.

We illustrate these two di�erent behaviors in the �gure below.
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XX ϕ

ϕ∗ : H1(S1)→ H1(X) has trivial image

ϕ

ϕ∗ : H1(S1)→ H1(X) has in�nite image

X ∪ϕ B
2

X ∪ϕ B
2

Proof. On page 1527 we made the, almost trivial, observation that there exists a homeo-
morphism Cone(ϕ : Sn−1 → X)

∼=−→ X ∪ϕ B
n
which is the identity on X. The conclusion of

the Cell Attachment-H∗-Lemma 78.18 follows immediately from this observation together
with the Mapping Cone-H∗-Lemma 78.17, the calculation of the homology groups of Sn−1,
see Proposition 74.4 and the observation that our hypothesis that n ≥ 2 implies that we
do not need to worry about reduced homology groups. �

The last lemma of this section gives a neat reinterpretation of the connecting homomor-
phism in the long exact sequence of the Mapping Cone-H∗-Lemma 78.17.
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Lemma 78.19. Let f : A → X be a map between topological spaces. For every k ∈ N0

the following diagram commutes:

H̃k(Cone(f : A→ X))
∂ //

��

H̃k−1(A)

ΣA∼=
��

H̃k(Cone(f : A→ X)/X)
ϕ∗

∼=
// H̃k(Σ(A)).

Here we used the following notation:
(1) The top horizontal map is the connecting homomorphism of the long exact sequence

given in the Mapping Cone-H∗-Lemma 78.17.
(2) The left vertical map is induced by the obvious projection.
(3) The map ϕ : Cone(f : A→ X)/X → Σ(A) is the natural homeomorphism from the

Mapping Cone Basics Lemma 16.13 (4).
(4) The map ΣA : H̃k−1(A) → H̃k(Σ(A)) is the natural isomorphism from the Suspension-

H∗-Proposition 76.7.
Proof. The statement follows immediately from the explicit de�nition of the maps ∂ and
ΣA via Mayer�Vietoris sequences, from the explicit de�nition of the map ϕ, and from the
naturality of the connecting homomorphism of the Mayer�Vietoris sequence, see Theo-
rem 78.5 (2), that the isomorphism ΣX is natural. We leave it to the reader to �ll in the
details. �
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A

f

mapping cone Cone(f :A→X)

North Pole

U VVU

Σ(A)

78.8. The homology groups of a mapping torus (∗). On page 467 we de�ned the
mapping torus of a self-homeomorphism and in the Mapping Torus-π1-Proposition 50.6
we had determined the fundamental group of the mapping torus. In this section we will
determine the isomorphism types of the homology groups of a mapping torus.
For convenience we recall from page 467 the de�nition of the mapping torus. Let X be a
topological space and let f : X → X be a map. We refer to

Tor(X, f) := (X × [0, 1])/(x, 0) ∼ (f(x), 1)

as themapping torus of (X, f). In the following we will use on several occasions Lemma 16.22
which says that for any closed respectively open interval I Ă R of length less than one, the
map

ϕ : X × I (x,t)7→[(x,t)]−−−−−−−−→ (X × R)/∼ [(x,t)]7→[(x,t)]−−−−−−−−→ Tor(X, f)

is a closed respectively open embedding. Now we can state the main result of this section.

Proposition 78.20. (Mapping Torus-Homology Proposition) Let X be a topolog-
ical space and let f : X → X be a map. For every n ∈ N0 we have a natural short exact
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sequence959

0 → coker
(
Hn(X)

f∗−id−−−→Hn(X)
) i−→ Hn(Tor(X, f)) → ker

(
Hn−1(X)

f∗−id−−−→Hn−1(X)
)
→ 0,

where the map i is induced by the embedding X x 7→ [(x, 0)]−−−−−−→Tor(X, f).

Example. First let X = S1 and let f : S1 → S1 be the self-homeomorphism that is
given by f(z) = z = z−1. On page 469 we saw that the mapping torus Tor(S1, f) is
homeomorphic to the Klein bottle. It follows from the discussion on page 1594 the induced
map f∗ : H0(S1) → H0(S1) is the identity map. Furthermore we showed in Lemma 76.10
that the induced homomorphism f∗ : H1(S1) → H1(S1) is given by multiplication by -1.
Since H0(S1) ∼= Z and H1(S1) ∼= Z we now see that the short exact sequences of the
Mapping Torus-Homology Proposition 78.20 are of the form

n = 2: 0 → H2(Tor(S1, f)) → ker(Z ·2−→ Z) → 0

n = 1: 0 → coker
(
Z ·2−→ Z

)
→ H1(Tor(S1, f)) → ker(Z ·0−→ Z) → 0

and
n = 0: 0 → coker

(
Z ·0−→ Z

)
→ H0(Tor(S1, f)) → 0.

Using the Direct Sum Corollary 78.3 we now deduce that

H2(Tor(S1, f)) = 0, H1(Tor(S1, f)) ∼= Z2 ⊕ Z and H0(Tor(S1, f)) = Z.
This con�rms, as it should, the calculation that we had made in Lemma 78.12.

Proof. The proof of the proposition is quite similar to the calculation of the homology
groups of the torus.960 Let X be a topological space and let f : X → X be a home-
omorphism. We compute the homology of the following space that is clearly naturally
homeomorphic to the mapping torus:

M := (X × [0, 10])/(x, 0) ∼ (f(x), 10).

We denote by p : X × [0, 10] → M the natural projection. Furthermore we write A :=
p(X × ([0, 4) ∪ (6, 10])) Ă M and B := p(X × (2, 8)) Ă M .961 Finally, given t ∈ [0, 10] we
denote by it : X → p(X × {t})

x 7→ p(x, t)

the obvious inclusion map. We write i3,A for the composition of i3 with the inclusion map
p(X × {3}) → A. We denote analogous compositions by the obvious variations in the
notation. The proof below crucially relies on the following claim.

959Recall that H−1(X) is de�ned to be the trivial group.
960In fact if one reads the subsequent proof with X = S1 and f = id in mind, then one obtains almost the
same argument as for the torus.
961Throughout this proof we will freely use Lemma 16.22 which says that p : X × [0, 1]→M , restricted to
reasonable open subsets, is in fact an open embedding.
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Claim. For any n ∈ N0 the following two diagrams commute

Hn(X)

i3,B $$

id // Hn(X)

i7,Bzz

Hn(B)

and

Hn(X)

i3,A $$

f−1
∗ // Hn(X).

i7,Ayy

Hn(B)

Proof. It follows almost immediately from the Homotopic Maps-and-Homology Proposi-
tion 73.6 that the two triangles commute. We leave the details to the reader. �

X × [0, 10]

(x, 0) ∼ (f(x), 10)

C1

C2

B = p(X × (2, 8))

A = p(X × ([0, 4) ∪ (6, 10]))

i7(X)i3(X)

Next we consider the following diagram:962

//
Hn(C1)
Hn(C2)

(
iC1

iC2

−iC1
−iC2

)
//
Hn(A)
Hn(B)

(iA iB)
// Hn(M)

∂ //
Hn−1(C1)
Hn−1(C2)

(
iC1

iC2

−iC1
−iC2

)
//
Hn−1(A)
Hn−1(B)

//

//
Hn(X)
Hn(X)

(
i3 0

0 i7

) OO
(

id f∗
− id − id

)
//
Hn(X)
Hn(X)

(
i3 0

0 i7

)OO

(iA iB)
// Hn(M)

id

OO

∂ //
Hn−1(X)
Hn−1(X)

(
id f∗
− id − id

)
//

(
i3 0

0 i7

) OO

Hn−1(X)
Hn−1(X)

//

(
i3 0

0 i7

)OO

// Hn(X)

(
id

− id

) OO

id−f∗
// Hn(X)

(
id

0

) OO

i // Hn(M)

id

OO

∂ // Hn−1(X)

(
id

− id

) OO

id−f∗
// Hn−1(X)

(
id

0

) OO

//

The above diagram arose as follows:
(1) Note that the interiors of A = p(X×([0, 4)∪(6, 10])) Ă M and B = p(X×(2, 8)) Ă M

cover all of M . Furthermore note that we have A ∩ B = C1 t C2. On the top of
the diagram we wrote down the corresponding exact Mayer�Vietoris sequence from
Theorem 78.5.

(2) Note that the maps i3 : X → A, i3 : X → C1, i7 : X → C2 and i7 : X → B are
homotopy equivalences. It follows from the Homotopy Equivalence-H∗-Corollary 73.9
that the induced maps on homology are isomorphisms. In particular the vertical maps
between the �rst and the second horizontal sequence are isomorphisms.

(3) Next we want to show that the top part of the diagram commutes. The squares
involving id : Hn(M) → Hn(M) commute by the functoriality of homology groups
and by de�nition of the connecting homomorphism ∂ in the middle row. It remains
to consider the squares which in our excerpt above are to the left and right. The

962Here we use the same notation as on page 1729.
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discussion is perhaps less confusing if we explain how the maps on the middle row
were found. The task was to �nd maps a, b, c, d : Hn(X) → Hn(X) such that the
following equality holds:(

iC1,A iC2,A

−iC1,B −iC2,B

)(
i3,C1 0

0 i7,C2

)
︸ ︷︷ ︸

=

(
i3,A i7,A
−i3,B −i7,B

)
=

(
i3,A 0
0 i7,B

)(
a b
c d

)
.︸ ︷︷ ︸

=

(
i3,A ◦ a i3,A ◦ b
i7,B ◦ c i7,B ◦ d

)

It follows from the above claim that a solution is given by a = id, b = f∗, c = − id
and d = − id.

(4) It is straightforward to see that the bottom squares in the above diagram commute.
We leave it to the reader to verify that the bottom sequence is also exact.

As we had just pointed out, the bottom horizontal sequence is exact. The proposition is
thus an immediate consequence of the Break-into-SES Lemma 78.4. �

Now we can also easily prove the following lemma.

Lemma 78.21. Let X be a topological space. We denote by p : X × S1 → X the natural
projection. For every n ∈ N0 there exists a natural map ψ : Hn(X × S1)→ Hn−1(X) such
that the map

ΞX := p∗ ◦ ψ : Hn(X × S1)
∼=−−→ Hn(X)⊕ Hn−1(X)

is a natural isomorphism. Here natural means that for any map f : X → Y between
topological spaces the following diagram commutes:

Hn(X × S1)

(f×id)∗
��

ΞX

∼=
// Hn(X)⊕ Hn−1(X)

f∗
��

f∗
��

Hn(Y × S1)
ΞY

∼=
// Hn(X)⊕ Hn−1(X).

Example. Using an elementary and amusing induction argument one can show quite easily,
using Lemma 78.21, that for k = 0, . . . , n we have

Hk(n-dimensional torus (S1)n) = free abelian group of rank
(
n
k

)
and that all other homology groups vanish.

Remark. We gave a di�erent proof of Lemma 78.21 in Exercise 75.4.

Proof. Let n ∈ N0. Note that by the Mapping Torus-of-id Lemma 16.24 the map Θ: Tor(X, f :=
id) → X × S1 given by [(x, t)] 7→ (x, exp(2π it)) is a natural homeomorphism. We de-
note by i : X → Tor(f) the natural embedding given by x 7→ [(x, 0)] and we denote by
j : X → X×S1 the natural embedding given by x 7→ (x, 1). Next we consider the following
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diagram:

0 // coker
(
Hn(X)

f∗−id−−−→Hn(X)
)

id

��

i∗ // Hn(Tor(X, f))

id

��

∂ // ker
(
Hn−1(X)

f∗−id−−−→Hn−1(X)
)
//

id

��

0

0 // Hn(X)

id
��

i // Hn(Tor(X, f))

Θ∗∼=
��

∂ // Hn−1(X)

id
��

// 0

0 // Hn(X)
j∗

// Hn(X × S1)p∗kk
∂ // Hn−1(X) // 0.

We make the following clari�cations and observations:

(1) The top sequence is the short exact sequence obtained from the Mapping Torus-
Homology Proposition 78.20.

(2) Since f∗ − id∗ = 0 we obtain the two vertical identities on top.
(3) Since Θ is an isomorphism and since Θ ◦ i = j we see that the bottom sequence also

commutes.
(4) The map p : X × S1 → X is the natural map that is given by projection onto the

�rst factor. Note that p∗ ◦ i∗ = (p ◦ i)∗ = id.

As in the proof of Splitting Lemma 78.2 we now see that the map

ΞX : Hn(X × S1) → Hn(X)⊕ Hn−1(X)
σ 7→ p∗(σ)⊕ ∂(σ − (j∗ ◦ p∗)(σ))

is an isomorphism. Since all maps involved are natural we see that this isomorphism is in
fact natural. �

We conclude this long chapter with the following lemma which can be viewed as the ana-
logue of the Mapping Torus-π1-Proposition 50.6.

Lemma 78.22. (Mapping Torus-Homology Lemma) Let X be a path-connected

topological space and let f : X → X be a map. We denote by i : X x 7→ [(x, 0)]−−−−−−→Tor(X, f) the
natural embedding and we denote by q : Tor(X, f) → S1 the natural projection that we
introduced on page 467. With this notation the following sequence is natural and exact:

0 → coker
(
H1(X)

f∗−id−−−−→ H1(X)
) i−→ H1(Tor(X, f)) → H1(S1) → 0.

In particular we have an isomorphism

H1(Tor(X, f)) ∼= Z⊕ coker
(
H1(X)

f∗−id−−−−→ H1(X)
)
.

Remark. Later in the Hurewicz Theorem 85.5 we will show that the abelianization of
the fundamental group π1(X, x0) of a pointed path-connected topological space (X, x0) is
naturally isomorphic to the �rst homology group H1(X). Thus we see that the Mapping
Torus-Homology Lemma 78.22 is a modest generalization of Exercise 53.7.
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Proof. Since X is path-connected we obtain immediately from the discussion on page 1594
that the map f∗ − id : H0(X)→ H0(X) is the zero map. We consider the following maps:

0 // coker
(
H1(X)

f∗−id−−−→ H1(X)
) i // H1(Tor(X, f))

p∗

����

// Z

Ψxx

// 0.

H1(S1)︸ ︷︷ ︸
∼=Z

.

We make the following observations:

(1) The horizontal map is the short exact sequence from the Mapping Torus-Homology
Proposition 78.20.

(2) Since p ◦ i is a constant map we see that p∗ ◦ i∗ is the trivial map.
(3) It follows from (1) and (2) that there exists a map Ψ: Z → H1(S1) that makes the

diagram commute.
(4) Furthermore, since X is path-connected one can easily construct a left-inverse to

p : Tor(X, f) → S1. This implies that p∗ : H1(Tor(X, f)) → H1(S1) is an epimor-
phism.

(5) Since H1(S1) ∼= Z and since any epimorphism from Z → Z is an isomorphism we
obtain from the above that Ψ is an isomorphism.

This concludes the proof that the sequence in the statement of the lemma is indeed exact.
Finally note that since Z is free abelian it follows from the Direct Sum Corollary 78.3

that we have an isomorphism

H1(Tor(X, f)) ∼= Z⊕ coker
(
H1(X)

f∗−id−−−→ H1(X)
)
. �

Exercises for Chapter 78.

Exercise 78.1. We consider the following commutative diagram of homomorphisms be-
tween abelian groups:

. . . // C ′′n+1

∂n+1
//

f ′′n+1

��

C ′n
in //

f ′n
��

Cn
pn
//

fn
��

C ′′n
∂n //

f ′′n
��

C ′n−1
//

f ′n−1

��

. . .

. . . // D′′n+1

∂n+1
// D′n

jn
// Dn

qn
// D′′n

∂n // D′n−1
// . . .

We suppose that the horizontal sequences are exact and we suppose that each f ′′n is an
isomorphism. For each n ∈ N0 we set ∆n := ∂n ◦ (f ′′n)−1 ◦ qn : Dn → C ′n−1. Show that the
following sequence is exact

. . . // C ′n
in+f ′n // Cn ⊕D′n

fn+jn
// Dn

∆n // C ′n−1
// . . .

Remark. The resulting exact sequence is sometimes called the algebraic Mayer�Vietoris
sequence. The name will become clear in Exercise 78.2.
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Exercise 78.2. Let X be a topological space and let A,B Ă X be subsets such that
X =

◦
A ∪

◦
B. Use the algebraic Mayer�Vietoris sequence from Exercise 78.1 together with

the Excision Theorem 74.17 and the long exact sequence of the pair of topological spaces
to give a new proof of of the Mayer�Vietoris Theorem 78.5 92) and (3). More precisely you
need to show that there exists a long exact sequence of the form

. . . → Hn(A ∩B)
iA∩B⊕−iA∩B−−−−−−−−→ Hn(A)⊕ Hn(B)

iA+iB−−−→ Hn(X)
∂n−→ Hn−1(A ∩B) → . . .

where ∂n is natural.
Hint. Consider the commutative diagram

A ∩B iA∩B //

iA∩B
��

A
iA
��

B
iB // X.

Exercise 78.3.
(a) We denote by

K = ([0, 1]× [0, 1])/∼ with (x, 0) ∼ (x, 1) and (0, y) ∼ (1, 1− y)

the Klein bottle as de�ned on page 265. We consider the two singular 1-cycles

c : ∆1 → K
(t, 1− t) 7→ [(1

2
, t)]

and
d : ∆1 → K

(t, 1− t) 7→ [(1
2
, t)]

Show that

Hn(K) =

 Z, if n = 0,
Z · [c]⊕ Z2 · [d], if n = 1,
0, otherwise.

(b) Give an example of an explicit map f : S1 → K such that the inclusion induced map
f∗ : H1(S1) → H1(K) is a monomorphism. Prove that the map f that you provide
does indeed have this property.

Exercise 78.4. Let X be a topological space and let U and V be two open subset of X
such that X and U ∩ V are path-connected and such that U ∩ V is non-empty. Show that
U and V are path-connected.
Remark. This is of course just a special case of Exercise 6.11 (a). But it is great fun to
prove this statement using the Mayer�Vietoris Theorem 78.5.

Exercise 78.5. Compute the isomorphism types of the homology groups of the real line
with two zeros.

Exercise 78.6. Determine the isomorphism types of the homology groups of the Topolo-
gist's Sine Curve that we introduced on page 164.
Hint. Use Exercise 2.48.

����
��
��
��
���
�
�
�

topologist's sine curveline with two zeros



1748

Exercise 78.7. Let K = (V,E, i, t) be a connected abstract graph. Determine the isomor-
phism types of the homology groups of the topological realization |K|.
Hint. The �gure below shows an example of a convenient covering by open sets.
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V

|K| V

V

U

Exercise 78.8. In Lemma 78.11 we computed the homology groups of the torus T = S1×S1

the Mayer�Vietoris Theorem 78.9 for Manifolds. compute the reduced homology of the torus
using the Mayer�Vietoris sequence with reduced homology groups.
Remark. Depending on how you go about this calculation you can easily end up with a
contradictory calculation.

Exercise 78.9. Let T = S1 × S1 be the torus. We denote by p, q : S1 × S1 → S1 the two
obvious projections. Show that the map

p∗ ⊕ q∗ : H1(S1 × S1) → H1(S1)⊕ H1(S1)
ϕ 7→ p∗(ϕ) + q∗(ϕ)

is an isomorphism.
Hint. You could make use of Lemma 78.11 (2).

Exercise 78.10. We consider the real projective plane

RP2 = B
2
/∼ where x ∼ y if x, y ∈ ∂B2

and x = −y.

Determine an explicit cycle in C1(RP2) that represents the unique non-trivial element of
H1(RP2).

Exercise 78.11. Let X be a topological space and let k ∈ Z. Show that the two
natural isomorphisms H̃k(X)

∼=−→ H̃k−1(Σ(X)) that we constructed in the Suspension-H∗-
Proposition 76.7 and in the proof of the Suspension-H∗-Proposition 76.7 are actually the
same.

Exercise 78.12. Let X Ă Rn be a non-empty compact subset. As in Lemma 2.18 we make
the identi�cation Sn = Rn ∪ {∞} of the sphere with the space Rn together with a �point
at in�nity�.

(a) Show that for every k 6= n− 1 the inclusion induced map

Hk(Rn \X) → Hk((Rn ∪ {∞})︸ ︷︷ ︸
=Sn

\X)

is an isomorphism.
(b) Show that there exists a short exact sequence

0 → Z → Hn−1(Rn \X) → Hn−1((Rn ∪ {∞}) \X) → 0.

(c) Show that the short exact sequence in (b) splits.
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Exercise 78.13. Let g ∈ N≥2. Use the Mayer�Vietoris Theorem 78.9 for Manifolds, or
some other �avor of the Mayer�Vietoris sequence, to determine the isomorphism types of
the surface of genus g.
Hint. In the �gure below we show two possible approaches to decomposing the surface of
genus two.
Remark. We will give the calculation in Proposition 80.10 using �cellular homology�.
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Exercise 78.14. Let X be a topological space, let k ∈ N and let n ∈ N0. What is the
isomorphism type of Hn(X × Sk) in terms of the homology groups of X?

Exercise 78.15. Let k ∈ N. We consider the topological space

Xk := ([−k, k] ∪ S2 × {−k, . . . , k})/∼
where given i ∈ {−k, . . . , k} we identify i ∈ [−k, k] with ((0, 0,−1), i) ∈ S2 × {−k, . . . , k}.
For i = −k, . . . , k we denote by

fi : S
2 → Xk

P 7→ (P, i)

the various �obvious� inclusion maps. (We refer to the �gure below for an illustration.)
(a) Show that H0(Xk) ∼= Z.
(b) Show that Hi(Xk) = 0 for i 6= 0, 2.
(c) Let [S2] ∈ H2(S2) be the standard generator. Show that the map

Z2k+1 → 2(Xk)

(a−k, . . . , ak) →
k∑

i=−k
ai · fi∗([S2])

is an isomorphism.

���
���
���
���

���� ��
��
��
��
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��
��

��
��
��
��

����������Xk =

i k−k

fi

Exercise 78.16. Let X be a topological space. We consider the corresponding suspension
Σ(X) = (X × [−1, 1])/∼ which is given by identifying all points in X × {−1} and by
identifying all points in X × {1}.
(a) Given a singular k-simplex σ : ∆k → X we de�ne the two maps

c±(σ) : ∆k+1 → Σ(X)

(t0, t1, . . . , tk+1) 7→
{

(
[(
σ
(

1
1−t0 (t1, . . . , tk+1)

)
,±t0

)]
, if t0 < 1,

[X × {±1}], if t0 = 1.
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Show that the maps c−(σ) and c+(σ) are continuous. (We refer to the �gure below
for an illustration of the de�nition of c±(σ).)
Hint. Consider ∆k × [0, 1] and (∆k × [0, 1])/(∆k × {1}).

(b) Note that the maps σ 7→ c±(σ) de�ne a homomorphisms c± : Ck(X)→ Ck+1(Σ(X)).
We set s = (−1)k+1 · (c+ − c−). Show that for any σ : ∆k → X we have

∂s(σ) =

{
s(∂σ), if k > 0,
[X × {1}]− [X × {−1}], if k = 0.

(c) Let k ∈ N0. Show that the map

H̃k(X) → Hk+1(Σ(X))
σ 7→ s(σ)

is well-de�ned and that it is an isomorphism.
Remark. We refer to c+, c− as cone operators and we refer to s as the suspension operator.
.
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Σ(X)

X
σ

c−(σ)

c+(σ)

Exercise 78.17. Let k ∈ N≥3 and let m ∈ N. We consider the topological space

Xk := S1 ∪ {r · exp(2π ij/k) | r ∈ [0, 1] and j ∈ {0, . . . , k − 1}}
and we consider the homeomorphism

fm : Xk → Xk

z 7→ exp(2π im/k) · z.
Determine the homology groups of the mapping torus Tor(Xk, fm).

��
��
��
��

X7
f2

Exercise 78.18. Let X be a topological space and let A Ă X be a non-empty subset. We
denote by i : A→ X the inclusion map. We consider the following diagram

. . . // H̃n(A)

=
��

i // H̃n(X) //

=
��

Hn(X,A)
∂ //

∼=
��

H̃n−1(A) //

=
��

H̃n−1(X)

=
��

// . . .

. . . // H̃n(A)
i // H̃n(X) // H̃n(Cone(i))

∂ // H̃n−1(A) // H̃n−1(X) // . . .

where the middle vertical map is the natural isomorphism from the Mapping Cone-H∗-
Lemma 78.15, where the top sequence is the long exact sequence arising from the Topolog-
ical LES-Corollary 74.14. and where the bottom sequence is the exact sequence from the
Mapping Cone-H∗-Lemma 78.17. Show that the diagram commutes.
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Exercise 78.19. Let X be a topological space and let U1, U2 and U3 be open subsets of
X with X = U1 ∪ U2 ∪ U3.
(a) We suppose that U1 ∩ U2 ∩ U3 = ∅. Show that there exists a long exact sequence of

the form

...→

Hn(U1∩U2)
Hn(U2∩U3)
Hn(U1∩U3)

 iU1∩U2
0 iU1∩U3

−iU1∩U2
iU2∩U3

0

0 −iU2∩U3 −iU1∩U3


−−−−−−−−−−−−−−−−−−−−→

Hn(U1)
Hn(U2)
Hn(U3)

iU1
+iU2

+iU3−−−−−−−→ Hn(X)
∂n−→ ...

(b) Show that in general the conclusion of (a) does not hold if U1 ∩ U2 ∩ U3 6= ∅.
Remark. This exercise is related to the discussion on page 1720.

Exercise 78.20. Let X and Y be topological spaces. We consider the join X ∗Y as de�ned
on page 446. Show that for each k ∈ N0 there exists a short exact sequence of the following
form:

0 → H̃k(X ∗ Y ) → H̃k−1(X)⊕ H̃k−1(Y ) → H̃k−1(X × Y ) → 0.

Hint. In Exercise 16.15 we gave an explicit homeomorphism

X ∗ Y ∼= (Cone(X)× Y ) ∪(X×{1})×Y=X×(Y×{1}) (X × Cone(Y )).

Note though that you need to argue why you can use this decomposition.
Remark. In the Künneth Theorem 90.8 we will learn how to calculate the homology groups
of the product X × Y .

Exercise 78.21. Let X = Zn be the topological space whose underlying set is Zn and
whose topology is given by the discrete topology. Let f : X = Zn → X = Zn be the
homeomorphism given by f(x) = x + 1 ∈ Zn. Compute the homology groups of the
mapping torus Tor(X, f).

Exercise 78.22. Let p, q ∈ N be coprime. We consider the torus knot Tp,q as de�ned on
page 1312. Compute the homology groups of S3 \ Tp,q.
Hint. Use the decomposition of S3 \ Tp,q given in the proof of Proposition 59.5.

Exercise 78.23. Let K be the Klein bottle minus one open disk. Show that ∂K is not a
retract of K.

Exercise 78.24. Let n ∈ N and let M be S2 minus n open disks. Show that the inclusion
induced map H1(∂M)→ H1(M) is an epimorphism.

Exercise 78.25. We consider the two topological manifolds X and Y that are shown
in the �gure below. Use (relative?) homology groups to show that X and Y are not
homeomorphic.
Remark. In Exercise 52.6 we attacked the same problem using fundamental groups. It
should be much easier to deal with the problem at hand using (relative) homology groups.
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Exercise 78.26. Given an n-dimensional smooth manifold M we de�ne the

embedding covering number N(M) :=
minimal cardinality of an open cover {Ui}i∈I

of M such that each Ui admits a
smooth embedding into Rn.

In other words, the embedding covering number is precisely the minimal cardinality of a
smooth atlas of M . Let M be a non-orientable smooth manifold. Show that if N(M) = 2,
then H1(M) is in�nite.
Hint. Assume that there exists a smooth atlas for M consisting of two charts Φ1 : U1 → V1

and Φ2 : U2 → V2. Consider the Mayer�Vietoris sequence corresponding to the open cover
M = U1 ∪ U2 and use the De�ne Orientations-via Transition Maps Lemma 25.15. It helps
to �rst consider the case that U1 and U2 are connected.
Remark. This exercise, together with the calculation of H1(RP2) in Lemma 78.8, shows
that the embedding covering number of the real projective plane RP2 equals three.



79. HOMOLOGY GROUPS AND DIRECT LIMITS 1753

79. Homology groups and direct limits

In this chapter we will discuss the relationship between homology groups and direct lim-
its. This will allow us to determine the homology groups of suitable nested sequences of
topological spaces. In a similar vein we will determine the homology groups of the wedge
of arbitrarily many topological spaces. We concludes this chapter with the introduction of
the Moore spaces. We will in particular see that all abelian group can appear as homology
groups of topological spaces.
For the reader who is in a hurry only few of the results of this chapter are really important.
In particular, very soon we will make use of the Wedge-H∗-Proposition 79.9. For this
proposition we give two proofs, one building on the theme of this chapter. The other proof
can be read independently of the rest of the chapter.

79.1. Direct limits and induced maps.

Notation. Given a directed set (I,≤) and a direct system ({Ki}i∈I , {χij}i≤j) of abelian
groups we write, as on page 1262

lim−→Ki :=
( ⊔
i∈I
Ki

)
/ ∼ where ki ∼ χij(ki) for all i ≤ j, ki ∈ Ki

We adopt the following notation, given ki ∈ Ki we denote by [ki] ∈ lim−→Ki the element
represented by ki.
We make the following observation that follows immediately from the above de�nition of
the direct limit.

Observation 79.1. Any element in lim−→Ki is of the form [ki] for some ki ∈ Ki.

De�nition. Let (I,≤) be a directed set and let ({Ki}i∈I , {χij}i≤j) and ({Li}i∈I , {λij}i≤j)
be direct systems of abelian groups.
(1) We de�ne a homomorphism between the above two direct systems to be a family
{fi : Ki → Li}i∈I of homomorphisms that has the property that for any i ≤ j the
following diagram commutes:

Ki
fi //

χij
��

Li
λij
��

Kj

fj
// Lj.

(2) Given such a homomorphism we refer to

lim−→Ki → lim−→Li

[ki] 7→ [fi(ki)]

as the induced map. Sometimes we denote it by lim−→fi.
963964 It is straightforward to

verify that the induced maps are functorial.
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Proposition 79.2. (Direct Limit-Exactness Proposition) Let (I,≤) be a directed
set. Also let ({Ki}i∈I , {kij}i≤j), ({Li}i∈I , {lij}i≤j) and ({Mi}i∈I , {mij}i≤j) be direct sys-
tems of abelian groups. Furthermore suppose that we are given homomorphisms fi : Ki →
Li and gi : Li →Mi of the direct systems. If for all i ∈ I the sequence

Ki
fi−→ Li

gi−→ Mi

is exact, then the induced sequence

lim−→Ki

lim−→fi

−−−−−→ lim−→Li
lim−→gi

−−−−−→ lim−→Mi

is also exact.
Proof. We write f = lim−→fi and g = lim−→gi. We have to prove that g ◦ f = 0 and we need

to show that ker(g) Ă im(f). Both statements statements follow our hypothesis together
with Observation 79.1 and the fact that in the de�nition of the induced map between direct
limits we can take any representative. We leave the few remaining details to the reader. �
The following corollary says that direct limits commute with kernels and cokernels.

Corollary 79.3. (Direct Limit-(Co-)-Kernel Corollary) Let (I,≤) be a directed set
and let ({Ki}i∈I , {kij}i≤j) and ({Li}i∈I , {lij}i≤j) be direct systems of abelian groups. Fur-
thermore suppose that we are given a homomorphism fi : Ki → Li of the direct systems.
There exist canonical isomorphisms

lim−→ ker(fi : Ki → Li)
∼=−→ ker

(
lim−→Ki → lim−→Li

)
and

lim−→ coker(fi : Ki → Li)
∼=−→ coker

(
lim−→Ki → lim−→Li

)
.

Proof. For each i ∈ I the sequence

0 → ker(fi) → Ki
fi−→ Li → coker(fi) → 0.

is exact. Evidently these homomorphisms form a homomorphism between the various direct
systems. It follows from the Direct Limit-Exactness Proposition 79.2 (applied four times!)
that the sequence

0 → lim−→ ker(fi) → lim−→Ki → lim−→Li → lim−→ coker(fi) → 0

is also exact. But this observation already implies the desired statements. �

79.2. The homology groups of a nested sequence of topological spaces. In Propo-
sitions 56.7 and 71.11 we saw that in favorable situations the homotopy groups of a union of
a nested sequence of topological spaces is the direct limit of the corresponding fundamental
groups. Now we will see that a similar statement holds for homology groups.

963It follows immediately from the de�nitions that this map is well-de�ned, i.e. the map does not depend
on the choice [ki] of a representative for an element in the direct limit.
964More formally one could say that the maps Ki → Li → lim−→Li induce, by the universal property of a

direct limit, a map lim−→Ki → lim−→Li. It is straightforward to see that this map is exactly the one we wrote
down.
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Proposition 79.4. (Exhaustions-H∗-Proposition) Let X be a topological space and
let X1 Ă X2 Ă X3 Ă . . . be a sequence of subsets such that X =

⋃
i∈N
Xi and such that one

the following three conditions holds:
(1) every compact subset of X is already contained in one of the Xi, or
(2) each Xi is open in X, or
(3) X is a CW-complex and each Xi is a subcomplex.

Then for any n ∈ N0 the inclusion induced maps Hn(Xi)→ Hn(X) induce an isomorphism

lim−→Hn(Xi)
∼=−−→ Hn(X).

We remark that it follows easily from the Finiteness the CW-Complex-Finiteness Theo-
rem 68.14 that hypothesis (3) implies hypothesis (1). Furthermore we point out that it
follows from Lemma 56.8 that hypothesis (2) implies hypothesis (1). Thus it su�ces to
prove the Exhaustions-H∗-Proposition 79.4 under the hypothesis (1). But in that case the
proposition is an immediate consequence of the next two lemmas.

Lemma 79.5. (Exhaustion-Chain Complex Lemma) Let X be a topological space
and let X1 Ă X2 Ă X3 Ă . . . be a sequence of subsets such that every compact subset of
X is already contained in one of the Xi. Then the chain complexes C∗(Xi), i ∈ N together
with the inclusion induced chain maps C∗(Xi)→ C∗(Xj) for i ≤ j form a direct system of
chain complexes.965 Furthermore the inclusion induced maps C∗(Xi)→ C∗(X) induce an
isomorphism966

lim−→C∗(Xi)
∼=−−→ C∗(X)

of chain complexes.

Proof. Given a topological space Y and n ∈ N0 we denote by Sn(Y ) the set of singular
n-simplices in Y . It follows immediately from our hypothesis on the Xi, the fact that ∆n

is compact and the Compact Image Lemma 2.13 that

Sn(X) =
⋃
i∈N

Sn(Xi).

As in the example on page 1258 we now see that

lim−→Cn(Xi) = lim−→Z(Sn(Xi)) = Z(Sn(X)) = Cn(X).

We leave it to the reader to verify that the inclusion maps also induce an isomorphism of
chain complexes. �

The second lemma required for the proof of the Exhaustions-H∗-Proposition 79.4 is purely
algebraic.

Lemma 79.6. (Direct Limit-Homology Lemma) Let (I,≤) be a directed set and
furthermore let ({Ci}i∈I , {fij}i≤j) be a direct system of chain complexes. Then for each
n ∈ N0 we obtain an induced direct system ({Hn(Ci)}i∈I , {fij∗}i≤j) of abelian groups.

965We refer to page 1257 for the de�nition of a direct system.
966The argument of the Direct Limit Existence Proposition 56.1 or respectively of page 1262 shows that
the direct limit of a direct system of chain complexes always exists.
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Furthermore, given any n ∈ N0 the maps Hn(Ci)→ Hn

(
lim−→Ci

)
induce an isomorphism

lim−→Hn(Ci)
∼=−→ Hn

(
lim−→Ci

)
.

Proof. We have

lim−→Hn(Ci) = lim−→

=Hn(Ci)︷ ︸︸ ︷
coker(Ci+1 → ker(Ci → Ci−1))

= coker
(
lim−→Ci+1 → ker

(
lim−→Ci → lim−→Ci−1

))
= Hn

(
lim−→Ci

)
.

↑
Direct Limit-(Co-)-Kernel Corollary 79.3 applied twice

The fact that this isomorphism is induced by the maps Hn(Ci)→ Hn(lim−→Ci) follows easily
from the various de�nitions. �

We conclude this short section with a few examples:

Example. For any n ∈ N0 we have

Hn(S∞) = lim−→
k∈N

Hn(Sk) = lim−→
k∈N

{
Z, if n = k, 0,
0, else =

{
Z, if n = 0,
0, else.x x x

by the Homology-via-Exhaustions Proposition 74.4 Direct Limit Stabilization
Proposition 79.4, where we view S∞ as Lemma 56.2
a CW-complex as on page 1479

The next lemma is basically also just an example. But since we will need it later on we
formulate it as a lemma.
Lemma 79.7. We consider the real line with in�nitely many 2-dimensional spheres at-
tached, i.e. we consider

X := (R ∪ (S2 × Z))/∼ where n ∼ ((0, 0,−1), n) for n ∈ Z.
Then967

Hn(X) ∼=

 Z, if n = 0,
Z∞, if n = 2,
0, else.

In fact we can specify an isomorphism on H2(X). Given i ∈ Z we denote by fi : S2 → X
the �obvious� i-th inclusion map. Then an isomorphism is given by

Z∞ ∼=
⊕
i∈Z

Z → H2(X)⊕
i∈Z
ai 7→

∑
i∈Z
ai · fi([S2]).

Proof. We view X as a CW-complex in the obvious way. Furthermore, given k ∈ N we
consider the subcomplex

Xk := ([−k, k] ∪ S2 × {−k, . . . , k})/∼ .

967Recall that

Z∞ := Z(N) = {(x1, x2, . . . ) |xi ∈ Z but only �nitely many xi's are non-zero}.
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Note that Xk is the interval [−k, k] with 2k + 1 spheres attached. (We refer to the �gure
below for an illustration.) We see that

Hn(X) = lim−→Hn(Xk) = lim−→

 Z, if n = 0,
Z2k+1, if n = 2,
0, else

=

 Z, if n = 0,
Z∞, if n = 2,
0, else.

x x x
Homology-via-Exhaustions see Exercise 78.15 see page 1258 and the Direct Limit
Proposition 79.4 Stabilization Lemma 56.2

The statement about the precise isomorphism of H2(X) also follows from the explicit de-
scription of the isomorphism Exercise 78.15 and the discussion on page 1258. �
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the topological space X

X1

79.3. The homology groups of the wedge of topological spaces. The following
proposition says that under a mild hypothesis �homology groups are additive� under the
operation of taking the wedge of two topological spaces. The proposition is very similar in
vein to the Wedge-π1-Proposition 52.3.

Proposition 79.8. (Wedge-H∗-Proposition) Let A and B be two topological spaces
and let a ∈ A and b ∈ B be good points. We denote by A ∨ B the wedge de�ned using
a and b. Then the natural inclusion maps i : A → A ∨ B and j : B → A ∨ B that we
introduced on page 1134 induce for every n ∈ N0 an isomorphism

i∗ ⊕ j∗ : H̃n(A)⊕ H̃n(B) → H̃n(A ∨B).
Furthermore, if we denote by p : A ∨ B → A and q : A ∨ B → A the natural projection s,
then an inverse to the above isomorphism is given by

p∗ + q∗ : H̃n(A ∨B) → H̃n(A)⊕ H̃n(B).

Proof. We write X = A ∨ B and x0 = {a, b} ∈ A ∨ B. We pick an open neighborhood
C in A of a such that {a} is a deformation retract of C. Furthermore we pick an open
neighborhood D of b in B such that b is a deformation retract of D. We consider U := A∨D
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and V := B ∨ C. We consider the following diagram of maps

H̃n(A)⊕ H̃n(B)
∼=
��

∼=
��

. . . // H̃n(U ∩ V ) // H̃n(U)⊕ H̃n(V ) // H̃n(X) // H̃n−1(U ∩ V ) // . . .

We make the following observations:

(1) The bottom sequence is exact by the Mayer�Vietoris Theorem 78.5.
(2) As in the proof of the Wedge-π1-Proposition 52.3 we see that the intersection U ∩ V

deformation retracts to x0, in particular we obtain from the Homotopy Equivalence-
H∗-Corollary 73.9 that we have the equality H̃n(U ∩ V ) = H̃n−1(U ∩ V ) = 0.

(3) By the proof of the Wedge-π1-Proposition 52.3 we know that A is a deformation
retract of U and that B is a deformation retract of V . Therefore the vertical maps
are isomorphisms by the Homotopy Equivalence-H∗-Corollary 73.9.

The combination of these three observations shows that

i∗ ⊕ j∗ : H̃n(A)⊕ H̃n(B) → H̃n(A ∨B)

is an isomorphism. It is clear that (p∗ + q∗) ◦ (i∗ + j∗) is the identity on H̃n(A) ⊕ H̃n(B),
so we also get the second isomorphism. �

The Wedge-H∗-Proposition 79.8 has nothing to do with the content of the present chapter,
we could easily have proved it in Chapter 78. But odd as it may sound, soon we will be quite
interested in the homology groups of the wedge

∨
i∈I
Xi of an arbitrary family of topological

spaces. If I is a �nite set, i.e. if we take the wedge of �nitely many topological spaces,
then we can use the Wedge-H∗-Proposition 79.8 and an elementary induction argument to
determine the homology groups.

It is a priori less clear how one can deal with the case that I is an in�nite set. Fortunately
the next proposition allows us to handle the general situation. This proposition is the
generalization of the Wedge-H∗-Proposition 79.8 to the wedge of an arbitrary family of
topological spaces.

Proposition 79.9. (Wedge-H∗-Proposition) Let {Ak}k∈K be a family of topological
spaces. For each k ∈ K suppose that we are given a good point ak ∈ Ak.968 We use these
points to form the wedge

∨
k∈K

Ak. Given j ∈ K we denote by

ij : Aj →
∨
k∈K

Ak respectively pj :
∨
k∈K

Ak → Aj

the natural inclusion map respectively the natural projection that we introduced on
page 1134. Then for every n ∈ N0 the map⊕

k∈K
pk∗ : H̃n

( ∨
k∈K

Ak

)
→

⊕
k∈K

H̃n(Ak)

is an isomorphism where the inverse is given by⊕
k∈K

ik∗ :
⊕
k∈K

H̃n(Ak) → H̃n

( ∨
k∈K

Ak

)
.
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We like the Wedge-H∗-Proposition 79.9 so much that we provide two di�erent proofs. The
�rst proof is quick and slick, but depending on your taste the �rst proof might have feel
slightly unsatisfactory. The second proof is somewhat longer, but it �ts in better with
the discussion of this chapter. In fact, as an encore we will suggest one more proof of the
Wedge-H∗-Proposition 79.9 in Exercise 79.2.
First proof of the Wedge-H∗-Proposition 79.9. We have the following isomorphisms:

H̃n

( ∨
k∈K

Ak

)
= H̃n

( ⊔
k∈K

Ak

/ ⊔
k∈K
{ak}

) ∼=←− Hn

( ⊔
k∈K

Ak,
⊔
k∈K
{ak}

) ∼=←−
⊔
k∈K

Hk(Ak, {ak})
↑ ↑ ↑

de�nition of the since each ak ∈ Ak is good we see by the obvious generalization
wedge operation that t

k∈K
{ak} is a good subset of t

k∈K
Ak, of Lemma 72.14

thus we can apply the Homology-of-Quotients Proposition 74.20
∼=←−

⊔
k∈K

H̃k(Ak).

↑
Lemma 74.12

We leave it to the reader to verify that the isomorphism is indeed given by
⊕
k∈K

pk∗ and that

the inverse is the map
⊕
k∈K

ik∗. �

The second proof of the Wedge-H∗-Proposition 79.9 is almost embarrassingly similar to the
proof of Proposition 52.7.
Second proof of the Wedge-H∗-Proposition 79.9. Let {Ak}k∈K be a family of topo-
logical spaces. For each k ∈ K suppose that we are given a good point ak ∈ Ak. We use
these points to form the wedge

∨
k∈K

Ak. Recall that the fact that ak is good means that

(1) {ak} is a closed subset of Ak and
(2) that there exists an open neighborhood Uk of ak in Ak such that ak is a deformation

retract of Uk.
We will show that the map ⊕

k∈K
ik :

⊕
k∈K

H̃n(Ak) → H̃n

( ∨
k∈K

Ak

)
is an isomorphism. Once we will have established this fact it is straightforward to show
that the inverse is given by

⊕
k∈K

pk∗.

The idea of the proof is to show that the map is a monomorphism and an epimorphism,
in a way which is reminiscent to the approach taken in the proofs of the Exhaustions-H∗-
Proposition 79.4.
Claim. The map ⊕

k∈K
ik :

⊕
k∈K

H̃n(Ak) → H̃n

( ∨
k∈K

Ak

)
is an epimorphism.

Proof. We introduce the following notation:
(1) We write B :=

∨
k∈K

Ak and we set U :=
⋃
k∈K

Uk Ă B.

968Recall that by the discussion on page 1171 any point on a topological manifold is good and that by the
CW-Complex Properties Proposition 68.10 (5) any point on a CW-complex is good.
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(2) Given a subset J Ă K we write BJ :=
∨
j∈J
Aj and we write B̂J := U ∪BJ .

Given a �nite subset J Ă K we have the following commutative diagram⊕
j∈J

H̃n(Aj)
∼= //

� _

��

H̃n(BJ) ∼=
))

��

H̃n(B̂J)

uu⊕
k∈K

H̃n(Ak) // H̃n(B).

We make the following observations and comments:

(1) The maps are either the obvious algebraic inclusion maps or they are the obvious
maps induced by inclusions of topological spaces. It follows almost immediately from
the de�nitions that the diagram commutes.

(2) Since J is �nite we obtain, as pointed out above, from the Wedge-H∗-Proposition 79.8
that the top horizontal map is an isomorphism.

(3) By Exercise 50.8 we know that BJ is a deformation retract of B̂J . It follows from
the Homotopy Equivalence-H∗-Corollary 73.9 (4) that the top diagonal map is an
isomorphism.

(4) By Exercise 50.9 we know that given any compact subset L Ă B there exists a �nite
subset J Ă K with L Ă B̂J .

Now we show that the above map
⊕
k∈K

ik∗ is an epimorphism. So suppose we are given a

homology class [σ] ∈ H̃n(B). As in the proof of the Exhaustion-Chain Complex Lemma 79.5
we see that it follows from (4) there exists a �nite subset J Ă K such that σ ∈ Cn(B̂J).
But considering the above diagram, and using the fact that the top horizontal map is an
isomorphism we see that [σ] actually lies in the image of

⊕
k∈K

ik. �

Claim. The map ⊕
k∈K

ik :
⊕
k∈K

H̃n(Ak) → H̃n

( ∨
k∈K

Ak

)
is a monomorphism.

Proof. We continue with the notation that we introduced in the proof of the previous claim.
Given any two �nite subsets J Ă J̃ Ă K we have the following commutative diagram⊕
j∈J

H̃n(Aj)
∼= //

� y

++

� n

��

H̃n(BJ)

**

��

((⊕
j∈J̃

H̃n(Aj)
∼= //

jJ
ww

H̃n(BJ̃)

zz

∼= // H̃n(B̂J̃).

pp
⊕
k∈K

H̃n(Ak) // H̃n(B)

The diagram together with the argument of Exercise 52.7 shows that the map
⊕
k∈K

ik∗ is also

a monomorphism. �
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79.4. Moore spaces. Now that we have played with homology groups the following ques-
tion arises: which sequences of abelian groups can appear as the sequence of homology
groups H∗(X) of a non-empty topological space? It turns out that anything goes, there are
basically no restrictions, except that we know by Corollary 72.15 that H0(X) is necessarily
a non-trivial free abelian group.
In other words, we have the following proposition.

Proposition 79.10. If {An}n∈N0 is a sequence of abelian groups. If A0 is a non-trivial
free abelian group, then there exists a CW-complex Z such that for any n ∈ N0 we have
Hn(Z) ∼= An.
This proposition is hardly the most exciting result of these notes. But the following def-
inition, which we will need in the proof of Proposition 79.10, will in fact turn out to be
convenient.
De�nition. Let n ∈ N and let π be an abelian group. We say that a non-empty topological
space X is a Moore space of type M(π, n) if the following conditions are satis�ed:
(1) X admits a CW-structure,
(2) for any i 6= n we have H̃i(X) = 0,
(3) Hn(X) ∼= π.
(4) If n ≥ 2, then we also demand that X is simply connected.

Example. Let n ∈ N. It follows from the Sphere-π1-Proposition 47.13 and Proposition 74.4
that Sn is a Moore space of type (Z, n).

Proposition 79.11. (Moore Space Existence Proposition) Given any n ∈ N and
given any abelian group π there exists an (n + 1)-dimensional CW-complex that has no
cells in dimensions 1, . . . , n− 1 and that is a Moore space of type M(π, n).

Proof of Proposition 79.10 assuming the Moore Space Existence Proposition 79.11.
Let {An}n∈N0 be a sequence of abelian groups such that A0 is a non-trivial free abelian
group. In other words, we have A0

∼= Z(S) for some non-empty set S.
By the Moore Space Existence Proposition 79.11 we can �nd for each n ∈ N a CW-

complex Xn that is a Moore space of type M(π, n). We consider the wedge Y :=
∨
n∈N

Xn.

By the CW-Complex Construction Lemma 68.32 (4) we can equip Y with a CW-structure.
It follows from the Wedge-H∗-Proposition 79.9 that for every n ∈ N we have Hn(Y ) ∼=
Hn(Xn) ∼= An and that H0(Y ) ∼= Z. Since S is non-empty we can pick a point ∗ ∈ S. We
de�ne Z := Y t (S \ {∗}) where we equip S \ {∗} with the discrete topology. It follows
from the CW-Complex Construction Lemma 68.32 that Z is a CW-complex. Finally it
follows from the H0-Proposition 72.5 and Lemma 72.13 that Z has the promised homology
groups. �

In the proof of the Moore Space Existence Proposition 79.11 we will also need the following
little calculation which will be of independent use.
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Lemma 79.12. Let (X, x0) be a pointed topological space, let n ∈ N, let ω ∈ Hn(In, ∂In)
and let f, g : (In, ∂In)→ (X, x0) be two maps. Then

[f∗(ω)] + [g∗(ω)] = [(f ∗ g)∗(ω)] ∈ Hn(X, x0) = Hn(X).
↑

product of f and g as de�ned on page 1561

Proof. We write J = In, J1 = [0, 1
2
]× In−1 and J2 = [1

2
, 1]× In−1. Furthermore we write

K = ∂J ∪ ({1
2
} × In−1). For k = 1, 2 we denote by ik : (Jk, ∂Jk) → (J,K) the inclusion

map. Finally we denote by ϕk : (Jk, ∂Jk) → (J, ∂J) the obvious homeomorphism given by
stretching the last coordinate.

���������
���������
���������
���������
���������
���������
���������
���������
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J

J2
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K

The map f ∗ g : (J, ∂J) → (X, x0) factors through a map (J,K) → (X, x0) that we also
denote by f ∗ g. Thus we have the following commutative diagram

(J1, ∂J1)
i1
��

f◦ϕ−1
1

))

(J, ∂J)
i //

ϕ1
55

ϕ2 ))

(J,K)
f∗g

// (X, x0)

(J2, ∂J2).

i2

OO

g◦ϕ−1
2

55

For k = 1, 2 we write ωk = (ϕk)∗(ω). Thus it su�ces to show that i1∗(ω1)+ i2∗(ω2) = i∗(ω).
To prove this equality we consider the following commutative diagram969

Hn(J1, ∂J1)
i1
��

k1 // Hn(J, ∂J1 ∪ J2)

Hn(J, ∂J)
i //

ϕ1
55

ϕ2 ))

Hn(J,K)
j1

44

j2

**

Hn(J2, ∂J2)

i2

OO

k2

// Hn(J, J1 ∪ ∂J2),

where all maps, except for ϕ1 and ϕ2, are induced by the obvious inclusion maps. We have

(j1)(i(ω)) = (k1 ◦ ϕ1)(ω) = j1(i1(ω1)) = j1(i1(ω1)) + j1(i2(ω2))
↑

since j1 ◦ i2 = 0

and similarly we show that (j2)(i(ω)) = j2(i1(ω1)) + j2(i2(ω2)).

969To simplify the notation we denote the induced map by the same symbol as the map between pairs of
topological spaces, i.e. we drop the subscript ∗ from the notation.
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It remains to show that ker(j1) ∩ ker(j2) = 0. We consider the following diagram

Hn(J, ∂J1 ∪ J2)

Hn(J,K)

j1 44

j2

**

Hn(J, ∂J1 ∪ J2)

44

Hn(J2, ∂J2)∼=
oo

i2

OO

∼=
k2 // Hn(J, J1 ∪ ∂J2).

We make the following clari�cations and observations:
(1) The diagonal map to the bottom left of the diagram is induced by the inclusion

(J, ∂J1 ∪ J2)→ (J,K).
(2) It follows easily from Corollary 74.16 (2a) and (2c) that the bottom two horizontal

maps are isomorphisms.
(3) The diagonal sequence is exact by the Topological LES-Proposition 74.13.
(4) It now follows from some mild diagram chasing that ker(j1) ∩ ker(j2) = 0. �

Lemma 79.13.
(1) Let f : Sn → Sn1 ∨ Sn2 be the pinching map that we introduced on page 1565. Let

i ∈ {1, 2}. If we denote by Sn1 ∨ Sn2 → Sni = Sn the natural projection, then the
induced map (pi ◦ f)∗ : Hn(Sn)→ Hn(Sn) is the identity.

(2) Given any k ∈ Z there exists a map gk : Sn → Sn with gk(∗) = ∗ such that
gk∗ : Hn(Sn)→ Hn(Sn) is given by multiplication by k.

Proof.
(1) The �rst statement follows easily from Lemma 79.12.
(2) The second statement follows almost immediately from Lemma 76.10 together with

the Suspension-H∗-Proposition 76.7. �

Now we turn to the proof of the Moore Space Existence Proposition 79.11.
Proof of the Moore Space Existence Proposition 79.11. Let n ∈ N and let π be an
abelian group. Since π is abelian it follows immediately from Lemma 89.14 (1)970 that there
exist sets A and B, a homomorphism ϕ : Z(A) → Z(B) and a homomorphism ρ : Z(B) → π
such that the following sequence is exact:

0 → Z(A) ϕ−→ Z(B) ρ−→ π → 0.

We letX :=
∨
a∈A

Sna and we let Y :=
∨
b∈B

Snb . By the CW-Complex Construction Lemma 68.32

(4) we can equip X with the obvious CW-structure which has precisely one 0-cell and
which has precisely one n-cell for each a ∈ A. Similarly we equip Y with the obvious
CW-structure. Using the Wedge-H∗-Proposition 79.9 and using the standard generator of
Hn(Sn) we can make the obvious identi�cations Hn(X) = Z(A) and Hn(Y ) = Z(B).

970In this case the fact that we refer to a later lemma need not worry us. As the reader can see, the proof
of Lemma 89.14 (1) relies only on information that we already know.
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Claim. There exists a map h : X → Y such that the following diagram commutes:

Hn(X)
h∗ //

=
��

Hn(Y )
=
��

Z(A) ϕ
// Z(B).

Proof. This map ϕ can be constructed explicitly using the following ingredients:
(1) the pinching map f : Sn → Sn1 ∨ Sn2 ,
(2) the maps gk : Sn → Sn from Lemma 79.13,
(3) the natural inclusions and projections from page 1134,
(4) and the wedge of maps as introduced on page 1133.

The notation becomes somewhat cumbersome, thus in a short moment of lassitude we
decide to leave it to the reader to �ll in the details. A baby example is the content of
Exercise 79.3. �

Now let Z := Cone(h : X → Y ) be the mapping cone of the map h : X → Y . It follows
from the above claim and the Mapping Cone-H∗-Lemma 78.17 that we have the following
commutative diagram of long exact sequences

. . . //

=0︷ ︸︸ ︷
Hn+1(Y ) //

��

Hn+1(Z) //

=
��

Hn(X)
h∗ //

=
��

Hn(Y ) //

=
��

Hn(Z) //

=0︷ ︸︸ ︷
Hn−1(X)

��

// . . .

. . . // 0 // Hn+1(Z) // Z(A) ϕ
// Z(B) // Hn(Z) // 0 // . . . .

It follows that Hn(Z) ∼= coker(ϕ) ∼= π. Furthermore, since ϕ is injective we see that
Hn+1(Z) = 0. Furthermore we see that all other reduced homology groups of Z are also
zero.

Next we equip Z with the natural CW-structure coming from the CW-Complex Cone
Corollary 68.35. There is one small �y in the ointment. The CW-structure has two 0-
cells (namely one corresponding to the tip of the cone and the 0-cell of Y ), one 1-cell and
otherwise indeed only cells in dimensions n and n+1. Let A be the subcomplex that consists
of the 1-cell that connects the two 0-cells. By the CW-Complex Construction Lemma 68.32
we can view Z/A as a CW-complex which now has only one 0-cell and otherwise only cells
in dimension n and n+ 1. By the discussion on page 1614 we know that A is a good subset
of Z. It follows from Theorem 74.3 that the reduced homology groups of Z/A coincide
with the reduced homology groups of Z. Thus we see that Z/A is the CW-complex of our
dreams. �

Given an abelian group π and n ∈ N there are in general in�nitely many pairwise non-
homeomorphic Moore spaces of type M(π, n). For example the topological spaces B

k
,

k ∈ N0 are Moore spaces of type M({e}, 1). It is slightly less absurd to wonder whether
Moore spaces are well-de�ned up to say homotopy equivalence. We formulate this as a
question, we will come back to it at a later point.
Question 79.14. Let π be an abelian group and let n ∈ N. Are any two Moore spaces of
type (π, n) homotopy equivalent?
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Exercises for Chapter 79.

Exercise 79.1. Let X and Y be topological spaces and let x0 ∈ X and y0 ∈ Y be good
points. We write x̃0 = [(x0, 0)] ∈ Σ(X) and ỹ0 = [(y0, 0)] ∈ Σ(Y ).

(a) Show that x̃0 ∈ Σ(X) and ỹ0 ∈ Σ(Y ) are good points. We use these points to de�ne
the wedge Σ(X) ∨ Σ(Y ).

(b) Let i : X → X ∨ Y and j : Y → X ∨ Y be the obvious maps. Show that the map

(Σ(i) ∨ Σ(j))∗ : Hk(Σ(X) ∨ Σ(Y )) → Hk(Σ(X ∨ Y ))

is an isomorphism for each k.
Remark. You could make use of the natural isomorphism of the Suspension-H∗-
Proposition 76.7.
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Exercise 79.2. Let {Ak}k∈K be a family of topological spaces. For each k ∈ K suppose
that we are given a good point ak ∈ Ak. By de�nition, see page 1171, this means that
given any k ∈ K the following statements hold:

(1) {ak} is a closed subset of Ak and
(2) there exists an open neighborhood Uk of ak in Ak such that ak is a deformation retract

of Uk.

Provide a third proof of the Wedge-H∗-Proposition 79.9 using the following approach. First
we write W :=

⋃
k∈K

(Ak \ {ak}). Now apply the (natural) reduced Mayer�Vietoris sequences

from Theorem 78.5 to the decompositions∨
k∈K

Ak = V ∪W and
⊔
k∈K

Ak =
( ⊔
k∈K

(Uk \ {ak})
)
∪
( ⊔
k∈K

(Ak \ {ak})
)
.

Remark. Do not forget to make use of the analogue of Exercise 52.7.
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Exercise 79.3. Let n ∈ N and let X = Sn ∨ Sn and let Y = Sn ∨ Sn ∨ Sn. As in
the proof of the Moore Space Existence Proposition 79.11 we can make the identi�cation
Hn(X) = Z2 and Hn(Y ) = Z3. Show that there exists a map ϕ : X → Y such that the map
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ϕ∗ : Hn(X)→ Hn(Y ) is represented by the matrix 2 1
−5 1

0 7

 .
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80. Cellular homology

We saw in the Fundamental Group-of-1-Complex Theorem 69.9 and the Cell Attachment-
π1-Proposition 69.11 that it is quite easy to compute the fundamental group of a �nite
CW-complex. In this section we will develop a relatively straightforward method for com-
puting the homology groups of a �nite CW-complex. We will use this method to �nally
determine the homology groups of the surfaces of genus ≥ 2 and all the projective spaces
RPn and CPn.

80.1. The de�nition of cellular homology. We turn to the systematic study of homol-
ogy groups of CW-complexes. We need to recall two de�nitions:
(1) Recall that in the Standard Simplex Homeomorphism Lemma 72.1 we gave a home-

omorphism f : (∆n, ∂∆n) → (B
n
, ∂B

n
). This homeomorphism together with the

Identity-is-Generator Lemma 76.2 gives us the following isomorphism:

Z
∼=−→ Hn(∆n, ∂∆n)

f∗−→∼= Hn(B
n
, ∂B

n
)

1 7→ [id∆n ]

In the following we will usually identify Hn(B
n
, ∂B

n
) with Z using the above isomor-

phism.
(2) Let X be a topological space and let A Ă X be a subset. As on page 1633 we consider

the map
Hn(X,A)

þ

22
// Hn(X/A,A/A) H̃n(X/A).∼=

Lemma 74.12oo

By Lemma 74.19 we know that the map is a natural homomorphism.
Now we can formulate one of the key lemmas regarding homology groups of CW-complexes.

Lemma 80.1. (Skeleton-Homology Lemma) Let X be a CW-complex and let n ∈ N0.
(1) Given n ∈ N0 we denote by In the set of n-cells and given i ∈ In we denote by

Φi : B
n

i → Xn the corresponding characteristic map. Then for every k ∈ N0 we have
the following commutative diagram where all maps are isomorphisms:⊕

i∈In
Hk(X

n, Xn \ Φi(Bi))

⊕
i∈In

Hk(B
n

i , ∂B
n

i )
⊕

Φi∗
//

⊕
Φi∗ 33

Hk(X
n, Xn−1)

þ

��

⊕
þ

��

kk

⊕
i∈In

H̃k

(
B
n

i

/
∂B

n

i

) ⊕
Φi∗

//

++

H̃k(X
n/Xn−1).

H̃k

( ∨
i∈In

B
n

i

/
∂B

n

i

) (∨Φi)∗

33

In particular the following holds:
(a) For k 6= n we have Hk(X

n, Xn−1) = 0.
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(b) The group Hn(Xn, Xn−1) is a free abelian group where the rank equals the
cardinality of the set In of n-cells in the CW-structure.

(2) For k > n we have Hk(X
n) = 0.

(3) For k < n the inclusion i : Xn → X induces an isomorphism i∗ : Hk(X
n)
∼=−→ Hk(X).

(4) The inclusion i : Xn → X induces an epimorphism i∗ : Hn(Xn)� Hn(X).

Remark. The statements (3) and (4) of the Skeleton-Homology Lemma 80.1 can be viewed
as �homology analogues� of the CW-Skeleton-πn-Proposition 71.9.

Proof. Let X be a CW-complex.
(1) We consider the following diagram⊕

i∈In
Hk(B

n

i , ∂B
n

i )
⊕

Φi∗

(e)
//⊕

Φi∗

(h) ++

Hk(X
n, Xn−1)

þ (d)

��

⊕
þ(a)

��

(i)ss⊕
i∈In

Hk(X
n, Xn \ Φi(Bi)) ss⊕

þ(g)

��⊕
i∈In

H̃k(X
n/(Xn \ Φi(Bi)))

⊕
i∈In

H̃k

(
B
n

i

/
∂B

n

i

) ⊕
Φi∗

//

(b)

++

⊕
Φi∗

(f)

33

H̃k(X
n/Xn−1).

H̃k

( ∨
i∈In

B
n

i

/
∂B

n

i

) (∨Φi)∗

(c)
33

We make the following observations:
(α) It follows from the de�nitions that the two triangles at the top and bottom

commute.
(β) It follows almost immediately from the naturality of the maps þ that the big

outer rectangle commutes and that the quadrilateral to the left commutes.
It remains to show that the maps numbered with (a) to (h) are isomorphisms.
(a) This map is an isomorphism by the Homology-of-Quotients Proposition 74.20.
(b) This map is an isomorphism by the Wedge-H∗-Proposition 79.9.
(c) This map is an isomorphism by the Skeleton-Quotient Lemma 68.33 (1).
(d) It follows from the Homology-of-Quotients Proposition 74.20 together with the

CW-Complex Properties Proposition 68.10 (8) that this map is an isomorphism.
(e) It follows from the commutativity of the diagram and the fact that (a) to (d) are

isomorphisms that this map is an isomorphism.
(f) This map is an isomorphism by the Skeleton-Quotient Lemma 68.33 (3).
(g) It follows immediately from the Homology-of-Quotients Proposition 74.20 to-

gether with the CW-Complex Properties Proposition 68.10 (8) and the Skeleton-
Quotient Lemma 68.33 (3) that this map is an isomorphism.

(h) It follows from the fact that the quadrilateral to the left commutes and the fact
that (a), (f) and (g) are isomorphisms that this map is an isomorphism.

(i) It follows from the fact that the top triangle commutes and the fact that (e) and
(h) are isomorphisms that this map is an isomorphism.



80. CELLULAR HOMOLOGY 1769

The remaining statements of (1) are now an immediate consequence of Lemma 76.1.
(2) We �x k ∈ N. We want to show that Hk(X

n) = 0 for n = 0, . . . , k − 1. For
r = 0, . . . , k − 2 we consider the long exact sequence of the pair (Xr+1, Xr):

. . . → Hk+1(Xr+1, Xr) → Hk(X
r) → Hk(X

r+1) → Hk(X
r+1, Xr)︸ ︷︷ ︸

= 0 by (1) since r < k–1
i.e. since k 6= r + 1

→ . . .

It follows that we have epimorphisms

Hk(X
0) → Hk(X

1) → . . . → Hk(X
k−1).

By the H0-Proposition 72.5 and Lemma 72.14.971 we know that Hk(X
0) = 0. Thus

all of the groups are zero.
(3) We �x k ∈ N0. Let m > k. This time we consider the following excerpt from the

long exact sequence of the pair (Xm+1, Xm):

. . . → Hk+1(Xm+1, Xm)︸ ︷︷ ︸
= 0 by (1) since k < m

→ Hk(X
m) → Hk(X

m+1) → Hk(X
m+1, Xm)︸ ︷︷ ︸

= 0 by (1) since k < m

→ . . .

This implies in particular that for each k < n ≤ l we have inclusion induced
isomorphisms Hk(X

n)
∼=−→ Hk(X

n+1)
∼=−→ . . .

∼=−→ Hk(X
l). In particular, if X is

�nite-dimensional, then claim (3) follows immediately from this observation. The
in�nite-dimensional case follows from the �nite-dimensional case together with the
Exhaustions-H∗-Proposition 79.4.

(4) We consider the following excerpt from long exact sequence of the pair (Xn+1, Xn):

. . . // Hn+1(Xn+1, Xn) // Hn(Xn) //

''

Hn(Xn+1) //

∼= by (3)
��

Hn(Xn+1, Xn)︸ ︷︷ ︸
= 0 by (1)

// . . .

Hn(X)

We see that the inclusion induced map Hn(Xn)→ Hn(X) is an epimorphism. �

De�nition. Given a CW-complex X, we denote by d = dn the map

Hn(Xn, Xn−1)

=:d=dn

11

∂n // Hn−1(Xn−1)
jn−1

// Hn−1(Xn−1, Xn−2)

where ∂n is the connecting map in the long exact sequence of the pair (Xn, Xn−1) and
where jn−1 is the map induced by the projection Cn−1(Xn−1) → Cn−1(Xn−1, Xn−2). We
refer to dn as the cellular boundary map.972

The name �cellular boundary map� already suggests that the maps dn have the following
important property:

971Here we use that X0 has the discrete topology.
972It follows easily from the de�nitions that dn is precisely the connecting homomorphism of the long exact
sequence of the triple (Xn, Xn−1, Xn−2).
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Lemma 80.2. For all n ∈ N0 we have dn ◦ dn+1 = 0.

Proof. We consider the following commutative diagram of maps

Hn(Xn)
jn

((

Hn+1(Xn+1, Xn)

∂n+1
55

dn+1
// Hn(Xn, Xn−1)

∂n

))

dn // Hn−1(Xn−1, Xn−2)

Hn−1(Xn−1)
jn−1

44

The map ∂n ◦ jn : Hn(Xn)→ Hn−1(Xn−1) is the composition of two successive maps in the
long exact sequence of the pair (Xn, Xn−1), i.e. the map ∂n ◦ jn is the zero map. Since the
diagram commutes we obtain that dn ◦ dn+1 = 0. �

De�nition. Let X be a CW-complex.
(1) Given n ∈ N0 we write CCW

n (X) := Hn(Xn, Xn−1).
(2) We refer to (CCW

∗ (X), d∗) as the cellular chain complex of the CW-complex X.973

(3) We denote the homology groups of the cellular chain complex by HCW
n (X) and we

refer to these groups as the cellular homology groups of the CW-complex X.

Remark. Let us summarize the content of the Skeleton-Homology Lemma 80.1 (1) in
light of the above de�nition. Given a CW-complex X and given n ∈ N0 the n-th cellular
chain group CCW

n (X) is a free abelian group and the characteristic maps of the n-cells give
naturally rise to a basis of this free abelian group.

Example. We consider the n-sphere Sn for n ≥ 2. On page 1472 we showed that we
can view Sn as a CW-complex with one 0-cell and one n-cell. The cellular chain complex
CCW
∗ (X) is thus of the form

0 → Z︸︷︷︸
=CCW

n (X)

→ 0 → . . . → 0 → Z︸︷︷︸
=CCW

0 (X)

→ 0.

Since n ≥ 2 both the Z's are separated by at least one zero group. The cellular boundary
maps are therefore necessarily the zero maps and we obtain that

HCW
i (X) ∼=

{
Z, if i = 0, n,
0, otherwise.

These are of course isomorphic to the �usual� homology groups of Sn. In the next section
we will see that this is not a coincidence.

The �usual� homology groups de�ne functors from the category of topological spaces to
the category of abelian groups. We will now see that in a more restricted setting cellular
homology groups also de�ne a functor.
De�nition.
(1) Recall that according to the de�nition on page 1492 a map f : X → Y between

CW-complexes is called cellular if for each n ∈ N0 we have f(Xn) Ă Y n.

973It follows from Lemma 80.2 that (CCW
∗ (X), d∗) is indeed a chain complex.
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(2) As before we denote by CW the category of CW-complexes where the objects are
CW-complexes and where the morphisms are cellular maps.

We conclude this section with the following lemma.
Lemma 80.3.

(1) Every cellular map f : X → Y between two CW-complexes induces a chain map

f∗ : CCW
∗ (X) → CCW

∗ (Y )
and hence also maps f∗ : HCW

∗ (X) → HCW
∗ (Y )

on cellular homology.
(2) For each n ∈ N0 the maps

X 7→ HCW
n (X)

(f : X → Y ) 7→ (f∗ : HCW
n (X)→ HCW

n (Y ))

de�ne a covariant functor from the category CW of CW-complexes to the category
AbGroup of abelian groups.

Proof.
(1) Let f : X → Y be a cellular map. Since the map f is cellular we get for every

n ∈ N0 an induced map Hn(Xn, Xn−1)→ Hn(Y n, Y n−1), i.e. we get an induced map
f∗ : CCW

n (X) → CCW
n (Y ). It follows almost immediately from the naturality of the

connecting homomorphism, see the Topological LES-Proposition 74.13 (2), that the
above maps f∗ : CCW

n (X)→ CCW
n (Y ), n ∈ N0 actually form a chain map.

(2) This statement follows easily from the fact that the usual chain complexes and ho-
mology groups are covariantly functorial. �

80.2. The relationship between cellular and singular homology. Now we can for-
mulate and prove the following proposition.

Proposition 80.4. (Singular-Cellular H∗-Isomorphism Proposition) Let n ∈ N0.
(1) For each CW-complex X there exists a uniquely determined isomorphism

ΦX : Hn(X)
∼=−→ HCW

n (X)

with the property that the following diagram commutes:974

Hn(X) ΦX
))

Hn(Xn)

55

jn ))

HCW
n (X).

ker(dn)

55 55

(2) Recall that we denote by CW the category of CW-complexes where the objects are
CW-complexes and where the morphisms are cellular maps. The homomorphisms
from (1) de�ne a natural isomorphism between the functors X 7→ Hn(X) and the
functor X 7→ HCW

n (X). In other words, for every cellular map f : X → Y and any
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n ∈ N0 the following diagram commutes

Hn(X)

ΦX ∼=
��

f∗
// Hn(Y )

ΦY∼=
��

HCW
n (X)

f∗
// HCW

n (Y ).

Remark. Later on, in the Singular-Cellular Chain Complex Proposition 81.12, we will give
an alternative proof that singular and cellular homology groups are naturally isomorphic.
The latter proof has the advantage that it shows a stronger statement, namely it shows in
fact that the singular and cellular chain complexes are chain homotopy equivalent.

Example. Even though the cellular boundary maps in the cellular chain complex are still
somewhat mysterious, we can already use the proposition to do some calculations. As an
example, we return to the n-dimensional complex projective space CPn which we de�ned
on page 255 as CPn := (Cn+1 \ {0})/(C \ {0}).
In Lemma 68.1 we showed that we can view CPn as a CW-complex which admits exactly
one cell in dimensions 0, 2, . . . , 2n and which admits no other cells. In particular the cellular
chain complex is of the form

0→ CCW
2n (CPn)︸ ︷︷ ︸
∼=Z

→ CCW
2n−1(CPn)︸ ︷︷ ︸

=0

→ · · · → CCW
2 (CPn)︸ ︷︷ ︸
∼=Z

→ CCW
1 (CPn)︸ ︷︷ ︸

=0

→ CCW
0 (CPn)︸ ︷︷ ︸
∼=Z

→ 0.

Since every other group is trivial it follows that all boundary maps are also zero. In
particular the homology groups equal the cellular chain groups. Thus we have shown that

Hk(CPn) ∼= HCW
k (CPn) ∼= CCW

k (CPn) ∼=
{

Z, if k = 0, 2, 4, . . . , 2n,
0, otherwise.↑

Singular-Cellular H∗-Isomorphism Proposition 80.4

It follows immediately from inspecting the cellular chain complex that for any k ≤ l and
any i ∈ {0, . . . , 2k} the inclusion induced map

HCW
i (CPk)

∼=−→ HCW
i (CPl)

is an isomorphism. By the naturality of the isomorphism of the Singular-Cellular H∗-
Isomorphism Proposition 80.4 the same conclusion also holds for the inclusion induced
map

Hi(CPk)
∼=−→ Hi(CPl)

on singular homology. It follows from Lemma 68.6 (2) that we can view the in�nite-
dimensional complex projective space CP∞ as a CW-complex that has precisely one cell in
each even dimension and no cells in odd dimensions. From the arguments above it follows
that

Hk(CP∞) ∼= HCW
k (CP∞) ∼= CCW

k (CP∞) ∼=
{

Z, if k is even,
0, if k is odd.

974Here we again denote by jn : Hn(Xn)→ Hn(Xn, Xn−1) the obvious map. In the long exact sequence of
the pair (Xn, Xn−1) we see that the image of Hn(Xn) in Hn(Xn, Xn−1) lies in the kernel of the connecting
homomorphism ∂n. This implies that the map jn : Hn(Xn)→ Hn(Xn, Xn−1) takes values in ker(dn).
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Furthermore, as above we see that the inclusion induced map

Hi(CPk)
∼=−→ Hi(CP∞)

is an isomorphism for i ≤ k + 1.

Proof of Proposition 80.4 (1). We add a couple of maps to the commutative diagram
that we had already encountered in the proof of Lemma 80.2:

0

0

**

Hn(Xn+1)

44

Hn(Xn) � w jn
))

55 55

Hn+1(Xn+1, Xn)

∂n+1 44

dn+1
// Hn(Xn, Xn−1)

∂n
**

dn // Hn−1(Xn−1, Xn−2).

Hn−1(Xn−1)
& �

jn−1

33

0

44

Claim. All the diagonal sequences in the above commutative diagram are exact.

Proof. From the Skeleton-Homology Lemma 80.1 (1) and (2) we know that

Hn(Xn+1, Xn) = 0, Hn(Xn−1) = 0 and Hn−1(Xn−2) = 0.

It thus follows that the diagonal sequences in the above commutative diagram are just the
long exact sequences of the corresponding pairs of topological spaces. In particular all the
diagonal sequences are exact. �

Next we prove the following claim.

Claim. The map jn : Hn(Xn)→ Hn(Xn, Xn−1) induces an isomorphism

Φ: Hn(Xn)/ im(∂n+1) → ker(dn)/ im(dn+1) = HCW
n (X).

Proof. We will prove this claim once again by a �diagram chase�.975

(1) Since ∂n ◦ jn = 0 it follows that jn(Hn(Xn)) Ă ker(dn).
(2) The map jn−1 is injective, i.e. ker(dn) = ker(∂n) = im(jn), i.e. the map jn induces an

epimorphism Hn(Xn) → ker(dn).

Since the left triangle commutes it also induces an epimorphism

Hn(Xn)/ im(∂n+1) → ker(dn)/ im(dn+1).

(3) If an element jn(c) ∈ Hn(Xn, Xn−1) lies in the image of dn+1 = jn ◦ ∂n+1, then
jn(c) = jn(∂n+1(d)) for some d ∈ Hn+1(Xn+1, Xn). Since jn is injective it follows
that c = ∂n+1(d). Thus we have now shown that the map

Hn(Xn)/ im(∂n+1) → ker(dn)/ im(dn+1)

is injective. �

975It is arguably best not to read the remainder of the proof but to go on the chase on one's own.
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Next we consider the diagram which gives us the de�nition of the isomorphism Φ:

isomorphism since in the above diagram isomorphism by
left diagonal sequence is exact Skeleton-Homology Lemma 80.1 (3)

↓ ↓
Hn(Xn)/ im(∂n+1) −→ Hn(Xn+1) −→ Hn(X).

by the claim we know that
jn induces an isomorphism

y ∼= y =: Φ

ker(dn)/ im(dn+1) −−−−−−−−−−−−−→
id

HCW
n (X)

By construction the isomorphism Φ has the property that the following diagram commutes:

Hn(X)
Φ
))

Hn(Xn)

55 55

jn ))

HCW
n (X).

ker(dn)

55 55

Note that the top-left diagonal map is an epimorphism by the Skeleton-Homology Lemma 80.1
(4). This implies immediately that Φ is uniquely determined. �

Proof of Proposition 80.4 (2). We need to show that the isomorphisms ΦX that we
just constructed is natural. Thus suppose we are given a cellular map f : X → Y and let
n ∈ N0. We consider the following diagram:

Hn(X) ΦX

**

f∗

��

Hn(Xn)

11 11

jn **

f∗

��

HCW
n (X)

f∗

��

ker(dn)

11 11

f∗

��

Hn(Y ) ΦY

**

Hn(Y n)

11 11

jn **

HCW
n (Y ).

ker(dn)

11 11

Note that the sides of the hyperrectangle that do not involve ΦX and ΦY , commute basically
by de�nition. Furthermore the top and bottom parallelogram commute by de�nition of
ΦX and ΦY . But then it follows from the fact that the map Hn(Xn) → Hn(X) is an
epimorphism that also the parallelogram involving ΦX and ΦY commutes, and that is
exactly, what we had to show. �

In general the natural isomorphism from the Singular-Cellular H∗-Isomorphism Propo-
sition 80.4 can be hard to pin down. The following lemma gives one instance where we can
actually say exactly what is happening.

Lemma 80.5. Let X be a CW-complex and let Θ: B
n → X be the characteristic map

of an n-cell such that Θ(B
n
) consists of a single point. Note that this means that Θ

descends to a map f : B
n
/Sn−1 → X and that it de�nes a cycle in Hn

CW(X). We denote
by g : Sn → B

n
/Sn−1 the homeomorphism from the Ball-Quotient Sphere Lemma 5.20.
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Under the natural isomorphism

ΦX : Hn(X) → HCW
n (X)

of the Singular-Cellular H∗-Isomorphism Proposition 80.4 we have

ΦX((f ◦ g)∗([S
n])) = [Θ].

Proof. The lemma follows almost immediately from the de�nitions and the Standard
Generator-Relationship Proposition 76.5. We leave it to the reader to �ll in the details. �

On page 1772 we already saw that the Singular-Cellular H∗-Isomorphism Proposition 80.4
can be useful, even if we cannot determine the boundary maps dn. Another, more theo-
retical application is, that the cellular chain complex is �much smaller� than the singular
chain complex. For example, if X is a CW-complex with �nitely many cells, then the chain
group CCW

∗ (X) in the cellular chain complex are �nitely generated free abelian groups. This
is in contract to the singular chain groups C∗(X) which are in almost all cases free abelian
groups of uncountable rank.976

Using this observation we can now easily prove the following proposition. It can be
viewed as an analogue to the CW-Skeleton-π1-Proposition 69.13.

Proposition 80.6. (Homology-of-CW-Complex Proposition) Let X be a CW-com-
plex. The following statements hold:
(1) If X contains precisely d ∈ N0 cells of dimension n, then Hn(X) is generated by at

most d elements. In particular, if X has no cells of dimension n, then Hn(X) = 0.
Similarly, if X contains only countable many cells of dimension n, then Hn(X) is
countable.

(2) If X consists only of �nitely many cells, then all homology groups of X are �nitely
generated groups.

(3) If X is �nite-dimensional, then

Hk(X) = 0 for all k > dim(X).

(4) If X is an n-dimensional CW-complex, then Hn(X) is a free abelian group.

Example. It follows from the Homology-of-CW-Complex Proposition 80.6 that for any
topological graph G we have Hi(G) = 0 for every i ≥ 2 and that H1(G) is a free abelian
group.

Remark.

(1) Later on, in the Singular-Cellular Chain Complex Proposition 81.12, we will give an
alternative proof that singular and cellular homology groups are naturally isomorphic.
The latter proof has the advantage that it shows a stronger statement, namely it
shows in fact that the singular and cellular chain complexes are chain homotopy
equivalent.

(2) In Chapter 140, in particular in Proposition 140.9, we will formulate and prove a
pretty elementary algebraic statement that allows us in Proposition 140.11 (2) to
prove that the �size� of homology groups give a lower bound on the number of cells

976For which topological spaces and which n is the singular chain complex Cn(X) �nitely generated? Can
you give a complete answer?
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in a CW-structure. This result can be viewed as a re�nement of the Homology-of-
CW-Complex Proposition 80.6 (1).

Proof. Let X be a CW-complex.
(1) If X contains precisely d ∈ N0 cells of dimension n, then it follows from the Skeleton-

Homology Lemma 80.1 that CCW
n (X) ∼= Zd. By Lemma 51.9 any subgroup U of Zd

is a free abelian group such that rank(U) ≤ d. Thus it follows that

Hn(X) ∼= ker
(
dn : CCW

n (X)→ CCW
n−1(X)

)︸ ︷︷ ︸
free abelian group of rank ≤ d

/
im
(
dn+1 : CCW

n+1(X)→ CCW
n (X)

)
is generated by at most d elements. The argument in the case that X has countably
many cells of dimension n is very similar, we just need to use the Countability
Lemma 0.8 several times.

(2) This statement follows immediately from (1).
(3) This statement is in fact already a consequence of the Skeleton-Homology Lemma 80.1

(2).
(4) Now suppose that X is an n-dimensional CW-complex X. We have

Hn(X) ∼= HCW
n (X) = ker

(
dn : CCW

n (X)→ CCW
n−1(X)

)
,

↑ ↑
Proposition 80.4 we have CCW

n+1(X) = 0 since X is n-dimensional

i.e. Hn(X) is a subgroup of the free abelian group CCW
n (X). It follows from the

Subgroup-of-Free Abelian Group Lemma 51.2 that the group Hn(X) itself is a free
abelian group. �

By the Smooth Manifold-CW Structure Theorem 96.5 , which we already mentioned in a
sneak preview on page 1474 we know that every compact n-dimensional smooth manifold
admits a CW-structure with �nitely many cells and such that the maximal dimension of
a cell is n. If we combine this result with the Homology-of-CW-Complex Proposition 80.6
we obtain immediately the following useful result.
Proposition 96.6. Let M be a compact n-dimensional smooth manifold. Then the
following holds:
(1) All homology groups are �nitely generated abelian groups.
(2) For any k > n we have Hk(M) = 0.

Remark. We have now shown that for a CW-complex X the singular homology groups
Hn(X) are isomorphic to the cellular homology groups HCW

n (X). One might now ask,
whether one can generalize this statement, namely whether the singular chain complex
(C∗(X), ∂∗) and the cellular chain complex (CCW

∗ , d∗) are in fact chain homotopic. This
is indeed the case. But the proof requires more homological algebra than we have at the
moment at our disposal. Therefore we postpone the proof to a later chapter.

80.3. The cellular boundary maps. If we want to use the Singular-Cellular H∗-Isomorphism
Proposition 80.4 to calculate homology groups of CW-complexes we need to develop tools
for computing the cellular boundary maps dn in the cellular chain complex. Let X be a
CW-complex and let n ∈ N0. Throughout this section we will use the following notation:
(1) We denote by In the set of n-cells of X.
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(2) Given an n-cell α we denote by ϕα : Sn−1
α → Xn−1 the corresponding attaching map

and we denote by Φα : B
n

α → Xn the corresponding characteristic map.
(3) We denote by

Ψn :
∨

α∈In
B
n

α

/
∂B

n

α → Xn/Xn−1

the map that is given by x 7→ Φα(x), if x ∈ Bn

α.

It is straightforward to verify that Ψn is a homeomorphism.
(4) Given β ∈ In we denote by

iβ : B
n

β

/
∂B

n

β →
∨

α∈In
B
n

α

/
∂B

n

α and pβ :
∨
α∈In

B
n

α

/
∂B

n

α → B
n

β

/
∂B

n

β,

the natural injection respectively the natural projection. By theWedge-H∗-Proposition 79.9
the maps ⊕

β∈In

Hn

(
B
n

β

/
∂B

n

β

) ⊕
iβ

// Hn

( ∨
β∈In

B
n

β

/
∂B

n

β

)
.

⊕
pβ

pp

are inverses of one another.
(5) Given α ∈ In we denote, by a slight abuse of notation, the standard generator

of Hn(B
n

α, ∂B
n

α) ∼= Z, as de�ned on page 1679, by α. Put di�erently, we have
Hn(B

n

α, ∂B
n

α) = Z · α.
(6) By the Skeleton-Homology Lemma 80.1 we have the following commutative diagram

where all maps are isomorphisms:⊕
i∈In

Hn(B
n

i , ∂B
n

i )
Ωn:=

⊕
Φi∗

// Hn(Xn, Xn−1)

þ

��

⊕
þ

��⊕
i∈In

H̃n

(
B
n

i

/
∂B

n

i

)
// H̃n

( ∨
i∈In

B
n

i

/
∂B

n

i

)
(∨Φi)∗

// H̃n(Xn/Xn−1).

(7) By another abuse of notation we often denote Ωn(α) also by α. Put di�erently, we
identify CCW

n (X) = Hn(Xn, Xn−1) with the free abelian group generated by the set
In of all n-cells.

Our goal now is to determine the matrix of the cellular boundary map

dn :

=CCW
n (X)︷ ︸︸ ︷

Hn(Xn, Xn−1)︸ ︷︷ ︸
free abelian group
generated by In

→

=CCW
n−1(X)︷ ︸︸ ︷

Hn−1(Xn−1, Xn−2)︸ ︷︷ ︸
free abelian group
generated by In−1

.

corresponding to the bases given by the cells. As a warm-up with start out with the case
n = 1.
Lemma 80.7. Let X be a CW-complex. We adopt all the notations introduced above.

(1) For a 1-cell α with attaching map ϕα : B
1 → X0 we have

d1(α) = ϕα(1)− ϕα(−1).

(2) If X has precisely one 0-cell, then the cellular boundary map d1 is the zero map.
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Proof. The second statement of the lemma is evidently a consequence of the �rst state-
ment. Therefore it su�ces to prove the �rst statement. So let α be a 1-cell with charac-
teristic map Φα : B

1 → X0. We have to determine the map

Z · α →
⊕
j∈I1

H1(B
1

j , ∂B
1

j)
Ω1 // H1(X1, X0)

d1

��

H0(X0, X−1︸︷︷︸
=∅

)
Ω−1

0 //
⊕
i∈I0

H0(B
0

i , ∂B
0

i︸︷︷︸
=∅

).

Since X−1 = ∅ we see that in the present case we have d1 = ∂1, i.e. the cellular bound-
ary map d1 is the connecting homomorphism H1(X1, X0) → H0(X0) of the long exact
sequence of the pair (X1, X0). It follows immediately from the de�nitions of the con-
necting homomorphism, as de�ned in the Topological LES-Proposition 74.13 (1), that
d1(α) = ϕα(1)− ϕα(−1). �

Example. We consider the topological graph G that is given in the �gure below with two
vertices β1, β2 and four edges α1, . . . , α4. We view it as a CW-complex in the obvious way.
According to Lemma 80.7 the cellular chain complex of X is of the following form

��
��
��

��
��
��

��
��
��

��
��
��

graph G

α3

α2

α1 α4

β1

β2

0 → CCW
1 (G) = Z4

α1 α2 α3 α4

β1

β2

(
1 −1 −1 0
−1 1 1 0

)
−−−−−−−−−−−−−−−−−−−−−→ CCW

0 (G) = Z2 → 0.

Thus we obtain from the Singular-Cellular H∗-Isomorphism Proposition 80.4 that

H1(G) ∼= ker
(
Z4

(
1 −1 −1 0
1 1 1 0

)
−−−−−−−−−−−→ Z4

)
∼= Z3 and H0(G) ∼= coker

(
Z4

(
1 −1 −1 0
1 1 1 0

)
−−−−−−−−−−−→ Z4

)
∼= Z.

After this example we return to the discussion of the cellular boundary maps. Let X be a
CW-complex and let n > 1. We want to determine the cellular boundary map

dn : Hn(Xn, Xn−1) → Hn−1(Xn−1, Xn−2).

Given an n-cell α and an (n− 1)-cell β we consider the map

Sn−1
α = ∂B

n

α

ϕα−→ Xn−1 q−→ Xn−1/Xn−2
Ψ−1
n−1−−−→∼=

∨
j∈In−1

B
n−1

j

/
∂B

n−1

j

pβ−→ B
n−1

β

/
∂B

n−1

β
Θ−→∼= Sn−1

β

where q : Xn−1 → Xn−1/Xn−2 is the projection and where Θ: B
n−1

/∂B
n−1 ∼=−→ Sn−1 denotes

the homeomorphism from the Ball-Quotient Sphere Lemma 5.20. Since Sn−1
α and Sn−1

β are
copies of Sn−1 we can consider the degree of the map as de�ned on page 1684.
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Now we will see that this degree is just the β × α�entry of the matrix that represents the
cellular boundary map dn with respect to the bases given by all n-cells and all (n−1)-cells.
More precisely we have the following proposition:

Proposition 80.8. (Cellular Boundary Map-via-Degrees Proposition) Let X be
a CW-complex. We use all the notation that we introduced above. Then for each n-cell α
we have

dn(α) =
∑

β∈In−1

dα,β · β

where
dαβ := degree of the map Sn−1

α

Θ ◦ pβ ◦Ψ−1
n−1 ◦ q ◦ϕα−−−−−−−−−−−−−→ Sn−1.

β

Proof. We write I := In and J := In−1. We consider the following diagram977:

⊕
i∈I

Hn(B
n

i , ∂B
n

i )

∼=

⊕
þ

((

Ωn:=
⊕

Φi∗

∼=
// Hn(Xn, Xn−1)

∂n

��

dn

��

∼=
þ

vv

Hn(B
n

α, ∂B
n

α)

OO

∂n∼=
��

⊕
i∈I

H̃n(B
n

i /∂B
n

i ) ∼=
// H̃n

( ∨
i∈I
B
n

i /∂B
n

i

)
∼=

Ψn // H̃n(Xn/Xn−1)

H̃n−1(Sn−1
α )

·dαβ
��

ϕα // H̃n−1(Xn−1)

q

��

jn−1

��

H̃n−1(Sn−1
β ) H̃n−1(B

n−1

β /∂B
n−1

β )
Θ∗oo

Hn−1(B
n−1

β , ∂B
n−1

β )

Θ∗◦þ
OO

H̃n−1

( ∨
j∈J
B
n−1

j /∂B
n−1

j

)pβ
ii

⊕
j∈J

H̃n−1(B
n−1

j /∂B
n−1

j )

OOOO

∼= 66

H̃n−1(Xn−1/Xn−2)

∼=
Ψ−1
n−1

gg

⊕
j∈J

Hn−1(B
n−1

j , ∂B
n−1

j )

⊕
þ

∼=

66

OOOO

Hn−1(Xn−1, Xn−2).
Ω−1
n−1=

(⊕
Φj∗

)−1

∼=oo

∼=
þ

hh

We make the following claim.

Claim. The diagram commutes.

Proof. We consider the various parts of the diagram.

(1) It follows from the Skeleton-Homology Lemma 80.1 (1) that the pentagon at the top
and the large triangle at the bottom commute.

977The strange shape of the diagram is due to space constraints.
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(2) It follows from the naturality of the connecting homomorphism, see the Topological
LES-Corollary 74.14 (2), that the following diagram commutes:

Hn(B
n

α, ∂B
n

α)
Φα //

∂n
��

Hn(Xn, Xn−1)

∂n
��

Hn−1(Sn−1
α )

ϕα
// Hn−1(Xn−1).

From this observation it follows that the upper rectangle in the diagram commutes.
(3) It follows immediately from the de�nitions that the pentagon to the bottom left

commutes.
(4) It follows again immediately from the de�nitions that the triangle towards the bottom

left, involving the map pβ commutes.
(5) It follows from Lemma 74.19 (1) that the triangle to the bottom right commutes. �

Next note that it follows from the de�nition of the standard generator of Hn(B
n
, ∂B

n
)

on page 1679 and from the Standard Generator-Relationship Proposition 76.5 that the two
maps

∂n : Hn(B
n

α, ∂B
n

α) → H̃n−1(Sn−1
α ) and

Θ∗ ◦ þ : Hn−1(B
n−1

β , ∂B
n−1

β ) → H̃n−1(Sn−1
β )

send the standard generator to the standard generator. The reader who is still awake will
notice that the proposition follows immediately from the claim and this observation. �

Example. We consider the surface Σ of genus 2. As usual we view Σ as a CW-complex
with one 0-cell P , four 1-cells a, b, c, d and one 2-cell F . We denote by ϕ : S1 → Σ1 the
attaching map of the 2-cell F . (We refer to the �gure below for an illustration.) It follows
from the discussion on page 1684 that the degree of the map pa ◦Ψ−1

1 ◦ q ◦ ϕ : S1
F → S1

a is
zero. The same conclusion holds for all other 1-cells. It follows from the Cellular Boundary
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1-skeleton Σ1 of Σ

S1
a

Σ

c

b

a

Θ ◦ pa
the map Θa ◦Ψ−1

1 ◦ q ◦ ϕ : S1 → S1

degree = 0

Ψ−1
1 ◦ q

of the 2-cell Fd

a

b

c

d
attaching map ϕ

S1
F

P P

2-cell F

Map-via-Degrees Proposition 80.8 that the cellular boundary map d2 in the cellular chain
complex of Σ is zero. Since Σ has only one 0-cell we know from Lemma 80.7 that the
cellular boundary map d1 is also zero. Thus we see that
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Hn(Σ) ∼= HCW
n (Σ) = CCW

n (Σ) ∼=


0, if n ≥ 3,
Z, if n = 2,
Z4, if n = 1,
Z, if n = 0.

↑ ↑
Singular-Cellular Homology since all the cellular
Isomorphism Proposition 80.4 boundary maps are zero

In the �gure below on the left-hand side we show closed curves a, b, c, d. It follows from
the above calculation and Lemma 80.5 that these curves represent a basis for H1(Σ) ∼= Z4.
These curves in turn are isotopic to the curves a′, b′, c′, d′ on the right-hand side, which
therefore, by the Homotopic Maps-and-Homology Proposition 73.6, also represent a basis
for H1(Σ) ∼= Z4.
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∼=

In the previous example we determined that H1(Σ) ∼= Z4 and we gave an explicit basis for
H1(Σ). One might think that we now fully understand the homology groups of Σ. We will
try to challenge this idea in Exercise 80.16.

Example. As a reality check we also consider once again the Klein bottle K. We view
K as a CW-complex with one 0-cell P , two 1-cells a, b and one 2-cell F . (We refer to the
�gure below for an illustration.) It follows from the Cellular Boundary Map-via-Degrees
Proposition 80.8, the discussion on page 1684 and Lemma 80.7 that the cellular chain
complex is of the form

0 → Z

(
−2

0

)
−−−−→ Z · a⊕ Z · b

(
0 0

)
−−−−→ Z → 0.

Therefore we see that H2(K) = 0, H1(K) ∼= Z2 ⊕ Z and H0(K) ∼= Z. This is of course the
same result that we had already obtained in Lemma 78.12.
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1-skeleton K1 of K

S1
a

Klein bottle K

attaching map ϕ

b

Ψ−1
1 ◦ q

Θ ◦ pa

the map Θ ◦ pa ◦Ψ−1
1 ◦ q ◦ ϕ : S1 → S1

of the 2-cell F
a

b

degree = −2S1
F

a

P

F

P
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80.4. The homology groups of 2-dimensional smooth manifolds. Recall that given
any g,m ∈ N0 we write978

Σg,m := the surface of genus g minus m open disks
and for k ∈ N and for m ∈ N0 we write

Nk,m := the non-orientable surface of genus g minus m open disks.

In the Surface Classi�cation Theorem 55.4 we saw that every connected, compact 2-dimen-
sional topological manifold is homeomorphic to either Σg,m for unique g,m ∈ N0 or to Nk,m

for unique k ∈ N and m ∈ N0.
Our goal in this section will be to determine the homology groups of Σg,n and Nk,n. Before
we consider the general case we will consider the special case Σ2,1 in great detail.

Example. We consider Σ2,1 and we equip it with the CW-structure that is illustrated in
the �gure below. This CW-structure has two 0-cells P,Q, six 1-cells a, b, c, d, w, z and it
has one 2-cell F . Given i = 1, 2 we denote by Ai the matrix that represents the cellular
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Σ2,1 1-skeleton of Σ2,1

c

b

a

z
attaching map

d
of the 2-cell F

w

Q

P

boundary map di : CCW
i (Σ2,1)→ CCW

i−1 (Σ2,1) with respect to the given bases.

The argument
on page 1780
shows that

A2 =

F
a
b
c
d
w
z


0
0
0
0
0
1


It follows from
Lemma 80.7
that we have

A1 =

a b c d w z
P
Q

(
0 0 0 0 −1 0
0 0 0 0 1 0

)
.

Some elementary linear algebra shows that

Hn(Σ2,1) ∼= HCW
n (Σ2,1) = Hn

(
0 → Z A2−−→ Z6 A1−−→ Z2 → 0

)
∼=


0, if n ≥ 3,
0, if n = 2,
Z4, if n = 1,
Z, if n = 0.

↑
Singular-Cellular H∗-Isomorphism Proposition 80.4

From this discussion we get in fact a more precise statement. Namely, by the choice of the
CW-structure on Σ2,1 we have that the map inclusion map ∂Σ2,1 → Σ2,1 is in fact a cellular
map. Therefore it follows from the Singular-Cellular H∗-Isomorphism Proposition 80.4 (2)

978Also recall the de�nition on page 1233 what we mean by a �surface minus m open disks�.
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that the following diagram commutes

H1(∂Σ2,1)
∼=
��

f∗
// H1(Σ2,1)

∼=
��

Z = HCW
1 (∂Σ2,1)

f∗

[z] 7→[z]
// HCW

1 (Σ2,1) = Z4

where the vertical maps denote the isomorphisms from the Singular-Cellular H∗-Isomorphism
Proposition 80.4. The 1-cell z is null-homologous in CCW

∗ (Σ2,1) since we have just seen that
it is the boundary of the 2-cell F . Thus we see that the bottom horizontal map is the zero
map, but that implies that the top horizontal map is also the zero map.

After the calculations that we just did we can now easily prove the following lemma.
Lemma 80.9.
(1) For any g ∈ N0 the inclusion induced map H1(∂Σg,1)→ H1(Σg,1) is the zero map.
(2) Let M be a smooth manifold and let C be an oriented curve in M . If there exists a

g ∈ N0 and a map ψ : Σg,1 →M such that ψ(∂Σg,1) = C, then C = 0 ∈ H1(M).979

Remark. In Exercise 80.14 we will prove a generalization of Lemma 80.9 (1).

Example. Loosely speaking Lemma 80.9 (2) says that if a curve C is the boundary of a
compact orientable surface in M , then the homology class [C] represented by C is zero.
For example in the �gure below we see a curve C on a surface M . Since C is the boundary
of a compact orientable subsurface contained in M we see that [C] = 0 ∈ H1(M).
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M

curve C the curve C is null-homologous since
it is the boundary of a surface

Proof.

(1) For g = 1 we proved the statement in the previous example. The general case is
proved entirely the same way.

(2) Now letM be a smooth manifold and let C be an oriented curve inM . We denote by
i : C →M the inclusion map. Suppose there exists a g ∈ N0 and a map ψ : Σg,1 →M
such that ψ(∂Σg,1) = C. We pick a di�eomorphism f : S1 → ∂Σg,1. We get the
commutative diagram

H1(C)
i∗

++
H1(S1)

(ψ◦f)∗
33

f∗
((

H1(M).

H1(∂Σg,1) // H1(Σg,1)
ψ∗

66

979Following the convention of page 1733 the curve C de�nes a homology class in H1(M) that we also
denote by [C].
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By the �rst statement the bottom horizontal map is the zero map. But that shows
that the homology class represented by C is also zero. �

In the following proposition we give the calculation for the homology groups of all connected,
compact 2-dimensional topological manifolds.

Proposition 80.10. For any g ∈ N0 we have

Hn(Σg) ∼=


0, if n ≥ 3,
Z, if n = 2,
Z2g, if n = 1,
Z, if n = 0.

Furthermore
for m ≥ 1
we have

Hn(Σg,m) ∼=


0, if n ≥ 3,
0, if n = 2,
Z2g+m−1, if n = 1,
Z, if n = 0.

For any k ∈ N we have

Hn(Nk) ∼=


0, if n ≥ 3,
0, if n = 2,
Z2 ⊕ Zk−1, if n = 1,
Z, if n = 0.

Furthermore
for m ≥ 1
we have

Hn(Nk,m) ∼=


0, if n ≥ 3,
0, if n = 2,
Zk+m−1, if n = 1,
Z, if n = 0.

Proof. The calculation of the homology groups Σg,m is a slight generalization of the argu-
ments that we provided above and on page 1780. We leave the details to the reader.
We will deal with the homology of Nk,m in Exercise 80.1. The calculation is evidently just
a variation on the arguments we provided for Σ2 and Σ2,2. �

Remark. A careful reading of the Proof of Proposition 80.10 gives us some extra informa-
tion. First of all we endow Σg,m with an orientation. The boundary components of Σg,m

then inherit an orientation. By the discussion on page 1733 the boundary components,
viewed as oriented curves, then de�ne elements c1, . . . , cm ∈ H1(Σg,m). Then there exists
an exact sequence

0 → Z 17→
∑
ci−−−−−→

m⊕
i=1

Z · ci → H1(Σg,m) → H1(Σg) → 0.
↑

inclusion induced map

As we saw in the �gure below, a basis for H1(Σg) is given by a pair of curves for each �hole�.
The above exact sequence shows that a basis for the homology group H1(Σg,m) ∼= Z2g+m−1

is obtained by a pair of curves for each �hole� together with boundary curves for all except
one boundary component. This statement is illustrated in the �gure below.
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c3c1

c2

each �hole� contributes two generators

two out of the three boundary
components are needed

to obtain a basis
for H1(Σ2,3)

We conclude this section with the surface Σ∞ of in�nite genus that we had already encoun-
tered on page 1269. Using a variation on the proof of Lemma 56.11 one can show, using
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the above calculations and the Exhaustions-H∗-Proposition 79.4, that

Hn(Σ∞) ∼=

 0, if n ≥ 2,
Z∞, if n = 1,
Z, if n = 0.

We leave it to the reader to �ll in the details.
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surface of �in�nite genus�

80.5. The homology groups of real projective spaces. In this section we will com-
pute the homology groups of real projective spaces RPn. This calculation is signi�cantly
trickier than the previous ones, since the calculation of the cellular boundary maps is not
as straightforward as in our previous examples. This time we will need the theory of local
degrees that we developed in Section 76.6.

Proposition 80.11. For any n ∈ N0 we have980

Hk(RPn) ∼=


Z, if k = 0,
Z2, if k is odd and k < n,
0, if k is even and 0 < k 6= 0,
0, if k > n,
Z, if k = n and n is odd.

Proof. As a reminder we de�ned

RPn = Sn/∼ where x ∼ −x for all x ∈ Sn.
In Lemma 68.1 we already saw that we can view RPn as a CW-complex with the following
two properties:
(1) the CW-structure has exactly one cell in the dimensions 0, 1, . . . , n and no other cells,
(2) for each k ≤ n the k-skeleton of RPn is given by RPk.

Now we recall the de�nition of this CW-structure. For each k ∈ N0 we de�ne

ϕk : Sk−1 = ∂B
k → RPk−1

(x1, . . . , xk) 7→ [(x1, . . . , xk)].

Then we obtain a homeomorphism

RPk−1 ∪ϕk B
k ∼=−→ RPk

x 7→

{
(x, 0), if x ∈ RPk−1[(
x,
√

1− ‖x‖2
)]
, if x ∈ Bk

.

Thus we see inductively that we can view RPn as a CW-complex with a single cell in the
dimensions 0, . . . , n where the attaching maps are given precisely by the maps ϕ1, . . . , ϕn.

980For n = 2 we thus obtain, as we should, the same result as in Section 78.3.
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As usual we denote the characteristic map of the k-cell, which in this case is the obvious
map B

k → RPk, by Φk.
Claim. For each k = 1, . . . , n the cellular boundary map

dk : Z = CCW
k (X) → CCW

k−1(X) = Z
is given by multiplication by 1 + (−1)k.

Proof. Let k ∈ {1, . . . , n}. We denote by Θ: B
k−1/

∂B
k−1 → Sk−1 the homeomorphism

from the Ball-Quotient Sphere Lemma 5.20 and we denote by q : RPk−1 → RPk−1/RPk−2

the projection . By the Cellular Boundary Map-via-Degrees Proposition 80.8 it su�ces to
show that the degree of the map

Sk−1

=:Ω

11
ϕk // RPk−1 q

// RPk−1/RPk−2
Φ−1
k−1
// B

k−1/
∂B

k−1 Θ // Sk−1

equals 1 + (−1)k. (We refer to the �gure below for an illustration of the map.) We pick the
point y = (0, . . . , 0, 1) ∈ Sk−1. The preimages of y under the map Ω are x1 = (0, . . . , 0, 1)
and x2 = (0, . . . , 0,−1). We leave it to the reader to verify that981 deg Ω|x1 = 1 and
that deg Ω|x2 = (−1)n. The desired statement now follows from the Local-Global Degree
Proposition 76.21. �
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ΘΦ−1
1

deg Ω|x1 = (−1)2

deg Ω|x1 = 1

Ω

yRP1

ϕ2

It follows from the claim that the cellular chain complex of X is of the form

0 → Z 1+(−1)n−−−−−→ Z . . . Z ·2−→ Z 0−→ Z → 0.

It is now straightforward to determine the cellular homology groups which, by the Singular-
Cellular H∗-Isomorphism Proposition 80.4, are isomorphic to the singular homology groups
of RPn. �

Remark. Using the approach of the proof of Proposition 80.11, applied to the in�nite CW-
complex RP∞, or alternatively using RP∞ =

⋃
n
RPn and the Exhaustions-H∗-Proposition 79.4,

we see that

Hk(RP∞) ∼=

 Z, if k = 0,
Z2, if k is odd,
0, if k is even and k > 0.

981It is not entirely easy to struggle through all the orientation conventions and all the maps, but it can
indeed be done.
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Remark. We have now seen that the homology groups of CW-complexes can be computed
fairly easily using cellular chain complexes. One might ask, why did we introduce singular
chain complexes, if it is so much easier to do calculations with cellular chain complexes.
There are two related answers:
(1) we also want to study topological spaces that are not CW-complexes,
(2) it is much harder to prove some statements using cellular chain complexes, for exam-

ple it is very di�cult, if not impossible, to show that homeomorphic CW-complexes
have isomorphic homology groups, just using the de�nition of cellular chain com-
plexes.

A general slogan in topology is that for calculations it is usually best to work with �small
objects�, whereas for proving general properties, it is often best to work with �big objects�.

Exercises for Chapter 80.

Exercise 80.1.
(a) Determine the homology groups of RP2#RP2.
(b) Determine the homology groups of RP2#RP2 minus an open disk.

Note: In both parts you can make use of the CW-structure for RP2#RP2 illustrated in the
�gure below.
Remark. The homology groups are stated as Proposition 80.10. But it is a very good
exercise to try to determine the homology groups without looking at the proposition.
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RP2 two times RP2 minus an open disk RP2#RP2

Exercise 80.2. Show that given any �nitely generated abelian group A there exists a
topological space X with H0(X) = Z and H1(X) ∼= A and with Hi(X) = 0 for i ≥ 2.

Exercise 80.3. Let A be a �nitely generated abelian group. Does there exist a topological
space X with H0(X) = Z, H3(X) ∼= A and Hi(X) = 0 for i 6= 0, 3?

Exercise 80.4.
(a) Determine min{#cells of X |X is a CW-complex with H2(X) ∼= Z⊕ Z2}.
(b) Determine min{#cells of X |X is a CW-complex with H1(X) ∼= Z⊕ Z2}.
(c) Determine min{#cells of X |X is a connected CW-complex with π1(X) ∼= Z× Z2}.

Exercise 80.5.
(a) Let X be the quotient space of S2 under the identi�cation x ∼ −x for all x ∈ S1.

Determine the homology groups of X = S2/∼.
(b) Let m,n ∈ N with m < n. As usual we view RPm as a subset of RPn. Compute the

homology groups of the quotient space RPn/RPm.
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Exercise 80.6. Let C be a closed curve in a smooth manifold M . Suppose that C is
the boundary of an embedded compact orientable surface in M . Show that the inclusion
induced map H1(C)→ H1(M) is the zero map.
More concisely, if a closed curve bounds a compact orientable surface, then the closed curve
represents the trivial element in homology.

Exercise 80.7.
(a) Let Σ be a compact orientable connected 2-dimensional smooth manifold and let

F Ă Σ be a 2-dimensional submanifold. We denote by i : F → Σ the inclusion map.
Show that i∗(H1(F )) Ă H1(Σ) is a summand.
Hint. Consider the long exact sequence of the pair (Σ, F ).

(b) Does the conclusion of (a) also hold if we do not assume that Σ is orientable?

Exercise 80.8. Let X be a topological space and let n ∈ N0. Suppose X is compact. Does
it follow that Hn(X) is a �nitely generated group?

Exercise 80.9. Let n ∈ N0. In Lemma 68.1 we showed that RPn admits a CW-structure
which has exactly one cell in the dimensions 0, 1, . . . , n and no other cells. Show that this
is the �smallest� CW-structure on RPn. More precisely, show that every CW-structure for
RPn has at least one cell in the dimensions 0, 1, . . . , n.
Hint. Consider the (cellular) homology groups of RPn.

Exercise 80.10. Let m ≤ n. We denote by i : RPm → RPn the inclusion map. Determine
for each k ∈ N0 the induced map i∗ : Hk(RPm)→ Hk(RPn).

Exercise 80.11. Let n be odd. By Proposition 80.11 we know that Hn(RPn) ∼= Z. Show
that there exists a singular simplex σ : ∆n → RPn such that [σ] is a generator of Hn(RPn).
Hint.
(a) First you need to �nd an �interesting� cycle σ. You could use the identi�cation

RPn = B
n
/∼ from page 258. Or perhaps better, write RPn = ∆n/∼ for a suitable

equivalence relation ∼.
(b) To show that the �interesting� cycle σ is actually a generator you could use the map

B
n
/∼→ B

n
/Sn−1 (which is continuous by the Twice Quotient Lemma 5.23 (2)) and

results from Section 76.1.

Exercise 80.12. Let n ∈ N be odd. By Proposition 80.11 we know that Hn(RPn) ∼= Z. Let
p : Sn → RPn = Sn/{± id} be the projection . Determine the induced map p∗ : Hn(Sn)→
Hn(RPn).
Hint. You could use the fact that the isomorphism between cellular and singular homology
is natural.

Exercise 80.13. Let n ∈ N be odd. By Proposition 80.11 we know that Hn(RPn) ∼= Z.
Let A ∈ GL(n + 1,R). We denote by f : RPn → RPn the map given by f(x) := A · x.
Determine the degree of the map f∗ : Hn(RPn)→ Hn(RPn).
Remark. You could make use of the homotopies considered on page 426.

Exercise 80.14. Let g ∈ N0 and let k ∈ N0. As on page 1234 we consider Σg,n, i.e. we
consider the surface of genus g minus k open disks.
(a) Show that H2(Σg,n, ∂Σg,n) ∼= Z.
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(b) Let C1, . . . , Cn be the boundary components. We equip Σg,n with an orientation and
we equip its boundary ∂Σg,n = C1t· · ·tCn with the corresponding orientation given
by the Boundary Orientation Lemma 25.17. For i = 1, . . . , n we pick an orientation-
preserving di�eomorphism γi : S

1 → Ci. We write [Ci] := γi∗([S
1]) and by a serious

abuse of notation we denote by [Ci] also the image of [Ci] under the inclusion induced
map Ci → Σg,n. Show that there exists a generator ϕ of H2(Σg,n, ∂Σg,n) ∼= Z such
that

∂2(ϕ) = [C1] + · · ·+ [Cn] ∈ H1(∂Σg,n).
↑

connecting homomorphism of the pair (Σg,n, ∂Σg,n)

(c) Show that H1(Σg,n, ∂Σg,n) ∼= Z2g.
(d) We denote by i : ∂Σg,n → Σg,n and j : Σg,n → Σn the inclusion maps. Show that the

following sequence is exact:

0 → H2(Σg,n)
∂2−−→ H1(∂Σg,n)

i∗−−→ H1(Σg,n)
j∗−−→ H1(Σg)→ 0.

Remark. In the Fundamental Class-of-Boundary Corollary 100.11 we will generalize State-
ment (a) to compact orientable manifolds in a suitable way.

��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

��
��
��

��
��
��

�����
�����
�����
�����

�����
�����
�����
�����Σ2,3

Ci γi

S1

Exercise 80.15. Let k ∈ N and let m ∈ N0. As on page 1234 we denote by Nk,m the
non-orientable surface of genus g minus m open disks.
(a) Determine the relative homology groups H∗(Nk,m, ∂Nk,m).
(b) Use (a) together with Exercise 80.14 and Proposition 80.10 to show that the topo-

logical spaces Σg,n and Nk,n are pairwise non-homeomorphic.
Remark. This gives a new, perhaps more natural proof for the Surfaces-Non Home-
omorphic Theorem 55.6.

Exercise 80.16. In the �gure below we see to the left the surface Σ of genus two together
with four oriented curves a, b, c, d and to the right we see an oriented curve σ. On page 1781
we showed that H1(Σ) ∼= Z4 and we showed that the curves a, b, c and d represent a basis
for H1(Σ). In particular we can write [σ] ∈ H1(Σ) uniquely as a linear combination of [a],
[b], [c] and [d]. Determine the coe�cients of this linear combination.
Remark. In Exercise 126.13 we will get to know a charming approach to dealing with
problems of this form.
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Exercise 80.17. Let X be a CW-complex and let A be a subcomplex of X. We denote
by i : A→ X the inclusion map. We de�ne the relative cellular chain complex

CCW
∗ (X,A) := coker

(
i∗ : CCW

∗ (A)→ CCW
∗ (X)

)
,

and we refer to its homology groups as the relative cellular homology groups HCW
∗ (X,A).

Show that there exists a natural isomorphisms

Φ(X,A) : Hn(X,A) → HCW
n (X,A)

such that we obtain a commutative diagram as follows:

. . . // Hn(A)
i∗ //

ΦA
��

Hn(X)

ΦX
��

// Hn(X,A)

Φ(X,A)

��

∂ // HCW
n−1(A) //

ΦA
��

. . .

. . . // HCW
n (A)

i∗ // HCW
n (X) // HCW

n (X,A)
∂ // HCW

n−1(A) // . . .

Exercise 80.18. Let k ≤ n and let i : RPk → RPn be the embedding that is given by
i([x0 : · · · : xk]) = [x0 : · · · : xk : 0 : · · · : 0]. Use the relative cellular chain complex of
Exercise 80.17 to compute the relative singular homology groups H∗(RPn, i(RPk)).
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81. The Fundamental Theorem of Homological Algebra

On several occasions we have now shown that certain homology groups are isomorphic, and
it is reasonable to ask whether the underlying chain complexes are in fact chain homotopy
equivalent. In this chapter we will see that, for purely algebraic reasons, the question can
always be answered in the a�rmative.

81.1. The Fundamental Theorem of Homological Algebra. We start out with the
following de�nition which will arise time and again.
De�nition.
(1) Let S be a non-empty set. We refer to

Z(S) := all maps from S to Z which are non-zero for only �nitely many s ∈ S
as the free abelian group generated by S.

(2) A group G is called free abelian if G is isomorphic to Z(S) for some set S.
(3) A (free) resolution of an abelian group H is an exact sequence

. . .
f3−→ F2

f2−→ F1
f1−→ F0

f0−→ H → 0

where the Fi are (free) abelian groups.

Example.
(1) The following is a free resolution for the abelian group H = Z⊕ Z2 ⊕ Z5:

0 → Z2

0 0
2 0
0 5


−−−−−→ Z3 obvious projection−−−−−−−−−−−→ Z⊕ Z2 ⊕ Z5.

(2) Let (C∗, ∂∗) a chain complexes of free abelian groups. For each n ∈ N0 we write

Zn := ker(∂n : Cn→Cn−1), Bn := im(∂n+1 : Cn+1→Cn) and Hn = Zn/Bn.

Note that these groups form the following two types of short exact sequences

(a) 0 → Zn ↪→ Cn
∂n−→ Bn−1 → 0,

(b) 0 → Bn ↪→ Zn → Hn → 0.

Since all the chain groups are free abelian it follows from the Subgroup-of-Free
Abelian Group Lemma 51.2 that the subgroups Zn and Bn are also free abelian.
Thus the above two short exact sequences are free resolutions of Bn−1 and Hn.

We will give many more examples of free resolutions in Section 89.4.

De�nition. Let α : H → H ′ be a homomorphism between abelian groups. Furthermore
let F∗ be a resolution of H and let F ′∗ be a free resolution of H ′. An extension of α to the
resolutions F∗ and F ′∗ is a sequence of homomorphisms αi : Fi → F ′i , i ∈ N0 such that the
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following diagram commutes:

. . . // F2
f2 //

α2

��

F1
f1 //

α1

��

F0
f0 //

α0

��

H //

α
��

0

. . . // F ′2
f ′2 // F ′1

f ′1 // F ′0
f ′0 // H ′ // 0.

Note that the horizontal exact sequences on top and bottom are in particular chain com-
plexes and the maps α∗ de�ne a chain map from one complex to the other.
The following fundamental theorem underlies many arguments in homological algebra.

Theorem 81.1. (Fundamental Theorem of Homological Algebra) Let α : H → H ′

be a homomorphism between abelian groups. Furthermore let F∗ be a free resolution of H
and let F ′∗ be a resolution982 of H ′.
(1) There exists an extension of α to the free resolutions F∗ and F ′∗.
(2) Any two extensions α∗ and α′∗, viewed as chain maps, are chain homotopic.

Proof. Let F∗ be a free resolution of H and let F ′∗ be a resolution of H ′. Statements
(1) and (2) are both a straightforward consequence of some mild diagram chasing and the
�exibility which Lemma 51.1 provides for de�ning homomorphisms starting from a free
abelian group. In the following we �ll in all the details.
(1) We have to show that there exists a sequence {αi}i∈N0 of homomorphisms such that

the following diagram commutes:

. . . // F2
f2 //

α2

��

F1
f1 //

α1

��

F0
f0 //

α0

��

H //

α
��

0

. . . // F ′2
f ′2 // F ′1

f ′1 // F ′0
f ′0 // H ′ // 0.

First we de�ne the homomorphism α0. We choose a basis B0 of the free abelian
group F0. For each xi ∈ B0 we choose an x′i ∈ F ′0 with f ′0(x′i) = α(f0(xi)). This is
possible, since f ′0 is surjective. By Lemma 51.1 there exists a unique homomorphism
α0 : F0 → F ′0 with α0(xi) = x′i for all i ∈ I. It is now evident that the right square
commutes.

Now we turn to the de�nition of the map α1. We choose a basis B1 of the free
abelian group F1. Let xi ∈ B1. It follows from the commutativity of the square on
the right that

f ′0((α0 ◦ f1)(xi)) = α((f0 ◦ f1︸ ︷︷ ︸
=0

)(xi)) = 0.

Since the lower sequence is exact there exists an x′i ∈ F ′1 with f ′1(x′i) = (α0 ◦ f1)(xi).
Again by Lemma 51.1 there exists a unique homomorphism α1 : F1 → F ′1 such that
α1(xi) = x′i for all i ∈ I. It is now evident that the �second square from the right�
also commutes. It is now clear how inductively we can construct the homomorphisms
α2, α3, . . . .

(2) Now let αi, α′i : Fi → F ′i , i ∈ N0 be two extensions of α to the free resolutions F∗ and
F ′∗. We have to �nd a chain homotopy from the chain map αi to the chain map α′i.
The maps βi = αi − α′i are an extension of the zero map β = 0: H → H ′. Therefore

982Note that we do not demand that F ′∗ is a free resolution.
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it su�ces to �nd a chain homotopy λ from βi = αi − α′i to the zero chain map. The
construction of the chain homotopy is very similar to the construction of the maps
αi in the �rst part of the proof.

Recall that we have to �nd a sequence of homomorphisms λi, i ∈ N0 such that
for every i ∈ N0 we have

f ′i+1 ◦ λi + λi−1 ◦ fi = βi.

In the following discussion it is convenient to keep an eye on the following diagram
that contains all the homomorphisms that we are given and that we need to construct:

. . . // F2
f2 //

β2

��λ2

}}

F1
f1 //

β1

��λ1}}

F0
f0 //

β0

��λ0}}

H //

β=0

��λ−1}}

0

. . . // F ′2 f ′2

// F ′1 f ′1

// F ′0 f ′0

// H ′ // 0.

We put λ−1 = 0. Next we need to �nd a map λ0 : F0 → F ′1 such that β0 = f ′1 ◦ λ0.
For each x ∈ B0 we choose an x′ ∈ F ′1 with f ′1(x′) = β0(x). The existence of such x′

follows from the observation that f ′0(β0(x)) = β(f0(x)) = 0 and from the exactness
of the lower sequence.

Now we suppose that we have already found maps λ0, . . . , λi−1 which have the
desired property that

(∗) f ′j◦λj−1+λj−2◦fj−1 = βj−1 for j = 0, . . . , i.

We choose again a basis Bi of the free abelian group Fi. We have to assign to x an
element x′ ∈ F ′i+1 which satis�es the equation

f ′i+1(x′) = βi(x)− λi−1(fi(x)).

From the exactness of the lower sequence it follows that im(f ′i+1) = ker(f ′i). Thus it
su�ces to show that f ′i ◦ (βi − λi−1 ◦ fi) = 0. It turns out that indeed we have

f ′i ◦ (βi − λi−1 ◦ fi) = f ′i ◦ βi − f ′i ◦ λi−1 ◦ fi = βi−1 ◦ fi − f ′i ◦ λi−1 ◦ fi
↑

since the βi's are a chain map, i.e. f ′i ◦ βi = βi−1 ◦ fi
= (βi−1 − f ′i ◦ λi−1) ◦ fi = λi−2 ◦ fi−1 ◦ fi = 0.

↑ ↑
by (∗) since fi−1 ◦ fi = 0 �

.
We conclude this section with two applications to the Fundamental Theorem 81.1 of Ho-
mological Algebra.

Corollary 81.2. Let
. . . → F2

f2−→ F1
f1−→ F0

f0−→ H → 0

and . . . → F ′2
f ′2−→ F ′1

f ′1−→ F ′0
f ′0−→ H → 0

be two free resolutions of an abelian group H. Let αi, i ∈ N be an extension of the identity
map id : H → H to the free resolutions F∗ and F ′∗. The maps α∗ form a chain homotopy
equivalence between the two chain complexes F∗ and F ′∗.
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Proof. We pick an extension αi, i ∈ N of the identity map id : H → H. We apply the
Fundamental Theorem 81.1 of Homological Algebra to the free resolutions F ′∗ and F∗ (i.e.
we swap the roles of the free resolutions) and we obtain maps {βi}i∈N0 that give us the
lower half of the following commutative diagram.

. . . // F2
f2 //

α2

��

F1
f1 //

α1

��

F0
f0 //

α0

��

H //

id
��

0

. . . // F ′2
f ′2 //

β2
��

F ′1
f ′1 //

β1
��

F ′0
f ′0 //

β0
��

H //

id
��

0

. . . // F2
f2 // F1

f1 // F0
f0 // H // 0.

The maps βi ◦ αi now provide us with the following commutative diagram:

. . . // F2
f2 //

β2◦α2
��

F1
f1 //

β1◦α1
��

F0
f0 //

β0◦α0
��

H //

id
��

0

. . . // F2
f2 // F1

f1 // F0
f0 // H // 0.

This shows that the maps βi◦αi de�ne an extension of id : H → H to the free resolutions Fi
and Fi. But the identity maps also de�ne an extension. By the Fundamental Theorem 81.1
of Homological Algebra the extensions {βi ◦αi}i∈N0 and {id}i∈N0 are chain homotopic. The
same way one shows that the extensions {αi◦βi}i∈N0 and {id}i∈N0 are chain homotopic. �

Corollary 81.3. Let (C∗, ∂∗) be a chain complex of free abelian groups. If (C∗, ∂∗) is
acyclic, i.e. if Hn(C∗) = 0 for all n ∈ N0, then the identity map and the zero map of C∗ to
itself are chain homotopic.

Proof. We consider the following pretty dull diagram:

. . . // C2
∂2 // C1

∂1 // C0
0 // 0 //

0
��

0

. . . // C2
∂2 // C1

∂1 // C0
0 // 0 // 0.

The hypothesis that Hn(C∗) = 0 for all n ∈ N0 means that C∗ is a free resolution of the
trivial group, i.e. the top and bottom are free resolutions. The zero map on the right now
has two extensions:
(1) The identity maps id : Ci → Ci de�ne an extension.
(2) The zero maps id : Ci → Ci de�ne an extension.

By Statement (2) of the Fundamental Theorem 81.1 of Homological Algebra these two
extensions are chain homotopic. But that is precisely what we wanted to show. �

81.2. Quasi-isomorphisms are chain homotopy equivalences. In this section we will
state and discuss more consequences of the Fundamental Theorem 81.1 of Homological
Algebra. We start out with the following de�nition.
De�nition. Let f : C∗ → D∗ be a chain map between chain complexes. We say f is
a quasi-isomorphism if for each k ∈ N0 the induced map f∗ : Hk(C∗) → Hk(D∗) is an
isomorphism.



81. THE FUNDAMENTAL THEOREM OF HOMOLOGICAL ALGEBRA 1795

In Lemma 73.2 we saw that chain homotopy equivalences are quasi-isomorphisms. If we
are dealing with chain complexes of free abelian groups, the following proposition gives us
now the converse statement.
Proposition 81.4. (Quasi Isomorphisms-are-Homotopy Equivalences Proposi-
tion) Let f : C∗ → D∗ be a chain map between chain complexes of free abelian groups. If
f is a quasi-isomorphism, then f is in fact a chain homotopy equivalence.

Remark. The hypothesis that C and D∗ are free abelian groups is essential. For example
in Exercise 81.3 we will see that there exists a quasi-isomorphism between the chain complex

C∗ = 0 → Z ·2−→ Z → Z2 → 0

and the zero chain complex D∗, but we will see that the two chain complexes are not chain
homotopy equivalent.

The following proposition is a convenient variation on the Quasi Isomorphisms-are-Homotopy
Equivalences Proposition 81.4.

Proposition 81.5. Let C∗ and D∗ be two chain complexes of free abelian groups and let
ι : C∗ → D∗ be a chain map with the following two properties:
(a) The chain map ι : C∗ → D∗ induces an isomorphism of homology groups.
(b) For each k ∈ N0 the map ι : Ck → Dk is a monomorphism and the image is a

subsummand of Dk.
Then there exists a chain map π : D∗ → C∗ with the following two properties:
(1) For each k ∈ N0 we have πk ◦ ιk = idCk .
(2) The maps ι and π are chain homotopy homotopy equivalences.

We provide the proofs of these two propositions in the next section. For the remain-
der of this section we want to discuss some consequences. For example we have have
the following interesting corollary to the Quasi Isomorphisms-are-Homotopy Equivalences
Proposition 81.4.

Corollary 81.6. (Two-Out-Of-Three-Homotopy Equivalence Corollary)983Let

0 // A∗

��

// B∗

��

// C∗

��

// 0

0 // A′∗ // B′∗ // C ′∗ // 0

be a commutative diagram of short exact sequences of chain complexes of free abelian
groups. If two of the vertical maps are chain homotopy equivalences, then the third is also
a chain homotopy equivalence.

Proof. By the LES Proposition 74.9 we get a commutative diagram of long exact sequences

. . . // Hn+1(C∗)

��

∂ // Hn(A∗)

��

// Hn(B∗)

��

// Hn(C∗)

��

∂ // Hn−1(A∗) //

��

. . .

. . . // Hn+1(C ′∗)
∂ // Hn(A′∗) // Hn(B′∗) // Hn(C ′∗)

∂ // Hn−1(A′∗) // . . .

983This corollary is very close to the content of Exercise 74.11.
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By our hypothesis, together with Corollary 73.4, we know that always two out of three
vertical maps are isomorphisms. But then it follows from the Five Lemma 74.10 that the
third vertical map is also an isomorphism. Now the Quasi Isomorphisms-are-Homotopy
Equivalences Proposition 81.4 implies that the corresponding map of chain complexes is
also a chain homotopy equivalence. �

As we pointed out above, the �rst time we had mentioned the Quasi Isomorphisms-are-
Homotopy Equivalences Proposition 81.4 was in the remark after the Comfortable Covering
Proposition 74.23. In fact we can now prove the following strengthened version of the
Comfortable Covering Proposition 74.23.

Proposition 81.7. LetX be a topological space. For every comfortable cover U = {Ui}i∈I
of X the inclusion map984 CU∗ (X) → C∗(X)

is a chain homotopy equivalence.

Proof. Let k ∈ N0. Note that CUk (X) is the free abelian group generated by the set

{σ : ∆k → X | there exists an i ∈ I with σ(∆k) Ă Ui}.

Therefore we can apply the Quasi Isomorphisms-are-Homotopy Equivalences Proposition 81.4
and we obtain the desired result. �

81.3. Proof of Propositions 81.4 and 81.5. This section will be occupied with the
proofs of the Quasi Isomorphisms-are-Homotopy Equivalences Proposition 81.4 and 81.5.
We start out with the following de�nition.

De�nition. Let (Cn, cn) and (Dn, dn) be two chain complexes and let ϕ : C∗ → D∗ be a
chain map. The algebraic mapping cone of ϕ is the chain complex (M(ϕ), ∂∗) that is given
by the chain groups

M(ϕ)n :=
Cn−1

Dn
:= Cn−1 ⊕Dn

and the boundary maps985

Cn−1 Dn

∂ :

M(ϕ)n︷ ︸︸ ︷
Cn−1

Dn
→

M(ϕ)n−1︷ ︸︸ ︷
Cn−2

Dn−1

x
y
7→ −cn−1(x)

ϕn−1(x) + dn(y)

which we write as
block matrices

(
−cn−1 0
ϕn−1 dn

)
Cn−2

Dn−1

984Recall that a comfortable cover of X is a family U = {Ui}i∈I of subsets of X such that the union of the
interiors of the Ui equals X. On page 1638 we de�ned

CUn (X) =
{ k∑
j=1

ajσj

∣∣∣ for each j there exists a Ui ∈ U such that the image of σj lies in Ui
}

and we had observed that these groups form a subcomplex of C∗(X).
985Note that ∂n−1 ◦ ∂n =

(
−cn−2 0
ϕn−2 dn−1

)(
−cn−1 0
ϕn−1 dn

)
=

(
0 0
0 0

)
↑

since ϕ is a chain map and cn−2 ◦ cn−1 = 0 and dn−1 ◦ dn = 0

This shows that we have indeed de�ned a chain complex.
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Remark. Let f : A → X be a map between topological spaces. Recall that on page 457
we de�ned the corresponding mapping cone as

Cone(f : A→ X) := (A× [0, 1] tX)/∼
where (a, 1) ∼ f(a) for all a ∈ A and (a, 0) ∼ (b, 0) for all a, b ∈ A. As an application we
showed on page 457 that for an inclusion map i : A→ X there exists a natural isomorphism

H̃n(Cone(i : A→ X))
∼=−→ Hn(X,A),

i.e. we can reinterpret relative homology groups as reduced homology groups of the corre-
sponding mapping cone. Now suppose that A and X are �nite CW-complexes and that f
is a cellular map. By the CW-Complex Cone Corollary 68.35 (3) we can equip the mapping
cone Cone(f : A → X) with a natural CW-structure. In Exercise 81.2 we will show that
the corresponding cellular chain complex is isomorphic to the algebraic mapping cone of
the chain map f∗ : CCW

∗ (A)→ CCW
∗ (X).
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CW-complex A mapping cone Cone(f : A→ X)CW-complex X

cellular map f

Lemma 81.8. (Mapping Cone-LES Lemma) Let ϕ : C∗ → D∗ be a chain map between
two chain complexes (Cn, cn) and (Dn, dn). We denote by i : Dn → M(ϕ)n = Cn−1 ⊕ Dn

the obvious natural inclusion map and we denote by p : M(ϕ)n = Cn−1 ⊕Dn → Cn−1 the
obvious natural projection . Then the following sequence is exact

. . . → Hn(C∗)
ϕ∗−−→ Hn(D∗)

i∗−→ Hn(M(ϕ))
p∗−−→ Hn−1(C∗)

ϕ∗−−→ Hn−1(D∗) → . . .

Proof. For each n ∈ N0 we consider the following diagram

0 // Dn
in //

dn

��

Cn−1

Dn

pn
//

∂n

(
−cn−1 0
ϕn−1 dn

)
��

Cn−1

cn−1

��

// 0

0 // Dn−1 in−1

//
Cn−2

Dn−1
pn−1

// Cn−2
// 0.

We make the following observations:
(1) the horizontal sequences are exact,
(2) the left-hand square commutes, i.e. the maps i∗ de�ne a chain map,
(3) the right-hand square commutes up to a minus sign, i.e. we have

cn−1 ◦ pn = −pn−1 ◦ ∂n.
Fortunately this minus sign in the above equality does not change the fact that the
maps pn induce a map between homology groups.

Despite the minus sign in (3) we can use verbatim the same construction as on page 1620
to obtain connecting homomorphisms ∂n : Hn(D∗) → Hn(C∗), n ∈ N0, and verbatim the
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same proof as in the LES Proposition 74.9 shows that these connecting homomorphisms
give rise to a long exact sequence of the form

. . . → Hn(C∗)
∂n−−→ Hn(D∗)

i∗−→ Hn(M(ϕ))
p∗−−→ Hn−1(C∗)

∂n−1−−−→ Hn−1(D∗) → . . .

It follows easily from the de�nition of the connecting homomorphism on page 1620 that for
each n ∈ N0 we have the equality

∂n = ϕ∗ : Hn(C∗) → Hn(D∗).

We have thus now shown that the sequence in the statement of the lemma is exact. �

Now we are �nally fully prepared to provide the proof of the Quasi Isomorphisms-are-
Homotopy Equivalences Proposition 81.4.

Proof of Proposition 81.4. Let ϕ : C∗ → D∗ be a chain map between chain complexes
(C∗, c∗) and (D∗, d∗) of free abelian groups which induces an isomorphism on all homology
groups. We need to show that ϕ is in fact a chain homotopy equivalence.

As above we denote by (M(ϕ)∗, ∂∗) the mapping cone of ϕ. We consider the long exact
sequence from the Mapping Cone-LES Lemma 81.8:

. . . → Hn(C∗)
ϕ∗−−→ Hn(D∗)

i∗−→ Hn(M(ϕ))
p∗−−→ Hn−1(C∗)

ϕ∗−−→ Hn−1(D∗) → . . .

By our hypothesis the maps ϕ induce isomorphisms of homology groups, thus we see that
Hn(M(ϕ)) = 0 for all n ≥ 0. By Corollary 81.3 this means that we have a chain homotopy
{Pn}n≥0 from the identity map to the zero map. (Note that here we use that by our
hypothesis on C∗ and D∗ each M(ϕ)n = Cn−1 ⊕Dn is a free abelian group.)

Recall that this means that for each n ∈ N0 we have the equality

(∗) Pn−1 ◦ ∂n + ∂n+1 ◦ Pn = idCn−1⊕Dn .

Using the obvious matrix notation we write

Pn =

(
P 11
n P 12

n

P 21
n P 22

n

)
:
Cn−1

Dn︸ ︷︷ ︸
=M(ϕ)n

→ Cn
Dn+1.︸ ︷︷ ︸

=M(ϕ)n+1

Now we can rewrite the above equality (∗) and we obtain that(
P 11
n−1 P 12

n−1

P 21
n−1 P 22

n−1

)
◦
(
−cn−1 0
ϕn−1 dn

)
+

(
−cn 0
ϕn dn+1

)
◦
(
P 11
n P 12

n

P 21
n P 22

n

)
=

(
idCn−1 0

0 idDn

)
.

Looking at the four entries separately we obtain the following four equalities:

(a) −P 11
n−1 ◦ cn−1 + P 12

n−1 ◦ ϕn−1 − cn ◦ P 11
n = idCn−1 ,

(b) P 12
n−1 ◦ dn − cn ◦ P 12

n = 0,
(c) −P 21

n−1 ◦ cn−1 + P 22
n−1 ◦ ϕn−1 + ϕn ◦ P 11

n + dn+1 ◦ P 21
n = 0,

(d) P 22
n−1 ◦ dn + ϕn ◦ P 12

n + dn+1 ◦ P 22
n = idDn .

We make the following observation:
(1) equation (b) implies that the homomorphisms {P 12

n : Dn → Cn}n∈N0 de�ne a chain
map D → C.
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Now we claim that the chain map {P 12
n }n∈N0 is a chain homotopy inverse to the chain map

ϕ. We do so with the following two observations:
(2) equation (a) implies that P 12 ◦ ϕ ' idC∗ where the chain homotopy is given by the

maps P 11
n : Cn−1 → Cn,

(3) whereas equation (d) implies that ϕ◦P 12 ' idD∗ , where the chain homotopy is given
by the maps P 22

n : Dn → Dn+1,
The last two statements together imply that ϕ is indeed a chain homotopy equivalence. �

We conclude this section with the proof of Proposition 81.5.

Proof of Proposition 81.5. Let C∗ and D∗ be two chain complexes of free abelian groups
and let ι : C∗ → D∗ be a chain map with the following two properties:
(a) The chain map ι : C∗ → D∗ induces an isomorphism of homology groups.
(b) For each k ∈ N0 the map ι : Ck → Dk is a monomorphism and the image is a

subsummand of Dk.
We need to show that there exists a chain map π : D∗ → C∗ with the following two prop-
erties:
(1) For each k ∈ N0 we have πk ◦ ιk = idCk .
(2) The maps ι and π are chain homotopy homotopy equivalences.

The key to proving the proposition is the following claim:
Claim. We set C−1 = D−1 = 0 and we de�ne π−1 to be the zero homomorphism. Let
k ∈ Z≥−1. Suppose that for j = −1, . . . , k we are given maps πj : Dj → Cj such that for
each j ∈ {0, . . . , k} we have the following equalities:
(1) πj ◦ ιj = idCj .
(2) ∂ ◦ πj−1 = πj ◦ ∂.

Then there exists a map πk+1 : Dk+1 → Ck+1 such that the maps π0, . . . , πk+1 have the
above properties.

Proof. First note that by hypothesis we can pick for each m ∈ N a submodule C†m of
Dm such that Dm = ι(Cm)⊕ C†m. For orientation it is perhaps convenient to consider the
following maps:

Dk+1 = ι(Ck+1)⊕ C†k+1

∂D //

?πk+1?
��

ι(Ck)⊕ C†k = Dk

πk
��

Ck+1
∂C

//

ιk+1

OO

Ck

ιk

OO

Since C†k+1 is a subgroup of the free abelian group Dk+1 we know by the Subgroup-of-Free
Abelian Group Lemma 51.2 that C†k+1 is also a free abelian group. We pick a basis T
for the free abelian group C†k+1. Let t ∈ T . Since ι induces an isomorphism of homology
groups we know that there exists a ck+1 ∈ Ck+1 such that t and ι(ck+1) are homologous.
We calculate that

πk(∂D(tk+1)) = πk(∂D(ιk+1(ck+1))) = πk(ιk(∂C(ck+1))) = ∂C(ck+1).
↑ ↑ ↑

since tk+1 and ι(ck+1) are homologous since ι is a chain map since πk ◦ ιk = idCk
we know that ∂D(tk+1) = ∂D(ι(ck+1))
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We set πk+1(t) := ck+1. Since Tk+1 is a basis for the free abelian group C†k+1 we obtain a
homomorphism ϕ : C†k+1 → Ck+1. It is now straightforward to verify that the map

πk+1 : Dk+1 = ι(Ck+1)⊕ C†k+1 → Ck+1

ι(ck+1) + dk+1 7→ ck+1 + ϕ(dk+1)

has all the desired properties. �
Since C∗ and D∗ are chain complexes of free abelian groups and since ι induces an iso-

morphism of homology groups we know by the Quasi Isomorphisms-are-Homotopy Equiv-
alences Proposition 81.4 that ι is a chain homotopy equivalence. By Property (2) of the
claim the maps {πn : Dn → Cn}n∈N0 de�ne a chain map. By Property (1) of the claim
we have for each k ∈ N0 that π∗ ◦ ι∗ = idHk(C∗). Thus we see that the chain map π∗
also induces isomorphism of the homology groups. So once again we appeal to the Quasi
Isomorphisms-are-Homotopy Equivalences Proposition 81.4 to conclude that the maps π∗
form a chain homotopy equivalence. �

81.4. Singular and cellular chain complexes. In Chapter 80 we introduced the cellular
chain complex and the cellular homology groups of a CW-complex. In the Singular-Cellular
H∗-Isomorphism Proposition 80.4 we showed that cellular homology groups are naturally
isomorphic to singular homology groups. At that point we did not say anything about
the relationship between the cellular chain complex and the singular chain complex. We
will rectify this in this section. The extra information that we gain in this section will
stand us in good stead in Section 109.2 when we explore the relationship between cellular
cohomology and singular cohomology.
First we recall some de�nitions and some notation, mostly from page 1770.
De�nition. Let X be a CW-complex and let n ∈ N0.
(1) We denote by Xn the n-skeleton of X, i.e. the union of all cells of dimension ≤ n.
(2) We write CCW

n (X) := Hn(Xn, Xn−1) and we denote by dn : CCW
n (X) → CCW

n−1(X)
the cellular boundary map from page 1769, i.e. dn is the map that is given by the
composition of the following two maps:

Hn(Xn, Xn−1)
∂n−−→ Hn−1(Xn−1) → Hn−1(Xn−1, Xn−2).
↑

connecting homomorphism of the long exact sequence of the pair (Xn, Xn−1)

(3) We refer to
. . .

dn+2−−−→ CCW
n+1(X)

dn+1−−−→ CCW
n (X)

dn−→ CCW
n−1(X)

dn−1−−−→ . . .

as the cellular chain complex. Its homology groups are denoted by HCW
n (X).

In the following we want to relate the cellular chain complex CCW
∗ (X) to the singular chain

complex C∗(X). There is no obvious �interesting� chain map between these two chain
complexes. But as we will see in a minute, it turns out that there is a nice �intermediate�
chain complex which maps into both of the above chain complexes:
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De�nition. Given a CW-complex X and given n ∈ N0 we de�ne the intermediate cellular
chain complex986

Cint
n (X) := ker

(
Cn(Xn)

∂−→ Cn−1(Xn)
π−→ Cn−1(Xn, Xn−1)

)
where π : Cn−1(Xn)→ Cn−1(Xn, Xn−1) is the natural projection.
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−

Lemma 81.9.
(1) Given any CW-complex X the intermediate cellular chain complex Cint

∗ (X) is a
subcomplex of the singular chain complex C∗(X).

(2) If f : X → Y is a cellular map between two CW-complexes, then the induced map
f∗ : C∗(X)→ C∗(Y ) restricts to a map Cint

∗ (X)→ Cint
∗ (Y ).

Proof.

(1) First note that by de�nition we have for any k ∈ N0 the equality

(∗) Cint
k (X) = {σ ∈ Ck(Xk) | ∂k(σ) ∈ Ck−1(Xk−1)}.

Now let σ ∈ Cint
n (X). We need to show that ∂n(σ) ∈ Cint

n−1(X).
(a) By (∗) we know ∂n(σ) ∈ Cn−1(Xn−1).
(b) Next note that ∂n−1(∂n(σ)) = (∂n−1 ◦ ∂n)(σ) = 0. In particular we obtain that

∂n−1(∂n(σ)) ∈ Cn−2(Xn−2).
(c) The combination of (a), (b) and (∗) shows that ∂n(σ) ∈ Cint

n−1(X).
(2) Let f : X → Y be a cellular map between two CW-complexes. We obtain the follow-

ing diagram:

Cn(Xn)

f∗
��

∂ // Cn−1(Xn)
π //

f∗
��

Cn−1(Xn, Xn−1)

f∗
��

Cn(Y n)
∂ // Cn−1(Y n)

π // Cn−1(Y n, Y n−1).

It follows from Lemma 72.9 that this diagram commutes. It follows immediately that
f∗ : C∗(X)→ C∗(Y ) restricts to a map Cint

∗ (X)→ Cint
∗ (Y ). �

Lemma 81.10. Let X be a CW-complex. The maps

p : Cint
∗ (X) → CCW

∗ (X) = Hn(Xn, Xn−1)
σ 7→ [π(σ)]

are well-de�ned, in the sense that π(σ)] is a cycle in CCW
∗ (X), and these maps form a chain

map.

986Strictly speaking we only show in Lemma 81.9 that this is indeed a chain complex.
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Proof. By de�nition of the boundary map of a relative chain complex we have the following
commutative diagram:

Cn(Xn)
π //

∂
��

Cn(Xn, Xn−1)

∂
��

Cn−1(Xn)
π // Cn−1(Xn, Xn−1).

The statements of the lemma follow easily from this observation. �

The following proposition gives us in particular a new proof of the main statements of the
Singular-Cellular H∗-Isomorphism Proposition 80.4.

Proposition 81.11. (Intermediate Chain Complex Proposition) Let X be a CW-
complex.
•We denote by i : Cint

∗ (X)→ C∗(X) the natural inclusion map.
•We denote by p : Cint

∗ (X)→ CCW
∗ (X) the natural chain map from Lemma 81.10.

For each n ∈ N0 the natural maps

(1) i∗ : Hn(Cint
∗ (X)) → Hn(C∗(X))︸ ︷︷ ︸

=Hn(X)

and (2) p∗ : Hn(Cint
∗ (X)) → Hn(CCW

∗ (X))︸ ︷︷ ︸
=HCW

n (X)

are isomorphisms.

Remark. The proof of the proposition is modelled on the proofs provided in [SchubH1968,
p. 303] or alternatively [Lü1998, Lemma 4.2] and [Lü1989, p. 263], see also [Wall1966a,
Lemma 1].

Proof of Proposition 81.11 (1). Let X be a CW-complex and let n ∈ N0. We need to
show that the map

i∗ : Hn(Cint
∗ (X)) → Hn(C∗(X))︸ ︷︷ ︸

=Hn(X)

is an isomorphism. Before we start, let us recall that in the Skeleton-Homology Lemma 80.1
we proved the following two convenient facts:

(a) The inclusion k : Xn+1 → X induces an isomorphism k∗ : Hn(Xn+1)
∼=−→ Hn(X).

(b) The inclusion k : Xn → X induces an epimorphism k∗ : Hn(Xn)� Hn(X).

Claim. Let n ∈ N0.
(i) The map i∗ : Hn(Cint

∗ (X))→ Hn(C∗(X)) = Hn(X) is a monomorphism.
(ii) The map i∗ : Hn(Cint

∗ (X))→ Hn(C∗(X)) = Hn(X) is an epimorphism.

Proof. We consider the following two commutative diagrams

Cint
n+1(X) �

� j
//

∂
��

Cn+1(Xn+1) �
� k //

∂
��

Cn+1(X)

∂
��

Cint
n (X)

i

33
� � j

// Cn(Xn+1) �
� k // Cn(X) and Cint

n (X)

i
++� �

j
//

∂
��

Cn(Xn) �
�

k
//

∂
��

Cn(X)

∂
��

Cint
n−1(X) �

� j
// Cn−1(Xn) �

� k // Cn−1(X).
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Here in each diagram the maps to the left are the obvious inclusion maps, for better or
worse we refer to all of them as j. The maps to the right are induced by the inclusions
k : Xn+1 → X and k : Xn → X. As we will now see, both statements of the claim follow
easily from the diagrams together with (a) and (b) above:

(i) We consider the diagram to the left. Let σ ∈ Cint
n (X) be a cycle with the property

that i(σ) ∈ Cn(X) is null-homologous. It follows from (a) that j(σ) ∈ Cn(Xn+1)
is already null-homologous, i.e. there exists a τ ∈ Cn+1(Xn+1) with ∂τ = j(σ). By
de�nition of Cint

n (X) we know that σ ∈ Cn(Xn) Ă Cn(Xn+1). Thus we see that τ
actually lies in

Cint
n+1(X) = ker

(
Cn+1(Xn+1)

∂−→ Cn(Xn+1)
π−→ Cn(Xn+1, Xn)

)
.

But this implies that σ is null-homologous in Cint
∗ (X).

(ii) We consider the diagram to the right. Let [σ] ∈ Hn(X). By (b) we know that there
exists a cycle τ ∈ Cn(Xn) with [k(τ)] = [σ]. Since ∂τ = 0 we see that τ ∈ Cint

n (X).
Since the bottom-left horizontal map is a monomorphism we see that τ ∈ Cint

n (X) is
also a cycle. But this shows that [σ] = [i(τ)]. �

Proof of Proposition 81.11 (2). Let X be a CW-complex and let n ∈ N0. We need to
show that the map

p∗ : Hn(Cint
∗ (X)) → Hn(CCW

∗ (X))
[σ] 7→ [π(σ)]

is an isomorphism. For orientation purposes we show the following simple commutative
diagram:

Cn(Xn)
π // //

∂
��

Cn(Xn, Xn−1)

∂
��

Cn−1(Xn)
π // // Cn−1(Xn, Xn−1).

Furthermore it is convenient to recall the following de�nitions:

Cint
n (X) = ker(π ◦ ∂ : Cn(Xn)→ Cn−1(Xn, Xn−1))

CCW
n (X) = Hn(Xn, Xn−1) = Hn(C∗(X

n, Xn−1)).

Claim 1. For each n ∈ N0 the map p : Cint
n (X)→ CCW

n (X) is an epimorphism.

Proof. Let [σ] ∈ CCW
n (X), i.e. let σ ∈ CCW

n (X) such that ∂σ = 0. Since the projection
π : Cn(Xn) → Cn(Xn, Xn−1) is an epimorphism there exists ν ∈ Cn(Xn) with ∂ν = σ.
Using the above commutative diagram one sees easily that ν ∈ Cint

n (X). �
Given n ∈ N0 we set

Dn := ker
{
p : Cint

n (X)
p−→ CCW

n (X)
}
.

Note that ν ∈ Cn(Xn) lies in Dn if and only if the following two conditions are satis�ed:

(a) (π ◦ ∂)(ν) = 0,
(b) π(ν) ∈ Cn(Xn, Xn−1) represents the zero element of CCW

n (X) = Hn(Xn, Xn−1).

Furthermore note that the groups D∗ form a subcomplex of Cint
∗ (X).

Claim 2. For each n ∈ N0 we have Cn+1(Xn) Ă Dn+1.
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Proof. For orientation purposes we consider the following commutative diagram:

Cn+1(Xn) �
�

//

∂
��

Cn+1(Xn+1)
π // //

∂
��

Cn+1(Xn+1, Xn)

∂
��

Cn(Xn) �
�

// Cn(Xn+1)
π // // Cn(Xn+1, Xn).

Let Θ ∈ Cn(Xn+1). Since the diagram commutes and since the horizontal sequences are
exact we see that Θ satis�es (a) and we see that π(Θ) = 0 ∈ Cn+1(Xn+1, Xn), the latter
statement implies that (b) is also satis�ed. �

Note that by Claim 1 we have a short exact sequence

0 → D∗ → Cint
n (X)

p−−→ CCW
n (X) → 0

of chain complexes. Considering the corresponding long exact sequence of homology groups,
see the LES Proposition 74.9, it su�ces to prove the following claim.
Claim 3. The chain complex D∗ is acyclic, i.e. all homology groups of D∗ are zero.

Proof. For orientation purposes we now consider the following commutative diagram:

Cn+1(Xn−1) �
� i //

∂
��

Cn+1(Xn)
π // //

∂
��

Cn+1(Xn, Xn−1)

∂
��

Cn(Xn−1) �
� i //

∂
��

Cn(Xn)
π // //

∂
��

Cn(Xn, Xn−1)

∂
��

Cn−1(Xn−1) �
� i // Cn−1(Xn)

π // // Cn−1(Xn, Xn−1).

So let µ ∈ ker(∂ : Dn → Dn−1) Ă Dn Ă Cint
n (X) Ă Cn(X). We need to show that

there exists a Θ ∈ Dn+1 with ∂Θ = µ. By (b) we know that π(µ) ∈ Cn(Xn, Xn−1)
represents the zero element of CCW

n (X) = Hn(Xn, Xn−1). It follows that there exists a
γ ∈ Cn+1(Xn, Xn−1) with ∂γ = π(µ). Since the top horizontal sequence is exact we can
pick γ̃ ∈ Cn+1(Xn) with π(γ̃) = γ. Note that

π(∂ γ̃ − µ) = (π ◦ ∂)(γ̃)− π(µ) = ∂(π(γ̃))︸ ︷︷ ︸
=γ

− π(µ) = 0.
↑ ↑

since ∂ ◦ π = π ◦ ∂ since ∂γ = π(µ)

Since the middle horizontal sequence is exact there exists an α ∈ Cn(Xn−1) such that
i(α) = ∂ γ̃ − µ. Note that i(∂α) = ∂(i(α)) = i(∂(∂ γ̃ − µ)) = (∂∂ γ̃ − ∂µ) = 0. Since i
is a monomorphism we see that ∂α = 0. As mentioned above, by the Skeleton-Homology
Lemma 80.1 we know that Hn(Xn−1) = 0. This implies that there exists an α̃ ∈ Cn+1(Xn−1)
with ∂α̃ = α. Then

∂(γ̃ − i(α̃)) = ∂ γ̃ − (i ◦ ∂)(α̃) = ∂ γ̃ − i(α)︸︷︷︸
=∂ γ̃−µ

= ∂ γ̃ − ∂ γ̃ + µ = µ.
↑

since ∂ ◦ i = i ◦ ∂

We set Θ := γ̃ − i(α̃) ∈ Cn+1(Xn). We just showed that ∂Θ = µ. Since Θ ∈ Cn+1(Xn) we
obtain from Claim 2 that Θ actually lies in Dn+1. �

The following proposition gives us the promised relationship between the singular and
cellular chain complex of a given CW-complex.
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Proposition 81.12. (Singular-Cellular Chain Complex Proposition) Let X be a
CW-complex.
(1) The two natural chain maps

i : Cint
∗ (X) ↪→ C∗(X) and p : Cint

∗ (X) � CCW
∗ (X),

which are given by the obvious inclusion and the natural projection, are chain ho-
motopy equivalences.

(2) There exists a chain homotopy equivalence C∗(X)→ CCW
∗ (X).

Remark. In the proof of the Singular-Cellular Chain Complex Proposition 81.12 we will
make use of the Subgroup-of-Free Abelian Group Lemma 51.2 (which we did not prove)
which says that the subgroup of a free abelian group is again a free abelian group. This
purely algebraic fact lets us conclude that the intermediate chain groups Cint

k (X) are free
abelian groups. In Section 170.2 we will use a somewhat di�erent approach to relate the
chain complexes C∗(X) and CCW

∗ (X) that does not make use of this algebraic fact.

Proof. Let X be a CW-complex.

(1) By de�nition each Cint
k (X) is a subgroup of the free abelian group Ck(X). It follows

from the Subgroup-of-Free Abelian Group Lemma 51.2 that each Cint
k (X) itself is a

free abelian group. In particular Cint
∗ (X) is a chain complex of free abelian groups.

By the Intermediate Chain Complex Proposition 81.11 we know that the chain maps
i : Cint

∗ (X) ↪→ C∗(X) and p : Cint
∗ (X) � CCW

∗ (X) are quasi-isomorphisms. Since all
chain complexes involved consist of free abelian groups we deduce from the Inter-
mediate Chain Complex Proposition 81.11 that the chain maps are chain homotopy
equivalences.

(2) This statement follows immediately from Statement (1) together with the fact, see
Lemma 73.3, that being chain homotopy equivalent is indeed an equivalence relation.

�

81.5. Abstractly isomorphic homology groups. The following map shows that if we
are given two chain complexes of free abelian groups, then any map on homology groups
is induced by a chain map.

Proposition 81.13. (Lift-to-Chain Map-Proposition) Suppose (C∗, ∂∗) and (C ′∗, ∂
′
∗)

are two chain complexes of free abelian groups.
(1) If γn : Hn(C∗)→ Hn(C ′∗), n ∈ N0, is a family of homomorphisms, then there exists a

chain map f : C∗ → C ′∗ such that for every n ∈ N0 we have

f∗ = γn : Hn(C∗) → Hn(C ′∗).

(2) If the maps γn in (1) are isomorphisms, then the chain maps f in (1) are chain
homotopy equivalences.

Remark.
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(1) We consider the following commutative diagram

0 // Z ·2 //

n7→(0,n)
��

Z
id
��

// 0

0 // Z⊕ Z
(m,n)7→m+2n

// Z // 0.

We view the top and bottom sequences as chain complexes C∗ respectively D∗ and we
view the vertical maps as a chain map f . It is straightforward to see that f induces
the zero map on homology but that it is not chain homotopic to the zero chain map.
This shows that the chain map from the Lift-to-Chain Map-Proposition 81.13 is in
general not unique up to chain homotopy.

(2) The combination of the Lift-to-Chain Map-Proposition 81.13 with the Singular-
Cellular H∗-Isomorphism Proposition 80.4 gives us a new proof of the Singular-
Cellular Chain Complex Proposition 81.12 (2).

Proof of the Lift-to-Chain Map-Proposition 81.13. Note that Statement (2) of the
proposition is an immediate consequence of Statement (1), the fact that we are dealing
with chain complexes of free abelian groups and the Intermediate Chain Complex Propo-
sition 81.11. Thus it remains to prove Statement (1).

Let (C∗, ∂∗) and (C ′∗, ∂
′
∗) be two chain complexes of free abelian groups. Furthermore

let γn : Hn(C∗) → Hn(C ′∗), n ∈ N0 be a family of homomorphisms. We have to show that
there exists a chain map f : C∗ → C ′∗ such that for every n ∈ N0 we have

f∗ = γn : Hn(C∗) → Hn(C ′∗).

We start out by recalling some of the usual notation and basic observations regarding chain
complexes. More precisely, for each n ∈ N0 we write

Zn := ker(∂n : Cn → Cn−1), Bn := im(∂n+1 : Cn+1 → Cn) and Hn = Zn/Bn.

Recall that these groups form the following two types of short exact sequences

(a) 0 → Zn ↪→ Cn
∂n−→ Bn−1 → 0,

(b) 0 → Bn ↪→ Zn → Hn → 0.

Similarly we de�ne Z ′n, B
′
n and H ′n for the chain complex C′∗. Evidently these groups also

form short exact sequences that we denote by (a′) and (b′).
As we already mentioned on page 1791, since all the chain groups are free abelian it fol-

lows from the Subgroup-of-Free Abelian Group Lemma 51.2 that the subgroups Zn, Bn, Z
′
n

and B′n are also free abelian. In particular the sequences (b) and (b′) are free resolutions of
Hn respectively H ′n. It follows from the Fundamental Theorem 81.1 of Homological Algebra
that for each n ∈ N0 there exist homomorphisms βn and ζn such that the following diagram
commutes:

0 // Bn

βn
��

// Zn
ζn
��

// Hn

γn
��

// 0

0 // B′n // Z ′n // H ′n // 0.
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Our goal is to extend the maps ζn : Zn → Z ′n to a chain map f : Cn → C′n. To do so we
consider the following diagram

0 // Zn t�

''

ζn

��

� � // Cn
ψn
��

∂ // // Bn−1

βn−1

��

// 0

Zn ⊕Bn−1

77 77

ζn⊕βn−1

��

Z ′n ⊕B′n−1

'' ''

0 // Z ′n �� //
+ �

88

C′n ∂′
// //

ψ′n

OO

B′n−1
// 0.

Here the top sequence is precisely the short exact sequence (a) and the bottom sequence
is the short exact sequence (a′). Here the unlabeled maps are the obvious inclusion and
projection s. It follows immediately from Lemmas 78.1 and 78.2 that there exist isomor-
phisms ψn : Cn

∼=−→ Zn⊕Bn−1 and ψ′n : C′n
∼=−→ Z ′n⊕B′n−1 which make the diagram commute.

Now we de�ne fn : Cn → C′n to be vertical homomorphism given by the diagram, i.e.
fn = (ψ′n)−1 ◦ (ζn ⊕ βn−1) ◦ ψn.

Now we need to show that the maps fn form a chain map. We consider the diagram

Cn
fn
��

∂ // Bn−1

βn−1

��

� � // Zn−1

ζn−1

��

� � // Cn−1

fn−1

��

C′n ∂′
// B′n−1

� � // Z ′n−1
� � // C′n−1

where all unlabeled maps are the obvious inclusion maps. The middle square commutes
by the choice of βn−1 and ζn−1. We had arranged the maps fn, fn−1 in such a way that the
squares to the left and right commute. This shows that the rectangle commutes. But that
was exactly what we needed to do to show that the maps fn, n ∈ N0 form a chain map.

Finally note that it follows easily from the choice of ζn that the chain map fn induces
the given maps γn on homology. �

We conclude this chapter with the following lemma which we will use on several occasions.

Lemma 81.14. (Finite-Rank Chain Complex Lemma) Let (C∗, c∗) be a free chain
complex such that for each k ∈ N0 the homology group Hk(C) is �nitely generated. Then
there exists a chain complex (D∗, ∂∗) with the following two properties:
(1) The chain complexes (C∗, ∂∗) and (D∗, ∂∗) are chain homotopy equivalent.
(2) Each chain group Dk is a free abelian group of �nite rank.

Proof. Let k ∈ N0. Recall that we assume that Hk(C∗) is �nitely generated. It follows
immediately from the Finitely Generated Abelian Group Classi�cation Theorem 51.4 that
there exists a chain complex Dk

∗ and an isomorphism ϕk : Hk(D
k
∗)→ Hk(C∗) such that only

the chain groups Dk
k and Dk

k+1 are non-zero and such that both chain groups are �nitely
generated free abelian groups.
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We de�neD∗ =
⊕
k∈N0

Dk
∗ . It follows immediately from the Lift-to-Chain Map-Proposition 81.13

and 81.4 that the chain complex D∗ is chain homotopy equivalent to (C∗, c∗). �

Exercises for Chapter 81.

Exercise 81.1.
(a) We consider the following commutative diagram

0 // Z ·2 //

n7→(0,n)
��

Z
id
��

// 0

0 // Z⊕ Z
(m,n)7→m+2n

// Z // 0.

We view the top and bottom sequences as chain complexes C∗ respectively D∗ and
we view the vertical maps as a chain map f .
(i) Convince yourself that f induces the zero map on homology.
(ii) Show that the chain map f is not chain homotopic to the zero chain map.

(b) Give examples of chain complexes C∗ and D∗ of free abelian groups and quasi-
isomorphisms f∗, g∗ : C∗ → D∗ that induce the same isomorphism on homology
groups, but that are not chain homotopic.

Exercise 81.2. Let f : A → X be a map between topological spaces. We de�ne the
corresponding mapping cone as

Cone(f : A→ X) := ((A× [0, 1]) tX)/∼
where (a, 1) ∼ f(a) for all a ∈ A and (a, 0) ∼ (b, 0) for all a, b ∈ A. Now suppose that A
and X are �nite CW-complexes and that f is a cellular map.

We equip the mapping cone Cone(f : A → X) with the natural CW-structure of the
CW-Complex Cone Corollary 68.35. Show that the corresponding cellular chain complex
is isomorphic to the algebraic mapping cone of the chain map f∗ : CCW

∗ (A)→ CCW
∗ (X).

Exercise 81.3. We consider the chain complex.

C∗ = 0 → Z ·2−→ Z → Z2 → 0

and the zero chain complex D∗.
(a) Show that there exists a chain map ϕ : C∗ → D∗ which is a quasi-isomorphism.
(b) Show that the chain complexes C∗ and D∗ are not chain homotopy equivalent.

Exercise 81.4. Show that in the Lift-to-Chain Map-Proposition 81.13 we cannot drop
the hypothesis that the chain complexes are free abelian groups. More precisely, give
an example of chain complexes (C∗, ∂∗) and (C ′∗, ∂

′
∗) and a sequence of homomorphisms

γn : Hn(C∗)→ Hn(C ′∗), n ∈ N0, that is not realized by a chain map.
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82. The Jordan-Brouwer Separation Theorem

We start out with the following proposition.

Theorem 82.1. (Sphere Complement-H∗-Theorem)

(1) For every injective map h : B
k → Sn we have

H̃i

(
Sn \ h(B

k
)
)

= 0 for all i ∈ N0.

(2) For every injective map h : Sk → Sn we have

H̃i

(
Sn \ h(Sk)

) ∼= {
Z, if i = n− k − 1,
0, otherwise.

Example.

(1) Let K Ă S3 be a knot, i.e. let K be a 1-dimensional submanifold of S3 = R3 ∪ {∞}
that is di�eomorphic to S1. This means in particular that there exists a smooth
embedding h : S1 → S3 with h(S1) = K. In Lemma 78.13 we had already determined
that H1(S3\K) ∼= Z. Now we can compute the higher homology groups as well. More
precisely, the combination of the Sphere Complement-H∗-Theorem 82.1 (2) and the
Reduced Homology Lemma 74.1 says that

Hi(S
3 \K) = Hi(S

3 \ h(S1)) ∼=
{

Z, if i = 0, 1,
0, otherwise.

(2) In the Sphere Complement-H∗-Theorem 82.1 we do not assume that h is in any way
smooth. For example there are injective maps h : S1 → S2 of in�nite length, see e.g.

https://en.wikipedia.org/wiki/Koch_snowflake,

to which the proposition nonetheless applies. Reduced homology is only de�ned
for non-empty topological spaces. It is implicit in the statement of the Sphere
Complement-H∗-Theorem 82.1 that Sn \ h(B

k
) is not the empty set. Even this

statement is not entirely obvious since, as we have pointed out on several occasions,
there are non-injective maps h : B

1 → Sn that are in fact surjective.
(3) In the �gure below we see the image of an injective map ϕ : [0, 1]→ S3 = R3 ∪ {∞}

and we see a closed curve C Ă S3 \ϕ([0, 1]). It follows from the Sphere Complement-
H∗-Theorem 82.1 (1) that H1(S3 \ ϕ([0, 1])) = 0, in particular C is null-homologous
in H1(S3 \ ϕ([0, 1])) = 0.987 But on [Sti1993, p. 152] it is shown that the curve C
represents in fact a non-trivial element in π1(S3 \ ϕ([0, 1])).

To make the exposition more readable we prove the two parts of the Sphere Complement-
H∗-Theorem 82.1 separately.

Proof of the Sphere Complement-H∗-Theorem 82.1 (1). We write I = [−1, 1]. By
the Convex-to-Ball Proposition 2.20 (2) there exists a homeomorphism Ik

∼=−→ B
k
. Therefore

987In Lemma 80.9 we saw that the boundary curve of an orientable surface with one boundary component
is null-homologous. In Exercise 82.1 we will see that the closed curve C is in fact the boundary of an
orientable surface that is embedded in S3 \ ϕ([0, 1]).

https://en.wikipedia.org/wiki/Koch_snowflake
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the complement of the arc has trivial �rst homology but it is not simply connected

image of an injective map ϕ : [0, 1]→ S3 = R3 ∪ {∞}
trivial in homology but not null-homotopic

C

in the statement of the Sphere Complement-H∗-Theorem 82.1 (1) we can replace B
k
by Ik.

So we now want to show that for any injective map h : Ik → Sn we have

H̃i(S
n \ h(Ik)) = 0 for all i ∈ N0.

We will prove this statement by induction on k. We start out with k = 0. So let
h : I0 = {0} → Sn be an injective map. It follows from the stereographic projection
de�ned in Lemma 2.18 that Sn \h({0}) is homeomorphic to Rn. Hence we obtain from the
Homotopy Equivalence-H∗-Corollary 73.9 (3) that H̃∗(Sn \ h({0})) = 0.

Now we do the induction step. We assume we know the desired statement for all
injective maps Ik−1 → Sn. Now let h : Ik → Sn be an injective map. We suppose that the
desired conclusion does not hold, i.e. we suppose that H̃j(S

n \ h(Ik)) 6= 0 for some j. We
pick a non-trivial element g0 ∈ H̃j(S

n \ h(Ik)).
We write Q = Ik−1, J0 = I and we write

A1 = Sn \ h(Q× [0, 1
2
]) and A2 = Sn \ h(Q× [1

2
, 1]).

Since h is injective we have
A1 ∩ A2 = Sn \ h(Ik) and A1 ∪ A2 = Sn \ h(Q× {1

2
}).

From the Compact Image Lemma 2.13 (3) we know that A1 and A2 are open subsets of
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h

S2Q× [1
2
, 1]

Q× [1
2
, 1]

Ik = Q× J0

g0

A1 ∪A2. Therefore we can apply the Mayer�Vietoris Theorem 78.5 and we obtain the long
exact sequence

. . . → H̃j+1(A1 ∪ A2)︸ ︷︷ ︸
= 0 by induction

→ H̃j(A1 ∩ A2) → H̃j(A1)⊕ H̃j(A2) → H̃i(A1 ∪ A2)︸ ︷︷ ︸
= 0 by induction

→ . . .

So we see that the middle map is an isomorphism. Thus there exists an i ∈ {1, 2} such
that the image of g0 is non-trivial in H̃j(Ai). If i = 1, then we set J1 := [0, 1

2
], otherwise
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we set J1 := [1
2
, 1]. We denote by

ϕ1 : H̃j(S
n \ h(Q× J0)) → H̃j(S

n \ h(Q× J1))
the inclusion induced map. By the above exact sequence ϕ1 is an epimorphism. We denote
by ρ1 the inverse of the induced isomorphism

H̃j(S
n \ h(Q× J0))/ ker(ϕ1) → H̃j(S

n \ h(Q× J1)).

Now we iterate this process by running the same argument with J0 replaced by J1 and so
on. For each m ∈ N we can �nd an interval Jm of length 1

2m
that is contained in Jm−1 such

that for the inclusion induced homomorphism

ϕm : H̃j(S
n \ h(Q× Jm−1)) → H̃j(S

n \ h(Q× Jm))

we have that gm := ϕm(gm−1) is non-zero. We de�ne ρm the same way from ϕm as we had
obtained ρ1 from ϕ1.

By the de�nition of the direct limit we have the following commutative diagram:988

...

H̃j(S
n \ h(Q× J2))

ρ2◦ρ1

**

//

ϕ3

OOOO

lim−→H̃j(S
n \ h(Q× Jm))

��

H̃j(S
n \ h(Q× J1))

ϕ2

OOOO

ρ1

,,

11

H̃j(S
n \ h(Q× J0))

44

ϕ1

OOOO

image of g0 is non-zero
// H̃j(Sn \ h(Q× I))⋃
m∈N

ker(ϕm ◦ · · · ◦ ϕ1)

Since each Jm has half the length of Jm−1 we conclude that the intersection
⋂
m∈N

Jm contains

a unique point t ∈ [0, 1].989 We have

lim−→H̃j(S
n \ h(Q× Jm)) ∼= H̃j

( ⋂
m∈N

Sn \ h(Q× Jm)
)

= H̃j(S
n \ h(Q× {t})) = 0.

↑ ↑ ↑
by the Exhaustions-H∗-Proposition 79.4 since thesince h is injective by induction

subsets Sn \ h(Q× Jm) are open since Q× {t} ∼= Ik−1

But we have now obtained a contradiction, since the bottom horizontal map of the above
commutative diagram has a non-trivial image but it factors through the trivial group. �

Proof of the Sphere Complement-H∗-Theorem 82.1 (2). Recall that we have to show
that for every injective map h : Sk → Sn we have isomorphisms

H̃i

(
Sn \ h(Sk)

) ∼= {
Z, if i = n− k − 1,
0, otherwise.

988Note that we have
ker(ϕ1) Ă ker(ϕ2 ◦ ϕ1) Ă ker(ϕ3 ◦ ϕ2 ◦ ϕ1) Ă . . .

It follows that the union of these subgroups is again a subgroup.
989Why does this follow? What results from real analysis do we need to draw that conclusion?
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We prove this statement by induction on k. For k = 0 we have

H̃i(S
n \ h(S0)) = H̃i(S

n−1) ∼=
{

Z, if i = n− 1,
0, otherwise.↑ ↑

since Sn \ h(S0) is homotopy by Proposition 74.4
equivalent to Sn−1990

Now suppose we know the statement for some k ∈ N. Suppose we are given an injective
map h : Sk+1 → Sn. We denote by Sk+1

≤0 the lower hemisphere of Sk+1 and we denote by
Sk+1
≥0 the upper hemisphere of Sk+1. Note that Sk+1

≤0 ∩ Sk+1
≥0 = Sk. We apply the Mayer�

Vietoris Theorem 78.5 to the decomposition of Sn \h(Sk+1) into the open sets Sn \h(Sk+1
≤0 )

and Sn \ h(Sk+1
≥0 ). We obtain a long exact sequence991

· · · → H̃i(S
n \ h(Sk))→ H̃i((S

n\h(Sk+1
≤0 ))︸ ︷︷ ︸

= 0 by part (1) and

since Sk+1
≤0
∼= B

k+1

⊕ H̃i(S
n\h(Sk+1

≥0 ))︸ ︷︷ ︸
= 0 by part (1) and

since Sk+1
≥0
∼= B

k+1

→ H̃i(S
n \ h(Sk+1))→ . . . .

Thus we see that

H̃i(S
n \ h(Sk+1)) ∼= H̃i−1(Sn \ h(Sk)) ∼=

{
Z, if i− 1 = n− k − 1,
0, otherwise.↑

by induction �

We have the following immediate corollary to the Sphere Complement-H∗-Theorem 82.1.

Corollary 82.2. (Jordan�Brouwer Separation Theorem) Let n ∈ N. Furthermore
let f : Sn → Rn+1 be an injective map.
(1) The complement Rn+1 \ f(Sn) has precisely two path-components, one of which is

bounded and one which is unbounded.
(2) If A and B are the two path-components of Rn+1 \ f(Sn), then

∂A = ∂B = A ∩B = f(Sn).
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Proof.
(1) Let n ∈ N. Furthermore let f : Sn → Rn+1 be an injective map. We use the inclusion

Rn+1 → Rn+1 ∪ {∞} = Sn+1 to view Rn+1 as a subspace of Sn+1. Now we see that

H̃0(Rn+1 \ C) = H̃0(Rn+1 \ f(Sn)) ∼= H̃0(Sn+1 \ f(Sn)) ∼= Z
↑ ↑

see Exercise 78.12 Homology-of-Sphere Complement
Theorem 82.1 (2)

990Can you give a rigorous proof for the statement that the complement of two points in Sn is homotopy
equivalent to Sn−1?
991Here we use, as in the proof of the Sphere Complement-H∗-Theorem 82.1 (1), implicitly the injectivity
of h.
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It follows from the Reduced Homology Lemma 74.1 (5) that Rn+1 \ C has precisely
two path-components. It remains to show that precisely one of them is unbounded.

Since Sn is compact there exists an r ∈ R such that f(Sn) Ă Bn+1
r . It is ele-

mentary to show that Rn+1 \Bn+1
r is path-connected. It follows that Rn+1 \Bn+1

r is
contained in one of the two path-components. This shows that precisely one path-
component is unbounded.

(2) First note that it follows from the Compact Image Lemma 2.13 and 1.21 that Rn+1 \
f(Sn) is open. In particular, as we remarked on page 176, Rn+ \ f(Sn) is locally
path-connected. It follows easily that A and B are both open subsets of Rn.

Claim. We have A = A ∪ f(Sn).

Proof. Since B is open we know that A ∪ f(Sn) = Rn \ B is closed. By de�nition
of A this implies that A Ă A ∪ f(Sn). Now let P ∈ A ∪ f(Sn). We need to show
that P ∈ A. Suppose that this is not the case. By the Interior-Closure Lemma 1.9
we know that A is closed. Thus our assumption that P 6∈ A implies that there exists
an open subset U Ă Rn+1 with P ∈ U Ă Rn+1 \ A. By Exercise 82.5 there exists
a subspace D Ă Sn, which is homeomorphic to B

n
such that Sn \D Ă f−1(U), i.e.

such that f(Sn \D) Ă U . We now obtain the following equalities:

since f(Sn) \ f(D) = f(Sn \D) Ă U
↓

Rn+1 \ f(D)︸ ︷︷ ︸
path-connected by

the Homology-of-Sphere
Complement Theorem 82.1

= AtB t (f(Sn) \ f(D)) = At (B ∪ (U ∩ Rn+1 \ f(D)).
↑

disjoint union since U ∩A = ∅

We have thus written the path-connected space Rn+1 \ f(D) as the disjoint union
of the two open non-empty sets A and B ∪ (U ∩ Rn+1 \ f(D)). But by the Path-
Connected Implies Connected Corollary 2.23 this is not possible. We have thus
obtained a contradiction. �
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For historic purposes we state the case n = 1 again with slightly di�erent names. The
following de�nition is a minute variation on the de�nition of a Jordan curve given on
page 795.

De�nition. A planar Jordan curve is the image of an injective map S1 → R2.
The following corollary is now just the case n = 1 of the Jordan�Brouwer Separation
Theorem 82.2.
Corollary 82.3. (Jordan Curve Theorem) Let C Ă R2 be a planar Jordan curve.
(1) The complement R2\C has precisely two path-components, one of which is bounded

and one which is unbounded.
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(2) If A and B are the two path-components of R2 \ C, then
∂A = ∂B = A ∩B = C.

Remark.
(1) The Jordan Curve Theorem 82.3 might appear as �self-evident�. To disabuse the

reader of this idea recall that in Proposition 6.14 and Exercise 6.14 we saw that there
exist planar Jordan curves with non-zero 2-dimensional Lebesgue measure.

(2) The Jordan Curve Theorem 82.3 takes its name from Camille Jordan [Jor1887]992

who formulated it in 1887. It seems like the �rst convincing proof was given by
Oswald Veblen [Veb1905] in 1905.

(3) The general case of the Jordan�Brouwer Separation Theorem 82.2 was �rst proved
by Luitzen Brouwer [Brou1912b] in 1912.

The Sphere Complement-H∗-Theorem 82.1, together with the Reduced Homology Lemma 74.1,
says in particular, that if h : Sn−1 → Sn is an injective map, then

Hi(S
n \ h(Sn−1)) ∼=

{
Z2, if i = 0,
0, otherwise.

Put di�erently, homologically the topological space Sn \ h(Sn−1) looks like the disjoint
union of two open n-dimensional balls. One might now suspect that Sn \h(Sn−1) is in fact
homeomorphic to the union of two open n-dimensional balls.
This is in fact true in dimension n = 2. More precisely Arthur Schön�ies993 proved in 1908
the following theorem. We refer to [Tn1992, Section 3] for a perhaps more readable proof
of the theorem.994

Theorem 82.4. (Schön�ies Theorem) Let h : S1 → S2 be an injective map. Then h
extends to a homeomorphism of S2, i.e. there exists a homeomorphism H : S2 → S2 such
that H|S1 = h. In particular both components of S2 \ h(S1) are homeomorphic to open
disks.

Remark.
(1) The Schön�ies Theorem is often also called the Jordan-Schön�ies Theorem.
(2) If h : S1 → S2 is a smooth embedding, then the conclusion of the Schön�ies Theo-

rem 82.4 also follows from the much easier Proposition 55.18.

It is natural to ask whether the conclusion of the Schön�ies Theorem also holds in higher
dimensions. But this hope breaks down already one dimension higher. More precisely,
James Alexander995 showed in 1924 that there exists an injective map S2 → R3 such that
one of the two components of the complement of h(S2) is not simply connected. The image
h(S2) is called the Alexander horned sphere. It is illustrated in the �gure below. A more
detailed description of the Alexander horned sphere and the proof that the complement is
992Camille Jordan (1838-1922) was a French mathematician who most readers will already have encountered
in linear algebra.
993Arthur Schön�ies (1853�1928) was a German mathematician.
994More precisely, in [Tn1992, Section 3] a proof for the following statement is given:
Let g : S1 → R2 be an injective map. Then g extends to a homeomorphism of R2.
We leave it to the reader to deduce Theorem 82.4 from that statement.
995James Alexander (1888-1971) was an American mathematician. He also introduced the Alexander
polynomial of a knot.
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not simply connected is given in [Al1924a] and also [Hat2002, p. 170] and in [DV2009,
p. 46]. In Exercise 82.2 we invite the reader to modify the Example shown in the �gure
below to produce an injective map S2 → R3 such that neither of the two components of
the complement of h(S2) is simply connected.

Alexander horned sphere

We have now seen that injective maps S2 → S3 can be pretty �wild�. The map that de�nes
the Alexander horned sphere is continuous, but it is certainly not smooth. So what happens
if we restrict ourselves to smooth maps? In fact in the smooth setting we have the following
theorem.
Theorem 82.5. (Generalized smooth Schön�ies Theorem) Let h : Sn−1 → Sn be a
smooth embedding. If n 6= 4, then there exists an orientation-preserving di�eomorphism
H : Sn → Sn with H|Sn−1 = h.
For n = 2 the statement follows fairly easily from the classi�cation of smooth 2-dimensi-
onal smooth manifolds that we gave in the Surface Classi�cation Theorem 55.4, see e.g.
[Hirs1976, p. 207]. For n = 3 this statement was proved by James Alexander [Al1924b].
See also [Hat3, Chapter 1] and [Schul2014, Theorem 3.2.5] and for an exposition of the
proof. For n ≥ 5 this statement was independently proved by Barry Mazur [Maz1959] in
1959 and by Morton Brown [BrownM1960] in 1960.
The case n = 4 is missing in the Generalized Schön�ies Theorem. In fact it is still unknown
whether the statement holds for n = 4.
Question 82.6. Is it true that given any smooth embedding h : S3 → S4 there exists a
di�eomorphism H : S4 → S4 with H|S3 = h?
This question is very much open and there is not even a consensus whether one expects the
answer to be yes or no. If you can answer this question you would almost certainly obtain
a Fields medal.996

We conclude this section with two more consequences of the Sphere Complement-H∗-
Theorem 82.1. The following theorem was �rst proved by Luitzen Brouwer [Brou1911] in
1911. It can be viewed as a signi�cant strengthening of the Smooth Invariant of Domain
Theorem 19.13 (1).

Theorem 82.7. (Topological Invariance of Domain Theorem) Let U be an open
subset of Rn.
(1) If h : U → Rn is an injective map, then h(U) is also an open subset of Rn.997

(2) If h : U → Rm be an injective map, then m ≥ n.

996But hurry up, you can only get a Fields medal if you are under 40.
997How can one prove the theorem for n = 1 using only the methods from real analysis?
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Remark. The Open Mapping Theorem from complex analysis, see [Lang1999, Theo-
rem II.6.2], says that if G Ă C is an open subset and if f : G → C is a non-constant
holomorphic function, then f(G) is also open. In fact, one can deduce the �Open Mapping
Theorem� from the Topological Invariance of Domain Theorem 82.7 since by [Jä2011,
Satz 10] every non-constant holomorphic function on an open subset of C is locally the
power of an injective function.

In the proof of Theorem 82.7 we need the following elementary lemma.

Lemma 82.8. Let U Ă Rn be a subset. If U is open in Rn, then every path-component
of U is also an open subset of Rn.

Proof. Let C be a path-component of the subset subset U Ă Rn. Let P ∈ C. Since U
is open there exists an r > 0 such that Br(P ) Ă U . But all points in Br(P ) are path-
equivalent to P , hence Br(P ) Ă C. �

Proof of the Topological Invariance of Domain Theorem 82.7.

(1) Recall that by the homeomorphism from Lemma 2.18 we can view Rn as an open
subset of Rn ∪ {∞} = Sn. So we can view h as a map from U to Sn and we need to
show that h(U) is an open subset of Sn.

Let x ∈ U . We pick a closed n-ball B in U that contains x in the interior. It
su�ces to show that h(B \ ∂B) Ă h(U) is open in Sn. Note that Sn \ h(∂B) is open
by the Compact Image Lemma 2.13 (3). By Lemma 82.8 it therefore su�ces to show
that h(B \ ∂B) is a path-component of Sn \ h(∂B). We will do so in the following
claim.
Claim. The topological space Sn \h(∂B) has precisely two path-components namely
the subsets h(B \ ∂B) and Sn \ h(B).

Proof. By the Sphere Complement-H∗-Theorem 82.1 (2) and the Reduced Homology
Lemma 74.1 we know that

Sn \ h(∂B) = h(B \ ∂B) t (Sn \ h(B))

has two path-components. It su�ces to show that the two sets on the right-hand side
are path-connected. The �rst set h(B \ ∂B) is path-connected since it is the image
of the path-connected topological space B \ ∂B, while the second set Sn \ h(B) is
path-connected by the Sphere Complement-H∗-Theorem 82.1 (1) and the Reduced
Homology Lemma 74.1. �

(2) Let h : U → Rm be an injective map with m ≤ n. We consider the inclusion given by

composing h with the inclusion i : Rm x 7→(x,0)−−−−→ Rn. By (1) we know that (i ◦ h)(U) is
an open subset. But a subset of Rm is open under the inclusion i : Rm → Rn only if
m = n. Thus we have shown that m ≥ n. �
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Corollary 82.9. LetM be a non-empty closed n-dimensional topological manifold and let
N be a connected n-dimensional topological manifold without boundary. Let h : M → N
be a map.
(1) If h : M → N is locally injective, then h is also surjective.
(2) If h is injective, then h is already a homeomorphism.

Example. Corollary 82.9 implies in particular that there exists no injective map from the
closed smooth manifold Sn into the smooth manifold Rn.998

Proof. The second statement of the corollary is an immediate consequence of the �rst
statement and the Compact-Hausdor� Proposition 2.17 (3). So it su�ces to prove the �rst
statement.

Let h : M → N be a locally injective map from a non-empty closed n-dimensional topo-
logical manifoldM to a connected n-dimensional topological manifold N without boundary.

The image h(M) is closed in N since M is compact and since N is Hausdor�. Since N
is connected and since M is non-empty it su�ces to show that h(M) is also open in N .

So let Q ∈ h(M). We pick P ∈M with h(P ) = Q. We pick a chart Φ: U → V around
P and we pick a chart Ψ: W → X around Q. After possibly replacing U by U ∩ h−1(W )
we can assume that h(U) Ă W . Since h is locally injective we can, after possibly shrinking
U even more, assume that h|U is injective.

From Theorem 82.7 we know that (Ψ ◦ h ◦ Φ−1)(V ) is an open subset of Rn. Since Ψ
is a homeomorphism we see that h(Φ−1(V )) = h(U) is an open neighborhood of Q that is
contained in h(M). �
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Exercises for Chapter 82.

Exercise 82.1. In the �gure below the exercise we see the image of an injective map
ϕ : [0, 1]→ S3 = R3∪{∞} and we see a curve C Ă S3 \ϕ([0, 1]). We know from the Sphere
Complement-H∗-Theorem 82.1 (1) that x is null-homologous. Show that x is the boundary
of an orientable surface Σ that is embedded in S3 \ ϕ([0, 1]). (In this context this can be
seen as the converse to Exercise 80.6.)
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trivial in homologyϕ([0, 1]) C

998How can you show this for n = 1, just using methods from real analysis?
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Exercise 82.2. Show that there exists an injective map S2 → R3 such that neither of the
two components of the complement of h(S2) is simply connected.
Remark. You could try to modify the example shown in the �gure on page 1815.

Exercise 82.3. LetM be a closed n-dimensional topological manifold, letX be a Hausdor�
space, let f : M → X be a map and let Φ: Bn → X be an embedding. Show that
f(M) ∩ Φ(Bn) is either empty or it equals Φ(Bn).
Remark. A typical example would be that X is a CW-complex and Φ is the characteristic
map of an open n-cell.

Exercise 82.4. Let ϕ : S1 → R2 be an injective map. Show that there exist distinct three
points x, y, z ∈ S1 such that ϕ(x), ϕ(y), ϕ(z) from an equilateral triangle.
Hint. Use the Jordan�Brouwer Separation Theorem 82.2 for n = 1. Remark. This is a
generalization of Exercise 82.4.

Exercise 82.5. Let n ∈ N0 and let A Ă Sn be a closed subset with A 6= Sn. Show that
there exists a subspace D of Sn with the following two properties:
(1) D is homeomorphic to B

n
.

(2) A Ă D.
Hint. First deal with the case that P = (0, . . . , 0, 1) ∈ Sn \ A.
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83. Topological robotics `

In this chapter we will �rst study the matrix groups SO(3) and SU(2), viewed as topological
spaces. In particular we will determine π1(SO(3)) and we will use this result to give an
application to topological robotics.

83.1. The matrix groups SO(3) and SU(2). We recall that the Matrix Group-Smooth
Manifold Proposition 26.7 implies in particular that we can view SO(3) and SU(2) as closed
3-dimensional smooth manifolds. In this section we will see that the smooth manifolds
SO(3) and SU(2) are di�eomorphic to smooth manifolds we are already very familiar with.
We start out our discussion of SO(3) and SU(2) with some de�nitions.

De�nition. We consider the set of matrices999

T :=
{
B ∈ SL(2,C)

∣∣ tr(B) = 0 and B = B
T}
.

Note that T is a 3-dimensional real vector space. We equip it with the basis given by the
so-called �Pauli matrices�1000

E1 =
(

1 0
0 −1

)
, E2 =

(
0 1
1 0

)
and E3 =

(
0 − i
i 0

)
,

and we equip T with the inner product given by

T × T 7→ R
(A,B) 7→ g(A,B) := 1

2
tr
(
AB

T )
.

We consider the
isomorphism

Φ: R3 → T
ei 7→ Ei.

It follows from a straightforward calculation that Φ de�nes an isometry from (R3, 〈 , 〉) to
(T, g).1001 It follows immediately from this observation that Φ induces an isomorphism
SO(3) → SIsom(T, g), where SIsom(T, g) denotes the group of isometries of (T, g) of
determinant +1. We use this isomorphism to identify these two groups.

Lemma 83.1. The map
q : SU(2) → SIsom(T, g) = SO(3)

A 7→ (B 7→ ABA−1)

is a smooth map between smooth manifolds and it is a well-de�ned group homomorphism.
Furthermore for A,A′ ∈ SU(2) we have

q(A) = q(A′) ⇐⇒ A = ±A′.

Example. Given t ∈ R we consider the matrix

A =
(

exp(− it) 0
0 exp( it)

)
∈ SU(2).

999Recall that the trace tr(A) of a matrix is de�ned as the sum of all the diagonal entries.
1000Wolfgang Pauli (1900�1958) was Swiss-American theoretical physicist and one of the pioneers of quan-
tum physics. These matrices were also independently introduced by Paul Dirac. Wikipedia writes:
�In 1928, building on 2×2-spin matrices which he [Paul Dirac] discovered independently of Wolfgang Pauli's
work on non-relativistic spin systems, [. . . ] he proposed the Dirac equation as a relativistic equation of
motion for the wave function of the electron. This work led Dirac to predict the existence of the positron,
the electron's antiparticle [. . . ].�
1001In the calculation we only have to show that g(Ei, Ej) = 1

2 tr(EiE
T

j ) = δij = 〈ei, ej〉 for all choices of
i, j ∈ {1, 2, 3}. But this can be veri�ed easily.
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We want to determine q(A) ∈ SO(3). This means that we have to express the linear map
T → T that is given by B 7→ ABA−1 with respect to the ordered basis {E1, E2, E3}. A
straightforward calculation shows that

AE1A
−1 = E1,

AE2A
−1 =

(
0 exp(−2it)

exp(2it) 0

)
= cos(2t) · E2 + sin(2t) · E3,
↑

since exp( is) = cos(s) + i sin(s)
↓

AE3A
−1 =

(
0 − i · exp(−2it)

i · exp(2it) 0

)
= − sin(2t) · E2 + cos(2t) · E3.

But this implies that the homomorphism T → T given by conjugation with A, with respect
to the ordered basis {E1, E2, E3} is given by the matrix(

1 0 0
0 cos(2t) − sin(2t)
0 sin(2t) cos(2t)

)
put di�erently,

we have q
(

exp(− it) 0
0 exp( it)

)
=

( 1 0 0
0 cos(2t) − sin(2t)
0 sin(2t) cos(2t)

)
.

Proof of Lemma 83.1. First we have to show that for A ∈ SU(2) and B ∈ T we also
have ABA−1 ∈ T . This is indeed the case since

tr(ABA−1) = tr(B) = 0 and
(
ABA−1

)T
= (A

−1
)TB

T
A
T

= AB
T
A−1.

↑
since B = B

T
and A−1 = A

T

It follows easily from the de�nition that q is a group homomorphism. We also have to show
that for A ∈ SU(2) we get indeed an isometry of (T, g). So let B,C ∈ T . Then we have
indeed

g(q(A)(B), q(A)(C)) = 1
2

tr
(
ABA−1 · ACA−1

T )
= 1

2
tr
(
AB

=id︷ ︸︸ ︷
A−1 · (A−1

)TC
T
A
T )

= 1
2

tr
(
ABC

T
A
T )

= 1
2

tr
(
BC

T
A
T
A︸︷︷︸

=id

)
= 1

2
tr
(
B · CT )

.

This shows that q de�nes group homomorphism SU(2)→ O(3). By the Matrix Group Path-
Component Proposition 2.37 we know that SU(2) is path-connected. The image q(SU(2))
is a path-connected subset of O(3) that contains q(id) = id. It follows again the Matrix
Group Path-Component Proposition 2.37 that q(SU(2)) is contained in SO(3).

Finally let A,A′ ∈ SU(2). If A = −A′ then we clearly have q(A) = q(A′). Now suppose
that conversely we have q(A) = q(A′). We then have in particular q(A)(Ei) = q(A′)(Ei)
for i = 1, 2, 3, i.e. we have AEiA−1 = A′Ei(A

′)−1 for i = 1, 2, 3. These equalities give us
equations relating the four entries of the matrix A to the four entries of the matrix A′.
An elementary calculation then shows that the only solutions are A = ±A′. We leave the
details to the reader.

This discussion shows that q is a well-de�ned map and that it is a group homomorphism.
After one has unraveled the de�nitions it will also have become apparent that the map g
is indeed a smooth map between smooth manifolds. �

The following theorem is the main result of this section.



83. TOPOLOGICAL ROBOTICS ` 1821

Theorem 83.2. (SU(2)-SO(3)-Covering Theorem) Let q : SU(2) → SIsom(T, g) =
SO(3) be the map from Lemma 83.1. Then the following two statements hold:
(1) The map q is a 2-fold covering map.
(2) There exist di�eomorphisms f : S3 → SU(2) and g : RP3 → SO(3) such that the

following diagram commutes:

S3

p
��

f

∼=
// SU(2)

q
��

RP3 g

∼=
// SO(3),

where we denote by p : S3 → RP3 = S3/± 1 the usual projection .

Remark. In Exercise 5.47 we gave a somewhat di�erent homeomorphism between RP3

and SO(3). In future discussions we will prefer the homeomorphism from the SU(2)-SO(3)-
Covering Theorem 83.2.

Convention. We will use the di�eomorphism from the SU(2)-SO(3)-Covering Theorem 83.2
to make the identi�cations S3 = SU(2) and RP3 = SO(3).
In the proof of the SU(2)-SO(3)-Covering Theorem 83.2 we will need the following technical
lemma.

Lemma 83.3. Let q : M → N be a map between two n-dimensional topological manifolds.
Suppose the following conditions are satis�ed:
(1) the map q is surjective,
(2) the map q is locally injective, i.e. for each P ∈ M there exists a neighborhood U

such that q|U is injective,
(3) for each point Q ∈ N the preimage q−1(Q) is a �nite set.

Then q is a covering map.

Proof. Since q is surjective we only have to show that each Q ∈ N admits an open
neighborhood that is uniformly covered. So let Q ∈ N . We denote its preimages by
P1, . . . , Pr. Let i ∈ {1, . . . ,m}. It follows easily from (2) and the hypothesis that M is a
topological manifold that we can pick a closed ball Bi which is a neighborhood around Pi
and such that q : Bi → N is injective. Since the topological manifold N is in particular
Hausdor� it follows from the Compact-Hausdor� Proposition 2.17 (3) that q : Bi → q(Bi)

is a homeomorphism. It follows from the proof of Corollary 82.9 that q(
◦
Bi) is an open

neighborhood of Q. It is now straightforward to see that U :=
m⋂
i=1

q(
◦
Bi) is a uniformly

covered open neighborhood of Q. �
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Proof of the SU(2)-SO(3)-Covering Theorem 83.2. Somewhat confusingly the proof
of the SU(2)-SO(3)-Covering Theorem 83.2 is given in three steps (a), (b) and (c).

(a) One can easily show that the map1002

f : S3 → SU(2)

(z, w) 7→
(
z −w
w z

)
and

f̃ : SU(2) → S3(
z −w
w z

)
7→ (z, w)

are inverses to one another and that both maps are smooth. This implies that both
maps, in particular f , is a di�eomorphism.

(b) Now we want to show that q : SU(2)→ SO(3) is a 2-fold covering map. By Lemma 83.1
we know that q is locally injective. But then it follows from Corollary 82.9 and the
fact that SU(2) and SO(3) are closed 3-dimensional smooth manifolds and the fact
that SO(3) is connected (which follows from the Matrix Group Path-Component
Proposition 2.37 (3) together with Locally Path-Connected Lemma 2.40) that q is
in fact also a surjection. Since the preimage of each A ∈ SO(3) consists of precisely
two points in SU(2) we can apply Lemma 83.3 to deduce that q is indeed a 2-fold
covering map.

(c) For any (z, w) ∈ S3 we have q(f(−z,−w)) = q(−f(z, w)) = q(f(z, w)). Thus we see
that the map

g : RP3 → SO(3)
[(z, w)] 7→ q(f(z, w))

is well-de�ned. It follows immediately from the fact, obtained in (b), that q is
surjective, that g is also surjective. Similarly it is straightforward to show, using (b),
that the map g is injective. Since q, f and p are local di�eomorphisms and since
locally g is given by a composition of q, f, p and their local inverses we see that g is
a local di�eomorphism. But by the Smooth Pasting Proposition 19.23 (2) we know
that a map between smooth manifolds that is a local di�eomorphism and a bijection
is in fact a di�eomorphism.

Finally we note that it follows easily from the de�nitions that g ◦p = q ◦f , i.e. the diagram
given in the theorem commutes. �

From the SU(2)-SO(3)-Covering Theorem 83.2 and Corollary 48.18 we obtain immediately
the following, perhaps initially somewhat surprising, corollary.

Corollary 83.4. We have

π1(SU(2)) = 0 and π1(SO(3)) ∼= Z2.

In particular SU(2) is the universal covering of SO(3).1003

1002In Proposition 92.2 we will see that the map f arises naturally if we think of S3 as the �unit quaternions�.
1003The fact SU(2) is the universal covering of SO(3) plays an important role in theoretical physics and it
is essential in understanding the notion of �spin� of an electron. At least that is a slogan that I remember
from the days when I studied physics.
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Remark. We can actually give an explicit description of the non-trivial element in the
fundamental group π1(SO(3)) ∼= Z2. More precisely, we consider the loop

γ : [0, 1] → SO(3)

t 7→

(
1 0 0
0 cos(2πt) sin(2πt)
0 − sin(2πt) cos(2πt)

)
at the base point id ∈ SO(3). The calculation on page 1819 shows that a lift of the path
γ : [0, 1]→ SO(3) to a path [0, 1]→ SU(2) to the starting point id ∈ SU(2) is given by

γ̃ : [0, 1] → SO(3)

t 7→
(

exp(− iπt) 0
0 exp( iπt)

)
.

Note that γ̃(1) = − id, i.e. γ̃ is not a loop. Since q : SU(2) → SO(3) is a covering and
since SU(2) is simply connected it follows from Lemma 48.15 that [γ] is non-trivial in
π1(SO(3), id).

Corollary 83.4 also raises the following question.

Question 83.5. Let n ≥ 4. What is π1(SO(n))?10041005

We will return to this question later on in Proposition 156.11.

83.2. The belt trick `. In this section we will see that one can visualize the non-trivial
element in π1(SO(3)) ∼= Z2 using a belt. We proceed as follows.
(1) First of all note that a matrix in SO(3) is precisely given by an ordered orthonormal

basis, i.e. by a choice of an ordered set of three orthogonal vectors v1, v2, v3 of length 1
in R3.

(2) We equip SO(3) with the base point given by the identity matrix, i.e. by the standard
basis {e1, e2, e3}.

(3) Now suppose we are given a belt with a buckle, a red edge and a green edge, with a
blue top side and a pink lower side.

(4) Any point on a twisted belt de�nes a triple of orthogonal vectors:
(a) the �rst vector lies in the plane de�ned by the belt and points away from the

buckle,
(b) the second vector also lies in the plane de�ned by the belt and points towards

the red edge,
(c) the third is orthogonal to the belt and it is attached to the top side of the belt.

(5) In the remainder of the discussion we �x the buckle in the xy-plane such that it points
in the x-direction, so that to a point at the buckle we assign the identity matrix.

(6) We say that the end of the belt is in standard position if it lies in a plane parallel to
the plane of the buckle and if it points into the x-direction. Put di�erently, the end
of the belt is in standard position precisely if the matrix assigned to it is the identity
matrix.

(7) When we walk on the middle curve of the belt from the buckle towards the other
end of the belt, then we obtain a path [0, 1] → SO(3). In particular, if the end of

1004Recall that the Matrix Group Path-Component Proposition 2.37 (3) says that SO(n) is path-connected.
1005What is π1(SO(2))?
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the belt is in standard position, then the path de�ned by the belt is in fact a loop in
SO(3) at the base point id.
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every point on a twisted belt de�nes a matrix in SO(3)

buckle

moving along the middle curve of the belt we get a path [0, 1]→ SO(3)

green edge middle curve of the belt

red edge the top is blue the back is pink

(8) When we hold the belt tightly without twisting it, then we assign the identity matrix
to every point on the belt, i.e. the belt de�nes the constant loop t 7→ id ∈ SO(3).

(9) Now we give the belt, that is still �xed at the buckle, a full twist. As in (7) this
de�nes a loop γ : [0, 1] → SO(3), in fact it is straightforward to see that this loop
is precisely the loop that we had considered on page 1823. In particular we have
visualized the non-trivial element [γ] ∈ π1(SO(3), id) ∈ Z2.
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both points de�ne the standard basis of R3, i.e. the base point id ∈ SO(3)

the path γ : [0, 1]→ SO(3) de�ned by the matrices along the middle curve
is a loop and thus de�nes an element [γ] ∈ π1(SO(3), id)

(10) The loop γ ∗ γ : [0, 1] → SO(3) is given by performing another full twist along the
belt. It follows from Corollary 83.4 that [γ ∗γ] = [γ]2 is trivial in π1(SO(3), id) ∼= Z2,
i.e. γ ∗ γ is null-homotopic.
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the double full twist de�nes the loop γ ∗ γ which represents [γ]2 ∈ π1(SO(3), id)
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(10) One can see that the loop γ ∗ γ is null-homotopic as follows: one can untwist the
belt while keeping the end in standard position, put di�erently, we can �nd a path-
homotopy from the loop γ ∗ γ to the trivial loop. This homotopy is illustrated in the
�gure below.
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The fact that π1(SO(3)) ∼= Z2 lies at the heart of some other tricks, in particular the �plate
trick� and �Dirac's string trick�. More information and some videos can be found here:

https://en.wikipedia.org/wiki/Plate_trick
https://www.youtube.com/watch?v=JaIR-cWk_-o
https://www.youtube.com/watch?v=JDJKfs3HqRg
https://www.youtube.com/watch?v=ICEIgznuHmg

83.3. The plate trick `. The plate trick is a variation on the belt trick. It describes
the same phenomenon as the belt trick. The plate trick has the great advantage that the
only tool it requires is the body of a volunteer. The disadvantage is that it is perhaps
mathematically slightly less compelling.

The basic idea is as in the belt trick. Namely we want to describe paths and loops in
SO(3). This time we think of a path from the shoulder to ones left hand as a path in SO(3):

(a) the �rst vector lies on the arm and it points from the shoulder to the hand,
(b) the second vector also lies on the arm and it points from one side to the other,
(c) the third vector points away from the body.

If the �ngers of the left hands are parallel to the shoulder, then we see a loop in SO(3).

hand parallel to the shoulder
de�nes a loop in SO(3)

the path from the shoulder
to the hand de�nes a path in SO(3)

Now you, or your volunteer, does the following:

(1) You stretch your left arm and hands outwards such that the �ngers are parallel to
the shoulder.

(2) You rotate the left arm counterclockwise. The physiology of most arms will force the
forearm to go under the arm.

(3) One continues till one does a 2π turn and the left arm is outstretched again. At
this time we are describing a loop β in SO(3) which is non-constant since the arm is
twisted. (If it doesn't hurt slightly, then the experiment is done incorrectly).

https://en.wikipedia.org/wiki/Plate_trick
https://www.youtube.com/watch?v=JaIR-cWk_-o
https://www.youtube.com/watch?v=JDJKfs3HqRg
https://www.youtube.com/watch?v=ICEIgznuHmg
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(4) Now one rotates the left arm still counterclockwise. The usual physiology will force
the movement of the forearm to go over the arm.

(5) Again one continues till one has done another 2π turn. Up to a homotopy, keeping
the end points �xed, the arm now describes β ∗ β. But the arm turns out to be
untwisted (which feels much better). This illustrates that β represents an element of
order 2 in π1(SO(3)).

(1) (3)

turn arm this direction
we obtain a loop β in SO(3),
it is not the standard loop

since the arm is twisted (it hurts!)

(2)
turn even further

(3) (4) (5)

turn arm the same
direction even further

turn even further

we obtain, up to a homotopy
the loop β2, since the arm

is untwisted we se that β represents
an element of order 2 in π1(SO(3))

There are many more or less convincing illustrations and explanations of the plate trick.
The most charming way of doing might be this one:

http://ariwatch.com/VS/Algorithms/PlateTrick.htm

83.4. Topological robotics `. In this section we want to discuss a �real-life� application
of Corollary 83.4. Let us assume that we are given a solid ball and we are allowed to
perform the following operations:
(1) �rst we can rotate the ball around the z-axis by an angle γ ∈ S1,
(2) then we can rotate the ball around the y-axis by an angle β ∈ S1, �nally
(3) we can rotate the ball around the x-axis by an angle α ∈ S1.

Using these three operations, in that order, we can rotate the ball into any position. More
precisely, we have the following lemma:

http://ariwatch.com/VS/Algorithms/PlateTrick.htm
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�rst rotate around the z-axis

�nally rotate around the x-axis

then rotate around the y-axis

Lemma 83.6. The map

Φ: S1 × S1 × S1 → SO(3)

(α, β, γ) 7→ rotation by α
around the x-axis ◦

rotation by β
around the y-axis ◦

rotation by γ
around the z-axis

is a surjection.1006

Remark. One can use Lemma 83.6 and a variation on the argument on page 1819 to give
an alternative proof for the statement that q : SU(2)→ SO(3) is surjective.

Sketch of proof. Let A ∈ SO(3) be matrix with columns v1, v2, v3. After a rotation
around the z-axis we can assume that v1 lies in the xz-plane. After a rotation around
the y-axis we can then arrange that v1 lies in fact on the x-axis, i.e. we can arrange that
v1 = e1. Since v1 = e1, v2, v3 is an orthonormal basis we see that v2, v3 lie in the yz-plane.
After a rotation around the x-axis we can �nally arrange that v2 = e2 and v3 = e3. �

This lemma gives rise to the following practical problem: given a matrix P ∈ SO(3), can
we continuously �nd parameters α(P ), β(P ), γ(P ) ∈ S1 such that these parameters give
back the matrix P? More precisely, we have the following question.

Question 83.7. Does there exist a continuous map Ψ: SO(3)→ S1 × S1 × S1 such that
Φ ◦Ψ = idSO(3)?
It turns out that the answer is negative. More precisely, we have the following proposition.

Proposition 83.8. There is no continuous map Ψ: SO(3) → S1 × S1 × S1 such that
Φ ◦Ψ = idSO(3).
This proposition falls into the area of �topological robotics�, more information on this
example and on topological robotics can be found in [Gh2014, p. 76]. Other aspects of
topological robotics are discussed in the monograph [Far2008].

1006The map is also continuous. Why is that?
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Proof. Let us suppose there exists a continuous map Ψ: SO(3)→ S1×S1×S1 such that
Φ ◦Ψ = idSO(3). Then we get the following commutative diagram

∼=Z3︷ ︸︸ ︷
π1(S1 × S1 × S1)

Φ∗

((

π1(SO(3))︸ ︷︷ ︸
∼=Z2

Ψ∗
77

id∗ // π1(SO(3))︸ ︷︷ ︸
∼=Z2

.

By Corollary 83.4 we have that π1(SO(3)) ∼= Z2 and from Corollary 48.18 we know that
π1(S1 × S1 × S1) ∼= Z3. Since Z2 is a �nite group and since Z3 is torsion-free we see that
the homomorphism Ψ∗ : π1(SO(3))→ π1(S1 × S1 × S1) is the trivial map. But that is not
possible since the horizontal map is an isomorphism of a non-trivial group. �

83.5. Linkages `. We conclude this chapter with a somewhat unrelated but fun topic
that also appears in topological robotics. We recall a few de�nitions.

De�nition.
(1) An undirected abstract graph G is a triple (V,E, λ) where V is a non-empty set, E

is a set and λ is a map

λ : E → {subsets of V with one or two elements}.
The elements of V are called vertices of G and the elements of E are called the edges
of G. Furthermore, given e ∈ E the points in λ(e) are called the endpoints of e.

(2) Given n ∈ N we de�ne the linear graph of length n to be the undirected ab-
stract graph G(n) which is given by the vertex set V = {0, . . . , n} and the edge
set {e0, . . . , en−1} with λ(ei) = {i, i+ 1} for i = 0, . . . , n− 1.
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e3e2e0 e1

0 1

the linear graph G(4)

3 4

De�nition.
(1) A planar linkage is a triple (G = (V,E), λ, ψ) consisting of a �nite undirected ab-

stract graph G = (V,E), a function λ : E → R>0 and a map ψ : W → C = R2 where
W is a subset of V . Put di�erently, λ assigns a length to each edge and ψ represents
a subset of the vertices by points in C.

(2) A con�guration of a planar linkage (G = (V,E), λ, ψ) is a map f : V → R2 = C such
that f |W = ψ and such that for every edge e the distance between the endpoints of
e is λ(e).1007

(3) The set C(G = (V,E), λ, ψ) of all con�gurations is called the con�guration space of
the linkage. We have an injective map

C(G = (V,E), λ, ψ) → C|V | := maps(V → C)
f 7→ (v 7→ f(v))

thus we can view the con�guration space C(G = (V,E), λ, ψ) as a topological space.



83. TOPOLOGICAL ROBOTICS ` 1829

������
������
������
������
������

������
������
������
������
������

������������������������������������

��
��
��
��
��
��

��
��
��
��
��
��

��
��
��
��
��

��
��
��
��
��

���
���
���
���
���
���
���

���
���
���
���
���
���
���

��
��
��

��
��
��

��
��
��

��
��
��

���
���
���

���
���
���

1

the graph G(2)

length assigned to
each edge

0 = ψ(0)
given the �rst vertex,
possible places for
the second vertex

possible places for the �rst vertex

con�gurations for the planar linkage

1
2

In some cases the topological shape of the con�guration space of a planar linkage is easy
to describe. More precisely, we have the following lemma which is a straightforward conse-
quence of the de�nitions and the Compact-Hausdor� Proposition 2.17 (3). We leave it to
the reader to provide the proof.

Lemma 83.9. Let G(m) be the linear graph with m edges. We consider a planar linkage
of the form (G(m), λ, ψ(0) = 0). For i = 1, . . . ,m we write ri = λ(ei). Then the map

(S1)m = S1 × · · · × S1 → C(G(m), λ, ψ)

(z1, . . . , zm) 7→

( {0, . . . ,m} → C

k 7→
k∑
i=1
rizi

)
is a homeomorphism.
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r1

r2r1

linear graph G(2) with length of edges

possible places for
the �rst vertex

given the �rst vertex
possible places for the

second vertex0

r2

For general linkages the topology of the con�guration spaces are much harder to describe
than for free planar linkages.

(1) Given r1, . . . , rm > 0 we denote by C(r1, . . . , rm, P,Q) the con�guration space cor-
responding to the planar linkage de�ned by G(m), λ(ei) = ri and by the conditions
that ψ(0) = P and ψ(m) = Q.
(a) Using elementary arguments one can easily show that

C(r1, r2, P,Q) =

 ∅, if r1 + r2 < d(P,Q),
one point, if r1 + r2 = d(P,Q),
two points, if r1 + r2 > d(P,Q).

(b) Kevin Walker [WalkK1985, p. 35], see also [Gh2014, p. 12], showed in 1985
in his bachelor thesis that the surfaces of genus 0, 1, . . . , 4 are homeomorphic to
con�guration spaces of the type (r1, r2, r3, r4, P,Q) for suitable values of r1, . . . , r4

and points P and Q.
(2) Michael Kapovich and John Millson [KaM2002] showed that given any compact

smooth manifold M there exists a planar linkage such that each component of the

1007In particular if e has only one endpoint, then we need λ(e) = 0.



1830

����������������������������������������

����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��

��
��
�� ���

���
���

���
���
���

��������
��������
��������
��������
��������

��������
��������
��������
��������
��������

�
�
�

�
�
�

���
���
���

���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���

���
���
��� P

con�gurations for the planar linkage

Q212

the linear graph G(3)

con�guration space is homeomorphic toM . In particular this shows that any compact
smooth manifold can be represented by a 2-dimensional physical object.

Exercises for Chapter 83.

Exercise 83.1. Let q : SU(2)→ SO(3) be the homomorphism that we de�ned in Lemma 83.1.
Show that

q
(

i 0
0 − i

)
=

(
1 0 0
0 −1 0
0 0 −1

)
, q
(

0 −1
1 0

)
=

(
−1 0 0

0 −1 0
0 0 1

)
, q
(

0 − i
− i 0

)
=

(
−1 0 0

0 1 0
0 0 −1

)
.

Remark. This calculation will actually turn out to be useful in Section 98.4.
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84. The Hurewicz Theorem in dimension one

In this chapter we want to relate the �rst homology group to the fundamental group of a
path-connected topological space X. Both are de�ned by mapping 1-dimensional smooth
manifolds into X, hence it is reasonable to expect that there is a relationship. But in
general these two groups associated to a topological space cannot be the same, since the
�rst homology group is by de�nition abelian, whereas we saw on many occasions that
fundamental groups can be non-abelian.
We start out with the following notation.
Notation. Let X be a topological space. Throughout this chapter we denote by Φ the
following bijection:

Φ: {paths [0, 1]→ X} → {singular 1-simplices in X}

(γ : [0, 1]→ X) 7→
(

∆1 → X
(1− t, t) 7→ γ(t)

)
.

On many occasions we will use the trivial observation that for any path γ : [0, 1]→ X we
have Φ(γ) = Φ(γ).

Lemma 84.1. Let X be a topological space. If f and g are two paths in X such that the
endpoint of f agrees with the starting point of g, then the singular 1-chains Φ(f) + Φ(g)
and Φ(f ∗ g) are homologous.

Proof. The lemma follows quite easily from Lemma 72.3. We refer to the �gure below for
a sketch of the proof. We leave it to the reader to turn the sketch into a proper proof. �
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Φ(f)

Φ

f

Φ

f

Φ(f ∗ g)

X

(f, g) 7→ f ∗ g

x0
g g

homologous by Lemma 72.3

Φ(g)
+

Proposition 84.2. Let (X, x0) be a pointed topological space.
(1) If γ is a loop in (X, x0), then Φ(γ) ∈ C1(X) is a cycle.
(2) The map Φ induces a well-de�ned map

Φ(X,x0) : π1(X, x0) → H1(X)
[γ : [0, 1]→ X] 7→ [Φ(γ)].
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(3) The map Φ(X,x0) : π1(X, x0)→ H1(X) is a group homomorphism.
(4) Let x1 ∈ X be some other point and let γ : [0, 1]→ X be a path from x0 to x1. We

denote by γ∗ : π1(X, x1) → π1(X, x0)
[ϕ] 7→ [γ ∗ ϕ ∗ γ]

the isomorphism that we introduced in the Change-of-Base Point Proposition 47.10.
The following diagram commutes:

π1(X, x1) Φ(X,x1)

,,
γ∗

��

H1(X).

π1(X, x0) Φ(X,x0)

22

(5) Let PTop be the category of pointed topological spaces and let Group be the category
of groups. The Hurewicz homomorphisms

Φ(X,x0) : π1(X, x0) → H1(X)

de�ne a natural transformation from the functor
PTop → Group

(X, x0) 7→ π1(X, x0)
to the functor

PTop → Group
(X, x0) 7→ H1(X).

In plain English this means the following, given a map f : X → Y between topolog-
ical spaces and given x0 ∈ X the following diagram commutes:

π1(X, x0)
Φ(X,x0)

��

f∗
// π1(Y, f(x0))

Φ(Y,f(x0))

��

H1(X)
f∗

// H1(Y ).

Proof.

(1) The �rst statements follows immediately from the de�nitions and the description of
∂1 : C1(X)→ C0(X) given on page 1585.

(2) We denote by ∼ the equivalence relation on [0, 1] that is generated by 0 ∼ 1. We
denote by α : ∆1 → [0, 1]/∼ the map that is given by α(1 − t, t) = [t]. Note that
α de�nes an element in H1([0, 1]/∼). Now suppose that f, g : [0, 1] → X are two
path-homotopic loops in x0. We denote by f̃ , g̃ : [0, 1]/∼→ X the induced maps.
Then

[Φ(f)] =
[
f̃ ◦ α

]
= f̃∗([α]) = g̃∗([α]) =

[
g̃ ◦ α

]
= [Φ(g)].

↑ ↑
since Φ(f) and f̃ ◦ α are by the Homotopic Maps-and-Homology Proposition 73.6,

same map since f̃ and g̃ are homotopic maps [0, 1]/∼→ X

(3) The third statement is an immediate consequence of Lemma 84.1.
(4) This statement follows quite easily from Lemma 72.3.
(5) The last statement follows easily from the de�nitions. �

De�nition. Given a pointed topological space (X, x0) we refer to the homomorphism

Φ(X,x0) : π1(X, x0) → H1(X)
[γ : [0, 1]→ X] 7→ [Φ(γ)]

as the Hurewicz homomorphism.1008
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It is clear that the Hurewicz homomorphism is in general neither injective nor surjective:
(1) The Hurewicz homomorphism is in general not injective since π1(X, x0) is in many

cases a non-abelian group whereas H1(X) is an abelian group, and it is not possible
that a non-abelian group is a subgroup of an abelian group.

(2) The Hurewicz homomorphism is in general not surjective, since π1(X, x0) depends
only on the path-component of x0, while H1(X) �sees� all path-components of X.
But as we will see in the next lemma, this turns out to be the only obstacle to Φ
being surjective.

Proposition 84.3. Let X be a topological space and let x0 ∈ X. If X is path-connected,
then the Hurewicz homomorphism

Φ(X,x0) : π1(X, x0) → H1(X)

is surjective.
In the proof of Proposition 84.3 we will need the following lemma.
Lemma 84.4. Let X be a set and let x1, . . . , xk and y1, . . . , yl be elements in X. If

k∑
i=1

xi −
l∑

i=1

yi = 0 ∈ Z(X),

then k = l and there exists a permutation s ∈ Sk such that yi = xs(i) for i = 1, . . . , k.

Proof. Let X be a set and let x1, . . . , xk and y1, . . . , yl be elements in X such that
k∑
i=1

xi︸ ︷︷ ︸
=:a

=
l∑

i=1

yi︸ ︷︷ ︸
=:b

∈ Z(X).

It follows from Lemma 51.1 that there exists a unique homomorphism ψ : Z(X) → Z with
the property that ψ(x) = 1 for all x ∈ X. By de�nition we have ψ(a) = k and ψ(b) = l.
So from a = b we deduce that k = l.

Note that it follows from applying Lemma 51.1 once again that there exists a unique
homomorphism ψ : Z(X) → Z with the property that ψ(xk) = 1 and ψ(x) = 0 for all
x ∈ X \ {xk}. By de�nition we have ψ(a) > 0. From ψ(b) = ψ(a) > 0 it follows that there
exists an n ∈ {1, . . . , k} such that yn = xk. We de�ne s(k) = n. We obtain an equality

k−1∑
i=1

xi =
∑

i∈{1,...,k}\{s(k)}
yi ∈ Z(X)

and we iterate this procedure to de�ne s(k − 1), . . . , s(1). By construction the map
s : {1, . . . , k} → {1, . . . , k} is a bijection �

Proof of Proposition 84.3. We denote by Ψ the inverse of the above bijection

Φ: {paths [0, 1]→ X} → {singular 1-simplices in X}

We pick a homology class z ∈ H1(X). Let c =
k∑
i=1
ai ·σi be a cycle in C1(X) that represents z.

It follows from Lemma 72.3 that, after possibly replacing a singular chain σi by σi, we can
assume that all the coe�cients ai are positive. Furthermore, since we do not require that
1008Witold Hurewicz (1904-1956) was a Polish mathematician.
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the σi's are di�erent, we can in fact suppose that a1 = · · · = ak = 1. Next note that we
have

0 = ∂1(c) = ∂1

( k∑
i=1
σi

)
=

k∑
i=1
σi(0, 1)− σi(1, 0) =

k∑
i=1
σi(0, 1) +

k∑
i=1
− σi(1, 0).

↑ ↑
since c is a cycle see discussion on page 1585

On the right hand side each �positive summand� needs to cancel with a �negative summand�.
This means, see also Lemma 84.4, that there exists a permutation θ ∈ Sk such that for
each i the �endpoint� σi(0, 1) of σi is just the �starting point� σs(i)(1, 0) of σs(i).

Since X is path-connected we can choose for each i ∈ {1, . . . , k} a path pi from the base
point x0 to the starting point σi(1, 0) of σi.
We obtain the following equality in H1(X):

by Lemma 72.3 the singular chain
Φ(pi) + Φ(pi) = Φ(pi) + Φ(pi) since Φ ◦Ψ = id and since permutation of the
is a null-homologous cycle summands does not change the sum

↓ ↓
c =

k∑
i=1

σi =
k∑
i=1

σi +
k∑
i=1

Φ(pi) +
k∑
i=1

Φ(pi) =
k∑
i=1

(
Φ(pi) + Φ(Ψ(σi)) + Φ(ps(i))

)
=

k∑
i=1

Φ
(
pi ∗Ψ(σi) ∗ ps(i)︸ ︷︷ ︸

loop in (X,x0)
by choice of s

)
= Φ

(
k∏
i=1

pi ∗Ψ(σi) ∗ ps(i)︸ ︷︷ ︸
loop in (X,x0)

)
.x x

by Lemma 84.1 by Lemma 84.1

Thus we have shown that z = [c] ∈ Φ(π1(X, x0)). This concludes the proof that the
Hurewicz homomorphism Φ(X,x0) : π1(X, x0)→ H1(X) is surjective. �
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σ1 + σ2 is the image under Φ of the
product of the blue and the red loop

pi

∆1

x0

σ2σ1

In the following we want to study to what degree the Hurewicz homomorphism fails to
be injective. Before we can do so we need to recall some de�nitions and results from
Section 53.5.
De�nition. Let π be a group.
(1) For x, y ∈ π we denote by [x, y] := xyx−1y−1 the commutator of x and y.
(2) We refer to

[π, π] := 〈〈{[x, y] |x, y ∈ π}〉〉 =
{

n∏
i=1

[xi, yi]
∣∣∣x1, y1, . . . , xn, yn ∈ π

}
as the commutator subgroup of π.

(3) We refer to πab := π/[π, π] as the abelianization of π.
In Section 53.5 we saw that the abelianization is �the largest abelian quotient� of π. More
precisely, if α : π → H is a homomorphism from π to an abelian group H, then the
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Abelianization Proposition 53.20 says that there exists a unique homomorphism β : πab =
π/[π, π]→ H such that the following diagram commutes:

π //

α
''

πab = π/[π, π]

∃!β
��

H.

In particular, given a pointed topological space (X, x0) the corresponding Hurewicz ho-
momorphism Φ(X,x0) : π1(X, x0) → H1(X) induces a homomorphism π1(X, x0)ab → H1(X)
that we also denote by Φ(X,x0) and that we also refer to as the Hurewicz homomorphism.
Now we can formulate the following proposition.

Theorem 84.5. (Hurewicz Theorem) Let (X, x0) be a pointed topological space. If X
is path-connected, then the Hurewicz homomorphism

Φ(X,x0) : π1(X, x0)ab → H1(X)

is a natural1009 isomorphism.

Examples.
(1) If we compare our calculations of fundamental groups with our calculations of ho-

mology groups, then we see that we had encountered this isomorphism many times.
(a) In Corollary 48.18 we showed that π1((S1)n) ∼= Zn, whereas on page 1744 we saw

that H1((S1)n) ∼= Zn.
(b) For n ≥ 2 we saw in Corollary 48.18 that π1(RPn) ∼= Z2 and in Lemma 78.8 we

had calculated that H1(RPn) ∼= Z2.
(c) In the Fundamental Group-of-Surfaces Proposition 54.5 we showed that

π1(Klein bottle) ∼= 〈x, y | yxyx−1〉.
The abelianization of that group is isomorphic to Z⊕ Z2 which is isomorphic to
the �rst homology of the Klein bottle that we had determined in Lemma 78.12.

(d) In the Fundamental Group-of-Surfaces Proposition 54.5 we showed that for any
g ∈ N we have

π1(surface of genus g) ∼= 〈x1, y1, . . . , xg, yg | [x1, y1] · · · · · [xg, yg]〉.
The abelianization of this group is isomorphic to Z2g which is precisely the �rst
homology group that we had determined in Proposition 80.10.

(e) Let X be a path-connected topological space and let f : X → X be a homeo-
morphism. By the Mapping Torus-Homology Lemma 78.22 we know that there
exists a short exact sequence

0 → coker
(
H1(X)

f∗−id−−−→H1(X)
) i−→ H1(Tor(X, f)) → Z → 0.

On the other hand it follows from the Mapping Torus-π1-Proposition 50.6 and
the remark on page 1129 that there exists an isomorphism ψ : π1(Tor(X, f)) ∼=

1009Whenever we write �natural� one needs to work out what the categories and functors are. In this case
we consider the category of path-connected topological spaces, the category of groups and the functors
(X,x0)→ π1(X,x0)ab and (X,x0) 7→ H1(X).
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π1(X) o Z where the action of 1 ∈ Z on π1(X) is induced by f . Therefore we
can put π1(Tor(X, f)) into a short exact sequence

0 → π1(X) → π1(Tor(X, f)) → Z → 0
Now we apply the abelianization functor to these groups and homomorphisms.
We obtain the exact sequence1010

π1(X)ab → π1(Tor(X, f))ab → Z → 0
which, using the Hurewicz Theorem 84.5, we can rewrite as

H1(X) → H1(Tor(X, f)) → Z → 0.

This is, fortunately, consistent with the above short exact sequence.
(2) Note that we now have a new, and depending on one's taste, more satisfying proof

of the Knot Group-Abelianization Corollary 59.25: The Hurewicz Theorem 84.5 to-
gether with Lemma 78.13 implies that given any knot K Ă S3 the abelianization of
π1(S3 \K) is isomorphic to Z.

Proof of the Hurewicz Theorem 84.5. Let (X, x0) be a pointed path-connected topo-
logical space. We write π := π1(X, x0). By Proposition 84.2 we know that the Hurewicz
homomorphism Φ(X,x0) : πab → H1(X) is natural. Furthermore it follows from Proposi-
tion 84.3 that the Hurewicz homomorphism Φ(X,x0) : πab → H1(X) is surjective. It remains
to show that Φ(X,x0) is injective.

In the following we will make the identi�cation [0, 1] = ∆1 that is given by the home-
omorphism t 7→ (1 − t, t). In particular we will identify paths [0, 1] → X with singular
1-simplices ∆1 → X.

So let f : [0, 1] = ∆1 → X be a loop in (X, x0) such that [f ] = 0 ∈ H1(X). By de�nition

this means that there exists a 2-chain
s∑
j=1
njσj inX whose boundary is the singular 1-simplex

f . Furthermore, since we do not demand that the σj are distinct, we can assume that all
nj are either −1 or 1. Given j ∈ {1, . . . , s} and k ∈ {0, 1, 2} we write1011

µ(j,k) := σj ◦ i2k : [0, 1] = ∆1 → X and n(j,k) := (−1)k · nj.

We write A = {1, . . . , s} × {0, 1, 2}. We have the following equality in C1(X):

f = ∂1

( s∑
j=1

nj · σj
)

=
s∑
j=1

2∑
k=0

n(j,k) · µj,k =
∑
a∈A

na · µa.
↑

de�nition of ∂1

By comparing the left and the right-hand side of this equality we see that there exists a
b ∈ A with nb · µb = 1 · f . We write A± = {a ∈ A \ {b} |na = ±1}. Now we obtain from

1010In Exercise 53.6 we saw that if ϕ : A→ B is an epimorphism, then the induced map Aab → Bab is also
an epimorphism. We had also seen that there exist monomorphisms ϕ : A→ B such that the induced map
Aab → Bab is not a monomorphism.
1011Recall that for j ∈ {0, . . . , n} we denote by inj the map

inj : ∆n−1 → ∆n

(t0, . . . , tn−1) 7→ (t0, . . . , tj−1, 0, tj , . . . , tn−1).
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the above equality that ∑
a∈A+

µa +
∑
a∈A−

(−1) · µa = 0.

We make the following choices and introduce the following de�nitions:
(1) For each point P in X that is a starting or an endpoint of some µa we pick a path

βP from x0 to P . For P = x0 we just pick the constant path.
(2) Given µ(i,j) : [0, 1] = ∆1 → X we write

µ̂(i,j) := βstarting point of µ(i,j)
∗ µ(i,j) ∗ βendpoint of µ(i,j)

.

Note that µ̂(i,j) is a loop in (X, x0), in particular it de�nes an element in the group
π = π1(X, x0) which, by a slight abuse of notation, we denote again by µ̂(i,j).
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µ(j,0)

µ̂a

x0x0
∆j

We make the following elementary observation: for any (i, j) ∈ {1, . . . , s}× {0, 1, 2} we
have the following equality in π = π1(X, x0):

(∗) µ̂−1
(i,j) := βstarting point of µ(i,j)

∗ µ(i,j) ∗ βendpoint of µ(i,j)
.

In πab we have the following equalities:1012

e =
s∏
j=1

βstarting point of µ(j,0)
∗ (

loop in the starting point of µ(j,0)︷ ︸︸ ︷
µ(j,0) ∗ µ(j,1) ∗ µ(j,2) )nj ∗ βstarting point of µ(j,0)

↑
since µ(j,0) ∗ µ(j,1) ∗ µ(j,2) is null-homotopic

=
s∏
j=1

µ̂
n(j,0)

(j,0) · µ̂
n(j,1)

(j,1) · µ̂
n(j,2)

(j,2) =
∏

a∈{1,...,k}×{0,1,2}

µ̂naa
↑

follows from inserting null-homotopic paths βP ∗ βP
together with the above equality (∗)

= f ·
∏
a∈A−

µ̂naa · µ̂
nψ(a)

ψ(a) = f ·
∏
a∈A−

µ̂naa · µ̂−naa = f.
↑ ↑

since {1, . . . , k} × {0, 1, 2} = (1, 0) tA− t ψ(A−) for a ∈ A− we have µψ(a) = µa and na = −na.
since µ(1,0) = f and since βx0 = cx0

This completes the proof of the proposition.1013 �

For most topological spaces for which we had computed the fundamental group we had also
determined the homology groups. But there is one rather interesting exception, namely the
lens spaces. From Corollary 48.18 and the Hurewicz Theorem 84.5 we obtain immediately
the following corollary.

1012In the notation we do not distinguish between loops and elements they represent in πab.
1013Where did we actually use that we work with πab instead of π?
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Corollary 84.6. For any coprime p, q ∈ N we have

H1(lens space L(p, q)) ∼= Zp.

Remark. The Hurewicz Theorem 84.5 is perhaps a mixed blessing. On the one hand it
allows us to use the techniques that we had developed in earlier chapters to determine �rst
homology groups. On the other hand it tells us that all the information that is contained
in the �rst homology group is already contained in the fundamental group. So we do not
get any new information. In particular, as we saw in Corollary 84.6, the �rst homology
group cannot help us in our long-standing goal of distinguishing lens spaces with the same
fundamental group.

Calculating (isomorphism types) of homology groups can get quite involved. But what is
often even harder is to determine the maps on homology groups induced by maps between
topological spaces. Using Proposition 84.2 (5) we can transfer calculations of induced maps
on fundamental groups to obtain the corresponding induced maps on homology groups.
For example we have the following lemma, which later on will be used on many occasions.

Lemma 84.7. (Action-on-Torus Homology Lemma) Let n ∈ N. We denote by
T = Rn/Zn = (S1)n the n-dimensional torus.
(1) We denote by σ ∈ H1(S1) the standard generator introduced on page 1677. Given

i ∈ {1, . . . , n} we denote by
pi : S

1 → (S1)n

z 7→ (1, . . . , 1, z, 1, . . . , 1)

the obvious i-th inclusion map. If we set ei := pi∗(σ), then e1, . . . , en is a basis of
H1(T ).

(2) Let A ∈ GL(n,Z) be a matrix. We denote by T = Rn/Zn the n-dimensional torus.
By the Maps-on-Torus Lemma 19.37, the map

f(A) : T = Rn/Zn → T = Rn/Zn
[v] 7→ [A · v]

is a homeomorphism. With respect to the above basis e1, . . . , en of H1(T ) the induced
map f(A)∗ : H1(T )→ H1(T ) is given by multiplication by the matrix A.

Remark.

(1) In Exercise 117.6 we will study what self-maps of H2(S2 × S2) can be realized by
self-maps of S2 × S2.

(2) Exercise 76.20 can be used to give an alternative proof of the Action-on-Torus Ho-
mology Lemma 84.7 (2).

Proof.

(1) This statement follows easily from the de�nitions, the Fundamental Group-via-Actions
Theorem 48.16 and the Hurewicz Theorem 84.5.
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(2) Let Θ: π1(T, 0)→ Zn be the isomorphism from the Fundamental Group-via-Actions
Theorem 48.16. By Proposition 84.2 (5), the Fundamental Group-via-Actions Theo-
rem 48.16 and Exercise 48.18 we obtain the following commutative diagram

H1(T )

f(A)
��

π1(T, 0)
Φ(T,0)

oo

f(A)∗
��

Θ

∼=
// Zn

v 7→A·v
��

H1(T ) π1(T, 0)
Φ(T,0)

oo Θ

∼=
// Zn.

The desired statement follows from the observation that the horizontal isomorphism
Θ ◦Φ(T,0 : H1(T )→ Zn is precisely the one corresponding to the basis e1, . . . , en. �

As another illustration of Proposition 84.2 (5) we also prove the following corollary.

Corollary 84.8. Let p : Y → X be a �nite-index covering of path-connected topological
spaces. Then the cokernel of the map

p∗ : H1(Y ) → H1(X)

is �nite.

Remark. Let p : Y → X be a �nite-index covering of path-connected topological spaces.
Let y0 ∈ Y . By Corollary 48.14 the induced map p∗ : π1(Y, y0) → π1(X, p(y0)) is a
monomorphism. On the other hand it is in general not true that the induced homo-
morphism p∗ : H1(Y ) → H1(X) is a monomorphism. For example on page 1070 we saw
that there exists a 2-fold covering map p : T → K from the torus T to the Klein bottle K.
By Lemmas 78.11 and 78.12 we know that H1(T ) ∼= Z2 and that H1(K) ∼= Z ⊕ Z2. By
Lemma 51.9 (2) there is no monomorphism from the group Z2 to Z⊕ Z2.

Proof. We pick a base point y0 of Y and we write x0 = p(y0). We consider the following
diagram of maps:

π1(Y, y0)

##ΦY

��

p∗
// π1(X, x0)

ΦX

��

$$

π1(Y, y0)ab
p∗

//

∼=

vv

π1(X, x0)ab
∼=

vv

H1(Y )
p∗

// H1(X).

Here it follows from the Hurewicz Theorem 84.5 that the lower diagonal maps are isomor-
phisms. The �big rectangle in the back� commutes by Proposition 84.2 (5). The upper
parallelogram commutes by the Abelianization Proposition 53.20 (7). Since the lower di-
agonal maps are isomorphisms it follows that the lower parallelogram also commutes.

By Lemma 48.15 and by our hypothesis that p is a �nite covering we know that
p∗(π1(Y, y0)) is a �nite index subgroup of π1(X, x0), i.e. p∗ : π1(Y, y0) → π1(X, x0) has
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a �nite cokernel. It follows1014 that p∗ : π1(Y, y0)ab → π1(X, x0)ab also has a �nite cokernel.
From the commutativity of the lower parallelogram it follows immediately that the map
p∗ : H1(Y )→ H1(X) has a �nite cokernel as well. �

Exercises for Chapter 84.

Exercise 84.1. Let T = S1×S1 be the torus. Let ϕ, ψ : S1 → T be two smooth embeddings
such that ϕ∗([S1]) = ψ∗([S

1]) ∈ H1(T ). Show that ϕ and ψ are homotopic maps.

Exercise 84.2. Let A ∈ SL(2,Z). Prove the following statements:

(a) If tr(A) = 2, then A is congruent over Z to a matrix of the form
(

1 ∗
0 1

)
.

(b) If tr(A) = 2, then A is congruent over Z to a matrix of the form
(
−1 ∗
0 −1

)
.

(c) If tr(A) ∈ (−2, 2), then A is a matrix of �nite order in the group SL(2,Z).
(d) If tr(A) 6∈ [−2, 2], then A has two real eigenvalues λ, λ−1 with |λ| > 1.

Exercise 84.3. Let A ∈ SL(2,Z). We consider the map

f(A) : R2/Z2 → R2/Z2

[v] 7→ [A · v]

and following the de�nition on page 467 we consider the corresponding mapping torus

Tor(R2/S2, f(A)) = ((R2/S2)× [0, 1])/(x, 0) ∼ (f(A)(v), 1).

(a) Show that Tor(R2/S2, f(A)) is a closed oriented 3-dimensional smooth manifold.
(b) Determine rank(H1(Tor(R2/S2, f(A)) and H2(Tor(R2/S2, f(A)) in terms of the clas-

si�cation of Exercise 84.2.
Remark. You might want to use the Mapping Torus-Homology Proposition 78.20
and the Action-on-Torus Homology Lemma 84.7.

Exercise 84.4. Let p : S1×S1 → S1 and q : S1×S1 → S1 be the projection onto the �rst
respectively second factor and let µ : S1 × S1 → S1 be the multiplication map. Show that
the following diagram commutes:

H1(S1 × S1)

p∗⊕q∗ **

µ∗
// H1(S1).

H1(S1)⊕ H1(S1)
(ϕ,ψ)7→ϕ+ψ

44

Exercise 84.5. Let X and Y be path-connected topological spaces. Let x ∈ X and let
y ∈ Y . We denote by i : X → X × Y the inclusion map that is given by i(x) = (x, y) and
similarly we denote by j : Y → X × Y the inclusion map that is given by j(y) = (x, y).
Furthermore we denote by p : X × Y → X and q : X × Y → Y the two natural projections
Show that the map

i∗ ⊕ j∗ : H1(X)⊕ H1(Y ) → H1(X × Y )

1014This can be seen as follows: First we write G = π1(X,x0) and H = p∗(π1(Y, y0)). Let g1, . . . , gk be
coset representatives for G/H. One can easily verify that the images of g1, . . . , gk in Gab have the property
that Gab = g1Hab ∪ · · · ∪ gkHab.
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is an isomorphism and that the inverse is given by p∗ ⊕ q∗.
Hint. Use the Homotopy Groups-of-Product Proposition 71.8.

Exercise 84.6. Show that there exist maps f, g : S1 × S1 → S1 × S1 such that f ◦ g and
g ◦ f are not homotopic.
Remark. This exercise is the content of Exercise 38.5 (b). But with the methods of this
chapter it is much easier to solve this exercise.
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85. The Hurewicz Theorem in higher dimensions

The goal of this chapter is to formulate and prove the high-dimensional analogue of the
Hurewicz Theorem 84.5 from Chapter 84. Furthermore in this chapter and in Chapter 86
we will discuss several applications of the higher-dimensional Hurewicz Theorem.

85.1. The Hurewicz homomorphism in higher dimensions. The Hurewicz Theo-
rem 84.5 evidently raises the question whether there is a connection between higher homo-
topy groups and higher homology groups. As in the 1-dimensional case we �rst try to �nd
a promising map from homotopy groups to homology groups.
Throughout the subsequent discussion the following notation is convenient.

Notation. We write I = [0, 1].
Next we introduce the following technical de�nition.

De�nition. Let n ∈ N0. Let ω ∈ Hn(B
n
, Sn−1) be the standard generator as de�ned on

page 1679. Let ϕ : (In, ∂In) → (B
n
, Sn−1) be the homeomorphism from page 158. We

refer to ϕ∗(ω) ∈ Hn(In, ∂In) as the standard generator of Hn(In, ∂In).
Now comes the actual de�nition we are interested in.
De�nition. Let X be a topological space, let x0 ∈ X and let n ≥ 1. We denote by
ω ∈ Hn(In, ∂In) the standard generator as de�ned above. We refer to the map

isomorphism since n ≥ 1, see page 1629
↓

Φ(X,x0) : πn(X, x0) → Hn(X, x0)
∼=←− Hn(X)

[f : (In, ∂In)→ (X, x0)] 7→ f∗(ω)

as the Hurewicz homomorphism.1015

Remark. It follows quite easily from the explicit description of the standard generator of
H1(B

1
, S0) on page 1679 that for n = 1 the above de�nition of the Hurewicz homomorphism

agrees with the de�nition given on page 1832.

In the next lemma we show in particular that the Hurewicz homomorphism is in fact a
homomorphism.
Lemma 85.1.
(1) Let X be a topological space. Given any x0 ∈ X and given any n ≥ 1 the Hurewicz

homomorphism Φ(X,x0) : πn(X, x0) → Hn(X)

is a homomorphism.

1015It follows from the Homotopic Maps-and-Homology Proposition 73.6 that the Hurewicz homomorphism
is indeed well-de�ned.
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(2) Let X be a topological space and let n ≥ 1. Furthermore let γ : I → X be a path
from a point x0 to some point x1. The following diagram commutes:

πn(X, x1)
Φ(X,x1)

//

γ∗
��

Hn(X)

id
��

πn(X, x0)
Φ(X,x0)

// Hn(X).

Here the vertical maps are de�ned in Propositions 47.10 and 71.5.
(3) As usual let PTop be the category of pointed topological spaces and let Group be the

category of groups. The Hurewicz homomorphisms de�ne a natural transformation
from the functor

PTop → Group
(X, x0) 7→ πn(X, x0)

to the functor
PTop → Group

(X, x0) 7→ Hn(X).

(4) Let X be a topological space, let x0 ∈ X and let n ≥ 1. If we take the point of view
from page 1565, i.e. if we view elements in πn(X, x0) as homotopy classes of maps
(Sn, ∗)→ (X, x0), then the Hurewicz homomorphism is given by the map

πn(X, x0) → Hn(X)
[f : (Sn, ∗)→ (X, x0)] 7→ f∗(ω)

where ω ∈ Hn(Sn) is the standard generator as de�ned on page 1677.

Proof.

(1) We denote by ω ∈ Hn(In, ∂In) the standard generator. We need to show that for
any two maps f, g : (In, ∂In)→ (X, x0) we have

[f∗(ω)] + [g∗(ω)] = [(f ∗ g)∗(ω)] ∈ Hn(X, x0).

But we showed precisely this equality in Lemma 79.12.
(2) Let f : (Sn, ∗) → (X, x1) be a map. One easily sees that f and fγ, viewed as maps

Sn → X are homotopic. Thus it follows from the Homotopic Maps-and-Homology
Proposition 73.6 that f∗(ω) = (fγ)∗(ω). But this means precisely that the given
diagram commutes.

(3) This statement follows immediately from the functoriality of homology groups.
(4) This statement is a straightforward consequence of the Standard Generator-Relation-

ship Proposition 76.5 (3). �

The following lemma gives in particular an a�rmative answer to Question 71.17.

Lemma 85.2. For every n ∈ N the Hurewicz homomorphism

Φ: πn(Sn, ∗) → Hn(Sn) ∼= Z
sends [idSn : Sn → Sn] ∈ πn(Sn) to the standard generator of Hn(Sn), in particular the
Hurewicz homomorphism is an epimorphism.

Proof. We denote by ω ∈ Hn(Sn) the standard generator. By Lemma 85.1 (4) we have

Φ([idSn : Sn → Sn]︸ ︷︷ ︸
∈πn(Sn,∗)

) = (idSn)∗([ω]) = [ω].
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Thus we see that the standard generator of Hn(Sn) ∼= Z lies in the image of the Hurewicz ho-
momorphism. But this implies that the Hurewicz homomorphism Φ: πn(Sn, ∗) → Hn(Sn)
is an epimorphism. �

The fairly simple-minded Lemma 85.2 actually already turns out to be quite useful. More
precisely, we recall that for A = R or A = C and k ≤ l we can view APk as a submanifold
of APl. Now we can formulate the following application of Lemma 85.2.

Lemma 85.3. For k < l the submanifold RPk is not a retract of RPl.
Proof. We have Lemma 85.2 Proposition 71.10

↓ ↓
πk(RPk) ∼= πk(S

k) 6= 0 and πk(RPl) ∼= πk(S
l) = 0.

↑ ↑
Coverings-πn-Proposition 71.13 Coverings-πn-Proposition 71.13

With this calculation, and the fact that πn is functorial, the argument of Lemma 47.16 can
be easily modi�ed to show that RPk is not a retract of RPl. �

Lemma 85.3 raises the following question.

Question 85.4. Let k < l. Is the complex projective space CPk a retract of CPl?
At this moment though, it is much more interesting to ask whether, given a path-connected
topological space X and n ≥ 2, the Hurewicz homomorphism

Φ(X,x0) : πn(X, x0) → Hn(X)

is necessarily an isomorphism. But browsing through our examples shows that the Hurewicz
homomorphism is in general neither a monomorphism nor an isomorphism:
(1) In Lemma 78.11 we showed that H2(S1×S1) ∼= Z is non-zero, whereas on page 1573

we showed that π2(S1 × S1) = 0. This shows that the Hurewicz homomorphism
π2(S1 × S1)→ H2(S1 × S1) is not an epimorphism.

(2) Here are two examples that show that in general the Hurewicz homomorphism is not
a monomorphism:
(a) We consider X = RP2. By the Coverings-πn-Proposition 71.13 and Lemma 85.2

we know that π2(RP2) ∼= π2(S2) is non-trivial. On the other hand we saw in
Lemma 78.8 that H2(RP2) = 0.

(b) We consider X = S1∨S2. It follows immediately from Propositions 74.4 and 79.8
that H2(S1 ∨ S2) ∼= Z. On the other hand we know by the Coverings-πn-
Proposition 71.13 and the discussion on page 1373 that π2(S1∨S2) is isomorphic
to π2(X̃) where X̃ is the real line �with in�nitely many 2-spheres attached�,
see e.g. the �gure on page 1573 for an illustration. Using the projections onto
the various spheres and using Lemma 85.2 one can now show that π2(X̃) ad-
mits an epimorphism onto Z∞.1016 It follows from Lemma 51.9 (2) that there
is no monomorphism from π2(X) = π2(X̃) into H2(X) ∼= Z. In particular the
Hurewicz homomorphism π2(X) → H2(X), whatever it is precisely, cannot be a
monomorphism.

The above examples show that we need to put some hypothesis on X for a higher Hurewicz
homomorphism to be an isomorphism. This leads us to the following de�nition.

1016The proof of this statement is a slight variation on the proof of Exercise 71.3.
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De�nition. Let k ∈ N0. We say that a topological space X is k-connected, if πi(X) = 0
for i = 0, . . . , k.10171018

The goal of this chapter is to prove the following theorem which can be viewed as the
high-dimensional analogue of the original Hurewicz Theorem 84.5.

Theorem 85.5. (Hurewicz Theorem) Let (X, x0) be a pointed topological space.
Furthermore let n ∈ N≥2. If X is (n− 1)-connected1019, then the following two statements
hold:
(1) we have H̃k(X;Z) = 0 for k = 0, . . . , n− 1, and
(2) the Hurewicz homomorphism Φ(X,x0) : πn(X, x0)→ Hn(X;Z) is an isomorphism.

Remark.
(1) On page 1844 we already saw that in general the hypothesis in the Hurewicz Theo-

rem 85.5 that X is (n− 1)-connected cannot be dropped.
(2) In Theorem 153.13 we will prove a relative version of the Hurewicz Theorem 85.5

that relates �relative homotopy groups� to relative homology groups.
(3) In Theorem 163.26 we will prove an addendum to the Hurewicz Theorem 85.5, which

contains information on the map πn+1(X, x0)→ Hn+1(X;Z).

Using the Hurewicz Theorem 85.5 we can now determine some homotopy groups that had
been eluding us for a long time.
Corollary 85.6.
(1) For any n ∈ N we have πn(Sn) ∼= Z, in fact πn(Sn, ∗) = Z · [idSn ].
(2) For any n ∈ N ∪ {∞} we have π2(CPn) ∼= Z. In fact, if we make the identi�cation

CP1 = S2 from page 258 and if we use the convention from page 256 to consider
CP1 = S2 as a subspace of CPn, then π2(CPn, ∗) = Z · [idCP1 ].

Proof.
(1) Let n ∈ N. By Proposition 71.10 we know that Sn is (n − 1)-connected. Thus the

statement follows immediately from the Hurewicz Theorems 84.5 and 85.5 and the
fact that Hn(Sn;Z) = Z · [Sn].

(2) Let n ∈ N ∪ {∞}. We denote by i : CP1 → CPn the obvious inclusion. From
Lemma 85.1 (3) we obtain the following commutative diagram

π2(CP1, ∗) i∗ //

Φ(CP1,∗)
��

π2(CPn, ∗)
Φ(CPn,∗)
��

H2(CP1;Z)
i∗ // H2(CPn;Z).

If n ∈ N, then it follows immediately from Lemma 121.6 that the inclusion induced
map H2(CP1;Z)→ H2(CPn;Z) is an isomorphism. For n =∞ we need to appeal to
the discussion on page 1772 to draw the same conclusion. Finally, since [CP1] = [S2]

1017For example, X is 0-connected if and only if X is path-connected and non-empty. Furthermore, X is
1-connected if and only if it is simply connected.
1018Since a k-connected space is in particularly 0-connected and thus path-connected we see that we can
ignore base points.
1019Recall that by the de�nition on page 1845 this means that πi(X) = 0 for i = 0, . . . , n− 1.
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is a generator of H2(CP1;Z) = H2(S2;Z) we obtain that π2(CPn, ∗) = Z · [idCP1 ] from
the above commutative diagram. �

On several occasions we will also need the following straightforward corollary to the Hurewicz
Theorem 85.5.
Corollary 85.7. (Hurewicz Corollary) Let (X, x0) be a pointed topological space and
let n ∈ N. We suppose that X is simply connected. If given every k ∈ {2, . . . , n} we have
πk(X, x0) = 0 or Hk(X;Z) = 0, then the following two statements hold:
(1) for k = 1, . . . , n we have πk(X, x0) = Hk(X;Z) = 0,
(2) the Hurewicz homomorphism πn+1(X, x0)→ Hn+1(X;Z) is an isomorphism.

Proof. We prove the corollary by induction on n. First consider the case n = 1. Since
X is simply connected we obtain from the Hurewicz Theorem 84.5 that H1(X;Z) = 0.
Furthermore it follows from the Hurewicz Theorem 85.5 that Φ(X,x0) : π2(X, x0)→ H2(X;Z)
is an isomorphism.

Now suppose the statement holds for n − 1 with n ≥ 2. Suppose that for every
k ∈ {2, . . . , n} we have πk(X) = 0 or Hk(X;Z) = 0. By induction we know that the ho-
motopy and homology groups vanish up to degree n− 1. Thus we can apply the Hurewicz
Theorem 85.5 which says that πn(X) and Hn(X;Z) are isomorphic. Since one is zero,
both are zero. Hence we can apply the Hurewicz Theorem 85.5 once more to see that the
Hurewicz homomorphism πn+1(X, x0)→ Hn+1(X;Z) is an isomorphism. �

As a nice application to the Hurewicz Corollary 85.7 we can prove the following lemma.
Lemma 85.8. Let X be a 1-dimensional CW-complex and let x0 ∈ X be base point.
Then πn(X, x0) = 0 for every n ≥ 2.
The content of this lemma is the same as for Lemma 71.15, the only di�erence is that this
time the proof is more satisfying than before.

Proof. Let X be a 1-dimensional CW-complex, let n ≥ 2 and let x0 ∈ X be a base point.
If necessary we can replace X by the path-component of x0. In other words, without
loss of generality we can assume that X is path-connected. We denote by X̃ the universal
covering ofX. By the CW-complex Covering Proposition 68.37 we know that X̃ is again a 1-
dimensional CW-complex. It follows from the Homology-of-CW-Complex Proposition 80.6
(1) that Hn(X̃) = 0 for all n ∈ N≥2. Furthermore, by de�nition of a universal covering
we know that X̃ is simply connected. It follows from the Hurewicz Corollary 85.7 that
πn(X, x0) = 0 for every n ≥ 2. �

We conclude this section with the following proposition.

Proposition 85.9. Let n ∈ N and let f : Sn → Sn be a homeomorphism with f(∗) = ∗.
Then the following equality holds in πn(Sn, ∗):

[f ] =

{
[idSn ], if f is orientation-preserving,
−[idSn ], if f is orientation-reversing.

Remark. Let n ∈ N. Proposition 85.9 says that every orientation-preserving self-homeo-
morphism f of Sn with f(∗) = ∗ is homotopic, rel the base point ∗, to the identity. It is not
clear to me whether f is isotopic, rel the base point ∗, to the identity. Put di�erently, can
one �nd a homotopy F from f to id such that each Ft : Sn → Sn is also a homeomorphism?
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Proof. Let n ∈ N and let f : Sn → Sn be a homeomorphism with f(∗) = ∗. By the
naturality of the Hurewicz homomorphism, see Lemma 85.1 (3), we have the following
commutative diagram

πn(Sn, ∗) f∗
//

Φ(Sn,∗)
��

πn(Sn, ∗)
Φ(Sn,∗)
��

Hn(Sn;Z)
f∗

// Hn(Sn;Z).

By Proposition 71.10 we know that Sn is (n − 1)-connected. Therefore the vertical maps
are isomorphisms by the Hurewicz Theorems 84.5 and 85.5. The corollary now follows from
Proposition 107.2 and the simple observation that [f ] = f∗([idSn ]) ∈ πn(Sn, ∗). �

Now that we are fully convinced of the value of the Hurewicz Theorem 85.5 we turn to the
proof thereof. We will discuss more applications in the Chapter 86.

85.2. The group structure on πn(X, x0). Before we turn to the formulation of the high-
dimensional Hurewicz Theorem we want to recall some conventions regarding higher ho-
motopy groups and we want to introduce a useful approach to understanding the sum
operation in the higher homotopy groups.
First we recall some conventions and notations that apply to any n ∈ N.
(1) We write ∗ = (0, . . . , 0, 1) ∈ Sn.
(2) We write I = [0, 1].
(3) We denote by In Ă Rn the cube in Rn.
(4) We denote by ∂In the boundary of In viewed as a subset of Rn.
(5) Let ϕ : (In, ∂In)→ (B

n
, Sn−1) be the homeomorphism from page 158.

(6) Let ψ : (B
n
, Sn−1) → (Sn, ∗) be the map from Lemma 5.20 that induces the usual

identi�cation B
n
/Sn−1 → Sn.

(7) As on page 1565 we use ϕ and ψ to make the identi�cations

πn(X, x0) =
set (of homotopy classes)

of maps (In, ∂In)→ (X, x0)
=

set (of homotopy classes)
of maps (Sn, ∗)→ (X, x0)

‖
set (of homotopy classes)

of maps (B
n
, Sn−1)→ (X, x0).

The maps ϕ and ψ are illustrated in the �gure below.
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Now let (X, x0) be a pointed topological space and let n ∈ N. Recall that on page 1561 we
de�ned the group structure on πn(X, x0) by considering elements in the homotopy groups
as homotopy classes of maps (In, ∂In) → (X, x0). Under the above identi�cations it is
at times di�cult to see what the group structure actually looks like. We start out with
considering inverses of homotopy classes.
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Lemma 85.10. Let n ∈ N and let (X, x0) be a pointed topological space.
(1) Let f : (B

n
, Sn−1) → (X, x0) be a map. If ρ : B

n → B
n
is the re�ection in some

hyperplane of Rn, then −[f ] = [f ◦ ρ] ∈ πn(X, x0).
(2) Let f : (Sn, ∗) → (X, x0) be some map. If ρ : Sn → Sn is the re�ection in some

hyperplane of Rn+1 that contains the line1020 R · (0, . . . , 0, 1), then we have the
equality −[f ] = [f ◦ ρ] ∈ πn(X, x0).1021

Proof.
(1) Let ϕ : (In, ∂In)→ (B

n
, Sn−1) be the homeomorphism from page 158 that we use to

identify the two di�erent points of view regarding the homotopy group πn(X, x0). It
follows from Proposition 71.1 (2) and from considering the de�nition of ρ that if ρ is
the re�ection in the (x2 = 0)-hyperplane V , then −[f ] = [f ◦ ρ].
Claim. If ψ is the re�ection in some other hyperplaneW , then ψ and ρ are homotopic
as maps (B

n
, Sn−1)→ (B

n
, Sn−1).

Proof. The claim follows from Lemma 33.9. For the reader's convenience we recall
the argument. First note that by the Orthogonal Action Lemma 5.26 (5) there exists
an orthogonal matrix A ∈ SO(n) with A · V = W . By the Matrix Group Path-
Component Proposition 2.37 (3) we know that there exists a path γ : [0, 1]→ SO(n)
with γ(0) = id and γ(1) = A. The map

B
n × [0, 1] → B

n

(P, t) 7→ ργ(t)·V (P )

is the desired homotopy. �
But this claim implies [f ◦ ψ] = [f ◦ ρ] and thus we see that [f ◦ ψ] = −[f ].

(2) This statement follows easily from Statement (1) and from considering the map
ψ : (B

n
, Sn−1) → (Sn, ∗) from Lemma 5.20 that we use to identify the two di�erent

points of view regarding the homotopy group πn(X, x0). �

To consider the group structure on the higher homotopy groups we need the following new
and fairly harmless de�nition.
De�nition. Let n ∈ N and let M be an n-dimensional topological manifold.
(1) We say embeddings1022 α1, . . . , αm : B

n →M are (weakly) disjoint if the images (of
the interiors) do not intersect.

(2) Let X be a topological space and let x0 ∈ X. Given weakly disjoint embeddings
α1, . . . , αm : B

n →M and maps f1, . . . , fm : (B
n
, Sn−1)→ (X, x0) we de�ne1023

Φ(α1, . . . , αm, f1, . . . , fm) : M → X

y 7→
{
fi(z), if y = αi(z) with z ∈ Bn

,
x0, otherwise.

The following proposition gives a versatile tool for dealing with the group structure.
1020We can only consider such re�ections since the point ∗ = (0, . . . , 0, 1) needs to be �xed.
1021Note that ρ(∗) = ∗, hence (f ◦ ρ)(∗) = x0.
1022We refer to page 718 for the de�nition of an embedding.
1023It follows from the Compact Image Lemma 2.13, the Closed-Compact Lemma 1.21, the Codimension-
Zero Submanifold Proposition 19.38 and Pasting Proposition 2.6 (2) that this map is indeed continuous.
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M

X

x0

gets sent to x0
Φ(α1, α2, f1, f2)

B
n

α1 f1

α2

f2

Proposition 85.11. (Addition-in-πn-Proposition) Let (X, x0) be a pointed topologi-
cal space and let n ∈ N≥2. Suppose we are given weakly disjoint smooth embeddings1024

α1, . . . , αm : B
n → Sn such that the images of the Bn lie in Sn \ {∗}. Also suppose we are

given maps f1, . . . , fm : (B
n
, Sn−1) → (X, x0). Given i ∈ {1, . . . ,m} we write εi = 1 if αi

is orientation-preserving otherwise we write εi = −1. Then we have the following equality
in πn(X, x0):[

Φ(α1, . . . , αm, f1, . . . , fm) : (Sn, ∗)→ (X, x0)︸ ︷︷ ︸
∈πn(X,x0)

]
=

m∑
i=1

εi ·
[
fi : (B

n
, Sn−1)→ (X, x0)︸ ︷︷ ︸
∈πn(X,x0)

]
.

Example. A slight modi�cation of the map B
n → Sn given in the Ball-Quotient Sphere

Lemma 5.20 provides us with an orientation-preserving smooth embedding α1 : B
2 → S2

that sends the disk to the �left hemisphere�. Similarly we also obtain an orientation-
preserving smooth embedding α2 : B

2 → S2 that sends the disk to the �right hemisphere�. It
follows from the Addition-in-πn-Proposition 85.11 that for any two maps f1, f2 : (B

2
, S1)→

(X, x0) we have

[Φ(α1, α2, f1, f2) : (S2, ∗)→ (X, x0)] = [f1 : (B
2
, S1)→ (X, x0)] + [f2 : (B

2
, S1)→ (X, x0)].

This situation is illustrated in the �gure below. We obtain basically the same picture as
we had already obtained on page 1566.
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equator to a point

collapse the �vertical�
α1 f

α2

f2f1

(X, x0) (X, x0)

Φ(α1, α2, f1, f2)

g

the �vertical�
equator gets sent to x0

Remark. The statement of the Addition-in-πn-Proposition 85.11 also holds for embed-
dings, i.e. we do not necessarily need that the embeddings are smooth. But in that case,
in the proof below, one needs to replace the mainstream Smooth Ball Embedding Theo-
rem 37.8 by the surprisingly di�cult Theorem 132.10. In particular it is not clear to me

1024Note that here we work on purpose with �smooth embeddings� instead of �embeddings�.
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what goes into the proof of Theorem 132.10 (does it require the Hurewicz Theorem, are we
in danger of using circular logic?). Therefore I prefer to stick to smooth embeddings.1025

In the proof of the Addition-in-πn-Proposition 85.11 we need the following lemma which
basically says the following: if we isotope the embeddings αi, then the resulting Φ-maps
are homotopic.
Lemma 85.12. Let n ∈ N, let M be an n-dimensional smooth manifold and let Z be
a subset of M . Furthermore suppose we are given a topological space X, a base point
x0 ∈ X and maps f1, . . . , fm : (B

n
, Sn−1)→ (X, x0). Finally suppose that for i = 1, . . . ,m

we are given homotopies
Ωi : B

n × [0, 1] → M \ Z
such that for each t ∈ [0, 1] the maps Ω1,t, . . . ,Ωm,t : B

n → M are weakly disjoint embed-
dings, then the maps

Φ(Ω1,0, . . . ,Ωm,0︸ ︷︷ ︸
Ω at t = 0

, f1, . . . , fm),Φ(Ω1,1, . . . ,Ωm,1︸ ︷︷ ︸
Ω at t = 1

, f1, . . . , fm) : (M,Z) → (X, x0)

are homotopic as maps of pairs of topological spaces.

Proof. As before it follows from Lemmas 2.13 and 1.21, the Codimension-Zero Submanifold
Proposition 19.38 and the Pasting Proposition 2.6 that the map

H : M × [0, 1] → X
(P, t) 7→ Φ(Ω1,t, . . . ,Ωm,t, f1, . . . , fm)(P )

is continuous. This map is then the desired homotopy. �

Sketch of a proof of the Addition-in-πn-Proposition 85.11. Let (X, x0) be a pointed
topological space and let n ∈ N≥2. Furthermore let f1, . . . , fm : (B

n
, Sn−1) → (X, x0) be

maps. Finally let α1, . . . , αm : B
n → Sn be weakly disjoint smooth embeddings such that

the images of the Bn lie in Sn \ {∗}. We start out with the following observations:

(1) Let ρ : B
n → B

n
be the re�ection in some hyperplane of Rn. We replace every pair

(αi, fi) for which αi is orientation-reversing by the pair (αi ◦ ρ, fi ◦ ρ). It follows
immediately from Lemma 85.10 that the desired equality holds for the new data if
and only if it holds for the old data.

(2) If the αi are not disjoint we make them disjoint by shrinking. More precisely, we
consider the isotopies

Fi : B
n × [0, 1] → M

(P, t) 7→ αi(P · (1− t
2
)).

Since the αi were weakly disjoint we see that the resulting embeddings are now
disjoint.

(3) In Lemma 5.20 we gave an explicit (B
n
, Sn−1) → (Sn, {∗}) and we showed that it

restricts to a di�eomorphism Bn → Sn \ {∗}.
Keeping the above three observations in mind we obtain from Lemma 85.12 that it su�ces
to prove the following statement.

1025Recall that the absence of the word �topological� implies in our setup that smooth embeddings are
smooth maps.
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Statement. If α1, . . . , αm : B
n → Bn are disjoint orientation-preserving smooth embed-

dings, then the following equality holds in πn(X, x0):[
Φ(α1, . . . , αm, f1, . . . , fm) : (B

n
, Sn−1)→ (X, x0)︸ ︷︷ ︸

∈πn(X,x0)

]
=

m∑
i=1

[
fi : (B

n
, Sn−1)→ (X, x0)︸ ︷︷ ︸
∈πn(X,x0)

]
.

Perhaps the key observation in the proof is that the Smooth Ball Embedding Theorem 37.8
(where we use our hypothesis that n ≥ 2 and here we use that work with smooth embeddings
not just embeddings of balls) together with Lemma 85.12 implies that we only need to prove
the statement for a single choice of disjoint orientation-preserving smooth embeddings
α1, . . . , αm. Put di�erently, it remains to prove the following claim.

Claim. There are disjoint orientation-preserving smooth embeddings α1, ..., αm : B
n → Bn

such that[
Φ(α1, . . . , αm, f1, . . . , fm) : (B

n
, Sn−1)→ (X, x0)︸ ︷︷ ︸

∈πn(X,x0)

]
=

m∑
i=1

[
fi : (B

n
, Sn−1)→ (X, x0)︸ ︷︷ ︸
∈πn(X,x0)

]
.

Proof. By induction it su�ces prove the claim for m = 2. Even your famously verbose
author does not feel like spelling out all the details. We leave it to the reader to piece
together the argument using the �gure below and the following observations:
(a) by the Addition-in-πn-Proposition 85.11 (or alternatively Lemma 71.2) we can �move

cubes� in In,
(b) by Lemma 14.2 the map ϕ−1 : B

n → In is isotopic to the identity,
(c) the restriction of the map ϕ : In → B

n
to each open cone on one of the sides of the

cube In is smooth.
Using Lemma 85.12 these moves translate into homotopies of the corresponding maps. �
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'''

'''

ϕ−1

f1 f2 f1 + f2

Φ(α1, α2, f1, f2)

(a)

(b)

ϕ

+

 

 

ϕ

=

ϕ
=+

+

=+

  +

by (c) the map ϕ restricted to
the open triangles is smooth

85.3. The proof of the Hurewicz Theorem 85.5. The proof of the Hurewicz Theo-
rem 85.5 requires some preparations.



1852

Convention. Let k ∈ N0. We view ∆k as a CW-complex in the following way. Given
m ∈ {0, . . . , k} the m-cells correspond precisely to all the maps

B
m

= ∆m → ∆k

(t0, . . . , tm) 7→
m∑
i=0
tieϕ(i)

where ϕ is a strictly increasing map ϕ : {0, . . . ,m} → {0, . . . , k}. Note that the (k − 1)-
skeleton of ∆k is given by ∂∆k.
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∆1 ∆2
∆3

3-skeleton

y

x

0-skeleton

1-skeleton

z

2-skeleton
x

y

1-skeleton

De�nition. Let (X, x0) be a pointed topological space and let n ∈ N0. Given k ∈ N0 we
de�ne1026

C(n)
k (X, x0) :=

the subgroup of the relative chain group Ck(X, {x0}) generated by
all singular simplices σ : ∆k → X with σ(n-skeleton of ∆k) Ă {x0}.

These groups de�ne a subcomplex of C∗(X, {x0}). In particular we obtain corresponding
homology groups H(n)

k (X, x0) and the inclusion C(n)
∗ (X, x0)→ C∗(X, {x0}) de�nes natural

maps H(n)
k (X, x0)→ Hk(X, {x0}).

Example. In the �gure below we show a pointed topological space (X, x0) and we consider
an element σ ∈ C(0)

1 (X, x0) and an element τ ∈ C(1)
2 (X, x0). From the pictures it becomes

apparent that elements in C(n−1)
n (X, x0) are �close� to elements in πn(X, x0). In particular

it seems reasonable to expect that H(n−1)
n (X, x0) is a group that �sits between� Hn(X;Z)

and πn(X, x0).
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X = torus ∨ S2

x0

σ ∈ C
(0)
1 (X, x0)

τ ∈ C
(1)
2 (X, x0) ∆2

∆1

In the following lemma we summarize a few basic facts about these new chain groups.

Lemma 85.13. Let (X, x0) be a pointed topological space and let n ∈ N0. Furthermore
let k ∈ {0, . . . , n}. The following statements hold:

(1) We have C(n)
k (X, x0) = 0,

(2) we have H(n)
k (X, x0) = 0,

(3) any element in C(n)
k+1(X, x0) is a cycle.

1026Note that the notation C(n)
k (X,x0) instead of C(n)

k (X, {x0}) is on purpose.
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Proof. Let k ∈ {0, . . . , n}. Put di�erently, we have k with n ≥ k. Note that this implies
that ∆k is the n-skeleton of ∆k. In particular, by de�nition, C(n)

k (X, x0) is the subgroup of
Ck(X, {x0}) generated by the constant maps ∆k → {x0}, but these are zero in the relative
chain group Ck(X, {x0}). This concludes the proof of (1). The remaining two statements
are immediate consequences of (1). �

The following lemma is one of the key ingredients in the proof of the Hurewicz Theorem 85.5

Lemma 85.14. Let (X, x0) be a pointed topological space and let n ∈ N. If X is n-con-
nected, then the inclusion map

C(n)
∗ (X, x0) → C∗(X, {x0})

is a chain homotopy equivalence. In particular for any k ∈ N0 the induced map
H(n)
k (X, x0) → Hk(X, {x0})

is an isomorphism.

Proof. Let (X, x0) be a pointed topological space and let n ∈ N. We suppose that X
is n-connected. We recall the following notation from the Prism Boundary Lemma 73.7:
given t = 0 and t = 1 and k ∈ N0 we denote by

ηt : ∆k → ∆k × [0, 1]
x 7→ (x, t)

the obvious inclusion map. We start out with the following claim which basically says that
any singular simplices ∆k → X can be homotoped consistently to a singular simplices that
lie in C(n)

k (X, x0).

Claim. Given any k ∈ N0 and given any singular simplex σ : ∆k → X we can choose a map
P (σ) : ∆k × [0, 1]→ X such that the following four statements are satis�ed:
(a) we have P (σ) ◦ η0 = σ : ∆k → X,
(b) the singular k-simplex P (σ) ◦ η1 : ∆k → X lies in C(n)

k (X, x0),
(c) if σ ∈ C(n)

k (X, x0), then P (σ) = σ ◦ π where π : ∆k × [0, 1]→ ∆k is the projection ,
and

(d) for any j ∈ {0, . . . , k} we have
P (σ) ◦ (ikj × id[0,1])︸ ︷︷ ︸

∆k−1×[0,1]→∆k×[0,1]

= P ( σ ◦ ikj︸ ︷︷ ︸
∆k−1→X

) : ∆k−1 × [0, 1]→ X.

Proof. Property (d) already suggests that we should prove the claim by induction on k.
It is convenient to view k = −1 as the (trivial) base case. Now let k ∈ N0 and suppose
that we have proved the claim for all singular i-simplices with i < k. Now let σ : ∆k → X

be a singular simplex. If σ ∈ C(n)
k (X, x0), then we set P (σ) = σ ◦ π. In this case it is

straightforward to verify that the conditions (a), (b) and (d) are satis�ed.
Now consider the case that σ 6∈ C(n)

k (X, x0). We distinguish two cases.

(1) First we consider the case that k ≤ n. By induction the maps P (σ ◦ ikj ) have been
de�ned for all j. We set ∂(∆k×[0, 1]) := (∂∆k×[0, 1])∪(∆k×{0, 1}) and we consider
the map

Q : ∂(∆k × [0, 1]) → X
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which is de�ned via σ on ∆k×{0}, via the maps P (σ◦ikj ) on ∂∆k×[0, 1]1027 and which
sends all points in ∆k×{1} to x0.1028 (We refer to the �gure below for an illustration
of this map.) It follows almost immediately from the Convex-to-Ball Proposition 2.20
(2) that the pair (∆k × [0, 1], ∂(∆k × [0, 1])) is homeomorphic to (B

k+1
, Sk). Since

k ≤ n and since X is n-connected we obtain from the Trivial-in-πn-Lemma 71.4 that
there exists an extension of Q to a map ∆k × [0, 1]→ X. We de�ne P (σ) to be any
such extension. We obtain a map P (σ) which is easily seen to have all the desired
properties.
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∆k × {1}
Q

∆k × {0}
P (σ ◦ ikj )

X

∂(∆k × [0, 1]) = (∂∆k × [0, 1]) ∪ (∆k × {0}) ∪ (∆k × {1})

σ

x0

σ ◦ ikj

∆k × [0, 1]
the map Q extends to ∆k × [0, 1],

since X is simply connected

(2) Now we consider the case that k > n. Note that in this case condition (b) is satis�ed
�for free� by any map ∆k × [0, 1] → X that satis�es (d). Thus we only have to �nd
a map P (σ) that satis�es (a), (c) and (d). This is much easier than in (1). Indeed,
similar to (1) we consider the map

G : (∆k × {0}) ∪ (∂∆k × [0, 1]) → X

that is de�ned via σ on ∆k × {0} and via the maps P (σ ◦ ikj ) on ∂∆k × [0, 1]. (We
refer to the �gure below for an illustration.) Note that by Lemma 70.6 (together
with the homeomorphism B

k ∼= ∆k) there exists a retraction r from ∆k × [0, 1] to
the domain of G. Thus combining this retraction r with Q we obtain an extension of
Q to map ∆k × [0, 1]→ X. We de�ne P (σ) to be this extension. It follows basically
by construction that all the statements are satis�ed. �
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X
Q

∆k × {0}

(∂∆k × [0, 1]) ∪ (∆k × {0})

P (σ ◦ ikj )

σ

x0

σ ◦ ikj

∆k × [0, 1]

retraction r

1027Here we use that we assume that the maps P (µ) are de�ned for simplices of dimension < k.
1028It follows from Pasting Proposition 2.6 (2′) that this map is indeed continuous.
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Now we turn to the actual proof of the statement that the inclusion map1029

ι : C(n)
∗ (X, x0) → C∗(X, {x0})

is a chain homotopy equivalence. To do so we consider the map
φ : C∗(X, {x0}) → C(n)

∗ (X, x0)
that is determined by (σ : ∆n → X) 7→ φ(σ) := P (σ) ◦ η1︸ ︷︷ ︸

∆k→∆k×[0,1]→X

.

It follows from (b) that φ does indeed take values in C(n)
∗ (X, x0) and it follows easily from

(d) that φ is in fact a chain map. We want to show that φ is a chain homotopy inverse
to ι. By (c) we have φ ◦ ι = id. Thus it remains to prove the following claim.

Claim. There exists a chain homotopy from ι ◦ φ to the identity of C∗(X, {x0}).
Proof. Let k ∈ N0. We recall that on page 1605 we introduced the singular (k + 1)-chain

Ωk :=
k∑
j=0

(−1)j · [v0, . . . , vj, wj, . . . , wk]︸ ︷︷ ︸
∆k+1→∆k×[0,1]

∈ Ck+1(∆k × [0, 1])

where v0, . . . , vk, w0, . . . , wk denote the vertices of ∆k× [0, 1], see page 1605 for details. The
key property of these singular chains is that the Prism Boundary Lemma 73.7 says that for
any k ∈ N0 we have

(∗) ∂k+1(Ωk) +
k∑
j=0

(−1)j · (ikj × id[0,1])∗︸ ︷︷ ︸
C∗(∆k−1×[0,1])→C∗(∆k×[0,1])

(Ωk−1) = η1− η0 ∈ Ck(∆k× [0, 1]).

For any k ∈ N0 we consider the map

Dk : Ck(X, {x0}) → Ck+1(X, {x0})
that is determined by (σ : ∆k → X) 7→ P (σ )∗︸ ︷︷ ︸

C∗(∆k×[0,1])→C∗(X,{x0})

( Ωk︸︷︷︸
∈Ck+1(∆k×[0,1])

).

We claim that these maps de�ne a chain homotopy from ι◦φ to the identity of C∗(X, {x0}).
Thus let σ : ∆k → X be a singular k-simplex. We need to show that ∂Dσ+D∂σ = φ(σ)−σ.
Indeed we have

∂k+1(Dk(σ)) +Dk−1(∂k(σ)) = ∂k+1(Dk(σ)) +Dk−1

( k∑
j=0

(−1)j · σ ◦ ikj
)

= ∂k+1(P (σ)∗(Ωk)) +
k∑
j=0

(−1)j · P (σ ◦ ikj )∗(Ωk−1)

= P (σ)∗

(
∂k+1(Ωk) +

k∑
j=0

(−1)j · (ikj × id[0,1])∗(Ωk−1)
)

↑
in the �rst summand we used that P (σ)∗ is a chain map and

in the second summand we used that by (d) we have P (ikj ◦ σ) = P (σ) ◦ (ikj × id[0,1])

= P (σ)∗(η1 − η0) = P (σ) ◦ η1 − P (σ) ◦ η0 = φ(σ)− σ.
↑ ↑

by the above equality (∗) by (a) and de�nition of φ �

1029Here and throughout the proof we do not distinguish in the notation between a singular chain in Ck(X)
and the element it represents in Ck(X, {x0}).
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Before we can continue with the proof of the Hurewicz Theorem 85.5 we need to introduce
another, slightly di�erent point of view, regarding higher homotopy groups.

Convention. So let n ∈ N. We consider the homeomorphism ηn : (∆n, ∂∆n)→ (B
n
, Sn−1)

that is given by the composition of the following three maps:1030

ηn : ∆n
∼=−→
{

(x1, . . . , xn)∈ [0, 1]n
∣∣∣ n∑
i=1
xi ∈ [0, 1]

}
Proposition 2.20 (2)−−−−−−−−−−−−−→

with Q = ( 1
n+1

, . . . , 1
n+1

)
B
n multiplication−−−−−−−→

by An
B
n
.

(t0, . . . , tn) 7→ (t0, . . . , tn−1)

where An ∈ O(n) is a matrix which is chosen in such a way that we have the equality
ηn((1, 0, . . . , 0)) = ∗ := (0, . . . , 0, 1).10311032 We sketch the de�nition of ηn in the �gure
below.

We use the homeomorphism ηn : (∆n, ∂∆n) → (B
n
, Sn−1) to identify these two pairs

of topological spaces. In particular we use it to make the identi�cation ∂∆n = Sn−1. By a
slight abuse of notation we write write ∗ := (1, 0, . . . , 0) ∈ ∆n. In particular for any n ∈ N0

we can extend the identi�cations from page 1847 to obtain the following identi�cations

πn(X, x0) =
set (of homotopy classes)

of maps (In, ∂In)→ (X, x0)
=

set (of homotopy classes)
of maps (Sn, ∗)→ (X, x0)

‖ ‖
set (of homotopy classes)

of maps (B
n
, Sn−1)→ (X, x0)

set (of homotopy classes)
of maps (∂∆n+1, ∗)→ (X, x0)

‖
set (of homotopy classes)

of maps (∆n, ∂∆n)→ (X, x0).

As above we will use these identi�cations to pick at each given moment our most convenient
point of view.
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rotation

η2

Proposition ?? (2)projection

applied to Q = (1
3
, 1

3
)∼=

∆2 {(x, y) ∈ [0, 1]2 |x+ y ∈ [0, 1]}

x

y

x

z y

As an illustration, under the above identi�cations the Trivial-in-πn-Lemma 71.4 translates
into the following lemma.

Lemma 85.15. Let (X, x0) be a pointed topological space and let n ≥ 1. Furthermore
let f : (∂∆n+1, ∗)→ (X, x0) be a map. Then f represents the trivial element in πn(X, x0)
if and only if there exists a map F : ∆n+1 → X so that F |∂∆n+1 = f .
The following lemma is the other key technical ingredient in the proof of the Hurewicz
Theorem 85.5.

1030Note that the composition of the �rst two homeomorphisms is precisely the homeomorphism from the
Standard Simplex Homeomorphism Lemma 72.1.
1031It follows from the Orthogonal Action Lemma 5.26 (3) that such a matrix exists.
1032The map ηn depends on the choice of the matrix An, this will not a�ect us at all.
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Lemma 85.16. Let (X, x0) be a pointed topological space and let n ∈ N≥2. Furthermore
let σ : ∂∆n+1 → X be a map that sends the (n− 1)-skeleton of ∂∆n+1 to x0. Then10331034

[σ : (∂∆n+1, ∗)→ (X, x0)] =
n+1∑
j=0

(−1)j · [σ ◦ in+1
j : (∆n, ∂∆n)→ (X, x0)] ∈ πn(X, x0).

We refer to the �gure below for an illustration for n = 1, even though this case is strictly
speaking not allowed.
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∆1

∂∆2 σ

σ ◦ i20

σ ◦ i22

i22

Proof. The reader might already have noticed that the statement of the lemma resembles
the statement of the Addition-in-πn-Proposition 85.11. Indeed, after some massaging we
will be able to deduce the desired statement from the Addition-in-πn-Proposition 85.11.

Given any k ∈ N0, let ηk : (∆k, ∂∆k)→ (B
k
, Sk−1) the homeomorphism from page 1856.

Using our identi�cations the desired statement is now equivalent to the following statement.

Statement. Given j ∈ {0, . . . , n+1} we write αi = ηn+1◦in+1
j ◦η−1

n : B
n → Sn = ∂B

n+1
and

furthermore we write fj = σ ◦ in+1
j ◦ η−1

n : B
n → X. Then we have the following equality

in πn(X, x0):[
Φ(α0, . . . , αn, f0, . . . , fn) : (Sn, ∗)→ (X, x0)︸ ︷︷ ︸

∈πn(X,x0)

]
= −

n+1∑
j=0

(−1)j·
[
fj : (B

n
, Sn−1)→ (X, x0)︸ ︷︷ ︸
∈πn(X,x0)

]
.

We refer to the �gure below for an illustration.
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∂∆2

η1

B
1

αj

fj

∗

S1 = ∂B
2

η2

σ

i2j

σ ◦ i22

1033Note that our hypothesis that σ sends the (n − 1)-skeleton of ∂∆n+1 to x0 implies in particular that
for all j ∈ {0, . . . , n+ 1} we have (σ ◦ in+1

j )(∂∆n) = {x0}.
1034Also note that by our base point ∗ is chosen in such a way that it lies on the (n−1)-skeleton of ∂∆n+1.
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First note that it follows from the discussion on page 2325 that the maps ηk is orientation-
preserving if and only if k is even. Furthermore it is fairly straightforward to see that the
maps in+1

j are orientation-preserving if and only if j is even. In summary, the embedding
αj is orientation-preserving if and only if j is odd.1035

The only reason why we cannot apply the Addition-in-πn-Proposition 85.11 immediately
is that the maps αj are embeddings but they are not smooth, so they are not smooth
embeddings. Keeping Lemma in mind we see that it su�ces to prove the following claim.

Claim. The maps α0, . . . , αn+1 : B
n → Sn are isotopic, through weakly disjoint embed-

dings, to smooth embeddings β0, . . . , βn+1.

Proof. For j = 0, . . . , n + 1 we write Fj = in+1
j (

◦
∆
n
) and we write F j = in+1

j (∆n). Note
that Fj is an n-dimensional submanifold of Rn+1, we endow it with the usual orientation
where the �normal vector sticks outward�. Now this claim can be proved using the following
observations:

(1) Similar to the discussion on page 1850 we can shrink the weakly disjoint embeddings
αj : B

n → F j to disjoint embeddings βj : B
n → Fj.

(2) Using Lemma 14.2 we can isotope these embeddings βj : B
n → Fj to smooth embed-

dings1036 γi : B
n → Fj.

(3) For each j ∈ {0, ..., n + 1} the restriction of ηn+1 : ∂∆n+1→ Sn to ηn+1 :Fj→ Sn is
smooth and orientation-preserving.

Together with the �gure below the reader should have no troubles assembling a full proof
of the claim and the lemma using the above observations. �
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η3|∂∆3

η3|∂∆3

η3|∂∆3

i2j
η−1

2

B
2

αj

βj

Now we can turn to the proof of the Hurewicz Theorem 85.5.

Proof of the Hurewicz Theorem 85.5. Let n ∈ N≥2 and let (X, x0) be a pointed topo-
logical space. We suppose that X is (n− 1)-connected.

Statement (1) of the theorem can be proved easily. Indeed, let k ∈ {0, . . . , n− 1}. We
have

1035Here we used the deep fact that precisely one out of the numbers n, n+ 1 is odd.
1036Recall that a smooth embedding is by de�nition smooth.
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H̃k(X;Z) ∼= Hk(X, {x0};Z) = H(n−1)
k (X, x0) = 0.

↑ ↑ ↑
Lemma 74.12 by Lemma 85.14 since by Lemma 85.13 (2)

X is (n− 1)-connected since k ≤ n− 1

We turn to the much more interesting proof of Statement (2). As a reminder, we want to
show that the map

πn(X, x0)
Φ(X,x0)

// Hn(X;Z)

is an isomorphism. The goal again is to bring the homology groups H(n−1)
n (X, x0) into the

game. This leads us to the following claim.
Claim.
(1) The map Ψ(X,x0) : πn(X, x0) → H(n−1)

n (X, x0)
[f : (∆n, ∂∆n)→ (X, x0)] 7→

[
f : ∆n → X︸ ︷︷ ︸
∈C(n−1)

n (X,x0)

]
is well-de�ned and it is a homomorphism.

(2) The following diagram commutes up to the sign (−1)n:

πn(X, x0)
Φ(X,x0)

[f ]7→f∗([Sn])
//

Ψ(X,x0)
��

Hn(X;Z)
∼=
��

H(n−1)
n (X, x0)

∼=
ι

// Hn(X, {x0};Z)

where ι is induced by the inclusion C(n−1)
∗ (X, x0)→ Cn(X, {x0}).

(3) The right-vertical and the bottom-horizontal maps of the diagram in (2) are isomor-
phisms.

Proof. We prove the claim using a somewhat convoluted logic.1037 We consider the following
diagram

{set of maps (∆n, ∂∆n)→ (X, x0)}
f 7→f∗([∆n])

//

f 7→[f ]

��

,, ,,

Hn(X;Z)

∼=

��

πn(X, x0)
Φ(X,x0)

44

Ψ(X,x0)

rr

H(n−1)
n (X, x0)

∼=
ι

// Hn(X, {x0};Z)

We make the following observations:
(a) It follows from n ≥ 2 and from the long exact sequence of homology groups of the

pair (X, {x0}), see the Topological LES-Corollary 74.14, that the right-hand vertical
map of both diagrams is an isomorphism.

(b) It follows from Lemma 85.14 and our hypothesis that X is (n − 1)-connected that
the bottom horizontal map ι of both diagrams is an isomorphism.

(c) Let f : (∆n, ∂∆n)→ (X, x0) be a map. The (n− 1)-skeleton of ∆n equals ∂∆n, thus
the map f : ∆n → X does indeed de�ne an element in C(n−1)

n (X, x0). Furthermore
by Lemma 85.13 (3) we know that every element in C(n−1)

n (X, x0) is a cycle, thus f

1037The convoluted logic is forced upon us since proving (1) as a stand-alone statement is actually slightly
tricky.
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de�nes an element in H(n−1)
n (X, x0). This shows that in the above diagram the left

vertical map is well-de�ned.
(d) It is clear that the �outer rectangle� of the above diagram commutes.
(e) It follows from the Standard Generator-Relationship Proposition 76.5 (2) that the

top small triangle in the above diagram commutes up to the sign (−1)n.
(f) We want to show that Ψ(X,x0) is well-de�ned and that it is a homomorphism. By

(b) we know that ι is an isomorphism. Thus it su�ces to show these statements for
ι ◦Ψ(X,x0). But these now follow from (d) and (e) and the fact, see Lemma 85.1 (1),
that the Hurewicz homomorphism Φ(X,x0) is well-de�ned and a homomorphism. �

By the claim it su�ces to show that the homomorphism

Ψ(X,x0) : πn(X, x0) → H(n−1)
n (X, x0)

[f : (∆n, ∂∆n)→ (X, x0)] 7→ [f : ∆n → X]

is in fact an isomorphism. We will do so by de�ning an explicit inverse.
Claim.
(1) The map

Ξ(X,x0) : C(n−1)
n (X, x0) → πn(X, x0)

that is induced by
(σ : (∆n, ∂∆n)→ (X, x0)) 7→ [σ : (∆n, ∂∆n)→ (X, x0)]

is well-de�ned.
(2) The map Ξ(X,x0) from (1) descends to a well-de�ned map

H(n−1)
n (X, x0) → πn(X, x0).

(3) The map Ξ(X,x0) is an inverse to Ψ(X,x0).

Proof. Since the end is near we set out with renewed vigor to prove the claim.
(1) Recall that we know from the Homotopy Group-Abelian Proposition 71.3 and our

hypothesis n ≥ 2 that the group on the right is abelian. Therefore it follows from
Lemma 51.1 that the map is well-de�ned.1038

(2) Let σ : ∆n+1 → X be a singular (n+ 1)-simplex that de�nes an element in the group
C(n−1)
n+1 (X, x0). We need to show that Ξ(X,X0)(∂σ) = 0. We calculate that we have the

following equality in πn(X, x0):

Ξ(X,X0)(∂σ) = Ξ(X,X0)

( n+1∑
j=0

(−1)j ·σ◦inj
)

=
n+1∑
j=0

(−1)j ·[

(∆n,∂∆n)→(X,x0)︷ ︸︸ ︷
σ ◦ in+1

j ] = −[

(∂∆n+1,∗)→(X,x0)︷ ︸︸ ︷
σ|∂∆n+1 ] = 0.

↑ ↑ ↑
by de�nition of Ξ(X,x0) Lemma 85.16 Lemma 85.15

(3) It follows immediately from the de�nitions that Ξ(X,x0) ◦ Ψ(X,x0) is the identity on
πn(X, x0). Furthermore it follows easily from Lemma 85.13 and the de�nitions that
Ψ(X,x0) ◦Ξ(X,x0) is the identity on a generating set for H(n−1)

n (X, x0). But by the claim
and Lemma 85.1 (1) we know that Ψ(X,x0) and Ξ(X,x0) are both homomorphisms. Thus
we see that Ψ(X,x0) ◦ Ξ(X,x0) is actually the identity on all of H(n−1)

n (X, x0).

1038Put di�erently, it would be a serious dereliction of duty to use the additive notation for a group
structure, if the group was not known to be additive.
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This concludes the proof of the claim and thus we are done with the proof of the Hurewicz
Theorem 85.5. �

Remark. The most awkward aspect of the proof of the Hurewicz Theorem 85.5 is that one
needs to go back and forth between the di�erent points of view regarding elements in higher
homotopy groups, in particular the fact that we need the Addition-in-πn-Proposition 85.11
and Lemma 85.16 is arguably aesthetically somewhat unpleasant.

In fact there is, in principle, an elegant way around this problem: One could prove
the Hurewicz Theorem 85.5 using �cubical singular homology� instead of the usual singular
homology. As the name suggests, in this theory the �building blocks� are singular cubes,
i.e. maps from [0, 1]n to a topological space X. (This theory is developed in [Mass1991,
Chapter VII.2].) Since cubes are also used in the de�nition of the product structure on
higher homotopy groups I would expect that many of the technical issues we had to deal
with vanish magically.

The downside is that one still needs to show that �cubical singular homology� is naturally
isomorphic to the usual singular homology. This can be shown using the Acyclic Model
Theorem 113.16.

Exercises for Chapter 85. In the following four exercises we need the following de�nition.

De�nition. Let X be a topological space. We say X is aspherical if X is path-connected
and if all higher homotopy groups πn(X), n ≥ 2, vanish.

Exercise 85.1. Let X be a connected 2-dimensional CW-complex with π2(X) = 0. Show
that X is aspherical.

Exercise 85.2. Let X be a topological space and let U and V be open subsets of X. Let
n ∈ N≥2. Suppose that U and V are (n− 1)-connected and that U ∩V is n-connected. We
pick a base point x0 ∈ U ∩ V and we denote by i : U → X and j : V → X the inclusion
maps. Show that the map

i∗ ⊕ j∗ : πn(U, x0)⊕ πn(V, x0) → π1(X, x0)

is an isomorphism.

Exercise 85.3. Let X be a CW-complex and let U and V be path-connected subcomplexes
of X. Suppose that U ∩ V is path-connected and furthermore suppose that the inclusion
induced maps π1(U ∩ V ) → π1(U) and π1(U ∩ V ) → π1(V ) are monomorphisms. Finally
suppose that U , V and U ∩ V are aspherical. Show that X is also aspherical.
Hint. You might want to use Propositions 53.24, 63.5 and the Excisive Triad-Proposition 109.12
(6).

Exercise 85.4. We start out with the following easy-to-digest de�nition. Let X be a
topological space and let k ∈ N0. We say X is k-connected, if πi(X) = 0 for i = 0, . . . , k.
Now let M and N be two closed oriented n-dimensional smooth manifolds. Suppose there
exists a k ∈ N such that M and N are k-connected. Show that the connected sum M#N
is also k-connected.
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Exercise 85.5. Let X be an n-dimensional CW-complex and let Y be a subcomplex of X
that is homotopy equivalent to Sn. Show that the inclusion induced map πn(Y )→ πn(X)
is a monomorphism.

Exercise 85.6. We denote by ∗ suitable base points of the spheres. Now let f : Sn → Sn

be a map with f(∗) = ∗. We suppose that f is a map of degree k ∈ Z, i.e. f is a map such
that the induced map f∗ : Hn(Sn;Z)→ Hn(Sn;Z) is given by multiplication by k.
(a) Let g : Sn → Sm be a map. Show that [g ◦ f ] = k · [g] ∈ πn(Sm).
(b) Show that if g : Sm → Sn is a map, then it is not necessarily the case that the equality

[f ◦ g] = k · [g] ∈ πm(Sn) holds.
Hint. We view S3 as a subset of C2 and we make the usual identi�cation CP1 = S1.
Now consider the following commutative diagram:

S3
(z,w)→[(z,w)]

//

(z,w) 7→(z,w)

��

S2

[(z,w)] 7→[(z,w)]

��

S3
(z,w)→[(z,w)]

// S2.

(c) Let g : Sm−1 → Sn−1 be map. As usual we denote by Σ(g) : Sm → Sn the suspension
of g. Show that [f ◦ Σ(g)] = k · [Σ(g)] ∈ πm(Sn).

Exercise 85.7. Given n ∈ N we denote by L(n, 1) = S3/Zn the lens space, as de�ned on
page 1075. For which n ∈ N is the Hurewicz homomorphism π3(L(n, 1))→ H3(L(n, 1);Z)
an isomorphism?

Exercise 85.8. Let X be a topological homology n-sphere, i.e. X is an n-dimensional
topological manifold such that for any k ∈ N0 we have Hk(X) ∼= Hk(S

n). We denote by
Σ(X) the suspension of X as de�ned on page 451. Show that πi(Σ(X)) = 0 for i = 1, . . . , n.

Exercise 85.9. Let n ∈ N. Let ϕ : S1 → S1 be the map that is given by z 7→ zn. We
consider the topological space X := B

2 ∪ϕ S1. In other words, X is the CW-complex
obtained by attaching a 2-cell to S1 via the attaching map ϕ.
(a) Compute π1(X).
(b) Compute π2(X).

Exercise 85.10. Let ϕ : S1 → S5 be a smooth embedding.
(a) Compute H∗(S5 \ ϕ(S1)).
(b) Show that π3(S5 \ ϕ(S1)) 6= 0.

Remark. For (b) you need to use that ϕ is a smooth embedding, the statement is in general
not true, if we only assume that ϕ is an injective map. More precisely, in [Haj2019] it is
shown that there exists an injective map ϕ : S1 → S5 such that π3(S5 \ ϕ(S1)) = 0.

Exercise 85.11. Show that there exists a closed 3-dimensional smooth manifold M such
that π2(M) is in�nitely generated.
Hint. You could try to imitate the topological space S1 ∨ S2.

Exercise 85.12. Let X be a 0-connected countable CW-complex. Show that π2(X) is
countable.
Remark. This answer Question 71.16 in the a�rmative for n = 2.
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86. Applications of the Hurewicz Theorem

In this chapter we want to spend some more time with the Hurewicz Theorems 84.5
and 85.5. In particular we want to discuss some applications thereof. This chapter is
not entirely essential and can also be safely skipped at a �rst reading.

86.1. The social choice problem `. In this section we will consider the real-life problem
that n ∈ N≥2 people have to agree in a democratic and reasonable way on one of the
following:

(1) The temperature setting of a joint o�ce.
(2) A vacation spot in Bavaria.
(3) A vacation spot on Earth.

More generally, the n people are supposed to agree on the following:

(4) A point in some topological space X.

One reasonable approach to solving this problem is the following. Each person gets to pick
a point in X. We then need a map f which takes as input the n choices of points in X and
which turns these choices into a common choice. In other words, we need a map

f : Xn = X × · · · ×X︸ ︷︷ ︸
n times

→ X.

Our interpretation that the common choice should be chosen �democratically and reason-
ably� is that the map f should have the following three properties:

(a) A small change in choices of the people involved should correspond to a small change
in the common choice.

(b) If everybody is of the same opinion, then evidently the common choice should be the
point everybody picked.

(c) Everybody should be treated fairly, i.e. the social choice should not depend on the
ordering of the n people.

In some cases it is easy to come up with a social choice. For example if X is a convex
subset of some Rm, e.g. if X = Rm itself, then given any n ∈ N the map10391040

Xn → X

(x1, . . . , xn) 7→ 1
n ·

n∑
i=1

xi

evidently satis�es all of the above conditions. In particular this approach solves the problem
for (1). If X is homeomorphic to a convex subset of some Rm, then we can translate our
problem into the previous situation and we can �nd a solution. In particular, Bavaria being
to the best of my knowledge homeomorphic to a closed disk, we see that we have a solution
to (2).1041

1039It follows easily from the convexity of X that the map does indeed take values in X.
1040For what choices of subsets X of Rm does the geometric mean (x1, . . . , xn) 7→ (x1 · · · · · xn)

1
n de�ne a

social choice?
1041The fact that Bavaria lost the Pfalz in 1946 greatly simpli�es �nding a solution to (2).
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In the following we will now study the third problem in greater detail. At this point
it is convenient to introduce the following de�nition from [Eckm2004], which is just a
formalization of our wish list above.
De�nition. Let X be a topological space and let n ∈ N. A social choice of type n is a
map f : Xn = X × · · · ×X︸ ︷︷ ︸

n times

→ X

such that the following three axioms are satis�ed:
(a) The map f is continuous.
(b) For every x ∈ X we have f(x, . . . , x) = x.
(c) For every permutation σ ∈ Sn and any (x1, . . . , xn) ∈ Xn we have

f(xσ(1), . . . , xσ(n)) = f(x1, . . . , xn).

We say that a topological space is social, if for every n ∈ N it admits a social choice of
type n.
Thus the question of whether there exists a �democratic and reasonable� way for n people
to settle on a vacation spot on earth can be interpreted as the following question.

Question 86.1. Does there exist a social choice of type n on S2?
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choice 1: dahoam choice 2: Mumbai

choice 3: Tahiti

As we will see, this question will be short-lived. The key to answer this question is the
following proposition which is the main result of this section.
Proposition 86.2.
(1) Let X be a 0-connected space. If X admits a social choice of type n for some

n ∈ N≥2, then given any k ∈ N the group1042 πk(X) is abelian, and it is either zero
or in�nitely generated.

(2) Let X be a connected non-empty CW-complex that has the property that for every
k ∈ N the number of k-cells is �nite. If for every n ∈ N0 the topological space X
admits a social choice of type n ≥ 2, then for every k ∈ N we have πk(X) = 0.

Remark.
(1) It follows from the Whitehead Theorem 162.1 that in Proposition 86.2 (2) we can

upgrade the conclusion to the statement that X is actually contractible.
(2) In the context of sociology, Proposition 86.2 was �rst formulated in 1980 by the

mathematical economist Graciela Chichilnisky [Chic1980]. It turns out that the
proposition was already proved earlier by Beno Eckmann [Eckm1954] in 1954. The

1042In this section we will only deal with path-connected topological spaces and we will only be inter-
ested in the isomorphism type of the higher homotopy groups, thus we will use the Change-of-Base Point
Proposition 71.5 as an excuse to ignore base points.
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discussion of this section follows mostly [Eckm2004]. For more information and
some generalizations we refer to [Eckm2004] and [Weinb2004].

We are now already in a position to answer Question 86.1 in the negative.

Corollary 86.3. Let k ∈ N. The sphere Sk does not admit a social choice for any n ∈ N≥2.

Proof. By Corollary 85.6 we know that πk(Sk) ∼= Z. Since Z is neither zero nor in�nitely
generated we obtain from Proposition 86.2 (1) that Sk does not admit a social choice for
any n ∈ N≥2. �

The idea behind the proof of Proposition 86.2 is quite simple. We need to see what e�ect
the existence of a social choice on X has on the higher homotopy groups. Perhaps not
surprisingly, the properties of a social choice give rise to very similar properties of the
homotopy groups. This leads us to the following de�nition.

De�nition. Let G be a group and let n ∈ N≥2. We say a map ϕ : Gn → G is a social
homomorphism of type n if the following conditions are satis�ed:
(a) The map ϕ is a homomorphism.
(b) For every g ∈ G we have ϕ(g, . . . , g) = g.
(c) For every permutation σ ∈ Sn and any (g1, . . . , gn) ∈ Gn we have

ϕ
(
gσ(1), . . . , gσ(n)

)
= ϕ(g1, . . . , gn).

Example. Evidently, if we consider G = (Q,+) or G = (R,+), then taking the arithmetic
mean de�nes a social homomorphism.

The following lemma relates social choices on topological spaces to social homomorphisms.
Lemma 86.4. Let X be a path-connected topological space. If X admits a social choice
of some type n ≥ 2, then for every k ∈ N the homotopy group πk(X) admits a social
homomorphism of type n.

Proof. To simplify the notation a little bit we only consider the case n = 2. Thus let
f : X ×X → X be a social choice of type 2. Let k ∈ N. We �x a base point x0 ∈ X. We
consider the map

Θ: πk(X, x0)× πk(X, x0) → πk(X ×X, (x0, x0))

([α : (Sk, ∗)→ (X, x0)], [β : (Sk, ∗)→ (X, x0)]) 7→
[

(Sk, ∗) → (X ×X, (x0, x0))
z 7→ (α(z), β(z))

]
.

Next we consider the map

ϕ : πk(X, x0)× πk(X, x0)
Θ−−→ πk(X ×X, (x0, x0))

f∗−−→ πk(X, x0).

It remains to show that ϕ = f∗ ◦ Θ is a social homomorphism of type 2. We do so in the
following three steps.
(a) By the Homotopy Groups-of-Product Proposition 71.8 (2) we know that the map Θ

is actually a homomorphism. It follows that ϕ = f∗ ◦Θ is a homomorphism.
(b) It follows immediately from the fact that for every x ∈ X we have f(x, x) = x that

for every g ∈ πk(X) we have ϕ(g, g) = g.
(c) Similarly it follows immediately from the fact that for every x, y ∈ X we have

f(x, y) = f(y, x) that for every g, h ∈ πk(X, x0) we have ϕ(g, h) = ϕ(h, g). �
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In light of Lemma 86.4 we now need to understand, given n ∈ N≥2, which groups admit
social homomorphisms of type n.
De�nition. Let G be an abelian group.
(1) Let n ∈ N. We say G is strongly divisible by n, if the map g 7→ n·g is an isomorphism

of the group G.
(2) We say G is strongly divisible, if G is strongly divisible by any n ∈ N.

Remark. Usually an abelian group G is called divisible if for every g ∈ G and n ∈ N there
exists an h ∈ G with n · h = g. This will also be our de�nition later on page 2441. Clearly
a group which is strongly divisible is also divisible. But the converse does not hold, for
example the abelian group (Q/Z,+) is divisible but it is not strongly divisible.

The following lemma gives a satisfying characterization of groups that admit a social ho-
momorphism of type n.
Lemma 86.5. Let G be a group and let n ∈ N≥2. The following two statements are
equivalent:
(1) The group G admits a social homomorphism of type n.
(2) The group G is abelian and it is strongly divisible by n.

Proof. In the following let G be a group and let n ∈ N≥2. Since we will shortly see that
the groups involved are abelian we will use additive notation throughout the argument.

First we deal with the implication �(2) ⇒ (1)�. If G is abelian and if it is strongly
divisible by n, then evidently the usual �arithmetic mean formula�

(g1, . . . , gn) 7→ 1
n(g1 + · · ·+ gn) :=

inverse of the isomorphism
G→ G given by g 7→ n · g,
applied to g1 + · · ·+ gn ∈ G

de�nes a social homomorphism of type n.
Next we prove the much more interesting implication �(1)⇒ (2)�. Let ϕ : Gn → G be a

social homomorphism of type n ≥ 2. Throughout the proof we mean by (a), (b) and (c) the
three de�ning properties of a social homomorphism. First note that it follows immediately
from (c) that for any g ∈ G we have the equalities

ϕ(g, 0, . . . , 0) = ϕ(0, g, 0, . . . , 0) = ϕ(0, . . . , 0, g) ∈ G.

We denote this common value by ψ(g). We make the following observations:
(i) It follows immediately from (a) that ψ : G→ G is also a homomorphism.
(ii) For any g, h ∈ G we have

since n ≥ 2 by (a)
↓ ↓

ψ(g) + ψ(h) = ϕ(g, 0, . . . , 0) + ϕ(0, h, 0, . . . , 0) = ϕ(g, h, 0, . . . , 0)
= ϕ(0, h, . . . , 0) + ϕ(g, 0, 0, . . . , 0) = ψ(h) + ψ(g).
↑ ↑
by (a) since n ≥ 2

(iii) For any g ∈ G we have

ψ(g) + . . . ψ(g)︸ ︷︷ ︸
=n·ψ(g)

= ϕ(g, 0, . . . , 0) + · · ·+ ϕ(0, . . . , 0, g) = ϕ(g, . . . , g) = g.
↑ ↑ ↑

by de�nition of ψ by (a) by (c)
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(iv) Let g, h ∈ G. We have

by (iii) by (i)
↓ ↓

g + h = ψ(g + h) + · · ·+ ψ(g + h) = ψ(g) + ψ(h) + · · ·+ ψ(g) + ψ(h)
= ψ(h) + ψ(g) + · · ·+ ψ(h) + ψ(g) = ψ(h+ g) + · · ·+ ψ(h+ g) = h+ g.
↑ ↑ ↑

by (ii) by (i) by (iii)

This shows that G is abelian.
(v) Since G is abelian we know that multiplication by n is a homomorphism of G.
(vi) It follows almost immediately from (i) and (iii) that ψ is an inverse to the map G→ G

that is given by g 7→ n · g. Together with (v) this shows that g 7→ n · g does indeed
de�ne an isomorphism of G. �

The following lemma basically tells us which �nitely generated abelian groups are strongly
divisible by some n ∈ N≥2.

Lemma 86.6. Let n ∈ N≥2.
(1) The group Z is not strongly divisible by n.
(2) Let m ∈ N. The cyclic group Zm is strongly divisible by n if and only if m and n

are coprime.
(3) If a �nitely generated group is strongly divisible by n, then it is isomorphic to a

direct sum
k⊕
i=1

Zmi where each mi is coprime to n.

Proof. The �rst two statements are basically trivial. Finally the last statement follows
from the previous two statements together with the Finitely Generated Abelian Group
Classi�cation Theorem 51.4. �

Now we have assembled everything we need for the proof of Proposition 86.2.

Proof of Proposition 86.2.

(1) Let X be a 0-connected space that admits a social choice of type n for some n ∈ N≥2.
Let k ∈ N. By Lemma 86.4 we know that the group πk(X) is abelian and that it is
strongly divisible by n. It follows almost immediately from Lemma 86.6 that πk(X)
is either zero or in�nitely generated.

(2) Let X be a connected non-empty CW-complex that has the property that for every
k ∈ N the number of k-cells is �nite. We assume that X is social, i.e. we assume that
given any n ≥ 2 there exists a social choice of type n on X. By Lemma 86.4 we know
that every homotopy group πk(X) is abelian and that it is strongly divisible by n.

Next note that by the CW-Skeleton-π1-Proposition 69.13 and our hypothesis that
X has �nitely many 1-cells we know that π1(X) is �nitely generated. It follows from
the above together with Lemma 86.6 that π1(X) = 0.

Now suppose that we already know that πi(X) = 0 for i = 1, . . . , k. By the
Hurewicz Theorem 85.5 we know that πk+1(X) ∼= Hk+1(X). Since X has �nitely
many (k + 1)-cells we obtain from the Homology-of-CW-Complex Proposition 80.6
that πk+1(X) ∼= Hk+1(X) is �nitely generated. Basically the same argument as above
shows that πk+1(X) = 0. Iterating this procedure shows that all homotopy groups of
X vanish. �
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We conclude this section with the following question.
Question 86.7. Does there exist a non-empty CW-complex that is social but that is not
contractible?
We will return to this question later on in Section 163.6.

86.2. The degree of a self-map of a sphere II. Let n ∈ N0 and let f : Sn → Sn be
map. On page 1684 we de�ned the degree of f as follows:

deg(f) := deg
(
f∗ : H̃n(Sn)→ H̃n(Sn)

)
.

In the Sphere Degree Lemma 76.11 (3) we showed that any two homotopic maps Sn → Sn

have the same degree. Now we have the tools to prove the converse of this statement. In
fact we have the following proposition.

Proposition 86.8. (Degree Isomorphism Proposition) For any n ∈ N the map

set of homotopy equivalence classes of maps Sn → Sn

↓
deg :

︷ ︸︸ ︷
[Sn, Sn] → Z

[f : Sn → Sn] → deg(f)

is an isomorphism. (The set [Sn, Sn] is a monoid through composition of maps.)

Proof. First note that we know by the Sphere Degree Lemma 76.11 (3) and (4) that the
degree map is well-de�ned and that it is a monoid morphism. It remains to show that the
degree map is a bijection. Now let ∗ ∈ Sn be the standard base point. We consider the
following diagram

〈(Sn, ∗), (Sn, ∗)〉
=

��

∼= // [Sn, Sn]
deg(f)

//

f 7→f∗([Sn])

��

Z

πn(Sn, ∗)
[f ]7→f∗([Sn])

∼= // Hn(Sn).

∼=
k·[Sn]7→k

::

We make the following observations and clari�cations:
(1) By Corollary 70.10 we know that the map 〈(Sn, ∗), (Sn, ∗)〉 → [Sn, Sn] is a bijection.
(2) By Theorem 85.5 we know that the bottom horizontal map is an isomorphism.
(3) The diagonal map is an isomorphism by Proposition 74.4.
(4) Finally note that it is clear that the diagram commutes. It follows from this obser-

vation and all of the above that the map deg : [Sn, Sn] → Z is indeed an isomor-
phism. �

86.3. Paths acting on homotopy groups. In Propositions 47.10 and 71.5 we already
saw that for path-connected topological spaces the isomorphism types of the homotopy
groups do not depend on the choice of the base point.
In this section we want to discuss this statement in greater detail. We recall the follow-
ing de�nition which appeared already in the proof of the Change-of-Base Point Proposi-
tion 71.5.
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De�nition. Let X be a topological space and let n ∈ N. Let γ : [0, 1] → X be a path
from a point x0 to a point x1. Given a map f : (In, ∂In)→ (X, x1) we de�ne the map

fγ : (In, ∂In) → (X, x0)

(t1, . . . , tn) 7→

{
f
(
2t1 − 1

2
, . . . , 2tn − 1

2

)
, if (t1, . . . , tn) ∈

[
1
4
, 3

4

]n
,

γ(t), if (t1, . . . , tn) ∈ ∂
([

t
4
, 4−t

4

]n) for t ∈ [0, 1].

The de�nition of fγ is illustrated in the �gure below.
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x0 to x1

goes to x0goes to x1

path from
and γ is a path γ on the segments

that connect the outer cube
to the inner cube

fγ : (In, ∂In)→ (X, x0)f : (In, ∂In)→ (X, x1)

=⇒

f

goes to x1

Example. We consider the case n = 1 in the above de�nition. In this situation the map
f : (I, ∂I)→ (X, x1) is a loop. It follows almost immediately from the de�nitions that the
new loop fγ : (I, ∂I) → (X, x0) equals, up to an orientation-preserving reparametrization,
the loop γ ∗ f ∗ γ that is given by the product of the three paths γ, f and γ. We refer to
the �gure below for an illustration.
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Remark. We recall that on pages 1565 and 1847 we saw that we can interpret elements
in a homotopy group πn(X, x0) as homotopy classes of maps (Sn, ∗) → (X, x0). Now let
γ : [0, 1]→ X be a path from x0 to x1 and let f : (Sn, ∗)→ (X, x1) be a map. We de�ne1043

fγ : Sn → X

cos(ϕ)·(1, 0, ..., 0)+sin(ϕ)·(0, v)︸ ︷︷ ︸
ϕ∈[0,π],v∈Rn−1

7→
{
f(cos(2ϕ)·(1, 0, ..., 0)+sin(2ϕ)·(0, v)), if ϕ∈ [0, π

2
]

γ(2− 2
π
t), if ϕ∈ [π

2
, π].

Of course one should only work with the formula if one is forced to at gun point. It is
much more illuminating to look at the �gure below where we try our best to visualize the
map fγ : (Sn, ∗) → (X, x0). One can easily verify that, under the various identi�cations,
the map fγ corresponds to the construction on page 1869.
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ϕ = 0ϕ = π

γ

f

fγ

ϕ = π
2

x0

1043It follows easily from Pasting Proposition 2.6 (2′) that this map is continuous.
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Before we continue we introduce the following basically self-explanatory de�nition.

De�nition. Let G be a group and let A be a group (or module or vector space). An
action of G on the group A (respectively module or vector space) is an action G×A→ A
in the sense of the de�nition on page 248 such that for each g ∈ G the map

A → A
a 7→ g · a

is a group homomorphism (respectively module or vector space homomorphism).1044

The following proposition can be viewed as a more precise version of the Change-of-Base
Point Proposition 71.5 and as a generalization of Proposition 47.20.

Proposition 86.9. Change-of-Base Point Proposition II) Let X be a topological
space and let n ∈ N.
(1) If γ : [0, 1]→ X is a path from x0 to x1, then the map

γ∗ : πn(X, x1) → πn(X, x0)
[f ] 7→ [fγ]

is a well-de�ned isomorphism.
(2) If x0 and x1 are two points in X which lie in the same path-component of X, then

πn(X, x0) is isomorphic to πn(X, x1).
(3) Let ϕ : X → Y be a map between topological spaces.

(a) If γ : [0, 1]→ X is a path from x0 to x1, then the following diagram commutes

πn(X, x1)
ϕ∗
��

γ∗
// πn(X, x0)

ϕ∗
��

πn(Y, ϕ(x1))
(ϕ◦γ)∗

// πn(Y, ϕ(x0)).

(b) If ϕ∗ : πn(X, x0) → πn(Y, ϕ(x0)) is an isomorphism (epimorphism, monomor-
phism) for some base point x0 ∈ X, then for any other base point x1 in the
same path component of X the map ϕ∗ : πn(X, x1) → πn(Y, ϕ(x1)) is also an
isomorphism (epimorphism, monomorphism).1045

(4) Let γ and δ be two paths in X from x0 to x1. If γ and δ are path-homotopic in X,
then the corresponding maps γ∗ and δ∗ from πn(X, x1) to πn(X, x0) agree.

(5) If γ is a path in X from x0 to x1 and if δ is a path in X from x1 to x2, then1046

( γ ∗ δ︸︷︷︸
path from x0 to x2

)∗ = γ∗ ◦ δ∗ : πn(X, x2) → πn(X, x0).

(6) The map
π1(X, x0)× πn(X, x0) → πn(X, x0)

([γ], [f ]) 7→ [γ] · [f ] := [fγ]

de�nes an action (in the sense of the de�nition on page 248) of the group π1(X, x0)
on the group πn(X, x0).

1044In fact, since multiplication by g−1 is an inverse we see that these maps are actually isomorphisms.
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(7) Let f0, f1 : Sn → X be two maps. We write x0 = f0(∗) and x1 = f1(∗). The following
statement holds:

f0 and f1 are homotopic ⇐⇒ there exists a path γ from x0 to x1

such that [fγ1 ] = [f0] ∈ πn(X, x0).

Remark. Let X be a topological space, let x0, x1 be two points in X and let γ and δ be
two paths from x0 to x1. If X is simply connected, then Lemma 47.12 tells us that the
two paths γ and δ are in fact homotopic. Therefore it follows from the Change-of-Base
Point Proposition 86.9 (4) that γ∗ = δ∗ : πn(X, x0) → πn(X, x1). In other words, if X is
simply connected, then given any two base points x0 and x1 there exists in fact a natural1047

isomorphism πn(X, x0)
∼=−→ πn(X, x1). In particular in this case it is almost always entirely

safe to suppress the base point in the notation. By the Sphere-π1-Proposition 47.13 this
observation applies in particular to X = Sk for k ≥ 2.

Proof.

(0) Let γ : [0, 1]→ X be a path from x0 to x1. It is straightforward to see that the map

γ∗ : πn(X, x1) → πn(X, x0)
[f ] 7→ [fγ]

is well-de�ned. It is also elementary, albeit potentially slightly painful, to see that
γ∗ is a group homomorphism. (See the corresponding discussion in the proof of the
Change-of-Base Point Proposition 71.5.)

(4),(5) These two statements are basically elementary to verify. Nonetheless it is worth
spending a second to convince oneself that in (5) we have the equality (γ∗δ)∗ = γ∗◦δ∗
instead of (γ ∗ δ)∗ = δ∗ ◦ γ∗.

(1) Recall that in the Path-Homotopy Concatenation Proposition 47.5 (3) we saw that
for any path δ the composition δ ∗ δ is path-homotopic to the constant path. It
follows easily from this observation together with (4) and (5) that γ∗ is a bijection.
Together with (0) we see that for any path γ : [0, 1]→ X from x0 to x1 the induced
map γ∗ : πn(X, x1)→ πn(X, x0) is an isomorphism.

(2) This is an immediate consequence of (1)
(3) Statement (a) follows immediately from the de�nitions. Statement (b) is a conse-

quence of the commutative diagram of (a) and the fact that the horizontal maps are
isomorphisms by (1).

(6) It follows immediately from (4) and (5) that the map de�nes an action of π1(X, x0)
on the set πn(X, x0). Furthermore (1) implies that this action is in fact an action on
the group πn(X, x0).

(7) The proof of this statement is a moderately complicated generalization of the proof
of the Homotopies-of-Loops Proposition 50.16. We leave it to the reader to �ll in the
details. �

1045For n = 1 this is basically the content of Proposition 47.20.
1046Here it is worth remembering that by de�nition, see page 1052, the product path γ ∗ δ is given by �rst
traversing γ and then traversing δ.
1047As always, when the adjective �natural� gets used it is an amusing exercise to �gure out what categories
and functors are involved.
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86.4. Group rings. Before we continue with our study of higher homotopy groups it is
convenient to introduce the purely algebraic concept of a group ring.

De�nition. Let G be a group and let R be a commutative ring. We denote the free R-
module generated by the set G by R[G]. Put di�erently, with the notation from page 1147
we have

R[G] :=
{ m∑
i=1
ri · gi

∣∣∣ r1, . . . , rm ∈ R and g1, . . . , gm ∈ G
}
.

We equip R[G] with the multiplication that is given by1048( m∑
i=1
ri · gi

)
·
( n∑
j=1
sj · hj

)
:=

m∑
i=1

n∑
j=1

ri ·R sj︸ ︷︷ ︸
∈R

· (gi ·G hj︸ ︷︷ ︸
∈G

).

We refer to R[G] as the group ring of G with R-coef�cients. (For R = Z we refer to Z[G]
as the group ring of G.)
The following lemma summarizes a few basic facts about group rings.

Lemma 86.10. Let G be a group and let R be a commutative ring.
(1) The group ring R[G] is an associative ring with a multiplicatively neutral element,

namely 1 · e where e denotes the trivial element in G.
(2) The group ring R[G] is commutative if and only if G is an abelian group.
(3) If R is a �eld, then R[G] is evidently an algebra over the �eld R.
(4) Given a unit r ∈ R and an element g ∈ G the product r · g is a unit in R[G].
(5) If G has a torsion element, i.e. if there exists a non-trivial g ∈ G such that gk = e

for some k ∈ N, then R[G] has zero divisors.

Proof. All the statements are veri�ed easily. Perhaps the most interesting statement is
(5). We will not rob the reader of the pleasure of proving this in Exercise 86.3. �

Examples. Let R be a commutative ring.
(1) We consider the in�nite cyclic group 〈t〉. In this case the group ring R[〈t〉] is isomor-

phic to the ring R[t±1] of Laurent polynomials, more precisely the �obvious� map

R[t±1] → R[〈t〉]
i=s∑
i=r
ait

i 7→
i=s∑
i=r
ait

i

is a ring isomorphism.
(2) More generally, if H is a free abelian group of rank m, then any choice of a basis

t1, . . . , tm for H gives rise to a natural isomorphism from the multivariable Laurent
polynomial ring R[t±1

1 , . . . , t±1
m ] to the group ring R[H].

The group rings of free groups are particularly interesting. Therefore we dedicate a lemma
to them.
Lemma 86.11. Let 〈T 〉 be the free group on a generating set T . Given any ring S and
given any map g : T → S there exists a unique ring homomorphism ϕ : Z[〈T 〉] → S with
ψ(t) = g(t) for all t ∈ T .

1048The multiplication is basically given by naive �multiplying out�.



86. APPLICATIONS OF THE HUREWICZ THEOREM 1873

Remark. Given a commutative ring R the group ring R[〈T 〉] is sometimes called the free
ring on the set S over the ring R.

Proof. It follows immediately from Lemma 51.15 that there exists a unique group ho-
momorphism ϕ : 〈T 〉 → S∗ := {units of S} that extends the given map g. It is now
straightforward to verify that the map

Z[〈T 〉] → S
m∑
i=1
ri · gi 7→ ri · ϕ(gi)

is a ring homomorphism that extends g and that it is the unique ring homomorphism with
this desirable property. �

As a side remark we mention the following beautiful conjectures. These say in particular
that in some sense the statements of Lemma 86.10 (4) and (5) are optimal.

Conjecture 86.12. (Kaplansky Conjectures) Let G be a torsion-free group and let
F be a �eld.
(1) The elements 0 and 1 are the only idempotents of F[G], i.e. they are the only elements

in F[G] with x2 = x.
(2) The group ring F[G] is a domain, i.e. it has no non-trivial zero divisors.
(3) If F is of characteristic zero, then the only units in F[G] are the trivial units, i.e. the

elements of the form f · g with f ∈ F \ {0} and g ∈ G.
(4) The group ring C[G] can be embedded in a skew �eld.

Remark.
(1) The conjectures are named after the Canadian mathematician Irving Kaplansky

[Kapy1957, Kapy1970]. The �rst conjecture is often also referred to as the zero
divisor conjecture. They are formulated in [Lü2002, Conjecture 10.14], [Lam1991,
p. 95] and [FrG2005, p. 729]. As is pointed out in [Lam1991, p. 95], an proof of
Conjecture (3) for a �eld F implies that Conjecture (2) holds for the same �eld F. It
is elementary to see that Conjecture (4) implies Conjecture (2) and that Conjecture
(2) implies Conjecture (1).

(2) In (3) we need to add the hypothesis that F is of characteristic zero since Giles
Gardam [Garda2021, Theorem A] showed that there exists a torsion-free group G
such that F2[G] has non-trivial units.

(3) The Kaplansky Conjectures are very attractive since they are easy to state. But it
is usually very very hard to prove non-trivial group-theoretic statements that are
valid for all (torsion-free) groups. In particular all of the Kaplansky Conjectures are
still wide open. We refer to [Lü2009, Chapter 4.5] for a summary of what is known
regarding these conjectures.

We continue with the following elementary lemma.

Lemma 86.13. Let G be a group and let A be an abelian group (with additive notation
for the group structure). Suppose we are given a G-action on the group A. Then the
map1049
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Z[G]× A → A( m∑
i=1
ri · gi, a

)
7→

m∑
i=1
ri · (gi · a︸︷︷︸

∈A

)

de�nes a natural left Z[G]-module structure on A.1050

Proof. The lemma is indeed elementary and trivial. We leave it to the reader to ponder
what �natural� might mean in this context. �

Before we continue we introduce or recall the following convention:
Convention. If a homotopy group is abelian, then sometimes we use additive notation
for the group multiplication instead of the multiplicative notation.
This convention, Lemma 86.13, Propositions 71.3 and the Change-of-Base Point Proposi-
tion 86.9 lead us to the following lemma.

Lemma 86.14. Let (X, x0) be a pointed topological space. If n ≥ 2, then the map

Z[π1(X, x0)]× πn(X, x0) → πn(X, x0)
induced by ([γ], [f ]) 7→ [fγ]

de�nes a natural Z[π1(X, x0)]-left module structure on πn(X, x0).

86.5. Homotopy groups of S1 ∨ S2. In this section we want to consider the homotopy
groups of S1 ∨ S2 since they are quite instructive. On page 1844 we already saw that
π2(S1 ∨ S2) is very big, more precisely, we saw that it admits an epimorphism onto Z∞.
We will now see that if we take the view of Lemma 86.14, i.e. if we view π2(S1 ∨ S2) as a
module over the group ring Z[π1(S1 ∨ S2)], then the apparently messy group π2(S1 ∨ S2)
suddenly gets a simple description.
We explicitly construct X = S1 ∨ S2 by identifying the point i ∈ S1 with the point
(0, 0,−1) ∈ S2. In the following we evidently use the wedge point as the base point of
X = S1 ∨ S2. We refer to it by x0. Finally we denote by γ : [0, 1] → S1 Ă X the obvious
counterclockwise loop that starts at i. Furthermore we denote by idS2 : S2 → S2 Ă X the
obvious inclusion map.
Now we can formulate the following proposition which delivers the promised concise de-
scription of π2(S1 ∨ S2).

Proposition 86.15. To simplify the formulation and the proof of the proposition we use
the base point ∗ = (0, 0,−1) for S2 and we use this base point to de�ne the second
homotopy groups. This convention has the advantage that id : (Sn, ∗)→ (S1 ∨S2, x0) is a

1049Here we use a somewhat perilous notation, namely we use the symbol �·� with two di�erent meanings.
First of all, for g ∈ G and a ∈ A we denote by g ·a ∈ A the element de�ned by the G-action on A. Secondly,
for r ∈ Z and b ∈ A we write, as usual, r · b = b+ · · ·+ b︸ ︷︷ ︸

r-times

for r ≥ 0 and r · b = −b− · · · − b︸ ︷︷ ︸
(-r)-times

for r < 0.

1050If R is a non-commutative ring, then one needs to be a little careful when one talks about �R-modules�.
More precisely, there are now two di�erent concepts one can consider: Given an abelian group M one
can demand that for any r, s ∈ R and m ∈ M one has (rs) ·m = r · (s ·m) in which case one says that
M is an �R-left module�. Alternatively one could demand that for any r, s ∈ R and m ∈ M one has
(rs) ·m = s · (r ·m) in which case one says that M is an �R-right module�. This discussion is the analogue
of the discussion on page 249.
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map of based topological spaces. Using this convention the homomorphism

Ψ: Z[t±1] → π2(S1 ∨ S2, x0)
that is determined by n∑

i=1
ai · ti 7→

n∑
i=1
ai ·
[
(idS2)γ

i ]
is an isomorphism of Z[t±1] = Z[〈t〉] = Z[π1(S1 ∨ S2, x0)]-modules. In particular, as an
abelian group, π2(S1 ∨ S2) is isomorphic to Z∞.
Proof. It follows immediately from the de�nitions that the map Ψ is indeed a homomor-
phism of Z[t±1] = Z[〈t〉] = Z[π1(S1 ∨ S2, x0)]-modules. Thus it remains to show that Ψ is
an isomorphism of abelian groups.

As on page 1373 we see that the universal covering of X = S1 ∨S2 is given by the map

p :

=:X̃︷ ︸︸ ︷(
R ∪ (Z× S2)

)
/ n ∼ (n, (0, 0,−1)) → S1 ∨ S2

P 7→
{

exp(2π i(P + 1
4
)), if P ∈ R

Q, if P = (n,Q) with n ∈ Z, Q ∈ S2.

We pick the base points x0 = i ∈ S1 Ă X and x̃0 = 0 ∈ R Ă X̃. Even though we have
seen this covering map on numerous occasions we show it again in the �gure below. We

������������������������ ���
���
���
���

p
X̃ X = S1 ∨ S2x0

x̃0 = 0 γ

consider the following sequence of maps

(∗) Z[t±1]
Ψ−−→ π2(X, x0)

Ξ−→ π2(X̃, x̃0)
Φ

(X̃,x̃0)−−−−→ H2(X̃;Z)
Ω←− Z[t±1].

Here Φ(X,x0) denotes the Hurewicz homomorphism. Since X̃ is simply connected we obtain
from the Hurewicz Theorem 85.5 that it is an isomorphism. The reader will not have failed
to notice that we did not de�ne the two maps Ξ and Ω yet. We will do so now.

(1) First we recall that given a map g : (S2, ∗)→ (X, x0) there exists by the Map Lifting
Criterion 61.2 a unique lift g̃ : (S2, ∗)→ (X̃, x̃0). Now we consider the map

Ξ: π2(X, x0) → π2(X̃, x̃0)

[g : (S2, ∗)→ (X, x0)] 7→
[
g̃ : (S2, ∗)→ (X̃, x̃0)

]
.

By the Coverings-πn-Proposition 71.13 we know that Ξ is well-de�ned and that it is
an isomorphism.

(2) Given i ∈ Z we denote by fi : S
2 → X the �obvious� i-th inclusion map. In

Lemma 79.7 we saw that the map

Ω: Z[t±1] → H2(X̃;Z)
s∑
i=r
ai · ti 7→

s∑
i=r
ai · fi([S2]).

is an isomorphism.
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We see in particular that in (∗) the three maps to the right are isomorphisms. Therefore
it su�ces to show that the maps Ω−1 ◦ Φ(X,x0) ◦ Ξ ◦ Ψ is the identity. In other words, it
su�ces to show the following claim.
Claim. For any n ∈ Z we have

(Φ(X,x0) ◦ Ξ ◦Ψ)(tn) = Ω(tn) ∈ H2(X̃;Z).

Proof. So let n ∈ Z. It follows immediately from the de�nitions of the various maps that
the desired statement is equivalent to the statement that( ˜(idS2)γn︸ ︷︷ ︸

map S2 → X̃

)
∗[S

2] = fn︸︷︷︸
map S2 → X̃

([S2]) ∈ H2(X̃;Z).

Thus by the Homotopic Maps-and-Homology Proposition 73.6 it su�ces to show that the
two maps (idS2)γ

n
and fn are homotopic maps from S2 to X̃. For those readers who are

still awake this should be basically obvious.1051 As a digestion aid we illustrate both maps
in the �gure below. �
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In the Homology-of-CW-Complex Proposition 80.6 we saw that the homology groups of a
�nite CW-complex are �nitely generated abelian groups. Since the discussion on page 1844
we had known that the corresponding statement is not true for homotopy groups. But we
now also know that one should really view the homotopy groups of a pointed topological
space (X, x0) as modules over the group ring Z[π1(X, x0)]. Thus the following question
arises.
Question 86.16. Let X be a �nite CW-complex. Are the homotopy groups πn(X, x0),
n ≥ 2, �nitely generated Z[π1(X, x0)]-modules?
It turns out that the answer is yes if X is simply connected. More precisely, Jean-Pierre
Serre [Ser1953]1052 proved the following theorem.

1051In fact this follows from the �⇐�-direction of the Change-of-Base Point Proposition 86.9 (7).
1052Jean-Pierre Serre (*1926) is a French mathematician. He was, and remains, the youngest person ever
to be awarded the Fields Medal.
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Theorem 86.17. (Serre) If X is a simply-connected topological space such that all ho-
mology groups are �nitely generated (for example X could be a compact topological mani-
fold or a �nite CW-complex), then all homotopy groups are also �nitely generated abelian
groups.1053

Example. It follows in particular from Serre's Theorem 86.17 that the homotopy groups
of spheres are �nitely generated. Even this statement is highly non-trivial. In particular it
is much better than our only result in this direction, namely Corollary 94.10. which says
that homotopy groups of spheres are countable.

Nonetheless, it turns out that the answer to Question 86.16 is negative. In fact, one does
not need to wander o� particularly far to �nd such an example:

Proposition 86.18. The group π3(S1 ∨ S2) is not �nitely generated over the group ring
Z[π1(S1 ∨ S2)] = Z[t±1].

Proof. A proof for the proposition is for example sketched in [Hat2002, Chapter 4.2,
Exercise 38]. �

Remark. The Hilton-Milnor theorem, see [Hilt1955, Theorem A],[Miln1972] or [WhdG1978,
Chapter XI], gives a calculation of the homotopy groups of a �nite wedge of spheres, more
precisely, these homotopy groups are computed in terms of the homotopy groups of the
spheres involved. Unfortunately, at least at a �rst glance, it is not so clear how the module
structure over the group ring can be read o� from the Hilton-Milnor theorem.

Exercises for Chapter 86.

Exercise 86.1. Let X be a topological space that admits a social choice of some type
n ≥ 2. Is X necessarily connected?

Exercise 86.2. Let (X, x0) be a pointed topological space and let n ∈ N≥2. We consider
the Hurewicz homomorphism Φ: πn(X, x0) → Hn(X;Z). Show that for any g ∈ π1(X, x0)
and any σ ∈ πn(X, x0) we have

Φ(g · σ) = Φ(σ) ∈ Hn(X;Z).

Exercise 86.3. Let G be a group and let R be a commutative ring. Suppose there exists
a non-trivial g ∈ G such that gk = e for some k ∈ N. Show that R[G] has a zero divisor,
i.e. show that there exist non-zero elements p, q ∈ R[G] with p · q = 0.
Hint. First consider the case that G = 〈t | tn〉 is a �nite cyclic group with n ≥ 2 elements.

Exercise 86.4. Is the ring M(3 × 3,R) of real (3 × 3)-matrices isomorphic, as a ring, to
the real group ring R[G] of some group G?

Exercise 86.5. Let G be a �nite group. We view Q[G] as a Q[G]-left module via left mul-
tiplication. Show that Q[G] admits a submodule V 6= 0 with V 6= Q[G] that is isomorphic
to the trivial Q[G]-module Q where every g ∈ G acts via the identity on Q.
1053It follows immediately from the Hurewicz Theorem 85.5 that π2(X) is �nitely generated. The fact that
the higher homotopy groups are also �nitely generated is much stronger.
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Exercise 86.6. Let G be a �nite group. Show that there exists a monomorphism from G
to some unitary group U(n).

Exercise 86.7. We consider the ring M(2,R). Does there exist a �nite set T and an
epimorphism from the free ring R[〈T 〉] onto M(2,R)?

Exercise 86.8. LetX be a simply connected space and let f : X → X be a self-homeomorphism.
Recall that on page 467 we introduced the mapping torus

M := (X × [0, 1])/(x, 0) ∼ (f(x), 1).

Express the Z[π1(M)]-module π2(M) in terms of the homology groups of X and the action
by f on the homology groups of X.

Exercise 86.9. Show that there exists a closed smooth manifold M such that π2(M) is
in�nitely generated as an abelian group.
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87. The Euler characteristic

87.1. The Euler characteristic and homology groups. LetX be a �nite CW-complex,
i.e. let X be a CW-complex with �nitely many cells. Recall that on page 1519 we de�ned
the Euler characteristic χ(X) as follows:

χ(X) =
∑
n

(−1)n · number of n-cells.

A short glance on the examples in the �gure below shows that the three di�erent CW-struc-
tures for the torus provided in that �gure have the same Euler characteristic. The following
proposition explains why this is not a coincidence.

Proposition 87.1. (Euler Characteristic-H∗-Proposition) LetX be a �nite CW-com-
plex, then1054

χ(X) =
∑
n

(−1)n · rank(Hn(X)).

Examples.
(1) It follows either from the CW-structure of the n-dimensional sphere Sn with one

0-cell and one n-cell given on page 1472 or from the calculation of the homology
groups in Proposition 74.4 that1055

χ(Sn) = 1 + (−1)n =

{
0, if n is odd,
2, if n is even.

(2) Let n ∈ N0. We want to determine the Euler characteristic of B
n
. One could of course

write down a CW-structure for B
n
.1056 But with our knowledge it is quicker to point

out that follows immediately from the Euler Characteristic-H∗-Proposition 87.1 and
the Homotopy Equivalence-H∗-Corollary 73.9 (3) that χ(B

n
) = 1.

(3) Given any k, n ∈ N0 we deduce from the Homotopy Equivalence-H∗-Corollary 73.9,
Proposition 74.4 and the Euler Characteristic-H∗-Proposition 87.1 that χ(Sk×Bn

) =
χ(Sk) = 1 + (−1)k.

(4) It follows either from the obvious generalizations of CW-structure provided in the
�gure below or alternatively from Proposition 80.10 that for the surface Σg of genus g
and that for the non-orientable surface Nk of genus k we have

χ(Σg) = 2− 2g and χ(Nk) = 2− k.

(5) It follows immediately from the CW-structures provided in Lemma 68.1 that for any
n ∈ N0 we have

1054As a reminder, if G is a �nitely generated abelian group, then it follows from the Finitely Generated
Abelian Group Classi�cation Theorem 51.4 that G is isomorphic to Zr⊕T , where T is �nite. We then call
r the rank of G. Put di�erently, let T Ă G be the torsion subgroup, then G/T is isomorphic to Zr for an
r, and this r is just the rank of G.
1055The statement that χ(S2) = 2 was proved, in a di�erent language, by Leonhard Euler [Eul1758,
p. 119]. This equality was already noted before by Francesco Maurolico [Friedm2018, p. 71] in 1537 and
René Descartes [Rabo2010, p. 447] in 1628.
1056What is the �simplest� CW-structure you can �nd for B

n
?
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1 number of 0-cells 1
2 · g number of 1-cells k
1 number of 2-cells 1

2−2·g Euler characteristic 2−k

surface Σg of genus g=2 non-orientable surface Nk of genus k=3

χ(RPn) =

{
0, if n is odd,
1, if n is even and χ(CPn) = n+ 1.

Before we turn to the proof of the Euler Characteristic-H∗-Proposition 87.1 we draw the
following corollary.
Corollary 87.2. Let X and Y be �nite CW-complexes. If X and Y are homotopy equiv-
alent, then χ(X) = χ(Y ).

Proof. The corollary is an immediate consequence of the Euler Characteristic-H∗-Proposition 87.1
together with the Homotopy Equivalence-H∗-Corollary 73.9 (2). �

Example. On page 1237 we introduced two examples of closed orientable 2-dimensional
smooth manifolds for which we found it di�cult to determine the genus. We show the same
surfaces also in the �gure below. Let us �rst consider the surface on the left: it is given
identifying opposite sides of the hexagon E6. The obvious CW-structures on the hexagon
H6 descends to a CW-structure on E6/∼. We make the following observations:
(1) the single 2-cell on E6 de�nes a 2-cell for E6/∼,
(2) we identify every 1-cell of E6 with the opposite 1-cell, thus E6/∼ has three 1-cells,
(3) we identify all 0-cells that di�er by an even number of vertices, thus E6/ ∼ has

precisely two 0-cells.
Summarizing we see that E6/∼ has Euler characteristic 2 − 3 + 1 = 0. We had just seen
on page 1879 that the surface of genus g has Euler characteristic 2 − 2g. Thus we obtain
from the Surface Classi�cation Theorem 55.4 that E6/∼ is di�eomorphic to the surface of
genus zero, i.e. the torus.

The same argument shows that E10/∼ has Euler characteristic 2−5 + 1 = −2 and that
it is di�eomorphic to the surface of genus two. Evidently the same argument shows that if
we take a regular (4g+ 2)-gon and if we identify opposite sides, then we obtain the surface
of genus g.

It is a great mental exercise to visualize that the surface on the left is a torus and that
the surface on the right is a surface of genus two.

The key step in the proof of the Euler Characteristic-H∗-Proposition 87.1 is the following
purely algebraic lemma.
Lemma 87.3. Let

C∗ := 0 → Ck
∂k−→ Ck−1

∂k−1−−→ . . . C1
∂1−→ C0 → 0
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dodecagon with opposite sides identi�edhexagon with opposite sides identi�ed

in each case there are two equivalence classes of vertices: red and blue

E10E6

be a chain complex of �nitely generated abelian groups. Then the following equality holds:
k∑

n=0

(−1)n · rank(Cn) =
k∑

n=0

(−1)n rank(Hn(C∗)).

The same statement holds if the Ci are vector spaces over a �eld and if we replace ranks
by dimensions.

Proof. For the above chain complex (Cn, ∂n) we write for each n ∈ N0
1057

Zn := ker(∂n), Bn := im(∂n+1) and Hn = Zn/Bn.

These groups form the following two types of short exact sequences

(a) 0 ↪→ Zn → Cn
∂n−→ Bn−1 → 0,

and
(b) 0 ↪→ Bn → Zn → Hn → 0.

Now we see that
by (a) and the Rank Additivity Lemma 51.7 (2) we have rankCn = rankZn + rankBn−1

↓k∑
n=0

(−1)n · rankCn =
k∑

n=0
(−1)n · (rankZn + rankBn−1)

=
k∑

n=0
(−1)n · (rankBn + rankHn + rankBn−1)

↑
by (b) and the Rank Additivity Lemma 51.7 (2) we have rankZn = rankBn + rankHn

=
k∑

n=0
(−1)n · rankHn +

k∑
n=0

(−1)n · rankBn +
k∑

n=0
(−1)n rankBn−1

=
k∑

n=0
(−1)n · rankHn +

k−1∑
n=0

(−1)n · rankBn −
k−1∑
m=0

(−1)m · rankBm↑
we do the substitution m = n− 1 and we use that Bk = 0 and B−1 = 0

=
k∑

n=0
(−1)n · rankHn.

Basically the same proof also applies if the Ci are vector spaces over a �eld and if we replace
ranks by dimensions. �

Now we can easily provide the proof of the Euler Characteristic-H∗-Proposition 87.1.

1057It is a common notation to call these groups Zn and Bn, the names go back to the German words
�Zykel� and �Bild�.
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Proof of the Euler Characteristic-H∗-Proposition 87.1. LetX be a �nite k-dimensional
CW-complex. We have

Skeleton-Homology Lemma 80.1
↓

χ(X) =
k∑

n=0

(−1)n · number of n-cells =
k∑

n=0

(−1)n · rank(CCW
n (X))

=
k∑

n=0

(−1)n · rank(HCW
n (X)) =

k∑
n=0

(−1)n · rank(Hn(X)).
↑ ↑

Lemma 87.3 Singular-Cellular H∗-Isomorphism Proposition 80.4 �

Using Lemma 87.3 we can also easily prove the following lemma which be will useful on
several occasions.
Lemma 87.4. Let

0 → Ak → Ak−1 → . . . → A1 → A0 → 0

be an exact sequence of �nitely generated abelian groups. Then
k∑

n=0

(−1)n · rankAn = 0.

Proof. We can view this exact sequence of �nitely generated abelian groups as a chain
complex whose homology groups vanish. The lemma is therefore an immediate consequence
of Lemma 87.3. �

De�nition.
(1) Given a topological space X and n ∈ N0 such that Hn(X) is a �nitely generated

abelian group we refer to

bn(X) := rank(Hn(X))

as the n-th Betti number of X.1058

(2) Let X be a topological space. If all homology groups are �nitely generated and if∑
n
bn(X) is �nite, then we de�ne the Euler characteristic of X to be

χ(X) :=
∑
n

(−1)n · bn(X).

Remark.
(1) It follows from the Euler Characteristic-H∗-Proposition 87.1 that this new de�nition

of the Euler characteristic of a �nite CW-complex agrees with the earlier de�nition.
(2) We will see in the Smooth Manifolds-Invariants Proposition 96.6 and alternatively

on page 2997 that for every compact smooth manifold we can de�ne the Euler char-
acteristic. Furthermore we will see in the Topological Manifolds-Invariants Proposi-
tion 104.14 that we can also de�ne the Euler characteristic for every compact topo-
logical manifold.

1058These numbers are named after the Italian mathematician Enrico Betti (1823-1892)

http://de.wikipedia.org/wiki/Enrico_Betti

who had studied an early version of homology groups.

http://de.wikipedia.org/wiki/Enrico_Betti
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Example. Using the Mapping Torus-Homology Proposition 78.20 and using Lemma 87.4
several times we will prove the following statement in Exercise 87.3: Let X be a topo-
logical space that is homotopy equivalent to a �nite CW-complex, then for any self-
homeomorphism f of X we have

χ(Tor(X, f)) = 0.

87.2. Properties of the Euler characteristic. The Euler characteristic is an invariant
which �sees less� than the homology groups. On the other hand we will now see that it
behaves better than the homology groups under several natural operations.
The following lemma makes it possible to determine the Euler characteristic of a CW-
complex from suitable decompositions.

Lemma 87.5. (Euler Characteristic-Addition Lemma) Let X = Y ∪Z be a decom-
position of a �nite CW-complex X into two subcomplexes Y and Z. Then the following
equality holds

χ(X) = χ(Y ) + χ(Z)− χ(Y ∩ Z).
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Y ∩ Z

χ(X) = χ(Y ∪ Z) = χ(Y ) + χ(Z)− χ(Y ∩ Z)

X

Proof. We give two proofs for the lemma:

(1) Given n ∈ N0 and given a subset W we denote by n(W ) the number of open n-cells
that are contained in W . In our case we have

n(X) = n(Y ) + n(Z)− n(Y ∩ Z).
↑

since every open n-cell of X lies in Y or Z, the n-cells that lie in Y ∩ Z get
counted twice in n(Y ) + n(Z), so we have to subtract n(Y ∩ Z)

By performing the alternating sum over all n we obtain immediately that
χ(X) = χ(Y ) + χ(Z)− χ(Y ∩ Z).

We have thus proved the desired equality.
(2) The lemma also follows from applying Lemma 87.4 and the Euler Characteristic-H∗-

Proposition 87.1 to the long exact sequence of homology groups that we obtain by
applying the Mayer�Vietoris Theorem for CW-complexes 78.10 to the decomposition
X = Y ∪ Z. �

In the following we provide two examples to which we already know the answer by other
means. Nonetheless, the approach using the Euler Characteristic-Addition Lemma 87.5
gives particularly short and pleasing arguments.

Example. Let K Ă S3 be a knot. By the Tubular Neighborhood Theorem ?? there exists
a tubular map Φ: B

2 ×K. We set XK := S3 \ Φ(B2 ×K). By the Smooth Manifold-CW
Structure Theorem 96.5 there exists a CW-structure for S3 such that XK and Φ(B

2 × S1)
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are subcomplexes. We see that

0 = χ(S3) = χ
(
XK ∪ Φ(B

2×S1)
)

= χ(XK) + χ
(
B

2×S1
)
− χ

(
∂B

2×S1
)

= χ(XK).
↑ ↑ ↑

see page 1879 Euler Characteristic-Addition Lemma 87.5 see page 1879

Of course this calculation also follows from Lemma 100.16.

Example. As usual, given g ∈ N0 and n ∈ N0 we denote by Σg,n the surface Σg of genus g
minus n open disks. Now we want to determine the Euler characteristic χ(Σg,n). We could
do so by using Propositions 87.1 and 80.10. But here we use an alternative approach. By
the Smooth Manifold-CW Structure Theorem 96.5 there exists a CW-structure on Σg such
that Σg,n and the closed disks that we remove are subcomplexes. It now follows that

2− 2g = χ(Σg) = χ
(

Σg,n ∪
n⋃
i=1

B
2
)

= χ(Σg,n) +
n∑
i=1
χ(B

2
)−

n∑
i=1
χ(∂B

2
) = χ(Σg,n) + n.

↑ ↑ ↑
see page 1879 Euler Characteristic-Addition Lemma 87.5 see page 1879

Thus we see that χ(Σg,n) = 2− 2g − n.

We record the above example in a lemma.

Lemma 87.6.
(1) Let g ∈ N0 and n ∈ N0. If we denote by Σg,n the surface Σg of genus g minus n open

disks, then χ(Σg,n) = 2− 2g − n.
(2) Let Σ and Σ′ be two compact orientable connected 2-dimensional smooth manifolds.

If Σ and Σ′ have the same number of boundary components and if χ(Σ) = χ(Σ′),
then Σ and Σ′ are di�eomorphic.

Proof.

(1) We proved this statement in the example preceding the lemma.
(2) This statement follows immediately from (1) and the classi�cation of compact ori-

entable connected 2-dimensional smooth manifolds, see the Surface Classi�cation
Theorem 55.4. �

We continue with a calculation of the Euler characteristic of a connected sum.
Lemma 87.7. (Connected Sum-χ-Lemma) If M and N are two compact connected
n-dimensional smooth manifolds. We have the following equality:1059

χ(M#N) = χ(M) + χ(N) +

{
−2, if n is even,

0, if n is odd.

Proof. We perform the following straightforward calculation:

χ(M \Bn) = χ(M)− χ(B
n
) + χ(Sn−1) = χ(M) + (−1)n−1.

↑ ↑
Euler Characteristic-Addition Lemma 87.5since χ(B

n
) = 1 and χ(Sn−1) = 1 + (−1)n−1

1059Strictly speaking, if M and N are both orientable, then we need to assume that M and N are oriented
to get a well-de�ned connected sum.
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The same way we also see that χ(N \ Bn) = χ(N) + (−1)n−1. It then follows, using the
same type of arguments, that

χ(M#N) = χ(M \Bn) + χ(N \Bn)− χ(Sn−1)
= χ(M) + (−1)n−1 + χ(N) + (−1)n−1 − (1 + (−1)n−1)
= χ(M) + χ(N)− 1 + (−1)n−1.

For completeness sake we point out that in the Connected Sum-H∗-Proposition 100.13 we
will calculate the homology groups of the connected sum of two closed oriented smooth
manifolds. Together the Euler Characteristic-H∗-Proposition 87.1 this gives an alternative
proof of the above equality. �

Examples.

(1) In the �gure on page ?? we saw that the connected sum of two tori is the surface of
genus two. By the Connected Sum-χ-Lemma 87.7 we obtain that1060

χ(surface of genus two) = χ(torus)︸ ︷︷ ︸
=0

+ χ(torus)︸ ︷︷ ︸
=0

− 2 = −2.

We had obtained the same result on page 1879 using a di�erent method.
(2) Note that from the CW-structure for RP2 that we gave in the �gure on page 1472

we read o� that χ(RP2) = 1. It follows from the Connected Sum-χ-Lemma 87.7 that
for any k ∈ N we have

χ(k · RP2) = 1− k.

Using the same argument as in Lemma 87.6 one can also show that

χ(k · RP2 minus n open disks) = 1− k − n.

In the following we work our way through more constructions of CW-complexes and the
e�ect on Euler characteristics. First we remind the reader of the following lemma.

Lemma 69.5. (Quotient-χ-Lemma) Let X be a �nite CW-complex and let A be
a subcomplex. We equip the quotient X/A with the CW-structure given by the CW-
Complex Construction Lemma 68.32 (3). Then

χ(X/A) = χ(X)− χ(A) + 1.

Next let X and Y be two �nite CW-complexes. On page 1498 we introduced the product
CW-structure which by Proposition 68.23 is indeed a CW-structure for the topological
space X × Y . The following lemma relates the Euler characteristics of X, Y and X × Y in
an appealing way.1061

Lemma 87.8. (Product-χ-Lemma) Let X and Y be two �nite CW-complexes, then

χ(X × Y ) = χ(X) · χ(Y ).

Example. For any �nite CW-complex X we have χ(S1 ×X) = χ(S1) · χ(X) = 0.

1060How many arguments can you �nd in the lecture notes that show that the Euler characteristic of the
torus is zero?
1061Note that the lemma also gives an a�rmative answer to the question posed in Exercise 69.2.
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Proof. Let X and Y be two �nite CW-complexes. Given k ∈ N0 we denote by ck the
number of k-cells of X and we denote by dk the number of k-cells of Y .

We equip X × Y with the product CW-structure from page 1498. By construction we
have

#n-cells of X × Y =
∑

k+l=n

#k-cells of X ·#l-cells of Y =
∑

k+l=n

ck · dl.

It follows that

χ(X) · χ(Y ) =
(∑

k
(−1)k · ck

)
·
(∑

l
(−1)l · dl

)
=

∑
n

(−1)n
∑

k+l=n
ck · dl = χ(X × Y ). �

Now let p : X̃ → X be a k-fold covering of path-connected topological spaces. We saw in
Corollary 48.14 that the induced map p∗ : π1(X̃)→ π1(X) is a monomorphism and we saw
in Lemma 48.15 (3) that p∗(π1(X̃)) is a subgroup of index k of π1(X). There is no analogous
statement for homology groups. For example the projection p : S2 → S2/∼= RP2 is a
2-fold covering, but H2(S2) = Z and H2(RP2) = 0, which shows that the induced map on
homology is in general not a monomorphism.
It is therefore perhaps surprising that we already saw in Proposition 69.4 that the Euler
characteristic behaves well under �nite coverings. For convenience we recall, a slightly
simpli�ed version, of the statement of Proposition 69.4.

Proposition 69.4. (Covering-χ-Proposition) Let p : Ỹ → Y be a �nite covering of a
�nite connected CW-complex Y . Then Ỹ is also a �nite CW-complex with

χ(Ỹ ) = [Ỹ : Y ] · χ(Y ).

Example. We consider again the 2-fold covering p : S2 → RP2. In this case we have by
the calculation on page 1725 or alternatively in Proposition 80.11 that

H0(S2) ∼= Z,
H1(S2) ∼= 0,
H2(S2) ∼= Z,
Hi(S

2) ∼= 0, for i ≥ 3,

and

H0(RP2) ∼= Z,
H1(RP2) ∼= Z2,
H2(RP2) ∼= 0,
Hi(RP2) ∼= 0, for i ≥ 3.

Thus we see that the homology groups are quite di�erent. Nonetheless we observe that
χ(S2) = 2 is indeed twice χ(RP2) = 1, as we had determined on page 1879.

In Question 63.6 we asked how the genus of a surface changes if we take �nite covers. We
had answered this question already in the Subgroups-of-Surface Groups Proposition 64.6
(1). The proof of the following lemma is arguably more conceptual and easier to remember.

Lemma 87.9. Let Σ be the surface of genus g and let p : Σ̃ → Σ be a k-fold connected
covering. Then1062 genus(Σ̃) = k · (g − 1) + 1.

Example. In the �gure on page 1407 we illustrated a 3-fold covering of the surface of genus
4 over the surface of genus 2.

Remark. We had given an alternative proof of Lemma 87.9 in Exercise 64.6. The new
proof using Euler characteristics is surely much more instructive than our previous proof.
1062Recall that by the Surface Classi�cation Theorem 55.4 there exists precisely one g̃ such that the closed,
oriented 2-dimensional smooth manifold Σ̃ is di�eomorphic to precisely the surface of genus g̃.
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Proof. We denote by g̃ the genus of Σ̃. The lemma follows immediately from the following
two facts:
(1) By the remark on page 1879 we have χ(Σ) = 2− 2g and χ(Σ̃) = 2− 2g̃.
(2) By Proposition 69.4 we have χ(Σ̃) = k · χ(Σ). �

Now we can also give a new proof of the following proposition.
Proposition 64.17. If g ≥ 1, then the group

π1(surface of genus g) ∼= 〈x1, y1, . . . , xg, yg | [x1, y1] · · · · · [xg, yg]〉
is not isomorphic to the free group F2g on 2g generators.

Proof. Let Σ be a surface of genus g ≥ 1. We write π = π1(Σ). Suppose that there exists
an isomorphism ϕ : π → F where F is the free group on 2g generators. Let α : π → Zk
be an epimorphism for some k ≥ 2.1063 We denote by p : Σ̃ → Σ the covering which
satis�es p∗(π1(Σ̃)) = ker(α) which is given by the Covering Existence Theorem 61.5. By
Lemma 48.15 (3) this is a k-fold covering. We get the following commutative diagram:

π

∼=ϕ

��

ker(α)oo

∼=ϕ

��

∼=
Lemma 87.9

// π1(Σk·(g−1)+1)

∼=

��

abelianization //

**

Z2k(g−1)+2

∼=

��

H1(Σk·(g−1)+1)
∼=

44

F ker(α ◦ ϕ−1)oo
∼=

Proposition 64.4
// Fk(2g−1)+1

abelianization // Zk(2g−1)+1

.

It follows from k ≥ 2 that 2k(g− 1) + 2 6= k(2g− 1) + 1, hence the two groups on the right
cannot by isomorphic. We have thus obtained a contradiction. �

87.3. Groups acting on spheres and surfaces. We recall that on page 248 we said that
a group G acts freely on a topological space X if for every g 6= e and every x ∈ X we have
g · x 6= x. For example for each k ∈ N the action

Zk × S1 → S1

(l, z) 7→ exp(2π il/k) · z
is free. We can easily generalize this example. More precisely, let S2n−1 be an odd-dimen-
sional sphere. We view S2n−1 as subset of R2n = Cn. Then it is straightforward to show
that Zk × S2n−1 → S2n−1

(l, (z1, . . . , zn)) 7→ (exp(2π il/k) · z1, . . . , exp(2π il/k) · zn)

is a free and continuous action of Zk on S2n−1.
It is less clear what �nite groups can act freely and continuously on even-dimensional
spheres. The group Z2

∼= {±1} acts of course freely and continuously on any sphere. The
following proposition says that Z2 is in fact the only �nite non-trivial group that can act
freely and continuously on an even-dimensional sphere. This proposition and the above
example give a complete answer to Question 48.8.
Proposition 87.10. If a �nite groupG acts freely and continuously on an even-dimensional
sphere, then G is either trivial or G ∼= Z2.

1063Why does such an epimorphism exist?



1888

Proof. Let G be a �nite group that acts freely and continuously on S2n. By Lemma 48.5
the action is also discrete. By the Actions-Covering Proposition 48.9 the projection S2n →
S2n/G is a covering of degree |G|. We obtain the equalities

2 = χ(S2n) = |G| · χ(S2n/G).
↑ ↑

see page 1616 Proposition 69.4

Itt follows that |G| divides two, i.e. |G| = 1 or |G| = 2. In �rst case the group G is the
trivial group and in the second case we have G ∼= Z2.1064 �

We already gave a di�erent proof of Proposition 87.10 in Exercise 76.21. But whereas
the approach of Exercise 76.21 made very much use of the topology of spheres, the approach
taken in the above proof generalizes to many other settings:
Proposition 87.11. Let g ∈ N0. If a �nite group G acts freely and continuously on the
surface Σ of genus g, then the order of G divides χ(G) = 2− 2g.

Proof. The proof of Proposition 87.11 is verbatim the same as the proof of Proposi-
tion 87.10. The only change is that we need to use the fact, shown on page 1879, that
χ(Σ) = 2− 2g. �

Example. Let Σ be the surface of genus four. By the remark on page 1879 we know that
χ(Σ) = −6. By Proposition 87.10 we know that the order of any �nite group acting freely
and continuously on Σ has to have an order that divides 6. In the �gure below we sketch a
free and continuous action of the group Z3 on Σ. In Exercise 87.10 we will see that given
any n with n|χ(Σ) the cyclic group Zn admits a free and continuous action on Σ.
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k ∈ Z3 acts by
rotation by k · 2π

3

surface of genus 4

87.4. Topological graphs (∗). Using the results of this chapter we can now easily prove
the following lemma:
Lemma 87.12. Let G be a connected topological graph with v vertices and e edges. Then

H0(G) ∼= Z, H1(G) ∼= Ze−v+1 and Hi(G) = 0 for i ≥ 2.

Example. In the �gure below we see a connected topological graph G with 22 vertices and
24 edges. It follows from Lemma 87.12 that its �rst homology group is isomorphic to Z3. In
the �gure below we sketched three cycles which represent a generating set for H1(G) ∼= Z3.

Proof. Let G be a connected topological graph with v vertices and e edges. Recall that by
the discussion on page 1470 we can view G as a 1-dimensional CW-complex with v 0-cells
and e 1-cells.

1064Why is every group with two elements isomorphic to Z2?
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generating set for H1(G) ∼= Z3topological graph G with 22 vertices
and 24 edges

Now that we have developed so many techniques for computing homology groups it is
perhaps not surprising that we can provide three di�erent proofs for the lemma.
(1) First of all, from the H0-Proposition 72.5 together with the CW-Complex Properties

Proposition 68.10 (7) it follows immediately that H0(G) ∼= Z. Furthermore, from
the Homology-of-CW-Complex Proposition 80.6 it follows that Hi(G) = 0 for i ≥ 2
and that H1(G) is torsion-free. From the Euler Characteristic-H∗-Proposition 87.1
we obtain that

χ(X) =
∑
i

(−1)i · rank(Hi(X)).

Putting everything together we see that

1− rank(H1(G)) = χ(X) = #0-cells−#1-cells = v − e.
Since H1(G) is torsion-free we obtain that H1(G) ∼= Ze−k+1.

(2) We can also modify the argument of (1) as follows: instead of calculating H1(G)
using the Euler characteristic, we could also have determined that H1(G) ∼= Ze−k+1

by combining the calculation of the fundamental group in the Fundamental Group-
of-Graph Proposition 52.5 with the isomorphism of the Hurewicz Theorem 84.5.

(3) An alternative proof for Lemma 87.12 is given as follows: we have

Wedge-Homology Proposition 79.8
↓

H̃j(G) ∼= H̃j(wedge of 1−χ(G) circles) ∼=
1−χ(G)⊕
i=1

H̃j(S
1) ∼=

{
Z1−χ(G), if j=1,
0, else.↑ ↑

Quotient-by-Tree Proposition 69.8 (1) Proposition 74.4
and the Homotopy Equivalence-H∗-Corollary 73.9

It is a matter of taste which of the three proofs is the nicest. �

Exercises for Chapter 87.

Exercise 87.1. Show that every CW-structure for the torus with one 0-cell has precisely
one 2-cell.

Exercise 87.2.
(a) Let k ∈ N. By Proposition 49.4 we know that the non-orientable surface Nk admits

an essentially unique 2-fold covering Σ → Nk that is orientable. What is the genus
of Σ?
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(b) Let k ∈ N and m ∈ N0. By Proposition 49.4 we know that the non-orientable surface
Nk,m admits an essentially unique 2-fold covering Σ→ Nk,m that is orientable. What
is the genus of Σ and what is the number of boundary components of Σ?
Remark. You could use Exercise 49.12.

Remark. These are precisely the same questions as in Exercise 55.11. But this time you
can give a di�erent, shorter proof using Euler characteristics.

Exercise 87.3. Let X be a topological space and let f : X → X be a homeomorphism.
In the Mapping Torus-Homology Proposition 78.20 we showed that for any n ∈ N0 there
exists a short exact sequence

0→ coker
(
Hn(X)

f∗−id−−−→Hn(X)
)
→ Hn(Tor(X, f))→ ker

(
Hn−1(X)

f∗−id−−−→Hn−1(X)
)
→ 0.

(a) Let T = R2/Z2 be the torus. Given A ∈ SL(2,Z) we consider the homeomorphism

f(A) : R2/Z2 → R2/Z2

[v] 7→ [Av].

Determine the homology groups of Tor(T, f(− id)).
Remark. You can use the fact that under the usual identi�cation H1(T ) = Z2 the
induced map f(A)∗ is given by multiplication by A.1065

(b) Does there exist a matrix A ∈ SL(2,Z) such that H1(Tor(T, f(A))) ∼= Z?
(c) Let X be a topological space that is homotopy equivalent to a �nite CW-complex.

Show that for any self-homeomorphism f of X we have

χ(Tor(X, f)) = 0.

Exercise 87.4. For a topological space X and n ∈ N0 we denote by bn(X) ∈ N0 ∪ {∞}
the rank of Hn(X). Does there exist a topological space X such that b1(X) <∞ but such
that for a �nite cover X̃ of X we have b1(X̃) =∞?

Exercise 87.5. Given g, n,∈ N0 we denote by Σg,n the surface of genus g minus n open
disks. Let g, k,m, n ∈ N0. Suppose there exists a smooth embedding Σg,m → Σk,n. Show
that g ≤ k.
Hint. Use the Codimension-Zero Submanifold Proposition 19.38.
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∂Σ N = Σ× [0, 1]

A = ∂Σ× [0, 1]

ϕ g

S

Exercise 87.6. Let Σ be a 2-dimensional smooth manifold. A curve system is a collection
of disjoint curves (i.e. closed connected 1-dimensional smooth manifolds) C1, . . . , Cn on Σ
with the following two properties:
(1) None of the Ci is the boundary of a disk on F .
(2) There is no annulus on F such that the boundary is the union of two curves.

In the �gure below on the right we see a curve system on the surface of genus two consisting
of three curves.
1065Why does this hold?
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(a) Is there a curve system consisting of four curves on the surface of genus two?
(b) Given g ∈ N0, what is the maximal number of curves in a curve system on the surface

of genus g?
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Exercise 87.7. We consider the topological graph G together with the map f : G → G
shown in Exercise 87.7. Determine the determinant and the trace of the induced map
f∗ : H1(G)→ H1(G).
Remark. In the proof of Lemma 87.12 we gave three di�erent, more or less explicit, iso-
morphisms ϕ : H1(G)

∼=−→ Z2. The challenge now is to �nd an isomorphism ϕ that is explicit
enough so that one can calculate the map ϕ ◦ f∗ ◦ ϕ−1 : Z2 → Z2.
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Exercise 87.8. LetM be a compact orientable connected 2-dimensional smooth manifold.
(a) Show that there exists a g ∈ N0 such that M admits g disjoint curves such that the

complement is connected, but such that any g + 1 disjoint curves disconnect M .
(b) Show that g equals the genus of M , as de�ned on page 1237.

Remark. This exercise gives an intrinsic de�nition of the genus of a compact orientable
connected 2-dimensional smooth manifold.

Exercise 87.9. Let M be a closed non-orientable connected 2-dimensional smooth man-
ifold. We de�ne k(M) ∈ N0 to be the maximum k ∈ N0 ∪ {∞} such that there exist k
smooth embeddings of the Möbius band into M with the following two properties: the
images are disjoint and the complement of images is connected.
(a) Let K be the Klein bottle. Show that k(M) ≥ 2.
(b) Let M be a closed non-orientable connected 2-dimensional smooth manifold.

(i) Show that k(M) is �nite.
(ii) Show that k(M) equals the genus of M , as de�ned on page 1237.
Remark. This exercise gives an intrinsic de�nition of the genus of a compact non-
orientable connected 2-dimensional smooth manifold.

Exercise 87.10.
(a) Let N3 = RP2#RP2#RP2 be the non-orientable surface of genus three. Show that

given any even n ∈ N there exists a connected orientable covering p : Σ → N3 of
degree n.

(b) Let Σ be the surface of genus g. Show that given any k ∈ N that divides χ(Σ) there
exists a continuous and free action by the cyclic group Zn on Σ.



1892

Remark. This exercise gives in particular a more systematic solution to Exercise 5.39.

Exercise 87.11. Let Σ be the torus minus one open disk. Furthermore let α, β : S1 → Σ
be two disjoint embeddings with α∗([S1]) = β∗([S

1]) ∈ H1(Σ). We denote this homology
class by x.
(a) Suppose that x 6= 0. Show that α is isotopic to β.
(b) Show that the conclusion of (a) does not necessarily hold, if we drop the hypothesis

that x 6= 0.

Exercise 87.12. The two player game of �Brussels sprouts� works as follows:
(1) Initially one draws n disjoint crosses on a 2-dimensional smooth manifold.
(2) The two players take turns to do the following move: Join two free ends with a curve,

without crossing any existing curve, and then put a short stroke across the new curve
to create two new free ends.

Such a game with n = 2 is illustrated in the �gure below.

player 2player 1 player 2player 1

n = 2 player 1 player 2 player 1 player 2

(a) Suppose that the game takes place on the plane R2. Show that if n is odd, then
the �rst player will always win and show that if n is even, then the second player
invariably wins.

(b) Show that the conclusion of (a) also holds if the game takes place on a closed ori-
entable 2-dimensional smooth manifold.

Remark. The game of �Brussels sprouts� is a variation on the more interesting game
�sprouts� introduced by John Conway and Michal Paterson in the 1967. More infor-
mation on �Sprouts� and �Brussels sprouts� can be found in [FiG1991, Chapter 6] and
[Gardn1989, Chapter 1].
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88. Applications of the Euler characteristic (∗)

In this chapter we show that the fairly simple concept of the Euler characteristic can be
used to give answers to several questions about 3-dimensional objects. The reader is warned
in that in this chapter at times we will sacri�ce complete notational rigor for readability.

88.1. Building a leather football `. In this section we will discuss the shapes of foot-
balls and the platonic solids. The results of this section will not be used later on and we
will present some of the material in a slightly informal, somewhat less rigorous style.

De�nition. An n-gon on the 2-dimensional sphere S2 is called regular if the isometry
group of the sphere acts transitively on the set of vertices and the set of faces of the n-gon.
In particular all interior angles are the same. For example the classical leather football is
made out of regular pentagons and hexagons.

regular pentagon

regular hexagon

Now we want to determine how many pentagons and hexagons are required to make a
football. So suppose a football is made out of p spherical regular pentagons and h spherical
regular hexagons where the vertices of the pentagons are precisely the vertices of hexagons.
This endows S2 with a CW-structure. We �rst note that each 1-cell bounds two 2-cells. Fur-
thermore, elementary spherical geometry, see e.g. [Bon2009, p. 53] or [Fen2001, p. 260],
says that the interior angle of a spherical pentagon and a spherical hexagon are larger than
the corresponding Euclidean angles. Therefore we see that interior angles are larger than1066

π− 2π
5

= 3
5
π. So at any vertex there are not more than three hexagons and pentagons that

meet, which of course implies that there are precisely three hexagons and pentagons that
meet. Therefore we see that

#2-cells = p+ h

#1-cells = 1
2(5p+ 6h)

#0-cells = 1
3(5p+ 6h).

By the Euler Characteristic-H∗-Proposition 87.1 and the above calculation of the Euler
characteristic of S2 we now have

2 = χ(S2) =
2∑

n=0

(−1)n ·#n-cells = 1
3(5p+ 6h)− 1

2(5p+ 6h) + (p+ h) = 1
6p.

Thus we see that a football has to have precisely 12 pentagons. On the other hand, the
number of hexagons is not �xed. For example, the standard football has 20 hexagons, as
pictured in the �gure below on the left.
But in principle one could also build a football with zero hexagons, see the �gure below
one the right, and one obtains a spherical dodecahedron. One could also build with many
hexagons, but they would be much less round since they would have bigger �at parts.

1066Where does that formula come from?
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hexagon

pentagon

Buckminsterfullerene C60

dodecahedron spherical dodecahedron

The 1-skeleton of this CW-structure were in fact already �invented by nature�, more pre-
cisely, there exists a molecule, called the Buckminsterfullerene C60, built out of 60 carbon
atoms, which has exactly the same shape as a football. More information can be found at

https://en.wikipedia.org/wiki/Buckminsterfullerene

88.2. Platonic solids `. Recall that on page 157 we de�ned the convex hull of a subset
S Ă Rn as the intersection of all convex subsets of Rk that contain S. Since the intersection
of convex sets is again convex we see that the convex hull of S is a convex subset of Rk.
De�nition.
(1) A convex polyhedron is the convex hull of �nitely many points in Rk.1067 10681069

(2) The dimension of a convex polyhedron is de�ned as the minimal dimension of an
a�ne subspace of Rk that contains the convex polyhedron.

We leave the task of providing a proof of the following lemma to the meticulous reader.

Lemma 88.1. If P is a convex polyhedron in Rk, then there exists a unique �nite set V
such that P is the convex hull of V , but such that for any proper subset W of V , P is not
the convex hull of W .

De�nition. Let P be a convex polyhedron in Rk.
(1) We refer to the �nite set of Lemma 88.1 as the vertices of the convex polyhedron P .

1067It is an amusing little exercise to show that this notion of a convex polyhedron agrees with the notion
that we had originally de�ned on page 1552.
1068In the literature a convex polyhedron is often also called a polytope.
1069Recall that we saw in Exercise 2.38 (a) that the convex hull of points P1, . . . , Pn ∈ Rk is given by the
set { n∑

i=1

ti · Pi
∣∣ t1, . . . , ti ∈ R≥0 and

n∑
i=1

tn = 1
}
.

https://en.wikipedia.org/wiki/Buckminsterfullerene
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points in R2 convex polyhedron
de�ned by these points

vertices of the
convex polyhedron

(2) If P is a k-dimensional convex polyhedron, then an edge of the convex polyhedron
is the convex hull of two vertices that has the property that it lies on ∂P .1070

(3) If P is a k-dimensional convex polyhedron, then anm-dimensional face of the convex
polyhedron is the convex hull of m vertices that has the property that it lies on ∂P .
(In particular, by de�nition a 1-dimensional face is exactly the same as an edge.)

(4) An edge is a 1-dimensional face and sometimes we refer to a 2-dimensional face just
as a face, without specifying the dimension.

(5) The valence of a vertex is de�ned as the number of edges that contain the vertex.

Example. The notion of a vertex, an edge, a face and the valence of a vertex are illustrated
in the �gure below.

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
��
��
��

��
��
��

��
��
��
��

�
�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

��
��
��
��

vertex of valence 4

vertex of valence 3

face of the convex polyhedron

edge

Proposition 88.2. (Euler's Formula) Let P be a k-dimensional convex polyhedron
in Rk.
(1) The interior

◦
P of P is non-empty and all faces of P are of dimension ≤ k − 1.

(2) The boundary ∂P admits a CW-structure such that for each j ∈ N0 the j-cells are
precisely the j-dimensional faces of P .

(3) k−1∑
j=0

(−1)j ·#j-dimensional faces = 1 + (−1)k−1.

Remark. The 3-dimensional version of Proposition 88.2 gives us that for the boundary of
a 3-dimensional convex polyhedron in R3 we have

number of vertices− number of edges + number of faces = 2.

This equality is known as Euler's Formula and was �rst formulated Leonhard Euler in
1752. Arguably Euler's Formula is historically the �rst result in topology. A famous book
by Imre Lakatos [Lak1976] is dedicated to the challenge of �nding the correct statement
of Euler's formula and of providing a rigorous proof of Euler's Formula without employing
the technical machinery, namely singular homology, that we used.

1070Here ∂P is the boundary of P viewed as a subset of Rk.
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Proof. We leave the pleasure of proving the �rst two statements to the reader as Exer-
cise 88.1. Now we calculate that

Convex-to-Ball Proposition 2.20 (2) together with (1)
↓k−1∑

j=0

(−1)j ·#j-dimensional faces = χ(∂P ) = χ(Sk−1) = 1 + (−1)k−1.
↑ ↑

by (1) and (2) see page 1879 �

We move on to the next de�nitions.
De�nition.
(1) Let P be a convex m-dimensional polyhedron in Rk.

(a) A rotational symmetry of P in Rk is a matrix A ∈ SO(k) such that A · P = P .
The rotational symmetry group Sym(P ) Ă SO(k) is de�ned as the group of all
rotational symmetries of P .

(b) A �ag of P is a sequence F0 Ă F1 Ă · · · Ă Fm−1 of faces of P such that each Fi
is i-dimensional.

(c) A convex polyhedron P is called regular if the rotational symmetry group Sym(P )
acts transitively on the set of �ags of P .

(2) Two convex polyhedra P and Q in Rk are called equivalent if there exists an r > 0,
a point v ∈ Rk, and an orthogonal matrix A ∈ SO(k) with P = A · (r ·Q) + v.
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three �ags in the regular tetrahedron T

Examples.
(1) Let T be the 3-dimensional polyhedron in R3 that has four 2-dimensional faces, each

of which is an equilateral triangle. We show T together with three �ags in the �gure
above. Some elementary geometry shows that T is, up to equivalence, uniquely
de�ned and it is regular. We refer to T as the regular tetrahedron.

(2) The standard n-simplex ∆n is an n-dimensional convex polyhedron in Rn+1 with
vertex set {(1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 0, 1)}. Each vertex has valence n.
It is straightforward to see that ∆n is regular.

(3) Let n ∈ N≥3 and r > 0. The convex hull of the points r, r · eπ i/n, . . . , r · e2π i(n−1)/n

in C = R2 is a regular convex polyhedron with vertices r, r · e2π i/n, . . . , r · e2π i(n−1)/n,
where each vertex has valence 2. We leave it to the reader to show that, up to
equivalence, these are all regular 2-dimensional convex polyhedra in R2. We refer to
the �gure below for an illustration.

(4) The convex polyhedron spanned by {(±1, 0, 0), (0,±1, 0), (0, 0,±1)} is a regular 3-
dimensional convex polyhedron where each vertex has valence 4. This convex poly-
hedron is usually called the regular octahedron. We refer to the �gure below for an
illustration.

(5) We consider the cube [−1, 1]3 Ă R3. In [Arm1988, p. 38] it is shown that the group
Sym([−1, 1]3) is isomorphic to S4. More precisely, we denote by D the set of the
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convex hull of 1, e2πi/5, . . . , e2π4/5 convex hull of {(±1, 0, 0), (0,±1, 0), (0, 0,±1)}

1

e2πi/5

e2π4i/5
e2π3i/5

e2π2i/5

regular convex polyhedron in R2 regular octahedron

vertex of valence 4

diagonals in the cube, i.e. the segments in R3 spanned by opposite vertices of the
cube. Note that D has precisely four elements. We refer to the �gure below for an
illustration. Then the map

Sym([−1, 1]3) → S4
∼= permutation group of D

A 7→
(
D → D
d 7→ A · d

)
is shown in [Arm1988, p. 38] to be an isomorphism.1071 It is clear that the cube is
a regular convex polyhedron. Since it has six sides it is in our context also referred
to as regular hexahedron.

(6) Let z := 1 +
√

5
2
be the golden ratio. We denote by D the polyhedron that is spanned

by the 20 vertices

(±1,±1,±1), (0,±z,±1
z
), (±1

z
, 0,±z), and (±z,±1

z
, 0).

It is illustrated in the �gure below. By [Cox1948, p. 53] this is a regular polyhedron.
We refer to is as the regular dodecahedron. Note that it has 12 faces and 20 vertices.
We can inscribe �ve cubes C1, . . . , C5 into the regular dodecahedron. In [Arm1988,
p. 40] it is shown that the map

Sym(D) → A5
∼= positive permutations of {C1, . . . , C5}

A 7→ (Ci 7→ A · Ci)
is an isomorphism.1072

(7) Let z := 1 +
√

5
2
be the golden ratio. We denote by I the polyhedron that is spanned

by the 12 vertices

(0,±1,±z), (±z, 0,±1) and (±1,±z, 0).

By [Cox1948, p. 52] this is a regular polyhedron. We refer to is as the regular
icosahedron. Note that the regular dodecahedron has 20 vertices and 12 faces whereas

1071It is a good exercise to verify this statement.
1072The regular dodecahedron, and its symmetry group, will play a prominent role later on. More precisely
in Section 98.4 we will use these to construct the Poincaré homology sphere which is a closed 3-dimensional
smooth manifold M such that π1(M) is a group of order 120, but with trivial abelianization.
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cube inscribed into the
regular dodecahedron

regular dodecahedron the �ve diagonals of a
face correspond precisely
to one inscribed cube

the regular icosahedron has 12 vertices and 20 faces. In fact the regular icosahedron
is dual to the regular dodecahedron in the following sense: up to a scaling factor
and a rotation, the regular icosahedron is spanned by the centers of the faces of the
regular dodecahedron and vice-versa. We refer to the �gure below for an illustration
of this fact. It follows that the symmetry group of the regular icosahedron I is in
a suitable sense equal to the symmetry group of the regular dodecahedron D. In
particular the group Sym(I) is isomorphic to A5.
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regular dodecahedron

regular icosahedron

The following de�nition is one of the oldest in the history of mathematics.

De�nition. A Platonic solid is a regular 3-dimensional convex polyhedron in R3.

Theorem 88.3. Up to rotation and stretching the only regular convex 3-dimensional
polyhedra in R3 are the platonic solids illustrated in the �gure below.1073 They have the
following types of faces and valences and they have the following rotational symmetry
groups:

tetrahedron hexahedron octahedron dodecahedron icosahedron
number of faces 4 6 8 12 20

shape of face 3-gon 4-gon 3-gon 5-gon 3-gon
valence of vertex 4 3 4 3 5

rotational symmetry A4 S4 S4 A5 A5

group

Sketch of proof. We will not provide a full proof for the theorem. We refer to [Cox1948,
Section 6.7] for a full proof that the list of �ve platonic solids is indeed complete. Further-
more we refer to [Arm1988, p. 40] or alternatively to [Ae2008, Chapter 5.5] for a proof
of the statement regarding the rotational symmetry groups.1074

1074We had sketched the proofs for the regular hexahedron, the regular dodecahedron and the regular
icosahedron.
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valence 4
eight 3-gons

valence 4
four 3-gons

valence 3
six 4-gons twenty 3-gons

valence 3
twelve 5-gons

dodecahedronoctahedrontetrahedron hexahedron icosahedron

valence 5

In the following we will show that any platonic solid �ts into the table of the theorem.
Put di�erently, we will show that given any platonic solid the number of faces, the shape of
faces and the valence of a vertex corresponds to one of the �ve columns in the above table.

Thus let P be a regular convex 3-dimensional polyhedron in R3. We make the following
observations:
(1) It follows easily from the de�nition of a regular polyhedron that there exists an m

such that each face of P is a regular m-gon.
(2) The number of faces that meet a vertex is the same for every vertex and it is at least

three.
The following claim tells us the possible values for m and the number of faces that meet at
a vertex.
Claim. possible values for m 3 4 5

faces that meet at a vertex 3, 4, 5 4 3

Proof. First note that after a translation we can assume that the sum of all vertices is in the
origin. Next we shrink the convex polyhedron so that it �ts into the sphere S2. Then we
consider the projection of the vertices and edges of the convex polyhedron onto the sphere,
see the �gure below. Recall that the spherical interior angle of a regular m-gon is greater
than the Euclidean angle of a regular m-gon. So it follows that in our case the interior
angle is greater than the angle of a regular m-gon in R3, i.e. it is greater than π− 2π

m
. Since

at any vertex at least three faces meet we obtain the restriction that 3(π − 2π
m

) < 2π. It is
now straightforward to see that we obtain the stated table. �
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projection of vertices
onto the sphere

embed polyhedron
in the 3-ball

projection of edges
onto the sphere

Now we treat the cases m = 3, 4, 5 separately. We start out with the case m = 3, i.e.
we assume that all the faces of the convex polyhedron are equilateral triangles. Let us �rst
consider the case that three triangles meet at a vertex. Then we have

#faces = k, #edges = 1
2 · 3k and #vertices = 1

3 · 3k.



1900

Now we see that

2 = #vertices−#edges + #faces = k − 3
2k + k = 1

2k.↑ ↑
Euler's Formula 88.2 by the above

It follows that k = 4. Almost the same calculation shows that if four triangles meet at a
vertex, then k − 3

2
k + 3

4
k = 2, i.e. k = 8. Finally by the above claim it remains to consider

the case that �ve triangles meet at a vertex. In this case we see that k − 3
2
k + 3

5
k = 2, i.e.

k = 20.
Next we consider the case m = 4, i.e. each face is a square. The same argument as

above shows that the valence of a vertex can only be three and the same calculation shows
that there have to be precisely six faces. Finally if m = 5, i.e. if each face is a regular
pentagon, then as above we see that the valence of a vertex can only be three and that
there have to be precisely twelve faces. �

On page 1896 we had just seen that there exist in�nitely many equivalence classes of regular
convex polyhedra in R2. On the other hand we have just seen in Theorem 88.3 that in R3

there are only �nitely many, namely precisely �ve equivalence classes of regular convex
polyhedra in R3. This begs the question, what is the number in higher dimensions? It
turns out that in R4 there are six equivalence classes of regular convex polyhedra, whereas
in all higher dimensions there are only three equivalence classes of convex polyhedra. A
nice exposition of these facts is given on the following website:

http://math.ucr.edu/home/baez/platonic.html

88.3. Planar graphs `. On pages 307 and 313 we de�ned the notions of an (ordered)
abstract graph. By Lemma 7.5 and the discussion on page 313 we know that they have
homeomorphic topological realizations. In this section we will mostly deal with undirected
abstract graphs. Since this name is rather unwieldy we will refer to them just as graphs.
For the convenience of the reader we recall the de�nition.
De�nition. An (undirected abstract) graph G is a triple (V,E, ϕ) where V is a non-empty
set, E is a set and ϕ is a map

ϕ : E → {subsets of V with one or two elements}.
The elements of V are called vertices of G and the elements of E are called the edges of G.

Examples.
(1) For n ∈ N we de�ne the complete graph Kn as the abstract graph with vertex set V =
{v1, . . . , vn} and edge set E = {{vi, vj} | i, j ∈ {1, . . . , n} with i 6= j}. Furthermore
we de�ne ϕ : E → V via ϕ(e) = e. Put di�erently, the complete graph Kn has n
vertices and each vertex is connected to any other vertex by precisely one edge. In the
�gure below we show topological realizations of the complete graphs K1, K2, K3, K4

and K5.
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http://math.ucr.edu/home/baez/platonic.html
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(2) For every choice of m,n ∈ N we de�ne the complete bipartite graph Km,n as the
abstract graph which is de�ned by the vertex set V = {x1, . . . , xm}∪{y1, . . . , yn}, the
edge set E = {{xi, yj} | i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}} and the map ϕ : E → V
via ϕ(e) = e. Put di�erently, the complete bipartite graph Km,n consists of m �red-
colored� vertices, n �green-colored� vertices and each �red-colored� vertex is connected
to any �green-colored� vertex by precisely one edge. In the �gure below we show
topological realizations of the complete bipartite graphs K2,3, K1,5 and K3,3.
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K3,3K2,3 K1,5

Let G = (V,E, ϕ) be a graph. On page 308 we introduced its topological realization
|G|. It follows from Lemma 7.5 and the discussion on page 1470 that |G| is naturally
a 1-dimensional CW-complex where the 0-cells correspond to the vertices and the 1-cells
correspond to the edges.
Let G be a �nite graph. On page 312 we had already mentioned that there exists an
embedding of its topological realization |G| into R3. In Question 7.4 we asked, without
really expecting a positive answer, whether one can always �nd an embedding of |G| into
R2. This leads us to the following dimension.

De�nition. We say a �nite graph G is planar if its topological realization |G| admits an
embedding |G| → R2.

Examples.
(1) The above graphs K1, K2, K3 and K1,5 are planar. The above topological realizations

of K4 and K2,3 are not planar. But as we see in the �gure below both graphs admit
planar realizations.
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topological realizations of K4 topological realizations of K2,3

(2) One can easily verify that given an m ∈ N the bipartite graph K2,m is planar.

Now the following question arises.
Question 88.4. Are the graphs K5 and K3,3 also planar?
If this question sounds to abstract and bipartite graphs sound too otherworldly let me
reformulate the question regarding K3,3.

Question 88.5. Suppose we are in charge of �nding e�cient bus routes in a given city.
Furthermore suppose the city has three main employers A, B and C. After work the
employees, naturally, either want to go to the train station α, or the swimming pool β
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or the shopping mall γ. Is it possible to �nd bus routes which connect each of the three
employers with each of the three destinations such that the bus routes do not intersect?1075

��
��
��
��

���
���
���

���
���
���

���
���
���
���

��
��
��

��
��
��

���
���
���

���
���
���

���
���
���
���

??

????? ??
A

B

C

α

β

γ

To answer that question we need a few more de�nitions.
De�nition. Let G be a graph.
(1) Given n ∈ N we denote by Xn the �circular graph with n vertices and n edges�, more

precisely, Xn is the graph with

V (Xn) = {1, . . . , n} and E(Xn) = {{1, 2}, {2, 3}, . . . , {n− 1, n}, {n, 1}}.
(2) A cycle of length n in G is an injective map ϕ : Xn → G of graphs in the sense of

the de�nition given in Exercise 7.10.
(3) The girth of G is the shortest length of a cycle in G. If G has no cycles, then we

de�ne its girth as ∞.
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X5

graph G

cycle of length 5

Examples.
(1) The girth of the graph shown in the �gure above to the right is one, since it has an

edge where the two endpoints agree.
(2) For any n ≥ 3 the girth of the complete graphs Kn equals three.
(3) For any n,m ≥ 2 the girth of the complete bipartite graphs Kn,m equals four.

The following gives an obstruction to a graph being planar.
Proposition 88.6. Let G be a graph with v vertices and e edges. We denote by g the
girth of G. If G is planar and if g <∞, then

e ≤ g
g−2 · (v − 2).

Sketch of proof. Let G be a graph with v vertices and e edges. We suppose that the
girth g of G is �nite. Furthermore we suppose that G is planar, i.e. we suppose that there
exists an embedding ϕ : |G| → R2. We write X = ϕ(|G|). Without loss of generality we
can assume that X lies in B

2
.

Now we view X as a subset of the sphere S2 = B
2
/S1. We refer to the closures of the

components of S2 \ X as faces and we denote by f the number of faces. We refer to the
�gure below for an illustration. We make the following observation:
1075It follows easily from Proposition 36.4 that the answer to this question does not depend on the precise
location of A,B,C and α, β, γ, as long as they are distinct.
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faces of S2 = B
2
/S1

planar graph G X

(1) The vertices, edges and faces de�ne a CW-structure for S2 = B
2
/S1.1076

(2) We make the following two observations:
(a) The boundary of each face is a cycle. By the de�nition of the girth each face is

bounded by at least g edges.
(b) Each edge lies in the boundary of at most two faces.
Now we deduce that

g · f ≤
∑

faces f

number of edges in the boundary of f

= number of pairs (f, e) where f is a face and e an edge in the boundary of f
=

∑
edges e

number of faces that contain e in the boundary ≤ 2e.

Here the �rst inequality follows from (a) and the last inequality follows from (b).
Summarizing we see that g · f ≤ 2e.

Now we see that

2 = χ(S2) = v − e+ f ≤ v − e+ 2
ge = v − g−2

g e.
↑ ↑

see page 1879 since g · f ≤ 2e

Solving for e we get the desired inequality e ≤ g
g−2 · (v − 2). �

The following proposition gives in particular a negative answer to Question 88.4.

Proposition 88.7. If a graph G contains the complete graph K5 or the complete bipartite
graph K3,3 as a subgraph, then G itself cannot be planar.

Proof.

(1) Let m ∈ N≥3. It is straightforward to see that the complete graph Km has m vertices
and 1

2
m(m− 1) edges. Furthermore the girth is three. It is straightforward to verify

that the inequality of Proposition 88.6 is only satis�ed for m = 3 and m = 4.
(2) Let m,n ∈ N≥2. Again it easy to verify that the complete bipartite graph Km,n has

m + n vertices and m · n edges. Furthermore,as we pointed out above, the girth is
four. It is straightforward to verify that the inequality of Proposition 88.6 is only
satis�ed if m = 2 or n = 2.

(3) The Proposition now follows from (1) and (2) and the observation that if a graph is
planar, then any subgraph is also planar. �

1076Here is the reason why it is the sketch of a proof: we do not prove that each face is in fact homeomorphic
to a closed disk. This statement is �clear from the picture� and it can be proved using the Schön�ies
Theorem 82.4. But we will not attempt to give a rigorous proof.
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Remark. Let G be a graph that contains the complete graph K7. By Proposition 88.7
the graph G cannot be planar. John Conway and Cameron Gordon proved in 1984 the
following interesting variation: given any embedding ϕ : |G| → R3 such that image is a
polygon (i.e. it is the union of �nitely many line segments) the image ϕ(|G|) contains a
non-trivial polygonal knot. More precisely, there exists a closed polygon C in ϕ(|G|) such
that π1(R3 \C) is not isomorphic to Z. We refer to [CoG1983] for the precise formulation
of the theorem and the proof.

Now we will consider the question, to what degree the converse to Proposition 88.7 holds.
First we need to introduce the notion of a subdivision of a graph. From the �gure below it
should become clear what is meant be a subdivision. As so often, the formal de�nition is
a little cumbersome.

De�nition. Let G = (V,E, ϕ : E → P(V )) be a graph.
(1) Let e ∈ E be an edge. We say that a graph G′ = (V ′, E ′, ϕ′ : E ′ → P(V ′)) is a

subdivision of G at e if V ′ = V t{w} and E ′ = (E \ {e})t{f1, f2} with w 6∈ V and
f1, f2 6∈ E such that ϕ′(e′) = e for e′ ∈ E \ {e}, ϕ′(f1) = {v1, ∗} and ϕ′(f2) = {v2, ∗}
where ϕ(e) = {v1, v2}.

(2) We say a graph G′ is a subdivision of G if G′ is obtained from G by a �nite sequence
of subdivisions along edges.
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e f2w
f1

f2

w

f1

e

v1

v2
v1 = v2

G′G G

subdivision at e subdivision at e

G′

The following lemma says in particular that �planarity� is una�ected by subdivisions.

Lemma 88.8. Let G be a graph. If G′ is a subdivision of G, then the topological realiza-
tions of G′ and G are homeomorphic.

Proof. We leave it to the reader to provide the elementary proof of this lemma. �

We move on to the �nal de�nition of this section.

De�nition. We say a graph is simple if its girth is at least three.
Put di�erently, a graph G is simple if the following two conditions are satis�ed:

(1) G has no loops, i.e. if there is no edge where the two endpoints agree,
(2) G does not have multiple edges, i.e. there are no two edges with the same endpoints.
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In the remainder of this section we restrict ourselves to graphs that are simple. We start
out with the following observations.
(1) If a simple graph G admits a vertex v of valence1077 one, then v is the endpoint of a

single edge e. If we delete v and e we obtain a new graph G′. An argument as in the
proof of Proposition 50.15 shows that the topological realization of G′ is homotopy
equivalent to the topological realization of G. It is straightforward to see that G is
planar if and only if G′ is planar.

(2) If a simple graph admits a vertex v of valence two, then v is the endpoint of two
edges e1 and e2. We can combine e1 and e2 into one edge and eliminate v. This way
we obtain a new graph with a homeomorphic topological realization.

This shows that for the most part we can restrict ourselves to simple graphs where every
vertex has valence at least three.
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1 2

is homotopy equivalent to

valences

If we restrict ourselves to simple graphs such that every vertex has valence at least three,
then the graphs K5 and K3,3 turn out to be the only obstruction to being planar. More pre-
cisely the following theorem was proved by Kuratowski1078 in 1930. We refer to [BoM2008,
Chapter 10.5] for a proof.

Theorem 88.9. (Kuratowski's Reduction Theorem) Let G be a �nite simple graph
such that every vertex has valence at least three. Then the following statements are
equivalent:
(1) The graph G is planar.
(2) The G contains neither a subdivision of K5 nor a subdivision of K3,3 as a subgraph.

Exercises for Chapter 88.

Exercise 88.1.
(a) Let P be a k-dimensional convex polyhedron in Rk. Show that the interior

◦
P of P

is non-empty.
(b) Let Q be a k-dimensional convex polyhedron in some Rn. Show that Q is homeo-

morphic to B
k
.

Hint. Use (a) and the Convex-to-Ball Proposition 2.20 (2).
(c) Let P be a k-dimensional convex polyhedron in some Rn. Show that P admits a

CW-structure such that the boundary ∂P is a subcomplex and such that for each
j ∈ N0 the j-cells in ∂P are precisely the j-dimensional faces of P .

Exercise 88.2.
(a) Show that there exist injective maps K5 → S1 × S1 and K3,3 → S1 × S1.

1077Recall that the valence of a vertex is de�ned as the number of edges that contain the vertex.
1078Kazimierz Kuratowski (1896-1980) was a Polish mathematician.
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(b) Let n ∈ N≥6. What is the smallest g that you can �nd such that there exists an
injective map from Kn to the surface of genus g?

Exercise 88.3. In his last will, a farmer, who owns a rectangular plot, wants to distribute
his land among his sons as follows:
(1) every son gets a connected compact �eld with non-empty area,
(2) every son should be the neighbor of every other son.

What is maximal number of sons for which the farmer's last will can be ful�lled?
Remark. On the margin of the last will the farmer insists that the new distribution should
give a CW-structure for the rectangular plot.
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Exercise 88.4. Find an embedded loop on the edges of the dodecahedron that covers all
vertices.
Remark. This is known as Hamilton's �icosian game�. This puzzle was actually marketed
in the 19th century as a board game.
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loop that covers all verticescube the dodecahedron
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89. Homology with coefficients

In this chapter we will introduce the homology groups of a topological space X with coef-
�cients in a ring R. These homology groups will have many applications, for example they
will be essential in relating the homology groups of a smooth manifold M to the de Rham
cohomology groups of M . They will also be essential in proving theoretic statements, for
example we will need to work with F2-coe�cients to prove the higher-dimensional analogue
of the Borsuk-Ulam Theorem 48.21. Before we can introduce the homology groups with
coe�cients we will need to introduce or recall some basic algebraic concepts.

89.1. The tensor product of abelian groups. The key to de�ning homology groups
with coe�cients is the notion of the tensor product of two abelian groups.

De�nition. Let A and B be abelian groups. We de�ne the tensor product A⊗B to be
the following abelian group:

A⊗B :=

{
free abelian group which is generated by all
symbols of the form a⊗b with a∈A, b∈B

} /
N(A,B)

where N(A,B) is the subgroup generated by the elements of the form

(a+ a′)⊗ b− (a⊗ b+ a′ ⊗ b) and a⊗ (b+ b′)− (a⊗ b+ a⊗ b′)
with a, a′ ∈ A and b, b′ ∈ B. For a ∈ A and b ∈ B we denote, by a slight abuse of notation,
the image of a⊗ b in A⊗B again by a⊗ b.
We summarize some elementary properties of the tensor product of two abelian groups in
the following lemma.

Lemma 89.1. Let A and B be two abelian groups.
(1) For any a, a′ ∈ A and b, b′ ∈ B we have

(a+ a′)⊗ b = a⊗ b+ a′ ⊗ b ∈ A⊗B
a⊗ (b+ b′) = a⊗ b+ a⊗ b′ ∈ A⊗B.

(2) For any a ∈ A, b ∈ B and m ∈ Z we have

(m · a)⊗ b = a⊗ (m · b) = m · (a⊗ b).

(3) Any element in A⊗B is of the form
n∑
i=1
ai ⊗ bi.

(4) Let n ∈ N. For any c ∈ A⊗ Zn we have n · c = 0 ∈ A⊗ Zn.

Proof. Let A and B be two abelian groups.

(1) This statement is an immediate consequence of the de�nition of the tensor product.
(2) Let a ∈ A and b ∈ B. We �rst consider the case that m > 0. We have

(m · a)⊗ b =
( m∑
i=1
a
)
⊗ b =

m∑
i=1
a⊗ b = m · (a⊗ b) = . . . = a⊗ (m · b).

↑ ↑
by (1) same argument backwards

It follows easily from (1) that 0⊗b = a⊗0 = 0 and that (−a)⊗b = a⊗(−b) = −a⊗b.
Using these observations we get Statement (2) for m = 0 and we can easily reduce
the case m < 0 of (2) to the case m > 0 of (2).



1908

(3) It follows immediately from the de�nition of the tensor product, together with the no-
tational convention of �formal linear combinations� that we introduced on page 1147

that any element in A ⊗ B is of the form
n∑
i=1
ri · (ai ⊗ bi). But by (2) we know that

ri · (ai ⊗ bi) = (ri · ai)⊗ bi thus we get the desired result.

(4) Let n ∈ N and let c ∈ A⊗Zn. By (3) we can write c =
m∑
i=1
ai⊗ ri with a1, . . . , am ∈ A

and r1, . . . , rm ∈ Zn. Then

n · c = n ·
( m∑
i=1
ai ⊗ ri

)
=

m∑
i=1
ai ⊗ n · ri︸︷︷︸

=0

= 0.
↑

by Statement (2) �

De�nition. Let A,B and C be abelian groups. We say that a map f : A × B → C is
bilinear, if for all a, a′ ∈ A, b, b′ ∈ B the following equalities hold:

f(a+ a′, b) = f(a, b) + f(a′, b) and f(a, b+ b′) = f(a, b) + f(a, b′).

We leave it to the reader to provide the elementary proof of the following lemma.
Lemma 89.2. Let A and B be abelian groups.
(1) The map f : A×B → A⊗B

(a, b) 7→ a⊗ b
is bilinear.

(2) Given any abelian group G and any bilinear map g : A × B → G there exists a
unique homomorphism ϕ : A⊗B → G such that the following diagram commutes:

A×B
g

''

f
// A⊗B

ϕ unique
��

G.

(3) Given any abelian group G the map

Hom(A⊗B,G) → set of bilinear maps A×B → G

(ϕ : A⊗B → G) 7→ (A×B f−→ A⊗B ϕ−→ G)

is a bijection.

Remark. One can show quite easily that if a homomorphism g : A × B → H is bilinear
and if this homomorphism satis�es the universal property of Lemma 89.2 (2), then there
exists an isomorphism H

∼=−→ A⊗B. We will not make use of this observation.

Before we state a few more properties of the tensor product it is convenient to introduce
the following de�nition.

De�nition. Let f : A → A′ and g : B → B′ be homomorphisms between abelian groups.
We de�ne f ⊗ g to be the homomorphism that is given by1079

f ⊗ g : A⊗B → A′ ⊗B′
n∑
i=1

ai ⊗ bi 7→
n∑
i=1

f(ai)⊗ g(bi)

1079It is straightforward to verify that the map f ⊗g is indeed well-de�ned and that it is a homomorphism.
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Now we can continue with the promised lemma on properties of the tensor product. On
many occasions we will make use of it without explicitly referring to it.

Lemma 89.3. (Tensor Lemma) Let A,B,C and Ai, i ∈ I be abelian groups.
(1) The maps

A⊗B → B ⊗ A
n∑
i=1
ai ⊗ bi 7→

n∑
i=1
bi ⊗ ai

and

(⊕
i∈I
Ai

)
⊗B →

⊕
i∈I
Ai ⊗B( n∑

i=1
ai

)
⊗ b 7→

n∑
i=1
ai ⊗ b

are well-de�ned and they are natural isomorphisms.
(2) The map (A⊗B)⊗ C → A⊗ (B ⊗ C)

n∑
j=1

(aj ⊗ bj)⊗ cj 7→
n∑
j=1

aj ⊗ (bj ⊗ cj)

is well-de�ned and it is a natural isomorphism.
(3) Let k ∈ N. The maps1080

Zk ⊗ A → A/kA
m∑
i=1
ni ⊗ ai 7→

m∑
i=1
ni · ai

and
Z⊗ A → A

m∑
i=1
ni ⊗ ai 7→

m∑
i=1
ni · ai.

are well-de�ned and they are natural isomorphisms.
(4) Suppose (I,≤) is an ordered set and ({Ai}i∈I , {ϕij}i≤j) is a direct system of abelian

groups. Then the map

lim−→ (Ai ⊗B)
∼=−→
(
lim−→Ai

)
⊗B

that is induced by the maps Ai → lim−→Ai is a natural isomorphism.

Proof. We refer to [Lang1993, Corollary XVI.2.2] for a proof for the distributivity in (1).
The other statements in (1) to (3) follow fairly easily from the de�nitions and Lemma 89.1.
We refer to [Mun1984, Chapter 50] for details. A proof of the last statement is given in
[Bou2007, Chapter II.6.3] or alternatively in [Mats1989, Theorem A1]. �

Convention. Given several abelian groups A1, . . . , Ak we use the Tensor Lemma 89.3 as
an excuse to write A1 ⊗ A2 ⊗ · · · ⊗ Ak, even though strictly speaking as a set this object
does depend on the parenthesis.

Remark.
(1) As we mentioned in the statement of the Tensor Lemma 89.3, all the isomorphisms are

natural, in the sense that they de�ne natural transformations between appropriate
functors. For example if we denote by AbGroup the category of abelian groups, then
the isomorphisms of the Tensor Lemma 89.3 (3) de�ne a natural transformation
between the two functors

AbGroup → AbGroup
A 7→ A

and
AbGroup → AbGroup

A 7→ Z⊗ A.
As an example, for every k ∈ N and any abelian group A we get a commutative
diagram

1080Note that for an abelian group A and k ∈ Z the set kA := {k · a | a ∈ A} is a subgroup of A and we
can thus form the quotient A/kA.
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Z⊗ A
·k⊗id

��

∼=
n⊗a7→n·a

// A
·k
��

Z⊗ A
∼=

n⊗a7→n·a
// A.

(2) We use these natural isomorphisms from the Tensor Lemma 89.3 to identify the
various groups. Note that the Tensor Lemma 89.3 (2) allows us to write the tensor
product A⊗B ⊗ C unambiguously without having to worry about parentheses.

(3) In the Tensor Lemma 89.3 we saw that the tensor product commutes with forming
direct sums. The analogous statement is not true if we replace direct sums by direct
products. More precisely, in Exercise 89.11 we will see that( ∏

n∈N
Zn
)
⊗Q 6= 0 but

∏
n∈N

(Zn ⊗Q)︸ ︷︷ ︸
= 0, by the Tensor Lemma 89.3 (3)

= 0.

Examples.
(1) Let m,n ∈ N. We write r = gcd(m,n) and s = m/r. Then

Zm⊗Zn ∼= Zn/mZn = Zn/rsZn = Zn/r · (sZn) = Zn/rZn
·n/r←−−∼= Zr = Zgcd(m,n).

↑ ↑
Tensor Lemma 89.3 (3) since s is coprime to n

(2) Let A be a �nitely generated abelian group of rank r. By the Finitely Generated
Abelian Group Classi�cation Theorem 51.4 we have A ∼= Zr⊕

n⊕
i=1

Zai where a1, . . . , an

are non-zero natural numbers. For S = Q, S = R or S = C we have

A⊗S ∼=
(
Zr ⊕

n⊕
i=1

Zai
)
⊗ S = (Z⊗ S)r ⊕

(
n⊕
i=1

Zai ⊗ S
)
∼= Sr ⊕

n⊕
i=1

S/aiS = Sr.
↑ ↑ ↑

Tensor Lemma 89.3 (1) Tensor Lemma 89.3 (3) since ai 6=0 in S=Q,R,C

(3) Let A be an abelian group, then

ker

(
A → A⊗Q
a 7→ a⊗ 1

)
= all torsion elements of A.

If A is �nitely generated, then this follows easily from the classi�cation of �nitely
generated abelian groups together with the Tensor Lemma 89.3. If A is in�nitely gen-
erated, then we can view it as the direct limit of �nitely generated abelian groups and
using the Tensor Lemma 89.3 the statement can be reduced to the �nitely generated
case. We leave the details to the reader.

(4) Recall that given a set W we denote by Z(W ) the free abelian group generated by W .
Let A and B be two sets. We then have

Tensor Lemma 89.3 (1) Tensor Lemma 89.3 (3)
↓ ↓

Z(A)⊗Z(B) =
( ⊕
a∈A

Z·a
)
⊗
( ⊕
b∈B

Z·b
)

=
⊕

a∈A,b∈B
Z · a⊗ Z · b =

⊕
a∈A,b∈B

Z · (a, b) = Z(A×B).

(5) Let A and B be two �nitely generated abelian groups. Using examples (1) and (2),
the classi�cation of �nitely generated abelian groups and the Tensor Lemma 89.3 (1)
and (4) one can now easily show that

rank(A⊗B) = rank(A) · rank(B).
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For future reference we record the following lemma:

Lemma 89.4. Let f : A → A′ and f ′ : A′ → A′′ be homomorphisms and let g : B → B′

and g′ : B′ → B′′ be homomorphisms between abelian groups. Then we have

(f ′ ⊗ g′) ◦ (f ⊗ g) = (f ′ ◦ f)⊗ (g′ ◦ g).

Proof. The statement follows immediately from the de�nitions. �

The following elementary lemma will play a major role.

Lemma 89.5. (Tensor-with-Ring Lemma) Let R be a commutative ring.
(1) Given any abelian group A the map

(A⊗R)×R → A⊗R( n∑
i=1
ai ⊗ bi, r

)
7→

n∑
i=1
ai ⊗ bir

de�nes an R-module structure on A⊗R.
(2) If f : A→ B is a homomorphism of abelian groups, then the map

f ⊗ id : A⊗R → B ⊗R∑
i
ai ⊗ ri 7→

∑
i
f(ai)⊗ ri

is a homomorphism of R-modules.
(3) The map A 7→ A⊗R

(f : A→ B) 7→ (f ⊗ id : A⊗R→ B ⊗R)

de�nes a functor from the category of abelian groups to the category of R-modules.

Proof. Once again the statements follow immediately from the de�nitions. �

The Tensor-with-Ring Lemma 89.5 shows that tensoring with a commutative ring �turns�
an abelian group into a module. In particular if we tensor with a �eld, we obtain a vector
space. This is very convenient since sometimes it allows us to reduce problems about
abelian groups into problems about vector spaces that we can handle with techniques from
linear algebra.
For example we can now give a meaningful de�nition of the rank of any abelian group.

De�nition. The rank of an abelian group A is de�ned as

rank(A) := dimQ(A⊗Q).

Remark.

(1) Previously, on page 1152 we introduced the rank of �nitely generated abelian groups.
It follows from the discussion on page 1910 that for �nitely generated abelian groups
the two de�nitions of rank agree. Put di�erently, the above de�nition is an extension
of the earlier notion of rank to all abelian groups.

(2) Let A be an abelian group. We can view A as a Z-module and the above de�nition
of the rank of the abelian group equals the rank of the corresponding Z-module as
introduced on page 99.

We conclude this section with the following lemma.
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Lemma 89.6. (Tensor-Split-SES Lemma) Let

0 → A
i−→ B

p−→ C → 0

be a short exact sequence and let G be an abelian group. If the short exact sequence splits,
then 0 → A⊗G i⊗id−−−→ B ⊗G p⊗id−−−→ C ⊗G → 0

is also a short exact sequence and it also splits.

Remark. In most applications we will consider a short exact sequence

0 → A
i−→ B

p−→ C → 0

where C is a free abelian group. It then follows from Lemma 78.1 that the short exact
sequence splits, which then implies by the Tensor-Split-SES Lemma 89.6 that for any
abelian group G the sequence

0 → A⊗G i⊗id−−−→ B ⊗G p⊗id−−−→ C ⊗G → 0

is also a short exact sequence which furthermore splits.

Proof. According to Splitting Lemma 78.2 we can without loss of generality suppose that
the short exact sequence is of the form

0 → A
a7→(a,0)−−−−−→ A⊕ C (a,c)7→c−−−−−→ C → 0.

If we tensor this short exact sequence with G, then using (A⊕ C)⊗G = A⊗G⊕ C ⊗G
we obtain the sequence

0→ A⊗G
∑
i
ai⊗gi 7→

(∑
i
ai⊗gi,0

)
−−−−−−−−−−−−−→ A⊗G⊕ C ⊗G

(∑
i
ai⊗gi,

∑
j
cj⊗gj

)
7→
∑
j
cj⊗gj

−−−−−−−−−−−−−−−−−−→ C ⊗G→ 0,

which is evidently exact. It is also clear that the short exact sequence splits. �

89.2. The homology groups of a topological space with coe�cients.

De�nition. Let

. . .
∂n+1−−−→ Cn

∂n−−→ Cn−1
∂n−1−−−→ . . .

∂2−→ C1
∂1−→ C0 → 0

be an algebraic chain complex.
(1) Let G be an abelian group. We tensor the chain complex with G, i.e. we consider

the following sequence of homomorphisms:1081

. . . → Cn⊗G
∂n⊗id−−−→ Cn−1⊗G

∂n−1⊗id−−−−−→ . . .
∂2⊗id−−−→ C1⊗G

∂1⊗id−−−→ C0⊗G → 0.

For all i we have
(∂i−1 ⊗ id) ◦ (∂i ⊗ id) = (∂i−1 ◦ ∂i)⊗ id = 0⊗ id = 0,

↑
Lemma 89.4

i.e. the above sequence of maps is again a chain complex. We denote the correspond-
ing homology groups by Hn(C;G) := Hn(C∗ ⊗G, ∂∗ ⊗ id).

(2) If we tensor the chain complex C∗ with a commutative ring R, then it follows from
the discussion in the previous section that we obtain a chain complex of R-modules,
i.e. all chain groups are R-modules and all chain maps are R-homomorphisms. In
particular also all homology groups are R-modules.
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Remark. Most of the results which we have proved for chain complexes of abelian groups
hold, with the obvious modi�cations, also for chain complexes of R-modules. In particular
one can easily convince oneself that Lemma 72.7, Lemma 73.2, Corollary 73.4 and Proposi-
tions 74.9 and the Connecting Homomorphism Lemma 74.8 also hold in this more general
context. In the remainder of the course we will use these generalizations without further
comment.

Now we are ready to de�ne the homology groups of a topological space with coe�cients in
an abelian group G.

De�nition. Let X be a topological space. For an abelian group G we de�ne

C∗(X;G) := C∗(X)⊗G.
As discussed above, we obtain a chain complex and we denote by

Hk(X;G) := Hk(C∗(X;G), ∂ ⊗ id)

the corresponding homology groups. We call Hk(X;G) the k-th homology group of X
with G-coef�cients. We de�ne the notions of �cycle�, �homologous� and �null-homologous�
in exactly the same way as on page 1587.

Example. We consider an electric circuit as a �nite undirected abstract graph X where
at the vertices we have resistors or capacitors. Kirchho�'s current rule, see e.g.

https://en.wikipedia.org/wiki/Kirchhoff's_circuit_laws

states that
at any node (vertex) in an electrical circuit, the sum of currents �owing into that
node is equal to the sum of currents �owing out of that node,

or equivalently
the algebraic sum of currents in a network meeting at a point is zero.

Put di�erently, a current de�nes a 1-cycle in C1(X;R).1082

electric circuit

We start out with the following three observations. Let X be a topological space.
(1) If the coe�cients are given by a commutative ring R, e.g. if R = Zn or R = Q,R,C,

then, as we pointed out above, each Cn(X;R) = Cn(X) ⊗ R is an R-module, each
boundary map is an R-module homomorphism, and each homology group Hn(X;R)
is also an R-module.

(2) From the Tensor Lemma 89.3 (3) it follows immediately that we have natural isomor-
phisms C∗(X;Z)

∼=−→C∗(X) and H∗(X;Z)
∼=−→H∗(X). In the following we will identify

these groups and we will go back and forth between these two notations, depending
on which one is more convenient.

1081Note that if G has also the structure of a commutative ring, then this becomes a chain complex of
G-modules.
1082This observation and the �gure are due to Ghrist's excellent book on applied topology [Gh2014].

https://en.wikipedia.org/wiki/Kirchhoff's_circuit_laws
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(3) Let G be an abelian group. Given any singular k-simplex σ, given any a ∈ Z and
any g ∈ G we have by de�nition of the tensor product that aσ ⊗ g = σ ⊗ ag. From
this observation it follows that any element in Ck(X;G) can be written as

n∑
i=1
σi ⊗ gi where σ1, . . . , σn are singular k-simplices and g1, . . . , gn ∈ G.

Most results for homology groups of topological spaces carry over, with the obvious mod-
i�cations, to the theory of homology groups with G-coe�cients. For example, given an
abelian group G we have the following statements:

(1) A map f : X → Y between two topological spaces X and Y induces a chain map

f∗ ⊗ id : C∗(X;G)→ C∗(Y ;G)
which in turn, for each k ∈ N0, induces a homomorphism

(f∗ ⊗ id)∗ : Hk(X;G)→ Hk(Y ;G).

To simplify the notation we usually denote this induced map on homology groups
also by f∗.

(2) The k-th homology group with G-coe�cients de�nes a functor from the category of
topological spaces to the category of abelian groups.

(3) If R is a commutative ring, then a map f : X → Y between topological spaces induces
a chain map of R-homomorphisms C∗(X;R) → C∗(Y ;R) and R-homomorphisms
f∗ : Hk(X;R)→ Hk(Y ;R). Furthermore the k-th homology group with R-coe�cients
de�nes a functor from the category Top of topological spaces to the category R−Mod
of R-modules.

(4) The augmentation map ε : H0(X;G) → G is de�ned almost the same way as in
Lemma 72.4. More precisely, it is given by the map

εX : H0(X;G) → G[ k∑
i=1
σi ⊗ gi

]
7→

k∑
i=1

gi.

If X is path-connected, then the argument of the H0-Proposition 72.5 implies imme-
diately that the augmentation map ε : H0(X;G) → G is an isomorphism. At times
we will use this natural isomorphism to make the identi�cation H0(X;G) = G.

(5) Precisely as on page 1611 we can use the augmentation map ε : H0(X;G) → G to
de�ne reduced homology groups H̃k(X;G) with G-coe�cients.

(6) Recall that we saw in the Homotopic Maps-and-Homology Proposition 73.6 that if
f, g : X → Y are two homotopic maps between topological spaces, then the induced
maps f∗, g∗ : C∗(X) → C∗(Y ) are chain homotopic. By tensoring the chain homo-
topies we see that the corresponding induced maps C∗(X)⊗G→ C∗(Y )⊗G are also
chain homotopic, and we see that for any n ∈ N0 we have

f∗ = g∗ : Hn(X;G) → Hn(Y ;G).

In particular, if X and Y are homotopy equivalent topological spaces, then for any
n ∈ N0 we have an isomorphism

Hn(X;G)
∼=−→ Hn(Y ;G).
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(7) Given a pair (X,A) of topological spaces we can tensor the relative chain complex
C∗(X,A) with G. We obtain the relative chain complex C∗(X,A;G) := C∗(X,A)⊗G.
The corresponding homology groups are the relative homology groups Hk(X,A;G).

(8) Let (X,B,A) be a triple of topological spaces. As pointed out on page 1625, the
relative chain groups Cn(X,B;G) are free abelian groups. Thus it follows from the
discussion on page 1912 that we obtain a short exact sequence of chain complexes
0 → C∗(B,A;G) → C∗(X,A;G) → C∗(X,B;G) → 0. By applying the obvious
generalization of the LES Proposition 74.9 to this short exact sequence we obtain the
following long exact sequence of homology groups with G-coe�cients:

. . . → Hn(B,A;G)
i∗−→ Hn(X,A;R)

p∗−→ Hn(X,B;G)
∂−→ Hn−1(B,A;G) → . . .

(9) We have an obvious version of the Mayer�Vietoris Theorem 78.5 for homology groups
with G-coe�cients. The proof is basically identical to the proof of Theorem 78.5, we
only have to note that when we consider the exact sequence

0 → C∗(A ∩B)
iA∩B⊕−iA∩B−−−−−−−−→ C∗(A)⊕ C∗(B)

iA+iB−−−→ C{A,B}∗ (X) → 0,

then it is a consequence of the discussion on page 1912 that the corresponding se-
quence with G-coe�cients is also exact.

(10) We also have an obvious versions of the Excision Theorems 74.17 and 74.18, the proof
for G-coe�cients is almost verbatim the same as before.

(11) For a CW-complex X we can also consider the corresponding cellular chain com-
plex CCW

∗ (X;G) := CCW
∗ (X) ⊗ G and the corresponding cellular homology groups

HCW
∗ (X;G). Then, as in the Singular-Cellular H∗-Isomorphism Proposition 80.4, one

can show that there exists a natural isomorphism H∗(X;G)
∼=−→ HCW

∗ (X;G). We can
draw the following conclusions:
(a) If X is an n-dimensional CW-complex, then Hi(X;G) = 0 for i ≥ n+ 1.
(b) If X has only �nitely many n-cells, then given any �eld F the vector space

Hn(X;F) is �nite-dimensional.
(12) Let X be a topological space and let X1 Ă X2 Ă X3 Ă . . . be a sequence of subsets

such that X =
⋃
i∈N
Xi and such that one the following three conditions holds:

(a) every compact subset of X is already contained in one of the Xi, or
(b) each Xi is open in X, or
(c) X is a CW-complex and each Xi is a subcomplex.
Then a modest modi�cation of the proof of the Exhaustions-H∗-Proposition 79.4
shows that for any n ∈ N0 the inclusion induced maps Hn(Xi;G)→ Hn(X;G) induce
an isomorphism

lim−→Hn(Xi;G)
∼=−−→ Hn(X;G).

(13) If X is a �nite CW-complex and if F is a �eld, then the argument of the Euler
Characteristic-H∗-Proposition 87.1 shows that

χ(X) =
∑
i

(−1)i · dimF(Hi(X;F)).

Examples.
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(1) Let n ∈ N. As on page 1472 we equip Sn with the CW-structure with one 0-cell and
one n-cell. For any abelian group G it follows from (10), and similar to the discussion
on page 1770, that

Hk(S
n;G) ∼= HCW

k (Sn;G) ∼=
{
G, if k = 0, n,
0, otherwise.

The same result holds for reduced homology with G-coe�cients except that in this
case we have H̃0(Sn;G) = 0.

(2) We want to determine homology groups of the real projective plane RP2 with F2-
coe�cients. As usual we equip RP2 with the CW-structure with one 0-cell, one 1-cell
and one 2-cell that we introduced on page 1785. In the proof of Proposition 80.11
we saw that the cellular chain complex is given by

0 → Z ·2−→ Z 0−→ Z → 0,

i.e. H2(RP2) = 0, H1(RP2) = Z2 and H0(RP2) = Z. On the other hand, if we tensor
the above cellular chain complex with F2, then using the Tensor Lemma 89.3 (3) we
obtain the chain complex

0 → F2
·2=0−−−→ F2

0−→ F2 → 0.

Using the isomorphism between cellular and singular homology with F2-coe�cients
we obtain that H2(RP2;F2) = F2, H1(RP2;F2) = F2 and H0(RP2;F2) = F2.

Note that even though the homology groups of RP2 with Z-coe�cients and F2-
coe�cients are quite di�erent, in both cases the alternating sums of the dimensions
and ranks give, as promised in the Euler Characteristic-H∗-Proposition 87.1 and in
(10) above, the Euler characteristic. Indeed, we have

rank(H0(X))− rank(H1(X)) + rank(H2(X)) = 1− 0 + 0 = 1,
and
dimF2(H0(X;F2))− dimF2(H1(X;F2)) + dimF2(H2(X;F2)) = 1− 1 + 1 = 1.

(3) Basically the same argument as in (3) shows that for any n ∈ N we have

Hk(RPn;F2) ∼=
{

F2, if k = 0, . . . , n,
0, otherwise.

Furthermore, it is not di�cult to see that for m < n the inclusion induced maps
Hk(RPm;F2) → Hk(RPn;F2) are isomorphisms for k = 0, . . . ,m. It follows that for
any k ∈ N0 we have

Hk(RP∞;F2) = lim−→Hk(RPn;F2) = F2.
↑ ↑

see page 1915 by the above

Remark. Why should we study the homology groups of a topological space with G-coef-
�cients? There are several answers one can give:
(1) At times it is easier to work over a �eld instead of working over the ring Z. For

example, if we only want to determine the Euler characteristic of a CW-complex
we can now use a �eld, even a very simple one like F2, instead of working with the
integers.
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(2) If we work over the �eld F2 then many calculations become particularly simple, since
we do not need to worry about signs. Even in the previous example we already saw
that working with F2-coe�cients can simplify calculations.

(3) Recall that given a smooth manifold M and k ∈ N0 we denote its de Rham coho-
mology groups Hk

dR(M), which is in fact a real vector space. For each k we can now
also study the homology groups Hk(M ;R) which are also real vector spaces. The
notations Hk

dR(M) and Hk(M ;R) look similar and the names �de Rham cohomology�
and �homology� also sound similar. We will study the relationship between these two
objects later on in Chapters 110 and 118.

We conclude this section with the following elementary lemma.

Lemma 89.7.
(1) Let X be a topological space and let R be a commutative ring with neutral ele-

ment 1R. The maps
ϕ∗ : C∗(X) → C∗(X;R)[ k∑
i=1
ai · σi

]
7→

[ k∑
i=1
ai · σi ⊗ 1R

]
form a chain map, in particular for each n ∈ N0 we obtain an induced map

ϕ∗ : Hn(X) → Hn(X;R).

(2) Let X be a topological space and let ϕ : A → B be a homomorphism of abelian
groups. Then the maps

ϕ∗ : C∗(X;A) → C∗(X;B)[ k∑
i=1
σi ⊗ ai

]
7→

[ k∑
i=1
σi ⊗ ϕ(ai)

]
form a chain map, in particular for each n ∈ N0 we obtain an induced map

ϕ∗ : Hn(X;A) → Hn(X;B).

(3) Given a topological space X and n ∈ N0 the maps A 7→ Hn(X;A) from (1) de�ne a
covariant functor from the category of abelian groups AbGroup to itself.

(4) The maps from (1) de�ne a natural transformation from �homology with A-coef-
�cients� to �homology with B-coe�cients�, i.e. given a map f : X → Y of topological
spaces we get a commutative diagram

Hn(X;A)
f∗

//

ϕ∗
��

Hn(Y ;A)
ϕ∗
��

Hn(X;B)
f∗
// Hn(Y ;B).

The above statements also generalize in an obvious way to pairs of topological spaces.

Proof. The lemma follows immediately from the de�nitions. �

89.3. Exact functors. The following question naturally arises from the discussion in the
previous section:

Question 89.8. Given a topological space X and an abelian group G, what is the re-
lationship between the usual homology groups of X and the homology groups with G-
coe�cients?



1918

The example on page 1916 shows that for better or worse the naive guess that perhaps
Hk(X;G) ∼= Hk(X)⊗G is in general not correct. More precisely, we saw that

F2 = H2(RP2;F2) 6= H2(RP2)⊗ F2 = 0.

In the following section we will see that, despite this sobering example, one can always
deduce the homology groups H∗(X;G) of a topological space X from the usual homology
groups H∗(X). But the connection between these homology groups will turn out to be less
naive than one might have thought initially.
Before we can hope to answer Question 89.8 we have to introduce many more de�nitions
and algebraic tools. We start out with the following de�nition from category theory.

De�nition. Let F : AbGroup → AbGroup be a covariant functor from the category AbGroup
of abelian groups to itself.
(1) We say F is left-exact, if for every exact sequence

0 −→ A
i−→ B

j−−→ C
of abelian groups the sequence

0 −→ F (A)
F (i)−−→ F (B)

F (j)−−→ F (C)

is also exact.
(2) We say F is right-exact, if for every exact sequence

A
i−→ B

j−−→ C −→ 0
of abelian groups the sequence

F (A)
F (i)−−→ F (B)

F (j)−−→ F (C) −→ 0

is also exact.
(3) We say F is exact if it is left-exact and right-exact, put di�erently, the functor F is

exact, if for every exact sequence

0 −→ A
i−→ B

j−−→ C −→ 0
of abelian groups the sequence

0 −→ F (A)
F (i)−−→ F (B)

F (j)−−→ F (C) −→ 0

is also exact.

Remark. Let ϕ : A → B be a homomorphism between two abelian groups. Furthermore
let F : AbGroup → AbGroup be a covariant functor from the category AbGroup of abelian
groups to itself.

(1) If F is a left-exact functor, then �taking F � commutes with �taking kernels�, more
precisely, if ϕ : A→ B is a homomorphism, then by applying F to the exact sequence
0→ ker(ϕ)→ A→ B we see that F (ker(ϕ)) = ker(ϕ∗ : F (A)→ F (B)).

(2) Similarly, if F is right-exact, then �taking F � commutes with �taking cokernels�,
i.e. if ϕ : A → B is a homomorphism, then by applying F to the exact sequence
A→ B → coker(ϕ)→ 0 we see that F (coker(ϕ)) = coker(ϕ∗ : F (A)→ F (B)).

Lemma 89.9. Let G be an abelian group. If G is free abelian, then tensoring with G is
exact.
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Proof. Let 0 → A
ϕ−→ B

ψ−→ C → 0

be a short exact sequence and let G ∼= Z(S) be a free abelian group. It follows from the
Tensor Lemma 89.3 (1) and (3) that tensoring the above short exact sequence with G ∼= Z(S)

results in an exact sequence that is isomorphic to the direct sum of S copies of the original
sequence, hence it is again exact. �

Example. In contrast to the previous lemma we will now see that tensoring with an abelian
group G is in general not a left-exact functor. For example for any k ∈ N≥2 the sequence

0 −→ Z ·k−−→ Z −→ Zk
is exact, but after tensoring with Zk we obtain, using the Tensor Lemma 89.3 (3), the
sequence

0 −→ Zk
·k−−→
=0

Zk −→ Zk
that is not exact.

In contrast to the previous example we will now see that tensoring with an abelian group G
is a right-exact functor.
Lemma 89.10. As usual we denote by AbGroup the category of abelian groups. For every
abelian group G the functor AbGroup → AbGroup

A 7→ A⊗G
is right-exact.

Proof. Let A
i−→ B

j−−→ C → 0
be an exact sequence of abelian groups and let G be an abelian group. We have to show
that the sequence

A⊗G i⊗id−−→ B ⊗G j⊗id−−→ C ⊗G → 0

is also exact.
(a) Since j : B → C is an epimorphism it follows immediately from Lemma 89.1 (3) that

the homomorphism

j ⊗ id : B ⊗G → C ⊗G
n∑
i=1
bi ⊗ gi 7→

n∑
i=1
j(bi)⊗ gi

is also an epimorphism.
(b) By Lemma 89.4 we have (j ⊗ id) ◦ (i⊗ id) = (j ◦ i)⊗ id = 0, i.e. we have

im(i⊗ id : A⊗G→ B ⊗G) Ă ker(j ⊗ id : B ⊗G→ C ⊗G).

(c) By (b) it remains to show that

ker(j ⊗ id : B ⊗G→ C ⊗G) Ă im(i⊗ id : A⊗G→ B ⊗G).

Put di�erently it remains to show that the homomorphism

Ψ: B ⊗G/ im(i⊗ id : A⊗G→ B ⊗G) → C ⊗G
that is induced by j ⊗ id, i.e. that is given by1083

[b⊗ g] 7→ j(b)⊗ g,
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is a monomorphism. We will do so by providing a left-inverse for Ψ, i.e. we will
provide a map Φ with Φ ◦Ψ = id.
Claim. The map

ϕ : C ×G → B ⊗G/ im(i⊗ id : A⊗G→ B ⊗G)
(c, g) 7→ b⊗ g where b ∈ B is an element with j(b) = c.

is well-de�ned.
Proof. Let (c, g) ∈ C × G. Since j is by hypothesis surjective we know that there
exists a b ∈ B with j(b) = c. We have to show that ϕ(c, g) is independent of the
choice of b. So let b, b′ ∈ B with j(b) = j(b′) = c, i.e. with j(b − b′) = 0. From the
exactness of the original short exact sequence at B it follows that b − b′ = i(a) for
an a ∈ A. Then we obtain that

b⊗ g − b′ ⊗ g = (b− b′)⊗ g = i(a)⊗ g ∈ im(i⊗ id : A⊗G→ B ⊗G).

Thus we have proved that ϕ is well-de�ned. �
The map ϕ is easily seen to bilinear. It follows from Lemma 89.2 (2) that ϕ

induces a well-de�ned map

Φ: C ⊗G → B ⊗G/ im(i⊗ id : A⊗G→ B ⊗G)
k∑
i=1

ci ⊗ gi 7→
k∑
i=1

ϕ(ci, gi).

By construction we have (Φ ◦ Ψ)([b ⊗ g]) = [b ⊗ g] for all b ∈ B and g ∈ G. But
the elements b ⊗ g generate B ⊗ G, hence Φ ◦ Ψ = id, i.e. the map Φ is indeed a
right-inverse to the map Ψ. �

89.4. The G-torsion of an abelian group. Our �nal goal is to relate the homology
groups H∗(C) of a chain complex to the homology groups H∗(C;G) of the same chain com-
plex with G-coe�cients. To state the theorem relating these groups we need to introduce
the G-torsion of an abelian group.
We start our discussion with recalling the de�nition of a free abelian group and a (free)
resolution, which we had introduced on pages 1147 and 1921.
De�nition.
(1) Let S be a non-empty set. We refer to

Z(S) := all maps from S to Z which are non-zero for only �nitely many s ∈ S
as the free abelian group generated by S.

(2) A group G is called free abelian if G is isomorphic to Z(S) for some set S.
(3) It follows easily from the de�nitions that a group G is free abelian if and only

if there exists a subset B = {bi}i∈I Ă G with the following property: For any
abelian group A and each choice of elements ai ∈ A, i ∈ I there exists a unique
homomorphism ϕ : G → A such that ϕ(bi) = ai for all i ∈ I. As on page 1149 we
call such a subset B a basis of G.

1083Note that it is a consequence of (b) that Ψ is well-de�ned.
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(4) A (free) resolution of an abelian group H is an exact sequence

. . .
f3−→ F2

f2−→ F1
f1−→ F0

f0−→ H → 0

where the Fi are (free) abelian groups. If there exists an n ∈ N0 with Fn 6= 0 but
Fm = 0 for m > n, then we refer to n as the length of the resolution. If no such n
exists, then we say that the length of the resolution is in�nite.

Examples.
(1) Let m ∈ N, then a free resolution of length 1 for H = Zm is given by

0 → Z ·m−−→ Z → Zm → 0.

(2) Let G be a �nitely generated abelian group. By the Finitely Generated Abelian
Group Classi�cation Theorem 51.4 there exists an r ∈ N0, non-zero natural numbers
a1, . . . , ak and an isomorphism

Φ: G
∼=−→ Zr ⊕

k⊕
i=1

Zai .

Thus we obtain a free resolution1084

0 → Zk

0⊕


a1 0 0

0
. . . 0

0 0 ak


−−−−−−−−−−−−→ Zr ⊕ Zk → Zr ⊕

k⊕
i=1

Zai︸ ︷︷ ︸
∼=G

→ 0.

In most cases, when we want to work with explicit examples, this type of free reso-
lution will turn out to be the most useful free resolution.

The �nal example is so important that it becomes a de�nition.
De�nition. We recall the following basic fact: ifM is an abelian group, then by Lemma 51.1
there exists a unique homomorphism α(M) : Z(M) → M such that for each m ∈ M we
have α(M)(m) = m. Evidently this map is an epimorphism. Now let H be an abelian
group. We consider the sequence

Z(H) α(H)−−−→ H → 0.

The group Z(H) is free abelian and α(H) is an epimorphism. In particular the sequence is

exact. We set H1 := ker
(
Z(H) α(H)−−−→H

)
. Then

H1 ↪→ Z(H) α(H)−−−→ H → 0
is exact. Now we consider

Z(H1) α(H1)−−−→ Z(H) α(H)−−−→ H → 0.

This sequence is exact and both the groups Z(H1) and Z(H) are free abelian. Now we
set H2 := ker

(
Z(H1) α(H)−−−→H

)
and we iterate this procedure. This way we obtain a free

resolution of H.1085 Note that this free resolution is unambiguously de�ned, we did not

1084Note that the homomorphism to the left is a monomorphism since a1, . . . , ak are non-zero.
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make any choices along the way. Therefore we refer to this free resolution of H as the
canonical free resolution of H.
The last example provides the proof for the following lemma.

Lemma 89.11. Every abelian group (not necessarily �nitely generated) admits a canonical
free resolution.
The following de�nition is one of the key de�nitions in homological algebra.

De�nition. Let G and H be abelian groups. We denote by

. . . → F2
f2−→ F1

f1−→ F0
f0−→ H → 0

the canonical free resolution from page 1922. We de�ne the n-th G-torsion group of H as

Torn(H,G) := Hn(F∗ ⊗G).

The following proposition is the key to calculating torsion-groups.

Proposition 89.12. (Tor-Free Resolution Proposition) Let G and H be abelian
groups and let

. . . → F2
f2−→ F1

f1−→ F0
f0−→ H → 0

be a free resolution of H. Then there exists a natural isomorphism

Torn(H,G)
∼=−→ Hn(F∗ ⊗G).

Example. In many situations we are only interested in determining the isomorphism type
of Torn(H,G) where H is a given �nitely generated abelian group. In such situations it is
usually much more convenient to work with the free resolution given on page 1921. For
example, let m,n ∈ N. We want to determine the isomorphism type of Tori(Zm,Zn) for
i ∈ N0. We will do so by doing the following three step process:

(1) We pick the free resolution 0→ Z ·m−→ Z→ Zm → 0,
(2) we tensor this free resolution of Zm with Zn and from the Tensor Lemma 89.3 (3) we

obtain the sequence 0→ Zn
·m−→ Zn → Zm ⊗ Zn → 0,

(3) we drop the term to the right and we compute the homology groups.
Now using an argument as in the calculation of the tensor product Zm ⊗ Zn on page 1910
we see that

Tor1(Zm,Zn) = H1

(
0→ Zn

·m−−→ Zn → 0
)

= ker(Zn
·m−→ Zn) ∼= Zgcd(m,n)

and
Tor0(Zm,Zn) = H0

(
0→ Zn

·m−−→ Zn → 0
)

= coker
(
Zn

·m−→ Zn
) ∼= Zgcd(m,n).

We will �ll in the details in Exercise 89.10.

Proof. Let G and H be abelian groups and let

. . . → F2
f2−→ F1

f1−→ F0
f0−→ H → 0

be a free resolution of H. We want to show that there exists a natural isomorphism

Torn(H,G)
∼=−→ Hn(F∗ ⊗G).

1085Note that this procedure does not stop, i.e. it produces an in�nite free resolution.
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We denote by (F ′∗, f
′
∗) the canonical free resolution of H. Since F ′∗ is a free resolution we

obtain from the Fundamental Theorem 81.1 of Homological Algebra that there exists an
extension αi, i ∈ N of the identity map id : H → H from the free resolutions F ′∗ to the free
resolution F∗.

Since both resolutions are free we obtain from Corollary 81.2 that the maps α∗ form
a chain homotopy equivalence between the two chain complexes F ′∗ and F∗. One easily
veri�es that α∗ ⊗ id : F∗ ⊗ G → F ′∗ ⊗ G is also a chain homotopy equivalence. It follows
from this observation together with Corollary 73.4 that the map

αn ⊗ id :

=Torn(H,G)︷ ︸︸ ︷
Hn(F ′∗ ⊗G) → Hn(F∗ ⊗G)[ k∑
i=1
ci ⊗ gi

]
7→

[ k∑
i=1
αn(ci)⊗ gi

]
is an isomorphism. Using Statement (2) of the Fundamental Theorem 81.1 of Homological
Algebra one can easily show that this map does not depend on the choice of the extension α′∗.

�

Remark. Using the Fundamental Theorem 81.1 of Homological Algebra we can now show
that the torsion groups Torn(G,H) are �covariantly functorial in both entries�. More pre-
cisely the following two statements hold:
(1) We �x a group G. Let β : H → H ′ be a homomorphism between two abelian groups.

It follows from the Fundamental Theorem 81.1 of Homological Algebra applied to the
canonical free resolutions of H and H ′, together with Lemma 73.2, that β induces
for each n a canonical homomorphism

β∗ : Torn(H,G) → Torn(H ′, G).

One can now easily show that the maps given by

H 7→ Torn(H,G)
(β : H → H ′) 7→ (β∗ : Torn(H,G)→ Torn(H ′, G))

de�ne a covariant functor from the category of abelian groups to the category of
abelian groups.

(2) We �x a group H. Let α : G→ G′ be a homomorphism between two abelian groups.
Let F∗ be the canonical free resolution of H. Then id⊗α de�nes a chain map from
F∗ ⊗G to F∗ ⊗G′ and we get an induced map

α∗ : Torn(H,G) → Torn(H,G′).

One can now easily show that the maps given by

G 7→ Torn(H,G)
(α : G→ G′) 7→ (α∗ : Torn(H,G)→ Torn(H,G′))

de�ne a covariant functor from the category of abelian groups to the category of
abelian groups.

The following lemma shows that the 0-th torsion groups are objects that we are already
familiar with.
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Lemma 89.13. (Tor0�Lemma) Let G and H be abelian groups, then there exists a
natural isomorphism 1086

Tor0(H,G)
∼=−→ H ⊗G.

In the remainder of this course we will use the isomorphism from the Tor0�Lemma 89.13
to identify the groups Tor0(H,G) and H ⊗G.
Proof. Let G and H be abelian groups. Let

· · · → F2
f2−→ F1

f1−→ F0
f0−→ H → 0

be the canonical free resolution of H. We know from Lemma 89.10 that the sequence

(∗) F1 ⊗G
f1⊗id−−−→ F0 ⊗G

f0⊗id−−−→ H ⊗G → 0

is exact. Now we obtain the following isomorphism

by de�nition
↓

Tor0(H,G) = H0

(
· · · → F1 ⊗G

f1⊗id−−−→ F0 ⊗G→ 0
)

= coker
(
F1 ⊗G

f1⊗id−−−→ F0 ⊗G
) f0⊗id−−−→ H ⊗G.
↑

isomorphism since (∗) is exact

It is straightforward to verify that these isomorphisms de�ne in fact a natural isomorphism
from the functor H 7→ Tor0(H,G) to the functor H 7→ H ⊗ G and also from the functor
G 7→ Tor0(H,G) to the functor G 7→ H ⊗G. �

The following lemma shows that we do not need to worry about higher torsion groups for
abelian groups.
Lemma 89.14.
(1) Every abelian group H admits a free resolution of length 1.
(2) For any two abelian groups H and G we have Torn(H,G) = 0 for n ≥ 2.

Proof.
(1) Let H be an abelian group. If H is �nitely generated, then we already saw on

page 1921 that H admits a free resolution of length 1. Now suppose that H is any
abelian group. We have the exact sequence

0 → ker
(
α(H) : Z(H) → H

)
→ Z(H) α(H)−−−→ H → 0

where α(H) is de�ned as in the proof of Lemma 89.11. It follows from the Subgroup-
of-Free Abelian Group Lemma 51.2 that the group ker

(
α(H) : Z(H) → H

)
, as the

subgroup of the free abelian group Z(H), is itself free abelian. So in this general case
we also found a free resolution of length 1.

(2) Let G and H be abelian groups. By (1) there exists a free resolution of length 1, i.e.
of the form 0 → F1 → F0 → H → 0.

Finally note that it now follows immediately from the Tor-Free Resolution Proposi-
tion 89.12 that Torn(H,G) ∼= Hn(F∗ ⊗G) = 0 for n ≥ 2. �

1086Note that �natural isomorphism� means in this context that given an abelian group G we have natural
isomorphisms from the functor H 7→ Tor0(H,G) to the functor H 7→ H ⊗ G and also from the functor
G 7→ Tor0(H,G) to the functor G 7→ H ⊗G.
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De�nition. Given two abelian groups H and G we now write Tor(H,G) := Tor1(H,G)
and we refer to this group as as the G-torsion of H.

Remark. For many purposes the long discussion of G-torsion groups can be summarized
in the following statement: it follows from the Tor-Free Resolution Proposition 89.12 that
for a free resolution 0→ F1

i−→ F0
j−→ H → 0 of an abelian group H we have

Tor(H,G) ∼= ker
(
F1 ⊗G

i⊗id−−→ F0 ⊗G
)
.

Now we summarize several properties of the torsion groups Tor(H,G) in the following
lemma.
Lemma 89.15. (Tor-Properties Lemma) Let G,H, {Hi}i∈I and {Gj}j∈J be abelian
groups. Then the following holds:
(1) There exists a natural isomorphism Tor

(⊕
i
Hi, G

) ∼= ⊕
i

Tor(Hi, G).

(2) There exists a natural isomorphism Tor
(
H,
⊕
j
Gj

) ∼= ⊕
j

Tor(H,Gj).

(3) If H is a torsion-free abelian group, then Tor(H,G) = 0.
(4) If G is a torsion-free abelian group, then Tor(H,G) = 0.
(5) If T denotes the torsion subgroup1087 of H, then Tor(H,G) = Tor(T,G).
(6) For all n ∈ N we have a natural isomorphism Tor(Zn, G) ∼= ker

(
G
·n−→ G

)
.

(7) For all n,m ∈ N we have Tor(Zn,Zm) ∼= Zgcd(n,m).
(8) Given any two �nitely generated abelian groups G and H the corresponding torsion

group Tor(H,G) is �nite.1088

Remark. Using this lemma one can usually determine the G-torsion of an abelian group H
without any problems. For example the groups (Q,+), (R,+) and (C,+) are torsion-free
abelian groups1089 Thus it follows immediately from the Tor-Properties Lemma 89.15 (4)
that for every abelian group H we have

Tor(H,Q) = Tor(H,R) = Tor(H,C) = 0.

Proof.
(1) For each i ∈ I we choose a free resolution F i

∗ of Hi. Then
⊕
i
F i
∗ is a free resolution

of
⊕
i
Hi. The statement follows easily from the natural isomorphisms(⊕

i
F i
j

)
⊗G ∼=

⊕
i

(F i
j ⊗G)

of the Tensor Lemma 89.3 together with Lemma 72.13 and the Tor-Free Resolution
Proposition 89.12.

(2) We pick a free resolution F∗ for H. As in (1) the statement follows easily from the
natural isomorphisms

Fi ⊗
⊕
j

Gj
∼=
⊕
j

Fi ⊗Gj

1087The torsion subgroup of an abelian group is de�ned as the subgroup of all elements of �nite order.
1088This fact explains the name �torsion group�.
1089Note though that in Lemma 51.10 we saw that the abelian group (Q,+) is not free abelian.
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of the Tensor Lemma 89.3 together with Lemma 72.13 and the Tor-Free Resolution
Proposition 89.12.

(3) If H is a free abelian group, then 0 → F0 := H
id−→ H → 0 is already a free

resolution, and it follows immediately from the Tor-Free Resolution Proposition 89.12
that Tor(H,G) = 0. Later on we will only use the special case that H is a free abelian
group. Therefore we do not provide the proof of the general case of a torsion-free
abelian group which is not free. We refer to [Hat2002, p. 265] for the proof.

(4) By Lemma 89.14 (1) we can pick a free resolution 0 → F1
f1−→ F0

f0−→ H of length 1
for H. First we consider the case that G is a free abelian group. In this case we have
G ∼=

⊕
I
Z for an index set I. It follows that

Tor(H,G) = Tor
(
H,
⊕
I
Z
)

=
⊕
I

Tor(H,Z)∼=
⊕
I
H1(0→ F1 ⊗ Z︸ ︷︷ ︸

=F1

→ F0 ⊗ Z︸ ︷︷ ︸
=F0

→ 0) = 0.
↑ ↑
by (1) Tor-Free Resolution Proposition 89.12

Now we no longer suppose that G is free abelian, we just suppose that G is an
abelian group that is torsion-free. We denote by {Gi}i∈I the set of �nitely generated
subgroups of G. It follows from the Finitely Generated Abelian Group Classi�cation
Theorem 51.4 that each Gi is a free abelian group. We write i ≤ j if and only if
Gi Ă Gj. Together with the inclusion maps the groups {Gi}i∈I form a direct system.
We leave it to the reader to verify that

G = lim−→Gi.

We have

Tor(H,G) = Tor(H, lim−→Gi) = H1

(
0→ F1 ⊗ lim−→Gi → F0 ⊗ lim−→Gi

)
= H1

(
lim−→ (0→ F1 ⊗Gi → F0 ⊗Gi → 0)

)
↑

by the Tensor Lemma 89.3 (4)

= lim−→ H1(0→ F1 ⊗Gi → F0 ⊗Gi → 0)︸ ︷︷ ︸
= 0, by the above, since Gi is a

free abelian group

= 0.x
Direct Limit-Homology Lemma 79.6

(5) If H is a �nitely generated abelian group, then it follows from the Finitely Generated
Abelian Group Classi�cation Theorem 51.4 that we can write H as a direct sum
F ⊕ T , where is T the torsion subgroup and where F is a free abelian group. It
follows from (1) and (2) that

Tor(H,G) ∼= Tor(F ⊕ T,G) ∼= Tor(F,G)⊕ Tor(T,G) = Tor(T,G).
↑ ↑
by (1) by (3)

For the proof in the case that H is not �nitely generated we once again refer to
[Hat2002, p. 265] for a proof.

(6) We consider the free resolution

0 → Z ·n−−→ Z → Zn → 0



89. HOMOLOGY WITH COEFFICIENTS 1927

for H = Zn. After tensoring with the abelian group G, and using the Tensor
Lemma 89.3 we obtain the sequence

0 → G
·n−−→ G → Zn ⊗G → 0.

It follows from the Tor-Free Resolution Proposition 89.12 that Tor(Zn, G) = ker
(
G
·n−→

G
)
.1090

(7) We showed this isomorphism on page 1922. Alternatively one can deduce the state-
ment using (6).

(8) Let G and H be two �nitely generated abelian groups. It is a straightforward con-
sequence of the Finitely Generated Abelian Group Classi�cation Theorem 51.4, to-
gether with all of the above statements that the corresponding torsion group Tor(H,G)
is �nite. �

89.5. The Universal Coe�cient Theorem. Before we can state the Algebraic Universal
Coe�cient Theorem we need to introduce the following de�nition.
De�nition. Let (C∗, ∂∗) be a chain complex and let G be an abelian group. Throughout
this chapter, given n ∈ N0, we denote by µ the natural1091 homomorphism1092

µ : Hn(C∗)⊗G → Hn(C∗ ⊗G)
m∑
i=1

[ci]⊗ gi 7→
[ m∑
i=1
ci ⊗ gi

]
.

Now we can formulate and prove the following theorem which is the key result of the whole
chapter.

Theorem 89.16. (Algebraic Universal Coe�cient Theorem) Let (Cn, ∂n) be a chain
complex of free abelian groups and let G be an abelian group. Then for each n ∈ N0 there
exists a natural homomorphism p : Hn(C;G) → Tor(Hn−1(C), G) such that the following
sequence is exact:

0 → Hn(C)⊗G µ−→ Hn(C;G)
p−→ Tor(Hn−1(C), G) → 0.

Remark. The fact the homomorphisms µ and p are natural implies that given a chain
map f : C → D and a homomorphism ϕ : G→ G′ between abelian groups the diagram

0 // Hn(C)⊗G µ
//

��

Hn(C;G)
p
//

��

Tor(Hn−1(C), G)

��

// 0

0 // Hn(D)⊗G′ µ
// Hn(D;G′)

p
// Tor(Hn−1(D), G′) // 0

1090The same argument, together with the Tor0�Lemma 89.13 can be used to give a proof of the Tensor
Lemma 89.3 (3), which back then was perhaps shoved under the carpet a little too quickly.
1091Here �natural� means that for a chain map f∗ : C∗ → D∗ and a homomorphism ϕ : G → G′ between
abelian groups the following diagram commutes:

Hn(C∗)⊗G

��

µ
// Hn(C∗ ⊗G)

��

Hn(D∗)⊗G′
µ
// Hn(D∗ ⊗G′)

where the vertical maps are induced by f and ϕ in the, hopefully, obvious way.
1092It is straightforward to show that the map is well-de�ned. We will discuss in Exercise 89.4 whether the
�obvious converse� is also well-de�ned.
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commutes. Here the vertical maps are all induced by the chain map f : C → D and the
homomorphism ϕ : G→ G′.

Proof. Let (Cn, ∂n) be a chain complex of free abelian groups. For each n ∈ N0 we write as
always Zn := ker(∂n) and Bn := im(∂n+1). Note that it follows from the Subgroup-of-Free
Abelian Group Lemma 51.2 that Bn and Zn are free abelian groups.

We consider the following diagram

:
��

:
��

:
��

0 // Zn //

0

��

Cn
∂n //

∂n
��

Bn−1
//

0

��

0

0 // Zn−1
//

��

Cn−1

∂n−1
//

��

Bn−2
//

��

0

: : :

One sees easily that this diagram is commutative and that the horizontal sequences are
exact. We can and will view the left and the right vertical columns as chain complexes. In
other words, the above diagram is a short exact sequence of chain complexes. Recall that
the groups Bn are free abelian groups, thus it follows from Lemmas 78.1 that each of the
horizontal sequences splits.

Now let G be an abelian group. We tensor the above short exact sequence of chain
complexes with G and we obtain the following diagram:

:
��

:
��

:
��

0 // Zn ⊗G //

0

��

Cn ⊗G
∂n⊗id

//

∂n⊗id
��

Bn−1 ⊗G //

0

��

0

0 // Zn−1 ⊗G //

��

Cn−1 ⊗G
∂n−1⊗id

//

��

Bn−2 ⊗G //

��

0

: : :

This is again a sequence of chain complexes.
Since the original short exact sequences split it follows from Lemmas 89.6 that the

horizontal sequences obtained from tensoring with G are still exact. Therefore we can
apply the LES Proposition 74.9 to obtain a long exact sequence of homology groups. Since
the vertical boundary maps on the left and on the right are the zero maps, we obtain the
following long exact sequence

. . . → Bn ⊗G
dn−→ Zn ⊗G → Hn(C;G)

∂n−−→ Bn−1 ⊗G
dn−1−−−→ Zn−1 ⊗G → . . .

where the maps dn are the connecting homomorphisms of the long exact sequence. It
follows easily from the de�nition that the connecting homomorphism dn : Bn⊗G→ Zn⊗G
is the map that is given by in ⊗ id : Bn ⊗ G → Zn ⊗ G where in : Bn → Zn denotes the
obvious inclusion map.1093

1093Why is this the case?
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Using the Break-into-SES Lemma 78.4 the above discussion implies that we obtain the
following short exact sequence

0 → coker
(
Bn⊗G

in⊗id−−−→ Zn⊗G
)
→ Hn(C;G) → ker

(
Bn−1⊗G

in−1⊗id−−−−→ Zn−1⊗G
)
→ 0.

We still have to show that the expressions left and right coincide with the desired expres-
sions. We have natural isomorphisms

coker
(
Bn ⊗G

in⊗id−−−→ Zn ⊗G
) ∼=←− Tor0(Hn(C), G)

∼=−→ Hn(C)⊗G
↑ ↑

by the Tor-Free Resolution Proposition 89.12 since Bn
in−−→ Zn → Hn(C) Tor0�Lemma 89.13

is a free resolution of Hn(C)

Similarly we have a natural isomorphism

ker
(
Bn−1 ⊗G

in−1⊗id−−−−→ Zn−1 ⊗G
) ∼=−→ Tor(Hn−1(C), G).

We have thus shown the existence of the desired short exact sequences. The statement
that the homomorphism p is natural follows easily from the de�nitions and Statement (2)
of the Fundamental Theorem 81.1 of Homological Algebra. We leave the veri�cation of the
details to the reader. �

The following theorem is for us the main application of the Universal Coe�cient Theo-
rem 89.16.
Theorem 89.17. (Universal Coe�cient Theorem) Let (X,A) be a pair of topological
spaces and let G be an abelian group. Then for each n ∈ N0 there exists a natural
homomorphism Hn(X,A;G) → Tor(Hn−1(X,A), G) such that the following sequence is
exact:

0 → Hn(X,A)⊗G µ−→ Hn(X,A;G) → Tor(Hn−1(X,A), G) → 0.

Remark. Note that the naturality of the maps implies for every map f : (X,A)→ (Y,B)
between pairs of topological spaces and any homomorphism ϕ : G → G′ between abelian
groups we obtain the following commutative diagram of short exact sequences:

0 // Hn(X,A)⊗G

��

µ
// Hn(X,A;G)

��

// Tor(Hn−1(X,A), G)

��

// 0

0 // Hn(Y,B)⊗G′ µ
// Hn(Y,B;G′) // Tor(Hn−1(Y,B), G′) // 0,

where the vertical maps are the obvious (?) ones induced by f and ϕ.

Proof. Let (X,A) be a pair of topological spaces and let G be an abelian group. As we
pointed out on page 1625, the chain groups Cn(X,A), n ∈ N0, are free abelian groups.
Thus we can apply the Universal Coe�cient Theorem 89.16 and we immediately obtain
the desired short exact sequence. �

Before we consider a few examples let us jot down the following almost immediate corollary.
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Corollary 89.18. Let f : (X,A) → (Y,B) be a map between pairs of topological spaces
and let G be an abelian group. Then

the induced map
f∗ : Hn(X,A)→ Hn(Y,B) is
an isomorphism for all n ∈ N0

=⇒
the induced map

f∗ : Hn(X,A;G)→ Hn(Y,B;G) is
an isomorphism for all n ∈ N0.

Proof. The corollary follows immediately from the naturality of the short exact sequence
of the Universal Coe�cient 89.17 together with the Five-Lemma 74.10. �

Examples.

(1) We consider again the real projective space RPn. In Proposition 80.11 we saw that

Hk(RPn) ∼=


Z, if k = 0,
Z2, if k is odd and k < n,
0, if k is even and 0 < k ≤ n,
0, if k > n,
Z, if k = n and n is odd.

It follows from the Universal Coe�cient Theorem 89.17, the discussion on page 1910
and the Tor-Properties Lemma 89.15 (7) that for any even number 2k ∈ {0, . . . , n}
we have a short exact sequence

0 → H2k(RPn)⊗ F2︸ ︷︷ ︸
∼=0⊗F2=0

µ−→ H2k(RPn;F2) → Tor(H2k−1(RPn),F2)︸ ︷︷ ︸
∼=Tor(F2,F2)∼=F2

→ 0

whereas for 2k + 1 ∈ {0, . . . , n} an odd number we have a short exact sequence
0 → H2k+1(RPn)⊗ F2︸ ︷︷ ︸

∼=F2⊗F2
∼=F2 or∼=Z⊗F2

∼=F2

µ−→ H2k+1(RPn;F2) → Tor(H2k(RPn),F2)︸ ︷︷ ︸
∼=Tor(0,F2)=0 or ∼=Tor(Z,F2)=0

→ 0.

Also it follows easily that Hk(RPn) = 0 for k > n. Summarizing we obtain the
following result:

Hk(RPn;F2) ∼=
{

F2, if k = 0, . . . , n,
0, otherwise.

Fortunately this calculation agrees with the calculation on page 1916.
(2) As in the Ball-Quotient Sphere Lemma 5.20 and as on page 258 we make the usual

identi�cations S2 = B
2
/S1 and RP2 = B

2
/z ∼ −z where z ∈ S1. We denote by f

the natural projection1094

f : RP2 = B
2
/z ∼ −z → S2 = B

2
/S1.

As in the �gure on page 1472 we equip RP2 with the CW-structure with one 0-cell,
one 1-cell and one 2-cell and as on page 1472 we equip S2 with the CW-structure
with one 0-cell and one 2-cell. With these CW-structures the above map f is given by
collapsing the 1-cell to the unique 0-cell of S2, in particular f is a cellular map. By the

1094Note that this is not a covering map and that this map has nothing to do with the more familiar
projection S2 → RP2.
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Singular-Cellular H∗-Isomorphism Proposition 80.4 and the discussion on page 1915
we obtain the following commutative diagram

H2(RP2;F2)
f∗

//

ΦRP2 ∼=
��

H2(S2;F2)

ΦS2∼=
��

HCW
2 (RP2;F2)

f∗
// HCW

2 (S2;F2).

As we saw on page 1916, the 2-cell is a generator of HCW
2 (S2;F2) and it gets sent to

the 2-cell in S2 which is, as we saw on page 1770, a generator of HCW
2 (RP2;F2). Thus

we see that the bottom map is an isomorphism, it follows that the top map is also
an isomorphism. Summarizing the short exact sequences of the Universal Coe�cient
Theorem 89.17 give us the following commutative diagram:

0 //

=0︷ ︸︸ ︷
H2(RP2)⊗ F2

f∗=0
��

µ
//

∼=F2︷ ︸︸ ︷
H2(RP2;F2)

∼= f∗
��

//

∼=F2︷ ︸︸ ︷
Tor(H1(RP2),F2)

f∗=0
��

// 0

0 // H2(S2)⊗ F2︸ ︷︷ ︸
∼=F2

µ
// H2(S2;F2)︸ ︷︷ ︸

∼=F2

// Tor(H1(S2),F2)︸ ︷︷ ︸
=0

// 0.

Note that the two vertical maps to the left and right are the zero map, whereas the
middle map is actually an isomorphism. This slightly weird fact will play a role in
the No-Natural Splitting Proposition 89.24.

In the following corollary we give two instances where the Tor-terms in the Universal Coef-
�cient Theorem 89.17 are zero, i.e. two instances where we can �pull out� the coe�cients.
Corollary 89.19.
(1) Let (X,A) be a pair of topological spaces and let G be a subgroup of (C,+). Then

for each n ∈ N0 the map

µ : Hn(X,A;Z)⊗G → Hn(X,A;G)

is a natural isomorphism.
(2) Let (X,A) be a pair of topological spaces and let F be a sub�eld of C. Then for

each n ∈ N0 we have rank(Hn(X,A)) = dimF(Hn(X,A;F)).

Example. It follows immediately from Proposition 80.11 together with Corollary 89.19
and the Tensor Lemma 89.3 (3) that

Hk(RP2n+1;R) ∼=
{

R, if k = 0, 2n+ 1,
0, otherwise. and Hk(RP2n;R) ∼=

{
R, if k = 0,
0, otherwise.

Proof.
(1) This statement is an immediate consequence of the Universal Coe�cient Theo-

rem 89.17 and the fact, obtained in the Tor-Properties Lemma 89.15 (4), that the
torsion-groups are zero for any subgroup of (C,+).

(2) To shorten the notation we consider only the case A = ∅. We have

rank(Hn(X)) = dimQ(Hn(X)⊗Q) = dimQ(Hn(X))⊗Q = dimF(Hn(X))⊗ F.
↑ ↑ ↑

by the de�nition on page 1911 by (1) follows fairly easily from Q Ă F



1932

�

Remark.
(1) Let (X,A) be a pair of topological spaces and let R be a subring of C. Since the map

µ : Hn(X,A;Z) ⊗ R → Hn(X,A;R) is natural we can and we will in the following
identify the groups Hn(X,A;Z) ⊗ R and Hn(X,A;R) using the isomorphism from
Corollary 89.19.

(2) Given a pair (X,A) of topological spaces and n ∈ N0 we refer to1095

bn(X,A) := rank(Hn(X,A))

as the n-th Betti number of (X,A). For A = ∅ we write of course bn(X) := bn(X,∅).
Note that it follows from Corollary 89.19 that for any sub�eld F of C we have
bn(X,A) = dimF(Hn(X,A;F)).

(3) Let R be a subring of C. the Tor-Properties Lemma 89.15 (4) and the Universal
Coe�cient Theorem 89.16 show that taking the tensor product with R is an exact
functor in the sense of the de�nition on page 1918.

We conclude this section with the following lemma which we will need later on in the
generalization of the Borsuk-Ulam Theorem 48.21 to higher dimensions.

Lemma 89.20. (Degree-and-Coe�cients Lemma) Let f : Sn → Sn be a map and let
k ∈ N. Then the induced map

f∗ : Hn(Sn;Zk) → Hn(Sn;Zk)
is given by multiplication by deg(f).

Proof. Let f : Sn → Sn be a map and let k ∈ N. Since the short exact sequence of
the Universal Coe�cient Theorem 89.17 is natural we obtain the following commutative
diagram

0 // Hn(Sn)⊗ Zk
f∗⊗id
��

µ
// Hn(Sn;Zk)

f∗
��

// Tor(Hn−1(Sn),Zk) //

f∗
��

0

0 // Hn(Sn)⊗ Zk
µ
// Hn(Sn;Zk) // Tor(Hn−1(Sn),Zk) // 0.

Note that Hn−1(Sn) is torsion-free, hence Tor(Hn−1(Sn),Zk) = 0 by the Tor-Properties
Lemma 89.15. It follows from the exactness of the horizontal sequences that the horizontal
maps µ on the left are isomorphisms. By de�nition the map f∗ : Hn(Sn)→ Hn(Sn) is given
by multiplication by deg(f), hence f∗⊗ id is also given by multiplication by deg(f). It now
follows that the middle vertical map is also given by multiplication by deg(f). �

89.6. Splittings of the Universal Coe�cient Theorem. Our goal had been to deter-
mine the homology groups Hn(C;G) only in terms of the original groups Hk(C) and the
abelian group G. The Algebraic Universal Coe�cient Theorem 89.16 gave us a short exact
sequence

0 → Hn(C)⊗G µ−→ Hn(C;G)
p−→ Tor(Hn−1(C), G) → 0.

But in general, as we already saw on page 1715, given a short exact sequence, it is not
possible to determine the middle group of a short exact sequence from the groups to the
1095Recall that on page 1911 we de�ned the rank of an arbitrary abelian group.
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left and the right. But we saw in Splitting Lemma 78.2 that if a short exact sequence of
abelian groups

0 → A
i−→ B

p−→ C → 0

splits, then the middle group B is the direct sum of the �outer� groups A and C. The
question arises, whether the short exact sequence in the Universal Coe�cient Theorem 89.16
splits. This is fortunately the case:

Proposition 89.21. (UCT-Splitting Proposition) Let (Cn, ∂n) be a free chain com-
plex1096 and let G be an abelian group. Then for any n ∈ N0 the short exact sequence

0 → Hn(C)⊗G µ−→ Hn(C;G) → Tor(Hn−1(C), G) → 0

of the Algebraic Universal Coe�cient Theorem 89.16 splits. In particular there exists an
isomorphism

Hn(C;G) ∼= Hn(C)⊗G⊕ Tor(Hn−1(C), G).

Proof. Let (Cn, ∂n) be a chain complex of free abelian groups and furthermore let G be an
abelian group. According to Splitting Lemma 78.2 it su�ces to construct a homomorphism
η : Hn(C;G)→ Hn(C)⊗G such that η ◦ µ is the identity on Hn(C)⊗G.

For each n ∈ N0 we write as always Zn := ker(∂n) and Bn := im(∂n+1).We consider the
short exact sequence

0 → Zn ↪→ Cn
∂n−−→ Bn−1 → 0.

The group Bn−1 Ă Cn−1 is a subgroup of a free abelian group, thus it is itself a free abelian
group by the Subgroup-of-Free Abelian Group Lemma 51.2 . Therefore we can deduce
from Lemma 78.1 that the above short exact sequence splits. In particular, according to
Splitting Lemma 78.2, for each n ∈ N0 there exists a homomorphism pn : Cn → Zn such
that pn is the identity on Zn Ă Cn.
Claim. The following diagram commutes:

. . . // Cn+1

∂n+1 ((

∂n+1
//

pn+1

��

Cn

∂n ))

∂n //

pn
��

Cn−1

∂n−1
//

pn−1

��

. . .

Zn+1

qn+1

����

?�

OO

Zn

qn

����

?�

OO

Zn−1

qn−1

����

?�

OO

. . . // Hn+1(C)︸ ︷︷ ︸
=Zn+1/Bn+1

0 // Hn(C)︸ ︷︷ ︸
=Zn/Bn

0 // Hn−1(C)︸ ︷︷ ︸
=Zn−1/Bn−1

0 // . . .

where the maps qn are just the natural projections.

Proof. We start at Cn+1. If we go down and then right, then we end up with the zero map
to Hn(C). On the other hand, if we �rst go right, then we end up in Bn Ă Zn, but then
the projection qn to Hn(C) = Zn/Bn is also the zero map. �

The top and the bottom horizontal sequences of the claim are chain complexes. Since
the diagram commutes we see that the vertical maps from top to bottom are chain maps.

1096A chain complex (C∗, ∂∗) is called free, if all the groups Cn are free abelian groups.
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Now we tensor the top and the bottom horizontal sequences with G and we obtain the
following diagram of chain complexes.

. . . // Cn+1 ⊗G
∂n+1⊗id

//

(qn+1◦pn+1)⊗id
��

Cn ⊗G
∂n⊗id

//

(qn◦pn)⊗id
��

Cn−1 ⊗G
∂n−1⊗id

//

(qn−1◦pn−1)⊗id
��

. . .

. . . // Hn+1(C)⊗G 0 // Hn(C)⊗G 0 // Hn−1(C)⊗G 0 // . . .

The induced maps on the homology of these two chain complexes give us a homomorphism

η : Hn(C;G) = Hn(C∗ ⊗G) → Hn(lower sequence) = Hn(C)⊗G.
It remains to prove the following claim.
Claim. The composition η ◦ µ is the identity on Hn(C)⊗G.
Proof. Let [σ]⊗ g ∈ Hn(C)⊗G where σ ∈ Zn. Then

(η ◦ µ)([σ]⊗ g) = η([σ ⊗ g]) = (qn(pn(σ)))⊗ g = qn(σ)⊗ g = [σ]⊗ g.
↑ ↑

de�nition of η since pn = id on Zn �

The following immediate corollary to the UCT-Splitting Proposition 89.21 shows in partic-
ular that the homology groups with G-coe�cients of a topological space X are completely
determined by the usual homology groups of X and the abelian group G.

Theorem 89.22. (UCT-Splitting Theorem) Let (X,A) be a pair of topological spaces
and let G be an abelian group. Then for each n ∈ N0 the short exact sequence

0 → Hn(X,A)⊗G µ−→ Hn(X,A;G) → Tor(Hn−1(X,A), G) → 0

from the Universal Coe�cient Theorem 89.17 splits. In particular there exists an isomor-
phism

Hn(X,A;G) ∼= Hn(X,A)⊗G⊕ Tor(Hn−1(X,A), G).

The following is an immediate corollary to the UCT-Splitting Theorem 89.22.

Corollary 89.23. Let (X,A) and (Y,B) be topological spaces and let G be an abelian
group. Then

Hn(X,A) and Hn(Y,B) are
isomorphic for all n ∈ N0

=⇒ Hn(Y,B;G) and Hn(X,A;G) and
isomorphic for all n ∈ N0.

Remark.
(1) Corollary 89.23 is in some sense a disappointment, it shows that homology groups

with coe�cients are not better at distinguishing topological spaces than ordinary
homology groups.

(2) Corollary 89.23 is also an almost immediate consequence of Propositions 81.13 and 81.4.

The question now arises, whether given an abelian group G there exists in fact a natural
isomorphism

Hn(X;G) ∼= Hn(X)⊗G⊕ Tor(Hn−1(X), G).

The discussion on page 206 already shows that this sounds like a dubious idea. Indeed,
the following proposition says that such a natural isomorphism does not exist for G = F2.
More precisely, we have the following proposition.
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Proposition 89.24. (No-Natural Splitting Proposition) It is not possible assign to
each topology space X an isomorphism

ΦX : Hn(X;F2) → Hn(X)⊗ F2 ⊕ Tor(Hn−1(X),F2)

such that for any map f : X → Y between topological spaces the following diagram
commutes:

Hn(X;F2)

f∗
��

ΦX

∼=
// Hn(X)⊗ F2 ⊕ Tor(Hn−1(X),F2)

f∗
��

f∗
��

Hn(Y ;F2)
ΦY

∼=
// Hn(Y )⊗ F2 ⊕ Tor(Hn−1(Y ),F2).

Proof. So suppose instead that such a map ΦX exists for every topological space X. We
consider the map

f : RP2 = B
2
/z ∼ −z → S2 = B

2
/S1

from page 1930. We obtain the following diagram:

∼=F2︷ ︸︸ ︷
H2(RP2;F2)

f∗
��

ΦRP2

∼=
//

=0︷ ︸︸ ︷
H2(RP2)⊗ F2 ⊕

∼=F2︷ ︸︸ ︷
Tor(H1(RP2),F2)

f∗=0
��

f∗=0
��

H2(S2;F2)︸ ︷︷ ︸
∼=F2

ΦRP2

∼=
// H2(S2)⊗ F2︸ ︷︷ ︸

∼=F2

⊕ Tor(H1(S2),F2)︸ ︷︷ ︸
=0

.

The horizontal maps are by hypothesis isomorphisms. We saw on page 1930 that the
vertical map on the left is an isomorphism. On the other hand the two vertical maps on
the right are zero since either the domain or the target is zero. Thus this diagram cannot
possibly commute. We have thus found a contradiction to our assumption. �

89.7. The Eilenberg-Steenrod axioms for homology (∗). In this section we give a
very short introduction to the concept of (co-) homology theories which was introduced in
the seminal book of Eilenberg�Steenrod [ES1952]. Before we can do so we introduce the
following de�nition.

De�nition. Let R be a commutative ring and let S be a set.
(1) An S-graded R-module is de�ned as an R-module M together with a direct sum

decomposition M =
⊕
s∈S
Ms into R-modules Ms, s ∈ S. If x ∈ M lies in some Ms,

then we call x homogeneous and we refer to deg(x) := s as the degree of x.
(2) A morphism f : M → N between S-graded R-modules M and N is an R-module

homomorphism such that for each s ∈ S we have f(Ms) Ă Ns. Equivalently, it is a
family of R-module homomorphisms {fs : Ms → Ns}s∈S.

(3) The category S-GradMod R of S-graded R-modules is the category where the objects
are S-graded R-modules and the morphisms are the ones described in (2).

(4) Since abelian groups are for all intents and purposes the same as Z-modules we de�ne
the category S-GradAb of S-graded abelian groups to be the category of N0-graded
Z-modules.



1936

Example. Given a pair of topological spaces (X, Y ) and an abelian group G we write

H∗(X, Y ;G) :=
⊕
n∈N0

Hn(X, Y ;G)

and we view H∗(X, Y ;G) as an N0-graded Z-module.

The following de�nition goes back to [ES1952] and [Miln1962b].

De�nition. A homology theory is a covariant functor

H :
category PairTop of

pairs of topological spaces → category N0-GradAb of
N0-graded abelian groups

that satis�es the following axioms:1097

(1) (Homotopy invariant) If f, g : (X,A) → (Y,B) are homotopic maps between pairs
of topological spaces, then f∗ = g∗.

(2) (Connecting homomorphism) Given any pair (X,A) of topological spaces and any
n ∈ N there exists a natural connecting homomorphism ∂ : Hn(X,A)→ Hn−1(A)1098

such that the sequence

. . . → Hn+1(X,A)
∂−→ Hn(A) → Hn(X) → Hn(X,A)

∂−→ Hn−1(A) → . . .

is exact.
(3) (Excision) If U and A are subsets of a topological space X with U Ă

◦
A, then for

each n ∈ N0 the map Hn(X \ U,A \ U)→ Hn(X,A) is an isomorphism.
(4) (Additivity) Let {(Xj, Aj)}j∈J be a family of pairs of topological spaces. We write

X =
⊔
j∈J
Xj and A =

⊔
j∈J
Aj. If given j ∈ J we denote by ij : (Xj, Aj) → (X,A) the

obvious inclusion map, then for any k ∈ N0 the induced map⊕
j∈J
ij∗ :

⊕
j∈J
Hk(Xj, Aj) → Hk(X,A)

is an isomorphism.
(5) (Dimension axiom) We denote by ? the topological space that consists of a single

point. For n 6= 0 we have Hn(?) = 0.

Example. It follows from Proposition 74.15, the Topological LES-Corollary 74.14, the
Excision Theorem 74.17, the obvious generalization of Lemma 72.14 and the Single Point-
Homology Lemma 72.6 that singular homology is indeed a homology theory.

We conclude this chapter with a uniqueness theorem of homology theories. To formulate
the theorem we need the following de�nition.

De�nition. We call the category FullPairCW
Ob(FullPairCW ) := all pairs of CW-complexes,

Mor((X,A), (Y,B)) := all continuous maps f : X → Y with f(A) Ă B,

together with the usual composition of maps the full category of pairs of CW-complexes.1099

1097The axioms are usually called Eilenberg-Steenrod axioms.
1098Here we use the obvious notation that for a topological space Y we write Hn(Y ) := Hn(Y,∅).
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Now we can formulate the following uniqueness statement for homology theories.

Theorem 89.25. (Eilenberg-Steenrod Uniqueness Theorem) Let H and H′ be two
homology theories and let ϕ : H0(?) → H′0(?) be an isomorphism. Then there exists a
natural isomorphism between H and H′ viewed as functors

full category FullPairCW of
pairs of CW-complexes → category N0-GradAb of

N0-graded abelian groups.

Sketch of a proof. Let G be an abelian group. We start our proof with the following
observation: Given a pair (X,A) of CW-complexes we saw in the CW-Complex Cone
Corollary 68.35 (3) that we can equip the mapping cone Cone(i : A→ X) of the inclusion
map with a natural CW-structure. Given n ∈ N0 we de�ne the n-th cellular homology
HCW
n (X,A;G) as the reduced cellular homology with G-coe�cients of the mapping cone.
the Singular-Cellular H∗-Isomorphism Proposition 80.4, together with the Mapping

Cone-H∗-Lemma 78.15, the Singular-Cellular H∗-Isomorphism Proposition 80.4 and the
discussion on page 1915 shows that for pairs of CW-complexes there exists a natural
isomorphism between singular homology with G-coe�cients and cellular homology with
G-coe�cients. Closer inspection of the proof shows that we can prove this statement only
using the above Eilenberg-Steenrod axioms and the fact that H0(?;G) ∼= G.

Now let α : H0(?)→ G be an isomorphism. By the above one can show that there exists
a natural isomorphism from H to HCW

n (−;G). The same applies to H′ and we obtain the
theorem as long as ϕ is an isomorphism. This approach to the proof is developed in more
detail in [tD2008, Chapter 12.2]. �

Remark.
(1) Closely related results are also proved in [ES1952, p. 100] and [Hu1966, p. 52], see

also [GrH1981, p. 138].
(2) The axioms of a cohomology theory are de�ned basically the same way with the

obvious modi�cations and the analogue of the Eilenberg-Steenrod Uniqueness Theo-
rem 89.25 also holds in this context, see [DaK2001, Theorem 1.31].

(3) If one drops the dimension axiom, then there are other (co-) homology theories, for
example �topological K-theory�. We refer to [Karo2008] for details.

Exercises for Chapter 89.

Exercise 89.1. Show that the abelianization functor from the category of groups to the
category of abelian groups is right-exact and that it is not left-exact.

Exercise 89.2. Let C be the category of �nitely generated abelian groups. Given an
abelian group A we denote by Tor(A) as usual its torsion subgroup and furthermore we
denote by FA := A/Tor(A) the maximal torsion-free quotient. We consider the following
two covariant functors:

F: C 7→ C
A 7→ FA

and
Tor: C → C

A 7→ Tor(A).

1099Note that we consider all continuous maps, we do not restrict ourselves to cellular maps. Thus
FullPairCW is a full subcategory of the category PairTop of pairs of topological spaces.
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(a) Show that the functor F is left-exact.
(b) Show that the functor F is not right-exact.
(c) Is the functor Tor left-exact?
(d) Is the functor Tor is right-exact?

Exercise 89.3. Let A be an (m× n)-matrix over Z and let R be a commutative ring. Let
ϕ : Z→ R be the ring homomorphism given by ϕ(n) = n·1R. Finally let Θk : Zm⊗R→ Rm

and Θn : Zn ⊗ R → Rn be the natural isomorphisms provided by the Tensor Lemma 89.3.
Show that the following diagram commutes:

Zn ⊗R
Θn
��

(v 7→Av)⊗idR
// Zm ⊗R

Θm
��

Rn
w 7→ϕ(A)w

// Rm.

Exercise 89.4. Let (C∗, ∂∗) be a chain complex and let G be an abelian group. We consider
the following map: Hn(C∗ ⊗G) → Hn(C∗)⊗G[ n∑

i=1
ci ⊗ gi

]
7→

n∑
i=1

[ci]⊗ gi
Is this map well-de�ned?

Exercise 89.5. What are the isomorphism types of the homology groups of RP5 with
F3-coe�cients?

Exercise 89.6. Let A → B → C be a short exact sequence of abelian groups and let G
be an abelian group. Show that there exists an exact sequence of the form

0→ Tor(A,G)→ Tor(B,G)→ Tor(C,G)→ A⊗G→ B ⊗G→ C ⊗G→ 0.

Hint. Use the Snake Lemma that we proved in Exercise 74.9.
Remark. This exact sequence is sometimes called the six-term sequence in homological
algebra.

Exercise 89.7. Let n ∈ N. Let G be an abelian group (which is not necessarily �nitely
generated). Suppose G admits an element of order g, i.e. n · g = 0 and m · g 6= 0 for
m = 1, . . . , n− 1. Show that Tor(G,Zn) 6= 0.
Remark. You could make use of Exercise 89.6.

Exercise 89.8.
(a) Let G∗ be a chain complex. (We do not assume that the chain groups Gk are

�nitely generated.) Suppose that for every k ∈ N0 and every prime p ∈ N we have
Hk(G∗;Q) = 0 and Hk(G∗;Zp) = 0. Show that for every k ∈ N0 we have Hk(G∗) = 0.
Remark. You might want to use Exercise 89.7.

(b) Let f : C∗ → D∗ be a chain map between two chain complexes. (We do not assume
that the chain groups are �nitely generated.) Suppose that for every k ∈ N0 and
every prime p ∈ N the maps Hk(C∗;Q) → Hk(D∗;Q) and Hk(C∗;Zp) → Hk(D∗;Zp)
are isomorphisms. Show that for every k ∈ N0 the map Hk(C∗) → Hk(D∗) is an
isomorphism.
Hint. Use the algebraic mapping cone that we introduced on page 1796.
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Exercise 89.9. Determine Tor(Zn,Q/Z).

Exercise 89.10. Let m,n ∈ N. Show that

Tor(Zm,Zn) ∼= Zgcd(m,n).

Exercise 89.11. Show that ( ∏
n∈N

Zn
)
⊗Q 6= 0.

Exercise 89.12. Let k ∈ Z \ {0} and let ϕk : ∆1 → S1 be the map given by (1 −
t, t) 7→ exp(k · 2πt i). Furthermore let i : H1(S1) → H1(S1;R) be the homomorphism from
Lemma 89.7 (1) that is induced by σ 7→ σ ⊗ 1. Show that[

1
n
⊗ ϕ

]
= 1

n
· i∗([S1]) ∈ H1(S1;R).

We refer to the �gure below for an illustration.

��

����

ϕ2

∆1 S1

Exercise 89.13. Let T = S1 × S1 and let K be the Klein bottle.
(a) Does there exist a map f : K → T such that f∗ : H2(K;F2) → H2(T ;F2) is an

isomorphism?
(b) Does there exist a map g : T → K such that g∗ : H2(T ;F2) → H2(K;F2) is an iso-

morphism?

Exercise 89.14. Let g ∈ N. We denote by Ng the non-orientable surface of genus g
as de�ned on page 266. As a reminder, note that by Lemma ?? we know that Ng is
di�eomorphic to the connected sum of g copies of RP2. Show that

Hi(Ng;F2) ∼=

 0, if i > 2,
F2, if i = 0 or i = 2,
Fg2, if i = 1.

Remark. We calculated H∗(Ng) in Proposition 80.10.
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90. The Künneth Theorem

In this chapter we want to study the following question:

Question 90.1. Let X and Y be two topological spaces. What is the connection between
the homology groups of X and Y on the one hand and the homology groups of the product
topological space X × Y on the other hand?

90.1. The tensor product of chain complexes. First we want to �nd some connection
between the chain complexes of X, Y and X×Y . To do so we need the notion of the tensor
product of chain complexes. Therefore we start out with a short excursion into homological
algebra, i.e. into the study of chain complexes.

Lemma 90.2. Let C = (C∗, ∂∗) and C ′ = (C′∗, ∂
′
∗) be two chain complexes. Given n ∈ N0

we de�ne (C ⊗ C ′)n :=
⊕
p+q=n

Cp ⊗ C′q.

The consider the maps

d : (C ⊗ C ′)n → (C ⊗ C ′)n−1

which are uniquely determined by
cp ⊗ c′q 7→ ∂cp ⊗ c′q + (−1)p · cp ⊗ ∂′c′q

for cp ∈ Cp and c′q ∈ C′q. The maps turn C ⊗ C ′ into a chain complex, called the tensor
product C ⊗ C ′ of the chain complexes C and C ′.
We illustrate the de�nition of the tensor product of chain complexes in the following
diagram:

C0 ⊗ C′2
id⊗∂′2
��

C1 ⊗ C′2
∂1⊗id

oo

− id⊗∂′2
��

C2 ⊗ C′2
∂2⊗id

oo

− id⊗∂′2
��

C0 ⊗ C′1
id⊗∂′1
��

C1 ⊗ C′1
∂1⊗id

oo

− id⊗∂′1
��

C2 ⊗ C′1
∂2⊗id

oo

− id⊗∂′1
��

C0 ⊗ C′0 C1 ⊗ C′0
∂1⊗id

oo C2 ⊗ C′0.
∂2⊗id

oo

Proof. We still have to show that the maps d are indeed boundary maps of a chain complex,
i.e. we have to verify that d ◦ d = 0. This is the case since for any cp ∈ Cp and c′q ∈ C′q we
calculate that

d(d(cp ⊗ c′q)) = d(

∈Cp−1︷︸︸︷
∂cp ⊗ c′q) + d((−1)p · cp ⊗

∈C′q−1︷︸︸︷
∂′c′q )

= ∂∂cp︸︷︷︸
=0

⊗ c′q + (−1)p−1 · ∂cp ⊗ ∂′c′q + (−1)p · ∂cp ⊗ ∂′c′q + (−1)p · cp ⊗ ∂′∂′c′q︸ ︷︷ ︸
=0

= (−1)p−1 · ∂cp ⊗ ∂′c′q − (−1)p−1 · ∂cp ⊗ ∂′c′q = 0.

Thus we have shown that (C ⊗ C ′, d) is indeed a chain complex.1100 �

1100Note that in the calculation we made use of the extra-term (−1)p in the de�nition of the boundary
map. If we de�ned the boundary map �naively� as d(cp ⊗ c′q) = ∂cp ⊗ c′q + cp ⊗ ∂′c′q, then the result would
not have been a chain complex.
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Example. Let

C = · · · → Cn
∂n−→ Cn−1

∂n−1−−−→ Cn−2 → . . . and C ′ = 0 → G → 0
↑

in degree k

be two chain complexes where the second consists of a single abelian group. In this case
we have the equality (C∗ ⊗ C ′∗)n = Cn−k ⊗G,
i.e. the tensor product is just given by tensoring the chain groups of C by G and shifting
the degrees by −k.

We conclude this section with the following lemma.
Lemma 90.3. Let C and D be two chain complexes.
(1) Given two chain maps f : C → D and f ′ : C ′ → D′ the induced map

f ⊗ f ′ : C ⊗ C ′ → D ⊗D′
n∑
i=1

ci ⊗ c′i 7→
n∑
i=1

f(ci)⊗ f ′(c′i)

is also a chain map.
(2) If f, g : C → D and f ′, g′ : C ′ → D′ are chain homotopic maps, then the induced

maps f ⊗ f ′, g ⊗ g′ : C ⊗ C ′ → D ⊗D′

are also chain homotopic.
(3) If f : C → D and f ′ : C ′ → D′ are homotopy equivalences, then the induced map

f ⊗ f ′ : C ⊗ C ′ → D ⊗D′

is also a homotopy equivalence.

Proof. The proof of the lemma is elementary. For completeness' sake and for a good
conscience we provide the proof of the �rst statement. So let C and D be two chain
complexes and let f : C → D and f ′ : C ′ → D′ be chain maps. Let c ∈ Cn and c′ ∈ C′l, then

∂(f(c)⊗f ′(c′)) = ∂f(c)⊗f ′(c′)+(−1)k ·f(c)⊗∂f ′(c′) = f(∂c)⊗f ′(c′)+(−1)k ·f(c)⊗f ′(∂c′)
↑ ↑

since deg(f(c)) = deg(c) = k since f and f ′ are chain maps

= (f⊗f ′)
(
∂c⊗c′+(−1)k ·c⊗∂c′

)
= (f⊗f ′)(∂(c⊗c′)). �

90.2. The Eilenberg-Zilber Theorem. The following theorem, which was �rst proved in
1953, relates the singular chain complex C∗(X×Y ) of the product of two topological spaces
X and Y to the tensor product C∗(X)⊗ C∗(Y ) of the two individual chain complexes.

Theorem 90.4. (Eilenberg-Zilber Theorem) Let X and Y be topological spaces.
There exist natural1101 chain maps

Υ: C∗(X)⊗ C∗(Y ) → C∗(X × Y )
and Θ: C∗(X × Y ) → C∗(X)⊗ C∗(Y ),
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with the following three properties:
(1) The maps are chain homotopy-inverses of one another. In particular, by Corol-

lary 73.4, for each n ∈ N0 we have a natural isomorphism

Hn(X × Y )
Θ∗−−→∼= Hn(C∗(X)⊗ C∗(Y )).

(2) For any x ∈ X and any singular k-chain σ : ∆k → Y the singular chain Υ({x} ⊗ σ)
equals the singular simplex ∆k → X × Y that is given by P 7→ (x, σ(P )).

(3) The same statement as in (2) also holds with the roles of X and Y swapped.

Proof. We postpone this technically intricate proof to Section 113.2. In that section the
above statement follows from the EZ-Construction Theorem 113.2 together with the proof
of the Eilenberg-Zilber Theorem provided on page 2496. �

Since we just postponed the proof of the Eilenberg-Zilber 90.4 to signi�cantly later let us
prove a partial result that is much weaker, but that is good enough for many purposes.
Namely we will prove an analogous statement for CW-complexes which will be su�cient
for the calculations of homology groups that we want to do in this chapter. The proof of
this special case is signi�cantly easier to digest than the proof of the general case of the
Eilenberg-Zilber Theorem.

Proposition 90.5. Let X and Y be two CW-complexes with �nitely many cells in each
dimension. Then there exists a natural1102 isomorphism

CCW
∗ (X × Y )

∼=−→ CCW
∗ (X)⊗ CCW

∗ (Y )

of chain complexes.

Remark. Recall that, following the convention of page 1602, given two chain complexes
C∗ and D∗ we write C∗ ' D∗ if they are homotopy equivalent. Suppose that X and Y are
CW-complexes which have only �nitely many cells in each dimension. Then we have

Proposition 90.5
↓

C∗(X × Y ) ' CCW
∗ (X × Y )

∼=−→ CCW
∗ (X)⊗ CCW

∗ (Y ) ' C∗(X)⊗ C∗(Y ).
↑ ↑

Singular-Cellular Chain Complex Proposition 81.12 (2) and Lemma 90.3

For such X and Y this argument proves the existence of the chain homotopies in the state-
ment of the Eilenberg-Zilber Theorem 90.4. But note that the chain homotopy equivalences
of Lemma 90.3 are not natural, hence the above chain equivalences are not natural.

1101Here �natural� means that for maps f : X → X ′ and g : Y → Y ′ of topological spaces we obtain
commutative diagrams

C∗(X)⊗ C∗(Y )
Υ //

f∗⊗f ′∗
��

C∗(X × Y )

(f×g)∗
��

C∗(X ′)⊗ C∗(Y ′)
Υ // C∗(X ′ × Y ′)

and

C∗(X × Y )

(f×g)∗
��

Θ // C∗(X)⊗ C∗(Y )

f∗⊗f ′∗
��

C∗(X ′ × Y ′)
Θ // C∗(X ′)⊗ C∗(Y ′).

1102Here the notion �natural� means �natural� in the category of CW-complexes, i.e. the isomorphisms
ΦXY are only natural with respect to cellular maps X → X ′ and Y → Y ′, i.e. the commutative diagram
from Footnote 1101 only exists for such cellular maps.
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Proof. Let X and Y be two CW-complexes with �nitely many cells in each dimension.
On page 1497 we introduced a CW-structure on X × Y where the n-cells of X × Y are
precisely of the form e×f where e is a p-cell of X and f is an (n−p)-cell of Y . We quickly
recall the de�nition of the product CW-structure on X × Y :
(1) Using the homeomorphism from the Convex-to-Ball Proposition 2.20 (2) we identify

the n-dimensional closed ball B
n
with the n-dimensional cube In = [0, 1]n.

(2) We put (X × Y )0 = X0 × Y 0.
(3) Now we suppose that the (n − 1)-skeleton (X × Y )(n−1) has already been de�ned.

We consider a p-cell e in X which is given by a characteristic map ϕ : Ip → Xp and
an (n− p)-cell f in Y which is given by a characteristic map ψ : In−p → Y n−p. Then
we denote by e× f the n-cell in X × Y which is given by the attaching map

∂(In) = (∂Ip × In−p) ∪ (Ip × ∂In−p) → (X × Y )n−1

(x, y) 7→ (ϕ(x), ψ(y)).

All these n-cells together de�ne the n-skeleton of X × Y .
Since X and Y have only �nitely many cells in each dimension the above construction does
indeed de�ne a CW-structure on X × Y .

Given n ∈ N0 we consider the map

CCW
n (X × Y ) → CCW

p (X)⊗ CCW
n−p(Y )

which is induced by the property that for any p-cell e of X and any (n− p)-cell f of Y we
have1103 [e× f ] 7→ [e]⊗ [f ].

As on page 1910 one can show that this map is an isomorphism. It remains to prove that
the above maps form a chain map. This statement in turn is equivalent to the following
claim.
Claim. For any p-cell e of X and any q-cell f of Y we have

∂(e× f)︸ ︷︷ ︸
∈CCW

p+q−1(X×Y )

= ∂e⊗ f︸ ︷︷ ︸
∈CCW

p−1(X)⊗CCW
q (Y )

+ (−1)p · e⊗ ∂f︸ ︷︷ ︸ .
∈CCW

p (X)⊗CCW
q−1(Y )

Proof. It is possible to prove this formula using the description of the cellular boundary map
in the Cellular Boundary Map-via-Degrees Proposition 80.8 and by doing a very careful
sign-analysis. We illustrate this argument in the �gure below.
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e f ∂(e× f)

∂ = −+−

= ∂e× f e× ∂f−

=⇒
+

−

=⇒

e× f

Following [Bre1993, Theorem 12.2] we will give an alternative proof instead. Given a
k-cell σ and a (k− 1)-cell µ we denote by [µ : σ] the coe�cient of µ in ∂σ. It follows quite
easily from the Cellular Boundary Map-via-Degrees Proposition 80.8 that for p, q ∈ N0

1103We follow the convention of page 1777 where saw that cells naturally give rise to a basis of the cellular
chain complex.
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there exists a unique sign εp,q ∈ {−1, 1} such that for any CW-complexes K and L, any
p-cell e of K, any q-cell f of L and any (q − 1)-cell g of L we have

[e× g : e× f ] = εp,q · [g : f ].

It follows immediately from the de�nitions that ε0,q = 1 for all q.
Now let e be a p-cell of a CW-complex K and let f be a q-cell of a CW-complex L. We

denote by τ the set of (p − 1)-cells of K and we denote by φ the set of (q − 1)-cells of L.
We compute that

∂(e× f) =
∑
τ

[τ × f : e× f ] ·(τ × f) +
∑
φ

[e× φ : e× f ] ·(e× φ)

=
∑
τ

[τ : e] ·(τ × f) +
∑
φ

εp,q · [φ : f ] ·(e× φ) = (∂e)× f + εp,q ·e× (∂f).

It remains to show that εp,q = (−1)p. We will prove this indirectly. More precisely, since
we know that ∂2 = 0 in the cellular chain complex we obtain that

0 = ∂∂(e× f) =

=0︷ ︸︸ ︷
(∂∂e)× f + εp−1,q ·(∂e)× (∂f) + εp,q ·(∂e)× (∂f) + εp,q−1εp,q ·e×

=0︷ ︸︸ ︷
(∂∂f)

= εp−1,q ·(∂e)× (∂f) + εp,q ·(∂e)× (∂f) = (εp−1,q + εp,q) ·(∂e)× (∂f).

But this equality can hold for all CW-complexes K and L only if εp,q = −εp−1,q. Since
ε0,q = 1 we obtain iteratively that εp,q = (−1)p. �

90.3. The Künneth Theorem for chain complexes. Our goal is to determine the ho-
mology groups of the product X × Y of two topological spaces in terms of the homology
groups of X and Y . In light of the Eilenberg-Zilber Theorem 90.4, or alternatively, consid-
ering Proposition 90.5, we have to �nd a connection between the homology groups of two
chain complexes C, C ′ and the corresponding tensor product C ⊗ C ′.
We start out with the following elementary lemma.

Lemma 90.6. Let C and C ′ be two chain complexes. The map

Ω: Hp(C)⊗ Hq(C ′) → Hp+q(C ⊗ C ′)
r∑
i=1

[ci]⊗ [c′i] 7→
r∑
i=1

[ci ⊗ c′i]

is well-de�ned and it is natural with respect to the chain complexes C and C ′.
Proof. Let C = (Cn, ∂n) and C ′ = (C′n, ∂

′
n) be two chain complexes. First note that if

ci ∈ Cp and c′i ∈ Cq are cycles, then

d(ci ⊗ c′i) = ∂ci︸︷︷︸
=0

⊗ c′i + (−1)pci ⊗ ∂c′i︸︷︷︸
=0

= 0

i.e. ci ⊗ c′i ∈ C ⊗ C ′ is indeed a cycle. Second, if ci + ∂ei is an other representative of [ci]
then [(ci + ∂ei)⊗ c′i] = [ci ⊗ c′i + d(ei ⊗ c′i)] = [ci ⊗ c′i].

↑
since ∂′c′ = 0

The same way one can show that the value of Ω does not depend on the choice of repre-
sentative of the class in Hq(C ′). It is straightforward to verify that Ω is in fact a natural
map. �
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Example. In some instances the homomorphism Ω from Lemma 90.6 is an isomorphism.
For example let C = (Cn, ∂n) be a chain complex of free abelian groups such that all
boundary maps Cn → Cn−1 in C are the zero map. In this case we have for any chain
complex C ′ that⊕
n∈N0

Hp(C)⊗ Hn−p(C ′∗) =
⊕
n∈N0

Cp ⊗ Hn(C ′∗−p) =
⊕
n∈N0

Hn(Cp ⊗ C ′∗−p) = Hn(C∗ ⊗ C ′∗).
↑ ↑ ↑

since all boundary maps by Theorem 89.16 and the by the example on page 1941
in C are zero Tor-Properties Lemma 89.15 (3) since C is a direct sum

since all Cp are free abelian of trivial chain complexes

Now we can formulate the following proposition which is the key algebraic result of this
chapter.

Theorem 90.7. (Künneth Theorem for Chain Complexes)1104 Let C and C ′ be two
chain complexes. If C is free, i.e. if all chain groups of the chain complex C are free abelian
groups, then there exists a natural short exact sequence

0 →
⊕
p+q=n

Hp(C)⊗ Hq(C ′)
Ω−→ Hn(C ⊗ C ′) →

⊕
p+q=n−1

Tor(Hp(C),Hq(C ′)) → 0.

If C ′ is also a free chain complex, then this short exact sequence splits.

Remark.
(1) The adjective �natural� means in this context that if f : C → D and f ′ : C ′ → D′ are

chain maps, then we obtain a commutative diagram of short exact sequences:

0 //
⊕

p+q=n

Hp(C)⊗ Hq(C ′)
Ω //

f∗⊗f ′∗
��

Hn(C ⊗ C ′) //

(f⊗f ′)∗

��

⊕
p+q=n

Tor(Hp(C),Hq(C ′))

Tor(f∗,f ′∗)

��

// 0

0 //
⊕

p+q=n

Hp(D)⊗ Hq(D′)
Ω // Hn(D ⊗D′) //

⊕
p+q=n

Tor(Hp(D),Hq(D′)) // 0.

Here the middle map is given by Lemma 90.3 (1) and the map on the right is given
by the functoriality of the torsion-groups that we had discussed on page 1923.

(2) If C ′ is a chain complex which consists of a single abelian group G, i.e. if it is of the
form 0→ G→ 0 with G in degree 0, then H0(C ′) = G and all other homology groups
are zero. The Künneth Theorem together with the example on page 1941 thus gives
us the short exact sequence

0 → Hn(C)⊗G → Hn(C ⊗G︸ ︷︷ ︸
=C⊗C′

) → Tor(Hn−1(C), G) → 0,

i.e. we recover the Universal Coe�cient Theorem 89.16 as a special case of the Kün-
neth Theorem. In fact, as we will see, the proof of the Künneth Theorem is quite
similar to the proof of the Universal Coe�cient Theorem 89.16.

(3) The fact that the short exact sequence of the Künneth Theorem splits implies that
the middle group is isomorphic to the direct sum of the two groups to the left and
right. But, as we saw in the discussion of the Universal Coe�cient Theorem 89.16,
see the No-Natural Splitting Proposition 89.24, this isomorphism is not natural.

1104Hermann Künneth (1892-1975) was a German mathematician.
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Proof. Let C = (Cn, ∂n) and C ′ = (C′n, ∂
′
n) be two chain complexes such that all Cn are

free abelian groups. As we will see, the proof of the theorem is quite similar to the proof
of the Universal Coe�cient Theorem 89.16.

For p ∈ N0 we consider again

Zp := ker(∂p : Cp → Cp−1) and Bp := im(∂p+1 : Cp+1 → Cp).

We denote by i : Zp → Cp the inclusion map. Furthermore we denote by Z the chain
complex which is given by the groups Zp where all the boundary maps are the zero map.
The same way we obtain from the groups Bp a chain complex B.
Claim. The sequence

0 → Z ⊗ C ′ i⊗id−−−→ C ⊗ C ′ ∂⊗id−−−→ B ⊗ C ′ → 0

is a sequence of chain maps and it is exact at each degree.

Proof. It follows easily from the de�nitions of the boundary maps in the various chain
complexes, see also the diagram on page 1928, that the homomorphisms i⊗ id : Z ⊗ C ′ →
C ⊗C ′ and ∂⊗ id : C ⊗C ′ → B⊗C are chain maps. It remains to show that the sequence is
exact at each degree. The argument is exactly the same as on page 1928. For the reader's
convenience we recall the argument. First note that by de�nition the sequences

0 → Zp
i−→ Cp

∂−→ Bp−1 → 0

are exact. Also recall that by hypothesis each Cn is a free abelian group. It follows from
the Subgroup-of-Free Abelian Group Lemma 51.2 that each Bn is also free abelian. By
Lemma 78.1 this means that the above short exact sequence splits. But then it follows
from the Tensor-Split-SES Lemma 89.6 that the sequence stays exact even after tensoring
it with any C′q. The claim is an immediate consequence of these observations.

From the LES Proposition 74.9 and the claim we thus obtain the following long exact
sequence1105

· · · → Hn(B⊗C ′) dn−→ Hn(Z⊗C ′) → Hn(C⊗C ′) → Hn−1(B⊗C ′) dn−1−−−→ Hn−1(Z⊗C ′)→ . . .

The connecting homomorphism dn : Hn(B⊗C ′)→ Hn(Z⊗C ′) from the LES Proposition 74.9
is hereby, as in the proof of the Universal Coe�cient Theorem 89.16, induced by the map
i⊗ id where i denotes the inclusion B → Z.

Since the boundary maps in the chain complexes B and Z are the zero maps it follows
from the example on page 1945 that we obtain the following long exact sequence:

. . .
i⊗id−−→

⊕
p+q=n

Zp ⊗Hq(C ′)→ Hn(C ⊗ C ′)→
⊕

p+q=n−1

Bp ⊗Hq(C ′)
i⊗id−−→

⊕
p+q=n−1

Zp ⊗Hq(C ′)→ . . .

1105The index goes down by one in the map Hn(C ⊗ C′) → Hn−1(B ⊗ C′), since the map is induced by the
short exact sequence 0→ Zp → Cp → Bp−1 → 0.
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From the Break-into-SES Lemma 78.4 we obtain a short exact sequence

0 →
⊕

p+q=n

= Hp(C)⊗Hq(C’), since
0→ Bp → Zp → Hp(C)→ 0 is a free resolution︷ ︸︸ ︷
coker

(
Bp ⊗ Hq(C ′)

i⊗id−−→ Zp ⊗ Hq(C ′)
)
→ Hn(C ⊗ C ′) →

→
⊕

p+q=n−1

ker
(
Bp ⊗ Hq(C ′)

i⊗id−−→ Zp ⊗ Hq(C ′)
)︸ ︷︷ ︸

= Tor(Hp(C),Hq(C’)), since
0→ Bp → Zp → Hp(C)→ 0 is a free resolution

→ 0.

This proves the existence of the short exact sequence. Using Statement (2) of the
Fundamental Theorem 81.1 of Homological Algebra one can show that this short exact
sequence is natural. We leave it to the reader to verify the details.

Finally we suppose that C ′∗ is also a free chain complex. We leave it again to the reader
to adapt the argument of the proof of the UCT-Splitting Proposition 89.21 to show that
the above short exact sequence splits. Alternatively we refer to [Mun1984, Chapter 58]
for details. �

90.4. The Künneth Theorem for topological spaces. Now we return to our initial
Question 90.1 of the chapter, namely, what is the relationship between the homology groups
of the topological spaces X, Y and X × Y ? The following theorem gives a comprehensive
answer.

Theorem 90.8. (Künneth Theorem for Topological Spaces) Let X and Y be topo-
logical spaces. Then there exists a short exact sequence

0→
⊕
p+q=n

Hp(X)⊗ Hq(Y )
Ω−→ Hn(X × Y )→

⊕
p+q=n−1

Tor(Hp(X),Hq(Y ))→ 0

with the following four properties:
(1) Both maps are natural with respect to the topological spaces X and Y .
(2) For p = 0 the map Ω: H0(X)⊗ Hq(Y )→ Hq(X × Y ) is the �obvious� map, namely

for a point x ∈ X and a singular cycle σ the image of [x] ⊗ [σ] ∈ H0(X) ⊗ Hq(Y )
under Ω equals the image of [σ] under the map Hq(Y )→ Hq({x}×Y )→ Hq(X×Y ),
where the �rst map is induced by the natural homeomorphism and the second map
is induced by the inclusion.

(3) The analogue of (2) also holds for q = 0.
(4) The above short exact sequence splits.1106

Remark. Both maps in the short exact sequence of the Künneth Theorem 90.8 for Topo-
logical Spaces are di�cult to describe explicitly. At least for the former map we will partly
get a nice description in the Topological Product Orientation Proposition 113.10.

1106But as in the case of the Universal Coe�cient Theorem 89.16, see the No-Natural Splitting Proposi-
tion 89.24, the splitting is not natural.
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Proof. We consider the following maps:

0 //
⊕

p+q=n

Hp(X)⊗ Hq(Y )

))

Ω // Hn(C∗(X)⊗ C∗(Y )) //

Υ∼=

��

⊕
p+q=n−1

Tor(Hp(X),Hq(Y )) // 0

Hn(C∗(X × Y )).︸ ︷︷ ︸
=Hn(X×Y )

55

Here the sequence on the top is exact and natural by the Künneth Theorem 90.7 for
Chain Complexes. The vertical map is a natural isomorphism by the Eilenberg-Zilber
Theorem 90.4 together with Corollary 73.4. We obtain the desired short exact sequence
from replacing the upper middle term by the lower middle term Hn(C∗(X×Y )) = Hn(X×
Y ). One can easily verify that this short exact sequence has all the desired properties. �

Examples.

(1) Let X be a topological space. We want to determine the homology groups of S1×X.
The homology groups of S1 are of course Z in the dimensions 0 and 1. For any abelian
group A we have by the Tensor Lemma 89.3 a natural isomorphism Z⊗A = A and by
the Tor-Properties Lemma 89.15 we have Tor(Z, A) = 0. It follows from the Künneth
Theorem 90.8 for topological spaces that there exists a natural isomorphism

Hn(S1 ×X)
∼=−→ Hn−1(X)⊕ Hn(X).

This is of course precisely the same result as in Lemma 78.21.
It follows fairly easily from Statement (2) that the map Hn(X) → Hn(S1 × X)

is the map induced by the projection S1 × X → X. It is less clear what the map
Hn(S1×X)→ Hn−1(X) should be. Some more e�ort shows that this map is precisely
the map that we had described in detail in Exercise 75.4.

(2) Let n ∈ N and let m ∈ N. We want to determine the homology groups of the
generalized torus (Sm)n. In fact using the Künneth Theorem 90.8 for topological
spaces one can easily show that for any k ∈ N0 there exists an isomorphism

Hi((S
m)n) ∼=

{
Z
( n
k

)
= Z

n!
k!·(n−k)! if i = km with k ∈ {0, . . . , n},

0, otherwise.

In particular we have an isomorphism

Hi((S
m)2) ∼=

 Z, if i = 0, 2m,
Z⊕ Z, if i = m,
0, otherwise.

We will �ll in the details in Exercise 90.1.
(3) Let X and Y be two path-connected topological spaces. Then we have isomorphisms

H1(X × Y ) ∼= H1(X)⊗ H0(Y ) ⊕ H0(X)⊗ H1(Y ) = H1(X)⊕ H1(Y ).
↑ ↑

Künneth Theorem 90.8 for topological spaces H0-Proposition 72.5 and the Tensor Lemma 89.3
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This is consistent with the product formula for fundamental groups proved in the
Fundamental Group-of-Product Proposition 48.20 and with the isomorphism of the
Hurewicz Theorem 84.5.

Now we discuss the product S2 × S4 in slightly more detail. It follows easily from the
Künneth Theorem 90.8 for topological spaces, Proposition 74.4, the H0-Proposition 72.5,
the Tensor Lemma 89.3 and the Tor-Properties Lemma 89.15 that

Hk(S
2 × S4) ∼=

{
Z, if k = 0, 2, 4, 6,
0, otherwise.

But by the calculation on page 1772 these are precisely the homology groups of the complex
projective space CP3. Furthermore it follows from Propositions 47.13 and 48.20 that S2×S4

is simply connected and it follows from the discussion on page 1533 that CP3 is also simply
connected. So all the invariants we are aware of, and that we know how to compute1107,
agree for S2 × S4 and CP3. This raises the following question which we will answer in
Corollary 121.9.

Question 90.9. Are the topological spaces S2 × S4 and CP3 homeomorphic?

Exercises for Chapter 90.

Exercise 90.1. Let n ∈ N and let m ∈ N. Show that for every k ∈ N0 there exists an
isomorphism

Hi((S
m)n) ∼=

{
Z
( n
k

)
= Z

n!
k!·(n−k)! if i = km with k ∈ {0, . . . , n},

0, otherwise.

Exercise 90.2. Let n ∈ N0. Show that
n∑
k=0

(−1)k ·
(
n
k

)
= 0.

Remark. There are many ways to prove this equality, one fun way of doing this is by
computing the Euler characteristic of the n-dimensional torus in two di�erent ways.

Exercise 90.3. We consider the oriented 2-dimensional smooth manifold Σ that is shown in
the �gure below. It has three oriented boundary components A,B,C. We pick orientation-
preserving di�eomorphisms β : S1 → B and γ : S1 → C. We consider

M := (Σ× S1)/ ∼ where (ϕ(z), w) ∼ (ψ(z), w) for (z, w) ∈ S1 × S1.

By the Gluing-Smooth Manifolds-Proposition ?? we know that M is a compact orientable
3-dimensional smooth manifold with boundary ∂M = A× S1. We denote by i : ∂M →M

1107As of right now we do not know the higher homotopy groups of these two smooth manifolds, but these
will not turn out to be very useful.
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the inclusion. Show that there exist isomorphisms Φ: Z⊕Z→ H1(∂M) and Ψ: Z⊕Z2 →
H1(M) such that the following diagram commutes:

Z⊕ Z
(a,b)7→(2a,[b])

//

Φ ∼=
��

Z⊕ Z2

Ψ∼=
��

H1(∂M)
i∗ // H1(M).

Remark. The oriented boundary components A,B,C de�ne elements a, b, c ∈ H1(Σ). On
page 1784 we saw that H1(Σ) ∼= (Z · a⊕ Z · b⊕ Z · c)/Z · (a+ b+ c).
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91. Applications of homology groups

91.1. Persistent homology `. In this section we outline the idea behind �persistent ho-
mology�. Persistent homology was introduced by Gunnar Carlsson [Carl2009] in 2009
More information and a much more careful treatment of persistent homology can for ex-
ample be found in [EdH2010]. Some extra information can also be found in [Gh2014].

We consider the �gure below. What do we see? If we forget about topology for a second,
then we would say that we see a set X of dots that form a loop.
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dots that appear to the eye to form a loop

X

If we viewX as a topological space, then it is just a �nite discrete subset of R2. In particular
its homology groups are non-zero only in dimension 0. So how can we use the mathematical
machine that we have developed over the last two semesters to �see the loop�?
Given r ∈ [0,∞) we denote by X(r) the subset of R2 that is given by replacing each point
x ∈ X by the closed ball Br(x) of radius r around x. The homeomorphism type of X(r)
changes with the radius r. For example in the �gure below we see that at r = 1 all but one
ball are joined up and we see that H1(X(1)) ∼= Z3. We show three cycles c1, c2, c3 in X(1)
which form a basis for H1(X(1)). Two of the generators, namely c1, c2 are formed �by
accident�, namely they arise from balls which are close by. This gets captured by the fact
that they become null-homologous in H1(X(2)) whereas c3 represents a non-trivial element
for �much longer�, i.e. for much larger values of r. Put di�erently, c3 is a persistent element
in homology, hence it captures global information.
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X(1)X = X(0) X(2)

the cycles c1, c2 are
null-homologous in X(2)cycles c1, c2 cycle c3

c3 still represents a
non-zero element
in homology

Summarizing, given a subset X of R2 we can study the topological spaces X(r) for any r ∈
[0,∞) and furthermore for any r < s we can study the inclusion induced map Hn(X(r))→
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Hn(X(s)). If there is a non-zero element in Hn(X(r)) which stays non-zero for a �long
time�, then we say it is persistent and we hope that it captures something interesting.
The same approach can be applied to any �nite subset of some Rn. Pretty much any data
one has in practice, e.g. blue pixels of a picture, measurements in an experiment, statistical
data and so on, can be viewed as a �nite subset of some Rn, so in principle one can study
its persistent homology. The real question is, whether one captures something signi�cant
or not. For example persistent homology was applied in [SHP2016]1108 to study the �The
topological shape of Brexit�. It is perhaps debatable whether one can really obtain anything
meaningful about the politics of Brexit using persistent homology.

91.2. The transfer map. Before we can give the next application of homology theory,
namely the Borsuk-Ulam Theorem in higher dimensions, we need to introduce and study
the transfer map in homology corresponding to a �nite covering.
Let p : X̃ → X be a k-fold covering of a topological space X. Let σ : ∆n → X be a singular
simplex. Since ∆n is simply connected1109 it follows from the Map Lifting Criterion 61.2
that there exist precisely k di�erent lifts of σ to X̃, i.e. there exist precisely k di�erent
singular simplices σ̃1, . . . , σ̃k : ∆n → X̃ with p ◦ σ̃i = σ for i = 1, . . . , k. We write

p∗(σ) :=
k∑
i=1

σ̃i.

Given any commutative ring R we refer to the map

p∗ : C∗(X;R) → C∗(X̃;R)
n∑
i=1

σi ⊗ ri 7→
n∑
i=1

p∗(σi)⊗ ri

as the transfer map of the covering. It is straightforward to verify that the transfer map is
in fact a chain map. In particular it induces a map

p∗ : H∗(X;R) → H∗(X̃;R).

Finally suppose we are given a subset A Ă X. We write Ã := p−1(A). One easily veri�es
that the transfer map p∗ : Cn(X;R)→ C∗(X̃;R) induces a chain map

p∗ : H∗(X,A;R) → H∗(X̃, Ã;R).

Proposition 91.1. (Transfer Map Proposition) Let p : X̃ → X be a covering of degree
k ∈ N of a topological space X and let n ∈ N0. Then the following hold:
(1) For any commutative ring R the transfer map p∗ : Cn(X;R) → Cn(X̃;R) is a

monomorphism.
(2) For any commutative ring R the map p∗ ◦ p∗ : Hn(X;R) → Hn(X;R) is given by

multiplication by k.
(3) The projection p∗ : Hn(X̃;Q)→ Hn(X;Q) is an epimorphism.

1108Here is an easy way to tell that that paper was not written by mathematicians: In a mathematics
paper the authors are invariably listed according to the alphabetic order of their last names. In most other
sciences this is not the case.
1109To be precise, we also use that ∆n is locally path-connected.
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2-fold covering
σ̃1

σ

σ̃2

The analogous statements also hold in the relative setting.
Remark.
(1) If p : X̃ → X is a �nite covering of path-connected topological spaces, then we saw in

Corollary 84.8 that the map p∗ : H1(X̃)→ H1(X) has �nite cokernel. This implies in
particular1110 that p∗ : H1(X̃;Q) → H1(X;Q) is an epimorphism. Therefore we can
view the Transfer Map Proposition 91.1 (3) as a generalization of Corollary 84.8.

(2) The conclusion of the Transfer Map Proposition 91.1 (3) does not hold if we drop
the condition that the covering is �nite. For example, we have an in�nite covering
p : R→ S1 but 0 = H1(R;Q)

p∗−→ H1(S1;Q) = Q is not an epimorphism.

Proof. Let p : X̃ → X be a k-fold covering of a topological space X.

(1) Let c ∈ Cn(X;R) be non-trivial. We write c =
n∑
i=1
σi⊗ri where σ1, . . . , σn are pairwise

di�erent singular simplices in X and where r1, . . . , rn are all non-zero. Since each σi
lifts to k di�erent singular simplices and since for i 6= j the lifts of σi and σj di�er
we see immediately from the de�nition that p∗(σ) is also non-zero.

(2) Let R be a commutative ring. We denote by p∗ : Cn(X;R)→ Cn(X̃;R) the transfer
map. Let σ : ∆m → X be a singular simplex. We denote the corresponding lifts by
σ̃1, . . . , σ̃k. Then

(p∗ ◦ p∗)(σ) = p∗(σ̃1 + · · ·+ σ̃k) = p ◦ σ̃1 + · · ·+ p ◦ σ̃k︸ ︷︷ ︸
k summands

= σ + · · ·+ σ︸ ︷︷ ︸
k summands

= k · σ.

We thus see that p∗ ◦ p∗ : Cm(X) → Cm(X) is multiplication by k for any m. It
follows easily that the map

Hn(X;R)
p∗−→ Hn(X̃;R)

p∗−→ Hn(X;R)

is also given by multiplication by k.
(3) Since multiplication by k 6= 0 is an isomorphism of any rational vector space we

obtain from (1) that p∗ ◦ p∗ : Hn(X;Q)→ Hn(X;Q) is an isomorphism. In particular
the second map, namely p∗, is an epimorphism.

The proofs in the relative setting are basically identical to the above. �

1110Why does this follow?
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Proposition 91.2. (Double Covering-LES-Proposition) Let p : X̃ → X be a 2-fold
covering. Then there exists a natural long exact sequence of the form

. . . // Hn(X;F2)
p∗
// Hn(X̃;F2)

p∗
// Hn(X;F2)

∂ // Hn−1(X;F2) // . . . .

Here �natural� means that if we are given a commutative diagram

X̃
p
��

f̃
// Ỹ

q
��

X
f

// Y

where p : X̃ → X and q : Ỹ → Y are 2-fold coverings, then the following diagram com-
mutes:

. . . // Hn(X;F2)
p∗
//

f
��

Hn(X̃;F2)

f̃
��

p∗
//

��

Hn(X;F2)
∂ //

f̃
��

Hn−1(X;F2) //

f
��

. . .

. . . // Hn(Y ;F2)
q∗
// Hn(Ỹ ;F2)

q∗
// Hn(Y ;F2)

∂ // Hn−1(Y ;F2) // . . . .

Remark. Note that it follows from the Topological-Pullback Lemma 56.16 (3) a 2-fold
covering p : Ỹ → Y together with a map f : X → Y of topological spaces naturally give
rise to a commutative diagram as in the Double Covering-LES-Proposition 91.2.

Example. Now we will see that we can use the Double Covering-LES-Proposition 91.2 to
calculate the homology groups Hk(RPn;F2) just using the following basic facts:

(1) By the discussion on page 1916 we know that

Hk(S
n;F2) ∼=

{
F2, if k = 0 or k = n,
0, otherwise

(2) By the obvious generalization of the H0-Proposition 72.5 we know that H0(RPn;F2) =
F2.

(3) Since RPn is an n-dimensional CW-complex we know from the discussion on page 1915
that Hk(RPn;F2) = 0 for k > n.

In the following discussion we write F = F2 for space reasons. Applying the Double
Covering-LES-Proposition 91.2 to the 2-fold covering p : Sn → RPn we obtain the following
long exact sequence:

Hn+1(RPn;F)︸ ︷︷ ︸
=0

∂ // Hn(RPn;F)
p∗
// Hn(Sn;F)︸ ︷︷ ︸

=F

p∗
// Hn(RPn;F)

∂ // Hn−1(RPn;F)
p∗
// Hn−1(Sn;F)︸ ︷︷ ︸

=0

//

which continues all the way to

... // H1(RPn;F)
p∗
// H1(Sn;F)︸ ︷︷ ︸

=0

p∗
// H1(RPn;F)

∂ // H0(RPn;F)
p∗
// H0(Sn;F)︸ ︷︷ ︸

=F

p∗
// H0(RPn;F)︸ ︷︷ ︸

=F

// 0.
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Now we can make the following observations:
(1) If we work our way upward through the long exact sequence we see that the connecting

homomorphisms give us isomorphisms

Hn−1(RP2;F)
∂−→∼= Hn−2(RP2;F)

∂−→∼= . . .
∂−→∼= H1(RP2;F)

∂−→∼= H0(RP2;F) ∼= F.

(2) Now that we know that Hn−1(RPn;F) ∼= F we obtain from the upper end of the long
exact sequence that1111

Hn(RPn;F)
p∗−−→ Hn(Sn;F) and Hn(RPn;F)

∂−→ Hn−1(RPn;F)

are also isomorphisms.
Summarizing we have shown that

Hk(RPn;F) ∼=
{

F, if k = 0, . . . , n,
0, otherwise.

This agrees of course with the result that we had obtained on page 1916.

Proof of the Double Covering-LES-Proposition 91.2. Let p : X̃ → X be a 2-fold
covering. First we want to show that the promised long exact sequence in homology exists.
By the LES Proposition 74.9 it su�ces to show that the following sequence of chain maps

0 → C∗(X;F)
p∗−→ C∗(X̃;F)

p∗−→ C∗(X;F) → 0

is in fact exact. As in Lemma 48.4 we consider the continuous map

f : X̃ → X̃
x 7→ the unique other element of p−1(p(x)).

Using the Map Lifting Criterion 61.2 we pick for each singular cell σ of X a lift σ̃ to X̃.
We make the following observations which follow easily from the de�nitions and the Map
Lifting Criterion 61.2:
(a) given any singular n-simplex σ we have p∗(σ̃) = σ,
(b) given any singular n-simplex σ we have p∗(σ) = σ̃ + f∗(σ̃),
(c) given any singular simplex µ of X̃ we have p∗(f∗(µ)) = p∗(µ),
(d) any singular singular n-simplex µ of X̃ is of the form µ = σ̃ or µ = f∗(σ̃) for some

singular n-simplex σ of X.
Now we turn to the proof of the exactness of the above sequence.

(1) We �rst show that the map p∗ : Cn(X̃;F)→ Cn(X;F) = Cn(X)⊗ F is surjective. So
let c = σ1 ⊗ b1 + · · ·+ σk ⊗ bk ∈ Cn(X;F). It follows from (a) that

p∗
(
σ̃1 ⊗ b1 + · · ·+ σ̃k ⊗ bk

)
= σ1 ⊗ b1 + · · ·+ σk ⊗ bk = c.

(2) By the Transfer Map Proposition 91.1 we know that the transfer map p∗ is a monomor-
phism.

1111Why does this follow, why are there no other possibilities?
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(3) Next we show that im(p∗) Ă ker(p∗). For any singular n-simplex σ of X̃ we have by
(c) above that1112 (p∗ ◦ p∗)(σ) = p∗(σ̃+ f∗(σ̃)) = 2σ, but it follows from Lemma 89.1
(4) that any multiple of two is zero in C∗(X;F) = C∗(X)⊗ F.

(4) Finally we have to show that ker(p∗) Ă im(p∗). So let c ∈ ker(p∗). By (d) we can
write c = (σ̃1 ⊗ a1 + f∗(σ̃1)⊗ b1) + · · ·+ (σ̃k ⊗ ak + f∗(σ̃k)⊗ bk)
where σ1, . . . , σk are pairwise di�erent and where a1, . . . , ak, b1, . . . , bk ∈ F. By (c) we
have p(c) = σ1 ⊗ (a1 + b1) + · · ·+ σk(ak + bk).
But this implies that ai = −bi for i = 1, . . . , k. But since we work over F we actually
have ai = bi for i = 1, . . . , k. It follows from (b) that

c = p∗(σ1 ⊗ a1 + · · ·+ σk ⊗ ak),
as desired.

The fact the long exact sequence is indeed natural follows easily from the de�nitions
and the naturality of the connecting homomorphism, see the Connecting Homomorphism
Lemma 74.8 (2). �

91.3. The Borsuk-Ulam Theorem. Our goal in this section is to give another proof of
the following theorem:
Theorem 39.8. (Borsuk-Ulam Theorem) Let n ∈ N0. For every map f : Sn → Rn

there exists a pair of antipodal points x and −x on Sn with f(x) = f(−x).

Example. If our universe happens to be di�eomorphic to S3, then there exists a pair of
antipodal points where the temperature, distance to the Kneitinger and strength of the
magnetic �eld agree.

Remark.
(1) We already gave a proof of the Borsuk-Ulam Theorem and in Sections 97.6 and 121.3

we will provide two other proofs of the Borsuk-Ulam Theorem 39.8. Also recall that
in Theorem 48.21 we proved the Borsuk-Ulam Theorem in the special case that n = 2.

(2) l case n = 2.
(3) The Borsuk-Ulam Theorem 39.8 has many applications, in particular the Lusternik-

Schnirelmann Theorem 40.1, the Ham-Sandwich Theorem 40.2, P�ster's Level The-
orem 40.9 and the Necklace Theorem 40.11.

The key ingredient in the proof of the Borsuk-Ulam Theorem 39.8 is the following propo-
sition.
Proposition 91.3. Let f : Sn → Sn be a map. If f(−x) = −f(x) for all x ∈ Sn, then
deg(f) is odd.

Remark. In the Smooth Odd Degree Proposition 39.9 we used a very di�erent argument
to provide a proof of the Odd Degree Proposition 39.9 under the stronger hypothesis that
f is actually smooth.

Proof of the Odd Degree Proposition 91.3. Let f : Sn → Sn be a map such that
f(−x) = −f(x) for all x ∈ Sn. By the Degree-and-Coe�cients Lemma 89.20 it su�ces to
show that f∗ : Hn(Sn;Z2)→ Hn(Sn;Z2) is an isomorphism.

1112That is of course basically the same argument as in the proof of the Transfer Map Proposition 91.1.
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We start out with the observation that the map f : Sn → Sn evidently descends to a
well-de�ned map

f : RPn → RPn
[x] 7→ [f(x)].

Claim. The diagram

// Hk(RPn;Z2)
p∗
//

f∗
��

Hk(S
n;Z2)

p∗
//

f∗
��

Hk(RPn;Z2)

f∗
��

∂ // Hk−1(RPn;Z2)
p∗
//

f∗
��

Hk−1(Sn;Z2) //

f∗
��

// Hk(RPn;Z2)
p∗
// Hk(S

n;Z2)
p∗
// Hk(RPn;Z2)

∂ // Hk−1(RPn;Z2)
p∗
// Hk−1(Sn;Z2) //

where the horizontal sequences are the exact sequences given by the Double Covering-LES-
Proposition 91.2, commutes.

Proof. By the LES Proposition 74.9 it su�ces to show that the following diagram commutes
for every k ∈ N0:

0 // Ck(RPn;Z2)
p∗
//

f∗
��

Ck(Sn;Z2)
p∗
//

f∗
��

Ck(RPn;Z2)

f∗
��

// 0

0 // Ck(RPn;Z2)
p∗
// Ck(Sn;Z2)

p∗
// Ck(RPn;Z2) // 0.

Here the right-hand square commutes since by de�nition we have p ◦ f = f ◦ p. Now we
argue that the left-hand square commutes. So let σ : ∆k → RPn be a singular k-simplex.
We pick a point P ∈ ∆k. Furthermore we pick Q ∈ Sn with [Q] = σ(1, 0, . . . , 0) ∈ RPn. We
denote by σ̃1 and σ̃2 the two lifts of σ to Sn. Now we consider the singular simplex f ◦ σ.
It remains to show that p∗(f ◦ σ) = f ◦ σ̃1 + f ◦ σ̃2. But this is indeed the case for the
following reason:
(1) by construction we have p ◦ f = f ◦ p which implies that f ◦ σ̃1 and f ◦ σ̃2 are both

lifts of f ◦ σ,
(2) it follows from f(Q) = −f(Q) that f ◦ σ̃1 and f ◦ σ̃2 are two di�erent lifts. �

Now we consider the following diagram:

Hn(Sn;Z2)

f∗
��

Hn(RPn;Z2)
p∗
oo ∂ //

f∗
��

Hn−1(RPn;Z2)

f∗
��

∂ // . . .
∂ // H1(RPn;Z2)

∂ //

f∗
��

H0(RPn;Z2)

f∗
��

Hn(Sn;Z2) Hn(RPn;Z2)
p∗
oo ∂ // Hn−1(RPn;Z2)

∂ // . . .
∂ // H1(RPn;Z2)

∂ // H0(RPn;Z2).

We make the following observations:
(1) the diagram commutes by the previous claim,
(2) all the horizontal maps are isomorphisms by the discussion on page 1955,
(3) by the discussion on page 1594 the right vertical map is an isomorphism.

It follows that the left vertical map is an isomorphism. But that is exactly what we had
wanted to prove. �

Now we turn to the proof of the Borsuk-Ulam Theorem 39.8.

Proof of Theorem 39.8. Let g : Sn → Rn be a map. Suppose there exists no pair of
antipodal points x and −x in Sn with g(x) = g(−x). Put di�erently, suppose that for any
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x ∈ Sn we have g(x) 6= g(−x). We consider the composition of the following two maps

Φ: Sn−1 × [0, 1] → Sn≥0 → Sn−1.

(y, t) 7→ (y ·
√

1− t2, t)
x 7→ g(x)−g(−x)

‖g(x)−g(−x)‖︸ ︷︷ ︸
de�ned since g(x) 6= g(−x)

Now we see that
by de�nition we have Φ(−x, 0) = −Φ(x, 0), thus it follows
from the Odd Degree Proposition 91.3 that deg(Φ0) is odd Sphere Degree Lemma 76.11 (2)

↓ ↓
odd number = deg(Φ0) = deg(Φ1) = deg(constant map) = 0.

↑ ↑
by the Sphere Degree Lemma 76.11 (3) since by de�nition of Φ1

since Φ0 and Φ1 are homotopic

We have thus obtained a contradiction. �

The Borsuk-Ulam Theorem 39.8 has many applications in quite di�erent areas of mathe-
matics. We present some of these applications in Chapter 40.
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92. Division algebras and generalized projective spaces

92.1. Division algebras. We start out with the following purely algebraic de�nition.

De�nition. An algebra over a �eld F is an F-vector space A together with an F-bilinear
map A× A → A

(v, w) 7→ v · w.
(1) We say that the algebra is commutative if for all a, b ∈ A we have a · b = b · a.
(2) We say that the algebra is associative if for all a, b, c ∈ A we have a · (b ·c) = (a ·b) ·c.
(3) We say that the algebra has an identity if there exists an element 1 ∈ A with 1 6= 0

such that 1 · a = a · 1 = a for all a ∈ A.
(4) If A is an algebra with identity 1, then given a ∈ A we say that b ∈ A is an inverse

of a if a · b = b · a = 1.
(5) A division algebra is an algebra such that for all a 6= 0 and b ∈ A there exists an

x ∈ A with a · x = b and a y ∈ A with y · a = b.

Examples.

(1) The complex numbers C = R ⊕ R · i with the usual multiplication are an algebra
over R that is commutative and associative, it has an identity, and it is a division
algebra.

(2) The set of (n × n)-matrices M(n × n,F) over a �eld F, where the multiplication is
given by the usual matrix multiplication, is an associative algebra over F with an
identity. If n ≥ 2 this algebra is clearly neither commutative nor is it a division
algebra.

(3) The real vector space R3 together with the cross product

R3 × R3 → R3(
v1

v2

v3

)
,

(
w1

w2

w3

)
7→

(
v2w3 − w2v3

−(v1w3 − w1v3)
v1w2 − w1v2

)
is an algebra over R. We recall that the geometric interpretation of the cross product
is given as follows: for v, w ∈ R3 the cross product v × w is the unique vector in R3

that satis�es the following three properties:
(a) the vector is orthogonal to v and w,
(b) the length equals the area of the parallelogram spanned by v and w,
(c) we have det((v w v × w)︸ ︷︷ ︸

3× 3-matrix

) ≥ 0.1113

We make the following observations:
(a) Clearly we have v × w = −w × v, hence the algebra is non-commutative.
(b) We have

(e1 × e1)× e2 = 0× e2 = 0 6= −e2 = e1 × e3 = e1 × (e1 × e2),

which shows that this algebra is non-associative.

1113If v and w are non-zero this just means that v, w and v × w form a positive basis for R3.
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(c) It follows easily from the de�nition or the geometric interpretation that for v 6= 0
there is no vector w with v×w = v, hence the algebra does not have an identity
element.

(d) Finally it is straightforward to see that (R3,×) is not a division algebra. More
precisely, one can easily show, using the geometric interpretation of the cross
product, that given a, b ∈ R3 there exists a vector x ∈ R3 with a× x = b if and
only if b is orthogonal to a.

We consider the next example in greater detail.

De�nition. The quaternions H are de�ned as the 4-dimensional real vector space R4

spanned by 1, i, j, k and the multiplication which is determined by
(1) i2 = j2 = k2 = −1,
(2) 1 · i = i · 1 = i, 1 · j = j · 1 = j, 1 · k = k · 1 = k, and
(3) i · j = k, j · k = i, k · i = j and j · i = −k, k · j = − i, i · k = − j.

For a quaternion
z := a · 1 + b · i + c · j + d · k ∈ H

we de�ne the conjugate z := a · 1− b · i − c · j − d · k
and the norm |z| :=

√
a2 + b2 + c2 + d2

the same way as we did for complex numbers.

Remark. The multiplication table for H can be summarized in the diagram shown in the
�gure below. Namely we show the three generators i, j and k. We have i · j = k and the
analogous statement holds for any cyclic permutation of { i, j, k}. On the other hand for
an anti-cyclic permutation we pick up a minus sign, e.g. we have j · i = −k.

��
��
��
��

����

��
��
��
��

i j

k

The following lemma summarizes a few key properties of the quaternions. In particular we
see that the conjugate and the norm of the quaternions behave in a quite similar fashion
as the conjugate and norm of complex numbers.

Lemma 92.1. (Quaternion Lemma)
(1) The quaternions are a non-commutative algebra over R with identity.
(2) For any z ∈ H we have z + z ∈ R.
(3) For all z, w ∈ H we have

z = z, z + w = z + w and z · w = w · z.
(4) If we make the obvious identi�cation H = R4, then the norm | − | on H agrees with

the Euclidean norm ‖ − ‖ on R4.
(5) For every z ∈ H we have z · z = |z|2 ∈ R = R · 1.
(6) For every z 6= 0 a multiplicative inverse is given by z−1 = z

|z|2 .
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(7) For all z, w ∈ H we have |z · w| = |z| · |w|.
(8) The quaternions are associative.
(9) The quaternions are a division algebra.

Proof. Statements (1) to (3) follow from elementary calculations. We provide the details
for the remaining statements:
(4) This statement follows immediately from the de�nition of |z|.
(5) This statement follows from a straightforward calculation.
(6) This statement follows immediately from (5).
(7) Let z1 = a1 · 1 + b1 · i + c1 · j + d1 · k and z2 = a2 · 1 + b2 · i + c2 · j + d2 · k be two

quaternions. We see that

|z1 · z2|2 = |(a1 · 1 + b1 · i + c1 · j + d1 · k) · (a2 · 1 + b2 · i + c2 · j + d2 · k)|2
= (a1a2 − b1b2 − c1c2 − d1d2)2 + (a1b2 + b1a2 + c1d2 − d1c2)2+

+(a1c2 − b1d2 + c1a2 + d1b2)2 + (a1d2 + b1c2 − c1b2 + d1a2)2

= (a2
1 + b2

1 + c2
1 + d2

1) · (a2
2 + b2

2 + c2
2 + d2

2) = |z1|2 · |z2|2.
(8) There are several approaches to proving associativity:

(a) Since the quaternions are an algebra we only have to check associativity for
products of three of the generators {1, i, j, k} and that can be done easily by
hand.

(b) A tedious little calculation shows that the map

H → M(2× 2,C)

z + j · w︸ ︷︷ ︸
with z, w ∈ C

7→
(
z −w
w z

)
is a ring homomorphism. Thus we see that H is isomorphic to a subring of the
matrix ring M(2× 2,C), which is of course associative.

(c) Finally one could use the more general result proved in Exercise 92.4.
(9) It remains to prove that H is in fact a division algebra. Thus let a 6= 0 and b be two

elements in H. We set y := b · a−1. Then

y · a = (b · a−1) · a = b · (a−1 · a) = b · 1 = b.
↑

since by (8) we know that H is associative

The same way we show that there exists an x ∈ H with a · x = b. �

In the SU(2)-SO(3)-Covering Theorem 83.2 we saw that SU(2) is di�eomorphic to S3. We
give a re�ned version of this statement.
Proposition 92.2.
(1) The set S3 = {z ∈ H = R4 | |z| = 1} forms a group under multiplication of quater-

nions.
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(2) (a) The map H×C→ H given by (z, w) 7→ z ·w1114 de�nes a complex vector space
structure on H.

(b) A basis for H viewed as a complex vector space is given by {1, j}.
(c) Let z + j · w ∈ H with z, w ∈ C. Left-multiplication by z + j · w de�nes a

complex linear map H→ H. With respect to the basis {1, j} this linear map is

represented by the matrix
(
z −w
w z

)
.

(d) Left-multiplication by some h ∈ H de�nes a homomorphism of real vector spaces.
If h 6= 0, then this homomorphism is represented, with respect to the standard
basis of H as a real vector space, by a matrix in GL+(4,R).

(3) The map f : S3 → SU(2)

(z, w) = z + j · w 7→
(
z −w
w z

)
︸ ︷︷ ︸

matrix that represents
left-multiplication by z + j · w with

respect to the complex basis {1, j} of H

is a di�eomorphism and it de�nes an isomorphism of groups.

Remark. Note that the map f : S3 → SU(2) from Proposition 92.2 satis�es in particular

f(1) =
(

1 0
0 1

)
, f( i) =

(
0 −1
1 0

)
, f( j) =

(
i 0
0 − i

)
, and f(k) =

(
0 − i
− i 0

)
.

Recall that in Lemma 83.1 we de�ned a homomorphism q : SU(2) → SO(3). In Exer-
cise 83.1 we calculated q(f( i)), q(f( j)) and q(f(k)).

Proof.

(1) This statement follows immediately from the Quaternion Lemma 92.1 (5), (6) and
(7).

(2) (a) This statement follows immediately from the observation that the obvious map
C→ H is a ring homomorphism.

(b) It follows from k = − j · i that any quaternion a · 1 + b · i + c · j + d · k can
be uniquely written as (a · 1 + b · i) + j · (c · 1 − d · i) where a · 1 + b · i and
c · 1− d · i are complex numbers. This shows that {1, j} is a basis for H, viewed
as a complex vector space.

(c) First note that it follows from the associativity of quaternions that left-multi-
plication by a quaternion commutes with right-multiplication by a quaternion,
in particular with right-multiplication by a complex number. This shows that
left-multiplication by a quaternion is indeed a complex linear map.
Now let us turn to the statement regarding the representative matrix. This
statement is elementary, but we think it is nonetheless worth doing. So we
consider the basis {1, j}. Evidently we have (z + j · w) · 1 = 1 · z + j · w. Thus

1114Here we view C as a subset of H in the obvious way. Note that the order in the de�nition is important
since H is not commutative.
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the �rst column of the matrix is given by
(
z
w

)
. More interestingly, we have

(z + j · w) · j = z · j + j · w · j = j · z + w · j · j = j · z + 1 · (−w).
↑ ↑

both equalities follow from the fact that i · j = − j · i

Thus the second column of the matrix is given by
(

z
−w

)
.

(d) This statement follows easily from (c).
(3) We saw in the SU(2)-SO(3)-Covering Theorem 83.2 that the map f : S3 → SU(2) is

a di�eomorphism. It follows from the associativity of quaternion multiplication and
(2c), or alternatively from a tedious calculation, that the map

f : H → M(2× 2,C)

(z, w) = z + j · w 7→
(
z −w
w z

)
is a ring homomorphism, in particular it preserves the ring structure. This implies
that the given map f : S3 → SU(2) is a group homomorphism. �

Before we move on to the octonions it is helpful to give an alternative description of
the quaternions. Namely we can view the Hamiltonians as elements in C ⊕ C with the
multiplication given by

(z1, z2) · (w1, w2) := (z1w1 − w2z2, z2w1 + w2z1)

the conjugate given by (w, z) := (w,−z)

and the norm given by
|(w, z)| :=

√
(w, z) · (w, z).

One easily veri�es that this norm is multiplicative, i.e. given a, b ∈ H = C ⊕ C one has
|a · b| = |a| · |b|. An elementary calculation shows that the map (w, z) 7→ w + z · j de�nes
an isomorphism between the two descriptions of H, furthermore one can verify easily that
this isomorphism preserves the conjugate and the norm.
Considering the above description of the quaternions one might hope to be lucky and just
try to recycle the de�nitions:

De�nition. The Cayley octonions O (or usually just octonions) are de�ned as O = H⊕H
with the multiplication given by1115

(z1, z2) · (w1, w2) := (z1w1 − w2z2, z2w1 + w2z1)
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the conjugate given by
(w, z) := (w,−z)

and the norm given by
|(w, z)| :=

√
(w, z) · (w, z).

Remark. Octonionic multiplication can be summarized in the diagram shown in the �gure
below. More precisely, we write i = ( i, 0), j = (j, 0), k = (k, 0) and 1̃ = (0, 1), ĩ = (0, i),
j̃ = (0, j) and k̃ = (0, k). To the right of the �gure below we show the Fano plane, which
is a diagram with which has 7 points and 7 directed �lines�. Similar to the discussion on
page 1960 it encodes the multiplication where the product of two generators equals the
third generator on the line with the positive sign if they are cyclic permutation of the given
ordering and with a negative sign otherwise. For example we have

( j̃ · i) · j = k̃ · j = ĩ and j̃ · ( i · j) = j̃ · k = − ĩ.

Note that this calculation also shows that the octonions are not associative. Finally we
note that in [Baez2001, Chapter 2.1] the role of the Fano plane is explained in greater
detail.
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octonionic multiplication

j j

k

quaternionic multiplication

k

1̃

j̃

k̃

ĩ

The following lemma is the analogue of the Quaternion Lemma 92.1.

Lemma 92.3. (Octonion Lemma) The statements of the Quaternion Lemma 92.1 (1)
to (7) also hold for octonions. For completeness' sake we spell out the precise statements:
(1) The octonions are a non-commutative algebra over R with identity.
(2) For any z ∈ O we have z + z ∈ R.
(3) For all z, w ∈ O we have

z = z, z + w = z + w and z · w = w · z.
(4) If we make the obvious identi�cation O = H ⊕ H = R4 ⊕ R4 = R8, then the norm
| − | on O agrees with the Euclidean norm ‖ − ‖ on R8.

(5) For every z ∈ O we have z · z = |z|2 ∈ R = R · 1.
(6) For every z 6= 0 a multiplicative inverse is given by z−1 = z

|z|2 .
(7) For all z, w ∈ O we have |z · w| = |z| · |w|.

Furthermore, we have the following three statements:
(8) The octonions are alternative, this means that given any x, y ∈ O we have the

equalities (x · y) · y = x · (y · y) and (x · x) · y = x · (x · y).
(9) Given any x, y ∈ O the algebra generated by 1, x and y is associative.

1115In fact these formulas also work for de�ning C as R⊕ R where we equip R with the trivial involution.
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(10) The octonions are a division algebra.

Remark.

(1) By the remark on page 98 we know that in an associative ring we can ignore paren-
theses when it comes to multiplication. Now that we are dealing with the octonions,
which are not associative, we have to carefully keep track of parentheses.

(2) Our proof of the Octonion Lemma 92.3 (9) gets outsourced to a theorem of Artin.
An alternative proof for the Octonion Lemma 92.3 (9), which does not rely on Artin's
Theorem, is given in [CSm2003, p. 76].

Proof. As in the case of the Quaternion Lemma 92.1 the veri�cation of (1) to (3) is totally
elementary. The task of �lling in the details is once again left to the reader. For later on
it is helpful to consider the elementary prof of (4) in the notes:

(4) Given (z, w) ∈ O we calculate that

|(w, z)|2 = (w, z) · (w, z) = (w, z) · (w,−z) = (ww + zz, zw − zw) = ‖w‖2 + ‖z‖2.

(5) This statement holds by de�nition of | − |.
(6) This statement follows immediately from (5).

Now we turn to the arguably more interesting proofs of the remaining four statements:

(7) It turns out that the proof of this statement is not totally straightforward. Thus let
z = (z1, z2) and w = (w1, w2) in O. We need the following super-technical claim.

Claim. z2w1z1w2 + w2z1w1z2 − z1w1z2w2 − w2z2w1z1︸ ︷︷ ︸
=:S(w2)

= 0.

Proof. Evidently, if w2 is a real number, then we have S(w2) = 0. Now suppose that
w2 is a purely imaginary quaternion, i.e. w2 = a · i + b · j + c · j for some a, b, c ∈ R.
In this case we calculate that

since w2 is purely imaginary we have w2 = −w2

↓
S(w2) = w2(z2w1z1 + z1w1z2︸ ︷︷ ︸

=:c

)− (z2w1z1 + z1w1z2︸ ︷︷ ︸
=:c

)w2 = w2 · c− c · w2 = 0.
↑

we have c = c, thus c is a real number

Finally note that for any a, b ∈ H we have S(a+b) = S(a)+S(b). Since any quaternion
is the sum of a real number and a purely imaginary we see that S(w2) = 0 for any
quaternion w2. �
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Now we can provide the actual proof that the norm is multiplicative. Indeed, we
calculate that

|z · w|2 = |(z1, z2) · (w1, w2)|2 = |(z1w1 − w2z2, z2w1 + w2z1)|2
= (z1w1 − w2z2) · (z1w1 − w2z2) + (z2w1 + w2z1) · (z2w1 + w2z1)
↑

see (4)

= (z1w1 − w2z2) · (w1z1 − z2w2) + (z2w1 + w2z1) · (w1z2 + z1w2)
= (z1w1) · (w1z1)−(z1w1)(z2w2)−(w2z2) · (w1z1) + (w2z2) · (z2w2)

+ (z2w1)(w1z2)+(z2w1)(z1w2) + (w2z1) · (w1z2) + (w2z1) · (z1w2)
= (z1w1) · (w1z1) + (w2z2) · (z2w2) + (z2w1)(w1z2) + (w2z1) · (z1w2)
↑

by the claim and the fact that the quaternions are associative

= (z1z1 + z2z2) · (w1w1 + w2w2) = |(z1, z2)|2 · |(w1, w2)|2 = |z|2 · |w|2.

(8) Let x, y ∈ O. We start out with the following claim.

Claim. We have the equalities (x · y) · y = x · (y · y) and (x · x) · y = x · (x · y).

Proof. Let us �rst prove the �rst equality. We write x = (x1, x2), y = (y1, y2) with
x1, x2, y1, y2 ∈ H. Heroically we calculate that

(xy)·y = ((x1, x2)(y1, y2)) · (y1,−y2) = (x1y1 − y2x2, y2x1 + x2y1) · (y1,−y2)
= ((x1y1 − y2x2)y1 + y2(y2x1 + x2y1), (−y2)(x1y1 − y2x2) + (y2x1 + x2y1)y1)
= ((|y1|2 + |y2|2)x1, (|y1|2 + |y2|2)x2) = (|y1|2 + |y2|2) · (x1, x2)
↑

since H is associative we have (y2x2)y1 = y2(y2x1) and y2(x1y1) = (y2x1)y1

we also use that y1y1 = |y1|2 ∈ R, hence it commutes with any z ∈ H
= |y|2 · x = x · |y|2 = x · (yy).

The proof of the second equality is basically the same. �
Now, we use (2) to write x = −x+ 2a and y = −y+ 2b with a, b ∈ R. We plug these
equalities into the equalities of the claim and, since we are dealing with an algebra
over the real numbers, we obtain the desired equalities (x · y) · y = x · (y · y) and
(x · x) · y = x · (x · y).

(9) It is a non-trivial theorem of Emil Artin that any alternative algebra A has the prop-
erty that given any two x, y ∈ A the algebra generated by 1, x and y is associative.
A proof is for example provided in [SchafR1966, Theorem 3.1]. Alternatively see
[Baez2001, p. 155].

(10) It remains to prove that O is in fact a division algebra. Since the octonions are not
associative we cannot copy-paste the proof of the Quaternion Lemma 92.1 (9), since
the latter proof used the associativity of the quaternions. Fortunately the spartan
associativity result given in (8) is enough to give us the desired result.

Let a, b ∈ O with a 6= 0. We need to show that there exists an x ∈ O with a·x = b
and a y ∈ O with y · a = b. We set x = a−1 · b. We calculate that

a · x = a · (a−1 · b) = a ·
( 1
|a|2 · a · b

)
= 1
|a|2 · a · (a · b) = 1

|a|2 · (a · a) · b = b.
↑

by the claim in the proof of (8)

Basically the same calculation shows that we have y · a = b. �

Remark.
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(1) The octonions were discovered1116 by Arthur Cayley in 1845, shortly after Hamilton
found the quaternions.

(2) The discussion in the previous pages shows that starting from R one can construct
the complex numbers, which give rise to the quaternions and �nally we obtain the
octonions. When we move from the complex numbers to the quaternions we loose
commutativity and when we go from the quaternions to the octonions we also loose
associativity. Evidently the octonions are not commutative, but even worse, one can
easily verify that the octonions are not even associative.1117 The octonions are dis-
cussed in much greater detail in [Baez2001], [CSm2003, Chapter 6] and [KaS1989,
Chapter 6].

(3) The de�nition of quaternions H = C ⊕ C out of the complex numbers and the def-
inition of the octonions O = H ⊕ H out of the quaternions is a general procedure
known as the Cayley-Dickson construction . This construction is discussed in greater
detail in [Baez2001, Section 2.2]. In particular one can easily see that this process
can be extended to de�ne, basically by the same recipe, a 16-dimensional algebra
S = O ⊕ O with an identity, called the sedenions, this algebra is evidently neither
commutative nor associative. On the other hand the properties stated in the Quater-
nion Lemma 92.1 (1)�(6) and the Octonion Lemma 92.3 (1)�(6) hold the same way,
in particular S has multiplicative inverses, i.e. for each a ∈ S \ {0} there exists a
b ∈ S with a · b = b · a = 1. But the proof of the Octonion Lemma 92.3 (7) and (8)
do not carry over, since in the proof we made use of the fact that the quaternions
are actually associative. In fact it turns out that the analogue of (7) does not hold
for sedenions and that the sedenions are not a division algebra.1118 1119 We refer to
[More1997] for more information on the failure of the sedenions to be a division
algebra.

92.2. Commutative division algebras. After the discovery of quaternions and the oc-
tonions the question arose whether one can also �nd division algebras on Rn for some
n 6= 1, 2, 4, 8. The following theorem, which was �rst proved by Heinz Hopf [Hopf1940a,
Hopf1940b, Hopf1964] in 1940, is the best theorem that we can prove in this direction
with our present knowledge.

Theorem 92.4. (Hopf Theorem on Commutative Division Algebras) Any �nite-
dimensional division algebra over R which is commutative and which has an identity is
isomorphic either to R or to C.

Remark.

1116Or were they invented by Arthur Cayley? This question whether mathematics is �discovered� or
�invented� is a source for endless philosophical discussions.
1117To quote from [Frie2012, p. 5] the immortal words: �here, associativity is obviously a concern�.
1118In fact this construction can be iterated and one obtains algebras which are creatively called pathions
(32-dimensional), chingons (64-dimensional), routons (128-dimensional), voudons (256-dimensional). We
challenge the reader to come up with the explanations for these names. Alternatively the reader can look
at [dMar2002, p. 7].
1119Perhaps more fruitfully, the Cayley-Dickson construction can be applied to the real numbers to give
the complex numbers and it can also be applied to the complex numbers to give the quaternions.
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(1) Note that in Theorem 92.4 we do not assume that the division algebra is associative.
It is a nice exercise in algebra and real analysis to show, using the Fundamental The-
orem of Algebra, the weaker statement that if V is a �nite-dimensional commutative
and associative division algebra over R, then V is isomorphic either to R or to C.

(2) The statement of Theorem 92.4 does not hold if we drop the ��nite dimension�
condition. For example the �eld R(t) of rational functions over R is a commutative
division algebra, but it is an in�nite-dimensional real vector space.

(3) In Theorem 121.23 we will obtain further results on division algebras.

In the proof of Theorem 92.4 we will need the following basic lemma which might already
be familiar from earlier algebra courses.

Lemma 92.5. Let A be a �nite-dimensional algebra over a �eld F. The following two
statements are equivalent:
(1) A is a division algebra,
(2) A has no zero-divisors, i.e. for any a, b ∈ A with a · b = 0 we have a = 0 or b = 0.

Remark. Let A be a division algebra over a �eld F. If A is associative, then it is clear
that A has no zero-divisors. Indeed, if a · b = 0 with a 6= 0, then we pick x with x · a = 1
and we see that 0 = x · 0 = x · (a · b) = (x · a) · b = 1 · b = b. The point about Lemma 92.5
is that it applies to non-associative algebras, as long as they are �nite-dimensional.

Proof. Let A be a �nite-dimensional algebra over a �eld F. Let a ∈ A be non-zero. Then
the following holds:

for any y ∈ A there exists x ∈ A with ax = y ⇔ the map A→ A, x 7→ ax is surjective
⇔ the map A→ A, x 7→ ax is injective
↑

since x 7→ ax is a homomorphism of �nite-dimensional F-vector spaces
⇔ for any b 6= 0 we have ab 6= 0.

The same statement holds for left-multiplication. The equivalence of (1) and (2) now follows
easily from this observation and the de�nitions. �

Now we turn to the proof of Theorem 92.4.

Proof of Theorem 92.4. Let (A, ∗) be a �nite-dimensional division algebra over R which
is commutative and which has an identity. Since A is a �nite-dimensional vector space we
can, after applying an isomorphism, assume that A = Rn for some n ∈ N.

We �rst consider the case n = 1. We de�ne a := 1 ∗ 1. Since �∗� is bilinear we have
for all x, y ∈ R that x ∗ y = (x · 1) ∗ (y · 1) = x · (1 ∗ 1) · y = xay. Since the algebra is a
division algebra we obtain from Lemma 92.5 that a 6= 0. Then the map ϕ(x) = ax de�nes
an isomorphism from the algebra (R, ∗) to the algebra (R, ·).1120

Now suppose that n ≥ 2. We �rst want to show that n = 2. To do this we consider the
map

f : Sn−1 → Sn−1

x 7→ f(x) :=
x ∗ x
‖x ∗ x‖

.

1120Indeed, for x, y ∈ R we have ϕ(x ∗ y) = ϕ(x · a · y) = a · x · a · y = (a · x) · (a · y) = ϕ(x) · ϕ(y).
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This map is indeed well-de�ned, since for x 6= 0 it follows from our hypothesis on (Rn, ∗)
and from Lemma 92.5 that x ∗ x 6= 0. The map f is continuous since the multiplication
map Rn × Rn → Rn is bilinear, hence continuous.1121

Since �∗� is bilinear we have f(−x) = f(x) for all x ∈ Rn. It follows from the
Topological-Quotient Proposition 5.15 (1b) that the map f descends to a continuous map

f : RPn−1 → Sn−1

[x] 7→ f([x]) := f(x).

Claim. The map f : RPn−1 → Sn−1 is injective.

Proof. So let [x], [y] ∈ RPn−1 = Sn−1/∼. We have

f([x])︸ ︷︷ ︸
=f(x)

= f([y])︸ ︷︷ ︸
=f(y)

=⇒ f(x) = f(y) =⇒ x ∗ x = α2 · (y ∗ y) for α :=
√
‖x ∗ x‖ · ‖y ∗ y‖−1

=⇒ 0 = x ∗ x− α2 · (y ∗ y) = (x+ αy) ∗ (x− αy)
↑

since �∗� is commutative and bilinear

=⇒ x = ±αy =⇒ x = ±y =⇒ [x] = [y].
↑ ↑

Lemma 92.5 since x, y ∈ Sn−1 �
Since Sn−1 is closed and connected (here we use that n ≥ 2) and since RPn−1 is a closed
smooth manifold it follows from Corollary 82.9 that f : RPn−1 → Sn−1 is in fact a homeo-
morphism. In particular the fundamental groups of RPn−1 and Sn−1 are isomorphic. But it
follows from the Sphere-π1-Proposition 47.13 and Corollary 48.18 that this is only possible
if n = 2.

It remains to show that the algebra (A, ∗) = (R2, ∗) is isomorphic to the algebra (C, ·).
We start out with the following claim.
Claim. There exists a k ∈ A \ R · 1 with k ∗ k = c · 1 for some c ∈ R<0.

Proof. We �rst pick a random element j ∈ A \ R · 1. Then 1 and j are a basis for A = R2

and therefore we can write j ∗ j = a · 1 + b · j for some a, b ∈ R. Then multiplying out and
using this equality we see that(

j − b
2 · 1︸ ︷︷ ︸

=:k

)
∗
(
j − b

2 · 1︸ ︷︷ ︸
=:k

)
=
(
a+ 1

4 · b
2︸ ︷︷ ︸

=:c

)
· 1.

We set k := j − b
2
· 1 and c := a + 1

4
b2. We still need to show that c < 0. Suppose that

c ≥ 0. Then k ∗ k = c · 1 implies that (k +
√
c · 1) ∗ (k −

√
c · 1) = k ∗ k − c · 1 = 0. From

Lemma 92.5 we conclude that k = ±
√
c · 1. But this is not possible since k = j − b

2
· 1 is

linearly independent from 1. �
One can now easily verify that

A → C
x · 1 + y · k 7→ x+ y · i√

−c with x, y ∈ R

is an isomorphism from the algebra (A, ∗) to the algebra (C, ·). �

1121Indeed, the fact that the map is bilinear implies that there exists a real n× n�matrix P such that for
any v, w ∈ Rn we have v · w = vTPw, hence the map is continuous.
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It is natural to ask what other division algebras exist. The following, purely algebraic,
theorem classi�es associative division algebras.

Theorem 92.6. (Frobenius Theorem) Any �nite-dimensional division algebra over
R which is associative and which has an identity is isomorphic to R,C or to H.

Remark. Note that in Exercise 92.6 we will see that there are many more non-associative
division algebra structures on R4.

Proof. The statement was �rst proved by Frobenius in 1878. A short self-contained proof
is for example given in [Pal1968]. �

Finally let us record the following question.

Question 92.7. For which n ∈ N, besides n = 1, 2, 4, 8 does Rn admit the structure of a
division algebra?
We will answer this question in Theorem 121.25.

92.3. Quaternionic and octonionic projective spaces. In this section we introduce
the quaternionic projective spaces HPn and we introduce the signi�cantly more subtle
octonionic projective space OP2. These smooth manifolds get added to our ever expanding
list of amusing topological spaces. At a later stage they will play an essential role.
On page 1472, given n ∈ N0, we introduced the real projective space RPn and the complex
projective spaces CPn. In the following we will introduce the quaternionic projective spaces
HPn. Since the quaternions H are non-commutative we do the constructions carefully.

Lemma 92.8. Given v, w ∈ Hn+1 \ {(0, . . . , 0)} we write v ∼ w if there exists a non-zero
h ∈ H with h · v = w. This de�nes an equivalence relation on Hn+1 \ {(0, . . . , 0)}. The
analogous statement also holds for H∞ \ {0}.

Proof.

(1) It is clear that ∼ is re�exive.
(2) Since H is a skew �eld we see that ∼ is symmetric.
(3) Finally suppose that u ∼ v and v ∼ w. Thus there exist g, h ∈ H \ {0} with gu = v

and hv = w. Thus we see that
(hg)u = h(gu) = hv = w.

↑
since the quaternions are associative! �

Now we can de�ne the quaternionic projective spaces.

De�nition. Let n ∈ N0.
(1) For (h0, . . . , hn) ∈ Hn+1 \ {0} we denote by [h0 : . . . : hn] the corresponding equiva-

lence class.
(2) Given n ∈ N we de�ne the quaternionic projective space

HPn := (Hn+1 \ {(0, . . . , 0)})/∼ .

Similarly, we de�ne the in�nite-dimensional quaternionic projective space

HP∞ := (H∞ \ {0})/∼ .
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The following lemma summarizes some key properties of quaternionic projective spaces.
HPn. We will make use of some of them later on.
Lemma 92.9. (Quaternion-Projective Space Lemma) Let n ∈ N0.
(1) HPn is a closed orientable 4n-dimensional smooth manifold.
(2) The map

by Lemma 2.18
↓

HP1 → H ∪ {∞} = R4 ∪ {∞} = S4

[z0 : z1] 7→
{
z0 · z−1

1 , if z1 6= 0,
∞, if [z0 : z1] = [1 : 0]

is a homeomorphism.
(3) HPn admits a CW-structure that has exactly one cell in the dimensions 0, 4, 8, . . . , 4n.
(4) We have χ(HPn) = n+ 1.
(5) HPn is 3-connected, i.e. we have πi(HP3) = 0 for i = 1, 2, 3.
(6) We have a homeomorphism lim−→HPn = HP∞.
(7) We can equip HP∞ with a CW-structure that has exactly one cell in the dimensions

0, 4, 8, . . . .

Proof.
(1) This statement is proved in a very similar way as the Complex Projective Space-is-

Complex Manifold Lemma 32.16.
(2) The proof of this statement is basically the same as the proof of Lemma 5.32 (2).
(3) The proof of this statement is an easy modi�cation of the proof of Lemma 68.1.
(4) This statement follows immediately from (3).
(5) This follows from (3) and the CW-Skeleton-πn-Proposition 71.9.
(6) This statement is proved the same way as Lemma 68.5 (1).
(7) This statement is proved basically the same way as Lemma 68.5 (3). �

Since the octonions are not associative the de�nition on page 1472 cannot be applied to the
octonions. But there is some hope in low dimensions. More precisely, as we will see shortly,
one can use the octonions to construct smooth manifolds that have all the properties that
one would naively expect OP1 and OP2 to have.
De�nition.
(1) We equip1122 T2 := O2 \ {(0, 0)}

with the equivalence relation11231124

(x1, y1) ∼ (x2, y2) ⇐⇒ there exists a λ ∈ R>0 such that
y1y1 = λ · y2y2 and x1y1 = λ · x2y2.

We set
OP1 := T2/∼

and we refer to OP1 as the octonionic projective line.
(2) We equip

T3 :=
{

(x, y, z) ∈ O3 \ {(0, 0, 0)}
∣∣ 1, x, y, z generate an associative algebra

}



1972

with the equivalence relation1125

(x1, y1, z1) ∼ (x2, y2, z2) ⇐⇒
there exists a λ ∈ R>0 such that
y1y1 = λ·y2y2, x1y1 = λ·x2y2, x1z1 = λ·x2z2,
y1y1 = λ·y2y2, y1z1 = λ·y2z2, z1z1 = λ·z2z2.

We set OP2 := T3/∼
and we refer to OP2 as the octonionic projective plane. In the literature the octo-
nionic projective plane is often also called the Cayley projective plane.

(3) We denote the equivalence class of a point (x, y) ∈ T2 by [x : y] and we denote the
equivalence class of a point (x, y, z) ∈ T3 by [x : y : z].

The following proposition hopefully convinces the reader that the octonion line OP1 and
the octonion plane OP2 deserve their names.

Proposition 92.10. (Octonion Plane Proposition)
(1) The octonionic projective line OP1 and the octonionic projective plane OP2 are both

compact.
(2) The map by Lemma 2.18

↓
OP1 → O ∪ {∞} = R8 ∪ {∞} = S8

[x : y] 7→
{
x · y−1, if y 6= 0,
∞, if [x : y] = [1 : 0]

is well-de�ned and it is a homeomorphism.
(3) The octonionic projective plane OP2 is a closed orientable 16-dimensional smooth

manifold.
(4) The map1126 OP1 → OP2

[x : y] 7→ [x : y : 0]

is an embedding. We use it to view OP1 as a subspace of OP2.
(5) The octonionic projective plane OP2 admits a CW-structure with precisely one cell

in dimensions 0, 8 and 16, and which has no other cells. Furthermore this CW-
structure can be chosen such that the 8-skeleton is precisely OP1.

(6) We have χ(OP2) = 3.
(7) OP2 is 7-connected, i.e. we have πi(OP2) = 0 for i = 1, 2, . . . , 7.

Proof.
(1) It is straightforward to de�ne equivalence relations on S15 and on S23 such that

the octonionic projective line OP1 is homeomorphic to S15/ ∼ and such that the

1122What happens if we use these de�nitions of OP1 and OP2, but if we replace the octonions by our more
familiar friends R, C and H?
1123Note that this is obviously an equivalence relation.
1124The de�nition of the equivalence relation is a priori asymmetric in the �rst and the second variable.
Bu this asymmetry is an illusion, in fact if y1y1 = λ·y2y2 and x1y1 = λ·x2y2, then we also have

x1x1 = x1y1y
−1
1 y−1

1 y1x1 = x1y1(y1y1)−1x1y1 = λx2y2(λy2y2)−1λx2y2 = λx2y2y
−1
2 y−1

2 y2x2 = λx2x2.
1125As for ∼ on T2, this is basically by de�nition an equivalence relation.
1126It follows from the Octonion Lemma 92.3 (9) that this map is well-de�ned, i.e. given any point (x1, y1) ∈
T2 we have indeed (x1, y1, 0) ∈ T3.
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octonionic projective plane OP2 is homeomorphic to S23/ ∼. It follows from the
Compact Image Lemma 2.13 that OP1 and OP2 are both compact.

(2) First we need to show that the given map Θ: OP1 → O∪ {∞} is well-de�ned. Thus
suppose that we are given two points (x1, y1) and (x2, y2) in O2 \ {(0, 0)} that are
equivalent. One can verify easily that y1 6= 0 if and only if y2 6= 0. By de�nition of Θ
we only need to worry about the case that y1, y2 6= 0. In this case we do indeed have

x1y
−1
1 = x1 · 1

|y1|2 · y1 = 1
y1·y1

· (x1 · y1) = 1
y2·y2

· (x2 · y2) = . . . = x2y
−1
2 .

↑ ↑ ↑ ↑
Octonion Lemma 92.3 (7) and (6) by de�nition of �∼� we have same steps backwards

y1y1 = λ·y2y2 and x1y1 = λ·x2y2

We have thus shown that Θ is well-de�ned. It is clear that the map Θ is a surjection.
In Exercise 92.8 we will verify that Θ is also an injection. Next note that the argument
in the proof of Lemma 5.32 (2) shows that Θ is continuous. We just saw in (1) that
OP1 is compact. Evidently O ∪ {∞} = S8 is Hausdor�. In summary we obtain
from the Compact-Hausdor� Proposition 2.17 (3) that Θ: OP1 → O ∪ {∞} is a
homeomorphism.

(3) We start out with the following claim:
Claim. The map

Φz : {[x : y : z] ∈ OP2 | z 6= 0} → O2

[x : y : z] 7→ (xz−1, yz−1)

is a homeomorphism between an open subset of OP2 and O2 = R16.

Proof. We prove the claim in three mostly elementary steps.
(a) Basically the same argument as in (2) shows that the map Φz is well-de�ned.
(b) It follows easily from the de�nition of the quotient topology that the domain of

the map Φz is indeed an open subset of OP2.
(c) Finally we consider the map

Ψz : O2 → {[x : y : z] ∈ OP2 | z 6= 0}
(x, y) 7→ [x : y : 1].

Note that here we use the non-trivial the Octonion Lemma 92.3 (9) to conclude
that Ψz is actually well-de�ned, i.e. to conclude that (x, y, 1) is actually an el-
ement in T3. Furthermore note that it follows from the Topological-Quotient
Proposition 5.15 (1b) that Ψz is continuous. It is clear that Φz ◦Ψz = id. Finally
note that given [x : y : z] ∈ OP2 with z 6= 0 we have

Ψz(Φz([x : y : z])) = [xz−1 : yz−1 : 1] = [x : y : z]
↑

follows with λ = |z|2 and from the observation that the hypothesis (x, y, z) ∈ T3 together with the
Octonion Lemma 92.3 (2) implies that the elements x, y, z, x, y, z generate an associative algebra

We have thus shown that Ψz is an inverse to Φz. This implies that Φz is indeed
a homeomorphism. �

Similarly we de�ne charts Φx and Φy. It is straightforward to verify that the transition
maps between the three charts are smooth and orientation-preserving. In particular
these three charts de�ne a smooth atlas for OP2. We obtain from Lemma 18.2
that OP2 is second-countable. In (1) we showed that OP2 is compact. Finally in
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Exercise 92.9 we will show that OP2 is Hausdor�.1127 The combination of all of the
above shows that OP2 is indeed a closed 16-dimensional smooth manifold. Finally,
since the transition maps between the three charts are orientation-preserving we
obtain from the De�ne Orientations-via Transition Maps Lemma 25.15 that OP2 is
actually orientable.

(4) It follows basically immediately from the discussion in Footnote 1124 that the given
map OP1 → OP2 is an injection. By (1) we know that OP1 is compact and by
(3) we know that OP2 is Hausdor�. Thus it follows from the Compact-Hausdor�
Proposition 2.17 (2) that the given map OP1 → OP2 is an embedding.

(5) We view OP1 = S8 as a CW-complex with one 0-cell and one 8-cell in the obvious
way. Next, similar to the proof of Lemma 68.1 we consider the attaching map

ϕ : S15 = {(x1, x2) ∈ O2 | |x1|2 + |x2|2 = 1} → OP1

(x1, x2) 7→ [x1 : x2].

Furthermore we consider the map

Θ: OP1 ∪ϕ B
16 → OP2

[P ] 7→
{

[x1 : x2 : 0], if P = [x1 : x2] ∈ OP1,

[P : 1− ‖P‖], if P ∈ B16
.

It follows from the Octonion Lemma 92.3 (8) that the map actually does take values
in OP2. We leave the slightly tedious task of verifying that the map is well-de�ned
and a bijection to the reader. The left-hand side is compact and the right-hand side
is Hausdor� by (2). Thus it follows from the Compact-Hausdor� Proposition 2.17 (3)
that the map is a homeomorphism. But this implies that OP2 admits a CW-structure
with precisely three cells, one in dimensions 0, 8 and 16.

(6) Statement (6) is an immediate consequence of (5).
(7) Finally Statement (7) follows from (5) and the CW-Skeleton-πn-Proposition 71.9. �

It is natural to ask whether there exists a smooth manifold that deserves the name OPn
for n ≥ 3. In the proof of the Octonion Plane Proposition 92.10 we used that n = 2
has the property, provided by the Octonion Lemma 92.3 (9), that for any x1, . . . , xn ∈ O
the elements 1, x1, . . . , xn generate an associative algebra. It is straightforward to see that
this statement is not true for n ≥ 3. Nonetheless, one can wonder whether there exists
an alternative way to de�ne a meaningful higher dimensional octonionic projective space.
This slightly vague question can be formulated in many di�erent ways. Here is one possible
interpretation of this question.

Question 92.11. Let n ≥ 3. Does there exist a closed orientable 8n-dimensional smooth
manifold that admits a CW-structure with precisely one cell in dimensions 0, 8, 16, . . . , 8n?

We will answer this question in Exercise 152.2.

the Octonion Plane Proposition 92.10 says in particular that the octonion plane OP2 is
a closed orientable 16-dimensional smooth manifold that is 7-connected and that has odd
Euler characteristic. The following question is, to the best of my knowledge, open:

1127An arguably more elegant proof that OP2 is Hausdor� is given in [Lackm2012].



92. DIVISION ALGEBRAS AND GENERALIZED PROJECTIVE SPACES 1975

Question 92.12. Does there exist an 8-connected closed orientable smooth manifold with
odd Euler characteristic?
In [Hoe2017, Theorem 1.2 together with Proposition 4.2] it is shown that the dimension
of an 8-connected closed orientable smooth manifold with odd Euler characteristic, if it
exists, has to be divisible by 16.

Exercises for Chapter 92.

Exercise 92.1. Let n ∈ N0. Show that the following are equivalent statements:
(a) For every map f : Sn → Rn there exists an x ∈ Sn with f(x) = f(−x).
(b) For every odd map f : Sn → Rn there exists an x ∈ Sn with f(x) = 0.
(c) There is no odd map f : Sn → Sn−1.
(d) There is no map f : B

n → Sn−1 such that the restriction of f to Sn−1 → Sn−1 is odd.

Exercise 92.2. Let n ∈ N0. Show that the Borsuk-Ulam Theorem 39.8 implies the Brouwer
Fixed Point Theorem 31.4.
Remark. From Exercise 39.8 you can pick your favorite formulation of the Borsuk-Ulam
Theorem 39.8.

Exercise 92.3. Let q1, q2 ∈ S3 = {h ∈ H | |h| = 1}. We consider the map

R4 = H → R4 = H
z 7→ q1zq

−1
2 .

Show that the map is linear and that it is represented by a matrix in SO(4).

Exercise 92.4. Let R be a ring. An involution on R is a map R→ R, written z 7→ z with
the following properties:
(1) z + w = z + w for all z, w ∈ R,
(2) z · w = w · z for all z, w ∈ R,
(3) z = z for all z ∈ R.

Now let R be a ring with involution. We consider S := R⊕R with the obvious multiplication
and the multiplication given by

(z1, z2) · (w1, w2) := (z1w1 − w2z2, z2w1 + w2z1)

and the involution given by
(w, z) := (w,−z).

We say S is obtained from R via the Cayley-Dickson construction.
(a) Show that S is a ring with involution.
(b) Show that if R is commutative, then S is associative.

Exercise 92.5. Let n ∈ Z. Show that the degree of the map

S3 = {v ∈ H | ‖v‖ = 1} → S3

z 7→ zn

equals n.
Hint. You could use the Local-Global Degree Proposition 76.21.
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Exercise 92.6. Let A = R⊕ R · i ⊕ R · j ⊕ R · k. We de�ne the multiplication on A the
same way as we did for the quaternions, see page 1960, except that we set i2 = −1 + ε · j.
(a) Show that A is a division algebra.
(b) Show that i has a left-inverse and a right-inverse.
(c) Show that the left-inverse and the right-inverse of i di�er for su�ciently small ε > 0.

Exercise 92.7. Show that the octonions O are not associative.

Exercise 92.8. Show that the map

OP1 → O ∪ {∞}

[x : y] 7→
{
x · y−1, if y 6= 0,
∞, if [x : y] = [1 : 0]

is an injection.

Exercise 92.9. Show that OP2 is Hausdor�.
Hint. First show that OP2 is in fact homeomorphic to a suitable quotient of the sphere
S23 = {(x, y, z) ∈ O3 | |x|2 + |y|2 + |z|2 = 1} and then apply the Quotient Hausdor�
Lemma 5.21.

Exercise 92.10. Let n ∈ Z. We consider S3 as a subspace of the quaternions H. What is
the degree of the map S3 → S3

z 7→ zn ?
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Simplicial Complexes



93. Simplicial complexes: Definition, examples and basic properties

In this section we introduce the notion of an abstract simplicial complex. Similar to the
notion of an abstract graph these are purely combinatorial objects. The connection to topol-
ogy comes from the fact that simplicial complexes admit topological realizations which can
be used to combinatorially describe many interesting topological spaces. These topological
realizations also lead to the notion of a simplicial complex which can be viewed as a special
class of CW-complexes with particularly nice properties.

93.1. Abstract simplicial complexes. Before we do anything else we recall the following
notation that we introduced on page 86.

Notation. Given a set X we denote by P(X) its power set, i.e. P(X) is the set of all
subsets of X.
We continue with the following initially rather abstract de�nition.

De�nition. An abstract simplicial complex is a pair (V, S) where V is a set and S is a
subset of the power set P(V ) of V such that the following conditions are satis�ed:
(1) each s ∈ S is �nite and non-empty,
(2) if s ∈ S, then any non-empty subset of s also lies in S,
(3) given any v ∈ V the set {v} lies in S.

We refer to the elements of V as the vertices of the abstract simplicial complex and we
refer to the elements of S as the simplices of the abstract simplicial complex.

Examples.
(0) The pair (∅,∅) is an abstract simplicial complex, it is called the empty abstract

simplicial complex. Every other abstract simplicial complex is called non-empty.
(1) We consider the set U = {A,B,C}. It is straightforward to verify that the pair

X := (U, S) with S = {{A}, {B}, {C}, {A,B}, {A,C}, {B,C}} and that the pair
Y := (U, T ) with T = P(U) \ {∅} are abstract simplicial complexes. We illustrate
these two abstract simplicial complexes in the �gure below.1128
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(2) Let n ∈ N. The pairs
(a) Dn := (V, S) with V = {0, . . . , n} and S = P(V ) \ {∅}, and
(b) Sn−1 := (V, T ) with V = {0, . . . , n} and T = P(V ) \ {∅, V },
are abstract simplicial complexes.

(3) (a) Given n ∈ N≥3 the pair Rn = (V, S) with

V := Zn and S := {{k} | k ∈ Zn} ∪ {{k, k + 1} | k ∈ Zn}
is an abstract simplicial complex.

(b) The pair R∞ := (V, S) with

V := Z and S := {{n} |n ∈ Z} ∪ {{n, n+ 1} |n ∈ Z}
1128To simplify the �gures we will not draw the �trivial� simplices that are given by the vertices.



93. SIMPLICIAL COMPLEXES: DEFINITION, EXAMPLES AND BASIC PROPERTIES 1979

is an abstract simplicial complex.
We illustrate these two abstract simplicial complexes in the �gure below.

�
�
�
�
��
��
��
��

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

�
�
�
�
��
��
��
��

��
��
��
��

�
�
�
�

��

����

��

�
�
�
�

�
�
�
�

��
��
��
��

��
��
��
��R5 = R∞ =

De�nition. Let K = (V, S) be an abstract simplicial complex.
(1) We say K = (V, S) is �nite if V is �nite.1129 Similarly we say K = (V, S) is countable

if V is countable.
(2) If s ∈ S has k + 1 elements, then s is called a k-dimensional simplex, or shorter, a

k-simplex of (V, S).
(3) If K = (V, S) is the empty abstract simplicial complex, then we de�ne its dimension

as −1. Now suppose that K = (V, S) is non-empty. We de�ne

dim(K) := max{#s− 1 | s ∈ S} ∈ N0 ∪ {∞}.
In other words, the dimension of K = (V, S) is the maximal dimension of a simplex
of K = (V, S).

Examples.
(1) The above abstract simplicial complex (U, S) is 1-dimensional and the above abstract

simplicial complex (U, T ) is 2-dimensional.
(2) Let n ∈ N. The abstract simplicial complex Dn is n-dimensional and the abstract

simplicial complex Sn−1 is (n− 1)-dimensional
(3) The abstract simplicial complexes Rn and R∞ are one-dimensional.

We continue with a few more harmless de�nitions and statements.
De�nition. Let K = (V, S) be an abstract simplicial complex. Let t be a simplex. A face
of t is a simplex s with s Ă t.

Lemma 93.1. Let K = (V, S) be an abstract simplicial complex. Furthermore let s and
t be two simplices. Then either the intersection s ∩ t is empty, or the intersection s ∩ t is
again a simplex and it is a face of s and t.
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Proof. Let s and t be two simplices of an abstract simplicial complex K = (V, S). If
s ∩ t = ∅ then there is nothing to show. Now suppose that s ∩ t 6= ∅. Evidently s ∩ t is
a non-empty subset of s and t. By de�nition of an abstract simplicial complex this means
that s ∩ t is also a simplex. Furthermore, since s ∩ t Ă s and s ∩ t Ă t the intersection is a
face of s and t. �

1129Note that this implies that S is also �nite. In fact since every v ∈ V de�nes a simplex we see that an
abstract simplicial complex is �nite if and only if S is �nite.
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De�nition. Let L = (W,T ) be an abstract simplicial complex. An abstract subcomplex of
L = (W,T ) is a pair K = (V, S) with V Ă W , with S Ă T and such that K = (V, S) is an
abstract simplicial complex in its own right. On most occasions we just say �subcomplex�
instead of �abstract subcomplex�.

Examples.

(1) Basically by de�nition X = (U, S) is a subcomplex of Y = (U, T ).
(2) Let n ∈ N. Again, basically by de�nition Sn−1 is a subcomplex of Dn.
(3) Let K = (V, S) be an abstract simplicial complex and let n ∈ N0. We refer to

V together with all simplices of dimension ≤ n as the n-skeleton of the abstract
simplicial complex. It is basically clear from the de�nitions that the n-skeleton is a
subcomplex. For convenience we also write K∞ := K.

(4) Let K = (V, S) be an abstract simplicial complex and let s ∈ S.
(a) The pair (s,P(s) \ {∅}) is a subcomplex of K. Often we abbreviate this sub-

complex to s.
(b) The pair (s,P(s) \ {∅, s}) is a subcomplex of K. Usually we refer to this sub-

complex as ∂s.

The following lemma gives us elementary ways to construct subcomplexes.

Lemma 93.2. Let {Li = (Wi, Ti)}i∈I be a family of abstract simplicial complexes. The
following statements hold:
(1) ⋂

i∈I
Li :=

( ⋂
i∈I
Wi,

⋂
i∈I
Vi

)
and

⋃
i∈I
Li :=

( ⋃
i∈I
Wi,

⋃
i∈I
Vi

)
are abstract simplicial complexes.

(2)
⋂
i∈I
Li is a subcomplex of each Li and each Li in turn is a subcomplex of

⋃
i∈I
Li.

(3) If each Li is a subcomplex of some abstract simplicial complex K, then
⋂
i∈I
Li and⋃

i∈I
Li are also subcomplexes of K.

Proof. The lemma is close to being a tautology. �

As the reader will know by now, not only do we want to study objects, we also want to
study maps or morphisms between them. The following gives us the type of maps we are
now interested in.
De�nition. Let K = (V, S) and L = (W,T ) be abstract simplicial complexes.
(1) A simplicial map f : K → L is de�ned as a map f : V → W such that for every

s ∈ S we have f(s) ∈ T . In particular a simplicial map induces a map S → T .
(2) A simplicial isomorphism between K = (V, S) and L = (W,T ) is a simplicial map

that is a bijection on the set of vertices and on the set of simplices.

Examples.

(1) The identity map of U = {A,B,C} de�nes a simplicial map from X = (U, S) to
Y = (U, T ).

(2) The map f : {0, 1, 2} → {A,B,C} given by f(0) = A, f(1) = B and f(2) = C
de�nes a simplicial isomorphism between D2 and (U, T ) and it de�nes a simplicial
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isomorphism between S1 and (U, S). Similarly one sees that the abstract simplicial
complex R3 is simplicially isomorphic to S1 and (U, S).

(3) The inclusion of a subcomplex into an abstract simplicial complex is, basically by
de�nition, a simplicial map.

It is clear that the composition of simplicial maps is again a simplicial map. Thus it makes
sense to introduce the following de�nition.

De�nition. We call the category AbsSimpCplx with

Ob(AbsSimpCplx ) := all abstract simplicial complexes,
Mor(K,L) := all simplicial maps from K to L,

together with the usual composition of maps the category of abstract simplicial complexes.
For future reference let us record the following lemma.

Lemma 93.3. Let K and L be two abstract simplicial complexes.
(1) If K and L are �nite, then there exist only �nitely many simplicial maps from K

to L.
(2) If K is �nite and if L is countable, then there exist only countably many simplicial

maps from K to L.

Proof.

(1) This statement is obvious.
(2) Let K = (V, S) and L = (W,T ) be two abstract simplicial complexes. We assume

that K is �nite and that L is countable. It follows from the Countability Lemma 0.8
(6) that there exist only countably many maps V → W . Furthermore, since V is
�nite we see that given any map V → W there are only �nitely many maps S → T
such that the resulting map is a simplicial map. It follows from the Countability
Lemma 0.8 (3) that there are indeed only countably many simplicial maps. �

Remark. The reader might have a certain sense of déjà vu: the de�nition of a 1-dimensional
abstract simplicial complex sounds very similar to the de�nition of an undirected abstract
graph which we gave on page 313. In fact some thought shows that the concepts are di�er-
ent since undirected graphs are more �exible. But once we rule out loops and multi-edges
(see the �gure below for a pictorial reminder of the de�nitions), then the concepts are
basically the same. More precisely it follows easily from the de�nitions that the maps

(V,E, ϕ :E→P(V ))︸ ︷︷ ︸
undirected abstract graph
without loops & multi-edges

7−→ (V, ϕ(E))︸ ︷︷ ︸
1-dimensional abstract
simplicial complex

and (V, S Ă P(V ))︸ ︷︷ ︸
1-dimensional abstract
simplicial complex

7−→ (V, S, id :S→P(V ))︸ ︷︷ ︸
undirected abstract graph
without loops & multi-edges

de�ne an isomorphism between the �category of undirected abstract graphs without loops
and multi-edges� and the �category of 1-dimensional simplicial complexes�.
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93.2. Ordered abstract simplicial complexes. We recall the following de�nition from
page 94.

De�nition.
(1) A relation that is re�exive, transitive and antisymmetric is called a partial order.
(2) A partially ordered set is a set together with a partial order.
(3) A partial order that is connex is called a total order.
(4) A totally ordered set is a set together with a total order.
(5) In a totally ordered set (P,≤) we write a < b if a ≤ b and a 6= b.

Examples.

(1) Let X be a set. We consider the power set P(X). The relation �Ă� is a partial order
on P(X).

(2) The usual relation �≤� on Z turns Z into a totally ordered set.
(3) Any subset of {A,B, . . . , Z} with the usual alphabetical ordering is a totally ordered

set.

We continue with the following de�nition.

De�nition.
(1) A total order on an abstract simplicial complex (V, S) is a total order on the vertex

set S.
(2) An order on an abstract simplicial complex (V, S) is a partial order on V which has

the property that the restriction to each simplex is actually a total order.
(3) An ordered abstract simplicial complex is an abstract simplicial complex together

with an order.

Remark.

(1) Every totally ordered abstract simplicial complex is automatically also an ordered
simplicial complex.

(2) By the Well-Ordering Theorem 0.7 we know that every set admits a total ordering.
Thus every abstract simplicial complex can be turned into a totally ordered abstract
simplicial complex.

The following de�nition is the obvious variation on the de�nition provided on page 1981.

De�nition. We call the category OrdAbsSimpCplx with

Ob(OrdAbsSimpCplx ) := all ordered abstract simplicial complexes,
Mor(K,L) := all order-preserving simplicial maps from K to L,

together with the usual composition of maps the category of ordered abstract simplicial
complexes.

93.3. The topological realization of an abstract simplicial complex. Since we are
topologists we want to study abstract simplicial complexes with topological methods. The
idea is to associate to an abstract simplicial complex a corresponding topological space.
Before we can do so we need to introduce the following notation which is inspired by the
de�nition of the free abelian group Z(S) that we gave on page 1147.
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Notation.
(1) Given any set V we write

RV := all maps from V to R
R(V ) := all maps from V to R which are non-zero for only �nitely many v ∈ V .
We have the following conventions and observations:
(a) Given v ∈ V we sometimes denote by v also the map V → R which is given by

v 7→ 1 and w 7→ 0 for w 6= v.
(b) One can easily verify that with this interpretation the set V forms a basis for

the real vector space R(V ).
(c) If V = {v1, . . . , vn} is a �nite set, then the map vi 7→ ei de�nes an isomorphism

from RV = R(V ) to Rn. In particular, if V is a �nite set with a total order, then
it follows from Exercise 0.4 that we have a natural isomorphism RV

∼=−→ R|V |.
(2) If V is a subset of some set W , then we view R(V ) as a subset of R(W ) in the obvious

way.
The following de�nition is the �rst step in our shift back to topology.

De�nition. Let K = (V, S) be some abstract simplicial complex. For a given n-simplex
s = {v0, . . . , vn} we de�ne

|s| :=

{
α∈R(V )

∣∣∣∣∣ (1) α(v) ≥ 0 for all v∈s
(2) α(v) = 0 for all v 6∈s
(3) we have

∑
v∈V

α(v) = 1

}
=

{
n∑
i=0
ti ·vi︸ ︷︷ ︸
∈R(V )

∣∣∣∣ (1) for each i we have ti≥0
(2) t0 + · · ·+ tn = 1

}

Furthermore we set |K| :=
⋃
s∈S
|s| Ă R(V ).

Sometimes, by a serious abuse of language, we refer to |s| as a n-simplex in |K|.

Examples.
(1) We consider the abstract simplicial complexes X = (U, S) and Y = (U, T ) as above.

The corresponding sets |X| and |Y | are the subsets of RU = R{A,B,C} = R3 that are
shown in the �gure below.

(2) Let n ∈ N. Given the abstract simplicial complex Rn the corresponding set |Rn| is
a subset of RZn = Rn−1. This means that for n ≥ 5 we have serious problems with
visualizing the set |Rn|. The problem is even bigger for the in�nite abstract simplicial
complex R∞.
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Lemma 93.4. Given any abstract simplicial complex K = (V, S) we have

|K| =

{
α ∈ R(V )

∣∣∣∣ (1) the set {v ∈ V |α(v) 6= 0} is a simplex of K
(2) for every v ∈ V we have α(v) ≥ 0

(3) we have
∑
v∈V

α(v) = 1

}
.

Proof. We leave the elementary task of proving the equality to the reader. Note though
that one actually needs to use that K = (V, S) is an abstract simplicial complex. �

Note that as of right now |K| is just a set. But rest assured, we will equip |K| with a
suitable topology shortly.1130 But �rst let us introduce a convention.

Convention. Let K = (V, S) be an abstract simplicial complex. As discussed above, we
can view V as a subset of R(V ). In fact it follows easily from the de�nitions that V Ă |K|.
Throughout these notes we use this observation to view V as a subset of |K|.
We continue with the following de�nition.

De�nition. Let K = (V, S) be an abstract simplicial complex. Let k ∈ N0 and let s be a
k-simplex.
(1) If v0 ≤ · · · ≤ vk is a total order on the set of vertices of s, then we refer to the map

Φs : ∆k =
{

(t0, . . . , tk) ∈ Rk+1
≥0

∣∣∣ k∑
i=0
ti = 1

}
→ |K|

(t0, . . . , tk) 7→
k∑
i=0
ti · vi

as a characteristic map of the simplex s.
(2) If K is actually an ordered abstract simplicial complex, then we use the corre-

sponding order on s and we write Φ≤s : ∆k → |K|. In this case we can refer to Φ≤s
unambiguously as the characteristic map of the simplex s.

Remark.
(1) Note that if in the above de�nition of a characteristic map we use two di�erent

orderings of the vertices of s, then we get two maps Φ,Ψ: ∆k → |K| with the same
image and such that Ψ−1 ◦ Φ: ∆k → ∆k is a homeomorphism. In other words, any
two characteristic maps di�er by precomposing by a homeomorphism. In practice
this means that any two characteristic maps exhibit the same properties and we do
not need to distinguish between di�erent characteristic maps.

(2) Given a k-simplex s we have, by de�nition, Φs(∆
k) = |s|.

De�nition. Let K = (V, S) be an abstract simplicial complex.
(1) We say that a subset U Ă |K| is open if for every simplex s of K the preimage

Φ−1
s (U) under a characteristic map1131 Φs is open. An argument as in Exercise 2.37

shows that this de�nes a topology on |K|.
(2) We refer to the set |K|, together with this topology, as the topological realization

of K.

1130A �rst idea might be to equip R(V ) with a suitable topology and then to endow |K| with the subspace
topology. But this is not really a good idea since this topology is arti�cial and does not re�ect the structure
of K. For example it would be rather unpleasant to have to show that a map out of K is continuous.
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The following lemma summarizes a few basic properties of the topological realization of an
abstract simplicial complex.

Lemma 93.5. (Simplex-Embedding Lemma) Let K be an abstract simplicial com-
plex.
(1) A subset A Ă |K| is closed if and only if for every simplex s of K the preimage

Φ−1
s (A) under a characteristic map Φs is closed.

(2) The topological realization |K| is Hausdor�.
(3) For every k-simplex s = {v0, . . . , vk} of K any characteristic map Φs : ∆k → |K| is

a closed embedding. In particular the map Φs : ∆k → |s| is a homeomorphism.

Proof. Let K = (V, S) be an abstract simplicial complex.

(1) This statement follows almost immediately from the de�nition of the topology on
|K| together with the elementary the Image-Preimage Lemma 0.2 (8).

(2) Let P and Q be two disjoint points on |K|. Given f, g ∈ R(V ) we write

d(f, g) :=

√∑
v∈V

(f(v)− g(v))2.

One can easily verify that this is a metric on R(V ). By Proposition 1.13 we know
that there exists an ε > 0 such that the open ε-balls Bε(P ) and Bε(Q) are disjoint
in R(V ). It remains to show that Bε(P ) ∩ |K| and Bε(Q) ∩ |K| are open in |K|. By
de�nition of the topology on |K| we need to prove the following claim.

Claim. Let U := Bε(R) be an ε-ball in R(V ). For every simplex s the preimage
Φ−1
s (U ∩ |K|) under a characteristic map Φs is open.

Proof. Let s = {v0, . . . , vk} be a k-simplex. We make the following observations:
(a) We have Φ−1

s (U ∩ |K|) = Φ−1
s (U).

(b) It follows from (a) and the observation that U is an open subset of the topolog-
ical space (R(V ), d) that it su�ces to show that the map Φs : ∆k → (R(V ), d) is
continuous.

(c) We view Φs : ∆k → R(V ) as the composition of the maps

∆k Φs−→ Rk+1 = R(s) ↪→ R(V ).

We consider the two maps separately.
(i) Note that Rk+1 = R(s) is a �nite-dimensional vector space and that the map

Φs : ∆k → R(s) is an a�ne linear map. It follows almost immediately from the
Standard Simplex Homeomorphism Lemma 72.1 that this map is continuous.

(ii) It follows easily from the de�nition of topology on Rk+1, via the usual Eu-
clidean metric, and the de�nition of the metric d on R(V ), together with
the simple-minded Exercise 2.13 (a), that the map Rk+1 = R(s) → R(V ) is
continuous.

Thus we see that the map Φs : ∆k → (R(S), d) itself is continuous. �

1131It follows from the above remark that the statement that Φ−1
s (U) is open does not depend on the choice

of the characteristic map for the simplex s.
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(3) Let s be a k-simplex of K. It follows almost immediately from the de�nitions that
the map Φs : ∆k → |K| de�nes a bijection Φs : ∆k → |s|. It follows immediately
from the de�nition of the topology on |K| that Φs is continuous. Evidently ∆k

is compact. By (1) we know that |K| is Hausdor�. So once again the Compact-
Hausdor� Proposition 2.17 (2) rides to our rescue and tells us that Φs is indeed an
embedding and that the image is a closed subset. �

The following is the simplicial analogue of the corresponding the Characteristic Maps
Lemma 68.7 for CW-complexes.

Lemma 93.6. (Restrict-to-Simplex Lemma) Let K = (V, S) be an abstract simplicial
complex and let f : |K| → X be a map to some topological space X.
(1) If for each k-simplex s ∈ S with characteristic map Φs : ∆k → |K| the composition

f ◦ Φs : ∆k → X is continuous, then the map f is continuous.
More generally we have the following continuity criterion:
(2) If for each simplex s ∈ S there exists a k-simplex t with s Ă t such that for some

characteristic map Φt : ∆k → |K| the composition f ◦ Φt : ∆k → X is continuous,
then the map f is continuous.

Proof.

(1) This statement follows immediately from the de�nition of the topology on |K|.
(2) This statement follows immediately from (1) and the observation that characteristic

maps are continuous. �

The following proposition shows that not only do abstract simplicial complexes give rise
to topological spaces, but simplicial maps also give rise to continuous maps between the
topological realizations.
Proposition 93.7.
(1) If f : K = (V, S)→ L = (W,T ) is a simplicial map, then the map

|f | : |K| → |L|

(α : V → R) 7→

(
W → R
w 7→

∑
v∈f−1(w)

α(v)

)
is well-de�ned and continuous. We refer to the �gure below for an illustration.

(2) Let AbsSimpCplx be the category of abstract simplicial complexes. The maps

K 7→ |K|
(f : K → L) 7→ (|f | : |K| → |L|)

de�ne a covariant functor from the category AbsSimpCplx of abstract simplicial com-
plexes to the category Top of topological spaces.
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Remark.

(1) Let f : K = (V, S) → L = (W,T ) be a simplicial map. It is elementary to see that,
given a simplex s = {v0, . . . , vk} of K, the restriction of |f | to |s| Ă |K| is the map

|f | : |s| → |f(s)|
k∑
i=0
ti · vi 7→

k∑
i=0
ti · f(vi).

(2) As we will see, the proof of Proposition 93.7 (1) is slightly delicate since the topology
of the topological realization of a simplicial complex is designed, see the Restrict-to-
Simplex Lemma 93.6, in such a way that it is straightforward to verify that a map
out of the topological realization is continuous. It is much less clear how one can
show that a map to a topological realization is continuous. The same health-warning
applies also to CW-complexes.

Proof.

(1) Let f : K = (V, S)→ L = (W,T ) be a simplicial map. A priori we have written down
a map |f | : |K| → R(W ). But it is straightforward to verify, e.g. using Lemma 93.4,
that the map |f | does indeed take values in the subset |L|. It remains to show that
|f | : |K| → |L| is continuous. By the Restrict-to-Simplex Lemma 93.6 (1) it su�ces
to show that for each m-simplex s ∈ S with some characteristic map Φs : ∆m → |K|
the composition f ◦ Φs : ∆m → |L| is continuous.

Thus suppose we are given such s and Φs. We write t := f(s). By de�nition of
a simplicial map we know that t is some n-simplex of T . For clarity we consider the
following commutative diagram:

|K|
|f |

// |L|

∆m Φs

∼=
//

Φs
11

Φ−1
t ◦|f |◦Φs //

|s|
?�
i

OO

|f |
// |t|
?�
j

OO

∆n.

Φt ∼=

OO

We make the following clari�cations and observations:
(a) We de�ne |s| Ă |K| and |t| Ă |L| as in the Simplex-Embedding Lemma 93.5 (3).

We equip both with the subspace topology coming from |K| and |L|. By the
super elementary Lemma 2.1 (2) we know that the inclusion maps i : |s| → |K|
and j : |t| → |L| are continuous.

(b) It follows immediately from the de�nition of |f | that the restriction of |f | to |s|
takes values in |t|.

(c) We picked a characteristic map Φt : ∆n → |t| for t.
(d) By the Simplex-Embedding Lemma 93.5 (3) we know that the characteristic map

Φt : ∆n → |t| is a homeomorphism. In particular the inverse Φ−1
t : |t| → ∆n exists

and it is continuous.
(e) It follows almost immediately from the de�nitions of the maps Φs,Φt and |f |

that the map Φ−1
t ◦ |f | ◦Φs : ∆m → ∆n is an a�ne linear map. Hence it follows,
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say from the Standard Simplex Homeomorphism Lemma 72.1, that the map is
continuous.

(f) It follows immediately from the above that the map

|f | ◦ Φs = j ◦ Φt ◦ (Φ−1
t ◦ |f | ◦ Φs) : ∆m → Y

is indeed continuous.
(2) Let f : K → L and g : L → M be simplicial maps. For any vertex v of M we

have f−1(g−1(v)) = (g ◦ f)−1(v). It follows immediately from this observation that
|g| ◦ |f | = |g ◦ f |. It is now straightforward to see that the given maps de�ne a
covariant functor. �

The following lemma can be viewed as an analogue of the Subcomplex Lemma 68.18, which
we formulated in the context of CW-complexes.

Lemma 93.8. (Subcomplex Lemma) Let K = (V, S) be a subcomplex of some given
abstract simplicial complex L = (W,T ).
(1) The inclusion R(V ) → R(W ) restricts to an inclusion |K| → |L|.
(2) The inclusion |K| → |L| is a closed embedding.
(3) Let {Ki}i∈I be a family of subcomplexes of an abstract simplicial complex K. Then∣∣∣⋂

i∈I
Ki

∣∣∣ :=
⋂
i∈I
|Ki| and

∣∣∣⋃
i∈I
Ki

∣∣∣ :=
⋃
i∈I
|Ki|.

are subcomplexes of K.

Remark. The statement and the proof of Lemma 93.8 is closely related to the content of
the Subcomplex Lemma 68.18.

Convention. Let K = (V, S) be a subcomplex of some given abstract simplicial complex
L = (W,T ). We will use Lemma 93.8 to view |K| as a subset of |L|. By Lemma 93.8 (2)
we know that |K| is in fact a closed subset of |L|.

Proof. Let L = (W,T ) be a simplicial complex and let K = (V, S) be a subcomplex. We
denote by i : K → L the inclusion map.

(1) It follows immediately from the de�nitions that the inclusion R(V ) → R(W ) restricts
to an inclusion |K| → |L|.

(3) This statement also follows immediately from the de�nitions. For readers who want to
�ll in the details, perhaps it is clearest to look at the description given in Lemma 93.4.

(2) Since i : K → L is a simplicial map we obtain from Proposition 93.7 (1) that the
induced map |i| : |K| → |L| is continuous. Furthermore it follows easily from the
de�nitions that the map |i| : |K| → |L| is in fact just the inclusion. In the remainder
of the proof we will view |K| as a subset of |L|.

By the Open -Injective Map Lemma 2.16 (1) it remains to show that the inclusion
|K| → |L| is a closed map. Thus let A Ă |K| be a closed subset. We need to show
that A is also a closed subset of |L|. By the Simplex-Embedding Lemma 93.5 (1)
and (3) it su�ces to show that for each t ∈ T the set A ∩ |t| is closed. Note that
every simplex, in particular t itself, has only �nitely many faces. Let f1, . . . , fm be
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the faces of t that are contained in K. We consider the subsets |f1|, . . . , |fm| of |K|
and the subset |t| of |L| as de�ned on page 1983. We make the following observation:
(∗) It follows from the Simplex-Embedding Lemma 93.5 that the subspace topologies

on |fi| coming from |fi| Ă |K| and |fi| Ă |t| Ă |L| agree and that |fi| is a closed
subset of |K| and a closed subset of |t|.

We have

A ∩ |t| = A ∩ (|K| ∩ |t|) = A ∩
m⋃
i=1
|fi| =

m⋃
i=1

(A ∩ |fi|)
↑ ↑

since A Ă |K| this follows from (3) since K is a subcomplex

=
m⋃
i=1
closed subset of |fi| =

m⋃
i=1
closed subset of |t| = closed subset of |t|.

↑ ↑
since A is closed in |K| and since by the Open -Closed Inclusion Lemma 2.10 (2) since by the
f1, . . . , fm ∈ S are simplices of K Simplex-Embedding Lemma 93.5 (3) we know

that the |fi| are closed subsets of |t| �
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Example. Let n ∈ N. We consider again the simplicial complex Dn and its subcom-
plex Sn−1. It follows almost immediately from the Simplex-Embedding Lemma 93.5 (3)
that the map Ψ: |Dn| → ∆n

n∑
i=0
ti · {i} 7→ (t0, . . . , tn)

is a homeomorphism. By Proposition 93.7 (2) the map |Sn−1| → |Dn| is an embedding.
Thus Ψ restricts to a homeomorphism Ψ||Sn−1| : |Sn−1| → Ψ(|Sn−1|) but basically by de�-
nition we have Ψ(|Sn−1|) = ∂∆n. This shows that |Sn−1| is homeomorphic to ∂∆n.

Before we consider some examples we want to consider the topology for �nite abstract
simplicial complexes in greater detail. We recall that given any �nite set X the vector
space R(X) is a �nite-dimensional vector space. Furthermore recall that by the discussion
on page 153 we know that any �nite-dimensional real vector space has a natural topology.

Lemma 93.9. Let K = (V, S) be an abstract simplicial complex. If K is �nite, then the
following two conclusions hold:
(1) The topological realization |K| is compact.
(2) The topology of the topological realization |K|, de�ned on page 1984, agrees with

the subspace topology which we obtain from viewing |K| as a subset of the �nite-
dimensional real vector space RV .

Proof. Let K = (V, S) be a �nite abstract simplicial complex.
(1) By the Simplex-Embedding Lemma 93.5 we know in particular that for each k-

simplex s the characteristic map Φs : ∆k → |K| is continuous. Since ∆k is compact
we obtain from the Compact Image Lemma 2.13 that |s| = Φs(∆

k) is compact. By
de�nition |K| is the union of all the subsets |s|. Thus, sinceK is �nite we see that |K|
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is the union of �nitely many compact subsets. By the Compact-Union-Intersection
Lemma 1.20 (1) this implies that |K| itself is compact.

(2) We write V = {v1, . . . , vn} and we identify the vector spaces RV and Rn in the obvious
way. We denote by T the topology on |K| de�ned above and we denote by R the
subspace topology which comes from RV . We need to show that the identity map
de�nes a homeomorphism (|K|, T )→ (|K|,R). We make the following observations:
(a) For any k-simplex s ∈ S and any characteristic map Φs : ∆k → |s| the corre-

sponding map ∆k Φs−→ |s| → |K| → RV = Rn is an a�ne linear map. It follows
from the Standard Simplex Homeomorphism Lemma 72.1 that this map is con-
tinuous. It follows from this observation together with the Restrict-to-Simplex
Lemma 93.6 (1) that the map (|K|, T )→ (|K|,R) is continuous.

(b) In (1) we just argued that (|K|, T ) is compact.
(c) The topological space (|K|,R) is evidently Hausdor�.
It follows from the Compact-Hausdor� Proposition 2.17 (3) that the identity map is
indeed a homeomorphism. �

As we already noted above, the topological realizations of abstract simplicial complexes
have a voracious appetite for dimensions. Fortunately, as well see shortly, in many cases
we can reduce the dimensions drastically.

Lemma 93.10. LetK = (V, S) be a �nite abstract simplicial complex and let ϕ : RV → Rn

be a linear map such that the restriction of ϕ to |K| is an injection. Then ϕ : |K| → Rn

is an embedding.

Proof. By Lemma 93.9 (1) we know that |K| is compact. Furthermore, note that it
follows from Lemma 93.9 (2) that the linear map ϕ : RV → Rn restricts to a continuous map
ϕ : |K| → Rn. Since Rn is Hausdor� it follows from the Compact-Hausdor� Proposition 2.17
(2) that ϕ : |K| → Rn is indeed an embedding. �

Example.

(1) Let n ∈ N≥3. As above we consider the abstract simplicial complex Rn. We consider
the linear map ϕ : RZn → R2 that is given by [k] 7→ exp(2π ik/n). One can easily
verify that the restriction of ϕ to |Rn| is an injection. Thus we see that |Rn| is
homeomorphic to the regular n-gon that is shown in the �gure below.
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R5 = |R5| is homeomorphic to

regular 5-gon in R2

(2) Using the Closed Embedding-to-Rn Proposition 2.19 one can formulate a suitable
generalization of Lemma 93.10 to in�nite abstract simplicial complexes. We will not
work this out in detail, but using this approach one can fairly easily show that the
topological realization of the abstract simplicial complex R∞ is homeomorphic to R.
We refer to the �gure below for a very convincing illustration of this fact.
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Given an n-simplex s of an abstract simplicial complex K = (V, S) we de�ned on page 1984
the corresponding subset |s| Ă |K|, which, somewhat dangerously, we referred to as an n-
simplex of |K|. The following de�nition gives us a convenient variation on that de�nition.

De�nition. Let K = (V, S) be an abstract simplicial complex. If we are given an n-
simplex s = {v0, . . . , vn} ∈ S, then we refer to1132

〈s〉 :=

{
α ∈ R(V )

∣∣∣∣∣ (1) α(v) > 0 for all v ∈ s
(2) α(v) = 0 for all v 6∈ s
(3) we have

∑
v∈V

α(v) = 1

}
=

{
n∑
i=0
ti ·vi︸ ︷︷ ︸
∈R(V )

∣∣∣∣ (1) for each i we have ti>0
(2) t0 + · · ·+ tn = 1

}

as the corresponding open n-simplex of |K|.
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the corresponding open simplicessimplicial complex

The following lemma summarizes a few properties of open simplices.

Lemma 93.11. (Open Simplex Lemma) Let K = (V, S) be an abstract simplicial
complex.
(1) Let s ∈ S be a k-simplex.

(a) The closure of the open simplex 〈s〉 is given by |s|.
(b) Every characteristic map Φs : ∆k → |s| restricts to a homeomorphism

◦
∆
k
→ 〈s〉.

(2) The topological realization |K| is the disjoint union of the open simplices, i.e.

|K| =
⊔
s∈S
〈s〉.

Put di�erently, given any α ∈ |K| there exists a unique simplex s with α ∈ 〈s〉.
(3) For two distinct simplices s 6= t we have 〈s〉 ∩ 〈t〉 = ∅.
(4) The union of the open simplices is precisely |K|.
(5) If J = (U,R) is a subcomplex of K, then

|J | =
⊔
r∈R
〈r〉 =

⋃
r∈R
|r| and for any s ∈ S \R we have |J | ∩ 〈s〉 = ∅.

In particular, if s is a simplex of K with 〈s〉 ∩ |J | 6= ∅, then s is a simplex of J
which implies that |s| Ă |J |.

(6) Let s and t be simplices. If |s| Ă |t|, then s Ă t. In particular, either dim(s) < dim(t)
or s = t.

(7) Let s ∈ S be a simplex. If U Ă |K| is an open subset with U ∩ |s| 6= ∅, then
U ∩ 〈s〉 6= ∅.

Proof.

1132Here we use the convention of page 1984 which allows us to view V as a subset of R(V ).
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(1) Let s ∈ S be a k-simplex and let Φs : ∆k → |s| be a characteristic map. By the
Simplex-Embedding Lemma 93.5 (3) we know that the map Φs : ∆k → |s| is a home-
omorphism and that |s| is a closed subset of |K|. By de�nition we have 〈s〉 Ă |s|.
(b) It is clear that Φs restricts to a bijection

◦
∆
k
→ 〈s〉. Thus it follows immediately

that Φs restricts to a homeomorphism
◦
∆
k
→ 〈s〉.

(a) Since |s| is a closed subset of |K| we see that the closure of 〈s〉 in |K| is contained
in |s|. It is elementary to see that ∆k is the closure of

◦
∆
k
. Since Φs : ∆k → |s|

is a homeomorphism it follows almost immediately that |s| = Φs(∆
k) is indeed

the closure of 〈s〉 = Φs(
◦
∆
k
).

(2) Let α ∈ |K|. We set s := {v ∈ V |α(v) 6= 0}. By de�nition of |K| we know that s is
a simplex. Evidently α ∈ 〈s〉 and evidently s is unique.

(3) This statement follows immediately from (1).
(4) Conveniently enough this statement also follows immediately from (1).
(5) Let J be a subcomplex of K. If r ∈ R, then evidently we have 〈r〉 Ă |r| Ă |J |.

Keeping (1) in mind we see that it remains to show that if we have s ∈ S with
|J |∩ 〈s〉 6= ∅, then s ∈ R. Thus let s be a simplex of K with |J |∩ 〈s〉 6= ∅. It follows
from (1), applied to the abstract simplicial complex J = (U,R), that there exists a
simplex r of J with 〈s〉 ∩ 〈r〉 6= ∅. But since r is also a simplex of K we obtain from
(1), applied to K, that s = r ∈ R.

(6) Let s and t be simplices with |s| Ă |t|. We apply (4) to the subcomplex that is
de�ned by s. We immediately obtain that s Ă t. If s Ĺ t, then by de�nition we have
dim(s) = #S − 1 < #T − 1 = dim(t).

(7) Let s ∈ S be a k-simplex and let U Ă |K| be an open subset with U ∩ |s| 6= ∅. Let
Φs : ∆k → |s| be a characteristic map. By de�nition of the topology on |K| and by our
hypothesis we know that Φ−1

s (U) is an open non-empty subset of ∆k. It is elementary

to see that Φ−1
s (U) ∩

◦
∆
k
6= ∅. It now follows from (1b) that U ∩ 〈s〉 6= ∅. �

The following proposition reminds us of the CW-Complex-Finiteness Theorem 68.14 which
gives an analogous statement for CW-complexes. The proposition can also be viewed as a
converse to Lemma 93.9 (1).

Proposition 93.12. (Simplicial Complex-Finiteness Proposition) Let L be an ab-
stract simplicial complex.
(1) If X Ă |L| is a compact subset, then there exists a �nite subcomplex K of L such

that X Ă |K|.
(2) If |L| is compact, then L is a �nite abstract simplicial complex.

Remark. Let K be an abstract simplicial complex. Lemma 93.9 (1) together with the
Simplicial Complex-Finiteness Proposition 93.12 shows that |K| is compact if and only
if K is �nite. Later on in Proposition 94.6 we will prove the related result that |K| is
regionally compact if and only if K is �locally �nite�.

Proof. Let L = (W,T ) be an abstract simplicial complex. Clearly (2) is just a special
case of (1). Thus it su�ces to prove (1). Now let X Ă |L| be a compact subset. For each
simplex t of L with 〈t〉 ∩ X 6= ∅ we pick a point yt ∈ 〈t〉 ∩ X. We denote by Y the set
given by all the yt. We equip Y with the subspace topology coming from |L|.
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Claim.
(1) Every subset of Y , in particular Y itself, is a closed subset of |L|.
(2) Y is a discrete subset of |L|.

Proof.

(1) Let A Ă Y be a subset. We need to show that A is a closed subset of |L|. By
the Simplex-Embedding Lemma 93.5 (1) and (3) it su�ces to show that for every
simplex t of |L| the intersection A∩ |t| is closed. By the Open Simplex Lemma 93.11
(5) we know that |t| intersects only the interiors of the simplices s with s Ă t. Since
there are only �nitely many simplices1133 contained in t we see that A∩|t| is �nite, in
particular it is compact. By the Simplex-Embedding Lemma 93.5 (2) we know that
|t| is Hausdor�. Hence we obtain from the Compact-Closed Lemma 1.21 (2) that
A ∩ |t| is indeed closed.

(2) We need to show that the subspace topology of Y is the discrete topology. It follows
from (1) and the Neighborhood Openness Criterion 1.5 that every subset of Y is in
fact a closed subset of Y . But this implies that every subset of Y is in fact an open
subset of Y . In other words, the subspace topology is indeed the discrete topology.�

It follows from (1) and the de�nition of the subspace topology that Y is a closed subset of
the compact set X. Furthermore by (2) we know that Y is a discrete subset of |L|. Since
Y Ă X Ă |L| we see that Y is also a discrete subset of X. Since X is compact we obtain
from the Compact-Discrete Lemma 1.22 that Y is �nite.

We de�ne S := {t ∈ T |X ∩ 〈t〉 6= ∅}. Note that #S = #Y . Thus, by the above
discussion we know that S is �nite. Now we set K to be the subcomplex that is given the
union of all the simplices t ∈ S.1134 Since t is �nite we see that K is a �nite subcomplex.
Now we have

Open Simplex Lemma 93.11 (4) by de�nition of t Lemma 93.8 (3)
↓ ↓ ↓

X = X ∩
⋃
t∈S
〈t〉 =

⋃
t∈S

X ∩ 〈t〉 Ă
⋃
t∈S
〈t〉 Ă

⋃
t∈S
|s| = |K|.
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We conclude this section with the following lemma which gives a criterion for a subset of a
simplicial complex to be a subcomplex.

Lemma 93.13. Let L = (W,T ) be an abstract simplicial complex and let X Ă |L| be a
closed subset. If for every simplex t ∈ T we have either 〈t〉 ∩ X = ∅ or 〈t〉 Ă X, then
there exists a subcomplex K of L with |K| = X.

1133This �niteness statement makes the proof of this proposition signi�cantly simpler than the technically
slightly tricky proof of the CW-Complex-Finiteness Theorem 68.14.
1134Strictly speaking we view the simplices as subcomplexes, and then take the union as de�ned in
Lemma 93.2.
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Proof. We consider

V := W ∩X and S := {t ∈ T | 〈t〉 Ă X}.

Claim. We claim that (V, S) is a subcomplex of L = (W,T ).

Proof. Let s ∈ S be a simplex and let r be a face of s. We need to show that r ∈ S, i.e.
we need to show that 〈r〉 Ă X. Basically by de�nition we have 〈r〉 Ă |s|. Thus it su�ces
to show that |s| Ă X.

Now note note that by the Open Simplex Lemma 93.11 we know that |s| is the closure
of the subset 〈s〉. Since X is by hypothesis a closed subset of |L| we obtain from elementary
point-set topology, see e.g. Exercise 2.24 (a), that |s| Ă X. �
Now we see that

|K| =
⋃
t∈S
〈t〉 =

⋃
t ∈ T with
〈t〉 Ă X

〈t〉 =
⋃
t∈T

(〈t〉 ∩X) = X.x x x x
Open Simplex de�nition by the hypothesis that Open Simplex

of S either 〈t〉∩X=∅ or 〈t〉ĂX
Lemma 93.11 (5) Lemma 93.11 (2) �

93.4. Simplicial complexes. As on so many other occasions we start out this new section
with a de�nition.
De�nition.
(1) Let X be a topological space. A simplicial structure for X is a pair (K,Θ: |K| → X)

where the following holds:
(a) K is an abstract simplicial complex,
(b) Θ is a homeomorphism between the topological realization |K| of K and the

topological space X.
(2) A simplicial complex is a pair (X, (K = (V, S),Θ: |K| → X)) given by a topological

space X together with a simplicial structure (K = (V, S),Θ: |K| → X). We refer
to X as the underlying topological space of the simplicial complex. To keep the
notation at a manageable level we will often not distinguish in the notation between
a simplicial complex and its underlying topological space.

(3) We say a simplicial complex is �nite (respectively countable) if the corresponding
abstract simplicial complex is �nite (respectively countable).

(4) We say a simplicial complex is (totally) ordered if the corresponding abstract sim-
plicial complex is (totally) ordered.

(5) Let (X, (K = (V, S),Θ: |K| → X)) be a simplicial complex. We introduce the
following notions which are basically self-explanatory:
(a) Given v ∈ V we refer to Θ(v) as a vertex of the simplicial complex.
(b) Let s ∈ S be a k-simplex.

(i) We refer to Θ(|s|) Ă X as a k-simplex of the simplicial complex. Furthermore
we refer to Θ(〈s〉) Ă X as an open k-simplex of the simplicial complex.

(ii) If Φs : ∆k → |s| is a characteristic map as de�ned on page 1984, then we
refer to Θ ◦ Φs : ∆k → X as a characteristic map of X.

(iii) If t is a face of s, then we refer to Θ(|t|) as a face of the simplex Θ(|s|).
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(c) We de�ne the dimension of the simplicial complex to be the dimension of the
corresponding abstract simplicial complex.

(d) Given n ∈ N0 we denote by |Kn| Ă |K| the topological realization of the n-
skeleton of K. We refer to Xn := Θ(|Kn|) as the n-skeleton of the simplicial
complex X.

(6) Let (Y, (L,Θ: |L| → Y )) be a simplicial complex. A subcomplex is a simplicial
complex (X, (K,Ω: |K| → X)) where X is a subspace of Y , K is a subcomplex of L
and where the inclusion X → Y is precisely the map Θ ◦ |i| ◦Ω−1, where i : K → L
is the inclusion map.

Remark.
(1) In many cases the choice of a simplicial structure gets suppressed from the notation.
(2) In the literature a simplicial structure is often called a triangulation.

Examples.
(1) Given any abstract simplicial complex K its topological realization |K| is a simplicial

complex in an obvious way.
(2) On page 1989 we wrote down an explicit homeomorphism |Dn|

∼=−→ ∆n which restricts
to a homeomorphism |Sn−1|

∼=−→ ∂∆n. These two homeomorphisms endow ∆n and
∂∆n with a simplicial structure, called the standard simplicial structure.

(3) We consider the topological space X to the left of the �gure below. To the right we
show an abstract simplicial complex K with seven vertices such that X is homeo-
morphic to |K|.1135 We have thus found a simplicial structure for X.
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topological space X abstract simplicial complex K

F

A

B

C
D

E

G

Before we continue with more examples of simplicial complexes we want to formulate the
following lemma which summarizes a few basic properties of simplices in a simplicial com-
plex.
Lemma 93.14. Let Y be a simplicial complex.
(1) Any k-simplex of Y is homeomorphic to ∆k.
(2) The intersection of two simplices of Y is either empty or it is given by a single face

of the two simplices.
(3) Let X be a subcomplex of Y and let s be a simplex of Y . If the corresponding open

simplex intersects X, then s Ă X.
(4) If X Ă Y is the union of simplices of X, then Y admits a natural structure of a

subcomplex.

Proof.
(1) This statement is a reformulation of the Simplex-Embedding Lemma 93.5.

1135What is the role of the vertices A, F and G? Are they really needed?
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(2) This statement is an immediate consequence of Lemma 93.1.
(3) This follows from the Open Simplex Lemma 93.11 (5).
(4) This statement follows almost immediately from the de�nitions. �

Remark.
(1) In the following a simplicial structure for a topological space is often indicated by

a suitable decomposition into simplices, i.e. into subsets which (look like they) are
homeomorphic to some ∆k. Some care though needs to be taken to make sure that
one actually does de�ne a simplicial structure. In particular one needs to ensure that
the statements of Lemma 93.14 (1) and (2) are satis�ed. We refer to the �gure below
for an illustration of examples and non-examples of simplicial complexes.

(2) In the following we often draw a simplicial complex and rely on the good will of the
reader to read o� the corresponding abstract simplicial complex.
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simplicial complex these are not simplicial complexes

�simplex� is not injective
two �simplices� intersect in more than one face

two �simplices� that do not intersect in a face

We continue with more examples of simplicial complexes.

Examples.

(1) In the �gure below to the left we show several simplicial structures for the disk B
2
.

Furthermore, in the �gure below to the right we show a simplicial structure for the
sphere S2.
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simplicial structures for the disk B
2

simplicial structure for S2

(2) In the �gure below we show the torus T = ([0, 1] × [0, 1])/∼ together with three
attempts at endowing it with a simplicial structure. Using Lemma 93.14 we see that
the two attempts to the left do not de�ne a simplicial structure. Only the fairly
complicated attempt to the right actually provides us with a simplicial structure for
the torus.

(3) Let n ∈ N. We will now equip the closed ball B
n
and the sphere Sn with a canonical

simplicial structure. To do so we consider the simplicial complex Dn and its subcom-
plex Sn−1 that we introduced on page 1978. On page 1989 we saw that there exists
a canonical homeomorphism f : |Dn| → ∆n which restricts to a homeomorphism
|Sn−1| → ∂∆n. Furthermore, in the Standard Simplex Homeomorphism Lemma 72.1
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these are not simplicial structures simplicial structure

the �simplices� intersect in more than one face�simplex� is not injective

we gave an explicit homeomorphism Φ: B
n → ∆n that restricts to a homeomorphism

Sn−1 → ∂∆n. We see that (Dn,Φ
−1 ◦ f : |Dn| → B

n
) is a simplicial structure for B

n

and that (Sn−1,Φ
−1 ◦ f ||Sn−1| : |Sn−1| → Sn−1) is a simplicial structure for Sn−1. We

refer to these as the canonical simplicial structures of B
n
and Sn−1.
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It is by now abundantly clear that most simplicial complexes admit many di�erent simplicial
structures. Finally we consider maps between simplicial complexes. What comes next is
basically self-explanatory and only written down out of a sense of duty.

De�nition. Let (X, (K,Θ: |K| → X)) and (Y, (L,Ω: |L| → Y )) be two simplicial com-
plexes.
(1) A map f : X → Y is called simplicial if there exists a simplicial map g : K → L such

that f = Ω ◦ |g| ◦Θ−1.
(2) We say the two simplicial complexes are simplicially isomorphic if there exist sim-

plicial maps between the two simplicial complexes that are inverses of one another.

Example. If Y is a simplicial complex and X is a subcomplex, then it follows immediately
from the de�nitions that the inclusion X → Y is a simplicial map.

It follows immediately from the de�nitions that the composition of two simplicial maps is
again simplicial. This leads us to the following de�nition.

De�nition. We call the category SimpCplx with

Ob(SimpCplx ) := all simplicial complexes,
Mor(K,L) := all simplicial maps from K to L,

together with the usual composition of maps the category of simplicial complexes. Simi-
larly we de�ne the category of (totally) ordered simplicial complexes.
We conclude this section with the following basic lemma.

Lemma 93.15. Let (X, (K = (V, S),Θ: |K| → X)) and (Y, (L = (W,T ),Ω: |L| → Y ))
be two simplicial complexes. Given a simplicial map ϕ : K → L there exists a unique
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simplicial map Φ: X → Y such that the following diagram commutes:

V
Θ
��

ϕ
// W

Ω
��

X
Φ // Y.

Proof. The map Φ is given by Ω ◦ |ϕ| ◦Θ−1. Since Ω and Θ are homeomorphisms we see
that Φ is also unique. �

93.5. The product of (abstract) simplicial complexes. In this section we want to
consider the product of (abstract) simplicial complexes. Let us �rst consider the simplicial
complexes X = Y = [0, 1] with the �obvious� simplicial structure. As we see in the
�gure below, there are two very reasonable looking simplicial structures on the product
[0, 1]× [0, 1].
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two simplicial structures on [0, 1]× [0, 1]

0 1
0

1

0 1
0

1

It is not clear which of the two simplicial structures shown in the �gure above is preferable
or �more canonical�. In fact to break the tie and to end up with a clear winner we need to
work with ordered abstract simplicial complexes, as introduced on page 1978.
First we recall the following de�nition from page 92.

De�nition. Let (A,≤) and (B,≤) be two partially ordered sets. Given (a, b) and (a′, b′)
in A×B we de�ne

(a, b) < (a′, b′) :⇐⇒ either a < a′ or a = a′ and b < b′

and we de�ne (a, b) ≤ (a′, b′) if either (a, b) = (a′, b′) or (a, b) < (a′, b′). We refer to �≤�
on A×B as the lexicographic order on A×B.

Remark. Let (A,≤) and (B,≤) be two partially ordered sets. One can show easily that
the lexicographic order is a partial order on A× B and similarly one can show easily that
if (A,≤) and (B,≤) totally ordered sets, then the lexicographic order is also a total order.

De�nition. Let K = (V, S) and L = (W,T ) be two (totally) ordered abstract simplicial
complexes. We de�ne the product K × L of the abstract simplicial complexes to be the
abstract simplicial complex1136 that is given by the vertex set V × W and the simplex
set1137 {

{(v0, w0), . . . , (vk, wk)}
∣∣∣ {v0, . . . , vk} ∈ S and {w0, . . . , wk} ∈ T and

we have v0 ≤ · · · ≤ vk and w0 ≤ · · · ≤ wk

}
.

We equip K × L with the lexicographic order and we view K × L again as a (totally)
ordered abstract simplicial complex.1138
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Before we discuss examples we �rst state the following lemma which basically reassures us
that we are doing something reasonable.

Lemma 93.16. (Simplicial Complex-Product Lemma) Suppose we are given by two
ordered abstract simplicial complexes K = (V, S) and L = (W,T ).
(1) The two natural projections p : K ×L→ K and q : K ×L→ L are simplicial maps.
(2) The ordered abstract simplicial complex K×L together with the natural projections

from (1) is the product ofK and L in the category OrdAbsSimpCplx of ordered abstract
simplicial complexes, in the sense of the de�nition on page 211.

(3) The map |p| × |q| : |K × L| → |K| × |L|
is a continuous bijection. If K and L are �nite, then the map is in fact a homeo-
morphism.

Thus given two �nite simplicial complexes K and L we can view the product also as a
simplicial complex.

Remark.

(1) Lemma 68.24 teaches us that it is safer to stick to �nite abstract simplicial complexes.
In fact that is also all we ever need. For products of arbitrary abstract simplicial com-
plexes we refer to [FrPi1990a, Proposition 4.3.5] and [LW1969, Corollary III.5.2].
Note though that one needs to tread carefully to make sure that the de�nitions and
statements are indeed as desired.

(2) As mentioned earlier, the topology of the topological realization of an abstract sim-
plicial complex is designed to make it easy to show that a map out of the topological
realization is continuous. Furthermore, as we mentioned in Remark 5.2, the topology
of a product of topological spaces makes it easy to �nd continuous maps to the prod-
uct. This explains why in the Simplicial Complex-Product Lemma 93.16 we have
a continuous map from left to right, but why we struggle to �nd a continuous map
from right to left.

Proof.

(1) It follows immediately from the de�nitions that the projections are indeed simplicial.
(2) We will not make use of this statement, thus we will outsource it to Exercise 93.10.
(3) It follows from (1) together with Proposition 93.7 and the the Topological-Product

Proposition 5.1 (1a) that the map |p| × |q| : |K × L| → |K| × |L| is continuous. We
leave it to the reader to verify that the map is a bijection.

Finally suppose that K and L are �nite. It follows from the Compact-Hausdor�
Proposition 2.17 (3), together with Lemmas 93.5 (1) and 93.9 (1) and the Product
Topology Properties Proposition 5.6 that the map is indeed a homeomorphism. �

Examples.

1136One can indeed easily verify that this de�nes an abstract simplicial complex.
1137To rule out any potential confusion, the v0, . . . , vk and also the w0, . . . , wk do not need to be distinct
vertices.
1138It follows almost immediately from the above remark that with this de�nition K×L is in fact a (totally)
ordered abstract simplicial complex.



2000

(1) We consider the two totally ordered abstract simplicial complexes K and L that are
shown in the �gure below. Here we use the obvious total orders given by 0 < 1 < 2
and A < B < C. We also show the corresponding product K × L.
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A

B

C

K 210

L
the 1-simplex {(0, B), (1, C)} of K × L

the 2-simplex {(1, A), (1, B), (2, B)} of K × L

(2) We equip S1 with the canonical simplicial structure de�ned on page 1997. The
product simplicial structure on the torus S1 × S1 is simplicially isomorphic to the
simplicial structure shown in the �gure shown on page 1997 to the right.

(3) Let I be the abstract simplicial complex given by (V = {(0, 1)}, S = {{0}, {1}, {0, 1}}).
As in (1) we use the obvious total order given by 0 < 1. We consider the product
I × I. Given any n ∈ N we can now view the cube [0, 1]n as a simplicial complex.
For n = 2 we obtain the simplicial complex drawn in the �gure shown on page 1998
on the left. We refer to this simplicial structure as the canonical simplicial structure
of [0, 1]n.

In plain English, the following lemma says that the Zn-translates of the canonical simplicial
structure of [0, 1]n give a linear simplicial structure for Rn.

Lemma 93.17. Let n ∈ N. We denote by (K = (V, S),Θ: |K| → [0, 1]n) the canonical
simplicial structure of [0, 1]n. We de�ne a new simplicial complex K̃ = (Ṽ , S̃) where

Ṽ := Zn and S̃ := {{v0 + w, . . . , vk + w} | {v0, . . . , vk} ∈ S and w ∈ Zn}.

The (hopefully) obvious map Θ̃ : |K̃| → Rn is a homeomorphism, in particular it equips
Rn with the structure of a linear simplicial complex.
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canonical simplicial structure for R2

canonical simplicial structure for [0, 1]2

Proof. It is elementary to see that the map Θ̃ : |K̃| → Rn, once it is written down properly,
is continuous and a bijection. It follows from the Closed Embedding-to-Rn Proposition 2.19
that the map is in fact a homeomorphism. �

Arguably the most important ways to construct new topological spaces out of given ones
are by taking products and by taking quotients. Within reasonable limits we saw in the
CW-Complex Product Proposition 68.23 and the CW-Complex Construction Lemma 68.32
(3) that both operations can be done with CW-complexes. Furthermore, we just saw in the
Simplicial Complex-Product Lemma 93.16 that we can take products of �nite simplicial
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complexes. Quotients on the other hand are a problem. In general, as is illustrated in the
�gure below, given a simplicial complex Y and a subcomplex X the simplicial structure of
Y does not descend to a simplicial structure on the quotient Y/X.

�
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����
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Y/X
simplicial complex Y

the subcomplex X

Let us jot down the following question.

Question 93.18. Let Y be a simplicial complex and let X be a subcomplex. Does the
quotient Y/X admit a simplicial structure?
In Corollary 93.26 we will give a partial answer to Question 93.18.

93.6. The simplicial join of (abstract) simplicial complexes. In this section we will
continue with our task of �nding useful constructions of (abstract) simplicial complexes
that correspond to constructions that we already know from the world of topological spaces.
More precisely, we want to consider the join construction from page 446 that so far we had
not seriously used.

De�nition. Let X and Y be two non-empty topological spaces. We de�ne the join X ∗ Y
to be the topological space obtained from X × [0, 1] × Y , equipped with the product
topology, by performing the following two types of identi�cations:
(1) for every x ∈ X we identify all points in {x} × {0} × Y to a single point and
(2) for every y ∈ Y we identify all points in X × {1} × {y} to a single point.

Furthermore, if one of X or Y is the empty topological space, then we de�ne X ∗ Y to be
the other topological space.
To get into the mood of thinking about joins let us �rst consider the following two examples.

Examples.

(1) Let X be a non-empty topological space and let Y = {1} be the topological space
given by a single point 1. We consider the maps

X ∗ {1} = (X × [0, 1]× {1})/∼ → Cone(X) = (X × [0, 1])/(X × {1})
[(x, t, 1)] 7→ [(x, t)]

One can easily verify that the map is a bijection. Furthermore, using the Topological-
Quotient Proposition 5.15 (1b) and the Topological-Quotient Proposition 5.15 (1a)
it is straightforward to see that this map and its inverse are continuous. Thus the
map is a homeomorphism.

(2) Let X be a non-empty topological space and let Y = {−1, 1} be the topological space
given by the set with two elements ±1 and the discrete topology. We also consider
the suspension

Σ(X) := (X × [−1, 1])/∼
which is de�ned by squashing all points inX×{−1} to a single point and by squashing
all points in X × {1} to a single point. We consider the map

X ∗ {−1, 1} = (X × [0, 1]× {−1, 1})/∼ → Σ(X) = (X × [−1, 1])/∼
[(x, t, ε)] 7→ [(x, ε · t)]
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With some minor e�ort one can show that this map is a bijection. Using the
Topological-Quotient Proposition 5.15 (1b) and the Topological-Quotient Proposi-
tion 5.15 (1a) it is straightforward to see that this map is continuous. The fact that
the inverse is also continuous needs slightly more e�ort, in fact this argument also
requires Lemmas 5.23 and Lemma 5.36. We leave it to the reader to �ll in the details.
We refer to the �gure below for X = S1 for an illustration of the homeomorphism.
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X × [0, 1]× {−1}

X × [0, 1]× {1} the points in X × {1} × {1} get identi�ed

the points in X × {1} × {−1} get identi�ed

the points in
{x} × {0} × {±1}

get identi�ed

Σ(X)

For completeness we note that for the empty topological space we have, basically by de�-
nition, that ∅ ∗ {1} = Cone(∅) and ∅ ∗ {±1} = Σ(∅)

The following lemma gives us a few examples of joins which will play a role later on.

Lemma 93.19. (Join-Simplex Lemma)
(1) Given any m,n ∈ N0 the map

Sm ∗ Sn → Sm+n+1

[(x, t, y)] 7→
(
x · cos

(
πt
2

)
, y · sin

(
πt
2

))︸ ︷︷ ︸
∈Rm+1×Rn+1=Rm+n+2

is a homeomorphism.1139

(2) Given any m,n ∈ N0 the map

∆m ∗∆n → ∆m+n+1

[(x0, . . . , xm, t, y0, . . . , yn)] 7→ (t · x0, . . . , t · xm, (1− t) · y0, . . . , (1− t) · yn)

is a homeomorphism.
(3) Given any n ∈ N0 the map

∂∆n ∗ {?} → ∆n

[(x, t, ?)] 7→ x · (1− t) +
(

1
n+1

, . . . , 1
n+1

)
· t

Proof. The proof of (1), (2) and (3) is basically identical. In each case it is straightforward
to verify that the map is well-de�ned and a bijection. It follows from the Topological-
Quotient Proposition 5.15 (1b) that the given map is continuous. Finally it follows from
Lemma 16.2 together with the Compact-Hausdor� Proposition 2.17 (3) that the given map
is in fact a homeomorphism. �

It turns out that in the simplicial setting we have an analogous construction.

1139In fact this statement is just the content of the Join of Spheres Lemma 16.4.
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De�nition. Let Ki = (Vi, Si), i = 1, . . . ,m be abstract simplicial complexes. We de�ne
the simplicial join of K1, . . . , Km to be the abstract simplicial complex11401141

K1 ∗ · · · ∗Km :=
(
V1t· · ·tVm,

{
s1t· · ·tsm

∣∣∣ for i = 1, . . . ,m we have si ∈
ĂP(Vi)︷ ︸︸ ︷

Si ∪ {∅}
and there exists at least one si 6= ∅

})
.

This de�nition is illustrated, with limited success, in the �gure below.
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K ∗ L
K

L

Remark. It follows immediately from the de�nitions that the join construction is associa-
tive, i.e. given abstract simplicial complexes K, L and M we have a natural isomorphism
(K ∗ L) ∗M = K ∗ (L ∗M) of abstract simplicial complexes.

The examples on page 2001 motivate the following de�nitions.

De�nition. Let K be an abstract simplicial complex. Furthermore let {1} be the abstract
simplicial complex consisting of a single vertex 1 and �nally let S0 be the abstract simplicial
complex S0 = ({0, 1}, {{0}, {1}}) that we introduced on page 1978. We refer to

Cone(K) := K ∗ {1} respectively Σ(K) := K ∗ S0

as the simplicial cone on the abstract simplicial complex K respectively the simplicial
suspension of the abstract simplicial complex K.

Example. Let n ∈ N0. We see that

= Cone(Dn), see de�nition of Dn on page 1978︷ ︸︸ ︷
Cone

(
{0, . . . , n},P({0, . . . , n})\{∅}

)
=
(
{0, . . . , n, ∗},P({0, . . . , n, ∗}\{∅}

) ∼=−→ Dn+1.
↑ ↑

follows from the de�nition of the simplicial cone induced by ∗ 7→ n+ 1

Lemma 93.20. (Join Lemma) Let K and L be two abstract simplicial complexes. If one
ofK or L is empty, then by de�nition we have a natural homeomorphism |K|∗|L| ∼= |K∗L|.
If K and L are non-empty, then the map

Θ:

=|K|∗|L|︷ ︸︸ ︷
(|K| × [0, 1]× |L|)/∼ → |K ∗ L| Ă R(V tW ) = R(V ) × R(W )

[(x, r, y)] 7→ (r · x︸︷︷︸
∈R(V )

, (1− r) · y︸ ︷︷ ︸
∈R(W )

)

is a bijection and its inverse Θ−1 is continuous.1142 Furthermore, if K and L are �nite,
then Θ is in fact a homeomorphism.

1140To avoid confusion it is perhaps worth recalling that the empty set is not a simplex.
1141One can easily verify that this is indeed an abstract simplicial complex.
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|K|×{1}×{y} is collapsed to a point
tL

K {x}×{0}×|L| is collapsed to a point
|K| ∗ |L| |K ∗ L|

Proof. Let K = (V, S) and L = (W,T ) be two abstract simplicial complexes. If one of K
or L is empty, then the statement is true basically by de�nition. Thus let us now assume
that K and L are both non-empty. We consider the map

Θ:

=|K|∗|L|︷ ︸︸ ︷
(|K| × [0, 1]× |L|)/∼ → |K ∗ L| Ă R(V tW ) = R(V ) × R(W )

[(x, r, y)] 7→ (r · x︸︷︷︸
∈R(V )

, (1− r) · y︸ ︷︷ ︸
∈R(W )

).

We leave it to the reader to verify that the map does indeed take values in |K ∗L| and that
it is a bijection. Next we show that the inverse Θ−1 : |K ∗ L| → |K| ∗ |L| is continuous.
Claim. The map Θ−1 : |K ∗ L| → |K| ∗ |L| is continuous.

Proof. We use the continuity criterion from the Restrict-to-Simplex Lemma 93.6 (2) to
show that Θ−1 is continuous. Since K and L are non-empty we see that every simplex of
K ∗L is contained in a simplex of the form st t where s ∈ S and t ∈ T are simplices. Thus
let s ∈ S be a k-simplex and let t ∈ T be an l-simplex. Note that by the Join-Simplex
Lemma 93.19 (2) we know that the map

Ξ: ∆k ∗∆l → ∆k+l+1

[(x0, . . . , xk, r, y0, . . . , yl)] 7→ (r · x0, . . . , r · xk, (1− r) · y0, . . . , (1− r) · yl)

is a homeomorphism. Next we pick corresponding characteristic maps Φs : ∆k → |K| and
Φt : ∆l → |L|. It follows easily from the de�nitions that the map

Φstt : ∆k+l+1 Ξ−1

−−−→

∆k∗∆l︷ ︸︸ ︷
(∆k × [0, 1]×∆l)/∼ Ω−→ |K ∗ L| Ă R(V tW ) = R(V ) × R(W )

[(x, r, y)] 7→ (r · Φs(x)︸ ︷︷ ︸
∈R(V )

, (1− r) · Φt(y)︸ ︷︷ ︸
∈R(W )

)

is a characteristic map for the simplex s t t. We obtain the following diagram

∆k+l+1 Φstt //

Ξ−1 ((

|K ∗ L| Θ−1
// |K| ∗ |L|

∆k ∗∆l
Φs∗Φt

66

Ω

OO

1142This might be viewed as an odd formulation, but it is easier to write down the map Θ than to write
down its inverse Θ−1.
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We make the following observations:
(1) It follows immediately from the de�nitions that the triangle to the left diagram

commutes. Furthermore it is equally trivial to see that Θ ◦ (Φs ∗ Φt) = Ω, thus the
triangle to the right also commutes.

(2) By the Join-Simplex Lemma 93.19 (2) we know that the left diagonal map is contin-
uous.

(3) By Lemma 16.1 we know that the right diagonal map is continuous.
(4) It follows from the above that Θ−1 ◦ Φstt is continuous.

It now follows from the Restrict-to-Simplex Lemma 93.6 (2) that Θ−1 : |K ∗L| → |K| ∗ |L|
is continuous. �

In the remainder of the proof we now assume that K and L are �nite. We need to
show that Θ is a homeomorphism. We already know that Θ is a bijection and that the
inverse Θ−1 : |K ∗ L| → |K| ∗ |L| is continuous. Furthermore, by the Simplex-Embedding
Lemma 93.5 (2) together with Lemma 16.5 we know that |K| ∗ |L| is Hausdor�. Thus
it follows, as so often, from the Compact-Hausdor� Proposition 2.17 (3) that Θ−1 is a
homeomorphism. Thus Θ is also a homeomorphism. �

Example. Let n ∈ N0. Recall that on page 1997 we gave an explicit simplicial structure
(Sn,Θ: |Sn| → Sn) for Sn. Now let m,n ∈ N. By the Join-Simplex Lemma 93.19 (1)
we know that Sm+n+1 is homeomorphic to Sm ∗ Sn. This observation, together with the
Join Lemma 93.20, gives us lots of di�erent simplicial structures on spheres. We sketch the
resulting three simplicial structures for S2 in the �gure below.
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|S1|

|Σ(S1)| = |S1∗S0||S2|

|Σ(S0)|

|Σ(Σ(S0))| = |S0∗S0∗S0|

|S0|

Corollary 93.21. (Simplicial Cone-Suspension Corollary) If X = (K,Θ: |K| → X)
is a �nite simplicial complex, then the suspension Σ(X) and the cone Cone(X) admit
natural simplicial structures where the corresponding abstract simplicial complexes are
given by Σ(K) and Cone(K).

Proof. The corollary follows immediately from the Join Lemma 93.20 together with the
two examples on page 2002. �

Remark. In Section 94.4 we will introduce the simplicial analogue of the mapping cylinder
and mapping cone.

93.7. Linear simplicial complexes. In this short section we discuss an important special
case of a simplicial complex.

De�nition. A simplicial complex (X, (K,Θ: |K| → X)) is called linear if X is a sub-
space1143 of some Rn and for each each simplex s ∈ K the map Θ: |s| → X is an a�ne
linear map.

1143In particular we assume that X is endowed with the subspace topology coming from Rn.
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Example. Let n ∈ N. The topological space Rn together with the canonical simplicial
structure de�ned in Lemma 93.17 is clearly a linear simplicial complex.

Remark.
(1) Di�erent books have di�erent de�nitions for �simplicial complexes�. Our approach

mostly follows the approach taken in [Spa1995, Chapter 3]. In many books what
we call a �linear simplicial complex� is basically used as the de�nition of a simplicial
complex, see e.g. [Matv2006, p. 6] or [Bre1993, Chapter 21].

(2) Linear simplicial complexes play an important role in computer visualizations. More
precisely, in computer visualizations surfaces in R3 are usually approximated by linear
simplicial complexes. These have the nice feature that they can be described by a
fairly small amount of data. We refer to the �gure below for an illustration.

linear simplicial structure for the torus linear simplicial structure for a bunny

Lemma 93.22. Every �nite simplicial complex is simplicially isomorphic to a �nite linear
simplicial complex.

Remark. An (abstract) simplicial complex is called locally �nite if each simplex is the face
of only �nitely many simplices. With this de�nition one can formulate a much stronger
version of Lemma 93.22: By [FrPi1990a, Theorem 3.3.15] a simplicial complex is homeo-
morphic to a linear simplicial complex if and only if it is �nite-dimensional, countable and
locally �nite. We will discuss this statement in Exercise 93.8.

Proof. By de�nition a �nite simplicial complex is homeomorphic to the topological real-
ization |K| of a �nite abstract simplicial complex K = (V, S). In Lemma 93.9 we showed
that we can view |K| as a linear simplicial complex in RV = Rm. �

We adopt the following notation.

Notation. Given1144 v0, . . . , vk ∈ Rn we write

|{v0, . . . , vk}| :=

{
k∑
i=0
ti ·vi︸ ︷︷ ︸
∈Rn

∣∣∣∣ (1) for each i we have ti≥0
(2) t0 + · · ·+ tk = 1

}
.

Remark. Let v0, . . . , vk ∈ Rn. Furthermore let w0, . . . , wm ∈ |{v0, . . . , vk}|. An elementary
calculation shows that |{w0, . . . , wm}| Ă |{v0, . . . , vk}|. This inclusion can also be obtained
from Exercise 2.38 (a).

Lemma 93.23.

1144We do not assume that v0, . . . , vk are distinct.
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(1) Let K be a linear simplicial complex in Rn.
(a) Every k-simplex s of K is of the form s = |{v0, . . . , vk}| for some distinct vertices

v0, . . . , vk.
(b) Every simplex of K is a convex subset of Rn.
(c) Let v0, . . . , vk be distinct vertices of K. The following three statements are

equivalent:
(i) |{v0, . . . , vk}| is a simplex of K,
(ii) {v0, . . . , vk} is the vertex set of a simplex of K,
(iii) |{v0, . . . , vk}| Ă K.

(2) Let f : K → L be a simplicial map between two linear simplicial complexes. The
restriction of f to any k-simplex |{v0, . . . , vk}| of K is given by

|{v0, . . . , vk}| → |{ϕ(v0), . . . , ϕ(vk)}|
k∑
i=0
ti · vi 7→

k∑
i=0
ti · ϕ(vi).

Proof.

(1) Almost all of these statements follow easily from the de�nitions. The only statement
which needs a little bit of thought is the fact that (iii) implies (i). Since we will not
make use of this statement we feel comfortable with the thought of leaving the details
to the reader.

(2) This statement follows immediately from the de�nition of a simplicial map, see
page 1980 and the de�nition of the topological realization of a simplicial map be-
tween abstract simplicial complexes, see Proposition 93.7. �

93.8. Simplicial structures and CW-structures I. It is pretty clear that simplicial
complexes and CW-complexes have structural similarities. In particular few readers will
be surprised by the following lemma.

Lemma 93.24. (Simplicial-Implies-CW Lemma) Every (ordered) simplicial complex
admits a (natural) CW-complex structure where given any n ∈ N the n-simplices of the
simplicial structure are precisely the n-cells1145 of the CW-structure. In particular the
following statements hold:
(1) The simplicial subcomplexes are precisely the cellular subcomplexes,
(2) For each n ∈ N0 the n-skeleton of the simplicial complex equals the n-skeleton of

the CW-complex.
(3) Any simplicial map f : X → Y between simplicial complexes is a cellular map

between the corresponding CW-complexes.

Remark. the Simplicial-Implies-CW Lemma 93.24 says in particular that there exists a
functor

F :
category OrdAbsSimpCplx of
ordered simplicial complexes → category CW of

CW-complexes
which has the property that the functor keeps the underlying topological space �xed. The
functor is faithful but not fully faithful. The latter is just a fancy way of saying that there
exist cellular maps that are not simplicial. For example, consider the simplicial complex

1145Recall that cells and simplices are subsets, so it makes sense to talk of equality.
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X = [0,∞) with the vertex set given by N0. We view X also as a CW-complex with the
cellular structure that is induced from the simplicial structure. The map f : X → X given
by x 7→ 2x is cellular but it is not simplicial. We refer to the �gure below for an illustration.

X x 7→ 2 · x

not a simplex

Sketch of proof. Basically by de�nition of a simplicial complex it su�ces to prove the
statement for (ordered) abstract simplicial complexes and their topological realizations.
The lemma now follows from �eshing out the following steps for a given (ordered) abstract
simplicial complex K = (V, S).

(a) Let n ∈ N0. Recall that in the Standard Simplex Homeomorphism Lemma 72.1 we
had written down a speci�c homeomorphism Ψn : (B

n
, Sn−1)→ (∆n, ∂∆n).

(b) Given n ∈ N0 we denote by Kn the n-skeleton of K. Recall that Kn is a subcomplex
of K.

(c) Given n ∈ N0 let In be the set of n-simplices of K. For each i ∈ In let Θi : ∆n → |K|
be a characteristic map as de�ned on page 1984. Recall that if K is ordered, then
we saw on page 1984 that there is a natural choice of a characteristic map.

(d) Given i ∈ In we write Φi := Θi ◦ Ψn : B
n → |K| and ϕi := Φi|Sn−1 : Sn−1 → |Kn−1|.

Note that ϕi takes values in |Kn−1|.
(e) Starting from X0 := V we can build up a CW-complex such that for each n ∈ N0

the attaching maps are precisely the maps ϕi : Sn−1 → |Kn−1|. The maps Ψi give
rise to a map Ξn : |Xn| → |Kn| which is, basically by de�nition, a bijection.

(f) Eventually we get a CW-complex X = lim−→Xn and the bijections Ξn can be combined

to obtain a bijection Ξ: |X| → |K|.
(g) It remains to show that Ξ is continuous. First note that it follows easily from the

Restrict-to-Simplex Lemma 93.6 (1) together with the Characteristic Maps Lemma 68.7
(1) that Ξ is continuous. Furthermore, it follows from the Characteristic Maps
Lemma 68.7 (4) together with the Simplex-Embedding Lemma 93.5 (3) that Ξ−1

is also continuous.
(h) In summary we have shown that Ξ: |X| → |K| is a homeomorphism.

It follows basically immediately from the construction of the CW-structure on |K| that the
properties (1), (2) and (3) are satis�ed. �
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Ψ2i ∈ I2
|K|

Θi

ϕi
|K1|

Φi

The Simplicial-Implies-CW Lemma 93.24 allows us to import many previous results about
CW-complexes to the context of simplicial complexes. For example, the CW-Complex



93. SIMPLICIAL COMPLEXES: DEFINITION, EXAMPLES AND BASIC PROPERTIES 2009

Properties Proposition 68.10 (2) gives us a new proof that simplicial complexes are Haus-
dor�. More interesting of course are new results. The following corollary summarizes some
of the nicest and most important ones.

Corollary 93.25.
(1) Simplicial complexes are normal.
(2) Simplicial complexes are locally contractible.1146

(3) A simplicial complex is connected if and only if it is path-connected.
(4) Let X be a simplicial complex and let A be a subcomplex. The following statements

hold:
(a) The inclusion A→ X is a co�bration.
(b) The map

ϕ : Cone(i : A→ X) → X/A

P 7→
{

[P ], if P ∈ X,
[A], if P = [(a, t)] with a ∈ A and t ∈ [0, 1]

is a homotopy equivalence.
(c) If A is contractible, then the projection X → X/A is a homotopy equivalence.

(5) If X is a �nite simplicial complex, then

χ(X) =
∑
n∈N0

(−1)n · number of n-simplices of X.

Proof.

(1),(2) These two statements follow from the Simplicial-Implies-CW Lemma 93.24 together
with the CW-Complex Properties Proposition 68.10 (2) and (6).

(3) This statement follows from (1) combined with Locally Path-Connected Lemma 2.40.
(4) (a) This statement follows from the Simplicial-Implies-CW Lemma 93.24 together

with the Subcomplex Co�bration Theorem 17.9.
(b) This follows from (a) together with the Co�bration-Quotient Lemma 17.7 (2).
(c) This follows from (a) together with the Co�bration-Quotient Lemma 17.7 (3).

(5) This statement follows from the Simplicial-Implies-CW Lemma 93.24 together with
the Euler Characteristic-H∗-Proposition 87.1. �

Now we can give a partial answer to Question 93.18.

Corollary 93.26. Let Y be a simplicial complex and let X be a subcomplex. If Y is
�nite, then there exists a �nite simplicial complex, namely Y ∪Cone(X), that is homotopy
equivalent to Y/X.
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Cone(X)

X

Y Y

1146In the rather unlikely event that the reader forgot what these properties are good for, recall that by
Corollary 61.11 this means in particular that any path-connected simplicial complex admits a universal
covering. In Exercise 93.9 we will see that any covering of a simplicial complex is again a simplicial complex.
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Remark. We leave it as an entertainment for long winter nights to �gure out whether the
Intervall CW-Product Lemma 68.8 can be used to generalize Corollary 93.26 to in�nite
simplicial complexes.

Proof. Basically by de�nition we only need to deal with abstract simplicial complexes and
their topological realizations. Thus let L = (W,T ) be a �nite abstract simplicial complex
and let K = (V, S) be a subcomplex. We denote by i : K → L the inclusion map. Recall
that i is, basically by de�nition, simplicial. Since K and L are �nite we can consider the
abstract simplicial complex Cone(i : K → L) that we will introduce on page 2027. Now we
see that

|L|/|K| '←−− Cone(|i| : |K| → |L|) = |L| ∪|K| Cone(|K))
∼=←−−

=|Cone(i : K→L)|︷ ︸︸ ︷
|L| ∪|K| |Cone(K)|

↑ ↑
Corollary 93.25 Simplicial Cone-Suspension Corollary 93.21 �

It is pretty clear that there is no naive converse to the Simplicial-Implies-CW Lemma 93.24.
For example, the CW-complex constructed in the proof of the Simplicial-Implies-CW
Lemma 93.24 has some special properties:
(1) It follows from the Simplex-Embedding Lemma 93.5 (2) that each characteristic map

is an embedding.
(2) The CW-structure on the image of a characteristic map of an n-cell is equivalent to

the one corresponding to the standard simplicial structure on ∂∆n that we de�ned
on page 1995.

Both types of examples are illustrated in the �gure below. Thus we see that many, arguably
most, CW-structures do not come directly from simplicial structures.
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characteristic map is not a homeomorphism onto its image

the image of the attaching map is not a triangle

It is perhaps more reasonable to ask, when does a CW-complex admit a simplicial structure?
For example it is fairly obvious that the two cellular complexes shown in the �gure above
admit a simplicial structure. To formulate the relevant proposition we need the following
de�nition.
De�nition. A CW-complex is called regular if every characteristic map is an embedding.

Examples.

(1) The CW-complex shown in the �gure above to the left is non-regular, whereas the
CW-complex shown to the right is regular.

(2) Let X be a simplicial complex. We use the Simplicial-Implies-CW Lemma 93.24 to
view X as CW-complex. It follows from the Simplex-Embedding Lemma 93.5 (3)
that this CW-complex is regular.

Now we can formulate the promised proposition.
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Proposition 93.27. Every (countable) regular CW-complex admits the structure of a
(countable) simplicial complex.

Sketch of proof. We will not make use of this theorem, thus we refer to [Geo2008,
Corollary 5.3.9] or alternatively to [FrPi1990a, Theorem 3.4.1] for a proof.

Here we only provide a sketch of a sketch of the proof. Thus let X be a regular
CW-complex. We turn inductively the skeleta Xn into a simplicial complex. Suppose we
already equipped Xn−1 with a simplicial structure. For each n-cell of Xn we pick a point
in the corresponding open cell and we use it to divide said n-cell into a suitable number
of n-simplices. If the CW-complex X was countable, then it follows from the construction
together with the Countability Lemma 0.8 that the simplicial complex is also countable.
The reader should have no troubles with turning the above sketch of an argument into a
formal proof. �
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add point in each 2-celladd point in each 1-cellregular CW-complex

The relatively strong hypothesis of Proposition 93.27 indicates that it is perhaps too much
to hope that every CW-complex admits a simplicial structure. Indeed, this fear turns out
to be fully justi�ed:

Proposition 93.28. There exists a �nite CW-complex that does not admit a simplicial
structure.

Remark. Proposition 93.28 is rather disappointing. Later on in Proposition 94.12 and
Theorem 104.22 we will see that every (�nite) CW-complexes is homotopy equivalent to a
(�nite) simplicial complexes.

Proof. We consider the function

f : [0, 1] → R

t 7→
{

0, if t = 0,
t·cos(2π

t
) if t∈(0, 1]

and we consider the map
g : [0, 1]2 → R3

(s, t) 7→ (s, s·t, f(t)).

Note that f assumes its maximum at t = 1 and that it assumes its minimum at a unique
t0 ∈ (0, 1). We set X := g([0, 1]2). It is not particularly di�cult to see that X admits a
CW-structure with �ve 0-cells, �ve 1-cells and one 2-cell.1147 We refer to the �gure below
for an illustration.

In [FrPi1990a, p. 128-130] a careful argument is given why X does not admit a sim-
plicial structure. Other examples of �nite CW-complexes that do not admit a simplicial
structure are given in [LW1969, p. 81] (with a very sketchy proof) and [Met1967]. �

1147The �ve 0-cells and the �ve 1-cells are clearly indicated in the �gure below.
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Exercises for Chapter 93.

Exercise 93.1. For each g ≥ 2 give an explicit simplicial structure for the surface of
genus g.

Exercise 93.2. Give an explicit simplicial structure for RP2.
Remark. In Exercise 94.5 we will construct an explicit simplicial structure for all RPn.

Exercise 93.3. In the �gure on page 1997 we gave a simplicial structure for the torus
S1 × S1 with 18 2-simplices. Does there exist a simplicial structure with less than 18
2-simplices?

Exercise 93.4.
(a) Show that the set of isomorphism classes of �nite abstract simplicial complexes is

countable.
(b) Show that the set of isomorphism classes of countable abstract simplicial complexes

is uncountable.

Exercise 93.5. We consider the abstract simplicial complex K = (V, S) which is given by
V = Z∪{∗} and S = {{v} | v ∈ V }∪{{∗, n} |n ∈ Z}. Show that |K| is not homeomorphic
to a linear simplicial complex.
Remark. (V, S) is just the simplicial cone on the abstract simplicial complex with vertex
set Z and which has no simplices of dimension ≥ 1.

Exercise 93.6. Let m,n ∈ N0. Show that the simplicial join Dm ∗ Dn of the abstract
simplicial complexes Dm and Dn is simplicially isomorphic to Dm+n+1.

Exercise 93.7. Let K be a �nite n-dimensional simplicial complex. Show that K is home-
omorphic to a �nite linear simplicial complex that is contained in R2n+1.
Remark. In Proposition 88.7 we already showed that there exist �nite 1-dimensional simpli-
cial complexes that cannot be embedded into R2n. In fact the van Kampen-Flores Theorem,
which can be proved using the Borsuk-Ulam Theorem 39.8, says that given any n ∈ N there
exists a �nite n-dimensional simplicial complex K that does not admit a map K → R2n

which is a homeomorphism onto its image. We refer to [Mato2008, Theorem 5.1.1] for
details.

Exercise 93.8. Let K = (V, S) be an abstract simplicial complex that is �nite-dimensional
and countable. Furthermore we assume that it is locally �nite, which means that each
simplex is the face of only �nitely many simplices. Show that |K| is homeomorphic to a
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linear simplicial complex.
Hint. Use the Closed Embedding-to-Rn Proposition 2.19.

Exercise 93.9. Let K be a simplicial complex and let p : K̃ → K be a covering in the sense
of the de�nition on page 1067. Show that K̃ admits a structure of a simplicial complex
such that p is simplicial.

Exercise 93.10.
(a) Let K = (V, S) and L = (W,T ) be two ordered abstract simplicial complexes. Show

that the ordered abstract simplicial complex K × L that we de�ned on page 1998,
together with the two natural projections p : K × L → K and q : K × L → L, is
the product of K and L in the category OrdAbsSimpCplx of ordered abstract simplicial
complexes.

(b) Is the category OrdAbsSimpCplx of ordered abstract simplicial complexes closed under
colimits?

Exercise 93.11. Let K = (V, S) be an abstract simplicial complex and let J = (U,R) be
a subcomplex such that for any choice of simplices r ∈ R and s ∈ S \R we have r∩ s = ∅.
Show that |J | is an open subset of |K|.
Remark. Note that by Lemma 93.8 (2) we know that |J | is always a closed subset of |K|.

Exercise 93.12. Let K = (V, S) be an abstract simplicial complex. We say K = (V, S)

is connected if given any v, v′ ∈ V there exist 1-simplices s0, . . . , sk ∈ S such that v ∈ s0,
such that for every i ∈ {0, . . . , k−1} we have si∩ si+1 6= ∅ and such that v′ ∈ sk.1148 Show
that the following statements are equivalent:
(a) The abstract simplicial graph K is connected.
(b) Given any two simplices t, t′ ∈ S there exist simplices s0, . . . , sk ∈ S such that t Ă s0,

such that for every i ∈ {0, . . . , k − 1} we have si ∩ si+1 6= ∅ and such that t′ ∈ sk.
(c) The topological realization |K| is connected.

For completeness we mention that Corollary 93.25 (3) says that (c) is equivalent to the
following statement:
(d) The topological realization |K| is path-connected.

Remark. The equivalence of (a) and (b) is straightforward.
Remark. For the equivalence of (b) and (c) use the Union Connected Lemma 2.28, Lemma 93.8
(2) and Exercise 93.11.

Exercise 93.13. Let K = (V, S) and L = (W,T ) be abstract simplicial complexes. We
denote by X and Y the corresponding CW-complexes as de�ned in the Simplicial-Implies-
CW Lemma 93.24. Let X ⊗ Y be the topological space that is given by the product
CW-structure, see page 1500. Show that there exists a homeomorphism |K×L| → X⊗Y .
Remark. Note that here we certainly do not assume that K and L are �nite.

Exercise 93.14. Let X be a topological space that admits the structure of a 1-dimensional
CW-complex. Show thatX also admits the structure of a 1-dimensional simplicial complex.

1148This de�nition is modelled on the de�nition of the connectedness of an abstract graph, see page 307.
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94. The Simplicial Approximation Theorem

In Chapter 93 we covered in great detail the basics of (abstract) simplicial complexes. In
this chapter we will formulate and prove the �rst major result on simplicial complexes,
namely the Simplicial Approximation Theorem.

94.1. The barycentric subdivision. In this section we introduce the barycentric subdi-
vision of an abstract simplicial complex. This construction allows us to replace an abstract
simplicial complex by a ��ner� abstract simplicial complex. This will be a major tool in
the proof of several theorems.

De�nition. Let K = (V, S) be an abstract simplicial complex.
(1) For each k-simplex s = {v0, . . . , vk} ∈ S we de�ne the barycenter of s to be the

point
s :=

∑
v∈s

1
dim(s)+1 · v = 1

k+1 · v0 + · · ·+ 1
k+1 · vk ∈ 〈s〉 Ă R(V ).

Note that if v ∈ V is a vertex, then the barycenter of the corresponding 0-simplex
{v} is v itself.

(2) Given s, t ∈ S we write s ≤ t if s Ă t.
The following lemma summarizes a few properties of the barycenters.

Lemma 94.1. (Barycenter Lemma) Let K = (V, S) be an abstract simplicial complex.

(1) The map S 7→ R(V ) given by s 7→ s is natural.
(2) For simplices s, t ∈ S with s 6= t we have s 6= t.
(3) For each 0-simplex s we have s = s1149 and for each simplex s of dimension ≥ 1 we

have s 6∈ V .

Proof.

(1) The most di�cult part is to �gure out what �natural� means in this context. We leave
it to the reader to �gure this out. Afterwards the statement is basically obvious.

(2) This statement follows from the Open Simplex Lemma 93.11 (2).
(3) This statement is trivial. (But it is nonetheless useful.) �

The following lemma is much more interesting.

Lemma 94.2. Let K = (V, S) be an abstract simplicial complex.
(1) The pair

sd(K) =
(
{s}s∈S, {{s0, . . . , sk} | s0 Ĺ · · · Ĺ sk}

)
is an abstract simplicial complex, called the barycentric subdivision of K.

(2) The relation �≤� on the vertex set {s}s∈S turns the barycentric subdivision sd(K)
into an ordered abstract simplicial complex.

The de�nition of sd(K) is illustrated in the �gure below.1150

1149Here we view, as usual, V as a subset of R(V ).
1150Here, as on many other occasions, we blur the di�erence between an abstract simplicial complex, its
topological realization, and a linear simplicial complex that is simplicially isomorphic to the topological
realization. In particular the illustrations shown in the �gure below are dramatically dimensionally reduced.
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s0

simplicial complex K

s1

barycentric subdivision sd(K)the barycenters

s2 the 2-simplex {s0, s1, s2}

Remark.
(1) Perhaps it is helpful to restate the de�nition of the barycentric subdivision sd(K)

in other words: The vertices of sd(K) are precisely the barycenters of the original
simplices and the simplices of the barycentric subdivision are given by the barycenters
of an ascending sequence of simplices in K.

(2) The statement of Lemma 94.2 (2) is quite amazing: ex nihilo we created order where
there was chaos.

(3) There is an alternative more formal, but basically equivalent de�nition of the barycen-
tric subdivision. Namely, given an abstract simplicial complex K = (V, S) one can
consider the following abstract simplicial complex:

s̃d(K) = {S, {{s0, . . . , sk} | s0 Ĺ · · · Ĺ}}.
The map s 7→ s induces a natural isomorphism between the abstract simplicial
complex s̃d(K) and the abstract simplicial complex sd(K). Our �rst de�nition is
arguably mnemonically superior, the second de�nition, which is for example used in
[dLon2013, p. 179], is arguably purer.

Proof. The statements follow immediately from the de�nitions. �

Notation. Let K = (V, S) be an abstract simplicial complex. Given i ∈ N we refer to

sdi(K) := sd(. . . sd(sd(K)) . . . )︸ ︷︷ ︸
sd applied i times

as the i-th iterated barycentric subdivision of K.
The following lemma summarizes the most important properties of the barycentric subdi-
vision of an abstract simplicial complex.

Lemma 94.3. (SD-Lemma) Let K = (V, S) be an abstract simplicial complex.
(1) If K is �nite, then sd(K) is also �nite.
(2) The dimension of sd(K) equals the dimension of K.
(3) The map

f : | sd(K)| → |K|

α 7→
(
V → R≥0

v 7→
∑

s∈S with v∈s

1
dim(s)+1 · α(s)

↑
s is a vertex of sd(K), hence α(s) is de�ned

)
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has the following properties:
(a) Let σ be a k-simplex of sd(K). By de�nition this means that σ = {s0, . . . , sk}

where s0 Ĺ · · · Ĺ sk is an ascending sequence of simplices of K. The restriction
of the map f : | sd(K)| → |K| to |σ| is given by1151

|σ| → |K|
k∑
i=0

λi · si 7→
k∑
i=0

λi · si
↑ ↑

viewed as basis element of R(sd(K)) viewed as vector in R(V )

In particular we have f(|σ|) Ă |sk| and f(〈σ〉) Ă 〈sk〉.
(b) The map f sends each vertex1152 s ∈ sd(K) to the corresponding point s ∈ |K|.
(c) Given any k-simplex t of K the map f restricts to a homeomorphism⋃

s = {a0, . . . , ak−1, t}
a k-simplex of sd(K) where

a0 Ĺ · · · Ĺ ak-1 Ĺ t
are simplices of K

|s|
∼=−−→ |t|.

(d) The map f is a natural homeomorphism.
(4) If f : K = (V, S)→ L = (W,T ) is a simplicial map between two abstract simplicial

complexes, then the map

{s} 7→ {f(s)}
de�nes a simplicial map f∗ : sd(K) → sd(L). This map has the property that the
following diagram commutes:

| sd(K)| fK //

|f∗|
��

|K|
|f |
��

| sd(L)| fL // |L|.

(5) The maps from (4) turn K 7→ sd(K) into a covariant functor from the category
of abstract simplicial complexes to the category of (ordered) abstract simplicial
complexes.
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the open simplex corresponding to σ = {s0, t}

Θ

simplex t of K the barycenters

the 2-simplices of sd(K) of the form {a0, a1, t}

Given any abstract simplicial complex K and given any i ∈ N we will use the homeomor-
phism from the SD-Lemma 94.3 (3) to make the identi�cation | sdi(K)| = |K|.

1151Note that this shows that f does take values in |K|.
1152Here we use the convention from page 1984 that says that we view the vertex of an abstract simplicial
complex as a subset of the topological realization.
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Proof.

(1) This statement is basically clear.
(2) We will prove this statement in Exercise 94.3.
(3) Now we need to show that f has all the promised properties:

(a) Let σ = {s0, . . . , sk} be a k-simplex of sd(K). Given a point P =
k∑
i=0
λi · si we

calculate that

f(P ) = f
( k∑
i=0
λi ·si

)
=

k∑
i=0
λi ·f(si) =

k∑
i=0
λi ·f

(∑
v∈si

1
dim(si)+1

· v︸ ︷︷ ︸
=si

)
=

k∑
i=0
λi · si.

Note that s0, . . . , sk lie in |sk|. Thus it follows from the calculation, together
with the remark on page 2006, that f(|σ|) Ă |sk|. Furthermore, if P ∈ 〈σ〉, then
λk > 0, which in turn implies almost immediately that f(P ) ∈ 〈sk〉.1153

(b) This statement follows immediately from (a).
(c) Let t be a k-simplex t of K. We leave it to the reader to verify that f restricts

to a bijection
X :=

⋃
s={a0,...,ak−1,t}

|s|
∼=−−→ |t|.

Note that the left-hand side X is actually a �nite subcomplex of | sd(K)|. Given a
simplex s = {a0, . . . , ak−1, t} we pick a characteristic map Φs : ∆k → |s|. Further-
more we pick a characteristic map Φt : ∆k → |t|. It follows almost immediately
from the de�nitions that the map Φ−1

t ◦f ◦Φs : ∆k → ∆k is an a�ne linear map,
in particular it is continuous. It follows from the Restrict-to-Simplex Lemma 93.6
(1) and the Simplex-Embedding Lemma 93.5 that the above map f : X → |t|
is continuous. It now follows, as always, from the Compact-Hausdor� Proposi-
tion 2.17 (3) together with the Simplicial Complex-Finiteness Proposition 93.12
and the Simplex-Embedding Lemma 93.5 that the map f : X → |t| is a homeo-
morphism.

(d) Using (c) one can easily verify that f is a bijection. Furthermore, it follows from
the Restrict-to-Simplex Lemma 93.6 (1) together with (c) that f is continuous.
Finally, it follows from (c) that for each simplex t of K the map f−1 : |t| →
| sd(K)| is continuous. By the Restrict-to-Simplex Lemma 93.6 (1) this shows
that f−1 : |K| → | sd(K)| is continuous. We have thus shown that f is indeed
a homeomorphism. It follows easily from the de�nitions and the Barycenter
Lemma 94.1 (1) that the homeomorphism is in fact natural.

(4) We leave the elementary task of verifying this statement to the reader.
(5) This statement follows almost immediately from the de�nitions. The only step which

requires a short moment of re�ection is to show that if f : K → L is a simplicial
map, then the induced map f∗ : sd(K)→ sd(L) is actually order-preserving, i.e. it is
a morphism in the category OrdAbsSimpCplx of ordered abstract simplicial complexes.

�

The following de�nition is almost self-explanatory.

1153For the proof that f(〈σ〉) Ă 〈sk〉 it is arguably more e�cient to work with the initial description of f.
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De�nition. Let (X, (K,Θ: |K| → X)) be a simplicial complex and let i ∈ N0. We de�ne
the i-th barycentric subdivision of (X,Θ) to be (X, (sdi(K),Θ: | sdi(K)| = |K| → X))

For completeness we state the following elementary lemma.
Lemma 94.4. For every k ∈ N0 the barycentric subdivision of a linear simplicial complex
in Rn is again a linear simplicial complex in Rn.

Proof. This statement follows almost immediately from the de�nition of the barycentric
subdivision. �

94.2. Stars and links in simplicial complexes. Given an (abstract) simplicial complex
K and a simplex s we introduce and study the corresponding star St(K, s) and Lk(K, s).
Both concepts are elementary, but both also play a major role in the study of (abstract)
simplicial complexes.

De�nition. Let K = (V, S) be an abstract simplicial complex.
(1) Let s ∈ S be a simplex. We introduce the following subsets of |K|:

star St(K, s) :=
⋃

t∈S with sĂ t

|t| and the open star
◦

St(K, s) :=
⋃

t∈S with sĂ t

〈t〉.

Furthermore we de�ne the link of s to be

Lk(K, s) :=
⋃

t∈S with s ∪ t∈S
but with s ∩ t = ∅

|t|.

(2) Given a vertex v we use the obvious shorthand notations

St(K, v) := St(K, {v}),
◦

St(K, v) :=
◦

St(K, {v}) and Lk(K, v) := Lk(K, {v}).
If K is understood, then we drop it from the notation. Furthermore we extend the de�ni-
tion in the obvious way to simplicial complexes.
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Lk(s2)
s1

Lk(s2)

s2
s1

K

s2

St(s1)
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◦
St(v)

v

v

vK

Lk(v)

Example. Let K be an abstract simplicial complex. We consider the simplicial cone
Cone(K) = K∗{?} and the simplicial suspension Σ(K) = K∗{±1} as de�ned on page 2003.
Let ε ∈ {−1, }. It follows easily from the de�nitions that St(Σ(K), ε) is simplicially iso-
morphic to Cone(K) and that Lk(Σ(K), ε) = K.
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Lemma 94.5. (the Link Star Lemma) Let (X, (K = (V, S),Θ: |K| → X)) be a
simplicial complex.
(1) For every simplex s ∈ S the following statements hold:

(a) We have the equality

Lk(s) = St(s) \
⋃

r∈S with rĂs

◦
St(r).

(b) The star St(s) and the link Lk(s) are subcomplexes of X. The corresponding
abstract simplicial complexes are given by( ⋃

t∈S with
s Ă t

t, {t∈S | s∪t∈S}
)
and

( ⋃
t∈S with
s Ă t

t
∖
s, {t ∈ S | s∪t∈S and s∩t=∅}

)
.

Furthermore X \
◦

St(s) is a subcomplex, the corresponding abstract simplicial
complex is given by

(V \ s, {t ∈ S | t ∩ s = ∅}.
(c) The star St(s) is naturally simplicially isomorphic to the simplicial join of the

link Lk(s) with the simplex s.11541155

(d) (α) The open star
◦

St(s) is an open neighborhood of every point P ∈ Θ(〈s〉), in
particular

◦
St(s) is an open subset of X.

(β) The star St(K, s) is a closed neighborhood of every point P ∈ Θ(〈s〉), in
particular St(K, s) is a closed subset of X.

(e) (α) The star St(s) admits a deformation retraction to the simplex Θ(|s|).
(β) The open star

◦
St(s) admits a deformation retraction to the open simplex

Θ(〈s〉).
(f) Both St(s) and

◦
St(s) are contractible.

(g) (α) The link Lk(s) is a deformation retract of St(s) \Θ(|s|).
(β) Given any P ∈ Θ(〈s〉) the subcomplex ∂s ∗ Lk(s) is a deformation retract

of St(s) \ {P}.
(h) If t is a simplex with s Ă t, then St(t) Ă St(s).

(2) (a) Let s ∈ S be a simplex. For P ∈ Θ(〈s〉) and v ∈ V we have P ∈
◦

St(v) if and
only if v ∈ S.

(b) The open stars {
◦

St(v)}v∈V de�ned by the vertices are an open cover of X.
(3) Given simplices s0, . . . , sn ∈ S the following equality holds:1156

◦
St(s0) ∩ · · · ∩

◦
St(sn) =

{ ◦
St(s0 ∪ · · · ∪ sn), if s0 ∪ · · · ∪ sn is a simplex,
∅, otherwise.

(Note that in Exercise 94.1 we will see that the analogous statement for the stars
does not hold.)

(4) Given vertices v0, . . . , vn ∈ V the following statement holds:
◦

St(v0) ∩ · · · ∩
◦

St(vn) 6= ∅ ⇐⇒ {v0, . . . , vn} is a simplex of K = (V, S).



2020

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������

����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������

���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������

���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������������������

������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������

����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������

����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������

��
��
��

��
��
��

��
��
��
��

��
��
��
�����

���
���
���

���
���
���
���

��
��
��

��
��
��

���
���
���

���
���
�����

��
��
��

��
��
��
��

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���
���

���
���
���
���

��
��
��

��
��
��

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

��
��
��

��
��
��

���
���
���

���
���
���

���
���
���
���

���
���
���
���

���
���
���

���
���
���

���
���
���
���

���
���
���
���

��
��
��
��

��
��
��
����

��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

���
���
���
���

���
���
���
���

��
��
��
��

��
��
��
��

���
���
���
���

���
���
���
���

��
��
��
��

��
��
��
��

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

��
��
��

��
��
��

simplex t with s Ă t

◦
St(v0)

◦
St(v1)

sK

v1

v0

Proof. Basically by de�nition we can assume that we are dealing with the topological
realization X = |K| of an abstract simplicial complex K = (V, S).

(1) Let s ∈ S be a k-simplex.
(a) We have the following equalities:

follows from Open Simplex Lemma 93.11 (5) applied to the subcomplex de�ned by t
↓

St(s)
∖⋃
rĂs

◦
St(r) =

⋃
sĂt

|t|
∖ ⋃
rĂs

⋃
rĂt

〈t〉 =
⋃
sĂt

⊔
uĂt

〈u〉
∖ ⋃
rĂs

⊔
rĂu

〈u〉

=
⋃

u∈S with s∪u∈S
but with s∩u = ∅

〈u〉 =
⋃

t∈S with s∪t∈S
but with s∩t = ∅

⊔
uĂt

〈u〉 =
⋃

t∈S with s∪t∈S
but with s∩t=∅

|t|.

︸ ︷︷ ︸
=Lk(s)

(b) It follows easily from the de�nitions, (a) and Lemma 93.14 (4) that the star
St(s), that the link Lk(s) and that |K| \

◦
St(s) are subcomplexes of X and that

the corresponding abstract simplicial complexes are the ones we wrote down.
(c) This statement follows immediately from the description of the abstract simplicial

complexes given in (b) and the de�nition of the simplicial join that we gave on
page 2003.

(d) First we show that
◦

St(s) is an open subset of |K|. By the de�nition of the
topology on |K|, see page 1984, we need to show that for every k-simplex u,
with some characteristic map Φu : ∆k → |u|, the preimage Φ−1

u (
◦

St(s)) is an open
subset of ∆k. In fact

Φ−1
u

( ◦
St(s)

)
= Φ−1

u

( ⋃
sĂt
〈t〉
)

=
⋃
sĂt

(
Φ−1
u (〈u〉)

)
=

{
Φ−1
u (〈t〉) = ∆k\∂∆k, if sĂu

∅, else.x x x
by de�nition Image-Preimage Open Simplex Lemma 93.11 (2)

Lemma 0.2 (6)

Since ∆k \ ∂∆k and ∅ are open subsets of ∆k we are done. A very similar
argument also shows that

◦
St(s) is a closed subset of |K|.

Now let P ∈ Θ(〈s〉). By de�nition P ∈
◦

St(s) Ă St(s). Since
◦

St(s) is an open
subset of |K| we see that

◦
St(s) and St(s) are both neighborhoods of P .

1154Here we view St(s), Lk(s) and s as simplicial complexes.
1155In Exercise 94.2 we will prove the related statement that there exists a natural simplicial isomorphism
Lk(K, s) ∗ ∂s ∼= Lk(sd(K), s).
1156To avoid confusion we point out that here, and in (4), we do not demand that the s0, . . . , sn are distinct.
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(e) (α) We write s = {v0, . . . , vk}. Note that by (1) and Lemma 93.8 we can view
St(s) as a simplicial complex in its own right. Now let t be a simplex t with
s Ă t. We write t = {v0, . . . , vk, vk+1, . . . , vl}. We consider the map

Ft : |t| × [0, 1] → |t|( l∑
i=0
λi · vi, r

)
7→

k∑
i=0
λi · vi + (1− r) ·

l∑
i=k+1

λi · vi + r ·
( l∑
i=k+1

λi

)
· vk.

It follows immediately from the de�nitions that these maps Ft combine
to give a well-de�ned map F : St(s) × [0, 1] → St(s). Furthermore it is
fairly straightforward to deduce from the fact that St(s) is a simplicial
complex, the Simplicial-Implies-CW Lemma 93.24 and the Intervall CW-
Product Lemma 68.8 (3) that F is actually continuous. Now that continuity
is out of the way it is clear that F is a deformation retraction from St(s) to
|s|.

(β) In (α) we just gave an explicit deformation retraction from St(s) to |s|. It
follows basically from the de�nitions that this map restricts to a deformation
retraction from

◦
St(s) to the open simplex 〈s〉.

(f) This statement follows immediately from (e), together with the Simplex-Embedding

Lemma 93.5 (3) and the observation that ∆k and
◦
∆
k
are contractible.
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St(s)s

K

v0
v1

deformation
retraction F

(g) Let P ∈ Θ(〈s〉). The proofs that the link Lk(s) is a deformation retract of
St(s)\|s| and that the subcomplex ∂s∗Lk(s) is a deformation retract of St(s)\{P}
is quite similar to the proof of (e). We will �ll in the details in Exercise 94.4.

(h) If t is a simplex with s Ă t, then it follows immediately from the de�nitions that
St(t) Ă St(s).

(2) (a) Let s ∈ S be a simplex, let P ∈ 〈s〉 and let v ∈ V . We have

P ∈
◦

St(v) =
⋃

t∈S with v∈ t
〈t〉 ⇐⇒ 〈s〉 Ă

⋃
t∈S with v∈ t

〈t〉 ⇐⇒ v ∈ s.
↑ ↑

both statements follow from the Open Simplex Lemma 93.11 (2)

(b) Recall that the Open Simplex Lemma 93.11 (2) says that given any point P ∈ K
there exists an s ∈ S with P ∈ 〈s〉. By (a) we know that for any vertex v of s
we have P ∈ 〈s〉 Ă

◦
St(v). This shows that the open stars corresponding to the

vertices cover all of K. By (1d) we know that this cover is in fact an open cover.
(3) Let s0, . . . , sn ∈ S. We have the following equality:

Open Simplex
by de�nition Lemma 93.11 (5) by de�nition of an open star
↓ ↓ ↓n⋂

i=0

◦
St(si) =

n⋂
i=0

⋃
t∈S with
siĂ t

〈t〉 =
⋃

t∈S with
s0, . . . , snĂ t

〈t〉 =

{ ◦
St(s0 ∪ · · · ∪ sn), if s0∪. . .∪sn∈S,
∅, otherwise.
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(4) Given v0, . . . , vn ∈ V the following holds:

◦
St(v0) ∩ · · · ∩

◦
St(vn) 6= ∅ ⇔ there exists a t∈S

with v0, . . . , vn ∈ t
⇔ {v0, . . . , vn} is a simplex.

↑ ↑
by (3) by de�nition of an abstract simplicial complex �

De�nition. An abstract simplicial complex K = (V, S) is called locally �nite if given any
vertex v ∈ V there exist only �nitely many simplices that contain v.
The following proposition can be viewed as an analogue of Proposition 68.11.

Proposition 94.6. Let K = (V, S) be an abstract simplicial complex. The following three
statements are equivalent:
(1) The abstract simplicial complex K is locally �nite.
(2) For every vertex v ∈ V the star St(K, {v}) is a �nite simplicial complex.
(3) For every vertex v ∈ V the link Lk(K, {v}) is a �nite simplicial complex.
(4) The topological realization |K| is regionally compact.

Proof. Let K = (V, S) be an abstract simplicial complex.
We start out with (1) ⇔ (2) ⇔ (3). This equivalence of statements follows almost

immediately from the de�nitions and the observation that an abstract simplicial complex
is �nite if and only if it has �nitely many vertices.

We continue with (3) ⇒ (4). We need to show that |K| is regionally compact. By
Lemma 2.41 (2) together with the Simplex-Embedding Lemma 93.5 (2) it su�ces to
show that every point P ∈ |K| admits a compact neighborhood. By the Open Simplex
Lemma 93.11 there exists a simplex s ∈ S such that P is contained in the open simplex
〈s〉. By the Link Star Lemma 94.5 (1d) we know that St(K, s) is a neighborhood of P .
Since St(K, s) is a �nite simplicial complex we obtain from Lemma 93.9 that St(K, s) is
compact.

Finally we prove (4) ⇒ (3). Now we assume that |K| is regionally compact. Let v ∈ V
be a vertex. By the Link Star Lemma 94.5 (1d) we know that the open star

◦
St(K, {v})

is an open neighborhood of v. Since |K| is regionally compact there exists a compact
neighborhood X of v with X Ă

◦
St(K, {v}). Since X is compact we know by the Simplicial

Complex-Finiteness Proposition 93.12 that there exists a �nite subcomplex L of K such
that X is contained in |L|.

Since X is a neighborhood of v we know that there exists an open neighborhood U of
v with v ∈ U Ă X. It follows from Open Simplex Lemma 93.11 (7) that for any simplex s
with v ∈ s we have U ∩ 〈s〉 6= ∅. But by the Open Simplex Lemma 93.11 (5) that implies
|s| Ă |L|. In other words, we see that St(K, {v}) Ă |L|. Since L is �nite we see that
St(K, {v}) is a �nite simplicial complex. �
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◦
St(K, {v})

v

|K| |K|

v U
K

We recall the following de�nition from page 285.
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De�nition. The diameter of a non-empty subset A of some Rn is de�ned as

diam(A) := sup{‖a− b‖ | a, b ∈ A} ∈ R≥0 ∪ {∞}.
It is pretty clear that the barycentric subdivision of a linear simplicial complex results in
more but smaller simplices. The following lemma is one way of formulating precisely that
the simplices shrink.

Lemma 94.7. If X is a �nite linear non-empty simplicial complex in Rn, then

lim
k→∞

max{diam(St(sdk(X), v)︸ ︷︷ ︸) | v is a vertex of sdk(X)} = 0.

↑
underlying topological space of X and sdk(X) is the same
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the maximal diameter of a star shrinks

X sd(X)

Proof. Let Y be a �nite linear non-empty d-dimensional simplicial complex in Rn. We
de�ne the mesh of Y as

mesh(Y ) := max{diam(s) | s is a simplex of Y }.

The lemma follows from the SD-Lemma 94.3 (1) and (2), Lemma 94.4 and the following
claim.
Claim.
(1) For every vertex v of Y we have diam(St(v)) ≤ 2 ·mesh(Y ).
(2) For every k ∈ N0 we have

mesh(sdk(Y )) ≤
( d
d+1

)k ·mesh(Y ).

Proof.

(1) Let v be a vertex of Y . We need to show that diam(St(v)) ≤ 2 · mesh(Y ). Thus
let P,Q ∈ St(v). By de�nition of the star St(v) there exist simplices s and t with
v, P ∈ s and with v,Q ∈ t. We see that

‖P −Q‖ ≤ ‖P − v‖+ ‖Q− v‖ ≤ diam(s) + diam(t) ≤ 2 mesh(Y ).
↑ ↑ ↑

triangle inequality since v, P ∈ s and v,Q ∈ t de�nition of mesh

(2) Once the reader has untangled the de�nitions it will have become clear that this
statement is nothing but a reformulation of Lemma 74.28. �
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94.3. The Simplicial Approximation Theorem. In this section we will state and prove
the Simplicial Approximation Theorem which is one of the main tools in the study of
simplicial complexes. Before we can state the theorem we need to introduce one last
basically self-explanatory notion.

De�nition. Let X be an (abstract) simplicial complex and let A be a subcomplex. We
refer to (X,A) as a pair of (abstract) simplicial complexes.
Now we are ready to formulate the main theorem of this section.

Theorem 94.8. (Simplicial Approximation Theorem) Let (X,A) and (Y,B) be pairs
of simplicial complexes. Let f : (X,A) → (Y,B) be a map of pairs of topological spaces.
If X is �nite, then there exists an iterated barycentric subdivision (X̃, Ã) of (X,A) and a
simplicial map f̃ : (X̃, Ã)→ (Y,B) with the following properties:

(1) The map f̃ is homotopic to f as a map (X,A) → (Y,B) of pairs of topological
spaces.

(2) For every vertex v of X̃ we have f(St(X̃, v)) Ă St(Y, f̃(v)).

Example. We consider the simplicial complexes X and Y and the map f : X → Y that are
illustrated in the �gure below. This map is actually not homotopic to a simplicial map.1157

But after a single barycentric subdivision we see that f is homotopic to a simplicial map
f̃ : sd(X)→ Y .
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Remark.
(1) The �rst statement of the Simplicial Approximation Theorem 94.8 is of course some-

what similar to the statement of the Cellular Approximation Theorem 70.15. But
since simplicial complexes and simplicial maps are more rigid than their cellular
siblings there are some important di�erences:
(a) On the negative side the Simplicial Approximation Theorem 94.8 only applies to

�nite domains and we need to allow for several barycentric subdivisions.
(b) On the plus side the output is much stronger since simplicial maps are much

more restrictive than cellular maps. We will make use of this shortly.
(2) The second statement of the Simplicial Approximation Theorem 94.8 essentially says

that the new map f̃ does not stray too far away from the original map f .

Before we give a proof of the Simplicial Approximation Theorem 94.8, let us point out
an important consequence. On page 1844 we saw that homotopy groups of fairly simple
topological spaces, e.g. S1 ∨ S2, can be uncomfortably large, for example we saw that
π2(S1 ∨ S2) is not necessarily �nitely generated. In Question 71.16 we asked whether
the homotopy groups of a countable CW-complex are actually countable. The following
proposition gives us some evidence for a positive answer.

1157Why not?
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Proposition 94.9. If X is a simplicial complex with countably many simplices, then for
every n ∈ N and every x0 ∈ X the group πn(X, x0) is countable.

Proof. Let X be a simplicial complex and let n ∈ N. By the discussion on page 1997 we
can pick a �nite simplicial structure for Sn. Let ∗ be a vertex of Sn. By the Change-of-
Base Point Proposition 71.5 it su�ces to show that for a single vertex x0 of X the group
πn(X, x0) is countable.

Next note that by the Simplicial Approximation Theorem 94.8, applied to the maps
(Sn, {∗})→ (X, x0) we have a surjection⋃
i∈N0

{set of simplicial maps (sdi(Sn), {∗})→ (X, x0)}︸ ︷︷ ︸
countable set by Lemma 93.3 (2)

� [(Sn, ∗), (X, x0)]︸ ︷︷ ︸
set of homotopy classes

of maps (Sn, *)→ (X,x0)

= πn(X, x0).

By Lemma 93.3 (2) together with the Countability Lemma 0.8 (3) the set on the left-hand
side is countable. It follows from the Countability Lemma 0.8 (3) that the set on the
right-hand side, i.e. πn(X, x0), is also countable. �

It is not immediately clear how one could possibly generalize the proof of Proposition 94.9
from simplicial complexes to CW-complexes. In particular at the moment we still lack
the tools to tackle Question 71.16 completely. We will return to Question 71.16 with
Proposition 104.21.

Before we turn to the proof of the Simplicial Approximation Theorem 94.8 let us record
the following immediate corollary to Proposition 94.9.

Corollary 94.10. For every n, k ∈ N the group πn(Sk) is countable.
Now we turn to the proof of the Simplicial Approximation Theorem 94.8.

Proof of the Simplicial Approximation Theorem 94.8. In an attempt to keep the
notation at a manageable level we will assume for simplicity that A = B = ∅. We leave it
to the reader to modify the subsequent proof to provide a proof for the general case.

Thus let (X, (K = (V, S),Θ: |K| → X)) and (Y, (L = (W,T ),Ω: |L| → Y )) be two
simplicial complexes. For convenience we identify V with its image Θ(V ) Ă X and we
identify W with its image Ω(W ) Ă Y . Furthermore let f : X → Y be a continuous map.
We make the following preparations.

(1) Recall that we assume thatX is �nite. Evidently we can assume thatX is non-empty.
(2) It follows from the hypothesis that X is �nite and the combination of Lemma 93.9,

the Compact Image Lemma 2.13 and the Simplicial Complex-Finiteness Proposi-
tion 93.12 that f(X) is contained in a �nite subcomplex of Y . Thus we can assume
that Y is also a �nite simplicial complex.

(3) Since X and Y are �nite it follows from Lemma 93.22 that we can and will assume
that X and Y are linear simplicial complexes contained in some Rm respectively
some Rn. Recall that this means, by de�nition, that X and Y are equipped with
the subspace topology coming from Rm and Rn. In particular we can use the usual
Euclidean metric on Rm to view X as a metric space.

We start out with the following claim.
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Claim 1. There exists a k ∈ N0 such that for every vertex v of sdk(X) there exists a w ∈ W
with f(St(sdk(X), v)) Ă

◦
St(Y,w).

Proof. Recall that by the Link Star Lemma 94.5 (2) we know that the open stars
{ ◦

St(w)
}
w∈W ,

form an open cover of Y . It follows that the sets Uw := f−1
( ◦
St(w)

)
Ă X form an open

cover of X. Since X is compact we obtain from the Lebesgue Lemma 6.5 that there exists
an ε > 0 such that for every subset A of X with diam(A) < ε there exists a w ∈ W with
A Ă Uw. By Lemma 94.7 there exists a k ∈ N0 such that for every vertex v of sdk(X) we
have diam(St(sdk(X), v)) < ε. In other words, this k has the desired property. �

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������ ����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

�
�
�
�����

��
��
��
��

�
�
�
�

��

��

����

�
�
�
�

��
��
��
��

���� �
�
�
�

��

�
�
�
�

����

�
�
�
�

��

����

����

��
��
��
��

��

��
��
��
��

image of St(X, v) is not contained in an open star
X

sd(X)

Y

v

By the SD-Lemma 94.3 (1) and Lemma 94.4 we know that sdk(X) is again a �nite linear
simplicial complex in Rm. Thus we can safely replace X by sdk(X). We are now in the
following setting:
(∗) For every v ∈ V there exists a w ∈ W with f(St(X, v)) Ă

◦
St(Y,w). In other words,

there exists a map ϕ : V → W with the property that for every vertex v ∈ V we have
f(St(X, v)) Ă

◦
St(Y, ϕ(v)).

We continue the proof with the following claim.
Claim 2. For every simplex s ∈ S the image ϕ(s) is a simplex in T .

Proof. Let s = {v0, . . . , vk} be a simplex of K = (V, S). Note that

Link Star Lemma 94.5 (4)
↓v0, . . . , vk form

a simplex in X ⇒
◦

St(v0)∩. . .∩
◦

St(vk) 6= ∅ ⇒ f
( ◦
St(v0)∩. . .∩

◦
St(vk)

)
6= ∅

⇒ f(
◦

St(v0))∩. . .∩f(
◦

St(vk)) 6= ∅ ⇒
◦

St(ϕ(v0))∩. . .∩
◦

St(ϕ(vk)) 6= ∅
↑ ↑

Image-Preimage Lemma 0.2 (4)by choice of ϕ we have f(St(vi)) Ă
◦
St(ϕ(vi))

⇒ {ϕ(v0), . . . , ϕ(vk)} is a simplex in T .
↑

Link Star Lemma 94.5 (4) �
Claim 2 says that ϕ : V → W de�nes a simplicial map K = (V, S) → L = (W,T ). It
follows from Lemma 93.15 that there exists a simplicial map g : X → Y with g|V = ϕ. We
claim that g is the desired map.

First note that it follows immediately from the construction of ϕ and g that for any
vertex v of sd(X) we have f(St(X, v)) Ă St(Y, g(v)). Thus it remains to show that g is in
fact homotopic to our original map f . To do so we consider the usual interpolation between
the maps f and g:1158

F : X × [0, 1] → Rn

(x, t) 7→ f(x) · (1− t) + g(x) · t.
1158Note that we showed in the Convex Homotopy Lemma 14.1 that this map is actually continuous.
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It remains to show the map F actually takes values in the subset Y Ă Rn. For each x ∈ X
we know that f(x) ∈ Y and g(x) ∈ Y . We need to show that for each t ∈ [0, 1] the point
f(x) · (1− t) + g(x) · t also lies in Y . In our setting this follows from the observation that
simplices are convex, see Lemma 93.23 (1b), together with the following claim.

Claim 3. For every x ∈ X there exists a t ∈ T such that both f(x) and g(x) are contained
in Ω(|t|).
Proof. Now let x ∈ X. By the Open Simplex Lemma 93.11 (2) there exists a unique
simplex s = {v0, . . . , vk} such that x ∈ Θ(〈s〉). We see that

by the Link Star Lemma 94.5 (3), since s = {v0, . . . , vk}
↓

x ∈ Θ(〈s〉) ⇒ x ∈
◦

St(v0)∩. . .∩
◦

St(vk) ⇒ f(x) ∈ f
( ◦
St(v0)∩. . .∩

◦
St(vk)

)
⇒ f(x) ∈ f

( ◦
St(v0)

)
∩. . .∩f

( ◦
St(vk)

)
⇒ f(x) ∈

◦
St(ϕ(v0))∩. . .∩

◦
St(ϕ(vk))

↑ ↑
Image-Preimage Lemma 0.2 (4) by choice of ϕ we have f(St(vi)) Ă

◦
St(ϕ(vi))

⇒ there exists a t∈T which contains ϕ(s)={ϕ(v0), . . . , ϕ(vk)} and with f(x)∈Ω(〈t〉).
↑

Link Star Lemma 94.5 (3)

It remains to show that g(x) ∈ Ω(|t|). In fact we see that

x ∈ Θ(〈s〉) ⇒ x ∈ Θ(|s|) ⇒ g(x) ∈ Ω(|ϕ(s)|) ⇒ g(x) ∈ Ω(|t|).
↑ ↑ ↑

by de�nition of 〈s〉 and |s| follows from the discussion since ϕ(s) Ă t
on page 1987

We have thus found the desired simplex t. �
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the image of every closed star is contained in an open star the simplicial map g

94.4. Mapping cylinders and mapping cones of simplicial maps. In this section we
will see that there exist simplicial analogues of the mapping cylinder and the mapping cone
that we introduced on page 454 and 457. The de�nitions of these simplicial analogues that
we give are taken from [Kas2014].

De�nition. Let f : K → L be a simplicial map between two abstract simplicial complexes.
The simplicial mapping cylinder Cyl(f : K → L) is the abstract simplicial complex that is
given by the following data:
(1) The vertex set is the disjoint union of the vertex set of the barycentric subdivision

sd(K) of K and the vertex set of L.
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(2) The set of simplices is given by{
σ t τ

∣∣∣ σ=∅ or σ a simplex of sd(K) & τ=∅ or τ a simplex of L or such that
for every vertex v = s ∈ σ and every vertex w ∈ τ we have w ∈ f(s)

}
.

↑
where s is a simplex of K
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{v}

f

L L

g

L
Cyl(f) Cyl(g)

v vw w{w} {w}{v, w}

Let f : K → L be a simplicial map between two �nite abstract simplicial complexes. One
might expect that the next lemma states, say under the hypothesis that K is �nite, that
the topological realization |Cyl(f : K → L)| of the simplicial mapping cylinder is homeo-
morphic to the mapping cylinder Cyl(|f | : |K| → |L|) of the map between the topological
realizations. We will prove a weaker statement, but which nonetheless says that the sim-
plicial mapping cylinder has all the essential properties we really need.

Lemma 94.11. (Simplicial Mapping Cylinder Lemma) Let f : K → L be a simplicial
map between two abstract simplicial complexes.
(1) The simplicial mapping cylinder Cyl(f : K → L) contains sd(K) and L as subcom-

plexes.
We now assume that K is actually a �nite abstract simplicial complex. We denote by
ι : sd(K) → Cyl(f : K → L) the natural inclusion and we denote by f : |K| → | sd(K)|
the natural homeomorphism from the SD-Lemma 94.3.
(2) There exists a deformation retraction R : |Cyl(f)| × [0, 1]→ |Cyl(f)| from |Cyl(f)|

to the subset |L| such that R1 ◦ ι ◦ f = f : |K| → |Cyl(f)|.
(3) The map |f | : |K| → |Cyl(f)| is homotopic to the map |ι| ◦ f : |K| → |Cyl(f)|.
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|ι| ◦ f
|K|

Remark. It is not clear to me whether the statement of the Simplicial Mapping Cylinder
Lemma 94.11 (2) also holds if K is in�nite. For example one might be able to get stronger
results using Lemma 70.13. But for our purposes it is good enough to know that the
statement holds if K is �nite.
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Sketch of proof. Let f : K → L be a simplicial map between two abstract simplicial
complexes.
(1) By taking τ = ∅ respectively σ = ∅ one sees immediately that sd(K) and L are

subcomplexes of Cyl(f : K → L).
We now assume that K is actually a �nite abstract simplicial complex.
(2) Given r ∈ N0 we denote byWr the topological realization of the maximal subcomplex

of Cyl(f : K → L) that contains all vertices of L and that contains all vertices sd(K)
of the form s where s is a ≥ r-simplex of K. We leave it to the reader to verify that
for each r ∈ N0 there exists a unique homotopy

Fr : Wr × [0, 1] → Wr

with the following properties:
(a) Fr is a homotopy rel Wr−1.
(b) Given any vertex s that lies in Wr but that does not lie in Wr−1 the homotopy

is given by Fr(s, t) = s · (1− t) + f(s) · t.
(c) The restriction of Fr to each simplex takes values in a simplex and it is linear.
Note that Fr is in particular a deformation retraction from Wr to Wr−1. The com-
position of the homotopies Fdim(K), . . . , F1 and F0 has the desired properties.

(3) This statement follows immediately from (2). �
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W0 = |L|

K

L

W2 = |Cyl(f)| W1

We conclude this section with the following de�nition.

De�nition. Let f : K → L be a simplicial map between two abstract simplicial complexes.
The simplicial mapping cone Cone(f : K → L) is de�ned as the union of the simplicial
mapping cylinder Cyl(f : K → L) and the simplicial cone Cone(sd(K)) that we de�ned
on page 2003.
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In Section 94.5 we will see that the concept of a simplicial mapping cone is indeed useful.

94.5. Simplicial structures and CW-structures II. Recall that in the Simplicial-
Implies-CW Lemma 93.24 we saw that every (ordered) simplicial complex admits a (natural)
CW-complex structure where given any n ∈ N the n-simplices of the simplicial structure
are precisely the n-cells of the CW-structure. The converse of this statement does not hold,
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in fact in Proposition 93.28 we showed that there exists a CW-complex that does not admit
a simplicial structure.
Nonetheless, in this section we will prove a partial converse to the Simplicial-Implies-CW
Lemma 93.24, namely we will show that every CW-complex is homotopy equivalent to a
simplicial complex. More precisely, we will prove the following proposition.

Proposition 94.12.
(1) Every �nite CW-complex is homotopy equivalent to a �nite simplicial complex of

the same dimension.
(2) Every countable CW-complex is homotopy equivalent to a countable simplicial com-

plex of the same dimension.
(3) Every CW-complex is homotopy equivalent to a simplicial complex of the same

dimension.

Remark. Alternative proofs for Proposition 94.12 are given in [Hat2002, Theorem 2C.5],
[LW1969, Theorem 6.1], [WhdJ1949b, Theorem 13] and [Gra1975, Corollary 16.44].

Most of the work in the proof of Proposition 94.12 is done in the following lemma.

Lemma 94.13. Let X be a CW-complex that is homotopy equivalent to the topolog-
ical realization of an abstract simplicial complex K. Furthermore let ϕ : Sk−1 → X
be a map. There exists an i ∈ N0 a simplicial map f : sdi(Sk−1) → K such that
X ∪ϕ B

k
is homotopy equivalent to the topological realization of the simplicial mapping

cone Cone(f : sdi(Sk−1)→ K)|.
The key ingredient in the proof of Lemma 94.13 is the Homotopy Pushout Theorem which
we recall for the reader's convenience.
Theorem 17.19. (Homotopy Pushout Theorem) Suppose we are given the following
commutative diagram of maps between topological spaces:

Y
ϕY
��

A �
� i //

ϕA
��

f
oo X

ϕX
��

Y ′ A′ �
� i′ //

f ′
oo X ′.

If the vertical maps are homotopy equivalences and if the maps i and i′ to the right are
closed co�brations, then the induced map

Y ∪A X → Y ′ ∪A′ X ′

between the pushouts is a homotopy equivalence.

Proof of Lemma 94.13. We start out with the following preparations:

(1) By the discussion on page 1989 there exists a homeomorphism g : |Dk| → B
k
which

restricts to a homeomorphism g : |Sk−1| → Sk−1.
(2) Given any abstract simplicial complex L and given any i ∈ N0 we always denote by

f : |L| → | sdi(L)| the homeomorphism from the SD-Lemma 94.3 (3).
(3) By the Simplicial Approximation Theorem 94.8 there exists an i ∈ N0, a simplicial

map f : sdi(Sk−1) → K and a homotopy F : | sdi(Sk−1)| × [0, 1] → |K| such that
F0 = θ ◦ ϕ ◦ g ◦ f−1 and such that F1 = |f |.
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(4) We denote by j : |K| → |Cyl(f : sdi(Sk−1) → K)| the inclusion map. Note that by
the Simplicial Mapping Cylinder Lemma 94.11 (2) we know that j is a homotopy
equivalence.

(5) Finally note that it follows immediately from the Simplicial Mapping Cylinder Lemma 94.11
(3) that there exists a homotopy G : | sdi(Sk−1)|× [0, 1]→ |Cyl(f : sdi(Sk−1)→ K))|
withG0 = j◦|f | and such thatG1 = |ι|◦f where ι : sdi+1(Sk−1)→ Cyl(f : sdi(Sk−1)→
K) is the natural inclusion.

We consider the following commutative diagram:

X

θ
��

Sk−1ϕ
oo

∼= g−1

��

� � // B
k

∼= g−1

��

|K|
id
��

|Sk−1|
θ◦ϕ◦g

oo

∼= f
��

� � // |Cone(Sk−1)|
∼= f
��

|K|
id
��

| sdi(Sk−1)|θ◦ϕ◦g◦f−1

oo

x 7→ (x,0)
��

� � // |Cone(sdi(Sk−1))|
x 7→ (x,0)
��

|K| | sdi(Sk−1)| × [0, 1]
Foo � � // |Cone(sdi(Sk−1))| × [0, 1]

|K|
j
��

id

OO

| sdi(Sk−1)|
|f |

oo

x 7→ (x,1)

OO

� � //

id
��

|Cone(sdi(Sk−1))|
x 7→ (x,1)

OO

id
��

|Cyl(f)|
id
��

| sdi(Sk−1)|
j◦|f |

oo

x 7→ (x,0)
��

� � // |Cone(sdi(Sk−1))|
x 7→ (x,0)
��

|Cyl(f)| | sdi(Sk−1)|Goo � � // |Cone(sdi(Sk−1))| × [0, 1]

|Cyl(f)|
id
��

id

OO

| sdi(Sk−1)|
∼= f
��

|ι|◦f
oo

x 7→ (x,1)

OO

� � // |Cone(sdi(Sk−1))|
x 7→ (x,1)

OO

∼= f
��

|Cyl(f)| | sdi+1(Sk−1)|
|ι|

oo � � // |Cone(sdi+1(Sk−1))|.

It follows from (4) and elementary observations that all of the vertical maps are homotopy
equivalences. Furthermore note that it follows immediately from the Manifold Boundary-
Co�bration Proposition 17.8 and the Product-Co�bration Proposition 17.11 that all of
the right horizontal maps are closed co�brations. Thus it follows from the Homotopy
Pushout Theorem 17.19, applied altogether eight times, that the induced maps between the
various pushouts have homotopy inverses. Combining these eight homotopy equivalences,
respectively their homotopy inverses, we obtain the promised homotopy equivalence

X ∪Sk−1 B
k → |Cyl(f)| ∪| sdi(Sk−1)| |Cone(sdi+1(Sk−1))︸ ︷︷ ︸

=Cone(f : sdi(Sk−1)→K)

|.

�

Proof of Proposition 94.12 (1). Let X be a �nite CW-complex. An induction argu-
ment over the number of cells, using Lemma 94.13, shows that X is homotopy equivalent
to a �nite simplicial complex of the same dimension. �
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Sketch of a proof of Proposition 94.12 (2) and (3). Now let X be any (countable)
CW-complex. Without loss of generality we can and will assume that X is connected and
non-empty.
Claim. There exists an ascending sequence K−1 Ă K0 Ă K1 Ă K2 Ă . . . of abstract
simplicial complexes and a sequence of homotopy equivalences θn : Xn → |Kn|, n ∈ Z≥−1

such that for each n ∈ N0 there exists a homotopy Fn : Xn × [0, 1] → |Kn+1| between the
maps Xn θn−→|Kn| → |Kn+1| and Xn → Xn+1 θn+1−−→|Kn+1|.
Proof. We take K−1 to be the empty simplicial complex. Assume that we have already con-
structed K−1, . . . , Kn and θ−1, . . . , θn. We denote by {ϕi : Sn → Xn}i∈I the attaching maps
of the (n+ 1)-cells of X. By basically the same argument as in the proof of Lemma 94.13
we obtain di ∈ N0, simplicial maps fi : sddi(Sn)→ Kn and a homotopy equivalence

θn+1 : Xn ∪tϕi
⊔
i∈I
B
n+1︸ ︷︷ ︸

=Xn+1

→
∣∣∣Cyl

( ⊔
i∈I
f :

⊔
i∈I

sddi(Sn)→ K
)
∪
⊔
i∈I

Cone
(

sddi+1(Sn)
)

︸ ︷︷ ︸
=:Kn+1

∣∣∣
such that the maps Xn θn−→|Kn| → |Kn+1| and Xn → Xn+1 θn+1−−→|Kn+1| are homotopic. �

We set K :=
⋃

n∈N0

Kn. If X is countable, then K is also countable. Thus it remains to

show that X is homotopy equivalent to |K|.
(1) As on page1546 we equip [0,∞) with the CW-structure where the 0-skeleton is given

by N0 and we refer to the CW-complex

T (X) :=
⋃
n∈N0

Xn × [n, n+ 1] Ă X × [0,∞)

as the telescope of X.
(2) The homotopies Fn de�ne a map F : T (X)→ |K| which is continuous by the Char-

acteristic Maps Lemma 68.7.
(3) Furthermore the projections Xn × [0, 1]→ Xn de�ne a map p : T (X)→ X which is

also continuous by the Characteristic Maps Lemma 68.7.
We pick P ∈ X0. It follows fairly easily from the Direct Limit-πn-Proposition 71.11 and the
claim that for every n ∈ N the maps F∗ : πn(T (X), P )→ πn(|K|, P ) and p∗ : πn(T (X), P )→
πn(X,P ) are isomorphisms. It follows from the Whitehead Theorem 162.1 that F : T (X)→
|K| and p : T (X)→ X are homotopy equivalences. We have thus shown thatX is homotopy
equivalent to |K|.1159 �
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p
X

F

|K|

X×[0,∞)

Xn × [n, n+ 1]

T (X)

X0 × [0, 1]

Fn

1159We leave it to the industrious reader to �gure out whether one can avoid the cheap exit via the
Whitehead Theorem 162.1 by using say the Telescope Lemma 70.14 in a clever fashion.
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Exercises for Chapter 94.

Exercise 94.1. Let K = (V, S) be an abstract simplicial complex. By the Link Star
Lemma 94.5 (3) we know that for any choice of simplices s0, . . . , sn ∈ S the following
equality regarding open stars holds:

◦
St(s0) ∩ · · · ∩

◦
St(sn) =

{ ◦
St(s0 ∪ · · · ∪ sn), if s0 ∪ · · · ∪ sn is a simplex,
∅, otherwise.

Show that in general the analogous statement for stars does not hold.

Exercise 94.2. Let K be an abstract simplicial complex and let s be a k-simplex. Show
that there exists a natural simplicial isomorphism Lk(K, s) ∗ ∂s ∼= Lk(sd(K), s).

Exercise 94.3. LetK = (V, S) be an abstract simplicial complex. Show that the dimension
of the barycentric subdivision sd(K) equals the dimension of K.

Exercise 94.4. Let K = (V, S) be an abstract simplicial complex and let s ∈ S.
(a) Show that the link Lk(s) is a deformation retract of St(s) \ |s|.

Hint. Consider the proof of the Link Star Lemma 94.5 (e).
(b) Let P ∈ 〈s〉. Show that ∂s ∗ Lk(s) is a deformation retract of St(s) \ {P}.

Hint. Turn the idea of �pushing away from P � into a rigorous argument.
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Lk(K, s)|s|

St(K, s) P

∂s ∗ Lk(K, s)

Exercise 94.5. Let n ∈ N. As on page 1978 we consider the abstract simplicial complex
Sn := (V, T ) with V = {0, . . . , n+ 1} and T = P(V ) \ {∅, V }. Note that given a k-simplex
s of Sn the set V \ s is an (n − k)-simplex. Next we consider the barycentric subdivision
sd(Sn) together with the map

f : sd(Sn) → sd(Sn)
s 7→ V \ s.

(a) Show that f is a simplicial map.
(b) Show that Sn/s ∼ f(s), interpreted in the obvious way, is an abstract simplicial

complex with 2n+1 − 1 vertices.
(c) Sketch the abstract simplicial complex Sn/s ∼ f(s) for n = 1 and n = 2.
(d) Show that the topological realization of Sn/s ∼ f(s) is homeomorphic to the real

projective space RPn = Sn/x ∼ −x.
Remark. It is not known what is the �smallest� simplicial structure for the real projective
spaces RPn. It is shown in [ArM1991] that any simplicial structure for RPn needs to have
at least 1

2
(n + 1)(n + 2) vertices. But all known simplicial structures seem to have about

2n vertices.

Exercise 94.6. Let n ∈ N and let k ∈ {1, . . . , n − 1}. Use the Simplicial Approximation
Theorem 94.8 to show that πk(Sn) = 0.
Remark. This statement is of course the content of Proposition 71.10 which we proved
using the Cellular Approximation Theorem 70.15.
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Exercise 94.7. We say an abstract simplicial complex K = (V, S) is a �ag complex if the
following condition is satis�ed:
(∗) If v0, . . . , vn ∈ V have the property that {vi, vj} ∈ S for all i, j ∈ {0, . . . , n}, then
{v0, . . . , vn} ∈ S.

More loosely speaking, K is a �ag complex, if a simplex exists whenever its 1-skeleton
exists. We refer to the �gure below for an illustration of the de�nition.
(a) Show that every �ag complex is determined by its 1-skeleton. More precisely, let

K = (V, S) and L = (W,T ) be two abstract simplicial complexes. Suppose that
ϕ : K1

∼=−→ L1 is a simplicial isomorphism between the 1-skeleta. We suppose that K
and L are �ag complexes. Show that ϕ can be extended to a simplicial isomorphism
K
∼=−→ L.

(b) Let K be an abstract simplicial complex. Show that the barycentric subdivision
sd(K) is a �ag complex.

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��
��
��
�� ��

��
��

��
��
��

�
�
�
�

��
��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��
��

�
�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��

��
��
��

�
�
�
�

�
�
�
�

�ag complex

2-simplex is �missing�

not a �ag complex

Exercise 94.8. We recall the following de�nition from page 369. We say a family {Ui}i∈I
of subsets of a set X has order ≤ n if for any J Ă I with #J > n we have

⋂
j∈J
Uj = ∅.

(a) LetK = (V, S) be an n-dimensional abstract simplicial complex. Given i ∈ {0, . . . , n}
we denote by Ki the abstract simplicial complex one obtains from barycentric sub-
division of all simplices of degree > i.1160 As usual we use (a slight generalize of)
the SD-Lemma 94.3 to identify the various topological realizations, i.e. we write
|K| = |K0| = · · · = |Kn|. We denote by Vi the collection of open stars of the i-
simplices of K in |Ki|. Show that the sets in V0 ∪ · · · ∪ Vn form an open cover of
|K| = |K0| = · · · = |Kn| of order n+ 1.

Next we recall another de�nition from page 369. Let X be a non-empty topological space.
We say cdim(X) ≤ n if every open cover of X admits an open re�nement of order n+ 1.
(b) Show that every �nite simplicial complex X of dimension n has cdim(X) ≤ n.
(c) Show that every compact subspace X of Rn has cdim(X) ≤ n.

Remark. This approach gives a new proof for Theorem 11.3.
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sets in V0 sets in V1 sets in V2
standard simplicial
structure on R2

1160We did not de�ne this construction, but the reader should have no troubles making sense of it.



95. SIMPLICIAL HOMOLOGY 2035

95. Simplicial homology

In this chapter we introduce the simplicial homology groups of an (ordered) abstract sim-
plicial complex. As we will see, the de�nition is refreshingly straightforward. Later in the
chapter we discuss the relationship between simplicial and singular homology.
Before we get into details it is convenient to recall the following de�nition from basic group
theory which we will need on numerous occasions throughout this chapter.

De�nition. Let n ∈ N. Given a permutation σ ∈ Sn we refer to1161

sign(σ) :=
determinant of the (n× n)-matrix for which the

(i, σ(i))-entries are one and all the other entries are zero

as the sign of the permutation.
The following lemma summarizes the two key properties of the sign of a permutation.
Lemma 95.1. Let n ∈ N.
(1) The map sign: Sn → {−1, 1} is a homomorphism.
(2) If σ is a transposition, then sign(σ) = −1.

Proof. The proof follows immediately from standard properties of the determinant. �

De�nition. Let X be a �nite set and let σ ∈ Bij(X). We set n := #X. We pick a
bijection ϕ : {1, . . . , n} → X. We de�ne sign(σ) = sign(ϕ−1 ◦ σ ◦ϕ). It follows easily from
Lemma 95.1 that this de�nition is independent of the choice of the bijection ϕ.
Throughout this chapter we adopt the following convention.

Convention. Given n ∈ N we identify the permutation group Sn = Bij{1, . . . , n} with
the group Bij{0, . . . , n− 1} in the obvious way.

95.1. Simplicial homology of an ordered abstract simplicial complex. In this sec-
tion we will de�ne the simplicial chain complex and the simplicial homology groups of an
ordered abstract simplicial complex. This is going to be surprisingly easy. In the subse-
quent section we will then deal with abstract simplicial complex that are not equipped with
an order.
We start out with the following elementary observation which we will use frequently
throughout this chapter.

Observation. Let (T,≤) be a totally ordered set and let v0, . . . , vn ∈ T . By Exercise 0.4
there exists a unique permutation σ ∈ Sn+1 such that vσ(0) < · · · < vσ(n).

After this preliminary remark we can now turn to an interesting de�nition.

De�nition. Let K = (V, S) be an ordered abstract simplicial complex.1162 Given n ∈ N0

we de�ne

Csimp,≤
n (K) := free abelian group generated by the set of n-simplices of K.

1161Surely the reader will have seen the de�nition of the sign of a permutation. We leave it to the reader
to show that the previous de�nition agrees with our de�nition.
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Furthermore we consider the boundary map

∂n : Csimp,≤
n (K) → Csimp,≤

n−1 (K)

{v0 < · · · < vn}︸ ︷︷ ︸
any n-simplex s is uniquely
of the form s = {v0, . . . , vn}

with v0 < · · · < vn

7→
n∑
i=0

(−1)i · {v0, . . . , vi−1, v̂i, vi+1, . . . , vn}.

Lemma 95.2. Let K = (V, S) be an ordered abstract simplicial complex. Given any
n ∈ N0 we have ∂n−1 ◦ ∂n = 0. In other words, (Csimp,≤

∗ (K), ∂∗) is a chain complex.

Proof. The proof of the lemma is almost verbatim the same as the proof of Proposi-
tion 72.2. We leave it to the reader to make the necessary minute modi�cations. �

The reader is by now well aware of the fact that such a lemma leads straight to the following
de�nition.
De�nition. Let K be an ordered abstract simplicial complex. We refer to the chain
complex (Csimp,≤

∗ (K), ∂∗) as the simplicial chain complex. Given n ∈ N0 we de�ne the
n-th simplicial homology group of K as the n-th homology group of the simplicial chain
complex, i.e. we de�ne

Hsimp,≤
n (K) :=

ker
(
∂n : Csimp,≤

n (K)→ C
simp,≤
n−1 (K)

)
im
(
∂n+1 : Csimp,≤

n+1 (K)→ Csimp,≤
n (K)

) .
Example. We consider the 1-dimensional abstract simplicial complex K = (V, S) shown
in the �gure below. It has �ve vertices {A,B,C,D,E}, it has the corresponding �ve 0-
simplices and it has �ve 1-simplices. We view K = (V, S) as an ordered abstract simplicial
complex in the obvious way, i.e. we have A < B < C < D < E. The corresponding
simplicial chain complex is given as follows:

0 →

Z · {A,B}
Z · {B,C}
Z · {C,D}
Z · {D,E}
Z · {C,E}


1 0 0 0 0
−1 1 0 0 0

0 −1 1 0 1
0 0 −1 1 0
0 0 0 −1 −1


−−−−−−−−−−−−−−−−−−→

Z · {A}
Z · {B}
Z · {C}
Z · {D}
Z · {E}

→ 0.

We leave it as an elementary exercise in linear algebra to show that

Hsimp,≤
n (K) ∼=

{
0, if n > 1,
Z, if n = 0, 1.

Furthermore one can easily show that

Hsimp,≤
1 (K) = ker

(
∂1 : Csimp,≤

1 (K)→ Csimp,≤
0 (K)

)
= Z · [{C,D}+ {D,E} − {C,E}].

As always, not only do we want to associate groups to our given objects, but we really
want to construct a functor. This is done in the following lemma.
1162Recall that according to the de�nition on page 1982 �ordered� means that the vertex set V is equipped
with a partial order such that the restriction to each simplex is a total order.
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Lemma 95.3.
(1) Given an order-preserving simplicial map f : K = (V, S) → L = (W,T ) between

ordered abstract simplicial complexes we de�ne

f∗ : Csimp,≤
n (K) → Csimp,≤

n (L)

{v0, . . . , vn} 7→
{
{f(v0), . . . , f(vn)}, if f(v0), . . . , f(vn) are pairwise di�erent,
0, otherwise.

These maps form a chain map, thus they induce maps f∗ : Hsimp,≤
n (K)→ Hsimp,≤

n (L).
(2) The maps

(K,≤) 7→ Csimp,≤
∗ (K)

(f : (K,≤)→ (L,≤)) 7→ (f∗ : Csimp,≤
∗ (K)→ Csimp,≤

∗ (L))

de�ne a covariant functor from the category OrdAbsSimpCplx of ordered abstract sim-
plicial complexes to the category ChCplx of chain complexes. In particular, for each
n ∈ N0 the maps

(K,≤) 7→ Hsimp,≤
n (K)

(f : (K,≤)→ (L,≤)) 7→ (f∗ : Hsimp,≤
n (K)→ Hsimp,≤

n (L))

de�ne a covariant functor from the category OrdAbsSimpCplx of ordered abstract sim-
plicial complexes to the category AbGroup of abelian groups.

Proof. The statements follow easily from the de�nitions. We leave it to the reader to �ll
in the details. �

Naturally the question arises, to what degree do the simplicial homology groups of an
ordered abstract simplicial complex depend on the choice of the order. As the following
lemma shows, the answer is, not very much.

Lemma 95.4. Let K = (V, S) be an abstract simplicial complex and let �≤� and �≤̃� be
two orders on K. The maps

Csimp,≤
n (K) → Csimp,≤̃

n (K)
{v0 < · · · < vn} 7→ sign(σ) · {vσ(0)<̃ . . . <̃vσ(n)}︸ ︷︷ ︸

σ ∈ Sn is the unique permutation
such that vσ(0)<̃ . . . <̃vσ(n)

de�ne an isomorphism of chain complexes.

Proof. The proof of the lemma is an appealing little calculation that will be done in
Exercise 95.1. �

95.2. Simplicial homology. In the last section we introduced simplicial homology for
ordered abstract simplicial complexes. In this section we will introduce simplicial homology
for �unordered� abstract simplicial complexes. Evidently the de�nition is going to be very
similar, but as we will see, the de�nition is ever so more subtle.
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De�nition. Let K = (V, S) be an abstract simplicial complex and let n ∈ N0.
(1) An ordered n-simplex ofK is an (n+1)-tuple (v0, . . . , vn)∈V n+1 such that {v0, . . . , vn}

is an n-simplex of K = (V, S).
(2) Given an ordered n-simplex (v0, . . . , vn) we denote by b(v0, . . . , vn)c := {v0, . . . , vn}

the corresponding n-simplex of K.
(3) Let n ∈ N0. We de�ne

Ĉ
simp

n (K) := free abelian group generated by the set of ordered n-simplices of K.

Furthermore we de�ne the n-th simplicial chain group to be

Csimp
n (K) := Ĉ

simp

n (K)/In

where In is the subgroup of Ĉ
simp

n (K) generated by all elements of the form

(v0, . . . , vn)− sign(σ) · (vσ(0), . . . , vσ(n)) where σ ∈ Sn+1 = Bij{0, . . . , n}
Given an ordered simplex (v0, . . . , vn) we denote its image in Csimp

n (K) by [v0, . . . , vn].

Remark. Let K = (V, S) be an abstract simplicial complex. Since the set of vertices is in
a natural bijection with the set of 0-simplices and since the permutation group S1 is trivial
we see that we have a natural identi�cation Csimp

0 (K) = Z(V ).

Lemma 95.5. Let K = (V, S) be an abstract simplicial complex. If �≤� is an order on
K = (V, S), then for each n ∈ N0 the map

Csimp,≤
n (K) → Csimp

n (K)
{v0 < · · · < vn} 7→ [v0, . . . , vn]

is a natural isomorphism.

Proof. Let n ∈ N0. First note that it follows immediately from the de�nitions that the
map is natural.

It remains to show that the given map is an isomorphism. We denote by Pn the set of
ordered n-simplices, as de�ned above. Note that by de�nition we have Ĉ

simp

n (K) = Z(Pn).
In the following we denote by Qn the set of all ordered n-simplices (v0, . . . , vn) such that
v0 < · · · < vn. By Lemma 51.1 there exist unique homomorphisms as follows:

Φ: Z(Pn) → Z(Qn)

(v0, . . . , vn) 7→ sign(σ) · (vσ(0), . . . , vσ(n))
↑

here σ∈Sn+1 is the unique permutation
with vσ(0) < · · · < vσ(n)

and
Ψ: Z(Qn) → Z(Pn)

(v0, . . . , vn) 7→ (v0, . . . , vn).

Furthermore we denote by π : Z(Pn) → Z(Pn)/In = Csimp
n (K) the obvious projection. It

follows easily from Lemma 95.1 that Φ: Z(Pn) → Z(Qn) descends to a homomorphism
Φ: Z(Pn)/In → Z(Qn). Note that it is an immediate consequence of the de�nitions that
Φ ◦ π ircΨ is the identity on the basis Qn of Z(Qn) and that π ◦ Ψ ◦ Φ is the identity on
the generating set π(Pn) of Z(Pn)/In. This shows that π ◦Ψ and Φ are isomorphisms. The
promised statements follow readily from this observation. �
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Lemma 95.6. Let K be an abstract simplicial complex.
(1) Given any n ∈ N0 the group Csimp

n (K) is a free abelian group where the rank is given
by the cardinality of the set Sn of n-simplices of K. In fact, if we choose for each
n-simplex s ∈ Sn an ordered n-simplex s̃ with bs̃c = s, then {[s̃]}s∈Sn is a basis for
Csimp
n (K).

(2) Let n ∈ N. There exists a unique homomorphism

∂n : Csimp
n (K) → Csimp

n−1 (K)
with the property that given any ordered n-simplex (v0, . . . , vn) of K we have

∂n([v0, . . . , vn]) =
n∑
i=0

(−1)i · [v0, . . . , vi−1, v̂i, vi+1, . . . , vn].

(3) For every n ∈ N0 we have ∂n−1 ◦ ∂n = 0.

Remark. Let K = (V, S) be an abstract simplicial complex and let n ∈ N0. Lemma 95.5
and Lemma 95.6 (1) say in particular that Csimp

n (K) is a free abelian group. If K = (V, S)
is an ordered abstract simplicial complex, then this free abelian group has a natural basis.
In the absence of an order there is only a natural basis where each element of the basis is
well-de�ned �up to sign�.

Example. For an ordered simplex (v0, v1, v2) in an abstract simplicial complex K we see
that

∂([v0, v1, v2]) = [v1, v2]− [v0, v2] + [v0, v1] = [v0, v1] + [v1, v2] + [v2, v0].

In other words, if we consider the �gure below, then we see that the boundary is exactly
what we would naively had thought.
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v0

v1 v1

v0

[])
=

v2 ] ] ][
v0

v2[
v1

v2

Proof.

(1) It follows from the Well-Ordering Theorem 0.7 that we can equip K = (V, S) with
an order. Thus the desired statement is now an almost immediate consequence of
Lemma 95.5

(2) Let n ∈ N. By Lemma 51.1 there exists a unique homomorphism

∂n : Ĉ
simp

n (K) → Csimp
n−1 (K)

with the property that given any ordered n-simplex (v0, . . . , vn) of K we have

∂n((v0, . . . , vn)) =
n∑
i=0

(−1)i ·[v0, . . . , vi−1, v̂i, vi+1, . . . , vn].

It remains to show that ∂n factors through Csimp
n (K) = Ĉ

simp

n (K)/In. In other words,
we need to show that ∂n vanishes on In. Since the permutation group Sn is generated
by transpositions and since transpositions have the sign −1 it remains to prove the
following claim.
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Claim. For any 0 ≤ k < l ≤ n and any ordered n-simplex (v0, . . . , vn) of K we have

∂n(v0, . . . , vl, . . . , vk, . . . , vn) = −∂n(v0, . . . , vk, . . . , vl, . . . , vn).

Proof. Let (v0, . . . , vn) be an ordered n-simplex and let 0 ≤ k < l ≤ n. We calculate
that

∂n(.., vl, .., vk, ..) =

=
∑
i 6=k,l

(−1)i ·[.., vl, .., v̂i, .., vk, ..]︸ ︷︷ ︸
=−[ . . ,vk, . . ,v̂i, . . ,vl, . . ]

+(−1)k · [.., v̂l, .., vk, ..]︸ ︷︷ ︸
= (-1)l-k-1 ·[. , vk, . . , v̂l, . ]
since l-k-1 transpositions

are used

+(−1)l · [.., vl, .., v̂k, ..]︸ ︷︷ ︸
= (-1)l-k-1 ·[. , v̂k, . . , vl, . ]
since l-k-1 transpositions

are used

= −
∑
i 6=k,l

(−1)i ·[.., vk, .., v̂i, .., vl, ..]−(−1)l ·[.., vk, .., v̂l, ..]−(−1)k ·[.., v̂k, .., vl, ..]

= −∂n(.., vk, .., vl, ..).

(3) The proof of this lemma is almost verbatim the same as the proof of Proposition 72.2.
We leave the pleasant task of copy-pasting the proof to the reader. �

Lemma 95.6 leads us right away to the following de�nition.

De�nition. Let K be an abstract simplicial complex. We refer to the chain complex
(Csimp
∗ (K), ∂∗) as the simplicial chain complex. Given n ∈ N0 we de�ne the n-th simplicial

homology group of K as the n-th homology group of the simplicial chain complex, i.e. we
de�ne

Hsimp
n (K) :=

ker
(
∂n : Csimp

n (K)→ C
simp
n−1 (K)

)
im
(
∂n+1 : Csimp

n+1 (K)→ Csimp
n (K)

) .
Examples.

(1) We consider the 2-dimensional abstract simplicial complex K = (V, S) shown in
the �gure below. It has four vertices {A,B,C,D}, it has the corresponding four
0-simplices, it has four 1-simplices and it has one 2-simplex. The corresponding
simplicial chain complex is given as follows:

0 → Z · [B,C,D]


0
1
−1

1


−−−−→

Z · [A,B]
Z · [B,C]
Z · [B,D]
Z · [C,D]


1 0 0 0
−1 1 1 0

0 −1 0 1
0 0 −1 −1


−−−−−−−−−−−−−−→

Z · [A]
Z · [B]
Z · [C]
Z · [D]

→ 0.

Elementary linear algebra shows that

Hsimp
n (K) ∼=

{
0, if n > 0,
Z, if n = 0.
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�
�
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2-simplex
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(2) If K = (V, S) is an abstract simplicial complex with no simplices of dimension ≥ 1,
then it follows immediately from the de�nitions that for n ∈ N0 we have

Hsimp
n (K) ∼=

{
Csimp

0 (K) = Z(V ), if n = 0,
0, otherwise.

The following is the obvious analogue of Lemma 95.3.
Lemma 95.7.
(1) Given a simplicial map f : K = (V, S)→ L = (W,T ) we de�ne

f∗ : Csimp
n (K) → Csimp

n (L)

[v0, . . . , vn)] 7→
{

[f(v0), . . . , f(vn)], if f(v0), . . . , f(vn) are pairwise di�erent,
0, otherwise.

These maps form a chain map, thus they induce maps f∗ : Hsimp
n (K)→ Hsimp

n (L).
(2) The maps

K 7→ Csimp
∗ (K)

(f : K → L) 7→ (f∗ : Csimp
∗ (K)→ Csimp

∗ (L))

de�ne a covariant functor from the category AbsSimpCplx of abstract simplicial com-
plexes to the category ChCplx of chain complexes. For each n ∈ N0 the maps

K 7→ Hsimp
n (K)

(f : K → L) 7→ (f∗ : Hsimp
n (K)→ Hsimp

n (L))

de�ne a covariant functor from the category AbsSimpCplx of abstract simplicial com-
plexes to the category AbGroup of abelian groups.

Proof. As in the case of the proof of Lemma 95.3 we leave it to the reader to provide the
proof. �

For completeness we state the following elementary lemma.

Lemma 95.8. Let K = (V, S) be an ordered abstract simplicial complex. The maps

Ωn : Csimp,≤
n (K) → Csimp

n (K)
{v0 < · · · < vn} 7→ [v0, . . . , vn]

de�ne a natural isomorphism of chain complexes. In particular they induce natural iso-
morphisms Ω∗ : Hsimp,≤

n (K) → Hsimp
n (K).

Remark. In the following we will discuss the simplicial homology groups Hsimp
n (K) in

greater detail. By Lemma 95.8 the subsequent statements have obvious analogues for the
simplicial homology groups Hsimp,≤

n (K).

Proof. A very short moment of re�ection shows that the given map is a natural chain
map. We deduce from Lemma 95.6 (1) that the chain map is in fact an isomorphism of
chain complexes. �

The next lemma can be viewed as an analogue of the Skeleton-Homology Lemma 80.1 (2)
and (3).
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Lemma 95.9. Let K be an abstract simplicial complex and let m ∈ N0 ∪ {∞}. As usual
we denote by Km the m-skeleton of K. Furthermore let n ∈ N0.
(1) If K has only �nitely many n-simplices, then Hsimp

n (K) is �nitely generated.
(2) If n > m, then Hsimp

n (Km) = 0.
(3) If n < m, then the inclusion induced map Hsimp

n (Km)→ Hsimp
n (K) is an isomorphism.

Analogous statements also hold for ordered abstract simplicial complexes and the homology
groups Hsimp,≤

n (Km) and Hsimp,≤
n (K).

Proof.

(1) This statement follows easily from the de�nitions together with Lemma 51.9 (2b).
(2) This statement follows from the observation that Csimp

n (Km) = 0 for n > m.
(3) This statement follows almost immediately from the observation that by de�nition

we have Csimp
i (Km) = Csimp

i (K) for i = 0, . . . ,m. �

It is clear that given any �nite abstract simplicial complex one can compute the corre-
sponding homology groups by a brute force calculation. But for large examples this can
be very ine�cient. Furthermore, it is rather unsatisfactory to outsource calculations to a
computer. It is much more entertaining to try to do calculations cleverly on one's own.
In the following we will get to know a few approaches to calculating simplicial homology
groups. We will develop more techniques in Exercises 95.3 and 95.7.

As for singular homology, some calculations, statements and proofs become easier if we
consider reduced simplicial homology.

De�nition. Let K be an abstract simplicial complex.
(1) We refer to the map1163

ε : Csimp
0 (K) → Z[ m∑

i=1
ai · [vi]

]
7→

m∑
i=1
ai

as the augmentation.
(2) We consider the following generalized1164 chain complex

degree 0 degree −1
↓ ↓

. . .
∂3−−→ Csimp

2 (K)
∂2−−→ Csimp

1 (K)
∂1−−→ Csimp

0 (K)
ε−→ Z → 0.

We introduce the following two de�nitions.
(a) We refer to this chain complex as the augmented simplicial chain complex

C̃
simp

∗ (K) of K.

(b) Let k ∈ N0. We de�ne the k-th reduced simplicial homology group H̃
simp

k (K)
of K to be the k-th homology group of the augmented chain complex.

Remark. The above de�nition also makes sense for the empty abstract simplicial com-
plex ∅. Furthermore, similar to the Reduced Homology Lemma 74.1 (0) we see that
Hsimp
−1 (∅) = Z and Hsimp

i (∅) = 0 for i 6= −1.

1163Morally the group Z is the free abelian group on the �empty� simplex.
1164It requires about one second to verify that this is indeed a generalized chain complex.
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The following lemma is the analogue of the Reduced Homology Lemma 74.1 (4). It basically
says that in the following it su�ces to calculate reduced simplicial homology groups.

Lemma 95.10. (Reduced Homology Lemma) Let K = (V, S) be an abstract simpli-
cial complex.
(1) Given any vertex v ∈ V the map

H̃
simp

0 (K)⊕ Z → Hsimp
0 (K)

[σ]⊕ n 7→ [σ] + [n · v]

is an isomorphism. In particular, if K is non-empty, then we have an isomorphism
H̃

simp

0 (K)⊕ Z ∼= Hsimp
0 (K).

(2) For every n ≥ 1 we have the equality Hsimp
n (K) = H̃

simp

n (K).

Proof. The proof is basically identical to the already rather straightforward proof of the
Reduced Homology Lemma 74.1 (4). �

By the Cone Contractibility Lemma 16.7 we know that the cone on a topological space
is contractible, in particular we know by the Homotopy Equivalence-H∗-Corollary 73.9 (3)
that its reduced homology groups vanish. The following lemma can be viewed as a simplicial
analogue of this observation.

Lemma 95.11. (Cone Homology Lemma) Let K be an abstract simplicial complex.
Let Cone(K) be the simplicial cone as de�ned on page 2003. Given any k ∈ N0 we have

H̃
simp

k (Cone(K)) = 0.

Proof. LetK = (V, S) be an abstract simplicial complex. We set L := Cone(K). Note that
it follows from Lemma 73.5 that it remains to prove that the identity map id : Csimp

∗ (L)→
Csimp
∗ (L) is homotopic to the zero map. In other words, it su�ces to prove the following

claim.
Claim. We can �nd �diagonal� maps Pn, n ∈ Z≥−1, to obtain a diagram

. . . // Csimp
3 (L)

id
��

P3

yy

∂3 // Csimp
2 (L)

id
��

∂2 //

P2
ww

Csimp
1 (L)

id
��

∂1 //

P1
ww

Csimp
0 (L)

id
��

∂0:=ε
//

P0
ww

Z
id

��

//

P−1
zz

0

. . . // Csimp
3 (L)

∂3

// Csimp
2 (L)

∂2

// Csimp
1 (L)

∂1

// Csimp
0 (L)

∂0:=ε
// Z // 0

such that for every n ∈ Z≥−1 we have the equality

(∗) ∂n+1 ◦ Pn + Pn−1 ◦ ∂n = id .

Proof. In the following we denote the cone point of Cone(L) by �?�. To prove the claim we
consider the map

P−1 : Z → Csimp
0 (L)

n 7→ n · [?]
and for n≥0
we consider
the map1165

Pn : Csimp
n (L) → Csimp

n+1 (L)

][v0, . . . , vn] 7→
{

[?, v0, . . . , vn], if all vi 6=?,
0, otherwise.
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We claim that (∗) holds for all n ∈ Z≥−1. The case n = −1 can be veri�ed easily. Thus
it remains to show that (∗) holds if n ∈ N0. In fact, given [v0, . . . , vn] ∈ Csimp

n (L) with
v0, . . . , vn ∈ V we immediately see that

[v0, ..., vn] +
n+1∑
i=1

(−1)i ·[?, v0, ..., v̂i−1, ..., vn]︸ ︷︷ ︸
=(∂n+1◦Pn)([v0,...,vn])

+
n∑
i=0

(−1)i ·[?, v0, ..., v̂i, ..., vn]︸ ︷︷ ︸
=(Pn−1◦∂n)([v0,...,vn])

= [v0, ..., vn].

Furthermore, given [?, v0, . . . , vn−1] ∈ Csimp
n (L) with v0, . . . , vn−1 ∈ V it is equally straight-

forward to verify that the equality holds. �

Next we want to calculate the simplicial homology groups of the abstract simplicial com-
plexesDn and Sn that we introduced on page 1978. By the Reduced Homology Lemma 95.10
it su�ces to compute the reduced simplicial homology groups.

Lemma 95.12. Given any n ∈ N and given any k ∈ N0 we have

H̃
simp

k (Dn) = 0 and H̃
simp

k (Sn) ∼=
{

Z, if k = n,
0, otherwise.

Proof.

(1) Given any n ∈ N and given any k ∈ N0 we calculate that

H̃
simp

k (Dn) ∼= H̃
simp

k (Cone(Dn−1)) = 0.
↑ ↑

see page 2003 by the Cone Homology Lemma 95.11

(2) Let n ∈ N0. We consider the following diagram:

0 // 0 //

��

Csimp
n (Sn)

∂ //

=
��

Csimp
n−1 (Sn)

∂ //

=
��

. . .
∂ // Csimp

0 (Sn)
ε //

=
��

Z
=

��

// 0

0 // Csimp
n+1 (Dn+1) //

∼=
��

Csimp
n (Dn+1)

∂ //

��

Csimp
n−1 (Dn+1)

∂ //

��

. . .
∂ // Csimp

0 (Dn+1)
ε //

��

Z

��

// 0

0 // Z ∂ // 0
∂ // 0

∂ // . . .
∂ // 0

∂ // 0 // 0.

We make the following clari�cations and comments:
(a) The top two horizontal sequences are the reduced chain complexes of the abstract

simplicial complexes Sn and Dn+1.
(b) Recall that by de�nition the simplices of Sn and Dn+1 are the same except that

Dn+1 has a single (n + 1)-simplex whereas Sn has no (n + 1)-simplices. This
observation explains the vertical maps.

(c) The diagram clearly commutes and it is clear that the vertical sequences are exact.
(d) It follows from the above that we can apply the LES Proposition 74.9 and we

obtain a long exact sequence of homology groups. Together with (1) we obtain
the reduced simplicial homology groups of Sn. �

1165One can easily verify that the map Pn is actually well-de�ned.
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In the Suspension-H∗-Proposition 76.7 we studied the singular homology groups of a sus-
pension. Statement (2) of the following lemma is the simplicial analogue of the Suspension-
H∗-Proposition 76.7.

Lemma 95.13. (Join-Homology Lemma) Let K be a non-empty abstract simplicial
complex.
(1) Let n ∈ N0 and let Sn be the abstract simplicial complex that we introduced on

page 1978. For every k ∈ N0 there exists a natural isomorphism

H̃
simp

k (K ∗ Sn) ∼= H̃
simp

k−(n+1)(K).

(2) We denote by Σ(K) the simplicial suspension of K as de�ned on page 2003. For
every k ∈ N0 there exists an isomorphism

H̃
simp

k (Σ(K)) ∼= H̃
simp

k−1 (K).

Example. Let n ∈ N. Given any k ∈ N0 we see that

H̃k

(n-fold simplicial suspension︷ ︸︸ ︷
Σ(Σ(. . .Σ(S0)))

) ∼= H̃k−n(S0) ∼=
{

Z, if k − n = 0,
0, otherwise.↑ ↑

Join-Homology Lemma 95.13 applied n times see the discussion on page 2041

Proof. Since the author has no intention of monopolizing all the fun we will leave the proof
of Statement (1) as Exercise 95.2 to the reader. Note that Statement (2) is an immediate
consequence of Statement (1) since Σ(K) is naturally isomorphic to K ∗ S0. �

Next we extend the de�nition of simplicial homology groups in the obvious way to simplicial
complexes:
De�nition. Let (X, (K = (V, S),Θ: |K| → X)) be a simplicial complex. Given n ∈ N0

we de�ne Hsimp
n (X) := Hsimp

n (K).

Similarly, given a simplicial map f : X = (X,Θ) → Y = (L,Ω) between two simpli-
cial complexes we de�ne the induced map f∗ : Hsimp

n (X) → Hsimp
n (Y ) as the induced map

f∗ : Hsimp
n (K)→ Hsimp

n (L).
Finally we introduce simplicial homology with coe�cients in the obvious way. More pre-
cisely, we have the following de�nition which is the obvious variation on the de�nition given
in Section 89.2.
De�nition. Let G be an abelian group and let n ∈ N0. Given an abstract simplicial
complex K we set Hsimp

n (K;G) := Hn(Csimp
∗ (K)⊗G).

If K is actually ordered we set Hsimp,≤
n (K;G) := Hn(Csimp,≤

∗ (K)⊗G). Finally given a sim-
plicial complex (X, (K = (V, S),Θ: |K| → X)) we de�ne, following the above convention,
Hsimp
n (X;G) := Hsimp

n (K;G).
Surely there is no need to state all the self-evident properties of simplicial homology with
coe�cients. Let us just mention that it follows from the Tensor Lemma 89.3 (3) that given
any abstract simplicial complex K and given any n ∈ N0 the map

Hsimp
n (K;Z) → Hsimp

n (K)[ k∑
i=0
si ⊗mi

]
7→

[ k∑
i=0
si ·mi

]
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is a natural isomorphism. Throughout these notes we will use this isomorphism to make
the identi�cation Hsimp

n (K;Z) = Hsimp
n (K).

95.3. The Simplicial Künneth Theorem. Let (K,≤) and (L,≤) be two ordered ab-
stract simplicial complexes. Recall that on page 1998 we introduced the corresponding
product K × L. The following theorem, which can be viewed as the simplicial analogue
of the Künneth Theorem 90.8 for Topological Spaces, computes the simplicial homology
groups of K × L in terms of the simplicial homology groups of K and L.

Theorem 95.14. (Simplicial Künneth Theorem) Let (K,≤) and (L,≤) be two or-
dered abstract simplicial complexes. There exists a short exact sequence

0→
⊕

p+q=n

Hsimp,≤
p (K)⊗Hsimp,≤

q (L)
Ω−→Hsimp,≤

n (K×L)→
⊕

p+q=n−1

Tor(Hsimp,≤
p (K),Hsimp,≤

q (L))→0

with the following four properties:
(1) Both maps are natural with respect to the ordered abstract simplicial complexes K

and L.
(2) For p = 0 the map Ω: Hsimp,≤

0 (K) ⊗ Hsimp,≤
q (L) → Hsimp,≤

q (K × L) is the �obvious�
map, namely for any vertex v of K and any simplicial cycle σ ∈ Csimp,≤

q (L) the
image of the class [v] ⊗ [σ] ∈ Hsimp,≤

0 (K) ⊗ Hsimp,≤
q (L) under Ω equals the image of

[σ] under the map Hsimp,≤
q (L)→ Hsimp,≤

q ({v}×L)→ Hsimp,≤
q (K×L), where the �rst

map is induced by the natural isomorphism and the second map is induced by the
inclusion.

(3) The analogue of (2) also holds for q = 0.
(4) The above short exact sequence splits.

We will not really make use of the Simplicial Künneth Theorem 95.14, thus we will only
provide a sketch of the proof. A full proof is given in [FePi2011, Theorem III.6.4].

Sketch of proof. Using the Acyclic Model Theorem 113.16, together with Exercise 95.5,
one can prove a simplicial analogue of the Eilenberg-Zilber Theorem 90.4, i.e. one can prove
that there exists a natural chain map

Υ: Csimp,≤
∗ (K)⊗ Csimp,≤

∗ (L) → Csimp,≤
∗ (K × L)

with the following three properties:

(1) The chain map is a chain homotopy equivalence.
(2) Given any vertex v of K and given any ordered simplex (w0, . . . , wk) of L we have

Υ([v]⊗ [w0, . . . , wk]) = [(v, w0), . . . , (v, wk)].
(3) The analogue of (2) with the roles of K and L swapped also holds.
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The precise construction of such a map is given in [FePi2011, Chapter III.6]. Next we
consider the following maps:

Hsimp,≤
n (Csimp,≤

∗ (K)⊗Csimp,≤
∗ (L))

++

Υ∼=

��

0 //
⊕

p+q=n

Hsimp,≤
p (K)⊗Hsimp,≤

q (L)

**

Ω

33 ⊕
p+q=n−1

Tor(Hsimp,≤
p (K),Hsimp,≤

q (L)) // 0.

Hsimp,≤
n (Csimp,≤

∗ (K×L))︸ ︷︷ ︸
=Hn(K×L)

44

Here the sequence on the top is the natural short exact sequence provided by the Künneth
Theorem 90.7 for Chain Complexes. It follows from the above together with Corollary 73.4
that the vertical map is a natural isomorphism. It is now fairly straightforward to see that
we obtain the desired short exact sequence from replacing the upper middle term by the
lower middle term Hsimp,≤

n (Csimp,≤
∗ (K × L)) = Hsimp,≤

n (K × L). �

Example. We consider the ordered abstract simplicial spaces K and L that are shown
in the �gure below. Both are simplicially isomorphic to the simplicial circle S1. Further-
more we consider the �simplicial torus� K × L. It follows from the Simplicial Künneth
Theorem 95.14 that

Hsimp
i (K × L) ∼=

 Z, if i = 0, 2,
Z2, if i = 1,
0, if i > 2.

Furthermore it follows easily from Statement (2) of the Simplicial Künneth Theorem 95.14
that the two singular cycles shown in the �gure below form a basis for Hsimp,≤

1 (K × L).
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K × L

a

x

z

y

c
these simplicial cycles represent

a basis for Hsimp
1 (K × L)

K
L

95.4. The topological invariance of simplicial homology I. The following question
arises naturally.

Question 95.15. Let (X, (K,Θ: |K| → X)) be a simplicial complex and let n ∈ N0.
Does the isomorphism type of the simplicial homology group Hsimp

n (X) only depend on the
homeomorphism type of X?
For example, we know by the discussion on page 1997 and on page 2005 that the topological
realizations of Sn and of the n-fold simplicial suspension of S0 are both homeomorphic to
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Sn and conveniently enough we know by Lemma 95.12 and the last example of the previous
section that the homology groups are indeed isomorphic.
The following �research program� summarizes the traditional approach to tackling Ques-
tion 95.15.
Program 95.16.
(1) Show that any two (let us say �nite) abstract simplicial complexes with homeomor-

phic topological realizations are related by a �nite sequence of �moves�.
(2) Show that the isomorphism type of simplicial homology groups is unchanged under

these �moves�.
This idea leads straight to the de�nition of a subdivision of a simplicial complex.

De�nition. We say that a simplicial complex (X, (K = (V, S),Ω: |K| → X)) is a sub-
division of some simplicial complex (X, (L = (W,T ),Θ: |L| → X) if the following two
conditions are satis�ed:
(1) Every simplex of |K| is contained in some simplex of |L|. More precisely, given any

simplex s ∈ S of K there exists a simplex t ∈ T of L such that Ω(|s|) Ă Θ(|t|).
(2) For every k-simplex s of K and every l-simplex t of L with Ω(|s|) Ă Θ(|t|) the map

Φ−1
t ◦Θ ◦ Ω ◦ Φs : ∆k → |s| Ă |t| → ∆l is a�ne linear.
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simplicial complex subdivision of the simplicial complex

Remark.

(1) Note that for linear simplicial complexes condition (3) is automatically satis�ed.
(2) The de�nition of a subdivision we give agrees with the de�nition in most sources,

see e.g. [Hud1969, p. 5], [Pon1952, p. 36], [RS1972, p. 15], [Gla1970, p. 7],
[Spa1995, p. 121] and [Zee1963b, p. I.4].

(3) In [Mun1984, p. 83] the de�nition of a subcomplex has the extra condition that
every simplex of X equals the union of �nitely many simplices of Y . It follows from
[Hud1969, Lemma 1.2] together with the Simplicial Complex-Finiteness Propo-
sition 93.12 (2) that the above de�nition agrees with the de�nition provided in
[Mun1984, p. 83].

(4) The de�nition of a subdivision is somewhat unsatisfactory. In the spirit that abstract
simplicial complexes should be purely combinatorial objects there should be a �topol-
ogy free� de�nition of the subdivision of an abstract simplicial complexes, which then
mirrors the topological de�nition given above. We will return to the question of how
to work completely combinatorially in Section 96.6.

Examples.

(1) It follows from the SD-Lemma 94.3 (3a) and (3c) that the barycentric subdivision
sd(X) of a simplicial complex X is indeed a subdivision in the sense of the above
de�nition.
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(2) In the �gure below we see that a subdivision of the simplicial complex |S2| is simpli-
cially isomorphic to Σ(S1).
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|S1|

is simplicially isomorphic to
|Σ(S1)|

|S2| subdivision of |S2|
(3) Let n ∈ N0. By the Join-Simplex Lemma 93.19 (3) we know that the map

f : ∂∆n ∗ {?} → ∆n

[(x, t, ?)] 7→ x · (1− t) +
(

1
n+1

, . . . , 1
n+1

)
· t

is a homeomorphism. It follows easily from this observation that the simplicial com-
plex (Sn−1 ∗ {?}, |Sn−1 ∗ {?}| = ∂∆n ∗ {?} f−→ ∆n) is a subdivision of the simplicial
complex (Dn,Ω: |Dn| → ∆n). We refer to the �gure below for an illustration.
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∆3subdivision of ∆2∆2 subdivision of ∆3

For completeness' sake we mention the following result.
Proposition 95.17.
(1) Let X and Y be two �nite linear simplicial complexes. If |X| = |Y |, then there exist

subdivisions X ′ of X and Y ′ of Y which are simplicially isomorphic.
(2) If we are given two subdivisions X ′ and X ′′ of some �nite linear simplicial complex

X, then there exists a subdivision Y of X which is a subdivision of X ′ and X ′′.

Proof.
(1) This statement is proved in [Gla1970, Corollary I.4] and [Zee1963b, Corollary I.1].
(2) This statement follows immediately from (1) together with Lemma 93.22. �

The following theorem gives us part (2) of Program 95.16. We will not provide a proof,
instead we refer to [Mun1966a, Theorem 17.2] for a detailed proof.

Theorem 95.18. Let X be a simplicial complex and let X ′ be a subdivision of X. If
ϕ : X ′ → X is a simplicial approximation of the identity map X ′ → X, then the induced
map ϕ∗ : Hsimp

n (X ′)→ Hsimp
n (X) is an isomorphism for every n ∈ N0.

So an obvious candidate for the �moves� of Program 95.16 is a combination of subdivisions
and simplicial isomorphisms. Now that we have dealt with part (2) of Program 95.16, let us
try to tackle part (1). In fact this part is the following conjecture, which came to be known
as the �Hauptvermutung�. It was originally formulated by Heinrich Tietze [Tie1908, p. 13f]
in 1908. The conjecture was also raised as a question by Ernst Steinitz [Steini1908, p. 32]
in 1908.
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Conjecture 95.19. (Hauptvermutung) Let X and Y be two �nite simplicial com-
plexes. If the underlying topological spaces are homeomorphic, then there exist subdivi-
sions of X and Y which are simplicially isomorphic.
For better or worse it turned out that the Hauptvermutung was too optimistic. More
precisely, the Hauptvermutung was eventually disproved by John Milnor [Miln1961, The-
orems 1 and 2] in 1961.

Theorem 95.20. There exist two �nite linear simplicial complex X and Y for which the
underlying topological spaces are homeomorphic, but such that there are no subdivisions
of X and Y which are simplicially isomorphic.

Remark. In fact a few years later Rob Kirby and Larry Siebenmann [KSi1977] (see
also [Ran1996, Chapter 4]) showed that given any n ≥ 5 there exist such �nite abstract
simplicial complexes such that the underlying topological space is a compact n-dimensional
topological manifold.

Proof. The theorem is proved in [Miln1961, Theorems 1 and 2]. Alternative proofs are
given in [CoheM1973, p. 84], [Stal1965b, p. 252] and [Ran1996, Chapter 2]. �

Even though Part (1) of Program 95.16 did not work out, it turns out that Question 95.15
nonetheless has a positive answer. More precisely we have the following theorem.

Theorem 95.21. Let X and Y be two simplicial complexes. If the underlying topological
spaces X and Y are homeomorphic, then for every n ∈ N0 the simplicial homology groups
Hsimp
n (X) and Hsimp

n (Y ) are isomorphic.
Using the Simplicial Approximation Theorem 94.8 and several other tools from the theory
of simplicial complexes one can give a direct proof of Theorem 95.21. This approach is for
example pursued in [Mun1966a, Corollary 18.2], [Pra2007, Chapter 2.2] and [Gib2010,
p. 136].
We will instead take an indirect approach to proving Theorem 95.21, namely we will show
that given a simplicial complex the simplicial and singular homology groups are isomorphic.
By the functoriality of singular homology the isomorphism type of singular homology
groups only depends on the homeomorphism type of the topological space. With this
observation in mind we see that Theorem 95.21 is a consequence of the following theorem.

Theorem 95.22. Let X be a simplicial complex. For every n ∈ N0 there exists a natu-
ral1166 isomorphism ΦX : Hsimp

n (X)
∼=−→ Hn(X).

We postpone the proof of Theorem 95.22 to the next section. In fact, in the next section
we will formulate and prove a more precise version of Theorem 95.22. But before we delve
into the detailed arguments let us �rst discuss the respective advantages and disadvantages
of simplicial homology.

1166Here �natural� means that if f : X → Y is a simplicial map, then the following diagram commutes:

Hsimp
n (X)

ΦX
��

f∗ // Hsimp
n (Y )

ΦL
��

Hn(X)
f∗ // Hn(Y ).
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In some textbooks, see e.g. [Matv2006, Mun1984, SZ1994, HY1988], homology groups
are initially introduced via simplicial homology. This approach has several advantages:

(1) The de�nition of simplicial homology is much more elementary and intuitive than
the de�nition of singular homology.

(2) One can immediately compute the simplicial homology groups of interesting simplicial
complexes, e.g. as we will see in Exercise 95.10, with enough patience and a little bit
of cleverness one can compute the simplicial homology groups of abstract simplicial
complexes that correspond to the surface of genus g.

Nonetheless there are serious disadvantages to this approach. A �rst problem, which is
already apparent in the case of the torus, is that even for relatively simple examples the
simplicial structures tend to have a large number of simplices, thus the corresponding chain
complexes tend to be fairly large and brute force computations by hand become unpleasant.
It turns out that there are some ways around this, for example one can extend the theory
of simplicial homology from simplicial complexes to �∆-complexes�, which tend to have a
signi�cantly smaller number of simplices. Loosely speaking a ∆-complex is a topological
space that is decomposed into simplices but now we only demand that the interiors of the
simplices are embedded. To give a �avor of the theory we show three ∆-complexes in the
�gure below. The theory of ∆-complexes is developed in detail in [Hat2002, Chapter 2.1].
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for the torus
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for RP2
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for the surface of genus 2

Here are more serious reasons why we, and most modern authors, decided against starting
out with simplicial homology and why we do not develop the theory of simplicial homology
in greater detail:

(1) For slightly more complicated topological spaces it is rather laborious to compute
simplicial homology groups. For example we challenge the reader to compute the
simplicial homology groups of the projective spaces RPn and CPn without reverting
to cellular homology.

(2) Most topological spaces one wants to study (e.g. the complement of a knot in S3), do
not come with an obvious simplicial structure, it can be quite cumbersome to show
that a simplicial structure exists, let alone to give an explicit simplicial structure.

(3) For a given topological space X which admits a simplicial structure we know by
Theorem 95.21 that we have a well-de�ned isomorphism type of simplicial homology
groups, but there is no single group that we can associate to X.

(4) Simplicial homology is functorial with respect to simplicial maps. Most maps are not
simplicial. We do have the Simplicial Approximation Theorem 94.8 as a tool. But
to use it in a sensible fashion one needs to show that the simplicial approximations
of a given continuous map induce the same map on simplicial homology.



2052

It should have become clear by now that simplicial homology comes with a Pandora's box
of issues and problems. Overall, the initial extra e�ort in developing the theory of singular
homology groups eventually pays of handily. The theory of singular homology groups is
much more natural and much more �exible than the rather pedestrian theory of simplicial
homology groups.
We conclude this section with the following piece of wisdom which was handed down to
the author from his advisor:

For actual calculations it is best to work with very small objects, for proving general
statements it is best to work with very large objects.

95.5. The topological invariance of simplicial homology II. In this section we will
�rst show that given an abstract simplicial complex the simplicial homology groups are
naturally isomorphic to singular homology groups. Afterwards we will try to �nd a natural
chain homotopy equivalence.
We start out with the �rst key result of this section.

Theorem 95.23. (Simplicial-Singular Homology Isomorphism Theorem) Let (K,Θ: |K| →
X) be a simplicial complex. For each n0 ∈ N there exists a natural isomorphism Hsimp

n (K)→
Hn(X).
The proof of the Simplicial-Singular Homology Isomorphism Theorem 95.23 builds on a
proposition which relates the simplicial chain complex to the cellular chain complex. Before
we state the proposition we recall that given a CW-complex we consider CCW

n (X) :=
Hn(Xn, Xn−1) together with the boundary map dn which is given by the composition

Hn(Xn, Xn−1)

=:dn

11

∂n // Hn−1(Xn−1)
jn−1

// Hn−1(Xn−1, Xn−2)

where ∂n is the connecting map in the long exact sequence of the pair (Xn, Xn−1) and
where jn−1 is the natural map from absolute to relative homology.
Now we can formulate the promised proposition.
Proposition 95.24. LetK be an abstract simplicial complex. Given an ordered n-simplex
s = (v0, . . . , vn) of K we denote by

Φ≤s : ∆n =
{

(t0, . . . , tn) ∈ Rn+1
≥0

∣∣∣ n∑
i=0
ti = 1

}
→ |s| Ă |K| = X

(t0, . . . , tn) 7→
n∑
i=0
ti · vi

the corresponding characteristic map. The maps1167

Υn : Csimp
n (K) → CCW

n (|K|)
[s] 7→ (Φ≤s : ∆n → |K|)

form a natural isomorphism of chain complexes.

Proof of Proposition 95.24. Let K = (V, S) be an abstract simplicial complex. We
write X := |K|. Given n ∈ N0 we denote by Sn the set of ordered n-simplices of K. Next

1167Recall that in the Simplicial-Implies-CW Lemma 93.24 we showed that the simplicial complex |K|
admits a natural CW-structure.
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we consider the following diagram

Csimp
n (K) :=

( ⊕
s∈Sn

Z · s
)/
In

∂n

��

[s]7→[Φ≤s ]
// Hn(Xn, Xn−1) = CCW

n (X)

dn

��

∂tt

Hn−1(Xn−1)
jn−1

**

Csimp
n−1 (K) :=

( ⊕
s∈Sn−1

Z · s
)/
In−1

[s]7→[Φ≤s ]
// Hn−1(Xn−1, Xn−2) = CCW

n−1(X).

We make the following clari�cations and observations:

(1) If s is an ordered k-simplex, then it follows immediately from the de�nition of the
CW-structure on X that Φ≤s (∆k) Ă Xk and that Φ≤s (∂∆k) Ă Xk−1. In particular
this shows that Φ≤s represents an element in Hk(X

k, Xk−1).
(2) It follows fairly easily from (1) together with Lemma 51.1 and Proposition 76.20 that

the horizontal maps are well-de�ned.
(3) Basically the same argument as in the Skeleton-Homology Lemma 80.1 (1) shows

that the horizontal maps are isomorphisms.
(4) As explained above, the top diagonal map ∂ : Hn(Xn, Xn−1) → Hn−1(Xn−1) is the

connecting homomorphism of the pair (Xn, Xn−1) and the bottom diagonal map
jn−1 : Hn−1(Xn−1)→ Hn−1(Xn−1, Xn−2) is the natural map from absolute homology
to relative homology. The map dn is by de�nition the composition of these two maps.
In other words, the triangle commutes by de�nition.

(5) It follows fairly immediately from the de�nition of the connecting homomorphism,
see the Topological LES-Proposition 74.13, and the de�nition of the maps Φ≤s that
the pentagon to the left commutes.

(6) It follows from (4) and (5) that the outer square of the diagram also commutes.
(7) The horizontal maps are basically by de�nition natural.

The above discussion shows that the horizontal maps de�ne a natural isomorphism of chain
complexes. �

For the reader's convenience we recall the following proposition.

Proposition 80.4. (Singular-Cellular H∗-Isomorphism Proposition) Given any
CW-complex X and given any n ∈ N0 there exists a uniquely determined isomorphism

ΦX : Hn(X)
∼=−→ HCW

n (X)

with the property that the following diagram commutes:1168

Hn(X) ΦX
))

Hn(Xn)

55

jn ))

HCW
n (X).

ker(dn)

55 55

Furthermore this map ΦX is natural.
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Now we can put everything together to obtain a proof of the Simplicial-Singular Homology
Isomorphism Theorem 95.23.

Proof of Theorem 95.23. It follows immediately from the de�nitions that we only need
to consider the case of the topological realization of an abstract simplicial complex K. We
equip |K| with the CW-structure provided by the Simplicial-Implies-CW Lemma 93.24.
Now given any n ∈ N0 we have the following two natural isomorphisms:

Hsimp
n (K)

∼=−−→ HCW
n (|K|)

∼=←−− Hn(|K|).
↑ ↑

natural isomorphism ΥK natural isomorphism Φ|K| given by the
given by Proposition 95.24 Singular-Cellular H∗-Isomorphism Proposition 80.4

The natural isomorphism Φ−1
X ◦ΥK is the natural isomorphism of our desires. �

One problem with the Simplicial-Singular Homology Isomorphism Theorem 95.23 is that
it does not give us an explicit isomorphism between the homology groups. This issue gets
mostly resolved by the following more sophisticated theorem.

Theorem 95.25. (Simplicial-Singular Chain Complex Theorem) Let K be an or-
dered abstract simplicial complex. The maps

Θn : Csimp,≤
n (K) → Cn(|K|)

s 7→ (Φ≤s : ∆n → |K|)
are a natural1169 chain homotopy equivalence. In particular for each n ∈ N0 the induced
map Θ∗ : Hsimp,≤

n (K) → Hn(|K|)
is a natural isomorphism.

Remark. The Simplicial-Singular Chain Complex Theorem 95.25 can actually be quite
useful in practice. Let us elaborate. In practice, given a topological space X one would
like to perform the following three types of tasks:

(1) Determine the isomorphism type of the homology groups Hk(X).
(2) Determine explicit cycles in Ck(X) that represent a basis or a generating set for the

homology groups Hk(X).
(3) Calculate induced maps Hk(X)→ Hk(Y ) with respect to, say, given bases or gener-

ating sets for the homology groups Hk(X) and Hk(Y ).

In fact in many situations, e.g. in applications of the Mayer�Vietoris Theorem 78.5, these
problems feed on one another. Even though by now we have a long list of tools, the fact
that the singular chain groups C∗(X) are basically always of in�nite, in fact mostly of
uncountable, rank makes it hard to attack the above problems directly.

Fortunately, in many situations the Simplicial-Singular Chain Complex Theorem 95.25
allows us to translate the above problems into tasks in a simplicial chain complex. For
reasonable abstract simplicial complexes, these problems in turn boil down to elementary
problems in linear algebra that usually can be solved easily.

1168Here we again denote by jn : Hn(Xn)→ Hn(Xn, Xn−1) the obvious map. In the long exact sequence of
the pair (Xn, Xn−1) we see that the image of Hn(Xn) in Hn(Xn, Xn−1) lies in the kernel of the connecting
homomorphism ∂n. This implies that the map jn : Hn(Xn)→ Hn(Xn, Xn−1) takes values in ker(dn).
1169Here �natural� means with respect to the category of ordered abstract simplicial complexes.
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Example. We consider the 1-dimensional ordered abstract simplicial complex K shown
in the �gure below which we had already considered on page 2036. By the discussion on
page 2036 we know that

Hsimp,≤
1 (K) = ker

(
∂1 : Csimp,≤

1 (K)→ Csimp,≤
0 (K)

)
= Z · [{C,D}+ {D,E} − {C,E}].

We write x = Θ1({C,D}), y = Θ1({D,E}) and z = Θ1({C,E}). It follows from the
Simplicial-Singular Chain Complex Theorem 95.25 and the above discussion that x+ y− z
represents a generator of H1(|K|).1170
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Proof of the Simplicial-Singular Chain Complex Theorem 95.25. LetK be an or-
dered abstract simplicial complex. It follows almost immediately from the de�nitions that
the maps

Θn : Csimp,≤
n (K) → Cn(|K|)

s 7→ (Φ≤s : ∆n → |K|)
de�ne a natural chain map. We leave it to the skeptical reader to verify that this state-
ment is indeed true and basically trivial. It remains to show that the maps Θn de�ne
a chain homotopy equivalence. By the Quasi Isomorphisms-are-Homotopy Equivalences
Proposition 81.4 it now su�ces to prove the following claim.
Claim. Let K be an ordered abstract simplicial complex. For every n ∈ N0 the induced
map

Θ∗ : Hsimp,≤
n (K) → Hn(|K|)

is an isomorphism.

Proof. We start out with two observations. Let K be an ordered abstract simplicial
complex, let m ∈ N0∪{∞} and let n ∈ N0. We write X = |K|. It follows from Lemma 95.9
and the Skeleton-Homology Lemma 80.1 that the following statements hold:

(i) The two inclusion induced maps

Hsimp,≤
n (Km) → Hsimp,≤

n (K)
Hn(|Km|) → Hn(|K|) are both isomorphisms whenever n < m.

(ii) If n > m, then Hsimp,≤
n (Km) = 0
Hn(|Km|) = 0.

It follows immediately from (i) that it su�ces to prove the claim for �nite-dimensional
ordered abstract simplicial complexes. As usual, for �nite-dimensional ordered abstract
simplicial complexes we proceed by induction on the dimension. The case of an empty
and of a 0-dimensional ordered abstract simplicial complex is trivial. So suppose we have

1170What other methods do you know for proving this statement?
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shown the statement for all ordered abstract simplicial complexes of dimension ≤ m − 1.
Now let K be an m-dimensional ordered abstract simplicial complex. We write X := |K|
and we denote by i : Km−1 → K and i : Xm−1 → X the inclusion maps. It follows from
(i) and (ii), the naturality of Θ and our induction hypothesis that we only need to worry
about the two maps

Θ∗ : Hsimp,≤
m (K) → Hm(X) and Θ∗ : H

simp,≤
m−1 (K) → Hm−1(X).

To take care of this map we consider the following diagram:

0 // Hsimp,≤
m (K)

Θ∗

��

� � // Csimp,≤
m (K)

Ψ∗∼=
��

∂ // Hsimp,≤
m−1 (Km−1)

Θ∗∼=

��

i∗ // Hsimp,≤
m−1 (K)

Θ∗

��

// 0

CCW
m (X)

id
��

0 // Hm(X) // Hm(X,Xm−1)
∂ // Hm−1(Xm−1)

i∗ // Hm−1(X) // 0.

We make the following observations and clari�cations:
(1) First we show that the horizontal maps on the top actually make sense. Since K =

Km we see that Hsimp,≤
m (K) is a subgroup of Csimp,≤

m (K). In fact by de�nition it equals
ker(∂ : Csimp,≤

m (K) → Csimp,≤
m−1 (K)). Furthermore note, that basically by de�nition,

given s ∈ Csimp,≤
m (K) we have ∂s ∈ Csimp,≤

m−1 (Km−1). Since ∂ ◦ ∂ = 0 we see that ∂s
de�nes an element in Hsimp,≤

m−1 (Km−1).
(2) Using (1) and using the explicit de�nitions of simplicial homology groups it is not

hard to see that the top horizontal sequence is exact.
(3) It follows fromX = Xm and the Skeleton-Homology Lemma 80.1 that Hi(X,X

m−1) =
0 for i 6= m. Thus we see that the bottom horizontal sequence is a segment of the
long exact sequence of the pair (X,Xm−1).

(4) It follows easily from the de�nition of the maps Θ and Ψ and the explicit description
of the connecting homomorphism ∂ : Hm(X,Xm−1)→ Hm−1(Xm−1) that we gave in
the Topological LES-Proposition 74.13 that the two squares to the left commute. It
follows from the naturality of Θ∗ that the square to the right commutes.

(5) It follows from induction that the vertical map Θ∗ : H
simp,≤
m−1 (Km−1) → Hm−1(Xm−1)

to the right is an isomorphism.
(6) By Proposition 95.24 we know that Ψ∗ is an isomorphism.
(7) It follows from all of the above together with the Five-Lemma 74.10 that the vertical

maps Θ∗ : Hsimp,≤
m (K) → Hm(X) and Θ∗ : H

simp,≤
m−1 (K) → Hm−1(X) to the left and

right are isomorphisms. �

Given an abstract simplicial complex K together with an order �≤� on K we denote by
Ω≤,k : Csimp,≤

k (K) → Csimp
k (K) the natural chain isomorphism given by Lemma 95.8. To-

gether with the Simplicial-Singular Chain Complex Theorem 95.25 we obtain an isomor-
phism

Hsimp
k (K)

Ω−1
≤,k←−−− Hsimp,≤

k (K)
Θ≤,k−−−→ Hk(|K|).

A priori this isomorphism depends on the choice of the order �≤�. The next lemma shows
that fortunately this is not the case.
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Lemma 95.26. Let K be an abstract simplicial complex and let �≤� and �Ď� be two
orders on K. The two chain maps

Csimp
k (K)

Ω−1
≤,k−−−→ Csimp,≤

k (K)
Θ≤,k−−−→ Ck(|K|)

and Csimp
k (K)

Ω−1
Ď,k−−−→ Csimp,Ď

k (K)
ΘĎ,k−−−→ Ck(|K|)

are chain homotopic. In particular they induce the same maps on homology.

Proof. Let K = (V, S) be an abstract simplicial complex. We start with the following
preparations:
(1) For each i ∈ N0 we pick once and for all for each i-simplex s ∈ S an ordered i-simplex

s̃ with bs̃c = s. We denote by S̃i the set given by all these ordered i-simplices.
(2) We introduce the following convention. If for some i ∈ N0 we are given for every

s̃ ∈ S̃i a singular chain Pi(s̃) ∈ Ci+1(|s̃|) then we denote by Pi the map

Csimp
i (K) → Ci+1(|K|)

s̃ 7→ Pi(s̃) viewed as an element in Ci+1(|K|) via the inclusion |s̃|Ă |K|

Now let �≤� and �Ď� be two orders on ∆ = (V, S).

Claim. Let l ∈ N. Suppose that for every i ∈ {0, . . . , l − 1} and for every s̃ ∈ S̃i we are
given a singular chain Pi(s̃) ∈ Ci+1(|s̃|) such that for every i ∈ {0, . . . , l − 1} we have the
equality

(∗) ∂i+1 ◦ Pi + Pi−1 ◦ ∂i = Θ≤,i ◦ Ω−1
≤,i −ΘĎ,i ◦ Ω−1

Ď,i : C
simp
i (K)→ Ci(|K|).

Then for every s̃ ∈ S̃l we can also �nd Pl(s) ∈ Cl+1(|s̃|) such that the above equality holds
for i = 0, . . . , l.

Proof. Let s̃ ∈ S̃l. Note that we have
since Θ≤,i◦Ω−1

≤,i and ΘĎ,i◦Ω−1
Ď,i are chain maps

↓
∂l((−Pl−1◦∂l+Θ≤,l◦Ω−1

≤,l−ΘĎ,l◦Ω−1
Ď,l)(s̃)) =(−∂l◦Pl−1+Θ≤,l−1◦Ω−1

≤,l−1−ΘĎ,l−1◦Ω−1
Ď,l−1)(∂l(s̃))

=(Pl−2◦∂l−1)(∂l(s̃)) = Pl−2(∂l−1◦∂l)(s̃) = 0.
↑

by equality (∗) for i = l − 1

Note that by construction all terms are contained in Cl(|s̃|) Ă Cl(|K|). For orientation it
is helpful to consider the following diagram

Csimp
l (s̃)

∂l //

��

Pl

vv

Csimp
l−1 (s̃)

∂l−1
//

��

Pl−1

vv

Csimp
l−1 (s̃)

��

Pl−1

vv

Cl+1(|s̃|)
∂l+1

// Cl(|s̃|)
∂l

// Cl−1(|s̃|)
∂l−1

// Cl−2(|s̃|)

Note that we are dealing with l ∈ N0. This implies that Hl(|s̃|) = 0. But this means that
every cycle is in fact a boundary. In particular the above cycle is the boundary of some
Pl+1(s̃) ∈ Cl+1(|s̃|), i.e. we have

(∂l+1(Pl+1(s̃)) = (−Pl−1 ◦ ∂l + Θ≤,l ◦ Ω−1
≤,l −ΘĎ,l ◦ Ω−1

Ď,l)(s̃).
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By construction all these Pl+1(s̃) have the desired property. �
Now we can easily �nd the desired chain homotopy. Indeed, for every 0-simplex s we

set P0(s) = 0 ∈ C1(|s|). Since ΩĎ,0 = ΩĎ,0 : Csimp
0 (K)→ C0(|K|) we see that can start the

machine provided by the claim and iteratively we construct maps Pi which are precisely
the promised chain homotopy. �

The following is now an almost immediate corollary to Lemma 95.8, the Simplicial-Singular
Chain Complex Theorem 95.25 and Lemma 95.26.

Corollary 95.27. Let K be an abstract simplicial complex. We pick an order �≤� on K.
The maps Ξk := Θ≤,k ◦ Ω−1

≤,k : Hsimp
k (K) → Hk(|K|),

which by Lemma 95.26 do not depend on the choice of the order �≤�, de�ne a natural
isomorphism between functors from the category AbsSimpCplx of abstract simplicial com-
plexes (the key here is that the word �ordered� is missing) to the category AbGroup of
abelian groups.
It is worth repeating the following:

(1) Given any abstract simplicial complex K and given any k ∈ N0 there exists a natural
isomorphism Hsimp

k (K)→ Hk(|K|) of homology groups.
(2) If K is an ordered abstract simplicial, then there is in fact a natural chain homotopy

equivalence Csimp,≤
∗ (K)→ C∗(|K|).

The alert reader will have noticed that given an abstract simplicial complex we gave
two natural isomorphisms Hsimp

n (K)→ Hn(|K|). The following proposition shows that the
two isomorphisms agree.

Proposition 95.28. Let K be an abstract simplicial complex and let n0 ∈ N. We write
X = |K|. We denote by

Υ∗ : Csimp
∗ (K) → CCW

∗ (X) and ΦX : Hn(X) → HCW
n (X)

the isomorphisms given by Propositions 95.24 and 80.4. Next we pick an order �≤� on K.
We consider the chain homotopy equivalences

Ω: Csimp,≤
∗ (K) → Csimp

∗ (K) and Θ: Csimp,≤
∗ (K) → C∗(|K|)

from Lemma 95.8 and the Simplicial-Singular Chain Complex Theorem 95.25. With this
notation the following equality holds:

Φ−1
X ◦Υ∗ = Θ∗ ◦ Ω−1

∗ : Hsimp
n (K) → Hn(X).

Notation. Let K be an abstract simplicial complex and let n0 ∈ N. By a slight abuse of
notation we denote by ΘK : Hsimp

n (K) → Hn(|K|) the natural isomorphism given by the
Simplicial-Singular Homology Isomorphism Theorem 95.23 and Proposition 95.28.
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Proof. We write ΨX := Υ∗ ◦ Ω∗ ◦ Θ−1
∗ . We need to show that ΨX = ΦX . To do so we

consider the following diagram:

Hsimp,≤
n (Kn)

Θ∗ ∼=

��

i∗ // Hsimp,≤
n (K)

Θ∗
∼=rr

Ω∗∼=

��

Hn(X)

ΦX

ΨX
((

Hn(Xn)

|i|∗ 55

jn ))

HCW
n (X) Hsimp

n (K)
Υ∗

∼=oo

ker(dn)

66 66

We make the following clari�cations and observations:
(1) The map i : Kn → K is the inclusion map.
(2) The triangle shaped quadrangle to the upper left commutes by the naturality of Θ∗.
(3) By the de�nition of ΨX the quadrangle to the right commutes.
(4) It follows easily from the de�nitions of the various maps that the �outer diagram�

commutes, i.e. the two maps from Hsimp,≤
n (Kn) to HCW

n (X) agree.
(5) Since Υ∗, Ω∗ and Θ∗ are isomorphisms we see that ΨX is an isomorphism and we

see, in combination with (2), (3) and (4), that ΨX makes the parallelogram com-
mute. But by the characterization of ΦX in the Singular-Cellular H∗-Isomorphism
Proposition 80.4 this means that ΨX = ΦX . �

95.6. Relative simplicial homology. In this section, given an (ordered) abstract simpli-
cial complex K together with a subcomplex L we introduce the relative simplicial homol-
ogy groups Hsimp

k (K,L) and Hsimp,≤
k (K,L). This section contains no surprises and can be

skipped easily. We will make little use of relative simplicial homology groups, except that
they will come in handy in the proof of the Simplicial Poincaré Duality Theorem 103.4.

De�nition. Let K be an abstract simplicial complex and let L be a (possibly empty)
subcomplex of K.
(1) Given k ∈ N0 we de�ne

Csimp
k (K,L) := Csimp

k (K)/Csimp
k (L).

The usual boundary map ∂k : Csimp
k (K) → Csimp

k−1 (K) descends to a boundary map
∂k : Csimp

k (K,L) → Csimp
k−1 (K,L) and we can thus de�ne the corresponding relative

simplicial homology groups Hsimp
k (K,L).

(2) If �≤� is an order on K, then we endow L with the corresponding order and we
introduce Csimp,≤

k (K,L) and Hsimp,≤
k (K,L) in the obvious way.

Lemma 95.29. Let K be an abstract simplicial complex and let L be a subcomplex of
K. The sequence

. . . → Hsimp
k (L) → Hsimp

k (K) → Hsimp
k (K,L)

∂k−→ Hsimp
k−1 (L) → . . .

[σ] 7→ [∂k(σ)]
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is exact and the connecting homomorphism is natural. The analogous statement also holds
if K is equipped with an order.

Proof. The lemma is an immediate consequence of the LES Proposition 74.9. �

We conclude this short section with the following lemma.

Lemma 95.30. (Simplicial-Singular Homology Isomorphism Lemma) Let K be
an abstract simplicial complex and let L be a subcomplex of K.
(1) Let �≤� be an order on K. The natural maps

Csimp,≤
k (K,L) → Csimp

k (K,L)
[σ] 7→ [Ω(σ)]

and Csimp,≤
k (K,L) → Ck(|K|, |L|)

[σ] 7→ [Θ(σ)]

are chain homotopy equivalences. Furthermore the natural maps

Hsimp,≤
k (K,L) → Hsimp

k (K,L)
[σ] 7→ Ω(σ)]

and Hsimp,≤
k (K,L) → Hk(|K|, |L|)

[σ] 7→ [Θ(σ)]

are isomorphisms.
(2) The map Ξ := Ω ◦ Θ−1 : Hsimp

k (K,L) → Hk(|K|, |L|) does not depend on the choice
of the order �≤� on K, and it de�nes a natural isomorphism.

(3) The following diagram commutes:

... // Hsimp,≤
k (K) //

Ξ
��

Hsimp,≤
k (K,L)

∂k //

Ξ
��

Hsimp,≤
k−1 (L) //

Ξ
��

Hsimp,≤
k−1 (K)

Ξ
��

// ...

... // Hk(|K|) // Hk(|K|, |L|)
∂k // Hk−1(|L|) // Hk−1(|K|) // ...

Proof. We consider the following diagram:

... // Hsimp
k (L) // Hsimp

k (K) // Hsimp
k (K,L)

∂k // Hsimp
k−1 (L) // Hsimp

k−1 (K) // ...

... // Hsimp,≤
k (L) //

Ω

OO

Θ
��

Hsimp,≤
k (K) //

Ω

OO

Θ
��

Hsimp,≤
k (K,L)

∂k //

Ω

OO

Θ
��

Hsimp,≤
k−1 (L) //

Ω

OO

Θ
��

Hsimp,≤
k−1 (K)

Ω

OO

Θ
��

// ...

... // Hk(|L|) // Hk(|K|) // Hk(|K|, |L|)
∂k // Hk−1(|L|) // Hk−1(|K|) // ...

It follows easily from the de�nitions and the naturality of the connecting homomorphisms,
see the LES Proposition 74.9, that the diagram commutes. By Lemma 95.29 and by
the Topological LES-Corollary 74.14 we know that the horizontal sequences are exact.
Furthermore by Lemma 95.8 and the Simplicial-Singular Chain Complex Theorem 95.25
we know that the outer two vertical maps are isomorphisms. Now it follows from the Five-
Lemma 74.10 that the middle vertical maps are also isomorphisms. It follows from the
Quasi Isomorphisms-are-Homotopy Equivalences Proposition 81.4 that the corresponding
chain maps are chain homotopy equivalences. This concludes the proof Statement (1).
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The same argument as in the proof of Corollary 95.27 shows that the composition of
the middle vertical maps does not depend on the choice of the order �≤�.1171

Finally Statement (3) follows from the fact that the above diagram commutes. �

95.7. The Nerve Theorem. In this section we will state the �Nerve Theorem�. In many
situations it gives an e�ective way for showing that a given topological space is homotopy
equivalent to a simplicial complex.

De�nition. Let X be a topological space and let U = {Ui}i∈I be a cover of X.
(1) We say the cover U = {Ui}i∈I of X is good if for every choice of i1, . . . , im ∈ I the

intersection Ui1 ∩ · · · ∩ Uim is either empty or contractible.
(2) We say the cover U of X is point-�nite if each point x ∈ X is contained in only

�nitely many Ui.1172

Example. In the �gure below we show the topological space X = S1 with one cover which
is not good and three covers which are actually good.

X

(c)intersection is not contractible

the cover is not good three covers which are good

(a) (b)

As we will see, the following lemma is a straightforward consequence of the Link Star
Lemma 94.5.
Lemma 95.31. (Open Stars-Good Cover Lemma) Let K = (V, S) be an abstract
simplicial complex. The open stars {

◦
St(v)}v∈V are an open good point-�nite cover.
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|K|

v

◦
St(v)

Proof. Let K = (V, S) be an abstract simplicial complex. Let P ∈ |K|. By the Open
Simplex Lemma 93.11 (2) we know that there exists a unique s ∈ S with P ∈ 〈s〉. Fur-
thermore, by the Link Star Lemma 94.5 (2) we know that P ∈

◦
St(v) if and only if v is a

vertex of s. This discussion, together with the Link Star Lemma 94.5 (2), shows that the
open stars

◦
St(v) form an open point-�nite cover of |K|. It remains to show that the cover

1171Note that Exercise 74.3 shows that one cannot reduce this statement �Five Lemma�-style to the fact
that we already know that the composition of the outer two vertical maps is independent of the choice of
the order �≤�.
1172Note that this notion is weaker than the notion of a locally �nite cover that we introduced on page 114.
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is good. Thus let v0, . . . , vn ∈ V . We have

◦
St(v0) ∩ · · · ∩

◦
St(vn) =

{contractible by the Link Star Lemma 94.5 (1f)︷ ︸︸ ︷
◦

St({v0, . . . , vn}), if {v0, . . . , vn} is a simplex,
∅, otherwise.x

Link Star Lemma 94.5 (3)

We have thus shown that the open stars {
◦

St(v)}v∈V are a good point-�nite cover. �

As we will see shortly, the Open Stars-Good Cover Lemma 95.31 has a partial converse,
namely the mysteriously named Nerve Theorem. To state this converse we need the fol-
lowing de�nition.

De�nition. Let X be a set and let U = {Ui}i∈I be a family of subsets of X. We refer to
the abstract simplicial complex that is given by the vertex set I and the simplex set1173

{{i1, . . . , ir} | i1, . . . , ir ∈ I with Ui1 ∩ · · · ∩ Uim 6= ∅} as the nerve complex N(U) of the
covering.

Example. In the �gure below we revisit the four covers of S1 that we showed in the �gure
on page 2061. This time we also show the topological realizations of the corresponding
nerve complexes. As is clear from the �gure, for the cover to the left, which is not good,
the topological realization of the nerve complex does not look at all like S1. On the other
hand, for the three covers to the right, which are good, the topological realization of the
nerve complex is homeomorphic or at least homotopy equivalent to S1. As we will see in a
minute, that is not a coincidence.
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simplex {0, 1}
topological realizations of the nerve complexes

0

U1
U0

1

To formulate the Nerve Theorem of this section it is convenient to introduce the following
de�nition.
De�nition. We say that a map f : X → Y between path-connected topological spaces is
a weak homotopy equivalence if there exists x0 ∈ X such that for every k ∈ N0 the induced
map f∗ : πk(X, x0)→ πk(Y, f(x0)) is an isomorphism.
By the Homotopy-πn-Proposition 71.7 (2) a homotopy equivalence between path-connected
topological spaces is a weak homotopy equivalence. The following theorem says, rather
amazingly, that for CW-complexes the converse holds.

1173It follows easily from the de�nitions that this is indeed an abstract simplicial complex.
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Theorem 162.1. (Whitehead Theorem) Let f : X → Y be a map between two con-
nected CW-complexes.1174 If f : X → Y is a weak homotopy equivalence, then f is a
homotopy equivalence.
As is clear from the numbering, we will prove the Whitehead Theorem 162.1 much later in
these notes. But, as we will see, this theorem greatly facilitates the discussion of the Nerve
Theorem.
Recall that in the Open Stars-Good Cover Lemma 95.31 we showed that every simpli-
cial complex admits a good cover. We can now formulate and prove the Nerve Theorem
which can in particular be viewed as a partial converse to the Open Stars-Good Cover
Lemma 95.31.
Theorem 95.32. (Nerve Theorem) Let X be a path-connected topological space and
let U = {Ui}i∈I be an open good point-�nite cover of X. The following two statements
hold:
(1) There exists a weak homotopy equivalence |N(U)| → X from the topological re-

alization of the nerve complex N(U) to X. In fact there exists a weak homotopy
equivalence f : |N(U)| → X such that for any simplex {i0, . . . , ik} of N(U) we have
f(|{i0, . . . , ik}|) Ă Ui0 ∩ · · · ∩ Uik .

(2) If X is furthermore a CW-complex, then any map f : |N(U)| → X as in (1) is in
fact a homotopy equivalence.

Remark.

(1) The Nerve Theorem has its origins in the work of Karol Borsuk [Bor1948] from 1948
and Jean Leray [Ler1950] from 1950. As stated the theorem was basically proved
by André Weil [Weil1952, p. 141] in 1952.

(2) Let X be a CW-complex. It follows from the CW-Complex Properties Proposi-
tion 68.10 (8) that the conclusion of the Nerve Theorem 95.32 also holds if U =
{Ui}i∈I is a family of subcomplexes which form a good point-�nite cover of X.

(3) There are many variations on the statement and on the proof of the Nerve Theo-
rem 95.32.
(a) In [Bj1995, Theorem 10.6] and [Bj2003003, Theorem 6] a Nerve Theorem is

formulated for the case that X is a regular CW-complex1175 and the Ui are sub-
complexes. In this case the cover does not need to be point-�nite.

(b) Other versions are formulated in [Nago2007, Theorem 3.3] and [BoS1973, The-
orem 8.2.1].

(c) An elegant proof of the Nerve Theorem 95.32 for the case of a �nite cover is given
in [Koz2008, Theorem 15.21].

Proof. Statement (2) of the Nerve Theorem is an immediate consequence of Statement
(1) together with the Whitehead Theorem 162.1. Thus it remains to prove Statement (1).
In the discussion below we will only sketch an argument. A full proof of Statement (1) is
given in [McCor1967, Theorem 1].

1174Note that we do not assume that the map f is cellular.
1175We refer to page 2010 for the de�nition of a regular CW-complex, note that simplicial complexes are
regular CW-complexes.
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Thus let X be a topological space and let U = {Uv}v∈V be an open good point-�nite
cover of X. We adopt the following notation:

(1) We set
S := {{v0, . . . , vn} | v0, . . . , vn ∈ V with Uv0 ∩ · · · ∩ Uvn 6= ∅}.

Recall that by de�nition the nerve complex is given by N(U) := (V, S). For conve-
nience we write N = N(U).

(2) Given s = {v0, . . . , vn} ∈ S we set Us := Uv0 ∩ · · · ∩ Uvn .
(3) We consider the barycentric subdivision

sd(N) =
(
{s}s∈S, {{s0, . . . , sk} | s0 Ĺ · · · Ĺ sk}

)
.

By the SD-Lemma 94.3 we have a natural homeomorphism | sd(N)| → |N | which we
use to identify these two topological spaces.

Next we de�ne inductively a map F : | sd(N)| → X which satis�es the following condition:

(?) For every simplex {s0, s1, . . . , sk} of sd(N) we have

F
(∣∣{s0, s1, . . . , sk}

∣∣) Ă Us0 .

We construct F inductively as follows:

(1) For each s we pick a point F (s) ∈ Us.
(2) Suppose that F is de�ned on the (n− 1)-skeleton of | sd(N)|. We want to extend F

to the n-skeleton of | sd(N)|. Let t = {s0, . . . , sn} be an n-simplex of sd(N) and let
Φ≤t : ∆n → | sd(N)| be the corresponding characteristic map. Note that

(F ◦ Φ≤t )(∂∆n) =
n⋃
i=0

F
(∣∣{s0, . . . , ŝi, . . . , sn}

∣∣)︸ ︷︷ ︸
Ă Us0 or Ă Us1 by (?)

Ă Us0 .x
by de�nition we have for s Ă t that Ut Ă Us, in particular we have Us1 Ă Us0

By hypothesis we know that Us0 is contractible. It follows from the Homotopy-πn-
Proposition 71.7 and the Trivial-in-πn-Lemma 71.4 together with the fact, shown in
the Standard Simplex Homeomorphism Lemma 72.1 (3), that the pair (∆n, ∂∆n) is
homeomorphic to (B

n
, Sn−1), that F ◦ Φ≤t : ∂∆n → Us0 extends to a map G : ∆n →

Us0 . Now we de�ne F on |t| = |{s0, . . . , sn}| to be the map G ◦ Φ−1
t . Note that this

map still satis�es (?).

It follows almost immediately from the SD-Lemma 94.3 and (?) that F : |N | = | sd(N)| →
X has the desired property that for every simplex {v0, . . . , vk} of N = N(U) we have the
inclusion F (|{v0, . . . , vk}|) Ă Uv0 ∩ · · · ∩ Uvk .

It remains to show that F is a weak homotopy equivalence. Unfortunately this is where
our discussion of the proof peters out. We suggest to use the Weak Homotopy-vs-Homology
Isomorphisms Proposition 161.6 below to show that F is a weak homotopy equivalence. One
should be able to employ this proposition using the following two approaches:

(1) One uses the Mayer�Vietoris 54.1 and the HNN-Seifert�van Kampen Theorem 57.3,
and suitable analogues for simplicial complexes, to show that F induces an isomor-
phism of homotopy groups.
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(2) One uses cleverly the naturality of the long exact sequence coming from the Mayer�
Vietoris Theorem 78.5 (or more elegantly, the naturality of the Mayer�Vietoris spec-
tral sequence which we alluded to on page 1720) to show that the lift F̃ of F to the
universal covers of | sd(N)| and X induces an isomorphism of all homology groups.

We leave it as a rather challenging exercise to the reader to make the above approach work.
Even the case of a �nite cover is already rather delicate. �
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N(U)

barycentric subdivision of N(U)

F

open good cover U

Uv

For completeness we also state the following variation on the Nerve Theorem 95.33.

Theorem 95.33. (Nerve Theorem) LetX be a topological space and let U = {Ui}i∈I be
an good open cover of X. If X is paracompact, then there exists a homotopy equivalence
|N(U)| → X.

Proof. Since X is paracompact it follows from the Paracompact-Partition of Unity The-
orem 10.9 that there exists a partition of unity {ϕi}i∈I such that for each i ∈ I we have
supp(ϕi) Ă Ui. We de�ne

G : X → |N(U)|

x 7→
(
I → R
i 7→ ϕi(x)

)
.

In [Hat2002, Proposition 4G.2] it is shown that the map G is a homotopy inverse to the
map F : |N(U)| → X that we constructed in the proof of the Nerve Theorem 95.32. �

One of the many fun applications of the Nerve Theorem 95.32 is the following theorem
which was �rst proved by Eduard Helly [Hel1923] in 1923 using much more elementary
techniques. Our proof is arguably technological overkill, but it has the advantage that from
our point of view it is very conceptual.

Theorem 95.34. (Helly's Theorem) Let n ∈ N0 and let U1, . . . , Um be convex open
subsets of Rn. If any choice of n + 1 of those sets has non-empty intersection, then the
intersection of all those sets is non-empty, i.e. we also have

U1 ∩ · · · ∩ Um 6= ∅.

Examples.
(1) For n = 1 andm = 3 Helly's Theorem 95.34 says that if we are given three open inter-

vals such that any two of them have a non-empty intersection, then the intersection
of the three open intervals is non-empty.

(2) For n = 2 and m = 4 Helly's Theorem 95.34 says if we are given four convex open
subsets of R2, such that any three of them have non-empty intersection, then the
intersection of all four subsets is also non-empty. This situation is illustrated in the
�gure below.
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2

1 3

U1 ∩ U2 ∩ U3 U1 ∩ U3 ∩ U4 U2 ∩ U3 ∩ U4 U1 ∩ U2 ∩ U3 ∩ U4U1 ∩ U2 ∩ U4

Remark.

(1) In our formulation of Helly's Theorem 95.34 we require that the sets Ui are open.
This is in fact just an artifact of our proof. In fact the statement holds without this
assumption. We refer to [Mato2002, Theorem 1.3.2] for an elementary proof of this
more general statement.

(2) As we mentioned above, our topological proof of Helly's Theorem 95.34 is strictly
speaking more di�cult than necessary. But the advantage of the topological approach
taken in these notes is that it is easier to generalize this approach to non-convex
subsets.

(3) We refer to [Eckh1993] for a long list of references for proofs of Helly's Theorem
and for a discussion of the relevance of Helly's Theorem.

In our proof of Helly's Theorem we will need the following proposition which is interesting
in its own right.

Proposition 95.35. If M is an open subset of Rn, then Hk(M) = 0 for k ≥ n.

Proof. The proposition follows from a fun argument using the Mayer�Vietoris Theo-
rem 78.5. We invite the reader to �ll in the details in Exercise 95.15. �

Proof of Helly's Theorem 95.34. Let n ∈ N0. We prove the theorem by induction on
m. For m ≤ n+ 1 there is nothing to show. Now suppose that the theorem holds for some
m ≥ n + 1. Let U := {U1, . . . , Um+1} be a family of convex open subsets of Rn such that
the intersection of any n + 1 of those subsets has non-empty intersection. By induction
hypothesis we know that the following holds:

(i) The intersection of any m of the sets in U is non-empty.

We need to show that U1 ∩ · · · ∩Um+1 6= ∅. We do a proof by contradiction. So we assume
that the following holds:

(ii) U1 ∩ · · · ∩ Um+1 = ∅.

Next we consider the corresponding nerve complex N(U).

(1) It follows immediately from (i) and (ii) that the nerve complex N(U) is simplicially
isomorphic to the simplicial complex Sm−1 that we introduced on page 1978.

(2) As we mentioned before, one of the key properties of convex subsets is that any inter-
section of convex subsets is again convex, in particular any intersection is contractible.
Thus U is an open good �nite cover of U1 ∪ · · · ∪ Um+1.

Now we see that
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by the Nerve Theorem 95.32 which we can apply by (2),
together with the Homotopy Equivalence-H∗-Corollary 73.9

↓
Z ∼= Hsimp

m−1(Sm−1) ∼= Hsimp
m−1(N(U)) ∼= Hm−1(|N(U)|) ∼= Hm−1

(
U1 ∪ · · · ∪ Um+1︸ ︷︷ ︸
open subset of Rn

)
= 0.x x x x

Lemma 95.12 by (1) Simplicial-Singular Homology by Proposition 95.35, since m− 1 ≥ n
Isomorphism Theorem 95.23

We have thus obtained a contradiction to (ii). �

The Nerve Theorem 95.32 gives a practical tool for showing that a given topological space
is homotopy equivalent to a simplicial complex. It is natural to go through familiar classes
of topological spaces and to see whether it applies. Fortunately the next theorem shows
that it applies to everybody's favorite topological spaces, namely smooth manifolds.

Theorem 95.36. (Smooth Manifold-Good Cover Theorem)
(1) Every compact smooth manifold admits an open good �nite cover.
(2) Every smooth manifold admits an open good point-�nite cover.

Remark. To the best of my knowledge it is not known whether every topological manifold
admits an open cover that is good, let alone good and point-�nite.

Sketch of proof. Let M be an n-dimensional smooth manifold. There are many ap-
proaches to proving the desired statements.1176

(1) If M is a smooth manifold without boundary, then in the Smoothly Good Cover
Theorem ?? we proved a stronger statement, namely we showed that one can �nd
a �nite (respectively locally �nite) smoothly good cover. Here, according to the
de�nition on page ??, �smoothly good� means that in the de�nition of a good cover
we replace �contractible� by �di�eomorphic to Rn�.

(2) In the Smooth Manifold-Simplicial Structure Theorem 96.2 we will see thatM admits
a smooth simplicial structure, which by the Open Stars-Good Cover Lemma 95.31
gives us the desired result.

(3) A detailed proof of the theorem (at least for closed smooth manifolds) is given in
[Weil1952, p. 120], [vGl1985] and [GuH2019, Theorem 5.3.2].

(4) Proofs with less detail are given in [BoT1982, Theorem 5.1], [KaL1987, Chap-
ter VI.3] and [Lee2009, Theorem 10.17].

In all approaches, except for the second one, the cases of smooth manifolds with non-empty
boundary are not really treated. It is left as a challenge to the reader to extend the results
from smooth manifolds without boundary to smooth manifolds with boundary. �

We obtain the following corollary from the combination of the Smooth Manifold-Good
Cover Theorem 95.36, the Nerve Theorem 95.32 and the Simplicial-Implies-CW Lemma 93.24.

Corollary 95.37. Every (compact) smooth manifold is weakly homotopy equivalent to
a (�nite) simplicial complex, in particular it is weakly homotopy equivalent to a (�nite)
CW-complex.

1176It is not clear to me whether (2) and (3) give smoothly good covers, that is why we did not mention
them in the discussion of the Smoothly Good Cover Theorem ??.
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Later, in the Smooth Manifold-CW Structure Theorem 96.5 , we will see that a much
stronger version of Corollary 95.37 holds.

95.8. The simplicial subdivision map. Let (K,≤) be an ordered abstract simplicial
complex. By the Simplicial-Singular Homology Isomorphism Theorem 95.23 and the SD-
Lemma 94.3 we know that the simplicial homology groups of K and of its barycentric
subdivision sd(K) are isomorphic.
In this section we will strengthen this result. More precisely, we will give a natural map
σ : sd(K)→ K and we will give a natural chain map

u∗ : Csimp,≤
∗ (K) → Csimp,≤

∗ (sd(K))

such that the chain maps σ∗ and u∗ are chain homotopy inverses of one another. These
two constructions will prove their worth later on when we study continuous self-maps
f : |K| → |K|. More precisely, by the Simplicial Approximation Theorem 94.8 we know that
a given continuous map f : |K| → |K| is homotopic to a simplicial map g : | sdi(K)| → |K|,
thus we get an induced chain map g∗ : Csimp,≤

∗ (sdi(K)) → Csimp,≤
∗ (K). Unfortunately this

is a chain map between di�erent chain complexes. But if we combine g∗ with an i-fold
iteration of u∗, then we obtain an endomorphism Csimp,≤

∗ (sdi(K)) → Csimp,≤
∗ (sdi(K)) of a

chain complex.
We start out with the following lemma.

Lemma 95.38. (Stretching Map Lemma) Let (K,≤) be an ordered abstract simplicial
complex.
(1) There exists a unique simplicial map σ : sd(K) → K with the following property:

given an n-simplex s = {v0 < · · · < vn} of K the map σ sends the corresponding
vertex s of sd(K) to the vertex vn of K.

(2) The stretching map σ : sd(K)→ K is order-preserving. (Here we equip sd(K) with
the natural order introduced in Lemma 94.2 (2).)

(3) The stretch map σ is natural. Here �natural� means that given any order-preserving
simplicial map f : (K,≤) → (L,≤) between two ordered abstract simplicial com-
plexes and given any n ∈ N0 the following diagram commutes:1177

sd(K)
σ
��

f∗
// sd(L)

σ
��

K
f∗

// L.

We refer to this map σ as the stretching map.
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sd(K)
(K,≤)(K,≤)

3

2

1

0
stretching 0

1

2

3

map σ

1177Recall that by the SD-Lemma 94.3 (5) we know that the maps K 7→ sd(K) de�ne a covariant functor
from the category OrdAbsSimpCplx of ordered abstract simplicial complexes to itself.
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Proof. It follows easily from the de�nitions that the given map on the set of vertices
induces a simplicial map, that this map is order-preserving and that this map is natural.
We leave it to the reader to �ll in the details. �

In basically all cases the stretching map σ : sd(K) → K is not a simplicial isomorphism,
in particular the induced map on the simplicial chain complexes is not an isomorphism.
Our goal now is to show the �best possible result�, namely that the induced chain map
σ∗ : Csimp,≤

∗ (sd(K))→ Csimp,≤
∗ (K) is a chain homotopy equivalence. We will do so by giving

an explicit chain map in the other direction.

De�nition. Let (K,≤) be an ordered abstract simplicial complex.
(1) Given an n-simplex s = {v0 < · · · < vn} of K, given1178 σ ∈ Bij{0, . . . , n} and given

m ∈ {0, . . . , n} we write
sσ,m := {vσ(0), . . . , vσ(m)}.

Note that sσ,n = s. Furthermore, we set

sσ :=
{ =s︷︸︸︷
sσ,n , sσ,n−1, . . . , sσ,0

}
.

Note that sσ is an n-simplex of sd(K).
(2) Given an n-simplex s of K we de�ne

un(s) :=
∑

σ∈Bij{0,...,n}
sign(σ) · sσ ∈ Csimp,≤

n (sd(K)).

We refer to the resulting map1179

un : Csimp,≤
n (K) → Csimp,≤

n (sd(K))
s 7→ un(s)

as the simplicial subdivision map.
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sσ for σ =
(

0 1 2
1 2 0

)

sσ for σ =
(

0 1 2
0 1 2

)s v1

v2

v0

The following lemma can be viewed as an analogue of the Chain Subdivision Lemma 74.24
and Lemma 74.25.
Lemma 95.39. (Chain Subdivision Lemma) Let (K,≤) be an ordered abstract sim-
plicial complex. The simplicial subdivision maps

un : Csimp,≤
n (K) → Csimp,≤

n (sd(K)), n ∈ N0

1178Given n ∈ N0 we denote by Bij{0, . . . , n} the group of bijections of the set {0, . . . , n}. Note that we
have an obvious isomorphism Bij{0, . . . , n} ∼= Sn+1. Given σ ∈ Bij{0, . . . , n} we de�ne sign(σ) basically
the same way as we did on page 2035.
1179Recall that Csimp,≤

n (K) is by de�nition the free abelian group generated by the set of simplices. Thus
to specify a homomorphism ϕ : Csimp,≤

n (K) → A to some abelian group we only need to specify ϕ(s) for
each n-simplex s of K.
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are a natural chain map. Here �natural� means that given any order-preserving simplicial
map f : (K,≤)→ (L,≤) between two ordered abstract simplicial complexes and given any
n ∈ N0 the following diagram commutes:

Csimp,≤
n (K)

un
��

f∗
// Csimp,≤

n (L)

un
��

Csimp,≤
n (sd(K))

f∗
// Csimp,≤

n (sd(L)).

Proof. Let (K,≤) be an ordered abstract simplicial complex. We need to show that the
maps un : Csimp,≤

n (K) → Csimp,≤
n (sd(K)), n ∈ N0

are a natural chain map. In fact it follows immediately from the de�nitions and the
Barycenter Lemma 94.1 (1) that the maps un are natural. Thus it remains to prove that
the maps un are a chain map. We will do so in the following claim.
Claim. For any n ∈ N0 and any n-simplex s of K we have the following equality:

∂un(s) = un−1(∂s).

Proof. We introduce the following notation. Given an n-simplex t = {w0 < · · · < wn}
and given i ∈ {0, . . . , n} we write t(i) := {w0 < · · · < ŵi < · · · < wn}, i.e. t(i) is the
(n − 1)-simplex given by striking out the vertex wi. Now let s = {v0 < · · · < vn} be an
n-simplex of K. We perform the following slightly messy calculation:

by de�nition of un de�nition of ∂ split the sum into i = 0 and i = 1, . . . , n
↓ ↓ ↓

∂un(s) = ∂
( ∑
σ∈Bij{0,...,n}

sign(σ) · sσ
)

=
n∑
i=0

(−1)i ·
∑

σ∈Bij{0,...,n}
sign(σ) · (sσ)(i) =

=
∑

σ∈Bij{0,...,n}
sign(σ) · (sσ)(0) +

n∑
i=1

(−1)i ·
∑

σ∈Bij{0,...,n}
sign(σ) · (sσ)(i)

second summand vanishes since for a �xed i ∈ {1, . . . , n} and for µ, ν ∈ Bij{0, . . . , n} we have
(sµ)(i) = (sν)(i) if µ(i− 1) = ν(i), if µ(i) = ν(i− 1) and if all other values of µ and ν are the same,
thus given the �xed i ∈ {1, . . . , n} we can pair up the elements in Bij{0, . . . , n} to give the same
contribution (sσ)(i) to the sum, but with opposite sign

↓
=

∑
σ∈Bij{0,...,n}

sign(σ)·(sσ)(0) =
∑

τ∈Bij{0,...,n−1}

n∑
i=0

(−1)i ·sign(τ)·(s(i))τ = un−1(∂s).
↑ ↑

follows from considering the bijection by de�nition of ∂ and un−1

{0, . . . , n} × Bij{0, . . . , n− 1} → Bij{0, . . . , n}

(i, τ) 7→


{0, . . . , n} → {0, . . . , n}

j 7→


i, if j = 0,
j − 1, if j ∈ {1, . . . , i},
j, if j > i.


�

The following lemma �nally relates the stretching maps to the simplicial subdivision maps.
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Lemma 95.40. (Stretching-Subdivision Lemma) Let (K,≤) be an ordered abstract
simplicial complex. As before we denote by σ : sd(K)→ K the stretching map introduced
in the Stretching Map Lemma 95.38.
(1) The induced chain map

σ∗ : Csimp,≤
∗ (sd(K)) → Csimp,≤

∗ (K)
and the simplicial subdivision maps

un : Csimp,≤
n (K) → Csimp,≤

n (sd(K)), n ∈ N0

are chain homotopy inverses of one another.
(2) The maps σ∗ and the maps u∗ are chain homotopy equivalences.
(3) The maps σ∗ : Hsimp,≤

∗ (sd(K)) → Hsimp,≤
∗ (K) and u∗ : Hsimp,≤

∗ (K) → Hsimp,≤
∗ (sd(K))

are natural isomorphisms and they are inverses of one another.
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sd(K)sd(K)

un

0 1

σ

K K

2

Remark. The Stretching-Subdivision Lemma 95.40 (2) can be viewed as an analogue of
Lemma 74.26 where we proved a similar statement for the singular subdivision map.

Proof. Statement (2) of the lemma is an immediate consequence of Statement (1). Further-
more Statement (3) follows from Statements (1) and (2) together with Corollary 73.4 and
the naturality statements of the Stretching Map Lemma 95.38 and the Chain Subdivision
Lemma 95.39. Thus it remains to prove Statement (1).

Let (K,≤) be an ordered abstract simplicial complex. It follows easily from the de�ni-
tions that for each n ∈ N0 the map σ∗ ◦ un : Csimp,≤

n (K)→ Csimp,≤
n (K) is the identity. Thus

it remains to prove that u∗ ◦ σ∗ is chain homotopic to the identity.
The de�nition of the chain homotopy requires some preparations and extra de�nitions.

Let n ∈ N0 and let t = {s0, . . . , sn} be an n-simplex of sd(K) with #sn = n + 2. For
convenience we set s−1 := ∅. Since #sn = n+ 2 and since for each i ∈ {0, . . . , n} we have
si−1 Ĺ si we see that there exists a unique i ∈ {0, . . . , n} with #si = #si−1 + 2. Thus there
exist two vertices v < w of K such that si = si−1 t {v, w}. We say that t can be expanded
upward if w is larger than every element in si−1. In this case we set

Φ(t) :=

(n+ 1)-simplex of sd(K)︷ ︸︸ ︷
{s0, . . . , si−1, si−1 ∪ {w}, si, . . . sn}

and
η(t) := sign(σ) where σ ∈ Bij{0, . . . , n} with Φ(t) = (sn)σ.

↑
notation from page 2069

These de�nitions are illustrated in the �gures below.
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for the 1-simplex t = {{0, 1}, {0, 1, 2}}
we have i = 0 and v = 0 and w = 1,
thus Φ(t) = {{1}, {0, 1}, {0, 1, 2}}

and we see that η(t) = −11 1

22

0 0
η(t) · Φ(t)

−
t
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For each n ∈ N0 we consider the following map

Pn : Csimp,≤
n (sd(K)) → Csimp,≤

n+1 (sd(K))

t = {s0, . . . , sn} 7→
{
η(t)·Φ(t), if #sn = n+ 2 and if t can be expanded upward,
0, otherwise.

We leave it to the reader's unrelenting zest for verifying technical details to show that these
maps Pn form a chain homotopy between the identity and the chain map σ∗ ◦ u∗. �

We de�ned the simplicial subdivision map for ordered abstract simplicial complexes. As
we will see shortly, the choice of an ordering is irrelevant.

De�nition. Let (K,≤) be an abstract simplicial complex.
(1) Let s = (v0, . . . , vn) be an ordered n-simplex of K. Given m ∈ {0, . . . , n} we set

Fm(s) := {v0, . . . , vm}.
Furthermore we set

F (s) :=
(
F0(s), F1(s), . . . , Fn(s)

)
.

Note that F (s) is an ordered n-simplex of sd(K).
(2) Note that any two ordered n-simplices s = (v0, . . . , vn) and t = (w0, . . . , wn) of K

with {v0, . . . , vn} = {w0, . . . , wn} there exist a unique σ ∈ Bij{0, . . . , n} such that
vi = wσ(i) for all i = 0, . . . , n. We set sign(s, t) := sign(σ).

(3) Given an ordered n-simplex s = (v0, . . . , vn) we set

un(s) :=
∑

t = (w0, . . . , wn) an ordered
n-simplex of K with

{v0, . . . , vn} = {w0, . . . , wn}

(−1)sign(s,t) · F (t)

More precisely, we have the following lemma.
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Lemma 95.41. (Chain Subdivision Lemma) Let K be an abstract simplicial complex.
(1) For every n ∈ N0 the map

Csimp
n (K) → Csimp

n (sd(K))
[s] 7→ [un(s)]

is well-de�ned. We refer to this map again as the simplicial subdivision map.
(2) The maps un are natural in the sense that given a simplicial map f : K → L the

following diagram commutes

Csimp
n (K)

un
��

f∗
// Csimp

n (L)

un
��

Csimp
n (sd(K))

f∗
// Csimp

n (sd(L)).

(3) If K is equipped with an order �≤�, then for every n ∈ N0 the following diagram
commutes: Csimp,≤

n (K)
un //

∼=
��

Csimp,≤
n (sd(K))

∼=
��

Csimp
n (K)

un // Csimp
n (sd(K)).

Here the vertical maps are the natural isomorphisms given by Lemma 95.5.
(4) The maps un : Csimp

n (K) → Csimp
n (sd(K)) form a chain homotopy equivalence. In

fact, if we pick an order on K and we consider the corresponding stretching map
σ : sd(K)→ K, then the maps un and the maps σ∗ : Csimp

∗ (sd(K))→ Csimp
∗ (K) are

chain homotopy inverses.
(5) The induced maps u∗ : Hsimp

n (K)→ Hn(sdsimp(K)) are natural isomorphisms.

Remark. Note in contrast the stretching maps certainly do depend on the choice of an
order.

Proof. The �rst three statements follow easily from the de�nitions. The only statement
which perhaps needs a little bit of thought is the �rst statement. We leave it to the reader
to �ll in the details. Let us turn to the proof of Statement (4). As mentioned before, by
the Well-Ordering Theorem 0.7 we can pick an order �≤� on K. Let n ∈ N0. By (2) we
have the following commutative diagram:

Csimp,≤
n (K)

un //

∼=
��

Csimp,≤
n (sd(K))

∼=
��

Csimp
n (K)

un // Csimp
n (sd(K)).

By the Stretching-Subdivision Lemma 95.40 we know that the top horizontal maps form a
chain homotopy equivalence and that a chain homotopy inverse is given by the stretching
maps. It follows that the analogous statements hold for the bottom horizontal maps.
Finally Statement (5) follows from (2) and (4) together with Corollary 73.4. �

In the remainder of this section we want to discuss the relationship of the stretching map
and the simplicial division map with various maps on the topological realizations. First
we recall that given an abstract simplicial complex K we gave in the SD-Lemma 94.3 (3)
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an explicit natural homeomorphism f : | sd(K)| → |K|. This allows us to formulate the
following lemma.

Lemma 95.42. Let (K,≤) be an abstract simplicial complex. We denote by σ : sd(K)→
K the stretching map from the Stretching Map Lemma 95.38. The map |σ| ◦f−1 : |K| →
|K| is homotopic to the identity.

Proof. Since we will not make use of Lemma 95.42, therefore we outsource the proof thereof
to Exercise 95.17. �

We recall some more maps and statements from earlier on.
(1) Let K be an ordered abstract simplicial complex. By the Simplicial-Singular Chain

Complex Theorem 95.25 we know that the maps

ΘK : Csimp,≤
n (K) → Cn(|K|)

s 7→ (Φ≤s : ∆n → |K|)
are a natural chain homotopy equivalence.

(2) Given a topological space X and n ∈ N0 we denote by un : Cn(X) → Cn(X) the
singular subdivision map as de�ned in page 1640.

Now we can formulate the following proposition.

Proposition 95.43. For every ordered abstract simplicial complex (K,≤) and every n ∈
N0 the following diagram commutes:

Csimp,≤
n (K)

un //

ΘK

��

Csimp,≤
n (sd(K))

Θsd(K)

��

Cn(| sd(K)|)
f∗
��

Cn(|K|) un // Cn(|K|).

Furthermore all maps form natural chain homotopy equivalences.
The key step in proving Proposition 95.43 is to give an alternative description of the
simplicial subdivision map that resembles the de�nition of the singular subdivision map
which we gave on page 1640. We start out with the following de�nition.

De�nition. Let (K,≤) be an ordered abstract simplicial complex. Given a k-simplex s
of K we de�ne the �coning map�

cs : Csimp,≤
i (sd(∂s)) → Csimp,≤

i+1 (sd(s))
7→ {s} ∪ t.
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cssd(∂s)
s

t

sd(s)

cs(t)

s

De�nition. Let (K,≤) be an ordered abstract simplicial complex. We de�ne the map 1180

u0 : Csimp,≤
0 (K)→ Csimp,≤

0 (sd(K)) to be the obvious inclusion. Furthermore, for n ≥ 1 we
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de�ne inductively the following maps:

ũn : Csimp,≤
n (K) → Csimp,≤

n (sd(K))
s 7→ (−1)n · cs

(
un−1(∂s)︸ ︷︷ ︸

∈Csimp,≤
n−1 (sd(∂s))

)
.
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s ũ2(s)

−+ +−
−

+

+−
s = {v0, v1}

we have ∂s = {v1} − {v0} hence
ũ1(s) = −{s, v0}+ {s, v0}

v0

v1

s

The following lemma gives the promised alternative description of the simplicial subdivision
maps.

Lemma 95.44. Let (K,≤) be an ordered abstract simplicial complex. Given any n-
simplex s of K we have ũn(s) = un(s).

Proof of Lemma 95.44. Let (K,≤) be an ordered abstract simplicial complex. We prove
the lemma by induction on n. For n = 0 the statement is basically obvious. Now suppose
that the statement holds for some n ∈ N0. Let s = {v0 < · · · < vn+1} be some (n + 1)-
simplex. Given i ∈ {0, . . . , n+ 1} we write s(i) := {v0, . . . , v̂i, . . . , vn+1}. We calculate that

de�nition of ũn+1 by de�nition of ∂s by induction and de�nition of cs
↓ ↓ ↓

un+1(s) = (−1)n+1 · cs(ũn(∂s)) = (−1)n+1 · cs
(
un

( n+1∑
i=0

(−1)i · s(i)
))

=

= (−1)n+1 ·
n+1∑
i=0

(−1)i ·
∑

σ∈Bij{0,...,n}
sign(σ) · {s, s(i)σ}

=
∑

τ∈Bij{0,...,n+1}
sign(τ) · sτ = un(s).x ↑

here we use the following bijection:

see de�nition on page 2069

Ψ: {0, . . . , n+ 1} × Bij{0, . . . , n} → Bij{0, . . . , n+ 1}

(i, σ) 7→


{0, . . . , n+ 1} → {0, . . . , n+ 1}

j 7→


j, if j ∈ {0, . . . , i− 1},
i, if j = n+ 1,
j + 1, if j ∈ {i, . . . , n}


and we use that sign(Ψ(i, σ)) = (−1)i+1 · (−1)n+2 · sign(σ)

We have thus proved the induction step. �

Now we can easily prove Proposition 95.43.
Proof of Proposition 95.43. It follows immediately from Lemma 95.44 together with
the de�nitions of the various maps that the diagram commutes.

By Lemmas 95.40 and 74.26 we know that the horizontal maps form chain homotopy
equivalences. Furthermore by the Simplicial-Singular Chain Complex Theorem 95.25 the
top vertical maps also form chain homotopy equivalences. Finally the map f is a homeo-
morphism. Thus the bottom vertical maps f∗ also form a chain homotopy equivalence. �
We conclude with the following �unordered� version of Proposition 95.43.

1180Recall that in Lemma 94.2 (2) we saw that sd(K) is naturally an ordered abstract simplicial complex.
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Proposition 95.45. For every abstract simplicial complex K and every n ∈ N0 the fol-
lowing diagram commutes:1181

Hsimp
n (K)

un //

ΘK

��

Hsimp
n (sd(K))

Θsd(K)

��

Hn(| sd(K)|)
f∗
��

Hn(|K|) un // Hn(|K|).

Furthermore all maps are natural.

Proof. The proposition follows easily from the fact that every abstract simplicial com-
plex admits an order together with Lemma 95.8 and Proposition 95.45 and together with
Proposition 95.28. �

Remark. For the record we point out that some of the de�nitions and results in this
section are at least implicit in [Deo2018, Theorem 4.9.1] and [Mun1966a, p. 99].

Exercises for Chapter 95.

Exercise 95.1. Let K = (V, S) be an abstract simplicial complex and let �≤� and �≤̃� be
two orders on K. Show that the maps

Csimp,≤
n (K) → Csimp,≤̃

n (K)
{v0 < · · · < vn} 7→ sign(σ) · {vσ(0)<̃ . . . <̃vσ(n)}︸ ︷︷ ︸

σ ∈ Sn is the unique permutation
such that vσ(0)<̃ . . . <̃vσ(n)

de�ne an isomorphism of chain complexes.

Exercise 95.2. Let K be a non-empty abstract simplicial complex, let n ∈ N0 and let Sn
be the abstract simplicial complex that we introduced on page 1978. Show that for every
k ∈ N0 there exists a natural isomorphism

H̃
simp

k (K ∗ Sn) ∼= H̃
simp

k−(n+1)(K).

Exercise 95.3. LetK = (V, S) be an abstract simplicial complex. Recall that on page 2013
we said that K = (V, S) is connected if given any v, v′ ∈ V there exist 1-simplices
s0, . . . , sk ∈ S such that v ∈ s0, such that for every i ∈ {0, . . . , k− 1} we have si∩ si+1 6= ∅
and such that v′ ∈ sk. Show that ifK is a connected non-empty abstract simplicial complex,
then given any abelian group G the map

Hsimp
0 (K;G) → G[ k∑

i=0
{vi} ⊗ gi

]
7→

k∑
i=0
gi

is a natural isomorphism
Remark. This is the simplicial analogue of the H0-Proposition 72.5.
1181Here the vertical maps Θ are the natural isomorphisms introduced on page 2058.
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Exercise 95.4. In this exercise we give a down-to-earth proof of the Simplicial Künneth
Theorem 95.14 in the special case that we are dealing with 1-dimensional abstract simplicial
complexes.
(a) Let K and L be two ordered 1-dimensional abstract simplicial complexes. Show

that the tensor product of the chain complexes Csimp
∗ (K) and Csimp

∗ (L), as de�ned on
page 1940, is chain homotopy equivalent to the chain complex Csimp

∗ (K × L).
(b) Prove (a) for arbitrary �nite-dimensional abstract simplicial complexes.
(c) Prove (a) for arbitrary abstract simplicial complexes.

Remark. Together with the Künneth Theorem 90.7 for chain complexes this exercise makes
it possible to calculate the simplicial homology groups of K × L directly in terms of the
simplicial homology groups of K and L.
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schematic picture of Csimp
∗ (K)⊗ Csimp

∗ (L) K × L

K L

Exercise 95.5. Let p, q ∈ N0. We consider the product Dp ×Dq of the ordered abstract
simplicial complexes de�ned on page 1978. Show that

Hsimp
i (Dp ×Dq) ∼=

{
Z, if i = 0,
0, otherwise.

Remark. This exercise goes into the proof of the Simplicial Künneth Theorem 95.14. In
particular you are not allowed to use this theorem.

Exercise 95.6. Show that for any abstract simplicial complex K and any simplex s of K
we have for every i ∈ N that Hsimp

i (St(K, s)) = 0.

Exercise 95.7.

(a) Formulate and prove a Mayer�Vietoris style theorem for simplicial homology, along
the lines of the Mayer�Vietoris Theorem 78.5.

(b) Use the exact sequence from (a) to provide a new solution to Exercise 95.2.

Exercise 95.8. Let K be a simplicial complex and let A and B be two subcomplexes with
A ∪ B = K. Show that for each k ∈ N0 the natural map Hsimp

k (A,A ∩ B) → Hsimp
k (X,B)

is an isomorphism.
Remark. This statement can be viewed as the Simplicial Excision Theorem. The biggest
di�erence to the singular setting is that in the simplicial setting the proof is almost embar-
rassingly easy.

Exercise 95.9. Let K be an abstract simplicial complex and let L be a subcomplex of K.
Show that for each k ∈ N0 there exists a natural isomorphism

Hsimp
k (K,L) ∼= H̃

simp

k ( K ∪L Cone(L)︸ ︷︷ ︸
mapping cone of L→ K

).
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Exercise 95.10. Compute the simplicial homology groups of an abstract simplicial com-
plex K such that |K| is homeomorphic to the surface Σ of genus two.
Hint. As we saw in the �gure on page ??, we can view Σ as the connected sum of two tori
and you could use Exercise 95.7.

Exercise 95.11. Show that the two simplicial complexes X = |S2| and Y = |Σ(Σ(S0))|
which are shown in the �gure below admit subdivisions X ′ and Y ′ which are simplicially
isomorphic.
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X = |S2|

|Σ(S0)|

Y = |Σ(Σ(S0))||S0|

Exercise 95.12. Let K = (V, S) be an abstract simplicial complex. Let U = {
◦

St(v)}v∈V
be the open cover of the topological realization |K| that is given by the open stars. What is
the relationship between the original abstract simplicial complex K and the nerve complex
N(U)?

Exercise 95.13. Formulate and prove a simplicial analogue of the Mayer�Vietoris Theo-
rem 78.5.
Remark. The proof is signi�cantly easier than the original proof of the Mayer�Vietoris
Theorem 78.5.

Exercise 95.14. Let K and L be two ordered abstract simplicial complexes. Show that
for each k ∈ N0 there exists a short exact sequence of the following form:

0 → H̃
simp

k (K ∗ L) → H̃
simp

k−1 (K)⊕ H̃
simp

k−1 (L) → H̃
simp

k−1 (K × L) → 0.

Remark. This statement is the simplicial analogue of Exercise 78.20. In fact at least if K
and L are �nite, then we can reduce the simplicial statement to the singular statement.
The challenge is to give a purely combinatorial argument.

Exercise 95.15. Let n ∈ N0.
(a) Let W be an open subset of Rn that is the union of �nitely many convex open sub-

sets. Show that Hk(W ) = 0 for k ≥ n.
Hint. Use the Mayer�Vietoris Theorem 78.5 and do an induction argument on the
number of convex open subsets. As on many other occasions we point out the con-
venient fact that the intersection of convex subsets of Rn is again convex.

(b) LetM be an open subset of Rn and let σ ∈ Cn(M) be a cycle. Show that there exists
an open subset W of Rn that is the union of �nitely many convex open subsets such
that σ ∈ Cn(W ) and such that W Ă M .

(c) Let M be an open subset of Rn. Show that Hk(M) = 0 for k ≥ n.

Exercise 95.16. Let P1, . . . , Ps be points in R2 with s ≥ 3. We assume that any three of
those points are contained in an open disk of radius r. Show that all the given points are
contained in an open disk of radius r.
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Exercise 95.17. Let (K,≤) be an abstract simplicial complex. Let σ : sd(K)→ K be the
stretching map from the Stretching Map Lemma 95.38. Show that the map |σ|◦f−1 : |K| →
|K| is homotopic to the identity.
Remark. Use the Interval CW-Product Corollary 68.9 to overcome any continuity anxieties
that might arise.

Exercise 95.18. Let K be an abstract simplicial complex. Show that the maps

Csimp
k (K)⊗Q → Ck(|K|)⊗Q

[v0, . . . , vk]⊗ r 7→ 1
(k+1)! ·

∑
σ∈Sk+1

·

(
∆k 7→ |K|

(t0, . . . , tk) 7→
k∑
i=0
ti · vσ(i)

)
⊗ r

are a natural chain homotopy equivalence.

Exercise 95.19. Let n ∈ N0. Let K = ((V, S),Θ: |K| → ∆n) be a subdivision of the
standard simplex ∆n. We denote by e0, . . . , en ∈ V the vertices that get sent to the
standard vertices of ∆n. Let Z be a �nite set and let ϕ : V → Z be a map. We refer to ϕ
as a coloring of K.
(1) We say ϕ satis�es Sperner's condition if ϕ : V → Z is injective on {e0, . . . , en} Ă V

and if for each v ∈ V with Θ(v) ∈ |Θ({er1 , . . . , ers})| we have ϕ(v) ∈ {ϕ(er1), . . . , ϕ(ers)}.
In other words, the vertices e0, . . . , en have distinct colors, and if a vertex lies on a
face spanned by some of the ei, then the vertex has the color of one of the ei.

(2) We say an n-simplex s of K is a rainbow simplex if ϕ : s → Z is injective, put
di�erently, if the colors of vertices of s are all di�erent.

We want to prove the following statement:
Sperner's Lemma. If ϕ satis�es Sperner's condition, then the number of rainbow sim-
plices is odd.
To prove this statement we introduce some notation:

(3) We set ∆Z :=
{∑
z∈Z

tz · z |
∑
z∈Z

tz = 1 and each tz ≥ 0
}

Ă RZ .

(4) We denote by fϕ : |K| → ∆Z the unique map which agrees with ϕ on V and which
is a�ne linear on each |s| Ă |K|.

(5) We de�ne ∂|K| := Θ−1(∂∆n) and we de�ne ∂∆Z the same way as we de�ned ∂∆n.
(6) We write

deg(ϕ) := deg
(
Hn(|K|, ∂|K|;F2)︸ ︷︷ ︸

∼=F2

→ Hn(∆Z , ∂∆Z ;F2)︸ ︷︷ ︸
∼=F2

)
∈ F2.

Sperner's Lemma follows from solving the following two exercises:
(a) Show that if ϕ satis�es Sperner's condition, then deg(ϕ) 6= 0.

Hint. Use Exercise 76.22 to prove this statement by induction on n.
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(b) Show that
deg(ϕ) = number of rainbox simplices ∈ F2.

Hint. The n-simplices of K give rise to a generator of Hn(|K|, ∂|K|;F2).
Remark. The conclusion of this slightly challenging exercise is known as Sperner's Lemma.
It was �rst formulated and proved by Emanuel Sperner [Spe1928, p. 267] in 1928. Sperner's
Lemma can be proved in a purely combinatorial fashion, see [AZ2014, Chapter 27.6],
[Pra2006, Theorem 2.26] or [Harz1978, Satz 12.2]. Sperner's Lemma can be used to
give a purely combinatorial proof of the Brouwer Fixed Point Theorem 31.4, we refer to
[Harz1978, Chapter 12] or [Pra2006, p. 81] for details. Sperner's Lemma also has fun
applications, for example it can be applied to achieve �rental harmony� [Su1999]. Finally
we refer to [DGMM2019] for a survey on Sperner's Lemma, its cousin Tucker's Lemma,
and its many applications and rami�cations.
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e1

e0 the coloring ϕ satis�es Sperner's condition

subdivision of ∆2

rainbow simplex

the set Z equals the colors
red, blue and purple

e2



96. SIMPLICIAL AND PL-STRUCTURES ON MANIFOLDS 2081

96. Simplicial and PL-structures on manifolds

In this chapter we will see that smooth manifolds admit a simplicial structure. In fact we
will see that they admit particularly nice simplicial structures. There will be many bene�ts.
For example we can almost immediately draw conclusions on the homology groups and
homotopy groups of smooth manifolds.

96.1. Simplicial structures on smooth manifolds. We recall the following de�nition
from page 1994.
De�nition. A simplicial structure for a given topological space X is de�ned as a pair
(K = (V, S),Θ: |K| → X) where the following holds:
(1) K is an abstract simplicial complex,
(2) Θ is a homeomorphism between the topological realization |K| of K and the topo-

logical space X.
Given a simplex s ∈ S we refer to Θ(|s|) as a simplex of X and we refer to Θ(〈s〉) as an
open simplex of X.
In this section we want to consider simplicial structures on smooth manifolds. Since the
smooth structure on smooth manifolds is important for many arguments and constructions
it is reasonable to consider simplicial structures that re�ect the smooth structure. In the
following the idea is to consider simplicial structures (K,Θ) such that for each k-simplex
the characteristic map Θ ◦Φs : ∆k →M is a smooth embedding. Since ∆k is not a smooth
manifold it takes a little bit of an e�ort to explain what a �smooth embedding� is supposed
to be in this case.

We start out with the following de�nition. The �rst part just recalls the de�nitions
introduced on pages 549 and 532.
De�nition. Let n ∈ N0 and let A be a subset of Rn for which there exists an open subset
U of Rn with U Ă A Ă U . Furthermore let M be a smooth manifold.
(1) We say a map f : A → M is smooth at a point P ∈ A, if there exists an open

neighborhood V of P in Rn and a smooth map f̃ : V → Rm which coincides with f
on A ∩ V . We de�ne DfP := Df̃P : Rn → Tf(P )M .1182 We refer to the �gure below
for an illustration.

(2) We say a map f : A → M is an immersion if f is smooth at every P ∈ A and if
given any P ∈ A the di�erential DfP has rank n.1183

(3) We say a map f : A → M is a smooth embedding if it is an immersion and an
embedding.

Example. Given k ∈ N0 we consider the map

Ξk : ◺k :=
{

(t1, . . . , tk) ∈ [0, 1]k
∣∣∣ k∑
j=1
tj ∈ [0, 1]

}
→ Rk+1

(t1, . . . , tk) 7→
(
t1, . . . , tk, 1−

k∑
j=1
tj

)
.

1182We leave it to the reader to verify, using our restrictive choice of domain A and using Exercise 2.33
(1), that the de�nition of DfP does not depend on the choice of the smooth extension f̃ .
1183If A is in fact an open subset of Rn, then this de�nition of an immersion agrees of course with the
de�nition given on page 651.
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This map has two interesting properties:
(1) By picking the obvious extension of Ξk to a map Rk → Rk+1 we see that Ξk is an

immersion.
(2) It follows easily from the Compact-Hausdor� Proposition 2.17 (3) that the map Ξk

de�nes a homeomorphism Ξk : ◺k → ∆k.
The combination of (1) and (2) shows that Ξk is an embedding.

This leads us to the following de�nition.
De�nition. Let M be a smooth manifold.
(1) Let k ∈ N0. We say that a map Φ: ∆k → M is a smooth embedding if the compo-

sition Φ ◦ Ξk : ◺k →M is a smooth embedding.
(2) We say that a given simplicial structure (K,Θ: |K| → M) is smooth if for each

k-simplex s the corresponding characteristic map Θ ◦ Φs : ∆k → M is a smooth
embedding.
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MΘ ◦ Φs

Remark. At �rst glance there are di�erent de�nitions of �smooth simplicial structure� in
the literature. For example our de�nition of a �smooth simplicial structure� is at �rst glance
di�erent from the one given in [Mun1966a, p. 81]. But [Mun1966a, Theorem 8.4] shows
that our de�nition is in fact equivalent to the de�nition used in Munkres' book. Also, it
is not di�cult to see that our de�nition is equivalent to the one used in Whitney's book
[Why1957].

Example. In the �gure below we show smooth simplicial structures for the closed disk,
the annulus, the 2-dimensional sphere and for the torus minus an open disk.
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The following lemma contains two basic statements about (smooth) simplicial structures
of smooth manifolds.
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Lemma 96.1. Let M be a smooth manifold which is equipped with a smooth simplicial
structure. If M is n-dimensional, then the dimension of each simplex is at most n.

Remark. In the Manifold-Simplex Proposition 98.1 we will prove several other statements
regarding simplicial structures on smooth manifolds. In particular we will give an alterna-
tive proof of Lemma 96.1. Furthermore we will show that any (smooth) simplicial structure
on a manifold M restricts to a (smooth) simplicial structure on the smooth manifold ∂M .

Proof. Let s be a k-simplex of the given smooth simplicial structure. Combining the
characteristic map of the simplex with a chart we obtain a map from an open non-empty
subset of Rk to Rn. If the simplicial structure is smooth this map is in fact an embedding.
It follows almost immediately from the Smooth Invariance of Domain Theorem 19.13 that
k ≤ n. �

Now we can formulate the following theorem.

Theorem 96.2. (Smooth Manifold-Simplicial Structure Theorem)
(1) Every smooth manifold admits a countable smooth simplicial structure.
(2) IfM is a smooth manifold with boundary ∂M , then any smooth simplicial structure

for ∂M can be extended to a smooth simplicial structure for M .
(3) If M is a smooth manifold and if N is a proper submanifold of M , then there exists

a smooth simplicial structure for M that restricts to a smooth simplicial structure
on N .

(4) If M = A ∪ B is a decomposition into two n-dimensional submanifolds such that
A∩B is a union of boundary components of A and a union of boundary components
of B, then we can �nd a smooth simplicial structure on M such that A and B are
subcomplexes.

Remark.

(1) Note that the conclusion of the Smooth Manifold-Simplicial Structure Theorem 96.2
(3) is somewhat weaker than the conclusion of the Smooth Manifold-Simplicial Struc-
ture Theorem 96.2 (2), it does not say that we can extend a given smooth simplicial
structure on N to a smooth simplicial structure on M .

(2) By [Bin1983, Theorem XVIII.3.C] any PL-structure on the boundary of a 3-dimensional
topological manifold can be extended to a PL-structure on the 3-dimensional topo-
logical manifold.

(3) Many more subtle results on �nding smooth simplicial structures on smooth mani-
folds can be found in [Vero1984, Chapter 7].

Proof. We start out with giving precise references for the three statements.

(1) This statement is contained in [Mun1966a, Theorem 10.6]. For smooth manifolds
without boundary the statement is also shown in [Why1957, Chapter IV.12]. For
closed smooth manifolds, with a slightly weaker conclusion, the statement was �rst
proved by Whitehead [WhdJ1940, Theorem 7] in 1940, building on earlier work of
Cairns [Cai1934]. Other proofs for (some types of) smooth manifolds are given in
[Cai1961, Freu1939] and [Muk2015, Theorem 9.5.1]. A sketch of an argument is
also given in [Thu1997, Theorem 3.10.2].
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(2) This statement is also contained in [Mun1966a, Theorem 10.6], alternatively see
the discussion on [WhdJ1940, p. 822f].

(3) If N is a closed submanifold of M , then this statement can be proved by solving
[Mun1966a, Problem 10.14]. The general case can be deduced from [Vero1984,
Theorem 7.8], once one has unraveled the statement [Vero1984, Theorem 7.8].

(4) First we apply (1) to equip the smooth manifold A ∩ B with a simplicial structure.
Next we use (2) to extend the smooth simplicial structure to A and B. It is fairly
straightforward to verify that putting these two smooth simplicial structures together
we obtain a smooth simplicial structure for M = A ∪B.

To give the reader a sense of how one can possibly construct smooth simplicial structures
on smooth manifolds we provide a sketch for the proof of Statement (1). The sketch is
partially inspired by the argument given by Whitney [Why1957, Chapter IV.12].

For simplicity let M be a closed n-dimensional smooth manifold. Recall that by the
Euclidean Embedding Theorem 27.1 and the Smooth Embedding Theorem 24.10 we can
view M as a submanifold of Rm for some m ≥ n. By the General Tubular Neighborhood
Theorem ?? we can pick a tubular neighborhood p : W → M . (For the purpose of this
sketchy proof we might as well assume that the tubular neighborhood is given by W =

B
m−n×M and that p : B

m−n×M →M is the obvious projection.) We equip Rm with the
canonical simplicial structure de�ned in Lemma 93.17.

We make the following, ever so slightly vague observation.

Observation. Using a suitable generalization of the Transversality Theorem 42.4 and
using the de�nition of a smooth map and a smooth submanifold (�locally everything is
close to being linear�) we can shrink the cubes to a suitably small size and we can �nd an
isotopy ofM such that the resulting simplicial structure (V, S) for Rm satis�es the following
two conditions:1184

(a) For every simplex s ∈ S the intersection of s with M is �close� to the transverse1185

intersection of an n-dimensional a�ne space with s.
(b) Every simplex s with s ∩M 6= ∅ is contained in the tubular neighborhood W and

the restriction of the projection p : W → M to s is �close� to being an a�ne linear
map.

We refer to the �gure below for an illustration.

We set k := m− n. In the following we spell out two consequences of (a).

(1) No simplex of dimension less than k intersects M .
(2) If a k-simplex s intersects M , then it does so in a unique point P = Ps, which we

know by (1) lies necessarily in the interior of s.

1184In our notation we blur the di�erence between the abstract simplices of the simplicial structure and
the corresponding simplices in Rn.
1185Here by �transverse� we mean the following: if s is an l-dimensional simplex, then it is contained in
an l-dimensional a�ne subspace. The transverse intersection of an n-dimensional a�ne space with an
l-dimensional a�ne space in Rm is of dimension m+ l − n, where negative dimension is understood to be
the empty set.



96. SIMPLICIAL AND PL-STRUCTURES ON MANIFOLDS 2085

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�
�
�
�

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

�
�
�
�

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

projection p : W →M

n = 2 and m = 3n = 1 and m = 2 n = 1 and m = 3 n = 2 and m = 3

smooth manifold Msimplex s

Next we make the following constructions.
(3) For each l-simplex t with l > k which has the property that the corresponding open

simplex 〈t〉 intersects M we pick a point Pt that lies in the intersection of M with
the interior of t.

(4) We consider the abstract simplicial complex

L := (W,T ) where W := {s ∈ S | 〈s〉 ∩M 6= ∅} and
T := {(w0, ..., wl) |w0, ..., wl ∈ S and w0 Ĺ ... Ĺ wl}.

(5) Let Θ: |L| → Rm be the unique map with Θ(w) = Pw for w ∈ W and which is a�ne
linear on each simplex |t|.

Some of these de�nitions are illustrated in the �gure below. We continue with the following
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PtPs w0

n = 2 and m = 3n = 2 and m = 3n = 1 and m = 2 n = 1 and m = 3

w1

2-simplex {w0, w1, w2} of (W,T )

w2

observations:
(6) It follows from (a) and (b) that the map p : W → M restricts to a homeomorphism

Θ(|L|) → M . Furthermore, for each simplex t ∈ T the map p : Θ(|t|) → M is a
submersion, i.e. at each point the di�erential has full rank.

(7) By (6) we now know that (L = (W,T ), p ◦ Θ: |L| → M) is a smooth simplicial
structure for M .

We refer to the �gure below for a more �global� illustration of the above argument. Evi-
dently this outline has several serious issues. For example we never made it clear what we
mean by �close�. Nonetheless we feel that with enough e�ort one can turn the above sketch
of an argument into a proper proof.

We refer to [Why1957, Chapter IV.12] for a very detailed discussion how a variation
on the above approach can be made to work. �

Just for fun we mention that in our sketch of a proof of the Smooth Manifold-Simplicial
Structure Theorem 96.2 we basically proved the following proposition which says that any
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tubular neighborhood W

simplicial structure for Rm

M simplicial complex Θ(|L|) projection p

submanifold of Rm can be �arbitrarily� approximated by a linear simplicial subcomplex of
Rm. We will not make use of this proposition, hence we have no qualms about the rather
sketchy proof.
Proposition 96.3. Let M be a closed smooth submanifold of Rm. Given any ε > 0 there
exists a linear simplicial complex (L = (W,T ),Θ: |L| → X) with X Ă Rm and an isotopy
F : X × [0, 1]→ Rm with the following properties:
(1) We have F0 = id.
(2) The map F1 is a homeomorphism F1 : X → M and it has the property that F1 ◦ Θ

de�nes a smooth simplicial structure for M .
(3) For every x ∈ X the map [0, 1]→ Rm given by t 7→ F (x, t) is a�ne linear.
(4) For every x ∈ X we have ‖x− F1(x)‖ < ε.

Example. Proposition 96.3 says in particular that we can approximate any knot M in R3

by a �simplicial knot� X. We refer to the �gure below for an illustration.

��

��

�
�
�
�

�
�
�
�

��M X

Sketch of proof. We continue with the notation and results in the proof of the Smooth
Manifold-Simplicial Structure Theorem 96.2. The ε > 0 corresponds to a suitable interpre-
tation of �close� in the formulation of (a) and (b). We set X := Θ(|L|). The isotopy F is
the map which interpolates the identity idX and the projection p : X →M . �

In Theorem 95.20 we saw that there exist compact spaces which admit two �inequivalent�
simplicial structures, in other words, in Theorem 95.20 we saw that the Hauptvermu-
tung 95.19 is false in general. Interestingly, the �smooth� analogue of the Hauptvermu-
tung 95.19 is actually correct. More precisely, the following theorem holds.
Theorem 96.4. LetM and N be smooth manifolds and suppose we are given two smooth
simplicial structures (K,Θ: |K| → M) and (L,Ω: |L| → N). If M and N are di�eomor-
phic, then there are subdivisions of K and L which are simplicially isomorphic.
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Proof. This statement is shown in [WhdJ1940, Theorem 8] and alternatively in [Mun1966a,
Theorem 10.5] (see also [Mun1975, Theorem 10.13]). It is perhaps worth pointing out that
we do not need to assume that M is compact. �

Theorem 96.4 will come in handy at a later stage. But for the foreseeable future it is of no
real interest to us.

We conclude this section with picking up some low-hanging fruit that we obtain almost
for free from the Smooth Manifold-Simplicial Structure Theorem 96.2. First we have the
following theorem.

Theorem 96.5. (Smooth Manifold-CW Structure Theorem) Every (compact) n-di-
mensional smooth manifold M admits a (�nite) CW-structure with the following proper-
ties:
(1) every cell has dimension at most n,
(2) the boundary ∂M is a subcomplex.

Furthermore, if M = A ∪B is a decomposition into two n-dimensional submanifolds such
that A∩B is a union of boundary components of A and a union of boundary components
of B, then we can �nd a CW-structure on M which has all the above properties and such
that A and B are subcomplexes.

Remark.

(1) Theorems 96.2 and 96.5 can be viewed as a signi�cant strengthening of Corol-
lary 95.37. Later on, in the Topological Manifold-Simplicial Complex Retract Theo-
rem 104.13 together with the CW-Complex Domination Proposition 162.8, and in the
Morse Functions-Cells Proposition 138.6 and in the Smooth Manifold-CW-Homotopy
Type Proposition 139.8 we will get to know two more methods for equipping a smooth
manifold with CW-structure, at least up to a homotopy equivalence.

(2) Note that the Smooth Manifold-CW Structure Theorem 96.5 is stated for smooth
manifolds and not for topological manifolds. The situation for topological manifolds
is in fact much more complicated and we will deal with it later on in Section 104.6.

Proof. The theorem follows immediately from the Smooth Manifold-Simplicial Structure
Theorem 96.2 together with Lemma 96.1 and the Simplicial-Implies-CW Lemma 93.24. �

Almost for free we now obtain the following proposition which gives us some control over
the �size� of invariants of smooth manifolds.
Proposition 96.6. (Smooth Manifolds-Invariants Proposition) Let M be an n-di-
mensional 0-connected smooth manifold.
(1) For every k > n and for every abelian group G we have Hk(M ;G) = 0.
(2) The higher homotopy groups of M are countable.

If M is compact then the following further statements hold:
(3) The fundamental group of M is �nitely presented.
(4) All homology groups ofM are �nitely generated abelian groups. Furthermore, given

any �eld F the homology groups Hk(M ;F) are �nite-dimensional.

Remark.
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(1) Note that in Exercise 86.9 we saw that there exists a closed smooth manifoldM such
that π2(M) is in�nitely generated as an abelian group. In other words, the Smooth
Manifolds-Invariants Proposition 96.6 (2) is in a sense optimal.

(2) On page 2997 we will give an alternative proof for some of the Statements (1), (3)
and (4) of the Topological Manifolds-Invariants Proposition 104.14 using �handle
decompositions�. An alternative approach to proving these three statements is also
given by using the Smoothly Good Cover Theorem ??. We will carry out this idea
in Exercise 96.8.

(3) In Chapter 98 we will see that the existence of smooth simplicial structures on smooth
manifolds can be used to extract even more information on homology groups of
compact smooth manifolds.

(4) In the Topological Manifolds-Invariants Proposition 104.14 we will extend the Smooth
Manifolds-Invariants Proposition 96.6 to compact topological manifolds.

Proof.

(1) This statement follows from the Smooth Manifold-CW Structure Theorem 96.5 to-
gether with the Homology-of-CW-Complex Proposition 80.6 (1) and the discussion
on page 1915.

(2) This statement follows from the Smooth Manifold-Simplicial Structure Theorem 96.2
together with Proposition 94.9.

(3) This statement follows from the Smooth Manifold-CW Structure Theorem 96.5 to-
gether with the CW-Skeleton-π1-Proposition 69.13 (3).

(4) It follows from the Smooth Manifold-CW Structure Theorem 96.5 together with
the Homology-of-CW-Complex Proposition 80.6 (2) that all homology groups are
�nitely generated. Furthermore it follows from the discussion on page 1915 that each
Hk(M ;F) is �nite-dimensional. �

We can even use our results to say something meaningful about fundamental groups and
homology groups for non-compact smooth manifolds.

Proposition 96.7. Let M be a 0-connected smooth manifold.
(3′) The fundamental group of M is countable.
(4′) All homology groups Hk(M) are countable abelian groups. Furthermore, given any

�eld F the dimension of each homology groups Hk(M ;F) is countable.1186

Remark.

(1) In the Countable Fundamental Group Proposition 49.1 we already showed that fun-
damental groups of (possibly non-compact) topological manifolds are countable. But
it seems di�cult to adapt the approach of the Countable Fundamental Group Propo-
sition 49.1 to deal with homology groups.

(2) In Proposition 104.15 we will extend Proposition 96.7 to topological manifolds.

Proof. Let M be a 0-connected smooth manifold. By the Push-Away-from-Boundary
Corollary 28.5 we know that M is homotopy equivalent to M \ ∂M . It follows from this

1186Note that in contrast we will see on page 2476 that the �cohomology groups� of a non-compact smooth
manifold can be uncountable.
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fact, together with the Homotopy-π1-Proposition 50.3 and the Homotopy Equivalence-H∗-
Corollary 73.9, that we might as well assume that M has no boundary. Since M has no
boundary we know by the Compact Submanifold Exhaustion Proposition 31.2 that there
exists a sequence X1, X2, . . . of n-dimensional smooth submanifolds ofM with the following
three properties:

(1) For each i ∈ N we have Xi Ă
◦
X i+1.

(2) Each Mi is compact and 0-connected.
(3) We have

⋃
i∈N

◦
Xi = M .
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X1

X2

X3

x0

We pick a base point x0 ∈ X1. Given i ≤ j we denote by ϕij : Xi → Xj the inclusion
map. We then see that

π1(M,x0) ∼= lim−→ π1(Xi) ∼=
( ∗
i∈I
π1(Xi, x0)

)
/ 〈〈{ϕij∗(g)·g−1 | i ≤ j and g ∈ π1(Xi, x0)}〉〉.

↑ ↑
Direct Limit Proposition 56.7 proof of the Direct Limit Existence Proposition 56.1 (2)

By the Smooth Manifolds-Invariants Proposition 96.6 we know that each π1(Xi, x0) is
�nitely presented, in particular countable. It follows from the above discussion that
π1(M,x0) is countable.

Similarly we see that given any k ∈ N0 we have the following isomorphisms:

Hk(M) ∼= lim−→Hk(Xi) ∼=
(⊕
i∈I

Hk(Xi)
)
/ {ϕij∗(g)− g | i ≤ j and g ∈ Hk(Xi)}.

↑ ↑
Homology-via-Exhaustions proof of the Direct Limit Existence Proposition 56.1 (3)

Proposition 79.4

It is now clear that Hk(M) is countable. A very similar argument also works if we work
with coe�cients in a �eld F. �

On several occasions we will also study relative homology groups of a compact smooth
manifoldM , for example we will be interested in the relative homology groups Hk(M,∂M).
The following lemma, together with the Smooth Manifolds-Invariants Proposition 96.6 (4),
gives us some control over these invariants.

Lemma 96.8. Let X be a topological space, let A Ă X be a subset and let k ∈ N0.
(1) If the homology groups Hk(X) and Hk−1(A) are �nitely generated, then so is the

relative homology group Hk(X,A).
(2) Let F be a �eld. If the homology groups Hk(X;F) and Hk−1(A;F) are �nite-dimen-

sional, then so is the relative homology group Hk(X,A;F).

Proof. The �rst statement follows from the long exact sequence of the pair (X,A) together
with the Rank Additivity Lemma 51.7. The second statement is proved in a similar fashion.

�
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96.2. PL-manifolds. Throughout these notes we have so far only encountered two �avors
of manifolds, namely topological manifolds and smooth manifolds. In this section we will
introduce a new variety of manifolds, namely we will introduce the concept of PL-manifolds.
In a nutshell a PL-manifold is a topological manifold together with a well-behaved simplicial
structure.
For the reader's convenience we recall the following de�nition from page 2048.

De�nition. We say that a simplicial complex Y is a subdivision of some simplicial com-
plex X if the following three conditions are satis�ed:
(1) the underlying topological spaces are the same,
(2) every simplex of Y is contained in some simplex of X,
(3) for every l-simplex t of Y and every k-simplex s of X which contains t the map

Φ−1
s ◦ Φt : ∆l → ∆k is a�ne linear.

Remark. Let X be a simplicial complex and let Y be a subdivision. In Exercise 96.3 we
will see that every k-simplex of X is the union of �nitely many simplices of Y of dimension
≤ k. This shows that our de�nition of a subdivision agrees with the de�nition given in
[Mun1966a, p. 83]. It also shows that if we use the Simplicial-Implies-CW Lemma 93.24
to view X and Y as CW-complexes, then the identity map X → Y is cellular.

We continue with the following de�nition.

De�nition. Let X and Y be simplicial complexes. We say a map f : X → Y is piecewise
linear, if there exist subdivisions X ′ and Y ′ such that f : X ′ → Y ′ is simplicial.1187

Remark. The de�nition of a piecewise linear map is the one given in [Zee1963b, p. 6]
and [Gla1970, p. 13]. It follows from [RS1972, Theorem 2.14] and [RS1972, Example
1.5(4)] that the de�nition of a piecewise linear map on [RS1972, p. 5] is equivalent to the
above de�nition. Furthermore, by [Zee1963b, Lemma I.7] the de�nition of a piecewise
linear map on [Hud1969, p. 2] is also equivalent to the above de�nition.

Warning. Many of our favorite reference, e.g. [Zee1963b], mostly deals with �nite simpli-
cial complexes. Thus on several occasions we will also restrict to the case of �nite simplicial
complex. We leave it to the undaunted reader to �gure out to what degree the results of
this section also generalize to in�nite simplicial complexes.

We start out with some examples of piecewise linear maps.

Examples.
(1) In the �gure below we show a map f : X → Y between two �nite linear simplicial

complexes which is not simplicial, but which is piecewise linear.
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f f

Y Y ′

X X ′

(2) Let f : X → Y be a map between linear simplicial complexes. If X is a �nite linear
simplicial complex, then it follows from the Simplicial Approximation Theorem 94.8
that f is homotopic to a piecewise linear map.

1187Colloquially one usually says �PL� instead of �piecewise linear�.
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From the de�nitions it is not entirely clear that the composition of two piecewise linear
maps is again piecewise linear. Fortunately, with some e�ort one can show that this is
indeed the case.
Proposition 96.9. The composition of two piecewise linear maps between �nite simplicial
complexes is again piecewise linear.

Proof. The proposition is proved in [Zee1963b, Lemma I.2] and [Gla1970, Theorem I.6].
�

Remark. As we hinted at above, both references for the proof of Proposition 96.9 do indeed
assume that the simplicial complexes involved are �nite. It is not clear to me whether the
statement holds for maps between arbitrary simplicial complexes.

We move on to the following basically self-explanatory de�nition.

De�nition. Let X and Y be two simplicial complexes.
(1) A map f : X → Y is called a PL-homeomorphism if f is piecewise linear, if f is a

bijection and if f−1 is also piecewise linear.1188

(2) We sayX and Y are PL-homeomorphic if there exists a PL-homeomorphismX → Y .
We continue with two examples of PL-homeomorphisms.

Examples.

(1) If X ′ is a subdivision of a simplicial complex X, then it follows immediately from the
de�nition that the map X ′ → X is a PL-homeomorphism.

(2) If f : X → Y is a map such that there exists subdivision X ′ of X and Y ′ of Y
such that the map f : X ′ → Y ′ is a simplicial isomorphism, then f is evidently a
PL-homeomorphism.

(3) (a) In the �gure below we show to the left 2-dimensional linear simplicial complexes
X1 and Y1 which are related by adding a vertex to a 2-dimensional simplex. It
follows from (1) that X1 and Y1 are PL-homeomorphic.

(b) In the �gure below we show to the right 2-dimensional simplicial complexes X2

and Y2. If we subdivide X2 and Y2 by adding the intersection point of the
two diagonals, then the resulting two linear simplicial complexes are simplicially
isomorphic. By (2) this shows that X2 and Y2 are PL-homeomorphic.
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|Y1||X1| |Y2||X2|

⇐⇒ ⇐⇒

(4) Let n ∈ N. We consider the two linear simplicial complexes Cone(∂∆n) and ∆n.
It follows from the discussion on page 2049 that ∆n admits a subdivision, given by
adding a single vertex, which is simplicially isomorphic to Cone(∂∆n). By (1) this
shows that Cone(∂∆n) and ∆n are PL-homeomorphic.

1188For the record we state that it follows from Proposition 93.7 that every piecewise linear map is contin-
uous.
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(5) By Proposition 95.17 (1) we know that any two �nite linear simplicial complexes X
and Y with |X| = |Y | are PL-homeomorphic.

Later on we will need the following elementary lemma.
Lemma 96.10. If f1 : X1 → Y1 and f2 : X2 → Y2 are two PL-homeomorphisms between
two �nite simplicial complexes, then the map

f1 ∗ f2 : X1 ∗X2 → Y1 ∗ Y2

is also a PL-homeomorphism.

Proof. We leave it to the reader to provide the proof. �

Before we give the de�nition of a PL-manifold let us introduce the following convention.
Convention. Let n ∈ N0. On page 1978 we introduced the abstract simplicial complexes
(1) Dn := (V, S) with V = {0, . . . , n} and S = P(V ) \ {∅}, and
(2) Sn−1 := (V, T ) with V = {0, . . . , n} and T = P(V ) \ {∅, V }.

On page 1989 we saw that there exists a canonical homeomorphism f : |Dn| → ∆n which
restricts to a homeomorphism |Sn−1| → ∂∆n. Unless we say explicitly something else we
will always use these homeomorphisms to view ∆n and ∂∆n as simplicial complexes.
The above convention leads us to our next de�nition.
De�nition. Let n ∈ N.
(1) A PL n-ball is de�ned as a simplicial complex that is PL-homeomorphic to the

simplicial complex ∆n.
(2) A PL n-sphere is de�ned as a simplicial complex that is PL-homeomorphic to the

simplicial complex ∂∆n+1.

Example. Let n ∈ N0. In Exercise 96.2 we will show that Cone(∂∆n) is a PL n-ball.
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Cone(∂∆2)∂∆2

∆2

Remark. In practice it can be a little tricky to show that a given simplicial complex is in
fact a PL n-ball or a PL n-sphere. But in most cases one can verify, with enough patience
and dexterity, that if a simplicial complex �looks� like an n-ball or an n-sphere, then it is
in fact a PL n-ball respectively a PL n-sphere. For example it is entertaining to show that
all the simplicial complexes shown in the �gure below are in fact PL 2-balls. Shortly we
will get to know a more systematic way for �nding PL-homeomorphisms.
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PL 2-balls

Now we can provide the de�nition of a PL-manifold. The de�nition is modelled on the
de�nition of a topological manifold that we gave on page 511. The key di�erence is that we
replace the words �neighborhood�, �ball� and �homeomorphic� by �simplicial neighborhood�,
�PL-ball� and �PL-homeomorphic�.
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De�nition.
(1) Let X be a simplicial complex and P ∈ X. A simplicial neighborhood is a subcom-

plex of X that is a neighborhood of P in the usual sense as de�ned on page 113.
(2) An n-dimensional PL-structure on a topological space X is de�ned as a simplicial

structure (K = (V, S),Θ: |K| → X) such that every point P ∈ X admits a simplicial
neighborhood that is a PL n-ball.

(3) An n-dimensional PL-manifold is a pair (X,Θ) where X is a topological space and
Θ is an n-dimensional PL-structure with countably many simplices.

Examples.

(1) In the �gure below we see to the left a simplicial structure for the annulus S1 ×
[0, 1]. The illustrations to the right of the �gure should convince the reader that the
simplicial structure for the annulus is a PL-structure.
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simplicial neighborhood of P

simplicial neighborhood of QQQ

simplicial
structure

for the annulus P P

PL-homeomorphism

∆2

PL-homeomorphism

(2) Let n ∈ N0. The canonical simplicial structure on ∆n is basically by de�nition a
PL-structure. Recall that in the Standard Simplex Homeomorphism Lemma 72.1 we
gave an explicit homeomorphism Φ: B

n → ∆n. Thus (Dn,Φ
−1 : ∆n = |Dn| → B

n
)

is a PL-structure for B
n
. Similar to the discussion on page 1997 we will refer to it

as the canonical PL-structure of B
n
.

(3) Let n ∈ N0. We consider ∂∆n+1 with the usual simplicial structure de�ned on
page 2092. Given any vertex v the star St(∂∆n, v) is, basically by de�nition, sim-
plicially isomorphic to Cone(∂∆n). It follows from the example on page 2092 that
St(∂∆n, v) is a PL n-ball. This shows that ∂∆n is an n-dimensional PL-manifold. Re-
call that in the Standard Simplex Homeomorphism Lemma 72.1 we gave an explicit
homeomorphism Φ: Sn → ∂∆n+1. This shows that (Sn,Φ

−1 : ∂∆n+1 = |Sn| → Sn)
de�nes a PL-structure on Sn. We refer to it as the canonical PL-structure on Sn.

Proposition 96.11. Let X and Y be two simplicial complexes. If X is an n-dimensional
PL-manifold and if X and Y are PL-homeomorphic, then Y is also an n-dimensional
PL-manifold.

Example. It follows from Proposition 96.11 that any PL n-ball and any PL n-sphere is
indeed an n-dimensional PL-manifold.

Proof. This proposition is less trivial than it might appear initially. Fortunately a proof
is given in [Gla1970, Theorem II.2]. �

The following proposition gives an alternative characterization of PL-manifolds.



2094

Proposition 96.12. (PL-Manifold Characterization Proposition) We consider a
simplicial complex (K = (V, S),Θ: |K| → X). The following statements are equivalent:
(1) (X,Θ) is an n-dimensional PL-manifold.
(2) For every vertex v ∈ V the link Lk(K, v) is a PL (n−1)-sphere or a PL (n−1)-ball.
(3) For every vertex v ∈ V the star St(K, v) is a PL n-ball.
(4) For every k-simplex s ∈ S the link Lk(K, s) is a PL (n − k − 1)-sphere or a PL

(n− k − 1)-ball.
(5) For every k-simplex s ∈ S the star St(K, s) is a PL (n− k)-ball.
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u
Lk(v) is a PL-sphere

Lk(u) is a PL-sphere
w

Lk(w) is a PL-ball

v

Proof.

(1)⇒(2) This implication is shown in [Hud1969, p. 26] (alternatively see also [Zee1963b,
p. III.2]).

(2)⇒(3) Let v ∈ V . First we consider the case that the link Lk(v) is a PL (n− 1)-sphere.
In this case we have the following PL-homeomorphisms:

St(v) ∼= {v} ∗ Lk(v) ∼= {v} ∗ PL (n− 1)-sphere ∼= {v} ∗ ∂∆n ∼= ∆n.
↑ ↑ ↑ ↑

Link Star Lemma 94.5 (1c) since (2) holds Lemma 96.10 see page 2091

The case that the link Lk(v) is a PL (n−1)-ball is dealt with the same way, except
that this time we use the basically trivial fact, �rst pointed out on page 2003 that
{v} ∗∆n−1 is in fact simplicially isomorphic to ∆n. We have thus shown that (2)
implies (3).

(3)⇒(1) This implication follows immediately from the Link Star Lemma 94.5 (1).
(2)⇒(4) We prove the statement by induction on k. Note that the case k = 0 is precisely

Statement (2). Now suppose that the statement holds for some k − 1. Let
K = (V, S) be an abstract simplicial complex and let t = {v0, . . . , vk} be a
k-simplex. We consider the (k − 1)-simplex s = {v0, . . . , vk−1}. By induction
hypothesis we know that Lk(K, s) is a PL (n − k)-sphere or a PL (n − k)-ball.
As we pointed out on page 2093, it follows from Proposition 96.11 that Lk(K, s)
is in fact an (n− k)-dimensional PL-manifold. Now we see that

Lk(K, t) = Lk(Lk(K, s), vk) = Lk
(

(n−k)-dimensl.
PL-manifold , vk

)
=

PL (n−k−1)-sphere
or aPL (n−k−1)-ball.↑ ↑ ↑

follows easily from by induction hypothesis by (1)⇒(2)
de�nitions

(4)⇒(5) The proof of this statement is basically identical to the proof of (2)⇒(3).
(5)⇒(3) This implication holds for the trivial reason that every vertex is in particular a

0-simplex. �

Remark.
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(1) The notion of a PL-manifold gets de�ned di�erently by di�erent authors. There is
the usual question whether or not one wants a manifold to be second-countable or not
which in our case translates into the question whether or not one wants the simplicial
complex to be countable. But if we ignore this rather technical issue, then we see
the following:
(a) The above de�nition above is basically the one given in [Hud1969, p. 20] and

[Zee1963b, p. II.10].
(b) It follows from the PL-Manifold Characterization Proposition 96.12 (1)⇔(2) that

our de�nition is equivalent to the de�nition provided in [Bry2002, p. 223] and
[Stal1967, De�nition 4.4.9].

(c) It follows from the PL-Manifold Characterization Proposition 96.12 (1)⇔(5) that
our de�nition is equivalent to the de�nition given in [Geo2008, p. 134].

(d) It is a consequence of [RS1972, Theorem 2.2] that our de�nition is equivalent
to the one given in [RS1972, p. 7].

(e) In the literature an n-dimensional PL-manifold is sometimes de�ned as a pair
(X, {Φi : Ui → Vi}) where X is an n-dimensional topological manifold and where
{Φi : Ui → Vi} is an atlas for X such that given any i, j ∈ I the corresponding
transition map Φj ◦Φ−1

i : Vi∩Φi(Uj)→ Vj ∩Φj(Uj) is �piecewise linear�. Here, in
this context we say that a map f : U → V between open subsets of Rn is piecewise
linear if any point P ∈ U there exists a linear simplicial complex X Ă U which is
a neighborhood of P such that the restriction of f to each simplex of X is linear.
This de�nition is for example used in [GoS1999, p. 7], [Rudy2016, p. 16] and
[HiM1974, p. 8]. It seems to me that the discussions on [Hud1969, p. 82] and
[Ded1962, p. 370] show that these two concepts of PL-manifolds basically agree.
It would be nice though to have a more direct reference for this statement.

(2) A PL-structure for a topological space is sometimes called a piecewise linear trian-
gulation, or shorter, a PL-triangulation.

the PL-Manifold Characterization Proposition 96.12, and drawing enough pictures,
shows that the following de�nition captures the right intuition.

De�nition. We say a PL-manifold is closed if X is compact and for every vertex the link
Lk(v) is a PL-sphere.
We have no intention of going deep into the theory of PL-manifolds. Instead we refer the
interested reader to [Hud1969, Zee1963b, Gla1970, RS1972] for a much more detailed
introduction to PL-manifolds. For example these references contain the de�nition of the
boundary a PL-manifold and a discussion of PL-submanifolds and the existence of �regular
neighborhoods� (see also the next section) of subcomplexes.
As an aside we mention only one result, namely suppose that M is a PL-manifold. Similar
to the statements of the Smooth Manifold-Simplicial Structure Theorem 96.2 (2) and (3),
one can extend a given PL-structure on the boundary to a PL-structure on M and one can
extend a given PL-structure on a proper submanifold to a PL-structure of M . We refer to
[Arm1967] for the precise statements and proofs.

96.3. Regular Neighborhoods. In this short section we introduce the notion of a regular
neighborhood of a subcomplex of a simplicial complex. This is an object that gets used
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commonly in topology and thus we want to give a de�nition and we want state to some of
the main properties of regular neighborhoods. Otherwise we will barely make use of this
concept.
First we give a slight generalization of the concept of the barycentric subdivision of an
abstract simplicial complex.

De�nition. Let K = (V, S) be an abstract simplicial complex and let J = (U,R) be a
�nite subcomplex. We de�ne the barycentric subdivision sdJ(K) of K away from J by
barycentric subdividing every simplex that is not contained in J . More formally, and much
less readably, sdJ(K) is de�ned as follows:

vertices of sdJ(K) := U ∪ {s}s∈S\R
simplices of sdJ(K) :=

{
r ∪ {s0, . . . , sk}

∣∣∣ where r ∈ R ∪ {∅} and s0, . . . , sk ∈ S
such that r Ĺ s0 Ĺ · · · Ĺ sk

}
.

It follows immediately from the de�nitions that sdJ(K) is an abstract simplicial complex
and that for J = ∅ we obtain the usual barycentric subdivision sd(K).
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The obvious generalization of the SD-Lemma 94.3 holds in the above context. But there is
certainly no need for formulating the generalizations. Let us move on to the de�nition of
regular neighborhoods.

De�nition. Let (K = (V, S),Θ: |K| → X) be a simplicial complex and let J = (U,R) be
a subcomplex. We set

SK(J) := {s ∈ sdJ(sdJ(K)) | there exists an r ∈ R with r Ă s}.
Now we de�ne

NK(J) :=
⋃

s∈SK(J)
Θ(|s|) and

◦
NK(J) :=

⋃
s∈SK(J)

Θ(〈s〉).

We refer to NK(J) as the regular neighborhood of J in K.

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

sdJ(K)

NK(J)
K

regular neighborhood of J in K

J

Remark. The notion of a regular neighborhood gets de�ned di�erently by di�erent au-
thors. Our de�nition of the regular neighborhood of J inK is an example of a regular neigh-
borhood as introduced in [RS1972, p. 33] or alternatively in [Gla1970, Theorem II.15n].

The following proposition states a few key properties of regular neighborhoods of subcom-
plexes of PL-manifolds.
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Proposition 96.13. (Simplicial Regular Neighborhood Proposition) Let (K =
(V, S),Θ: |K| →M) be a compact PL-manifold and let J = (U,R) be a subcomplex with
Θ(|J |) Ă M \ ∂M .
(1) NK(J) is a compact PL-manifold and it is a submanifold of the topological mani-

fold M .
(2) (a)

◦
NK(J) is an open subset of M .

(b) The boundary of NK(J) as a subset of M equals NK(J) \
◦
NK(J).

(c) NK(J) and
◦
NK(J) are both neighborhoods of Θ(|J |).

(3) Θ(|J |) is a deformation retract of NK(J).
(4) ∂NK(J) is a deformation retract of NK(J) \Θ(|J |).

Sketch of proof. Evidently we can just assume that M = |K| and that Θ = id. As
mentioned above, our de�nition of the regular neighborhood is an example of a regular
neighborhood as de�ned in [RS1972, p. 33]. Thus we can use the results from [RS1972].

(1) This statement is explicitly and implicitly proved in [RS1972, Propostion 3.10].
(2) We leave the fairly routine veri�cation of these statements to the reader.
(3) This statement is proved in [RS1972, Corollary 3.30 (ii)], see also [Gla1970, p. 77].
(4) We only provide an outline of a proof. First we de�ne a sequence of abstract simplicial

complexes via settingK0 := K and iteratively via settingKn+1 := sdJ(Kn) for n ∈ N.
Similarly to the SD-Lemma 94.3 (3) we see that these abstract simplicial complexes
de�ne again naturally simplicial structures for M . Using a suitable variation on
Lemma 94.7 one can show that

⋂
n∈N0

NKn(J) = |J |. The key input at this point

is [RS1972, Corollary 3.18] which implies that for every n ∈ N0 there exists a
homeomorphism Fn : NKn(J)× [0, 1]→ NKn(J) \

◦
NKn+1(J) such that for every P ∈

NKn(J) we have Fn(P, 0) = P and Fn(P, 1) ∈ ∂NKn+1(J). Next we want to combine
all these maps Fn to obtain a homeomorphism ∂NK(J) × [0, 1] → NK(J) \ |J |. To
do so we set s0 = 0, s1 = 1

2
, s2 = 3

4
, s3 = 7

8
and so on. Furthermore, given n ∈ N0

we de�ne Ξn : ∂NK(J) → ∂NKn(J) via Ξn(P ) = Fn−1(. . . (F1(F0(P, 1), 1), . . . , 1).
Finally we consider the map

∂NK(J)×[0, 1) → NK(J) \ |J |
(P, t) 7→ Fn(Ξn(P ), 2n+1 · (t− sn)), if t∈ [sn, sn+1) for some n∈N0.

Some thought shows that this map is actually a homeomorphism. The desired state-
ment follows from the observation that ∂NK(J) = ∂NK(J) × {0} is a deformation
retract of NK(J) × [0, 1). The more carefully one looks at this outline, the more
little exercises one detects which need to be carried out to turn this argument into a
proper proof. �
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This concludes our discussion of regular neighborhoods. This concept is discussed in
much greater detail in [WhdJ1939], [RS1972, Chapter 3], [Gla1970, Chapter III.B],
[Hud1969, Chapter 2] and [Zee1963b, Chapter 3]. Some properties are also discussed
in [Hem1976, p. 7f]. In particular we refer to [RS1972, Theorems 3.8 and 3.24] and
[Gla1970, Theorem II.16n] for some uniqueness theorems which explain to what degree
the regular neighborhood depends on the choice of simplicial structures on a given PL-
manifold. Unfortunately it is not always immediately apparent that the various de�nitions
in the above literature are mutually compatible.

96.4. The interplay between topological, smooth and PL-manifolds. Now that
the PL-manifolds joined the playground, let us see how they interact with our old friends,
the topological and smooth manifolds. Since morally speaking topological manifolds have
the least amount of structure it is not surprising that PL-manifolds are indeed topological
manifolds:
Proposition 96.14. Let X be an n-dimensional PL-manifold. The following statements
hold:
(1) X is an n-dimensional topological manifold.
(2) A vertex v of the PL-structure lies on the boundary of the topological manifold X

if and only if the link Lk(v) is a PL-ball.

Remark. Let X be a PL-manifold and let s be a simplex such that all vertices lie on the
boundary ∂X of X, viewed as a topological manifold. As we see in the �gure below, this
piece of information does not imply that s is actually contained in ∂X.
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the vertices lie on ∂X but the
simplex is not contained in ∂X

PL-manifold X

Proof. Let (K = (V, S),Θ: |K| → X) be an n-dimensional PL-manifold. Without loss of
generality we can assume that Θ = id, in particular we can assume that |K| = X.
(1) In the following we will show that X is an n-dimensional topological manifold.

(a) By the Simplex-Embedding Lemma 93.5 we know that X is Hausdor�.
(b) By de�nition of a PL-manifold we know that S is countable, in particular V

is countable. Furthermore note that the PL-Manifold Characterization Propo-
sition 96.12 says that for each v ∈ V the open star

◦
St(v) is homeomorphic to

a subset of Rn. From the Second Countability Lemma 9.1 (1) and (2) we ob-
tain that each open star is second-countable. Thus it follows from the Link
Star Lemma 94.5 (2) that X is the countable union of countably many second-
countable open subsets. Hence we obtain from the Second Countability Lemma 9.1
(4) that X itself is second-countable.

(c) By de�nition of a PL-manifold we know that for each P ∈ X there exists in
particular a neighborhood U of P and a homeomorphism Φ: U → B

n
. On

page 513 we showed that B
n
itself is an n-dimensional topological manifold. It

it now elementary to see that there exists a chart, in the sense of the de�nition
on page 511, for X at P .
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We have thus veri�ed that X is indeed an n-dimensional topological manifold.
(2) Let v ∈ V be a vertex. We calculate that

Hn(X,X \ {v}) ∼= Hn(St(v), St(v) \ {v}) ∼= Hn(St(v),Lk(v))
↑ ↑

by the Excision Theorem 74.18 which Link Star Lemma 94.5 (1f) and Corollary 74.16 (2a)
we can apply by the Link Star Lemma 94.5 (1d)

∼= H̃n−1(Lk(v)) ∼=
{

Z, if Lk(v) is a PL (n− 1)-sphere,
0, if Lk(v) is a PL (n− 1)-ball.↑

by the long exact sequence in reduced homology of the pair (St(v),Lk(v))
together with the Link Star Lemma 94.5 (1g)

It follows from the Manifold-Local Homology Lemma 75.1 that v ∈ ∂X if and only
if Lk(v) is a PL (n− 1)-ball. �

Next we turn to the relationship between smooth manifolds and PL-manifolds. The follow-
ing theorem says that any smooth manifold admits an essentially natural PL-structure.
Theorem 96.15.

(1) Every smooth simplicial structure on an n-dimensional smooth manifold is an n-
dimensional PL-structure.

(2) If M is a closed smooth manifold, then for every smooth simplicial structure the
corresponding PL-manifold is also closed.

(3) Every smooth manifold admits the structure of a PL-manifold.
(4) Any two smooth simplicial structures on a smooth manifold are PL-homeomorphic.

Proof.
(1) It follows from [WhdJ1940, Theorem 5] (see also the argument of [Mun1966a,

p. 82]) together with the PL-Manifold Characterization Proposition 96.12 that every
smooth simplicial structure on a smooth manifold is a PL-structure in the above
sense.

(2) This statement follows immediately from Proposition 96.14, together with fact, proved
in the Topological Manifold Boundary Proposition 75.2 (2), that a smooth manifold
is closed as a smooth manifold if and only if it is closed as a topological manifold.

(3) This statement follows from (1) together with the Smooth Manifold-Simplicial Struc-
ture Theorem 96.2 where we showed that every smooth manifold admits a countable
smooth simplicial structure.

(4) This statement follows immediately from Theorem 96.4. �

Theorem 96.15 says in particular that given any n ∈ N0 the map

nש :

{
di�eomorphism classes of closed
n-dimensional smooth manifolds

}
→

{
PL-homeomorphism classes of closed

n-dimensional PL-manifolds.

}
[M ] 7→ [(M, smooth simplicial structure)]

is well-de�ned. It is natural to ask whether nש is a bijection. It turns out that the answer
is complicated. More precisely, we have the following theorem.
Theorem 96.16.

(1) For n = 1, . . . , 6 the map nש is a bijection.
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(2) For n = 7 (and many other dimensions) the map nש is not a monomorphism.
(3) For n = 10 (and many other dimensions) the map nש is not an epimorphism. In

fact there exists a closed 10-dimensional PL-manifold that does not admit a single
smooth structure.

Proof. The theorem is a combination of several major results in topology. Later in Sec-
tion ?? we will discuss this theorem in much greater detail and we will give all the necessary
references. In particular we will restate (1) as the PL-Smoothing Theorem ??. �

We turn our focus back to the relationship between topological and PL-manifolds. In light
of Proposition 96.14 it is perhaps tempting to think that a PL-manifold is the same as
a topological manifold together with some simplicial structure. But it turns out that the
situation is more delicate.
Theorem 96.17. There exists a simplicial structure on S5 that is not a PL-structure.
The key to proving Theorem 96.17 is the following very subtle and very di�cult the-
orem which was proved independently by Jim Cannon [Cann1979] and Richard Ed-
wards [Edw1980, Edw2006] in the late 1970s. We also refer to [Dav1986, Corol-
lary VII.2.C] and [Lat1979] for alternative accounts of the proof. It is also worth reading
Jim Cannon's reminiscences [Cann1994].

Theorem 96.18. (Double Suspension Theorem) Let Y be an n-dimensional PL-mani-
fold. If Y is a homology sphere, i.e. if Hk(Y ;Z) ∼= Hk(S

n;Z) for all k, then the double
suspension Σ(Σ(Y )) is homeomorphic to Sn+2.
The proof of Theorem 96.17 also requires the following lemma.

Lemma 96.19. Let n ∈ N≥2 and letM be a closed 0-connected n-dimensional topological
manifold. If π1(M) is non-trivial, then the suspension Σ(M) is not an (n+ 1)-dimensional
topological manifold.

Proof. We outsource the proof to the very amusing Exercise 76.9. �

With these preparations it is now quite easy to provide a proof of Theorem 96.17.

Proof of Theorem 96.17.

(1) By Proposition 98.11 we know that there exists a closed orientable 3-dimensional
smooth manifold Y that is a homology 3-sphere, but such that π1(Y ) is a non-trivial
group.

(2) By Theorem 96.15 we can equip Y with a PL-structure.
(3) It follows from (2) and the Double Suspension Theorem 96.18 that Σ(Σ(Y )) is home-

omorphic to S5.
(4) By (2) we know that Y is equipped with a simplicial structure. We equip the double

suspension Σ(Σ(Y )) with the simplicial structure given by �the double suspension�
of the simplicial structure. More precisely, we equip Σ(Σ(Y )) with the simplicial
structure given by applying the Simplicial Cone-Suspension Corollary 93.21 twice.

(5) Let N be the �North Pole� of the second suspension. It follows from the discussion
on page 2018 that Lk(Σ(Σ(Y )), N) = Σ(Y ).

(6) Since π1(Y ) is non-trivial we obtain from Lemma 96.19 that Σ(Y ) is not even a 4-
dimensional topological manifold. Therefore we obtain from Proposition 96.14 that
Lk(Σ(Σ(Y )), N) = Σ(Y ) is not a 4-dimensional PL-manifold, let alone a PL 4-sphere.
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(7) We obtain from the above, together with the PL-Manifold Characterization Propo-
sition 96.12, that Σ(Σ(Y )) admits a simplicial structure that is not a PL-structure.

(8) In (3) we saw that Σ(Σ(Y )) is homeomorphic to S5. It follows from (7) that S5

admits a simplicial structure that is not a PL-structure. �
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Σ(Σ(Y ))
Σ(Y )

North Pole N

Y

Lk(N)

Towards the end of these notes, in Section ??, we will study the relationship between
topological manifolds, smooth manifolds and PL-manifolds in greater detail.

96.5. Stellar subdivisions and the Alexander-Newman Theorem. The notion of a
PL-homeomorphism, and thus also the notion of a PL-manifold, relies on the notion of a
subdivision which, as discussed on page 2048, is not combinatorial. In the �nal two sections
of this chapter we will discuss how one can turn the theory of PL-homeomorphisms and
PL-manifolds into a purely combinatorial theory.
First, given an abstract simplicial complex we introduce, inspired by the de�nition on
page 2018 and by the Link Star Lemma 94.5 (1b), the combinatorial notion of the star and
the link of a simplex.

De�nition. Let K = (V, S) be an abstract simplicial complex and let s ∈ S be a simplex.
We introduce the following three subcomplexes1189 of K:

St(K, s) :=
( ⋃
t∈S with sĂ t

t, {t ∈ S | s ∪ t ∈ S}
)

Lk(K, s) :=
( ⋃
t∈S with sĂ t

t
∖
s, {t ∈ S | s ∪ t ∈ S and s ∩ t = ∅}

)
K \ St(K, ◦s) :=

{
(V \ {v}, {t ∈ S | s 6Ă t}), if s = {v} is a 0-simplex,
(V, {t ∈ S | s 6Ă t}), otherwise.

We refer to the �gure below for an illustration of the de�nition of K \ St(K, ◦s).
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s K \ St(K, ◦s)K

Remark. Let K = (V, S) be an abstract simplicial complex and let s ∈ S.
(1) The vigilant reader will have noticed that we de�ned St(K, s) and Lk(K, s) twice,

namely on page 2018 as suitable subsets of |K| and now as abstract subcomplexes.
The vigilant reader surely will have no troubles in �guring out which of the two
de�nitions we are working with at any given moment.

(2) The notation �K \ St(K, ◦s)� is meant to be suggestive, but note that on its own ◦s
makes no sense.

Next we recall the following de�nitions from page 1980 and page 2014.

1189One can easily verify that all three are indeed subcomplexes.
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De�nition. Let K = (V, S) be an abstract simplicial complex and let s ∈ S be a simplex.
(1) (a) If s is a 0-simplex, then we de�ne ∂s = (∅,∅).

(b) If s is not a 0-simplex, then we de�ne ∂s to be the abstract simplicial complex
(s,P(s) \ {∅, s}).

(2) We denote by s :=
∑
v∈s

1
dim(s)+1

· v ∈ |K| the barycenter.1190

The following lemma summarizes several basic relations between the objects we just intro-
duced.
Lemma 96.20. Let K = (V, S) be an abstract simplicial complex and let s ∈ S. The
following statements hold:
(1) St(K, s) = Lk(K, s) ∗ s.
(2) The union of the subcomplexes K \ St(K, ◦s) and St(K, s) = Lk(K, s) ∗ s equals K

and the intersection equals Lk(K, s) ∗ ∂s.
(3) The intersection of the abstract simplicial complexesK\St(K, ◦s) and Lk(K, s)∗∂s∗s

also equals Lk(K, s) ∗ ∂s.

Proof. We leave it to the reader to verify that all the statement follow indeed immediately
from the de�nitions. �
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St(s)

Lk(s) ∗ ∂s ∗ s

Lk(s) ∗ ∂s

K

s

Lk(s) ∂s

∂s

Now we de�ne the notion of a �stellar subdivision at a simplex s�. The basic idea is to
add a vertex in the interior of s and subdivide all the simplices that contain s accordingly.
Slightly more precisely, the �stellar subdivision at a simplex s� is de�ned as replacing the
subcomplex St(K, s) = Lk(K, s) ∗ s by the abstract simplicial complex Lk(K, s) ∗ ∂s ∗ s.
Even more precisely, it is de�ned as follows.

De�nition.
(1) Let K = (V, S) be an abstract simplicial complex and let s ∈ S. We de�ne the

stellar subdivision of K at s to be the abstract simplicial complex1191

σs(K) := (K \ St(K, ◦s)) ∪ Lk(K, s) ∗ ∂s ∗ s.
(2) Let K be an abstract simplicial complex. If K ′ is a stellar subdivision of K, then

we say that K is a stellar weld of K ′.
(3) We say two abstract simplicial complexes K and L are stellar equivalent if there

exists a �nite sequence K = K0, K1, . . . , Km = L of abstract simplicial complexes
such that each Ki+1 is simplicially isomorphic to either a stellar subdivision or a
stellar weld of Ki.

1190The meticulous reader will notice that in this section, on several occasions, we will use the Barycenter
Lemma 94.1.
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Lk(s) ∗ ∂s ∗ s

St(s)K Lk(s)

s

∂s

Lk(s)

∂s

stellar subdivision at a 1-simplex

stellar weld
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Lk(s) ∗ ∂s ∗ s

K
s∂s

stellar subdivision at a 2-simplex

stellar weld

Remark.

(1) We follow the naming conventions used in [Lic1999] which di�er slightly from
the ones used in say [Hud1969, Zee1963b, RS1972]. More precisely, what we
call a stellar subdivision is called an elementary stellar subdivision in [Hud1969,
Zee1963b, RS1972].

(2) It follows easily from the de�nitions and the Barycenter Lemma 94.1 (3) that the
stellar subdivision at a 0-simplex is the identity.

Lemma 96.21. Let K = (V, S) be an abstract simplicial complex and let s ∈ S. If
Lk(K, s) is �nite, then there exists a natural PL-homeomorphism |K| → |σs(K)|.

Remark. The proof of Lemma 96.21 shows that |σs(K)| is essentially a subdivision of |K|.
This shows that the name �stellar subdivision� is justi�ed.

Proof. Let K = (V, S) be a �nite abstract simplicial complex and let s ∈ S. Recall that on
page 2091 we saw that there exists a natural PL-homeomorphism ϕ : |s| → |∂s∗ s| which is
the identity on the common subset |∂s|. It follows from Lemmas 93.20 and 96.10, together
with our hypothesis that Lk(K, s) is �nite, that the map idLk(K,s) and ϕ give rise to a
natural PL-homeomorphism f : |Lk(K, s) ∗ s| → |Lk(K, s) ∗ ∂s ∗ s| which has the following
property:

(∗) The map f is the identity on the common subset |Lk(K, s) ∗ ∂s|.
Next we consider the two maps

Φ: |K| → |σs(K)|

P 7→
{
P, if P ∈|K \ St(K, ◦s)|,
f(P ), if P ∈| St(K, s)|

Ψ: |σs(K)| → |K|

P 7→
{
P, if P ∈|K \ St(K, ◦s)|,
f−1(P ), if P ∈|Lk(K, s)∗∂s∗s|.

1191It follows from Lemma 93.2 (1) that σs(K) is indeed an abstract simplicial complex.
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We make the following observations:
(1) It follows from Lemma 96.20 (2) and (3) together with (∗) that both maps are well-

de�ned.
(2) By Lemma 93.8 together with Pasting Proposition 2.6 we know that both maps are

continuous.
(3) Basically by construction the maps are inverses of one another.

In summary we have shown that both maps are homeomorphisms. It remains to show that
Φ: |K| → |σs(K)| is in fact a PL-homeomorphism. To do so, note that it follows easily
from the de�nition of the map Φ that the simplicial complex (σs(K),Φ−1 : |σs(K)| → |K|)
is a subdivision of |K|. With respect to this subdivision the map Φ is evidently a simplicial
isomorphism. Thus we see that Φ is in fact a PL-homeomorphism. �

The following rather amazing theorem is one of the key bridges between topology and
combinatorics.
Theorem 96.22. (Alexander-Newman Theorem) Let K and L be two �nite abstract
simplicial complexes. The following two statements are equivalent:
(1) The abstract simplicial complexes K and L are stellar equivalent.
(2) The simplicial complexes |K| and |L| are PL-homeomorphic.

Proof. The �(1)⇒(2)�-direction is just the combination of Lemma 96.21 and Proposi-
tion 96.9. The much harder �(2)⇒(1)�-direction was �rst proved by James Alexander
[Al1930, Theorem 15:1] in 1930, building on work of Max Newman [New1926]. More
modern expositions of the proof are given in [Gla1970, Theorem II.17] and in [Lic1999,
Theorem 4.5]. �

According to [Lic1999, p. 311] and [Mel2018, p. 1] the following question, posed in partic-
ular in [Hud1969, p. 14] and [Pac1991, Problem 3.3], is still open. An a�rmative answer
for 2-dimensional abstract simplicial complexes was given by Jürgen Ewald [Ewa1986] in
1986.
Question 96.23. Let K and L be two �nite abstract simplicial complexes such that the
simplicial complexes |K| and |L| are PL-homeomorphic. Do there exist iterated stellar
subdivisions of K and L which are simplicially isomorphic?

96.6. Combinatorial manifolds and Pachner's Theorem. The Alexander-Newman
Theorem 96.22 and Propositions 96.12 and 96.14 (2) motivate the following de�nitions.

De�nition.
(1) We say that two �nite abstract simplicial complexes K and L are combinatorially

homeomorphic if K and L are stellar equivalent.
(2) Let n ∈ N0. We say that a �nite abstract simplicial complex is a combinatorial

n-ball if it is combinatorially homeomorphic to Dn and we say it is a combinatorial
n-sphere if it is combinatorially homeomorphic to Sn.1192

(3) Let K be a �nite abstract simplicial complex. We say K is an n-dimensional combi-
natorial manifold if for every vertex v the link Lk(K, v) is a combinatorial (n− 1)-
sphere or a combinatorial (n− 1)-ball.

(4) We say an n-dimensional combinatorial manifold K is closed if for every vertex v
the link Lk(K, v) is a combinatorial (n− 1)-sphere.
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.

Examples. Let n ∈ N. We consider the abstract simplicial complexes Dn and Sn.
(1) For every vertex v ofDn we have, basically by de�nition, that Lk(Dn, v) is simplicially

isomorphic toDn−1. Thus we see thatDn is an n-dimensional combinatorial manifold.
(2) Similarly, for every vertex v of Sn we have, again basically by de�nition, that Lk(Sn, v)

is simplicially isomorphic to Sn−1. Thus we obtain that Sn is a closed n-dimensional
combinatorial manifold.
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Lk(D2, v) Lk(S2, v)

Remark.
(1) From what I can see, there is no combinatorial analogue of the notion that a map

between two �nite abstract simplicial complexes is piecewise linear.
(2) In the literature, see e.g. [Hud1969, p. 26] and [Gla1970, p. 18], a combinatorial

manifold is often de�ned as a PL-manifold. Even though the concept of a �wrong
de�nition� does not exist, it seems to me that it is more appropriate to de�ne a combi-
natorial manifold as above, namely to de�ne it immediately as a purely combinatorial
object.

The statement of the following proposition, which can be viewed as an analogue of Propo-
sition 96.11, does not come as a surprise.
Proposition 96.24. Let K and L be two �nite abstract simplicial complexes. If K is a
(closed) n-dimensional combinatorial manifold and if L is combinatorially homeomorphic
to K, then L is a (closed) n-dimensional combinatorial manifold.

Example. It follows from Proposition 96.24 and the previous examples that every combi-
natorial n-ball is indeed an n-dimensional combinatorial manifold and that every combina-
torial n-sphere is indeed a closed n-dimensional combinatorial manifold.

Proof. A short moment's thought shows that this statement does indeed need a proof, it
does not follow immediately from the de�nitions. In fact the proposition is a consequence
of [Gla1970, Lemma on p. 19]. �

By de�nition the link of any 0-simplex in a closed combinatorial manifold is a combinatorial
sphere. The following lemma, which is an analogue of the PL-Manifold Characterization
Proposition 96.12 (2)⇒(4), generalizes this statement to higher dimensional simplices.

Lemma 96.25. Let K be a closed n-dimensional combinatorial manifold. If s is a k-
simplex, then the link Lk(K, s) is a combinatorial (n− k − 1)-sphere.

Proof. The proof of this lemma is almost the same as the proof of the PL-Manifold Char-
acterization Proposition 96.12 (2)⇒(4). The only slight di�erence is that now we need to
use the fact, mentioned above, that every combinatorial k-sphere is a closed k-dimensional
combinatorial manifold. �
1192We refer to page 1978 for the de�nition of the abstract simplicial complexes Sn and Dn
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By de�nition two combinatorially homeomorphic combinatorial manifolds are related by a
sequence of stellar subdivisions and stellar welds. In the following we will see that they are
also related by the more elegant �bistellar moves�.
To introduce the notion of a bistellar move we need the following basic de�nition.

De�nition. Let K = (V, S) be an abstract simplicial complex and let s ∈ S be a simplex.
(1) Let m ∈ N0. We say that Lk(K, s) =: (U,R) is a non-trivial m-sphere in K if the

following two conditions are satis�ed:
(a) we have #U = m+ 2 and R = P(U) \ {∅, U},1193
(b) the vertex set U is not a simplex of K.
In this case we denote by B(K, s) the abstract simplicial complex (U,P(U) \ {∅}).
We illustrate the de�nition in the �gure below.

(2) We say that Lk(K, s) is a non-trivial (−1)-sphere in K if it is the empty subcomplex.
In this case we de�ne B(K, s) to be abstract simplicial complex consisting of the
single vertex s.

As usual, if K is understood then we write B(s) instead of B(K, s).
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B(K, s)

0-simplex s

Lk(K, s)

K

We move on to the next lemma which can be viewed as the fourth part of Lemma 96.20.

Lemma 96.26. Let K = (V, S) be a closed n-dimensional combinatorial manifold and let
s ∈ S be a k-simplex. We suppose that the link Lk(K, s) is a non-trivial (n − k − 1)-
sphere in K. Then the intersection of the abstract simplicial complexes K \ St(K, ◦s) and
∂s ∗B(K, s) equals Lk(K, s) ∗ ∂s.

Proof. Again we leave the task of verifying the lemma to the reader. �

Suppose we are in the setting of Lemma 96.26. Loosely speaking the bistellar move along
s is de�ned as the result of replacing the subcomplex

St(K, s) = s ∗ Lk(K, s) by the abstract simplicial complex ∂s ∗ B(K, s).
↑ ↑ ↑ ↑∼= Dk ∼= Sn−k−1

∼= Sk−1
∼= Dn−k

More precisely, we have the following de�nition.

De�nition. Let K = (V, S) be a closed n-dimensional combinatorial manifold and let
s ∈ S be a k-simplex such that Lk(K, s) is a non-trivial (n−k−1)-sphere in K. We de�ne

τs(K) := (K \ St(K, ◦s)) ∪ ∂s ∗B(K, s).

We refer to the unique (n − k)-simplex in B(K, s) as the dual simplex. We say τs(K) is
obtained from K by a bistellar move along s.

1193This just means that Lk(K, s) is simplicially isomorphic to the abstract simplicial complex Sm. It is
worth recalling that Lemma 96.25 says that the link of a k-simplex in a closed n-dimensional combinatorial
manifold is combinatorially homeomorphic to Sn−k−1, which is a much weaker condition than demanding
that the link is simplicially isomorphic to Sn−k−1.
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Examples.
(1) In the �gure below we show a bistellar move along a 1-simplex s in a 2-dimensional

combinatorial manifold.
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B(s) τs(K)

bistellar move along t

bistellar move along s dual simplex t

K Lk(s)

Lk(s)

St(s)

∂s ∂s ∗B(s)

s

(2) In the �gure below we show a bistellar move along a 2-simplex s in a 3-dimensional
combinatorial manifold.
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bistellar move along s

bistellar move along t

B(s) dual simplex t

Lk(t)
s

Lk(s)

Lk(s)

∂s

St(s)

(3) In the �gure below we show a bistellar move along a 2-simplex s in a 2-dimensional
combinatorial manifold. In this case Lk(s) = ∅, which by the above convention, is a
non-trivial (−1)-sphere.
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B(s)
τs(K)

bistellar move along t

bistellar move along s
K

∂s

s = St(s)

dual simplex t

Lk(s) = ∅

Note that in each example we see that the bistellar move along the dual simplex actually
gets us back to the original abstract simplicial complex. In the next lemma we will see that
this is not a coincidence.

The following lemma summarizes a few key properties of bistellar moves.
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Lemma 96.27. (Bistellar Lemma) Let K = (V, S) be a closed n-dimensional com-
binatorial manifold and let s ∈ S be a k-simplex such that Lk(K, s) is a non-trivial
(n− k− 1)-sphere in K. We denote by t the dual simplex. The following statements hold:
(1) The dual simplex t is an (n− k)-simplex in τs(K) with the following properties:

(a) ∂t = Lk(K, s),
(b) Lk(τs(K), t) = ∂s,
(c) (i) if s = {v} is a 0-simplex, then B(τs(K), t) = ({t}, {t}),

(ii) if s is not a 0-simplex, then B(τs(K), t) = s,1194

(d) τs(K) \ St(τs(K),
◦
t) = K \ St(K, ◦s).

Furthermore ∂s is a non-trivial (k − 1)-sphere in τs(K).
(2) σs(K) is naturally simplicially isomorphic to σt(τs(K)).
(3) τs(K) is a closed n-dimensional combinatorial manifold which is naturally combina-

torially homeomorphic to K.
(4) τt(τs(K))1195 is naturally simplicially isomorphic to K.
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bistellar move τt

bistellar move τs

t

s

σs σt

Remark. The Bistellar Lemma 96.27 shows that in particular that if two closed n-dimensional
combinatorial manifold are bistellar equivalent, then they are also stellar equivalent. Fur-
thermore the Bistellar Lemma 96.27 gives us also the justi�cation for the name �bistellar
move�.

Proof.

(1) We leave the elementary veri�cation of these statements to the reader. Note that
the slightly awkward fact that we need to deal with 0-simplices separately is due to
the fact that already in the de�nitions on page 2106 and page 2101 we were forced
to treat 0-simplices slightly di�erently.

(2) This statement follows easily from (1). Indeed, we see that

σt(τs(K)) =

= K \ St(K, ◦s) by (1)︷ ︸︸ ︷
(τs(K) \ St(τs(K),

◦
t)) ∪

=∂s∗Lk(K,s)∗t by (1)︷ ︸︸ ︷
Lk(τs(K), t) ∗ ∂t ∗ t

∼=−→ σs(K).
↑ ↑

by de�nition by Lemma 96.20 the map s 7→ t de�nes a
simplicial isomorphism

(3) It follows from (2) that τs(K) is naturally stellar equivalent to K. In other words,
τs(K) is naturally combinatorially homeomorphic to K. It follows from Proposi-
tion 96.24 that τs(K) is also a closed n-dimensional combinatorial manifold.

1194Here we view the simplex s as an abstract simplicial complex in its own right.
1195It follows from (1) that we can form τt(τs(K)).
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(4) First assume that s is not a 0-simplex. In this case we see that

τt(τs(K)) =

= K \ St(K, ◦s) by (1)︷ ︸︸ ︷
(τs(K) \ St(τs(K),

◦
t)) ∪

=Lk(K,s)∗s by (1)︷ ︸︸ ︷
∂t ∗B(τs(K), t) = K.

↑ ↑
by de�nition Lemma 96.20

Finally we deal with the case that s = {v} is a 0-simplex. Note that in this case
the vertex set of τt(τs(K)) equals (V \ {v})∪{t}. The obvious bijection between the
vertex sets of τt(τs(K)) and of K, i.e. the map given by t 7→ v, induces, by the same
argument as above, a simplicial isomorphism τt(τs(K))→ K. �

Note that the Bistellar Lemma 96.27 (4) implies in particular that �being related by a
sequence of bistellar moves� is an equivalence relation. This observation motivates the
following de�nition.
De�nition. We say that two closed n-dimensional combinatorial manifold are bistellar
equivalent if one can be obtained from the other via a �nite sequence of bistellar moves
and simplicial isomorphisms.
The following theorem can be viewed as a re�nement of the Alexander-Newman Theo-
rem 96.22 for closed combinatorial manifolds. The theorem was proved in 1991 by Udo
Pachner [Pac1991].

Theorem 96.28. (Pachner's Theorem) Let K and L be two closed combinatorial man-
ifolds. The following two statements are equivalent:
(1) The abstract simplicial complexes K and L are bistellar equivalent.
(2) The abstract simplicial complexes K and L are combinatorially homeomorphic (i.e.

they are stellar equivalent).

Remark.
(1) Pachner's Theorem 96.28 is the reason why bistellar moves are often called Pachner

moves.
(2) An analogue of Pachner's Theorem 96.28 for combinatorial manifolds that are not

closed is given in [Pac1991, Theorem 6.3] and [Lic1997b, Theorem 5.10].
(3) The Alexander-Newman Theorem 96.22 and Pachner's Theorem 96.28 can be viewed

as an analogue of the Reidemeister Moves Theorem 59.21 which says that any two
knot diagrams for a given knot are related by a �nite sequence of Reidemeister moves.

Proof. The �(1)⇒(2)�-direction is an immediate consequence of the Bistellar Lemma 96.27.
The much more interesting �(2)⇒(1)�-direction is proved in [Pac1991, Theorem 5.5]. An
exposition of the proof is also given in [Lic1999, Theorem 5.9]. For combinatorial manifolds
of dimension ≤ 3 a more elementary proof is given in [BW1996, Theorem 4.11] and
implicitly in [TV1992]. Furthermore for combinatorial manifolds of dimension ≤ 4 a proof
is also given in [Pac1978]. �

Let us quickly compare the statements and roles of the Alexander-Newman Theorem 96.22
and Pachner's Theorem 96.28.
(1) The Alexander-Newman Theorem 96.22 is more general in so far as it applies to

any two �nite simplicial complexes whereas Pachner's Theorem 96.28 only deals with
closed combinatorial manifolds.
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(2) Now we restrict ourselves to the class of closed n-dimensional combinatorial mani-
folds.
(a) A stellar subdivision consists in replacing Lk(K, s) ∗ s by Lk(K, s) ∗ ∂s ∗ s. As

should become clear from considering the �gure below, for n ≥ 3 there are in-
�nitely many simplicial isomorphism types of links of simplices that can appear.
Thus we see that even for closed n-dimensional combinatorial manifolds there are
in�nitely many1196 �combinatorially distinct� stellar subdivisions.

(b) On the other hand a Pachner move can only be applied if the link Lk(K, s) is in
fact simplicially isomorphic to some Sk, k = 0, . . . , n. Recall that if a Pachner
move is possible, then it replaces Lk(K, s) ∗ s by ∂s ∗B(K, s). Thus we see that
there are only n+ 1 �combinatorially distinct� moves.
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Lk(s) needs to be some Skstellar subdivision is always possible

s s

Now, at the end the end of this chapter we have obtained the following sequence of maps:

{di�eomorphism classes of closed n-dimensional smooth manifolds}
nש
yby Theorem 96.16 a bijection for n ≤ 6

{PL-homeomorphism classes of closed n-dimensional PL-manifolds}
|K|

7→

K

xa bijection by the Alexander-Newman Theorem 96.22{ combinatorial homeomorphism classes of
closed n-dimensional combinatorial manifolds

}
xidentity by Pachner's Theorem 96.28

{bistellar equivalence classes of closed n-dimensional combinatorial manifolds}

This shows in particular that for dimensions ≤ 6 the classi�cation of closed smooth mani-
folds boils down to (very di�cult!) combinatorics.
In particular the sequence of maps gives us an approach to de�ning invariants of closed n-
dimensional PL-manifolds (or equivalently smooth manifolds for n ≤ 6): we �just� need to
de�ne an invariant for closed n-dimensional combinatorial manifolds that is invariant under
the n+ 1 bistellar moves. This approach to de�ning invariants has been used by Vladimir
Turaev and Oleg Viro [TV1992] and John Barrett and Bruce Westbury [BW1996] in the
3-dimensional setting and by Christopher Douglas and David Reutter [DR2018] in the
4-dimensional setting.
Finally we mention that the signi�cance of Pachner's Theorem 96.28 in mathematics and
theoretical physics (�loop quantum gravity theory�) is nicely explained in [Lic1997b,
Lic1999] and [Kle2018].

1196We leave it to the reader to �ll the expression �combinatorially distinct� with meaning.
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Exercises for Chapter 96.

Exercise 96.1. We equip the smooth manifold B
2
with the canonical simplicial structure

Φ: ∆2 → B
2
introduced on page 1997. Is this a smooth simplicial structure for the smooth

manifold B
2
?
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Exercise 96.2. Let n ∈ N0. Show that Cone(∂∆n) is PL-homeomorphic to ∆n. We refer
to the �gure on page 2092 for an illustration.

Exercise 96.3. Let X be a simplicial complex and let Y be a subdivision. Show that
every k-simplex of X is the union of �nitely many simplices of Y of dimension ≤ k.

Exercise 96.4. We consider the triangle ∆ABC shown in the �gure below. Let P ∈ AC
and Q ∈ BC be two points such that the segment PQ is not parallel to the segment AB.
Let p be the radial projection from C of the segment PQ to the base AB of the triangle.
We equip PQ and AB with the obvious simplicial structures. Show that the map p is not
piecewise linear.
Remark. The fact that the radial projection p is not piecewise linear is called the �standard
mistake� in [Zee1963b, p. I.6] and [RS1972, p. 6].
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Exercise 96.5. We consider the two abstract simplicial complexes K and L shown in the
�gure below.
(a) Show that L is not a stellar subdivision of K.
(b) Show �by hand� that K and L are stellar equivalent.
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Exercise 96.6. Use the Alexander-Newman Theorem 96.22 to prove Pachner's Theo-
rem 96.28 in the 2-dimensional case.

Exercise 96.7. Let K be an abstract simplicial complex. Show that if K is a closed
n-dimensional combinatorial manifold, then the maximal dimension of a simplex of K is
precisely n.
Hint. You could do an induction on n.
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Exercise 96.8. LetM be an n-dimensional smooth manifold. In the Smoothly Good Cover
Theorem ?? we showed that M admits a smoothly good �nite open cover. In plain English
this means that there exists an open cover U1, . . . , Uk of M such that the intersection of
any selection of these sets is di�eomorphic to Rn. Use this result to give an alternative
proof of Statements (1), (2) and (4) of the Smooth Manifolds-Invariants Proposition 96.6
for M . More precisely, prove the following statements:
(1) For every k > n and for every abelian group G we have Hk(M ;G) = 0.
(3) The fundamental group of M is �nitely presented.
(4) All homology groups of M are �nitely generated abelian groups. Furthermore, given

any �eld F the homology groups Hk(M ;F) are �nite-dimensional.
Remark. You should make use of the calculations of the invariants for Rn, the Mayer�
Vietoris Theorem 78.5, the Seifert-van Kampen Theorem 54.1 and the HNN-Seifert-van
Kampen Theorem 57.3.
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97. The Lefschetz Fixed Point Theorem

In this chapter we will state and prove the Lefschetz Fixed Point Theorem which gives a
criterion for a self-map to have a �xed point. This theorem can be viewed as a far reaching
generalization of the Brouwer Fixed Point Theorem 31.4.

97.1. The trace of an endomorphism. In the formulation of the Lefschetz Fixed Point
Theorem we need the notion of the trace of suitable endomorphisms. Even though this
notion is surely well-known to the reader we recall the de�nition and a few properties
of the trace of an endomorphism. This short section will facilitate the discussion below.
Nonetheless, the author will not hold it against the reader if the reader decides to skip this
section.
De�nition. Let R be a ring. Given an (n×n)-matrix A = (aij) over R we de�ne its trace
to be

tr(A) :=
n∑
i=1

aii.

Lemma 97.1. Let R be a ring and let A and B be two (n× n)-matrices over R. If R is
commutative, then we have

tr(A ·B) = tr(B · A).

Proof. We perform the following simple calculation:
same calculation backwards

↓
tr(A·B) =tr

(
matrix with (i, j)-entry

n∑
k=1
aik ·bkj

)
=

n∑
i=1

n∑
k=1
aik ·bki =

n∑
i=1

n∑
k=1
bki ·aik = tr(B ·A).

↑
since R is commutative �

Lemma 97.2. Let R be a commutative domain, let V be a free R-module of rank n and
let ϕ : V → V be an endomorphism. We pick a basis for V . Then

tr(ϕ) := trace of the matrix representing ϕ with the respect to the given basis

does not depend on the choice of the basis. We refer to tr(ϕ) as the trace of the endomor-
phism.

Notation. Given a commutative domain R, a free R-module V of �nite rank and an
endomorphism ϕ : V → V , depending on the amount of space we have, we use one of the
following three notations:

tr(ϕ) = tr(ϕ : V → V ) = tr(ϕ 	 V ).

Example. Let R be a commutative domain and let V be a free R-module of �nite rank.
It follows immediately from the de�nitions that tr(idV ) = rank(V ).

Proof. Let R be a commutative domain. Let {v1, . . . , vm} and {w1, . . . , wn} be two bases
for V . Since R is a commutative domain the rank of V is well-de�ned, see page 99. Thus
we see that m = n. Now let P = (pij) be the transition matrix, i.e. P = (pij) is the
matrix that is uniquely determined by the condition that given any i ∈ {1, . . . , n} we have
vi =

n∑
j=1
pji ·wj. The �opposite� transition matrix is evidently an inverse to P , in particular
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we see that P is invertible. We denote by A and B the matrices representing ϕ with respect
to the two bases. We see that

tr(B) = tr(P · A · P−1) = tr(P−1 · P · A) = tr(A).
↑ ↑

an elementary calculation by Lemma 97.1 since R is commutative and since all
shows that B · P = P ·A matrices are square matrices of the same size �

In many of the applications below we will consider the case that R is a �eld. But on several
occasions the case R = Z is also of interest.
Lemma 97.3. Let ϕ : V → V be an endomorphism of a �nitely generated free abelian
group and let R be a commutative domain. Let γ : Z→ R be the natural ring homomor-
phism with γ(1Z) = 1R from page 205. Then

γ
(

tr
(
ϕ : V → V︸ ︷︷ ︸

homomorphism of
free Z-modules

))
= tr( ϕ⊗ idR : V ⊗R→ V ⊗R︸ ︷︷ ︸

homomorphism of free R-modules
by the Tensor-with-Ring Lemma 89.5

) ∈ R.

Proof. Let {v1, . . . , vn} be a basis for the free abelian group V and let A be the (n× n)-
matrix that represents ϕ with respect to this basis. It is straightforward to verify that
v1 ⊗ 1, . . . , vn ⊗ 1 is a basis for the R-module V ⊗ R and that γ(A) is the matrix that
represents the endomorphism ϕ⊗ id. Since the trace commutes with ring homomorphisms
we obtain the desired equality γ(tr(A)) = tr(γ(A)). �

Sometimes it is also convenient to consider the trace of an endomorphism of a �nitely
generated abelian group. This leads us to the following de�nition.

De�nition.
(1) Given a �nitely generated abelian group H we refer to

FH := H/Tor(H) where Tor(H) denotes the torsion subgroup of H

as the maximal torsion-free quotient of H.
(2) Given a homomorphism α : A → B between two �nitely generated abelian groups

we denote the obvious induced map FA→ FB by α as well.

Lemma 97.4. Given a �nitely generated abelian group H the maximal torsion-free quo-
tient FH = H/Tor(H) of H is a free abelian group.

Proof. A very elementary exercise shows that FH = H/Tor(H) is a torsion-free abelian
group. Since H is �nitely generated we obtain from the Finitely Generated Abelian Group
Classi�cation Theorem 51.4 that FH is in fact a free abelian group. �

Remark.

(1) It follows easily from the de�nition that the map H → FH de�nes a functor from the
category of �nitely generated abelian groups to the category of free abelian groups.

(2) It might sound silly to mention the Finitely Generated Abelian Group Classi�cation
Theorem 51.4 explicitly in the proof of Lemma 97.4, but it is worth noting that for
commutative rings R which are not PIDs there is usually no meaningful functor from
the category of �nitely generated R-modules to the category of free R-modules.
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(3) The hypothesis that H is �nitely generated is of course necessary, for example the
maximal torsion-free quotient of the abelian group (Q,+) is again (Q,+), which is
certainly not a free abelian group.

De�nition. Given an endomorphism ϕ : H → H of a �nitely generated abelian group we
de�ne

tr(ϕ) = tr

(
FH → FH
[h] 7→ [ϕ(h)]

)
.

We conclude this elementary section with the following basic lemma which is a variation
on Lemma 97.3.
Lemma 97.5. Let H be a �nitely generated abelian group and let ϕ : H → H be an
endomorphism. Then the following equality holds:

tr(ϕ : H → H) = tr(ϕ⊗ id : H ⊗Q→ H ⊗Q) ∈ Q.

Proof. By the Finitely Generated Abelian Group Classi�cation Theorem 51.4 we can write
H = F ⊕ T where F is a free abelian group and T is a torsion group. We denote by ψ the
map F

f 7→f⊕0−−−−→ F ⊕ T ϕ−→ F ⊕ T f⊕t7→f−−−−→ F . Then we see that

tr(ϕ : H→H) = tr(ψ :F→F ) = tr(ψ⊗id :F⊗Q→F⊗Q) = tr(ϕ⊗id :H⊗Q→H⊗Q).
↑ ↑ ↑

follows easily from the de�nitions by Lemma 97.3 by the Tensor Lemma 89.3 �

97.2. The Lefschetz number. In this section we return to topology.

De�nition. Let F be a �eld.
(1) Let X be a topological space. We say the homology of X is F-�nite if all homology

groups Hi(X;F) with F-coe�cients are �nite-dimensional vector spaces and if all
but �nitely many homology groups Hi(X;F) are zero.

(2) Let X be a topological space such that the homology is F-�nite. Let ϕ : X → X be
a map. We de�ne the F-Lefschetz number of ϕ to be1197

Λ(ϕ,F) :=
∑
n∈N0

(−1)n · tr(ϕ∗ : Hn(X;F)→ Hn(X;F)).

Remark. In Exercise 97.1 we will see that the F-Lefschetz number depends only rather
mildly on the choice of the �eld F.
In general it can be tricky to determine (the trace of) an induced map on homology. The
following lemma gives us some basic (partial) calculations of Lefschetz numbers.

Lemma 97.6.
(1) If X is a �nite CW-complex, then for any �eld F we have Λ(idX ,F) = χ(X).
(2) Let X be a 0-connected space and let ϕ : X → X be a map. For every �eld F we

have tr(ϕ∗ : H0(X;F)→ H0(X;F)) = 1.
(3) Let F be a �eld and let X be a 0-connected space with F-�nite homology. If ϕ : X →

X is a constant map, then Λ(ϕ,F) = 1.

1197Recall that on page 1914 we pointed out that the induced map ϕ∗ : Hn(X;F) → Hn(X;F) is an
endomorphism of an F-vector space. Since the vector space Hn(X;F) is by hypothesis �nite-dimensional
we see that the trace is in fact de�ned.
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Proof.

(1) We calculate that

Λ(idX ,F) =
∑
n∈N0

(−1)n ·tr(id∗ 	 Hn(X;F)) =
∑
n∈N0

(−1)n ·dimF(Hn(X;F)) = χ(X).
↑ ↑ ↑

by de�nition see example on page 2113 see page 1915

(2) This statement follows immediately from the obvious generalizations of the H0-
Proposition 72.5 and the discussion on page 1594 to homology with F-coe�cients.

(3) This statement follows immediately from (2). �

The following lemma is an immediate and quite useful consequence of the Homotopic Maps-
and-Homology Proposition 73.6 and the discussion on page 1914.

Lemma 97.7. Let F be a �eld and let X be a topological space such that the homology
is F-�nite. Let ϕ, ψ : X → X be two maps. If ϕ and ψ are homotopic, then the Lefschetz
numbers agree, i.e. Λ(ϕ,F) = Λ(ψ,F).
At times it is more e�cient to work with the �usual� homology groups, i.e. the homology
groups with Z-coe�cients. This leads to the following unexciting de�nition.

De�nition.
(1) Let X be a topological space. We say the homology of X is Z-�nite if all homology

groups Hi(X) are �nitely generated abelian groups and if all but �nitely many
homology groups Hi(X) are zero.

(2) Let X be a topological space such that the homology is Z-�nite. Let ϕ : X → X be
a map. We de�ne the Lefschetz number of ϕ to be

Λ(ϕ) :=
∑
n∈N0

(−1)n · tr(ϕ∗ : Hn(X)→ Hn(X)).

The following lemma relates the above Lefschetz number Λ(ϕ) to the Lefschetz number
Λ(ϕ,Q).

Lemma 97.8. Let X be a topological space and let ϕ : X → X be a map.
(1) Let k ∈ N0. We have rank(Hk(X)) = dim(Hk(X;Q)). Furthermore, if Hk(X) is

�nitely generated, then we have

tr(ϕ∗ : Hk(X)→ Hk(X)) = tr(ϕ∗ : Hk(X;Q)→ Hk(X;Q)).

(2) If the homology of X is Z-�nite, then the homology of X is also Q-�nite and we
have the equality Λ(ϕ) = Λ(ϕ,Q).

Proof. Statement (2) is an immediate consequence of Statement (1). Thus let us prove
the �rst statement. Let k ∈ N0. The equality rank(Hk(X)) = dim(Hk(X;Q)) was shown in
Corollary 89.19 (2). Now assume that Hk(X) is �nitely generated. We have the following
equalities:

tr
(
Hk(X)

ϕ∗−→Hk(X)
)

= tr
(
Hk(X)⊗Q ϕ∗⊗id−−−→ Hk(X)⊗Q

)
= tr

(
Hk(X;Q)

ϕ∗−→ Hk(X;Q)
)
.

↑ ↑
by Lemma 97.5 by the naturality of the short exact sequence of the

Universal Coe�cient Theorem 89.17 and the observation that
by Lemma 89.15 (4) the Tor-groups with Q-coe�cients vanish �
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97.3. The formulation of the Lefschetz Fixed Point Theorems. Now we can �nally
formulate the long promised Lefschetz Fixed Point Theorem. This theorem, with somewhat
di�erent language, was �rst proved in 1926 by Solomon Lefschetz [Lef1926, p. 48].1198

Theorem 97.9. (Lefschetz Fixed Point Theorem I) Let X be a �nite simplicial
complex and let ϕ : X → X be a map. If there exists a �eld F such that the F-Lefschetz
number Λ(ϕ,F) is non-zero, then ϕ has a �xed point.
We will prove the Lefschetz Fixed Point Theorem 97.9 in the next section. First we will
see that one of our earlier great successes, namely the Sphere-Degree Fixed Point Theorem
Theorem 38.11, is just a special case of the Lefschetz Fixed Point Theorem 97.9.
Theorem 38.11. (Sphere-Degree Fixed Point Theorem) Let n ∈ N and let ϕ : Sn →
Sn be a map. If deg(ϕ) 6= (−1)n+1, then ϕ has a �xed point.

Proof. We consider the topological space Sn. By the discussion on page 1997 we know
that Sn admits the structure of a �nite simplicial complex. Let ϕ : Sn → Sn be a map. We
calculate that

by Lemmas 97.8 we have Λ(ϕ,Q) = Λ(ϕ)
↓

Λ(ϕ,Q) = tr
(
H0(Sn)

ϕ∗−→H0(Sn)
)︸ ︷︷ ︸

= 1 by Lemma 97.6 (2)

+ (−1)n · tr
(
Hn(Sn)

ϕ∗−→Hn(Sn)
)︸ ︷︷ ︸

= deg(ϕ) by de�nition of the degree

= 1 + (−1)n · deg(ϕ).

The Lefschetz Fixed Point Theorem 97.9 thus says that if 1 + (−1)n · deg(ϕ) 6= 0, then ϕ
has a �xed point. But that is exactly what we wanted to show. �

For many applications the following variation on the Lefschetz Fixed Point Theorem 97.9
is particularly useful.

Theorem 97.10. (Lefschetz Fixed Point Theorem II) Let M be a compact smooth
manifold and let ϕ : M →M be a map. If there exists a �eld F such that the F-Lefschetz
number Λ(ϕ,F) is non-zero, then ϕ has a �xed point.

Remark.
(1) Later on in Theorem 104.12 we will prove the Lefschetz Fixed Point Theorem also

for �nite CW-complexes and compact topological manifolds. In fact not only is the
statement of Theorem 104.12 more general than the statement of Theorem 97.10, the
proof of Theorem 104.12 will also be self-contained, since we will not make use of
the Smooth Manifold-Simplicial Structure Theorem 96.2 for which we provided only
a sketch of a proof.

(2) Reading (1) one might be tempted to think that the conclusion of the Lefschetz Fixed
Point Theorem holds for every compact space. But in Exercise 97.5 we will see that
this is certainly not the case.

(3) We will prove a generalization of the Lefschetz Fixed Point Theorem 97.10 in the
Lefschetz-Hopf Theorem 128.5.

Proof. Let M be a compact smooth manifold. By the Smooth Manifold-Simplicial Struc-
ture Theorem 96.2 we know thatM admits a �nite simplicial structure. Thus we can apply
the Lefschetz Fixed Point Theorem 97.9 and we are done. �

1198Solomon Lefschetz (1884-1972) was an American mathematician.
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Corollary 97.11. Let M be a compact connected smooth manifold such that Hn(M) is
torsion for all n ≥ 1. Then every map ϕ : M →M has a �xed point.

Proof. Let M be a compact connected smooth manifold such that Hn(M) is torsion for
all n ≥ 1. We calculate that

by Lemma 97.8
↓

Λ(ϕ,Q) = tr(ϕ∗ : H0(M)→ H0(M)︸ ︷︷ ︸
= 1 by Lemma 97.6 (2)

) +
∑
n∈N

(−1)n · tr(ϕ∗ : Hn(M)→ Hn(M))︸ ︷︷ ︸
= 0, since Hn(M) is torsion

= 1.

It follows from the Lefschetz Fixed Point Theorem 97.10 that ϕ has a �xed point. �

Examples.
(1) If we apply Corollary 97.11 to the compact connected smooth manifold M = B

n
,

then we recover the Brouwer Fixed Point Theorem 31.4, which we had already proved
on page 784 and on page 1618.

(2) In Proposition 80.11 we computed the homology groups of the real projective spaces
RPn. These calculations show in particular that the hypotheses of Corollary 97.11
are satis�ed for even-dimensional real projective spaces RP2n. Thus we see that every
self-map f : RP2n → RP2n has a �xed point. (This gives an alternative solution of
Exercise 76.12.) We will consider the case of odd -dimensional real projective spaces
in Exercise 97.3.

In the next section we will provide a proof of the Lefschetz Fixed Point Theorem 97.9
and afterwards we will consider two more elaborate applications of the Lefschetz Fixed
Point Theorem 97.9. There are many other pretty consequences of the Lefschetz Fixed
Point Theorem 97.9 which we cannot mention in these modest notes. In fact the book by
Brown [BrownR1971] is completely dedicated to the proof of the Lefschetz Fixed Point
Theorem 97.9 and its numerous applications and generalizations.

97.4. Proof of the Lefschetz Fixed Point Theorem 97.9. One of the keys to proving
the Lefschetz Fixed Point Theorem 97.9 is the following result in linear algebra which is a
not-so-distant relative to Lemma 87.3.
Theorem 97.12. (Hopf Trace Formula)
(1) Let F be a �eld. If

C∗ := 0 → Ck
∂k−−→ Ck−1

∂k−1−−−→ . . .
∂2−−→ C1

∂1−−→ C0 → 0

is a chain complex of �nite-dimensional F-vector spaces, then given any chain map
ϕ∗ : C∗ → C∗ we have

k∑
i=0

(−1)i · tr(ϕi : Ci → Ci) =
k∑
i=0

(−1)i · tr(ϕ∗ : Hi(C∗)→ Hi(C∗)).

(2) The analogue of (1) also holds if we start out with a chain complex of �nitely
generated free abelian groups.

The key to proving the Hopf Trace Formula 97.12 is the following lemma.
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Lemma 97.13. Let F be a �eld. Suppose we are given a commutative diagram of homo-
morphisms of �nite-dimensional F-vector spaces of the following type:

0 // A
α
��

i // B
β
��

p
// C

γ
��

// 0

0 // A
i // B

p
// C // 0.

If the horizontal sequences are exact, then

tr(β : B → B) = tr(α : A→ A) + tr(γ : C → C).

Proof. Let a1, . . . , am be a basis for A and let c1, . . . , cn be a basis for C. For i = 1, . . . , n
we pick a ci ∈ B with p(ci) = ci. It follows easily from our hypothesis that the horizontal
sequences are exact that i(a1), . . . , i(am), c1, . . . , cn form a basis for B. Furthermore it is
elementary to show, using the hypothesis that the diagram commutes, that the matrix of
β with respect to this basis is of the following form:

matrix that
represents α

∗ ∗
∗ ∗

0 0
0 0

matrix that
represents γ

 where each �∗� indicates some element in F.

It is now clear that tr(β) = tr(α) + tr(γ). �

Now that Lemma 97.13 is in our toolbox the proof of the Hopf Trace Formula 97.12 is
almost embarrassingly similar to the proof of Lemma 87.3.

Proof of Hopf Trace Formula 97.12. First we note that Statement (2) follows almost
immediately from Statement (1) applied to F = Q, together with Lemma 97.5 and the
Universal Coe�cient Theorem 89.16. We leave it to the reader to �ll in the details.

Thus it remains to prove Statement (1). For the given chain complex (C∗, ∂∗) over some
�eld F we write for each n ∈ N0

Zn := ker(∂n), Bn := im(∂n+1) and Hn = Zn/Bn.

We write ϕBn := ϕn|Bn and ϕZn := ϕn|Zn . For symmetry reasons we also write ϕCn := ϕn
and ϕHn := ϕ∗ : Hn → Hn. These F-vector spaces and homomorphisms form the following
two types of commutative diagrams of short exact sequences

(a)
0 // Zn

ϕZn
��

// Cn
ϕCn
��

∂n // Bn−1

ϕBn−1

��

// 0

0 // Zn // Cn
∂n // Bn−1

// 0

and

(b)
0 // Bn

ϕBn
��

// Zn
ϕZn
��

// Hn

ϕHn
��

// 0

0 // Bn
// Zn

∂n // Hn
// 0.

Now we see that
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by (a) and Lemma 97.13 we know that tr(ϕCn) = tr(ϕZn) + tr(ϕBn−1)
↓k∑

n=0
(−1)n · tr(ϕCn) =

k∑
n=0

(−1)n · (tr(ϕZn) + tr(ϕBn−1))

=
k∑

n=0
(−1)n · (tr(ϕBn) + tr(ϕHn) + tr(ϕBn−1))

↑
by (b) and Lemma 97.13 we know that tr(ϕZn) = tr(ϕBn) + tr(ϕHn)

=
k∑

n=0
(−1)n · tr(ϕHn) +

k∑
n=0

(−1)n · tr(ϕBn) +
k∑

n=0
(−1)n tr(ϕBn−1)

=
k∑

n=0
(−1)n · tr(ϕHn) +

k−1∑
n=0

(−1)n · tr(ϕBn)−
k−1∑
m=0

(−1)m · tr(ϕBm)
↑

we do the substitution m = n− 1 and we use that Bk = 0 and B−1 = 0

=
k∑

n=0
(−1)n · tr(ϕHn). �

Now we are fully prepared for tackling the proof of the Lefschetz Fixed Point Theorem 97.

Proof of the Lefschetz Fixed Point Theorem 97.9. Let X be a �nite simplicial com-
plex and let ϕ : X → X be a map without a �xed point. Furthermore let F be a �eld. We
need to show that

Λ(ϕ,F) :=
∑
n∈N0

(−1)n · tr(ϕ∗ : Hn(X;F)→ Hn(X;F)) = 0.

The basic idea for the proof is quite simple:
We need to upgrade the fact that ϕ(x) 6= x for every x ∈ X to the statement that for
a suitable chain complex C∗ that calculates H∗(X) we also have ϕ(σ) 6= σ for every
element σ of a suitable basis. This implies that the trace on the chain group level is
zero, hence we get the desired statement from the Hopf Trace Formula 97.12 (1).

For better or worse turning the idea into a proper proof requires a substantial e�ort. First
of all we note that since X is a �nite simplicial complex we can use Lemma 93.9 to view X
as a subspace of some Rn. In particular we can and will equip X with the usual Euclidean
metric d(x, y) := ‖x− y‖Rn .
Claim 1. There exists an iterated barycentric subdivision Y of X such that for every vertex
w of Y we have ϕ(St(Y,w)) ∩ St(Y,w) = ∅.

Proof. The claim is proved in several easy steps:
(1) Since X is a �nite simplicial complex we know by Lemma 93.9 that X is compact.
(2) From the compactness of X together with our hypothesis that for every x ∈ X

we have ϕ(x) 6= x we obtain through some elementary arguments, as provided in
Exercise 6.3, that there exists an ε > 0 such that for every x ∈ X we have d(ϕ(x), x) ≥
ε

(3) By Lemma 94.7 there exists a j ∈ N0 such that for every vertex v of the iterated
barycentric subdivision sdj(X) we have diam(St(sdj(X), v)) < ε

2
.

(4) It follows from (2) and (3) that ϕ(St(sdj(X), w)) ∩ St(sdj(X), w) = ∅. Indeed, let
x, y ∈ St(sdj(X), w). We calculate that

d(ϕ(x), y) ≥ d(ϕ(x), x)− d(x, y) ≥ ε− ε
2
≥ ε

2
> 0.

↑ ↑
triangle inequality by (2) and (3)
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This implies that ϕ(St(sdj(X), w)) ∩ St(sdj(X), w) = ∅.
Thus the iterated barycentric subdivision Y := sdj(K) has the desired property. �

Next we apply the Simplicial Approximation Theorem 94.8 to the map ϕ : Y → Y . We
obtain an i ∈ N≥0 and a simplicial map ψ : Z := sdi(Y )→ Y with the following properties:

(A) The map ψ is homotopic to ϕ as a map Y → Y .
(B) For every vertex w of Z = sdi(Y ) we have ϕ(St(sdi(Y )︸ ︷︷ ︸

=Z

, w)) Ă St(Y, ψ(w)).

It follows from (A) and Lemma 97.7 that the Lefschetz numbers of ϕ and ψ agree.

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

X

Y

St(Y,w)

graph of ϕ

X Y

graph of ψ

the diagonal

Y Z

The map ψ : Z → Y is a simplicial map between two di�erent simplicial complexes. The
following claim gets as close as possible to saying that ψ does not �x a simplex.

Claim 2. For every simplex s of Y and every simplex t of Z with t Ă s we have ψ(t) 6= s.

Proof. Let s be a simplex of Y and let t be a simplex of Z with t Ă s. Let v be a vertex of
t. (It might be helpful to consider the �gure below.) We make the following deductions:

v a vertex of the
simplex t of Z =⇒ t Ă St(Z, v) =⇒ ϕ(t) Ă ϕ(St(Z, v)) =⇒ ϕ(t) Ă St(Y, ψ(v))

↑ ↑
by the de�nition of St(Z, v), see page 2018 by (B)

=⇒ ϕ(t) ∩ ϕ(St(Y, ψ(v))) = ∅ =⇒ t ∩ St(Y, ψ(v)) = ∅
↑ ↑

by Claim 1 Image-Preimage Lemma 0.2 (4)

=⇒ t ∩ St(Y, ψ(t)) = ∅ =⇒ ψ(t) 6= s.
↑ ↑

since ψ(v) is a vertex of ψ(t) we we have t Ă St(Y, s), indeed this follows from
have St(Y, ψ(t)) Ă St(Y, ψ(v)) t Ă s and from s Ă St(Y, s), which in turn

holds by de�nition of St(Y, s) �
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Y

s 6= ψ(t)s v

Z

ψ(t)?

ψ(v)

simplicial

ψ

t

Next, given n ∈ N0 let
un : Csimp

n (Y ) → Csimp
n (sdi(Y )︸ ︷︷ ︸

=Z

)

be the i-fold iterated simplicial subdivision map that we introduced in the Chain Subdivi-
sion Lemma 95.41.
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Claim 3. For each n ∈ N0 the map un ◦ ψ∗ : Csimp
n (Z)→ Csimp

n (Z) has trace zero.

Proof. Let Tn be the set of n-simplices of Z. It follows from Lemma 95.5 that Tn, with
some choice of ordering for each t ∈ Tn, is a basis of Csimp

n (Z). Now let t ∈ Tn. If ψ(t) is
not an n-simplex of Y , then by de�nition we have ψ∗(t) = 0. Now suppose that ψ(t) is an
n-simplex of Y . Then we see that

by de�nition of the simplicial subdivision map
↓

(un ◦ ψ∗)(t) = linear combination of n-simplices of Z contained in ψ(t)
= linear combination of n-simplices of Z not equal to t.
↑

here we need to distinguish two cases:1199

(1) If t is contained in some n-simplex s of Y , then the conclusion follows from Claim 2.
(2) If t is not contained in any n-simplex of Y , then it is in particular

not contained in the n-simplex ψ(t) of Y

= linear combination of elements in Tn \ {t}.

This calculation shows that, with respect to the basis Tn, each diagonal entry of the map
un ◦ψ∗ is zero. In particular the trace of the map un ◦ψ∗ : Csimp

n (Z)→ Csimp
n (Z) is zero. �
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ψ(t)
t

Z

Z

ψ(t)
t

u2

(u1 ◦ ψ)(t)

ψ

simplicial

ZY

(u2 ◦ ψ)(t)

u1

ψ

simplicial

ZY s

s

In the following we will use simplicial homology with F-coe�cients. The de�nition should
be clear to the reader and it should be clear that some of the statements which we cite below,
which were formulated for homology without coe�cients, also have obvious generalizations
to homology with F-coe�cients.
Claim 4. The following diagram commutes:

Hsimp
n (Z;F)

ψ∗
//

��

Hsimp
n (Y ;F)

un //

��

Hsimp
n (Z;F)

��

Hn(Z;F)
ψ∗

// Hn(Z;F)
un // Hn(Z;F)

here the vertical maps are the natural isomorphism de�ned on page 2058.

Proof. It turns out that there is not much to say. The rectangle to the left commutes by
the naturality of the vertical maps and the rectangle to the right commutes by Proposi-
tion 95.45. �

1199The two cases are illustrated in the �gure below.
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Now we can quickly conclude the proof of the Lefschetz Fixed Point Theorem 97.9.
Indeed, we see that

by Lemma 74.27 the singular subdivision maps u∗ are chain homotopic
Lemma 97.7 to the identity, thus the induced map on homology is the identity
↓ ↓

Λ(ϕ,F) = Λ(ψ,F)=
∑
i∈N0

(−1)i ·tr(ψ∗	Hi(Z;F)) =
∑
i∈N0

(−1)i ·tr(u∗◦ψ∗	Hi(Z;F))

=
∑
i∈N0

(−1)i ·tr(u∗◦ψ∗	Hsimp
i (Z;F)) =

∑
i∈N0

(−1)i ·tr(u∗◦ψ∗	Csimp
i (Z;F))

↑ ↑
by Claim 4 by the Hopf Trace Formula 97.12 (1)

=
∑
i∈N0

(−1)i ·tr(u∗◦ψ∗	Csimp
i (Z)) = 0.

↑ ↑
by Lemma 97.3 and since by by Claim 3

de�nition Csimp
i (Z;F) = Csimp

i (Z)⊗ F

We have thus proved that if ϕ has no �xed points, then Λ(ϕ,F) = 0. �

97.5. Vector �elds on smooth manifolds. In this section we will apply the Lefschetz
Fixed Point Theorem 97.9 to the study of the (non-)existence of certain vector �elds on
smooth manifolds.
For the reader's convenience we recall the following de�nition from page 639.

De�nition. Let M be an n-dimensional smooth manifold.
(1) A vector �eld on M is a map v which assigns to each P ∈M a vector v(P ) ∈ TPM

such that the following condition is satis�ed: For every chart1200 Φ: U → V from
an open set U of M to an open set V of Rn the map

V → Rn

P 7→ DΦΦ−1(P )

(
v(Φ−1(P ))︸ ︷︷ ︸
∈TΦ−1(P )M

)
Ă TPV = Rn

↑
identi�cation from
Proposition 23.9

is continuous. We say that the vector �eld v is smooth if for every chart the above
map is smooth.

(2) Given a vector �eld v on M we say that x ∈M is a zero of v if v(x) = 0.
One of the goals of this section is to address the following time-honored question.
Question 23.19Which closed connected 2-dimensional smooth manifolds admit a nowhere-
vanishing vector �eld?

Example. In the �gure below we show vector �elds on the projective plane RP2, on the
Klein bottle and the surface of genus 2. The vector �eld on the Klein bottle is nowhere-
vanishing, whereas the vector �eld on RP2 and the surface of genus 2 both have zeros.

The attentive reader will not have failed to notice that it is the right moment to recall one
of the highlights from one of the earlier chapters:

Theorem 38.12. (Hairy Ball Theorem) Every vector �eld on an even-dimensional
sphere vanishes on at least one point.

1200Recall that for a smooth manifold we mean by a �chart� a chart from the given smooth structure.
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Klein bottleRP2 = B
2
/ ∼

zero of the vector �eld u

surface of genus 2

zeros of the vector �eld w

w

v

u

Sketch of proof. Let v be a nowhere-vanishing vector �eld on a sphere Sn. By �traveling
along the great circle de�ned by v� we can �nd a homotopy F : Sn × [0, 1]→ Sn from the
identity to the antipodal map ρ : Sn → Sn given by ρ(x) = −x. In particular we see that
(−1)n+1 = deg(ρ) = deg(id) = 1. Thus we see that n is odd. �

Remark. Regarding Question 23.19 the Hairy Ball Theorem 38.12 says in particular that
S2 does not admit a nowhere-vanishing vector �eld.

To address Question 23.19 it is also helpful to add a few ways to construct new vector �elds
to our toolbox.
Lemma 97.14.
(1) Let f : M → N be a map between smooth manifolds which is a local di�eomorphism.

Let v be a vector �eld on N . The map

P 7→ (DfP )−1
(
v(f(P ))︸ ︷︷ ︸
∈Tf(P )(N)

)
is a vector �eld on M that we denote by f ∗v. A point P ∈M is a zero of f ∗v if and
only if f(P ) is a zero of v.

(2) Let M be a smooth manifold and let v be a vector �eld on M . Suppose p : M̃ →M

is a covering. Then p∗v is a vector �eld on M̃ .
(3) LetM be a smooth manifold and let v be a vector �eld onM . Suppose we are given

a group G that acts freely, properly and smoothly on M such that for every g ∈ G
we have ( g · : M → M)∗(v) = v. Then there exists a unique vector �eld u on M/G
such that v = p∗u where p : M →M/G is the projection .1201

Proof.

(1) The mature reader will have no troubles with providing a proof for this statement.
(2) This statement follows from (1) and the Manifold Covering Proposition 49.2 (2a).
(3) The proof of this statement is very similar to the proof of (1) and it is also left to

the reader. �

Lemma 97.14 allows us to answer Question 23.19 in some special cases:

1201Recall that by the Manifold Quotient-by-Group Action Proposition 19.32 we know that M/G is a
smooth manifold and that the projection p : M →M/G is a local di�eomorphism.
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Examples.
(1) If v is a vector �eld on RP2 with n zeros, then it follows from Lemma 97.14, applied

to the 2-fold covering p : S2 → RP2 = S2/x ∼ −x that S2 admits a vector �eld with
2n zeros. By the Hairy Ball Theorem 38.12 we know that 2n > 0. In other words,
we have just shown that every vector �eld on RP2 has at least one zero.

(2) On the smooth manifold R2 we now consider the constant �horizontal� vector �eld
v(x, y) = (1, 0) ∈ T(x,y)R2 = R2. As discussed in Lemma 5.25 and on page 1075
we can view the torus and the Klein bottle as quotients of R2 by a group G that
acts freely, properly and smoothly. Furthermore, in both cases one can easily verify
that the given G-action preserves the vector �eld v. This shows that the nowhere-
vanishing vector �eld v descends to a nowhere-vanishing vector �eld on the torus and
the Klein bottle. For the Klein bottle we obtain precisely the vector �eld shown in
the �gure on page 2124.

The following theorem is the main result of this section.

Theorem 97.15. (Euler Characteristic-Vector Field Theorem) Let M be a closed
smooth manifold. If M admits a nowhere-vanishing vector �eld, then χ(M) = 0.

Remark.
(1) On page 1879 we saw that for even n the Euler characteristic χ(Sn) equals 2. Thus

we see that the Euler Characteristic-Vector Field Theorem 97.15 is a generalization
of the Hairy Ball Theorem 38.12.

(2) In Smooth Euler Characteristic-Vector Field Theorem 45.22 we proved the same
statement for closed orientable smooth manifolds.

(3) For 2-dimensional smooth manifolds a low-tech proof of the Euler Characteristic-
Vector Field Theorem 97.15 involving �negative, neutral and positive charges� is
given in [Thu1997, Proposition 1.3.3].

(4) LetM be a closed connected 2-dimensional smooth manifold that is not di�eomorphic
to the torus or the Klein bottle. It follows from the calculations on pages 1879
and 1885 that χ(M) 6= 0. Thus we obtain from the Euler Characteristic-Vector Field
Theorem 97.15 that M does not admit a nowhere-vanishing vector �eld. Together
with the above discussion we now have a complete answer to Question 23.19.

(5) In the Nowhere Vanishing Vector Field Existence Theorem 129.6 we will see that the
converse to the Euler Characteristic-Vector Field Theorem 97.15 holds. Namely we
will see that if M is a closed connected smooth manifold with χ(M), then M admits
a nowhere-vanishing vector �eld.

(6) In Corollary 129.8 we will prove a suitable extension of the Euler Characteristic-
Vector Field Theorem 97.15 to the setting of smooth manifolds with non-empty
boundary.

The key idea behind the proof of the Euler Characteristic-Vector Field Theorem 97.15 is
similar to the proof of the Hairy Ball Theorem 38.12, namely we want to use the nowhere-
vanishing vector �eld v on M to construct an interesting self-map of M . This is done in
the following proposition.
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Proposition 97.16. Let M be a closed smooth manifold. If there exists a nowhere-
vanishing vector �eld, then there exists a map g : M → M that is homotopic to the
identity and which has no �xed points.

Proof. The proposition follows immediately from the combination of the Replace-by-
Smooth Vector Field Proposition 29.6, the Flow Theorem 35.1 and the Flow Fixed Point
Theorem 35.4.

Recall that our proof of the Flow Theorem 35.1 was built on the Fundamental Theo-
rem 35.7 for Autonomous ODEs which we did not prove. Therefore, for the reader's peace
of mind we will sketch in the following a self-contained proof of the proposition. By the Eu-
clidean Embedding Theorem 27.1 (1) together with the Smooth Embedding Theorem 24.10
we can and will view M as a submanifold of some Rn. It follows from Theorem ?? that
there exists an ε > 0 such that the following two conditions are satis�ed:

(a) The subset Z := {P + w |P ∈ M and w ∈ (T̃PM)⊥ with ‖w‖ ≤ ε} of Rn is a
neighborhood of M .

(b) The map
q : Z → M

P + w 7→ P where P ∈M and w ∈ (T̃PM)⊥ with ‖w‖ ≤ ε

is well-de�ned and continuous.
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N

Rn Rn

Z

projection q
vector �eld v

P

g(P )

Next we consider the map
F : M × R≥0 → Rn

(P, t) 7→ P + t · v(P ).

We make the following observations:

(1) As in the Convex Homotopy Lemma 14.1 we see that F is, unsurprisingly, continuous.
(2) It follows from (a), together with the fact that M is in particular compact and

together with some elementary point-set theoretic arguments along the lines of Ex-
ercise 5.9, that there exists a µ > 0 such that F (M × [0, µ]) Ă Z.

(3) We set g := q ◦ Fµ : M →M .
(4) By (1) we know that q ◦F : M × [0, µ]→M de�nes a homotopy between the identity

and g.
(5) It remains to show that g has no �xed points. Thus let P ∈ M . By (b) we can

write Fµ(P ) = P + µ · v(P ) =: Q+ w with Q ∈M and w ∈ (T̃QM)⊥ with ‖w‖ ≤ ε.
Since T̃PM ∩ T̃PM⊥ = {0} and since v(P ) is a non-zero vector in T̃PM we see that
P 6= Q. By de�nition we have g(P ) = Q. Thus we have shown that g(P ) 6= P .

This concludes the second proof of the proposition. �
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Now it is straightforward to provide the proof of the Euler Characteristic-Vector Field
Theorem 97.15.
Proof of the Euler Characteristic-Vector Field Theorem 97.15. LetM be a closed
smooth manifold. Suppose there exists a nowhere-vanishing vector �eld v onM . By Propo-
sition 97.16 there exists a map g : M →M that is homotopic to the identity and which has
no �xed points. Now we calculate that

Lemma 97.6 (1) by the claim and the Lefschetz Fixed Point Theorem II 97.10
↓ ↓

χ(M) = Λ(id : M →M) = Λ(f : M →M) = Λ(f : M →M,Q) = 0.
↑ ↑

by Lemma 97.7 since f and id are homotopic Lemma 97.8 (2) �

As a teaser we state the following theorem which we will prove later on. This proposition
is basically the converse to the Euler Characteristic-Vector Field Theorem 97.15.
Theorem 129.6.(Nowhere Vanishing Vector Field Existence Theorem) LetM be
a closed connected smooth manifold. If χ(M) = 0, then M admits a nowhere-vanishing
smooth vector �eld.
In Chapter 129 we will not only provide a proof of the Nowhere Vanishing Vector Field
Existence Theorem 129.6 but we will also formulate and prove a signi�cant generalization
of the Euler Characteristic-Vector Field Theorem 97.15, namely the Poincaré-Hopf Theo-
rem 129.7 which, given a vector �eld, relates the type of zeros which occur to the Euler
characteristic of the smooth manifold.

97.6. The Borsuk-Ulam Theorem II `. In this section we will see how to use the
Lefschetz Fixed Point Theorem 97.9 to give an alternative proof of the Borsuk-Ulam Theo-
rem 39.8. First we remind the reader of the statement of the Borsuk-Ulam Theorem 39.8.
Theorem 39.8. (Borsuk-Ulam Theorem) Let n ∈ N0. For every map g : Sn → Rn

there exists a pair of antipodal points x and −x on Sn with g(x) = g(−x).

Remark. Let us remind the reader that the Borsuk-Ulam Theorem 39.8 has many beauti-
ful applications, in particular the Lusternik-Schnirelmann Theorem 40.1, the Ham-Sandwich
Theorem 40.2, P�ster's Level Theorem 40.9 and the Necklace Theorem 40.11.

The key to our second proof of the Borsuk-Ulam Theorem 39.8 is the following proposition.

Proposition 97.17. Let n ∈ N and let f : Sn → Sn be a map. If f(−x) = −f(x) for all
x ∈ Sn, then the Lefschetz number Λ(f) is even.

Examples.
(1) Let A ∈ O(n+ 1). We consider the map f : Sn → Sn that is given by f(x) := A · x.

Evidently we have f(−x) = −f(x) for all x ∈ Sn. Furthermore it follows from
the Sphere Degree Lemma 76.11 (6) together with Lemma 97.6 (2) that Λ(f) =
1 + (−1)n · det(A).

(2) In Exercise 97.13 we will see that given any n ∈ N and given any even m ∈ Z there
exists a map f : Sn → Sn with Λ(f) = m and such that f(−x) = −f(x) for all
x ∈ Sn.

Remark. The proof of Proposition 97.17 is an expanded write-up of the arguments in
[Deo2018, Theorem 4.9.17] and [Arm1983, Chapter 9.3].
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The following gives us a criterion for showing that a trace is even.
Lemma 97.18. Let V be a �nitely generated free Z-module and let ρ : V → V be an
isomorphism with the following two properties:

(i) There exists a subset T of V such that T ∩ ρ(T ) = ∅ and such that T ∪ ρ(T ) is a
basis for V .

(ii) We have ρ ◦ ρ = idV .
Let ϕ : V → V be a homomorphism. If ϕ commutes with ρ, then tr(ϕ : V → V ) is even.

Proof. We equip V with the basis T t ρ(T ). It follows immediately from (ii) that

matrix representing ρ with respect to the basis T t ρ(T ) = T
ρ(T )

T ρ(T )(
0 id
id 0

)
.

Now let ϕ : V → V be a homomorphism that commutes with ρ. We write

matrix representing ϕ with respect to the basis T t ρ(T ) =: T
ρ(T )

T ρ(T )(
A B
C D

)
.

Since ϕ commutes with g we see that(
A B
C D

)
·
(

0 id
id 0

)
=

(
0 id
id 0

)
·
(
A B
C D

)
.

Multiplying out both sides we see in particular that A = D. But this implies evidently
that the trace of the above matrix representing ϕ is even. Thus we have shown that tr(ϕ)
is even. �

Proof of Proposition 97.17. Let f : Sn → Sn be a map which has the property that
f(−x) = −f(x) for all x ∈ Sn. We denote by ρ : Sn → Sn the map that is given by
ρ(x) = −x. Note that our hypothesis on f is equivalent to the statement that f commutes
with ρ. We need to show that Λ(f) is even. Similar to the proof of the Lefschetz Fixed
Point Theorem 97.9 on page 2120 we intend to proceed as follows:

We want to upgrade the hypothesis that f ◦ ρ = ρ ◦ f to a statement about an
induced map on a suitable simplicial chain complex C∗ such that we can conclude
from Lemma 97.18 and the Hopf Trace Formula 97.12 (2) that Λ(f) is even.

To carry out this program we do the following: We equip Sn with the simplicial structure
given by the homeomorphisms

here S0 is the abstract simplicial complex with vertex set {0, 1}
↓

Sn
∼=←−− S0 ∗ · · · ∗ S0 = |S0| ∗ · · · ∗ |S0|

∼=−−→ |S0 ∗ · · · ∗ S0|.
↑ ↑

homeomorphism given by the Join-Simplex Lemma 93.19 (1) homeomorphism given by the Join Lemma 93.20

We introduce the following notation:
(1) We writeK := S0∗· · ·∗S0 and we denote by Ψ: |K| → Sn the above homeomorphism.
(2) Given any k ∈ N0 we denote by f : | sdk(K)| → |K| the natural homeomorphism

given by the SD-Lemma 94.3 (3).
(3) By a slight abuse of notation we denote by ρ : K → K the map that is induced by

the re�ection on the simplices of all the copies of S0.



97. THE LEFSCHETZ FIXED POINT THEOREM 2129

(4) Note that by the SD-Lemma 94.3 (5) the simplicial map ρ : K → K induces a
simplicial map sdk(K)→ sdk(K) which we also denote by ρ.
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S2
S0 ∗ S0 ∗ S0R2

simplicial

structure

f

f(−x) = −f(x)ρ

Claim 1. There exists a k ∈ N0 and a simplicial map ϕ : sdk(K)→ K with the following
properties:
(1) the map Ψ ◦ |ϕ| ◦ f−1 ◦Ψ−1 : Sn → Sn is homotopic to f ,
(2) the map ϕ commutes with the maps ρ, more precisely, the following diagram com-

mutes
sdk(K)

ρ
��

ϕ
// K

ρ

��

sdk(K)
ϕ

// K.

Proof. As we will see, the proof of Claim 1 follows from a careful reading of the proof of
the Simplicial Approximation Theorem 94.8.

(a) First note that Claim 1 of the proof of the Simplicial Approximation Theorem 94.8
shows that there exists a k ∈ N0 such that for every vertex v of sdk(K) there exists
a vertex w of K with f((Ψ ◦ f)(St(| sdk(K)|, v))) Ă Ψ(

◦
St(|K|, w)). We denote by

V the vertex set of sdk(K) and we denote by W the vertex set of K. By the above
there exists a map ϕ : V → W with the following property:
(∗) For every vertex v ∈ V we have f((Ψ ◦ f)(St(| sdk(K)|, v))) Ă Ψ(

◦
St(|K|, ϕ(v))).

(b) In the proof of the Simplicial Approximation Theorem 94.8 we have shown that every
map ϕ : V → W that satis�es (∗) is a simplicial map and that it has the property
that Ψ ◦ |ϕ| ◦ f−1 ◦Ψ−1 is homotopic to f .

(c) It follows immediately from the de�nition of Ψ and the naturality of f that the
following two diagrams commute:

|K|
Ψ
��

ρ
// |K|

Ψ
��

Sn
ρ

// Sn

and
| sdk(K)|

f
��

ρ
// | sdk(K)|

f
��

|K| ρ
// |K|.

(d) Since all maps called ρ satisfy the condition that ρ ◦ ρ = id we obtain easily from
(a) and (c) that we can pick a map ϕ : V → W which satis�es (∗) and such that
ϕ ◦ ρ = ρ ◦ ϕ.

(e) By (b) we know that ϕ satis�es (1). Furthermore, by (d) we know that the simplicial
map ϕ also satis�es (2). �

Before we move on to the next claim we introduce and recall some notation:

(1) Now we write g := Ψ ◦ |ϕ| ◦ f−1 ◦Ψ−1.
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(2) We denote by u∗ : Csimp
∗ (K) → Csimp

∗ (sdk(K)) the k-fold iterated simplicial subdivi-
sion map that we introduced in the Chain Subdivision Lemma 95.41.

Claim 2. For every j ∈ N0 there exists an isomorphism µ : Hsimp
j (sdk(K)) → Hj(S

n) such
that the following diagram commutes:

Hsimp
j (sdk(K))

uj◦ϕ∗
//

µ ∼=
��

Hsimp
j (sdk(K))

µ∼=
��

Hj(S
n)

g∗

(Ψ◦|ϕ|◦f−1◦Ψ−1)∗

// Hj(S
n).

Proof. We consider the following much more elaborate diagram:

Hsimp
j (sdk(K))

ϕ∗
//

Θ
sdk(K)

��

Hsimp
j (K)

uj
//

ΘK

��

Hsimp
j (sdk(K))

Θ
sdk(K)
��

Hj(| sdk(K)|)
f∗
��

Hj(| sdk(K)|)
(Ψ◦f)∗

��

|ϕ|∗
// Hj(|K|)

uj
//

Ψ∗ **

Hj(|K|)
Ψ∗
��

Hj(S
n)

g∗

(Ψ◦|ϕ|◦f−1◦Ψ−1)∗

// Hj(S
n).

We make the following observations and clari�cations:
(1) The maps Θ are the natural isomorphisms introduced on page 2058.
(2) We denote by u∗ : C∗(|K|) → C∗(|K|) the k-fold iterated singular subdivision map

that we introduced on page 1640.
(3) It follows from Proposition 95.45, applied iteratively k times, that the rectangle to

the top right commutes.
(4) The quadrilateral at the bottom commutes by de�nition.
(5) The triangle at the bottom right commutes by Lemma 74.27.
(6) The square to the top left commutes by the naturality of Θ.

It follows from the above that the isomorphism µ := Ψ∗ ◦ f∗ ◦ Θsdk(K) has the desired
property. �
To shorten the notation a little bit we now write L := sdk(K). We calculate that

by Lemma 97.7 and Claim 1 (1) by Claim 2
↓ ↓

Λ(f) = Λ(g) =
∑
j∈N0

(−1)j · tr
(
g∗ 	 Hi(S

n)
)

=
∑
j∈N0

(−1)j · tr
(
(uj ◦ ϕ∗) 	 Hsimp

i (L)
)

=
∑
j∈N0

(−1)j · tr
(
(uj ◦ ϕ∗) 	 Csimp

i (L)
)
.

↑
by the Hopf Trace Formula 97.12 (2)

At this point we see that it su�ces to prove the following claim.

Claim 3. For each j ∈ N0 the trace tr
(
(uj ◦ ϕ∗) 	 Csimp

j (L)
)
is even.
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Proof. Evidently the plan is to apply Lemma 97.18. We make a few more preparations:

(1) We consider the following diagram:

Csimp
j (L)

ρ∗
��

g∗
// Csimp

j (K)

ρ∗
��

uj
// Csimp

j (L)

ρ∗
��

Csimp
j (L)

g∗
// Csimp

j (K)
uj

// Csimp
j (L).

It follows from Claim 1 (2) that the square to the left commutes. It follows from the
naturality of the simplicial subdivision maps that the square to the right commutes.

(2) Note that it follows immediately from the de�nition of the map ρ : K → K that
ρ : K → K does not �x a single simplex of K and that ρ ◦ ρ = idK . Since the map
K 7→ L = sdk(K) = L is functorial we see that ρ : L → L has the same properties,
i.e. ρ : L→ L does not �x a single simplex of L and it satis�es ρ ◦ ρ = idL.

(3) We denote by Sj the set of j-simplices of L. It follows immediately from (2) that
there exists a subset Tj of Sj with the following properties:

(i) Tj ∩ ρ(Tj) = ∅ and (ii) Tj ∪ ρ(Tj) = Sj.

We equip each t ∈ Tj with some order and we use these orders to view Tj as a subset
of Csimp

j (L). It follows from (ii) and Lemma 95.5 that Tj∪ρ(Tj) is a basis of C
simp
j (L).

Now we apply Lemma 97.18 to V = Csimp
j (L), T = Tj, ρ = ρ∗ and ϕ = ϕ. It follows from

(1), (2) and (3) that all the hypotheses of Lemma 97.18 are satis�ed. Thus we obtain that
the trace of uj ◦ ϕ∗ is indeed even. �

The argument for deducing the Borsuk-Ulam Theorem 39.8 from Proposition 97.17 is almost
identical to the argument on page 1957 for deducing the Borsuk-Ulam Theorem 39.8 from
the Odd Degree Proposition 91.3.

Proof of the Borsuk-Ulam Theorem 39.8. Let g : Sn → Rn be a map. Suppose there
exists no pair of antipodal points x and −x in Sn with g(x) = g(−x). Put di�erently,
suppose that for any x ∈ Sn we have g(x) 6= g(−x). We consider the composition of the
following two maps

Φ: Sn−1 × [0, 1] → Sn≥0 → Sn−1.

(y, t) 7→ (y ·
√

1− t2, t)
x 7→ g(x)−g(−x)

‖g(x)−g(−x)‖︸ ︷︷ ︸
de�ned since g(x) 6= g(−x)

Now we see that

by de�nition we have Φ(−x, 0) = −Φ(x, 0), thus it follows from Proposition 97.17 that Λ(Φ0) is even
↓

even number = Λ(Φ0) = Λ(Φ1) = Λ(constant map) = 1.
↑ ↑ ↑

by Lemma 97.7 since Φ0 and Φ1 are homotopic by de�nition of Φ1 Lemma 97.6 (3)

We have thus obtained a contradiction. �
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Exercises for Chapter 97.

Exercise 97.1. Let X be a �nite simplicial complex, let ϕ : X → X be a map and let F
be a �eld. We denote by γ : Z→ F the ring homomorphism that is given by γ(n) = n · 1F.
Show that Λ(X,F) = γ(Λ(X)).

Hint. Use Exercise 89.3.

Exercise 97.2. Let n ∈ N. Show that there exists a compact smooth manifold M and
a map ϕ : M → M with Lefschetz number Λ(ϕ) = n such that ϕ has precisely one �xed
point.

Exercise 97.3. Let n ∈ N. Does the real projective space RP2n+1 admit a self-map without
�xed points?

Exercise 97.4. We consider the torus T := S1 × S1 embedded in R3 as shown in the
�gure below. Let f : T → T be the map that is given by re�ection in the xy-plane. Is f
homotopic to a map without �xed points?
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����������re�ection in the xy-plane

torus T
x

y
z

Exercise 97.5. We consider the topological space X = A ∪ B ∪ C that is shown in the
�gure below. Here A is a circle of radius 3, C is a circle of radius 1 around the origin and
B is the image of an embedding R→ R2 which spirals towards A and C.

��

����

B B

A A

CC

P

f(P )

f
γ

(a) Give a rigorous description of X.
(b) Show that X is compact.
(c) Compute the homology groups of X.

Fix some �angle� γ ∈ (0, π). Let f : X → X be the map that is given by rotation by the
angle γ on A and C and which is given by sending a point s · exp( iϕ) on B to the �next�
point on B of the form t · exp( i(ϕ+ γ)) with s > t.
(d) Show that f is continuous.
(e) Show that f has no �xed points.
(f) Show that the Lefschetz number Λ(f) 6= 0.

This long but fun exercise shows that in the formulation of the Lefschetz Fixed Point
Theorems it does not su�ce to work with compact spaces that are say Q-homology �nite.
We need the topological space to be �su�ciently nice�.
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Exercise 97.6. We consider the topological space X = A ∪ B that is shown in the �gure
below. Let ϕ : X → X be the map that is given by z 7→ z2 on A and that is given by
re�ection along the x-axis on B.
(a) Show that the Lefschetz number Λ(ϕ,F) = 0 for every �eld F.
(b) Show that any map ψ that is homotopic to ϕ actually has a �xed point.

Remark. It is easy to see that X admits a simplicial structure. Thus the exercise shows
that the converse to the Lefschetz Fixed Point Theorem 97.9 does not hold.

��
��
��

��
��
��

here ϕ is re�ection in the x-axis

A = S1

x

y
B

here ϕ is given by z 7→ z2

Exercise 97.7.
(1) Let A ∈ GL(n,C) be a matrix. We denote by ϕA : CPn−1 → CPn−1 the induced map

given by ϕA([P ]) := [A · P ].
(a) Show that the Lefschetz number Λ(ϕA) = n.

Hint. Use the Matrix Group Path-Component Proposition 2.37 (4). The super
conscientious reader might also want to consult the discussion on page 426 to
show that a certain map is indeed continuous.

(b) Use (a) to show that A has an eigenvalue.
(2) What does the approach in (1) say about the existence of real eigenvalues of real

matrices?

Exercise 97.8. Let n ∈ N0 be even.
(a) Show that the complex projective space CPn admits a self-map without �xed points.

Remark. In Exercise 121.10 we will prove the much more interesting converse, namely
we will show that for every odd n every self-map of CPn has a �xed point.

(b) Does there exist a nowhere-vanishing vector �eld on CPn?

Exercise 97.9. For which n ∈ N does the real projective space RPn admit a nowhere-
vanishing vector �eld?

Exercise 97.10. Does the Klein bottle K admit two vector �elds v and w such that at
every point P ∈ K the two vectors v(P ), w(P ) ∈ TPK are linearly independent?

Exercise 97.11. In the �gure on page 2124 we saw that the surface Σ of genus 2 supports
a vector �eld with two zeros. What does such a vector �eld look like if we consider Σ as a
submanifold of R3 in the usual way?

Exercise 97.12. Does the surface of genus 2 admit a vector �eld with a single zero?

Exercise 97.13. Let m ∈ Z be even.
(a) Show that there exists a map f : S1 → S1 with Lefschetz number Λ(f) = m and such

that for every x ∈ S1 we have f(−x) = −f(x).
(b) Now prove (a) for higher-dimensional spheres.



2134

Exercise 97.14. Let X be a �nite CW-complex and let ϕ : X → X be a self-map. Fur-
thermore let p : X̃ → X be a �nite covering. By the Lift-to-Universal Coverings Proposi-
tion 61.13 we know that there exists a map ϕ̃ : X̃ → X̃ such that the following diagram
commutes:

X̃
p
��

f̃
// X̃

p
��

X
f

// X.

Show that Λ(ϕ̃ : X̃ → X̃) = [X̃ : X] · Λ(ϕ : X → X).

Hint. Use cellular homology and use the Hopf Trace Formula, i.e. use Theorem 97.12.

Exercise 97.15. Let M be a compact topological manifold. Suppose we are given two
compact codimension-zero submanifolds A andB such that A∩B = ∂A = ∂B. Furthermore
let f : M →M be a map that restricts to self-maps of A and B. Show that

Λ(f : M →M) = Λ(f : A→ A) + Λ(f : B → B)− Λ(f : A ∩B → A ∩B).

Hint. Use the Mayer�Vietoris Theorem 78.9 for Manifolds and use the Hopf Trace Formula,
i.e. use Theorem 97.12.
Remark. In the Topological Manifolds-Invariants Proposition 104.14 we will see that the
homology groups of A, B andM are �nitely generated and that there exists an n such that
they vanish in dimension > n.

Exercise 97.16. Let M be a smooth manifold and let v be a vector �eld on M . Show
that the zero set {x ∈M | v(x) = 0} is a closed subset of M .
Hint. Use Lemma 1.8 (2b).

Exercise 97.17. A Lie group is a smooth manifold X with empty boundary together with
a group structure such that the two maps

X ×X → X
(x, y) 7→ x · y and

X → X
x 7→ x−1

are smooth. For example it is not di�cult to show that the matrix groups SO(n), U(n)
and SU(n) with the usual multiplication are Lie groups. Show that the Euler characteristic
of any closed Lie group of dimension ≥ 1 is zero.

Exercise 97.18. For which compact connected 2-dimensional smooth manifoldsM can you
�nd a nowhere-vanishing vector �eld v with the additional property that for each P ∈ ∂M
we have v(P ) ∈ TPM?
Remark. We had posed this question already as Exercise 23.11, but now you actually have
the tools to give a complete answer.
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98. Homology groups of pseudomanifolds and smooth manifolds

LetM be an n-dimensional smooth manifold. By the Smooth Manifold-Simplicial Structure
Theorem 96.2 we know that M admits a smooth simplicial structure. In the Smooth
Manifolds-Invariants Proposition 96.6 we used this fact to show that for every k > n we
have Hk(M) = 0. In this chapter we will squeeze more information out of the existence
of a simplicial structure. In particular this will allow us to calculate Hn(M ;Z) and it will
allow us to make some statements regarding Hn−1(M ;Z).

98.1. The top-dimensional homology group of a pseudomanifold. In this chapter
we will see that any simplicial structure of an n-dimensional topological manifold has several
special properties. This will lead us to the notion of an n-dimensional pseudomanifold
which can be viewed as a simplicial analogue of a manifold. We will then prove several
statements regarding the simplicial homology groups of an n-dimensional pseudomanifold.
In the subsequent section we will then use the calculations from this chapter to prove the
promised results on homology groups of smooth manifolds.
First we recall and introduce some de�nitions.
De�nition. Let K = (V, S) be an abstract simplicial complex.
(1) Let t be a simplex of K. As on page 1979 we de�ne a face of t to be a simplex s

with s Ă t. In this setting we also say that t cobounds s.
(2) Let s ∈ S be a k-simplex of K. We say s has order r, if there exist precisely r

simplices of dimension k + 1 which contain s as a face.
As before we sometimes use the same terms when we talk about topological realizations
and simplicial complexes.
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s is a face of t

t cobounds s

simplex of order 4

simplex of order 2
simplex of order 5

s

t

Proposition 98.1. (Manifold-Simplex Proposition) LetM be an n-dimensional topo-
logical manifold that is equipped with a simplicial structure.
(1) There is no simplex of dimension > n and every simplex is the face of an n-simplex.
(2) The simplicial structure has �nitely many simplices if and only if it has �nitely many

n-simplices.
(3) The simplicial structure on M restricts to a simplicial structure on the (n − 1)-

dimensional topological manifold ∂M . If M is a smooth manifold and if we are
given a smooth simplicial structure, then the restriction of the simplicial structure
to the smooth manifold ∂M is also a smooth simplicial structure.

(4) Let s be an (n− 1)-simplex of M . Then

order of s =

{
1, if s lies on the boundary,
2, otherwise.
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(5) If M is connected, then given any two n-simplices t and t′ there exists a sequence
t = s0, s1, . . . , sk = t′ of n-simplices such that any two consecutive simplices have a
common (n− 1)-dimensional face.
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t′

1-simplex of order 2 s1
s2

order 1

1-simplex that lies
on the boundary

s3

simplicial structure on the topological manifold M

t

Remark.
(1) In Lemma 96.1 we gave a di�erent proof why the maximal dimension of a simplex of

a smooth simplicial structure of an n-dimensional smooth manifold equals n.
(2) A rather di�erent proof of the Manifold-Simplex Proposition 98.1 (5) is given in

[Mun1984, Corollary 65.2].

The key idea behind the proof of the Manifold-Simplex Proposition 98.1 is to squeeze the
maximal amount of information out of the local homology groups. To do so we �rst recall
the following de�nition from page 1655.
De�nition. Given a topological space X and given a point P ∈ X the relative homology
group Hj(X,X \ {P}) is called the n-th local homology group of X at the point P .
We recall the calculation of the local homology groups of a topological manifold.
Lemma 75.1. (Manifold-Local Homology Lemma) Let M be an n-dimensional
topological manifold and let P ∈M . For every j ∈ N0 we have

Hj(M,M \ {P}) ∼=
{

Z, if P ∈M \ ∂M and j = n,
0, otherwise.

Proof. Since in a minute we will calculate a di�erent local homology group it is perhaps
helpful to remind us of the proof of the lemma. For simplicity we only consider the case
that P ∈M \ ∂M . In this case we can pick a chart Φ: U → Bn for P with Φ(P ) = 0. We
then have

Hj(M,M \{P}) ← Hj(U,U \{P})
Φ∗−→∼= Hj(B

n, Bn\{0}) ∂−→ H̃j−1(Bn\{0}) ←− H̃j−1(Sn−1).
↑ ↑ ↑

Excision Theorem 74.18 isomorphism by the long exact isomorphism since
sequence in reduced homology Sn−1 is homotopy
of the pair (Bn, Bn \ {0}) and the equivalent to Bn \ {0}
fact that H̃∗(Bn) = 0 by page 1612

The statement now follows from the calculation of the reduced homology groups of spheres
given in Proposition 74.4. �

The next proposition calculates the local homology groups of a simplicial complex. This
calculation is also interesting in its own right.
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Proposition 98.2. Let K = (V, S) be an abstract simplicial complex and let P ∈ |K|.
By the Open Simplex Lemma 93.11 there exists a unique simplex s ∈ S such that P is
a point in the open simplex 〈s〉. We set m := dim(s). If Lk(K, s) is a �nite simplicial
complex, then for every j ∈ N0 we have12021203

Hj(|K|, |K| \ {P}) ∼= H̃j−1−m(Lk(K, s)).

Proof. We perform the following calculation:

by the long exact sequence in reduced homology of the pair (St(s), St(s) \ {P}) and the observation,
see the Link Star Lemma 94.5 (1f), that St(s) is contractible, which implies that its reduced homology vanishes

↓
Hj(|K|, |K| \ {P})

∼=←− Hj(St(s), St(s)\{P})
∼=−→ H̃j−1(St(s)\{P}) ∼= H̃j−1(∂s∗Lk(s))

↑ ↑
by the Link Star Lemma 94.5 (1d) we know that St(s) is a by the Link Star Lemma 94.5 (1g) together with
neighborhood, thus we can apply the Excision Theorem 74.18 (2) Homotopy Equivalence-H∗-Corollary 73.9

∼= H̃j−1(Sm−1 ∗ Lk(s)) ∼= H̃j−1−m(Lk(s)).
↑ ↑

since s is an m-simplex we know by by Corollary 76.8 we have H̃l+m(Sm−1 ∗X) ∼= H̃l(X)
Simplex-Embedding Lemma 93.5 and the whenever X is compact and Hausdor�, we can apply
standard Simplex Homeomorphism Lemma 72.1 (3) this result since Lk(s) is by hypothesis �nite
that ∂s is homeomorphic to Sm−1
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��Lk(K, s)

Lk(K, s)〈s〉

St(K, s) P

∂s ∗ Lk(K, s)

Now we can �nally provide the proof of the Manifold-Simplex Proposition 98.1.

Proof of the Manifold-Simplex Proposition 98.1. Basically by de�nition of a simpli-
cial structure it su�ces to consider the case that the n-dimensional topological manifold
M is the topological realization M = |K| of some abstract simplicial complex K = (V, S).
Note that by the Topological Manifolds-Local Properties Lemma 18.8 we know that the
topological manifold M = |K| is regionally compact. Thus it follows from Proposition 94.6
that the abstract simplicial complex K is locally �nite and that the link of any vertex is
a �nite simplicial complex. This implies in particular that we can apply Proposition 98.2
without worries.

(1) It su�ces to prove the following claim.

Claim. Given any simplex s, the maximal dimension of a simplex that contains s is
precisely given by n.

Proof. Let s be a simplex of K. As we mentioned in the beginning of the proof, we
know that K is locally �nite. This implies that there exists a simplex t of maximal
dimension that contains s. We set m := dim(t). Now let P ∈ 〈t〉 be a point. We

1202It can happen that Lk(K, s) = ∅. Recall that by de�nition we have H̃−1(∅) ∼= Z.
1203I do not know whether the statement holds in general without the condition that Lk(K, s) is �nite.



2138

calculate that

Proposition 98.2 applied to the m-simplex t Manifold-Local Homology Lemma 75.1 applied to |K| = M

↓ ↓
Z ∼= H̃−1(Lk(K, t)) ∼= Hm(|K|, |K|\{P}) ∼=

{
Z, if P ∈M \∂M and m=n,
0, otherwise.

↑
since there are no simplices of dimension > m which contain t we see that Lk(K, t) = ∅

Comparing the left-hand side with the right-hand side shows that m = n. �
(2) This statement is an almost immediate consequence of (1). Indeed, we only have to

show that if K has �nitely many n-simplices, then it has only �nitely many simplices.
But every n-simplex has only �nitely many faces and by (1) we see that every simplex
of K is the face of an n-simplex. Thus we are done.

(3) First note that if we are given a smooth simplicial structure on a smooth manifold that
restricts to a simplicial structure on ∂M , then it follows easily from the de�nitions
that this simplicial structure on ∂M is actually a smooth simplicial structure. Thus,
to prove (3), it remains to show that the simplicial structure on |K| = M restricts
to a simplicial structure on the topological manifold ∂M .

If M is a smooth manifold, then we know by the Smooth Manifold Boundary
Proposition 19.26 (3a) that ∂M is a closed subset of M . In the general case that M
is a topological manifold the same statement follows from the Topological Manifold
Boundary Proposition 75.2.

Now that we know that ∂M is a closed subset of M we obtain the desired state-
ment from Lemma 93.13 together with the following claim.

Claim. Let s be an m-simplex of K. Either 〈s〉 ∩ ∂M = ∅ or 〈s〉 Ă ∂M .

Proof. Let s be a simplex. For any point P ∈ 〈s〉 we perform almost the same
calculation as in (1):

Proposition 98.2 applied to the m-simplex s Manifold-Local Homology Lemma 75.1 applied to |K| = M
↓ ↓

H̃n−1−m(Lk(K, s)) ∼= Hn(|K|, |K|\{P}) ∼=
{

Z, if P ∈M \∂M,
0, otherwise.

It follows from this calculation that 〈s〉∩∂M = ∅ if H̃n−1−m(Lk(K, s)) ∼= Z and that
〈s〉 Ă ∂M if H̃n−1−m(Lk(K, s)) = 0. �

(4) Let s be an (n − 1)-simplex of M . We denote by r the order of s. We pick a point
P ∈ 〈s〉. Similar to (1) we calculate that

Proposition 98.2 applied to the (n−1)-simplex s Lemma 75.1 applied to |K| = M
↓ ↓

Zr−1 ∼= H̃0(Lk(K, s)) ∼= Hn(|K|, |K| \ {P}) ∼=
{

Z, if P ∈M \ ∂M,
0, otherwise.↑

since s is an (n−1)-simplex and since there are no simplices of dimension > n we see that Lk(K, s)
consists of r points, the isomorphism now follows from the Reduced Homology Lemma 74.1 (5)

Comparing the left-hand side with the right-hand side gives us the desired statement.
(5) Now we assume that M is in fact connected. We say that two n-simplices t and t′ of

K are equivalent if there exists a sequence t = s0, s1, . . . , sk = t′ of n-simplices such
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that any two consecutive simplices have a common (n− 1)-dimensional face. Recall
that our task is to show that any two n-simplices are equivalent in the above sense.

The key to doing so is the following claim:

Claim. Let t and t′ be two n-simplices. If t ∩ t′ 6= ∅, then t and t′ are actually
equivalent in the above sense.

Proof. Given m ∈ {0, . . . , n − 1} we say that two n-simplices x and x′ are m-
equivalent if there exists a sequence x = s0, s1, . . . , sk = x′ of n-simplices such that
any two consecutive simplices have a common face of dimension ≥ m. It su�ces to
show that if we are given m ∈ {0, . . . , n − 2} such that any two n-simplices in K
are m-equivalent, then any two n-simplices in K are also (m+ 1)-equivalent. In fact
evidently it su�ces to show that if we are given two n-simplices x and x′ which have
an m-simplex s in common, then x and x′ are (m + 1)-equivalent. To do so we �rst
note that since dim(x) > dim(s) we can pick a vertex w of x∩Lk(K, s) and similarly
we can pick a vertex w′ of x′ ∩ Lk(K, s).

Now we want to show that Lk(K, s) is connected. To do so we pick a point
P ∈ 〈s〉 and we perform basically the same calculation as in the previous arguments:

H̃0(Lk(K, s)) ∼= H̃m+1(|K|, |K| \ {P}) = H̃m+1(M,M \ {P}) = 0.
↑ ↑

Proposition 98.2 applied to by the Manifold-Local Homology Lemma 75.1
m-simplex s and j=m+1 since m≤n−2

It follows from this calculation together with the Reduced Homology Lemma 74.1
and Exercise 93.12 that the abstract simplicial complex Lk(K, s) is in fact connected
in the sense of the de�nition on page 2013. This means in our setting that there exist
1-simplices e1, . . . , ek ∈ S of Lk(K, s) such that the following holds:
(∗) We have w ∈ e1, for every i ∈ {1, . . . , k−1} we have ei∩ ei+1 6= ∅ and we have

w′ ∈ ek.
Let i ∈ {1, . . . , k}. Since ei is a simplex in Lk(K, s) there exists a simplex fi of K

with ei∪s Ă fi. By (1) we can in fact �nd an n-simplex f̃i of K with ei∪s Ă fi Ă f̃i.
We set f̃0 := x and f̃k+1 := x′. Note that it follows from (∗) that any two consecutive
f̃i and f̃i+1 have s and a vertex of Lk(K, s) in common, i.e. they have an (m + 1)-
simplex in common. This shows that x and x′ are in fact (m+ 1)-connected. �
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s

x

x and x′ are 0-equivalent

s

x

f2

e3

e2

e1

x′ x′

Lk(K, s) is connected

w
w′

We pick an equivalence class of n-simplices of K and we denote by J the subcomplex
of K given by the union of the n-simplices in said equivalence class. Since J is
a subcomplex we know by Lemma 93.8 that |J | is a closed subset of |K| = M .
Furthermore it follows from the claim together with Exercise 93.11 that |J | is also
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an open subset of |K| = M . By hypothesis |K| = M is connected. Thus we see that
K = J , which implies that any two n-simplices in K are in fact equivalent. �

Our main goal is to say something meaningful about homology groups of smooth manifolds.
The idea is to use the Manifold-Simplex Proposition 98.1 and the fact that we can calculate
singular homology groups via simplicial homology groups. Since we will only use the
information given by the Manifold-Simplex Proposition 98.1 it is convenient to introduce
the following de�nition.

De�nition. Let n ∈ N0. An n-dimensional pseudomanifold is a non-empty abstract sim-
plicial complex K such the following conditions are satis�ed:
(1) Every simplex of K is a face of an n-simplex of K.1204

(2) Every (n− 1)-simplex has order one or two.
(3) Given any two n-simplices t and t′ there exists a sequence t = s0, s1, . . . , sk = t′ of n-

simplices such that any two consecutive simplices have a common (n−1)-dimensional
face.

Given a pseudomanifold K we de�ne ∂K to be the subcomplex that is given by the union
of all (n− 1)-simplices of order 1. We say a pseudomanifold K is closed if ∂K = ∅ and if
K is �nite.

Examples.
(1) In the �gure below we illustrate the de�nition of a 2-dimensional pseudomanifold.
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∂K

1-simplex of order 2

pseudomanifold K

s1
s2

1-simplex of order 1
s3

t

(2) In the �gure below we show an abstract simplicial complex that satis�es (1) and (2)
but that does not satisfy (3). This example shows that Condition (3) is stronger than
requiring ordinary connectedness.
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abstract simplicial complex that satis�es
Conditions (1) and (2) of a pseudomanifold
but which does not satisfy Condition (3)

t
t′

Remark.
(1) The de�nition of a pseudomanifold we give seems to be the one which is most fre-

quently used, it goes back to work of Luitzen Brouwer [Brou1976, p. 477] in 1912.
(2) the Manifold-Simplex Proposition 98.1 says that if we are given a simplicial structure

(K,Θ: |K| →M) of a connected non-empty n-dimensional topological manifold M ,
then K is an n-dimensional pseudomanifold.

(3) In Exercise 98.4 we will show that if K is an n-dimensional pseudomanifold with
n ∈ {1, 2}, then |K| is a closed n-dimensional smooth manifold.

1204Note that this condition implies that K is necessarily n-dimensional.
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(4) Let K be a �nite n-dimensional pseudomanifold. As usual we denote by Σ(K) the
suspension as de�ned on page 2003. As we will see in Exercise 98.1, it follows very
easily from the de�nitions that Σ(K) is an (n+ 1)-dimensional pseudomanifold with
∂Σ(K) = Σ(∂K).

Now assume that the fundamental group π1(|K|) of the topological realization
|K| is non-trivial. It follows from the Simplicial Cone-Suspension Corollary 93.21
together with Lemma 96.19 that the topological realization |Σ(K)| of the suspension
Σ(K) is not a topological manifold. This shows that for n ≥ 3 not all n-dimensional
pseudomanifolds arise from topological manifolds.

(5) In the literature there exist several, not always entirely equivalent, notions of a
pseudomanifold. In general, as we just saw in (3), the topological realizations of
pseudomanifolds are not topological manifolds. But many tools and results on topo-
logical manifolds can be generalized to the context of (topological realization of)
pseudomanifolds, see e.g. [KiW2006, Chapter 4]. Also note that in the literature
an n-dimensional pseudomanifold is sometimes called an n-circuit.

Next we recall and expand a de�nition from page 2038.
De�nition. Let K = (V, S) be an abstract simplicial complex.
(1) Let n ∈ N0. An ordered n-simplex of K is an (n+ 1)-tuple (v0, . . . , vn) ∈ V n+1 such

that {v0, . . . , vn} ∈ S. We write b(v0, . . . , vn)c := {v0, . . . , vn}.
(2) An oriented n-simplex is a pair (ε, s) where ε ∈ {±1} and s is an ordered n-simplex

of K. As in (1) we write b(ε, s)c := bsc and we refer to b(ε, s)c as the underlying
simplex. Sometimes we also say that (ε, s) is an orientation of the n-simplex s.

(3) We say two oriented n-simplices (µ, s = (v0, . . . , vn)) and (ν, t = (w0, . . . , wn)) are
equivalent if

µ = ν · sign(σ) where σ ∈ Bij{0, . . . , n} with vi = wσ(i) for i = 0, . . . , n.
↑

sign of σ as de�ned on page 2035

It follows immediately from Lemma 95.1 that this is indeed an equivalence relation
on the set of oriented n-simplices.

(4) An orientation of an n-simplex s is an equivalence class of oriented n-simplices with
underlying simplex s.

De�nition. Let K = (V, S) be an abstract simplicial complex and let (ε, t = (v0, . . . , vn))
be an oriented n-simplex. Let s be a codimension-one face of t. If vi is the one vertex of t
that is missing in s, then we de�ne the induced orientation of s to be

((−1)i · ε, (v0, . . . , v̂i, . . . , vn)).

Example. In the �gure below we show the oriented 2-simplex (+1, (v0, v1, v2)) together
with the orientations induced on all of the three codimension-one faces.

Lemma 98.3. Let K = (V, S) be an abstract simplicial complex, let t be a simplex of
K and let s be a codimension-one face of t. Any two equivalent orientations of t induce
equivalent orientations of s.

Proof. This statement follows easily from the properties of the sign of a bijection, see
Lemma 95.1. We leave it to the reader to �ll in the details. �
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(+1, (v1, v2))

(−1, (v0, v2)) ∼ (+1, (v2, v0))

(+1, (v0, v1))

v2

v1

v0

v2
the oriented 2-simplex

(+1, (v0, v1, v2))
induces the following
orientations of its

codimension-one faces
v0

v1

t

De�nition. Let K be an n-dimensional pseudomanifold.
(1) An orientation is a choice of an orientation for each n-simplex of K such that for

any (n − 1)-simplex s of order 2 the two cobounding n-simplices induce opposite
orientations on s.

(2) We say K is orientable if K admits an orientation.
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orientation of the
pseudomanifold

pseudomanifold K

+
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−

+

−

−
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+
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−

In the following we will study the simplicial homology groups of pseudomanifolds. Before
we do so, let us recall the de�nition of simplicial homology that we gave on page 2036 and
in Lemma 95.6.
De�nition. Let K = (V, S) be an abstract simplicial complex and let n ∈ N0. We set

Csimp
n (K) :=

{
free abelian group generated

by all ordered n-simplices of K

}/
(v0, . . . , vn) ∼ sign(σ)·(vσ(0), . . . , vσ(n)).

In the discussion below, we will often not distinguish in the notation between an ordered
simplex and the element it represents in Csimp

k (K). The boundary map is given by

∂n : Csimp
n (K) → Csimp

n−1 (K)

(v0, . . . , vn) 7→
n∑
i=0

(−1)i · (v0, . . . , vi−1, v̂i, vi+1, . . . , vn).

Now we can provide the promised theorem.

Theorem 98.4. (Pseudomanifold Homology Theorem) Let K be an n-dimensional
pseudomanifold. The following statements hold:
(1) We have an isomorphism as follows:

Hsimp
n (K) ∼=

{
Z, if K is closed and orientable,
0, otherwise.

Furthermore, if K is closed and orientable, and if {(εw, Yw)}w∈W is an orientation
of K (hereW denotes the set of n-simplices of K), then a generator of Hsimp

n (K) ∼= Z
is represented by the simplicial cycle

∑
w∈W

εw · Yw ∈ Csimp
n (K).
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(2) If K is �nite, then we also have an isomorphism as follows:

Hsimp
n−1 (K) ∼=

{
free abelian group, if K is orientable or if ∂K 6= ∅,
free abelian group⊕ Z2, if K is non-orientable and ∂K = ∅.

(3) If K is �nite, then

Hsimp
n (K;F2) ∼=

{
F2, if K is closed, regardless whether or not K is orientable,
0, otherwise.

Furthermore, if K is in fact closed and if Y1, . . . , Ym is a set of ordered n-simplices
of K such that for each n-simplex s there exists a unique i ∈ {1, . . . ,m} with
s = bYic, then the unique non-zero element of Hsimp

n (K;F2) ∼= F2 is represented by
the simplicial cycle Y1 ⊗ 1 + · · ·+ Ym ⊗ 1 ∈ Csimp

n (K;F2) = Csimp
n (K)⊗ F2.

Theorem 98.4 leads us to the following de�nition.

De�nition. Let K be a closed n-dimensional pseudomanifold.
(1) If K is equipped with an orientation {(εw, Yw)}w∈W , then we refer to the simplicial

homology class
[K] :=

[ ∑
w∈W

εw · Yw
]
∈ Hsimp

n (K)

as the fundamental class of K.
(2) We refer to the unique non-zero element in Hsimp

n (K;F2) ∼= F2 as the F2-fundamental
class [K]F2 .

For clarity we break the proof of Theorem 98.4 into three parts. For the proof of the �rst
part it is convenient to introduce the following de�nitions which we will use on a few other
occasions.

De�nition. Let K = (V, S) be an n-dimensional abstract simplicial complex such that
every (n− 1)-simplex has order ≤ 2.
(1) We denote by W the set of n-simplices of K.
(2) We denote by E2 the set of (n− 1)-simplices of order 2.
(3) Let Γ = (W,E2, ϕ) be the undirected abstract graph with vertex set W , with edge

set E2 and where ϕ : E2 → P(W ) is the map that associates to each edge e ∈ E2 the
set {w ∈ W | e is a face of w}. Note that for e ∈ E2 the set ϕ(e) has precisely two
elements. This means that Γ is indeed an undirected abstract graph in the sense
of the de�nition on page 313. We call Γ the dual graph of the abstract simplicial
complex K. We refer to the �gure below for an illustration.
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dual graph Γ
K

Proof of Theorem 98.4 (1). Let K be an n-dimensional pseudomanifold. Our goal is
to calculate Hsimp

n (K). We start out with the following easy but useful observation which
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we will use throughout this proof without referring to it again explicitly:

Hsimp
n (K) = ker

(
∂n : Csimp

n (K)→ Csimp
n−1 (K)

)
.

↑
K has no simplices of dimension n+ 1, hence Csimp

n+1 (K) = 0

To determine the right hand side of the above we need to introduce some notation.
(1) We denote by E the set of (n − 1)-simplices of K. Furthermore we denote by E1

the set of (n − 1)-simplices of order 1 and similarly we denote by E2 the set of
(n − 1)-simplices of order 2. Note that it follows from the hypothesis that K is an
n-dimensional pseudomanifold that E = E1 t E2.

(2) We denote by W the set of n-simplices of K.
(3) Let Γ = (W,E2, ϕ) be the dual graph of K. Note that part (3) of the de�nition of

a pseudomanifold implies that the undirected abstract graph Γ is connected in the
sense of the de�nition on page 315.

(4) For each (n− 1)-simplex e ∈ E we pick, once and for all, an ordered (n− 1)-simplex
Xe with bXec = e. We use Lemma 95.5 to view {Xe}e∈E as a basis for Csimp

n−1 (K).
(5) We consider the two obvious projections

p1 :

=Csimp
n−1 (K)︷ ︸︸ ︷⊕

e∈E
Z ·Xe →

⊕
e∈E1

Z ·Xe and p2 :

=Csimp
n−1 (K)︷ ︸︸ ︷⊕

e∈E
Z ·Xe →

⊕
e∈E2

Z ·Xe

Since E = E1 t E2 we see for s ∈ Csimp
n−1 (K) that s = 0 if and only if p1(s) = 0 and

p2(s) = 0.
Now suppose that for each w ∈ W we are given an oriented n-simplex Yw with bYwc = w.
We introduce the following conventions.
(6) As above we use Lemma 95.5 to view {Yw}w∈W as a basis for Csimp

n (K).
(7) Given e ∈ E and w ∈ W we set1205

µew =

 0, if e is not a face of w,
+1, if e is a face of w and [(+1, Yw)] induces [(+1, Xe)],
−1, if e is a face of w and [(+1, Yw)] induces [(−1, Xe)].
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dual graph Γ
∂K

pseudomanifold K

Xe

Yv

∂K

Claim 1. Given
∑
w∈W

aw · Yw ∈ Csimp
n (K) we have

(a) p1

(
∂n

( ∑
w∈W

aw ·Yw
))

= 0 ⇔ for all w∈W that cobound an e∈E1 we have aw=0

(b) p2

(
∂n

( ∑
w∈W

aw ·Yw
))

= 0 ⇔ for all w 6= w′ ∈ W that cobound some e ∈ E2 we
have µew · aw = −µew′ · aw′ .

1205Note that if e is a face of w, then precisely one of the two cases does indeed occur.
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Proof. We start out our proof of Claim 1 with the following calculation:

∂n

( ∑
w∈W

aw ·Yw
)

=
∑
w∈W

aw ·∂n(Yw) =
∑
w∈W

aw ·
∑

e∈E such that
e is a face of w

µew ·Xe =
∑
e∈E

Xe ·
∑

w∈W such that
e is a face of w

µew ·aw.x
follows immediately from the de�nition of ∂n, see page 2142,
de�nition of induced orientations, see page 2141,
and the above de�nition of µew

Now we consider the two projections.
(a) Note that an element s ∈ Csimp

n−1 (K) lies in the kernel of p1 if and only if for all e ∈ E1

the Xe-coe�cient of s vanishes. Thus let e ∈ E1. Let w ∈ W be the unique n-simplex
that cobounds e. Using the above calculation we see that

Xe�coe�cient of ∂n
( ∑
w∈W

aw · Yw
)

= µew · aw.

The promised result follows from this discussion.
(b) Next let e ∈ E2. Let w 6= w′ be the two n-simplices that cobound e. Similar to the

above we see that

Xe�coe�cient of ∂n
( ∑
w∈W

aw · Yw
)

= µew · aw + µew′ · aw′ .

As in (a) we see that this calculation gives us the desired result.
Now note that Claim 1 follows almost immediately from the above discussion.

Claim 2. Every element
∑
w∈W

aw · Yw that lies in the kernel of the map

Csimp
n (K)

∂n−−→ Csimp
n−1 (K) =

⊕
e∈E

Z ·Xe
p2−→

⊕
e∈E2

Z ·Xe

has the property that for all w,w′ ∈ W we have |aw| = |aw′ |.
Proof. We consider the map

f : W → N0

w 7→ |aw|.
It follows from Claim 1 that for every e ∈ E2 and w,w′ ∈ ϕ(e) we have |aw| = |aw′ |. Since
the abstract graph (W,E2, ϕ) is connected we obtain from Lemma 7.6 that f : W → N0 is
constant. �
Claim 3. Given any w0 ∈ W the map

Θw0 : ker
(
∂n : Csimp

n (K)→ Csimp
n−1 (K)

)
→ Z∑

w∈W
aw · Yw 7→ aw0

is a monomorphism.

Proof. It is clear that the given map is a homomorphism. It follows immediately from
Claim 2 that the map Θw0 is a monomorphism. �

Now we can prove Statement (1) of the proposition.
(i) We need to show that if K is in�nite, then Hsimp

n (K) = 0. So suppose that K is
in�nite. It follows from the fact that K is �nite-dimensional and the fact that every
simplex is contained in an n-simplex that W is also in�nite. Now let

∑
w∈W

aw · Yw
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be an element in ker
(
∂n : Csimp

n (K) → Csimp
n−1 (K)

)
. Since W is in�nite and since by

de�nition every element in Csimp
n (K) is a �nite linear combination of ordered simplices

we see that there exists a w0 ∈ W with aw0 = 0. But then it follows from Claim 2
that aw = 0 for all w ∈ W .

(ii) We need to show that if ∂K 6= ∅, then Hsimp
n (K) = 0. Thus suppose that ∂K 6= ∅.

By de�nition of ∂K this implies that E1 6= ∅. We pick some e0 ∈ E1. Let w0

be the unique n-simplex that cobounds e0. Now let
∑
w∈W

aw · Yw be an element in

ker
(
∂n : Csimp

n (K) → Csimp
n−1 (K)

)
. By Claim 1 we have aw0 = 0. But then it follows

from Claim 2 that aw = 0 for all w ∈ W .
(iii) Now assume that Hsimp

n (K) 6= 0. We need to show that K is actually orientable. To
do so it su�ces to prove the following claim.

Claim. If
∑
w∈W

aw · Yw is a non-zero element in ker
(
∂n : Csimp

n (K)→ Csimp
n−1 (K)

)
, then

the orientations1206 {(sign(aw), Yw)}w∈W de�ne an orientation of K.

Proof. Let
∑
w∈W

aw · Yw be a non-zero element in ker
(
∂n : Csimp

n (K) → Csimp
n−1 (K)

)
.

Let e be an (n − 1)-simplex of order 2, i.e. let e ∈ E2. Let w 6= w′ be the two
cobounding n-simplices of e. By Claim 1 we know that µew · aw = −µew′ · aw′ . It
follows from Claim 2 that we also have the equality µew · sign(aw) = −µew′ · sign(aw′).
But basically by de�nition that means that (sign(aw), Yw) and (sign(aw′), Yw′) induce
opposite orientations on the (n− 1)-simplex e. �

(iv) Finally we suppose that K is closed and orientable. Let {(µw, Yw)}w∈W be an orien-
tation of K. We need to show that Hsimp

n (K) ∼= Z and that
∑
w∈W

µw ·Yw is a generator

of Hsimp
n (K).
Since K is by de�nition non-empty we can pick some w0 ∈ W . We consider the

maps

Z Ψ−→ ker(∂n : Csimp
n (K)→ Csimp

n−1 (K))
Θw0
↪−→ Z

r 7→ r ·
∑
w∈W

µw · Yw
It follows almost immediately from Claim 1 that the map Ψ to the left is well-de�ned,
in the sense that it takes values in ker(∂n : Csimp

n (K) → Csimp
n−1 (K)). Furthermore it

is clear that the composition Θw0 ◦Ψ is given by multiplication by µw, in particular
the composition Θw0 ◦ Ψ is an isomorphism. By Claim 3 we know that Θw0 is a
monomorphism. It follows from this discussion that Ψ is an isomorphism. But that
is exactly what we needed to show. �

The proof of Statement (2) of Theorem 98.4 will require the following elementary lemma.

Lemma 98.5. Let A,B,C and D be abelian groups. We denote by p1 : B ⊕ C → B the
projection. Now suppose we are given an exact sequence

A
α−→ B ⊕ C ϕ−→ D

1206Here recall that given a non-zero integer a ∈ Z \ {0} we denote by sign(a) := a
|a| ∈ {±1} its sign. Also

note that we know by hypothesis that at least one aw 6= 0, but then it follows from Claim 2 that all aw 6= 0,
in particular it makes sense to consider the signs of the aw.
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of homomorphisms such that the following conditions are satis�ed:
(1) the group B/p1(α(A)) is torsion,
(2) the group D is torsion-free,
(3) the map p1 ◦ α : A→ B is a monomorphism.

Then the map

Θ: B/p1(α(A))⊕ ker(C
c7→ϕ((0,c))−−−−−−→ D) → ker(ϕ : B ⊕ C → D)

im(α : A→ B ⊕ C)
([b], c) 7→ [(b, c)]

is an isomorphism.
Proof. proof of Lemma 98.5] From our hypotheses (1) and (2) and the exactness of the
sequence we easily deduce the following statement:

(∗) The map B b 7→ ϕ((b, 0))−−−−−−−→D is the zero map.
Note that (∗) implies that if ϕ((b, c)) = 0, then we also have ϕ((0, c)) = 0. From this
observation it follows immediately that Θ is an epimorphism. Now suppose we are given
b ∈ B and c ∈ ker(C → D) with Θ([b], c) = 0. This means that there exists an a ∈ A
with α(a) = (b, c). By the exactness of the sequence and by (∗) we know that there
exists an ã ∈ A with α(ã) = (b, 0). From (3) we obtain that a = ã. Thus we see that
(b, c) = α(a) = α(ã) = (b, 0). This shows that [b] = 0 ∈ B/p1(α(A)) and c = 0. In other
words, we have shown that Θ is a monomorphism. �

We move on to the proof of Statement (2) of Theorem 98.4.

Proof of Theorem 98.4 (2). Let K be a �nite n-dimensional pseudomanifold. Recall
that we need to prove the following statements:
(a1) If K is orientable and closed, then Hsimp

n−1 (K) is a free abelian group.
(a2) If ∂K 6= ∅, then Hsimp

n−1 (K) is a free abelian group.
(b) If K is non-orientable and if ∂K = ∅, then Hsimp

n−1 (K) ∼= F ⊕ Z2 where F is a free
abelian group.

In the following we will use freely the notation that we introduced in the proof of Statement
(1). In particular we consider again the abstract graph Γ = (W,E2, ϕ). Since K is �nite
we know that Γ is �nite, hence by the Spanning Tree Existence Proposition 7.10 (1) we
know that there exists a spanning tree T of Γ. Recall that this means that T is connected,
that χ(T ) = 1 and, by the Spanning Tree Existence Proposition 7.10 (2) it means that
T contains every vertex. We pick w̃ ∈ W . By Lemma 7.8 we know that we can write
W = {w̃, w1, . . . , wk} and E2 = {e1, . . . , ek} such that the following statements hold:
(1) For each i ∈ {1, . . . , k} the vertex wi is an endpoint of the edge ei.
(2) If some vertex wi is an endpoint of some ej, then j ≤ i.

We introduce the following notation. We denote by

p1 : Csimp
n−1 (K) →

k⊕
i=1

Z · ei and p2 : Csimp
n−1 (K) →

k⊕
e∈E\{e1,...,ek}

Z · ei

the natural projections.
The key to the proof of Theorem 98.4 (2) is the following observation, which is an immediate
consequence of Claim 1 together with the clever choice of w1, . . . , wk and e1, . . . , ek.
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spanning tree Tpseudomanifold K dual graph Γ

vertex w̃torus or Klein bottle w1 e2e1

e4

w4

w2

w3

e3

Observation. The map
k⊕
i=1

Z · wi
∂n−→ Csimp

n−1 (K)
p1−→

k⊕
i=1

Z · ei is represented by a matrix of
the form

D :=


±1 ∗ . . . ∗
0 ±1 ∗ ...

0 0 ±1 ∗
0 0 0 ±1


(a1) First we assume that K is orientable and closed. Let {(εw, Yw)}w∈W be an orientation

of K. We set µ :=
∑
w∈W

εw · Yw. Since εw̃ ∈ {±1} we see that Yw1 , . . . , Ywk , µ is a basis

for Csimp
n (K). This time we consider the following maps

=Csimp
n (K)︷ ︸︸ ︷

k⊕
i=1

Z·Ywi ⊕ Z·µ ∂n

µ 7→0
//

=Csimp
n−1 (K)︷ ︸︸ ︷

k⊕
i=1

Z·Xei ⊕
⊕

e 6=e1,...,ek
Z·Xe

∂n−1
// Csimp

n−2 (K)

projection

��

projection p2

��k⊕
i=1

Z·Ywi
matrix D
∼=

//

∂n

33

k⊕
i=1

Z·Xei .

As we already discussed in the proof of Statement (1), sinceK is closed we obtain from
Claim 1 that ∂n(µ) = 0. Thus the image of ∂n equals the image of the diagonal map.
Furthermore, the bottom horizontal map is represented by the matrix D from the
observation, in particular we see that the bottom horizontal map is an isomorphism.
From Lemma 98.5 we now obtain the following isomorphism:

ker
( ⊕
e6=e1,...,ek

Z·Xe
∂n−1−−−→ Csimp

n−2 (K)
)

︸ ︷︷ ︸
subgroup of a free abelian group thus by
Lemma 51.9 (3) it is a free abelian group

∼=−−→
ker
(
C

simp
n−1 (K)

∂n−1−−−→ C
simp
n−2 (K)

)
im
(
Csimp
n (K)

∂n−→ C
simp
n−1 (K)

) .︸ ︷︷ ︸
=Hsimp

n−1 (K)

(a2) Now we assume that ∂K 6= ∅, i.e. we assume that E1 6= ∅. We pick an ẽ ∈ E1. Let
w̃ ∈ W be the unique n-simplex that cobounds ẽ. We pick w1, . . . , wk and e1, . . . , ek



98. HOMOLOGY GROUPS OF PSEUDOMANIFOLDS AND SMOOTH MANIFOLDS 2149

accordingly. We consider the following maps

=Csimp
n (K)︷ ︸︸ ︷

k⊕
i=1

Z·Ywi ⊕ Z·Yw̃
∼=(

D ∗
0 ±1

)
++

∂n //

=Csimp
n−1 (K)︷ ︸︸ ︷

k⊕
i=1

Z·Xei ⊕ Z·Xẽ ⊕
⊕

e 6=e1,...,ek,ẽ
Z·Xe

∂n−1
//

projection

��

Csimp
n−2 (K)

k⊕
i=1

Z·Xei ⊕ Z·Xẽ.

It follows easily from the Observation and Claim 1 that the diagonal map is an
isomorphism. It now follows from Lemma 98.5 that

ker
( ⊕
e 6=e1,...,ek,ẽ

Z·Xe
∂n−1−−−→ Csimp

n−2 (K)
)

︸ ︷︷ ︸
subgroup of a free abelian group thus by
Lemma 51.9 (3) it is a free abelian group

∼=−−→
ker
(
C

simp
n−1 (K)

∂n−1−−−→ C
simp
n−2 (K)

)
im
(
Csimp
n (K)

∂n−→ C
simp
n−1 (K)

) .︸ ︷︷ ︸
=Hsimp

n−1 (K)

But the group on the right hand side is the subgroup of a �nitely generated free
abelian group, so it follows from Lemma 51.9 (3) that it is itself a �nitely generated
free abelian group.

(b) Finally we assume thatK is closed and non-orientable. First we consider the following
maps:

=Csimp
n (K)︷ ︸︸ ︷⊕

w∈W
Z · Yw �

� ∂n //

p2◦∂n **

=Csimp
n−1 (K)︷ ︸︸ ︷

k⊕
i=1

Z ·Xei ⊕
⊕

e 6=e1,...,ek
Z ·Xe

projection p2
��

k⊕
i=1

Z ·Xei .

By our hypothesis that K is closed and non-orientable, together with Statement (1),
we know that Hsimp

n (K) = 0. This means that the horizontal map is a monomorphism.
On the other hand, for rank reasons the diagonal map p2 ◦ ∂n has a kernel. In other
words, there exists some non-zero µ =

∑
w∈W

aw · Yw ∈ Csimp
n (K) with p2(∂n(µ)) = 0.

By Claim 2 we know that the value |aw| is constant. Thus after dividing by this
constant (which is non-zero since µ is non-zero) we can arrange that each |aw| = 1.

Since K is by hypothesis closed, i.e. since each edge has order 2, we see, say by
the calculation in the proof of Claim 1 or by direct inspection, that for each e ∈ E
the Xe-coe�cient of ∂n(µ) lies in {0,±2}. Furthermore since ∂n is a monomorphism
we know that ∂n(µ) 6= 0. Thus there exists some f ∈ E such that the f -coe�cient
of ∂n(µ) equals ±2. From p2(∂n(µ)) = 0 we obtain that f 6= e1, . . . , ek. Next we
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consider the following maps:

=Csimp
n (K)︷ ︸︸ ︷

k⊕
i=1

Z·Ywi ⊕ Z·µ
∼=(

D ∗
0 ±2

)
++

� � ∂n //

=Csimp
n−1 (K)︷ ︸︸ ︷

k⊕
i=1

Z·Xei ⊕ Z·Xf ⊕
⊕

e 6=e1,...,ek,f
Z·Xe

∂n−1
//

projection

��

Csimp
n−2 (K)

k⊕
i=1

Z·Xei ⊕ Z·Xf .

Finally we note that it follows from the above together with Lemma 98.5 that the
following map is an isomorphism:

ker
( ⊕
e 6=e1,...,ek,f

Z·Xe → Csimp
n−2 (K)

)
︸ ︷︷ ︸
subgroup of a free abelian group thus by
Lemma 51.9 (3) it is a free abelian group

⊕Zk+1
/(

D ∗
0 ±2

)
Zk+1︸ ︷︷ ︸

∼= Z2 by the observation

→
ker
(
C

simp
n−1 (K)→ C

simp
n−2 (K)

)
im
(
Csimp
n (K)→ C

simp
n−1 (K)

)︸ ︷︷ ︸
=Hsimp

n−1 (K)

.

We have thus �nished the proof of Theorem 98.4 (2). �
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Finally we get to the proof of the last statement of Theorem 98.4 (3).

Proof of Theorem 98.4 (3). Let K be a �nite n-dimensional pseudomanifold. First we
point out that it would be a fun exercise to modify the proof of (1) to obtain the promised
result. But in these notes we will not pursue this approach. Instead we will do a little
trick. First we consider the case that K is closed. In this case we perform the following
calculation:

Hsimp
n (K;F2) ∼= Hsimp

n (K)⊗F2 ⊕ Tor(Hsimp
n−1 (K),F2) ∼=

{ if K is orientable︷ ︸︸ ︷
Z⊗F2 ⊕ Tor(Zl,F2)
0⊗F2 ⊕ Tor(Zl ⊕ Z2,F2)︸ ︷︷ ︸

if K is non-orientable

∼= F2.x x x
by the Algebraic Universal Coe�cient Theorem 89.16 by (1) and (3) Tensor Lemma 89.3 and 89.15
applied to the chain complex Csimp

∗ (K)

Now suppose that Y1, . . . , Ym is a set of ordered n-simplices of K such that for each n-
simplex s of K there exists a unique i ∈ {1, . . . ,m} with s = bYic. One easily veri�es that
the simplicial chain Y1 ⊗ 1 + · · · + Ym ⊗ 1 ∈ Csimp

n (K;F2) = Csimp
n (K) ⊗ F2 is a simplicial

cycle. Since it is non-zero we see that it equals necessarily the unique non-zero element of
Hsimp
n (K;F2) = ker(Hsimp

n (K;F2)→ Hsimp
n−1 (K;F2)) ∼= F2.

Finally if the pseudomanifold K is not closed, then the above approach shows almost
immediately that Hsimp

n (K;F2) = 0. With a slight sigh of relief we note that we have now
�nally managed to prove all three statements of Theorem 98.4. �
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98.2. The top-dimensional homology group of a smooth manifold. As the reader
surely expected, the main application of Theorem 98.4 is the following theorem which gives
us lots of interesting extra information on the homology groups of smooth manifolds.

Theorem 98.6. (Smooth Manifold-Top Homology Theorem) LetM be a connected
non-empty n-dimensional smooth manifold. The following statements hold:
(1) We have an isomorphism as follows:

Hn(M ;Z) ∼=
{

Z, if M is closed and orientable,
0, otherwise.

(2) If M is compact, then we also have an isomorphism as follows:

Hn−1(M ;Z) ∼=
{

free abelian group, if M is orientable or if ∂M 6= ∅,
free abelian group⊕ Z2, if M is non-orientable and closed.

In both cases the free abelian group is �nitely generated.
(3) If M is compact, then

Hn(M ;F2) ∼=
{

F2, if M is closed, regardless whether or not M is orientable,
0, otherwise.

Examples.

(1) Let k ∈ N. We consider k · RP2, i.e. we consider the connected sum of k copies of
RP2. By Exercise ?? we know that k · RP2 is non-orientable. In Proposition 80.10
we showed that

H1(k · RP2︸ ︷︷ ︸
=Nk

;Z) ∼= Zk−1 ⊕ Z2 and H2(k · RP2;Z) = 0.

This is reassuringly consistent with the Smooth Manifold-Top Homology Theorem 98.6.
(2) Recall that the Möbius band M is a compact non-orientable 2-dimensional smooth

manifold with non-empty boundary. Since M is homotopy equivalent to S1 we see
that H1(M ;Z) ∼= H1(S1;Z) ∼= Z. This example illustrates that in the Smooth
Manifold-Top Homology Theorem 98.6 the �Z2�-term for a non-orientable smooth
manifold only appears if M is closed.

(3) In Chapter 105 we will make sense of the notion of an orientable topological mani-
fold. We will prove the generalization of the Smooth Manifold-Top Homology Theo-
rem 98.6 to the setting of topological manifolds in Theorems 106.1, 106.2 and 106.3
and Proposition 106.22. These new results completely subsume the Smooth Manifold-
Top Homology Theorem 98.6. Nonetheless it is worth covering the above proof since
it is fairly geometric, whereas the latter proofs for topological manifolds are rather
unintuitive.

Proof of the Smooth Manifold-Top Homology Theorem 98.6. LetM be a connected
non-empty n-dimensional smooth manifold. Note that by the Smooth Manifold-Simplicial
Structure Theorem 96.2 we know that M admits a smooth simplicial structure (K =
(V, S),Θ: |K| → M). By the Manifold-Simplex Proposition 98.1 we know that K is an
n-dimensional pseudomanifold. Evidently now we would like to apply Theorem 98.4 and
call it a day.
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But to do so we need to show that the hypotheses on the smooth manifolds do indeed
match the corresponding hypotheses for pseudomanifolds. Let us start with the good news:
(1) By Lemma 93.9 (1) and the Simplicial Complex-Finiteness Proposition 93.12 we know

that M is compact if and only if K is �nite.
(2) From the Manifold-Simplex Proposition 98.1 (1), (3) and (4) we obtain that ∂M = ∅

if and only if ∂K = ∅.
Here is the bad news: We still have to relate the (non-) orientability of the smooth manifold
M to the (non-) orientability of the abstract simplicial complex K. This will be done in
the subsequent Proposition 98.7. �

The following proposition gives us the last piece of the proof of the Smooth Manifold-Top
Homology Theorem 98.6.

Proposition 98.7. (Pseudomanifold-Orientation Proposition) Let n ∈ N and let
M be a connected non-empty n-dimensional smooth manifold.1207 Furthermore let (K =
(V, S),Θ: |K| →M) be a smooth simplicial structure. The map orientations of the smooth

manifold M in the sense of the
de�nition on page 675

 ∼=−→

 orientations of the
pseudomanifold K in the sense
of the de�nition on page 2142

 .

orientation of M 7→

for each n-simplex s we pick a corresponding
ordered simplex Ys and we consider
the oriented n-simplex [(εs, Ys)] where
εs=+1 if Θ◦Φ≤Ys :

◦
∆
n
→M is orientation-pres.

εs=−1 if Θ◦Φ≤Ys :
◦
∆
n
→M is orientation-rev.

is a natural bijection.1208 In particular the smooth manifold M is orientable if and only if
the pseudomanifold K is orientable.

Proof of Proposition 98.7. In the following we will provide a proof of Proposition 98.7.
To preserve the author's sanity we will skip a few technical calculations. We leave it to the
reader to �ll in the details.

Throughout the proof let M be a non-empty n-dimensional smooth manifold and let
(K = (V, S),Θ: |K| →M) be a smooth simplicial structure. First note that the case n = 0
is trivial, since every 0-dimensional smooth manifold and every 0-dimensional pseudoman-
ifold is orientable. Thus in the following we assume that n > 0. Before we do anything
else we recall and introduce a few de�nitions and we make a few basic comments regarding
these de�nitions.
(a) Let k ∈ N0. On page 1581 we introduced

◦
∆
k

:= {(t0, . . . , tk) ∈ ∆k | all coordinates are non-zero}.

Now we also de�ne

∆̃k := {(t0, . . . , tk) ∈ ∆k | at least two coordinates are non-zero}.
1207We do not impose any other conditions, in particular neither do we assume that M is compact nor do
we assume that ∂M = ∅.
1208We leave it to the reader to �gure out what �natural� means in this context.
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(b) Similar to the discussion on page 1581 we view
◦
∆
k
and ∆̃k in the obvious way1209

as smooth manifolds. Note that
◦
∆
k
has no boundary and that the boundary of

∆̃k equals ∆̃k ∩ ∂∆k. We equip the smooth manifolds
◦
∆
k
and ∆̃k with the ori-

entation where for each P ∈
◦
∆
k
a basis v1, . . . , vk of T̃P

◦
∆
k
is positive if the vec-

tors {(1, . . . , 1), v1, . . . , vk} are a positive basis for Rk+1. As always we endow the
boundary ∂∆̃k of the oriented smooth manifold ∆̃k with the orientation given by the
Boundary Orientation Lemma 25.17.

(c) Note that for any j ∈ {0, . . . , k} the usual j-th face map ikj : ∆k−1 → ∆k restricts to an

embedding ikj :
◦
∆
k−1
→ ∂∆̃k Ă ∆̃k. Using the Basics-of-Orientations Lemma 25.13

(2) it is straightforward to verify that the map ikj :
◦
∆
k−1
→ ∂∆̃k is orientation-

preserving if and only if j is even.
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∆
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(d) Let k ∈ N0 and let Y = (v0, . . . , vk) be an ordered k-simplex of K = (V, S). On
page 1984 we introduced the corresponding characteristic map

Φ≤Y : ∆k =
{

(t0, . . . , tk) ∈ Rk+1
≥0

∣∣∣ k∑
i=0
ti = 1

}
→ |K|

(t0, . . . , tk) 7→
k∑
i=0
ti · vi.

(e) It follows almost immediately from the de�nition of a �smooth� simplicial struc-
ture, see page 2082, that for every ordered k-simplex Y = (v0, . . . , vk) the map
Θ ◦ Φ≤Y : ∆̃n →M is an immersion.

Now we turn to the actual proof of the proposition.
First we assume that we are given an orientation of the smooth manifoldM . We need to

equip the pseudomanifold K = (V, S) with a natural orientation. We say that an ordered n-
simplex Y = (v0, . . . , vn) is positive if the map Θ ◦ Φ≤Y :

◦
∆
n
→ M is orientation-preserving

in the sense of the de�nition on page 682. Since n ≥ 1 we see easily that, by possibly
swapping the order of two vertices, we can �nd for each n-simplex s ∈ S a positive ordered
n-simplex Ys with bYsc = s. It remains to prove the following claim.

Claim 1. The oriented n-simplices [(+1, Ys)] form an orientation of the pseudomanifold K.

Proof. Let e be an (n− 1)-simplex of K of order 2 and let s, t be the two n-simplices that
cobound e. We need to show that the orientations [(+1, Ys)] and [(+1, Yt)] induce opposite
orientations on e. We write Ys = (v0, . . . , vn) and we write Yt = (w0, . . . , wn). Let vk be

1209Slightly more precisely, a smooth atlas for
◦
∆
k
is given by projection to the �rst k coordinates, and

for ∆̃k we obtain a smooth atlas by the same projection and an a�ne linear map that sends points on a
component of ∆̃k ∩ ∂∆k into the (k − 1)-hyperplane.
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ink inl∆̃n ∆̃n

Θ ◦ Φ≤(v0,...,vn)

M

Θ ◦ Φ≤(w0,...,wn)

the vertex missing in e and let wl be the vertex missing in e. We consider the maps

◦
∆
n−1 ink−−→ ∆̃n

Θ◦Φ≤
(v0,...,vn)−−−−−−−−→ M

Θ◦Φ≤
(w0,...,wn)←−−−−−−−−− ∆̃n inl←−−

◦
∆
n−1

.

The two maps
◦
∆
n−1
→ M are immersions and the images coincide, thus we obtain a

self-di�eomorphism of
◦
∆
n−1

. A little bit of thought, using (c) and using the Basics-of-
Orientations Lemma 25.13 (2), shows that this map is orientation-preserving if and only if
k + l + 1 is even.1210 Next we need to associate to each orientation of the pseudomanifold
K an orientation of the smooth manifold M . Thus suppose we are given an orientation
{(µs, Ys)}s∈S of the pseudomanifold K. Since n > 0 we can and will assume that for each
n-simplex s we have µs = 1.

Claim 2. The smooth manifold M \Θ(Kn−2) has a natural orientation.1211

Proof. Let P ∈ M \ Θ(Kn−2). Since every (n − 1)-simplex is the face of an n-simplex we
see that there exists an n-simplex s with P ∈ Θ(|s|). Since P 6∈ Θ(Kn−2) we see that there
exists a Q ∈ ∆̃n such that P = Φ≤Ys(Q). Since Φ≤Ys : ∆̃n → M is an immersion we know
that the induced map TQ∆̃k → TPM is an isomorphism. Thus it makes sense to equip
TPM with the image of the positive orientation of ∆̃n under the above isomorphism. We
need to show that the de�nition of the orientation does not depend on the choice of s. If
P ∈M \Θ(Kn−1), then we know from Open Simplex Lemma 93.11 that s is unique, hence
we are done. Otherwise there exists an (n − 1)-simplex e such that P ∈ Θ(〈e〉). If the
order of e equals one, then s is again unique and again we are done. Finally if the order of
e equals two, then it follows from the hypothesis that {(µs, Ys)}s∈S is an orientation of K.
A reasonably elementary calculation shows that the orientation on TPM does not depend
on the choice of the cobounding n-simplex. Finally we note that it is fairly straightforward
to show that these orientations of the tangent spaces de�ne an orientation, in the sense of
the de�nition on page 675, of the smooth submanifold M \Θ(Kn−2). �

We move on to the next claim.
Claim 3. For every open connected subset U of M the following holds:
(a) The set U ∩ (M \Θ(Kn−2)) is connected.
(b) The closure of U ∩ (M \Θ(Kn−2)) equals U .

1210Also note that the fact that
◦
∆
n
is dense in ∆̃n implies that the map Θ ◦ Φ≤Y : ∆̃n → M is also

orientation-preserving.
1211Note that by Lemma 93.8 we know that M \ Θ(Kn−2) is an open subset of M , in particular it is a
smooth submanifold of M .
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Proof. For i = 0, . . . , n − 2 we set Ni = U ∩ (M \ Θ(Ki−1)) and we set Yi = Θ(Ki) ∩ Ni.
Note that for each i ∈ {1, . . . , n − 2} we have Ni = Ni−1 \ Yi−1. It follows easily from
the de�nition of a smooth simplicial structure together with Lemma 93.8 that each Ni

is an n-dimensional smooth manifold and that each Yi is a proper i-dimensional smooth
submanifold of Ni. Since i ≤ n − 2 we obtain iteratively from the future Corollary 42.6
and the hypothesis that N0 = U is path-connected that each Ni is path-connected. Finally
note that we know by Exercise 19.15 and the fact that dim(Yi) = i < n = dim(Ni) that
the closure of Ni \Yi is Ni. Note that the statements of Claim 3 follow almost immediately
from these considerations.
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M
V

Θ(Kn−1)

Θ(Kn−2)

Ψ

U

Finally let P ∈ M . It follows quite easily from Claim (3a) that we can �nd a chart
Ψ: U → V around P such that V is a connected open subset of Rn or Hn and such that Ψ is
orientation-preserving for some Q ∈M \Θ(Kn−2). Furthermore it follows from Claim (3a)
and the Basics-of-Orientations Lemma 25.13 (2) that the restriction of Ψ to U \Θ(Kn−2) is
orientation-preserving at every point. Now we equip all Q ∈ U with the orientation induced
by Ψ and the standard orientation of Rn respectively Hn. It follows easily from Claim (3b)
that these orientations do not depend on the choice of Ψ and that these orientations of the
tangent spaces de�ne an orientation of the smooth manifold M .

In the above discussion we constructed natural maps

{orientations of the smooth manifold M} ↔ {orientations of the pseudomanifold K}
in both directions. It follows reasonably easily from the de�nitions that the two maps are
inverses of one another, thus both maps are natural bijections. �

For manifolds with non-empty boundary the following theorem contains lots of extra infor-
mation.
Theorem 98.8. Let M be a connected non-empty n-dimensional smooth manifold. The
following statements hold:
(1) We have an isomorphism as follows:

Hn(M,∂M ;Z) ∼=
{

Z, if M is orientable and compact,
0, otherwise.

(2) If M is compact, then we also have an isomorphism as follows:

Hn−1(M,∂M ;Z) ∼=
{

free abelian group, if M is orientable,
free abelian group⊕ Z2, if M is non-orientable.

In both cases the free abelian group is �nitely generated.
(3) If M is compact, then we have Hn(M,∂M ;F2) ∼= F2.

Remark.
(1) Note that if M is a connected non-empty smooth manifold with ∂M = ∅, then the

statements of Theorem 98.8 are contained in the Smooth Manifold-Top Homology
Theorem 98.6.
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(2) We will prove the generalization of the Smooth Manifold-Top Homology Theorem 98.6
to the setting of topological manifolds in Theorems 106.1 and 106.2 and Proposi-
tion 106.22.

Example. Let M be the Möbius band. Recall that M is a compact non-orientable 2-di-
mensional smooth manifold. In Exercise 74.7 we already saw that

Hk(M,∂M ;Z) ∼=
{

Z2, if k = 1,
0, otherwise.

This calculation is of course consistent with Theorem 98.8.
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generator of H1(M,∂M) ∼= Z2

Möbius band M

Proof. Let M be a connected non-empty n-dimensional smooth manifold. We dealt with
the case ∂M = ∅ in the Smooth Manifold-Top Homology Theorem 98.6 so we might as
well assume that ∂M 6= ∅.

In the following we �rst sketch what we think should be the �correct� proof of Theo-
rem 98.8 (1). Afterwards we will give the full details for an alternative proof.
(a) As before one uses the Smooth Manifold-Simplicial Structure Theorem 96.2 to equip

M with some smooth simplicial structure (K,Θ: |K| → M). It follows from the
Manifold-Simplex Proposition 98.1 that K is an n-dimensional pseudomanifold such
that ∂M corresponds precisely to ∂K.

(b) By the Simplicial-Singular Homology Isomorphism Lemma 95.30 we have a natural
isomorphism Hsimp

n (K, ∂K)
∼=−→Hn(|K|, |∂K|;Z).

(c) It is fairly straightforward to modify the argument of Theorem 98.4 to show that one
has an isomorphism

Hsimp
n (K, ∂K) ∼=

{
Z, if K is orientable and �nite,
0, otherwise.

(d) By Proposition 98.7 we know that M is orientable if and only if K is orientable. The
desired Statement (1) now follows from the combination of all of the above.

The above approach is surely convincing and it is relatively straightforward to work out
the details. Furthermore the same approach can also be employed to settle Statements (2)
and (3).

Now we turn to our second approach to proving the proposition. This second approach
has the advantage that this time we can provide all the details. Given M we consider its
double DM = M ∪∂M=∂M ′ M

′ where M ′ is a second copy of M . We refer to page 1667 for
details and we refer to the �gure below for an illustration. Recall that by the Doubling-
Manifold Lemma 75.12 we know the following:
(a) The double DM is also an n-dimensional smooth manifold such that M Ă DM is a

smooth submanifold.
(b) The boundary of the double DM is empty.
(c) M is orientable if and only if DM is orientable.
(d) M is connected if and only if DM is connected.
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(e) M is compact if and only if DM is compact.
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folding map r

double DM

i

In the following we denote by i : M → DM the natural inclusion and we denote by
r : DM →M the folding map that we introduced on page 1668. Given k ∈ N0 we consider
the following maps:

Hk(M,∂M)
∼=
��

. . . // Hk(M) �
� i∗ // Hk(DM) //

r∗

jj
Hk(DM,M)

∂ // Hk−1(M) �
� i∗ // Hk−1(DM)

r∗

kk
// . . .

We make the following observations:

(f) The horizontal sequence is the long exact sequence in homology corresponding to the
pair (DM,M).

(g) Since r ◦ i = idM we have r∗ ◦ i∗ = idHk(M), which implies that i∗ : Hk(M)→ Hk(DM)
is a monomorphism.

(h) By the Doubling-Manifold Lemma 75.12 we know that the vertical map is an isomor-
phism.

Next we recall some of our earlier calculations:

(i) Since ∂M 6= ∅ we obtain from the Smooth Manifold-Top Homology Theorem 98.6
that Hn(M) = 0 and that Hn−1(M) is a free abelian group.

(j) By the Smooth Manifold-Top Homology Theorem 98.6 we have

Hn(DM) ∼=
{
Z, if DM is closed and orientable,
0, otherwise.

(k) By the Smooth Manifold-Top Homology Theorem 98.6 and since ∂(DM) = ∅ we
have

Hn−1(DM) ∼=
{

free abelian group, if DM is orientable,
free abelian group⊕ Z2, if DM is non-orientable.

Now we turn to the actual proofs of the three statements of the proposition.

(1) By the above we have an exact sequence

0 // Hn(M)︸ ︷︷ ︸
=0

� � i∗ // Hn(DM) //

r∗

kk
Hn(DM,M)︸ ︷︷ ︸
∼=Hn(M,∂M)

∂ // 0.

The desired statement now follows from (a)�(h) together with (i) and (j).
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(2) By the above we have an exact sequence:

0 // Hn−1(M)︸ ︷︷ ︸
free abelian

� � i∗ // Hn−1(DM) //

r∗
ll

Hn−1(DM,M)︸ ︷︷ ︸
∼=Hn−1(M,∂M)

∂ // 0.

Since r∗ ◦ i∗ = idHn−1(M) we obtain from Splitting Lemma 78.2 and the above discus-
sion that Hn−1(DM) ∼= Hn−1(M,∂M) ⊕ free abelian group. The desired statement
follows from (a)�(h) together with (k) and Lemma 51.9.

(3) We can deduce this statement from the Smooth Manifold-Top Homology Theo-
rem 98.6 (3) using a slight variation on the above arguments. Alternatively we
can deduce (3) from (1) and (2) using the Universal Coe�cient Theorem 89.17, the
same way that we deduced the Smooth Manifold-Top Homology Theorem 98.6 (3)
from the Smooth Manifold-Top Homology Theorem 98.6 (1) and (2). �

98.3. Homology groups of lens spaces. In this section we will apply the results from
the previous sections to complete the long overdue calculation of the homology groups of
lens spaces.

Lemma 98.9. (Lens Space Homology Lemma) Let p ∈ N and let q ∈ Z be coprime
to p. For the corresponding lens space L(p, q) we have

Hn(L(p, q);Z) ∼=

 Z, if n = 0, 3,
0, if n = 2 or n > 3,
Zp, if n = 1.

Remark. An alternative approach to computing the homology groups of lens spaces will
be given in Exercise 146.2.

The calculation of this lemma is rather disappointing, it shows that homology groups cannot
distinguish between two lens spaces of the form L(p, q) and L(p, r). In particular we have
made no progress at all on Question 48.7.

Proof. We start out with the following observations:

(1) It follows from the Actions-Covering Proposition 48.9 and the de�nition of a lens
space that L(p, q) is �nitely covered by S3. It follows from χ(S3) = 0 together with
Proposition 69.4 that χ(L(p, q)) = 0.

(2) Note that on page 1075 we pointed out that every lens space L(p, q) is a closed
orientable connected 3-dimensional smooth manifold.

(3) We already know from the H0-Proposition 72.5 that H0(L(p, q)) ∼= Z.
(4) By Corollary 84.6 we know that H1(L(p, q)) ∼= Zp.
(5) By (2) and the Smooth Manifolds-Invariants Proposition 96.6 (or alternatively the

Top-Homology Theorem 106.3) we know that Hn(L(p, q)) = 0 for n ≥ 4.
(6) By the Smooth Manifold-Top Homology Theorem 98.6 (1) and (2) (or alternatively

by the Orientation-Top Homology Theorem 106.1) we know that H3(L(p, q)) ∼= Z.
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Thus at the moment we are still missing H2(L(p, q)). Now note that

by the Euler Characteristic-H∗-Proposition 87.1
↓

rankH2(L(p, q)) = χ(L(p, q))︸ ︷︷ ︸
=0

−rankH0(L(p, q))︸ ︷︷ ︸
=1

+rankH1(L(p, q))︸ ︷︷ ︸
=0

+rankH3(L(p, q))︸ ︷︷ ︸
=1

= 0.

Furthermore we know by the Smooth Manifold-Top Homology Theorem 98.6 (2) that
H2(L(p, q)) is a �nitely generated free abelian group. Therefore we see that H2(L(p, q)) =
0. �

98.4. The Poincaré Homology Sphere. We start out with the following almost self-
explanatory de�nition of a homology sphere.

De�nition.
(1) We say that an n-dimensional topological manifold X is a topological homology

n-sphere if for every k ∈ N0 we have Hk(X;Z) ∼= Hk(S
n;Z). Sometimes we also

just say homology n-sphere.
(2) Sometimes, for disambiguation we also refer to such a topological manifold as an

integral homology n-sphere.
(3) If X is actually a smooth manifold, then we refer to X as a smooth homology

n-sphere.

Lemma 98.10. Let M be a smooth manifold. If M is a homology n-sphere, then M is
closed, orientable and connected.

Proof. The lemma is an immediate consequence of the H0-Proposition 72.5 and the Smooth
Manifold-Top Homology Theorem 98.6. �

It follows from the Topological 1-Dimensional Manifold Classi�cation Theorem 22.1 and
the Surface Classi�cation Theorem 55.4 and the calculation of homology groups in Propo-
sition 80.10 that for n = 1, 2 every homology n-sphere is homeomorphic to the standard
sphere Sn. In 1900 Henri Poincaré [Poi1900],[PGL1953, p. 370] claimed that the same
statement also holds for n = 3, i.e. he claimed that every homology 3-sphere is in fact home-
omorphic to S3.1212 Shortly afterwards, in 1904, Henri Poincaré [Poi1904, PGL1953]
himself found a counterexample to this claim. More precisely, he proved the following
proposition.
Proposition 98.11. There exists a 3-dimensional smooth manifoldM that is a homology
3-sphere, but such that π1(M) is a non-trivial group.

Remark. In Exercise 98.13 and in Proposition 141.5 we will prove the higher-dimensional
analogue of Proposition 98.11.

Now we turn to the proof of Proposition 98.11. By now there are many proofs. In the
following we will give Poincaré's example of such a smooth manifold. Later on in Exer-
cise 100.4 we will give a di�erent proof of Proposition 98.11.

1212In fact in [PGL1953, p. 498] he wrote �Pour ne pas trop allonger ce travail, je me bornerai à énoncer le
théorème suivant dont la démonstration demanderait quelques développements: Tout polyèdre qui a tous
ses nombres de Betti égaux Ã si et tous ses tableaux Tq bilatères est simplement connexe, c'est-à-dire
homéomorphe à l'hypersphère.
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To construct Poincaré's example we need to recall a few de�nitions and results from earlier
on.

De�nition.
(1) Let z := 1 +

√
5

2
be the golden ratio. As on page 1897 let D be the regular dodeca-

hedron that is the convex hull of the 20 vertices

(±1,±1,±1), (0,±z,±1
z
), (±1

z
, 0,±z), and (±z,±1

z
, 0).

Furthermore let Sym(D) be the subgroup of SO(3) that preserves the regular do-
decahedron, i.e. that preserves the set of these 20 vertices.

(2) Let T := {A ∈ M(2 × 2,C) |A = A
T
and tr(A) = 0}. This is a 3-dimensional real

vector space which we equip with the basis that is given by the matrices

E1 =
(

1 0
0 −1

)
, E2 =

(
0 1
1 0

)
and E3 =

(
0 − i
i 0

)
.

Furthermore we equip T with the form (A,B) 7→ g(A,B) := 1
2

tr
(
AB

T )
. Next

recall that on page 1819 we showed that the map T → R3 given by Ei → ei
de�nes an isometry (T, g)→ (R3, 〈 , 〉) which we now use to make the identi�cation
SIsom(T, g) = SO(3). Furthermore, in Lemma 83.1 we showed that the map

q : SU(2) → SIsom(T, g) = SO(3)
A 7→ (B 7→ ABA−1)

is a well-de�ned group homomorphism, that it is an epimorphism and that the kernel
is given by ± id.

(3) We make the identi�cation S3 = {z ∈ H = R4 | |z| = 1}, i.e. we view S3 as the set
of quaternions of length 1. By Proposition 92.2 (3) we know that the following map
is a di�eomorphism and a group isomorphism:

f : S3 → SU(2)

(z, w) = z + j · w 7→
(
z −w
w z

)
︸ ︷︷ ︸

matrix that represents
left-multiplication by z + j · w with

respect to the complex basis {1, j} of H

(4) We refer to Γ := (q ◦ f)−1(Sym(D)) Ă S3 as the binary icosahedral group.
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inscribed cubedodecahedron

x

y

z

Remark. It might be a little confusing that we refer to Γ as the binary icosahedral group.
As we discussed on page 1898, the symmetry group of a regular icosahedron I equals the
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symmetry group of a regular dodecahedron D. Therefore in the above de�nition of the
binary icosahedral group we could replace Sym(D) by Sym(I), which is more logical and
more common. But since it is a little easier to describe Sym(D) geometrically we prefer to
work with the regular dodecahedron.

Proposition 98.12.
(1) The binary icosahedral group Γ is a group with 120 elements.
(2) The binary icosahedral group Γ has trivial abelianization.
(3) The quotientM := S3/Γ is a smooth homology 3-sphere with non-trivial fundamen-

tal group.

De�nition. The smooth manifold S3/Γ is called the Poincaré Homology Sphere.

Remark. The Poincaré Homology Sphere is ubiquitous in topology and can be described
in many di�erent ways. The di�erent avatars and also the history of the Poincaré Homol-
ogy Sphere are discussed in detail in [SeW1933], [Rolf1990, Chapter 10.E], [Vol2013]
and [KSc1979]. In fact [KSc1979] provides altogether eight di�erent ways to construct
the Poincaré Homology Sphere. In the following we outline a few of these alternative
descriptions of the Poincaré Homology Sphere.
(1) In 1904, when Henri Poincaré discovered the eponymous sphere, he gave a di�erent

description in terms of gluing two �handlebodies�. It is shown in [SeW1933] that
this topological space is homeomorphic to the topological space we describe next in
(2).

(2) Let D be the �solid� regular dodecahedron. Now identify each pentagon on the
boundary with the opposite pentagon via a π/5 twist in the �clockwise� direction.
As is explained in [KSc1979], the resulting topological space is in fact homeomorphic
to the Poincaré Homology Sphere as we de�ned it above.
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homology sphere in [?]

(3) On page 3140 we will give two descriptions of the Poincaré Homology Sphere as the
result of a �surgery� on a knot respectively a link.

Proof.

(1) Let z := 1 +
√

5
2
be the golden ratio. Recall that D is the polyhedron that is spanned

by the 20 vertices

(±1,±1,±1), (0,±z,±1
z
), (±1

z
, 0,±z), and (±z,±1

z
, 0).

In the �gures on page 1898 and on 2160 we show that one can inscribe �ve cubes
C1, . . . , C5 into the regular dodecahedron. As we already mentioned on page 1897, it
is shown in [Arm1988, p. 40] that the map

Sym(D) → A5
∼= positive permutations of {C1, . . . , C5}

A 7→ (Ci 7→ A · Ci)
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is an isomorphism. We consider the maps : SU(2) → SIsom(T, g) = SO(3) and
f : S3 → SU(2) that we de�ned above and we recall that the binary icosahedral
group is de�ned as Γ := (q ◦ f)−1(Sym(D)) Ă S3. As we mentioned above, in
Lemma 83.1 we showed that ker(q ◦ f) = ±1 ∈ S3 = {z ∈ H = R4 | |z| = 1}.
Furthermore it follows from the SU(2)-SO(3)-Covering Theorem 83.2 (1) that q ◦ f
is an epimorphism. Since Sym(D) ∼= A5 has 1

2
5! = 60 elements and since q ◦ f has a

kernel with two elements we see that Γ is a group with 120 elements.
(2) We need to show that the abelianization of Γ is trivial.1213 By (1) we know that the

group Γ Ă S3 = {z ∈ H = R4 | |z| = 1} �ts into a short exact sequence

1 → {±1} ρ−→ Γ
q◦f−−→ Sym(D) → 1.

By the Abelianization Proposition 53.20 we get an induced exact sequence
{±1} ρ−→ Γab

q◦f−−→ (Sym(D))ab → 1.

Almost every algebra book worth its money shows that A5
∼= Sym(D) is a simple

group, see e.g. [Bog2008, Theorem 11.3]. This fact implies that the abelianization
of Sym(D) is trivial. Thus it su�ces to prove the following claim.

Claim. The quaternion −1 ∈ S3 = {z ∈ H = R4 | |z| = 1} represents the trivial
element in Γab.

Proof. First recall that a straightforward explicit calculation, which you and I carried
out in Exercise 83.1 and on page 1960, shows that

(q ◦ f)( i) = q
(

i 0
0 − i

)
=

(
1 0 0
0 −1 0
0 0 −1

)
︸ ︷︷ ︸

=:A

and (q ◦ f)( j) = q
(

0 −1
1 0

)
=

(
−1 0 0

0 −1 0
0 0 1

)
︸ ︷︷ ︸

=:B

.

It follows immediately from the explicit description of the vertices of the regular
dodecahedron D in (1) that the two matrices A and B to the right actually lie in
Sym(D). Next note that it follows from the above calculation, that i = (q ◦ f)−1(A)
and j = (q ◦ f)−1(B). In particular we see that i, j ∈ (q ◦ f)−1(Sym(D)) = Γ. By
de�nition of the quaternion multiplication on page 1960 we have

[ i, j] = i · j︸︷︷︸
=− j· i

· i−1 · j−1 = − j · i · i−1 · j−1 = −1.

We have thus shown that −1 is a commutator of elements in Γ. By de�nition of Γab

this implies that −1 represents indeed the trivial element in Γab. �
(3) Recall that it follows from Proposition 92.2 (3) that Γ := (q ◦ f)−1(Sym(D)) is a

�nite subgroup of the group S3 = {z ∈ H = R4 | |z| = 1}. Since subgroups act freely
on groups we see that Γ acts freely on S3. Since Γ is a �nite subgroup it now follows
from the Manifold Quotient-by-Group Action Proposition 19.32 that M := S3/Γ is
a closed 3-dimensional smooth manifold. It remains to show that M = S3/Γ is a

1213An argument similar to our proof of (2) is also provided in [Bre1993, p. 354] and in [Toen2017,
p. 133].
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homology sphere. First we perform the following calculation:

by the Hurewicz Theorem 84.5 by (2)
↓ ↓

H1(S3/Γ) ∼= π1(S3/Γ)ab
∼= Γab = 0.
↑

by the Sphere-π1-Proposition 47.13 and the
Fundamental Group-via-Actions Theorem 48.16

Next note that by the Smooth Manifolds-Invariants Proposition 96.6 we have Hi(M) =
0 for i ≥ 4. Furthermore note that by construction Γ is contained in SU(2). Thus
we see that the action of Γ on S3 is orientation-preserving.1214 Therefore it follows
from the Orientation-Action Proposition 25.19 thatM = S3/Γ is actually orientable.
This implies in turn by the Smooth Manifold-Top Homology Theorem 98.6 that
H3(M) ∼= Z. Thus it remains to show that H2(M) = 0. By the Smooth Manifold-
Top Homology Theorem 98.6 (2) we know that H2(M) is a free abelian group. So it
su�ces to show that b2(M) = 0. In fact we have

b2(M) = χ(M) = 1
k · χ(S3) = 0.

↑ ↑ ↑
since b0(M) = b3(M) = 1 Proposition 69.4 see page 1879

and b1(M) = 0 and the Smooth Manifold-CW Structure Theorem 96.5 �

Remark. LetM be a homology 3-sphere with �nite fundamental group. As is pointed out
in [Kerv1969, p. 67], it follows from the work of Michio Suzuki [Suz1955] or alternatively
John Milnor [Miln1957b] that π1(M) is isomorphic to the binary icosahedral group. In
fact, it follows from the much more fancy Elliptisation Theorem ?? that suchM is actually
di�eomorphic to the Poincaré Homology Sphere.

We conclude this section with the statement of a conjecture that was formulated by Henri
Poincaré [PGL1953, p. 498] [Poi1904].

Conjecture 98.13. (Poincaré Conjecture) If M is a homology 3-sphere that is simply
connected, then M is homeomorphic to S3.
We will discuss the Poincaré Conjecture and various variations thereof in Chapter ??.

98.5. The topology of smooth manifolds. In this section we provide two results on the
topology of smooth manifolds. Let us formulate our �rst result.

Proposition 98.14. (No Top-Cell Proposition) Let M be a connected non-empty
n-dimensional smooth manifold. If M is non-compact or if M has non-empty boundary,
thenM is homotopy equivalent to an (n−1)-dimensional simplicial complex, in particular
M is homotopy equivalent to an (n− 1)-dimensional CW-complex.

Examples.
(1) Given g ∈ N0 and k ∈ N0 we denote as usual by Σg,k the surface of genus g with

k open disks removed. In the �gure below we sketch a deformation retraction from
Σ2,2 to a CW-complex of Euler characteristic −4.
More generally, almost the same argument shows that Σg,k with k ≥ 1 admits a
deformation retraction to a CW-complex with k 0-cells and 2g+ 2(k− 1) 1-cells, i.e.
a 1-dimensional CW-complex of Euler characteristic k−(2g+2(k−1)) = −2g−k+2.

1214Since the action of Γ is free it follows also from Exercise 5.34 that the action is orientation-preserving.
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Using the Quotient-by-Tree Proposition 69.8 (2) we also see that Σg,k is homotopy
equivalent to the wedge of 2g + k − 1 circles.
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Σ2,2 1-dimensional CW-complex

deformation retraction

(2) The non-compact smooth manifold that is given by removing a point from the torus
is easily seen to be homotopy equivalent to the wedge of two circles.

(3) In the �gure below we show the surfaceM of in�nite genus, which is non-compact, and
a 1-dimensional CW-complex that is deformation retract of M . It is admittedly not
overly obvious why the 1-dimensional CW-complex is indeed a deformation retract
of M .
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M is the surface of �in�nite genus�

1-dimensional CW-complex that is a deformation retract of M

Remark. LetM be a compact connected n-dimensional smooth manifold with non-empty
boundary. By the No Top-Cell Proposition 98.14 we now know that M is homotopy equiv-
alent to a �nite (n− 1)-dimensional CW-complex which implies by the Homology-of-CW-
Complex Proposition 80.6 that Hn(M) = 0 and that Hn−1(M) is a �nitely generated free
abelian group. This is of course consistent with the Smooth Manifold-Top Homology The-
orem 98.6.

The proof of the No Top-Cell Proposition 98.14 requires some preparations.

De�nition. Let K = (V, S) be an n-dimensional abstract simplicial complex such that
every (n−1)-simplex has order ≤ 2. We denote byW the set of n-simplices and we denote
by E the set of (n− 1)-simplices.
(1) We say an n-simplex is free if it admits a codimension one face of order 1. Otherwise

we say that the n-simplex is unfree.
(2) A boundary route is a subgraph Γ̃ = (W, F̃ , ϕ) of the dual graph1215 Γ = (W,E2, ϕ)

with the following property: every n-simplex of K, i.e. every vertex of the dual
graph, is connected in Γ̃ to a free n-simplex.

1215We refer to page 2143 for the de�nition of the dual graph.
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K

2-simplices that cobound 1-simplex of order 1 boundary route

free vertex unfree vertex

Lemma 98.15. Let K = (V, S) be an n-dimensional abstract simplicial complex that
admits a boundary route. There exists a subcomplex K ′ = (V ′, S ′) of K = (V, S) with
the following three properties:
(1) K ′ = (V ′, S ′) admits a boundary route.
(2) |K ′| is a deformation retract of |K|.
(3) The number of n-simplices of K ′ is less than the number of n-simplices of K.

Proof of Lemma 98.15. LetK = (V, S) be an n-dimensional abstract simplicial complex
that admits a boundary route Γ̃ = (W, F̃ , ϕ). Since K is n-dimensional we know that it
contains at least one n-simplex and since K admits a boundary route we see that there
exists an n-simplex w that is free. By de�nition this means that w admits a codimension-
one face e of order 1. We denote by f1, . . . , fn the remaining codimension-one faces of w.
We set K ′ := (V, S \ {w, e}).
Note that K ′ is indeed a subcomplex of K. A slight generalization of Exercise 15.13 shows

that there exists a deformation retraction from |w| to
n⋃
i=1
|fi|. It follows from Lemma 93.8

together with the Homotopy Stacking Lemma 14.3 that this deformation retraction together
with the constant homotopy on |K ′| de�nes a deformation retraction from |K| to |K ′|.

Since every (n−1)-simplex ofK has order ≤ 2 we see see that every n-simplex ofK ′ that
contains one of the fi as a face is a free n-simplex of K ′. Using this observation it is now
straightforward to see a boundary route forK ′ is given by (W\{w}, {f̃ ∈ F̃ | f̃ 6Ă w}, ϕ). �
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boundary routeface e

K

boundary route free simplexfree simplex w

f1 and f2

Proof of the No Top-Cell Proposition 98.14 in the compact case. LetM be a com-
pact connected non-empty n-dimensional smooth manifold with non-empty boundary. Re-
call that by the Smooth Manifold-Simplicial Structure Theorem 96.2 we know that M
admits a simplicial structure (K = (V, S),Θ: |K| → M) such that ∂M is a subcomplex.
We need to show that |K| is homotopy equivalent to a �nite (n− 1)-dimensional simplicial
complex.
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Let Γ = (W,E2, ϕ) be the dual graph of K. By the Manifold-Simplex Proposition 98.1
(5) we know that Γ is connected. Thus it follows from the Spanning Tree Existence Propo-
sition 7.10 (1) that Γ admits a spanning tree T . By de�nition T is connected and by the
Spanning Tree Existence Proposition 7.10 we know that a spanning tree contains all ver-
tices. Since ∂M 6= ∅ we know by the Manifold-Simplex Proposition 98.1 that ∂K 6= ∅.
Thus we see that T is in fact a boundary route for K. This means that we can start up
the machine given by Lemma 98.15. Iteratively applying Lemma 98.15 we get the desired
deformation retraction. �
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simplicial structure for the surface of genus one
with one boundary component

1-dimensional
simplicial complex

retraction onto the other faces

Proof of the No Top-Cell Proposition 98.14 in the non-compact case. Let M be
a non-compact connected n-dimensional smooth manifold. It follows from [NR2004, The-
orem 2.2], or alternatively [WhdJ1961b, Lemma 2.1], together with Proposition 94.12
that M is homotopy equivalent to an (n− 1)-dimensional simplicial complex.

We will not attempt to give a full proof of our own, but we will sketch an outline of a
proof. Evidently we again use the fact that by the Smooth Manifold-Simplicial Struc-
ture Theorem 96.2 we know that we can equip M with a simplicial structure (K =
(V, S),Θ: |K| → M). It is fairly straightforward to show that there exists a sequence
Y1, Y2, . . . of non-empty subcomplexes of K with the following properties:
(1) The sequence is nested, i.e. for each i ∈ N we have Yi Ă Yi+1.
(2) Each Xi is a �nite n-dimensional pseudomanifold.
(3) We have

⋃
i∈N
Xi = K.

Now, with a considerable e�ort one can modify the above arguments used in the compact
case to show that there exists a sequence of (n−1)-dimensional subcomplexes Xi Ă Yi with
the following properties:
(4) For each i ∈ N we have Xi Ă Xi+1.
(5) Each |Xi| is a deformation retract of |Yi|.

Finally we set X :=
⋃
i∈N
Xi. Note that X is an (n − 1)-dimensional subcomplex of Y . It

remains to show that X is a deformation retract of Y .
We pick a base point ∗ ∈. Using the above one can show, reasonably easily, that the

inclusion induced map πn(X, ∗) → πn(Y, ∗) is an isomorphism for every n ∈ N. It follows
from the Whitehead Deformation Retract Proposition 162.21216, which is a variation on the

1216My apologies for referring to a future result.
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Whitehead Theorem 162.1, that X is indeed a deformation retract of Y . We leave it as a
charming challenge to the reader to turn this idea into a rigorous proof. �

We give a new proof of the following proposition.

Proposition 64.5. Let M be a connected 2-dimensional smooth manifold. If M is non-
compact, then π1(M) is a free group.

Proof. LetM be a connected 2-dimensional smooth manifold that is non-compact. By the
No Top-Cell Proposition 98.14 we know that M is homotopy equivalent to a 1-dimensional
CW-complex. It follows from the Homotopy-π1-Proposition 50.3 (2) and Proposition 69.9
(1) that π1(M) is a free group. �

We conclude this chapter with the following proposition.

Proposition 98.16. (Single Top-Cell Proposition) Let M be a compact connected
n-dimensional smooth manifold. There exists a CW-structure for M with a single n-cell.

Remark. For fans of small CW-complexes we also recall Proposition 70.4 which says that
any 0-connected CW-complex X is homotopy equivalent to a CW-complex Y with a single
0-cell which has the property that for any n ≥ 2 the number of n-cells of X equals the
number of n-cells of Y .

In the proof of the Single Top-Cell Proposition 98.16 we will make use of the following
lemma.
Lemma 98.17. Let L be an n-dimensional pseudomanifold that contains two subcom-
plexes J and K. If K consists of a single n-simplex, if J ∩K consists of a single (n− 1)-
simplex e and if e has order 1 in J , then there exists a homeomorphism (|L|, |∂L|) →
(|J |, |∂J |) of pairs of topological spaces.

Sketch of a proof of Lemma 98.17. Let w be the one n-simplex of J that cobounds e.
It is elementary, albeit ever-so-slightly painful, to write down an explicit homeomorphism
|w| ∪ |K| → |w| that is the identity on |∂w| \ (|∂w| ∩ |K|). Together with the identity
on |J | \ |w| this homeomorphism gives us the desired homeomorphism from |L| to |J |. It
follows almost immediately from the de�nitions that this homeomorphism restricts to a
homeomorphism |∂L| → |∂J |. We leave it to the reader to �ll in the details. �

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������ ����

��

��

���� �
�
�
�

��
��
��
��

|L| |J |J ∩K = eJ

K

w

∼=

Sketch of a proof of the Single Top-Cell Proposition 98.16. We sketch a proof of
the proposition. The statement is also proved with fewer details but more authority in
[Mc2002, Theorem 5.1].

Let M be a closed connected non-empty n-dimensional smooth manifold. By the
Smooth Manifold-Simplicial Structure Theorem 96.2 we know that M admits a simplicial
structure (K = (V, S),Θ: |K| → M). We need to show that |K| admits a CW-structure
with a single n-cell.
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Let Γ = (W,E2, ϕ) be the dual graph of K. By the Manifold-Simplex Proposition 98.1
(5) we know that Γ is connected. Thus it follows from the Spanning Tree Existence Propo-
sition 7.10 (1) that Γ admits a spanning tree T . Note that by the Spanning Tree Existence
Proposition 7.10 (2) we know that T contains every vertex of Γ.

LetX be the subcomplex ofK that is given by removing all n-simplices and by removing
all (n − 1) that do not correspond to an edge of the spanning tree T . Note that X is
an (n − 1)-dimensional simplicial complex. Furthermore let L be the abstract simplicial
complex that is given by the �disjoint union of the n-simplices of K and gluing them along
the (n − 1)-simplices corresponding to the edges of T �. It is not di�cult, but also not
particularly instructive, to write down a completely rigorous de�nition of L. Note that L
comes with a natural simplicial map f : L→ K.

Next note that using an induction argument based on Lemma 98.17, and which also
makes use of the Standard Simplex Homeomorphism Lemma 72.1, it is rather straight-
forward to show that there exists a homeomorphism Ψ: (B

n
, Sn−1) → (∆n, ∂∆n) →

(|L|, |∂L|). Finally, using the Compact-Hausdor� Proposition 2.17 (3) one can verify that
the map

where x ∼ (Ψ ◦ |f |)(x) for every x ∈ Sn−1

↓
(B

n t |X|)/∼ → |K|

[P ] 7→
{

(Ψ ◦ |f |)(P ), if P ∈ Bn
,

P, if P ∈ |X| Ă |K|
is a homeomorphism. The left-hand side admits an obvious CW-structure with a single
n-cell. Thus we have shown that |K| admits a CW-structure with a single n-cell. �
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|K|

T

B
n

∼= Ψ|L|

|X||f |

Exercises for Chapter 98.

Exercise 98.1. Let K be a �nite n-dimensional pseudomanifold.

(a) Show that the suspension Σ(K), as de�ned on page 2003, is an (n + 1)-dimensional
pseudomanifold.

(b) Show that if K is closed, then Σ(K) is closed.
(c) Show that if K is orientable in the sense of the de�nition on page 2142, then Σ(K)

is orientable.

Exercise 98.2. Let K be an n-dimensional pseudomanifold such that ∂K is an (n − 1)-
dimensional pseudomanifold. Let i : ∂K → K be the inclusion map. We consider the cone
K∪∂K Cone(∂K). Show that Cone(i : ∂K → K) is a closed n-dimensional pseudomanifold.
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Exercise 98.3. Let K be an m-dimensional pseudomanifold and let L be an n-dimensional
pseudomanifold. We equip K and L with a total order and we de�ne the product K × L
as on page 1998.
(a) Show that K × L is an (m+ n)-dimensional pseudomanifold.
(b) Show that K × L is closed if and only if both K and L are closed.
(c) Show that K × L is orientable if and only if both K and L are orientable.

Exercise 98.4.
(a) Let K be a 1-dimensional pseudomanifold. Show that |K| is a closed 1-dimensional

smooth manifold.
(b) Let K be a 2-dimensional pseudomanifold. Show that |K| is a closed 2-dimensional

smooth manifold.
Remark. Part (a) is fairly straightforward. The proof of part (b) is more delicate. One
way to prove part (b) is to imitate the proof, given in Propositions 18.7 and 19.18, that
the surface Σg of genus g is closed 2-dimensional smooth manifold.

Exercise 98.5. Let K = (V, S) be an n-dimensional pseudomanifold.
(a) Show that the barycentric subdivision sd(K) is an n-dimensional pseudomanifold.
(b) Suppose that K is equipped with an orientation. Let t = {s0, . . . , sn} be an n-

simplex of sd(K). For i = 0, . . . , n we denote by vi the vertex of si that is not
contained in si−1. Let ε ∈ {−1, 1} be the sign such that (ε, (v0, . . . , vn)) matches the
given orientation of K. We equip the n-simplex t of sd(K) with the orientation given
by (ε, (s0, . . . , sn)). Show that the above orientations of the n-simplices of sd(K)
de�ne an orientation for sd(K).

We refer to the �gure below for an illustration.
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Exercise 98.6. LetM be a compact connected non-empty smooth manifold. Furthermore
let (K = (V, S),Θ: |K| →M) be a simplicial structure for M . Let Γ be the dual graph as
de�ned on page 2143. Is there a relationship between the homology groups H1(Γ;Z) and
the groups H1(M ;Z) or H1(M,∂M ;Z)? For example is there a relationship between the
ranks or the minimal number of generators?

Exercise 98.7. Let M be a compact orientable n-dimensional smooth manifold. Suppose
that we are given a decomposition ∂M = A ∪ B where A and B are compact (n − 1)-
dimensional submanifolds of ∂M such that A ∩ B = ∂A = ∂B. Show that Hn−1(M,A) is
a free abelian group.

Exercise 98.8. Let M be a compact connected n-dimensional smooth manifold and let
p 6= 2 be a prime. Determine Hn(M,∂M ;Fp) and Hn(M ;Fp).

Exercise 98.9. Let k, l ∈ N and let Nk,l be Nk = k · RP2 minus l open disks. Determine
H1(Nk,l, ∂Nk,l;Z).
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Exercise 98.10. Let K be an in�nite n-dimensional pseudomanifold such that ∂K = ∅.
Show that Hsimp

n−1 (K) is a free abelian group.
Remark. This exercise will require a serious e�ort.

Exercise 98.11. Let p, q ∈ N be coprime. Show that every orientation-reversing di�eo-
morphism of the lens space L(p, q) has at least one �xed point.

Exercise 98.12. Let X be a connected 2-dimensional smooth manifold with in�nite fun-
damental group (We do not assume that X is compact.) Show that X is aspherical, i.e.
show that πi(X) = 0 for i ≥ 2.
Hint. First use the Hurewicz Theorem 85.5 and the results from this section to show that
π2(X) = 0.
Remark. This exercise gives in particular a new proof of the fact that given a surface Σg

of genus g ≥ 1 we have πi(Σg) = 0 for i ≥ 2. We had initially proved this statement on
page 1575 using the rather di�cult results from Chapter 66.

Exercise 98.13. Let M be a 3-dimensional smooth homology 3-sphere with non-trivial
fundamental group.1217 Furthermore let n ≥ 4. We pick a smooth embedding ϕ : B

3 →M

and we consider W := (M \ ϕ(B3) × Bn−3
. By Proposition ?? we can equip W with the

structure of an orientable n-dimensional smooth manifold. Show that the double DW is
an n-dimensional smooth homology n-sphere with non-trivial fundamental group.

Exercise 98.14. Let Σ be a compact oriented connected 2-dimensional smooth manifold.
We consider the product N := Σ× [0, 1] and we consider the subset A := ∂Σ× [0, 1] Ă N .
Let ϕ : Σ→ Σ×{0} Ă N be the obvious inclusion map. Now let g : S → N be a map from
a compact oriented connected 2-dimensional smooth manifold with g(∂S) Ă A such that
ϕ∗([Σ]) = g∗([S]). Show that χ(S) ≤ χ(Σ).
Remark. In a slightly simpli�ed version the exercise says that the surface Σ × {0} is the
�simplest� surface in N representing the homology class [Σ× {0}].

1217By Proposition 98.11 we know that such M exists.
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99. Simplicial cohomology

In this chapter we will introduce the simplicial cohomology groups of an (ordered) abstract
simplicial complex. This chapter can be seen as a continuation of our discussions of abstract
simplicial complexes in Chapters 93, 94 and 95. The objects in this chapter are for the most
part purely combinatorial and for the most part this chapter can be read independently
of the chapters on singular cohomology. We will only make use of the purely algebraic
statements in Sections 108.1, 108.2 and 108.3.
As for simplicial homology, the study of simplicial cohomology is great fun in its own right.
But as we will see, it is also a very convenient tool for calculating singular cohomology
groups and for determining the often intractable cup and cap products.
In Chapter 103 we will prove the Simplicial Poincaré Duality Theorem 103.4 for pseudo-
manifolds, which gives us in particular a Poincaré Duality theorem for smooth manifolds.

99.1. Simplicial chain complexes. In the following section we will introduce simplicial
cohomology groups. Before we do so it is convenient to recall several de�nitions and results
on simplicial chain complexes.
We start out with the following de�nition from page 2036.

De�nition. Let K = (V, S) be an ordered abstract simplicial complex.1218 Given k ∈ N0

we de�ne

Csimp,≤
k (K) := free abelian group generated by the set of k-simplices of K.

Furthermore we consider the boundary map

∂k : Csimp,≤
k (K) → Csimp,≤

k−1 (K)

{v0 < · · · < vk}︸ ︷︷ ︸
any k-simplex s is uniquely
of the form s = {v0, . . . , vk}

with v0 < · · · < vk

7→
k∑
i=0

(−1)i · {v0, . . . , vi−1, v̂i, vi+1, . . . , vk}.

By Lemma 95.2 we know that (Csimp,≤
∗ (K), ∂∗) is a chain complex, thus we can de�ne the

corresponding simplicial homology groups Hsimp,≤
∗ (K).

The above de�nition is straightforward, but it does have the major disadvantage that it
requires the choice of an order on K. In most situations there is no natural choice of an
order. In the absence of an order we are led to the following more elaborate de�nition
which initially we gave on page 2038 and in Lemma 95.6.

De�nition. Let K = (V, S) be an abstract simplicial complex.
(1) Let k ∈ N0. An ordered k-simplex of K is a (k + 1)-tuple (v0, . . . , vk) ∈ V k+1

such that {v0, . . . , vk} is a k-simplex of K = (V, S). In the following we write
b(v0, . . . , vk)c := {v0, . . . , vk}.

1218Recall that, according to the de�nition on page 1982, an order on an abstract simplicial complex (V, S)
is a partial order on V that has the property that the restriction to each simplex is actually a total order.
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(2) Let k ∈ N0. We de�ne the k-th simplicial chain group

Csimp
k (K) :=

free abelian group on the set
of ordered k-simplices of K

/
(v0, ..., vk)−sign(σ)·(vσ(0), ..., vσ(k))
where σ ∈ Sk+1 = Bij{0, . . . , k}

(3) Given an ordered simplex (v0, . . . , vk) we denote its image in Csimp
k (K) by [v0, . . . , vk].

(4) We consider the map

∂k : Csimp
k (K) → Csimp

k−1 (K)

[v0, . . . , vk] 7→
k∑
i=0

(−1)i · [v0, . . . , vi−1, v̂i, vi+1, . . . , vk].

(5) By Lemma 95.6 we know that (Csimp
∗ (K), ∂∗) is a chain complex, thus we can de�ne

the corresponding simplicial homology groups Hsimp
∗ (K).

Notation. In pictures we denote the ordering of the simplices of a 1-simplex in the obvious
way by an arrow pointing from the �rst to the second vertex. Furthermore, given an
ordered 2-simplex we indicate the �rst vertex by a dot and the ordering of the remaining
vertices by an oriented 3/4-circle. We refer to the �gure below for an illustration.
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We recall the following lemma.
Lemma 95.6. Let K be an abstract simplicial complex. If we choose for each k-simplex
s ∈ S an ordered k-simplex s̃ with bs̃c = s, then the [s̃] form a basis for Csimp

k (K).
We conclude this short section with the following proposition that combines several earlier
statements on the relationship between the above two simplicial chain complexes and also
the singular chain complex of the topological realization.
Proposition 99.1.
(1) Let (K = (V, S),≤) be an ordered abstract simplicial complex.

(a) We consider the following maps:

Csimp
k (K)

Ω≤,k←−−− Csimp,≤
k (K)

Θ≤,k−−−→ Ck(|K|)
[v0, . . . , vk] ←− [ s = {v0 < · · · < vk} 7−→ (Φ≤s : ∆k → |K|).

↑
map given by sending ei to vi

The maps Ω≤,k to the left de�ne a natural isomorphism of chain complexes
whereas the maps Θ≤,k to the right de�ne a natural chain homotopy equivalence.

(b) There exist maps

πk : Ck(|K|) → Csimp,≤
k (K)

which have the following two properties:
(i) The maps πk form a chain map which form a chain homotopy equivalence.
(ii) For each k ∈ N0 we have πk ◦Θk = id

Csimp,≤
k (K)

.
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(2) Let K be an abstract simplicial complex and let �≤� and �Ď� be two orders on K.
The two chain maps

Csimp
k (K)

Ω−1
≤,k−−−→ Csimp,≤

k (K)
Θ≤,k−−−→ Ck(|K|)

and Csimp
k (K)

Ω−1
Ď,k−−−→ Csimp,Ď

k (K)
ΘĎ,k−−−→ Ck(|K|)

are chain homotopic.
(3) Let G be an abelian group. The chain homotopy equivalence class of (2) induces a

natural isomorphism

Ξk∗ : H
simp
k (K;G) → Hk(|K|;G).

Proof.

(1) (a) This statement is the combination of Lemma 95.8 and the Simplicial-Singular
Chain Complex Theorem 95.25.

(b) It follows almost immediately from the de�nitions that for each k ∈ N0 the map
Csimp,≤
k (K) → Ck(|K|) is a monomorphism and that the image is a summand.

The desired statement is now an immediate consequence of (a) and Proposi-
tion 81.5.

(2) This statement is the content of Lemma 95.26.
(3) It follows immediately from (2) and a slight generalization of Lemma 73.2 that any

choice of order on K induces the same map on homology with G-coe�cients, i.e. the
map Ξk∗ is well-de�ned. It follows easily from (1) and Corollary 73.4 that the map
Ξk∗ is a natural isomorphism. �

99.2. The de�nition of the simplicial cohomology groups. In this section we will
introduce the simplicial cohomology groups of an (ordered) abstract simplicial complex.
The discussion in the previous section also shows that it will be necessary to consider two
slightly di�erent types of simplicial cohomology groups.
We start out with a decidedly dull de�nition.

De�nition. Let K be an (ordered) abstract simplicial complex and let G be an abelian
group. For each k ∈ N0 we write

Cksimp(K;G) := Hom(Csimp
k (K), G) and Cksimp,≤(K;G) := Hom(Csimp,≤

k (K), G).

Elements of Cksimp(K;G) and Cksimp,≤(K;G) are called simplicial k-cochains.

Remark. Let G be an abelian group, let K be an ordered abstract simplicial complex and
let k ∈ N0.

(1) It follows from Lemma 108.1 that a simplicial k-cochain in Cksimp,≤(K;G) is the same
data as assigning an element of G to every k-simplex. Note that in contrast to the
setting of singular cochains one can actually hope to �see� simplicial cochains. For
example see the �gure below for a simple-minded illustration.

(2) In contrast, it follows easily from the Tensor Lemma 89.3 that a chain in Csimp,≤
k (K)⊗

G is the same data as assigning an element of G to �nitely many k-simplices.

Now we introduce the following notation.
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11

23

2 −93

0

0

11 5 0 1137

simplicial 1-cochain in C1
simp,≤(K)

−95

5 5

−7 9

0 −1

Notation.
(1) Let K be an order abstract simplicial complex and let s be an ordered k-simplex.

We denote by s∗ : Csimp,≤
k (K)→ Z the map that is given by s∗(s) = 1 and s∗(t) = 0

for any k-simplex t 6= s.
(2) Let K be an abstract simplicial complex and let s = (v0, . . . , vk) be an ordered

k-simplex. It follows immediately from the de�nitions that

s∗ : Csimp
k (K) → Z

[w0, . . . , wk] 7→

 0, if {v0, . . . , vk} 6= {w0, . . . , wk},
sign(σ), if there exists a σ∈Bij{0, ..., k}

with wi=vσ(i) for=0, ..., k

is well-de�ned, in other words, s∗ is a well-de�ned cochain in Cksimp(K;Z).

In the following we will mostly study the simplicial cohomology of �nite (ordered) abstract
simplicial complexes. In this context the following lemma is very helpful.
Lemma 99.2. Let k ∈ N0.
(1) Let K = (V, S) be an ordered abstract simplicial complex. If K is �nite, then the

set {s∗ | s a k-simplex} is a basis for Cksimp,≤(K;Z).
(2) Let K = (V, S) be an abstract simplicial complex. We choose for each k-simplex

s an ordered k-simplex s̃ with bs̃c = s. If K is �nite, then the s̃∗ form a basis for
Cksimp(K;Z).

Proof. This follows immediately from Lemma 108.1 together with the de�nition of Csimp,≤
k (K)

and together with Lemma 95.6. �

Now that we have gained a little bit of familiarity with cochains let us move on to the
de�nition of the simplicial cochain complex and the simplicial cohomology groups.
De�nition. Let K be an abstract simplicial complex and let G be an abelian group. For
each k ∈ N0 we refer to

δk := ∂∗k+1 : Hom(Csimp
k (K), G)︸ ︷︷ ︸

=Cksimp(K;G)

→ Hom(Csimp
k+1 (K), G)︸ ︷︷ ︸

=Ck+1
simp(K;G)

as the coboundary map. Any simplicial k-cochain in ker(δk : Cksimp(K;G)→ Ck+1
simp(K;G))

is called a simplicial k-cocycle. We refer to the cochain complex

... ← Ck+1
simp(K;G)

δk←− Cksimp(K;G)
δk−1←−−− Ck−1

simp(K;G)← ...
δ0←− C0

simp(K;G)← 0
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as the simplicial cochain complex of K with G-coef�cients. We de�ne the k-th simplicial
cohomology group of K with G-coef�cients as follows:

Hk
simp(K;G) := Hk(Csimp

∗ (K);G) =
ker(δk : Cksimp(K;G)→ Ck+1

simp(K;G))

im(δk−1 : Ck−1
simp(K;G)→ Cksimp(K;G))

.

IfK is actually an ordered abstract simplicial complex, then we de�ne the cochain complex
C∗simp,≤(K;G) and the simplicial cohomology groups Hk

simp,≤(K;G) in the obvious way.
Given a �nite abstract simplicial complex it is just an elementary, albeit at times surpris-
ingly intricate, problem in linear algebra to determine the simplicial cohomology groups
and to give explicit examples of simplicial cocycles.

Example. We consider the �simplicial circle� C with vertex set V = {a, b, c} shown in the
�gure below. We consider the ordered 1-simplices s := (a, b), t := (b, c) and u := (c, a). We
see that the simplicial chain complex Csimp

∗ (C;Z) is of the following form:1219

0→ Csimp
1 (C)

∂1−→ Csimp
0 (C)→ 0

s 7→ b− a
t 7→ c− b
u 7→ a− c.

thus the dual
chain complex
C∗simp(C;Z)
is given by

0← C1
simp(C;Z)

δ0←− C0
simp(C;Z)← 0

u∗ − s∗ ←[ a∗
s∗ − t∗ ←[ b∗
t∗ − u∗ ←[ c∗.

An elementary calculation shows that

H0
simp(C;Z) = ker(δ0) = Z · (a∗ + b∗ + c∗).

We turn to the slightly more tricky calculation of H1
simp(C;Z). First note that it is elemen-

tary to show that

im
(
δ0 : C0

simp(C;Z)→ C1
simp(C;Z)

)
= {k · s∗ + l · t∗ +m · u∗ | k + l +m = 0}.

Now let us consider the cochain θ = t∗ : Csimp
1 (C) → Z. (In other words, θ is the cochain

that is given by θ(s) = 0, θ(t) = 1 and θ(u) = 0.) An elementary argument, see e.g.
Exercise 72.13, shows that the map

Z
∼=−→ H1

simp(C;Z) = coker(δ0)
n 7→ n · [θ]

is an isomorphism.1220 Note that on several occasions throughout this chapter we will make
use of the above simplicial cocycle θ = t∗ ∈ C1

simp(C;Z).

We state the next example as a lemma.

1219Usually it takes a while to get used to coboundaries. Thus let us show in detail that we have δ0(a∗) =

u∗ − s∗ ∈ C1
simp(C;Z) = Hom(Csimp

1 (C),Z). We need to show that δ0(a∗) = u∗ − s∗ are the same
homomorphism. By Lemma 95.6 we know that {s, t, u} is a basis for Csimp

1 (C). So we need to show that
the two homomorphisms take the same values on s, t and u. We calculate that

δ0(a∗)(s) = a∗(∂1s) = a∗(b− a) = a∗(b)− a∗(a) = −1 = u∗(s)− s∗(s) = (u∗ − s∗)(s).
↑ ↑

de�nition of δ0 de�nition of ∂1

The same way we proceed with t and u.
1220Of course there are many other choices of a cochain θ that would work. We picked this particular one
since later on it works well in the pictures.
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cocycle θ : Csimp
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Lemma 99.3. Let G be an abelian group and let K = (V, S) be an abstract simplicial
complex.
(1) Given any g ∈ G the constant cochain ϕg : Csimp

0 (K) → G given by ϕg(v) = g for
every v ∈ V is a cocycle.

(2) If K is non-empty and connected in the sense of the de�nition on page 2013, then
H0

simp(K;G) = {ϕg | g ∈ G}. In particular H0
simp(K;G) ∼= G.

Proof.

(1) Let g ∈ G. We need to show that δ0(ϕg) = 0 ∈ C1
simp(K) = Hom(Csimp

1 (K), G).
In other words, by de�nition of Csimp

1 (K) we need to show that for every ordered
1-simplex (v0, v1) of K we have (δ0ϕg)([v0, v1]) = 0. Indeed, we calculate that

δ0(ϕg)([v0, v1]) = ϕg(∂1([v0, v1])) = ϕg(v1 − v0) = ϕg(v1)− ϕg(v0) = g − g = 0.
↑ ↑

de�nition of δ0 de�nition of ∂1

(2) We will prove the second statement in Exercise 99.2. �

We conclude this section with the following explicit calculation of the coboundary map.
This result will come in handy in the following chapter.

Lemma 99.4. Let K = (V, S) be an abstract simplicial complex and let (v0, . . . , vk) be
an ordered k-simplex of K. We have

δk([v0, . . . , vk]
∗) = (−1)k+1 ·

∑
w ∈ V such that
{v0, . . . , vk, w} is
a (k + 1)-simplex

[v0, . . . , vk, w]∗ ∈ Ck+1
simp(K;Z).
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the coboundary δ1([v0, v1]∗) sends
these two ordered 2-simplices to +1

and all the other ones to zero

w

wsimplex (v0, v1)

v1

v0

Proof. We need to show that both sides de�ne the same map Csimp
k+1 (K)→ Z. Basically by

de�nition of Csimp
k+1 (K) this means that we need to show both sides provide the same value for

any given [y0, . . . , yk+1]. So suppose we are given an ordered (k + 1)-simplex (y0, . . . , yk+1)
of K. After possibly reordering the yi we can arrange that there exists an m ∈ {0, . . . , k}
such that yi = vi for i = 0, . . . ,m− 1 and such that {ym, . . . , yk+1}∩{vm, . . . , vk} = ∅. We
calculate that
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de�nition of δk de�nition of ∂k+1

↓ ↓
(δk([v0, . . . , vk]

∗)([y0, . . . , yk+1]) = [v0, . . . , vk]
∗(∂k+1([y0, . . . , yk+1])) =

=
k+1∑
i=0

(−1)i · [v0, . . . , vk]
∗([y0, . . . , ŷi, . . . , yk+1])

=
k+1∑
i=0

{
0, if i < k + 1 or if m 6= k
(−1)k+1, if i = k + 1 and if m = k.↑

follows from the choice of m

It follows easily from the de�nitions that the cochain on the right hand side of the lemma
leads to the same result. �

99.3. Properties of simplicial cohomology groups. In the following lemma we will see
that simplicial cohomology groups de�ne contravariant functors. Before we can formulate
that lemma let us recall a de�nition from Lemmas 95.3 and 95.7. Namely, given a simplicial
map f : K = (V, S) → L = (W,T ) between abstract simplicial complexes we consider the
following chain map:

f∗ : C
simp
k (K) → Csimp

k (L)

[v0, . . . , vk] 7→
{

[f(v0), . . . , f(vk)], if f(v0), . . . , f(vk) are pairwise di�erent,
0, otherwise.

When we are dealing with an order-preserving simplicial map between ordered abstract
simplicial complexes, then we de�ne the induced map Csimp,≤

k (K) → Csimp,≤
k (L) in the

analogous way.
Lemma 99.5. Let k ∈ N0 and let G be an abelian group.
(1) The maps

(K,≤) 7→ Hk
simp,≤(K;G)

(f : (K,≤)→ (L,≤)) 7→
(

f∗ : Hk
simp,≤(K;G) → Hk

simp,≤(L;G)

[ϕ : Csimp
k (K)→ G] 7→ [ϕ ◦ f∗]

)
de�ne a contravariant functor from the category OrdAbsSimpCplx of ordered abstract
simplicial complexes to the category AbGroup of abelian groups.

(2) The maps
K 7→ Hk

simp(K;G)

(f : K → L) 7→
(

f∗ : Hk
simp(K;G) → Hk

simp(L;G)

[ϕ : Csimp
k (K)→ G] 7→ [ϕ ◦ f∗]

)
de�ne a contravariant functor from the category AbsSimpCplx of abstract simplicial
complexes to the category AbGroup of abelian groups.

Proof. The lemma is an immediate consequence of Lemmas 95.3, 95.7 and 108.8. �

Example. In the �gure below we show the �simplicial annulus� A together with the natural
projection p to the simplicial circle C. Furthermore we also show the simplicial cocycle
θ ∈ C1

simp(C;Z) that we introduced on page 2175 and we show the corresponding cocycle
p∗(θ) ∈ C1

simp(A).

The following proposition relates the two �avors of simplicial cohomology groups to one
another and it relates them to the singular cohomology groups of the topological realization.
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simplicial cocycle θ ∈ C1
simp(C)

010

simplicial cocycle p∗(θ) ∈ C1
simp(A)

0000 0 1 0

a

0

0

0 1

1 0
the �annulus� A

projection p
the �circle� C

Proposition 99.6. (Simplicial-Singular Cohomology Isomorphism Proposition)
Let G be an abelian group.
(1) Let (K,≤) be an ordered abstract simplicial complex.

(a) The natural maps

Θ∗≤,k : Ck(|K|;G) → Cksimp,≤(K;G)

(ϕ : Ck(|K|)→ G) 7→
(
Csimp
k,≤ (K)

Θ≤,k−−−→Ck(|K|)
ϕ−→G

)
are a cochain homotopy equivalence. In particular the maps induce natural
isomorphisms

Θ∗≤,k : Hk(|K|;G) → Hk
simp,≤(K;G)

(b) Every simplicial cocycle ϕ ∈ Cksimp,≤(K;G) �extends� to a singular cocycle of
Ck(|K|;G). More precisely, there exists a cocycle ψ ∈ Ck(|K|;G) such that
Θ∗≤,k(ψ) = ϕ, i.e. such that ψ ◦Θ≤,k = ϕ : Csimp

k (K)→ G.
(2) Let K be an abstract simplicial complex. We pick an order �≤� for K. The compo-

sition of the two maps

Hk(|K|;G)
Θ∗≤−−→ Hk

simp,≤(K;G)
Ω−1
≤,∗−−−→ Hk

simp(K;G)

does not depend on the choice of �≤� and it de�nes a natural isomorphism

Ξ∗k : Hk(|K|;G) → Hk
simp(K;G).

Proof.
(1) (a) This statement follows immediately from Proposition 99.1 (1) and the Dual

Cochain Map Lemma 108.8.
(b) Let ϕ ∈ Cksimp,≤(K;G) be a simplicial cocycle. By Proposition 99.1 (2) there exist

maps πk : Ck(|K|)→ Csimp,≤
k (K) which have the following two properties:

(i) The maps πk form a chain map.
(ii) For each k ∈ N0 we have πk ◦Θk = id

Csimp,≤
k (K)

.
We set ψ := π∗k(ϕ). By (i) this is a cocycle and by (ii) we have ψ ◦Θ≤,k = ϕ.

(2) This statement follows immediately from Proposition 99.1 (1) and the Dual Cochain
Map Lemma 108.8. �

Example. Let us rephrase the statement of the Simplicial-Singular Cohomology Isomor-
phism Proposition 99.6 (1b). It says that given any simplicial cocycle ϕ ∈ Cksimp,≤(K;G)
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there exists a singular cocycle ψ ∈ Ck(|K|;G) with [Θ∗≤,k(ψ)] = [ϕ] ∈ Hk
simp,≤(K;G) and

which, restricted to the singular simplices provided by the simplices of K, coincides with
ϕ. We try to illustrate this statement in the �gure below.
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extends to athe simplicial cocycle ϕ = p∗(θ) singular cocycle ψ
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�annulus� A

We continue with the following lemma which is just a special case of Lemma 109.6.

Lemma 99.7. Let G be an abelian group and let k ∈ N0.
(1) Given any abstract simplicial complex K the map

〈 , 〉 : Hk
simp(K;G)× Hsimp

k (K) → G
([ϕ], [σ]) 7→ 〈[ϕ], [c]〉K := ϕ(σ),

called the Kronecker pairing, is well-de�ned and bilinear.
(2) Given any simplicial map f : K → L between two abstract simplicial complexes,

given any σ ∈ Hsimp
k (K) and given any ϕ ∈ Hk

simp(L;G) we have

〈f ∗(ϕ), σ〉K = 〈ϕ, f∗(σ)〉L.
With the above lemma we can now formulate the following theorem which is an immediate
consequence of the purely algebraic Universal Coe�cient Theorem 110.11 for Cohomology
Groups.

Theorem 99.8. (Universal Coe�cient Theorem for Simplicial Cohomology) Let
K be an abstract simplicial complex and let G be an abelian group. For each k ∈ N0 there
exists a short exact sequence

0 −→ Ext(Hsimp
k−1 (K), G) −→ Hk

simp(K;G)
ev−→ Hom(Hsimp

k (K), G) −→ 0

ϕ 7→
(
Hsimp
k (K) → G

σ 7→ 〈ϕ, σ〉K

)
which is natural in the abstract simplicial complex K and natural in the abelian group G.
This short exact sequence splits and there exists therefore an isomorphism

Hk
simp(K;G) ∼= Ext(Hsimp

k−1 (K), G)⊕ Hom(Hsimp
k (K), G).

The analogous statement for ordered abstract simplicial complexes and the corresponding
simplicial homology and cohomology groups also holds.

Remark.
(1) The Universal Coe�cient Theorem 99.8 for Simplicial Cohomology is a double-edged

sword. It allows us to compute the isomorphism types of simplicial cohomology
groups in terms of the much more friendly simplicial homology groups. But it also
says, somewhat disappointingly, that the isomorphism types of simplicial cohomology
groups do not contain any information that is not already contained in the isomor-
phism types of the simplicial homology groups.
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(2) The Universal Coe�cient Theorem 99.8 for Simplicial Cohomology is also somewhat
less powerful than it might appear. The theorem can be very convenient for determin-
ing the isomorphism types of simplicial cohomology groups. But if the Ext-terms are
non-zero, then the theorem does not provide an approach to �nding explicit cocycles
representing cohomology classes.

99.4. The simplicial cup product. We had seen that one the remarkable features of
singular cohomology is that it comes with a cup product and that it interacts with singular
homology via the cap product. Before we attempt to introduce simplicial analogues let us
remind us of the de�nitions from pages 2503, 2513 and 2551.

De�nition.
(1) For i = 0, . . . , n we write vi := (0, . . . , 1, 0, . . . , 0) ∈ Rn+1.
(2) For a0, . . . , ak ∈ ∆n we consider the map

[a0, . . . , ak] : ∆k → ∆n

(λ0, . . . , λk) 7→
k∑
j=0
λj · aj.

(3) Let X be a topological space and let R be a commutative ring.
(a) Let ϕ ∈ Cp(X;R) and ψ ∈ Cq(X;R) be cochains. We de�ne the cup product of

ϕ and ψ to be the singular cochain

ϕ Y ψ : Cp+q(X) → R
(σ : ∆p+q → X) 7→ ϕ(σ◦[v0, . . . , vp])︸ ︷︷ ︸

∈R

· ψ(σ◦[vp, . . . , vp+q]).︸ ︷︷ ︸
∈R

(b) Given a singular cochain ϕ ∈ Ck(X;R) and a singular simplex σ : ∆n → X with
k ≤ n we de�ne the cap product of ϕ and σ to be the singular chain

ϕ X σ := ϕ(σ◦[v0, . . . , vk])︸ ︷︷ ︸
∈R

· σ◦[vk, . . . , vn].︸ ︷︷ ︸
map ∆n-k → X

For k > n we de�ne ϕ X σ = 0.
In this and in the coming section we will introduce simplicial analogues of the above def-
initions. Evidently the idea is to imitate the above de�nitions and to de�ne the cup and
cap products on the level of simplicial (co-) chains. A short moment's thought shows that
on the (co-) chain level one needs to work with ordered abstract simplicial complexes.
First we have the following de�nition which is clearly inspired by our second de�nition of
the cup product in singular cohomology that we gave on page 2513.

De�nition. Let (K,≤) be an ordered abstract simplicial complex and let R be a commu-
tative ring. Given ϕ ∈ Cpsimp,≤(K;R) and ψ ∈ Cqsimp,≤(K;R) we consider the cup product

ϕ Y ψ : Csimp,≤
p+q (K) → R

{v0 < · · · < vp < · · · < vp+q} 7→ ϕ({v0 < ... < vp})︸ ︷︷ ︸
∈R

· ψ({vp < ... < vp+q})︸ ︷︷ ︸
∈R

.

The following lemma is the analogue of Coboundary-Cup Product Lemma 114.2.
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Lemma 99.9. (Coboundary-Cup Product Lemma) Let (K,≤) be an ordered ab-
stract simplicial complex and letR be a commutative ring. Furthermore let ϕ ∈ Cpsimp,≤(K;R)
and ψ ∈ Cqsimp,≤(K;R). Then

δ(ϕ Y ψ) = δϕ Y ψ + (−1)p · ϕ Y δψ ∈ Cp+q+1
simp,≤(K;R).

In the following we will state several lemmas that are the simplicial counterparts of earlier
results on the singular cup product. In most cases the proofs are, with an appropriate
change of notation, basically identical. For sake of illustration we provide the proof of the
Coboundary-Cup Product Lemma 99.9 and we invite the reader to compare the proof to
the proof of the original Coboundary-Cup Product Lemma 114.2.
Proof. Let ϕ ∈ Cpsimp,≤(K;R) and ψ ∈ Cqsimp,≤(K;R) be simplicial cochains. We have to
prove the following equality:

δ(ϕ Y ψ) = δϕ Y ψ + (−1)p · ϕ Y δψ ∈ Cp+q+1
simp,≤(K;R) = Hom(Csimp,≤

p+q+1(K), R).

So let s = {v0 < · · · < vp+q+1} be a simplicial (p + q + 1)-simplex. We have the following
three equalities in R:1221

(a) (δ(ϕYψ))(s) = (ϕYψ)
( p+q+1∑

j=0
(−1)j ·{v0< ... <v̂j< ... <vp+q+1}

)
=

p∑
j=0

(−1)j ·(ϕYψ)({v0< ... <v̂j< ... <vp+q+1})

+ (−1)p ·
q+1∑
k=1

(−1)k ·(ϕYψ)({v0< ... <v̂k+p< ... <vp+q+1})

=
p∑
j=0

(−1)j ·ϕ({v0< ... <v̂j< ... <vp+1})·ψ({vp< ... <vp+q+1})

+ (−1)p ·
q+1∑
k=1

(−1)k ·ϕ({v0< ... <vp})·ψ({vp< ... <v̂k< ... <vp+q+1}).

(b) (δϕYψ)(s) = (δϕ)({v0< ... <vp+1})·ψ({vp< ... <vp+q+1})

= ϕ
( p+1∑
j=0

(−1)j ·{v0< ... <v̂j< ... <vp+1}
)
·ψ({vp< ... <vp+q+1})

=
p+1∑
j=0

(−1)j ·ϕ({v0< ... <v̂j< ... <vp+1})·ψ({vp< ... <vp+q+1})

and
(c) (−1)p ·(ϕYδψ)(s) = (−1)p ·ϕ({v0< ... <vp})·(δψ)({vp< ... <vp+q+1})

= (−1)p ·ϕ({v0< ... <vp})·ψ
( q+1∑
k=0

(−1)k ·{vp< ... <v̂k< ... <vp+q+1}
)

= (−1)p ·
q+1∑
k=0

(−1)k ·ϕ({v0< ... <vp})·ψ({vp< ... <v̂k< ... <vp+q+1}).

Now we observe that if we take the sum of (b) and (c), then the (j = p + 1)-summand in
(b) cancels with the (k = 0)-summand in (c). But after this observation it is obvious that
the desired equality (b)+(c)=(a) holds. �

1221Here in the argument we use on several occasions that for a simplicial n-cochain φ and an (n+1)-simplex
t = {w0< ... <wn+1} we have by de�nition

(δn+1φ)(t) = φ(∂nt) = φ
( n+1∑
l=0

(−1)l ·{w0< ... <ŵl< ... <wn+1}
)
.
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In light of the Coboundary-Cup Product Lemma 99.9 it is now straightforward to see that
the cup product descends to a map on simplicial cohomology.
Lemma 99.10. Let R be a commutative ring. For every ordered abstract simplicial
complex (K,≤) the map

Y : Hp
simp,≤(K;R)× Hq

simp,≤(K;R) → Hp+q
simp,≤(K;R)

([ϕ], [ψ])] 7→ [ϕ] Y [ψ] := [ϕ Y ψ]

is well-de�ned. We refer to this map again as the cup product.

Proof. This lemma follows almost immediately from the Coboundary-Cup Product Lemma 99.9.
For more details we refer to the proof of Lemma 114.3. In that proof we just need to replace
Coboundary-Cup Product Lemma 114.2 by the Coboundary-Cup Product Lemma 99.9. �
The simplicial cup product is an interesting invariant in its own right and as we will see
shortly, for �nite abstract simplicial complexes it can be computed e�ectively. As for
simplicial homology the question arises whether the isomorphism type of the simplicial cup
product is an invariant of the topological realization. As we discussed in Sections 95.4
and 95.5, arguably the cleanest way of showing this is by proving that the simplicial cup
product corresponds to the singular cup product. This is precisely what we will do in
the �rst part of the following proposition, which can be viewed as an addendum to the
Simplicial-Singular Cohomology Isomorphism Proposition 99.6.
Proposition 99.11. Let K be an abstract simplicial complex and let R be a commutative
ring.
(1) Let �≤� be an order on K. Let Θ≤,k : Csimp,≤

k (K) → Ck(|K|) be the natural chain
map that we introduced in Proposition 99.1. The following diagram commutes:

Hp(|K|;R)× Hq(|K|;R)
Y //

Θ∗≤ ∼=
��

Θ∗≤∼=
��

Hp+q(|K|;R)
Θ∗≤∼=
��

Hp
simp,≤(K;R)× Hq

simp,≤(K;R)
Y // Hp+q

simp,≤(K;R).

(2) There exists a unique map

Hp
simp(K;R)× Hq

simp(K;R)
Y // Hp+q

simp(K;R)

such that for every choice of order �≤� for K the following diagram commutes:

Hp
simp(K;R)× Hq

simp(K;R)
Y //

Ω∗≤∼=
��

Ω∗≤ ∼=
��

Hp+q
simp(K;R)

Ω∗≤∼=
��

Hp
simp,≤(K;R)× Hq

simp,≤(K;R)
Y // Hp+q

simp,≤(K;R).

In other words, we can de�ne the cup product on H∗simp(K;R) in a way that is
independent of the choice of an order �≤�.
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(3) The following diagram commutes:

Hp(|K|;R)× Hq(|K|;R)
Y //

Ξ∗p ∼=
��

Ξ∗q∼=
��

Hp+q(|K|;R)
Ξ∗p+q∼=
��

Hp
simp(K;R)× Hq

simp(K;R)
Y // Hp+q

simp(K;R).

Remark. Let K be an abstract simplicial complex. In the presence of an order on K we
have, by de�nition, a natural simplicial cup product on the cochain groups C∗simp,≤(K;R).
In the absence of an order we do not have a natural simplicial cup product on the cochain
groups C∗simp(K;R). But Proposition 99.11 says that we do have a natural simplicial cup
product on the cohomology groups H∗simp(K;R).

Proof.
(1) It follows follows immediately from the de�nitions of the simplicial cup product and

the de�nition of the singular cup product that we gave on page 2513 and that we
recalled on page 2180 that the following diagram commutes:

Cp(|K|;R)× Cq(|K|;R)
Y //

Θ∗≤
��

Θ∗≤
��

Cp+q(|K|;R)
Θ∗≤��

Cpsimp,≤(K;R)× Cqsimp,≤(K;R)
Y // Cp+qsimp,≤(K;R).

The desired statement follows immediately from this observation.
(2) Surely there is a heroic proof for this statement that does not involve singular coho-

mology. But to lessen the pain let us give a proof that makes the most use of our
previous results. Thus we consider the following diagram:

Hp
simp(K;R)× Hq

simp(K;R)
Y // Hp+q

simp(K;R)

Hp
simp,≤(K;R)× Hq

simp,≤(K;R)
Y //

(Ω−1
≤ )∗ ∼=
OO

(Ω−1
≤ )∗∼=

OO

Hp+q
simp,≤(K;R)

(Ω−1
≤ )∗∼=

OO

Hp(|K|;R)× Hq(|K|;R)
Y //

Θ∗≤∼=
OO

Θ∗≤ ∼=
OO

Hp+q(|K|;R).

Θ∗≤∼=
OO

By Proposition 99.1 together with the Cochain Map Lemma 108.5 we see that the
composition of the two vertical maps does not depend on the choice of �≤�. By
(1) we know that the lower square commutes. Now we de�ne the cup product on
H∗simp(K;R) via the singular cup product and we see that it makes the upper square
commute for any choice of �≤�.

(3) This statement follows immediately from the de�nition of the natural isomorphisms
Ξ∗, see the Simplicial-Singular Cohomology Isomorphism Proposition 99.6 (3). �

Remark. Proposition 99.11 shows in particular that if we are given a simplicial complex
(X,Θ: |K| → X), then we can compute the initially intractable singular cup product on
H∗(X;R) via the simplicial cup product on H∗simp(K;R). If K is �nite and explicitly given,
then at least in principle one can compute the simplicial cup product on H∗simp(K;R) by
brute force. This approach though is not a cure-all. For example given any n ∈ N we
will want to determine the cup product on H∗(CPn;Z) and H∗(RPn;F2). By the Smooth
Manifold-Simplicial Structure Theorem 96.2 we know that the complex projective spaces
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CPn and the real projective spaces RPn admit simplicial structures. But we run into the
following issues:

(1) It seems to be di�cult to �nd explicit simplicial structures for the complex projective
spaces CPn. So we cannot even get started.

(2) Explicit simplicial structures for smooth manifolds tend to have many simplices. For
example in Exercise 94.5 we gave an explicit simplicial structure for the real projective
space RPn with 2n+1 − 1 vertices and it seems di�cult to �nd simplicial structures
with a signi�cantly smaller number of vertices.

Later on, in Propositions 121.7 and 121.7 we will compute these cup products using the
Simplicial Poincaré Duality Theorem 103.4.

To do calculations of cup products we need to deal with speci�c cohomology classes and
in fact also with explicit cocycles. In the next lemma we will see that closed oriented
pseudomanifolds are a rich source of interesting explicit cocycles. Before we can state this
lemma it is convenient to recall some de�nitions from page 2142 and page 2143.

De�nition. Let K = (V, S) be an n-dimensional pseudomanifold.
(1) We denote by Sn the set of n-simplices of K.
(2) An orientation of an n-simplex s of K is an equivalence class of a pair (ε, s̃) where

ε ∈ {−1, 1} and s̃ is an ordered n-simplex with bs̃c = s.
(3) An orientation of K is a choice of an orientation for each n-simplex of K such that

for any (n− 1)-simplex s of order 2 the two cobounding n-simplices induce opposite
orientations on s.

(4) If K is a closed pseudomanifold that is equipped with an orientation {(εw, Yw)}w∈Sn ,
then we refer to the simplicial homology class

[K] :=
[ ∑
w∈Sn

εw · Yw
]
∈ Hsimp

n (K)

as the fundamental class of K.
We illustrate the de�nitions for the simplicial torus in the �gure below.
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simplicial torus T
orientation of T

Now we can formulate the following lemma.

Lemma 99.12. Let K = (V, S) be a closed connected n-dimensional pseudomanifold that
is equipped with an orientation {(εw, Yw)}w∈Sn in the sense of the de�nition on page 2142.
(1) (a) For any s, t ∈ Sn we have [εs · Y ∗s ] = [εt · Y ∗t ] ∈ Hn

simp(K;Z). We refer to this
cohomology class as the dual fundamental class [K]∗ ∈ Hn

simp(K;Z).
(b) We have Hn

simp(K;Z) = Z · [K]∗.
(2) We have 〈[K]∗, [K]〉K = 1.
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Proof.

(1) It follows from Theorem 98.4, and the discussion on page 2148 that the simplicial
chain complex of K is of the form

0 → Z ·
[ ∑
w∈Sn

εw · Yw
]
⊕ C̃n︸ ︷︷ ︸

=Csimp
n (K)

(
0 D
0 0

)
−−−−−→

∂n
C̃n−1 ⊕ Ĉn−1︸ ︷︷ ︸

=Csimp
n−1 (K)

→ . . .

such that D : C̃n → C̃n−1 is an isomorphism. It follows easily that the map

Hn
simp(K;Z) = coker(δn−1) → Hom

(
Z·
[ ∑
w∈Sn

εw ·Yw
]
,Z
)
→ Z

ϕ 7→ restriction of ϕ
ϕ 7→ ϕ

( ∑
w∈Sn

εw · Yw
)

is an isomorphism. The desired statements follow almost immediately from this
observation.1222

(2) This statement follows immediately from the de�nitions. �

Now let us try to determine the simplicial cup product of the simplicial torus.

Example. We consider the simplicial circle C with vertex set V = {a, b, c} and the sim-
plicial circle D = {x, y, z} with the obvious total order on the vertex sets. Furthermore we
consider the simplicial torus T = C×D, where we de�ne the product as on page 1998. We
equip T with the orientation shown in the �gure on page 2184. We denote by p : C×D → C
and q : C ×D → D the natural projections. We equip the vertex set of T = C ×D with
the lexicographic ordering. In the �gure below we show T = C × D together with the
projections.

Let us �rst consider the simplicial cohomology of T . Let θ ∈ C1
simp(C) be the simplicial

cocycle that we introduced on page 2175. We have the following equalities:

Hi
simp(T ;Z) =


Z · [constant cochain v 7→ 1], if i = 0,
Z · [p∗(θ)]⊕ Z · [q∗(θ)], if i = 1,
Z · [T ]∗, if i = 2,
0, if i > 2.

This can be obtained either through a slightly heroic linear algebra exercise, or, more
systematically, through the combination of Lemma 99.12, the Simplicial Künneth Theo-
rem 95.14 and the Universal Coe�cient Theorem 99.8 for Simplicial Cohomology. Now we
can calculate our �rst interesting simplicial cup product:

[p∗(θ)] Y [q∗(θ)] = [p∗(θ) Y q∗(θ)] = [

ordered 2-simplex︷ ︸︸ ︷
((b, y), (c, y), (c, z))∗] = [T ]∗ ∈ H2

simp(T ;Z).
↑ ↑

by inspection by Lemma 99.12

1222The above argument is related to the content of Exercise 108.1.
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Similar calculations gives us the following table for the cup product:1223(
[p∗(θ)] Y [p∗(θ)] [p∗(θ)] Y [q∗(θ)]
[q∗(θ)] Y [p∗(θ)] [q∗(θ)] Y [q∗(θ)]

)
=

(
0 [T ]∗

−[T ]∗ 0

)
.

This is the simplicial analogue of the calculation performed in Lemma 114.14.
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0 1 0 simplicial cocycle θ ∈ C1
simp(C;Z)

a b c a
projection p

torus T = C ×D

we equip the vertices of T with the lexicographic ordering
x

y

z

x

projection q

circle C

1

0

circle D

θ

the ordered 2-simplex
((b, y), (c, y), (c, z))

In the following we state several properties of the simplicial cup product that are the
analogues of the corresponding properties of the singular cup product.

Proposition 99.13. Let K = (V, S) be an abstract simplicial complex and let R be a
commutative ring. The following statements hold:
(1) The cup product on H∗simp(K;R) is R-bilinear and associative.
(2) The abelian group H∗simp(K;R) =

⊕
n∈N0

Hn
simp(K;R) together with the map

Y : H∗simp(K;R)× H∗simp(K;R)→ H∗simp(K;R)

is a ring where the multiplicatively neutral element is given by

1K :=
[
map V → R given by v 7→ 1

]
∈ H0

simp(K;R).

Proof. We pick an order �≤� for K. As in the proof of the Cup Product-Ring Proposi-
tion 114.7 we see that the cup product on the cochain level is associative. It now follows
easily that all the given statements hold for (H∗simp,≤(K;R),Y). By Proposition 99.11 (2)
the statements now also hold for (H∗simp(K;R),Y). �

Proposition 99.14. Let K be an abstract simplicial complex and let R be a commutative
ring. For any ϕ ∈ Hp

simp(K;R) and any ψ ∈ Hq
simp(K;R) we have

ϕ Y ψ = (−1)pq · ψ Y ϕ ∈ Hp+q
simp(K;R).

Proof. We pick an order �≤� for K. By Proposition 99.11 (2) it su�ces to prove the
following claim.

1223In fact the remaining three entries of the matrix can also be obtained easily from Proposition 99.14
and Lemma 99.15.
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Claim. For any ϕ ∈ Hp
simp,≤(K;R) and ψ ∈ Hq

simp,≤(K;R) we have

ϕ Y ψ = (−1)pq · ψ Y ϕ ∈ Hp+q
simp,≤(K;R).

Proof. The proof of the claim happens at the �cochain level�. The argument is basically
identical to the proof of the Cup Product-Commutativity Proposition 114.8. The only
real di�erence is that one needs to replace the product topological space ∆n× [0, 1] by the
product of the ordered abstract simplicial complexes Dn = ({0, . . . , n},P({0, . . . , n}\{∅}))
and D1 = ({0, 1}, {{0}, {1}}), as de�ned in the Simplicial Complex-Product Lemma 93.16.
We leave it to the reader to make the necessary modi�cations to the argument. �

Lemma 99.15. Let R be a commutative ring.
(1) Let f : K → L be a simplicial map between two abstract simplicial complexes. For

any ϕ ∈ Hp
simp(L;R) and ψ ∈ Hq

simp(L;R) we have

f ∗(ϕ) Y f ∗(ψ) = f ∗(ϕ Y ψ).
In particular the map

f ∗ : H∗simp(L;R) → H∗simp(K;R)

is a homomorphism of graded rings which satis�es f ∗(1L) = 1K .
(2) The maps

K 7→ (H∗simp(K;R),Y)
(f : K → L) 7→ (f ∗ : H∗simp(L;R)→ H∗simp(K;R))

de�ne a contravariant functor from the category AbsSimpCplx of abstract simplicial
complexes to the category GrRing of graded rings.

Proof.
(1) Let f : K = (V, S)→ L = (W,T ) be a simplicial map between two abstract simplicial

complexes. By Exercise 0.5 we can pick total orders �≤K� on K and �≤L� on L such
that the map f : V → W is order-preserving. It follows basically immediately from
the de�nitions that for ϕ ∈ Cpsimp,≤L(L;R) and ψ ∈ Cqsimp,≤L(L;R) we have the
equality f ∗(ϕ) Y f ∗(ψ) = f ∗(ϕYψ) ∈ Cp+qsimp,≤K (K). The statements now follow from
Proposition 99.11 (2).

(2) This statement follows from (1) together with Lemma 99.5 (2). �

99.5. The simplicial cap product. In this section we will introduce the simplicial cap
product. In contrast to the simplicial cup product it is perhaps less immediately clear what
the simplicial cap product is good for. But it will have its moment of glory in Chapter 100
when we state and prove the Simplicial Poincaré Duality Theorem 103.4.

De�nition. Let (K,≤) be an ordered abstract simplicial complex and let R be a commu-
tative ring. Given an n-simplex s = {v0 < · · · < vn}, given k ≤ n and given a simplicial
cochain ϕ ∈ Cksimp,≤(K;R) we de�ne

ϕ X s := ϕ({v0 < · · · < vk})︸ ︷︷ ︸
∈R

· {vk < · · · < vn}︸ ︷︷ ︸
∈Csimp,≤

n−k (K)

∈ Csimp,≤
n−k (K;R).
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We extend this de�nition to simplicial R-chains and we obtain the cap product

X : Cksimp,≤(X;R)×Csimp,≤
n (X;R) → Csimp,≤

n−k (X;R)
ϕ X r · σ 7→ r · (ϕ X σ)︸ ︷︷ ︸

∈R

.

For k > n we de�ne the cap product to be the zero map.
The next lemma says that the cap product de�nes a map on simplicial (co-) homology.

Lemma 99.16. Let (K,≤) be an ordered abstract simplicial complex. Given any com-
mutative ring R and given any k, n ∈ N0 the map

Hk
simp,≤(K;R)× Hsimp,≤

n (K;R) → Hsimp,≤
n−k (K;R)

([ϕ], [σ]) 7→ [ϕ X σ]

is well-de�ned.
Proof. The same argument as in the proof of Lemma 116.1 shows that given an n-simplex
s = {v0 < · · · < vn}, given k ≤ n and given any simplicial cochain ϕ ∈ Cksimp,≤(K;R) we
have the following equality:

∂(ϕ X σ) = (−1)k · (−δϕ X σ + ϕ X ∂σ) ∈ Cn−k−1(X;R).

As in the proof of Lemma 116.2 we see that the lemma follows easily from this equality. �
The next proposition is an analogue of Proposition 99.11.
Proposition 99.17. Let K be an abstract simplicial complex and let R be a commutative
ring.
(1) Let �≤� be an order on K. Let Θ≤,k : Csimp,≤

k (K) → Ck(|K|) be the natural chain
map that we introduced in Proposition 99.1. The following diagram commutes:1224

Hp(|K|;R)× Hn(|K|;R)
X //

Θ∗≤ ∼=
��

Hn−p(|K|;R)

Hp
simp,≤(K;R)× Hsimp,≤

n (K;R)
X //

Θ≤∗
∼=
OO

Hsimp,≤
n−p (K;R).

Θ≤∗
∼=
OO

(2) There exists unique map

Hp
simp(K;R)× Hsimp

n (K;R)
X // Hsimp

n−p (K;R)

such that for any choice of order �≤� for K the following diagram commutes:

Hp
simp(K;R)× Hsimp

n (K;R)
X //

Ω∗≤ ∼=
��

Hsimp
n−p (K;R)

Hp
simp,≤(K;R)× Hsimp,≤

n (K;R)
X //

Ω≤∗
∼=
OO

Hsimp,≤
n−p (K;R).

Ω≤∗
∼=
OO

In other words, we can de�ne the cap product on H∗simp(K;R) and Hsimp
∗ (K;R) in a

way that is independent of the choice of an order �≤�.
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(3) The following diagram commutes:

Hp(|K|;R)× Hn(|K|;R)
X //

Ξ∗ ∼=
��

Hn−p(|K|;R)

Hp
simp(K;R)× Hsimp

n (K;R)
X //

Ξ∗∼=
OO

Hsimp
n−p (K;R).

Ξ∗∼=
OO

Sketch of proof.

(1) It follows almost immediately from the de�nition that the corresponding diagram on
the level of simplicial (co-) chains commutes. This implies that the given diagram
commutes.

(2) As in the proof of Proposition 99.11 (2) this statement follows from (1) together with
Proposition 99.1, the Homotopy Equivalence-H∗-Corollary 73.9 and the Cochain Map
Lemma 108.5.

(3) This statement follows immediately from the de�nition of the natural isomorphisms
Ξ∗ and Ξ∗, see Propositions 99.1 (3) and 99.6 (3). �

Example. As on page 2185 we consider again the simplicial torus T = C ×D. We equip
T = (V, S) with the orientation {(εw, Yw)}w∈S2 shown in the �gures on page 2184 and 2190
and we denote by p : C × D → C the natural projection. Furthermore, we again make
use of the simplicial cocycle θ ∈ C1

simp(C;Z) that we �rst encountered on page 2175. We
introduce the following extra notation:

(1) We denote by j : D → C ×D the simplicial map given by v 7→ (c, v).
(2) We denote by σ := {x, y} + {y, z} + {z, x} ∈ Csimp,≤

1 (D) the �obvious� simplicial
cycle. Note that it represents the simplicial fundamental class [D] ∈ Hsimp,≤

1 (D).

It follows immediately from the de�nitions that

p∗(θ) X
∑
w∈S2

εw · Yw = j∗(σ) ∈ Csimp,≤
1 (C ×D)

thus in terms of (co-) homology we have

p∗([θ]) X [T ] = j∗([D]) ∈ Hsimp,≤
1 (C ×D).

We refer to the �gure below for an illustration.

In the following we state three lemmas that summarize the key properties of the simplicial
cap product. All of these statements are analogues of singular statements. First, the
following lemma is an analogue of the Cap Product-Kronecker Lemma 116.4.

Lemma 99.18. Let K be a connected non-empty abstract simplicial complex. Given any
ϕ ∈ Hp

simp(K;R) and σ ∈ Hsimp
p (K;R) the following equality holds:

ϕ X σ = 〈ϕ, σ〉K ∈ Hsimp
0 (K;R) = R.

↑
as in Exercise 95.3 there is a natural identi�cation

1224Here the expression �the diagram commutes� is understood in the sense of the convention from
page 2538.
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0 1 0 simplicial cocycle θ ∈ C1
simp(C)

x

a b
projection p

T = C ×D

y

c a

x

z
+−

+−

p∗(θ)X
∑
w∈S2

εw ·Yw = j∗(σ)

orientation
{(εw, Yw)}w∈S2

−+

+−

+−

−

+−

+

+−

−

j

+

DC

Proof. First we pick an order �≤� for the abstract simplicial complex K. Next we observe
that the statement for ϕ ∈ Hp

simp,≤(K;R) and σ ∈ Hsimp,≤
p (K;R) follows immediately from

the de�nitions. Now the statement follows from Proposition 99.17 (2). �

The following lemma relates the simplicial cup product to the simplicial cap product. It
can be viewed as an analogue of the Cup-Cap Lemma 116.7.
Lemma 99.19. Let K be an abstract simplicial complex and let R be a commutative
ring. For any ϕ ∈ Hp

simp(K;R), any ψ ∈ Hq
simp(K;R) and any σ ∈ Hsimp

n (K;R) we have

ϕ X (ψ X σ) = (ψ Y ϕ) X σ ∈ Hsimp
n−p−q(K;R).

Sketch of proof. We pick an order �≤� for K. With basically the same, quite ele-
mentary, argument as in the proof of the Cup-Cap Lemma 116.7 we see that for any
ϕ ∈ Hp

simp,≤(K;R), any ψ ∈ Hq
simp,≤(K;R) and any σ ∈ Hsimp,≤

n (K;R) we have

ϕ X (ψ X σ) = (ψ Y ϕ) X σ ∈ Hsimp,≤
n−p−q(K;R).

The desired statement now follows from Proposition 99.17 (2). �

Finally we have the following analogue of the Cap Product-Naturality Lemma 116.8.
Lemma 99.20. Let R be a commutative ring and let f : K → L be a simplicial map
between two abstract simplicial complexes. Given any p, n ∈ N0 the following diagram
commutes

Hp
simp(K;R) × Hsimp

n (K;R)

f∗
��

X // Hsimp
n−p (K;R)

f∗
��

Hp
simp(L;R)

f∗
OO

× Hsimp
n (L;R)

X // Hsimp
n−p (L;R),

i.e. for any ϕ ∈ Hp
simp(L;R) and any σ ∈ Hsimp

n (K;R) we have

ϕ X f∗(σ) = f∗(f
∗(ϕ) X σ︸ ︷︷ ︸
∈Hsimp

n−p (K;R)

) ∈ Hsimp
n−p (L;R).

Proof. Let f : K = (V, S) → L = (W,T ) be a simplicial map between two abstract
simplicial complexes. By Exercise 0.5 we can pick total orders �≤K� on K and �≤L� on L
such that the map f : V → W is order-preserving. It follows basically immediately from
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the de�nitions that for any ϕ ∈ Cpsimp,≤L(L;R) and σ ∈ Csimp,≤K
n (K;R) we have the equality

f∗(σ) = f∗(f
∗(ϕ)Xσ). The promised statement now follows from Proposition 99.17 (2). �

We conclude this chapter with a short calculation which in particular shows that at times
simplicial cup products can be computed using simplicial cap products.

Example. Let us look one last time at the simplicial torus T = C × D with the natural
projections p : C × D → C and q : C × D → D. We will now see how we can obtain
the simplicial cup product p∗(θ) Y q∗(θ), that we initially computed on page 2186, from
the calculation of the simplicial cap product on page 2189. Indeed, under the natural
identi�cation Hsimp

0 (T ;R) = R = Hsimp
0 (D;R) from Exercise 95.3 we have the following

equalities:
by Lemma 99.18 Lemma 99.19 see calculation on page 2189
↓ ↓ ↓

〈p∗([θ])Yq∗([θ]), [T ]〉T = (p∗([θ])Yq∗([θ]))X[T ] = q∗([θ])X(p∗([θ])X[T ]) = q∗([θ])Xj∗([D])
= 〈q∗([θ]), j∗([D])〉T = 〈[θ], (q∗◦j∗)([D])〉D = 〈[θ], [D]〉D = 1.
↑ ↑ ↑ ↑

by Lemma 99.18 by Lemma 99.7 (2) since q◦j=idD by de�nition
of θ and [D]

In Chapter 100 we will state the Simplicial Poincaré Duality Theorem 103.4. Given a closed
oriented PL-manifold K it allows for the calculation of simplicial cap products of the form
ϕ X [K]. With tricks as above one can use this calculation of a simplicial cap product
to determine several interesting simplicial cup products. In particular in Chapter 121 we
will use this approach to calculate the (simplicial) cup products of the real and complex
projective spaces.

Exercises for Chapter 99.

Exercise 99.1. We consider the abstract simplicial complex K shown in the �gure below.
Determine the isomorphism type of H1

simp(K;Z).
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Exercise 99.2. Let K = (V, S) be a non-empty abstract simplicial complex. We assume
that K is connected. Recall that by the de�nition on page 2013 this means that given
any v, v′ ∈ V there exist 1-simplices s0, . . . , sk ∈ S such that v ∈ s0, such that for every
i ∈ {0, . . . , k − 1} we have si ∩ si+1 6= ∅ and such that v′ ∈ sk. Now let G be an abelian
group. Given any g ∈ G we consider the simplicial cochain ϕg : Csimp

0 (K)→ G that is given
by ϕg(v) = g for every vertex v ∈ V . Show that the map

G → H0
simp(K;G)

g 7→ ϕg

is a natural isomorphism.
Remark. This statement can be viewed is the cohomological analogue of Exercise 95.3.



2192

Exercise 99.3. Let K be an abstract simplicial complex and let L be a subcomplex of K.
Given an abelian group G and given k ∈ N0 we de�ne

Hk
simp(K,L;G) := Hk(Csimp

∗ (K,L), G).

Show that there exists a natural isomorphism

Hk
simp(K,L;G) ∼= H̃

k

simp( K ∪L Cone(L)︸ ︷︷ ︸
mapping cone of L→ K

;G).

Exercise 99.4. In the �gure below we show an abstract simplicial complex K whose
topological realization |K| is homeomorphic to the real projective plane RP2.
(a) Show that for i = 0, 1, 2 we have Hi

simp(K;F2) ∼= F2 and identify in each dimension a
cocycle that represents the unique non-zero element.

(b) Compute the simplicial cup product H1
simp(K;F2)×H1

simp(K;F2)
Y−→ H2

simp(K;F2). In
other words, determine whether it is trivial or non-trivial.
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Exercise 99.5. Let g ∈ N. First pick a suitable abstract simplicial complex K that has
the property that its topological realization is homeomorphic to the surface of genus g.
Afterwards compute the cup product

H1
simp(K;Z)× H1

simp(K;Z) → H2
simp(K;Z).

Exercise 99.6. We consider the topological space

X = B
2
/∼ where z ∼ z · exp(2π i/3) for z ∈ S1.

(a) Determine the isomorphism types of Hi(X;F3) and Hi(X;F3).
(b) Give an explicit simplicial structure K for X.
(c) Compute the simplicial cup product H1

simp(K;F3)× H1
simp(K;F3)

Y−→ H2
simp(K;F3).
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100. The fundamental class of smooth manifolds

Let M be a compact orientable connected non-empty n-dimensional smooth manifold. By
Theorem 98.8 we now know that we have Hn(M,∂M ;Z) ∼= Z. In this chapter we will see
that a choice of an orientation naturally determines a generator [M ] of Hn(M,∂M ;Z),
called the fundamental class of M . As the name already suggests, this homology class is of
fundamental importance in the study of smooth manifolds.

100.1. The de�nition of the fundamental class. For our de�nition of fundamental
classes we need to recall the following notation.
Notation. Let n ∈ N0. As on page 1581 we consider

∂∆n := {(t0, . . . , tn) ∈ ∆n | at least one coordinate is zero}
◦
∆
n

:= {(t0, . . . , tn) ∈ ∆n | all coordinates are non-zero}.

We view
◦
∆
n
as a smooth manifold and we equip it with the orientation de�ned on

page 1581. Loosely speaking it is the orientation given by the �outward pointing vec-
tor (1, . . . , 1)�.
We move on to the following somewhat technical de�nition.
De�nition. Let M be an oriented n-dimensional smooth manifold and let Ψ: ∆n → M
be a map.

(1) We say that a point x ∈
◦
∆
n
is admissible for Ψ if Ψ−1(Ψ(x)) = {x} and if there exists

an open connected neighborhood U of x ∈
◦
∆
n
such that the map Ψ|U : U →M is a

smooth embedding.
(2) Given an admissible point x for Ψ we de�ne

sign(Ψ, x) =

{
+1, if Ψ is orientation-preserving at x,
−1, if Ψ is orientation-reversing at x.
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Ψ M

admissible point x with
sign(Ψ, x) = −1

Example. In many cases we will consider embeddings Ψ: ∆n →M such that the restric-
tion of Ψ to

◦
∆
n
is a smooth embedding. In this case every point x ∈

◦
∆
n
is admissible for

Ψ, and we have

sign(Ψ, x) =

{
+1, if Ψ:

◦
∆
n
→M is orientation-preserving,

−1, if Ψ:
◦
∆
n
→M is orientation-reversing.

Also note that it is clear that any non-empty smooth manifold admits such a smooth
embedding.

The following theorem is the main technical result of this chapter.
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Theorem 100.1. Let n ∈ N and let M be a compact oriented connected n-dimensional
smooth manifold.
(1) For every x ∈M \ ∂M the inclusion induced map

ωx : Hn(M,∂M)︸ ︷︷ ︸
∼= Z by Theorem 98.8

→ Hn(M,M \ {x})︸ ︷︷ ︸
∼= Z by the Manifold-Local
Homology Lemma 75.1

is an isomorphism.
(2) There exists a unique [M ] ∈ Hn(M,∂M) with the following property: For every map

Ψ: ∆n → M and every admissible x ∈
◦
∆
n
for Ψ we have the following equality in

Hn(M,M \ {Ψ(x)}):12251226

ωΨ(x)([M ]) = sign(Ψ, x) · [ Ψ: ∆n →M︸ ︷︷ ︸
∈Cn(M,M\{Ψ(x)})

].
↑

map Hn(M,∂M)→Hn(M,M \{Ψ(x)}) as in (1)

(3) The uniquely determined element [M ] ∈ Hn(M,∂M) from (2) is a generator, in
particular we have Hn(M,∂M) = Z · [M ].

Proof of Theorem 100.1 (1) for closed manifolds. Let n ∈ N and let M be a closed
oriented connected n-dimensional smooth manifold. By the Smooth Manifold-Simplicial
Structure Theorem 96.2 we can pick a smooth simplicial structure (K = (V, S), λ : |K| →
M) for the smooth manifold M . Since V is �nite we can easily pick a total order �≤� on
the vertex set V .

In the following we will use the results from Section 98.1 to construct an explicit singular
cycle in Cn(M) which represents a generator of Hn(M). We will use this cycle to prove
(1). Afterwards we will show that the homology class [M ] that it represents actually has
all the properties stated in (2).

In the following we will make heavy use of the objects we introduced in Section 98.1.
Even if the reader might no longer be completely familiar with all the technical de�nitions,
the overall �ow of the argument should still be easy to follow. Without further ado, let us
construct the promised singular cycle.

(a) Given an m-simplex s of K we consider the embedding

Φ≤s : ∆m → |K|

(t0, . . . , tm) 7→
m∑
i=0
ti · i-th vertex of s.
↑

here we use the total order on V to order the vertices of s

(b) We denote by s1, . . . , sk the n-simplices of K.

1225Note that by de�nition of a smooth embedding, see page 651, we know that Ψ(x) Ă M \ ∂M . This
implies that we have an induced map Hn(M,∂M)→ Hn(M,M \ {Ψ(x)}.
1226Since x is an admissible point for Ψ we know that Ψ−1(Ψ(x)) = {x}. Note that this implies in particular
that Ψ(∂∆n) Ă M \ {Ψ(x)} which in turn implies that Ψ is a cycle in C∗(M,M \ {Ψ(x)}).
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(c) Let i ∈ {1, . . . , k}. It follows from the de�nition of a smooth simplicial structure, see
page 2082, that the map λ ◦ Φ≤si :

◦
∆
n
→M is a smooth embedding. Now we set

εi :=

{
+1, if λ ◦ Φ≤si :

◦
∆
n
→M is orientation-preserving,

−1, if λ ◦ Φ≤si :
◦
∆
n
→M is orientation-reversing.

(d) By Proposition 98.7 we know that the oriented n-simplices [(ε1, s1)], . . . , [(εk, sk)] form
an orientation, in the sense of the de�nition on page 2142, for the pseudo-manifold
K.

(e) Next we consider the maps

chain homotopy equivalence by the
isomorphism by Lemma 95.8 Simplicial-Singular Chain Complex Theorem 95.25

↓ ↓
Csimp
m (K) ← Csimp,≤

m (K) → Cm(|K|) λ∗−→ Cm(M)
[v0, . . . , vm]︸ ︷︷ ︸

=[s]

←[ {v0<. . .<vm}︸ ︷︷ ︸
=s

7→ Φ≤s

(f) It follows from (d) together with Theorem 98.4 (1) that ε1 · [s1] + · · · + εk · [sk] is
a cycle in the simplicial chain complex Csimp

∗ (K) and we know that it represents a
generator of Hsimp

n (K).
(g) It now follows from (e) and (f) that c := ε1 · λ ◦Φ≤s1 + · · ·+ εk · λ ◦Φ≤sk ∈ Cn(M) is a

singular cycle in C∗(M) and that it represents a generator of Hn(M).
Now we turn to the actual proof of (1). As a reminder, recall that we need to prove the
following claim.
Claim. For every x ∈M the map

ωx : Hn(M) → Hn(M,M \ {x})
is an isomorphism.

Proof. First we take care of the special case of a point y ∈ M which can be written as
y = (λ ◦ Φ≤si)(P ) for some i ∈ {1, . . . , k} and some P ∈

◦
∆
n
. We consider the following two

maps: isomorphism by the Manifold-Local Homology Lemma 75.1
↓

Hn(M)
ωy−→ Hn(M,M \ {y})

(λ◦Φ≤si )∗←−−−−−∼=

=Z·[id∆n ],by Exercise 76.1︷ ︸︸ ︷
Hn(∆n,∆n \ {P}) .

[c] 7→ [c] = [λ ◦ Φ≤si ] ←−p [id∆n ]
↑

since all the other λ ◦ Φ≤sj are zero in Cn(M,M \ {y})

The above data shows that the image of [c] in Hn(M,M \ {y}) equals the image of a
generator of Hn(∆n,∆n \ {P}). Since the map to the right is an isomorphism we see that
the map ωy : Hn(M) → Hn(M,M \ {y}) is an epimorphism. Since M is closed orientable
connected and non-empty we know by Theorem 98.8 that the group to the left is also
isomorphic to Z. Thus we see that both groups are isomorphic to Z we see that the map
ωy is actually an isomorphism.

Now let x ∈ M be any point. Since M is connected we obtain from Proposition 36.4
that there exists a di�eomorphism f : M → M with f(x) = y. Now we consider the
following diagram:
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Hn(M)

f∗ ∼=
��

ωx // Hn(M,M \ {x})
f∗∼=
��

Hn(M) ∼=

ωy
// Hn(M,M \ {y}).

By the above we know that the bottom map is an isomorphism. Since f is a di�eomorphism
the vertical maps are isomorphisms. Since the diagram commutes we see that the top
horizontal map is also an isomorphism. �
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λ ◦ Φsi

M

∆n

P y
x

The proof of Theorem 100.1 (2) is a technically more intricate variation on the proof of
Theorem 100.1 (1).

Proof of Theorem 100.1 (2) and (3) for closed manifolds. We continue with the no-
tation of the proof of Theorem 100.1 (1). Note that the uniqueness part of Statement (2)
is basically an immediate consequence of Statement (1). Thus to prove Statement (2) it
remains to prove existence. In the following we will now show that

[M ] := [c] = [ε1 · λ ◦ Φ≤s1 + · · ·+ εk · λ ◦ Φ≤sk ] ∈ Hn(M)

has the desired properties. Before we do so, note though that in (1) we already saw that
[c] is a generator of Hn(M). Thus once we have shown that [c] has the desired properties
we have also shown Statement (3).

First let us now prove the following claim.

Claim. For every map Ψ: ∆n →M and every admissible x ∈
◦
∆
n
we have

ωΨ(x)([M ]) = sign(Ψ, x) · [ Ψ: ∆n →M︸ ︷︷ ︸
∈Cn(M,M\{Ψ(x)})

].

Proof. Similar to the proof of the claim in Statement (1) we �rst deal with a special case.
We pick an n-simplex si and we consider the corresponding map Υ := λ ◦ Φ≤si : ∆n → M .
Note that since we are given a smooth simplicial structure we know that the restriction
of Υ = λ ◦ Φ≤si : ∆n → M to

◦
∆
n
is a smooth embedding. In particular any x ∈

◦
∆
n
is

admissible. Next note that we have the following equalities in Hn(M,M \ {Υ(x)}):

ωΥ(x)([M ]) = [ε1 · λ ◦ Φ≤s1 + · · ·+ εk · λ ◦ Φ≤sk ] = [εi · λ ◦ Φ≤si︸ ︷︷ ︸
=Υ

] = sign(Υ, x) · [Υ].x x x
de�nition of [M ] since all other Φ≤sj are zero in Cn(M,M \{Υ(x)}) since εi = sign(Υ, x)

This concludes the proof of the claim for the special case Υ = λ ◦ Φ≤si and any x ∈
◦
∆
n
.

Now we turn to the general case. Let Ψ: ∆n → M be a map and let x ∈
◦
∆
n
be an

admissible point. By de�nition we have Ψ−1(Ψ(x)) = {x} and by de�nition there exists an
open connected neighborhood U of x ∈

◦
∆
n
such that the map Ψ|U : U → M is a smooth

embedding. We pick an orientation-preserving embedding θ : B
n → U with θ(0) = x.
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Next we consider the embedding Υ̃ := Υ ◦ θ : B
n →M , with Υ = λ ◦Φ≤si as above, and

we consider the embedding Ψ̃ = Ψ ◦ θ : B
n →M . First we make the following assumption:

(∗) The maps Υ̃ and Ψ̃ are both orientation-preserving embeddings or they are both
orientation-reversing embeddings.

In this case it follows from the Smooth Ball Embedding Theorem 37.8 that there exists a
di�eomorphism f of M with the following two properties:

(i) the map f is homotopic to the identity,
(ii) f ◦ Υ̃ = Ψ̃.

We consider the following commutative diagram1227

Hn(M,M \{Υ(x)})

f∗∼=

��

Hn(M)∼=

ωΥ(x)
oo

f∗=id

��

Hn(∆n,∆n\{x})

Υ∗
00

Ψ∗ ..

Hn(B
n
, B

n\{0})
∼=
θ∗

oo

Υ̃∗

44

Ψ̃∗

**

Hn(M,M \{Ψ(x)}) Hn(M).
∼=

ωΨ(x)

oo

We make the following observations and clari�cations:
(a) It follows from (i) and from the Homotopic Maps-and-Homology Proposition 73.6

that the map f∗ : Hn(M)→ Hn(M) is the identity.
(b) Note that by Theorem 100.1 we know that the maps ωΥ(x) and ωΨ(x) are isomorphisms.
(c) Note that it follows immediately from the Excision Theorem 74.18 that the map

θ∗ : Hn(B
n
, B

n \ {0})→ Hn(∆n,∆n \ {x}) is an isomorphism.
(d) By (c) we can now set σ := θ−1

∗ ([id∆n ]) ∈ Hn(B
n
, B

n \ {0}).
We make the following observations:

ωΥ(x)([M ]) = sign(Υ, x) · [Υ: ∆n →M ] by the above special case
=⇒ ωΥ(x)([M ]) = sign(Υ, x) · Υ̃∗(σ) by (d), since Υ̃∗ = Υ∗ ◦ θ∗
=⇒ ωΨ(x)([M ]) = sign(Υ, x) · Ψ̃∗(σ) by (a) and (b)
=⇒ ωΨ(x)([M ]) = sign(Ψ, x) · Ψ̃∗(σ) by (∗)
=⇒ ωΨ(x)([M ]) = sign(Ψ, x) · [Ψ: ∆n →M ] by (d), since Ψ̃∗ = Ψ∗ ◦ θ∗.
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B
n

θ

Υ = λ ◦ Φsi

Ψ M

∆n

x

1227Since Ψ is admissible we know that Ψ−1(Ψ(x)) = {x}. This implies that Ψ does indeed induce a map
Ψ∗ : Hn(∆n,∆n \ {x})→ Hn(M,M \ {Ψ(x)}).
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Finally we suppose that (∗) does not hold. Let
ρ : ∆n → ∆n

(t0, t1, t2, . . . , tn) 7→ (t1, t0, t2, . . . , tn)

be the map that swaps the �rst two coordinates. Since ρ is orientation-preserving we now
see that Υ̃ and Ψ̃ ◦ ρ satisfy (∗). Now we see that

ω(Ψ◦ρ)(ρ(x))([M ]) = sign(Ψ◦ρ, ρ(x))·
=Ψ∗(ρ∗[id∆n ])︷ ︸︸ ︷

[Ψ◦ρ : ∆n→M ] since Υ̃ and Ψ̃◦ρ satisfy (∗)
we can apply the above

=⇒ ωΨ(x)([M ]) = sign(Ψ ◦ ρ, ρ(x)) ·Ψ∗(−[id∆n ]) by Exercise 76.2
=⇒ ωΨ(x)([M ]) = (− sign(Ψ, x)) ·Ψ∗(−[id∆n ]) since ρ is orientation-reversing
=⇒ ωΨ(x)([M ]) = sign(Ψ, x) · [Ψ: ∆n →M ].︸ ︷︷ ︸

=Ψ∗([id∆n ]) �

We have now proved Theorem 100.1 for all closed smooth manifolds. It remains to prove
Theorem 100.1 for smooth manifold with non-empty boundary.
Proof of Theorem 100.1 for manifolds with non-empty boundary. LetM be a com-
pact oriented connected n-dimensional smooth manifold with non-empty boundary. LetM ′

be another copy of M . We consider the double DM = M ∪∂M=∂M ′ M
′ of M , as de�ned

on page 1667. Since ∂M 6= ∅ we obtain from the Doubling-Manifold Lemma 75.12 that
DM is a closed oriented n-dimensional smooth manifold such that the map M → DM is
an orientation-preserving embedding.
(1) Let x ∈M \ ∂M . We consider the following commutative diagram:

Hn(M,∂M)
∼= //

��

Hn(DM,M ′)

++

Hn(DM)
∼=oo

∼=
��

Hn(M,M \ {x})
∼= // Hn(DM,DM \ {x}).

As we saw in the Doubling-Manifold Lemma 75.12 (6), it follows from the Excision
Theorem 75.10 that the top left horizontal map is an isomorphism. Basically the same
argument shows that the bottom horizontal map is an isomorphism. Furthermore
note that in the proof of Theorem 98.8 we saw that the top right horizontal map is
an isomorphism. By the above discussion of closed smooth manifolds we know that
the right vertical map is an isomorphism. It now follows, as desired, that the left
vertical map is also an isomorphism.

(2) By the discussion of the closed case we can consider the class [DM ] ∈ Hn(DM). We
de�ne [M ] ∈ Hn(M,∂M) to be the preimage of [DM ] under the composition of the
above two horizontal isomorphisms. A slight variation on the argument provided in
(1) now shows that [M ] has all the desired properties. We leave it to the reader to
�ll in the details. �

Theorem 100.1 leads us to the following de�nition.
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De�nition. Let n ∈ N and let M be a compact oriented n-dimensional smooth manifold.
(1) We denote by N1, . . . , Nk the components of M . Furthermore for i = 1, . . . , k we

now denote by [Ni] ∈ Hn(Ni, ∂Ni) the homology class from Theorem 100.1. We refer
to

[M ] :=
k∑
i=1

[Ni] ∈ Hn(M,∂M) =
k⊕
i=1

Hn(Ni, ∂Ni).
↑

isomorphism given by Lemma 72.14

as the fundamental class of M .
(2) We refer to any cycle in Cn(M,∂M) that represents the fundamental class [M ] as a

fundamental cycle.

Remark. In Chapter 105 we will introduce the notion of an orientation on a topological
manifold and on page 2351 we will introduce fundamental classes for oriented topological
manifolds. After a few reinterpretations one sees that the Smooth-Topological Orientation
Proposition 105.11 together with the Orientation-Top Homology Theorem 106.1 provide in
particular an alternative proof of Theorem 100.1.

Conveniently enough, the proof of Theorem 100.1 actually gives an algorithm for determin-
ing explicit fundamental cycles.
Algorithm 100.2. Let n ∈ N and let M be a compact oriented non-empty n-dimensional
smooth manifold.
(1) By the Smooth Manifold-Simplicial Structure Theorem 96.2 we can pick a smooth

simplicial structure (K = (V, S), |K| λ−→ M). Since V is �nite we can pick a total
order �≤� on V .

(2) We denote by s1, . . . , sk the n-simplices of K.
(3) For i ∈ {1, . . . , k} we consider the characteristic map

Φ≤si : ∆n → |K|

(t0, . . . , tn) 7→
n∑
j=0
tj · j-th vertex of si
↑

we use the total order on V to order the vertices of si

and we set
εi :=

{
+1, if λ ◦ Φ≤si :

◦
∆
n
→M is orientation-preserving,

−1, if λ ◦ Φ≤si :
◦
∆
n
→M is orientation-reversing.

(4) The cycle ε1 · λ ◦ Φ≤s1 + · · ·+ εk · λ ◦ Φ≤sk ∈ Cn(M) is a fundamental cycle of M .

Proof. It is basically clear that it su�ces to prove the validity of the algorithm for the
connected case. Next note that if M is closed, then it follows immediately from the proof
of Theorem 100.1 (1) that ε1 · λ ◦Φ≤s1 + · · ·+ εk · λ ◦Φ≤sk ∈ Cn(M) is a cycle. Furthermore,
in the proof of Theorem 100.1 (2) we saw that this cycle represents the fundamental class
[M ] ∈ Hn(M) of M . If M has non-empty boundary, then we equip the double DM
with the simplicial structure given by �doubling� the simplicial structure of M . It is now
straightforward to verify that the above algorithm also works in that case. We leave it to
the reader to �ll in the details. �

Example. In the �gure below we consider the annulus M = ([0, 3]× [0, 1])/(0, y) ∼ (3, y)
equipped with an orientation and equipped with a smooth simplicial structure. In the
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�gure below we use two di�erent ways to name the vertices, namely once the vertex set is
V = {a, . . . , f} and once it is V = {A, . . . , F}. In both cases we equip these sets with the
obvious total order. We now see that the singular chains

µ = +Φ≤{a,d,f} −Φ≤{d,e,f} + Φ≤{c,e,f} −Φ≤{b,c,e} + Φ≤{a,b,c} −Φ≤{a,b,d} ∈ Cn(M,∂M)

ν = +Φ≤{A,B,C} −Φ≤{B,C,D} + Φ≤{C,D,E} −Φ≤{D,E,F} + Φ≤{A,E,F} −Φ≤{A,B,F} ∈ Cn(M,∂M)

are both fundamental cycles of M .
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Even though Algorithm 100.2 is very explicit, it also has some drawbacks. For example
simplicial structures tend to have many simplices, which in the above algorithm leads to
cycles with many summands. In a minute we will state a result that addresses this issue.
But �rst let us prove a lemma which in particular says that, in order to show that we are
given the fundamental class of a compact oriented connected smooth manifold, we only have
to verify the de�ning property for a single choice of a map Ψ: ∆n →M and an admissible
point x ∈

◦
∆
n
.

Lemma 100.3. (Fundamental Class-Characterization Lemma) LetM be a compact
oriented non-empty n-dimensional smooth manifold and let ϕ ∈ Hn(M,∂M). We denote
by N1, . . . , Nk the components of M . The following statements are equivalent:
(1) ϕ is the fundamental class of M .
(2) For each i ∈ {1, . . . , k} there exists a map Ψ: ∆n → Ni and an admissible point

x ∈
◦
∆
n
such that the following equality holds in Hn(M,M \ {Ψ(x)}):

ωΨ(x)(ϕ) = sign(Ψ, x) · [Ψ: ∆n → Ni →M︸ ︷︷ ︸
∈Cn(M,M\{Ψ(x)})

].

↑
map Hn(M,∂M)→Hn(M,M \{Ψ(x)})

(3) For each i ∈ {1, . . . , k} there exists a point y ∈ Ni \ ∂iN such that

ωy(ϕ) = ωy([M ]).

Proof. A short moment of re�ection shows that it su�ces to prove the lemma in the case
that M is connected. Next we note that the (1)⇒(2)-direction and (1)⇒(3)-direction are
of course tautologies. We turn to the proof of the (2)⇒(1)-direction. We have the following
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two equalities in Hn(M,M \ {x}):
ωΨ(x)(ϕ) = sign(Ψ, x) · [Ψ: ∆n →M ] = ωΨ(x)([M ]).

↑ ↑
by hypothesis by de�nition of [M ]

Since we assume that M is connected we know by Theorem 100.1 that ωΨ(x) is an isomor-
phism. Thus it follows from the above that ϕ = [M ].

Finally we consider the (3)⇒(1)-direction. This statement follows again from the fact
that ωy is an isomorphism. �

The following proposition now gives us a practical criterion for showing that a given cycle
represents the fundamental class.

Proposition 100.4. (Fundamental Class-Criterion Proposition) Let M be a com-
pact oriented connected n-dimensional smooth manifold. Let r1 · σ1 + · · · + rm · σm ∈
Cn(M,∂M) be a cycle. Suppose there exists a j ∈ {1, . . . ,m} such that the following
three conditions are satis�ed:
(1) The map σj :

◦
∆
n
→M is an orientation-preserving smooth embedding.1228

(2) There exists an x ∈ σj(∆n) \ σj(∂∆n) which is not contained in the image of any
other σi : ∆n →M .

(3) rj = 1.
Then the cycle r1 · σ1 + · · · + rm · σm represents the fundamental class of the oriented
smooth manifold, i.e. we have

[r1 · σ1 + · · ·+ rm · σm] = [M ] ∈ Hn(M,∂M).

Example. It follows easily from the Fundamental Class-Criterion Proposition 100.4 and
our orientation convention, see page 681, that the singular 1-simplex µ : ∆1 → S1 given by
µ(1 − t, t) = exp(2π it) represents the fundamental class of the oriented smooth manifold
S1.

����

��

�
�
�
�

S1(1− t) 7→ e2πit

µ

Proof of the Fundamental Class-Criterion Proposition 100.4. LetM be a compact

oriented connected n-dimensional smooth manifold, let
m∑
i=1
ri · σi ∈ Cn(M,∂M) be a cycle

and let j ∈ {1, . . . ,m} such that conditions (1)�(3) above are satis�ed. We pick x ∈ σj(
◦
∆
n
)

as in (2). Now we see that we have the following equalities in Hn(M,M \{x}):

ωx([r1 · σ1 + · · ·+ rm · σm]) = [

∈Cn(M,M\{x})︷ ︸︸ ︷
r1 · σ1 + · · ·+ rm · σm] = [rj · σj] = [σj : ∆n →M ].

↑
since (2) implies that for i 6= j we have σi(∆n) Ă M \ {x}

By hypothesis σj : ∆n →M restricts to an orientation-preserving embedding σj :
◦
∆
n
→M .

Since x ∈ σj(∆
n) \ σj(∂∆n) we see that x is an admissible point for σj. Thus all the

1228Note that we do not place any conditions on the restriction of σj to ∂∆n.
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hypotheses of the Fundamental Class-Characterization Lemma 100.3 hold, and therefore
we conclude from the Fundamental Class-Characterization Lemma 100.3 that the cycle
r1 · σ1 + · · ·+ rm · σm ∈ Cn(M,∂M) is indeed a fundamental cycle of M . �

100.2. Examples of fundamental classes. In this section we will give explicit cycles
representing the fundamental classes of B

n
, of Sn and of surfaces of genus ≥ 1. At this

stage it is convenient to recall the following notation.

Notation.
(1) We consider the projection

p : ∆n → ◺n :=
{

(t1, . . . , tn) ∈ [0, 1]n
∣∣∣ n∑
j=1
tj ∈ [0, 1]

}
(t0, . . . , tn) 7→ (t0, . . . , tn−1).

One can easily verify that the restriction p :
◦
◺n →

◦
∆
n
is orientation-preserving if

and only if n is even.
(2) (a) Let µ : ◺n → B

n
be the explicit homeomorphism with µ( 1

n+1
, . . . , 1

n+1
) = 0 that

is given by the Convex-to-Ball Proposition 2.20 (2). Note that the restriction of
µ to a map

◦
◺n → Bn is not smooth. But it is easily seen to be an orientation-

preserving smooth embedding on an open dense subset of
◦
◺.

(b) We denote by Φ: ∆n → ◺n the natural projection. Given P ∈
◦
◺n we consider

the maps

fP :
◦
◺n → Rn

(x1, ..., xn) 7→ ((x1,...,xn)−P )
x1·····xn·(1−x1−···−xn)

and
g : Rn → Bn

(x1, ..., xn) 7→ x2
1+···+x2

n

1+x2
1+···+x2

n
· (x1, ..., xn)

For P = ( 1
n+1

, . . . , 1
n+1

) we denote the homeomorphism by ν : ◺n → B
n
. In

Exercise 72.2 we saw that this map has the very neat feature that the restriction◦
◺n → Bn is actually an orientation-preserving di�eomorphism.
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The following lemma is an immediate consequence of the above and the Fundamental
Class-Characterization Lemma 100.3.

Lemma 100.5. Let n ∈ N. The cycles (−1)n · (µ ◦ p : ∆n → B
n
) ∈ Cn(B

n
, Sn−1) and

(−1)n ·(ν ◦p : ∆n → B
n
) ∈ Cn(B

n
, Sn−1) are both representatives of the fundamental class

[B
n
] ∈ Hn(B

n
, Sn−1).

Let n ∈ N. The eagle-eyed reader will have noticed that by now we have introduced the
symbol [Sn] ∈ Hn(Sn) twice:

(1) On page 1677 we introduced the �standard generator� [Sn] = [α−β] ∈ Hn(Sn). Here
α is given by

∆n µ◦p−−−→ B
n → Sn Ă Rn+1 = Rn × R
x 7→

(
x,
√

1− ‖x‖2
)
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and β : ∆n → Sn is the composition of α with re�ection in the hyperplane de�ned
by xn+1 = 0.

(2) We endow Sn with the orientation introduced on page 681, namely given P ∈ Sn we
say a basis v1, . . . , vn of TPM = T̃PM is positive if P, v1, . . . , vn is a positive basis for
Rn+1. With this orientation of Sn we now also have the corresponding fundamental
class [Sn] ∈ Hn(Sn).

Fortunately the next lemma says that our various sign conventions work out in such a way
that the two de�nitions of [Sn] agree.

Lemma 100.6. Let n ∈ N. The standard generator [Sn] ∈ Hn(Sn) that we introduced on
page 1677 agrees with the fundamental class of the oriented smooth manifold Sn.

Proof. It follows from the above discussion, and some elementary arguments that the map
α : ∆n → Sn is an embedding and that it is an orientation-preserving embedding on an open
subset of

◦
∆
n
. The desired equality now follows almost immediately from the Fundamental

Class-Criterion Proposition 100.4 applied to the cycle α− β. �

We move on to giving explicit representatives of fundamental classes for surfaces. This will
require the introduction of more notation.
Notation. We will give many examples of fundamental classes of 2-dimensional smooth
manifolds. Since we want to be very careful what singular simplex we mean by a given
picture we adopt the following convention: A triangle T with a dot in a corner and a
directional arrow in the center means the unique a�ne linear map ∆2 → T which sends
(1, 0, 0) to the vertex decorated with the dot and which respects the orientation of the
vertices. We illustrate this notation in the �gure below.
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stands for v1

v2

v0 = (1, 0, 0)

a�ne linear

Convention. We also take some artistic liberties and allow triangles where the boundary
is not given by segments and where the boundary consists of curves. In this case we
expect that the boundary curves are parametrized with constant speed. Since the precise
de�nition of the boundary of a singular 2-simplex is often a source of confusion we recall
the de�nition in the �gure below.
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0 0

1 2

Example. In the �gure below we show the torus T = ([0, 1]× [0, 1])/∼. We equip T with
the orientation coming from the standard orientation on (0, 1)× (0, 1) Ă T , which we can
also view as an open subset of R2. In the �gure we also show two singular 2-simplices σ1
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and σ2. It is straightforward to verify that −σ1 +σ2 is a cycle. (In the veri�cation it is very
helpful to keep the �gure below in mind.) The summand σ2 satis�es the conditions imposed
in the Fundamental Class-Criterion Proposition 100.4, thus we see that −σ1 +σ2 represents
a fundamental class of T , in particular it represents a generator of H2(T ). This is of course
the same cycle that we had already initially encountered on page 1589. We already saw in
Lemma 78.11 (2) in a somewhat ad hoc argument that it represents a generator of H2(T ).
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the 2-cycle −σ1 + σ2 ∈ C2(T ) represents the
fundamental class of the torus

σ1
the torus T

Examples. In the �gure below we show the surface of genus 2 with eight singular 2-
simplices σ1, σ2, σ3, σ4 and τ1, τ2, τ3, τ4. The interior of the octagon is an open subset of
R2 and we equip the surface of genus 2 with the orientation coming from the standard
orientation of R2. It is a fun exercise to verify that the singular 2-chain

σ1 + σ2 − σ3 − σ4 + τ1 + τ2 − τ3 − τ4

is indeed a cycle. It follows easily from the Fundamental Class-Criterion Proposition 100.4
that the singular 2-chain is a fundamental cycle, i.e. it represents a fundamental class of
the surface of genus 2.
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σ2

σ3

σ4

σ1 + σ2 − σ3 − σ4

is a cycle and represents
the fundamental class

τ1 + τ2 − τ3 − τ4+

τ1

τ2

τ3

τ4

100.3. Properties of the fundamental class. In this section we will studies properties of
the fundamental class. Before we can do so we will have plug a few holes in our de�nitions,
namely we have not yet dealt with non-empty 0-dimensional manifolds and with the empty
manifold.
First let us recall the following remark from page 675.

De�nition. An orientation for a 0-dimensional smooth manifold M
Now we de�ne the corresponding fundamental class.

De�nition. Let (M = {P1, . . . , Pk}, ε : M → {±1}) be a compact oriented non-empty
0-dimensional smooth manifold. The corresponding fundamental class [M ] is de�ned as
the homology class

[M ] :=
k∑
i=1

ε(Pi) · [Pi] ∈ H0(M).
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Finally let us consider the empty manifold. As we mentioned on page 514, basically by
de�nition the empty set is a topological and smooth manifold of any dimension. Note that
for the empty manifold ∅ we have the equality H0(∅) = H1(∅) = H2(∅) = · · · = {0}. This
leads us to the following de�nition.

De�nition. We de�ne the fundamental class [∅] of the empty manifold to be 0 ∈ {0}.
Note that by the above the fundamental class [∅] is an element in every homology group
of ∅.

Remark. The 0-dimensional oriented smooth manifolds and the empty manifold are a
nuisance for a conscientious writer. In the following we will not always treat these cases
explicitly and rely on the good will of the reader to deal with these on their own.

Now let us continue with serious mathematics. The following lemma tells us the behavior
of the fundamental class under di�eomorphisms.

Lemma 100.7. Let n ∈ N0, let M and N be compact oriented connected n-dimensional
smooth manifolds and let f : M → N be a di�eomorphism. We have1229

f∗([M ]) =

{
[N ], if f is orientation-preserving,
−[N ], if f is orientation-reversing.

Proof. If n = 0, then the statement follows immediately from the de�nitions. As we will
see, for n ∈ N the statement follows basically immediately from the de�nition property
of the fundamental class. Indeed, we set ε := +1 if f is orientation-preserving, otherwise
we set ε := −1. Let Ψ: ∆n → M be an embedding such that the map Ψ:

◦
∆
n
→ M is

orientation-preserving. We pick some x ∈
◦
∆
n
. We consider the following commutative

diagram:

Hn(M,∂M)

f∗
��

ωΨ(x)
// Hn(M,M \ {Ψ(x)})

f∗
��

Hn(N, ∂N)
ω(f◦Ψ)(x)

// Hn(N,N \ {(f ◦Ψ)(x)}).

Now we see that

ωΨ(x)([M ]) = sign(Ψ, x) · [Ψ], by de�nition of [M ]
=⇒ ω(f◦Ψ)(x)(f∗([M ])) = sign(Ψ, x) · [f ◦Ψ], since the diagram commutes
=⇒ ω(f◦Ψ)(x)(f∗([M ])) = ε · sign(f ◦Ψ, x) · [f ◦Ψ], by de�nition of ε
=⇒ f∗([M ] = ε · [N ], by the Characterization Lemma 100.3.�

Given an oriented smooth manifold M we denote, as usual, by −M the same smooth
manifold but with the opposite orientation. Now we can formulate the following lemma.

Lemma 100.8. For every compact oriented n-dimensional smooth manifold M we have

[−M ] = −[M ] ∈ Hn(M,∂M).

Proof. This statement follows basically immediately from Lemma 100.7 since the identity
map M → −M is orientation-reversing. �

1229Note that this statement now also makes sense for the empty manifold.
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On page 689 we saw that the boundary of an oriented smooth manifold inherits a natural
orientation. For compact smooth manifolds the following proposition gives the relationship
between the fundamental class of the smooth manifold and of its boundary.

Proposition 100.9. (Fundamental Class-of-Boundary Proposition) Let M be a
compact oriented n-dimensional smooth manifold with boundary. The connecting homomorphism

∂ : Hn(M,∂M) → Hn−1(∂M)
of the long exact sequence in homology of the pair (M,∂M) has the property that

[M ] 7→ [∂M ].
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Remark. In the Fundamental Class-of-Boundary Proposition 106.27 II we will prove the
analogue of the Fundamental Class-of-Boundary Proposition 100.9 for topological mani-
folds.

Proof. Let M be a compact oriented n-dimensional smooth manifold with boundary com-
ponents N1, . . . , Nk. By the Smooth Manifold-Simplicial Structure Theorem 96.2 the
smooth manifold M admits a smooth simplicial structure (K = (V, S), λ : |K| → M).
By the Manifold-Simplex Proposition 98.1 (3) we know that there exists a subcomplex
J = (U,R) of = (V, S) such that (J = (U,R), λ : |J | → ∂M) is a smooth simplicial struc-
ture for ∂M . We pick some total order �≤� on V . Next we introduce the following notation
for K:

(1) We denote by Sn the set of n-simplices of K.
(2) For each s ∈ Sn we denote by Φ≤s : ∆n → |K| the corresponding characteristic map.
(3) For each s ∈ Sn we set

εs :=

{
+1, if λ ◦ Φ≤s :

◦
∆
n
→M is orientation-preserving,

−1, if λ ◦ Φ≤s :
◦
∆
n
→M is orientation-reversing.

Next we introduce the analogous notions for the subcomplex J :

(4) We denote by Rn−1 the set of (n− 1)-simplices of R.
(5) For each r ∈ Rn−1 we denote by Ψ≤r : ∆n−1 → |J | the corresponding characteristic

map.
(6) For each r ∈ Rn−1 we set

µr :=

{
+1, if λ ◦Ψ≤r :

◦
∆
n−1
→ ∂M is orientation-preserving,

−1, if λ ◦Ψ≤r :
◦
∆
n−1
→ ∂M is orientation-reversing.
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Now we see that

Algorithm 100.2 Topological LES-Proposition 74.13 de�nition of ∂n : Cn(M)→ Cn−1(M)
↓ ↓ ↓

∂[M ] = ∂
[ ∑
s∈Sn

εs · λ ◦ Φ≤s

]
=
[ ∑
s∈Sn

εs · λ ◦ ∂n(Φ≤s )
]

=
[ ∑
s∈Sn

εs · λ ◦
n∑
j=0

(−1)j · Φ≤s ◦ inj
]

since we are given a cycle in Cn(M,∂M) the contributions of singular simplices
for which the image does not lie in ∂M cancel
↓
=
[ ∑
s∈Sn and j∈{0, . . . , n}

such that

(Φ≤s ◦ inj )(∆n-1) Ă ∂M

(−1)j · εs · λ ◦ Φ≤s ◦ inj
]

=
[ ∑
r∈R

µr · λ ◦Ψ≤r

]
= [∂M ].

↑ ↑
by the Manifold-Simplex Proposition 98.1 (4) Algorithm 100.2
we have a bijection of singular simplices
that appear in the sums, furthermore the
corresponding signs match by the discussion on page 2153 �
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signs of the summands
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The following straightforward corollary says that we can �extend� fundamental cycles from
the boundary to the total manifold.

Corollary 100.10. Let M be a compact oriented n-dimensional smooth manifold. Let A
be a union of components of ∂M . We write B := ∂M \ A. We consider the map

Cn(M,∂M)
∂n //

=:ΘA

22Cn−1(∂M)
id // Cn−1(AtB)

∼= // Cn−1(A)⊕Cn−1(B) // // Cn−1(A).

Given any fundamental cycle µ ∈ Cn−1(A) there exists a chain ν ∈ Cn(M) such that ν
represents a fundamental cycle in Cn(M,∂M) and such that ΘA(ν) = µ.

Proof. First note that it is basically clear that it su�ces to prove the statement for the
case A = ∂M . Next, pick a singular chain ν̃ ∈ Cn(M) that represents a fundamental cycle
in Cn(M,∂M). By Propositions 100.9 and 74.13 we know that the cycles ∂n(ν̃) and µ are
homologous in Cn−1(∂M). This means that there exists a σ ∈ Cn(∂M) with ∂σ = ∂n(ν̃)−µ.
Now we set ν := ν̃ − σ ∈ Cn(M). Since ν and ν̃ represent the same element in Cn(M,∂M)
we see that ν is also a fundamental cycle. Finally we note that by construction we have
∂n(ν) = ∂n(ν̃)− ∂n(σ) = µ. �
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Next we record the following useful corollary to the Fundamental Class-of-Boundary Propo-
sition 100.9.
Corollary 100.11. (Fundamental Class-of-Boundary Corollary) Let M be a com-
pact oriented connected n-dimensional smooth manifold. We denote by i : ∂M → M the
inclusion map and we denote by N1, . . . , Nk the components of ∂M .
(1) We have

ker
(
i∗ : Hn−1(∂M)︸ ︷︷ ︸

=Z·[N1]⊕···⊕Z·[Nk]

→ Hn−1(M)
)

= Z · [∂M ]︸ ︷︷ ︸ Ă Hn−1(∂M).

↑
we have [∂M ] = [N1] + · · ·+ [Nk]

(2) Let j ∈ {1, . . . , k}. We consider the following maps:

0 // Hn−1(∂M)/Z · [∂M ]
i∗ // Hn−1(M) // coker(Hn−1(∂M)

i∗−→ Hn−1(M)) // 0.

Z·[N1]⊕ ...⊕Ẑ·[Nj]⊕ ...⊕Z·[Nk]

∼=
OO

The following two statements hold:
(a) The horizontal sequence is exact and it splits.
(b) The vertical map is an isomorphism.

(3) If M has precisely one boundary component, then i∗ : Hn−1(∂M)→ Hn−1(M) is the
zero map.

(4) The boundary ∂M is not a retract of M .

Remark.

(1) The special case that M is a 2-dimensional smooth manifold is foreshadowed by
Exercise 80.14.

(2) In Proposition 74.7 we showed that the sphere Sn−1 = ∂B
n−1

is not a retract of the
closed ball B

n
. the Fundamental Class-of-Boundary Corollary 100.11 (3) can thus

be viewed as a generalization of Proposition 74.7 from B
n
to the case of compact

oriented connected smooth manifolds with non-empty boundary.
(3) In Corollary 106.28 we will extend the statement of the Fundamental Class-of-

Boundary Corollary 100.11 to topological manifolds. Also note that in the Boundary
Non-Retraction Proposition 31.3 we gave a very di�erent proof of the Fundamental
Class-of-Boundary Corollary 100.11.

Example. In the �gure below we show a compact oriented n-dimensional smooth mani-
fold with three boundary components N1, N2 and N3. the Fundamental Class-of-Boundary
Corollary 100.11 says that any two boundary components generate a subsummand of
Hn−1(M). Furthermore in Hn−1(M) we have the equality [N1] + [N2] + [N3] = 0.
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Proof. Let M be a compact oriented n-dimensional smooth manifold. We denote by
i : ∂M →M the inclusion map.
(1) Using the Fundamental Class-of-Boundary Proposition 100.9 and the long exact se-

quence in homology of the pair (M,∂M) we obtain that the following sequence is
exact:

Hn(M,∂M)︸ ︷︷ ︸
=Z·[M ] by Theorem 100.1

[M ]7→[∂M ]−−−−−−−→ Hn−1(∂M)
i∗−→ Hn−1(M).

Statement (1) is now an immediate consequence.
(2) (a) It follows from (1) that the horizontal sequence is exact. By the Smooth Manifold-

Top Homology Theorem 98.6 (2) the group Hn−1(M) is free abelian. It fol-
lows from Lemma 51.9 that the group coker(i∗ : Hn−1(∂M) → Hn−1(M)) ∼=
ker(Hn−1(M)→ Hn−1(M,∂M)) is also free abelian. It now follows from Lemma 78.1
that the short exact sequence splits.

(b) It follows immediately from [∂M ] = [N1] + · · ·+ [Nk] that the vertical map is an
isomorphism.

(3) Now we assume that ∂M has precisely one component. By Theorem 100.1 we now
have Hn−1(∂M) = Z · [∂M ]. Thus this statement is now an immediate consequence
of (1).

(4) Suppose there exists a retraction r : M → ∂M , i.e. a map with r ◦ i = id∂M . We
consider the following commutative diagram

Hn−1(M)
r∗

((

Hn−1(∂M)

i∗
66

(r◦i)∗=id
// Hn−1(∂M).

We just saw in (1) that i∗ is not injective. But this leads immediately to a contra-
diction. �

In the next lemma we study the fundamental classes of codimension-zero submanifolds.

Lemma 100.12. (Codimension Zero-Fundamental Class Lemma) LetM be a com-
pact oriented n-dimensional smooth manifold. Furthermore let W Ă M be a compact
n-dimensional submanifold. We write

◦
W = W \ ∂W and we equip W with the orientation

given by the Basics-of-Orientations Lemma 25.13 (6). The following two statements hold:

(1) The inclusion induced map Hn(W,∂W )→ Hn(M,M \
◦
W ) is an isomorphism.

(2) The images of the fundamental classes [M ] ∈ Hn(M,∂M) and [W ] ∈ Hn(W,∂W )
under the maps

Hn(M,∂M) −→ Hn(M,M \
◦
W )

∼=←− Hn(W,∂W )
↑

isomorphism by the Excision Theorem 75.10

agree.

Proof.

(1) The �rst statement is an immediate consequence of the Excision Theorem 75.10.
(2) We denote by Φ: Hn(M,∂M) → Hn(W,∂W ) the map given in Statement (2). We

have to show that Φ([M ]) is the fundamental class for W . So let Ψ: ∆n → W be a
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◦
W∂W

∂M ∂M

Ψ

W

x

map and let x ∈
◦
∆
n
be an admissible point. We consider the following commutative

diagram

Hn(M,∂M)

Φ

,,
//

ωΨ(x)

��

Hn(M,M \
◦
W )

ss

Hn(W,∂W )
∼=oo

ωΨ(x)

��

Hn(M,M \ {Ψ(x)}) Hn(W,W \ {Ψ(x)})
∼=

isomorphism by the Excision Theorem 74.18
oo

Hn(∆n,∆n \ {x}).
Ψ∗

33

Ψ∗

kk

The desired statement now follows easily from the de�ning properties of fundamental
classes and the above discussions. We leave the few remaining details to the reader.

�

One of the most popular approaches to computing the homology groups of some topological
space X is to write X as the union X = A∪B of �simpler topological spaces A and B� in a
suitable way and to use the Mayer�Vietoris Theorem 78.5. The catch of the Mayer�Vietoris
Theorem 78.5 is that not only does one need to understand the homology groups of A, B and
A∩B, one also needs to understand the inclusion induced maps on homology groups, which
can be quite di�cult. Fortunately the Fundamental Class-of-Boundary Corollary 100.11
(2) now gives an interesting calculation of an inclusion induced map of homology groups. In
the following two sections we will use the Fundamental Class-of-Boundary Corollary 100.11
(2) to study the homology groups of the connected sum of two smooth manifolds and to
study the homology groups of knot complements.

100.4. The homology groups of the connected sum of two smooth manifolds. Let
M and N be two compact oriented connected non-empty n-dimensional smooth manifolds.
We recall the de�nition of the connected sumM#N that we gave on page ??. First we pick
an orientation-preserving smooth embedding ϕ : B

n →M \∂M and we pick an orientation-
reversing smooth embedding ψ : B

n → N \ ∂N . Then we de�ned the connected sum of M
and N as follows:

M#N :=
(
M \ ϕ

(
Bn
))
t
(
N \ ψ

(
Bn
))
/
{
ϕ(P ) = ψ(P )

∣∣P ∈ Sn−1
}
.

We refer to the Connected Sum-Proposition ?? for some key properties of M#N . Recall
that in the Connected Sum-π1-Proposition 52.12 we showed that π1(M#N) is isomorphic
to the free product of π1(M) and π1(N). The following proposition says that a very similar
result holds for the homology groups of M#N .
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Proposition 100.13. (Connected Sum-H∗-Proposition) Let M and N be two closed
oriented connected non-empty n-dimensional smooth manifolds. For any k ∈ N0 we have

Hk(M#N) ∼=
{

Hk(M)⊕ Hk(N), if k 6= 0, n,
Z, if k = 0, n.

Moreover, for k 6= 0, n the inclusion maps induce isomorphisms

Hk(M)⊕ Hk(N)
∼=←− Hk(M \Bn)⊕ Hk(N \Bn)

∼=−→ Hk(M#N)

where Bn Ă M and Bn Ă N denote the open balls used in the de�nition of the connected
sum of M and N .

Remark. In Exercise 100.8 we will consider the homology groups of M#N if we drop the
condition that the smooth manifolds are closed.

The key to the proof of the Connected Sum-H∗-Proposition 100.13 is the following lemma.

Lemma 100.14. LetX and Y be two compact orientable connected n-dimensional smooth
manifolds such that ∂X ∼= Sn−1 and ∂Y ∼= Sn−1. We pick a di�eomorphism ϕ : ∂X → ∂Y .
(1) There exists an isomorphism

Hn(X ∪ϕ Y ) ∼= Z.
Furthermore for every k < n the inclusion maps X → X ∪ϕ Y and Y → X ∪ϕ Y
induce an isomorphism

H̃k(X)⊕ H̃k(Y )
∼=−→ H̃k(X ∪ϕ Y ).

(2) In particular for the case that Y = B
n
we obtain that for any k < n the inclusion

map X → X ∪ϕ B
n
induces an isomorphism

H̃k(X)
∼=−→ H̃k(X ∪ϕ B

n
).
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Y X ∪ϕ Yϕ : ∂X → ∂YX

Proof of Lemma 100.14. The second statement is an immediate consequence of the �rst
statement and the fact that for every k < n we have H̃k(B

n
) = 0. Thus it su�ces to prove

the �rst statement. To simplify the notation we write Sn−1 = ∂X = ∂Y . We also write
Z = X ∪ϕ Y . It follows from the Mayer-Vietoris Theorem 78.9 for Manifolds1230 that there
exists a long exact sequence

→ H̃k(S
n−1)

i∗⊕−i∗−−−−→ H̃k(X)⊕ H̃k(Y )
i∗+i∗−−−→ H̃k(Z)

∂k−→ H̃k−1(Sn−1) → . . .

where i always stands for the corresponding inclusion map. By Proposition 74.4 we have
H̃n(Sn) ∼= Z and H̃k(S

n) = 0 for k 6= n. We see immediately that for any k < n the
inclusion maps induce an isomorphism H̃k(X)⊕ H̃k(Y )→ H̃k(Z).

Now we turn to the n-th homology of Z. First note that by Theorem 98.8 we have
H̃n(X) = H̃n(Y ) = 0. Therefore the above long exact sequence gives rise to an exact

1230Note that here secretly we also used the Gluing-Smooth Manifolds-Proposition ??
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sequence

since Sn−1 is the unique boundary component of X we deduce from
Fundamental Class-of-Boundary Corollary 100.11

that the map i∗ : H̃n−1(Sn−1)→ H̃n−1(X) is the zero map, the same way we also see
that the map i∗ : H̃n−1(Sn−1)→ H̃n−1(Y ) is the zero map

↓
H̃n(X)⊕H̃n(Y )︸ ︷︷ ︸
=0 by Theorem 98.8

→ H̃n(Z)
∂n−→ H̃n−1(Sn−1)︸ ︷︷ ︸

=Z·[Sn−1]

i∗⊕−i∗−−−−→ H̃n−1(X)⊕H̃n−1(Y )→ H̃n−1(Z)→ 0.x
isomorphism by the above

All the desired statements follow from the above data. �

Now we can easily provide the proof of the Connected Sum-H∗-Proposition 100.13.

Proof of the Connected Sum-H∗-Proposition 100.13. Let M and N be two closed
oriented connected non-empty n-dimensional smooth manifolds. As required in the de�ni-
tion of the connected sum ofM and N we pick an orientation-preserving smooth embedding
ϕ : B

n → M and we pick an orientation-reversing smooth embedding ψ : B
n → N . Recall

that

M#N =
(
M \ ϕ

(
Bn
))
t
(
N \ ψ

(
Bn
))
/
{
ϕ(P ) = ψ(P )

∣∣P ∈ Sn−1
}
.

We write X = M \ ϕ(Bn) and Y = N \ ψ(Bn). Note that it follows immediately from
Lemma 100.14 (1) that Hn(M#N) = Hn(X ∪Sn−1 Y ) ∼= Z. Now let k < n. Note that in
this case we have

Hk(M)⊕ Hk(N)
∼=←− Hk(M \ ϕ(Bn)︸ ︷︷ ︸

=X

)⊕ Hk(N \ ψ(Bn)︸ ︷︷ ︸
=Y

)
∼=−→ Hk(M#N)x x

Lemma 100.14 (1) applied to Lemma 100.14 (1) applied to M#N = X ∪Sn−1 Y
M = X ∪Sn−1 B

n
and N = Y ∪Sn−1 B

n

�

Examples.

(1) Let T = S1 × S1 be the torus. In the �gure on page ?? we saw that the connected
sum T#T is di�eomorphic to the surface Σ2 of genus 2. More generally, the same
argument shows that the connected sum of g copies of the torus T is di�eomorphic
to the surface Σg of genus g. Together with the calculation of the homology groups
of the torus in Lemma 78.11 we now see that

Hk(Σg) ∼= Hk(T# . . .#T︸ ︷︷ ︸
g copies

) ∼=

 Z, if k = 0, 2,
Z2g, if k = 1,
0, if k > 2.

This agrees of course with the result obtained in Proposition 80.10.
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(2) We consider the complex manifold CP2. On page 1772 we showed that

Hk(CP2) ∼=
{

Z, if k = 0, 2, 4,
0, otherwise.

As always we equip CP2 with the natural orientation coming from the Complex
Manifold-Orientation Proposition 32.23. We can now form the connected sum CP2#CP2.
It follows from the Connected Sum-H∗-Proposition 100.13 that

Hk(CP2#CP2) ∼=

 Z, if k = 0, 4,
Z⊕ Z, if k = 2,
0, otherwise.

For the complex projective space CP2 we use the common notation that we write CP2

instead of −CP2. Since the homology groups do not depend on the orientation we
have the same homology groups for CP2

and the calculation shows that the homology
groups of CP2#CP2 and CP2#CP2

agree.

Recall that on page 1948 we showed, using the Künneth Theorem 90.8 that

Hk(S
2 × S2) ∼=

 Z, if k = 0, 4,
Z⊕ Z, if k = 2,
0, otherwise.

This fact, and our above calculations shows, that the homology groups of the connected
sums CP2#CP2, CP2#CP2

and of S2 × S2 are all isomorphic. Furthermore, note that by
Propositions 47.13, 48.20, 52.12 and the discussion on page 1533 we know that all of these
topological spaces are simply connected. So this raises the following intriguing question.

Question 100.15. Are the closed 4-dimensional smooth manifolds S2 × S2, CP2#CP2

and CP2#CP2
homeomorphic?

We will answer this question in Corollary 133.12 and Proposition 133.13.

100.5. Homology groups of knot complements. We return to the ever-popular study
of knots in S3.
De�nition. Let K Ă S3 be a knot. By the Tubular Neighborhood Theorem ?? there
exists a smooth embedding Φ: B

2 ×K → S3 such that Φ(0, P ) = P for all P ∈ K. We
refer to XK := S3 \ Φ(B2 ×K)

as the exterior of K. If K is oriented, then we pick Φ to be orientation-preserving and,
following the de�nition on page 1305, we refer to any oriented submanifold Φ(S1 × {P})
as a meridian µK of K.
The following lemma gives us in particular the long-awaited calculation of the homology
groups of knot complements.

Lemma 100.16. For any knot K Ă S3 the following statements hold:
(1) The exterior XK of the knot K is a compact orientable connected 3-dimensional

smooth manifold and the boundary ∂XK is di�eomorphic to the torus.
(2) The di�eomorphism type of XK as an oriented smooth manifold does not depend

on the choice of Φ.
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(3) The exterior XK is a deformation retract of the knot complement S3 \K.
(4) We pick an orientation for K. For every n ∈ N0 we have1231

Hn(S3 \K)
∼=←−− Hn(XK) =

 0, if n ≥ 2,
Z · [µK ], if n = 1,
Z, if n = 0.↑

induced by the inclusion XK→S3 \K

where µK denotes a meridian of K.
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meridian µKΦ(B
2 ×K)

knot K

Remark. In Lemma 78.13 we already showed that H0(XK) = Z and that H1(XK) =
Z · [µK ]. In fact in the proof of Lemma 100.16 (4) below we will follow the same approach
as in Lemma 78.13, except that now can overcome the hurdle which prevented us back then
from computing all homology groups.

Proof. Let K Ă S3 be an oriented knot and let P ∈ K. We pick a tubular neighborhood
B

2 ×K for K and we pick Q ∈ S1. We write µK = S1 × {P} and γ = {Q} ×K.
(1) This statement is basically a consequence of the Codimension-Zero Smooth Embed-

ding Proposition 24.16.
(2) This statement is an immediate consequence of Proposition ??.
(3) A deformation retraction from S3 \K to XK is given by the map

(S3 \K)× [0, 1] → XK = S3 \ (B2 ×K)

(x, t) 7→

{
x, if x ∈ Y = S3 \ (B

2 ×K),

(((1− t)r + t) exp( iα), z), if x = (r · exp( iα), z) ∈ B2 ×K.
It follows easily from the Homotopy Stacking Lemma 14.3 and the Codimension-Zero
Smooth Embedding Proposition 24.16 that this map is indeed continuous.

(4) First note that by the Homotopy Equivalence-H∗-Corollary 73.9, the Deformation
Retract-Homotopy Equivalence Lemma 15.5 and by (3) we know that the inclusion
XK → S3 \K induces an isomorphism on all homology groups.

Now we proceed with almost the same argument as in the proof of Lemma 78.13.
Namely, we consider the decomposition

S3 = (S3 \ (B2 ×K))︸ ︷︷ ︸
=XK

∪S1×K (B
2 ×K)

and we apply the Mayer-Vietoris Theorem 78.9 with reduced homology groups. We
obtain the following long exact sequence:

→ H3(∂XK)
i∗−i∗−−−−→ H3(XK) ⊕ H3(B

2 ×K)
i∗+i∗−−−−→ H3(S3)

∂3−−→
→ H2(∂XK)

i∗−i∗−−−−→ H2(XK) ⊕ H2(B
2 ×K)

i∗+i∗−−−−→ H2(S3)
∂2−−→

→ H1(∂XK)
i∗−i∗−−−−→ H1(XK) ⊕ H1(B

2 ×K)
i∗+i∗−−−−→ H1(S3)

∂1−−→ 0.

1231We will give an alternative approach to calculating these homology groups in Exercise 100.5.
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Now we throw in everything we know about the above setting:

→ H3(∂XK)︸ ︷︷ ︸
=0

i∗−i∗−−−−→ H3(XK) ⊕ H3(B
2 ×K)︸ ︷︷ ︸
=0

i∗+i∗−−−−→ H3(S3)︸ ︷︷ ︸
=Z·[S3]

∂3−−→

→ H2(∂XK)︸ ︷︷ ︸
=Z·[∂XK ]

i∗−i∗−−−−→ H2(XK) ⊕ H2(B
2 ×K)︸ ︷︷ ︸
=0

i∗+i∗−−−−→ H2(S3)︸ ︷︷ ︸
=0

∂2−−→x
by the Fundamental Class-of-Boundary Corollary 100.11 (2) this is the zero map

→ H1(∂XK)︸ ︷︷ ︸
=Z·[µK ]⊕Z·[γ]

i∗−i∗−−−−→ H1(XK) ⊕ H1(B
2 ×K)︸ ︷︷ ︸

=Z·[γ]

i∗+i∗−−−−→ H1(S3)︸ ︷︷ ︸
=0

∂1−−→ 0.x
we have [µK ] 7→ ([µK ], 0) and [γ] 7→ (?, [γ])

Note that we obtain from the above discussion that the connecting homomorphism
∂3 : Z · [S3] = H3(S3) → H2(∂XK) = Z · [∂XK ] is an epimorphism. Since every
epimorphism Z→ Z is necessarily an isomorphism we see that the connecting homo-
morphism is in fact an isomorphism. Thus we obtain that H3(XK) = H2(XK) = 0.
At the lower end we obtain easily, as we explained in the proof of Lemma 78.13, that
H1(XK) = Z · [µK ]. �

100.6. The F2-fundamental class. In this �nal section we introduce the F2-fundamental
class for any compact (not necessarily orientable) smooth manifold. Truth be told, this
notion will only play a fairly minor role in the subsequent chapters.
Now let M be a compact connected n-dimensional smooth manifold. Recall that by
Theorem 98.8 (3) we know that, regardless of whether or not M is orientable, we have
Hn(M,∂M ;F2) ∼= F2. This leads us to the following de�nition.

De�nition. LetM be a compact n-dimensional smooth manifold. We denote byN1, . . . , Nk

the components of M . We refer to

[M ]F2 :=
k∑
i=1

the unique non-zero element of Hn(Ni, ∂Ni;F2) ∈ Hn(M,∂M ;F2)︸ ︷︷ ︸
=

k⊕
i=1

Hn(Ni,∂Ni;F2)

as the F2-fundamental class of M .

Remark. In the F2-Fundamental Class Corollary 106.5 we will generalize this notion to
compact topological manifolds.

The following proposition is the �F2�-analogue of some of the results from Section 100.1.
Proposition 100.17. Let M be a compact n-dimensional smooth manifold.
(1) Let (K = (V, S), λ : |K| → M) be a smooth simplicial structure for M . We pick a

total order �≤� on V . We denote by s1, . . . , sk the n-simplices of K. Furthermore
for i ∈ {1, . . . , k} we consider the characteristic map Φ≤si : ∆n → |K|. With this
notation the singular chain

λ ◦ Φ≤s1 ⊗ 1 + · · ·+ λ ◦ Φ≤sk ⊗ 1 ∈ Cn(M)⊗ F2 = Cn(M ;F2)

is a cycle which represents the F2-fundamental class of M .
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(2) Let x ∈M \ ∂M .
(a) The image of the F2-fundamental class [M ]F2 ∈ Hn(M,∂M ;F2) under the natu-

ral map Hn(M,∂M ;F2)→ Hn(M,M \{x};F2) is the unique non-trivial element.
(b) If M is connected, then the natural map Hn(M,∂M ;F2)→ Hn(M,M \ {x};F2)

is an isomorphism.
Sketch of proof. It is straightforward to see that it su�ces to consider the case thatM is
connected. Furthermore, using a doubling argument one can fairly easily reduce the proof
of the statement to the case of a closed n-dimensional smooth manifold M . Next note that
a slight variation on the argument of Theorem 98.4 shows that

σ := λ ◦ Φ≤s1 ⊗ 1 + · · ·+ λ ◦ Φ≤sk ⊗ 1 ∈ Cn(M ;F2)

is indeed a cycle in the chain complex C∗(M ;F2) = C∗(M) ⊗ F2. Next note that the
argument of the proof of Theorem 100.1 (1) shows that for every x ∈ M the natural map
Hn(M ;F2) → Hn(M,M \ {x};F2) sends [σ] to the unique non-zero element. Furthermore
note that by Theorem 98.8 (3) we know that Hn(M ;F2) ∼= F2. Finally note that this implies
that the natural map Hn(M ;F2)→ Hn(M,M \ {x};F2) is indeed an isomorphism and that
[σ] is indeed a generator of Hn(M ;F2). �

The following proposition is the F2-analogue of the Fundamental Class-Criterion Proposi-
tion 100.4.
Proposition 100.18. Let M be a compact connected n-dimensional smooth manifold.
Let (σ1 + · · · + σm) ⊗ 1 ∈ Cn(M,∂M ;F2) = Cn(M,∂M) ⊗ F2 be a cycle. Suppose there
exists a j ∈ {1, . . . ,m} such that the following two conditions are satis�ed:

(1) The map σj :
◦
∆
n
→M is a smooth embedding.

(2) There exists an x ∈ σj(∆n) \ σj(∂∆n) which is not contained in the image of any
other σi : ∆n →M .

Then the cycle (σ1 + · · ·+ σm)⊗ 1 represents the F2-fundamental class of M .

Proof. The proof of this proposition is almost the same as the proof of the Fundamen-
tal Class-Criterion Proposition 100.4. We leave it to the reader to make the necessary
modi�cations. �

Examples.
(1) Now we will give a representative for the F2-fundamental class for the real projective

plane RP2. More precisely, we consider the four singular simplices σ1, σ2, τ1 and
τ2 of RP2 shown in the �gure below, where we use a hopefully obvious variation
on the notation introduced in the �gure on page 2203. It is straightforward to see
that the singular 2-chain (σ1 + σ2 + τ1 + τ2) ⊗ 1 ∈ C2(RP2;F2) is a cycle. Using
Proposition 100.18 we see that it represents the F2-fundamental class of the real
projective plane.
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τ1

σ2

projective plane RP2 = B
2
/ ∼

σ1

the 2-cycle (σ1 + σ2 + τ1 + τ2)⊗ 1 ∈ C2(RP2;F2)
represents the F2-fundamental class

of the real projective plane
τ2
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(2) In Exercise 100.13 we will write down a representative for the F2-fundamental class
of the Klein bottle.

The following proposition is the analogue of the Fundamental Class-of-Boundary Proposi-
tion 100.9.
Proposition 100.19. LetM be a compact n-dimensional smooth manifold. The connect-
ing homomorphism

∂ : Hn(M,∂M ;F2) → Hn−1(∂M ;F2)
of the long exact sequence in homology with F2-coe�cients of the pair (M,∂M) has the
property that [M ]F2 7→ [∂M ]F2 .

Proof. The proof is the obvious modi�cation of the previous proof. �

Finally we have the following analogue of the Fundamental Class-of-Boundary Corol-
lary 100.11.

Corollary 100.20. Let M be a compact n-dimensional smooth manifold. We denote by
i : ∂M →M the inclusion map.
(1) We have

ker
(
i∗ : Hn−1(∂M) → Hn−1(M)

)
= Z · [∂M ]F2 ∈ Hn−1(∂M ;F2).

(2) IfM has precisely one boundary component, then i∗ : Hn−1(∂M ;F2)→ Hn−1(M ;F2)
is the zero map.

(3) The boundary ∂M is not a retract of M .

Proof. Once again the proof is basically the same as the proof of the analogous statement
for ordinary homology groups. �

Remark. It is perhaps instructive to consider the good old Möbius band M . We denote
by i : ∂M → M the inclusion map. Furthermore let [b] ∈ H1(M) and [c] ∈ H1(∂M) be the
generators shown in the �gure below. We end up with the following situation:

H1(∂M)
∼= [σ] 7→[σ⊗1]
��

[b]7→2·[c]
// H1(M)
∼= [σ]7→[σ⊗1]
��

H1(∂M ;F2)
[b⊗1] 7→[2·c⊗1]=[c⊗2]=0

// H1(M ;F2).

Note that the vertical maps are isomorphisms by the Universal Coe�cient Theorem 89.17.
We see that the top horizontal map is an injective map, in fact it is basically given by
multiplication by 2. On the other hand we see that the bottom horizontal map is the zero
map.
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Exercises for Chapter 100.

Exercise 100.1. We consider the surface Σ = E8/∼ of genus two as shown in the �gure
below. Show that there exists a cycle of the form ε1 · σ1 + · · · + ε6 · σ6 ∈ C2(E8/∼) such
that the images of the six singular simplices σ1, . . . , σ6 are precisely the six triangles shown
in the �gure.
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Exercise 100.2. Let M be a compact oriented connected n-dimensional smooth manifold
with at least two boundary components. Let C be one of the boundary components. By
the Fundamental Class-of-Boundary Corollary 100.11 we know that the inclusion induced
map i∗ : Hn−1(C) → Hn−1(M) admits a left-inverse, i.e. there exists a homomorphism
ϕ : Hn−1(M) → Hn−1(C) such that ϕ ◦ i∗ = idHn−1(C). Also note that in Lemma 55.13 we
showed that in the case n = 2 a stronger statement holds, namely C is a retract of M . Is
it true in general that C is necessarily a retract of M?

Exercise 100.3. Let M be a closed oriented connected n-dimensional smooth manifold
and let C Ă M be a closed oriented connected (n− 1)-dimensional submanifold of M . We
assume that C is non-separating. Recall that according to the de�nition on page 1246 this
means that M \C is connected. By the Tubular Neighborhood Theorem ?? we can pick a
tubular neighborhood [−1, 1]× C. We write W := M \ ((−1, 1)× C).

(a) Show that there exists an exact sequence of the form

0 → Hn−1(M \ ((−1, 1)× C)︸ ︷︷ ︸
=W

) → Hn−1(M) → Hn−2(C) → . . .

Hint. Consider a Meyer�Vietoris sequence.
(b) Use (a) and Exercise 100.2 to show that the map i∗ : Hn−1(C)→ Hn−1(M) admits a

left-inverse.
Remark. This implies in particular that i∗([C]) is a non-trivial element of Hn−1(M).

(c) Does the conclusion of (b) also hold if we replace the hypothesis that M is closed by
the hypothesis that M is compact?
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M W = M \((−1, 1)×C)

C

Exercise 100.4. Let K = γ(S1) Ă S3 be a knot and let Φ: B
2 × K → S3 be a tubular

map for K. As on page 2213 we refer to XK = S3 \Φ(B2 ×K) as the exterior of the knot
K and we refer to µK = Φ(S1×{P}) as a meridian of K. In Lemma 78.13, or alternatively
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in Lemma 100.16, we saw that [µK ], viewed as an element in H1(XK), is a generator of
H1(XK).
(a) Show that there exists an n ∈ Z such that the curve

S1 → ∂XK = Φ(S1 ×K)
z 7→ Φ(zn, γ(z))

represents a generator of ker(H1(∂XK) → H1(XK)). We refer to the image of this
curve as a longitude λK of K.

(b) Sketch longitudes for the three knots that are shown in the �gure below.
(c) Now suppose that we are given two knots K and J . We de�ne XK , XJ , µK , µJ and

λK and λJ as above. We pick a di�eomorphism ϕ : ∂XK → ∂XJ with ϕ∗(µK) = λJ
and ϕ∗(λK) = µK . We denote by Y = XK ∪ϕXJ the result of gluing XK to XJ along
the boundary. Show that Y is a homology sphere, i.e. show that H1(Y ) = H2(Y ) = 0
and H3(Y ) ∼= Z.

Remark. If K and J are two non-trivial knots, then it follows from Proposition ?? (which
in turn is a consequence of the famous Loop Theorem ??) together with the Amalgamated
Product-Monomorphism Proposition 53.24, that the fundamental group of Y is always non-
trivial. This shows that Y is a homology sphere with non-trivial fundamental group. In
other words we have now found an alternative proof of Proposition 98.11.

�gure-8 knottrivial knot trefoil

Exercise 100.5. In this exercise we will consider an alternative approach to computing
the homology groups of a knot complement. Let K Ă S3 be a knot. We pick a tubular
neighborhood B

2 × K and we consider the exterior XK = S3 \ (B2 × K). Now do the
following:
(a) Show that the inclusion induced maps

H∗(S3, K)
∼=−−→ H∗(S3, B

2 ×K)
∼=←−− H∗(XK , ∂XK)

are both isomorphisms.
(b) Compute the homology groups of the pair (XK , ∂XK).
(c) Determine, using (b), the homology groups of XK .

Exercise 100.6. We de�ne an m-component link to be a 1-dimensional submanifold
of S3 that is di�eomorphic to the disjoint union of m copies of S1. We pick a tubular
neighborhood B

2 × L and we de�ne the exterior of L as XL := S3 \ (B2 × L). We denote
the components of L by L1, . . . , Lm. For each i ∈ {1, . . . ,m} we pick a point Pi ∈ Li and
we de�ne µi := S1 × {Pi}.
(a) Show that H1(XL) = Z · [µ1]⊕ · · · ⊕ Z · [µm].
(b) Determine H2(XL).
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Remark. There are basically two ways to go about doing this exercise, you can modify the
proof of Lemma 100.16 or you could generalize the approach taken in Exercise 100.5.

Exercise 100.7.
(a) In the �gure below we see two 2-component links, namely the unlink and the Hopf

link. Are these two links isotopic?
(b) Let L Ă S3 be an m-component link. Show that the weight of the group π1(S3 \ L),

as de�ned in Exercise 59.13, equals m.

2-component trivial link Hopf link

Exercise 100.8. Let M and N be two oriented, connected n-dimensional smooth man-
ifolds. We suppose that M is closed and that N has non-empty boundary. Express the
homology groups of M#N in terms of the homology groups of M and N .

Exercise 100.9. Let f : M → N be a map between two compact orientable connected n-
dimensional smooth manifolds with non-empty boundary. We assume that f : ∂M → ∂N
is a homeomorphism. Show that f is a surjection.

Exercise 100.10. Let M be a compact oriented n-dimensional smooth manifold and let
p : M̃ → M be a �nite covering. By the Manifold Covering Proposition 49.2 we can equip
M̃ with the structure of a compact oriented smooth manifold such that p : M̃ → M is
an orientation-preserving map. Let p∗ : Hn(M) → Hn(M̃) be the transfer map that we
introduced on page 1952. Show that p∗([M ]) =

[
M̃
]
∈ Hn(M̃, ∂M̃).

Exercise 100.11. Let Σ be a closed orientable connected 2-dimensional smooth manifold
and let f : Σ → Σ be a di�eomorphism. We consider the corresponding mapping torus
M := Tor(Σ, f). Note that we know by the Manifold-Mapping Torus Lemma 16.25 that
M is a closed connected 3-dimensional smooth manifold.
(a) Suppose that if f is orientation-preserving, then rank(H2(M)) = rank(H1(M)).
(b) Suppose that if f is orientation-reversing, then rank(H2(M)) = rank(H1(M))− 1.

Remark. You might want to use the Mapping Torus-Homology Proposition 78.20.

Exercise 100.12. Give examples of closed oriented connected non-empty smooth mani-
folds M and N of the same dimension such that π2(M#N) is not isomorphic to π2(M)⊕
π2(N).

Exercise 100.13. Give an example of a representative for the F2-fundamental class for
the Klein bottle.

Exercise 100.14. Can you �nd a representative for the F2-fundamental class of RP2 with
two or three summands?

Exercise 100.15. Let n ∈ N and let M be a compact oriented n-dimensional smooth
manifold. The image of the fundamental class [M ] ∈ Hn(M,∂M) under the natural map
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Hn(M,∂M) → Hn(M,∂M ;R) is called the real fundamental class, denoted by [M ]R. Let
(K = (V, S),Θ: |K| → M) be a smooth simplicial structure. Given an ordered n-simplex
s = (v0, . . . , vn) of K we denote by Φs : ∆n → |K| the corresponding characteristic map
given by (t0, . . . , tn) 7→ t0 · v0 + · · ·+ tn · vn.
(a) Show that

σ :=
∑

s = (v0, . . . , vn) ordered n-simplex
such that Θ ◦ Φs :

◦
∆
n →M

is orientation-preserving

(Θ ◦ Φs : ∆n →M) ∈ Cn(M)

represents a cycle in Cn(M,∂M).
(b) Show that [σ]⊗ 2

n!
∈ Cn(M,∂M ;R) = Cn(M,∂M)⊗ R represents [M ]R.

Exercise 100.16. Let n ∈ N and let M and N be two compact oriented connected non-
empty n-dimensional smooth manifolds. We pick an orientation-preserving smooth embed-
ding ϕ : B

n

2 →M\∂M and furthermore we pick an orientation-reversing smooth embedding
ψ : B

n

2 → N \ ∂N . We use ϕ and ψ to de�ne the connected sum

M#N :=
(
M \ ϕ

(
Bn
))
t
(
N \ ψ

(
Bn
))
/
{
ϕ(P ) = ψ(P )

∣∣P ∈ Sn−1
}
.

We refer to the map

p : M#N → M ∨N

P 7→

 ϕ(x · 2(t− 1)), if P = ϕ(x · t) with x ∈ Sn−1 and t ∈ [1, 2]
ψ(x · 2(t− 1)), if P = ψ(x · t) with x ∈ Sn−1 and t ∈ [1, 2]
P, otherwise.

as the pinching map. Show that for i = 0, . . . , n− 1 the induced map

p∗ : Hi(M#N) → Hi(M ∨N)

is an isomorphism and that p∗([M#N ]) = [M ] + [N ] ∈ Hn(M ∨N) = Hn(M)⊕ Hn(N).
Remark. We leave it to the reader to show that for M = N = Sn this pinching map is
homotopic to the pinching map that we introduced on page 1565.
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101. The degree of a map between oriented smooth manifolds II

In Chapters 38 and 39 we used Sard's Theorem 31.1 and several other tricks from di�erential
topology to introduce the degree of a map between closed oriented connected non-empty
smooth manifolds of the same dimension. In this chapter we will use a completely di�erent
approach to de�ne the degree. The new approach is perhaps less intuitive, but since it
builds on the machinery we have developed over the last chapters we can now quickly
develop the theory of degrees.

101.1. The de�nition of the degree of a map between compact smooth manifolds.
Let n ∈ N and let M be a compact oriented connected non-empty n-dimensional smooth
manifold. Recall that in Theorem 100.1 and the Fundamental Class-Characterization
Lemma 100.3 we proved that there exists a unique class [M ] ∈ Hn(M,∂M) such that
the following holds:
(1) We have Hn(M,∂M) = Z · [M ].
(2) For every smooth embedding1232 Ψ: ∆n → M and for every point x ∈

◦
∆
n
with

Ψ−1(Ψ(x)) = {x} we have the following equality in Hn(M,M \ {Ψ(x)}):
ωΨ(x)([M ]) = sign(Ψ, x) · [ Ψ: ∆n →M︸ ︷︷ ︸

∈Cn(M,M\{Ψ(x)})

].x
this is the natural map Hn(M,∂M)→Hn(M,M \{Ψ(x)}), which

is in fact an isomorphism by Theorem 100.1 (1)

In this short chapter we will explore the following de�nition.
De�nition. Let f : M → N be a map between two compact oriented connected non-
empty n-dimensional smooth manifolds. We assume that f(∂M) Ă ∂N . We denote by
deg(f) ∈ Z the unique integer with

f∗([M ]) = deg(f) · [N ] ∈ Hn(N, ∂N) = Z · [N ].
↑

since f(∂M) Ă ∂N we have an induced map f∗ : Hn(M,∂M)→ Hn(N, ∂N)

We refer to deg(f) as the degree of f .

Remark.
(1) For a map f : Sn → Sn the above degree is, by de�nition, exactly the same as the

degree that we de�ned on page 1684. Furthermore, if f is smooth and M and N are
closed, then it follows from the Local-Global Degree Proposition 101.6 below that the
above de�nition of the degree agrees with the de�nitions given on 899 on page 926.

(2) On page 2379 we will generalize the notion of degree from smooth manifolds to
topological manifolds.

The following lemma generalizes several statements of the Sphere Degree Lemma 76.11.

Lemma 101.1. (Manifold Degree Lemma) Let n ∈ N and let L,M and N be compact
oriented connected non-empty n-dimensional smooth manifolds.
(1) deg(idM) = 1.

1232Recall that on page 2082 we de�ned what it means for a map ∆n →M to be a smooth embedding.
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(2) For every map f : M → N such that f(∂M) Ă ∂N we have the following equality:1233

f∗([∂M ]) = deg(f : M → N) · [∂N ] ∈ Hn−1(∂N).

In particular, if ∂M and ∂N are connected and non-empty, then we obtain the
equality deg(f : ∂M → ∂N) = deg(f : M → N).

(3) Let f : M → N be a map with f(∂M) Ă ∂N . If f is not surjective, then deg(f) = 0.
(4) Let f, g : M → N be two maps with f(∂M) Ă ∂N and g(∂M) Ă ∂N . If f is

homotopic to g, then deg(f) = deg(g).
(5) For any two maps f : L→M and g : M → N with f(∂L) Ă ∂M and g(∂M) Ă ∂N

we have deg(f ◦ g) = deg(f) · deg(g).
Proof.
(1) This statement is trivial.
(2) We consider the following diagram:

Hn(M,∂M)

f∗
��

∂n

[M ] 7→[∂M ], by the Fundamental Class-of-Boundary Proposition 100.9
// Hn−1(∂M)

f∗
��

Hn(N, ∂N)
∂n

[N ] 7→[∂N ], by the Fundamental Class-of-Boundary Proposition 100.9
// Hn−1(∂N)

where the horizontal maps are given by the connecting homomorphisms of the pairs
(M,∂M) and (N, ∂N). By the Topological LES-Proposition 74.13 we know that the
connecting homomorphism are natural, in other words, the diagram commutes. The
statement now follows from the Fundamental Class-of-Boundary Proposition 100.9.

(3) So let f : M → N be a non-surjective map with f(∂M) Ă ∂N . We pick a point P in
N that is not in the image of f . Note that N \ {P} is an open subset of N . Thus,
by the discussion on page 553, we can view it as an n-dimensional smooth manifold
with ∂(N \ {P}) = ∂N ∩ (N \ {P}) = ∂N \ {P}. Also note that it follows easily
from n ≥ 1 that N \ {P} is non-compact.

Now we consider the following very simple commutative diagram:

Hn(M,∂M)
f∗

//

f∗
++

Hn(N, ∂N)

Hn(N \ {P}, ∂(N \ {P}))︸ ︷︷ ︸
= 0 by the Smooth Manifold-Top Homology Theorem 98.6,

since N \ {P} is non-compact and connected

33

It follows immediately that f∗ : Hn(M,∂M)→ Hn(N, ∂N) is the zero map.
(4) This statement follows immediately from the Homotopic Maps-and-Homology Propo-

sition 73.6.
(5) Exactly as in the proof of the Sphere Degree Lemma 76.11 (4) we have

(g ◦ f)∗([L]) = g∗(f∗([L])) = g∗(deg(f) · [M ]) = deg(g) · deg(f) · [N ].

This shows that deg(g ◦ f) = deg(g) · deg(f). �

1233This statement can be viewed as a generalization of the Boundary Degree Proposition 39.6.
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We move on to the following de�nition.

De�nition. Let f : M → N be a smooth map between two smooth manifolds of the same
dimension. Let P ∈ M \ ∂M . We say f is a local diffeomorphism at P if there exists an
open neighborhood U of P such that f |U is an embedding.1234

The following proposition is much more interesting than the previous lemma. It gives in
particular a practical criterion for a map to have degree ±1.

Proposition 101.2. (Local-Global Degree Proposition 101.2 Let n ∈ N and let
f : M → N be a map between two compact oriented connected non-empty n-dimensional
smooth manifolds such that f−1(∂N) = ∂M . We suppose that there exists an x ∈M \∂M
such that f−1(f(x)) = {x} and we suppose that f is a local di�eomorphism at x. Then

deg(f) =

{
+1, if f is orientation-preserving at x
−1, if f is orientation-reversing at x.

Proof. Let U be an open connected neighborhood of x such that f : U → N is an embed-
ding. We set

ε :=

{
+1, if f : U → N is orientation-preserving
−1, if f : U → N is orientation-reversing.

Note that we need to show that deg(f) = ε. Since f−1(∂N) = ∂M we can pick a smooth
embedding Ψ: ∆n → U such that x ∈ Ψ(

◦
∆
n
). Note that Ψ−1(x) is an admissible point

for Ψ and note that it follows from our hypothesis f−1(f(x)) = {x} that Ψ−1(x) is also an
admissible point for f ◦Ψ. We consider the following commutative diagram1235

Hn(M,∂M)
ωx

∼=
//

f∗
��

Hn(M,M \ {x})
f∗
��

Hn(N, ∂N)
ωf(x)

∼=
// Hn(N,N \ {f(x)}).

After these preparations we can now turn to the actual proof:

since x ∈ Ψ(
◦
∆
n
) and Ψ is an embedding we see that Ψ: ∆n →M de�nes an element of Hn(M,M \{x})

↓
ωx([M ]) = sign(Ψ, x) · [Ψ: ∆n →M ] by de�nition of [M ]

⇒ f∗(ωx([M ])) = sign(Ψ, x) · f∗([Ψ]) applying f∗
⇒ ωf(x)(f∗([M ])) = sign(Ψ, x) · [f ◦Ψ] since the diagram commutes
⇒ ωf(x)(f∗([M ])) = ε · sign(f ◦Ψ, x) · [f ◦Ψ] since sign(f ◦Ψ, x) = ε · sign(Ψ, x)
⇒ ωf(x)(deg(f) · [N ]) = ε · ωf(x)([N ]) by de�nition of deg(f) and [N ]
⇒ deg(f) · [N ] = ε · [N ] by Theorem 100.1 (1)
⇒ deg(f) = ε since Hn(N) = Z · [N ]. �

1234Note that it follows from the Smooth Invariance of Domain Theorem 19.13 that this de�nition of a
�local di�eomorphism at a point� is consistent with the de�nition given on page 547.
1235Note that our hypothesis that f−1(f(x)) = {x} implies that f(M \ {x}) Ă N \ {f(x)}. Also note
that x ∈ M \ ∂M and f(x) ∈ N \ ∂N . In particular this implies that the various inclusion induced maps
actually make sense.
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101.2. Properties of the degree. We can now restate and reprove the Degree Realization
Proposition 38.13 from earlier on.

Proposition 38.13 (Degree Realization Proposition) Let n ∈ N and let M be a
closed oriented connected non-empty n-dimensional smooth manifold. Given any k ∈ Z
there exists a smooth map f : M → Sn with deg(f) = k.

Proof. 1236The proof is almost identical to the proof we had given on page 911. Let M
be a closed oriented connected non-empty n-dimensional smooth manifold and let k ∈ Z.
As we mentioned on page 1687, by Lemma 76.10 and the Suspension-Degree Lemma 76.12
there exists a map g : Sn → Sn of degree k. It follows from this fact and the Manifold
Degree Lemma 101.1 (4) that it su�ces to prove the following claim.
Claim. There exists a map f : M → Sn of degree +1.

Proof. First we pick an orientation-preserving smooth embedding Φ: B
n → M . It follows

fairly easily from the Twice Quotient Lemma 5.23 (2), and the Compact-Hausdor� Propo-
sition 2.17 (3) together with the Compact Image Lemma 2.13 and the Quotient Hausdor�
Lemma 5.21, that the induced map Φ: B

n
/Sn−1 →M/(M \Φ(Bn)) is a homeomorphism.

We denote by Ω: B
n
/Sn−1 → Sn the explicit homeomorphism from the Ball-Quotient

Sphere Lemma 5.20. By the Ball-Quotient Sphere Lemma 5.20 (3) this homeomorphism
has the property that the restriction of Ω to Bn is in fact an orientation-preserving smooth
embedding. We consider the map f : M → Sn that is given by

M //

=:f

11M/(M \ Φ(Bn))
Φ
−1

// B/Sn−1 Ω // Sn.

It follows almost immediately from the Local-Global Degree Proposition 101.2 that f is a
map of degree +1. �
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To put the previous proposition into context we recall the following theorem. It says that
for maps to Sn the converse to the Manifold Degree Lemma 101.1 (3) holds.

Theorem 38.16. (Hopf Degree Theorem) Let M be a closed oriented connected non-
empty n-dimensional smooth manifold and let f, g : M → Sn be two maps. If1237 deg(f) =
deg(g), then the maps f and g are actually homotopic.

1237When we formulated the Hopf Degree Theorem 38.16 we used the de�nition of the degree that we gave
on 899. On page 2222 we pointed out that it follows from the Local-Global Degree Proposition 101.6 that
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For the record we also state the following open question, see [Kir1997, Problem 5.26],
which was initially posed by Heinz Hopf.

Question 101.3. (Hopf) Let M be a closed orientable smooth manifold M . Is every
map f : M →M of degree ±1 a homotopy equivalence?
In the following discussion, given g ∈ N0, we denote as usual by Σg the surface of genus g.
We move on to our next list of interesting examples of maps of no-zero degree.
Lemma 101.4. Let k ∈ N0. For every g ≥ k there exists a degree-one map from Σg to
Σk.

Proof. We prove the lemma for g = 2 and k = 1. It should be clear how to modify the
discussion for other values of g ≥ k. Let us consider the map from the surface Σ2 of genus
two to the torus Σ1 that is shown in the �gure below. In fact in the �gure below we show
the map twice, on top we show a slightly informal description of the map, at the bottom
we give a more formal description. Note that the hypotheses of the Local-Global Degree
Proposition 101.2 are satis�ed. Thus we see that deg(f) = 1. �
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of genus 2

torus Σ1

torus Σ1

U

The following question, which extends Question 38.15, arises naturally.
Question 101.5. Suppose that g < k. Does there exist a degree-one map from Σg to Σk?
We will be able to give an answer to this question later on in Corollary 101.9.
But �rst let us move on to the next proposition, which is a generalization of the Local-
Global Degree Proposition 101.2.

Proposition 101.6. (Local-Global Degree Proposition) Let f : M → N be a map
between two compact oriented connected non-empty n-dimensional smooth manifolds such
that f−1(∂N) = ∂M .
(1) Let y ∈ N \ ∂N such that the following condition is satis�ed:

(∗) The preimage f−1(y) consists of �nitely many points x1, . . . , xm and f is a local
di�eomorphism around each xi.

Then
deg(f) =

m∑
i=1

{
+1, if f is orientation-preserving at xi
−1, if f is orientation-reversing at xi.

(2) If f is smooth, then every regular value in N \ ∂N satis�es (∗).
(3) If f is smooth, then the set of regular values in N \ ∂N has full measure in N .1238

the earlier de�nition of the degree agrees with the de�nition of the degree in terms of fundamental classes
that we are using right now.
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Remark. In Proposition 106.32 we state a result that generalizes the Local-Global Degree
Proposition 101.6 (1) in the sense that we no longer demand that f is a local di�eomorphism
around each xi.

Example. LetM be a compact oriented n-dimensional smooth manifold and let W be the
union of some components of ∂M . As on page 1667 we consider the double

DWM = (M × {1}) ∪W×{1}=W×{2} (M × {2})

of M along W . By the Doubling-Manifold Lemma 75.12 we know that DWM is naturally
a compact oriented n-dimensional smooth manifold. We consider the folding map

f : DWM → M
[(P, i)] 7→ P.

If we take any x ∈ M \ ∂M , then we see that f−1(P ) consists of precisely two points,
namely x1 = [(x, 1)] and x2 = [(x, 2)]. The folding map is an orientation-preserving local
di�eomorphism around x1 and it is an orientation-reversing local di�eomorphism around x2.
Thus we obtain from the Local-Global Degree Proposition 101.6 that the degree of the
folding map is zero.
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folding map

x1 x2

Since the two parts of the Local-Global Degree Proposition 101.6 are of very di�erent nature
we break the proof of the Local-Global Degree Proposition 101.6 into two parts.

Proof of the Local-Global Degree Proposition 101.6 (1). Let f : M → N be a map
between two compact oriented connected non-empty n-dimensional smooth manifolds such
that f−1(∂N) = ∂M . Let y ∈ N \ ∂N such that f−1(y) consists of �nitely many points
x1, . . . , xm and such that f is a local di�eomorphism around each xi.

For i = 1, . . . ,m we pick an open connected neighborhood Ui of xi such that f : Ui → N
is an embedding. Note that we can arrange that for any i 6= j we have xj 6∈ Ui. For
i = 1, . . . ,m we set

εi :=

{
+1, if f : Ui → N is orientation-preserving
−1, if f : Ui → N is orientation-reversing.

Note that we need to show that deg(f) = ε1 + · · ·+ εm.
Let i ∈ {1, . . . ,m}. Since y ∈ N \ ∂N and since by hypothesis we have f−1(∂N) = ∂M

we know that xi ∈ M \ ∂M . Thus we can pick a smooth embedding Ψi : ∆n → Ui such

1238We refer to page 762 for the de�nition of a subset of full measure in N and, more usefully, we refer to
Propositions 30.2 and 30.3 for the main properties of subsets of full measure.
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that xi ∈ Ψi(
◦
∆
n
). We consider the following commutative diagram

Hn(M,∂M)
=:µ

//

f∗

��

⊕ωxi ++

Hn(M,M \ {x1, . . . , xm})

f∗

��

∼=
⊕νirrm⊕

i=1
Hn(M,M \ {xi})

Hn(N, ∂N)
ωf(x)

∼=
// Hn(N,N \ {y}).

We make the following clari�cations and observations:

(1) The map µ : Hn(M,∂M) → Hn(M,M \ {x1, . . . , xm}) and furthermore all the maps
νi : Hn(M,M \ {x1, . . . , xm}) → Hn(M,M \ {xi}) are induced by the natural maps
on the pairs of topological spaces. Note that here we use that x1, . . . , xm ∈M \ ∂M ,
that y ∈ N \ ∂N and that f(∂M) Ă ∂N .

(2) It follows easily from the Excision Theorem 74.18, see also Exercise 75.1, that the

diagonal map
m⊕
i=1
νi : Hn(M,M \ {x1, . . . , xm}) →

m⊕
i=1
Hn(M,M \ {xi}) is an isomor-

phism.
(3) Let i ∈ {1, . . . ,m}. Note that we arranged that Ψi(∂∆n) Ă M \ {x1, . . . , xm}. In

particular Ψi : ∆n →M de�nes an element in Hn(M,M \ {x1, . . . , xm}).
Now we see that

m⊕
i=1
ωxi([M ]) =

m⊕
i=1

sign(Ψi, xi) · [Ψi] by de�nition of [M ]

⇒
( m⊕
i=1
ωxi

)
([M ]) =

( m⊕
i=1
νi

)( m∑
j=1

sign(Ψj, xj)·[Ψj]
)

since νi([Ψj]) = δij · [Ψi]

⇒ µ([M ]) =
m∑
j=1

sign(Ψj, xj) · [Ψj] since ⊕νi is an isomorphism
and since the triangle commutes

⇒ f∗(µ([M ])) =
m∑
j=1

sign(Ψj, xj) · f∗([Ψj]) applying f∗

⇒ ωf(x)(f∗([M ])) =
m∑
j=1

sign(Ψj, xj)·[f ◦Ψj] since the diagram commutes

⇒ ωf(x)(f∗([M ])) =
m∑
j=1

εj ·sign(f ◦Ψj, xj)·[f ◦Ψj] since sign(f ◦Ψj, xj)=εj ·sign(Ψj, xj)

⇒ ωf(x)(deg(f)·[N ]) =
m∑
j=1

εj · ωf(x)([N ]) by de�nition of deg(f) and [N ]

⇒ deg(f) · [N ] =
m∑
j=1

εj · [N ] by Theorem 100.1 (1)

⇒ deg(f) =
m∑
j=1

εj since Hn(N, ∂N) = Z · [N ]. �
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Proof of the Local-Global Degree Proposition 101.6 (2) and (3). Let f : M → N
be a smooth map between two compact oriented connected non-empty n-dimensional
smooth manifolds M and N such that f−1(∂N) = ∂M .
(2) Let y ∈ N \ ∂N be a regular value. It follows from Lemma 26.2 (2) that f−1(y)

consists of �nitely many points x1, . . . , xm. Let i ∈ {1, . . . ,m}. Note that it follows
from f−1(∂N) = ∂M that xi ∈ M \ ∂M . Since xi is a regular point we obtain from
Lemma 26.2 (1) that f is a local di�eomorphism around xi.

(3) By Sard's Theorem 31.1 together with the Measure-Zero Properties Proposition 30.2
we know that the set of regular values of f that are contained in N \ ∂N has full
measure in N . �

The following proposition gives us many examples of degrees of maps between smooth
manifolds.

Proposition 101.7. (Covering Map-Degree Proposition) Let p : M̃ →M be a �nite
covering of compact oriented connected non-empty smooth manifolds. If p is orientation-
preserving, then

deg(p) = [M̃ : M ].

Proof. It turns out that there are two quick proofs for the proposition. In fact the desired
statement follows immediately from the Local-Global Degree Proposition 101.6. Alterna-
tively, if we denote by p∗ : Hn(M,∂M)→ Hn(M̃, ∂M̃) the transfer map that we introduced
on page 1952, then we also see that

p∗([M̃ ]) = p∗(p
∗([M ])) = [M̃ : M ] · [M ].

↑ ↑
Exercise 100.10 Transfer Map Proposition 91.1 �

The following proposition is the key to answering our ancient Question 38.15 and our much
more recent Question 101.5.

Proposition 101.8. (Degree One-Epimorphism Proposition) Let f : M → N be
a map between compact oriented connected non-empty n-dimensional smooth manifolds
such that f(∂M) Ă ∂N . If deg(f) = ±1, then f∗ : π1(M)→ π1(N) is an epimorphism.
The statement of the Degree One-Epimorphism Proposition 101.8 is somewhat surprising,
in so far as it takes as input fairly simple information, namely the induced map on n-th
homology, which is an abelian group, and gives as output information about fundamental
groups, which are usually much harder to deal with. Also it is a priori not clear why the
homology in the maximal dimension should have any impact on fundamental groups.

Proof. Let f : M → N be a map between compact oriented connected non-empty n-di-
mensional smooth manifolds such that f(∂M) Ă ∂N . We �x a base point P ∈ M and we
write Q = f(P ). Furthermore we write π = π1(N,Q) and Γ = f∗(π1(M,P )).

By the Covering Existence Theorem 61.51239 there exists a path-connected covering
p : (Ñ , Q̃) → (N,Q) such that p∗(π1(Ñ , Q̃)) = Γ and such that [Ñ : N ] = [π : Γ]. By the
Manifold Covering Proposition 49.2 we can equip the covering space Ñ with the structure of

1239Here we use that according to the discussion on pages 1352 any smooth manifold is locally simply
connected.
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a compact oriented smooth manifold such that the projection p : Ñ → N is an orientation-
preserving map and such that we have ∂Ñ = p−1(∂N). Since by design we know that
p∗(π1(Ñ , Q̃)) = Γ = f∗(π1(M,P )) we obtain from the Map Lifting Criterion 61.2 that the
map f : (M,P ) → (N,Q) lifts to a map f̃ : (M,P ) → (Ñ , Q̃). We can summarize the
situation in the following simple commutative diagram

Ñ
p covering of degree [π: Γ]
��

M

f̃
88

f
// N.

First suppose that Γ is a subgroup of π of in�nite index. It follows immediately from
[Ñ : N ] = [π : Γ] and Lemma 48.3 (5) that Ñ is non-compact. Therefore we obtain from
the Smooth Manifold-Top Homology Theorem 98.6 that Hn(Ñ) = 0. But this shows that
f∗ = p∗ ◦ f̃∗ : Hn(M) → Hn(N) factors through the trivial group. Hence deg(f) = 0. But
this is a contradiction to our hypothesis that deg(f) = ±1.

So now we know that Γ is necessarily a �nite-index subgroup of π. It follows from
[Ñ : N ] = [π : Γ] and Lemma 48.3 (4) that Ñ is compact. Therefore, by the above we now
know that Ñ is a compact oriented connected n-dimensional smooth manifold. We deduce
that

±1 = deg(f) = deg(f̃) · deg(p) = deg(f̃) · [Ñ : N ] = deg(f̃) · [Γ : π].
↑ ↑

Manifold Degree Lemma 101.1 Covering Map-Degree Proposition 101.7

This shows that [Γ : π] = 1, i.e. Γ = π. �

Now we can give a negative answer to Questions 38.15 and 101.5.
Corollary 101.9. Let g, k ∈ N0. If there exists a degree-one map from Σg to Σk, then
g ≥ k.

Proof. Suppose that there exists a degree-one map from Σg to Σk. By the Degree One-
Epimorphism Proposition 101.8 we obtain an epimorphism π1(Σg)→ π1(Σk). In particular
we obtain an epimorphism from the abelianization π1(Σg) onto the abelianization of π1(Σk).
By the Fundamental Group-of-Surfaces Proposition 54.5 the former is isomorphic to Z2g

and the latter is isomorphic to Z2k. It follows from the Rank Additivity Lemma 51.7 that
g ≥ k. �

We conclude this chapter with several questions. Recall that it follows from Lemma 101.4
that there exists a degree-one map S2×S2 → S4. It is natural to ask whether the converse
holds. This leads us to the following question which we will answer in Lemma 117.5.

Question 101.10. Does there exist a degree-one map from the 4-dimensional sphere S4

to S2 × S2?
Later, in Corollary 119.14, we will also address the following question.

Question 101.11. Does there exist a degree-one map from S1 × S2 to RP3?
It is also interesting to study degrees of self-maps of smooth manifolds. For example note
that it follows from Lemmas 76.10 and the Suspension-Degree Lemma 76.12 that given any
k ∈ Z and given any n ∈ N there exists a map f : Sn → Sn of degree k. Also note that it
follows easily from the Covering Map-Degree Proposition 101.7 that the torus T = S1×S1
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admits a self-map of any degree. This naturally leads us to the question whether similar
phenomena hold for surfaces of higher genus.
Question 101.12.
(1) Let g ≥ 2. Does there exist a self-map f : Σg → Σg of degree −1?
(2) Let g ≥ 2 and let k ≥ 2. Does there exist a self-map f : Σg → Σg of degree k?
(3) Does there exist a self-map f : CP2 → CP2 of degree −1?

We will address the �rst question in Exercise 101.3 and we will address the last two questions
later on in Proposition 114.17 and Corollary 121.10.
Finally we conclude this chapter with two conjectures that were formulated by Heinz Hopf
in 1931. We refer to [Hau1987, Neum1953] for some more information and partial
results.
Conjecture 101.13. (Hopf Conjecture) Let M be a closed oriented connected smooth
manifold and let f : M →M be a map.
(1) If deg(f) = ±1, then f∗ : π1(M)→ π1(M) is an isomorphism.
(2) If deg(f) = ±1, then f is a homotopy equivalence.

Remark. Let M be a closed oriented connected smooth manifold and let f : M → M be
a map with deg(f) = ±1.
(1) By the Degree One-Epimorphism Proposition 101.8 we know that f∗ is an epimor-

phism. Thus the Hopf Conjecture 101.13 (2) leads to the group-theoretic question,
under what circumstances is a surjective automorphism of a group also injective. In
particular this leads to the de�nition of a Hop�an group that we gave on page 1416.

(2) In Proposition ?? we will see that in general f is not homotopic to a homeomorphism.
Thus in general �homotopy equivalence� is the best we can hope for. Note though
that if M is in fact aspherical, see page 1861 for the de�nition, then the Borel
Conjecture ?? predicts that f is actually homotopic to a homeomorphism.

Exercises for Chapter 101.

Exercise 101.1. Let M be a compact oriented n-dimensional smooth manifold with non-
empty boundary. Show that there exists a map f : M → B

n
with f(∂M) Ă Sn−1 of

degree +1.
Remark. For n ≥ 2 one can combine this result with Exercise 76.5 to get maps of arbitrary
degree.

Exercise 101.2. Given an example of a map f : M → N between closed oriented con-
nected non-empty n-dimensional smooth manifolds such that f∗ : π1(M) → π1(N) is an
epimorphism, but such that the degree of f is zero.

Exercise 101.3. Given g ∈ N we denote by Σg the surface of genus g.
(a) Let g ≥ 2. Does there exist a self-map f : Σg → Σg of degree −1?
(b) Let g ≥ 1 and let k ≥ 2. Does there exist a self-map f : Σg → Σg of degree k?

Exercise 101.4. Given g ∈ N we denote by Σg the surface of genus g. Show that if there
exists a map f : Σg → Σk of non-zero degree, then g ≥ k.
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Exercise 101.5. Let f : M → N be a map between two closed oriented non-empty n-
dimensional smooth manifolds. Suppose that there exists a compact smooth manifold W
with ∂W = M and a smooth map g : W → N with g|M = f . Show that deg(f) = 0.
Remark. This exercise is almost identical to Exercise 38.11, but now you should be able to
give a much shorter proof.

Exercise 101.6. Let f : M → N be a map between two closed connected non-empty n-di-
mensional smooth manifolds. Furthermore let p : Ñ → N be a �nite covering. As in the
Topological-Pullback Lemma 56.16 we consider the pullback

M̃ := f ∗Ñ = {(x, y) ∈M × Ñ | f(x) = p(y)}
together with the following commutative diagram:

M̃
(x,y)7→y

=:F
//

(x,y) 7→x=:q
��

Ñ
p
��

M
f

// N.

Note that by the Topological-Pullback Lemma 56.16 (1) we know that q is again a covering
with deg(q) = deg(p).

(a) We suppose that M and N are oriented. We equip the smooth manifolds M̃ and Ñ
with the corresponding orientations given by the Manifold Covering Proposition 49.2.
Show that deg(F : M̃ → Ñ) = deg(f : M → N).

(b) Suppose that the induced map f∗ : Hn(M ;F2)→ Hn(N ;F2) is an isomorphism. Show
that F∗ : Hn(M̃ ;F2)→ Hn(Ñ ;F2) is also an isomorphism.

Exercise 101.7. Let M be the torus minus one open disk and let N be S2 minus three
open disks.
(a) Show that there is no degree one map f : M → N .
(b) Show that there is no degree one map g : N →M .
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Exercise 101.8. Given m ∈ N we denote by Nm the non-orientable surface of genus m,
as de�ned on page 266. Let k ∈ N.
(a) Let g ≥ k. Show that there exists a map f : Ng → Nk such that the induced map

H2(Ng;F2)→ H2(Nk;F2) is an isomorphism.
(b) Let g < k. Show that there does not exist a map f : Ng → Nk such that the induced

map H2(Ng;F2)→ H2(Nk;F2) is an isomorphism.
Remark. Recall that in Exercise 89.14 we saw that H1(Nm;F2) ∼= Fm2 .

Exercise 101.9. Let X be a topological space. Given ϕ ∈ Hk(X;R) we de�ne

‖ϕ‖R := inf
{ n∑
i=1
|ri|
∣∣∣σ =

n∑
i=1
σi ⊗ ri︸ ︷︷ ︸

with σi 6= σj for i 6= j

is a cycle with [σ] = ϕ ∈ Hk(X;R)
}
.
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In the following let M be a closed oriented connected non-empty n-dimensional smooth
manifold M . Let [M ] ∈ Hn(M) be the fundamental class and let i : H1(M) → H1(M ;R)
be the homomorphism from Lemma 89.7 (1). We de�ne the simplicial volume of M as

‖M‖R := ‖i∗([M ])‖ ∈ R≥0.

(a) Show that ‖S1‖R = 0.
(b) Let n ∈ N≥2. What is ‖Sn‖R?
(c) Let f : M → N be a map between closed oriented connected non-empty n-dimensional

smooth manifolds. Show that

‖N‖R ≤ 1
deg(f) · ‖M‖R

where deg(f) denotes the degree of f as de�ned on page 2222.
(d) Let M and N be two closed oriented connected non-empty n-dimensional smooth

manifolds. We suppose that M and N are in fact homotopy equivalent. Show that
‖M‖R = ‖N‖R.

(e) Let N be a closed oriented non-empty n-dimensional smooth manifold. Furthermore
let p : M → N be a d-fold covering. Show that ‖M‖R = d · ‖N‖R.

(f) Let g ∈ N0. As usual we denote by Σg the surface of genus g ≥ 1. Show that
‖Σg‖R ≤ 2g − 2.
Hint. Make use of (f).
Remark. In [Frig2017, Corollary 7.5] or alternatively [Thu1978, Theorem 6.2] it is
shown that we also have the reverse inequality, i.e. we have ‖Σg‖R = 2g − 2.

Remark. The invariant ‖ϕ‖R is the �real analogue� of the invariant ‖ϕ‖Z introduced in
Exercise 76.14.
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102. Homology classes and smooth (sub-)manifolds

In Chapter 100 we saw that every compact oriented n-dimensional smooth manifold N
comes naturally with a fundamental class [N ] ∈ Hn(N, ∂N). In Chapters 100 and 101 we
already saw several interesting applications of the fundamental class and we now feel like
we have a good understanding of fundamental classes.

In this chapter we want to study to which degree homology classes can be understood in
terms of fundamental classes. More precisely, we want to study the following two questions:
(1) Given a topological space X and a homology class ϕ ∈ Hn(X), can we always �nd a

closed oriented n-dimensional smooth manifold N and a map f : N → X such that
f∗([N ]) = ϕ?

(2) If X is in fact a smooth manifold, can we �nd an f : N → X as in (1) that is actually
a smooth embedding?

102.1. Realizing homology classes by smooth manifolds. Let us start out with the
following friendly de�nition.

De�nition. Let X be a topological space, let A Ă X be a subset and let ϕ ∈ Hn(X,A) be
a homology class. We say ϕ can be realized by a smooth manifold if there exists a compact
oriented n-dimensional smooth manifold N and a map f : (N, ∂N) → (X,A) such that
f∗([N ]) = ϕ.
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Examples. Let (X, x0) be a path-connected pointed topological space and let n ∈ N.
Recall that the Hurewicz homomorphism is de�ned as the map

Φ(X,x0) : πn(X, x0) → Hn(X)
[f : Sn → X] 7→ f∗([S

n]).

Thus we see that every homology class that lies in the image of the Hurewicz homomorphism
is realized by a smooth manifold. But as we remarked on page 1844, in general the Hurewicz
homomorphism is certainly not an epimorphism.

In this and the subsequent section we want to study the following question.
Question 102.1. Let X be a topological space and let A Ă X be a subset. For which
n ∈ N0 can homology classes in Hn(X,A) be realized by smooth manifolds?
The case n = 0 is evidently trivial. So let us continue with the case n = 1.

Proposition 102.2. Let X be a topological space. Every class in H1(X) is realized by a
smooth manifold.
Proof. The proposition is basically an immediate consequence of Proposition 84.3. None-
theless we prefer to do prove the proposition here �by hand�, since this proof will also give
us some ideas for how to approach the case of higher-dimensional homology classes.

Thus suppose we are given a homology class ϕ ∈ H1(X). We pick a singular chain
c = a1 · σ1 + · · · + ak · σk ∈ Ck(X) that represents ϕ. Note that we do not necessarily
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demand that the σj are di�erent. In fact note that by �taking multiple copies of the
singular simplices σj� we can and will arrange that aj ∈ {−1, 1}, j = 1, . . . , k. Next we will
see that we can arrange that all aj = 1. To do so, given a singular 1-simplex σ : ∆1 → X
we denote by σ : ∆1 → X the singular 1-simplex that is given by σ(t, 1−t) := σ(1−t, t). In
Lemma 72.3 we saw that −σ and σ are homologous. Thus, after replacing each summand
−σj by σj we can assume that all aj = 1.

Next note that we have

0 = ∂1(c) = ∂1

( k∑
j=1

σj

)
=

k∑
j=1

σj(0, 1)− σj(1, 0) =
k∑
j=1

σj(0, 1) +
k∑
j=1
−σj(1, 0).

↑ ↑
since c is a cycle by de�nition of ∂1, see also page 1585

On the right hand side each �positive summand� needs to cancel with a �negative summand�.
As in the proof of Proposition 84.3 this means, see also Lemma 84.4, that there exists a
permutation θ ∈ Sk such that for each j ∈ {1, . . . , k} the �endpoint� σj(0, 1) of σj is just
the �starting point� σθ(j)(1, 0) of σθ(j). We introduce the following notation:

(1) We consider the topological space

N := ({1, . . . , k}×∆1)/ ∼ where for j∈{1, . . . , k} we have σj(0, 1)∼σθ(j)(1, 0).

(2) For j = 1, . . . , k we denote by Ψj : ∆1 x 7→ (j, x)−−−−−→{1, . . . , k}×∆1 the j-th inclusion map.
(3) We denote by p : {1, . . . , k} ×∆1 → N the projection .
(4) It follows immediately from the de�nitions and the Topological-Quotient Proposi-

tion 5.15 (1b) that the map

f : N = ({1, . . . , k} ×∆1)/∼ → X
[(j, z)] 7→ σj(z)

is well-de�ned and continuous.

It is now straightforward to verify that N can be equipped with the structure of a closed
1-dimensional smooth manifold and that we can equip N with an orientation such that
for each j ∈ {1, . . . , k} the map p ◦ Ψj :

◦
∆

1
→ N is an orientation-preserving embedding.

Finally we see that

f∗([N ]) = f∗([p ◦Ψ1 + · · ·+ p ◦Ψk]) = [σ1 + · · ·+ σk] = c.
↑ ↑

follows from the Fundamental Class-Criterion by de�nition of f and p ◦Ψj

Proposition 100.4 applied to any of the maps p ◦Ψj �
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Evidently the idea now is to work our way up to higher dimensions. In fact we have the
following proposition.
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Proposition 102.3. (Realization-by-Surface Proposition) Let X be a topological
space. Every class in H2(X) is realized by a smooth manifold.

Proof. The basic idea of the proof of the Realization-by-Surface Proposition 102.3 is similar
to the proof of Proposition 102.2. Nonetheless, ironing out the details is much more messy,
hence we postpone the proof of the case n = 2 to Section 102.2. Alternatively see also
[Cal2009, p. 3] for a quick sketch of the proof. �

Remark. In Lemma 102.9 we will see that any naive attempt of generalizing the ideas
behind the proofs of Propositions 102.2 and 102.3 to higher dimensions runs into serious
problems.

We move on to the following proposition that summarizes a few generalities on realizing
homology classes by smooth manifolds.

Proposition 102.4. Let k ∈ N.
(1) Let X be a topological space and let A Ă X be a subset. We suppose that X is

path-connected. If A = ∅ or if k ≥ 2, then every homology class in Hk(X,A) that
can be realized by a smooth manifold can also be realized by a connected smooth
manifold.

(2) Suppose that for every topological space X every homology class in Hk(X) can be
realized by a smooth manifold. Then also for every pair (X,A) of topological spaces
every relative homology class in Hk(X,A) can be realized by a smooth manifold.

Proof. In order not to disrupt the �ow of the conversation too much we postpone the
somewhat technical proof of Proposition 102.4 to Section 102.3. �

Note that Propositions 102.2 and 102.3 together with Proposition 102.4 give us a complete,
and a�rmative, answer to Question 102.1 for the dimensions k = 1 and k = 2.
We move on to the following much more fancy theorem which was �rst proved by René
Thom [Tho1954b, Tho2007] in 1954.1240 The proof of the theorem uses methods that go
well beyond our present abilities. We will not make use of the theorem.

Theorem 102.5. (Thom's Theorem I)
(1) If X is a topological space, then every homology class of dimension ≤ 6 can be

realized by a smooth manifold.
(2) Given any n ≥ 7 there exists a topological space X and a homology class in Hn(X)

that is not realized by a smooth manifold.
(3) Given any n ∈ N0 there exists a k ∈ N such that for any topological space X and

any homology class σ ∈ Hn(X) the class k ·σ can be realized by a smooth manifold.

Remark. The statement of Thom's Theorem 102.5 solved what was known as the Steenrod
problem, see [Eil1949, p. 257].

Proof. As mentioned before, the theorem is proved in [Tho1954b, Theorem III.3, III.4 and
III.9]. A more modern account of the proof is given in Theorems IV.7.35, IV.7.36, IV.7.37
and IV.7.38 together with Remark IV.7.40 of [Rudy1998]. In fact the topological space

1240René Thom (1923-2002) was a French mathematician who received the Fields Medal in 1958. A short
outline of the key ideas and contributions of René Thom can be found in [Sul2004]
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X in (2) is given by the (n− 7)-fold suspension of the Eilenberg-Maclane space K(Z3, 2),
which we will introduce later in Chapter 163. �

For completeness we also mention F2-coe�cients.

Theorem 102.6. (Thom's Theorem II) Let X be a path-connected topological space
and let A Ă X be a subset. Given any ϕ ∈ Hn(X,A;F2) there exists a compact connected
n-dimensional smooth manifold N and a map f : N → X with f(∂N) Ă A such that
f∗([N ]F2) = ϕ.

Proof. First let us consider the case A = ∅ and for the time being let us allow possibly
disconnected smooth manifolds. In this setting, for n = 1 and n = 2 the statement follows
from straightforward modi�cations of the proofs of Propositions 102.2 and 102.3. In fact,
much more interestingly, the statement now holds in all dimensions by the above work of
René Thom [Tho1954b, Theorem III.2], see also [Rudy1998, Theorem IV.7.33]. The
statements about relative homology and connectedness follow from the obvious variations
on Proposition 102.4. �

We conclude this section with the following remark.

Remark.

(1) In Chapter 105 we will introduce the notion of an orientation of a topological man-
ifold. Furthermore in Chapter 106 we will introduce the notion of the fundamental
class [N ] ∈ Hn(N, ∂N) of a compact oriented n-dimensional topological manifold N .
It now makes sense to ask whether a homology class can be realized by a topolog-
ical manifold. By [Rudy1998, Theorem IV.7.35 and Remark IV.3.740] there exist
homology classes in any dimension ≥ 7 that cannot by realized by topological man-
ifolds. But by [Rudy1998, Theorem IV.7.38] there do exist homology classes that
can be realized by topological manifolds but which cannot be realized by smooth
manifolds.

(2) Lowell Jones [JonL1973, Proposition 7.3] (see also Norman Levitt [Levit1972, The-
orem 7.1]) showed that every homology class can be represented by a �Poincaré Du-
ality space�.

102.2. Proof of the Realization-by-Surface Proposition 102.3. In this section we
prove the following proposition from the last section.

Proposition 102.3. (Realization-by-Surface Proposition) Let X be a topological
space. Every class in H2(X) is realized by a smooth manifold.
The proof of the Realization-by-Surface Proposition 102.3 is modelled on the proof of
Proposition 102.2. But, as we will see, the proof is technically more di�cult.

We start out our proof with the more general setting of some n-dimensional class. Later
on we will specialize to the case that n = 2. It is even worthwhile keeping the case n = 1 in
mind, since even for n = 1 the argument below di�ers slightly from the argument provided
in the proof of Proposition 102.2.

Thus let X be a topological space, let n ∈ N and let c = a1 · σ1 + · · · + ak · σk be an
n-dimensional singular chain in X. We do not necessarily demand that the σj are di�erent.
In fact note that by �taking multiple copies of the singular simplices σj� we can and will
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arrange that aj ∈ {−1, 1}, j = 1, . . . , k.1241 the Realization-by-Surface Proposition 102.3
is more di�cult than the proof of Proposition 102.2. We set T := {1, . . . , k}× {0, . . . , n}.

Now assume that c is a cycle. We see that we have the following equality in the free
abelian group Cn−1(X):

0 = ∂1(c) = ∂1

( k∑
j=1

aj · σj
)

=
k∑
j=1

n∑
r=0

(−1)r · aj · σj ◦ inr =
∑

(j,r)∈T
(−1)r · aj · σj ◦ inr .

↑ ↑
since c is a cycle here inr : ∆n−1 → ∆n is the r-th face map

It follows from Lemma 84.4 that there exists a decomposition T = T1tT2 into two disjoint
subsets together with a bijection

Θ = (θ1, θ2) : T1 → T2

(j, r) 7→ Θ(j, r) = (θ1(j, r), θ2(j, r))

such that the following condition is satis�ed: For every (j, r) ∈ T1 we have

σj ◦ inr = σθ1(j,r) ◦ inθ2(j,r)

and (−1)r · aj = −(−1)θ2(j,r) · aθ1(j,r).

Next we introduce some notation:
(1) We consider the topological space

Y (Θ) := ({1, . . . , k} ×∆n)
/
∼ where for each (j, r) ∈ T1 and each P ∈ ∆n−1

we have (j, inr (P )) ∼ (θ1(j, r), inθ2(j,r)(P )).

Informally speaking Y (Θ) is given by taking one n-simplex for each singular simplex
σj and gluing these simplices along (n− 1)-dimensional faces.1242

(2) For j = 1, . . . , k we denote by Ψj : ∆n x 7→ (j, x)−−−−−→{1, . . . , k}×∆n the j-th inclusion map.
(3) We denote by p : {1, . . . , k} ×∆n → Y (Θ) the projection .
(4) It follows immediately from the de�nitions and the Topological-Quotient Proposi-

tion 5.15 (1b) that the map

f : Y (Θ) = ({1, . . . , k} ×∆n)/∼ → X
[(j, P )] 7→ σj(P )

is well-de�ned and continuous.
(5) We set

µ :=
k∑
j=1

aj · p ◦Ψj ∈ Cn(Y (Θ)).

We can now formulate the following lemma.

Lemma 102.7.
(1) µ ∈ Cn(Y (Θ)) is a cycle.
(2) f∗([µ]) = [c] ∈ Hn(X).

1241Note that if n is even, then it follows from Exercise 72.12 that we cannot arrange that all aj are of the
same sign. This is one, but not the main, reason why the proof of
1242It might seem that Y (Θ) has an �obvious simplicial structure�, but that is not necessarily the case,
for example after gluing there might be two n-dimensional simplices that intersect in more than just one
(n− 1)-dimensional face.
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Proof. First we show that µ is a cycle. This follows from the following straightforward
calculation:

∂µ = ∂
( k∑
j=1

aj · p ◦Ψj

)
=

k∑
j=1

n∑
r=0

(−1)r · aj · p ◦Ψj ◦ inr =
∑

(j,r)∈T
(−1)r · aj · p ◦Ψj ◦ inr

=
∑

(j,r)∈T1

(−1)r · aj · p ◦Ψj ◦ inr +
∑

(j,r)∈T1

(−1)θ2(j,r) · aθ1(j,r) · p ◦Ψθ1(j,r) ◦ inθ2(j,r)
↑

since T = T1 t T2 and since Θ = (θ1, θ2) : T1 → T2 is a bijection

=
∑

(j,r)∈T1

(−1)r · aj · p ◦Ψj ◦ inr + (−1)θ2(j,r) · aθ1(j,r) · p ◦Ψθ1(j,r) ◦ inθ2(j,r)︸ ︷︷ ︸
=0 since (−1)r·aj=−(−1)θ2(j,r)·aθ1(j,r) and p◦Ψj◦inr=p◦Ψθ1(j,r)◦inθ2(j,r)

: ∆n−1→Y (Θ)

= 0.

It follows immediately from the de�nitions that f∗(µ) = c ∈ Cn(X). In particular we have
f∗([µ]) = [c] ∈ Hn(X). �

We move on to the next lemma, which together with Lemma 102.7 provides the long-
desired proof of the Realization-by-Surface Proposition 102.3. Note that, as a bonus, we
also obtain a new proof of Proposition 102.2.

Lemma 102.8. We continue with the above notation. If n = 1 or if n = 2, then the
topological space Y (Θ) admits the structure of a closed oriented 2-dimensional smooth
manifold such that [µ] ∈ H2(Y (Θ)) is the corresponding fundamental class.

Remark. In Lemma 102.9 below we will see that for n = 3 the topological space Y (Θ) is
in general not a topological manifold.

Sketch of a proof of Lemma 102.8. The proof of Lemma 102.8 for the case n = 1 is
very elementary and thus left to the reader.

In the following we sketch a proof of Lemma 102.8 for the case n = 2. As we will see,
the proof is quite similar to the proof, given in Propositions 18.7 and 19.18, that the surface
Σg of genus g is indeed a closed orientable 2-dimensional smooth manifold.

First note that it follows easily from the Quotient-Compact Connected Lemma 5.16 (1)
that Y (Θ) is compact. We leave it to the reader to verify, say using the Quotient Hausdor�
Lemma 5.21, that Y (Θ) is Hausdor�.

Next we construct a �nite atlas for Y (Θ). To do so we introduce the following notation:

• Let π : ∆2 → ◺2 be the projection . Note that in the Standard Simplex Homeomor-
phism Lemma 72.1 we saw that π is a homeomorphism.
•We denote by v0 = (1, 0, 0), v1 = (0, 1, 0) and v2 = (0, 0, 1) the three vertices of ∆2.
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• Let j ∈ {0, 1, 2}. In the following will de�ne two open subsets Xj and Yj of ∆2. In
the subsequent de�nition we denote by w,w′ the two vertices that are not equal to vj.
Now we introduce the following notation:
BWe denote by Xj the union of the open interval from w to w′ and the open triangle
in ∆2 spanned by w,w′ and the barycenter (1

3
, 1

3
, 1

3
) of ∆2.

BWe denote by Yj the intersection of ∆2 Ă R3 with the open ball in R3 of radius 1
2

around the j-th vertex vj.
We refer to the �gures below for an illustration of the above de�nitions.
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Next we sketch the construction of three types of charts for the topological space Y (Θ).
We leave it to the reader to �ll in the details in the discussions below.
(1) For each j ∈ {1, . . . , k} we let αj := π ◦Ψ−1

j ◦ p−1 : Uj := p(
◦
∆j)→ Vj :=

◦
◺2 Ă R2 be

the �obvious� chart.
(2) Let (j, r) ∈ T1. We write Θ(j, r) =: (j′, r′). Similar to the proof of the Surface-is-

Topological Manifold Proposition 18.7 one can easily write down an explicit chart

βj,r : Uj,r := p(Ψi(Xr)) ∪ p(Ψj′(Xr′))︸ ︷︷ ︸
ĂY (Θ)

→ Vj,r Ă R2

such that the maps βj,r ◦ p ◦Ψ−1
j ◦ π−1 : ◺2 → R2 and βj,r ◦ p ◦Ψ−1

j′ ◦ π−1 : ◺2 → R2

are both a�ne linear and such that they are both orientation-preserving if and only
if (−1)r · aj = 1 and such that they are both orientation-reversing if and only if
(−1)r · aj = −1.

(3) Let j ∈ {1, . . . , k} and let r ∈ {0, 1, 2}. An open neighborhood of p(Ψj(vr)) is given
by

Ũj,r :=
⋃

(j’, r’) ∈ T such that
p(Ψj’(vr’)) = p(Ψj(vr))

p(Ψj′(Yr′)).

Again similar to the proof of Propositions 18.7 one can now write down an explicit
chart γj,r : Ũj,r → B2

1
2

such that on each p(Ψr(Y, s)) the map is a concatenation of π,

(p ◦Ψr)
−1, translation, rotation and a map of the form exp( it) 7→ exp( iwt) for some

w ∈ R≥0. In fact we can take w = 2π
n

where n ∈ N is the number of terms (j′, r′)

that appear in the above de�nition of Ũj,r.
We leave it to the reader to verify that all of these maps are homeomorphisms and that
they form an atlas for Y (Θ). Note that by Lemma 18.2 (2) we now also know that Y (Θ)
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is second-countable. We have thus veri�ed that Y (Θ) is a closed 2-dimensional topological
manifold.

Next note that, as in the proof of Proposition 19.18, one can now verify easily that the
transition maps between the given charts are indeed smooth and that they are orientation-
preserving. Not surprisingly, once again we leave the details to the reader. Thus in summary
we obtain from the above discussion, together with Lemmas 18.2 and 25.15, that Y (Θ) is a
smooth manifold that is endowed with an orientation such that all charts are orientation-
preserving.

Recall that in Lemma 102.7 we showed that µ = a1 · p ◦ Ψ1 + · · · + ak · p ◦ Ψk ∈
C2(Y (Θ)) is a cycle. It follows almost immediately from the Fundamental Class-Criterion
Proposition 100.4 that µ represents the fundamental class of the closed oriented smooth
manifold Y (Θ). �
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− + + −Ψj(Xr) Ψj′(Xr′)

Vj,r

chart of type (2)

i20
i21

i22

four simplices ∆1,∆2,∆3,∆4 with gluings indicated by colors

γj,r βj,rβj,r

chart of type (1)

γj,rαj

chart of type (3)

We conclude this section with the following lemma which shows that the above approach
will not work in higher dimensions.

Lemma 102.9. Given any n ∈ N≥3 there exists a topological space X together with a
cycle c = a1 ·σ1 + · · ·+ ak ·σk ∈ Cn(X) such that for any choice of Θ the topological space
Y (Θ) is not a closed topological manifold, let alone a closed smooth manifold.

Sketch of proof. Let n ∈ N≥3 and let M be the (n− 1)-dimensional torus. Furthermore
let (K,Ξ: |K| → M) be a smooth simplicial structure for M , which we know exists by
the Smooth Manifold-Simplicial Structure Theorem 96.2, or by some more down-to-earth
argument.

By Propositions 98.1 and 98.7 we know that K is a closed orientable (n−1)-dimensional
pseudomanifold. Next we consider the suspension Σ(K), as de�ned on page 2003. Note
that by the Simplicial Cone-Suspension Corollary 93.21 we know that X := |Σ(K)| is
homeomorphic to Σ(M).

Next recall that by the fairly straightforward Exercise 98.1 we know that Σ(K) is
a closed n-dimensional pseudomanifold that admits an orientation {(ε1, Y1), . . . , (εk, Yk)}.
Now let ϕ = ε1 ·Y1 + · · ·+εk ·Yk ∈ Csimp

n (Σ(K)) be the cycle from Theorem 98.4. Next note
that after picking some total order on the vertex set of Σ(K) we obtain from Lemmas 95.8
and the Simplicial-Singular Chain Complex Theorem 95.25 a corresponding singular cycle
c = a1 · σ1 + · · · + ak · σk ∈ Cn(X) = Cn(|Σ(K)|). We set T := {1, . . . , k} × {0, . . . , n}.
We leave it to the dedicated reader to verify that there is essentially only one choice of a
decomposition T = T1 t T2 and a bijection Θ = (θ1, θ2) : T1 → T2 such that the condition
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from page 2238 holds, i.e. such that for every (j, r) ∈ T1 we have

σj ◦ inr = σθ1(j,r) ◦ inθ2(j,r)

and (−1)r · aj = −(−1)θ2(j,r) · aθ1(j,r).

Furthermore we leave it to the reader to verify that Y (Θ) is actually homeomorphic to
|Σ(K)| ∼= Σ(M).

Finally we point out that it follows from Exercise 76.8, together with the fact that
H1(M) = H1((S1)n) 6= 0 and together with our hypothesis n ≥ 3 that X = |Σ(K)| ∼= Σ(M)
is not a closed topological manifold. �

102.3. Proof of Proposition 102.4. The sole goal of this section is to prove Proposi-
tion 102.4. For convenience we prove the two parts of the proposition separately.
Proposition 102.4.
(1) Let k ∈ N, let X be a topological space and let A Ă X be a subset. We suppose that

X is path-connected. If A = ∅ or if k ≥ 2, then every homology class in Hk(X,A)
that can be realized by a smooth manifold can also be realized by a connected smooth
manifold.

Proof of Proposition 102.4 (1). To simplify the discussion we only consider the case
that A = ∅. The case A 6= ∅ is proved in a completely analogous fashion, the only
di�erence is that the notation becomes even more messy. We will point out though explicitly
where we need that k ≥ 2 for A 6= ∅.

Let X be a path-connected topological space and let θ ∈ Hk(X) be a homology class.
Suppose there exists a closed oriented k-dimensional smooth manifold W and a map
f : W → X with f∗([W ]) = θ. If W is connected, then there is nothing to show. In
the following we will deal with the case that W has precisely two components M and N .
The general case is dealt with the same way.

We make the following preparations.

(1) As usual we denote by B
k

3 Ă Rk the closed ball of radius 3 around the origin. We pick
an orientation-preserving smooth embedding ϕ : B

k

3 →M and we pick an orientation-
reversing smooth embedding ψ : B

k

3 → N . We write P := ϕ(0) and Q := ψ(0).
(2) We use the restrictions of ϕ and ψ to B

k
to form, following the de�nition on page ??,

the connected sum M#N , i.e. we consider

M#N = ((M \ ϕ(Bk)) t (N \ ψ(Bk)))/∼ where ϕ(z) ∼ ψ(z) for z ∈ Sk−1.

(3) We recall a few statements from the Connected Sum-Proposition ??:
(a) The connected sum M#N is a closed k-dimensional smooth manifold which can

be oriented in such a way that the two natural inclusions M \ ϕ(Bk) → M#N
and N \ ψ(Bk)→M#N are both orientation-preserving smooth embeddings.

(b) If k ≥ 2 or if at least one of M or N is closed, then M#N is connected.
Note though that for A 6= ∅ we have to deal with the connected sum of compact
manifoldsM and N that are not necessarily closed. So here the argument breaks
down for A 6= ∅ and k = 1, since the connected sum of two copies of B

1
is

actually not connected.
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(4) We consider the topological space Z := (M t [−1, 1] t N)/∼ where we make the
identi�cations P ∼ −1 and 1 ∼ Q.

(5) We denote by i : M → Z and j : N → Z the obvious maps. It is easy to see that they
are in fact embeddings. Next we denote by p : Z →M the map that is given by the
identity on M and which sends all other points to P . Similarly we de�ne q : Z → N .

(6) We consider the following maps:

Hk(M)⊕ Hk(N)
isomorphism since inclusions are

homotopy equivalences

ss

i∗⊕j∗
((

Hk((Mt[−1, 1))/∼)⊕Hk((Nt(−1, 1])/∼)
isomorphism by the

Mayer�Vietoris Theorem 78.5
// Hk(Z).

It follows that the right diagonal map i∗ ⊕ j∗ : Hk(M) ⊕ Hk(N) → Hk(Z) is an
isomorphism. It is now straightforward to see that the inverse of i∗ ⊕ j∗ is given by
p∗ ⊕ q∗ : Hk(Z)→ Hk(M)⊕ Hk(N).

(7) We consider the map

Θ: M#N → Z

x 7→



[x], if x ∈M \ ϕ(Bk
3 ),

[ϕ(3(r − 2) · y)], if x = ϕ(r · y) with r ∈ [2, 3] and y ∈ Sk−1,
[−r + 1], if x = ϕ(r · y) with r ∈ [1, 2] and y ∈ Sk−1,
[r − 1], if x = ψ(r · y) with r ∈ [1, 2] and y ∈ Sk−1,
[ψ(3(r − 2) · y)], if x = ψ(r · y) with r ∈ [2, 3] and y ∈ Sk−1,
[x], if x ∈ N \ ψ(Bk

3 ).

It follows easily from the Pasting Proposition 2.6 (2) that Θ: M#N → Z is actually
continuous.

(8) It follows almost immediately from the Local-Global Degree Proposition 101.2 to-
gether with (3a) that the maps p ◦ Θ: M#N → M and q ◦ Θ: M#N → N both
have degree one. In other words, we have the equality

(p∗ ⊕ q∗)(Θ∗([M#N ])) = [M ] + [N ] ∈ Hk(M)⊕ Hk(N) = Hk(M tN) = Hk(W ).

(9) By hypothesis the topological space X is path-connected. This implies that there
exists a path γ : [−1, 1]→ X with γ(−1) = P and γ(1) = Q. Using γ we can extend
the map f : W = M tN → X to a map g : Z → X in the obvious way.

By (3) the connected sum M#N is a closed oriented connected smooth manifold. Thus it
remains to prove the following claim.

Claim. We have (g ◦Θ)∗([M#N ]) = θ ∈ Hk(X).

Proof. It follows from the above that we have the following diagram:

Hk(M)⊕ Hk(N)

i∗◦j∗∼=
��

f∗

++

= // Hk(M tN) = Hk(W )

f∗
��

Hk(M#N)
Θ∗ // Hk(Z)

p∗⊕q∗ ∼=

OO

g∗
// Hk(X).
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It follows from the de�nition of g together with (6) that the diagram commutes. Now we
see that we have the following equalities in Hk(X):

(g ◦Θ)∗([M#N ]) = g∗(i∗([M ]) + j∗([N ])) = f∗([M ]) + f∗([N ]) = f∗([M tN ]︸ ︷︷ ︸
=[W ]

) = θ.
↑ ↑

by (8) and (6) since the diagram commutes �
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path γ connecting P ∈ f(M) with Q ∈ f(N)f

M X

g ◦Θ

M#N

We move on to the second statement of Proposition 102.4.
Proposition 102.4.
(2) Let k ∈ N. Suppose that for every topological space X every homology class in

Hk(X) can be realized by a smooth manifold. Then also for every pair (X,A) of
topological spaces every relative homology class in Hk(X,A) can be realized by a
smooth manifold.

Proof. Let k ∈ N. We make the following hypothesis:
(∗) For every topological space Y every homology class in Hk(Y ) can be realized by a

smooth manifold.
Now let (X,A) be a pair of topological spaces and let ϕ ∈ Hk(X,A) be a relative homology
class. We denote by i : A→ X the inclusion map. We consider the mapping cone

Cone(i : A→ X) = ( Cone(A)︸ ︷︷ ︸
=(A×[0,1])/A×{0}

tX)/∼ where [(a, 1)] ∼ i(a) = a for a ∈ A.

We denote by ∗[A × {0}] ∈ Cone(i : A → X) the cone point. We consider the following
diagram:

Hk(M,∂M)

(r◦g)∗

��

g∗

**

∼= //

g∗

++

Hk(W,N)

g∗

��

Hk(W )
ÿoo

g∗

��

Hk(Cone(i : A→ X),Cone(A))

Hk(X,A)
∼= // Hk(Cone(i :A→X)\{∗},Cone(A)\{∗})

r∗

∼=
jj

∼=

OO

Hk(Cone(i :A→X)).

ÿ

∼=

ll
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We make the following explanations, clari�cations and observations:

(1) By the Mapping Cone Basics Lemma 16.13 (2) and (3) we can and will view Cone(A)
and X as subsets of Cone(i : A→ X).

(2) All maps that are not speci�ed explicitly are inclusion induced maps.
(3) The maps ÿ are the natural maps from absolute to relative homology.
(4) Note that by the Mapping Cone Basics Lemma 16.13 (6) there exists a natural defor-

mation retraction from Cone(i : A→ X) \ {∗} to X. We denote by r : Cone(i : A→
X) \ {∗} → X the corresponding retraction. Note that it restricts to a retraction
from Cone(A) \ {∗} to A.

(5) By the proof of the Mapping Cone-H∗-Lemma 78.15 we know that the four maps at
the bottom, shown in blue, are isomorphisms.

(6) By (5) together with our hypothesis (∗) we know that there exists a closed ori-
ented k-dimensional smooth manifold W and a map g : W → Cone(i : A → X)
such that ÿ(g∗([W ])) equals the image of our given class ϕ in the central red group
Hk(Cone(i : A→ X),Cone(A)).

(7) Since Cone(i : A→ X) \ {∗}) and Cone(A) \ A are open subsets that cover Cone(i)
we obtain from Exercise 31.3 that there exist two compact codimension-zero sub-
manifolds M and N of W such that M ∪ N = W , M ∩ N = ∂M = ∂N , such that
M Ă g−1(Cone(i : A→ X) \ {∗}) and such that N Ă g−1(Cone(A) \ A).

(8) By (7) we have g(N) Ă Cone(A) and g(∂M) Ă Cone(A). This implies that the two
maps in relative homology denoted by g∗, namely the diagonal map to the left and
the vertical map in the middle, actually do exist.

(9) By the Codimension Zero-Fundamental Class Lemma 100.12 (2) we know that the
images of [M ] and [W ] in Hk(W,N) agree.

It is clear that the diagram commutes. It is now straightforward to verify that the compact
oriented n-dimensional smooth manifoldM together with the map r◦g : (M,∂M)→ (X,A)
has all the desired properties. �
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102.4. Representing homology classes by submanifolds I. In the previous sections
we studied the following de�nition.

De�nition. Let X be a topological space, let A Ă X be a subset and let ϕ ∈ Hk(X,A) be
a homology class. We say ϕ can be realized by a smooth manifold if there exists a compact
oriented k-dimensional smooth manifold N and a map f : (N, ∂N) → (X,A) such that
f∗([N ]) = ϕ.
If the topological space X we are interested in is in fact a smooth manifold it is natural to
ask whether one can actually �nd maps f that are smooth embeddings. This leads us to
the following de�nition.
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De�nition. Let M be a smooth manifold and let A be a union of components of ∂M .
(1) Let N be a compact oriented proper k-dimensional submanifold ofM with ∂N Ă A.

By a slight abuse of notation, we denote by [N ] the image of the fundamental class
[N ] under the inclusion induced map Hk(N, ∂N)→ Hk(M,A).

(2) We say that a homology class ϕ ∈ Hk(M,A) is represented by a submanifold if there
exists a compact oriented proper k-dimensional submanifold N with ∂N Ă A such
that [N ] = ϕ.

Examples.
(1) We �rst consider the 2-dimensional torus T = S1×S1. Under the usual isomorphism

H1(S1×S1) ∼= Z2 the basis element (1, 0) is represented by the oriented submanifold
S1 × {1} and the basis element (0, 1) is represented by the oriented submanifold
{1} × S1. This situation is illustrated in the �gure below on the left.

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

������������������
������������������
������������������

������������������
������������������
������������������basis for homology of H1(torus)
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(2) We consider the surface Σ2 of genus 2. As in the �gure on page ?? we view Σ2

as the connected sum T#T of two tori. If we use the calculation on page 2212
to determine an isomorphism H1(Σ2) ∼= Z4, then it follows from (1) that the basis
elements are represented by the submanifolds a1, b1, a2, b2 that are illustrated in the
�gure below.1243 1244
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(3) Let L = L1 ∪ · · · ∪ Lm be an m-component link in S3. Those readers who solved
Exercise 100.6 will see that the m meridians represent a basis for H1(S3 \ L) ∼= Zm
and that any choice of m− 1 tori S1 × Li represent a basis for H2(S3 \ L) ∼= Zm−1.
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meridians represent
basis for H1(S3 \ L)

two out of three tori
represent basis for H2(S3\L)

link L

(4) Any zero class 0 ∈ Hk(M) is represented by the empty submanifold.
(5) We consider the complex projective space CPn. We saw on page 1473 that for k ≤ n

the map
1243Another point of view is that the submanifolds a1, b1, a2, b2 are given by deforming the curves
x1, y1, x2, y2 that are shown in the �gure on page 1225.
1244What do these submanifolds look like in the formal picture of the surface of genus 2 as the quotient
E8/∼ of the Euclidean octagon?



102. HOMOLOGY CLASSES AND SMOOTH (SUB-)MANIFOLDS 2247

CPk → CPn
[v0 : . . . : vk] 7→ [v0 : . . . : vk : 0 : . . . : 0]

is a smooth embedding. We use this map to view CPk as a submanifold of CPn.
It follows from the discussion on page 1772 and the natural isomorphism of the
Singular-Cellular H∗-Isomorphism Proposition 80.4 that

Hk(CPn) ∼=
{

Z · [CPi], if k = 2i for some i ∈ {0, . . . , n},
0, otherwise.

Put di�erently, the generators of the non-trivial homology groups of the complex
projective space CPn are represented by the complex projective spaces CPi with
i = 0, . . . , n.

(6) Let M be a compact oriented connected k-dimensional smooth manifold. By The-
orem 98.8 we have Hn(M,∂M) = Z · [M ]. It follows from Lemma 100.8 that the
classes ±[M ] are represented by M , viewed as its own submanifold, equipped with
the two possible orientations. Since M is connected we know by Exercise 19.19 that
M admits no other non-empty n-dimensional proper submanifold. Thus we see that
the classes k · [M ] with k 6∈ {±1} are not represented by submanifolds.

For completeness' sake we state the following lemma.
Lemma 102.10. LetM be a smooth manifold, let A be a union of components of ∂M and
let ϕ ∈ Hk(M,A). If N is a proper submanifold that represents ϕ, then ∂N represents the
class ∂k(ϕ) ∈ Hk−1(A) where ∂k : Hk(M,A) → Hk−1(A) is the connecting homomorphism
of the long exact sequence of the pair (M,A).

Proof. We consider the following diagram:

Hk(M,A)
∂k

ϕ 7→∂k(ϕ)
// Hk−1(A)

Hk(N, ∂N)

i∗

OO

∂k

[N ]7→[∂N ]
// Hk−1(∂N)

i∗

OO

where the horizontal maps are given by the connecting homomorphisms and where the ver-
tical maps are induced by the inclusion maps. By the Topological LES-Proposition 74.13
we know that the connecting homomorphism are natural, in other words, the diagram
commutes. The statement now follows from the Fundamental Class-of-Boundary Proposi-
tion 100.9. �

We are naturally lead to the following question which can be viewed as a re�nement of
Question 102.1 in the context of smooth manifolds.
Question 102.11. Let M be a smooth manifold and let A be a union of components of
∂M . For which k ∈ N0 can homology classes in Hk(M,A) be represented by submanifolds?
The following proposition, which can be viewed as analogue of Proposition 102.4 (2) says
that the relative problem is equivalent to the absolute problem.

Proposition 102.12. Let k ∈ N. Suppose that for every (orientable) n-dimensional
smooth manifold every homology class in Hk(M) can be represented by a submanifold.
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Then also for every (orientable) n-dimensional smooth manifold M and every union A of
components of ∂M every relative homology class in Hk(M,A) can be represented by a
submanifold.
Proof. Let A be the union of some components of ∂M and let σ ∈ Hk(M,A). Let M ′

be a second copy of M . As on page 1667 we consider the double of M along A, i.e. we
consider DAM = M ∪A=A′ M

′. Note that by the Doubling-Manifold Lemma 75.12 we
know that DAM is an (orientable) n-dimensional smooth manifold which contains A as a
submanifold. Next let D : Hk(M,A) → Hk(DAM) be the doubling homomorphism given
by the Doubling-Homology Lemma 75.16.

By our hypothesis there exists a closed oriented submanifold W of DAM such that
[W ] = D(σ). It follows from the Transversality Theorem 42.4 and the Homotopic Maps-
and-Homology Proposition 73.6 that we can arrange that W is transverse to A. Now we
set N := W ∩M . It follows from Exercise 42.8, which is a variation on the Submanifold
Transversal Intersection Theorem 42.1, that N is a proper submanifold of W . It remains
to prove the following claim.
Claim. We have [N ] = σ ∈ Hk(M,A).

Proof. We denote by i : W → DAM the inclusion map. Now we consider the following
diagram

Hk(N, ∂N)

i∗
��

∼=
α // Hn(W,W \

◦
N)

i∗
��

Hk(W )

i∗
��

β
oo

Hk(M,A)

D

33∼=

γ
// Hk(DAM,M ′) Hk(DAM).

δoo

Here α, β, γ and δ are the obvious maps. Now we make the following observations:

i∗([W ]) = D(σ) by choice of W
=⇒ i∗(β([W ])) = δ(D(σ)) since the diagram commutes
=⇒ i∗(α([N ]) = γ(σ) by Lemmas 100.12 and 75.16 (3)
=⇒ γ(i∗([N ])) = γ(σ) since the diagram commutes
=⇒ i∗([N ]) = σ since γ is an isomorphism by the Excision Theorem 75.10.�
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One obvious approach to Question 102.11 is as follows: in Section 102.1 we already saw that
in many cases, given a class ϕ ∈ Hk(M,A), there exists a compact oriented k-dimensional
smooth manifold N together with a map f : (N, ∂N)→ (X,A) such that f∗([N ]) = ϕ. The
question now is the following: can we replace f by some proper embedding? The following
proposition, which we will prove in Section 102.6, addresses this issue:
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Proposition 102.13. Let n ∈ N, let M be an n-dimensional smooth manifold and let A
be a union of components of ∂M . Furthermore let N be a compact oriented k-dimensional
smooth manifold and let ϕ : (N, ∂N)→ (M,A) be a map.
(1) If n > 2k, then ϕ : (N, ∂N) → (M,A) is homotopic, as a map of pairs of topo-

logical spaces, to a proper embedding ψ : (N, ∂N) → (M,A). In particular by the
Smooth Embedding Theorem 24.10 (2) ψ(N) is a proper submanifold of M and by
Proposition 74.15 we have ϕ∗([N ]) = [ψ(N)] ∈ Hk(M,A).

(2) If n = 2k, then there exists a compact oriented proper k-dimensional submanifold
W of N with ∂W Ă A such that ϕ∗([N ]) = [W ] ∈ Hk(M,A).1245

It is worth stating the following immediate corollary to Propositions 102.2 and 102.13.

Corollary 102.14. Let M be an m-dimensional smooth manifold with m ≥ 2 and let A
be the union of some components of ∂M . Given any homology class in σ ∈ H1(M,A)
there exists a compact oriented proper 1-dimensional submanifold P with ∂P Ă A such
that [P ] = σ.

Example. Let M be a 2-dimensional smooth manifold and let σ ∈ H1(M) be a homol-
ogy class. For fun we illustrate in the �gure below the three main steps in the proof of
Proposition 102.13 in this special case.
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A

isotope to get smooth
proper embedding

without triple points

by Proposition 102.2 we can
represent the homology class
by some map ϕ : N →M

M

resolve intersections

Next we want to consider the question whether we can represent a homology class by a
connected submanifold. For tori we have the following ambiguous answer.

Lemma 102.15. Let T = S1×S1 be the torus. We denote by x = [S1×{1}] and
y = [{1}×S1] the obvious basis for H1(T ). A non-zero class r · x+ s · y can be represented
by a connected submanifold if and only if gcd(r, s) = 1.
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x y
represents 2·x+yrepresents 2·x

2·x can be realized by a map from a connected manifold

Proof. We, i.e. you, will provide the proof in Exercise 102.4. For fun we will deal with the
analogous problem for surfaces of higher genus in Exercise 102.5. �

1245Note that we do not claim that W is di�eomorphic to N .
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The following proposition, which can be viewed as an analogue of Proposition 102.4 (1),
shows that in most settings we will not have troubles �nding connected submanifolds. As
for the previous proposition we postpone the proof to Section 102.7.
Proposition 102.16. Let n ∈ N, let M be a connected n-dimensional smooth manifold
and let A be a union of components of ∂M . Furthermore let N be a compact oriented
k-dimensional submanifold with ∂N Ă N . We suppose that n − k ≥ 2. If n ≥ 2 or if
A = ∅, then there exists a compact oriented connected submanifoldW ofM with ∂W Ă A
such that [W ] = [N ] ∈ Hk(M,A).

Remark. As we just saw in Lemma 102.15, in general the conclusion of Proposition 102.16
fails to hold if k = n−1. Note thought that in this setting some control over connectedness
can be obtained using [Tur2002, Lemma 1.2].

The combination of Propositions 102.3, 102.13 and 102.16 gives us the following pretty
corollary.
Corollary 102.17. Let M be an n-dimensional smooth manifold with n ≥ 4 and let
A Ă ∂M be a union of boundary components. Every class in H2(M,A) is represented by
a connected submanifold.

Remark. Let M be a compact 4-dimensional smooth manifold and let σ ∈ H2(M). By
Corollary 102.17 it makes sense to the de�ne the genus of σ:

genus(σ) :=
minimal genus of a closed oriented connected
smooth submanifold Σ of M with [Σ] = σ.

As an example let us consider the 4-dimensional smooth manifold CP2. By the discussion
on page 2247 we know that H2(CP2) = Z · [CP1]. Let n ∈ Z. We consider

Wn := {[x : y : z] ∈ CP2 |xn + yn + zn = 0}.
In Exercise 32.12 we showed that Wn is a closed 1-dimensional complex submanifold of
the 2-dimensional complex manifold CP2. In particular this shows that Wn is a closed
2-dimensional submanifold of CP2. In Exercise 126.6 we will show that [Wn] = n · [CP1].
As is pointed out in [GoS1999, p. 38], it is a consequence of the �adjunction formula�,
that Wn is di�eomorphic to the surface of genus 1

2
(n − 1)(n − 2). In particular we have

the inequality genus(n · [CP1]) ≤ 1
2
(n − 1)(n − 2). The Thom Conjecture predicted that

equality holds. This conjecture was proved in 1994 by Peter Kronheimer and Tom Mrowka
[KrM1994] using �Seiberg-Witten Theory�. In general though it is still a very di�cult
problem to determine the genus of the homology class of a given smooth manifold.

Corollary 102.17 su�ers from the rather annoying defect that it does not apply to the case
of 3-dimensional smooth manifolds. Perhaps rather surprisingly this gets taken care of by
coming �from the other direction�, namely this case gets taken care of by the following
proposition.
Proposition 130.4. Let M be a compact orientable n-dimensional smooth manifold and
let A Ă ∂M be a union of boundary components. Every class in Hn−1(M,A) can be
represented by a submanifold.

Sketch of proof. As the number already suggests, we will not prove this statement in this
chapter. In the following we will just provide the �avor of the argument which is meant
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to serve as an amuse-bouche. For simplicity we assume that M is closed. Now suppose
we are given a homology class σ ∈ Hn−1(M) = Hn−1(M ;Z). By the Poincaré Duality
Theorem 119.1 we have an isomorphism PDM : Hn−1(M ;Z)→ H1(M ;Z). Thus we obtain
the Poincaré dual PDM(σ) ∈ H1(M ;Z). We will see that cohomology classes in H1(M ;Z)
give rise to smooth maps f : M → K(Z, 1) = S1. (Here K(G, n) stands for an Eilenberg-
Maclane space of type K(G, n), the precise de�nition is irrelevant right now, except that in
the discussion below it indicates some similarities between initially quite di�erent looking
arguments.) The desired submanifold is then given by the preimage of a regular value
of f . �

The analogue for codimension-two homology classes also holds:
Proposition ??. Let M be a compact orientable n-dimensional smooth manifold and
let A Ă ∂M be a union of boundary components. Every class in Hn−2(M,A) can be
represented by a submanifold.

Sketch of proof. The logic of the proof is somewhat similar to the idea behind the proof
of the Codimension-One Submanifold Existence Proposition 130.4. This time the Poincaré
Duality Theorem 119.1 gives us an isomorphism PDM : Hn−2(M ;Z) → H2(M ;Z). Thus
the given homology class in Hn−2(M ;Z) corresponds to a cohomology class in H2(M ;Z).
We will see that such cohomology classes give rise to maps f : M → K(Z, 2) = CP∞. Since
M is compact we obtain a map f : M → CPm for su�ciently large m. In this occasion the
desired submanifold of M is given by the preimage of CPm−1

Ă CPm. �

Optimistically one might hope that the pattern of the previous two propositions extends
to codimension-three homology classes. But Statement (2) of the following theorem shows
that this is not the case.
Theorem 102.18. (Thom's Theorem III)
(1) LetM be a compact orientable n-dimensional smooth manifold and let A be a union

of boundary components. Given k ≤ 6 with k < n every class in Hk(M,A) can be
represented by a submanifold.

(2) There exists a 10-dimensional closed smooth manifold1246 and a class in H7(M) that
cannot be represented by a submanifold.

Proof.

(1) First let us deal with the case that A = ∅. In this case, for k ≤ 5 the statement can
be found in [Tho1954a, Théorème 6] and also in [Tho1954b, Théorème II.27]. The
statement for k = 6 can be found in the footnote on page 173 of [Tho2007]. The
relative case now follows from the above together with Proposition 102.12.

(2) This statement was proved by Christian Bohr, Bernhard Hanke and Dieter Kotschick,
see [BHK2002, Theorem 1]. Their work builds on earlier work of René Thom
[Tho1954b, p. 62f]. �

For completeness' sake we now also discuss homology with F2-coe�cients. Given a com-
pact (possibly non-orientable) proper k-dimensional submanifold N of a manifold M we

1246It follows from Statement (1) together with Propositions 130.4 and ?? that for a compact orientable n-
dimensional smooth manifold of dimension n ≤ 9 any homology class of dimension < n can be represented
by a submanifold. Thus the example in Statement (2) is �dimensionally minimal�.
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denote by [N ]F2 the image of the F2-fundamental class N under the inclusion induced map
Hk(N, ∂N ;F2)→ Hk(M,∂M ;F2). We say N represents the homology class [N ]F2 .
Surely it does not come as a surprise that we have the following analogue of Corollar-
ies 102.14 and 102.17 for F2-coe�cients. We will skip the proof since it is essentially the
same.
Proposition 102.19. Let M be an n-dimensional smooth manifold and let A Ă ∂M be
a union of boundary components.
(1) If n ≥ 2, then every class in H1(M,A;F2) can be represented by a submanifold.
(2) If n ≥ 4, then every class in H2(M,A;F2) can be represented by a connected sub-

manifold.
The following proposition is an analogue of the Codimension-One Submanifold Existence
Proposition 130.4.
Proposition ??. Let M be a compact n-dimensional smooth manifold and let A be a
union of boundary components. Every class in Hn−1(M,A;F2) can be represented by a
submanifold.

Remark. This result will have its moment of glory when we will employ it in our proof,
provided in Section ??, that πn+2(Sn) ∼= Z2 for n ≥ 3.

Sketch of proof. The proof of this proposition is quite similar to the proof of Proposi-
tion ??. The Co-Homology Symmetry Theorem Theorem 119.6 with F2-coe�cients gives
us an isomorphism PDM : Hn−1(M ;F2) → H1(M ;F2). Thus given the homology class in
Hn−1(M ;F2) corresponds to a cohomology class in H1(M ;F2). We will see that such coho-
mology classes give rise to maps f : M → K(F2, 1) = RP∞. Since M is compact we obtain
a map M → RPm for su�ciently large m. Now the desired submanifold is given by the
preimage of RPm−1

Ă RPm. �

Remark. Note that this author is not aware of an analogue of Proposition ??.

Finally let us see once again what René Thom has to say:

Theorem 102.20. (Thom's Theorem IV) Let M be a compact n-dimensional smooth
manifold and let A be a union of boundary components.
(1) If n ≤ 5, then any class in Hn−2(X,A;F2) can be represented by a submanifold.
(2) If n ≤ 7, then any class in Hn−3(X,A;F2) can be represented by a submanifold.
(3) For k ≤ bn

2
c any class in Hk(X,A;F2) can be represented by a submanifold.

Proof. In the case A = ∅ the three statements are precisely the content of [Tho2007,
Théorème II.26]. The relative case follows from the F2-analogue of Proposition 102.12.
Finally note that Statement (3) also follows from Theorem 102.5 together with the F2-
analogue of Proposition 102.13 (2). �

We conclude this section with the following remark.

Remark. As we already mentioned on page 2237, later in Chapter 105 we will introduce
the notion of an orientation of a topological manifold and in Chapter 106 we will introduce
the notion of the fundamental class [N ] ∈ Hn(N, ∂N) of a compact oriented n-dimensional
topological manifold N . Thus it makes sense to ask which homology classes of a given
topological manifold can be represented by submanifolds. This question is discussed in
[FNOP2019].
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In the remainder of this chapter we will provide the proofs of Proposition 102.13 and 102.16.

102.5. Rearranging maps from smooth manifolds. Let (X,A) be a pair of topological
spaces. In this section we will state and prove a proposition which allows us to replace cer-
tain compact oriented smooth manifolds M and maps f : (M,∂M)→ (X,A) by a di�erent
compact oriented smooth manifold N together with a map g : (N, ∂N)→ (X,A) such that
f∗([M ]) = g∗([N ]). This procedure will come in handy in the proofs of Proposition 102.13
and 102.16.
The following de�nition is a special case of a more general concept introduced on page 570.

De�nition. Let M be a compact n-dimensional smooth manifold. We say M is decom-
posed into submanifolds A and B if the following conditions hold:
(1) M = A ∪B.
(2) A and B are both compact n-dimensional submanifolds of M .
(3) We have A ∩B = ∂0A = ∂0B.
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A

∂1A

B

∂0A = ∂0B = A ∩B

Now we can state the one result of this section.

Proposition 102.21. Let M and M̃ be two compact oriented n-dimensional smooth
manifolds. Suppose that M is decomposed into two submanifolds A and B and that M̃
is decomposed into two submanifolds Ã and B̃. We equip A ∩ B and Ã ∩ B̃ with the
orientation coming from A respectively Ã. Suppose that we are given an orientation-
preserving di�eomorphism Θ: A ∩B → Ã ∩ B̃. Next we set
N := (A t B̃)/x ∼ Θ(x) for x ∈ A ∩B and Ñ := (Ã tB)/Θ(y) ∼ y for y ∈ A ∩B.

Note that it follows from the Gluing-Smooth Manifolds-Proposition ?? that N and Ñ
are both compact oriented n-dimensional smooth manifolds such that the obvious maps
A → N and Ã → Ñ are orientation-preserving embeddings. Next let (X,S) be a pair of
topological space and furthermore let f : (M,∂M) → (X,S) and f̃ : (M̃, ∂M̃) → (X,S)

be two maps such that we have f̃ ◦Θ = f : A ∩B → X. We de�ne1247

g :N=(AtB̃)/∼ → X

[P ] 7→
{
f(P ), if P ∈A,
f̃(P ), if P ∈B̃

and
g̃ : Ñ=(ÃtB)/∼ → X

[P ] 7→
{
f̃(P ), if P ∈ Ã,
f(P ), if P ∈B.

With this notation we have

f∗([M ]) + f̃∗([M̃ ]) = g∗([N ]) + g̃∗([Ñ ]) ∈ Hn(X,S).

1247It follows from f̃ ◦Θ = f that both maps are continuous.
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S

X

g̃

f g
A

f̃

A

B

N
B̃

Ã

M

M̃

B̃

Ñ

Ã

B

Proof. We pick a fundamental cycle µ ∈ Cn−1(A ∩ B) for the closed oriented (n − 1)-
dimensional smooth manifold A ∩B. We consider the map

Cn(A, ∂A)
∂n //

=:ωA

11Cn−1(

=∂A︷ ︸︸ ︷
∂0A t ∂1A )

∼= // Cn−1(

=∂0A︷ ︸︸ ︷
A ∩B )⊕ Cn−1(∂1A) // // Cn−1(A ∩B).

By Corollary 100.10 we know that there exists a singular chain νA ∈ Cn(A) such that νA
represents a fundamental cycle in Cn(A, ∂A) and such that ωA(νA) = µ. With the same
notation we also obtain some νB ∈ Cn(B) with ωB(νB) = µ.

Next we consider µ̃ := Θ∗(µ) ∈ Cn−1(Ã ∩ B̃). As above we pick corresponding singular
chains ν̃Ã ∈ Cn(Ã) and ν̃B̃ ∈ Cn(B̃). Now we see that we have the following equalities in
Hn(X,S):

it follows from ωA(νA) = µ = ωB(νB) that νA − νB is a cycle in Cn(M,∂M) using the
Fundamental Class-Characterization Lemma 100.3 (3)⇒(1) one now can easily verify that νA − νB is a

fundamental cycle of M � the same argument shows that ν̃Ã − ν̃B̃ is a fundamental cycle of M̃
↓

f∗([M ])+f̃∗([M̃ ]) = f∗([νA − νB]) + f̃∗([ν̃Ã − ν̃B̃]) = [f∗(νA)−f∗(νB)+f̃∗(ν̃Ã)−f̃∗(ν̃B̃)]

= [f∗(νA)−f̃∗(ν̃B̃)+f̃∗(ν̃Ã)−f∗(νB)] = [f∗(νA)−f̃∗(ν̃B̃)]+[f̃∗(ν̃Ã)−f∗(νB)]
↑

it follows fairly easily from f̃ ◦Θ = f and µ̃ = Θ∗(µ) that
f∗(νA)− f̃∗(ν̃B̃) and f̃∗(ν̃Ã)− f∗(νB) are both cycles in Cn(X,S)

= [g∗(νA)−g∗(ν̃B̃)]+[g̃∗(ν̃Ã)−g̃∗(νB)] = g∗([νA−ν̃B]︸ ︷︷ ︸
=[N ]

)+g̃∗([ν̃Ã − ν̃B]︸ ︷︷ ︸
=[Ñ ]

).
↑

by de�nition of g and g̃ �
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102.6. Proofs of Proposition 102.13. For the reader's convenience we recall the state-
ment of Proposition 102.13.
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Proposition 102.13. Let n ∈ N, let M be an n-dimensional smooth manifold and let A
be a union of components of ∂M . Furthermore let N be a compact oriented k-dimensional
smooth manifold and let ϕ : (N, ∂N)→ (M,A) be a map.
(1) If n > 2k, then ϕ : (N, ∂N)→ (M,A) is homotopic, as a map of pairs of topological

spaces, to a proper embedding ψ : (N, ∂N)→ (M,A). In particular ψ(N) is a proper
submanifold of M and we have ϕ∗([N ]) = [ψ(N)] ∈ Hk(M,A).

(2) If n = 2k, then there exists a compact oriented proper k-dimensional submanifold
W of N with ∂W Ă A such that ϕ∗([N ]) = [W ] ∈ Hk(M,A).
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N Nfi fi

M M

Z

C+
i

Q−i

C−i

PiQ+
i

ψ

X

Y

ψ

Θ

[0, 1]× Sk−1

submanifold W

Proof. Let n ∈ N, let M be an n-dimensional smooth manifold and let A be a union
of components of ∂M . Furthermore let N be a compact oriented k-dimensional smooth
manifold and let ϕ : (N, ∂N)→ (M,A) be a map.

First let us consider the case n > 2k. In this case it follows from the Whitney Approxi-
mation Theorem 29.1 (3) together with Theorem ?? (2) that ϕ : (N, ∂N)→ (M,A) is homo-
topic, as a map of pairs of topological spaces, to a proper embedding ψ : (N, ∂N)→ (M,A).
It follows from the Smooth Embedding Theorem 24.10 (2) that ψ(N) is a proper subman-
ifold of M and that ψ : N → ψ(N) is a di�eomorphism. Thus we see that

ϕ∗([N ]) = ψ∗([N ]) = [ψ(N)] ∈ Hk(M,A).
↑ ↑

Proposition 74.15 since ψ is a di�eomorphism

Now let us deal with the much more subtle case n = 2k. From the Whitney Approximation
Theorem 29.1 (3) together with Theorem ?? (1) we now obtain that the map ϕ is homotopic,
as a map of pairs of topological spaces, to a proper immersion ψ : N → M which has
furthermore the property that there exist points P1, . . . , Pm in M \ ∂M with the following
properties:

(1) For each i ∈ {1, . . . ,m} the preimage ψ−1(Pi) consists of precisely two points Q±i
which furthermore satisfy that ψ∗(TQ+

i
N) + ψ∗(TQ−i N) = TPi(M).

(2) The restriction of ψ to N \ {Q±1 , . . . , Q±m} is injective.

In the following we write

X :=
{

(x, 0) ∈ B2k ∣∣x ∈ Bk }
and Y :=

{
(0, y) ∈ B2k ∣∣ y ∈ Bk }

.
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We view X and Y as submanifolds of B
2k
. We equip X and Y with the obvious orienta-

tion. It follows easily from the Smooth Embedding Theorem 24.10 (2) together with the
Submanifold Transversal Intersection Theorem 42.1 (1) that we can �nd the following:

(1) Disjoint k-dimensional submanifolds C±1 , . . . ,C
±
m ofN such that for each i ∈ {1, . . . ,m}

we have Q±i ∈
◦
C
±
i = C±i . Note that the restriction of ψ to any

◦
C
±
i is in fact a smooth

embedding.
(2) Disjoint embeddings f1, . . . , fm : B

2k → M \ ∂M such that for each i ∈ {1, . . . ,m}
we have

ψ(C+
i ) = fi(X), ψ(C−i ) = fi(Y ), and fi(B

2k
) ∩ ψ(N) = fi(X) ∪ fi(Y ).

Furthermore, after possibly precomposing the maps fi with re�ections in hyperplanes we
can assume that the maps X → fi(X)

ψ←− C+
i and Y → fi(Y )

ψ←− C−i are orientation-
preserving.

Claim 1. There exists a proper smooth embedding Θ: [0, 1]×Sk−1 → B
2k
with the following

three properties:
(1) For t ∈ [0, 1

4
] and z ∈ Sk−1 we have Θ(t, z) = ((1 − t)z, 0) ∈ Rk × Rk. Furthermore

the map Θ0 : {0} × Sk−1 → Sk−1 × {0} is orientation-preserving.
(2) For t ∈ [3

4
, 1] and z ∈ Sk−1 we have Θ(t, z) = (0, t · z) ∈ Rk × Rk. Furthermore the

map Θ0 : {1} × Sk−1 → {0} × Sk−1 is orientation-reversing.

Proof. To prove the claim �rst note that, using the Smooth Transition Function Lemma 19.4
one can easily �nd a smooth function µ : [0, 1]→ [0, 1] such that µ(t) = t for t ∈ [0, 1

4
], and

such that µ(t) = 1 for t ∈ [3
4
, 1] and such that µ′(t) > 0 for any t ∈ (0, 3

4
). We leave it to

the reader to verify that the following map has all the desired properties:

Θ: [0, 1]× Sk−1 → B
2k

Ă Rk × Rk

(t, z) 7→ ((1− µ(t)) · z︸ ︷︷ ︸
∈Rk

, (1− µ(1− t)) · z︸ ︷︷ ︸
∈Rk

). �

graph of t 7→ 1− µ(1− t)graph of µ

Next we set Z := Θ([0, 1]× Sk−1) and we set

W := ψ
(
N \

m⋃
i=1

(
◦
C

+

i ∪
◦
C
−
i )︸ ︷︷ ︸

=:N̂

)
∪

m⋃
i=1

fi(Z).

We leave it to the reader to verify that W is in fact a compact proper k-dimensional
submanifold of M with ∂W Ă A which can be oriented in such a way that the embedding
ψ : N̂ → W is orientation-preserving. It remains to prove the following claim.

Claim 2. We have ϕ∗([N ]) = [W ] ∈ Hk(X,A).

Proof. As usual we denote by −W the same smooth manifold but with the opposite
orientation. By Lemma 100.8 we have [−W ] = −[W ]. Thus it su�ces to show that



102. HOMOLOGY CLASSES AND SMOOTH (SUB-)MANIFOLDS 2257

ϕ∗([N ]) + [−W ] = 0. Now we perform the following calculation:

by Proposition 74.15 since ψ is homotopic to ϕ
↓

ϕ∗([N ])+[−W ] = ψ∗([N ])+[−W ] = ψ∗

([
N̂∪

m⋃
i=1

(C+
i ∪C−i )︸ ︷︷ ︸

N

])
+
[
−ψ(N̂)∪−

m⋃
i=1
fi(Z)︸ ︷︷ ︸

=W

]
Proposition 102.21

↓
= (ψ ∪ ψ)∗([

the double D
∂0N̂

N̂︷ ︸︸ ︷
N̂ ∪∂0N̂=∂0N̂

−N̂ ])︸ ︷︷ ︸
the map ψ ∪ ψ factors through the

folding map D
∂0N̂

N̂ → N̂
which has degree zero by

the discussion on page 2227

+
m∑
i=1

(ψ ∪ fi)∗((Q+
i ∪Q−i ) ∪ Z)︸ ︷︷ ︸

= 0, since ψ ∪ fi takes values in fi(B
2k

)

and since Hk(fi(B
2k

)) = 0

= 0.

�

102.7. The internal connected sum and the proof of Proposition 102.16. We start
with the slightly technical construction of an internal connected sum of two oriented sub-
manifolds of a given smooth manifold. This construction is interesting in its own right, and
it will be the key ingredient for the proof of Proposition 102.16.
Construction 102.22. LetM be a connected n-dimensional smooth manifold and let N0

and N1 be two compact oriented proper k-dimensional submanifolds of M . We suppose
that n− k ≥ 2. We pick points P0 ∈ N0 \ ∂N0 and P1 ∈ N1 \ ∂N1. We proceed with the
following steps:
(1) Suppose we are given a smooth embedding γ : [0, 1] → M \ ∂M with the following

properties:
(a) γ(0) = P0 and γ(1) = P1.
(b) If we set C := γ([0, 1]), then C ∩N0 = {P0} and C ∩N1 = {P1}.
(c) C hits N0 and N1 transversally, in the sense that TP0C ∩ TP0N0 = {0} and

TP1C ∩ TP1N1 = {0}.
Note that it follows from Corollary 42.6 together with Theorem ?? that it follows
from our hypothesis n− k ≥ 2 that such γ always exists.

(2) Next we write D := {(x, 0) ∈ Rk × Rn−1−k |x ∈ B
k} Ă B

n−1
. We challenge the

courageous reader to show, say using a suitable variation on the Tubular Neighbor-
hood Theorem ??, that there exists an embedding Φ: B

n−1 × C → M such that
Φ(B

n−1×C)∩N0 = Φ(D×{P0}) and such that Φ(B
n−1×C)∩N1 = Φ(D×{P1}).

(3) Using Exercise 19.12 one can easily �nd a smooth embedding Θ: Sk−1 × [0, 1] →
B
k−1 × C with the following two properties:

(a) For z ∈ Sk−1 and t ∈ [0, 1
4
] we have Θ(z, t) = ((1− t) · z, P0).

(b) For z ∈ Sk−1 and t ∈ [3
4
, 1] we have Θ(z, t) = (t · z, P1).

We set Z := Θ(Sk−1 × [0, 1]).
There are now two cases to consider.
Case (1) Among the two maps Φ: D × {P0} → N0 and Φ: D × {P1} → N1 one is orien-

tation-preserving and one is orientation-reversing. In this case we set

N0#γN1 := (N0 \ Φ(D×{P0})) ∪ (N1 \ Φ(D×{P1}))) ∪ Φ(D×C).
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Case (2) If both maps Φ: D × {P0} → N0 and Φ: D × {P1} → N1 are orientation-
preserving or if both are orientation-reversing then we add a �half-twist� to get
us back into the game. More precisely, we consider the map 1248

Ω: D × C → B
n−1 × C

((x1, x2, . . . , xk)︸ ︷︷ ︸
∈Rk

, (0, 0)︸ ︷︷ ︸
∈R×Rn−k−2

), γ(t)) 7→ ((cos(t)·x1, x2, . . . , xk)︸ ︷︷ ︸
∈Rk

, (sin(t)·x1, 0)︸ ︷︷ ︸
∈R×Rn−k−2

), γ(t)).

Note that Ω is the identity on D × {P0} and that Ω restricts to an orientation-
reversing self-di�eomorphism of D × {P1}. Now we set

N0#γN1 := (N0 \ Φ(D×{P0})) ∪ (N1 \ Φ(D×{P1})) ∪ (Φ ◦ Ω)(D×C).

It is straightforward to verify that in both cases N0#γN1 is a k-dimensional submanifold
of M . Furthermore one sees easily that in both cases we can equip the smooth manifold
N0#γN1 with an orientation in such a way that the inclusions N0\Φ(D×{P0})→ N0#γN1

and N1 \Φ(D×{P1})→ N0#γN1 are both orientation-preserving. We refer to N0#γN1 as
an internal connected sum of N0 and N1 along γ or as a tubing of N0 and N1 along γ.1249
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C

B
n−1×C

N1

γ

N0

Case (2)

Case (1)

N0#γN1
P0 P1

Φ

The following lemma justi�es the name �internal connected sum�.

Lemma 102.23. We continue with the above notation. The internal connected sum
N01#γN1, viewed as a smooth manifold in its own right, is di�eomorphic to the connected
sum N0#N1.

Proof. The lemma can be proved fairly easily using the Smooth Collar Neighborhood
Theorem 28.3 applied to N0 \Φ(D×{P0}) and N1 \Φ(D×{P1}). We leave it to the reader
to �ll in the details. �

Example. In the �gure below we show two disjoint oriented knots J and J . By de�nition
both are submanifolds of S3. We also show a path γ that connects K to J and we show a
corresponding internal connected sum K#γJ . On page 1319 we introduced the connected
sum K#J . The resulting image, see e.g. the �gure on page 1319 looks quite similar to what
we see in the �gure below. With some e�ort one can show that given any two oriented knots
the corresponding connected sum K#J is smoothly isotopic to any internal connected sum
K#γJ . In fact sometimes this approach is used as the de�nition of the connected sum of
two oriented knots.

We recall the statement of proposition that we are actually supposed to prove.

1248Note that here we use again, in a most subtle way, our hypothesis n− k ≥ 2.
1249The construction also depends on the choice of Φ and Θ. We do not claim that the isotopy type of
N0#γN1 is well-de�ned.
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γ
K#γJ

Proposition 102.16. Let n ∈ N, let M be a connected n-dimensional smooth manifold
and let A be a union of components of ∂M . Furthermore let N be a compact oriented
k-dimensional submanifold with ∂N Ă N . We suppose that n − k ≥ 2. If n ≥ 2 or if
A = ∅, then there exists a compact oriented connected submanifoldW ofM with ∂W Ă A
such that [W ] = [N ] ∈ Hk(M,A).

Sketch of proof. To simplify the notation we assume that N has precisely two compo-
nents N0 and N1. As explained in Construction 102.22, since n − k ≥ 2 we can perform
an internal connected sum N0#γN1. As in the proof of Proposition 102.13 one can deduce,
using Proposition 102.21, that [N0#γN1] = [N0] + [N1] ∈ Hk(M,A).

Next, as we pointed out in Lemma 102.23, the internal connected sum N0#γN1 is
di�eomorphic to the connected sum N0#N1. If n ≥ 2, then it follows immediately from
the Connected Sum-Proposition ?? that the connected sum N0#N1 is connected. Finally,
if A = ∅, then we know that both N0 and N1 are closed. Thus it follows again from the
Connected Sum-Proposition ?? that N0#N1 is connected. �

Exercises for Chapter 102.

Exercise 102.1. Let M be a closed 3-dimensional smooth manifold and let σ ∈ H2(M)
be a homology class. By the Realization-by-Surface Proposition 102.3 there exists a closed
oriented 2-dimensional smooth manifold F and a map ϕ : F → M such that ϕ∗([F ]) = ϕ.
Can you modify the proof of Proposition 102.13 to show that there exists a closed oriented
2-dimensional smooth manifold G and an embedding ψ : G → M such that ψ∗([G]) = σ?
Identify the issues you run into and try to resolve them.

Exercise 102.2. Let n ∈ N. As on page 255 we consider the complex projective space
CPn = (Cn+1 \ {0})/(C \ {0}). By the discussion on page 1772 we know that

Hk(CPn) ∼=
{

Z, if k ∈ {0, 2, . . . , 2n},
0, otherwise.

We consider the map f : CPn → CPn given by f([z0 : · · · : zn]) = [z0 : · · · : zn]. For each
k ∈ {0, 2, . . . , 2n} determine the degree of the induced map f∗ : Hk(CPn)→ Hk(CPn).

Exercise 102.3. Let g ∈ N0. As usual we denote by Σg the surface of genus g. Let M
be a smooth manifold and let P ∈ M . Now let k ∈ N0. Show that if there exists a map
f : Σk →M × Σg with f∗([Σk]) = [{P} × Σg] ∈ H2(M × Σg), then k ≥ g.

Exercise 102.4. Let T = S1 × S1 = R2/Z2 be the torus. We denote by x = [S1 × {1}]
and y = [{1} × S1] the obvious basis for H1(T ). Let (r, s) 6= (0, 0) ∈ Z2. Show that the
following two statements are equivalent:
(a) The homology class r · x+ s · y can be represented by a connected submanifold of T .
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(b) gcd(r, s) = 1.
Hint. For the �(a)⇒(b)�-direction you might want to use the classi�cation of 2-dimensional
smooth manifolds.

Exercise 102.5. Let g ∈ N. We consider the surface Σ of genus g. Let ϕ 6= 0 ∈ H1(Σ).
Show that the following two statements are equivalent:
(a) ϕ can be represented by a connected submanifold of Σ.
(b) ϕ is a primitive class in H1(Σ).

Remark. The case g = 1 is evidently just the content of Exercise 102.4.
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103. The Simplicial Poincaré Duality Theorem

In this chapter we will prove one of the most beautiful and powerful theorems in the theory
of abstract simplicial complexes, namely the Simplicial Poincaré Duality Theorem 103.4.
This theorem has many applications, arguably the most interesting ones concern the sin-
gular (co-) homology groups of smooth manifolds.

103.1. Simplicial Homology Manifolds. To state the Simplicial Poincaré Duality The-
orem we will need the following notion.

De�nition.
(1) We say that an abstract simplicial complex L is an simplicial homology m-sphere if

L is m-dimensional, if L is �nite and if for every i ∈ N0 we have

H̃
simp

i (L) ∼=
{

Z, if i = m,
0, else.

Furthermore we say that L is a simplicial homology ball if H̃
simp

i (L) = 0 for all
i ∈ N0.

(2) We say that an abstract simplicial complex K is an n-dimensional simplicial homol-
ogy manifold if K is n-dimensional, if K is �nite and if for every k ∈ N0 and every
k-simplex s of K the link Lk(K, s) is a simplicial homology (n− 1− k)-sphere or if
it is a simplicial homology ball.

(3) We say a simplicial homology manifold K is closed, if K is �nite and if for every
k-simplex s of K the link Lk(K, s) is a simplicial homology (n− 1− k)-sphere.
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Lk(K, s)

1-simplex s
3-dimensional simplicial
homology manifold

Lk(K, s)

0-simplex

Remark. Note that by the discussion on page 2042 the empty abstract simplicial complex
is a simplicial homology (−1)-sphere. Furthermore it is a straightforward consequence of
the Reduced Homology Lemma 95.10 (1) that the empty abstract simplicial complex is in
fact the only simplicial homology (−1)-sphere. It follows in particular that every simplex
in a closed n-dimensional simplicial homology manifold has dimension at most n.

The following lemma gives a reformulation of the de�nition of a simplicial homology man-
ifold.
Lemma 103.1. Let K be an abstract simplicial complex. As always we denote by sd(K)
its barycentric subdivision. The following two statements are equivalent:
(1) K is a closed n-dimensional simplicial homology manifold.
(2) For every vertex v1250 of the barycentric subdivision sd(K) the link Lk(sd(K), v) is

a simplicial homology (n− 1)-sphere.

Proof. The lemma follows immediately from the second part of the following claim.

1250It is worth remembering that by de�nition the vertices of sd(K) are precisely the barycenters of the
simplices of K.
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Claim. Let K be an abstract simplicial complex and let s be a k-simplex of K.
(a) There is a simplicial isomorphism Lk(K, s) ∗ ∂s ∼= Lk(sd(K), s).

(b) For each i ∈ N0 we have H̃
simp

i (Lk(K, s)) ∼= H̃
simp

i+k (Lk(sd(K), s)).

Proof.

(a) This statement is actually the content of Exercise 94.2. For the reader's convenience
we sketch the proof. So let us consider the map

Lk(K, s) ∗ ∂s → Lk(sd(K), s)

v 7→
{
s \ {v}, if v ∈ ∂s,
s t {v}, if v ∈ Lk(K, s).

It is elementary to verify that this map on the level of vertices induces an isomorphism
of abstract simplicial complexes.

(b) For any i ∈ N0 we have

H̃
simp

i (Lk(K, s)) ∼= H̃
simp

i+k (Lk(K, s) ∗ ∂s) ∼= H̃
simp

i+k (Lk(sd(K), s)).
↑ ↑

Join-Homology Lemma 95.13 (1) by (a) �
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Lk(K, s)

Lk(K, s)∗∂s
Lk(sd(K), s)

Slightly annoyingly the notion of a �simplicial homology manifold� is now the third de�ni-
tion of a �manifold-like� structure on an abstract simplicial complex. Namely on page 2140
we introduced the notion of a pseudomanifold and on page 2093 we introduced the notion
of a PL-manifold. For the reader's and also the author's convenience we now recall these
two earlier notions. Thus let K be a �nite non-empty abstract simplicial complex.
(1) K is a closed n-dimensional pseudomanifold if the following conditions are satis�ed:

(a) Every simplex of K is a face of an n-simplex of K.
(b) Every (n − 1)-simplex has order two, i.e. it is the face of precisely two n-

dimensional faces.
(c) Given any two n-simplices t and t′ there exists a sequence t = s0, s1, . . . , sk = t′

of n-simplices such that any two consecutive simplices have a common (n − 1)-
dimensional face.

(2) By the PL-Manifold Characterization Proposition 96.12 we know that K is a closed
n-dimensional PL-manifold if and only if for every k-simplex s ∈ S the link Lk(K, s)
is a PL (n − k − 1)-sphere, i.e. |Lk(K, s)| is PL-homeomorphic to the simplicial
complex ∂∆n−k.1251

The following proposition summarizes everything anybody ever wanted to know about the
relationship between this new concept and our two earlier concepts.

1251By the Alexander-Newman Theorem 96.22 the notion of a PL-manifold is basically equivalent to the
notion of a combinatorial manifold that we introduced on page 2104. Since the notion of a PL-manifold is
more commonly used we stick in the discussion to PL-manifold even though the notion of a combinatorial
manifold would be slightly more appropriate.
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Proposition 103.2.
(1) A closed connected non-empty n-dimensional simplicial homology manifold K is a

closed n-dimensional pseudomanifold with ∂K = ∅.
(2) There exists a closed pseudomanifold that is not a simplicial homology manifold.
(3) Every closed non-empty n-dimensional PL-manifold is a closed n-dimensional sim-

plicial homology manifold.
(4) There exists a closed simplicial homology manifold that is not a PL-manifold.

Remark. Slightly more informally Proposition 103.2 can be summarized as follows:

PL-manifold =⇒
⇐=× simplicial homology manifold =⇒

⇐=× pseudomanifold.

Proof.

(1) Let K be a closed connected non-empty n-dimensional simplicial homology manifold.
We want to show that K is a closed n-dimensional pseudomanifold. The well-versed
reader will easily spot that arguments below are at times almost identical to the
arguments provided in the proof of the Manifold-Simplex Proposition 98.1.

Let us prove that the three conditions of a pseudomanifold, which we recalled
above, are satis�ed.
(a) Let s be a k-simplex of K. By hypothesis H̃

simp

n−k−1(Lk(K, s)) 6= 0. This implies
immediately that s is the face of an n-simplex.

(b) Let s be an (n − 1)-simplex of K. By hypothesis H̃
simp

0 (Lk(K, s)) ∼= Z, which
implies by the Reduced Homology Lemma 95.10 that Hsimp

0 (Lk(K, s)) ∼= Z2.
Recall that on page 2261 we pointed out that the maximal dimension of a simplex
of K is n. Since s is (n− 1)-dimensional we see that Lk(K, s) is a 0-dimensional
simplicial complex. Now we see that it consists of precisely two vertices, which
implies that there are precisely two n-simplices which contain s as a face.

(c) We say that two n-simplices t and t′ of K are equivalent if there exists a sequence
t = s0, s1, . . . , sk = t′ of n-simplices such that any two consecutive simplices have
a common (n− 1)-dimensional face. Recall that our task is to show that any two
n-simplices are equivalent in the above sense.
The key to doing so is the following claim:

Claim. Let t and t′ be two n-simplices. If t ∩ t′ 6= ∅, then t and t′ are actually
equivalent in the above sense.

Proof. Given m ∈ {0, . . . , n − 1} we say that two n-simplices x and x′ are m-
equivalent if there exists a sequence x = s0, s1, . . . , sk = x′ of n-simplices such that
any two consecutive simplices have a common face of dimension ≥ m. It su�ces
to show that if we are given m ∈ {0, . . . , n− 2} such that any two n-simplices in
K are m-equivalent, then any two n-simplices in K are also (m + 1)-equivalent.
In fact evidently it su�ces to show that if we are given two n-simplices x and
x′ which have an m-simplex s in common, then x and x′ are (m+ 1)-equivalent.
To do so we �rst note that since dim(x) > dim(s) we can pick a vertex w of
x ∩ Lk(K, s) and similarly we can pick a vertex w′ of x′ ∩ Lk(K, s).
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By hypothesis we know that H̃
simp

0 (Lk(K, s)) = 0. It follows from this fact to-
gether with the Reduced Homology Lemma 74.1 and Exercise 93.12 that the
abstract simplicial complex Lk(K, s) is in fact connected. This means in our set-
ting that there exist 1-simplices e1, . . . , ek ∈ S of Lk(K, s) such that the following
holds:
(∗) We have w ∈ e1, for every i ∈ {1, . . . , k − 1} we have ei ∩ ei+1 6= ∅ and we

have w′ ∈ ek.
Let i ∈ {1, . . . , k}. Since ei is a simplex in Lk(K, s) there exists a simplex fi
of K with ei ∪ s Ă fi. By (a) we can in fact �nd an n-simplex f̃i of K with
ei∪s Ă fi Ă f̃i. We set f̃0 := x and f̃k+1 := x′. Note that it follows from (∗) that
any two consecutive f̃i and f̃i+1 have s and a vertex of Lk(K, s) in common, i.e.
they have an (m + 1)-simplex in common. This shows that x and x′ are in fact
(m+ 1)-connected. �
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s

x

x and x′ are 0-equivalent

s

x

f2

e3

e2

e1

x′ x′

Lk(K, s) is connected

w
w′

Now let t and t′ be any two n-simplices of K. By hypothesis K is connected.
Together with (a) this implies easily that there exists a sequence of n-simplices
t = u0, u1, . . . , uk = t′ such that any two consecutive n-simplices share at least
one vertex. By the claim any two consecutive n-simplices are equivalent. Hence
t and t′ are equivalent.

(2) Let K be a closed n-dimensional pseudomanifold. It follows from the discussion
on page 2141 that the suspension Σ(K) = K ∗ {±1} is a closed (n+ 1)-dimensional
pseudomanifold. By the discussion on page 2018 we know that Lk(Σ(K), {−1}) = K.

Thus if H̃
simp

i (K) 6= 0 for two di�erent dimensions, e.g. if K = S1×S1 is the simplicial
torus, then Σ(K) is not a simplicial homology manifold.

(3) Let K be a closed n-dimensional PL-manifold and let s be a k-simplex. We see that

H̃
simp

i (Lk(K, s)) ∼= H̃i(|Lk(K, s)|) ∼= H̃i(S
n−k−1) ∼=

{
Z, if i = n− k − 1,
0, else.↑ ↑

by the Simplicial-Singular Homology since Lk(K, s) is a PL (n− k − 1)-sphere we know
Isomorphism Theorem 95.23 that |Lk(K, s)| is homeomorphic to ∂∆n−k in particular

|Lk(K, s)| is homeomorphic to Sn−k−1

(4) By Proposition 98.11 we know that there exists a closed orientable 3-dimensional
smooth manifold Y that is a homology 3-sphere, but such that π1(Y ) is a non-
trivial group. By the Smooth Manifold-Simplicial Structure Theorem 96.2 and The-
orem 96.15 we can equip Y with a PL-structure (K,Θ: |K| → Y ). We consider the
suspension Σ(K) = K ∗{±1}. We want to show that Σ(K) is a closed 4-dimensional
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simplicial homology manifold but that it is not a PL-manifold. It turns out that the
simplices of Σ(K) = K ∗ {±1} come in the following three �avors:
(a) Any k-simplex s of K is also a k-simplex of Σ(K). We have, almost by de�nition,

that Lk(Σ(K), s) = Σ(Lk(K, s)). It follows from this observation, together with
(1) and the Join-Homology Lemma 95.13 (2) that Lk(Σ(K), s) is a simplicial
homology (3− k)-sphere.

(b) Given a k-simplex s of K we obtain the (k + 1)-simplices s ∪ {−1} and s ∪ {1}
of Σ(K). Note that it follows almost immediately from the various de�nitions
that Lk(Σ(K), s ∪ {−1}) = Lk(K, s) = Lk(Σ(K), s ∪ {1}). Thus we obtain from
(1) that Lk(Σ(K), s∪{−1}) and Lk(Σ(K), s∪{1}) are both simplicial homology
(3− (k + 1))-spheres.

(c) Finally we need to consider the 0-simplices ±1 of Σ(K) = K ∗ {±1}. As we
discussed on page 2018, we have Lk(Σ(K), {±1}) = K. Since K is a homology
3-sphere we see that Lk(Σ(K), {±1}) = K are simplicial homology 3-spheres.
But since π1(|K|) = π1(Y ) is by construction a non-trivial group we see that
|Lk(Σ(K), {±1})| = |K| are not homeomorphic to the 3-sphere, let alone are
Lk(Σ(K), {±1}) PL 3-spheres or PL-balls.

Thus we see that Σ(K) is a 4-dimensional simplicial homology manifold, but Σ(K)
is not a PL-manifold. �
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K is a simplicial torus

Σ(K) is a simplicial

homology manifold

but not a PL-manifold

K is a 3-dimensional

simplicial homology

sphere with π1(|K|) 6= {e}

Σ(K) is a

pseudomanifold

but not a simplicial

homology manifold −1 −1

+1+1

We conclude this section with the following lemma.

Lemma 103.3. Let K be an abstract simplicial complex. If |K| is an n-dimensional
topological manifold with ∂(|K|) = ∅, then K is an n-dimensional simplicial homology
manifold.

Proof. Let s be a k-simplex of K. We need to show that Lk(K, s) is a simplicial homology
(n− k− 1)-sphere. We pick a point P in the corresponding open simplex 〈s〉. We perform
the following calculation:

H̃
simp

i (Lk(K, s)) ∼= H̃i+k+1(|K|, |K| \ {P}) ∼=
{

Z, if i+ k + 1 = n,
0, else.↑ ↑

by Proposition 98.2 by the Manifold-Local Homology Lemma 75.1, since |K|
is an n-dimensional topological manifold with ∂(|K|) = ∅

As a parenthetical remark we point out that alternatively we could have proved the lemma
using Lemma 103.1 instead of using Proposition 98.2. �

103.2. The statement of the Simplicial Poincaré Duality Theorem. Let K be a
closed connected n-dimensional simplicial homology manifold. By Proposition 103.2 (1)
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we know that K is in particular a closed n-dimensional pseudomanifold. In particular it
makes sense to talk of orientations of K. We recall the notion of a fundamental class.
(1) If K is oriented, then by the de�nition on page 2143 we have a fundamental class

[K] ∈ Hsimp
n (K). In the following, given a commutative ring R we denote by [K] also

the image of [K] under the natural map Hsimp
n (K)

[σ] 7→ [σ ⊗ 1R]−−−−−−−−→Hsimp
n (K;R).

(2) Regardless of whether or not K is orientable we de�ned on page 2143 the F2-
fundamental class [K]F2 ∈ Hsimp

n (K;F2).
The following theorem is the main theorem on simplicial (co-) homology groups of simplicial
homology manifolds.

Theorem 103.4. (Simplicial Poincaré Duality Theorem) Let K be a closed n-di-
mensional simplicial homology manifold and let k ∈ N0. If K is orientable, then for every
choice of orientation and every commutative ring R the map

Hk
simp(K;R) → Hsimp

n−k (K;R)
ϕ 7→ ϕ X [K]

is an isomorphism. Regardless of whether or not K is orientable the map

Hk
simp(K;F2) → Hsimp

n−k (K;F2)
ϕ 7→ ϕ X [K]F2

is an isomorphism.

Remark. One might think or hope that the Simplicial Poincaré Duality Theorem 103.4
also holds for closed (orientable) pseudomanifolds, but as we will see in Exercise 103.1 this
is not the case. Nonetheless, it turns out that on pseudomanifolds one can introduce more
re�ned (co-) homology groups, namely intersection homology, that do satisfy an analogue
of the Poincaré Duality Theorem. We refer to [Ban2007] for details.

The proof of the Simplicial Poincaré Duality Theorem 103.4 is evidently non-trivial and
somewhat lengthy. Thus we will �rst draw several interesting conclusions before we head
to the proof.

Example. Let K be a closed orientable n-dimensional simplicial homology manifold. Let
us see what the Simplicial Poincaré Duality Theorem 103.4 tells us for k = 1. We have the
following isomorphisms:

Hsimp
n−1 (K) ∼= H1

simp(K;Z) ∼= Hom(Hsimp
1 (K),Z)⊕ Ext(

free abelian group by Exercise 95.3︷ ︸︸ ︷
Hsimp

0 (K),Z)
↑ ↑

Poincaré Duality Theorem 103.4 Universal Coe�cient Theorem 99.8

∼= Hom(Hsimp
1 (K),Z) ∼= Hom(Zk ⊕ T,Z) ∼= Zk.

↑ ↑
Ext-Calculation Lemma 110.5 (3)by Lemma 95.9 (1) we know that the group the group Hsimp

1 (K) is �nitely
generated, hence it is isomorphic to Zk⊕T for some k∈N and some �nite group T

We have thus shown that Hsimp
n−1 (K) is a free abelian group. In the more general setting of

closed orientable pseudomanifolds we had obtained the same result in Theorem 98.4, but
using a rather di�erent argument.

Our richest source of simplicial homology manifolds are smooth manifolds. We obtain the
following corollary to the Simplicial Poincaré Duality Theorem 103.4.
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Theorem 103.5. (Poincaré Duality Theorem) Let M be a closed n-dimensional
smooth manifold and let k ∈ N0. If M is orientable, then for every choice of orienta-
tion and every commutative ring R the map

Hk(M ;R) → Hn−k(M ;R)
ϕ 7→ ϕ X [M ]

is an isomorphism. Regardless of whether or not M is orientable the map

Hk(M ;F2) → Hn−k(M ;F2)
ϕ 7→ ϕ X [M ]F2

is an isomorphism.

Proof. One can show easily (see e.g. the elementary future the Cup-Cap Disjoint Union
Lemma 116.9) that we can assume thatM is actually connected. Recall that by the Smooth
Manifold-Simplicial Structure Theorem 96.2 we know that M admits a smooth simplicial
structure (K = (V, S), f : |K| → M). Without loss of generality we can assume that
|K| = M . We denote by Ξ∗ : H

simp
k (K;R) → Hk(M ;R) and Ξ∗ : Hk(M ;R) → Hsimp

k (K;R)
the natural isomorphisms provided by Proposition 99.1 (1) and 99.6 (3). By Lemma 103.3
we know that K is a closed n-dimensional simplicial homology manifold.

Let us �rst deal with the case that M is equipped with a natural orientation. By
Proposition 98.7 we know that the simplicial homology manifold K inherits an orientation.
Next we consider the following diagram:

Hk
simp(K;R)

X[K]

∼=
// Hsimp

n−k (K;R)

Ξ∗∼=
��

Hk(M ;R)

Ξ∗ ∼=
OO

X[M ]
// Hsimp

n−k (M ;R).

We make the following observations:
(1) By Algorithm 100.2 we know that Ξ∗([K]) = [M ].
(2) It follows from (1) and Proposition 99.17 (3) that the diagram commutes.
(3) The top horizontal map is an isomorphism by the Simplicial Poincaré Duality The-

orem 103.4.
Since the vertical maps are isomorphisms we obtain from the above that the bottom hori-
zontal map is, as promised, an isomorphism.

The proof for the statement regarding F2-coe�cients is almost identical. We leave it to
the reader to make the necessary straightforward modi�cations to the above argument. �

There are many applications of the Poincaré Duality Theorem 103.5. In the following we
will state two results. Since we have a predilection for smooth manifolds we state them
in the context of smooth manifolds, but the statements also hold in the admittedly more
general setting of simplicial homology manifolds.

Theorem 119.6. (Co-Homology Symmetry Theorem) Let M be a closed n-dimen-
sional smooth manifold and let k ∈ N0.
(1) We have dimF2(Hk(M ;F2)) = dimF2(Hn−k(M ;F2)).
(2) IfM is orientable, then for any �eld F we have dimF(Hk(M ;F)) = dimF(Hn−k(M ;F)).
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Proposition 119.7. The Euler characteristic of any closed odd-dimensional smooth man-
ifold is zero.
As the reader will have noticed, the numbers of these results correspond to Chapter 119.
In fact, in Chapter 119 we will prove a more general Poincaré Duality Theorem 119.1
that applies also to topological manifolds, possibly with boundary. In Section 119.2 we
discuss many consequences of the Poincaré Duality Theorem 119.1. For closed smooth
manifolds all statements in Section 119.2 can also be deduced from the above Poincaré
Duality Theorem 103.5. In particular this way we obtain the above results. To avoid
repetition, and for the sake of brevity, we do not spell out the proofs twice.
There are many other applications of the Poincaré Duality Theorem 103.5. Arguably one
of the most interesting applications is that the Poincaré Duality Theorem 103.5 allows us
to compute the cup product of the real and complex projective spaces. This will be done
in Chapter 121.

Remark. The Poincaré Duality Theorem 103.5 has two signi�cant limitations and one
aesthetic issue.

(1) The theorem only deals with closed smooth manifolds. In fact the approach taken in
the proof of Poincaré Duality Theorem 103.4 can be generalized, with some e�ort, to
deal with compact (oriented) smooth manifolds with boundary. We refer to [SZ1994,
Satz 14.8.8] for details.

(2) The Poincaré Duality Theorem 103.5 applies only to smooth manifolds. There is
though some room for improvement. More precisely, the Simplicial Poincaré Duality
Theorem 103.4 together with Lemma 103.3 shows that we have Poincaré Duality for
any closed oriented topological manifold that admits a simplicial structure. But by
Manolescu's Theorem 104.35 we know that for every n ≥ 5 there exists a closed
orientable n-dimensional topological manifold that does not admit a simplicial struc-
ture. Thus the Poincaré Duality Theorem 103.4 does not imply that Poincaré Duality
holds for all closed topological manifolds.

(3) Even for smooth manifolds the proof of the Poincaré Duality Theorem 103.5 is aes-
thetically problematic since it makes use of the somewhat arti�cial choice of a sim-
plicial structure.

All three issues will be addressed by the Poincaré Duality Theorem 119.1 that we will state
and prove in Chapter 119. Nonetheless, the (proof) of the Poincaré Duality Theorems 103.4
and 103.5 also have two advantages over the Poincaré Duality Theorem 119.1:

(1) The proofs in this chapter are much more visual, whereas the proof of the Poincaré
Duality Theorem 119.1 is rather formal and it is di�cult to get an intuition for �why�
and �how� it works.

(2) More importantly, much later in Chapter ?? we will introduce a new invariant, namely
Reidemeister torsion. The intermediate results in our proof of Poincaré Duality
Theorem 103.4 will show that Reidemeister torsion of closed smooth manifolds is
symmetric.

103.3. The barycentric subdivision. The proof of the Simplicial Poincaré Duality The-
orem 103.4 relies on a clever use of the barycentric subdivision of the simplicial homology
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manifold. In this section we will recall the main de�nitions and statements on barycentric
subdivisions which we will need later on in this chapter.
We recall the following de�nitions from pages 2014 and 2072.

De�nition. Let K = (V, S) be an abstract simplicial complex.
(1) For each k-simplex s = {v0, . . . , vk} ∈ S we de�ne the barycenter of s to be the

point
s :=

∑
v∈s

1
dim(s)+1 · v = 1

k+1 · v0 + · · ·+ 1
k+1 · vk ∈ R(V ).

(2) The barycentric subdivision of K is de�ned to be the following abstract simplicial
complex:

sd(K) =
(
{s}s∈S, {{s0, . . . , sk} | s0 Ĺ · · · Ĺ sk}

)
.

(3) Given an ordered k-simplex (v0, . . . , vk) of K we consider the following ordered k-
simplex of sd(K):

F (v0, . . . , vk) :=
(
{v0}, {v0, v1}, . . . , {v0, . . . , vk}

)
.

(4) Given an ordered k-simplex s = (v0, . . . , vk) of K we set

uk(s) :=
∑

σ∈Bij{0,...,k}
(−1)sign(σ) · [F (vσ(0), . . . , vσ(k))] ∈ Csimp

k (sd(K)).

We refer to the resulting map

uk : Csimp
k (K) → Csimp

k (sd(K))
[s] 7→ uk(s)

as the simplicial subdivision map. By the Chain Subdivision Lemma 95.41 (1) we
know that these subdivision maps are actually well-de�ned and that they form a
chain map.

���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

���
���
���

���
���
���

��
��
��

��
��
��

���
���
���
���

���
���
���

���
���
���
��
��
��
��

��
��
��
��

���
���
���
���

���
���
���

���
���
���

���
���
���
���

��
��
��

��
��
��

K

v0

v2

v1

un

F (v2, v0, v1) F (v2, v1, v0)

F (v1, v2, v0)

F (v0, v2, v1)

F (v1, v0, v2)F (v0, v1, v2)

+
−

+ −
+

−

Remark. Let K = (V, S) be an abstract simplicial complex. Note that it follows easily
from the de�nitions that given any n-simplex t of sd(K) there exists a unique ordered
n-simplex (v0, . . . , vn) of K with bF (v0, . . . , vn)c = t.

The following lemma shows that subdivision maps induce isomorphisms on simplicial (co-)
homology groups.

Lemma 95.38. Let (K,≤) be an ordered abstract simplicial complex.
(1) There exists a unique simplicial map σ : sd(K) → K, called the stretching map,

with the following property: given an n-simplex s = {v0 < · · · < vn} of K the map
σ sends the corresponding vertex s of sd(K) to the vertex vn of K.

The following lemma is an excerpt of the Chain Subdivision Lemma 95.41 together with a
little dose of the Dual Cochain Map Lemma 108.8 (4).
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sd(K)
(K,≤)(K,≤)

3

2

1

0
stretching 0

1

2

3

map σ

Lemma 95.41. Let K be an abstract simplicial complex. We pick an order on K and
we consider the corresponding stretching map σ : sd(K)→ K.
(5) For every choice of some k ∈ N0 and of some abelian group G the two induced

maps u∗ : H
simp
k (K;G) → Hsimp

k (sd(K);G) and u∗ : Hk
simp(sd(K);G) → Hk

simp(K;G)
are isomorphisms and the inverses are given by σ∗ and σ∗.

Next we turn to barycentric subdivisions of pseudomanifolds. At this point it is convenient
to introduce the following de�nition.

De�nition. Let K = (V, S) be a closed oriented n-dimensional pseudomanifold. Given
an ordered n-simplex t of K we write

sign(t) :=

{
+1, if the oriented n-simplex [(+1, t)] corresponds to the orientation,
−1, otherwise.

The following lemma contains everything anybody ever wanted to know about barycentric
subdivisions of closed pseudomanifolds.

Lemma 103.6. Let K = (V, S) be a closed n-dimensional pseudomanifold.
(1) The barycentric subdivision sd(K) is a closed n-dimensional pseudomanifold.
(2) Suppose that K is equipped with an orientation. Let t be an n-simplex of sd(K). As

we pointed out on page 2269, there exists a unique ordered n-simplex (v0, . . . , vn) of
K with bF (v0, . . . , vn)c = t. We equip the n-simplex t of sd(K) with the orientation
given by (sign(t), F (v0, . . . , vn)).
(a) The above orientations of the n-simplices de�ne an orientation for sd(K).
(b) We have u∗([K]) = [sd(K)] ∈ Hsimp

n (sd(K)).
(3) If K is oriented, then given any k ∈ N0 and given any commutative ring R the

following diagram commutes:

Hk
simp(K;R)

X[K]
// Hsimp

n−k (K;R)

u∗∼=
��

Hk
simp(sd(K);R)

u∗ ∼=

OO

X[sd(K)]
// Hsimp

n−k (sd(K);R).

The analogues of (2) and (3) hold for arbitrary closed n-dimensional pseudomanifolds if we
work with F2-coe�cients and the simplicial F2-fundamental classes [K]F2 and [sd(K)]F2 .

Sketch of proof. Statements (1) and (2a) follow almost immediately from the de�nitions,
the proof is outsourced to Exercise 98.5. Furthermore Statement (2b) can be deduced
easily from the de�nition of the fundamental class on page 2143 and the de�nition of the
subdivision map un : Csimp

n (K) → Csimp
n (sd(K)). We leave it to the reader to �ll in the

details.
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Next we turn to the proof of (3). We pick an order �≤� on K and we denote by
σ : sd(K) → K the corresponding stretching map. Note that by the above the Chain
Subdivision Lemma 95.41 (5) we know that u∗ = σ−1

∗ and u∗ = (σ∗)−1. It follows that it
su�ces to show that the following diagram commutes:

Hk
simp(K;R)

X[K]
//

σ∗ ∼=
��

Hsimp
n−k (K;R)

Hk
simp(sd(K);R)

X[sd(K)]
// Hsimp

n−k (sd(K);R).

σ∗∼=

OO

Now let ϕ ∈ Hk
simp(K;R). We see that we have the following equalities:

σ∗(σ
∗(ϕ) X [sd(K)]) = ϕ X σ∗([sd(K)]) = ϕ X [K].

↑ ↑
by Lemma 99.20, here we use by (2b)

that σ : sd(K)→K is a simplicial map

Finally we leave it to the reader to verify that the F2-analogues also hold. �

103.4. The dual chain complex I. In this section, given a pseudomanifold K, we will
introduce the dual chain complex Dsimp

∗ (K). This is the main new concept needed for the
proof of the Simplicial Poincaré Duality Theorem 103.4.

De�nition. Let K = (V, S), let s ∈ S be a k-simplex and let v1, . . . , vl ∈ V such that
s ∪ {v1, . . . , vl} is a (k + l)-simplex of K. We set

G(s | v1, . . . , vl) =

ordered l-simplex of sd(K)︷ ︸︸ ︷(
s, s ∪ {v1}, . . . , s ∪ {v1, . . . , vl}

)
.
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� G(s | v, w)

G(s |w, v)1-simplex s

0-simplex s
v

w

G(s | v)
G(s |w)

v

w

Remark. Note that for an ordered k-simplex s = (v0, . . . , vk) of K we have by de�nition
G({v0} | v1, . . . , vk) = F (v0, . . . , vk).

De�nition. Let K = (V, S) be a closed oriented n-dimensional pseudomanifold.
(1) Let s = (v0, . . . , vk) be an ordered k-simplex of K. We de�ne the dual chain of s to

be the following simplicial chain in Csimp
n−k (sd(K)):

s† :=
∑

(vk+1, . . . , vn)∈V n-k such that
{v0, . . . , vk, vk+1, . . . , vn}∈Sn

sign((v0, . . . , vk, vk+1, . . . , vn)) · [ G(s | vk+1, . . . , vn)︸ ︷︷ ︸
ordered (n-k)-simplex of sd(K)

].

(2) We de�ne
Dsimp
n−k (K) =

subgroup of Csimp
n−k (sd(K)) generated by the s†,

where s runs over all k-simplices of K.
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part of the pseudomanifold K

=⇒

barycentric subdivision of K

=⇒

1-simplex t0-simplex s

the dual chain s† the dual chain t†

Lemma 103.7. Let K = (V, S) be a closed oriented n-dimensional pseudomanifold and
let k ∈ N0.
(1) Given two ordered k-simplices s and s̃ with [s] = [s̃] ∈ Csimp

k (K) we have s† = s̃†.
(2) Let �≤� be an order on K = (V, S). The dual chains

{s† | s = (v0, . . . , vk) an ordered k-simplex of K with v0 < · · · < vk}
form a basis for Dsimp

n−k (K).

Proof. The �rst statement of the lemma follows easily from the de�nitions. Thus let us
turn to the proof of the second statement. We pick an order �≤� on K = (V, S). We set

Y := {(v0, . . . , vk) ∈ V k+1 | {v0, . . . , vk} ∈ Sk and v0 < · · · < vk}.
Recall that by the Manifold-Simplex Proposition 98.1 we know that in a closed n-dimensional
pseudomanifold any simplex is the face of an n-simplex. It follows that given any y =
(v0, . . . , vk) ∈ Y we can pick an ordered (n− k)-simplex ỹ = (w0, . . . , wn−k) of K such that
vk = w0, such that {v0, . . . , vk = w0, . . . , wn−k} ∈ Sn and such that w1 < · · · < wn−k. We
make the following observation:
(∗) It follows easily from the de�nition of an order that for y1 6= y2 ∈ Y we have ỹ1 6= ỹ2.

Now we consider the following maps:⊕
y∈Y

Z · y y 7→y†
//

y

7→

ỹ
��

Dsimp
n−k (K) �

� ι // Csimp
n−k (sd(K))

Φ−1

��⊕
{ỹ | y∈Y }

Z · ỹ
⊕

(w0, . . . , wn−k)
ordered

(n-k)-simplex of K

Z · (w0, . . . , wn−k)
projection

p
oooo

Φ

F (w0, . . . , wn−k)

7→

(w0, . . . , wn−k)

OO

We make the following observations:
(a) The right vertical map is an isomorphism. This follows from the observation, which

we basically already mentioned on page 2269, that given any ordered (n−k)-simplex
(s0, . . . , sn−k) of sd(K) with s0 Ĺ s1 Ĺ · · · Ĺ sn−k there exists a unique ordered
n-simplex (w0, . . . , wn−k) of K with F (w0, . . . , wn−k) = (s0, . . . , sn−k).

(b) It follows immediately from the de�nitions of the various maps that the diagram
commutes.
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Now we turn to the actual proof of the second statement of the lemma. First note that it
follows from (1) that {y†}y∈Y form a generating set for Dsimp

n−k (K). Secondly note that it
follows from (a) and (b) that the map p ◦Φ−1 ◦ ι : Dsimp

n−k (K)→
⊕

{ỹ | y∈Y }
Z · ỹ sends y† to ỹ. It

follows from (∗) that the {y†}y∈Y are linearly independent. Thus we have shown that the
given dual chains {y†}y∈Y are a basis for Dsimp

n−k (K). �

To fully appreciate our next lemma it is worth recalling the following lemma.

Lemma 99.4. Let K = (V, S) be an abstract simplicial complex. Given any ordered
k-simplex s = (v0, . . . , vk) we have the following equality:

δk([v0, . . . , vk]
∗) = (−1)k+1 ·

∑
w ∈ V such that
{v0, . . . , vk, w} is
a (k + 1)-simplex

[v0, . . . , vk, w]∗ ∈ Ck+1
simp(K;Z).

Now we can state the promised lemma. Its statement perfectly matches the statement of
Lemma 99.4.
Lemma 103.8. Let K = (V, S) be an abstract simplicial complex that is an orientable
n-dimensional pseudomanifold.
(1) Given any ordered k-simplex s = (v0, . . . , vk) we have the following equality:

∂n−k([v0, . . . , vk]
†︸ ︷︷ ︸

∈Csimp
n−k (sd(K))

) =
∑

w∈V such that
{v0, . . . , vk, w}∈Sk+1

[v0, . . . , vk, w]† ∈ Csimp
n−k−1(sd(K)).

(2) The groups Dsimp
∗ (K) form a subcomplex of Csimp

∗ (sd(K)).
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∂t†

∂s†

1-simplex t0-simplex s

the dual chain t†the dual chain s†

Proof. The second statement is an immediate consequence of the �rst statement. Thus
we just need to prove the �rst statement. We start out with the following elementary
observation.
Observation. Let s = (v0, ..., vk) be some ordered k-simplex of K and furthermore let
(vk+1, . . . , vn) ∈ V n−k such that s∪{vk+1, . . . , vn} = {v0, . . . , vk, vk+1, . . . , vn} ∈ Sn. Given
any i ∈ {1, . . . , n− k − 1} we have by de�nition

G(s | vk+1, .., vn) with
i-th vertex removed = (s, .., s∪{vk+1, .., vk+i−1}, s∪{vk+1, .., vk+i+1}, .., s∪{vk+1, .., vn}).

Furthermore it follows immediately from the de�nitions that we have

G(s | vk+1, .., vn) with 0-th vertex removed = G(s∪{vk+1} | vk+2, . . . , vn)
G(s | vk+1, .., vn) with (n− k)-th vertex removed = G(s | vk+1, vk+2, . . . , vn−1).
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Now we turn to the actual proof of the �rst statement. Thus let s = (v0, . . . , vk) be an
ordered k-simplex of K. We see that

de�nition of s† and de�nition of the simplicial boundary map
↓

∂s† =
∑

(vk+1, . . . , vn)∈V n-k such that
{v0, . . . , vk, vk+1, . . . , vn}∈Sn

n−k∑
i=0

(−1)i ·sign(v0, . . . , vn)·
[
G(s | vk+1, . . . , vn) with

i-th vertex removed

]

=
∑

(vk+1, . . . , vn)∈V n-k such that
{v0, . . . , vk, vk+1, . . . , vn}∈Sn

∑
i=0 or i=n-k

(−1)i ·sign(v0, . . . , vn)·
[
G(s | vk+1, . . . , vn) with

i-th vertex removed

]x
given a �xed (vk+1, . . . , vn) ∈ V n−k with {v0, . . . , vk, vk+1, . . . , vn} ∈ Sn and given i ∈ {1, . . . , n− k − 1}
it follows almost immediately from the above observation that the contributions
by ((vk+1, . . . , vk+i, vk+i+1, . . . , vn), i) and ((vk+1, . . . , vk+i+1, vk+i, . . . , vn), i+ 1) cancel,
in other words, for i = 1, . . . , n− k − 1 all terms cancel

=
∑

(vk+1, . . . , vn)∈V n-k such that
{v0, . . . , vk, vk+1, . . . , vn}∈Sn

sign(v0, . . . , vn)·
[
G(s | vk+1, . . . , vn) with

0-th vertex removed

]x
by de�nition of a closed pseudomanifold every (n− 1)-simplex has order 2, since the pseudomanifold is
oriented we obtain from the above observation that all contributions for i = n− k cancel

=
∑

vk+1∈V such that
{v0, . . , vk, vk+1}∈Sk+1

∑
(vk+2, . . , vn)∈V n-k-1 such that
{v0, . . , vk, vk+1, vk+2, . . , vn}∈Sn

sign(v0, .., vn)·[G(s∪{vk+1}|vk+2, .., vn)]x
follows from fact that any subset of a simplex is again a simplex,
we also use the above observation to rewrite the summand

=
∑

w∈V such that
{v0, . . . , vk, w}∈Sk+1

[v0, . . . , vk, w]†.
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v1 v0

Using 103.8 we can now easily prove the following proposition which is one of the key steps
in the proof of the Simplicial Poincaré Duality Theorem 103.4.

Proposition 103.9. Let K = (V, S) be a closed oriented n-dimensional pseudomanifold.
(1) For each k ∈ N0 the map

Λ: Hom(Csimp
k (K),Z) → Dsimp

n−k (K)
m∑
i=1
ai · s∗i 7→

m∑
i=1
ai · s†i

↑
here si is a k-simplex of K and we de�ne s∗i : Cksimp(K)→ Z as on page 2174

is a natural isomorphism of abelian groups.
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(2) For each k ∈ N0 the following diagram commutes:

Hom(Csimp
k (K),Z)

(−1)k·δk=(−1)k·∂∗k+1

��

Λ

s∗ 7→s† // Dsimp
n−k (K)

∂n−k
��

Hom(Ck+1
simp(K),Z)

Λ

s∗ 7→s† // Dsimp
n−k−1(K).

(3) The maps
Λ∗ : Hk

simp(K;Z) → Hn−k(Dsimp
∗ (K))[ m∑

i=1
ai · s∗i

]
7→

[ m∑
i=1
ai · s†i

]
are well-de�ned and they are natural isomorphisms.

Proof.

(1) First note that K is by de�nition a �nite abstract simplicial complex. Thus it follows
immediately from Lemma 99.2 and Lemma 103.7 (2) that the maps Λ are isomor-
phisms. Basically by de�nition the maps Λ are natural.

(2) Let k ∈ N0 and let s = (v0, . . . , vk) be an ordered k-simplex of K. We calculate that

Lemma 103.8 Lemma 99.4
↓ ↓

∂n−k(Λ(s)) = ∂n−k([v0, .., vk]
†) =

∑
w∈V such that

{v0, . . , vk, w}∈Sk+1

[v0, ..., vk, w]† = (−1)k ·Λ(δk([v0, .., vk]
∗).

(3) In (2) we showed that the maps Λ are cochain maps �up to sign�, i.e. they are
generalized cochain maps in the sense of the discussion on page 2398. As we pointed
out on page 2398, this sign issue is completely irrelevant and we still get a well-de�ned
map on cohomology groups. Furthermore, by (1) we know that the maps on each
cochain level are isomorphisms, thus we get in fact an isomorphism of cohomology
groups. �

It is a good moment to keep stock of where we are in the proof of the Simplicial Poincaré
Duality Theorem 103.4. Let K be a closed oriented n-dimensional simplicial homology
manifold and let k ∈ N0. Let us consider the following diagram:

Hk
simp(K;Z)

X[K]
//

[Σais
∗
i ]7→

[Σais
†
i ]

∼=

��

Hsimp
n−k (K;Z)

u∗∼=

��

u∗
∼=uu

Hk
simp(sd(K);Z)

X[sd(K)]
//

u∗

∼=

ii

Hsimp
n−k (sd(K);Z)

id

))

Hn−k(Dsimp
∗ (K))

induced by the inclusions Dsimp
i (K)→ Csimp

i (sd(K))
// Hsimp

n−k (sd(K);Z).

Our main goal is to show that the top horizontal map is an isomorphism. By now we
already know the following:
(1) By Proposition 103.9 we now know that the left vertical map is an isomorphism.
(2) By the Chain Subdivision Lemma 95.41 we know that the subdivision maps u∗ and

u∗ are isomorphisms.
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(3) By Lemma 103.6 (3) we know that the upper quadrilateral commutes.
Thus to prove the core of the Simplicial Poincaré Duality Theorem 103.4 it remains to
carry out the following steps:
(4) We need to show that the lower left part of the diagram commutes.
(5) We need to show that the bottom horizontal map is an isomorphism.

As we will see in a second, Step (4) follows from a fairly straightforward calculation. Step
(5) is much more di�cult and we postpone Step (5) to the next section. Note though
that Step (5) is particularly interesting since so far we have only used that K is a closed
n-dimensional pseudomanifold. We did not yet use the hypothesis that we are dealing with
a simplicial homology manifold.
As promised, here is the lemma that takes care of Step (4).

Lemma 103.10. Given any closed oriented n-dimensional pseudomanifoldK the following
diagram commutes:

Hk
simp(K;Z)

[Σais
∗
i ]7→

[Σais
†
i ]

∼=

��

Hk
simp(sd(K);Z)

u∗

∼=
oo

X[sd(K)]

��

Hn−k(Dsimp
∗ (K)) // Hsimp

n−k (sd(K);Z).

Proof. Let K = (V, S) be a closed oriented n-dimensional pseudomanifold. Given two
k-simplices s and t of K we write s ≤ t if s Ă t. As we pointed out in Lemma 94.2, this
order on the vertex set of sd(K) turns sd(K) naturally into an ordered abstract simplicial
complex. In the following we use the natural isomorphisms Csimp,≤

k (sd(K))→ Csimp
k (sd(K))

and Cksimp(sd(K);Z) → Cksimp,≤(sd(K);Z) to identify these two (co-) chain complexes and
throughout the proof we will work with Csimp

k (sd(K)) and Cksimp(sd(K)).
We set

µ :=
∑

(u0, . . . , un) ordered
n-simplex of K

sign(u0, . . . , un) · [{u0}, {u0, u1}, . . . , {u0, . . . , un}] ∈ Csimp
n (sd(K)).

It follows immediately from Lemma 103.6 and Theorem 98.4 that µ is a simplicial cycle
that represents the simplicial fundamental class [sd(K)] ∈ Hsimp

n (sd(K)).
Next we pick an order �≤� on K and we denote by σ : sd(K) → K the corresponding

stretching map, as de�ned on page 2269. Recall that by the Chain Subdivision Lemma 95.41
we know that σ∗ : Hk

simp(K;Z) → Hk
simp(sd(K);Z) and u∗ : Hk

simp(sd(K);Z) → Hk
simp(K;Z)

are inverses of one another. Thus it remains to prove the following claim.1252

1252Here, as on many other occasions we will use the remark on page 2046 to make the identi�cation
Csimp
∗ (sd(K)) = Csimp

∗ (sd(K);Z).
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Claim. The following diagram commutes:1253

Cksimp(K;Z)

Σais
∗
i7→

Σais
†
i

∼=

��

σ∗ // Cksimp(sd(K);Z)

Xµ

��

Dsimp
n−k (K) �

�
// Csimp

n−k (sd(K)).

Proof. The veri�cation of the claim consists of a careful, but at the end of the day elemen-
tary, calculation. Note that by Lemma 99.2 (2) it su�ces to show that for every ordered
k-simplex s = (v0, . . . , vk) of K with v0 < · · · < vk we have the following equality:

σ∗(s∗) X µ = s† ∈ Csimp
n−k (sd(K)).

To verify this equality it is helpful to �rst do one speci�c calculation separately. Namely
let (z0, . . . , zk) be some other ordered k-simplex of S. We perform the following little
calculation: de�nition of σ∗

↓
σ∗(s∗)([{z0}, . . . , {z0, . . . , zk}]) = s∗(σ∗([{z0}, ..., {z0, ..., zk}]))

=

{
(v0, ..., vk)

∗(z0, ..., zk), if z0< ... <zk,
0, otherwise =

{
1, if (v0, ..., vk) = (z0, ..., zk),
0, otherwise.x

by the de�nition of the stretching map we see that {σ({z0}), ..., σ({z0, ..., zk})} is a k-simplex
only if z0 < · · · < zk, furthermore if z0 < · · · < zk, then σ({z0}, ..., {z0, ..., zk})) = (z0, . . . , zk)

Now we can verify that σ∗(s∗) X µ = s†. Indeed:

σ∗(s∗) X µ = σ∗(s∗) X

( ∑
(z0, . . , zn) ordered
n-simplex of K

sign(z0, .., zn)·[{z0}, {z0, z1}, .., {z0, .., zn}]
)

↑
de�nition of µ

by de�nition of the cap product, here we use that {z0} < {z0, z1} < ... < {z0, .., zn}
↓
=

∑
(z0, . . , zn) ordered
n-simplex of K

sign(z0, .., zn)·σ∗(s∗)([{z0}, .., {z0, .., zk}])·[{z0, .., zk+1}, .., {z0, .., zn}]︸ ︷︷ ︸
=G({z0, . . ,zk} | zk+1, . . ,zn)

=
∑

(z0, . . , zn) ordered
n-simplex of K with

(z0, . . , zk) = (v0, . . , vk)

sign(z0, .., zn)·G({v0, .., vk}︸ ︷︷ ︸
=s

| zk+1, .., zn) = s†.x x
by the above calculation

by de�nition of s†, see page 2271
�

103.5. The dual chain complex II. As mentioned in the last section, the following
proposition is the last major puzzle-piece in the proof of the Simplicial Poincaré Duality
Theorem 103.4.
Proposition 103.11. Let K be a closed n-dimensional simplicial homology manifold.
(1) The inclusion map Dsimp

∗ (K)→ Csimp
∗ (sd(K)) is a chain homotopy equivalence.

1253It follows from Proposition 103.9 and the formula in the proof of Lemma 99.16 that the two vertical
maps are (co-) chain maps �up to the sign (−1)k�.
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(2) For every abelian group G the induced maps Hk(Dsimp
∗ (K)⊗G)→ Hsimp

k (sd(K);G)
are isomorphisms.

Remark.
(1) Note that in Proposition 103.11 we �nally work with simplicial homology manifolds

and not just with pseudomanifolds.
(2) Note that in Proposition 103.11 we do not demand that K is orientable.
(3) In Section 103.7 we will see that the dual chain complex Dsimp

∗ (K) can be viewed as
the cellular chain complex of a �dual CW-structure� on |K|. The proof of Propo-
sition 103.11 is in fact similar in spirit to the proof, given in the Singular-Cellular
H∗-Isomorphism Proposition 80.4 and the Singular-Cellular Chain Complex Proposi-
tion 81.12 (2), that the cellular chain complex of a CW-complex X is chain homotopy
equivalent to the singular chain complex of X.

De�nition. Let K = (V, S) be an n-dimensional abstract simplicial complex.
(1) Given k ∈ N0 we de�ne

Xk :=
all simplices of sd(K) of the form G(s | v1, . . . , vl)

where s is a simplex of S of dimension at least n− k
It follows immediately from the de�nitions that Xk can be viewed as a k-dimensional
subcomplex of sd(K) and that Xn = sd(K).

(2) Let k ∈ N0. Similar to the discussion on page 1769 we consider the map

dk : Hsimp
k (Xk, Xk−1) → Hsimp

k (Xk−1, Xk−2)
[σ] 7→ [∂k(σ)].
↑

where σ ∈ Csimp
k (Xk)
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The following lemma can be viewed as a partial analogue of the Skeleton-Homology Lemma 80.1.

Lemma 103.12. Let K = (V, S) be a closed n-dimensional simplicial homology manifold
and let k ∈ N0.
(1) For i 6= k we have Hsimp

i (Xk, Xk−1) = 0.
(2) The map Θ: Dsimp

k (K) → Hsimp
k (Xk, Xk−1)

σ 7→ [σ]

is well-de�ned, i.e. every chain σ ∈ Dsimp
k (K) does indeed represent a cycle in

Csimp
k (Xk, Xk−1). Furthermore the map Θ is an isomorphism.

(3) The maps Θ introduced in (2) de�ne an isomorphism of chain complexes

(Dsimp
k (K), ∂k) → (Hsimp

k (Xk, Xk−1), dk).

Proof. Let K = (V, S) be a closed n-dimensional simplicial homology manifold. Given
l ∈ N0 we denote by Sl the set of l-simplices of K. Given an (n− k)-simplex s ∈ Sn−k we
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de�ne the following:1254

Z(s) = { all simplices of sd(K) of the form G(t | v1, . . . , vl) with s Ă t} Ă Xk

∂Z(s) = { all simplices of sd(K) of the form G(t | v1, . . . , vl) with s Ĺ t} Ă Xk−1.
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s ∂Z(s)Z(s) s ∂Z(s)

Z(s)

Claim 1. Let s be an (n− k)-simplex of K. Given any l ∈ N we have

H̃
simp

l (Z(s)) = 0 and H̃
simp

l (∂Z(s)) ∼=
{

Z, if l = k − 1,
0, otherwise.

In particular ∂Z(s) is a simplicial homology (k − 1)-sphere.

Proof. Let s be an (n−k)-simplex of K. We start out with the following little observation:
(∗) Note that Z(s) and sd(∂s) are subcomplexes of St(sd(K), s) and that ∂Z(s) and

sd(∂s) are subcomplexes of Lk(sd(K), s). It is now elementary to verify that the
natural maps on the vertex sets induce simplicial isomorphisms

Z(s) ∗ sd(∂s)
∼=−−→ St(sd(K), s) and ∂Z(s) ∗ sd(∂s)

∼=−−→ Lk(sd(K), s).

We leave it to the reader to go over the details. It might be helpful to have a look at
the �gure on page 2279 to do a reality check.

Now let us turn to the actual calculation of the simplicial homology groups of Z(s) and
∂Z(s). Thus let l ∈ N0. We perform the following two calculations:

H̃
simp

l (Z(s)) = H̃
simp

l+n−k(Z(s) ∗ sd(∂s)) = H̃
simp

l+n−k(

=Cone(Lk(sd(K),s))︷ ︸︸ ︷
St(sd(K), s)) = 0.

↑ ↑ ↑
since s is an (n− k)-simplex we obtain by (∗) by the Link Star Lemma 94.5 together
from the Chain Subdivision Lemma 95.41 with the Cone Homology Lemma 95.11
that H̃

simp

n−k−1(sd(∂s)) ∼= Z and
that H̃

simp

i (sd(∂s)) = 0 for i 6= n− k − 1, the
statement now follows from Exercise 95.14 by (∗)

↓ ↓
H̃

simp

l (∂Z(s)) = H̃
simp

l+n−k(∂Z(s) ∗ sd(∂s)) = H̃
simp

l+n−k(Lk(sd(K), s)) ∼=
{
Z, if l+n−k=n−1,
0, otherwise.↑

by our hypothesis that K is an n-dimensional simplicial homology manifold together with
Lemma 103.1 we know that Lk(sd(K), s) is an (n− 1)-dimensional simplicial homology sphere �

Claim 2. Let k ∈ N0. The map⊕
s∈Sn−k

js :
⊕

s∈Sn−k
Csimp
∗ (Z(s), ∂Z(s)) → Csimp

∗ (Xk, Xk−1),

1254Note that it follows immediately from the de�nitions that Z(s) are precisely the simplices that appear
as summands in s† ∈ Csimp

k (K) and that ∂Z(s) are precisely the simplices that appear as summands in
∂s† ∈ Csimp

k−1 (K).
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induced by the inclusions, is an isomorphism of chain complexes.

Proof. Since each of the inclusion induced maps Csimp
∗ (Z(s), ∂Z(s)) → Csimp

∗ (Xk, Xk−1) is
a chain map we see that the given map is indeed a chain map. Thus it su�ces to show
that the map is an isomorphism in each degree. Now let l ∈ N0. We consider the following
diagram:

0 //

=:ϕ
����

=:ψ
���� ��

⊕
s∈Sn−k

Csimp
l (∂Z(s))

α //
⊕

s∈Sn−k
Csimp
l (Z(s)) //

⊕
s∈Sn−k

Csimp
l (Z(s), ∂Z(s)) // 0

0 // Csimp
l (Xk−1) // Csimp

l (Xk) //

p
��

Csimp
l (Xk, Xk−1) // 0.

⊕
s∈Sn−k

⊕
(v0,...,vl)

Z·G(s|v0, ..., vl)

We make the following clari�cations and observations:

(a) The horizontal sequences are evidently exact.
(b) The vertical maps between the �rst and second row are induced by the inclusions

∂Z(s)→ Xk−1 and Z(s)→ Xk.
(c) It is basically clear that the middle vertical map ψ is an epimorphism.
(d) Let G(t | v0, . . . , vl) be an l-simplex in Xk−1. By de�nition of Xk−1 this means that t

is a simplex of K of dimension ≥ n− (k − 1). For any (n− k)-simplex s with s Ă t
we have by de�nition that G(t | v0, . . . , vl) is a simplex of ∂Z(s). This shows that the
left vertical map ϕ is also an epimorphism.

(e) The vertical map p is the natural projection given by the fact that the bottom group
is generated by a subset of the set of l-simplices of Xk.

(f) It follows easily from the de�nitions that ker(p ◦ ψ) Ă im(α).
(g) It follows from (f) that ker(ψ) Ă im(α).

It now follows from (a), (b), (c) and (g) together with an elementary diagram chase, see
Exercise 74.12, that the right vertical map is indeed an isomorphism. �

Claim 3. For every ordered (n− k)-simplex s of K we have Z · [s†] = Hsimp
k (Z(s), ∂Z(s)).

Proof. Let s = (v0, . . . , vn−k) be an ordered (n− k)-simplex of K. By Proposition 103.2 we
know that K is a closed n-dimensional pseudomanifold. By de�nition this implies that s is
the face of an n-simplex. We pick vertices w1, . . . , wk ofK such that (v0, . . . , vn−k, w1, . . . , wk)
is an n-simplex of K. Next we consider the following diagram:

=0 by Claim 1︷ ︸︸ ︷
H̃

simp

k (Z(s)) // Hsimp
k (Z(s), ∂Z(s))

∂k

∼=
//

∼=Z by Claim 1︷ ︸︸ ︷
H̃

simp

k−1 (∂Z(s)) //
� _

ι
��

=0 by Claim 1︷ ︸︸ ︷
H̃

simp

k−1 (Z(s))

Z

n7→n·[s†] =:ϕ

OO

C̃
simp

k−1 (∂Z(s)).
projection p

oooo

We make the following clari�cations and observations:
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(a) It follows from Claim 1 that the connecting homomorphism ∂k on the top is an
isomorphism.

(b) Note that ∂Z(s) is a (k − 1)-dimensional simplicial complex. Therefore we have the

inclusion ι : H̃
simp

k−1 (∂Z(s))→ C̃
simp

k−1 (∂Z(s)).
(c) It follows immediately from the de�nitions that ∂s† lies in Csimp

k−1 (∂Z(s)). In particular
s† de�nes an element Hsimp

k (Z(s), ∂Z(s)). In other words, the vertical map ϕ is
de�ned.

(d) We denote by p : Csimp
k−1 (∂Z(s)) → Z the projection from the free abelian group

Csimp
k−1 (∂Z(s)) onto the G(s ∪ {wk+1} |wk+2, . . . , wn)-coe�cient.

(e) It follows easily from Lemma 103.8 (1) together with the various de�nitions that the
map p ◦ ι ◦ ∂k ◦ ϕ : Z→ Z is multiplication by ±1.

(f) By Claim 1 we have H̃
simp

k−1 (∂Z(s)) ∼= Z.
(g) It follows easily from (d) and (e) that ∂k ◦ ϕ is an isomorphism. Together with (1)

we see that ϕ is an isomorphism. �
As the reader will have noticed, the above claims basically take care of the three statements
of the proposition:

(1) It follows from Claim 1 and 2 that for i 6= k we have Hsimp
i (Xk, Xk−1) = 0.

(2),(3) We consider the following diagram:

Dsimp
k (K)

∂k
��

∼=

s† 7→[s†]
//
⊕

s∈Sn−k
Hsimp
k (Z(s), ∂Z(s)) ∼=

// Hsimp
k (Xk, Xk−1)

dk
��

Dsimp
k−1 (K) ∼=

s† 7→[s†]
//

⊕
s∈Sn−k+1

Hsimp
k−1 (Z(s), ∂Z(s)) ∼=

// Hsimp
k−1 (Xk−1, Xk−2).

We make the following clari�cations and observations:
(a) By Lemma 103.7 we know that the {s†}s∈Sn−l form a basis for each Dsimp

l (K).
(b) The composition of the horizontal maps equals the map Θ that is induced by

the maps Dsimp
k (K)→ Csimp

k (Xk)→ Csimp
k (Xk, Xk−1).

(c) It follows immediately from the de�nitions that the diagram commutes.
(d) By Claim 3 we know that the left horizontal maps are isomorphisms and by

Claim 2 we know the right horizontal maps are isomorphisms.
This discussion shows that the maps

Θ: Dsimp
k (K) → Hsimp

k (Xk, Xk−1)
σ 7→ [σ]

de�ne an isomorphism (Dsimp
∗ (K), ∂∗) → (Hsimp

k (Xk, Xk−1), dk)k∈N0 of chain com-
plexes. �

The following lemma is also a partial analogue of the Skeleton-Homology Lemma 80.1.

Lemma 103.13. Let K = (V, S) be a closed n-dimensional simplicial homology manifold
and let k ∈ N0.
(1) For every i > k we have Hsimp

i (Xk) = 0.
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(2) For every i < k the inclusion induced map Hsimp
i (Xk)→ Hsimp

i (sd(K)) is an isomor-
phism.

Proof.

(1) Note thatXk is an abstract simplicial complex of dimension k. It follows immediately
from the de�nition of simplicial homology that Hsimp

i (K) = 0 for i > k.
(2) We �x i ∈ N0. Let m > i. We consider the following excerpt from the long exact

sequence in simplicial homology of the pair (Xm+1, Xm):

... → Hsimp
i+1 (Xm+1, Xm)︸ ︷︷ ︸

= 0 by Lemma 103.12 (1) since i < m

→ Hsimp
i (Xm)→ Hsimp

i (Xm+1)→ Hsimp
i (Xm+1, Xm)︸ ︷︷ ︸

= 0 by Lemma 103.12 (1) since i < m

→ ...

Now let k > i. The above discussion immediately implies that the following inclusion
induced maps are isomorphisms: Hsimp

i (Xk)
∼=−→ Hsimp

i (Xk+1)
∼=−→ . . .

∼=−→ Hsimp
i (Xn).

The desired statement follows from the fact that Xn = sd(K). �

Now we are �nally in a position to provide the long overdue proof of Proposition 103.11.

Proof of Proposition 103.11. LetK be a closed n-dimensional simplicial homology man-
ifold and let G be an abelian group. Recall that we need to prove the following two state-
ments:

(1) The inclusion map Dsimp
∗ (K)→ Csimp

∗ (sd(K)) is a chain homotopy equivalence.
(2) The induced maps Hk(Dsimp

∗ (K)⊗G)→ Hsimp
k (sd(K);G) are isomorphisms.

Similarly to the proof of the Singular-Cellular H∗-Isomorphism Proposition 80.4 we consider
the following diagram:

0

0

))

Hsimp
k (Xk+1)

44

Hsimp
k (Xk)� v

))

j∗ 55 55

Hsimp
k+1 (Xk+1, Xk)

∂k+1 55

dk+1
// Hsimp

k (Xk, Xk−1)

∂k
))

dk // Hsimp
k−1 (Xk−1, Xk−2).

Hsimp
k−1 (Xk−1)

44

We make the following observations:

(1) It follows from Lemma 95.29, i.e. from the long exact sequence in simplicial homology,
together with Lemma 103.12 (1) and Lemma 103.13 (1) that all diagonal sequences
are exact.

(2) It follows from the de�nition of dk that the map Hsimp
k (Xk)→ Hsimp

k (Xk, Xk−1) takes
values in ker(dk : Hsimp

k (Xk, Xk−1)→ Hsimp
k−1 (Xk−1, Xk−2)).
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We move on to the main diagram of this proof:

Dsimp
k+1 (K)

∂k+1
//

Θ∼=

��

ker
(
Dsimp
k (K)

∂k−→Dsimp
k−1 (K)

)

Θ∼=

��

j∗

��

j∗

yy

0

Hsimp
k (sd(K))

55

Hsimp
k (Xk)

j∗ 55 55

� {

--

Hsimp
k+1 (Xk+1, Xk)

∂k+1 44

dk+1

// ker
(
Hsimp
k (Xk, Xk−1)

dk−→Hsimp
k−1 (Xk−1, Xk−2)

)
.

We make the following clari�cation and observations:

(3) All the maps called j∗ are induced by inclusions on the level of chain groups. In fact
note that every map in the diagram is either induced by taking boundaries or it is
induced by an inclusion. It follows almost immediately from this observation that
the diagram commutes.

(4) The vertical maps are isomorphisms by Lemma 103.12.
(5) By (1) the map Hsimp

k (Xk)→ ker(dk : Hsimp
k (Xk, Xk−1)→ Hsimp

k−1 (Xk−1, Xk−2)) is a
monomorphism.

(6) It follows from (1), together with Lemma 103.13, that the diagonal blue sequence

Hsimp
k+1 (Xk+1, Xk)

∂k+1−−−→ Hsimp
k (Xk)

j∗−−→ Hsimp
k (sd(K)) → 0

is exact.

An amusing little diagram chase now shows that the sequence

Dsimp
k+1 (K)

∂k+1−−−→ ker
(
∂k : Dsimp

k (K)→ Dsimp
k−1 (K)

) j∗−−→ Hsimp
k (sd(K)) → 0

is also exact. In other words we have proved the following statement:

(0) The inclusion map Dsimp
∗ (K)→ Csimp

∗ (sd(K)) induces for each k ∈ N0 an isomorphism
Hk(Dsimp

∗ (K))→ Hsimp
k (sd(K)).

Now let us turn to the two statements we actually need to prove.

(1) It follows from (0) and the Quasi Isomorphisms-are-Homotopy Equivalences Propo-
sition 81.4 that the chain map Dsimp

∗ (K)→ Csimp
∗ (sd(K)) is in fact a chain homotopy

equivalence.
(2) Finally note that it follows either from (1), or from (0) together with the Alge-

braic Universal Coe�cient Theorem 89.16 and the Five Lemma 74.10, that the maps
Hk(Dsimp

∗ (K);G) → Hsimp
∗ (sd(K);G) are also isomorphisms. Alternatively we could

have carried through the above arguments withG-coe�cients without any hiccup. �
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103.6. The proof of the Simplicial Poincaré Duality Theorem 103.4. In this sec-
tion we combine the results from the previous sections to �nally provide the proof of the
Simplicial Poincaré Duality Theorem 103.4. For the most part we are now just saying that
the program, set out on page 2275 has been completed successfully.

Let K be a closed n-dimensional pseudomanifold. First we assume that K is orientable
and that we are given an orientation for K. In the following we will only work with the
commutative ring R = Z. The proof for the general case is basically the same, except that
one has to carry slightly more notation around. As on page 2275 we consider the following
diagram:

Hk
simp(K;Z)

X[K]
//

[Σais
∗
i ]7→

[Σais
†
i ]

∼=

��

Hsimp
n−k (K;Z)

u∗∼=

��

u∗
∼=uu

Hk
simp(sd(K);Z)

X[sd(K)]
//

u∗

∼=

ii

Hsimp
n−k (sd(K);Z)

id

))

Hn−k(Dsimp
∗ (K)) ∼=

induced by the inclusions Dsimp
i (K)→ Csimp

i (sd(K))
// Hsimp

n−k (sd(K);Z).

In the last sections we have shown the following:
(1) By Proposition 103.9 we now know that the left vertical map is an isomorphism.
(2) By the Chain Subdivision Lemma 95.41 we know that the subdivision maps u∗ and

u∗ are isomorphisms.
(3) By Lemma 103.6 (3) we know that the upper quadrilateral commutes.
(4) By Lemma 103.10 we know that the lower left part of the diagram commutes.
(5) Finally we now know by Proposition 103.11 that the bottom horizontal map is an

isomorphism.
The combination of the above �ve statements implies that the map

Hk
simp(K;Z) → Hsimp

n−k (K;Z)
ϕ 7→ ϕ X [K]

is, as promised and desired, an isomorphism.
Finally suppose that we are dealing with any closed n-dimensional pseudomanifold, in

other words we drop the hypothesis that K is orientable. We need to show that the map

Hk
simp(K;F2) → Hsimp

n−k (K;F2)
ϕ 7→ ϕ X [K]F2

is an isomorphism. The argument is almost identical to the previous argument. In fact the
only place where we ever really used the orientation was in the de�nition of s† on page 2271
and the resulting map Cksimp(K;Z) → Dsimp

k (K) that is given by s∗ 7→ s†. A little bit of
thought shows that the same recipe de�nes a map Cksimp(K;F2)→ Dsimp

k (K)⊗ F2 and the
argument of Proposition 103.9 shows that this map is actually an isomorphism of cochain
complexes. In the remainder of the argument we did not really use the orientation, so
these parts stay virtually untouched. For example Proposition 103.11 says that the maps
Hn−k(Dsimp

∗ (K) ⊗ F2) → Hsimp
n−k (sd(K);F2) are isomorphisms. We leave it to the reader to

turn this sketch of a proof into a proper argument.
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103.7. The dual CW-structure of a smooth manifold. Let M be a closed smooth
manifold that is equipped with a smooth simplicial structure (K = (V, S),Θ: |K| → M).
Some of the �gures above, e.g. the �gures on pages 2272 and 2279, suggest that the dual
chains correspond to an alternative decomposition of M into cells. As we will see shortly,
that is indeed the case.
First we recall some of the notation that we introduced earlier.

Notation. Let K = (V, S) be an n-dimensional pseudomanifold.
(1) Given m ∈ N0 we denote by Sm the set of m-simplices of K.
(2) Let s ∈ Sm be an m-simplex and let v1, . . . , vl ∈ V such that s∪{v1, . . . , vl} ∈ Sm+l.

As on page 2271 we consider the following ordered l-simplex of sd(K):

G(s | v1, . . . , vl) :=
(
s, s ∪ {v1}, . . . , s ∪ {v1, . . . , vl}

)
.

(3) Let k ∈ N0 and let s ∈ Sn−k be an (n− k)-simplex. As on page 2279 we consider

Z(s) := { all simplices of sd(K) of the form G(t | v1, . . . , vl) with s Ă t}.
Furthermore, as on page 2278 we consider the following:

Xk := the subcomplex of sd(K) given by all Z(s) with s ∈ Sn−k.
Now we can formulate the main result of this section.
Proposition 103.14. Let M be a closed n-dimensional smooth manifold. Furthermore
let (K = (V, S),Θ: |K| →M) be a smooth simplicial structure.

(1) For each (n− k)-simplex s we have a homeomorphism |Z(s)| ∼= B
k
.

(2) There exists a CW-structure on M such that for each k ∈ N0 the following holds:
(a) The k-cells are given by the |Z(s)| with s ∈ Sn−k.
(b) The k-skeleton is given by |Xk|.

(3) If we equip M with the CW-structure from (2), then there exists a natural isomor-
phism Dsimp

k (K)→ CCW
k (M) of chain complexes.

We refer to the CW-structure described in Proposition 103.14 as the dual CW-structure of
the smooth manifold. We refer to the �gure below for an illustration.
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cells in the dual CW-structurePL-structure

M M

Sketch of proof. Let M be a closed n-dimensional smooth manifold. Furthermore let
(K = (V, S),Θ: |K| → M) be a smooth simplicial structure. Note that we know by
Theorem 96.15 that (K = (V, S),Θ: |K| → M) is a closed n-dimensional PL-manifold.
This implies that we might as well prove the statement under the hypothesis that we
are dealing with a closed n-dimensional PL-manifold. Furthermore note that it follows
immediately from the de�nition of a PL-manifold, see page 2093, together with the SD-
Lemma 94.3 that the barycentric subdivision sd(K) is also a closed n-dimensional PL-
manifold.
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Now let us turn to the proof of the three statement.
(1) One could prove this statement in one go, but it seems didactically opportune to �rst

consider the two simplest cases.
(a) Let s = {v0} be a 0-simplex of K. We have the following homeomorphisms:

|Z({v0})| = | St(sd(K), {v0})| = |PL n-ball | ∼= B
n
.

↑ ↑ ↑
follows immediately by the PL-Manifold Characterization since PL-homeomorphic
from the de�nitions Proposition 96.12 since sd(K) is implies homeomorphic

an n-dimensional PL-manifold

(b) Next let s = {v0, v1} be a 1-simplex of K. Note that

by the PL-Manifold Characterization Proposition 96.12
follows easily from the de�nitions since sd(K) is a closed n-dimensional PL-manifold

↓ ↓
|Z({v0, v1})| = | St(Lk(sd(K), {v0}), {v0, v1})| = | St(PL (n−1)-sphere, {v0, v1})|

= | St(closed (n− 1)-dimensional PL-manifold, {v0, v1})|
↑

as we pointed out on page 2093, it follows from Proposition 96.11 that a
PL (n− 1)-sphere is a closed (n− 1)-dimensional PL-manifold

∼= |PL (n−1)-ball| ∼= B
n−1

.
↑ ↑

PL-Manifold Characterization since PL-homeomorphic implies homeomorphic
Proposition 96.12

(c) Finally let s = {v0, . . . , vk} be any k-simplex of K. Similar to (b) we see that
Z(s) is the star of an iterated sequence of k links. Applying the PL-Manifold
Characterization Proposition 96.12 multiple times we see that Z(s) is homeomor-
phic to B

n−k
. We leave it to the reader to write down this notationally messy

argument.
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K
simplex s = {v0, v1}

Z({v0, v1})

barycentric subdivision of K

{v0, v1}

Lk(sd(K), {v0})

St(sd(K), {v0})

(2) This statement follows fairly immediately from (1). We leave it to the reader to �ll
in the details.

(3) Given each k ∈ N0 we consider the map

natural isomorphism given by Lemma 95.30
↓

Dsimp
k (K) → Hsimp

k (Xk, Xk−1) −→
Ξ

Hk(|Xk|, |Xk−1|) = CCW
k (M).

σ 7→ [σ]

Note that by Lemma 103.12 we know that the left maps are well-de�ned and that they
form an isomorphism of chain complexes. We obtain immediately from the Simplicial-
Singular Homology Isomorphism Lemma 95.30 (3) that the right maps also form an
isomorphism of chain complexes. The composition of the two chain isomorphisms
thus gives us the promised natural isomorphism of chain complexes. �
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Exercises for Chapter 103.

Exercise 103.1. Let T be the simplicial 2-dimensional torus. By Exercise 98.1 we know
that the suspension Σ(T ) is a closed orientable 3-dimensional pseudomanifold. Show that
the conclusion of the Simplicial Poincaré Duality Theorem 103.4 does not hold for Σ(T ).

Exercise 103.2. Let K be a simplicial complex. Show that K is an n-dimensional sim-
plicial homology manifold if and only if the topological realization |K| is an n-dimensional
homology manifold. Recall by the de�nition on page 1672 a topological space X is called
an n-dimensional homology manifold if for each x ∈ X we have

Hk(X,X \ {x};Z) ∼=
{

Z, if k = n,
0, otherwise.

Exercise 103.3.

(a) Let M be a connected closed 3-dimensional smooth manifold. Show that if M is
non-orientable, then H1(M ;Z) is in�nite.

(b) Is the hypothesis in (a) that M is closed necessary?

Exercise 103.4. LetM andN be two closed orientable connected non-empty 3-dimensional
smooth manifolds such that π1(M) is isomorphic to π1(N). Show that for all i ∈ N0 there
exists an isomorphism Hi(M ;Z) ∼= Hi(N ;Z).

Exercise 103.5. Let W be a closed orientable connected 4-dimensional smooth manifold
with Euler characteristic χ(W ) = −3.

(a) Show that W admits a �nite connected covering W̃ with χ(W̃ ) < −27.
(b) Is the hypothesis in (a) that W is orientable necessary?

Exercise 103.6. LetM be a closed orientable connected odd-dimensional smooth manifold
and let f : M → M be a map such that the induced map f∗ : Hn(M) → Hn(M) is the
identity. Show that the Lefschetz number

Λ(ϕ) =
∑
n∈N0

(−1)n · tr(ϕ∗ : Hn(M)→ Hn(M)),

equals zero.

Exercise 103.7. Let n ∈ N and let M be a closed oriented connected non-empty n-
dimensional smooth manifold. Suppose that there exists a map f : Sn →M of degree ±1,
i.e. such that f∗([Sn]) = [M ] ∈ Hn(M). Show that Hi(M) = 0 for i = 1, . . . , n− 1.
Remark. In the Degree One-Epimorphism Proposition 101.8 we showed under the same
hypotheses that we also have π1(M) = 0.

Exercise 103.8.

(1) Give a suitable de�nition of an n-dimensional simplicial homology manifold with
boundary.
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(2) Let K be a connected orientable n-dimensional simplicial homology manifold with
non-empty boundary ∂K. We consider M := K ∪∂K Cone(∂K), i.e. we consider the
simplicial mapping cone of the inclusion L→ K.
(a) Show that M = K ∪∂K Cone(∂K) is a closed orientable n-dimensional pseudo-

manifold.
(b) Show that

Hi(Dk(M)) ∼=
{

0, if k = n,

Hsimp
i (sd(K)), otherwise.

Remark. This is a non-trivial variation on Proposition 103.11.
(c) Use the above together with Proposition 103.9 and Exercise 99.3 to show that for

every i ∈ N0 there exists a natural isomorphism Hi
simp(K, ∂K;Z)→ Hsimp

n−i (K;Z).



Part X

Homology groups of topological manifolds



104. Borsuk's Theorem, ENRs and ANRs

In this chapter we will state and prove Borsuk's Theorem 104.3 which will give us many
goodies:
(1) We can prove the Lefschetz Fixed Point Theorem also for CW-complexes and topo-

logical manifolds.1255

(2) We can get some control over the invariants of compact topological manifolds, for
example we will be able to show that the homology groups of a compact topolog-
ical manifold are �nitely generated and that the fundamental groups are �nitely
presented.

104.1. Neighborhood retracts. We recall two de�nitions from pages 431 and 175 and
we introduce two related de�nitions.
De�nition. Let X be a topological space.
(1) We say X is contractible if X is homotopy equivalent to a point.
(2) We say X is locally contractible if given any Q ∈ X and given any open neighbor-

hood U of Q there exists an open neighborhood V of Q that is contained in U and
that is contractible.

(3) We say that a subset U of X is contractible in X if the inclusion map U → X is
homotopic to a constant map.1256

(4) We say X is weakly locally contractible if given any Q ∈ X and given any open
neighborhood U of Q there exists an open neighborhood V of Q that is contained
in U and that is contractible in U .1257
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X
U is not contractible, but
it is contractible in X
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X is weakly locally
contractibleU

X
Q

V is contractible in U

Examples.
(1) It follows almost immediately from the de�nitions that a topological space that is

locally contractible is also weakly locally contractible.
(2) By the Topological Manifolds-Local Properties Lemma 18.8 (1) every topological

manifold is locally homeomorphic to some non-empty convex subset of Rn. Since
non-empty convex subsets are contractible we see that every topological manifold is
locally contractible.

1255So far, in Chapter 97 we only proved the Lefschetz Fixed Point Theorem for simplicial complexes and
smooth manifolds.
1256Note that the Contractibility Criterion Lemma 15.2 says that a topological space X is contractible if
and only if the identity map is homotopic to a constant map.
1257What we call a �weakly locally contractible� topological space is referred to in many books, see e.g.
[Bor1967, Saka2013], as a �locally contractible� topological space. Since on page 175 we de�ned once
and for all what it means that a topological space is �locally P � we stick with our more cumbersome name.
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(3) In the CW-Complex Properties Proposition 68.10 (6) we showed that CW-complexes
are locally contractible. In particular topological graphs are locally contractible.
(Note that we had also shown in Exercise 61.1 that topological graphs are locally
contractible.)

(4) It is easy to show that R2 \ { 1
n
|n ∈ N} is not weakly locally contractible.

(5) It is an amusing little exercise to show that the Topologist's Sine Curve{
(0, y)

∣∣ y ∈ [−1, 1]
}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2,

which we had initially introduced on page 164, is not weakly locally contractible.
(6) It is an equally amusing (but not entirely trivial) exercise to come up with a topo-

logical space that is weakly locally contractible but not locally contractible.
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not weakly locally contractible
locally contractible

Next we recall the following de�nition from pages 433 and 1061.

De�nition. Let X be a topological space. We say a subset A Ă X is a retract of X if
there exists a map r : X → A with r(a) = a for all a ∈ A.
In our discussions of retracts the following two basically trivial observations will at times
be helpful.
Observation 104.1. Let Z be a topological space and let K be a subset.
(1) Let K Ă U Ă V Ă Z be subsets. If K is a retract of V , then K is also a retract

of U .
(2) If K is a retract of a neighborhood, then it is also a retract of an open neighborhood.

Proof. The �rst statement follows from the observation that the restriction of any retrac-
tion r : V → K to U is again a retraction. The second statement follows immediately from
the �rst statement. �

De�nition. Let Y be a topological space and let X be a subset. We say X is a neigh-
borhood retract in Y if there exists an open neighborhood N of X in Y such that X is a
retract of N .1258
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X Y

neighborhood N retracts to X

Examples.

1258By Observation 104.1 (2) this de�nition is equivalent to asking that there exists any neighborhood (not
necessarily closed) that admits a retract to X. This formulation is often the de�nition of a neighborhood
retract that is used in the literature. For our discussion it is convenient to already assume that the
neighborhood is open.
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(1) Let K Ă S3 be a knot. By the Tubular Neighborhood Theorem ?? we know that
there exists a tubular neighborhood B

2 × K of K in S3. Since K = {0} × K is
evidently a retract of B

2 ×K we see that K is a neighborhood retract in S3.
(2) Later on we will generalize (1) as follows. It is a consequence of the Regular Neigh-

borhood Theorem 123.3, which is a fairly immediate consequence of the General
Tubular Neighborhood Theorem ??, that every compact proper submanifold X of a
given smooth manifold M is a neighborhood retract in M .

(3) We will see in Exercise 104.2 that X = {0} ∪ { 1
n
|n ∈ N}, viewed as a subset of

Y = R, is not a neighborhood retract.

We continue with the following fairly elementary lemma.
Lemma 104.2. Let n ∈ N0 and let X be a subset of Rn. If X is a neighborhood retract
in Rn, then the topological space X is weakly locally contractible.

Proof. Let W be a neighborhood of X that admits a retraction r : W → X. Let Q ∈ X
and let U be a neighborhood of Q in X. Since W is a neighborhood of X there exists an
s > 0 such that Bn

s (Q) Ă r−1(U). We denote by F : Bn
s (Q) × [0, 1] → Bn

s (Q) the obvious
homotopy from the identity to the constant map. Finally we consider the map

(Bn
s (Q) ∩X)× [0, 1] → U

(x, t) 7→ r
(
F (x, t)︸ ︷︷ ︸

∈Bns (Q)Ăr−1(U)

)
.

Evidently this map is a homotopy from the identity to a constant map. In particular
V := Bn

s (Q) ∩X is contractible in U . �
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It is rather stunning that for closed subsets of Rn the converse to Lemma 104.2 holds. More
precisely, the following theorem was proved by Karol Borsuk [Bor1932] in 1932.

Theorem 104.3. (Borsuk's Theorem) Let n ∈ N0 and let X be a closed subset of Rn.
If the topological space X is weakly locally contractible, then X is a neighborhood retract
in Rn.1259

Remark.
(1) Borsuk's Theorem 104.3 can be viewed as a topological analogue of the Neighborhood

Projection Theorem 28.1.
(2) Proofs of Borsuk's Theorem 104.3 are also given in [Bre1993, Theorem E.3] and

[Hat2002, Theorem A.7].

Example. We de�ne a topological knot to be the image of an embedding γ : S1 → R3. If
the embedding is smooth, then we obtain the usual notion of a knot in R3. But once we drop
1259Is is perhaps worth stressing that the proposition does not claim that X is a deformation retract of a
neighborhood of X.
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smoothness one can get weird examples. For example, as we discussed on page 659, using
the Compact-Hausdor� Proposition 2.17 (3) it is not di�cult to show that the example
shown in the �gure below is indeed a topological knot.1260

γ

topological knot

Evidently S1 is locally contractible and by the Compact Image Lemma 2.13 together
with the Compact-Closed Lemma 1.21 we know that γ(S1) is a closed subset of R3. Thus
it follows from Borsuk's Theorem 104.3 that every topological knot is a neighborhood
retract in R3. It is a mindboggling exercise to try to visualize a neighborhood of the above
topological knot together with a retraction to γ(S1).

We conclude this discussion of Borsuk's Theorem 104.3 with a proposition that general-
izes the statement of Borsuk's Theorem 104.3 from Rn to topological manifolds and that
furthermore gives another rather technical conclusion. This second conclusion will play a
signi�cant role later on in our proof of the Generalized Alexander Duality Theorem 124.2.

Proposition 104.4. Let M be a topological manifold and let X Ă M be a closed subset
that is weakly locally contractible.
(1) There exists an open neighborhood W Ă M of X for which there exists a retraction

r : W → X.
(2) We can �ndW and r such that furthermore the following condition is satis�ed: given

any neighborhood U of X with X Ă U Ă W there exists an open neighborhood V
with X Ă V Ă U such that the inclusion i : V → U and the retraction r : V → X Ă

U are homotopic maps from V to U .
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Proof. Let M be a topological manifold and let X Ă M be a closed subset that is weakly
locally contractible. By the Euclidean Embedding Theorem 27.1 there exists an n ∈ N
and a proper embedding f : M → Rn.1261 By the de�nition of a proper map, see page 650,
this implies that f(M) is a closed subset of Rn. It follows from the elementary the Open
-Closed Inclusion Lemma 2.10 that f(X) is a closed subset of Rn.

The above discussion shows that we only need to consider the case that M is a closed
subset of Rn and that X Ă M is a closed subset of Rn. We now apply Borsuk's Theo-
rem 104.3 not once, but twice:

1260It is also not di�cult, but rather pointless, to write down such an embedding explicitly.
1261Note that one could also use the Euclidean Embedding Theorem 11.13 for Topological Spaces together
with the Covering Dimension-of-Manifolds Proposition 27.7.
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(a) SinceM is a topological manifold we know by the Topological Manifolds-Local Prop-
erties Lemma 18.8 that M is weakly locally contractible. Since M is a closed subset
of Rn we know by Borsuk's Theorem 104.3 that there exists an open neighborhood
Z Ă Rn of M for which there exists a retraction s : Z → X.

(b) Since X is weakly locally contractible we know again by Borsuk's Theorem 104.3 that
there exists an open neighborhood W̃ Ă Rn of X for which there exists a retraction
r̃ : W̃ → X. After possibly replacing W̃ by W̃ ∩ Z we can assume that W̃ Ă Z.

We set W := W̃ ∩M and r := r̃|W : W → X. By the de�nition of the subspace topology
we know that W is indeed an open neighborhood of X Ă M . Thus we have proved (1).
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retraction s : Z →M retraction r̃ : W̃ → X

Now let us show that the above W and r actually also satisfy Statement (2). Thus
let U be a neighborhood of X Ă M with X Ă U Ă W . By de�nition of the subspace
topology there exists an open subset Ũ of Rn with U = Ũ ∩M . After possibly replacing
Ũ by Ũ ∩ W̃ ∩ s−1(U) we might as well assume that X Ă Ũ Ă W̃ and that s(Ũ) Ă U . We
consider the homotopy

F̃ : Ũ × [0, 1] → Rn

(x, t) 7→ (1− t) · x+ t · r̃(x)

from the identity idŨ to the retraction r̃ : Ũ → X. Note that this is a homotopy rel X.

Claim. There exists an open neighborhood Ṽ of X Ă Rn, that is contained in Ũ , such that
F̃ (Ṽ × [0, 1]) Ă Ũ .

Proof. We consider the open subset Y := F̃−1(Ũ) Ă Ũ × [0, 1]. Since X Ă Ũ and since F̃
is a homotopy rel X we see that Y contains X × [0, 1]. Since [0, 1] is compact and since Y
is open one sees, as in the proof of the Product Topology Properties Proposition 5.6, that
for any x ∈ X there exists an open neighborhood Rx of x ∈ Ũ such that Rx × [0, 1] Ă Y .
We set Ṽ :=

⋃
x∈X

Rx. This is an open neighborhood of X Ă Rn that is contained in Ũ such

that F̃ (Ṽ × [0, 1]) Ă Ũ . �
We set V := Ṽ ∩M . By de�nition of the subspace topology this is an open neighborhood
of X. Evidently X Ă V Ă U . Finally we consider the map

F : U × [0, 1] → M

(x, t) 7→ s(F̃ (x, t)︸ ︷︷ ︸
∈ŨĂZ

)

︸ ︷︷ ︸
∈U

.

Note that this map takes values in s(Ũ) = U . Furthermore note that this is a homotopy
from F0 = i : V → U to F1 = r : V → U . We have thus shown that W and r satisfy the
desired condition. �
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104.2. Proof of the Borsuk's Theorem 104.3. Before we provide the proof of Borsuk's
Theorem 104.3 it is convenient to introduce one de�nition and to prove one lemma.

De�nition. Let k ∈ N0 and let n ∈ N. A 1
2k
-cube is a subset C of Rn of the form

C =
[a1

2k
, a1+1

2k
]
× · · · ×

[an
2k
, an+1

2k
]

with a1, . . . , an ∈ Z.

Put di�erently, a 1
2k
-cube is a cube in Rn with side length 1

2k
and where the coordinates

of all vertices lie in 1
2k
· Z.

Lemma 104.5. Let x ∈ Rn and let r > 0. If k ∈ N0 is chosen such that 1
2k

< 1
3
√
n
· r,

then there exist �nitely many 1
2k
-cubes W1, . . . ,Wm such that

x ∈ interior of (W1 ∪ · · · ∪Wm) Ă W1 ∪ · · · ∪Wm Ă Bn
r (x).

Proof. Let x = (x1, . . . , xn) ∈ Rn and let r > 0. Furthermore let k ∈ N0 such that
1
2k
< 1

3
√
n
· r. We write ε = 1

2k
. For i = 1, . . . , n we denote by yi the result of rounding xi

down to the closest number in Z · ε. Clearly we have

(x1, ..., xn) ∈
[
y1, y1+ε

]
×· · ·×

[
yn, yn+ε

]
Ă interior of

[
y1−ε, y1+2ε

]
× ...×

[
yn−ε, yn+2ε

]︸ ︷︷ ︸
=:V

.

Since V is the union of �nitely many ε-cubes it su�ces to show that V is contained in
Bn
r (x). Thus let y ∈ V . We have

d(y, x) ≤ diameter of V =
√
n · 3ε =

√
n · 3

2k
< r

↑ ↑ ↑
since x ∈ V see page 285 choice of k

which means by de�nition that y ∈ Bn
r (x). Thus we have shown that V Ă Bn

r (x). �
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Bn
r (x)

x = (x1, x2)V = W1 ∪ · · · ∪Wm

y = (y1, y2)

Now we turn to the actual proof of Borsuk's Theorem 104.3
Proof of Borsuk's Theorem 104.3. Let X be a closed, weakly locally contractible sub-
set of Rn. By Observation 104.1 (2) it su�ces to show that there exists a neighborhood W
of X in Rn that admits a retraction W → X. Evidently we only have to consider the case
that X is non-empty. We introduce the following notation.
(1) We de�ne C1 to be the union of all 1-cubes that do not intersect X.
(2) We de�ne C2 to be the union of all 1

2
-cubes that do not intersect

◦
C1 and that do not

intersect X.
(3) We iterate this process, i.e. for any k ≥ 3 we de�ne Cn to be the union of all 1

2k
-cubes

that do not intersect the interior of C1 ∪ · · · ∪ Ck−1 and that do not intersect X.

Claim 1.



2296

����������������������
����������������������
����������������������
����������������������

����������������������
����������������������
����������������������
����������������������

�����
�����
�����
�����

�����
�����
�����
�����

���
���
���
���
���
���
���

���
���
���
���
���
���
���

��
��
��
��
��
��
��

��
��
��
��
��
��
��

���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���

����������
����������
����������
����������

����������
����������
����������
����������

������������
������������
������������
������������
������������

������������
������������
������������
������������
������������

�����
�����
�����
�����

�����
�����
�����
�����

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
������������������������

����������������������
����������������������
����������������������
����������������������

����������������������
����������������������
����������������������
����������������������
����������������������

������������
������������
������������
������������
������������

������������
������������
������������
������������
����������������������
����������
����������
����������

����������
����������
����������
�������������

���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��

��
��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��
��

��
��
��
��
��

��
��
��
��

��
��
��
��

����
����
����

����
����
����

�
�
�

�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

�����
�����
�����

�����
�����
�����

��
��
��
��

��
��
��
��

����
����
����
����

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

��
��
��
��

��
��
��
��

��
��
��

��
��
����
��
��
��

��
��
��
��

���
���
���

���
���
���

���
���
���

���
���
���

��
��
��

��
��
��

XX

C1 C1

C2

(1) We have
⋃
k∈N
Ck = Rn \X.

(2) Given any x0 ∈ R \ X there exists an open neighborhood U that intersects only
�nitely many cubes of C1, C2, . . . .

Proof. Let x0 ∈ Rn \X. Since X is closed we know that Rn \X is open. This means that
there exists an r > 0 such that Bn

r (x0) Ă Rn \X. We pick k ∈ N0 such that
√
n

3·2k < r. By
Lemma 104.5 there exist �nitely many 1

2k
-cubes W1, . . . ,Wm such that

x0 ∈ interior of W1 ∪ · · · ∪Wm︸ ︷︷ ︸
:=U

Ă Bn
r (x).

This implies in particular that x0 is contained in Cn or it is contained already in one of
C1, . . . , Ck−1. Furthermore it is fairly easy to see that if U intersects a 1

2m
-cube with m ≥ k

it already intersects a 1
2k
-cube. It follows from this observation and the iterative de�nition

of the Ci that U intersects only �nitely many cubes of C1, C2, . . . . �
We view each Ci as a CW-complex in the obvious way: the n-cells correspond precisely

to the cubes and the lower dimensional cells correspond precisely to the faces of the cubes.
For each k the union C1 ∪ · · · ∪Cn is also a CW-complex in an obvious way and �nally we
can also view the union C :=

⋃
k∈N
Ck = Rn \X as a CW-complex. We leave it to the reader

to verify, using Statement (2) of the claim and using Lemma 1.8 (2), that the topology on
this CW-complex, given by the weak topology de�ned on page 1479, agrees with the usual
subspace topology on Rn \X.

We continue with the following de�nition: given a cell σ of C and a map f : σ → X we
de�ne12621263

ρ(f) := max{d(z, f(z)) | z ∈ σ}.

We start with the iterative de�nition of a subset of Rn together with a map to X.

(a) We denote by A0 the 0-skeleton of C. Next we de�ne a map r0 : A0 → X. Let a ∈ A0.
Since X is a closed subset of Rn it follows from the Distance-Minimizer Lemma 6.4
that we can �nd a point r0(a) ∈ X with d(a, r0(a)) = d(a,X).

(b) Now suppose inductively that we have de�ned a map ri : Ai → X on a union Ai of
some of the i-cells of C. We de�ne the next set Ai+1 and the corresponding map
ri+1 : Ai+1 → X as follows:
(b1) Let σ be an (i+ 1)-cell of C for which ri is de�ned on ∂σ. Suppose that ri can

be extended to a map g : σ → X that agrees with ri on ∂σ. Then we pick a map

1262Given a, b ∈ Rn we denote by d(a, b) = ‖a− b‖ the usual Euclidean distance.
1263Note that σ is compact, hence the maximum exists by the Compact Image Lemma 2.13 (2).
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ri+1 : σ → X with ri+1|∂σ = ri such that

ρ(ri+1) ≤ 2 · inf{ρ(g) | g : σ → X is a map with g|∂σ = ri|∂σ}.︸ ︷︷ ︸
≥ d(σ,X) which in turn is > 0 by Lemma 6.3,

here we use again that X Ă Rn is closed

(b2) We denote by Ai+1 the union of all (i+ 1)-cells as in (b1) and we de�ne ri+1 on
Ai+1 as in (b1).

(c) We set A :=
⋃
i∈N
Ai ∪X and we de�ne r : A → X to be the unique map that equals

ri on each Ai and that is the identity on X.

We refer to the �gure below for an illustration. It remains to show that the set A is a
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X

de�nition of r2

?? ??

de�nition of r1de�nition of r0

neighborhood of X and that the map r : A → X is continuous. Both statements follow
from the following claim.

Claim 2. Given any x ∈ X and any ε0 > 0 there exists an open neighborhood U of x that is
contained in A and such that ‖r(x)︸︷︷︸

=x

−r(y)‖ < ε0 for all y ∈ U , i.e. such that r(U) Ă Bn
ε0

(x).

Proof. So let x ∈ X and let ε0 > 0. We adopt the following notation: given µ > 0 we write
W (µ) = X ∩Bn

µ(x).

Subclaim. We can �nd ε1, . . . , ε2n with the following two properties:
(1) for each i ∈ {0, . . . , 2n− 1} we have εi+1 <

1
3
· εi,

(2) for every i = 1, . . . , 2n the subset W (εi) is contractible in W (εi−1).
So suppose that we have already found ε0, . . . , εi for some i ∈ {0, . . . , 2n−1} with the desired
properties. Since X is weakly locally contractible we can �nd an open neighborhood U of
x in X that is contained in W (εi) and that is contractible in W (εi). Since U is open there
exists an εi+1 <

1
3
εi such that W (εi+1) Ă U . Since U is contractible in W (εi) the subset

W (εi+1) is also contractible in W (εi). We refer to the �gure below for an illustration. This
concludes the proof of the subclaim.

�
�
�
�

Bεi(x)

U

Bεi+1
(x)

x

X

We set U := Bn
1
4
ε2n

(x). It su�ces to prove the following two subclaims.
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Subclaim 1. For each i = 0, . . . , n the map r is de�ned for each i-cell σ of the CW-complex
C that lies in U and for each such σ we have r(σ) Ă W (ε2n−2i).

Subclaim 2. The union of X with all cells of C that lie in U is a neighborhood of x.
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U

X

x

W (ε1)

W (ε0)

W (ε2)

2-cell contained in U

First we prove Subclaim 1. We prove Subclaim 1 iteratively for i = 0, 1, . . . , n. We start
out with i = 0. Thus we have to show that r(U ∩A0) Ă W (ε2n). Therefore let y ∈ U ∩A0.
Then we have

d(x, r(y)) ≤ d(x, y) + d(y, r0(y)) ≤ d(x, y) + d(y, x) = 2d(x, y) < 2 · 1
4 · ε2n = 1

2 · ε2n.
↑ ↑ ↑

triangle inequality and r(y) = r0(y) by (a) since x ∈ X since y ∈ U = Bn1
4
ε2n

(x)

But since r(y) ∈ X this means precisely that r(y) ∈ W (ε2n) = X ∩ Bn
ε2n

(x). This shows
that Subclaim 1 holds for i = 0.

Now suppose that Subclaim 1 holds for some i ∈ {0, . . . , n−1}. Let σ be an (i+1)-cell of
the CW-complex C inside U . Since r(∂σ) Ă W (ε2n−2i) and since W (ε2n−2i) is contractible
in W2n−2i−1 it follows from the Convex-to-Ball Proposition 2.20 and the Homotopy-πn-
Proposition 71.7 (3) that we can extend r|∂σ = ri|∂σ to a map s : σ → W (ε2n−2i−1). By
de�nition of Ai+1 this implies that σ Ă Ai+1. In particular r is de�ned on σ. It remains to
show that r(σ) Ă W (ε2n−2i−2). Thus let y ∈ σ.

We have

d(x, r(y)) ≤ d(x, y)+d(y, ri+1(y)) ≤ 1
4ε2n+ρ(ri+1) ≤ 1

4ε2n+2·inf
{
ρ(g)

∣∣∣ g :σ→X with

g|∂σ = ri|∂σ

}
.

↑ ↑ ↑
by the triangle inequality since y∈σĂU=Bn1

4
ε2n

(x) by (b1)
and since r(y) = ri+1(y) and by de�nition of ρ(ri+1)

≤ 1
4ε2n + 2·max{d(z, s(z)) | z ∈ σ}︸ ︷︷ ︸

=ρ(s)

≤ 1
4ε2n + 2·max{d(z, x)+d(x, s(z)) | z∈σ}

↑ ↑
since s is such a map triangle inequality

≤ 1
4ε2n+2

(1
4ε2n+ε2n−2i−1

)
= 3

4ε2n+2ε2n−2i−1 ≤ 1
12ε2n−2i−2+ 2

3ε2n−2i−2 ≤ ε2n−2i−2.
↑ ↑

since σ Ă U = Bn1
4
ε2n

(x) and since for each since for each j we have εj+1 ≤ 1
3
εj

z ∈ σ we have s(z) ∈W (ε2n−2i−1) Ă Bnε2n−2i−1
(x)

This concludes the proof that r(σ) Ă W (ε2n−2i−2). In particular this concludes the proof
of Subclaim 1.

Finally it remains to prove Subclaim 2. We set s = 1
4
ε2n. As a reminder, we have to

show that the union of X with all cells of C that lie in Bn
s (x) is a neighborhood of x. Let

W be a 1
2k
-cube with W ∩ Bn

s
2
(x) 6= ∅ and W ∩ (Rn \ Bn

s (x)) 6= ∅. It follows that the

diameter of W is at least s
2
which in turn implies that

√
n

2k
≥ s

2
. We set k0 = bln2(2

√
n
s

)c.
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We see that
union of X with all cells of C that lie in Bn

s (x)
Ą union of X with all cubes of C that lie in Bn

s (x)
Ą Bn

s (x) \ union of all cubes of C that are not completely contained in Bn
s (x)

↑
since Rn \X = C

= Bn
s (x) \ union of all cubes of C that are not completely contained in Bn

s (x)
which do not contain the point x but which intersect Bn

s
s
(x)

Ą Bn
s (x) \ union of all 1

2k
-cubes with k ≤ k0 of C that are not contained in Bn

s (x)
which do not contain the original point x but which do intersect Bn

s
s
(x).︸ ︷︷ ︸

�nite union of cubes, hence a closed subset

x
de�nition of k0

The last set is clearly an (open) neighborhood of x. But then the �rst set is also a neigh-
borhood of x. This concludes the proof of Subclaim 2. �

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

������
������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������
������

�
�
�
�

U = Bn
s (x)

Bn
s
2
(x)

X

x 1
2k
-cube

104.3. Euclidean Neighborhood Retracts. Borsuk's Theorem 104.3 has many applica-
tions. For example, much later, it will be a key ingredient in the proof of the Generalized
Alexander Duality Theorem 124.2.
In this section we will discuss several fairly direct consequences of Borsuk's Theorem 104.3.
For the following discussion it is convenient to introduce the following de�nition.

De�nition. A topological space X is called a euclidean neighborhood retract (or short
ENR) if there exists an embedding f : X → Rn and an open neighborhood U of f(X) such
that f(X) is a retract of U .

Remark. Let i : X → Rn be an embedding of a topological space. The property ofX being
a retract of an open neighborhood, rather surprisingly, does not depend on the choice of
the embedding. More precisely, [tD2008, Proposition 18.4.1] says the following. If X is
an ENR, then given any embedding f : X → Y into a metric space Y there exists an open
neighborhood U of f(X) such that X is a retract of U . We will not make use of this pretty
statement.

In the following we will mostly work with the following slight reformulation of Borsuk's
Theorem.
Theorem 104.6. (Borsuk's Theorem) Let X be a topological space which is weakly
locally contractible and which admits an embedding f : X → Rn.
(1) If f(X) is closed, then X is an ENR.
(2) If X is regionally compact (e.g. if X is compact), then X is an ENR.

Proof.

(1) This statement follows immediately from Borsuk's Theorem 104.6.
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(2) Now assume that X is regionally compact. If X is compact, then we know of course
by the Compact-Closed Lemma 1.21 (2) that f(X) is compact and we can apply (1).
Slightly more interestingly, ifX is regionally compact, then we know by Exercise 104.6
that there exists an embedding g : X → Rn+1 such that g(X) is a closed subset of
Rn+1. Thus we obtain again from (1) that X is an ENR. �

De�nition. Let X be a topological space and let C be a class of topological spaces (e.g.
C could be the class of CW-complexes). We say X is a retract of an element in C if
there exists a topological space Y ∈ C, a map i : X → Y and a map r : Y → X with
r ◦ i = idX .1264

In this chapter our key interest in ENR and thus in Borsuk's Theorem 104.3 stems from
the following fairly simple proposition.

Proposition 104.7. (ENR-Simplicial Complex Retract Proposition)
(1) If K Ă Rn is a compact neighborhood retract, then K is the retract of a �nite

n-dimensional simplicial complex.
(2) Every compact ENR is a retract of a �nite simplicial complex.

Proof.
(1) Let K be a compact subset of Rn which is a retract of some open neighborhood

V . The idea is to de�ne a simplicial complex X to be the union of �nitely many
su�ciently small cubes. To do so we set r := d(K,Rn \ V ). Since K is compact
and since Rn \ V is closed it follows from Lemma 6.3 that r > 0. We pick k ∈ N0

such that 1
2k
< 1√

n
· r. We denote by X the union of all 1

2k
-cubes that intersect K.

(See page 2295 for the de�nition of a 1
2k
-cube.) Since K is compact we see that X

is the union of �nitely1265 many 1
2k

cubes. The same argument as in the proof of
Lemma 104.5 shows, by our choice of k, that each 1

2k
-cube is contained in V .

We equip each cube with the canonical simplicial structure that we introduced
on page 2000. As in Lemma 93.17 we see that the union of the cubes X also admits
a simplicial structure. It follows from Observation 104.1 (1) that K is a retract of
the �nite simplicial complex X.

(2) This statement follows immediately from (1). �
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The statement of the following proposition is quite similar to the statement of the ENR-
Simplicial Complex Retract Proposition 104.7, it just replaces simplicial complexes by
smooth manifolds. We will not make much use of Proposition 104.8, except that it will
come in handy at one occasion later on.

1264Note that Exercise 2.43 implies that such a map i : X → Y is necessarily an embedding.
1265Why is that? Why do we need only �nitely many such cubes?
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Proposition 104.8.
(1) If K Ă Rn is a compact neighborhood retract, then K is the retract of a compact

n-dimensional smooth submanifold of Rn.
(2) Every compact ENR is a retract of a compact smooth manifold.

���
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���

���
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���

smooth submanifold Mneighborhood retract K

Proof.

(1) Let K be a compact subset of Rn that is a retract of some open neighborhood V .
Since V is an open subset of Rn it is in particular an n-dimensional smooth manifold.
Therefore we can apply the Compact Submanifold Exhaustion Proposition 31.2 and
we obtain a sequence M1,M2, . . . of subsets of V with the following three properties:
(a) the sequence is nested, i.e. for each i ∈ N we have Mi Ă Mi+1,
(b) each Mi is a compact n-dimensional smooth submanifold of V ,
(c) we have

⋃
i∈N

◦
Mi = V where

◦
M i := Mi \ ∂Mi.

We make the following observations:
(i) By Lemma 120.1 (3) each

◦
M i is an open subset of V and thus also of Rn.

(ii) It follows from (a), (c) and (i), the hypothesis thatK is compact and Lemma 2.12
that there exists an i ∈ N such that f(K) Ă Mi.

(iii) Since V is an open subset of Rn every smooth submanifold of V is in fact also a
smooth submanifold of Rn.

It follows from this discussion and property (2) and Observation 104.1 (1) that the
smooth manifold M := Mi has all the desired properties.

(2) This statement follows immediately from (1). �

The following proposition shows that many of our favorite topological spaces are ENRs.

Proposition 104.9. (Manifolds-ENR Proposition)
(1) Every topological manifold is an ENR.
(2) Every countable CW-complex that is regionally compact and �nite-dimensional is

an ENR.

Remark.

(1) By the CW-Complex Compactness Corollary 68.15 we know that a �nite CW-
complex is compact, in particular regionally compact. Thus the Manifolds-ENR
Proposition 104.9 (2) implies that every �nite CW-complex is an ENR.

(2) By Exercise 68.8 we know that a CW-complex is regionally compact if and only if it
is locally �nite.

The proof of the Manifolds-ENR Proposition 104.9 (2) relies very much on the following
lemma which is perhaps interesting in its own right.

Lemma 104.10. Let X be a CW-complex. If X is countable, regionally compact and
�nite-dimensional, then X admits an embedding into some Rn.
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Remark. The special case of Lemma 104.10 provided by �nite CW-complexes is precisely
the content of Exercise 68.11.

Proof of Lemma 104.10. The theorem in its full generality is proved in [FrPi1990b,
Theorem A]. In the discussion below we will only deal with the much simpler case that
X is actually a �nite CW-complex. We prove this case by induction on the dimension of
the CW-complex X. The case dim(X) = −1 is of course trivial. So suppose we already
know the statement for all �nite CW-complexes of dimension ≤ m − 1. Now let X be a
�nite m-dimensional CW-complex. As usual we denote by Xm−1 the m-skeleton of X. We
denote by ϕ1, . . . , ϕk : Sm−1 → Xm−1 the attaching maps of the m-cells of X. By induction
there exists an n ∈ N0 and an embedding f : Xm−1 → Rn. We consider the map

=X︷ ︸︸ ︷(
Xm−1t

k⊔
i=1
B
m

i

)
/∼ → Rn ×

k copies︷ ︸︸ ︷
Rm+1 × · · · × Rm+1

[x] 7→


(f(x), 0, ..., 0), if x ∈ Xm−1,

(r·f(ϕi(v)), 0, ..., rv ·(1−r), 1−r︸ ︷︷ ︸
in the i-th Rm+1-factor

, ..., 0), if x=r·v∈Bm

i where
r∈ [0, 1] and v∈Sm−1.

It follows from Lemma 5.19 (2) that the somewhat risqué notation for points in B
m

i actually
leads to a meaningful and continuous map on each B

m

i . Note that from the Characteristic
Maps Lemma 68.7 (4) we obtain that the overall map is continuous. Our hypothesis
that X is a �nite CW-complex implies by the CW-Complex Compactness Corollary 68.15
that X is compact. Finally it is elementary to verify that the map is actually injective.
Thus, in summary, we can appeal to everybody's best friend, i.e. the Compact-Hausdor�
Proposition 2.17 (2), to conclude the proof that this map is in fact an embedding. �
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f(Xm−1) embedding of X

ϕi

Proof of the Manifolds-ENR Proposition 104.9.

(1) Just for fun we �rst give a separate, more down to earth argument, for the case
of a closed smooth manifold M . By the Euclidean Embedding Theorem 27.1 and
the Smooth Embedding Theorem 24.10 we can view M as a closed submanifold of
some Rn. Now we apply Theorem 28.1 to conclude that M Ă Rn admits an open
neighborhood that retracts to M .

Now we turn to the general case. Thus let M be a topological manifold. By
the Euclidean Embedding Theorem 27.1 we know that there exists an embedding
f : M → Rn such that f(M) is a closed subset of Rn. As we discussed on page 2290,
every topological manifold is weakly locally contractible. Thus we can apply Borsuk's
Theorem 104.6 to deduce that M is indeed an ENR.
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(2) LetX be a CW-complex that is countable, regionally compact and �nite-dimensional.
By Lemma 104.10 we know that there exists an embedding f : X → Rn. Further-
more, as we discussed on page 2291, it follows almost immediately from the CW-
Complex Properties Proposition 68.10 (6) that the CW-complex X is weakly locally
contractible. Thus we can once again apply Borsuk's Theorem 104.6 (2) to conclude
that X is an ENR. �

Recall that in Theorem 97.9 and 97.10 we formulated and proved the Lefschetz Fixed Point
Theorem in the realm of �nite simplicial complexes and compact smooth manifolds. Our
aim now is to extend the Lefschetz Fixed Point Theorem to compact ENRs. To do so we
�rst need to convince ourselves that in this setting the Lefschetz number is actually de�ned.
This follows from the following lemma.

Lemma 104.11. If X is a compact ENR, then for every �eld F the homology of X is
F-�nite.
Proof. Let X be a compact ENR and let F be a �eld. It follows from Propositions 104.7
that X is a retract of a �nite simplicial complex Y . Recall that this means that there exists
a map i : X → Y and a map r : Y → X with r ◦ i = idX .
(1) It follows from the Simplicial-Implies-CW Lemma 93.24 together with the Homology-

of-CW-Complex Proposition 80.6 and the discussion on page 1915 that the homology
of Y is F-�nite.

(2) It follows from the functoriality of homology groups and the fact that r ◦ i = idX
that for every k ∈ N the map r∗ : Hk(Y ;F)→ Hk(X;F) is an epimorphism.

It follows immediately from (1) and (2) that the homology of X is F-�nite. �

Now that we know that the Lefschetz number of every self-map of a compact ENR is de�ned
we can now formulate the following theorem.

Theorem 104.12. (Lefschetz Fixed Point Theorem III) Let X be a compact ENR
(e.g. X could be a compact topological manifold or a �nite CW-complex) and let ϕ : X →
X be a map. If the F-Lefschetz number Λ(ϕ,F) is non-zero for some �eld F, then ϕ has a
�xed point.

Remark.

(1) The above Lefschetz Fixed Point Theorem 104.12 together with the Manifolds-ENR
Proposition 104.9 also gives a di�erent, now totally self-contained, proof of the Lef-
schetz Fixed Point Theorem 97.10 for compact smooth manifolds.

(2) For compact orientable topological manifolds we will provide a generalization of the
above Lefschetz Fixed Point Theorem 104.12 in the Lefschetz-Hopf Theorem 128.9.

Proof. Let X be a compact ENR. By the ENR-Simplicial Complex Retract Proposi-
tion 104.7 we know that X is a retract of a �nite simplicial complex Y . Recall that
this means that there exists a map i : X → Y and a map r : Y → X with r ◦ i = idX . By
the very harmless Exercise 2.43 we know that i is an embedding. Thus in the following
we will view X as a subspace of Y . Now let ϕ : X → X be a map. We consider the map
i ◦ ϕ ◦ r : Y → Y .

Claim. We have Λ(i ◦ ϕ ◦ r,F) = Λ(ϕ,F).
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Proof. Let k ∈ N0. We consider the following sequence of maps

0 // ker(r∗)
� � // Hk(Y ;F)

r∗ // Hk(X;F) //

i∗

jj
0.

Note that we have the equality r∗ ◦ i∗ = (r ◦ i)∗ = id∗ = idHk(X;F). This observation implies
that the horizontal sequence is exact and that it splits. As in Splitting Lemma 78.2 we
see that this implies that we can write Hk(Y ;F) = i∗(Hk(X;F)) ⊕ ker(r∗). With slightly
suggestive notation we see that

tr
(
Hk(Y ;F)

i∗◦ϕ∗◦r∗−−−−−→ Hk(Y ;F)
)

= tr

((
id
0

)(
ϕ∗
) (

id 0
)︸ ︷︷ ︸

=

(
ϕ∗ 0
0 0

)

)
= tr

(
Hk(X;F)

ϕ∗−→ Hk(X;F)
)
.

The desired formula for the Lefschetz numbers follows immediately from this claim. �
From our hypothesis, the claim and the Lefschetz Fixed Point Theorem 97.9 for sim-

plicial complexes we obtain that i ◦ ϕ ◦ r : Y → Y admits a �xed point y ∈ Y . This �xed
point y lies necessarily in the image of the last map, i.e. it lies in i(X) = X. It is clear that
the point y is also a �xed point for ϕ. �
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Y

X

retraction r

ϕ

Remark. In the possibly unlikely event that the reader wants to know more about ENRs
we refer to [Dol1980, Chapter IV.8] for more information.

104.4. Invariants of compact topological manifolds. There are several ways how one
can get a grip on the topology of a (compact) smooth manifold M :
(a) In Corollary 95.37 we used the fact that (compact) smooth manifolds admit good

(�nite) covers together with the Nerve Theorem 95.32 to show that M is weakly
homotopy equivalent to a �nite simplicial complex.

(b) In the Smooth Manifold-CW Structure Theorem 96.5 we used the fact that M is
di�eomorphic to a smooth submanifold of some Rn to show that M actually admits
a (�nite) smooth simplicial structure.

(c) Later on, in the Morse Functions-Cells Proposition 138.6 and in the Smooth Manifold-
CW-Homotopy Type 139.8, we will use �Morse theory� to show that M is homotopy
equivalent to a (�nite) CW-complex X with dim(X) ≤ dim(M).

These results, together with basic facts about invariants of �nite CW-complexes, see the
CW-Skeleton-π1-Proposition 69.13 (3) and the Homology-of-CW-Complex Proposition 80.6
(2), imply the following excerpt of Proposition 96.6.
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Proposition 96.6. (Smooth Manifolds-Invariants Proposition) Let M be a 0-
connected smooth manifold.
(1) For any k > n we have Hk(M) = 0 and for every abelian group G we also have

Hk(M ;G) = 0.
(2) The higher homotopy groups of M are countable.

Furthermore, if M is compact, then the following statements hold:
(3) The fundamental group of M is �nitely presented.
(4) All homology groups ofM are �nitely generated abelian groups. Furthermore, given

any �eld F the homology groups Hk(M ;F) are �nite-dimensional.
To the best of the author's understanding none of the above approaches (a), (b) and (c)
can be carried over to topological manifolds.
It seems like the only tool we have for handling �the size� of invariants of compact topologi-
cal manifolds is the following theorem, which is an immediate consequence of the Manifolds-
ENR Proposition 104.9 together with the ENR-Simplicial Complex Retract Proposition 104.7.

Theorem 104.13. (Topological Manifold-Simplicial Complex Retract Theorem)
Every compact topological manifold is a retract of a �nite simplicial complex.
Fortunately this is enough to extend most of the results of Proposition 96.6:

Proposition 104.14. (Topological Manifolds-Invariants Proposition) Let M be a
compact 0-connected topological manifold. The following statement holds:
(1) There exists an l ∈ N0 such that for every k > l we have Hk(M) = 0 and such that

for every abelian group G we have Hk(M ;G) = 0.
(2) The higher homotopy groups of M are countable.
(3) The fundamental group of M is �nitely presented.
(4) All homology groups Hk(M) are �nitely generated abelian groups. Furthermore,

given any �eld F the homology groups Hk(M ;F) are �nite-dimensional.

Remark.

(1) Let M be an n-dimensional topological manifold.
(a) In the Top-Homology Theorem 106.3 we will see that in (1) we can take l =

dim(M).
(b) If M is in fact a smooth manifold, then the Smooth Manifold-Top Homology

Theorem 98.6 allows us to compute the homology group Hn(M). In the Top-
Homology Theorem 106.3 we will prove the analogous result without the hypoth-
esis that M is smooth.

(2) the Topological Manifolds-Invariants Proposition 104.14 together with Lemma 96.8
often allows us to control the �size� of relative homology groups of a compact topo-
logical manifold. For example for a compact topological manifold M all relative
homology groups Hk(M,∂M) are �nitely generated.

(3) We will deal with non-compact topological manifolds in Theorem 104.19 below.

Proof of the Topological Manifolds-Invariants Proposition 104.14. 1266 Let M be
a compact 0-connected topological manifold, let F be a �eld, let G be an abelian group

1266The argument below is quite similar to the proof of Lemma 104.11.
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and let n ∈ N. We pick a base point x0 ∈ M . It follows from Propositions 104.7 and
104.9 (1) that M is a retract of a �nite simplicial complex Y . Recall that this means
that there exists a map i : M → Y and a map r : Y → M with r ◦ i = idM . We write
y0 = i(x0). Furthermore we denote the dimension of the simplicial complex by l. We make
the following observations:

(a) By Proposition 94.9 we know that πn(Y, y0) is countable.
(b) It follows from the Simplicial-Implies-CW Lemma 93.24 together with the CW-

Skeleton-π1-Proposition 69.13 that π1(Y, y0) is �nitely presented.
(c) It follows from the Simplicial-Implies-CW Lemma 93.24 together with the Homology-

of-CW-Complex Proposition 80.6 and the discussion on page 1915 that the homology
groups Hk(Y ) are �nitely generated, that the homology groups Hk(Y ;F) are �nite-
dimensional and that Hk(Y ) = 0 and Hk(Y ;G) = 0 for k > l.

Now we turn to the invariants of M .

(1) Let k ∈ N0. It follows from the functoriality of homology groups and the fact that
r ◦ i = idM that the maps r∗ : Hk(Y ) → Hk(M) and Hk(Y ;G) → Hk(M ;G) are
epimorphisms. In particular if the groups to the left vanish, then so do the groups
to the right. This observation together with (c) implies (1).

(4) The argument in (1) also shows that if Hk(Y ) is �nitely generated, then so is Hk(M).
Similarly, if Hk(Y ;F) is �nite-dimensional, then so is Hk(M ;F). Thus we see that (c)
implies (4).

(2) As in (1) we see r∗ : πn(Y, y0) → πn(M,x0) is an epimorphism. It follows from (a)
and the Countability Lemma 0.8 that πn(M,x0) is also countable.

(3) The logic of (1), (2) and (4) shows immediately that π1(M,x0) is �nitely generated.
The statement that π1(M,x0) is �nitely presented requires a little more thought.
More precisely, by the functoriality of fundamental groups we know that π1(M,x0)
is a retract of π1(Y, y0). By (b) we know that the group π1(Y, y0) is �nitely pre-
sented. Thus we obtain from the purely group-theoretic the Finite Presentation-
Retract Lemma 53.16 that π1(M,x0) is also �nitely presented. �

Finally we can also say something non-trivial about possibly non-compact topological
manifolds, namely we have the following analogue of Proposition 96.7.

Proposition 104.15. Let M be a 0-connected topological manifold.
(3′) The fundamental group of M is countable.
(4′) All homology groups Hk(M) are countable abelian groups. Furthermore, given any

�eld F the dimension of each homology groups Hk(M ;F) is countable.

Remark. In the Countable Fundamental Group Proposition 49.1 we already showed that
fundamental groups of (possibly non-compact) topological manifolds are countable. But it
seems di�cult to adapt the approach of the Countable Fundamental Group Proposition 49.1
to deal with homology groups.

Proof. Let M be a 0-connected topological manifold. We pick x0 ∈M . By the Manifolds-
ENR Proposition 104.9 we know that M is an ENR. Recall that this means that there
exists an embedding f : X → Rn and an open neighborhood U of f(X) such that f(X) is
a retract of U .
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Note that U is an open subset of Rn. In particular U is a smooth manifold. It follows
from Proposition 96.7 that π1(U, x0) and all homology groups Hk(U) are countable.

As in the proof of the Topological Manifolds-Invariants Proposition 104.14 we see that
π1(M,x0) is isomorphic to a quotient of π1(U, x0) and we see that each Hk(M) is isomorphic
to a quotient of Hk(U). It follows from the above that π1(U, x0) and all homology groups
Hk(M) are countable. The same logic also applies to the homology groups Hk(M ;F). �

104.5. ANRs and the homotopy type of topological manifolds. In this section we
will see in particular that all topological manifolds are homotopy equivalent to locally
�nite simplicial complexes, in particular, they are homotopy equivalent to CW-complexes.
In contrast to the previous sections we will not attempt to prove the statements of this
section, instead we try our best to give a good overview of the literature.
We start out with the following de�nition.

De�nition. We say that a topological space X is dominated by a topological space Y if
there exist maps i : X → Y and r : Y → X such that r ◦ i is homotopic to the identity
idX .

Example.

(1) If a topological space X is a retract of some topological space Y , then evidently X
is dominated by Y .

(2) It follows from the ENR-Simplicial Complex Retract Proposition 104.7 together with
the Manifolds-ENR Proposition 104.9 that every compact topological manifold and
every �nite CW-complex is dominated by a �nite simplicial complex.

The following proposition is the most powerful result on dominations that we actually prove
in these notes.
Proposition 162.8 (CW-Complex Domination Proposition). Let X be a topolog-
ical space. If X is dominated by a CW-complex, then X is homotopy equivalent to a
CW-complex.

Remark. Suppose a topological space X is a retract of some CW-complex Y . By the
CW-Complex Domination Proposition 162.8 we now know that X is homotopy equivalent
to a CW-complex. One might hope that X should actually admit the structure of a CW-
complex. But in Exercise 104.5 we will see that in general this is not the case.

Proof. We will prove the CW-Complex Domination Proposition 162.8 in Section 162.3, us-
ing the Whitehead Theorem 162.1. Alternatively see the proofs of Theorems 104.19, 104.22
and 104.23 for alternative proofs. �

It turns out that there exist several powerful generalizations of the CW-Complex Domi-
nation Proposition 162.8. To formulate these generalizations it is helpful to introduce the
following de�nition.

De�nition. A topological space X is called an absolute neighborhood retract (or short
ANR) if X is metrizable and if the following condition is satis�ed: whenever f : X → Y
is an embedding into a metric space Y such that f(X) is a closed subset of Y , then f(X)
is a neighborhood retract in Y .
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metrizable topological space X

Remark.
(1) Like in many other settings in the literature there exist various equivalent approaches

to de�ning an ANR, see e.g. [MaS1982, Chaper I.3.1(ii)] and [FrPi1990a, Propo-
sition A.6.2]. The de�nition above is the one given in [FrPi1990a, p. 281].

(2) Let X be an ANR. If X admits a closed embedding into some Rn, then it follows
immediately from the de�nitions that X is an ENR. Nonetheless, not every ANR is
an ENR. For example we will see shortly that the disjoint union X =

⊔
k∈N
B
k
is an

ANR, but it follows easily from the Topological Invariance of Domain Theorem 82.7
that X does not admit an embedding into any Rn.

(3) Some references use a de�nition of an ANR which di�ers slightly from ours. More
precisely, in [Han1951, p. 390] and [Miln1959a, p. 272] an ANR is supposed to
satisfy the extra condition that it is separable, i.e. that it contains a countable subset
that is dense. Note that in Exercise 9.8 we saw that a metrizable topological space
is separable if and only if it is second-countable. Thus, since in these notes we are
more familiar with the concept of second-countable topological spaces we will use
that notion in the remainder of our discussion of ANRs.

(4) The theory of ANRs is developed in great detail in [Hu1965, Bor1967, Chig1996].

We will soon see what ANRs are good for. But �rst let us quote two theorems which give
us many examples of ANRs.

Theorem 104.16. (Dugundji Extension Theorem) Let V be a real vector space and
‖ − ‖ : V → R≥0 a norm on V . We equip V with the corresponding metric and we use
this metric to view V as a topological space. With respect to this topology every convex
subset of V is an ANR.1267

Example. The only consequence of the Dugundji Extension Theorem 104.16 that we will
use is that every convex subset of some Rn is an ANR.

Proof. This theorem was proved by James Dugundji [Dug1951, Corollary 4.2] in 1952.
A proof is also given in [MaS1982, Theorem I.3.1], [Maye1989, Theorem I.5.7] and
[Saka2013, Theorem 6.1.1]. �

Theorem 104.17. (Hanner's Theorem) Let X be a topological space which is second-
countable and metrizable. If X is the union of a family {Ui}i∈I of open subsets such that
each Ui is an ANR, then X itself is an ANR.

Proof. This theorem was proved by Olof Hanner [Han1951, Theorem 3.3] in 1950. An
exposition of the proof is also given in [Fera2004, Theorem 2.77] and in [Hu1965, Theo-
rem III.8.1]. �

1267Note that there are no other hidden conditions on the subset except for convexity, in particular we do
not demand that the subset is open, closed or compact.
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Corollary 104.18. Every topological manifold is an ANR.

Proof. Let X be an n-dimensional topological manifold. By de�nition X is second-
countable. By the Manifold Metrization Proposition 18.10 we know that X is metrizable.
In the Topological Manifolds-Local Properties Lemma 18.8 (1) we showed that X is locally
homeomorphic to some non-empty convex subset of Rn. By the Dugundji Extension Theo-
rem 104.16 every non-empty convex subset of Rn is an ANR. In other words, we have shown
that X admits an open cover by ANRs. Thus we obtain from Hanner's Theorem 104.17
that X is indeed an ANR. �

The following amazing theorem now tells us what ANRs are good for.

Theorem 104.19. Let X be a topological space. The following statements are equivalent:
(1) X is dominated by a countable CW-complex.
(2) X is homotopy equivalent to a countable CW-complex.
(3) X is homotopy equivalent to a countable simplicial complex.
(3′) X is homotopy equivalent to a countable simplicial complex that is locally �nite.
(4) X is homotopy equivalent to an ANR which is second-countable.

Furthermore the following re�nement of the equivalence of (2) and (3) holds: If X is
homotopy equivalent to an n-dimensional countable CW-complex, then it is also homotopy
equivalent to an n-dimensional countable simplicial complex, and vice versa.

Proof. The fact that all the statements are equivalent goes well beyond the scope of these
notes. Thus we just give the necessary references. The implications (3′)⇒(3)⇒(2)⇒(1)
are of course trivial. Next note that the equivalence of (2) and (3) is a consequence
of the Simplicial-Implies-CW Lemma 93.24 and Proposition 94.12. As is explained in
[Miln1959a, Theorem 1], the implication (1)⇒(3′) follows from work of James Whitehead
[WhdJ1950, Theorem 24] and the implication (3′)⇒(4)⇒(1) follows from the work of Olof
Hanner [Han1951, Corollary 3.5 and Theorem 6.1]. Alternatively we refer to [FrPi1990a,
Theorem 5.2.1] or [LW1969, p. 137] for a proof that the �ve statements are equivalent. �

The above results now give us several corollaries on topological manifolds.

Corollary 104.20.
(1) Every topological manifold is homotopy equivalent to a countable locally �nite sim-

plicial complex.
(2) The homology groups, the fundamental group and the higher homotopy groups of a

0-connected topological manifold are countable.

Remark. LetM be a 0-connected topological manifold. By Corollary 104.20 we now know
that π1(M) is countable. A signi�cantly more down-to-earth proof for this statement is
given in [Lee2000, Proposition 7.21].

Proof.

(1) This statement follows from Corollary 104.18 together with Theorem 104.19 (4)⇒
(3′) and the fact that topological manifolds are by de�nition second-countable.
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(2) Let X be a 0-connected topological manifold. By (1) we know that X is homotopy
equivalent to a 0-connected countable simplicial complex Y . It follows from Proposi-
tion 94.9 and the Simplicial-Implies-CW Lemma 93.24 together with the Homology-
of-CW-Complex Proposition 80.6 that all homotopy groups1268 and all homology
groups of Y are countable. Finally note that it is a consequence of the Homotopy-
πn-Proposition 71.7 and the Homotopy Equivalence-H∗-Corollary 73.9 that the same
statements hold for X. �

By Proposition 86.15 we know that π2(S1 ∨ S2) is isomorphic to Z∞, in particular it is
in�nitely generated. This result, foreshadowed by our discussion on page 1573, shows that
homotopy groups of �nite CW-complexes can be in�nitely generated. In Question 71.16 we
asked, somewhat apprehensively, whether the homotopy groups of a countable CW-complex
are necessarily countable. With a slight sigh of relief we can now give an a�rmative answer
to this question.
Proposition 104.21. If X is a CW-complex with countably many cells, then for any
n ∈ N and any x0 ∈ X the group πn(X, x0) is countable.

Proof. This follows from the combination of Theorem 104.19 (1)⇒(4) together with the
Homotopy-πn-Proposition 71.7 and Proposition 94.9. �

Theorem 104.19 deals with (second-) countable objects. The following theorem is the
analogue of Theorem 104.19 without any cardinality restrictions and, on the �ip side,
without any cardinality information.
Theorem 104.22. If X is a topological space, then the following statements are equiva-
lent:
(1) X is dominated by a CW-complex.
(2) X is homotopy equivalent to a CW-complex.
(3) X is homotopy equivalent to a simplicial complex.
(4) X is homotopy equivalent to an ANR.

Proof. The implication �(1)⇒(2)� is precisely the statement of the CW-Complex Domi-
nation Proposition 162.8. The fact that (2) and (3) are equivalent is a consequence of the
Simplicial-Implies-CW Lemma 93.24 and Proposition 94.12. The statement that in fact all
four statements are equivalent is proved in [FrPi1990a, Theorem 5.2.1]. �

Theorem 104.22, which gives no control of the �size� of the objects is not all that helpful.
It is much more interesting to ask whether the analogue of Theorem 104.19 holds if we
replace �countable� by ��nite�. In fact the following theorem holds.
Theorem 104.23. Let X be a topological space. The following statements are equivalent:
(2) X is homotopy equivalent to a �nite CW-complex.
(3) X is homotopy equivalent to a �nite simplicial complex.
(4) X is homotopy equivalent to a compact ANR.

Furthermore the following re�nement of the equivalence of (2) and (3) holds: If X is
homotopy equivalent to a �nite n-dimensional CW-complex, then it is also homotopy
equivalent to a �nite n-dimensional simplicial complex, and vice versa.

1268For the fundamental group we could alternatively use the argument given on page 1537.
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Proof. The fact that (2) and (3) are equivalent is a consequence of the Simplicial-Implies-
CW Lemma 93.24 and Proposition 94.12. Next note that one can show, with some e�ort,
that it is a consequence of the Dugundji Extension Theorem 104.16 that every �nite simpli-
cial complex is an ANR, we refer to [LW1969, p. 210] and [HNV2004, p. 472] for details.
This observation gives us the implication (3)⇒(4). Finally the implication (4)⇒(2) was
shown by James West [Wes1977] in 1977. �

The attentive reader will have noticed that the dog that did not bark is the (1)⇒(2)
implication. It turns out that there is a good reason why it did not bark. The following
theorem, proved by C.T.C. Wall shows that in general the statement one would hope for
is actually incorrect.

Theorem 104.24. There exists a topological space that is dominated by a �nite CW-
complex but that is not homotopy equivalent to a �nite CW-complex.

Proof. The statement is proved in [Wall1965a, p. 66]. Alternatively see [Var1989, p. 163]
and [FeR2001, Theorem 3.1]. More precisely, in [Wall1965a, Var1989] it is shown that
to a topological space X that is dominated by a �nite CW-complex one can associate
an invariant in the �K-group K̃0(Z[π1(X)])� which vanishes if and only if X is homotopy
equivalent to a �nite CW-complex. It is shown in the above references that there exist
examples where the invariant is indeed non-zero. Interestingly it is conjectured, see e.g.
[KrL2005, p. 179], that the group K̃0(Z[π1(X)]) is zero, whenever π1(X) is a torsion-free
group. �

From this discussion we obtain the following corollary.

Corollary 104.25. Every compact topological manifold is homotopy equivalent to a �nite
simplicial complex.

Proof. This statement follows immediately from Corollary 104.18 together with Theo-
rem 104.23 (4)⇒(3). A very di�erent proof for the corollary was given by Rob Kirby and
Larry Siebenmann in [KSi1969, Chapter III.2] and [KSi1977, p. 744]. �

Let M be a (compact) n-dimensional topological manifold. By the above we now know
that M is homotopy equivalent to a (�nite) simplicial complex X. But the above results
do not say anything about the dimension of the simplicial complex X. But it turns out,
that at least for compact topological manifolds this can mostly be �xed.

Theorem 104.26.
(1) Every closed n-dimensional topological manifold is homotopy equivalent to a �nite

n-dimensional simplicial complex.
(2) Every compact connected n-dimensional topological manifold with non-empty bound-

ary is homotopy equivalent to a �nite (n− 1)-dimensional simplicial complex.

Remark. It seems like a nice project to �gure out whether Theorem 104.26 (2) can be
generalized to non-compact topological manifolds.

Sketch of proof. First note that the 1-dimensional case follows immediately from the
classi�cation result proved in the Topological 1-Dimensional Manifold Classi�cation The-
orem 22.1. Furthermore the 2-dimensional case and the 3-dimensional case follow from
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Radó's Theorem 104.29 and Moise's Theorem 104.30 below. Thus we can now assume that
n ≥ 4.

First note that by Theorem 104.22 (2)⇔(3) it su�ces to prove the statement with
simplicial complexes replaced by CW-complexes.

Next we cite the following theorem of C.T.C. Wall [Wall1966a, Corollary 5.1] (see also
[Wall1965a, Theorem E] and [Var1989, Chapter 5.2]):

Wall's Finiteness Theorem. Let Y be a connected �nite CW-complex such that
there exists an r ∈ N0 such that all twisted cohomology groups Hs(Y ;V ) vanish for
s > r. (The precise de�nition of twisted cohomology is irrelevant to our discussion,
so stay with us.) Now [Wall1966a, Corollary 5.1] says that if these conditions are
satis�ed and if r ≥ 3, then Y is homotopy equivalent to a �nite r-dimensional CW-
complex.1269

Theorem 104.26 is now a consequence of Wall's Theorem and some reasonably standard
facts in algebraic topology. In the discussion below we will outline the argument, the
detailed proof for reducing Theorem 104.26 to Wall's Theorem is given in [FNOP2019,
Theorem 4.1].

Now let X be a compact orientable n-dimensional topological manifold. It follows from
Theorem 104.23 that X is homotopy equivalent to a �nite CW-complex Y . It follows
from �Poincaré Duality with twisted coe�cients�, see [FNOP2019, Theorem A.15], that
for any r ∈ N0 and any Z[π1(X, x0)]-left module V we have Hr(Y ;V ) ∼= Hr(X;V ) ∼=
Hn−r(X, ∂X;V ). If r > n, i.e. if n−r < 0, then we have Hn−r(X, ∂X;V ) = 0. Furthermore,
if X is connected and if ∂X 6= 0 and if r = n, i.e. if n − r = 0 we have, by an argument
similar to the one given on page 1625, that Hn−r(X, ∂X;V ) = 0. The desired statement
now follows from these calculations together with Wall's Theorem.

Finally we consider the case of a compact non-orientable n-dimensional topological
manifold. The argument is basically the same, except that one needs Poincaré Duality
for non-orientable manifolds. For untwisted coe�cients this can be found in [DaK2001,
Theorem 5.7]. For twisted coe�cients this follows from an argument as in [FNOP2019,
Theorem A.15], but it is conceivable that nobody ever bothered to work out the details. �

We conclude this section with the following proposition which can be viewed as an analogue
of the Single Top-Cell Proposition 98.16.

Proposition 104.27. Every closed connected non-empty n-dimensional topological man-
ifold is homotopy equivalent to a �nite n-dimensional CW-complex which has a single
0-cell and which has a single n-cell.

Proof. Let X be a closed connected non-empty n-dimensional topological manifold. We
pick an embedding ϕ : B

n → X. It follows from Proposition 75.3 that Y := X \ ϕ(Bn) is
a compact connected non-empty n-dimensional topological manifold with ∂Y = ϕ(Sn−1).
By Theorem 104.26 we know that there exists a �nite (n− 1)-dimensional CW-complex Z

1269To the best of my knowledge it seems to be unknown whether the statement holds for r = 2.
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and a homotopy equivalence h : Y → Z. We consider the following diagram:

B
n

id
��

Sn−1? _ioo

id
��

f
// Y

h
��

B
n

Sn−1? _ioo
ϕ◦f

// Z.

Note that the diagram commutes, note that the vertical maps are homotopy equivalences
and note that it follows from the Manifold Boundary-Co�bration Proposition 17.8 that the
inclusion map i : Sn−1 → B

n
is a closed co�bration. Thus it follows from the Homotopy

Pushout Theorem 17.19 that the pushouts B
n ∪Sn−1 Y and B

n ∪Sn−1 Z are homotopy
equivalent. By Lemma 5.36 the former pushout is homeomorphic to X. Furthermore by
the CW-Complex Construction Lemma 68.32 the latter pushout admits a CW-structure
with a single n-cell and no cells of dimension > n. Finally note that it follows from
Proposition 70.4 that we can in fact �nd a CW-complex that is homotopy equivalent to X
that contains not only a single n-cell but that also contains only a single 0-cell. �

104.6. Topological manifolds and CW-structures. Recall that by the Smooth Manifold-
CW Structure Theorem 96.5 we know that every smooth manifold admits a simplicial
structure. By Corollaries 104.20 and 104.25 we now know that every (compact) topolog-
ical manifold is homotopy equivalent to a (�nite) CW-complex. The following question
naturally arises.
Question 104.28.
(1) Does every topological manifold admit a simplicial structure?
(2) Does every topological manifold admit a CW-structure?

In the following we will survey what is known regarding Question 104.28. Let us start out
with some positive statements.

Theorem 104.29. (Radó's Theorem) Every 2-dimensional topological manifold admits
a PL-structure, in particular it admits a simplicial and a CW-structure.

Proof. In 1926 it was shown by Tibor Radó [Rad1926] that every 2-dimensional topo-
logical manifold admits a simplicial structure. It is elementary to see that the simplicial
structure of any 1-dimensional topological manifold is in fact a PL-structure. It follows
from the PL-Manifold Characterization Proposition 96.12 that the simplicial structure of
any 2-dimensional topological manifold is in fact a PL-structure.

Note that we already mentioned the above result of Tibor Radó in the proof of the
Surface-Smooth Structure Existence Theorem 55.5. We refer to that proof to alternative
references. �

Theorem 104.30. (Moise's Theorem) Every 3-dimensional topological manifold ad-
mits a PL-structure, in particular it admits a simplicial and a CW-structure.

Proof. This theorem was �rst proved in 1952 by Edwin Moise [Moi1952]. Alternative
proofs are given in [Moi1977, p. 252 and 253], [Moi1952, Theorem 6], [Bin1983, Theo-
rem XVIII.3.B], [GNR2021], [Ham1976, Theorem 2], [Shal1984]. �

Now we turn to the higher dimensional setting. In this setting the stories between CW-
structures and simplicial structures diverge. In the following we �rst consider CW-structures
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on high-dimensional topological manifolds. It turns out that the 4-dimensional case is a
no-show, in the sense that the following question is still open.

Question 104.31. Does every closed 4-dimensional topological manifold admit a CW-
structure?
Once we move beyond dimension 4, the situation becomes somewhat clearer again.

Theorem 104.32. (Kirby-Quinn-Siebenmann Theorem) Every closed topological
manifold of dimension ≥ 5 has a CW-structure.

Proof. For dimensions ≥ 6 this theorem was proved in the 1970s by Rob Kirby and Larry
Siebenmann [KSi1977, Essay III.2]. In 1982 this result was extended to the 5-dimensional
case by Frank Quinn [Qu1982, Theorem 2.3.1]. �

Note that the Kirby-Quinn-Siebenmann Theorem 104.32 only deals with closed topological
manifolds. The following question is still open.

Question 104.33. Let n ∈ N≥5. Does every compact n-dimensional topological manifold
admit a CW-structure?
Now what about simplicial structures?

Theorem 104.34. There exists a closed 4-dimensional topological manifold that does not
admit a simplicial structure.

Proof. This theorem was proved by Andrew Casson, see [AkM1990, page xvi], in the
1980s building on the work of Mike Freedman [Fre1982]. An account of the proof is also
given in [Sav2012, Theorem 18.3]. �

The question whether topological manifolds of dimension ≥ 5 admit a simplicial structure
had been open for a very long time and it was �nally resolved in 2013 by Ciprian Manolescu
[Man2016a].

Theorem 104.35. (Manolescu's Theorem) For every n ∈ N≥5 there exists a closed
n-dimensional topological manifold that does not admit a simplicial structure.

Proof. The theorem is proved in [Man2016a]. A more relaxed exposition of the key
ideas of the proof is also given in [Man2016b]. Note that, as is explained in [Man2016a,
Man2016b], in dimension 5 the examples are necessarily non-orientable, whereas for every
n ≥ 5 there exists a closed orientable n-dimensional topological manifold that does not
admit a simplicial structure.1270 �

In the unlikely event that the reader got slightly confused by the various theorems and
counterexamples we now summarize some of the key statements about the topology of

1270We will explain later on in Chapter 105 what it means for a topological manifold to be orientable.
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compact topological manifolds in the following table:

n= 1,2,3 n= 4 n≥ 5
each closed top. n-mfd. is homotopy equiv. to a �nite CW-cplx. X X X

each closed top. n-mfd. admits a CW-structure X ? X
each compact top. n-mfd. is homotopy equ. to a �nite CW-cplx. X X X

each compact top. n-manifold admits a CW-structure X ? ?
each compact top. n-manifold admits a simplicial structure X 7 7

Finally we note that we will discuss the existence and uniqueness of PL-structures and
smooth structures on topological manifolds in greater detail in Chapter ??.

104.7. The Euler characteristic of compact topological manifolds. The Euler char-
acteristic of a �nite CW-complex is one of the most convenient invariants and often it gives
a convenient approach to calculating invariants of CW-complexes. As we just saw, it is not
clear whether (compact) topological manifolds admit CW-structures. But fortunately we
assembled just enough results on compact topological manifolds to be able to develop the
theory of Euler characteristics of compact topological manifolds.
The �rst part of the following de�nition was already introduced on page 1932.
De�nition.
(1) Given a pair (X,A) of topological spaces and n ∈ N0 we refer to

bn(X,A) := rank(Hn(X,A))

as the n-th Betti number of (X,A). For A = ∅ we write of course bn(X) := bn(X,∅).
(2) Let (X,A) be a pair of topological spaces. If all bn(X,A) are �nite and if the sum∑

n∈N0

bn(X,A) is �nite, then we de�ne the Euler characteristic of (X,A) to be

χ(X,A) :=
∑
n∈N0

(−1)n · bn(X,A).

For A = ∅ we write χ(X) := χ(X,∅).

Remark.
(1) It follows from the Euler Characteristic-H∗-Proposition 87.1 that for a �nite CW-com-

plex the above de�nition agrees with the original de�nition of the Euler characteristic
of a �nite CW-complex.

(2) Let X be a compact topological manifold and let A be a compact submanifold or let
A be a union of components of ∂X. It follows from Propositions 75.2 (3) and (4) and
the Topological Manifolds-Invariants Proposition 104.14 (0) and (4), together with
Lemma 96.8, that the Euler characteristic χ(X,A) is de�ned.

It turns out that the formulas we proved before for the Euler characteristic of CW-com-
plexes also hold for topological manifolds. More precisely, we have the following proposi-
tion, of which the �rst three statements are the analogue of Lemmas 87.8 and 87.5 and of
Proposition 69.4 in our new context.

Proposition 104.36. (Manifold-χ-Proposition)
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(1) Let X and Y be homotopy equivalent topological spaces. If the Euler characteristic
is de�ned for one of the two topological spaces, then it is de�ned for the other
topological space and we have

χ(X) = χ(Y ).

(2) Let X be and Y be two compact topological manifolds, then

χ(X × Y ) = χ(X) · χ(Y ).

(3) Let X = Y ∪ Z be a decomposition of a compact topological manifold into two
compact submanifolds Y and Z such that Y ∩ Z is also a compact submanifold
of X. Then the following equality holds

χ(X) = χ(Y ) + χ(Z)− χ(Y ∩ Z).

(4) Let X be a compact topological manifold and let A Ă X be a subspace that is a
compact topological manifold in its own right.1271 Then

χ(X,A) = χ(X) − χ(A).

Furthermore, for any �eld F we have

χ(X,A) =
∑
i

(−1)i · dimF(Hi(X,A;F)).

(5) Let X be a compact topological manifold and let p : X̃ → X be a �nite covering.
Then χ(X̃) =

[
X̃ : X

]
· χ(X).

Sketch of proof.

(1) This statement follows immediately from the Homotopy Equivalence-H∗-Corollary 73.9.
(2) This equality can be proved using the Künneth Theorem 90.7 for Chain Complexes.

We will �ll in the details in Exercise 104.9.
(3) We will not make use of this statement. Therefore we hide, with a good conscience,

the proof in Exercise 104.10.
(4) Let X be a compact topological manifold and let A Ă X be a subspace that is a

compact topological manifold in its own right.
(a) It follows immediately from considering the long exact sequence in homology of

the pair (X,A) together with Lemma 87.4 that χ(X,A) = χ(X)− χ(A).
(b) Let F be a �eld. Let Y be a compact topological manifold. From Corollary 104.25

we know that Y is homotopy equivalent to a �nite CW-complex Z. We observe
that

Homotopy Equivalence-H∗-Corollary 73.9
↓

χ(Y ) = χ(Z) =
∑
i

(−1)i · dimF(Hi(Z;F)) =
∑
i

(−1)i · dimF(Hi(Y ;F)).
↑ ↑

see page 1915 by the generalization of the Homotopy
Equivalence-H∗-Corollary 73.9 to F-coe�cients, see page 1914

1271For example A could be compact submanifold or A could be a union of boundary components.



104. BORSUK'S THEOREM, ENRS AND ANRS 2317

Using this observation we can now prove that

χ(X,A) = χ(X)− χ(A) =
∑
i

(−1)i ·dimF(Hi(X;F))−
∑
i

(−1)i ·dimF(Hi(A;F))
↑ ↑

by (a) by the above observation

=
∑
i

(−1)i · dimF(Hi(X,A;F)).
↑

by the long exact sequence of the pair (X,A) with F-coe�cients and Lemma 87.3

(5) Let X be a compact topological manifold and let p : X̃ → X be a �nite covering.
Without loss of generality we can assume that X and X̃ are connected. By Corol-
lary 104.25 there exists a homotopy equivalence f : X → Y , where Y is a �nite
CW-complex. By the Covering Existence Theorem 61.5 there exists a connected
covering q : Ỹ → Y such that q∗(π1(Ỹ )) = f∗(p∗(π1(X̃))). Using the Map Lifting
Criterion 61.2 one can now easily show that f : X → Y lifts to map f̃ : X̃ → Ỹ and
that this map is again a homotopy equivalence1272. Now we obtain that

we have
[
π1(Ỹ ) : π1(Y )

]
=
[
π1(X̃) : π1(X)

]
since f∗ is an isomorphism
↓

χ
(
X̃
)

= χ
(
Ỹ
)

=
[
π1(Y ) : q∗(π1(Ỹ ))

]
·χ(Y ) =

[
π1(X) : p∗(π1(X̃))

]
·χ(X)

↑ ↑ ↑
by (1) since X̃ and Ỹ Proposition 69.4 by (1) we have χ(Y ) = χ(X) since X
are homotopy equivalent and Lemma 48.15 and Y are homotopy equivalent

=
[
X̃ : X

]
·χ(X).

↑
Lemma 48.15 �

104.8. Microbundles. In this section we will give a short introduction to the concept of
a normal microbundle of a submanifold of a topological manifold. A normal microbundle
can be viewed as an analogue of the normal bundle of a smooth submanifold of a smooth
manifold. We will not make use of microbundles. So this section we can safely be skipped.

We start out with the de�nition of a microbundle, which was introduced by John Milnor
[Miln1964a, Chapter 2].

De�nition. A microbundle consists of two topological spaces B and E and two maps
i : B → E and j : E → B such that the following two conditions are satis�ed:
(1) we have j ◦ i = idB,
(2) for every b ∈ B there exists an open neighborhood U of b ∈ B and an open neighbor-

hood V of i(b) ∈ E with i(U) Ă V and j(V ) Ă U and there exists a homeomorphism
Φ: V → U × Rn such that the following diagram commutes:

V j|V
++

Φ∼=
��

U

i|U
33

x 7→(x,0) ++

U.

U × Rn (x,v)7→x

33

Such a map Φ is called a local trivialization.

1272Here the point is that not only the homotopy equivalences but also the homotopies lift to the covering
spaces. We leave the details to the reader.
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We refer to B as the base space of the microbundle, we refer to E as the total spaces of
the microbundle and refer to n as the �ber dimension of the microbundle.1273
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Examples.
(1) Every Rn-bundle (in particular every vector bundle) is evidently a microbundle. But

the notion of a microbundle is much less restrictive. For example we only have
control over a neighborhood of i(B) Ă E and the local trivializations do not have to
be compatible in any way.

(2) Let M be a topological manifold. One can easily show, see also [Miln1964a,
Lemma 2.1], that the maps

i : M → M ×M
x 7→ (x, x)

and
j : M ×M → M

(x, y) 7→ x

form a microbundle. This microbundle is called the tangent microbundle ofM .1274This
de�nition and this name is inspired by the Total Tangent Space-Diagonal Embedding
Proposition 45.16 which says given a closed smooth submanifold of Rn there exists
a smooth embedding of the tangent bundle T̃M into the product M ×M with with
(x, 0) 7→ (x, x) for each x ∈M .

As we just discussed, Rn-bundles are microbundles. Somewhat surprisingly, in the settings
we are interested in, every microbundle is essentially an Rn-bundle.

Theorem 104.37. (Kister-Mazur Theorem) Let i : B → E and j : E → B be a
microbundle. If B is a locally �nite, �nite dimensional simplicial complex or if B is a
topological manifold, then there exists an open neighborhood U of i(B) Ă E such that
the restriction of j to U is an Rn-bundle.

Proof. This theorem was proved by James Kister [Kis1964, Corollary 1 and Theorem 2]
(see also [Kis1963]) and independently by Barry Mazur. The proof is also written up as
[Kupe2017b, Theorem 3.7]. �

De�nition. Let X be a topological manifold and let Y be a submanifold of X. A normal
microbundle of Y in X consists of a neighborhood U of Y Ă X and a retraction j : U →M
such that the inclusion i : Y → U and the retraction j : U → Y form a microbundle.

Remark.
(1) Note that if Y admits a normal microbundle, then Y is in particular a neighborhood

retract in X in the sense of the de�nition on page 2291.
(2) A normal microbundle can be viewed as an analogue of the normal bundle of a smooth

submanifold of a smooth manifold.
1273Using the local homology groups Hk(j−1(b), j−1(b), i(b)) one can show that n is well-de�ned.
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Colin Rourke and Brian Sanderson [RS1968, Theorem 3.12] gave an example of a topo-
logical submanifold of S9 × S19 that is homeomorphic to S19 and that does not admit a
normal microbundle. But fortunately the following theorem says that normal microbundles
exist if the codimension of the submanifold is su�ciently large.

Theorem 104.38. Let X be an (n+ q)-dimensional topological manifold and let Y be an
n-dimensional proper submanifold of X. If there exists a j ∈ {0, 1, 2} with n ≤ q + 1 + j
and q ≥ 5 + j, then Y admits a normal microbundle restricting to a normal microbundle
of ∂N Ă ∂M . Furthermore, if n ≤ q + j, then this normal microbundle is unique up to
isotopy.

Proof. This theorem is [Ster1975, Theorem 4.5]. �

We will not develop the theory of microbundles any further. We refer to [Scor2005]
and [KSi1977] for more information and the role they play in the study of topological
manifolds.

Exercises for Chapter 104.

Exercise 104.1.

(1) Show that there are only countably many homotopy types of �nite CW-complexes.
Hint. Use Theorem 104.23.

(2) Show that there are uncountably many homotopy types of countable CW-complexes.
(3) Let k, n ∈ N.

(a) Are there only �nitely many homotopy types of k-dimensional CW-complexes
with at most n cells?

(b) Are there only �nitely many homotopy types of k-dimensional simplicial com-
plexes with at most n simplices?

Exercise 104.2. We consider X = {0} ∪ { 1
n
|n ∈ N} as a subset of Y = R. Show that

there is no open neighborhood of X in Y that admits a retraction onto X.

Exercise 104.3. We consider the embedding γ : S1 → R3 that is shown in the �gure below.
We set K := γ(S1).
(a) Show that π1(R3 \K) is an in�nitely generated group.

Remark. The rigor of the solution is bounded from above by the precision of the
statement of the problem.

(b) What do you think are the homology groups of R3 \K?
(c) Show that there is no neighborhood U of K that admits a deformation retraction

to K.
Remark. Write to the author if you have a solution.

γ

K
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Exercise 104.4. Show that there exist embeddings f : S1 → S3 which do not admit a
tubular neighborhood, i.e. for which there is no map Φ: B

2×S1 → S3 with f(P ) = Φ(P, 0)
for all P ∈ S1.

Exercise 104.5. Let C be the Cantor set as de�ned on page 130. Note that basically by
construction the complement of C in [0, 1] is the disjoint union of countably many open
intervals {(an − εn, an + εn)}n∈N. We set

X := {(c, 0) ∈ R2 | c ∈ C}︸ ︷︷ ︸
=C×{0}ĂR2

∪
⋃
n∈N

B
2

εn((an, 0)) Ă R2.

(We refer to the �gure below for an illustration.) In the following we will show that X is
a retract of a �nite CW-complex but that X itself is not a CW-complex.
(a) Show that X is a deformation retract of the CW-complex [0, 1]× [−1, 1] Ă R2.
(b) Show that X is compact.

Given a path-connected topological space Y we de�ne

S(Y ) := {y ∈ Y |Y \ {y} is not path-connected}.
(c) Show that S(X) = {(c, 0) | c ∈ C \ {0, 1}}.
(d) Let Y be a �nite CW-complex. Show that S(Y ) has only �nitely many path-

components.
(e) Show that X does not admit the structure of a CW-complex.
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[0, 1]×[−1, 1]

Cantor set C

X

0 1

Exercise 104.6. We say that a topological space X is weakly regionally compact if every
point x ∈ X admits a compact neighborhood. Now let X Ă Rn be a subset that is
weakly regionally compact. In the following we will show that there exists an embedding
g : X → Rn+1 such that g(X) is a closed subset of Rn+1.
(a) Show that there exists an open subset U Ă Rn with U ∩X = X.
(b) We set C := X\X = X\U . Note that it follows from the Interior-Closure Lemma 1.9

that C is a closed subset of Rn and note that it follows from Lemma 6.3 that d(x,C) >
0 for every x ∈ X. Now we consider the map f : X → R given by x 7→ d(x,C). Show
that the map g : X → Rn+1 given by x 7→ (x, 1

f(x)
) is an embedding such that g(X)

is a closed subset of Rn+1.
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X is weakly regionally compact
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Exercise 104.7. Let X be a compact space that is a retract of a �nite simplicial complex
X. Show that X is an ENR.
Remark. This is the, very easy, converse to the ENR-Simplicial Complex Retract Proposi-
tion 104.7.

Exercise 104.8. Let X be a compact space. Is H1(X) necessarily �nitely generated?

Exercise 104.9. Let X be and Y be two compact topological manifolds. Show that

χ(X × Y ) = χ(X) · χ(Y ).

Exercise 104.10. Let X = Y ∪ Z be a decomposition of a compact topological manifold
into two compact submanifolds Y and Z such that ∂Y = ∂Z is a submanifold of X. Show
that χ(X) = χ(Y ) + χ(Z)− χ(Y ∩ Z).
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105. Orientations of topological manifolds

In Section 25.2 we introduced the notion of an orientation of a smooth manifold. The basic
idea is that an orientation of a smooth manifold is a �continuous� choice of orientations
for each tangent space. Since topological manifolds do not come with tangent spaces there
is no obvious extension of this de�nition of an orientation to the context of topological
manifolds. In this chapter we will use �orientations of local homology groups� to introduce
the concept of an orientation on a topological manifold.

105.1. Relative homology and convex subsets of Rn. The next lemma is at �rst glance
a little dull, but i will come in handy on several occasions later on in this chapter. In all
likelihood it is best to have a quick glance at the statement and to move on to the next
section.
Lemma 105.1. (Complement-of-Convex Homology Lemma) Let n ∈ N, let U be
an open subset of Rn, let A be a convex bounded subset of U with A Ă U and let x ∈ A.
Then for every abelian group G and every i ∈ N0 the following inclusion induced maps are
isomorphisms:

(1) Hi(Rn \ A;G) → Hi(Rn \ {x};G)
(2) Hi(Rn,Rn \ A;G) → Hi(Rn,Rn \ {x};G)
(3) Hi(U,U \ A;G) → Hi(U,U \ {x};G).

If
◦
A is non-empty and if x ∈

◦
A is a point, then also the following inclusion induced maps

are isomorphisms
(4) Hi(∂A;G) → Hi(Rn \ {x};G)
(5) Hi(Rn, ∂A;G) → Hi(Rn,Rn \ {x};G)
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U
convex bounded set A

x
∂A

Proof. Let U be an open subset of Rn, let A be a convex bounded subset of U with A Ă U
and let x ∈ A. To simplify the notation we drop the coe�cients G from the notation and
without loss of generality we assume that x = 0. Now let i ∈ N0.

(1) We have to show that the inclusion induced map Hi(Rn \ A) → Hi(Rn \ {0}) is an
isomorphism. We had already stated this fact in Exercise 73.3. Now that we actually
need the statement we give the full details.

Since A is bounded we can pick an r > 0 such that A Ă Bn
r (0). We consider the

following map:

F : (Rn \ A)× [0, 1] → Rn

(x, t) 7→
{
x, if x ∈ Rn \Bn

r (0),

x ·
(
(1− t) + t · r

‖x‖︸ ︷︷ ︸
≥1 since r>‖x‖

)
, if x ∈ Bn

r (0) \ A.
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Note that if y 6∈ A, then it follows from the convexity of A and the fact that 0 ∈ A,
that for any s ≥ 1 the point sy cannot lie in A either. This shows that the above
map actually takes values in Rn \ A.

Now it is obvious that the map F de�nes a deformation retraction from Rn \ A
to Rn \ Bn

r (0).1275 1276 Clearly Rn \ Bn
r (0) is also a deformation retract of Rn \ {0}.

Now we consider the following commutative diagram of inclusion induced maps:

Hi(Rn \ A) // Hi(Rn \ {0})

Hi(Rn \Bn
r (0)).

44jj

It follows from the Homotopy Equivalence-H∗-Corollary 73.9 and the above discussion
that the two diagonal maps are isomorphisms. It follows that the horizontal map is
also an isomorphism.
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Bn
r (0)

x

the deformation retraction pushes
x radially outwards onto Sn−1

r (0)

convex bounded set A

0

(2) Now we consider the following commutative diagram of long exact sequences

... // Hi(Rn\A)
∼=
��

// Hi(Rn)
=
��

// Hi(Rn,Rn\A)
∼=
��

// Hi−1(Rn\A)
∼=
��

// Hi−1(Rn)
=
��

// ...

... // Hi(Rn\{x}) // Hi(Rn) // Hi(Rn,Rn\{x}) // Hi−1(Rn\{x}) // Hi−1(Rn) // ...

By (1) the �rst and the fourth vertical maps are isomorphisms. The second and the
�fth vertical map are the identity. It follows from the Five Lemma 74.10 that the
middle vertical map is also an isomorphism.

(3) We consider the following commutative diagram

Hi(U,U \ A) //

��

Hi(U,U \ {x})

��

Hi(Rn,Rn \ A) // Hi(Rn,Rn \ {x})

of inclusion induced homomorphisms. Since A Ă U we deduce from the Excision
Theorem 74.18 that the two vertical maps are isomorphisms. By (2) we know that
the bottom horizontal map is an isomorphism. Hence the top horizontal map is also
an isomorphism.

1275Note that the fact that 0 ∈ A and the convexity of A imply that for any x 6∈ A and any s ≥ 1 we have
s · x 6∈ A, in particular the map F does indeed take values in Rn \A.
1276As always, checking that a map is a deformation retraction also requires showing that the map is
continuous. In this case the map is continuous by the Pasting Proposition 2.6 and the fact that Bnr (0) \A
is a closed subset of Rn \A.
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Now we suppose that
◦
A is non-empty and we suppose that x is a point in

◦
A. It follows from

Exercise 1.23 that without loss of generality we can assume that x = 0 and that A = A.
(4) Since A is compact, convex with non-empty boundary we can apply Lemma 14.2.

Thus we now know that there exists an isotopy

F : A× [0, 1] → Rn

from the inclusion map i : A → Rn to a homeomorphism ϕ : A → B
n
that has the

following two properties:
(a) F1 = ϕ restricts to a homeomorphism ∂A→ Sn−1, and
(b) F has the property that F (0, t) = 0 for all t ∈ [0, 1].
Now we have the following diagram

Hi(∂A)
∼=

ϕ∗
uu

ϕ∗
��

(i|∂A)∗

))

Hi(S
n−1) ∼=

// Hi(Rn \ {0}) =
// Hi(Rn \ {0}).

Here all the unmarked maps are induced by inclusions. The right-hand triangle com-
mutes by the Homotopy Equivalence-H∗-Corollary 73.9 since, by the above property
(b), the isotopy F restricts to an isotopy ∂A× [0, 1]→ Rn \ {0}. The left horizontal
map is an isomorphism since Sn−1 is a deformation retract of Rn \ {0}. It is now
clear that the right-hand diagonal map is also an isomorphism.

(5) With the same argument as in (2) we can reduce the proof of this statement to
(4). �

105.2. The local homology of topological manifolds. We recall the following de�ni-
tion from page 1655.

De�nition. Given a topological space X and a point x0 ∈ X the homology groups
Hn(X,X \ {x0};R) is called the n-local homology group of X at the point x0.
In this section we will study the local homology of topological manifolds, in particular we
want to gain a good understanding of generators of these groups.
Some of the following de�nitions and conventions we had already introduced earlier.

De�nition. Let n ∈ N.
(1) We equip Rn with the orientation given by the standard basis e1, . . . , en. With this

orientation we can view any open subset of Rn as an oriented smooth manifold.
(2) We write

∂∆n =
n⋃
i=0

{(t0, . . . , tn) ∈ ∆n | ti = 0}.

and we refer to
◦
∆
n

:= ∆n \ ∂∆n as the interior of ∆n.
(3) As on page 1581 we say that a basis {v1, . . . , vn} for TP

◦
∆
n
is positive, if the ordered

set of vectors {(1, . . . , 1), v1, . . . , vn} is a positive basis for Rn+1. This equips
◦
∆
n

with the structure of an oriented smooth manifold.
(4) Given a subset V of Rn we say that a map f : V → Rk is a�ne linear if there exists

a P ∈ Rk and a k × n�matrix A such that f(v) = P + Av for all v ∈ V .
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◦
∆

1

orientations of the interiors of the standard simplices

◦
∆

2

x

y

y

z

x

Example. The projection

p : ∆n → Rn

(x1, . . . , xn+1) 7→ (x1, . . . , xn)

is an injective a�ne linear map. One can easily verify that the restriction of this map to
the interior

◦
∆
n
is orientation-preserving if and only if n is even.
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∆2
∆1

projection is orientation-preservingprojection is orientation-reversing

We continue with the following lengthy lemma.
Lemma 105.2. Let R be a commutative ring.
(1) For any k ∈ N0 we have

Hk(∆
n, ∂∆n;R) =

{
0, if k 6= n,
R · [id∆n ⊗1], if k = n.

(2) Let Φ: ∆n → Rn be an injective a�ne linear map such that 0 lies in the image of
◦
∆
n
and such that the restriction of Φ to

◦
∆
n
is orientation-preserving. Then for any

k ∈ N0 the induced map

Φ∗ : Hk(∆
n, ∂∆n;R) → Hk(Rn,Rn \ {0};R)

is an isomorphism and this map does not depend on the choice of Φ.
(3) Let P ∈ Rn. We pick r > 0 such that Bn

r (0) contains P . Then for any k ∈ N0 the
inclusion induced maps

Hk(Rn,Rn \ {0};R) ← Hk

(
Rn,Rn \Bn

r (0);R
)
← Hk(Rn,Rn \ {P};R)

are isomorphisms and the resulting isomorphism

Hk(Rn,Rn \ {0};R)
∼=−→ Hk(Rn,Rn \ {P};R)

does not depend on the choice of r.
(4) Let P ∈ Rn be a point. If ρ : Rn → Rn is the re�ection in an a�ne hyperplane

through P , then the induced map

ρ∗ : Hn(Rn,Rn \ {P};R)→ Hn(Rn,Rn \ {P};R)

is given by multiplication by minus −1. The same conclusion also holds if we replace
Rn by any open ball centered at P .
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(5) Let U Ă Rn be an open set and let B
n

r (Q) Ă U be a closed ball. Then for any
P ∈ Bn

r (Q) the inclusion induced maps

Hk(U,U \Bn
r (Q);R) //

��

Hk(Rn,Rn \Bn
r (Q);R)

��

Hk(U,U \ {P};R) // Hk(Rn,Rn \ {P};R)

are isomorphisms and they form a commutative diagram.
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Φ

P

U

Bn
r (0)0 Bn

r (Q)

y

x

z Q

P

Proof.

(1) For k 6= n the statement is proved the same way as Lemma 76.1. Next recall that in
the Identity-is-Generator Lemma 76.2 (2) we saw that the identity map id : ∆n → ∆n

represents a generator of Hn(∆n, ∂∆n;Z) ∼= Z. Basically the same proof shows that
for any commutative ring R the element id∆n ⊗1 ∈ Cn(∆n, ∂∆n;R) represents a
generator of the homology group Hn(∆n, ∂∆n;R) ∼= R.

(2) Let Φ: ∆n → Rn be an injective a�ne linear map such that 0 lies in the image of
◦
∆
n
and such that the restriction of Φ to

◦
∆
n
is orientation-preserving. Note that it

follows from the Compact-Hausdor� Proposition 2.17 (2) that Φ is an embedding.
Then we have the following commutative diagram

Hk(∆
n, ∂∆n;R)

Φ∗
��

Φ∗ // Hk(Rn,Rn \ {0};R).

Hk(Φ(∆n),Φ(∂∆n);R) // Hk(Rn,Φ(∂∆n);R)

OO

where the bottom and the right vertical map are induced by inclusions. Here the left
vertical map is an isomorphism since Φ is an embedding.

Since Φ is an injective a�ne linear map we see that Φ(∆n) is a convex subset
of Rn with non-empty interior. By our hypothesis the point 0 lies in the interior
of Φ(∆n). It follows from the Complement-of-Convex Homology Lemma 105.1 (5)
that the right vertical map is an isomorphism. Clearly Φ(∆n) → Rn is a homotopy
equivalence, hence it follows from Corollary 74.16 that the bottom horizontal map is
an isomorphism. Since the diagram commutes we have thus now shown, as desired,
that the top horizontal map is also an isomorphism.

If Ψ: ∆n → Rn is another such injective a�ne linear orientation-preserving map,
then it follows from elementary linear algebra that there exists some P ∈ Rn and a
matrix A with positive determinant such that

Φ = (v 7→ P + A · v) ◦Ψ: ∆n → Rn.
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We write Ω = A ◦Ψ. It su�ces to show that Ψ and Ω and also Ω and Φ induce the
same maps Hk(∆

n, ∂∆n;R)→ Hk(Rn,Rn \ {0};R).
(a) By the Matrix Group Path-Component Proposition 2.37 (1) we know that {A ∈

GL(n,R) | det(A) > 0} is path-connected. This implies in particular that there
exists a path γ : [0, 1]→ GL(n,R) with γ(0) = id and γ(1) = A. We consider the
map

F : ∆n × [0, 1] → Rn

(Q, t) 7→ γ(t) ·Ψ(Q).

Since by hypothesis we have 0 6∈ Φ(∂∆n) and since γ(t)(0) = 0 we see that
γ(t)(∂∆n) Ă Rn\{0} for all t. In particular we deduce that F de�nes a homotopy
between Ψ and Ω as maps (∆n, ∂∆n)→ (Rn,Rn \{0}). But by Proposition 74.15
this means that Ψ∗ = Ω∗ as maps on relative homology.

(b) Now we compare Ω and Φ = (w 7→ P + w) ◦ Ω. We consider the map

G : ∆n × [0, 1] → Rn

(Q, t) 7→ (P · t+ Ω(Q)).

Note that 0 ∈ Ω(
◦
∆
n
) = A(Ψ(

◦
∆
n
)) and that 0 ∈ Φ(

◦
∆
n
) which implies by

Φ = P + Ω that −P ∈ Ω(
◦
∆
n
). Since Ω(

◦
∆
n
) is convex we see that G de�nes

a homotopy between Ω and Φ as maps (∆n, ∂∆n) → (Rn,Rn \ {0}). But again
by Proposition 74.15 this means that Ω∗ = Φ∗ as maps on relative homology.

(3) The fact that both inclusion induced maps are isomorphisms is an immediate conse-
quence of the Complement-of-Convex Homology Lemma 105.1 (2). Now suppose we
are given another such s > 0. Without loss of generality we can assume that r ≥ s.
We obtain the following commutative diagram:

Hk(Rn,Rn \Bn
r (0);R) ∼=

--
∼=
rr

��
Hk(Rn,Rn \ {0};R) Hk(Rn,Rn \ {0};R).

Hk(Rn,Rn \Bn
s (0);R)

∼=
22

∼=
ll

All maps are induced by inclusions, so the diagram commutes. By the Complement-
of-Convex Homology Lemma 105.1 the diagonal maps are isomorphisms. It is now
obvious that the composition of the top maps and the composition of the bottom
maps agree.

(4) Let ρ : Rn → Rn be the re�ection in an a�ne hyperplane V through a point P . We
denote by f : Rn → Rn the map that is given by addition by P and furthermore we
write W = f−1(V ). Note that W goes through the origin. Finally we denote by
σ : Rn → Rn the re�ection in the hyperplane W . We consider the following diagram

Hn−1(Sn−1)⊗R
σ∗⊗id
��

∼=

µ
// Hn−1(Sn−1;R)

σ∗
��

f∗
// Hn−1(Rn\{P};R)

ρ∗
��

Hn(Rn,Rn\{P};R)∼=
∂oo

ρ∗
��

Hn−1(Sn−1)⊗R ∼=

µ
// Hn−1(Sn−1;R)

f∗
// Hn−1(Rn\{P};R) Hn(Rn,Rn\{P};R).∼=

∂oo

where µ is the natural map from page 1927 and where the right-hand horizontal maps
are the connecting homomorphisms from the Topological LES-Corollary 74.14.
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It follows from the Sphere Degree Lemma 76.11 that the vertical map on the
left is given by multiplication by −1. It is straightforward to verify that the diagram
commutes and that all horizontal maps are isomorphisms. Furthermore the horizontal
maps on the top and bottom are identical. It thus follows that the vertical map on
the right is also given by multiplication by −1.

(5) It is clear that the diagram commutes since all maps are induced by inclusions. The
horizontal maps are isomorphisms by the Excision Theorem 74.18 and the vertical
maps are isomorphisms by the Complement-of-Convex Homology Lemma 105.1. �

Convention. We use the isomorphisms from Lemma 105.2 to identify the various relative
homology modules. In particular, for any open set U of Rn, any open ball Br(P ) with
Br(P ) Ă U , any point Q ∈ U and any commutative ring R we make the identi�cations

R = Hn(∆n, ∂∆n;R) = Hn(Rn,Rn\{0};R) = Hn(U,U \Br(P );R) = Hn(U,U \{Q};R).

Furthermore, we refer to the image of the generator [id∆n ⊗1] ∈ Hn(∆n, ∂∆n;R) as the
standard generator of the various relative homology modules.

Example. We refer to the �gure below for an illustration of representatives of the standard
generators.1277 Here, for simplicity, given a singular 2-simplex ∆2 → R2 we only sketch the
image of ∂∆2 with the given orientation. Finally note that it follows from Lemma 105.2
(4) that the singular simplex illustrated in the middle of the �gure below represents minus
the standard generator.
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standard generator
for H2(U,U \{P};Z)

standard generator
for H2(R2,R2\{0};Z)

minus the standard
generator

P

U

Lemma 105.3. Let R be a commutative ring, let U be an open subset of Rn, let P ∈ U
and let σ : ∆n → U be a singular n-simplex with the following properties:

(1) the point P lies in the image of
◦
∆
n
,

(2) the restriction of σ to a map
◦
∆
n
→ U is a di�eomorphism onto its image.

Then σ ⊗ 1 ∈ Cn(U)⊗R represents a generator of Hn(U,U \ {P};R).1278 Furthermore, if

(3) the restriction of σ to a map
◦
∆
n
→ U is orientation-preserving,

then σ ⊗ 1 represents the standard generator of Hn(U,U \ {P};R).

1277At this occasion it is good to remember that if σ : ∆k → X is a map with σ(∂∆n) Ă A, then σ is a
cycle in Ck(X,A), i.e. it represents a class in Hk(X,A).
1278Note that we do not make any assumptions on the behavior of σ restricted to ∂∆n. If one looks very
carefully, then one realizes that one has to convince oneself that σ(∂∆n) is a subset of U \ {P}, i.e. one
has to show that it follows from (1) and (2), that P 6∈ σ(∂∆n). How can one prove this statement?



105. ORIENTATIONS OF TOPOLOGICAL MANIFOLDS 2329

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�����
�����
�����
�����

�����
�����
�����
�����

������
������
������
������
������
������
������

������
������
������
������
������
������
������

��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������

�
�
�
�

σ represents the standard generator of H2(U,U \ {P};Z)

σ
∆2

U

P

Proof. We denote by Q ∈
◦
∆
n
the point with σ(Q) = P . To simplify the notation we work

throughout the proof with the coe�cients R = Z. Using the fact that the inclusion induced
map Hn(U,U \ {P})

∼=−→ Hn(Rn,Rn \ {P})
is an isomorphism by the Excision Theorem 74.18 we can without loss of generality assume
that U = Rn. As always we denote by DσQ : TQ

◦
∆
n
→ TPU = Rn the di�erential of σ at

the point Q. We denote by

f : ∆n → Rn

x 7→ (DσQ)(x−Q)︸ ︷︷ ︸
∈TQ∆n

+ P

the linear approximation of σ at the point Q. We make the following two observations:

(1) Since σ :
◦
∆
n
→ U is a di�eomorphism onto its image we obtain that DσQ is an

isomorphism of vector spaces, in particular f is an injective a�ne linear map.
(2) Basically the same argument as in the proof of Lemma 76.15 shows that there exists

an open neighborhood V of Q in
◦
∆
n
such that the restrictions of σ and f to maps

σ, f : (V, V \ {Q}) → (Rn,Rn \ {P})
are homotopic.

Now consider the following diagram

Hn(∆n,∂∆n)
σ∗
��

// Hn(∆n,∆n\{Q})
σ∗
��

Hn(V,V \{Q})oo = //

σ∗
��

Hn(V,V \{Q})
f∗
��

// Hn(∆n,∆n\{Q})
f∗
��

Hn(Rn,Rn\{P}) = // Hn(Rn,Rn\{P}) = // Hn(Rn,Rn\{P}) = // Hn(Rn,Rn\{P}) = // Hn(Rn,Rn\{P}).

It is clear that the �rst two squares and the last square commute. Furthermore the third
square commutes by the above observation (2) together with Proposition 74.15. As in the
proof of Lemma 105.2 (2) we see that the last vertical map is an isomorphism. It now
follows easily that σ ∈ Cn(Rn) represents a generator of Hn(Rn,Rn \ {P}).

Finally suppose that the restriction of σ to a map
◦
∆
n
→ U is orientation-preserving. In

this case, by de�nition of orientation-preserving, the map f is also orientation-preserving,
therefore by the above commutative diagram the singular n-simplex σ does indeed represent
the standard generator of Hn(U,U \ {P}). �

We continue with the following lemma which is almost identical to the Manifold-Local
Homology Lemma 75.1.
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Lemma 105.4. Let M be an n-dimensional topological manifold and let R be a commu-
tative ring. Then for every x ∈M \ ∂M and any k ∈ N0 we have

Hk(M,M \ {x};R) ∼=
{
R, if k = n,
0, otherwise.

Furthermore, if Φ: U → V is a chart around x and if σ : ∆n → V represents a generator
of Hn(V, V \ {Φ(x)};R), then Φ−1 ◦ σ represents a generator of Hn(M,M \ {x};R).
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Mx
Φ

V U

σ

(Φ−1 ◦ σ)(∆2)

∆2
φ(x)

Remark. Let n ∈ N0. A topological space X that has the property that for each x ∈ X
we have

Hk(X,X \ {x};Z) ∼=
{

Z, if k = n,
0, otherwise

is often called a k-dimensional homology manifold. By Lemma 105.4 such topological spaces
can be viewed as generalizations of closed topological manifolds.

Let Y be an homology n-sphere.1279 By the Suspension-H∗-Proposition 76.7 we know
that the suspension Σ(Y ) of Y is an (n+ 1)-dimensional homology manifold. On the other
hand we saw in Exercise 76.9 that the suspension Σ(Y ) is not a topological manifold.1280

Recall that the Double Suspension Theorem 96.18 says that the double suspension Σ(Σ(Y ))
of any homology n-sphere is actually homeomorphic to Sn+2.

The proof of Lemma 105.4 is basically identical to the proof of the Manifold-Local Homology
Lemma 75.1. We recall the argument just in case some readers might have forgotten.

Proof. Let M be an n-dimensional topological manifold, let R be a commutative ring and
let x ∈ M \ ∂M . Since x 6∈ ∂M we can pick a chart Φ: U → V such that V is an open
subset of Rn. We write y = Φ(x). For any k ∈ N0 we then have

Hk(M,M \ {x};R)
∼=←− Hk(U,U \ {x};R)

Φ∗−−→∼= Hk(V, V \ {y};R)
∼=−→

{
R, if k = n,
0, otherwise.

↑ ↑ ↑
Excision Theorem 74.18 since Φ is a homeomorphism see Lemma 105.2 (5)

The last statement regarding generators now follows immediately from the above isomor-
phisms. �

1279Recall that by the de�nition on page 2159 an homology n-sphere is an n-dimensional topological
manifold X such that for any k ∈ N0 we have Hk(X;Z) ∼= Hk(Sn;Z). On page 2161 we saw that there
exists a smooth homology 3-sphere with non-trivial fundamental group, namely the Poincaré Homology
Sphere.
1280To be super-precise we showed that it is not an (n+ 1)-dimensional topological manifold, but it follows
easily from the Topological Manifold-Dimension Proposition 75.4 that if Σ(Y ) was a topological manifold
it would need to be (n+ 1)-dimensional.
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105.3. R-Sections on topological manifolds. In Section 25.2 we de�ned the notion of an
oriented smooth manifold via orientations of the tangent spaces. The notion of a tangent
space requires the smooth structure on a smooth manifold, put di�erently, topological
manifolds do not come with tangent spaces. In the next section we will see that we can still
de�ne the notion of an orientation of a topological manifold. Furthermore we will see that
for smooth manifolds this new notion of an orientation will be equivalent to the previous
notion of an orientation.
The key to de�ning the new notion of orientation is the following, initially rather obscure
de�nition.
De�nition. LetM be an n-dimensional topological manifold and let R be a commutative
ring.
(1) An R-section for M at x ∈M \ ∂M is an element µx ∈ Hn(M,M \ {x};R) ∼= R.
(2) Let W Ă M and let x ∈ W . Given any k ∈ N0 we denote by ρx the natural map

ρx : Hk(M,M \W ;R) → Hk(M,M \ {x};R).
Given ϕ ∈ Hk(M,M \W ;R) we often write ϕx := ρx(ϕ), i.e. the above map is also
written as ϕ 7→ ϕx.

(3) Let A be a subset of M \ ∂M . (In the following we will mostly be interested in
the case A = M \ ∂M). An R-section for M along A is a choice for each x ∈ A
of an R-section µx ∈ Hn(M,M \ {x};R) at x such that the following �continuity
condition� is satis�ed: for each x ∈ A there exists an open neighborhood U of x in A
and a homology class µU ∈ Hn(M,M \ U ;R) such that for each y ∈ U the image of
µU under the natural map

ρy : Hn(M,M \ U ;R) → Hn(M,M \ {y};R)

equals µy.
(4) We denote by ΓAR(M) the set of all R-sections of M along A.

For A = M \∂M we say �section� instead of �section along A� and we write ΓR(M) instead
of Γ

M\∂M
R (M).

Example. In the �gure below we attempt to illustrate the de�nition of a Z-section on a
surface M . Here, for simplicity, given a singular 2-simplex ∆2 → M we only sketch the
image of ∂∆2 with the given orientation.
(1) In the �gure below we show to the left two points x and y together with singular

2-simplices representing µx ∈ H2(M,M \{x};Z) and µy ∈ H2(M,M \{y};Z). Further-
more we sketch an open set U that contains x and y and we sketch a homology class
µU ∈ H2(M,M \ U ;Z) that gets sent to µx and µy via the natural maps1281

Hn(M,M \U ;Z)
ρx−→Hn(M,M \{x};Z) and Hn(M,M \U ;Z)

ρy−→Hn(M,M \{y};Z).

In fact these Z-sections at x and y form part of a Z-section of M .
(2) In the �gure below we show to the right two Z-sections νx and νy that cannot be part

of a Z-section of M .

1281Note that in this example the group H2(M,M \U ;Z) is not isomorphic to Z, i.e. the two maps are not
isomorphisms.
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M x yµx x µx y µy

here the Z-sections at the points
do not come from a Z-section on M

here the Z-sections at the points
correspond to a Z-section on M

x νx y νyµy

open set U µU

Lemma 105.5. Let M be an n-dimensional topological manifold and let R be a commu-
tative ring.
(1) Given any subset A Ă M \ ∂M the set ΓAR(M) admits a unique R-module structure

such that for each y ∈ A the map ΓAR(M) → Hn(M,M \ {y};R) that is given by
{αx}x∈A 7→ αy is an R-module homomorphism.

(2) For every subset A Ă M \ ∂M (often we will take A = M \ ∂M) the map

Hn(M,M \ A;R) → ΓAR(M)
α 7→ {αx}x∈A

is a well-de�ned homomorphism of R-modules.

Remark. In the Homology-Section Theorem 106.10 we will see that in many settings the
converse to Lemma 105.5 holds.

Proof.

(1) We will prove this statement in Exercise 105.2.
(2) Let A Ă M \ ∂M be a subset and let α ∈ Hn(M,M \ A;R). Let x ∈ A. We need

to show that there exists an open neighborhood U of x in A and a homology class
ϕ ∈ Hn(M,M \ U ;R) such that for each y ∈ U we have ρx(ϕ) = αx. But this is
trivial, we just take U = A and ϕ = α. �

The following proposition contains much more interesting results on ΓAR(M).

Proposition 105.6. (Sections Proposition) Let M be a topological manifold and let
A be a connected subset of M \ ∂M .1282

(1) Let R be a commutative ring and let {αx}x∈A and {βx}x∈A be two R-sections for M
along A. If there exists an x ∈ A with αx = βx, then the two R-sections agree.

(2) Let {αx}x∈A be a Z-section forM alongM . Suppose there exists a y ∈ A, an m ∈ Z
and a βy ∈ Hn(M,M \ {y};Z) such that αy = m · βy, then there exists a Z-section
{βx}x∈A along A such that αx = m · βx for every x ∈ A.

(3) Let {αx}x∈A be a Z-section along A for M . If there exists a y ∈ A such that αy is a
generator of Hn(M,M\{y};Z) ∼= Z, then αx is a generator of Hn(M,M\{x};Z) ∼= Z
for every x ∈ A.

1282In some applications we will use that by Exercise 18.19 we know that if M is a connected topological
manifold, then M \ ∂M is also connected.
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Before we provide the proof of the Sections Proposition 105.6 we need to prove one little
lemma which in turn requires the following de�nition.

De�nition. Let M be an n-dimensional topological manifold. We say that Y Ă M is a
small ball in M if there exists a chart Φ: U → V such that Bn

2 (0) Ă V and such that
Φ(Y ) = Bn.
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M Vchart Φ
Bn

2 (0)

Φ(Y ) = Bn
small ball Y

Lemma 105.7. (Small Ball-Lemma) Let M be an n-dimensional topological manifold.
(1) Given any point x ∈M \ ∂M and any neighborhood U of x there exists a small ball

contained in U that contains x.
Let R be a commutative ring.
(2) For any point y in a small ball Y and any k ∈ N0 the map

ρy : Hk(M,M \ Y ;R) → Hk(M,M \ {y};R)

is an isomorphism.
(3) Let A be a subset of M \ ∂M , let {αx}x∈A be an R-section along A and let x ∈ A.

There exists a small ball Y in M \ ∂M that contains x and a ϕ ∈ Hk(M,M \ Y ;R)
such that for every y ∈ Y ∩ A we have ρy(ϕ) = αy ∈ Hn(M,M \ {y};R).

Proof. Let M be an n-dimensional topological manifold.
(1) The proof of the �rst statement is elementary.
(2) Now let y be a point that is contained in a small ball Y . To simplify the notation we

drop the commutative ring R from the notation. We consider the long exact sequence
of the triple (M,M \ {y},M \ Y ) given by the Topological LES-Corollary 74.14:

→Hk(M \{y},M \Y )→Hk(M,M \Y )→Hk(M,M \{y})→Hk−1(M \{y},M \Y )→

We see immediately that it su�ces to show that all the relative homology groups
Hk(M \ {y},M \ Y ) vanish. Since Y is a small ball we can pick a chart Φ: U → V
such that Bn

2 (0) Ă V and such that Φ(Y ) = Bn. We pick s ∈ (1, 2) and we write
Z = Φ−1(Bn

s (0)). Then

Hk(M \{y},M \Y )
∼=←− Hk(Z\{y}, Z\Y )

Φ∗−−→∼= Hk(B
n
s (0)\{Φ(y)}, Bn

s (0)\Bn) = 0.
↑ ↑

Excision Theorem 74.18 by Corollary 74.16, since Bns (0) \Bn is a
deformation retract of Bns (0) \ {Φ(y)}
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(3) Let A be a subset of M , let {αx}x∈A be an R-section along A and let x ∈ A. By
de�nition of an R-section along A and by de�nition of the subspace topology there
exists an open neighborhood V of x ∈ M \ ∂M and a singular chain σ ∈ Cn(M ;R)
that represents a cycle in Cn(M,M \ (V ∩ A);R) such that for each y ∈ V ∩ A we
have αy = ρy([σ]) ∈ Hn(M,M \ {y};R).

Since σ represents a cycle in the relative chain complex C∗(M,M \ (V ∩ A);R)
we know that ∂σ ∈ Cn−1(M \ (V ∩ A);R). It follows from the fact that ∆n−1 is
compact together with the Compact Image Lemma 2.13 and the Compact-Closed
Lemma 1.21 that there exists an open neighborhood U Ă M of x with U Ă V such
that ∂σ ∈ Cn−1(M \ U ;R). In other words, σ represents a cycle in Cn(M,M \ U).
By (1) there exists a small ball Y with x ∈ Y Ă U . It follows immediately from the
functoriality of homology groups that the homology class [σ] ∈ Hn(M,M \Y ;R) has
all the desired properties. �
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Proof of the Sections Proposition 105.6. LetM be an n-dimensional topological man-
ifold, let A be a connected subset of M \ ∂M and let R be a commutative ring.
(1) Let {αx}x∈A and {βx}x∈A be two R-sections for M along A. We assume that there

exists a z ∈ A with αz = βz. We consider the R-section along A that is given by
γx = αx − βx for x ∈ A. Next we consider the following two subsets of A:

V := {y ∈ A | γy = 0} and W := {y ∈ A | γy 6= 0}.
We need to show that V = A. Since V is by hypothesis non-empty and since A is
connected it su�ces to show that V and W are both open. In other words, it su�ces
to prove the following claim.
Claim. Let x ∈ A. There exists an open neighborhood U of x in A such that either
γy is zero for every z ∈ U or γy is non-zero for every z ∈ U .
Proof. Let x ∈ A. It follows immediately from the Small Ball-Lemma 105.7 (3) that
there exists a small ball Y in M \ ∂M that contains x and a ϕ ∈ Hk(M,M \ Y ;R)
such that for every y ∈ Y ∩A we have ρy(ϕ) = αy ∈ Hn(M,M \{y};R). Furthermore,
note that by the Small Ball-Lemma 105.7 (2) we know that for every y ∈ Y the map
ρy is an isomorphism. But this implies that γx = 0 if and only if γy = 0 for all y ∈ Y .
�

(2) Let n ∈ N. We start out with the following de�nition: Given an element g of a group
G with G ∼= Z we say that g is divisible by n if there exists an h ∈ G with n · h = g.
In this case we write g/n := h. Note that h is well-de�ned since G ∼= Z.

Let {αx}x∈A be a Z-section for M along A. Given n ∈ N we consider the two sets

V := {y ∈ A |αy is divisible by n}, and
W := {y ∈ A |αy is not divisible by n}.

The same argument as in (1) one shows that V and W are open.
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If V is non-empty, then V = M \ ∂M and it is straightforward to verify that
βy := αy/n, y ∈ A, is in fact a Z-section along A. We leave it to the reader to �ll in
the details.

(3) Let {αx}x∈A be a Z-section for M along A. Let y ∈ A be a point such that αy is a
generator of Hn(M,M \{y};Z) ∼= Z. Now let z ∈ A. If αz is not a generator, then
there exists a βz ∈ Hn(M,M\{z};Z) ∼= Z and some n ≥ 2 such that αz = n · βz. By
(2) we can extend βz to a Z-section {βx}x∈A such that αx = n · βx for every x ∈ A.
But this implies that αy is not a generator. So we have obtained a contradiction. �

105.4. Orientations of topological manifolds. After the technical preparations from
the last section we can now �nally introduce the notion of an orientation of a topological
manifold.
De�nition. LetM be an n-dimensional topological manifold and let R be a commutative
ring.
(1) An R-section for M at a point x ∈ M \ ∂M that is in fact a generator of the

R-module Hn(M,M \ {x};R) ∼= R is called an R-orientation for M at x ∈M .
(2) An R-section for M that is an R-orientation at each point x ∈M \ ∂M is called an

R-orientation of M .
(3) The topological manifold M is called R-orientable if it admits an R-orientation.
(4) Let M and N be two n-dimensional topological manifolds that are equipped with

R-orientations {αx}x∈M\∂M and {βx}x∈N\∂N . Let f : M → N be a map that is a
local homeomorphism. We say the map f is orientation-preserving if the following
holds: for any open set U Ă M , such that f : U → f(U) is a homeomorphism and
such that f(U) is open, and any x ∈ U \ ∂M the image of αx under the map1283 1284

1285

these two maps are isomorphisms by the Excision Theorem 74.18
↓ ↓

Hn(M,M \{x})
∼=←− Hn(U,U \{x}) f∗−→∼= Hn(f(U), f(U)\{f(x)})

∼=−→ Hn(N,N \{f(x)}).

equals βf(x). Otherwise we call f orientation-reversing.

Example. Let M be a 0-dimensional topological manifold. Note that for each x ∈ M we
have a natural isomorphism

Z n7→n·[x]−−−−→ Hn({x})
∼=−−→ H0(M,M \ {x}).

↑ ↑
H0-Proposition 72.5 inclusion induced

Thus we see that an orientation of a 0-dimensional topological manifold is basically the
same as a map M → {±1}. In other words, we see that we have the same concept of an
orientation as we remarked on page 675 for 0-dimensional smooth manifolds.

We leave the proof of the following lemma as an amusing exercise to the reader.

1283Since f : U → f(U) is a homeomorphism we have f(U \ {x}) = f(U) \ {f(x)}.
1284It follows from the fact that f : U → f(U) is a homeomorphism, the fact that x ∈ U \ ∂U and the
Topological Manifold Boundary Proposition 75.2 that f(x) 6∈ ∂N .
1285We suppress the R-coe�cients from the notation for space reasons.
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Lemma 105.8. LetM andN be two n-dimensional topological manifolds and furthermore
let f, g : M → N be two homeomorphisms. If f and g are isotopic, then f is orientation-
preserving if and only if g is orientation-preserving.
Before we start with the discussions of orientations in detail we get the following technical
lemma out of the way.

Lemma 105.9. Let M be an-dimensional topological manifold.
(1) Let R be a commutative ring and let A Ă M \ ∂M be a connected subset. If M is

R-orientable, then for every x ∈M \ ∂M the map

Φ: ΓAR(M) →

∼=R︷ ︸︸ ︷
Hn(M,M \ {x};R)

{αy}y∈A 7→ αx

is an isomorphism of R-modules.
(2) If M is non-orientable and connected, then ΓZ(M) = 0.

Proof. Let M be a connected n-dimensional topological manifold.
(1) Let R be a commutative ring such that M is R-orientable. We pick an R-orientation
{µy}y∈M\∂M forM . Next let A Ă M \∂M be a connected subset and let x ∈M \∂M .
By de�nition µx is a generator of the R-module Hn(M,M \ {x};R) ∼= R, i.e. every
element in Hn(M,M \{x};R) is of the form r ·µx for some unique r ∈ R. We consider
the map

Ψ: Hn(M,M \ {x};R) → ΓAR(M)
r · µx 7→ {r · µy}y∈A.

Evidently we have Φ ◦ Ψ = id. It follows from our hypothesis that A is connected
and from the Sections Proposition 105.6 (1) that Ψ ◦ Φ is also the identity.

(2) Now we suppose that M admits a non-zero Z-section {αx}x∈M\∂M . We need to show
that M is orientable. We pick y ∈ M \ ∂M such that αy 6= 0. We pick a generator
βy ∈ Hn(M,M \ {y};Z) ∼= Z. Then αy = n ·βy for some n ∈ Z. It follows again from
our hypothesis thatM is connected and from the Sections Proposition 105.6 (2) that
there exists a Z-section {βx}x∈M\∂M such that αx = n · βx for all x ∈ M \ ∂M . It
follows immediately from the Sections Proposition 105.6 (3) that {βx}x∈M\∂M is an
orientation for M . �

In the following lemma we collect some basic facts about Z-orientations.
Lemma 105.10. Let M be a topological manifold.
(1) For any point x ∈M \ ∂M there exist precisely two Z-orientations for M at x.
(2) If M is connected and orientable, then M admits precisely two Z-orientations.

Proof. The �rst statement is an immediate consequence of the fact, proved in Lemma 105.4,
that for any x ∈ M \ ∂M we have Hn(M,M \ {x};Z) ∼= Z. The second statement follows
easily from the Sections Proposition 105.6 and the de�nitions. �

Examples.

(1) Let V be a connected open subset of Rn. For any x ∈ V we de�ne

µx := the standard generator of Hn(V, V \ {x};Z) as de�ned on page 2328.
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We claim that the µx de�ne a Z-orientation for V . Indeed, let x ∈ V . We pick an
r > 0 such that Br(x) Ă V . We set U := Br(x). We denote by µU the standard
generator of Hn(V, V \ U ;Z) as de�ned on page 2328. It follows from Lemma 105.2
(5) that µU has the desired property. We refer to this Z-orientation as the standard
Z-orientation of V .

By Lemma 105.10 (2) the topological manifold V admits precisely two di�erent
Z-orientations. We have already given one orientation above. By Lemma 105.2 the
other one is given by a re�ection of the standard generators in hyperplanes. In the
�gure below we sketch the two di�erent orientations of V .
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(2) In the �gure below we sketch the two di�erent orientations of the torus.
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(3) Let R be a commutative ring. Recall that for n ≥ 1 we denote by [Sn] ∈ Hn(Sn;Z)
the standard generator that we introduced on page 1677. It follows from the Universal
Coe�cient Theorem 89.17 together with the Tor-Properties Lemma 89.15 (3) that
the natural map Hn(Sn)⊗R → Hn(Sn;R)

is an isomorphism. By a slight abuse of notation we denote by [Sn] also the image
of [Sn] ⊗ 1 ∈ Hn(Sn;R) under the above map. Note that [Sn] ∈ Hn(Sn;R) ∼= R is
a generator. We refer to it as the standard generator of Hn(Sn;R). For any x ∈ Sn
it follows easily from the long exact sequence of homology groups with R-coe�cients
of the pair (Sn, Sn \ {x}) that the natural map

Hn(Sn;R) → Hn(Sn, Sn \ {x};R)

is an isomorphism. We denote by µx ∈ Hn(Sn, Sn \{x};R) the image of [Sn]. By the
above µx is an R-orientation at x. In fact all these R-orientations {µx}x∈Sn de�ne
an R-orientation of Sn. Indeed, in the de�nition on page 2335 we just need to set
U = Sn and µU = [Sn] ∈ Hn(Sn, Sn\Sn︸ ︷︷ ︸

=∅

;Z). We refer to this orientation of Sn as the

standard R-orientation of Sn.

The following proposition shows in particular that for smooth manifolds the notion of
orientability from page 675 agrees with the above notion of orientability.

Proposition 105.11. (Smooth-Topological Orientation Proposition)
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(1) Give any smooth manifold M there exists a natural bijection{ orientations on M in
the sense of page 675

} ∼=−−→ {Z-orientations on M }

such that the following two statements hold:
(a) For any open subsets of some Rn the above bijections sends the standard orien-

tation from page 675 to the above standard Z-orientation.
(b) If f : M → N is a local di�eomorphism between oriented connected smooth

manifolds, then the following two statements are equivalent:
(i) f preserves the orientations on M and N in the sense of page 675,
(ii) f preserves the Z-orientations on M and N .

(2) Given an n-dimensional smooth manifold M we have

M is orientable in the sense of page 675 ⇐⇒ M is Z-orientable.
In the proof of the Smooth-Topological Orientation Proposition 105.11 we will use the
following lemma.

Lemma 105.12. Let Ψ: V → V ′ be a di�eomorphism between two open subsets of Rn.
Then for any x ∈ V we have

Ψ preserves the standard
Z-orientation of V at the point x ⇐⇒ Ψ preserves the orientation of V in the

sense of page 675 at the point x.

Proof. Let Ψ: V → V ′ be a di�eomorphism between two open subsets of Rn and let x ∈ V .
We write x′ = Ψ(x). Given w ∈ Rn we denote by tw the translation Rn → Rn that is given
by v 7→ v + w. We set ε := 1 if Ψ preserves the orientation of V in the sense of page 675
at the point x. Otherwise we set ε := −1. We consider the following diagram

Hn(V, V \{x};Z)

��
Ψ∗
��

Hn(t−x(V ), t−x(V )\{0})tx∗oo

(tx◦Ψ◦t−x′ )∗
��

// Hn(Rn,Rn\{0})
·ε
��

Hn(V ′, V ′\{x′};Z) Hn(t−x(V ), t−x(V )\{0})
tx′∗oo // Hn(Rn,Rn\{0}).

We make the following observations:

(1) It follows easily from the de�nitions that each translation tv is orientation-preserving
in both senses of an orientation.

(2) It follows from the Local Di�eomorphism-Degree Proposition 76.14 together with (1)
that the square at the right commutes.

(3) It is clear that the square at the left commutes.
(4) The statement of the lemma follows from (2) and (3). �

Sketch of the proof of Proposition 105.11. First, as we saw on page 2335, the case of
0-dimensional smooth manifolds is basically a tautology, at least as long as all statements
are interpreted in a reasonable way. Thus in the following we assume that we are dealing
with smooth manifolds of dimension ≥ 1.

Next note that Statement (2) is just a reader-friendly condensation of Statement (1).
Thus we need to prove Statement (1). We de�ne the promised natural bijections. Thus
let M be an n-dimensional smooth manifold where n ≥ 1. We �rst suppose that M is
oriented in the sense of page 675. Let x ∈ M \ ∂M . We pick a chart Φ: U → V around x
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that is orientation-preserving in the sense of page 675. We de�ne

µx := Φ−1
∗
(
standard generator of Hn(V, V \ {Φ(x)};Z) as de�ned on page 2328

)
.

It follows from Lemma 105.12 that this de�nition does not depend on the choice of the
orientation-preserving chart Φ. We claim that the classes {µx}x∈M\∂M form a Z-orientation
forM . We only have to show that these classes satisfy the �continuity condition�. We claim
that for any x ∈ M \ ∂ a su�ciently small ball U containing x has the desired property.
The proof of this fact is very similar to the arguments used in the proof of the Sections
Proposition 105.6. We leave it to the reader to �ll in the details.

Now we de�ne the inverse map. So suppose we are given a Z-orientation {µx}x∈M\∂M
for M . Note that by the Basics-of-Orientations Lemma 25.13 we only need to �nd an
orientation for M \ ∂M . Thus let x ∈M \ ∂M . We pick a chart Φ: U → V around x such
that V is connected. It follows from Lemma 105.2 that, after possibly re�ecting V in a
hyperplane, we can assume that Φ preserves the Z-orientation at x, i.e. it sends the given
Z-orientation µx to the standard orientation of the open subset V of Rn that we introduced
on page 2337. We de�ne

orientation of TxM := Φ∗(standard orientation of TΦ(x)V = Rn).

It follows from Lemma 105.12 that this de�nition does not depend on the choice of Φ. As
before, using small balls, one can show that this de�nes an orientation of M in the sense of
page 675. We leave the veri�cation of the details once again to the surely highly motivated
reader.

It is basically clear, that by construction, the bijections have the desired properties (a)
and (b). This concludes the proof of Statement (1). �

Convention. the Smooth-Topological Orientation Proposition 105.11 says in particular
that for smooth manifolds the notion of orientability that we introduced on page 675 agrees
with the notion of Z-orientability that we had just introduced. For R = Z we will therefore
often drop the �R� from the de�nitions on page 2335, i.e. often we just say orientation at
a point, orientation and orientable.

Remark. It follows basically from the de�nitions that under the equivalence of the Smooth-
Topological Orientation Proposition 105.11 the orientations of Sn introduced on page 681
and page 2337 agree.

The following proposition shows that the notion of R-orientability is more �exible than the
previous notion of orientability.

Proposition 105.13. (F2-Orientability Proposition) Every topological manifold is
F2-orientable.

Example. The F2-Orientability Proposition 105.13 says in particular that the real projec-
tive plane, the Klein bottle and the Möbius band are F2-orientable.
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Möbius band

µy ⊗ 1

µx ⊗ 1

µz ⊗ 1
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Proof. LetM be an n-dimensional topological manifold. Let x ∈M\∂M . By Lemma 105.4
we know that Hn(M,M\{x};F2) ∼= F2. We de�ne µx to be the unique non-trivial element in
Hn(M,M \ {x};F2) ∼= F2. Using the Small Ball-Lemma 105.7 it is straightforward to show
that the continuity condition is satis�ed, in particular we have de�ned an F2-orientation
on M . �

Lemma 105.14. Let M be a topological manifold. If M is orientable, then it is R-
orientable for any commutative ring R.

Proof. Let M be an n-dimensional orientable topological manifold and let R be a com-
mutative ring. Let x ∈ M \ ∂M . It follows from the Universal Coe�cient Theorem 89.17,
together with the fact that Hn−1(M,M \ {x};Z) = 0 obtained in Lemma 105.4, that the
natural map

µ : Hn(M,M \ {x};Z)⊗R → Hn(M,M \ {x};R)
k∑
i=1

[σi]⊗ ri 7→
[ k∑
i=1
σi ⊗ ri

]
is an isomorphism.

Now we pick an orientation {αx}x∈M\∂M for M . For each x ∈ M \ ∂M we denote
by α̃x ∈ Hn(M,M \ {x};R) the image of αx ⊗ 1 under the above isomorphism. It is
straightforward to verify that these generators {α̃x}x∈M\∂M de�ne an R-orientation for the
topological manifold M . �

We continue with the following proposition which is a variation on Propositions 49.4
and 49.5, which were formulated in the context of smooth manifolds.

Proposition 105.15. (Orientation Covering-Proposition)
(1) To each topological manifold M we can naturally1286 associate an oriented topo-

logical manifold M̃ together with a 2-fold covering p : M̃ → M and to each local
homeomorphism f : M → N we can associate an orientation-preserving local home-
omorphism f̃ : M̃ → Ñ such that the following diagram commutes:

M̃
p
��

f̃
// Ñ

p
��

M
f

// N.

(2) LetM be a connected topological manifold and let p : M̃ →M be the 2-fold covering
constructed in (1).
(a) If M is orientable, then there exists a unique orientation-preserving homeomor-

phism to Θ: M̃ →M t −M such that the following diagram commutes:

M̃
Θ

∼=
//

p
%%

M t −M

q
ww

M

where q is the obvious map given by the identity on each component ofMt−M .
(b) If M is non-orientable, then M̃ is connected.
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(3) Let M be a topological manifold. The map

ΞM : M̃ → M̃
x 7→ the unique other points of p−1(p(x))

is the unique orientation-reversing self-homeomorphism ΞM : M̃ → M̃ such that the
following diagram commutes:

M̃
ΞM

∼=
//

p %%

M̃

pyy
M.

Furthermore, given a local homeomorphism f : M → N we have f̃ ◦ ΞM = ΞN ◦ f̃ .
(4) Let M be a connected non-orientable topological manifold. Suppose that we are

given two connected 2-fold coverings p : M̃ → M and q : M̂ → M such that M̃
and M̂ are orientable. There exists a homeomorphism Φ: M̃ → M̂ such that the
following diagram commutes:

M̃
Φ //

p %%

M̂

qyy
M.

If M̃ and M̂ are oriented, then there exists a unique orientation-preserving Φ as
above.

De�nition. LetM be a connected non-orientable topological manifold without boundary.
We refer to the connected 2-fold covering p : M̃ →M which we construct in the proof the
Orientation Covering-Proposition 105.15 as the orientation covering of M .

Given a non-orientable connected smooth manifold M with orientation cover p : M̃ →
M we discussed in Proposition 49.7 at length the subgroup of π1(M) de�ned by π1(M̃).
These results generalize without problems to the present setting of topological manifold.
In particular we now have the following generalization of the de�nition from page 1114.

De�nition. Let M be a connected topological manifold and let x0 ∈M .
(1) If M is non-orientable, then we refer to the epimorphism

w1 : π1(M,x0) → π1(M,x0)/p∗(π1(M̃, x̃0)) = Z2,

which is given by the obvious analogue of Proposition 49.7, as the orientation char-
acter of M .

(2) If M is orientable, then we de�ne the orientation character of M to be the trivial
homomorphism w1 : π1(M,x0)→ Z2.

Sketch of proof. The proof is very similar to the proof of Propositions 49.4 and 49.5.
(1) Let M be a topological manifold.

(a) For x ∈M \∂M we de�ne an orientation at x to be a Z-orientation for M at the
point x.

1286Since the de�nition of M̃ is a little more messy than in the case of smooth manifolds we prefer to hide
it in the proof.
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(b) Let x ∈ ∂M . An orientation-neighborhood for x is a triple (U, µ, x) where U is
an open neighborhood of x ∈M and µ is a Z-orientation on U . We say that two
orientation-neighborhoods (U, µ, x) and (V, ν, x) are equivalent if the orientations
µ and ν agree on U ∩ V . For the purpose of this proof we de�ne an orientation
for x to be an equivalence class of orientation-neighborhoods for x.

We consider the set

M̃ := {µx | x ∈M and µx is an orientation for M at the point x}

and the projection p : M̃ → M that is given by µx 7→ x for x ∈ M \ ∂M and
[(U, µ, x)] 7→ x for x ∈ ∂M . It follows from Lemma 105.10 (1) that for every x ∈
M \ ∂M the preimage p−1(x) has precisely two elements. We leave it to the reader
to verify that for every x ∈ ∂M the preimage p−1(x) also has precisely two elements.

We equip M̃ with a topology similar to the proof of Proposition 49.4. It is then
straightforward to see that p : M̃ → M is a 2-fold covering. Similar to the proof of
Proposition 49.4 one can show that M̃ admits a natural orientation.

Now let f : M → N be a local homeomorphism. We leave it to the reader to
de�ne the map f̃ : M̃ → Ñ that has the promised properties.1287

(2) The proof of this statement is almost identical to the proof of the Orientation
Covering-Proposition 49.5 (2).

(3) The proof of this statement is identical to the very terse proof of the Orientation
Covering-Proposition 49.5 (3).

(4) Not surprisingly the proof of this statement is also identical to the proof of the
Orientation Covering-Proposition 49.5 (4).

We leave it to the reader to �esh out all the details. �

Finally we conclude this section with the following corollary which is closely related to the
Non-Orientable Z2-Epimorphism Corollary 49.8.

Corollary 105.16. (Non-Orientable Z2-Epimorphism Corollary) Let M be a con-
nected topological manifold without boundary. If M is non-orientable, then there exists
an epimorphism π1(M)→ Z2.

Proof. The proof of the corollary is basically identical to the proof of the Non-Orientable
Z2-Epimorphism Corollary 49.8, we just need to replace the Orientation Covering-Proposition 49.5
by the Orientation Covering-Proposition 105.15. �

Remark. Many other results on orientations of smooth manifolds can now be extended to
topological manifolds. For example the proof of the Orientation-Flipping Proposition 37.4
that we gave in Section 49.5 also applies verbatim to the setting of topological manifolds..
We leave it to the reader to work out the precise statements and proofs.

105.5. Induced orientations. In this �nal section we will show that various constructions
of new topological manifolds out of a given oriented topological manifold are naturally
equipped with orientations. For the most part the statements sound reasonable and famil-
iar from the setting of smooth manifolds. Nonetheless, the constructions of the induced
representations for topological manifolds are at times quite di�erent from the constructions

1287It is obvious how to de�ne the map if ∂M = ∂N = ∅. Dealing with the boundaries is slightly awkward.
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of induced orientations for smooth manifolds. Truth be told, the reader will not miss out
on much by just moving on to the next chapter.

Lemma 105.17. (Topological Manifold-Induced Orientation Lemma) Let R be
a commutative ring and let M be a topological manifold that is equipped with an R-
orientation.
(1) Let N be a topological manifold and let f : N → M be a map. If f : N \ ∂N → M

is a local homeomorphism, then there exists a unique R-orientation on N such that
f is orientation-preserving.

(2) If N is a submanifold of codimension zero (for example N could be an open subset
of M), then N admits a unique R-orientation such that the inclusion map N →M
is orientation-preserving.

(3) If p : M̃ →M is a covering, then there exists a unique orientation on M̃ that turns
p into an orientation-preserving map.

Proof. To simplify the notation we suppress the ring R from the notation. Thus let M be
an n-dimensional topological manifold that is equipped with an orientation {αx}x∈M\∂M .
(1) Let N be a topological manifold and let f : N →M be a local homeomorphism. Let

x ∈ N \ ∂N . We pick an open neighborhood U of x such that f : U → f(U) is a
homeomorphism and such that the image f(U) is an open subset of M . We de�ne
βx ∈ Hn(N,N \ {x};R) to be the image of αx under the map1288

these two maps are isomorphisms by the Excision Theorem 74.18
↓ ↓

Hn(M,M \{f(x)})
∼=←−Hn(f(U), f(U)\{f(x)}) f−1

∗−−→∼= Hn(U,U \{x})
∼=−→Hn(N,N \{x}).

We leave it to the reader to verify that these classes βx de�ne an orientation on N . By
de�nition the map f is orientation-preserving with respect to the orientations on M
and N . It is elementary to verify that the orientation on N is uniquely determined.

(2) This statement follows from (1) since the inclusion map of a codimension-zero sub-
manifold is, basically by de�nition, a local homeomorphism.

(3) This statement also follows from (1) since a covering map is a local homeomorphism.
�

The following lemma, which can be viewed as an analogue of the Doubling-Manifold
Lemma 75.12 (5), says in particular that the double of an R-orientable topological manifold
is again R-orientable.

Lemma 105.18. (Double-Orientability Lemma) Let M be a connected topological
manifold with non-empty boundary and let R be a commutative ring. Then

M is R-orientable ⇐⇒ the double DM is R-orientable.

Furthermore, ifM is equipped with an R-orientation, then DM admits a unique R-orient-
ation such that the inclusion map M → DM is orientation-preserving.

Sketch of proof. Let M be a connected topological manifold. In the following we write
DM = (M tM ′)/∼ where M ′ is another copy of M . We apply the Topological Collar

1288Since f : U → f(U) is a homeomorphism we have f(U \ {x}) = f(U) \ {f(x)}. Furthermore it follows
from the fact that x ∈ U \ ∂U and the Topological Manifold Boundary Proposition 75.2 that f(x) 6∈ ∂N .
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Neighborhood Theorem 75.5 to obtain a collar neighborhood [−2, 0] × ∂M of ∂M in M .
To simplify the notation we henceforth drop the coe�cient ring R from the notation.

If DM is orientable, then it follows immediately from the Topological Manifold-Induced
Orientation Lemma 105.17 that the submanifold M is also orientable.

Now suppose that M is equipped with an orientation {µx}x∈M\∂M . We de�ne orienta-
tions for the points of DM in M \ ∂M , M ′ \ ∂M ′ and in ∂M = ∂M ′ separately.

(1) Given x ∈ M \ ∂M we denote by αx the image of µx under the inclusion induced
isomorphism Hn(M,M \ {x}) → Hn(DM,DM \ {x}) given by the Excision Theo-
rem 75.10.

(2) We denote by r : DM → DM the obvious homeomorphism given by interchanging
the two copies of M in DM . Given x ∈M ′ \ ∂M ′ we de�ne αx := −r−1

∗ (αr(x)).
(3) Finally let x ∈ ∂M . We de�ne αx ∈ Hn(DM,DM \ {x}) to be the image of the class

α{−1}×x ∈ Hn(DM,DM \({−1}×x)), which we de�ned in (1), under the isomorphism

Hn(DM,DM \{(−1, x)}
∼=←−Hn(DM,DM \([−1, 0]×{x}))

∼=−→Hn(DM,DM \
=x︷ ︸︸ ︷

{(0, x)}).
↑ ↑

these maps are isomorphisms by an excision argument together with
Complement-of-Convex Homology Lemma 105.1

We leave it as a slightly annoying exercise to the indefatigable reader to show that {αx}x∈DM
does indeed de�ne an orientation on DM . By construction of the orientation on DM the
inclusion M → DM is orientation-preserving. The uniqueness of the orientation on DM
is a consequence of the Sections Proposition 105.6 (1) and of our hypothesis that M is
connected. �
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M

−σ

σ

M ′M

σ

[−2, 0]× ∂M
∂M

x = {0} × x{−1} × x

Finally let M be an n-dimensional topological manifold equipped with an orientation
{µx}x∈M\∂M . Now we will see that the given orientation induces an orientation on ∂M .

Proposition 105.19. (Topological Manifold-Boundary Orientation Proposition)
Let R be a commutative ring. Given any topological manifold M there exists a natural
map {R-orientations of M} → {R-orientations of ∂M}.
Here natural means that if f : M → N is a homeomorphism, then the following diagram
commutes:

{R-orientations of M} //

f∗
��

{R-orientations of ∂M}
f∗
��

{R-orientations of N} // {R-orientations of ∂N}.
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Convention. If M is an R-oriented topological manifold, then invariably we will equip
∂M with the R-orientation provided by the construction in the proof of the Topological
Manifold-Boundary Orientation Proposition 105.19.

Proof. To simplify the notation we will only deal with case R = Z, which is anyway the
only case we care about. We suppose we are given an orientation {µy}y∈M\∂M for M . In
the following we will de�ne a natural orientation for ∂M .

We set n := dim(M) and we write A = [0, 1]× [−1, 1]n, we write A0 := {0}× [−1, 1]n−1

and we write A′ = (0, 1)× (−1, 1)n−1. Now let x ∈ ∂M . Since M is a topological manifold
and since x ∈ ∂M we can pick a chart Φ: U → [0, 2)× (−2, 2)n−1 with Φ(x) = (0, 0). We
write Ψ := Φ−1. Furthermore we write V = Ψ(A), V0 = Ψ(A0) and we write V ′ = Ψ(A′).
Finally we pick a point y ∈ V ′.
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M \ V ′∂MM

x

orientation of M x

boundary orientation

V0

singular cycle in (M \V ′,M \V ) that
is the boundary of a 2-simplex that
represents the orientation of M at y

y

V

A0

A

Ψ

retraction from A \ {Ψ−1(y)} to ∂A

We consider the following sequence of maps

Hn(M,M \{y}) Hn

(
M,M \V ′

)(1)
oo ∂

(2)
// Hn−1(M \V ′, (M \V ′)\{x})

Hn−1(V0, V0\{x})
(3)
OO

(4)
// Hn−1(∂M, ∂M \{x}).

(5)kk

Here all the maps are induced by the obvious inclusions of pairs of topological spaces, except
for the second map which is the connecting homomorphism of the long exact sequence of the
triple (M,M \V ′, (M\V ′)\{x}) that is provided by the Topological LES-Proposition 74.13.
Claim 1. All the maps in the above diagram are isomorphisms.

Proof. In the following we treat the four maps separately.
(1) It is elementary to see that A\Ψ−1(y) is a deformation retract of ∂A. It follows that

M \ V ′ is a deformation retract of M \ {y}.1289 We obtain from Corollary 74.16 that
(1) an isomorphism.

1289Looking at the �gure on page 2345 this statement sounds reasonable. But the statement nonetheless
requires a proof. So let r be a deformation retraction from A \Ψ−1(y) to ∂A. We consider the map

s : (M \ {y})× [0, 1] → M \ {y}

(P, t) 7→
{
P, if P 6∈ V \ {y},
Ψ(r(Ψ−1(P ), t)), if P ∈ V \ {y}.
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(2) We consider the long exact sequence of the triple (M,M \ V ′, (M \V ′)\{x}) that is
provided by the Topological LES-Proposition 74.13:

Hn(M, (M \ V ′) \ {x}) → Hn(M,M \ V ′) ∂−→ Hn−1(M \ V ′,M \ V ) →
→ Hn−1(M, (M \ V ′) \ {x}).

Similarly to (1) one sees that (M \V ′)\{x} is a deformation retract ofM . Therefore
it follows from Corollary 74.16 that the groups at the two extremes are zero. In other
words, the connecting homomorphism is an isomorphism.

(3) It follows quite easily from the Excision Theorem 74.18 that (3) is an isomorphism.
(4) Replace (3) by (4) in the previous sentence.
(5) The triangle is given by inclusion induced maps, hence it commutes. It now follows

from (3) and (4) that (5) is also an isomorphism. �

Given x ∈ ∂M we now de�ne νx ∈ Hn−1(∂M, ∂M \ {x}) to be the image of the generator
µy ∈ Hn(M,M \{y}) under the above sequence of isomorphisms. We continue with our
next claim.
Claim 2.
(1) The de�nition of νx is independent of the choice of y.
(2) The de�nition of νx is independent of the choice of Φ.

Proof.

(1) We need to show that for any z ∈ Ψ(V ′) we have

preimage of µy under the map
Hn(M,M \V ′)

∼=−→ Hn(M,M \{y})
=

preimage of µz under the map
Hn(M,M \V ′)

∼=−→ Hn(M,M \{z}).

But this statement can be shown in a similar fashion as the Sections Proposition 105.6
(1). We leave it to the reader to �ll in the details.

(2) Suppose we are given a di�erent chart than Φ. We de�ne W,W0,W
′ in the obvious

way. By possibly taking a third chart whose image lies in the intersection of V and
W we can assume, without loss of generality, that W Ă V . (We refer to the �gure
below for an illustration.) Furthermore by (1) we can work with a point y ∈ W for
both charts. We consider the following diagram

Hn(M,M \{y}) Hn

(
M,M \V ′

)∼=
(1)

oo

∂(2)
��rr

Hn

(
M,M \W ′)(1)∼=
OO

∂(2)
��

Hn−1(M \V ′, (M \V ′)\{x})

rr

Hn−1(M \W ′, (M \W ′)\{x}) Hn−1(V0, V0\{x})
(3) ∼=
OO

(4)
��

Hn−1(W0,W0\{x})
(3) ∼=
OO 11

(4)
// Hn−1(∂M, ∂M \{x}).

Note that V \ {y} and M \Ψ(A′) are closed subsets of M \ {y}. (Hmm, why is that?). It follows from the
Homotopy Stacking Lemma 14.3 that the map s is continuous.
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Here the two �outer paths� from the top left to the lower right correspond to the two
�competing� de�nitions of νx. The dashed arrows are given by inclusions. We make
the following observations:
(a) The triangle on top commutes since all maps are induced by inclusions.
(b) The upper parallelogram commutes since the connecting homomorphism is nat-

ural, see the Topological LES-Proposition 74.13 (3) for details.
(c) The lower parallelogram commutes since all the maps are induced by inclusions.

(Note that the reversal of the direction of the arrow is not a typo.)
(d) The triangle on the bottom commutes since all maps are induced by inclusions.
We saw above that all maps (1), (2), (3) and (4) are isomorphisms. By going from
the top to the bottom we see that all the dashed arrows are isomorphisms.

Since all pieces of the diagram commute and since all maps are isomorphisms
we see that the total diagram commutes. This shows that the two �competing�
de�nitions of νx agree. �

Using Claim 1 it is now straightforward to show that the {νx}x∈∂M form an orientation for
∂M and that this orientation is natural. �
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∂M

M
x

V

y

W

Remark. Let M be an n-dimensional smooth manifold that is equipped with an orien-
tation in the sense of Section 25.2. On page 689 and page 688 we had equipped the
(n− 1)-dimensional smooth manifold ∂M with an orientation in the sense of Section 25.2.
If one takes the strenuous journey through all conventions and de�nitions one sees that the
boundary orientations from page 689 and the proof of the Topological Manifold-Boundary
Orientation Proposition 105.19 are compatible. More precisely, for any oriented n-dimen-
sional M we have the following commutative �diagram�

oriented smooth manifold M � take boundary
//

_
Smooth-Topological

Orientation
Proposition 105.11
��

oriented smooth manifold ∂M_
Smooth-Topological

Orientation
Proposition 105.11
��

Z-oriented smooth manifold M � take boundary
// Z-oriented smooth manifold ∂M.

Remark. Given topological manifolds M and N we can form the product M ×N . If M
and N are oriented, then one would expect that M ×N comes with a natural orientation.
This is indeed the case, but the de�nition of this natural orientation requires more tools
than we have at the moment. Thus we postpone the de�nition of the product orientation
to Section 113.5.

Exercises for Chapter 105.
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Exercise 105.1. We view R as a topological manifold and we equip it with the standard
Z-orientation that we had introduced on page 2337. Let f : R→ R be a map that is a local
homeomorphism and that is orientation-preserving. Show that f is strictly monotonously
increasing.

Exercise 105.2. LetM be an n-dimensional topological manifold, let R be a commutative
ring and let A Ă M \ ∂M be a subset.
(a) Show that for R-sections {αx}x∈A and {βx}x∈A along A the collection {αx + βx}x∈A

is also an R-section along A.
(b) Show that the set ΓAR(M) admits a unique R-module structure such that for each

y ∈ A the map ΓAR(M)→ Hn(M,M \{y};R) given by {αx}x∈A 7→ αy is an R-module
homomorphism.

Exercise 105.3. Let M be an oriented n-dimensional topological manifold. Furthermore
let f, g : M →M be two homeomorphisms. Show that if f is orientation-preserving and if
g is homeotopic to f , then g is also orientation-preserving.
Remark. In the Smooth Isotopy-Orientation Proposition 34.2 we proved the analogue in
the setting of smooth manifolds.

Exercise 105.4. Let M be an oriented n-dimensional topological manifold, let A and B
be disjoint unions of boundary components of M and let f : A→ B be a homeomorphism.
We equip A and B with the boundary orientations, as de�ned in the Topological Manifold-
Boundary Orientation Proposition 105.19.
(a) If f is orientation-reversing, then M/a ∼ f(a) admits an orientation such that the

inclusion M \ (A ∪B)→M/a ∼ f(a) is orientation-preserving.
(b) If M is connected and if f is not orientation-reversing, then M/a ∼ f(a) is non-

orientable.
Remark. This is the long overdue proof of the Gluing-Topological Manifolds-Proposition 75.8
(6).

Exercise 105.5. Let M be a compact oriented 1-dimensional topological manifold. We
equip ∂M with the orientation coming from the Topological Manifold-Boundary Orien-
tation Proposition 105.19. Recall that on page 2335 we saw that an orientation on the
0-dimensional topological manifold ∂M is naturally the same as a map ε : ∂M → {±1}.
Show that ∑

P∈∂M
ε(P ) = 0.

Remark. This exercise can be viewed as the analogue of the Boundary-of-Compact Smooth
1-Manifold Proposition 25.18 for topological manifolds.
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106. The fundamental class of topological manifolds

In several previous chapters, e.g. in Chapter 96 and 98, we have assembled lots of informa-
tion on homology groups of smooth manifolds. Let us recall some of the results. Thus let
M be a connected n-dimensional smooth manifold.
(1) In the Smooth Manifolds-Invariants Proposition 96.6 (2) we saw, using the Smooth

Manifold-CW Structure Theorem 96.5 , that Hi(M ;Z) = 0 for i > n.
(2) Furthermore, in the Smooth Manifold-Top Homology Theorem 98.6 and Theorem 98.8

we showed that

Hn(M ;Z) ∼=
{

Z, if M closed and orientable,
0, otherwise

and
Hn(M,∂M ;Z) ∼=

{
Z, if M compact and orientable,
0, otherwise.

Furthermore, if M is compact and orientable, then we used (2) to de�ne the corresponding
fundamental class [M ] ∈ Hn(M,∂M ;Z) which turned out to be very useful tool.
The key tool in proving the above statements was the fact, established in the Smooth
Manifold-Simplicial Structure Theorem 96.2, that smooth manifolds admit simplicial struc-
tures. As we discussed in Section 104.6, in general topological manifolds do not admit
simplicial structures, so if we want to replicate the above results for topological manifolds
we will have to use a very di�erent approach.
In this chapter we will indeed manage to reprove all of the above statements for topolog-
ical manifolds. The advantage of the new approach is that it is more general, it covers
topological manifolds, and that it does not require any extra topological input, i.e. it does
not require the existence of a simplicial or cellular structure. The �ip side of this chapters
approach is that the proofs are arguably less intuitive.

106.1. The fundamental class of an oriented topological manifold. We recall the
following notation that we introduced on page 2349.
Notation. Let M be a topological manifold, let R be a commutative ring and �nally let
x ∈M \ ∂M . Given any k ∈ N0 we denote by ρx the obvious map

ρx : Hk(M,∂M ;R) → Hk(M,M \ {x};R).
Given α ∈ Hk(M,∂M ;R) we often write αx := ρx(α), i.e. the above map is also written as

α 7→ αx.

The following three theorems contain most of the main results of this chapter.

Theorem 106.1. (Orientation-Top Homology Theorem) Let M be a compact con-
nected non-empty n-dimensional topological manifold. Then the following statements are
equivalent:
(1) the topological manifold M is orientable,
(2) Hn(M,∂M ;Z) 6= 0,
(3) Hn(M,∂M ;Z) ∼= Z,
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(4) for every x ∈M \ ∂M the map

ρx : Hn(M,∂M ;Z) → Hn(M,M \ {x};Z)
α 7→ αx

is an isomorphism.

Theorem 106.2. (Top-F2-Homology Theorem) Let M be a compact connected non-
empty n-dimensional topological manifold M . Then the following two statements hold:
(1) Hn(M,∂M ;F2) ∼= F2, and
(2) for every x ∈M \ ∂M the map

ρx : Hn(M,∂M ;F2) → Hn(M,M \ {x};F2)
α 7→ αx

is an isomorphism.

Theorem 106.3. (Top-Homology Theorem) Let M be a connected non-empty n-di-
mensional topological manifold and let R be a commutative ring. The following three
statements hold:
(1) For every i > n we have Hi(M ;R) = 0 and Hi(M,∂M ;R) = 0.
(2)

Hn(M ;R) ∼=
{
R, if M is closed and R-orientable,
0, otherwise.

(3)
Hn(M,∂M ;R) ∼=

{
R, if M is compact and R-orientable,
0, otherwise.

Remark.
(1) As mentioned before, the above theorems generalize most of the results of the Smooth

Manifolds-Invariants Proposition 96.6 (2), the Smooth Manifold-Top Homology The-
orem 98.6 and Theorem 98.8 from smooth manifolds to topological manifolds.

(2) One might be tempted to consider the Top-Homology Theorem 106.3 (3) as �intu-
itively clear�. After all, how could an n-dimensional object possibly have homology
groups in higher dimensions? To shatter this belief, �x some n ≥ 2. We consider the
following subset of Rn:1290

X :=
⋃
n∈N

n-dimensional sphere of radius 1
n
around ( 1

n
, 0, . . . , 0)

=
⋃
n∈N
{x ∈ Rn | ‖x− ( 1

n
, 0, . . . , 0)‖ = 1

n2}.

In [BaM1962] it is shown, rather shockingly, that for every q with q ≡ 1 mod(r− 1)
the group Hq(X;Q) is not only non-zero, it is even uncountable.

We will not immediately prove these three theorems, but we will �rst draw many conclu-
sions, before we head towards the somewhat intricate proofs of the above three theorems.

1290As the reader will surely have noticed, this example can be viewed as a high-dimensional analogue of
the Hawaiian Earings that we introduced in Exercise 56.1.
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De�nition. Let M be a compact n-dimensional topological manifold and let R be a
commutative ring. An R-fundamental class of M is an element β ∈ Hn(M,∂M ;R) with
the property that for any x ∈M \∂M the element βx ∈ Hn(M,M \{x};R) is a generator.
For R = Z we just say fundamental class.

Remark. Let M be a compact n-dimensional topological manifold and let R be a com-
mutative ring.
(1) Let [M ] be a Z-fundamental class forM . The image of [M ]⊗1 under the natural map

µ : Hn(M ;Z)⊗ R→ Hn(M ;R) is an R-fundamental class. Indeed, let x ∈ M \ ∂M .
From Lemma 89.7 (4) we obtain a commutative diagram

Hn(M ;Z)⊗R µ
//

��

Hn(M ;R)

��

Hn(M,M \ {x};Z)⊗R µ
// Hn(M,M \ {x};R)

By Lemma 105.4 and the Universal Coe�cient Theorem 89.17 the bottom horizontal
map is an isomorphism. Since the image of the Z-fundamental class [M ] under
the obvious map Hn(M ;Z) → Hn(M,M \ {x};Z) is a generator it follows from
the commutative diagram that the image of µ([M ] ⊗ 1) under the obvious map
Hn(M ;R)→ Hn(M,M \ {x};R) is indeed a generator.

(2) If M has connected components M1, . . . ,Mk and if for i = 1, . . . , k we are given
R-fundamental classes [Mi]R ∈ Hn(Mi, ∂Mi;R), then

k∑
i=1

[Mi]R ∈ Hn(M,∂M ;R) =
k⊕
i=1

Hn(Mi, ∂Mi;R)

is easily seen to be an R-fundamental class of M . The fundamental classes for the
Mi are unique if and only if the fundamental class for M is unique.

Example. LetM be the empty topological space. As we mentioned on page 514, basically
by de�nition the empty set is a topological manifold of any dimension. Note that for
the empty manifold ∅ we have the equality H0(∅) = H1(∅) = H2(∅) = · · · = {0}. By
de�nition this element 0 is a fundamental class of the empty manifold and it is evidently
unique. We write [∅] := 0. This is consistent with the discussion on page 2205.

The following corollary to the Orientation-Top Homology Theorem 106.1 says in particular
that an orientation determines and is in turn uniquely determined by a fundamental class.

Corollary 106.4. (Fundamental Class-Corollary) LetM be a compact n-dimensional
topological manifold.
(1) If [M ] is a fundamental class, then {[M ]x}x∈M\∂M de�nes an orientation for M .
(2) If {αx}x∈M\∂M is an orientation for M , then there exists a unique fundamental class

[M ] ∈ Hn(M,∂M ;Z) with [M ]x = αx for all x ∈M \ ∂M .
Furthermore, if M is connected, non-empty and orientable, then the following two state-
ments hold:
(3) Every fundamental class [M ] ∈ Hn(M,∂M ;Z) is a generator of Hn(M,∂M ;Z) ∼= Z.
(4) Every generator of Hn(M,∂M ;Z) ∼= Z1291 is a fundamental class.
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Proof. Let M be a compact non-empty n-dimensional topological manifold. By consider-
ing the components of M separately we see that without loss of generality we can assume
that M is connected. It is also clear that we only have to study the case that M is
non-empty.
(1) Let [M ] be a fundamental class for the topological manifold M . It follows from

Lemma 105.5 (2) that the homology classes {ρx([M ])}x∈M\∂M form a section on M .
By de�nition of a fundamental class each ρx([M ]) is a generator. Therefore the
section {ρx([M ])}x∈M\∂M is indeed an orientation.

(2) Suppose we are given an orientation {αx}x∈M\∂M for M . By the Orientation-Top
Homology Theorem 106.1 (1) ⇒ (4) we know that for every x ∈M \ ∂M the map

ρx : Hn(M,∂M ;Z) → Hn(M,M \ {x};Z)

is an isomorphism. Now pick a y ∈ M . We write [M ] := ρ−1
y (αy). Since ρy is

an isomorphism the class [M ] is uniquely determined. So it remains to show that
[M ]x = αx for all x ∈M \ ∂M . By Lemma 105.5 (2) the classes {[M ]x}x∈M\∂M form
a Z-section. It follows from the Sections Proposition 105.6 that [M ]x = αx for all
x ∈M \ ∂M .

(3) This statement follows immediately from the de�nition of a fundamental class and
the Orientation-Top Homology Theorem 106.1 (1) ⇒ (4).

(4) The last statement is an immediate consequence of Lemma 105.5 (2) and the Orientation-
Top Homology Theorem 106.1 (1) ⇒ (4). �

We also have the following corollary to the Top-F2-Homology Theorem 106.2 which deals
with F2-coe�cients.

Corollary 106.5. (F2-Fundamental Class Corollary) LetM be a compact, non-empty
n-dimensional topological manifold.
(1) If M is connected, then1292

[M ]F2 := the unique non-zero element of Hn(M,∂M ;F2) ∼= F2

is the unique F2-fundamental class of M .
(2) If M has connected components M1, . . . ,Mk, then

[M ]F2 :=
k∑
i=1

[Mi]F2 ∈ Hn(M,∂M ;F2) =
k⊕
i=1

Hn(Mi, ∂Mi;F2)

is the unique F2-fundamental class of M .

Proof. It follows immediately from the Top-F2-Homology Theorem 106.2 (2) that the class
[M ]F2 that we had just de�ned in (1) is indeed an F2-fundamental class forM and that it is
unique. As we pointed out on page 2351, the second statement is an immediate consequence
of the �rst statement. �

Remark. Let R be a commutative ring. We consider the empty topological manifold ∅.
Note that we have the equality of sets H0(∅;R) = H1(∅;R) = H2(∅;R) = · · · = {0}. As
1291Here we use that in the Orientation-Top Homology Theorem 106.1 we saw that for a compact orientable,
non-empty n-dimensional topological manifold we have Hn(M,∂M ;Z) ∼= Z.
1292Here in the formulation we already use the Top-F2-Homology Theorem 106.2 (1) to guarantee that
Hn(M,∂M ;F2) ∼= F2.
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on page 2205 we now de�ne the fundamental class [∅] of the empty topological manifold
∅ to be the unique element in the group H0(∅;R) = H1(∅;R) = H2(∅;R) = · · · = {0}.

Let M be a compact non-empty n-dimensional smooth manifold. On page 2215 we intro-
duced the corresponding F2-fundamental class [M ]F2 ∈ Hn(M,∂M ;F2). Furthermore, if M
is in fact oriented, then on page 2199 we introduced the corresponding fundamental class
[M ] ∈ Hn(M,∂M ;Z). We will now see that the previous de�nitions are consistent with the
de�nitions from this chapter.
First let us consider the case of F2-fundamental classes. This case is easy: it follows basically
immediately from the F2-Fundamental Class Corollary 106.5 (1) that the two de�nitions
actually agree.
Now let us assume that the smooth manifold M is oriented in the sense of Section 25.2. In
Theorem 100.1 we de�ned the fundamental class [M ] in Hn(M,∂M ;Z). On the other
hand, in the Smooth-Topological Orientation Proposition 105.11 we saw that the ori-
entation of M also determines a Z-orientation and thus we obtain a fundamental class
[M ] ∈ Hn(M,∂M ;Z) by the Fundamental Class-Corollary 106.4. Not surprisingly we will
now see that these two de�nitions agree.

Lemma 106.6. The two de�nitions of the fundamental class of a compact oriented non-
empty smooth manifold agree.

Remark. Let M be a compact oriented non-empty smooth manifold. In Algorithm 100.2
and the Fundamental Class-Criterion Proposition 100.4 we developed some techniques for
�nding explicit cycles representing the fundamental class of the oriented smooth manifold
M . By Lemma 106.6 these approaches also work for �nding explicit cycles representing the
fundamental class of a smooth manifold that is equipped with a Z-orientation.

Proof. Let M be a compact n-dimensional smooth manifold that is oriented in the sense
of Section 25.2. The case n = 0 is basically trivial. Hence we now only consider the case
n ≥ 1. As we will see, the lemma follows almost immediately from the de�nitions.

Now let us �rst recall the construction, in the proof of the Smooth-Topological Orien-
tation Proposition 105.11, of the corresponding Z-orientation of M . Let x ∈M \ ∂M . We
pick a chart Φ: U → V around x that is orientation-preserving in the sense of page 675.
We de�ne

µx := Φ−1
∗
(
standard generator of Hn(V, V \ {Φ(x)};Z), as de�ned on page 2328

)
.

In the proof of the Smooth-Topological Orientation Proposition 105.11 we saw this de�ni-
tion of µx does not depend on the choice of the orientation-preserving chart. Furthermore
we saw these classes {µx}x∈M\∂M de�ne a Z-orientation for M .

We denote by α ∈ Hn(M ;Z) the fundamental class of Theorem 100.1. By de�nition of
the fundamental class from the Fundamental Class-Corollary 106.4 it now remains to prove
the following claim.

Claim. Given any x ∈M \ ∂M we have αx = µx ∈ Hn(M,M \ {x}).

Proof. Let x ∈ M \ ∂M . We pick a chart Φ: U → V around x with Φ(x) = 0 that is
orientation-preserving. Furthermore let Θ: ∆n → V be an a�ne linear map such that 0
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lies in the image of Θ(
◦
∆
n
) and which has the property that Θ:

◦
∆
n
→ V is orientation-

preserving. We see that

[Θ: ∆n → V ] is by de�nition a standard generator of Hn(V, V \ {0};Z)
↓

αx = [Φ−1 ◦Θ: ∆n →M ] = Φ−1
∗ ([standard generator of Hn(V, V \ {0};Z))] = µx.

↑
follows from Theorem 100.1 and the fact that Φ−1 ◦Θ is orientation-preserving �
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We continue with the following two propositions which can be viewed as a generalizations
of the Fundamental Class-Criterion Proposition 100.4 and 100.18.

Proposition 106.7. Let M be a compact oriented connected n-dimensional topological
manifold. Let r1 · σ1 + · · · + rm · σm ∈ Cn(M,∂M) be a cycle. Suppose there exists a
j ∈ {1, . . . ,m} such that the following three conditions are satis�ed:

(1) The map σj :
◦
∆
n
→M is an orientation-preserving embedding.1293

(2) There exists an x ∈ σj(∆n) \ σj(∂∆n) which is not contained in the image of any
other σi : ∆n →M .

(3) rj = 1.
Then the cycle r1 · σ1 + · · · + rm · σm represents the fundamental class of the oriented
topological manifold.

Proposition 106.8. Let M be a compact connected n-dimensional topological manifold.
Let (σ1 + · · · + σm) ⊗ 1 ∈ Cn(M,∂M ;F2) = Cn(M,∂M) ⊗ F2 be a cycle. Suppose there
exists a j ∈ {1, . . . ,m} such that the following two conditions are satis�ed:

(1) The map σj :
◦
∆
n
→M is an embedding.

(2) There exists an x ∈ σj(∆n) \ σj(∂∆n) which is not contained in the image of any
other σi : ∆n →M .

Then the cycle (σ1 + · · ·+ σm)⊗ 1 represents the F2-fundamental class of M .

Proof. We leave it to the reader to modify the proofs of Propositions 100.4 and 100.18 to
obtain the above result. �

For the readers convenience we recall the discussion of cycles representing fundamental
classes of the torus and the surface of genus 2 which we already gave in the �gures on 2204
and 2204. There is always the outside chance that a reader decided to give Chapter 100 a
pass.

Example. We will give some examples of fundamental classes of 2-dimensional topological
manifolds. We use the notation from the �gure below to indicate a singular simplex. In
the �gure below we now show cycles representing the fundamental classes of the torus

1293We equip ∆n, and thus also its submanifold
◦
∆
n
, with the Z-orientation which is given by considering

the orientation given by [id∆n ] ∈ Hn(∆n,∆n \ {x}) for each x ∈
◦
∆
n
.
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stands for v1

v2

v0 = (1, 0, 0)

a�ne linear

and the surface of genus 2 and we show a cycle representing the F2-fundamental class of
RP2 = B

2
/z ∼ −z.
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[RP2]F2 =[(σ1+τ1+σ2+τ2)⊗1]

τ1

Σ

σ2

σ3

σ1

σ4

[Σ] = [σ1+σ2−σ3−σ4+τ1+τ2−τ3−τ4]

σ2
σ2

[T ] = [−σ1 + σ2]

σ1

σ1 the torus T

RP2

τ1

τ2

τ4

τ3

τ2

106.2. Lifts of sections on topological manifolds. In this section we will prove the
fundamental theorem of topological manifolds which lies at the heart of the proofs of
Theorems 106.1, 106.2 and 106.3. Before we can state the lemma we introduce the following
helpful notation.

Notation. Let M be a topological manifold without boundary, let R be a commutative
ring and let A Ă M be a subset.
(1) We write Hn(M |A;R) := Hn(M,M \A;R). Given a point x ∈M we use the obvious

abbreviation Hn(M |x;R) := Hn(M |{x};R).
(2) Given a homology class α ∈ Hn(M |A;R) and a point x ∈ A we denote by αx the

image of α under the obvious map Hn(M |A;R)→ Hn(M |x;R).
(3) Let {αx}x∈M be an R-section on M and let A Ă M be a subset. We call a class

β ∈ Hn(M |A;R) a lift to A if for all x ∈ A we have βx = αx.
(4) As on page 2331 we denote by ΓAR(M) the set of all R-sections of M along A.

The following lemma follows immediately from the de�nitions. But since we will refer to
it on several occasions it is good to write it down.
Lemma 106.9. Let M be a topological manifold without boundary, let R be a commu-
tative ring and let A Ă B Ă M be subsets:
(1) SinceM\B Ă M\A we have an inclusion induced map Hn(M |B;R)→ Hn(M |A;R).
(2) Let {αx}x∈M be an R-section on M . If µB ∈ Hn(M |B;R) is a lift to B, then

the image of µB under the above map Hn(M |B;R) → Hn(M |A;R) is a lift of the
R-section to the subset A.

The following theorem is the main technical result of this chapter.
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Theorem 106.10. (Homology-Section Theorem) Let M be an n-dimensional topo-
logical manifold with empty boundary and let A Ă M be a compact subset. Let R be a
commutative ring. Then the following hold:

(i) The map Hn(M |A;R) → ΓAM(R)
ϕ 7→ {ϕx}x∈A

is an isomorphism. In other words, if {αx}x∈A is an R-section for M along A, then
there exists a unique lift αMA = αA to A, i.e. there exists a unique homology class
αMA = αA ∈ Hn(M |A;R) such that for each x ∈ A we have αA,x = αx.

(ii) For i > n we have Hi(M |A;R) = 0.

Remark. To avoid any nervousness later on we remark that the statements (i) and (ii)
hold trivially for A = ∅ since Hn(M |∅;R) = Hn(M,M ;R) = 0.

Corollary 106.11. Let M be an n-dimensional topological manifold with empty bound-
ary, let R be a commutative ring and let A Ă M be a compact connected subset. If M is
R-orientable, then for every x ∈ A the map

Hn(M,M \ A;R) → Hn(M,M \ {x};R) ∼= R
↑

isomorphic by Lemma 105.4

is an isomorphism.

Proof. We consider the following diagram:

Hn(M,M \ A;R)

ϕ7→{ϕx}x∈A ))

ϕ7→ϕx
// Hn(M,M \ {x};R)

ΓAM(R)
{ϕx}x∈A 7→ϕx

55

The diagram commutes by de�nition. Since A is compact we know by the Homology-Section
Theorem 106.10 (i) that the left diagonal map is an isomorphism. Furthermore, since A
is connected we obtain from Lemma 105.9 that the right diagonal map is an isomorphism.
Thus we see that the horizontal map is an isomorphism, as promised. �

For later on we also record the following corollary to the Homology-Section Theorem 106.10
.
Corollary 106.12. Let M be an oriented n-dimensional topological manifold with empty
boundary and let R be a commutative ring. We suppose that M is equipped with an
R-orientation. We use the notation from the Homology-Section Theorem 106.10 .
(1) Let K Ă L Ă M be compact subsets. We denote by fKL : (M,M \L)→ (M,M \K)

the inclusion map of pairs. The map fKL∗ : Hn(M,M \ L) → Hn(M,M \K) sends
αML to αMK .

(2) Let U be an open subset of M and let A Ă U be a compact subset. We use the
Topological Manifold-Induced Orientation Lemma 105.17 to view U as an oriented
topological manifold. If i : U →M denotes the inclusion map, then i∗(αUA) = αMA .

Proof. The lemma follows easily from the functoriality of homology groups and the unique-
ness statement of the Homology-Section Theorem 106.10 . �
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Now we turn to the proof of the Homology-Section Theorem 106.10 . The very rough idea
behind the proof of the fundamental theorem of topological manifolds can be summarized
as follows:
(1) Using Mayer�Vietoris sequences we want to show that if the compact subsets A,B

and A ∩B have the desired properties, then so does A ∪B.
(2) Using charts we want to reduce the proof of the theorem to the case that M = Rn.
(3) Finally for M = Rn we want to reduce the proof of the theorem to compact convex

subsets A of Rn.
The following lemmas give us the tools to put this idea into practice.

Lemma 106.13. LetM be an n-dimensional topological manifold, let R be a commutative
ring and let A and B be two compact subsets of M . If the statements (i) and (ii) from
the Homology-Section Theorem 106.10 hold for A, B and A ∩ B, then they also hold for
A ∪B.
Proof. Let M be an n-dimensional topological manifold, let R be a commutative ring and
let A and B be two compact subsets of M such that A, B and A∩B satisfy statements (i)
and (ii). To simplify the notation we drop R from the notation. We consider the inverted
Mayer�Vietoris Sequence from Theorem 78.7

· · · →
= 0, by hypothesis on A ∩B︷ ︸︸ ︷
Hn+1(M |A ∩B)→ Hn(M |A ∪B)

Φ−→ Hn(M |A)⊕ Hn(M |B)
Ψ−→ Hn(M |A ∩B)→ . . .

α 7→ (α,−α) (α, β) 7→ α + β

Now we can prove that A ∪B also satis�es statements (i) and (ii).
(ii) For i > n the group Hi(M |A ∪ B) is stuck, by our hypothesis on A,B and A ∩ B,

between groups that are zero, thus we see that Hi(M |A ∪B) = 0 for i > n.
(i) Now suppose we are given a section {αx}x∈M . We denote by αA, αB and αA∩B the

unique lifts to A, B and A∩B given by our hypothesis. By Lemma 106.9 the images
of αA and αB in Hn(M |A∩B) are lifts to A∩B. By the uniqueness of the lift αA∩B
these images thus equal αA∩B. By the exactness of the above sequence we see that
(αA,−αB) = Φ(αA∪B) for some αA∪B ∈ Hn(M |A∪B). We claim that αA∪B is indeed
a lift to A ∪ B. So let x ∈ A ∪ B. First we consider the case that x ∈ A. We have
the following commutative diagram

Hn(M |A ∪B)
[αA∪B 7→αA]

//

++

Hn(M |A)

��

Hn(M |x).

We see that the image of αA∪B in Hn(M |x) is the image of αA in Hn(M |x), hence it
equals αx. The same argument applies to the case that x ∈ B.

It remains to prove the uniqueness of the lift αA∪B. If β ∈ Hn(M |A ∪ B) is
another lift, then it follows immediately from Lemma 106.9 and the uniqueness of
αA and αB that Φ(β) = (αA,−αB). By the exactness of the sequence we see that we
already have the equality αA∪B = β in Hn(M |A ∪B). �

Later on we will need the following variation on Lemma 106.13.
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Lemma 106.14. LetM be an n-dimensional topological manifold, let R be a commutative
ring. Let A be a family of compact subsets of M with the following two properties:
(1) Statements (i) and (ii) from the Homology-Section Theorem 106.10 hold for each

A ∈ A.
(2) The family A is closed under intersections, i.e. whenever A,B ∈ A, then A∩B ∈ A.

Then the statements hold for all �nite unions of elements in A.

Proof. Given k ∈ N we write

Uk := {all subsets of M that are the union of at most k subsets in A}.

We claim that for every k ∈ N statements (i) and (ii) hold for all elements in Uk. We prove
this claim by induction on k.

(1) If k = 1, then the claim holds by hypothesis (1).
(2) Suppose that the claim holds for some k. Let A1, . . . , Ak, Ak+1 ∈ A. We write

B = A2 ∪ · · · ∪ Ak+1. Note that

A1 ∩B = A1 ∩ (A2 ∪ · · · ∪ Ak+1) =
k+1⋃
i=2

(A1 ∩ Ai)︸ ︷︷ ︸
∈A by (2)

∈ Uk.

Thus by induction hypothesis we see that the statements hold for A1, B and also for
A1∩B. So the statements also hold for A1∪B = A1∪· · ·∪Ak+1 by Lemma 106.13. �

Our next goal is to prove the Homology-Section Theorem 106.10 for M = Rn. We will
proceed in several steps.

Lemma 106.15. Let R be a commutative ring and let {µx}x∈Rn be an R-section on Rn,
let A Ă Rn be a convex bounded subset and let β ∈ Hn(Rn|A;R). If µy = βy for some
y ∈ A, then µx = βx for all x ∈ A, i.e. β is a lift to A.

Proof. The proof is very similar to the proof of the Sections Proposition 105.6. The
following are the two key observations:

(1) a convex set is path-connected and thus connected,
(2) since A is convex, for any x ∈ A and any ε > 0 the intersection A ∩ Bε(x) is the

intersection of two convex bounded sets, hence convex and bounded.

In the proof of the Sections Proposition 105.6 we now need to replace the Small Ball-
Lemma 105.7 by the Complement-of-Convex Homology Lemma 105.1. We leave it to
the reader to modify the proof of the Sections Proposition 105.6 to obtain a proof of
Lemma 106.15. �

Lemma 106.16. Statements (i) and (ii) from the Homology-Section Theorem 106.10 hold
for M = Rn, any commutative ring R and any convex compact subset A of Rn.

Proof. Let A be a convex compact subset of Rn and let R be a commutative ring. As
pointed out above, if A = ∅, then there is nothing to prove. Thus we can assume that
A 6= ∅.



106. THE FUNDAMENTAL CLASS OF TOPOLOGICAL MANIFOLDS 2359

Now we can prove that A satis�es the statements (i) and (ii).

(i) Let {αx}x∈Rn be a section for Rn. Since A 6= ∅ we can pick a y ∈ A. We denote by
αA ∈ Hn(Rn|A) the preimage of αy under the isomorphism

Hn(Rn|A;R) → Hn(Rn|{y};R)

given by the Complement-of-Convex Homology Lemma 105.1. It follows from Lemma 106.15
that αA,x = αx for all x ∈ A, i.e. we have shown that αA is a lift to A. The uniqueness
of the lift αA follows again from the above isomorphism.

(ii) It follows the Complement-of-Convex Homology Lemma 105.1 and 75.1 that Hi(Rn|A;R) =
Hi(Rn|{y};R) = 0 for every i > n. �

Lemma 106.17. Every subset of Rn that is the union of �nitely many convex compact
sets satis�es the statements (i) and (ii) from the Homology-Section Theorem 106.10 .

Proof. We consider

A := {all convex compact subsets of Rn}.

This family of subsets of Rn is closed under intersections.1294 By Lemma 106.16 the
two statements hold for each A ∈ A. The lemma is now an immediate consequence of
Lemma 106.14. �

The following lemma is arguably the hardest step towards proving the fundamental theorem
of topological manifolds.

Lemma 106.18. Statements (i) and (ii) from the Homology-Section Theorem 106.10 hold
for M = Rn, any commutative ring R and any compact subset A of Rn.

Proof. To simplify the notation we again drop the R from the notation. Let {αx}x∈Rn be
a section for Rn and let A Ă Rn be an arbitrary compact set.

We �rst prove statement (i). We pick a closed ball B that contains A. We denote by
αB ∈ Hn(Rn|B) the lift constructed in Lemma 106.16. By Lemma 106.9 the image αA of
the class αB under the map Hn(Rn|B) → Hn(Rn|A) is a lift to A. To complete the proof
of statement (i) we still need to prove the uniqueness of αA.

This uniqueness statement is equivalent to showing that if β ∈ Hn(Rn|A) is a class such
that βx = 0 for all x ∈ A, then β is already zero. So let β ∈ Hn(Rn|A). We pick a singular
n-chain z ∈ Cn(Rn) that represents β. We denote by C Ă Rn \A the union of the images of
the singular simplices appearing in ∂z Ă Cn−1(Rn \A). Note that C is the union of �nitely
many compact sets, hence C itself is compact.
Claim. There exist �nitely many closed balls B1, . . . , Bm with the following three proper-
ties:
(1) each Bi is contained in Rn \ C,
(2) each Bi contains a point xi ∈ A,
(3) we have A Ă B1 ∪ · · · ∪Bm.

1294Here we use one of the most convenient properties of convex sets: the intersection of two convex sets
is again convex.
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Proof. Since C is compact and since A ∩ C = ∅ we can �nd for each x ∈ A an rx > 0
with B2rx(x) Ă Rn \C. Since A is compact there exist �nitely many points x1, . . . , xm in A
such that A is contained in Brx1

(x1) ∪ · · · ∪Brxm (xm). It is now clear that Bi := Brxi
(xi),

i = 1, . . . ,m have the desired property. We refer to the �gure below for an illustration. �
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A A A

K = B1 ∪ · · · ∪Bm

Ccycle z C

We write K := B1 ∪ · · · ∪ Bm. By (1) the singular n-chain z ∈ Cn(Rn) also represents an
element γ ∈ Hn(Rn|K). Note that for each x ∈ A we have a commutative diagram

Hn(Rn|K)
γ=[z]7→β=[z]

//

γ 7→γx ))

Hn(Rn|A)

β 7→βxuu

Hn(Rn|x).

It follows in particular from the commutative diagram that it su�ces to show that we have
γ = 0 ∈ Hn(Rn|K). We do so as follows:
(1) By our hypothesis on β and by the above commutative diagram we know that for

each i ∈ {1, . . . ,m} we have γxi = βxi = 0.
(2) Let i ∈ {1, . . . ,m}. Since γxi = 0 and since Bi is convex and bounded it follows from

Lemma 106.15 (applied to the zero section and to the image of γ ∈ Hn(Rn|Bi)) that
γx = 0 for all x ∈ Bi.

(3) By (2) we know that γx = 0 for all x ∈ K = B1 ∪ · · · ∪Bm.
(4) But now it follows from Lemma 106.17 that γ = 0.

This concludes the proof of statement (i).
Finally we need to show statement (ii) for A, i.e. we need to show that Hi(Rn|A) = 0 for

i > n. So let β ∈ Hi(Rn|A). As above we pick a singular n-chain z ∈ Cn(Rn) that represents
β. We de�ne C, K and γ as above. By Lemma 106.17 we have γ = 0 ∈ Hi(Rn|K). But as
before this implies that also β = 0 ∈ Hi(Rn|A). �

Lemma 106.19. Let M be an n-dimensional topological manifold with empty boundary
and let A Ă M be a compact subset. If there exists a chart Φ: U → Rn such that A is
contained in U , then statements (i) and (ii) hold for A.

Proof. The lemma is a fairly straightforward consequence of Lemma 106.18 and the fact
that we have isomorphisms

Hn(M,M \ A;R)
∼=←− Hn(U,U \ A;R)

Φ−→ Hn(Rn,Rn \ Φ(A);R)
↑ ↑

Excision Theorem 74.18 isomorphism since Φ is a homeomorphism

We leave it to the reader to �ll in the details. �
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Now we can �nally complete the proof of the Homology-Section Theorem 106.10 .

Proof of the Homology-Section Theorem 106.10 . LetM be an n-dimensional topo-
logical manifold with empty boundary. We consider

A := all compact subsets A of M for which there exists a chart Φ: U → Rn with A Ă U.

By Lemma 106.19 statements (i) and (ii) hold for all subsets in A. It is clear that A is
closed under intersections. Thus it follows from Lemma 106.14 that the statements (i) and
(ii) hold for all �nite unions of sets in A. Therefore it su�ces to prove the following claim.

Claim. Every compact subset A of M is the union of �nitely many sets in A.

Proof. Let A be a compact subset of M . It is clear that given any point x ∈ A there exists
a chart Φx : Ux → Vx around x such that the image is some open ball in Rn. But since each
open ball in Rn is homeomorphic to Rn we can �nd around each x ∈ A a chart around x such
that the image Vx equals Rn. Now we write Ax := A ∩Φ−1

x (B
n

1 (0)) and U ′x := Φ−1
x (Bn

1 (0)).
Since A is compact we can �nd �nitely many x1, . . . , xm in A such that A is contained in
U ′x1
∪ · · · ∪ U ′xm . By construction the corresponding charts Φi := Φxi : Uxi → Rn and the

sets Ai := Axi have the desired properties. �
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It follows from Lemma 106.19 that statements (i) and (ii) hold for all the Ai and for all
arbitrary intersections of the Ai. But then Lemma 106.13 implies that they also hold for
A = A1 ∪ · · · ∪ Am. �

106.3. Proof of the Top-Homology Theorem 106.3. Now we are in a position that
we can provide the long-delayed proofs of Theorems 106.1, 106.2 and 106.3. We start out
with the proof of the Top-Homology Theorem 106.3 since we will use that theorem in the
proof of the Orientation-Top Homology Theorem 106.1.

The key extra ingredient in the proof of the Top-Homology Theorem 106.3 is the fol-
lowing proposition.

Proposition 106.20. Let M be a connected n-dimensional topological manifold and let
R be a commutative ring. If M is non-compact and if ∂M = ∅, then Hk(M ;R) = 0 for
every k ≥ n.

Proof. Let M be a connected non-compact n-dimensional topological manifold such that
∂M = ∅, let R be a commutative ring and let k ≥ n. Let α ∈ Hk(M ;R). We need to show

that α = 0. We represent α by a cycle z =
m∑
i=1
σi⊗ ri ∈ Ck(M ;R) = Ck(M)⊗R. The union

of the images of σ1, . . . , σm is a compact subset K ofM . Since K is compact it follows from
Exercise 106.1 that there exists an open subset U Ă M that contains K and such that the
closure U is compact. We consider the open subset V = M \ U and we consider the long
exact sequence of the triple (M,U ∪ V, V ), see the Topological LES-Corollary 74.14. It �ts
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into the following commutative diagram

. . . // Hk+1(M,U ∪ V ;R)
∂ // Hk(U ∪ V, V ;R) // Hk(M,V ;R) // . . .

Hk(U ;R)

∼=
OO

[z]7→[z]=α
// Hk(M ;R).

OO

Here the left vertical map is an isomorphism since U ∪ V is the disjoint union of the open
sets U and V .1295
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non-compact manifold M
K is the union of the
images of σ1, . . . , σm

U

U

V
V

Now we consider the modules to the top-left and top-right of the diagram. We have

Hk+1(M,U ∪ V ;R) = Hk+1(M |
=U\U︷ ︸︸ ︷

M \(U∪V );R) = 0 if k > n− 1
↑

by the Homology-Section Theorem 106.10 (ii) since M has no boundary and since U and U \ U are compact
↓

Hk(M,V ;R) = Hk(M |M \ V︸ ︷︷ ︸
=U

;R) = 0 if k > n.

After these preparations we come to the actual proof that α = [z] = 0 ∈ Hk(M ;R).
We �rst consider the case k > n. We deduce from the above exact sequence and the above
calculations that Hk(U ;R) = 0. But z represents an element in Hk(U ;R). It follows that
[z] = 0 in Hk(M ;R).

Now we consider the case k = n. It follows from the above discussion that we have a
commutative diagram

Hn(U ∪ V, V ;R) �
�

// Hn(M,V ;R)

Hn(U ;R)

∼=
OO

[z]7→[z]=α
// Hn(M ;R).

OO

Thus it su�ces to show that the image of α in Hn(M,V ;R) is zero. We showed in
Lemma 105.5 (2) that {αx}x∈M is an R-section of M .1296 Since M is non-compact we can
�nd a point x outside of the compact set K. The class αx ∈ Hn(M,M \{x};R) is again rep-
resented by z which lies in K Ă M \{x}. It is thus clear that αx = 0 ∈ Hn(M,M \{x};R).
But since M is connected it follows from the Sections Proposition 105.6 (1) that {αx}x∈M
is the zero section. Both the image of α in Hn(M,V ;R) and the zero-class are lifts of the

1295One could at this point refer to the Excision Theorem 74.17 but this isomorphism follows already from
the observation that C∗(U ∪V ) = C∗(U)⊕C∗(V ) as chain complexes, since U and V are both open subsets
of U ∪ V .
1296Here we used a second time that M has no boundary.
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zero section to Hn(M,V ;R). By the Homology-Section Theorem 106.10 (i) both lifts agree,
i.e. the image of α in Hn(M,V ;R) is zero. �

Now we can easily provide the proof of the Top-Homology Theorem 106.3.

Proof of the Top-Homology Theorem 106.3. Let M be a connected n-dimensional
topological manifold and let R be a commutative ring. Recall that we need to prove the
following three statements:

(1) (a) For every i > n we have Hi(M ;R) = 0.
(b) For every i > n we have Hi(M,∂M ;R) = 0.

(2)
Hn(M ;R) ∼=

{
R, if M is closed and R-orientable,
0, otherwise.

(3)
Hn(M,∂M ;R) ∼=

{
R, if M is compact and R-orientable,
0, otherwise.

Let us start out with the proof of (1) and (2). Note that (1b) is an immediate consequence of
(1a), applied toM and ∂M , and the long exact sequence in homology of the pair (M,∂M).
Thus it remains to prove (1a) and (2). In the following we prove (1a) and (2) together in
one go. First suppose that M is not closed. The hypothesis that M is not closed means
that M is not compact or that it has a non-empty boundary. If M is not compact without
boundary, then we had just proved in Proposition 106.20 that Hi(M ;R) = 0 for i ≥ n. IfM
has non-empty boundary, then we saw in Corollary 75.7 that M is homotopy equivalent to
a non-compact n-dimensional topological manifold N without boundary. It follows from
the Homotopy Equivalence-H∗-Corollary 73.9 and Proposition 106.20 that for any i ≥ n
we have Hi(M ;R) ∼= Hi(N ;R) = 0.

Now suppose that M is closed. Let i ≥ n. We have

Hi(M ;R) = Hi(M,

=∅︷ ︸︸ ︷
M \M ;R) = Hi(M |M ;R) ∼=

{
0, if i > n,
R, if i = n.

↑
by the Homology-Section Theorem 106.10 (ii) and Corollary 106.11 since M is compact

and since M has no boundary

Now we turn to the proof of (3). If ∂M = ∅, then this is just the statement of (2). So let
us now assume that ∂M 6= ∅. Similar to the proof of Theorem 98.8 we will prove (3) by
reducing it to (2) via the doubling construction. We denote by DM the double of M as
introduced on page 1667. We consider the following diagram:

Hn(M)︸ ︷︷ ︸
=0

ι∗ // Hn(DM) // Hn(DM,M) // Hn−1(M ;R) �
� ι∗ // Hn−1(DM)

Hi(M,∂M)

∼=
OO

We make the following observations and clari�cations:

•We denote by ι : M → DM the inclusion map.
• The top sequence is just the long exact sequence of the pair (DM,M).
• Since ∂M 6= ∅ we know by (2) that Hn(M) = 0.
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• The vertical map is induced by the inclusion and it is an isomorphism by the Excision
Theorem 75.10 for Topological Manifolds, see also the Doubling-Manifold Lemma 75.12
(6).
• By Lemma 75.11 we have a retraction r : DM → M such that r ◦ ι = idM . It fol-
lows from the functoriality of homology groups that ι∗ : Hn−1(M) → Hn−1(DM) is a
monomorphism.

In summary, we have shown that Hn(DM) ∼= Hn(M,∂M). The desired statement now fol-
lows from this observation, the calculation in (2) and the fact, see Lemmas 75.12 and 105.18,
that M is compact and R-orientable if and only if DM is closed and R-orientable. �

106.4. Proof of Theorems 106.1 and 106.2. The key to proving Theorems 106.1 and 106.2
is the following proposition which later on we will apply to R = Z and R = F2.

Proposition 106.21. LetM be a connected, compact n-dimensional topological manifold
and let R be a commutative ring. Then the following hold:
(1) If M is R-orientable, then for any x ∈M \ ∂M the map

Hn(M,∂M ;R) → Hn(M,M \ {x};R) ∼= R
↑

isomorphic by Lemma 105.4

is an isomorphism.
(2) If M is non-orientable, then Hn(M,∂M ;Z) = 0.

Proof. Let M be a connected, compact n-dimensional topological manifold and let R be
a commutative ring.

We �rst consider the case that M is actually closed. Recall that we denote by ΓR(M)
the set of all R-sections of M . By Lemma 105.5 (2) we have a well-de�ned R-module
homomorphism Hn(M ;R) 7→ ΓR(M)

α 7→ {αx}x∈M .
Since M is closed we can apply the Homology-Section Theorem 106.10 (i) to the special
case of the compact subset A = M and we obtain that the above map is an isomorphism.
The desired statements (1) and (2) now both follow from Lemma 105.9.

Now we consider the case that M is not closed, i.e. we suppose that ∂M 6= ∅. As usual
we denote by DM the double of M . The idea now is to prove the desired statements for
M by reducing them to the equivalent statements for the closed topological manifold DM
that we had just proved.

As before we think of the double as DM = (M tM ′)/∼ where M ′ is another copy
of M . We consider the maps

Hn(M ′;R)︸ ︷︷ ︸
= 0 by Thm. 106.3

// Hn(DM ;R) //

Φ ((

Hn(DM,M ′;R) // Hn−1(M ′;R)
injective

by 75.13
// Hn−1(DM ;R)

Hn(M,∂M ;R),

∼=

OO

where on the top we have written down the long exact sequence of the pair (DM,M ′).
Note that the vertical map is an isomorphism by the Excision Theorem 75.10. The map Φ
is de�ned to be the unique homomorphism that makes the triangle commute.
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It follows immediately from the information provided in the above diagram that the
map Φ: Hn(DM ;R)→ Hn(M,∂M ;R) is an isomorphism. Now we turn to the proof of the
two statements of the proposition.
(1) Now suppose that M is R-orientable. Let x ∈ M \ ∂M . We consider the following

diagram

Hn(DM ;R)
isomorphism since DM closed

[DM ]7→σx
//

∼= ))

Hn(DM,DM \ {x};R)

Hn(DM,M ′;R)

44

Hn(M,∂M ;R)

∼=
Excision Thm. 75.10

55

// Hn(M,M \ {x};R).

µx 7→σx Excision Thm. 75.10

OO

Here all maps are the obvious inclusion induced maps. This implies that the dia-
gram commutes. Since DM is closed and since it is R-orientable by the Double-
Orientability Lemma 105.18 we know from the �rst part of the proof that the top
horizontal map is an isomorphism. Furthermore by the above discussion we know
that the top-left diagonal map is an isomorphism. Finally two of the maps are iso-
morphisms by the Excision Theorem 75.10. It now follows immediately that the
bottom horizontal map is also an isomorphism. But that is exactly what we were
supposed to show.

(2) If M is non-orientable, then it follows from the Double-Orientability Lemma 105.18
that the double DM is non-orientable either. We obtain that

Hn(M,∂M ;Z) ∼= Hn(DM ;Z) = 0.
↑ ↑

see above since DM is closed and non-orientable and
since we have proved (1) in the closed case �

Remark. Note that the second statement of Proposition 106.21 only deals with integer
coe�cients. A more general statement is given by [Hat2002, Theorem 3.26]. This theorem
says that if M is a closed connected n-dimensional topological manifold that is not R-
orientable, then for any x ∈M the map ρx : Hn(M ;R)→ Hn(M,M\{x};R) ∼= R is injective
with image {r ∈ R | 2r = 0}. For example for R = Z we have {r ∈ Z | 2r = 0} = {0}, i.e.
the map ρx is the zero map and by injectivity we have Hn(M ;Z) = 0. In the case of closed
topological manifolds we can thus view [Hat2002, Theorem 3.26] as a generalization of
Proposition 106.21 (2). We will not make use of [Hat2002, Theorem 3.26].

Now we can �nally provide the proofs of Theorems 106.1 and 106.2.

Proof of the Orientation-Top Homology Theorem 106.1. LetM be a compact con-
nected non-empty n-dimensional topological manifold. We have to show that the following
statements are equivalent:
(1) the topological manifold M is orientable,
(2) Hn(M,∂M ;Z) 6= 0,
(3) Hn(M,∂M ;Z) ∼= Z,
(4) for every x ∈M \ ∂M the map

ρx : Hn(M,∂M ;Z) → Hn(M,M \ {x};Z)
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is an isomorphism.

We have (1) ⇒ (4) by Proposition 106.21 (1) applied with R = Z. Since M is non-empty
we obtain from the Topological Manifold Boundary Proposition 75.2 (5) that there exists
a point x ∈ M \ ∂M . Therefore we have (4) ⇒ (3) by Lemma 105.4. Evidently we have
(3) ⇒ (2). Furthermore we have (2) ⇒ (1) by Proposition 106.21 (2). �

Proof of the Top-F2-Homology Theorem 106.2. LetM be a compact connected non-
empty n-dimensional topological manifold. We have to show the following two statements:

(1) Hn(M,∂M ;F2) ∼= F2, and
(2) for every x ∈M \ ∂M the map

ρx : Hn(M,∂M ;F2) → Hn(M,M \ {x};F2)

is an isomorphism.

By the F2-Orientability Proposition 105.13 we know that M admits an F2-orientation.
Statement (2) follows immediately from this fact and Proposition 106.21 (1) applied to R =
F2. As in the proof of the Orientation-Top Homology Theorem 106.1, the �rst statement is
an immediate consequence of the second statement, together with the fact that there exists
a point in M \ ∂M and Lemma 105.4. �

106.5. Further properties of topological manifolds. LetM be a compact n-dimensional
topological manifold. With the Orientation-Top Homology Theorem 106.1 we now com-
pletely understand the n-dimensional homology of M . In this section we will obtain some
results on the (n−1)-dimensional homology ofM which generalize the results of the Smooth
Manifold-Top Homology Theorem 98.6 (2) and Theorem 98.8 (2) from smooth manifolds
to topological manifolds.

Proposition 106.22. LetM be a connected compact n-dimensional topological manifold.

(1) Hn−1(M ;Z) ∼=
{
free abelian group, if M is orientable or if ∂M 6= ∅,
free abelian group⊕ Z2, if M is non-orientable and closed.

(2) Hn−1(M,∂M ;Z) ∼=
{
free abelian group, if M is orientable,
free abelian group⊕ Z2, if M is non-orientable.

In all cases the free abelian group is �nitely generated.

Remark.

(1) As a reality check it is good to recall the calculation of the homology groups of
closed 2-dimensional topological manifolds that we gave in Proposition 80.10. There
we showed for any g ∈ N0 and any k ∈ N0 we have

Hn(Σg) ∼=


0, if n ≥ 3,
Z, if n = 2,
Z2g, if n = 1,
Z, if n = 0

and Hn(k · RP2) ∼=


0, if n ≥ 3,
0, if n = 2,
Z2 ⊕ Zk−1, if n = 1,
Z, if n = 0,

where, as always, we denote by Σg the surface of genus g. Fortunately these calcula-
tions are coherent with Proposition 106.22.
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(2) It follows immediately from the Universal Coe�cient Theorem 89.17, the Orientation-
Top Homology Theorem 106.1, Proposition 106.22 and the Tor-Properties Lemma 89.15
that for any closed orientable n-dimensional topological manifold and any abelian
group G we have Hn(M ;G) ∼= G.

In the proof of Proposition 106.22 we will use the following lemma which is an immediate
consequence of the Finitely Generated Abelian Group Classi�cation Theorem 51.4, and of
the Tor-Properties Lemma 89.15.
Lemma 106.23. Let A be a �nitely generated abelian group. Then the following holds:

A is a free abelian group ⇐⇒ Tor(A,Zp) = 0 for all primes p.
Now we can provide the proof of Proposition 106.22. First we consider Statement (1). For
that statement we consider the two cases that the topological manifold is closed and that
it has non-empty boundary separately.
Proof of Proposition 106.22 (1) I. Let M be a closed connected n-dimensional topo-
logical manifold. By the Topological Manifolds-Invariants Proposition 104.14 (4) we know
that Hn−1(M ;Z) is a �nitely generated abelian group.

We �rst consider the case that M is orientable. We want to show that Hn−1(M ;Z) is a
free abelian group. By Lemma 106.23 it su�ces to show that Tor(Hn−1(M ;Z),Fp) = 0 for
all primes p.

So let p be a prime. We have

by Proposition 106.21 (1), since by Lemma 105.14 we know that M is also Fp-orientable
↓

Fp ∼= Hn(M ;Fp) ∼= Hn(M ;Z)⊗Fp ⊕ Tor(Hn−1(M ;Z),Fp) ∼= Fp⊕Tor(Hn−1(M ;Z),Fp).
↑ ↑

UCT-Splitting Theorem 89.22 by the Orientation-Top Homology Theorem 106.1 (3) we have Hn(M ;Z) ∼= Z

It follows from Lemma 51.9 that Tor(Hn−1(M ;Z),Fp) = 0.
Now we turn to the case that M is non-orientable. By the Orientation Covering-

Proposition 105.15 there exists a connected 2-fold covering q : M̃ → M such that M̃ is
orientable. We consider the maps

Hn−1(M ;Z)
q∗
//

·2

33
Hn−1(M̃ ;Z)

q∗
// Hn−1(M ;Z).

Here q∗ denotes the transfer map that we introduced on page 1952 and q∗ denotes of course
the map induced by the projection q. By the Transfer Map Proposition 91.1 the composition
of q∗ and q∗ is given by multiplication by 2. Put di�erently, the above diagram commutes.

Since M̃ is orientable we obtain from the case that we had just proved that Hn−1(M̃ ;Z)
is torsion-free. Now we see that
torsion subgroup of Hn−1(M ;Z) Ă ker(q∗) Ă ker(q∗ ◦ q∗) Ă {a ∈ Hn−1(M ;Z) | 2a = 0}.

↑ ↑
since Hn−1(M̃ ;Z) is torsion-free by the above commutative diagram

From these inclusions and the classi�cation of �nitely generated abelian groups we obtain
easily that Hn−1(M ;Z) ∼= (Z2)r ⊕ Zk for some r ∈ N0 and some k ∈ N0.

It remains to show that r = 1. In light of the Tor-Properties Lemma 89.15 it su�ces
to show that we have Tor(Hn−1(M ;Z),F2) ∼= F2. The argument is very similar to the
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argument in the orientable case. More precisely, we have

UCT-Splitting Theorem 89.22
↓

F2
∼= Hn(M ;F2) ∼= Hn(M ;Z)⊗ F2 ⊕ Tor(Hn−1(M ;Z),F2) ∼= 0⊕ Tor(Hn−1(M ;Z),F2).
↑ ↑

F2-Orientability Proposition 105.13 by the Orientation-Top Homology Theorem 106.1 (3)
and the Top-F2-Homology Theorem 106.2 we have Hn(M ;Z) = 0 �

Now we deal with topological manifolds with non-empty boundary.

Proof of Proposition 106.22 (1) II. Let M be a connected, compact n-dimensional
topological manifold with non-empty boundary. We need to show that Hn−1(M ;Z) is
a free abelian group. There are two approaches to the proof of this statement.
(1) We can imitate the proof of the closed case, or
(2) we reduce the proof of the proposition to the case of closed topological manifolds

that we had just dealt with.
We will pursue the second approach. First recall that by the Double-Orientability Lem-
ma 105.18 the double DM is orientable if and only if M is orientable.

We �rst consider the case that M is orientable. By Proposition 106.22 we know that
Hn−1(DM ;Z) is a �nitely generated free abelian group. It follows from Lemma 75.13 that
the group Hn−1(M ;Z) is isomorphic to a subgroup of Hn−1(DM ;Z), hence by Lemma 51.9
(3) it is also a �nitely generated free abelian group.

Now we consider the case that M is non-orientable. We denote by M ′ a copy of M
and as usual we denote by DM = M ∪∂M=∂M ′ M

′ the double. From the Mayer�Vietoris
Theorem 78.9 for Manifolds we obtain the following long exact sequence:

· · · → Hn(DM ;Z)→ Hn−1(∂M ;Z)→ Hn−1(M ;Z)⊕ Hn−1(M ′;Z)→ Hn−1(DM ;Z)→ . . .

We make the following observations:
(1) By the Topological Manifold Boundary Proposition 75.2 (3) and (4) we know that

∂M is a closed (n − 1)-dimensional topological manifold. Thus we obtain from the
Orientation-Top Homology Theorem 106.1 that Hn−1(∂M ;Z) is isomorphic to a free
abelian group Zr for some r ∈ N0. (We do not have any control over the orientability
of ∂M and the number of components of ∂M but this does not matter.)

(2) Since DM is non-orientable we know from the Orientation-Top Homology Theo-
rem 106.1 that Hn(DM ;Z) = 0 and we know from Proposition 106.22 that Hn−1(DM ;Z) ∼=
Zs ⊕ Z2 for some s ∈ N0.

(3) Since M = M ′ we have Hn−1(M ;Z) = Hn−1(M ′;Z). By the classi�cation of �nitely
generated abelian groups we can pick an isomorphism Hn−1(M ;Z) ∼= F ⊕ T where
F is a free abelian group and T is a torsion group.

We can thus rewrite the above sequence as follows:

0 → Zr ϕ−→ F ⊕ F ⊕ T ⊕ T → Zs ⊕ Z2 → . . .

The map ϕ : Zr → F ⊕F ⊕T ⊕T is a monomorphism, but since Zr is torsion-free and since
T is �nite we see that im(ϕ)∩ (T ⊕ T ) is trivial. But this implies that T ⊕ T is isomorphic
to a subgroup of Zs⊕Z2. But this is only possible if T = 0. This concludes the proof that
Hn−1(M ;Z) is a free abelian group. �
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Proof of Proposition 106.22 (2). First we note that by Propositions 75.2 (3) and (4)
and 104.14 (4) together with Lemma 96.8 (1) we know that Hn−1(M,∂M ;Z) is �nitely
generated. Now there are two approaches to proving Statement (2):

(1) We can use basically exactly the argument as in the proof of Theorem 98.8 (2) to
reduce, via a doubling construction, the study of relative homology groups to the
study of absolute homology groups. The only di�erence is that we need to replace
the Smooth Manifold-Top Homology Theorem 98.6 by Statement (1) of the present
proposition.

(2) Alternatively we can adopt the argument of Statement (1). First we assume that M
is orientable. By Lemma 106.23 it su�ces to show that Tor(Hn−1(M,∂M ;Z),Fp) = 0
for all primes p. So let p be a prime. We have

UCT-Splitting Theorem 89.22
↓

Fp ∼= Hn(M,∂M ;Fp) ∼= Hn(M,∂M ;Z)⊗ Fp ⊕ Tor(Hn−1(M,∂M ;Z),Fp)
↑ ∼= Fp ⊕ Tor(Hn−1(M,∂M ;Z),Fp).

by Proposition 106.21 (1), ↑
since by Lemma 105.14 by the Orientation-Top Homology Theorem 106.1 (3) we
M is also Fp-orientable have Hn(M,∂M ;Z) ∼= Z

It follows from Lemma 51.9 that Tor(Hn−1(M,∂M ;Z),Fp) = 0. The case that M
is non-orientable is very similar, we leave it to the reader to make the necessary
modi�cations. �

106.6. The fundamental class and induced orientations. In Section 105.5 we saw
that an orientation on a topological manifold M induces orientations on codimension-zero
submanifolds of M , on the boundary ∂M and on covering spaces of M . If M is compact,
then M admits a fundamental class and we will see in this section how it is related to the
fundamental classes of the various corresponding oriented topological manifolds.
First of all, in the Topological Manifold-Induced Orientation Lemma 105.17 we saw that a
codimension-zero submanifold W of an oriented topological manifold M inherits an orien-
tation. For compact topological manifolds the following lemma, which is the analogue of
the Codimension Zero-Fundamental Class Lemma 100.12, shows the relationship between
the corresponding fundamental classes.

Lemma 106.24. (Codimension Zero-Fundamental Class Lemma) LetM be a com-
pact oriented n-dimensional topological manifold. Furthermore let W Ă M be a compact
non-empty codimension-zero submanifold. We write

◦
W = W \ ∂W . The following two

statements hold:
(1) The inclusion induced map Hn(W,∂W ;Z)→ Hn(M,M \

◦
W ;Z) is an isomorphism.

(2) The image of the fundamental classes [M ] ∈ Hn(M,∂M ;Z) and [W ] ∈ Hn(W,∂W ;Z)
under the maps

Hn(M,∂M ;Z) −→ Hn(M,M \
◦
W ;Z) ←− Hn(W,∂W ;Z)

agree.

Remark. In Lemma 120.4 we will generalize the Codimension Zero-Fundamental Class
Lemma 106.24 to the case that W is a codimension-zero submanifold with corner.



2370

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
�����������������������������

�����
�����

�����
�����
���������

����
����

����
����
����

����

M

◦
W

∂W

∂M∂M

∂Wx

Proof.

(1) The �rst statement is an immediate consequence of the Excision Theorem 75.10.
(2) We denote by Φ: Hn(M,∂M ;Z) → Hn(W,∂W ;Z) the map given in Statement (2).

We have to show that Φ([M ]) is the fundamental class for W . But this follows
immediately from the Fundamental Class-Corollary 106.4 and from considering for
each x ∈ W \ ∂W the following commutative diagram

Hn(M,∂M ;Z)

Φ

,,
//

��

Hn(M,M \
◦
W ;Z)

ss

Hn(W,∂W ;Z)
∼=oo

��

Hn(M,M \ {x};Z) Hn(W,W \ {x};Z).
∼=

isomorphism by the Excision Theorem 74.18
oo

We leave the few remaining details to the reader. �

In the Topological Manifold-Induced Orientation Lemma 105.17 (3) we showed that a
covering space M̃ of an oriented topological manifold M inherits an orientation from M .
The following proposition can now be viewed as a generalization of Exercise 100.10 and the
Covering Map-Degree Proposition 101.7.

Proposition 106.25. (Fundamental Class-Covering Proposition) Let M be a com-
pact oriented non-empty n-dimensional topological manifold and let p : M̃ → M be
a �nite covering. We denote by [M ] the fundamental class of M and we denote by
p∗ : Hn(M ;Z) → Hn(M̃ ;Z) the transfer map that we introduced on page 1952. p∗([M ])

equals the fundamental class
[
M̃
]
of the oriented topological manifold M̃ and we have

p∗
([
M̃
])

=
[
M̃ : M ] · [M ].

Proof. Let M be a compact n-dimensional topological manifold. To simplify the notation
we assume that M is closed. Furthermore let p : M̃ → M be a �nite covering and let
{µx}x∈M be an orientation for M . We denote by {νx}x∈M̃ the orientation on M̃ that we
de�ned in the Topological Manifold-Induced Orientation Lemma 105.17 (3).

We want to show that p∗([M ]) equals the fundamental class
[
M̃
]
. By the Fundamental

Class-Corollary 106.4 it su�ces to show that for all y ∈ M̃ we have p∗([M ])y = νy ∈
Hn(M̃, M̃ \ {y};Z). So let y ∈ M̃ . We pick an open neighborhood V around y such that
U := p(V ) is uniformly covered. We write x = p(y) and we denote by q : U → V the inverse
of the homeomorphism p : V → U .

We pick a representative z = a1 · σ1 + · · ·+ am · σm ∈ Cn(M) for [M ]. By applying the
Comfortable Covering Proposition 74.23 to the open cover of M given by {U,M \ {x}} we



106. THE FUNDAMENTAL CLASS OF TOPOLOGICAL MANIFOLDS 2371

can arrange that the image of each σi lies in U or in M \ {x}. We denote by z′ the sum of
all summands in z such that the image of σi lies in U .
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A moment's thought shows that in Hn(M,M \ {x};Z) we have [z] = [z′] and that in
Hn(M̃, M̃ \ {y}) we have [p∗(z)] = [q∗(z

′)]. From these observations we deduce that the
following diagram commutes:

Hn(M ;Z)

[M ]=[z] 7→[z]=[z′]=[µx]

��

p∗
// Hn(M̃ ;Z)

[p∗z]7→[p∗z]=[q∗(z′)]
��

Hn(M,M \{x};Z)

µx 7→νy

11
Hn(U,U \{x};Z)

∼=oo
∼=
q∗
// Hn(V, V \{y};Z)

∼= // Hn(M̃, M̃ \{y};Z).

Note that the bottom horizontal maps to the left and right are isomorphisms by the Excision
Theorem 74.18 and the middle horizontal map is an isomorphism since q is a homeomor-
phism. It follows from this diagram that we indeed have p∗([M ])y = νy.

Finally we have

p∗
([
M̃
])

= p∗(p
∗([M ])) =

[
M̃ : M ] · [M ].

↑ ↑
by the above Transfer Map Proposition 91.1 �

In the Double-Orientability Lemma 105.18 we saw that the double of an oriented topological
manifold with non-empty boundary comes with a natural orientation. The following lemma
following relates the various fundamental classes in this construction.
Lemma 106.26. Let M be a compact oriented n-dimensional topological manifold with
non-empty boundary. If we equip DM with the orientation coming from the Double-
Orientability Lemma 105.18, then

[DM ] = D([M ]) ∈ Hn(DM ;Z),

where D : Hn(M,∂M ;Z) → Hn(DM ;Z) denotes the doubling homomorphism that we
introduced in the Doubling-Homology Lemma 75.16.

Proof. Let {µx}x∈M\∂M be an orientation forM . We denote by {αx}x∈DM the correspond-
ing orientation for DM that we had constructed in the Double-Orientability Lemma 105.18.
To simplify the notation we write DM = (MtM ′)/∼ whereM ′ is a copy ofM and we view
M as a submanifold of the double. By the Topological Manifold Boundary Proposition 75.2
(5) there exists an x ∈M \ ∂M . We consider the following diagram
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Hk(M,∂M ;Z)
D //

,,

��

Hk(DM ;Z)

ss

∼=

zz

Hk(DM,M ′;Z)

��

Hn(M,M \{x};Z)
∼=

µx 7→αx ,,

Hn(DM,DM \{x};Z).

Here all maps are the obvious maps for pairs of topological spaces. The lemma follows from
the following observations:

(1) The top triangle commutes by the Doubling-Homology Lemma 75.16 (3). The par-
allelogram on the left and the triangle on the right commute by the functoriality of
homology.

(2) The homomorphism to the bottom left is an isomorphism by the Excision Theo-
rem 75.10 for topological Manifolds.

(3) The right diagonal map is an isomorphism by the Orientation-Top Homology Theo-
rem 106.1.

(4) By de�nition [M ] gets sent to µx ∈ Hn(M,M \ {x};Z) and by de�nition µx gets sent
to αx. It follows from the commutativity of the diagram that D([M ]) gets sent to αx.
But since the right diagonal map is an isomorphism it follows, from the de�nition of
[DM ], that [DM ] = D([M ]). �

In the Topological Manifold-Boundary Orientation Proposition 105.19 we saw that the
boundary of an oriented topological manifold inherits a natural orientation. The following
proposition can now be seen as a generalization of the Fundamental Class-of-Boundary
Proposition 100.9 from smooth manifolds to topological manifolds.

Proposition 106.27. (Fundamental Class-of-Boundary Proposition II) Let M be
a compact n-dimensional topological manifold with non-empty boundary.
(1) We denote by ∂n : Hn(M,∂M ;Z)→ Hn−1(∂M ;Z) the connecting homomorphism of

the long exact sequence of the pair (M,∂M). If M is oriented, then1297

∂n([M ]) = [∂M ] ∈ Hn−1(∂M ;Z).

(2) Similarly, for the connecting homomorphism ∂n : Hn(M,∂M ;F2) → Hn−1(∂M ;F2)
we have ∂n([M ]F2) = [∂M ]F2 ∈ Hn−1(∂M ;F2).

Proof. As a health warning we point out that in this proof we make heavy use of the
notation introduced in the Topological Manifold-Boundary Orientation Proposition 105.19.
We only provide the proof of Statement (1); the proof of Statement (2) is almost identical.

Let {µy}y∈M\∂M be the orientation of for M . Next let x ∈ ∂M . We pick a chart
Φ: U → [0, 2) × (−2, 2)n−1 with Φ(x) = (0, 0). We write V ′ = Φ−1((0, 1) × (−1, 1)n−1).

1297Note that ∂M is a closed (n−1)-dimensional topological manifold by the Topological Manifold Bound-
ary Proposition 75.2 (3) and (4).
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Finally we pick a point y ∈ V ′. We consider the following diagram:

Hn(M,M \{y})

µy 7→νx

,,

Hn

(
M,M \V ′

)
∼=
oo

∂n

∼=
// Hn−1(M \V ′, (M \V ′)\{x}) Hn−1(∂M, ∂M \{x})∼=

oo

Hn(M,∂M)
∂n //

µy

7→

[M ]

OO 77

Hn−1(∂M).

νx

7→

[∂M ]

OOjj

We make the following observations and clari�cations:

(1) All the unmarked maps are induced by the obvious inclusions of pairs of topological
space.

(2) In the proof of the Topological Manifold-Boundary Orientation Proposition 105.19
we showed that the three horizontal blue maps on the top, connecting Hn(M,M \{y})
to Hn−1(∂M, ∂M \ {x}), are isomorphisms.

(3) By de�nition of the orientation {νx}x∈∂M of ∂M the composition of the top horizontal
maps sends µx to νy.

(4) The maps ∂n are the connecting homomorphism of the long exact sequence of the
triple (M,M \ V ′, (M \V ′)\{x}) respectively of the pair (M,∂M).

(5) The triangles are given by inclusion induced maps, hence they both commute.
(6) Finally note that it follows from the naturality of the connecting homomorphisms,

see the Topological LES-Proposition 74.13 (3), that the quadrilateral commutes.

It follows from the above and the de�ning property of [M ] that for any x ∈ ∂M the image
of ∂n([M ]) ∈ Hn−1(M) under the map Hn−1(∂M) → Hn−1(∂M, ∂M \ {x}) equals νx. But
that means that ∂n([M ]) = [∂M ]. �
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Remark. Given a compact oriented n-dimensional topological manifold the conclusion
of the Fundamental Class-of-Boundary Proposition 106.27 can also be summarized in the
following commutative �diagram�

Z-oriented topological manifold M
_
take fundamental class

��

� take boundary
// Z-oriented topological manifold ∂M

_
take fundamental class

��

[M ] � apply connecting homomorphism

Hn(M,∂M ;Z)→Hn−1(∂M ;Z)
// ∂[M ] = [∂M ].

Example. We will illustrate the Fundamental Class-of-Boundary Proposition 106.27 with
the Möbius bandM . By the F2-Orientability Proposition 105.13 and the Top-F2-Homology
Theorem 106.2 it has an F2-fundamental class [M ] ∈ H2(M,∂M ;F2). In the �gure below we
consider the Möbius band with two singular 1-simplices α1, α2 and two singular 2-simplices
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σ1, σ2. In this case we have
∂
(
σ1 + σ2︸ ︷︷ ︸

=:µ

)
= α1 + α2︸ ︷︷ ︸

∈C1(∂M)

.

In particular, µ⊗ 1 is a cycle in C2(M,∂M ;F2). It easily follows from Proposition 100.18
that µ ⊗ 1 represents the F2-fundamental class in H2(M,∂M ;F2). Furthermore, if we
denote by ∂ : H2(M,∂M ;F2) → H1(∂M ;F2) the connecting homomorphism of the long
exact sequence in F2-homology of the pair (M,∂M), then

∂[M ] = ∂[µ⊗ 1] = [∂µ⊗ 1] =
[
(α1 + α2)⊗ 1

]
,

↑ ↑
Topological LES-Proposition 74.13 by the above

but the last class is clearly1298 an F2-fundamental class for the circle ∂M .
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The following corollary is the generalization of the Fundamental Class-of-Boundary Corol-
lary 100.11 to the case of topological manifolds.
Corollary 106.28. Let M be a compact n-dimensional topological manifold. Then the
following two statements hold:
(1) We have

ker
(
Hn−1(∂M ;F2) → Hn−1(M ;F2)

)
= F2 · [∂M ]F2 ∈ Hn−1(∂M ;F2).

Furthermore, if M is oriented, then
ker
(
Hn−1(∂M ;Z) → Hn−1(M ;Z)

)
= Z · [∂M ] ∈ Hn−1(∂M ;Z).

(2) Let M be a compact n-dimensional topological manifold with non-trivial boundary.
Then the boundary ∂M is not a retract of M .

Remark. In the Boundary Non-Retraction Proposition 31.3 we gave a very di�erent proof
of Corollary 106.28 (2) for smooth manifolds.

Proof. The proof is verbatim the same as the proof of the Fundamental Class-of-Boundary
Corollary 100.11, the only di�erence in the proof is that we need to replace the Fundamen-
tal Class-of-Boundary Proposition 100.9 by the Fundamental Class-of-Boundary Proposi-
tion 106.27.

As a reminder, the �rst statement is proved using the long exact sequence in homology
of the pair (M,∂M) together with the Fundamental Class-of-Boundary Proposition 106.27.
The second statement follows from the �rst statement and the usual functoriality argument,

1298Why is this clear?
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this time we employ the functoriality of homology with F2-coe�cients and the fact that
[∂M ]F2 is non-zero. �

Example. It follows from Corollary 106.28 that the boundary of the Möbius band M is
not a retract of the Möbius band. A more down-to-earth proof is given as follows: we pick
a base point x0 ∈ ∂M and we denote by α and β the loops shown in the �gure below.
Note that α represents a generator of π1(∂M, x0) ∼= Z and that β represents a generator of
π1(M,x0) ∼= Z. We denote by i : ∂M → M the inclusion map. Note that i∗([α]) = 2 · [β].
If there was a retraction r : M → ∂M , then we would obtain a commutative diagram

π1(M,x0)
r∗

((

π1(∂M, x0)

i∗ 66

(r◦i)∗
// π1(∂M, x0)

which by the above gives
rise to the commutative

diagram

Z
??

  

Z

·2 >>

id
// Z,

but such a commutative diagram cannot exist. Looking more carefully one sees that the
two proofs that ∂M is not a retract of the Möbius band M are in some sense the same
proof. More precisely, we have the following commutative diagram

Z = π1(∂M, x0)
i∗ //

��

π1(M,x0) = Z

��

Z = H1(∂M ;Z)
i∗ //

��

H1(M ;Z) = Z

��

F2 = H1(∂M ;F2)
i∗ // H1(M ;F2) = F2.

Here the top vertical maps are given by the Hurewicz homomorphism from page 1832 and
the bottom vertical maps are given by the map [α] 7→ [α ⊗ 1] from page 1927. Since
both maps are natural, see Proposition 84.2 (5) and page 1927, we see that the diagram
commutes. The above observation that the top horizontal map is given by multiplication
by 2 translates into the fact that the bottom horizontal map is the zero map.
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Möbius band

β

x0

Remark. In the Topological Product Orientation Proposition 113.10 we will deal with the
di�cult question of the fundamental class of a product of topological manifolds.

106.7. Lifts of homology orientations for topological manifolds with boundary
(∗). In this very technical section we generalize the Homology-Section Theorem 106.10 (i)
to the case of topological manifolds with boundary. Unless the reader is blessed with a
surplus of energy it is best to skip this section.

De�nition. Let M be a topological manifold. We say a compact subset A Ă M is a
product close to the boundary if there exists a collar neighborhood [0, 1] × ∂M for the
boundary ∂M and a compact subset K Ă ∂M such that A ∩ ([0, 1]× ∂M) = [0, 1]×K.
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[0, 1]× ∂M

A

∂M

A

Remark. If M is a topological manifold with empty boundary, then every compact subset
is in fact a product close to the boundary.

We leave the task of providing a proof of the following elementary lemma to the reader.

Lemma 106.29. LetM be a topological manifold and let [0, 1]×∂M be a collar neighbor-
hood (which always exists by the topological Smooth Collar Neighborhood Theorem 75.5).
Given any compact subset K of M there exists a compact subset A that contains K and
that is a product close to the boundary.
Throughout this section we will need the following notation.

Notation. Given a subset A of a topological manifold M we write A∂ := A ∩ (M \ ∂M).
In other words, we have A∂ = A \ ∂M . Note that (M \ A) ∪ ∂M = M \ A∂.
Now we can formulate the main result of this section.
Theorem 106.30. Let M be an n-dimensional topological manifold and let A Ă M be
a compact subset that is a product close to the boundary. Let R be a commutative ring.
If {αx}x∈M\∂M is an R-section for M , then there exists a unique lift αMA = αA to A∂, i.e.
there exists a unique class αMA = αA ∈ Hn(M,M \ A∂;R) such that for each x ∈ A∂ we
have αA,x = αx.

Proof. Let M be an n-dimensional topological manifold and let R be a commutative ring.
Furthermore let A Ă M be a compact subset that is a product close to the boundary. We
introduce the following notation and conventions:

(1) As usual we denote by DM the double of M . As before we think of the double as
DM = (M tM ′)/∼ whereM ′ is another copy ofM . We recall that by the Doubling-
Manifold Lemma 75.12 we know that DM is an n-dimensional topological manifold
with empty boundary such that M Ă DM is a submanifold.

(2) By de�nition there exists a collar neighborhood [0, 1] × ∂M for the boundary ∂M
and a compact subset K Ă ∂M such that A ∩ ([0, 1]× ∂M) = [0, 1]×K.

(3) We denote by DA = A ∪ A′ Ă DM the double of A. As DA is the union of two
compact sets we see that DA itself is compact.

(4) Given t ∈ (0, 1] we write At := A \ ([0, t)×K) = A ∩ (M \ ([0, t)× ∂M)). It follows
easily from the Compact-Closed Lemma 1.21 that At is again compact.

(5) It follows from the Excision Theorem 75.10 for topological manifolds that for any
P ∈M \ ∂M the inclusion induced map

Hn(M,M \ {P};R) → Hn(DM,DM \ {P};R)

is an isomorphism. We will use this isomorphism to identify these two homology
groups.
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DM = (M tM ′)/ ∼

M ′MM

A A′
[0, 1]× ∂M

A

K

The idea now is the same as in the proof of Proposition 106.21. Namely we want to
prove the desired statement for M by reducing it to a corresponding statement for the
topological manifold DM that has no boundary.
Claim. The inclusion induced map

β : Hn(M,M \ A∂;R) → Hn(DM, (M \ A) ∪M ′;R)

is an isomorphism.

Proof. Recall that A is a product close to the boundary. Using this fact and using a gentle
generalization of the Excision Theorem 75.10 for topological manifolds one can easily show
that the inclusion induced map is an isomorphism. We leave it to the reader to �ll in the
details. �

We denote by Φ the composition of the following two maps

Hn(DM,DM \DA;R) → Hn(DM, (M \ A) ∪M ′;R)
β−1

−−→ Hn(M,M \ A∂;R).

After all these preparations we now turn to the actual proof of the theorem. Thus
let {αx}x∈M\∂M be an R-section for M . As in the proof of the Double-Orientability
Lemma 105.18 we see that there exists an R-section {αx}x∈DM for DM that restricts to
the given R-section on M . By the Homology-Section Theorem 106.10 (i) there exists a lift
µDA ∈ Hn(DM,DM \DA;R) of the R-section on DM . We claim that Φ(µDA) is a lift for
M . So let P ∈ A∂. We have the following commutative diagram

Hn(DM,DM \DA;R)

��

//

Φ

++

Hn(DM, (M \ A) ∪M ′;R)

��

Hn(M,M \ A∂;R)∼=

β
oo

��

Hn(DM,DM \ {P};R)
id // Hn(DM,DM \ {P};R) Hn(M,M \ {P};R).

∼=oo

Since all maps are induced by inclusions of pairs of topological spaces we see that the
diagram commutes. By de�nition of µDA the left-hand vertical map sends µDA to αP . But
this implies that the right-hand vertical map sends Φ(µDA) to αP ∈ Hn(M,M \ {P};R).

Now we turn to the proof of the uniqueness of a lift. The following claim is the key to
proving uniqueness.
Claim. Let t ∈ (0, 1). Note that At Ă A∂. The two inclusion induced maps

γ : Hn(M,M \ A∂;R) → Hn(M,M \ At;R)
δ : Hn(M,M \ At;R) → Hn(DM,DM \ At;R)

are isomorphisms.
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Proof. It follows immediately from the Excision Theorem 75.10 for topological manifolds
that the map δ is an isomorphism. Regarding the map γ, note that it follows from the long
exact sequence of the triple (M,M \At,M \A∂), see the Topological LES-Proposition 74.13,
that it su�ces to show that Hi(M \At,M \A∂;R) = 0 for all i. We pick s ∈ (t, 1). We see
that indeed we have

by the Excision Theorem 74.17, here we excise everything in the complement of ([0, s)× ∂M) ∩A
↓

Hi(M \At,M \A∂;R)
∼=←− Hi(([0, s)×∂M)\(K×[t, s)), ([0, s)×∂M)\((0, s)×K);R) = 0.

↑
follows from Corollary 74.16 since ([0, s)× ∂M) \ ((0, s)×K) is a
deformation retract of ([0, s)× ∂M) \ ([t, s)×K) �

����
����
����

����
����
����

�����
�����
�����
�����

�����
�����
�����
�����

�����
�����
�����
�����

�����
�����
�����
�����

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������M

[0, 1]×∂M
A AtA∂

K

0 t1 s

Now let µ, ν ∈ Hn(M,M \ A∂;R) be two lifts of the R-section {αx}x∈M\∂M . With the
same arguments as before one can convince oneself easily of the fact that δ−1(γ(µ)) and
δ−1(γ(ν)) are lifts of the R-section {αx}x∈DM . By the Homology-Section Theorem 106.10
these two lifts are identical. But then it follows from the claim that also µ = ν. �

We conclude this long and tiring chapter with the following lemma that is a generalization
of Corollary 106.12.
Lemma 106.31. Let M be an oriented n-dimensional topological manifold and let R be
a commutative ring. We suppose that M is equipped with an R-orientation. We use the
notation from Theorem 106.30.
(1) Let K Ă L Ă M be compact subsets that are products close to the boundary. We

denote by fKL : (M,M \ L) → (M,M \ K) the inclusion map of pairs. The map
fKL∗ : Hn(M,M \ L)→ Hn(M,M \K) sends αML to αMK .

(2) Let U be an open subset of M and let A Ă U be a compact subset that is a prod-
uct close to the boundary. We use the Topological Manifold-Induced Orientation
Lemma 105.17 to view U as an oriented topological manifold. If i : U →M denotes
the inclusion map, then i∗(αUA) = αMA .

Proof. The lemma follows easily from the functoriality of homology groups and the unique-
ness statement of Theorem 106.30. �

106.8. The degree of a map between oriented topological manifolds. Recall that
on page 2222 we used the fundamental class to de�ne the degree of a map between smooth
manifolds. Now that we also managed to introduce the fundamental class for topological
manifolds we can generalize the earlier de�nition to the setting of topological manifolds.
More precisely, we have the following de�nition.
De�nition. Let f : M → N be a map between two compact oriented connected non-
empty n-dimensional topological manifolds. We assume that f(∂M) Ă ∂N . We denote
by deg(f) ∈ Z the unique integer with
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by the Fundamental Class-Corollary 106.4 (3)
↓

f∗([M ]) = deg(f) · [N ] ∈ Hn(N, ∂N) = Z · [N ].
↑

since f(∂M) Ă ∂N we have an induced map f∗ : Hn(M,∂M)→ Hn(N, ∂N)

We refer to deg(f) as the degree of f .

Remark.

(1) For a map f : Sn → Sn the above degree is, by de�nition, exactly the same as the
degree that we de�ned on page 1684.

(2) Given a map between smooth manifolds it follows from Lemma 106.6 that the above
de�nition of the degree agrees with the de�nition given on pages 2222.

(3) Given a smooth map between closed smooth manifolds it follows from Lemma 106.6
and the discussion below that the above de�nition of the degree agrees with the
de�nition given on page 899.

In Propositions 76.21 and 101.6 we already saw that in some settings we can calculate
the �global� degree of a map by �local� degrees. To formulate the analogue in our present
setting we need the following straightforward de�nition.

De�nition. Let f : M → N be a map between two oriented n-dimensional topological
manifolds and let x ∈ M \ ∂M such that f(x) ∈ N \ ∂N . We set y := f(x). We
suppose that there exists an open neighborhood U of x such that f(z) 6= f(x) for every
z ∈ U \ {x}. We pick an embedding Ψ: B

n → U Ă M with Φ(0) = x and we pick an
embedding Θ: B

n → M with Ψ(0) = y and with f(Ψ(B
n
)) Ă Θ(B

n
). We assume that Ψ

and Θ are either both orientation-preserving or they are both orientation-reversing. We
de�ne the local degree deg(f, x) as follows:

deg(f, x) := deg
(
(Θ−1 ◦ f ◦Ψ)∗ : Hn(B

n
, B

n\{0})→ Hn(B
n
, B

n\{0})
)
.

We leave it to the reader to verify that deg(f, x) is well-de�ned.
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Remark.

(1) It is fairly straightforward to show that for M = N = Sn the above local degree
agrees with the de�nition given on page 1694.

(2) Let f : M → N be a map between two oriented n-dimensional topological manifolds.
Let x ∈ M \ ∂M be a point such that f is a local homeomorphism around x. It
follows easily from the de�nitions that

deg(f, x) =

{
+1, if f is orientation-preserving at x
−1, if f is orientation-reversing at x.

This observation, together with the Smooth-Topological Orientation Proposition 105.11
implies that for a smooth map f : M → N between smooth manifolds and a point
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x ∈ M \ ∂M at which f is a local di�eomorphism the above de�nition of the local
degree agrees with the de�nition given on page 898.

It follows from the above remark that the following proposition is a generalization of the
Local-Global Degree Propositions 76.21 and 101.6.

Proposition 106.32. (Local-Global Degree Proposition) Let f : M → N be a map
between two closed oriented connected n-dimensional topological manifolds M and N and
let x ∈M . Let y ∈ N such that f−1(y) consists of �nitely many points x1, . . . , xm. Then

deg(f : M → N) =
m∑
i=1

deg(f, xi).

Proof of Proposition 106.32. The proof of the proposition is similar to the proofs of
Propositions 76.21 and 101.6. Thus, in a vein attempt to keep these notes concise, we will
not provide a proof. Instead we hope that the reader will take the baton and carry out the
proof. �

106.9. Applications. The results from this chapter makes it possible to read several sec-
tions which are placed in the part on simplicial complexes. For example, with the results
from this chapter one can now read the following sections:
(1) Section 98.3, in which we calculate the homology groups of lens spaces.
(2) Section 98.4, in which we construct the Poincaré Homology Sphere.
(3) Section 100.4, in which we calculate the homology groups of the connected sum of

two closed oriented smooth manifolds.
(4) Section 100.5, in which we calculate the homology groups of a knot complement.

Furthermore, using Lemma 106.6 and a little bit of mental agility one can also read Chap-
ter 101, where we introduce and study the degree of a map between closed oriented con-
nected non-empty smooth manifolds. Finally, Chapter 102, in which we discuss the ques-
tion, which homology classes can be represented by (sub-) manifolds, is now also accessible
to the reader.

Exercises for Chapter 106.

Exercise 106.1. LetM be a connected n-dimensional topological manifold without bound-
ary and let K be a compact subset. Show that there exists an open subset U Ă M that
contains K and such that the closure U is compact.

Exercise 106.2. Let M be a closed orientable connected non-empty topological manifold
of dimension n ≥ 3. Now we know that Hn(M ;Z) ∼= Z and that Hn−1(M ;Z) is torsion-
free. Furthermore we know that H0(M ;Z) ∼= Z. Can we also say something about the
other homology groups? More precisely, are there any restrictions on Hn−2(M ;Z) or can
any �nitely generated abelian group be isomorphic to Hn−2(M ;Z) for some such smooth
manifold?

Exercise 106.3.
(a) Let M be a compact, connected n-dimensional topological manifold with non-empty

boundary. Show that Hn−1(M ;Z) ∼= Zk for some k ∈ N0.
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Hint. You can use that we already obtained some results for closed smooth manifolds,
in particular we have a good understanding of Hn−1(DM ;Z). You could start with
the case that M is orientable and afterwards you could consider the case that M is
non-orientable.

(b) Let M be a connected n-dimensional topological manifold. Suppose that M is non-
compact. Does it follow that Hn−1(M ;Z) is a free abelian group? It su�ces to give
a short justi�cation for your answer.

Exercise 106.4. Let X = S1∪{∗} be the topological space that is given by the circle �with
two 1's�, where the topology is de�ned in the same way as we de�ned the topology on the
�line with two 0's� on page 122. It is straightforward to see that X is locally homeomorphic
to open subsets of R, in fact one can easily �nd a �nite atlas for X. Furthermore we know
by the Second Countability Lemma 9.1 (4) that X is second-countable. But X is not a
topological manifold since it is not Hausdor�. The argument of Exercise 78.5 shows that
H1(X;F2) ∼= F2

2. This shows that in the proof of the Top-F2-Homology Theorem 106.2 at
some point we must have used that topological manifolds are Hausdor�. Where did we
make use of this fact?

Exercise 106.5. Let X be a topological space, let n ∈ N0 and let G be an abelian group.

(1) A locally �nite singular n-chain is a (possibly in�nite) sum
∑
i∈I
ai · (σi : ∆n → X) with

ai ∈ Z, such that for every x ∈ X there exists an open neighborhood U of x such
that {i ∈ I |σi(∆n) ∩ U 6= ∅} is �nite. We de�ne Clf

n(X) as the abelian group given
by all locally �nite singular n-chains. Note that the usual boundary map de�nes in
an obvious way a boundary map Clf

n(X) ⊗ G → Clf
n−1(X) ⊗ G. We de�ne the n-th

locally �nite homology group Hlf
n(X;G) to be the n-th homology of the corresponding

chain complex.
(2) We consider the set K(X) of all compact subsets of X. The set K(X) together with

the relation �Ă� de�ned by inclusion is a directed set since the union of two compact
subsets is again compact. Given any two compact subsets K Ă L we get an induced
map Hn(X,X \ L;G) → Hn(X,X \K;G). These homology groups form an inverse
system over the directed set (K(X),Ă) and we can form the inverse limit1299

←
Hn(X;G) := lim

←−
K∈K(X)

Hn(X,X \K;G).

In the following we will see that these two types of homology groups are often naturally
isomorphic.
(a) Let TopPropMap be the category of topological spaces with proper maps, i.e. the

objects are all topological spaces and the morphisms are continuous maps that are
proper in the sense of the de�nition on page 180, i.e. maps such that preimage of
compact sets are compact. Show that both homology groups de�ne a covariant
functor from TopPropMap to the category AbGroup of abelian groups.

(b) Give an explicit natural map Hlf
n(X;G) →

←
Hn(X;G) which is the identity for all

compact spaces.

1299To the best of my knowledge there is no established name for this natural object.
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(c) We assume that there exists a nested sequence K1 Ă K2 Ă . . . of compact subsets

of X such that X =
⋃
i∈N

◦
Kn. Show that the natural map Hlf

n(X;G)→
←
Hn(X;G) from

(b) is an isomorphism.
(d) Let k ∈ N. Compute Hlf

n(Rk;Z).
Remark. Locally �nite homology is discussed in detail in[HR1996, p. 30-34] and [Spa1993].
Note that statement (c) is [Spa1993, Theorem 10.1], also see [HR1996, p 34] for a related
result. For completeness sake we note that it follows with some e�ort from [Bre1997,
Corollary V.12.21 and pages 288-292] that for suitable topological spaces these two homol-
ogy groups are naturally isomorphic to Borel-Moore homology.
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Exercise 106.6. LetM be a connected n-dimensional topological manifold with ∂M = ∅,
let K Ă M be a compact subset and let x0 ∈ K be a point.
(a) Show that there exists a connected compact subset L Ă M with K Ă L.
(b) Show that the map

Im(Hn(M,M \ L;Z)→ Hn(M,M \K;Z)) → Hn(M,M \ {x0};Z)
[σ] 7→ [σ]

is an isomorphism.
Hint. Use Corollary 106.11.

Exercise 106.7. Let M be a connected orientable non-empty n-dimensional topological
manifold such that ∂M = ∅. As in the above Exercise 106.5 we now consider the group
←
Hn(M ;Z) := lim

←−
K∈K(M)

Hn(M,M \K;Z). Show that in our situation this group is naturally

isomorphic to Z. We refer to the corresponding natural generator as the fundamental class

[M ] ∈
←
Hn(M ;Z).

Hint. Use Exercise 106.6.

Exercise 106.8. Let X be a topological space. Given ϕ ∈ Hk(X;R) we de�ne

‖ϕ‖R := inf
{ n∑
i=1
|ri|
∣∣∣σ =

n∑
i=1
σi ⊗ ri︸ ︷︷ ︸

with σi 6= σj for i 6= j

is a cycle with [σ] = ϕ ∈ Hk(X;R)
}
.

In the following letM be a closed oriented connected non-empty n-dimensional topological
manifold M . Let [M ] ∈ Hn(M) be the fundamental class and let i : H1(M) → H1(M ;R)
be the homomorphism from Lemma 89.7 (1). We de�ne the simplicial volume of M as

‖M‖R := ‖i∗([M ])‖ ∈ R≥0.

(a) Show that ‖S1‖R = 0.
(b) Show that ‖(S1)2‖R = 0.
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(c) Let f : M → N be a map between closed oriented connected non-empty n-dimensional
topological manifolds. Show that

‖N‖R ≤ 1
deg(f) · ‖M‖R

where deg(f) denotes the degree of f as de�ned on page 2379.
(d) LetM and N be two closed oriented connected non-empty n-dimensional topological

manifolds. We suppose that M and N are in fact homotopy equivalent. Show that
‖M‖R = ‖N‖R.

(e) Let N be a closed oriented non-empty n-dimensional topological manifold. Further-
more let p : M → N be a d-fold covering. Show that ‖M‖R = d · ‖N‖R.

(f) Let M be a compact oriented n-dimensional topological manifold with non-empty
connected boundary. Show that ‖M‖ ≥ 1

n+1
· ‖∂M‖.

Remark. For the most part this exercise is the �topological analogue� of Exercise 101.9.





Part XI

Singular Cohomology



107. Chirality

In this section we will take a short break from overly abstract concepts and we study chi-
rality of objects in R3, knots and topological manifolds. We will run into several questions
which will motivate us to develop new tools in the study of topological spaces.

107.1. Chiral objects. In physics or chemistry an object X in R3 is called amphichiral
(or often short achiral) if it agrees with its mirror image, otherwise it is called chiral. To
make this de�nition more precise we have to explain what we mean by �mirror image� and
what we mean by �agree�.
First of all, given a hyperplane H Ă R3 through the origin we denote by ρH : R3 → R3 the
re�ection in the hyperplane H.1300 Sometimes in this chapter we will extend ρH to a map
from S3 = R3 ∪ {∞} to itself by setting ρH(∞) =∞.
The following lemma says that any two re�ections in a hyperplane through the origin di�er
by multiplication by a matrix in SO(3).

Lemma 107.1. If H and G are two hyperplanes in R3 through the origin, then there
exists a matrix A ∈ SO(3) such that for all v ∈ R3 we have

ρG(v) = A · ρH(v).

Sketch of proof. With respect to the standard basis of R3 the maps ρG and ρH are rep-
resented by orthogonal matrices P and Q with determinant −1. The matrix A = PQ−1

then lies in SO(3) and for any v ∈ R3 we have ρG(v) = Pv = A ·Qv = A · ρH(v). �

The above discussion leads us to the following de�nitions.

De�nition. Let X be a subset of R3.
(1) We say another subset Y of R3 agrees with X if there exists a matrix A ∈ SO(3)

and a point P ∈ R3 such that X = A · Y + P = {A · y + P | y ∈ Y }.
(2) For every hyperplane H Ă R3 we refer to ρH(X) as the mirror image of X.1301

(3) We say X is amphichiral if its mirror image agrees with X, otherwise we say X is
chiral.

Examples.

(1) Human hands are chiral, indeed, the left-hand does not agree with the right-hand.
In fact the term chirality is derived from the Greek word for hand, χειρ.1302

(2) Many molecules are chiral, see e.g. the �gure below for an example of a chiral mole-
cule.1303

107.2. Chiral knots. Now we turn our focus to knots. We recall some of the relevant
de�nitions from pages 1301 and 1315.

1300How is the re�ection in a hyperplane de�ned?
1301To be precise, the de�nition of the mirror image depends on the choice of the hyperplane. By
Lemma 107.1 re�ections in two di�erent hyperplanes di�er by multiplication by a matrix in SO(3), i.e.
the mirror images with respect to di�erent hyperplanes agree in the above sense.
1302The same word is also the etymological root for the German word �Chirurg�.
1303In fact, how can you show that the molecule is chiral?
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source: https://en.wikipedia.org/wiki/Chirality

De�nition.
(1) A knot is a 1-dimensional submanifold of S3 = R3∪{∞} that is di�eomorphic to S1.
(2) Given a knot K Ă S3 the re�ection of K in any hyperplane of R4 is called mirror of

K and denoted by Kmir. Note that in Exercise 59.1 we showed that, up to a smooth
isotopy, the de�nition of Kmir does not depend on the choice of the hyperplane.

Example. In the �gure below we show the trefoil and its mirror and we also show the
�gure-8 knot and its mirror. In both cases the question arises whether the original knot
and its mirror are smoothly isotopic.

the �gure-8 knot J and its mirror Jm

are these smoothly isotopic?are these smoothly isotopic?

the trefoil K and its mirror Km

Next we recall the following de�nition from page 1316.

De�nition. We say that a knot K in R3 is amphichiral if it is smoothly isotopic to its
mirror image, otherwise we call the knot K chiral.

Example. In the �gure on page 1316 we showed that the �gure-8 knot J is smoothly
isotopic to its mirror image J∗, i.e. the �gure-8 knot is amphichiral.

We recall the following question on which so far we have made zero progress.
Question 59.9. Is the trefoil chiral?
The question that naturally arises is, what does this discussion have to do with homology
groups? How can we address this question using the tools of algebraic topology? In the
following section we will turn Question 59.9 into a question about homology groups.
107.3. Chiral topological manifolds.

https://en.wikipedia.org/wiki/Chirality
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De�nition. Let M be a compact oriented topological manifold. We say that M is am-
phichiral if M admits an orientation-reversing self-homeomorphism, otherwise we say
that M is chiral.
In the next proposition, which is a variation on Lemma 100.7, we will give several criteria
for a self-homeomorphism to be orientation-preserving.

Proposition 107.2. Let M be a compact oriented connected n-dimensional topological
manifold and let f : M → M be a homeomorphism. Then the following three statements
are equivalent:
(1) The map f is orientation-preserving in the sense of the de�nition on page 2335.
(2) There exists a point x ∈ M \ ∂M and an open neighborhood U of x, e.g. U = M ,

such that1304
f∗(orientation at x︸ ︷︷ ︸

∈Hn(U,U\{x};Z)

) = orientation at f(x)︸ ︷︷ ︸
∈Hn(f(U),f(U)\{f(x)};Z)

.

(3) We have f∗([M ]) = [M ].
Suppose M is in fact a smooth manifold and that f is a di�eomorphism. We equip M
with the orientation in the sense of Section 25.2 coming from the Smooth-Topological
Orientation Proposition 105.11. Then the above are equivalent to the following statement:
(4) The map f is orientation-preserving in the sense of Section 25.2.

Analogously the above statements also hold if in (1) and (4) we replace �orientation-
preserving� by �orientation-reversing� and if in (2) and (3) we add a minus sign.
For the most part the proof of Proposition 107.2 boils down to the following lemma which
is also useful in its own right.

Lemma 107.3. Let f : M → N be a map between compact oriented connected n-dimen-
sional topological manifolds such that f(∂M) Ă ∂N . Let x ∈M \∂M and let U be an open
neighborhood of x with the property that f restricts to a homeomorphism f : U → f(U)
and such that f−1(f(x)) = {x}. Then

deg(f : M → N) = deg(f∗ : Hn(M,M \ {x};Z)→ Hn(N,N \ {f(x)};Z)
= deg(f∗ : Hn(U,U \ {x};Z)→ Hn(f(U), f(U) \ {f(x)};Z).

Proof. Let M and N be compact connected n-dimensional topological manifolds that are
equipped with orientations {µx}x∈M\∂M and {νx}x∈N\∂N . Furthermore let f , x ∈ M \ ∂M
and U as above. We consider the following commutative diagram

Hn(M,∂M ;Z)

��

f∗
// Hn(N, ∂N ;Z)

��

Hn(M,M \ {x};Z)
f∗

// Hn(N,N \ {f(x)};Z)

Hn(U,U \ {x};Z)

OO

f∗
// Hn(f(U), f(U) \ {f(x)};Z).

OO

1304Recall that by the construction of the Topological Manifold-Induced Orientation Lemma 105.17 the
orientation on M induces an orientation on any open subset.
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We make the following observations:
(1) the top vertical maps are isomorphisms by the Orientation-Top Homology Theo-

rem 106.1,
(2) the bottom vertical maps are isomorphisms by the Excision Theorem 74.18,
(3) it follows from the Fundamental Class-Corollary 106.4 that the vertical maps send

the fundamental classes [M ] and [N ] to the orientations µx respectively νf(x).
The desired equalities follow easily from these observations.1305 �

Now we can also provide a proof for Proposition 107.2.

Sketch of a proof. The equivalence of (1), (2) and (3) follows quite easily from Lemma 107.3.
Now suppose M that is in fact a smooth manifold and that f is a di�eomorphism. The
equivalence of (2) and (4) is a straightforward consequence of Lemma 105.12 and the Ex-
cision Theorem 74.18. Once again we leave it to the reader to �ll in the details. �

Examples. Let n ∈ N0.
(1) It follows from the Sphere Degree Lemma 76.11 (6) that the map

ρ : Sn → Sn

(x0, . . . , xn−1, xn) 7→ (x0, . . . , xn−1,−xn),

i.e. the map that is given by re�ection in the xn = 0 hyperplane, is orientation-
reversing. This shows that the sphere Sn is amphichiral.

(2) Let M be a closed, oriented topological manifold. It follows from (1) and the natu-
rality of the Künneth Theorem 90.8 for topological spaces that the map

Sn ×M → Sn ×M
(x, P ) 7→ (ρ(x), P ),

is orientation-reversing. This shows that the product of the sphere Sn with any
closed, oriented topological manifold is amphichiral.

Now we want to relate the notion of amphichiral knots to the notion of amphichiral smooth
manifolds. Before we can do so we recall the following de�nition.

De�nition. Let K Ă R3 be a knot. We pick a tubular neighborhood B
2×K as provided

by the Tubular Neighborhood Theorem ??. We refer to XK := S3 \ (B2 × K) as the
exterior of K.1306
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knot K tubular neighborhood

The following proposition together with Proposition 107.2 now turns Question 59.9 into a
question about topological spaces.

1305Where on earth did we use the hypothesis that f−1(f(x)) = {x}?
1306As we pointed out in Lemma 100.16, the exterior XK is a compact orientable smooth manifold and
the di�eomorphism type of XK as an oriented smooth manifold is well-de�ned, i.e. it is independent of the
choice of the tubular neighborhood.
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Proposition 107.4. Let K Ă R3 be a knot. If K is amphichiral, then the knot exterior
XK is also amphichiral.

Remark. We had just seen in Proposition 107.4 that the exterior of an amphichiral knot
is amphichiral. The converse to that statement is also true, i.e. if the exterior of a knot is
amphichiral, then the knot is also amphichiral. But this direction is much harder to prove.
To the best of my knowledge it follows from a very di�cult theorem by Cameron Gordon
and John Luecke [GL1989, p. 371] from 1989.

Proof. Let K Ă R3 be an amphichiral knot. By the Tubular Neighborhood Theorem ??
we can pick a tubular neighborhood νK = B

2 ×K. As on page 2213 we consider the knot
exterior XK := S3 \ (B2 ×K). By Proposition 107.2 it su�ces to show that there exists a
homeomorphism f : XK → XK with f∗([XK ]) = −[XK ].

We denote by ρ the re�ection in a hyperplane of R3. As usual we extend ρ to a self-
homeomorphism of S3 = R3 ∪ {∞} by setting ρ(∞) = ∞. We write Kmir = ρ(K) and
νKmir = ρ(νK). By hypothesis there exists a smooth isotopy from Kmir to K. By the
Isotopy Extension Theorem 36.1 this smooth isotopy extends to a di�eotopy of S3. This
means that we have a smooth map

F : S3 × [0, 1] → S3

such that F0 = id, such that each Ft is a di�eomorphism and such that F1(Kmir) = K.
We write Φ := F1 : S3 → S3. Then Φ(νKmir) is also a tubular neighborhood for K and
by Proposition ?? there exists an orientation-preserving di�eomorphism Ψ: S3 → S3 with
Ψ(Φ(νKmir)) = νK. We write f := Ψ ◦ Φ ◦ ρ.

Now we consider the following commutative diagram

H3(S3)
ρ∗

//

∼=
��

H3(S3)
∼=
��

Φ∗ // H3(S3)
∼=
��

Ψ∗ // H3(S3)
∼=
��

H3(S3, νK)
ρ∗

// H3(S3, νKmir)
Φ∗ // H3(S3,Φ(νKmir))

Ψ∗ // H3(S3, νK)

H3(XK , ∂XK)
ρ∗
//

∼=
OO

f∗=(Ψ◦Φ◦ρ)∗

22
H3(XKmir , ∂XKmir)

∼=
OO

Φ∗ // H3(Φ(XKmir),Φ(∂XKmir))

∼=
OO

Ψ∗ // H3(XK , ∂XK).

∼=
OO

Here the upper left vertical map is an isomorphism by the long exact sequence of the pair
(S3, νK) and the fact that Hi(νK) = 0 for i = 2, 3 since νK = K × B2 is homotopy
equivalent to S1. Exactly the same argument shows that in fact all upper vertical maps are
isomorphisms. The lower vertical maps are induced by the inclusion of pairs of topological
spaces. All of them are isomorphisms by the Excision Theorem for Smooth Manifolds 75.10.

By Proposition 107.2 we are done once we have shown that the composition of three
bottom horizontal maps is given by multiplication by −1. By the commutative diagram it
su�ces to prove the analogous statement for the composition of the top three horizontal
maps. It follows from the Sphere Degree Lemma 76.11 (6) that the top-left horizontal map
is given by multiplication by −1. It is a consequence of the Homotopic Maps-and-Homology
Proposition 73.6 that the top-middle horizontal map is the identity, since Φ is homotopic
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to the identity. Finally using Proposition 107.2 we see that the top-right horizontal map is
the identity since Ψ is orientation-preserving. �

Now we continue with our discussion of examples of amphichiral smooth manifolds.

Examples.
(1) We had just seen on page 2389 that topological manifolds of the type Sn ×M are

amphichiral. It follows that the torus S1 × S1 is amphichiral.
(2) The surface of genus 2 is amphichiral. Pictorially an orientation-reversing self-

homeomorphism is given by �re�ection in the yz-plane�, see the �gure below. In
the �octagon-picture� an orientation-reversing self-homeomorphism is given by the
re�ection f in the line illustrated in the �gure below. It follows easily from Propo-
sition 107.2 applied to the point x = 0 and U an open disk around x together with
Lemma 105.2 that the map f is indeed orientation-reversing.
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re�ection in the yz-hyperplane
is orientation reversing

re�ection in this line
is orientation reversing

U

x = 0

(3) All other compact oriented 2-dimensional smooth manifolds are also amphichiral. We
show some of the orientation-reversing maps in the �gure below. In Exercise 107.2
we will discuss how these maps can be described rigorously.
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re�ection in the xy-hyperplane
is orientation reversing

y

z

x

re�ection in the yz-hyperplane
is orientation reversing

(4) Example (2) can also be generalized as follows: ifM is a compact oriented topological
manifold, then its double DM = (M t M ′)/ ∼ is amphichiral. Indeed, the map
f : DM → DM that swaps the two copies of M is orientation-reversing. This follows
immediately from the de�nition of the orientation of DM that we gave in the Double-
Orientability Lemma 105.18.

The long list of examples of amphichiral smooth manifolds raises the following question.
Question 107.5. Are there compact oriented topological manifolds that are chiral?
We end this chapter with a short discussion of lens spaces. We recall the following de�nition.
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De�nition. Let p ∈ N and let q ∈ N be coprime to p. On page 1075 we de�ned the lens
space

L(p, q) := S3/Zp =
{

(z1, z2) ∈ C2
∣∣ |z1|2 + |z2|2 = 1

}
/(z1, z2) ∼ (e2π i/p · z1, e

2π iq/p · z2).

Furthermore, on page 1075 we had equipped L(p, q) with the orientation which turns the
natural projection S3 → L(p, q) into an orientation-preserving map.
Now let q, r ∈ Z with gcd(p, q) = gcd(p, r) = 1. In the Lens Spaces-Di�eomorphisms
Lemma 48.6 we showed that if q ≡ ±r±1 mod p, then L(p, q) and L(p, r) are di�eomor-
phic.1307 The following lemma is now a slight re�nement of the Lens Spaces-Di�eomorphisms
Lemma 48.6.
Lemma 107.6. Let p ∈ N and let q, r ∈ Z with gcd(p, q) = gcd(p, r) = 1.
(1) In the case that q ≡ r±1 mod p there exists an orientation-preserving di�eomorphism

L(p, q)→ L(p, r).
(2) On the other hand, if q ≡ −r±1 mod p, then there exists an orientation-reversing

di�eomorphism L(p, q)→ L(p, r).

Proof. Let p ∈ N and let q, r ∈ Z with gcd(p, q) = gcd(p, r) = 1. We suppose that
q ≡ ±r±1 mod p. As in the proof of the Lens Spaces-Di�eomorphisms Lemma 48.6 we
de�ne a di�eomorphism

Φ: S3 → S3

as follows: Case 1: q ≡ r mod p. (z1, z2) 7→ (z1, z2)
Case 2: q ≡ −r mod p. (z1, z2) 7→ (z1, z2)
Case 3: q ≡ r−1 mod p. (z1, z2) 7→ (z2, z1)
Case 4: q ≡ −r−1 mod p. (z1, z2) 7→ (z2, z1)

In all four cases it is straightforward to verify that the map descends to a di�eomorphism
L(p, q)→ L(p, r). It follows fairly easily from the Sphere Degree Lemma 76.11 and Propo-
sition 107.2 that the di�eomorphism Φ is orientation-preserving in cases 1 and 3 and that
it is orientation-reversing in cases 2 and 4.1308 The lemma now follows from the fact that
the projections S3 → L(p, q) and S3 → L(p, r) are orientation-preserving. �

Example. Note that −2−1 ≡ −3 ≡ 2 mod 5. Thus we obtain from Lemma 107.6 that there
exists an orientation-reversing di�eomorphism L(5, 2)→ L(5, 2), i.e. the lens space L(5, 2)
is amphichiral.

The argument of the previous example does not work for the lens space L(3, 1). So the
following question arises:

Question 107.7. Is the lens space L(3, 1) chiral?
With our present knowledge we are not able to answer Questions 59.9, 107.5 and 107.7. The
key to answering these three questions will be the cohomology groups that we introduce in
Chapter 108.

1307We still don't know whether the converse holds.
1308For example in case 3 the map is given by (x1, x2, x3, x4) 7→ (x3, x4, x1, x2) which is the composition
of two re�ections in hyperplanes, namely in the x1 = x3 and the x2 = x4 hyperplane.
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Exercises for Chapter 107.

Exercise 107.1. Why is the molecule shown in the �gure below chiral? How can you show
rigorously that the two molecules left and right cannot be turned into one another using a
translation and a matrix in SO(3)?

Exercise 107.2.
(a) Give a rigorous proof for the statement that the surface of genus 3 is amphichiral.

More precisely, give a precise description of the surface of genus 3 (e.g. as a dodecagon
with appropriate identi�cations) and indicate carefully an orientation-reversing self-
homeomorphism.

(b) Do the same exercise for the genus 2 surface with two open disks removed.

Exercise 107.3. Which connected 1-dimensional topological manifolds are chiral?
Remark. In Exercise 43.16 we studied the 2-dimensional case.
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108. The cohomology groups of a topological space

In this chapter we will introduce the cohomology groups Hk(X;G) of a topological space
together with a choice of an abelian group G. These study of the cohomology will keep
us busy for a very long time. For many mathematicians it takes a long time till they feel
fully comfortable with cohomology group since elements of cohomology groups are much
less visual than elements of homology groups. Perhaps, before we embark on our new
adventure it is good quote John von Neumann who said

�In mathematics you don't understand things. You just get used to them.�

108.1. The Hom-functor. We start out with the following obvious notation.
Notation. Given a group A and an abelian group G we write

Hom(A,G) = {all group homomorphisms A→ G}.
The set of homomorphisms Hom(A,G) has the structure of an abelian group with the sum
of two homomorphisms ϕ, ψ : A → G given by the group homomorphism that is de�ned
by (ϕ+ ψ)(a) := ϕ(a) + ψ(a).

Example. We leave it to the reader to provide a proof for the statement that for any n ∈ N
and any abelian group G we have a natural isomorphism Hom(Zn, G) ∼= ker(G

·n−→ G). Note
that this implies in particular that for any m ∈ N we have Hom(Zn,Zm) ∼= Zgcd(n,m).

On several occasions we will implicitly and explicitly use the following lemma which is an
immediate consequence of Lemma 51.1.
Lemma 108.1. Let G be an abelian group. If S is a non-empty set, then the homomor-
phism1309 1310 1311

Hom(Z(S), G) → {all maps from the set S to G}

(ϕ : Z(S) → G) 7→
(
S → G
s 7→ ϕ(s)

)
is an isomorphism. In particular the map

Hom(Z, G) → G
ϕ 7→ ϕ(1)

is an isomorphism.

1309Recall that on page 1147, given a non-empty set S we de�ned

ZS := all maps from S to Z.
and we de�ned the free abelian group generated by S to be the subgroup

Z(S) := all maps from S to Z which are non-zero for only �nitely many s ∈ S.

Following the notation introduced on page 1147 we view each s ∈ S as an element in Z(S).
1310Why do we write Z(S) in the lemma? Should it not be ZS?
1311Note that the group structure on G turns both sides of the lemma into a group, so the given map
clearly respects this group structure, i.e. the given map is a homomorphism.
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De�nition. Let G be an abelian group and let f : A → B be a group homomorphism.
Then f induces a homomorphism

f ∗ : Hom(B,G) → Hom(A,G)

(ϕ : B → G) 7→
(
A → G
a 7→ ϕ(f(a))

)
.

Example. Let G be an abelian group.
(1) If A is a subgroup of a group B and if i : A→ B is the inclusion map, then for each

homomorphism ϕ : B → G the homomorphism i∗ϕ : A → G is just the restriction
of ϕ to A Ă B.

(2) If S is a subset of a set T , then we have a natural inclusion i : Z(S) → Z(T ) and
it follows from Lemma 108.1 that the map i∗ : Hom(Z(T ), G) → Hom(Z(S), G) is an
epimorphism. Indeed, we just extend the map S → G to a map T → G by assigning
the trivial element in G to all elements in T \ S.

It follows immediately from the de�nitions that

(idA)∗ = idHom(A,G), for all groups A
and

(g ◦ f)∗ = f ∗ ◦ g∗ for all homomorphisms f : A→ B and g : B → C.

Put di�erently, given an abelian group G the maps

A 7→ Hom(A,G)
(f : A→ B) 7→ (f ∗ : Hom(B,G)→ Hom(A,G))

de�ne a contravariant functor from the category of groups to the category of abelian groups.

Remark. If R is a commutative ring, for example if R = Zn, R = Z, R = Q or R = R,
then for any group C the set of homomorphisms Hom(C,R) forms an R-module in an
obvious way. More precisely, given a homomorphism ϕ : C → R and r ∈ R we de�ne rϕ
to be the homomorphism given by c 7→ r · ϕ(c). Now we see easily that the above maps
A 7→ Hom(A,R) and f 7→ f ∗ de�ne a contravariant functor from the category of groups to
the category of R-modules.

The following lemma might be familiar from linear algebra. We refer to [Rot2009, Theo-
rem 2.32(i)] for more details.

Lemma 108.2. Let {Ai}i∈I be a family of groups and let G be an abelian group. Then
the map

Hom
(⊕
i∈I
Ai, G

)
→

∏
i∈I

Hom(Ai, G)

f 7→
∏
i∈I
f |Ai

is an isomorphism.
The following rather technical lemma will be used later on.

Lemma 108.3. Let {{Ai}i∈N, {ϕij : Ai → Aj}i≤j} be a direct system of groups and let G
be an abelian group. Then

{{Hom(Ai, G)}i∈N, {ϕ∗ij : Hom(Aj, G)→ Hom(Ai, G)}i≤j}
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is an inverse system of abelian groups (or modules if G is a commutative ring), and we
have a natural isomorphism

Hom
(
lim−→Ai, G

) ∼=−→ lim
←−

Hom(Ai, G)

of abelian groups (or modules if G is a commutative ring).
Proof. As so often for arguments regarding limits, the proof follows mostly from unraveling
the de�nitions. We refer to [Rot2009, Proposition 5.26] for more details. �

We continue with the following lemma which we will use on many occasions.
Lemma 108.4. Let 0 → A

i−→ B
p−−→ C → 0

be a short exact sequence of abelian groups and let G be an abelian group. If C is free
abelian, then the dual sequence

0 → Hom(C,G)
p∗−→ Hom(B,G)

i∗−→ Hom(A,G) → 0

is also exact.
Proof. It follows from the hypothesis that C is a free abelian and from Lemma 78.1 that the
initial short exact sequence splits. But this means that, according to Splitting Lemma 78.2,
that there exists an isomorphism Φ: B → A⊕C such that the following diagram commutes:

0 // A
=
��

i // B

Φ∼=
��

p
// C //

=
��

0

0 // A
a7→(a,0)

// A⊕ C
(a,c)7→c

// C // 0.

By applying the contravariant Hom(−, G) functor we obtain the upper half of the following
commutative diagram:

0 Hom(A,G)oo Hom(B,G)
i∗oo Hom(C,G)

p∗
oo 0oo

0 Hom(A,G)oo

=

OO

Hom(A⊕ C,G)
(a7→(a,0))∗

oo

Φ∗∼=

OO

Hom(C,G)
((a,c)7→c)∗

oo

=

OO

0oo

0 Hom(A,G)oo

=

OO

Hom(A,G)⊕ Hom(C,G)
f⊕g 7→f
oo

(f⊕)7→(a⊕c 7→f(a)+g(c))

OO

Hom(C,G)
g 7→0⊕g

oo

=

OO

0.oo

One can easily verify that the lower half of the diagram commutes. Furthermore it is
evident that the bottom sequence is exact. Finally it is straightforward to see that the
vertical maps are isomorphisms we obtain that the upper sequence is also exact. But that
is exactly what we wanted to prove. �

108.2. Cochain complexes. Now we introduce the notion of a cochain complex and of
its cohomology groups. A cochain complex is exactly the same as a chain complex except
that the boundary map now increases the degree by one instead of lowering it by one.
De�nition.
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(1) A cochain complex is a sequence

← Dn δn−1←−− Dn−1 δn−2←−− . . .
δ1←− D1 δ0←− D0 ← 0

of maps between abelian groups such that for all i ∈ N0 we have δi+1 ◦ δi = 0. We
refer to the maps δ∗ as coboundary maps.

(2) We de�ne the n-th cohomology group of a cochain complex (D∗, δ∗) to be

Hn(D) :=
ker(δn : Dn → Dn+1)

im(δn−1 : Dn−1 → Dn)
.

Example. In case the reader has seen di�erential forms already we can give an example.
Given a smooth manifold M and given n ∈ N0 we write

Ωn(M) := {all smooth n-forms on M}.

On page ?? we introduced the di�erentials dn : Ωn(M)→ Ωn+1(M). By the Di�erentials-on-
Smooth Manifolds Proposition ?? we now obtain a cochain complex. The corresponding
cohomology groups are called the de Rham cohomology groups of M . We studied this
example in great detail in Chapter ??.

Now we will see that most of the de�nitions and algebraic results for chain complexes can
be generalized almost verbatim to cochain complexes.

De�nition.
(1) A cochain map f : C∗ → D∗ between two cochain complexes consists of a family
{fn : Cn → Dn}n∈N0 of maps that commute with the coboundary maps, i.e. such
that for all n ∈ N0 we have

δn ◦ fn = fn+1◦ δn : Cn → Dn+1.
↑ ↑

δn : Dn → Dn+1 δn : Cn → Cn+1

(2) Let f, g : C∗ → D∗ be two cochain maps between two cochain complexes C∗ and D∗.
A cochain homotopy P = {Pn}n∈N0 between the cochain maps f and g consists of a
family {Pn : Cn → Dn−1}n∈N0 of maps such that for each n ∈ N0 we have

δn−1 ◦ Pn + Pn+1 ◦ δn = fn − gn.
If there exists a cochain homotopy between cochain maps f and g, then we say
that f and g are cochain homotopic.

(3) A cochain map f : C∗ → D∗ between two cochain complexes C∗ and D∗ is called a
cochain homotopy equivalence if there exists a cochain map g : D∗ → C∗ such that
f ◦ g is cochain homotopic to idC∗ and g ◦ f is cochain homotopy to idD∗ .
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Remark. For orientation we summarize in the following diagram all objects arising in the
de�nition of a cochain homotopy:

Cn+1
δn+1

oo

fn+1,gn+1

��

Pn+1

##

Cnδnoo

fn,gn

��

Pn

##

Cn−1
δn−1

oo

fn−1,gn−1

��

δn−2
oo

Dn+1

δn+1

oo Dn

δn

oo Dn−1

δn−1

oo
δn−2

oo

The statements of the next lemma surely do not come as much of a surprise.

Lemma 108.5. (Cochain Map Lemma)
(1) If f : C∗ → D∗ is a cochain map between cochain complexes C∗ and D∗, then the

map f∗ : Hn(C) → Hn(D)
[c] 7→ [fn(c)]

is well-de�ned.
(2) Two cochain maps that are cochain homotopic induce the same map on cohomology

groups.
(3) Every cochain homotopy equivalence induces an isomorphism of cohomology groups.
(4) Cochain complexes together with the cochain maps form a category, called the cat-

egory of cochain complexes.

Proof. The �rst statement is proved the same way as Lemma 72.7 and the second statement
is proved the same way as Lemma 73.2. The proof of the third statement is basically the
same as the proof of Corollary 73.4. Finally the last statement follows immediately from
the de�nitions. �

Remark. Let C∗ and D∗ be cochain complexes. On a few rare occasions we will need to
deal with the following slight generalization of a cochain map. A generalized cochain maps
is a family {fn : Cn → Dn}n∈N0 of maps that commute with the coboundary maps up to
sign, i.e. such that for every n ∈ N0 there exists an ε ∈ {−1, 1} such that δn ◦fn = fn+1 ◦δn.
One can easily verify that the conclusion of the Cochain Map Lemma 108.5 (1) also holds
for generalized cochain maps.

One of the most important algebraic constructions in homology theory was that we could
associate to a short exact sequence of chain complexes a long exact sequence of homology
groups. We have an almost identical construction for short exact sequences of cochain
complexes and their cohomology groups. We will discuss this construction in detail:
De�nition. Let 0 → C∗

f−→ B∗
g−→ A∗ → 0

be a short exact sequence of cochain complexes. In particular for each n ∈ N0 we have a
commutative diagram

0 // Cn+1
fn+1

// Bn+1
gn+1

// An+1 // 0

0 // Cn fn
//

δn

OO

Bn gn
//

δn

OO

An
δn

OO

// 0
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where the horizontal sequences are exact. Now we will de�ne a connecting homomorphism

δ : Hn(A) → Hn+1(C).

The de�nition is almost verbatim the same as the de�nition on page 1620 of the connecting
homomorphism in homology. More precisely, we perform the following steps:
(1) Let z ∈ Hn(A).
(2) We pick α ∈ An with z = [α].
(3) By the surjectivity of gn we have α = gn(β) for some β ∈ Bn.
(4) From the commutativity of the diagram and the exactness of the horizontal sequences

we see that δn(β) = fn+1(γ) for some uniquely determined γ ∈ Cn+1.
(5) We put δn(z) := [γ] ∈ Hn+1(C).

The following proposition is now the obvious analogue of the Connecting Homomorphism
Lemma 74.8 and the LES Proposition 74.9. We leave it to the reader to make the necessary
changes to the proof.

Proposition 108.6. (Connecting Homomorphism Proposition)
(1) The connecting homomorphisms are well-de�ned and they are indeed homomor-

phisms.1312

(2) The connecting homomorphisms are natural in the sense that commuting diagrams
of short exact sequences of cochain complexes give rise to commuting diagrams of
cohomology groups involving the connecting homomorphisms.

(3) If
0 → C∗

f−→ B∗
g−→ A∗ → 0

is a short exact sequence of cochain complexes, then

· · · → Hn(C)
f∗−→ Hn(B)

g∗−→ Hn(A)
δ−→ Hn+1(C)

f∗−→ Hn+1(B)
g∗−→ . . .

forms an exact sequence.
Finally the following lemma says that cohomology commutes with direct sums and direct
products. The proof of the lemma is identical to the proof of Lemma 72.13 that we did not
give.

Lemma 108.7. If {Ca}a∈A is a family of cochain complexes, then the family of inclusion
maps Ca →

⊕
a∈A

Ca, a ∈ A, and Ca →
∏
a∈A

Ca, a ∈ A, induce isomorphisms⊕
a∈A

Hn(Ca)
∼=−→ Hn

( ⊕
a∈A

Ca
)

and
∏
a∈A

Hn(Ca)
∼=−→ Hn

( ∏
a∈A

Ca
)
.

108.3. Dual cochain complexes. Now we will present the arguably most important
source of cochain complex.
De�nition. Let

(C∗, ∂∗) : → Cn+1
∂n+1−−−→ Cn

∂n−−→ . . .
∂2−→ C1

∂1−→ C0 → 0

1312Furthermore, if the cochain complexes are cochain complexes over a commutative ring R, then the
connecting homomorphism is in fact an R-module homomorphism.
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be a chain complex and let G be an abelian group. For each n ∈ N0 we write

δn := ∂∗n+1 : Hom(Cn, G) → Hom(Cn+1, G).

We obtain the following cochain complex1313

← Hom(Cn+1, G)
δn←− Hom(Cn, G)

δn−1←−−− . . .
δ1←− Hom(C1, G)

δ0←− Hom(C0, G) ← 0.

We refer to it as cochain complex dual to (C∗, ∂∗) and we denote it by Hom(C∗, G). We
de�ne the n-th cohomology group of the chain complex (C∗, ∂∗) with G-coef�cients as the
cohomology of the cochain complex (Hom(C∗, G), δ∗), i.e. we de�ne

Hn(C;G) :=
ker(δn : Hom(Cn, G)→ Hom(Cn+1, G))

im(δn−1 : Hom(Cn−1, G)→ Hom(Cn, G))
.

Remark.
(1) We had just de�ned δn := ∂∗n+1, i.e. the coboundary map in the cochain complex

is the dual of the boundary map in the chain complex. This is the same de�nition
that is used in most books on algebraic topology, see e.g. [Mun1984, p. 251] or
[Hat2002, p. 189]. In the book by Bredon [Bre1993, p. 321] the coboundary is
de�ned as δn := (−1)n+1 · ∂∗n+1.

The di�erent conventions do not a�ect the de�nition of the cohomology groups,
but they will a�ect the sign conventions in some formulas later on. In particular if
one cites results from other books one needs to be careful about the sign conventions
used.

(2) If R is a commutative ring and if (C∗, ∂∗) is a chain complex, then it follows im-
mediately from the remark on page 2395 that the corresponding cohomology groups
Hn(C;R) come naturally with the structure of R-modules.

Many of the statements about chain complexes and their homology groups hold in a slightly
modi�ed version also for cohomology groups. For example we have the following purely
algebraic lemma.

Lemma 108.8. (Dual Cochain Map Lemma) Let G be an abelian group.
(1) Let f = {fn : Cn → Dn}n∈N0 be a chain map between chain complexes C∗ and D∗,

then for each n ∈ N0 the map

f ∗ : Hom(Dn, G) → Hom(Cn, G)

(ϕ : Dn → G) 7→
(
Cn

fn−→ Dn
ϕ−→ G︸ ︷︷ ︸

=ϕ◦fn=f∗nϕ

)
is a cochain map, in particular it induces a well-de�ned map

f ∗ : Hn(D;G) → Hn(C;G).

(2) For each n ∈ N0 the maps

C∗ 7→ Hn(C;G) and f 7→ f ∗

1313It follows the functoriality property of Hom(−, G) that δn ◦ δn−1 = ∂∗n+1 ◦ ∂∗n = (∂n ◦ ∂n+1)∗ = 0, i.e.
this is indeed a cochain complex.
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de�ne a contravariant functor from the category ChCplx of chain complexes to the
category AbGroup of abelian groups. (If G is a commutative ring, then this is in fact
a functor to the category of G-modules.)

(3) Let f, g : C∗ → D∗ be two chain maps. If they are chain homotopic, then the
induced cochain maps f ∗, g∗ : Hom(D∗, G) → Hom(C∗, G) are cochain homotopic
and therefore the induced maps f ∗, g∗ : Hn(D;G)→ Hn(C,G) are identical.

(4) If f∗ : C∗ → D∗ is a chain homotopy equivalence, then for every n ∈ N0 the induced
maps f ∗ : Hn(D;G)→ Hn(C;G) are isomorphisms.

Proof.
(1) Let f = {fn : Cn → Dn}n∈N0 be a chain map. This means that for each n ∈ N0 we

have fn−1 ◦ ∂n = ∂n ◦ fn
which implies by the fact that A 7→ Hom(A,G) is a contravariant functor that

∂∗n︸︷︷︸
=δn−1

◦ f ∗n−1 = f ∗n ◦ ∂∗n︸︷︷︸
=δn−1

.

We have thus shown that f ∗ is a cochain map. The second statement follows imme-
diately from the Cochain Map Lemma 108.5.

(2) This statement follows easily from the de�nitions.
(3) Let {Pn : Cn → Dn+1}n∈N0 be a chain homotopy P = {Pn}n∈N0 between f and g.

Recall that this means that for each n ∈ N0 we have

∂n+1 ◦ Pn + Pn−1 ◦ ∂n = fn − gn.
We set Qn := P ∗n−1 : Hom(Dn, G) → Hom(Cn−1, G). It follows again from the fact
that A 7→ Hom(A,G) is a contravariant functor that

P ∗n︸︷︷︸
=Qn+1

◦ ∂∗n+1︸︷︷︸
=δn

+ ∂∗n︸︷︷︸
=δn−1

◦ P ∗n−1︸︷︷︸
=Qn

= f ∗n − g∗n.

This shows that the maps Qn, n ∈ N0 form a cochain homotopy. It follows from the
Cochain Map Lemma 108.5 that the induced maps on cohomology groups agree.

(4) The last statement follows immediately from (2) and (3). �

In Lemma 89.7 (2) we basically saw that for any chain complex C∗ and any homomorphism
f : A→ B of abelian groups the maps

f∗ : C∗ ⊗ A → C∗ ⊗B[ k∑
i=1
σi ⊗ ai

]
7→

[ k∑
i=1
σi ⊗ f(ai)

]
form a chain map, in particular for each n ∈ N0 we obtain an induced map

f∗ : Hn(C∗ ⊗ A) → Hn(C∗ ⊗B).

Similarly, it is straightforward to check that the maps

f∗ : Hom(Cn, A) → Hom(Cn, B)
ϕ 7→ f ◦ ϕ

de�ne a cochain map, in particular we get for each n ∈ N0 an induced map
f∗ : Hn(C∗;A) → Hn(C∗;B)

The following lemma basically says that these maps have all the properties one could
possibly hope for. The lemma can be viewed as a cohomological analogue of Lemma 89.7.
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Lemma 108.9.
(1) Given a chain complex C∗ and n ∈ N0 the maps

A 7→ Hn(C∗;A)
(f : A→ B) 7→ (f∗ : Hn(C∗;A)→ Hn(C∗;B))

form a covariant functor from the category of abelian groups to the category of
abelian groups. In other words, �cohomology is covariant in the coe�cients�.

(2) Given a group homomorphism f : A → B the induced maps f∗ de�ne a natural
transformation from the contravariant functor C∗ 7→ Hn(C∗;A) to the contravariant
functor C∗ 7→ Hn(C∗;B).

Proof. The two statements follow basically immediately from the de�nitions. �

108.4. The singular cohomology groups of topological spaces. Now we apply the
somewhat dry algebra from the last section to our favorite chain complex, namely the
singular chain complex of a pair of topological spaces.

De�nition. Let (X,A) be a pair of topological spaces and let G be an abelian group.
(1) For each n ∈ N0 we write

Cn(X,A;G) := Hom(Cn(X,A), G) and δn := ∂∗n+1 : Cn(X,A;G)→ Cn+1(X,A;G).

We use the following notation:
(a) We refer to the elements of Cn(X,A;G) as singular n-cochains,
(b) we refer to the elements in the kernel of δn : Cn(X,A;G) → Cn+1(X,A;G) as

singular n-cocycles and
(c) we refer to the elements in the image of δn−1 : Cn−1(X,A;G)→ Cn(X,A;G) as

singular n-coboundaries.
When n ∈ N0 is understood then sometimes we just write δ instead of δn.

(2) We refer to the cochain complex

...← Cn+1(X,A;G)
δn←− Cn(X,A;G)

δn−1←−− Cn−1(X,A;G)← ...
δ0←− C0(X,A;G)← 0

as the singular cochain complex of (X,A) with G-coef�cients. We de�ne the n-th
singular cohomology group of (X,A) with G-coef�cients1314 as follows

Hn(X,A;G) := Hn(C∗(X,A);G) =
ker(δn : Cn(X,A;G)→ Cn+1(X,A;G))

im(δn−1 : Cn−1(X,A;G)→ Cn(X,A;G))
.

(3) If A = ∅ then we just write Cn(X;G) = Cn(X,∅;G) and similar for cohomology
groups.

(4) If G = Z then often we drop the coe�cients from the notation, e.g. often we write
Hn(X,A) = Hn(X,A;Z).

Remark. As we had already pointed out on page 2400, if R is a commutative ring, e.g. if
R = Zn,Z,Q,R or R = C, then the cohomology groups Hn(X,A;R) can in fact be viewed
as R-modules and the coboundary maps are R-module homomorphisms.

1314In most cases we drop the adjective �singular� and we just talk of the n-th cohomology group of (X,A)
with coe�cients in G. We only refer to it as singular cohomology when we want to distinguish it from de
Rham cohomology.



108. THE COHOMOLOGY GROUPS OF A TOPOLOGICAL SPACE 2403

In the following we �rst discuss the de�nition and examples of the absolute cohomology
groups H∗(X;G). A little later we will discuss the arguably even more confusing relative
cohomology groups H∗(X,A;G). We start this discussion of absolute cohomology groups
with the following remark.

Remark. Let G be an abelian group.
(1) Let X be a topological space and let n ∈ N0. We denote by Sn(X) the set of singular

n-simplices. We then have natural identi�cations

Cn(X;G) = Hom(Cn(X), G) = Hom
(
Z(Sn(X)), G

)
= maps from Sn(X) to G.

↑ ↑
by de�nition Cn(X) = Z(Sn(X)) identi�cation given by Lemma 108.1

Put di�erently, a singular n-cochain is precisely the same as assigning to each singular
n-simplex an element in G. We will use this bijection throughout the course without
explicitly referring to it.

(2) Let X be a topological space. We recall that, following the discussion on page 1583,
we can identify the singular 0-simplices in X with the points in X. According to the
discussion in (1) we can now make the identi�cation

C0(X;G) = {all maps from X to G}.

Before we develop the theory of cohomology groups in detail we �rst want to consider some
explicit examples. As a starter we consider cochains and cocycles on the topological spaces
R and S1.

Examples.

(1) We start out with the topological space X = R. We consider the two functions

αR : R → R
x 7→ x

and
αZ : R → Z

x 7→ bxc := max{n ∈ Z |n ≤ x}.
As pointed out above, these two functions de�ne singular 0-cochains. We denote
these 0-cochains again by αR and αZ. For any singular 1-simplex µ : ∆1 → R we have

(δαR)(µ) = αR(∂µ) = αR(µ(0, 1)− µ(1, 0)) = µ(0, 1)− µ(1, 0)
↑ ↑ ↑

de�nition of δ see page 1585 de�nition of αR

and, slightly more interesting, it follows immediately from the above discussion and
the de�nition of αZ that

(δαZ)(µ) = αZ(∂µ) =

{
#{n ∈ Z |µ(1, 0) < n ≤ µ(0, 1)}, if µ(0, 1) ≥ µ(1, 0)
−#{n ∈ Z |µ(0, 1) < n ≤ µ(1, 0)}, if µ(1, 0) ≥ µ(0, 1).

In a somewhat informal way we can say that the cochain δαZ : C1(R) → Z applied
to a singular 1-simplex µ measures how many integers the simplex µ �crosses from
left to right�. We refer to the �gure below for an illustration of δαZ.

(2) Now we consider the topological space X = S1. As usual we denote by p : R → S1,
t 7→ exp(2π it) the universal covering of S1. Let σ : ∆1 → S1 be a singular 1-simplex.
Since ∆1 is simply connected it follows from the Covering Existence Theorem 61.5
that σ lifts to a map σ̃ : ∆1 → R. The lift is not unique, but it is straightforward
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µ

∂µ

(δαZ)(µ) = 2

graph of αZ

to see that any two lifts di�er by addition by an integer. For a singular 1-simplex
σ : ∆1 → S1 we pick a lift σ̃ : ∆1 → R of σ and we de�ne

θR(σ) := (δαR)(σ̃) = σ̃(0, 1)− σ̃(1, 0)
↑

∈ C1(R)

and we also de�ne

θZ(σ) := (δαZ)(σ̃) =

{
#{n ∈ Z | σ̃(1, 0) < n ≤ σ̃(0, 1)}, if σ̃(0, 1) ≥ σ̃(1, 0)
−#{n ∈ Z | σ̃(0, 1) < n ≤ σ̃(1, 0)}, if σ̃(1, 0) ≥ σ̃(0, 1).

Since any two lifts of σ di�er by addition by an integer we see that θR(σ) and θZ(σ)
are both well-de�ned, i.e. independent of the choice of the lift σ̃. The de�nitions of
θR and θZ are illustrated in the �gure below.1315

As we had explained on page 2403, these two maps θR and θZ actually de�ne
singular 1-cochains in C1,R) and C1;Z).
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p(t) = e2πit
0 1 2

σ̃

σ

0 1 2

σ̃

σ

θZ(σ) = 2 θR(σ) = σ̃(0, 1)− σ̃(1, 0) θZ(σ) = −3

As an example we consider the singular 1-simplex

µ : ∆1 → S1 that is de�ned by µ(1− t, t) = exp(2π it).

A lift of µ to the above universal covering R→ S1 is given by the singular 1-simplex
µ̃ : ∆1 → R that is de�ned by µ̃(1− t, t) = t.

It follows immediately from the de�nitions that θR(µ) = θZ(µ) = 1.
1315Here is an alternative description of the singular 1-cochain θ: We denote by Φ: [0, 1] → ∆1 the
homeomorphism that is given by Φ(t) = (1− t, t). Then for any singular 1-simplex σ : ∆1 → S1 we have

θR(σ) =
1

2π i

∫
σ◦Φ

1
z dz,

where the right-hand side denotes the path integral of the holomorphic function 1
z over the continuous path

σ ◦ Φ: [0, 1]→ S1. We leave it as an amusing exercise to verify this equality using complex analysis.
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The following lemma shows that θR and θZ are actually quite interesting singular 1-cochains.

Lemma 108.10. We continue with the notation from the previous example.
(1) The singular 1-cochains θR and θZ are cocycles, in particular θR de�nes an element

in H1(S1;R) and θZ de�nes an element in H1(S1;Z).
(2) The singular 1-cochain cochains θR and θZ are not the coboundary of a singular

0-cochain, i.e. the cohomology classes [θR] ∈ H1(S1;R) and [θZ] ∈ H1(S1;Z) are
non-trivial.

Proof.

(1) We will �rst prove that the singular 1-cochain θR is a cocycle. Thus we have to show
that δ1θR = 0 ∈ C2(S1,R) = Hom(C2(S1),R). So let σ : ∆2 → S1 be a singular
2-simplex. We have to show that (δ1θR)(σ) = θR(∂σ) = 0.

As before we denote by p : R → S1, t 7→ exp(2π it) the universal covering of S1.
Since ∆2 is simply connected we can apply the Map Lifting Criterion 61.2 to obtain
a lift of σ : ∆2 → S1 to a map σ̃ : ∆2 → R. We refer to the �gure below for an
illustration. Then

θR(∂σ) = θR

( 2∑
j=0

(−1)j · σ ◦ i2j
)

= (δαR)
( =∂σ̃︷ ︸︸ ︷

2∑
j=0

(−1)j · σ̃ ◦ i2j
)

= αR(∂(∂σ̃)) = 0.
↑ ↑ ↑ ↑

de�nition of ∂ by de�nition of θR and by de�nition of δαR and ∂σ̃ since ∂ ◦ ∂ = 0
since σ̃ ◦ i2j is a lift of σ ◦ i2j

Exactly the same argument applies to θZ.
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σ

σ̃
0 1 2∆2

(2) We still need to show that the singular 1-cochain cochains θR and θZ are not the
coboundary of a singular 0-cochain. So let β be a singular 0-cochain. As usual we
view β as a function S1 → R. We consider again the singular 1-simplex µ : ∆1 → S1

that is de�ned by µ(1− t, t) = exp(2π it). Then

(δ0β)(µ) = β( ∂(µ)) = β
(
µ(0, 1)︸ ︷︷ ︸
=1∈S1

− µ(1, 0)︸ ︷︷ ︸
=1∈S1

)
= 0.

But in the previous example we saw that θR(µ) = θZ(µ) = 1. �

Remark. Note that in Lemma 108.10 we have just given a mysteriously simple proof that
H1(S1;R) 6= 0 and also that H1(S1;Z) 6= 0.

We continue with another example of cochains.

Example. We return to the topological space X = R. We �x a point y ∈ R. We consider
the cochain
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ϕy : C0(R) → Z
that is determined by the function

R → Z

x 7→
{

0, if x ≤ y,
1, else.

For any singular 1-simplex d : ∆1 → X = R we have

(δ0ϕy)(d) = ϕy(∂d) = ϕy(d(0, 1))− ϕy(d(1, 0)) =


0, if d(0, 1), d(1, 0) ≤ y,
0, if d(0, 1), d(1, 0) ≥ y,
1, if d(1, 0) ≤ y < d(0, 1)
−1, if d(0, 1) ≤ y < d(1, 0).

↑
since ∂d = 1 · d(0, 1) + (−1) · d(1, 0)
and since ϕy : C0(R)→ Z is linear

In a slightly informal way we can say that the homomorphism δ0ϕy : C1(R)→ Z applied to
a singular 1-simplex d equals +1 if the simplex �crosses y from right to left� and it equals
−1 if the simplex �crosses y from left to right�. We will make use of this singular 1-cochain
on several occasions, hence we give it its own notation, namely we write

γy := δ0ϕy ∈ C1(R;Z).

We illustrate the singular 1-cochain γy = δ0ϕy ∈ C1(R;Z) in the �gure below.

γy(e) = 0

y
γy(d) = 1

y

y

∆1

singular 0-cochain ϕy

d

e

c

y
γy(c) = −1

After this long discussion of explicit cochains and cohomology classes we want to turn to
more general results. The only two instances where we could compute homology groups
without any problems was the 0-th homology group of a path-connected space, see the
H0-Proposition 72.5, and the homology groups of a point, see the Single Point-Homology
Lemma 72.6. Not surprisingly we can also deal with the same situations with cohomology
groups.
First of all we have the following analogue of the H0-Proposition 72.5.

Proposition 108.11. (H0-Proposition) Let X be a non-empty path-connected topo-
logical space and let G be an abelian group. Then the map

G → H0(X;G)
g 7→ [0-cochain that assigns to each x ∈ X the value g]

is a well-de�ned map that is in fact an isomorphism. For any point P ∈ X an inverse is
given by the map H0(X;G) → G

[f ] 7→ f(P )
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Remark. At times we will use the isomorphism from the H0-Proposition 108.11 to identify
the 0-th cohomology H0(X;G) of a path-connected topological space X with G.

Proof. We consider the �right-hand end� of the chain complex of C∗(X) and of the cochain
complex Hom(C∗(X), G):

C1(X)
∂1−→ C0(X) → 0 and Hom(C1(X), G)

δ0=∂∗1←−−−− Hom(C0(X), G) ← 0.

Now we calculate that

H0(X;G) = ker

{
Hom(C0(X), G) → Hom(C1(X), G)

(f : C0(X)→ G) 7→ (f ◦ ∂1 : C1(X)→ G)

}
since the singular 1-simplices form a basis of C1(X)
↓
= {maps f : X → G | f(∂1(σ))︸ ︷︷ ︸

=f(σ(0,1))−f(σ(1,0))

= 0 for all singular 1-simplices σ : ∆1 → X}
↑

by Lemma 108.1 we have the
natural identi�cation

Hom(C0(X), G) = maps from X to G

= all constant maps X → G = G.
↑ ↑

since X is path-connected since X is non-empty
and since ∆1 ∼= [0, 1]

The remaining statements of the proposition can be veri�ed easily. �

The following lemma is an analogue of the Single Point-Homology Lemma 72.6.

Lemma 108.12. (Single Point-Cohomology Lemma) Let X = {x} be a topological
space that consists of a single point x. For any abelian group G we have

Hn(X;G) =

{
0, if n ≥ 1,
G, if n = 0.

Proof. We outsource the proof to Exercise 108.3. �

We want to conclude this section with a short discussion of relative cohomology classes.
Before we do so we make the following observations:

Observation.

(1) Given an abelian group C, a subgroup D and an abelian group G we have a natural
isomorphism

Hom(C/D,G)
∼=−→ all homomorphisms C → G that vanish on D

(ϕ : C/D → G) 7→ (C → C/D
ϕ−→ G).

We will use this isomorphism to identify the groups left and right.
(2) If S is a set and T is a subset, then for any abelian group G the identi�cation

Hom(Z(S), G) = all maps from S to G
from Lemma 108.1 restricts to an isomorphism{
f ∈ Hom(Z(S), G)

∣∣ f vanishes on Z(T )
}

= all maps S → G that are trivial on T .

(3) It follows immediately from Lemma 108.1 and from (1) and (2) that given a pair of
topological spaces (X,A) and an abelian group G we have for every n ∈ N0 a natural
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isomorphism

Hom(Cn(X,A), G)︸ ︷︷ ︸
=Cn(X,A;G)=Hom(Cn(X)/Cn(A),G)

= all maps Sn(X)→ G that are trivial on Sn(A).

We will often use this natural isomorphism to identify the left-hand side with the
right-hand side.

Examples.
(1) In Exercise 108.4 we will modify the argument of the H0-Proposition 108.11 to show

that for any path-connected topological space with non-empty subset A we have

H0(X,A;G) = 0 for any abelian group G.

(2) We write I = [0, 1]. In this example we want to construct a non-trivial element in
H1(I, ∂I). We consider the function

f : I → Z

x 7→
{

0, if x ∈ [0, 1
2
)

1, otherwise

which we use to de�ne the singular 1-cochain

ρ : C1(I) → Z
(σ : ∆1 → I) 7→ f(σ(0, 1))− f(σ(1, 0)).

Loosely speaking, similar to the singular 1-cochain ϕy from page 2406 the singular 1-
cochain ρ(σ) measures whether σ crosses 1

2
, and if yes, in what direction. We refer to

the �gure below for an illustration. Since ∆1 is connected and since {0, 1} is discrete
it follows from the Connected-to-Discrete Lemma 2.27 that any singular 1-simplex
σ : ∆1 → ∂I = {0, 1} is constant. In particular in this case we have ρ(σ) = 0. Thus
we see, using the above observation, that ρ de�nes a map

ρ : C1(I, ∂I) → Z.
In Exercise 108.8 we will see that ρ is a singular 1-cocycle and that it de�nes a
non-trivial element in H1(I, ∂I;Z).

��
��
��

��
��
��

���
���
���

���
���
���

σ∆1

ρ(σ) = 1

0

1

graph of f

I = [0, 1]

108.5. Basic properties of cohomology groups. Now we will see that maps between
pairs of topological spaces induce maps on cohomology groups.

De�nition. Let G be an abelian group and let f : (X,A) → (Y,B) be a map between
pairs of topological spaces. Recall that f induces a chain map f∗ : C∗(X,A) → C∗(Y,B).
For each n ∈ N0 we denote by

f ∗ : Hn(Y,B;G) → Hn(X,A;G)
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the induced map of cohomology groups that we obtain from the Dual Cochain Map
Lemma 108.8 (1).

Example. We will see in Exercise 108.6 that any map f : X → Y between two path-con-
nected non-empty topological spaces induces an isomorphism f ∗ : H0(Y ;G) → H0(X;G).
A very similar argument shows that if Y is path-connected and X is non-empty, then
f ∗ : H0(Y ;G)→ H0(X;G) is a monomorphism.

Notation. Let X be a topological space and let A be a subset. Furthermore let G be
an abelian group. We denote by i : A → X the inclusion map. Sometimes we refer to
i∗ : Hn(X;G)→ Hn(A;G) as the restriction map.
We summarize some basic properties of the induced maps in the following lemma.

Lemma 108.13. (Homotopic Maps-H∗-Lemma) Let G be an abelian group and let
n ∈ N0.
(1) The maps

(X,A) 7→ Hn(X,A;G)
(f : (X,A)→ (Y,B)) 7→ (f ∗ : Hn(Y,B;G)→ Hn(X,A;G))

de�ne a contravariant functor from the category of pairs of topological spaces to the
category of abelian groups. (If G is a commutative ring, then this is in fact a functor
to the category of G-modules.)

(2) Let f, g : (X,A) → (Y,B) be maps between pairs of topological spaces. If f and g
are homotopic, then they induce the same maps

f ∗ = g∗ : Hn(Y,B;G) → Hn(X,A;G).

(3) If f : X → Y is a homotopy equivalence between two topological spaces, then the
induced map

f ∗ : Hn(Y ;G)
∼=−→ Hn(X;G)

is an isomorphism. In particular the cohomology groups of homotopy equivalent
topological spaces are isomorphic.

(4) Let X be a topological space, let A Ă B be subsets of X and let n ∈ N0. If A is a
deformation retract of B, then the inclusion induced map

Hn(X,B;G) → Hn(X,A;G)

is an isomorphism. Similarly, if B is a deformation retract of X, then the inclusion
induced map Hn(X,A;G) → Hn(B,A;G)

is an isomorphism.

Example. The Homotopic Maps-H∗-Lemma 108.13 (4), together with the Single Point-
Cohomology Lemma 108.12 and the discussion on page 432 implies that for any n ≥ 1, any
abelian group G and any k ∈ N0 we have

Hn(Rk;G) = Hn
(
B
k
;G
)

= Hn
(
Bk;G

)
= Hn

(
[0, 1]k;G

)
= Hn

(
∆k;G

)
= 0.

Proof.

(1) This statement follows immediately from the Dual Cochain Map Lemma 108.8 (2)
together with the fact that the map (X,A) 7→ C∗(X,A) de�nes a covariant functor
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from the category PairTop of pairs of topological spaces to the category ChCplx of chain
complexes.

(2) This statement is an immediate consequence of Proposition 74.15 together with Lem-
ma 108.8 (3).

(3) This statement follows from (1) and (2).
(4) This statement is proved almost verbatim the same way as Corollary 74.16 (2a) and

(2b). �

Many of the statements about homology groups can be modi�ed to give corresponding
statements about cohomology groups. For example we have the following lemma.
Lemma 108.14. Let X be a topological space and let G be an abelian group.
(1) We denote by {Xj}j∈J the path-components of X. The inclusion maps ιj : Xj → X,

j ∈ J , induce an isomorphism∏
j∈J
ι∗j : Hn(X;G)

∼=−→
∏
j∈J

Hn(Xj;G).

(2) Suppose that X has �nitely many path-components X1, . . . , Xk. If for j = 1, . . . , k
we pick a point Pj ∈ Xj, then the map

H0(X;G) → Gk =

k times︷ ︸︸ ︷
G× · · · ×G

[f ] 7→ (f(P1), . . . , f(Pk))

is an isomorphism.

Proof. Let X be a topological space with path-components {Xj}j∈J and let G be an
abelian group. We have the following isomorphisms of cochain complexes:

Hom(C∗(X), G)

(⊕
j∈J
ιj∗
)∗

−−−−−−−→ Hom
( ⊕
j∈J

C∗(Xj), G
) ∼=−→

∏
j∈J

Hom(C∗(Xj), G).
↑ ↑

Lemma 72.14 Lemma 108.2

The �rst statement now follows easily from this observation together with the fact that
cohomology commutes with direct products, see Lemma 108.7.

The second statement follows from the �rst statement together with the calculation of
0-th cohomology groups of path-connected topological spaces in the H0-Proposition 108.11.

�

The following lemma is the analogue of the Topological LES-Proposition 74.13.

Lemma 108.15. (Cohomological LES-Lemma) Given a triple (X,B,A) of topological
spaces and an abelian group G we obtain a long exact sequence

. . .
δn−1−−→ Hn(X,B;G)

p∗−→ Hn(X,A;G)
i∗−→ Hn(B,A;G)

δn−→ Hn+1(X,B;G)
p∗−→ . . .

hereby the maps are given as follows:
(1) p∗ is the map induced by the map p : (X,A)→ (X,B),
(2) i∗ is the map induced by the map i : (B,A)→ (X,A),
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(3) the connecting homomorphism δn : Hn(B,A;G) → Hn+1(X,B;G) is natural and it
is given by the map

Hn(B,A;G) → Hn+1(X,B;G)

[f : Cn(B,A)→ G] 7→
[
Cn+1(X,B) → G

σ 7→ f(q(∂n(σ)))

]
↑

with σ ∈ Cn+1(X)

here q : Cn(X)→ Cn(B) is the map given by sending all singular simplices that do
not lie in B to zero.

Remark.

(1) An equivalent approach to expressing the connecting homomorphism is given as fol-
lows:
(a) take a cocycle f ∈ Cn(B,A;G) = Hom(Cn(B,A), G),
(b) denote by π : Cn(B)→ Cn(B,A) the projection ,
(c) denote by f̃ the result of extending f ◦ π : Cn(B)→ G to a map Cn(X)→ G by

sending all singular simplices that do not lie in B to zero (sometimes we call f̃
the trivial extension of f ◦ π),

(d) then consider the coboundary δf̃ ∈ Cn+1(X;G), since f is a cocycle it follows
that δf̃ actually de�nes an element in Cn+1(X,B;G) that we also denote by δf̃ ,
and which turns out to be a cocycle,

(e) then δ[f ] = [δf̃ ] ∈ Hn+1(X,B;G).
(2) One of the di�culties with the long exact sequence of cohomology groups is that all

maps seem to point the wrong way. You should use the Lucky Luke approach to
cohomology: if Rantanplan (i.e. your intuition) points one way, you should take the
opposite direction.

(3) The most frequent application of the Cohomological LES-Lemma 108.15 is that given
a pair (X,B) of topological spaces, i.e. given the triple (X,B,∅) and given an abelian
group G we obtain a natural long exact sequence

. . .
δn−1−−−→ Hn(X,B;G)

p∗−→ Hn(X;G)
i∗−→ Hn(B;G)

δn−→ Hn+1(X,B;G)
p∗−→ . . .
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Proof. Let (X,B,A) be a triple of topological spaces. As in the proof of the Topological
LES-Proposition 74.13 we note that

0 → C∗(B,A)
i∗−−→ C∗(X,A)

p∗−−→ C∗(X,B) → 0

is a short exact sequence of chain complexes. Now let G be an abelian group. Recall that
we pointed out on page 1625 that the chain groups C∗(X,B) are free abelian groups. Thus
we deduce from Lemma 108.4 that the following induced sequence of cochain complexes is
also exact:

0 → Hom(C∗(X,B), G)
p∗−−→ Hom(C∗(X,A), G)

i∗−−→ Hom(C∗(B,A), G) → 0.

The lemma now follows easily from the Connecting Homomorphism Proposition 108.6 and
the construction of the connecting homomorphism. We leave the details to the reader. �

Examples.
(1) Let X be a path-connected topological space and let A be any non-empty subset A

of X. We denote by i : A → X the inclusion map. By the above remark we have a
long exact sequence

0 → H0(X,A;G) → H0(X;G)
i∗−−→ H0(A;G) → . . .
↑

monomorphism, see page 2409

Thus it follows that H0(X,A;G) = 0. In Exercise 108.4 we will provide an alternative
proof for this fact using only the de�nitions of cohomology groups.

(2) Let b ∈ R>0. We consider the long exact sequence in cohomology with Z-coe�cients
of the pair (R,R \ [−b, b]). Together with (1) and Lemma 108.14 we obtain the
following commutative diagram where the top horizontal sequence is exact:

0 // H0(R;Z)
i∗ //

[f ] 7→f(−b−1)

��

H0(R \ [−b, b];Z)
δ //

[f ] 7→(f(−b−1),f(b+1))
��

H1(R,R \ [−b, b];Z) // H1(R;Z)

id
��

Z
m7→(m,m)

// Z2 0.

The cokernel of the bottom horizontal map is easily seen to be isomorphic to Z and
it is generated by the element (0, 1) ∈ Z2. Put di�erently, the cokernel of the map
i∗ : H0(R;Z)→ H0(R \ [−b, b];Z) is represented by the singular 0-cochain given by

ψ : R \ [−b, b] → Z

x 7→
{

0, if x ≤ −b,
1, if x ≥ b.

Now we want to determine δψ ∈ H1(R,R\[−b, b];Z). It is perhaps helpful to consider
the following commutative diagram of short exact sequences:

0 // Hom(C1(R,R \ [−b, b]),Z)
p∗
// Hom(C1(R),Z)

i∗ // Hom(C1(R \ [−b, b]),Z) // 0

0 // Hom(C0(R,R \ [−b, b],Z)
p∗
//

δ0

OO

Hom(C0(R),Z)
i∗ //

δ0

OO

Hom(C0(R \ [−b, b],Z)︸ ︷︷ ︸
contains ψ

δ0

OO

δ0

OO

δ0

OO

// 0.
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We start with the map ψ : R \ [−b, b] → Z. We need to pick an extension to a map
R→ Z. We might as well take the map ϕ0 : R→ Z from page 2406. Then it follows
from the discussion of the connecting homomorphism that the coboundary γ0 := δϕ0

represents an element in H1(R,R \ [−b, b];Z), and that δψ = [γ0] is a generator of
H1(R,R \ [−b, b];Z) ∼= Z.

108.6. Reduced cohomology groups. We saw on several occasions that the reduced
homology groups H̃k(X) of a non-empty topological space can be convenient for expressing
calculations and results. In this last section we quickly introduce the reduced cohomology
groups.

De�nition. Let X be a topological space. By Lemma 72.4 (1) we know that the following
is a chain complex

. . .
∂3−→ C2(X)

∂2−→ C1(X)
∂1−→ C0(X)

ε−→ Z → 0.
k∑
i=1
niσi 7→

k∑
i=1
ni.

Let G be an abelian group. In a fashion similar to reduced homology we now de�ne the
k-th reduced cohomology group H̃

k
(X;G) of X to be the k-th cohomology group of the

above chain complex.
The following lemma is the analogue of Lemmas 74.1, 74.2 and 74.12. For brevity's sake
we leave the proof to the reader.

Lemma 108.16. (Reduced Cohomology Lemma) Let G be an abelian group.
(1) Let f : X → Y be a map between two topological spaces. For every n ∈ N0 the map

f induces a map f ∗ : H̃
n
(Y ;G) → H̃

n
(X;G) in the obvious way. For every n ∈ N0

the maps
X 7→ H̃

n
(X;G)

(f : X → Y ) 7→ (f ∗ : H̃
n
(Y ;G)→ H̃

n
(X;G))

de�ne a contravariant functor from the category of topological spaces to the category
of abelian groups.

(2) For each n ∈ N0 the maps
Hn(X;G) → H̃

n
(X;G)

[ϕ] 7→ [ϕ]

de�ne a natural transformation from the contravariant functor X 7→ Hn(X;G) to
the contravariant functor that is given by X 7→ H̃

n
(X;G).

(3) For each topological space the map

G → H0(X;G)
g 7→ [cochain that assigns to each singular 0-simplex the element g]

is well-de�ned. If X is non-empty, this map is a monomorphism that splits.
(4) If X is a non-empty topological space then the maps from (2) and (3) de�ne a

natural short exact sequence

0 → G → Hn(X;G) → H̃
n
(X;G) → 0
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that splits.
(5) For every non-empty topological space X we have

Hn(X;G) ∼=

{
H̃

0
(X;G)⊕G, if n = 0,

H̃
n
(X;G), if n 6= 0.

The isomorphism is natural for n ≥ 1.
(6) If X is a topological space with n ∈ N path-components, then H̃

0
(X;G) ∼= Gn−1.

(7) Given a topological space X, a point x0 ∈ X and n ∈ N0 we consider the map

Hn(X, {x0};G) // Hn(X,∅;G)
= // Hn(X;G) // H̃

n
(X;G).

For any n ∈ N0 this map forms a natural isomorphism from the contravariant functor
(X, x0) 7→ H̃n(X;G) to the contravariant functor (X, x0) 7→ Hn(X, x0;G).

(8) Any homotopy equivalence between two topological spaces induces isomorphisms of
reduced cohomology.

Finally the following lemma plays the role of the Topological LES-Corollary 74.14.
Lemma 108.17. Let X be a topological space and let B Ă X be a non-empty subset.
Then given any abelian group G there exists a natural long exact sequence

. . .
δn−1−−−→ Hn(X,B;G)

p∗−→ H̃
n
(X;G)

i∗−→ H̃
n
(B;G)

δn−→ Hn+1(X,B;G)
p∗−→ . . .

Proof. The lemma follows immediately from the Cohomological LES-Lemma 108.15 ap-
plied to the triple (X,B, {P}) where P is a point in B, together with the Reduced Coho-
mology Lemma 108.16 (7). �

108.7. Isomorphic homology groups implies isomorphic cohomology groups. In
this short section we will see that the isomorphism type of cohomology groups cannot be
used to extract more information from chain complexes than we already extracted from
homology groups.

Proposition 108.18. Suppose (C∗, ∂∗) and (C ′∗, ∂
′
∗) are two chain complexes of free abelian

groups. Suppose that for each n ∈ N0 the homology groups Hn(C∗) and Hn(C ′∗) are iso-
morphic. Then for each n ∈ N0 and any abelian group G the cohomology groups Hn(C;G)
and Hn(C ′;G) are also isomorphic.

Proof. Suppose (C∗, ∂∗) and (C ′∗, ∂
′
∗) are two chain complexes of free abelian groups. By our

hypothesis there exist isomorphisms γn : Hn(C∗) → Hn(C ′∗), n ∈ N0. By the Lift-to-Chain
Map-Proposition 81.13 these isomorphisms can be realized by a chain map f : C∗ → C ′∗. But
by the Quasi Isomorphisms-are-Homotopy Equivalences Proposition 81.4 this chain map is
a chain homotopy equivalence. The statement of the proposition follows immediately from
the Dual Cochain Map Lemma 108.8. �

This proposition gives us a rather sobering corollary. It says that if our only goal is to
distinguish (pairs of) topological spaces, then cohomology groups do not contain more
information than homology groups.
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Corollary 108.19. Let (X,A) and (Y,B) be topological spaces and let G be an abelian
group. Then

Hn(X,A) and Hn(Y,B) are
isomorphic for all n ∈ N0

=⇒ Hn(Y,B;G) and Hn(X,A;G) are
isomorphic for all n ∈ N0.

Proof. This corollary follows immediately from Proposition 108.18 and the observation
from page 1625 that relative singular chain groups are free abelian groups. �

The previous corollary does not specify how the isomorphism of the cohomology groups is
given. If we already start out with a map f : (X,A)→ (Y,B) that induces an isomorphism
of homology groups, then we can be more precise, namely we have the following corollary
which is similar in spirit to Corollary 89.18.

Corollary 108.20. Let f : (X,A)→ (Y,B) be a map between pairs of topological spaces
and let G be an abelian group. Then

the induced map
f∗ : Hn(X,A)→ Hn(Y,B) is
an isomorphism for all n ∈ N0

=⇒
the induced map

f ∗ : Hn(Y,B;G)→ Hn(X,A;G) is
an isomorphism for all n ∈ N0.

Remark. In Proposition 110.13 we will see that the converse to Corollary 108.20 also
holds.

Proof. Let f : (X,A) → (Y,B) be a map between pairs of topological spaces and let G
be an abelian group. If f∗ : Hn(X,A) → Hn(Y,B) is an isomorphism for all n ∈ N0,
then it follows from the Quasi Isomorphisms-are-Homotopy Equivalences Proposition 81.4
that f∗ : C∗(X,A) → C∗(Y,B) is already a chain homotopy equivalence. (Here, as in the
previous proof we use that relative singular chain groups are free abelian groups.) Now we
get the desired conclusion from the Dual Cochain Map Lemma 108.8. �

The upshot of this short section is that we will need to work to justify spending so many
pages on cohomology.

Exercises for Chapter 108.

Exercise 108.1. Let f : B → C be a homomorphism between abelian groups such that
im(f) is a summand of C. Let {k1, . . . , km} be a generating set for ker(f). Finally suppose
that we are given homomorphisms ϕ1, . . . , ϕm : B → Z such that for all i, j ∈ {1, . . . ,m}
we have ϕi(kj) = δij. Show that the map

Φ: Zm → coker(f : Hom(C,Z)→ Hom(B,Z))
ei 7→ [ϕi]

is an isomorphism.

Exercise 108.2. Let ϕ : C1 → C0 be a homomorphism between two �nitely generated free
abelian groups.
(a) Suppose that A is an (n×m)-matrix that represents ϕ. Show that the transpose AT

represents the map ϕ∗ : Hom(C0,Z)→ Hom(C1,Z).
(b) We consider the chain complex C∗ := 0→ C1

ϕ−→C0 → 0. Show that

Tor(H1(C∗;Z)) ∼= Tor(H1(C)) and FH1(C∗;Z) ∼= FH1(C).
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Remark. Statement (b) can be seen as a special case of the Universal Coe�cient Theo-
rem 110.11 for Cohomology Groups that we will prove later on.

Exercise 108.3. Let X = {x} be a topological space that consists of a single point x.
Show that for any abelian group G we have

Hn(X;G) ∼=
{

0, if n ≥ 1,
G, if n = 0.

Exercise 108.4. Let X be a path-connected topological space and let A be a non-empty
subset of X. Show that

H0(X,A;G) = 0,

using only the de�nitions of cohomology groups.

Exercise 108.5. Let X be a path-connected topological space and let A and B be two
disjoint non-empty subsets of X. Give an explicit example of a map f : X → Z such that
the map

C1(X,A ∪B) → Z
[σ : ∆1 → X] 7→ f(σ((0, 1))− f(σ((1, 0))

is cocycle that represents a non-zero element in H1(X,A;Z).

Exercise 108.6. Show that any map f : X → Y between two path-connected non-empty
topological spaces induces an isomorphism f ∗ : H0(Y ;G)→ H0(X;G).

Exercise 108.7. Let X be a topological space. Is the 0-th homology group H0(X;Z)
necessarily isomorphic to the 0-th cohomology group H0(X;Z)?

Exercise 108.8. We write I = [0, 1]. As on page 2408 we consider the function

f : I → Z

x 7→
{

0, if x ∈ [0, 1
2
)

1, otherwise.

This map gives rise to the following singular 1-cochain:

ρ : C1(I) → Z
(σ : ∆1 → I) 7→ f(σ(0, 1))− f(σ(1, 0)).

As we pointed out on page 2408, the map ρ actually de�nes a cochain ρ : C1(I, ∂I)→ Z.
(a) Show that ρ ∈ C1(I, ∂I) is a singular 1-cocycle.
(b) Show that ρ de�nes a non-trivial element in H1(I, ∂I;Z).

Exercise 108.9. Let X = R2. We consider the singular 2-cochain ϕ : C2(R2;F2) that is
given by

ϕ(σ) :=

 1, if (0, 0) lies in the interior of the convex hull
of the three points σ(1, 0, 0), σ(0, 1, 0), σ(0, 0, 1),

0, otherwise.

Is ϕ a cocycle?
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Exercise 108.10. Let f : S2 → F2 be a function such that f(−x) = 1 − f(x) for all
x ∈ S2. Given a singular simplex τ : ∆1 → S2 we write µ(τ) = 0 if f is constant on τ(∆1)
and otherwise we write µ(τ) = 1. We denote by p : S2 → RP2 = S2/x ∼ −x the projection
. We consider the following cochain

ϕ : C2(RP2) → F2

(σ : ∆2 → RP2) 7→ pick a lift σ̃ : ∆2 → S2 of σ and calculate
µ(σ̃ ◦ i20) + µ(σ̃ ◦ i21) + µ(σ̃ ◦ i22).

(a) Show that ϕ is well-de�ned, i.e. show that ϕ(σ) does not depend on the choice of the
lift σ̃.
Remark. Note that if σ̃ : ∆2 → S2 is a lift of σ, then the only other one is given by
ν ◦ σ̃ where ν : S2 → S2 is the map de�ned by ν(x) = −x for all x ∈ S2.

(b) Show that ϕ is a cocycle in C2(RP2;F2).
(c) Does ϕ represent a non-zero cohomology class?

Exercise 108.11. Suppose (C∗, ∂∗) and (C ′∗, ∂
′
∗) are two chain complexes. We do not

assume that the chain groups are necessarily free abelian groups. Suppose that for each
n ∈ N0 the homology groups Hn(C∗) and Hn(C′∗) are isomorphic. Does it follow that for
each n ∈ N0 and any abelian group G the cohomology groups Hn(C∗;G) and Hn(C′∗;G) are
also isomorphic?



2418

109. Properties of cohomology groups

After the disappointment of Corollary 108.19 one might be tempted to drop cohomology
groups and move on to a di�erent subject. But later on we will see that cohomology
groups can be very interesting after all. The key, as we will see, is that cohomology is a
contravariant functor whereas homology is a covariant functor.
Therefore we now persevere with the study of cohomology groups. In this chapter we
want to extend the following deep theorems and theories from the homological setup to the
cohomological setting:

(1) The Excision Theorem 74.17,
(2) the isomorphism between singular homology and cellular homology from the Singular-

Cellular H∗-Isomorphism Proposition 80.4,
(3) the Mayer-Vietoris Theorem 78.5.

These theorems will allow us in particular to give many more calculations of cohomology
groups.

109.1. Excision theorems for cohomology groups. We start out with the analogue of
the Excision Theorem 74.17.
Theorem 109.1. (Excision Theorem for Cohomology Groups) Let X be a topo-
logical space and let G be an abelian group.
(1) Let Z Ă A Ă X be subsets such that the closure of Z is contained in the interior

of A. Then the inclusion
i : (X \ Z,A \ Z) → (X,A)

induces for each n ∈ N0 an isomorphism
i∗ : Hn(X,A;G)

∼=−→ Hn(X \ Z,A \ Z;G).

(2) Let K be a subset of X and let U be a neighborhood of the closure of K (e.g. let X
be Hausdor�, K compact and U open), then the inclusion (U,U \K)→ (X,X \K)
induces for each n ∈ N0 an isomorphism

Hn(X,X \K;G)
∼=−−→ Hn(U,U \K;G).

Proof.

(1) In the original Excision Theorem 74.17 we showed that the inclusion induced map

i∗ : Hn(X \ Z,A \ Z) → Hn(X,A)
is an isomorphism for every n ∈ N0. But then it follows immediately from Corol-
lary 108.20 that the inclusion induced maps

i∗ : Hn(X,A;G)
∼=−→ Hn(X \ Z,A \ Z;G).

are also isomorphisms.
(2) By the same argument as in the proof of Theorem 74.18 one can easily deduce

Statement (2) from Statement (1). �

Remark. Using Corollary 108.20 we also obtain the �cohomological� versions of the various
other excision theorems, e.g. Theorems 74.18, 74.31 and 75.10. For example, let X be an
m-dimensional topological manifold and let B be a compact m-dimensional submanifold of
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X. We write
◦
B := B \ ∂0B.1316 For every n ∈ N0 and any abelian group G the inclusion

induced map

Hn(X,B;G)
∼=−→ Hn

(
X \

◦
B, ∂0B;G

)
is an isomorphism.

Psychologically it is often helpful to replace relative homology groups by the homology
groups of a quotient space. In the Homology-of-Quotients Proposition 74.20 we had seen
that we can perform this switch for reasonable subsets. The following proposition does the
same for cohomology groups.

Proposition 109.2. (Cohomology-of-Quotients Proposition) Let G be an abelian
group. Let X be a topological space and let A Ă X be a non-empty subset. We denote
by p : (X,A)→ (X/A,A/A) the natural projection. We consider the following map:

H̃
n
(X/A;G) 22Hn(X/A,A/A;G)∼=

Reduced Cohomology Lemma 108.16 (7)
oo

p∗
// Hn(X,A;G)

The following two statements hold:
(1) The composition of the above maps from left to right de�ne a natural transformation

from the contravariant functor (X,A) 7→ H̃
n
(X,A) to the contravariant functor

(X,A) 7→ Hn(X,A;G).
(2) If A is a non-empty good subset1317, then the above map H̃

n
(X/A;G)→ Hn(X,A;G)

is an isomorphism.

Proof. At this stage we have all the tools to rewrite the proof of the Homology-of-Quotients
Proposition 74.20. In particular we can use the above Excision Theorem 109.1 for Coho-
mology Groups to replace the Excision Theorem 74.17. We leave it to the reader to verify
that nothing goes wrong. �

Example. Let G be an abelian group. From the calculation of the cohomology groups of
�nitely many points, see Lemmas 108.12 and 108.14, we obtain that

Hk(S0;G) ∼=
{
G2, if k = 0, and
0, if k 6= 0.

Similar to the proof of Proposition 74.4 we can use the Cohomology-of-Quotients Proposi-
tion 109.2 to calculate, via an induction argument, that for n ≥ 1 we have

Hk(Sn;G) ∼=
{
G, if k = 0 or k = n, and
0, if k 6= 0, n.

We will give an alternative calculation of the cohomology groups of spheres in the next
section using cellular cohomology.

1316We refer to page 1658 for the de�nition of ∂0B.
1317Recall according to the de�nition on page 1613 this means that A is closed and that there exists an
open neighborhood U of A in X such that A is a deformation retract of U .
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109.2. Cellular cohomology. In Chapter 80 we introduced the cellular homology of a
CW-complex. We saw that it is naturally isomorphic to singular homology and we saw
that in many examples it is straightforward to compute cellular homology. Now we will
repeat the trick and introduce cellular cohomology.
First we recall some de�nitions and some notation. Let X be a CW-complex.
(1) Recall that given n ∈ N0 we denote by Xn the n-skeleton of X.
(2) We write CCW

n (X) := Hn(Xn, Xn−1) and we denote by dn : CCW
n (X)→ CCW

n−1(X) the
cellular boundary map from page 1769.

(3) We refer to

. . .
dn+1−−−→ CCW

n+1(X)
dn+1−−−→ CCW

n (X)
dn−→ CCW

n−1(X)
dn−1−−−→ . . .

as the cellular chain complex.
(4) Let G be an abelian group. We remark that for a �nite CW-complex we have

Hom
(
CCW
n (X), G

) ∼= maps from the set of n-cells to G = G#n-cells.
↑

Lemmas 80.1 and 108.1

We refer to elements in Hom
(
CCW
n (X), G

)
as cellular n-cochains.

Example. Given a CW-complex X an integral cellular 1-cochain in Hom
(
CCW

1 (X),Z
)

assigns to every 1-cell an integer. We refer to the �gure below for an illustration. In
contrast an element in CCW

1 (X) can be viewed as a formal linear combination of 1-cells
which is the same as saying that an element in CCW

1 (X) assigns a non-zero integer to only
�nitely many 1-cells.
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a cellular 1-cochain assigns to every 1-cell an integer

the CW-complex X

De�nition. Let G be an abelian group and let n ∈ N0.
(1) Let X be a CW-complex. We write fn := d∗n+1. We refer to

· · · ← Hom
(
CCW
n+1(X), G

) fn←− Hom
(
CCW
n (X), G

)
← Hom

(
CCW
n−1(X), G

) fn−1←−− . . .

as the cellular cochain complex. We de�ne the n-th cellular cohomology group of X
with G-coef�cients as

Hn
CW(X;G) :=Hn

(
CCW
∗ (X), G

)
=

ker
(
fn : Hom(CCW

n (X), G)→ Hom(CCW
n+1(X), G)

)
im
(
fn−1 : Hom(CCW

n−1(X), G)→ Hom(CCW
n (X), G)

) .
(2) If f : X → Y is a cellular map, then by Lemma 80.3 we get an induced chain

map f∗ : CCW
∗ (X) → CCW

∗ (Y ) and thus we obtain from the Dual Cochain Map
Lemma 108.8 (1) an induced map f ∗ : Hn

CW(Y ;G)→ Hn
CW(X;G).

For completeness' sake we jot down the following fairly self-evident lemma.
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Lemma 109.3. Let G be an abelian group and let n ∈ N0. The maps

X 7→ Hn
CW(X;G) and (f : X → Y ) 7→ (f ∗ : Hn

CW(Y ;G)→ Hn
CW(X;G))

de�ne a contravariant functor from the category of CW-complexes to the category of
abelian groups.

Proof. This lemma follows immediately from Lemmas 80.3 and 108.8 (2). �

Perhaps not surprisingly we have the following theorem which plays a similar role as the
Singular-Cellular H∗-Isomorphism Proposition 80.4.

Proposition 109.4. (Singular-Cellular H∗-Isomorphism Proposition) For every
CW-complex X, any abelian group G and any n ∈ N0 there exists a natural isomor-
phism1318

Hn(X;G)
∼=−→ Hn

CW(X;G).

Remark. An alternative proof of this theorem is given in [Hat2002, p. 203].

First proof of Proposition 109.4. Let X be a CW-complex. Recall that on page 1801
we introduced the intermediate cellular chain complex that is given by

Cint
n (X) := ker

(
Cn(Xn)

∂−→ Cn−1(Xn) → Cn−1(Xn, Xn−1)
)

for n ∈ N0.

We consider the two natural chain maps

i : Cint
∗ (X) ↪→ C∗(X) and p : Cint

∗ (X) � CCW
∗ (X),

which are given by the obvious inclusion and the obvious projection. In the Singular-
Cellular Chain Complex Proposition 81.12 we had seen that these two chain maps are
chain homotopy equivalences. Thus it follows from the Dual Cochain Map Lemma 108.8
(4) that we get isomorphisms

Hn(X;G) = Hn(C∗(X);G)
i∗−→∼= Hn(Cint

∗ (X);G)
p∗←−∼= Hn(CCW

∗ (X);G) = Hn
CW(X;G).

As pointed out above, the two chain maps i and p are natural. Therefore we see that the
above isomorphism Hn(X;G)→ Hn

CW(X;G) is in fact natural. �

Alternative proof of Proposition 109.4 without �natural�. Let X be a CW-comp-
lex. We denote by C∗ = C∗(X) the singular chain complex and we denote by D∗ = CCW

∗ (X)
the cellular chain complex. In the Singular-Cellular H∗-Isomorphism Proposition 80.4 we
showed that all the homology groups of the chain complexes C∗ and D∗ are isomorphic. It
follows from Proposition 108.18 that for any abelian group G and any n ∈ N0 the coho-
mology groups Hn(X;G) = Hn(C∗;G) and Hn

CW(X;G) = Hn(D∗;G) are isomorphic. This
approach to proving the Singular-Cellular H∗-Isomorphism Proposition 109.4 circumvents
the use of the Singular-Cellular Chain Complex Proposition 81.12. But it is not clear how
this approach can be used to show that there exists a natural isomorphism. Of course for
many applications this is not an issue. �

1318Here �natural� means that there exists a natural transformation between the contravariant functors
X 7→ Hn(X;G) and X 7→ HnCW(X;G) from the category of CW-complexes to the category of abelian
groups.
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Examples. Let G be an abelian group.
(1) We use cellular cohomology to once again compute the cohomology groups of spheres.

As we saw on page 1472 we can view Sn, n ≥ 1, as a CW-complex with one 0-cell
and one other cell of dimension n. Furthermore the cellular boundary maps are the
zero maps.1319 Thus we see that the cellular chain complex is of the form

0 → Z 0−→ · · · 0−→ Z → 0.

The dual cochain complex is then given by

0 ← Hom(Z, G)︸ ︷︷ ︸
=G

0←− · · · 0←− Hom(Z, G)︸ ︷︷ ︸
=G

← 0.

Summarizing, precisely as on page 2419 we obtain that

Hk(Sn;G) ∼=
{
G, if k = 0, n,
0, otherwise.

(2) Let Γ be a connected �nite topological graph. It follows from Proposition 50.15 (2)
that Γ is homotopy equivalent to a CW-complex X with one 0-cell and χ(Γ) + 1
1-cells, see the �gure below. The unique cellular boundary map in the cellular chain
complex of X is zero by Lemma 80.7. Summarizing we see that for any n ∈ N0 we
have

Singular-Cellular H∗-Isomorphism Proposition 109.4
↓

Hn(Γ;G) ∼= Hn(X;G) ∼= Hn
CW(X;G) ∼= Hom(CCW

n (X);G) ∼=

 G, if n=0,
Gχ(Γ)+1, if n=1,
0, if n≥2.↑ ↑

Homotopic Maps-H∗-Lemma 108.13 since the coboundary map is zero

���
���
���
���

���
���
���
���

��
��
��

��
��
�� ���

���
���

���
���
���

��
��
��
�� ��

��
��

��
��
��

is homotopy equivalent to

X

the topological
graph Γ

(3) Given g ∈ N0 and m ∈ N0 we denote by Σg,m the surface of genus g minus m open
disks. On page 2164 we had argued that for m ≥ 1 the topological space Σg,m is
homotopy equivalent to the wedge of 2g + m − 1 circles. The previous example,
together with the Homotopic Maps-H∗-Lemma 108.13, thus gives us the calculation
of the cohomology groups of Σg,m for m ≥ 1.

(4) Let Σg be the surface of genus g. In the �gure on page 1472 we showed that we can
view Σg as a CW-complex with one 0-cell, 2g 1-cells and one 2-cell. On page 1780
we saw that the cellular boundary maps are all zero. Hence for any abelian group G
and any n ∈ N0 we have

Hn(Σg;G) ∼= Hn
CW(Σg;G) = Hom

(
CCW
n (Σg);G

) ∼=
 G, if n = 0 or n = 2,

G2g, if n = 1, and
0, if n 6= 0, 1, 2.↑

Singular-Cellular H∗-Isomorphism Proposition 109.4

1319For n ≥ 2 this follows by de�nition, for n = 1 this is a consequence of Lemma 80.7.
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In all the examples so far the cohomology groups are isomorphic to the corresponding
homology groups that we had calculated earlier. Now we will see an example where the
homology and cohomology groups di�er.

Examples.

(1) We consider the n-dimensional projective space RPn. In the proof of Proposition 80.11
we saw that there exists a CW-structure on RPn such that the corresponding cellular
chain complex is of the following form:

0 → Z ·(1+(−1)n)−−−−−−→ Z → . . .
0−→ Z ·2−→ Z 0−→ Z → 0

↑
degree n

which allowed us to compute the homology groups of RPn. Now let G be an abelian
group. We dualize this chain complex, i.e. we apply the functor Hom(−, G). Using the
isomorphism Hom(Z, G) → G from Lemma 108.1 we see that the cochain complex is
isomorphic to the following cochain complex:

0 ← G
·(1+(−1)n)←−−−−−− G ← . . .

0←− G
·2←− G

0←− G ← 0.

ForG = Z we thus obtain from the Singular-Cellular H∗-Isomorphism Proposition 109.4
that for any k ∈ {0, . . . , n} we have

Hk(RPn) ∼=


Z, if k = 0,
Z2, if k is even and k 6=0,
0, if k is odd and k 6=n,
Z, if k = n and n is odd

but Hk(RPn) ∼=


Z, if k = 0,
Z2, if k is odd and k 6=n,
0, if k is even and k 6=0,
Z, if k = n and n is odd

where on the right-hand side we recall the calculation of the homology groups using
the above cellular chain complex, see also Proposition 80.11. Therefore we see that
for n ≥ 2 the isomorphism types of the homology groups and the cohomology groups
of RPn with Z-coe�cients do not coincide.

(2) To add to the confusion we also compute the cohomology of RPn with F2-coe�cients.
The corresponding dual cellular cochain complex is then given by

0 → F2
0←− F2 ← . . . ← F2

·2=0←−−− F2
0←− F2 → 0

and we see that
Hk(RPn;F2) ∼=

{
F2, if k = 0, . . . , n,
0, otherwise.

If we compare this result with the calculation on page 1916 of the homology of RPn
with F2-coe�cients we see that we get the same result. More precisely, the homology
groups and the cohomology groups of RPn with F2-coe�cients are isomorphic.

One can easily modify the above argument and apply it to RP∞, which we can
view as a CW-complex with precisely one cell in each dimension, see 1480. We then
obtain easily that for each k ∈ N0 we have

Hk(RP∞;F2) ∼= F2
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(3) We recall that in Lemma 68.1 we showed that we can view CPn as a CW-complex which
admits exactly one cell in dimensions 0, 2, . . . , 2n and which admits no odd-dimensional
cells. It follows easily from the Singular-Cellular H∗-Isomorphism Proposition 109.4
that

Hk(CPn;Z) ∼=
{

Z, if k = 0, 2, 4, . . . , 2n,
0, otherwise.

By Lemma 68.6 (2) we can view the in�nite-dimensional complex projective space
CP∞ as a CW-complex that has precisely one cell in each even dimension and no cells
in odd dimensions. Using the Singular-Cellular H∗-Isomorphism Proposition 109.4 we
obtain that

Hk(CP∞;Z) ∼=
{

Z, if k even,
0, if k odd.

Given k < l ∈ N∪{∞} we have an inclusion CPk → CPl. Since the isomorphism of the
Singular-Cellular H∗-Isomorphism Proposition 109.4 is natural and since the cellular
chain complexes of CPn and CP∞ agree up to the dimension 2n+ 1 we obtain almost
immediately that the inclusion induced maps Hk(CP∞;Z)→ Hk(CPn;Z) are actually
isomorphisms up to dimension 2n.

We conclude this section with the following fairly reasonably immediate corollary to the
Singular-Cellular H∗-Isomorphism Proposition 109.4. This corollary can be viewed as an
analogue of the Homology-of-CW-Complex Proposition 80.6 and Proposition 96.6.
Corollary 109.5. Let X be a topological space. Suppose we are in one of the following
two situations:
(1) X is homotopy equivalent to a retract of a �nite CW-complex,
(2) X is a compact topological manifold.

Then for every n ∈ N0 the cohomology group Hn(X;Z) is a �nitely generated group.

Proof. Statement (2) is an immediate consequence of Statement (1) and the Topological
Manifold-Simplicial Complex Retract Theorem 104.13. We will prove Statement (1) in
Exercise 109.1. �

109.3. Explicit generators of cohomology groups. In the previous section we had
used cellular cohomology to compute the isomorphism types of the cohomology groups of
many di�erent topological spaces. But this calculation of the isomorphism types does not
give us any explicit generators of the cohomology groups. For example on page 2404 we
introduced a singular 1-cochain θZ : C1(S1) → Z and we showed in Lemma 108.10 that
θZ de�nes a non-zero cohomology class [θZ] ∈ H1(S1;Z). By the discussion on page 2422
we now also know that H1(S1;Z) ∼= Z, but we do not know whether [θZ] ∈ H1(S1;Z) is a
generator.
On the other hand in earlier chapters we had obtained a pretty good understanding of gen-
erators of homology groups. The idea now is to translate information on homology groups
to information on cohomology groups. The key tool relating homology and cohomology is
given by the Kronecker pairing that we now introduce.
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Lemma 109.6. Let C∗ be a chain complex.
(1) Let G be an abelian group. The map

〈 , 〉 : Hn(C;G)× Hn(C) → G
([ϕ], [c]) 7→ 〈[ϕ], [c]〉 := ϕ(c)

↑
here ϕ ∈ Hom(Cn, G) and c ∈ Cn, so ϕ(c) ∈ G is de�ned

is well-de�ned and bilinear.1320 In particular, if (X,A) is a pair of topological spaces,
then the map

〈 , 〉X : Hn(X,A;G)× Hn(X,A) → G
([ϕ], [c]) 7→ 〈[ϕ], [c]〉X := ϕ(c)

is well-de�ned and bilinear. We refer to both pairings as the Kronecker pair-
ing.13211322

(2) If ϕ : G1 → G2 is a group homomorphism then the following diagram commutes:

Hn(C;G1)× Hn(C)
ϕ∗×id
��

〈−,−〉
// G1

ϕ
��

Hn(C;G2)× Hn(C)
〈−,−〉

// G2.

(3) Let f : C∗ → D∗ be a chain map between two chain complexes and let G be an
abelian group. Then for any c ∈ Hn(C) and ϕ ∈ Hn(D;G) we have

〈f ∗(ϕ), c〉 = 〈ϕ, f∗(c)〉.
In particular, suppose that f : (X,A) → (Y,B) is a map between two pairs of
topological spaces. Let c ∈ Hn(X,A) and let ϕ ∈ Hn(Y,B;G). Then

〈f ∗(ϕ), c〉X = 〈ϕ, f∗(c)〉Y .
Proof. Let C∗ be a chain complex.
(1) Let G be an abelian group. Let ϕ ∈ Hom(Cn, G) be a cocycle and let c ∈ Cn be

a cycle. Furthermore let α ∈ Hom(Cn−1, G) and let d ∈ Cn+1. Then the following
equalities hold in G:

(ϕ+ δα)(c) = ϕ(c) + α(∂c) = ϕ(c) and ϕ(c+ ∂d) = ϕ(c) + (δϕ)(d) = ϕ(c).
↑ ↑ ↑ ↑

de�nition of δ since c is a cycle de�nition of δ since ϕ is a cocycle

This calculation shows that the de�nition of the Kronecker pairing does not depend
on the choices of the representatives of the cohomology and the homology classes.
Finally note that it is clear that the Kronecker pairing is bilinear.

1320In general, given a commutative ring R a map Θ: U × V → W between R-modules is called bilinear,
if for all u, u′ ∈ U , v, v′ ∈ V and r ∈ R we have

Θ(u+ u′, v) = Θ(u, v) + Θ(u′, v) and Θ(ru, v) = rΘ(u, v), and
Θ(u, v + v′) = Θ(u, v) + Θ(u, v′) and Θ(u, rv) = rΘ(u, v).

In our special case we consider the case of Z-modules.
1321Often we drop the subscript X in the notation.
1322Leopold Kronecker (1823�1891) was a German mathematician who worked on number theory. I don't
know how his name got attached to this pairing.
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(2) This statement follows immediately from the de�nitions.
(3) The statement also follows immediately from the de�nitions. Indeed, if [c] ∈ Hn(C)

and [ϕ] ∈ Hn(D;G), then

〈f ∗([ϕ]), [c]〉 = 〈[f ∗ϕ], [c]〉 = (f ∗ϕ)(c) = ϕ(f∗(c)) = 〈[ϕ], [f∗(c)]〉 = 〈[ϕ], f∗([c])〉.

The statement regarding maps between pairs of topological spaces is an immediate
consequence of the purely algebraic statement. �

Now we state the lemma which will allow us in many situations to show that given cocycles
form a basis for cohomology groups.

Lemma 109.7. (Kronecker-Basis Lemma) Let X be a topological space and let n ∈
N0. Suppose that Hn(X;Z) and Hn(X;Z) are free abelian groups of rank k and suppose
we are given ϕ1, . . . , ϕk ∈ Hn(X;Z) and c1, . . . , ck ∈ Hn(X;Z). If

det
(
〈ϕi, cj〉i,j=1,...,k︸ ︷︷ ︸

= k × k�matrix

)
= ±1,

then ϕ1, . . . , ϕk ∈ Hn(X;Z) and c1, . . . , ck ∈ Hn(X;Z) are both bases.

Example. Let X = S1. We denote by θZ : C1(S1) → Z the singular 1-cocycle that we
introduced on page 2404. We consider the singular cycle µ : ∆1 → S1 that is given by
(1− t, t) 7→ exp(2π it). As on page 2404 we see that

〈[θZ], [µ]〉 = θZ(µ) = αZ

(
boundary of lift

µ̃ : ∆1 → R
(1− t, t) 7→ t

of µ
)

= 1.

From Proposition 74.4 we know that H1(S1;Z) ∼= Z and by the discussion on page 2419 we
know that H1(S1;Z) ∼= Z. Therefore it follows from the Kronecker-Basis Lemma 109.7 that
[θZ] ∈ H1(S1;Z) is in fact a generator.1323 In particular we have an equality H1(S1;Z) =
Z · [θZ].

Remark. the Kronecker-Basis Lemma 109.7 is really quite generous, it gives us as output
that both sets are bases. In particular to apply the lemma we do not even have to verify
that the ci form a basis.

The Kronecker-Basis Lemma 109.7 is an immediate consequence of the following purely
algebraic lemma.

Lemma 109.8. Let A and B be two free abelian groups of rank k, let a1, . . . , ak ∈ A and
let b1, . . . , bk ∈ B. Furthermore let 〈 , 〉 : A×B → Z be a bilinear pairing. If

det(〈ai, bj〉i,j=1,...,k) = ±1,

then both a1, . . . , ak and b1, . . . , bk are bases.

Proof. We denote by S the free abelian group generated by the set {a1, . . . , ak} and we
denote by T the free abelian group generated by the set {b1, . . . , bk}. We denote by i : S → A
and by j : T → B the obvious maps given by ai 7→ ai and bi 7→ bi. We denote by

1323It also follows from the Kronecker-Basis Lemma 109.7 that the singular 1-simplex µ : ∆1 → S1 repre-
sents a generator for H1(S1) ∼= Z. We had obtained that result in Lemma 76.4.
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Φ: A → Hom(B,Z) the homomorphism given by a 7→ (b 7→ 〈a, b〉).1324 The claim follows
from the following three observations:
(1) Let γ : G → H be a homomorphism between two �nitely generated free abelian

groups of the same rank. Lemma 51.9 (5) says that if γ is an epimorphism, then γ
it is already an isomorphism.

(2) We consider the following sequence of homomorphisms

S
i−→ A

Φ−→ Hom(B,Z)
j∗−→ Hom(T,Z).

With respect to the basis a1, . . . , ak of S and the dual basis b∗1, . . . , b
∗
k of Hom(T,Z)

this linear map is represented by the matrix 〈ai, bj〉i,j=1,...,k. Thus by our hypotheses
this map is an isomorphism. Furthermore by our hypotheses each of the individual
groups is a free abelian group of rank k.

(3) Since the map in (2) is an isomorphism it is in particular an epimorphism. Starting
from the right and using (1) three times in a row we see that all maps are in fact
isomorphisms. In particular we have S = A. The same argument turned around
shows that T = B. �

Now we will use the Kronecker-Basis Lemma 109.7 to determine explicit bases for the �rst
cohomology groups of surfaces. We start out with the torus.

Lemma 109.9. We consider the two projection s

p : S1 × S1 → S1

(v, w) 7→ v
and

q : S1 × S1 → S1

(v, w) 7→ w.

Then p∗([θZ]) and q∗([θZ]) form a basis for H1(S1 × S1;Z) ∼= Z2.

Proof. We denote as usual by µ : ∆1 → S1 our favorite singular 1-cycle of S1 that is given
by µ(1− t, t) = exp(2π it). For simplicity we write θ = θZ. We denote by

i : S1 → S1 × S1

z 7→ (z, 1)
and

j : S1 → S1 × S1

z 7→ (1, z)

the two obvious inclusion maps. We calculate that

since 〈[p∗θ], [i∗(µ)]〉 = (p∗θ)(i∗(µ)) = θ(p∗(i∗(µ))) and similarly for the other terms

↓(
〈[p∗θ], [i∗(µ)]〉 〈[p∗θ], [j∗(µ)]〉
〈[q∗θ], [i∗(µ)]〉 〈[q∗θ], [j∗(µ)]〉

)
=

(
θ(p∗(i∗(µ))) θ(p∗(j∗(µ)))
θ(q∗(i∗(µ))) θ(q∗(j∗(µ)))

)
=

(
θ(µ) θ(1)
θ(1) θ(µ)

)
=

(
1 0
0 1

)
.

↑
since p ◦ i = id and q ◦ j = id and since p ◦ j ≡ 1 ∈ S1 and q ◦ i ≡ 1 ∈ S1

here we denote by 1 also the constant singular 1-simplex given by (1− t, t) 7→ 1

We know from Lemma 78.11 that H1(S1 × S1;Z) ∼= Z2. Furthermore we saw on page 2422
that H1(S1 × S1;Z) ∼= Z2. The above calculation, together with the Kronecker-Basis
Lemma 109.7 shows that p∗([θZ]) and q∗([θZ]) form a basis for H1(S1 × S1;Z). �

Together with the H0-Proposition 108.11 we have now found explicit generators for the
cohomology groups of the torus in dimensions 0 and 1. The following question arises:

1324The fact that 〈 , 〉 is bilinear implies that b 7→ 〈a, b〉 is a homomorphism and that Φ: A→ Hom(B,Z)
is a homomorphism.
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torus S1 × S1 {1} × S1 = j(S1)

p

q

j
S1 × {1} = i(S1)

S1

i

Question 109.10. Can we �nd an explicit generator of H2(S1 × S1;Z) ∼= Z?
Now we turn to surfaces of higher genus. As usual, given g ∈ N we denote by Σg the surface
of genus g. In the �gure below we show projections pi : Σg → S1 × S1, i = 1, . . . , g.1325

The following lemma is a generalization of Lemma 109.9.
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surface of genus three

torus S1 × S1

Lemma 109.11. We denote by α, β ∈ H1(S1×S1;Z) the basis given by Lemma 109.9. A
basis for H1(Σg;Z) ∼= Z2g is given by p∗i (α), p∗i (β), i = 1, . . . , g.

Proof. As we will see, the proof of the lemma is very similar to the proof of Lemma 109.9.
For i = 1, . . . , g we write ϕi = p∗i (α) and ψi := p∗i (β). We consider the singular 1-
cycles x1, . . . , xg and y1, . . . , yg that are indicated in the �gure below. As in the proof of
Lemma 109.9 it follows easily from the de�nitions that (for g = 2) we have

〈ϕ1, x1〉 〈ϕ1, y1〉 〈ϕ1, x2〉 〈ϕ1, y2〉
〈ψ1, x1〉 〈ψ1, y1〉 〈ψ1, x2〉 〈ψ1, y2〉
〈ϕ2, x1〉 〈ϕ2, y1〉 〈ϕ2, x2〉 〈ϕ2, y2〉
〈ψ2, x1〉 〈ψ2, y1〉 〈ψ2, x2〉 〈ψ2, y2〉

 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

The lemma now follows immediately from the Kronecker-Basis Lemma 109.7. �
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109.4. Excisive triads and the Mayer�Vietoris Theorem for cohomology groups.
Before we state and prove the Mayer�Vietoris Theorem for cohomology groups it is helpful
to introduce the following de�nition.
1325In fact for g = 2 we already saw this map in the �gure on page 1064.
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De�nition.
(1) A triad of topological spaces is a triple (X,A1, A2) where X is a topological space

and where both A1 and A2 are subsets of X.1326

(2) A map f : (X,A1, A2)→ (Y,B1, B2) of triads is a map f : X → Y with f(A1) Ă B1

and f(A2) Ă B2.
(3) Given a triad (X,A1, A2) of topological spaces we consider the following subgroup

of Cn(A1 ∪ A2):1327

C{A1,A2}
n (A1 ∪ A2) :=

{
k∑
j=1
ajσj ∈Cn(A1∪A2)

∣∣∣ for each j there exists an i ∈ {1, 2}such that the image of σj lies in Ai

}
.

The usual boundary map on the groups C∗(A1∪A2) restricts to a boundary map on
C{A1,A2}
∗ (A1 ∪A2), so we can view C{A1,A2}

∗ (A1 ∪A2) as a chain complex. We denote
the corresponding homology groups by H{A1,A2}

∗ (A1 ∪ A2).
(4) We say a triad (X,A1, A2) is excisive if the inclusion map

C{A1,A2}
∗ (A1 ∪ A2) → C∗(A1 ∪ A2)

is a chain homotopy equivalence of chain complexes.

Example. In Exercise 109.2 we will see that the triad (X,A1, A2) := (R, (−∞, 0], (0,∞))
is not excisive.

After this negative example we want to collect some positive examples of excisive triads.

Proposition 109.12. (Excisive Triad-Proposition) Let (X,A1, A2) be a triad of topo-
logical spaces. The triad is excisive if one of the following conditions is satis�ed:
(1) A1 Ă A2 or A2 Ă A1,
(2) A1 = ∅ or A2 = ∅ or A1 = A2,
(3) A1 ∪ A2 =

◦
A1 ∪

◦
A2 where we denote by

◦
A1 and

◦
A2 the interiors of A1 and A2 in

A1 ∪ A2,
(4) A1 and A2 are both open subsets of A1 ∪ A2,
(5) A1∪A2 is a topological manifold and A1 and A2 are codimension-zero submanifolds

which are both closed subsets and such that each component of A1∩A2 is a boundary
component of A1 and a boundary component of A2,1328

(6) X is a CW-complex and A1 and A2 are both subcomplexes.
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(X,A1, A2) is excisive
A2

A1 A1 ∩ A2

In the proof of the Excisive Triad-Proposition 109.12 we will need the following lemma
which gives us several criteria for a triad to be excisive.
1326This de�nition should not be confused with the de�nition of a triple of topological spaces, which was
de�ned as a triple (X,B,A) where X is a topological space and A Ă B Ă X are subsets. In a triad we do
not demand that the third set is contained in the second set.
1327The de�nition is basically the same as on page 1638 except that this time we do not demand that the
interiors of A1 and A2 cover all of X.
1328In Exercise 109.5 we will state a generalization of this statement.
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Lemma 109.13. (Excisive Characterization Lemma) Let (X,A1, A2) be a triad of
topological spaces. The following statements are equivalent:
(1) the triad is excisive,
(2) for every n ∈ N0 the inclusion induced map

H{A1,A2}
n (A1 ∪ A2) → Hn(A1 ∪ A2)

is an isomorphism,
(3) for every n ∈ N0 the inclusion induced map

Hn(A1, A1 ∩ A2) → Hn(A1 ∪ A2, A2)

is an isomorphism.
Now suppose that the triad is excisive.
(a) Given any abelian group G the statements (2) and (3) also hold for G-coe�cients.
(b) Given any abelian group G the analogue of (2) also holds for cohomology groups,

i.e. given any n ∈ N0 and given any abelian group G the inclusion induced map
Hn(A1 ∪ A2, A2;G)→ Hn(A1, A1 ∩ A2;G) is an isomorphism.

Proof. Let (X,A1, A2) be a triad of topological spaces. The equivalence of (1) and (2) is
an immediate consequence of Corollary 73.4 and the Quasi Isomorphisms-are-Homotopy
Equivalences Proposition 81.4.

Now we turn to the proof that (2) and (3) are equivalent. We write Y = A1 ∪ A2. We
consider the following sequences of chain complexes:

(I) 0 → C{A1,A2}
∗ (Y ) → C∗(Y ) → C∗(Y )/C{A1,A2}

∗ (Y ) → 0

(II) 0 → C∗(A1)/C∗(A1 ∩ A2)︸ ︷︷ ︸
=C∗(A1,A1∩A2)

→ C∗(Y )/C∗(A2)︸ ︷︷ ︸
=C∗(Y,A2)

→ C∗(Y )/C{A1,A2}
∗ (Y ) → 0.

The top sequence is exact by de�nition. It is easy to see that the bottom sequence is also
exact. We can thus apply the LES Proposition 74.9 to get the corresponding long exact
sequences of homology groups:

(I) → Hn

(
C{A1,A2}
∗ (Y )

)
→ Hn(Y )→ Hn

(
C∗(Y )/C{A1,A2}

∗ (Y )
) ∂−→ Hn−1

(
C{A1,A2}
∗ (Y )

)
→

(II) → Hn(A1, A1 ∩ A2)→ Hn(Y,A2)→ Hn

(
C∗(Y )/C{A1,A2}

∗ (Y )
) ∂−→ Hn−1(A1, A1 ∩ A2)→

But using these long exact sequences we see that

(2) holds ⇐⇒ Hn

(
C∗(Y )/C{A1,A2}

∗ (Y )
)

= 0 for all n ∈ N0 ⇐⇒ (3) holds.
↑ ↑

long exact sequence (I) long exact sequence (II)

Finally we turn to the proofs of the addenda (a) and (b). Thus suppose that (X,A1, A2)
is excisive and that G is an abelian group.
(a) The fact that the map in (2) is also an isomorphism with G-coe�cients follows from

basically the same argument as above. Furthermore, if (2) holds for G-coe�cients,
then again the same argument as above shows that also (3) holds with G-coe�cients.

(b) This statement follows from the above �(1) ⇒ (3)� implication together with Corol-
lary 108.20. �

Now we turn to the proof of the Excisive Triad-Proposition 109.12.
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Proof of the Excisive Triad-Proposition 109.12. Let (X,A1, A2) be a triad of topo-
logical spaces.

(1) If A1 Ă A2, then C{A1,A2}
∗ (A1 ∪A2) = C∗(A2) = C∗(A1 ∪A2), so the triad is excisive.

The same argument applies if A2 Ă A1.
(2) This case is just a special case of (1).
(3) If A1 ∪A2 =

◦
A1 ∪

◦
A2, then the desired statement follows immediately from Proposi-

tion 81.7.
(4) The case that A1 and A2 are both open subsets of A1 ∪ A2 is a special case of (3).
(5) Suppose that A1 ∪ A2 is a compact topological manifold and that A1 and A2 are

submanifolds such that each component of A1 ∩ A2 is a boundary component of
A1 and a boundary component of A2. The Excision Theorem 75.10 for topological
manifolds implies that for every n ∈ N0 the inclusion induced map

Hn(A1, A1 ∩ A2) → Hn(A1 ∪ A2, A2)

is an isomorphism. By the Excisive Characterization Lemma 109.13 (3) ⇒ (1) this
implies that the triad (X,A1, A2) is excisive.

(6) Suppose that X is a CW-complex and that A1 and A2 are both subcomplexes. The
proof of the Excision Theorem 75.10 for Topological Manifolds can easily be modi-
�ed to give the corresponding statement for CW-complexes. More precisely, in the
proof of the Excision Theorem 75.10 for Topological Manifolds we need to replace the
Smooth Collar Neighborhood Theorem 28.3 by the CW-Complex Properties Propo-
sition 68.10 (8). Furthermore we need to replace the Smooth Manifold Boundary
Proposition 19.26 (3) by the Subcomplex Lemma 68.18 (2). We then proceed as in
(5). We leave it to the reader to �ll in the details. �

Now we can formulate the following theorem, which in view of the Excisive Triad-Pro-
position 109.12 is a generalization of the various Mayer�Vietoris Theorems 78.5, 78.9,
and 78.10 that we had formulated earlier.
Theorem 109.14. (Mayer�Vietoris Theorem) Given any excisive triad (X,A,B) with
X = A ∪B there exists a natural connecting homomorphism

∂n : Hn(X) → Hn−1(A ∩B)

such that the following sequence1329

· · · → Hn(A ∩B)
iA∩B⊕−iA∩B−−−−−−−−→ Hn(A)⊕ Hn(B)

iA+iB−−−−→ Hn(X)
∂n−−→ Hn−1(A ∩B)→ . . .

is exact, where the various maps denoted by i are the obvious inclusion induced maps.
The same connecting homomorphism and long exact sequence also exists for homology
with coe�cients in any abelian group G.

1329The fact that the connecting homomorphism is natural implies given a map f : (X,A,B)→ (Y,C,D)
of excisive triads with X = A ∪B and Y = C ∪D the following diagram commutes:

. . . // Hn(A ∩B)

f∗
��

iA∩B⊕−iA∩B // Hn(A)⊕Hn(B)

f∗
��

iA+iB // Hn(X)

f∗
��

∂n // Hn−1(A ∩B)

f∗
��

// . . .

. . . // Hn(C ∩D)
iC∩D⊕−iC∩D // Hn(C)⊕Hn(D)

iC+iD // Hn(Y )
∂n // Hn−1(C ∩D) // . . .
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Proof. Let (X,A,B) be a triad withX = A∪B. In the proof of the original Mayer�Vietoris
Theorem 78.5 we showed that the sequence

0 → C∗(A ∩B)
iA∩B⊕−iA∩B−−−−−−−−→ C∗(A)⊕ C∗(B)

iA+iB−−−→ C{A,B}∗ (X) → 0

of chain maps is exact. We deduce from the LES Proposition 74.9 that we get a long exact
sequence of the form

· · · → Hn(A ∩B)
iA∩B⊕−iA∩B−−−−−−−−→ Hn(A)⊕Hn(B)

iA+iB−−−→ H{A,B}n (X)
pn−→ Hn−1(A ∩B) → . . .

Recall that the connecting homomorphism is natural by the LES Proposition 74.9. Now
we suppose that (X,A,B) is in fact excisive. By de�nition, and since X = A ∪ B, this
means that the inclusion map

C{A,B}∗ (X) → C∗(X)
is a chain homotopy equivalence, hence for every n ∈ N0 it induces a natural isomorphism

Φn : H{A,B}n (X)
∼=−→ Hn(X).

For each n ∈ N0 we now replace H{A,B}n (X) by Hn(X) and we write ∂n := pn ◦Φ−1
n and we

�nally get the desired natural long exact sequence.
The argument for homology with G-coe�cients is very similar, see also page 1915. We

leave the details to the dedicated reader. �

We also have the following analogue for cohomology groups.

Theorem 109.15. (Mayer�Vietoris Theorem for Cohomology Groups) Let (X,A,B)
be an excisive triad with X = A ∪ B and let G be an abelian group. Then there exists a
natural1330 long exact sequence

· · · → Hn(X;G)
i∗⊕i∗−−−→ Hn(A;G)⊕ Hn(B;G)

i∗⊕−i∗−−−−→ Hn(A ∩B;G)→ Hn+1(X;G)→ . . .

where the maps i∗ are the restrictions to the various subspaces.

Proof. Let (X,A,B) be an excisive triad with X = A∪B and let G be an abelian group.
We start out with the following claim.
Claim. The inclusion map

C{A,B}∗ (X) → C∗(X)
induces for each n ∈ N0 a natural isomorphism

Hn(X;G) → Hn
(
C{A,B}∗ (X);G

)
.

Proof. The claim follows immediately from the de�nition of an excisive triad together with
the Dual Cochain Map Lemma 108.8 (3). �

Now we turn to the actual proof of the Mayer�Vietoris Theorem for Cohomology
Groups. Exactly as in the proof of the Mayer�Vietoris Theorem 109.14 we start out with
the fact that the following sequence is exact:

0 → C∗(A ∩B)
iA∩B⊕−iA∩B−−−−−−−−→ C∗(A)⊕ C∗(B)

iA+iB−−−→ C{A,B}∗ (X) → 0.

The groups C{A,B}∗ (X) are clearly free abelian groups. Thus we deduce from Lemma 108.4
and the Connecting Homomorphism Proposition 108.6 that there exists a natural long exact

1330The meaning of �natural� is evidently totally analogous to the interpretation given in Footnote 1329.
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sequence

→Hn
(
C{A,B}∗ (X);G

)︸ ︷︷ ︸
=Hn(X;G) by the claim

→ Hn(A;G)⊕Hn(B;G)→ Hn(A∩B;G)→Hn+1
(
C{A,B}∗ (X);G

)︸ ︷︷ ︸
=Hn+1(X;G) by the claim

→
�

As an application of the Mayer�Vietoris Theorem 109.15 for Cohomology Groups we will
determine the cohomology groups of the wedge of two topological spaces. We will not make
use of this example.

Lemma 109.16. (Wedge Excisive Lemma) Let X and Y be topological spaces and
let x ∈ X and y ∈ Y be good points.1331 We use these points to de�ne the wedge X ∨ Y .
Then (X ∨ Y,X, Y ) is an excisive triad.

�
�
�
�

��
��
��

��
��
��

�
�
�
�

Y
X

z

X ∨ Y

y
x

Proof. We denote by z the point in X ∨ Y that is given by identifying x with y. For each
k ∈ N0 we consider the following diagram

0 // Hk(Y, {y};Z)
=
��

// Hk(X, {x};Z)⊕ Hk(Y, {y};Z) //

��

Hk(X, {x};Z)

��

// 0

0 // Hk(Y, {y};Z) // Hk(X ∨ Y, {z};Z) // Hk(X ∨ Y, Y ;Z) // 0

where all the maps are the obvious maps. The top horizontal sequence is evidently exact.
The bottom horizontal sequence is an excerpt from the long exact sequence of the triple
({y} = {z}, Y,X ∨ Y ), see the Topological LES-Proposition 74.13. The excerpt shown is
also exact since (Y, {y}) is a retract of (X ∨ Y, {z}), which implies that for any l ∈ N0 the
inclusion induced map Hl(Y, {y};Z)→ Hl(X ∨ Y, {z};Z) is a monomorphism.

The middle vertical map in the above diagram is an isomorphism by the Wedge-
H∗-Proposition 79.8 and the left vertical map is the identity. It follows from the Five
Lemma 74.10 that the right vertical hand map is an isomorphism. We obtain from the Ex-
cisive Characterization Lemma 109.13 (3)⇒ (1) that (X∨Y,X, Y ) is an excisive triad. �
We prove the following proposition that is the analogue of the Wedge-H∗-Proposition 79.9.

Proposition 109.17. (Wedge-H∗-Proposition) Let {Ak}k∈K be a family of topological
spaces. For each k ∈ K suppose that we are given a good point ak ∈ Ak. Let G be an
abelian group. Given j ∈ K we denote by

ij : Aj →
∨
k∈K

Ak respectively pj :
∨
k∈K

Ak → Aj

1331Recall that according to the de�nition on page 1171 we say that a point x in a topological space X is
good, if {x} is a closed subset and if there exists an open neighborhood U of x such that {x} is a deformation
retract of U .
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the natural inclusion map respectively the natural projection that we introduced on
page 1134. Then for every n ∈ N0 the map∏

k∈K
i∗k : H̃

n
( ∨
k∈K

Ak;G
)
→

∏
k∈K

H̃
n
(Ak;G)

is an isomorphism where the inverse is given by∏
k∈K

p∗k :
∏
k∈K

H̃
n
(Ak;G) → H̃

n
( ∨
k∈K

Ak;G
)

Proof.

(1) First we consider the case we are given just two topological spaces. By the Wedge
Excisive Lemma 109.16 we can use the Mayer�Vietoris Theorem 109.15 for Coho-
mology Groups to prove, completely analogously to the Wedge-H∗-Proposition 79.8,
the desired statement.

(2) The case that we are dealing with �nitely many topological spaces follows from (1)
by induction.

(3) The case that K is in�nite is more tricky. There are two possible approaches:
(a) In the proof of the Wedge-H∗-Proposition 79.9, that deals with the corresponding

statement for homology groups, we gave two di�erent proofs. The �rst proof
generalizes to the present setting. It is not clear to me how the second proof can
be generalized. But fortunately providing one proof is enough.1332

(b) Alternatively we can consider the map⊕
k∈K

ik∗ :
⊕
k∈K

C̃n(Ak) → C̃n

( ∨
k∈K

Ak

)
.

By the Wedge-H∗-Proposition 79.9 this chain map induces an isomorphism of
chain complexes. It follows from the Quasi Isomorphisms-are-Homotopy Equiv-
alences Proposition 81.4 that this map is in fact a chain homotopy equivalence.
It follows from the Dual Cochain Map Lemma 108.8 that the above map induces
an isomorphism of dual cochain complexes. The desired statement now follows
from throwing Lemmas 108.2 and 108.7 into the bargain. The same logic applies
to the projections. �

Recall that in the Suspension-H∗-Proposition 76.7 we showed that for any k ∈ Z and any
topological space X we have a natural isomorphism

ΣX : H̃k(X)
∼=−−→ H̃k+1(Σ(X)).

Not surprisingly we have a totally analogous statement in cohomology:

Lemma 109.18. (Suspension-H∗-Lemma) Let k ∈ Z and let G be an abelian group.
Given any topological space X we have a natural isomorphism

ΣX : H̃
k
(Σ(X);G)

∼=−−→ H̃
k+1

(X;G)

which has the property that for any ϕ ∈ Hk(X;G) and any σ ∈ Hk(X) we have

〈ΣX(ϕ),ΣX(σ)〉Σ(X) = 〈ϕ, σ〉X ∈ G.

1332In fact the proof of the Wedge-H∗-Proposition 79.9 that we sketched in Exercise 79.2 can also be
generalized to the present context.
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Proof. The construction of the isomorphism ΣX is basically the same as the construction
of the corresponding isomorphism in cohomology. In the Suspension-H∗-Proposition 76.7
we just need to replace the Mayer�Vietoris Theorem 78.5 by the Mayer�Vietoris Theo-
rem 109.15 for Cohomology Groups. We leave it to the reader to �ll in the details. �

Example. Let n ∈ N. Let Σ(Sn) → Sn+1 be the homeomorphism from page 452. On
page 1683 we showed that

ΣSn([Sn]) = (−1)n+1 · [Sn+1] ∈ Hn+1(Sn+1;Z).

From the equality in the Suspension-H∗-Lemma 109.18 we obtain the corresponding
equality

ΣSn([Sn]∗) = (−1)n+1 · [Sn+1]∗ ∈ Hn+1(Sn+1;Z).

Exercises for Chapter 109.

Exercise 109.1. Let X be a topological space which is homotopy equivalent to a retract
of a �nite CW-complex. Show that for every n ∈ N0 the cohomology group Hn(X;Z) is a
�nitely generated group.

Exercise 109.2. Show that the triad (X,A1, A2) := (R, (−∞, 0], (0,∞)) is not excisive.

Exercise 109.3. Use cellular cohomology to determine the isomorphism types of the co-
homology groups of the Klein bottle with F2-coe�cients, with F3-coe�cients and with
Z-coe�cients.

Exercise 109.4. Let {Ak}k∈K be a family of CW-complexes. Suppose that for each k ∈ K
suppose that we are given a point in the 0-skeleton of Ak. Provide a proof for the Wedge-
H∗-Proposition 109.17 using cellular cohomology. More precisely, provide a proof along the
following lines:
(a) Equip X :=

∨
k∈K

Ak with the CW-structure provided by the CW-Complex Construc-

tion Lemma 68.32.
(b) Determine the relationship between the reduced cellular chain complexes of X and

of the Ai.
(c) Make use of the Singular-Cellular Chain Complex Proposition 81.12.
(d) Make use of Lemmas 108.2 and 108.7.

Exercise 109.5. Let (X,A1, A2) be a triad of topological spaces. We suppose that A1∪A2

is a topological manifold and that A1 and A2 are codimension-zero submanifolds which are
both closed subsets. Furthermore we suppose that we have A1 ∪ A2 = (A1 \ ∂A1) ∪ (A2 \
∂A2) ∪ C where each component of C is a boundary component of A1 and a boundary
component of A2. Show that (X,A1, A2) is an excisive triad.
Remark. This exercise is a generalization of the Excisive Triad-Proposition 109.12 (5).
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110. The Universal Coefficient Theorems for Cohomology Groups

110.1. The Ext group. One of the questions that arises from the last chapter is, how
can we explain the erratic relationship between homology groups and cohomology groups
that we saw on page 2423. Furthermore it would be interesting to know whether given a
chain complex one can determine the cohomology groups with G-coe�cients from the usual
homology group.
These questions are purely in the realm of algebra. More precisely, let (C∗, ∂∗) be a chain
complex of free abelian groups and let G an abelian group. We want to �nd a connection
between the cohomology groups H∗(C;G) and the homology groups H∗(C). This problem,
and later on its solution, is very similar to the problem we faced in Chapter 89 where we
showed that we can determine homology groups of a chain complex with G-coe�cients from
the usual homology group of the chain complex.
As usual we denote by AbGroup the category of abelian groups. On page 1918 we de�ned
what it means for a covariant functor F : AbGroup → AbGroup to be exact, left-exact
and right-exact. Basically the same way we can introduce these notions for contravariant
functors F : AbGroup → AbGroup.

De�nition. A contravariant functor F : AbGroup → AbGroup is called left-exact1333 if for
all exact sequences

A
i−→ B

j−−→ C −→ 0
of abelian groups the sequence

0 −→ F (C)
F (j)−−→ F (B)

F (i)−−→ F (A)

is also exact. Furthermore a contravariant functor F : AbGroup → AbGroup is called right-
exact, if for all exact sequences

0 −→ A
i−→ B

j−−→ C
the sequence

F (C)
F (j)−−→ F (B)

F (i)−−→ F (A) −→ 0

is also exact.
In Lemma 89.10 we saw that the covariant functor −⊗G is right-exact but that in general
it is not left-exact. With the contravariant functor Hom(−, G) the situation is precisely the
converse. More precisely, in the next lemma we will show that this functor is left-exact and
immediately afterwards we will give an example that shows that the contravariant functor
Hom(−, G) is in general not right-exact.

Lemma 110.1. (Hom-Left Exact Lemma) For any abelian group G the contravariant
functor Hom(−, G) is left-exact.

Proof. Let G be an abelian group and let

A
α−−→ B

β−−→ C −→ 0
be an exact sequence of abelian groups. We need to show that the sequence

0 −→ Hom(C,G)
β∗−→ Hom(B,G)

α∗−→ Hom(A,G)

1333Admittedly one could also refer to this de�nition as �right�-exact, since the direction changes. But the
de�nition we give is the one which is commonly used in the literature.
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is also exact. It is clear that β∗ is injective and that α∗ ◦ β∗ = (β ◦ α)∗ = 0, i.e. we have
im(β∗) Ă ker(α∗). It remains to show that ker(α∗) Ă im(β∗). So let f : B → G be a
homomorphism such that α∗(f) = 0. We consider the following diagram:

A
α // B

β
//

f
��

π

))

C // 0.

G B/α(A)
f

f(b)←[[b]
oo

β [b] 7→β(b)

OO

We make the following observations:

(1) Since α∗(f) we know that f vanishes on α(A). We denote by f : B/α(A) → G the
resulting homomorphism given by [b] 7→ f(b).

(2) We denote π : B → B/α(A) the projection.
(3) By the exactness of the original sequence the homomorphism β induces an isomor-

phism β : B/α(A)→ C.
(4) By construction the above diagram commutes.
(5) Now we see that f = f ◦ β−1 ◦ β, i.e. we have f = β∗(f ◦ β−1

). �

Now we give the example, promised above, that shows that the contravariant functor
Hom(−, G) is in general not right-exact.

Example. We consider the chain complex

0 → Z ·2−−→ Z p−→ Z2

where p : Z → Z2 denotes the natural projection. We apply the contravariant functor
Hom(−,F2). The resulting cochain complex is of the form1334

F2
p∗−−→∼= F2

(·2)∗−−−→
=0

F2 → 0.

Since this cochain complex is not exact it follows that the functor Hom(−,F2) is not right-
exact.

In Chapter 89.4 we introduced the torsion groups Tor(H,G) which �measure� to what
degree the functor −⊗G fails to be a left-exact functor. The same way we now introduce
the so called Ext-groups Ext(H,G) which �measure� to what degree the functor Hom(−, G)
fails to be right-exact.

De�nition. Let G and H be abelian groups. We denote by

. . . → F2
f2−→ F1

f1−→ F0
f0−→ H → 0

the canonical free resolution from page 1922. We de�ne the n-th G-Ext-group of H as

Extn(H,G) := Hn(F∗;G).

1334Here we use the identi�cation Hom(Z, G) = G from Lemma 108.1 and we use that multiplication by 2
is the zero endomorphism of F2.
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Remark. Let n ∈ N0. On page 1923 we saw that Torn(H,G) is covariantly functorial in
both G and H. Now we will see that the groups Extn(H,G) are contravariantly functorial
in H and covariantly functorial in G:

(1) Let α : H → H ′ be a homomorphism between abelian groups and let G be an abelian
group. Then it follows from the Fundamental Theorem 81.1 of Homological Algebra
together with the de�nition of the G-Ext groups that α induces a homomorphism

α∗ : Extn(H ′, G) → Extn(H,G).
It is now straightforward to show that

H 7→ Extn(H,G)
(α : H → H ′) 7→ (α∗ : Extn(H ′, G)→ Extn(H,G))

is a contravariant functor from the category of abelian groups to the category of
abelian groups.

(2) On the other hand, if β : G → G′ is a homomorphism between abelian groups then
one sees easily that β induces a homomorphism

β∗ : Extn(H,G) → Extn(H,G′)
Furthermore one can easily prove that

G 7→ Extn(H,G)
(β : G→ G′) 7→ (β∗ : Extn(H,G)→ Extn(H,G′))

is a covariant functor from the category of abelian groups to the category of abelian
groups.

The following proposition is the analogue of the Tor-Free Resolution Proposition 89.12.

Proposition 110.2. (Ext-Free Resolution Proposition) Let G and H be abelian
groups and let

. . . → F2
f2−→ F1

f1−→ F0
f0−→ H → 0

be a free resolution of H. Then for each n ∈ N0 there exists a canonical isomorphism

Extn(H,G)
∼=−→ Hn(F∗, G).

In particular if
0 → F1

f1−→ F0
f0−→ H → 0

is a free resolution of H of length one, then there exist canonical isomorphisms

Ext1(H,G)
∼=−→ coker

(
Hom(F0, G)

f∗1−−→ Hom(F1, G)
)

and
Ext0(H,G)

∼=−→ ker
(

Hom(F0, G)
f∗1−−→ Hom(F1, G)

)
Proof. The proof is almost the same as the proof of the Tor-Free Resolution Proposi-
tion 89.12. We leave it to the reader to make the necessary changes. �

In Lemma 89.14 we saw that the higher torsion groups of abelian groups vanish. The same
statement, with basically the same proof, also holds for Ext groups. More precisely, we
have the following corollary.

Corollary 110.3. For every choice of abelian groups G and H we have Extn(H,G) = 0
for n ≥ 2.
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Proof. As we pointed out in the proof of Lemma 89.14 any abelian group H admits a free
resolution of length 2:

0 → F1
f1−→ F0

f0−→ H → 0.

The corollary now follows immediately from the Ext-Free Resolution Proposition 110.2. �

In the Tor0�Lemma 89.13 we saw that the 0-th Torsion functor is an old acquaintance. More
precisely we saw that for all abelian groups G and H there exists a natural isomorphism
Tor0(H,G)

∼=−→ H ⊗G. The following lemma gives us the analogous result for the 0-th Ext
functor.

Lemma 110.4. Let G and H be abelian groups .There exists a natural1335 isomorphism

Ext0(H,G)
∼=−→ Hom(H,G).

Proof. The proof of Lemma 110.4 is, not surprisingly, rather similar to the proof of the
Tor0�Lemma 89.13. Let G and H be abelian groups. Let

· · · → F2
f2−→ F1

f1−→ F0
f0−→ H → 0

be the canonical free resolution of H. We know from the Hom-Left Exact Lemma 110.1
that the sequence

(∗) 0 → Hom(H,G)
f∗0−→ Hom(F0, G)

f∗1−→ Hom(F1, G)

is exact. Now we obtain the following isomorphism

by de�nition
↓

Ext0(H,G) = H0
(
· · · ← Hom(F1, G)

f∗1←− Hom(F0, G)← 0
)

= ker
(

Hom(F1, G)
f∗1←− Hom(F0, G)

) f∗0−→ Hom(H,G).
↑

isomorphism since (∗) is exact

It is straightforward to verify that these isomorphisms are in fact natural. �

De�nition. Given abelian groups G and H we refer to

Ext(H,G) := Ext1(H,G)

as the G-Ext-group of H.

Remark. Let G and H be two abelian groups. An extension of H by G is a short exact
sequence of the form

0 // G
α // K

β
// H // 0.

1335Here by �natural� we mean that these isomorphisms de�ne a natural isomorphism from the contravariant
functor H 7→ Ext0(H,G) to the contravariant functor H 7→ Hom(H,G) and that they also de�ne a natural
transformation from the covariant functor G 7→ Ext0(H,G) to the covariant functor G 7→ Hom(H,G).
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We say that two such extensions given by K and K ′ are equivalent if there exists a homo-
morphism ϕ : K → K ′ that makes the following diagram commute

0 // G
=
��

α // K
ϕ
��

β
// H

=
��

// 0

0 // G
α′ // K ′

β′
// H // 0.

In [HS1997, Theorem II.3.4] it is shown that there is a natural bijection from the set of
equivalence classes of extensions of H by G with the set Ext(H,G). This fact is the origin
of the name �Ext-group�.

In light of Corollary 110.3 and Lemma 110.4 the remaining task is to compute the Ext-
group Ext(H,G) = Ext1(H,G). The following lemma allows us in particular to determine
the Ext-group for all �nitely generated abelian groups.

Lemma 110.5. (Ext-Calculation Lemma) Let G,H and G1, . . . , Gk,H1, . . . ,Hk be
abelian groups. The following statements hold:
(1) There exists a natural isomorphism

Ext
( k⊕
i=1
Hi, G

)
∼=

k⊕
i=1

Ext(Hi, G).

(2) There exists a natural isomorphism

Ext
(
H,

k⊕
i=1
Gi

)
∼=

k⊕
i=1

Ext(H,Gi).

(3) If H is a free abelian group, then Ext(H,G) = 0.
(4) For all n ∈ N we have a natural isomorphism Ext(Zn, G) ∼= G/nG.
(5) If H is a �nitely generated abelian group, then we have a natural isomorphism

Ext(H,Z) ∼= torsion subgroup of H := {h∈H | there exists an n∈N with nh=0}.
In particular Ext(H,Z) is a �nite group.

(6) For n,m ∈ N we have Ext(Zn,Zm) ∼= Zgcd(n,m).

Remark.
(a) The �rst two statements of the lemma also generalize to the case of in�nitely many

groups, but some care needs to be taken. Indeed, some of the �nite direct sums are
secretly �nite direct products and hence they generalize to in�nite direct products.
More precisely, the following holds:
(1′) If {Hi}i∈I is a family of abelian groups and if G is an abelian group, then

Ext
(⊕
i∈I
Hi, G

)
∼=
∏
i∈I

Ext(Hi, G).

(2′) If H is an abelian group and if {Gi}i∈I is a family of abelian groups, then

Ext
(
H,

∏
i∈I
Gi

)
∼=
∏
i∈I

Ext(H,Gi).

We refer to [Rot2009, Propositions 7.21 and 7.22] for a proof. We will not make use
of these more general statements.
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(b) The statements of the Ext-Calculation Lemma 110.5 look very similar to the state-
ments of the Tor-Properties Lemma 89.15. But there are some di�erences:
(i) In the Tor-Properties Lemma 89.15 we saw that for every abelian group we have

Tor(H,Z) = 0 whereas we have now shown in the Ext-Calculation Lemma 110.5
(5) that for every �nite abelian group we have Ext(H,Z) ∼= H.

(ii) In the Tor-Properties Lemma 89.15 we saw that Tor(H,G) = 0 not only whenever
H is a free abelian group but also for all torsion-free abelian groups H. Here the
situation is di�erent, the statement of the Ext-Calculation Lemma 110.5 (3) does
not generalize to torsion-free abelian groups. For example in [Rot2009, p. 428]
it is shown that there exists an abelian group G such that Ext(Q, G) 6= 0. But
this issue is of no concern to us.

Proof. The �rst three statements are proved almost the same way as we proved the Tor-
Properties Lemma 89.15. We leave it to the reader to �ll in the details. We turn to the
�nal three statements.
(4) Let G be an abelian group and let n ∈ N. We have

Ext-Free Resolution Proposition 110.2 applied to the free resolution 0→ Z ·n−→ Z→ Zn → 0
↓

Ext(Zn, G) = coker
(

Hom(Z, G)
(·n)∗−−→ Hom(Z, G)

)
= coker

(
G
·n−→ G

)
= G/nG.

↑
by the isomorphism Hom(Z, G) = G given by f 7→ f(1)

(5) This statement follows immediately from (1), (3) and (4) together with the Finitely
Generated Abelian Group Classi�cation Theorem 51.4.

(6) This statement follows immediately from (4) and the calculation on page 1922. �

We have one more general result for calculating Ext-groups. Before we can state the result
we need one more de�nition.
De�nition. An abelian group G is called divisible if for every g ∈ G and n ∈ N there
exists an h ∈ G with n · h = g.

Examples.
(1) The groups Q,R and C are divisible.
(2) Every quotient of a divisible group is easily seen to be divisible again. For example

the quotient group Q/Z is also divisible.1336 This example also shows, using the
notation of the de�nition, that h is not necessarily unique. For example, for g = [0]
and n = 3 we could take h = [0] or h = [1

3
].

(3) The group Z is not divisible, and the only �nite group that is divisible is the trivial
group.

Proposition 110.6. Let G andH be abelian groups. IfG is divisible, then Ext(H,G) = 0.
In the proof of Proposition 110.6 it is useful to introduce the following notion.

De�nition. An abelian group G is called injective if for all abelian groups A and B, every
injective homomorphism ϕ : B → A and every homomorphism β : B → G there exists a

1336Odd as it may sound, this example will actually be important later in Section 148.4.
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homomorphism α : A→ G such that the following diagram commutes

0 // B �
� ϕ

//

β
��

A

α||

G.
The following lemma shows why we are interested in injective groups.

Lemma 110.7. Let G and H be abelian groups. If G is injective, then Ext(H,G) = 0.

Proof. Let H be an abelian group. As we pointed out in the proof of Lemma 89.14 the
abelian group H admits a free resolution of length 2:

0 → F1
ϕ1−−→ F0

ϕ0−−→ H → 0.
By the Ext-Free Resolution Proposition 110.2 the group Ext(H,G) is isomorphic to the
cokernel of the map

Hom

(
F1

↓
G

)
ϕ∗1←−− Hom

(
F0

↓
G

)
.

But by de�nition of G being injective this map ϕ∗1 is in fact an epimorphism. Thus we have
shown that Ext(H,G) = 0. �

To provide a proof for Proposition 110.6 it remains to prove the following proposition.

Proposition 110.8. Every abelian group that is divisible is also injective.

Remark. It is straightforward to prove the converse to Proposition 110.8, namely every
injective abelian group is also divisible.

In the proof of Proposition 110.8 we will need Zorn's Lemma which we now recall for the
reader's convenience.
Lemma 0.6. (Zorn's Lemma) Suppose a partially ordered set (P,≤) has the property
that every chain has an upper bound in P . Then the set P contains at least one maximal
element.
We also recall the de�nitions in the statement of Zorn's Lemma:

(1) A partially ordered set (P,≤) is a set together with a preorder ≤ (see page 1256)
that has the property that a ≤ b and b ≤ a implies that a = b.

(2) A chain in P is a subset Q such that for any two elements q, q′ ∈ Q we have q ≤ q′

or q′ ≤ q.
(3) An upper bound of a subset Q is an element q ∈ Q such that p ≤ q for all q ∈ Q.
(4) A maximal element of a subset Q is an element q ∈ Q such that there is no r ∈ Q

with q < r.1337

We refer to [Cie1997, Theorem 4.3.4] for a proof of Zorn's Lemma. Perhaps it is more fun
to look at Zorn's Lemma in �The Simpsons�, see

http://www.simonsingh.net/Simpsons_Mathematics/zorns-lemma/

Now we can give the proof of Proposition 110.8.

1337Aren't �upper bound� and �maximal element� the same?

http://www.simonsingh.net/Simpsons_Mathematics/zorns-lemma/
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Proof of Proposition 110.8. Let G be an abelian group that is divisible. Suppose we
are given a diagram

0 // B �
� ϕ

//

β
��

A

?α ?{{

G.

Since ϕ is a monomorphism we can assume that B is in fact a subgroup of A and that ϕ
is the inclusion map.

We denote by P the set of all pairs (Ci, γi) where Ci is a subgroup of A which contains
B and where γi : Ci → G is a homomorphism such that γi|B = β. This family of pairs
is non-empty since (B, β) satis�es the required conditions. We de�ne (Ci, γi) < (Cj, γj) if
Ci Ă Cj and if γj|Ci = γi. Given a chain (Cj, γj)j∈J in P we get an upper bound by setting

C :=
⋃
j∈J

Cj and γ : C → G
c 7→ γj(c) if j ∈ J with c ∈ Cj.

Since (Cj, γj)j∈J is a chain one can easily verify that C is in fact a subgroup of A which
contains B and that γ is a homomorphism with γ|B = β.

Therefore we can apply Zorn's Lemma to this family and we obtain a maximal pair
(Cm, γm). It remains to prove the following claim.
Claim. We have Cm = A.

Proof. Suppose that this is not the case. Then there exists an a ∈ A \ Cm. We denote by
〈〈Cm, a〉〉 the subgroup of A generated by Cm and a, i.e. 〈〈Cm, a〉〉 is the smallest subgroup
of A that contains Cm and a. To obtain a contradiction it su�ces to show that there exists
a homomorphism δ : 〈〈Cm, a〉〉 → G that extends γm. We distinguish two cases:
(1) If there exists no n ∈ N such that n · a ∈ Cm, then one can show easily that we have
〈〈Cm, a〉〉 = Cm ⊕ 〈a〉. We extend γm to 〈〈Cm, a〉〉 = Cm ⊕ 〈a〉 by setting δ(a) = 0.

(2) Otherwise there exists a minimal n ∈ N such that n · a ∈ Cm. We denote by r ∈ N0

the order of n · a ∈ Cm. Here we say that the order is 0 if n · a ∈ Cm has in�nite
order. We consider the maps

0 → Zr
Φ−→ Cm ⊕ Znr

Ψ−→ 〈〈Cm, a〉〉 → 0
k 7→ (k · n · a,−k · n)

(c, l) 7→ c+ l · a
It is clear that Φ is injective and that Ψ ◦ Φ = 0. Note that the image of Ψ lies a
priori in A, but it is straightforward to see that the image of Ψ is precisely 〈〈Cm, a〉〉.
By de�nition of n we have that ker(Ψ) Ă im(Φ). Put di�erently, the sequence is
exact. Since G is divisible there exists an h ∈ G such that n ·h = γ(n ·a). We denote
by α : Cm ⊕ Znr → G the homomorphism that is given by setting α(c) = γ(c) for
c ∈ Cm and α(k) = k · h for k ∈ Z. One can easily verify that im(Φ) is contained in
ker(α). It is now straightforward to show that the homomorphism

δ : 〈〈Cm, a〉〉 → (Cm ⊕ Znr)/ im(Φ) → G
x 7→ [Ψ−1(x)]

[y] 7→ α(y)

has the desired properties.
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This concludes the proof of the claim and thus of the lemma. �

The following proposition gives arguably slightly weird example.

Proposition 110.9. The group Ext(Q,Z) is isomorphic to the additive group (R,+).

Remark. Note that this proposition is not totally pointless, for example it follows from
the existence of Moore spaces, see the Moore Space Existence Proposition 79.11, that there
exist topological spaces X with Hn(X) ∼= (Q,+). Thus even unexpected abelian groups
can appear in topology.

Proof. This proposition is proved in [Wie1969]. Alternatively the proposition is almost
proved in [Bre1997, Lemma 14.8]. We also refer to [Boar2010] for the calculation of
Ext(Q,Z). �

This example also shows that Ext-groups can be quite large. In fact the following propo-
sition holds.
Proposition 110.10. Let G be an abelian group. If G is not a �nitely generated group,
then Hom(G,Z) is uncountable or Ext(G,Z) is uncountable.

Proof. We will barely make use of this proposition, thus we refer to [Hat2002, Proposi-
tion 3.F.12] instead for a proof. �

110.2. The Universal Coe�cient Theorem for Cohomology Groups. Finally we
want to explore the connection between the cohomology groups of a chain complex C and
the usual homology groups of the chain complex. The key to relating homology groups to
cohomology groups is given by the following evaluation homomorphism.

De�nition. Let (C∗, ∂∗) be a chain complex and let G be an abelian group. We refer to
the map1338

ev : Hn(C;G) → Hom(Hn(C), G)

[ϕ : Cn → G] 7→
(

Hn(C) → G
[c] 7→ 〈[ϕ], [c]〉 = ϕ(c)

)
as the evaluation homomorphism.

Remark. It follows immediately from Lemma 109.6 (3) that the evaluation homomor-
phisms in natural in the chain complex C∗ in the sense that if f : C∗ → D∗ is a chain map,
then for any n ∈ N0 and any abelian group G the following diagram commutes

Hn(C;G)

f∗

��

ev // Hom(Hn(C), G)

(f∗)∗

��

Hn(D;G)
ev // Hom(Hn(D), G).

Furthermore, it follows easily from the de�nitions that the evaluation map is natural in G,
in the sense that if ϕ : G1 → G2 is homomorphism of abelian groups, then for any n ∈ N0

1338This map is well-de�ned by Lemma 109.6.
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and any chain complex C∗ the following diagram commutes

Hn(C;G1)
ϕ∗
��

ev // Hom(Hn(C), G1)
ϕ∗
��

Hn(C;G2)
ev // Hom(Hn(C), G2).

Here the map on the left is the one we had introduced on page 2401.

Recall that in Lemma 78.8 we saw that H2(RP2;Z) = 0 and that on page 2423 we
showed that H2(RP2;Z) ∼= Z2. These calculations imply that the evaluation homomor-
phism ev : Hn(X;G)→ Hom(Hn(X);G) is in general not a monomorphism. The following
theorem relates homology groups and cohomology groups via the evaluation homomorphism
and the Ext-groups.

Theorem 110.11. (Universal Coe�cient Theorem for Cohomology Groups) Let
(C∗, ∂∗) be a chain complex of free abelian groups and let G be an abelian group. For each
n ∈ N0 there exists a map

ε : Ext(Hn−1(C), G) → Hn(C;G)

which is natural in the chain complex C∗ and natural in the abelian group G and which
has the property that the following sequence is exact:

0 → Ext(Hn−1(C), G)
ε−→ Hn(C;G)

ev−−→ Hom(Hn(C), G)→ 0.

This short exact sequence splits and there exists therefore an isomorphism1339

Hn(C;G) ∼= Ext(Hn−1(C), G)⊕ Hom(Hn(C), G).

Before we provide the proof of the above Universal Coe�cient Theorem for Cohomology
Groups 110.11 let us formulate the most important application, namely let us apply it to
the chain complex of a pair of topological spaces.

Theorem 110.12. (Universal Coe�cient Theorem for Cohomology Groups) Let
(X,A) be a pair of topological spaces and let G be an abelian group. For each n ∈ N0

there exists a map
ε : Ext(Hn−1(X,A), G) → Hn(X,A;G)

which is natural in (X,A), which is natural in the abelian group G and which has the
property that the following sequence is exact:

0 → Ext(Hn−1(X,A), G)
ε−→ Hn(X,A;G)

ev−→ Hom(Hn(X,A), G)→ 0.

This short exact sequence splits and there exists therefore an isomorphism

Hn(X,A;G) ∼= Ext(Hn−1(X,A), G)⊕ Hom(Hn(X,A), G).

Remark. The Universal Coe�cient Theorem 110.12 for Cohomology Groups is the ana-
logue of the Algebraic Universal Coe�cient Theorem 89.16 together with the UCT-Splitting
Theorem 89.22.

1339Once again the two maps in the short exact sequence is natural, whereas the isomorphism is not natural.
More precisely, the discussion on page 1935 can easily be modi�ed to show that there exists no natural
isomorphism Hn(C;G) ∼= Ext(Hn−1(C), G)⊕Hom(Hn(C), G).

We will discuss this issue in Exercise 110.1.
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Proof of Theorem 110.12 assuming Theorem 110.11. As the reader will have no-
ticed there is really not much to say, except that we recall that we pointed out on page 1625
that the chain groups Cn(X,A), n ∈ N0 are free abelian groups. �

Remark.

(1) Here is one straightforward but interesting consequence to the Universal Coe�cient
Theorem 110.12 for Cohomology Groups. Given any pair (X,A) of topological spaces
we see that

H1(X;Z) ∼= Ext(H0(X,A),Z)⊕Hom(H1(X,A),Z) = Hom(H1(X,A),Z) = torsion-free.
↑ ↑ ↑

Universal Coe�cient by the Ext-Calculation Lemma 110.5 since Hom(G,Z) is
Theorem 110.12 and Corollary 72.15 always torsion free

(2) The Universal Coe�cient Theorem 110.12 for Cohomology Groups implies in partic-
ular that topological spaces with isomorphic homology groups also have isomorphic
cohomology groups. In other words, if our only goal is to distinguish homeomorphism
types of topological spaces, then cohomology groups will not be of much help.

(3) The fact that cohomology groups are determined by homology groups is also imme-
diate consequence of the combination of Propositions 81.13 and 81.4 together with
the Cochain Map Lemma 108.5.

Now we turn to the proof of the purely algebraic Universal Coe�cient Theorem 110.11 for
Cohomology Groups. The proof is, perhaps not surprisingly, rather similar to the proofs of
the Universal Coe�cient Theorem 89.17 and the UCT-Splitting Proposition 89.21.

Proof. Let (C∗, ∂∗) be a chain complex of free abelian groups. For each n ∈ N0 we write as
always Zn := ker(∂n) and Bn := im(∂n+1). Note that it follows from the Subgroup-of-Free
Abelian Group Lemma 51.2 that Bn and Zn are free abelian groups.

As in the proof of the Universal Coe�cient Theorem 89.17 we consider the following
short exact sequence of vertical chain complexes:

:
��

:
��

:
��

0 // Zn //

0

��

Cn
∂n //

∂n
��

Bn−1
//

0

��

0

0 // Zn−1
//

��

Cn−1

∂n−1
//

��

Bn−2
//

��

0

: : :

Now let G be an abelian group. We apply the functor Hom(−, G) to the above short exact
sequence of chain complexes and we obtain the following diagram:

: : :

0 // Hom(Bn−1, G)
∂∗n //

OO

Hom(Cn, G) //

OO

Hom(Zn, G) //

OO

0

0 // Hom(Bn−2, G)
∂∗n−1

//

0

OO

Hom(Cn−1, G) //

∂∗n

OO

Hom(Zn−1, G) //

0

OO

0

:

OO

:

OO

:

OO
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This is again a sequence of cochain complexes. Since the Zn are free abelian we obtain
from Lemma 108.4 that the above horizontal sequences of cochain complexes are still exact.
Therefore we can apply the Connecting Homomorphism Proposition 108.6 to obtain the
following long exact sequence

→ Hom(Zn−1, G)
dn−→ Hom(Bn−1, G)→ Hn(C;G)

∂n−−→ Hom(Zn, G)
dn−1−−−→ Hom(Bn, G)→ . . .

where the maps dn are the connecting homomorphisms of the long exact sequence. One
can show easily that the connecting homomorphism dn : Hom(Zn, G)→ Hom(Bn, G) is the
map dn = i∗n where in : Bn → Zn is the inclusion map. By the Break-into-SES Lemma 78.4
we obtain the following short exact sequence

0→ coker(Hom(Zn−1,G)→Hom(Bn−1,G))→Hn(C;G)→ ker(Hom(Zn,G)→Hom(Bn, G))→ 0.

We have to show that the expressions left and right coincide with the desired expressions.
Both equalities follow immediately from the Ext-Free Resolution Proposition 110.2 (to-
gether with Lemma 110.4 for the right-hand term) and the observation that for each l ∈ N0

a free resolution of Hl(C) is given by 0 → Bl
il−→ Zl → Hl(C). We have thus shown the

existence of the desired short exact sequence

0 → Ext(Hn−1(C), G)
ε−→ Hn(C;G)

ev−→ Hom(Hn(C), G)→ 0.

The statement that the homomorphism ε to the left is natural follows easily from the
de�nitions and the Fundamental Theorem 81.1 (2) of Homological Algebra. We leave the
veri�cation of the details to the reader.

It remains to show that the above short exact sequence splits. By de�nitions this
means that we need to construct a homomorphism η : Hom(Hn(C), G) → Hn(C;G) such
that ev ◦η is the identity on Hom(Hn(C), G).

We consider again the short exact sequence

0 → Zn ↪→ Cn
∂n−−→ Bn−1 → 0.

Since Bn−1 is a free abelian group we obtain from Lemmas 78.1 and 78.2 that there exists
a homomorphism pn : Cn → Zn such that pn is the identity on Zn Ă Cn.

In the proof of the UCT-Splitting Proposition 89.21 we showed that the following dia-
gram commutes:

. . . // Cn+1

∂n+1 ((

∂n+1
//

pn+1

��

Cn

∂n ))

∂n //

pn
��

Cn−1

∂n−1
//

pn−1

��

. . .

Zn+1

qn+1

����

?�

OO

Zn

qn

����

?�

OO

Zn−1

qn−1

����

?�

OO

. . . // Hn+1(C)︸ ︷︷ ︸
=Zn+1/Bn+1

0 // Hn(C)︸ ︷︷ ︸
=Zn/Bn

0 // Hn−1(C)︸ ︷︷ ︸
=Zn−1/Bn−1

0 // . . .

where the maps qn are just the natural projections.
The top and the bottom horizontal sequences of the above diagram are chain complexes.

Since the diagram commutes we see that the vertical maps from top to bottom are chain
maps.
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Now we apply the functor Hom(−, G) to the top and the bottom horizontal sequences
and we obtain the following diagram of cochain complexes.

. . . Hom(Cn+1, G)oo Hom(Cn, G)
∂∗n+1

oo Hom(Cn−1, G)
∂∗noo . . .oo

. . . Hom(Hn+1(C), G)oo

(qn+1◦pn+1)∗

OO

Hom(Hn(C), G)
0oo

(qn◦pn)∗

OO

Hom(Hn−1(C), G)
0oo

(qn−1◦pn−1)∗

OO

. . .oo

The induced maps on the cohomology groups of these two cochain complexes give us a
homomorphism

η : Hom(Hn(C), G) = Hn(lower sequence) → Hn(upper sequence) = Hn(C;G).

It remains to prove the following claim.

Claim. The composition ev ◦η is the identity on Hom(Hn(C), G).

Proof. Let ϕ : Hn(C) → G be homomorphism. We need to show that (ev ◦η)(ϕ) = ϕ in
Hom(Hn(C), G). So let [σ] ∈ Hn(C) with σ ∈ Zn. Then

(
(ev ◦η)(ϕ)

)
([σ]) = 〈

∈Hn(C;G)︷︸︸︷
η(ϕ) , [σ]〉 = (

∈Hom(Cn,G)︷ ︸︸ ︷
ϕ ◦ qn ◦ pn)(σ) = (ϕ ◦ qn)(σ) = ϕ([σ]).

↑ ↑ ↑ ↑
de�nition of ev de�nition of η and 〈 , 〉 since pn = id on Zn since qn(σ) = [σ] �

Example. We consider again the projective space P := RP2. As a reminder, we showed
on page 1725 that H2(P ) = 0, H1(P ) ∼= Z2 and H0(P ) ∼= Z. It follows from the Universal
Coe�cient Theorem 110.12 and from the properties of the Ext-group that we had listed in
the Ext-Calculation Lemma 110.5 that

H2(P ;Z) ∼= Hom(H2(P ),Z)⊕ Ext(H1(P ),Z) ∼= Hom(0,Z)⊕ Ext(Z2,Z) = 0⊕ Z2 = Z2

H1(P ;Z) ∼= Hom(H1(P ),Z)⊕ Ext(H0(P ),Z) ∼= Hom(Z2,Z)⊕ Ext(Z,Z) = 0⊕ 0 = 0
H0(P ;Z) ∼= Hom(H0(P ),Z) ∼= Hom(Z,Z) ∼= Z

and

H2(P ;Z2) ∼= Hom(H2(P ),Z2)⊕Ext(H1(P ),Z2) ∼= Hom(0,Z2)⊕Ext(Z2,Z2) = 0⊕Z2 = Z2

H1(P ;Z2) ∼= Hom(H1(P ),Z2)⊕Ext(H0(P ),Z2) ∼= Hom(Z2,Z2)⊕Ext(Z,Z2) = Z2⊕0 = Z2

H0(P ;Z2) ∼= Hom(H0(P ),Z2) ∼= Hom(Z,Z2) = Z2.

Fortunately this coincides with the calculations from page 2423.

Example. We return to the study of lens spaces. In the Lens Space Homology Lemma 98.9
we saw that

Hn(L(p, q);Z) ∼=

 Z, if n = 0, 3,
0, if n = 2 or n > 3,
Zp, if n = 1.

As in the previous example we can now use the Universal Coe�cient Theorem 110.12 and
the Ext-Calculation Lemma 110.5 to compute the cohomology groups of L(p, q). We leave
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it to the reader to verify that1340

Hn(L(p, q);Z) ∼=

 Z, if n = 0, 3
0, if n = 1 or n > 3,
Zp, if n = 2.

This shows, as was already foreshadowed by Corollary 108.19, that cohomology groups also
cannot distinguish between two lens spaces of the form L(p, q) and L(p, r). In particular
we have not made any progress on Question 48.7 since the introduction of the fundamental
group. All the extra invariants, namely higher homotopy groups, homology groups and
cohomology groups (with any coe�cients) have proved useless.

We conclude this section with the following proposition that gives in particular a converse
to Corollary 108.20.

Proposition 110.13.
(1) Let C∗ be a chain complex. The following two statements are equivalent:

(a) Hk(C∗) = 0 for all k ∈ N0.
(b) Hk(C∗;Z) = 0 for all k ∈ N0.

(2) Let f : D∗ → E∗ be a chain map. The following two statements are equivalent:
(a) All the induced map f∗ : Hk(D∗)→ Hk(E∗) are isomorphisms.
(b) All the induced map f ∗ : Hk(E∗;Z)→ Hk(D∗;Z) are isomorphisms.

Proof.

(1) We start out with the following claim.

Claim. Let A be an abelian group. If A is non-trivial, then Hom(A,Z) or Ext(A,Z)
is non-trivial.
Proof. Let A be a non-trivial abelian group. If A is �nitely generated, then it
follows from the Finitely Generated Abelian Group Classi�cation Theorem 51.4 of
Finitely Generated Abelian Groups together with the Ext-Calculation Lemma 110.5
that Hom(A,Z) or Ext(A,Z) is non-trivial. Furthermore, if A is in�nitely generated,
then the desired conclusion follows from Proposition 110.10. �

The equivalence of (a) and (b) follows immediately from the claim together with
the Universal Coe�cient Theorem 110.11 for Cohomology Groups.

(2) Let f : D∗ → E∗ be a chain map. We denote by (M(f), ∂∗) the corresponding alge-
braic mapping cone as de�ned on page 1796. By the Mapping Cone-LES Lemma 81.8
there exists a long exact sequence of the form

. . . → Hk(D∗)
f∗−→ Hk(E∗) → Hk(M(f)) → Hk−1(D∗)

f∗−→ . . .

Basically the same argument also shows that there exists a long exact sequence of
the form

. . . ← Hk(D∗;Z)
f∗←−− Hk(E∗;Z) ← Hn(M(f);Z) ← Hn−1(D∗;Z)

f∗−−→ . . .

Thus we see that the equivalence of (2a) and (2b) is an immediate consequence of
the equivalence of (1a) and (1b) applied to C∗ = M(f). �

1340Note that the Zp shifted from n = 1 in homology to n = 2 in cohomology.



2450

110.3. Cohomology groups of topological manifolds.

Proposition 110.14. (Top-Cohomology Proposition) Let M be a connected n-di-
mensional topological manifold. Let G be an abelian group.
(1) Let x ∈M \ ∂M . For i 6= n we have Hi(M,M \ {x};G) = 0. Furthermore the map

ev : Hn(M,M \ {x};G) → Hom(Hn(M,M \ {x};Z), G)

is an isomorphism.
(2) If M is compact but not closed, then Hn(M ;G) = 0.
(3) If M is closed orientable and non-empty, then Hn(M ;G) ∼= G.
(4) If M is closed non-orientable and non-empty, then Hn(M ;G) ∼= G/2G.
(5) For any k > n we have Hk(M ;G) = 0.

Proof. Let M be a compact connected n-dimensional topological manifold and let G be
an abelian group.
(1) This statement follows immediately from Lemma 105.4 and the Universal Coe�cient

Theorem 110.12.
(2) We suppose that M has non-empty boundary. Then

Ext-Calculation Lemma 110.5
↓

Hn(M ;G) ∼= Hom(Hn(M ;Z), G)⊕ Ext(Hn−1(M ;Z), G) = Ext(Zk, G) = 0.
↑ ↑

Universal Coe�cient by the Top-Homology Theorem 106.3 we have Hn(M ;Z) = 0 and
Theorem 110.12 by Proposition 106.22 (1) we have Hn−1(M ;Z) ∼= Zk for some k ∈ N0

(3) Suppose that M is closed orientable and non-empty. The argument is very similar
to the proof of (2). We just need to use that we know from the Orientation-Top
Homology Theorem 106.1 that Hn(M ;Z) ∼= Z and that from Proposition 106.22 (1)
we know that Hn−1(M ;Z) ∼= Zk for some k.

(4) Next suppose that M is closed non-orientable and non-empty. This time we use that
we know from the Orientation-Top Homology Theorem 106.1 and Proposition 106.22
(2) that Hn(M ;Z) ∼= 0 and that Hn−1(M ;Z) ∼= Zk⊕Z2 for some k. Here we also use
the Ext-Calculation Lemma 110.5 (4) which says that Ext(Z2, G) ∼= G/2G.

(5) So let k > n. This time we use that by the Top-Homology Theorem 106.3 we
know that Hk(M ;Z) = 0 and that we know from Theorems 106.1 and 106.3 that
Hk−1(M ;Z) is either zero or isomorphic to Z. The desired statement follows again
from the Universal Coe�cient Theorem 110.12 and the fact that by the Ext-Calculation
Lemma 110.5 we have Ext(Z, G) = 0. �

Lemma 110.15. (Dual Fundamental Class Lemma) Let M be a compact oriented
connected non-empty n-dimensional topological manifold. Then we have Hn(M,∂M ;Z) ∼=
Z. Furthermore there exists a unique generator [M ]∗ ∈ Hn(M,∂M ;Z) which satis�es
〈[M ]∗, [M ]〉M = 1.1341

Proof. LetM be a compact oriented connected n-dimensional non-empty topological man-
ifold.

1341Here [M ] ∈ Hn(M,∂M ;Z) denotes the fundamental class provided by the Fundamental Class-
Corollary 106.4.
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It follows from the Universal Coe�cient Theorem 110.12 for Cohomology Groups to-
gether with Proposition 106.22 that the map

Hn(M,∂M ;Z)
ev−→ Hom(Hn(M,∂M ;Z)︸ ︷︷ ︸

=Z·[M ]

,Z)

is an isomorphism. By the Fundamental Class-Corollary 106.4 (3) we have the equality
Hn(M,∂M ;Z) = Z · [M ]. Hence there exists a unique element [M ]∗ ∈ Hn(M,∂M ;Z) with
ev([M ]∗)([M ]) = 1, i.e. with 〈[M ]∗, [M ]〉M = 1. �

De�nition.
(1) Given a compact oriented connected non-empty n-dimensional topological mani-

fold M we refer to the uniquely determined element [M ]∗ ∈ Hn(M,∂M ;Z) from the
Dual Fundamental Class Lemma 110.15 as the dual fundamental class of M .

(2) Given a compact oriented n-dimensional non-empty topological manifold M with
�nitely many components M1, . . . ,Mk we de�ne its dual fundamental class to be

[M ]∗ := [M1]∗ + · · ·+ [Mk]
∗ ∈ Hn(M1, ∂M1;Z)⊕ · · · ⊕ Hn(Mk, ∂Mk;Z)︸ ︷︷ ︸

=Hn(M,∂M ;Z)

.

Example. We consider the smooth manifold S1 with the usual orientation. We saw on
page 2201 that the singular simplex µ : ∆1 → S1 that is given by (1 − t, t) 7→ exp(2π it)
represents the fundamental class of S1. On page 2404 we introduced a cocycle θZ ∈ C1;Z)
and we had explicitly calculated that 〈[θZ], [S1]〉 = θZ(µ) = 1. This shows immediately that
[θZ] ∈ H1(S1;Z) is the dual fundamental class of S1.

Later on we will need the following lemma.
Lemma 110.16. Let f : M → N be a map between closed oriented connected non-empty
n-dimensional topological manifolds. Then

f ∗([N ]∗) = deg(f) · [M ]∗.

Proof. Let f : M → N be a map between closed, oriented connected n-dimensional non-
empty topological manifolds. It follows from the Dual Fundamental Class Lemma 110.15
that any class in ϕ = Hn(M ;Z) is of the form ϕ = k · [M ]∗ for some k ∈ Z and it follows
from 〈[M ]∗, [M ]〉 = 1 and the bilinearity of the Kronecker pairing that k = 〈ϕ, [M ]〉M . In
our case we have
〈f ∗([N ]∗), [M ]〉 = 〈[N ]∗, f∗([M ])〉 = 〈[N ]∗, deg(f) · [N ]〉 = deg(f) · 〈[N ]∗, [N ]〉︸ ︷︷ ︸

=1

= deg(f).
↑ ↑ ↑

Lemma 109.6 (3) by de�nition of deg(f) since 〈 , 〉 is bilinear

It follows from the above discussion that f ∗([N ]∗) = deg(f) · [M ]∗. �

Next we record the following useful consequence of the Universal Coe�cient Theorem 110.12
for Cohomology Groups:

Proposition 110.17. (First Cohomology Proposition) Let X be a path-connected
topological space, let x0 ∈ X and let G be an abelian group. Then the Hurewicz ho-
momorphism π1(X, x0) → H1(X) from page 1832 and the evaluation homomorphism
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ev : H1(X;G)→ Hom(H1(X);G) induce natural isomorphisms

H1(X;G)
∼=−→ Hom(H1(X);G)

∼=−→ Hom(π1(X, x0), G).
One often uses the natural isomorphisms from the First Cohomology Proposition 110.17 to
identify these groups.
Proof. As we pointed out on page 2444 and Proposition 84.2 (5), both maps are natural.
So it remains to show that both maps are isomorphisms.

We insert one extra map into the above sequence of maps to see that the maps are
indeed isomorphisms: Hurewicz Theorem 84.5

↓
H1(X;G)

ev−→ Hom(H1(X);G)
∼=−→ Hom(π1(X, x0)ab, G)

∼=←− Hom(π1(X, x0), G).
↑ ↑

isomorphism by Theorem 110.12 by the Abelianization Proposition 53.20 (2),
since H0(X) ∼= Z by the H0-Proposition 72.5 since G is abelian �

110.4. Cohomology with �eld coe�cients. Before we continue we introduce a slight
variation on the Kronecker pairing de�ned in Lemma 109.6:
De�nition. Let C∗ be a chain complex and let R be a commutative ring. We consider
the map

〈 , 〉 : Hn(C;R)× Hn(C;R) → R(
[ϕ],

[ k∑
i=1
ci ⊗ ai

])
7→

k∑
i=1
ϕ(ci) · ai.

We leave it to the reader to verify that this map is well-de�ned and bilinear. We refer to
this pairing also as the Kronecker pairing.
The next proposition relates homology and cohomology with coe�cients in a �eld F.
Proposition 110.18. (Cohomology-Field Coe�cients Proposition) Let (X,A) be
a pair of topological spaces and let F be a �eld. The map

ev : Hn(X,A;F) → HomF(Hn(X,A;F),F)

ϕ 7→
(

Hn(X,A;F) → F
σ 7→ 〈ϕ, σ〉

)
is a natural isomorphism of F-vector spaces.1342

We postpone the proof of the Cohomology-Field Coe�cients Proposition 110.18 to the
next section. In most applications we are only interested in the following corollary to the
Cohomology-Field Coe�cients Proposition 110.18.

1342Note that �natural� makes sense since (X,A) 7→ Hk(X,A;F) and (X,A) 7→ HomF(Hk(X,A;F),F) both
de�ne contravariant functors from the category of pairs of topological spaces to the category of F-vector
spaces.
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Corollary 110.19. Let (X,A) be a pair of topological space and let k ∈ N0 such that
Hk(X,A;Z) and Hk−1(X,A;Z) are �nitely generated. (By the Topological Manifolds-
Invariants Proposition 104.14 (4) we know if X and A are compact topological manifolds,
then this condition is satis�ed.)
(1) Given any �eld F the homology and cohomology groups Hk(X,A;F) and Hk(X,A;F)

are �nite-dimensional F-vector spaces with
dimF(Hk(X,A;F)) = dimF(Hk(X,A;F)).

(2) For any sub�eld F of C we have

dimF(Hk(X,A;F)) = dimF(Hk(X,A;F)) = bn(X,A).

Remark. Note that in Corollary 110.19 we only claim that the homology and cohomology
groups are abstractly isomorphic. We do not claim that there is a natural isomorphism.
In fact it does not make sense to ask for a natural isomorphism since the homology groups
of a topological space X with F-coe�cients are covariant in X whereas the cohomology
groups of X with F-coe�cients are contravariant in X.

Proof. First note that Statement (2) is an immediate consequence of Statement (1) and the
discussion on page 1932. So let turn to the proof of Statement (1). To simplify the notation
we only consider the case A = ∅. Let X be a topological space and let k ∈ N0 such that
Hk(X;Z) and Hk−1(X;Z) are �nitely generated. Let p be a prime number. By the Finitely
Generated Abelian Group Classi�cation Theorem 51.4 we can make the identi�cations

Hk−1(X;Z) = Zr ⊕
α⊕
i=1

Zai ⊕
β⊕
i=1

Zbi and Hk(X;Z) = Zs ⊕
γ⊕
i=1

Zci ⊕
δ⊕
i=1

Zdi

where all the ai, bi, ci and di are non-zero, and where each ai and each ci is divisible by p
and none of the bi and di are divisible by p. We start out with the following claim:
Claim. We have

dimF(Hk(X,F)) =

{
s, if F is a �eld of characteristic zero,

s+ α + γ, if F is a �eld of characteristic p.

Proof. First assume that F is a �eld of characteristic zero. In this case we have

Hk(X;F) ∼= Hk(X;Z)⊗ F =
(
Zs ⊕

γ⊕
i=1

Zci ⊕
δ⊕
i=1

Zdi
)
⊗ F ∼= Fs.

↑ ↑
by Theorem 89.17 and the Tor-Properties Lemma 89.15 (4) since F is torsion-freesee page 1910

Now suppose that F is a �eld of characteristic p. We make the following observation. For
any n ∈ N we have

Zn ⊗ F = coker
(
F ·n−→ F

)
=

{
F, if p|n,
0, else and Tor(Zn,F) = ker

(
F ·n−→ F

)
=

{
F, if p|n,
0, else.↑ ↑

Tensor Lemma 89.3 (3) Tor-Properties Lemma 89.15 (6)

Then
Hk(X;F) ∼= Hk(X;Z)⊗ F⊕ Tor(Hk−1(X;Z),F) ∼= Fs ⊕ Fγ ⊕ Fα.

↑ ↑
by Theorem 89.17 by the Tor-Properties Lemma 89.15, the discussion

on page 1910 and the above observations �
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Now we have
dimF(Hk(X;F)) = dimF(Hom(Hk(X;F),F)) = dimF(Hk(X;F))

↑ ↑
Cohomology-Field Coe�cients Proposition 110.18since by the claim Hk(X;F) is �nite-dimensional

We could also prove the equality dimF(Hk(X;F)) = dimF(Hk(X;F)) without appealing
to the Cohomology-Field Coe�cients Proposition 110.18. Indeed, using Theorem 110.12,
the fact that for any abelian group G we have Hom(Zn, G) ∼= ker(G

·n−→ G) and Proposi-
tion 110.6 one can easily compute dimF(Hk(X;F)) and one ends up with the same calcula-
tion as in the above claim. We leave it to the reader to �ll in the details. �

110.5. Proof of the Cohomology-Field Coe�cients Proposition 110.18 (∗). In this
section we give the proof of the Cohomology-Field Coe�cients Proposition 110.18. Before
we can provide the proof we need to prepare the ground.
Let F be a �eld. We de�ne a chain complex over F to be a chain complex (V∗, v∗) where
all chain groups are F-vector spaces and all boundary maps are F-homomorphisms. For
example, if (C∗, ∂∗) is a chain complex of abelian groups, then (C∗ ⊗ F, ∂∗ ⊗ id) is easily
seen to be a chain complex over F.
Given a chain complex (V∗, v∗) over the �eld F and given n ∈ N0 its n-homology

Hn(V ) :=
ker(vn : Vn → Vn−1)

im(vn+1 : Vn+1 → Vn)
.

is an F-vector space in a natural way.
We also de�ne cochain complexes and cochain maps over F in the obvious way. For

example, if (C∗, c∗) is a chain complex, then the dual cochain complex (Hom(C∗(X,F)), c∗)
is a cochain complex over F.

Given a chain complex (V∗, v∗) over F we obtain a cochain complex by considering
(HomF(V∗;F), v∗) and we de�ne its n-th cohomology group to be the F-vector space

Hn(V ;F) :=
ker(v∗n+1 : HomF(Vn,F)→ HomF(Vn+1,F))

im(v∗n : HomF(Vn−1,F)→ HomF(Vn,F))
.

Theorem 110.20. Let F be a �eld and let (V∗, v∗) be a chain complex over F. Then the
map evF : Hk(V ;F) 7→ HomF(Hk(V ),F).

(ϕ : Vk → F) →
(

Hk(V ) → F
[c] 7→ ϕ(c)

)
is well-de�ned and it is an isomorphism of F-vector spaces.
Proof. This theorem is in fact identical to Theorem ??. If the reader did not make it
to Theorem ??, then note that the proof of Theorem 110.20 is a variation, and mostly a
simpli�cation, of the proof of the Universal Coe�cient Theorem 110.11 for Cohomology
Groups. �

We will also need the following lemma.
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Lemma 110.21. Let C be an abelian group and let F be a �eld. Then the map1343

ΦC : HomZ(C,F) → HomF(C ⊗ F,F)

(ϕ : C → F) 7→

(
C ⊗ F → F

k∑
i=1
ci ⊗ ai 7→

k∑
i=1
ϕ(ci) · ai

)
is an isomorphism.

Proof. It is straightforward to verify that an inverse map to ΦC is given by the following
homomorphism of F-vector spaces:

ΨC : HomF(C ⊗ F,F) → HomZ(C,F)

(ϕ : C ⊗ F→ F) 7→
(
C

c 7→c⊗1−−−−→ C ⊗ F ϕ−→ F
)
.

�

Corollary 110.22. Let C∗ be a chain complex and let F be a �eld. The maps

ΦCk : HomZ(Ck,F) → HomF(Ck ⊗ F,F) with k ∈ N0

from the previous lemma de�ne an isomorphism of cochain complexes of F-vector spaces,
in particular for each k ∈ N0 they induce an isomorphism

Φ: Hk(C;F) → Hk(C ⊗ F;F)

of F-vector spaces.

Proof. By Lemma 110.21 the maps ΦCk , k ∈ N0, are isomorphisms of the cochain vector
spaces. It is straightforward to see that these maps are also cochain maps. �

Now we can �nally provide the proof of the Cohomology-Field Coe�cients Proposition 110.18.

Proof of the Cohomology-Field Coe�cients Proposition 110.18. Let (X,A) be a
pair of topological spaces and let F be a �eld. We write C∗ = C∗(X,A). Given k ∈ N0 we
consider the diagram

Hk(C ⊗ F;F)
evF

**

Hk(C;F) ev
//

Φ
66

HomF(Hn(C ⊗ F),F).

It follows easily from the de�nitions that for any representative in Hk(C;F) the image under
the composition of the two diagonal maps agrees with the image under the map ev. This
implies that ev is well-de�ned and that the diagram commutes.

Also note that the left diagonal map is an isomorphism by Corollary 110.22 whereas
the right diagonal map is an isomorphism by Theorem 110.20. In particular the bottom
map is an isomorphism. But that is exactly what we had wanted to show. �

1343Note that to the left we consider homomorphisms of Z-modules, i.e. homomorphisms of abelian groups
whereas to the right we consider homomorphisms of F-vector spaces.
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110.6. Change of coe�cients in cohomology. Let (C∗, ∂∗) be a chain complex of free
abelian groups and let G be an abelian group. By the Algebraic Universal Coe�cient
Theorem 89.16 we can relate the homology groups of C∗ ⊗ G to the homology groups of
C∗. Furthermore, by the Universal Coe�cient Theorem for Cohomology Groups 110.11 we
can relate the cohomology groups H∗(C∗;G) to the homology groups H∗(C). The following
question arises.

Question 110.23. Can we relate the cohomology groups H∗(C;G) to the cohomology
groups H∗(C;Z)?
It turns out that the question is slightly subtle. To formulate the answer we need the
following lemma.
Lemma 110.24. Let G be an abelian group.
(1) For any abelian group H the map

µ : Hom(H,Z)⊗G → Hom(H,G)
m∑
i=1

ϕi ⊗ gi 7→

(
H → G

h 7→
m∑
i=1
ϕi(h) · gi

)
is a well-de�ned natural homomorphism.

(2) Given a chain complex (C∗, ∂∗) the map

Hn(C;Z)⊗G µ−→ Hn(C;G)
m∑
i=1

[ϕi]⊗ gi 7→
m∑
i=1

[µ(ϕi ⊗ gi)]

is well-de�ned.
Proof. The proof is elementary and is left to the reader. �

The following theorem gives an a�rmative answer to Question 110.23, albeit only under
an extra hypothesis.

Theorem 110.25. (Universal Coe�cient Theorem) Let (C∗, ∂∗) be a chain complex
of free abelian groups and let G be an abelian group. We suppose that all cohomology
groups Hn(C∗;Z) are �nitely generated. Then for each n ∈ N0 there exists a short exact
sequence of the form

0 → Hn(C;Z)⊗G µ−→ Hn(C;G) → Tor(Hn+1(C;Z), G) → 0.
[ϕ]⊗ g 7→ [µ(ϕ⊗ g)]

Furthermore the short exact sequence splits.1344

The key to proving the Universal Coe�cient Theorem 110.25 is the following elementary
but subtle lemma.
Lemma 110.26. Let G be an abelian group. If H is a free abelian group of �nite rank,
then the map µ : Hom(H,Z)⊗G → Hom(H,G)

1344As always, the splitting is not natural. In fact in this theorem we do not even claim that the short
exact sequence is natural. The reason is that the construction of the short exact sequence involves a choice
of the chain complex D∗ and we do not intend to discuss the question how that choice a�ects the map on
the right hand side.
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is an isomorphism.
Proof. Let v1, . . . , vn be a basis for the �nitely generated free abelian group H. We denote
by ϕ1, . . . , ϕn the dual basis of Hom(H,Z). In other words, these are the homomorphisms
that are uniquely determined by ϕi(vj) = δij. We leave it to the reader to verify that the
map ν : Hom(H,G) → Hom(H,Z)⊗G

ψ 7→
n∑
i=1
ϕi ⊗ ψ(vi)

is an inverse to the homomorphism µ. �

We will also need the following lemma.

Lemma 110.27. Let (C∗, ∂∗) be a chain complex of free abelian groups. If all cohomology
groups Hn(C∗;Z) are �nitely generated, then all homology groups Hn(C∗) are also �nitely
generated.

Proof of Lemma 110.27. Let (C∗, ∂∗) be a chain complex of free abelian groups such
that all cohomology groups Hn(C∗;Z) are �nitely generated. By the Universal Coe�cient
Theorem 110.11 for Cohomology Groups there exists an isomorphism

Hn(C;Z) ∼= Ext(Hn−1(C),Z)⊕ Hom(Hn(C),Z) for every n ∈ N0.

We see that all the groups Ext(Hn−1(C),Z) and Hom(Hn(C),Z) are �nitely generated, in
particular they are countable. But by Proposition 110.10 this implies that all the homology
groups Hn(C∗) are �nitely generated. �

Proof of the Universal Coe�cient Theorem 110.25. LetG be an abelian group. Fur-
thermore let (C∗, ∂∗) be a chain complex of free abelian groups such that all cohomology
groups Hn(C∗;Z) are �nitely generated. It follows from Lemma 110.27 that all homology
groups Hn(C∗) are also �nitely generated. Thus we obtain from the Finite-Rank Chain
Complex Lemma 81.14 that there exists a chain homotopy equivalence h : C∗ → D∗ from
(C∗, ∂∗) to a chain complex (D∗, ∂∗) such that each chain group Dn is a �nitely generated
free abelian group. Now we consider the following diagram:

0 //

=Hn(D;Z) by def.︷ ︸︸ ︷
Hn(Hom(D∗,Z))⊗G

[ϕ]⊗g 7→[ϕ⊗g]
// Hn(Hom(D∗,Z);G)

µ∼=
��

// Tor(

=Hn+1(D;Z) by def.︷ ︸︸ ︷
Hn+1(Hom(D∗,Z)), G) // 0.

Hn(D;Z)⊗G
=
OO

µ
// Hn(Hom(D∗, G)) Tor(Hn+1(D;Z), G)

=
OO

Hn(D;Z)⊗G
=

OO

µ
//

h∗∼=
��

Hn(D∗;G)

=

OO

h∗∼=
��

Tor(Hn+1(D;Z), G)

=

OO

h∗∼=
��

Hn(C;Z)⊗G µ
// Hn(C;G) Tor(Hn+1(C;Z), G).

We make the following clari�cations:
(1) The horizontal sequence on the top is the short exact sequence obtained from the

Algebraic Universal Coe�cient Theorem 89.16 which we applied to the chain complex
E∗ = Hom(D−∗,Z). We need to invert the sign of the degrees twice, thus we end
up with the degree n + 1 = −((−n) − 1) on the right hand side. We know by the
UCT-Splitting Proposition 89.21 that the short exact sequence splits.
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(2) It follows from Lemma 110.26 that the middle vertical map between the �rst two
rows is an isomorphism. Here we use that each chain group of D∗ is a free abelian
group of �nite rank.

(3) One can easily verify that the diagram commutes.
(4) By the Dual Cochain Map Lemma 108.8 (4) the bottom vertical maps are isomor-

phisms.

It is now clear that we obtain the desired short exact sequence. �

The following theorem gives a practical �topological� version of the Universal Coe�cient
Theorem 110.25.
Theorem 110.28. (Universal Coe�cient Theorem) Let X be a topological space and
let G be an abelian group. If all homology groups Hn(X) of X are �nitely generated (e.g.
X could be a compact topological manifold or X could be a CW-complex that has only
�nitely many cells in each dimension1345), then for each n ∈ N0 there exists a short exact
sequence of the form

0 → Hn(X;Z)⊗G µ−→ Hn(X;G) → Tor(Hn+1(X;Z), G) → 0.
[ϕ]⊗ g 7→ [µ(ϕ⊗ g)]

Furthermore the short exact sequence splits.

Proof. This theorem follows immediately from applying the Universal Coe�cient Theo-
rem 110.25 to the singular chain complex of X. �

Remark. In general the hypothesis on X that we put into the Universal Coe�cient The-
orem 110.28 cannot be dropped. For example consider the in�nite string of circles X as
shown in the �gure below and we take G = Q. By the Tor-Properties Lemma 89.15 (4)
we know that all Tor-groups Tor(H,Q) vanish. In Exercise 110.10 we will see that the
groups H1(X;Z)⊗Q and H1(X;Q) are not isomorphic. This shows that in this setting the
sequence stated in the Universal Coe�cient Theorem 110.28 is not exact.

��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��

the groups
H1(X;Z)⊗Q and H1(X;Q)

are not isomorphic
X =

The following lemma gives a convenient interpretation of the map µ appearing in the
Universal Coe�cient Theorem 110.28.
Lemma 110.29. LetX be a topological space, letG be an abelian group and let f : Z→ G
be a homomorphism. The following diagram commutes:

Hn(X;Z)
f∗

**
a 7→ a⊗f(1)

��

Hn(X;Z)⊗G µ
// Hn(X;G).

1345By the Topological Manifolds-Invariants Proposition 104.14 (4) and the Homology-of-CW-Complex
Proposition 80.6 (1) such topological spaces qualify.
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Proof. The statement follows immediately from explicitly writing down the homomor-
phisms. �

Example. Let n ∈ N ∪ {∞}. We denote by f : Z → Z2 the obvious group homomor-
phism. It follows from the Universal Coe�cient Theorem 110.28, from Lemma 110.29,
from the calculations of the cohomology groups H∗(CPn;Z) on page 2424, and from the
properties of Tor-groups, see the Tor-Properties Lemma 89.15, that for any k ∈ N0 the
map f∗ : H∗(CPn;Z)→ H∗(CPn;Z2) is an epimorphism.

We conclude this chapter with the following lemma which unwittingly gets used frequently.
Lemma 110.30. We denote by ϕ : Z→ Q the obvious inclusion. Let n ∈ N0.
(1) Let X be a topological space such that all homology groups are �nitely generated.

We suppose that Hn(X;Z) is a �nitely generated free abelian group. If v1, . . . , vm is
a basis of Hn(X;Z), then ϕ∗(v1), . . . , ϕ∗(vm) is a basis of Hn(X;Q).

(2) Let f : X → Y be a map between topological spaces. We suppose that all homology
groups ofX and Y are �nitely generated and we suppose that Hn(X;Z) and Hn(Y ;Z)
are free abelian groups. We consider the following commutative diagram:

Hn(Y ;Z)
f∗

//

ϕ∗
��

Hn(X;Z)
ϕ∗
��

Hn(Y ;Q)
f∗

// Hn(X;Q).

Suppose v1, . . . , vr is a basis for Hn(X;Z) and that w1, . . . , ws is a basis for Hn(Y ;Z).
The matrix that represents f ∗ : Hn(Y ;Z)→ Hn(X;Z) with respect to the given bases
also represents f ∗ : Hn(Y ;Q)→ Hn(X;Q) with respect to the bases ϕ∗(v1), . . . , ϕ∗(vr)
and ϕ∗(w1), . . . , ϕ∗(ws).

Proof.
(1) This statement follows easily from the Universal Coe�cient Theorem 110.28 together

with the Tor-Properties Lemma 89.15 (4) and Lemma 110.29.
(2) The fact that the diagram commutes is an immediate consequence of Lemma 108.9.

The remaining statement is just a psychologically helpful reinterpretation of the fact
that the diagram commutes. �

Exercises for Chapter 110.

Exercise 110.1. Let C∗ be a chain complex of free abelian groups and let n ∈ N. Show
that there does not exist a natural isomorphism

Hn(C;G) ∼= Ext(Hn−1(C), G)⊕ Hom(Hn(C), G).

Exercise 110.2. Let {An}n∈N be a sequence of �nitely generated abelian groups. We
assume that A0 and A1 are free abelian groups. Show that there exists a connected CW-
complex X such that for any n ∈ N we have Hn(X;Z) ∼= An.
Hint. Use Proposition 79.10.
Remark. The statement is not true if we drop the hypothesis that the groups are �nitely
generated, in fact as is shown in [Luc1978] (see also [KaW1961]) there is no topological
space X with Hn(X;Z) ∼= Q for some n ∈ N0.
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Exercise 110.3. Let (P,≤) be a partially ordered set and let Q be a subset. Is an upper
bound necessarily a maximal element? And conversely, is a maximal element necessarily
an upper bound?

Exercise 110.4. Let X and Y are topological spaces. Suppose that Hn(X;Z) ∼= Hn(Y ;Z)
for some n ∈ N0. Does it follow that Hn(X;Z) and Hn(Y ;Z) are also isomorphic?

Exercise 110.5. Redo Exercise 109.3. More precisely, use the Universal Coe�cient Theo-
rem 110.12 for Cohomology Groups to determine the isomorphism types of the cohomology
groups of the Klein bottle with F2-coe�cients, with F3-coe�cients and with Z-coe�cients.

Exercise 110.6. Give an explicit example of a cocycle ϕ : C1(RP2) → F2 that represents
a generator of H1(RP2;F2) ∼= F2.

Exercise 110.7. Let M be a compact oriented connected n-dimensional topological man-
ifold with connected non-empty boundary. Show that δ([∂M ]∗) = [M ]∗ ∈ Hn(M,∂M ;Z)
where δ denotes the connecting homomorphism in the long exact sequence of cohomology
groups of the pair (M,∂M).
Hint. Use the Fundamental Class-of-Boundary Proposition 106.27.

Exercise 110.8.
(a) Let G and H be Q-vector spaces. Let ϕ : G → H be a homomorphism of abelian

groups. Show that ϕ is also a homomorphism of Q-vector spaces.
(b) Show that the abelian groups Q and Q2 are not isomorphic.
(c) Show that the abelian groups R and R2 are isomorphic.
(d) Use (a) and (b), together with the existence of Moore spaces, see the Moore Space Ex-

istence Proposition 79.11, and together with the Universal Coe�cient Theorem 110.12
for Cohomology Groups and Proposition 110.9 to conclude that there exist topolog-
ical spaces X and Y such that Hn(X;Z) ∼= Hn(Y ;Z) for all n ∈ N0 but such that
H1(X;Z) is not isomorphic to H1(Y ;Z).

Remark. This exercise shows that in Corollary 108.19 the roles of homology and cohomology
are not symmetric.

Exercise 110.9. Let H be a free abelian group and let G be an abelian group. As in
Lemma 110.26 we consider the map

Hom(H,Z)⊗G → Hom(H,G)
m∑
i=1
ϕi ⊗ gi 7→

(
H → G

h 7→
m∑
i=1
ϕi(h) · gi

)
.

Show that this map is in general not an isomorphism.

Exercise 110.10. We consider the topological space X shown in the �gure on page 2458.
Show that the map

µ : H1(X;Z)⊗Q → H1(X;Q)

from Lemma 110.24 is not an isomorphism.

Exercise 110.11. Show that there exists a topological space X such that the two groups
H1(X;Z)⊗Q and H1(X;Q) are not isomorphic.
Hint. You could make use of Proposition 79.10 to �nd unusual topological spaces.
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Exercise 110.12. Let X be a topological space which is Z-�nite in the sense of the de�ni-
tion on page 2116, i.e. all homology groups Hi(X) are �nitely generated abelian groups and
all but �nitely many homology groups Hi(X) are zero. Let ϕ : X → X be a map. Show
that∑
k∈N0

(−1)k · tr(ϕ∗ : Hk(X;Z)→ Hk(X;Z))︸ ︷︷ ︸
Lefschetz number Λ(ϕ) as de�ned on page 2116

=
∑
k∈N0

(−1)k · tr(ϕ∗ : Hk(X;Z)→ Hk(X;Z)).
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111. Cohomology groups and limits

111.1. Direct limits of direct systems. In the intermediate future direct limits of direct
systems and inverse limits of inverse systems will play a large role. To fortify us for these
discussions we recall the de�nitions and we prove some fairly elementary but useful lemmas
regarding limits.
First we recall the following de�nition from page 1256.

De�nition. A directed set is a set I together with a relation ≤ on I which satis�es the
following three conditions:
(1) the relation is re�exive, i.e. for any i ∈ I we have i ≤ i.
(2) the relation is transitive, i.e. for any i, j, k ∈ I we have

i ≤ j and j ≤ k =⇒ i ≤ k.

(3) for any i, j ∈ I there exists a k ∈ I with i ≤ k and j ≤ k.

Examples.
(a) Evidently the natural numbers N together with the usual �≤� relation form a directed

set (N,≤).
(b) Let M be a set. We denote by P(M) the power set of M , i.e. the set of all subsets

of M . Then the relation given by �Ď� turns P(M) into a directed set. To prove this
claim it only remains to verify (3). But this also holds, since for any X, Y ∈ P(M),
i.e. for any subsets X, Y of M we can take Z = X ∪ Y and we then have X Ď Z and
Y Ď Z.

Next we recall the following de�nition from page 1257.

De�nition. Let (I,≤) be a directed set and let C be a category. A direct system over
the directed set1352 (I,≤) is a family of objects {Xi}i∈I in C, together with a family of
morphisms {fij : Xi → Xj} for all i, j ∈ I with i ≤ j such that the following two conditions
are satis�ed:
(1) fii = idXi for all i ∈ I,
(2) fik = fjk ◦ fij for all i, j, k ∈ I with i ≤ j ≤ k.

Example. Let C be a category and let

X1
g1−→ X2

g2−→ X3
g3−→ X4

g4−→ . . .

be a sequence of morphisms in the category C . For i ∈ N0 we set fii = id and for i ≤ j we
set fij = gj−1 ◦ · · · ◦gi+1 ◦gi : Xi → Xj. It is clear that ({Xi}i∈N, {fij}i≤j) is a direct system
over the directed set (N,≤). By a slight abuse of notation we refer to such a sequence
({Xi}i∈N, {gi : Xi → Xi+1}i∈N) also as a direct system.

Finally we also recall the de�nition of a direct limit from page 1258.

De�nition. Let (I,≤) be a directed set and let C be a category. Suppose we are given a
direct system ({Xi}i∈I , {fij}i≤j) in the category C . A direct limit of the direct system is

1352On page 1257 we had also considered direct systems that are de�ned over preordered sets, but for the
remainder of this course we are only interested in direct systems over directed sets.
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an object lim−→Xi in C together with morphisms hi : Xi → lim−→Xi, i ∈ I in the category C
such that the following two conditions are satis�ed:
(1) For all k ≤ l we have hl ◦ fkl = hk : Xk → lim−→Xi, i.e. for all k ≤ l the following

diagram commutes Xl hl
**
lim−→Xi.

Xk
hk

44
fkl

OO

(2) If we are given another object Y and morphisms h′i : Xi → Y, i ∈ I that satisfy (1),
then there exists a unique morphism F : lim−→Xi → Y such that for all k ≤ l the
following diagram commutes

Xl

hl
))

h′l

%%
lim−→Xi

F

∃!
// Y.

Xk

hk 66

h′k

99fkl

OO

As we pointed out on page 1258, the direct limit of direct system, if it exists, is in an
appropriate sense unique up to isomorphism.
The following proposition is a variation on the Direct Limit Existence Proposition 56.1.

Proposition 111.1. (Direct Limit Existence Proposition) Let (I,≤) be a directed
set and let ({Xi}i∈I , {fij}i≤j) be a direct system over one of the following categories:
(1) the category of abelian groups,
(2) the category of R-modules, where R is a commutative ring,
(3) the category of chain complexes,
(4) the category of cochain complexes.

Then1353

lim−→Xi :=
( ⊔
i∈I
Xi

)
/ ∼ where x ∼ fij(x) for all i ≤ j, x ∈ Xi

with the obvious maps Xi → lim−→Xi is a direct limit. Here we view lim−→Xi as a group as
follows: if we are given a ∈ Xi and b ∈ Xj, then by de�nition of a directed set there exists
a k ∈ I with i ≤ k and j ≤ k, and we de�ne1354

[a] + [b] :=
[
fik(a)︸ ︷︷ ︸
∈Xk

+ fjk(b)︸ ︷︷ ︸
∈Xk︸ ︷︷ ︸

addition in Xk

]
∈ lim−→Xi.

Depending on the category we are dealing with we can also equip lim−→Xi with an R-module

structure or we can equip it with (co) boundary maps.

1353The construction of the direct limit that we gave in the Direct Limit Existence Proposition 56.1 was
di�erent, and arguably more complicated, since there we had considered direct systems over arbitrary
preordered sets.
1354It is straightforward to verify that this de�nition does not depend on the choice of k.
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Proof. This explicit construction of the direct limit was already given on page 1262. The
proof of the proposition is a not overly exciting exercise in going through all the de�nitions.
We leave this task to the reader. �

Now we give three lemmas which will be helpful in getting direct limits �under control�.

Lemma 111.2. Let (I,≤) be a directed set and let ({Xi}i∈I , {fij : Xi → Xj}i≤j) be a
direct system over I in one of the four categories that we had considered in the Direct
Limit Existence Proposition 111.1. Then the following four statements hold:
(1) Every element in lim−→Xi lies in the image of one of the maps Xj → lim−→Xi.

(2) Let aj ∈ Xj and let ak ∈ Xk. The images of aj and ak in lim−→Xi agree if and only if

there exists an l ∈ I with l ≥ j and l ≥ k such that fjl(aj) = fkl(ak) ∈ Xl.
(3) Let aj ∈ Xj. The image of aj in lim−→Xi is zero if and only if there exists a k ≥ j

such that fjk(aj) = 0 ∈ Xk.
(4) If all maps fij : Xi → Xj are isomorphisms, then for any j ∈ I the obvious map

Xj → lim−→Xi is an isomorphism.

Proof.
(1) The �rst statement follows immediately from the explicit description of the direct

limit given in the Direct Limit Existence Proposition 111.1.
(2) The second statement will be proved in Exercise 111.1. For the exercise it is useful

to note that the symbol �∼� in the de�nition of lim−→Xi in the Direct Limit Existence
Proposition 111.1 is only a relation and we really have to work with the equivalence
relation generated by this relation, see page 258 for more information.

(3) The third statement is a special case of the second statement.
(4) The last statement will be proved in Exercise 111.1. �

The second lemma is useful for simplifying calculations.

Lemma 111.3. (Limit-over-Subset Lemma) Let (I,≤) be a directed set. Furthermore
let ({Xi}i∈I , {fij : Xi → Xj}i≤j) be a direct system over I in one of the four categories
that we had considered in the Direct Limit Existence Proposition 111.1. Let J be a subset
of I such that (J,≤) is again a directed set.
(1) There exists a unique map

lim−→
j∈J

Xj −→ lim−→
i∈I

Xi

such that for any j ∈ J the following diagram commutes:

Xj

ww ''

lim−→
j∈J

Xj
// lim−→
i∈I

Xi.

(2) If J has the property that given any i ∈ I there exists a j ∈ J with i ≤ j, then the
above map
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lim−→
j∈J

Xj −→ lim−→
i∈I

Xi

is an isomorphism.
The �rst part of the lemma is just an immediate consequence of the de�nition of the direct
limit over the directed set J . As we will see, the second statement is a fairly straightforward
consequence of the next lemma. But it is also a good exercise to prove the above second
statement �by hand�.
The following de�nition is a generalization of the de�nition on page 1753.

De�nition. Let (I,≤) and (J,≤) be directed sets.
(1) A morphism between the directed sets (I,≤) and (J,≤) is a map ϕ : I → J such

that for any i1 ≤ i2 in I we have ϕ(i1) ≤ ϕ(i2).
(2) A morphism ϕ : I → J is called co�nal if given any j ∈ J there exists an i ∈ I with

ϕ(i) ≥ j.
(3) Let ({Ki}i∈I , {χi1i2}i1≤i2) and ({Lj}j∈J , {λj1j2}j1≤j2) be direct systems in one of

the four categories that we had considered in the Direct Limit Existence Propo-
sition 111.1. A homomorphism between the direct systems is a family {fi : Ki →
Lϕ(i)}i∈I of homomorphisms that has the property that for any i1 ≤ i2 the following
diagram commutes:

Ki2

fi2 // Lϕ(i2)

Ki1

χi1i2

OO

fi1 // Lϕ(i1)

λϕ(i1)ϕ(i2)

OO

(4) The maps Ki
fi−→ Lϕ(i) → lim−→Lj induce, by the universal property of a direct limit,

a map lim−→
i∈I

Ki → lim−→
j∈J

Lj

which is uniquely determined by the property that for any i ∈ I the following
diagram commutes

Ki
fi //

��

Lϕ(i)

��

lim−→
i∈I

Ki
// lim−→
j∈J

Lj.

Lemma 111.4. (Co�nal-Isomorphism Lemma) Let {fi : Ki → Lϕ(i)}i∈I be a homo-
morphism between two direct systems ({Ki}i∈I , {χi1i2}i1≤i2) and ({Lj}j∈J , {λj1j2}j1≤j2) in
one of the four categories that we had considered in the Direct Limit Existence Proposi-
tion 111.1. Suppose the following two conditions are satis�ed:
(1) the morphism ϕ : I → J is co�nal, and
(2) for each i ∈ I the map fi : Ki → Lϕ(i) is an isomorphism.

Then the induced map lim−→
i∈I

Ki → lim−→
j∈J

Lj

is an isomorphism.
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Sketch of proof. Let j ∈ J . Since ϕ : I → J is co�nal we can pick i ∈ I with f(i) ≥ j.
We de�ne

gj : Lj → lim−→
i∈I

Ki

x 7→ [f−1
i (λj,f(i)(x))].

It is straightforward to verify that this map does not depend on the choice of i. Using this
observation it is elementary to verify that for any j1 ≤ j2 the following diagram commutes:

Lj2 gj2

))

lim−→
i∈I

Ki.

Lj1
gj1

55
λj1j2

OO

But by the universal property of the direct limit this implies that we get an induced

lim−→
j∈J

Lj → lim−→
i∈I

Ki.

We leave it to the reader to verify that this map is an inverse to the map under consideration.
�

111.2. Inverse limits of inverse systems. We recall the following de�nition from page 1273.

De�nition. Let (I,≤) be a directed set and let C be a category. An inverse system in the
category C over I is a family of objects {Xi}i∈I in C, together with a family of morphisms
{fji : Xj → Xi} for all i, j ∈ I with i ≤ j1355 such that the following two conditions are
satis�ed:
(1) fii = idXi for all i ∈ I,
(2) fki = fji ◦ fkj for all i, j, k ∈ I with i ≤ j ≤ k.

Example. Let C be a category and let

. . .
g4−→ X4

g3−→ X3
g2−→ X2

g1−→ X1

be a sequence of morphisms in the category C . For i ∈ N we set fii = id and for i ≤ j we set
fji = gi ◦ · · · ◦ gj−1 : Xj → Xi. It is clear that ({Xi}i∈I , {fji}i≤j) is an inverse system over
the directed set (N,≤). It is also clear that any inverse system over (N,≤) arises that way.
By a slight abuse of notation we refer to such a sequence ({Xi}i∈N, {gi : Xi+1 → Xi}i∈N)
also as an inverse system.

Using the convention from the previous example we can now reformulate in our context
the original de�nition of an inverse limit from page 1273.

De�nition. Let ({Xi}i∈N, {gi : Xi+1 → Xi}i∈N) be an inverse system in a category C .
An inverse limit of the inverse system is an object lim

←−
Xi in C together with morphisms

1355So in an inverse system, given i ≤ j we have a morphism Xj → Xi, whereas in a direct system we had
a morphism Xi → Xj .
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hi : lim
←−

Xi → Xi, i ∈ I, in the category C such that the following two conditions are
satis�ed:
(1) For all i ∈ N we have gi ◦ hi+1 = hi : lim

←−
Xi → Xi, i.e. for all i ∈ N the following

diagram commutes
Xi+1

gi

��
lim
←−

Xi

hi+1 44

hi
**
Xi.

(2) If we are given another object Y and morphisms h′i : Y → Xi, i ∈ N, that satisfy
(1), then there exists a unique morphism F : Y → lim

←−
Xi such that for all i ∈ N the

following diagram commutes

Xi+1

gi

��

Y

h′i+1 ..

h′i
00

F

∃!
// lim
←−

Xi

hi+1

77

hi

((
Xi.

Throughout the remainder of this course we will only be interested in inverse systems over
the directed set (N,≤). In the following proposition we give an explicit description of
inverse limits for this special case. The proposition can be viewed as a slight variation on
the Inverse Limit Existence Proposition 56.15.

Proposition 111.5. (Inverse Limit Existence Proposition) Let ({Xi}i∈N, {gi : Xi+1 →
Xi}i∈N) be an inverse system over one of the following categories:
(1) the category of abelian groups,
(2) the category of R-modules, where R is a commutative ring,
(3) the category of chain complexes,
(4) the category of cochain complexes.

Then lim
←−

Xi :=
{

(xi)i∈N ∈
∏
i∈N
Xi

∣∣ gi(xi+1) = xi for all i ∈ N
}

with the natural projections lim
←−

Xi → Xi is a direct limit.

Proof. This proposition is implicitly proved on page 1279. �

Remark. the Inverse Limit Existence Proposition 111.5 can be summarized as saying that,
under the hypothesis of the proposition, we have

lim
←−

Xi = all in�nite sequences (x1, x2, x3, . . . ) of the form

x3 ∈ X3

7→ ↓ g2

x2 ∈ X2

7→ ↓ g1

x1 ∈ X1.

Example. For each i ∈ N we de�ne Xi := Zi and we denote by

gi : Zi+1 → Zi
(x1, . . . , xi+1) 7→ (x1, . . . , xi)
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the projection . Then ({Zi}i∈N, {gi}i∈N) forms an inverse system in the category of abelian
groups. As we had already pointed out on page 1279, using the description of the inverse
limit provided in the Inverse Limit Existence Proposition 111.5 one can show fairly easily
that

lim
←−
i∈N

Zi = {(x1, x2, x3, . . . ) | xj ∈ Z} ∼= ZN.

We conclude this section with the following analogue of the Direct Limit Stabilization
Lemma 56.2.
Lemma 111.6. (Indirect Limit Stabilization Lemma) Let fn : Xn → Xn+1 be a
sequence of morphisms in any category. Suppose there exists an N ∈ N such that all fn
for n ≥ N are isomorphisms. Then lim

←−
Xn exists and the natural map lim

←−
Xn → XN is an

isomorphism.

Proof. We leave it to the reader to prove this elementary lemma. �

111.3. Cohomology groups and inverse limits. In Propositions 56.7 and 79.4 we saw
that in favorable situations the fundamental group and the homology groups of a union
of topological spaces are the direct limit of the corresponding fundamental groups and
homology groups. In this section we will try to extend these results to cohomology groups.
The results will not only be useful for computing cohomology groups, but they will also play
an essential role in many proofs later on. For example the proof that de Rham cohomology
is isomorphic to singular cohomology with real coe�cients will build on the somewhat
technical results of this section.
We recall that the Exhaustions-H∗-Proposition 79.4 was a consequence of the following two
lemmas. The �rst lemma is of topological nature.

Lemma 79.5. (Exhaustion-Chain Complex Lemma) Let X be a topological space
and let X1 Ă X2 Ă X3 Ă . . . be a sequence of subsets such that every compact subset of
X is already contained in one of the Xi. Then the chain complexes C∗(Xi), i ∈ N together
with the inclusion induced chain maps C∗(Xi) → C∗(Xj) for i ≤ j form a direct system
of chain complexes. Furthermore the inclusion induced maps C∗(Xi)→ C∗(X) induce an
isomorphism

lim−→C∗(Xi)
∼=−−→ C∗(X)

of chain complexes.
The second lemma is purely algebraic.

Lemma 79.6. (Direct Limit-Homology Lemma) Let ({Ci}i∈N, {gi : Ci → Ci+1}i∈N)
be a direct system of chain complexes. Then for each n ∈ N0 we obtain an induced direct
system ({Hn(Ci)}i∈N, {gi∗}i∈N) of abelian groups. Furthermore, given any n ∈ N0 the maps
Hn(Ci)→ Hn

(
lim−→Ci

)
induce an isomorphism

lim−→Hn(Ci)
∼=−→ Hn

(
lim−→Ci

)
.

Let ({Ci}i∈N, {gi : Ci → Ci+1}i∈N) be a direct system of chain complexes. The last lemma
can be summarized as follows: for every j ∈ N and any n ∈ N0 we have the following
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diagram
Hn(Cj+1)

)) ))

lim−→Hn(Ci)
∼= // Hn

(
lim−→Ci

)
Hn(Cj)

55 55

gj∗

OO

Now we turn to cohomology groups. Let G be an abelian group. Whereas homology is
a covariant functor, cohomology is a contravariant functor. This implies that from the
above direct system of chain complexes we obtain for each n ∈ N0 an inverse system
({Hn(Ci;G)}i∈N, {g∗i : Hn(Ci+1;G) → Hn(Ci;G)}i∈N) of abelian groups. Furthermore the
maps Ci → lim−→Ci induce maps Hn(lim−→Ci;G)→ Hn(Ci;G). Put di�erently, for any j ∈ N
we are in the following situation

Hn(Cj+1;G)

g∗j

��

Hn
(
lim−→Ci;G

)
//

//

//

lim
←−

Hn(Ci;G)

))

55

Hn(Cj;G)

where the dotted arrow exists by the de�nition of the inverse limit of the groups Hn(Ci;G).
The question is whether the dotted arrow is in fact an isomorphism, put di�erently, the
following question arises.

Question 111.7. Let ({Ci}i∈N, {gi : Ci → Ci+1}i∈N) be a direct system of chain complexes.
Is the above map

Hn
(
lim−→Ci;Z

)
→ lim

←−
Hn(Ci;Z)

always an isomorphism?
It turns out that this is not necessarily the case. To formulate the relationship between the
two sides of the above question it is useful to rewrite the inverse limit from the Inverse Limit
Existence Proposition 111.5. More precisely, given an inverse system ({Di}i∈N, {gi : Di+1 →
Di}i∈N) of abelian groups we consider the map

µ :
∏
i∈N
Di →

∏
i∈N
Di

(xi)i∈N 7→ (xi − gi(xi+1))i∈N.

the Inverse Limit Existence Proposition 111.5 can be reformulated as saying that

lim
←−

Di = ker(µ).

This leads us to the following de�nition.

De�nition. Let ({Di}i∈N, {gi : Di+1 → Di}i∈N) be an inverse system of abelian groups.
Using the above notation we de�ne1356

lim
←−

1Di := coker(µ).
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Example. We consider the inverse system

D∗ : . . .
0−→ Z ·2−→ Z 0−→ Z ·2−→ Z → 0.

In Exercise 111.2 we will see that lim
←−

D∗ = 0 and lim
←−

1D∗ = 0. Furthermore, we also
consider the inverse system

E∗ : . . .
·5−→ Z ·4−→ Z 3−→ Z ·2−→ Z → 0.

In Exercise 111.2 we will see that lim
←−

1E∗ 6= 0. Furthermore in Exercise 111.3 we will see
that this inverse system arises �in nature�, i.e. we will see that there exists a nested sequence
of topological spaces Xi such that for each i ∈ N we have H1(Xi;Z) ∼= Z and such that for
each i ∈ N the map H1(Xi+1;Z)→ H1(Xi;Z) is given by multiplication by i+ 1.

We cannot proceed without introducing the following somewhat technical de�nition.

De�nition. We say an inverse system of abelian groups ({Di}i∈N, {gi : Di+1 → Di}i∈N)
satis�es the Mittag-Lef�er condition if given any i ∈ N there exists an n ≥ i such that for
all s ≥ n we have

im(gi ◦ · · · ◦ gs−1 : Ds → Di) = im(gi ◦ · · · ◦ gn−1 : Dn → Di).

.

. . . Ds+2
gs+1−−→ Ds+1

gs−→ Ds
gs−1−−→ Ds−1

gs−2−−→ . . . , Di+1
gi−→ Di

gi−1−−→ . . .

same images

Example. It is straightforward to verify that the above inverse system D∗ satis�es the
Mittag-Le�er condition whereas the above inverse system E∗ does not satisfy the Mittag-
Le�er condition.

In many situations one can ignore the precise de�nition of the Mittag-Le�er condition and
instead one can appeal to the following lemma which in fact follows immediately from the
de�nitions.
Lemma 111.8. Let ({Di}i∈N, {gi : Di+1 → Di}i∈N) be an inverse system of abelian groups.
If there exists an m ∈ N such that for all i ∈ N the map gi : Di+1 → Di is an epimorphism,
then the inverse system satis�es the Mittag-Le�er condition.
Our main interest in the Mittag-Le�er condition arises from the fact that if a direct system
satis�es this condition, then the pesky lim

←−
1 -limit vanishes.

Lemma 111.9. Let ({Di}i∈N, {gi : Di+1 → Di}i∈N) be an inverse system of abelian groups.
If this inverse system satis�es the Mittag-Le�er condition, then

lim
←−

1Di = 0.

1356If R is a commutative ring and if ({Di}i∈N, {gi : Di+1 → Di}i∈N) is an inverse system of R-modules,
then lim

←−
1Di is also an R-module in an obvious way.
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Proof. Let ({Di}i∈N, {gi : Di+1 → Di}i∈N) be an inverse system of abelian groups that
satis�es the Mittag-Le�er condition. This means that given given any i ∈ N there exists
an n(i) ≥ i such that for all s ≥ n(i) we have

im(gi ◦ · · · ◦ gs−1 : Ds → Di) = im(gi ◦ · · · ◦ gn(i)−1 : Dn(i) → Di).

Without loss of generality we can assume that n(i) is monotonously increasing in i. We
have to show that the map

µ :
∏
i∈N
Di →

∏
i∈N
Di

(xi)i∈N 7→ (xi − gi(xi+1))i∈N

is an epimorphism.
Given j ≥ i we now write fji := gi◦· · ·◦gj−1 : Dj → Di. First we consider (ai)i∈N ∈

∏
i∈N
Di

with the property that for all i ∈ N we have ai ∈ im(fn(i),i : Dn(i) → Di). To show that
{ai}i∈N lies in the image of µ it su�ces to prove the following claim.

Claim 1. There exist bi ∈ im(fn(i),i : Dn(i) → Di) with i ∈ N such that for each i we have
ai = bi − gi(bi+1).

Proof. We de�ne the bi inductively. We set b0 = a0. Suppose b0, . . . , bk are already de�ned
with the desired properties. By our hypothesis we have ak ∈ im(fn(k),k) and by our choice
of bk we have bk ∈ im(fn(k),k). By the Mittag-Le�er condition and since we arranged that
n(k + 1) ≥ n(k) we have im(fn(k+1),k) = im(fn(k),k). Thus can we pick c ∈ Dn(k+1) with
fn(k+1),k(c) = ak − bk. Now we put

bk+1 = −fn(k+1),k+1(c).

Then

bk−gk+1(bk+1) = bk+gk+1(fn(k+1),k+1(c)) = bk+(gk+1 ◦ fn(k+1),k+1︸ ︷︷ ︸
=f(n(k+1),k)

)(c) = bk+(ak−bk) = ak.

We have thus shown that b0, . . . , bk+1 have the desired properties. �
Now let (bi)i∈N ∈

∏
i∈N
Di be an arbitrary element. For each i ∈ N we set

ci = bi +
n(i)∑
j=i+1

fj,i(bj).

Claim 2. For each i ∈ N we have bi − (ci − gi(ci+1)) ∈ im(fn(i),i).

Proof. Let i ∈ N. We have

bi − (ci − gi(ci+1)) = bi − bi −
n(i)∑
j=i+1

fj,i(bj) + gi

(
bi+1 +

n(i+1)∑
j=i+2

fj,i+1(bj)
)

= −
n(i)∑
j=i+1

fj,i(bj) + fi+1,i(bi+1) +
n(i+1)∑
j=i+2

fj,i(bj) =
n(i+1)∑
j=n(i)+1

fj,i(bj).

But by de�nition of n(i) we know that for each j ∈ {n(i) + 1, . . . , n(i + 1)} we have
fj,i(bj) ∈ im(fn(i),i). �
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It follows from the claim and the above discussion that (bi − (ci − gi(ci+1)))i∈N lies in the
image of µ. Evidently (ci − gi(ci+1))i∈N lies in the image of µ. Since µ is a homomorphism
we see that (bi)i∈N also lies in the image of µ. �

We continue with the following de�nition.
De�nition. Let R be a commutative ring and let (Xi, fi)i∈N and (Yi, gi)i∈N be inverse
systems of R-modules. A map of inverse systems from (Xi, fi) to (Yi, gi) consists of a
sequence of module homomorphisms ui : Xi → Yi, i ∈ N such that for each i we have
gi ◦ ui = ui−1 ◦ fi.

Remark. Note that a map u : (Xi, fi) → (Yi, gi) between two inverse systems induces a
map u∗ : lim

←−
Xi → lim

←−
Yi and also a map u∗ : lim

←−
1Xi → lim

←−
1 Yi in the obvious way.1357

Now we can formulate the following proposition.

Proposition 111.10. (Direct Limit-Cohomology Proposition) Let ({C∗i }i∈N, {fi : C∗i+1 →
C∗i }i∈N) be an inverse system of cochain complexes over N. If for each k ∈ N0 the inverse
system of cochain groups {Cki }i∈N satis�es the Mittag-Le�er condition, then there exists
a natural1358 short exact sequence of the form

0 → lim
←−
i∈N

1Hn−1(C∗i ) → Hn
(
lim
←−
i∈N

C∗i
)
→ lim

←−
i∈N

Hn(C∗i ) → 0

where the right-hand map is the obvious map.1359 If R is a commutative ring and if the
C∗i are cochain complexes of R-modules, then the maps in the short exact sequence are
natural R-module homomorphisms.

Lemma 111.11. Given any short exact sequence

0 → (Xi, fi)
ui−→ (Yi, gi)

vi−→ (Zi, hi) → 0

of inverse systems of abelian groups there exists a natural exact sequence

0 → lim
←−

Xi
u∗−−→ lim

←−
Yi

v∗−→ lim
←−

Zi
δ−→ lim
←−

1Xi
u∗−−→ lim

←−
1 Yi

v∗−→ lim
←−

1 Zi → 0.

If R is a commutative ring and if all cochain complexes and all maps are in the category of
R-modules, then the maps in short exact sequence are natural R-module homomorphisms.

Proof. We consider the following commutative diagram

0 //
∏
i∈N
Xi

µ
��

u //
∏
i∈N
Yi

µ
��

v //
∏
i∈N
Zi

µ
��

// 0

0 //
∏
i∈N
Xi

u //
∏
i∈N
Yi

v //
∏
i∈N
Zi // 0.

1357Whatever obvious means.
1358As so often it requires a few moments of pondering to �gure out what �natural� is actually supposed
to mean.
1359Here it takes a little e�ort to �gure out what the �obvious� map actually is supposed to be. By
de�nition an inverse limit of cochain complexes comes with cochain maps lim

←−
C∗i → C∗i . Since cohomology

of cochain complexes is covariant in cochain maps we get induced maps Hn(lim
←−

Ci)→ Hn(C∗i ) which then,

by de�nition of the inverse limit, give rise to a map Hn(lim
←−

Ci)→ lim
←−

Hn(C∗i ).
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The horizontal sequences are evidently exact. We can view the rows as chain complexes.
The desired natural exact sequence now follows from theSnake Lemma that we proved in
Exercise 74.9. �

Proof of Proposition 111.10. Let ({C∗i }i∈N, {fi}i∈N) be an inverse system of cochain
complexes such that for each k ∈ N0 the inverse system of cochain groups {Cki }i∈N satis�es
the Mittag-Le�er condition. In the following, given m ∈ N0 and i ∈ N, we denote by
Bm
i = im(Cm−1

i → Cmi ) the image of the (m − 1)-st coboundary map and we denote by
Zm
i = ker(Cmi → Cm+1

i ) the kernel of the m-th coboundary map. These give rise to the
following two short exact sequences of inverse systems

(i) 0 → Bm
i → Zm

i → Hm(Ci) → 0
(ii) 0 → Zm

i → Cm
i → Bm+1

i → 0.

Let m ∈ N0. By our hypothesis the inverse systems {Cmi }i∈N satisfy the Mittag-Le�er
condition. It is straightforward to see that then the inverse system {Bm

i }i∈N also satis�es
the Mittag-Le�er condition. It follows from Lemma 111.9 that

lim
←−

1Bm+1
i = 0 and lim

←−
1Cm

i = 0.

(Here and throughout the proof all limits are taken over i ∈ N.) Using this data we obtain
from Lemma 111.11, applied to the two short exact sequences (i) and (ii) of inverse systems
above, the following two exact sequences:

0 → lim
←−

Bm
i → lim

←−
Zm
i → lim

←−
Hm(Ci)

δ−→ lim
←−

1Bm
i︸ ︷︷ ︸

=0

→ lim
←−

1 Zm
i → lim

←−
1 Hm(Ci) → 0

0 → lim
←−

Zm
i → lim

←−
Cmi → lim

←−
Bm+1
i

δ−→ lim
←−

1 Zm
i → lim

←−
1 Cmi︸ ︷︷ ︸
=0

→ lim
←−

1Bm+1
i → 0.

From these sequence we deduce that the maps

(i) lim
←−

1 Zm
i → lim

←−
1 Hm(Ci)

(ii) lim
←−

Zm
i → Zm

(
lim
←−

Ci
)

:= ker
(
lim
←−

Cmi → lim
←−

Bm+1
i

)
are isomorphisms and that the following sequences are exact

(i') 0 → lim
←−

Bm
i → lim

←−
Zm
i → lim

←−
Hm(Ci) → 0

(ii') 0 → Bm
(
lim
←−

Ci
)

︸ ︷︷ ︸
=:im(lim

←−
Cm−1
i →lim

←−
Bmi )

→ lim
←−

Bm
i → lim

←−
1 Zm−1

i → 0.

From (ii') and the isomorphism (ii) we obtain the inclusions

Bm
(
lim
←−

Ci
)

Ă lim
←−

Bm
i Ă lim

←−
Zm
i = Zm

(
lim
←−

Ci
)
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which gives rise to the short exact sequence1360

0 →
lim−→B

m
i

Bm(lim−→Ci)︸ ︷︷ ︸
= lim−→

1Hm−1(Ci) by (ii') and (i)

→
Zm(lim−→Ci)

Bm(lim−→Ci)︸ ︷︷ ︸
=Hm( lim−→Ci) by def.

→
lim−→Zmi

lim−→B
m
i︸ ︷︷ ︸

= lim−→Hm(Ci) by (i')

→ 0.

�

111.4. The cohomology group of an ascending sequence of topological spaces.
The following proposition can be viewed as the analogue of the Exhaustions-H∗-Proposition 79.4
for cohomology groups.

Proposition 111.12. (Cohomology-via-Exhaustions Proposition) Let X be a topo-
logical space and let X1 Ă X2 Ă X3 Ă . . . be a sequence of subsets such that X =

⋃
i∈N
Xi

and such that one the following three conditions holds:
(1) every compact subset of X is contained in one of the Xi, or
(2) each Xi is open in X, or
(3) X is a CW-complex and each Xi is a subcomplex.

Then for any n ∈ N0 and any abelian group R there exists a natural short exact sequence

0 → lim
←−
i∈N

1Hn−1(Xi;R)
τ−→ Hn(X;R) → lim

←−
i∈N

Hn(Xi;R) → 0

where the right-hand map is induced by the restriction maps Hn(X;R) → Hn(Xi;R). If
R is a commutative ring, then all maps are R-module homomorphisms.

Remark. In many situations the term lim
←−

1 Hn−1(Xi;R) will be zero. But it can be non-
zero and one should view the proposition as a warning that in general it is not true that
�limits commute with everything�.

Proof. It follows easily from the Finiteness the CW-Complex-Finiteness Theorem 68.14
and Lemma 56.8 we only have to prove the proposition under the hypothesis (1). Therefore
suppose that we are given a topological space X and subspaces X1 Ă X2 Ă X3 Ă . . . with
X =

⋃
i∈N
Xi and such that the following condition holds:

(1) every compact subset of X is contained in one of the Xi.

Furthermore let R be a commutative ring.
For i ∈ N we now consider the cochain complex D∗i := Hom(C∗(Xi), R) and for i ∈ N

we denote by fi : D∗i+1 → D∗i the map that is induced by the inclusion Xi → Xi+1.

Claim. For every choice of k ∈ N the inverse system of cochain groups that is given by
({Dk

i }i∈N, {fi : Dk
i+1 → Dk

i }i∈N) satis�es the Mittag-Le�er condition.

Proof. Let k ∈ N0. By Lemma 111.8 it su�ces to show that for every i ∈ N the map

Dk
i+1 = Hom(Cn(Xi+1);R)

fi−→ Hom(Cn(Xi);R) = Dk
i

1360Here we use that a �ltration P Ă Q Ă R of three abelian groups induces a short exact sequence
0→ Q/P → R/P → R/Q→ 0.
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is an epimorphism. Since Xi Ă Xi+1 we know that the set of singular chains in Xi is a
subset of the set of singular chains in Xi+1. It follows from the discussion on page 2395
that the map Hom(Cn(Xi+1);R)→ Hom(Cn(Xi);R) is indeed an epimorphism. �

Let n ∈ N0. From the Direct Limit-Cohomology Proposition 111.10 we obtain the short
exact sequence

0 → lim
←−

1 Hn−1(D∗i ) → Hn
(
lim
←−

D∗i
)
→ lim

←−
Hn(D∗i ) → 0

of R-modules. Let i ∈ N. We make the following two observations:
(1) By de�nition we have Hk(D∗i ) = Hk(Xi;R) for every k ∈ N0.
(2) We have natural isomorphisms

lim
←−

D∗i = lim
←−

Hom(C∗(Xi);R) = Hom
(
lim−→C∗(Xi), R

)
= Hom(C∗(X), R).

↑ ↑ ↑
by de�nition of the Di Lemma 108.3 by the Exhaustion-Chain Complex

Lemma 79.5 and hypothesis (1)

Combining all of the above we obtain our desired short exact sequence

0 → lim
←−

1 Hn−1(Xi;R) → Hn(X;R) → lim
←−

Hn(Xi;R) → 0. �

We provide a few examples for the above proposition.

Examples.
(1) As in Lemma 79.7 we consider the real line with in�nitely many 2-dimensional spheres

attached, i.e. we consider

X := (R ∪ S2 × Z)/∼
where given i ∈ Z we identify i ∈ R with ((0, 0,−1), i) ∈ S2 × Z. (See the �gure
below on the left.) Furthermore, given k ∈ N we consider the open subset

Xk :=
((
− k − 1

2
, k + 1

2

)
∪ S2 × {−k, . . . , k}

)
)/∼ .

We leave it to the reader to verify that we can make the identi�cations1361

Hn(Xk) =

 Z, if n = 0,
Z2k+1, if n = 2,
0, else.

such that for each k ∈ N the inclusion maps Xk → Xk+1 induce the identity map on
Z = H0(Xk+1)→ H0(Xk) = Z and such that the inclusions induce the map

Z2k+3 = H2(Xk+1) → H2(Xk) = Z2k+1

(a1, . . . , a2k+3) 7→ (a2, . . . , a2k+2)

It follows from Lemma 111.8 and the above calculations that for each n ∈ N0 the di-
rect system of cohomology groups {Hn(Xk)}k∈N satis�es the Mittag-Le�er condition.
We obtain that

Hn(X) = lim
←−

Hn(Xk) = lim
←−

 Z, if n = 0,
Z2k+1, if n = 2,
0, else

=

 Z, if n = 0,
ZN, if n = 2,
0, else.↑ ↑

Cohomology-via-Exhaustions
Proposition 111.12 and

Lemma 111.9

|
see page 2468

1361One possible approach to showing these statements is to use the Mayer�Vietoris Theorem 109.15 for
Cohomology Groups.
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Here we recall that ZN = {(x1, x2, . . . ) | xi ∈ Z}. Note that in Lemma 79.7 we saw
that H2(X) ∼= Z(N). In this case we see that H2(X) 6∼= H2(X) since the former group
is countable whereas the latter group is uncountable.1362

(2) We consider again the surface Σ∞ of in�nite genus that we had already encountered
on page 1269 and in Lemma 80.4. (See also the �gure below on the right.) Using a
variation on example (1) and the proof of Lemma 56.11 one can show that

Hn(Σ∞) ∼=

 Z, if n = 0,
ZN, if n = 1,
0, if n ≥ 2.

We leave the task of providing full details to the valiant reader. Note that this
shows that the �rst cohomology group is uncountable. In particular we see that
the cohomology groups with Z-coe�cients of a non-compact smooth manifold do
not need to be countable. This is in contrast to Proposition 96.7 where we showed
that the homology groups with Z-coe�cients of a non-compact smooth manifold are
always countable.
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surface of �in�nite genus�the topological space X

We conclude this chapter with the following variation on the Cohomology-via-Exhaustions
Proposition 111.12. It can be viewed as the cohomological analogue of the Skeleton-
Homology Lemma 80.1 (3).

Proposition 111.13. Let X be a CW-complex and let n ∈ N. For every k > n and every
abelian group G the inclusion i : Xk → X induces an isomorphism

i∗ : Hn(X;G) → Hn(Xk;G).

Remark. We will give a very di�erent proof of this proposition in Proposition ??.

Proof. By the Cohomology-via-Exhaustions Proposition 111.12 there exists a natural short
exact sequence

0 → lim
←−
j∈N

1Hn−1(Xj;G)
τ−→ Hn(X;G) → lim

←−
j∈N

Hn(Xj;G) → 0

where the right-hand map is induced by the restriction maps Hn(X;G) → Hn(Xi;G). It
follows immediately from the Indirect Limit Stabilization Lemma 111.6 and Lemma 111.8
that is su�ces to prove the following claim.

Claim. For any j ≥ k > n the inclusion induced map Hn(Xj;G) → Hn(Xk;G) is an
isomorphism.

Proof. It follows from the Skeleton-Homology Lemma 80.1, the Universal Coe�cient The-
orem 110.12 for Cohomology Groups that for every m ≥ n we have Hn(Xm+1, Xm;G) = 0.
Using the long exact sequence in cohomology of the pairs (Xm+1, Xm), (Xm+2, Xm), . . .

1362Of course we could have obtained the same observation from the Universal Coe�cient Theorem 110.12
for Cohomology Groups.
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one can now easily show that for any j ≥ k > n the inclusion induced map Hn(Xj;G) →
Hn(Xk;G) is an isomorphism. �

Exercises for Chapter 111.

Exercise 111.1. Let (I,≤) be a directed set and let ({Xi}i∈I , {fij : Xi → Xj}i≤j) be a
direct system of abelian groups over I.
(a) Let aj ∈ Xj and let ak ∈ Xk. Prove the following statement: if the images of aj

and ak in lim−→Xi agree, then there exists an l ∈ I with l ≥ j and l ≥ k such that

fjl(aj) = fkl(ak) ∈ Xl.
(b) Show that if all maps fij : Xi → Xj are isomorphisms, then for any j ∈ I the obvious

map Xj → lim−→Xi is an isomorphism.

Exercise 111.2. We consider the inverse systems

D∗ : . . .
0−→ Z ·2−→ Z 0−→ Z ·2−→ Z → 0

and
E∗ : . . .

·5−→ Z ·4−→ Z 3−→ Z ·2−→ Z → 0.

(a) Show that lim
←−

D∗ = 0,

(b) show that lim
←−

1D∗ = 0,

(c) show that lim
←−

1E∗ 6= 0.

Exercise 111.3. Show that there exists a nested sequence of topological spaces Xi such
that for each i ∈ N we have H1(Xi;Z) ∼= Z and such that for each i ∈ N the map
H1(Xi+1;Z)→ H1(Xi;Z) is given by multiplication by i+ 1.
Put di�erently, we want topological spaces and maps such that the inverse system

H1(X4) → H1(X3) → H1(X2) → H1(X1)

is isomorphic to the inverse system E∗ from Exercise 111.2.



2478

112. Cohomology with compact support and bounded cohomology

112.1. The de�nition of cohomology with compact support and basic properties.
In this section we introduce �cohomology with compact support�, which is an interesting
variation on the usual cohomology groups. Later on it will be a key tool in proving the
Poincaré Duality Theorem, which is the most important result regarding homology and
cohomology groups of topological manifolds.
We start out with the following de�nition.

De�nition. Let X be a topological space and let G be an abelian group.
(1) Given a subset A Ă X we say that a cochain ϕ ∈ Ci(X;G) = Hom(Ci(X), G) van-

ishes on A if ϕ(c) = 0 for all singular i-simplices c : ∆i → X in A, i.e. if ϕ vanishes
on the image of Ci(A)→ Ci(X).

(2) Given a subset B Ă X we say that a cochain vanishes outside B if the cochain
vanishes on X \B.

(3) We say that a cochain ϕ ∈ Ci(X;G) = Hom(Ci(X), G) has compact support if there
exists a compact set K Ă X such that ϕ vanishes outside of K. We denote the set
of all i-cochains with compact support by Cic(X;G).
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KX

ϕ is a cohomology class that vanishes outside of a compact subset K

ϕ = 0 ϕ =? ϕ =? ϕ =?

Remark. Let X be a topological space and let G be an abelian group.
(1) Let A be a subset of X and let n ∈ N0. The inclusion (X,∅)→ (X,X \ A) induces

an epimorphism Cn(X) → Cn(X,X \ A) and thus it also induces a monomorphism
Cn(X,X \ A;G)→ Cn(X;G). We have

im(Cn(X,X\A;G)→Cn(X;G)) = all maps of the form Cn(X)→
=Cn(X)/Cn(X\A)︷ ︸︸ ︷
Cn(X,X\A)→G

= {ϕ ∈ Hom(Cn(X), G) |ϕ vanishes on X \ A }
= {ϕ ∈ Hom(Cn(X), G) |ϕ vanishes outside A }.

(2) On page 2403 we had made the identi�cation

C0(X;G) = {maps from X to G}.

With this identi�cation we can now write

C0
c(X;G) =

{
maps f : X→G | there exists a compact subset K

with f |X\K≡0

}
.

The �rst question that arises is whether cochains with compact support give again rise to
cohomology groups. The following lemma shows in particular that this is indeed the case.
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X = R

ϕ : R→ R has compact support

Lemma 112.1. Let X be a topological space and let G be an abelian group.
(1) A cochain ϕ ∈ Ci(X;G) has compact support if and only if there exists a compact

subset K such that ϕ lies in the image of the map Ci(X,X \K;G)→ Ci(X;G).
(2) The set of cochains that have compact support form a subcomplex (C∗c(X;G); δ) of

the cochain complex (C∗(X;G); δ).
(3) For any compact subset K of X the map iK : C∗(X,X \K;G)→ C∗c(X;G) from (1)

is a cochain map.

Proof. Let X be a topological space and let G be an abelian group. The �rst statement
of the lemma follows immediately from the above remark.

We turn to the proof of the second statement.
Claim. Let A,B Ă X be two subsets.
(a) If ϕ ∈ Ci(X;G) vanishes outside A and if ψ ∈ Ci(X;G) vanishes outside B, then for

any r, s ∈ Z the linear combination rϕ + sψ ∈ Ci(X;G) vanishes outside the union
A ∪B.

(b) If ϕ ∈ Ci(X;G) vanishes outside A, then δϕ ∈ Ci+1(X;G) also vanishes outside A.

Proof. The �rst statement is obvious. Now we turn to the proof of the second statement.
Suppose we are given a cochain ϕ ∈ Ci(X;G) that vanishes outside A. We need to show
that δϕ ∈ Ci+1(X;G) also vanishes outside A. So let c be a singular (i + 1)-simplex in
X \ A. Then

(δϕ)(c) = ϕ(∂c) =
n∑
j=0

(−1)j · ϕ(c ◦ inj ) = 0.
↑

image of each c ◦ inj also lies in X \A and ϕ vanishes outside A �
The second statement is now an immediate consequence of the above claim and the ob-
servation that given two compact subsets K,L Ă X the union K ∪ L is again a compact
subset of X.

Finally the last statement is an immediate consequence of the de�nitions. �

De�nition. Let X be a topological space and let G be an abelian group. We de�ne the n-
th cohomology group with compact support Hn

c (X;G) to be the cohomology of the cochain
complex given by cochains with compact support, i.e. we de�ne

Hn
c (X;G) :=

ker(δn : Cnc (X;G)→ Cn+1
c (X;G))

im(δn−1 : Cn−1
c (X;G)→ Cnc (X;G))

.

Remark.

(1) If X is a compact space, then every cochain has compact support, in particular the
cohomology groups with compact support are just the usual cohomology groups.
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(2) Let X be a path-connected topological space. Then

H0
c(X;G) =

{
X

f−→G
∣∣∣ f is constant and there exists a
compact subset K with ϕ|X\K≡0

}
=

{
0, if X non-compact,
G, if X compact.↑

see proof of the H0-Proposition 108.11 and description of C0
c(X;G) on page 2478.

Example. We consider the topological space X = R. As on page 2406 we consider the
singular 0-cochain

ϕ0 : C0(X) → Z
that is uniquely determined by the property that for any singular 0-simplex x ∈ X we have

x 7→
{

0, if x ≤ 0,
1, if x > 0.

It is clear that this 0-cochain does not have compact support. As on page 2406 we also
consider the coboundary γ0 := δϕ0 ∈ C1(R;Z). Since γ0 is a coboundary, it is in particular
a cocycle. By de�nition γ0 = δϕ0 is uniquely determined by the property that for any
singular 1-simplex d : ∆1 → R we have

(δϕ0)(d) = ϕ0(∂d) = ϕ0(d(0, 1))− ϕ0(d(1, 0)).
↑

see page 1585

We claim that γ0 = δϕ0 has compact support. In fact, we will now see that we can take
K to be the compact set given by K := {0}. Indeed, if d : ∆1 → R \ {0} is a singular 1-
simplex, then it follows from the fact that ∆1 is homeomorphic to the interval [0, 1] and the
intermediate value theorem that either d(0, 1) and d(1, 0) both lie to the left of 0 or both lie
to the right of 0. In both cases we obtain from the above formula that γ0(d) = (δϕ0)(d) = 0.
Thus we see that γ0 = δϕ0 de�nes an element in H1

c(R).
Now we claim that [γ0] ∈ H1

c(R;Z) is non-zero. This means that we have to show that
there is no ψ ∈ C0

c(R;Z) with δψ = γ0. So let ψ ∈ C0
c(R;Z). Following the discussion on

page 2478 we view ψ as a function R→ Z which is zero outside of a compact subset of R.
This implies that there exists a C ≥ 0 such that ψ(x) = 0 for all x 6∈ [−C,C]. Now we
consider the singular 1-chain d : ∆1 → R that is given by d(1 − t, t) = −2C + 4C · t with
t ∈ [0, 1]. (See the �gure below for an illustration.) Then we have

γ0(d) = (δϕ0)(d) = ϕ0(d(0, 1))− ϕ0(d(1, 0)) = ϕ0(−2C)− ϕ0(2C) = 0− 1 = −1
but on the other hand we have

(δψ)(d) = ψ(d(0, 1))− ψ(d(1, 0)) = ψ(−2C)− ψ(2C) = 0− 0 = 0.
↑

since ψ is zero outside [−C,C]

This concludes the proof that γ0 = δϕ0 is non-trivial in H1
c(R;Z).

d

0

graph of ψ : R→ Z

−C C

The following lemma is an almost immediate consequence of Lemma 112.1 (1).
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Lemma 112.2. Let X be a topological space and let G be an abelian group. Given any
ϕ ∈ Hi

c(X;G) there exists a compact subset K such that ϕ lies in the image of the map
Hi(X,X \K;G)→ Hi

c(X;G).

Proof. Let [ϕ] ∈ Hi
c(X;G). By Lemma 112.1 (1) there exists a compact subset K such

that ϕ lies in the image of the map Ci(X,X\K;G)→ Cic(X;G). Since C∗(X,X\K;G) can
be viewed as a subcomplex of C∗c(X;G) we see that ϕ is also a cocycle in C∗(X,X \K;G),
in particular ϕ lies in the image of the map Hi(X,X \K;G)→ Hi

c(X;G). �

We conclude this section with the discussion of induced maps on cohomology groups with
compact support.
Let f : X → Y be a map between topological spaces and let G be an abelian group. We saw
that f induces a map f ∗ : C∗(Y ;G)→ C∗(X;G). But in general this map does not restrict
to a map f ∗ : C∗c(Y ;G) → C∗c(X;G). For example, if f : R → {P} is the map that sends
every point in R to the point P and if ϕ : C0({P})→ Z is the map given by P 7→ 1, then
f ∗ϕ : C0(R) → Z corresponds to the map that takes the value 1 on all of R, in particular
it does not have compact support.

A moment of re�ection shows that if we want to get induced maps on cohomology
groups with compact support, we have to restrict ourselves to proper maps. For the reader's
convenience we recall the de�nition from page 180.

De�nition. A map f : X → Y between topological spaces is called proper if the preimage
of every compact subset of Y is a compact subset of X.

map is not proper map is not propermap is proper

Lemma 112.3. Let G be an abelian group.
(1) Let f : X → Y be a map between topological spaces. If f is a proper map, then the

cochain map f ∗ : C∗(Y ;G)→ C∗(X;G) restricts to a cochain map

f ∗ : C∗c(Y ;G) → C∗c(X;G).
In particular f ∗ induces a well-de�ned homomorphism

H∗c(Y ;G) → H∗c(X;G).

(2) The maps X 7→ Hn
c (X;G) and f 7→ f ∗ de�ne a contravariant functor

category TopPropMap where objects are topological
spaces and morphisms are proper maps → category AbGroup of

abelian groups.

(3) Homeomorphic topological spaces have isomorphic cohomology groups with compact
support.

Proof. Let f : X → Y be a proper map and let G be an abelian group. Let ϕ : Cn(Y )→ G
be a cocycle with compact support. We pick a compact subset K such that ϕ vanishes on
Y \K. Then f ∗ϕ vanishes on f−1(Y \K) = X \ f−1(K), i.e. f ∗ϕ vanishes outside of the
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subset f−1(K). But f−1(K) is compact since f is proper. This concludes the proof of the
�rst statement. The second statement and the third statement are obvious. �

112.2. Cohomology with compact support and direct limits. Given a topological
space X we consider the set K(X) of all compact subsets of X. The set K(X) together
with the relation �Ă� de�ned by inclusion is a directed set since the union of two compact
subsets is again compact. Furthermore, given any two compact subsets K Ă L and any
i ∈ N0 we get induced maps1363

Hi(X,X \K;G) → Hi(X,X \ L;G).

Since cohomology groups are contravariantly functorial we see that these cohomology
groups form a direct system over the directed set (K(X),Ă) and we can form the direct
limit lim−→

K∈K(X)

Hi(X,X \K;G).

Recall that given any compact subset K Ă X we have by Lemma 112.1 (3) a natural map
iK∗ : Hi(X,X \K;G)→ Hi

c(X;G). Given compact subsets L Ă M these maps give rise to
the following commutative diagram:

Hi(X,X \M ;G)

ψM **

iM∗

**

lim−→
K∈K(X)

Hi(X,X \K;G)
∃!
Φ
// Hi

c(X;G).

Hi(X,X \ L;G)

OO

ψL 44

iL∗

44

Since this diagram commutes for all compact subsets L Ă M we get the induced dotted
arrow by the universal property of the direct limit.
The following proposition says that the above dotted arrow is in fact an isomorphism. This
gives in particular an often convenient reformulation of the concept of cohomology with
compact support.

Proposition 112.4. (Hn
c -via-Direct Limits Proposition) LetX be a topological space

and let G be an abelian group. Then the above map
Φ: lim−→

K∈K(X)

Hi(X,X \K;G) → Hi
c(X;G)

de�nes a natural isomorphism.1364

Proof. We need to show that the map Φ in the proposition is a bijection.
We �rst show that Φ is surjective. So let ϕ ∈ Hi

c(X;G). By Lemma 112.2 there exists
a compact subset L such that ϕ lies in the image of Hi(X,X \ L;G) → Hi(X;G). It

1363The most confusing part about cohomology is to �gure out which way the maps go. In this case
K Ă L implies X \ L Ă X \ K which means that we have a map of pairs (X,X \ L) → (X,X \ K)
given by inclusion, which by the discussion on page 2408 implies that we do indeed get an induced map
Hi(X,X \K;G)→ Hi(X,X \ L;G).
1364Here the term �natural� refers to the fact that both sides de�ne a contravariant functor from the
category where objects are topological spaces and morphisms are proper maps to the category of abelian
groups.
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follows immediately from the above commutative diagram that ϕ also lies in the image of
Φ: lim−→Hi(X,X \K;G)→ Hi

c(X;G).
Now we show that the map Φ is injective. In the subsequent discussion, given a sub-

set A of X, we identify the image of the monomorphism Cj(X,A;G) → Cj(X;G) with
Cj(X,A;G), i.e. we view each Cj(X,A) as a subgroup of Cj(X).

Now suppose we are given an element c in the kernel of Φ. By Lemma 111.2 (1) we
know that the element c lies in the image of some Hi(X,X \L;G). We pick a representative
ϕ ∈ Ci(X,X \L;G). Since ϕ represents the zero class in Hi

c(X;G) there exists a compactly
supported (i − 1)-cocycle η with δη = ϕ. We pick a compact subset M of X such that η
vanishes on X \M , i.e. according to the above notation and the discussion on page 2478
we have η ∈ Ci−1(X,X \M). We consider the following commutative diagram:

Ci−1(X;G)
η→ϕ

δ
// Ci(X;G)

Ci−1(X,X\(M∪L);G)
7 W

ii

δ // Ci(X,X\(M∪L);G)

( �

55

Ci−1(X,X\M ;G)
?�

OO

' �

55

Ci(X,X\L;G).
?�

OO

6 V

ii

It follows immediately from the diagram that in Ci(X,X \ (M ∪ L);G) we have δη = ϕ,
which shows that [ϕ] represents the zero class in Hi(X,X \ (M ∪ L);G). It follows from
Lemma 111.2 (2) or alternatively from the commutative diagram from page 2482 that
ψL([ϕ]) = c is zero. �

Example. Now we turn to a key example, namely for each k ∈ N0 we consider the coho-
mology with compact support Hk

c(Rn;Z) of Rn. We have

Proposition 112.4 Limit-over-Subset Lemma 111.3

↓ ↓
Hk

c(Rn;Z) = lim−→
K∈K(Rn)

Hk(Rn,Rn \K;Z) = lim−→
s∈N

:
Hk(Rn,Rn \B2(0);Z)

↑
Hk(Rn,Rn \B1(0);Z)

↑
Hk(Rn,Rn \B0(0);Z)

∼= Hk(Rn,Rn \B0(0);Z) ∼=
{

Z, if k = n,
0, otherwise.↑ ↑

by Corollary 74.16 (2) all vertical maps in the same argument as in the
direct system are isomorphisms, hence we proof of Lemma 105.4

can apply Lemma 111.2

We draw three interesting conclusions from this example:
(1) This example shows that cohomology with compact support can be used to show

that the topological spaces Rn and Rm are not homeomorphic for n 6= m.
(2) The example also shows that cohomology with compact support, in contrast to ba-

sically all other invariants we have studied so far, is not the same for homotopy
equivalent topological spaces.

(3) Finally we consider the case n = 1 in more detail. We consider again the singular
1-cochain γ0 := δϕ0 from page 2406. On pages 2413 and 2480 we saw that γ0 de�nes
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an element in each H1(R,R \ [−s, s];Z) and an element in H1
c(R;Z). Furthermore

on page 2413 we saw that for each s ∈ N the class [γ0] ∈ H1(R,R \ [−s, s];Z) is a
generator. The above argument now implies that [γ0] ∈ H1

c(R;Z) is also a generator.

Example. In Exercise 112.2 we will use cohomology with compact support to show that
the topological spaces

X := B1(0) ∪ x-axis and Y := B1(0) ∪ x-axis ∪ y-axis
that are illustrated in the �gure below are not homeomorphic.
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In the previous examples cohomology with compact support turns out to be �bigger� than
ordinary cohomology. But there are also examples �in the other direction�:

Example. We consider again the topological space

X := (R ∪ S2 × Z)/∼
where given i ∈ Z we identify i ∈ Z Ă R with ((0, 0,−1), i) ∈ S2×Z. In Exercise 112.6 we
saw that H2

c(X) ∼= Z(N),

in particular H2
c(X) is countable, whereas on page 2475 we saw that

H2(X) ∼= ZN

is uncountable.
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�������� H2(X) ∼= ZN but H2
c(X) ∼= Z(N)

the topological space X

In the following we will see the rather surprising fact that under fairly mild hypotheses an
inclusion U → V of topological spaces induces for every n ∈ N0 a map Hn

c (U) → Hn
c (V )

which �goes the same way�.

De�nition. Recall that given a topological space X we denote by K(X) the set of all
compact subsets of X. Suppose U is an open subset of a topological space V and suppose
that V is Hausdor�. We denote by iUV ∗ = i∗ : Hn

c (U) → Hn
c (V ) the composition of the

following maps

Hnc -via-Direct Limits Proposition 112.4 Hnc -via-Direct Limits Proposition 112.4
↓ ↓

Hn
c (U) = lim−→

K∈K(U)

Hn(U,U \K)
∼=←− lim−→

K∈K(U)

Hn(V, V \K) → lim−→
K∈K(V )

Hn(V, V \K) = Hn
c (V ).x x

by the Excision Theorem 74.18 (2) the given by the Limit-over-Subset Lemma 111.3 (1) and
map Hn(V, V \K)→ Hn(U,U \K) is fact that by the Compact Image

an isomorphism for every compact subset K of U Lemma 2.13 we have K(U) Ă K(V )
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Note that, confusingly, the induced map on cohomology with compact support �goes the
same direction� as the inclusion map i : U → V .

Lemma 112.5. Given a topological space X that is Hausdor� the above construction
de�nes for each n ∈ N0 a covariant functor

category where the objects are open subsets
of X and where the morphisms are inclusions → category of

abelian groups.

Proof. Let X be a topological space that is Hausdor� and let U Ă V Ă W be open subsets.
Let n ∈ N0. We have to show that iUW∗ = iVW∗ ◦ iUV ∗ : Hn

c (U)→ Hn
c (W ). We consider the

following diagram:

A

iVW∗

��

lim−→
K∈K(U)

Hn(U,U \K)

iUV ∗

++

iUW∗ 11

lim−→
K∈K(U)

Hn(V, V \K)∼=
oo // lim−→

K∈K(V )

Hn(V, V \K)

A

∼=

OO

∼=

OO

��

lim−→
K∈K(U)

Hn(W,W \K)

))

∼=

ii

// lim−→
K∈K(V )

Hn(W,W \K)

A lim−→
K∈K(W )

Hn(W,W \K).

It follows from the explicit description of the direct limits in the Direct Limit Existence
Proposition 111.1 and the uniqueness statement in the universal property of the direct limits
that the two smaller triangles and the rectangle commute. Hence the diagram commutes
and we get the desired statement. �

We conclude this section with the following proposition.

Proposition 112.6. (Exhaustion-H∗
c
-Proposition) Let X be a topological space that

is Hausdor�. Let Xi, i ∈ N be a sequence of subsets such that the following holds:
(1) the sequence is nested, i.e. for each i ∈ N we have Xi Ă Xi+1,
(2) each Xi is open in X,
(3) and X =

⋃
i∈N
Xi.

Then for any n ∈ N0 the above inclusion induced maps Hn
c (Xi) → Hn

c (X) induce an
isomorphism

lim−→ Hn
c (Xi)︸ ︷︷ ︸ ∼=−−→ Hn

c (X).

↑
by Lemma 112.5 this is a direct system with the above inclusion induced maps

Proof. Using the Hn
c -via-Direct Limits Proposition 112.4 we see that we have to show that

the map
Φ: lim−→

i∈N

lim−→
K∈K(Xi)

Hn(Xi, Xi \K)
∼=−−→ lim−→

K∈K(X)

Hn(X,X \K)
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is an isomorphism. We need to show that Φ is injective and surjective. The key to the
proof of these two statements are the following observations:

(a) it follows from (1) and (2), together with Lemma 2.12, that every compact subset L
of X is already contained in some Xi,

(b) it follows from the Excision Theorem 74.18 (2) that for each compact subset L Ă Xi

we get an inclusion induced isomorphism Hn(X,X \ L)→ Hn(Xi, Xi \ L).

Now we prove that Φ is surjective, the proof that Φ is injective is fairly similar and we
leave that part of the proof to the reader.

So let c be an element of the limit on the right-hand side. By Lemma 111.2 there exists
a compact subset L of X and some ϕ ∈ Hn(X,X \ L) such that c is the image of ϕ under
the map Hn(X,X \ L) → lim−→Hn(X,X \ K). By (a) there exists an i ∈ N with L Ă Xi.
We consider the following commutative diagram

AX lim−→
i∈N

lim−→
K∈K(Xi)

Hn(Xi, Xi \K)
Φ // lim−→

K∈K(X)

Hn(X,X \K)

A

β

OO OO

Hn(Xi, Xi \ L) Hn(X,X \ L).∼=
αoo

The bottom horizontal map is an isomorphism by (b). Since the diagram is commutative
we now see that Φ(β(α(ϕ))) = c. �

112.3. Bounded cohomology (∗). We had just seen that with a modest modi�cation
of the original de�nition of cohomology we obtain a new invariant which for non-compact
spaces behaves quite di�erently from the usual cohomology groups.
In this section we will introduce another variation on cohomology, namely bounded co-
homology. We will not make use of it later on, but it does play an important role in
topology. A much more detail discussion of bounded cohomology is for example provided
in [Löh2010].

De�nition. Let X be a topological space.
(1) Let C ∈ R. We say that a cochain ρ ∈ Cn(X;R) = Hom(Cn(X),R) is C-bounded if

for all singular n-simplices σ : ∆n → X we have |ρ(σ)| ≤ C.
(2) We say that a cochain ρ ∈ Cn(X;R) = Hom(Cn(X),R) is bounded if it is C-bounded

for some C ∈ R.
(3) Given i ∈ N0 we write

Cnb(X;R) := {all bounded cochains in Cn(X;R)}.

Examples.

(1) Let X be a topological space. The 0-cochain that assigns to each point x ∈ X the
same value c ∈ R is bounded.

(2) The singular 1-cochain θR ∈ C1;R) de�ned on page 2404 is not bounded. Indeed,
given n ∈ N we denote by µn : ∆1 → S1 the singular 1-simplex that is given by
(1− t, t) 7→ exp(2π int). It follows easily from the de�nition of θR that θR(µ) = n.
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Lemma 112.7. Let X be a topological space. The bounded cochains C∗b(X) form a
subcomplex of the cochain complex (C∗(X), δ).

Proof. Suppose that ρ ∈ Cn(X;R) is a cochain that is C-bounded. For any ϕ : ∆n+1 → X
we obtain that

|(δρ)(ϕ)| = |ρ(∂ϕ)| =
∣∣∣n+1∑
j=0

(−1)j · ρ(ϕ ◦ in+1
j )

∣∣∣ ≤ n+1∑
j=0
|ρ(ϕ ◦ in+1

j )| ≤ (n+ 2) · C.
↑ ↑ ↑

de�nition of ∂ and linearity of ρ triangle inequality since ρ is C-bounded

This shows that δρ is C · (n + 2)-bounded, in particular it is bounded. This shows that
bounded cochains C∗b(X) form a subcomplex of the cochain complex (C∗(X), δ). �

This lemma leads us straight to the following de�nition.

De�nition. Let X be a topological space and let n ∈ N0. The n-th bounded cohomology
group of X is de�ned as

Hn
b(X;R) :=

ker(δn : Cnb(X;R)→ Cn+1
b (X;R))

im(δn−1 : Cn−1
b (X;R)→ Cnb(X;R))

.

Examples.

(1) The proof of the H0-Proposition 108.11 can be used, without any changes, to show
that 0-th bounded cohomology of a path-connected topological space agrees with
0-th cohomology with real coe�cients.1365

(2) Every cochain on a topological space with �nitely many points is bounded. Thus it
follows from the Single Point-Cohomology Lemma 108.12 that for a topological space
{x0} consisting of a single point x0 we have

Hn
b({x0};R) = Hn({x0};R) =

{
0, if n ≥ 1,
R, if n = 0.

Proposition 112.8.
(1) Let f : X

toY be a map between two topological spaces. The induced map f ∗ : C∗(Y ;R) →
C∗(X;R) on singular cochains restricts to a cochain map f ∗ : C∗b(Y ;R)→ C∗b(X;R).
In particular the map f ∗ induces a map

f ∗ : Hn
b(Y ;R) → Hn

b(X;R).

(2) For each n ∈ N0 the maps X 7→ Hn
b(X;R) and f 7→ f ∗ de�ne a contravariant functor

from the category of topological spaces to the category of real vector spaces.
(3) Homotopic maps induce the same maps on bounded cohomology.
(4) If f : X → Y is a homotopy equivalence, then the induced map

f ∗ : Hn
b(Y ;R)

∼=−→ Hn
b(X;R)

is in fact an isomorphism.

1365Is this statement also true for topological spaces that are not path-connected?



2488

Proof.

(1) It is obvious that the pullback of a bounded cohomology class is again bounded. The
�rst statement is an immediate consequence of this observation.

(2) This statement is obvious.
(3) Let f, g : X → Y be two maps between topological spaces X and Y . Furthermore

let F : X × [0, 1] → Y be a homotopy between the maps f and g. As on page 1608
we de�ne

Pn : Cn(X) → Cn+1(Y )
to be the map that is given by

(σ : ∆n → X) 7→
n∑
j=0

(−1)j · F ◦ (σ × id[0,1]) ◦ [v0, . . . , vj, wj, . . . , wn]︸ ︷︷ ︸
∆n+1→∆n×[0,1]

.

In the proof of the Homotopic Maps-and-Homology Proposition 73.6 we saw that the
maps Pn de�ne a chain homotopy between f∗ and g∗. It follows from this explicit
description of Pn that for any cochain ϕ ∈ Cn+1(Y ;R) that is C-bounded the chain
P ∗ϕ ∈ Cn(X;R) is (n + 1) · C-bounded, the map P ∗ : Cn+1(Y ;R) → Cn(X;R)
restricts to a map Cn+1

b (Y ;R) → Cnb(X;R). As in the proof of the Dual Cochain
Map Lemma 108.8 (3) one sees easily that the maps P ∗ form a cochain homotopy
between f ∗, g∗ : C∗b(Y ;R) → C∗b(X;R). The third statement now follows from the
Cochain Map Lemma 108.5.

(4) This statement follows immediately from (2) and (3). �

So far it seems like bounded cohomology might be quite similar to usual cohomology with
real coe�cients. It turns out that this guess is dramatically misguided.
For example the following theorem was proved by Mikhail Gromov [Grom1983, p. 40],
see also [Iv1987, Theorem 4.3].1366

Theorem 112.9. Let f : X → Y be a map between two connected CW-complexes. If the
induced map f∗ : π1(X)→ π1(Y ) is an epimorphism of fundamental groups such that the
kernel ker(f∗ : π1(X) → π1(Y )) is an amenable group, then for any n ∈ N0 the induced
map

f ∗ : Hn
b(Y ;R)

∼=−→ Hn
b(X;R)

is an isomorphism.

Remark. In the formulation of Theorem 112.9 we used the notion of an �amenable group�.
We will not give the de�nition of an �amenable group�, instead we refer to [Pie1984] or
[CSC2010, Section 4] for the de�nition. What matters to us are the following two facts:
(1) Groups that admit a �nite index subgroup that is solvable are amenable, see [Pie1984,

Propositions 13.3 and 13.4]. In particular �nite groups and solvable groups are
amenable.

(2) Groups that contain a free group on two generators are not amenable, see [Pie1984,
Proposition 14.1].

Now we can formulate the following rather surprising corollary.

1366Mikhail Gromov (*1943) is a Russian-French mathematician who is easily one of the most in�uential
geometers alive. He won the Abel prize in 2009.
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Corollary 112.10. Let X be a connected CW-complex such that π1(X) is amenable, e.g.
such that π1(X) is solvable. Then Hn

b(X;R) = 0 for any n ≥ 1.

Example. It follows from Corollary 112.10 that the higher bounded cohomology groups of
the n-tori (S1)n, the spheres Sn and lens spaces all vanish. In particular this new invariant
is also not useful in our attempt to answer Question 48.7.

Proof. We consider the map f : X → {x0} that is given by sending every point in X to
the point x0. Then for any n ≥ 1 we have

Hn
b(X;R)

f∗−→∼= Hn
b({x0};R) = 0.

↑ ↑
by Theorem 112.9 since see above example

ker(f∗) = π1(X) is amenable

We have thus proved the desired result. �

The following vanishing result is in fact fairly easy to show, see e.g. [Frig2017, Chapter 2].

Lemma 112.11. For any CW-complex X we have H1
b(X;R) = 0.

On the other hand, if the fundamental group is not amenable, then we also see some totally
unexpected behavior as is shown in the following proposition.

Proposition 112.12. Let X be the wedge of two circles. Then H2
b(X;R) and H3

b(X;R)
are vector spaces of uncountable dimension.

Proof. The statement regarding H2
b(X;R) is proved in [EF1997]. An alternative fairly

straightforward proof, using quasi-morphisms as introduced on page 1166, is given in
[Roll2009, Corollary 2.3]. Furthermore the statement regarding H3

b(X;R) is proved in
[So1997, Theorem 3]. �

Somewhat shockingly the following question is still open:
Question 112.13. Let X be the wedge of two circles. What are the bounded cohomology
groups Hk

b(X;R) 6= 0 for k ≥ 4? Is any of the groups non-zero? Are all of them non-zero?
Are all of them of uncountable dimension?

��
��
��
��

X dim(H1
b (X;R)) = 0

dim(H2
b (X;R)) =∞

dim(H3
b (X;R)) =∞

dim(H4
b (X;R)) =???

Exercises for Chapter 112.

Exercise 112.1. We consider X = R and the singular 0-cochain

ϕ0 : C0(X) → Z
that is uniquely determined by the property that for any singular 0-simplex x ∈ X = R we
have

x 7→
{

1, if x ≤ 0,
0, if x > 0.
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On page 2480 we saw that γ0 = δϕ0 : C1(R) → Z de�nes a class in H1
c(R;Z). Prove, only

using the de�nitions, that this class is non-zero.

Exercise 112.2. What is the cohomology with compact support of the topological spaces

X := B1(0) ∪ x-axis and Y := B1(0) ∪ x-axis ∪ y-axis
that are illustrated in the �gure on page 2484.

Exercise 112.3.
(a) Give an example of a path-connected topological space X such that H1(X) = 0 but

such that H1
c(X) ∼= Z(N). You do not have to justify why your example has the correct

properties.
(b) Give an example of a path-connected topological space X such that H2(X) = 0 but

such that H2
c(X) ∼= Z3. You do not have to justify why your example has the correct

properties.

Exercise 112.4. Let X be a topological space. We consider the set K(X) of all compact
subsets of X. The set K(X) together with the relation �Ă� de�ned by inclusion is a directed
set since the union of two compact subsets is again compact. Given any two compact subsets
K Ă L we get an induced map Hn(X,X \ L;G)→ Hn(X,X \K;G). As in Exercise 106.5
we de�ne ←

Hn(X;Z) := lim
←−

K∈K(X)

Hn(X,X \K;Z).

(a) Recall that on page 2479 we introduced cohomology group with compact support

Hn
c (X;Z) = Hn

c (X;Z). De�ne a useful pairing Hn
c (X)×

←
Hn(X;Z)→ Z.

Remark. You could make use of Exercise 56.21.
(b) Use (a) to show that Hlf

1 (R) 6= 0.

Exercise 112.5. Let M be a compact topological manifold. We write
◦
M = M \ ∂M . The

cohomology group Hn
c (
◦
M) is homeomorphic to some other cohomology group that might

look more familiar. What is it? You do not have to justify your answer.

Exercise 112.6. Let us once again consider the topological space

X := (R ∪ (S2 × Z))/∼
where given i ∈ Z we identify i ∈ Z Ă R with ((0, 0,−1), i) ∈ S2 × Z. On page 2475 we
saw that H2(X) ∼= ZN. Show that H2

c(X) ∼= Z(N).

Exercise 112.7. Show that for every path-connected topological space X the boundary
cohomology H1

b(X;R) = 0.
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113. The Eilenberg-Zilber theorem and the cross product

In this chapter we will to try to �nd if one can de�ne a �product� in singular homology
and/or in singular cohomology. The key to doing so will be the Eilenberg-Zilber Theo-
rem 90.4 that we had stated before without providing a proof. In this chapter we will
give a slightly more precise statement and we provide the proof. In this chapter and in
Chapter 114 we will see how it can be used to �nd product structures on homology and
cohomology groups.

113.1. The Eilenberg-Zilber theorem. We start out by recalling and introducing some
de�nitions.
De�nition.
(1) Let C = (C∗, ∂∗) and C = (C′∗, ∂

′
∗) be two chain complexes. On page 1940 we de�ned

the tensor product C ⊗ C ′ of the chain complexes where the n-th chain group is
de�ned as

(C ⊗ C ′)n :=
⊕

p+q=n

Cp ⊗ C′q

and where the boundary homomorphisms are given by
∂⊗ : (C ⊗ C ′)n → (C ⊗ C ′)n−1

cp ⊗ c′q 7→ ∂cp ⊗ c′q + (−1)p · cp ⊗ ∂′c′q.
(2) Given a point x in a topological space X we denote by x also the singular 0-simplex

given by sending the unique point of ∆0 to x.
(3) Given two topological spaces X and Y we refer to the maps

C0(X)⊗ C0(Y ) → C0(X × Y )
x⊗ y 7→ (x, y)

and
C0(X × Y ) → C0(X)⊗ C0(Y )

(x, y) 7→ x⊗ y
as the canonical maps. We refer to the identity maps on C0(X) ⊗ C0(Y ) and on
C0(X × Y ) also as the canonical maps.

The following theorem is a slightly more precise formulation of the original Eilenberg-Zilber
Theorem 90.4.
Theorem 113.1. (Eilenberg-Zilber Theorem)
(1) Given any topological spaces X and Y there exist natural chain maps

Υ: C∗(X)⊗ C∗(Y ) → C∗(X × Y )
and Θ: C∗(X × Y ) → C∗(X)⊗ C∗(Y ),

which on the 0-level are the above canonical maps.
(2) The maps Υ and Θ are unique up to natural chain homotopies.1367

(3) The maps Υ and Θ are naturally1368 chain homotopy inverses of one another.
We refer to the maps Υ and Θ as Eilenberg-Zilber maps. In the notation and our discus-
sions we will usually ignore the fact that these maps are well-de�ned only up to a natural

1367Here �natural chain homotopy� means that given two such maps Υ and Υ′ there exists a choice of chain
homotopies (C∗(X) ⊗ C∗(Y ))k → Ck+1(X × Y ), which is natural in X and Y , between Υ and Υ′. An
analogous statement holds for maps Θ and Θ′.
1368Here �naturally� means that Υ ◦Θ and Θ ◦Υ are naturally homotopic to the identity maps, i.e. there
exist natural chain homotopies from Υ ◦Θ to the identity map and from Θ ◦Υ to the identity map.



2492

homotopy. We will only work with the properties of Υ and Θ stated in the theorem, so a
di�erent choice of maps Υ and Θ does not a�ect anything we say afterwards.

113.2. Proof of the Eilenberg-Zilber Theorem 113.1. The proof of the Eilenberg-
Zilber Theorem 113.1 breaks up into three parts: we �rst construct Υ, then we construct
Θ and �nally we show that these maps are unique in the above sense and that they have
the desired properties.
We start out with the following de�nition.

De�nition. A topological space X is called acyclic if H0(X;Z) ∼= Z and if all higher
homology groups are zero.

Example. In the Homotopy Equivalence-H∗-Corollary 73.9 we showed that every con-
tractible topological space is acyclic. In particular every standard simplex ∆n is contractible
and thus acyclic. Furthermore, all products ∆p×∆q of standard simplices are contractible
and thus acyclic.1369

We also �x some notation.
Notation. Let X be a topological space and let x ∈ X. If σ : ∆n → Y is a singular
n-simplex in a topological space Y , then we denote by x× σ : ∆n → X × Y the singular
n-simplex given by v 7→ (x, σ(v)). We use the analogous notation for the roles of X and
Y swapped.
Now we can formulate the following theorem.

Theorem 113.2. (EZ-Construction Theorem) Given any two topological spaces X
and Y and any p, q ∈ N0 there exists a homomorphism

Υp,q : Cp(X)⊗ Cq(Y ) → Cp+q(X × Y )

such that the following conditions are satis�ed:
(1) for x ∈ X and σ : ∆q → Y we have Υ0,q(x ⊗ σ) = x × σ, the same statement also

holds with the roles of X and Y swapped,
(2) the map Υp,q is natural, i.e. if f : X ′ → X and g : Y ′ → Y are maps between

topological spaces, then for any a ∈ Cp(X ′) and any b ∈ Cq(Y ′) we have

(f × g)∗(Υp,q(a⊗ b)︸ ︷︷ ︸
∈Cp+q(X′×Y ′)

) = Υp,q(f∗(a)⊗ g∗(b))︸ ︷︷ ︸
∈Cp+q(X×Y )

,

(3) the maps Υp,q form a chain map, i.e. for any a ∈ Cp(X) and any b ∈ Cq(Y ) we have

∂(Υp,q(a⊗ b)) = Υp−1,q(∂a⊗ b) + (−1)p ·Υp,q−1(a⊗ ∂b)︸ ︷︷ ︸
=Υ(∂⊗(a⊗b))

.

Proof. We prove the existence of the maps Υp,q by induction on p · q. For clarity we
henceforth suppress the subscript from Υp,q.

1369This can be seen in many ways, for example pick points x ∈ ∆p and y ∈ ∆q, it is straightforward
to show that there exists a deformation retraction r from ∆p to {x} and that there exists a deformation
retraction s from ∆q to {y}. But these two deformation retractions also de�ne a deformation retraction
from ∆p ×∆q to (x, y).
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Clearly for p = 0 or q = 0 the maps from (1) have the properties (2) and (3). So now
suppose that we are given p, q ∈ N0 with p · q > 0 such that the maps Υ have been de�ned
for all p′, q′ with p′ · q′ < p · q.

Given any n ∈ N0 we denote by idn : ∆n → ∆n the identity map. We �rst want to come
up with a reasonable de�nition of Υ(idp⊗ idq). If we want (3) to be satis�ed we have to
de�ne Υ(idp⊗ idq) = z where z ∈ Cp+q(∆p ×∆q) satis�es

(∗) ∂z = Υ(∂ idp⊗ idq)+(−1)p ·Υ(idp⊗∂ idq) ∈ Cp+q−1(∆p×∆q).

As we pointed out on page 2492, the product ∆p × ∆q is acyclic, in particular we have
Hp+q−1(∆p ×∆q) = 0, which means that every singular (p+ q − 1)-chain that is a cycle is
in fact the boundary of some (p+ q)-chain z. So we have to show that the right-hand side
of (∗) is indeed a cycle. We compute that

linearity of ∂
↓

boundary of our hypothetical Υ(idp⊗ idq)︷ ︸︸ ︷
∂(Υ(∂ idp⊗ idq) + (−1)p ·Υ(idp⊗∂ idq)) = ∂(Υ(∂ idp⊗ idq)) + (−1)p ·∂(Υ(idp⊗∂ idq))

= Υ(∂∂ idp︸ ︷︷ ︸
=0

⊗ idq) + (−1)p−1 ·Υ(∂ idp⊗∂ idq)x + (−1)p ·Υ(∂ idp⊗∂ idq) + (−1)p ·(−1)p ·Υ(idp⊗∂∂ idq︸ ︷︷ ︸
=0

) = 0.
by our induction hypothesis we can apply the boundary
formula (3) to Υ(∂ idp⊗ idq) and Υ(idp⊗∂ idq)

This discussion gives us the de�nition of Υ(idp⊗ idq) := z.
Now let X and Y be topological spaces and let ϕ : ∆p → X and ψ : ∆q → Y be singular

simplices. If we want (2) to be satis�ed then we have to de�ne

Υ( ϕ⊗ ψ︸ ︷︷ ︸
∈Cp(X)⊗Cq(Y )

) := (ϕ× ψ)∗(Υ(idp⊗ idq)︸ ︷︷ ︸
∈Cp+q(∆p×∆q)

) ∈ Cp+q(X × Y ).

We extend this map linearly to all of Cp(X)⊗ Cq(Y ). It follows almost immediately from
the de�nition of Υ that the map Υ is natural in X and Y .

It remains to prove (3). This property holds basically by de�nition. But for complete-
ness' sake we carry out the proof. So let ϕ : ∆p → X and ψ : ∆q → Y be singular simplices.
We then have the following equality in Cp+q−1(X × Y ):

since (ϕ× ψ)∗ is a chain map
↓

∂(Υ(ϕ⊗ ψ)) = ∂
(
(ϕ× ψ)∗(Υ(idp⊗ idq))

)
= (ϕ× ψ)∗(∂(

=z︷ ︸︸ ︷
Υ(idp⊗ idq)))

= (ϕ× ψ)∗(Υ(∂ idp⊗ idq)) + (−1)p · (ϕ× ψ)∗(Υ(idp⊗∂ idq))
↑

by de�nition of z and the linearity of (ϕ× ψ)∗

= (Υ(ϕ∗(∂ idp)⊗ ψ∗(idq))) + (−1)p ·Υ(ϕ∗(idp)⊗ ψ∗(∂ idq))
↑

by induction we can apply the naturality of Υ

= Υ(∂(ϕ)⊗ ψ) + (−1)p ·Υ(ϕ⊗ ∂ψ))
↑

since ϕ∗ and ψ∗ are chain maps and since ϕ∗(idp) = ϕ and ψ∗(idq) = ψ �

Now we turn to the construction of the second map in the Eilenberg-Zilber Theorem 113.1.
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Theorem 113.3. (EZ-Inverse Theorem) Given any two topological spaces X and Y
and any k ∈ N0 there exists a homomorphism

Θk : Ck(X × Y ) → (C∗(X)⊗ C∗(Y ))k =
⊕

p+q=k

Cp(X)⊗ Cq(Y )

such that the following conditions are satis�ed:
(1) the map Θ0 is the canonical map on the 0-level, i.e. for every x ∈ X and y ∈ Y we

have Θ0((x, y)) = x⊗ y,
(2) the map Θk is natural in X and Y , i.e. for any two maps f : X ′ → X and g : Y ′ → Y

of topological spaces and any c ∈ Ck(X ′ × Y ′) we have
Θk((f × g)∗(c)) = (f∗ ⊗ g∗)(Θk(c)),

(3) the maps Θ∗ form a chain map, i.e. for any k ∈ N0 we have

∂⊗k ◦Θk = Θk−1 ◦ ∂k.
In the proof of the EZ-Inverse Theorem 113.3 we will need the following lemma.

Lemma 113.4. Let X and Y be two acyclic topological spaces. For every k ≥ 1 we have

Hk(C∗(X)⊗ C∗(Y )) = 0.

Furthermore we have an isomorphism

ε : H0(C∗(X)⊗ C∗(Y ))
∼=−→ Z[ k∑

i=1
ai︸︷︷︸
∈Z

· xi︸︷︷︸
∈X

⊗ yi︸︷︷︸
∈Y

]
7→

k∑
i=1
ai.

Proof. The lemma is an immediate consequence of our hypotheses, the H0-Proposition 72.5
and the Künneth Theorem 90.7 for Chain Complexes. (Note that this Künneth Theorem
is purely algebraic.) �

Proof of the EZ-Inverse Theorem 113.3. As we will see the idea behind the proof of
the EZ-Inverse Theorem 113.3 is very similar to the idea of the proof of Theorem 113.2.
We start out with the outline of proof:

(a) We use (1) to de�ne Θ0,
(b) we suppose the map Θ0, . . . ,Θk−1 are de�ned, we then use (3) to make an educated

guess for Θk(dk) where we consider
(i) the topological spaces X = Y = ∆k and
(ii) the singular k-simplex dk : ∆k → ∆k × ∆k that is given by the diagonal map

dk(x) = (x, x).
(c) we then use the naturality statement of (2) to de�ne Θk for all topological spaces X

and Y and all singular simplices in C∗(X × Y ).

Now we carry out the above program. First of all, given a 0-simplex (x, y) in X × Y we
de�ne Θ0((x, y)) = x ⊗ y. Then we extend this de�nition linearly to get the desired map
Θ0 : C0(X × Y )→ C0(X)⊗ C0(Y ).

Now suppose we have already constructed the maps Θ0, . . . ,Θk−1. We want to de�ne
Θk and we start out by de�ning Θk(dk : ∆k → ∆k ×∆k). Since we need (3) to be satis�ed
we need to de�ne Θk(dk) := c where c ∈ (C∗(∆k)⊗ C∗(∆k))k satis�es ∂⊗k (c) = Θk−1(∂dk).
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In the chain complex C∗(∆k)⊗ C∗(∆k) we calculate that

∂⊗(

de�ned by induction︷ ︸︸ ︷
Θk−1(∂k(dk))) = Θk−2(∂k−1∂k︸ ︷︷ ︸

=0

dk) = 0,
↑

by induction we can apply (3)

i.e. the chain Θk−1(∂kdk) ∈ (C∗(∆k)⊗ C∗(∆k))k−1 is in fact a cycle. Since ∆k is acyclic it
follows immediately from Lemma 113.4 that this cycle is null-homologous. (For k = 1 one
easily veri�es, using the explicit description of Θ0, that the cycle lies in the kernel of the
isomorphism ε : H0(C∗(∆k)⊗C∗(∆k))→ Z.) This means that there exists a singular chain
c ∈ (C∗(∆k)⊗ C∗(∆k))k with ∂⊗(c) = Θk−1(∂kdk). We de�ne Θk(dk) := c.

Now we de�ne Θk for arbitrary topological spaces X and Y and an arbitrary singular
k-simplex σ : ∆k → X × Y . We denote by p : X × Y → X and q : X × Y → Y the natural
projections. Note that we have a commutative diagram

∆k ×∆k

(p◦σ)×(q◦σ)

��
∆k

dk 33

σ ++
X × Y,

i.e. we have σ = ((p◦σ)× (q ◦σ))◦dk = ((p◦σ)× (q ◦σ))∗(dk). For the naturality condition
(2) to be satis�ed we need to de�ne

Θk(σ) := ((p ◦ σ)∗ ⊗ (q ◦ σ)∗)(Θk(dk)) ∈ (C∗(X)⊗ C∗(Y ))k.

With this de�nition one readily veri�es that the map Θk is natural in X and Y .
Finally we have to show that Θk satis�es the boundary formula (3). So as before let

σ : ∆k → X × Y be a singular k-simplex. Then

since (p ◦ σ)∗ ⊗ (q ◦ σ)∗ : C∗(∆k)⊗ C∗(∆k)→ C∗(X)⊗ C∗(Y )
by de�nition of Θk(σ) is a chain map by Lemma 90.3

↓ ↓
∂⊗Θk(σ) = ∂⊗

(
((p ◦ σ)∗ ⊗ (q ◦ σ)∗)(Θk(dk))

)
= ((p ◦ σ)∗ ⊗ (q ◦ σ)∗)(∂

⊗Θk(dk))
= ((p ◦ σ)∗ ⊗ (q ◦ σ)∗)(Θk−1(∂dk)) = Θk−1

(
((p ◦ σ)× (q ◦ σ))∗(∂dk)

)
↑ ↑

by de�nition of Θk(dk) by naturality of Θk−1

= Θk−1∂
(
((p ◦ σ)× (q ◦ σ))∗(dk)

)
= Θk−1∂σ.

↑ ↑
since ((p ◦ σ)× (q ◦ σ))∗ is a chain map since σ = ((p ◦ σ)× (q ◦ σ)) ◦ dk

We have now veri�ed that Θk has all the desired properties. �

As we saw in the proofs of Theorem 113.2 and the EZ-Inverse Theorem 113.3, the natural
chain maps Υ: C∗(X)⊗C∗(Y )→ C∗(X×Y ) and Θ: C∗(X×Y )→ C∗(X)⊗C∗(Y ) depend
on many choices. The next theorem says that di�erent choices in the proofs lead to natural
chain maps that are naturally homotopy equivalent to one another.
Theorem 113.5. Let X and Y be topological spaces. Any two natural chain maps

C∗(X × Y ) → C∗(X)⊗ C∗(Y )
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that are the canonical maps on the 0-level are in fact naturally chain homotopic. The
same conclusion also holds for any two natural chain maps

C∗(X)⊗ C∗(Y )→C∗(X)⊗C∗(Y ), C∗(X×Y )→C∗(X×Y ), C∗(X)⊗C∗(Y )→C∗(X×Y )

that are the canonical maps on the 0-level.
Proof. The proof of this theorem is in many ways quite similar to the proofs of the EZ-
Construction Theorem 113.2 and the EZ-Inverse 113.3.

In the following we show the �rst statement. The proofs of the other three statements
are very similar. So let

F,G : C∗(X × Y ) → C∗(X)⊗ C∗(Y )

be two natural chain maps that are the canonical maps on the 0-chains, i.e. which satisfy
F ((x, y)) = x⊗ y = G((x, y)) for all x ∈ X, y ∈ Y . Given any k ∈ Z≥−1 we have to de�ne
a map Pk : Ck(X × Y ) → (C∗(X)⊗ C∗(Y ))k+1

that satis�es the following three properties:
(1) the map P−1 is the zero map,
(2) the map Pk is natural in X and Y ,
(3) we have ∂⊗ ◦ Pk + Pk−1 ◦ ∂ = F −G.

So suppose we have already de�ned the maps P−1, . . . , Pk−1 with k ≥ 0. As before we
denote by dk : ∆k → ∆k × ∆k the singular k-simplex that is given by the diagonal map
dk(x) := (x, x). We �rst want to de�ne Pk(dk) ∈ (C∗(∆k) ⊗ C∗(∆k)k+1. In the chain
complex C∗(∆k)⊗ C∗(∆k) we calculate that

∂⊗((F −G− Pk−1∂)(dk)) = ∂⊗F (dk)− ∂⊗G(dk)− ∂⊗Pk−1(∂dk)
= F (∂dk)−G(∂dk)− (F −G− Pk−2∂)(∂dk) = Pk−2∂∂dk = 0.
↑

since F and G are chain maps and since inductively we know that ∂⊗ ◦ Pk−1 + Pk−1 ◦ ∂ = F −G

It follows from Lemma 113.4 that there exists a (k + 1)-chain c ∈ (C∗(∆k) ⊗ C∗(∆k))k+1

with ∂⊗(c) = (F −G− Pk−1∂)(dk). (For k = 0 we need to show that ε((F −G)(d0)) = 0,
to conclude this we need to use that F and G agree on 0-simplices.) We de�ne Pk(dk) := c.

Now let X and Y be two topological spaces and let σ ∈ Ck(X × Y ). As in the proof of
the EZ-Construction Theorem 113.2 we denote by p : X × Y → X and q : X × Y → Y the
natural projections and we set

Pk(σ) := ((p ◦ σ)∗ ⊗ (q ◦ σ)∗)(Pk(dk)) ∈ (C∗(X)⊗ C∗(Y ))k+1.

Basically by de�nition this map is natural in X and Y . As in the proof of the EZ-
Construction Theorem 113.2 one easily veri�es that condition (3) is satis�ed. �

Now we can easily provide the proof of the Eilenberg-Zilber Theorem 113.1.
Proof of the Eilenberg-Zilber Theorem 113.1. We pick natural chain maps

Υ: C∗(X)⊗ C∗(Y ) → C∗(X × Y )
and

Θ: C∗(X × Y ) → C∗(X)⊗ C∗(Y )

as provided by the EZ-Construction Theorem 113.2 and the EZ-Inverse Theorem 113.3.
These maps are the canonical maps on the 0-level. By Theorem 113.5 the maps Υ and Θ
are thus unique up to a natural chain homotopy.
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It remains to show that the maps Υ and Θ are naturally chain homotopy inverses of
one another. The map Θ ◦ Υ: C∗(X) ⊗ C∗(Y ) → C∗(X) ⊗ C∗(Y ) is a natural chain map
that is the canonical map on the 0-level. But this is also the case for the identity map. It
follows from Theorem 113.5 that Θ ◦ Υ is naturally chain homotopic to the identity. The
same argument shows that Υ ◦Θ is naturally chain homotopic to the identity. �

113.3. The relative Eilenberg�Zilber map Υ. In this short section we introduce a
relative version of the Eilenberg�Zilber map Υ. We start out with the following elementary
but essential remark.

Remark. Let X and Y be topological spaces and let A Ă X and B Ă Y be subsets. We
denote by i : A→ X and j : B → Y the inclusion maps. Then the diagram

C∗(A)⊗ C∗(B)

Υ
��

� � i∗⊗j∗
// C∗(X)⊗ C∗(Y )

Υ
��

C∗(A×B) �
� (i×j)∗

// C∗(X×Y )

commutes by the naturality of Υ. In the following we do not explicitly mention the names
of the various inclusion induced maps.

Proposition 113.6. Let X and Y be topological spaces and let A Ă X and B Ă Y be
subsets.
(1) The Eilenberg-Zilber map Υ induces a natural chain homotopy equivalence1370

C∗(X,A)⊗ C∗(Y,B) → C∗(X×Y )/(C∗(A×Y ) + C∗(X×B))
n∑
i=1

[ci]⊗ [di] 7→
n∑
i=1

[Υ(ci ⊗ di)].

(2) The Eilenberg-Zilber map Υ descends to a well-de�ned chain map

C∗(X,A)⊗ C∗(Y,B) → C∗(X × Y,A× Y ∪X ×B)
n∑
i=1

[ci]⊗ [di] 7→
n∑
i=1

[
Υ(ci ⊗ di)

]
.

Proof. Let X and Y be topological spaces and let A Ă X and B Ă Y be subsets.
(1) We consider the following diagram

0 // C∗(A)⊗ C∗(Y )

Υ
��

// C∗(X)⊗ C∗(Y )

Υ
��

// C∗(X,A)⊗ C∗(Y )

Υ
��

// 0

0 // C∗(A× Y ) // C∗(X×Y ) // C∗(X×Y )/C∗(A×Y ) // 0.

The top sequence is given by tensoring a short exact sequence by the free abelian
groups C∗(Y ), Lemma 89.9 implies that the resulting sequence is again exact. The
bottom sequence is exact by de�nition. The two left vertical maps are homotopy
equivalences by Theorem 113.1 and the diagram commutes by the naturality of Υ, as
explained in the remark preceding the proposition. Finally note that it follows from

1370Note that C∗(A×Y ) + C∗(X×B) is in fact a subcomplex of the chain complex C∗(X×Y ), so the
right-hand side is indeed a chain complex.
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the Two-Out-Of-Three-Homotopy Equivalence Corollary 81.6 that the right vertical
map is also a chain homotopy equivalence.

We consider the following diagram

0 // C∗(X,A)⊗ C∗(B)

Υ

��

// C∗(X,A)⊗ C∗(Y )

Υ

��

// C∗(X,A)⊗ C∗(Y,B)

Υ
��

// 0

0 // C∗(X×B)/C∗(A×B) // C∗(X×Y )/C∗(A×Y ) // C∗(X × Y )

C∗(A×Y )+C∗(X×B)
// 0.

As above, it follows from the fact that each Ck(X,A) is a free abelian group and
Lemma 89.9 that the top sequence is exact. It follows easily from1371

C∗(X ×B) ∩ C∗(A× Y ) = C∗((X ×B) ∩ (A× Y )) = C∗(A×B)

that the bottom sequence is also exact. The middle vertical map is a chain homotopy
equivalence by the above discussion. Exactly the same argument also shows that
the left vertical map is a chain homotopy equivalence. The diagram commutes by
the naturality of Υ. It follows from the Two-Out-Of-Three-Homotopy Equivalence
Corollary 81.6 that the right vertical map is also a homotopy equivalence.

(2) The second statement follows immediately from (1) together with the observation
that C∗(A× Y ) + C∗(X ×B) is a subcomplex of C∗(A× Y ∪X ×B). �

113.4. The cross product on homology. Recall that one of our goals is to �nd some
type of product structure in homology or cohomology. We start our search for a product
structure in homology, since we are more comfortable with homology groups.
The following de�nition already gives us some type of product structure on homology.

De�nition. Let (X,A) and (Y,B) be two pairs of topological spaces. We refer to the
map1372 × : Hp(X,A)⊗ Hq(Y,B)

×−→ Hp+q(X × Y,A× Y ∪X ×B).
[c]⊗ [d] 7→ [c]× [d] := [Υ(c⊗ d)]

as the cross product.
In the following lemma we summarize some elementary properties of the cross product.

Lemma 113.7. (Cross Product Lemma)
(1) Let X and Y be two topological spaces and let x ∈ X be a point. We denote by

f : Y → X × Y the map that is given by y 7→ (x, y) and we denote by [x] ∈ H0(X)
the homology class de�ned by x. Then for any q ∈ N0 the maps

Hq(Y )
σ 7→[x]×σ

//

f∗
// Hq(X × Y )

agree. The statement holds with the roles of X and Y reversed.
(2) The cross product is natural, i.e. if f : (X,A) → (X ′, A′) and g : (Y,B) → (Y ′, B′)

are maps between pairs of topological spaces, then for any p, q ∈ N0 the following

1371Why does this equality of chain complexes hold?
1372Note that the map is well-de�ned by Lemmas 90.6 and 113.6 (2) and it is independent of the choice of
Υ by Theorem 113.1 (2).
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diagram commutes:

Hp(X,A)⊗ Hq(Y,B)
×

//

f∗
��

g∗
��

Hp+q(X × Y,A× Y ∪X ×B)

(f×g)∗
��

Hp(X
′, A′)⊗ Hq(Y

′, B′)
×
// Hp+q(X

′ × Y ′, A′ × Y ′ ∪X ′ ×B′).

Proof. The lemma follows immediately from the de�nitions and the properties of Υ given
in the EZ-Construction Theorem 113.2 (1) and (2). �

We have the following variation on the Künneth Theorem 90.8 for topological spaces.

Theorem 113.8. (The Künneth Theorem) Let (X,A) and (Y,B) be pairs of topolog-
ical spaces. We assume that one of the following two statements holds:
(1) A and B are open subsets (note that A and B can possibly be empty), or
(2) (X,A) and (Y,B) are pairs of CW-complexes.

Then for each n ∈ N there exists a natural short exact sequence

0 →
⊕

p+q=n

Hp(X,A)⊗ Hq(Y,B)
×−→ Hn(X × Y,A× Y ∪X ×B)

→
⊕

p+q=n−1

Tor(Hp(X,A),Hq(Y,B)) → 0.

Furthermore the above short exact sequence splits.

Examples.

(1) Let M be an m-dimensional topological manifold and let N be an n-dimensional
topological manifold. Let x ∈ M \ ∂M and let y ∈ N \ ∂N . Then it follows
from the relative Künneth Theorem 113.8 (2), Lemma 105.4 and the Tor-Properties
Lemma 89.15 that the cross product de�nes an isomorphism

Hm(M,M \{x})⊗Hn(N,N \{y}) ×−→ Hm+n(M×N, (M \{x})×N ∪M×(N \{y})︸ ︷︷ ︸
=(M×N)\{(x,y)}

).

(2) Let X and Y be path-connected topological spaces. Let x ∈ X and let y ∈ Y . We
denote by i : X → X×Y the inclusion map that is given by i(x) = (x, y) and similarly
we denote by j : Y → X × Y the inclusion map that is given by j(y) = (x, y). It
follows from the H0-Proposition 72.5, the Cross Product Lemma 113.7 (1) and the
Künneth Theorem 113.8 that the map

i∗ ⊕ j∗ : H1(X;Z)⊕ H1(Y ;Z) → H1(X × Y ;Z)

is an isomorphism.1373 Let G be any abelian group. Furthermore note that it follows
easily from the above, the naturality of the Universal Coe�cient Theorem 89.17 and
the Tor-Properties Lemma 89.15 (3) that the map

i∗ ⊕ j∗ : H1(X;G)⊕ H1(Y ;G) → H1(X × Y ;G)

is also an isomorphism.

1373We had given an alternative proof of this fact in Exercise 84.5.
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Proof. We consider the following maps

0→
⊕

p+q=n

Hp(X,A)⊗Hq(Y,B) → Hn(C∗(X,A)⊗C∗(Y,B)) →
⊕

p+q=n−1

Tor(Hp(X,A),Hq(Y,B))→ 0.

↓ Υ

Hn(C∗(X×Y )/(C∗(A×Y ) + C∗(X×B)))

↓
Hn(C∗(X×Y )/C∗(A×Y ∪X×B))

↓ =

Hn(X × Y,A× Y ∪X ×B)

We �rst note that the top sequence is exact by the Künneth Theorem for Chain Com-
plexes 90.7. (Here we use again that relative chain groups are free abelian groups.) Here
the top vertical map is an isomorphism by Proposition 113.6. Recall that we assume that
one of the following two statements holds:
(1) A and B are open subsets, or
(2) (X,A) and (Y,B) are pairs of CW-complexes.

We then know from the Excisive Triad-Proposition 109.12 (4) respectively (6) that the
inclusion induced map

C{A×Y,X×B}∗ (A× Y ∪X ×B)︸ ︷︷ ︸
=C∗(A×Y )+C∗(X×B)

→ C∗(A× Y ∪X ×B)

is a chain homotopy equivalence. The same argument as in the proof of Corollary 74.16
shows that this piece of information implies that the second vertical map is indeed an
isomorphism. It follows immediately from the de�nition of the cross product that the
induced �diagonal map�⊕

p+q=n
Hp(X,A)⊗ Hq(Y,B) → Hn(X × Y,A× Y ∪X ×B)

is precisely the cross product. �

113.5. Product orientations of topological manifolds. In this second to last section
we want to consider products of topological manifolds. First let us recall the following
fact.
Proposition 113.9. Let M be an m-dimensional topological manifold and let N be an
n-dimensional topological manifold. Then the following hold:
(1) The product M ×N is an (m+ n)-dimensional topological manifold.
(2) We have ∂(M ×N) = (∂M ×N) ∪ (M × ∂N).

Proof. This proposition follows from the combination of the Topological Manifold Product
Proposition 18.4 and the Topological Manifold Boundary Proposition 75.2. �

The cross product, that we just introduced, allows us to formulate the following proposition.

Proposition 113.10. (Topological Product Orientation Proposition) LetM be an
m-dimensional topological manifold and let N be an n-dimensional topological manifold.



113. THE EILENBERG-ZILBER THEOREM AND THE CROSS PRODUCT 2501

Suppose M is equipped with an orientation {µx}x∈M\∂M and that N is equipped with an
orientation {νy}y∈N\∂N .
(1) Given (x, y) ∈ (M ×N) \ ∂(M ×N) we denote by ρ(x,y) the image of µx ⊗ νy under

the isomorphism

Hm(M,M \ {x})⊗ Hn(N,N \ {y}) ×−→ Hm+n(M ×N, (M ×N) \ {(x, y)})
from page 2499. Then these classes ρ(x,y) de�ne an orientation on M ×N .

(2) Suppose both M and N are compact and connected, then the map

Hm(M,∂M)⊗ Hn(N, ∂N)
×−→ Hm+n(M ×N, ∂(M ×N))

given by the cross product is an isomorphism and it has the property that

[M ]× [N ] = [M ×N ] ∈ Hm+n(M ×M,∂(M ×N))

where [M ×N ] denotes the fundamental class of the compact topological manifold
M ×N equipped with the orientation de�ned in (1).

Proof. Let M be an m-dimensional topological manifold and let N be an n-dimensional
topological manifold.

(1) The �rst statement of the proposition is a straightforward consequence of the de�ni-
tions and the naturality of the cross product, see the Cross Product Lemma 113.7.
For completeness' sake we sketch the proof. To simplify the notation we assume that
∂M = ∂N = ∅. Now let (x, y) ∈ M × N . We pick an open neighborhood U of
x and a class µU ∈ Hm(M,M \ U) and an open neighborhood V of y and a class
νV ∈ Hn(N,N \ V ) as given by the de�nition on page 2331. By the naturality of the
cross product we obtain the following commutative diagram

Hm(M,M \U)× Hn(N,N \V )
×

//

µU 7→µx νV 7→νy
��

Hm+n(M×N,M×N \(U×V ))

��

Hm(M,M \{x})× Hn(N,N \{y})
(µx,νy) 7→ρ(x,y)

×
// Hm+n(M×N,M×N \{(x, y)}).

It is now straightforward to verify that φU×V := µU×νV has the properties desired
by the de�nition on page 2331.

(2) Now suppose that both M and N are compact. By the Product Topology Properties
Proposition 5.6, the product M × N is then also compact. Now let x ∈ M \ ∂M
and let y ∈ N \ ∂N . By the Smooth Manifold Product Proposition 20.6 we have
(x, y) ∈ (M ×N) \ ∂(M ×N). Furthermore, by the Cross Product Lemma 113.7 we
have the following commutative diagram

Hm(M,∂M)⊗ Hn(N, ∂N)
×

//

��

Hm+n(M ×N, ∂(M ×N))

��

Hm(M,M \ {x})⊗ Hn(N,N \ {y}) ×
// Hm+n(M ×N,M ×N \ {(x, y)}).

The vertical maps are isomorphisms by the Orientation-Top Homology Theorem 106.1.
On page 2499 we saw that the bottom horizontal map is an isomorphism. It follows
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that, as claimed, the top horizontal map is also an isomorphism. The statement re-
garding the fundamental classes is an immediate consequence of the commutativity
of the diagram and the de�nitions. �

De�nition. Let M and N be oriented topological manifolds. We refer to the orientation
on M × N de�ned in the Topological Product Orientation Proposition 113.10 (1) as the
product orientation.

Remark. Recall that given any open subset U Ă Rk, k ∈ N0, we introduced on page 2337
the standard orientation for U viewed as a topological manifold. (See also the �gure
below for a reminder.) The following lemma says that the above de�nition of the product
orientation gives us the �expected� answer when we deal with open subsets of Rk's.

����

����

standard generator for R standard generator for R2

Proposition 113.11. Let U Ă Rm and V Ă Rn be open non-empty subsets. We equip
U and V with the standard orientation. Then the product orientation of U × V , de�ned
above, agrees with the standard orientation of U × V Ă Rm × Rn = Rm+n.
We postpone the proof of Proposition 113.11 to the next section.

Examples.
(1) Let M and N be two oriented smooth manifolds. We have the following diagram

oriented smooth manifolds M,N

Smooth-Topological
Orientation

Proposition 105.11
//

page 695
��

oriented topological manifolds M,N

see above
��

oriented smooth manifold M×N Proposition 105.11
// oriented topological manifold M×N .

It follows fairly easily from Proposition 113.11 that this diagram commutes.
(2) We write I = [−1, 1]. We view I as a 1-dimensional topological manifold and we

equip I with the orientation coming from R. Given k ∈ N0 we write

∂Ik := {(x1, . . . , xk) | there exists an i with xi = −1 or xi = 1}.
Given any m,n ∈ N one sees easily that

∂(Im × In) = (∂Im × In) ∪ (Im × ∂In) = ∂(Im+n).

It follows from the Topological Manifold Product Proposition 18.4 and the above
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discussion that we can view each Ik = I × · · · × I as a k-dimensional topological
manifold with boundary given by the above subset ∂Ik. We equip Ik with the product
orientation. It follows immediately from Proposition 113.11 that the orientation on
the open subset Ik \ ∂Ik Ă Rk is the standard orientation.1374 As usual we denote by
[Ik] ∈ Hk(I

k, ∂Ik;Z) the fundamental class.
Now let m,n ∈ N0. We get a cross product

=Z·[Im]︷ ︸︸ ︷
Hm(Im, ∂Im)⊗

=Z·[In]︷ ︸︸ ︷
Hn(In, ∂In) →

=Z·[In+n]︷ ︸︸ ︷
Hm+n(Im+n, ∂Im+n)

which by the Topological Product Orientation Proposition 113.10 (2) has the property
that [Im]× [In] = [Im+n].

113.6. The shu�e product and the proof of Proposition 113.11 (∗). In this section
we will provide the proof of Proposition 113.11. The di�culty in the proof is that the de�-
nition of the cross product relies on the map Υ from the EZ-Construction Theorem 113.2.
We gave a non-constructive proof of the existence of the map Υ. In this section we give an
explicit description of a map ∇ which has all the properties that we had asked for in the
EZ-Construction Theorem 113.2. We will then use this map∇ to prove Proposition 113.11.
First we recall some notation from page 1584.
Notation. For i = 0, . . . , n we write

vi := (0, . . . , 1, 0, . . . , 0) ∈ Rn+1.

Furthermore for a0, . . . , ak ∈ ∆n we consider the map

[a0, . . . , ak] : ∆k → ∆n

k∑
j=0
λj · vj 7→

k∑
j=0
λj · aj.

The map [a0, . . . , ak] thus sends the standard k-simplex ∆k to the simplex �spanned by
a0, . . . , ak� in ∆n.

De�nition. Let m,n ∈ N0.
(1) An (m,n)-shuf�e is a pair (µ, ν) of disjoint sets of integers

1 ≤ µ1 < µ2 < · · · < µm ≤ m+ n and 1 ≤ ν1 < ν2 < · · · < νn ≤ m+ n.

We denote by sign(µ, ν) the sign of the permutation (µ1, . . . , µm, ν1, . . . , νn). We
denote by ηµ : ∆m+n → ∆m the unique a�ne linear map which satis�es ηµ(vi) = vj
for µj ≤ i < µj+1.1375 The same way we de�ne ην : ∆m+n → ∆n.

1374Note that the homeomorphism f : (Ik, ∂Ik)→ (B
k
, Sk−1) from the Convex-to-Ball Proposition 2.20 (2)

has the property that the restriction to a dense open subset of Ik \ ∂Ik → Bk is an orientation-preserving
di�eomorphism. In particular this homeomorphism is thus an orientation-preserving homeomorphism from
the oriented topological manifold Ik to the oriented topological manifold B

k
.
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(2) Given two topological spaces X and Y we de�ne

∇mn : Cm(X)⊗ Cn(Y ) → Cm+n(X × Y )

(σ ⊗ τ) 7→
∑

(µ,ν)

sign(µ, ν) · (
∆m+n→X︷ ︸︸ ︷
σ ◦ ηµ ×

∆m+n→Y︷ ︸︸ ︷
τ ◦ ην︸ ︷︷ ︸

map ∆m+n → X × Y

)

where we take the sum over all (m,n)-shu�es.

Examples.

(1) We consider the case X = Y = R and m = n = 1. There exist two (1, 1)-shu�es,
namely {µ1 = 1, ν1 = 2} and {µ1 = 2, ν1 = 1}. Note that η1 : ∆2 → ∆1 equals the
map [v0, v1, v1] and that η2 : ∆2 → ∆1 equals the map [v0, v0, v1]. In the �gure below
we illustrate ∇11(σ ⊗ τ) for two a�ne linear singular 1-simplices σ : ∆1 → X = R
and τ : ∆1 → Y = R.
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σ ◦ η1 × τ ◦ η2 − σ ◦ η2 × τ ◦ η1︸ ︷︷ ︸
=∇(σ⊗τ)

σ

X × Y

∆1

X

X × Y
∆2

Y

τ

 

(2) We consider the case X = Y = S1 and m = n = 1. Furthermore we denote by
µ : ∆1 → S1 the singular 1-simplex that is given by µ(1 − t, t) = exp(2π it). On
page 2201 we saw that µ represents the fundamental class of S1 with the standard
orientation. Comparing the �gures on page 2204 and on page 2504 we see that the
shu�e ∇(µ⊗µ) is precisely the usual representative for the fundamental class of the
2-dimensional torus S1 × S1 = ([0, 1]× [0, 1])/∼.

Proposition 113.12. The maps ∇ that we had just de�ned have all the properties that
we had mentioned in the EZ-Construction Theorem 113.2, in other words, the maps
∇ : C∗(X) ⊗ C∗(Y ) → C∗(X × Y ) are natural chain maps that on the 0-level equal the
canonical maps that we introduced on page 2491.

Proof. It follows immediately from the de�nition that the maps ∇mn are natural and that
on the 0-level they agree with the canonical maps. It is elementary (albeit rather painful)
to verify that these maps are chain maps. We refer to [Dol1956, p. 184] and [EMc1953]
for details and proofs. �

Now we can �nally provide the proof of Proposition 113.11.

Proof of Proposition 113.11. It su�ces to prove the statement for U = Rm and for
V = Rn. Given any k ∈ N0 we consider the singular chain σk = (−1)k · [v0, . . . , vk, 0].

1375Here we implicitly use that µ0 = 0 and µm+1 = m+ n+ 1.
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(In plain English the singular simplex [v0, . . . , vk, 0] : ∆k → Rk is just given by the obvious
projection.) We make the following observation:

(∗) Let z ∈ Rk be any point that lies in the interior of the image of σk. It follows from
the discussion on page 2325 that the chain σk represents the standard generator of
Hk(Rk,Rk \ {z}).

Next we consider the (m,n)-shu�e that is given by the sets µ0 = {1, . . . ,m} and by
ν0 = {m+ 1, . . . ,m+ n}. It follows easily from the de�nitions that

ηµ0 = [v0, . . . , vm, . . . , vm] : ∆m+n → ∆m and ην0 = [vm, . . . , vm, . . . , vm+n] : ∆m+n → ∆n.

Also note that it is a straightforward consequence of the de�nitions that we have the
following equality of singular (m+ n)-chains in Rm × Rn = Rm+n:

(σm ◦ ηµ0)× (σn ◦ ην0) = (−1)m · (−1)n · [v0, . . . , vm−1, vm, . . . , vm+n−1, 0] = σm+n.

We pick a point (x, y) ∈ Rm ×Rn that lies in the interior of the image of σm+n. Note that
x lies in the interior of the image of σm and that y lies in the interior of the image of σn.

It follows from the observation (∗), the de�nition of the product orientation on page 2502
and the Sections Proposition 105.6 (1) that it su�ces to prove the following claim.

Claim. The following equality holds in Hm+n(Rm+n,Rm+n \ {(x, y)}):
[σm]× [σn] = [σm+n].

Proof. We have

[σm]× [σn] = [∇mn(σm ⊗ σn)] =
[ ∑

(µ,ν)
sign(µ, ν) · (σm ◦ ηµ × σn ◦ ην)

]
↑ ↑

Proposition 113.12 and Theorem 113.5 by de�nition

=
[
sign(µ0, ν0)︸ ︷︷ ︸

=1

· (σm ◦ ηµ0 × σn ◦ ην0)︸ ︷︷ ︸
=σm+n

]
= [σm+n].x

for all other shu�es (µ, ν) the point (x, y) does not lie in the image of σm ◦ ηµ × σn ◦ ην

This concludes the proof of the claim and thus of the proposition. �

113.7. The Acyclic Model Theorems. In this section we will prove two �Acyclic Model
Theorems� which on many occasions will allow us to construct maps and homotopies. We
start out with the following fairly friendly Acyclic Model Theorem. We will need this
particular Acyclic Model Theorem later on in Chapter 151 when we construct Steenrod
operations.

Theorem 113.13. (Acyclic Model Theorem) Let Top be the category of topological
spaces and let C be the category of generalized1376 chain complexes. Let G : Top → C
be a covariant functor. Furthermore let S be a natural transformation from the functor
X 7→ C∗(X) to the functor X 7→ G(X). If Hi(G(∆k)) = 0 for any k ∈ N0 and any i ∈ N0,
then there exists a natural chain homotopy P from S to the zero map. In other words, for
any topological spaceX and any k ∈ N there exists a natural map PX : Ck(X)→ Gk+1(X),
such that for any k ∈ N0 we have

∂ ◦ PX + PX ◦ ∂ = SX : Ck(X) → Gk(X).

1376Here �generalized� just means, see page 1592, that we also allow chain groups in negative degrees.
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Sketch of proof. The proof of this theorem is very similar to the �naturally chain homo-
topic statement� of Theorem 113.5. First recall that the fact that S is a natural transfor-
mation means that for any topological space X we get a commutative diagram as follows:

. . . // C2(X)

S
��

∂2 // C1(X)

S
��

∂1 // C0(X)

S
��

// 0 //

S
��

0 //

S
��

. . .

. . . // G2(X)
∂2 // G1(X)

∂1 // G0(X)
∂0 // G−1(X)

∂−1
// G−2(X)

∂−2
// . . .

Now we consider id∆0 ∈ C0(∆0). It is a cycle in the chain complex C∗(∆0). Since the
above diagram commutes we see that S(id∆0) is also cycle in G0(∆0). Since we assume
that H0(G(∆0)) = 0 we see that there exists some µ1 ∈ G1(∆0) with ∂1(µ1) = S(id∆0).
Now, given any topological space X we de�ne

P0 : C0(X) → G1(X)
m∑
i=1
ai · fi 7→

m∑
i=1
ai · fi∗(µ1).

↑
map ∆0 → X

We iterate this procedure. Namely suppose that for i = 0, . . . , k − 1 we have already
constructed natural maps Pi : Ci(X) → Gi+1(X) such that ∂ ◦ Pi + Pi−1 ◦ ∂ = Si for
i = 0, . . . , k − 1. For reference we consider the following diagram:

. . . // Ck+1(X)

Sk+1

��

∂k+1
// Ck(X)

Pktt

Sk
��

∂k // Ck−1(X)

Sk−1

��

//

Pk−1
tt

. . .

. . . // Gk+1(X)
∂k+1

// Gk(X)
∂k

// Gk−1(X)
∂k−1

// . . .

Next we need to construct a suitable map Pk. We calculate that

∂k((Sk − Pk−1 ◦ ∂)(id∆k)) = ∂Sk(id∆k)− ∂Pk−1(∂ id∆k)

= Sk−1(∂ id∆k)− (Sk−1 − Pk−2∂)(∂ id∆k) = (Pk−2 ◦
=0︷ ︸︸ ︷
∂ ◦ ∂)(id∆k) = 0 .

↑
since S is a chain map and since ∂ ◦ Pk−1 + Pk−2 ◦ ∂ = Sk−1

Since we assume that Hk(G(∆k)) = 0 we see that there exists some µk+1 ∈ Gk+1(∆k) with
∂k+1(µk+1) = (Sk − Pk−1 ◦ ∂)(id∆k). Now, given any topological space X we de�ne

Pk : Ck(X) → Gk+1(X)
m∑
i=1
ai · fi 7→

m∑
i=1
ai · fi∗(µk+1).

↑
map ∆k → X

Using the fact that S is natural one can easily verify that Pk has the desired properties. �

The above version of the Acyclic Model Theorem will not work for the situations that we
need to deal with in the near future. There are two problems with the above Acyclic Model
Theorem:
(1) On several occasions we will be interested in natural transformations of the form

C∗(X) → C∗(X) ⊗ C∗(X), but for X = ∆k the chain complexes to the right does
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not satisfy the condition that the homology groups for X = ∆k vanish in dimensions
≥ 0.

(2) We will also need to deal with situations where to the left we have more complicated
chain complexes, e.g. we might want to study natural transformations of the type
C∗(X)× C∗(X)→ C∗(X ×X).

To formulate a version of the Acyclic Model Theorem that deals with the above two issues
we need a few more de�nitions.
De�nition.
(1) An augmented chain complex is a chain complex

(C∗, ∂∗) = . . .
∂3−−→ C2

∂2−−→ C1
∂1−−→ C0 → 0

together with an epimorphism ε : C0 → Z such that ε ◦ ∂1 : C1 → Z is the zero map.
(2) We say that an augmented chain complex ((C∗, ∂∗), ε : C0 → Z) is acyclic if the

generalized chain complex

. . .
∂3−−→ C2

∂2−−→ C1
∂1−−→ C0

ε−→ Z → 0
↑

degree −1

is acyclic, i.e. if all homology groups are zero.
(3) Let ((C∗, ∂∗), ε) and ((C′∗, ∂

′
∗), ε

′) be two augmented chain complexes. A chain map
of augmented chain complexes is a chain map f∗ : C∗ → C′∗ such that the following
diagram commutes:

C0
ε //

f0
��

Z
=
��

C′0
ε′ // Z.

(4) We refer to the category A with

Ob(A) = augmented chain complexes

Mor((C, ε), (C ′, ε′)) =
set of chain maps of augmented chain complexes

from (C, ε) to (C ′, ε′)

as the category of augmented chain complexes.

Examples.

(1) Let X be a non-empty topological space. We denote by εX : C0(X) → Z the aug-
mentation map that we introduced on page 1590, i.e. εX is the map that sends each
singular 0-simplex to 1. It follows from Lemma 72.4 (1) that (C∗(X), εX) is an aug-
mented chain complex. If X is a contractible topological space, e.g. if X = ∆k,
then it follows from the Reduced Homology Lemma 74.1 (7) that the corresponding
augmented chain complex is acyclic.

(2) If (C∗, µ) and (D∗, ν) are two augmented chain complexes then the tensor product
C∗ ⊗D∗ of chain complexes, as de�ned in Lemma 90.2, together with the map

µ⊗ ν : (C∗ ⊗D∗)0 = C0 ⊗D0 → Z
k∑
i=1
ci ⊗ di 7→

k∑
i=1
µ(ci) · ν(di)
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is easily seen to be an augmented chain complex.1377

De�nition. We say a chain complex C∗ is almost acyclic if Hi(C∗) = 0 for i ≥ 1 and if
H0(C∗) ∼= Z.

Example. If X is a contractible topological space, then it follows from the Homotopy
Equivalence-H∗-Corollary 73.9 that C∗(X) is almost acyclic.

Proposition 113.14. Let C∗ and D∗ be two chain complexes. If C∗ and D∗ are almost
acyclic and if C∗ is free, i.e. if each chain group Cn is a free abelian group, then C∗ ⊗D∗
is also almost acyclic.

Proof. Let n ∈ N0. Since C∗ is free we can apply the Künneth Theorem for Chain
Complexes 90.7 which gives us the following short exact sequence:

0 →
⊕
p+q=n

Hp(C∗)⊗ Hq(D∗)
Θ−→ Hn(C∗ ⊗D∗) →

⊕
p+q=n−1

Tor(Hp(C∗),Hq(D∗)) → 0.

The proposition is an immediate consequence of this short exact sequence and of some
very elementary statements regarding tensor products and torsion groups, see the Tensor
Lemma 89.3 and 89.15. �

The following lemma gives a convenient criterion for showing that augmented chain com-
plexes are acyclic.

Lemma 113.15. Let ((C∗, ∂∗), ε) be an augmented chain complex. If the chain complex
(C∗, ∂∗) is almost acyclic, then the augmented chain complex ((C∗, ∂∗), ε) is acyclic.

Proof. We denote by C̃∗ the generalized chain complex

. . .
∂3 // C2

∂2 // C1
∂1 // C0

ε // // Z // 0.

We need to show that this chain complex is acyclic. It is clear that for i ≥ 1 we have
Hi(C̃∗) = Hi(C∗) = 0. It remains to show that H0(C̃∗) = 0. Since Z is a free abelian group
and since ε : C0 → Z is an epimorphism we can pick a map s : Z→ C0 with ε ◦ s = idZ. As
in the Reduced Homology Lemma 74.1 (4) one can easily show that the map

H0(C̃∗)⊕ Z → H0(C∗)
[σ]⊕ n 7→ [σ] + s(n)

is an isomorphism. Since H0(C∗) ∼= Z it follows from Exercise 51.3 (b) (see also more
generally Proposition 51.11) that H0(C̃∗) = 0. �

De�nition. Let K be a category (in all applications K will be the category of non-empty
topological spaces or the category of tuples of non-empty topological spaces) and let

1377Indeed, by de�nition (C∗ ⊗D∗)1 is generated by elements c1 ⊗ d0 with c1 ∈ C1 and d0 ∈ D0 and by
elements c0 ⊗ d1 with c0 ∈ C0 and d1 ∈ D1. We calculate that

((µ⊗ν)◦∂1)(c1⊗d0) = (µ⊗ν)(∂c1⊗d0+(−1)1 ·c1⊗∂d0︸︷︷︸
=0

) = (µ⊗ν)(∂c1⊗d0) = µ(∂c1)·ν(d0) = 0·ν(d0) = 0.

The same argument shows that ((µ⊗ ν) ◦ ∂1)(c0 ⊗ d1) = 0.
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F : K → A be a covariant functor from K to the category A of augmented chain complexes.
LetM be a collection of objects of K.
(1) We say the functor F is acyclic relative toM if given any X ∈ M the augmented

chain complex F (X) is acyclic.
(2) We say the functor F is free relative toM if for each k ∈ N0 there existsMk ĂM

and if for each M ∈ Mk there exists an element σM ∈ Fk(M)1378 such that given
any X ∈ K the following two statements hold:
(a) The set

{F (f)︸ ︷︷ ︸(σM) ∈ Fk(X) | M ∈Mk and f ∈ Mor(M,X)}

↑
morphism f : M → X induces a homomorphism F (f) : Fk(M)→ Fk(X)

is a basis for the abelian group Fk(X).1379

(b) The description of the set in (a) has no double elements, much more precisely,
for (M, f) 6= (M ′, f ′) we have F (f)(σM) 6= F (f ′)(σM ′).

Remark. The objects in a collection M as in the previous de�nition are often called
models.

The de�nition of �free relative to M� is arguably somewhat intimidating. The following
example should convince the reader that in practice it is not that bad.

Example. LetK be the category of non-empty topological spaces and let F be the covariant
functor that assigns to each X ∈ K the augmented singular chain complex (C∗(X), εX).
We consider

M := {∆k | k ∈ N0} = the set of all standard simplices.

We claim that F is acyclic and free relative toM:
(1) By the Reduced Homology Lemma 74.1 (7) we know that for every k ∈ N0 we have

H̃∗(∆k) = 0. But by Lemma 113.15 this just means thatM is acyclic relative to F .
(2) Let k ∈ N0. We set Mk = {∆k} and we consider σk = id∆k ∈ Ck(∆k). Now recall

that given any topological space X and given any k ∈ N0 we have

by de�nition of Ck(X), see page 1583
↓

Ck(X) = free abelian group generated by the set of singular k-simplices in X
= free abelian group generated by the set of all maps f : ∆k → X︸ ︷︷ ︸

=f∗(id∆k
)

.
↑

by de�nition of a singular k-simplex, see page 1583

But this means that the set {f∗(id∆k)}f : ∆k→X is a basis for Ck(X).

Now we can formulate the main theorem of this section.
Theorem 113.16. (Acyclic Model Theorem) Let K be a category with a collection
of objects M. Furthermore let F,G : K → A be two covariant functors from K to the

1378Here Fk(M) is the k-chain group of the chain complex F (M).
1379In particular this implies that each Fk(X) is a free abelian group.
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category of augmented chain complexes. If F is free relative to M and if G is acyclic
relative toM, then the following statements hold:
(1) There exists a natural transformation T from F to G. In other words, given any ob-

ject X of K we have a chain map TX : F (X)→ G(X) of augmented chain complexes
such that for any morphism f : X → Y in K the following diagram commutes:1380

F (X)
F (f)

//

TX
��

F (Y )

TY
��

G(X)
G(f)

// G(Y ).

(2) Given two natural transformations SX and TX from F to G there is a natural chain
homotopy PX between them.

Proof. The proof is, ultimately very much the same as the proof of Theorem 113.5. We
decline to provide a proof and we follow the lead given by Munkres [Mun1984, p. 185],
namely like Munkres we assign the proof as an exercise to the reader. Alternatively the
reader can �nd the proof in [Spa1995, p. 169], [Vic1994, Theorem 5.3] or [Dol1980,
p. 175]. �

As an example for the Acyclic Model Theorem 113.16 we will prove a statement that we
will anyway need shortly. To formulate the application we need the following de�nition.
De�nition. A diagonal approximation is a natural chain map

ϕ : C∗(X) → C∗(X)⊗ C∗(X)

such that for each x ∈ X, viewed as a singular 0-simplex, we have

ϕ(x) = x⊗ x ∈ C0(X)⊗ C0(X)︸ ︷︷ ︸
=(C∗(X)⊗C∗(X))0

.

Proposition 113.17. (Diagonal Approximation Uniqueness Proposition) Given
any two diagonal approximations Φ and Ψ there exists a natural chain homotopy equiva-
lence between Φ and Ψ.
Proof. We let K be the category of non-empty topological spaces. As on page 2509 we
consider the collection

M := {∆k | k ∈ N0} = the set of all standard simplices.

We consider the covariant functors1381

F : K → A
X 7→ (C∗(X), εX)

and
G : K → A

X 7→ (C∗(X)⊗ C∗(X), εX ⊗ εX).

Now let Φ,Ψ: C∗(X) → C∗(X) ⊗ C∗(X) be two diagonal approximations. By de�nition
these are natural transformations from F to G. The hypothesis that Φ and Ψ are diagonal
approximations implies that Φ and Ψ de�ne chain maps of augmented chain complexes.

By the Acyclic Model Theorem 113.16 (2) it remains to prove the following claim.

1380Note that the zero map is not a chain map of augmented chain complexes, since it does not respect
the augmentation.
1381It follows from the discussion on page 2507 that both F and G are indeed functors to the category of
augmented chain complexes.
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Claim.
(1) The functor F is free relative toM.
(2) The functor G is acyclic relative toM.

Proof.
(1) Conveniently enough we showed on page 2509 that F is free relative toM.
(2) We need to show that given any k ∈ N0 the corresponding augmented chain complex

(C∗(∆k)⊗C∗(∆k), εX ⊗ εX) is acyclic. By Lemma 113.15 it su�ces to show that the
chain complex C∗(∆k) ⊗ C∗(∆k) is almost acyclic. But this is a consequence of the
fact that C∗(∆k) is almost acyclic, see page 2508, and Proposition 113.14. �

Exercises for Chapter 113.

Exercise 113.1. LetM andN be topological manifolds and let ϕ ∈ Hk(M) and ψ ∈ Hl(N).
If ϕ is realized by a closed oriented k-dimensional submanifold A and if ψ is realized by a
closed oriented l-dimensional submanifold B, then the cross product ϕ×ψ ∈ Hk+l(M ×N)
is realized by the closed (k + l)-dimensional submanifold A×B.

Exercise 113.2. Let X and Y be topological spaces. Show that for any σ ∈ H0(X) and
τ ∈ H0(X) we have εX(σ) · εY (τ) = εX×Y (σ × τ).

Here the maps ε are as always the various augmentation maps.

Exercise 113.3. Let M be the Möbius band. We consider the 3-dimensional topological
manifold M × [0, 1].
(a) What is the homeomorphism type of ∂(M × [0, 1])?
(b) Is the topological manifold M × [0, 1] orientable?

Exercise 113.4. Let f : A → M and g : B → N be maps between closed oriented con-
nected non-empty topological manifolds with dim(A) = dim(M) and dim(B) = dim(N).
We consider the degree of maps between closed oriented connected non-empty topological
manifolds of the same dimension as de�ned on page 2379. Show that

deg(f × g : A×B) = deg(f : A→M) · deg(g : B → N).

Remark. For smooth manifolds we gave a very very di�erent proof in Exercise 38.17.
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114. The cup product

114.1. A �rst de�nition of the cup product. Let X be a topological space. The cross
product from page 2498 applied to the same topological spaces X = Y gives us in particular
the cross product1382

× :

=Hp(X)⊗Hq(X)︷ ︸︸ ︷
Hp(C∗(X))⊗ Hq(C∗(X)) → Hp+q(C∗(X)⊗C∗(X))

Υ∗−−→
=Hp+q(X×X)︷ ︸︸ ︷

Hp+q(C∗(X ×X)).
[c]⊗ [d] 7→ [c⊗ d].

This is very nice, but this construction does not give us a product on the homology groups
of X itself, since we end up in the homology of a di�erent topological space.
Now we try our luck with cohomology groups. Before we can study maps on cohomology
groups we need a little bit of algebraic preparation.

De�nition. Let C∗ and D∗ be chain complexes.
(1) Given p, q ∈ N0 we denote by

Πp,q : (C∗ ⊗D∗)p+q =
⊕

i+j=p+q

Ci ⊗Dj → Cp ⊗Dq

the natural projection.
(2) Let R be a commutative ring. We denote by Ξ the map

Hom(Cp, R)×Hom(Dq, R) → Hom((C ⊗ D)p+q, R)

(ϕ, ψ) 7→

(
(C∗ ⊗D∗)p+q

Πp,q−−→ Cp ⊗Dq
ϕ⊗ψ−−→ R⊗R → R

a⊗b 7→ a·b

)
.

Lemma 114.1. Let C∗ and D∗ be chain complexes. For any commutative ring R the map

Hp(C∗;R)× Hq(D;R) → Hp+q(C∗ ⊗D∗;R)
([ϕ], [ψ]) 7→ [Ξ(ϕ, ψ)]

is well-de�ned.
Proof. We leave the veri�cation of the lemma to the reader. �

We return to topology. So let X be a topological space. We consider the map1383

=Hp(X;Z)⊗Hq(X;Z)︷ ︸︸ ︷
Hp(C∗(X);Z)⊗ Hq(C∗(X);Z)

Ξ−→ Hp+q(C∗(X)⊗C∗(X);Z)
Θ∗−−→

=Hp+q(X×X;Z)︷ ︸︸ ︷
Hp+q(C∗(X×X);Z).

[ϕ]⊗ [ψ] 7→ [ϕ⊗ψ ◦ Πp,q].

Summarizing we get a map

Hp(X;Z)⊗ Hq(X;Z) → Hp+q(X ×X;Z)

which is sometimes called the cross product on cohomology. Again, this is nice, but exactly
as in the case of the cross product on homology, we end up in the cohomology of X ×X,
but we really would like to end up in the cohomology of X.

1382Here Υ: C∗(X)⊗ C∗(Y )→ C∗(X × Y ) denotes the Eilenberg-Zilber map from Theorem 113.1.
1383Here Θ: C∗(X × Y )→ C∗(X)⊗ C∗(Y ) denotes the Eilenberg-Zilber map from Theorem 113.1 (1). It
follows from Theorem 113.1 (2) and the Dual Cochain Map Lemma 108.8 (3) that the de�nition below
does not depend on the choice of Θ.
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Now we have to �nd a way how to go back from the topological space X×X to the original
space X. In general there does not exist an �interesting�1384 map X × X → X. But, as
we saw before, there does exist an interesting map in the opposite direction, namely the
diagonal map

d : X → X ×X
x 7→ (x, x).

This diagonal map d induces a map
d∗ : H∗(X;Z) → H∗(X ×X;Z)

on homology, and, much more interesting in our context, it also induces a map
d∗ : H∗(X×X;Z) → H∗(X;Z).

on cohomology groups that goes in the �opposite direction�. This discussion leads us to the
following de�nition.

De�nition. Let X be a topological space. We de�ne the cup product1385 on the cohomol-
ogy groups of X as the composition of the following maps:

Hp(X;Z)× Hq(X;Z) → Hp(X;Z)⊗ Hq(X;Z)
Θ∗◦Ξ−−−→ Hp+q(X ×X;Z)

d∗−→ Hp+q(X;Z).

For the resulting pairing we use the notation

Hp(X;Z)× Hq(X;Z) → Hp+q(X;Z)
(a, b) 7→ a Ỹ b

and we refer to a Ỹ b as the cup product of a and b.

114.2. An alternative de�nition of the cup product. The de�nition of the cup prod-
uct in the previous section was very natural and we could now develop the theory of the
cup product using that de�nition. If one takes that route then one has to deal with the
awkward fact that the Eilenberg-Zilber map Θ is not very explicit.
Now we give an alternative de�nition of the cup product which is more ad hoc, but which
works surprisingly well in practice.

De�nition. Let X be a topological space and let R be a commutative ring. Furthermore
let ϕ ∈ Cp(X;R) and ψ ∈ Cq(X;R) be cochains. We de�ne the cup product of ϕ and ψ
to be the singular cochain1386

ϕ Y ψ : Cp+q(X) → R
that is given by

(σ : ∆p+q → X) 7→ ϕ(σ◦[v0, . . . , vp])︸ ︷︷ ︸
∈R

· ψ(σ◦[vp, . . . , vp+q]).︸ ︷︷ ︸
∈R

The1387 cup product thus de�nes a map

Y : Cp(X;R)× Cq(X;R) → Cp+q(X;R).

1384The projection from X ×X onto one of the two factors does not count as �interesting�, since it does
not �mix� the two factors. In fact in Exercise 114.1 we will see that the map

H∗(X)⊗H∗(X)
×−→ H∗(X ×X)

p∗−−→ H∗(X),

where p : X ×X → X denotes the projection on the �rst factor, is the zero map.
1385The name �cup product� comes from the notation �a Ỹ b� for the composition since Y looks like a cup.
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(ϕ Y ψ)(σ) = ϕ(σ ◦ [v0, v1]) · ψ(σ ◦ [v1, v2])

σ ◦ [v1, v2]

[v0, v1]

σ ◦ [v0, v1]

v2

v0

v1

[v1, v2] σ

Remark. The sign conventions for the cup product for cohomology classes ϕ ∈ Hp(X;R)
and ψ ∈ Hq(X;R) di�er in the literature. More precisely, given a topological space X and
cochains ϕ ∈ Cp(X;R) and ψ ∈ Cq(X;R) the cup product ϕ Y ψ, applied to a singular
(p+ q)-simplex σ : ∆p+q → X is de�ned as follows:

(ϕ Y σ)(σ)

(a) Hatcher [Hat2002, p. 206] ϕ(σ ◦ [v0, . . . , vp]) · ψ(σ ◦ [vp, . . . , vp+q])
(b) Bredon [Bre1993, p. 328] (−1)pq · ϕ(σ ◦ [v0, . . . , vp]) · ψ(σ ◦ [vp, . . . , vp+q])
(c) Dold [Dol1956, p. 222] (−1)pq · ϕ(σ ◦ [v0, . . . , vp]) · ψ(σ ◦ [vp, . . . , vp+q])
(d) Spanier [Spa1995, p. 251] ϕ(σ ◦ [v0, . . . , vp]) · ψ(σ ◦ [vp, . . . , vp+q])
(e) Munkres [Mun1984, p. 288] ϕ(σ ◦ [v0, . . . , vp]) · ψ(σ ◦ [vp, . . . , vp+q])
(f) Greenberg-Harper [GrH1981, p. 195] ϕ(σ ◦ [v0, . . . , vp]) · ψ(σ ◦ [vp, . . . , vp+q])

So we see that our sign convention agrees with the conventions of Hatcher, Spanier, Munkres
and Greenberg-Harper, but they di�er by the sign (−1)pq from the conventions used in
Bredon and Dold.

Example. Since the second de�nition of the cup product is initially strange and not very
intuitive we consider an example in slightly more detail. In the following we consider the
torus T = S1×S1 = ([0, 1]×[0, 1])/∼ with the two singular 2-simplices σ1 and σ2 illustrated
in the �gure on page 2515 which we already saw in the �gure on page 2204. We recall the
following notation:

(1) we denote by p respectively q the projection S1×S1 → S1 onto the �rst respectively
second factor,

(2) we denote by µ : ∆1 → S1 the singular 1-simplex given by µ(1− t, t) = exp(2π it),
(3) furthermore we denote by ν : ∆1 → S1 the constant singular 1-simplex that is given

by ν(1− t, t) = 1.
(4) �nally we recall that on page 2404 we introduced a cochain θ := θZ ∈ C1;Z) and we

showed that θ(µ) = 1, also note that θ(ν) = 0.

1386Here, when we write [v0, . . . , vp] : ∆p → ∆p+q and [vp, . . . , vp+q] : ∆q → ∆p+q, we use the notation from
page 2503.
1387In the literature, given a singular n-simplex σ : ∆n → X one often writes pbσ = σ◦ [v0, . . . , vp] and
σcp = σ◦[vn−p, . . . , vn].
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We want to determine the values of p∗(θ) Y q∗(θ) ∈ C2(T ;Z) = Hom(C2(T ),Z) on the
singular 2-simplices σ1 and σ2. We have

(p∗(θ) Y q∗(θ))(σ1) = p∗(θ)(σ1 ◦ [v0, v1]) · q∗(θ)(σ1 ◦ [v1, v2])
= θ(p ◦ σ1 ◦ [v0, v1]︸ ︷︷ ︸

=ν

) · θ(q ◦ σ1 ◦ [v1, v2]︸ ︷︷ ︸
=ν

) = 0 · 0 = 0.

Much more interestingly we have
(p∗(θ) Y q∗(θ))(σ2) = p∗(θ)(σ2 ◦ [v0, v1]) · q∗(θ)(σ2 ◦ [v1, v2])

= θ(p ◦ σ2 ◦ [v0, v1]︸ ︷︷ ︸
=µ

) · θ(q ◦ σ2 ◦ [v1, v2]︸ ︷︷ ︸
=µ

) = 1 · 1 = 1.

To aid the reader we also recall in the �gure below the notation that we had initially
introduced on page 2203 and that we use in the �gure on page 2515.
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The de�nition of the cup product on cochains might look strange and arbitrary. But the
following lemma shows that it behaves well with respect to coboundary maps.

Lemma 114.2. (Coboundary-Cup Product Lemma) Let X be a topological space
and let R be a commutative ring. Furthermore let ϕ ∈ Cp(X;R) and ψ ∈ Cq(X;R). Then

δ(ϕ Y ψ) = δϕ Y ψ + (−1)p · ϕ Y δψ ∈ Cp+q+1(X;R).

Remark. Note that a similar looking statement holds for di�erential forms. More precisely,
given a smooth manifoldM and two di�erential forms ω ∈ Ωp(M) and η ∈ Ωq(M) it follows
from the Di�erentials-on-Smooth Manifolds Proposition ?? (1) that

d(ω ∧ η) = dω ∧ η + (−1)p · ω ∧ dη ∈ Ωp+q+1(M).

The (co-) boundary formula of Coboundary-Cup Product Lemma 114.2 is of course also
very similar to the de�nition of the boundary map in the tensor product of two chain
complexes.

Proof. The lemma follows from an elementary, albeit slightly confusing, calculation. In-
deed, let ϕ ∈ Cp(X;R) and ψ ∈ Cq(X;R) be cochains. We have to prove the following
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equality:

δ(ϕ Y ψ) = δϕ Y ψ + (−1)p · ϕ Y δψ ∈ Cp+q+1(X;R) = Hom(Cp+q+1(X), R).

So let σ : ∆p+q+1 → X be a singular (p + q + 1)-simplex. We have the following three
equalities in R:1388

(a) (δ(ϕ Y ψ))(σ) = (ϕ Y ψ)
( p+q+1∑

j=0
(−1)j ·σ ◦ ip+q+1

j

)
= (ϕ Y ψ)

( p∑
j=0

(−1)j ·σ ◦ ip+q+1
j

)
+ (ϕ Y ψ)

( p+q+1∑
j=p+1

(−1)j ·σ ◦ ip+q+1
j

)
=

p∑
j=0

(−1)j · (ϕ Y ψ)(σ ◦ ip+q+1
j ) + (−1)p ·

q+1∑
k=1

(−1)k · (ϕ Y ψ)(σ ◦ ip+q+1
k+p )

=
p∑
j=0

(−1)j ·ϕ(σ ◦ [v0, . . . , vp+1]◦ ip+1
j︸ ︷︷ ︸

map ∆p → X

) ·ψ(σ ◦ [vp+1, . . . , vp+q+1]︸ ︷︷ ︸
map ∆q → X

)

+ (−1)p ·
q+1∑
k=1

(−1)k ·ϕ(σ ◦ [v0, . . . , vp]︸ ︷︷ ︸
map ∆p → X

) ·ψ(σ ◦ [vp, . . . , vp+q+1]◦ iq+1
k︸ ︷︷ ︸

map ∆q → X

).

(b) (δϕ Y ψ)(σ) = (δϕ)(σ ◦ [v0, . . . , vp+1]) ·ψ(σ ◦ [vp+1, . . . , vp+q+1])

= ϕ
( p+1∑
j=0

(−1)j ·σ ◦ [v0, . . . , vp+1]◦ ip+1
j︸ ︷︷ ︸

map ∆p → X

)
·ψ(σ ◦ [vp+1, . . . , vp+q+1]︸ ︷︷ ︸

map ∆q → X

)

=
p+1∑
j=0

(−1)j ·ϕ(σ ◦ [v0, . . . , vp+1]◦ ip+1
j ) ·ψ(σ ◦ [vp+1, . . . , vp+q+1])

and
(c) (−1)p · (ϕ Y δψ)(σ) = (−1)p ·ϕ(σ ◦ [v0, . . . , vp]) · (δψ)(σ ◦ [vp, . . . , vp+q+1])

= (−1)p ·ϕ(σ ◦ [v0, . . . , vp]︸ ︷︷ ︸
map ∆p → X

) ·ψ
( q+1∑
k=0

(−1)k ·σ ◦ [vp, . . . , vp+q+1]◦ iq+1
k︸ ︷︷ ︸

map ∆q → X

)
= (−1)p ·

q+1∑
k=0

(−1)k ·ϕ(σ ◦ [v0, . . . , vp]) ·ψ(σ ◦ [vp, . . . , vp+q+1] ◦ iq+1
k ).

Now we observe that if we take the sum of (b) and (c), then the (j = p + 1)-summand in
(b) cancels with the (k = 0)-summand in (c). But after this observation it is obvious that
the desired equality (b)+(c)=(a) holds. �

Lemma 114.3. Let X be a topological space and let R be a commutative ring. Then the
map Y : Hp(X;R)× Hq(X;R) → Hp+q(X;R)

([ϕ], [ψ])] 7→ [ϕ] Y [ψ] := [ϕ Y ψ]

is well-de�ned.

De�nition. We refer to the pairing of Lemma 114.3 also as the cup product.
As we will see, the proof of Lemma 114.3 is basically identical to the proof of Proposition ??.

1388Here in the argument we use on several occasions that for a singular n-cochain φ and a singular
(n+ 1)-simplex µ we have by de�nition

(δφ)(µ) = φ(∂µ) = φ
( n+1∑
l=0

(−1)l · µ ◦ in+1
l

)
.
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Proof. Let ϕ ∈ Cp(X;R) and ψ ∈ Cq(X;R) be cocycles.
(1) It follows immediately from Coboundary-Cup Product Lemma 114.2 that ϕ Y ψ is

again a cocycle.
(2) If ϕ′ = ϕ+ δτ is another representative of [ϕ], then

ϕ′ Y ψ − ϕ Y ψ = (ϕ′ − ϕ) Y ψ = δτ Y ψ = δ(τ Y ψ).
↑ ↑

since �Y� is clearly bilinear by Coboundary-Cup Product Lemma 114.2 and since δψ = 0

This shows that ϕY ψ and ϕ′ Y ψ represent the same cohomology class, i.e. the cup
product does not depend on the choice of the representative of the cohomology class
of the �rst entry.

(3) The proof that the cup product does not depend on the choice of the representative
of the second cohomology class is basically the same as the proof of (2). �

The following proposition now says that the original de�nition of the cup product and the
new de�nition actually agree.

Proposition 114.4. (De�nitions-Cup Product Proposition) Let X be a topological
space. Then for any ϕ ∈ Hp(X;Z) and any ψ ∈ Hq(X;Z) we have

ϕ Ỹ ψ = ϕ Y ψ ∈ Hp+q(X;Z).

In the proof of the De�nitions-Cup Product Proposition 114.4 we need the following de�-
nition and the subsequent lemma.

De�nition. A diagonal approximation consists of a natural chain map

Φ: C∗(X) → C∗(X)⊗ C∗(X)

for each topological space X, such that for each x ∈ X, viewed as a singular 0-simplex,
the following equality holds in (C∗(X)⊗ C∗(X))0 = C0(X)⊗ C0(X):

Φ(x) = x⊗ x.

Example. Given any topological space X we denote by d : X → X ×X the diagonal map
given by d(x) = (x, x). Then the induced chain maps

Θ ◦ d∗ : C∗(X)
d∗−→ C∗(X ×X)

Θ−→ C∗(X)⊗ C∗(X)
↑

Eilenberg-Zilber map from Theorem 113.1

form a diagonal approximation in the above sense.

The following lemma gives another diagonal approximation which will be very useful for
doing actual calculations.

Lemma 114.5. (Alexander-Whitney Lemma) Given any topological space X we con-
sider the map

∆: C∗(X) → C∗(X)⊗ C∗(X)
which for each singular n-simplex σ : ∆n → X is given by

σ 7→
n∑
p=0

σ ◦ [v0, . . . , vp]⊗ σ ◦ [vp, . . . , vn].

These maps form a diagonal approximation.
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The diagonal approximation from the Alexander-Whitney Lemma 114.5 is called theAlexander-
Whitney diagonal approximation. 13891390

Proof. It follows almost immediately from the de�nition that the maps ∆ are natural.
Furthermore it is obvious that on the 0-chains the maps are of the desired form. It remains
to show that for a given topological space X the maps actually form a chain map.

This follows from an elementary and uneventful calculation. For completeness' sake we
provide the argument. Let µ : ∆n → X be a singular n-simplex. Given i1, . . . , ir we write
[i1, . . . , ir] := µ ◦ [vi1 , . . . , vir ]. We also use the convention that the empty singular simplex
[ ] is 0. We calculate that

∆(∂[0, ..., n]) = ∆
( n∑
i=0

(−1)i · [0, ..., î, ...n]
)

=
∑

0≤p<i≤n
(−1)i ·[0, .., p]⊗[p, .., î, .., n]+

∑
0≤i<q≤n

(−1)i ·[0, .., î, .., q]⊗[q, .., n]x
in the second sum we secretly used the substitution q = p+ 1

and

∂(∆[0, ..., n]) = ∂
( n∑
p=0

[0, ..., p]⊗ [p, ..., n]
)

=
∑

0≤i≤p≤n
(−1)i ·[0, .., î, .., p]⊗[p, .., n] +

∑
0≤p≤i≤n

(−1)i ·[0, .., p]⊗[p, .., î, .., n].

↑
here we use the sign convention for the boundary in a tensor product

We see that the di�erence between the two terms equals∑
i=p

(−1)i · [0, ..., î, ..., p]⊗ [p, ..., n] +
∑
i=p

(−1)i · [0, ..., p]⊗ [p, ..., î, ..., n]

=
n∑
i=1

(−1)i · [0, ..., i− 1]⊗ [i, ..., n] +
n−1∑
i=0

(−1)i · [0, ..., i]⊗ [i+ 1, ..., n]
↑

here we use that [ ] = 0

=
n∑
i=1

(−1)i · [0, ..., i− 1]⊗ [i, ..., n] +
n∑
j=1

(−1)j−1 · [0, ..., j − 1]⊗ [j, ..., n] = 0.

We have thus shown that ∆ is indeed a chain map. �

Proposition 114.6.
(1) There exist diagonal approximations.
(2) Given any two diagonal approximations Φ and Ψ there exists a natural chain homo-

topy equivalence between Φ and Ψ.

Proof.

(1) We had just given two examples of diagonal approximations.
(2) The uniqueness statement was proved in Proposition 114.6. �

Now we are ready to provide the proof of the De�nitions-Cup Product Proposition 114.4.

Proof of Proposition 114.4. We start out with the following claim.

1389James Alexander (1888-1971) was an American mathematician whom we had already met on page 1814.
1390Hassler Whitney (1907�1989) was an American mathematician. We will encounter him again later on.
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Claim. For any two cochains ϕ ∈ Cp(X;Z) and ψ ∈ Cq(X;Z) we have1391

ϕ Y ψ = (ϕ⊗ ψ) ◦ Πp,q ◦∆ ∈ Cp+q(X;Z) = Hom(Cp+q(X),Z).

Proof. We have to show that the two sides are the same maps Cp+q(X) → Z. Therefore
let σ : ∆p+q → X be a singular (p+ q)-simplex. We calculate that

de�nition of the Alexander-Whitney diagonalization
↓

(ϕ⊗ ψ ◦ Πp,q ◦∆)(σ) = (ϕ⊗ ψ)
(
Πp,q

( ∑
i+j=p+q

∈Ci(X)⊗Cj(X)︷ ︸︸ ︷
σ ◦ [v0, . . . , vi]⊗ σ ◦ [vi, . . . , vp+q]

))
= (ϕ⊗ ψ)(σ ◦ [v0, . . . , vp]⊗ σ ◦ [vq, . . . , vp+q])
= ϕ(σ ◦ [v0, . . . , vp]) · ψ(σ ◦ [vp, . . . , vn])
= (ϕ Y ψ)(σ). �

Now suppose that we are given cocycles ϕ ∈ Cp(X;Z) and ψ ∈ Cq(X;Z). We obtain the
following equality in Hp+q(X;Z):1392

by de�nition
↓

[ϕ Ỹ ψ] = [(ϕ⊗ ψ)◦Πp,q◦(Θ◦d∗)] = (Θ◦d∗)∗
(∈Hp+q(C∗(X)⊗C∗(X))︷ ︸︸ ︷

[(ϕ⊗ ψ)◦Πp,q]
)

= ∆∗
(
[(ϕ⊗ ψ)◦Πp,q]

)
= [(ϕ⊗ ψ)◦Πp,q◦∆] = [ϕ Y ψ].

↑ ↑
by Proposition 114.6 the maps Θ◦d∗,∆: C∗(X)→ C∗(X)⊗ C∗(X) are chain homotopic by the claim
so by the Dual Cochain Map Lemma 108.8 (3) they induce the same map on cohomology

We have thus obtained the desired equality of cohomology classes. �

Henceforth we will mostly work with the second de�nition of the cup product. In the
following proposition we summarize some of the key properties of the cup product.

Proposition 114.7. (Cup Product-Ring Proposition) Let X be a topological space
and let R be a commutative ring.
(1) The cup product on H∗(X;R) is R-bilinear and associative.
(2) The abelian group H∗(X;R) =

⊕
n∈N0

Hn(X;R) together with the map

Y : H∗(X;R)× H∗(X;R)→ H∗(X;R)

is a ring1393 where the multiplicatively neutral element is given by

1X :=
[
constant map X → R given by x 7→ 1

]
∈ H0(X;R).

De�nition. Given a topological space X and given a commutative ring R we refer to
(H∗(X;R),Y) as the R-cohomology ring of X.

Proof. Let X be a topological space.
(1) It is clear from the second de�nition of the cup product that it is R-bilinear. It is

also almost obvious, using the second de�nition, that the cup product is associative,
but for completeness' sake we carry out the argument. Thus let α ∈ Cp(X;R),

1391Here ∆: Cp+q(X)→ (C∗(X)⊗ C∗(X))p+q denotes the above Alexander-Whitney diagonalization.
1392Note that it follows from Lemma 114.1 that for two cocycles ϕ and ψ the composition (ϕ ⊗ ψ) ◦ Πp,q

is indeed a cocycle, i.e. (ϕ⊗ ψ) ◦Πp,q de�nes an element in Hp+q(C∗(X)⊗ C∗(X);Z).
1393Recall that on page 98 we stated that in the lecture notes a ring is understood to be associative and it
is understood to have a multiplicatively neutral element. We do not demand that a ring is commutative.
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β ∈ Cq(X;R) and γ ∈ Cr(X;R) be cochains and let σ : ∆p+q+r → X be a singular
simplex. Then

((α Y β) Y γ)(σ) = (α Y β)(σ ◦ [v0, . . . , vp+q]) · γ(σ ◦ [vp+q, . . . , vp+q+r])
= α(σ ◦ [v0, . . . , vp]) · β(σ ◦ [vp, . . . , vp+q]) · γ(σ ◦ [vp+q, . . . , vp+q+r])
= (α Y (β Y γ))(σ).
↑

same argument backwards

Thus we see that the cup product is already associative for cochains, so it is in
particular associative for cohomology classes.

(2) Let η : X → R be the map that assigns to each point in X the value 1 ∈ R. As
usual we view η as a singular 0-cochain. It follows from the H0-Proposition 108.11
that η is a 0-cocycle and that we obtain an element 1X := [η] ∈ H0(X;R). It is clear
from the de�nition that it is the neutral element with respect to the cup product.
Together with (1) we have now shown that the cup product de�nes a ring structure
on H∗(X;R). �

Now that we have shown that (H∗(X;R),Y) is a ring the question arises whether it is
commutative or whether it is not commutative. It turns out that the answer lies somewhere
in between. More precisely, we have the following proposition.

Proposition 114.8. (Cup Product-Commutativity Proposition) Let X be a topo-
logical space and let R be a commutative ring. For any a ∈ Hk(X;R) and b ∈ Hl(X;R)
we have

a Y b = (−1)kl · b Y a.

Remark.
(1) The type of (non-) commutativity we encounter in the Cup Product-Commutativity

Proposition 114.8 is the same as the one we encountered when we studied the wedge
product of alternating forms and the wedge product on de Rham cohomology, see
Lemma ?? and Proposition ??.

(2) If R = F2, then we are in the pretty situation that −1 = 1, i.e. the cup product
is commutative. Put di�erently, the F2-cohomology ring H∗(X;F2) of a topological
space X is a commutative ring.

(3) The proof for the Cup Product-Commutativity Proposition 114.8 that we provide
below is based on the second de�nition of the cup product. It is elementary but
unfortunately unpleasant to read. Later, in Exercise 117.1, we will provide a di�erent,
more conceptual proof based on the �rst de�nition of the cup product.

Proof. We give a proof of the proposition following [Hat2002, p. 216-217]. In Hatcher's
book more motivations for the steps in the proof are given.

So let ϕ ∈ Ck(X;R) and ψ ∈ Cl(X;R) be two cocycles. Given a singular n-simplex
σ : ∆n → X we denote by σ the singular n-simplex obtained from σ by precomposing σ
with the a�ne linear map [vn, . . . , v0] : ∆n → ∆n that reverses the order of the vertices.
Furthermore we write εn = (−1)n(n+1)/2. We note that for any m,n ∈ N0 an elementary
calculation shows that εm+n = (−1)mn · εmεn and that ε1 = −1.
Claim. The maps
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ρ : Cn(X) → Cn(X)
σ 7→ εn · σ

form a chain map that is chain homotopic to the identity.
We �rst show that the claim actually implies the statement of the proposition. Thus

let [ϕ] ∈ Hk(X;R) and [ψ] ∈ Hl(X;R). Since by the claim ρ is chain homotopic to
the identity it follows from the Dual Cochain Map Lemma 108.8 that the induced map
ρ∗ : C∗(X;R) → C∗(X;R) induces the identity on cohomology groups. So to deduce the
statement of the proposition it su�ces to show that

ρ∗(ψ Y ϕ) = (−1)kl · ρ∗ϕ Y ρ∗ψ ∈ Ck+l(X;R).

Now let σ be a (k + l)-chain. Then

(ρ∗(ψ Y ϕ))(σ) = (ψ Y ϕ)(ρ∗(σ)) = (ψ Y ϕ)(εk+l · σ ◦ [vk+l, . . . , v0])
= εk+l · ψ(σ ◦ [vk+l, . . . , vk]) · ϕ(σ ◦ [vk, . . . , v0])
= (−1)kl · ϕ(εk · σ ◦ [vk, . . . , v0]) · ψ(εl · σ ◦ [vk+l, . . . , vk])
↑

since εk+l = (−1)kl · εk · εl and since R is a commutative ring

= (−1)kl · (ρ∗ϕ Y ρ∗ψ)(σ).

We have thus shown the statement of the proposition modulo the claim.
Proof. It is straightforward to verify that ρ is a chain map, indeed, for any singular n-
simplex σ we have

∂ρ(σ) = ∂(εn ·σ ◦ [vn, . . . , v0]) = εn ·
n∑
i=0

(−1)i ·σ ◦ [vn, . . . , v̂n−i, . . . , v0],

ρ∂(σ) = ρ
( n∑
i=0

(−1)i ·σ ◦ [v0, . . . , v̂i, . . . , vn]
)

= εn−1 ·
n∑
j=0

(−1)n−j ·σ ◦ [vn, . . . , v̂n−j, . . . , v0].
↑

de�nition of ρ and substitution j = n− i

From εn = (−1)n · εn−1 we now obtain that ∂ρ = ρ∂, i.e. we have shown that ρ is a chain
map.

We still have to show that ρ is chain homotopic to the identity. We proceed with
ideas similar to the ideas used in the proof of the Homotopic Maps-and-Homology Propo-
sition 73.6. As in that proof, given i ∈ {0, . . . , n} we write

vi := (0, . . . , 1, 0, . . . , 0)× {0} ∈ Rn+1 × {0},
and wi := (0, . . . , 1, 0, . . . , 0)× {1} ∈ Rn+1 × {1}.

We justify the reassignment of vi to a di�erent point by saying that we identify ∆n with
∆n×{0} ∈ Rn+1×R. We denote by π : ∆n× [0, 1]→ ∆n the projection . We consider the
map

P : Cn(X) → Cn+1(X)

σ 7→
n∑
i=0

(−1)i · εn−i · (σ ◦ π) ◦ [v0, . . . , vi, wn, . . . , wi].

Now we want to show that ∂P + P∂ = ρ− id. We calculate

(P∂)(σ) =
∑
i<j

(−1)i(−1)j · εn−i−1 · (σ ◦ π) ◦ [v0, . . . , vi, wn, . . . , ŵj, . . . , wi]

+
∑
i>j

(−1)i−1(−1)j · εn−i · (σ ◦ π) ◦ [v0, . . . , v̂j, . . . , vi, wn, . . . , wi],
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On the other hand we have

(∂P )(σ) =
∑
j≤i

(−1)i(−1)j · εn−i · (σ ◦ π) ◦ [v0, . . . , v̂j, . . . , vi, wn, . . . , wi]

+
∑
j≥i

(−1)i(−1)i+1+n−j · εn−i · (σ ◦ π) ◦ [v0, . . . , vi, wn, . . . , ŵj, . . . , wi].

Now using that εn−i = (−1)n−iεn−i−1 we see that the sum over the j 6= i terms agrees
precisely with −P∂ calculated above (with the roles of i and j reversed). It remains to
show that the sum over the i = j terms equals (ρ− id)(σ). This is indeed the case since

sum of the i = j summands in the above formula for (∂P )(σ)

= εn · (σ ◦ π) ◦ [wn, . . . , w0] +
n∑
i=1
εn−i · (σ ◦ π) ◦ [v0, . . . , vi−1, wn, . . . , wi]

+
n−1∑
i=0

(−1)n+i+1εn−i · (σ ◦ π) ◦ [v0, . . . , vi, wn, . . . , wi+1]− (σ ◦ π) ◦ [v0, . . . , vn]

= εn · (σ ◦ π) ◦ [wn, . . . , w0]− (σ ◦ π) ◦ [v0, . . . , vn] = (ρ− id)(σ).
↑

in the second sum we substitute j = i+ 1, we obtain a new sign (−1)n+jεn−j+1 = −εn−j ,
thus we see that the two sums over i cancel

We have now completed the proof that ∂P +P∂ = ρ− id, in particular we have shown the
claim and thus also the proposition. �

Let k ∈ N be odd. It follows from the Cup Product-Commutativity Proposition 114.8 that
given any topological space X and any ϕ ∈ Hk(X;Z) we have ϕYϕ = −(1)k·k ·ϕYϕ, put
di�erently, we have 2 · (ϕ Y ϕ) = 0. Thus we see that ϕ Y ϕ is 2-torsion. The next lemma
makes the amusing observation that for k = 1 this �square� is in fact always zero.

Lemma 114.9. Let X be a topological space. For any ϕ ∈ H1(X;Z) we have ϕY ϕ = 0.

Remark. Note that there is no higher-dimensional analogue of Lemma 114.9. For example
on [Hat2002, p. 403] it is shown that given any odd k with k ≥ 3 there exists a cohomology
class γ ∈ Hk(RP∞ × RP∞;Z) with γm 6= 0 for all m ∈ N.

Proof. Let X be a topological space and let ϕ ∈ C1(X;Z) be a cocycle. We need to show
that ϕ Y ϕ ∈ C2(X;Z) is a coboundary. We consider the 1-dimensional cochain

µ : C1(X) → Z
that is determined by

(σ : ∆1 → X) 7→ 1
2
(ϕ(σ)− ϕ(σ)2︸ ︷︷ ︸

∈2Z

).

It remains to prove the following claim.

Claim. We have ϕ Y ϕ = δµ : C2(X)→ Z.

Proof. We only need to prove this equality for singular 2-simplices. So suppose we are
given τ : ∆2 → X. Given j ∈ {0, 1, 2} we write ij = i2j : ∆1 → ∆2. Note that

(∗) ϕ(τ ◦ i0)− ϕ(τ ◦ i1) + ϕ(τ ◦ i2) = ϕ(∂τ) = (δϕ)(τ) = 0.
↑ ↑

de�nition of δϕ since ϕ is a cocycle
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Now we compute that

(δµ)(τ) = µ(∂τ) = µ
(
(τ ◦ i0)− (τ ◦ i1) + (τ ◦ i0)

)
= 1

2

(
ϕ(τ ◦ i0)− ϕ(τ ◦ i1) + ϕ(τ ◦ i2) + ϕ(τ ◦ i0)2 − ϕ(τ ◦ i1)2 + ϕ(τ ◦ i2)2

)
= 1

2

(
ϕ(τ ◦ i0)2 − (ϕ(τ ◦ i0) + ϕ(τ ◦ i2))2 + ϕ(τ ◦ i2)2

)
↑

by (∗) we have ϕ(τ ◦ i1) = ϕ(τ ◦ i0) + ϕ(τ ◦ i2)

= ϕ(τ ◦ i2) · ϕ(τ ◦ i0) = (ϕ Y ϕ)(τ).
↑ ↑

elementary algebra de�nition of the cup-product

This concludes the proof of the claim and thus of the lemma. �

We continue with the following lemma that shows that the cup product behaves well under
maps between topological spaces.

Lemma 114.10. (Cup Product-Naturality Lemma) Let R be a commutative ring.
(1) Let f : X → Y be a map between topological spaces. For any c ∈ Hp(Y ;R) and any

d ∈ Hq(Y ;R) we have
f ∗(c) Y f ∗(d) = f ∗(c Y d).

In particular the map f ∗ : H∗(Y ;R) → H∗(X;R)

is a homomorphism of graded rings1394 which satis�es f ∗(1Y ) = 1X .
(2) The maps

X 7→ (H∗(X;R),Y)
(f : X → Y ) 7→ (f ∗ : H∗(Y ;R)→ H∗(X;R))

de�ne a contravariant functor from the category Top of topological spaces to the
category GrRing of graded rings.

Proof. The lemma follows basically immediately from the de�nitions. But for complete-
ness' sake we write down the proof. So let c = [ϕ] ∈ Hp(Y ;R) and let b = [ψ] ∈ Hq(Y ;R).
Furthermore let σ : ∆p+q → X be a singular (p+ q)-chain. Then

(f ∗ϕ Y f ∗ψ)(σ) = (f ∗ϕ)(σ ◦ [v0, . . . , vp]) · (f ∗ψ)(σ ◦ [vp, . . . , vp+q])
= ϕ(f ◦ (σ ◦ [v0, . . . , vp])) · ψ(f ◦ (σ ◦ [vp, . . . , vp+q]))
= ϕ((f ◦ σ) ◦ [v0, . . . , vp)) · ψ((f ◦ σ) ◦ [vp, . . . , vp+q])
= (ϕ Y ψ)(f ◦ σ) = (f ∗(ϕ Y ψ))(σ).

Finally note that it follows immediately from the de�nitions of 1X , 1Y and f ∗ that we have
the equality f ∗(1Y ) = 1X . Statement (2) follows immediately from Statement (1) and the
fact that cohomology groups with R-coe�cients form a contravariant functor of abelian
groups. �

We can use the Cup Product-Naturality Lemma 114.10 to calculate the cup product of the
wedge of �nitely many spheres.

Lemma 114.11. For any wedge of �nitely many spheres all cup products in degrees ≥ 1
are zero.

1394Recall that a graded ring is a ring R together with a decomposition R =
⊕
n∈N0

Rn such that for any

m,n ∈ N0 the multiplication map restricts to a map Rm × Rn → Rm+n. A homomorphism f : R → S
between graded rings is a ring homomorphism with f(Rn) Ă Sn for all n ∈ N0
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Proof. Let Sr1∨· · ·∨Srk be the wedge of �nitely many spheres and let R be a commutative
ring. For each i ∈ {1, . . . , k} we denote by pi : Sr1 ∨ · · · ∨Srk → Sri the natural projection.
By the Wedge-H∗-Proposition 109.17 we know that for every n ∈ N the map

p∗1 ⊕ · · · ⊕ p∗k : Hn(Sr1 ;R)⊕ · · · ⊕ Hn(Srk ;R)
∼=−→ Hn(Sr1 ∨ · · · ∨ Srk ;R)

is an isomorphism. It remains to show that for any choice of i, j ∈ {1 . . . , k} with ri > 0
and rj > 0 we have p∗i ([S

ri ]∗) Yp∗j([S
rj ]∗) = 0. We prove the statement for i 6= j. The proof

of the statement for i = j is basically the same. So suppose that i 6= j. We denote by
g : Sr1 ∨ · · · ∨ Srk → Sri ∨ Srj the natural projection and we denote by qi : Sri ∨ Srj → Sri

and qj : Srj ∨ Srj → Srj the natural projections. Then

p∗i ([S
ri ]∗) Y p∗j([S

rj ]∗) = g∗(q∗i ([S
ri ]∗)) Y g∗(q∗j ([S

rj ]∗)) = g∗(

∈Hri+rj (Sri∨Srj )=0︷ ︸︸ ︷
q∗i ([S

ri ]∗) Y q∗j ([S
rj ]∗)) = 0.

↑ ↑
since qi ◦ g = pi and qj ◦ g = pj Cup Product-Naturality Lemma 114.10

We have thus proved that all cup products in degrees ≥ 1 are zero. �
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Later on, after we will have found methods for computing the cup product, we will often use
the following corollary to show that certain topological spaces are not homotopy equivalent.
Corollary 114.12. Let X and Y be topological spaces. If X and Y are homotopy equiv-
alent, then for any commutative ring R there exists an isomorphism

(H∗(Y ;R),Y)
∼=−−→ (H∗(X;R),Y)

of graded rings.

Proof. Let f : X → Y be a homotopy equivalence. In the Homotopic Maps-H∗-Lemma 108.13
we saw that the induced maps f ∗ : Hn(Y ;R) → Hn(X;R) on cohomology groups are iso-
morphisms. But it follows from the Cup Product-Naturality Lemma 114.10 that these
isomorphisms preserve the ring structure, i.e. the map f ∗ is in fact an isomorphism of
graded rings. �

114.3. The cup product of the torus. Evidently our goal now is to determine the
cup product of some of our favorite di�erent topological spaces. We start out with two
elementary observations regarding the cup product.
Observation 114.13. Let R be a commutative ring.
(1) LetX be a path-connected topological space. It follows from the H0-Proposition 108.11

that H0(X;R) = R · 1X . For any r · 1X ∈ H0(X;R) and ϕ ∈ Hk(X;R) we have

(r · 1X) Y ϕ = r · (1X Y ϕ) = r · ϕ = ϕ Y (r · 1X).
↑ ↑ ↑

since Y is R-bilinear Cup Product-Ring same argument backwards
Proposition 114.7
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(2) If M is an m-dimensional topological manifold, then for any p, q with p + q > m
the cup product Hp(M ;R) × Hq(M ;R) is zero, since it takes values in the group
Hp+q(M ;R), which is zero by the Top-Homology Theorem 106.3.

(3) By the Cup Product-Ring Proposition 114.7 the cup product is R-bilinear, so it
su�ces to determine the cup product on a generating system.

In this section we want to determine the cup product on the torus T = S1 × S1. By
Observation 114.13 it remains to determine the cup product

Y : H1(T ;Z)× H1(T ;Z) → H2(T ;Z).

We �rst need to understand the cohomology groups H1(T ;Z) and H2(T ;Z) explicitly. We
recall some notation and results from before:
(1) We denote by p respectively q the projection S1×S1 → S1 onto the �rst respectively

second factor. Furthermore, we recall that on page 2404 we introduced a cochain
θ := θZ ∈ C1;Z), we showed in Lemma 108.10 that θ is a cocycle and we showed on
page 2426 that θ represents a generator of H1(S1;Z).

(2) In Lemma 109.9 we showed that H1(T ;Z) ∼= Z2 and that the two cohomology classes
α := p∗([θ]) and β := q∗([θ]) form a basis for H1(S1 × S1;Z).

(3) On page 2204 we showed that the cycle −σ1 + σ2, with the notation from the �gure
on page 2204, represents the fundamental class of T .

(4) In Lemma 109.9 and 110.15 we showed that

H2(T ;Z) → Z
[ϕ] 7→ 〈ϕ, [T ]〉 = ϕ(−σ1 + σ2)

is in fact an isomorphism. We will use this isomorphism to make the identi�cation
H2(T ;Z) = Z.

By Oberservation 114.13 (3) and the above discussion it su�ces to determine all entries in
the following matrix (

〈α Y α, [T ]〉 〈α Y β, [T ]〉
〈β Y α, [T ]〉 〈β Y β, [T ]〉

)
.

Now we determine these four entries separately.
(1) We �rst consider the entry 〈α Y β, [T ]〉. Fortunately we already did all the work on

page 2515, more precisely, we have

〈αYβ, [T ]〉 =(p∗θYq∗θ)(−σ1 + σ2)=(p∗θYq∗θ)(−σ1) + (p∗θYq∗θ)(σ2) =0 + 1=1.
↑

see calculations on page 2515

(2) We could do the same argument as in (1) with α and β reversed. But it is easier
to apply the Cup Product-Commutativity Proposition 114.8 which gives us that
β Y α = (−1)1·1 · α Y β = −α Y β = −1.

(3) There are many di�erent ways for showing that α Y α = 0:
(a) We could do the calculation as in (1), but that is the least e�cient approach.
(b) We could use the symmetry from the Cup Product-Commutativity Proposi-

tion 114.8 to argue that αY α = −αY α, and hence αY α = 0 since H2(T ;Z) is
torsion-free.

(c) We could just use Lemma 114.9 and remove all the fun.
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(d) We can also argue that

〈α Y α, [T ]〉 = 〈[p∗θ] Y [p∗θ], [T ]〉 = 〈p∗([θ] Y [θ]), [T ]〉 = 0.
↑ ↑

Cup Product-Naturality Lemma 114.10 since [θ] Y [θ] ∈ H2(S1;Z) = 0

(4) The same way as in (3) we see that β Y β = 0.

Summarizing we have proved the following lemma.

Lemma 114.14. Let T be the 2-dimensional torus. We use the above notation. The cup
product H1(T ;Z) × H1(T ;Z) → H2(T ;Z) with respect to the basis α, β of H1(T ;Z) and
the identi�cation H2(T ;Z) = Z · [T ]∗ = Z1395is given by the matrix(

α Y α α Y β
β Y α β Y β

)
=

(
0 1
−1 0

)
.

Thus we have shown that the cup product on cohomology is in general non-zero and that
it is in general not commutative.

Remark.

(1) We have just shown that the 2-cocycle p∗(θ)Yq∗(θ) ∈ C2(T ;Z) represents a generator
of H2(T ;Z). We have thus answered Question 109.10.

(2) We have now performed enough calculations to see that the cohomology rings contain
more information than the homology or the cohomology groups. More precisely, it
follows from Lemma 78.11 and Propositions 74.4 and 79.8 that for the 2-dimensional
torus S1 × S1 and for S1 ∨ S1 ∨ S2 we have

Hi(S
1 × S1;Z) ∼= Hi(S

1 ∨ S1 ∨ S2;Z) ∼=

 Z, if i = 0, 2,
Z2, if i = 1,
0, if i ≥ 3.

We deduce from the Universal Coe�cient Theorem 110.12 for Cohomology Groups
that S1×S1 and S1∨S1∨S2 also have isomorphic cohomology groups. In Lemma 114.14
we saw that the cup product on H1(S1 × S1;Z) is non-zero, whereas we showed in
Lemma 114.11 that the cup product on H1(S1 ∨ S1 ∨ S2;Z) is zero.1396

We conclude this section with the following slightly subtle lemma.

Lemma 114.15. Let f : T → T be a homeomorphism of the torus T = S1 × S1. If f is
orientation-preserving, then

det
(
f∗ : H1(T ;Z)→ H1(T ;Z)

)
= det

(
f ∗ : H1(T ;Z)→ H1(T ;Z)

)
= +1.

Conversely, if f is orientation-reversing, then both determinants equal −1.

Proof. In Exercise 114.2 we will use the above calculation of the cup product of the torus
to prove the lemma. �

1395Here [T ]∗ ∈ H2(T ;Z) denotes the dual fundamental class that we introduced on page 2451, it is uniquely
determined by 〈[T ]∗, [T ]〉 = 1.
1396Of course we do not need to use cup products to distinguish the torus S1×S1 and the wedge S1∨S1∨S2,
this can already be done using fundamental groups. Nonetheless it is encouraging to see that we found a
new way to prove this statement.
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114.4. The cup product of the surface of genus 2. In this section we calculate the
cup product for the surface Σ of genus 2. By Observation 114.13 it remains to determine
the cup product H1(Σ;Z)× H1(Σ;Z) → H2(Σ;Z)

on a basis of H1(Σ;Z). We recall that on page 2428 we introduced for i = 1, 2 a map
pi : Σ → T = S1 × S1. We refer to the �gure below on the right for a reminder of the
de�nition of the maps. We denote by α, β ∈ H1(T ;Z) the basis from Lemma 109.9 that
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p1

projections from Σ to the torusfundamental class of Σ

p2

we had also used in the previous section.
In Lemma 109.11 we saw that the map

p∗1 ⊕ p∗2 : H1(T ;Z)⊕ H1(T ;Z) → H1(Σ;Z)

is an isomorphism. We deduce that a basis for H1(Σ;Z) ∼= Z4 is given by αi := p∗i (α),
βi := p∗i (β), i = 1, 2. Now we can use the de�nition of the cup product and the explicit
description of a representative of the fundamental class [Σ] ∈ H2(Σ;Z) in the �gure above
on the left (see also the �gure on page 2204 for a more detailed discussion) to compute the
cup product H1(Σ;Z)× H1(Σ;Z)→ H2(Σ;Z) = Z.
A not particularly exciting calculation leads us eventually to the following lemma.1397

Lemma 114.16. Let Σ be the surface of genus 2. We use the above notation. The cup
product H1(Σ;Z)×H1(Σ;Z)→ H2(Σ;Z) with respect to the basis α1, β1, α2, β2 of H1(Σ;Z)
and the identi�cation H2(Σ;Z) = Z · [Σ]∗ = Z is given by the matrix

α1 Y α1 α1 Y β1 α1 Y α2 α1 Y β2

β1 Y α1 β1 Y β1 β1 Y α2 β1 Y β2

α2 Y α1 α2 Y β1 α2 Y α2 α2 Y β2

β2 Y α1 β2 Y β1 β2 Y α2 β2 Y β2

 =


0 1 0 0
−1 0 0 0

0 0 0 1
0 0 −1 0


An analogous statement holds for any surface of genus g ≥ 1, i.e. the cup product on the
�rst cohomology of the surface of genus g ≥ 1 can be represented by a block diagonal

matrix consisting of g copies of
(

0 1
−1 0

)
.

Remark. In the next section we will obtain a more conceptual proof of Lemma 114.16.

Before we continue with more calculations of cup products we return to a question that we
had asked earlier on.
1397We have to evaluate the cup products of the explicit 1-cochains on the eight singular 2-simplices
illustrated in the �gure above. It is straightforward to see that all 16 cup products evaluate to zero on the
four central singular 2-simplices. For the remaining cup products the calculation is almost the same as for
the torus on page 2515.
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Question 101.12.
(2) Let g ≥ 2 and let k ≥ 2. Does there exist a self-map f : Σg → Σg of degree k?1398

Now we have the tools to answer this question. In this context it is useful to introduce the
following de�nition.

De�nition. A closed oriented connected non-empty topological manifoldM is called �ex-
ible if given any k ∈ Z there exists a map f : M →M of degree k.

Example. In Lemma 76.10 we saw that S1 is �exible. The combination of this fact with
the Degree-Suspension Lemma 76.12 shows that in fact any sphere Sn, n ≥ 1 is �exible.

Now we can determine which closed oriented connected 2-dimensional smooth manifolds
are �exible. More precisely, we have the following proposition which gives a negative answer
to Question 101.12 (2).

Proposition 114.17. Let g ≥ 1. We denote by Σg the surface of genus g.
(1) The torus Σ1 = S1 × S1 is �exible.
(2) For g ≥ 2 the surface Σg is not �exible. In fact if k 6= −1, 0, 1, then there is no map

Σg → Σg of degree k.

Proof.

(1) We �rst show that the torus S1 × S1 is �exible. So let k ∈ Z. We consider the map
f : S1 → S1 that is given by z 7→ zk. We claim that f × id : S1 × S1 → S1 × S1

has degree k. In fact by the naturality of the short exact sequence of the Künneth-
Theorem 90.8 we have a commutative diagram

H1(S1)⊗ H1(S1)

f∗⊗id
��

Θ

∼=
// H2(S1 × S1)

(f×id)∗
��

H1(S1)⊗ H1(S1)
Θ

∼=
// H2(S1 × S1)

where the horizontal maps are isomorphisms. By Lemma 76.10 the map on the
left is given by multiplication by k. Hence the map on the right is also given by
multiplication by k.

(2) Now let g ≥ 2 and let f : Σg → Σg be a map of degree k 6= 0. We have to show that
k ∈ {±1}. We write π := π1(Σg). We start out with the following claim.

Claim. The map f∗ : π → π is an epimorphism.

Proof. First note that the argument in the proof of the Degree One-Epimorphism
Proposition 101.8 shows that f∗(π) is a �nite-index subgroup of π. (Here we used
that k 6= 0.) We denote by n ∈ N the index of the subgroup f∗(π) Ă π. In the proof
of Proposition 64.17 we used the multiplicativity of the Euler characteristic under
�nite covers to show that the abelianization of f∗(π) is isomorphic to Z2n·(g−1)+2. On
the other hand the epimorphism π → f∗(π) induces evidently an epimorphism of

1398Recall that if f : M → N is a map between two closed, oriented connected, non-empty n-dimensional
topological manifolds, then the degree deg(f) ∈ Z is de�ned as the unique integer deg(f) that satis�es
f∗([M ]) = deg(f) · [N ].
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the abelianization of π onto the abelianization of f∗(π), i.e. we have an epimorphism
from Z2g onto Z2n·(g−1)+2. Since g ≥ 2 this is only possible if n = 1. �

Claim. The map f ∗ : H1(Σg;Z)→ H1(Σg;Z) is an isomorphism.

Proof. By the �rst claim we know that the map f∗ : π → π is an epimorphism.
It follows from the naturality of the Hurewicz Isomorphism, see Propositions 84.3
and 84.2 (5), that the map f∗ : H1(Σg) → H1(Σg) is also an epimorphism. But
any epimorphism from a �nitely generated abelian group to itself is in fact an
isomorphism1399, so we see that f∗ : H1(Σg;Z) → H1(Σg;Z) is in fact an isomor-
phism. By the First Cohomology Proposition 110.17 the evaluation homomorphism
ev : H1(Σg;Z) ∼= Hom(H1(Σg;Z),Z) is a natural isomorphism, i.e. we have a commu-
tative diagram

H1(Σg;Z)

f∗
��

ev

∼=
// Hom(H1(Σg;Z),Z)

∼= (f∗)∗

��

H1(Σg;Z)
ev

∼=
// Hom(H1(Σg;Z),Z).

The right-hand map is an isomorphism, it follows from the commutative diagram
that the left-hand map f ∗ : H1(Σg;Z)→ H1(Σg;Z) is also an isomorphism. �

By Lemma 114.16 we know that there exist a, b ∈ H1(Σg;Z) with a Y b = [Σg]
∗.

Since f ∗ : H1(Σg;Z) → H1(Σg;Z) is an isomorphism we can in particular �nd coho-
mology classes c, d ∈ H1(Σg;Z) with f ∗(c) = a and f ∗(d) = b. Now we have

since cY d ∈ H2(Σg;Z) and since [Σg]
∗ ∈ H2(Σg;Z) is a generator such an m exists

↓
[Σg]

∗ = a Y b = f ∗(c) Y f ∗(d) = f ∗(c Y d) = f ∗(m · [Σg]
∗) = deg(f) ·m · [Σg]

∗.
↑ ↑

Cup Product-Naturality Lemma 114.10 by Lemma 110.16 we have f∗([Σg]∗) = deg(f) · [Σg]∗

Evidently this is only possible if deg(f) ∈ {±1}. �

114.5. The cup product of the real projective plane (∗). Now we want to understand
the cup product in the F2-cohomology of the real projective plane RP2. Recall that on
page 2423 we saw that Hi(RP2;F2) = F2

1400 for i = 0, 1, 2 and that the F2-cohomology
vanishes in all other dimensions. By Observation 114.13 it remains to determine the cup
product on the �rst cohomology.
To compute the cup product we need to get a good understanding of the cohomology
groups. Recall that on page 2216 we had seen that (σ1 +σ2 +τ1 +τ2)⊗1 ∈ C2(RP2;F2) is a
representative of the F2-fundamental class [RP2] of RP2 = B

2
/∼.1401 (See the �gure below

for the de�nition of σ1, σ2, τ1 and τ2.) It follows from the Cohomology-Field Coe�cients
Proposition 110.18 and the above that the map

η : H2(RP2;F2) → F2

[ϕ ∈ C2(RP2;F2)] 7→ [ϕ(σ1) + ϕ(σ2) + ϕ(τ1) + ϕ(τ2)]

1399Why is that?
1400Why is it safe to write Hi(RP2;F2) = F2? Would it not be much more appropriate to write
Hi(RP2;F2) ∼= F2?
1401Here we use the identi�cation RP2 = B

2
/∼ from page 258.
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is an isomorphism.
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τ1

σ2

projective plane RP2 = B
2
/ ∼

σ1

the 2-cycle (σ1 + σ2 + τ1 + τ2)⊗ 1 ∈ C2(RP2;F2)
represents the F2-fundamental class

of the real projective plane
τ2

Now we also need to �nd an explicit representative of x ∈ H1(RP2;F2). We will �nd
such a representative in a similar fashion to the construction of the singular 1-cocycle
θZ ∈ H1(S1;Z) on page 2404. More precisely, we consider the map

f : S2 → F2

(x, y, z) 7→
{

1, if (z > 0) or (z = 0 and y > 0) or (z = y = 0 and x = 1),
0, otherwise.

Note that for any point P ∈ S2 we have f(−P ) = 1 − f(P ).1402 For a singular 1-simplex
σ : ∆1 → RP2 we pick a lift σ̃ : ∆1 → S2 of σ and we de�ne

ϕ(σ) := f
(
σ̃(0, 1)

)
− f

(
σ̃(1, 0)

)
∈ F2.

We refer to the �gure below for an illustration.

���
���
���
���

��
��
��
��

x, y

zy
points where f(x, y, z) = 1

points where f(x, y, z) = 0

x

z

Note that ϕ is well-de�ned since the only other lift of σ is given by multiplying σ̃ by
−1,1403 but then it follows from f(−P ) = 1 − f(P ) that the di�erence of the evaluations
at the endpoints does not change. (Here we use that we work with F2-coe�cients instead
of Z-coe�cients.) The argument of Lemma 108.10 can easily be adapted to show that the
singular 1-cochain ϕ : C1(RP2)→ F2 is a cocycle.

Example. We consider the map µ : ∆1 → RP2 = S2/∼ given by µ(1 − t, t) = [exp(π it)].
Then µ ∈ C1(RP2). Thus we can apply the Kronecker pairing H1(RP2;F2)×H1(RP2)→ F2

from Lemma 109.6 to [ϕ] ∈ H1(RP2;F2) and [µ] ∈ H1(RP2) and we calculate that

〈[ϕ], [µ]〉 = ϕ(µ) = f(exp(π i))− f(exp(0)) = 1 ∈ F2.
↑

since a lift of µ(1− t, t) = [exp(π it)] to S2 is given by µ̃(1− t, t) = exp(π it)

Since this is non-zero we have now actually shown two statements at once: the cohomology
class [ϕ] ∈ H1(RP2;F2) is non-zero and we have also certi�ed that the homology class
[µ] ∈ H1(RP2) is non-zero.1404

Now we have the tools to prove the following lemma.
1402In fact for the subsequent discussion any map f : S2 → F2 with this property would work. We just
picked this example for concreteness.
1403Why is that true?
1404Do you know any other methods for showing that [µ] 6= 0 ∈ H1(RP2)?



114. THE CUP PRODUCT 2531

���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������

��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������

�
�
�
�

��

µ

∆1 µ̃

RP2

f(P ) = 0

f(P ) = 1

Lemma 114.18. Under the identi�cations Hi(RP2;F2) = F2 the cup product

Y : H1(RP2;F2)× H1(RP2;F2) → H2(RP2;F2)
is given by F2 × F2 → F2

(a, b) 7→ a · b.

Remark. Note that the calculation in Lemma 114.18 that the statement of Lemma 114.9
does not hold for F2-coe�cients.

Proof. By the discussion above it su�ces to show that η([ϕ] Y [ϕ]) 6= 0. Put di�erently,
by de�nition of η we need to show that

(ϕ Y ϕ)(σ1) + (ϕ Y ϕ)(σ2) + (ϕ Y ϕ)(τ1) + (ϕ Y ϕ)(τ2) = 1 ∈ F2.

In Exercise 114.4 we will determine all four summands and we will see that the sum is
indeed 1. �

The above calculation of the cup product of the real projective plane RP2 is very explicit and
hands on, but not very conceptual. Later on, in the Cup Product-RPn-Proposition 121.16,
we will give a very di�erent calculation of the cup product on F2-cohomology of all real
projective spaces RPn.

Exercises for Chapter 114.

Exercise 114.1. Let X be a topological space. We consider the map

Φ: H∗(X)⊗ H∗(X)
×−−→ H∗(X ×X)

p∗−→ H∗(X)

where p : X ×X → X denotes the projection on the �rst factor. Show that Φ is the trivial
map.

Exercise 114.2. Let f : T → T be a homeomorphism of the torus T = S1 × S1. Show
that if f orientation-preserving, then the following two statements hold:
(a) f∗ : H1(T ;Z)→ H1(T ;Z) has determinant one,
(b) f ∗ : H1(T ;Z)→ H1(T ;Z) has determinant one.

Exercise 114.3.
(a) Use cup products to show that there is no map f : S1 × S1 → S2 of degree one, i.e.

there is no map that induces an isomorphism on second homology.
(b) Given g ∈ N0 we denote by Σg the surface of genus g. Let g < k. Use cup product

to show that there is no degree-one map from Σg to Σk.
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Remark. This exercise shows that cup products can also be used to answer Question 101.5.
Note that in Corollary 101.9 we used the fundamental class to prove the above statements.

Exercise 114.4. We consider RP2 = S2/∼ which we identify with B
2
/∼ via the homeo-

morphism that is induced by the projection S2 → B
2
. Let ϕ ∈ C1(RP2;F2) be the cocycle

that we de�ned on page 2530. Determine each of the four summands in the sum

(ϕ Y ϕ)(σ1) + (ϕ Y ϕ)(σ2) + (ϕ Y ϕ)(τ1) + (ϕ Y ϕ)(τ2).
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τ1

σ2

projective plane RP2 = B
2
/ ∼

σ1

the 2-cycle (σ1 + σ2 + τ1 + τ2)⊗ 1 ∈ C2(RP2;F2)
represents the F2-fundamental class

of the real projective plane
τ2

Exercise 114.5. Let K be the Klein bottle.

(a) Is the cup product H1(K;Z)× H1(K;Z)→ H2(K;Z) is trivial?
(b) Show that the cup product H1(K;F2)× H1(K;F2)→ H2(K;F2) is non-trivial.

Exercise 114.6. Let k ∈ N. We denote by Nk the non-orientable surface of genus k
as de�ned on page 266. For i = 1, . . . , k we denote by pi : Nk → RP2 the map that is
illustrated in the �gure below.

(a) Show that the map p∗1 ⊕ · · · ⊕ p∗k : H1(RP2;F2) ⊕ · · · ⊕ H1(RP2;F2) → H1(Nk;F2) is
an isomorphism.
Hint. You could use cellular cohomology.

(b) Let x ∈ H1(RP2;F2) be the unique non-trivial element. For i = 1, . . . , k we write
yi = p∗i (x). Furthermore we denote by [Nk]

∗ ∈ H2(Nk;F2) the unique non-trivial
element. Show that for any i, j ∈ {1, . . . , k} we have yi Y yj = δij · [Nk]

∗.
(c) Let g < k. Use cup product to show that there is no map f : Ng → Nk that induces

an isomorphism f∗ : H2(Ng;F2)→ H2(Nk;F2).
Remark. This statement is the non-orientable analogue of Exercise 114.3. Note that
we had proved this statement in Exercise 101.8 using an alternative approach. Both
are fun!
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RP2

Exercise 114.7. Given a matrix A ∈ M(n× n,F2) we de�ne the bilinear form

λ(A) : Fn2 × Fn2 → F2

(v, w) 7→ vTAw.
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We consider the two matrices P =
(

0 1
1 0

)
and Q =

(
1 0
0 1

)
over F2. Next we consider the

torus T = S1 × S1 and the Klein bottle K = N2. By a slight variation on Lemma 114.14
and by Exercise 114.6 we know that the cup products H1(T ;F2) × H1(T ;F2) → H2(T ;F2)
and H1(K;F2)× H1(K;F2)→ H2(K;F2) are isometric to λ(P ) respectively λ(Q).
(a) Show that the forms λ(P ) and λ(Q) are not isometric.
(b) Show that there is no map f : T → K such that the map f∗ : H2(T ;F2)→ H2(K;F2)

is an isomorphism.
Remark. This approach gives an alternative, and arguably more systematic solution,
to Exercise 114.7.
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115. The relative cup product

Our goal in this chapter is to introduce a relative version of the cup product. More precisely,
given an excisive triad (X,A,B) and a commutative ring R we will introduce a cup product

Hp(X,A;R)× Hq(X,B;R)
Y // Hp+q(X,A ∪B;R)

that is functorial in an appropriate sense and that equals the previous de�nition of the
cup product for the special case that A = B = ∅. This relative cup product will help us
in determining the cup products of wedges of topological spaces and of the suspension of
a topological space. Also it will help us to determine the mysterious sounding Lusternik-
Schnirelmann category.

115.1. De�nition of the relative cup product. In this section we will work a lot with
relative cochains. Before we do so we recall the following convention from page 2407.
Convention.
(1) Given an abelian group C, a subgroup D and an abelian group G we have a natural

isomorphism

Hom(C/D,G)
∼=−→ {f : C → G | f vanishes on D}

(ϕ : C/D → G) 7→ (C → C/D
ϕ−→ G).

We will use this isomorphism to identify the groups left and right.
(2) In particular, given a pair of topological spaces (X,A), a commutative ring R and

n ∈ N0 we make the identi�cation

Cn(X,A;R)
∼=−→ {f : Cn(X)→ R | f(σ) = 0 for all σ : ∆n → A}.

The de�nition of the relative cup product requires some preparation. We start out with
the following de�nition.

De�nition. Let (X,A,B) be a triad of topological spaces. As in the de�nition on page 2429
we write

C{A,B}n (A Y B) :=
{ k∑
j=1
njσj ∈ Cn(A ∪B)

∣∣∣ for each j the image of σj
lies in A or it lies in B

}
The usual boundary map on the groups C∗(A ∪ B) restricts to a boundary map on the
groups C{A,B}∗ (A ∪B). Given a commutative ring R we consider

Cn(X, {A,B};R) := ker
(
Cn(X;R)→ Hom

(
C{A,B}n (A ∪B)︸ ︷︷ ︸
subgroup of Cn(X)

, R
))
.

This is again a cochain complex and we denote the corresponding cohomology groups by
H∗(X, {A,B};R).

Remark. With the above notation we could write that

Cn(X, {A,B};R) = {ϕ : Cn(X)→ R |ϕ(σ) = 0 for any σ : ∆n→A and any σ : ∆n→B}.
The de�nition of Cn(X, {A,B};R) is illustrated in the �gure below.
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X B
A

ϕ =? ϕ = 0 ϕ =? ϕ = 0

ϕ ∈ H1(X, {A,B};R)

Lemma 115.1. Let (X,A,B) be an excisive triad of topological spaces. Given any com-
mutative ring R the natural1405 map

C∗(X,A ∪B;R) → C∗(X, {A,B};R)
induces for every n ∈ N0 an isomorphism

Hn(X,A ∪B;R)
∼=−→ Hn(X, {A,B};R).

Proof. We have the following commutative diagram of short exact sequences of chain
complexes

0 // C{A,B}∗ (A ∪B)

��

// C∗(X) //

=id
��

C∗(X)

C{A,B}∗ (A∪B)
//

��

0

0 // C∗(A ∪B) // C∗(X) // C∗(X,A ∪B) // 0.

It is clear that the groups in the �rst and second column are free abelian. On page 1625 we
already remarked that relative chain groups are free abelian, and the same same argument
shows that the top right group is free abelian, in fact a basis is given by all singular simplices
of X that are not contained in A or B. By our hypothesis the triad (X,A,B) is excisive.
By de�nition this means that the left vertical map is a chain homotopy equivalence. The
middle vertical map is the identity. It follows from this discussion together with the Two-
Out-Of-Three-Homotopy Equivalence Corollary 81.6 that the right vertical map is also a
chain homotopy equivalence.

Recall that by the convention on page 2534 we have an identi�cation

Hom
(

Cn(X)

C{A,B}n (A∪B)
, R
)

= Cn(X, {A,B};R).

The lemma follows from the above vertical chain homotopy equivalence, the above obser-
vation and the Dual Cochain Map Lemma 108.8. �

The following lemma is the motivation for introducing the rather technical cohomology
modules H∗(X; {A,B};R).

Lemma 115.2. Let (X,A,B) be a triad of topological spaces and let R be a commutative
ring. Then the map

Cp(X,A;R)× Cq(X,B;R) → Cp+q(X, {A,B};R)

(ϕ, ψ) 7→
[
Cp+q(X) → R

σ 7→ ϕ(σ ◦ [v0, . . . , vp]) · ψ(σ ◦ [vp, . . . , vp+q])

]
.

1405What is the �natural� map?
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is well-de�ned and it induces an R-bilinear map

Y : Hp(X,A;R)× Hq(X,B;R) → Hp+q(X, {A,B};R).

Proof. The lemma follows easily from the following claim.
Claim. Given ϕ ∈ Cp(X,A;R) and ψ ∈ Cq(X,B;R) the homomorphism

Cp+q(X) → R
(σ : ∆p+q → X) 7→ ϕ(σ ◦ [v0, . . . , vp]) · ψ(σ ◦ [vp, . . . , vp+q])

lies actually in Cp+q(X, {A,B}).

Proof. By the remark on page 2534 we have to show that the above cochain vanishes on all
singular (p+ q)-simplices that lie entirely in A or that lie entirely in B. But this is clear:
(1) given σ : ∆p+q → A the �rst factor ϕ(σ ◦ [v0, . . . , vp]) is necessarily zero since we have

ϕ ∈ Cp(X,A;R), and similarly,
(2) given σ : ∆p+q → B the second factor ψ(σ ◦ [vp, . . . , vp+q]) is necessarily zero since we

have ψ ∈ Cq(X,B;R).
This concludes the proof of the claim and thus also of the lemma. �

De�nition. Let (X,A,B) be an excisive triad of topological spaces and let R be a com-
mutative ring. We refer to the composition

Hp(X,A;R)× Hq(X,B;R)
(c,d)7→cYd−−−−−−→ Hp+q(X, {A,B};R)

∼=←− Hp+q(X,A ∪B;R)
↑

isomorphism by Lemma 115.1

again as a cup product (or sometimes as a relative cup product) and we denote it as usual
by the �Y�-symbol.

Remark. Let X be a topological space, let A,B Ă X be subsets and let R be a commu-
tative ring. Suppose that C{A,B}∗ (A ∪ B) = C∗(A ∪ B). (This is for example the case if
A = B = ∅ or more generally, if A is a subset of B or if B is a subset of A.) Then the
above de�nition of the cup product is just the �naive� de�nition given by

Cp(X,A;R)×Cq(X,B;R) → Cp+q(X,A∪B;R)

(ϕ, ψ) 7→
(
Cp+q(X,A∪B) → R

σ 7→ ϕ(σ ◦ [v0, ..., vp])︸ ︷︷ ︸
∈R

·ψ(σ ◦ [vp, ..., vp+q])︸ ︷︷ ︸
∈R

)
.

In the following we summarize a few properties of the relative cup product. We start out
with the obvious generalization of the Cup Product-Commutativity Proposition 114.8.

Proposition 115.3. (Cup Product-Commutativity Proposition) Let (X,A,B) be
an excisive triad of topological spaces and let R be a commutative ring. For every ϕ ∈
Hk(X,A;R) and ψ ∈ Hl(X,B;R) we have

ϕ Y ψ = (−1)kl · ψ Y ϕ ∈ Hk+l(X,A ∪B;R).

Proof. In Exercise 115.1 we will see that a modi�cation of the proof of the Cup Product-
Commutativity Proposition 114.8 provides us with a proof of the Cup Product-Commutativity
Proposition 115.3. �
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Note that the �rst part of following proposition is a generalization of the Cup Product-
Naturality Lemma 114.10.

Proposition 115.4. (Cup Product-Naturality Proposition)
(1) Let (X,A,B) and (Y,C,D) be two excisive triads and let R be a commutative ring.

Let f : (X,A,B)→ (Y,C,D) be a map. Then for all p, q ∈ N0 the following diagram
commutes:

Hp(Y,C;R)× Hq(Y,D;R)

f∗×f∗
��

Y // Hp+q(Y,C ∪D;R)

f∗

��

Hp(X,A;R)× Hq(X,B;R)
Y // Hp+q(X,A ∪B;R).

(2) Let (X,A,B) be an excisive triad. If ϕ : R → S is a homomorphism between
commutative rings, then for all p, q ∈ N0 the following diagram commutes:

Hp(X,A;R)× Hq(X,B;R)

ϕ∗×ϕ∗
��

Y // Hp+q(X,A ∪B;R)

ϕ∗
��

Hp(X,A;S)× Hq(X,B;S)
Y // Hp+q(X,A ∪B;S).

Here the vertical maps are the maps de�ned on page 2401.

Proof.

(1) It follows easily from the de�nitions that the following diagram commutes:

Hp(Y,C;R)× Hq(Y,D;R)
Y //

f∗×f∗
��

Hp+q(Y, {C,D};R)

f∗

��

Hp+q(Y,C ∪D;R)
∼=oo

f∗

��

Hp(X,A;R)× Hq(X,B;R)
Y // Hp+q(X, {A,B};R) Hp+q(X,A ∪B;R).

∼=oo

The desired statement follows immediately from this observation.
(2) This statement follows, similar to (1), basically immediately from the de�nitions. �

We record a particularly useful special case of the Cup Product-Naturality Proposition 115.4
(1) as a corollary.

Corollary 115.5. (Cup Product-Naturality Corollary) Let (X,A,B) be an excisive
triad and let R be a commutative ring. Then the following diagram commutes:

Hp(X,A;R)× Hq(X,B;R)

��

Y // Hp+q(X,A ∪B;R)

��

Hp(X;R)× Hq(X;R)
Y // Hp+q(X;R).

In particular, if α ∈ Hp(X;R) lies in the image of Hp(X,A;R) and if β ∈ Hq(X;R) lies in
the image of Hq(X,B;R) and if A ∪B = X, then α Y β = 0.

Proof. The �rst part of the corollary follows immediately from the Cup Product-Naturality
Proposition 115.4 (1) applied to the obvious map f : (X,∅,∅) → (X,A,B) of excisive
triads.

We turn to the proof of the second part. We denote by σ : Hp(X,A;R) → Hp(X;R),
τ : Hp(X,B;R)→ Hp(X;R) and by υ : Hp+q(X,A∪B;R)→ Hp+q(X;R) the obvious maps.
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Let α̂ ∈ Hp(X,A;R) and β̂ ∈ Hq(X,B;R). We write α = σ(α̂) and β = τ(β̂). We suppose
that A ∪B = X. Then

α Y β = σ(α̂) Y τ(β̂) = υ
(
α̂ Y β̂) = υ(0) = 0.

↑ ↑
by the commutative diagram since α̂Y β̂ lies in the group

Hp+q(X,A ∪B;R) = Hp+q(X,X;R) = 0 �

Before we state the next lemma we introduce one more convention.
Convention. Let A,B,C,D,X and Y be sets, let f : C → A, g : B → D and µ : X → Y
be maps and let ϕ : A×B → X and ψ : C ×D → Y be maps. We say that the diagram

A×B ϕ
//

g
��

X
µ
��

C ×D ψ
//

f

OO

Y

commutes, if for all c ∈ C and b ∈ B we have

ψ(c, g(b)) = µ(ϕ(f(c), b)).

A similar convention holds with the directions of f and g reversed. Furthermore, if we are
dealing with group homomorphisms, then there is an obvious notion of �commutes up to
a given sign�.
Using this convention we can now formulate our next lemma.

Lemma 115.6. (Cup Product-Connecting Homomorphism Lemma) Let (X,A)
be a pair of topological spaces and let R be a commutative ring. We denote by i : A→ X
the inclusion map and we denote by δ the connecting homomorphisms in the long exact
sequence in cohomology corresponding to the pair (X,A). For any p, q ∈ N0 the following
diagram commutes:

Hq(A;R)× Hp(A;R)
Y //

δ
��

Hp+q(A;R)

δ
��

Hq+1(X,A;R)× Hp(X;R)
Y //

i∗
OO

Hp+q+1(X,A;R)

and the following diagram commutes

Hp(A;R)× Hq(A;R)
Y //

δ
��

Hp+q(A;R)

δ
��

Hp(X;R)× Hq+1(X,A;R)
Y //

i∗
OO

Hp+q+1(X,A;R)

up to the sign (−1)p.

Remark. In Lemma 132.18 we will formulate a generalization of the Cup Product-Connecting
Homomorphism Lemma 115.6.

Proof. For no particular reason we prove the second statement. The �rst statement can
either be proved the same way or it can be deduced from the second statement using
the Cup Product-Commutativity Proposition 115.3. We pick cocycles ϕ ∈ Cp(X;R) and
ψ ∈ Cq(A;R). In the following we denote by ψ̃ : Cq(X) → R the extension of ψ that is
de�ned to be zero on all singular k-simplices that do not lie in the subset A. We have the
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following equalities:

by the discussion of the connecting homomorphism in the remark on page 2411 and
since ϕY ψ̃ is the trivial extension of i∗ϕY ψ : Cp+q(A)→ R to a homomorphism Cp+q(X)→ R

↓
δ([i∗ϕ] Y [ψ]) = δ([i∗ϕ Y ψ]) = [δ(ϕ Y ψ̃)] = [δϕYψ̃ + (−1)p · (ϕYδψ̃)]

↑
Coboundary-Cup Product Lemma 114.2

= (−1)p · [ϕ Y δψ̃] = (−1)p · ([ϕ] Y [δψ̃]) = (−1)p · ([ϕ] Y δ[ψ]).
↑ ↑

since ϕ is a cocycle again by the remark on page 2411

This equality implies that the diagram commutes up to the sign (−1)p. �

Finally, recall that on page 2479 we introduced cohomology with compact support H∗c(X;Z).
For the insatiable reader we also provide the de�nition of the cup product on cohomology
with compact support.

De�nition. Let X be a topological space, let ϕ ∈ Hk
c(X;Z) and let ψ ∈ Hl

c(X;Z). Recall
that by Lemma 112.2 there exists a compact subset K Ă X and a cohomology class
ϕ̃ ∈ Hk(X,X \K;Z) such that the image of ϕ̃ in Hk

c(X;Z) equals ϕ. Analogously we �nd
a compact set L and ψ̃ ∈ Hl(X,X \ L;Z). We de�ne

ϕ Y ψ := the image of ϕ Y ψ ∈ Hk+l(X,X \ (K ∪ L)) in Hk+l
c (X;Z).

It follows easily from the Cup Product-Naturality Corollary 115.5 that this de�nition does
not depend on any of the choices. We refer to ϕ Y ψ as the cup product in cohomology
with compact support.
The cup product on cohomology with compact support can be very useful for tackling
non-compact spaces. For example in Exercise 115.5 we will make of use of the cup product
on cohomology with compact support to show that the topological manifold W = R2 \
{(n, 0) |n ∈ Z} is not homeomorphic to the surface X of in�nite genus that is shown
in the �gure below. On a more theoretical side we will make of the above de�nition in
Theorem 127.9 when we will learn how to compute cup products on topological manifolds
by �intersecting cycles�.
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cup product on H∗c(X;Z) is non-trivial

W

cup product on H∗c(W ;Z) is trivial

X

115.2. Calculations using the relative cup product. In this section we will use the
Cup Product-Naturality Proposition 115.4 (1) to calculate cup products of several topo-
logical spaces. We start out with the suspension Σ(X) = (X × [−1, 1])/∼ of a topological
space X. We refer to page 451 for the precise de�nition and we refer to the �gure below
for a reminder.
The following lemma shows that the cup product of the suspension of a topological space
is quite dull.
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1X
Σ(X)

N

S

Lemma 115.7. (Suspension-Cup Product Lemma) Let X be a path-connected topo-
logical space and let R be a commutative ring.
(1) We have

Hk(Σ(X);R) ∼=


R, if k = 0,
0, if k = 1,
Hk−1(X;R), if k ≥ 2.

(2) For any k, l ≥ 1 the cup product

Hk(Σ(X);R)× Hl(Σ(X);R) → Hk+l(Σ(X);R)

is the zero map.
Proof. We denote by p : X × [−1, 1] → Σ(X) the natural projection. We denote by
N := [X×{1}] the �North Pole� and we denote by S := [X×{−1}] the South Pole. We refer
to the �gure above for an illustration. We write U = Σ(X)\{S} and V = Σ(X)\{N}. By
the same argument as in the Cone Contractibility Lemma 16.7 that U admits deformation
retraction from U to the North Pole N . This shows that U is contractible. The same
argument shows that V is contractible.
(1) Note that U and V are open subsets of Σ(X).1406 It follows from the Excisive Triad-

Proposition 109.12 (4) that (Σ(X), U, V ) is excisive. Therefore we can apply the
Mayer�Vietoris Theorem 109.15 for Cohomology Groups and we obtain the following
long exact sequence

...→Hi(Σ(X);R)→Hi(U ;R)⊕ Hi(V ;R)→Hi(U ∩ V ;R)→Hi+1(Σ(X);R)→ ...

The desired isomorphism now follows easily from the above long exact sequence and
the following:
(a) above we had observed that U and V are contractible,
(b) the intersection U∩V is homeomorphic toX×(−1, 1), in particular it is homotopy

equivalent to X,
(c) Lemmas 108.14 and 108.12 and the discussion of induced maps on 0-th cohomol-

ogy on page 2409.
(2) Now let k, l ≥ 1. It follows immediately from the long exact sequence of cohomology

groups corresponding to the pair (Σ(X), U), the fact that U is homotopy equivalent
to a point (together with Lemmas 108.12 and 108.13) that the inclusion induced map
Hk(Σ(X), U ;R)→ Hk(Σ(X);R) is an isomorphism. Evidently the same also holds if
we replace U by V .

By the Cup Product-Naturality Corollary 115.5, and the fact that (Σ(X), U, V )
is excisive, we have the following commutative diagram

1406Why is that?
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Hk(Σ(X), U ;R)× Hl(Σ(X), V ;R)
∼=
��

Y // Hk+l(Σ(X),

=Σ(X)︷ ︸︸ ︷
U ∪ V ;R)

��

Hk(Σ(X);R)× Hl(Σ(X);R)
Y // Hk+l(Σ(X);R).

Since U ∪ V = Σ(X) we see that the cohomology group on the top-right is zero.
Furthermore, since the vertical map on the left is an isomorphism we see that the
cup product on the bottom is zero. �

Let X and Y be two topological spaces and let x ∈ X and y ∈ Y be good points. (See
page 1171 for the de�nition of a good point.) We use these points to de�ne the wedge X∨Y
of X and Y . Furthermore let R be a commutative ring. We denote by p : X ∨ Y → X and
q : X ∨Y → Y the natural projections. By the Wedge-H∗-Proposition 109.17 we know that
for every n ∈ N the map

p∗ ⊕ q∗ : Hn(X;R)⊕ Hn(Y ;R)
∼=−→ Hn(X ∨ Y ;R)

is an isomorphism. The following lemma determines the cup product of X ∨ Y in terms of
the cup products of X and Y . It can be viewed as a generalization of Lemma 114.11.

Lemma 115.8. (Wedge-Cup Product Lemma)We continue with the above notation.
Then for any α, β ∈ H∗(X;R) and ϕ, ψ ∈ H∗(Y ;R) in degrees ≥ 1 the following statements
hold in H∗(X ∨ Y ;R):

Y p∗(β) q∗(ψ)
p∗(α) p∗(α Y β) 0
q∗(ϕ) 0 q∗(ϕ Y ψ)

Proof. The statement regarding the �diagonal� terms of the table follows immediately from
the Cup Product-Naturality Lemma 114.10. It remains to prove that the o�-diagonal terms
are zero. We show that the top-right entry is zero. The proof that the bottom-left entry is
zero is basically identical.

Thus let α ∈ Hk(X;R) and ψ ∈ Hl(Y ;R) with k, l ≥ 1. We view X and Y as subsets
of X ∨ Y . We denote by f : (X ∨ Y,∅)→ (X ∨ Y,X) and g : (X ∨ Y,∅)→ (X ∨ Y, Y ) the
two inclusion maps of pairs of topological spaces.

Claim. There exist α̃ ∈ Hk(X ∨Y, Y ;R) with g∗(α̃) = p∗(α) and ψ̃ ∈ Hl(X ∨Y,X;R) with
f ∗(ψ̃) = q∗(ψ).

Proof. To prove the claim we consider the following two diagrams1407

Hk(X ∨ Y ;R) Hk(X ∨ Y, Y ;R)
g∗

oo

��

Hk(X;R)

p∗

OO

Hk(X, {x};R)oo

and
Hl(X ∨ Y ;R) Hl(X ∨ Y,X;R)

f∗
oo

��

Hl(Y ;R)

q∗

OO

Hl(Y, {y};R).oo

Here the maps that are unlabeled are induced by the obvious inclusions. It is easy to verify
that the diagrams commute. It follows easily from the long exact sequence in cohomology
1407Recall that in X ∨ Y the points x and y get identi�ed, so we can view x as an element in Y and we
can view y as an element in X.
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of a pair of topological spaces that the two bottom horizontal maps are isomorphisms.
Recall that in the Wedge Excisive Lemma 109.16 we showed that the triad (X ∨ Y,X, Y )
is excisive. Therefore it follows from the Excisive Characterization Lemma 109.13 that the
vertical maps on the right are isomorphisms. The claim is an immediate consequence of
these observations. �

Since, as we had just seen, the triad (X ∨ Y,X, Y ) is excisive we can apply the Cup
Product-Naturality Corollary 115.5 and we obtain that

p∗(α) Y q∗(ψ) = g∗(α̃) Y f ∗(ψ̃) = 0.
↑

by the Cup Product-Naturality Corollary 115.5 since X ∪ Y = X ∨ Y �

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��

��
��
��

XX X ∨ Y Y

yx p q

α ∈ Hk(X;R) ψ ∈ Hl(Y ;R)

Y

Example. Now we can also give a new proof of Lemma 114.16, more precisely, we can
give a new and somewhat more conceptual proof of the calculation of the cup product of
the surface Σ of genus 2. First we recall that on page 2428 we introduced two projections
pi : Σ→ Ti = S1×S1 for i = 1, 2. It follows easily from Lemma 107.3 that these projections
are degree-one maps, i.e. they send the fundamental class [Σ] to the fundamental class [Ti].
In Lemma 109.11 we saw that the map

p∗1 ⊕ p∗2 : H1(T1;Z)⊕ H1(T2;Z) → H1(Σ;Z)

is an isomorphism. We make the following observations:
(1) Let ϕ, ψ ∈ H1(Ti;Z), i = 1, 2. Then

〈ϕ Y ψ, [Ti]〉Ti = 〈ϕ Y ψ, pi∗([Σ])〉Ti = 〈p∗i (ϕ Y ψ), [Σ]〉Σ = 〈p∗i (ϕ) Y p∗i (ψ), [Σ]〉Σ.
↑ ↑ ↑

since pi is of degree one Lemma 109.6 (3) Cup Product-Naturality Lemma 114.10

(2) We denote by qi : T1 ∨T2 → Ti, i = 1, 2 the obvious projections. The two projections
p1, p2 give rise to a map p1∨p2 : Σ→ T1∨T2 which has the property that qi◦(p1∨p2) =
pi, i = 1, 2. (See the �gure below for an illustration.) Now let ϕ1 ∈ H1(T1;Z) and
ϕ2 ∈ H1(T2;Z). Then

p∗1(ϕ1) Y p∗2(ϕ2) = (p1 ∨ p2)∗(q∗1(ϕ1) Y q∗2(ϕ2)) = (p1 ∨ p2)∗(0) = 0.
↑ ↑

by the Cup Product-Naturality Lemma 114.10, Wedge-Cup Product Lemma 115.8
since qi ◦ (p1 ∨ p2) = pi

Precisely the same proof shows also that p∗2(ϕ2) Y p∗1(ϕ1) = 0.
These two claims, together with the previous calculation of the cup product on the torus
T = S1 × S1, see Lemma 114.14, give a new proof of Lemma 114.16.

115.3. The Lusternik-Schnirelmann category. We start out with the following de�ni-
tion.
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T1 ∨ T2

T1

p2

p1 ∨ p2

q2

p1

q1

Σ

De�nition. Let M be an m-dimensional smooth manifold.
(1) A parametrization forM is a smooth map Ψ: V →M with the following properties:

(a) the domain V is either an open ball in Rm, or an open rectangle, or all of Rm,1408

(b) the map Ψ is a di�eomorphism onto its image.
(2) We say a family {Ψi : Vi →M}i∈I of parametrizations covers M if

⋃
i∈I

Ψi(Vi) = M .

The following slightly vague question arises:

Question 115.9. For a given smooth manifold M , how many parametrizations do we
need to cover all of M?

Examples.

(1) Let N = (0, . . . , 0, 1) be the North Pole and let S = (0, . . . , 0,−1) be the South Pole
of the n-dimensional sphere Sn. We can cover Sn by the two open subsets Sn \ {N}
and Sn \ {S}. Stereographic projection, see the �gure on page 155, gives rise to two
di�eomorphisms Φ1 : Sn \ {N} → Rn and Φ2 : Sn \ {S} → Rn. The inverses of these
two maps de�ne parametrizations that cover Sn.

Since Sn is not di�eomorphic to any of the admissible domains of a parametriza-
tion we see that the above collection of parametrizations is optimal in the sense that
we cannot parametrize Sn with fewer parametrizations.

(2) We consider the n-torus (S1)n = Rn/Zn. We denote by p : Rn → Rn/Zn the projec-
tion . We pick real numbers 0 < s1 < s2 < · · · < sn+1 < 1. For i = 1, . . . , n + 1 we
consider the map

Ψi :

=:Vi︷ ︸︸ ︷
(si, si + 1)×. . .×(si, si + 1) → Rn/Zn

(t1, . . . , tn) 7→ p(t1, . . . , tn).

For i = 1, . . . , n+ 1 we write Ui = Ψi(Vi). It is straightforward to see that the maps
Ψ1, . . . ,Ψn+1 are parametrizations that cover Rn/Zn.1409 We illustrate the images of
the parametrizations for the 2-torus in the �gure below.

1408The condition on V sounds slightly arbitrary, and it is, but it is reasonable that for practical purposes
one prefers domains that are �easy to describe�.
1409Hmm, why is it true that U1 ∪ · · · ∪ Un+1 = Rn/Zn?
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torus T = R2/Z2

T \ U3

T \ U2

T \ U1

(3) For i = 1, . . . , n+ 1 we consider the map

Ψi : Rn → RPn = (Rn+1 \ {0})/∼
(x1, . . . , xn) 7→ [x1 : . . . : xi−1 : 1 : xi : . . . : xn].︸ ︷︷ ︸

point in RPn represented by (x1, . . . , xi-1, 1, xi, . . . , xn)

It is straightforward to see that the maps Ψ1, . . . ,Ψn+1 are parametrizations that
cover the real projective space RPn.

(4) Almost the same construction as in (3) shows that we can cover the complex projec-
tive space CPn = (Cn+1 \ {0})/∼ by n+ 1 parametrizations such that the domain of
each parametrization is di�eomorphic to Cn ∼= R2n.

The following question is now a more precise version of Question 115.9.

Question 115.10.
(1) Can we cover (S1)n by fewer than n+ 1 parametrizations?
(2) Can we cover RPn by fewer than n+ 1 parametrizations?
(3) Can we cover CPn by fewer than n+ 1 parametrizations?

In the remainder of this chapter we will study a generalization of these questions and we
will see how cup products can be used to approach this question and its generalizations.
We will eventually answer Question 115.10 in Corollary 117.23 and Proposition 121.18.
Now we will generalize this discussion to arbitrary topological spaces by introducing the
following de�nition.

De�nition.
(1) We say that a map f : Y → X between topological spaces is null-homotopic if it is

homotopic to a constant map.
(2) The Lusternik-Schnirelmann category cat(X)1410 of a topological space X is de�ned

as the smallest n ∈ N0 such that there exists an open cover U1, . . . , Un+1 of X such
that each inclusion map Ui → X is null-homotopic.14111412 If no such n exists, then
we de�ne cat(X) =∞.

Remark.

1410The word �category� with its modern meaning was �rst used by Eilenberg-Maclane [EMc1945] in
1945. On the other hand the term �Lusternik-Schnirelmann category� was already established by 1941, see
[Fox1941].
1411Recall that according to the de�nition on page 418 a map f : U → X is called null-homotopic if it is
homotopic to a constant map.
1412Note the fairly well-hidden �+1� in the subscript of Un+1. Sometimes, especially in the older literature
the Lusternik-Schnirelmann category is de�ned without the adjustment given by the �+1�.
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(1) Suppose that a given smooth manifold M can be covered by n+ 1 parametrizations.
Since the domain of a parametrization is contractible and since a parametrization is
a di�eomorphism onto its image we see that cat(M) ≤ n.1413

(2) The sets Ui in the de�nition of the Lusternik-Schnirelmann category do not have to
be contractible, for example if X itself is contractible, then for any subset U Ă X
the inclusion map U → X is null-homotopic.

(3) The Lusternik-Schnirelmann category plays an important role in topological robotics,
see e.g. [Far2008] for more details.

Examples.

(1) For a non-empty topological space X we have cat(X) = 0 if and only if id : X → X
is null-homotopic, i.e. if X is contractible.

(2) The above discussion of parametrizations of Sn together with Statement (1) shows
that cat(Sn) = 1.

(3) (a) In the �gure below we consider the wedge X of n ≥ 1 circles together with two
open covers X = U1 ∪U2 and also X = V1 ∪ V2. Note that all the inclusion maps
Ui → X and also Vi → X are null-homotopic. So this gives us two separate
proofs that cat(X) ≤ 1. Together with Statement (1) this shows that we have
cat(X) = 1.

(b) Using the obvious generalization of the sets V1 and V2 shown in the �gure below
one can easily show that the Lusternik-Schnirelmann category of any non-empty
wedge of spheres has Lusternik-Schnirelmann category equal to 1.

����
��
��
��

�
�
�
�

V2

V1
U1

U2
X

(4) The discussion preceding Question 115.10 gives us the inequalities cat((S1)n) ≤ n,
cat(RPn) ≤ n and also cat(CPn) ≤ n.

(5) For any g ≥ 2 the surface Σ of genus g satis�es cat(Σ) ≤ 2, see the �gure below for
an illustration in the case g = 2.
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We move on to more general statements.

Proposition 115.11. Let X and Y be topological spaces. If X and Y are homotopy
equivalent, then cat(X) = cat(Y ).

1413Hmm, why is the image of a parametrization an open subset of the smooth manifold?
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Proof. We outsource the proof of the proposition to Exercise 115.9. Alternatively the
di�dent reader is referred to [CLOT2003, Theorem 1.30] for the proof. �

The following proposition gives interesting upper bounds for many examples. In particular
it gives a uni�ed approach to the above Examples (3)-(5).

Proposition 115.12.
(1) If X is a connected n-dimensional simplicial complex X, then cat(X) ≤ n.
(2) If X is a connected n-dimensional CW-complex, then cat(X) ≤ n.
(3) If X is a connected n-dimensional smooth manifold, then cat(X) ≤ n.
(4) If X is a connected n-dimensional topological manifold, then cat(X)≤n.

In the proof of Proposition 115.12 we make use of the following lemma.

Lemma 115.13. LetX be a topological space and let U Ă X be a subset with components
{Ui}i∈I . If each inclusion Ui → X is null-homotopic and if X is path-connected, then the
inclusion U → X is also null-homotopic.

Proof. By hypothesis there exists for each i ∈ I a Pi ∈ X such that the inclusion map
Ui → X is homotopic to the constant map which sends all points in Ui to Pi. Now pick
Q ∈ X. Since X is path-connected we can �nd paths that connect the Pi to Q. Using
these paths we can construct a homotopy from the inclusion map U → X to the constant
map that sends all points to Q. �

Proof.

(1) We only have to deal with the case that X = |K| is the topological realization of a
connected n-dimensional abstract simplicial complex. We consider the barycentric
subdivision sd(K) as de�ned in Lemma 94.2. By the SD-Lemma 94.3 (3d) we know
that the topological realization | sd(K)| is homeomorphic to |K|. Thus it su�ces to
show that cat(| sd(K)|) ≤ n. For i = 0, . . . , n we set

Si := set of i-simplices of K and Ui =
⋃
s∈Si

◦
St(sd(K), s).

In other words, Ui is the union of the open stars in the barycentric subdivision
corresponding to the vertices of the barycentric subdivision that are given by the
barycenters of the i-simplices of K. We �x i ∈ {0, . . . , n}. We make the following
observations:
(a) By the Link Star Lemma 94.5 (1d) we know that each

◦
St(sd(K), s) is contractible.

(b) It follows easily from the Link Star Lemma 94.5 (3) that for any two s 6= t ∈ Si
we have

◦
St(sd(K), s) ∩

◦
St(sd(K), t) = ∅.

It follows almost immediately from (a) and (b), together with Lemma 115.13 that
the inclusion Ui → | sd(K)| is null-homotopic.

Furthermore it follows from the Link Star Lemma 94.5 (2b) that the Ui, i =
0, . . . , n form an open cover of | sd(K)|. Thus we shown that cat(| sd(K)|) ≤ n.

(2) By Proposition 94.12 we know that every connected n-dimensional CW-complex is
homotopy equivalent to a connected n-dimensional simplicial complex. Thus the
statement follows from (1) together with Proposition 115.11.
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K U0 U1 U2sd(K)

(3) Let X be a connected n-dimensional smooth manifold X. By the Smooth Manifold-
Simplicial Structure Theorem 96.2 we know that X has the structure of an n-
dimensional simplicial complex. Thus the statement follows from (1).

(4) Let X be a connected n-dimensional smooth manifold. There are two di�erent ap-
proach to showing that cat(X) ≤ n:
(a) By the Smooth Manifold-Simplicial Structure Theorem 96.2 we know that X has

the structure of an n-dimensional simplicial complex. Thus the statement follows
from (1).

(b) In the proof of the Small Atlas Proposition 27.8 we implicitly showed that X
admits an atlas {Φi : Ui → Vi}i=1,...,n+1 with n + 1 charts with the property
that for each component C of any Ui the map Φi|C : C → Vi factors through a
contractible set. Since X is connected we see that each Φi is homotopic to a
constant map.

(5) Let X be a connected n-dimensional topological manifold. There are again two
di�erent approaches to showing that cat(X) ≤ n:
(a) At least if X is compact, then by Theorem 104.26 we know that X is homotopy

equivalent to a connected n-dimensional simplicial complex. So the statement
follows again from (1) together with Proposition 115.11.

(b) The approach of (4a) also works in the topological context. �

Remark. If X and Y are two connected CW-complexes with �nite Lusternik-Schnirel-
mann categories, then cat(X × Y ) ≤ cat(X) + cat(Y ), see e.g. [Fox1941, Theorem 9] or
[CLOT2003, Theorem 1.37]. The Ganea Conjecture from 1971 predicted that for any
CW-complex X one has cat(X×Sn) = cat(X)+cat(Sn) = cat(X)+1. But this conjecture
was eventually disproved by Norio Iwase [Iw1998, Iw2002] in 1998.

As we saw in the above examples and Proposition 115.12, one can obtain an upper bound on
the Lusternik-Schnirelmann category of a given topological space by writing down explicit
open subsets. To obtain lower bounds on the Lusternik-Schnirelmann category we introduce
the following de�nition.

De�nition. Given a topological space X we de�ne its cup length cl(X) ∈ N0 ∪ {∞} as
follows:

cl(X) := max
{
n ∈ N0

∣∣∣ there exists a commutative ring R and R-cohomology
classes x1, . . . , xn in degrees ≥ 1 with x1 Y · · ·Y xn 6= 0

}
.

Examples.

(1) If X is an n-dimensional CW-complex, then it follows immediately from the Singular-
Cellular H∗-Isomorphism Proposition 109.4 that cl(X) ≤ n.



2548

(2) In Lemma 114.14 and Lemma 114.16 we saw that for any surface Σ of genus g ≥ 1
there exist x, y ∈ H1(Σ;Z) with x Y y 6= 0, which together with (1) shows that
cl(Σ) = 2.

(3) In Lemma 114.18 we saw that there exists an x ∈ H1(RP2;F2) with xYx 6= 0, which
shows that cl(RP2) = 2.

The following proposition shows that the cup length is a lower bound on the Lusternik-
Schnirelmann category.
Proposition 115.14. For every topological space X we have

cl(X) ≤ cat(X).

Example. It follows immediately from Proposition 115.14 and the above examples that

cat(S1 × S1) = cat(surface of genus g ≥ 2) = cat(RP2) = 2.

Proof. Let X be a topological space, let R be a commutative ring and let xj ∈ Hsj(X;R),
j = 1, . . . , n be cohomology classes in dimensions sj ≥ 1 such that x1 Y x2 Y · · ·Y xn 6= 0.
We have to show that cat(X) ≥ n.

Thus let k ≤ n and let U1, . . . , Uk be open subsets in X with U1 ∪ · · · ∪ Uk = X such
that each inclusion map Ui → X is null-homotopic. We have to show that U1 ∪ · · · ∪ Uk is
a proper subset of X.
Claim. For any j ∈ {1, . . . , k} the obvious map ρj : Hsj(X,Uj;R) → Hsj(X;R) is in fact
an isomorphism.

Proof. By our hypothesis the inclusion map ij : Uj → X is null-homotopic, it follows
that the restriction map i∗j : Hk(X;R) → Hk(Uj;R) is the zero map for k ≥ 1 and an
epimorphism for k = 0.1414 We deduce from this observation, the long exact sequence of
cohomology groups corresponding to the pair (X,Uj) and the fact that sj ≥ 1 that the
obvious map ρj : Hsj(X,Uj;R)→ Hsj(X;R) is in fact an isomorphism. �

Given j ∈ {1 . . . , k} we write yj := ρ−1
j (xj) ∈ Hsj(X,Uj;R) and we set s = s1 + · · ·+sk.

By the Cup Product-Naturality Corollary 115.51415 we have the following commutative
diagram

Hs1(X,U1;R)× · · · × Hsk(X,Uk;R)
(y1, . . . , yk)

↓
(x1, . . . , xk)��

Y // Hs(X,U1 ∪ · · · ∪ Uk;R)

��

Hs1(X;R)× · · · × Hsk(X;R)
Y // Hs(X;R).

By our hypotheses the cup product x1 Y · · · Y xk is non-zero, which then implies, by the
commutativity of the diagram, that the cup product y1 Y · · · Y yk is also non-zero. But
this implies that the group Hs(X,U1 ∪ · · · ∪ Uk;R) is non-zero, which in turn implies that
U1 ∪ · · · ∪ Uk is a proper subset of X. �

1414This can be seen as follows: the map ij : Uj → X is homotopic to a constant map that takes the value
Pj ∈ X. We denote by cj : Uj → {Pj} the constant map and we denote by kj : {Pj} → X the inclusion
map. We statement now follows from i∗j = (kj ◦ cj)∗ = c∗j ◦ k∗j and Lemmas 108.13 and 108.12.
1415Strictly speaking Corollary 115.5 was formulated for the cup product of two terms, but one can easily
reduce the general case of k terms to the special case of 2 terms.
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Proposition 115.14 gives us a tool to attack Question 115.10. In fact we saw right after
Proposition 115.14 that we can now answer the question for the 2-dimensional torus (S1)2

and the real projective plane RP2.
The following questions naturally arise:

Question 115.15.
(1) What is the Z-cohomology ring of (S1)n?
(2) What is the F2-cohomology ring of RPn?
(3) What is the Z-cohomology ring of CPn?

We will answer these questions in Propositions 117.22, 121.16 and 121.7.
There are many other questions that we cannot answer in these notes, in fact which are still
open. As an example we conclude this introduction to the Lusternik-Schnirelmann category
of a topological space with the following conjecture which is formulated as a question in
[Rudy2017, Question 1.1].

Conjecture 115.16. (Rudyak Conjecture) Let M and N be two closed oriented con-
nected n-dimensional topological manifolds. If there exists a map f : M → N of degree
one, then cat(M) ≥ cat(N).

Exercises for Chapter 115.

Exercise 115.1. Let (X,A,B) be an excisive triad of topological spaces and let R be a
commutative ring. Show that for every ϕ ∈ Hk(X,A;R) and ψ ∈ Hl(X,B;R) the following
equality holds:

ϕ Y ψ = (−1)kl · ψ Y ϕ ∈ Hk+l(X,A ∪B;R).

Hint. Evidently you should study the proof of the Cup Product-Commutativity Proposi-
tion 114.8 carefully.

Exercise 115.2. Let M be the torus minus one open disk. Show that the cup product
H1(M,∂M ;Z)× H1(M,∂M ;Z)→ H2(M,∂M ;Z) is non-trivial.
Hint. Reduce this statement to the calculation of the cup product of the torus.

Exercise 115.3. Let N be the disk B
2
minus two open disks.

(a) Show that the two homology classes α, β ∈ H1(N, ∂N ;Z) shown in the �gure below
are a basis for H1(N, ∂N ;Z) ∼= Z2.

(b) We denote by ϕ, ψ ∈ H1(N, ∂N ;Z) = Hom(H1(N, ∂N ;Z),Z) the basis dual to α, β.
Show that α Y β = 0 ∈ H2(N, ∂N ;Z).
Hint. Show that there exist open subsets A and B with the following properties:
(i) ∂N Ă A and ∂N Ă B.
(ii) A ∪B = N .
(iii) ϕ lies in the image of H1(N,A;Z) → H1(N, ∂N ;Z) and ψ lies in the image of

H1(N,B;Z)→ H1(N, ∂N ;Z).
(c) Show that the cup product H1(N, ∂N ;Z)×H1(N, ∂N ;Z)→ H2(N, ∂N ;Z) is the zero

map.
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Exercise 115.4. Let M be the torus minus one open disk and let N be the disk B
2
minus

two open disks. Use the calculations from Exercise 115.2 and 115.3 to show that there is
no degree one map g : N →M .
Remark. This gives an alternative solution to Exercise 101.7 (b).

Exercise 115.5. As in Exercise 115.5 we consider W = R2 \ {(n, 0) |n ∈ Z} and we
consider the surface X of in�nite genus that is shown in the �gure below.
(a) Show that the cup product H1

c(W ;Z) × H1
c(W ;Z) → H2

c(W ;Z), that we de�ned on
page 2539, is the zero map.

(b) Show that the cup product H1
c(X;Z)× H1

c(X;Z)→ H2
c(X;Z) is non-zero.

Hint. You could use the pairing H2
c(X;Z) × Hlf

2 (X) → Z from Exercise 106.5 to
detect that an element in H2

c(X;Z) is non-zero.
(c) Show that X and W are not homeomorphic.
(d) Does this argument imply that X and W are not homotopy equivalent?

Remark. In Exercise 55.14 we showed the weaker statement that W and X, viewed as
2-dimensional smooth manifolds, are not di�eomorphic.
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Exercise 115.6. Let X and Y be non-empty topological spaces. Show that we have the
following lower bound on the cup length of X × Y :

cl(X × Y ) ≥ max{cl(X), cl(Y )}.

Exercise 115.7. Let X and Y be topological spaces. Show that if X and Y are homotopy
equivalent, then the cup lengths of X and Y agree, i.e. we have cl(X) = cl(Y ).

Exercise 115.8. Determine the Lusternik-Schnirelmann category for all compact (not
necessarily connected) 2-dimensional smooth manifolds.

Exercise 115.9. Let X and Y be topological spaces. Show that if X and Y are homotopy
equivalent, then cat(X) = cat(Y ).
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116. The cap product

In this chapter we introduce the cap product that relates the homology and the cohomology
groups. It can be viewed as a generalization of the Kronecker pairing. Initially it might not
be clear that the cap product is good for, but later on we will see that it plays an essential
role in many calculations and in the formulation of the Poincaré Duality Theorem.

116.1. The de�nition of the cap product and calculations. We start out by intro-
ducing a convention that simpli�es our notation later on.

Convention. Let R be a commutative ring and let S be a non-empty set. We consider

R(S) := all maps from S to R which are non-zero for only �nitely many s ∈ S
with the obvious R-module structure. We refer to R(S) as the free R-module generated
by S. For example, the free Z-module generated by S is precisely the same as the free
abelian group generated by S. We use the same convention as on page 1147 to identify
elements in R(S) with �nite formal linear combinations r1s1+· · ·+rksk where r1, . . . , rk ∈ R
and s1, . . . , sk ∈ S. By the Tensor Lemma 89.3 the map

Z(S) ⊗R → R(S)

n∑
i=1

ni · si ⊗ ri 7→
n∑
i=1

niri︸︷︷︸
∈R

· si

is an isomorphism. We use this isomorphism to identify the left-hand side with the right-
hand side. In particular, given a topological space X and given k ∈ N0 we write

Ck(X;R) := ZSk(X) ⊗R = RSk(X) =
{ n∑
i=1
ri · σi

∣∣∣ r1, . . . , rn ∈ R and σi : ∆k → X
}
,

where Sk(X) denotes the set of singular k simplices in X.
The following de�nition is inspired by the second de�nition of the cup product that we
gave on page 2513.

De�nition. Let X be a topological space and let R be a commutative ring. Given a
singular cochain ϕ ∈ Ck(X;R) and a singular simplex σ : ∆l → X with k ≤ l we de�ne
the cap product as1416

ϕ X σ := ϕ(σ◦[v0, . . . , vk])︸ ︷︷ ︸
∈R

· σ◦[vk, . . . , vl].︸ ︷︷ ︸
map ∆l-k → X

We extend this de�nition to singular R-chains and we obtain the cap product

X : Ck(X;R)×Cl(X;R) → Cl−k(X;R)
ϕ X r · σ 7→ r · (ϕ X σ)︸ ︷︷ ︸

∈R

.

For k > l we de�ne the cap product to be the zero map.
As for the cup product, the �rst thing we want to verify is that this map on the cochain
and chain level de�nes a map on the level of cohomology groups and homology groups. The
key to doing so is the following elementary lemma.

1416Here we use, as usual, the notation from page 2503.
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Lemma 116.1. Let X be a topological space and let R be a commutative ring. Further-
more let ϕ ∈ Ck(X;R) and let σ ∈ Cl(X;R). Then

∂(ϕ X σ) = (−1)k · (−δϕ X σ + ϕ X ∂σ) ∈ Cl−k−1(X;R).

In particular this implies that ϕ X ∂σ and δϕ X σ are homologous.

Proof. For k > l the statement is trivial. So assume that k ≤ l. Clearly it su�ces to prove
the equality for the case that σ : ∆l → X is a singular l-simplex. This case follows from an
elementary calculation. Indeed, we have

(a) ϕ X ∂σ =
k∑
i=0

(−1)i · ϕ(σ ◦ [v0, . . . , v̂i, . . . , vk+1]) · σ ◦ [vk+1, . . . , vl]

+
l∑

i=k+1

(−1)i · ϕ(σ ◦ [v0, . . . , vk]) · σ ◦ [vk, . . . , v̂i, . . . , vl]

(b) δϕ X σ =
k+1∑
i=0

(−1)i · ϕ(σ ◦ [v0, . . . , v̂i, . . . , vk+1]) · σ ◦ [vk+1, . . . , vl]

(c) (−1)k · ∂(ϕ X σ) =
l∑

i=k

(−1)i · ϕ(σ ◦ [v0, . . . , vk]) · σ ◦ [vk, . . . , v̂i, . . . , vl].

Note that the summand of (b) corresponding to i = k + 1 equals minus the summand of
(c) corresponding to i = k. Adding (b) and (c) and comparing it to (a) we see that

ϕ X ∂σ = δϕ X σ + (−1)k · ∂(ϕ X σ)

which gives the desired equality. �

The following lemma says that �X� descends to a map on homology and cohomology.
Lemma 116.2. Let X be a topological space and let R be a commutative ring. Then for
any k, l ∈ N0 the map

Hk(X;R)× Hl(X;R) → Hl−k(X;R)
([ϕ], [σ]) 7→ [ϕ X σ]

is well-de�ned and R-bilinear.
We refer to the pairing from Lemma 116.2 as the cap product.1417

Proof. For k > l the statement is trivial. So assume that k ≤ l. The statement now follows
easily from Lemma 116.1. Indeed, let ϕ ∈ Ck(X;R) be a cocycle and let σ ∈ Cl(X;R) be
a cycle.
(1) It follows from Lemma 116.1 that ϕXσ is a cycle, i.e. it represents a homology class.
(2) If σ′ = σ + ∂τ is another representative of [σ], then

ϕ X σ − ϕ X σ′ = ϕ X (σ − σ′) = ϕ X ∂τ = ±∂(ϕ X τ).
↑

by Lemma 116.1 and since δϕ = 0

This shows that ϕ X σ and ϕ X σ′ represent the same homology class, i.e. the cap
product does not depend on the choice of the representative of the homology class.

1417The name �cap product� comes from the notation �a X b� for the composition since X looks like,
just a little bit, like the �a� in cap. The other reason is that the cup product was �rst introduced, and
mathematicians needed a di�erent name for a somewhat related object. Also mathematicians are well-
known for their great sense of humor.



116. THE CAP PRODUCT 2553

(3) The proof that the cap product does not depend on the choice of representative of
the cohomology class is basically the same as the proof of (2).

This shows that the map is well-de�ned. It is clear that the map is indeed R-bilinear. �

Remark. We already saw on page 2514 that the de�nition of the cup product in the
literature is not uniform. Rather depressingly, the situation is even worse for the cap
product, there is an endless variety of de�nitions of the cap product in the literature. More
precisely, given a cochain ϕ ∈ Ck(X;R) and a singular simplex σ : ∆l → X the following
de�nitions of ϕ X σ can be found in the literature:1418

ϕ X σ

(a) Hatcher [Hat2002, p. 239] ϕ(σ ◦ [v0, . . . , vk]) · σ ◦ [vk, . . . , vl]
(b) Bredon [Bre1993, p. 335] (−1)k(l−k) · ϕ(σ ◦ [v0, . . . , vk]) · σ ◦ [vk, . . . , vl]
(c) Dold [Dol1956, p. 335] (−1)k(l−k) · σ ◦ [v0, . . . , vl−k] · ϕ(σ ◦ [vl−k, . . . , vl])
(d) Spanier [Spa1995, p. 254] σ ◦ [v0, . . . , vl−k] · ϕ(σ ◦ [vl−k, . . . , vl])
(e) Munkres [Mun1984, p. 389] σ ◦ [v0, . . . , vl−k] · ϕ(σ ◦ [vl−k, . . . , vl])

To the best of my understanding, see [Spa1995, p. 250], the singular chains

ϕ(σ ◦ [v0, . . . , vk]) · σ ◦ [vk, . . . , vl] and (−1)k(l−k) · σ ◦ [v0, . . . , vl−k] · ϕ(σ ◦ [vl−k, . . . , vl])

are homologous. This shows that on the level of homology and cohomology groups the
de�nition (a), which is also our de�nition, agrees with (c), but that the sign di�ers for (b),
(d) and (e). For the most part this is not an issue, but one needs to be careful when one
cites formulas from the literature. For example, as we had already mentioned on page 2400,
Bredon [Bre1993] de�ned the coboundary map as

δBr
k := (−1)k+1 · ∂∗k+1 = (−1)k+1 · δk

and as we saw above, the cap product is also de�ned di�erently. Thus our Lemma 116.1,
which says that for ϕ ∈ Ck(X;R) and σ : ∆l → X we have

∂(ϕ X σ) = (−1)k · (ϕ X ∂σ − δϕ X σ)

becomes the following equality in [Bre1993, Proposition VI.5.1]:1419

∂(ϕ X σ) = (−1)k · ϕ X ∂σ + δBr(ϕ) X σ.

The following lemma follows immediately from the de�nitions.
Lemma 116.3. Let X be a topological space and let R be a commutative ring. Then for
any σ ∈ Hk(X;R) we have 1X X σ = σ.

For future applications we state the special case k = l in the cap product in the following
lemma.

1418The de�nition of the cap product given by Greenberg-Harper in [GrH1981, p. 205] agrees with our
de�nition, except, that they use a di�erent notation, namely they cap a homology class with a cohomology
class instead of capping a cohomology class with a homology class. In other words, in our setting they
write σ X ϕ instead of ϕX σ.
1419The lesson you should draw is that if you ever have to write algebraic topology lectures notes, stick to
a single book and do not try to mix books.
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Lemma 116.4. (Cap Product-Kronecker Lemma) Let X be a topological space and
let R be a commutative ring.
(1) The composition

Hk(X;R)× Hk(X;R)
X−−→ H0(X;R)

augmentation ε−−−−−−−−−→
from page 1914

R

is precisely the Kronecker pairing from pages 2425 and 2452.
(2) If X is path-connected, and if we make the usual identi�cation H0(X;R) = R given

by the augmentation map, see the H0-Proposition 72.5, then for any ϕ ∈ Hk(X;R)
and σ ∈ Hk(X;R) we have

ϕ X σ = 〈ϕ, σ〉 ∈ R.

Proof. Both statements follow immediately from recalling all the relevant de�nitions. �

Example. We consider some examples of the cap product in detail to get some feeling for
what it does.

(1) Let T = S1 × S1 = ([0, 1]× [0, 1])/∼ be the torus. We recall the following notations
and results that we have by now used on many occasions. (We refer to the �gure
below for some of the notation.)
(a) We denote by σ1, σ2 the singular 2-simplices from the �gure below. As we pointed

out on page 2204, the singular 2-chain −σ1 + σ2 is a representative of the funda-
mental class [T ].

(b) We denote by p respectively q the projection S1×S1 → S1 onto the �rst respec-
tively second factor.

(c) We denote by θ := θZ ∈ C1;Z) the singular 1-cocycle that we introduced on
page 2404.

(d) As before we denote by µ : ∆1 → S1 the singular 1-simplex that is given by
µ(1−t, t) = exp(2π it). By the discussion on page 2201 we know that µ represents
the fundamental class [S1] of S1 equipped with the standard orientation. By a
slight abuse of notation we also denote by [1× S1] the image of the fundamental
class under the monomorphism H1(1× S1;Z)→ H1(S1 × S1;Z).
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σ2 ◦ [v0, v1]

σ1 ◦ [v1, v2]

σ1 ◦ [v0, v1]
σ2 ◦ [v1, v2]

S1 × {1} {1} × S1

σ2
σ2

p

q
σ1 σ1
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We calculate that

p∗(θ) X σ1 = p∗(θ)(σ1 ◦ [v0, v1])︸ ︷︷ ︸
=θ(p◦σ1◦[v0,v1])=0

· σ1 ◦ [v1, v2] = 0

and similarly we calculate that
p∗(θ) X σ2 = p∗(θ)(σ2 ◦ [v0, v1])︸ ︷︷ ︸

=θ(p◦σ2◦[v0,v1])=1

· σ2 ◦ [v1, v2] = σ2◦[v1, v2] = 1×µ.

Putting these calculations together we obtain that

[p∗(θ)] X [T ] = [p∗(θ) X (−σ1 + σ2)] = [1× S1].
Basically the same calculation shows that

[q∗(θ)] X [T ] = [q∗(θ) X (−σ1 + σ2)] = −[S1 × 1].

So we see that the map

X[T ] : H1(T ;Z) → H1(T ;Z)
is non-trivial, in fact we have just shown that this map satis�es

[p∗(θ)] 7→ [1× S1]
[q∗(θ)] 7→ −[S1 × 1]

which shows that �capping with the fundamental class� is in this case an isomorphism.
(2) In Exercise 116.2 we will deal with the surface Σ of genus 2 and there we will also

see that the map
X[Σ] : H1(Σ;Z) → H1(Σ;Z)

is an isomorphism.
(3) Finally we consider again the real projective plane RP2 = B

2
/∼. We introduce the

following notation:
(a) We denote by ϕ ∈ C1(RP2;F2) the cocycle that we introduced on page 2530.
(b) We denote by γ : ∆1 → RP2 = B

2
/∼ the singular 1-simplex that is given by

γ(t, 1−t) = [exp(π it)]. Note that γ is a cycle in C1(RP2) and note that ϕ(γ) = 1.
(c) In the �gure on page 2216 we already saw a representative for the F2-fundamental

class, but we will work with a di�erent one that is �smaller� and that is shown in
the �gure below. In the �gure below we see the singular 2-simplex σ that sends
the face [v0, v2] to a point P and the singular 2-simplex τ that sends all points
on ∆2 to P . It is straightforward to see that (σ+ τ)⊗ 1 ∈ C2(RP2;F2) is a cycle.
Using Proposition 100.18 we see that it represents the F2-fundamental class of
RP2.

It is straightforward to see that

[ϕ] X [RP2] = [ϕ] X [(σ + τ)⊗ 1] = [ϕ X σ︸ ︷︷ ︸
=γ

⊗ 1 + ϕ X τ︸ ︷︷ ︸
=0

⊗ 1] = [γ ⊗ 1]

We saw on page 2530 that [γ ⊗ 1] is the unique non-trivial element of H1(RP2;F2).
Thus in this case we see that the map

X[RP2] : H1(RP2;F2) → H1(RP2;F2)

is also an isomorphism.
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σ ◦ [v1, v2] = γ

P

σ ◦ [v0, v1] = γ

the 2-cycle (σ + τ)⊗ 1 ∈ C2(RP2;F2)
represents the F2-fundamental class

of RP2

projective plane RP2

σ
the constant singular 2-simplex τ

Remark. In the last three examples we saw for the closed 2-dimensional smooth manifolds
F = S1 × S1, F = Σ, F = RP2 and for R = Z respectively R = F2 that the map

−X [F ]R : H1(F ;R) → H1(F ;R)

is an isomorphism. In Chapter 119 we will see that it is not a coincidence. More precisely
we will see that this observation can be generalized to all closed topological manifolds.

116.2. The relative cap product and more properties of the cap product. After
considering the various examples of the cap product we continue with developing the theory.
Similar to the case of the cup product, we intend to extend the notion of cap product to
relative homology and cohomology groups. As in the case of the cup product it requires
some delicate footwork to get to the right notion of a relative cap product. We start out
with the following rather technical de�nition.

De�nition. Let (X,A,B) be a triad of topological spaces and let R be a commutative
ring. We write

Cn(X, {A,B};R) :=
Cn(X)⊗R

C
{A,B}
n (A ∪B)⊗R

.

The boundary map on C∗(X;R) descends to a boundary map on C∗(X, {A,B};R) which
we can thus view as a chain complex. We denote the corresponding homology groups by
H∗(X, {A,B};R).
This technical de�nition allows us to de�ne a �rst version of a relative cap product.

Lemma 116.5. Let (X,A,B) be a triad of topological spaces, let k ≤ l and let R be a
commutative ring. Then the map

X : Ck(X,A;R)× Cl(X, {A,B};R) → Cl−k(X,B;R)
(ϕ, [σ : ∆l → X]) 7→

[
ϕ(σ ◦ [v0, . . . , vk])︸ ︷︷ ︸

∈R

· σ ◦ [vk, . . . , vl]︸ ︷︷ ︸
map ∆l-k → X

]
is well-de�ned and it descends to a map

X : Hk(X,A;R)×Hl(X, {A,B};R) → Hl−k(X,B;R)

that is R-bilinear.

Proof. We �rst show that the cap product on (co-) chains is well-de�ned. By de�nition of

Cn(X, {A,B};R) :=
Cn(X)⊗R

C
{A,B}
n (A ∪B)⊗R

=
Cn(X)⊗R

Cn(A)⊗R+ Cn(B)⊗R
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we have to show that if we are given a singular l-simplex σ : ∆l → X such that

(1) the image of σ lies in A, or
(2) the image of σ lies in B,

then the product ϕ(σ ◦ [v0, . . . , vk]) · σ ◦ [v0, . . . , vk] is zero in Cl−k(X,B;R). But this is
indeed the case:

(1) �rst, if the image of σ lies in A, then it follows immediately from the hypothesis that
ϕ lies in Ck(X,A;R) that ϕ(σ ◦ [v0, . . . , vk]) = 0, and

(2) if the image of σ lies in B, then the image of σ ◦ [v0, . . . , vk] also lies in B. Hence the
term is zero in Cl−k(X,B;R).

This concludes the proof of the �rst part of the lemma.
The argument that the map on (co-) chain complexes descends to a map on the level of

homology and cohomology groups is the same as in the proof of Lemma 116.2. It is obvious
that the map X is R-bilinear. �

Evidently we are not very interested in the group Hn(X, {A,B};R). The following lemma
allows us to replace this group by the much more agreeable group Hn(X,A∪B;R), at least
for reasonable triads.
Lemma 116.6. If (X,A,B) is an excisive triad of topological spaces, then given any
commutative ring R the obvious map

C∗(X, {A,B};R) → C∗(X,A ∪B;R)
induces for every n ∈ N0 an isomorphism

Hn(X, {A,B};R)
∼=−→ Hn(X,A ∪B;R).

Proof. In the proof of Lemma 115.1 we already showed that the map

C∗(X, {A,B}) → C∗(X,A ∪B)

on chain complexes is a chain homotopy equivalence. By tensoring all maps and chain
homotopies with R we see that the map

C∗(X, {A,B};R) → C∗(X,A ∪B;R)

is also a chain homotopy equivalence. The second statement is then an immediate conse-
quence of Corollary 73.4. �

Lemma 116.6 leads to the following de�nition.

De�nition. Let (X,A,B) be an excisive triad of topological spaces, let k ≤ l and let R
again be a commutative ring. We refer to the map

Hk(X,A;R)×Hl(X,A ∪B;R)
∼=←− Hk(X,A;R)×Hl(X, {A,B};R)

X−→ Hl−k(X,B;R)
↑ ↑

isomorphism given by Lemma 116.6 map from Lemma 116.5

as the cap product (sometimes we refer to it as the relative cap product) that we also
denote by �X�. For k > l we de�ne the cap product to be the zero map.

Remark. In many examples, e.g. if A = ∅, or B = ∅ or A = B, then the slightly
mysterious �rst map in the de�nition of the cap product is just the identity. In particular,
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for any subset A of X we obtain cap products

Hk(X;R) × Hl(X,A;R)
X−−→ Hl−k(X,A;R)

and
Hk(X,A;R) × Hl(X,A;R)

X−−→ Hl−k(X;R)
and both of them are induced, on the (co-) chain level, by the formula

(ϕ, σ : ∆l → X) 7→ ϕ(σ◦[v0, . . . , vk]) · σ◦[vk, . . . , vl].
This observation also shows that we can easily generalize the Cap Product-Kronecker
Lemma 116.4 to the relative case in the obvious way. For example, if X is path-con-
nected, and if we make the usual identi�cation H0(X;Z) = Z given by the augmentation
map, see the H0-Proposition 72.5, then for any ϕ ∈ Hk(X,A;Z) and σ ∈ Hk(X,A;Z) we
have

ϕ X σ = 〈ϕ, σ〉 ∈ Z.
For the record we point out that it follows from this observation and the Dual Fundamen-
tal Class Lemma 110.15 that if M is a compact oriented path-connected n-dimensional
topological manifold, then for any point P ∈M we have

[M ]∗ X [M ] = [P ]

and [M ]∗ is the only element in Hn(M,∂M ;Z) ∼= Z that has that property.

Example. Let X = S1 × [0, 1] be the annulus. In the �gure below we show two singular
2-simplices σ1, σ2. It follows easily from the Fundamental Class-Criterion Proposition 100.4
that −σ1 + σ2 represents the fundamental class [X] ∈ H2(X, ∂X;Z) of the annulus X with
the usual orientation. We denote by p : X → [0, 1] the projection . As on page 2408 we
consider the function

f : [0, 1] → Z

x 7→
{

0, if x ∈ [0, 1
2
)

1, otherwise
which we use to de�ne the singular 1-cochain

ρ : C1([0, 1]) → Z
(σ : ∆1 → [0, 1]) 7→ f(σ(0, 1))− f(σ(1, 0)).

It follows from the discussion on page 2408 that p∗(ρ) ∈ C1(X, ∂X;Z) is a cochain, thus it
represents an element in H1(X, ∂X;Z). We calculate that

[p∗(ρ)] X σ1 = p∗(σ1 ◦ [v0, v1])︸ ︷︷ ︸
=1

· σ1 ◦ [v1, v2]︸ ︷︷ ︸
=[S1×1]

= [S1 × 1]

[p∗(ρ)] X σ2 = p∗(σ2 ◦ [v0, v1])︸ ︷︷ ︸
=0

· σ2 ◦ [v1, v2] = 0.

Adding up we see that
[p∗(ρ)] X [X] = [p∗(ρ) X (−σ1 + σ2)] = −[S1 × 1].

Since the inclusion S1 × 1→ X is a homotopy equivalence we see that H1(X;Z) ∼= Z and
that [S1×1] is a generator. A straightforward argument, e.g. using the long exact sequence
of the pair (X, ∂X), shows that H1(X, ∂X;Z) ∼= Z. The above calculation thus shows that
the map H1(X, ∂X;Z) → H1(X;Z)

ϕ 7→ ϕ X [X]



116. THE CAP PRODUCT 2559

is an epimorphism. Since both groups are isomorphic to Z we see that the map is in fact
an isomorphism and as a bonus we obtain that [ρ] ∈ H1(X, ∂X;Z) is a generator. In
Exercise 116.3 we will show that the map

H1(X;Z) → H1(X, ∂X;Z)
ϕ 7→ ϕ X [X]

is also an isomorphism.
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[S1 × 0]

[S1 × 1]

σ2 ◦ [v0, v1]

σ2 ◦ [v1, v2]

p

σ1 ◦ [v0, v1]

σ1 ◦ [v1, v2]

σ1

σ2

the annulus X = S1 × [0, 1]

[0, 1]

The following lemma relates the cup product to the cap product.

Lemma 116.7. Cup-Cap Lemma Let X be a topological space and let R be a commu-
tative ring.
(1) Let ϕ ∈ Ck(X;R), ψ ∈ Cl(X;R) and let σ ∈ Cn(X;R). Then1420

ϕ X (ψ X σ) = (ψ Y ϕ) X σ ∈ Cn−k−l(X;R).

(2) If A Ă X is a subset and C,D ∈ {∅, A} we have for any ϕ ∈ Hk(X,C;R), any
ψ ∈ Hl(X,D;R) and any σ ∈ Hn(X,C ∪D;R) that

ϕ X (ψ X σ) = (ψ Y ϕ) X σ ∈ Hn−k−l(X;R).

(3) If A Ă X is a subset and C,D ∈ {∅, A} we have for any ϕ ∈ Hk(X,C;R), any
ψ ∈ Hl(X,D;R) and any σ ∈ Hk+l(X,C ∪D;R) that

〈ϕ, ψ X σ〉 = 〈ψ Y ϕ, σ〉 ∈ R.

1420Note that on the right-hand side it says (ψ Y ϕ) X σ instead of (ϕ Y ψ) X σ. In fact if one picks a
di�erent sign convention for the cap product this sign goes away. For example with the sign conventions
used by Bredon, see [Bre1993, Chapter 5], the equation becomes

ϕX (ψ X σ) = (ϕY ψ) X σ

which looks much more appealing. Once we consider (co-) homology classes we obtain from the Cup
Product-Commutativity Proposition 114.8 that the di�erence between these two expressions (ψ Y ϕ) X σ
and (ϕY ψ) X σ is just a factor of (−1)kl.
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Proof. The case k + l > n is trivial. So suppose that k + l ≤ n.

(1) So let ϕ ∈ Ck(X;R), ψ ∈ Cl(X;R). It su�ces to consider the case that σ : ∆n → X
is a singular n-simplex. We have

ϕ X (ψ X σ) = ϕ X
(
ψ(σ ◦ [v0, . . . , vl]) · σ ◦ [vl, . . . , vn]

)
= ψ(σ ◦ [v0, . . . , vl]) · ϕ X (σ ◦ [vl, . . . , vn])
= ψ(σ ◦ [v0, . . . , vl]) · ϕ(σ ◦ [vl, . . . , vl+k]) · σ ◦ [vl+k, . . . , vn]
= (ψ Y ϕ)(σ ◦ [v0, . . . , vl+k]) · σ ◦ [vl+k, . . . , vn]
= (ψ Y ϕ) X σ.

(2) The statement regarding the (co-) homology classes follows almost immediately from
the above result on (co-) chains obtained in (1).

(3) This statement follows immediately from (2) together with the Cap Product-Kronecker
Lemma 116.4. �

Now suppose we are given a map of excisive triads of topological spaces. We get induced
maps on homology and cohomology and the following lemma tells us the relationship of
these induced maps and the cap product.

Lemma 116.8. (Cap Product-Naturality Lemma) Let R be a commutative ring.

(1) If f : (X,A,B) → (X̃, Ã, B̃) is a map between two excisive triads, then for any
k, l ∈ N0 the following diagram commutes1421

Hk(X,A;R) × Hl(X,A ∪B;R)

f∗
��

X // Hl−k(X,B;R)

f∗
��

Hk(X̃, Ã;R)

f∗
OO

× Hl(X̃, Ã ∪ B̃;R)
X // Hl−k(X̃, B̃;R),

i.e. for any ϕ ∈ Hk(X̃, Ã;R) and any σ ∈ Hl(X,A ∪B;R) we have

ϕ X f∗(σ) = f∗(f
∗(ϕ) X σ︸ ︷︷ ︸

∈Hl−k(X,B;R)

) ∈ Hl−k(X̃, B̃;R).

(2) Let X and X̃ be path-connected topological spaces and let B Ă X and B̃ Ă X̃ be
subsets. If f : (X,B) → (X̃, B̃) is a map, then for any ϕ ∈ Hk(X̃, B̃;R) and any
σ ∈ Hk(X,B;R) we have

ϕ X f∗(σ) = f ∗(ϕ) X σ ∈ H0(X;R) = R = H0(X̃;R).︸ ︷︷ ︸
identi�cation from

the H0-Proposition 72.5

Remark. Note that by the Cap Product-Kronecker Lemma 116.4 (1) we can view the
above as a generalization of Lemma 109.6 (3).

Proof. The �rst statement follows immediately from the de�nitions. We leave the details
to the skeptical reader. The second statement is an immediate consequence of the �rst
statement. �

1421Here �the diagram commutes� is understood in the sense of the convention from page 2538.
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The next lemma says that cup and cap products behave in the obvious way with respect
to the path-components.

Lemma 116.9. (Cup-Cap Disjoint Union Lemma) Let X be a topological space and
let R be a commutative ring. We denote by {Xj}j∈J the path-components of X. By
Lemmas 72.14 and 108.14 the inclusion maps ιj : Xj → X, j ∈ J , induce for any n ∈ N0

isomorphisms

Φ :=
⊕
j∈J

(ιj)∗ :
⊕
j∈J

Hn(Xj;G)
∼=−→ Hn(X;G)

and
Ψ :=

∏
j∈J
ι∗j : Hn(X;G)

∼=−→
∏
j∈J

Hn(Xj;G).

Then the following two statements hold:
(1) For any i 6= j and any α ∈ Hm(Xi;R) and β ∈ Hn(Xj;R) we have

Ψ−1(α) Y Ψ−1(β) = 0.

(2) For any i 6= j and any α ∈ Hm(Xi;R) and β ∈ Hn(Xj;R) we have

Ψ−1(α) X Φ(β) = 0.

The same type of statements hold for cup and cap products on relative (co-) homology
groups.

Proof. The statements in the lemma follow easily from the de�nitions. Therefore we leave
the proof of the lemma to the reader. �

In the next lemma of the chapter we relate the relative cap product to (co-) boundary maps
on (co-) homology. More precisely, we have the following lemma which is similar in spirit
to the Cup Product-Connecting Homomorphism Lemma 115.6.

Lemma 116.10. (Cap Product-Connecting Homomorphism Lemma) Let R be a
commutative ring.
(1) Let (X,B,A) be a triple of topological spaces. For any n, k ∈ N0 the following

diagram commutes:

Hk(B,A;R)× Hn−1(B,A;R)
X //

δ
��

Hn−k−1(B;R)

i∗
��

Hk+1(X,B;R)× Hn(X,B;R)
X //

∂

OO

Hn−k−1(X;R).

Here i : B → X denotes the inclusion map and δ and ∂ denote the connecting
homomorphisms in the long exact sequences in (co-) homology corresponding to the
triple (X,B,A).

(2) Let (X,A,B) be an excisive triad and let n ∈ N0. Note that by the Excisive
Characterization Lemma 109.13 the map j∗ : Hn−1(B,A∩B;R)→ Hn−1(A∪B,A;R)
is an isomorphism. For any k ∈ N0 the following diagram commutes up to the sign
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(−1)k+1:

Hk(X,A;R)× Hn(X,A ∪B;R)
X //

i∗
��

∂
��

Hn−k(X,B;R)

∂

��

Hk(A ∪B,A;R)× Hn−1(A ∪B,A;R)
∼=j∗

��
∼=(j∗)−1

��

Hk(B,A ∩B;R)× Hn−1(B,A ∩B;R)
X // Hn−k−1(B;R).

Here i : (A ∪ B,A) → (X,A) and j : (B,A ∩ B) → (A ∪ B,A) denote the inclusion
maps and ∂ denotes the connecting homomorphisms in the long exact sequences in
homology corresponding to the triple (X,A ∪B,A) respectively the pair (X,B).

Proof.

(1) We pick ψ ∈ Hk(B,A;R) and τ ∈ Hn(B,A;R). We make the following observations:
(a) We can �nd σ ∈ Cn(B;R) such that the image of σ in Cn(B,A;R) is a cycle that

represents τ .
(b) We can pick a singular cochain ϕ ∈ Ck(B;R) = Hom(Ck(B), R) that vanishes

on Ck(A) and such that the corresponding element in Ck(B,A;R) represents ψ.
We denote by ϕ̃ : Ck(X)→ R the extension of ϕ that is de�ned to be zero on all
singular k-simplices that do not lie in B.

We have the following equalities:

by the discussion of relative cap products on page 2558
↓ ↓

δψ X τ =
[
δϕ̃
]

X [σ] =
[
δϕ̃ X σ] = [ϕ̃ X ∂σ] = [ϕ X ∂σ] = [ϕ] X [∂σ] = ψ X ∂τ.

↑ ↑ ↑
Cohomological LES-Lemma 108.15 by Lemma 116.1 the classes δϕX σ Topological LES
and the discussion on page 2411 and ϕX ∂σ are homologous Proposition 74.13

This equality implies that the diagram commutes.1422

(2) We pick ψ ∈ Hk(X,A;R) and τ ∈ Hn(X,A∪B;R). We make the following observa-
tions:
(a) It follows immediately from our hypothesis that the triad (X,A,B) is excisive

together with Lemma 116.6 that we can �nd σ ∈ Cn(X;R) such that ∂σ = α+β
with α ∈ Cn−1(A;R) and β ∈ Cn−1(B;R) and such that the image of σ in
Cn(X,A ∪B;R) is a cycle that represents τ .

(b) As on page 2534 we make the identi�cation

Ck(X,A;R)
=−→ all homomorphisms Ck(X)→ R that vanish on Ck(A).

We can pick a singular cochain ϕ ∈ Ck(X;R) = Hom(Ck(X), R) that vanishes
on Ck(A) and such that the corresponding element in Ck(X,A;R) is a cocycle
that represents ψ. Note that δϕ = 0.

1422With the various quotient groups, lifts, extensions, inclusions and so on it is admittedly quite tricky to
�gure out in between where any of the equalities hold.
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We have the following equalities:

choice of σ and de�nition Topological
of relative cap product LES-Proposition 74.13 Lemma 116.1

↓ ↓ ↓
∂(ψ X τ) = ∂([ϕ X σ]) = [∂(ϕ X σ)] = (−1)k · [−δϕ X σ + ϕ X ∂σ]

= (−1)k ·[ϕXα + ϕXβ]) = (−1)k ·[ϕXβ])
↑ ↑

since δϕ = 0 and ∂σ = α+ β since ϕ vanishes on Ck(A) and
since α ◦ [v0, . . . , vk] ∈ Ck(A)

= (−1)k ·([j∗i∗ϕ]Xj−1
∗ (∂[σ])).

↑
by the Topological LES-Proposition 74.13 we have j∗([β]) = ∂[σ]

This equality implies that the diagram commutes. �

As we had mentioned before, a frequently used trick in the study of topological manifolds
is to replace a topological manifold with non-empty boundary by its double. When doing
this trick the following lemma can at times be useful.
Lemma 116.11. LetM be a topological manifold. We denote by r : DM →M the folding
map from page 1668 and given l ∈ N0 we denote by D : Hl(M,∂M ;Z) → Hl(DM ;Z) the
doubling homomorphism that we introduced in the Doubling-Homology Lemma 75.16.
Then for any φ ∈ Hk(M ;Z) and any σ ∈ Hl(M,∂M ;Z) we have

r∗φ X D(σ) = D(φ X σ) ∈ Hl−k(DM ;Z).

Proof. We will show that the desired equality actually holds already on the (co-) chain
level. So let φ ∈ Ck(M ;Z) and let σ : ∆l →M be a singular l-simplex. If k > l, then both
sides of the lemma are trivially zero. Hence we can assume that k ≤ l. For i = 1, 2 we
denote by ji : M →M × {i} Ă DM the obvious map. Then

by de�nition of D(σ) since X is bilinear
↓ ↓

r∗φ X D(σ) = r∗φ X (j1 ◦ σ − j2 ◦ σ) = r∗φ X j1 ◦ σ − r∗φ X j2◦σ
= φ(r◦j1◦σ︸ ︷︷ ︸

=σ

◦[v0, ..., vk])·j1◦σ◦[vk, ..., vl]− φ(r◦j2◦σ︸ ︷︷ ︸
=σ

◦[v0, ..., vk])·j2◦σ◦[vk, ..., vl]x
de�nition of cap product and de�nition of r∗φ

= φ(σ ◦ [v0, ..., vk]) · j1 ◦ (σ◦[vk, ..., vl])− φ(σ ◦ [v0, ..., vk]) · j2 ◦ (σ◦[vk, ..., vl])
= j1∗(φ X σ)− j2∗(φ X σ) = D(φ X σ).
↑

de�nition of j1∗, j2∗ and the cap product �

Exercises for Chapter 116.

Exercise 116.1. Let X = S1 ∨ S2. We denote by p : X → S1 and q : X → S2 the natural
projections and we denote by i : S1 → X and j : S2 → X the obvious inclusion maps.
Determine p∗([θZ]) X j∗([S

2]).

Exercise 116.2. We denote by Σ the surface of genus two. Furthermore we denote by
p1, p2 : Σ → T = S1 × S1 the two projections and we denote by p, q : S1 × S1 → S1

the projection onto the �rst respectively the second factor. As usual we write α = p∗(θ)
and β = q∗(θ). We saw that [p∗1(α)], [p∗1(β)], [p∗2(α)], [p∗2(β)] form a basis for H1(Σ;Z).
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Furthermore we denote by x1, y1, x2, y2 ∈ H1(Σ;Z) the standard basis. For each of the four
basis elements of H1(Σ;Z) determine the cap product with [Σ] in terms of the basis for
H1(Σ;Z).
Remark. This exercise is not as bad as it might sound initially.

Exercise 116.3. We consider the annulus X = S1 × [0, 1]. Determine the following map:

H1(X;Z) → H1(X, ∂X;Z)
ϕ 7→ ϕ X [X]

More precisely, give a basis for H1(X;Z) and H1(X, ∂X;Z) and express the map − X [X]
in terms of that basis.

Exercise 116.4. Let X be a topological space and let k, l ∈ N0. We consider the coho-
mology with compact support group Hk

c(X;Z) and as in Exercise 106.5 we consider the
group

←
Hl(X;Z) := lim

←−
K∈K(X)

Hn(X,X \K;G).

Show that there exists a natural cap product

X : Hk
c(X;Z)×

←
Hl(X;Z) → Hl−k(X;Z)

that equals the usual cap product if X is compact.
Remark. Use the description of cohomology with compact support that is provided by the
Hn

c -via-Direct Limits Proposition 112.4.
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117. The Product Theorem and the Künneth Theorem for cohomology

In this chapter we will deal with the cup and cap product of product topological spaces.
In particular at the end of the chapter we will have determined the cup product of the
product Sm×Sn of two spheres and of the n-dimensional torus (S1)n. Furthermore we will
have determined the Lusternik-Schnirelmann category of the n-dimensional torus.

117.1. The Product Theorem. The following theorem relates the cross product to the
cap product and the cup product.

Theorem 117.1. (Product Theorem) Let (X,A) and (Y,B) be two pairs of topological
spaces such that the triad (X×Y,A×Y,X×B) is excisive. We denote by p : X×Y → X
and q : X × Y → Y the natural projections. Furthermore let1423 A1, A2 ∈ {∅, A} and let
B1, B2 ∈ {∅, B}. Then for any α ∈ Hk(X,A1;Z), µ ∈ Hm(X,A1∪A2;Z), β ∈ Hl(Y,B1;Z)
and ν ∈ Hn(Y,B1 ∪B2;Z) we have the equality1424(

p∗(α) Y q∗(β)
)

X (µ× ν) = (−1)deg(α)·deg(β)+deg(β)·deg(µ) · (α X µ)× (β X ν)

in Hm+n−k−l(X × Y,X ×B2 ∪ A2 × Y ;Z).

Remark. Even though the equality in the Product Theorem 117.1 is easy to write down,
it is much harder to �gure out in which (co-) homology groups the various objects actually
live. In fact the equality is understood as follows:

lies in Hm+n(X×Y, (A1 ∪A2)×Y ∪X×(B1 ∪B2))
↓(

p∗(α)︸ ︷︷ ︸
∈Hk(X×Y,A1×Y )

Y q∗(β)︸ ︷︷ ︸
∈Hl(X×Y,X×B1)

)
︸ ︷︷ ︸

∈Hk+l(X×Y,A1×Y ∪X×B2)

X(
︷︸︸︷
µ×ν) = (−1)deg(α)·deg(β)+deg(β)·deg(µ) ·(α X µ)︸ ︷︷ ︸

∈Hm−k(X,A2)

× (β X ν).︸ ︷︷ ︸
∈Hn−l(Y,B2)︸ ︷︷ ︸

∈Hm+n−k−l(X×Y,X×B2∪A2×Y )

In this formula we have to ensure that all products are in fact de�ned. This follows
easily from the Excisive Triad-Proposition 109.12, our hypothesis that A1, A2 ∈ {∅, A}
and B1, B2 ∈ {∅, B} and our hypothesis that the triad (X × Y,A× Y,X ×B) is excisive.

Remark.

(1) The condition in the Product Theorem 117.1 that the triad (X×Y,A×Y,X×B) needs
to be excisive is arguably a little awkward. By the Excisive Triad-Proposition 109.12
this condition is satis�ed if we are in one of the following situations:
(a) A = ∅ or B = ∅,
(b) (X,A) and (Y,B) are pairs of CW-complexes,

1423By A1, A2 ∈ {∅, A} we mean that A1 = ∅ or A1 = A and that A2 = ∅ or A2 = A.
1424Here, and throughout this section, we denote by p also the map of pairs (X×Y,A×Y )→ (X,A) given
by projection onto the �rst factor and we denote by q the map of pairs (X × Y,X ×B)→ (Y,B) given by
projection onto the second factor.
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(c) (X,A) = (X, ∂X) and (Y,B) = (Y, ∂Y ) where X and Y are topological mani-
folds,1425

(d) A and B are open subsets of X respectively Y .
(2) In fact a more general statement of the Product Theorem 117.1 holds if we deal

with excisive triads (X,A1, A2) and (Y,B1, B2) and (co-) homology classes α ∈
Hk(X,A1;Z), µ ∈ Hm(X,A2;Z), β ∈ Hl(Y,B1;Z) and ν ∈ Hn(Y,B2;Z). But some
care needs to be taken to see which other triads need to be excisive to ensure that all
the cap and cup products are de�ned. We will not attempt to formulate this more
general statement and we will not make use of it. (See also [Dol1956, p. 240 and
p. 244] for a few more details.)

(3) The cross product is de�ned the same way in all of the usual text books in algebraic
topology. But we saw on pages 2514 and 2553 that in the literature di�erent sign
conventions are used for the cup product and the cap product. These also lead to dif-
ferent formulations of the Product Theorem 117.1. More precisely, given topological
spaces X and Y and α ∈ Hk(X;Z), µ ∈ Hm(X;Z), β ∈ Hl(Y ;Z) and ν ∈ Hn(Y ;Z)
the following equations can be found in the literature:

[Bre1993, p. 337] (p∗(α) Y q∗(β)) X (µ× ν) = (−1)deg(β)·deg(µ) · (α X µ)× (β X ν)
[Dol1956, p. 240] (p∗(α) Y q∗(β)) X (µ× ν) = (−1)deg(β)·deg(µ) · (α X µ)× (β X ν)
[Spa1995, p. 255] (p∗(α)Yq∗(β))X(µ× ν) = (−1)deg(α)·(deg(ν)−deg(β)) ·(αXµ)×(βXν).

With the aforementioned sign conventions the formulas of Dold and Spanier are
consistent with our formula, whereas the formula of Bredon di�ers from the formula
of Dold and Spanier by the term (−1)deg(α)·deg(ν)+deg(β)·deg(µ).14261427

(4) The conclusion of the Product Theorem 117.1 also holds, with verbatim the same
proof, if throughout we replace Z-coe�cients by F2-coe�cients.

The proof of the Product Theorem 117.1 is somewhat lengthy and technical. Therefore
we �rst discuss some consequences of Theorem 117.1 which will then hopefully convince us
that it is worth the e�ort to prove Theorem 117.1.
The following is one of the key calculations of the cup product and the cap product. As
we will see later, many other calculations can be reduced to this calculation.

1425Let X be an m-dimensional topological manifold and let Y be an n-dimensional smooth manifold. It
follows from Propositions 18.4 and 75.2 that W := ∂(X × Y ) = ∂X × Y ∪ X × ∂Y is an (m + n − 1)-
dimensional topological manifold. It is straightforward to verify that ∂X×Y and X×∂Y are submanifolds
of W such that

(∂X × Y ) ∩ (X × ∂Y ) = ∂X × ∂Y = ∂(∂X × Y ) = ∂(X × ∂Y ).

Therefore it follows from the Excisive Triad-Proposition 109.12 (5) that the triad (X×Y, ∂X×Y,X×∂Y )
is excisive.
1426Mathematicians with a long experience of teaching cohomology groups sidestep all issues with signs by
working with F2-coe�cients, see [Hau2014].
1427We leave it to the never-�agging enthusiasm of the reader to �gure out whether the formulas agree with
the one given by Greenberg-Harper [GrH1981, p. 262].
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Proposition 117.2. (Fundamental Class-Product Proposition) Let X be a com-
pact oriented connected m-dimensional topological manifold and let Y be a compact ori-
ented connected n-dimensional topological manifold. We denote by p : X × Y → X and
q : X × Y → Y the natural projections. Then the following two statements hold:
(1) p∗([X]∗)︸ ︷︷ ︸

∈Hm(X×Y,∂X×Y )

Y q∗([Y ]∗)︸ ︷︷ ︸
∈Hn(X×Y,X×∂Y )

= [X × Y ]∗︸ ︷︷ ︸
∈Hm+n(X×Y,∂(X×Y ))

.

(2) If P ∈ X and Q ∈ Y are points, then1428

∈Hm(X×Y,∂X×Y )︷ ︸︸ ︷
p∗([X]∗) X

∈Hm+n(X×Y,∂(X×Y ))︷ ︸︸ ︷
[X × Y ] =

∈Hn(X×Y,X×∂Y )︷ ︸︸ ︷
[{P} × Y ]

and similarly
q∗([Y ]∗)︸ ︷︷ ︸

∈Hn(X×Y,X×∂Y )

X [X × Y ]︸ ︷︷ ︸
∈Hm+n(X×Y,∂(X×Y ))

= (−1)mn · [X × {Q}].︸ ︷︷ ︸
∈Hm(X×Y,∂X×Y )
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=X

[X × Y ]p∗([X]∗) [{P} × Y ]

Remark. As we pointed out above, the conclusion of the Product Theorem 117.1 also
holds if we work with F2-coe�cients. It follows easily that there is also an F2-coe�cient
analogue of the Fundamental Class-Product Proposition 117.2.

Example. If we apply the Fundamental Class-Product Proposition 117.2 (2) to X = S1

and Y = S1 we see that

p∗([S1]∗) X [S1 × S1] = [1× S1] and q∗([S1]∗) X [S1 × S1] = −[S1 × 1].

This matches our down-to-earth calculation from page 2555.

Proof. Let X be a compact oriented connected m-dimensional topological manifold and
let Y be a compact oriented connected n-dimensional topological manifold. Furthermore
let P be a point in X and let Q be a point in Y . We start out with the following two
observations:
(a) For any compact oriented connected k-dimensional topological manifold M and any

point R ∈ M we obtain from the discussion on page 2558 that [M ]∗ X [M ] = [R]
and that [M ]∗ is the unique element in Hk(M,∂M ;Z) ∼= Z with [M ]∗ X [M ] = [R] in
H0(M ;Z) = Z · [R].

(b) By the Topological Product Orientation Proposition 113.10 we have [X × Y ] =
[X]× [Y ].

1428Here we use the following suggestive notation: We can view {P} × Y as a submanifold of X × Y . It is
canonically homeomorphic to Y , thus can view {P} × Y as a compact oriented topological manifold. We
denote by [{P} × Y ] its fundamental class, and by a slight abuse of notation we also denote by [{P} × Y ]
the image of the fundamental class under the inclusion {P} × Y → X × Y .
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Now we turn to the actual proof of the two statements.
(1) We perform the following calculation in H0(X × Y ;Z):

observation (b)
↓

(p∗([X]∗) Y q∗([Y ]∗)) X ([X × Y ]) = (p∗([X]∗) Y q∗([Y ]∗)) X ([X]× [Y ])
= (−1)mn+mn ·([X]∗X[X])× ([Y ]∗X[Y ]) = [P ]×[Q] = [(P,Q)].
↑ ↑ ↑
by Theorem 117.1 applied observation (a) see the Cross Product Lemma 113.7 (2)
to (X,A1, A2) = (X, ∂X, ∂X)

and (Y,B1, B2) = (Y, ∂Y, ∂Y )

This implies, by observation (a), that p∗([X]∗) Y q∗([Y ]∗) = [X × Y ]∗.
(2) Let P ∈ X. Then

p∗([X]∗) X ([X × Y ]) = (p∗([X]∗) Y q∗(1Y )) X ([X]× [Y ])
↑

by the Cup Product-Naturality Proposition 115.4 (1) we have q∗(1Y ) = 1X×Y and
by observation (b) we have [X×Y ] = [X]×[Y ]

= ([X]∗ X [X])× (1Y X [Y ]) = [P ]× [Y ] = [{P} × Y ].
↑ ↑ ↑

by Theorem 117.1 applied to (Y,B1, B2) = (Y,∅, ∂Y ) by Lemma 116.3 Cross Product
note that here we use that 1Y lies in H0(Y ;Z) and observation (a) Lemma 113.7 (2)

This proves the �rst equality of (2). Now let Q ∈ Y . Then, very similar to the above,
we have

q∗([Y ]∗) X ([X × Y ]) = (p∗(1X) Y q∗([Y ]∗)) X ([X]× [Y ])
= (−1)mn · (1X X [X])× ([Y ]∗ X [Y ])
= (−1)mn · [X]× [Q] = (−1)mn · [X × {Q}]. �

Using the Fundamental Class-Product Proposition 117.2 (1) we can now easily compute
the cup product of the product Sm × Sn of two spheres.

Lemma 117.3. Let m,n ∈ N. We denote by p : Sm×Sn → Sm and by q : Sm×Sn → Sn

the two natural projections. Let 1 ∈ H0(Sm×Sn;Z) be the neutral element from the Cup
Product-Ring Proposition 114.7.
(1) The cohomology of Sm × Sn is given as follows:

H∗(Sm × Sn;Z) = Z · 1⊕ Z · p∗([Sm]∗)⊕ Z · q∗([Sn]∗)⊕ Z · [Sm × Sn]∗.

(2) The multiplication table for the cup product is given by

Y 1 p∗([Sm]∗) q∗([Sn]∗) [Sm × Sn]∗

1 1 p∗([Sm]∗) q∗([Sn]∗) [Sm × Sn]∗

p∗([Sm]∗) p∗([Sm]∗) 0 [Sm×Sn]∗ 0
q∗([Sn]∗) q∗([Sn]∗) (−1)mn ·[Sm×Sn]∗ 0 0

[Sm × Sn]∗ [Sm × Sn]∗ 0 0 0.

Here the table shows the cup product of the term in the �rst column with the term
in the �rst row (and not the other way round).

Remark.

(1) For m = n = 1, i.e. for the torus S1 × S1 we had calculated the cup product in
Lemma 114.14.
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(2) If we use the Fundamental Class-Product Proposition 117.2 (1) with F2-coe�cients
then we can also determine the cup product on H∗(Sm × Sn;F2) and we obtain
basically the same result.

Proof.

(1) Using Proposition 74.4, the Künneth Theorem 90.8 for topological spaces and the
Universal Coe�cient Theorem 110.12 for Cohomology Groups one can easily deter-
mine the isomorphism type of H∗(Sm × Sn;Z). Furthermore, using the Kronecker-
Basis Lemma 109.7 and the homology classes given by the fundamental classes of
Sm, Sn and Sm×Sn it is straightforward to verify that the given cohomology classes
do indeed form a basis for H∗(Sm × Sn;Z).

(2) By Observation 114.13 it remains to show that the red-colored and the blue-colored
entries are correct.
(a) First we consider the red-colored entries. We have

p∗([Sm]∗) Y p∗([Sm]∗), = p∗([Sm]∗ Y [Sm]∗) = p∗(0) = 0.
↑ ↑

Cup Product-Naturality Lemma 114.10 since [Sm]∗ Y [Sm]∗ ∈ H2m(Sm;Z) = 0

The same argument also shows that q∗([Sn]∗) Y q∗([Sn]∗) = 0.
(b) We turn to the blue-colored entries. We calculate that

(−1)mn ·q∗([Sn]∗) Y p∗([Sm]∗) = p∗([Sm]∗) Y q∗([Sn]∗) = [Sm×Sn]∗.
↑ ↑

Cup Product-Commutativity Proposition 114.8 Fundamental Class
Product Proposition 117.2 (1) �

In the following we consider the wedge X := S2 ∨ S2 ∨ S4 and we consider the product
Y := S2 × S2. It follows from Lemma 78.11 and Propositions 74.4 and 79.8 and the
Universal Coe�cient Theorem 110.12 for Cohomology Groups that X = S2 ∨ S2 ∨ S4 and
Y = S2× S2 have isomorphic homology and cohomology groups. Furthermore one obtains
easily from Propositions 47.13, 48.20 and 52.3 that both X and Y are simply connected.
It is quite easy to show that X = S2 ∨ S2 ∨ S4 and Y = S2 × S2 are not homeomorphic.
Indeed, suppose there exists a homeomorphism φ : S2 ∨ S2 ∨ S4 → S2 × S2. We denote by
P we wedge point of X = S2∨S2∨S4 and we write Q = f(P ). Then X \{P} and Y \{Q}
would also be homeomorphic. But the former topological space has three path-components
whereas the latter has just one path-component.1429 We refer to the �gure below for a
dimensionally reduced illustration.
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The following lemma is much deeper than the above discussions.

Lemma 117.4. The topological spaces S2 ∨ S2 ∨ S4 and S2 × S2 are not even homotopy
equivalent.

1429How can you prove rigorously that given any point Q ∈ S2 × S2 the complement S2 × S2 \ {Q} is still
path-connected?
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Proof. We had just seen in Lemma 117.3 that there exist cohomology classes α and β in
H2(S2 × S2;Z) with α Y β 6= 0. On the other hand in Lemma 114.11 we saw that the cup
product

Y : H2(S2 ∨ S2 ∨ S4;Z)× H2(S2 ∨ S2 ∨ S4;Z) → H4(S2 ∨ S2 ∨ S4;Z)

is the zero-map. It follows from Corollary 114.12 that the topological spaces S2 ∨ S2 ∨ S4

and S2 × S2 are not homotopy equivalent. �

In the Degree Realization Proposition 38.13 we saw that there exists a degree-one map
from S2 × S2 onto the 4-dimensional sphere S4. In Question 101.10 we had asked whether
there exists a degree-one map from the 4-dimensional sphere S4 to S2 × S2. Now we can
answer this question in the negative.

Lemma 117.5. There is no map f : S4 → S2 × S2 of non-zero degree.

Proof. Let f : S4 → S2 × S2 be a map. We have to show that deg(f) = 0. By
Lemma 110.16 it su�ces to show that f ∗([S2 × S2]∗) = 0. In Lemma 117.3 we showed
that there exist cohomology classes a, b ∈ H2(S2 × S2;Z) such that a Y b = [S2 × S2]∗ ∈
H4(S2 × S2;Z). It follows that

f ∗([S2 × S2]∗) = f ∗(a Y b) = f ∗(a) Y f ∗(b) = 0 Y 0 = 0.
↑ ↑ ↑

since [S2 × S2]∗ = aY b Cup Product-Naturality Lemma 114.10since f∗(a), f∗(b) ∈ H2(S4;Z) = 0 �

117.2. Proof of the Product Theorem 117.1. Now that we are fully convinced of the
value of Theorem 117.1 it is time to actually provide a proof thereof.
Initially we introduced only the tensor product C∗ ⊗ D∗ of two chain complexes C∗ and
D∗. The de�nition of the boundary map in the tensor product C∗⊗D∗ is not symmetric in
the two terms. But it is straightforward to see that the tensor product of chain complexes
is associative. More precisely, given chain complexes C1

∗, . . . ,C
k
∗ the boundary map on the

tensor product C1
∗ ⊗ · · · ⊗ Ck∗ is always determined by

∂(c1 ⊗ c2 ⊗ · · · ⊗ ck) =
k∑
i=1

(−1)deg(c1)+···+deg(ci−1) · c1 ⊗ · · · ⊗ ∂ci ⊗ · · · ⊗ ck,

regardless of the way how one breaks the tensor product into the tensor product of pairs
of two chain complexes.
The following lemma is basically the same as Lemma 90.3, but we state it here for the
convenience of the reader.

Lemma 117.6. Let fi : Ci∗ → Di
∗, i = 1, . . . , k be chain maps between chain complexes.

The map f1 ⊗ · · · ⊗ fk : C1
∗ ⊗ · · · ⊗ Ck∗ → D1

∗ ⊗ · · · ⊗Dk
∗

that is determined by
c1 ⊗ · · · ⊗ ck 7→ f(c1)⊗ · · · ⊗ f(ck)

is also a chain map.

Remark. Even the de�nition of f1 ⊗ · · · ⊗ fk is, oddly enough, not the same everywhere.
For example [Bre1993, p. 315] adds a sign to the map.
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Proof. Since in the proof of the Product Theorem 117.1 there are lots of steps later on
which can make us nervous, let us convince ourselves that the statement is indeed correct.
We have
∂
(
(f1⊗. . .⊗fk)(c1⊗. . .⊗ck)

)
= ∂(f1(c1)⊗. . .⊗fk(ck))

=
k∑
i=1

(−1)deg(f1(c1))+···+deg(fi−1(ci−1)) · f1(c1)⊗. . .⊗
=∂fi(ci)︷ ︸︸ ︷
fi(∂ci)⊗. . .⊗fk(ck)

= (f1⊗. . .⊗fk)
( k∑
i=1

(−1)deg(c1)+···+deg(ci−1) · c1⊗. . . ∂ci⊗. . .⊗ck
)

↑
since deg(fi(ci)) = deg(ci)

= (f1⊗. . .⊗fk)(∂(c1⊗. . .⊗ck)). �

Note though that the naive swapping of two factors in the tensor product of two chain
complexes is not necessarily a chain map. But we have the following lemma.
Lemma 117.7. Let A∗ and B∗ be chain complexes. The unique map

τ : A∗ ⊗B∗ → B∗ ⊗ A∗
that for a ∈ Ak and b ∈ Bl is given by

a⊗ b 7→ (−1)kl · b⊗ a
is a chain map.

Remark. In Exercise 117.1 we will see that we can use Lemma 117.7 to give a new proof
of the Cup Product-Commutativity Proposition 114.8, i.e. we can give a new proof that
the cup product is (anti-) commutative.

Proof. The di�cult bit about the lemma is coming up with the statement. The veri�cation
is now almost trivial. So let a ∈ Ak and b ∈ Bl. Then we have
τ(∂(a⊗ b)) = τ

(
∂a⊗ b+ (−1)k ·a⊗ ∂b

)
= τ(∂a⊗ b) + (−1)k ·τ(a⊗ ∂b)

= (−1)(k−1)l ·b⊗ ∂a+ (−1)k+k(l−1) ·∂b⊗ a = (−1)kl ·∂b⊗ a+ (−1)l+kl ·b⊗ ∂a
= ∂((−1)kl ·b⊗ a) = ∂(τ(a⊗ b)). �

Now we have to introduce a plethora of new de�nitions and notations.
Notation.
(1) We denote by Z also the chain complex given by the group Z in degree zero and

where all other chain groups are zero.
(2) Given a chain complex C∗ and k ∈ N0 we denote by C∗[k] the chain complex which

is the result of �shifting C∗ by k to the left�, i.e. it is the chain complex for which the
m-th chain groups (C∗[k])m is given by Cm−k.1430 For example, Z[3] is the following
chain complex:

. . . → 0 → Z → 0 → 0 → 0.
↑

degree 3

(3) If α : C∗ → D∗ is a chain map, then for any k ∈ N0 we denote by α[k] : C∗[k]→ D∗[k]
the obvious shift of the chain map. Evidently this is again a chain map.

(4) Let C∗ be a chain complex and let k ∈ N0.
(a) Given a cocycle ϕ : Ck → Z we denote by Πk(ϕ) : C∗ → Z[k] the map that is

given by ϕ on Cn and zero on all other chain groups.
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(b) Conversely, given a chain map ψ : C∗ → Z[k] we denote by ψk : Ck → Z the map
that is the k-th map of the chain map.

Lemma 117.8. Let C∗ be a chain complex and let k ∈ N0. The following statements
hold:
(1) Let ϕ : Ck → Z be a cocycle. The map Πk(ϕ) : C∗ → Z[k] is a chain map.
(2) Let ψ : C∗ → Z[k] be a chain map. The map ψk : Ck → Z is a cocycle.
(3) Let α, β : C∗ → Z[k] be chain maps. If α and β are chain homotopic, then αk and

βk are cohomologous.

Proof.

(1) Let ϕ : Ck → Z be a cocycle. We consider the following diagram:

. . . // Ck+1

��

∂ // Ck
ϕ
��

∂ // Ck−1
//

��

. . .

. . . // 0 // Z // 0 // . . . .

The hypothesis that ϕ is a cocycle means that δϕ = ϕ ◦ ∂ = 0, which implies
immediately that Πk(ϕ) is a chain map.

(2) The proof of Statement (2) is almost the same as the proof of Statement (1).
(3) Let α, β : C∗ → Z[k] be chain maps and let {Pm : Cm → Z[k]m+1}m∈N0 be a chain ho-

motopy between α and β. We summarize all relevant maps in the following diagram:

. . . // Ck+1

��

∂ // Ck

Pk
yy

αk−βk
��

∂ // Ck−1
//

��Pk−1
yy

. . .

. . . // 0 // Z // 0 // . . . .

By de�nition of a chain homotopy we obtain that αk−βk = Pk−1 ◦∂. But this means
that αk − βk = δPk−1, i.e. αk and βk are cohomologous. �

Lemma 117.9. Let C∗ be a chain complex and let k ∈ Z. The maps

ηm : (Z[k]⊗ C∗)m = Z⊗ Cm−k → (C∗[k])m = Cm−k
a⊗ cm−k 7→ (−1)k(m−k) · a · cm−k

form an isomorphism
η : Z[k]⊗ C∗

∼=−→ C∗[k]

of chain complexes.

Example. Let k, l ∈ N0. The chain map

η : Z[k]⊗ Z[l] → Z[k + l]
is determined by the fact that for a ∈ (Z[k])k = Z and b ∈ (Z[l])l = Z we have

η(a⊗ b) = (−1)kl · a · b.

1430Once again, conventions in the literature di�er. It is fairly common to de�ne the boundary maps on
C∗[k] to be the boundary maps of C∗ multiplied by (−1)k, see e.g. [Weib1994, p. 10].
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Proof. It follows from the Tensor Lemma 89.3 (3) that each ηm is an isomorphism. But
we still need to verify that the maps ηm form a chain map η : Z[k]⊗ C∗ → C∗[k]. Thus let
k ∈ N0, let a ∈ (Z[k])k = Z and let cm−k ∈ Cm−k. Then

since a is of degree k and since ∂a = 0 since ∂cm−k is of degree m− k − 1
↓ ↓

ηm−1(∂(a⊗ cm−k)) = ηm−1((−1)k · a⊗ ∂cm−k) = (−1)k · (−1)k(m−1−k) · a · ∂cm−k
= ∂((−1)k(m−k) · a · cm−k) = ∂(ηm(a⊗ cm−k)).

It follows immediately that the maps ηm form a chain map. �

Notation.
(1) Given topological spaces X and Y we denote by Υ: C∗(X)⊗ C∗(Y )→ C∗(X × Y )

and Θ: C∗(X × Y ) → C∗(X) ⊗ C∗(Y ) the chain maps from the Eilenberg-Zilber
Theorem 113.1.

(2) Given a topological space W we denote by ∆W : C∗(W ) → C∗(W ) ⊗ C∗(W ) the
Alexander-Whitney diagonalization from page 2518. Recall that ∆W is also a chain
map.

In the following two lemmas we will reinterpret the cup product and the cap product as
chain maps.

Lemma 117.10. Let W be a topological space and let α ∈ Ck(W ;Z) and β ∈ Cl(W ;Z)
be cocycles. Then we have the following equality of chain maps:

(−1)kl · Πk+l

(
α Y β︸ ︷︷ ︸

cocycle in Ck+l(W ;Z)

)
= η ◦ (Πk(α)⊗ Πl(β)) ◦∆W : C∗(W )→ Z[k + l].

Proof. We introduce the following notation:
(1) We denote by µ : Z ⊗ Z → Z the obvious isomorphism of abelian groups given by

µ(a⊗ b) = a · b.
(2) We denote by Πk,l : (C∗(W )⊗C∗(W ))k+l → Ck(W )⊗Cl(W ) the natural projection.

In the proof of the De�nitions-Cup Product Proposition 114.4 on page 2519 we showed
that

α Y β = µ ◦ (α⊗ β) ◦ Πk,l ◦∆W : Ck+l(W ) → Z.
The lemma follows immediately from this equality and the following claim.

Claim. 1431

(−1)kl · µ ◦ (α⊗ β) ◦ Πk,l = (η ◦ (Πk(α)⊗ Πl(β)))k+l︸ ︷︷ ︸
the restriction to the (k + l)-th chain group of the

chain map C∗(W )⊗ C∗(W )→ Z[k]⊗ Z[l]→ Z[k + l]

a⊗ b 7→ (−1)kl · ab

: (C∗(W )⊗ C∗(W ))k+l → Z.

Proof. Let σi ∈ Ci(W ) and σj ∈ Cj(W ) with i + j = k + l. If (i, j) 6= (k, l), then both
maps are zero. So now suppose that (i, j) = (k, l). Then it is clear that both maps send
σk ⊗ σl to (−1)kl · α(σk) · β(σl). (Note that the sign (−1)kl for the map on the right-hand
side stems from the de�nition of the chain map η.) �

1431Here, given two chain complexes C∗ and D∗ the map Πk,l : C∗ ⊗D∗ → Ck ⊗Bl is the natural projection
that we introduced on page 2512.
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Given a topological space W and given ϕ ∈ Ck(W ;Z) we obtain for each m ∈ N0 a map

ϕ X− : Cm(W ) → Cm−k(W ) = (C∗(W )[k])m
σ 7→ ϕ X σ.

Unfortunately in general these maps do not form a chain map from the chain complex
C∗(W ) to the chain complex C∗(W )[k]. This motivates introducing the following slight
variation on the cap product.

De�nition. Let W be a topological space. Given ϕ ∈ Cm(W ;Z) and given σ ∈ Cn(W )
we de�ne1432 ϕ X̃ σ := (−1)m(n−m) · ϕ X σ.

In particular for m = n we have ϕ X̃ σ = ϕ X σ.

Lemma 117.11. Let W be a topological space.
(1) If ϕ ∈ Cm(W ;Z) is a cocycle, then the map

ϕ X̃ − : C∗(W ) → C∗(W )[m]
σ 7→ ϕ X̃ σ

is a chain map.
(2) If ϕ, ψ ∈ Cm(W ;Z) are cohomologous cocycles, then the chain maps ϕ X̃ − and

ψ X̃ − are chain homotopic.

Proof. Let W be a topological space. We start out with the following claim.

Claim. For any cochain τ ∈ Cl(W ;Z) and any chain µ ∈ Cn(W ;Z) we have

∂(τ X̃ µ) = (−1)l+n · δτ X̃ µ+ τ X̃ ∂µ.

Proof. The claim is an immediate consequence of Lemma 116.1. Since we are worried about
signs we write down the detailed calculation. We have

∂(τ X̃ µ) = (−1)l(n−l) · ∂(τ X µ) = (−1)l(n−l) · (−1)l · (−δτ X µ+ τ X ∂µ)
↑ ↑

de�nition of X̃ Lemma 116.1

= (−1)l(n−l)+l ·
(
− (−1)(l+1)·(n−l−1) · δτ X̃ µ+ (−1)l·(n−l−1) · τ X̃ ∂µ

)
= (−1)l+n · δτ X̃ µ+ τ X̃ ∂µ. �

Now we turn to the actual proof of the two statements.
(1) Let ϕ ∈ Cm(W ;Z) be a cocycle. Furthermore let σ ∈ Cn(W ). By the de�nition

of the cap product and by de�nition of the shifting of chain complexes we have
ϕ X σ ∈ Cn−m(W ) = (C∗(W )[m])n. This shows that ϕ X̃ − preserves degrees. It
remains to show that the map ϕ X̃ − commutes with the boundary maps. But this
is an immediate consequence of the above claim and the fact that ϕ is a cocycle.

(2) So let ϕ, ψ ∈ Cm(W ;Z) be cocycles. We assume they are cohomologous which means
that there exists a τ ∈ Cm−1(W ;Z) such that ϕ = ψ+δτ . For any k ∈ N0 we consider
the map

Pk : Ck(W ) → (C∗(W )[m])k+1 = Ck−m+1(W )
σ 7→ (−1)m+k · τ X̃ σ.

1432If we compare this de�nition with the discussion on page 2553 we see that the de�nition of X̃ is
precisely the de�nition of the cap product in Bredon [Bre1993] and Dold [Dol1956].
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We calculate that for any σ ∈ Ck(W ) we have

by the claim
↓

ϕ X̃ σ − ψ X̃ σ = δτ X̃ σ = (−1)m+k · ∂(τ X̃ σ) + (−1)m+k−1 · τ X̃ ∂σ
= (∂ ◦ Pk)(σ) + (Pk−1 ◦ ∂)(σ).

This shows that the maps {Pk}k∈N0 form a chain homotopy between the chain maps
ϕ X̃ − and ψ X̃ −. �

In the proof of Theorem 117.1 we will also need the following reformulation of the cap
product.

Proposition 117.12. Let W be a topological space and let ϕ ∈ Cm(W ;Z) be a cocycle.
Then we have the following equality of chain maps

ϕ X̃ − = η ◦ (Πm(ϕ) ⊗ id) ◦ ∆W : C∗(W ) → C∗(W )[m].

Proof. Let W be a topological space, let ϕ ∈ Cm(W ) be a cocycle and let σ : ∆n → W be
a singular n-simplex. We have the following equalities in C∗(W )[m]n = Cn−m(W ):

de�nition of the Alexander-Whitney diagonalization
↓(

η ◦ (Πm(ϕ)⊗ id) ◦∆W

)
(σ) = η

(
(Πm(ϕ)⊗ id)

( n∑
j=0
σ ◦ [v0, . . . , vj]⊗ σ ◦ [vj, . . . , vn]

))
= η

(
ϕ(σ ◦ [v0, . . . , vm])︸ ︷︷ ︸

∈Z[m]m

⊗ σ ◦ [vm, . . . , vn]︸ ︷︷ ︸
∈Cn−m

)x
by de�nition of the chain map Πm(ϕ)⊗ id : C∗(W )⊗ C∗(W )→ Z[m]⊗ C∗(W )

= (−1)m(n−m) ·ϕ(σ◦[v0, . . . , vm])·σ◦[vm, . . . , vn]︸ ︷︷ ︸
=ϕXσ

= ϕ X̃ σ.x x
de�nition of η in Lemma 117.9 de�nition of X̃ on page 2574

We have thus veri�ed that the desired equality holds. �

The following statement is just the de�nition of the cross product.

Tautology 117.13. Let X and Y two topological spaces. For any [µ] ∈ Hm(X;Z) and
[ν] ∈ Hn(Y ;Z) we have

[µ]× [ν] = [Υ(µ⊗ ν)].

We need one more slightly delicate chain map before we can �nally turn to the proof of the
Product Theorem 117.1.
Lemma 117.14. Let C∗ and D∗ be chain complexes and let k, l ∈ N0. The map

Ψk,l : C∗[k]⊗D∗[l] → (C∗ ⊗D∗)[k + l]
which is de�ned by the property that for cm ∈ Cm and dn ∈ Dn we have

cm ⊗ dn 7→ (−1)k(l+n) · cm ⊗ dn.
is an isomorphism of chain complexes.

Proof. First note that it is clear that Ψk,l preserves degrees and that on each degree it is
an isomorphism. It remains to show that the map Ψk,l is a chain map. Let cm ∈ Cm and



2576

dn ∈ Dn. We calculate that

since cm has degree m+ k in C∗[k]
↓

Ψk,l(∂(cm ⊗ dn)) = Ψk,l(∂cm ⊗ dn + (−1)m+k · cm ⊗ ∂dn)
= (−1)k(l+n) · ∂cm ⊗ dn + (−1)m+k · (−1)k(l+n−1) · cm ⊗ ∂dn
= (−1)k(l+n) · (∂cm ⊗ dn + (−1)m · cm ⊗ ∂dn) = (−1)k(l+n) · ∂(cm ⊗ dn)

↑
since cm has degree m in C∗

= ∂((−1)k(l+n) · cm ⊗ dn)) = ∂(Ψk,l(cm ⊗ dn)).

This calculation implies that Ψk,l is a chain map. �

The following theorem is the main technical result of this section. As we will see shortly,
the Product Theorem 117.1 is a straightforward consequence of Theorem 117.15.

Theorem 117.15. Let X and Y be topological spaces. We denote by p : X×Y → X and
q : X × Y → Y the projection s. Let α ∈ Ck(X;Z) and β ∈ Cl(Y ;Z) be cocycles. Then
the chain maps

(−1)kl · ((p∗α Y q∗β) X̃ −) ◦Υ and Υ[k + l] ◦Ψk,l ◦ (α X̃ − ⊗ β X̃ −)

from C∗(X)⊗ C∗(Y ) to C∗(X × Y )[k + l] are chain homotopic.

Proof. Let X and Y be topological spaces and let α ∈ Ck(X;Z) and β ∈ Cl(Y ;Z) be
cocycles. We consider the following diagram of chain maps

C∗X⊗C∗Y
Υ //

∆X⊗∆Y
��

C∗(X×Y )
∆X×Y

// C∗(X×Y )⊗C∗(X×Y )

Θ⊗id
��

C∗X⊗C∗X⊗C∗Y ⊗C∗Y
id⊗τ⊗id

//

Πk(α)⊗id⊗Πl(β)⊗id
��

C∗X⊗C∗Y ⊗C∗X⊗C∗Y
Πk(α)⊗Πl(β)⊗id⊗id
��

id⊗id⊗Υ
// C∗X⊗C∗Y ⊗C∗(X×Y )

Πk(α)⊗Πl(β)⊗id
��

Z[k]⊗C∗X⊗Z[l]⊗C∗Y
id⊗τ⊗id

//

η⊗η

��

Z[k]⊗Z[l]⊗C∗X⊗C∗Y
η⊗id⊗ id
��

id⊗ id⊗Υ
// Z[k]⊗Z[l]⊗C∗(X×Y )

η⊗id
��

Z[k + l]⊗(C∗X⊗C∗Y )
η

��

id⊗Υ
// Z[k + l]⊗C∗(X×Y )

η

��

C∗X[k]⊗C∗Y [l]
Ψk,l

// (C∗X⊗C∗Y )[k + l]
Υ[k+l]

// C∗(X×Y )[k + l].

Claim 1. The above diagram commutes up to chain homotopies.

Proof. We consider the various smaller squares and rectangles.
(1) The two paths along the top rectangle from the top-left corner to the bottom-right

corner are both natural chain maps. Furthermore, both have the property that for
x ∈ X and y ∈ Y the element x⊗ y ∈ C∗(X)⊗ C∗(Y ) gets sent to x⊗ y ⊗ (x, y) in
C∗(X)⊗ C∗(Y )⊗ C∗(X × Y ). In particular both paths agree on the 0-level.

It follows from Acyclic Model Theorem 113.16 (2) that the rectangle commutes
up to a chain homotopy. More precisely, we apply the Acyclic Model Theorem 113.16
as follows:
(a) We take C to be the category of tuples (X, Y ) of topological spaces.
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(b) We consider the two functors F : (X, Y ) 7→ (C∗(X) ⊗ C∗(Y ), εX ⊗ εY ) and
G : (X, Y ) 7→ (C∗(X × Y ), εX×Y ).

(c) We takeM = {∆k ×∆l}k,l∈N0 .
(d) We consider the two natural transformations that are given by the two extremal

paths in the diagram (shifted downward in degrees).
(2) It is clear that the two squares between the second and the third row commute.
(3) It is straightforward to verify that the two squares at the bottom right commute.
(4) It remains to consider the big square to the bottom left of the diagram. Starting

with a ∈ (Z[k])k = Z, b ∈ Cm(X), c ∈ (Z[l])l = Z and d ∈ Cn(Y ) and keeping in
mind the sign conventions of Lemmas 117.7, 117.9 and 117.14 we get the following
results for a⊗ b⊗ c⊗ d:
(a) going down-right gives (−1)km · (−1)ln · (−1)k(l+n) · ac · (b⊗ d),
(b) going right-down-down gives (−1)ml · (−1)kl · (−1)(k+l)(m+n) · ac · (b⊗ d).
One easily veri�es that the signs agree. So we see that the bottom left square also
commutes. �

In light of the previous claim it su�ces to prove the following claim.
Claim 2.
(1) the �left-bottom route� equals the chain map Υ[k + l] ◦Ψk,l ◦ ((α X̃ −)⊗ (β X̃ −)),
(2) the �top-right route� is chain homotopic to (−1)kl · ((p∗α Y q∗β) X̃ −) ◦Υ.

Proof. We start out with the proof of Statement (1). First we note that

(α X̃ − ) ⊗ (β X̃ − ) = (η ◦ (Πk(α)⊗ id) ◦∆X)⊗ (η ◦ (Πl(β)⊗ id) ◦∆Y )
↑

by Proposition 117.12

= (η ⊗ η) ◦ ((Πk(α)⊗ id⊗Πl(β)⊗ id)) ◦ (∆X ⊗∆Y ).
↑

follows from the observation that for chain maps a, b, c and d
we have (a ◦ b)⊗ (c ◦ d) = (a⊗ b) ◦ (c⊗ d)

If we compose this equality with Υ[k + l] ◦ Ψk,l then we obtain the �bottom left route� in
the above diagram. This concludes the proof of Statement (1).

We continue with the proof of Statement (2). In that proof we will make use of the
following subclaim.

Subclaim. The two cocycles1433

(η ◦ (Πk(α)⊗ Πl(β)) ◦Θ)k+l and (−1)kl · p∗(α) Y q∗(β)

in Ck+l(X × Y ;Z) are cohomologous.
We consider the following diagram

Ck+l(X×Y ) �
�

// C∗(X×Y )

∆X×Y
��

Θ // C∗(X)⊗ C∗(Y )

Πk(α)⊗Πl(β)
��

C∗(X×Y )⊗ C∗(X×Y )
Πk(p∗(α))⊗Πl(q

∗(β))
//

p∗⊗q∗
22

Z[k]⊗ Z[l] η
// Z[k + l].

1433Recall that η ◦ (Πk(α)⊗Πl(β)) ◦Θ is a chain map C∗(X × Y )→ Z[k+ l]. Furthermore recall that the
map (η ◦ (Πk(α)⊗Πl(β))◦Θ)k+l : Ck+l(X×Y )→ (Z[k+ l])k+l = Z is the (k+ l)-th map of the chain map.
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Note that by the above discussion all maps except for the top left map are chain maps. It
follows immediately from the de�nitions that the bottom triangle of chain maps commutes
�on the nose�. The top triangle of chain maps commutes, up to a chain homotopy, by
Theorem 113.5.1434 It follows from Lemma 117.8 (3) that the restrictions of these two
chain maps to maps Ck+l(X × Y ) → Z = Z[k + l] are cohomologous cochains. But the
restriction of the �top route� equals evidently the left-hand side of the subclaim. On the
other hand, by Lemma 117.10 the restriction of the �bottom route� equals the right-hand
side of the subclaim. This concludes the proof of the subclaim.

Now we see that

above subclaim and Lemma 117.11 (2)
↓

(−1)kl · ((p∗α Y q∗β) X̃ −) ◦Υ '
(
(η ◦ (Πk(α)⊗ Πl(β)) ◦Θ)k+l X̃ −

)
◦Υ

= η ◦
(
Πk+l((η ◦ (Πk(α)⊗ Πl(β)) ◦Θ)k+l)⊗ id

)
◦∆X×Y ◦Υ

↑
Proposition 117.12 applied to the (k + l)-cocycle (η ◦ (Πk(α)⊗Πl(β)) ◦Θ)k+l

= η ◦
(
Πk+l((η ◦ (Πk(α)⊗ Πl(β)))k+l) ◦Θ⊗ id

)
◦∆X×Y ◦Υ

↑
since for every chain map Ω: C∗(X)× C∗(Y )→ Z[k + l] we
have Πk+l((Ω ◦Θ)k+l) = Πk+l(Ωk+l) ◦Θ as maps C∗(X × Y )→ Z[k + l],
applies this observation to Ω = η ◦ (Πk(α)⊗Πl(β))

= η ◦ ((η ◦ (Πk(α)⊗ Πl(β)) ◦Θ)⊗ id ) ◦∆X×Y ◦Υ
↑

here we use the equality of chain maps

Πk+l((η ◦ (Πk(α)⊗Πl(β)))k+l) = η ◦ (Πk(α)⊗Πl(β)) : C∗(X)⊗ C∗(Y )→ Z[k + l]

which is obvious once one unravels the de�nitions

= the �top right route� in the above diagram.
↑

follows from (f ⊗ id) ◦ (g ⊗ id) = (g ◦ f)⊗ id

This concludes the proof of the claim and thus also of the theorem. �

Now we can �nally provide the proof of Theorem 117.1.

Proof of Theorem 117.1. To simplify the notation we only consider the special case
that A = B = ∅. For the general case one needs to take more care, we refer to [Dol1956,
p. 240 and p. 244] for details. So let X and Y be two topological spaces. We denote by
p : X × Y → X and q : X × Y → Y the projection s. Let [α] ∈ Hk(X;Z), [β] ∈ Hl(Y ;Z)
and let [µ] ∈ Hm(X;Z) and [ν] ∈ Hn(Y ;Z). We have to show that

(
[p∗(α)]︸ ︷︷ ︸
∈Hk(X×Y )

Y [q∗(β)]︸ ︷︷ ︸
∈Hl(X×Y )

)
X
(

[µ]× [ν]
)︸ ︷︷ ︸

∈Hm+n(X×Y )

= (−1)kl+lm · ([α] X [µ])︸ ︷︷ ︸
∈Hm−k(X)

× ([β] X [ν])︸ ︷︷ ︸
∈Hn−l(Y )

1434More precisely, given x ∈ X and y ∈ Y both routes along the triangle send (x, y) to x⊗y. Furthermore
both routes are natural chain maps. Thus we can apply Theorem 113.5.
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We have the following equality in Hm+n−k−l(X × Y ):

Tautology 117.13 and the de�nition of X̃ , see page 2574
↓

(p∗([α]) Y q∗([β])) X ([µ]× [ν]) = (−1)(k+l)(m+n−k−l) · ([p∗α Y q∗β]) X̃ [Υ(µ⊗ ν)]

= (−1)(k+l)(m+n−k−l) · (((p∗α Y q∗β) X̃ −) ◦Υ)∗([µ⊗ ν])

= (−1)(k+l)(m+n−k−l) · ((−1)kl ·Υ[k + l] ◦Ψk,l ◦ (α X̃ − ⊗ β X̃ −))∗([µ⊗ ν])
↑

by Theorem 117.15 and the fact that chain homotopic maps induce the same map on homology groups

= (−1)(k+l)(m+n−k−l) · (−1)kl ·
[
Υ[k + l] ◦Ψk,l ◦

(
α X̃ µ︸ ︷︷ ︸

=(−1)k(m−k)·αXµ︸ ︷︷ ︸
∈Cm−k(X)[k]

⊗ β X̃ ν︸ ︷︷ ︸
=(−1)l(n−l)·βXν︸ ︷︷ ︸
∈Cn−l(Y )[l]

)]

= (−1)(k+l)(m+n−k−l) ·(−1)kl ·(−1)k(l+n−l) ·(−1)k(m−k) ·(−1)l(n−l) ·
[
Υ(αXµ⊗ βXν)

]
↑

de�nition of Ψk,l, see page 2575, and of the shifting from Υ to Υ[k + l]

= (−1)kl+lm · [α X µ × β X ν] = (−1)kl+lm · ([α] X [µ] × [β] X [ν]).
↑

cleaning up signs and Tautology 117.13 �

117.3. The Künneth Theorem for cohomology groups. Given two topological spaces
X and Y the Künneth Theorem 113.8 for topological spaces determines the homology
groups of X × Y in terms of the homology groups of X and Y . The following proposition
gives us, under some mild hypothesis, a similar answer for cohomology groups.

Theorem 117.16. (The Künneth Theorem for cohomology groups) Let X and Y
be two topological spaces. We denote by p : X × Y → X and q : X × Y → Y the natural
projections. If all the homology groups of X are �nitely generated1435, then given any
n ∈ N0 there exists a short exact sequence

0→
⊕

k+l=n

Hk(X;Z)⊗ Hl(Y ;Z) → Hn(X × Y ;Z)→
⊕

k+l=n+1

Tor(Hk(X;Z),Hl(Y ;Z))→ 0

ϕ⊗ ψ 7→ p∗ϕ Y q∗ψ

which is natural with respect to the topological spaces X and Y . If all the homology
groups of Y are also �nitely generated, then the short exact sequence splits (albeit not
naturally).

Remark. Let X and Y be two topological spaces. In the literature the map

Hk(X;Z)× Hl(Y ;Z) → Hk+l(X × Y ;Z)
(ϕ, ψ) 7→ p∗ϕ Y q∗ψ

is often referred to as the cohomology cross product and it is written as ϕ×ψ := p∗ϕY q∗ψ.
We will not make use of this notation.

The proof of the theorem rests on a purely algebraic theorem that, given two chain com-
plexes C and C ′, relates the cohomology groups of C and C ′ to the cohomology groups of
C ⊗ C ′. Before we can state the theorem we need to introduce one more de�nition, which
is closely related to the de�nitions introduced on page 2512.

1435By this we mean that for every k ∈ N0 the abelian group Hk(X;Z) is �nitely generated.
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De�nition. Let C and C ′ be two chain complexes and let p, q ∈ N0.
(1) We denote by

Πp,q : (C∗ ⊗ C ′∗)p+q =
⊕

i+j=p+q

Ci ⊗ C′j → Cp ⊗ C′q

the natural projection.
(2) We denote by µ : Z⊗ Z→ Z the obvious isomorphism given by µ(a⊗ b) = ab.
(3) We consider the map:

Ξp,q : Hom(Cp,Z)⊗Hom(C′q,Z) → Hom
(
(C ⊗ C ′)p+q,Z

)
ϕp ⊗ ϕ′q 7→

( ⊕
i+j=p+q

Ci⊗C′j
Πp,q−−→Cp⊗C′q

ϕp⊗ϕ′q−−−−→Z⊗Z µ−→
)
.

(4) It is straightforward to verify that the map Ξp,q induces a well-de�ned map on
cohomology groups, i.e. that the map

Ξp,q : Hp(C;Z)⊗ Hq(C ′;Z) → Hp+q(C ⊗ C ′;Z)
([ϕp]⊗ [ϕ′q]) 7→ [Ξp,q(ϕp ⊗ ϕ′q)]

is well-de�ned. Furthermore it follows immediately from the de�nition that Ξp,q is
natural1436 with respect to C and C ′.

Now we can state the promised purely algebraic theorem.

Theorem 117.17. (The Künneth Theorem for cochain complexes) Let C and C ′
be chain complexes. If C is a free chain complex and if all homology groups of C are �nitely
generated, then for every n ∈ N0 there exists a short exact sequence

0 →
⊕

p+q=n

Hp(C;Z)⊗ Hq(C ′;Z)
Ξp,q−−→ Hn(C ⊗ C ′;Z) →

⊕
p+q=n+1

Tor(Hp(C;Z),Hq(C;Z)) → 0

which is natural with respect to C and C ′. If all the chain groups of C ′ are also free abelian
and all the homology groups of C ′ are also �nitely generated, then the short exact sequence
splits (albeit not naturally).
In the proof of the Künneth Theorem 117.17 for cochain complexes we need one technical
lemma. To state the lemma we recall that on page 1940 we introduced the tensor product
of two chain complexes. Basically the same de�nition also allows us to de�ne the tensor
product of two cochain complexes. With this preamble we can formulate the next lemma.

Lemma 117.18. Let C∗ and C ′∗ be two chain complexes. We assume that all chain groups
of C are �nitely generated free abelian groups. Then the map

Ω: Hom(C∗,Z)⊗ Hom(C ′∗,Z) → Hom(C∗ ⊗ C ′∗,Z)
(ϕp : Cp → Z)⊗ (ϕ′q : C ′q → Z) 7→ (µ ◦ (ϕp ⊗ ϕ′q) ◦ Πp,q : (C∗ ⊗ C ′∗)p+q → Z)

is an isomorphism of cochain complexes.

1436In this case this means that for chain maps f : C → D and f ′ : C′ → D′ the following diagram commutes:

Hp(D;Z)⊗Hq(D′;Z)
Ξp,q //

f∗⊗(f ′)∗

��

Hp+q(D ⊗D′;Z)

(f⊗f ′)∗
��

Hp(C;Z)⊗Hq(C′;Z)
Ξp,q // Hp+q(C ⊗ C′;Z).
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Proof. We start out the proof of the lemma with the following elementary well-known
observation:

(∗) For �nitely many abelian groups A1, . . . , Ak we have a canonical isomorphism

Hom(A1 ⊕ · · · ⊕ Ak,Z) = Hom(A1,Z)⊕ · · · ⊕ Hom(Ak,Z).

Now we turn to the actual proof of the lemma. It is elementary to verify that the map Ω
is in fact a cochain map. So it remains to show that for every n ∈ N0 the map⊕

p+q=n

Hom(Cp,Z)⊗ Hom(C ′q,Z) → Hom
( ⊕
p+q=n

Cp ⊗ C′q,Z
)

ϕp ⊗ ϕ′q 7→ µ ◦ (ϕp ⊗ ϕ′q) ◦ Πp,q

is an isomorphism. Applying (∗) to the right-hand side we see that it su�ces to prove the
following claim.
Claim. For every choice of p, q ∈ N0 the map

Hom(Cp,Z)⊗ Hom(C ′q,Z) → Hom(Cp ⊗ C ′q,Z)
ϕp ⊗ ϕ′q 7→ µ ◦ (ϕp ⊗ ϕ′q)

is an isomorphism.

Proof. Let p, q ∈ N0. By our hypothesis on C∗ the chain group Cp is a �nitely generated
free abelian group. Therefore we can �nd a basis a1, . . . , ak for Cp. We denote by â1, . . . , âk
the dual basis of Hom(Cp,Z). We can thus write

Hom(Cp,Z) =
k⊕
i=1

Z · âi and Cp ⊗ C′q =
k⊕
i=1

Z · ai ⊗ C′q.

Applying (∗) to the above decompositions and both sides of the claim one sees easily that
the given homomorphism is an isomorphism. �

Now we can �nally prove the Künneth Theorem 117.17 for cochain complexes.

Proof of the Künneth Theorem 117.17 for cochain complexes. We only provide an
outline of the proof. Let C = (C∗, c∗) and C ′ = (C′∗, c

′
∗) be chain complexes such that all the

chain groups Cn are free abelian groups and such that all the homology groups Hk(C;Z)
are �nitely generated.

The idea is that one can turn any cochain complex into a chain complex by reversing the
signs in the degrees. Thus one can try to reduce the theorem to the Künneth Theorem 90.7.
Towards the end of the proof we need to insert Lemma 117.18 to make everything work.

The proof proceeds in three steps:
(1) Since C is a free chain complex and since all homology groups of C are �nitely gen-

erated we can use the Finite-Rank Chain Complex Lemma 81.14 to replace C by a
chain complex such that all chain groups are �nitely generated free abelian groups.

(2) Given n ∈ Z≤0 we write En := Hom(C−n,Z), en := ∂∗−n+1 : En → En−1 and similarly
we write E ′n := Hom(C ′−n,Z) and e′n := ∂∗−n+1 : E ′n → E ′n−1. It follows immediately
from the de�nitions that E∗ := (E∗, e∗) and E ′∗ := (E ′∗, e

′
∗)
∗) form chain complexes in

negative degrees. (We de�ned chain complexes to be given by chain groups indexed
by n ∈ N0 but evidently the same theory also works for chain groups indexed by Z and
Z≤0.) Since the groups En are free abelian we can apply the Künneth Theorem 90.7
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(which also applies to chain complexes in non-positive degrees) to obtain for each
n ∈ Z≤0 a natural short exact sequence

0 →
⊕

p+q=n

Hp(E)⊗ Hq(E ′) → Hn(E ⊗ E ′) →
⊕

p+q=n−1

Tor(Hp(E),Hq(E ′)) → 0.

[ϕ]⊗ [ψ] :

Put di�erently, for each n ∈ N0 we have a natural short exact sequence

0 →
⊕

−p−q=n
H−p(E)︸ ︷︷ ︸
=Hp(C;Z)

⊗H−q(E ′)︸ ︷︷ ︸
=Hq(E ′;Z)

→ H−n(E⊗E ′) →
⊕

−p−q=n+1

Tor(H−p(E)︸ ︷︷ ︸
=Hp(C;Z)

,H−q(E ′)︸ ︷︷ ︸
=Hp(C;Z)

) → 0.

(3) For each n ∈ N0 we have isomorphisms

H−n(E∗⊗E ′∗) = Hn(E−∗⊗E ′−∗) = Hn
( =E−∗︷ ︸︸ ︷
Hom(C∗,Z)⊗

=E ′−∗︷ ︸︸ ︷
Hom(C ′∗,Z)

) Ω−→ Hn(C∗⊗C ′∗;Z).
↑ ↑ ↑

by de�nition by de�nition by Lemma 117.18 and our hypothesis on C∗

We use this isomorphism to replace the middle term of the second short exact se-
quence in (2) and we obtain the desired short exact sequence.

Finally suppose that all the chain groups of C ′ are also free abelian and that all the homology
groups of C ′ are also �nitely generated. As in (1) we can use the Finite-Rank Chain
Complex Lemma 81.14 to replace C by a chain complex such that all chain groups are
�nitely generated free abelian groups. It follows that E∗ is a free chain complex which
implies, by the last statement of the Künneth Theorem 90.7, that the short exact sequence
splits. �

Now we are in a position to prove the Künneth Theorem 117.16 for cohomology groups.
Proof of the Künneth Theorem 117.16 for cohomology groups. Let X and Y be
two topological spaces such that all the homology groups of X are �nitely generated. We
denote by p : X × Y → X and q : X × Y → Y the natural projections. Throughout the
proof we use all the de�nitions that we introduced in Section 117.2.

It follows from the Eilenberg-Zilber Theorem 113.1, together with comparing the con-
clusion of the Künneth Theorem 117.17 for cochain complexes with the desired statement of
the Künneth Theorem 117.16 for cohomology groups, that it remains to prove the following
claim.
Claim. For any k, l ∈ N0 the map

Hk(X;Z)⊗ Hl(Y ;Z) → Hk+l(X × Y ;Z)
[α]⊗ [β] 7→ [p∗α Y q∗β]

agrees with the map that is given by
[α]⊗ [β] 7→ [(α⊗ β) ◦ Πk,l ◦Θ].

Proof. Let α ∈ Ck(X;Z) and β ∈ Cl(Y ;Z) be cocycles. We have to show that the two
cocycles

p∗α Y q∗β︸ ︷︷ ︸
א:=

and (α⊗ β) ◦ Πk,l︸ ︷︷ ︸
ב:=

◦Θ

are cohomologous.
As usual, given a topological space W we denote by εW : C0(W )→ Z the augmentation

map. Clearly εW is a cocycle so by Lemma 117.8 (2) we can extend εW to a chain map
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C∗(W ) → Z which, by a slight abuse of notation, we also denote by εW . It follows from
the Eilenberg-Zilber Theorem 113.1, Theorem 117.15 and Lemma 117.8 (2) that the maps

(−1)kl · εX×Y [k + l] ◦ ((p∗α Y q∗β) X̃ −)︸ ︷︷ ︸
′א:=

: Ck+l(X × Y )→ Z[k + l] = Z

and

εX×Y [k + l]◦Υ[k + l]◦Ψk,l◦(α X̃−⊗ β X̃ −)︸ ︷︷ ︸
′ב:=

◦Θ: Ck+l(X × Y )→ Z[k + l] = Z

are cocycles that are cohomologous. It remains to prove the following two subclaims.
Subclaim. We have

′א = (−1)kl · א : Ck+l(X × Y ) → Z.
Let σ ∈ Ck+l(X × Y ). Then

(σ)′א = (−1)kl · εX×Y ((p∗α Y q∗β) X̃ σ) = (−1)kl · (p∗α Y q∗β)(σ) = (−1)kl · .(σ)א
↑ ↑

under the identi�cation Z[k + l] = Z we by de�nition of X̃ , see page 2574, together
have εX×Y [k + l] = εX×Y with the Cap Product-Kronecker Lemma 116.4 (1)

This concludes the proof of the subclaim.
Subclaim. We have

′ב = (−1)kl · ב : (C∗(X)⊗ C∗(Y ))k+l → Z.
We have to show that both sides take the same value on any tensor product of the form
σi ⊗ σj with i + j = k + l and σi ∈ Ci(X) and let σj ∈ Cj(Y ). It follows easily from the
de�nition that both sides are zero for σi ⊗ σj with (i, j) 6= (k, l). So let σk ∈ Ck(X) and
let σl ∈ Cl(Y ). Then

σk)′ב ⊗ σl) = (εX×Y ◦Υ)[k + l] ◦Ψk,l ◦ (α X̃ σk ⊗ β X̃ σl)
↑

since εX×Y [k + l] ◦Υ[k + l] = (εX×Y ◦Υ)[k + l]

= (−1)kl · (εX ⊗ εY ) ◦ (α X σk ⊗ β X σl) = (−1)kl · α(σk) · β(σl)
↑ ↑

we use εX×Y ◦Υ = εX ⊗ εY : (C∗(X)⊗ C∗(Y ))0 → Z⊗ Z = Z, by the Cap Product-Kronecker Lemma 116.4
de�nition of Ψk,l in Lemma 117.14 and the de�nition of X̃ on page 2574

= (−1)kl · ((α⊗ β) ◦ Πk,l)(σk ⊗ σl) = (−1)kl · σk)ב ⊗ σl).
This concludes the proof of the second subclaim, thus also of the claim and therefore also
of the theorem. �

117.4. The cohomology ring of product topological spaces. In this section we will
determine the cohomology ring of them-dimensional torus (S1)m and more generally, under
some mild technical hypothesis, we will determine the cohomology ring of a product X×Y
of topological spaces in terms of the cohomology rings of X and Y .
We recall the following de�nition.
De�nition.
(1) A graded ring is a ring R together with a decomposition R =

⊕
n∈N0

Rn such that for

any m,n ∈ N0 the multiplication map restricts to a map Rm × Rn → Rm+n. We
say that an element r of R that lies in some Rn is homogeneous and we refer to
deg(r) := n as the degree of r.
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(2) A homomorphism ϕ : A → B between graded rings is a ring homomorphism that
preserves the gradings, i.e. that satis�es ϕ(An) Ă Bn for all n ∈ N0.

(3) A graded ring R =
⊕
n∈N0

Rn such that for any two homogeneous elements a and b the

equality a · b = (−1)deg(a)·deg(b) · b · a holds is called a superalgebra.

Examples.

(1) the Cup Product-Commutativity Proposition 114.8 says in particular that for any
topological space X the cohomology ring (H∗(X;Z),Y) is a superalgebra. Further-
more the Cup Product-Naturality Lemma 114.10 implies that for any map f : X → Y
the induced map f ∗ : H∗(Y ;Z)→ H∗(X;Z) is a homomorphism of superalgebras.

(2) The polynomial ring F2[a] =
⊕
i∈N0

F2 ·ai is a superalgebra if we equip the ring with the

grading that is determined by setting deg(ai) := i.
(3) The polynomial ring Z[x] =

⊕
i∈N0

Z · xi is a superalgebra if we equip the ring with the

grading that is determined by setting deg(xi) := 2i.
(4) More generally, the polynomial ring Z[x1, . . . , xk] in k variables x1, . . . , xk can be

viewed as a superalgebra by setting deg(xr11 · · · · · x
rk
k ) = 2(r1 + · · ·+ rk).

(5) The ring Z[x]/(x2) = Z⊕Z ·x is a superalgebra by viewing elements in Z as elements
of degree 0 and by viewing elements in Z · x as elements of degree 1. Note that the
map Z[x]/(x2) → H∗(S1;Z)

a · 1 + b · x 7→ a · 1S1 + b · [S1]∗

is an isomorphism of superalgebras.
(6) We consider the ring

Λ[x1, . . . , xk] := Z[x1, . . . , xk]/ideal generated by x2
1, . . . , x

2
k, {xixj + xjxi}i,j=1,...,k.

In this ring we use the symbol �∧� for multiplication instead of �·�. For example for
any i, j ∈ {1, . . . , k} we have xi ∧ xi = 0 and xi ∧ xj = −xj ∧ xi. This ring can be
viewed in a unique way as a superalgebra such that deg(xj) = 1 for j = 1, . . . , k. The
ring Λ[x1, . . . , xk] is often referred to as the exterior algebra on generators x1, . . . , xk,
see e.g. [Hat2002, p. 217] and [Mac1975, p. 183].1437 We leave it as an amusing
exercise to verify that Λ[x1, . . . , xk] is a free abelian group of rank 2k where a basis
is given by {xn1 ∧ · · · ∧ xnl |n1 < · · · < nl}.

In Exercise 110.2 we saw that any sequence {An}n≥1 of �nitely generated abelian groups,
with A1 torsion-free, can appear as the sequence of cohomology groups H∗(X;Z) of some
CW-complex. It is natural to ask whether any superalgebra structure can be realized as

1437If we replace the Z-coe�cients by R-coe�cients we obtain a ring that we denote by ΛR[x1, . . . , xk]. This

ring is isomorphic to the ring ∧∗(Rk)∗ =
k⊕
j=0

∧j (Rk)∗ of alternating forms on Rk, where the ring structure

on ∧∗(Rk)∗ is given by the wedge product of alternating forms. More precisely a ring isomorphism is given
by ΛR[x1, . . . , xk] → ∧∗(Rk)∗

xi1 ∧ · · · ∧ xir → dyi1 ∧ · · · ∧ dyir
where dyi : Rk → R is the projection onto the i-th coordinate.
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the cohomology ring of a topological space. More precisely, we have the following question,
to which we will return later with Proposition 152.6.

Question 117.19. Let R =
⊕
n∈N0

Rn be superalgebra such that 0
∼= Z, R1 is torsion-free

and such that all Rn are �nitely generated. Does there exist a topological space X such
that (H∗(X;Z),Y) is isomorphic to R?
Since there is not much to say right now about this question we continue with the next
de�nition.

De�nition. The tensor product of two superalgebras A =
⊕
n∈N0

An and B =
⊕
n∈N0

Bn is

de�ned as the graded abelian group

A⊗B :=
⊕
n∈N0

⊕
p+q=n

Ap ⊗Bq︸ ︷︷ ︸
=:(A⊗B)n

where for ak ∈ Ak, al ∈ Al, bm ∈ Bm and bn ∈ Bn the multiplication is given by

(ak ⊗ bl) · (am ⊗ bn) := (−1)lm · ak · am ⊗ bl · bn.

Lemma 117.20.
(1) The tensor product of two superalgebras is again a superalgebra.
(2) The tensor product of superalgebras is associative, i.e. for any three superalgebras

A,B and C the map

(A⊗B)⊗ C → A⊗ (B ⊗ C)
that is induced by (a⊗ b)⊗ c 7→ a⊗ (b⊗ c)
is an isomorphism of superalgebras.

It follows immediately from Lemma 117.20 (2) that we can ignore parentheses when we
consider the tensor product of several superalgebras.

Proof. Let A,B and C be superalgebras and let ak ∈ Ak, al ∈ Al, bm ∈ Bm and bn ∈ Bn.

(1) We have the following equalities:

(ak ⊗ bl)·(am ⊗ bn) = (−1)lm ·ak ·am ⊗ bl ·bn = (−1)lm+km+ln ·am ·ak ⊗ bn ·bl
= (−1)lm+km+ln+kn ·(am ⊗ bn)·(ak ⊗ bl)
= (−1)(m+n)(k+l) ·(am ⊗ bn)·(ak ⊗ bl)
= (−1)deg(am⊗bn)·deg(ak⊗bl) ·(am ⊗ bn)·(ak ⊗ bl).

It follows immediately that A⊗B is again a superalgebra.
(2) It su�ces to show that the indicated map is a homomorphism of superalgebras. Thus

let cr ∈ Cr and cs ∈ Cs. Then

((ak ⊗ bl)⊗ cr)·((am ⊗ bn)⊗ cs) = (−1)r(m+n) ·((ak ⊗ bl)·(am ⊗ bn))⊗ (cr ·cs)
= (−1)r(m+n)+lm ·(ak ·am ⊗ bl ·bn ⊗ cr ·cs)
= (−1)m(l+r) ·(ak ·am ⊗ (bl ⊗ cr)·(bn ⊗ cs))
= (ak ⊗ (bl ⊗ cr))·(am ⊗ (bn ⊗ cs)). �

Examples.
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(1) As above we view the polynomial rings F2[a] and F2[b] as superalgebras by setting
deg(ai) = deg(bi) = i. We consider the map

F2[a]⊗ F2[b] → F2[a, b]
ar ⊗ bs 7→ ar · bs.

Using the Tensor Lemma 89.3 (1) it is straightforward to show that this map is an
isomorphism of abelian groups. One can easily verify that the map is a homomor-
phism of superalgebras. Summarizing we have convinced ourselves that this map is
in fact an isomorphism of superalgebras.

(2) As before we view the polynomial rings Z[xj], j = 1, . . . , k as superalgebras with
deg(xij) = 2i. We consider the map

Z[x1]⊗ · · · ⊗ Z[xk] → Z[x1, . . . , xk]
xr11 ⊗ · · · ⊗ x

rk
k 7→ xr11 · · · · · x

rk
k .

The same argument as in (1) shows that this map is an isomorphism of superalgebras.
(3) As above we view the rings Z[xj]/(x

2
j) as superalgebras with deg(xj) = 1. We leave

it as an amusing exercise to verify that the map

Z[x1]/(x2
1)⊗ · · · ⊗ Z[xk]/(x

2
k) → Λ[x1, . . . , xk]

xr11 ⊗ · · · ⊗ x
rk
k 7→ xr11 ∧ · · · ∧ x

rk
k

is an isomorphism of superalgebras.

The following proposition explains our sudden interest in tensor products of superalgebras.

Proposition 117.21. (Cohomology Ring-of-Product Proposition) Let X and Y be
two topological spaces. We denote by p : X × Y → X and q : X × Y → Y the natural
projections.
(1) The map

Φ: H∗(X;Z)⊗ H∗(Y ;Z) → H∗(X × Y ;Z)
ϕ⊗ ψ 7→ p∗ϕ Y q∗ψ

is a homomorphism of superalgebras.
(2) If all the homology groups of X are �nitely generated and torsion-free, then the

homomorphism from (1) is in fact an isomorphism.

Proof. Let X and Y be two topological spaces.

(1) Let ϕk ∈ Hk(X;Z), ψl ∈ Hl(Y ;Z), ϕm ∈ Hm(X;Z) and ψn ∈ Hn(Y ;Z). Then

=Φ((ϕk⊗ψl)·(ϕm⊗ψn))︷ ︸︸ ︷
Φ
(
(−1)lm ·(ϕkYϕm)⊗ (ψlYψn)

)
= (−1)lm ·p∗(ϕkYϕm)Yq∗(ψlYψn)

= (−1)lm ·(p∗(ϕk)Yp∗(ϕm)Yq∗(ψl)Yq∗(ψn)) = p∗(ϕk)Yq∗(ψl)Yp∗(ϕm)Yq∗(ψn).︸ ︷︷ ︸
=Φ(ϕk⊗ψl)YΦ(ϕm⊗ψn))

↑ ↑
Cup Product-Commutativity Proposition 114.8 Cup Product-Naturality Lemma 114.10

It follows immediately that Φ is a homomorphism of superalgebras.
(2) Now suppose that all the homology groups of X are �nitely generated and torsion-

free. This hypothesis allows us to apply the Künneth Theorem 117.16 for cohomology
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groups and we obtain the following short exact sequence:

0→
⊕

k+l=n

Hk(X;Z)⊗Hl(Y ;Z) → Hn(X×Y ;Z)→
⊕

k+l=n+1

Tor(Hk(X;Z),Hl(Y ;Z))→ 0.

ϕ⊗ ψ 7→ p∗ϕ Y q∗ψ

Since the homology groups of X are torsion-free we obtain from the Universal Coe�-
cient Theorem 110.12 for Cohomology Groups that the cohomology groups Hk(X;Z)
are also torsion-free. But by the Tor-Properties Lemma 89.15 this implies that all
the Tor-terms on the right-hand side of the short exact sequence vanish. �

The following proposition in particular provides an answer to Question 115.15 (1).

Proposition 117.22. (Cohomology Ring-of-Torus Proposition) Let n ∈ N0. We
denote by T = (S1)n the n-dimensional torus. For i = 1, . . . , n we denote by pi : T → S1

the projection onto the i-th factor. Then there exists a unique isomorphism

ψ : Λ[x1, . . . , xn] → H∗(T ;Z)
of superalgebras which has the property that for each i ∈ {1, . . . , n} we have

ψ(xi) = p∗i ([S
1]∗).

Proof. We consider the following isomorphism of superalgebras

Λ[x1, ..., xn]
∼=←−Z[x1]/(x2

1)⊗ ...⊗Z[xk]/(x
2
k)
∼=−→H∗(S1;Z)⊗ ...⊗H∗(S1;Z)

∼=−→H∗((S1)n;Z).
↑ ↑ ↑

isomorphism from page 2586 isomorphism from Cohomology Ring-of-Product
page 2584 Proposition 117.21

It is clear from the de�nitions of the various maps that the map from left to right sends each
xi to p∗i ([S

1]∗). The composition of the isomorphisms thus gives us the desired isomorphism.
The uniqueness follows immediately from the fact that the xi generate Λ[x1, . . . , xn] as a
ring. �

The following corollary gives in particular a negative answer to Question 115.10.

Corollary 117.23. For the n-dimensional torus T = (S1)n the Lusternik-Schnirelmann
category cat(T ) equals n.

Proof. Given any n ∈ N0 we have

see page 2545 by Proposition 115.14
↓ ↓

n ≥ Lusternik-Schnirelmann category cat((S1)n) ≥ cup length cl((S1)n) ≥ n.
↑

by the Cohomology Ring-of-Torus Proposition 117.22 there exists
an isomorphism ψ : Λ[x1, . . . , xn]→ H∗((S1)n;Z) of graded rings,

furthermore by the discussion on page 2584 we know that x1 ∧ · · · ∧ xn 6= 0,
since ψ is an isomorphism we deduce that ψ(x1) Y · · ·Y ψ(xn) 6= 0, i.e. cl((S1)n) ≥ n �

We conclude this chapter with the following variation on the Cohomology Ring-of-Product
Proposition 117.21.
Proposition 117.24. Let X and Y be two topological spaces. We denote by p : X×Y →
X and q : X×Y → Y the natural projections. If all the homology groups of X are �nitely
generated, then the map

Φ: H∗(X;F2)⊗ H∗(Y ;F2) → H∗(X × Y ;F2)
ϕ⊗ ψ 7→ p∗ϕ Y q∗ψ
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is an isomorphism of superalgebras.
In the proof of Proposition 117.24 we will need the following theorem which is a variation
on the Künneth Theorem 117.17 for cochain complexes.

Theorem 117.25. Let C and C ′ be chain complexes. If C is a free chain complex and if all
homology groups of C are �nitely generated, then for every n ∈ N0 there exists a natural
isomorphism ⊕

k+l=n

Hk(C;F2)⊗ Hl(C ′;F2)
Ξ−→ Hn(C ⊗ C ′;F2).

The proof of Theorem 117.25 is evidently very similar to the proof of the Künneth Theo-
rem 117.17 for cochain complexes. We refer to [Mun1984, Theorem 60.6] for a proof.

Proof of Proposition 117.24. The proof is almost the same as the proof of the Coho-
mology Ring-of-Product Proposition 117.21. More precisely, we �rst note that if in the
proof of the Künneth Theorem 117.16 for cohomology groups we replace the Künneth
Theorem 117.17 for cochain complexes by Theorem 117.25 we obtain that the map⊕

k+l=n

Hk(X;F2)⊗ Hl(Y ;F2) → Hn(X × Y ;F2)

ϕ⊗ ψ 7→ p∗ϕ Y q∗ψ

is an isomorphism. But the same argument as in the proof of the Cohomology Ring-of-
Product Proposition 117.21 shows that this map is in fact a homomorphism of superalge-
bras. �

Exercises for Chapter 117.

Exercise 117.1. LetX be a topological space. Recall that the Cup Product-Commutativity
Proposition 114.8 says that for any a ∈ Hk(X;Z) and b ∈ Hl(X;Z) we have

a Y b = (−1)kl · b Y a.

Provide a proof of this statement using the original de�nition of the cup product from
page 2513 and using Lemma 117.7.

Exercise 117.2. Let g ∈ N and denote by Σg the surface of genus g. Show that the
Lusternik-Schnirelmann category of S1 × Σg is greater or equal than three.

Exercise 117.3. Let Σ be the surface of genus 2, let q : Σ×S1 → Σ be the projection and
let p : Σ→ S1 be the map shown in the �gure below. Determine the cap product

q(p∗([S1]∗)) X [Σ× S1] ∈ H2(Σ× S1;Z)

up to sign.
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Exercise 117.4. Let n ∈ N0. We write T := (S1)n. Let ϕ : T → T be map. We pick
a basis for H1(T ) ∼= Zn and we denote by A the (n × n)-matrix that represents the map
ϕ∗ : H1(T )→ H1(T ) with respect to the given basis. Show that

n∑
k=0

(−1)k · tr(ϕ∗ : Hk(T )→ Hk(T ))︸ ︷︷ ︸
Lefschetz number Λ(ϕ)

= det(id−A).

Hint. Use the cohomological reformulation of the Lefschetz number given in Exercise 110.12
and use the Cohomology Ring-of-Torus Proposition 117.22.
Remark. It follows from this calculation together with the Lefschetz Fixed Point Theo-
rem 97.9 that unless 1 is an eigenvalue of A the map ϕ has a �xed point.

Exercise 117.5. Let n ∈ N and let W be a compact orientable (n + 1)-dimensional
topological manifold such that ∂W is homeomorphic to the n-torus (S1)n. Show that the
inclusion induced map H1(∂W ;Z)→ H1(W ;Z) is not an injection.
Hint. Consider the cup product on (S1)n and consider the interplay of the fundamental
classes of ∂W and W .

Exercise 117.6. Given n ∈ N we denote by p : Sn × Sn → Sn and q : Sn × Sn → Sn the
two obvious projections. Let ϕ ∈ Hn(Sn;Z) be a generator. We know, for example by
the Cohomology Ring-of-Product Proposition 117.21, that p∗(ϕ) and q∗(ϕ) form a basis
for Hn(Sn × Sn;Z). Given a map f : Sn × Sn → Sn × Sn we denote by A(f) the matrix
representing the automorphism f ∗ of Hn(Sn × Sn;Z) with respect to the basis p∗(ϕ) and
q∗(ϕ).
(a) Let B ∈ SL(2,Z). Show that there exists a homeomorphism f : S1 × S1 → S1 × S1

with A(f) = B.
Hint. Use the Action-on-Torus Homology Lemma 84.7.

(b) Now let f : Sn × Sn → Sn × Sn be a homeomorphism. Show that if n is even, then
A(f) is given by one of the following eight matrices(

±1 0
0 ±1

)
and

(
0 ±1
±1 0

)
.
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118. The relationship between de Rham cohomology and singular
cohomology

In this chapter we want to �nd the connection between the de Rham cohomology groups
from Chapter ?? and the singular cohomology groups that we de�ned in Chapter 108.
To avoid a repetitive use of su�xes we will use the following convention.

Convention. In this chapter by a �manifold� we always mean a smooth manifold without
boundary, unless we say explicitly otherwise.

118.1. Smooth cohomology theories. To a smooth manifold M we can associate the
singular cohomology groups Hi(M ;R) and also the de Rham cohomology groups Hi

dR(M).
Rereading the chapters on these cohomology groups one notices many common features,
for example they both satisfy a Mayer�Vietoris type theorem. Now we want to put both
cohomologies in a common framework.

De�nition. A smooth cohomology theory is a contravariant functor14381439

H∗ : category of smooth manifolds → category of N0-graded real vector spaces
M 7→ H∗(M) =

⊕
n∈N0

Hn(M)

(f : M → N) 7→ {f ∗ = Hn(f) : Hn(N)→ Hn(M)}n∈N0

that satis�es the following three axioms:
(1) (Smooth homotopy invariance) Let f, g : M → N be smooth maps between smooth

manifolds. If f and g are smoothly homotopic, then for all n ∈ N0 we have

Hn(f) = Hn(g) : Hn(N) → Hn(M).

(2) (Mayer�Vietoris sequence) IfM is a smooth manifold and U and V are open subsets
such that M = U ∪ V , then there exists a natural long exact sequence of the form

. . . → Hk(M)
j∗U⊕−j

∗
V−−−−−→ Hk(U)⊕Hk(V )

i∗U+i∗V−−−→ Hk(U ∩ V )
δ−→ Hk+1(M) → . . .

where jU : U → M , jV : V → M , iU : U ∩ V → U and iV : U ∩ V → V denote the
inclusion maps.

(3) (Limit property) LetM be a smooth manifold and let {Ui}i∈N be a sequence of open
subsets that satisfy the following three conditions:
(a) for each i ∈ N the closure U i of Ui is compact,
(b) for each i ∈ N we have Ui Ă Ui+1, and
(c) M =

⋃
i∈N
Ui.

Then for every n ∈ N0 there exists a natural short exact sequence

0 → lim
←−

1Hn−1(Ui)
τ−→ Hn(M) → lim

←−
Hn(Ui) → 0

where the right-hand map is induced by the maps Hn(M)→ Hn(Ui) which in turn
are induced by the inclusions Ui →M .

1438Given a smooth map f : M → N the contravariant functor provides for each n ∈ N0 a morphism
Hn(f) : Hn(N) → Hn(M). As usual, when there is no danger of confusion we just write f∗ instead of
Hn(f).
1439We refer to page 1935 for the de�nition of the category of N0-graded real vector spaces.
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This time it is easy to give examples for our new de�nition.

Proposition 118.1.
(1) Singular cohomology with real coe�cients is a smooth cohomology theory.
(2) De Rham cohomology is a smooth cohomology theory.

Proof.

(1) It follows from the Homotopic Maps-H∗-Lemma 108.13, the Mayer�Vietoris Theo-
rem 109.15, together with the Excisive Triad-Proposition 109.12 and the Cohomology-
via-Exhaustions Proposition 111.12 (1), that singular cohomology with real coe�-
cients is a smooth cohomology theory.

(2) It follows from the Homotopic Maps-De Rham Cohomology Proposition ??, Theo-
rem ?? and the De Rham Cohomology-via-Exhaustions Proposition 118.2, which we
will prove in the next section, that de Rham cohomology is a smooth cohomology
theory. �

To show that de Rham cohomology is indeed a smooth cohomology theory we will need
to prove the following proposition, which is very similar in nature to the Cohomology-via-
Exhaustions Proposition 111.12 for singular cohomology.

Proposition 118.2. (De Rham Cohomology-via-Exhaustions Proposition) LetM
be a smooth manifold and let {Ui}i∈N be a sequence of open subsets of M that satisfy the
following three conditions:
(1) for each i ∈ N the closure U i of Ui is compact,
(2) for each i ∈ N we have Ui Ă Ui+1, and
(3) M =

⋃
i∈N
Ui.

Then for every n ∈ N0 there exists a natural short exact sequence

0 → lim
←−

1 Hn−1
dR (Ui)

τ−→ Hn
dR(M) → lim

←−
Hn

dR(Ui) → 0

where the right-hand map is induced by the obvious maps Hn
dR(M)→ Hn

dR(Ui).

Proof. For each k ∈ N0 we consider the inverse system

Ωk(U1) ← Ωk(U2) ← Ωk(U3) ← . . .

where all the maps are induced by the inclusion, put di�erently, they are all restriction
maps.
Claim. The inverse system satis�es the Mittag-Le�er condition from page 2470.

Proof. Given any j ≥ i we denote by ρji : Ωk(Uj) → Ωk(Ui) the restriction map. Now let
i ∈ N. We have to show that there exists an n ≥ i such that for all r ≥ n we have

im
(
ρri : Ωk(Ur)→ Ωk(Ui)

)
= im

(
ρni : Ωk(Un)→ Ωk(Ui)

)
.

Since U i is compact, since the Uj are nested and since U i is contained in the union of all
Uj there exists an n such that U i Ă Un. We refer to the �gure below for an illustration.
We claim that n has the desired property. So let r ≥ n. We have to show that

im(ρri : Ωk(Ur)→ Ωk(Ui)) = im(ρni : Ωk(Un)→ Ωk(Ui)).
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Clearly we have the inclusion �Ă�. It remains to prove the reverse inclusion. So suppose
η ∈ Ωk(Ui) is the restriction of some µ ∈ Ωk(Un). Note that Un and M \ U i form an
open cover for M . It follows immediately from the Manifold-Partitions of Unity Existence
Theorem 21.1 that there exists a smooth function ϕ : M → R with ϕ|U i ≡ 1 and such that
supp(ϕ) Ă Un. Let r ≥ n. We see that

η = µ|Ui = (ϕ · µ)|Ui =

smooth by Lemma ??︷ ︸︸ ︷
ε(ϕ · µ, Ur) |Ui .

↑
since ϕ ≡ 1 on Ui

We have thus shown that η is also the restriction of some smooth form on Ur. �

Un with U i Ă Un

UiUi+1

M

graph of ϕ

By the claim we can apply the Direct Limit-Cohomology Proposition 111.10 to the inverse
system ({Ω∗(Ui)}i∈N, {ρij}i≥j) of cochain complexes over N and we obtain the short exact
sequence

0 → lim
←−

1

i∈N

Hn−1(Ω∗(Ui))︸ ︷︷ ︸
=Hn−1

dR (Ui)

→ Hn
(= Ω*(M), see page 1280︷ ︸︸ ︷

lim
←−
i∈N

Ω∗(Ui)
)

︸ ︷︷ ︸
=HndR(M)

→ lim
←−
i∈N

Hn(Ω∗(Ui))︸ ︷︷ ︸
=HndR(Ui)

→ 0.

We have thus obtained the desired short exact sequence. �

118.2. Isomorphisms between smooth cohomology theories. One might now be
optimistic and hope that smooth cohomology theories are necessarily isomorphic. As it
stands this thought though is too optimistic. For example other smooth cohomology
theories are given by Hn(M) = 0 for all n ∈ N0 or by Hn(M) = Hn+5(M ;R) or by
Hn(M) = Hn(M ;R) ⊕ Hn(M ;R). This shows that if we want to prove that smooth co-
homology theories are isomorphic we have to add some extra hypotheses, for example we
could demand that the 0-th cohomology groups of a point are isomorphic.

Notation. In the following ? denotes the topological space consisting of a single point.
Evidently ? is a 0-dimensional smooth manifold.
On page 203 we introduced the notion of a natural transformation between two contravari-
ant functors. For the reader's convenience recall the de�nition since it will play an essential
role in the following discussion.
De�nition. Let C and D be two categories and let F,G : C → D be two contravariant
functors. A natural transformation between the contravariant functors F and G assigns to
each object X ∈ Ob(C) a morphism ΦX : F (X)→ G(X) in D such that for each morphism
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f : X → Y in C the following diagram commutes:

F (Y )
F ∗(f)

//

ΦY
��

F (X)

ΦX
��

G(Y )
G∗(f)

// G(X).

If all the maps ΦX are isomorphisms we also say it is a natural isomorphism.

Example. Given n ∈ N0 we consider the two contravariant functors X 7→ Hn(X;Z) and
X 7→ Hom(Hn(X),Z) from the category of topological spaces to the category of abelian
groups. It follows from the discussion on page 2444 that the evaluation homomorphisms
ev : Hn(X;Z) → Hom(Hn(X),Z) de�ne a natural transformation between the two con-
travariant functors, i.e. given any map f : X → Y between topological spaces the following
diagram commutes:

Hn(Y ;Z)
f∗

//

ev
��

Hn(X;Z)
ev
��

Hom(Hn(Y ),Z)
f∗

// Hom(Hn(X),Z).

With this notation and this de�nition we can now formulate the following theorem.

Theorem 118.3. (Smooth Cohomology Theory Isomorphism Theorem) Let H∗
and K∗ be smooth cohomology theories and let t : H∗ → K∗ be a natural transformation.
Suppose t has the following three properties:

(i) the natural transformation t is compatible with the connecting homomorphism in
the Mayer-Vietoris sequence, i.e. with the obvious notation we always have a com-
mutative diagram

. . . // Hn(M)
j∗U⊕−j

∗
V //

t
��

Hn(U)⊕Hn(V )
i∗U+i∗V //

t⊕t
��

Hn(U ∩ V )

t
��

δ // Hn+1(M)

t
��

// . . .

. . . // Kn(M)
j∗U⊕−j

∗
V // Kn(U)⊕Kn(V )

i∗U+i∗V // Kn(U ∩ V )
δ // Kn+1(M) // . . .

(ii) the natural transformation t is compatible with the map τ appearing in the limit
property, i.e. with the obvious notation we always have a commutative diagram1440

0 // lim
←−

1Hn−1(Ui)
τ // Hn(M) //

t
��

t
��

t
��

lim
←−
Hn(Ui) // 0

0 // lim
←−

1Kn−1(Ui)
τ // Kn(M) // lim

←−
Kn(Ui) // 0,

(iii) for all n ∈ N0 the map tn(?) : Hn(?)→ Kn(?) is an isomorphism.
Then for every smooth manifold M and every n ∈ N0 the map

t : Hn(M) → Kn(M)

is an isomorphism.

1440Note that the left and right vertical maps are given by the remark on page 2472.
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The proof of the Smooth Cohomology Theory Isomorphism Theorem 118.3 rests on the
following useful little lemma, which incidentally also solves Exercise 1.30.

Lemma 118.4. (Rational Open Balls Lemma)
(1) Every open subset of Rn is the union of open balls of the form Bn

ε (x) where ε is
rational and x ∈ Qn.

(2) Every open subset of Rn is the union of countably many open balls.

Proof of Lemma 118.4.

(1) Let U be an open subset of Rn. For x ∈ U we set µx := sup{µ ∈ [0, 1] |Bn
µ(x) Ă U}.

The hypothesis that U is open implies that µx > 0. We pick a rational number
εx ∈ (1

2
µx, µx). Note that Bn

εx(x) Ă U . It remains to prove the following claim.

Claim. The subset U is the union of all Bn
εx(x) with x ∈ U ∩Qn.

Proof. Let y ∈ U . Since Qn is dense in Rn we can pick x ∈ U∩Qn with ‖x−y‖ < 1
4
εy.

Note that this is equivalent to saying that y ∈ Bn
1
4
εy

(x). Thus it remains to prove
that Bn

1
4
εy

(x) Ă Bn
εx(x). Recall that we pointed out above that Bn

εy(y) Ă U . Since

‖x − y‖ < 1
4
εy we have by the triangle inequality that Bn

3
4
εy

(x) Ă Bn
εy(y). Thus

Bn
3
4
εy

(x) Ă U . By de�nition of µx this implies that 3
4
εy ≤ µx. Hence we have

1
4
εy ≤ 3

8
εy ≤ 1

2
µx ≤ εx. But then we also have Bn

1
4
εy

(x) Ă Bn
εx(x), as desired. �
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(2) This statement follows immediately from (1). �

Proof of Theorem 118.3. Let H∗ and K∗ be smooth cohomology theories, which means
they both satisfy

(α) smooth homotopy invariance,
(β) the Mayer-Vietoris sequence,
(γ) the limit property.

Furthermore let t : H∗ → K∗ be a natural transformation that has the above properties (i),
(ii) and (iii). We need to prove the following statement:
Statement. Let m ∈ N0. For every m-dimensional smooth manifold M and every n ∈ N0

the map tn(M) : Hn(M) → Kn(M)

is an isomorphism.
We start out with the following two observations:
(A) Suppose M is an m-dimensional smooth manifold and U and V are open subsets

with M = U ∪V . If all tn are isomorphisms for U , V and U ∩V , then it follows from
(β), (i) and the Five Lemma 74.10 that all the tn are therefore isomorphisms for M .

(B) Let M be an m-dimensional smooth manifold and let {Ui}i∈N be a sequence of open
subsets that satisfy the following three conditions:
(a) for each i ∈ N the closure U i of Ui is compact,



118. DE RHAM COHOMOLOGY AND SINGULAR COHOMOLOGY 2595

(b) for each i ∈ N we have Ui Ă Ui+1, and
(c) M =

⋃
i∈N
Ui.

If all the tn are isomorphisms for all Ui, then it follows from (γ) and the Five
Lemma 74.10 that all the tn are therefore isomorphisms for M .

After these preparations we will prove the desired statement in four easy steps:
(1) Let M be an open convex subset of Rm. We pick an inclusion f : ?→M . As in the

proof of the Poincaré Lemma ?? we see that f is a smooth homotopy equivalence.
Given n ∈ N0 we consider the diagram

Hn(M)
f∗

//

t
��

Hn(?)

t∼=
��

Kn(M)
f∗

// Kn(?).

The diagram commutes since t is a natural transformation. It follows easily from (α)
that the horizontal maps are isomorphisms. By (iii) the right vertical map is also an
isomorphism. It follows that the left vertical map is, as desired, an isomorphism

(2) We claim that t is an isomorphism for every subset M of Rm that is the union of k
open convex subsets of Rm. We prove this by induction on the number k of open
convex subsets:
(a) If k = 1, then M itself is an open convex subset of Rm, hence the statement

follows from (1).
(b) Suppose the statement holds whenever M is the union of k − 1 open convex

subsets. Now let M be the union of k open convex subsets U1, . . . , Uk. We write
V = U1 ∪ · · · ∪ Uk−1. By induction the statement holds for V and also for Uk.
Furthermore since the intersection of two convex open subsets is again convex
and open we see that V ∩Uk = (U1 ∩Uk)∪ · · · ∪ (Uk−1 ∩Uk) is the union of k− 1
open convex subsets, i.e. by induction the statement holds for V ∩ Uk. But then
it follows from (A) that the statement also holds for U .

(3) Let M be an open subset of Rm. By the Rational Open Balls Lemma 118.4 we can
write M as the union of countably many open balls Bi, i ∈ N. For i ∈ N we de�ne
Ui :=

⋃
j≤i
Bj. By (2) the statement holds for each Ui, but then it follows from (B)

that the statement holds for M .
(4) Finally let M be any m-dimensional smooth manifold. We say a subset W of M is

small if it is open, if W is compact and if W is contained in the domain of some
chart for M . We make the following observations:
(a) Since H and K are di�eomorphism invariants we obtain from (2) that the state-

ment holds for every small subset of W (viewed as a smooth manifold in its own
right).

(b) The same induction argument as in (2) shows that the statement holds for �nite
unions of small subsets (here the key observation is that the intersection of two
small subsets is again small).1441

1441Here we implicitly use the following statement: if A and B are subsets of M such that A and B are
compact, then A ∩B and A ∪B are also compact. We will prove this statement in Exercise 118.2.
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(c) Finally it follows easily from the fact that the smooth manifold M is second-
countable, the existence of charts around every point and Lemma 1.30 that there
exist small sets Wi, i ∈ N which cover M . As in (3) we consider Ui :=

⋃
j≤i
Wj. We

had just seen in (b) that the statement holds for all the Ui. But then it follows
from (B) that the statement holds for M . �

118.3. Smooth singular cohomology. One might think that it follows immediately from
Proposition 118.1 and the Smooth Cohomology Theory Isomorphism Theorem 118.3 (to-
gether with the calculations of the cohomology groups of a point in the Single Point-
Cohomology Lemma 108.12 and on page ??) that the singular real valued cohomology and
the de Rham cohomology groups of smooth manifolds are always isomorphic.
But recall that to apply the Smooth Cohomology Theory Isomorphism Theorem 118.3 we
need to �nd a natural transformation

t : de Rham cohomology → real valued singular cohomology
that has the property that

Hn
dR(?)

∼=−→ Hn(?;R) for all n ∈ N0.

Here is an idea: in Section ?? we had seen that given a compact oriented n-dimensional
smooth manifold W and a smooth di�erential n-form ω on W there exists an integral∫

W

ω ∈ R

that has many good properties. So given some smooth manifold M (with no restrictions
on the dimension) we could try to de�ne a map

t : Ωn(M) → Hom(Cn(M);R)

ω 7→

( Cn(M) → R
k∑
i=1

ai · (fi : ∆n →M) 7→
k∑
i=1

ai ·
∫
∆n

f ∗i ω

)
.

Unfortunately, there are several problems with this �de�nition�:
(1) The �rst question that arises is the following: what does it mean to integrate a form

over ∆n? After all, it is not clear in what sense ∆n is a smooth manifold. With some
luck that should not be too much of an issue, since ∆n is clearly pretty close to being
a smooth manifold.

(2) Let us suppose that we have resolved (1). Now let f : ∆n →M be a singular n-chain.
If the map f is not smooth, then f ∗ω just does not make any sense.1442

(3) After �xing the previous issues, why should t be a cochain map?
Arguably the most serious issue is (2). The only way around it is to only work with smooth
singular simplices. Let us recall the following de�nitions.

1442Recall that if f : N → M is a smooth map between smooth manifolds and ω is a smooth di�erential
n-form on M , then f∗ω is de�ned to be the di�erential n-form that for v1, . . . , vn ∈ TPN has the value

(f∗ω)P (v1, . . . , vn) = ωf(P )(DfP (v1), . . . ,DfP (vn)).

But if f is not di�erentiable, then there is no di�erential DfP : TPN → Tf(P )M .
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De�nition. Let n ∈ N0.
(1) As in the Standard Simplex Homeomorphism Lemma 72.1 we consider the planar

simplex
◺n :=

{
(t1, . . . , tn) ∈ Rn

≥0

∣∣∣ n∑
i=1
ti ∈ [0, 1]

}
.

(2) In the Standard Simplex Homeomorphism Lemma 72.1 we saw that the map1443

Θn : ◺n → ∆n

(t1, . . . , tn) 7→
(
t1, . . . , tn, 1−

n∑
i=1
ti

)
is a homeomorphism.
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Now we turn to smooth manifolds. Continuing with the above de�nition we can now
introduce the notion of a smooth singular simplex.
De�nition. Let M be a smooth manifold.
(3) Recall that by the de�nition on page 549 a map f : ◺n → M is smooth if given

any a ∈ ◺n there exists an open neighborhood U in Rn of a and a smooth map
f̃ : U → M which coincides with f on A. We de�ne the di�erential of f at a ∈ ◺n

to be the di�erential of f̃ .1444

(4) We say a singular n-simplex σ : ∆n →M is smooth if the map σ ◦Θn : ◺n →M is
smooth. We illustrate the de�nition in the �gure below.

(5) We write
Csmooth
n (M) :=

the free abelian group generated by the
set of smooth singular n-simplices in M .

This is a subgroup of Cn(M) and it is straightforward to verify that the boundary
map ∂n : Cn(M)→ Cn−1(M) restricts to a map ∂n : Csmooth

n (M)→ Csmooth
n−1 (M).

(6) Given an abelian group G we write

Cnsmooth(M ;G) := Hom
(
Csmooth
n (M), G

)
and we de�ne δn : Cnsmooth(M ;G)→ Cn+1

smooth(M ;G) as the map δn := ∂∗n+1.
(7) We de�ne the n-th smooth singular cohomology group of a smooth manifoldM with

G-coef�cients as

Hn
smooth(M ;G) :=

ker
(
δn : Cnsmooth(M ;G) → Cn+1

smooth(M ;G)
)

im
(
δn−1 : Cn−1

smooth(M ;G) → Cnsmooth(M ;G)
) .

Remark.
(1) Let f : M → N be a smooth map between two smooth manifolds. Evidently the

induced map f∗ : Cn(M)→ Cn(N) restricts to a map f∗ : Csmooth
n (M)→ Csmooth

n (N).
In particular we get an induced map f ∗ : Cnsmooth(N,G) → Cnsmooth(M,G). Thus we

1443Put di�erently, Θn is the inverse of the obvious projecton map ∆n → ◺
n.

1444It is straightforward to verify that this de�nition does not depend on the choice of U and f̃ .
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∆n◺n σ
Θn

U

f̃

obtain for each n ∈ N0 an induced map

f ∗ : Hn
smooth(N ;G) → Hn

smooth(M ;G).

(2) Every map ∆n → ? is smooth, so there is no di�erence between ordinary singular
cohomology and smooth singular cohomology for smooth manifold ?.

Proposition 118.5. Smooth singular cohomology with real coe�cients is a smooth coho-
mology theory.

Sketch of proof. We need to verify that smooth singular cohomology with real coe�cients
satis�es the properties of a smooth cohomology theory.
(0) It is clear that smooth singular cohomology with real coe�cients is a contravariant

functor from the category of smooth manifolds to the category of N0-graded real
vector spaces.

(1) Suppose f, g : M → N are two smooth maps between two smooth manifolds and
suppose we are given a smooth homotopy F between f and g. Some thought shows
that the chain homotopy

Pn : Cn(M) → Cn+1(N), n ∈ N0

from the proof of the Homotopic Maps-and-Homology Proposition 73.6 restricts to a
chain homotopy

Csmooth
n (M) → Csmooth

n+1 (N), n ∈ N0.

Now we can once again appeal to the Dual Cochain Map Lemma 108.8 to conclude
that the induced maps on smooth singular cohomology are the same.

(2) LetM be a smooth manifold and let U and V be open subsets withM = U ∪V . The
key to proving the existence of the Mayer�Vietoris sequence for ordinary singular
cohomology was to show that the inclusion map

C{U,V }∗ (M) → C∗(M)

is a chain homotopy equivalence. This in turn we showed using the Comfortable Cov-
ering Proposition 74.23. In the proof of the Comfortable Covering Proposition 74.23
we introduced the subdivision maps

un : Cn(M) → Cn(M), n ∈ N0.
It follows immediately from the de�nitions that these maps restrict to maps

un : Csmooth
n (M) → Csmooth

n (M), n ∈ N0.

Using this observation the proof of the existence of a Mayer�Vietoris sequence for
smooth singular cohomology is otherwise identical to the proof for ordinary singular
cohomology.
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(3) The limit property is proved the same way as the Cohomology-via-Exhaustions
Proposition 111.12 (1). We only have to replace the fact, proved in the Exhaustion-
Chain Complex Lemma 79.5 that C∗(M) = lim−→C∗(Ui) by the observation that
the same argument as in the Exhaustion-Chain Complex Lemma 79.5 shows that
Csmooth
∗ (M) = lim−→Csmooth

∗ (Ui). �

Now we can easily show that smooth singular cohomology with real coe�cients and ordinary
singular cohomology with real coe�cients are naturally isomorphic. More precisely, we have
the following proposition.
Proposition 118.6. There exists a natural isomorphism from smooth singular cohomol-
ogy with real coe�cients to ordinary singular cohomology with real coe�cients. In par-
ticular for any smooth manifold M and any n ∈ N0 we have a natural isomorphism

Hn(M ;R)
∼=−→ Hn

smooth(M ;R).

Proof. For any smooth manifold M we have the natural inclusion

Csmooth
∗ (M) → C∗(M)

which evidently respects the boundary maps. These maps thus give rise to natural maps

C∗(M ;R) → C∗smooth(M ;R)

which respect the coboundary maps. Thus we obtain a natural map

t(M) : H∗(M ;R) → H∗smooth(M ;R).
As we pointed out above, for ? there is no di�erence between smooth and ordinary singular
cohomology, i.e.

t(?) : H∗(?;R) → H∗smooth(?;R)

is an isomorphism. Since the natural transformation is induced by the inclusion map it
follows easily that the natural transformation is compatible with the connecting homomor-
phism in the Mayer-Vietoris sequence and that it is compatible with the map τ appearing in
the limit property. The proposition now follows immediately from the Smooth Cohomology
Theory Isomorphism Theorem 118.3. �

Now we also want to relate smooth singular cohomology to de Rham cohomology. The key
for doing so is the following de�nition and the subsequent proposition.
De�nition.
(1) Given x ∈ ◺n we de�ne T̃x◺n := Rn. Using this de�nition it makes sense to talk

of smooth n-forms on ◺n.
(2) Given a smooth n-form α on ◺n we de�ne1445∫

◺
n

α :=
∫

x∈◺n

αx(e1, . . . , en) dλ.

(3) Let M be a smooth manifold and let f : ◺n → M be a smooth map. Since ◺

is regular closed, i.e. since it equals the closure of its interior, we obtain from the
argument of Lemma 19.2 that it makes sense to consider the map Dfx : Rn → Tf(x)M
for all x ∈ ◺n.
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(4) Given a smooth manifold M , given a smooth di�erential n-form ω on M and a
smooth singular n-simplex σ : ∆n →M we use (1), (2) and (3) to de�ne1446∫

σ

ω := (−1)n ·
∫
◺

n

(σ ◦Θn)∗(ω).

We extend this de�nition linearly to de�ne the integral of the smooth di�erential

n-form ω over a smooth singular n-chain
k∑
i=1
ai ◦ σi.

Proposition 118.7. (Stokes-for-Simplices Proposition) Let M be a smooth mani-
fold, let ω be a smooth di�erential (n − 1)-form on M and let σ : ∆n → M be a smooth
singular n-simplex. Then1447 ∫

σ

dω =
∫
∂σ

ω.

All the hard work for the proof of the Stokes-for-Simplices Proposition 118.7 is done in the
following lemma.

Lemma 118.8. For i = 1, . . . , n we consider the map

ki : ◺n−1 → ◺n

(x1, . . . , xn−1) → (x1, . . . , xi−1, 0, xi, . . . , xn−1).

Furthermore we consider the map

kn+1 : ◺n−1 → ◺n

(x1, . . . , xn−1) → (x1, . . . , xn−1, 1− x1 − · · · − xn−1)

Given any smooth (n− 1)-form α on ◺n we have∫
◺

n

dα =
n∑
i=1

(−1)i ·
∫

◺
n−1

k∗i α + (−1)n+1 ·
∫

◺
n−1

k∗n+1α.
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Proof. Let α be a smooth (n − 1)-form on ◺n By the Alternating Forms-Basis Proposi-
tion ?? we can write

α =
n∑
j=1

fj · dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn

where f1, . . . , fn : ◺n → R are smooth functions. First let us calculate the di�erential of
the n-form dα.

1445The Lebesgue integral is de�ned since ◺
n is a compact subset of Rn and since the integrand is con-

tinuous.
1446Recall that on page 1581 we had equipped

◦
∆
n
with an orientation. The factor (−1)n is motivated by

the fact that the restriction of the map Θn : ◺
n → ∆n to the interiors is orientation-preserving if and only

if n is even.
1447Note that on the left we integrate a smooth di�erential n-form over a smooth singular n-simplex and
that on the right we integrate a smooth (n− 1)-form over a smooth singular (n− 1)-chain.
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Claim 1. For each x ∈ ◺n we have

(dα)x(e1, . . . , en) =
n∑
i=1

(−1)i−1 · ∂fi∂xi
(x).

Proof. We performed the calculation already in the proof of Stokes' Theorem ??. But there
is no harm done in doing so again. So let us do so:

see de�nition on page ?? 1-Form-via-dxi-Lemma ??
↓ ↓

dα =
n∑
j=1

dfj · dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn =
n∑
j=1

n∑
j=1

∂fj
∂xj
· dxj ∧ dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn

=
n∑
j=1

(−1)i · ∂fj
∂xj
· dx1 ∧ · · · ∧ dxi ∧ · · · ∧ dxn

↑
follows from dxi ∧ dxi = 0 and dxi ∧ dxj = −dxj ∧ dxi

Thus for each x ∈ ◺n we have

(dα)x(e1, . . . , en) =
n∑
i=1

(−1)i−1 · ∂fi∂xi
(x) ·(dx1 ∧ · · · ∧ dxn)(e1, . . . , en)︸ ︷︷ ︸

=1

=
n∑
i=1

(−1)i−1 · ∂fi∂xi
(x).

�
We adopt the following notation: given i ∈ {1, . . . , n} and given x ∈ Rn we denote by
ϕi(x) ∈ Ri−1 the �rst i − 1 coordinates and we denote by ψi(x) ∈ Rn−i the last n − i
coordinates. Furthermore we denote by |x| the sum of the coordinates of x. Now we see
that

Fubini Theorem ??

↓∫
◺

n

dα =
∫

x∈◺n

(dα)x(e1, . . . , en) =
n∑
i=1

(−1)i−1 ·
∫

x∈◺n

∂fi
∂xi

(x) dλ =

=
n∑
i=1

(−1)i−1 ·
∫

s∈◺n−1

xi=1−|s|∫
xi=0

∂fi
∂xi

(ϕi(s), xi, ψi(s)) dxi︸ ︷︷ ︸
can be calculated using the

Fundamental Theorem of Calculus

dλ

=
n∑
i=1

(−1)i−1 ·
∫

s∈◺n−1

(fi(ϕi(s), 1− |s|, ψi(s))− fi(ϕi(s), 0, ψi(s)) dλ

=
n∑
i=1

(−1)i−1 ·
∫

s∈◺n−1

fi(ϕi(s), 0, ψi(s))︸ ︷︷ ︸
=ki(s)

dλ+
n∑
i=1

(−1)i−1 ·
∫

s∈◺n−1

(fi(ϕi(s), 1− |s|, ψi(s)) dλ.

It remains to recognize the terms. We will do so in the following two claims.

Claim 2. Given any i ∈ {1, . . . , n} we have∫
s∈◺n−1

fi(ki(s)) dλ =
∫

◺
n−1

k∗i α.
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Proof. We calculate that∫
◺

n−1

k∗i α =
∫

s∈◺n−1

(k∗i α)s(e1, . . . , en−1) dλ =
∫

s∈◺n−1

αki(s)(ki∗(e1), . . . , ki∗(en−1)) dλ

=
∫

s∈◺n−1

n∑
j=1

fj(ki(s)) · (dx1 ∧ · · · ∧ d̂xj ∧ · · · ∧ dxn)(e1, . . . , êi, . . . , en−1)︸ ︷︷ ︸
= δij , where δij denotes the Kronecker delta

dλ

=
∫

s∈◺n−1

fi(ki(s)) dλ.

�
Claim 3. n∑

i=1

∫
s∈◺n−1

(−1)i−1 · fi(ϕi(s), 1− |s|, ψi(s)) dλ = (−1)n+1 ·
∫

◺
n−1

k∗n+1α.

Proof. We calculate that∫
◺

n−1

k∗n+1α =
∫

s∈◺n−1

(k∗n+1α)s(e1, . . . , en−1) dλ =
∫

s∈◺n−1

αkn+1(s)(kn+1,∗(e1), . . . , kn+1,∗(en−1)) dλ

=
∫

s∈◺n−1

n∑
j=1

fj(kn+1(s))·(dx1 ∧ · · · ∧ d̂xj ∧ · · · ∧ dxn)(e1 − en, . . . , en−1 − en)︸ ︷︷ ︸
=(−1)n−j

dλ

=
n∑
j=1

∫
s∈◺n−1

(−1)n−j ·fj(kn+1(s)) dλ =
n∑
j=1

∫
s∈◺n−1

(−1)n−j ·fj(ϕn(s), 1− |s|, ψn(s)︸ ︷︷ ︸
=kn+1(s)

) dλ

=
n∑
j=1

∫
s∈◺n−1

(−1)n−j ·fj(ϕj(s), 1− |s|, ψj(s)) dλ.
↑

follows from the Lebesgue Transformation Theorem ?? applied to the
di�eomorphism that swaps the j-th and the n-th coordinate

This calculation of course implies the claim. �

Proof of the Stokes-for-Simplices Proposition 118.7. Let M be a smooth manifold,
let ω be a smooth di�erential (n− 1)-form on M and let σ : ∆n →M be a smooth singular
n-simplex. For j ∈ {0, . . . , n} we consider as usual the map

inj : ∆n−1 → ∆n

(t0, . . . , tn−1) 7→ (t0, . . . , tj−1, 0, tj, . . . , tn−1).

The proposition follows from the following calculation:

by the de�nition by the Di�erentials-on-Smooth
on page 2600 Manifolds Proposition ?? Lemma 118.8 applied to α = (σ ◦Θn)∗(dω)

↓ ↓ ↓∫
σ

dω = (−1)n ·
∫
◺

n

(σ ◦Θn)∗(dω) = (−1)n ·
∫
◺

n

d((σ ◦Θn)∗(ω)) =

=
n∑
j=1

(−1)n+i ·
∫

◺
n−1

k∗j ((σ ◦Θn)∗(ω))︸ ︷︷ ︸
(σ◦Θn◦kj)∗(ω)

+ (−1)2n+1 ·
∫

◺
n−1

k∗n+1((σ ◦Θn)∗︸ ︷︷ ︸
(σ◦Θn◦kj)∗(ω)

(ω))

= (−1)n−1 ·
n∑
l=0

(−1)l ·
∫

◺
n−1

(σ ◦ inl ◦Θn−1)∗(ω) = (−1)n−1 ·
n∑
l=0

(−1)l ·
∫
σ◦inl

ω =
∫
∂σ

ω.
↑ ↑ ↑

since Θn ◦ kj = in−1
j+1 ◦Θn−1 : ◺

n−1 → ∆n by the de�nition on page 2600 by de�nition of ∂σ �
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118.4. The isomorphism between singular and de Rham cohomology. After the
preparations in the previous sections we can now easily prove the theorem that we had
been aiming for.

Theorem 118.9. (De Rham Theorem) There exists a natural isomorphism u = uM
from de Rham cohomology to singular cohomology with real coe�cients. In particular for
any smooth manifold M and any k ∈ N0 we have a natural isomorphism

uM : Hk
dR(M)

∼=−→ Hk(M ;R)

which has the property that for any closed di�erential k-form ω and any smooth singular
k-chain σ that is a cycle we have〈

uM([ω])︸ ︷︷ ︸
∈Hk(M ;R)

, [σ]︸︷︷︸
∈Hk(M ;Z)

〉
M

=
∫
σ

ω.

(Here we stress, that according to the convention from page 2590 it is understood that the
smooth manifolds have empty boundary.)

Remark. A rather di�erent proof for Theorem 118.9 is given in [War1983, p. 205]
and [Ram2005, Chapte 4.6]. More precisely, in [War1983, Ram2005] the equiva-
lence of de Rham cohomology and real valued singular cohomology is proved by relating
both to another type of cohomology theory, namely sheaf cohomology. We also refer to
[BoT1982, Theorems 8.9 and 15.8], [Dup1978, Theorem 1.15], [Lau2011, Section 6.7.6]
and [Ful1995, Section 15C] for other proofs.

Proof. We denote by s the natural isomorphism from real-valued singular cohomology to
real-valued smooth singular cohomology that we had constructed in the proof of Proposi-
tion 118.6.

Now we construct a natural isomorphism t from de Rham cohomology to real-valued
smooth singular cohomology. For any smooth manifold M and any k ∈ N0 we have, by the
above discussion, a map

Ωk(M) → Cksmooth(M ;R)

ω 7→

(
Csmooth
k (M) → R

σ 7→
∫
σ
ω

)
Note that it follows basically immediately from the de�nitions that this map is natural inM .
Next note that it is an immediate consequence of the Stokes-for-Simplices Proposition 118.7
that for given M all these maps together form a cochain map Ω∗(M) → C∗smooth(M ;R).
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Summarizing we see that we have constructed a natural map

t(M) : H∗dR(M) → H∗smooth(M ;R).
Furthermore, in the special case of M = ? the map

t(?) : H∗dR(?) → H∗smooth(?;R)

is easily seen to be an isomorphism. Once one has unraveled all the de�nitions it becomes
apparent that this natural transformation is compatible with the connecting homomorphism
in the Mayer-Vietoris sequence and that it is compatible with the map τ appearing in
the limit property. Now we obtain from the Smooth Cohomology Theory Isomorphism
Theorem 118.3 that t is a natural isomorphism from de Rham cohomology to real-valued
smooth singular cohomology.

Finally we set u := s−1 ◦ t. By the above u is a natural isomorphism from de Rham
cohomology to singular cohomology with real coe�cients. It follows easily from the de�ni-
tions of s and t that for any closed di�erential k-form ω and any smooth singular k-chain
σ that is a cycle we have

〈 u([ω])︸ ︷︷ ︸
∈Hk(M ;R)

, [σ]︸︷︷︸
∈Hk(M ;Z)

〉M =
∫
σ

ω. �

The following proposition summarizes a few useful properties of the natural isomorphism
uM : Hk

dR(M)→ Hk(M ;R) from the above de Rham Theorem 118.9.

Proposition 118.10.
(1) LetM be a closed oriented connected n-dimensional smooth manifold. Furthermore

let ω ∈ Ωn(M) be a smooth di�erential n-form.
(a) We have 〈uM([ω]), [M ]〉M =

∫
M
ω.

(b) If
∫
M
ω = 1, then uM([ω]) = [M ]∗ ∈ Hn(M ;R) where [M ]∗ denotes the dual

fundamental class that we introduced on page 2451.
(2) Let f : M → N be a smooth map between closed oriented connected n-dimensional

smooth manifolds and let ω be a smooth di�erential n-form on N with
∫
N
ω = 1.

Then
∫
M

f ∗ω = deg(f : M → N).︸ ︷︷ ︸
as de�ned on page 2222 or page 2379

Proof.

(1) (a) Let M be a closed oriented connected n-dimensional smooth manifold and let
ω ∈ Ωn(M) be a smooth di�erential n-form. As we explained in Algorithm 100.2,
there exist smooth singular simplices ϕ1, . . . , ϕk : ∆n → M with the following
properties:

•We have
k⋃
i=1
ϕi(∆

n) = M .

• For any i, j ∈ {1, . . . , k} we have ϕi(∆n) ∩ ϕj(∆n) = ϕi(∂∆n) ∩ ϕj(∂∆n).
• If for each ∈ {1, . . . , k} we set εi = +1 if ϕi is orientation-preserving and
εi = −1 otherwise, then the singular chain σ := ε1 · ϕ1 + · · · + εk · ϕk is a
singular cycle that represents the fundamental class [M ].
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As above we denote by Θn : ◺n → ∆n the inverse of the obvious projecton map.
We calculate that∫

M

ω =
k∑
i=1

(−1)n · εi ·
∫
◺

n

(ϕi ◦Θn)∗(ω) =
∫
σ

ω = 〈uM([ω]), [M ]〉M .x x x
follows fairly easily from (i)� (ii) see de�nition by Theorem 118.9
and our orientation conventions on page 2600

(b) This statement follows immediately from (a) and the de�nition of the dual fun-
damental class.

(2) Let f : M → N be a smooth map between closed oriented connected n-dimensional
smooth manifolds and let ω be a smooth di�erential n-form on N with

∫
N
ω = 1.

by (1a) since u are natural isomorphisms Lemma 109.6 (3)
↓ ↓ ↓∫

M

f ∗ω = 〈uM(f ∗([ω])), [M ]〉M = 〈f ∗(uN([ω])), [M ]〉M = 〈uN([ω]), f∗([M ])〉N
= deg(f) · 〈uN([ω]), [N ]〉N = deg(f) ·

∫
N

ω = deg(f).
↑ ↑ ↑

by de�nition of deg(f) by (1a) by choice of ω �

Theorem 118.9 allows us to transport information from de Rham cohomology to real-valued
singular cohomology and vice-versa. For example the many computational techniques that
we had developed, e.g. cellular cohomology, for singular cohomology can now be used to
calculate isomorphism types of de Rham cohomology groups. In particular we can easily
prove the following corollary.
Corollary 118.11. IfM is a closed, oriented connected, non-empty n-dimensional smooth
manifold, then the map Hn

dR(M) → R
[ω] 7→

∫
M

ω

is an isomorphism.

Proof. By the Top Dimension-de Rham-Integration Proposition ?? the map is well-de�ned
and it is an epimorphism. On the other hand, by the Top-Cohomology Proposition 110.14
and Theorem 118.9 we know that Hn

dR(M) ∼= R, which implies that the map is an isomor-
phism. �

118.5. Realizing cohomology classes by maps to S1. We start out this section with
the following de�nition.
De�nition. Let G be a group, let Y be a topological space and let y0 ∈ Y be a point
with an identi�cation π1(Y, y0) = G. Given another topological space X and x0 ∈ X we
say that a homomorphism ϕ : π1(X, x0) → G = π1(Y, y0) is realized by a map g : X → Y
if g(x0) = y0 and if g∗ = ϕ. If there is no danger of confusion we will drop the base points
from the notation.
In the following we will mostly discuss the case G = Z and Y = S1. Before we can continue
we introduce the following conventions.
Convention.
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(1) We use the di�eomorphism R/Z→ S1 given by [t] 7→ exp(2π it) to make the identi-
�cation R/Z = S1.

(2) By Proposition 48.17 we have an isomorphism Z→ π1(S1, 1) given by sending 1 to
the equivalence class of the loop t 7→ exp(2π it). We use this isomorphism to make
the identi�cation π1(R/Z, 0) = π1(S1, 1) = Z.

(3) Let X be a path-connected topological space and let x0 ∈ X. As shown in the First
Cohomology Proposition 110.17 we can use the Hurewicz homomorphism and the
evaluation homomorphism to make the identi�cations H1(X;Z) = Hom(H1(X);Z) =
Hom(π1(X, x0),Z).

Now we can formulate the following question.
Question 118.12. Let X be a path-connected topological space that is �reasonable�, e.g.
that is a smooth manifold or a CW-complex. Let x0 ∈ X be a base point. Can every
homomorphism ϕ : π1(X, x0)→ Z = π1(S1, 1) be realized by a map (X, x0)→ (S1, 1)?
The following proposition gives an a�rmative answer if X is a smooth manifold.

Proposition 118.13. (Maps-to-S1 Proposition) Let M be a connected smooth mani-
fold (here for once we allow M to have boundary) and let P be a base point.
(1) Every class φ ∈ H1(M ;Z) = Hom(π1(M,P ),Z) can be realized by a smooth map

g : M → S1 with g(P ) = 1.
(2) We suppose that ∂M = ∅. If f, g : M → S1 are two smooth maps with g(P ) = 1,

such that f∗ = g∗ : π1(M,P )→ π1(S1, 1), then f and g are homotopic.
(3) Let φ ∈ H1(M ;Z) and let P ∈ ∂M . If f : ∂M → S1 is a smooth map that realizes

φ|∂M , then there exists a smooth map g : M → S1 with g|∂M = f that realizes φ.

Remark.
(1) Sometimes the following reformulation of the Maps-to-S1 Proposition 118.13 is quite

useful: LetM be a connected smooth manifold and let P be a base point. Given any
φ ∈ H1(M ;Z) there exists a smooth map g : M → S1 and a generator ψ ∈ H1(S1;Z)
with φ = g∗(ψ).

(2) the Maps-to-S1 Proposition 118.13 (2) can be viewed as a partial converse to the
Homotopic Maps-De Rham Cohomology Proposition ??.

(3) Later on, in the Maps-to-K(π, n)-Proposition 163.15 we will prove an analogue of
the Maps-to-S1 Proposition 118.13 for CW-complexes. This will allows in Proposi-
tion 163.20 to give a new proof of the Maps-to-S1 Proposition 118.13.

Examples.
(1) We consider the torus T = S1 × S1 = R2/Z2 and we make the usual identi�cation

H1(T ;Z) = Z2. We consider the cohomology classes in H1(T ;Z) = Hom(H1(T ),Z)
that are given by

φ : H1(T ;Z) = Z2 → Z
(m,n) 7→ m

and
ψ : H1(T ;Z) = Z2 → Z

(m,n) 7→ n.

These two cohomology classes are evidently realized by the projection S1×S1 → S1

onto the �rst, respectively the second factor. In Exercise 118.3 the goal will be to
give an example of an explicit map g : T → S1 that realizes the homomorphism
ϕ : H1(T ;Z) = Z2 → Z given by ϕ(m,n) = 6m+ 4n.
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(2) In the �gure below we consider the surface Σ of genus 2. As we saw on page 1781, the
oriented curves x1, y1, x2, y2 represent a basis for H1(Σ). We consider some random
epimorphism φ : H1(Σ)→ Z, e.g. we could consider the epimorphism φ : H1(Σ)→ Z
that is given by φ(x1) = 0, φ(y1) = 1, φ(x2) = −2 and φ(y2) = 1. By the Maps-to-S1

Proposition 118.13 we know that φ can be realized by some map g : Σ → S1. But
can one �visualize� such a map? We will return to this question on page 2840.
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We break the proof of the Maps-to-S1 Proposition 118.13 into three parts.

Proof of the Maps-to-S1 Proposition 118.13 (1). LetM be a connected smooth man-
ifold. We �rst assume that M has no boundary. We start out with the following de�nition.
Let ω be a smooth di�erential 1-form on M and let γ : [a, b] → M be a piecewise smooth
path. We pick a = t0 < t1 < · · · < tn = b such that the restriction of γ to each subinterval
[ti, ti+1] is smooth. We de�ne ∫

[a,b]

γ∗ω =
n−1∑
i=0

∫
[ti,ti+1]

γ∗ω.

It follows immediately from the Form Integration Proposition ?? (6) that this de�nition
does not depend on the choice of the subdivision.

After this preparation we start with the actual proof of the proposition. We �x a
base point P ∈ M . Furthermore let φ ∈ H1(M ;Z) = Hom(π1(M,P ),Z). We denote by
u the natural isomorphism from de Rham cohomology to singular cohomology with real
coe�cients from Theorem 118.9. We pick a smooth closed di�erential 1-form ω on M with
u([ω]) = φ.

Claim. Let δ : [0, 1]→M be a piecewise smooth loop in P . Then∫
[0,1]

δ∗ω = φ
(

[δ]︸︷︷︸
∈π1(M,P )

)
∈ R.

Proof. Let δ : [0, 1]→M be a piecewise smooth loop in P . One can show easily that after
possibly performing an orientation-preserving reparametrization we can write δ = δ1∗· · ·∗δk
as a product of smooth paths δi : [0, 1] → M , i = 1, . . . , k. As in the de�nition of the
Hurewicz homomorphism we use the map t 7→ (1−t, t) to make the identi�cation [0, 1] = ∆1.
Using this identi�cation we view each δi also as a smooth 1-simplex. In particular we have
δ1 + · · ·+ δk ∈ Csmooth

1 (M). Then∫
[0,1]

δ∗ω =
∫

δ1+···+δk
ω = 〈φ, [δ1 + · · ·+ δk]〉 = φ([δ]).x x x

by the de�nitions and by Theorem 118.9 via the identi�cation
by the Form Integration Proposition ?? since u([ω]) = φ H1(M ;Z) = Hom(π1(M,P ),Z)

(1) and (6) �
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We de�ne
g : M → S1 = R/Z

Q 7→
[ ∫

[0,1]

γ∗ω

]
where γ is a smooth path1448 from P to Q.

We claim that the map g has the required properties. It remains to prove the following
four statements:
(1) The map g is well-de�ned.
(2) We have g(P ) = [0] ∈ R/Z.
(3) The map g is smooth.
(4) We have g∗ = φ : π1(M,P )→ π1(S1, 1) = Z.

Now we turn to the proofs of the statements.
(1) Let Q in M . Suppose we are given two piecewise smooth paths β and γ from the

base point P to Q. (See the left of the �gure below for an illustration.) Then∫
[0,1]

β∗ω −
∫

[0,1]

γ∗ω =
∫

[0,1]

(β ∗ γ)∗ω = φ([β ∗ γ]) ∈ Z.x x
follows from the de�nitions by the above claim, since β ∗ γ

and the Form Integration Proposition ?? (1) and (6)is a piecewise smooth loop

This shows that g is indeed well-de�ned.
(2) We determine g(P ) by taking the constant path from P to P . It follows immediately

from the de�nition of g that g(P ) = [0] ∈ R/Z.
(3) Let Q ∈ M . We need to show that g is smooth in an open neighborhood of Q. We

pick a path γ from P to Q. We pick a chart Φ: U → Br(0) around Q with Φ(Q) = 0.
Given a point R ∈ U we denote by δR the piecewise smooth path that is given by
the concatenation of the following two paths:
(a) the path γ from P to Q,
(b) the �radial path� from Q to R that corresponds, under the di�eomorphism Φ, to

the radial path from 0 to Φ(R) ∈ Br(0).
(See the right of the �gure below for an illustration.) Using these paths δR it is now
relatively straightforward to show that g is smooth in U . We leave the veri�cation
of the details to the reader.

(4) Suppose we are given an element in π1(M,P ). By the Smooth Path-Connectivity
Proposition 19.29 (1) we can represent this element by a smooth loop δ : [0, 1]→M .
We have the following equality:

by the Fundamental Group-via-Actions Theorem 48.16
↓

g∗([δ]) = endpoint of the lift of g◦δ : [0, 1]→ R to the universal covering R of R/Z
= endpoint of the lift of the path t 7→

[ ∫
[0,t]

δ∗ω
]
to the universal covering R

= endpoint of the path t 7→
∫

[0,t]

δ∗ω = the point
∫

[0,1]

δ∗ω = φ([δ]).

↑
by the above claim

1448By the Smooth Path-Connectivity Proposition 19.29 (2) any two points on a connected smooth mani-
fold.
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We have thus shown that g∗ = φ : π1(M,P )→ π1(S1, 1) = Z.
This concludes the proof of the theorem in the case that M has empty boundary.
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Finally let M be a smooth manifold with non-empty boundary. To deal with this case we
considerW := M∪(∂M×[0, 1)) where we make the obvious identi�cation of P = P×{0} for
P ∈ ∂M . Using the Smooth Collar Neighborhood Theorem 28.3 one can easily verify that
W is a smooth manifold such that M is a submanifold and such that W has no boundary.
Evidently M is a deformation retract of W . It follows from the Deformation Retract-
Homotopy Equivalence Lemma 15.5 and the Homotopy-π1-Proposition 50.3 (2) that the
induced map i∗ : π1(M,P )→ π1(W,P ) is an isomorphism. Now let φ ∈ Hom(π1(M,P ),Z).
By the previously considered case we can realize φ ◦ (i∗)

−1 : π1(W,P ) → Z by a smooth
map g : W → S1. The restriction of g to M has all the desired properties. �

Proof of the Maps-to-S1 Proposition 118.13 (2). We suppose that ∂M = ∅. In the
following let f, g : M → S1 = R/Z be two smooth maps with g(P ) = 1, such that we have
the equality f∗ = g∗ : π1(M,P )→ π1(S1, 1). We need to show that f and g are homotopic.
Let ω be the standard closed di�erential 1-form on S1 = R/Z. We set α := f ∗ω and
β := g∗ω.

Claim. There exists a closed di�erential 1-form ψ on M × [0, 1] such that the restriction
to M × {0} = M equals α and such that the restriction to M × {1} = M equals β.

Proof. First note that it follows from the fact that f∗ = g∗ and from the natural isomor-
phisms H1

dR(M) = H1(M ;R) = Hom(π1(M,P ),R) that [α] = f ∗([ω]) = g∗([ω]) = [β] ∈
H1

dR(M). By de�nition this means that there exists a 0-form ϕ on M with dϕ = α − β.
Next let p : M × [0, 1] → M and q : M × [0, 1] → [0, 1] be the natural projection. Fur-
thermore let h : [0, 1] → [0, 1] be a map that is zero close to 0 and one close to 1. On
M × [0, 1] we consider the 1-form that given by ψ := p∗α − d(q∗h · ϕ). It follows from the
Di�erentials-on-Smooth Manifolds Proposition ?? (2) that ψ is closed. We calculate that

= 0 on M × {0} and M × {1}
↓

ψ = p∗α− d(q∗h · ϕ) = p∗α− (q∗(dh) · ϕ+ q∗h · dϕ) = p∗α−
︷ ︸︸ ︷
q∗(dh) ·ϕ− q∗h · dϕ︸ ︷︷ ︸ .x ↑

by Proposition ?? (1) = 0 on M × {0} and = p∗α− p∗β on M × {1} �
Next note that, as in the proof of Statement (1), the closed 1-form ψ gives rise to a map
F : M × [0, 1] → S1. It follows fairly easily from the de�nitions that F0 = f and F1 = g.
We leave it to the reader to �ll in the details. �

Proof of the Maps-to-S1 Proposition 118.13 (3). Let φ ∈ H1(M ;Z), let P ∈ ∂M
and let f : ∂M → S1 be a smooth map that realizes φ|∂M . By the Smooth Collar
Neighborhood Theorem 28.3 we can pick a collar neighborhood [0, 1] × ∂M . We set
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W := M \ ([0, 1) × ∂M) and we equip it with the base point (P, 1). By the Basics-of-
Collars Lemma 28.4 (1) we know that W is an n-dimensional smooth manifold with ∂W =
{1}×M . By the Maps-to-S1 Proposition 118.13 (1) there exists a smooth map h : W → S1

which realizes φ|W . It is now straightforward to see that under the obvious isomorphism
{0} ×M → {1} ×M the maps f∗ : H1(M ;Z)→ H1(S1;Z) and h∗ : H1(M ;Z)→ H1(S1;Z)
agree. At this point we can conclude from the Maps-to-S1 Proposition 118.13 (2) that
there exists a smooth map F : [0, 1]× ∂M → S1 such that F0 = f and F1 = h|{1}×M .

Note that by de�nition of a collar neighborhood and by the Basics-of-Collars Lemma 28.4
we know that [0, 1]×∂M and W are closed subsets ofM . Thus we obtain from the Pasting
Proposition 2.6 (2) that the two maps F and g combine to a continuous map h : M → S1.

Since h is smooth on [0, 1] × ∂M we obtain from the Whitney Approximation Theo-
rem 29.1 that h is homotopic rel {0} × ∂M to a smooth map g : M → S1. This map now
has all the desired properties. �

Of course one can ask many variations on Question 118.12. Since arbitrary topological
spaces can be quite weird we restrict ourselves in the following questions to CW-complexes.
Question 118.14. Let X be a connected CW-complex.
(1) Let g ≥ 1 and let Σg be the surface of genus g ≥ 1. Can every homomorphism

π1(X)→ π1(Σg) be realized by a map X → Σg?

(2) Can every homomorphism π1(X)→ π1

( k∨
i=1
S1
)

= 〈x1, . . . , xk〉 be realized by a map

X →
k∨
i=1
S1?

(3) Can every homomorphism π1(X)→ Z2 = π1(RP2) be realized by a map X → RP2?

118.6. Rewriting products M × S1. the Maps-to-S1 Proposition 118.13 (1) has many
consequences. For example in the Codimension-One Submanifold Existence Proposition 130.4
we will use it to show that for a given compact orientable n-dimensional smooth manifold
M any class in Hn−1(M ;Z) can be represented by a submanifold. In this section we will give
a di�erent application, namely we will see that in many situations one can �nd interesting
ways to rewrite a product M × S1 where M is a closed connected smooth manifold.
To formulate that application it is convenient to recall the following de�nition from page 467.
De�nition. Let X be a topological space and let f : X → X be a map. We refer to

Tor(X, f) := (X × [0, 1]) /∼ where (x, 0) ∼ (f(x), 1) for all x ∈ X,
as the mapping torus of (X, f). We refer to the map

q : Tor(X, f) = (X × [0, 1])/(x, 0) ∼ (f(x), 1) → S1

[(x, t)] 7→ exp(2π it)

as the natural projection onto S1.
Throughout this section we also use the following notation.

Notation. We denote by Θ: H1(S1)→ Z the isomorphism given by Θ([S1]) = 1.
Now we can state the main result of this section.
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Proposition 118.15. LetM be a closed connected manifold and let φ : H1(M ×S1;Z)→
Z be an epimorphism. We set k = k(φ) := φ([{∗} × S1]). If k 6= 0, then there exists
a |k|-fold covering p : M̃ → M and a deck transformation f : M̃ → M̃ together with a
di�eomorphism1449 Ξ: Tor(M̃, f)→M × S1 such that the following diagram commutes:

H1(Tor(M̃, f);Z)

Θ◦q∗
))

Ξ∗ // H1(M × S1;Z)

φ
vvZ.

Here the diagonal map to the left is induced by the natural projection.
Remark.
(1) Proposition 118.15 can be viewed as a �manifold analogue� of the group-theoretic

statement of Exercise 50.19.
(2) One mathematician once called products �slippery�. Indeed, as we will see in the

examples below, Proposition 118.15 shows that many products have alternative de-
scriptions.

Examples.
(1) Let M be a closed connected non-empty smooth manifold and let ψ : H1(M ;Z)→ Z

be a homomorphism. We apply Proposition 118.15 to the epimorphism

φ : H1(M × S1;Z) = H1(M ;Z)⊕ H1(S1;Z) → Z
(σ, n · [S1]) 7→ ψ(σ) + n.

Note that we have k = k(φ) = 1. This implies that the map p : M̃ → M is a
covering of degree 1. By the Covering Uniqueness Theorem 61.9 we can assume that
M̃ = M and that p = id. Note that the only deck transformation of the 1-fold
covering id : M → M is the identity. Thus we obtain from Proposition 118.15 that
there exists a di�eomorphism Ξ: M ×S1 →M ×S1 such that the following diagram
commutes

H1(M × S1;Z)
Ξ∗ //

Θ◦q∗ ((

H1(M × S1;Z)

φ
vvZ,

where q : M×S1 → S1 denotes the natural projection. Note that if ψ : H1(M ;Z)→ Z
is non-zero, then Ξ∗ is not the identity. Summarizing, we have now shown that if
H1(M ;Z) = Hom(H1(M ;Z),Z) 6= 0, then M × S1 can be decomposed as a product
in more than one way.

(2) Let Σ be the surface of some genus g ∈ N≥2 and let φ : H1(Σ × S1;Z) → Z be
an epimorphism such that k = k(φ) 6= 0. It follows from Proposition 118.15, to-
gether with the Subgroups-of-Surface Groups Proposition 64.6 (1) or alternatively
with Lemma 87.9, that Σ × S1 is di�eomorphic to a mapping torus of the form
Tor(Σ̃, f) where Σ̃ is a surface of genus |k| · (g − 1) + 1. In particular we obtain the

1449By the Manifold-Mapping Torus Lemma 16.25 the mapping torus Tor(M̃, f) naturally has the structure
of a smooth manifold.
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slightly mind boggling statement that the product Σ × S1 can also be viewed as a
mapping torus of a self-di�eomorphism of a surface of arbitrarily high genus.

Proof. First we pick points ∗ ∈ M and ∗ ∈ S1 and we denote by j1 : M
x 7→ (x, ∗)−−−−−→M ×

S1 and j2 : S1 z 7→ (∗, z)−−−−−→M × S1 the corresponding inclusions. Note that by the Maps-to-
S1 Proposition 118.13 (1) there exists a smooth map g : M → S1 such that the map
H1(M)

g∗−→H1(S1) Θ−→Z equals φ◦j1∗ : H1(M)→ Z. Now let us consider the following pullback
diagram:

M̃ := {(x, z)∈M×S1 | g(x)=zk}
(x,z)7→x
��

(x,z)7→z
// S1

z 7→ zk

��

M
g

// S1.

By the Topological-Pullback Lemma 56.16 we know that p : M̃ → M is a k-fold covering.
The map

f : M̃ → M̃
(x, z) 7→ (x, exp(−2π i/k) · z)

is evidently a deck transformation. Next we consider the following diagram:

M̃ × S1

((x,z),exp(2π it)) 7→[((x,z),k·tmodZ)]
��

((x,z),w)7→((x,z),z−1·w)
// M̃ × S1

((x,z),w)7→(x,w)
��

Tor(M̃, f)
Ξ

[((x,z),t)]7→(x,z−1·exp(2π it/k))
// M × S1.

We make the following observations:

(1) One can easily verify that the bottom map is in fact well-de�ned and that the diagram
commutes.

(2) It is pretty clear that the top map is a di�eomorphism.1450

(3) It is straightforward to show that the vertical maps are local di�eomorphisms and
they are degree k coverings.

It follows from the above together with Exercise 49.4 that the bottom map is also a di�eo-
morphism. It remains to prove the following claim.

Claim. We have φ ◦ Ξ∗ = Θ ◦ q∗ : H1(Tor(M̃, f))→ Z.

1450The reader might note that the top map is the restriction of the map (M ×S1)×S1 → (M ×S1)×S1

given by the same formula, which is clearly a di�eomorphism, to the submanifold M̃×S1 of (M×S1)×S1.
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Proof. We consider the following diagram:

H1(M̃)

i∗

��

H1(M)⊕ H1(S1)

j1∗⊕j2∗∼=

��

g∗⊕h∗
// H1(S1)⊕ H1(S1)

ϕ⊕ψ 7→ϕ+ψ

��

H1(S1 × S1)
µ

**

π1∗⊕π2∗
44

H1(Tor(M̃, f))
Ξ∗

//

q∗
��

H1(M × S1)
φ

//

π1∗⊕π2∗ ∼=

OO

(g×h)∗
44

Z H1(S1)
Θ

oo

H1(S1)
Θ // Z.

Ω

OO

We make the following clari�cations and observations:

(1) The map i : M̃ → Tor(M̃, f)) is the natural inclusion given by x 7→ [(x, 0)].
(2) The map µ : S1 × S1 → S1 is the multiplication map.
(3) In both settings we denote by π1 and π2 the projection onto the �rst respectively

second factor.
(4) The map h : S1 → S1 is given by z 7→ zk. Note that by Lemma 76.10 we know that

h∗ : H1(S1)→ H1(S1) is given by multiplication by k.
(5) It follows from Exercise 84.5, or alternatively from the discussion on page 2499, that

the vertical maps in the middle are isomorphisms and inverses of one another.
(6) The upper left triangle commutes by the functoriality of homology groups.
(7) The triangle to the right commutes by Exercise 84.4.
(8) The big rectangle to the right commutes by the choice of g and h.
(9) It follows from (5), (6), (7) and (8) that the triangle at the bottom commutes.
(10) Recall that any point (x, z) ∈ M̃ satis�es by de�nition g(x) = zk. It now follows

immediately that the map (g × h) ◦ µ ◦ Ξ ◦ i : M̃ → S1 is the constant map.
(11) It follows from (9) and (10) that φ ◦ Ξ∗ ◦ i∗ : H1(M̃)→ Z is the zero map.
(12) By the Mapping Torus-Homology Lemma 78.22 we know that the vertical sequence

to the left is exact.
(13) It follows from (10) and (11) that the vertical map Ω exists.
(14) We pick (x, z) ∈ M̃ . We use the homeomorphism from the Mapping Torus-of-

Homeomorphism Lemma 16.28 to make the identi�cation Tor(M̃, f) = (M̃×R)/(w, t) ∼
(f(w), t+ 1). Now we consider the singular 1-cycle

σ : ∆1 → Tor(M̃, f) = (M̃ × R)/(w, t) ∼ (f(w), t+ 1)
(1− t, t) 7→ [((x, z), kt)].

It follows immediately from the de�nitions that (φ◦Ξ∗)([σ]) = k and (Θ◦q∗)([σ]) = k.
Thus we have Ω(k) = k. Since k 6= 0 we see that Ω = id. �

118.7. The wedge product of di�erential forms (∗). For a real vector space V we
introduced in the Wedge Product the Wedge Product Proposition ?? the bilinear wedge
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product

∧kV ∗ × ∧lV ∗ → ∧k+lV ∗.
Given a smooth manifold M we can de�ne this wedge product for each tangent space
V = TPM . As we saw in Lemma ?? we have a bilinear map

∧ : Ωk(M)× Ωl(M) → Ωk+l(M).

Let M be a smooth manifold. We recall that in Proposition ?? we saw that the map

∧ : Hk
dR(M)× Hl

dR(M) → Hk+l
dR (M)

([ω], [σ]) 7→ [ω] ∧ [σ] := [ω ∧ σ]

is well-de�ned and that it has many nice properties.
At this point it is helpful to introduce the following de�nition.

De�nition.
(1) A graded ring is a ring1451 R together with a direct sum decomposition1452 R =⊕

n∈N0

Rn into subgroups such that for any m,n ∈ N0 the multiplication map restricts

to a map Rm × Rn → Rm+n.

(2) A graded ring R =
⊕
n∈N0

Rn such that for any two homogeneous elements a and b the

equality a · b = (−1)deg(a)·deg(b) · b · a holds is called a superalgebra.1453

(3) Let R =
⊕
n∈N0

Rn and S =
⊕
n∈N0

Sn be two graded rings. A morphism between the two

graded rings is a ring homomorphism ϕ : R → S such that for any n ∈ N0 we have
ϕ(Rn) Ă Sn.

(4) We de�ne the category GrRing of graded rings to be the category where the objects
are graded rings and the morphisms are morphisms of graded rings. Similarly we
de�ne the category of graded superalgebras.

Example. We consider the polynomial ring R = Q[x]. We can view this ring as a graded
ring by de�ning Rn := Q · xn for n ∈ N0.

Recall that for a given smooth manifold M we write

H∗dR(M) =
∞⊕
i=0

Hi
dR(M).

We consider the following map

∧ : H∗dR(M)× H∗dR(M) → H∗dR(M)( ∞∑
i=0
xi,

∞∑
i=0
yi

)
7→

∞∑
i,j=0

xi ∧ yj.

where it is understood that each xi and yi is homogeneous of degree i.

1451Here we mean by a ring an abelian group together with a multiplicative structure which is associa-
tive, distributive and that admits a multiplicatively neutral element. We do not demand that a ring is
commutative.
1452In particular, R viewed as an abelian group is N0-graded.
1453The word �algebra� in our context is justi�ed by the fact that any ring is a Z-algebra. We could also
have referred to such an object as a superring, but this terminology seems to be uncommon.
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The following proposition summarizes the key features of the wedge product on de Rham
cohomology.
Proposition 118.16. The maps

M 7→ (H∗dR(M),∧)
(f : M → N) 7→ (f ∗ : H∗dR(N)→ H∗dR(M))

de�ne a contravariant functor from the category of smooth manifolds to the category of
graded superalgebras.

Proof.
(1) First note that it follows almost immediately from Proposition ?? that for a given

smooth manifold M the wedge product turns H∗dR(M) into a graded superalgebra.
It follows immediately from the de�nitions that the multiplicatively neutral element
in de Rham cohomology is hereby the 0-dimensional cohomology class that is repre-
sented by the constant function f : M → R, x 7→ 1.

(2) If f : M → N is a smooth map between smooth manifolds, then it follows immediately
from the de�nitions that for any choice of ω ∈ Ωk(N) and σ ∈ Ωl(N) the following
equality holds:

(f ∗ω ∧ f ∗σ) = f ∗(ω ∧ σ).

Therefore the smooth map f induces a morphism f ∗ : H∗dR(N)→ H∗dR(M) of graded
rings. �

Example. We consider the di�erential 1-forms dx and dy on R2 which are given by1454

dx(v, w) = v and dy(v, w) = w. Furthermore we identify the 2-torus T with the quotient
space R2/Z2 and we denote the projection R2 → T = R2/Z2 by p. It is straightforward
to see that dx and dy induce di�erential 1-forms on T .1455 We denote these also by dx
and dy.1456 The 1-forms dx and dy are closed, i.e. d(dx) = d(dy) = 0.1457 Thus they de�ne
cohomology classes [dx], [dy] ∈ H1

dR(T ). A straightforward calculation, see e.g. [Frie2016a,
p. 248], shows that if we integrate the 2-form dx ∧ dy on T with the standard orientation,
then we obtain 1. It follows from the Top Dimension-de Rham-Integration Proposition ??
that [dx ∧ dy] = [dx] ∧ [dy] is a non-trivial element in H2

dR(T ).
From the fact that H∗dR(T ) is a superalgebra we know that

[dx] ∧ [dy] = (−1)1·1 · [dy] ∧ [dx] = −[dy] ∧ [dx].

Since this wedge product is non-zero we see that (H∗dR(T ),∧) is a non-commutative ring.

This discovery of a ring structure on de Rham cohomology raises the question whether
one can also de�ne such a ring structure using singular cohomology and whether such a
ring structure exists on singular cohomology for more general spaces. We will answer these
questions in Chapter 113.
1454As always we identify TPR2 with R2.
1455Details are given in [Frie2016a, p. 248].
1456More precisely, we showed that there exists a unique 1-form dx on T such that for each point P ∈ R2

and v ∈ TPR2 we have dxP (v) = dxp(P )(p∗(v)). Of course the same statement also holds for dy.
1457This is clear for dx and dy viewed as di�erential 1-forms on R2. But the projection p : R2 → T = R2/Z2

is a local di�eomorphism. Since the di�erential commutes with smooth maps, see the Di�erentials-on-
Smooth Manifolds Proposition ?? (2), we also see that d(dx) = d(dy) = 0 on R2/Z2.
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Exercises for Chapter 118.

Exercise 118.1. Let H∗ be a smooth cohomology theory with Hn(?) = 0 for n ≥ 1. We
denote by f : S1 → S1 the map that is given by (x, y) 7→ (x,−y). Show, only using the ax-
ioms of a smooth cohomology theory, that f ∗ : H1(S1)→ H1(S1) is given by multiplication
by −1.

Exercise 118.2. Let M be a smooth manifold. Show that if A and B are subsets of M
such that A and B are compact, then A ∩B and A ∪B are also compact.

Exercise 118.3. We make the usual identi�cation π1(R2/Z2) = Z2. We consider the
homomorphism φ : Z2 = π1(R2/Z2)→ Z given by φ((1, 0)) = 6 and φ((0, 1)) = 4. Provide
an explicit map f : R2/Z2 → S1 such that f∗ = φ.

Exercise 118.4. LetM be a smooth manifold and let φ ∈ H1(M ;Z). Show that φYφ = 0.

Exercise 118.5. LetM be a smooth manifold and let A be a union of components of ∂M .
We de�ne

Ckdr(M,A) := {ϕ ∈ Ωk(M) | there exists a neighborhood U of A such that ϕ|U ≡ 0}.
(a) Show that the usual di�erential d : CkdR(M) → Ck+1

dR (M) restricts to a coboundary
map d : CkdR(M,A) → Ck+1

dR (M,A). We refer to resulting cohomology groups by
Hk

dR(M,A).
(b) Show that there exists a natural connecting homomorphism δ : Hk

dR(A)→ Hk+1
dR (X,A)

which gives rise to a long exact sequence

. . . // Hk
dR(M,A) // Hk

dR(M) // Hk
dR(A)

δ // Hk+1
dR (M,A) // . . .

(c) Show that there exists a natural isomorphism u : Hk(M,A)→ such that the following
diagram commutes:

. . . // Hk(M,A;R) //

u∼=
��

Hk(M ;R) //

u∼=
��

Hk(A;R)
δ //

u∼=
��

Hk+1(M,A;R) //

u∼=
��

. . .

. . . // Hk
dR(M,A) // Hk

dR(M) // Hk
dR(A)

δ // Hk+1
dR (M,A) // . . .

(d) Let ϕ ∈ H1(M,A;Z). Show that there exists a smooth map f : M → S1 that vanishes
on an open neighborhood of U and which has the property that the induced map
f∗ : H1(M,A;Z)→ H1(S1) = Z equals the given cohomology class ϕ ∈ H1(M,A;Z) =
Hom(H1(M,A;Z),Z).
Remark. This statement is the analogue of the Maps-to-S1 Proposition 118.13 (1).
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Poincaré Duality



119. The Topological Poincaré Duality Theorem

In Chapter 103 we stated and proved the Simplicial Poincaré Duality Theorem 103.4 and we
saw that it gives rise to the Poincaré Duality Theorem 103.5 for closed smooth manifolds.
As discussed on page 2268, that approach has its limitations. We will rectify this by proving
in this chapter the Poincaré Duality Theorem 119.1, which in particular has the advantage
that it also applies to topological manifolds.

119.1. The Poincaré Duality Theorem. The following theorem is by far the most im-
portant theorem regarding homology and cohomology groups of topological manifolds.

Theorem 119.1. (Poincaré Duality Theorem) Let M be a compact, non-empty n-di-
mensional topological manifold and let R be a commutative ring. We suppose that M is
R-oriented. We denote by [M ] ∈ Hn(M,∂M ;R) the R-fundamental class. Furthermore
suppose that we are given a decomposition ∂M = A ∪ B where A and B are compact
(n − 1)-dimensional submanifolds of ∂M such that A ∩ B = ∂A = ∂B. Then for each
k ∈ N0 the map1458 Hk(M,A;R)

∼=−→ Hn−k(M,B;R)
σ 7→ σ X [M ]

is an isomorphism.
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for all commutative rings R we have

Hk(M,A;R)
∼=−→ H2−k(M,B;R)

2-dimensional topological manifold M

We proceed as follows: in this section and the next section we discuss several special cases
and applications of the Poincaré Duality Theorem 119.1. In the �nal two sections of the
chapter we will then provide a rigorous, but arguably less intuitive proof, of the theorem.
In the coming chapters we will then use the Poincaré Duality Theorem 119.1 to prove many
more statements.
Notation. The isomorphism of the Poincaré Duality Theorem 119.1 is called the Poincaré
Duality isomorphism. We denote it and its inverse both by PDM , i.e. with the notation of
the Poincaré Duality Theorem 119.1 we have the isomorphism1459

PDM : Hk(M,A;R)
∼=−→ Hn−k(M,B;R)

σ 7→ σ X [M ]
together with the inverse

PDM : Hn−k(M,B;R)
∼=−→ Hk(M,A;R).

1458Recall that the Excisive Triad-Proposition 109.12 (5) implies that (M,A,B) is an excisive triad. In
particular, following the de�nition of the relative cap product on page 2557, we obtain a relative cap
product

Hk(M,A;R) × Hn(M,

=∂M︷ ︸︸ ︷
A ∪B;R)︸ ︷︷ ︸

contains [M ]

X−−→ Hn−k(X,B;R).

This shows that the map in the Poincaré Duality Theorem is in fact de�ned.
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The isomorphisms PDM thus allow us to go back and forth between homology and coho-
mology of an R-oriented topological manifold.
Remark. Let M be a compact n-dimensional topological manifold.
(1) the F2-Orientability Proposition 105.13 says that M is F2-orientable, i.e. the duality

statement holds with F2-coe�cients without any further assumptions on M .
(2) If M is in fact orientable, then it follows from Lemma 105.14 that M is R-orientable

for any commutative ring R. In particular the duality statement holds for any com-
mutative ring.

(3) The two most important instances of A and B are that we have either A = ∅ or
A = ∂M . Under the hypothesis of the Poincaré Duality Theorem 119.1 we then get
isomorphisms

Hk(M ;R)
∼=−→ Hn−k(M,∂M ;R)

σ 7→ σ X [M ]
and Hk(M,∂M ;R)

∼=−→ Hn−k(M ;R)
σ 7→ σ X [M ].

(4) For topological manifolds with non-empty boundary the Poincaré Duality Theorem
is sometimes also called the Poincaré-Lefschetz Duality Theorem.

Examples.
(1) Let P be a point in M and suppose that M is connected. As we pointed out

on page 2558, we have [M ]∗ X [M ] = [P ] ∈ H0(M ;Z). Therefore we obtain that
PDM([P ]) = [M ]∗.

(2) Earlier we had already performed several explicit calculations which can be viewed
as special case of the Poincaré Duality Theorem 119.1:
(a) On page 2555 we saw explicitly that for any surface Σ the map

−X [Σ] : H1(Σ;Z) → H1(Σ;Z)

is an isomorphism. On page 2555 we had obtained similar results for RP2 with
F2-coe�cients.

(b) On page 2559 we saw explicitly that for the annulus X = S1 × [0, 1] the map

−X [X] : H1(X;Z) → H1(X, ∂X;Z)

is an isomorphism.
(3) It is instructive to consider the case k = 0 of the Poincaré Duality Theorem 119.1.

We obtain for a compact connected non-empty n-dimensional topological manifold
that

Hn(M,∂M ;Z) ∼= H0(M ;Z) ∼= Z & Hn(M ;Z) ∼= H0(M,∂M ;Z) ∼=
{
Z, if ∂M=∅,
0, if ∂M 6=∅.↑ ↑

H0-Proposition 108.11 see the H0-Proposition 108.11 and page 2408

This calculation is consistent with the results from the Orientation-Top Homology
Theorem 106.1 and the Top-Homology Theorem 106.3.

We formulate our last example as a proposition.

1459When M is understood, then we drop it from the notation.
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Proposition 119.2. (Poincaré Duality-Products Proposition) LetM and N be two
compact oriented connected topological manifolds. Furthermore let x0 ∈M and y0 ∈ N .
(a) We denote by p : M ×N →M and q : M ×N → N the obvious projections.

(b) We denote by i : M
x 7→(x,y0)−−−−−→M×N and j : N

y 7→(x0,y)−−−−−→M×N the obvious inclusions.
(c) We equipM×N with the product orientation introduced in the Topological Product

Orientation Proposition 113.10.
(d) We work with the decomposition ∂(M ×N) = (∂M ×N) ∪ (M × ∂N).
(e) We write m = dim(M) and n = dim(N).

The following equalities hold:

PDM×N(i∗([M ])) = (−1)mn · q∗([N ]∗) ∈ Hm(M×N,M×∂N ;Z)
PDM×N(j∗([N ])) = p∗([M ]∗) ∈ Hn(M×N,M×∂N ;Z)

PDM×N(i∗([M ])) Y PDM×N(j∗([N ])) = [M ×N ]∗ ∈ Hm+n(M×N, ∂(M×N);Z).

Proof. By the Fundamental Class-Product Proposition 117.2 (2) we have

p∗([M ]∗) X [M ×N ] = i∗([M ]) and q∗([N ]∗) X [M ×N ] = (−1)mn · j∗([N ]).

The �rst two promised equalities follow from these two calculations and the de�nition of
the Poincaré Duality isomorphisms. The third equality is veri�ed in the following little
calculation: by the �rst two equalities

↓
PDM×N(i∗([M ]))YPDM×N(j∗([N ])) = (−1)mn · q∗([N ]∗) Y p∗([M ]∗)

= (−1)mn ·(−1)mn · p∗([M ]∗)Yq∗([N ]∗) = [M×N ]∗.
↑ ↑

by the Cup Product-Commutativity Proposition 115.3by the Fundamental Class-Product Proposition 117.2 (2)�

119.2. Consequences of the Poincaré Duality Theorem 119.1. In this section we
give several more or less immediate corollaries to the Poincaré Duality Theorem 119.1. If
we restrict ourselves to closed smooth manifolds, then the statements below can also be
deduced from the Poincaré Duality Theorem 103.5 that we proved in the last chapter.
We start out with the following proposition.
Proposition 119.3. Let M be a compact orientable n-dimensional topological manifold
and suppose that we are given a decomposition ∂M = A∪B where A and B are compact
(n− 1)-dimensional submanifolds of ∂M such that A ∩ B = ∂A = ∂B. For every k ∈ N0

there exists an isomorphism1460

Hn−k(M,A;Z) ∼= FHk(M,B;Z)⊕ Tor(Hk−1(M,B;Z)).
↑ ↑

given an abelian group G we denote by Tor(G) its torsion-subgroup
and we denote by FG := G/Tor(G) the maximal torsion-free quotient

Proof. We have the following isomorphisms

Poincaré Duality Theorem 119.1 Universal Coe�cient Theorem 110.12
↓ ↓

Hn−k(M,A;Z) ∼= Hk(M,B;Z) ∼= Hom(H1(M,B),Z)⊕ Ext(Hk−1(M,B;Z),Z)
∼= FHk(M,B;Z)⊕ Tor(Hk−1(M,B;Z)).
↑

follows from the Ext-Calculation Lemma 110.5 (5) and the fact that by Lemma 96.8 together with
Topological Manifolds-Invariants Proposition 104.14 (4) we know
that the homology groups Hi(M,B;Z) are �nitely generated abelian groups1460It is worth stressing that this isomorphism is not natural.
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�

Example. Let p, q ∈ N be coprime. In this example we consider the corresponding lens
space L(p, q) = S3/Zp as de�ned and discussed on page 1075. Note that L(p, q) is a closed
orientable 3-dimensional smooth manifold. In the Lens Space Homology Lemma 98.9 we
computed the following homology groups:

H3(L(p, q);Z) ∼= Z
H2(L(p, q);Z) ∼= 0
H1(L(p, q);Z) ∼= Zp
H0(L(p, q);Z) ∼= Z.

Fortunately this data is indeed consistent with Proposition 119.3.

The following straightforward corollary to the previous proposition gives in particular a new
proof to the Smooth Manifold-Top Homology Theorem 98.6 (2) and Proposition 106.22.

Corollary 119.4. Let M be a compact orientable n-dimensional topological manifold
and suppose that we are given a decomposition ∂M = A∪B where A and B are compact
(n−1)-dimensional submanifolds of ∂M such that A∩B = ∂A = ∂B. Then the homology
groups Hn−1(M,A;Z) and Hn−1(M,B;Z) are free abelian groups.

Proof. We have Proposition 119.3
↓

Hn−1(M,A;Z) ∼= FH1(M,B)︸ ︷︷ ︸
free abelian group

⊕ Ext(

free abelian group︷ ︸︸ ︷
H0(M,B) ,Z)︸ ︷︷ ︸

=0 by the Ext-Calculation Lemma 110.5 �

Let X be a topological space X and let n ∈ N0. Recall that on page 1882 we de�ned
the n-th Betti number of X as bn(X) := rank(Hn(X)). With this de�nition we have the
following immediate corollary to Proposition 119.3.

Corollary 119.5. (Betti Number Symmetry Corollary) LetM be a closed orientable
n-dimensional topological manifold. Given any k ∈ N0 we have bn−k(M) = bk(M).

Remark. Henri Poincaré [Poi1895, Poi2010, PGL1953, Chapter 9], formulated the
conclusion of the Betti Number Symmetry Corollary 119.5 in a distinctly more elegant
way: in his seminal paper �analysis situs�, published in 1895, he wrote

�[. . . ] pour une variété fermé les nombres de Betti
également distants des extrêmes sont égaux�.

In fact when Henri Poincaré �rst developed what became known as Poincaré Duality
he thought that for any closed orientable connected n-dimensional smooth manifold the
groups Hk(M ;Z) and Hn−k(M ;Z) are isomorphic. A Danish mathematician, Poul Hee-
gaard [Hee1898], pointed out to him that this is not true in general, for example as we
just saw, for the lens space L(p, q) we have by the Lens Space Homology Lemma 98.9 that
H1(L(p, q);Z) ∼= Zp but H2(L(p, q);Z) = 0. Shortly afterwards Henri Poincaré [Poi1900]
came up with the correct formulation of Poincaré Duality, namely the one given in Propo-
sition 119.3.

Next let us consider (co-) homology groups with �eld coe�cients. In this context we have
the following almost immediate consequence of the Poincaré Duality Theorem 119.1.
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Theorem 119.6. (Co-Homology Symmetry Theorem) Let M be a compact n-di-
mensional topological manifold and let k ∈ N0.
(1) We have1461

dimF2(Hk(M ;F2)) = dimF2(Hn−k(M,∂M ;F2))
and dimF2(Hk(M ;F2)) = dimF2(Hn−k(M,∂M ;F2)).

(2) If M is orientable, then for any �eld F we have

dimF(Hk(M ;F)) = dimF(Hn−k(M,∂M ;F))
and dimF(Hk(M ;F)) = dimF(Hn−k(M,∂M ;F)).

Remark. In the De Rham Cohomology Symmetry Corollary ?? we proved the analogous
statement in terms of dimensions of de Rham cohomology groups.

Proof. Let M be a compact n-dimensional topological manifold. We have

dimF2(Hk(M ;F2)) = dimF2(Hn−k(M,∂M ;F2)) = dimF2(Hom(Hn−k(M,∂M ;F2),F2))
↑ ↑

Theorem 119.1 Cohomology-Field Coe�cients Proposition 110.18

= dimF2(Hn−k(M,∂M ;F2)).
↑

since Propositions 104.14 (4) and 75.2 (3) and (4) together with Lemma 96.8
imply that Hn−k(M,∂M ;F2) is �nite-dimensional

The proofs of all other statements are basically the same. �

Example. We consider the real projective space RPn. On page 1930 we had determined
that

Hk(RPn;F2) ∼=
{

F2, if k = 0, . . . , n,
0, otherwise.

So the homology groups with F2-coe�cients are in particular symmetric, which is exactly
what the above Co-Homology Symmetry Theorem 119.6 with F2-coe�cients predicts.

Remark. Let M be a compact n-dimensional topological manifold and let F be a �eld.
In the Topological Manifolds-Invariants Proposition 104.14 (4) we had mentioned that all
homology groups Hk(M ;F) are �nite-dimensional. But this proof relied on the slightly
mysterious Topological Manifold-Simplicial Complex Retract Theorem 104.13. Now we
can give an alternative argument if M is closed and orientable. Indeed, we have

Cohomology-Field Coe�cients Proposition 110.18
↓ ↓

Hk(M ;F) ∼= Hn−k(M ;F) ∼= Hn−k(M ;F)∗ ∼= Hk(M ;F)∗ ∼= (Hk(M ;F)∗)∗.
↑ ↑

this follows from the Poincaré Duality Theorem 119.1

(Here, as always given an F-vector space V we denote by V ∗ = HomF(V,F) its dual vector
space.) But by [Jacb1953, p. 244-248] (see also [DF2004, Chapter 11.4]) a vector space
V is isomorphic to its double dual (V ∗)∗ if and only if the vector space is �nite-dimensional.

Using the Co-Homology Symmetry Theorem Theorem 119.6 we obtain the following pretty
proposition.

1461The statement implies of course that Hk(M ;F) and Hn−k(M,∂M ;F) are isomorphic. We prefer to
state the result in terms of dimensions to stress that the isomorphism is not natural.
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Proposition 119.7. (Odd-Dimensional Manifold-Euler Characteristic Proposi-
tion) For every compact odd-dimensional topological manifold M we have

χ(M) = 1
2χ(∂M).

In particular if M is closed, then χ(M) = 0.

Remark.

(1) In the Odd-Dimensional Manifold-Euler Characteristic Lemma 45.4 we showed that
the smooth Euler characteristic of a closed orientable odd-dimensional smooth man-
ifold is zero.

(2) In Corollary 140.5 we will use handle decompositions to give an alternative proof of
the Odd-Dimensional Manifold-Euler Characteristic Proposition 119.7 in the setting
of closed smooth manifolds.

Proof. Let M be a compact topological manifold of dimension 2n+ 1. Then

χ(M) =
2n+1∑
i=0

(−1)i ·dimF2(Hi(M ;F2)) =
2n+1∑
i=0

(−1)i ·dimF2(H2n+1−i(M,∂M ;F2))
↑ ↑

Manifold-χ-Proposition 104.36 (4) by the Co-Homology Symmetry Theorem 119.6

= −
2n+1∑
j=0

(−1)j ·dimF2(Hj(M,∂M ;F2)) = −χ(M,∂M) = −χ(M) + χ(∂M).
↑ ↑ ↑

follows from the substitution j = 2n+ 1− i Manifold-χ-Proposition 104.36 (4)
together with the fact that (−1)2n+1 = −1

Summarizing we have shown that χ(M) = −χ(M) + χ(∂M). The desired equality follows
from solving for χ(M). �

the Odd-Dimensional Manifold-Euler Characteristic Proposition 119.7 raises the following
question: what can we say about Euler characteristics of closed even-dimensional topolog-
ical manifolds. By the classi�cation of closed oriented connected 2-dimensional topological
manifolds, see the Surface Classi�cation Theorem 55.4, we know that the Euler character-
istic of such a topological manifold is even. In higher dimensions there is evidently much
more freedom for constructing topological manifolds.

Question 119.8. Let n ≥ 4 be even. Is every integer the Euler characteristic of a closed
orientable connected n-dimensional topological manifold?
Using the Odd-Dimensional Manifold-Euler Characteristic Proposition 119.7 we easily ob-
tain the following surprising (?) corollary.

Corollary 119.9.
(1) If M is a closed even-dimensional topological manifold that is homeomorphic to the

boundary of a compact topological manifold, then χ(M) is even.
(2) Let n be even. The topological manifolds RPn and CPn are not homeomorphic to

the boundary of a compact topological manifold.

Remark. In Exercise 119.5 we will study the question, whether the Klein bottle is homoe-
morphic to the boundary of a compact 3-dimensional topological manifold M . It follows
from the CW-structure on page 1471 that the Euler characteristic of the Klein bottle K is
zero, therefore Corollary 119.9 (1) does not obstruct the existence of such an M .
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Proof.

(1) Let M is a closed even-dimensional topological manifold that is homeomorphic to
the boundary of a compact topological manifold W . Since W is odd-dimensional we
obtain from the Odd-Dimensional Manifold-Euler Characteristic Proposition 119.7
that χ(M) = χ(∂W ) = 2 · χ(W ) ∈ 2 · Z.

(2) This statement follows from Statement (1) together with the fact, shown on page 1879,
that χ(RPn) = 1

2
(1 + (−1)n) and that χ(CPn) = n+ 1. �

Note that in the Non-Orientable Z2-Epimorphism Corollary 49.8 we showed that if N is a
non-orientable topological manifold, then π1(N) admits an epimorphism onto Z2.1462 It
follows from the Hurewicz Theorem 84.5 that there exists also an epimorphism H1(N ;Z)→
Z2. For closed 3-dimensional topological manifolds the following Lemma 119.10 is thus a
considerable strengthening of the Non-Orientable Z2-Epimorphism Corollary 49.8.

Lemma 119.10. Let M be a connected closed 3-dimensional topological manifold. If M
is non-orientable, then H1(M ;Z) is in�nite.

Proof. Let M be a connected closed 3-dimensional topological manifold. We have

Odd-Dimensional Manifold-Euler Characteristic Proposition 119.7
↓

0 = χ(M) =
∑
n∈N0

(−1)n · bn(M) = b0(M)− b1(M) + b2(M) = 1− b1(M) + b2(M).
↑ ↑ ↑
see page 2315 Theorems 106.1 and 106.3 by the H0-Proposition 72.5

This equality can only hold if b1(M) > 0, i.e. if H1(M ;Z) is in�nite. �

De�nition. Let f : M → N be a map between closed, oriented connected non-empty
n-dimensional topological manifolds. We consider the following diagram of maps:

Hk(M ;Z)

f∗

��

PDM // Hn−k(M ;Z)
X[M ]

oo

Hk(N ;Z)
PDN // Hn−k(N ;Z).
X[N ]

oo

f∗

OO

We refer to f ! : Hk(N ;Z) → Hk(M ;Z)
σ 7→ f ∗(PDN(σ)) X [M ]

as the Umkehr map of f .14631464

The following lemma shows that in some circumstances the Umkehr map is just the transfer
map that we introduced on page 1952.

1462If in the proof of the Non-Orientable Z2-Epimorphism Corollary 49.8 we replace the Orientation
Covering-Proposition 49.5 by the Orientation Covering-Proposition 105.15 we see that the statement also
holds for non-orientable topological manifolds.
1463This map is indeed called �Umkehr map� in English. The name stems from the fact that it is a map
on homology that �goes the wrong way�.
1464Wikipedia writes: �In category theory [. . . ] certain unusual functors are denoted f ! and f!, with the
exclamation mark used to indicate that they are exceptional in some way. They are thus accordingly
sometimes called shriek maps, with �shriek� being slang for an exclamation mark [. . . ].�
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Lemma 119.11. Let p : Ñ → N be a �nite cover of a closed, oriented, non-empty n-
dimensional topological manifold. If we equip Ñ with the orientation given by the Topo-
logical Manifold-Induced Orientation Lemma 105.17 (3), then for any k ∈ N0 the Umkehr
map p! : Hk(N ;Z)→ Hk(Ñ ;Z) equals the transfer map p∗.

Proof. We start our proof with the following claim.

Claim 1. Let r ≤ s. Given any singular simplex σ : ∆s → N and any cochain φ ∈ Cr(N ;Z)
we have p∗(φ) X p∗(σ) = p∗(φ X σ).

Proof. We write m = [Ñ : N ]. We denote by σ̃1, . . . , σ̃m the lifts of σ. Then

p∗(φ) X p∗(σ) = p∗(φ) X
m∑
i=1
σ̃i =

m∑
i=1
p∗(φ)(σ̃i ◦ [v0, . . . , vr]) · σ̃i ◦ [vr, . . . , vs]

=
m∑
i=1
φ((p∗ ◦ σ̃i) ◦ [v0, . . . , vr]) · σ̃i ◦ [vr, . . . , vs]

= p∗
(
φ(σ ◦ [v0, . . . , vr]) · σ ◦ [vr, . . . , vs]

)
= p∗(φ X σ)

↑
since p∗ ◦ σ̃i = σ and since σ̃i ◦ [v0, . . . , vr], i = 1, . . . ,m are the lifts of σ ◦ [v0, . . . , vr] �

Now we turn to the actual proof of the lemma. We pick an n-cycle τ that is a representative
for the fundamental class [N ] ∈ Hn(N ;Z) of N . By the Fundamental Class-Covering
Proposition 106.25 we know that p∗(τ) represents the fundamental class of Ñ . By de�nition
of the Umkehr map it su�ces to prove the following claim.

Claim 2. For any cocycle φ ∈ Cl(N ;Z) we have

f ∗(φ) X p∗(τ) = p∗(φ X τ).

Proof. This claim is an immediate consequence of the �rst claim. �

We continue with the following useful and typical application of the Poincaré Duality
Theorem 119.1.
Proposition 119.12. (Homotopy Sphere-Characterization Proposition) Let n ≥
2. Give a closed connected n-dimensional topological manifold X the following statements
are equivalent:
(1) X is bn

2
c-connected,

(2) X is (n− 1)-connected,
(3) π1(X) is trivial and Hi(X;Z) = 0 for i = 2, . . . , n− 1,
(4) π1(X) is trivial and Hi(X;Z) = 0 for i = 2, . . . , bn

2
c.

De�nition. A closed connected n-dimensional topological manifold M that satis�es any
of the four equivalent statements in Proposition ?? is called a homotopy n-sphere. If M
is actually a smooth manifold, then we refer to M as a smooth homotopy n-sphere.

Remark. In Corollaries 153.15 and Proposition ?? we will give alternative characteriza-
tions of homotopy spheres.

Proof. We have (1)⇒ (4) by the Hurewicz Corollary 85.7. We can easily show that (4)⇒
(3) by applying the Poincaré Duality Theorem 119.1 (here we use that X is orientable by
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the Non-Orientable Z2-Epimorphism Corollary 105.16) and the Universal Coe�cient The-
orem 110.12 for Cohomology Groups.1465 The conclusion (3) ⇒ (2) is again the Hurewicz
Corollary 85.7 and �nally (2) ⇒ (1) is trivial. �

Finally we want to study degree-one maps between topological manifolds. We recall that on
page 2379 we de�ned the degree of a map f : M → N between closed, oriented connected
non-empty n-dimensional topological manifolds to be the unique integer deg(f) ∈ Z with
f∗([M ]) = deg(f) · [N ]. We had obtained the following results:
(1) In the Degree Realization Proposition 38.13 we showed that for any closed oriented

non-empty n-dimensional topological manifoldM there exists a degree-one mapM →
Sn.1466

(2) In the Degree One-Epimorphism Proposition 101.8 we saw that if deg(f) = ±1, then
f∗ : π1(M)→ π1(N) is an epimorphism.

(3) In Lemma 117.5 we had used cup products to show that there does not exist a map
f : S4 → S2 × S2 of non-zero degree.

Now we add the following proposition to our list on results on the non-existence of degree-
one maps.

Proposition 119.13. (Umkehr Map Proposition) Let f : M → N be a map between
closed oriented non-empty n-dimensional topological manifolds. For every k ∈ N0 the
following statements hold:
(1) The map f∗ ◦ f ! is multiplication by deg(f).
(2) Suppose that f is a map of degree ±1.

(a) The map f ! : Hk(N ;Z)→ Hk(M ;Z) splits.
(b) The image f !(Hk(N ;Z)) is a subsummand of Hk(M ;Z), i.e. there exists a sub-

group Q of Hk(M ;Z) such that Hk(M ;Z) = f !(Hk(N ;Z))⊕Q.
(c) There exists an isomorphism Hk(M ;Z) ∼= Hk(N ;Z)⊕Q for some �nitely gener-

ated abelian group Q.

Proof. Let f : M → N be a between closed oriented non-empty n-dimensional topological
manifolds. We write d = deg(f). Let σ ∈ Hk(N ;Z). We have

(f∗ ◦ f !)(σ) = f∗
(
f ∗(PDN(σ)) X [M ]

)
= PDN(σ) X f∗([M ]) = d·PDN(σ) X [N ] = d·σ.

↑ ↑ ↑ ↑
de�nition of f ! Cap Product-Naturality by de�nition of d=deg(f) de�nition of PDN

Lemma 116.8

The second statement of the lemma follows from combining the �rst statement with the
Splitting Lemma 78.2. �

It follows from remark (2) above that there is no degree-one map from RP3 to S1 × S2. In
Question 101.11 we had asked whether there exists a degree-one map from S1×S2 to RP3.
Now we can give a negative answer.

Corollary 119.14. There is no degree-one map from S1 × S2 to RP3.

1465Note that the proof of (4) ⇒ (3) is almost identical to the proof of Lemma 148.1.
1466Basically the same proof, together with say the Orientation-Top Homology Theorem 106.1 (4) and an
excision argument, shows that the same statement also holds for topological manifolds. We leave it to the
reader to �ll in the details.
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Proof. The corollary follows immediately from the Umkehr Map Proposition 119.13 and
the observation that the group H1(RP3;Z) ∼= Z2 is not a subsummand of H1(S1×S2;Z) ∼=
Z. �

We conclude this long list of applications of the Poincaré Duality Theorem 119.1 with the
following result.

Corollary 119.15. Let n ∈ N≥2 and let M be a closed oriented connected n-dimensional
topological manifold. If there exists a degree one map f : Sn →M , then M is a homotopy
n-sphere.

Proof. Let f : Sn →M be a degree one map. Recall that by the Degree One-Epimorphism
Proposition 101.8 we know that f∗ : π1(Sn)→ π1(M) is an epimorphism. Thus we see that
M is simply connected. Furthermore it follows from the Umkehr Map Proposition 119.13
that for i = 2, . . . , n − 1 the homology group Hi(M ;Z) is isomorphic to a subgroup of
Hi(S

n;Z). Since the latter is zero we obtain from the Homotopy Sphere-Characterization
Proposition 119.12 that M is indeed a homotopy sphere. �

119.3. The proof of the Poincaré Duality Theorem 119.1 for topological man-
ifolds without boundary. In this section we will prove the Poincaré Duality Theo-
rem 119.1 for closed topological manifolds. More precisely, we will prove the following
theorem.
Theorem 119.16. Let M be a closed, non-empty n-dimensional topological manifold
and let R be a commutative ring. We suppose that M is R-oriented. We denote by
[M ] ∈ Hn(M ;R) the R-fundamental class. Then for each k ∈ N0 the map

PDM : Hk(M ;R)
∼=−→ Hn−k(M ;R)

σ 7→ σ X [M ]

is an isomorphism.
In order to simplify the notation a little bit we will work throughout the section with
R = Z. The proof for other commutative rings is verbatim the same.

The key idea is somewhat similar to the strategy of the proof of the Homology-Section
Theorem 106.10 . More precisely, using a Mayer�Vietoris argument and a limit argument
we want to reduce the proof eventually to the fairly trivial case of an open ball in Rn.
To carry out the above strategy we need a version of Poincaré Duality for every topological
manifold (not necessarily compact) with empty boundary. Formulating this generalized
Poincaré Duality Theorem requires some preparations. First we recall some de�nitions and
results from earlier on:

(1) Given a topological space X we denote by K(X) the set of all compact subsets of X.
Let k ∈ N0. By the Hn

c -via-Direct Limits Proposition 112.4 we have an identi�cation

lim−→
K∈K(X)

Hk(X,X \K) = Hk
c(X).

(2) Let M be an n-dimensional topological manifold with empty boundary. If M is
equipped with an orientation {µx}x∈M , then we saw in the Homology-Section The-
orem 106.10 (i) that given any compact subset K of M there exists a unique class
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µMK ∈ Hn(M,M \K) such that for any x ∈ K the image of µMK under the map

Hn(M,M \K) → Hn(M,M \ {x})
equals the given orientation µx at x. If M is understood, then we drop it from the
notation, i.e. we just write µK instead of µMK .

Lemma 119.17. Let M be an oriented n-dimensional topological manifold with empty
boundary.
(1) Let K Ă L Ă M be compact subsets. We denote by fKL : (M,M \L)→ (M,M \K)

the inclusion map of pairs.
(a) The map fKL∗ : Hn(M,M \ L)→ Hn(M,M \K) sends µL to µK .
(b) For any k ∈ N0 the following diagram commutes:

Hk(M,M \K) XµK
,,f∗KL

��
Hn−k(M).

Hk(M,M \ L)
XµL

22

(2) For any k ∈ N0 there exists a unique map

PDM : Hk
c(M) → Hn−k(M)

such that for each compact subset K Ă M the following diagram commutes1467

Hk(M,M \K)
XµK //

))

Hn−k(M).

Hk
c(M)

PDM

66

Proof. Let M be an oriented n-dimensional topological manifold with empty boundary.
(1) (a) This is precisely Corollary 106.12 (1).

(b) Let ϕ ∈ Hk(M,M \K). We see that

ϕ X µK = ϕ X fKL∗(µL) = f ∗KL(ϕ) X µL.
↑ ↑

part (1a) Cap Product-Naturality Lemma 116.8

But this means precisely that the diagram under consideration commutes.
(2) This statement follows immediately from (1b) and the universal property of the direct

limit. �

We will prove the following generalization of Theorem 119.16.1468 This more general version
of Poincaré Duality will not only be useful for the divide-et-impera approach to the proof
of Theorem 119.16, but it will also be of interest in its own right later on.

Theorem 119.18. (Non-Compact PD Theorem) LetM be an oriented n-dimensional
topological manifold with empty boundary. Then for each k ∈ N0 the map

PDM : Hk
c(M)

∼=−→ Hn−k(M)

1467Note that for a class ϕ ∈ Hk(M,M \K) and µK ∈ Hn(M,M \K) the cap product ϕXµK does indeed
lie in Hn−k(M).
1468Why is it a generalization of Theorem 119.16?
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from Lemma 119.17 is an isomorphism.

Example. LetM be an oriented connected, non-empty n-dimensional topological manifold
with empty boundary. Then

Hn(M ;Z) ∼= H0
c(M ;Z) ∼=

{
Z, if M is compact,
0, if M is non-compact.↑ ↑

the Non-Compact PD Theorem 119.18 see page 2480

This calculation is consistent with the results obtained in Theorems 106.1 and 106.3.

Remark.
(1) LetM be an oriented connected, non-empty n-dimensional topological manifold with

empty boundary. Following the convention introduced on page 2618 we denote the
inverse of the isomorphism PDM : Hk

c(M)
∼=−→ Hn−k(M) also by PDM .

(2) Given a possibly non-compact oriented topological manifold without boundary the
Non-Compact PD Theorem 119.18 allows us to relate singular homology to cohomol-
ogy with compact support. There is also a di�erent version of Poincaré Duality that
relates singular cohomology to a di�erent �avor of homology, namely Borel-Moore ho-
mology. We refer to [Greenb1967], [Bre1997, Chapter V.9] and [PS2008, p. 332]
for details.

As a warm up for the proof of the Non-Compact PD Theorem 119.18 we will deal with the
case M = Bn by hand.1469 More precisely, we will prove the following lemma.
Lemma 119.19. For each k ∈ N0 the map

PDBn : Hk
c(Bn)

∼=−→ Hn−k(B
n)

is an isomorphism.

Proof. Let k ∈ N0. Given any s ∈ (0, 1) we write B
n

s := {x ∈ Rn | ‖x‖ ≤ s} and we also
write Sn−1

s := ∂B
n

s . For the remainder of the proof we �x 0 < r < s < 1. We denote by
i : (B

n

s , S
n
s )→ (Bn, Bn \Bn

r ) the inclusion map of pairs.
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rBn

We consider the following diagram:

Hk
(
B
n

s , S
n
s

)
X[B

n
s ]

��

Hk
(
Bn, Bn \Bn

r

)i∗oo

XµBnr

��

// Hk
c(Bn)

PDBn

��

Hn−k
(
B
n

s

) i∗ // Hn−k(B
n)

id // Hn−k(B
n).

1469We use the convention that any n-dimensional submanifold of Rn is equipped with the orienta-
tion induced from the standard orientation of Rn, see the Topological Manifold-Induced Orientation
Lemma 105.17.
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The lemma is an immediate consequence of the following claim.
Claim.
(1) The diagram commutes,
(2) the left vertical map is an isomorphism, and
(3) all horizontal maps are isomorphisms.

Proof.

(1) The square on the right commutes by de�nition of PDBn . So it remains to show that
the square on the left commutes. Thus let ϕ ∈ Hk(Bn, Bn \Bn

r ). We have

i∗
(
i∗ϕ X [B

n

s ]
)

= ϕ X i∗([B
n

s ]) = ϕ X µBnr ∈ Hn−k(B
n).

↑ ↑
Cap Product-Naturality Lemma 116.8since the images of [B

n
s ] and µBnr

in Hn(Bn, Bn \ {0}) agree

(2) We consider the left vertical map of the diagram. Clearly both groups are zero for
k 6= n. Evidently a generator for Hn(B

n

s , S
n
s ) is given by the dual fundamental class

[B
n

s ]∗. Since B
n

s is path-connected we see, following the discussion on page 2558, that
[B

n

s ]∗ X [B
n

s ] = 〈[Bn

s ]∗, [B
n

s ]〉 = 1 ∈ H0(B
n

s ) = Z. In particular the left vertical map is
an isomorphism.

(3) It follows easily from Corollary 74.16 and the Homotopic Maps-H∗-Lemma 108.13
that the left horizontal maps are isomorphisms. It remains to show that the top
right horizontal map is an isomorphism. We consider the following commutative
diagram

Hk(Bn, Bn \Bn

r ) //

((

lim−→
K∈K(Bn)

Hk(Bn, Bn \K) = Hk
c(Bn).

lim−→
t∈(0,1)

Hk(Bn, Bn \Bn

t )

44

We make the following two observations:
(a) Every compact subset of Bn is contained in a closed ball B

n

t with t ∈ (0, 1).
Therefore it follows from the Limit-over-Subset Lemma 111.3 that the right di-
agonal map is an isomorphism.

(b) It follows easily from Lemmas 108.13 and 111.2 (4) that the left diagonal map is
an isomorphism.

These two observations together imply that the horizontal map is also an isomor-
phism. �

In the proof of the Non-Compact PD Theorem 119.18 we will need the following two
lemmas.
Lemma 119.20. (Compact Subset Decomposition Lemma) Let M be a topological
manifold and let U, V be open subsets such that M = U ∪ V . Then given any compact
subset C Ă M there exist compact subsets K Ă U and L Ă V such that C = K ∪ L.
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Proof. LetM be an n-dimensional topological manifold and let U, V be open subsets with
M = U∪V . Furthermore let C be a compact subset ofM . Using charts one can easily show
that given any point x ∈ C there exists a compact set Ax with the following properties:

(1) the point x lies in the interior of Ax,
(2) if x ∈ U then the set Ax is contained in U ,
(3) if x ∈ V then the set Ax is contained in V .

It follows from (1), the fact that the sets Ax cover all of C together with the hypothesis
that C is compact that there exist �nitely many y1, . . . , yr ∈ C with C Ă

◦
Ay1 ∪ · · · ∪

◦
Ayr .

One can now easily verify that K :=
⋃
yi∈U

(Ayi ∩C) and L :=
⋃

yi∈V
(Ayi ∩C) have the desired

properties. �

Lemma 119.21. (Fundamental Cycle Decomposition Lemma) LetM be a compact
oriented n-dimensional topological manifold and let U, V be open subsets of M such that
M = U ∪ V and let K Ă U and L Ă V be compact subsets. Then there exist singular
n-chains αU\L, αU∩V and αV \K in U \ L, U ∩ V and V \K such that the following three
equalities hold:

(a) µMK∪L = [αU\L + αU∩V + αV \K ] in Hn(M,M \ (K ∪ L))

(b) µU∩VK∩L = [αU∩V ] in Hn(U ∩ V, U ∩ V \ (K ∩ L))

(c) µUK = [αU\L + αU∩V ] in Hn(U,U \K).

L
VU K

αU\L αU∩V αV \K

Proof. We pick a representative α ∈ Cn(M) for µMK∪L. Note that the open sets U \L,U∩V
and V \K coverM . It follows from Lemmas 74.27 and 74.30 that there exist singular chains
αU\L, αU∩V and αV \K in U \ L, U ∩ V and V \ K such that α is homologous in Ck(M)
to αU\L + αU∩V + αV \K . The chains are in particular homologous in Ck(M,M \ (K ∪ L))
which implies that (a) holds.1470 Next note that we have

µMK∩L = image of µMK∪L = [αU\L + αU∩V + αV \K ] = [αU∩V ] ∈ Hn(M,M \ (K ∩ L)).
↑ ↑

Lemma 119.17 since αU\L, αV \K lie in Cn(M \ (K ∩ L))

1470Why is αU\L + αU∩V + αV \K a cycle in C∗(M,M \ (K ∪ L))?



2632

But αU∩V lies in U ∩ V , therefore it follows from Corollary 106.12 (2) that µU∩VK∩L = [αU∩V ]
in Hn(U ∩ V, U ∩ V \ (K ∩ L)). We have thus veri�ed (b).

Finally the proof of equality (c) is basically the same as the proof of equality (b). �

Throughout the remainder of this section we will make use of the following notation.

Notation. Let k ∈ N0 and let X be a topological space.
(1) Given any subset A of X we denote by i∗ : Hk(A)→ Hk(X) and i∗ : Hk(X)→ Hk(A)

the inclusion induced map.
(2) Suppose that X is Hausdor� and that U is an open subset of X. Then we denote

by i : Hk
c(U)→ Hk

c(X) the map de�ned by

Hk
c(U) = lim−→

K∈K(U)

Hk(U,U \K)
∼=←− lim−→
K∈K(U)

Hk(X,X\K)→ lim−→
K∈K(X)

Hk(X,X\K) = Hk
c(X).

We refer to Lemma 112.5 for the proof that these inclusion maps are covariantly
functorial with respect to compositions of inclusions.

We recall the following notation and convention:

Convention. Let X be a topological space, let A be a subset and let k ∈ N0. As on
page 2534 we make the identi�cation

Ck(X,A)
=−→ all homomorphisms Ck(X)→ Z that vanish on Ck(A).

Furthermore, given another subset B of X we write

Ck(X, {A,B}) := all homomorphisms Ck(X)→ Z that vanish on Ck(A) and on Ck(B).

If A and B are open subsets of X then we use the isomorphism

Hk(X,A ∪B)
∼=−→ Hk(X, {A,B})

from Lemma 115.1 to identify the two groups.
In the proof of the Non-Compact PD Theorem 119.18 we will also need the following
�inverted� Mayer�Vietoris Theorem, which is very similar to Theorem 78.7.

Theorem 119.22. (Inverted Mayer�Vietoris Theorem for Cohomology groups)
Let X be a topological space and let A and B be open subsets.
(1) For every n ∈ N0 and every cochain ϕ ∈ Cn(X,A ∪ B) there exist ϕA ∈ Cn(X,A)

and ϕB ∈ Cn(X,B) such that ϕA + ϕB = ϕ.
(2) For all n ∈ N0 there exists a unique homomorphism

δ : Hn(X,A ∩B) → Hn+1(X,A ∪B)

which has the following property: for every ϕA ∈ Cn(X,A) and ϕB ∈ Cn(X,B) such
that ϕA + ϕB is a cocycle in Cn(X,A ∩B) we have

δ([ϕA + ϕB]) = [δϕA] = −[δϕB] ∈ Hn+1(X, {A,B}) = Hn+1(X,A ∪B).

(3) The sequence

. . . → Hn(X,A ∪B)
i∗⊕−i∗−−−−→ Hn(X,A)⊕ Hn(X,B)

i∗⊕i∗−−−→ Hn(X,A ∩B)
δ−→ Hn+1(X,A ∪B) → . . .

is exact.



119. THE TOPOLOGICAL POINCARÉ DUALITY THEOREM 2633

Proof. We start out with the following two observations:
(1) It is straightforward to verify that the following sequence of cochain maps between

cochain complexes is exact:

0 → C∗(X, {A,B}) i∗⊕−i∗−−−−→ C∗(X,A)⊕ C∗(X,B)
i∗⊕i∗−−−→ C∗(X,A ∩B) → 0.

(2) Since the subsetsA andB are open we know from the Excisive Triad-Proposition 109.12
(4) that the triad (X,A,B) is excisive. Therefore it follows from Lemma 115.1 that
the obvious map C∗(X,A∪B)→ C∗(X, {A,B}) induces for every n ∈ N0 an isomor-
phism Hn(X,A ∪B)

∼=−→ Hn(X, {A,B}).
With these two observations it is straightforward to modify the proof of Theorem 78.5 to
obtain the theorem. We leave it to the reader to �ll in the details. �

The key to the proof of the Non-Compact PD Theorem 119.18 is the following proposition.
Proposition 119.23. Let M be an oriented n-dimensional topological manifold with
empty boundary that is the union of two open sets U and V . Then there exists a di-
agram

. . . // Hk
c(U ∩ V )

i⊕−i
//

PDU∩V
��

Hk
c(U)⊕ Hk

c(V )
i+i

//

PDU ⊕PDV
��

Hk
c(M) //

PDM
��

Hk+1
c (U ∩ V ) //

PDU∩V
��

. . .

. . . // Hn−k(U ∩ V )
i⊕−i

// Hn−k(U)⊕ Hn−k(V )
i+i
// Hn−k(M) // Hn−k−1(U ∩ V ) // . . .

with the following properties:
(1) the �rst two squares commute, the third square commutes up to the sign (−1)k+1,
(2) the lower exact sequence is the long exact Mayer�Vietoris sequence for M = U ∪ V ,
(3) the upper horizontal sequence is also exact.

Proof. Let M be an oriented n-dimensional topological manifold with empty boundary.
Throughout the proof, given any two subsets X Ă Y and i ∈ N0 we write as before
Hi(Y |X) := Hi(Y, Y \X). We note that if U is open and K Ă U is compact we obtain a
map −X µUK : Hk(U |K) → Hn−k(U).

Now let let U and V be open subsets with M = U ∪ V . Furthermore let K Ă U and
L Ă V be compact subsets. We consider the following diagram

... // Hk(M |K ∩ L)

∼=
��

// Hk(M |K)⊕Hk(M |L)

∼=
��

// Hk(M |K ∪ L)

XµMK∪L

��

δ // Hk+1(M |K ∩ L)

∼=
��

// ...

Hk(U∩V |K∩L)

XµU∩VK∩L
��

Hk(U |K)⊕ Hk(V |L)

XµUK ⊕XµVL
��

Hk+1(U∩V |K∩L)

XµU∩VK∩L
��

... // Hn−k(U ∩ V ) // Hn−k(U)⊕ Hn−k(V ) // Hn−k(M)
∂ // Hn−k−1(U ∩ V ) // ...

which we now explain in more detail:
(1) We write A = M \K and B = M \L. The upper horizontal sequence is the inverted

Mayer�Vietoris Sequence for cohomology groups from Theorem 119.22.
(2) The lower horizontal sequence is the Mayer-Vietoris sequence coming from Theo-

rem 78.5, corresponding to the decomposition M = U ∪ V .
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(3) The three vertical maps on the top are induced by inclusions of pairs of topologi-
cal spaces, they are isomorphisms by the Excision Theorem 109.1 for Cohomology
Groups.

The following is the key claim of the proof.
Claim. The �rst two rectangles commute and the third rectangle commutes up to the sign
(−1)k+1.

M = U ∪ V U V
LK

Before we prove the claim we show that it implies our lemma. For each group appearing
in the above diagram we take the direct limit over the directed set1471

K(U, V ) = {(K,L) | K compact subset of U and L compact subset of V }
and we consider the induced maps of direct limits that were introduced on page 1753. We
make the following remarks regarding this new diagram:
(1) Using the Co�nal-Isomorphism Lemma 111.4 one can show that the groups that we

obtain taking the direct limit over K(U, V ) are naturally isomorphic to the corre-
sponding cohomology groups with compact support. We carry out the argument for
two groups:

lim−→
(K,L)∈K(U,V )

Hk(U ∩ V |K ∩ L) = lim−→
C∈K(U∩V )

Hk(U ∩ V |C) = Hk
c(U ∩ V ).x

we apply the Co�nal-Isomorphism Lemma 111.4 to the
co�nal morphism of directed sets given by (K,L) 7→ K ∩ L

and
lim−→

(K,L)∈K(U,V )

Hk(M |K ∪ L) = lim−→
C∈K(M)

Hk(M |C) = Hk
c(M).x

we apply the Co�nal-Isomorphism Lemma 111.4 to the morphism of directed sets
given by (K,L) 7→ K ∪ L, this morphism is co�nal
by the Compact Subset Decomposition Lemma 119.20

All other cases are treated in a very similar fashion.
(2) By the functoriality of direct limits, and since the signs in the commutativity do not

depend on K and L, the new diagram also commutes (up to the same signs).
(3) Using (2) and the de�nition of the �PD-maps� in Lemma 119.17 one can easily verify

that the direct limit of the diagram does indeed give rise to the diagram speci�ed in
the statement of the lemma.

(4) the Direct Limit-Exactness Proposition 79.2 says that the direct limit of exact se-
quences is again exact.

All these remarks put together show that the direct limit of the above diagram gives rise
precisely to the diagram that we claimed exists and that all claimed statements are satis�ed.
This concludes the proof that the claim implies the lemma.
1471We view K(U, V ) as a directed set given by the relation (K,L) ≤ (K ′, L′) if K Ă K ′ and L Ă L′. It is
clear that each of the groups in the diagram forms a direct system with respect to this directed set.
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Proof. Now we turn to the actual proof of the claim. We show in three separate subclaims
that the three rectangles commute. The proof of the �rst two subclaims consists of a clever
usage of the Cap Product-Naturality Lemma 116.8. The proof of the third subclaim is
much more sophisticated since it relies on understanding the connecting homomorphisms
in the Mayer-Vietoris sequences in (co-) homology.

Subclaim 1. The �rst rectangle of the diagram on page 2633 commutes.
So we need to show that the following diagram commutes:

Hk(M,M \ (K∩L))

∼=
��

i⊕−i
//

i⊕−i

,,

Hk(M,M \K)⊕ Hk(M,M \ L)

∼=
��

Hk(U∩V, (U∩V ) \ (K∩L))

XµU∩VK∩L
��

Hk(U,U \K)⊕ Hk(V, V \ L)

XµUK ⊕XµVL
��

Hn−k(U ∩ V )
i⊕−i

// Hn−k(U)⊕ Hn−k(V ).

Evidently the triangle commutes. We note that the remaining pentagon breaks up into the
�direct sum� of two diagrams. By symmetry reasons it su�ces to consider the left-hand
summands. So let φ ∈ Hk(M,M \ (K ∩ L)). We consider the following diagram of maps
between pairs of topological spaces

(U ∩ V, (U ∩ V ) \ (K ∩ L))

f◦α
��

α // (U,U \ (K ∩ L))

ftt

(M,M \ (K ∩ L)) (U,U \K).
f◦β

oo

β

OO

With this notation we need to show that

α∗
(
(f ◦ α)∗(φ) X µU∩VK∩L

)
= (f ◦ β)∗(φ) X µUK .

But this is indeed the case, since

α∗
(
(f ◦ α)∗︸ ︷︷ ︸

=α∗◦f∗

(φ) X µU∩VK∩L
)

= f ∗(φ) X α∗(µ
U∩V
K∩L) = f ∗(φ) X µUK∩L

↑ ↑
Cap Product-Naturality Lemma 116.8 by Corollary 106.12 we have α∗(µU∩VK∩L) = µUK∩L

= β∗
(
(f ◦ β)∗(φ) X µUK

)
= (f ◦ β)∗(φ) X µUK

↑ ↑
same argument backwards since β is on the �rst coordinate the identity

with the roles of α and β exchanged

This concludes the proof of Subclaim 1.
Subclaim 2. The second rectangle of the diagram on page 2633 commutes.
The proof of that subclaim is very similar to the proof of the previous subclaim. Thus we
leave it to the reader to �ll in the details.
Subclaim 3. The third rectangle of the diagram on page 2633 commutes up to the sign
(−1)k+1.
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As a reminder, we need to show that the following diagram commutes up to the sign
(−1)k+1:

Hk(M,M \ (K∪L)

XµK∪L
��

δ // Hk+1(M,M \ (K∩L))
∼= // Hk+1(U∩V, (U∩V ) \ (K∩L))

XµK∩L
��

Hn−k(M)
∂ // Hn−k−1(U ∩ V ).

So let [ϕ] ∈ Hk(M,M \ (K∪L)) = Hk(M,A ∩ B). We start out with the following
preparations:
(1) By Theorem 119.22 (1) we can �nd ϕA ∈ Ck(M,A) and ϕB ∈ Ck(M,B) such that

ϕ = ϕA + ϕB.
(2) By the Fundamental Cycle Decomposition Lemma 119.21 there exist singular chains

αU\L, αU∩V and αV \K in U \ L, U ∩ V and V \ K such that the following three
equalities hold:

(2a) µK∪L = [αU\L + αU∩V + αV \K ] in Hn(M,M \ (K ∪ L))

(2b) µU∩VK∩L = [αU∩V ] in Hn(U ∩ V, (U ∩ V ) \ (K ∩ L))

(2c) µUK = [αU\L + αU∩V ] in Hn(U,U \K).

After these preparations we obtain the following equalities in Hn−k−1(U ∩ V ):1472

Theorem 119.22 and (2b)
↓

maps in the rectangle applied clockwise
to some [ϕ] ∈ Hk(M,M \ (K ∪ L))

= δ[ϕ] X µU∩VK∩L = [δϕA X αU∩V ]

= [ϕA X ∂αU∩V ] = [ϕA X ∂αU∩V − ϕA X ∂(αU∩V + αU\L)︸ ︷︷ ︸
=0

] = [−ϕA X ∂αU\L]x x
Lemma 116.1 note that (2c) implies that ∂(αU∩V + αU\L) is a singular chain in U \K,

but ϕA vanishes on singular chains in A = M \K

= [−ϕA X ∂αU\L − ϕB X ∂αU\L︸ ︷︷ ︸
=0

] = [−(ϕA + ϕB) X ∂αU\L] = [−ϕ X ∂αU\L]

↑ ↑
since ϕB vanishes on singular chains in B = M \ L since ϕ = ϕA + ϕB

= [(−1)k+1 · ∂(ϕ X αU\L)] = (−1)k+1 · ∂[(ϕ X αU\L)︸ ︷︷ ︸
∈Cn−k(U)

+ (ϕ X αU∩V + ϕ X αV \K)︸ ︷︷ ︸
∈Cn−k(V )

]x x
by Lemma 116.1 and by the de�nition of the connecting homomorphism ∂ in the
since δϕ = 0 Mayer�Vietoris sequence, see Theorem 78.5 (1)

= (−1)k+1 ·∂
(
[ϕ]XµMK∪L

)
= (−1)k+1 ·maps in the rectangle applied counterclockwise to [ϕ].

↑
by equality (2a)

This concludes the proof of Subclaim 3, thus of the claim and thus also of the lemma. �
Proposition 119.23 actually contains an interesting and useful statement which is worth
jotting down separately.

1472The maps δ and ∂ written in blue are the connecting homomorphisms in the Mayer�Vietoris sequences.
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Lemma 119.24. Let M be an oriented n-dimensional topological manifold with empty
boundary and let U be an open subset of M . We denote by i : U →M the inclusion. For
any k ∈ N0 the following two diagrams commute:

Hk
c(U)

i∗ //

PDU
��

Hk
c(M)

PDM
��

Hn−k(U)
i∗ // Hn−k(M)

and
Hk(U)

i∗ //

PDU
��

Hk(M)

PDM
��

Hn−k
c (U)

i∗ // Hn−k
c (M).

Proof. The statement that the diagram on the left commutes for any k is contained in
Proposition 119.23 (1). Since the maps PDU and PDM are isomorphisms the statement
that the diagram on the right commutes is just a reformulation of the fact that the diagrams
on the left commutes. �

Now we turn to the actual proof of the Non-Compact PD Theorem 119.18.

Proof of the Non-Compact PD Theorem 119.18. We �x a dimension n. Through-
out this proof by a �manifold� we mean an oriented n-dimensional topological manifold
without boundary. We say Poincaré Duality holds for a manifold M if for each k ∈ N0 the
map

PDM : Hk
c(M) → Hn−k(M)

from Lemma 119.17 is an isomorphism. Our goal is to show that Poincaré Duality holds
for all manifolds.

We start out with the following claim.

Claim 1. Let W be a manifold.
(A) If Poincaré Duality holds for W equipped with an orientation, then it also holds for

any other orientation of W .
(B) IfW is homeomorphic to a manifold for which Poincaré Duality holds, then Poincaré

Duality also holds for W .
(C) Suppose that W is the union of two open subsets U and V . If Poincaré Duality

holds for U , V and U ∩ V , then it also holds for W .
(D) If W is the union of a nested sequence U1 Ă U2 Ă . . . of open subsets such that

Poincaré Duality holds for each Ui, then it also holds for W .

Proof. So let W be a manifold.

(A) Clearly it su�ces to consider the case that W is path-connected. By Lemma 105.10
the path-oriented connected manifold W admits only one other orientation, namely
the reverse orientation. Evidently Poincaré Duality also holds for that orientation.

(B) If we have an orientation-preserving homeomorphism, then this statement is obvious.
For a non-orientation-preserving homeomorphism this statement follows from (A).

(C) If all maps PDU ,PDV and PDU∩V are isomorphisms, then it follows immediately from
Proposition 119.23 and the Five Lemma 74.10 that also each PDW is an isomorphism,
i.e. Poincaré Duality holds for W = U ∪ V .

(D) Let k ∈ N0. We suppose that for every i ∈ N the map PDUi : H
k
c(Ui) → Hn−k(Ui) is

an isomorphism. Using Lemmas 116.8 and 119.17 it is straightforward to verify that
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for any i ≤ j the following diagram commutes:

Hk
c(Ui)

PDUi //

��

Hn−k(Ui)

��

Hk
c(Uj)

PDUj
// Hn−k(Uj).

We obtain isomorphisms

Hk
c(W ) = lim−→Hk

c(Ui)
lim−→PDUi
−−−−−−−→ lim−→Hn−k(Ui) = Hn−k(W ).

↑ ↑ ↑
Exhaustion-H∗c -Proposition 112.6 isomorphism by our hypothesis Exhaustions-H∗-

and since the above diagram Proposition 79.4
commutes

We leave it to the reader to verify that the map from left to right is indeed given by
PDW . �

The following claim completes the proof of the theorem.
Claim 2.
(1) Poincaré Duality holds for every open bounded convex subset of Rn.
(2) For every m ∈ N Poincaré Duality holds for the union of m open bounded convex

subsets of Rn.
(3) Poincaré Duality holds for every open subset of Rn.
(4) For every m ∈ N Poincaré Duality holds for all manifolds that admit an atlas with

m charts.
(5) Poincaré Duality holds for all manifolds.
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(4) (5)(3)(2)(1)

Proof.

(1) Let M be an open bounded convex subset of Rn. By the Convex-to-Ball Proposi-
tion 2.20 (1) there exists a homeomorphism M → Bn. It follows from Lemma 119.19
and (B) that Poincaré Duality also holds for M .

(2) We prove the claim by induction on m. By (1) we know that the statement holds for
m = 1. Now suppose it holds for all unions of m − 1 open bounded convex subsets
of Rn. Let M be the union of m open bounded convex subsets U1, . . . , Um. We set
V = U1 ∪ · · · ∪ Um−1. By our hypothesis and by induction the statement holds for
Um, for V and also for V ∩ Um = (U1 ∩ Um) ∪ · · · ∪ (Um−1 ∩ Um), which is the union
of (m− 1) open bounded convex subsets.1473 Hence by (C) the statement also holds
for

M = V ∪ Um = (U1 ∪ · · · ∪ Um−1) ∪ Um.

1473Here we once again use the convenient fact that the intersection of two convex sets is convex.
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(3) Let M be an arbitrary open subset of Rn. By the Rational Open Balls Lemma 118.4
we can write M as the union of countably many open balls Bi, i ∈ N. For i ∈ N we
set Ui :=

⋃
j≤i
Bj. By (2) Poincaré Duality holds for each Ui ∈ N. But then it follows

from (D) that Poincaré Duality also holds for M .
(4) We prove this statement by induction on m. The case m = 1 is taken care of by (3)

and (B). Now suppose Poincaré Duality holds for all manifolds that admit an atlas
with m − 1 charts. Let M be a manifold that admits an atlas {φi : Ui → Vi}i=1,...,m

with m charts. We write U = U1 ∪ · · · ∪ Um−1 and V = Um. Both are open
subsets of a manifold, hence they are also manifolds. Furthermore U and V are
manifolds that admit an atlas with m − 1 charts respectively one chart. Similarly
U ∩ V = (U1 ∩ Um) ∪ · · · ∪ (Um−1 ∩ Um) is a manifold that admits an atlas with
m − 1 charts. By induction Poincaré Duality holds for U , V and U ∩ V . Thus by
(C) Poincaré Duality also holds for M itself.

(5) Finally letM be any manifold. By the Countable Covering Lemma 9.2 we know that
M admits a countable atlas {Φj : Uj → Vj}j∈N. For i ∈ N we set Xi :=

⋃
j≤i
Uj. By (4)

Poincaré Duality holds for each Xi. It follows from (D) that Poincaré Duality also
holds for M . �

119.4. The proof of Poincaré Duality for topological manifolds with boundary.
Now we will �nally prove the general statement of the Poincaré Duality Theorem 119.1.
For the reader's convenience we recall the statement.
Theorem 119.1. (Poincaré Duality Theorem) LetM be a compact, non-empty n-di-
mensional topological manifold and let R be a commutative ring. We suppose that M is
R-oriented. We denote by [M ] ∈ Hn(M,∂M ;R) the R-fundamental class. Furthermore
suppose that we are given a decomposition ∂M = A ∪ B where A and B are compact
(n − 1)-dimensional submanifolds of ∂M such that A ∩ B = ∂A = ∂B. Then for each
k ∈ N0 the map

Hk(M,A;R)
∼=−→ Hn−k(M,B;R)

σ 7→ σ X [M ]

is an isomorphism.

Proof of Theorem 119.1 for A = ∂M and B = ∅. In this proof we consider the case
that A = ∂M and B = ∅. To simplify the notation we will once again only consider the
case that R = Z. The proof of the general case is basically the same. We introduce the
following objects:

(i) From the Topological Collar Neighborhood Theorem 75.5 we obtain a collar neigh-
borhood [−1, 0]× ∂M of ∂M = {0} ×M . We refer to it as the �internal collar�.

(ii) We de�ne

W := M ∪ ([0, 1)× ∂M)/∼ with x ∼ (x, 0) for every x ∈ ∂M.

Sometimes [0, 1) × ∂M is called an external collar of M . Furthermore, given any
t ∈ [−1, 1) we write

Kt := (M \ ([−1, 0]× ∂M)) ∪ ([−1, t]× ∂M)/∼ .
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(iii) We denote by i : X → W the obvious map. By the Topological Pushout-Maps
Lemma 5.34 (3) and (4) this map is a closed embedding. We will use this to view
X as a closed subset of W . Note that it follows easily from the Homotopy Pushout
Lemma 14.9 that X = i(X) is a deformation retract of W .

(iv) We denote by i : (X, ∂X)→ (W,W \K−1) the inclusion map.
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external collar [0, 1)× ∂Minternal collar [−1, 0]× ∂MM

K−1
W = M ∪ ([0, 1)× ∂M)

By elementary arguments and using the Topological Manifold Boundary Proposition 75.2
(1) one can easily show the following statements:

(A) W is an n-dimensional topological manifold with empty boundary.
(B) W admits an orientation such that M is a submanifold and such that M → W is

orientation-preserving.
(C) Every Kt is a compact subset of W and given any compact subset K of W there

exists a t ∈ [−1, 1) with K Ă Kt.

We denote by i : (M,∂M) → (W,W \ K−1) the obvious inclusion map. We obtain the
following diagram:

Hk(M,∂M)

X[M ]
��

Hk(W,W \K−1)
i∗oo

XµKt
��

// Hk
c(W )

PDW
��

Hn−k(M)
i∗ // Hn−k(W )

id // Hn−k(W ).

It remains to prove the following claim which resembles closely the claim in the proof of
Lemma 119.19.
Claim. The following three statements hold:
(1) the diagram commutes,
(2) the right vertical map is an isomorphism, and
(3) all horizontal maps are isomorphisms.

Proof.

(1) The right-hand square commutes by de�nition of PDW . Using (B) we can apply
the same argument as in the proof of the claim in Lemma 119.19 to show that the
left-hand square commutes.

(2) the Non-Compact PD Theorem 119.18 implies that the right vertical map is an
isomorphism.

(3) It follows easily from the discussion in (iii) together with Corollary 74.16 and the
Homotopic Maps-H∗-Lemma 108.13 that the left horizontal maps are isomorphisms.
Note that the bottom right horizontal map is the identity. Thus it remains to
show that the top right horizontal map is an isomorphism. Similar to the proof
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of Lemma 119.19 we consider the following commutative diagram

Hk(W,W \K−1) //

((

lim−→
K∈K(W )

Hk(W,W \K) = Hk
c(W ).

lim−→
t∈[−1,1)

Hk(W,W \Kt)

44

We make the following two observations:
(a) By (C) every compact subset of W is contained in some Kt. Therefore it fol-

lows from the Limit-over-Subset Lemma 111.3 that the right diagonal map is an
isomorphism.

(b) It follows easily from Lemmas 108.13 and 111.2 (4) that the left diagonal map is
an isomorphism.

These two observations together imply that the horizontal map is also an isomor-
phism.

This concludes the proof of the claim and it concludes the proof of the Poincaré Duality
Theorem 119.1 in the special case that A = ∂M and B = ∅. �

Proof of Theorem 119.1 for the general case. Now we �nally consider the general
case of Theorem 119.1. So we suppose that we are given a decomposition ∂M = A ∪ B
where A and B are compact (n − 1)-dimensional submanifolds of ∂M such that A ∩ B =
∂A = ∂B. We recall that by the Excisive Triad-Proposition 109.12 (5) we know that the
triad (M,A,B) is excisive. In this proof, once again we simplify the notation and we only
work with Z-coe�cients.
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We equip ∂M and then also B with the orientations coming from the Topological
Manifold-Boundary Orientation Proposition 105.19 and the Topological Manifold-Induced
Orientation Lemma 105.17. We consider the following diagram

. . . // Hk(M,∂M)

−X[M ]∼=

��

// Hk(M,A)

−X[M ]

��

// Hk(∂M,A)
∼= i∗

��

δ // Hk+1(M,∂M)

−X[M ]∼=

��

//// . . .

Hk(B, ∂B)

−X[B]∼=
��

. . . // Hn−k(M) // Hn−k(M,B)
∂ // Hn−k−1(B) // Hn−k−1(M) // . . .

We make the following observations:
(1) The top horizontal sequence is the long exact sequence in cohomology of the triple

(M,∂M,A) provided by the Cohomological LES-Lemma 108.15.
(2) The bottom horizontal sequence is the long exact sequence in homology of the pair

(M,B) provided by the Topological LES-Corollary 74.14.
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(3) The above vertical map i∗ : Hk(∂M,A) → Hk(B, ∂B) is induced by the inclusion
i : (B, ∂B)→ (∂M,A). It is an isomorphism by the Excisive Triad-Proposition 109.12
(5) together with the Excisive Characterization Lemma 109.13 (3).

(4) The other maps decorated with �∼=� are isomorphisms by the special case of the
Poincaré Duality Theorem 119.1 that we have already dealt with.

By the Five Lemma 74.10 it remains to prove the following claim.
Claim. The above diagram commutes up to signs, more precisely:
(1) the �rst rectangle commutes,
(2) the second rectangle commutes up to the sign (−1)k,
(3) the third rectangle commutes.

Proof. We consider the three rectangles separately.

(1) We consider the following diagram:

Hk(M,∂M)× Hn(M,∂M)
X //

=
��

Hn−k(M)

��

Hk(M,∂M)× Hn(M,∂M)
X //

��

=

OO

Hn−k(M,B)

Hk(M,A)× Hn(M,∂M)
X //

=

OO

Hn−k(M,B).

=

OO

We can convince ourselves that the diagram commutes by applying the Cap Product-
Naturality Lemma 116.8 to the maps (M,∂M,∅) → (M,∂M,B) and (M,A,B) →
(M,∂M,B) of excisive triads. It follows easily from this observation that the �rst
rectangle of the claim commutes.

Before we continue with the discussion of the other two rectangles we need to make one
remark. We denote by j : (B, ∂B) → (∂M,A) the inclusion map and we denote by
∂ : Hn(M,∂M)→ Hn−1(∂M,A) the connecting homomorphism in the long exact sequence
of the triple (M,∂M,A). It follows from the Fundamental Class-of-Boundary Proposi-
tion 106.27 (1), the Codimension Zero-Fundamental Class Lemma 106.24 and the remark
on page 1629 that the following equality holds

(∗) j∗([B]) = ∂[M ] ∈ Hn−1(∂M,A).

Now we continue with the proof of the claim.

(2) We apply the Cap Product-Connecting Homomorphism Lemma 116.10 (2) to the
excisive triad (M,A,B). (Recall that A ∪ B = ∂M and A ∩ B = ∂B.) We obtain
that for any k ∈ N0 the following diagram commutes up to the sign (−1)k:

Hk(M,A)× Hn(M,∂M)
X //

i∗
��

∂
��

Hn−k(M,B)

∂

��

Hk(∂M,A)× Hn−1(∂M,A)
∼=j∗

��
∼=(j∗)−1

��

Hk(B, ∂B)× Hn−1(B, ∂B)
X // Hn−k−1(B).
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Together with (∗) we obtain that the second rectangle of the claim does indeed
commute up to the sign (−1)k.

(3) We consider the following diagram:

Hk(B, ∂B)× Hn−1(B, ∂B)
X //

i∗
��

Hn−k−1(B)
i∗
��

Hk(∂M,A)× Hn−1(∂M,A)
X //

δ
��

i∗
OO

Hn−k−1(∂M)
i∗
��

Hk+1(M,∂M)× Hn(M,∂M)
X //

∂

OO

Hn−k−1(M).

The upper part of this diagram commutes by the Cap Product-Naturality Lemma 116.8
applied to the map (B, ∂B,∅)→ (∂M,A,∅) between excisive triads. The lower part
commutes by the Cap Product-Connecting Homomorphism Lemma 116.10 (1) ap-
plied to the triple (M,∂M,A). This discussion, together with (∗), implies that the
third rectangle of the diagram in the claim commutes.

This concludes the proof of the claim and thus also of the Poincaré Duality Theorem 119.1.
�

Remark. It follows from the Poincaré Duality Theorem 119.1 and Corollary 114.12 that if
X is a topological space that is homotopy equivalent to a closed orientable n-dimensional
topological manifold, then there exists a φ ∈ Hn(X;Z) such that for any k ∈ N0 the map

−X φ : Hk(X;Z) → Hn−k(X;Z)

is an isomorphism. One can ask to what degree the converse holds. Namely, if say a CW-
complex X admits such a φ, is X homotopy equivalent to a closed orientable topological
manifold? We will discuss this question on page ??.

We conclude this section with two propositions that relate Poincaré Duality on a manifold
to Poincaré Duality on its boundary.

Proposition 119.25. Let M be a compact n-dimensional topological manifold with non-
empty boundary. Let R be a commutative ring. We suppose that M is R-oriented.
We equip the boundary ∂M with the R-orientation given by the Topological Manifold-
Boundary Orientation Proposition 105.19. As usual we denote by [M ] ∈ Hn(M,∂M ;R)
and [∂M ] ∈ Hn−1(∂M ;R) the corresponding R-fundamental classes. We consider the
following diagram:

. . . // Hk(M,∂M ;R)
∼= −X[M ]
��

// Hk(M ;R)
∼= −X[M ]
��

// Hk(∂M ;R)
∼= −X[∂M ]
��

δ // Hk+1(M,∂M ;R)
∼= −X[M ]
��

//// . . .

. . . // Hn−k(M ;R) // Hn−k(M,∂M ;R) // Hn−k−1(∂M ;R) // Hn−k−1(M ;R)
∂ // . . .

where the horizontal sequences are the long exact sequences in (co-) homology of the pair
(M,∂M). (Note that the vertical maps are isomorphisms by Theorem 119.1.) The �rst
and the third square commute, furthermore the second square commutes up to the sign
(−1)k.
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Proof. We had implicitly proved the proposition in the above proof of the Poincaré Duality
Theorem 119.1 applied to the special case that A = ∅ and B = ∂M . �

Finally we have the following proposition.

Proposition 119.26. Let M be a compact, non-empty n-dimensional topological mani-
fold and let R be a commutative ring. We suppose that M is R-oriented. We denote by
[M ] ∈ Hn(M,∂M ;R) the R-fundamental class. Furthermore suppose that we are given a
decomposition ∂M = A∪B where A and B are compact (n−1)-dimensional submanifolds
of ∂M such that A ∩B = ∂A = ∂B. We consider the following two diagrams:

Hk(M,A;R)

PDM
��

∂ // Hk(A;R)

PDA
��

Hn−k(M,B;R)
w∗ // Hn+1−k(A, ∂A;R)

and
Hk(A, ∂A;R)

PDA
��

w∗ // Hk(M,B;R)

PDM
��

Hn−k(A;R)
δ // Hn+1−k(M,A;R).

The �rst diagram commutes up to multiplication by (−1)k whereas the second commutes
as it is.

Proof. We already showed on page 2642 that the �rst diagram commutes up to multipli-
cation by (−1)k. The fact that the second diagram commutes is a fairly straightforward
consequence of the Cap Product-Connecting Homomorphism Lemma 116.10. We leave it
to the reader to �ll in the details. �

Exercises for Chapter 119.

Exercise 119.1. Let M be a closed 0-connected n-dimensional topological manifold. We
suppose there exists an (n + 1)-dimensional topological manifold N such that for every
i ∈ {1, . . . , n} we have H̃i(N) ∼= Hi−1(M). Show that M is a homology n-sphere, i.e. show
that Hi(M) ∼= Hi(S

n) for all i ∈ N0.
Remark. In view of the Suspension-H∗-Proposition 76.7 this exercise can be viewed as a
variation on Exercise 76.8.

Exercise 119.2. LetM andN be two closed orientable connected non-empty 3-dimensional
topological manifolds such that π1(M) is isomorphic to π1(N). Show that for all i ∈ N0

there exists an isomorphism Hi(M ;Z) ∼= Hi(N ;Z).
Remark. This exercise is almost identical to Exercise 103.4.

Exercise 119.3.

(a) Let M be an n-dimensional closed orientable connected topological manifold such
that π1(M) is isomorphic to the permutation group S5. What can you say about
Hn−1(M ;Z)? Does the answer depend on whether or not M has boundary?

(b) Let M be a non-compact orientable topological manifold. Show that the group
Hn−1(M,∂M ;F2) is non-zero.
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Exercise 119.4. Let p : Ñ → N be a �nite covering of a closed, oriented n-dimensional
topological manifold. We equip Ñ with the orientation given by the Topological Manifold-
Induced Orientation Lemma 105.17
(a) Let r ≤ s. Show that given any singular simplex σ : ∆s → N and any cochain

φ ∈ Cr(N ;Z) we have

p∗(φ) X p∗(σ) = p∗(φ X σ).

Here p∗ for homology classes denotes the transfer map.
(b) Show that for any k ∈ N0 the Umkehr map p! : Hk(N ;Z) → Hk(Ñ ;Z) equals the

transfer map p∗.
Hint. the Fundamental Class-Covering Proposition 106.25 might be useful.

Exercise 119.5. Is the Klein bottle the boundary of a compact 3-dimensional topological
manifold?

Exercise 119.6.
(a) Let M be a topological manifold and let U, V be open subsets such that M = U ∪V .

Show that given any compact subset C Ă M there exist compact subsets K Ă U and
L Ă V such that C = K ∪ L.

(b) Does statement (a) hold for any topological space?

Exercise 119.7. Let M be a closed connected 4-dimensional topological manifold that is
simply connected and with χ(M) = 2. What can you say about the homeomorphism type
of M?

Exercise 119.8.
(a) Let W be a closed orientable connected 4-dimensional topological manifold with

χ(W ) = −3. Show that W admits a �nite connected covering W̃ with χ(W̃ ) < −27.
(b) Is the hypothesis in (a) that W is orientable necessary?

Remark. This exercise is almost identical to Exercise 103.5.

Exercise 119.9. Let M be a closed 4-dimensional topological manifold.
(a) Show that if M is simply connected, then there exist at most �nitely many isomor-

phism classes of �nite groups which can act discretely on M .
(b) Is the hypothesis in (a) that M is simply connected necessary?

Exercise 119.10. LetM be a compact orientable 4-dimensional topological manifold with
∂M = A t B where A and B are two connected 3-dimensional topological manifolds
with H1(A;Z) �nite. We suppose that the inclusion induced map H1(A;Z) → H1(M ;Z)
is an epimorphism. Show that the inclusion induced map H1(B;Z) → H1(M ;Z) is a
monomorphism.

Exercise 119.11. Let M be a closed orientable connected odd-dimensional topological
manifold and let f : M → M be a map such that the induced map f∗ : Hn(M) → Hn(M)
is an isomorphism. Show that the Lefschetz number

Λ(ϕ) =
∑
n∈N0

(−1)n · tr(ϕ∗ : Hn(M)→ Hn(M)),
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equals zero.
Remark. This exercise is almost identical to Exercise 103.6.

Exercise 119.12. Let M be a closed oriented connected n-dimensional topological mani-
fold. Furthermore let i ∈ {0, . . . , n} and let v1, . . . , vm be a basis of FHi(M ;Z). Show that
there exists a basis ṽ1, . . . , ṽm of FHn−i(M ;Z) such that for any k, l ∈ {1, . . . ,m} we have
〈vk Y ṽl, [M ]〉 = δkl.

Exercise 119.13. Let M be a compact oriented connected n-dimensional topological
manifold. We say M is an n-dimensional homotopy ball if πi(M) = 0 for i ≥ 1 and
if π1(∂M) = {e}. Show that if M is an n-dimensional homotopy ball, then ∂M is an
homotopy (n− 1)-sphere, as de�ned in Exercise 119.13.

Exercise 119.14. Let n ∈ N≥2 and let M be a compact oriented connected n-dimensional
topological manifold. Suppose that there exists a degree one map f : (B

n
, Sn−1)→ (M,∂M).

Show that M is an n-dimensional homotopy ball.

Exercise 119.15. LetM be a compact oriented connected n-dimensional topological man-
ifold. Let Y be a boundary component of M which is homeomorphic to Sn−1. Show that
either [Y ] 6= 0 ∈ πn−1(M) or M is a homotopy ball, as de�ned in Exercise 119.13.
Hint. Show that if [Y ] = 0, then there exists a degree one map (B

n
, Sn−1)→ (M,Y ). Now

use Exercise 119.14.

Exercise 119.16. Let f : M → N be a homeomorphism between two compact oriented
connected n-dimensional topological manifolds and let A,B be two compact (n − 1)-
dimensional submanifolds of ∂M with A ∪ B = ∂M , A ∩ B = ∂A = ∂B. Show that
for any σ ∈ Hk(M,A) we have

f ∗(PDN(f∗(σ)) =

{
PDM(σ), if σ is orientation-preserving,
−PDM(σ), if σ is orientation-reversing.

Remark. This exercise consists mostly of collecting fairly standard facts.

Exercise 119.17. Let M be an oriented connected non-empty n-dimensional topological

manifold. As in Exercise 106.5 we consider the group
←
Hn(M ;Z) := lim

←−
Hn(M,M \K;G).

In Exercise 106.7 we showed that
←
Hn(M ;Z) is isomorphic to Z and we showed that there

exists a natural generator [M ]. Let k ∈ N0.

(a) Let X : Hn−k
c (M ;Z) ×

←
Hn(M ;Z) → Hk(M ;Z) be the natural cap product that we

introduced in Exercise 116.4. Show that the map Hn−k
c (M ;Z)→ Hk(M ;Z) given by

capping with [M ] de�nes an isomorphism.
Remark. Use Lemma 119.17.

(b) Now let f : M → N be a proper map between two connected orientable non-empty
n-dimensional topological manifolds. Since f is proper we obtain by Exercise 106.5

an induced map f∗ :
←
Hk(M ;Z) →

←
Hk(N ;Z). We de�ne deg(f) ∈ Z via the equality

f∗([M ]) = deg(f) · [N ]. Furthermore, using (a), we can de�ne the Umkehr map

f ! :
←
Hk(N ;Z) →

←
Hk(M ;Z). Show that the map f ! ◦ f∗ : Hk(M ;Z) → Hk(M ;Z) is

given by multiplication by deg(f).
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Remark. The goal of this exercise is to generalize the ideas and concepts behind the Umkehr
Map Proposition 119.13 to the setting of non-compact topological manifolds.

Exercise 119.18. Recall that given a topological space X we de�ned on page 2547 its cup
length cl(X) ∈ N0 ∪ {∞} as follows:

cl(X) := max
{
n ∈ N0

∣∣∣ there exists a commutative ring R and R-cohomology
classes x1, . . . , xn in degrees ≥ 1 with x1 Y · · ·Y xn 6= 0

}
.

Let M and N be two closed oriented connected n-dimensional topological manifolds. Show
that if there exists a map f : M → N of degree one, then cl(M) ≥ cl(N).
Remark. At least in spirit this exercise is related to the Rudyak Conjecture 115.16.

Exercise 119.19. LetM be a closed simply connected 4-dimensional topological manifold.
Show that H1(M ;Z) = 0, H3(M ;Z) = 0 and show that H2(M ;Z) is torsion-free.

Exercise 119.20. Let X and Y be compact oriented connected non-empty n-dimensional
topological manifolds and let f : X → Y be a map of degree one. Does it follow that the
following diagram commutes:

Hk(X;Z)
f∗

//

PDX ∼=
��

Hk(Y ;Z)

PDY∼=
��

Hn−k(X;Z) Hn−k(Y ;Z) ?
f∗

oo

Exercise 119.21. Let M be a compact orientable n-dimensional topological manifold.
Determine the homology groups of the double DM in terms of the homology groups of M .
Remark. It is tempting to use Mayer�Vietoris sequences, but this will most likely not lead
very far. At some stage in the calculation it will be helpful to use the Poincaré Duality
Theorem 119.1.

Exercise 119.22. LetM be a compact orientable 3-dimensional topological manifold such
that H1(M ;Z) is torsion-free. We denote by i : ∂M → M the inclusion. Show that there
exists a subgroup G of H1(M ;Z) such that H1(M ;Z) = i∗(H1(∂M ;Z))⊕G.
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120. Poincaré Duality and codimension-zero submanifolds

In this short chapter we will study the interplay between Poincaré Duality on a given
compact topological manifold M and on a given codimension-zero submanifold W of M .
Later on, in the applications of this chapter's results, we will also deal with submanifolds
with corner, so we will use this opportunity to �nally introduce the notion of a submanifold
with corner. The results and concepts of this chapter we will be used on several occasions.
Nonetheless it is safe to skip this chapter and to move on to the next, signi�cantly more
entertaining, chapter.

120.1. Submanifolds with corner. Recall that on page 524 we de�ned what it means for
a subset W of a manifold M to be a submanifold, namely it means that given any P ∈ W
there is a chart for M of one of the three types (α), (β) and (γ) that are de�ned properly
on page 524 and that are sketched in the �gure below.
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Now we introduce the more general notion of a submanifold with corner.

De�nition. Let M be an n-dimensional topological manifold. We say a subset W Ă M
is a k-dimensional submanifold with corner1474 if for every P ∈ W there exists a chart of
the type (α), (β) and (γ) from page 524 or if

(δ) there exists a chart Φ: U → V of type (ii)1475 for M such that

Φ(U ∩W ) Ă {(0, . . . , 0, x1, . . . , xk) |x1, . . . , xk ∈ R with xk−1 ≥ 0 and xk ≥ 0}
and with Φ(P ) ∈ {(0, . . . , 0, x1, . . . , xk−2, 0, 0) |x1, . . . , xk−2 ∈ R}.

If M is an n-dimensional smooth manifold, then we demand that the charts come from
the maximal smooth atlas. We refer to the set of points in W that admit a chart of type
(δ) as the corner set of W and we denote it by ∂cW .
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corner lies in ∂cW xk−1

xkM

∂M

chart of type (ii) of M
W

Remark. Throughout these lecture notes we will only consider submanifolds with corner
of codimension zero. But the concept can of course also play a role for other codimensions.

1474Often in the literature such objects are called �submanifold with corners�. Following [Wall2016, p. 30]
we write �submanifold with corner� instead.
1475See page 511 for the de�nition of a chart of type (ii).
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The following lemma also introduces a notation that we will use throughout these notes.
Lemma 120.1. LetM be an n-dimensional topological manifold and let W be a compact
codimension-zero submanifold with corner. We write

∂0W := W ∩M \W and ∂1W := W ∩ ∂M.

The following �ve statements hold:
(1) The subset W itself is an n-dimensional topological manifold.
(2) The boundary of the topological manifold W equals ∂0W ∪ ∂1W . Furthermore ∂0W

and ∂1W are (n− 1)-dimensional submanifolds of the boundary ∂W such that

∂0W ∩ ∂1W = ∂(∂0W ) = ∂(∂1W ) = ∂cW.

(3) The set
◦
W := W \∂0W is the interior of W in M , in particular

◦
W is an open subset

of M .
(4) The subset M \

◦
W is a codimension-zero submanifold of M with corner given by

∂c(M \
◦
W ) = ∂cW . Furthermore ∂0(M \

◦
W ) = ∂0W and ∂1(M \

◦
W ) = ∂M \ ∂1W .

(5) ∂0W is a proper submanifold of M , in the sense of the de�nition on page 525.
The analogous statements also hold if we replace �topological� by �smooth�.
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M M \
◦
W

∂1W

∂0W∂0W W

∂cW

∂cW

Remark. Let M be a topological manifold and let W be a submanifold in the sense of the
de�nition on page 524. Evidently it is also a submanifold with corner. Furthermore note
that it follows from Proposition 75.3 (1) together with Lemma 120.1 that ∂cW = ∅.
Sketch of proof. In the proof that W itself is a (topological) manifold we only have to
worry about the corners. But for these we can use the approach taken in Proposition ??
to �nd a (smooth) atlas. The remaining statements follow reasonably easily from the
Topological Manifold Boundary Proposition 75.2 and the de�nitions. We leave the slightly
annoying task of �lling in the details to the reader. �

In the following we will generalize a few results on codimension-zero submanifolds to codi-
mension-zero submanifolds with corner. It is unlikely that the reader's pulse will quicken
while reading the remainder of this section.
First we have the following variation on the Excision Theorem 75.10 for Topological Man-
ifolds.
Theorem 120.2. (Excision Theorem for Submanifolds with Corner) Let M be an
n-dimensional topological manifold and letW be a compact codimension-zero submanifold
of M with corner. We write

◦
W := W \ ∂0W . For every k ∈ N0 and every abelian group G
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the inclusion induced maps

(a) Hk(W,∂0W ;G)
∼=−→ Hk(M,M \

◦
W ;G)

(b) Hk(W,∂W ;G)
∼=−→ Hk(M, (M \

◦
W ) ∪ ∂M︸ ︷︷ ︸

(M\
◦
W )∪∂1W

;G)

(c) Hk(W,∂1W ;G)
∼=−→ Hk(W ∪ ∂M, ∂M ;G)

are isomorphisms. Similarly, all maps in cohomology �in the other direction� are also
isomorphisms.
Proof. We will prove the statements on homology groups with Z-coe�cients in Exer-
cise 120.2. The statement for homology with G-coe�cients and the statement for co-
homology with G-coe�cients are an immediate consequence of the above together with
Corollaries 89.18 and 108.20. �

We turn to the topic of orientations and fundamental classes. First we have the following
lemma which generalizes the Topological Manifold-Induced Orientation Lemma 105.17 (2).

Lemma 120.3. Let R be a commutative ring and let M be a topological manifold that
is equipped with an R-orientation. If W is a codimension-zero submanifold of M with
corner, then W admits a unique R-orientation such that the inclusion map N → M is
orientation-preserving.

Proof. This statement follows immediately from the Topological Manifold-Induced Orien-
tation Lemma 105.17 (1). �

Convention. Let M be a topological manifold and let W be a codimension-zero subman-
ifold with corner. If M is oriented, then we equip W with the orientation coming from
Lemma 120.3.
The following lemma is a generalization of the Codimension Zero-Fundamental Class Lemma 106.24.
Lemma 120.4. Let M be a compact oriented n-dimensional topological manifold. Fur-
thermore let W Ă M be a compact non-empty codimension-zero submanifold with corner.
We write

◦
W = W \ ∂W . The following two statements hold:

(1) The inclusion induced map Hn(W,∂W ;Z) → Hn(M, (M \
◦
W ) ∪ ∂1W ;Z) is an iso-

morphism.
(2) The image of the fundamental classes [M ] ∈ Hn(M,∂M ;Z) and [W ] ∈ Hn(W,∂W ;Z)

under the maps

Hn(M,∂M ;Z) −→ Hn(M, (M \
◦
W ) ∪ ∂1W ;Z) ←− Hn(W,∂W ;Z)

↑
isomorphism by the Excision Theorem 120.2 (2)

agree.

Proof. The proof of Lemma 120.4 is basically identical to the proof of the Codimension
Zero-Fundamental Class Lemma 106.24. �

120.2. Poincaré Duality and codimension-zero submanifolds. The following lemma
says that given a homology class in a codimension-zero submanifold W of some topological
manifold M we can apply Poincaré Duality in M or W and essentially we end up with the
same result.
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Lemma 120.5. (Codimension-Zero Submanifold-PD Lemma) LetM be a compact
oriented n-dimensional topological manifold and letW be a compact codimension-zero with
corner. We equip W with the induced orientation from the Topological Manifold-Induced
Orientation Lemma 105.17. We write

◦
W = W \ ∂0W .1476 Furthermore let A and B be

disjoint unions of components of ∂M with ∂M = A∪B and ∂1W Ă A. We �x the following
notation:
(1) We denote by w the obvious map (W,∂1W ) → (M,A) and also the obvious map

(W,∂0W )→ (M,M \
◦
W ),

(2) we denote by p : (M,B)→ (M,M \
◦
W ) the obvious map.

Then for every k ∈ N0 the following diagram commutes14771478

Hk(W,∂1W ;Z)

w∗
��

PDW // Hn−k(W,∂0W ;Z)
(w∗)−1

∼=
// Hn−k(M,M \

◦
W ;Z)

p∗

��

Hk(M,A;Z)
PDM // Hn−k(M,B;Z).
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M

∂0W

element of Hk(W,∂1W ;Z)

A

W

B

∂1W

In the proof of Lemmas 120.5 and 120.6 will use the full force of the Cap Product-Naturality
Lemma 116.8 applied to excisive triads. Since this can be seriously confusing we recall the
general statement of the lemma, before we provide the proof of the Codimension-Zero
Submanifold-PD Lemma 120.5.

Lemma 116.8. Let f : (X,A,B) → (X̃, Ã, B̃) be a map between two excisive triads.
Then for any choice of ϕ ∈ Hn−k(X̃, Ã;Z) and σ ∈ Hm(X,A ∪B;Z) we have

f∗ : Hm(X,A ∪B)→ Hm(X̃, Ã ∪ B̃) f∗ : Hn−k(X̃, Ã)→ Hn−k(X,A)
↓ ↓

ϕ X f∗(σ) = f∗(f
∗(ϕ) X σ) ∈ Hk(X̃, B̃;Z).

↑
f∗ : Hk(X,B)→ Hk(X̃, B̃)

Proof of the Codimension-Zero Submanifold-PD Lemma 120.5. By de�nition of
the isomorphisms PDW and PDM , proving the lemma is equivalent to proving that the

1476Recall that by Proposition 75.3 the set
◦
W = W \ ∂0W is indeed the interior of W in M .

1477Here we use that by the Excision Theorem 120.2 we know that w : (W,∂0W ) → (M,M \
◦
W ) induces

an isomorphism on cohomology groups.
1478Note that by Lemma 120.1 we can apply the Poincaré Duality Theorem 119.1 to obtain that
X[W ] : Hn−k(W,∂1W ;Z)→ Hk(W,∂0W ;Z) is an isomorphism. We denote its inverse by PDW .
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following diagram commutes:

Hk(W,∂1W ;Z)

w∗
��

Hn−k(W,∂0W ;Z)
X[W ]

∼=
oo Hn−k(M,M \

◦
W ;Z)

w∗

∼=oo

p∗

��

Hk(M,A;Z) Hn−k(M,B;Z).
X[M ]

∼=
oo

In the following we use the following notation:

(1) We write Ŵ := W \ ∂W .
(2) We denote the map (W,∂W )→ (M,M \ Ŵ ) by w as well
(3) We denote the map (M,∂M)→ (M,M \ Ŵ ) by p as well.

Now let β ∈ Hn−k(M,M \
◦
W ;Z). We have the following equality in Hk(M,A;Z):

by Lemma 120.4 we have p∗([M ]) = w∗([W ]) ∈ Hm(M,M \ Ŵ )
↓

w∗(w
∗(β) X [W ]) = β X w∗([W ]) = β X p∗([M ]) = p∗(

∈Hk(M,A)︷ ︸︸ ︷
p∗(β) X [M ]) = p∗(β) X [M ].

↑ ↑ ↑
Cap Product-Naturality Cap Product-Naturality since p : (M,A)→(M,A)

Lemma 116.8 applied to the map Lemma 116.8 applied to the map is id we have p∗=id∗=id
w : (W,∂0W,∂W )→(M,M \

◦
W,M \Ŵ ) p : (M,B,A)→(M,M \

◦
W,A)

We have thus shown that the above diagram does indeed commute. �

We conclude this short introduction to submanifolds with corner with the following lemma
that also relates Poincaré Duality in a topological manifold M to Poincaré Duality in a
compact submanifold W with corner.

Lemma 120.6. Let M be a compact oriented n-dimensional topological manifold and let
W be a compact codimension-zero submanifold with corner. Furthermore let A and B be
disjoint unions of components of ∂M with ∂M = A ∪B. We �x the following notation:
(1) we set C := ∂1W ∩ A and D := (∂1W ∩B) ∪ ∂0W ,
(2) we set

◦
W := W \ ∂0W ,

(3) the obvious maps (W,C) → (M,A) and (W,D) → (M, (M \
◦
W ) ∪ B) are denoted

by w, and
(4) we denote by p : (M,B)→ (M,M \

◦
W ) the obvious map.

Then for every k ∈ N0 the following diagram commutes 1479

Hk(M,B;Z)

p∗
��

PDM // Hn−k(M,A;Z)

w∗
��

Hk(M, (M \
◦
W ) ∪B;Z)

(w∗)−1

∼=
// Hk(W,D;Z)

PDW // Hn−k(W,C;Z).

Example. We continue with the notation from the previous lemma. If we set A := ∂M
and B := ∅, then C = ∂1W and D = ∂0W and we obtain that the following diagram

1479We use that w : (W,D) → (M, (M \
◦
W ) ∪ B) induces an isomorphism on cohomology. This follows

from a slight generalization of the Excision Theorem 120.2.
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commutes:

(a)

Hk(M ;Z)

p∗
��

PDM // Hn−k(M,∂M ;Z)

w∗
��

Hk(M,M \
◦
W ;Z)

(w∗)−1

∼=
// Hk(W,∂0W ;Z)

PDW // Hn−k(W,∂1W ;Z).

Furthermore, if we set A := ∅ and B := ∂M , then C = ∅ and D = ∂W , and we see that
the following diagram commutes:

(b)

Hk(M,∂M ;Z)

p∗
��

PDM // Hn−k(M ;Z)

w∗
��

Hk(M, (M \
◦
W ) ∪ ∂M ;Z)

(w∗)−1

∼=
// Hk(W,∂W ;Z)

PDW // Hn−k(W ;Z).

These two important special cases are illustrated in the �gure below.
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(b)(a)

element of Hk(M,∂M ;Z)element of Hk(M ;Z) ∂0W

∂M

∂1WW

Proof. We set Ŵ := W \ (∂0W ∪ C). Note that M \ Ŵ = (M \
◦
W ) ∪ B. By de�nition

of the isomorphisms PDW and PDM , proving the lemma is equivalent to proving that the
following diagram commutes:

Hk(M,B;Z)

p∗
��

Hn−k(M,A;Z)∼=

X[M ]
oo

w∗
��

Hk(M,M \ Ŵ ;Z) Hk(W,D;Z)∼=
w∗oo Hn−k(W,C;Z).

X[W ]
oo

So let β ∈ Hn−k(M,A;Z). We have the following equalities in Hk(M,M \
◦
W ;Z):

p∗(β X [M ]) = β X p∗([M ]) = β X w∗([W ]) = w∗(w
∗(β) X [W ]).

↑ ↑ ↑
Cap Product-Naturality Lemma 116.8 by Lemma 120.4 we Cap Product-Naturality
applied to the map have p∗([M ])=w∗([W ]) Lemma 116.8 applied to the map
p : (M,A,B)→ (M,A,M \Ŵ ) in Hn(M, (M \

◦
W )∪∂M) w : (W,C,D)→ (M,A,M \Ŵ )

of excisive triads of excisive triads �

Exercises for Chapter 120.

Exercise 120.1. LetM be an n-dimensional topological manifold and letW be a compact
codimension-zero submanifold of M with corner. Show that there exists an embedding
ϕ : [0, 1]× ∂0W → W with the following two properties:
(1) For every x ∈ ∂0W we have ϕ(0, x) = x.
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(2) For every t ∈ [0, 1] and every x ∈ ∂cW = ∂(∂0W ) we have ϕ(t, x) ∈ ∂1W .
Hint. Adapt the proof of the Topological Collar Neighborhood Theorem 75.5.

Exercise 120.2. LetM be an n-dimensional topological manifold and letW be a compact
codimension-zero submanifold of M with corner. We write

◦
W := W \ ∂0W . Show that for

every k ∈ N0 the inclusion induced maps

(a) Hk(W,∂0W )
∼=−→ Hk(M,M \

◦
W )

(b) Hk(W,∂W )
∼=−→ Hk(M, (M \

◦
W ) ∪ ∂M)

(c) Hk(W,∂1W )
∼=−→ Hk(W ∪ ∂M, ∂M)

are isomorphisms.
Remark. This exercise is a variation on the Excision Theorem 75.10 for Topological Mani-
folds. You might want to use Exercise 120.1.
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Part XIII

Applications of Poincaré Duality



121. The cup product of projective spaces

In this chapter we will use the Poincaré Duality Theorem 119.1 to determine the cup
product on H∗(CPn;Z) and H∗(RPn;F2). These calculations will allow us to prove several
interesting consequences which at �rst glance have very little to do with cup products.

121.1. Non-singular pairings and the cup product. Before we start drawing more
conclusions from the Poincaré Duality Theorem 119.1 we need to introduce some purely
algebraic de�nitions.
De�nition. Let R be a commutative ring and let V,W and S be R-modules.
(1) A pairing on V ×W is a map

ϕ : V ×W → S

such that for all v, v′ ∈ V and W,w′ ∈ W we have ϕ(v + v′, w) = ϕ(v, w) + ϕ(v′, w)
and ϕ(v, w + w′) = ϕ(v, w) + ϕ(v, w′).1480

(2) A pairing is called R-bilinear if it is R-linear in V and if it is R-linear in W .1481

(3) We say that an R-bilinear pairing 〈 , 〉 : V ×W → S is non-singular if the induced
maps

V → HomR(W,S)

v 7→
(
W → S
w 7→ 〈v, w〉

)
and

W → HomR(V , S)

w 7→
(
V → S
v 7→ 〈v, w〉

)
are isomorphisms. Otherwise we say that the R-bilinear pairing is singular.

We start out with the following elementary lemma.

Lemma 121.1. (Non-Singularity Lemma) Let R be a commutative ring. Let V and
W be free R-modules of the same �nite rank and let

〈 , 〉 : V ×W → R

be an R-bilinear pairing.
(1) We denote by n the rank of V . Let v1, . . . , vn be a basis for V and let w1, . . . , wn be

a basis for W . Then the following statement holds:

the pairing 〈 , 〉 is non-singular ⇐⇒ det(〈vi, wj〉)i,j=1,...,n) is a unit of R.

(2) Suppose V and W are of rank one. If v and w are generators of V respectively W ,
then the following statement holds:

the pairing 〈 , 〉 is non-singular ⇐⇒ 〈v, w〉 is a unit of the ring R.

Proof. The second statement is evidently just a special case of the �rst statement. So it
su�ces to prove the �rst statement. Let v1, . . . , vn be a basis for V and let w1, . . . , wn be a
basis for W . We denote by v∗1, . . . , v

∗
n ∈ Hom(V,R) and w∗1, . . . , w

∗
n ∈ Hom(W,R) the dual

bases. We consider the maps

V → HomR(W,R)

v 7→
(
W → R
w 7→ 〈v, w〉

)
and

W → HomR(V,R)

w 7→
(
V → R
v 7→ 〈v, w〉

)
.

1480In most examples we will be interested in S = R, but later on we will, oddly enough, also develop a
fondness for R = Z and S = Q/Z.
1481Note that a pairing is by de�nition always Z-bilinear.
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Since 〈 , 〉 is R-bilinear both maps are R-homomorphisms. Furthermore, it is straightfor-
ward to show that with respect to these bases both the R-homomorphisms are represented
by the transpose of the matrix (〈vi, wj〉i,j=1,...,n). The lemma is an immediate consequence
of this observation. �

Remark. The proof of the Non-Singularity Lemma 121.1 shows that if V and W are free
R-modules of �nite rank, then the pairing is non-singular if and only if either of the two
maps V → Hom(W,R) or W → Hom(V,R) is an isomorphism.1482

Now we return to topology.

Proposition 121.2. (Manifold-Non Singularity Proposition) Let M be a closed
n-dimensional topological manifold and let k ∈ N0.
(1) SupposeM is oriented with fundamental class [M ]. If Hk−1(M ;Z) and Hn−k−1(M ;Z)

are torsion-free, then the cup product pairing

Hk(M ;Z)× Hn−k(M ;Z) → Z
(ϕ, ψ) 7→ 〈ϕ Y ψ, [M ]〉

is non-singular.
(2) Let F be a �eld. If M is F-oriented with fundamental class [M ], then for any k ∈ N0

the cup product pairing

Hk(M ;F)× Hn−k(M ;F) → F
(ϕ, ψ) 7→ 〈ϕ Y ψ, [M ]〉

is non-singular.

Proof. Let M be a closed n-dimensional topological manifold and let k ∈ N0.

(1) We suppose that M is oriented with fundamental class [M ] and we suppose that
Hk−1(M ;Z) and Hn−k−1(M ;Z) are torsion-free. It follows from the Topological
Manifolds-Invariants Proposition 104.14 (4), our hypothesis on Hk−1(M ;Z) and Hn−k−1(M ;Z),
the classi�cation of �nitely generated abelian groups, the Ext-Calculation Lemma 110.5
(3) and the Universal Coe�cient Theorem 110.12 that Hk−1(M ;Z), Hn−k−1(M ;Z),
Hk(M ;Z) and Hn−k(M ;Z) are �nitely generated free abelian groups. Therefore by
the remark on page 2657 it su�ces to show that the map

Ω: Hn−k(M ;Z) → Hom(Hk(M ;Z),Z)
ψ 7→ (ϕ 7→ 〈ϕ Y ψ, [M ]〉)

is an isomorphism. We start out with the following claim.

Claim. The following diagram commutes:1483

Hn−k(M ;Z)
Ω //

ev **

Hom(Hk(M ;Z),Z).

HomZ(Hn−k(M ;Z),Z)
(X[M ])∗

33

1482Is the hypothesis on V and W necessary to draw this conclusion?
1483The right diagonal is the dual map corresponding to the map Hk(M ;Z)

X[M ]−−−→ Hn−k(M ;Z).
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Proof. Note that for any ψ ∈ Hn−k(M ;Z) and any ϕ ∈ Hk(M ;Z) the following
equalities hold in Z:

Cup-Cap Lemma 116.7
↓

Ω(ψ)(ϕ) = (ϕ Y ψ) X [M ] = ψ X (ϕ X [M ]) = 〈ψ, ϕ X [M ]〉 = ev(ψ)(ϕ X [M ]).
↑ ↑

by de�nition of Ω and the Cap Product-Kronecker Lemma 116.4
Cap Product-Kronecker Lemma 116.4

But this observation immediately shows that the diagram commutes. �
We need to show that in the above diagram the horizontal map is an isomorphism.

By the claim it su�ces to show that the two diagonal maps are isomorphisms. The
left diagonal map is an isomorphism by the Universal Coe�cient Theorem 110.12
for Cohomology Groups together with the Ext-Calculation Lemma 110.5 (3) and the
fact, pointed out above, that Hn−k−1(M ;Z) is free abelian. Furthermore the second
map is an isomorphism by the Poincaré Duality Theorem 119.1.

(2) Now let F be a �eld. We suppose that M is F-oriented with corresponding fun-
damental class [M ]. By the Cohomology-Field Coe�cients Proposition 110.18 the
map

ev : Hk(M ;F) → HomF(Hk(M ;F),F)

ϕ 7→
(

Hk(M ;F) → F
σ 7→ 〈ϕ, σ〉

)
is a natural isomorphism of F-vector spaces. The proof of (2) is now basically the
same as the proof of (1). �

The following corollary will be surprisingly e�ective in determining cup products on topo-
logical manifolds.

Corollary 121.3. (Rank One-PD Corollary) LetM be a closed connected n-dimensional
topological manifold and let k ∈ N0.
(1) Suppose thatM is oriented and that Hk−1(M ;Z) and Hn−k−1(M ;Z) are torsion-free.

Furthermore suppose that Hk(M ;Z) ∼= Z and Hn−k(M ;Z) ∼= Z. If ϕ ∈ Hk(M ;Z)
and ψ ∈ Hn−k(M ;Z) are generators, then

ϕ Y ψ = ε · [M ]∗ ∈ Hn(M ;Z)

for some ε ∈ {−1, 1}.
(2) Let F be a �eld such that M is F-orientable. Suppose that Hk(M ;F) ∼= F and

Hn−k(M ;F) ∼= F. If ϕ ∈ Hk(M ;F) and ψ ∈ Hn−k(M ;F) are non-zero, then ϕ Y ψ is
non-zero in Hn(M ;F) ∼= F.

Proof. Let M be a closed connected n-dimensional topological manifold and let k ∈ N0.

(1) By our hypothesis and by the Manifold-Non Singularity Proposition 121.2 (1) the
cup product pairing

Hk(M ;Z)× Hn−k(M ;Z) → Z
(ϕ, ψ) 7→ 〈ϕ Y ψ, [M ]〉
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is non-singular. It follows from this fact and the Non-Singularity Lemma 121.1 (2)
that 〈ϕYψ, [M ]〉 = ±1. But by the Dual Fundamental Class Lemma 110.15 this just
means that ϕ Y ψ ∈ Hn(M ;Z) is a generator.

(2) This proof is almost identical to the proof of (1), we just need to replace the Manifold-
Non Singularity Proposition 121.2 (1) by the Manifold-Non Singularity Proposi-
tion 121.2 (2). �

Example. Let m 6= n ∈ N. As on many earlier occasions we denote by p : Sm × Sn → Sm

and by q : Sm×Sn → Sn the two natural projections. Let 1 ∈ H0(Sm×Sn;Z) be the neutral
element from the Cup Product-Ring Proposition 114.7. In Lemma 117.3 we showed that
the cohomology of Sm × Sn is given as follows:

H∗(Sm × Sn;Z) = Z · 1⊕ Z · p∗([Sm]∗)⊕ Z · q∗([Sn]∗)⊕ Z · [Sm × Sn]∗.

It follows from the Rank One-PD Corollary 121.3 (1)1484 that p∗([Sm]∗) Y q∗([Sn]∗) =
±[Sm × Sn]∗. This result recovers (up to the sign indeterminacy) the calculation of the
non-trivial cup product on Sm× Sn that we had initially performed in Lemma 117.3 using
the somewhat mysterious Product Theorem 117.1. In Exercise 121.4 we will see, that with
slightly more e�ort, one can also prove the same type of result for m = n.

Next we consider the topological spaces S2∨S4 and CP2. It follows from Propositions 47.13
and 52.3 and the discussion on page 1533 that S2∨S4 and CP2 are both simply connected.
Furthermore it follows from Propositions 74.4 and 79.8, the calculation on page 1772 and
the Universal Coe�cient Theorem 110.12 for Cohomology Groups that for any k ∈ N0 we
have

Hk(S
2 ∨ S4;Z) ∼= Hk(S2 ∨ S4;Z) ∼= Hk(CP2;Z) ∼= Hk(CP2;Z) ∼=

{
Z, if k = 0, 2, 4,
0, otherwise.

We can thus view S2 ∨ S4 as a (co-) homological doppelgänger to CP2.
Using the Rank One-PD Corollary 121.3 (1) we can easily prove the following lemma which
implies in particular that S2 ∨ S4 is not homotopy equivalent to CP2.

Lemma 121.4. The topological space S2 ∨ S4 is not homotopy equivalent to any closed
topological manifold.

Proof. Let X be a closed topological manifold whose homology and cohomology groups
are isomorphic to the corresponding groups of S2∨S4. It follows from the above calculation
of homology groups, our hypothesis that X is compact, from Propositions 72.5 and 106.22
and Theorems 106.1 and 106.3 that X is a closed oriented closed connected 4-dimensional
topological manifold. But then the Rank One-PD Corollary 121.3 (1) implies that the cup
product

H2(X;Z)× H2(X;Z) → H4(X;Z)

is non-zero. On the other hand in Lemma 114.11 we saw that the cup product

Y : H2(S2 ∨ S4;Z)× H2(S2 ∨ S4;Z) → H4(S2 ∨ S4;Z)

is the zero-map. By Corollary 114.12 and the above calculation of the cup product of X
this implies that S2 ∨ S4 and X are not homotopy equivalent. �
1484Of course here we also use the fact, with which we are very familiar by now, that the homology groups
of Sm × Sn are torsion-free.
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Remark. One can ask whether the adjective �closed� in Lemma 121.4 is necessary. It
turns out that this is the case. In fact every wedge of �nitely many spheres can be viewed
as a deformation retract of an open subset of a su�ciently high-dimensional Rn. For the
wedge S1 ∨ S1 we sketch the argument in the �gure below. With slightly more care one
can also show that this wedge of �nitely many spheres is also a deformation retract of some
compact n-dimensional smooth manifold of Rn. We leave it to the reader to provide a
formal proof for these statements.
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We conclude this section with the following application to de Rham cohomology. We will
not make use of it later on.
Corollary 121.5. If M is a closed oriented n-dimensional smooth manifold, then for any
k ∈ N0 the R-bilinear pairing

Hk
dR(M)× Hn−k

dR (M) → R
([ϕ], [ψ]) 7→

∫
M

ϕ ∧ ψ

is non-singular.
Since there is no �de Rham homology� the above corollary is usually called the Poincaré
Duality Theorem for de Rham cohomology.

Remark. Evidently there are also more direct proofs of Corollary 121.5 that take place
within the setting of de Rham cohomology. We refer to [BoT1982, p. 44] or alternatively
[War1983, Theorem 6.13] for such a proof.

Proof. It is straightforward to see that it su�ces to deal with the case that M is con-
nected. Theorem ?? and Proposition 118.10 give us the following commutative diagram
with vertical isomorphisms:

Hk
dR(M)× Hn−k

dR (M)

(ϕ,ψ) 7→
∫
M

ϕ∧ψ
//

∼=
��

∼=
��

R
=

��

Hk(M ;R)× Hn−k(M ;R)
(ϕ,ψ)7→〈ϕYψ,[M ]〉

// R.

By the Manifold-Non Singularity Proposition 121.2 (2) the R-bilinear pairing on the bottom
is non-singular. Thus the R-bilinear pairing on the top is also non-singular. �

121.2. The cup product of CPn and applications. In this section we apply our ac-
quired wisdom to the complex projective spaces CPn. Recall that in the Complex Projective
Space-is-Complex Manifold Lemma 32.16 we showed that CPn is a closed 2n-dimensional
smooth manifold that comes with a natural orientation. Thus we will always view CPn as
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an oriented smooth manifold. In particular CPn comes with a canonical fundamental class
[CPn] ∈ H2n(CPn;Z) and a canonical dual fundamental class [CPn]∗ ∈ H2n(CPn;Z).
An astute observer might already have noticed that the Rank One-PD Corollary 121.3 (1)
can be used to compute the cup product on H∗(CP2;Z). In fact in this section we will use
the Rank One-PD Corollary 121.3 (1) and the naturality of the cup product to compute
the cohomology ring of any complex projective space CPn. Throughout this section, given
m ≤ n we will view CPm as a submanifold of CPn via the smooth embedding

i : CPm → CPn
[z0 : · · · : zm] 7→ [z0 : · · · : zm : 0 : · · · : 0].

We prepare the ground with the following elementary lemma.
Lemma 121.6.
(1) For every n ∈ N and every k ∈ N0 we have

Hk(CPn;Z) ∼= Hk(CPn;Z) ∼=
{

Z, if k = 0, 2, 4, . . . , 2n,
0, otherwise.

(2) Let m ≤ n. We denote by i : CPm → CPn the inclusion map. For any k ≤ 2m the
induced maps i∗ : Hk(CPm;Z) → Hk(CPn;Z) and i∗ : Hk(CPn;Z) → Hk(CPm;Z)
are isomorphisms.

Proof. First we recall that in Lemma 68.1 we showed that we can view CPn as a CW-com-
plex which admits exactly one cell in dimensions 0, 2, . . . , 2n and which admits no cells in
any other dimension. Furthermore we saw that the CW-structure can be chosen in such a
way that for k ∈ {0, . . . , n} the (2k + 1)-skeleton on CPn equals CPk.

Furthermore recall that by Propositions 80.4 we know that singular and cellular homol-
ogy are naturally isomorphic. Together with the above discussion of the CW-structures it
follows that for every n ∈ N and every k ∈ N0 we have

Hk(CPn;Z)
∼=−→ HCW

k (CPn;Z) ∼=
{

Z, if k = 0, 2, 4, . . . , 2n,
0, otherwise

and that for every m ≤ n the inclusion induced maps i∗ : Hk(CPm;Z) → Hk(CPn;Z) are
isomorphisms for k ≤ 2m.

In the Singular-Cellular H∗-Isomorphism Proposition 109.4 we had also seen that sin-
gular and cellular cohomology are naturally isomorphic. So the same logic applies to
cohomology groups. �

We also introduce the following notation.
Notation.
(1) Let X be a topological space, let R be a commutative ring and let ϕ ∈ Hk(X;R).

We de�ne ϕ0 = 1X and given any n ∈ N we de�ne

ϕn = ϕ Y · · ·Y ϕ︸ ︷︷ ︸
n times

∈ Hkn(X;R).

(2) Recall that we denote by [CP1]∗ ∈ H2(CP1;Z) the dual fundamental class of CP1.
For any n ≥ 1 we denote by i : CP1 → CPn the above inclusion map. By Lemma 121.6
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we can de�ne x := (i∗)−1([CP1]∗) ∈ H2(CPn;Z). We refer to x ∈ H2(CPn;Z) as the
standard generator.

Now we have the tools to determine the cup product of all complex projective spaces.

Proposition 121.7. (Cup Product-CPn-Proposition) Let n ∈ N.
(1) For every k ∈ {0, . . . , n} the k-th power xk ∈ H2k(CPn;Z) ∼= Z is a generator.
(2) If we view Z[x]/(xn+1) as a superalgebra by equipping the ring with the grading

determined by deg(x) = 2, then the obvious map

Z[x]/(xn+1) → (H∗(CPn;Z),Y)

is an isomorphism of superalgebras.

Proof. It follows immediately from the de�nitions and the Cup Product-Commutativity
Proposition 114.8 that the map in (2) is a homomorphism of superalgebras. This observa-
tion, together with Lemma 121.6, shows that (2) is a consequence of (1). Thus it remains
to prove (1)

We prove (1) by induction on n. Evidently the statement holds for n = 1. Now suppose
it holds for some n − 1 with n ≥ 2. We denote by i : CPn−1 → CPn the inclusion map.
Note that i∗(x) = x ∈ H2(CPn−1;Z). It follows easily from Lemma 121.6 together with
the Cup Product-Naturality Lemma 114.10 and our induction hypothesis that for each
k ∈ {1, . . . , n − 1} the cohomology class xk ∈ H2k(CPn;Z) is a generator. It remains to
show that xn ∈ H2n(CPn;Z) is also a generator. This is an immediate consequence of the
Rank One-PD Corollary 121.3 (1), applied to the generator ϕ := x ∈ H2(CPn;Z) ∼= Z and
the generator ψ := xn−1 ∈ H2(n−1)(CPn;Z) ∼= Z. �

The previous proof leaves it open whether nor not xn ∈ H2n(CPn;Z) equals the dual
fundamental class [CPn]∗. We formulate this as a question which we will answer later
in the Cup Product-CPn-Proposition 126.11, when we will have obtained more tools for
calculating cup products.

Question 121.8. Let n ∈ N. Does the n-th power xn ∈ H2n(CPn;Z) equal the dual
fundamental class [CPn]∗?
In Lemma 121.4 we had in particular shown that CP2 is not homotopy equivalent to its
(co-) homological doppelgänger S2∨S4. On page 1949 we pointed out that S2×S4 and CP3

is another example of a pair of topological spaces that cannot be distinguished using the
fundamental group and using homology groups. This motivated us to ask in Question 90.9
whether the topological spaces S2 × S4 and CP3 are homeomorphic. Now we can answer
the question in the negative, in fact we can prove an even stronger result.

Corollary 121.9. The topological spaces S2 × S4 and CP3 are not homotopy equivalent.

Proof. In Lemma 117.3 we saw that the cup product

H2(S2 × S4;Z)× H2(S2 × S4;Z) → H4(S2 × S4;Z)

is zero, whereas we saw in the Cup Product-CPn-Proposition 121.7 that the cup product

H2(CP3;Z)× H2(CP3;Z) → H4(CP3;Z)

is non-zero. It follows from Corollary 114.12 that S2 × S4 and CP3 are not homotopy
equivalent. �
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We recall the following de�nition from page 2388.

De�nition. Let M be a compact oriented topological manifold. We say that M is am-
phichiral if M admits an orientation-reversing self-homeomorphism, otherwise we say
that M is chiral.
On page 2391 we saw that many smooth manifolds are amphichiral, for example we showed
that all compact oriented 2-dimensional topological manifolds are amphichiral.
In Question 107.5 we had asked whether there exist compact oriented topological manifolds
that are chiral. Now we will see that the complex projective space CP2 is chiral. This gives
an a�rmative answer to Question 107.5. Note that the following corollary also gives a
negative answer to Question 101.12 (3).

Corollary 121.10. The smooth manifold CP2 is chiral, i.e. there does not exist a self-
homeomorphism f : CP2 → CP2 with f∗([CP2]) = −[CP2].

Remark. In Exercise 121.5 we will discuss for which n ∈ N the complex projective space
CPn is chiral.

Proof. As usual we denote by x ∈ H2(CP2;Z) the standard generator. By the Cup
Product-CPn-Proposition 121.7 we know that x Y x ∈ H4(CP2;Z) is a generator. This
implies that x Y x = ε · [CP2]∗ for some ε ∈ {−1, 1}.

Now let f : CP2 → CP2 be a self-homeomorphism. Since we want to show that CP2

is chiral we need to show that f∗([CP2]) = [CP2] ∈ H4(CP2;Z), or equivalently, that
f ∗([CP2]∗) = [CP2]∗ ∈ H4(CP2;Z).

Now we see that
f ∗([CP2]∗) = ε · f ∗(x Y x) = ε · (f ∗(x) Y f ∗(x)) = ε · (η · x Y η · x)

↑ ↑
Cup Product-Naturality Lemma 114.10 f∗(x) is also a generator of H2(CP4;Z),

hence f∗(x) = η · x for some η ∈ {−1, 1}
= ε · η2 · (x Y x) = ε · (x Y x) = [CP2]∗.
↑ ↑

Y is bilinear since η ∈ {−1, 1} �

Next we turn to the calculation of the cohomology ring of the in�nite-dimensional complex
projective space CP∞ = lim−→CPn.

Lemma 121.11.
(1) For every k ∈ N we have

Hk(CP∞;Z) ∼= Hk(CP∞;Z) ∼=
{

Z, if k is even,
0, if k is odd.

(2) Let n ∈ N. We denote by i : CPn → CP∞ the inclusion map. For any k ≤ 2n the
induced maps i∗ : Hk(CPn;Z) → Hk(CP∞;Z) and i∗ : Hk(CP∞;Z) → Hk(CPn;Z)
are isomorphisms.

Proof. The statements in (1) and (2) regarding homology groups follow from the discussion
on page 1772. The statements in (1) and (2) regarding cohomology groups then follow from
the Universal Coe�cient Theorem 110.12 for Cohomology Groups. �

Remark. One could also prove the lemma using Lemma 121.6 and a suitable generalization
of the Cohomology-via-Exhaustions Proposition 111.12.
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Notation. We denote by i : CP1 → CP∞ the inclusion map. By Lemma 121.11 we can set
x := (i∗)−1([CP1]∗) ∈ H2(CP∞;Z). We refer to x as the standard generator of H2(CP∞;Z).

Proposition 121.12. (Cup Product-CP∞-Proposition)
(1) For every k ∈ N the k-th power xk ∈ H2k(CP∞;Z) ∼= Z is a generator.
(2) If we view Z[x] as a superalgebra by equipping the ring with the grading determined

by deg(x) = 2, then the obvious map

Z[x] → (H∗(CP∞;Z),Y)

is an isomorphism of superalgebras.

Proof. Exactly as in the proof of the Cup Product-CPn-Proposition 121.7 we see that
(2) is a consequence of (1). Thus it remains to prove (1) So let k ∈ N. We consider the
inclusion map j : CPk → CP∞. By the Cup Product-CPn-Proposition 121.7 and the Cup
Product-Naturality Lemma 114.10 we know that j∗(xk) = j∗(x)k = xk ∈ H2k(CPk;Z) is a
generator. It follows from Lemma 121.11 that xk ∈ H2k(CP∞;Z) is also a generator. �

Remark. It follows from the Cohomology Ring-of-Product Proposition 117.21 and the
discussion on page 2586 that for each k ∈ N we also have an isomorphism

(H∗(CP∞×. . .×CP∞︸ ︷︷ ︸
k copies

;Z),Y) ∼= Z[x1, . . . , xk]

of superalgebras. Here x1, . . . , xk are given by preimages of the standard generator of the
group H2(CP∞;Z) under the k natural projections.

The fact that so far we worked with Z-coe�cients was mostly irrelevant. In fact most of
the results carry over, with obvious modi�cations, to the cohomology groups H∗(CPn;R)
where R is an arbitrary commutative ring. For future reference we state the following
proposition.

Proposition 121.13. Let n ∈ N.
(1) For every every k ∈ N0 we have

Hk(CPn;Z2) ∼= Hk(CPn;Z2) ∼=
{

Z2, if k = 0, 2, 4, . . . , 2n,
0, otherwise.

(2) We denote by x ∈ H2(CPn;Z2) the unique non-trivial element. If we view the ring
Z2[x]/(xn+1) as a superalgebra by equipping the ring with the grading determined
by deg(x) = 2, then the obvious map

Z2[x]/(xn+1) → (H∗(CPn;Z2),Y)

is an isomorphism of superalgebras.
The obvious analogues for CP∞ also hold.

Proof. This proposition can be proved in an almost identical way as the Cup Product-
CP∞-Proposition 121.12. Alternatively we can deduce the proposition from the Cup
Product-CP∞-Proposition 121.12, the Universal Coe�cient Theorem 110.25, Lemma 110.29
and the Cup Product-Naturality Proposition 115.4 (2). We leave it to the impeccably con-
scientious reader to �ll in the details. �
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Towards the end of this section we recall the de�nition of a retract. Thus let A be a subset
of a topological space X. We denote by i : A → X the inclusion map. Recall that we say
that A is a retract of X if there exists a map r : X → A such that r ◦ i = idA. It follows
immediately from the functoriality of homology groups and Splitting Lemma 78.2 that for
each k the group Hk(A;Z) is a subsummand of Hk(X;Z).
Let m < n. In Question 85.4 we had asked whether CPm Ă CPn is a retract of CPn. Note
that Lemma 121.6 shows that a study of homology groups does not preclude that for m < n
the complex projective space CPm is a retract of CPn. Nonetheless, the �nal result of the
section gives a negative answer to Question 85.4, i.e. we show that CPm is not a retract of
CPn.
Proposition 121.14. If 1 ≤ m < n, then CPm Ă CPn is not a retract of CPn.

Proof. Let 1 ≤ m < n. We denote by i : CPm → CPn the inclusion map. Suppose there
exists a retraction r : CPn → CPm. We denote by x ∈ H2(CPn;Z) the standard generator.
We have

Cup Product-Naturality Lemma 114.10
↓

xn = (r∗(i∗(x)))n = r∗(i∗(x)n) = r∗(0) = 0 ∈ H2n(CPn;Z).
↑ ↑

by Lemma 121.6 the map note that n > m implies that i∗(x)n lies
i∗ : H2(CPn;Z)→ H2(CPm;Z) in the trivial group Hn(CPm;Z) = 0
is an isomorphism, together
with i∗ ◦ r∗ = (r ◦ i)∗ = id
we obtain that r∗ ◦ i∗ = id

But this calculation contradicts the fact shown in the Cup Product-CPn-Proposition 121.7
that xn 6= 0. �

121.3. The cup product of RPn and applications. In this section we intend to de-
termine the cup product of the real projective space RPn with F2-coe�cients. Evidently
the approach will be very similar to the one taken in the previous section. First we re-
call that on page 564 we saw that the real projective space RPn is a closed n-dimensional
smooth manifold. Given m ≤ n we will view RPm as a submanifold of RPn via the smooth
embedding

i : RPm → RPn
[x0 : · · · : xm] 7→ [x0 : · · · : xm : 0 : · · · : 0].

The following lemma plays the role of Lemma 121.6.

Lemma 121.15.
(1) For every n ∈ N we have

Hk(RPn;F2) ∼= Hk(RPn;F2) ∼=
{

F2, if k = 0, 1, . . . , n,
0, otherwise.

(2) Let m ≤ n. For any k ≤ m the induced maps i∗ : Hk(RPm;F2)→ Hk(RPn;F2) and
i∗ : Hk(RPn;F2)→ Hk(RPm;F2) are isomorphisms.

Proof. The calculation of the isomorphism types of the (co-) homology groups and of
the induced maps on homology is basically the same as in the proof of Lemma 121.15.
The argument that determines the induced map on F2-cohomology is slightly di�erent.
This time we use the Cohomology-Field Coe�cients Proposition 110.18 which gives us the
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following commutative diagram:

Hk(RPn;F2)
ev

∼=
//

i∗

��

Hom(Hk(RPn;F2),F2)

i∗

��

Hk(RPm;F2)
ev

∼=
// Hom(Hk(RPm;F2),F2).

As we had just pointed out, the maps on the right are isomorphisms for k ≤ m. It follows
that the maps on the left are also isomorphisms for k ≤ m. �

Notation. Given n ∈ N we denote by x ∈ H1(RPn;F2) the unique non-trivial element.
The following proposition is the analogue of the Cup Product-CPn Proposition 121.7 and
the Cup Product-CP∞ Proposition 121.12.

Proposition 121.16. (Cup Product-RPn-Proposition) Let n ∈ N.
(1) For every k ∈ {0, . . . , n} the k-th power xk ∈ Hk(RPn;F2) ∼= F2 is non-trivial.
(2) If we view F2[x]/(xn+1) as a superalgebra by equipping the ring with the grading

determined by deg(x) = 1, then the obvious map

F2[x]/(xn+1) → (H∗(RPn;F2),Y)

is an isomorphism of superalgebras.
(3) If we view F2[x] as a superalgebra by equipping the ring with the grading determined

by deg(x) = 1, then the obvious map

F2[x] → (H∗(RP∞;F2),Y)

is an isomorphism of superalgebras.

Proof. First recall that the F2-Orientability Proposition 105.13 implies that any topolog-
ical manifold, in particular RPn, is F2-orientable. With this observation the proof of the
proposition is basically identical to the proofs of the Cup Product-CPn-Proposition 121.7
and 121.12. We just need to replace Lemma 121.6 by Lemma 121.15 and we need to replace
the Rank One-PD Corollary 121.3 (1) by the Rank One-PD Corollary 121.3 (2). �

Remark.
(1) In principle one could have tried to compute the cup product on RPn using the same

approach that we had taken in Section 114.5. More precisely, suppose one has found
an explicit F2-fundamental class σ for RPn. We denote by ϕ ∈ C1(RP2;F2) the 1-
cocycle from page 2530. Now we know from the Cup Product-RPn-Proposition 121.16
that 〈ϕn, σ〉 = 1. But more interestingly, if one shows with an explicit calculation
that 〈ϕn, σ〉 = 1, then this gives a new and elementary proof of the Cup Product-
RPn-Proposition 121.16.

(2) We have just computed the cup product on H∗(RPn;F2). We leave it as a highly
instructive exercise to use the same approach to determine the cup product on
H∗(RPn;Z). This cup product is also determined, using a somewhat di�erent ap-
proach, in [Hat2002, p. 214].

(3) In Corollary 119.14 we showed that there is no map S1 × S2 to RP3 of degree one,
thus giving a negative answer to Question 101.11. On page 2569 and in the Cup
Product-RPn-Proposition 121.16 we had determined the cup product of S1×S2 and
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RP3 on cohomology with F2-coe�cients. Using an argument similar to the proof of
Lemma 117.5 one can easily give an alternative proof of Corollary 119.14.

For completeness' sake we mention the following analogue of Proposition 121.14.

Proposition 121.17. If 1 ≤ m < n, then RPm Ă RPn is not a retract of RPn.

Proof. The proof is totally analogous to the proof of Proposition 121.14. In the proof we
just need to replace Lemma 121.6 by Lemma 121.15. �

Remark. We can also give an alternative proof of Proposition 121.17 using higher ho-
motopy groups. More precisely, let 1 ≤ m < n. By Proposition 71.10 together with the
Coverings-πn-Proposition 71.13 we know that πm(Sn) = 0. Furthermore by Lemma 85.2
together with the Coverings-πn-Proposition 71.13 we know that πm(Sm) 6= 0. Since higher
homotopy groups are functorial, see Proposition 71.6, we can use the standard argument,
see e.g. the proof of Lemma 47.16, to show that RPm is not a retract of RPn.
One of the many consequences of our calculations from this chapter is that we can now
calculate the Lusternik-Schnirelmann category for RPn and CPn. More precisely, we have
the following proposition that gives a complete answer to Question 115.10.

Proposition 121.18. For any n ∈ N0 we have cat(RPn) = cat(CPn) = n.

Proof. Given any n ∈ N0 we have

n ≥ cat(RPn) ≥
see page 2547 for the de�nition︷ ︸︸ ︷
cup length cl(RPn) ≥ n.

↑ ↑ ↑
see page 2544 Proposition 115.14 Cup Product-RPn-Proposition 121.16

The same argument also works for CPn, we just need to replace Propositions 121.16, by
Propositions 121.7. �

We conclude this section with an alternative proof for the Borsuk-Ulam Theorem. First
we recall the statement of the Borsuk-Ulam Theorem.
Theorem 39.8. (Borsuk-Ulam Theorem) For every map f : Sn → Rn there exists a
pair of antipodal points x and −x on Sn with f(x) = f(−x).
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S1

antipodal points with same f -value

Remark. As we have pointed out on numerous occasions, the Borsuk-Ulam Theorem 39.8
has many beautiful applications, in particular the Lusternik-Schnirelmann Theorem 40.1,
the Ham-Sandwich Theorem 40.2, P�ster's Level Theorem 40.9 and the Necklace Theo-
rem 40.11.

In the new proof of the Borsuk-Ulam Theorem below we will need the following Lemma.
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Lemma 121.19.
(1) Let k ≥ 2. As usual we denote by p : Sk → RPk the natural projection. If γ : [0, 1]→

Sk is a path with γ(1) = −γ(0), then p◦γ represents the unique non-trivial element
in π1(RPk).

(2) Let k, l ≥ 2. Furthermore let h : RPk → RPl be a map. If h∗ : π1(RPk) → π1(RPl)
has non-trivial image, then the induced maps h∗ : H1(RPk;F2) → H1(RPl;F2) and
h∗ : H1(RPl;F2)→ H1(RPk;F2) are also isomorphisms.
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γ(0)

p
RP2

S2
γ(1) = −γ(0)

γ p ◦ γ

Proof of Lemma 121.19. First we recall that for k ≥ 2 we know from Corollary 48.18
that π1(RPk) ∼= Z2.
(1) The �rst statement is an immediate consequence of Lemma 48.15 (1) and the fact

that π1(RPn) ∼= Z2.
(2) Since k, l ≥ 2 both fundamental groups are isomorphic to Z2. In particular if

h∗ : π1(RPk) → π1(RPl) has non-trivial image, then this map is already an isomor-
phism. It follows from the naturality of the Hurewicz homomorphism, see Propo-
sition 84.2 (5), together with the Hurewicz Theorem 84.5 that the induced map
h∗ : H1(RPk;F2) → H1(RPl;F2) is also an isomorphism. Finally note that it follows
from the naturality of the isomorphisms in the First Cohomology Proposition 110.17
that the induced map h∗ : H1(RPl;F2)→ H1(RPk;F2) is also an isomorphism. �

Proof of the Borsuk-Ulam 39.8 for n ≥ 2. Let us suppose that there exists a map
f : Sn → Rn such that for any x ∈ Sn we have that f(x) 6= f(−x). We consider the
map

g : Sn → Sn−1

x 7→ f(x)−f(−x)
‖f(x)−f(−x)‖.

By our hypothesis this map is de�ned. It is clear that g(−x) = −g(x) for all x ∈ Sn.
Therefore this map g descends to a map

h : RPn → RPn−1

[x] 7→ [g(x)]

i.e. we get the following commutative diagram

Sn

p
��

g
// Sn−1

q
��

RPn
[x] 7→h(x):=[g(x)]

// RPn−1

where p and q denote the natural projections.1485

1485The map q ◦ g : Sn → RPn−1 is continuous. It follows from the Topological-Quotient Proposition 5.15
(1b) that the map h is also continuous.
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Claim. The map h∗ : H1(RPn−1;F2)→ H1(RPn;F2) is an isomorphism.

Proof. By Lemma 121.19 (2) we only have to show that h∗ : π1(RPn)→ π1(RPn−1) has non-
trivial image. Let γ : [0, 1]→ Sn be a path with γ(1) = −γ(0). Note that p◦γ : [0, 1]→ RPn
is a loop. We calculate that

by the above commutative diagram
↓

h∗([p ◦ γ]) = [h ◦ p ◦ γ] = [q ◦ (g ◦ γ)] 6= e ∈ π1(RPn−1).
↑

by Lemma 121.19 (1) since (g ◦ γ)(1) = g(γ(1)) = g(−γ(0)) = −g(γ(0)) = −(g ◦ γ)(0) �
We denote by y ∈ H1(RPn−1;F2) and x ∈ H1(RPn;F2) the unique non-trivial elements. We
have the following equality in Hn(RPn;F2):1486

Cup Product-RPn-Proposition 121.16 Cup Product-Naturality Lemma 114.10
↓ ↓

0 6= xn = (h∗(y))n = h∗(yn) = h∗(0) = 0.
↑ ↑
by the claim Cup Product-RPn-Proposition 121.16

We have thus obtained the desired contradiction. �

121.4. The cup product of quaternionic and octonionic projective spaces. In this
very short section we discuss the cup product of the quaternionic projective spaces HPn
that we introduced on page 1970. We will also calculate the cup product of the octonionic
projective plane OP2 that we de�ned on page 1972. These calculations might not sound all
that interesting, but later in Chapter 122 we will use them to show that certain homotopy
groups of spheres are non-trivial.
The following proposition is the only, and thus also the most interesting, result of this
section. The statement is of course, in light of the Cup Product-CPn-Proposition 121.7,
entirely predictable.

Proposition 121.20.
(1) Given any n ∈ N there exists an isomorphism

Z[z]/(zn+1) → (H∗(HPn;Z),Y)

of superalgebras, where z is an element of degree 4.
(2) There exists an isomorphism

Z[z]/(z3) → (H∗(OP2;Z),Y)

of superalgebras, where z is an element of degree 8.
In both cases the obvious analogues with Z replaced by Z2 also hold.

Proof.

(1) Let n ∈ N0. By the Quaternion-Projective Space Lemma 92.9 we know that HPn is
a 4n-dimensional closed orientable smooth manifold which admits a CW-structure
that has exactly one cell in the dimensions 0, 4, 8, . . . , 4n. The proof of the Cup
Product-CPn-Proposition 121.7 can be used, with very minor modi�cations, to prove
the desired result.

1486The argument is very similar to the argument in the proof of Proposition 121.14.
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(2) In the Octonion Plane Proposition 92.10 (3) we showed that the octonionic projective
planeOP2 is a closed orientable 16-dimensional smooth manifold which admits a CW-
structure with precisely one cell in dimensions 0, 8 and 16, and which has no other
cells. Once again the proof of the Cup Product-CPn-Proposition 121.7 clinches the
deal. �

Propositions 121.7 and 121.20 do raise a few questions, which can be viewed as a more
speci�c versions of Question 117.19. The �rst question we formulate asks whether we can
realize polynomial rings in other degrees.

Question 121.21. Let m be an even number and n ∈ N. Does there exist a topological
space X such that (H∗(X;Z),Y) is isomorphic to Z[z]/(zn+1) where z is now an element
of degree m?
The following question is even more speci�c, it asks whether there exists a �cohomological
OP3.

Question 121.22. Does there exist a topological space X such that (H∗(X;Z),Y) is
isomorphic to Z[z]/(z4) where z is now an element of degree 8?
It will not take the reader very long to see that a negative answer to Question 121.22 would
also tragically give a negative answer to Question 92.11.

121.5. Division algebras. We recall that on page 1959 we de�ned a real division algebra
to be an algebra over R such that for all a 6= 0 and b ∈ A there exists an x ∈ A with a·x = b
and a y ∈ A with y·a = b. In Section 92.1 we gave several examples of real division algebras,
namely R, the complex numbers C, the quaternions H (which are not commutative) and the
Cayley Octonions O (which are neither commutative nor associative). These real division
algebras are de�ned over Rn with n = 1, 2, 4 and 8.
These dimensions are powers of 2 and the following theorem, which was �rst proved by
Heinz Hopf [Hopf1940a] in 1940, shows that this is not a coincidence.

Theorem 121.23. (Hopf 1940) If Rn admits the structure of a real division algebra,
then n is a power of 2.
In the proof of Theorem 121.23 we will need the following lemma which is interesting in its
own right.

Lemma 121.24. Let k ∈ N. We denote by ϕ ∈ H1(RPk;F2) the unique non-trivial
element. We denote by p and q the two natural projections RPk × RPk → RPk and we
write α = p∗(ϕ) and β = q∗(ϕ). Then the obvious homomorphism

F2[α, β]/(αk+1, βk+1) → H∗(RPk × RPk;F2)

of superalgebras is an isomorphism.

Proof. The lemma is an immediate consequence of Propositions 121.16 and 117.24 and
the discussion on page 2586. �

Proof of Theorem 121.23. Let �∗� be a real division algebra structure on Rn. We want
to show that n is a power of 2. Since 1 and 2 are powers of 2 we can assume that n ≥ 3.
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As in the proof of Theorem 92.4 we consider the map

f̃ : Sn−1 × Sn−1 → Sn−1

(x, y) 7→ f̃(x, y) :=
x ∗ y
‖x ∗ y‖

.

We make the following observations:
(1) In the proof of Theorem 92.4 we already showed, using the hypothesis that �∗� de�nes

a division algebra, that this map is well-de�ned, i.e. that we never divide by zero.
(2) In the proof of Theorem 92.4 we had also shown that the map f̃ is continuous.
(3) Since �∗� de�nes in particular an algebra we have

f̃(−x, y) = −f̃(x, y) and f̃(x,−y) = −f̃(x, y) for any x, y ∈ Sn−1.

From (3) it follows that the above map f̃ descends to a map1487

f : RPn−1 × RPn−1 → RPn−1[
x̃
]
,
[
ỹ
]
7→

[
f̃(x, y)

]
.

We pick a point z ∈ Sn−1. We consider the inclusion maps

i : RPn−1 → RPn−1 × RPn−1

x 7→ (x, [z])
and j : RPn−1 → RPn−1 × RPn−1

x 7→ ([z], x).

Our �rst goal is to prove the following claim.
Claim 1. The map

(f ◦ i)∗ : H1(RPn−1;F2) → H1(RPn−1;F2)

is an isomorphism. The same conclusion holds with i∗ replaced by j∗.

Proof. We provide the proof for the �rst statement. The proof with i∗ replaced by j∗ is
basically the same. By Lemma 121.19 (2) it su�ces to show that the map

(f ◦ i)∗ : π1(RPn−1) → π1(RPn−1)

has non-trivial image. We introduce the following notation:
(1) We denote by π : Sn−1 → RPn−1 the natural projection.
(2) We pick a path γ : [0, 1]→ Sn−1 with γ(1) = −γ(0). Note that π ◦ γ : [0, 1]→ RPn−1

is a loop.
(3) We denote by ĩ the inclusion map Sn−1 → Sn−1×Sn−1 that is given by ĩ(x) = (x, z).

Note that we get the following commutative diagram

[0, 1]
γ
// Sn−1 ĩ //

π
��

Sn−1 × Sn−1

π×π
��

f̃
// Sn−1

π
��

RPn−1 i // RPn−1 × RPn−1 f
// RPn−1.

Finally we note that by the above commutative diagram
↓

(f ◦ i)∗([π ◦ γ]) = [f ◦ i ◦ π ◦ γ] =
[
π ◦ (f̃ ◦ ĩ ◦ γ)

]
6= e ∈ π1(RPn−1).
↑

this follows from Lemma 121.19 (1) since the following equality holds:
(f̃ ◦ ĩ ◦ γ)(1) = f̃(γ(1), z) = f̃(−γ(0), z) = −f̃(γ(0), z) = −(f̃ ◦ ĩ ◦ γ)(0)1487The argument of Footnote 1485 shows that f is continuous.
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�
We denote by ϕ ∈ H1(RPn−1;F2) the unique non-trivial element. Furthermore, as so often
we denote by p and q the two natural projections RPn−1 × RPn−1 → RPn−1. Finally we
write α = p∗(ϕ) and β = q∗(ϕ) ∈ H1(RPn−1;F2).
Claim 2. The following equality holds

f ∗(ϕ) = α + β ∈ H1(RPn−1 × RPn−1;F2).

Proof. We start out the proof of the claim with the following three observations:
(1) The Cohomology-Field Coe�cients Proposition 110.18 says that for any topological

space W the map
ev : H1(W ;F2) → Hom(H1(W ;F2),F2)

ψ 7→ (σ 7→ 〈ψ, σ〉)
is an isomorphism.

(2) Let x ∈ H1(RPn−1;F2) be the unique non-trivial element. By the discussion on
page 2499 the map

H1(RPn−1;F2)⊕ H1(RPn−1;F2) → H1(RPn−1×RPn−1;F2)
a⊕ b 7→ i∗(a)⊕ j∗(b)

is an isomorphism. In particular we see that H1(RPn−1×RPn−1;F2) is generated by
i∗(x) and j∗(x).

(3) Since H1(RPn−1;F2) and H1(RPn−1;F2) both contain a unique non-trivial element,
namely ϕ and x, we obtain from Observation (1) that ev(ϕ)(x) = 〈ϕ, x〉 = 1.

It follows from (1) and (2) that it su�ces to show that ev(f ∗(ϕ)) and ev(α + β) agree on
i∗(x) and j∗(y). In fact we have

ev(f ∗(ϕ))(i∗(x)) = 〈f ∗(ϕ), i∗(x)〉 = 〈ϕ, f∗(i∗(x))〉 = 〈ϕ, x〉 = 1.
↑ ↑ ↑ ↑

by de�nition Lemma 109.6 (3) by Claim 1 since x is observation (3)
unique non-zero

element of H1(RPn−1;F2)

We also calculate that
ev(α + β)(i∗(x)) = 〈p∗ϕ+ q∗ϕ, i∗(x)〉 = 〈ϕ, p∗(i∗(x))〉+ 〈ϕ, q∗(i∗(x))〉 = 〈ϕ, x〉 = 1.

↑ ↑ ↑
by de�nition Lemma 109.6 (3) since p ◦ i = id and q ◦ i is a constant map

We have thus shown that ev(f ∗(ϕ)) and ev(α+β) agree on i∗(x). The same argument also
works with i∗(x) replaced by j∗(y). �

Using Lemma 121.24 we can and will make the identi�cation

H∗(RPn−1 × RPn−1;F2) = F2[α, β]/(αn, βn).

Using this identi�cation we see that

by Cup Product-Naturality Lemma 114.10
↓

0 = f ∗(0) = f ∗(ϕn) = (f ∗(ϕ))n = (α + β)n =
n∑
k=0

(
n
k

)
·αkβn−k =

n−1∑
k=1

(
n
k

)
·αkβn−k.

↑ ↑ ↑
by the Cup Product-RPn-Proposition 121.16, by the previous claim since αn = βn = 0

since ϕ ∈ H1(RPn−1;F2)
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This equality holds in the polynomial ring F2[α, β]/(αn, βn). In this ring the n−1 monomials
αβn−1, α2βn−2, . . . , αn−1β are linearly independent over the �eld F2. This implies that for

k = 1, . . . , n − 1 we have
(
n
k

)
≡ 0 mod 2. Thus it remains to prove the following purely

algebraic claim.

Claim 3. If n ∈ N satis�es that
(
n
k

)
≡ 0 mod 2 for k = 1, . . . , n− 1, then n is a power of

2.
Proof. We can and will write n as a sum n = n1 + · · · + nr where each ni is a power of 2
and with n1 < · · · < nr. In the polynomial ring F2[x] we obtain that

by our hypothesis since n = n1 + · · ·+ nr
↓ ↓

1 + xn =
n∑
k=0

(
n
k

)
xk = (1 + x)n = (1 + x)n1 · · · · · (1 + x)nr

= (1 + xn1) · · · · · (1 + xnr) = 1 + xn1 + higher powers.
↑ ↑

since each ni is a power of 2 and since n1 < · · · < nr
since in F2[x] we have (a+ b)2 = a2 + b2

But this is only possible if n = n1, i.e. if n itself is a power of 2. �

In fact, with more fancy topological methods one can actually strengthen the previous
theorem to obtain the following theorem which gives a complete answer to Question 92.7.
Unfortunately the proof is well beyond the scope of these modest lecture notes.

Theorem 121.25. (Bott-Kervaire-Milnor 1958) Every �nite-dimensional division al-
gebra over R is of dimension 1,2, 4 or 8.

Proof. The theorem was �rst proved using topological methods by Michel Kervaire [Kerv1958]
and John Milnor [Miln1958a, Corollary 1], building on the �Bott Periodicity Theorem�
proved by Raoul Bott [Bot1957, Bot1959].1488 Full details for the proof can also be
found in [Hat2, Theorem 2.16]. As of right now there is no purely algebraic proof for the
statement. �

Remark. One might ask whether any �nite-dimensional division algebra over R is iso-
morphic to R,C,H or O. The statement holds under the stronger hypothesis that the
algebra is �normed� or �alternative�. We refer to [BD1973, p. 73], [EHHKMNPR1991,
p. 262] and [Baez2001] for results in this direction. As is shown in [Hat2002, p. 59],
[Bruc1944, Osb1962], without any extra hypotheses one cannot expect a uniqueness
statement.

Exercises for Chapter 121.

Exercise 121.1. Let R be a commutative ring, let V be an R-module and let ϕ : V ×V → R
be a symmetric R-bilinear pairing. Given a submodule W Ă V we obtain a symmetric R-
bilinear pairing ϕ : W ×W → R by restricting ϕ to W ×W .
(a) Show that if ϕ is non-degenerate, then it does not necessarily follow that ϕ|W is

non-degenerate.

1488We will discuss the statement of the Bott Periodicity Theorem in Section 156.4.
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(b) Let 〈−,−〉 : Rn × Rn → R be the usual Euclidean pairing. Show that for every
R-vector subspace W Ă Rn the corresponding pairing W ×W → R is non-singular.

(c) Let 〈−,−〉 : Zn × Zn → Z be the usual Euclidean pairing. Show that for a Z-
submodule W Ă Zn the corresponding pairing W ×W → Z is non-degenerate and
show that in general it is not non-singular.

Exercise 121.2. Let V and W be free Z-modules of �nite rank, i.e. V and W are free
abelian groups. Furthermore let λ : V ×W → Z be a pairing. Recall that we say that λ is
non-singular if the induced maps

V → HomZ(W,Z)

v 7→
(
W → Z
w 7→ λ(v, w)

)
and

W → HomZ(V ,Z)

w 7→
(
V → Z
v 7→ λ(v, w)

)
are isomorphisms. We say that the pairing is non-degenerate, if the two maps are monomor-
phisms.
(a) Let v1, . . . , vn be a basis for V . Show that the following two statements are equivalent:

(i) There exists some basis w1, . . . , wn for W such that λ(vi, wj) = δij for every
choice of i, j ∈ {1, . . . , n}.1489

(ii) The pairing λ is non-singular.
(b) Suppose that λ is non-degenerate. Show that V and W have the same rank.
(c) Suppose that V and W are of rank n and suppose we are given v1, . . . , vn ∈ V and

w1, . . . , wn ∈ W such that det(λ(vi, wj)) = ±1. Show that v1, . . . , vn is a basis for V
and that w1, . . . , wn is a basis for W .

Exercise 121.3. Let V be a free Z-module of �nite rank, i.e. V is a free abelian group.
Let ϕ : V × V → Z be a form. Given a subgroup U Ă V we write

U⊥ = {v ∈ V |ϕ(u, v) = 0 for all u ∈ U}.
We suppose that the form ϕ is non-singular. Show that for any subgroup U Ă V we have
rank(U⊥) = rank(V )− rank(U).

Exercise 121.4. Let m,n ∈ N. We denote by p : Sm×Sn → Sm and by q : Sm×Sn → Sn

the two natural projections. Use Poincaré Duality to show that

p∗([Sm]∗) Y q∗([Sn]∗) = ±[Sm × Sn]∗.

Put di�erently, you should show the equality without using the Product Theorem 117.1.

Exercise 121.5. For which n ∈ N is the complex projective space CPn chiral, i.e. for which
n ∈ N does CPn admit an orientation-reversing self-homeomorphism?

Exercise 121.6. Does there exist a degree one map from CP2 to S2 × S2?

Exercise 121.7. Is S3 ∨ RP2 homotopy equivalent to a smooth manifold?

Exercise 121.8. Show that there exists a connected CW-complex X with base point x0

and a homomorphism ϕ : π1(X, x0)→ Z2 = π1(RP2, ∗) which cannot be realized by a map
g : X → RP2, i.e. such that there is no map f : X → RP2 with f(x0) = ∗ such that f∗ = ϕ.
Remark. This gives a negative answer to Question 118.14 (3).
1489The basis w1, . . . , wn is in fact unique.
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Exercise 121.9.
(a) Let n ∈ N and letM be a closed orientable 2n-dimensional smooth manifold. Suppose

thatM admits a CW-structure with precisely three cells. Show thatM has precisely
one cell in dimensions 0, n and 2n.

(b) Show that there is no closed orientable 6-dimensional smooth manifold that has only
three cells.

(c) In (a) and (b), do we really need to assume that M is orientable?

Exercise 121.10. Let n ∈ N0 and let ϕ : CPn → CPn be map.
(a) Show that there exists a d ∈ Z such that

2n∑
k=0

(−1)k · tr(ϕ∗ : Hk(CPn)→ Hk(CPn))︸ ︷︷ ︸
Lefschetz number Λ(ϕ)

= 1 +
n∑
l=1
dl.

Hint. Use the cohomological reformulation of the Lefschetz number given in Exer-
cise 110.12.

(b) Suppose n is odd. Use the Lefschetz Fixed Point Theorem 97.9 to show that ϕ admits
a �xed point.

Remark. In Exercise 97.8 we showed that for any even n ∈ N0 there exists a self-map of
CPn with no �xed points.

Exercise 121.11. Let n ∈ N≥2 and let ϕ : S2 → S2 be a map of degree n. We consider
X := Cone(S2 ϕ−→ S2 = CP1

Ă CP2) and Y := Cone(S2 ϕ−→ S2) ∨ S4.
(a) Show that the cohomology rings of X and Y with Z-coe�cients are isomorphic.
(b) Show that the cohomology rings of X and Y with Z-coe�cients are not isomorphic.
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122. The Hopf invariant

In previous chapters we have seen that the introduction and the calculation of the cup
product allowed us to answer many questions on topological spaces that we could not deal
with before. In this section we want to use the cup product to address the following question
that we formulated a long time ago.
Question 71.18. Does the Hopf map H : S3 → S2 represent a non-trivial element in the
homotopy group π3(S2)?
In this chapter we will use the calculation of the cup product of CP2 to give an a�rmative
answer to this question. Furthermore we will use the quaternions and octonions to de�ne
higher dimensional analogues of the Hopf map which also represent non-trivial elements in
homotopy groups of spheres.

122.1. The Hopf map is not null-homotopic. First we recall the de�nition of the Hopf
map. On page 258 we gave an explicit identi�cation CP1 = S2. Furthermore on page 1576
we made the following de�nition.

De�nition. We refer to the map1490

H : S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1} → S2 = CP1

(z1, z2) 7→ [z1 : z2]

as the Hopf map.
Since the Hopf map is so much fun we will introduce two higher-dimensional analogues of
the Hopf map. More precisely, we will repeat the trick with C replaced by the quaternions
H and the octonions O. First we point out that we can use the homeomorphisms from the
Quaternion-Projective Space Lemma 92.9 (2) and the Octonion Plane Proposition 92.10
(2) to make the identi�cations HP1 = S4 and OP1 = S8. Now we can introduce the
quaternionic and octonionic Hopf maps.
De�nition. We refer to

HH : S7 = {(z1, z2) ∈ H2 | |z1|2 + |z2|2 = 1} → S4 = HP1

(z1, z2) 7→ [z1 : z2]

as the quaternionic Hopf map and we refer to

HO : S15 = {(z1, z2) ∈ O2 | |z1|2 + |z2|2 = 1} → S8 = OP1

(z1, z2) 7→ [z1 : z2]

as the octonionic Hopf map.
The idea for answering Question 71.18 is to translate this question about maps to a question
about topological spaces for which we can then bring our new invariants to bear. To carry
out this approach we recall the following de�nitions from earlier on:
De�nition.
(1) On page 450 we de�ned the cone of a topological space A to be the topological space

Cone(A) := (A× [0, 1])/∼ where (a, 0) ∼ (a′, 0) for all a, a′ ∈ A.

1490See also the �gure on page 1577 for an illustration of the map.
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(2) On page 457 we de�ned the mapping cone of a map f : A→ X between topological
spaces as Cone(f : A→ X) := (Cone(A) ∪X)/∼
where (a, 1) ∼ f(a) for all a ∈ A.

Both de�nitions are illustrated in the �gure below.
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mapping cone Cone(f : A→ X)
fC(A)
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Examples.

(1) It follows from the Compact-Hausdor� Proposition 2.17 (3) and the Topological-
Quotient Proposition 5.15 (1b) that the map

Cone(Sn−1) → B
n

[(P, t)] 7→ t · P

is a homeomorphism. We use this homeomorphism to identify Cone(Sn−1) with B
n
.

In particular, if X is a topological space and if f : Sn−1 → X is a map, then we get
an identi�cation

Cone(f : Sn−1 → X) = B
n ∪f X.

It follows immediately from this observation that any �nite CW-complex can be
viewed as an iterated mapping cone (where we start out with a �nite discrete set).

(2) In Exercise 122.1 we will see that the mapping cone of the map f : S1 → S1 that is
given by f(z) = z2 is a topological space that we are very familiar with.

The next lemma gives us another elementary but oddly useful example.

Lemma 122.1. (Mapping Cone-of-Constant Map Lemma) If f : Sk → X is a con-
stant map, then there exists a homeomorphism

Cone(f : Sk → X)
∼=−→ Sk+1 ∨X,

where we perform the wedge for suitable points in Sk+1 and X.

��
��
��

��
��
��

������
��
��
��

mapping cone Cone(f : Sk → X) = Sk+1 ∨X

X

Sk

constant map f

Sk+1

Proof. Suppose f : Sk → X is a constant map. It follows easily from the example
on page 2677 and the homeomorphism B

k+1
/Sk ∼= Sk+1 from the Ball-Quotient Sphere

Lemma 5.20 that Cone(f : Sk → X) is homeomorphic to a wedge Sk+1 ∨X. We leave it to
the reader to �ll in the details. �

The following lemma gives a particularly interesting example of a mapping cone.
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Lemma 122.2. (Mapping Cone-of-Hopf Map Lemma) There exist homeomorphisms

(1) Cone(H : S3 → S2) ∼= CP2

(2) Cone(HH : S7 → S4) ∼= HP2

(3) Cone(HO : S15 → S8) ∼= OP2.

Proof.
(1) In Lemma 68.1 we saw that CP2 is a CW-complex that is obtained from the CW-

complex CP1 = S2 by attaching a 4-cell. The attaching map S3 → CP1 of the 4-cell is
precisely the Hopf map. This observation, together with the discussion on page 2677,
already implies the statement. For completeness' sake we give the argument more
explicitly and in more detail. We consider the maps1491

f : Cone(S3) → CP2

[(z0, z1), r] 7→ [r · z0 : r · z1 : 1− r] and g : CP1 → CP2

[z0 : z1] 7→ [z0 : z1 : 0].

It follows immediately from the de�nitions together with the Topological-Quotient
Proposition 5.15 (1b) that these two maps de�ne a continuous map

Cone(H : S3 → S2)︸ ︷︷ ︸
=(Cone(S3)∪CP1)/∼

→ CP2.

One can easily verify that this map is a bijection. Furthermore, using the Compact-
Hausdor� Proposition 2.17 (3) and the Projective Spaces-Compact+Hausdor� Propo-
sition 5.30 one sees that the map is in fact a homeomorphism.

(2) The proof of (2) is basically identical to the proof of (1).
(3) Implicitly we mostly proved this statement in the proof of the Octonion Plane Propo-

sition 92.10. Alternatively we also refer to [Lackm2012, p. 4] for details. �

Now we can �nally answer Question 71.18 in the a�rmative. More precisely we have the
following theorem. The statement regarding the �classical� Hopf map was �rst proved by
Heinz Hopf [Hopf1931] in 1931.

Theorem 122.3.
(1) The Hopf map H : S3 → S2 represents a non-trivial element in the third homotopy

group π3(S2).
(2) We have [HH] 6= 0 ∈ π7(S4).
(3) We have [HO] 6= 0 ∈ π15(S8).

Proof. First we prove (1). Recall that for two topological spaces X and Y we write X ' Y
if they are homotopy equivalent. We have

Cone(Hopf map H) ∼= CP2 6' S2 ∨ S4 ∼= Cone(constant map).
↑ ↑ ↑

Mapping Cone-of-Hopf Map Lemma 122.2 (1) Lemma 121.4 Mapping Cone-of-Constant Map Lemma 122.1

But by the Mapping Cone Inclusion Lemma 16.16 this means that the Hopf map is not
homotopic to the constant map. In particular the Hopf map H : S3 → S2 represents a
non-trivial element in the homotopy group π3(S2).

1491It follows from the Topological-Quotient Proposition 5.15 (1b) and the Topological-Quotient Proposi-
tion 5.15 (1a) that these two maps are continuous.
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The proof of the other two statements is quite similar. We again use the Mapping
Cone-of-Hopf Map Lemma 122.2 and we use the calculations of the cup products of HP2

and OP2, see Proposition 121.20, to conclude that the mapping cones of the quaternionic
and octonionic Hopf maps are not homotopy equivalent to a wedge of spheres. �

122.2. The Hopf invariant. It is natural to ask how far we can push the methods of
Theorem 122.3 to gain more insight into homotopy groups of spheres. In this section, given
n ≥ 2 we will introduce the Hopf invariant

Hopf : π2n−1(Sn) → Z
which satis�es Hopf(H) = ±1, Hopf(HH) = ±1 and Hopf(HO) = ±1.
The idea behind the de�nition of the Hopf invariant is straightforward. Namely, given
n ∈ N≥2 and given a map f : S2n−1 → Sn we consider again the corresponding mapping
cone Cone(f : S2n−1 → Sn). We will see in Lemma 122.5 that it follows from the fact
that n ≥ 2 that we have Hn(Cone(f);Z) ∼= Z and H2n(Cone(f);Z) ∼= Z. We will equip
H2n(Cone(f);Z) with a �preferred generator�. We pick a generator ϕ ∈ Hn(Cone(f);Z)
and we de�ne Hopf(f) to be the unique integer that satis�es

ϕ Y ϕ = Hopf(f) · preferred generator ∈ H2n(Cone(f);Z).

To carry out this program we need to carefully study the cohomology groups of a mapping
cone. Recall that in the Mapping Cone-H∗-Lemma 78.17 we saw that the homology groups
of a mapping cone �t naturally into a long exact sequence of homology groups. The
following lemma shows that the analogous statement also holds for the cohomology groups
of a mapping cone.

Lemma 122.4. (Mapping Cone-H∗-Lemma) Let R be a commutative ring.
(1) Let f : A→ X be a map between topological spaces.

(a) We denote by j(f) : X → Cone(f) = (Cone(A) t X)/∼ the obvious inclusion
map.

(b) We denote by U the image of A × [0, 3
4
) in Cone(f) and we denote by V the

complement of the image of A× [0, 1
4
]. (See also the �gure below.) We consider

the following diagram

. . . // Hk−1(U ∩ V ;R)
δ //

=

��

Hk(Cone(f);R) // Hk(U ;R)⊕ Hk(V ;R) // . . .

Hk−1(A;R).
=:δk−1(f)

55

Here the top sequence is the long exact sequence arising from the Mayer�Vietoris
Theorem 109.15 for Cohomology Groups1492 and the vertical map comes from
the obvious identi�cations Hk−1(U ∩ V ;R) = Hk−1(A × 1

2
;R) = Hk−1(A;R).

From the above diagram we obtain the map

δk−1(f) : Hk−1(A;R) → Hk(Cone(f);R).
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The following sequence is exact

... // H̃
k
(Cone(f);R)

j(f)∗
// Hk(X;R)

f∗
// Hk(A;R)

δk(f)
// H̃

k+1
(Cone(f);R) // ...

(2) The connecting homomorphism in (1) is natural. In particular given any commuta-
tive diagram

A
f
//

ϕ
��

X
ψ��

Ã
f̃
// X̃

of maps between topological spaces the following diagram commutes:

... // H̃
k
(Cone(f);R)

j(f)∗
// Hk(X;R)

f∗
// Hk(A;R)

δk(f)
// H̃

k+1
(Cone(f);R) // ...

... // H̃
k
(Cone(f̃);R)

j(f̃)∗
//

OO

Hk(X̃;R)
f̃∗
//

ψ∗

OO

Hk(Ã;R)
δk(f̃)

//

ϕ∗

OO

H̃
k+1

(Cone(f̃);R) //

OO

...

Here the vertical maps between the cohomology groups of the mapping cones are
induced by the maps from the Mapping Cone Functor Lemma 16.14 (3).
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mapping cone Cone(f : A→ X)

U V
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Proof. The proof is basically identical to the proof of the Mapping Cone-H∗-Lemma 78.17.
The meticulous reader who �lled in the details of the proof of the Mapping Cone-H∗-
Lemma 78.17 will have no troubles working out the details of the present proof. �

Lemma 122.5. Let f : Sm → Sn be a map. If m ≥ n+ 1 and n ≥ 1, then the maps

Hn(Cone(f);Z)
j(f)∗−−−→ Hn(Sn;Z)

and Hm(Sm;Z)
δm(f)−−−→ Hm+1(Cone(f);Z)

are isomorphisms and all other reduced cohomology groups of Cone(f) are zero. An
analogous statement holds for homology groups. In particular we have isomorphisms

Hk(Cone(f : Sm → Sn);Z) ∼= Hk(Cone(f : Sm → Sn);Z) ∼=
{

Z, if k = 0, n,m+ 1,
0, otherwise.

Proof. The lemma is an almost immediate consequence of the Mapping Cone-H∗-Lemma 122.4
and the calculation of the cohomology groups of spheres, see page 2422. For n = 1 one also
needs to invoke Exercise 108.6. �

1492Note that U and V are open subsets of Cone(f). Thus it follows from the Excisive Triad-
Proposition 109.12 that we can in fact apply the theorem.
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Throughout this section we use the notation that we had already introduced in the formu-
lation of the Mapping Cone-H∗-Lemma 122.4. More precisely, given a map f : A→ X be-
tween two topological spaces we denote by j(f) : X → Cone(f) = (Cone(A)∪X)/∼ the ob-
vious inclusion map and furthermore we denote by δk−1(f) : Hk−1(A;Z)→ Hk(Cone(f);Z)
the coboundary map in the long exact sequence in cohomology of the Mapping Cone-H∗-
Lemma 122.4.
Now we are �nally in a position to turn the idea from page 2679 into a proper de�nition.

De�nition. Let f : S2n−1 → Sn be a map with n ≥ 2. The Hopf invariant Hopf(f) is
de�ned to be the unique integer that satis�es1493

(j(f)∗)−1([Sn]∗)︸ ︷︷ ︸
generator of

Hn(Cone(f);Z)

Y (j(f)∗)−1([Sn]∗)︸ ︷︷ ︸
generator of

Hn(Cone(f);Z)

= Hopf(f) · δ2n−1(f)([S2n−1]∗)︸ ︷︷ ︸
generator of

H2n(Cone(f);Z)

in H2n(Cone(f);Z) ∼= Z.

Remark.

(1) In the de�nition of the Hopf invariant we could have squared any of the two generators
of Hn(Cone(f);Z) ∼= Z, since the sign ambiguity goes away with the square.

(2) It follows immediately from the (anti-) commutativity of the cup product, see the
Cup Product-Commutativity Proposition 114.8, that the Hopf invariant is zero for
all odd n.

Example.

(1) As usual we denote byH : S3 → S2 the Hopf map. In the Mapping Cone-of-Hopf Map
Lemma 122.2 we showed that the mapping cone Cone(H) is homeomorphic to CP2.
By Lemma 122.5 we know that (j(H)∗)−1([S2]∗) ∈ H2(CP2;Z) and δ3(f)([S3]∗) ∈
H4(CP2;Z) are generators. It follows from the calculation of the cup product on CP2,
see the Cup Product-CPn-Proposition 121.7, that Hopf(H) = −1 or Hopf(H) = 1.1494

(2) Using Proposition 121.20 one can show, by the same argument as in (1), that the
Hopf invariants of the quaternionic Hopf map HH : S7 → S4 and the octonionic Hopf
map HO : S15 → S8 are equal to ±1.

Lemma 122.6. Let n ≥ 2 and let f0, f1 : S2n−1 → Sn be two maps. If f0 and f1 are
homotopic, then Hopf(f0) = Hopf(f1).

Proof. Let H : S2n−1 × [0, 1] → Sn be a homotopy between f0 and f1. We denote by
i0, i1 : S2n−1 → S2n−1 × [0, 1] the two obvious inclusion maps. We obtain the following two
commutative diagrams

S2n−1 f0 //

i0
��

Sn

=
��

S2n−1×[0, 1]
H // Sn

and
S2n−1 f1 //

i1
��

Sn

=
��

S2n−1×[0, 1]
H // Sn.

1493Here we implicitly use that in Lemma 122.5 we showed that j(f)∗ and δ2n−1(f) are isomorphisms.
1494With more care one can show that in fact Hopf(H) = 1, but this is irrelevant for our purpose.
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By the Mapping Cone Functor Lemma 16.14 (3) the diagrams give rise to inclusion maps
Ξ0 : Cone(f0) → Cone(H) and Ξ1 : Cone(f1) → Cone(H). From the Mapping Cone-H∗-
Lemma 122.4 we obtain the following commutative diagram of long exact sequences:

. . . // H̃
k
(Cone(f0))

j(f0)∗
// Hk(Sn)

f∗0 // Hk(S2n−1)
δ // H̃

k+1
(Cone(f0)) // . . .

. . . // H̃
k
(Cone(H))

Ξ∗0

OO

Ξ∗1 ��

j(H)∗
// Hk(Sn)

H∗ //

id

OO

id
��

Hk(S2n−1×[0, 1])

i∗1∼=
��

δ //

i∗0∼=

OO

H̃
k+1

(Cone(H)) //

Ξ∗1 ��

Ξ∗0

OO

. . .

. . . // H̃
k
(Cone(f1))

j(f1)∗
// Hk(Sn)

f∗1 // Hk(S2n−1)
δ // H̃

k+1
(Cone(f1)) // . . .

Note that the vertical maps between the cohomology groups of the mapping cones are
isomorphisms. This can be shown using the Five Lemma 74.10, or alternatively, in a more
fancy way using the Mapping Cone Inclusion Lemma 16.16.

Next we consider the generator Θ := (i∗0)−1([S2n−1]∗) = (i∗1)−1([S2n−1]∗) of the group
H2n−1(S2n−1 × [0, 1];Z). We de�ne a number Hopf(H) via the equality

(j(H)∗)−1([Sn]∗) Y (j(H)∗)−1([Sn]∗) = Hopf(H) · δ2n−1(H)(Θ)

in H2n(Cone(H);Z) ∼= Z. Finally we apply the above commutative diagram and we apply
the Cup Product-Naturality Lemma 114.10 to the maps Ξ0 : Cone(f0) → Cone(H) and
Ξ1 : Cone(f1)→ Cone(H) and we see that Hopf(f0) = Hopf(H) = Hopf(f1). �

De�nition. It follows from Lemma 122.6 that for each n ≥ 2 the map

π2n−1(Sn, ∗) → Z
[f ] 7→ Hopf(f)

is well-de�ned. This map is called the Hopf invariant.
Our next proposition says that the Hopf invariant is a homomorphism. This is arguably
somewhat surprising since at �rst glance the de�nition of the Hopf variant, given by squar-
ing an element, does not look particularly like a linear map.

Proposition 122.7. For any n ≥ 2 the Hopf invariant Hopf : π2n−1(Sn, ∗) → Z is a
homomorphism.
Together with the calculation of the Hopf invariant for the Hopf maps H, HH and HO on
page 2681 we obtain the following immediate corollary to Proposition 122.7.

Corollary 122.8. The Hopf invariants

(1) Hopf : π3(S2) → Z
(2) Hopf : π7(S4) → Z
(3) Hopf : π15(S8) → Z

are epimorphisms.
The technically slightly dicey proof of Proposition 122.7 will require the remainder of this
section. The reader is cordially invited to skip the argument and to jump to the much more
entertaining content of the next section.
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Our proof1495 of Proposition 122.7 will require a few preparations. First of all, on several
occasions we will need the following construction.

Construction 122.9. Suppose we are given the following commutative diagram of topo-
logical spaces:

X
f

//

ϕ
��

Y
ψ��

X̃
f̃
// Ỹ .

Then, as discussed in the Mapping Cone Functor Lemma 16.14 (3), we obtain an induced
map

Cone(f : X → Y ) → Cone(f : X̃ → Ỹ )

[P ] 7→
{

[(ϕ(x), t)], if P = (x, t) with x ∈ X, t ∈ [0, 1],
[ψ(y)], if P = y with y ∈ Y

By the Mapping Cone Functor Lemma 16.14 (4) the map �ts into the following commu-
tative diagram:

Y �
� j

//

ψ
��

Cone(f : X → Y )

��

p
// Σ(X)

Σ(ϕ)
��

Ỹ �
� j

// Cone(f̃ : X̃ → Ỹ )
p
// Σ(X̃)

where the horizontal maps to the left are the inclusions maps i that we introduced in
the Mapping Cone Basics Lemma 16.13 (2) and where the horizontal maps p on the
right are given by the projection and the homeomorphism from the Mapping Cone Basics
Lemma 16.13 (4).
Finally we will need the following slight reinterpretation of the Hopf invariant.

Lemma 122.10. Let f : S2n−1 → Sn be a map. We denote by j : Sn → Cone(f) the
inclusion map and we denote by p : Cone(f) → Cone(f)/Sn = Σ(S2n−1) the map given
by the projection and homeomorphism from the Mapping Cone Basics Lemma 16.13 (4).
Then

(j∗)−1([Sn]∗) Y (j∗)−1([Sn]∗) = Hopf(f) · p∗(Σ([S2n−1]∗)) ∈ H2n(Cone(f);Z).

Proof of Lemma 122.10. The statement follows basically immediately from the discus-
sion on page 24351496 and the cohomological analogue of Lemma 78.19. �

Proof of Proposition 122.7. We start out with a few preparations.

(1) Given a pointed topological space (X, x0) we de�ne X ∨X by identifying two copies
of X along the base point. We refer to the map ϕ : X ∨ X → X which is given by
the identity on either of the two copies as the folding map.

(2) Let k ∈ N≥2. On page 1565 we introduced a pinching map π : Sk → Sk ∨ Sk. The
precise de�nition is rather irrelevant to us right now. What matters is that we saw
on page 1566 that given any pointed topological space (X, x0) and given any two

1495Our proof is based on the proof in [MTa1968, p. 35]. An alternative proof is sketched in [Stro2011,
p. 557].
1496Note that here we use the convenient fact that (−1)(2n−1)+1 = +1. In reality the sign is largely
irrelevant, as long as we can be sure that the sign depends only on n.
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maps f1, f2 : (Sk, ∗)→ (X, x0) we have

[f1 ∗ f2] =
[
Sk

π−→ Sk ∨ Sk f1∨f2−−−→ X ∨X ϕ−→ X
]
∈ πk(X, x0).
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pinching map π folding map ϕ

Now we turn to our actual situation. Let n ∈ N≥2. Suppose we are given two maps
f1, f2 : (S2n−1, ∗)→ (Sn, ∗). For i = 1, 2 we consider the following diagram

Sn
j

// Cone(ϕ ◦ (f1∨f2) ◦ π :S2n−1→Sn)
p

// ΣS2n−1

Sn∨Sn j
//

ϕ

OO

=
��

Cone((f1∨f2) ◦ π :S2n−1→Sn∨Sn)

ϕ
OO

ψ
��

p
// ΣS2n−1

Σ(π)
��

=

OO

Sn∨Sn j
// Cone(f1∨f2 :S2n−1∨S2n−1→Sn∨Sn)

p
// Σ(S2n−1∨S2n−1)

Sn∨Sn j∨j
//

=

OO

qi
��

Cone(f1 :S2n−1→Sn)∨Cone(f2 :S2n−1→Sn)
qi��

Ξ
OO

p∨p
// ΣS2n−1∨ΣS2n−1

Ω
OO

qi��

Sn
j

// Cone(fi :S
2n−1→Sn)

p
// ΣS2n−1.

The top three vertical maps are illustrated in the �gure below.

�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������

������
������
������
������
������
������
������

������
������
������
������
������
������
������

���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������

�������
�������
�������

�������
�������
�������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

����

����

��

�
�
�
�

��
��
��
��

Cone(S2n−1 ∨ S2n−1)

Cone(S2n−1) ∨ Cone(S2n−1)

Cone(S2n−1)

Cone(S2n−1)

f1 ∨ f2

f1 ∨ f2

π f1 ∨ f2 ϕ Sn

f1 ∨ f2
Sn ∨ Sn

Sn ∨ Sn

π

Sn ∨ Sn

We make the following clari�cations:
(1) The horizontal maps to the left are the inclusions maps j introduced in the Mapping

Cone Basics Lemma 16.13 (2) and the horizontal maps p on the right are given by
the projection and the homeomorphism from the Mapping Cone Basics Lemma 16.13
(4).

(2) The vertical maps between the �rst and the second and between the second and
the third row are obtained from Construction 122.9 applied to the following two
commutative diagrams

S2n−1
(f1∨f2)◦π

//

=
��

Sn ∨ Sn
ϕ
��

S2n−1
ϕ◦(f1∨f2)◦π

// Sn
and

S2n−1
(f1∨f2)◦π

//

π
��

Sn ∨ Sn
=
��

S2n−1 ∨ S2n−1 f1∨f2 // Sn ∨ Sn.
In particular we see that the four upper squares commute.
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(3) Next we consider the two diagrams

S2n−1 fi //

��

Sn

��

S2n−1 ∨ S2n−1 f1∨f2 // Sn ∨ Sn

which are given by the injections into the �rst respectively second factor. By Con-
struction 122.9 these diagrams give rise to two sequences of maps. We �wedge� the
two sequences and we obtain the vertical maps from the fourth to the third row.

(4) At the bottom, in each column the map qi is the projections onto the i-th factor.

Next we apply the cohomology functor X 7→ Hk(X) = Hk(X;Z) with k = n and k = 2n
to the above diagram (except that at the bottom we consider both maps q1 and q2). We
obtain the following commutative diagram:1497

Hk(Sn)
� _

ϕ∗
��

Hk(Cone(ϕ◦(f1∨f2)◦π :S2n−1→Sn))
j∗

∼=
oo

ϕ*
��

Hk(ΣS2n−1)∼=

p∗
oo

=
��

Hk(Sn∨Sn) Hk(Cone((f1∨f2)◦π :S2n−1→Sn∨Sn))
j∗

∼=
oo Hk(ΣS2n−1)∼=

p∗
oo

Hk(Sn∨Sn)

=
OO

=
��

Hk(Cone(f1∨f2 :S2n−1∨S2n−1→Sn∨Sn))
j∗

∼=
oo

ψ*

OO

Ξ∗∼= ��

Hk(Σ(S2n−1∨S2n−1))∼=

p∗
oo

Σ(π)∗
OOOO

∼= Ω∗��

Hk(Sn∨Sn) Hk(Cone(f1)∨Cone(f2))∼=

(j∨j)∗
oo Hk(ΣS2n−1∨ΣS2n−1)∼=

(p∨p)∗
oo

Hk(Sn)⊕Hk(Sn)

∼=q∗1⊕q∗2
OO

Hk(Cone(f1))⊕Hk(Cone(f2))∼=

j∗1⊕j∗2oo

∼= q∗1⊕q∗2
OO

Hk(ΣS2n−1)⊕Hk(ΣS2n−1).∼=

p∗1⊕p∗2oo

∼= q∗1⊕q∗2
OO

We make the following observations:

(1) It follows almost immediately from the Mapping Cone-H∗-Lemma 122.4 that the
horizontal maps to the left are isomorphisms in degree n. Since these isomorphisms
are only in degree n they are colored in red.

(2) It follows easily from the Mapping Cone-H∗-Lemma 122.4 and the cohomological
analogue of Lemma 78.19 that the horizontal maps to the right are isomorphisms for
k = 2n. Since these isomorphisms are only in degree 2n they are colored in green.

(3) Similar to the calculation in Exercise 79.1 we see that the map Ω∗ is an isomorphism.
(4) It follows from (1), (2) and (3) that the map Ξ∗ is an isomorphism.
(5) The vertical maps at the very bottom are induced by the natural projections. The

maps are isomorphisms by the Wedge-H∗-Proposition 109.17.

Next we denote by α = [Sn]∗ ∈ Hn(Sn) the dual fundamental class. Furthermore we write
β = ([Σ([S2n−1]∗)]) ∈ H2n(ΣS2n−1).

Claim 1. We have ϕ∗(α) = q∗1(α) + q∗2(α) and ((Σ(π)∗ ◦ (Ω∗)−1)(q∗1(β) + q∗2(β)) = β.

Proof. We leave it to the reader to verify this claim.

1497Any reader who knows of a program which can automatically turn the latex-code for a diagram of
topological spaces into the latex-code for the corresponding diagram of cohomology groups should contact
me urgently.
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The key calculation takes place in the fourth row. More precisely, we have the following
claim.
Claim 2. The following equality holds in H2n(Cone(f1) ∨ Cone(f2)):(

(j ∨ j)∗)−1(q∗1(α) + q∗2(α))
)2

= (Hopf(f1) + Hopf(f2)) · (p ∨ p)∗(q∗1(β) + q∗2(β)).

Proof. We calculate that

since ji ◦ qi = qi ◦ (j ∨ j) : Sn ∨ Sn → Cone(fi : S
2n−1 → Sn)

↓(
(j ∨ j)∗−1(q∗1α + q∗2α)

)2
=
(
q∗1(j∗1

−1α) + q∗2(j∗2
−1α)

)
Y
(
q∗1(j∗1

−1α) + q∗2(j∗2
−1α)

)
= q∗1(j∗1

−1α)Yq∗1(j∗1
−1α) + q∗2(j∗2

−1α)Yq∗2(j∗2
−1α) = q∗1(j∗1

−1αYj∗1
−1α) + q∗2(j∗2

−1αYj∗2
−1α)

↑ ↑
by the Suspension-Cup Product Lemma 115.7 the Cup Product-Naturality Lemma 114.10
�mixed� terms are zero

= q∗1(Hopf(f1)·p∗1(β))+q∗2(Hopf(f2)·p∗2(β)) = (Hopf(f1)+Hopf(f2))·(p∨p)∗(q∗1(β)+q∗2(β)).
↑ ↑
by the reinterpretation of Hopf(f1) since pi ◦ qi = qi ◦ (p ∨ p) : Cone(f1) ∨ Cone(f2)→ ΣS2n−1

and Hopf(f2) given in Lemma 122.10 �
It follows from [f1∗f2] = [ϕ◦(f1∨f2)◦π], the de�nition of α and β and the reinterpretation
of the Hopf invariant given in Lemma 122.10, that it remains to prove the following claim.
Claim 3. The following equality holds in the �rst row:

((j∗)−1(α))2 = (Hopf(f1) + Hopf(f2)) · p∗(β).

Proof. The idea is of course to push the equality from Claim 2 through the above commu-
tative diagram towards the top. The key tool hereby is the naturality of the cup product,
see the Cup Product-Naturality Lemma 114.10. First we note that it follows from the Cup
Product-Naturality Lemma 114.10 and the fact that ϕ∗ is an isomorphism in degree 2n
that it remains to prove that the following equality holds in the second row:

(∗) (j∗)−1(ϕ∗(α))2 = (Hopf(f1) + Hopf(f2)) · p∗(β).

To prove this equality we note that it follows from Claims 1 and 2 together with the Cup
Product-Naturality Lemma 114.10 that the following equality holds in the third row:

((j∗)−1(ϕ∗(α)))2 = (Hopf(f1) + Hopf(f2)) · p∗((Ω∗)−1(q∗1(β) + q∗2(β))).

Again, using the Cup Product-Naturality Lemma 114.10 we see that the following equality
holds in the second row:

((j∗)−1(ϕ∗(α)))2 = (Hopf(f1) + Hopf(f2)) · p∗(Σ(π)∗((Ω∗)−1(q∗1(β) + q∗2(β)))︸ ︷︷ ︸
= β by Claim 1

).

But using Claim 1 we see that this is precisely the desired equality that we formulated in
(∗). �

122.3. The Hopf invariant and multiplication maps. By a multiplication map we
mean any map of the form f : Sk × Sk → Sk. In this section we will see that such mul-
tiplication maps give rise to potentially interesting maps Θf : S2k+1 → Sk. In the key
calculation of this section we show how we can determine the Hopf invariant Hopf(Θf )
directly in terms of homological data of the original map f .
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We start out with recalling the following not terribly inspired de�nition from Exer-
cise 76.20.
De�nition. Let n ∈ N and let f : Sn × Sn → Sn be a map. We pick x0, y0 ∈ Sn. We
de�ne the bidegree of f as1498

bideg(f) := (p, q) where p := deg

(
Sn → Sn

x 7→ f(x, y0)

)
and q := deg

(
Sn → Sn

y 7→ f(x0, y)

)
.

Examples.

(1) The map f : S1×S1 → S1 that is given by complex multiplication has bidegree (1, 1).
This can be seen as follows: taking x0 = y0 = 1, we see that the two maps S1 → S1

given by z 7→ f(z, 1) and z 7→ f(1, z) are in fact the identity.
(2) The same argument as in (1) shows that the quaternion multiplication S3×S3 → S3

is a map of bidegree (1, 1) and that the octonion multiplication S7×S7 → S7 is also
a map of bidegree (1, 1).

(3) Let n ∈ N and let f : Sn × Sn → Sn be a map of bidegree (p, q). Furthermore let
ϕ, ψ : Sn → Sn two maps. It follows almost immediately from the de�nitions that
the bidegree of the map (x, y) 7→ f(ϕ(x), ψ(y)) equals (p · deg(ϕ), q · deg(ψ)).

The previous example shows that the division algebras C, H and O give rise to maps of
bidegree (1, 1). This result can be generalized to all division algebras.

Lemma 122.11. Let n ∈ N≥2. If Rn admits the structure of a division algebra1499, then
there exists a map Sn−1 × Sn−1 → Sn−1 of bidegree (p, q) where both p and q are odd.

Proof. Let ∗ be the multiplication map of a division algebra on Rn. As in the proof of
Theorem 92.4 we consider the map

f : Sn−1 × Sn−1 → Sn−1

(x, y) 7→ f(x, y) :=
x ∗ y
‖x ∗ y‖

.

In the proof of Theorem 92.4 we already showed, using the hypothesis that �∗� de�nes a
division algebra, that this map is well-de�ned and that it is continuous. Now we pick a
point ? ∈ Sn−1 and we consider the maps

ϕ : Sn−1 → Sn−1

x 7→ f(x, ?)
and

ψ : Sn−1 → Sn−1

y 7→ f(?, y).

It follows easily from the fact that ∗ is the multiplication of a real algebra that for all z ∈
Sn−1 we have ϕ(−z) = −ϕ(z) and ψ(−z) = −ψ(z). By the Odd Degree Proposition 91.3
this implies that deg(ϕ) and deg(ψ) are odd. Conveniently enough that is exactly what he
had set out to show. �

1498In Exercise 76.20 (a) we saw that the de�nition does not depend on the choice of x0 and y0.
1499Recall that by the de�nition on page 1959 a division algebra is an algebra that has left and right
inverses. We do not assume that division algebras are associative and we do not assume that they preserve
the scalar product.
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Before we continue we recall a few conventions that we had introduced along the way. Most
of them are also illustrated in the �gure below.

(1) Given a topological space we consider the cone Cone(X), the suspension Σ(X) and
we consider the two copies Cone±(X) of the cone in the suspension.1500

(2) Let m ∈ N0. Note that by the discussion on page 450 we can make the identi�cation
Cone(Sm) = B

m+1
and by the discussion on page 452 we can make the identi�cation

Σ(Sm) = Sm+1.
(3) Let m,n ∈ N0. By the discussion on page 263 we can make the identi�cation

(Sm×Bn+1
) ∪idSm×Sn (B

m+1×Sn)
=−→ Sm+n+1.
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suspension Σ(Sm)

B
m+1

t = −1

Sm t = 1

Cone+(Sm)Cone(Sm)

Cone−(Sm)

t = 0

=

Sm+1

=

Now we can move on to the promised construction of potentially interesting maps between
spheres.

De�nition. Let f : Sp × Sq → Sr be a map. We consider the maps

Sp × Cone(Sq) → Cone+(Sr)
(P, [(Q, t)]) 7→ [(f(P,Q), 1− t)] and

Cone(Sp)× Sq → Cone−(Sr)
([(P, t)], Q) 7→ [(f(P,Q), t− 1)].

We will see in Exercise 122.2 that these two maps are continuous. We leave the task of
showing that these two maps are continuous to the reader. Evidently the two maps agree
on the overlap Sp×Sq. Thus by the Topological Pushout Proposition 5.33 (1b) these two
maps de�ne a continuous map

Θf : (Sp × Cone(Sq)) ∪Sp×Sq (Cone(Sp)× Sq) = Sp+q+1︸ ︷︷ ︸
=(Sp×Bq+1

)∪Sp×Sq (B
p+1×Sq)

→ Σ(Sr)︸ ︷︷ ︸
=Sr+1

.

We refer to the �gure below for a moderately successful attempt at illustrating the map
Θf .
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S1 ×B2

S1 × S1
f

S3

B
2 × S1

Θf
S2

Example.

1500Here we implicitly use the Cone-Suspension Basics Lemma 16.8.
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(1) Again we consider the map f : S1×S1 → S1 that is given by complex multiplication.
We obtain by the above construction a map Θf : S3 → S2. The heroically inclined
reader will surely rise to the challenge of showing that this map is homotopic to the
Hopf map.1501

(2) Similarly to (1) one can show that the quaternion multiplication S3×S3 → S3 gives
rise to the quaternionic Hopf map S7 → S4 and that the octonion multiplication
S7 × S7 → S7 gives rise to the quaternionic Hopf map S15 → S8.

Given a map f : Sn−1 × Sn−1 → Sn−1 the next proposition computes the Hopf invariant of
Θf in terms of the bidegree of f .

Proposition 122.12. Let n ∈ N≥2. If f : Sn−1×Sn−1 → Sn−1 is a map of bidegree (r, s),
then the induced map Θf : S2n−1 → Sn has Hopf invariant ±rs.1502

Proof. We make the following preparations:
(1) Throughout the proof all cohomology groups are understood to be with Z-coe�cients.
(2) To simplify the notation we write C(Θf ) instead of Cone(Θf ).
(3) By the Mapping Cylinder Basics Lemma 16.10 we know that the inclusion Sn →

C(Θf : S2n−1 → Sn) is actually an embedding, thus we can identify Sn with its
image in C(Θf ).

(4) We denote by B
n

+ the upper hemisphere of Sn and we denote by B
n

− the lower
hemisphere of Sn.

(5) By the discussion on page 450 we can make the identi�cation

B
n ×Bn

= B
2n

= Cone
(

(Sn−1 ×Bn
) ∪Sn−1×Sn−1 (B

n × Sn−1)︸ ︷︷ ︸
=S2n−1

)
.

We denote by

F : B
n ×Bn → C(Θf : S2n−1 → Sn) = Cone(S2n−1)︸ ︷︷ ︸

=B
n×Bn=B

2n

∪Θf S
n

the obvious map which is given by the identi�cation B
n×Bn

= Cone(S2n−1) followed
by the projection.
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B
n

−

B
n

+

Sn

Sn−1

B
n ×Bn

F

Cone(Θf : S2n−1 → Sn)

S2n−1Sn−1 × Sn−1

Sn−1 ×Bn

f

B
n × Sn−1

S2n−1
Θf

1501To be on the safe side, let us more cautiously say that the map Θf is either homotopic to the Hopf
map or that it is homotopic to the composition of the Hopf map with a re�ection in a hyperplane.
1502We leave it to the sign a�cionados to determine the correct sign.
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Next we pick generators for various cohomology groups:

(1) We denote by x ∈ Hn(C(Θf )) and z ∈ H2n(C(Θf )) the generators that are given in
the de�nition of the Hopf invariant, see page 2681.

(2) The long exact sequence in cohomology of the pair (C(Θf ), B
n

±) shows that the maps
Hn(C(Θf ), B

n

±) → Hn(C(Θf )) are isomorphisms. Let x± ∈ Hn(C(Θf ), B
n

±) be the
generators that correspond to x under the given isomorphisms.

(3) We denote by [Sn−1]∗ ∈ Hn−1(Sn−1) and [B
n
]∗ ∈ Hn(B

n
, Sn−1) the standard dual

generators. For i = 1, 2 we denote by pi : B
n×Bn → B

n
the projection onto the �rst

respectively second coordinate. We write

y1 = p∗1([B
n
]∗) ∈ Hn(B

n ×Bn
, Sn−1 ×Bn

) and
y2 = p∗2([B

n
]∗) ∈ Hn(B

n ×Bn
, B

n × Sn−1).

The following claim contains the key calculation of the proof.
Claim. The map F induces the following maps on relative cohomology:

(i) Hn(C(Θf ), B
n

+)
F ∗−→ Hn(B

n ×Bn
, Sn−1 ×Bn

)
x+ 7→ ±r · y1

(ii) Hn(C(Θf ), B
n

−)
F ∗−→ Hn(B

n ×Bn
, B

n × Sn−1)
x− 7→ ±s · y2.

Proof. Before we turn to the actual calculation we make the following two preparations:

(a) We point out that the restrictions of F to various subsets gives us the following
commutative diagram

B
n ×Bn F // C(Θf )

B
n × Sn−1

Θf
//

?�

OO

B
n

−

?�

OO

Sn−1 × Sn−1 f
//

?�

OO

Sn−1.
?�

OO

(b) We pick a point ∗ ∈ Sn−1.

To provide the actual proof of the claim we consider the following diagram:

Hn(C(Θf ))
∼=
��

Hn(C(Θf ), B
n

+)

uu

∼=oo F ∗ //

��

Hn(B
n×Bn

, Sn−1×Bn
)

∼=
��

Hn(Sn) Hn(Sn, B
n

+)
∼=oo

∼=
exc.
// Hn(B

n

−, S
n−1)

Θ∗f
// Hn(B

n×∗, Sn−1×∗)

Hn−1(Sn−1)

∼= δ

OO

f∗

[Sn−1]∗ 7→r·[Sn−1×∗]∗
// Hn−1(Sn−1×∗).

∼=δ

OO

We make the following clari�cations and observations:

(1) The maps that are not speci�ed are induced by the obvious inclusions of (pairs) of
topological spaces.
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(2) The inclusion induced maps that are decorated by �∼=� are isomorphisms for the
following reasons:
(a) by the long exact sequence in cohomology for the corresponding pair,
(b) the maps are induced by a homotopy equivalence,
(c) by the long exact sequence provided by the Mapping Cone-H∗-Lemma 122.4,
(d) by an appropriate version of the Excision Theorem, see the remark on page 2418.

(3) The quadrilateral to the left commutes since all maps are induced by inclusions.
(4) It follows from (2) and (3) that the diagonal map is an isomorphism.
(5) The triangle towards the center commutes since all maps are induced by inclusions.
(6) It follows from (2), (4) and (5) that the middle vertical map is an isomorphism.
(7) The squares to the right commute by the commutative diagram shown in (a) and by

the naturality of the connecting homomorphisms.
(8) The connecting homomorphisms δ are easily seen to be isomorphisms since the other

groups in the corresponding long exact sequence are zero.
(9) Basically by the de�nition of the bidegree of the map f the bottom horizontal map

is given by [Sn−1]∗ 7→ r · [Sn−1 × ∗]∗.
The above arguments show that the vertical maps of the blue part of the diagram are
isomorphisms. Since the bottom map is given by multiplication by r we see that the
top map, with whatever choice of generators is also given by multiplication by ±r. This
concludes the proof of part (i) of the claim. The proof of part (ii) is evidently basically the
same. �

Finally we consider the following diagram

Hn(C(Θf ))
×

Hn(C(Θf ))

Y (x,x)7→x2=Hopf(Θf ))·z
��

Hn(C(Θf ), B
n

−)
×

Hn(C(Θf ), B
n

+)
∼=

x←[x-
x←[x+

oo
F ∗

x- 7→±r ·y1
x+ 7→±s·y2

//

Y

��

Hn(B
n ×Bn

, Sn−1 ×Bn
)

×
Hn(B

n ×Bn
, B

n × Sn−1)

Y (y1,y2)7→y1Yy2=[B
n×Bn]∗

��

H2n(C(Θf )) H2n(C(Θf ), S
n)∼=

oo F ∗

∼=
// H2n(B

n×Bn
, B

n×Sn−1∪Sn−1×Bn
).

±z←[ [Bn×Bn]∗

ll

We make the following comments:
(1) It follows almost immediately from the Excisive Triad-Proposition 109.12 (5) that

(C(Θf ), B
n

−, B
n

+) and (B
n ×Bn

, Sn−1 ×Bn
, B

n × Sn−1) are excisive triads. Thus we
see that the relative cup product in the center and to the right are actually de�ned.

(2) It follows from the naturality of the cup product, see the Cup Product-Naturality
Proposition 115.4, that the two squares commute.

(3) By the Fundamental Class-Product Proposition 117.2 (1) we have y1Yy2 = p∗1([B
n
])Y

p∗2([B
n
]) = [B

n ×Bn
]∗.

(4) By the above claim we know that the top right horizontal map is in fact given by
x− 7→ ±r · y1 and x+ 7→ ±s 7→ s · y2.

(5) Since the bottom horizontal maps are isomorphisms we see that going right to left
the generator [B

n ×Bn
]∗ gets sent to ±z.

It follows immediately from the above comments that Hopf(Θf ) = ±r · s. �
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Since the Hopf invariant gives us a homomorphism π2n−1(Sn) → Z we are now interested
in �nding interesting maps Sn−1 × Sn−1 → Sn−1. Perhaps somewhat surprisingly it is not
that hard to �nd interesting maps.

Proposition 122.13. Given any even n ∈ N the map

f : Sn−1 × Sn−1 → Sn−1

(x, y) 7→ y − 2 · 〈x, y〉 · x = re�ection of y in the hyperplane x⊥

has bidegree (2,−1).

����

��

����

f(x, y)

Sn−1

x⊥

y
x

Proof. We need to show that the given map f : Sn−1×Sn−1 → Sn−1 has bidegree (2,−1).
The proof of this statement naturally breaks up into two parts.
(1) We take y0 = (1, 0, . . . , 0). We consider the map ϕ : Sn−1 → Sn−1 that is given by

x 7→ (x, y0). Note that ϕ−1((1, 0, . . . , 0)) = (±1, 0, . . . , 0). Using this observation
together with the Local-Global Degree Proposition 76.21 and Proposition 76.20 one
can easily show that the degree of the map x 7→ (x, y0) equals 1 + (−1)n−2. Since n
is by hypothesis even we see that the degree equals two.

(2) We take x0 = (1, 0, . . . , 0). The corresponding Sn−1 → Sn−1, y 7→ (x0, y) is the
re�ection in a hyperplane, hence it follows from the Sphere Degree Lemma 76.11
that the map has degree −1. �

The combination of Propositions 122.7 and 122.13 gives us the following interesting corol-
lary.

Corollary 122.14. Given any even n ∈ N there exists an epimorphism π2n−1(Sn)→ Z.
As always in mathematics, every result opens up lots of new questions. Here are a few:

Question 122.15.
(1) We have now seen that there exists an epimorphism π3(S2) → Z. Is this map an

isomorphism?
(2) We have now seen that there exists an epimorphism π7(S4) → Z. Is this map an

isomorphism?
We will provide the answer to Question 122.15 (1) in Theorem 155.10 and we will see the
answer to Question 122.15 (2) in Theorem 159.10 (1).
Question 122.15 points to a problem: we have now developed some tools for showing that
certain homotopy groups of spheres are non-trivial, but we have no tools yet for computing
any interesting homotopy groups. We will partially rectify this problem in Chapter 159.
Here is another question. We delay the answer to Theorem 160.1.

Question 122.16. Given any n ∈ N we know by Lemma 85.2 and Corollary 122.14 that
πn(Sn) and π4n−1(S2n) admit an epimorphism onto Z. Are there are any other homotopy
groups of spheres that admit an epimorphism onto Z?
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In light of Lemma 122.11 and Proposition 122.13 the following question becomes interest-
ing:

Question 122.17. For which n ∈ N≥2 does there exist a map f : S2n−1 → Sn such that
Hopf(f) = 1?1503

We will see the complete answer to Question 122.17 in Theorems 152.10 and 152.11.
Initially one might not appreciate Question 122.17. But rather mysteriously it is not that
hard to come up with maps of Hopf degree 2, but it is strikingly di�cult to come up with
maps of Hopf degree 1. To underline our point we conclude this chapter with another
construction of a map of Hopf degree 2.

Example. Let n ∈ N. We start out with the following two reminders:

(1) We can view Sn as a CW-complex with one 0-cell and one n-cell. In particular, if we
denote by Sna and Snb two copies of Sn then we view Sna as a CW-complex with one
0-cell P and one n-cell that we denote by Sna . Similarly we view Snb as a CW-complex
with one 0-cell Q and one n-cell Snb .

(2) Given two �nite CW-complexes X and Y we introduced on page 1497 the product
CW-structure on X × Y . Recall that the n-cells of X × Y correspond precisely to
products ex × fy where ex is a p-cell of X and fy is an (n− p)-cell of Y .

It follows from (1) and (2) that we can view Sna × Snb as a CW-complex with one 0-cell
(P,Q), two n-cells Sna ×{Q} and {P}×Snb and one 2n-cell Sna ×Snb . We consider the maps

S2n−1 ϕ−→

=Sna∨Snb︷ ︸︸ ︷
Sna × {Q} ∪ {P} × Snb

p−→ Sn.
↑ ↑

attaching map of the 2n-cell to the obvious projection
(2n− 1)-skeleton of Sna × Snb which on Sna × {Q} and {P} × Snb
is precisely Sna × {Q} ∪ {P} × Snb

The composition of the maps ϕ and p de�nes a map f : S2n−1 → Sn. It is clear from the

����������
����������
����������
����������
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���� ����
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��
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Sna × Snb

pϕ
=

Sna ∨ Snb Sn

SnbSna

S2n−1

�gure above that this map is not very interesting for n = 1. But using fairly elementary
arguments one can show that for all even n we have Hopf(f) = ±2. We refer to [Hat2002,
p. 428] or [Vic1994, p. 138] for details. Alternatively we leave it as a brain teaser for the
reader to perform this calculation.

1503Note that Propositions 122.7 and 122.13 tell us that this question is equivalent to the question, for
which n ∈ N does there exist a map f : S2n−1 → Sn such that Hopf(f) is odd?



2694

Exercises for Chapter 122.

Exercise 122.1. What is the homeomorphism type of the mapping cone of the map S1 →
S1 given by z 7→ z2?
Hint. It is a topological space that we are quite familiar with.

Exercise 122.2. Let f : Sp × Sq → Sr be a map. (As always, f is understood to be
continuous.) Show that the map

Sp × Cone(Sq) → Cone(Sr)
(P, [(Q, t)]) 7→ [(f(P,Q), t)]

is continuous.
Hint. Use the Whitehead Quotient Theorem 13.4 and Lemma 13.5 (2).

Exercise 122.3. Let f : Sk × Sk → Sk be the projection onto the �rst factor. Show that
the corresponding map Θf : S2k+1 → Sk+1, that is de�ned on page 2688, is homotopic to a
constant map.
Hint. The exercise is very easy.

Exercise 122.4. Let n ∈ N be even and let a, b ∈ Z. Show that if at least one of a or b is
even, then there exists a map Sn−1 × Sn−1 → Sn−1 of bidegree (a, b).
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123. Regular neighborhoods and the Basic Alexander Duality Theorem

In this chapter we will study the Alexander Duality Theorem which, given a �reasonable�
subset X of Sn relates the homology groups of Sn \X to the cohomology groups of X.

123.1. Regular neighborhoods. In this section we will introduce the notion of a regular
neighborhood of a compact subset of a topological manifold. This notion is a variation on
the eponymous concept that we de�ned on page 2096 and it is a variation on the notion of
a tubular neighborhood that we encountered on page ??.

De�nition. Let M be an m-dimensional topological manifold and let K be a compact
subset. A regular neighborhood of K is an m-dimensional compact submanifold N with
corner of M with the following properties:
(1) K is contained in the interior

◦
N of N ,

(2) K is a deformation retract of N ,
(3) ∂0N is a deformation retract of N \K.

We refer to
◦
N as an open regular neighborhood of K.
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regular neighborhood N

K

M

∂0N

Example. LetM be a PL-manifold and let K Ă M \∂M be a subcomplex. In Section 96.3
we de�ned the regular neighborhood NK(M) of K in M . By the Simplicial Regular Neigh-
borhood Proposition 96.13 we know thatNK(M) does indeed have the properties demanded
in the above de�nition of a regular neighborhood. In other words, by the Simplicial Regular
Neighborhood Proposition 96.13 we know that K has a regular neighborhood in the above
sense.

We continue this section with the following lemma which can be viewed as a generalization
of Lemma 100.16 (3).

Lemma 123.1. Let K be a compact subset of a topological manifoldM . If N is a regular
neighborhood of K, then the following statements hold:
(1) M \

◦
N is a deformation retract of M \K.

(2) The inclusionM \
◦
N →M \K is a homotopy equivalence, in particular it induces an

isomorphism of homotopy groups (for suitable base points) and homology groups.
(3) M \

◦
N is path-connected if and only if M \K is path-connected.

(4) The inclusion map M \
◦
N → M \K induces isomorphisms of fundamental groups

and (co-) homology groups.

Proof.

(1) By de�nition of a regular neighborhood there exists a deformation retraction r from
N \K to ∂0N . We extend this deformation retraction to all of M \K in the obvious
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way. More precisely, we consider the map

f : (M \K)× [0, 1] → M \K

(P, t) 7→
{

P, if P 6∈ N,
r(P, t), if P ∈ N \K.

Using the Homotopy Stacking Lemma 14.3 and the Codimension-Zero Smooth Em-
bedding Proposition 24.16 one can easily show that this map is indeed continuous.
Once continuity is veri�ed it is straightforward to show that f is indeed a deformation
retraction from M \K to M \

◦
N .

(2) It follows from (1) and the Deformation Retract-Homotopy Equivalence Lemma 15.5
that the inclusion is a homotopy equivalence. The statement regarding homotopy
groups and homology groups follow from the Homotopy-πn-Proposition 71.7 (2) and
the Homotopy Equivalence-H∗-Corollary 73.9.

(3) This statement follows from (2) and the π0-Homotopy Equivalence Lemma 15.3.
(4) This last statement follows from (2) together with the Homotopy-π1-Proposition 50.3

(2), the Homotopy Equivalence-H∗-Corollary 73.9 and the Homotopic Maps-H∗-Lemma 108.13
(3). �
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The following corollary, which in the literature is often used implicitly or explicitly, gives
one application of the theory of regular neighborhoods.
Lemma 123.2. Let M be a compact topological manifold and let K Ă M be a compact
subset. If K admits a regular neighborhood, then the following two statements hold:
(1) the fundamental group π1(M \K) is �nitely presented, and
(2) for each k ∈ N0 the homology group Hk(M \K;Z) is �nitely generated.

Proof. Note that by Lemma 123.1 the topological space M \ K is homotopy equivalent
to M \

◦
N . Since M is compact it follows from Lemma 120.1 (3) that M \

◦
N is also

compact. Furthermore, by Lemma 120.1 (4) we know that M \
◦
N is an n-dimensional

topological manifold. Summarizing we have seen that M \
◦
N is a compact n-dimensional

topological manifold. The lemma now follows from the Topological Manifolds-Invariants
Proposition 104.14 and Lemma 123.1 (4). �

In the Tubular Neighborhood Theorem ?? we showed that if M is an orientable smooth
manifold, then every closed 1-dimensional submanifold admits a trivial tubular neighbor-
hood, which is easily seen to be a regular neighborhood. It is thus natural to guess that
something similar should also hold for higher-dimensional submanifolds. In fact we have
the following theorem.

Theorem 123.3. (Regular Neighborhood Theorem) Let M be a smooth manifold.
Every compact proper submanifold of M admits a regular neighborhood.
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An outline of the proof will be sketched in the next section.
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The following proposition �nally implies Theorem 123.3.
Proposition 123.4. Let M be a smooth manifold and let K be a compact proper sub-
manifold of M . Every tubular neighborhood of K is also a regular neighborhood of K.

Proof. Let M be an n-dimensional smooth manifold and let K be a compact proper k-
dimensional submanifold of M . Let (N, p : N → K) be a tubular neighborhood of K.
Recall that this means that the following three statements are satis�ed:
(1) N is a compact codimension-zero submanifold with corner of M that is a neighbor-

hood of K.
(2) The map p : N → K is a linear B

n−k
-bundle such that for all x ∈ K we have

p(x) = x. We denote by {(Ui,Φi : p
−1(Ui) → B

n−k × Ui)}i∈I the corresponding
family of trivializations.

(3) We have ∂1N = p−1(∂K), put di�erently, we have ∂M ∩N = p−1(∂M ∩K).
We start out the actual proof of the proposition with the following de�nition and construc-
tion. Let v ∈ N . We write x := p(v). We pick an i ∈ I with p(v) ∈ Ui and we write
Φi(v) = (w, x) where w ∈ Bm

.
(1) Given s ∈ [0, 1] we write ϕs(v) := Φ−1

i (s · w, x).
(2) Suppose v 6∈ K. This is equivalent to saying that w 6= 0. Then given t ∈ [0, 1] we

write ψt(v) := Φ−1
i

(
(1− t) · w + t · w

‖w‖ , x
)
.

We leave it to the reader to verify that these de�nitions are independent of the choice of
the trivialization Φi.1504 From this independence it also follows easily that the maps

Φ: N × [0, 1] → N
(v, s) 7→ ϕs(v)

and
Ψ: (N \K)× [0, 1] → N \K

(v, t) 7→ ψt(v)

are continuous.1505 We refer to the �gure below for an illustration of the de�nition of Φ
and Ψ. Finally recall that by de�nition of a regular neighborhood we have to prove the

��

����
��

�
�
�
�

B
n−k × {x}

K

N

M

p(v) = x

v

x

(x,w)p−1(x)

trivialization Φi

Ui

B
n−k × Ui

following claim.

1504At this point it is essential that we work with a linear B
n−k

-bundle.
1505Evidently we only have to show continuity locally. So let v ∈ N . We can pick a trivialization that
contains x and then it follows immediately from the de�nitions that the maps Φ and Ψ are continuous in
the neighborhood of x corresponding to the trivialization.
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Claim.
(1) K is contained in the interior of N ,
(2) K is a deformation retract of N ,
(3) ∂0N is a deformation retract of N \K.

Proof.
(1) By de�nition of a neighborhood we know that K is contained in the interior of N .
(2) The above map Φ: N × [0, 1]→ N is easily seen to be a deformation retraction from

N to K.
(3) The above map Ψ: (N \ K) × [0, 1] → N \ K is easily seen to be a deformation

retraction from N \K to ∂0N .
This concludes the proof of the claim and thus also of the proposition. �

123.2. Spatial graphs. Note that in the de�nition of a regular neighborhood we did not
demand that K is a submanifold, in particular K could a priori be any subset. As we will
see in Exercise 123.1 it is not di�cult to come up with compact subsets of even just R which
do not admit regular neighborhoods. On the other hand one might hope that reasonable
subsets of some Rn admit regular neighborhoods. For example consider the �spatial graphs�
shown in the �gure below. It seems reasonable to expect that these actually admit regular
neighborhoods.
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To make sense of this hunch we �rst need a de�nition of a �spatial graph� which captures
the above examples. A �rst attempt might be to attempt to de�ne a �a spatial� as the
image of an embedding of a (say �nite) topological into R3. But ever since on page 2293
and in Exercise 104.4 we learned of wild knots and its strange behaviors we know that we
need some control over such embeddings to end up with reasonable objects.
Some leisurely thinking leads us to the following de�nition is modelled on the notion of a
topological graph that we introduced on page 310.

De�nition. A spatial graph is a triple (G = (V,E, i, t),Θ: |G| → R3) where the following
holds:
(1) The quadruple G = (V,E, i, t) is a �nite abstract graph.
(2) The map Θ: |G| → R3 is an embedding of the topological realization |G| into R3.
(3) For every edge e with characteristic map Φe : [0, 1] → |G| the following statements

hold:
(a) The map f := Θ◦Φe : [0, 1]→ R3 is smooth. Note that by the Smooth Functions

on Compact Interval Proposition 19.5 this means that the derivative f ′ is de�ned
on all of (0, 1) and that it extends continuously to a map f ′ : [0, 1]→ R3.
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(b) The �rst derivative f ′(t) is non-zero for all t ∈ [0, 1],
Sometimes we just refer to Θ(|G|) as a �spatial graph� and we just ignore the extra data
involved in the proper de�nition of a spatial graph.

Example. It should hopefully be clear that the examples sketched in the �gure on page 2698
are spatial graphs.

Now we can formulate the following proposition.

Proposition 123.5. Every �nite spatial graph G in R3 admits a regular neighborhood.
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regular neighborhood spatial graph regular neighborhoodspatial graph

Proof. This proposition is proved in [FrH2018, FrH2019]. Note that in [FrH2018,
FrH2019] it is also shown that there is a type of regular neighborhood which is unique in
an appropriate sense. �

123.3. The Basic Alexander Duality Theorem. We start out with the basic Alexander
Duality Theorem which will be surprisingly easy to prove and which is already very helpful.

Theorem 123.6. (Alexander Duality Theorem) Let K be a compact non-empty sub-
set of Sn that admits a regular neighborhood in the sense of the de�nition on page 2695.
For any i ∈ N0 there exist isomorphisms

(a) H̃i(S
n \K;Z) ∼= H̃

n−i−1
(K;Z)

and (b) H̃
i
(Sn \K;Z) ∼= H̃n−i−1(K;Z).

By the Regular Neighborhood Theorem 123.3 this conclusion holds for any closed non-
empty submanifold of Sn. In this particular case the isomorphisms are natural.

Proof. Let K be a compact non-empty subset of Sn that admits a regular neighborhood
N . We �rst consider statement (a) and the case that i > 0. In this case we have the
following isomorphisms:

Poincaré Duality Theorem 119.1 applied to Sn\
◦
N , which is a

compact smooth manifold by Lemma 120.1 (4)
↓

H̃i(S
n \K;Z)

∼=←− H̃i(S
n \

◦
N ;Z)

∼=←− Hn−i(Sn \
◦
N, ∂N ;Z)

∼=←− Hn−i(Sn, N ;Z)
↑ ↑

Lemmas 123.1 and 108.16 (8) Excision Theorem 74.18
∼=←− H̃

n−i−1
(N ;Z)

∼=−→ H̃
n−i−1

(K;Z).
↑ ↑

by the long exact sequence in by the Reduced Cohomology Lemma 108.16 (8)
reduced cohomology of the since K is a deformation retract of N

pair (Sn, N), see Lemma 108.17
here we use that i > 0
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The case i = 0 is proved almost the same way. Thus we leave it to the reader to verify this
case. This concludes the proof of (a). The proof of the existence of the isomorphism (b) is
basically identical.

Finally suppose that K is a closed non-empty submanifold of Sn. It follows from
the General Tubular Neighborhood Theorem ?? and Proposition 123.4 that we can take a
tubular neighborhood as a regular neighborhood. By Proposition ?? tubular neighborhoods
are unique in an appropriate sense which then allows us to get a natural isomorphism. �

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

N

Sn \
◦
NKSn

Remark.
(1) The argument in the proof of the Alexander Duality Theorem 123.6 implies in partic-

ular that given any compact, non-empty n-dimensional submanifold W of Sn there
exists an isomorphism

H̃i(S
n \

◦
W ;Z) ∼= H̃

n−i−1
(W ;Z).

(2) In Alexander Duality Theorem 123.6 we explicitly do not write �natural� isomor-
phism. The isomorphism that we construct in the proof depends on the choice of a
regular neighborhood. It is not clear to me whether two regular neighborhoods are
necessarily in any way �equivalent�.

In practice we often like to consider objects that lie in Rn instead of Sn. The following
variation on the Alexander Duality Theorem 123.6 deals with this situation.
Corollary 123.7. Let K be a compact non-empty subset of Rn. If K admits a regular
neighborhood, then for any i ∈ N0 we have an isomorphism

H̃i(Rn \K) ∼= Hn−i−1(K).

By the Regular Neighborhood Theorem 123.3 this conclusion holds for any compact sub-
manifold of Rn.
Proof. Let K be a compact non-empty subset of Rn that admits a regular neighborhood
N in Rn. Recall that N is by de�nition compact. It follows easily that N is also a regular
neighborhood for K in Sn. Now let i ∈ N0. Then

H̃
n−i−1

(K) ∼= H̃i(S
n \K) ∼=

{
H̃i(Rn \K), if i 6= n− 1,

H̃n−1(Rn \K)⊕ Z, if i = n− 1.
x x

Alexander Duality Theorem 123.6 see Exercise 78.12
which we can apply since K

admits a regular neighborhood in Sn

The corollary now follows from Lemmas 108.16 and 51.9 (1). �

In the remainder of this section we discuss a few applications of the Alexander Duality
Theorem 123.6. The following de�nition generalizes the notion of a knot.

De�nition. Let m ∈ N0. An m-component link is a 1-dimensional submanifold of S3 that
is di�eomorphic to the disjoint union of m circles.1506
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2-component trivial link Hopf link

The following lemma computes the homology groups of a link complement. It can be viewed
as a generalization of Lemma 100.16 (4).

Lemma 123.8. For any m-component link L in S3 we have

Hi(S
3 \ L;Z) ∼=


Zm−1, if i = 2,
Zm, if i = 1,
Z, if i = 0,
0, otherwise.

Proof. Let L be an m-component link. We calculate that

H̃i(S
3 \ L;Z) ∼= H̃

2−i
(L;Z) ∼= H̃

2−i
(S1 t · · · t S1︸ ︷︷ ︸

m-copies

;Z) ∼=

 Zm−1, if i = 2,
Zm, if i = 1,
0, otherwise.↑

Alexander Duality Theorem 123.6

The lemma follows from this calculation together with the Reduced Cohomology Lemma 108.16
(5). �

For any 2-component link L = K1∪K2, for example for any of the links shown in the �gure
on page 2701, we see that

H1(S3 \ L;Z) ∼= Z2 and H2(S3 \ L;Z) ∼= Z.

The problem with this calculation is that we do not obtain any understanding of what the
homology classes �look like�. It seems reasonable to guess, along the lines of Lemma 100.16,
that the �rst homology group is generated by the two meridians. But (a), we do not know
how to prove it, and (b), we have no idea what a generator of the second homology group
looks like. So the following question arises:

Question 123.9. Given a link L, what are explicit bases for the homology groups of
S3 \ L?
We will return to this question in Lemma 131.19. We continue with another example.

Examples.

(1) We consider the connected topological graph G with two vertices and three edges
that is illustrated in the �gure below on the left. On the right of the �gure we show
a spatial graph G′ in S3 = R3 ∪ {∞} that is homeomorphic to G. We have the

1506Sometimes, to distinguish this notion from the higher-dimensional analogue that we de�ne on page ??
we refer to such a link in S3 as a classical link.
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following isomorphisms:

H̃i(S
3 \G′;Z) ∼= H̃

2−i
(G′;Z) ∼= H̃

2−i
(G;Z) ∼=

{
Z2, if i = 1,
0, otherwise.x x

by Proposition 123.5 we can apply similar to Lemma 87.12
Alexander Duality Theorem 123.6

In this case it is also rather unclear what a basis of H1(S3 \ G;Z) should look like.
Later, on page 2873, we will �nd an explicit basis for H1(S3 \G;Z).

����

����

����

��

graph G the spatial graph G′ in S3 = R3 ∪ {∞}
(2) Let G be the spatial graph that is shown in the �gure below and that we already

considered in Exercise 123.3.

��
��
��
�� ��

��
��
��

G

The same argument as in (1) shows that H1(S3 \ G;Z) ∼= Z2. Together with the
Hurewicz Theorem 84.5 and Exercise 78.12 we see that π1(R3 \G)ab

∼= Z2. This gives
an answer to Exercise 123.3 (b) is Z2.

We conclude this section with the following variation on the above Alexander Duality
Theorem 123.6. It will come in handy at times. But arguably it is best to study it only
when it is actually needed.

Theorem 123.10. (Alexander Duality Theorem) Let n ∈ N0 and let j ∈ {0, . . . , n}.
Given any compact oriented n-dimensional smooth manifold X which has the property
that Hj(X;Z) = Hj+1(X;Z) = 0 and given any compact proper submanifold G of X there
exist natural isomorphisms

αG : Hj(X \G;Z)
∼=−→ Hn−j−1(G, ∂G;Z) and αG : Hj(X \G;Z)

∼=−→ Hn−j−1(G, ∂G;Z)

such that the following conditions are satis�ed:
(1) IfX = Sn, then the isomorphisms are precisely the isomorphisms from the Alexander

Duality Theorem 123.6.
(2) The isomorphisms decompose in the obvious way if X is disconnected.
(3) If W is a compact oriented n-dimensional smooth manifold with

Hj(W ;Z) = Hj+1(W ;Z) = Hj(∂W ;Z) = Hj+1(∂W ;Z) = 0,
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and if F is a compact proper submanifold ofW , then we have commutative diagrams

Hj(W \F ;Z)
∼=
αF
// Hn−j−1(F, ∂F ;Z)

Hj(∂W \∂F ;Z)
∼=
α∂F
//

i∗

OO

Hn−j−2(∂F ;Z)

δ

OO

and

Hj(W \F ;Z)
∼=
αF
//

i∗

��

Hn−j−1(F, ∂F ;Z)

∂

��

Hj(∂W \∂F ;Z)
∼=
α∂F
// Hn−j−2(∂F ;Z)

where we denote by i : ∂W \ ∂F → W \ F the inclusion map and where the right-
hand vertical maps are the connecting homomorphisms of the long exact sequences
in (co-) homology of the pair (F, ∂F ).

Example. The above Alexander Duality Theorem 123.10 will be applied later on to the
smooth manifolds W = [0, 1] × Sn and to W = B

n
. For example, suppose that F is a

connected properly embedded surface in B
4
such that ∂F = K is a knot. We can apply the

Alexander Duality Theorem 123.10 for j = 1. Together with Proposition 119.25 we obtain
the following commutative diagram:

H1(B
4 \ F ;Z) ∼=

αF // H2(F,K;Z) ∼=

−X[F ]
// H0(F ;Z)

i∗
��

H1(S3 \K;Z) ∼=

αK //

i∗

OO

H1(K;Z)

δ

OO

∼=

−X[K]
// H0(K;Z).

The right hand vertical map is of course an isomorphism and both groups are isomorphic
to Z. Now we see that both groups on the left are isomorphic to Z and that the inclusion
induced map is an isomorphism.

Sketch of proof. Let n ∈ N0 and let j ∈ {0, . . . , n}. Let X be a compact orientable
n-dimensional smooth manifold with Hj(X;Z) = Hj+1(X;Z) = 0 and let G be a compact
proper submanifold of X. We pick a tubular neighborhood N for G as provided by the
General Tubular Neighborhood Theorem ??. Recall that N is a submanifold with corner.
We de�ne

◦
N as in Lemma 120.1. We write M := N ∩ ∂X. Note that M is a tubular

neighborhood for ∂F Ă ∂X. We consider the following diagram
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X

∂X

N

G

∂G

X \
◦
NM

Hj(X\
◦
N)

∼=

��

Hn−j(X\
◦
N, ∂(X\

◦
N))

∼=
PD
oo Hn−j(X,N∪∂X)

∼=
exc
oo Hn−j−1(N∪∂X, ∂X)

∼=
δ
oo

Hn−j−1(N,M)
∼=
��

exc ∼=
OO

Hj(X\G)
=:αG // Hn−j−1(G, ∂G).
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We make the following comments:

(a) All maps where no map is speci�ed are induced by inclusions. It follows from Propo-
sition 123.4, together with the Homotopy Equivalence-H∗-Corollary 73.9 and the
Homotopic Maps-H∗-Lemma 108.13 (4) that the vertical inclusion maps to the left
and bottom right are isomorphisms.

(b) The two maps that are decorated with �exc� are inclusion induced maps that are
isomorphisms by �excision�. We leave it to the reader to verify that these inclusion
maps are indeed isomorphisms. As an example, if ∂X = ∅, then it follows from the
Excision Theorem 74.18 that the top �exc�-map is an isomorphism.

(c) The map on the top right indicated by �δ� is the connecting homomorphism of the
long exact sequence in cohomology of the triple (X,N ∪∂X, ∂X). By our hypothesis
we have Hj(X;Z) = Hj+1(X;Z) = 0. By the Poincaré Duality Theorem 119.1 this
implies that Hn−j(X, ∂X;Z) = Hn−j−1(X, ∂X;Z) = 0, which in turn implies that the
connecting homomorphism δ : Hn−j−1(N ∪ ∂X, ∂X;Z) → Hn−j(X,N ∪ ∂X;Z) is an
isomorphism.

We have now seen that all maps in the diagram are isomorphisms. Thus we can de�ne
αG to be the map on the bottom. A priori the de�nition of αG depends on the choice of
the tubular neighborhood N . But by Proposition ?? tubular neighborhoods are unique in
an appropriate sense. This implies that isomorphisms do not depend on the choice of the
tubular neighborhood.

First note that Statement (1) is basically clear once one compares the de�nitions. Next
note that Statement (2) follows from all the usual results for the behavior of invariants
under the disjoint union. Finally we turn to the proof of Statement (3). Let W be a
compact oriented n-dimensional smooth manifold with

( ∗ ) Hj(W ;Z) = Hj+1(W ;Z) = Hj(∂W ;Z) = Hj+1(∂W ;Z) = 0.

Furthermore let F be a compact proper submanifold ofW . We pick a tubular neighborhood
N for F . We de�ne

◦
N as above. We write M := N ∩ ∂W . Note that M is a tubular

neighborhood for ∂F . We consider the following diagram

Hj(W \
◦
N)

∼=

��

Hn−j(W \
◦
N, ∂(W \

◦
N))

∼=
PD
oo Hn−j(W,N∪∂W )

∼=
exc
oo Hn−j−1(N∪∂W, ∂W )

∼=
δ
oo

Hn−j−1(N,M)
∼=
��

exc ∼=
OO

Hj(W \F )
αF // Hn−j−1(F, ∂F )

Hj(∂W \∂F )

i∗

OO

α∂F // Hn−j−2(∂F )

δ

OO

Hj(∂W \
◦
M)

∼=
OO

Hn−j(∂W \
◦
M,∂M)

∼=
PD
oo Hn−j−1(∂W,M)

∼=
exc
oo Hn−j−2(M).

∼=
δ

oo

∼=

OO
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We make the following observations:
(1) By our hypothesis (∗) and the discussion above the horizontal maps αG and α∂G are

de�ned.
(2) One can easily see that the bottom �∪� of the diagram is indeed the map α∂F .
(3) If one ignores the blue arrows, then the brave reader can verify that the diagram

does indeed commute.
This concludes the proof of Statement (3) for the diagram to the left. Basically the same
argument also takes care of the proof of the diagram to the right. �

123.4. Immersions and smooth embeddings of smooth manifolds into Rn II. We
can now provide a new proof of the following proposition.

Proposition 43.12. (Smooth Codimension-One Orientability Proposition) Let
N be a closed n-dimensional connected smooth manifold. If N is non-orientable, then
there is no smooth embedding of N into Rn+1.

Proof. Let N be a closed n-dimensional connected non-orientable smooth manifold. Sup-
pose that N can be embedded into Rn+1. We can thus view N as a submanifold of Rn+1.
We obtain that

Top-Cohomology Proposition 110.14
↓

Z2
∼= Hn(N ;Z) ∼= H̃0(Rn+1 \N ;Z) ∼= Znumber of path-components of Rn+1 \N minus 1.

↑ ↑
Alexander Duality Theorem 123.7 H0-Proposition 72.5

But this is absurd. We have thus obtained the desired contradiction. �

It is worth recalling the following almost immediately corollary to Proposition 43.12. This
corollary gives in particular a negative answer to Question 24.13 (2).

Corollary 43.13. Neither RP2 nor the Klein bottle admit a smooth embedding into R3.

Proof. By the Surface Non-Orientability Lemma 25.20 we know that RP2 and the Klein
bottle are both non-orientable. Since both are closed 2-dimensional smooth manifolds it
follows from the Smooth Codimension-One Orientability Proposition 43.12 that neither
RP2 nor the Klein bottle admit a smooth embedding into R3. �

We recall the following related question.
Question 27.5. Given n ∈ N, what is the minimal k ∈ N such that RPn admits a
(topological) smooth embedding into Rk?
Recall that it follows from the Real Projective Space Orientability Lemma 25.21, or al-
ternatively from the Orientation-Top Homology Theorem 106.1 and the calculation of the
homology groups of RPn in Proposition 80.11, that RPn is orientable if and only if n is odd.
In particular it follows from the Smooth Codimension-One Orientability Proposition 43.12
that for n even it is not possible to embed RPn into Sn+1. But this raises the question,
whether for n odd one can embed RPn into Sn+1. It turns out that this is also not the
case:
Proposition 123.11. If n ∈ N≥2, then there is no smooth embedding from RPn into
Sn+1.
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In the proof of Proposition 123.11 we will need the following lemma which is interesting in
its own right.

Lemma 123.12. If K is a closed orientable connected (n − 1)-dimensional smooth sub-
manifold of the smooth manifold Sn, then there exist two compact n-dimensional subman-
ifolds A and B of Sn such that A ∩B = ∂A = ∂B = K.
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B

S2

∂A = ∂B = A ∩B = K

K

A

Proof. First we note that by Proposition ?? the submanifold K admits a tubular neigh-
borhood [−1, 1] × K. Our hypothesis that K is connected implies that [−1, 0] × K and
[0, 1]×K are also connected.

We �rst calculate that

H0(Sn \K;Z) ∼= H̃0(Sn \K;Z)⊕ Z ∼= Hn−1(K;Z)⊕ Z ∼= Z⊕ Z.
↑ ↑ ↑

Reduced Homology Lemma 74.1 (4a) Alexander Duality Orientation-Top Homology
Theorem 123.6 Theorem 106.1

It follows from the H0-Proposition 72.5 that Sn \K has precisely two path-components A′

and B′. Since [−1, 0] × K is connected and since it is contained in Sn \ K = A′ ∪ B′ it
follows that [−1, 0] ×K is either contained in A′ or it is contained in B′. Without loss of
generality we can assume that [−1, 0]×K is contained in A′.

Claim. The subset [0, 1]×K is contained in B′.

Proof. We consider the set A′′ := A′ ∪ [−1, 1]×K. Note that Sn = A′′ ∪B′. Since both A′′
and B′ are open and since Sn is connected it follows that A′′ ∩ B′ 6= ∅. But this implies
that [0, 1]×K∩B′ 6= ∅. But since [0, 1]×K is connected we see that [0, 1]×K is contained
in B′. �

We set A := A′ ∪K = A′ ∪ [−1, 0]×K and B := B′ ∪K = B′ ∪ [0, 1]×K. It is easy to
show that A and B are compact submanifolds of Sn such that A∩B = ∂A = ∂B = K. �

Proof of Proposition 123.11. As we had discussed just before the proposition, it re-
mains to deal with the case that n is odd. So suppose that n ≥ 3 is odd and that there
exists a smooth embedding of RPn into Sn+1. We identify RPn with its image under the
smooth embedding, i.e. we view RPn as a submanifold of Sn+1. Note it follows from n ≥ 3
and the discussion on page 2419 that H1(Sn;F2) = H2(Sn;F2) = 0.

Since n is odd we know that RPn is orientable. Thus we can apply Lemma 123.12 which
tells us that there exist two compact (n + 1)-dimensional submanifolds A and B of Sn+1

with A∩B = ∂A = ∂B = K. We denote by i : RPn → A and by j : RPn → B the inclusion
maps. As usual we denote by x ∈ H1(RPn;F2) ∼= F2 the unique generator.

By the Excisive Triad-Proposition 109.12 (5) we can apply the Mayer�Vietoris Theo-
rem 109.15 for Cohomology Groups to Sn+1 = A∪B and we obtain the long exact sequence

· · · → H1(Sn+1;F2)︸ ︷︷ ︸
= 0 since n ≥ 3

→ H1(A;F2)⊕ H1(B;F2)
i∗+j∗−−−→ H1(RPn;F2)︸ ︷︷ ︸

=F2·x

→ H2(Sn+1;F2)︸ ︷︷ ︸
= 0 since n ≥ 3

→ . . .
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Thus we see that the map i∗ + j∗ : H1(A;F2) ⊕ H1(B;F2) → H1(RPn;F2) ∼= F2 · x is an
isomorphism. Without loss of generality we can assume that i∗ is non-trivial which means
that there exists an a ∈ H1(A;F2) with i∗(a) = x. We have

i∗(an) = (i∗(a))n = xn 6= 0 ∈ Hn(RPn;F2).
↑ ↑

Cup Product-Naturality Lemma 114.10 Cup Product-RPn-Proposition 121.16

In particular the map i∗ : Hn(A;F2)→ Hn(RPn;F2) is non-zero. Now we consider the other
end of the above Mayer-Vietoris sequence and we obtain the exact sequence

Hn(A;F2)⊕Hn(B; |!F2)
i∗+j∗−−−→

=F2·xn︷ ︸︸ ︷
Hn(RPn;F2)→

∼=F2︷ ︸︸ ︷
Hn+1(Sn+1;F2)→Hn+1(A;F2)⊕Hn+1(B;F2).︸ ︷︷ ︸

both are zero by the
Top-Cohomology Proposition 110.14,
since A and B are compact, connected
(n+ 1)-dimensional smooth manifolds

with non-empty boundary

an ⊕ 0 7→ xn

Thus we see that the map on the left is an epimorphism and that the group on the right is
trivial. But then the fact that Hn+1(Sn+1;F2) 6= 0 shows that the sequence cannot possibly
be exact. We have thus obtained the desired contradiction. �
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Sn+1

∂A = ∂B = A ∩B = RPn

RPn

j
i

A

Remark. The above proposition does not give a complete answer to Question 27.5, we
have only shown that RPn cannot embed into Sn+1. More lower bounds on the mini-
mal dimension of some Rk into which we can embed RPn have been obtained by Michael
Atiyah [At1961].

Exercises for Chapter 123.

Exercise 123.1. Show that the subset K := {0} ∪ { 1
n
|n ∈ N} of R does not admit a

regular neighborhood.

Exercise 123.2. Let G and G′ be two spatial graphs in R3 with regular neighborhoods
N(G) and N(G′). Which of the following two implications is correct?

G and G′ are isotopic ⇐⇒ N(G) and N(G′) are isotopic?

Exercise 123.3. We consider the spatial graph G shown in the �gure below.
(a) Determine a presentation for π1(R3 \G).
(b) What is the abelianization of π1(R3 \G)?

��
��
��
�� ��

��
��
��

G
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Exercise 123.4. Let X Ă S3 be a closed orientable connected 2-dimensional submanifold.
We view S3 as a subset of S4 in the usual way.
(a) Determine the homology groups of S4 \X.
(b) Now let X Ă S3 = R3 ∪ {∞} be the surface shown in the �gure below. Give an

example of a closed curve in S4 \X that is not null-homotopic.
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Exercise 123.5. This exercise is a continuation of Exercise 123.4.
(a) Let X Ă Sn be a closed submanifold. We view Sn as a subset of Sn+1 in the usual

way. Show that Sn+1 \ X is homotopy equivalent to Σ(Sn \ X). (Here Σ(Sn \ X)
denotes the suspension of Sn \X.)
Remark. You will need to use at some point that X is a �reasonable subset�, e.g. that
X is a closed submanifold. The statement does not hold for all subsets of Sn.

(b) Again let X Ă S3 = R3 ∪ {∞} be the surface shown in the �gure above. As above
we view it as a submanifold of S4. Determine π1(S4 \X).

Exercise 123.6.
(a) Let F be an orientable connected 2-dimensional smooth manifold with non-empty

boundary and let i : F → R3 be an injective map. Is the complement R3\F necessarily
path-connected?

(b) Let F be an orientable connected surface non-compact 2-dimensional smooth mani-
fold with empty boundary and let i : F → S3 be an injective map. Is the complement
S3 \ F necessarily path-connected?

Exercise 123.7. Let M be a closed orientable n-dimensional smooth manifold.
(a) Let A Ă M be a proper submanifold. Show that for each k ∈ N0 we have an

isomorphism Hk(M \ A) ∼= Hn−k(M,A).

(b) Let A Ă B Ă M be proper submanifolds. Show that for each k ∈ N0 we have an
isomorphism Hk(M \ A,M \B) ∼= Hn−k(B,A).

Hint. Use long exact sequences of triples.

Exercise 123.8. Let M be an n-dimensional smooth manifold and let ϕ : S1 → M be a
smooth embedding. By the Smooth Embedding Theorem 24.10 we know that ϕ(S1) is a
smooth submanifold that is di�eomorphic to S1.
(a) We suppose that H2(M) = 0 and that H1(M) is torsion-free. (For example M could

be the solid torus B
2×S1.) Compute the isomorphism types of the homology groups

of M \ ϕ(S1).
(b) Under the hypothesis of (a) show that the isomorphism type of H∗(M \ ϕ(S1)) does

not depend on the choice of the smooth embedding ϕ.
(c) Provide examples that show that in (b) the hypothesis H2(M) = 0 cannot be dropped

and provide examples that show that the hypothesis that H1(M) is torsion-free cannot
be dropped.
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Exercise 123.9. Let n ∈ N. Show that there is no smooth embedding of the complex
projective space CPn into R2n+1.
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124. The Generalized Alexander Duality Theorem

In this chapter we will formulate and proof a signi�cation generalization of the Alexander
Duality Theorem 123.6. Note that the proof of the Generalized Alexander Duality Theorem
makes use of Borsuk's Theorem 104.3.

124.1. The generalized Alexander Duality Theorem. In a bout of optimism one
might hope that the statement of Alexander Duality Theorem 123.6 holds for any (com-
pact) subset of Sn. But this is not the case. More precisely, once again we consider the
Topologist's Sine Curve

X =
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2

that we had initially introduced on page 164. It is fairly straightforward to see that X is a
closed subset of R2. Evidently X is bounded. Thus the Heine-Borel Theorem 1.24 implies
that X is in fact a compact subset of R2 and thus of S2 = R2 ∪{∞}. Back on page 164 we
saw that X is not path-connected, which by the H0-Proposition 108.11 and Lemma 108.14
implies that H̃

0
(X;Z) 6= 0. On the other hand, with some e�ort one can show that there

exists a deformation retraction from S2 \ X = (R2 \ X) ∪ {∞} to ∞, which implies that
H1(S2 \X;Z) = 0. But this shows that H̃1(S2 \X;Z) 6∼= H̃

0
(X;Z).

S2 \X is contractibleX is not path-connected

We formulated Alexander Duality Theorem 123.6 for smooth submanifolds of Sn. We will
now generalize this statement in two ways:
(1) Instead of only considering Sn we will now also allow topological homology spheres.
(2) Instead of smooth submanifolds we will now consider compact weakly locally con-

tractible subsets.
We now recall these de�nitions in reverse order. First we recall the following de�nition
from page 2290.

De�nition. Let X be a topological space. We say X is weakly locally contractible if given
any Q ∈ X and given any open neighborhood U of Q there exists an open neighborhood V
of Q that is contained in U such that the inclusion V → U is homotopic to a constant
map.
Next we recall the following de�nition from page 2159.

De�nition. We say that an n-dimensional topological manifold X is a topological homol-
ogy n-sphere if for every k ∈ N0 we have Hk(X;Z) ∼= Hk(S

n;Z).
The following lemma is a generalization of Lemma 98.10.
Lemma 124.1. LetM be a topological manifold. IfM is a topological homology n-sphere,
then M is closed, orientable and connected.
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Proof. The lemma is an immediate consequence of the H0-Proposition 72.5 and the Top-
Homology Theorem 106.3. �

Now we can formulate our main theorem of the chapter which, by Lemma 104.2, is a
signi�cant generalization of the earlier Alexander Duality Theorem 123.6 (a).

Theorem 124.2. (Generalized Alexander Duality Theorem) Let n ≥ 2, let Σ be a
topological homology n-sphere and let X Ĺ Σ be a weakly locally contractible, non-empty
compact subset of Σ. Given any j ∈ N0 and given any abelian group G we have a natural
isomorphism

ΘX : H̃j(Σ \X;G)
∼=−→ H̃

n−j−1
(X;G).

Here �natural� means, that if X Ă Y Ĺ Σ are two weakly locally contractible, non-empty
compact subset of Σ, then given any j ∈ N0 and given any abelian group G we have the
following commutative diagram:

H̃j(Σ \X;G)

��

ΘX

∼=
// H̃

n−j−1
(X;G)

��

H̃j(Σ \ Y ;G)
ΘY

∼=
// H̃

n−j−1
(Y ;G),

here the left vertical map is induced by the inclusion Σ \X → Σ \Y and the right vertical
map is induced by the inclusion X → Y .

Example. In the �gure below we show a subset K Ă S3 that is, as we saw on page 659,
homeomorphic to S1. In Proposition 124.17 we will show that K does not admit a regular
neighborhood in the sense of the de�nition on page 2695.1507 In particular Alexander
Duality Theorem 123.6 does not apply to K Ă S3.

K

On the other hand K is homoemorphic to S1, thus it is weakly locally contractible and
we see that Generalized Alexander Duality Theorem 124.2 applies. We see that

H̃j(S
3 \K;Z)

∼=−→ H̃
2−j

(K;Z) ∼= H̃
2−j

(S1;Z) ∼=
{

Z, if j = 1,
0, otherwise.↑ ↑

isomorphism ΘK from the Generalized by the calculation on page 2419
Alexander Duality Theorem 124.2 together with the Reduced Cohomology Lemma 108.16

We have thus shown that H1(S3 \K;Z) ∼= Z. But from the above isomorphism it is di�cult
to specify an explicit generator for H1(S3 \K;Z). We will do so using the naturality of the
isomorphism ΘK . Namely, we consider the �standard solid torus� T Ă S3 that is shown
in the �gure below. We denote by i : K → T the inclusion map. By the naturality of the
isomorphism of the Generalized Alexander Duality Theorem 124.2 we obtain the following

1507In Theorem 124.13 we will show the related result, that K is not a topological submanifold of S3.
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commutative diagram:

H̃j(Σ \K;Z)

��

ΘK

∼=
// H̃

n−j−1
(K;Z)

i∗
��

H̃j(Σ \ T ;Z)
ΘT

∼=
// H̃

n−j−1
(T ;Z).

Each map i∗ : H∗(K;Z)→ H∗(T ;Z) is an isomorphism.1508 It follows from Corollary 108.20
that the map i∗ : H1(K;Z) → H1(T ;Z) is also an isomorphism. It follows from the above
commutative diagram that the inclusion induced map H̃1(Σ \K;Z) → H1(Σ \ T ;Z) is an
isomorphism. But it is straightforward to specify a generator for H̃1(Σ \K;Z).
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T

a generator of H1(S3 \ T )
and therefore also

a generator of H1(S3 \K)

K

Remark.

(1) We leave it to the reader to determine � say using search engines provided by Cal-
ifornia based companies � whether the obvious generalization of Alexander Duality
Theorem 123.6 (b) holds.

(2) The Generalized Alexander Duality Theorem 124.2 can be generalized even further.
More precisely, an analogous statement also holds for any compact subset K of
Sn, e.g. the Topologist's Sine Curve. But hereby one needs to replace the usual
singular cohomology on the right-hand side by the �ech cohomology of K. We refer
to [Hat2002, p. 256], [Dol1980, Theorem VIII.7.2], [Bre1993, Corollary VI.8.7],
[Mass1981b] or [Pra2007, p. 271] for more details.

We will provide the proof of the Generalized Alexander Duality Theorem 124.2 in the next
section. For the time being we discuss some special cases and consequences.
For most applications of Alexander Duality we will actually need the following straightfor-
ward consequence of the above theorem.

Theorem 124.3. (Alexander Duality Theorem for Topological Manifolds) Let
n ≥ 2, let Σ be a topological homology n-sphere and let X be a compact, non-empty
k-dimensional topological manifold. If f : X → Σ is an injective map, then for any j ∈ N0

and any abelian group G we have a natural isomorphism

H̃j(Σ \ f(X);G)
∼=−→ H̃

n−j−1
(X;G),

which is natural in sense of the previous theorem.

1508There are many ways of seeing this. For example let f : S1 → K be a homeomorphism and let
p : T → S1 be the obvious homotopy equivalence. We only need to worry about homology in dimension
one since all other reduced homology groups vanish. One can easily show, say using Proposition 76.20,
that (p ◦ i ◦ f)∗ : H∗(K;Z) → H∗(T ;Z) is an isomorphism. But then i∗ : H∗(K;Z) → H∗(T ;Z) is also an
isomorphism.
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Proof. Let f : X → Σ be an injective map from a compact, non-empty k-dimensional
topological manifold to a topological homology n-sphere Σ with k < n. It is a consequence
of the Compact-Hausdor� Proposition 2.17 (3) that f : X → f(X) is a homeomorphism.
From k < n and the Topological Manifold-Dimension Proposition 75.4 it follows that
f(X) 6= Σ. We have the following isomorphisms:

H̃j(Σ \ f(X);G)
∼=−−→ H̃

n−j−1
(f(X);G)

∼=−→ H̃
n−j−1

(X;G).
↑

we can apply the Generalized Alexander Duality Theorem 124.2 since by the
Topological Manifolds-Local Properties Lemma 18.8
we know that f(X) is weakly locally contractible, and since f(X) 6= Σ �

Examples.
(1) Let n ≥ 2 and let k < n. Furthermore let f : Sk → Sn be an injective map. We

obtain that

H̃j

(
Sn \ f(Sk);Z

) ∼= H̃
n−j−1

(Sk;Z) ∼=
{

Z, if j = n− k − 1,
0, otherwise.x x

Theorem 124.3 see page 2422 and the Reduced Cohomology Lemma 108.16

This calculation gives a new proof for the Sphere Complement-H∗-Theorem 82.1 (2).
Basically the same approach also gives a new proof of the Sphere Complement-H∗-
Theorem 82.1 (1). Finally note that this calculation gives an answer to Exercise 104.3
(b).

(2) Let n ≥ 2, let X be a compact connected non-empty (n− 1)-dimensional topological
manifold with ∂X 6= ∅ and let f : X → Sn be an injective map. We see that

H̃0

(
Sn \ f(X);Z2

) ∼= H̃
n−1

(X;Z2) ∼= Hn−1(X;Z2) ∼= H0(X, ∂X;Z2) = 0.
↑ ↑ ↑ ↑

Alexander Duality since n≥2 Poincaré Duality since X is connected
Theorem 124.3 Theorem 119.1 and since ∂X 6= ∅

It follows from the analogue of the Reduced Homology Lemma 74.1 (5) for Z2-
coe�cients that Sn \ f(X) is path-connected.

Corollary 124.4. (Generalized Jordan�Brouwer Separation Theorem) Let n ∈
N≥2, let M be an (n − 1)-dimensional closed connected non-empty topological manifold
and let f : M → Rn be an injective map.
(1) The complement Rn \ f(M) has precisely two path-components, one of which is

bounded and one which is unbounded.
(2) If A and B are these path-components, then ∂A = ∂B = A ∩B = f(M).

Remark. The Generalized Jordan�Brouwer Separation Theorem 124.4 we �rst proved
by James Alexander [Al1922, p. 348] in 1922. It is a generalization of the Generalized
Smooth Jordan-Brouwer Separation Theorem 43.10 (1) and the Jordan�Brouwer Separation
Theorem 82.2.

Proof. 1509 Let n ∈ N≥2, let M be an (n − 1)-dimensional closed connected non-empty
topological manifold and let f : M → Rn be an injective map.
1509The proof of the Generalized Jordan�Brouwer Separation Theorem 124.4 is very similar to the
Jordan�Brouwer Separation Theorem 82.2. The biggest di�erence is that we need to replace the Sphere
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A

B

(1) We use the embedding Rn → Rn ∪ {∞} = Sn to view Rn as a subspace of Sn. Now
we see that

see Exercise 78.12 Alexander Duality Theorem 124.3 since n ≥ 2
↓ ↓ ↓

H̃0(Rn \ f(M);Z2) ∼= H̃0(Sn \ f(M);Z2) ∼= H̃
n−1

(M ;Z2) ∼= Hn−1(M ;Z2)
∼= H0(M ;Z2) ∼= Z2.
↑ ↑

by the Poincaré Duality Theorem 119.1 by the analogue of the H0-Proposition 72.5,
which we can apply since M is closed since M connected and non-empty

It follows from the analogue of the Reduced Homology Lemma 74.1 (5) for Z2-
coe�cients that Rn \ f(M) has precisely two path-components. It remains to show
that precisely one of them is unbounded.

Since M is compact there exists an r ∈ R such that f(M) Ă Bn
r . It is elementary

to show that Rn \ Bn
r is path-connected. It follows that Rn \ Bn

r is contained in
one of the two path-components. This shows that precisely one path-component is
unbounded.

(2) First note that it follows from the Compact Image Lemma 2.13 and 1.21 that Rn \
f(M) is open. In particular, as we remarked on page 176, Rn \ f(M) is locally
path-connected. It follows easily that A and B are both open subsets of Rn.

Claim. We have A = A ∪ f(M).

Proof. Since B is open we know that A ∪ f(M) = Rn \B is closed. By de�nition of
A this implies that A Ă A ∪ f(M). Now let P ∈ A ∪ f(M). We need to show that
P ∈ A. Suppose that this is not the case. By the Interior-Closure Lemma 1.9 we
know that A is closed. Thus our assumption that P 6∈ A implies that there exists
an open subset U Ă Rn with P ∈ U Ă Rn \ A. Using a chart one can show that
there exists a subspace D Ă M , which is a compact (n− 1)-dimensional topological
manifold, such that M \D Ă f−1(U), i.e. such that f(M \D) Ă U . We now obtain
the following equalities:

since f(M) \ f(D) = f(M \D) Ă U
↓

Rn \ f(D)︸ ︷︷ ︸
path-connected by the
discussion on page 2713

and Exercise 78.12

= AtB t (f(M) \ f(D)) = At (B ∪ (U ∩ Rn \ f(D)).x
disjoint union since U ∩A = ∅

We have thus written the path-connected space Rn \ f(D) as the disjoint union of
the two open non-empty sets A and B∪(U ∩Rn \f(D)). But by the Path-Connected
Implies Connected Corollary 2.23 this is not possible. We have thus obtained a
contradiction. �

Complement-H∗-Theorem 82.1 by the Alexander Duality Theorem for Topological Manifolds 124.3. There
are a few other subtle changes though.
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124.2. Proof of the Generalized Alexander Duality Theorem 124.2. Before we can
provide the proof of the Generalized Alexander Duality Theorem 124.2. let us recall the
following proposition which is a consequence of Borsuk's Theorem 104.3. The proposition
will be crucial input in our proof of the Generalized Alexander Duality Theorem 124.2.
Proposition 104.4. Let Σ be a topological manifold and let X Ă Σ be a closed subset
that is weakly locally contractible.
(1) There exists an open neighborhood W Ă Σ of X for which there exists a retraction

r : W → X.
(2) We can �ndW and r such that furthermore the following condition is satis�ed: given

any neighborhood U of X with X Ă U Ă W there exists an open neighborhood V
with X Ă V Ă U such that the inclusion i : V → U and the retraction r : V → X Ă

U are homotopic maps from V to U .
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We now turn to the proof of the Generalized Alexander Duality Theorem 124.2. We �rst
deal with the case j 6= 0. Afterwards we will deal with the case j = 0, which is quite
similar, but slightly di�erent.
Proof of the Generalized Alexander Duality Theorem 124.2 for j 6= 0. Let n ≥ 2
and let Σ be a topological homology n-sphere. Furthermore let X Ĺ Σ be a weakly locally
contractible, non-empty compact subset of Σ. Note that to simplify the notation we work
throughout the proof with the abelian group G = Z.

We recall the following de�nition:
(1) Given a topological space Y we denote by K(Y ) the set of all compact subsets of Y .

Given K,L ∈ K(Y ) we write K ≤ L if K Ă L. The set K(X) together with the
relation �≤� is a directed set since the union of two compact subsets is again compact.

We also introduce a new de�nition and notation:
(2) We denote by N (X) the set of all open neighborhoods of X. Given U, V ∈ N (X) we

write U ≤ V if V Ă U . (Note the reversal of V and U .) The set N (X) together with
the relation �≤� is a directed set since the intersection of two open neighborhoods of
X is again an open neighborhood of X.1510

(3) Given any subsets A Ă B of Σ we denote by iA,B : A→ B the inclusion map.
(4) It follows from our de�nition of �≤� on N (X) that for any m ∈ N0 the cohomol-

ogy groups {H̃
m

(U)}U∈N (X) together with the inclusion induced maps form a direct
system of abelian groups.

We continue with the key technical part of the proof of the theorem.

1510Here the idea is that the neighborhoods �approximate� X, in particular U ≤ V means that V is a
�better approximation of X�, which just means that V Ă U .



2716

��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������

��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������
��������������������������������

����
����
����

����
����
����

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
�������������������������� U

X

V
we have U ≤ V and i∗V,U : H̃

m
(U)→ H̃

m
(V )

Claim. For every m ∈ N0 the map

Φ: lim−→
U∈N (X )̃

H
m

(U) → H̃
m

(X),

that is induced by the restriction maps i∗X,U : H̃
m

(U)→ H̃
m

(X), is an isomorphism.
Proof. By our hypothesis we know that X is compact and weakly locally contractible.
Since Σ is a topological manifold we know by Proposition 104.4 that there exists an open
neighborhood W Ă Σ of X Ă Σ and a retraction r : W → X such that furthermore the
following condition is satis�ed:
(∗) Given any neighborhood U of X with X Ă U Ă W there exists an open neighborhood

V with X Ă V Ă U such that the inclusion map iV,U : V → U and the retraction
r : V → X Ă U are homotopic maps from V to U .

Next we consider the following commutative diagram

H̃
m

(W )

ww i∗X,W &&

lim−→
U∈N (X )̃

H
m

(U)
Φ

// H̃
m

(X).

r∗
nn

From (i∗X,W ◦ r∗) = (r ◦ iX,W )∗ = id∗X we deduce that the map i∗X,W is an epimorphism. It
follows that the horizontal map Φ is also an epimorphism. It remains to show that Φ is a
monomorphism.

By Lemma 111.2 (3) it remains to show that for any U ∈ N (X) there exists a V ∈ N (X)
with U ≤ V , i.e. with V Ă U , such that

ker
(
i∗X,U : H̃

m
(U)→ H̃

m
(X)

}
Ă ker

(
i∗V,U : H̃

m
(U)→ H̃

m
(V )
)
.

So let U ∈ N (X). After possibly replacing U by U ∩W we can without loss of generality
assume that U Ă W .

By (∗) there exists an open neighborhood V with X Ă V Ă U such that the inclusion
iV,U : V → U and the retraction r : V → X Ă U are homotopic maps from V to U .

We consider the following diagram

H̃
m

(U)
i∗X,U

//

i∗V,U &&

r∗

��

H̃
m

(X)
r∗

xx

H̃
m

(V ).

Since the two maps iV,U : V → U and r : V → X Ă U are homotopic it follows from
the Homotopic Maps-H∗-Lemma 108.13 that the two maps i∗V,U and r∗ from H̃

m
(U) to
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H̃
m

(V ) agree. Since r is the identity on X we see that r : U → X Ă V equals the map
iX,U ◦ r : U → X. This shows that the diagram commutes. It follows immediately from
these observations that V has the desired property. �

Now we can �nally turn to the actual proof of the theorem. First let j 6= 0. The desired
isomorphism will be given by a sequence of natural isomorphisms as follows:

Hj(Σ\X)
∼=←−

(1)
Hn−j

c (Σ\X)
∼=←−

(2)
lim−→

K∈K(Σ\X)

Hn−j(Σ\X,
=(Σ\K)\X︷ ︸︸ ︷

(Σ\X)\K)
∼=←−

(3)
lim−→

U∈N (X)

Hn−j(Σ\X,U \X)

∼=←−
(4)

lim−→
U∈N (X)

Hn−j(Σ, U)
∼=←−

(5)
lim−→

U∈N (X )̃

H
n−j−1

(U)
∼=−→
(6)

H̃
n−j−1

(X).

We explain the natural isomorphisms in more detail:

(1) Since X is compact we know from the Compact-Closed Lemma 1.21 (2) that Σ \X
is an open subset of Σ \ X. In particular Σ \ X is also an n-dimensional topologi-
cal manifold and via the Topological Manifold-Induced Orientation Lemma 105.17 it
inherits an orientation from Σ. Also note that it follows from the Topological Man-
ifold Boundary Proposition 75.2 that Σ \ X has no boundary. After this preamble
the �rst isomorphism is the Poincaré Duality isomorphism from the Non-Compact
PD Theorem 119.18 corresponding to the oriented topological manifold Σ \ X. By
Lemma 119.24 this isomorphism is natural.

(2) The second isomorphism is provided by the Hn
c -via-Direct Limits Proposition 112.4.

(3) Recall that the X is by hypothesis a compact subset of Σ. By the Compact-Closed
Lemma 1.21 (2) this implies that X is a closed subset of S3. This observation implies
that the map N (X)→ K(Σ \X) given by U 7→ Σ \U is an isomorphism of directed
sets which gives us an isomorphism of direct systems. The third isomorphisms is an
immediate consequence of this fact.

(4) For any open neighborhoods U and V of X with U ≤ V , i.e. with V Ă U , we have a
commutative diagram

Hn−j(Σ\X, V \X) Hn−j(Σ, V )oo

Hn−j(Σ\X,U \X)

OO

Hn−j(Σ, U)

OO

oo

where all the maps are induced by the obvious inclusions of pairs of topological
spaces. It follows from the Excision Theorem 109.1 for Cohomology Groups that the
horizontal maps are isomorphisms. The desired isomorphism of direct limits is now
an immediate consequence of the Co�nal-Isomorphism Lemma 111.4.

(5) For any open neighborhoods U and V of X with U ≤ V , i.e. with V Ă U , we have a
commutative diagram

Hn−j(Σ, V ) H̃
n−j−1

(V )
δoo

Hn−j(Σ, U)

OO

Hn−j−1(U)

OO

δoo
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where the vertical maps are induced by the obvious inclusions and where the horizon-
tal maps are the connecting homomorphisms of the long exact sequences in reduced
cohomology provided by Lemma 108.17. Since j ≥ 1 we obtain from these long exact
sequences and the calculation of the cohomology groups of Σ that the horizontal
maps are in fact isomorphisms. As in (4) we appeal to the Co�nal-Isomorphism
Lemma 111.4 to obtain the desired isomorphism of direct limits.

(6) The last map is the isomorphism of the above claim.

This concludes the proof of the construction of an isomorphism

ΘX : H̃j(Σ \X;G)
∼=−→ H̃

n−j−1
(X;G).

Finally let X Ă Y Ĺ Σ be two weakly locally contractible, non-empty compact subset
of Σ. As we more or less discussed, the isomorphisms (1)�(6) that we just constructed are
all natural with respect to inclusions. Thus we obtain the following commutative diagram:

H̃j(Σ \X)

��

ΘX

∼=
// H̃

n−j−1
(X)

��

H̃j(Σ \ Y )
ΘY

∼=
// H̃

n−j−1
(Y ),

We leave it to the reader to double-check this claim. �

Proof of the Generalized Alexander Duality Theorem 124.2 for j = 0. It still re-
mains to deal with the case j = 0. The argument is almost entirely the same as for j 6= 0.
In particular we can again construct the maps (1)�(6). In the case = 0 all of the above
maps (1)�(6) are still isomorphisms, except for map (5). To address this issue we consider
the following diagram:

H0(Σ\X) ∼=

(1)
//

��

∼=
�� ��

Hn
c (Σ\X) ∼=

(2),(3)
//

��

lim−→
U∈N (X)

Hn(Σ\X,U \X) ∼=

(4)
// lim−→
U∈N (X)

Hn(Σ, U)

H0(Σ) ∼=

(1)
// Hn

c (Σ) ∼=

(2),(3)
// lim−→
U∈N (X)

Hn(Σ, U) ∼=

(4)
// lim−→
U∈N (X)

Hn(Σ).

Here the second vertical map is the inclusion induced map de�ned by Lemma 112.5. The
�rst and the fourth vertical maps are the obvious inclusion induced maps. Furthermore the
third vertical map is the inverse of the isomorphism which is induced by the isomorphisms
Hn(Σ, U)→ Hn(Σ\X,U \X) that are given by the Excision Theorem 109.1 for Cohomology
Groups. The top horizontal maps are precisely the above maps (1), (2), (3) and (4). The
bottom horizontal maps are de�ned completely analogously with X = ∅. Since the maps
de�ned in (1), (2), (3) and (4) are natural we see that the diagram commutes. It follows
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that

induced by the natural map æ : H̃0(Σ\X)→ H̃0(Σ\X)
it follows from Lemma 74.2 that this

map is in fact an isomorphism by the above commutative diagram
↓ ↓

H̃0(Σ\X)
∼=−→ ker(H0(Σ\X)→ H0(Σ))

∼=−→ ker
(
lim−→Hn(Σ, U)→ lim−→Hn(Σ)

)
)

∼=←− lim−→ ker(Hn(Σ, U)→ Hn(Σ))
∼=←− lim−→H̃

n−1
(U)

∼=−→ H̃
n−1

(X).
↑ ↑ ↑

Direct Limit-(Co-)-Kernel Corollary 79.3 by the long exact sequence by the claim
of Lemma 108.17 and since n ≥ 2

This concludes the proof of the construction of an isomorphism

ΘX : H̃j(Σ \X;G)
∼=−→ H̃

n−j−1
(X;G).

We leave the task of verifying naturality to the reader. �

124.3. Consequences of the Generalized Alexander Duality Theorem 124.2. The
following proposition is the topological analogue of the Smooth Codimension-One Ori-
entability Proposition 43.12 which we proved on pages 1002 and 2705.

Proposition 124.5. (Topological Codimension-One Orientability Proposition)
Let M be a closed connected n-dimensional topological manifold. If M is non-orientable,
then there is no topological embedding of M into Rn+1.

Proof. The proof of the Topological Codimension-One Orientability Proposition 124.5 is
verbatim the same as the proof of the Smooth Codimension-One Orientability Proposi-
tion 43.12, we only need to replace the original Alexander Duality Theorem 123.6 by the
Alexander Duality Theorem 124.3 for Topological Manifolds.

We also give an alternative argument that does not require the slightly obscure Gener-
alized Alexander Duality Theorem 124.2. Thus let M be a closed connected n-dimensional
topological manifold which admits an embedding f : M → Rn+1. We have to show that
M is orientable. As usual we view Rn+1 as a subset of Sn+1. We make the following
observations:
(1) It follows from Borsuk's Theorem 104.6 together with Proposition 104.8 (1) that there

exists a compact (n + 1)-dimensional smooth submanifold X of Rn+1 that contains
f(M) and such that there exists a retraction r : X → f(M). In the following we
denote by i : f(M)→ X the inclusion map.

(2) Since r ◦ i = idf(M) we see that the map r∗ : Hn(f(M);Z) → Hn(X;Z), induced by
the retraction, is a monomorphism.

(3) By the remark on page 2700 there is an isomorphism Hn(X;Z) ∼= H0(Sn+1 \X;Z).
It follows in particular from the H0-Proposition 72.5 that Hn(X;Z) is a free abelian
group.

(4) It follows from (2) and (3) that Hn(f(M);Z) is a torsion-free abelian group.
(5) Since f : M → f(M) is a homeomorphism we obtain from (4) that Hn(M ;Z) is a

torsion-free abelian group.
(6) We deduce from (5) and the Top-Cohomology Proposition 110.14 that the closed

connected n-dimensional topological manifold M is orientable. �
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In Question 24.13 (3) we asked whether RP2 or the Klein bottle admit an embedding
into R3. We can now give a negative answer.

Corollary 124.6. Neither RP2 nor the Klein bottle admit an embedding into R3.

Proof. By the Surface Non-Orientability Lemma 25.20 we know that RP2 and the Klein
bottle are both non-orientable as smooth manifolds. It follows from the Smooth-Topological
Orientation Proposition 105.11 that both are also non-orientable as topological manifolds.
Since both are closed 2-dimensional topological manifolds it follows from the Topological
Codimension-One Orientability Proposition 124.5 that neither RP2 nor the Klein bottle
admit an embedding into R3. �

The following proposition is a strengthening of Proposition 123.11.

Proposition 124.7. If n ∈ N≥2, then there is no embedding of RPn into Sn+1.

Proof. First let n be even. In this case we know by the Real Projective Space Orientability
Lemma 25.21 and the Smooth-Topological Orientation Proposition 105.11 that RPn is non-
orientable. Thus the result is an immediate consequence of the Topological Codimension-
One Orientability Proposition 124.5.

Now let n be odd. This case is signi�cantly harder and it was �rst proved by René
Thom [Tho1952, p. 180] in 1952. We cannot provide the argument. But it seems like
the argument of Thom is somewhat reminiscent of the argument in the proof of Proposi-
tion 123.11. So suppose there exists an embedding f : RPn → Sn+1. It follows from the
H0-Proposition 72.5, the Generalized Alexander Duality Theorem 124.2 and the fact that
Hn(RPn;Z) ∼= Z (here we use that n is odd), that Sn+1 \ f(RPn) consists of two path
components. We denote the closures of the path components by A and B. The problem is
that the triad (Sn+1, A,B) is in general not excisive so we cannot apply the Mayer�Vietoris
Theorem 109.15 for Cohomology Groups. The idea in the proof is to replace usual singular
cohomology by Alexander-Spanier cohomology for which the above triad is excisive. We re-
fer to [Mass1978a, Chapter 8] or [Mass1978b] for an introduction to Alexander-Spanier
cohomology and we refer to [Mass1978a, Theorem II.8.15] for the proof that in this setting
the above triad is excisive. �

124.4. Generalized Alexander Duality Theorem for Homology Balls. We have the
following obvious analogue of the de�nition of a homology sphere.

De�nition. We say that an n-dimensional topological manifold X is a topological homol-
ogy n-ball if X is compact and if for every k ∈ N0 we have Hk(X;Z) ∼= Hk(B

n
;Z).

Lemma 124.8. If X is a topological homology n-ball, then ∂X is a topological homology
(n− 1)-sphere.
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Proof. Let X be a topological homology n-ball. Note that this implies in particular
that H1(X;Z) = 0. Therefore it follows from the Non-Orientable Z2-Epimorphism Corol-
lary 105.16 together with the Hurewicz Theorem 85.5 that X is orientable.

At this state this lemma follows easily from the Poincaré Duality Theorem 119.1 and
the long exact sequence in homology of the pair (X, ∂X). We will �ll in the details in
Exercise 124.2. �

We can now formulate the following variation on the Generalized Alexander Duality The-
orem 124.2.

Theorem 124.9. (Generalized Alexander Duality Theorem for Balls) Let n ≥ 2,
let B be an n-dimensional homology ball and let X 6= B be a non-empty compact subset
of B. We write ∂X := X ∩ ∂B. If X and ∂X are weakly locally contractible, then given
any j ∈ N0 we have a natural isomorphism

ΘX : H̃j(B \X;Z)
∼=−→ H̃

n−j−1
(X, ∂X;Z).

Here natural means that if we are givenX Ă Y Ă B that both satisfy the above conditions,
then the following diagram commutes:

H̃j(B \ Y ;Z) ∼=

ΘY //

��

Hn−j−1(Y, ∂Y ;Z)

��

H̃j(B \X;Z) ∼=

ΘX // Hn−j−1(X, ∂X;Z),

where the vertical maps are induced by the inclusions B \ Y → B \X and X → Y .

Proof. One could try to imitate the proof of the Generalized Alexander Duality Theo-
rem 124.2, but instead we will do a little trick to reduce most of the statement to the
Generalized Alexander Duality Theorem 124.2.

Let X Ĺ B be a non-empty compact subset of B such that X and ∂X := X ∩ ∂B are
both weakly locally contractible.

Let X Ĺ B be a weakly locally contractible compact non-empty subset. We consider

K := (X × {0}) ∪ (∂X × [0, 1]) ∪ (B × {1})︸ ︷︷ ︸
=:Y

Ă (B × {0}) ∪ (∂B × [0, 1]) ∪ (B × {1})︸ ︷︷ ︸
=∂(B×[0,1])

.

Claim 1. The topological space K is again weakly locally contractible.

Proof. This claim can be proved easily by considering the following cases:

(1) The points (x, 0) with x 6∈ ∂X and (x, 0) with x ∈ ∂X.
(2) The points (x, t) with t ∈ (0, 1).
(3) The points (x, 1) with x ∈ B \ ∂B and (x, 1) with x ∈ ∂B.

The �rst cases can be dealt with easily using the fact that X is weakly locally contractible.
For the second case we need to use that ∂X is weakly locally contractible. The third case
can be dealt with without any assumptions on X. �



2722

Now we consider the following maps

H̃j(B \X)
∼=
��

∼=

(a)
// H̃j((B × 0) \ (X × {0}))

∼=
��

∼=

(b)
// H̃j(∂(B × [0, 1]) \K)

∼=(c)
��

Hn−j−1(X, ∂X) Hn−j−1(K,Y )
∼=
(e)

oo H̃
n−j−1

(K).
∼=

(d)
oo

We make the following observations regarding the various maps:

(a) This map is induced by the obvious homeomorphism.
(b) This map is an isomorphism since (B×0)\ (X×{0}) is a deformation retract of

∂(B×[0, 1])\K.
(c) • It follows from the Künneth Theorem 90.8 together with the Topological Manifold

Product Proposition 18.4 that Bn × [0, 1] is a topological homology (n + 1)-ball
with boundary (∂Bn × [0, 1]) ∪ (Bn × {0, 1}). It follows from Lemma 124.8 that
∂(Bn × [0, 1]) is a topological homology n-sphere.
• In Claim 1 we just showed that K is again weakly locally contractible.
• By the above we can appeal to the Generalized Alexander Duality Theorem 124.2
to obtain a natural isomorphism.

(d) This map is an isomorphism since Y is contractible.
(e) This map is an isomorphism by a suitable variation on the Excision Theorem 109.1.

The combination of the above gives us a natural vertical isomorphism ΘX to the left. The
proof of the naturality of ΘX follows from the fact that all the isomorphisms we considered
are natural under inclusions.
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B × {0}

∂X

B

X
K
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Theorem 124.10. (Generalized Alexander Duality Theorem for Balls) Let n ≥ 2,
let B be an n-dimensional homology ball and let X 6= B be a non-empty compact subset
of B. We write ∂X := X ∩ ∂B. If X and ∂X are weakly locally contractible, non-empty
compact subset of B, then given any j ∈ N0 we have a natural isomorphism

ΘX : H̃j(B \X;Z)
∼=−→ H̃

n−j−1
(X, ∂X;Z).

such that the following diagram commutes

H̃j−1(∂B \ ∂X;Z)

i∗
��

∼=

Θ∂X // H̃
n−j−1

(∂X;Z)

δ
��

H̃j(B \X;Z) ∼=

ΘX // Hn−j−1(X, ∂X;Z),

up to a sign that depends only on j and n.1511 Here the bottom map is the isomorphism
given in the proof of the Generalized Alexander Duality Theorem 124.2.
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∂X

∂X

X

B
3

generator of H1(B
3 \X;Z)

generator of H1(S2 \ ∂X;Z)

Proof. We consider

K̃ := (B × {0}) ∪ (∂X × [0, 1]) ∪ (B × {1})︸ ︷︷ ︸
=:Y

Ă (B × {0}) ∪ (∂B × [0, 1]) ∪ (B × {1})︸ ︷︷ ︸
=∂(B×[0,1])

.

By the naturality of the isomorphism from the Generalized Alexander Duality Theo-
rem 124.2 we obtain the following commutative diagram:

H̃j(∂(B × [0, 1]) \ K̃)
∼=(c)
��

// H̃j(∂(B × [0, 1]) \K)
∼=(c)
��

H̃
n−j−1

(K̃) // H̃
n−j−1

(K).

�

In the next section we will make use of the following lemma.

Corollary 124.11. Let n ≥ 2 and let B be a topological n-dimensional homology ball and
let f : B

k → B be a proper embedding, i.e. f is an embedding with f−1(∂B) = Sk−1. We
denote by i : ∂B \ f(Sk−1)→ B \ f(B

k
) the inclusion map. The following two statements

hold:
(1) The maps i∗ : Hj(∂B \ f(Sk−1))→ Hj(B \ f(B

k
)) are all isomorphisms.

(2) For each j we have

Hj(B \ f(B
k
)) ∼=

{
Z, if j = 0, n− k − 1,
0, else.

Proof. By hypothesis f : B
k → B is a proper embedding. Since B

k
is evidently weakly

locally contractible we see that f(B
k
) is also weakly locally contractible. Thus we obtain

from the Generalized Alexander Duality Theorem 124.10 for Balls that for any j ∈ N0 we
have an isomorphism

H̃j(B \ f(B
k
);Z)

∼=−→ H̃
n−j−1

(B
k
, Sk−1;Z).

such that the following diagram commutes

H̃j−1(∂B \ f(Sk−1);Z)

i∗
��

∼= // H̃
n−j−1

(Sk−1);Z)

δ
��

H̃j(B \ f(B
k
);Z)

∼= // Hn−j−1(B
k
, Sk−1;Z),

up to a sign. We make the following observations:

1511I will not embarrass myself by trying to guess the sign.
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(a) It follows from the Single Point-Cohomology Lemma 108.12 and 108.13 that the
reduced cohomology groups of B

k
vanish.

(b) It follows from (a) and from the long exact sequence of reduced cohomology groups,
see Lemma 108.17, that the vertical maps to the right are isomorphisms. Together
with the commutativity of the diagram this implies Statement (1).

(c) On page 2419 we calculated the cohomology groups of Sk−1. Together with Lemma 108.17
and the above isomorphisms we obtain a proof for Statement (2). �

Theorem 124.12. (Generalized Alexander Duality Theorem for Balls) Let n ≥ 2,
let B be an n-dimensional homology ball and let X 6= B be a non-empty compact subset of
B. We write ∂X := X ∩ ∂B. We suppose that X and ∂X are weakly locally contractible,
non-empty compact subsets of B. If ∂X is a smooth submanifold of ∂B and it has a collar
in B, then the following diagram commutes

H̃j−1(∂B \ ∂X;Z)

i∗
��

∼=

Θ∂X // H̃
n−j−1

(∂X;Z)

δ
��

H̃j(B \X;Z) ∼=

ΘX // Hn−j−1(X, ∂X;Z),

up to a sign that depends only on j and n.1512 Here the bottom map is the isomorphism
given in the proof of the Generalized Alexander Duality Theorem 124.2.

124.5. Wild arcs and wild knots. In this section we will use the Generalized Alexander
Duality Theorem for Balls 124.12 to prove the following theorem.

Theorem 124.13. There exists an embedding γ : S1 → S3 such that γ(S1) Ă S3 is not a
topological manifold.
The construction of such a map γ : S1 → S3 requires some preparations. We start out with
the following lemma.

Lemma 124.14. There exists a proper smooth embedding τ : [0, 1]→ B
3
with the follow-

ing two properties:
(1) there exists an ε > 0 such that τ(t) = (2t − 1, 0, 0) for t ∈ [0, ε

2
] and t ∈ [1 − ε

2
, 1]

and such that τ−1({x ∈ B3 | ‖x‖ > 1− ε}) = [0, ε
2
] ∪ [1− ε

2
, 1],

(2) π1(B
3 \ τ([0, 1])) is non-abelian.
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B
3

τ0 1
π1(B

3 \ τ([0, 1])) ∼= π1(S3 \ trefoil)

sphere of radius 1− ε

Sketch of proof. Let T Ă S3 be the trefoil, as de�ned on page 1312. In Proposition 59.6
we showed that π1(S3 \ T ) is non-abelian. In the proof of Proposition 59.14 we showed

1512I will not embarrass myself by trying to guess the sign.
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that T gives rise to a desired proper smooth embedding τ : [0, 1] → B
3
that satis�es (a)

and such that π1(B \ τ([0, 1])) ∼= π1(S3 \ T ) �

Our goal is to construct an embedding f : S1 → S3 such that f(S1) is not a topological
submanifold of S3. To simplify the notation we will use the homeomorphisms from the Ball-
Quotient Sphere Lemma 5.20 and pages261 to make the identi�cations [0, 2]/0 ∼ 2 = S1

and B
3

1 ∪S2
1=S2

2
B

3

2 = S3.

Notation.
(1) For the remainder of this section we �x a proper smooth embedding τ : [0, 1]→ B

3

as in Lemma 124.14.
(2) Given n ∈ N we consider the smooth embedding

ϕn : B
3 → B3 Ă B

3

x 7→ (−1 + 3
2n
, 0, 0) + 1

2n
· x.

(3) We consider the map

w :

=S1︷ ︸︸ ︷
[0, 2]/0 ∼ 2 →

=S3︷ ︸︸ ︷
B

3

1 ∪S2
1=S2

2
B

3

2

t 7→


(−1, 0, 0) ∈ B3

1, if t = 0,

ϕn(τ(2n−1 ·(t− 1
2n

)︸ ︷︷ ︸
∈(0,1]

)) ∈ B3

1, if t ∈ ( 1
2n
, 1

2n−1 ] for some n ∈ N,

(3− 2t, 0, 0) ∈ B3

2, if t ∈ [1, 2].

(4) We set W := w(S1) and we write P := w([0]).

���
�
�
�

in the second 3-ball B
3

2

second interval [1, 2]

image of ϕ1
image of ϕ2

P0 1
2

1 w

The following proposition immediately implies Theorem 124.13.

Proposition 124.15. Let w : S1 → S3 be the above map.
(1) The map w : S1 → S3 is an embedding.
(2) There is no submanifold chart, in the sense of the de�nition on page 524, for the

subset W := w(S1) Ă S3 around P = w([0]). In particular W = w(S1) is not a
submanifold of S3.

Our proof of Proposition 124.15 crucially relies on the following lemma, which is a direct
descendant of the Generalized Alexander Duality Theorem 124.2.

Lemma 124.16. For any n ∈ N the inclusion induced map

H1(ϕn(S2) \W ) → H1(S3 \W )

is an isomorphism.
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Proof. As the reader will see short, the proof of Lemma 124.16 is almost identical to the
argument on page 2711 where we identi�ed a generator for H1(S3 \W ). For peace of mind
we provide the argument.

Let n ∈ N. We denote by T the �standard solid torus� in S3 = B
3

1∪S2
1=S2

2
B

3

2 that is given
by the points (x, y, z) ∈ Bi in each ball with y2 + z2 ≤ 1

2
. Note that W Ă T . We denote

by i : W → T the inclusion map. By the naturality of the isomorphism of the Generalized
Alexander Duality Theorem 124.2 we have the following commutative diagram:

H̃j(Σ \X;G)

��

ΘX

∼=
// H̃

n−j−1
(X;G)

��

H̃j(Σ \ Y ;G)
ΘY

∼=
// H̃

n−j−1
(Y ;G),

here the left vertical map is induced by the inclusion Σ \X → Σ \ Y and the right vertical
map is induced by the inclusion X → Y . �
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W

ϕn(S2)

generator of
H1(ϕn(S2) \W )

generator of
H1(S3 \ T ) and thus
also of H1(S3 \W )

Our proof of Proposition 124.15 relies also on the following earlier proposition.
Proposition 53.24. (Amalgamated Product-Monomorphism Proposition) Let
α : G→ A and β : G→ B be two group homomorphisms. We denote by A ∗G B the cor-
responding amalgamated product as de�ned on page 1209. If α and β are both monomor-
phisms, then the natural homomorphisms A → A ∗G B and B → A ∗G B are also both
monomorphisms.

Proof of Proposition 124.15. First we provide the proof of Statement (1). Using the
ε-δ-criterion from the Metric Continuity Proposition 2.8 one can easily show that the map
[0, 1] → S3, induced by f , is continuous. It is clear that the corresponding map [1, 2] →
S3 is continuous. It follows from the Pasting Pasting Proposition 2.6 together with the
Topological-Quotient Proposition 5.15 (1b) that the given map f : S1 → S3 is continuous.
It now follows from the Compact-Hausdor� Proposition 2.17 (2) that f : S1 → S3 is actually
an embedding.

Now we turn to the proof of Statement (2). We start out with the following harmless
general claim.
Claim 1. Let X be an n-dimensional topological manifold, let A Ă X be a subset and let
Q ∈ A. If there exists a submanifold chart of type (α) for A Ă X and Q ∈ A, then given
any open neighborhood U of Q ∈ A there exists a neighborhood V with the following
properties:
(1) A ∈ V Ă U ,
(2) V is homeomorphic to B

3
,
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(3) either V = A ∩ V or V \ (A ∩ V ) is non-empty and path-connected with abelian
π1(V \ (A ∩ V )).1513

Proof. It follows almost immediately from the de�nition of a chart for A and Q that given
any open neighborhood U of Q ∈ A there exists a neighborhood V with A ∈ V Ă U such
that the pair (V,A ∩ V ) is homeomorphic to the pair ([−1, 1]n, {0} × [−1, 1]k). If n = k,
then V = A ∩ V . If k < n, then we see that

π1(V \ (A ∩ V )) ∼= π1([−1, 1]n \ ({0} × [−1, 1]k) ∼= π1(Sn−k−1) ∼=
{
Z, if n− k = 2,
0, otherwise.↑ ↑

topological spaces are homotopy equivalent Propositions 48.17 and 47.13

By the Convex-to-Ball Proposition 2.20 we know that [−1, 1]n is homeomorphic to B
n
.

Thus V has indeed all the desired properties. �
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QA

X

Note that S1 and S3 are topological manifolds with empty boundary. It follows from
the Topological Manifold Boundary Proposition 75.2 that neither R nor R3 admits a chart
of type (i) in the sense of the de�nition on page 511. This implies that if there exists a
submanifold, it has to be a chart of type (α). It follows from this discussion, together with
Claim 1, that it su�ces to prove the following claim.

Claim 2. For every path-connected neighborhood V of P ∈ S3, that is homeomorphic to
B

3
, the fundamental group π1(V \ (W ∩ V )) is non-abelian.

Proof. Let V be a path-connected open neighborhood of P ∈ S3 that is homeomorphic to
B

3
. Since V is a neighborhood of P = w([0]) there exists an n ∈ N such that ϕn(B

3
) Ă V .

We pick an ε > 0 as in Lemma 124.14.

(1) By the Topological Invariance of Domain Theorem 82.7 we know that ϕn(B3) is an
open subset of S3.

(2) Note that S2
1−ε is a submanifold of B3 that intersects τ([0, 1]) transversally in two

points.
(3) Note that B

3

1−ε is a codimension-zero submanifold of B3.
(4) It follows from (a) and (c) that ϕn(B

3

1−ε) is a codimension-zero submanifold of B3.
(5) It follows from Proposition 75.3 and (d) that S3\ϕn(B

3

1−ε) is also a codimension-zero
submanifold of B3. In particular it is a topological manifold in its own right.

We introduce the following notation:

(1) We write X := ϕn(B
3

1−ε), X̃ := V \ ϕ(B3
1−ε) and Y := ϕn(S2

1−ε),
(2) We write K := W ∩X, K̃ := K ∩ X̃ and L := K ∩ Y .

1513Since V \ (A∩V ) is path-connected we know by the Base Point Independence Corollary 47.11 that the
isomorphism type of the fundamental group does not depend on the choice of the base point.
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We now see that
follows from the Seifert�van Kampen Theorem for Topological Manifolds 54.4

↓
π1(V \ (W ∩ V )) ∼= π1(X \K) ∗π1(Y \L) π1(X̃ \ K̃).
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X
ϕn(B

3
)

K

X̃

K̃

P = w([0])

V

W

We know that π1(X \ K) is non-abelian. To conclude that π1(V \ (W ∩ V )) is non-
abelian, it su�ces by the Amalgamated Product-Monomorphism Proposition 53.24 to show
that the two maps π1(Y \L)→ π1(X \K) and π1(Y \L)→ π1(X̃ \K̃) are monomorphisms.
Since π1(Y \ L) ∼= Z it su�ces to show that the maps H1(Y \ L) → H1(X \ K) and
H1(Y \ L) → H1(X̃ \ K̃) are monomorphisms. In the former case that follows easily from
Corollary 124.11.

Now consider X̃. As discussed above, we know that X̃ is a compact 3-dimensional
topological manifold in its own right. Furthermore, by the Generalized Alexander Duality
Theorem 124.12 for Balls we know that X̃ is a homology 3-ball. (In all likelihood X̃ is in
fact homeomorphic to B

3
, in fact we even know that π1(X̃) = 0, but from what we know

we cannot conclude so.)
But now it follows again from Corollary 124.11 that the map H1(Y \ L)→ H1(X̃ \ K̃)

is an isomorphism. �

Proposition 124.17. The subset W := w(S1) Ă S3 does not admit a regular neighbor-
hood in the sense of the de�nition on page 2695.

Sketch of proof. π1(S3\W ) is in�nitely generated. One can see this by exhausting S3\W
by sets where swallow all but �nitely many balls and then do a limit argument. But this
contradicts Lemma 123.1. �

Exercises for Chapter 124.

Exercise 124.1. The Generalized Alexander Duality Theorem 124.2 was formulated for
n ≥ 2. What is the correct statement for n = 1?

Exercise 124.2. Let X be a topological homology n-ball. Show that ∂X is a topological
homology (n− 1)-sphere.

Exercise 124.3. We say an embedding ϕ : [0, 1]→ R3 is tame if there exists a homeomor-
phism f : R3 → R3 such that f(ϕ(t)) = (t, 0, 0) for all t ∈ [0, 1]. In the �gure below we
show the images of three embeddings α, β, γ : [0, 1]→ R3.
(a) Show that α is tame.
(b) Show that β is tame.
(c) Show that γ is not tame.
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(d) Let δ : [0, 1]→ R3 be an embedding that is also a smooth map. Is δ tame?
Remark. Note that a smooth embedding, as de�ned on page 652, is more than just
an embedding that is a smooth map.

��
��
��
��

��
��
��
��

γβα

Exercise 124.4. In the �gure below we show two subsets X and Y of R3 that are home-
omorphic to the compact interval [0, 1]. Which of the fundamental groups π1(R3 \X) and
π1(R3 \ Y ) is abelian and which is non-abelian?

��
��
��
��

����

��
X Y
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125. Applications of cohomology groups

In this chapter we give two applications of cohomology groups, namely we prove the table
theorem and we address two special cases of the square peg problem. Neither of these
applications can count as a �real life� application, but at least in both cases cohomology,
Poincaré Duality and Alexander duality get used to prove statements which initially have
absolutely no connection to cohomology theory at all.

125.1. The Table Theorem `. As a warm-up we start out with the fairly elementary
but charming Wobbly Table Theorem. In the vernacular it says that given a wobbly table
we can rotate it around its center, by an angle of at most π

2
, such that eventually all four

legs touch the ground. Slightly more precisely, it can be formulated as follows:

Theorem 125.1. (Wobbly Table Theorem) Let f : C = R2 → R be a function, let
x ∈ C and let z ∈ C \ {0}. There exists a θ ∈ [0, π

2
] such that

f(x+ e iθ · z) = f(x+ e i(θ+π
2

) · z) = f(x+ e i(θ+π) · z) = f(x+ e i(θ+ 3π
2

) · z).

Proof. The theorem is a fairly elementary consequence of the Intermediate Value Theorem
from real analysis. Filling in the details is your task in Exercise 125.1. Alternatively the
reader can look at [Loy2017, p. 289] for a proof. �

Our goal in this section is to prove a much more fancy theorem. More precisely we will
prove the following �Table Theorem� which was �rst formulated and proved by Roger Fenn
[Fen1970] in 1970.

Theorem 125.2. (Table Theorem) LetD Ă R2 be a compact convex non-empty subset
and let f : R2 → R be a map such that f(x) ≥ 0 for all x ∈ D and such that f(x) = 0 for
all x 6∈ D. Given any d ∈ R>0 there exist four points a1, a2, a3, a4 ∈ R2 with the following
properties:
(1) the points form a square of side length d,
(2) the center of the square lies in D,
(3) we have f(a1) = f(a2) = f(a3) = f(a4).

In other words, the Table Theorem 125.2 says that any given square table can be placed on
the ground de�ned by the graph of f , such that all four legs lie on the ground, such that
the table is horizontal and such that the center of the table is located in D.
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the �table�

R2

boundary of D

graph of f on D

the square with
vertices a1, a2, a3, a4

Remark. In [Meye1981] it is shown that in the formulation of the Table Theorem 125.2
one cannot drop the hypothesis that D is convex.

The proof of the Table Theorem 125.2 will require the remainder of this section. Throughout
the section we �x a compact convex non-empty subset D Ă R2 and we �x a function
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f : R2 → R such that f(x) ≥ 0 for all x ∈ D and such that f(x) = 0 for all x 6∈ D. Let
d ∈ R>0. We make the following elementary observations and preparations:

(i) Since we can rescale D we can and will without loss of generality assume that d = 1.
(ii) If the interior of D is the empty set, then the function f is necessarily the zero

function1514. Thus the conclusion of the Table Theorem 125.2 holds trivially.
(iii) It follows from (ii) that henceforth we can assume that the interior of D is non-

empty. Note that the Convex-to-Ball Proposition 2.20 implies that there exists a
homeomorphism of pairs (D, ∂D)

∼=−→ (B
2
, S1).

(iv) After a translation we can and will assume that the origin (0, 0) is contained in the
interior of D.

(v) As always we will make the identi�cation R2 = C, in particular we will work a lot
with the multiplication �· i�, i.e. with �rotation by π

2
�.

(vi) If there exists a square in R2 of side length d = 1 with center in D, such that the
f -value at all of the four vertices is zero, then we have evidently found the desired
table. Thus we can henceforth assume that for any square of side length d = 1 with
center in D the f -value of at least one vertex is non-zero.

In the following discussion we will at times take a few liberties with mathematical language,
but these liberties will not infringe on the rigor of the argument.
We start out with introducing the following notation, which gives us a convenient way for
parameterizing the set of all squares with side length d = 1 and whose center lies in D.
Notation.
(1) We consider the map1515

a : D × S1 → R2 × R2 × R2 × R2

(x, γ) 7→

the four vertices a1, a2, a3, a4 of the unique square
with center x such that a2 − a1 = γ and
such that a1, a2, a3, a4 are ordered in the

counterclockwise direction.

This de�nition is illustrated in the �gure below.
(2) We also consider the closely related map

Q : D × S1 → R3 × R3 × R3 × R3

(x, γ) 7→ the points Q1, Q2, Q3, Q4 on the graph corresponding to a(x, γ).

When (x, γ) ∈ D × S1 is understood from the context, then we drop it at times from the
notation. In other words, often we write ai instead of ai(x, γ) and we write Qi instead of
Qi(x, γ).
One of the key ideas behind the proof of the Table Theorem 125.2 is to split Condition
(3) of the Table Theorem 125.2 into two separate statements. Namely we note that the
condition
(3) f(a1) = f(a2) = f(a3) = f(a4),

is satis�ed precisely if the following two conditions are satis�ed:
1514Why is that?
1515We leave the task of writing down an explicit formula to the reader. Once the formula is written down
it is clear that a is actually continuous.



2732

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������

��
��
��
�� �

�
�
�

��
��
��
��
����

�
�
�

�
�
�

��

����

�
�
�

�
�
�

�
�
�
�

�
�
�
�

D
Q1

a(x, γ)

1

2

3
4

the origin

γ ∈ S1 a3

Q3 a1

x

(3a) the points (a1, f(a1))︸ ︷︷ ︸
=Q1

, . . . , (a4, f(a4))︸ ︷︷ ︸
=Q4

lie on a plane,

(3b) the plane from (3a) is horizontal.
The trick now is to encode these two statements in a clever way. We will do so by introducing
two maps.
De�nition.
(1) Given (x, γ) ∈ D2 × S1 we denote by π(x, γ) the plane through the three points

Q1(x, γ), Q2(x, γ) and Q3(x, γ).
(2) We consider the map1516

φ : D × S1 → R
(x, γ) 7→ x3-value of the plane π(x, γ) at a4(x, γ) minus f(a4(x, γ))︸ ︷︷ ︸

=f(a1)+f(a3)−f(a2)−f(a4)

The de�nition of this map is illustrated in the �gure below. Note that φ(x, γ) = 0
if and only if the corresponding points Q1, Q2, Q3, Q4 lie on a plane.

(3) We set A := {(x, γ) ∈ D × S1 |φ(x, γ) = 0}.

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������

�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������

�
�
�

�
�
�

��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������

�
�
�
�

����

−

+

+

−

D

1

2

3
4 a(x, γ)

γ

φ(x, γ)
(a4, f(a4))

π(x, γ)

a4

De�nition.
(1) Given (x, γ) ∈ D2 × S1 we denote by n(x, γ) ∈ R3 the unique vector that is normal

to π(x, γ), that has unit length and that has positive x3-coordinate. This de�nition
is illustrated in the �gure below on the left.

(2) We consider the map

ψ : D × S1 → R2

(x, γ) 7→ projection of n(x, γ) onto the x1x2-plane.

1516Note that the equality

a4 = a2 + (a3 − a2) + (a4 − a3︸ ︷︷ ︸
=a1−a2

) = a2 + (a1 − a2) + (a3 − a2) = a1 + a3 − a2,

together with the fact that the x3-coordinate of the plane π(x, γ) is an a�ne function on R2, implies that

x3-coordinate of the plane π(x, γ) at a4 = f(a1) + f(a3)− f(a2).
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The de�nition of this map is illustrated on the right hand side of the �gure below.
Note that ψ(x, γ) = 0 if and only if the plane π(x, γ) is horizontal.

(3) We set B := {(x, γ) ∈ D × S1 |ψ(x, γ) = 0}.
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Q1

Q3

π(x, γ) n(x, γ)n(x, γ)

a1

a3

ψ(x, γ)

Remark. The Wobbly Table Theorem 125.1 implies that given any x ∈ D there exist at
least four γ ∈ S1 with (x, γ) ∈ A. In particular the set A is more complicated than in our
subsequent illustrations.

We make the following elementary observation.

Observation 125.3. To prove the Table Theorem 125.2 it su�ces to show that A∩B 6= ∅.
In the following two lemmas we collect some properties of the two maps φ and ψ.

Lemma 125.4. The map φ : D × S1 → R has the following properties:
(1) The map φ : D × S1 → R is continuous.
(2) For any (x, γ) ∈ D × S1 we have φ(x, i · γ) = −φ(x, γ).
(3) Given (x, γ) ∈ D × S1 the following statements are equivalent:

(a) φ(x, γ) = 0,
(b) φ(x, i · γ) = 0,
(c) (x, γ) lies in A,
(d) the corresponding points Q1, Q2, Q3, Q4 lie on a plane.

Proof.

(1) As we pointed out above, we have

φ(x, γ) = f(a1(x, γ)︸ ︷︷ ︸
odd vertex

) + f(a3(x, γ)︸ ︷︷ ︸
odd vertex

)− f(a2(x, γ)︸ ︷︷ ︸
even vertex

)− f(a4(x, γ)︸ ︷︷ ︸
even vertex

).

It follows from the continuity of f and the continuity of (x, γ) 7→ ai(x, γ) that φ is
indeed continuous.

(2) Note that for any (x, y) ∈ D × S1 and any j ∈ {1, 2, 3, 4} we have the equality
aj(x, i ·γ) = aj+1(x, γ). In particular the odd/even vertices corresponding to (x, i ·γ)
are precisely the even/odd vertices corresponding to (x, γ). It follows immediately
from this observation and the explicit formula for φ given in (1) that the equality
φ(x, i · γ) = −φ(x, γ) holds.
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D

a(x, i · γ)

4
23

4

2

3

1

a(x, γ)

1

i · γ ∈ S1

γ ∈ S1 xx

(3) This statement follows immediately from (2) and the de�nition of A. �
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Next we turn to the study of the map ψ : D × S1 → R2. In the formulation of the next
lemma we need the following de�nition.

De�nition. We say that v, w ∈ R2 are parallel if one of v, w is zero or if there exists an
λ ∈ R>0 such that v = λw.

Lemma 125.5. The map ψ : D × S1 → R2 has the following properties:
(1) The map ψ : D × S1 → R is continuous.
(2) If (x, γ) ∈ A, then ψ(x, γ) = ψ(x, ik · γ) for any k ∈ Z.
(3) Let x ∈ ∂D and let γ ∈ S1. If (x, γ) ∈ A, then the vector ψ(x, γ) is not parallel to
−x.

Sketch of proof.

(1) Let (x, γ) ∈ D × S1. Basic linear algebra shows that

ψ(x, γ) =

the vector in R3 that is obtained as follows:
(1) perform the cross product (Q3(x, γ)−Q2(x, γ))×(Q1(x, γ)−Q2(x, γ))
(2) normalize the vector from (1) to length one1517

(3) project the vector from (2) onto the xy-plane.

It follows immediately from this observation that ψ is continuous.
(2) Let (x, γ) ∈ A. As mentioned in Lemma 125.4 (3), this means that the four points

Q1(x, γ), Q2(x, γ), Q3(x, γ) and Q4(x, γ) lie on a plane. But this immediately implies
that for any k ∈ Z we have π(x, γ) = π(x, ik · γ) which then gives us the equality
ψ(x, γ) = ψ(x, ik · γ).

(3) The �nal statement is a little more interesting. So let x ∈ ∂D and let γ ∈ S1. We
assume that (x, γ) ∈ A. We write ai = ai(x, γ), i = 1, 2, 3, 4.

Claim. There exist two adjacent vertices which lie outside of
◦
D and there are two

adjacent vertices which have non-zero f -value.

Proof. We make the following observations:
(a) Since (x, γ) ∈ A we have f(a1) + f(a3)− f(a2)− f(a4) = 0.
(b) By choice of f we know that all f -values are non-negative.
(c) By the preliminary remark (vi) on page 2731 we know that not all of the f -values

are zero.
(d) Since x lies on ∂D and since D is convex we see that at most two f -values can

be non-zero.1518

The claim follows easily from the above considerations and the elementary observa-
tion that every odd vertex is adjacent to every even vertex. �

To simplify the notation let us now assume that the adjacent vertices a1 and a2 do
not lie in the interior of D. Consequently f(a3) > 0 and f(a4) > 0. A straightforward

1517Since a3(x, γ) − a2(x, γ) and a1(x, γ) − a2(x, γ) are linearly independent we see that the two vectors
in the cross product are linearly independent, in particular the cross product is indeed non-zero. Thus it
makes sense to normalize the vector to length one.
1518Any vertex with non-zero f -value lies in the interior of D. So if three vertices have non-zero f , then
the triangle spanned by these vertices lies in the interior, in particular x would lie in the interior of D.
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calculation shows that

ψ(x, γ) =
projection of

normalization of

(
a3 − a2

f(a3)

)
×
(
a1 − a2

0

)
into the xy-plane = λ·(a2−a3)

for some λ > 0.
Now suppose that ψ(x, γ) is parallel to −x. This means, by the above calculation,

that a3 − a2 = −µ · x for some µ > 0. It is now straightforward to verify that x lies
in the interior of the convex hull of 0, a3 and a4. Since 0, a3 and a4 lie in the interior
of D we see that x also lies in the interior of D. But that is a contradiction to our
hypothesis that x ∈ ∂D. �
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D

γ
0, a3, a4 lie in

◦
D

ψ(x, γ) is parallel to a2 − a3

if −x was parallel to ψ(x, γ)

a1

a2

the originx

0

π(x, γ) �tilts outwards�

a2a4

a3

a3

Lemma 125.6. We set

T := (D × S1)/∼ where (x, γ) ∼ (x, i · γ)

and we consider the following diagram

D × S1

(x,γ)7→[(x,γ)]=:p

��

ψ
// R2

��

T
=:ψ′

[(x,γ)]7→ 1
4

3∑
k=0

ψ(x,ikγ)

// R2.

The following statements hold:
(1) The map p : D× S1 → T is a 4-fold covering and the topological space T is homeo-

morphic to the solid torus D2 × S1.
(2) The map ψ′ is continuous.
(3) The restriction of the diagram to A Ă D × S1 is commutative.
(4) If we set

A′ := p(A) and B′ := {[(x, γ)] ∈ T |ψ′([x, γ]) = 0}
then we have p(A ∩B) = A′ ∩B′.

Proof.

(1) For the experienced reader it should be clear that p : D × S1 → T = (D × S1)/∼ is
a 4-fold covering and that T ∼= D × (S1/∼) ∼= D × S1. On page 2731 we remarked
that D is homeomorphic to B

2
, thus we see that T is indeed homeomorphic to the

solid torus B
2 × S1.
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(2) The map D2×S1 → R2 given by (x, γ)→ 1
4

3∑
k=0
ψ(x, ikγ) is continuous. It descends to

our map ψ′ : T = (D × S1)/∼→ R2. Thus it follows from the Topological-Quotient
Proposition 5.15 (1b) that ψ′ is continuous.

(3) It follows immediately from Lemma 125.5 (2) that for any (x, γ) ∈ A we have the
equality ψ′([x, γ]) = ψ(x, γ).

(4) The equality p(A ∩B) = A′ ∩B′ follows easily from (3). �

From Lemma 125.6 (3) and Observation 125.3 we obtain the following observation.

Observation 125.7. To prove the Table Theorem 125.2 it su�ces to show that A′∩B′ 6=
∅.
After spending so much time on preparations we can now �nally apply the machinery from
algebraic topology to tackle the problem. We introduce the following convention.

Convention. By Lemma 125.6 (1) we know that T is a solid torus. Given any x0 ∈ T we
make an identi�cation π1(T, x0) = Z.1519

The following lemma turns our data into algebraic-topological information.

Lemma 125.8. We continue with the above notation. Let x0 ∈ T \ A′. The image of
π1(T \ A′, x0) in π1(T, x0) = Z is contained in the subgroup 2 · Z.

Proof. Let x0 = [(x, γ)] ∈ T \ A′. Note that by de�nition of A′ we have φ(x, γ) 6= 0.
(∗) Without loss of generality we can assume that φ(x, γ) > 0.

Now let [f ] ∈ π1(X \ A′, x0). In other words, f : [0, 1] → T \ A′ is a loop in x0 = [(x, γ)].
We need to show that [f ] ∈ 2 ·Z. By Proposition 48.11 we know that there exists a unique
lift f̃ : [0, 1]→ (D × S1) \ A with f̃(0) = (x, γ). We consider the following diagram:

R \ {0} � � // R

(D×S1) \ A �� //

p
��

φ
44

D × S1

φ
ii

p
��

[0, 1]
f

//

f̃ 44

T \ A′ � � // T.

We make the following observations:

(1) By de�nition of a lift we know that f̃(1) lies in the subset

p−1(f(1)) = p−1(f(0)) = p−1(x0) = {(x, γ), (x, i · γ), (x,−γ), (x,−i · γ)}.

(2) By Lemma 125.4 (2) and (∗) we know that φ(x, γ) = φ(x,−γ) > 0 and we know that
φ(x, i · γ) = φ(x,−i · γ) < 0.

(3) Recall that by de�nition A′ = p(A). Therefore it follows from Lemma 125.4 (3) that
A = p−1(A′). In particular we have (D × S1) \ A = p−1(T \ A′).

(4) It follows from (3) and the above diagram that the image of φ ◦ f̃ : [0, 1] → R is
contained in R \ {0}.

1519In the following we do not care about the precise isomorphism, in particular we do not care about any
sign ambiguity.
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(5) Since [0, 1] is connected and since φ(f̃(0)) = φ(x, γ) > 0 we obtain from (4) that
φ(f̃(1)) > 0.

(6) It follows from (1), (2) and (5) that f̃(1) = (x, γ) or f̃(1) = (x,−γ).
(7) It follows easily1520 from (6) that the loop f ∗ f lifts to a loop in (D × S1, (x, γ)).
(8) It follows from (7) and Lemma 48.15 (1) that 2 · [f ] = [f ] · [f ] = [f ∗ f ] actually lies

in the subgroup p∗(π1(D × S1, (x, γ))).
(9) Since p : D×S1 → T is a 4-fold connected covering we obtain from Lemma 48.15 (3)

that p∗(π1(D × S1, (x, γ))) = 4 · Z.
(10) The combination of (8) and (9) shows that [f ] lies in 2 · Z. �
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D × S1

p T

φ is negative

φ is positive

(x,−γ)

x0 = [(x, γ)]

(x, γ)

A

A′ = p(A)
f

lift f̃ avoids A

1 path which avoids A′0

The next convention is basically self-explanatory.

Convention. Any map denoted by i is given by an inclusion of the corresponding (pairs)
of topological spaces.
The following lemma consists mostly of repackaging the result of Lemma 125.8.

Lemma 125.9. We continue with the above notation. Suppose that we are given a com-
pact submanifold with corner L Ă T such that A′ Ă

◦
L := L \ ∂0L.1521 The map

i∗ : H2(L,L ∩ ∂T ;Z2) → H2(T, ∂T ;Z2)

is an epimorphism.
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T

L

W = T \
◦
L

A′

Proof. Let L Ă T be a compact submanifold with corner such that A′ Ă
◦
L := L \ ∂0L. If

L = T then there is nothing to show. So we assume that L 6= T . This implies in particular
that T \

◦
L 6= ∅.

We start out with the following claim which is basically a rewriting of Lemma 125.8.

Claim. For any homomorphism ϕ : H1(T ;Z)→ Z2 the composition

H1(T \
◦
L;Z)

i∗−→ H1(T ;Z)
ϕ−→ Z2

is the zero map.

1520How does this work?
1521Here we use the notation for submanifolds with corner that we introduced in Lemma 120.1.
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Proof. It su�ces to show the analogous statement for any path-component Y of T \
◦
L. So

let Y be a path-component of T \
◦
L. We pick a point x0 ∈ Y . We consider the following

commutative diagram

π1(Y, x0) //

����

π1(T \
◦
L, x0) //

��

π1(T \ A′, x0)

��

//

= 0 by (4)

**
π1(T, x0) η

// //

∼=
��

Z2

H1(Y ;Z) // H1(T \
◦
L;Z) // H1(T \ A′;Z) // H1(T ;Z).

We make the following clari�cations and observations:

(1) The map η : π1(T, x0)→ Z2 is the unique epimorphism.
(2) All the vertical maps are given by the corresponding Hurewicz homomorphism. The

diagram commutes by the naturality of the Hurewicz homomorphisms.
(3) The Hurewicz homomorphism to the left is an epimorphism by the Hurewicz The-

orem 84.5 since Y is path-connected. The Hurewicz homomorphism to the right is
an isomorphism by the Hurewicz Theorem 84.5 since T is path-connected and since
π1(T, x0) ∼= Z is abelian.

(4) It follows from Lemma 125.8 that the map π1(T \ A′, x0) → π1(T, x0)
η−→ Z2 is the

trivial map.
(5) The claim follows immediately from combining (1) to (4). �

Now we turn to the actual proof of the desired statement. We write W := T \
◦
L. We

consider the following diagram

Hom(H1(W ;Z),Z2) H1(W ;Z2)
ev

∼=
oo

X[W ]

∼=
// H2(W,∂W ;Z2) ∼=

i∗ // H2(T, ∂T ∪ L;Z2)

Hom(H1(T ;Z),Z2)

i∗ =0

OO

H1(T ;Z2)

i∗

OO

ev

∼=
oo

X[T ]

∼=
// H2(T, ∂T ;Z2)

i∗

OO

H2(L,L ∩ ∂T ;Z2)

i∗
44

i∗
∼=
// H2(∂T∪L, ∂T ;Z2).

i∗

OO

We make the following comments and clari�cations:

(1) The vertical maps are induced by the various inclusions.
(2) The square to the left commutes by the naturality of the evaluation homomorphism.

Furthermore, the horizontal maps to the left are isomorphisms by the First Coho-
mology Proposition 110.17.

(3) By Lemma 120.1 we know that W is a compact 3-dimensional smooth manifold. We
equip it with the orientation coming from T .

(4) The horizontal maps �X[W ]� and �X[T ]� in the center are given by capping with
the fundamental classes [W ] and [T ]. These maps are isomorphisms by the Poincaré
Duality Theorem 119.1.

(5) The horizontal map to the top right is an isomorphism by the Excision Theorem 120.2
(b).
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(6) The vertical maps to the right are a piece of the long exact sequence of the triple
(T, ∂T ∪ L, ∂T ), see the Topological LES-Proposition 74.13.

(7) The rectangle to the right commutes by Lemma 120.6, see in particular the example
(a) on page 2653.

(8) By the above claim we know that the vertical map to the left is zero. Since all
horizontal maps are isomorphisms and since the upper part of the diagram commutes
we see that the vertical map to the top right is also the zero map.

(9) It follows from (6) and (8) that the vertical map to the bottom right is an epimor-
phism.

(10) The bottom triangle commutes since all maps are inclusion induced maps.
(11) The horizontal map at the very bottom is an isomorphism by the Excision Theo-

rem 120.2 (c).
(12) Finally we note that it follows immediately from (9), (10) and (11) that the diagonal

map i∗ : H2(L,L ∩ ∂T ;Z2) → H2(T, ∂T ;Z2) is an epimorphism. Fortunately that is
precisely what we wanted to show. �

Lemma 125.10. Let X be a topological space and let f, g : X → S1 be maps. If for every
x ∈ X we have f(x) 6= −g(x) ∈ S1, then f and g are homotopic.

Sketch of proof. We consider the map

X
f×g−−→ S1 × S1 → S1

(z, w) 7→ z · w.

It follows from our hypothesis that this map takes values in S1 \ {−1} ∼= (−π, π). Since
(−π, π) admits a deformation retraction to 0 one can now easily show that f and g are
homotopic. We are fully con�dent that the reader did not fail to �ll in all details when
solving Exercise 14.3. �

Lemma 125.11. Let f, g : X → Y be two maps between topological spaces. Suppose
that there exists a compact subset K Ă X such that f(x) 6= g(x) for all x ∈ K. If Y is
Hausdor�, then there exists an open neighborhood U of K such that f(x) 6= g(x) for all
x ∈ U .
Proof. We consider the map

f × g : X → Y × Y
x 7→ (f(x), g(x)).

By the Topological-Product Proposition 5.1 (1b) we know that f × g is continuous. Since
K is compact we obtain from the Compact Image Lemma 2.13 (1) that (f × g)(K) is a
compact subset of Y × Y . Let D := {(y, y) | y ∈ Y } be the �diagonal� in Y × Y . Since Y is
Hausdor� we obtain from Exercise 5.23 that D is a closed subset of Y ×Y . Now, using our
hypothesis that Y is Hausdor� we obtain from Exercise 1.31 (which is a variation on the
Compact Hausdor� Spaces-Normal Lemma 1.16) an open neighborhood V of (f × g)(K)
with V ∩D = ∅. We set U := (f × g)−1(V ). Since f × g is continuous we see that U is an
open neighborhood of K. Evidently for any x ∈ U we have (f × g)(x) 6∈ D, i.e. we have
f(x) 6= g(x). �

Now we head towards the denouement.
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������� Y × Y

Y

g

f
V

X

K (f × g)(K)

diagonal D

Proof of the Table Theorem 125.2. First recall that by Observation 125.7 it su�ces
to show that A′ ∩ B′ 6= ∅. We do a proof by contradiction. So we make the following
assumption:

(∗) We assume that A′ ∩B′ = ∅.
In other words, we assume that ψ′ never vanishes on A′. Throughout the proof the following
two maps will play a major role:

ψ̂ : {z ∈ T |ψ′(z) 6= 0} → S1

z 7→ 1
‖ψ′(z)‖ ·ψ

′(z)
and

θ : ∂T = ∂D×(S1/∼) → ∂D → S1

z 7→ 1
‖z‖ ·z.

Note that A′ has the following two properties:

(α) ψ′ is non-zero on A′ (in particular ψ̂ is de�ned on A′), and
(β) By Lemma 125.5 (3) we know that for any z ∈ A′ ∩ ∂T we have ψ̂(z) 6= −θ(z).

The following claim says that we can enlarge A′ to a submanifold with corner which still
has properties (α) and (β). More precisely, we have the following claim.

Claim. The smooth manifold T admits a compact submanifold with corner L with the
following properties:

(i) A′ Ă
◦
L,

(ii) ψ′ is non-zero on L (in particular ψ̂ is de�ned on L), and
(iii) for any z ∈ L ∩ ∂T we have ψ̂(z) 6= −θ(z).
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T
we assume that ψ′ does not vanish on A′

submanifold with corner L, here ψ̂ is de�ned
L ∩ ∂T , here ψ̂(z) 6= −θ(z)

A′

Proof. Recall that T is a solid torus, in particular T is compact. Since A is a closed subset
of D × S1 we obtain from the Compact-Closed Lemma 1.21 (1) and the Compact Image
Lemma 2.13 that A′ = p(A) is compact.

(1) It follows from (α), the fact that A′ is compact and Lemma 125.11 that there exists
an open neighborhood U of A′ such that ψ′ vanishes nowhere on U .

(2) It follows from (β), Exercise 1.22 (which is an immediate consequence of the Compact-
Closed Lemma 1.21 (1)) and Lemma 125.11 that there exists an open neighborhood
V of A′ ∩ ∂T such that ψ̂(z) 6= −θ(z) for all z ∈ V .

It follows from Lemma ?? (2) that there exists a submanifold L with corner of T such that
A′ Ă

◦
L Ă L Ă U and such that L ∩ ∂T Ă V . In particular we see that ψ′ is non-zero on L

and that for any z ∈ L ∩ ∂T we have ψ̂(z) 6= −θ(z). �
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We consider the following diagram:

H2(T ;Z2)︸ ︷︷ ︸
=0

// H2(T, ∂T ;Z2) �
� ∂ // H1(∂T ;Z2)

θ∗

''

θ∗⊕π∗
∼=

''

j∗
//

π∗

**

H1(T ;Z2)

H1(S1/∼;Z2)

∼= m∗

OO

H1(S1;Z2)⊕H1(S1/∼;Z2)

OOOO

����

H1(S1;Z2)

H2(L,L ∩ ∂T ;Z2)

i∗
epimorphism

by Lemma 125.9

OOOO

∂
// H1(L ∩ ∂T ;Z2)

k∗

OO

(θ|L∩∂T )∗

=(ψ̂|L∩∂T )∗

33

l∗
// H1(L;Z2).

ψ̂∗

OO

We make the following comments, clari�cations and observations:
(1) The horizontal maps at the top respectively the bottom are extracts of the long exact

sequence in homology of the pair (T, ∂T ) respectively of the pair (L,L ∩ ∂T ).
(2) The maps i, j, k, l indicate the obvious inclusion maps.
(3) We denote by m : S1/∼

∼=−→ {0}×S1/∼→ D× (S1/∼) = T the obvious map. Since
D is convex we see that m is a homotopy equivalence, hence we obtain from the
Homotopy Equivalence-H∗-Corollary 73.9 that m∗ is an isomorphism.

(4) The map π : ∂T = ∂D × (S1/∼)→ S1/∼ is the natural projection. It is elementary
to show that the maps m◦π and j from ∂T to T are homotopic. Thus we obtain from
the Homotopic Maps-and-Homology Proposition 73.6 that they induce the same map
on homology. In other words, the triangle to the top right commutes.

(5) It follows from the naturality of the connecting homomorphism, see the Topological
LES-Proposition 74.13, that the rectangle to the left commutes. All the remain-
ing triangles to the right commute basically by de�nition or by the functoriality of
homology groups.

(6) By the discussion on page 159 the map θ : ∂D → S1 is a homeomorphism. It follows
easily from this observation, together with the fact that ∂T = ∂D × (S1/∼), that
the map θ∗ ⊕ π∗ : H1(∂T ;Z2)→ H1(S1;Z2)⊕ H1(S1/∼;Z2) is an isomorphism.

(7) It follows from (ii) and Lemma 125.10 that the restrictions of ψ̂ and θ to L∩ ∂T are
homotopic. We deduce from the Homotopic Maps-and-Homology Proposition 73.6
that the induced maps on homology are the same. Put di�erently, the two maps
indicated at the upward-pointing diagonal arrow are actually the same.

(8) By Lemma 125.9 the left vertical map is an epimorphism. Since H2(T, ∂T ;Z2) 6= 0
there exists a ξ ∈ H1(L,L ∩ ∂T ;Z2) with i∗(ξ) 6= 0.

(9) It follows from the long exact sequence on top that ∂i∗(ξ) 6= 0 and that j∗∂i∗(ξ) = 0.
(10) It follows from (3), (4) and (9) that π∗∂i∗(ξ) = 0.
(11) By (6) we know that the map θ∗ ⊕ π∗ is an isomorphism. Therefore we obtain from

(8) and (10) that θ∗∂i∗(ξ) 6= 0 ∈ H1(S1;Z2).
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(12) Since the diagram commutes we obtain from (11) that l∗∂ξ 6= 0 in H1(L;Z2). But
that is absurd, since the horizontal sequence at the bottom is exact. �

125.2. The square-peg problem `. In this section we will give another amusing, but
unfortunately even less practical application of cohomology theory. To introduce the topic
we need the following de�nition.

De�nition.
(1) The image of an injective map S1 → R2 is calleda Jordan curve.1522

(2) Given a Jordan curve C we say that a rectangle R is inscribed in C if all vertices of
R lie on C.

The following question was asked by Otto Toeplitz [Toep1911] in 1911.1523

Question 125.12. Does every Jordan curve admit an inscribed square?
This question is known as the �inscribed square problem� or the �square-peg problem�. Lev
Schnirelmann [Schni1944]1524 gave a positive answer if the curve is smooth, in fact he gave
a proof if the curve is C2, i.e. if the map S1 → R2 is twice continuously di�erentiable. But
the general case is still open.1525 A detailed discussion of the question and its history is
given in [Matsc2014].
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Jordan curve

inscribed square

In this section we will provide two partial answers to Question 125.12.
(1) We will use the Table Theorem 125.2 to deal with the case that the Jordan curve is

the boundary of a compact convex obtuse subset of R2.
(2) We will show that we can inscribe a rectangle into every Jordan curve.

Let us start with the �rst result.
Proposition 125.13. Let J be a Jordan curve which is the boundary of a compact convex
subset D. If D is obtuse, then J admits an inscribed square.

1522Note that this de�nition is slightly di�erent from the de�nition we gave on page 795 where we de�ned
a Jordan curve to be an injective map S1 → C = S2.
1523Otto Toeplitz (1881-1940) was a Jewish German mathematician who was forced to emigrate in 1939.
He is mainly known for his contributions to analysis.
1524We had already encountered Lev Schnirelmann in Theorem 40.1.
1525Recently the Fields medalist Terence Tao [Tao2017] wrote a long paper in which he outlined an
approach to the square-peg problem. See also the following video:

https://www.youtube.com/watch?v=RGxnWgy5i80

https://www.youtube.com/watch?v=RGxnWgy5i80
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Remark. This proposition also admits proofs that do not rely on topology, see for example
[Zi1921, Chr1950].

Proof. Let D Ă R2 be a compact convex obtuse subset. We need to show that there exist
four points a1, a2, a3, a4 ∈ ∂D which form a square. After a translation we can assume that
the origin 0 is contained in the interior of D. Given x ∈ D \ {0} we set

ρ(x) := sup
{
‖rx‖

∣∣ r ∈ R>0 and r · x ∈ D
}
∈ R>0.

It follows almost immediately from Lemma 2.211526 that the map

f : R2 → [0, 1]

x 7→


1− ‖x‖ · 1

ρ(x) , if x ∈ D \ {0},
1, if x = 0,
0, if x 6∈ D

is continuous. Since D is obtuse we obtain from Lemma ?? that there exists a d > 0 such
that D is d-non trivial. By the Table Theorem 125.2 there exist four points b1, b2, b3, b4 ∈ R2

with the following properties:
(1) the points form a square of side length d,
(2) the center of the square lies in D,
(3) we have f(b1) = f(b2) = f(b3) = f(b4).

Since D is d-non trivial we see that at least one vertex lies inside of
◦
D. But since f is

non-zero on
◦
D we see that the common f -value, let's call it y, lies in the open interval

(0, 1). It follows immediately from the de�nition of f that the four points b1, b2, b3, b4 lie
on the subset (1 − y) · ∂D. In other words, if we multiply these four points by 1

1−y , then
we obtain the desired four points a1, a2, a3, a4 on ∂D. �
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f−1(y)

∂D graph of f

D ρ(x)

x

square b1, b2, b3, b4

We conclude this chapter with the second contribution to the square-peg problem.
Proposition 125.14. Every Jordan curve admits an inscribed rectangle.
In [Meye1982] the subsequent ingenious proof of Proposition 125.14 is attributed to Her-
bert Vaughan. In preparation for the proof we need the following elementary lemma.

Lemma 125.15. Let T = S1 × S1 be the torus. Let ∼ be the equivalence relation on T
generated by (z, w) ∼ (w, z). The quotient space T/∼ is homeomorphic to the Möbius
band and

∂(T/∼) = {[(z, z)] | z ∈ S1}.

Proof. The homeomorphism is illustrated in the �gure below. �

1526Well-trained eyes will not fail to spot that implicitly we also make use of the Interior-Closure Lem-
mas 1.9, the Pasting Proposition 2.6 and the Compact-Closed Lemma 1.21 to show that f is indeed
continuous.
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T/ ∼torus T

boundary of T/ ∼

==

Now we are already ready to prove Proposition 125.14.

Proof of Proposition 125.14. Let γ : S1 → R2 be an injective map. We have to show
that γ(S1) admits an inscribed rectangle. We consider the map

Φ: T := S1 × S1 → R2 × R≥0

(z, w) 7→
(
γ(z)+γ(w)

2 , |γ(z)− γ(w)|
)
.

Since for all z, w ∈ S1 we have Φ(z, w) = Φ(w, z) we see that Φ descends to a map
Ψ: T/∼ → R3

where ∼ denotes of course the equivalence relation generated by (z, w) ∼ (w, z).

Claim. The map Ψ: T/∼→ R2 × R≥0 is not injective.
We �rst show that the claim implies the proposition. So now that we know that Ψ is
not injective we know that there exist distinct pairs of points {z, w} and {u, v} with
Φ(z, w) = Φ(u, v). We consider the quadrilateral given by the points z, u, v, w. It fol-
lows from Φ(z, w) = Φ(u, v) that the diagonals bisect each other and that the diagonals
have the same length. But such a quadrilateral is necessarily a rectangle.1527 We refer to
the �gure below for an illustration.
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inscribed rectangleJordan curve

v

u
w

z z

w
u

v

Proof. Let us assume that Ψ: T/∼→ H := R2 × R≥0 is injective. By Lemma 125.15
the quotient M := T/∼ is homeomorphic to the Möbius band and the boundary ∂M is
given by {[(z, z)] | z ∈ S1}. We see immediately from the de�nition of Ψ that for a point
[(z, w)] ∈M = T/∼ we have Ψ([(z, w)]) ∈ ∂H = R×R× {0} if and only if [(z, w)] ∈ ∂M .
We denote by M1 and M2 two copies of M and we denote by DM = M1 ∪∂M1=∂M2 M2 the
double of M . It follows from the proof of Lemma ?? (1) that DM is in fact homeomorphic
to the Klein bottle, in particular DM is a closed, non-orientable 2-dimensional smooth
manifold.

1527Hmm, why is that?
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xy-plane

Ψ

We denote by ρ : R3 → R3 the re�ection in the xy-plane, i.e. ρ is the map that is given by
ρ(x, y, z) = (x, y,−z). We consider the map

DM = M1 ∪∂M1=∂M2 M2 → R3

that is given by P 7→ Ψ(P ), if P ∈M1,
P 7→ ρ(Ψ(P )), if P ∈M2.

It follows immediately from the above discussion that this map is well-de�ned and injective.
Furthermore it follows from the Topological-Quotient Proposition 5.15 (1b) that the map
is in fact continuous. But now we have constructed an injective map from the Klein
bottle to R3. Since the Klein bottle is compact we obtain from the Compact-Hausdor�
Proposition 2.17 that such a map is in fact an embedding. But we had just proved in
the Topological Codimension-One Orientability Proposition 124.5 that such an embedding
cannot exist. �

Remark.

(1) The above proof of Proposition 125.14 is also explained in the following video:

https://www.youtube.com/watch?v=AmgkSdhK4K8

(2) There are many variations on Question 125.12. For example, given r 6= 1 one can
ask whether every Jordan curve admits an inscribed rectangle with aspect ratio r.
Even for smooth curves this had been an open problem for a long time. The �rst
real progress since the work by Schnirelmann [Schni1944] happened in 2018 when
Cole Hugelmeyer [Hug2018] showed that a deep result in knot theory, due to Josh
Batson [Bats2014], implies that every smooth Jordan curve admits an inscribed
rectangle of aspect ratio

√
3. The key idea of [Hug2018] is rather similar to the proof

of Proposition 125.14. Even more impressively, an a�rmative answer for smooth
curves and any aspect ratio was given in 2020 by Josh Greene and Andrew Lobb
[GrL2020].

Exercises for Chapter 125.

Exercise 125.1. Let f : C = R2 → R be a function, let x ∈ C and let z ∈ C \ {0}. Show
that there exists a θ ∈ [0, π

2
] such that

f(x+ e iθ · z) = f(x+ e i(θ+π
2

) · z) = f(x+ e i(θ+π) · z) = f(x+ e i(θ+ 3π
2

) · z).

Exercise 125.2. Let X be a non-empty compact subset of R2 of diameter d. Does there
exist a P ∈ R2 such that X Ă B

2
d
2
(P )?

https://www.youtube.com/watch?v=AmgkSdhK4K8
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Exercise 125.3. We consider the solid torus T = B
2 × S1. Let f : T → R be a map such

that for any (x, γ) ∈ T we have f(x,−γ) = −f(x, γ). We write A := {(x, γ) ∈ T | f(x, γ) =
0}.
(a) Show that the inclusion induced map H1(T \ A;Z2)→ H1(T ;Z2) is the zero map.
(b) Give an example of a map f : T → R as above such that the inclusion induced map

H1(T \ A;Z)→ H1(T ;Z) is not the zero map.
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126. The cup product and algebraic intersection numbers

In Chapter 43 we introduced the algebraic intersection number X · Y of two oriented sub-
manifolds X and Y of complementary dimensions of a given oriented smooth manifold M .
The main technical result that we proved back then is the Intersection Number Homotopy
Invariance Theorem 43.5 which says that the algebraic intersection numbers is unchanged
under smooth isotopies of X t Y .

In this chapter we �rst recall the de�nition of the algebraic intersection number. In the
Intersection Number-via-Cup Product Theorem 126.5 we relate this algebraic intersection
number to the cup product of suitable cohomology classes of M . The fact that algebraic
intersection numbers correspond to the cup product can be used to compute cup products
in a geometric and often entertaining way. Conversely this result can also be used to prove
deep statements about intersections of submanifolds. For example we can give a new and
very short proof of the Intersection Number Homotopy Invariance Theorem.

This chapter is written in a way such that it can be read independently of Chapter 43.
In particular we will motivate some questions and results, even though we might have
solved some of the issues already in Chapter 43.

126.1. Algebraic intersection numbers of submanifolds. Before we (re-) introduce
the algebraic intersection number of submanifolds we want to recall a de�nition from
page 817 and we want to give a motivating question.
De�nition. Let M be a smooth manifold.
(1) We say that two oriented proper submanifolds Z0 and Z1 ofM are properly smoothly

isotopic if there exists a proper smooth isotopy between Z0 and Z1, i.e. if there
exists a proper smooth isotopy F : Z0 × [0, 1] → M with F0 = idZ0 and such that
F1 : Z0 → Z1 is an orientation-preserving di�eomorphism.

(2) Let X and Y be two oriented proper submanifolds of M . We say that X and Y can
be made disjoint if there exist oriented proper disjoint submanifolds X̃ and Ỹ of M
such that X and X̃ and also Y and Ỹ are properly smoothly isotopic.

Example. We consider the three submanifolds X, Y and Z of the torus that are illustrated
in the �gure below on the left. As is shown in the same �gure on the right, one can make
X and Y disjoint.
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X
X̃Y

Z

Ỹ

It does not look like we can make the submanifolds X and Z disjoint. But how can we
prove it? We will record this question for later.
Question 126.1. Can we make the submanifolds X and Z, that are illustrated in the
�gure above, disjoint?
Our approach to addressing Question 126.1 is to introduce the �algebraic intersection num-
ber�. Before we can introduce this notion we need to recall the following de�nition from
page 968.
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De�nition. Let M be an m-dimensional smooth manifold. Let X and Y be proper
submanifolds of M .
(1) Let P ∈ X ∩ Y . We say P is a transverse intersection point if P 6∈ ∂M and if X

and Y intersect transversally in P , i.e. if the equality TPX + TPY = TPM holds.
(2) We say that X and Y intersect transversally if each intersection point is a transverse

intersection point.

Lemma 126.2. Let M be an m-dimensional smooth manifold, let X Ă M be a proper
submanifold of dimension k and let Y Ă M be a proper submanifold of the complementary
dimension m − k. If X and Y intersect transversally and if X and Y are both compact,
then the intersection X ∩ Y consists of �nitely many points.

Proof. By the Submanifold Transversal Intersection Theorem 42.1 we know that X ∩Y is
a 0-dimensional submanifold of M . It follows easily from the de�nition of a 0-dimensional
submanifold that X ∩ Y is a discrete subset of M . Since X and Y are compact we know
by the Compact-Union-Intersection Lemma 1.20 (2) that X ∩ Y is also compact. It now
follows from the Compact-Discrete Lemma 1.22 that X ∩ Y is �nite. �

Next we recall the following de�nition from page 989.

De�nition. Let m ∈ N and let k ∈ {1, . . . ,m − 1}. Furthermore let M be an m-di-
mensional oriented smooth manifold, let X Ă M be a compact oriented proper submani-
fold of dimension k and let Y Ă M be a compact oriented proper submanifold of the
complementary dimension m− k. Suppose that X and Y intersect transversally.
(1) Let P be an intersection point of X and Y . We set sign(P ) = 1, if

(positive basis of TPX, positive basis of TPY ) = positive basis of TPM .

Otherwise we set sign(P ) = −1.1528

(2) We de�ne1529

geometric intersection number of X and Y := #(X ∩ Y )
and

algebraic intersection number of X and Y := X · Y :=
∑

P∈X∩Y
sign(P ) ∈ Z.

If X and Y do not intersect, then the algebraic intersection number of X and Y is
of course zero.

Remark. It follows from Lemma 43.1 that the above de�nition of the algebraic intersection
number of two submanifolds agrees with the de�nition on page 989.

Examples.

(1) In the �gure below we show pieces of oriented submanifolds of the oriented smooth
manifold R2. On the left the sign of the intersection point is positive, on the right it
is negative.

1528It is a straightforward exercise in linear algebra to show that the de�nition of sign(P ) does not depend
on the choice of the positive bases of TPX and TPY .
1529It follows from Lemma 126.2 that the geometric intersection number is �nite and that the algebraic
intersection number is given by a �nite sum.
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YXYX

orientation
of R2

sign of the intersection point of the
submanifolds X and Y in R2 equals −1

sign of the intersection point of the
submanifolds X and Y in R2 equals +1

(2) We consider the surface of genus 2 with the orientation where the normal vector
�sticks outward�. Furthermore we consider the oriented submanifolds A,B,C,D and
E that are illustrated in the �gure below. For the submanifolds A and B we have

geometric intersection number of A and B = 1,
the sign of the intersection point is negative, hence

algebraic intersection number of A and B = −1.
For the submanifolds A and C we have

geometric intersection number of A and C = 2,
the intersection points have opposite signs, therefore

algebraic intersection number of A and C = 0.
Finally for the submanifolds D and E we have

geometric intersection number of D and E = 2,
here both intersection points have negative sign, thus

algebraic intersection number of D and E = −2.

It is particularly instructive to consider the submanifolds A and C. They inter-
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A

B

C

D

E

orientation of Σ

same signopposite sign

sect geometrically in two points, but the signs are opposite. Note that these two
intersection points also �vanish� if we �pull A and C apart� by a smooth isotopy.

(3) Now suppose that M and N are oriented smooth manifolds of dimensions m respec-
tively n. We saw in Propositions 19.31 (1) and 20.6 that M ×N is naturally1530 an
(m + n)-dimensional smooth manifold (possibly with corner). It is straightforward
to show that for each P ∈M \ ∂M and Q ∈ N \ ∂N the natural map1531

TPM ⊕ TQN → T(P,Q)(M ×N)

1530What does he mean by �naturally�?
1531What is the natural map?
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is an isomorphism. If {v1, . . . , vm} is a positive basis for TPM and {w1, . . . , wn} is
a positive basis for TQN , then we endow T(P,Q)(M × N) with the orientation that
makes the above isomorphism orientation-preserving.1532

Given P ∈M and Q ∈ N it follows easily from the de�nitions that

algebraic intersection number of M × {Q} and {P} ×N = 1.

In the �gure below we illustrate the statement that in the torus S1 × S1 we have

algebraic intersection number of S1 × {∗} and {∗} × S1 = 1.
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S1 × S1

S1 × {1}
{1} × S1

(4) In Section 126.4 we will study the algebraic intersection number of complex subman-
ifolds of a given complex manifold.

(5) The above example (2) suggests that if two submanifolds have non-zero algebraic
intersection number, then they cannot be made disjoint. As we will see in the Inter-
section Number Homotopy Invariance Theorem 126.6, this hunch is basically correct.
But if we deal with submanifolds with boundary one needs to think carefully about
the correct setting. For example in the �gure below we show on the left a smooth
manifoldM and we show two proper submanifolds X and Y such that the boundaries
∂X and ∂Y lie on the same component of ∂M . The algebraic intersection number
is +1, but as we see in the �gure below on the right, these two submanifolds can be
made disjoint. Therefore in the following discussion we will always assume that the
boundary components of X and Y lie in di�erent boundary components of M .
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the algebraic intersection number of X and Y equals +1

∂M ∂M

Before we continue, and in light of the last example, we introduce the following de�nition.
De�nition. Let M be an oriented smooth manifold.
(1) A boundary decomposition for M is a decomposition ∂M = A ∪ B where A and B

are unions of components of ∂M and A ∩B = ∅.

1532One can easily verify that these orientations on the tangent spaces of M ×N de�ne an orientation on
M×N . In fact it follows fairly easily from Proposition 113.11 that this de�nition of the product orientation
agrees with the de�nition we gave on page 2502.
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(2) Let X and Y be two submanifolds of M . We say X and Y are complementary if
the following �ve conditions are satis�ed:
(a) X and Y are proper submanifolds,
(b) there exists a boundary decomposition ∂M = A∪B with ∂X Ă A and ∂Y Ă B,
(c) both X and Y are oriented,
(d) we have dim(X) + dim(Y ) = dim(M) and we have dim(X), dim(Y ) ≥ 1,
(e) the submanifolds X and Y intersect transversally.
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We would be able to answer Question 126.1 if we could prove the following statement.

Statement 126.3. Let M be a compact oriented smooth manifold and let {X, Y } and
{X ′, Y ′} be two pairs of complementary submanifolds of M . Then the following holds:

X,X ′ are properly smoothly isotopic and
Y, Y ′ are properly smoothly isotopic =⇒ X · Y = X ′ · Y ′.

But how can we prove such a statement? In the �gure below we sketch an idea: We break
the smooth isotopies from X to X ′ and from Y to Y ′ into �smaller isotopies� such that each
smaller isotopy either does not change the type of intersection points, or two intersection
points of opposite sign get created or erased. Even though the idea is fairly convincing, it
is very hard to turn this idea into a proper proof.
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X

Y ′

X ′
Y

intersection points of opposite signs �cancel� under the smooth isotopy F

isotopy �moves� intersection points while preserving signs

In the Intersection Number Homotopy Invariance Theorem 43.5 we gave a proof of the
above statement, but if one goes through all the results that go into the proof of that
theorem one sees that this approach is certainly not elementary.

We will provide a proof of the statement later in this section, once we have explained
the relationship between algebraic intersection numbers and the cup product.
We conclude this introduction to algebraic intersection numbers with the following elemen-
tary lemma, which is basically the same as Lemma 43.2.

Lemma 126.4. Let M be a compact oriented smooth manifold. If X and Y are comple-
mentary submanifolds of M , then

Y ·X = (−1)dim(X)·dim(Y ) ·X · Y .

Sketch of proof. The statement follows easily from the de�nitions and the observation
that the matrix that represents the linear homeomorphism that swaps the �rst k vectors
with the last (m− k) vectors of a basis of an m-dimensional vector space is represented by
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the matrix
(

0 idk
idm−k 0

)
. One easily veri�es that the determinant of this matrix equals

(−1)k(m−k). �

126.2. The cup product and algebraic intersection numbers. We recall the following
notation.
Notation.
(1) Given a compact oriented n-dimensional smooth manifold W we denote as usual

by [W ] ∈ Hn(W,∂W ) the fundamental class that we introduced on page 2199 or
alternatively on page 2351. If W is a proper submanifold of some topological man-
ifold M , then sometimes we denote by [W ] ∈ Hn(M,∂M) the image of [W ] under
the inclusion induced map Hn(W,∂W )→ Hn(M,∂M).

(2) Let M be a compact oriented n-dimensional smooth manifold and suppose that
we are given a boundary decomposition ∂M = A ∪ B. By the Poincaré Duality
Theorem 119.1 we know that for each k ∈ N0 the map

Hk(M,A)
X[M ]−−−→ Hn−k(M,B)

is an isomorphism. We denote by
PDM : Hn−k(M,B) −→ Hk(M,A)

its inverse.1533 If M is understood from the context then often we just write PD
instead of PDM .

The following theorem relates the cup product on a smooth manifold to algebraic intersec-
tion numbers. Or conversely, it expresses the algebraic intersection number of submanifolds
as a cup product.

Theorem 126.5. (Intersection Number-via-Cup Product Theorem) Let M be
a compact oriented m-dimensional smooth manifold together with a boundary decom-
position ∂M = A ∪ B. Let X and Y be a complementary pair of submanifolds of M
with ∂X Ă A and ∂Y Ă B. We write k = dim(X) and we denote by i : X → M and
j : Y → M the obvious inclusion maps. Furthermore we denote by [X] ∈ Hk(X, ∂X)
and [Y ] ∈ Hm−k(Y, ∂Y ) the fundamental classes of X and Y . Then

X · Y︸ ︷︷ ︸
de�ned

on page 2748

=
〈 ∈Hm(M,∂M)︷ ︸︸ ︷

PDM( i∗([X])︸ ︷︷ ︸
∈Hk(M,A)

)

︸ ︷︷ ︸
∈Hm−k(M,B)

Y PDM(j∗([Y ])︸ ︷︷ ︸
∈Hm−k(M,B)

)

︸ ︷︷ ︸
∈Hk(M,A)

,

∈Hm(M,∂M)︷ ︸︸ ︷
[M ]

〉
∈ Z.

In particular with the abbreviation [X] = i∗([X]) and [Y ] := j∗([Y ]) we have the slightly
more readable equality

X · Y = 〈PDM([X]) Y PDM([Y ]), [M ]〉.

Remark.
(1) As a reality check, note that a short moment's thought shows that the (anti-) commu-

tativity of the algebraic intersection number of Lemma 126.4 does indeed correspond

1533If M is closed this statement is also contained in the Poincaré Duality Theorem 103.5.
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precisely to the (anti-) commutativity of the cup product from the Cup Product-
Commutativity Proposition 115.3.

(2) The following citation from [Kir1989, p. 21] encapsulates the roles of algebraic
intersection numbers and cup products:

�Think with [algebraic] intersection [numbers], prove with cup products.�

More precisely, algebraic intersection numbers are very intuitive and often they can
be used to guess a statement. But when it comes to proving statements, e.g. why does
the intersection number only depend on the smooth isotopy type of a submanifold?,
it is usually much easier to work with cup products.

(3) Alternative proofs of the Intersection Number-via-Cup Product Theorem 126.5 are
given in [GrH1981, Proposition 31.7], [Bre1993, Theorem VI.11.9] and [DaK2001,
Theorem 10.32]. Furthermore a quick outline of a proof is given in [GoS1999,
Proposition 1.2.5].

(4) One could use the right-hand side of the Intersection Number-via-Cup Product The-
orem 126.5 as the de�nition of the algebraic intersection number. We will discuss
this idea in Exercise 126.3.

(5) If we drop the condition that M , X and Y are orientable, then we can still de�ne an
algebraic intersection number X ·F2 Y and we can formulate Poincaré Duality with
F2-coe�cients. This allows us to formulate a variation on the Intersection Number-
via-Cup Product Theorem 126.5. To save the trees we will not spell out the details
at this point, instead we refer to the more general Theorem 127.15 for details.

Before we move on to the somewhat lengthy proof of the Intersection Number-via-Cup
Product Theorem 126.5 we want to convince ourselves that proving the theorem is worth
the e�ort.
One application of the Intersection Number-via-Cup Product Theorem 126.5 is that now
we can provide a proof of a strengthened version of Statement 126.3. More precisely, we
have the following theorem, which is basically the same as the earlier Intersection Number
Homotopy Invariance Theorem .

Theorem 126.6. (Intersection Number Homotopy Invariance Theorem) Let M
be a compact oriented smooth manifold.
(1) Let {X, Y } and {X ′, Y ′} be pairs of complementary submanifolds of M . If X,X ′

are properly smoothly isotopic and if Y, Y ′ are also properly smoothly isotopic, then
X · Y = X ′ · Y ′.

(2) If X and Y are two complementary submanifolds of M that can be made disjoint,
then X · Y = 0.

Example. Now we can answer Question 126.1. It follows from the Intersection Number
Homotopy Invariance Theorem 126.6 that the submanifolds X and Z, that are illustrated in
the �gure on page 2747, cannot be made disjoint since their algebraic intersection number
is non-zero.

Proof. Let M be a compact oriented smooth manifold. We start out with the following
claim.
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Claim. Let Z and Z ′ be oriented proper s-dimensional submanifolds of M . If Z and Z ′

are properly smoothly isotopic, then [Z] = [Z ′] ∈ Hs(M,∂M).

Proof. We denote by i : Z → M and i′ : Z ′ → M the inclusion maps. Since Z and Z ′ are
properly smoothly isotopic there exists in particular an orientation-preserving di�eomor-
phism f : Z → Z ′ such that the maps i, i′ ◦ f : (Z, ∂Z) → (M,∂M) are homotopic. We
obtain that

[Z] = i∗([Z]) = (i′ ◦ f)∗([Z]) = i′∗(f∗([Z])) = i′∗([Z
′]) = [Z ′]

↑ ↑
Proposition 74.15 by Proposition 107.2 since f is an

orientation-preserving homeomorphism �
Now let {X, Y } and {X ′, Y ′} be two pairs of complementary submanifolds of M . We

assume that the submanifolds X,X ′ are properly smoothly isotopic and that the smooth
manifolds Y, Y ′ are smoothly isotopic. We obtain that

X ·Y = 〈PDM([X]),PDM([Y ]), [M ]〉 = 〈PDM([X ′]),PDM([Y ′]), [M ]〉 = X ′ · Y ′.
↑ ↑ ↑

Theorem 126.5 by the claim Theorem 126.5

This concludes the proof of the �rst statement. The second statement is an immediate
consequence of the �rst statement. �

Now we will use the Intersection Number-via-Cup Product Theorem 126.5 �the other way�,
i.e. we will apply the theorem to use the algebraic intersection number to draw conclusions
on (co-) homology classes and to determine cup products using our geometric understanding
of submanifolds.
Corollary 126.7. Let M be a compact oriented connected m-dimensional smooth man-
ifold together with a boundary decomposition ∂M = A ∪ B. Let X be a k-dimensional
proper submanifold of M with ∂X Ă A. If there exists a proper submanifold Y with
∂Y Ă B such that X and Y form a complementary pair and if X · Y = ±1, then we can
write Hk(M,A) = Z · [X]⊕K for some abelian group K. In particular we see that [X] is
a primitive element of Hk(M,A).

Proof. We consider the homomorphism

Θ: Hk(M,A) → Z
ϕ 7→ 〈PDM(ϕ) Y PDM([Y ]), [M ]〉.

It follows from our hypothesis and the Intersection Number-via-Cup Product Theorem 126.5
that Θ([X]) = ±1. The corollary now follows from the elementary discussion on page 1718.

�

Examples.

(1) LetM be the complement in S3 of the two open 3-dimensional tori shown in the �gure
below on the left. On the right of that �gure we show an annulus X that is properly
embedded in M . On the right we also see a closed 1-dimensional submanifold Y
of M . The two submanifolds X and Y are clearly transverse and they intersect in
one point. So with whatever orientation, we have X · Y = ±1. By Corollary 126.7
this implies in particular that [X] ∈ H2(M,∂M) is a primitive element.
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M is the complement in S3 of

two open solid tori

properly embedded surface X in M

closed curve Y in M

(2) This time let M be the complement in S3 of the two open 3-dimensional tori shown
in the �gure below on the left. Almost the same argument as in (1) shows that the
surface X de�nes a primitive element in H2(M).
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M is the complement in S3 of

two open solid tori

closed embedded surface X in M

properly embedded curve Y in M

In the next example we will show how to use the Intersection Number-via-Cup Product
Theorem 126.5 to compute cup products.

Example. We consider the torus T = S1×S1 together with the submanifoldsX = S1×{∗}
and Y = {∗} × S1 which we endow with the usual orientations. By now we have many
ways1534 for showing that PD([X]) and PD([Y ]) form a basis for H1(T ). Thus if we want
to understand the cup product on the torus, it su�ces to understand the cup products
involving these two cohomology classes. We calculate that

−〈PD([Y ]) Y PD([X]), [S1 × S1]〉 = 〈PD([X]) Y PD([Y ]), [S1 × S1]〉 = X · Y = +1.
↑ ↑ ↑

Cup Product-Commutativity Proposition 114.8 Theorem 126.5 see the �gure
on page 2756

Next we want to calculate the �square� PD([X]) Y PD([X]). This requires a little trick
since evidently X is not transverse to itself. To deal with this issue we consider a �parallel
copy� of X, namely we consider X ′ = S1 × {z} with z 6= 1. We calculate that

〈PD([X]) Y PD([X]), [S1 × S1]〉 = 〈PD([X]) Y PD([X ′]), [S1 × S1]〉 = X ·X ′ = 0.
↑ ↑ ↑

by the claim in the proof of the Intersection Number by Theorem 126.5, since X and X ′ are
Homotopy Invariance Theorem 126.6 disjoint, in particular transverse

and with the same argument we show that 〈PD([Y ]) Y PD([Y ]), [S1 × S1]〉 = 0. We will
now convince ourselves that these calculations match our previous calculations. To do so
we denote by p1 respectively p2 the projection S1×S1 → S1 onto the �rst respectively the
second factor and we denote by θ := θZ ∈ C1;Z) the singular 1-cocycle that we introduced

1534So, how many ways do you know?
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on page 2404. Now we see that(
PD([X])YPD([X]) PD([X])YPD([Y ])
PD([Y ])YPD([X]) PD([Y ])YPD([Y ])

)
=

(
[p∗2θ]Y[p∗2θ] −[p∗2θ]Y[p∗1θ]
−[p∗1θ]Y[p∗2θ] [p∗1θ]Y[p∗1θ]

)
=

(
0 1
−1 0

)
.

↑ ↑
on page 2555 we already showed that see page 2555

[p∗1θ] X [T ] = [1× S1] = [Y ] and [p∗2θ] X [T ] = −[S1 × 1] = −[X]
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T = S1 × S1

Since this was so much fun, let us consider one more example.

Example. Let Σ be the surface of genus two. We consider the following bilinear pairing:1535

Q : H1(Σ)× H1(Σ) → Z
(σ, τ) 7→ 〈PDΣ(σ) Y PDΣ(τ), [Σ]〉.

Recall that by Proposition 80.10 we know that H1(Σ) ∼= Z4. Next we consider the closed
oriented curves a1, b1, a2, b2 that are shown in the �gure below. It follows easily from the
Intersection Number-via-Cup Product Theorem 126.5 that1536

Q([a1], [a1]) Q([a1], [b1]) Q([a1], [a2]) Q([a1], [b2])
Q([b1], [a1]) Q([b1], [b1]) Q([b1], [a2]) Q([b1], [b2])
Q([a2], [a1]) Q([a2], [b1]) Q([a2], [a2]) Q([a2], [b2])
Q([b2], [a1]) Q([b2], [b1]) Q([b2], [a2]) Q([b2], [b2])

 =


0 1 0 0
−1 0 0 0

0 0 0 1
0 0 −1 0

 .

Note that the determinant of the matrix to the right is one. Since Q is bilinear we ob-
tain from Lemma 109.8 a new proof that [a1], [b1], [a2], [b2] is a basis for H1(Σ).1537 By
the Poincaré Duality Theorem 119.1 together with the Intersection Number-via-Cup Prod-
uct Theorem 126.5 we have now also computed the cup product H1(Σ;Z) × H1(Σ;Z) →
H2(Σ;Z).
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We will do one more calculation of the cup product right after the proof of the Intersection
Number-via-Cup Product Theorem 126.5.
We conclude this lengthy discussion of the merits of the Intersection Number-via-Cup Prod-
uct Theorem 126.5 with the following de�nition that generalizes the concept introduced on
page

1535Later on, on page 2800 we will refer to this map as the intersection form of Σ and we will introduce
the intersection form of any closed oriented even-dimensional topological manifold.
1536For the diagonal terms we use the �little trick� from the previous example, namely we use a �parallel
copy� of the curves a1, b1, a2, b2.
1537We gave a di�erent argument on page 1781.
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De�nition. Let m ∈ N and letM be a compact oriented m-dimensional smooth manifold
together with a boundary decomposition ∂M = A∪B. Furthermore let k ∈ {1, . . . ,m−1},
let X be a compact oriented proper k-dimensional submanifold of M with ∂X Ă A and
let Y be a compact oriented proper (m− k)-dimensional submanifold of M with ∂Y Ă B.
We denote by i : X →M and j : Y →M the inclusion maps. Then we refer to

〈 ∈Hm(M,∂M)︷ ︸︸ ︷
PDM( i∗([X])︸ ︷︷ ︸

∈Hk(M,A)

)

︸ ︷︷ ︸
∈Hm−k(M,B)

Y PDM(j∗([Y ])︸ ︷︷ ︸
∈Hm−k(M,B)

)

︸ ︷︷ ︸
∈Hk(M,A)

,

∈Hm(M,∂M)︷ ︸︸ ︷
[M ]

〉
∈ Z

as the algebraic intersection number of X and Y . By the Intersection Number-via-Cup
Product Theorem 126.5 this de�nition is consistent with the earlier de�nition on page 2748.

126.3. Proof of the Intersection Number-via-Cup Product Theorem 126.5. In this
section we will prove the Intersection Number-via-Cup Product Theorem 126.5. Our proof
of the Intersection Number-via-Cup Product Theorem 126.5 relies heavily on Lemmas 120.5
and 120.6 that relate Poincaré Duality in an oriented topological manifold M to Poincaré
Duality in a compact codimension 0 submanifold W . For the reader's convenience we
recall the Codimension-Zero Submanifold-PD Lemma 120.5. This lemma says that given
a homology class in W we can apply Poincaré Duality in M or W and essentially we end
up with the same result:

Lemma 120.5. (Codimension-Zero Submanifold-PD Lemma) Let M be a com-
pact oriented m-dimensional topological manifold and let W be a compact m-dimensional
submanifold with ∂M ∩ ∂W = ∅. We write

◦
W = W \ ∂W . We �x the following notation:

(1) We denote by w the inclusion map W →M and also the inclusion map of the pairs
(W,∂W )→ (M,M \

◦
W ).

(2) We denote by p : (M,∂M)→ (M,M \
◦
W ) the inclusion map of pairs.

For every k ∈ N0 the following diagram commutes:

Hk(W ;Z)

w∗
��

PDW // Hm−k(W,∂W ;Z)
(w∗)−1

∼=
// Hm−k(M,M \

◦
W ;Z)

p∗

��

Hk(M ;Z)
PDM // Hm−k(M,∂M ;Z).
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We take a short rest from more technicalities and enjoy the fact that we can already prove
the Intersection Number-via-Cup Product Theorem 126.5 in the special case that M is
closed and that the submanifolds do not intersect.
Proof of Theorem 126.5 for disjoint submanifolds. LetM be a closed orientedm-di-
mensional smooth manifold and let X and Y be a complementary pair of disjoint subman-
ifolds of M . Since the submanifolds are disjoint it su�ces to show that the cup product of
the Poincaré duals of [X] and [Y ] is also zero.

We write k = dim(X). We apply the General Tubular Neighborhood Theorem ?? to
the submanifold X ∪ Y of M . We obtain disjoint tubular neighborhoods A for X and B
for Y . We denote by p : (M,∅) → (M,M \

◦
A) and p : (M,∅) → (M,M \

◦
B) the obvious

inclusion maps of pairs of topological spaces.
We apply the Codimension-Zero Submanifold-PD Lemma 120.5 to the codimension-zero

submanifold A and the homology class [X] ∈ Hk(A;Z). We obtain an α ∈ Hm−k(M,M \
◦
A;Z) with p∗(α) = PDM([X]). Similarly we see that there exists a β ∈ Hk(M,M \

◦
B;Z)

with p∗(β) = PDM([Y ]).
We consider the following diagram

Hm−k(M ;Z)× Hk(M ;Z)
Y // Hm(M ;Z)

Hm−k(M,M \
◦
A;Z)× Hk(M,M \

◦
B;Z)

Y //

p∗×p∗
(PDM ([X]),PDM ([Y ]))

7→

(α, β)

OO

Hm(M, (M \
◦
A) ∪ (M \

◦
B)︸ ︷︷ ︸

=M

;Z).

OO

The diagram commutes by the Cup Product-Naturality Proposition 115.4 (1). It follows
from the fact that the lower right group is zero that the cup product of PDM([X]) and
PDM([Y ]) is zero. �
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After this refreshing proof of the special case we continue with trying to prove the gen-
eral case of the Intersection Number-via-Cup Product Theorem 126.5. We will need
Lemma 120.6. Since the statement is rather technical, we recall the statement of the
special case that is discussed in example (a) on page 2653.
Lemma 120.6. Let M be a compact oriented m-dimensional smooth manifold and let
W be a compact m-dimensional submanifold with corner. We �x the following notation:
(1) We write ∂1W = W ∩ ∂M and ∂0W = ∂W \ ∂1W ,
(2) We write

◦
W = W \ ∂0W .

(3) The inclusion maps (W,∂0W )→ (M,M \
◦
W ) and (W,∂1W )→ (M,∂M) are denoted

by w.
(4) Finally we denote by p : (M,∅)→ (M,M \

◦
W ) the obvious map.
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For every k ∈ N0 the following diagram commutes:

Hk(M ;Z)

p∗
��

PDM // Hm−k(M,∂M ;Z)

w∗
��

Hk(M,M \
◦
W ;Z)

(w∗)−1

∼=
// Hk(W,∂0W ;Z)

PDW // Hm−k(W,∂1W ;Z).
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element of Hk(M ;Z) ∂0W

∂1W

∂M

W

In the proof of the Intersection Number-via-Cup Product Theorem 126.5 we will also need
the following proposition.

Proposition 126.8. Let M be a compact oriented smooth manifold and let X and Y be
two complementary proper submanifolds of dimensions k and l. We denote by P1, . . . , Ps
the intersection points of X and Y . Then there exist
(1) compact submanifolds with corner A and B such that A is a neighborhood for X

and B is a neighborhood for Y , and
(2) injective maps Ψi : B

k ×Bl →M , i = 1, . . . , s

such that the following statements hold:
(a) For each i ∈ {1, . . . , s} we have Ψi((0, 0)) = Pi.
(b) The images Qi := Ψi

(
B
k ×Bl)

, i = 1, . . . , s are disjoint.
(c) We have Q1 ∪ · · · ∪Qs = A ∩B.
(d) For each i ∈ {1, . . . , s} the following statements hold:

(d1) the restriction of Ψi to Bk ×Bl is a di�eomorphism onto its image,
(d2) we have Qi ∩X = Ψi(B

k × {0}) and the map Ψi : B
k × {0} → X is an orient-

ation-preserving smooth embedding,
(d3) we have Qi ∩ Y = Ψi({0} × B

l
) and the map Ψi : {0} × B

l → Y is an orient-
ation-preserving smooth embedding.
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Z = B
k ×Bl

M

Y

M

AX
B

Q2

Q1

P2

Ψ1

P1

Sketch of a proof. Let M be a compact oriented n-dimensional smooth manifold and let
X and Y be two complementary proper submanifolds of dimensions k and l. We denote
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by P1, . . . , Ps the intersection points of X and Y . For i = 1, . . . , s we can and will pick
smooth embeddings Ψi : B

n →M \ ∂M such that the following conditions are satis�es:

(1) the images are disjoint,
(2) for each i ∈ {1, . . . , s} the map Ψi restricts to orientation-preserving di�eomorphisms

Bk × {0} → Ψi(B
n) ∩X and {0} ×Bl → Ψi(B

n) ∩ Y .

We consider W := M \
s⋃
i=1

Ψi(B
n). Note that X ′ := W ∩X and Y ′ := W ∩ Y are proper

submanifolds of the compact smooth manifold W . Thus we can apply the General Tubu-
lar Neighborhood Theorem ?? to obtain tubular neighborhoods for X ′ and Y ′. Using the
Connected Sum-Proposition ?? we can arrange the intersections of the tubular neighbor-
hoods with Ψi(S

n−1) to be �standard (n − 1)-dimensional balls�. At this stage it is fairly
straightforward to extend the tubular neighborhoods to the interiors of the Ψi(B

n) and to
obtain all the desired objects. We have faith in the unwavering enthusiasm of our readers
for �lling in the details. �
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X ′

X
Ψi

(
B
n)

M

W

tubular neighborhood of X ′ in W

Y

Remark. An alternative approach to Proposition 126.8 would be to use tubular neighbor-
hoods provided by Lemma ??.

Given the situation of Proposition 126.8 we can make one more statement.

Lemma 126.9. We use the notation of Proposition 126.8. Let i ∈ {1, . . . , s}. We equip the
topological manifold Qi, which is a codimension-zero submanifold of M , with the induced
orientation coming from the Topological Manifold-Induced Orientation Lemma 105.17.
Furthermore we equip the topological manifold B

k ×Bl
with the orientation coming from

the standard orientation of Rk × Rl = Rk+l. With these choices the following statement
holds:

(f) If we denote by σi the sign of the intersection point Pi, then

Ψi∗
([
B
k ×Bl])

= σi · [Qi].

Proof. Let i ∈ {1, . . . , s}. It follows from (d2) and (d3) that at the point (0, 0) the
di�eomorphism Ψi : B

k ×Bl →
◦
Qi is orientation-preserving if and only if σi = 1. Now the

statement follows easily from the de�nition of σi, Proposition 107.2 and Lemma 105.12. �

The last preparation we need before we can provide the actual proof of the Intersec-
tion Number-via-Cup Product Theorem 126.5 is the Poincaré Duality-Products Propo-
sition 119.2, which for the reader's convenience we recall using our present notation.
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Proposition 119.2. Let X be a compact oriented connected m-dimensional topological
manifold and let Y be a compact oriented connected n-dimensional topological manifold.
We denote by p : X × Y → X and q : X × Y → Y the natural projections. We equip
X × Y with the product orientation introduced in the Topological Product Orientation
Proposition 113.10. Given any points P ∈ X and Q ∈ Y we have the following equality
in Hm+n(X × Y, ∂(X × Y );Z):

PDX×Y ([X × {Q}]) Y PDX×Y ([{P} × Y ]) = [X × Y ]∗.

We turn to the actual proof of the Intersection Number-via-Cup Product Theorem 126.5.

Proof of the Intersection Number-via-Cup Product Theorem 126.5. Let M be a
compact oriented connected m-dimensional smooth manifold. To simplify the notation we
assume that M is closed. The case that M has boundary is proved in a rather similar
fashion.1538

LetX and Y be a complementary pair of submanifolds ofM . We introduce the following
notation:

(1) We write k = dim(X) and l = dim(Y ). Note that l = m− k.
(2) As usual we denote by [X] ∈ Hk(X) and [Y ] ∈ Hl(Y ) the fundamental classes of X

and Y . By a slight abuse of notation we denote by [X] respectively [Y ] also the
images of these homology classes in any subset of M that contains X respectively Y .

(3) We denote the intersection points of X and Y by P1, . . . , Ps and we denote the
corresponding signs by σ1, . . . , σs.

(4) As usual, given a topological space X we denote by εX = ε : H0(X) → Z the aug-
mentation map.

With the notation that we just introduced, and keeping in mind the Cap Product-Kronecker
Lemma 116.4 (1), the statement of the Intersection Number-via-Cup Product Theorem 126.5
can be reformulated as the following statement.
Statement.

εM
(
(PDM([X]) Y PDM([Y ])) X [M ]

)
=

s∑
i=1

σi.

We introduce many more objects, notations and conventions:

(5) We apply Proposition 126.8 to the submanifolds X and Y . In the remainder of the
proof we use the notation that we introduced in that proposition. As a reminder,
most of the relevant objects are illustrated in the �gure on page 2759.

(6) We write
◦
A = A \ ∂A and

◦
B = B \ ∂B.

(7) We denote all of the inclusion maps (M,∅) → (M,M \
◦
A), (M,∅) → (M,M \

◦
B)

and (M,∅)→ (M,M \ (
◦
A ∩

◦
B)) by p.

(8) We write C = A ∩ B = Q1 ∪ · · · ∪ Qs. Furthermore we write ∂AC = ∂A ∩ B and
∂BC = A∩∂B. Note that ∂C = ∂AC∪∂BC. Also note that (M\

◦
A)∪(M\

◦
B) = M\

◦
C.

(9) We denote by c : C → M the inclusion map and we denote by c also all the corre-
sponding inclusion maps of pairs where the �rst terms are C and M .

1538Admittedly, the case that M has boundary also requires the generalization of the Codimension-Zero
Submanifold-PD Lemma 120.5 to the case that W is a codimension-zero submanifold with corner. But
that is not really a problem.
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(10) Given i ∈ {1, . . . , s} we write ∂AQi = ∂AC ∩ Qi and ∂BQi = ∂BC ∩ Qi. Note that
∂Qi = ∂AQi ∪ ∂BQi.

(11) Given i ∈ {1, . . . , s} we denote by qi : Qi → C the inclusion map and we denote by qi
also all the corresponding inclusion maps of pairs where the �rst terms are Qi and C.

(12) Note that C and each Qi are codimension-zero submanifolds of M . We equip
these submanifolds with the corresponding orientation introduced in the Topolog-
ical Manifold-Induced Orientation Lemma 105.17.
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Y ∂AQi

X
Y

X

M

A
B

Qi

∂BQiA B
Qi

Now we consider the following diagram:1539

Hl(M) × Hk(M)
Y // Hm(M)

X[M ]
// H0(M)

εM //

=
��

Z
=
��

Hl(M,M \
◦
A)×Hk(M,M \

◦
B)

c∗×c∗
��

p∗×p∗
OO

Y // Hm(M,M \
◦
C)

p∗
OO

c∗
��

Xp∗([M ])
// H0(M)

εM // Z

Hl(C, ∂AC)×Hk(C, ∂BC)
Y //

s⊕
i=1

q∗i×q∗i
��

Hm(C, ∂C)
s⊕
i=1

q∗i
��

X[C]
// H0(C)

εC //

c∗

OO

Z
=

OO

s⊕
i=1

Hl(Qi, ∂AQi)×Hk(Qi, ∂BQi)
⊕Y

//
s⊕
i=1

Hm(Qi, ∂Qi)

s⊕
i=1

X[Qi]

//
s⊕
i=1

H0(Qi)

s∑
i=1

qi∗

OO

∑
εQi // Z.

id

OO

Claim 1. The above diagram commutes.

Proof. In the following we deal with all of the nine squares of the diagram.

(a) The left squares in the �rst and second row commute by the Cup Product-Naturality
Proposition 115.4 (1).

(b) The left square in the third row commutes by the Cup-Cap Disjoint Union Lemma 116.9
(1) together with the aforementioned the Cup Product-Naturality Proposition 115.4
(1).

(c) The middle square in the �rst row commutes by the Cap Product-Naturality Lemma 116.8
(1).

(d) It follows from our orientation conventions and the Codimension Zero-Fundamental
Class Lemma 106.24 that c∗([C]) = p∗([M ]). It follows from the Cap Product-
Naturality Lemma 116.8 (1) that the middle square in the second row commutes.

1539Many of the vertical maps in the diagram are isomorphisms by excision, see page 2418 for details. But
this is in fact irrelevant for our purpose.
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(e) It follows from the remark on page 2351 that
s∑
i=1
qi∗([Qi]) = [C]. Now we obtain

from the Cap Product-Naturality Lemma 116.8 (1) and the Cup-Cap Disjoint Union
Lemma 116.9 (2) that the middle square in the third row commutes.

(f) The squares that involve the augmentation maps commute by the discussion on
page 1594. �

We introduce a few last pieces of notation:

(13) We denote by a : (A, ∂A) → (M,M \
◦
A) and b : (B, ∂B) → (M,M \

◦
B) the inclu-

sion maps, note that a and b induce isomorphisms on cohomology by excision, see
page 2418 for details.

(14) We write

α = (a∗)−1(PDA([X])︸ ︷︷ ︸
∈Hl(A,∂A)

) ∈ Hl(M,M \
◦
A) and β = (b∗)−1(PDB([Y ])︸ ︷︷ ︸

∈Hk(B,∂B)

) ∈ Hk(M,M \
◦
B).

(15) Given i ∈ {1, . . . , s} we write Xi = X ∩ Qi and Yi = Y ∩ Qi. It follows from
Proposition 126.8 (e) and (f) that Xi and Yi are codimension zero submanifolds of X
and Y . Since X and Y are oriented we can view Xi and Yi also as oriented topological
manifolds. As usual we denote by [Xi] ∈ Hk(Xi, ∂Xi) and [Yi] ∈ Hk(Yi, ∂Yi) the
corresponding fundamental classes. With the same convention as before we denote
by [Xi] also the image under the inclusion induced map Hk(Xi, ∂Xi)→ Hk(Qi, ∂BQi)
and similarly we denote by [Yi] also the image under the inclusion induced map
Hl(Yi, ∂Yi)→ Hl(Qi, ∂AQi).

Claim 2. We have
(a) We have p∗(α) = PDM([X]) ∈ Hl(M) and p∗(β) = PDM([Y ]) ∈ Hk(M).
(b) For any i ∈ {1, . . . , s} we have

(q∗i ◦c∗)(α)=PDQi([Xi]) ∈ Hl(Qi, ∂AQi) and (q∗i ◦c∗)(β)=PDQi([Yi]) ∈ Hk(Qi, ∂BQi).

(c) For any i ∈ {1, . . . , s} we have
εQi
(
( PDQi([Xi]) Y PDQi([Yi])) X [Qi]

)
= σi.

Proof.

(a) By the Codimension-Zero Submanifold-PD Lemma 120.5 the following diagram commutes:

Hk(A)
[X]7→

[X] ��

PDA

//

[X] 7→α
,,

Hl(A, ∂A)
(a∗)−1

∼= // Hl(M,M \
◦
A)

p∗

��

Hk(M)
PDM // Hl(M).

We apply this commutative diagram to [X] ∈ Hk(A) and we obtain immediately that
p∗(α) = PDM([X]). The same way one shows that p∗(β) = PDM([Y ]).
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(b) Let i ∈ {1, . . . , s}. We denote by ri : Qi → A the inclusion map. We consider the
following diagram:

Hk(A)

��

PDA // Hl(A, ∂A)

r∗i
��

Hl(M,M \
◦
A)

a∗

∼=
oo

(qi◦c)∗tt

Hk(A,A \
◦
Qi) Hk(Qi, ∂BQi)∼=

ri∗oo
PDQi // Hl(Qi, ∂AQi).

We make the following observations:
(α) The triangle on the right commutes since a ◦ ri = c ◦ qi : Qi → M are both the

inclusion map.
(β) It follows from Lemma 120.6, applied to the codimension-zero submanifold Qi of

A, that the rectangle commutes.1540

(γ) By the Codimension Zero-Fundamental Class Lemma 106.24 we have ri∗([Xi]) =

[X] ∈ Hk(A,A \
◦
Qi).

(δ) By the Excision Theorem 120.2 the map ri∗ : Hk(Qi, ∂BQi)→ Hk(A,A\
◦
Qi) is an

isomorphism.
The desired equality (q∗i ◦ c∗)(α) = PDQi([Xi]) follows from the above commutative
diagram applied to [X] ∈ Hk(A). Exactly the same way we can also show that
(q∗i ◦ c∗)(β) = PDQi([Yi]).

(c) Let i ∈ {1, . . . , s}. We set Z = B
k ×Bl

. We consider the following diagram:

Hl(Qi, ∂AQi)×Hk(Qi, ∂BQi)
Y //

Ψ∗i×Ψ∗i
��

Hm(Qi, ∂Qi)
X[Qi]

//

Ψ∗i

��

H0(Qi)
εQi // Z

Hl(Z,B
k×∂Bl

)×Hk(Z, ∂B
k×Bl

)
Y // Hm(Z, ∂Z)

Xσi·[Z]
// H0(Z)

Ψ∗i

OO

εZ // Z.

id

OO

As in the previous diagram, the squares to the left and right commute. The middle
square is slightly more interesting. Lemma 126.9 says that Ψi∗([Qi]) = σi · [Z]. Using
this observation we obtain once again from the Cap Product-Naturality Lemma 116.8
(1) that the middle square commutes.

We calculate that
by the above commutative diagram
↓

εQi
(
( PDQi([Xi])YPDQi([Yi]))X[Qi]

)
= σi ·εZ

(
(Ψ∗i (PDQi([Xi]))YΨ∗i (PDQi([Yi])))X[Z]

)
= σi ·εZ

(
( PDZ([B

k×{0}])YPDZ([{0}×Bl
]))X[Z]

)
↑

by Proposition 126.8 (d)

= σi · εBk×Bl
(
[B

k ×Bl
]∗ X [B

k ×Bl
]
)

= σi.
↑ ↑

the Poincaré Duality-Products Proposition 119.2 de�nition of the dual fundamental class
�

1540One can easily convince oneself that ∂AQi = ∂1Qi and ∂BQi = ∂0Qi for Qi viewed as a submanifold
with corner of A.
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After all these preparations we can prove the desired equality:

by the �rst row of the commutative diagram from Claim 1 and by Claim 2 (a)
↓

εM
(
(PDM([X]) Y PDM([Y ])) X [M ]

)
= εM

(
(α Y β) X p∗([M ])

)
=

s∑
i=1

εQi
(
(PDQi([Xi]) Y PDQi([Yi])) X [Qi]

)
=

s∑
i=1

σi.

↑ ↑
by the second and third row of commutative diagram from Claim 1 and by Claim 2 (b) by Claim 2 (c)

This concludes the proof of the theorem. �

Remark. Towards the end of the proof of the theorem we marked in red color that we used
the Poincaré Duality-Products Proposition 119.2. Most of the other statements that we
used in the proof were fairly straightforward lemmas regarding cup and cap products. But
arguably the key ingredient in the proof is the Poincaré Duality-Products Proposition 119.2
which was a variation on the Fundamental Class-Product Proposition 117.2 and which in
turn was a fairly straightforward consequence of the Product Theorem 117.1.

126.4. Algebraic intersection numbers of complex submanifolds. In the following
section we will apply the Intersection Number-via-Cup Product Theorem 126.5 to the study
of the complex projective spaces CPn. Before we do so it is convenient to study the algebraic
intersection numbers of complex submanifolds of any complex manifold.
First let us recall the following de�nition that goes all the way back to pages 797.
De�nition.
(1) An n-dimensional complex manifold is a 2n-dimensional smooth manifoldM without

boundary together with a smooth atlas {φj : Uj → Vj}j∈J such that all transition
maps are biholomorphisms.

(2) We de�ne the maximal holomorphic atlas of a complex manifold the same way as
we de�ned the maximal smooth atlas of a smooth manifold, see page 542.

(3) We say W Ă M is a k-dimensional complex submanifold if for every point P ∈ W
there exists a chart φj : Uj → Vj from the maximal holomorphic atlas with P ∈ Uj
and which satis�es that φj(Uj ∩W ) Ă Ck × {0}.

Remark.
(1) Let M be a complex manifold. It follows easily from the de�nitions that every

complex submanifold of M is a complex manifold in its own right.
(2) Let V be an n-dimensional complex vector space. In the Complex Vector Space-

Orientation Lemma 32.22 we showed that if (v1, . . . , vn) is a basis for V as a complex
vector space, then the ordered basis (v1, iv1, . . . , vn, ivn) gives a well-de�ned orienta-
tion of the 2n-dimension real vector space V , called the natural orientation.

(3) LetM be an n-dimensional complex manifold. In the Complex Manifold-Orientation
Proposition 32.23 we showed that TPM is canonically a complex vector space and
we showed that the corresponding natural orientations de�ne a natural orientation
of M , viewed as a 2n-dimensional smooth manifold.

Now we can formulate this elementary but rather useful lemma.
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Lemma 126.10. Let M be a closed complex manifold and let X and Y be two closed
complex submanifolds of M with dim(X) + dim(Y ) = dim(M). Then the following hold:
(1) The sign at every transverse intersection point of X and Y is equal to +1.
(2) If X and Y intersect transversally, then the algebraic intersection number equals the

geometric intersection number.
Proof.
(1) We write k = dim(X) and l = dim(Y ). Suppose that P is a transverse intersection

point of the submanifolds X and Y . We pick a basis (v1, . . . , vk) for the complex
vector space TPX and we pick a basis (w1, . . . , wl) for the complex vector space
TPY . Then (v1, . . . , vk, w1, . . . , wl) is evidently a basis for the complex vector space
TPX ⊕ TPY = TPM . We have

v1, iv1, . . . , vk, ivk︸ ︷︷ ︸
positive basis for TPX

, w1, iw1, . . . , wl, iwl︸ ︷︷ ︸
positive basis for TPY

= v1, iv1, . . . , vk, ivk, w1, iw1, . . . , wl, iwl︸ ︷︷ ︸
positive basis for TPM

.

This shows that sign(P ) = +1. We have concluded the proof of the �rst statement.
(2) The second statement is an immediate consequence of the �rst statement. �

Example. We consider the complex projective space CPn. In the Complex Projective
Space-is-Complex Manifold Lemma 32.16 we saw that CPn is a complex manifold of com-
plex dimension n. It follows easily from the de�nitions that for any k ≤ n the subset

Xk := {[z0 : . . . : zk : 0 : . . . : 0] | (z0, . . . , zk) ∈ Ck+1 \ {0}}
is a k-dimensional complex submanifold. Similarly we see that for any l ≤ n the subset

Yl := {[0 : . . . : 0 : zn−l : . . . : zn] | (zn−l, . . . , zn) ∈ Cl+1 \ {0}}

is an l-dimensional complex submanifold. Evidently Xk and Yl are biholomorphic to CPk
respectively CPl. Furthermore given any k ≤ n we have

Xk ∩ Yn−k = [0 : . . . : 0 : 1 : 0 : . . . : 0]
↑

(k + 1)-st entry

consists of a single point P . We leave it as an illuminating exercise to verify that Xk and
Yn−k intersect transversally in P . It follows from Lemma 126.10 that Xk · Yn−k = 1. The
same way we also see that Yk ·Xn−k = 1.

126.5. Applications to complex projective spaces. In this section we will give two
more applications of the Intersection Number-via-Cup Product Theorem 126.5.

Notation. Let n ∈ N and let m ∈ {0, . . . , n}.
(1) We consider the inclusion map

im,n : CPm → CPn
[z0 : . . . : zm] 7→ [z0 : . . . : zm : 0 : · · · : 0].

Whenm and n are understood we write i instead of im,n. Recall that in Lemma 121.6
we showed that for any k ≤ 2m the induced maps i∗ : Hk(CPm;Z) → Hk(CPn;Z)
and i∗ : Hk(CPn;Z)→ Hk(CPm;Z) are isomorphisms.
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(2) By a slight abuse of notation we abbreviate (im,n)∗([CPm]) to [CPm] ∈ H2m(CPn;Z).
Furthermore, again by a slight abuse of notation, we write [CPm]∗ ∈ H2m(CPn;Z)
for the unique element with 〈[CPm]∗, [CPm]〉 = 1. Finally we write x = [CP1]∗.

Now we can formulate the main result of this section.
Proposition 126.11. (Cup Product-CPn-Proposition) Let n ∈ N. For every k ∈
{0, . . . , n} we have

([CP1]∗︸ ︷︷ ︸
=x

)k = [CPk]∗ ∈ H2k(CPn;Z).

Remark. In the Cup Product-CPn-Proposition 121.7 we had used the Poincaré Duality
Theorem 119.1 to show that for given n ∈ N and k ∈ {0, . . . , n} the k-th power xk ∈
H2k(CPn;Z) ∼= Z is a generator. In other words, we had proved that xk = ±[CPk]∗. the
Cup Product-CPn-Proposition 126.11 is a much better result since it allows us to nail down
the cohomology class xk. In particular we see that the Cup Product-CPn-Proposition 126.11
gives an a�rmative answer to Question 121.8.

The key to the proof of the Cup Product-CPn-Proposition 126.11 is the following lemma.

Lemma 126.12. Let n ∈ N. For any k ∈ {0, . . . , n} we have
PDCPn([CPk]) Y PDCPn([CPn−k]) = [CPn]∗ ∈ H2n(CPn;Z).

Proof. Let n ∈ N. For k ∈ {0, . . . , n} we consider the inclusion map

tk,n : CPk → CPn
[z0 : . . . : zk] 7→ [0 : . . . : 0 : z0 : . . . : zk].

We also consider the map1541

Φ: CPk × [0, 1] → CPn
([z], t) 7→

[(
z · cos2

(
t · π

2

)
, 0
)︸ ︷︷ ︸

∈Cn+1

+
(
0, z · sin2

(
t · π

2

))︸ ︷︷ ︸
∈Cn+1

]
.

Then

〈PD([CPk]) Y PD([CPn−k]), [CPn]〉 = 〈PD(ik,n∗([CPk])) Y PD(in−k,n∗([CPn−k])), [CPn]〉
= 〈PD(tk,n∗([CPk])) Y PD(in−k,n∗([CPn−k])), [CPn]〉
↑

by the Homotopic Maps-and-Homology Proposition 73.6, since Φ is a homotopy from ik,n to tk,n

= 〈PD([tk,n(CPk)]) Y PD([in−k,n(CPn−k)]), [CPn]〉
= tk,n(CPk) · in−k,n(CPn−k) = 1.
↑ ↑

by the Intersection Number-via-Cup Product Theorem 126.5 since see page 2766 for details
submanifolds tk,n(CPk) and in−k,n(CPn−k) are transverse

By de�nition of the dual fundamental class this implies the desired result. �

We record the following fairly immediate corollary.

1541It is quite straightforward to verify that this map is well-de�ned, i.e. it does not depend on the choice
of the representative z ∈ Ck+1 \ {0} and it does indeed take values in CPn since for any t ∈ [0, 1] we have(
z · cos2

(
t · π2

)
, 0
)

+
(
0, z · sin2

(
t · π2

))
6= 0. Also note that it follows fairly easily from the Homotopy

Quotient Theorem 14.7 that the map is continuous.
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Corollary 126.13. Let n ∈ N. For any k ∈ {0, . . . , n} we have
PDCPn([CPk]) = [CPn−k]∗ ∈ H2n−2k(CPn;Z).

Proof. Let n ∈ N and let k ∈ {0, . . . , n}. Then

by de�nition of PDCPn([CPn−k])
↓

〈PDCPn([CPk]), [CPn−k]〉 = 〈PDCPn([CPk]),PDCPn([CPn−k]) X [CPn]〉
= 〈PDCPn([CPk]) Y PDCPn([CPn−k]), [CPn]〉 = 1.
↑ ↑

by the Cup-Cap Lemma 116.7 and the Cup Product-Commutativity Proposition 114.8 Lemma 126.12

By de�nition of the dual fundamental class this implies the desired result. �

Proof of the Cup Product-CPn-Proposition 126.11. Recall that we need to show that
for every n ∈ N and every k ∈ {0, . . . , n} we have ([CP1]∗)k = [CPk]∗ ∈ H2k(CPn;Z). We
start out with the following observation that follows immediately from the discussion on
page 2766 and the Cup Product-Naturality Lemma 114.10.

Observation. Let m ∈ N and let k ∈ {1, . . . ,m}. If ([CP1]∗)k = [CPk]∗ ∈ H2k(CPm;Z),
then for any n ≥ m we also have ([CP1]∗)k = [CPk]∗ ∈ H2k(CPn;Z)

By the observation it su�ces to prove the following claim.

Claim. For any n ∈ N we have ([CP1]∗)n = [CPn]∗ ∈ H2n(CPn;Z).

Proof. We prove the claim by induction on n. For n = 1 the statement holds by de�nition.
So suppose that the statement holds for some n−1 with n ≥ 2. Then the following equality
holds in H2n(CPn;Z):

([CP1]∗)n = ([CP1]∗)n−1Y[CP1]∗ = [CPn−1]∗Y[CP1]∗ = PD([CP1])YPD([CPn−1]) = [CPn]∗.
↑ ↑ ↑

by induction and the observation Corollary 126.13 Lemma 126.12

This concludes the proof of the claim and thus of the proposition. �

Now we can answer Question ??.

Proposition 126.14. Every tubular neighborhood of CP1 = i1,2(CP1) in CP2 is non-
trivial.1542

In the �gure on page 571 we had implicitly seen that the tubular neighborhood of RP1 in
RP2 is a Möbius band, and thus non-trivial. The above proposition is thus an analogue of
this simpler, and more visual, observation.

Proof. Suppose that CP1 admits a trivial tubular neighborhood in CP2. By de�nition this
would mean that there exists a smooth embedding Φ: CP1 ×B2 → CP2 with Φ(P, 0) = P
for all P ∈ CP1. We denote by i = i1,2 : CP1 → CP2 the usual inclusion map and we denote

1542We refer to page ?? for the de�nition of a trivial tubular neighborhood.



126. THE CUP PRODUCT AND ALGEBRAIC INTERSECTION NUMBERS 2769

by f : CP1 → CP2 the smooth embedding that is given by P 7→ Φ(P, 1). Then

±1 = 〈PD(i∗([CP1]) Y PD(i∗([CP1])), [CP2]〉 = 〈PD(i∗([CP1]) Y PD(f∗([CP1])), [CP2]〉
↑ ↑

by the Cup Product-CPn-Proposition 126.11 or by the Homotopic Maps-and-Homology Proposition 73.6
by the Cup Product-CPn-Proposition 121.7 since i, f : CP1 → CP2 are homotopic

via the homotopy (P, t) 7→ Φ(P, t)

= i(CP1) · f(CP1) = 0.
↑ ↑

by Theorem 126.5 since i(CP1) and f(CP1) are disjoint

We have thus obtained a contradiction. �

126.6. Higher dimensional analogue of Theorem 126.5. LetM be a compact oriented
m-dimensional smooth manifold, let X Ă M be a closed oriented submanifold of dimension
k and let Y be a compact oriented proper submanifold of the complementary dimension
m− k. We suppose that X and Y are transverse. By assigning to each intersection point
in X ∩ Y the sign introduced on page 2748 we can view X ∩ Y as a 0-dimensional oriented
submanifold of M .1543 With this convention we can reformulate the conclusion of the
Intersection Number-via-Cup Product Theorem 126.5 as follows:
Theorem 126.15. With the above notation we have

PDM([X]) Y PDM([Y ]) = PDM([X ∩ Y ]) ∈ Hm(M,∂M ;Z).

Proof. Using the Cup-Cap Disjoint Union Lemma 116.9 one can easily verify that it su�ces
to prove the theorem for each connected component of M separately. Put di�erently,
without loss of generality we can assume that M is connected. We denote by P1, . . . , Pn
the points in X ∩ Y and we denote by σ1, . . . , σn ∈ {±1} the corresponding signs. Now we
calculate that

PDM([X])YPDM([Y ]) = (X ·Y )·[M ]∗ =
n∑
i=1

σi ·[M ]∗ =
n∑
i=1

PDM(σi ·[{Pi}]) = PDM([X∩Y ]).
↑ ↑

by Theorem 126.5 and since M is connected see page 2619 �

The formulation of Theorem 126.15 has the nice feature that with some e�ort one can also
generalize it to submanifolds that are not of complementary dimensions. Before we can
formulate this generalization we need to formulate the following lemma.
Lemma 126.16. LetM be an orientedm-dimensional smooth manifold, let X Ă M be an
oriented proper submanifold and let Y be an oriented proper submanifold. Suppose that X
and Y intersect transversally. By the Submanifold Transversal Intersection Theorem 42.1
we know that X ∩ Y is a submanifold. Given P ∈ X ∩ Y we have a natural short exact
sequence induced by the various inclusion maps:

0 → TP (X ∩ Y ) → TPX ⊕ TPY
ρ−→ TPM → 0.

We pick a set of vectors C in TPX ⊕ TPY such that ρ(C) is a positive basis for TPM .
We say that a basis B for TP (X ∩ Y ) is positive if the basis {B, C} is a positive basis for
TPX ⊕ TPY . This de�nition is independent of the choices and it turns X ∩ Y into an
oriented submanifold of M .

1543Recall that on page 675 we remarked that the orientation of a 0-dimensional manifold M is the same
as a map M → {±1}.
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Proof. We leave the elementary proof to the reader. �

Example. Let n ∈ N and let 0 ≤ k ≤ l ≤ n. We consider CPn with the complex
submanifolds

A = {[z0 : · · · : zl : 0 : · · · : 0] | (z0, . . . , zl) ∈ Cl+1 \ {0}}
B = {[0 : · · · : 0 : zk : · · · : zn] | (zk, . . . , zn) ∈ Cn+1−k \ {0}}

and
C = {[0 : · · · : 0 : zk : · · · : zl : 0 : · · · : 0] | (zk, . . . , zl) ∈ Cl+1−k \ {0}}.

As usual we equip CPn and A,B,C with the natural orientations coming from the Complex
Manifold-Orientation Proposition 32.23. Then A ∩ B = C and one can easily show that
the orientation of A ∩B equals the orientation of C.

The following theorem is a generalization of Theorem 126.15 and thus also of the Intersec-
tion Number-via-Cup Product Theorem 126.5.

Theorem 126.17. Let M be a compact oriented m-dimensional smooth manifold. Fur-
thermore let X Ă M be a closed oriented submanifold of codimension k and let Y be a
compact oriented proper submanifold of codimension l. Then1544

PDM([X])︸ ︷︷ ︸
∈Hk(M,∂M)

Y PDM([Y ])︸ ︷︷ ︸
∈Hl(M)

= PDM([X ∩ Y ]) ∈ Hk+l(M,∂M ;Z).

Proof. A proof is given in [Bre1993, Theorem VI.11.9]. �

Remark.
(1) Theorem 126.17 can be summarized as saying that cup products correspond to taking

intersections of submanifolds. With this point of view, the symbol �Y� for the cup
product does not seem to be a great choice.

(2) It is conceivable that the conclusion of Theorem 126.17 also holds if we have a de-
composition ∂M = A ∪ B of the boundary and we have proper submanifold X and
Y with ∂X Ă A and ∂Y Ă B. We leave the task of verifying such a generalization
to other authors.

Examples.
(1) Let M be the smooth manifold that is the complement in S3 of the three open solid

tori and the open ball that are shown in the �gure below. Furthermore let X and Y
be the surfaces shown in that �gure. Basically the same argument as on page 2755
shows that [X] and [Y ] are non-trivial in H2(M ;Z). On the other hand the class
[X ∩ Y ] ∈ H1(M ;Z) is clearly trivial. Therefore we deduce from Theorem 126.17
that PDM([X]) Y PDM([Y ]) = 0.

(2) Using Theorem 126.17 and using the example preceding that theorem one can fairly
easily give a completely geometric calculation of the cup product of CPn.

Remark. Using Theorem 126.17 one can easily modify the proof of Proposition 126.14 to
show that given any n ≥ 2 every tubular neighborhood of CPn−1 in CPn is non-trivial.

1544The sign should be taken with a slight grain of salt. It is conceivable that the sign depends on the
various dimensions.



126. THE CUP PRODUCT AND ALGEBRAIC INTERSECTION NUMBERS 2771

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

����
����
����
����
����
����

����
����
����
����
����
����

����
����
����
����
����
����

����
����
����
����
����
����

����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������

����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������

��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������

��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������
��������������������������������������������������

�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������

�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������

����
����
����
����
����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����
����
����
����
����

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

Y
X

M is the complement in S3 of three open solid tori and an open ball

X ∩ Y

Exercises for Chapter 126.

Exercise 126.1. Let M be a smooth manifold that admits two compact codimension-zero
submanifolds A and B such that A ∩ B is a union of boundary components of A and a
union of boundary components of B. By the Mayer�Vietoris Theorem 78.9 for Manifolds
we obtain a long exact sequence

· · · → Hn(A ∩B)
iA∩B⊕−iA∩B−−−−−−−−→ Hn(A)⊕ Hn(B)

iA+iB−−−→ Hn(M)
∂n−→ Hn−1(A ∩B)→ . . .

Let X be a closed oriented n-dimensional submanifold ofM that intersects A∩B transver-
sally.
(a) Show that X ∩ (A ∩B) is a closed (n− 1)-dimensional submanifold of A ∩B.

We equip X ∩ (A ∩ B) with the orientation coming from X ∩ (A ∩ B) = ∂(X ∩ A). We
view the fundamental class [X] as an element in Hn(M) and we view the fundamental class
[X ∩ (A ∩B)] as an element in Hn−1(A ∩B).
(b) Show that ∂n([X]) = ±[X ∩ (A ∩B)] ∈ Hn−1(A ∩B).
(c) Determine the correct sign in (b).
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Exercise 126.2. Let A,B be two 1-dimensional oriented submanifolds of S2 with A·B = 0.
Sketch a proof for the claim that A and B can be made disjoint via isotopies of A and B.

Exercise 126.3. Let M be a compact oriented m-dimensional smooth manifold. Further-
more let k ∈ {1, . . . ,m − 1}, let X be a proper oriented k-dimensional submanifold of
M and let Y be a proper oriented (m − k)-dimensional submanifold of M . We denote
by i : X → M and j : Y → M the inclusion maps. We could de�ne the algebraic inter-
section number of X and Y via the formula in the Intersection Number-via-Cup Product
Theorem 126.5, i.e. we could de�ne

X · Y := 〈PDM(i∗([X]) Y PDM(j∗([Y ])), [M ]〉.

What, if any, conditions do you need to impose on the boundaries of X and Y for this
de�nition to make any sense?
Remark. This exercise can be viewed as a continuation of the discussion on page 2750.
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Exercise 126.4. Let M be a closed oriented connected m-dimensional smooth manifold.
Furthermore let p : M̃ →M be a �nite covering.

(a) Let X, Y be a complementary pair of submanifolds of M . We write X̃ := p−1(X)

and Ỹ := p−1(Y ). What is the relationship between X · Y and X̃ · Ỹ ? It su�ces to
give a short justi�cation.

(b) Let X be a closed oriented submanifold of M . What is the relationship between
PDM̃([X̃]) and p∗(PDM([X])?

(c) Reprove (a) using (b) and the Intersection Number-via-Cup Product Theorem 126.5.

Exercise 126.5. Let M be an oriented m-dimensional smooth manifold, let X be a k-
dimensional oriented proper submanifold and let Y be an (m − k)-dimensional oriented
proper submanifold of M . We suppose that X ∩ Y ∩ ∂M = ∅. What is the relationship
between the algebraic intersection number X · Y in M and DX ·DY in DM?
Here, as always, given a smooth manifold N we denote by DM = N ∪∂N=∂N ′N

′ the double
of N . We view DM as an oriented smooth manifold where the orientation is chosen such
that the orientation of DM agrees with the orientation on N .

Exercise 126.6. Let n ∈ Z. In Exercise 32.12 we showed that

Wn := {[x : y : z] ∈ CP2 |xn + yn + zn = 0}

is a closed 1-dimensional complex submanifold of the complex projective space CP2. Show
that [Wn] = n · [CP1] ∈ H2(CP2;Z).
Hint. Use Lemma 126.10.

Exercise 126.7. Let Σ Ă S2 × (−1, 1) be a closed surface. Suppose that there exists a
P ∈ S2 such that Σ intersects {P}× [−1, 1] in a single point. Show that if this intersection
point is a transversal intersection point, then Σ intersects every path γ : [0, 1]→ S2×[−1, 1]
from a point in S2 × {−1} to a point in S2 × {1}.

Exercise 126.8. We consider the 2-dimensional smooth manifoldM that is shown together
with the two proper submanifolds X and Y that are shown in the �gure below. Show that
X and Y cannot be made disjoint by a smooth isotopy that keeps the boundaries of X and
Y �xed.
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Exercise 126.9. By accident you ended up buying a clock where both hands have the
same length, so you cannot distinguish the hand which shows the hour from the hand
that indicates the minute. Fortunately, very often you can still tell the precise time. For
example, in the con�guration in the �gure below it does not make sense for the hand that
is indicating the hour to be just before 9 whereas the hand showing the minute is at 15.
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Of course there will be some con�gurations when it is indeed impossible to tell which
hand is which. How many such confusions moments will there be in a 12 hour period?
Hint. Consider a suitable map γ : S1 → S1 × S1.
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clock where both hands
have the same length

this makes no sense the time is 2:44

Exercise 126.10. Let C and D be closed curves in R2 that intersect transversally. Give a
rigorous proof that the number of intersection points between C and D is an even number.

Exercise 126.11. Let α : S1 → S1 × S2 be a smooth embedding. We assume that there
exists a z ∈ S1 such that γ(S1) intersects the submanifold {z}×S2 in a single point P and
we assume that the intersection point is transversal intersection point of sign +1. Show
that α : S1 → S1×S2 is smoothly isotopic to the embedding β : S1 → S1×S2 that is given
by t 7→ (t, P ).
Remark. This statement is sometimes referred to as the light bulb trick.
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S1 × S2

{z} × S2

α

Exercise 126.12. Let M be a compact oriented 2-dimensional smooth manifold. We
consider the following construction:

H1(M,∂M)× H1(M,∂M) → Z

(σ, τ) 7→ algebraic intersection number S · T of proper transverse
submanifolds S and T of M with [S] = σ and [T ] = τ .

Does this give a well-de�ned map?
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Exercise 126.13. We consider the surface Σ of genus 2 together with the four oriented
curves a1, b1, a2, b2 that are shown in the �gure below.
(a) Let X be a closed oriented 1-dimensional submanifold of Σ that intersects a1, b1, a2, b2

transversally. Show that

[X] = (X · b1) · [a1] − (X · a1) · [b1] + (Y · b2) · [a2] − (X · a2) · [b2] ∈ H1(Σ).
↑ ↑ ↑ ↑
these are the algebraic intersection numbers of the given oriented curves
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(b) Let X and Y be two closed oriented 1-dimensional submanifolds of Σ that are both
transverse to a1, a2, b1, b2. Show that if X and Y have the same algebraic intersection
numbers with a1, a2, b1, b2, then [X] = [Y ] ∈ H1(Σ).

Remark. The above gives a practical way, for Σ and similarly for many other smooth
manifolds, to determine precisely the homology class represented by a submanifold. In
particular it can be used to deal with the type of problems as in Exercise 80.16.
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127. Intersections of cycles and the cup product

In this chapter we generalize some of the results from Chapter 126. In particular we will
de�ne the �algebraic intersection number� of two maps of topological manifolds into a given
topological manifold, as long as the maps intersect �nicely�. This notion generalizes the
algebraic intersection number of two transverse submanifolds of a given smooth manifold
that we introduced on page 2748.
Furthermore we introduce the algebraic intersection number of two singular cycles that
intersect �nicely�. Afterwards we will see in Theorems 127.7 and 127.9 how these alge-
braic intersection numbers relate to the cup product. These theorems can be viewed as a
generalization of the Intersection Number-via-Cup Product Theorem 126.5.
For many applications the results from Chapter 126 are good enough and for many readers it
might make sense to move on to the next chapter. The main application of the results of this
chapter will be the Lefschetz-Hopf Theorem 128.9 and the Poincaré-Hopf Theorem 129.7.
Since much of this chapter is quite technical we start out with the following motivating
question.

Question 127.1. As shown in the �gure below we consider the disk B
2
together with the

four points P± = (±1, 0) and Q± = (0,±1). Do there exist disjoint paths α and β such
that α connects P− to P+ and β connects Q− to Q+?
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It is pretty clear that the answer should be no. In fact once we have developed all the tools
we will �nd it quite easy to answer Question 127.1 in the negative. We refer to Lemma 127.8
for the details.

127.1. The algebraic intersection number of maps of topological manifolds. In
this section we introduce the algebraic intersection number of two maps of topological
manifolds into a given topological manifold. The precise setup and the de�nitions require
some preparations. First we recall the following de�nition from page 2695.

De�nition. Let W be a compact topological manifold and let A Ă W \ ∂W be a subset.
A regular neighborhood of A is a compact codimension-zero submanifold N of W with the
following properties:
(1) N is contained in W \ ∂W and A is contained in the interior of N .
(2) A is a deformation retract of N .
(3) ∂N is a deformation retract of N \ A.

The following proposition can be viewed as a variation on the Poincaré Duality Theo-
rem 119.1.
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Proposition 127.2. Let Z be a compact oriented m-dimensional topological manifold
and let A be a closed submanifold of ∂Z.
(1) Let N Ă ∂Z be a regular neighborhood of A. We denote by j : A→ N the inclusion

map. Given any l ∈ N0 the following two maps are isomorphisms:1545

Hl(Z, ∂Z \ A)
X[Z]

∼=
// Hm−l(Z,N) Hm−l(Z,A).

j∗

∼=
oo

(2) We make the following technical hypothesis:
(∗) Given any neighborhood U of A Ă ∂Z there exists a regular neighborhood N of

A Ă ∂Z with N Ă U .
Under this hypothesis the isomorphism

PDZ : Hl(Z, ∂Z \ A)
∼=−−→ Hm−l(Z,A)

given in (1) does not depend on the choice of the regular neighborhood N . We
denote the inverse of this map by PDZ as well.
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Proof.

(1) Let N Ă ∂Z be a regular neighborhood of A. We denote by i : ∂Z \
◦
N → ∂Z \A and

j : A→ N the inclusion maps. We consider the following diagram:

Hl(Z, ∂Z \ A)
X[Z]

∼=
//

i∗ **

Hm−l(Z,N) Hm−l(Z,A).
j∗

∼=
oo

Hl(Z, ∂Z \
◦
N)

X[Z]

∼= 55

We make the following observations:
(a) The diagonal cap product exists by Proposition 75.3 (4) together with the Exci-

sive Triad-Proposition 109.12 (4).
(b) It follows from the Cap Product-Naturality Lemma 116.8 (1) that the triangle

commutes.
(c) It follows from the hypothesis that N is a regular neighborhood, together with

Lemma 123.1 (1), that the maps i and j are both homotopy equivalences. Thus

1545It follows from the Excisive Triad-Proposition 109.12 (3) that the cap product X[Z] : Hl(Z, ∂Z \A)→
Hm−l(Z,N) is actually de�ned. It is also worth pointing out that it is not possible to go directly from
Hl(Z, ∂Z \A) to Hm−l(Z,A) via capping with [Z], since (∂Z, ∂Z \A,A) is not an excisive triad.
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we obtain from Corollary 74.16 and the Homotopic Maps-H∗-Lemma 108.13 that
the induced maps i∗ and j∗ are isomorphisms.

(d) It follows from the Poincaré Duality Theorem 119.1, which we can apply by
Proposition 75.3 (4), that the right diagonal map is an isomorphism.

The above argument shows that the two horizontal maps are both isomorphisms.
(2) We need to show that the map in (1) does not depend on the choice of the regular

neighborhood N . Thus letM and N be regular neighborhoods of A Ă ∂Z. It follows
immediately from our hypothesis (∗) that it su�ces to consider the case thatM Ă N .
We consider the following diagram:

Hm−l(Z,M)

��

Hl(Z, ∂Z \ A)
∼=

X[Z] 33

∼=
X[Z]

++

Hm−l(Z,A).∼=
ss

∼=kk

Hm−l(Z,N)

Here all unmarked maps are induced by inclusions. The triangle to the left commutes
by the Cap Product-Naturality Lemma 116.8 and the triangle to the right commutes
by the functoriality of cohomology groups. But this shows that the upper and the
lower path from the left to the right give exactly the same map. �

De�nition. Let Z be a topological manifold. We say a proper submanifold X of Z is
well-behaved if given any open neighborhood U of ∂X Ă ∂Z the submanifold ∂X of ∂Z
admits a regular neighborhood N with N Ă U .

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

�
�
�
�

Z

X

∂X

∂Z

N

Remark. Almost any proper submanifold X of some topological manifold Z that appears
in nature is well-behaved. For example it follows from the Simplicial Regular Neighborhood
Proposition 96.13 and Theorem 123.3 that X is well-behaved if ∂X is a PL-submanifold of
∂Z or if ∂X is a smooth submanifold of ∂Z.

In the following we will study maps between topological manifolds. To simplify the discus-
sion we use the following convention.
Convention. Let M be a topological manifold and let X be a submanifold of M . In our
notation and our language often we do not distinguish between X as a submanifold and
between the embedding X →M .
Next we �x a convenient notation.
Notation. Given a map f : Y → X between topological spaces we write |f | := f(Y ).
Now we can give the �rst key de�nition of this chapter.
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De�nition. Let M be an m-dimensional topological manifold, let X be a k-dimensional
topological manifold and let Y be an (m− k)-dimensional topological manifold. Further-
more let f : X →M and g : Y →M be maps.
(1) We say a point P ∈ |f | ∩ |g| is a nice intersection point of f and g if given any

neighborhood U of P there exists a nice neighborhood Z, this means a submanifold
Z Ă M \ ∂M such that the following holds:
(a) Z is homeomorphic to B

m
.

(b) P is contained in1546
◦
Z = Z \ ∂Z and Z is contained in U .

(c) |f | ∩ |g| ∩ Z = {P}.
Before we continue we set X̃ := f−1(|f | ∩ Z) and we set Ỹ := g−1(|g| ∩ Z). With
this notation we also demand the following:
(d) X̃ is a compact codimension-zero submanifold of X and Ỹ is a compact co-

dimension-zero submanifold of Y .
(e) The maps f : X̃ → Z and g : Ỹ → Z are both proper embeddings.
(f) f(X̃) and g(Ỹ ) are both well-behaved submanifolds of Z.
(g) f(X̃) is homeomorphic to B

k
and g(Ỹ ) is homeomorphic to B

m−k
.

In the �gure below we illustrate the de�nition for two di�erent nice intersection
points.

(2) We say that f and g intersect nicely, if all points in |f | ∩ |g| are nice intersection
points.
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M

nice neighborhood Z of P

P

nice neighborhood Z ′ of P ′

P ′
X̃

Y

f

Ỹ

g

X

Remark. By the above convention we now also de�ned the notion of a nice intersection
point of two submanifolds and we de�ned the notion that two submanifolds intersect nicely.

Convention. LetW be an oriented topological manifold. We equip any codimension-zero
submanifold of W with the orientation coming from the Topological Manifold-Induced
Orientation Lemma 105.17.
Now we are ready to give the second key de�nition of this chapter.

De�nition. Let M be an oriented m-dimensional topological manifold, let X be an ori-
ented k-dimensional topological manifold and let Y be an oriented (m − k)-dimensional
topological manifold. Furthermore let f : X → M and g : Y → M be maps and let P be
a nice intersection point of f and g. We pick a nice neighborhood Z of P . We de�ne the

1546Note that by (a) we know that Z is a codimension-zero submanifold of M . Since Z Ă M \ ∂M we
know by Proposition 75.3 that the boundary of Z as a topological manifold agrees with the boundary of
Z as a subset of M .
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index of f and g at P as follows:1547

index(f, g, P ) =
〈 ∈Hm(Z,∂Z)︷ ︸︸ ︷

PDZ(f∗( [ X̃ ] )︸ ︷︷ ︸
∈Hk(Z,∂f(X̃))

)

︸ ︷︷ ︸
∈Hm−k(Z,∂Z\∂f(X̃))

Y PDZ( g∗( [ Ỹ ] )︸ ︷︷ ︸
∈Hm−k(Z,∂(g(Ỹ )))

)

︸ ︷︷ ︸
∈Hk(Z,∂Z\∂g(Ỹ )))

,

∈Hm(Z,∂Z)︷ ︸︸ ︷
[ Z ]

〉
∈ Z.

Example. In the �gure below we show, in three cases, the indices of nice intersection
points. The �rst two indices can be determined with some e�ort using the Poincaré Duality-
Products Proposition 119.2 together with Proposition 113.11. Alternatively see Proposi-
tion 127.5 below. Finally we outsource the calculation of the third index to Exercise 127.2.
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index(f, g, P ) = +1

Z

|f |

index(f, g, P ) = 0

|f |
Z Z

|f |

index(f, g, P ) = −1

|g||g| |g|

Next we need to show that the index of a nice intersection point is well-de�ned.
Lemma 127.3. Let M , f : X → M and g : Y → M as in the previous de�nition and
let P be a nice intersection point of f and g. The corresponding index index(f, g, P ) is
well-de�ned, i.e. it is independent of the choice of the nice neighborhood Z of P .

Sketch of a proof. By the �given any neighborhood U of P � aspect of the de�nition of a
nice intersection point it su�ces to deal with nice neighborhoods Z1 and Z2 with Z1 Ă

◦
Z2.

We de�ne X̃1, X̃2, Ỹ1 and Ỹ2 in the obvious way. We pick regular neighborhoods A1 of
∂X1 Ă ∂Z1 and B1 of ∂Y1 Ă ∂Z1. Similarly we pick A2 and B2 with the obvious meaning.

Let i ∈ {1, 2}. We write Ci := ∂Zi \
◦
Ai and Di := ∂Zi \

◦
Bi. Similar to the proof

of the Excision Theorem for Topological Manifolds 75.10 we use the Topological Collar
Neighborhood Theorem 75.5 to �nd open subsets Ãi, B̃i, C̃i and D̃i of ∂Zi that admit
deformation retractions to Ai, Bi, Ci respectively Di. Now we consider the following maps

1547Here are a few clari�cations:
(1) By hypothesis we know that Z, X̃ and Ỹ are compact codimension-zero submanifolds of M , X

and Y . As we just remarked, by the Topological Manifold-Induced Orientation Lemma 105.17 they
inherit an orientation from the given orientations on M , X and Y . As always we denote by [Z],
[X̃] and [Ỹ ] the corresponding fundamental classes.

(2) By hypothesis f(X̃) and g(Ỹ ) are well-behaved submanifolds of Z. Thus we obtain from Proposi-
tion 127.2 the corresponding maps PDZ .

(3) By hypothesis f(X̃) and g(Ỹ ) are compact. It follows from the Topological Manifold Boundary
Proposition 75.2 (4b) that ∂f(X̃) and ∂g(Ỹ ) are compact. By the Compact-Closed Lemma 1.21 (2)
this implies that ∂Z \∂f(X̃) and ∂Z \∂g(Ỹ ) are open subsets of ∂Z. Since P is the only intersection
point of f and g in Z we see that these two open subsets cover all of ∂Z. It now follows from the
Excisive Triad-Proposition 109.12 (4) that the cup product is actually de�ned.
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of triads of topological spaces:

Z1

A1

∂Z1\A1

→
Z1

Ã1

∂Z1\A1

→
Z2

Ã1 ∪ ((
◦
Z2 \ Z1) ∪ Ã2)

(∂Z1\A1)∪(
◦
Z2 \ Z1)∪(∂Z2\A2)

←
Z2

Ã2

∂Z2\A2

←
Z2

A2

∂Z1\A2.

It follows from the Excisive Triad-Proposition 109.12 (4) that all these triads are exci-
sive. Evidently the analogous statement also holds if we replace the A's by B's. Now the
lemma can be deduced from the Cup Product-Naturality Proposition 115.4 and the Cap
Product-Naturality Lemma 116.8 together with the Codimension Zero-Fundamental Class
Lemma 106.24. We leave it to the reader to �ll in the details. �
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|f |

|g|

The following lemma is a generalization of Lemma 126.2.

Lemma 127.4. Let M be an m-dimensional topological manifold, let X be a compact k-
dimensional topological manifold and let Y be a compact (m− k)-dimensional topological
manifold. Furthermore let f : X → M and g : Y → M be maps. If f and g intersect
nicely, then |f | ∩ |g| is �nite.

Proof. Let P be a nice intersection point of f and g. We pick a nice neighborhood Z for
P . Note that this means in particular that Z is a codimension-zero submanifold of M with
Z Ă M \ ∂M , P ∈ Z \ ∂Z and with |f | ∩ |g| ∩ Z = {P}. By Proposition 75.3 (3) we
know that Z \∂Z is an open subset of M . We have thus shown that P is an isolated point,
in the sense of the de�nition on page 235, of the subspace |f | ∩ |g|. Since by hypothesis
every intersection point is nice we see that |f | ∩ |g| is a discrete subset of M . Since X and
Y are compact we know by the Compact Image Lemma 2.13 together with the Compact-
Union-Intersection Lemma 1.20 (2) that |f | ∩ |g| is also compact. Thus we see that |f | ∩ |g|
is a discrete compact space. By the Compact-Discrete Lemma 1.22 (1) this implies that
|f | ∩ |g| is a �nite set. �

By Lemma 127.4 it now makes sense to introduce the following de�nition which can be
viewed as an analogue of the de�nition on page 2748.

De�nition. Let M be an oriented m-dimensional topological manifold. Let X be a com-
pact oriented k-dimensional topological manifold and let Y be a compact oriented (m−k)-
dimensional topological manifold. Furthermore let f : X → M and g : Y → M be maps.
If f and g intersect nicely, then we de�ne the algebraic intersection number of f and g to
be f · g :=

∑
P∈|f |∩|g|

index(f, g, P ).

↑
�nite sum by Lemma 127.4

Remark. Recall that by our convention on page 2777 we do not distinguish between a sub-
manifold X of M and the actual embedding X →M . In particular in the above de�nition
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f
g

we also introduced the algebraic intersection number X · Y of two suitable submanifolds
of M .

127.2. Transverse intersection points of maps. In this section we will see that the no-
tion of a nice intersection points incorporates the notion of a transverse intersection point
that we introduced on pages 2748. We will also see that the concept of the algebraic inter-
section number that we de�ned in the previous section is a generalization of the algebraic
intersection number that we introduced on page 2748.
The following de�nition can be viewed as a generalization of the concepts we introduced
on pages 968 and 2748.

De�nition. LetM be anm-dimensional smooth manifold and let k ∈ {1, . . . ,m−1}. Fur-
thermore let X be a k-dimensional smooth manifold and let Y be an (m− k)-dimensional
smooth manifold. Furthermore let f : X →M and g : Y →M be smooth maps.
(1) We say a point P ∈ |f | ∩ |g| is a transverse intersection point of f and g if P ∈

M \ ∂M , if f−1(P ) contains a single point x0, if g−1(P ) contains a single point y0,
if x0 ∈ X \ ∂X and y0 ∈ Y \ ∂Y , and if f∗(Tx0X) + g∗(Ty0Y ) = TPM .

(2) Now we assume that M , X and Y are oriented. Let P be a transverse intersection
point of f and g. We set sign(f, g, P ) := +1 if

(f∗(positive basis of Tx0X), g∗(positive basis of Ty0Y )) = positive basis of TPM ,

and otherwise we set sign(f, g, P ) := −1.
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M
g Y

transverse intersection points of opposite signs

these are not transverse intersection points

fX

Remark. If X and Y are compact proper submanifolds of M and if f and g are just
the inclusion maps, then the above de�nitions are precisely the de�nitions provided on
pages 968 and 2748.

Proposition 127.5. LetM be an m-dimensional smooth manifold and let k ∈ {1, ...,m−
1}. Furthermore let X be a k-dimensional smooth manifold and let Y be an (m − k)-
dimensional smooth manifold. Finally let f : X →M and g : Y →M be smooth maps.
(1) Let P ∈ |f | ∩ |g|. If P is a transverse intersection point of f and g, then P is a nice

intersection point of f and g.
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(2) If M , X and Y are oriented, then for any transverse intersection point P of f and g
we have index(f, g, P ) = sign(f, g, P ).

Proof. The alert reader will doubtlessly notice that the proof of the proposition mostly
recycles ideas from the proof of Proposition 126.8 and Lemma 126.9.

Let U be an open neighborhood of P . It follows from the Local Smooth Embedding
Theorem 24.8 that there exists an open neighborhood A of x0 such that the restriction of
f to f : A → M is a smooth embedding and such that f(A) Ă U . Furthermore, using
the hypothesis that f−1(P ) = {x0} and using Exercise 18.13 we see that, after possibly
shrinking A, we can assume that f−1(f(A)) = A.

The same way we can evidently �nd an open neighborhood B of y0 such that g : B →M
is a smooth embedding, such that g(B) Ă U and such that g−1(g(B)) = B.

By the Smooth Embedding Theorem 24.10 we know that f(A) and g(B) are smooth
submanifolds of M . By our hypothesis we know that P is a transverse intersection point
of f(A) and g(B). It follows from the Submanifold Transversal Intersection Theorem 42.1
that there exists a chart Φ: V → W for M around P with

Φ(V ∩ f(X)) = W ∩ (Rk × {0}) and Φ(V ∩ g(Y )) = W ∩ ({0} × Rm−k).

Next note that after possibly rescaling W we can assume that B
k × Bm−k

Ă W . We set
Z := Φ−1(B

k × Bm−k
) and X̃ := f−1(Z) and Ỹ := g−1(Z). Note that by construction the

maps Φ ◦ f : X̃ → B
k × {0} and Φ ◦ g : Ỹ → {0} × Bm−k

are di�eomorphisms. It follows
easily from the construction that Z has all the properties stated in the de�nition of a nice
intersection point. This concludes the proof of Statement (1).

Now assume that M , X and Y are oriented. We set σ := sign(f, g, P ). We make the
following preparations:
(1) We equip each B

n
with the usual orientation coming from Rn.

(2) After possibly composing Φ: Z → B
k × B

m−k
with re�ections in some (xi = 0)-

hyperplanes we can assume that the di�eomorphisms Φ◦f : f−1(Z) = X̃ → B
k×{0}

and Φ ◦ g : g−1(Z) = Ỹ → {0} ×Bm−k
are both orientation-preserving.

(3) We equip the topological manifold B
k×Bm−k

with the product orientation as de�ned
on page 2502. It follows from Proposition 113.11 that with this orientation the
inclusion map B

k ×Bm−k → Rm is orientation-preserving.
(4) Elementary linear algebra shows that (2) implies that Φ: Z → B

k ×Bm−k
is orient-

ation-preserving if and only if σ = +1.
(5) It follows from Proposition 107.2 and Lemma 105.12 that Φ∗([Z]) = σ · [Bk×Bm−k

].
Now we perform the following calculation:

by Lemma 109.6 (3) and the Cup Product-Naturality Lemma 114.10
↓

=index(f,g,P ), by de�nition︷ ︸︸ ︷〈
PDZ(f∗[X̃])YPDZ(g∗[Ỹ ]), [Z]

〉
=
〈
Φ∗(PDZ(f∗[X̃]))YΦ∗(PDZ(g∗[Ỹ ])),Φ∗([Z])

〉
=
〈
σ ·PD

B
k×Bm−k([B

k×0]) Y σ ·PD
B
k×Bm−k([0×B

m−k
])), σ ·[Bk×Bm−k

]
〉

↑
by (4) and the pretty elementary Exercise 119.16

= σ3 ·
〈

PD
B
k×Bm−k([B

k×0]) Y PD
B
k×Bm−k([0×B

m−k
])), [B

k×Bm−k
]
〉︸ ︷︷ ︸

=1 by the Poincaré Duality-Products Proposition 119.2

= sign(f, g, P )︸ ︷︷ ︸
=σ

.
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The following is an immediate corollary to Proposition 127.5.

Corollary 127.6. Let M be an oriented m-dimensional smooth manifold, let X be an
oriented k-dimensional submanifold and let Y be an oriented (m − k)-dimensional sub-
manifold of M . We denote by i : X → M and j : Y → M the inclusion maps. If the
submanifolds are transverse in the sense of the de�nition on page 968, then the maps
i : X → M and j : Y → M are intersect nicely and the two de�nitions of the algebraic
intersection given on pages 2748 and 2780 agree.
By Corollary 127.6 the following theorem is a generalization of the Intersection Number-
via-Cup Product Theorem 126.5.

Theorem 127.7. Let M be a compact oriented connected m-dimensional topological
manifold. Furthermore let A and B be two compact (m − 1)-dimensional submanifolds
of ∂M with ∂A = ∂B = A ∩ B and with ∂M = A ∪ B. Let X be a compact oriented
k-dimensional topological manifold and let Y be a compact oriented (m− k)-dimensional
topological manifold. Finally let f : X → M and g : Y → M be two proper maps with
f(∂X) Ă A and g(∂Y ) Ă B. If f and g intersect nicely, then

f · g =
〈 ∈Hm(M,∂M)︷ ︸︸ ︷

PDM( f∗([X])︸ ︷︷ ︸
∈Hk(M,A)

)

︸ ︷︷ ︸
∈Hm−k(M,B)

Y PDM(g∗([Y ])︸ ︷︷ ︸
∈Hm−k(M,B)

)

︸ ︷︷ ︸
∈Hk(M,A)

,

∈Hm(M,∂M)︷ ︸︸ ︷
[M ]

〉
∈ Z.
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Remark. It follows immediately from Proposition 127.5 that Theorem 127.7 contains our
earlier the Intersection Number-via-Cup Product Theorem 126.5 as a special case.

In Theorem 127.14 below we will give a result which takes more time to formulate and
which implies the above Theorem 127.7. To keep at least the �ow of the de�nitions and
statements coherent we decided to formulate Theorem 127.14 in this section. But rather
awkwardly this means that we now provide a proof of Theorem 127.7 that relies on the
future Theorem 127.14.
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Proof of Theorem 127.7 using Theorem 127.14. It follows easily from Lemma 127.12
that there exists a k-cycle σ ∈ Ck(M,A) and an (m − k)-cycle τ ∈ Cm−k(M,B) with the
following properties:

(1) we have [σ] = f∗([X]) and [τ ] = g∗([Y ]),
(2) the cycles σ and τ are transverse,
(3) the equality f · g = σ · τ holds.

It follows that

f · g = σ · τ = 〈PDM([σ]) Y PDM([τ ]), [M ]〉 = 〈PDM(f∗[X]) Y PDM(g∗[Y ]), [M ]〉.
↑ ↑

Theorem 127.14 since [σ] = f∗([X]) and [τ ] = g∗([Y ]) �

As promised, we now �nd it quite easy to answer Question 127.1 in the negative.

Lemma 127.8. We consider the disk B
2
together with the four points P± = (±1, 0) and

Q±(0,±1). If α : [−1, 1] → B
2
is a proper map with α(±1) = P± and if β : [−1, 1] → B

2

is a proper map with β(±1) = Q±, then α and β intersect in at least one point.

Proof. We write I = [−1, 1]. Suppose that there exist proper maps α : I → B
2
and

β : I → B
2
with α(±1) = P± and with β(±1) = Q± such that |α| ∩ |β| = ∅. We introduce

the following notation:

(1) We consider the �straight paths� α′ : I → B
2
given by α′(t) = (t, 0) and β′ : I → B

2

given by β′(t) = (0, t).
(2) We write A =

{
exp( it)

∣∣ t ∈ [− π
4
, π

4

]
∪
[

3π
4
, 5π

4

]}
and B =

{
exp( it)

∣∣ t ∈ [− 3π
4
,−π

4

]
∪[

π
4
, 3π

4

]}
.

(3) We denote by PD
B

2 the isomorphisms from the Poincaré Duality Theorem 119.1

corresponding to the decomposition ∂B
2

= A ∪B.
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α′α

??

B

A

A

BQ+

Q−

P+P−

Q+

Q−

P+P−P− P+

Q−

Q+

β
β′

We perform the following calculation:

since |α| ∩ |β| = ∅ Theorem 127.7
↓ ↓

0 = α · β =
〈

PDB2(α∗([I])) Y PD
B

2(β∗([I]), [B
2
]
〉

=
〈

PD
B

2(α′∗([I])) Y PD
B

2(β′∗([I]), [B
2
]
〉

= α′ · β′ = ±1.
↑ ↑ ↑

by considering the long exact sequences in homology Theorem 127.7 α′, β′ intersect
of the pairs (B

2
, A) and (B

2
, B) we see that nicely in one

α∗([I]) = α′∗([I]) and β∗([I]) = β′∗([I]) point

We have thus obtained a contradiction. �
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127.3. Intersections of cycles. Now we turn to the study of singular chains in a topo-
logical manifold. To be on the safe side in our subsequent de�nitions we introduce the
following convention.

Convention.
(1) Let X be a topological space. When we write �let σ = a1 · σ1 + · · · + ar · σr be a

singular m-chain in X� it is understood that the σi are pairwise di�erent and that
all the ai are non-zero. We write |σ| = |σ1| ∪ · · · ∪ |σr|.

(2) Let M be an oriented m-dimensional topological manifold M and let σ : ∆k → M
and τ : ∆m−k →M be singular simplices. Since each ∆n is in particular a topological
manifold it makes sense to say that the singular simplices intersect nicely. Further-
more, throughout this chapter we equip the topological manifold ∆n with the orien-
tation given by the discussion on page 1581 together with the Smooth-Topological
Orientation Proposition 105.11. In particular, if σ : ∆k → M and τ : ∆m−k → M
intersect nicely, then we obtain an algebraic intersection number σ · τ .

De�nition. LetM be anm-dimensional topological manifold and let σ = a1·σ1+· · ·+ar·σr
be a singular k-chain and let τ = b1 · τ1 + · · · + bs · τs be a singular (m − k)-chain in M .
We say that σ and τ intersect nicely if the following two conditions are satis�ed:
(1) For all i ∈ {1, . . . , r} and j ∈ {1, . . . , s} the maps σi : ∆k →M and τj : ∆m−k →M

intersect nicely.
(2) For all (i, j) 6= (i′, j′) ∈ {1, . . . , r} × {1, . . . , s} we have

(|σi| ∩ |τj|) ∩ (|σi′| ∩ |τj′ |) = ∅.
Put di�erently, any intersection point is the intersection point of a unique pair of
singular simplices.

If this is the case and if M is oriented, then we de�ne the algebraic intersection number
of σ and τ to be

σ · τ :=
∑
i,j

(ai · bj) · (σi · τj).
↑

algebraic intersection number of σi : ∆k →M and τj : ∆m−k →M

��
��
��
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��

��
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��
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����

σi

M

τj

Before we can state the main theorem of this chapter we recall the formulation of the
Poincaré Duality theorem for (not necessarily compact) topological manifolds without
boundary. Thus let W be an oriented m-dimensional topological manifold without bound-
ary and let K Ă W be a compact subset. By the Homology-Section Theorem 106.10 there
exists a unique lift of the orientation classes of W to a class in Hm(W,W \K). Given any
k ∈ N0 we denote by

−X W : Hk(W,W \K) → Hm−k(W )
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the map that is given by capping with this unique lift. Lemma 119.17 says that these maps
de�ne a well-de�ned map

−X W : Hk
c(W ) → Hm−k(W ).

Furthermore the Poincaré Duality the Non-Compact PD Theorem 119.18 says that this
map is an isomorphism. We denote by

PDW : Hm−k(W ) → Hk
c(W )

the inverse map. Finally we remind the reader that given a topological space X we denote
by εX = ε : H0(X)→ Z the augmentation map.
Now we can formulate the main theorem of this chapter.

Theorem 127.9. Let M be an oriented m-dimensional topological manifold without
boundary. Let σ ∈ Ck(M) and τ ∈ Cm−k(M) be two cycles. If σ and τ intersect nicely,
then1548

σ · τ = εM
(( ∈Hm−kc (M)︷ ︸︸ ︷

PDM([σ]) Y

∈Hkc (M)︷ ︸︸ ︷
PDM([τ ])︸ ︷︷ ︸

∈Hmc (M)

)
X M

)
.

127.4. Proof of Theorem 127.9. Before we can provide the proof of Theorem 127.9 we
need to recall some de�nitions and we need to prove several lemmas. First let us recall the
following de�nition from page 123.

De�nition. Let X be a topological space.
(1) Let A and B be disjoint subsets of X. We say U and V are separating open neigh-

borhoods for A and B if U and V are disjoint, if U is an open neighborhood of A
and if V is an open neighborhood of B.

(2) A topological space X is called normal if any two disjoint closed subsets A and B
admit separating open neighborhoods.

Proposition 127.10.
(1) Every topological manifold is normal.
(2) Let M be a topological manifold and let A and B be two closed disjoint subsets

of M . If U ′ Ă ∂M and V ′ Ă ∂M are separating open neighborhoods for A ∩ ∂M
and B ∩ ∂M , then there exist separating open neighborhoods U and V of A and B
such that U ∩ ∂M = U ′ and V ∩ ∂M = V ′.

M

B
A

V
V ′

U ′

A
B ∂M

U

Sketch of proof.

(1) We had proved this statement in the Manifold Paracompact-Normal Proposition 18.9
(2).

1548We refer to page 2539 for the de�nition of the cup product on cohomology with compact support.
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(2) Let M be a topological manifold and let A and B be two closed disjoint subsets of
M . We pick a collar neighborhood ∂M × [0, 1] as given by the Topological Collar
Neighborhood Theorem 75.5.

Suppose that we are given separating neighborhoods U ′ Ă ∂M and V ′ Ă ∂M for
A ∩ ∂M and B ∩ ∂M . By the Topological Manifold Boundary Proposition 75.2 the
complement M \ ∂M is again a smooth manifold. By (1) it is normal. Thus there
exist separating open neighborhoods Ũ and Ṽ for the closed subsets A ∩ (M \ ∂M)
and B∩(M \∂M). It follows from the Manifold Boundary-Closed Subset Lemma 18.6
(1) that Ũ and Ṽ are open subsets of M . It is now straightforward to verify that
U := Ũ ∪ ([0, 1)× U ′) and V := Ṽ ∪ ([0, 1)× V ′) have all the desired properties. �

Lemma 127.11. LetM be an oriented m-dimensional topological manifold with ∂M = ∅
and let U Ă M be an open subset. Let i : U →M be the inclusion map. For any compact
subset K Ă U and any k ∈ N0 the map

i∗ : Hm−k(M,M \K) → Hm−k(U,U \K)

is an isomorphism and the following diagram commutes:

Hm−k
c (U)

XU=PD−1
U

∼=
//

i∗

��

Hk(U)

i∗

��

Hm−k(U,U \K)

kk

XU

22

(i∗)−1

��

Hm−k
c (M)

XM=PD−1
M

∼=
// Hk(M).

Hm−k(M,M \K)

kk

XM

22
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�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
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�������������������������
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M

K

U

class in Hk(U)

Proof. We make the following comments and observations:

(i) By excision, see page 2418, the map i∗ : Hm−k(M,M \K) → Hm−k(U,U \K) is an
isomorphism.

(iii) The triangles on the top and the bottom commute by de�nition of PDU and PDM ,
see Lemma 119.17.

(iv) The square to the left commutes by de�nition of the map i∗ : Hm−k
c (U)→ Hm−k

c (M),
see page 2484.

(v) It follows from the Cap Product-Naturality Lemma 116.8 and Corollary 106.12 (2)
that the square to the right commutes.

(vi) The rectangle in the back commutes by Lemma 119.24. �

As in the case of the Intersection Number-via-Cup Product Theorem 126.5 it is perhaps
instructive to �rst prove Theorem 127.9 in the special case that the cycles do not intersect.
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Proof of Theorem 127.9 for disjoint cycles. LetM be an orientedm-dimensional topo-
logical manifold with ∂M = ∅. Let σ ∈ Ck(M) and τ ∈ Cm−k(M) be two cycles such that
|σ| ∩ |τ | = ∅. We have to show that PDM([σ]) Y PDM([τ ]) = 0.

By Proposition 127.10 we can �nd separating open neighborhoods U and V for |σ| and
|τ |. Given a compact subset J of M and given i ∈ N0 we denote by ϕJ : Hi(M,M \ J) →
Hi

c(M) the natural map.
Claim.
(1) There exists a compact subset K Ă U and a cohomology class α ∈ Hm−k(M,M \K)

such that ϕK(α) = PDM([σ]).
(2) There exists a compact subset L Ă V and a cohomology class β ∈ Hk(M,M \ L)

such that ϕL(β) = PDM([τ ]).

Proof. We consider PDU([σ]) ∈ Hm−k
c (U). By de�nition of cohomology with compact

support there exists a compact subset K of U such that PDU([σ]) lies in the image of the
natural map Hm−k(U,U \ K) → Hm−k

c (U). The �rst statement of the claim now follows
from Lemma 127.11. The proof of the second statement is evidently basically the same. �

We consider the following diagram

Hm−k
c (M)× Hk

c(M)
Y // Hm

c (M)

Hm−k(M,M \K)× Hk(M,M \L)
Y //

ϕK×ϕL
(PDM (α),PDM (β))

7→

(α, β)

OO

Hm(M, (M \K) ∪ (M \L)︸ ︷︷ ︸
=M

).

ϕM

OO

The diagram commutes by the de�nition of the cup product on cohomology with compact
support, see page 2539. It follows from the observation that the lower right group is zero
that the cup product of PDM([σ]) and PDM([τ ]) is zero. �
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Lemma 127.12. Let X be a compact oriented, n-dimensional topological manifold. Fur-
thermore let ϕi : ∆n → X \ ∂X, i = 1, . . . , r, be orientation-preserving embeddings such
that the images are disjoint. We write W = X \ (ϕ1(

◦
∆
n
) ∪ · · · ∪ ϕr(

◦
∆
n
)). Given any rep-

resentative µ ∈ Cn−1(∂X) of the fundamental class of ∂X there exists a singular n-chain
σ ∈ Cn(W ) such that

∂(σ + ϕ1 + · · ·+ ϕr) = µ and with [σ + ϕ1 + · · ·+ ϕr] = [X].

Example. In the proof below of Theorem 127.9 we will apply Lemma 127.12 to the case
that X = ∆n itself is the standard n-simplex. This particular situation is illustrated in the
�gure below.



127. INTERSECTIONS OF CYCLES AND THE CUP PRODUCT 2789

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

����
����
����
����
����
����

����
����
����
����
����
����

���
���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���
���

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
��������
����
����
����
����

����
����
����
����
����

��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

�
�
�
�

�
�
�
�

�
�
�

�
�
�

��
��
��
��

��
��
��
��

��
��
��

��
��
��

�
�
�
�

��
��
��
��

��
��
��
��

�
�
�
�

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

�
�
�
�

��
��
��

��
��
��

X = ∆n

σµ

ϕi

Proof. By Proposition 75.3 we know that W is a compact n-dimensional topological
manifold with ∂W = ϕ1(∂∆n) ∪ · · · ∪ ϕr(∂∆n) ∪ ∂X. Since the ϕi are orientation-
preserving we obtain from the Fundamental Class-of-Boundary Proposition 106.27 that
−∂ϕ1 − · · · − ∂ϕr + µ ∈ Cn−1(∂W ) represents the fundamental class of ∂W . Again by the
Fundamental Class-of-Boundary Proposition 106.27 we know that there exists a singular
n-chain σ ∈ Cn(W ) with ∂σ = −∂ϕ1 − · · · − ∂ϕr + µ. It follows from the Fundamental
Class-Criterion Proposition 100.4 that σ + ϕ1 + · · · + ϕr represents the fundamental class
of X. �

The formulation of the following, rather technical lemma, might initially be somewhat
intimidating. We hope that the �gure below helps somewhat with keeping track of the
various objects. Also note that the lemma can be viewed as a cousin of �rst degree to the
Codimension-Zero Submanifold-PD Lemma 120.5.
Lemma 127.13. Let M be an oriented m-dimensional topological manifold and let Z be
a compact codimension-zero submanifold ofM . Furthermore let C and D be two compact
codimension-zero submanifolds of ∂Z with C ∪D = ∂Z and with ∂C = ∂D = C ∩D.1549

Let U Ă M be an open subset with U ∩ ∂Z Ă C and let K Ă U be a compact subset. We
consider the three inclusion maps p : (U,∅)→ (U,U \

◦
Z), g : (Z ∩U,C ∩U)→ (Z,C) and

z : (Z ∩ U,C ∩ U)→ (U,U \
◦
Z). We note that the induced map

z∗ : Hk(Z ∩ U,C ∩ U) → Hk(U,U \
◦
Z)

is an isomorphism by the Excision Theorem 75.10 for topological manifolds. With this
preparation we can now formulate the conclusion of the lemma. Namely, the following
diagram commutes:

Hk(M) Hm−k(M,M \K)
XMoo

tt

��

Hk(U)

44

p∗
��

Hm−k(U,U \K)
XUoo

Hk(U,U \
◦
Z)

(z∗)−1

// Hk(Z∩U,C∩U)
g∗

// Hk(Z,C) Hm−k(Z,D).
X[Z]

oo

Here all the unmarked maps are induced by the obvious inclusion maps of (pairs) of topo-
logical spaces. Also note that the bottom cap product X[Z] : Hm−k(Z,D) → Hk(Z,C) is
de�ned since our hypothesis on C andD together with the Excisive Triad-Proposition 109.12
(5) imply that (Z,C,D) is an excisive triad.

1549In fact in the proof we only need that we have a decomposition ∂Z = C ∪D such that (Z,C,D) is an
excisive triad.
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K

Proof. We make the following preparations:
(a) We pick a representative νM ∈ Hm(M,M \ K) for the lift of the orientation of M

and similarly we pick νU ∈ Hm(U,U \K).

(b) We consider the two obvious inclusion maps f : (Z, ∂Z) → (Z,

=(Z\K)∪C︷ ︸︸ ︷
Z \ (

◦
Z ∩K)) and

g : (Z ∩ U, (Z ∩ U) \ (
◦
Z ∩ K)) → (Z,Z \ (

◦
Z ∩ K)). It follows from the Excision

Theorem 74.18 that the map g∗ : Hm(Z ∩U, (Z ∩U)\ (
◦
Z ∩K))→ Hm(Z,Z \ (

◦
Z ∩K))

is an isomorphism. We write νZ := g−1
∗ (f∗([Z])).

Next we consider the following expanded version of the diagram shown in the lemma:

Hk(M) Hm−k(M,M \K)
XνMoo

tt

��

Hk(U)

44

��

Hm−k(U,U \K)
XνUoo

��

Hk(U,U \
◦
Z)

(z∗)−1

// Hk(Z∩U,C∩U)

**

Hm−k(Z∩U, (Z∩U)\K).
XνZoo

Hk(Z,C)

=

��

Hm−k(Z,Z\K)
Xf∗([Z])

oo

��

jj

Hk(Z,C) Hm−k(Z,D).
X[Z]

oo

It su�ces to show that all the �ve regions of the diagram commute:
(1) The parallelogram on the top of the diagram commutes by the Cap Product-Naturality

Lemma 116.8 applied to the map h : (U,U \K,∅) → (M,M \K,∅), together with
the observation that the Codimension Zero-Fundamental Class Lemma 106.24 implies
that h∗(νU) = νM .

(2) The 4-gon on the right commutes since all maps are induced by inclusions.
(3) For the lower parallelogram we obtain commutativity from applying the Cap Product-

Naturality Lemma 116.8 to the inclusion map1550 g : (Z ∩ U,Z ∩ U \ K,C ∩ U) →
(Z,Z \K,C).

(4) To show commutativity of the lower rectangle we apply the Cap Product-Naturality
Lemma 116.8 to the inclusion map f : (Z,D,C)→ (Z,Z \K,C).

1550Here we use the symbol for this map of triples of topological spaces. We feel that recycling the name
g is justi�ed since this map of triples �contains� our original map g : (Z ∩ U,C ∩ U) → (Z,C) of pairs of
topological spaces.
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Finally we turn to the upper rectangle. We need to show that the following rectangle
commutes:

Hk(U)

p∗
��

Hm−k(U,U \K)
XνUoo

z∗

��

Hk(U,U \
◦
Z) Hk(Z∩U,C∩U)

z∗oo Hm−k(Z∩U, (Z∩U)\K).
XνZoo

Now let β ∈ Hm−k(U,U \K). We have the following equalities in Hk(U,U \
◦
Z):

it follows from Lemma 106.31 that
we have p∗(νU ) = z∗(νZ) in Hm(U,U \K ∪ U \

◦
Z)

↓
p∗(β X νU) = β X p∗(νU) = β X z∗(νZ) = z∗(z

∗(β) X νZ).
↑ ↑

Cap Product-Naturality Lemma 116.8 applied to the map Cap Product-Naturality Lemma 116.8 applied to the map
p : (U,U \K,∅)→ (U,U \K,U \

◦
Z) z : (Z ∩ U,Z ∩ U \K,C ∩ U)→ (U,U \K,U \

◦
Z)

We have thus shown that the diagram commutes. �

After all these preparations we can �nally attack Theorem 127.9.

Proof of Theorem 127.9. Let M be an oriented m-dimensional topological manifold
with ∂M = ∅. Also let σ = a1 · σ1 + · · ·+ ar · σr ∈ Ck(M) and τ = b1 · τ1 + · · ·+ bs · τs ∈
Cm−k(M) be two singular cycles that intersect nicely.
Claim 1. We can assume that we are in the following setting: There exists an n ∈ N0, there
exist distinct points P1, . . . , Pn ∈ M and there exist disjoint m-dimensional submanifolds
Z1, . . . , Zn of M such that the following hold:
(1) For i 6= j we have |σi| ∩ |τj| = ∅.
(2) For each i ∈ {1, . . . , n} we have |σi| ∩ |τi| = {Pi}.
(3) For i = n+ 1, . . . ,min{r, s} we have |σi| ∩ |τi| = ∅.
(4) For i ∈ {1, . . . , n} the following hold:1551

(a) Pi is contained in Zi \ ∂Zi.
(b) Zi is homeomorphic to B

m
.

(c) The map σi : ∆k → M is actually a proper embedding σi : ∆k → Zi such
that Xi := σi(∆

k) is a well-behaved submanifold of Zi. By the de�nition, see
page 2777 this means that the submanifold ∂Xi = σi(∂∆k) of ∂Zi admits a
regular neighborhood Ai.

(d) Similarly to (c) the map τi : ∆m−k → M is a proper embedding τi : ∆m−k → Zi
such that Yi := τi(∆

m−k) is a well-behaved submanifold of Zi. This means that
the submanifold ∂Yi = τi(∂∆k) of ∂Zi admits a regular neighborhood Bi.

(e) We have Ai ∩Bi = ∅.
(f) For j 6= i we have |σj| ∩ Zi = ∅ and |τj| ∩ Zi = ∅.

Proof. The proof of the claim is built out of the following ingredients:
(i) The fact, established in Exercise 18.13, that given any map f : ∆l → M and given

any P ∈M \ f(∆l) there exists an open neighborhood U of P with f(∆l) ∩ U = ∅.
(ii) The �given any neighborhood U � feature of the de�nition of a nice intersection point.

1551These statements imply in particular that Pi is a nice intersection point of σi and τi.
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(iii) By the Standard Simplex Homeomorphism Lemma 72.1 we know that any ∆l is
homeomorphic to B

l
.

(iv) We use that it follows from (iii) and the de�nition of a nice intersection point that any
f(X̃) is homeomorphic to ∆k and that any g(Ỹ ) is homeomorphic to ∆m−k. (Here
we use the notation from the de�nition of a nice intersection point, i.e. X̃ and Ỹ are
de�ned on page 2778.) We combine this piece of information with Lemma 127.12.

We leave it to the reader to work out the elementary albeit slightly messy details. �
Next we introduce the following notation:
(5) We write Z = Z1 ∪ · · · ∪ Zn.
(6) We write σ̃ = an+1 · σn+1 + · · ·+ ar · σr and we denote by |σ̃| the union of the images

of σn+1, . . . , σr. Similarly we de�ne τ̃ and |τ̃ |.
We refer to the �gure below on the left for an illustration.
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σ̃ L
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Z1

Claim 2. There exist compact subsets K and L of M with the following properties:
(a) There exists a cohomology class ϕ ∈ Hm−k(M,M \K) such that the image of ϕ in

Hm−k
c (M) equals PDM([σ]).

(b) There exists a cohomology class ψ ∈ Hk(M,M \ L) such that the image of ψ in
Hk

c(M) equals PDM([τ ]).
(c) We have K ∩ L ∩ (M \ Z) = ∅.
(d) For each i ∈ {1, . . . , n} we have K ∩ ∂Zi Ă Ai and L ∩ ∂Zi Ă Bi.

We refer to the �gure above on the right for an illustration.

Proof. By Proposition 75.3 we know thatW := M \
◦
Z is anm-dimensional topological man-

ifold. It follows from Proposition 127.10 (2) that there exist disjoint open neighborhoods
Ũ Ă W of |σ̃| and Ṽ Ă W of |τ̃ | such that for each i ∈ {1, . . . , n} we have Ũ ∩ ∂Zi =

◦
Ai

and Ṽ ∩ ∂Zi =
◦
Bi. Next we write U = Ũ ∪

n⋃
i=1

◦
Zi and V = Ṽ ∪

n⋃
i=1

◦
Zi. Note that it follows

from the elementary Lemma 1.8 (2) that U and V are open subsets of M . We refer to the
�gure below for an illustration.
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We denote by i : U → M the inclusion map. Evidently we have σ ∈ Ck(U). Since U is an
open subset ofM we can thus consider PDU([σ]) ∈ Hm−k

c (U). By Lemma 112.2 there exists
a compact subset K of U and a cohomology class ϕ̃ ∈ Hm−k(U,U \K) such that PDU([σ])
equals the image of ϕ̃ under the natural map Hm−k(U,U \ K) → Hm−k

c (U). By excision,
see page 2418, the map i∗ : Hm−k(M,M \ K) → Hm−k(U,U \ K) is an isomorphism. We
set ϕ := (i∗)−1(ϕ̃). By Lemma 127.11 we know that the image of ϕ in Hm−k

c (M) equals
PDM([σ]).

By precisely the same argument we can also �nd a compact subset L of V and some
cohomology class ψ ∈ Hk(M,M \ L) such that the image of ψ in Hk

c(M) equals PDM([τ ]).
Finally note that by construction K and L, and also ϕ and ψ satisfy all the desired

conditions set out in (a), (b), (c) and (d). �
We continue with some more observations and notation.

(7) For i = 1, . . . , n we write Ki = K ∩ Zi and Li = L ∩ Zi. Note that by construction
we have Ki ∩ Li Ă

◦
Zi = Zi \ ∂Zi.

(8) Given any compact subset T ofM we denote by o : (M,∅)→ (M,M \T ) the obvious
map. Also we denote by o∗ : H∗(M,M \ T )→ H∗c(M) the obvious map.

(9) We denote by z : Z →M the inclusion map and we denote by z also all the inclusion
maps of pairs of topological spaces where the total spaces are Z and M .

(10) Given i ∈ {1, . . . , n} we denote by zi : Zi → Z the inclusion map. We adopt the same
convention as in (9) for pairs of topological spaces.

(11) We view Z as an m-dimensional submanifold of M and we equip Z with the ori-
entation coming from the Topological Manifold-Induced Orientation Lemma 105.17.
Given any subset W Ă Z with ∂Z Ă W we denote by [Z] also the image of the
fundamental class of Z under the map Hm(Z, ∂Z)→ Hm(Z,W ). We adopt the same
convention for the [Zi].

(12) Recall that for each i ∈ {1, . . . , n} we have K ∩ ∂Zi Ă Ai and L ∩ ∂Zi Ă Bi.
This implies that we obtain the maps of pairs (Zi, ∂Zi \ Ai) → (Zi, Zi \ Ki) and
(Zi, ∂Zi \Bi)→ (Zi, Zi \Li). We refer to each of these maps as the canonical map c.

(13) For each i ∈ {1, . . . , n} we have maps of pairs d : (Zi, ∂Zi \ Ai) → (Zi, ∂Zi \ ∂Xi)
and d : (Zi, ∂Zi \ Bi) → (Zi, ∂Zi \ ∂Yi). Since Ai is a regular neighborhood of ∂Xi

and since Bi is a regular neighborhood of ∂Yi we obtain from the Homotopic Maps-
H∗-Lemma 108.13 (4) that these maps induce isomorphisms of relative cohomology
groups.

(14) By the Homology-Section Theorem 106.10 there exists a unique lift µ ∈ Hm(M,M \
(K ∩ L)) of the orientation classes of M .
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With the above de�nitions and observations it now makes sense to consider the following
diagram:

Hm−k
c (M)× Hk

c(M)
Y // Hm

c (M)
XM // H0(M)

id
��

εM // Z
id
��

Hm−k(M,M \K)× Hk(M,M \L)

o∗×o∗
OO

Y //

z∗×z∗
��

Hm(M,M \(K∩L))

z∗

��

o∗

OO

Xµ
// H0(M)

εM // Z

Hm−k(Z,Z\K)× Hk(Z,Z\L)
Y //

n⊕
i=1

z∗i ×z∗i
��

Hm(Z,Z\K∩L)
X[Z]

//

n⊕
i=1

z∗i
��

H0(Z)
εZ //

z∗

OO

Z
id

OO

n⊕
i=1
Hm−k(Zi, Zi\Ki)×Hk(Zi, Zi\Li)

⊕Y
//

n⊕
i=1

c∗×c∗
��

n⊕
i=1
Hm(Zi, Zi\Ki∩Li)

⊕X[Zi]
//

n⊕
i=1

c∗

��

n⊕
i=1
H0(Zi) ∑

εZi

//

n∑
i=1

zi∗

OO

Z
id

OO

n⊕
i=1
Hm−k(Zi, ∂Zi\

◦
Ai)×Hk(Zi, ∂Zi\

◦
Bi)

⊕Y
//
n⊕
i=1
Hm(Zi, ∂Zi)

⊕X[Zi]
//
n⊕
i=1
H0(Zi)

id

OO

∑
εZi

// Z

id

OO

n⊕
i=1
Hm−k(Zi, ∂Zi\∂Xi)×Hk(Zi, ∂Zi\∂Yi)

n⊕
i=1

d∗×d∗∼=

OO

⊕Y
//
n⊕
i=1
Hm(Zi, ∂Zi)

id

OO

⊕X[Zi]
//
n⊕
i=1
H0(Zi)

id

OO

∑
εZi

// Z.

id

OO

Claim 3. The above diagram commutes.

Proof. In the following we deal with all of the �fteen squares of the diagram.

(a) The square on the top left commutes by de�nition of the cup product on cohomology
with compact support, see page 2539.

(b) The left squares in the second row and also in the fourth row commute by the Cup
Product-Naturality Proposition 115.4 (1).

(c) The left square in the third row commutes by the Cup-Cap Disjoint Union Lemma 116.9
(1) together with the aforementioned the Cup Product-Naturality Proposition 115.4
(1).

(d) The middle square in the �rst row commutes by de�nition of the map XM .
(e) It follows from Corollary 106.12 that z∗([Z]) = µ ∈ Hm(M,M \ (K ∩ L)). Therefore

we obtain from the Cap Product-Naturality Lemma 116.8 (1) that the middle square
in the second row commutes.

(f) It follows from the remark on page 2351 that
n∑
i=1
zi∗([Zi]) = [Z]. Now we obtain

from the Cap Product-Naturality Lemma 116.8 (1) and the Cup-Cap Disjoint Union
Lemma 116.9 (2) that the middle square in the third row commutes.

(g) The squares that involve the augmentation maps commute by the discussion on
page 1594.

(h) It follows from the Cap Product-Naturality Lemma 116.8 (1) and our conventions
regarding the meaning of [Zi] that the middle square in the fourth row commutes.

(i) It follows from the Cup Product-Naturality Proposition 115.4 that the bottom left
square commutes.
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(j) The remaining squares, that we did not discuss, commute for the trivial reason that
the opposite maps in the square are actually on the nose the same map. �

We introduce one last piece of notation:

(15) For each i ∈ {1, . . . , n} we denote by PDZi : Hk(Zi, ∂Xi)→ Hm−k(Zi, ∂Zi \ ∂Xi) the
isomorphism from Proposition 127.2.

Claim 4. Let i ∈ {1, . . . , n}.
(i) For the above ϕ ∈ Hm−k(M,M \K) we have (c∗ ◦ z∗i ◦ z∗)(ϕ) = ai · d∗(PDZi([Xi])).
(ii) For the above ψ ∈ Hk(M,M \ L) we have (c∗ ◦ z∗i ◦ z∗)(ψ) = bi · d∗(PDZi([Yi])).
(iii) We have

εZi
((

(d∗(PDZi([Xi])) Y d∗(PDZi([Yi]))
)

X [Zi]
)

= index(σi, τi, Pi).

Proof.

(i) We introduce the following notation:

(α) We set U := (M \ Z) ∪
n⋃
i=1

◦
Zi ∪

n⋃
i=1

◦
Ai = M \

n⋃
i=1

(∂Zi \
◦
Ai). It is elementary to see

that U is in fact an open subset of M .
(β) We write C := Ai and D := ∂Zi \

◦
Ai. Note that it follows from Proposition 75.3

that C and D are compact codimension-zero submanifolds of ∂Zi with C ∪D =
∂Zi and with C ∩D = ∂C = ∂D.

(γ) We denote by p : (U,∅) → (U,U \
◦
Zi), z̃ : (Zi ∩ U,C ∩ U) → (U,U \

◦
Zi) and

g : (Zi ∩ U,C ∩ U)→ (Zi, C) the obvious inclusion maps.
We perform the following calculation in Hk(Zi, Ai):

since σ = a1 · σ1 + · · ·+ ar · σr, since p∗(σj) = 0 for j 6= i and since [σi] = [Xi]
↓

(c∗ ◦ z∗i ◦ z∗)(ϕ)︸ ︷︷ ︸
∈ Hm−k(Zi, ∂Zi \

◦
Ai)

X [Zi] = g∗(z̃
−1
∗ (p∗([σ]))) = g∗(z̃

−1
∗ (p∗(ai · [Xi]))) = ai ·[Xi].x x

this follows from Lemma 127.13, applied to the above choices by the Codimension Zero-
of C and D, and the observation that ϕXM = [σ] with |σ| Ă U , Fundamental Class Lemma 106.24
note that here we use that we have U ∩ ∂Zi Ă C and K Ă U

Now recall that in the proof of Proposition 127.2 we saw that the isomorphism PDZi

is given as follows:

Hm−k(Zi, ∂Zi \ ∂Xi)
d∗

∼=
// Hm−k(Zi, ∂Zi \

◦
Ai)

X[Zi]

∼=
// Hk(Zi, Ai) Hk(Zi, ∂Xi).

=:PDZi

ll

j∗

∼=
oo

Since the inclusion induced map j∗ : Hk(Zi, ∂Xi)→ Hk(Zi, Ai) is an isomorphism we
now see that (c∗ ◦ z∗i ◦ z∗)(ϕ) = ai · d∗(PDZi([Xi])).

(ii) The proof of this statement is evidently the same as the proof of (2).
(iii) This statement follows immediately from the de�nitions together with the fact, ob-

tained in Claim 3, that the bottom squares in the above diagram commute. �
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After all these preparations we can prove the desired equality:

by construction of ϕ and ψ in Claim 1 and the �rst row of the commutative diagram from Claim 2
↓

εM
(
(PDM([σ]) Y PDM([τ ])) X M

)
= εM((ϕ Y ψ) X µ)

=
n∑
i=1

εZi
((

(c∗ ◦ z∗i ◦ z∗)(ϕ) Y (c∗ ◦ z∗i ◦ z∗)(ψ)
)

X [Zi]
)

↑
by the second, third and fourth row of the commutative diagram from Claim 2

=
n∑
i=1

ai · bi · index(σi, τi, Pi) = σ · τ.
↑ ↑

by Claim 3 by the setting from page 2791

This concludes the proof of the theorem. �

We conclude this section with the following variation on Theorem 127.9.
Theorem 127.14. Let M be a compact orientable connected m-dimensional topological
manifold. Furthermore let A and B be compact (m − 1)-dimensional submanifolds of
∂M with ∂A = ∂B = A ∩ B and with ∂M = A ∪ B. Finally let σ ∈ Ck(M,A) and
τ ∈ Cm−k(M,B) be two cycles. If σ and τ intersect nicely, then

σ · τ =
〈 ∈Hm−k(M,B)︷ ︸︸ ︷

PDM([σ]) Y

∈Hk(M,A)︷ ︸︸ ︷
PDM([τ ])︸ ︷︷ ︸

∈Hm(M,∂M)

)
, [M ]

〉
.

����
����
����

����
����
����

��
��
��
��
��

��
��
��
��
��

B

σ

A

M

τ

Sketch of proof. The proof of the theorem follows along the lines of the proof of The-
orem 127.9. The key di�erence is that we need to use Poincaré Duality for non-compact
topological manifolds with boundary. More precisely, let U be an oriented m-dimensional
topological manifold with boundary. By Theorem 106.30, given any compact set K of U
the orientation de�nes a natural homology class µK in Hm(U, (U \K)∪∂U). The same con-
struction as in Lemma 119.17, this time using Lemma 106.31 instead of Corollary 106.12,
shows that capping with these homology classes de�nes a well-de�ned map

PDU : Hk
c(U) → Hm−k(U, ∂U).

A moderately heroic e�ort shows that the proof of the Poincaré Duality Theorem 119.1,
as provided in Section 119.4 can be modi�ed to show that the above map PDU is an
isomorphism. Once this is out of the way it is fairly straightforward to modify the proof of
Theorem 127.9 to obtain a proof of Theorem 127.14. �

127.5. The algebraic F2-intersection number (∗). In this section we quickly discuss
the �F2-analogue� of the results of the previous sections.
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De�nition. Let M be an m-dimensional topological manifold, let X be a k-dimensional
topological manifold and let Y be an (m − k)-dimensional topological manifold. Fur-
thermore let f : X → M and g : Y → M be maps. If f and g intersect nicely, then we
de�ne

the algebraic F2-intersection number of f and g := f ·F2 g := #(|f | ∩ |g|) mod 2.

If X and Y are in fact submanifolds and f and g are the inclusion map, then we write
X ·F2 Y := f ·F2 g.
We recall the following notation.

Notation.
(1) In the F2-Fundamental Class Corollary 106.5 we saw that any compact n-dimensional

topological manifoldW comes with its F2-fundamental class [W ]F2 ∈ Hn(W,∂W ;F2).
If W is in fact a proper submanifold of some other topological manifold M , then
frequently we denote by [W ]F2 ∈ Hn(M,∂M ;F2) the image of [W ]F2 under the
inclusion induced map Hn(W,∂W ;F2)→ Hn(M,∂M ;F2).

(2) In this section, given a compact topological manifold we denote by PDM the Poincaré
Duality isomorphisms with F2-coe�cients provided by the Poincaré Duality Theo-
rem 119.1.

Now we can formulate the following theorem, which is a variation on Theorem 127.7.

Theorem 127.15. Let M be a compact connected m-dimensional topological manifold.
Furthermore let A and B be compact (m− 1)-dimensional submanifolds of ∂M such that
∂A = ∂B = A∩B and with ∂M = A∪B. Let X be a compact k-dimensional topological
manifold and let Y be a compact (m − k)-dimensional topological manifold. Finally let
f : X → M and g : Y → M be two proper maps with f(∂X) Ă A and g(∂Y ) Ă B. If f
and g intersect nicely, then

f ·F2 g =
〈 ∈Hm(M,∂M ;F2)︷ ︸︸ ︷
PDM( f∗([X]F2)︸ ︷︷ ︸

∈Hk(M,A;F2)

)

︸ ︷︷ ︸
∈Hm−k(M,B;F2)

YPDM(g∗([Y ]F2)︸ ︷︷ ︸
∈Hm−k(M,B;F2)

)

︸ ︷︷ ︸
∈Hk(M,A;F2)

,

∈Hm(M,∂M ;F2)︷ ︸︸ ︷
[M ]F2

〉
∈ F2.

In particular, if X and Y are already submanifolds of M , then

X ·F2 Y = 〈PDM([X]F2) Y PDM([Y ]F2), [M ]F2〉.

Proof. By the F2-Orientability Proposition 105.13 every topological manifold is F2-orientable.
With this observation the proof of the theorem is a variation, and basically a simpli�cation,
of the proof of the Intersection Number-via-Cup Product Theorem 126.5. We leave it to
the skeptical reader to �ll in the details. �

Example. Similar to the discussion on page 2754 we can use Theorem 127.15 to show
that some homology classes are in fact non-zero. For example in the �gure below we show
the Klein bottle K together with two closed 1-dimensional submanifolds. These intersect
in precisely one point, so their algebraic F2-intersection number is necessarily non-zero.
Theorem 127.15 implies that [X]F2 and [Y ]F2 are non-zero in H1(K;F2).
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submanifold X

submanifold Y

Klein bottle K

Remark. A discussion of intersection numbers in topological manifolds is also given in
[Dol1980, Chapter VIII.13].

Exercises for Chapter 127.

Exercise 127.1. Is every topological space that is Hausdor� also normal?

Exercise 127.2. We consider the manifold M = Z = [0, 1]2 and the two embeddings
f, g : [0, 1] → Z that are shown in the �gure below. Note that P = (0, 0) is the unique
intersection point of |f | and |g|. Show that index(f, g, P ) = 0.

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

��

��
����

�
�
�
�

|f |
B

index(f, g, P ) = 0|g|

Exercise 127.3. Can one use the Generalized Alexander Duality Theorem 124.2 to answer
Question 127.1? Or some other of the earlier theorems? If yes, how would you do it? You
could also try to restrict yourselves to the case that the map α is injective.

Exercise 127.4. LetM be a compact oriented connected n-dimensional topological mani-
fold and let N Ă M be a compact oriented proper submanifold of codimension one. Finally
let γ : S1 →M be a map that intersects N nicely. Show that

〈PDM([N ]), γ∗([S
1])〉 = γ ·N.

Exercise 127.5. In the �gure on page 2779 we saw that −1, 0, 1 can be indices of nice
intersection points of oriented submanifolds. Can any other numbers occur as indices of
nice intersection points?

Exercise 127.6. Let n ∈ N. By the discussion on page 2423 we know that for any k ∈ N0

we have
Hk(RPn;F2) ∼=

{
F2, if k = 0, . . . , n,
0, otherwise.

Use Theorem 127.15 to show that the obvious map

F2[x]/(xn+1) → (H∗(RPn;F2),Y)

is a ring isomorphism.
Remark. In the Cup Product-RPn-Proposition 121.16 we used a rather di�erent approach
to calculating the cup product on H∗(RPn;F2).
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128. The Lefschetz-Hopf Theorem

First we recall the following de�nition from page 2116.
De�nition. Let M be a compact topological manifold and let f : M →M be a map. We
de�ne the Lefschetz number of f to be

Λ(f) :=
∑
n∈N0

(−1)n · tr(f∗ : Hn(M ;Z)→ Hn(M ;Z)).

The following is one of our main results on the Lefschetz number.

. Theorems 97.10 and 104.12 (Lefschetz Fixed Point Theorem). Let M be a
compact smooth or topological manifold and let f : M → M be a map. If the Lefschetz
number Λ(f) is non-zero, then f has a �xed point.
In this chapter we will prove the Lefschetz-Hopf Theorems 128.5 and 128.9. These allow
us to compute the Lefschetz number Λ(f) as the sum of �indices� of the �xed points of a
given map f : M → M . In particular, if there are no �xed points, then this sum is zero.
Thus the Lefschetz-Hopf Theorems are generalizations of the above version of the Lefschetz
Fixed Point Theorem.
Recall that in the Euler Characteristic-Vector Field Theorem 97.15 we used the Lefschetz
Fixed Point Theorem 97.10 to show show that if a closed smooth manifold has non-zero
Euler characteristic, then every vector �eld on M has at least one zero. In the following
chapter we will use the Lefschetz-Hopf Theorems 128.5 and 128.9 to prove the Poincaré-
Hopf Theorem 129.7 which is a signi�cant generalization of the Euler Characteristic-Vector
Field Theorem 97.15.

128.1. The Lefschetz number as an intersection number. We start out with recalling
and introducing some notation. We will make use of this notation throughout this chapter.
Notation. Let M be an n-dimensional topological respectively smooth manifold.
(1) It follows from Propositions 18.4 and 20.6 that we can view M × M as an 2n-

dimensional topological respectively smooth manifold (possibly with corner).
(2) We denote by p1, p2 : M ×M →M the projection onto the �rst respectively second

factor.
(3) We write ∆M := {(x, x) ∈M ×M |x ∈M}.
(4) Let f : M → M be a map. We denote by id×f : M → M ×M the map that is

given by x 7→ (x, f(x)). We write Gr(f) := (id×f)(M). Note that Gr(id) = ∆M .
(5) The map id×f : M → M is easily seen to be a (smooth) proper embedding. Thus

we can view Gr(f) as a proper n-dimensional submanifold of M ×M .
(6) Now assume that M is oriented.

(a) We equip M ×M with the product orientation that we de�ned on pages 695
and 2502.

(b) We equip Gr(f) with the unique orientation that turns id×f into an orientation-
preserving map.

(c) If M is furthermore closed, then we denote as usual by [Gr(f)] ∈ Hn(Gr(f);Z)
the fundamental class of Gr(f). By the usual slight abuse of notation we denote
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by [Gr(f)] ∈ Hn(M×M ;Z) the homology class represented by this submanifold.
Note that [Gr(f)] = (id×f)∗([M ]) ∈ Hn(M ×M ;Z).
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diagonal ∆M = Gr(idM)

graph Gr(f) of f

To formulate the main result of this section we will also need the following de�nition.

De�nition.
(1) Given a �nitely generated abelian group we write FH := H/Tor(H), where Tor(H)

denotes the torsion subgroup of H.
(2) Let W be a closed oriented 2n-dimensional topological manifold. We refer to the

map
QW : FHn(W ;Z)× FHn(W ;Z) → Z

(a, b) 7→ 〈PDW (a) Y PDW (b), [W ]〉
as the intersection form of W .

Remark. We will discuss the intersection form in great detail in Chapter 132.

Now we can formulate the following, potentially quite counterintuitive proposition.

Proposition 128.1. Let M be a closed oriented connected n-dimensional topological
manifold.
(1) We have QM×M([∆M ], [∆M ]) = χ(M).
(2) Given any map f : M →M we have QM×M([Gr(f)], [∆M ]) = Λ(f).

Remark. Sometimes in the literature, in line with the notation introduced on page 2781,
the statement of Proposition 128.1 (1) gets shortened to the potentially ambiguous state-
ment �M ·M = χ(M)�.

Examples.

(1) Suppose that in Proposition 128.1 we actually have a smooth manifold M and a
smooth map f : M → M . In this case we can view ∆M and Gr(f) as oriented n-
dimensional submanifolds of M ×M . If these two submanifold are transverse, then
it follows from the Intersection Number-via-Cup Product Theorem 126.5 that we can
calculate QM×M geometrically, more precisely, we have the following equality:

QM×M([Gr(f)], [∆M ]) =
algebraic intersection number Gr(f)·∆M of the oriented
submanifolds ∆M and Gr(f), as de�ned on page 2748.

For example, let us consider the map f : S1 → S1 that is illustrated in the �gure
below. We see that

Gr(f) ·∆M = −1 + 1− 1 = −1 = (−1)0 · 1 + (−1)1 · 2 = Λ(f).
↑ ↑

there are three intersection points since tr(f 	 H0(S1;Z)) = 1
with signs −1, +1 and −1 and tr(f 	 H1(S1;Z)) = 2

Fortunately this is consistent with Proposition 128.1 (2).
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graph Gr(f) of f

∆S1
S1 × S1

−

−+

(2) Let n ∈ N. We have

QSn×Sn([∆Sn ], [∆Sn ]) = ( 1 1 )

(
0 1

(−1)n
2

0

)(
1
1

)
= 1 + (−1)n

2
= χ(Sn).

↑
see Lemma 117.3

Again this is consistent with Proposition 128.1 (1).

The proof of Proposition 128.1 requires some preparations. In particular we will need the
following lemma.
Lemma 128.2. LetM be a closed oriented connected n-dimensional topological manifold,
let i ∈ {0, . . . , n} and let v1, . . . , vm be a basis of FHi(M ;Z). There exists a basis ṽ1, . . . , ṽm
of FHn−i(M ;Z) such that for any k, l ∈ {1, . . . ,m} we have 〈vk Y ṽl, [M ]〉 = δkl.

Proof of Lemma 128.2. The statement of the lemma is precisely the content of Exer-
cise 119.12. For the reader's convenience we nonetheless provide the proof. For j = 1, . . . ,m
we set σj := vj X [M ] ∈ FHn−i(M ;Z). By the Poincaré Duality Theorem 119.1 we know
that σ1, . . . , σm is a basis for FHn−i(M ;Z). Next note that it follows from the Univer-
sal Coe�cient Theorem 110.12 for Cohomology Groups together with the Ext-Calculation
Lemma 110.5 (5) and the Topological Manifolds-Invariants Proposition 104.14 (4) that the
map

FHn−i(M ;Z) → Hom(FHn−i(M ;Z),Z)
ϕ 7→ (σ 7→ 〈ϕ, σ〉)

is an isomorphism. We denote by ṽ1, . . . , ṽm the cohomology classes with 〈ṽk, σl〉 = δkl. By
the above ṽ1, . . . , ṽm are a basis for FHn−i(M ;Z). Now we see that for any k, l ∈ {1, . . . ,m}
we have

follows from the Cap Product-Kronecker Lemma 116.4 (1), under the usual identi�cation H0(M ;Z) = Z
↓ ↓

〈vk Y ṽl, [M ]〉 = (vk Y ṽl) X [M ] = ṽl X (vk X [M ]) = ṽl X σk = 〈ṽl, σk〉 = δkl.
↑

Cup-Cap Lemma 116.7

�

Lemma 128.2 allows us to formulate our next lemma, which will be a key ingredient in the
proof of Proposition 128.1.

Lemma 128.3. (Dual-of-Diagonal Lemma) Let M be a closed oriented connected n-
dimensional topological manifold. For i = 0, . . . , n we pick a basis vi1, . . . , v

i
mi

of FHi(M ;Z).
By Lemma 128.2 there exists a basis ṽn−i1 , . . . , ṽn−imi

of FHn−i(M ;Z) such that for any
k, l ∈ {1, . . . ,mi} we have 〈vik Y ṽn−il , [M ]〉 = δkl.
(1) We have the following equality in Hn(M ×M ;Z):

PDM×M([∆M ]) =
n∑
i=0

(−1)i·(n−i−1) ·
mi∑
r=1

p∗1(ṽn−ir ) Y p∗2(vir).
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(2) Given any map f : M →M we have the following equality in Hn(M ×M ;Z):

PDM×M([Gr(f)]) =
n∑
i=0

(−1)i·(n−i−1) ·
mi∑
k=1

mi∑
l=1

〈vikYf ∗(ṽn−il ), [M ]〉︸ ︷︷ ︸
∈Z

· p∗1(ṽn−ik )Yp∗2(vil).

Proof of the Dual-of-Diagonal Lemma 128.3. First we show that Statement (1) fol-
lows almost immediately from Statement (2). Indeed, we have

PDM×M([

=∆M︷ ︸︸ ︷
Gr(idM)]) =

n∑
i=0

(−1)i·(n−i−1) ·
mi∑
r=1

mi∑
s=1

〈vir Y ṽn−is , [M ]〉︸ ︷︷ ︸
=δrs

· p∗1(ṽn−ir ) Y p∗2(vis).
↑

Statement (2) applied to f = idM

Thus it remains to prove Statement (2) of the Dual-of-Diagonal Lemma 128.3. We start
out the proof of Statement (2) with the following claim.

Claim. For j ∈ {0, . . . , n} and r, s ∈ {1, . . . ,mj} there exist a unique aj,r,s ∈ Z such that

PDM×M([Gr(f)]) =
n∑
j=0

mj∑
r=1

mj∑
s=1

aj,r,s · p∗1(ṽn−jr ) Y p∗2(vjs) ∈ Hn(M ×M ;Z).

Proof. Recall that by the Topological Manifolds-Invariants Proposition 104.14 (4) we know
that the homology groups ofM are all �nitely generated. Thus it follows from the Künneth
Theorem 117.16 for Cohomology Groups that there exists a short exact sequence of the
following form:

0→
n⊕
j=0

Hn−j(M ;Z)⊗Hj(M ;Z) → Hn(M×M ;Z)→
n+1⊕
j=0

torsion group by the
Tor-Properties Lemma 89.15 (8)︷ ︸︸ ︷

Tor(Hn+1−j(M ;Z),Hj(M ;Z))→ 0.

ϕ⊗ ψ 7→ p∗1(ϕ) Y p∗2(ψ)

The Künneth Theorem 117.16 also says that the short exact sequence splits. Since the
group on the right is torsion it follows easily, using some of the elementary properties of
tensor product that we listed in the Tensor Lemma 89.3, that the map

n⊕
j=0

FHn−j(M ;Z)︸ ︷︷ ︸
=⊕
r
Z·ṽn−jr

⊗ FHj(M ;Z)︸ ︷︷ ︸
=⊕
s
Z·vjs

ϕ⊗ψ 7→p∗1(ϕ)Yp∗2(ψ)
−−−−−−−−−−−−→ FHn(M×M ;Z)

is an isomorphism. The claim follows immediately from this fact. �
First we remind the reader of a few facts on the cup, cap and cross product. To shorten

the discussion we leave it to the reader to �gure out what the various symbols stand for.

(a) Given ϕ ∈ Hi(M ;Z) and σ ∈ Hi(M ;Z) we have ϕ X σ = 〈ϕ, σ〉 ∈ H0(M ;Z) = Z.
(b) By the Cup-Cap Lemma 116.7 we have (ψ Y ϕ) X σ = ϕ X (ψ X σ).
(c) By the Cup Product-Commutativity Proposition 114.8 we have ϕYψ = (−1)deg(ϕ)·deg(ψ)·

ψ Y ϕ.
(d) Given g : X → Y we know by Lemma 109.6 (3) we have 〈g∗(ϕ), σ〉 = 〈ϕ, g∗(σ)〉.
(e) Given g : X → Y we know by the Cup Product-Naturality Lemma 114.10 that g∗(ϕ)Y

g∗(ψ) = g∗(ϕ Y ψ).
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(f) By the Topological Product Orientation Proposition 113.10 we have [M × M ] =
[M ] × [M ]. Furthermore, by the Fundamental Class-Product Proposition 117.2 we
have p∗1([M ]∗) Y p∗2([M ]∗) = [M ×M ]∗.

(g) By the Product Theorem 117.1 we have(
p∗1(α) Y p∗2(β)

)
X (µ× ν) = (−1)deg(α)·deg(β)+deg(β)·deg(µ) · (α X µ)× (β X ν).

(h) By Exercise 113.2 the cross product on H0 corresponds to multiplication under the
augmentation maps.

(i) Given any k ∈ Z we have (−1)k = (−1)k
2
.

Given i ∈ {0, . . . , n} and k, l ∈ {1, . . . ,mi} we calculate that

〈p∗1(vik) Y p∗2(ṽn−il ) Y PDM×M([Gr(f)]), [M×M ]〉
= (−1)n ·〈p∗1(vik) Y p∗2(ṽn−il ),PDM×M([Gr(f)])X[M×M ]〉 by (a), (b), (c) and (i)
= (−1)n ·〈p∗1(vik) Y p∗2(ṽn−il ), [Gr(f)]〉 by de�nition of PDM×M
= (−1)n ·〈p∗1(vik) Y p∗2(ṽn−il ), (id×f)∗([M ])〉 by de�nition of [Gr(f)]

= (−1)n ·〈(id×f)∗(p∗1(vik) Y p∗2(ṽn−il )), [M ]〉 by (d)
= (−1)n ·〈(p1◦(id×f))∗(vik) Y (p2◦(id×f))∗(ṽn−il ), [M ]〉 by (e)
= (−1)n ·〈vik Y f ∗(ṽn−il ), [M ]〉 since p1 ◦ (id×f) = id

and p2 ◦ (id×f) = f .

Next we perform an alternative calculation:

〈p∗1(vik) Y p∗2(ṽn−il ) Y PDM×M([Gr(f)]), [M ×M ]〉
=
〈

(p∗1(vik) Y p∗2(ṽn−il )) Y
n∑
j=0

mj∑
r=1

mj∑
s=1

aj,r,s ·p∗1(ṽn−jr ) Y p∗2(vjs), [M×M ]
〉

by the claim

= (−1)(n−i)(n−j) ·
n∑
j=0

mj∑
r=1

mj∑
s=1

aj,r,s ·〈p∗1(

∈Hi+n−j(M)︷ ︸︸ ︷
vikYṽn−jr︸ ︷︷ ︸

=0, for i+n−j>n

)Yp∗2(

∈Hn−i+j(M)︷ ︸︸ ︷
ṽn−il Yvjs︸ ︷︷ ︸

=0, for n−i+j>n︸ ︷︷ ︸
=0, for i 6=j

), [M×M ]〉 by (c) and (e)

= (−1)n−i ·
mi∑
r=1

mi∑
s=1

ai,r,s ·〈p∗1(vik Y ṽn−ir ) Y p∗2(ṽn−il Y vis), [M ]×[M ]〉 by (f) and (i)

= (−1)n−i ·
mi∑
r=1

mi∑
s=1

ai,r,s ·〈vik Y ṽn−ir , [M ]〉 · 〈ṽn−il Y vis, [M ]〉 by (a), (g) and (h)

= (−1)n−i ·
mi∑
r=1

mi∑
s=1

ai,r,s ·(−1)i·(n−i) ·〈vik Y ṽn−ir , [M ]〉︸ ︷︷ ︸
=δkr

· 〈vis Y ṽn−il , [M ]〉︸ ︷︷ ︸
=δls

by (c)

= (−1)n−i ·
mi∑
r=1

mi∑
s=1

ai,r,s · (−1)i·(n−i) · δkr · δls = (−1)n−i+i·(n−i) ·ai,k,l.

Comparing these two calculations of 〈p∗1(vik) Y p∗2(ṽn−il ) Y PDM×M([Gr(f)]), [M ×M ]〉 we
see that (−1)i·(n−i−1) · 〈vik Y f ∗(ṽn−il ), [M ]〉 = ai,k,l. But that is exactly what we needed to
show. �

Now we are �nally ready to provide the proof of Proposition 128.1 (1). Note, that as we
pointed out in Lemma 97.6, we have Λ(id) = χ(M). Thus we see that Proposition 128.1
(1) is just a special case of Proposition 128.1 (2). Nonetheless, to reduce the notational
mess we �rst prove Proposition 128.1 (1) separately.
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Proof of Proposition 128.1 (1). We start out with the following claim which gives us
a description of PDM×M([∆M ]) that di�ers slightly from the one provided by the Dual-of-
Diagonal Lemma 128.3 (1).

Claim.
PDM×M([∆M ]) =

n∑
j=0

(−1)j ·
mj∑
s=1

p∗1(vjs) Y p∗2(ṽn−js ).

Proof. Let j ∈ {0, . . . , n}. Recall that we have vn−jr Y ṽjs = δrs. From the Cup Product-
Commutativity Proposition 114.8 we obtain that ṽjs Y vn−jr = (−1)j·(n−j) · δrs. In other
words, we have ṽjs Y (−1)j·(n−j) · vn−jr = δrs. Now we see that

PDM×M([∆M ]) =
n∑
j=0

=(−1)j︷ ︸︸ ︷
(−1)j·(n−j−1) · (−1)j·(n−j) ·

mj∑
s=1

p∗1(vjs) Y p∗2(ṽn−js ).x
by the Dual-of-Diagonal Lemma 128.3 (1), applied to the bases {ṽjr}r=1,...,mj and the

corresponding dual bases {(−1)j·(n−j) · vjs}s=1,...,mj

�
Now we calculate that

PDM×M([∆M ]) Y PDM×M([∆M ]) =

=
( n∑
i=0

(−1)i·(n−i−1) ·
mi∑
r=1

p∗1(ṽn−ir ) Y p∗2(vir)
)

Y

( n∑
j=0

(−1)j ·
mj∑
s=1

p∗1(vjs) Y p∗2(ṽn−js )
)

↑
by the Dual-of-Diagonal Lemma 128.3 (1) and the claim

=
n∑
i=0

n∑
j=0

(−1)i·(n−i−1)+j ·
mi∑
r=1

mj∑
s=1

p∗1(ṽn−ir ) Y p∗2(vir) Y p∗1(vjs) Y p∗2(ṽn−js )

=
n∑
i=0

n∑
j=0

(−1)i·(n−i−1)+j ·
mi∑
r=1

mj∑
s=1

(−1)i·j+j·(n−i) · p∗1(

∈Hj+n−i(M)︷ ︸︸ ︷
vjs Y ṽn−ir︸ ︷︷ ︸

= 0 if j+n-i>n

) Y p∗2(

∈Hi+n−j(M)︷ ︸︸ ︷
vir Y ṽn−js︸ ︷︷ ︸

= 0 if i+n-j>n

)

︸ ︷︷ ︸
=0, for i 6=j

↑
by the Cup Product-Commutativity Proposition 114.8
and the Cup Product-Naturality Lemma 114.10

=
n∑
i=0

(−1)i·(n−i−1) ·
mi∑
r=1

mi∑
s=1

(−1)i·(n−i) · p∗1( vis Y ṽn−ir︸ ︷︷ ︸
=δsr·[M ]∗

) Y p∗2( vir Y ṽn−is︸ ︷︷ ︸
=δrs·[M ]∗

)
↑

since i+ i2 is even

=
n∑
i=0

(−1)i ·
mi∑
r=1

p∗1([M ]∗) Y p∗2([M ]∗)︸ ︷︷ ︸
= [M ×M ]* by the Fundamental
Class-Product Proposition 117.2

= χ(M) · [M ×M ]∗.

The desired statement now follows from the observation that by de�nition of [M ×M ]∗ we
have 〈[M ×M ]∗, [M ×M ]〉 = 1. �

Proof of Proposition 128.1 (2). The proof of Proposition 128.1 (2) is a generalization
of the proof of Proposition 128.1 (1). It turns out that this argument is even less readable.
In the following we quickly run through the argument and we only explain the steps that



128. THE LEFSCHETZ-HOPF THEOREM 2805

di�er from the proof of Proposition 128.1 (2). We calculate that

PDM×M([Gr(f)]) Y PDM×M([∆M ]) =

=
( n∑
i=0

(−1)i·(n9i91) ·
mi∑
r=1

mi∑
s=1
〈virYf ∗(ṽn9is ), [M ]〉·p∗1(ṽn9ir )Yp∗2(vis)

)
Y

( n∑
j=0

(−1)j ·
mj∑
t=1
p∗1(vjt )Yp∗2(ṽn9jt )

)
↑
by the Dual-of-Diagonal Lemma 128.3 (2) and the rewriting procedure as in the claim in the proof of Proposition 128.1 (1)

=
n∑
i=0

n∑
j=0

(−1)i·(n9i91)+j ·
mi∑
r=1

mi∑
s=1

mj∑
t=1
〈virYf ∗(ṽn9is ), [M ]〉·p∗1(ṽn9ir )Yp∗2(vis)Yp∗1(vjt )Yp∗2(ṽn9jt )

=
n∑
i=0

n∑
j=0

(−1)i·(n9i91)+j ·
mi∑
r=1

mi∑
s=1

mj∑
t=1

(−1)i·j+j·(n9i) ·〈virYf ∗(ṽn9is ), [M ]〉·p∗1(vjt Yṽn9ir )Yp∗2(visYṽ
n9j
t )︸ ︷︷ ︸

=0 unless i=j

=
n∑
i=0

(−1)i·(n9i91)+i ·
mi∑
r=1

mi∑
s=1

mi∑
t=1

(−1)i·i+i·(n9i) ·〈virYf ∗(ṽn9is ), [M ]〉·p∗1(vitYṽ
n9i
r︸ ︷︷ ︸

=δtr·[M ]∗

)Yp∗2(visYṽ
n9i
t︸ ︷︷ ︸

=δst·[M ]∗

)

=
n∑
i=0

(−1)i ·
mi∑
r=1
〈virYf ∗(ṽn9ir ), [M ]〉·[M×M ]∗ =

n∑
i=0

(−1)i ·
mi∑
r=1

〈
virY

mi∑
s=1
airs ·ṽn9is , [M ]

〉
·[M×M ]∗

↑
we de�ne airs in the obvious way such that this equality holds

=
n∑
i=0

(−1)i ·
mi∑
r=1

mi∑
s=1
airs ·〈virYṽn9is , [M ]〉︸ ︷︷ ︸

=δrs

·[M×M ]∗ =
n∑
i=0

(−1)i ·
mi∑
r=1

airr︸ ︷︷ ︸
=tr(f∗	Hi(M ;Z))

·[M×M ]∗ = Λ(f)·[M×M ]∗.
↑

by Exercise 110.12

As in the proof of Proposition 128.1 (1) we are now done. �

128.2. The Lefschetz-Hopf Theorem I. In Proposition 128.1 we saw that we can express
the Lefschetz number of a self-map of a manifold as an intersection number. Furthermore
in the Intersection Number-via-Cup Product Theorem 126.5 and in the more fancy The-
orem 127.9 we learned how to determine intersection numbers using signs and indices of
intersection points. The combination of the results, together with some fairly standard
arguments, allows to prove two versions of the Lefschetz-Hopf Theorem. In this section we
will use the more elementary the Intersection Number-via-Cup Product Theorem 126.5 to
prove the more basic version of the Lefschetz-Hopf Theorem.

De�nition.
(1) Let M be a smooth manifold and let f : M →M be a smooth map.

(a) Let x ∈ M be a �xed point of f . Note that the di�erential Dfx is an endomor-
phism Dfx : TxM → TxM . We say that the �xed point x is non-degenerate if
the endomorphism idTxM −Dfx of TxM is invertible. Otherwise we say that the
�xed point is degenerate.

(b) Given a non-degenerate �xed point x ∈M we de�ne

index(f, x) := sign(det(id−Dfx)) =
det(id−Dfx)
‖ det(id−Dfx)‖

.

(2) Let X be a topological space and let f : X → X be a map. We say a �xed point x
of f is isolated if there exists a neighborhood U of x which does not contain another
�xed point.



2806

Example. Let n ∈ Z. We consider the map f : S1 → S1 that is given by f(z) = zn. An
elementary calculation shows that for each �xed point x ∈ S1 the di�erential Dfx is given
by multiplication by n.

(1) If n = 1, then every point on S1 is a �xed point of f , and each �xed point is
degenerate.

(2) If n 6= 1, then the �xed points of f are xj = exp(2π ij/(n − 1)), j = 1, . . . , |n − 1|.
If n ≥ 1, then the index of every �xed point is sign(1− n) = −1, and if n ≤ 0, then
the index of every �xed point is sign(1− n) = +1.
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S1 × S1

graph of the map S1 → S1

z 7→ z3diagonal ∆S1

�xed points of f

Lemma 128.4.
(1) Let M be a smooth manifold and let f : M → M be a smooth map. Every non-

degenerate �xed point is also an isolated �xed point.
(2) Let X be a topological space and let f : X → X be a map. We assume that X is

compact and Hausdor�. In this setting every �xed point of f is isolated if and only
if f has only �nitely many �xed points.

Proof.

(1) Using charts we see that we only need to consider the case that M is an open subset
of some Rn and we can assume that the �xed point is x = 0. We consider the
map g : M → Rn that is given by x 7→ x − f(x). By our hypothesis we know that
Dg0 = idT0M −Df0 is invertible. It follows from the Inverse Function Theorem 19.12
that the map x 7→ g(x) = x − f(x) is a local di�eomorphism. In particular there
exists an open neighborhood U of 0 such that the map x 7→ g(x) = x − f(x) is
injective. But since g(0) = 0 this implies that U does not contain any other �xed
point of f .

(2) This statement is the content of Exercise 5.20. For the reader's peace of mind we
provide the proof. Thus let X be a topological space that is compact and Hausdor�.
Furthermore let f : X → X be map. We denote by F Ă X be the �xed point set
of f .

If F is �nite, then it follows easily from the hypothesis that X is Hausdor� that
F is a discrete subset of X. Conversely, suppose that F is a discrete subset of X.
Note that it follows from the Compact Image Lemma 2.13 and the Compact-Closed
Lemma 1.21 together with the Product Topology Properties Proposition 5.6 that ∆X

and Gr(f) are closed subsets of X × X. Thus ∆X ∩ Gr(f) itself is a closed subset
of X × X, in particular it is a closed subset of ∆X . We denote by p : ∆X → X
the projection onto the �rst factor. Evidently this map is a homeomorphism and
F = p(∆X ∩ Gr(f)). Thus we have shown that F is a closed subset of X and by



128. THE LEFSCHETZ-HOPF THEOREM 2807

hypothesis we know that F is discrete. Since X is compact we obtain from the
Compact-Discrete Lemma 1.22 (1) that F is indeed �nite. �

Now we can formulate the �rst version of the Lefschetz-Hopf Theorem.

Theorem 128.5. (Lefschetz-Hopf Theorem I) LetM be a compact orientable smooth
manifold and let f : M →M be a smooth map. If every �xed point of f is non-degenerate
and if there is no �xed point on ∂M , then1552∑

x a �xed
point of f

index(f, x) = Λ(f).

Remark. If a smooth map has no �xed points, then the left hand side of the Lefschetz-
Hopf Theorem 128.5 is evidently zero. Thus we see that the Lefschetz-Hopf Theorem 128.5
is a generalization of the Lefschetz Fixed Point Theorem 97.10, applied to the �eld F = Q.
Our �rst example hopefully puts any lingering worries about signs to rest.

Example. Let n ∈ Z \ {1}. As on page 2806 we consider the map f : S1 → S1 that is
given by f(z) = zn. We perform the following calculation:∑

x a �xed
point of f

index(f, x) =
|n−1|∑
j=1

index(f, e2π ij/(n−1)) =
|n−1|∑
j=1
− sign(n− 1) = −(n− 1).↑ ↑

both equalities follow from the discussion on page 2806

Fortunately this is consistent with the Lefschetz-Hopf Theorem 128.5 and the following
calculation:

Λ(f) = tr(f∗ : H0(S1;Z)→ H0(S1;Z))︸ ︷︷ ︸
=1, see page 1594

− tr(f∗ : H1(S1;Z)→ H1(S1;Z))︸ ︷︷ ︸
=n, by Lemma 76.10

= 1− n.

Just for fun let us consider a second example.

Example. Let n ∈ N. We consider M = Rn ∪ {∞}. We denote by 0 the origin of Rn.
In Exercise 23.13 we showed that M is an n-dimensional smooth manifold with the atlas
given by the obvious chart for Rn together with the chart

M \ {0} → Rn

x 7→
{

1
‖x‖2 · x, if x 6=∞,
0, if x =∞.

Furthermore
we showed that
the map

f : M → M

x 7→
{

3x, if x 6=∞,
∞, if x =∞

is smooth, that it has two �xed points, namely the origin 0 and ∞, and that Df0 = 3 · id
and Df∞ = 1

3
· id. Thus we see∑

x a �xed
point of f

index(f, x) = index(f, 0)+index(f,∞) = sign((1− 3)n︸ ︷︷ ︸
det(id−Df0)

)+sign((1− 1
3
)n︸ ︷︷ ︸

det(id−Df∞)

) = (−1)n+1.

Conveniently enough this is consistent with the Lefschetz-Hopf Theorem 128.5 and the
following calculation:

Λ(f) = Λ(id) = χ(Sn) = 1 + (−1)n.
↑

follows from Lemma 97.7, since f is easily seen to be homotopic to id

1552Note that by Lemma 128.4 we know that the left-hand side is a �nite sum.
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In Lemma 2.18 we gave an explicit di�eomorphism between Φ: Sn →M = Rn ∪ {∞} that
sends the South Pole to the origin and that sends the North Pole to ∞. For n = 1 and
n = 2 we illustrate the map Φ−1 ◦ f ◦ Φ: Sn → Sn in the �gure below.
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�direction� of f

Proof of the Lefschetz-Hopf Theorem 128.5. Let M be a compact orientable n-dim-
ensional smooth manifold and let f : M →M be a smooth map such that every �xed point
is non-degenerate. We pick an orientation. First we assume that M is closed.

We pick an orientation for M . We equip Gr(f) Ă M ×M and ∆M Ă M ×M with the
orientation which turns the projection onto the �rst factor into an orientation-preserving
di�eomorphism.

Claim. Let x be a �xed point of f .1553

(1) The point (x, x) is a transverse intersection point of the submanifolds Gr(f) and
∆M if and only if x is non-degenerate.

(2) If (x, x) is a transverse intersection point of Gr(f) and ∆M , then the sign of the
intersection point is given by index(f, x) = det(id−Dfx)

‖ det(id−Dfx)‖ .

Proof. Note that we have a natural identi�cation T(x,x)(M ×M) = TxM ×TxM . We pick
a positive basis v1, . . . , vn for TxM . By the de�nition of the product orientation onM×M ,
see page 695, we see that the basis (v1, 0), . . . , (vn, 0), (0, v1), . . . , (0, vn) is a positive basis
for T(x,x)(M ×M). Next note that with respect to this basis we have(

idn
Dfx

)
︸ ︷︷ ︸

positive basis
for T(x,x) Gr(f)

followed by
(

idn
idn

)
︸ ︷︷ ︸

positive basis
for T(x,x)∆M

which

gives us

the matrix

(
idn idn
Dfx idn

) which has

the same

determinant as

(
idn 0
idn idn−Dfx

)
.

The desired statements follow immediately from this observation and the de�nitions. �
Now we perform the following calculation:

Λ(f) = Gr(f) ·∆M =
∑

(x, x) an intersection point
of Gr(f) and ∆M

sign of (x, x) =
∑

x a �xed
point of f

index(f, x).x x x
Proposition 128.1 by the Intersection Number-via-Cup Product by Claim (2)

Theorem 126.5 and Claim (1)

We have thus proved the theorem in the special case that M is closed and orientable.
Now we allow that the smooth manifold M has non-empty boundary. As on page 1667

we consider the double DM := (M × {1}) t∂M×{1}=∂M×{2} (M × {2}). By the Doubling-
Manifold Lemma 75.12 we know that DM is a closed orientable smooth manifold. We also
1553We refer to pages 2748 and 2748 for the de�nition of a transverse intersection point and the sign of a
transverse intersection point.



128. THE LEFSCHETZ-HOPF THEOREM 2809

consider the �double of f �, i.e. we consider the map

ψ : DM → DM
[(P, ε)] 7→ [(f(P ), ε)].

Let x1, . . . , xk be the �xed points of f : M → M . Recall that we demand that no �xed
point of f lies on ∂M . It follows immediately that the �xed points of ψ are precisely
(x1, 1), . . . , (xk, 1), (x1, 2), . . . , (xk, 2). Now we see that

2 ·
k∑
i=1

index(f, xi) =
k∑
i=1

index(ψ, (xi, 1)) +
k∑
i=1

index(ψ, (xi, 2)) = Λ(ψ : DM → DM)
↑ ↑

it is elementary to see that by the above, since DM is a closed
index(f, xi) = index(ψ, (xi, 1)) = index(ψ, (xi, 2)) orientable smooth manifold

= 2 · Λ(f : M →M) + Λ(f : ∂M → ∂M) = 2 · Λ(f).
↑ ↑

follows from Exercise 97.15 since there are no �xed points on ∂M and since
∂M is a closed orientable smooth manifold
we know by the above that Λ(f : ∂M → ∂M) = 0

Dividing both sides by 2 gives us the desired equality. �

128.3. The Lefschetz-Hopf Theorem II. In this section we will formulate and prove
an advanced version of the Lefschetz-Hopf Theorem 128.5 which puts fewer restrictions on
the �xed points. The down-side is that in general we need to work with a more tricky
de�nition of the index of a �xed point.
We start out with the following not overly exciting lemma.
Lemma 128.6. LetM be an n-dimensional topological manifold and let f : M →M be a
map. Let z ∈M \ ∂M be an isolated �xed point of f : M →M . Given any neighborhood
U of (z, z) ∈ M ×M there exists a neighborhood V of z ∈ M and a neighborhood W of
z ∈M with the following properties:
(1) We have V ×W Ă U .
(2) z is the only �xed point of f contained in V .
(3) V and W are both submanifolds of M and both are homeomorphic to B

n
.

(4) We have V Ă
◦
W and f(V ) Ă

◦
W .
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U Ă M ×M

V

W

graph of f

V ×W

(z, z)

Proof. This lemma follows fairly easily from Exercise 18.6. We leave it to the reader to
�ll in the details. �

The lemma allows us to introduce the following de�nition.
De�nition. Let M be an n-dimensional topological manifold and let f : M → M be a
map. Furthermore let z ∈M \∂M be an isolated �xed point of f . We pick neighborhoods
V and W of z that satisfy Properties (2) and (4) of Lemma 128.6. Furthermore we pick
an embedding Φ: W → Rn with Φ(z) = 0. We de�ne the index index(f, z) of the �xed
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point z as the degree of the following homomorphism:
∼= Z by the Manifold-Local
Homology Lemma 75.1 (2)︷ ︸︸ ︷
Hn(Rn,Rn\{0})

∼=←−− Hn(Φ(V ),Φ(V )\{0}) id−(Φ◦f◦Φ−1)∗−−−−−−−−−→ Hn(Rn,Rn\{0}).
↑ ↑

this map is induced by the inclusion Φ(V ) Ă Rn, map de�ned since f(V ) Ă W and since x is
it is an isomorphism by the Excision Theorem 74.18, only �xed point of f contained in V
here we also use that we obtain from the
Topological Invariance of Domain Theorem 82.7
that Φ(V ) is a neighborhood of 0

We illustrate this de�nition in the �gure below.
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M

V

id−Φ ◦ f ◦ Φ−1

self-map f

z

Rn
Φ

Rn

Example. Let n ∈ N. We consider the map

f : R2 = C → C = R2

z 7→ z + zn.

The point z = 0 is evidently an isolated �xed point. Note that f ′(z) = 1+nzn−1. It follows
that for n ≥ 2 we have id−Df0 = id− id = 0. Thus we we see that for n ≥ 2 the �xed
point 0 is degenerate. Since 0 is an isolated �xed point we can nonetheless de�ne the index
using the approach above. We set V = B

2
and W = B

2

3 and Φ = id. Since

id−(Φ ◦ f ◦ Φ−1) = id−f = id−(id +(z 7→ zn)) = −(z 7→ zn)

we obtain easily from Lemma 76.10 that index(f, 0) = −n.

The following lemma says that the above index is well-de�ned.

Lemma 128.7. Let M be an n-dimensional topological manifold and let f : M → M be
a map. For an isolated �xed point z ∈ M \ ∂M of f the above de�nition of index(f, z)
does not depend on any choices.

Proof. Let V1,W1 and V2,W2 be neighborhoods of z that satisfy the properties stated in
Lemma 128.6 (2) and (4). We pick embeddings Φ1 : W1 → Rn and Φ2 : W2 → Rn as in the
de�nition of the index. We need to show that the choices lead to the same index.

First note that by the �given any neighborhood� feature of Lemma 128.6 we can assume
that V1×W1 Ă V2×W2. Next we set ε := +1 if Φ2◦Φ−1

1 is orientation-preserving, otherwise
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we set ε := −1. Next we consider the following diagram:

Hn(Rn,Rn\{0})

id

��

Hn(Φ1(V1),Φ1(V1)\{0})ι

∼=
oo

id−(Φ1◦f◦Φ−1
1 )∗

//

id−(Φ1◦f◦Φ−1
1 )∗

**

ε·(Φ2◦Φ−1
1 )∗

��

Hn(Rn,Rn\{0})

id

��

Hn(Φ1(f(V1)),Φ1(f(V1))\{0})
ι

55

ε·(Φ2◦Φ−1
1 )∗

��

Hn(Φ2(f(V1)),Φ2(f(V1))\{0})
ι

**

Hn(Rn,Rn\{0})
id
��

Hn(Φ2(V1),Φ2(V1)\{0})ι

∼=
oo

id−(Φ2◦f◦Φ−1
2 )∗

//

ι

��

id−(Φ2◦f◦Φ−1
2 )∗

44

Hn(Rn,Rn\{0})
id
��

Hn(Rn,Rn\{0}) Hn(Φ2(V2),Φ2(V2)\{0})ι

∼=
oo

id−(Φ2◦f◦Φ−1
2 )∗

// Hn(Rn,Rn\{0}).

We make the following clari�cations and observations:

(1) The maps indicated by ι are the natural inclusion induced maps.
(2) Since Φ1 : W1 → Rn is an embedding and since V1 Ă W1 we can consider the inverse

Φ−1
1 : Φ1(V1)→ V1. Furthermore, since V1 Ă V2 we can consider Φ2(V1) and we have

Φ2(V1) Ă Φ2(V2).
(3) It follows fairly immediately from the de�nition of ε that the diagram commutes.
(4) The left horizontal maps are isomorphisms by the Excision Theorem 74.18.

It follows from the above that the top and the bottom horizontal maps from left to right
agree. But this means that we obtain the same degree. �

The following lemma shows that the two notions of the index of a �xed point of a smooth
map, introduced on pages 2805 and 2810 are consistent.

Lemma 128.8. Let M be a smooth manifold, let f : M → M be a smooth map and let
z ∈ M \ ∂M be a non-degenerate �xed point of f . The �xed point z is isolated, and the
index of z, as de�ned on page 2805, agrees with the index of z as de�ned on page 2810.

Proof. LetM be a smooth manifold, let f : M →M be a smooth map and let z ∈M \∂M
be a non-degenerate �xed point of f . For the purpose of this proof we denote by indexsm(z)
the index of z as de�ned on page 2805 and we denote by indextop(z) the index of z as de�ned
on page 2810.

First note that we already showed in Lemma 128.4 that z is an isolated �xed point.
Thus it remains to show that indextop(z) = indexsm(z). From our smooth atlas for M
we pick a chart Φ: W → Rn around z with Φ(z) = 0. It follows fairly easily from the
hypothesis that z is a non-degenerate �xed point that there exists an open neighborhood
V around z such that V Ă W , such that Φ(V ) Ă W , and such that V contains no other
�xed point of f . We set Θ := DΦz : TzM → T0Rn = Rn.



2812

Now we consider the following diagram:

Hn(Rn,Rn\{0})

(id−Θ◦Dfz◦Θ−1)∗

..

· indextop(z)

--

Hn(Φ(V ),Φ(V )\{0})∼=
oo

id−(Φ◦f◦Φ−1)∗

// Hn(Rn,Rn\{0})
id
��

Hn(Y, Y \{0})
∼=
OO

(id−Φ◦f◦Φ−1)∗
//

(id−Θ◦Dfz◦Θ−1)∗
��

Hn(Rn,Rn\{0})

idrr

Hn(Rn,Rn\{0}).

We make the following clari�cations and observations:
(1) By construction V and W satisfy the properties of Lemma 128.6 (2) and (4). This

implies that the composition of the top two horizontal maps is given by multiplication
by indextop(z).

(2) It follows immediately from Lemma 76.15 that there exists an open neighborhood Y
of 0, contained in Φ(V ), such that the map id−Φ ◦ f ◦ Φ−1 is homotopic, as a map
of pairs (Φ(V ),Φ(V ) \ {0})→ (Rn,Rn \ {0}), to the map D(id−Φ ◦ f ◦ Φ−1)0.

(3) By the Chain Rule 19.10 we have D(id−Φ ◦ f ◦ Φ−1)0 = id−Θ ◦Dfz ◦Θ−1.
(4) It follows from (2) together with Proposition 74.15 and some elementary considera-

tions that the diagram commutes.
(5) It follows from the Excision Theorem 74.18 that the two maps decorated with �∼=�

are indeed isomorphisms.
We see that

by the above diagram and the above discussion by Lemma 76.16
↓ ↓

indextop(z) = deg((idRn −Θ ◦Dfz ◦Θ−1)∗) = sign(det(idRn −Θ ◦Dfz ◦Θ−1))
= sign(det(idTzM −Dfz)) = indexsm(z).
↑ ↑

basic linear algebra by the de�nition on page 2805 �

By Lemma 128.8 the following theorem is a generalization of our previous Lefschetz-Hopf
Theorem 128.9.
Theorem 128.9. (Lefschetz-Hopf Theorem II) LetM be a compact orientable topo-
logical manifold and let f : M →M be a map which has no �xed points on ∂M . If f has
�nitely many �xed points, then ∑

x a �xed
point of f

index(f, x) = Λ(f).

Remark.

(1) The Lefschetz-Hopf Theorem has its origin in the work of Heinz Hopf [Hopf1929,
Section 8]. Various variations on the Lefschetz-Hopf Theorem 128.9 can be found in
[GD2003, Chapter V.16] and [JM2006, Chapter 2.4].

(2) As on page 2807 we see that the Lefschetz-Hopf Theorem 128.9 is a generalization of
the Lefschetz Fixed Point Theorem 104.12 for compact orientable topological mani-
folds.
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Example. This time we consider S2 with the avatar given by B
2
/S1. We consider the map

f : B
2
/S1 → B

2
/S1 that is illustrated, to the best of the author's abilities, in the �gure

below.1554 It has precisely one �xed point, namely P := [S1]. We see that

index(f, P ) = Λ(f) = Λ(id) = χ(S2) = 2.
↑ ↑

Lefschetz-Hopf Theorem 128.9 since f is homotopic to id

Note that with a little bit of care, say using the Smooth Transition Function Lemma 19.4,
one can arrange that f is smooth. Also note that Df = id. Thus P = [S1] is a degenerate
�xed point of f .1555
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self-map f of S2

B
2
/S1

self-map f of B
2
/S1

The proof of the Lefschetz-Hopf Theorem 128.9 rests heavily on the shoulders of the fol-
lowing two lemmas.

Lemma 128.10. Let V Ă Rn and W Ă Rn be two compact connected n-dimensional
topological submanifolds of Rn that contain 0 in the interior. We assume that V Ă

◦
W .

Let f : V → Rn be a map with f(V ) Ă
◦
W and which has a unique �xed point, namely 0.

We set G := {(v, f(v)) | v ∈ V } and we set D := {(v, v) | v ∈ V }.
(1) G and D are well-behaved proper submanifolds of V × W , in the sense of the

de�nition on page 2777.
(2) The following equality holds:1556 1557

〈
PDV×W ([G])︸ ︷︷ ︸
∈Hn((V×W )\∂G)

Y PDV×W ([D])︸ ︷︷ ︸
∈Hn((V×W )\∂D)

, [V ×W ]
〉

= deg


Hn(Rn,Rn \ {0})

↑ ∼=
Hn(V, V \ {0})

↓ (id−f)∗

Hn(Rn,Rn \ {0})

 .
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G

(0, 0)

V ×W

D

1554An alternative description of this map is given by considering S2 = R2 ∪ {∞}. In this setting our map
corresponds to the map f : R2 ∪ {∞} → R2 ∪ {∞} that is given by f(x) = x + (1, 0) for all x ∈ R2 and
f(∞) =∞.
1555Incidentally this example gives an a�rmative answer to the question asked in Exercise 2.12.
1556By (1) we know that G is a well-behaved proper submanifold of V ×W . Thus we can consider the
isomorphism PDV×W : Hn(V ×W,∂G)→ Hn(V ×W, (V ×W )\∂G) that we introduced in Proposition 127.2.
Similarly we consider the isomorphism PDV×W with G replaced by D.
1557Since 0 is the only �xed point of f we see that (id−f)(V \ {0}) Ă Rn \ {0}.
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Sketch of proof. First we prove Statement (1). More precisely, we will show that G is
a well-behaved proper submanifold of V ×W . The proof that D is also a well-behaved
submanifold is basically identical. Note that by Exercise 18.8 we know that G is a proper
submanifold of V ×W . Next note by de�nition of a well-behaved submanifold we need to
show that given any open neighborhood U of ∂G Ă ∂(V ×W ) = (∂V ×W ) ∪ (V × ∂W )
the submanifold ∂G of ∂(V ×W ) admits a regular neighborhood N with N Ă U . Note
that using the fact that ∂V is compact and using the hypothesis that f(V ) Ă

◦
W it is

fairly elementary to see that there exists an ε > 0 such that for every x ∈ ∂G we have
{x} ×Bn

ε (f(x)) Ă U . It is straightforward to verify that given any ν ∈ (0, ε) the set

Nν := {(x, y) ∈ ∂V ×W |x ∈ ∂V and y ∈ Bn

ν (f(x))} Ă ∂(V ×W )

is a regular neighborhood of ∂G with Nν Ă U . This concludes the proof of Statement (1).
Next we turn to the proof of Statement (2). The key idea is to �tilt� the situation to

turn the diagonal D into a �horizontal submanifold�. Afterwards we can use the Poincaré
Duality-Products Proposition 119.2 to perform the desired calculation.

Now we carry out the details. To do so we introduce the following objects:

(a) We pick a compact submanifold W̃ of Rn with W Ă W̃ and (id−f)(W ) Ă W̃ .
(b) We consider the maps

l : V → G
v 7→ (v, f(v))

Θ: V ×W → V × W̃
(v, w) 7→ (v, w − f(v))

and q : V × W̃ → W̃
(v, w) 7→ w.

(c) Note that by (1) we can pick a regular neighborhood NG for ∂G Ă ∂(V ×W ) with
NG Ă ∂V ×W and with NG ∩ ∂D = ∅.

(d) We denote by µW̃ ,0 ∈ Hn(W̃ , W̃ \ {0}) ∼= Z the standard generator, as de�ned on

page 2328. Furthermore we denote by µ∗
W̃ ,0
∈ Hn(W̃ , W̃ \ {0};Z) ∼= Z the corre-

sponding dual.
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q

V × W̃G

(0, 0)

V ×W
NG

Θ
W̃

l
V

D

0
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Now we can perform the desired calculation:1558

by Lemmas 116.4 and 116.7, under the natural identi�cation H0(V ×W ) = Zy〈
PDV×W ([G])YPDV×W ([D]), [V ×W ]

〉
= PDV×W ([D])X(

=[G]∈Hn(V×W,NG) by de�nition of PDV×W︷ ︸︸ ︷
PDV×W ([G])X[V ×W ] )

= PDΘ(V×W )(Θ∗([D])) X Θ∗([G]) = PDV×W̃ (Θ∗([D])) X Θ∗([G])
↑ ↑

by the Cap Product-Naturality Lemma 116.8 follows from an argument similar to the one
and since the map provided in the Codimension-Zero Submanifold-PD
Θ:V ×W→Θ(V ×W ) Ă V × W̃ Lemma 120.5
is an orientation-preserving homeomorphism

= PDV×W̃ ([V × {0}]) X Θ∗(l∗([V ])) = (−1)n · q∗(µ∗
W̃ ,0

) X Θ∗(l∗([V ]))
↑ ↑

since Θ(D) = V × {0} and l(V ) = G and this can be deduced fairly easily from the
since both maps are orientation-preserving Poincaré Duality-Products Proposition 119.2

= (−1)n ·
〈
µ∗
W̃ ,0

, q∗(Θ∗(l∗([V ])))
〉

=
〈
µ∗
W̃ ,0

, (id−f)∗([V ])
〉
.

↑ ↑
by Lemmas 116.4 and 109.6 (3) since q ◦Θ ◦ l = f − id : V → W̃ and since we know

from Lemma 76.16 that (f − id)∗ = (−1)n · (id−f)∗

= deg
(
Hn(Rn,Rn \ {0}) ∼=←−Hn(V, V \ {0}) (id−f)∗−−−−→Hn(Rn,Rn \ {0})

)
.

↑
this follows from the following commutative diagram

Hn(Rn,Rn \ {0}) Hn(V, V \ {0})
∼=oo

(id−f)∗ // Hn(Rn,Rn \ {0})

Hn(V, ∂V )
(id−f)∗ //

OO

Hn(W̃ , W̃ \ {0})

OO

together with the fact that [V ] and µW̃ ,0 are both mapped to the standard generator of Hn(Rn,Rn \ {0})

Thus we have proved the desired equality. �

Lemma 128.11. Let M be a closed oriented n-dimensional topological manifold. Fur-
thermore let f : M →M be a map. Finally let z ∈M be an isolated �xed point of f . We
consider the two submanifolds Gr(f) and ∆M of the 2n-dimensional topological manifold
M ×M . The following two statements hold:
(1) The point (z, z) ∈M ×M is a nice intersection point of the two submanifolds Gr(f)

and ∆M , in the sense of the de�nition on page 2778.
(2) We have the equality

index(f, z) = index(Gr(f),∆M , (z, z)).︸ ︷︷ ︸
index of the nice intersection point (z, z),

as de�ned on page 2779

Remark. On page 2813 we gave an example of a map f : S2 → S2 that has a unique �xed
point P , which has index 2. It follows from Lemma 128.11 that (P, P ) is a nice intersection
point of the submanifolds Gr(f) and ∆S2 of S2 × S2 of index 2. This gives an a�rmative
answer to the question posed in Exercise 127.5.
1558Careful reading of the equalities shows that it is in fact at times di�cult to determine which relative
(co-) homology groups the objects lie in. In particular on several occasions we implicitly use the Cap
Product-Naturality Lemma 116.8 and Lemma 109.6 (3) to go from one relative homology group to another.
Writing down the calculation in full detail would make the proof even more unreadable that it already is.
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Proof.

(1) Let z ∈ M be an isolated �xed point of f : M → M . We need to show that the
point (z, z) ∈M ×M is a nice intersection point of the two submanifolds Gr(f) and
∆M . Thus let U be an open neighborhood of (z, z) in M ×M . By Lemma 128.6
there exists a neighborhood V of z ∈ M and a neighborhood W of z ∈ M with the
following properties:
(i) We have V ×W Ă U .
(ii) z is the only �xed point of f contained in V .
(iii) V and W are both submanifolds of M and both are homeomorphic to B

n
.

(iv) We have V Ă
◦
W and f(V ) Ă

◦
W .

By (i) it remains to show that Z := V ×W is a nice neighborhood of (z, z) in the
sense of the de�nition on page 2778. Most of the conditions are easily veri�ed. For
example by (iii) we know that V ×W is homeomorphic to B

2n
. Furthermore, by (ii)

we know that Gr(f) ∩∆M ∩ (V ×W ) = {(z, z)}. Finally note that it follows almost
immediately from Lemma 128.10 (1) that Gr(f) and ∆M are both well-behaved
proper submanifolds of V ×W .
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M ×Mgraph Gr(f)

(z, z)

Z = V ×W

diagonal ∆M

(2) To simplify the notation we can and will assume that V Ă Rn, W Ă Rn, z = 0 and
Φ = id. But now in this setting the desired equality is an immediate consequence of
Lemma 128.10 (2). �

Now that we have Lemma 128.11 under our belt the proof of the Lefschetz-Hopf Theo-
rem 128.9 is formally very similar to the proof of the Lefschetz-Hopf Theorem 128.5.

Proof of the Lefschetz-Hopf Theorem 128.9. Let M be a compact orientable topo-
logical manifold and let f : M → M be a map which has only �nitely many �xed points
z1, . . . , zk, and all of them lie in M \ ∂M . We pick an orientation for M .

First we assume that M is actually closed. Now we easily obtain the desired equality:

Λ(f) = QM×M([Gr(f)], [∆M ]) = Gr(f)·∆M =
k∑
i=1

index(Gr(f),∆M , (zi, zi)) =
k∑
i=1

index(f, zi).
↑ ↑ ↑ ↑

by Proposition 128.1 by Lemma 128.11 (1) by de�nition, see page 2780 by Lemma 128.11 (2)
and Theorem 127.7

Now we assume that M has non-empty boundary. Once again we consider the double
DM := (M ×{1})t∂M×{1}=∂M×{2} (M ×{2}). By the Doubling-Manifold Lemma 75.12 we
know that DM is a closed orientable topological manifold. We consider the map

ψ : DM → DM
[(P, ε)] 7→ [(f(P ), ε)].
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Since all of the �xed points of f lie in M \ ∂M we see that the �xed points of ψ are
(z1, 1), . . . , (zk, 1), (z1, 2), . . . , (zk, 2). Now we see that

2 ·
k∑
i=1

index(f, zi) =
k∑
i=1

index(ψ, (zi, 1)) +
k∑
i=1

index(ψ, (zi, 2)) = Λ(ψ : DM → DM)
↑ ↑

it follows immediately from the de�nitions that by the above, since DM is a closed
index(f, zi) = index(ψ, (zi, 1)) = index(ψ, (zi, 2)) orientable topological manifold

= 2 · Λ(f : M →M) + Λ(f : ∂M → ∂M) = 2 · Λ(f).
↑ ↑

follows from Exercise 97.15 since there are no �xed points on ∂M and
since ∂M is a closed orientable topological manifold
we know by the above that Λ(f : ∂M → ∂M) = 0

Dividing both sides by 2 yields the desired result. �

Exercises for Chapter 128.

Exercise 128.1. We consider the surface M Ă R3 as shown in the �gure below. Further-
more we consider the map ϕ : M → M which is given by �rotating M around the skewer
by an angle of π�.
(a) For i = 0, 1, 2 determine tr(ϕ∗ : Hi(M ;Z)→ Hi(M ;Z)).
(b) For each �xed point x of ϕ determine index(ϕ, x).

Remark. Evidently you should use the Lefschetz-Hopf Theorem 128.9 to check your calcu-
lations in (a) and (b) for consistency.
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rotation by π

skewerM

Exercise 128.2.
(a) Let k, l ∈ Z. We consider the sphere S3 = {(z, w) ∈ C2 | |z|2 + |w2| = 1} and the

self-map f : S3 → S3

(z, w) 7→ (zk, wl).

(b) We view S2 as a subset of R3 = C× R. We consider the map

g : S2 → S2

(z, t) 7→ (z2, t)

(c) Let n ∈ N. We consider the maps

h : C ∪ {∞} → C ∪ {∞}

z 7→
{
zn, if z ∈ C,
∞, if z =∞

and
k : C ∪ {∞} → C ∪ {∞}

z 7→
{
z + zn, if z ∈ C,
∞, if z =∞.

In each case determine all �xed points, determine whether they are non-degenerate and
determine the index of each �xed point.
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129. The Poincaré-Hopf Theorem

Now we return to the study of vector �elds on smooth manifolds.1559 Recall that the Hairy
Ball Theorem 38.12 says that there does not exist a nowhere-vanishing vector �eld on any
even-dimensional sphere. Also recall that later on we proved a signi�cant generalization of
this result. Namely, using the Lefschetz Fixed Point Theorem 97.9 we proved the following
proposition.
Theorem 97.15. Let M be a closed smooth manifold. If M admits a nowhere-vanishing
vector �eld, then χ(M) = 0.
In Chapter 127 we proved the Lefschetz-Hopf Theorem 128.9 which is a signi�cant gen-
eralization of the Lefschetz Fixed Point Theorem 97.10 that we had just mentioned. In
this chapter we will use this recently acquired theorems to prove the Poincaré-Hopf Theo-
rem 129.7 which is a signi�cant generalization of the above the Euler Characteristic-Vector
Field Theorem 97.15.

129.1. The index of a zero of a vector �eld. In the following discussion it will be
helpful to study zeros of vector �elds in more detail. As we will, not all zeros are created
equal but they actually come in di�erent �avors. More precisely, we have the following
de�nition.
De�nition. LetM be an n-dimensional smooth manifold, let v be a vector �eld onM and
let x ∈M \ ∂M be an isolated zero of v. We pick a smooth embedding Ψ: B

n →M \ ∂M
with Ψ(0) = x and such that x is the only zero of v on Ψ(B

n
). We denote by w = Ψ∗(v)

the pullback vector �eld on B
n
as de�ned on page 641. In other words, given y ∈ Bn

we
write w(y) := DΨ−1

Ψ(y)(v(Ψ(y))). We de�ne the index of v at x as follows:

index(v, x) := degree of the map ΘΨ,v : Sn−1 → Sn−1

y 7→ w(y)
‖w(y)‖ .
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Sn−1M

B
n

Ψ

w = Ψ∗v

v

Example. We consider the vector �elds on R2 = C with isolated zero at the origin that are
shown in the �gure below. In the following we use the identity chart Ψ = id to determine
the various indices. In fact, using Lemmas 76.10 and 76.11, we obtain the same table as
on page 1022:

(a) (b) (c) (d) (e) (f) (g)
vector �eld v at (x, y)=z (x, y) (−x,−y) (−y, x) (x,−y) (|x|+|y|, 0) z2 z−2

degree of ΘΨ,v : S1 → S1 +1 +1 +1 −1 0 +2 −2.

1559We refer to page 639 for the de�nition of a vector �eld on a given smooth manifold M .
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index −1

(d)

index 0

(e)

index +2

(f)

index −2

(g)

index +1

(a)

index +1

(c)

index +1

(b)

Lemma 129.1. Let M be an n-dimensional smooth manifold.
(1) Let v be a vector �eld on M . The de�nition of the index index(v, x) of an isolated

zero x ∈ M \ ∂M of a vector �eld v does not depend on the choice of the smooth
embedding Ψ: B

n →M .
(2) If v and w are two vector �elds on M that agree on an open subset U Ă M and if

z is an isolated zero of v in U , then index(v, z) = index(w, z).
Proof. The second statement is a straightforward consequence of the �rst statement. Thus
it remains to prove the �rst statement. Let Ψ: B

n →M be a smooth embedding as in the
de�nition of index(v, x). We need to show that any other such smooth embedding leads to
the same index. The proof is performed in two stages.
(a) Let A ∈ O(n) be an orthogonal matrix. We denote by ρA : Rn → Rn the map that

is given by multiplication by the matrix A. Next we consider the smooth embedding
Ψ ◦ ρA : B

n → M . A straightforward calculation using the Chain Rule 19.10, shows
that ΘΨ◦ρA,v = ρ−1

A ◦ ΘΨ,v ◦ ρA : Sn−1 → Sn−1. It follows from the Sphere Degree
Lemma 76.11 that deg(ΘΨ◦ρA,v) = deg(ΘΨ,v).

(b) Now assume we are given some other smooth embedding Ξ: B
n →M . We consider

N := {y ∈M | v(y) 6= 0}︸ ︷︷ ︸
open subset by Exercise 97.16

∪ {x}.

It follows from Exercise 97.16 and the fact that x is an isolated zero that N is an
open subset of M . In particular we see that N is an n-dimensional submanifold of
M . Since x is the only zero of v in Ψ(B

n
) and Ξ(B

n
) we see that Ψ: B

n → M and
Ξ: B

n → M are tubular maps, in the sense of the de�nition on page ??, for the
0-dimensional submanifold {x} of N . By Proposition ?? there exists a di�eotopy
H : N × [0, 1]→ N rel {x} and a matrix A ∈ O(n) such that H0 = id and such that
H1 ◦ Ξ = Ψ ◦ ρA : B

n → N . Now we see that

deg(ΘΞ,v) = deg(ΘH0◦Ξ,v) = deg(ΘH1◦Ξ,v) = deg(ΘΨ◦ρA,v) = deg(ΘΨ,v).
↑ ↑

maps ΘHt◦Ξ,v with t ∈ [0, 1] de�ne a homotopy between ΘH0◦Ξ,v by (1)
and ΘH1◦Ξ,v, thus by the Sphere Degree Lemma 76.11 (3) the maps
have the same degree �

The next example shows that any integer can occur as the index of an isolated zero of a
vector �eld.

Example. Let n ∈ N≥2 and let d ∈ Z. It follows from Lemma 76.10 and the Suspension-
Degree Lemma 76.12 that there exists a self-map ϕ : Sn−1 → Sn−1 of degree d. Let λ ∈ R>0.
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It is straightforward to verify that

v(ϕ) : Rn → Rn

x 7→
{

0, if x = 0,
λ · x · ϕ( x

‖x‖), if x 6= 0

is a continuous map, in particular it de�nes a vector �eld on Rn. Evidently it has a single
isolated zero at the origin and the corresponding index is precisely d = deg(ϕ).

The next lemma can be convenient for calculating the index of a zero of a vector �eld.

Lemma 129.2. Let X Ă Rn be an open subset and let ε > 0. Furthermore suppose we
are given a vector �eld w = (u, v) : X × (−ε, ε)→ Rn × R with an isolated zero at (P, 0).
(1) If v(x, t) > 0 whenever t > 0 and if v(x, t) < 0 whenever t < 0, then

index(w, (P, 0)) = index(u, P ).

(2) If v(x, t) < 0 whenever t > 0 and if v(x, t) > 0 whenever t < 0, then

index(w, (P, 0)) = − index(u, P ).
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ww tX×(−ε, ε) X×(−ε, ε)
u

PX

index(w, (P, 0))=index(u, P ) index(w, (P, 0))=− index(u, P )

Proof. We leave it to the reader to verify that the two statements follow easily from the
de�nitions together with Exercise 76.13. �

The following lemma says that isolated zeros of a vector �eld of index 0 can be eliminated
by adjusting the vector �eld in the neighborhood of the zero.

Lemma 129.3. LetM be an n-dimensional smooth manifold, let v be a vector �eld onM
and let x be an isolated zero of v with index(v, x) = 0. Let Ψ: B

n →M \∂M be a smooth
embedding with Ψ(0) = x and such that x is the only zero of v in Ψ(B

n
). There exists a

vector �eld w on M that agrees with v on M \Ψ(Bn) and which has no zeros on Ψ(B
n
).
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Ψ(B
n
) w

Sketch of proof. By Corollary 85.6 we know that the map deg : πn−1(Sn−1) → Z is an
isomorphism. In particular this implies, using our hypothesis that index(v, x) = 0, that
there exists a homotopy H : Sn−1 × [0, 1] → Sn−1 from the map ΘΨ,v : Sn−1 → Sn−1 to a
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constant map. Using the homotopy H it is now straightforward to write down an explicit
vector �eld w on M with the following properties:

(1) On M \Ψ(Bn) the vector �eld w equals v.
(2) On Ψ(B

n
1
2
) the vector �eld w is �constant� and non-zero.

(3) On Ψ(B
n \B 1

2
) the vector �eld interpolates between (1) and (2).

We leave it to the reader to �ll in the details. �

We continue with the following re�nement of the Non-Degenerate Vector Field Existence
Proposition 45.15.

Proposition 129.4. (Non-Degenerate Vector Field Existence Proposition II)
Every closed smooth manifold M admits a smooth vector �eld v such that all zeros are
non-degenerate and such that ∑

x a zero of v

index(v, x) = χ(M).

Remark. On page 2983 we will give an alternative proof of the Non-Degenerate Vector
Field Existence Proposition 129.4.

Before we turn to the proof of the Non-Degenerate Vector Field Existence Proposi-
tion 129.4 let us �rst state and prove the following corollary.

Corollary 129.5. For every closed smooth manifold M the Euler characteristic χ(M)
equals the smooth Euler characteristic χsm(M) of closed orientable smooth manifolds that
we had introduced on page 1019.

Proof of Corollary 129.5. Let v be a smooth vector on M as in the Non-Degenerate
Vector Field Existence Proposition 129.4. Then we see that

χ(M) =
∑

x a zero of v

index(v, x) = χsmooth(M).
↑ ↑

choice of v Smooth Poincaré�Hopf Theorem 45.17 �

Proof of Proposition 129.4. Let M be a closed connected smooth manifold. First note
that by the Smooth Manifold-Simplicial Structure Theorem 96.2 we know that M admits
a smooth simplicial structure (K = (V, S),Θ: |K| → M). Inductively we can de�ne a
smooth vector �eld u on M with the following properties:

(1) The vector �eld u is de�ned to be the zero vector �eld on the vertices of the trian-
gulation.

(2) Suppose the vector �eld u is de�ned on the k-skeleton of M , then on every (k + 1)-
simplex s we extend the vector �eld u in the following way:
(a) the vector �eld vanishes on the barycenter s of s,
(b) for all other points in the open simplex the vector �eld �points towards� the

barycenter s of s.
This can be done explicitly.1560

1560For the resilient reader we provide the gory details. Suppose we are given a vector �eld v on ∂∆k+1.
We denote by b := ( 1

k+1 , . . . ,
1
k+1 ) the barycenter of ∆k+1. We denote by r : ∆k+1 \ {b} → ∂∆k+1 the map

that is given by sending x to the unique intersection point of the ray b+ R≥0 · (x− b) with ∂∆k+1. Next
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We sketch the construction of the vector �eld u in the �gure below. Note that the zeros of
the vector �eld u are precisely the barycenters of the original simplices. Furthermore, one
can fairly easily verify that given a k-simplex s we have1561 index(u, s) = (−1)k. Thus we
see that ∑

x a zero of u

index(u, x) =
∑

s a k-simplex

index(u, s) =
∑

s a k-simplex

(−1)k = χ(M).
↑

Corollary 93.25 (5)

This argument is also sketched in [Stee1951, p. 202]. �
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barycenters

simplicial structure on M vector �eld u

index −1

index +1

index +1
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perfect match of adjacent
barycenters vector �eld u vector �eld v

replacement

We conclude this chapter with the following converse to the Smooth Euler Characteristic-
Vector Field Theorem 45.22 and the Euler Characteristic-Vector Field Theorem 97.15.
Theorem 129.6. (Nowhere Vanishing Vector Field Existence Theorem) Let M
be a closed connected smooth manifold. If χ(M) = 0, thenM admits a nowhere-vanishing
smooth vector �eld.
Sketch of proof. LetM be a closed connected smooth manifold with χ(M) = 0. We need
to show that M admits a nowhere-vanishing smooth vector �eld. This statement is proved
in [Bre1993, Corollary VII.14.5], [Stee1951, Corollary 39.8], [Hirs1976, Theorem 5.2.10]
and alternatively also in [Tur1990, Lemma 6.3.4]. In the following we provide a terse sketch

we consider the map

∆k+1 → Rk+2

x 7→

{
‖x−b‖
‖r(x)−b‖ · (v(r(x)) + (b− x) · ‖x− r(x)‖), if x 6= b,

0, if x = b.

It is now fairly elementary to see that this vector �eld, transported back to M , has the desired properties.
As always, with a little more care, using say the Smooth Transition Function Lemma 19.4, one can arrange
that the vector �eld is actually smooth.
1561The fact that index(u, s) = (−1)k can be seen as follows. First note that the vector �eld u points in k
directions towards s and in (n− k) directions away from s. Using a suitable embedding Ψ: B

m →M with
Ψ(0) = s we see that the corresponding map ΘΨ,v : Sn−1 → Sn−1 is given by the diagonal matrix with k
entries equal to −1 and (n− k)-entries equal to +1. Thus it follows from the Sphere Degree Lemma 76.11
that the degree of this map equals (−1)k.
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of the proof given in [Tur1990, Lemma 6.3.4]. We continue with the discussion of the above
proof of Proposition 129.4 and we make the following observations and constructions.
(1) Some thought shows that it follows from our hypothesis that M is connected and

that χ(M) = 0 that we can �nd a perfect match between adjacent barycenters. More
precisely, we can �nd a decomposition S =

⊔
i∈I
{si, ti} of the simplex set, such that

each si is a codimension one face of ti.
(2) Given each pair {si, ti} we consider a small suitable neighborhood of the 1-simplex
{si, ti} of the barycentric subdivision. This neighborhood contains two critical points.
As of right now, on this 1-simplex the vector �eld points from si to ti.

We can replace the vector �eld u on this neighborhood by a di�erent vector �eld
v that agrees with u on the boundary, which on the 1-simplex now points from ti
to si and which has no critical points. This replacement is illustrated in the �gure
below.

Hopefully this outline is convincing. Evidently �lling in all details is a nightmarish task.
Thankfully the details are provided in [Tur1990, Lemma 6.3.4]. �
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perfect match of adjacent
barycenters vector �eld u vector �eld v

replacement

129.2. The Poincaré-Hopf Theorem. Now we can formulate the namesake of this chap-
ter.
Theorem 129.7. (Poincaré-Hopf Theorem) Let M be compact smooth manifold.
Let v be a vector �eld1562 on M with �nitely many zeros. If M has boundary, then we
insist that along the boundary ∂M the vector �eld v is pointing outward. Then we have
the formula ∑

x a zero of v

index(v, x) = χ(M).

Remark.

(1) In the 2-dimensional setting the Poincaré-Hopf Theorem was �rst proved by Henri
Poincaré [Poi1885] in the late 19th century. The generalization to the higher-
dimensional case was �rst proved by Heinz Hopf [Hopf1927b] in 1927. There are
many di�erent proofs of the Poincaré-Hopf Theorem, sometimes with somewhat dif-
ferent hypotheses, in the literature, see e.g. [BoT1982, Theorem 11.25], [Vic1994,
Theorem 7.27], [Bre1993, Theorem VI.12.13], [Miln1965a, p. 35], [DFN1985,
Theorem 15.3.2], [BaT2003, Theorem 7.6.5] and [MTo1997, Theorem 12.1]. See

1562It is perhaps worth recalling that for us vector �elds are assumed to be continuous. We do not make
any assumptions on di�erentiability.
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also the sketch in [Bra2007, p. 69]. The proof we provide is partly inspired by the
proofs in [DFN1985] and [Vic1994].

(2) The proof of the Poincaré-Hopf Theorem 129.7 relies very much on the Lefschetz-
Hopf Theorem 128.9. For readers who prefer to work with the weaker Lefschetz-Hopf
Theorem 128.5 we leave it as a little challenge to deduce from it the conclusion of the
Poincaré-Hopf Theorem 129.7 under the stronger hypotheses that the vector �eld is
smooth and that the indices of the zeros are ±1.

Examples.

(1) In the �gure below we see two vector �elds v and w on S2. Each of these vector �elds
has precisely two zeros, namely the North PoleN and the South Pole S. Furthermore,
considering the table on page 1022, it it pretty clear that for both vector �elds both
zeros have index +1. In particular we see that for both vector �elds these two indices
add up reassuringly to χ(S2) = 2.

�
�
�
�

��
��
��
��

�� ��
��
��
��

index(v,N) = +1

index(w, S) = +1

index(w,N) = +1

index(v, S) = +1

sphere S2

vector �eld w

vector �eld v sphere S2

(2) In the �gure below we see a vector �eld on the surface Σ of genus two with two zeros
P and Q. The table on page 1022 strongly suggests that index(v, P ) = −2. By the
discussion on page 1879 we also know that χ(Σ) = −2. Thus it follows from the
Poincaré-Hopf Theorem 129.7 that index(v,Q) = 0. By Lemma 129.3 this means
that we can modify the vector �eld v to obtain a vector �eld which has no zero at Q.
Thus we have found a vector �eld on Σ with a single zero, namely at P . This gives
a belated solution to Exercise 97.12.

�
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����
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����

��
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��
�� index(v, P ) = −2

surface of genus 2

index(v,Q) = 0

vector �eld v

It is perhaps worth stating the following immediate corollary to the Poincaré-Hopf Theo-
rem 129.7. Note that this corollary generalized the statement of the Euler Characteristic-
Vector Field Theorem 97.15 to smooth manifolds with non-empty boundary.

Corollary 129.8. Let M be a compact smooth manifold. If M admits a nowhere-
vanishing vector �eld v that either points outward along all of ∂M or that points inward
along all of ∂M , then χ(M) = 0.
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Proof. First note that after possibly replacing the vector �eld v by −v we can assume that
v points outward along ∂M . If v has no zeros, then the sum over the indices of the zeros
is also zero. Thus it follows from the Poincaré-Hopf Theorem 129.7 that χ(M) = 0. �

In preparation for the proof of the Poincaré-Hopf Theorem 129.7 let us �rst let us make a
little remark and prove a useful lemma.

Remark. Let M be a topological manifold. Furthermore let U Ă M be an open subset
and let f : U → M be map. If x is an isolated �xed point of f , then we can de�ne
index(f, x) ∈ Z the same way as we did for the case U = M on page 2810.

Lemma 129.9. Let U be an open neighborhood of the origin 0 ∈ Rn which contains the
closed ball B

n
. Furthermore let v : U → Rn be a vector �eld on U which has a single zero,

namely at 0. We consider the map

f : U → Rn

x 7→ x− v(x).

The point x = 0 is an isolated �xed point of f and we have the following equality:

index(v, 0)︸ ︷︷ ︸
index of a zero of a

vector �eld, see page 2818

= index(f, 0).︸ ︷︷ ︸
index of a �xed

point, see page 2810

Proof. Since v has a single zero at x = 0 we see that x = 0 is the only �xed point of f ,
in particular it is an isolated �xed point. We consider the embedding Ψ = id: B

n → Rn

to compute the indices index(v, 0) and index(f, 0). We consider the map Θ: Sn−1 → Sn−1

that is given by x 7→ v(x)
‖v(x)‖ . Furthermore we consider the following diagram:

Hn−1(Sn−1)
ι //

id

**

Θ∗

��

Hn−1(Rn \ {0}) Hn(Rn,Rn \ {0})∂n

∼=
oo

Hn−1(Sn−1)

Θ∗=(id−f)∗
��

ι // Hn−1(B
n \ {0})

ι ∼=
OO

(id−f)∗=id−f∗

��

Hn(B
n
, B

n \ {0})∼=
∂noo

id−f∗

��

ι ∼=
OO

Hn−1(Rn \ {0})
id

++

Hn−1(Sn−1)
ι //

ι
44

Hn−1(Rn \ {0}) Hn(Rn,Rn \ {0}).∂n

∼=
oo

We make the following observations and clari�cations:

(1) The maps ι are the various inclusion induced maps.
(2) The map

H : Sn−1 × [0, 1] → Rn \ {0}
(x, t) 7→ v(x)

(1−t)·‖v(x)‖+t

is a homotopy between H0 = Θ and H1 = v = id−f . It follows from the existence of
such a homotopy together with the Homotopic Maps-and-Homology Proposition 73.6
that we have the equality Θ∗ = (id−f)∗ : Hn−1(Sn−1)→ Hn−1(Rn \ {0}).
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(3) It follows from the naturality of the connecting homomorphisms, see the Topological
LES-Corollary 74.14 that the squares to the right commute. All the remaining parts
of the diagram commute by the functoriality of homology groups.

It follows from the above discussion that

index(v, 0) = deg

 Hn−1(Sn−1)
↓ Θ∗

Hn−1(Sn−1)

 = deg


Hn(Rn,Rn \ {0})

ι ↑ ∼=
Hn(B

n
, B

n \ {0})
↓ id−f∗

Hn(Rn,Rn \ {0})

 = index(f, 0).x x x
by the de�nition on page 2818 by the above discussion see de�nition on page 2810 �

Now we can provide the proof of the Poincaré-Hopf Theorem 129.7. To simplify the dis-
cussion we �rst deal with the special case that the smooth manifold is closed and oriented.
We will deal with the general case right afterwards.
Proof of the Poincaré-Hopf Theorem for closed orientable M . Let M be a closed
orientable n-dimensional smooth manifold. Let v be a vector �eld on M with �nitely
many zeros P1, . . . , Pk. The idea now is similar to the idea behind the proof of the Euler
Characteristic-Vector Field Theorem 97.15. Namely we intend to use the vector �eld v to
produce a self-map f of M . We will then roll out the Lefschetz-Hopf Theorem 128.5 to
obtain the desired result.

As the reader surely remembers, in Proposition 97.16 we gave two di�erent constructions
of a self-map f from a given vector �eld v. The �rst approach used more machinery whereas
the second proof was much more hands-on. It is technically slightly tricky to adapt the
�rst approach to our current needs. Thus in the following we present a slight re�nement of
the second construction of the self-map f . We refer to the proof of Proposition 97.16 for
details.
(1) By Exercise 27.6, which is a variation on Theorem 27.1, we can assume the following:

(a) M is a submanifold of some Rm.
(b) For each zero Pi there exists an open neighborhood Ui of Pi that is ��at�, in the

sense that there exists a yi ∈ Rm−n such that Ui Ă Rn × {yi}.
(2) We consider the map

F : M × R≥0 → Rm

(P, t) 7→ P − t · v(P ).

(3) There exists an ε>0 such that Z := {P +w |P ∈M and w∈(T̃PM)⊥ with ‖w‖ ≤ ε}
is a neighborhood of M and such that the map

q : Z → M

P + w 7→ P where P ∈M and w ∈ (T̃PM)⊥ with ‖w‖ ≤ ε

is well-de�ned and continuous.
(4) There exists a µ > 0 such that F (M × [0, µ]) Ă Z.
(5) We set f := q ◦ Fµ : M →M .
(6) The map q ◦ F : M × [0, µ]→M de�nes a homotopy between the identity and f .
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Claim. Let P ∈M .
(i) P is a zero of v if and only if P is a �xed point of f .
(ii) If P is a zero of v, then index(v, P ) = index(f, P ).

Proof.

(i) Evidently if P is a zero of v, then it is a �xed point of f . Now suppose that P is
not a zero of v. We can write Fµ(P ) = P − µ · v(P ) =: Q + w with Q ∈ M and
w ∈ (T̃QM)⊥ with ‖w‖ ≤ ε. Since T̃PM ∩ T̃PM⊥ = {0} and since v(P ) is a non-zero
vector in T̃PM we see that P 6= Q. By the de�nition in (5) we have f(P ) = Q. Thus
we have shown that f(P ) 6= P .

(ii) It follows from (1b) and our explicit construction of f that we are essentially in the
setting of Lemma 129.9, which then provides us with the desired equality. �
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P − µ · v(P )

M is �at near P

M

Rm Rm
Z

projection q

P is �xed point of fzero P of the vector �eldvector �eld v

f(P )

P

Now we see that
follows from Lemma 97.7 and the fact, mentioned in (6), that f is homotopic to id

↓∑
P a zero of v

index(v, P ) =
∑

P a �xed point of f

index(f, P ) = Λ(f) = Λ(id) = χ(M).
↑ ↑ ↑

by the claim by the Lefschetz-Hopf Theorem 128.9 see Lemma 97.6
note that here we use that M is orientable �

Next we drop the hypothesis that M needs to be closed.
Proof of the Poincaré-Hopf Theorem 129.7 for compact orientable M . In the fol-
lowing letM be a compact orientable n-dimensional smooth manifold and let v be a vector
�eld on M that points outward on ∂M and that has only �nitely many zeros P1, . . . , Pk.

We perform the following steps:
(1) By the Smooth Collar Neighborhood Theorem 28.3 we know that there exists a collar

neighborhood [−1, 0]× ∂M for ∂M = {0} × ∂M . Possibly after rescaling the collar
neighborhood we can arrange that none of the points P1, . . . , Pk lies in [−1, 0]× ∂M .

(2) Given (t, x) ∈ [−1, 0] × ∂M we can use the isomorphism from the Smooth Mani-
fold Product Proposition 19.31 (3) to make the identi�cation T(t,x)([−1, 0]× ∂M) =
(TtR)×Tx∂M = R×Tx∂M . In particular on [−1, 0]× ∂M we can write the vector
�eld v as v(t, x) = (v1(t, x), v2(t, x)) with v1(t, x) ∈ R and v2(t, x) ∈ Tx∂M .

(3) It follows easily from the hypothesis that v points outward, see page 634 for the
de�nition of an outward pointing tangent vector, and the fact that ∂M is compact
that there exists an ε ∈ [−1, 0) such that v1(t, x) > 0 for every x ∈ ∂M and every
t ∈ [ε, 0].
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(4) After further rescaling the collar neighborhood we might as well assume that ε = −1.
(5) By the Non-Degenerate Vector Field Existence Proposition 129.4 we know that there

exists a vector �eld u on ∂M with �nitely many zeros Q1, . . . , Ql and such that the
sum of the indices of the zeros of u equals precisely χ(∂M).

(6) We consider the double DM := M t∂M=∂M ′ M
′ where M ′ is a copy of M . By

the Doubling-Manifold Lemma 75.12 we know that DM is a closed orientable n-
dimensional smooth manifold.

(7) We denote by ρ : DM → DM the natural involution swapping the two copies of M .
(8) Our next goal is to construct a vector �eld w onM that equals v outside of the collar

neighborhood, that equals u on ∂M and that interpolates between these vector �elds
on the collar neighborhood without creating new zeros. In fact the following vector
�eld has precisely those properties:

w(x) :=

{
v(x), if x ∈M \ ([−1, 0]× ∂M),
(|t|·v1(y, t)︸ ︷︷ ︸

∈R

, |t|·v2(y, t)+(1+t)·u(y)︸ ︷︷ ︸
∈Ty∂M

), if x=(t, y) with t∈ [−1, 0] & y∈∂M .

We use the natural involution ρ : DM → DM to extend this vector �eld to DM .
More precisely, given x′ ∈M ′ we set w(x′) = Dρρ(x′)(w(ρ(x)). Note that w is indeed
a vector �eld on DM , i.e. there are no continuity issues along ∂M = ∂M ′.

(9) The zeros of w are P1, . . . , Pk, ρ(P1), . . . , ρ(Pk) andQ1, . . . , Ql. We make the following
three observations:
(a) We have index(w,Pi) = index(v, Pi), since w equals v in a neighborhood of Pi.
(b) We have index(w, ρ(Pi)) = index(w,Pi), since ρ is a di�eomorphism.
(c) It follows from our hypothesis that v points outward together with Lemma 129.2

that we have index(w,Qj) = − index(u,Qj).

Now we have the following equality:

since DM is a closed orientable smooth manifold we already know from the above that
the conclusion of the Poincaré-Hopf Theorem 129.7 holds for DM

↓k∑
i=1

index(w,Pi)︸ ︷︷ ︸
index(v,Pi) by (8a)

+
k∑
i=1

index(w, ρ(Pi))︸ ︷︷ ︸
= index(v, Pi) by (8b)
together with (8a)

+
l∑

j=1

index(w,Qj)︸ ︷︷ ︸
=− index(u,Qj) by (8c)

= χ(DM).

From this equality, together with (8a), (8b) and (8c) and the Euler Characteristic-Addition
Lemma 87.5 we obtain the following equality:

2 ·
k∑
i=1

index(v, Pi) −
l∑

j=1

index(u,Qj)︸ ︷︷ ︸
=χ(∂M) by (5)

= 2 · χ(M)− χ(∂M).︸ ︷︷ ︸
= χ(DM) by Lemma 87.5 and the
Smooth Manifold-CW Structure

Theorem 96.5

Cleaning up the bottom equality we obtain the desired equality. �

Finally we drop the hypothesis that M needs to be orientable.

Proof of the Poincaré-Hopf Theorem. Let M be a compact n-dimensional smooth
manifold and let v be a vector �eld on M that points outward on ∂M and that has
only �nitely many zeros P1, . . . , Pk. Evidently we only need to consider the case that M is
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[−1, 0]× ∂M

M

ρ(Pi)

u
∂M

M

v

v

Pi Pi

w

zero Qj of u

double DM

M ′

zero Qj of w

the sign of the index �ips

w

connected. Furthermore, by the previous discussions it remains to consider the case that
M is non-orientable.

By the Orientation Covering-Proposition 49.5 there exists a 2-fold covering p : M̃ →M

where M̃ is a compact orientable smooth manifold and p is a local di�eomorphism. We
equip M̃ with the vector �eld p∗v that is the pullback of v under p, see the Vector Field-
Pullback Lemma 23.21. In other words, p∗v is the unique vector �eld on M̃ that satis�es
Dpx(p∗v(x)) = v(p(x)) for every x ∈ M̃ . We see that

2 ·
k∑
i=1

index(v, Pi) =
k∑
i=1

∑
Q∈p−1(Pi)

index(p∗v,Q) = χ(M̃) = 2 · χ(M).x x x
each Pi has two preimages and by the above discussion, by Proposition 69.4 and the
indices of the preimages agree since M̃ is orientable Smooth Manifold-CW Structure
with the index of Pi Theorem 96.5 �

129.3. The Gauÿ map II. In this section we return to the study of the Gauÿ map which
we had introduced in Section 45.7. For the reader's convenience we recall the de�nition.
De�nition. Let n ∈ N0 and let M Ă Rn+1 be a closed oriented smooth submanifold of
codimension one. We refer to the map

G : M → Sn

P 7→

the unique G(P ) ∈ Rn+1 that has the following properties:
(1) G(P ) is normal to the physical tangent space T̃PM ,
(2) G(P ) has length one, i.e. G(P ) ∈ Sn,
(3) G(P ) followed by a positive basis for T̃PM is a positive basis for Rn+1

as the Gauÿ map of M .1563 1564
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Gauss map G

P G(P )R3

Our goal now is to give another proof of the following theorem from Section 45.7.
1563A variation on the Gauÿ map appeared also in the de�nition of the rotation number of an immersion
S1 → R2 on page 955.
1564As discussed in the Orientations-via-Normal Vector Fields Proposition 25.11, this map is smooth.
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Theorem 45.24. (Gauÿ Map-Degree Theorem) Let M Ă Rn+1 be a closed oriented
connected smooth submanifold of codimension one. If n is even, then

deg(Gauÿ map G : M → Sn) = 1
2 · χ(M).

Remark. We refer to Section 45.7 for a discussion of consequences and alternative proofs
of the Gauÿ Map-Degree Theorem 45.24.

Proof. Let n ∈ N0 and letM Ă Rn+1 be a closed oriented connected smooth submanifold of
codimension one. The proof we will now provide is a variation on the proof in Section 45.7.
We refer to the earlier proof for details of the common aspects of the proofs. By Sard's
Theorem 31.1 there exists some z ∈ Sn such that z and −z are both regular values of the
Gauÿ map G. After a rotation, we can assume that z = en+1 = (0, . . . , 0, 1) ∈ Rn+1. Next
we consider the vector �eld

v : M → Rn+1

Q 7→ z − 〈z,G(Q)〉 ·G(Q).︸ ︷︷ ︸
orthogonal projection of z to T̃QM

Clearly we have v(Q) = 0 if and only if G(Q) = z or G(Q) = −z.
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v(P )

M

Gauss map G
S2

B
2

r B
2

r

pΨ = p−1

z = e3
R3

Ψ∗v

T̃PM

P Q
U V

Let Q ∈ M with G(Q) = ±z. By design we know that Q is a regular value of G. By
the Stack of Records Lemma 26.2 (1) we know that G : M → Sn is a local di�eomorphism
at Q, thus, as on page 898, it makes sense to introduce the following de�nition:

deg(G, Q) =

{
+1, if G is orientation-preserving at Q
−1, if G is orientation-reversing at Q.

Claim. Let Q ∈M .
(1) If G(Q) = z, then index(v,Q) = (−1)n · deg(G, Q).
(2) If G(Q) = −z, then index(v,Q) = deg(G, Q).

Proof. First we consider the case that G(Q) = z. We make the following observations and
preparations.

(a) We denote by p : Rn+1 → Rn the projection onto the �rst n coordinates.
(b) It follows fairly easily from the Inverse Mapping Theorem 24.1 that there exists a

neighborhood U of Q ∈ M , a neighborhood V of z ∈ Sn and an r ∈ R>0 with the
following properties:
(i) U contains no other points x with G(x) = z.
(ii) We have G(U) Ă V .
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(iii) The restriction of the projection p : Rn+1 → Rn to U and V de�nes di�eomor-
phisms p : U → B

n

r and p : V → B
n

r . It follows immediately from the orientation
conventions and some elementary linear algebra that both maps are orientation-
preserving if n is even and both maps are orientation-reversing if n is odd.

(c) We set Ψ := p−1 : B
n

r → U .
(d) Recall that by de�nition we have v(x) = z − 〈z,G(x)〉 · G(x). As we discussed on

page 1038 one can easily show, using the Product Rule for partial di�erentials and
using that G(Q) = e, that

D(p ◦ (x 7→ −v(x)) ◦Ψ)p(Q) = D(p ◦G ◦Ψ)p(Q).

(e) We denote by ρ : B
n

r → B
n

r the map given by ρ(x) = −x.
We now see that

de�nition of index(v,Q), see page 2818, by Exercises by (d) together with the Local
applied with our given Ψ 14.4 and 76.4 Di�eomorphism-Degree Proposition 76.14y y y

index(v,Q) = deg

(
Sn−1
r → Sn−1

r

x 7→ p(v(Ψ(x)))
‖p(v(Ψ(x)))‖

)
= deg

(
(p◦v◦Ψ)∗	Hn(B

n

r , B
n

r \{0})
)

=

= deg
(
(ρ◦p◦G◦Ψ)∗	Hn(B

n

r , B
n

r \{0})
)

by Lemma 76.16 → = (−1)n · deg
(
(p◦G◦Ψ)∗	Hn(B

n

r , B
n

r \{0})
)

= (−1)n · deg(G, Q).
↑

this follows from the de�nition of deg(G, Q) together with the Local
Di�eomorphism-Degree Proposition 76.14 and the fact that we know that p and Ψ are
either both orientation-preserving or they are both orientation-reversing

Now we consider the case that G(Q) = −z. The calculation is basically identical to the
above. The only di�erence is that in this setting the map p is orientation-preserving if and
only if n is odd, whereas before p was orientation-preserving if and only if n is even. On
the other hand the behavior of the orientation of Ψ does not change, i.e. Ψ is orientation-
preserving if and only if n is even. Thus we obtain the same result as above, except that
by Lemma 76.16 we pick up a sign (−1)n. �

Now �nally we assume that n is even. We perform the following calculation:

since z and −z are regular values we can apply the Local-Global Degree Proposition 101.6 to z and to −z
↓

2·deg(Gauÿ map G :M→Sn) =
∑

Q∈M with
G(Q) = z

deg(G, Q) +
∑

Q∈M with
G(Q) = −z

deg(G, Q)

=
∑

Q∈M with
v(Q) = 0

deg(G, Q) =
∑

Q∈M with
v(Q) = 0

index(v,Q) = χ(M).x x x
since v(Q)=0 if and only if by the claim and by the Poincaré-Hopf
G(Q)=−z or G(Q)=z since n is even Theorem 129.7�

Exercises for Chapter 129.

Exercise 129.1. We consider the two vector �elds v and w that are shown in the �gure
below with a single zero at P . On page 1022 we already saw that index(v, P ) = +1. What
is index(w,P )?
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index(v, P ) = +1 index(w,P ) =??

wv

Exercise 129.2.
(a) We consider the vector �eld v on R2 shown in the �gure below. What is the index

of v at the unique zero?
(b) Sketch a vector �eld v on R2 with a zero at some point P , such the corresponding

index equals +3.
(c) Let n ≥ 2. Show that for every k ∈ Z there exists a vector �eld v on Rn with a single

zero at the origin 0 such that index(v, 0) = k.

���
���
���

���
���
���

what is the index?

vector �eld v

Exercise 129.3. LetM be a closed oriented n-dimensional smooth manifold. We consider
the tangent bundle

TM :=
⊔
x∈M

(TxM × {x}).

(a) Show that TM is naturally an oriented 2n-dimensional smooth manifold such that
the map ϕ : M → TM given by x 7→ (0, x) ∈ TxM × {x} is a smooth embedding.

(b) Show that there exists a smooth embedding ψ : M → TM , that is homotopic to ϕ,
such that the submanifolds ϕ(M) and ψ(M) of TM intersect transversally and such
that ϕ(M) · ψ(M) = χ(M). Here the left-hand side is the algebraic intersection
number as de�ned on page 2748.
Hint. Use the Non-Degenerate Vector Field Existence Proposition 129.4.
Remark. In the literature the statement we just proved sometimes gets shortened to
�M ·M = χ(M)�.

Exercise 129.4. We say that two vector �elds v and w on a smooth manifold M are
equivalent if there exists a di�eotopy H : M × [0, 1] → M with H0 = id and such that
(H1)∗(v) = w, i.e. such that for every x ∈ M we have (DH1)x(v(x)) = wH1(x). Are all
nowhere-vanishing smooth vector �elds on the torus S1 × S1 equivalent?
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130. Homology, cohomology and submanifolds

In this chapter, given an oriented, compact smooth manifoldM we will relate the following
objects:

(1) Codimension one submanifolds of M ,
(2) cohomology classes in H1(M ;Z) of dimension one,
(3) homology classes in Hn−1(M,∂M ;Z) of codimension one,
(4) maps M → S1.

130.1. Codimension one submanifolds. Let M be a compact oriented connected n-di-
mensional topological manifold. Every compact oriented proper submanifold Y Ă M of
codimension k gives rise to a homomorphism

Hk(M ;Z) → Z
σ 7→ 〈PDM([Y ])︸ ︷︷ ︸

∈Hk(M ;Z)

, σ〉.

In many circumstances the next proposition gives an explicit description of this homomor-
phism Hk(M ;Z)→ Z:

Proposition 130.1. Let M be a compact oriented connected n-dimensional topological
manifold and let Y Ă M be a compact oriented proper submanifold of codimension k. Let
f : X → M be a map from a closed k-dimensional topological manifold X to M . If f is
transverse to Y , then

〈PDM([Y ])︸ ︷︷ ︸
∈Hk(M ;Z)

, f∗([X])︸ ︷︷ ︸
∈Hk(M ;Z)

〉 = f · Y.

Remark. LetM be a compact oriented connected n-dimensional topological manifold and
let Y Ă M be a compact oriented proper submanifold of codimension one. In Proposition ??
we saw that Y admits a tubular neighborhood of the form [−1, 1]×Y such that the product
orientation of [−1, 1] × Y matches the orientation of M . If f : S1 → M is a map, then
loosely speaking, the algebraic intersection number f · Y counts (with signs) how often f
goes from Y × {∓1} to Y × {±1}.
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{−1} × YM Y = Y × {0}

Y
f f · Y = −2

{1} × Y
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Proof. We have
f · Y = εM

(
( PDM(f∗([X]))YPDM([Y ]))X[M ]

)
= εM

(
PDM([Y ])X( PDM(f∗([X])X[M ]))

)
↑ ↑

by Theorem 127.7 since f and Y are transverse by the Cup-Cap Lemma 116.7 and the discussion on page 2558

= εM(PDM([Y ]) X f∗([X])) = 〈PDM([Y ]), f∗([X])〉.
↑ ↑

de�nition of PDM (f∗([X])) Cap Product-Kronecker Lemma 116.4 �

Now we can prove the following proposition which gives an easy criterion for showing that
a codimension-one submanifold represents a non-trivial class in homology.

Proposition 130.2. (Non-Separating Codimension-One Submanifold Proposi-
tion) Let M be a compact oriented n-dimensional smooth manifold and let N be a com-
pact orientable non-empty proper submanifold of codimension one. If the complement
M \ N is connected, then [N ] ∈ Hn−1(M,∂M ;Z) is a primitive1565 element of in�nite
order.

Example. The Non-Separating Codimension-One Submanifold Proposition 130.2 can in
particular be seen as a generalization of the argument given on page 2754.

Remark. In any statement of a lemma, proposition or theorem it is always a good ex-
ercise to see whether the hypothesis stated are actually necessary. In the following we
will discuss whether the conditions in the Non-Separating Codimension-One Submanifold
Proposition 130.2 that M needs to be compact and oriented are necessary.
(1) We consider the real projective plane RP2 and the 1-dimensional submanifold N that

is illustrated in the �gure below to the left. We see that RP2 \N is connected, but
since H1(RP2;Z) ∼= F2 we see that N cannot possibly represent an element of in�nite
order. On the other hand, an �F2-version� of the Non-Separating Codimension-One
Submanifold Proposition 130.2, which by the F2-Orientability Proposition 105.13 also
applies to non-orientable smooth manifolds, shows that N represents a non-trivial
element in H1(RP2;F2).

(2) Let M be a non-compact oriented n-dimensional smooth manifold and let N be a
compact orientable non-empty proper submanifold of codimension one. If ∂M is
compact, then we will see in Exercise 130.1 using the Compact Submanifold Exhaus-
tion Proposition 31.2 and 130.2, that the homology class [N ] ∈ Hn−1(M ;Z) is still
an element of in�nite order.
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Σ∞

Σ∞ \N is connected

NRP2

N

path in RP2 \N shows
that RP2 \N is connected

1565Recall that an element g of an additive abelian group G is called primitive if there does not exist an
h ∈ G and an n ≥ 2 with n · h = g.
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Proof. Let M be a compact oriented n-dimensional smooth manifold and let N be a
compact orientable proper submanifold of codimension one such that M \N is connected.
By Proposition ?? we can �nd a trivial tubular neighborhood [−1, 1] × N in M . By
hypothesis M \ N is connected. It follows from Proposition 123.4, Lemma 123.1 and the
Topological Manifolds-Local Properties Lemma 18.8 (3) that M \ (−1, 1)×N is path-con-
nected.

It follows from our hypothesis that N is non-empty, together with the Topological
Manifold Boundary Proposition 75.2 (5), that we can pick a point P ∈ N \ ∂N . We write
P± = P ×{±1} ∈ [−1, 1]×N . We denote by α : [0, 1

2
]→ [−1, 1]×N the �horizontal path�

in [−1, 1]×N from P− to P+. Since M \ (−1, 1)×N is path-connected we can connect the
two points P+ to P− via a path β : [1

2
, 1]→M \ (−1, 1)×N .
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M

P

[−1, 1]×N

β

N N

P+

P−

α

We consider the map γ : S1 = [0, 1]→M that is de�ned by α on [0, 1
2
] and that is given

by β on [1
2
, 1]. We consider the following homomorphism

Ψ: Hn−1(M,∂M ;Z) → Z
σ 7→ 〈PDM(σ)︸ ︷︷ ︸

∈H1(M ;Z)

, γ∗([S
1])︸ ︷︷ ︸

∈H1(M ;Z)

〉.

We want to show that [N ] ∈ Hn−1(M,∂M ;Z) is a primitive element of in�nite order. It
su�ces to show that Ψ([N ]) = ±1 ∈ Z. In fact we have

Ψ([N ]) = 〈PDM([N ]), γ∗([S
1])〉 = γ ·N = ±1,

↑ ↑ ↑
by de�nition by Proposition 130.1 since by construction of γ

γ and N are clearly transverse

as desired. �

We conclude this section with the following lemma.

Lemma 130.3. Let M be a compact orientable n-dimensional smooth manifold with
at most one boundary component and which furthermore satis�es H1(M ;Z) = 0. (For
example we could take M = B

n
or M = Sn). Then for every connected submanifold N of

codimension one with N ∩ ∂M = ∅ there exists a compact n-dimensional submanifold W
of M with ∂W = N .

Proof. By Proposition ?? we can �nd a trivial tubular neighborhood [−1, 1] × N in M .
It follows from the argument of the proof of the Non-Separating Codimension-One Sub-
manifold Proposition 130.2 and our assumption that M is orientable and the fact that
M is compact that X := M \ (−1, 1) × N is disconnected. Furthermore it follows from
the Codimension-Zero Submanifold Proposition 19.38 that X is a submanifold of M with
∂X = ∂M ∪ ({−1} ×N) ∪ ({1} ×N). Since ∂M consists of at most one component, since
M is connected and since X is disconnected we see that there exists a component Y of X
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with ∂X = {ε} × N for some ε ∈ {−1, 1}. By adding �half� of the tubular neighborhood
to Y we obtain a submanifold with ∂Y = M . �
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X

130.2. Representing homology classes by submanifolds II. First we recall the fol-
lowing de�nition from page 2246.

De�nition. Let M be a smooth manifold and let A be a union of components of ∂M .
(1) If N is a compact oriented k-dimensional submanifold of M with ∂N Ă A, then

we denote by [N ] the image of the fundamental class [N ] in Hk(M,A;Z) under the
inclusion induced map Hk(N, ∂N ;Z)→ Hk(M,A;Z).

(2) We say that a homology class z ∈ Hk(M,A;Z) is represented by a submanifold if
there exists a compact oriented proper k-dimensional submanifold N with ∂N Ă A
such that [N ] = z.

Let M be an orientable, compact n-dimensional smooth manifold. We saw in the Inter-
section Number-via-Cup Product Theorem 126.5 that we can calculate the cup product of
α ∈ Hk(M,∂M ;Z) and β ∈ Hn−k(M ;Z) if the Poincaré duals PDM(α) ∈ Hn−k(M ;Z) and
PDM(β) ∈ Hk(M,∂M ;Z) are represented by transverse submanifolds. This rekindles our
interest in the following question.
Question 102.11. Let M be an n-dimensional smooth manifold and let A be a union of
components of ∂M . For which k ∈ N0 can homology classes in Hk(M,A;Z) be represented
by submanifolds?
We already studied Question 102.11 in great detail in Section 102.4. For example in Corol-
lary 102.14 and Corollary 102.17 we proved the following:
(1) If n ≥ 2, then every class in H1(M,A;Z) can be represented by a submanifold.
(2) If n ≥ 4, then every class in H2(M,A;Z) can be represented by a connected subman-

ifold.
Instead of moving on to the next highest dimension, we now actually consider homology
classes of codimension one. More precisely, we want to prove the following proposition.

Proposition 130.4. (Codimension-One Submanifold Existence Proposition) Let
M be a compact orientable n-dimensional smooth manifold and let A Ă ∂M be a union of
boundary components. Every class in Hn−1(M,A;Z) can be represented by a submanifold.

Remark.

(1) In Proposition 130.6 we will prove a re�nement of the Codimension-One Submanifold
Existence Proposition 130.4.

(2) In Proposition ?? we will prove the codimension-two analogue of the Codimension-
One Submanifold Existence Proposition 130.4. Furthermore in Proposition ?? we will
prove an �F2-coe�cient�-analogue of the Codimension-One Submanifold Existence
Proposition 130.4.
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Proof. Let M be a compact orientable n-dimensional smooth manifold. In the following
we deal with the case that A = ∂M . The general case is proved in a similar fashion, but
now one needs to use Exercise 118.5 (4) instead of the Maps-to-S1 Proposition 118.13. We
leave it to the reader to work out the details.

Now let σ ∈ Hn−1(M,∂M ;Z). We write φ = PDM(σ) ∈ H1(M ;Z). By the Maps-to-
S1 Proposition 118.13 or alternatively by Proposition 163.20 there exists a smooth map
f : M → S1 such that φ = f ∗([S1]∗) where [S1]∗ ∈ H1(S1;Z) is the dual fundamental class.

By Sard's Theorem 31.1 and the Full Measure-Density Proposition 30.3 (2) there exists
a regular value z ∈ S1. To simplify the notation we assume that in fact z = 1 is a regular
value. We write N := f−1(1). By the Regular Value Theorem ?? (1), (2), (3) we know that
N is a compact orientable (n − 1)-dimensional smooth manifold. Furthermore we know
from Theorem ?? (4) that there exists an ε ∈ (0, π) and a tubular neighborhood [−ε, ε]×N
of N such that the following diagram commutes

[−ε, ε]×N
(s,x)7→s
��

� � // M

f
��

[−ε, ε]
s 7→exp(2π is)

// S1.

We pick the orientation for N such that the inclusion map [−ε, ε]×N →M is orientation-
preserving. It remains to prove that [N ] = σ ∈ Hn−1(M,∂M ;Z). Recall that φ = PDM(σ),
i.e. σ = φ X [M ]. Therefore it su�ces to show that [N ] = φ X [M ] ∈ Hn−1(M,∂M ;Z).
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M

f

regular value 1 ∈ S1

N = f−1(1)

{ε} ×N

{−ε} ×N

We introduce the following notation:

(1) We write I = [−ε, ε] and
◦
I = (−ε, ε),

(2) we denote by i : I ×N → M the inclusion map and we denote by i also all maps of
pairs where the �rst map is given by the inclusion map,

(3) we denote by q all maps of pairs of topological spaces where the �rst map is just the
identity on M ,

(4) �nally we denote by p : I ×N → I the projection .
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We consider the following diagram1566

H1(M) × Hn(M,∂M)
X //

q∗
��

Hn−1(M,∂M)

q∗ =

��

H1(M,M \(
◦
I×N))× Hn(M,M \(

◦
I×N)∪∂M)

X //

i∗ ∼=
��

q∗

OO

Hn−1(M,∂M)

H1(I×N, ∂I×N)× Hn(I×N, ∂(I×N))
X //

i∗

OO

Hn−1(I×N, I×∂N)

i∗

OO

H1(I, ∂I) × H1(I, ∂I)
X //

−×[N ]

OO

p∗

OO

H0(I).

−×[N ]

OO

The proposition follows from the following claim.
Claim.
(1) The diagram commutes.1567

(2) The map i∗ : H1(M,M \ (
◦
I ×N))→ H1(I ×N, ∂I ×N) is an isomorphism.

(3) We have (q∗ ◦ i−1
∗ ◦ p∗)([I]∗) = φ.

(4) We have i∗([I]× [N ]) = q∗([M ]).

Proof.

(1) The top two squares commute by the Cap Product-Naturality Lemma 116.8 applied
to the two maps

q : (M,∅, ∂M) → (M,M \ (
◦
I ×N), ∂M)

and
i : (I×N, ∂I×N, I×∂N) → (M,M \ (

◦
I ×N), ∂M).

Finally regarding the bottom square, note that

p∗([I]∗) X ([I]× [N ]) = p∗([I]∗) X ([I×N ]) = [{0}×N ] = (

=[{0}]︷ ︸︸ ︷
[I]∗ X [I])×[N ].

↑ ↑
Topological Product Orientation Fundamental Class-Product

Proposition 113.10 Proposition 117.2 (2)

Since [I]∗ ∈ H1(I, ∂I) and [I] ∈ H1(I, ∂I) are generators it follows from this calcula-
tion that the bottom square commutes.

(2) It follows from excision for cohomology groups, see page 2418, that i∗ is indeed an
isomorphism. We leave it to the reader to verify the details.

(3) We identify the interval I with its image in S1 under the orientation-preserving map
de�ned by s 7→ exp(2π is). We denote by j : I → S1 and j : (I, ∂I) → (S1, S1 \

◦
I)

the inclusion maps. Furthermore we denote by r : (S1,∅)→ (S1, S1 \
◦
I) the obvious

1566For completeness' sake we recall that the relative cap product is only de�ned for excisive triads, see
page 2536. So one should think for a second about why the second cap product is in fact de�ned.
1567Note that here for the �rst three rows we use the convention of page 2538 for what �commutativity�
actually means.
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map of pairs of topological spaces. We consider the following diagram

H1(S1)
f∗

// H1(M)

H1(S1, S1 \
◦
I)

r∗

OO

j∗∼=
��

f∗
// H1(M,M \ (

◦
I ×N))

q∗

OO

i∗ ∼=
��

H1(I, ∂I)
f∗=p∗

// H1(I ×N, ∂I ×N).

Here the map j∗ is an isomorphism by excision for cohomology groups. Also note
that at the bottom horizontal map we have f ∗ = p∗ by the discussion on page 2837.
Furthermore we note that by the functoriality of cohomology groups both squares
commute. Finally we point out that it follows immediately from the Codimension
Zero-Fundamental Class Lemma 106.24 that r∗((j∗)−1([I]∗)) = [S1]∗. The desired
statement is a consequence of the observation that φ = f ∗([S1]∗).

(4) This statement follows immediately from the Codimension Zero-Fundamental Class
Lemma 106.24. �

130.3. The basic Thom-Pontryagin Theory. In the proof of the Codimension-One
Submanifold Existence Proposition 130.4 we saw that a map from a smooth manifold N to
S1 gives rise to a codimension-one submanifold. In this section we will go in the opposite
direction.
De�nition. Let M be a compact oriented n-dimensional smooth manifold and let N be a
proper oriented (n− 1)-dimensional submanifold. By Proposition ?? there exists a trivial
tubular neighborhood of the form [−1, 1]×N such that the product orientation of [−1, 1]×
N matches the orientation of [−1, 1] × N , viewed as a codimension-zero submanifold of
M . We refer to the map1568

ρN : M → S1

P 7→
{

exp(π it), if P = (t, Q) ∈ [−1, 1]×N,
−1, otherwise

as the Thom-Pontryagin map.1569 The de�nition of ρN is illustrated in the �gure below.
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M N N × {1} N × {−1}

ρN

1568It follows easily from the Codimension-Zero Smooth Embedding Proposition 24.16 and the Homotopy
Stacking Lemma 14.3 that this map is indeed continuous.
1569Lev Pontryagin (1908-1988) was a Soviet topologist, he made many major contributions to topology,
despite having lost his eyesight in an accident when he was 14.
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Remark. The Thom-Pontryagin map ρN that we had just constructed depends on the
choice of a tubular neighborhood. But it follows from the uniqueness of tubular neighbor-
hoods, see Proposition ??, together with Lemma ?? (2) that any other choice of a tubular
neighborhood [−1, 1]×N leads to a map M → S1 that is homotopic to the original map.

Lemma 130.5. Let M be a compact oriented n-dimensional smooth manifold and let N
be a proper oriented proper (n− 1)-dimensional submanifold. We have

ρN∗ = PDM([N ]) ∈ Hom(H1(N ;Z),Z) = H1(N ;Z).
↑

identi�cation from the First Cohomology Proposition 110.17

Proof. We had implicitly veri�ed this lemma in the above proof of the Codimension-One
Submanifold Existence Proposition 130.4. �

Example. We return to the example that we had discussed on page 2607. More precisely,
let Σ be the surface of genus 2. The closed curves x1, y1, x2, y2 shown in the �gure below
represent a basis for H1(Σ;Z). We consider the epimorphism φ : H1(Σ) → Z that is given
by φ(x1) = 0, φ(y1) = 1, φ(x2) = −2 and φ(y2) = 1. By the Maps-to-S1 Proposition 118.13
we know that φ can be realized by some map g : Σ → S1. Now we will construct such a
map explicitly.

We consider the closed curve C that is illustrated in the �gure below. We claim that
the corresponding map ρC : Σ → S1 has the desired property. Put di�erently, we claim
that ρC∗ = φ ∈ Hom(H1(N ;Z),Z). It su�ces to show that the two homomorphisms agree
on the basis [x1], [y1], [x2], [y2] of H1(Σ;Z). For example we have

ρC∗([x2]) = 〈PDM([C]), [x2]〉 = x2 · C = −2 = φ(x2).
↑ ↑ ↑

Lemma 130.5 Proposition 130.1 see the �gure below

It is straightforward to verify that the same equalities hold for all the other basis elements.

x1

y1
y2

x2

C

Σ

Now we have the tools to prove the following re�nement of Proposition 130.6.

Proposition 130.6. Let M be a compact orientable n-dimensional smooth manifold and
let φ ∈ Hn−1(M,∂M ;Z). Let ∂φ ∈ Hn−2(∂M) be the image of φ under the connecting ho-
momorphism in the long exact sequence of the pair (M,∂M). If F Ă ∂M is a submanifold
that represents ∂φ ∈ Hn−2(A), then φ can be represented by a submanifold N of M with
∂N = F .

Proof. Let M be a compact oriented n-dimensional smooth manifold. Suppose we are
given a homology class φ ∈ Hn−1(M,∂M ;Z) and a submanifold F Ă ∂M that represents
∂φ ∈ Hn−2(∂M). As above we pick a trivial tubular neighborhood [−1, 1] × F in ∂M
such that the product orientation of [−1, 1] × F matches the orientation of ∂M . Next we
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consider the corresponding Thom-Pontryagin map

ρF : ∂N → S1

P 7→
{

exp(π it), if P = (t, Q) ∈ [−1, 1]× F,
−1, otherwise

Note that ρF is smooth on the closed subset [−1
2
, 1

2
] × F . It follows quite easily from

the Whitney Approximation Theorem 29.1 (5) that ρF is homotopic rel [−1
2
, 1

2
] × F to a

smooth map f : ∂N → S1 which is �close to ρF � in the sense that it has the property that
for P 6∈ [−1

2
, 1

2
]× F we have f(P ) 6∈ {exp(π i) | t ∈ [−1

4
, 1

4
]}. Now note that it follows from

Proposition 119.25 together with the Maps-to-S1 Proposition 118.13 (3) that there exists
a smooth map g : M → S1 that represents PDM(φ) ∈ H1(M,∂M ;Z) and that agrees with
f on ∂M .

By Sard's Theorem 31.1 and the Full Measure-Density Proposition 30.3 (2) there exists
an s ∈ (−1

4
, 1

4
) such that exp(π is) is a regular value of g. We write N := g−1(z). By the

proof of the Codimension-One Submanifold Existence Proposition 130.4 (1) we know that
N is a smooth proper submanifold that represents φ. Note that by construction we have
∂N = N ∩ ∂M = {s}×F . Using a collar neighborhood of ∂M it is straightforward to �nd
an isotopy that arranges that ∂N = {0} × F = F . We leave it to the reader to �ll in the
few remaining details. �

Later on we will make use of the following useful corollary.

Corollary 130.7. (Cobounding Submanifolds Corollary) Let M be a closed ori-
entable n-dimensional smooth manifold and let C and D be two closed oriented (n − 1)-
dimensional submanifolds. If [C] = [D] ∈ Hn(M ;Z), then there exists a compact oriented
proper n-dimensional submanifoldW Ă [0, 1]×M such that ∂W = ({0}×C)∪({1}×−D).
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D

M

C

{0} ×M

{0} × C

M

{1} ×D

{1} ×M[0, 1]×M

W

Proof. We consider the following diagram:

. . . // Hn([0, 1]×M)
∂ // Hn−1(({0}×M) ∪ ({1}×M))

i∗ // Hn−1([0, 1]×M)
∼=p∗
��

// . . .

Hn(M)

Here the horizontal sequence is the long exact sequence in homology corresponding to the
pair ([0, 1]×M, ({0}×M)∪({1}×M)). Furthermore p : [0, 1]×M →M denotes the obvious
projection. Our hypothesis that [C] = [D] ∈ Hn(M ;Z) implies immediately that p∗([{0}×
C]) = p∗([{1}×D]). Since p∗ is an isomorphism and since the sequence is exact we see that
there exists a homology class ϕ ∈ Hn([0, 1]×M) with ∂ϕ = [{0}×C]− [{1}×D]. Finally
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note that it follows immediately from Proposition 130.6 that there exists in particular a
compact oriented proper n-dimensional submanifold W of [0, 1] ×M with [W ] = ϕ and
with ∂W = ({0} × C) ∪ ({1} × −D). �

In the remainder of this chapter we study an amusing generalization of the above Thom-
Pontryagin map.

De�nition. Let M be a compact oriented n-dimensional smooth manifold. Further-
more let N1, . . . , Nk be disjoint proper oriented (n − 1)-dimensional submanifolds. As
on page 2839 we pick a trivial tubular neighborhood of the form [−1, 1]× (N1 ∪ · · · ∪Nk).

We consider the wedge
k∨
j=1
S1
j given by identifying the points −1 ∈ S1

j to a single point ∗.
We again refer to the map

ρN1,...,Nk : M →
k∨
j=1
S1
j

P 7→
{

exp(π it) ∈ S1
j , if P = (t, Q) ∈ [−1, 1]×Nj,

∗, otherwise

as the Thom-Pontryagin map.
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M
S1

2

∗

ρN1,N2
S1

1

N2 × [−1, 1]N1 × [−1, 1]

Before we continue we recall that in the Fundamental Group-Wedge-of-Circles Lemma 52.4
we gave an identi�cation

〈t1, . . . , tk〉 = π1

( k∨
j=1
S1
j , ∗
)

where each tj is represented by a loop that goes once around the j-th circle S1
j in a positive

direction.
Proposition 130.8. (Epimorphism-onto-Free Group Proposition) LetM be a com-
pact oriented connected n-dimensional smooth manifold and let N1, . . . , Nk be disjoint
proper oriented non-empty (n − 1)-dimensional submanifolds. If M \ (F1 ∪ · · · ∪ Fk) is
connected, then for any x0 ∈M the map

ρN1,...,Nk : π1(M,x0) → π1

( k∨
j=1
S1
j , ∗
)

= 〈t1, . . . , tk〉

is an epimorphism.

Proof. We write N = N1 ∪ · · · ∪ Nk and ρ = ρN1,...,Nk . We pick a trivial tubular neigh-
borhood of the form [−1, 1]×N . It follows from our hypothesis that M \N is connected,
together with Proposition 123.4 and Lemma 123.1 that M \ (−1, 1)×N is also connected.
Since M is connected it follows from Proposition 47.20 that it su�ces to consider a base
point x0 that lies in M \ (−1, 1)×N .

For j = 1, . . . , k we do the following:

(1) we pick a point Pi ∈ Ni,



130. HOMOLOGY, COHOMOLOGY AND SUBMANIFOLDS 2843

(2) since M \ (−1, 1)×N is connected we can pick a path αj from x0 to (−1, Pj) and we
can pick a path γj from (1, Pj) to x0,

(3) we denote by βj the �horizontal� path in [−1, 1]× Nj from (−1, Pj) to (1, Pj),
(4) we write δj := αj ∗ βj ∗ γj.

It follows easily from the de�nitions that for j = 1, . . . , k we have ρ∗([δj]) = tj. We have
thus shown that the generating set {t1, . . . , tk} lies in the image of ρ∗. In other words, ρ∗
is indeed an epimorphism. �
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Example. Let g ∈ N and let Σg be the surface of genus g. As should be pretty clear
from considering the �gure below, the surface Σg contains g disjoint curves N1, . . . , Ng such
that the complement is connected. Thus it follows from the Epimorphism-onto-Free Group
Proposition 130.8 that there exists an epimorphism

π1(Σg) → 〈x1, . . . , xg〉.
In fact, as we will see in Exercise 130.2, it is not di�cult to show the existence of such an
epimorphism on a more algebraic level.
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is connected
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The previous example raises the following thought-provoking question.
Question 130.9. Let g ∈ N and let Σg be the surface of genus g.
(1) What is the maximal number k = k(g) ∈ N0 for which we can �nd k disjoint curves

F1, . . . , Fk on Σg such that Σg \ (F1 ∪ · · · ∪ Fk) is connected?
(2) What is the maximal l = l(g) ∈ N0 for which there exists an epimorphism from

π1(Σg) onto a free group of k generators?
In summary, as of right now we know the following:

g ≤ k(g) ≤ l(g) ≤ 2g.
↑ ↑ ↑

by the above Epimorphism-onto-Free Group Proposition 130.8 Abelianization Proposition 53.20
example

130.4. Cyclic coverings of manifolds. Our goal in this section is to give explicit con-
structions of cyclic coverings of manifolds. To simplify the language will use the following
conventions throughout this section.
Convention.



2844

(1) We will not distinguish between two coverings p : X → B and q : T → B that are
equivalent in the sense of the de�nition on page 1368.

(2) We will use the Change-of-Base Point Proposition 47.10 as an excuse to suppress all
base points from our notation.1570

The following proposition combines several results on coverings that we proved a while ago.

Proposition 130.10. Let M be a connected smooth manifold and let ϕ : π1(M)→ G be
an epimorphism onto an abelian group. There exists a unique covering p : M̃ → M such
that p∗(π1(M̃)) = ker(ϕ). Furthermore this covering has the following properties:
(1) The covering is regular and the deck transformation group is isomorphic to G.
(2) The index of the covering is precisely |G|.

Proof. The proposition follows immediately from the Covering Existence Theorem 61.5
and Proposition 62.7 together with the Covering Uniqueness Theorem 61.9 and the Regular
Covering-Characterization Corollary 62.8. �

We sort-of introduced the following de�nition on page 1383.

De�nition. We say a covering p : X → Y is (in�nite) cyclic if p is a regular covering and
if the deck transformation group is an (in�nite) cyclic group.
Let M be a smooth manifold M . Given any primitive φ ∈ H1(M ;Z) = Hom(π1(M),Z)
and given n ∈ N we know by Proposition 130.10 that there exist corresponding (in�nite)
cyclic covers of M . Our goal is to a very explicit constructions of these (in�nite) cyclic
covers for many smooth manifolds.
In the remainder of this section we will use the following notation:
Notation. Let M be a connected smooth manifold.
(1) We use the First Cohomology Proposition 110.17 to make the identi�cation H1(M ;Z) =

Hom(π1(M),Z). It follows almost immediately from the de�nitions that under this
identi�cation the primitive elements in H1(M ;Z) correspond to the epimorphisms
π1(M)→ Z.

(2) Let φ ∈ H1(M ;Z) again be a primitive element. Furthermore let n ∈ N. In the
following we denote by φn : π1(M) → Zn the epimorphism that is given by the

composition π1(M)
φ−→ Z→ Zn.

At this stage it is worth recalling the following de�nitions from page ??.
De�nition. LetM be an oriented smooth manifold and let F Ă M be a compact oriented
proper submanifold of codimension one. We pick an orientation-preserving tubular map
Φ: [−1, 1]× F →M . We de�ne

M \\F := (M \ F ) t (F × {±0})

1570More precisely, using the Change-of-Base Point Proposition 47.10 it is not di�cult to show that for
any topological space X, any abelian group G and any two paths p, q : [0, 1] → X from a point x0 to a
point x1 we have p∗ = q∗ : Hom(π1(X,x0), G)→ Hom(π1(X,x1), G). In particular, given a path-connected
topological space X and x0, x1 ∈ X the groups Hom(π1(X,x0), G) and Hom(π1(X,x0), G) are canonically
isomorphic.
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with the topology that is generated by the following sets:
(1) the usual open subset of M \ F ,
(2) the sets of the form Φ(U × (0, ε))∪ (U ×{+0}) where U is an open subset of F and

where ε ∈ (0, 1),
(3) the sets of the form Φ(U × (−ε, 0)) ∪ (U × {−0}) where U is an open subset of F

and where ε ∈ (0, 1).
We refer to M \\F as M cut along F . This de�nition is illustrated in the �gure below.
We also introduce the following extra notation:
(4) We denote by F± the images of F × {±0} in M \\F . Furthermore we denote by

i± : F± →M \\F the obvious inclusion maps.
(5) We denote by ∼F the equivalence relation on the set M \\F that is generated by

(P,+0) ∼ (P,−0) for P ∈ F .
(6) We denote by χF the map

χF : M \\F → M

P 7→
{
P, if P ∈M \ F,
Q, if P = (Q,±0).
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slightly incorrect picture of M cut along F

Now we can give the explicit construction of the cyclic coverings.

Proposition 130.11. (Cyclic-Covering Proposition) LetM be compact oriented con-
nected smooth manifold. Furthermore let φ ∈ H1(M ;Z) = Hom(π1(M),Z) be a primitive
element. Finally let F Ă M be a compact oriented proper codimension-one submanifold1571

that is dual to φ in the sense that PDM([F ]) = φ. We denote by i± : F → F± Ă M \\F
the two obvious inclusion maps.
(1) We write

M̃∞ :=
( ⊔
k∈Z

(M \\F )× {k}
)
/∼ where (i−(P ), k) ∼ (i+(P ), k + 1)

for P ∈ F and k ∈ Z.
The map p : M̃∞ → M

[(P, k)] 7→ [χF (P )]

is the in�nite cyclic covering corresponding to φ.
(2) Let n ∈ N. We write

M̃n :=
( ⊔
k∈Zn

(M \\F )× {k}
)
/∼ where (i−(P ), k) ∼ (i+(P ), k + 1)

for P ∈ F and k ∈ Zn.
The map p : M̃n → M

[(P, k)] 7→ [χF (P )]
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is the �nite cyclic covering corresponding to φn.

Example. We consider the 2-dimensional smooth manifold M together with the subman-
ifold F that are shown in the �gure below. We illustrate the explicit construction of the
in�nite cyclic covering M̃∞. The reader will not fail to spot the uncanny similarities with
Lemma 56.12 and the �gure on page 1272.
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F− F+

M̃∞M cut along FM

F

Proof.
(1) We pick a tubular map Φ: [−1, 1] × F → M for F . It follows almost immediately

from the de�nitions that the open sets M \ F and Φ((−1, 1) × F ) are uniformly
covered in the sense of the de�nition on page 1067. Since these two open subsets
cover all of M we see that p : M̃∞ →M is indeed a covering.

In the following we will show that p : M̃∞ → M is indeed the covering corre-
sponding to ker(φ).1572 We consider the following map:

α : M → S1

P 7→
{

exp(π it), if P = Φ(t, Q) with t ∈ [−1, 1] and Q ∈ F ,
−1, otherwise

This is of course the Thom-Pontryagin map corresponding to the tubular map that
we introduced on page 2839. Let q : R → S1 be the universal covering that is given
by t 7→ exp(π it). Furthermore let

r : α∗R = {(P, t) ∈M × R |α(P ) = p(t)} → M
(P, t) 7→ P

be the pullback of the covering q. Note that by the Topological-Pullback Lemma 56.16
(3) we know that r : α∗R→M is also a covering.

Claim. The covering p : M̃∞ →M is equivalent to the covering r : α∗R→M .

Proof. The key to proving the claim is to consider the map

β : M̃∞ → R

[P ] 7→


2i− 1, if P ∈ (M \ Φ([−1, 1]× F ))× {i},
2i+ t, if P ∈ Φ({t} × F )× {i} for some t ∈ [−1, 0),
2i+ t− 2, if P ∈ Φ({t} × F )× {i} for some t ∈ (0, 1],
2i, if P ∈ F− × {i} or P ∈ F+ × {i+ 1}.

Using Pasting Proposition 2.6 (2) one easily verify that this map is continuous. Next

1571Note that we do not assume that F is connected.
1572An alternative proof of this statement is given in [Herr2019, Lemma 1.31].
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3−1 1

20−2−3 1−1

M̃∞
+−

M

t 7→ eiπt

p

α

(M \\F )× {0}

β

(M \\F )× {1}

we consider the map

Θ: M̃∞ → α∗R
P 7→ (p(P ), β(P )).

It is straightforward to see that Θ is a bijection. We leave it to the reader to show
that Θ is actually a homeomorphism. One can easily verify that Θ ◦ r = p. In
summary we conclude that the two coverings q and r are indeed equivalent. �

Now we see that

Topological-Pullback Lemma 56.16
↓

q∗(π1(M̃∞)) = r∗(π1(α∗R)) = α−1
∗ (π1(R)) = ker(α∗) = ker(φ).

↑ ↑ ↑
since q and r are equivalent coverings since π1(R) = 0 Lemma 130.5

We have thus shown that q∗ : M̃∞ → M is indeed the covering corresponding to
ker(φ).

(2) The proof of this statement is very similar to the proof of (1). We just need to replace
the covering q : R→ S1 by the covering q : S1 → S1 given by z 7→ zn. We leave it to
the reader to once again lessen the burden on the author by �lling in the details. �

130.5. Curves on 2-dimensional smooth manifolds (∗). We conclude this chapter
with a discussion of curves on 2-dimensional smooth manifolds. The results of this section
are nice-to-have, but they will not be used in the remainder of these notes. Thus it is safe
to skip this section in the unlikely event that the reader is in a hurry.
Let us now recall the following de�nition from page 1123: A closed oriented curve C in
a smooth manifold M is a closed oriented connected 1-dimensional submanifold of M or
of ∂M . In this section we want to study curves on 2-dimensional smooth manifolds. Our
main focus will be curves on the torus.
Before we state the results we recall that on page 1733 we saw that a closed oriented curve
C in a smooth manifold M de�nes a homology class [C] ∈ H1(M ;Z). We start out with
the following lemma.

Lemma 130.12. Let T = S1×S1 be the torus and let C be a closed oriented curve on T .
(1) If T \ C is connected, then [C] is a primitive element of H1(T ;Z).
(2) If T \ C is disconnected, then C is the boundary of an embedded disk.
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T \ C is connected

C

T \ C is disconnected

Proof. If T \ C is connected, then it follows from the Non-Separating Codimension-One
Submanifold Proposition 130.2 that [C] is a primitive element of H1(T ;Z). Now suppose
that T \ C is disconnected. By the Tubular Neighborhood Theorem ?? there exists a
tubular neighborhood [−1, 1] × C. From Lemma 123.1 and Proposition 123.4 we obtain
that T \(−1, 1)×C is also disconnected. Since C is connected this implies that T \(−1, 1)×C
has two components A and B, one of which contains {−1} × C and one which contains
{1}×C.1573 By the Codimension-Zero Submanifold Proposition 19.38 we know that A and
B are compact 2-dimensional smooth manifolds, in particular they are �nite CW-complexes.
We have χ(A) + χ(B) = χ(T )︸ ︷︷ ︸

=0

+ χ({−1} × C)︸ ︷︷ ︸
=0

+ χ({1} × C)︸ ︷︷ ︸
=0

= 0.x
Euler Characteristic-Addition Lemma 87.5

Since A and B have boundary it follows from the classi�cation of compact 2-dimensional
smooth manifolds and the calculation of Euler characteristics, see Lemma 87.6, that one of
A or B is di�eomorphic to the disk B

2
. �

Lemma 130.13. Let T = S1 × S1 be the torus. Let C and D be two closed oriented
curves on T . If C and D are disjoint and if [C] and [D] are both non-zero1574 in H1(T ;Z),
then [C] = ±[D].

Proof. From the Intersection Number-via-Cup Product Theorem 126.5 together with our
hypothesis that C ∩ D = ∅ we obtain that PDT ([C]) Y PDT ([D]) = 0. It follows easily
from the calculation of the cup product of the torus, see Lemma 114.14, that PDT ([C]) =
k · PDT ([D]) for some k ∈ Z. We obtain from Lemma 130.12 that k ∈ {−1, 1}. �

Lemma 130.14. Let T = S1 × S1 be the torus. Let C and D be two closed oriented
curves on T . Suppose that [C] = [D] 6= 0, then the following hold:
(1) The two closed oriented curves are smoothly isotopic.
(2) If C and D are furthermore disjoint, then there exists an embedded annulus X Ă T

with ∂X = C ∪ −D.
Furthermore, the same statements also hold if we replace the torus T = S1 × S1 by the
annulus S1 × [−1, 1].
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1573Why is that?
1574Is this condition that [C] and [D] are both non-zero necessary?
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Sketch of proof. We provide a sketch of a proof for the various statements:
(1) By the Transversality Theorem 42.4 (2) we can assume that C and D are already

transverse. It follows from the calculation of the cup product of the torus and the
Intersection Number-via-Cup Product Theorem 126.5 that the algebraic intersection
number is 0. The argument is now similar to the argument of the proof of Theorem ??,
but this time we use Lemma 130.12 to �nd the desired embedded disks. We refer to
the �gure below for an illustration.

It is a good, and not entirely trivial, mental exercise to �ll in the details. The
argument is sketched in more detail in [Rolf1990, Lemma 5 of Chapter 2.C].

(2) The proof of this statement is similar to the proof of Lemma 130.12 (2). We leave it
to the reader to �ll in the details.

The proof in the case that T = S1×[−1, 1] is easier. We will discuss it in Exercise 131.1. �
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For completeness sake' we state the following proposition, even though we will not make
use of it.
Proposition 130.15. Let F be a 2-dimensional smooth manifold and let C and D be two
closed oriented curves on F .
(1) If C and D are homotopic, then C and D are smoothly isotopic.
(2) If C and D are furthermore disjoint and if they are not null-homotopic, then there

exists an embedded annulus X Ă F with ∂X = C ∪ −D.

Proof.

(1) This statement is [FaM2011, Proposition 1.10]. (Closely related statements are also
proved in [Baer1928], [Eps1966, Theorem 2.1].) Unfortunately all the references
are somewhat cavalier when it comes to distinguishing continuous and smooth maps,
but with some e�ort one can see that all the references provide smooth isotopies.

(2) If F is orientable, then we will provide the proof in Exercise 130.7. The proof of the
non-orientable case is not much harder. �

Exercises for Chapter 130.

Exercise 130.1. Let M be a non-compact oriented n-dimensional smooth manifold with
compact boundary. Furthermore let N be a compact orientable non-empty proper sub-
manifold of codimension-one such that M \N is connected. Show that [N ] ∈ Hn−1(M ;Z)
is an element of in�nite order.
Hint. Use Propositions 31.2 and 130.2.

Exercise 130.2. Let g ∈ N and let Σg be the surface of genus g. By the Fundamental
Group-of-Surfaces Proposition 54.5 we know that there exists an isomorphism

π1(Σg) ∼= 〈x1, y1, . . . , xg, yg | [x1, y1] · · · · · [xg, yg]〉.
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Use this isomorphism to give a purely algebraic proof that π1(Σg) admits an epimorphism
onto a free group on g generators.

Exercise 130.3. Here is one possible approach to answering Question 130.9 (1). Let g ∈ N
and let Σg be the surface of genus g. Let F1, . . . , Fk be disjoint curves on Σg such that
Σg \ (F1 ∪ · · · ∪Fk) is connected. By the Tubular Neighborhood Theorem ?? we can pick a

tubular neighborhood
k⋃
i=1

[−1, 1]× Fi for the submanifold F1 ∪ · · · ∪ Fk Ă Σg. We consider

the compact orientable 2-dimensional smooth manifold X := Σg \
k⋃
i=1

(−1, 1) × Fi. What
can you say about the Euler characteristic of X? What does the classi�cation of compact
orientable 2-dimensional smooth manifolds tell you?

Exercise 130.4. Let Σ be a compact orientable connected 2-dimensional smooth manifold
and let A,B Ă Σ be two disjoint non-separating curves.
(a) Show that there exists a closed 1-dimensional smooth manifold C Ă Σ that intersects

each of A and B transversally in a single point.
Remark. Exercise 80.7 might come in handy.

(b) Can one also arrange that C is connected?
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Exercise 130.5. Let M be a compact oriented connected smooth manifold and let F be a
compact oriented proper submanifold. We use the notation from page 2845. In particular
we denote by i± : F →M \\F the two inclusion maps and we denote by χF : M \\F →M
the natural projection. Show that there exists a long exact sequence of the form

. . . → Hi(F )
i−−i+−−−→ Hi(M \\F )

χF−→ Hi(M)
∂−→ Hi−1(F ) → . . .

Exercise 130.6. Let (X, x0) be a topological space that is path-connected, locally path-
connected and semi-locally simply connected. Furthermore let φ : π1(X, x0) → 〈t〉 be an
epimorphism. We denote by p : X̃∞ → X the covering corresponding to ker(φ). By Propo-
sition 62.7 we have an explicit identi�cation of the group 〈t〉 with the deck transformation
group of p : X̃∞ → X. Given σ ∈ Cn(X̃∞) and given k ∈ Z we write tk · σ := (tk)∗(σ).

(a) Let n ∈ N0 and let σ, µ ∈ Cn(X̃∞). Show that p∗(σ) = p∗(µ) ∈ Cn(X) if and only if
there exists a k ∈ Z with σ = tk · µ.

(b) Let n ∈ N0. Show that the following sequence is exact:

0 → Cn(X̃∞)
t−id−−−→ Cn(X̃∞)

p∗−−→ Cn(X) → 0.

Remark. By the LES Proposition 74.9 we obtain a corresponding long exact sequence

. . . → Hn+1(X)
∂−→ Hn(X̃∞)

t−id−−−→ Hn(X̃∞)
p∗−→ Hn(X)

∂−→ Hn−1(X̃∞) → . . . .

(c) As a reality check, what does the long exact sequence in (b) look like for the covering
p : R→ S1?
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(d) Let r ∈ N. We denote by X̃r the covering of X corresponding to the epimorphism
ker(φ : π1(X, x0)→ 〈t〉 = Z→ Zr). Show that there exists an exact sequence relating
the homology groups of X̃∞ and X̃r.

Exercise 130.7. Let F be an oriented 2-dimensional smooth manifold and let C and D be
two closed oriented disjoint curves on F that are not null-homotopic. Assume that C and
D are homotopic. Show that there exists an embedded annulus X Ă F with ∂X = C∪−D.
Hint. Use Exercise 131.2. You might also want to use some of the ideas of the proof of
Lemma 130.12.

Exercise 130.8. Let T = S1×S1 be the torus and let C and D be two closed oriented 1-di-
mensional submanifolds of T with [C] = [D] ∈ H1(T ;Z). Use the results from Section 130.5
to give a down-to-earth proof of the statement that there exists a compact oriented proper
2-dimensional submanifold Ω of T × [0, 1] such that

∂Ω = ({0}×) ∪ ({1} × −D).

Remark. Evidently this is just a special case of the Cobounding Submanifolds Corol-
lary 130.7. But it is fun to give a bare-hands proof in this special case.

Exercise 130.9. Let Σ be the surface of some genus g ∈ N0 and let f : Σ → Σ be some
orientation-preserving self-di�eomorphism. We consider the corresponding mapping torus

Tor(Σ, f) := (Σ× [0, 1]) /∼ where (x, 0) ∼ (f(x), 1) for all x ∈ Σ.

Let F be a surface of some genus k. Suppose that there exists a map ϕ : F → Tor(Σ, f)
such that ϕ∗([F ]) = [{0} × Σ] ∈ H2(Tor(Σ, f)). Show that k ≥ g.
Hint. Make clever use of the Cyclic-Covering Proposition 130.11 and Exercise 102.3.

Exercise 130.10. Let M be a closed oriented n-dimensional smooth manifold. Further-
more let φ ∈ Hn−1(M ;Z), let k ∈ N and let F be a closed oriented (n − 1)-dimensional
submanifold that represents k · φ. Show that we can decompose F = F1 t · · · t Fk where
each Fi represents φ.
Hint. Consider the Thom-Pontryagin map ρ = ρF : M → S1 that we introduced on
page 2839. Note that ρ−1(1) = F . Let p : S1 → S1 be the covering map given by z 7→ zk.
Show that there exists a map ρ̃ : M → S1 such that ρ = p ◦ ρ̃.

Exercise 130.11. Given a closed oriented 2-dimensional smooth manifold S with compo-
nents S1, . . . , Sm we de�ne

χ−(S) :=
m∑
i=1

max{−χ(Si), 0}.

Let M be a closed oriented 3-dimensional smooth manifold. We consider the map

xM : H2(M ;Z) → N0

σ 7→ min
{
χ−(S)

∣∣∣ S is a closed oriented 2-dimensional
submanifold of M with [S] = σ

}
.

Show that the map xM is a seminorm, i.e. show that it has the following two properties:
(a) Given any σ ∈ H2(M ;Z) and k ∈ Z we have xM(k · σ) = |k| · xM(σ).

Hint. Use Exercise 130.10.
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(b) Given µ, ν ∈ H2(M ;Z) we have xM(µ+ ν) ≤ xM(µ) + xN(ν).
Hint. Use the Transversality Theorem 42.4 and Proposition 102.21.

(c) Show that there exists a unique seminorm xM : H2(M ;R)→ R≥0 such that the map

H2(M ;Z)
[σ] 7→ [σ ⊗ 1R]−−−−−−−−→H2(M ;R)→ R≥0 agrees with the above map xM .

Remark. This seminorm xM : H2(M ;Z)→ R≥0 is usually called the Thurston norm of M .
It was introduced by William Thurston [Thu1986] in 1976 and, as is shown in [Thu1986]
and [Gab1983], it has many remarkable properties.

Exercise 130.12. We continue with the de�nitions introduced in Exercise 130.11. Let Σ
be a closed connected 2-dimensional smooth manifold with χ(Σ) ≤ 0.
(1) Let f : Σ→ Σ be a di�eomorphism. We consider the mapping torus Tor(Σ, f). Show

that x([Σ]) = χ−(Σ).
Hint. Let F be any closed oriented 2-dimensional submanifold of Tor(Σ, f) with
[F ] = [Σ]. Using the Cyclic-Covering Proposition 130.11 we obtain a map F → Σ×R.
Consider the map F → Σ× R→ Σ and use Exercise 101.4.

(2) We can to consider the Thurston norm of N × S1.
(a) Show that xΣ1×S1([Σ× {∗}] = χ−(Σ).
(b) Show that for any σ ∈ H1(Σ) we have xΣ1×S1([S1]× σ) = 0.
(c) Show that for any φ ∈ H2(Σ× S1;R) we have

xΣ×S1(φ) = 〈PDΣ×S1︸ ︷︷ ︸
∈H1(M ;R)

, [{∗} × S1]︸ ︷︷ ︸
∈H1(M ;Z)

〉.

Hint. Either use Proposition 118.15 and (1). Alternatively use (2a) and (2b)
together with Exercise 130.11 (b).

Exercise 130.13. Let M be a closed oriented n-dimensional smooth manifold. Given
φ ∈ H1(M ;Z) we de�ne

xM(σ) = inf{‖N‖R |N is a closed oriented submanifold of M with PDM([N ]) = φ}.
↑

simplicial volume as de�ned in Exercise 101.9

Let N be a closed oriented connected (n − 1)-dimensional smooth manifold. Given any
cohomology class φ ∈ H1(N × S1) determine xN×S1(φ) in terms of ‖N‖R and φ({∗} × S1).
Hint. Use Proposition 118.15 and (a).
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131. Applications to knot theory

After so much theory we want to practice what we have learned by applying our recent
results to knot theory.

131.1. The longitude of a knot. We start out our discussion of knots with the following
de�nition.
De�nition. Let K Ă S3 be an oriented knot.
(1) A thickening of K is an orientation-preserving smooth embedding1575 F : B

2×K →
S3 such that F (0, P ) = P for all P ∈ K.

(2) Given a thickening F of K we refer to XK := S3 \ F (B2 × K) as the knot exte-
rior. We equip the codimension-zero submanifold XK of S3. with the corresponding
standard orientation that we introduced on page 684.

(3) Given a thickening F of K and given ∗ ∈ K we refer to the oriented submanifold
µK := F (S1 × {∗}) of S3 \K as the meridian of K.

(4) By Lemma 100.16 (5) the inclusion induced map H1(XK ;Z)
∼=−→ H1(S3 \K;Z) is an

isomorphism and we have H1(XK ;Z) = Z · [µK ]. We denote by φK the isomorphism

φK : H1(S3 \K;Z)
∼=←− H1(XK ;Z)

∼=−→ Z
[µK ] → 1.

(5) Given a thickening F : B
2 ×K → S3 we de�ne

self-linking number of F := φK(F∗([{∗} ×K])︸ ︷︷ ︸
∈H1(XK ;Z)

),

where ∗ ∈ B2
is a random point.

Remark. It follows from the uniqueness of tubular neighborhoods, see Proposition ??,
that the exterior XK and the meridian µK are, in an appropriate sense, independent of the
choice of the thickening. Therefore often we just say �the exterior� and �the meridian�.

Lemma 131.1. (Knot Thickening Lemma) Let K be an oriented knot in S3.

(1) Let F : B
2 × K → S3 be a thickening of K and let s ∈ Z. Let γ : S1 → K be

an orientation-preserving di�eomorphism. Similar to Lemma ?? we consider the
di�eomorphism

Ψ: B
2 ×K → B

2 ×K
(w, γ(z)) 7→ ( w ·C zs︸ ︷︷ ︸

multiplication in C, where
w∈B2

ĂC and zs∈C

, γ(z)).x
where z∈S1

The map F ◦Ψ is a thickening with

self-linking number of F ◦Ψ = self-linking number of F + s.

(2) Given any n ∈ Z there exists a thickening of K with self-linking number n.

1575We equip S3 and B
2 × S1 with the standard orientation that we introduced on page 681 and on

page 2502.
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(3) If F, F ′ : B
2 × K → S3 are two thickenings of K with self-linking number n, then

there exists a di�eotopy H : S3 × [0, 1]→ S3 rel K with H0 = id and H1 ◦ F = F ′.
Given K Ă R3 Ă S3 = R3∪{∞} the analogous statements hold if we consider thickenings
that are contained in R3. Furthermore, in this setting the di�eotopy in (3) of R3 can be
assumed to have compact support.
Remark. Given an oriented knotK and n ∈ Z sometimes we use the uniqueness statement
of the Knot Thickening Lemma 131.1 to talk about the thickening of K with self-linking
number n. Sometimes we shorten this cumbersome expression to the n-thickening of K.

Proof.
(1) We denote by m the self-linking number of F . We write λ := F ({1} × K) and

µ := F (S1 × {1}) and we view λ and µ as oriented 1-dimensional submanifolds with
the orientations given by K and S1. We calculate that

self-linking number of F ◦Ψ = φK(F∗(Ψ∗([{1}×K]))) = φK(s·[µ] + [λ]) = s+m.
↑ ↑

follows from the Action-on-Torus since φK(µ) = 1 and
Homology Lemma 84.7 (2) by de�nition of m

(2) From the Tubular Neighborhood Theorem ?? we know that there exists a thickening
F : B

2 × K → S3. We denote by m the self-linking number of F . The desired
statement now follows from (1) applied to n−m.

(3) The uniqueness statement is an immediate consequence of (1) together with Propo-
sition ?? and Lemma ?? (3).

The same arguments as above also apply if we replace S3 by R3. �

De�nition. Let K Ă S3 be an oriented knot. We pick a thickening F : B
2 ×K → S3 of

self-linking number zero. We refer to any λK := F ({∗} ×K) as a longitude of K.1576

Examples.
(1) In the �gure below we show the longitude and the meridian for the trivial knot and

the �gure-8 knot.

����
�
�
�
�

trivial knot trivial knot �gure-8 knot
this is not a
longitude

longitudes

meridians

(2) In the �gure below we show the trefoil knot with three wannabe longitudes. It is
not entirely clear which one is the right longitude. We will soon develop a tool with
which it will be straightforward to settle this issue.

On several occasions the following lemma comes in handy.

1576It follows from the Knot Thickening Lemma 131.1 (3) that the longitude is in an appropriate way
uniquely determined.
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trefoiltrefoiltrefoil

curve A curve B curve C

Lemma 131.2. (Longitude-Meridian Lemma) Let K be an oriented knot and let
F : B

2 × K → S3 be a thickening with self-linking number zero. We denote by XK =
S3 \ F (B2 × K) the corresponding knot exterior. Furthermore we denote as usual by
µK = F (S1 × {∗}) and λK = F ({∗} ×K) the corresponding meridian and longitude.
(1) The classes [µK ] and [λK ] form a basis for H1(∂XK ;Z).
(2) There exists a short exact sequence of the following form

0 → H2(XK , ∂XK ;Z) →
=Z·[µK ]⊕Z·[λK ]︷ ︸︸ ︷
H1(∂XK ;Z) →

=Z·[µK ]︷ ︸︸ ︷
H1(XK ;Z) → 0

[µK ] 7→ [µK ]
[λK ] 7→ 0.

(3) The longitude λK is the unique, up to smooth isotopy, closed oriented curve on the
torus F (S1 × K) that is homologous to K = {0} × K in F (B

2 × K) and that is
null-homologous in XK .

(4) If we view µK and λK as closed oriented curves on the oriented torus F (S1 × K),
then the algebraic intersection number equals µK · λK = +1.

(5) If denote by i : µK → ∂XK the inclusion map, then15771578

i∗([µK ]∗) X [∂XK ] = −[λK ] ∈ H1(∂XK ;Z).

(6) Recall that given an oriented curve C we denote by −C the curve with the opposite
orientation. With this notation we have µ−K = −µK and λ−K = −λK .

Proof.
(1) This statement follows from Lemma 78.11 (2).
(2) We consider the long exact sequence of homology groups of the pair (XK , ∂XK):

H2(XK ;Z)︸ ︷︷ ︸
= 0 by Lemma 100.16 (4)

→ H2(XK , ∂XK ;Z) → H1(∂XK ;Z)
φ−→ H1(XK ;Z).

By de�nition we have φ([λK ]) = 0. Furthermore we know from Lemma 100.16 that
the right-hand map is an epimorphism. The statement follows immediately from
these observations.

(3) It follows from (1) that the kernel of H1(∂XK ;Z)→ H1(XK ;Z) equals Z · [λK ]. Since
H1(F (B

2 ×K);Z) = Z · [K] = Z · [λK ] we see that there exists a unique homology

1577We denote by [µK ]∗ ∈ H1(µK ;Z) the dual fundamental class as de�ned on page 2451, i.e. the unique
cohomology class with 〈[µK ]∗, [µK ]〉 = 1.
1578As we mentioned above, we equip XK with a standard orientation. We equip ∂XK with the corre-
sponding boundary orientation as de�ned on page 689.
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class that has the properties we are interested in. The desired statement now follows
from Lemma 130.14 (1).

(4) This statement follows from the de�nitions and the easy observation that the oriented
submanifolds S1 × {∗} and {∗} × S1 of the oriented smooth manifold S1 × S1 have
algebraic intersection number one.

(5) We calculate that

i∗([µK ]∗) X [∂XK ] = i∗([µK ]∗) X F∗(−[S1 ×K]) = F∗
(
[S1 × {∗}]∗ X (−[S1 ×K])

)
↑ ↑

using that F is orientation-preserving Cap Product-Naturality Lemma 116.8
and using Exercise 25.19 we see
that F∗([S1 × S1]) = [∂F (B

2 ×K)] = −[∂XK ]

= −F∗([{∗} ×K]) = −[λK ].
↑ ↑

see page 2555 by de�nition of λK

(6) This statement follows easily from the de�nitions. We leave it to the reader to provide
the details. �

131.2. Detecting non-invertible and chiral knots. Now that we have the notion of the
self-linking number of thickening a knot we can also outline how to answer several questions
on symmetries of knots we had asked a long time ago.
We start out with the following de�nition.
De�nition. Let K be an oriented knot.
(1) The mirror Kmir is de�ned as the re�ection of K in any hyperplane of R4.15791580 We

give the mirror Kmir the orientation that turns the re�ection into an orientation-
preserving di�eomorphism K → Kmir.

(2) The reverse Krev is de�ned as the knot K with the reverse orientation.
(3) The inverse K inv is de�ned as the mirror of the reverse of K.

Remark. The names �reverse� and �inverse� at times also get used with di�erent meanings.
We follow [Conw1970, p. 336] for our naming convention.

the inverse K invthe reverse Krevthe mirror Kmirknot K

Now the question arises whether an oriented knot is smoothly isotopic to any of its dop-
pelganger. This leads us to the following de�nition.
De�nition. Let K be an oriented knot.
(1) We say thatK is amphichiral if it is smoothly isotopic to its mirror image. Otherwise

we call the knot K chiral.1581

1579Note that it follows from Exercise 59.1 that, up to a smooth isotopy, the de�nition of Kmir does not
depend on the choice of the hyperplane.
1580Note that on page 2387 we introduced the mirror of an unoriented knot. For the purpose of this section
it is better to work with oriented knots.
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(2) We say K is reversible if it is smoothly isotopic to its reverse.
(3) We say K is invertible if it is smoothly isotopic to its inverse.

Example. As we saw in the �gure on page 1303, it is basically clear that the trivial knot
is amphichiral and reversible. Furthermore, in the �gure on page 1316 we showed that the
�gure-8 knot J is amphichiral. Also note that in Exercise 34.7 we showed that the trefoil
and the �gure-8 knot are reversible.

This lead us to the following two questions.
Question 58.2. Is every knot reversible?
Question 59.9. Is the trefoil chiral?
Before we show how to answer both questions let us introduce the following simple-minded
de�nition.
De�nition.
(1) A group system is a system (G, g1, g2) consisting of a group G together with two

elements g1, g2 ∈ G.
(2) A isomorphism between group systems (G, g1, g2) and (H, h1, h2) is a group isomor-

phism ϕ : G→ H with ϕ(g1) = h1 and ϕ(g2) = h2.
The following proposition explains why we care about group systems.

Proposition 131.3. (Knot-Group System Proposition)

(1) Let K Ă S3 be an oriented knot. We pick a thickening F : B
2 × K → S3 of K

with self-linking number zero.1582 Furthermore we pick an orientation-preserving
di�eomorphism γ : S1 → K. We write

xK,F := F (1, γ(1)), µK,F : S1 → S3 \K
z 7→ F (z, γ(1)),

λK,F,γ : S1 → S3 \K
z 7→ F (1, γ(z)).

The isomorphism type of the group system

(π1(S3 \K, xK,F ), [µK,F ], [λK,F,γ])

depends only on the choice of the oriented knot K. Any group system that is
isomorphic to the above group system is called a group system for K.

(2) Let K and J be two oriented knots. If K and J are smoothly isotopic, then the
corresponding group systems are isomorphic.

(3) Given an oriented knot K with a group system (πK , µK , λK) the following hold:

(a) a group system for the mirror Kmir is given by (πK , µ
−1
K , λK)

(b) a group system for the reverse Krev is given by (πK , µ
−1
K , λ−1

K )
(c) a group system for the inverse K inv is given by (πK , µK , λ−1

K ).

Remark. Friedhelm Waldhausen [Wald1968b, Corollary 6.5] (see also [BZH2014, The-
orem 3.16]) showed in 1968 that the converse to the Knot-Group System Proposition 131.3
(2) holds. Thus we are certainly on the right track.

Proof.

1581On page 1316 we introduced these notions of unoriented knots.
1582We know by the Knot Thickening Lemma 131.1 (2) that such a thickening always exists.
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(1) This statement follows easily from the Knot Thickening Lemma 131.1 (3).
(2) This statement follows equally easily from the Isotopy Extension Theorem 36.1.
(3) Let F : B

2 × K → S3 be a thickening of K with self-linking number zero and let
γ : S1 → K be an orientation-preserving di�eomorphism. Throughout the proof of
(3) we work with the group system (π1(S3 \K, xK,F ), [µK,F ], [λK,F,γ]) for K.

In the following we denote by ρ the re�ection in a hyperplane of R4 and we set
Kmir = ρ(K). Finally we denote by ϕ : S1 → S1 and ψ : B

2 → B
2
the maps given by

complex conjugation.
(a) First note that the map1583

Fmir : B
2 ×Kmir → S3

(x, y) 7→ ρ(F (ψ(x), ρ(y)))

is a thickening of Kmir with self-linking number zero. Furthermore note that
γmir := ρ ◦ γ : S1 → Kmir is orientation-preserving. Thus we see that ρ∗ induces
an isomorphism between the group system (π1(S3\K, xK,F ), [µK,F ]−1, [λK,F,γ]) and
the group system (π1(S3\Kmir), xKmir,Fmir , [µKmir,Fmir ], [λKmir,Fmir,γmir ]).

(b) First note that the map

F rev : B
2 ×Krev → S3

(x, y) 7→ F (ψ(x), y)

is a thickening of Krev with self-linking number zero. Furthermore note that
γrev := γ ◦ ϕ : S1 → Krev is orientation-preserving. Finally note that the group
system (π1(S3\Krev, xKrev,F rev), [µKrev,F rev ], [λKrev,F rev,γrev ]) equals the group system
(π1(S3 \K, xK,F ), [µ−1

K,F ], [λ−1
K,F,γ]).

(c) This statement follows immediately from (a) and (b). �

On page 1334 we saw that looking at �nite quotients of groups can be a convenient tool for
distinguishing groups. We now apply the same idea to group systems. There are various
ways of making this idea precise. We will work with the following approach.

De�nition. Let G be a �nite group and let x ∈ G.
(1) Given a group system (π, g1, g2) where π is a �nitely generated group we de�ne

�nite sum by Exercise 53.3 group ring as de�ned on page 1872
↓ ↓

P x
G(π, g1, g2) :=

∑
{ϕ∈Hom(π,G) |ϕ(g1)=x}

ϕ(g2) ∈ Z[G].

It is clear that isomorphic group systems give the same element in Z[G].
(2) Let K be a knot. Following [Eis2007, De�nition 1.2] we refer to

P x
G(K) := P x

G(group system of K) ∈ Z[G],

as the (G, x)-coloring polynomial of K.
The art now is to �nd, given a knot, a �nite group G and element x ∈ G such that the
(G, x)-coloring polynomial has content.

1583In particular note that the �extra ψ� ensures this map Fmir is indeed orientation-preserving.



131. APPLICATIONS TO KNOT THEORY 2859

Example. We consider the Kinoshita-Terasaka knot and the Conway knot that are shown
in the �gure below. This pair of knots is notoriously hard to distinguish. Now let G be the
Mathieu group M11, this is the unique simple group of order 7920 = 24 · 32 · 5 · 11 and the
smallest of the sporadic simple groups, see [CCNPW1985] for details. As is explained in
[Eis2007, p. 315], one way of describing G = M11 is to note that it is the subgroup of the
alternating group A11 that is generated by

x =

(
1 2 3 4 5 6 7 8 9 10 11
2 3 4 5 6 7 8 9 10 11 1

)
and y =

(
1 2 3 4 5 6 7 8 9 10 11
2 3 5 7 10 1 8 6 11 9 4

)
.

Note that x has order 11 in A11 and thus also in G = M11. By [Eis2007, p. 317] we have
the following table:

P x
G(K) = 1 + 11x3 + 11x7, P x

G(C) = 1 + 11x3 + 11x7,
P x
G(Kmir) = 1 + 11x4 + 11x8, P x

G(Cmir) = 1 + 11x4 + 11x8,
P x
G(Krev) = 1 + 11x4 + 22x8, P x

G(Crev) = 1 + 11x4 + 11x6 + 11x8,
P x
G(K inv) = 1 + 22x3 + 11x7, P x

G(C inv) = 1 + 11x3 + 11x5 + 11x7.

Since x has order 11 inG we see that all these elements of Z[G] are di�erent. This shows that
these eight oriented knots are pairwise non-smoothly isotopic. In particular this shows that
the Kinoshita-Terasaka knot and the Conway knot are neither amphichiral, nor reversible
nor invertible.

Kinoshita-Terasaka knot Conway knot

For the record let us formulate the following proposition.
Proposition 131.4. There exists an oriented knot that is neither amphichiral, nor re-
versible nor invertible.
We can now �nally answer Question 59.9 in the a�rmative.
Proposition 131.5. The trefoil is chiral.

Proof. We equip the trefoil K with either orientation. In Proposition 59.6 we showed that
there exists an epimorphism π1(S3 \ K) → S3. For a suitable choice of x ∈ S3 one sees,
using the Knot-Group System Proposition 131.3 and using the knot coloring polynomial
P x
S3

that K is neither smoothly isotopic to it mirror nor to its inverse. Thus the unoriented
trefoil is chiral. We will work out the details in Exercise 131.4. �

131.3. Seifert surfaces. The following is the key object in this section.

De�nition. Let K Ă S3 be a knot. A Seifert surface1590 for K is a compact orientable
connected 2-dimensional submanifold F of S3 such that ∂F = K. If K itself is oriented,
then we equip a Seifert surface F with the orientation such that ∂F = K as oriented
smooth manifolds.

1590Seifert surfaces are named after Herbert Seifert (1907-1996) whom we had already encountered at the
Mayer�Vietoris Theorem 52.2.
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Examples.
(1) In the �gure below we show Seifert surfaces for the trivial knot, the trefoil and the

�gure-8 knot.
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trefoil �gure-8 knottrivial knot

twisted 2-sided band

(2) In the �gure below we see two surfaces of minimal surface area that bound the trefoil,
both were manufactured by Jürgen Neukirch. The one on the left is orientable, thus
it is a Seifert surface. The one on the right is di�eomorphic to the Möbius band, thus
it is not a Seifert surface.

non-orientable surface

orientable surface

The following proposition is arguably one of the most useful results in knot theory.

Proposition 131.6. (Seifert Surface-Existence Proposition) Every knot K Ă S3

admits a Seifert surface.

Remark.
(1) The proposition was �rst proved in 1930 by F. Frankl and Lev Pontryagin [FPo1930]

in 1930. Shortly afterwards Herbert Seifert [Sei1934] gave a di�erent proof. More
precisely Seifert found an algorithm that given a diagram for a knot produces an
explicit Seifert surface for the knot. Seifert's algorithm is also described in most
books on knot theory, see e.g. [Rolf1990, p. 120] or [Lic1997a, Theorem 2.2].

(2) A slight generalization of the argument we give proves the following stronger state-
ment: given any closed orientable n-dimensional smooth manifold V Ă Sn+2 there
exists a compact orientable (n + 1)-dimensional submanifold W Ă Sn+2 such that
∂W = V . We refer to [Bre1993, Theorem VII.14.7], [Er1969, Lemma 2.2] and
[BDR2017] for details. The proof in these two references is close to the approach
taken in the proof of the Seifert Surface-Existence Proposition 131.6, but it circum-
vents the use of the Codimension-One Submanifold Existence Proposition 130.4 by
a more formal argument.

Proof. LetK be a knot. We need to show that there exists a compact orientable connected
2-dimensional submanifold F of S3 such that ∂F = K.

First note that by the Knot Thickening Lemma 131.1 (2) we can pick a thickeningB
2×K

of the knot K with self-linking number zero. We denote by X := S3 \ (B2 ×K) the knot
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exterior. Note that by the Longitude-Meridian Lemma 131.2 (2) we know that there exists a
unique homology class σ ∈ H2(X, ∂X;Z) such that ∂σ = [{∗}×K] ∈ H1(∂X;Z). It follows
from Proposition 130.6 that there exists a compact oriented proper 2-dimensional submani-
fold Σ of X such that [Σ] = σ and such that ∂Σ = {∗} × K. We apply Proposition ??
to

([0, 1]×K) ∪ Σ Ă (B
2 ×K) ∪ X = S3

and we obtain a compact orientable 2-dimensional submanifold Z whose boundary equalsK.
This submanifold might not be connected, but the component of Z that contains K is the
desired Seifert surface. �
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X = S3 \ (B2 ×K)

Σ

longitude {1} ×K

knot K pointing outward

[0, 1]×K

De�nition. Let F be a compact orientable connected 2-dimensional smooth manifold
with m boundary components. By the Surface Classi�cation Theorem 55.4 there exists a
unique g ∈ N0 such that F is homeomorphic to the surface of genus g minus m open disks.
We refer to g as the genus of F .
Given a Seifert surface it is sometimes not entirely obvious how to determine the genus.
The following lemma gives an easy criterion to determine the genus of a Seifert surface.

Lemma 131.7. Let F be a compact orientable connected 2-dimensional submanifold with
one boundary component. If Γ Ă F is a topological graph that is a deformation retract of
F , then

genus of F = 1
2 · (1− χ(F )) = 1

2 · (1−#vertices of Γ + #edges of Γ).
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trefoil �gure-8 knottrivial knot

genus 1
graph Γ

genus 0 genus 1

Proof. We calculate
genus of F = 1

2 (̇1− χ(F )) = 1
2 · (1− χ(Γ)).

↑ ↑
by Proposition 80.10 we by Corollary 87.2 since Γ is a
have χ(F ) = 1− 2g deformation retract of F �

If a knot K bounds a Seifert surface of genus g, then the construction sketched in the �gure
below shows pretty convincingly that K also bounds Seifert surfaces of any genus h ≥ g.
So the interesting question is, what is the minimal genus of a Seifert surface for a given
knot? This leads us to the following de�nition.
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Seifert surface of larger genus

De�nition. Given a knot K Ă S3 we de�ne

genus(K) := minimal genus of a Seifert surface of K.

Examples.
(1) As we have seen in the �gure on page 2861, the trivial knot has genus 0. More

interestingly, we showed in the Genus-Zero Knots Proposition 58.8 that if a knot has
genus 0, then it is smoothly isotopic to the trivial knot.

(2) We had also just seen that the trefoil admits a Seifert surface of genus 1. Furthermore
in Proposition 59.6 (2) we saw that the trefoil is not equivalent to the trivial knot.
It follows from (1) that

genus(trefoil) = 1.

We conclude this section with the following question.
Question 131.8. We consider the knot K in the �gure below. It admits a Seifert surface
of genus two. Does it also admit a Seifert surface of genus one?
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knot K Seifert surface of genus 2

131.4. Linking numbers. We recall the following de�nition from page 2700.

De�nition. An m-component link is a closed 1-dimensional submanifold of S3.

Remark. It follows from the Smooth 1-Dimensional Manifold Classi�cation Theorem 22.7
that a link is the same as a 1-dimensional submanifold of S3 that is di�eomorphic to the
disjoint union of �nitely many copies of S1.

Convention. When we write, �let L = L1 t · · · t Lm be an m-component link�, then it is
understood that each Li is non-empty. In particular each Li is a knot in its own right.
The following de�nition is the obvious generalization of the de�nition on page 1302.

De�nition. We say that twom-component links L = L1 t · · · t Lm and J = J1 t · · · t Jm
are smoothly isotopic if there exists a smooth map

F : (S1
1 t · · · t S1

m)× [0, 1] → S3

(z, t) 7→ F (z, t)
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such that the following hold:
(1) for each i ∈ {1, . . . ,m} we have F (S1

i × {0}) = Ki and F (S1
i × {1}) = Ji, and

(2) for each t ∈ [0, 1] the map Ft : S1 t · · · t S1 → S3 is a smooth embedding.
If L and J are oriented links, then we also demand that the isotopy is orientation-
preserving, i.e. the map F1 ◦ F−1

0 : K → J is orientation-preserving

Examples.
(1) We say an m-component link L Ă S3 is a trivial link if it bounds m disjoint disks

in S3. It follows immediately from the Lower-Dimensional Smooth Ball Embedding
Theorem 37.10 that all m-component trivial links are in fact smoothly isotopic.

(2) In the �gure below we show four examples of oriented links: the 2-component trivial
link, two versions H± of the Hopf link and one further link. The Hopf link is in fact
related to the Hopf map

H : S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1} → S2 = CP1

(z1, z2) 7→ [z1 : z2]

from page 1576. More precisely, if P,Q are two distinct points in S2, then the
preimage H−1({P,Q}) is a 2-component link that is smoothly isotopic to the Hopf
links without orientation. This can be seen as follows: for P = [1 : 0] and Q = [0 : 1]
one can verify �by hand� that the preimage is smoothly isotopic to a Hopf link. Given
any two other distinct points P ′ and Q′ in S2 we can �nd disjoint smooth paths from
P to P ′ and Q to Q′, the preimages of these paths give rise to a smooth isotopy of
links.

Hopf linksH− H+2-component trivial link chain link

Our goal now is to distinguish links that are not smoothly isotopic. It follows immedi-
ately from the de�nition that if two links L = L1 t · · · t Lm and J = J1 t · · · t Jm are
smoothly isotopic, then the components are smoothly isotopic knots. Therefore we are
mostly interested in distinguishing links for which the components are smoothly isotopic.
The following proposition generalizes Proposition 58.4. The proof is verbatim the same.
Proposition 131.9. Let L = L1 t · · · t Lm and J = J1 t · · · t Jm be two m-component
links. If the links are smoothly isotopic, then the following two statements hold:
(1) There exists an orientation-preserving di�eomorphism Φ: S3 → S3 with Φ(Li) = Ji

for i = 1, . . . ,m. If L and J are oriented, then there exists such a di�eomorphism Φ
which for each i ∈ {1, . . . ,m} restricts to an orientation-preserving di�eomorphism
Li → Ji.

(2) The link complements S3 \L and S3 \ J are di�eomorphic, in particular homeomor-
phic.

Remark. By the Gordon-Luecke Theorem 58.7 we pointed out that for knots the converse
to Proposition 58.4 (2) holds. More precisely, if K and J are two knots such that there
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exists an orientation-preserving di�eomorphism between the knot complements S3 \K and
S3 \ J , then K and J are smoothly isotopic. The analogous statement is no longer true for
links. In the �gure below we show two links L = K tJ and L′ = K ′tJ ′. In Exercise 131.7
we will see that S3 \ L and S3 \ L′ are di�eomorphic. Even though we cannot prove it
at the moment, it should be fairly clear that L and L′ are not smoothly isotopic. This
shows in particular that the problem of classifying links cannot be reduced to the problem
of classifying the complements of links.

K

J J ′

K ′

The following lemma gives a general construction of new links out of given ones.

Lemma 131.10. Let L and M be two links in S3. We pick an orientation-preserving
embedding ϕ : B

3 → S3 with L Ă ϕ(B3) and we pick an orientation-preserving embedding
ψ : B

3 → S3 with M Ă ψ(B3). Finally we pick two orientation-preserving embeddings
α, β : B

3 → S3 with disjoint images. The smooth isotopy type of α(ϕ−1(L)) ∪ β(ψ−1(M))
is well-de�ned and we refer to it as the split union L tM of the links L and M .

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

L

M

L tM

S3 S3

S3

Proof. We start out with the following statement which might actually be of independent
interest.
Claim. Let X be a compact subset of an n-dimensional smooth manifold M and let
ϕ, φ̃ : B

n → M be two smooth embeddings with X Ă ϕ(Bn) and X Ă ϕ̃(Bn). There
exists a smooth isotopy Θ: B

n × [0, 1]→ M such that Θ0 = ϕ, Θ1 = ϕ̃ and such that for
each t ∈ [0, 1] we have X Ă Θt(B

n).

Proof. If X is empty, then there is nothing to show. So now assume that X is non-empty.
We pick P ∈ X. It follows from the Smooth Isotopy Transitivity Proposition 33.3 and
Proposition 36.4 that we can assume without loss of generality that ϕ(0) = ϕ̃(0) = P .
Note that this means that we can view ϕ and ϕ̃ as tubular maps for the 0-dimensional
submanifold {P} Ă M . It follows from Proposition ?? that there exists a smooth isotopy
Θ: B

n × [0, 1] → M such that Θ0 = ϕ, Θ1 = ϕ̃ and such that for each t ∈ [0, 1] we have
Θt(0) = P .

It follows from Exercise 14.8 that there exists an open neighborhood U of P such that
for each t ∈ [0, 1] we have U Ă Θt(B

n). If X Ă U , then we are done. Otherwise we use
Exercise 33.2 and the fact that X is by hypothesis compact, together with the Smooth
Isotopy Transitivity Proposition 33.3, to reduce the general case to the case that X Ă U .
�
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Now we go back the actual statement of the lemma. First note that it follows from
the claim and Exercise 33.3 that the smooth isotopy type of α(ϕ−1(L)) ∪ β(ψ−1(M)) does
not depend on the choice of ϕ and ψ. Finally note that it follows from the Smooth Ball
Embedding Theorem 37.8 that the smooth isotopy type of α(ϕ−1(L)) ∪ β(ψ−1(M)) does
not depend on the choice of α and β. �

To distinguish links with components that are smoothly isotopic we will now introduce an
invariant of oriented links.

De�nition. Let K Ă S3 be an oriented knot.
(1) As before we denote by µK the meridian as de�ned on page 1305 and as above we

denote by φK the epimorphism φK : H1(S3\K;Z)→ Z that is given by φK([µK ]) = 1.
(2) We denote by [µK ]∗ ∈ H1(S3 \K;Z) the unique generator with 〈[µK ]∗, [µK ]〉 = 1.
(3) If J Ă S3 is an oriented knot that is disjoint from K, then we de�ne the linking

number of K and J to be

lk(K, J) := φK([J ]) = 〈[µK ]∗, [J ]〉
↑

equality holds by the above de�nitions

where [J ] ∈ H1(S3\K;Z) denotes the image of the fundamental class of the oriented
smooth manifold J under the inclusion J → S3 \K.

Example. If K is the trivial knot, then we saw in Proposition 59.4 that S3 \ K is dif-
feomorphic to the open solid torus B2 × S1 and it is fairly straightforward to determine
φK : H1(S3 \K;Z) → Z applied to a given curve. This allows us to determine the linking
numbers of the oriented links shown in the �gure below.

µK
µK

K

µKµK

lk(K, J) = 0 lk(K, J) = −1 lk(K, J) = 1 lk(K, J) = 2

K

J
K

J

JK

J

Proposition 131.11.
(1) Let L = L1 t · · · tLm and J = J1 t · · · t Jm be two m-component oriented links. If

the links L and J are smoothly isotopic, then for all r, s ∈ {1, . . . ,m} we have
lk(Lr, Ls) = lk(Jr, Js).

(2) Let K t J be an oriented 2-component link. If we change the orientation of one of
the components of the link, then the sign of the linking number �ips.

Proof. The �rst statement is an immediate consequence of Proposition 131.9 (1). The
second statement follows easily from the de�nitions. �

Example. It follows from Proposition 131.11 together with the calculation of the linking
numbers in the �gure on page 2865 that the two Hopf links H− and H+ are not smoothly
isotopic.
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The following proposition says that the linking number lk(K, J) is symmetric in the oriented
knots K and J .
Proposition 131.12. (Linking Number-Symmetry Proposition) For any oriented
2-component link J tK we have

lk(J,K) = lk(K, J).

Proof. We pick a thickening for the link L = J tK and use it to de�ne the exteriors XL,
XK and XJ . Throughout the proof we consider the following inclusion maps

∂XK f

))

XJ

XL

j 55

k ))
∂XJ

g

55

XK .

Furthermore, throughout the proof we use the isomorphisms from the H0-Proposition 72.5
and page 1594 to make the identi�cations H0(∂XJ ;Z) = H0(XL;Z) = H0(XJ ;Z) = Z. We
start out with the following claim.
Claim. We have

lk(K, J) =
(
k∗([µK ]∗)︸ ︷︷ ︸
∈H1(XL;Z)

Y j∗([µJ ]∗)︸ ︷︷ ︸
∈H1(XL;Z)

)
X g∗([∂XJ ])︸ ︷︷ ︸
∈H2(XL;Z)

.

Proof. We denote by [J ] ∈ H1(J ;Z) the fundamental class. We have the following equalities:

Cup Product-Commutativity Proposition 115.3
↓

(k∗([µK ]∗) Y j∗([µJ ]∗)) X g∗([∂XJ ]) = −(j∗([µJ ]∗) Y k∗([µK ]∗)) X g∗([∂XJ ])
= −k∗([µK ]∗) X (j∗([µJ ]∗) X g∗([∂XJ ])) = −k∗([µK ]∗) X g∗(g

∗j∗[µJ ]∗ X [∂XJ ])
↑ ↑

Cup-Cap Lemma 116.7 Cup Product-Naturality Lemma 114.10 applied to g

= k∗([µK ]∗) X g∗([λJ ]) = 〈[µK ]∗, k∗g∗([λJ ])〉 = 〈[µK ]∗, [J ]〉 = lk(K, J).
↑ ↑ ↑ ↑

Longitude-Meridian Lemmas 109.6 (3) since [λJ ] = [J ] ∈ H1(XK) see page 2865
Lemma 131.2 (5) and 116.4 �

Now we conclude that

lk(K, J) = (j∗([µJ ]∗)Yk∗([µK ]∗))Xg∗([∂XJ ]) = (−k∗([µK ]∗)Yj∗([µJ ]∗))X(−f∗([∂XK ]))
↑ ↑

by the claim by the Cup Product-Commutativity Proposition 115.3 and since by Corollary 106.28
we have g∗([∂XJ ]) + f∗([∂XK ]) = 0 ∈ H2(XL;Z)

= lk(J,K).
↑

by the claim �

To determine the linking number in more complicated cases it is helpful to have di�erent
ways to calculate the linking number.

Proposition 131.13. (Linking Numbers-via-Intersection Numbers Proposition)
Let KtJ be an oriented 2-component link. If F is a Seifert surface for K that is transverse
to J , then lk(K, J) = F · J
where F · J denotes the algebraic intersection number of F and J .
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Example. In the �gure below we show an oriented link K t J and a Seifert surface F for
K. Clearly we have F · J = 0, thus it follows from the Linking Numbers-via-Intersection
Numbers Proposition 131.13 that lk(K, J) = 0.
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J

K Seifert surface F for K

lk(K, J) = F · J = −1 + 1 = 0

sign = +1

sign = −1

Remark. The combination of the Linking Numbers-as-Intersection Numbers Proposi-
tion ?? and the Intersection Number-via-Cup Product Theorem 126.5, and some mild
massaging, generalizes the statement of the Linking Numbers-via-Intersection Numbers
Proposition 131.13 to the higher-dimensional setting and it gives an alternative proof of
Proposition 131.13.

Proof. Let K t J be an oriented 2-component link. We pick a tubular neighborhood
B

2 ×K for K. After possibly shrinking the tubular neighborhood we can and will assume
that S1 × K intersects F transversally in a single curve1591 and that B

2 × K does not
intersect J . We write X := S3 \ (B2 × K) and we write F ′ := F ∩ X. It follows from
our choice of tubular neighborhood and from the Submanifold Transversal Intersection
Theorem 42.1 that F ′ is a compact proper submanifold of F .

We start out with the following claim.

Claim. We have PDX([F ′]) = [µK ]∗ ∈ H1(X;Z).

Proof. By de�nition of the Poincaré Duality isomorphism PDX the claim is equivalent to
showing that [µK ]∗ X [X] = [F ′]. From the Longitude-Meridian Lemma 131.2 (2) we know
that the connecting homomorphism ∂ : H2(X, ∂X;Z) → H1(∂X;Z) is a monomorphism.
Therefore it su�ces to show that ∂([µK ]∗ X [X]) = ∂[F ′]. We denote by i : ∂X → X the
inclusion map. We calculate that

Longitude-Meridian Lemma 131.2 (5) and (4)
↓ ↓

∂([µK ]∗ X [X]) = −i∗([µK ]∗) X [∂X] = [λK ] = [∂F ′] = ∂([F ′]).
↑ ↑

Proposition 119.25 Fundamental Class-of-Boundary Proposition 106.27 �
Now we calculate that

Intersection Number-via-Cup
Lemma 126.4 since J Ă X Product Theorem 126.5 Cup-Cap Lemma 116.7

↓ ↓ ↓ ↓
F ·J = J ·F = J ·F ′ = (PDX([J ])YPDX([F ′]))X[X] = PDX([F ′])X(PDX([J ]) X [X])

= [µK ]∗ X [J ] = 〈[µK ]∗, [J ]〉 = lk(K, J).
↑ ↑

by the claim we have PDX([F ′]) = [µK ]∗ and see page 2865
by de�nition we have PDX([J ]) X [X] = [J ]

We have thus proved the desired equality. �

1591This last statement requires a little bit of thought. We leave the technical details to the reader.
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Next we will formulate a proposition that in many �real-life� situations is often the most
e�cient way to compute linking numbers. Before we formulate the proposition, recall that
on page 1322 we introduced the notion of a knot diagram and the notion of an over- and
undercrossing. These notion can be generalized in a pretty obvious way to the notion of a
link diagram.
To enhance readability we will formulate the next proposition in a slightly informal way.

Proposition 131.14. (Linking Number-via-Signed Crossings Proposition) Let
K t J Ă S3 be an oriented 2-component link that is given by a diagram in the xy-plane.
Then

lk(K, J) =
1
2
· number of positive crossings between K and J

− 1
2
· number of negative crossings between K and J

where a crossing P is called a positive (respectively negative) crossing if the direction of the
upper strand together with the direction of the lower strand give a positive (respectively
negative) basis for R2.

positive crossing negative crossing

Examples.

(1) In the �gure below we show two oriented links and we compute the linking number
using Linking Number-via-Signed Crossings Proposition 131.14 by considering the
signs of the crossings between K and J . As a reality check, on the left we consider
the Hopf link that we had already considered in the �gure on page 2865. In both
cases we obtain that the linking number equals −1.

K

J

−

−
linking number = −1

K J

+

+

+
++

− −+

linking number = 2

(2) Now we can settle the question from page 2854, which of the three closed curves shown
in the �gure on page 2869 is actually the longitude of the trefoil. More precisely, by
de�nition the longitude λK satis�es φK([λK ]) = 0, but again by de�nition this means
that lk(K,λK) = 0. Conversely, loosely speaking any curve that runs �parallel to K�
and that has linking number zero with K, is a longitude. Using Linking Number-via-
Signed Crossings Proposition 131.14 we calculate the linking numbers of the oriented
knot K with the oriented curves A, B and C. We obtain that C is the only curve
with linking number zero. Thus C is the longitude.
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curve Bcurve A curve C

− −
− − −

−
−−

−−
− ++

++
+

−
− −
−
−−

+

lk(K,A) = −3

−

lk(K,B) = −4 lk(K,C) = 0

K K
−−

K

Remark. Let K t J Ă S3 be an oriented 2-component link that is given by a diagram in
the xy-plane. An amusing exercise shows that

lk(K, J) =
number of positive crossings where K crosses over J

− number of negative crossings where K crosses over J.

Sketch of proof. 1592 We introduce the following notation:
(1) Given t ∈ R we consider the map

λt : R3 → R3

(x, y, z) 7→ (x, y, z + t).

We extend this de�nition to a homeomorphism of S3 by setting λt(∞) =∞.1593

(2) By the Seifert Surface-Existence Proposition 131.6 the knot J admits a Seifert surface
F .

(3) We pick r ∈ R such that the minimal z-coordinate of any point on λr(F ) is greater
than the maximal z-coordinate of any point in K.

(4) We write F ′ = ((J × [0, 1]) ∪ F )/∼ where we identify any point in J Ă F with the
corresponding point in J × {1}. Note that F ′ is a compact 2-dimensional smooth
manifold that inherits an orientation from F .

(5) We consider the map1594

Ψ: F ′ = ((J × [0, 1]) ∪ F )/∼ → R3

Q 7→
{
λt·r(P ) if Q = (P, t) ∈ J × [0, 1],
λr(Q), if Q ∈ F.

Then lk(K, J) = K ·Ψ = K ·Ψ|J×[0,1].
↑ ↑

by the same argument by choice of r we have
as in Proposition 131.13 K ∩Ψ(F ) = ∅

The right-hand side can be computed easily, in fact the points inK∩Ψ(J×[0, 1]) correspond
precisely to the crossings of the diagrams whereK crosses over J and one can easily convince
oneself that the signs agree. The proposition now follows from the reformulation of the
linking number in the remark preceding the proof. �

In the following lemma we give a 4-dimensional interpretation of the linking number.
1592A proof can evidently only be as precise as the input. Since we did not bother to completely rigorously
formulate the statement we can also not expect a completely rigorous proof. But with some e�ort one can
formulate both the statement and the proof rigorously.
1593Why is this map continuous?
1594Note that the map Ψ: F ′ → S3 is not necessarily injective. In particular the image is not necessarily
a Seifert surface for J .
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Ψ(J × [0, 1])

Ψ(F ′)
Ψ(F )

K

J

Lemma 131.15. Let K,K ′ be two disjoint oriented knots.

(1) There exist oriented proper 2-dimensional submanifolds S and S ′ of B
4
with ∂S = K

and ∂S ′ = K ′ such that S and S ′ are transverse.
(2) Let S, S ′ be two oriented proper 2-dimensional submanifolds of B

4
with ∂S = K

and ∂S ′ = K ′. If S and S ′ are transverse, then

lk(K,K ′) = S ·
B

4 S ′.

Remark. The combination of the Linking Numbers-as-Intersection Numbers Proposi-
tion ?? and the Intersection Number-via-Cup Product Theorem 126.5 generalizes the
statement of Lemma 131.15 to the higher-dimensional setting and it gives an arguably
mathematically purer proof of Lemma 131.15.

Sketch of proof. Let K,K ′ be two disjoint oriented knots.
(1) By the Seifert Surface-Existence Proposition 131.6 and the Transversality Theo-

rem 42.4 (2) there exists a Seifert surface F for K that is transverse to K ′. Fur-
thermore let F ′ be a Seifert surface for K ′. We pick a collar neighborhood [0, 2]×S3

for S3 = ∂B
4
. We use the collar neighborhood [0, 1]× S3 to de�ne the push-in1595 F̃

of F and we use the collar neighborhood [0, 2]×S3 to de�ne the push-in F̃ ′ of F ′. It
follows easily from Lemma ?? that F̃ and F̃ ′ have the desired properties.

(2) First we note that

lk(K,K ′) = F ·S3 K ′ = F̃ ·
B

4 F̃ ′ = −(−F̃ ) ·−B4 (−F̃ ′).
↑ ↑ ↑

Proposition 131.13 by inspection of the follows easily from the de�nitions
intersection points

Now let S, S ′ be two oriented proper 2-dimensional submanifolds of B
4
with ∂S = K

and ∂S ′ = K ′. We think of S4 = B
4 ∪ (−B4

) as the union of two copies of B
4
with

opposite orientations, the �rst copy contains S, S ′ and the second contains −F̃ ,−F̃ ′.
(See the �gure below for an illustration.) It follows fairly easily from the Smooth
Collar Neighborhood Theorem ?? that S∪−F̃ and S ′∪−F̃ ′ are oriented submanifolds
of S4.1596 We calculate that

S ·
B

4 S ′ − lk(K,K ′) = S ·
B

4 S ′ + (−F̃ ) ·−B4 (−F̃ ′) = (S ∪ −F̃ ) ·S4 (S ′ ∪ −F̃ ′) = 0.
↑ ↑ ↑

by the above since S ∩ F̃ ′ = S′ ∩ F̃ = ∅ by Theorem 127.7 and
since H2(S4;Z) = 0

1595We refer to page ?? for the de�nition of push-ins.
1596The word �submanifold of S4� is used in a slightly ambiguous way since it depends on whether we view
S4 as a topological manifold or a smooth manifold. In this case we view S4 only as a topological manifold.
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We have thus shown the desired equality S ·
B

4 S ′ = lk(K,K ′). �

��
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��

−B4

B
4

S3

−F̃ ′

S ′

K ′K
−F̃

S

Given two disjoint knots K and J in R3 we now have di�erent ways to de�ne and
think about the linking number. The following proposition, which mirrors [Rolf1990,
Theorem 5.D.5], shows that they are all the same.

Proposition 131.16. (Linking Number Reformulation Proposition) Let K t J be
an oriented 2-component link in R3 Ă S3 = R3 ∪ {∞} and let F be a Seifert surface for J
that intersects K transversally. The following numbers are all equal:1597

(1) φK([J ]) (de�nition of lk(K, J) page 2865)
(2) K · F
(3) the signed count of crossings as in Proposition 131.14

(4) −deg
(
K × J → S2

(x, y) 7→ x−y
‖x−y‖

)
(de�nition of lk(K, J) on page 1007)

(5) 1
4π

s=2π∫
s=0

t=2π∫
t=0

det

3× 3�matrix︷ ︸︸ ︷(
(f(s)− g(t)) f ′(s) g′(t)

)
‖f(s)−g(t)‖3 dt ds

Proof. The equality (1)=(2) is the content of the above Linking Numbers-via-Intersection
Numbers Proposition 131.13 and the equality (1)=(3) is the content of the above Linking
Number-via-Signed Crossings Proposition 131.14. The equality (3)=(4) was shown, with
slightly di�erent language, in Proposition 44.1. We proved (2)=(4) in the Linking Numbers-
via-Intersection Numbers Proposition 44.3 The equality (4)=(5) was proved in the Gauÿ
Linking Number Theorem ??. �

Example. Given any topological invariant the question that arises is, how good is it at
distinguishing objects. It is quite easy to �nd examples of links which show that the linking
number is far from being a complete invariant. In the �gure below we show the Whitehead
link and the Borromean rings. Both are links with zero linking numbers and unknotted
components but which are appear to be non-trivial. The Whitehead link is named after
John Henry Constantine Whitehead who also introduced the concept of CW-complexes.
The Borromean rings are named after the Borromeo family that carries the Borromean
rings in its coat of arms since medieval days.

We record the following question for later on.
Question 131.17. How can we show that neither the Whitehead link nor the Borromean
rings are smoothly isotopic to the trivial link?

1597Here we use the notion of �degree� that we introduced on page 899 or on page ??, which in turn equals
the degree de�ned on page 2379 or alternatively on pages 2222.
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coat of arms of the Borromeo family
Whitehead link Borromean rings

Remark. We can of course try to determine the fundamental groups of the complements
of the trivial links and the Whitehead link and the Borromean rings. But then the question
arises, how can we distinguish these groups?

131.5. Alexander duality and linking numbers (∗). Let Y be a compact non-empty
subset of S3 that admits a regular neighborhood. (For example, by Propositions 123.5,
?? and 123.4 the subset Y could be a link or a spatial graph.) We can compute the
isomorphism types of the �rst homology group of the complement S3 \ Y as follows:

H1(S3 \ Y ;Z)
∼=−→ H1(Y ;Z)

∼=−→ Hom(H1(Y ;Z),Z) ∼= H1(Y ;Z)/torsion.
↑ ↑ ↑

Alexander Duality Universal Coe�cient non-natural isomorphism
Theorem 123.6 Theorem 110.12

The catch with the Alexander Duality Theorem 123.6 is that it is quite hard to �see� the
isomorphism. For example, suppose we are given a basis for H1(Y ;Z)/torsion, how do we
get a basis for H1(S3 \ Y ;Z)? In many situations the following lemma resolves that issue.

Lemma 131.18. Let Y be a compact non-empty subset of S3 that admits a regular
neighborhood N(Y ). We suppose that H1(Y ;Z) is a free abelian group1598 of rank k. Let
v(x), Cn be oriented curves in N(Y ) and let D1, . . . , Dk be oriented curves in S3 \N(Y ).
If

det
(

(lk(Ci, Dj)i,j=1,...,k)︸ ︷︷ ︸
k × k�matrix

)
= ±1,

then [D1], . . . , [Dk] form a basis of H1(S3 \ Y ;Z).

Proof. Let Y be a compact non-empty subset of S3 that admits a regular neighborhood
N = N(Y ). We denote by

◦
N the interior of N . We consider the homomorphisms

Ω: Zk → H1(S3\
◦
N ;Z)

(a1, . . . , ak) 7→
k∑
i=1
ai · [Di]

and
Θ: H1(S3\

◦
N ;Z) → Zk

σ 7→ (φC1(σ), . . . , φCk(σ)).

It follows from our hypothesis and the de�nition of linking numbers that Θ ◦ Ω is an
epimorphism. Furthermore we know from the Alexander Duality Theorem 123.6 and the
Universal Coe�cient Theorem 110.12 that H1(S3 \

◦
N ;Z) is also isomorphic to Zk. But by

Lemma 51.9 (5) an epimorphism between two free abelian groups of the same rank is an
isomorphism. Thus we see that Θ and Ω are isomorphisms.

1598Is it possible that H1(Y ;Z) is not a free abelian group?
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Since {[D1], . . . , [Dk]} is the image under Ω of the standard basis of Zk we see that
[D1], . . . , [Dk] form a basis for H1(S3 \

◦
N ;Z). But by Lemma 123.1 the inclusion induced

map H1(S3 \ Y ;Z) → H1(S3 \
◦
N ;Z) is an isomorphism. Thus we see that [D1], . . . , [Dk]

form a basis of H1(S3 \ Y ;Z).1599 �

Example. In the �gure below we consider a spatial graph G together with a regular
neighborhood N . By Lemma 87.12 we know that H1(G;Z) ∼= Z2. In the �gure below we
also see two oriented curves C1 and C2 in N and two oriented curves D1 and D2 in S3 \

◦
N .

Using Linking Number-via-Signed Crossings Proposition 131.14 one can easily calculate
that (

lk(C1, D1) lk(C1, D2)
lk(C2, D1) lk(C2, D2)

)
=

(
1 0
1 1

)
.

It follows from Lemma 131.18 that [D1], [D2] form a basis for H1(S3 \G;Z).
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spatial graph G regular neighborhood N
C1

C2 D1

D2

D1

D2

In Lemma 123.8 we computed the homology groups of the complement of a link, but we
could not determine explicit generators. The following lemma now solves that problem. In
particular it gives an answer to Question 123.9.
Lemma 131.19. Let L = L1 t · · · t Lm be an m-component link. We pick a thickening
B

2 × L for L.
(1) A basis for H1(S3 \L;Z) ∼= Zm is given by the homology classes that are represented

by the meridians µ1, . . . , µm.
(2) A basis for H2(S3 \L;Z) ∼= Zm−1 is given by considering the fundamental classes of

all but one of the tori S1×L, i ∈ {1, . . . ,m}. More precisely, for any j ∈ {1, . . . ,m}
a basis for H2(S3 \ L;Z) ∼= Zm−1 is given by

[S1 × L1], . . . , [S1 × Li−1], [S1 × Li+1], . . . , [S1 × Lm].
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µ2

µ1

S1 × L1

Sketch of proof. Let L = L1 t · · · t Lm be an m-component link. We know from
Lemma 123.8 that H1(S3 \L;Z) ∼= Zm and that H2(S3 \L;Z) ∼= Zm−1. We pick a thicken-
ing B

2 × L for L. By the Smooth Collar Neighborhood Theorem 28.3 we can extend this
thickening to a thickening 2B

2 × L.
1599The alert reader will have noticed that the proof resembles the argument given in the Kronecker-Basis
Lemma 109.7.
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(1) The �rst statement follows from Lemma 131.18 applied to Ci = {0}×Li, i = 1, . . . ,m
and Di := µi, i = 1, . . . ,m.

(2) To simplify the notation we consider the case j = m. We write X ′ := S3 \ 1
2
B2 × L.

For i = 1, . . . ,m we write Ti := S1 × Li. For i = 1, . . . ,m we pick a point Pi
on 1

2
S1 × Li Ă ∂X ′. Since S3 \ (2B2 × L) is path-connected we can pick for each

i ∈ {1, . . . ,m− 1} a path γi from Pi to Pm that intersects Ti transversally in a single
point and that does not intersect any of the Tj with j 6= i,m. Now we consider the
map

Ψ: H1(X ′, ∂X ′;Z)× H2(X ′;Z) → Z
(σ, τ) 7→ 〈PDX′(σ) Y PDX′(τ), [X ′]〉.

It follows easily from Theorem 127.7 that for i, j ∈ {1, . . . ,m−1} we have the equality
Ψ([γi], [Tj]) = δij. By Lemma 109.8 this implies that [T1], . . . , [Tm−1] do indeed form
a basis of H2(X ′;Z). �
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2
B

2 × L1
1
2
B

2 × L1L1

L2 T1 = S1 × L1S1 × L1

γ1

P1P2

Exercises for Chapter 131.

Exercise 131.1. Let A = S1× [−1, 1] be the annulus. Let C and D be two closed oriented
curves on A. Suppose that [C] = [D] 6= 0. Show that the following two statements hold:
(a) the two closed oriented curves are smoothly isotopic,
(b) if C and D are furthermore disjoint, then there exists an embedded annulus X Ă A

with ∂A = C ∪ −D.
Hint. Using the fact that A is an annulus you can �nd a smooth isotopy that makes the
curves disjoint. At that point it is perhaps better to �rst prove (2).

Exercise 131.2. Let F be an oriented connected 2-dimensional smooth manifold and let
C and D be distinct boundary curves. Suppose that C and D are homotopic. Show that
F is di�eomorphic to the annulus S1 × [−1, 1].

Exercise 131.3. Let K be a knot together with a diagram. In Section 59.6 we gave an
explicit algorithm that determines the Wirtinger presentation for π1(S3\K). Explain what
element in this presentation corresponds to the longitude. Alternatively, for readers who
like more explicit questions, determine the group system for the trefoil and the �gure-8
knot.

Exercise 131.4. Show that the trefoil K is chiral.
Hint. In Proposition 59.6 we showed that there exists an epimorphism π1(S3 \K)→ S3.
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��

�
�
�
�trefoil

�gure-8 knot
longitudes

meridians

Exercise 131.5. Find explicit Seifert surfaces for the knots K1 and K2 shown in the �gure
below.
Remark. The answer to a question can only be as rigorous as the input. Since the input is
a picture it su�ces here of course to draw a convincing picture of a Seifert surface.

K2K1

Exercise 131.6. Let ϕ : B
3 → S3 and ψ : B

3 → S3 be two smooth embeddings with
disjoint images. Let K Ă ϕ(B

3
) and J Ă ψ(B

3
) be oriented knots. Show that lk(K, J) = 0.

Exercise 131.7. We consider the two links shown in the �gure below. Show that the link
complements are di�eomorphic.

K

J J ′

K ′

Exercise 131.8. Is every knot K Ă S3 the boundary of a non-orientable compact surface
that is smoothly embedded in S3?

Exercise 131.9. The Borromean rings, shown in the �gure on page 2872, have the property
that if you remove one component, then the remaining two knots form a trivial link. Does
there exist a four component link with the property that if you remove any of the four
components, then you get a three component trivial link?

Exercise 131.10. Let L = K t J and L′ = K ′ t J ′ be two oriented links such that the
complements are di�eomorphic. Does it follow that lk(K, J) = ± lk(K ′, J ′)?

Exercise 131.11. An m-component link L = L1 t · · · t Lm Ă S3 is called split link if
there exist disjoint closed smoothly embedded balls B1, . . . , Bm Ă S3 such that each Li is
contained in Bi. Furthermore L is called a boundary link if there exist m disjoint Seifert
surfaces F1, . . . , Fm.
(a) A split link is easily seen to be a boundary link. Do there exist boundary links that

are not split?
(b) Show that if L = L1 t · · · tLm is a boundary link, then there exists an epimorphism

from π1(S3 \ L) onto a free group of rank m.
Hint. You could try to �nd an interesting map from S3 \ L onto the wedge of m
circles.



2876

Exercise 131.12. Let L and M be two links in S3. We pick an orientation-preserving
embedding ϕ : B

3 → S3 with L Ă ϕ(B3) and we pick an orientation-preserving embedding
ψ : B

3 → S3 with M Ă ψ(B3). Finally we pick two orientation-preserving embeddings
α, β : B

3 → S3 with disjoint images. We refer to α(ϕ−1(L))∪β(ψ−1(M)) as the split union
L tM of the links L and M . The goal of this exercise is to show that the smooth isotopy
class of the split union L tM is independent of all the choices, in other words, show that
the smooth isotopy class of the split union only depends on the smooth isotopy type of L
and M .
Remark. Use Exercise ??.
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L

M

L tM

S3 S3

S3

Exercise 131.13. Let K t J be an oriented link in R3 and let K∗ t J∗ be a mirror image
as de�ned on page 1315. As usual we view R3 as a subset of R3 ∪ {∞} = S3. Determine
the relationship between lk(K, J) and lk(K∗, J∗).

Exercise 131.14. Let n ≥ 4 and let K Ă Sn be a closed orientable smooth submanifold
of codimension 2. Show that there exists a compact orientable submanifold W of Sn with
∂W = K.
Remark. Note that in general the analogous statement is not true if we do not impose any
conditions on the codimension. For example by the Euclidean Embedding Theorem 27.1
and the Smooth Embedding Theorem 24.10 we can view CP2 as a smooth submanifold of
some Sn = Rn ∪ {∞}. But by the proof of Corollary 144.7 we know that CP2 is not the
boundary of any compact orientable smooth manifold, let alone one which is embedded in
Sn.

Exercise 131.15. In the �gure below we show two smooth embeddings of the genus two
handlebody into R3. Are these two embeddings smoothly isotopic?
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132. The intersection form I: Definition and calculations

In this chapter we will introduce and study the intersection form of compact oriented even-
dimensional topological manifolds. Before we do so it is convenient to remind ourselves of
a few basic notions and results in algebra.

132.1. Pairings and forms. On page 2656 we introduced the notion of a pairing over a
commutative ring R. We recall the de�nition and we introduce some new notions.

De�nition. Let R be a commutative ring.
(1) A pairing on V ×W is a map

ϕ : V ×W → S

such that for all v, v′ ∈ V and W,w′ ∈ W we have ϕ(v + v′, w) = ϕ(v, w) + ϕ(v′, w)
and ϕ(v, w + w′) = ϕ(v, w) + ϕ(v, w′).1600

(2) A pairing is called R-bilinear if it is R-linear in V and if it is R-linear in W .
(3) We say that an R-bilinear pairing ϕ : V ×V → S is symmetric if ϕ(v, w) = ϕ(w, v) for

all v, w ∈ V . Furthermore we call the pairing anti-symmetric if ϕ(v, w) = −ϕ(w, v)
for all v, w ∈ V .

(4) We say that two R-bilinear pairings (V, ϕ) and (W,ψ) are isometric, written as
(V, ϕ) ∼= (W,ψ), if there exists an isometry, i.e. an isomorphism f : V → W of
R-modules such that ϕ(v1, v2) = ψ(f(v1), f(v2)) for all v1, v2 ∈ V .

(5) Given an R-bilinear pairing ϕ : V × V → S we denote by −ϕ the R-bilinear pairing
that is given by (−ϕ)(v, w) := −ϕ(v, w) for all v, w ∈ V .

(6) Given two R-bilinear pairings ϕ : V × V → S and ψ : W ×W → S we de�ne the
direct sum of ϕ and ψ to be the R-bilinear pairing

ϕ⊕ ψ : (V ⊕W )× (V ⊕W ) → S
(v ⊕ w, v′ ⊕ w′) 7→ ϕ(v, v′) + ψ(w,w′).

(7) Given an R-bilinear pairing (V, ϕ) and n ∈ Z we de�ne

n · (V, ϕ) :=

{ n-summands︷ ︸︸ ︷
(V, ϕ)⊕ · · · ⊕ (V, ϕ), if n ≥ 0,
(V,−ϕ)⊕ · · · ⊕ (V,−ϕ)︸ ︷︷ ︸

|n|-summands

, if n ≤ 0.

(8) Given an R-bilinear pairing (V, ϕ : V ×V → S) and a submodule W of V we denote
by ϕ|W the R-bilinear pairing that is given by restricting the map ϕ : V × V → S
to W ×W → S.

In this chapter we will mostly be interested in the following special type of an R-bilinear
pairing.

De�nition. Let R be a commutative ring. A form1601 is a �nitely generated free R-
module V together with an R-bilinear pairing ϕ : V × V → R which is either symmetric
or anti-symmetric. We refer to the rank of V also as the rank of the form.1602
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For the reader's convenience we recall the following de�nition from page 2656.

De�nition. Let R be a commutative ring. A form ϕ : V × V → R is called non-singular
if the map V → HomR(V,R)

v 7→
(
V → R
w 7→ ϕ(v, w)

)
is an isomorphisms.1602

In many situations it is convenient to represent a form by a matrix. We recall the relevant
de�nition from the linear algebra courses.
De�nition. Let R be a commutative ring and let ϕ : V × V → R be a form. Given any
basis {v1, . . . , vk} of the free R-module V we refer to the (k × k)�matrix

(ϕ(vi, vj))i,j=1,...,k ∈ M(k × k,R)

as a matrix representing the form ϕ. Note that by the Non-Singularity Lemma 121.1 the
form is non-singular if and only if the matrix representing the form is invertible.
The following elementary lemma is usually proved in a standard course on linear algebra.
It is also straightforward to verify it using only the relevant de�nitions.1603

Lemma 132.1. Let R be a commutative ring and let ϕ : V × V → R be a form. Let
{v1, . . . , vk} and {w1, . . . , wk} be bases of the free R-module V . We write

A := (ϕ(vi, vj))i,j=1,...,k and B := (ϕ(wi, wj))i,j=1,...,k.

If P = (pij)i,j=1,...,k ∈ GL(k,R) denotes the transition matrix that is uniquely de�ned by

the property that vi =
k∑
j=1
pijwj for i = 1, . . . , k, then

A = P TBP.
The following lemma is even more elementary, it follows basically immediately from the
de�nitions.
Lemma 132.2.
(1) Let ϕ : V × V → R be a form. If A is a matrix that represents ϕ, then the matrix
−A represents the form −ϕ.

1600The various de�nitions of �form� in the literature vary wildly. It is always a good idea, reading a paper
or a book, to look up the precise de�nition of �form� that is used by the author.
1601The rank of a �nitely generated free module over a commutative ring is well-de�ned, see e.g. [Lam1999,
p. 4]. Note though that the rank of a �nitely generated free module over a non-commutative ring is not
necessarily well-de�ned. More precisely, there exists a non-commutative ring R and m 6= n ∈ N such that
Rm is isomorphic to Rn. We refer to [Lam1999, p. 4] for such examples. WE will discuss this issue in
Section ??.
1602Note that a form is by de�nition (anti-) symmetric. It follows from this fact that the given condition
is satis�ed if and only if the condition with the two entries of ϕ swapped is satis�ed. Thus the de�nition
we give here is indeed consistent with the de�nition from page 2656.
1603It is easy though to get confused.
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(2) Let ϕ : V ×V → R and ψ : W×W → R be two forms. If A is a matrix that represents

ϕ and if B is a matrix that represents ψ, then the matrix A ⊕ B :=
(
A 0
0 B

)
represents the form ϕ⊕ ψ.

(3) Let ϕ : V × V → R be a form and let n ∈ N0. If A is a matrix that represents ϕ,
then the matrix n · A := A⊕ · · · ⊕ A︸ ︷︷ ︸

n-times

represents the form n · ϕ.

Before we can turn to topology we need to recall the following de�nition from page 2114.

De�nition. Given a �nitely generated abelian group H we refer to

FH := H/Tor(H) where Tor(H) denotes the torsion subgroup of H

as the maximal torsion-free quotient of H.
The following lemma summarizes everything we need to know about maximal torsion-free
quotients.

Lemma 132.3.
(1) The maps

H 7→ FH and (α : G→ H) 7→
(
α : FG → FH

[g] 7→ [α(g)]

)
de�ne a covariant functor from the category of �nitely generated abelian groups to
the category of �nitely generated free abelian groups.

(2) For every homomorphism α : A→ B between two �nitely generated abelian groups
the following diagram commutes:1604

A
a 7→ [a]

��

α // B
b 7→ [b]
��

FA
α // FB.

(3) Any (anti-) symmetric pairing

ϕ : H ×H → Z
over a �nitely generated abelian group descends to a well-de�ned form

FH × FH → Z
([g], [h]) 7→ ϕ(g, h).

Proof. In Lemma 97.4 we already showed that if H is a �nitely generated abelian group,
then FH is a �nitely generated free abelian group. The remaining statements of the lemma
are basically elementary. �

Convention. On many occasions we do not distinguish in the notation between an element
in an abelian group H and the element it represents in the maximal torsion-free quotient
FH. Furthermore, given a homomorphism α : A → B between two �nitely generated
abelian groups we often denote the induced map FA→ FB by α as well.

1604In fancy speak this means that the projections H → FH de�ne a natural transformation from the
identity functor to the functor H 7→ FH.
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132.2. The de�nition of the intersection form of topological manifolds. Let M
be a compact oriented m-dimensional topological manifold and let A and B be compact
(m− 1)-dimensional submanifolds of ∂M with A ∪ B = ∂M and with A ∩ B = ∂A = ∂B.
Recall that by the Poincaré Duality Theorem 119.1 we know that for any k ∈ N0 the map

Hm−k(M,A;Z) → Hk(M,B;Z)
ϕ 7→ ϕ X [M ]

is an isomorphism. As on page 2618 we denote by
PDM : Hk(M,A;Z) → Hm−k(M,B;Z)

the inverse of this isomorphism. This leads us to the following de�nition.
De�nition. Let M be a compact oriented topological manifold of the even dimension 2n.
We refer to the map16051606

QM : FHn(M ;Z)× FHn(M ;Z) → Z
(a, b) 7→

〈
PDM(a)︸ ︷︷ ︸

∈FHn(M,∂M ;Z)

Y PDM(b)︸ ︷︷ ︸
∈FHn(M,∂M ;Z)︸ ︷︷ ︸

∈FH2n(M,∂M ;Z)

, [M ]
〉

as the intersection form of M .

Remark. Since PDM : Hn(M ;Z) → Hn(M,∂M ;Z) is an isomorphism it is clear that the
intersection form is basically just a reformulation of the cup product pairing

Hn(M,∂M ;Z)× Hn(M,∂M ;Z) → H2n(M,∂M ;Z)
(α, β) 7→ α Y β

on cohomology groups in the middle dimension that we introduced in the Manifold-Non
Singularity Proposition 121.2. The big psychological advantage of homology is that very
often one can �see homology classes�. For example, in many cases homology classes are
represented by submanifolds and we can then use the Intersection Number-via-Cup Product
Theorem 126.5 to compute the intersection form of a smooth manifold. Sometimes we can
also represent homology classes by explicit cycles and we can use Theorem 127.9 to compute
the intersection form.

Examples.
(1) First we consider the surface M of genus 3. In principle we could obtain the in-

tersection form from the calculation of the cup product that we had performed in
Lemma 114.16. But it is much more fun and instructive to use the Intersection
Number-via-Cup Product Theorem 126.5 instead. More precisely, we consider the
surface M that is illustrated in the �gure below. We give it the usual orienta-
tion. We already saw in the discussion on page 1781 that the closed oriented curves
a1, b1, a2, b2, a3, b3 illustrated in the �gure below represent a basis for H1(M ;Z). It
follows easily from the Intersection Number-via-Cup Product Theorem 126.5 that

1605Note that the homology group Hn(M ;Z) in the middle dimension is not necessarily torsion-free. For
example M = S1 × RP3 is orientable, but it follows easily from the Künneth Formula 90.8 and the
calculation of the homology groups of RP3 in Proposition 80.11 that H2(S1 × RP3;Z) ∼= Z2.
1606As mentioned above, in the notation usually we do not distinguish between an element in Hn(M ;Z)
and the element it represents in FHn(M ;Z).
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with respect to this basis the intersection form is represented by the matrix shown in
the �gure below. An analogous statement holds of course for any surface of genus
g ≥ 1.1607
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M is the surface of genus 3

QM =


0 1 0 0 0 0
−1 0 0 0 0 0

0 0 0 1 0 0
0 0 −1 0 0 0
0 0 0 0 0 1
0 0 0 0 −1 0



orientation

(2) Next we let M be the surface of genus two with three disks removed that is shown in
the �gure below. By the discussion on page 1784 we know that a basis for H1(M ;Z)
is represented by the curves a1, b1, a2, b2 together with two out of the three boundary
curves c1, c2, c3. It follows from the Intersection Number-via-Cup Product Theo-
rem 126.5 that with respect to the basis [a1], [b1], [a2], [b2], [c1], [c2] the intersection
form is represented by the matrix given in the �gure below.
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QM =


0 1 0 0 0 0
−1 0 0 0 0 0

0 0 0 1 0 0
0 0 −1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

M

(3) Next let us consider the 2n-dimensional torus M = Sn × Sn. By the Künneth
Formula 90.8 we know that a basis for Hn(Sn × Sn;Z) is given by a = [Sn × {∗}]
and b = [{∗} × Sn]. We have two approaches for determining the intersection with
respect to this basis:
(a) We can use the Product Theorem 117.1 and its corollaries. More precisely, we �rst

determine the Poincaré duals of [Sn×{0}] and [{0}×Sn] as in the Fundamental
Class-Product Proposition 117.2 (2) and then we can apply Lemma 117.3.

(b) As on page 2755 we can use algebraic intersection numbers and the Intersection
Number-via-Cup Product Theorem 126.5 to determine the intersection form.

In both cases we see that with respect to this basis the intersection form of Sn × Sn
is represented by the matrix(

QM(a, a) QM(a, b)
QM(b, a) QM(b, b)

)
=

(
0 1

(−1)n 0

)
.

(4) We consider the complex manifold CP2. As always we equip CP2 with the natural
orientation coming from the Complex Manifold-Orientation Proposition 32.23. It

1607What do the curves ai and bi look like in the more precise description of the surface of genus 3 as a
dodecagon with identi�ed sides?
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follows from the Cup Product-CPn-Proposition 126.11 that the intersection form

QCP2 : H2(CP2;Z)× H2(CP2;Z) → Z

is represented by the 1× 1�matrix (1).
(5) Let M be a closed oriented 2n-dimensional topological manifold. As usual we de-

note by −M the same topological manifold with the opposite orientation. It follows
immediately from the de�nitions together with Proposition 107.2 that Q−M = −QM .

(6) For the complex projective space CP2 we use the common notation that we write CP2

instead of −CP2. With this notation it follows from (4) and (5) that the intersection
form QCP2 : H2(CP2

;Z)× H2(CP2
;Z) → Z

is represented by the 1× 1�matrix (−1).

132.3. Properties of the intersection form. In the following proposition we summarize
some of the key properties of the intersection form. The proposition shows in particular
that the intersection form is a form in the sense of the de�nition on page 2877.

Proposition 132.4. (Intersection Form Proposition) Let M be a compact oriented
2n-dimensional topological manifold. Then the following hold:
(1) The group Hn(M ;Z) is �nitely generated and FHn(M ;Z) is a �nitely generated free

abelian group.
(2) If n is even, then the intersection form QM is symmetric, otherwise it is anti-

symmetric.
(3) If M is closed, then the intersection form is non-singular.

The proof of the Intersection Form Proposition 132.4 (3) relies on the following reformula-
tion of the intersection form, which will also be useful later, on a separate occasion.

Lemma 132.5. LetM be a compact oriented connected 2n-dimensional topological man-
ifold. We denote by i : (M,∅)→ (M,∂M) the inclusion map. We write

Φ: Hn(M ;Z)
i∗−→ Hn(M,∂M ;Z)

PDM−−−→ Hn(M ;Z)
ev−→ Hom(FHn(M ;Z),Z).

γ 7→ (a 7→ 〈γ, a)

For any a, b ∈ FHn(M ;Z) we have

QM(a, b) = Φ(b)(a).

Proof of Lemma 132.5. First we consider the following diagram:

Hn(M ;Z)× Hn(M ;Z)

PDM ×PDM
��

id×i∗ // Hn(M ;Z)× Hn(M,∂M ;Z)

PDM ×PDM
��

Hn(M,∂M ;Z)× Hn(M,∂M ;Z)

Y
��

id×i∗
// Hn(M,∂M ;Z)× Hn(M ;Z)

Y
��

H2n(M,∂M ;Z)
id // H2n(M,∂M ;Z).

By Proposition 119.25 we know that the upper square commutes. We obtain from the
Cup Product-Naturality Proposition 115.4, applied to the inclusion map f : (M,∅, ∂M)→
(M,∂M, ∂M), that the lower square also commutes.
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Now let a, b ∈ FHn(M ;Z). We calculate that

de�nition of QM Cap Product-Kronecker Lemma 116.4 (1)
↓ ↓

QM(b, a) = 〈PDM(b) Y PDM(a), [M ]〉 = (PDM(b) Y PDM(a)) X [M ]
= (PDM(b) Y PDM(i∗(a))) X [M ] = (PDM(i∗(a)) X (PDM(b) X [M ])
↑ ↑

by the above commutative diagram Cup-Cap Lemma 116.7

= PDM(i∗(a)) X b = 〈PDM(i∗(a)), b〉 = Φ(a)(b).
↑ ↑ ↑

de�nition of PDM (b) Cap Product-Kronecker Lemma 116.4 (1) de�nition of Φ and ev �

Proof of the Intersection Form Proposition 132.4.

(1) We proved this statement in the Topological Manifolds-Invariants Proposition 104.14.
(2) Given v, w ∈ FHn(M ;Z) we have the following equality:

=QM (v,w)︷ ︸︸ ︷〈
PDM(v)︸ ︷︷ ︸
∈Hn(M,∂M ;Z)

Y PDM(w)︸ ︷︷ ︸
∈Hn(M,∂M ;Z)

, [M ]
〉

= (−1)n·n ·

=QM (w,v)︷ ︸︸ ︷〈
PDM(w)︸ ︷︷ ︸
∈Hn(M,∂M ;Z)

Y PDM(v)︸ ︷︷ ︸
∈Hn(M,∂M ;Z)

, [M ]
〉
.x

Cup Product-Commutativity Proposition 115.3

The statement follows from the observation that (−1)n·n = (−1)n.
(3) Now suppose that M is closed. We consider the following diagram:

FHn(M ;Z)
b 7→(a7→QM (b,a))

//

PDM

∼=
))

Hom(FHn(M ;Z),Z).

FHn(M ;Z)
ev

ev 44

We make the following observations:
(a) Since M is closed the map PDM does indeed take values in the cohomology

of M . Furthermore, by the Poincaré Duality Theorem 119.1 the map PDM is an
isomorphism.

(b) It follows from the Universal Coe�cient Theorem 110.12 for Cohomology Groups
together with the Ext-Calculation Lemma 110.5 (5) and the Topological Manifolds-
Invariants Proposition 104.14 (4) that the evaluation map

ev : FHn(M ;Z) → Hom(FHn(M ;Z),Z)

is an isomorphism.
(c) The diagram commutes by Lemma 132.5.
(d) We had just seen that the two diagonal maps are isomorphisms and that the

diagram commutes. Thus we obtain that the top map is an isomorphism. By
the de�nition on page 2878 this means precisely that the intersection form is
non-singular. �

Remark. LetM be a compact oriented 2n-dimensional topological manifold. In the Inter-
section Form Proposition 132.4 we just saw that ifM is closed, then the intersection form is
non-singular. IfM is not closed, then this conclusion does not necessarily hold. For example
in the �gure below we letM be the torus minus two open disks. We show a basis {a, b, c} for
H1(M ;Z). Using the Intersection Number-via-Cup Product Theorem 126.5 one can easily
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see that the intersection form of M with respect to the given basis is represented by the
matrix given in the �gure. We see that the intersection form is anything but non-singular,
in fact it is not even non-degenerate.1608 Note though that in the Asymmetric Intersection
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0 0 0
0 0 1
0 −1 0
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a

Pairing Proposition 132.15 and the Reduced Intersection Form Proposition 132.21 we will
see that even to a topological manifold that is not closed we can associate two pairings that
are non-singular or at least non-degenerate.

In the next lemma we want to see to what degree the isometry type of the intersection form
is an invariant of the homeomorphism type of the topological manifold.

Lemma 132.6. Let M and N be compact oriented connected 2n-dimensional topological
manifolds. Let f : (M,∂M)→ (N, ∂N) be a homotopy equivalence of pairs of topological
spaces.1609

(1) If f∗([M ]) = [N ], then f induces an isometry QM
∼= QN .

(2) If f∗([M ]) = −[N ], then f induces an isometry QM
∼= −QN .

Note that if f is a homeomorphism, then it follows from Proposition 107.2 that the �rst
case occurs precisely when f is orientation-preserving and the second case occurs precisely
when f is orientation-reversing.

Proof. 1610 Let f : (M,∂M)→ (N, ∂N) be a homotopy equivalence of pairs of topological
spaces. It follows from Corollary 74.16 together with the Fundamental Class-Corollary 106.4
(3) that there exists an ε ∈ {−1, 1} which satis�es f∗([M ]) = ε · [N ].

Claim. For any c ∈ Hn(M ;Z) we have PDN(f∗(c)) = ε · (f−1)∗(PDM(c)) ∈ Hn(N, ∂N ;Z).

Proof. So let c ∈ Hn(M ;Z). We have

(f−1)∗(PDM(c)) X [N ] = (f−1)∗(PDM(c)) X ε·f∗([M ]) = ε·f∗(PDM(c) X [M ]) = ε·f∗(c).
↑ ↑ ↑

by the de�nition of ε Cap Product-Naturality Lemma 116.8 de�nition of PDM

It follows from the de�nition of PDN that we get the desired equality. �

1608In fact the annulus [0, 1]× S1 also works as an example, but it is less fun.
1609Note that by Corollary 74.16 we know that the induced map f∗ : H2n(M,∂M ;Z) → H2n(N, ∂N ;Z) is
an isomorphism. By the Fundamental Class-Corollary 106.4 the fundamental classes are generators of the
homology groups. Thus one of the two cases has to occur.
1610The proof is perhaps slightly longer than one might expect. In a sense the statement of the lemma is
basically trivial, but we have to pay a price for using the slightly awkward Poincaré Duality isomorphism
PDM : Hn(M ;Z)→ H2n−n(M,∂M ;Z).
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Now let a, b ∈ FHn(M ;Z). Then

by de�nition of QN by the claim
↓ ↓

QN(f∗(a), f∗(b)) = 〈PDN(f∗(a)) Y PDN(f∗(b)), [N ]〉 =
= 〈ε · (f−1)∗(PDM(a)) Y ε · (f−1)∗(PDM(b)), ε · f∗([M ])〉
= ε · 〈(f−1)∗(PDM(a) Y PDM(b)), f∗([M ])〉 = ε ·QM(a, b).
↑ ↑

by Proposition 115.4 (1) and since ε3 = ε by Lemma 109.6 (3) and the de�nition of QM

The lemma now follows from the observation that it follows from the hypothesis that f is
a homotopy equivalence together with the Homotopy Equivalence-H∗-Corollary 73.9 that
f∗ : FHn(M ;Z)→ FHn(N ;Z) is an isomorphism. �

132.4. The intersection form and degree-one maps. As we remarked on page 2880,
the intersection form of a compact oriented 2n-dimensional topological manifold contains
basically the same information as the cup product pairing

Hn(M,∂M ;Z)× Hn(M,∂M ;Z) → H2n(M,∂M ;Z)
(α, β) 7→ α Y β.

Given a map f : X → Y between topological spaces it follows from the Cup Product-
Naturality Lemma 114.10 that the cup product behaves well under the induced maps f ∗

on cohomology groups. It stands to reason that the intersection form should also behave
well with respect to induced maps on homology.
So suppose we are given a degree-one map f : X → Y between closed oriented connected
2n-dimensional topological manifolds. By the aforementioned the Cup Product-Naturality
Lemma 114.10 we know that for any α ∈ FHi(Y ;Z) and β ∈ FHj(Y ;Z) we have f ∗αYf ∗β =
f ∗(α Y β). It seems reasonable to expect that given α ∈ Hn(X;Z) and β ∈ Hn(X;Z) the
following equality holds:

(∗) QX(α, β) = QY (f∗(α), f∗(β)).

In fact here is a diagram that looks awfully relevant:

Hn(X;Z)× Hn(X;Z)

f∗×f∗
��

PD×PD

∼=
// Hn(X;Z)× Hn(X;Z)

Y // H2n(X;Z)
〈−,[X]〉

// Z
id
��

Hn(Y ;Z)× Hn(Y ;Z)
PD×PD

∼=
// Hn(Y ;Z)× Hn(Y ;Z)

f∗×f∗
OO

Y // H2n(Y ;Z)
〈−,[Y ]〉

//

f∗ ∼=

OO

Z.

If this diagram did commute, then (∗) would hold. One could now waste a lot of time
trying to convince oneself that the diagram commutes. Or alternatively one might notice,
as we do in the following example, that (∗) just does not hold in general.

Example. We consider the map f : S1 × S1 → S2 that is illustrated in the �gure be-
low. It follows easily from Lemma 107.3 that this is a degree-one map. We consider the
two homology classes α and β on the torus that are sketched in the �gure below. Note
that it follows easily from the Intersection Number-via-Cup Product Theorem 126.5 that
QS1×S1(α, β) = +1. On the other hand note that we have f∗(α) = f∗(β) = 0 ∈ H1(S2;Z),
which evidently implies that QS2(f∗(α), f∗(β)) = 0. Thus in this case the equality (∗) does
not hold.1611

1611This still begs the question, in the above diagram, which of the squares does not commute?
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S1 × S1

collapse everything
outside of the disk

to a point

f

∼=

B
2
/S1

α

β
S2

Remark. With this discussion we also learned an interesting lesson:

Not every diagram commutes, not even up to sign.

132.5. The connected sum of topological manifolds. To get more examples of inter-
esting intersection forms we want to study the intersection forms of the connected sum of
smooth and topological manifolds. Recall that on page ?? we introduced the connected
sum of two smooth manifolds. In this section we will now also de�ne the connected sum of
topological manifolds. The reader who is not that interested in topological manifolds can
safely move on to the next section.
For those who are staying, let us recall the de�nition of the connected sum of two oriented
smooth manifolds.
De�nition. Let n ∈ N and let M and N be two connected oriented non-empty n-dimen-
sional smooth manifolds. Furthermore let ϕ : B

n → M \ ∂M and ψ : B
n → N \ ∂N be

smooth embeddings such that ϕ is orientation-preserving and such that ψ is orientation-
reversing. We de�ne the connected sum of the oriented smooth manifolds M and N as

M#N :=
(
M \ ϕ

(
Bn
))
t
(
N \ ψ

(
Bn
))/
∼ where ϕ(P )∼ψ(P ) for all P ∈Sn−1.

In the Connected Sum-Proposition ?? we showed that the connected sum of two oriented
smooth manifolds is again a smooth manifold.
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M#N

Now we intend to generalize this notion to the setting of topological manifolds. The idea
is to suitably adapt the concepts used in the above de�nition. Browsing through earlier
chapters we see the following:
(1) On page 152 we de�ned an embedding to be a map f : X → Y between two topolog-

ical spaces that is a homeomorphism onto its image.
(2) On page 2335 we introduced the notion of an orientation of a topological manifold

and of an orientation-preserving map.
So are we done? Can we just copy-paste the above de�nition?
As we had just mentioned, in the Connected Sum-Proposition ?? we showed that the
connected sum of two oriented smooth manifolds is again a smooth manifold. Recall that
the proof of the Connected Sum-Proposition ?? relied heavily on the Smooth Embedding
Theorem 24.10 which says that the image of a smooth embedding f : X → Y \ ∂Y is a
smooth submanifold of the smooth manifold Y .
The question arises, whether the analogous statement holds for topological manifolds. In
other words, we have the following question.
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Question 132.7. Let X be an n-dimensional topological manifold. Is the image of an
embedding f : B

n → X \ ∂X necessarily a topological submanifold of X?
For better or worse the answer to Question 132.7 is no.1612 Namely consider the embedding
f : B

3 → R3 that is illustrated in the �gure below. We refer to the image f(B
3
) as the

Alexander horned ball.1613 It is clear that this is a weird embedding. We leave it to the reader
to make the embedding precise and to show that f(B

3
) is not a topological submanifold of

R3. But even without �lling in all details this map should shatter the reader's con�dence
that Question 132.7 has a positive answer.

�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������

�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������

���
���
���

���
���
���

�����
�����
�����
�����

�����
�����
�����
�����

���
���
���
���

���
���
���
���

����
����
����
����
����

����
����
����
����
����

�������
�������
�������

�������
�������
�������

����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�
�
�
�

�
�
�
�

��
��
��
��

��
��
��
��
�
�
�
�

�
�
�
�

��
��
��
��

��
��
��
��

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�
�

�
�
�
�
�

��
��
��
��

�
�
�
�

�
�
�
��
�
�
�
�
�
�
�

�
�
�
���

��
��

��
��
��

��
��
��
��

��
��
��
��

���
���
���

���
���
���

�
�
�
�

��
����

�
�
�
�

�
�
�
���

��
��
��

��
��
��
��

��
��
��
��

��
��
��
��
��
��
��
��

��
��
��
��

��
��
��

��
��
�� ��

��
��
��

�
�
�
�

�
�
�
�������

��
��
��

��
��
��

�
�
�
�

�
�
�
�

�
�
�
�
��
��
��
��
��
��

��
��
��
��

��
��
��
����
��
��
��

�
�
�
�
�

�
�
�
�
�

��
��
��

��
��
��

��
��
��

��
��
��

����

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

���
���
���

���
���
���

�
�
�
�

Alexander
horned ball

B
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f

This stupefying example leads us to the following de�nition.
De�nition. Let X and Y be topological manifolds. We say an embedding f : X → Y is
locally �at if f(X) is a submanifold of Y .

Remark. Let X and Y be a smooth manifolds. It follows from the Smooth Embedding
Theorem 24.10 that every smooth embedding X → Y is actually a locally �at embedding.

With this de�nition we can now �nally give a reasonable de�nition of the connected sum
of two topological manifolds. For completeness' sake we now also de�ne the connected sum
if one or both topological manifolds involved are non-orientable.
De�nition. Let n ∈ N. Let M and N be two connected non-empty n-dimensional topo-
logical manifolds.
(1) Suppose that at least one of M or N is non-orientable. We pick two locally �at

embeddings ϕ : B
n → M \ ∂M and ψ : B

n → N \ ∂N and we de�ne the connected
sum of M and N as

M#N :=
(
M \ϕ

(
Bn
))
t
(
N \ψ

(
Bn
))/
∼ where ϕ(P )∼ψ(P ) for all P ∈Sn−1.

(2) If both M and N are orientable, then we pick orientations for M and N . Let
ϕ : B

n → M \ ∂M and ψ : B
n → N \ ∂N be locally �at embeddings such that ϕ is

orientation-preserving and such that ψ is orientation-reversing. As before we de�ne
the connected sum of the oriented topological manifolds M and N as

M#N :=
(
M \ ϕ

(
Bn
))
t
(
N \ ψ

(
Bn
))/
∼ where ϕ(P )∼ψ(P ) for all P ∈Sn−1.

1612That is not really a surprise, on page 659 we already saw wild knots in R3 and on page 1814 we saw
the Alexander horned sphere. Both give examples of embeddings of topological manifolds such that the
image is not a submanifold.
1613On page 1814 we referred to f(S2) as the Alexander horned sphere.
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We refer to the �gure below for an illustration. For completeness we de�ne the connected
sum of an empty manifold with another connected topological manifold M to be M , i.e.
we set ∅#M := M#∅ := M .
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The following proposition is the analogue of the Connected Sum-Proposition ?? that we
formulated in the context of smooth manifolds.
Proposition 132.8. (Connected Sum-Proposition) Let n ∈ N. Let M and N be two
connected n-dimensional topological manifolds. (If both M and N are orientable, then
we demand that M and N are oriented.) Let ϕ : B

n → M \ ∂M and ψ : B
n → N \ ∂N

be two locally �at embeddings. (If M and N are orientable, then we demand that ϕ is
orientation-preserving and that ψ is orientation-reversing.) The following �ve statements
hold:
(1) The resulting connected sum M#N is an n-dimensional topological manifold such

that M \ ϕ(Bn) and N \ ψ(Bn) are submanifolds.
(2) If M and N are closed, then M#N is also a closed topological manifold.
(3) If n ≥ 2 or if at least one of M or N is closed, then M#N is also connected.
(4) The homeomorphism type of M#N does not depend on the choice of ϕ and ψ.
(5) IfM and N are both oriented, then the topological manifoldM#N admits a unique

orientation that coincides with the orientations of the submanifolds M \ ϕ(Bn) and
N \ ψ(Bn).

Convention. We always equip the connected sum of two oriented connected n-dimensi-
onal topological manifolds with the orientation from the Connected Sum-Proposition 132.8
(5).
Most of the statements of the Connected Sum-Proposition 132.8 are easy to prove.

Proof of the Connected Sum-Proposition 132.8 (1), (2), (3) and (5). The proof is
basically identical to the proofs of the corresponding statements in the smooth setting that
we proved in the Connected Sum-Proposition ??. There are just a few minor modi�cations
that we need to make:

(1) We used the Codimension-Zero Smooth Embedding Proposition 24.16 to show that
the image of a smooth embedding is a submanifold. This feature is now built into
the de�nition of a locally �at embedding.

(2) We need to replace Propositions 24.16 and ?? by Propositions 75.3 and 75.8. �

The fact that the connected sum operation does not really depend on the choice of the
locally �at topological embeddings is much more di�cult to prove. The key to doing so is
the following di�cult theorem.

Theorem 132.9. (Annulus Theorem) Let n ∈ N and let ϕ, ψ : B
n → Rn be two locally

�at embeddings. If ϕ(B
n
) Ă ψ(Bn), then ψ(B

n
)\ϕ(Bn) is homeomorphic to [0, 1]×Sn−1.
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Proof. The case n = 1 is trivial. For n = 2 and n = 3 the Annulus Theorem follows from
the work of Tibor Radó [Rad1926] and Edwin Moise [Moi1952, Moi1977]. The Annulus
Theorem was proved for dimensions n ≥ 5 by Rob Kirby [Kir1969] and in dimension 4 by
Frank Quinn [Qu1982, p. 506]. We also refer to [Edw1984, p. 247] for more information.

�

Using the Annulus Theorem 132.9 one can now prove the following theorem which can be
viewed as the topological analogue of the Smooth Ball Embedding Theorem 37.8.

Theorem 132.10. (Topological Ball Embedding Theorem) LetM be an n-dimensional
topological manifold. (If M is orientable, then we pick an orientation for M .) In the fol-
lowing let ϕ1, . . . , ϕm : B

n → M \ ∂M and ψ1, . . . , ψm : B
n → M \ ∂M be two sets of m

locally �at embeddings of B
n
with disjoint images. (If M is orientable, then we demand

that all ϕi and ψi are orientation-preserving or that all are orientation-reversing.) If n ≥ 2
or if m = 1, then there exists a homeotopy

F : M × [0, 1] → M

rel some neighborhood of ∂M from the identity F0 = idM to a homeomorphism F1 : M →
M such that for each i ∈ {1, . . . ,m} we have F1 ◦ ϕi = ψi. (Note that if M is orientable,
then the homeomorphism F1 is in fact orientation-preserving by Exercise 105.3).
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M
ϕ ψ

F1

Remark. We consider B
3
as a submanifold of R3. Since the image of the embedding

ϕ : B
3 → R3 that is given by the Alexander horned ball is not a submanifold of the topo-

logical manifold we see that there is no homeotopy F : R3× [0, 1]→ R3 with F1 ◦ϕ = id. In
particular we see that in the formulation of Theorem 132.10 we cannot drop the hypothesis
that the embeddings are locally �at.

Proof of Theorem 132.10. This theorem follows from the Annulus Theorem 132.9 to-
gether with reasonably elementary arguments. The details are worked out in [FNOP2019,
Proof of Theorem 5.11]. Alternatively the reader is encouraged to assemble the argument
by using the obvious analogues Exercise 49.7 and Exercise ??, which were both formulated
in the setting of smooth manifolds, in the setting of topological manifolds. �

Proof of the Connected Sum-Proposition 132.8 (4). Thanks to our preparations the
proof is basically identical to the proof of the corresponding statement in the smooth set-
ting that we proved in the Connected Sum-Proposition ??. All we need to is to replace the
Smooth Ball Embedding Theorem 37.8 by Theorem 132.10. �
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132.6. The intersection form and the connected sum operation. First let use see
how the homology groups and fundamental groups behave under the connected sum oper-
ation.

Proposition 132.11. (Connected Sum-Invariants Proposition) Let n ∈ N and letM
and N be two closed oriented connected n-dimensional topological manifolds. Furthermore
let ϕ : B

n →M be an orientation-preserving locally �at embedding and let ψ : B
n → N be

an orientation-reversing locally �at embedding. Then H0(M#N ;R) ∼= Hn(M#N ;R) ∼= R.
Furthermore, for any i 6= 0, n and any commutative ring R the following inclusion induced
maps are isomorphisms

Hi(M#N ;R)
∼=←− Hi(M \ϕ(Bn);R)⊕ Hi(N \ψ(Bn);R)

∼=−→ Hi(M ;R)⊕ Hi(N ;R).
Furthermore if n ≥ 3, then the following inclusion induced maps are isomorphisms

π1(M#N)
∼=←− π1(M \ ϕ(Bn)) ∗ π1(N \ ψ(Bn))

∼=−→ π1(M) ∗ π1(N).

Proof. We proved the statements in the Connected Sum-π1-Proposition 52.12 and the
Connected Sum-H∗-Proposition 100.13 for smooth manifolds. The proof for topological
manifolds is very similar, we just need to note that it follows from by the Excisive Triad-
Proposition 109.12 (5) and the Mayer�Vietoris Theorem 109.14 that the Mayer�Vietoris
argument in the proof of Lemma 100.14 works for topological manifolds. �

The next proposition says that the isomorphism of homology groups from the Connected
Sum-Invariants Proposition 132.11 induces an isometry of intersection forms.

Proposition 132.12. (Intersection Form-Additivity Proposition) Let n ≥ 1 and
let M and N be compact oriented 2n-dimensional topological manifolds. Furthermore let
ϕ : B

n →M be an orientation-preserving locally �at embedding and let ψ : B
n → N be an

orientation-reversing locally �at embedding. The isomorphism Hn(M#N ;Z)
∼=−→Hn(M ;Z)⊕

Hn(N ;Z) from the Connected Sum-Invariants Proposition 132.11 induces an isometry

QM#N
∼=−→ QM ⊕QN

of forms.

Example. We consider the surface Σ of genus two. In the �gure below we recall that we
can view Σ as the connected sum of two tori. It thus follows from the Intersection Form-
Additivity Proposition 132.12, the discussion on page 2881 and Lemma 132.2 (2) that the
intersection form on H1(Σ;Z) ∼= Z4 is represented by the matrix

(
0 1
−1 0

)
⊕
(

0 1
−1 0

)
=


0 1 0 0
−1 0 0 0

0 0 0 1
0 0 −1 0

 .

Not surprisingly this recovers the result from page 2881.

Remark. Let n ≥ 1 and letM and N be closed oriented 2n-dimensional topological mani-
folds. Furthermore let ϕ : B

n →M be an orientation-preserving locally �at embedding and
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second torus�rst torus surface of genus 2

b1
b2a1b2a1

a2 b1 b1

image of B
2

let ψ : B
n → N be an orientation-reversing locally �at embedding. the �gure above suggests

the following approach to proving the Intersection Form-Additivity Proposition 132.12:

(1) First we pick n-dimensional cycles a1, . . . , ak in M \ ϕ(B
2n

) such that [a1], . . . , [ak]
form a basis of FHn(M ;Z) and which intersect nicely, in the sense of the de�nition
on page 2785.

(2) Similarly we pick transverse n-dimensional cycles b1, . . . , bl in N \ ψ(B
2n

) such that
[b1], . . . , [bl] form a basis of FHn(N ;Z) and which intersect nicely.

(3) It follows immediately from the Connected Sum-Invariants Proposition 132.11 that
[a1], . . . , [ak], [b1], . . . , [bl] form a basis for FHn(M#N ;Z).

(4) In Theorem 127.9 we saw that the intersection form of cycles that intersect nicely
in terms of the algebraic intersection number that we introduced on page 2785. We
use this fact together with the basis from (3) to determine the intersection form of
M#N . Here we make the following observations:
(a) By the orientation conventions from the Connected Sum-Proposition 132.8 (3)

the algebraic intersection numbers of the ai in M are the same as in M#N .
(b) Similarly the algebraic intersection numbers of the bi in N are the same as in

M#N ,
(c) Since the ai do not intersect the bj we see that the algebraic intersection number

ai · bj = 0 for any i, j.
Summarizing we obtain immediately from Theorem 127.9 that QM ⊕QN

∼= QM#N .
The above argument sounds very convincing. But there is a major catch: how can we
�nd such a1, . . . , ak and b1, . . . , bl? The problem is not that we need to avoid ϕ(B

2n
) and

ψ(B
2n

).1614 The problem is to �nd such cycles that are transverse. Even though we have
some tools, e.g. we have Theorem ?? and the Transversality Theorem 42.4, it is very hard
to turn the above approach into a rigorous proof. Furthermore, any attempt to make this
approach work would inevitably end up with an unreadable mess.

After the discussion in the previous remark we recall the advice from Rob Kirby [Kir1989,
p. 21], see page 2753:

�Think with [algebraic] intersection [numbers], prove with cup products.�

Thus we will use cup products to prove the Intersection Form-Additivity Proposition 132.12.

Proof of the Intersection Form-Additivity Proposition 132.12. Throughout the proof
let n ≥ 1. In the following we consider the case that the topological manifolds M and N

1614Why is this not a problem?
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are closed. We leave it to the reader to make the slight adjustments needed to deal with
the case that M and N are compact with possibly non-empty boundary.

We start out with a lengthy preparation. Thus let X and Y be two oriented connected
2n-dimensional topological manifolds such that ∂X and ∂Y are both homeomorphic to
S2n−1. We equip ∂X and ∂Y with the orientation coming from the Topological Manifold-
Boundary Orientation Proposition 105.19. Let θ : ∂X → ∂Y be an orientation-reversing
homeomorphism. We write Z = X ∪θ Y . In the following we view X and Y as subsets of
Z. By the Gluing-Topological Manifolds-Proposition 75.8 we know that X and Y are in
fact codimension-zero submanifolds of Z and that we can equip Z with an orientation such
that the induced orientations on X and Y are the given orientations.
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Claim. The inclusions i : X → Z and j : Y → Z induce an isometry

QX ⊕QY
∼=−→ QZ .

Proof. As in the Intersection Form-Additivity Proposition 132.12 we see that the two inclu-
sion maps i and j induce an isomorphism Hn(X;Z)⊕Hn(Y ;Z)→ Hn(Z;Z). Evidently this
isomorphism descends to an isomorphism FHn(X;Z)⊕FHn(Y ;Z)→ FHn(Z;Z). Therefore
it su�ces to prove the following three statements.
(1) for a, b ∈ FHn(X;Z) we have QX(a, b) = QZ(i∗(a), i∗(b)),
(2) for a, b ∈ FHn(Y ;Z) we have QY (a, b) = QZ(j∗(a), j∗(b)),
(3) for a ∈ FHn(X;Z) and b ∈ FHn(Y ;Z) we have QZ(i∗(a), j∗(b)) = 0.

We start out with the proof of the �rst statement. Thus let a, b ∈ FHn(X;Z). We write
◦
X = X \ ∂X. We denote by p : (Z,∅)→ (Z,Z \

◦
X) and i : (X, ∂X)→ (Z,Z \

◦
X) the two

obvious inclusion maps of pairs of topological spaces. It is a consequence of the Excision
Theorem 74.18 for Topological Manifolds that i∗ : FHk(X, ∂X;Z) → FHk(Z,Z \

◦
X;Z) is

an isomorphism for every k ∈ N0. Then

QX(a, b) = 〈PDX(a) Y PDX(b), [X]〉 =
〈
(i∗)−1(PDX(a)) Y (i∗)−1(PDX(b)), i∗([X])〉

↑ ↑
by de�nition of QX Lemma 109.6 (3) applied to i : (X, ∂X)→ (Z,Z \

◦
X),

together with the Cup Product-Naturality Proposition 115.4 (1)

=
〈
p∗((i∗)−1(PDX(a))) Y p∗((i∗)−1(PDX(b))), [Z]

〉
↑

�rst note that by the Codimension Zero-Fundamental Class Lemma 106.24 we have, i∗([X]) = p∗([Z]), next
apply Lemma 109.6 (3) to p, �nally apply the Cup Product-Naturality Proposition 115.4 (1) to p

=
〈

PDZ(i∗(a)) Y PDZ(i∗(b)), [Z]
〉

= QZ(i∗(a), i∗(b)).
↑ ↑

by the Codimension-Zero Submanifold-PD de�nition of QZ
Lemma 120.5 we know
that p∗(i∗)−1(PDX(c)) = PDZ(i∗(c))

The second statement is of course proved the same way. We turn to the proof of the third
statement. So let a ∈ FHn(X;Z) and b ∈ FHn(Y ;Z). The above argument shows that we
can compute QZ(i∗(a), j∗(b)) in terms of the cup product in Z of an element in the image
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Hn(Z,Z \
◦
X)→ Hn(Z) and an element in the image of Hn(Z,Z \

◦
Y ;Z)→ Hn(Z;Z). But

(Z \
◦
X) Y (Z \

◦
Y ) = Z. So it follows from the Cup Product-Naturality Proposition 115.4

(1) that this cup product is zero. �
After these preparations it is very easy to prove the actual statement of the proposi-

tion. Thus let M and N be closed oriented 2n-dimensional topological manifolds and let
ϕ : B

2n →M be an orientation-preserving locally �at embedding and let ψ : B
2n → N be an

orientation-reversing locally �at embedding. We writeX = M\ϕ(B2n) and Y = N\ψ(B2n).
It follows from the de�nition of a locally �at embedding together with Proposition 75.3 that
X and Y are compact topological manifolds. With this notation we can writeM = X∪B2n

and N = Y ∪ B2n
. It follows from the claim and the fact that Hn(B

2n
;Z) = 0 that the

inclusions induce isometries

QM#N

∼=←− QX ⊕QY

∼=−→ QM ⊕QN .

We have thus proved the desired statement. �

We recall the following question.

Question 100.15. Are the topological spaces CP2#CP2, CP2#CP2
and S2 × S2 home-

omorphic?
These topological spaces are hard to distinguish since we saw that they are simply connected
and that their (co-) homology groups agree. Now we want to look at the intersection forms
to see whether they can help us in distinguishing these three smooth manifolds.

Example. On page 2882 we saw that the intersection form of CP2 is represented by the
1× 1�matrix (1) and we saw that the intersection form of CP2

is represented by the 1× 1�
matrix (−1). From the Intersection Form-Additivity Proposition 132.12 we thus obtain:

(1) the intersection form of CP2#CP2 is represented by the matrix
(

1 0
0 1

)
, whereas

(2) the intersection form of CP2#CP2
is represented by the matrix

(
1 0
0 −1

)
.

Finally we recall that on page 2881 we showed that

(3) the intersection form of S2 × S2 is represented by the matrix
(

0 1
1 0

)
.

Motivated by Question 100.15 and Lemma 132.6 the following question arises.

Question 132.13. Are the forms over Z2 represented by the matrices(
1 0
0 1

)
,
(

1 0
0 −1

)
and

(
0 1
1 0

)
.

isometric (possibly up to a sign reversal)?
In Chapter 133 we will develop the theory of non-singular forms to answer Question 132.13.

132.7. The asymmetric intersection pairings. On page 2883 we saw that the intersec-
tion form of a topological manifold with non-empty boundary can be degenerate. In this
and the following section we will associate to a compact oriented topological manifold the
asymmetric intersection pairings which are non-singular and the reduced intersection form
which is at least non-degenerate.
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Before we provide the de�nitions let us recall and introduce a new de�nition.
De�nition. Let R be a commutative ring and let V , W and S be R-modules. Recall that
according to the de�nition on page 2656 we say that an R-bilinear pairing 〈 , 〉 : V ×W →
R is non-singular if the induced maps

V → HomR(W,S)

v 7→
(
W → S
w 7→ 〈v, w〉

)
and

W → HomR(V , S)

w 7→
(
V → S
v 7→ 〈v, w〉

)
are isomorphisms. We now say that the R-bilinear pairing is non-degenerate if the above
two maps are both monomorphisms. Otherwise we say that the R-bilinear pairing is
degenerate.

Example. Let R be a commutative domain and let A ∈ M(n×n;R). Elementary algebra,
similar to the proof of the Non-Singularity Lemma 121.1, shows that the form

Rn ×Rn → R
(v, w) 7→ vTAw

is non-singular if and only if det(A) is a unit in R and it is non-singular if and only if
det(A) is non-zero.

For the record let us state the following lemma that follows almost immediately from the
de�nitions.
Lemma 132.14. Let R be a commutative domain. Let V , W and S be R-modules and
let

〈 , 〉 : V ×W → S

be an R-bilinear pairing. The following two statements are equivalent:
(1) The R-bilinear pairing is non-degenerate.
(2) For every v ∈ V there exists a w ∈ W with 〈v, w〉 6= 0 and for every w ∈ W there

exists a v ∈ V with 〈v, w〉 6= 0.
In the Intersection Form Proposition 132.4 we saw that if we are given a closed oriented
2n-dimensional topological manifold M , then the intersection form

QM : FHn(M ;Z)× FHn(M ;Z) → Z
(a, b) 7→

〈
PDM(a)︸ ︷︷ ︸

∈FHn(M,∂M ;Z)

Y PDM(b)︸ ︷︷ ︸
∈FHn(M,∂M ;Z)︸ ︷︷ ︸

∈FH2n(M,∂M ;Z)

, [M ]
〉
.

is non-singular. On page 2883 we saw that if M is not closed, then this conclusion does
not necessarily hold. More precisely we gave an explicit example of a compact orientable
smooth manifold, namely the torus minus two open disks, such that the intersection form
is degenerate, in particular it is singular.
We move on to the de�nition of asymmetric intersection pairings on topological manifolds.
De�nition. LetM be a compact oriented n-dimensional topological manifold and suppose
that we are given two compact (n − 1)-dimensional submanifolds A and B of ∂M . We
suppose that A ∩ B = ∂A = ∂B. We write X := ∂M \

◦
A and Y := ∂M \

◦
B. For each
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k ∈ N0 we refer to the pairing1615

Qas
M,A,B : FHk(M,A;Z)× FHn−k(M,B;Z) → Z

(v, w) 7→
〈

PDM(v)︸ ︷︷ ︸
∈Hn−k(M,X;Z)

Y PDM(w)︸ ︷︷ ︸
∈Hk(M,Y ;Z)︸ ︷︷ ︸

∈Hn(M,∂M ;Z)

, [M ]
〉

as an asymmetric intersection pairing of M . When A and B are clear from the context we
write Qas

M instead of the cumbersome Qas
M,A,B.
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v
Qas
M,A,B(v, w) = +1− 1 = 0

M

w

Remark. In the previous de�nition, if we take A = B = ∅, then we obtain precisely the
intersection form as introduced on page 2800, in other words, Qas

M,∅,∅ = QM .

Example. LetM be the torus minus two open balls. We are interested in the (asymmetric)
intersection pairings

QM : H1(M ;Z)× H1(M ;Z) → Z and Qas
M,∅,∂M : H1(M ;Z)× H1(M,∂M ;Z).

We consider the four curves a, b, c, d onM that are shown in the �gure below. Note that the
curves a, b, c represent a basis for H1(M ;Z), whereas the curves a, b, d represent a basis for
H1(M,∂M ;Z).1616 Using these bases and using the Intersection Number-via-Cup Product
Theorem 126.5 we see that

QM is represented by
a
b
c

a b c 0 1 0
−1 0 0

0 0 0

 and Qas
M,∅,∂M is represented by

a
b
c

a b d 0 1 0
−1 0 0

0 0 1

.
Note that the former matrix has determinant zero whereas the latter matrix has determi-
nant 1. This calculation, together with the Non-Singularity Lemma 121.1 shows that the
former pairing is degenerate whereas the latter pairing is non-singular.1617 As we will see in
the next proposition, it is not a coincidence that in this particular example the asymmetric
intersection pairing is non-singular.

1614In most cases we will have A ∪B = ∂M . But the case A = B = ∅ can also be interesting.
1615Note that by Proposition 75.3 we know that X and Y are also compact submanifolds of ∂M with
∂X = ∂A = A∩X and ∂Y = ∂B = B ∩ Y . Furthermore note that it follows from A∩B = ∂A = ∂B that
∂M = X∪Y and that ∂M = (X \∂X)∪(Y \∂Y )∪C where each component of C is a component of ∂X and
a component of ∂Y . Thus it follows from a slight generalization of the Excisive Triad-Proposition 109.12
(5), see also Exercise 109.5, that (M,X, Y ) is an excisive triad. In particular it follows, see the de�nition
on page 2536, that the cup product is actually de�ned.
1616Why is that?
1617In fact, using this observation and Exercise 121.2 (c) one can easily answer the previous footnote.
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Proposition 132.15. (Asymmetric Intersection Pairing Proposition) Let M be a
compact oriented n-dimensional topological manifold. Furthermore suppose that we are
given a decomposition ∂M = A ∪ B where A and B are compact (n − 1)-dimensional
submanifolds of ∂M such that A ∩B = ∂A = ∂B.
(1) Given any k ∈ N0 the following pairing is non-singular:1618

Qas
M,A,B : FHk(M,A;Z)× FHn−k(M,B;Z) → Z.

For the remaining two statements of the proposition we assume that n = 2k is even. We
denote by p∗ : Hk(M ;Z)→ Hk(M,∂M ;Z) the obvious map.
(2) The following diagram commutes:

FHk(M ;Z)× FHk(M ;Z)
QM //

id×p∗
��

Z
id
��

FHk(M ;Z)× FHk(M,∂M ;Z)
Qas
M,∅,∂M

// Z.

(3) Let v1, . . . , vm be a basis of the free abelian group FHk(M ;Z). By (1) together with
Exercise 121.2 (a) there exists a unique �dual� basis v∗1, . . . , v

∗
m of the free abelian

group FHk(M,∂M ;Z) with Qas
M,∅,∂M(vi, v

∗
j ) = δij for all i, j ∈ {1, . . . ,m}. With this

notation the following diagram commutes:

FHk(M ;Z)
p∗

// FHk(M,∂M ;Z)

Zm
∼= ei 7→vi
OO OO

multiplication by

matrix (QM (vi, vj))i,j=1,...,m

// Zm.
∼=ei 7→v∗i
OO

Put di�erently, let (QM(vi, vj))i,j=1,...,m be the (m ×m)�matrix that represents the
intersection form QM with respect to the basis v1, . . . , vm. This matrix represents
the map p∗ : FHk(M ;Z)→ FHk(M,∂M ;Z) with respect to the bases v1, . . . , vm and
v∗1, . . . , v

∗
m.

Proof.
(1) We consider the map

Ψ: FHk(M,A;Z)
PDM−−−−→ FHn−k(M,B;Z)

ev−−→ Hom(FHn−k(M,B;Z),Z).

First note that almost the same argument as in the proof of Lemma 132.5 shows that
for every a ∈ FHk(M,A;Z) and every b ∈ FHn−k(M,B;Z) we have Qas

M,A,B(a, b) =
Ψ(b)(a). Furthermore note that as in the proof of the Intersection Form Proposi-
tion 132.4 (3) we see that the two maps PDM and ev : FHn−k(M,B;Z)→ Hom(FHn−k(M,B;Z),Z)

1618This statement is a generalization of the Intersection Form Proposition 132.4 (3).
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are isomorphisms. In particular Ψ = ev ◦PD is an isomorphism. Together with the
remark on page 2657 this discussion implies that Qas

M,A,B is non-singular.
(2) This statement follows easily from the de�nitions together with the Cap Product-

Naturality Lemma 116.8 and the Cup Product-Naturality Proposition 115.4. In fact
we will work out the details in the proof of Lemma 132.16 (2).

(3) Let i ∈ {1, . . . ,m}. We write p∗(vi) =
m∑
j=1

bji · v∗j . Let j ∈ {1, . . . ,m}. We see that

bji = Qas
M,∅,∂M

(
vj,

m∑
k=1
bki · v∗k

)
= Qas

M,∅,∂M(vj, p∗(vi)) = QM(vj, vi).
↑ ↑

since Qas
M,∅,∂M (vj , v

∗
k) = δjk follows from (2)

Since by de�nition the matrix (bij) represents the map p∗ with respect to the given
bases we obtain the desired result. �

In the remainder of this section we prove several properties of the asymmetric intersection
pairings.

Lemma 132.16. LetM be a compact oriented connected n-dimensional topological man-
ifold and suppose that we are given two compact (n− 1)-dimensional submanifolds A and
B of ∂M with A ∩B = ∂A = ∂B. The following two statements hold.
(1) If we are given v ∈ Hk(M,A;Z) and w ∈ Hn−k(M ;Z), then

Qas
M,A,B(v, w) = (−1)k·(n−k) ·Qas

M,B,A(w, v).

(2) Suppose we are given two compact (n − 1)-dimensional submanifolds A′ and B′ of
∂M that also satisfy (i) or (ii) and that furthermore satisfy A Ă A′ and B Ă B′. We
denote by p : (M,A) → (M,A′) and q : (M,B) → (M,B′) the obvious maps. For
any v ∈ Hk(M,A′;Z) and w ∈ Hn−k(M,B′;Z) we have the following equality:

Qas
M,A′,B′(p∗(v), q∗(w)) = Qas

M,A,B(v, w).

Proof. We write X = ∂M \
◦
A and Y = ∂M \

◦
B.

(1) Given v ∈ Hk(M,A;Z) and w ∈ Hn−k(M,B;Z) we have the following equality:

=Qas
M,A,B(v,w)︷ ︸︸ ︷〈

PDM(v)︸ ︷︷ ︸
∈Hn−k(M,X;Z)

Y PDM(w)︸ ︷︷ ︸
∈Hk(M,Y ;Z)

, [M ]
〉

= (−1)(n−k)·k ·

=Qas
M,B,A(w,v)︷ ︸︸ ︷〈

PDM(w)︸ ︷︷ ︸
∈Hk(M,Y ;Z)

Y PDM(v)︸ ︷︷ ︸
∈Hn−k(M,X;Z)

, [M ]
〉
.x

by the Cup Product-Commutativity Proposition 115.3

(2) Not surprisingly we write X ′ = ∂M \
◦
A
′
and Y ′ = ∂M \

◦
B
′
. Note that by hypothesis

we have X ′ Ă X and Y ′ Ă Y . Let f : (M,X ′) → (M,X) and g : (M,Y ′) → (M,Y )
be the obvious maps. Given v ∈ Hk(M,A′;Z) and w ∈ Hn−k(M,B′;Z) we have the
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following equality:

follows from the Cap Product-Naturality Lemma 116.8

↓
=Qas

M,A′,B′ (p∗(v),q∗(w))︷ ︸︸ ︷〈
PDM(p∗(v))︸ ︷︷ ︸
∈Hn−k(M,X′;Z)

Y PDM(q∗(w))︸ ︷︷ ︸
∈Hk(M,Y ′;Z)

, [M ]
〉

=
〈
f ∗(PDM(v))︸ ︷︷ ︸
∈Hn−k(M,X′;Z)

Y g∗(PDM(w))︸ ︷︷ ︸
∈Hk(M,Y ′;Z)

, [M ]
〉

Cup Product-Naturality Proposition 115.4
↓
=
〈

PDM(v)︸ ︷︷ ︸
∈Hn−k(M,X;Z)

Y PDM(w)︸ ︷︷ ︸
∈Hk(M,Y ;Z)

, [M ]
〉

= Qas
M,A,B(v, w).

�

Our next result on asymmetric intersection pairing deals with the interplay between the
asymmetric intersection pairing on a topological manifold and the asymmetric intersection
pairings on its boundary.

Proposition 132.17. (Interaction Pairing-Boundary Proposition) LetM be a com-
pact oriented n-dimensional topological manifold. Suppose that we are given a decompo-
sition ∂M = A∪B where A and B are compact (n− 1)-dimensional submanifolds of ∂M
such that A ∩ B = ∂A = ∂B. Let a ∈ Hk(A, ∂A;Z) and let c ∈ Hn−k+1(M,A;Z). We
denote by w : (A, ∂A)→ (M,B) the obvious map and we denote by ∂ : Hn−k+1(M,A;Z)→
Hn−k(A;Z) the connecting homomorphism of the long exact sequence in homology of the
pair (M,A). In this setting the following equality holds:

Qas
A,∅,∂A(∂c, a) = Qas

M,A,B(c, w∗(a)).

In other words, the following diagram commutes in a suitable sense:

Hn−k+1(M,A;Z)× Hk(M,B;Z)
Qas
M,A,B

--∂

��

Z.

Hn−k(A;Z)× Hk(A, ∂A;Z)

w∗

OO

Qas
A,∅,∂A

11
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∂M is a 2-dimensional manifold M is a 3-dimensional manifold
w∗(a)a

B ∂c

A

c

In the proof of the Interaction Pairing-Boundary Proposition 132.17 we will need the fol-
lowing generalization of the Cup Product-Connecting Homomorphism Lemma 115.6.

Lemma 132.18. Let (X,A,B) be an excisive triad of topological spaces and let R be a
commutative ring. We denote by i : (A,A∩B)→ (X,B) and j : (A,A∩B)→ (A∪B,B)
the inclusion maps and we denote by δ the connecting homomorphisms in the long exact
sequence in cohomology corresponding to the pair (X,A) and the triple (X,A∪B,B). Note
that it follows from the Excisive Characterization Lemma 109.13 (b) that j∗ : Hp+q(A ∪
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B,B;R)→ Hp+q(A,A ∩B;R) is an isomorphism. The following diagram commutes

Hp(A,A ∩B;R)× Hq(A;R)
Y //

δ

��

Hp+q(A,A ∩B;R)
∼= (j∗)−1

��

Hp+q(A ∪B,B;R)

δ
��

Hp(X,B;R)× Hq+1(X,A;R)
Y //

i∗

OO

Hp+q+1(X,A ∪B;R)

up to the sign (−1)p. Recall that according to the convention on page 2538 �commutes�
means that if we start with an element in Hp(X,B;R) and an element in Hq(A;R), then
the two routes to Hp+q+1(X,A ∪ B;Z) lead to the same element up to multiplication by
(−1)p.

Proof of Lemma 132.18. We leave it to the long-su�ering reader to go through the
slightly painful task of modifying the proof of the Cup Product-Connecting Homomor-
phism Lemma 115.6 to get the desired result. �

Proof of the Interaction Pairing-Boundary Proposition 132.17. We consider the fol-
lowing diagram of maps

Hk(A, ∂A;Z)× Hn−k(A;Z)
Y //

δ

��

Hn(A, ∂A;Z) 〈−,[A]〉

''

(u∗)−1∼=
��

Hn(∂M,B;Z)

δ
��

〈−,p∗([∂M ])〉
// Z.

Hk(M,B;Z)× Hn−k+1(M,A;Z)

w∗

OO

Y // Hn+1(M,∂M) 〈−,[M ]〉

77

We make the following clari�cations and observations:

(1) By the Excisive Triad-Proposition 109.12 we know that (M,A,B) is an excisive triad.
(2) We denote by u : (A, ∂A)→ (∂M,B) the inclusion map. It follows from (1) and the

Excisive Characterization Lemma 109.13 (b) that the map u induces an isomorphism
on cohomology groups.

(3) We denote by δ :Hn(A;Z)→Hn+1(M,A;Z) and δ :Hn(∂M,B;Z)→Hn+1(M,∂M ;Z)
the connecting homomorphisms in cohomology of the pair (M,A) and of the triple
(M,∂M,B).

(4) It follows from (1) and Lemma 132.18 that the left part of the diagram commutes
up to the sign (−1)k.

(5) We denote by p : (∂M,∅) → (∂M,B) the obvious map. By the Codimension Zero-
Fundamental Class Lemma 106.24 we have p∗([∂M ]) = u∗([A]) ∈ Hn(∂M,B;Z).
Together with Lemma 109.6 (3) it follows that the top right triangle commutes.

(6) Note that by the Fundamental Class-of-Boundary Proposition 106.27 we know that
∂([M ]) = [∂M ] ∈ Hn(∂M ;Z). Together with the Cap Product-Connecting Homo-
morphism Lemma 116.10 this implies that the bottom right triangle commutes.
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Next we consider the following two diagrams:

Hk(M,A;Z)

PDM
��

∂ // Hk(A;Z)

PDA
��

Hn−k(M,B;Z)
w∗ // Hn+1−k(A, ∂A;Z)

and
Hk(A, ∂A;Z)

PDA
��

w∗ // Hk(M,B;Z)

PDM
��

Hn−k(A;Z)
δ // Hn−k+1(M,A;Z).

By Proposition 119.26 we know that the diagram to the left commutes up to the factor
(−1)k whereas the diagram to the right commutes as it is. With all these preparations we
can now easily carry out the desired calculation:

by de�nition of QA since the second diagram commutes up to multiplication by (−1)k

↓ ↓
QA,∅,∂A(∂c, a) = 〈PDA(∂c)YPDA(a), [A]〉 = (−1)k ·〈w∗(PDM(c))YPDA(a), [A]〉

= 〈PDM(c)Yδ(PDA(a)), [M ]〉 = 〈PDM(c)YPDM(w∗(a)), [M ]〉
↑ ↑

since the �rst diagram commutes since the third diagram commutes
up to multiplication by (−1)k

= Qas
M,A,B(c, w∗(a)).

�

The following proposition relates the asymmetric intersection pairing on a topological man-
ifold to the asymmetric intersection pairing on a codimension-zero submanifold.

Proposition 132.19. (Intersection Form-Submanifold Proposition) Let M be a
compact oriented m-dimensional topological manifold and let W Ă M be a compact codi-
mension-zero submanifold with corner.1619 Let A and B be disjoint unions of components
of ∂M with ∂1W Ă A. We denote by i : (W,∂1W )→ (M,A), w : (W,∂0W )→ (M,M \

◦
W )

and p : (M,B) → (M,M \
◦
W ) the obvious maps. For every α ∈ Hk(W,∂1W ) and β ∈

Hn−k(M,B) we have the following equality:1620

Qas
W,∂1W,∂0W

(α, (w∗)
−1(p∗(β))) = Qas

M,A,B(i∗(α), β).

In other words, the following diagram commutes in a suitable sense:

Hk(W,∂1W ;Z)× Hn−k(W,∂0W ;Z)
Qas
W,∂1W,∂0W

,,i∗

��

∼=w∗
��

Hn+k(M,M \
◦
W ;Z) Z.

Hk(M,A;Z)× Hn−k(M,B;Z)

p∗

OO

Qas
M,A,B

22

The analogous statement also holds with the roles of the �rst and the second entry
swapped.

1619We refer to Lemma 120.1 for the de�nition of ∂0W and ∂1W .
1620Here we use that we know by the Excision Theorem 120.2 that the map w : (W,∂W ) → (M,M \

◦
W )

induces an isomorphism on homology groups.
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M

∂0W

β

B

∂1W

A Ă ∂M

W

α

Proof. We perform the following calculation:

Qas
W,∂1W,∂0W

(α, (w∗)
−1(p∗(β)) = 〈PDW (α)YPDW ((w∗)

−1(p∗(β))), [W ]〉
= 〈w∗((w∗)−1(PDW (α))Yw∗(PDM(β)), [W ]〉 = 〈(w∗)−1(PDW (α))YPDM(β), w∗([W ])〉
↑ ↑

by Lemma 120.6 by Lemma 109.6 (3)

= 〈(w∗)−1(PDW (α))YPDM(β), p∗([M ])〉= 〈p∗((w∗)−1(PDW (α)))Yp∗(PDM(β)), [M ])〉
↑ ↑

by the Codimension Zero-Fundamental Class Lemma 109.6 (3)
Lemma 106.24 we have w∗([W ]) = p∗([M ])

= 〈PDM(i∗(α)),PDM(β), [M ]〉 = Qas
M,A,B(i∗(α), β).

↑
by the Codimension-Zero Submanifold-PD Lemma 120.5 �

The case we will use most often is the special case that ∂0W = ∂W , ∂1W = ∅, A = ∅ and
B = ∂M . In this case Proposition 132.20 specializes to the following slightly more readable
proposition.
Proposition 132.20. Let M be a compact oriented m-dimensional topological manifold
and letW Ă M \∂M be a compactm-dimensional submanifold. We denote by i : W →M ,
w : (W,∂W )→ (M,M \

◦
W ) and p : (M,∂M)→ (M,M \

◦
W ) the obvious maps. For every

α ∈ Hk(W ) and β ∈ Hn−k(M,∂M) we have the following equality:

Qas
W,∅,∂W (α, (w∗)

−1(p∗(β))) = Qas
M,∅,∂M(i∗(α), β).
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132.8. The reduced intersection form. After the exhaustive and exhausting discussion
of the asymmetric intersection pairings in the previous section, let us now move on to our
second variation on the intersection form.
Proposition 132.21. (Reduced Intersection Form Proposition) Let M be a com-
pact oriented 2n-dimensional topological manifold. We denote by i : ∂M → M the inclu-
sion map.
(1) Let α ∈ FHn(M ;Z). The following two statements are equivalent:

(a) α ∈ im(i∗ : FHn(∂M ;Z)→ FHn(M ;Z)).
(b) For every β ∈ FHn(M ;Z) we have QM(α, β) = 0.
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(2) We write Ĥn(M ;Z) := coker(i∗ : Hn(∂M ;Z)→ Hn(M ;Z)). The form

Qred
M : FĤn(M ;Z)× FĤn(M ;Z) → Z

([ϕ], [ψ]) 7→ QM(ϕ, ψ)

is well-de�ned and non-degenerate. We refer to this form as the reduced intersection
form of M .

(3) If the intersection form QM is non-degenerate, then the obvious map FHn(M ;Z)→
FHn(M ;Z) is an isomorphism and it induces an isometry QM → Qred

M .
Proof. We denote by i : ∂M → M and j : (M,∅) → (M,∂M) the obvious maps. Before
we do anything else we recall that we have a long exact sequence

. . . → Hn(∂M ;Z)
i∗−→ Hn(M ;Z)

j∗−→ Hn(M,∂M ;Z)
∂−→ Hn−1(∂M) → . . .

Now we turn to the actual proofs of the statements.
(1) Let α ∈ Hn(M ;Z). First we prove �(a)⇒(b)�. Thus we assume that α = i∗(γ) for

some γ ∈ Hn(∂M ;Z). Let β ∈ Hn(M ;Z). We perform the following calculation:

QM(α, β) = 〈PD(i∗(γ))YPD(β), [M ]〉 = 〈PD(β), j∗(PD(i∗(γ))X[M ]︸ ︷︷ ︸
= i*(γ) by de�nition of PD

)〉
↑ ↑

by de�nition of QM Cup-Cap Lemma 116.7 (3)

= 〈PD(β), j∗(i∗(γ))〉 = 0.
↑

since j∗ ◦ i∗ = 0

Now we prove �(b)⇒(a)�. Thus we assume that QM(α, β) = 0 for all β ∈ FHn(M ;Z).
This implies for any β ∈ FHn(M ;Z) we have the following equalities:

Qas
M,∂M,∅(j∗(α), β) = QM(α, β〉 = 0.

↑ ↑
by the Asymmetric Intersection by assumption
Pairing Proposition 132.15 (2)

By the Asymmetric Intersection Pairing Proposition 132.15 (1) we know that the
pairing Qas

M,∂M,∅
is non-singular, in particular it is non-degenerate. Thus it fol-

lows from the above, together with Lemma 132.14, that j∗(α) = 0 ∈ FHn(M ;Z).
It follows from the above long exact sequence, together with Exercise 89.2, that
im(i∗ : FHn(∂M ;Z)→ FHn(M ;Z)).

(2) It follows immediately from (1) �(a)⇒(b)� that the form Qred
M is well-de�ned. Further-

more it follows from (1) �(b)⇒(a)� and Lemma 132.14 that Qred
M is non-degenerate.

(3) This statement follows immediately from (1) and Lemma 132.14. �

Examples.
(1) One last time we consider again our favorite exampleM , namely the torus minus two

open disks. We use the notation from the �gure on page 2903. A basis for H1(M ;Z)
is given by a, b, c and the image of H1(∂M ;Z) → H1(M ;Z) is given by Z · c. With
respect to these bases we see that

QM is represented by
a
b
c

a b c 0 1 0
−1 0 0

0 0 0

 and Qred
M is represented by

a
b

a b(
0 1
−1 0

)
.
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(2) In Exercise 132.7 we will provide an example of a compact orientable 4-dimensional
smooth manifold M for which the reduced intersection form is not non-singular. We
will obtain many more such examples later on in Proposition ??.

Exercises for Chapter 132.

Exercise 132.1. We equip H1(S1 × S1;Z) with the standard basis µ = [S1 × {∗}] and
λ = [{∗} × S1]. Show that

QS1×S1(a · µ+ b · λ, c · µ+ d · λ) = det
(
a b
c d

)
.

Remark. The exercise is really quite easy, but it does produce a neat formula.

Exercise 132.2. Let M be a compact oriented topological manifold. Recall that we say
thatM is amphichiral ifM admits an orientation-reversing self-homeomorphism, otherwise
we say that M is chiral. For which k, l ∈ N0 is the connected sum k · CP2#l · CP2

chiral?
More precisely:

(a) for the values that you exclude, show that k · CP2#l · CP2
is not chiral,

(b) for all the other values show explicitly that k · CP2#l · CP2
is chiral.

Exercise 132.3. Let n ∈ N and letM andM ′ be two closed oriented connected non-empty
n-dimensional topological manifolds. Let X Ă M and X ′ Ă M ′ be submanifolds that are
homeomorphic to B

n
and let ϕ : ∂X → ∂X ′ be an orientation-reserving homeomorphism.

Show that (M \
◦
X) ∪ϕ : ∂X→∂X′ (M \

◦
X
′
) is homeomorphic to the connected sum M#N .

Hint. Use the Alexander trick from Exercise 5.35.
Remark. Initially it might sound like this statement holds �by de�nition�. But in fact in
Exercise ?? we will see that the obvious analogue in the setting of smooth manifolds does
not hold.

Exercise 132.4. Let R be a �eld and let ϕ : V × V → R be a form. The vector subspace
R := {v ∈ V |ϕ(v, w) = 0 for all w ∈ V } is called the radical of the form ϕ.
(a) Show that the map ϕ : V/R× V/R → R

([v], [w]) 7→ ϕ(v, w)

is well-de�ned and non-singular.
(b) Let S be a vector subspace of V with V = R ⊕ S. Show that (V/R, ϕ) is isometric

to (S, ϕ|S).
(c) Show that (V, ϕ) is isometric to (R, 0)⊕ (V/R, ϕ).

Remark. Recall that by our de�nition on page 2877 a form (V, ϕ) is de�nition symmetric
or anti-symmetric and V is a �nite-dimensional free module over the ring R.
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Exercise 132.5. Let H be a �nite-dimensional real vector space and let λ : H×H → R be
a non-singular form. Furthermore let A1, A2 Ă H be two vector subspaces with A⊥1 = A2

and A⊥2 = A1. Show that (A1 ∩ A2)⊥ = A1 + A2.

Exercise 132.6. Let M be a compact oriented 4-dimensional topological manifold and let
i : ∂M →M be the inclusion map.
(a) Show that if i∗ : H1(∂M ;Z) → H1(M ;Z) is a monomorphism, then the intersection

form QM is non-singular.
(b) Show that if i∗ : H1(∂M ;Q) → H1(M ;Q) is a monomorphism, then the intersection

form QM is non-degenerate.

Exercise 132.7. Let n ∈ N. We consider the map

ϕ : B
2 × S1 → B

2 × S1 Ă ∂(B
2 ×B2

)
(z, w) 7→ (z, w · zn).

Furthermore we consider 1621

M := (B
2 ×B2

)
B

2×S1 → ∂(B
2×B2

)
(z, w) 7→ ϕ(z, w)

(B
2 ×B2

).

One can show by hand that M is a compact orientable 4-dimensional smooth manifold.1622

(a) Show that π1(M) = 0, H2(M ;Z) ∼= Z and H2(M,∂M ;Z) ∼= Z.
(b) Show that H1(∂M ;Z) ∼= Zn and H2(∂M ;Z) = 0. (In fact very well-trained eyes will

spot that ∂M is di�eomorphic to the lens space L(n, 1).)
(c) Show that if n ≥ 2, then the intersection form QM is represented by one of the two

1× 1-matrices (−n) or (n).
Hint. Use the Asymmetric Intersection Pairing Proposition 132.15 (3).
Remark. Note that it follows from (b) that the intersection form equals the reduced
intersection form. Thus we have shown, as promised on page 2903, that there ex-
ists a compact orientable 4-dimensional smooth manifold M for which the reduced
intersection form is not non-singular.

Exercise 132.8. Let M be a compact oriented n-dimensional topological manifold and
let A,B be disjoint unions of components of ∂M . Furthermore let V and W be compact
codimension-zero submanifolds of M as in the �gure below and let α ∈ Hk(M,A) and
β ∈ Hn−k(X,B).
(a) Inspired by the �gure below state a formula which computes QM(α, β) in terms of

suitable intersection numbers of V and W .
Hint. What is the role of C and D in the �gure below?

(b) Prove (a).

Exercise 132.9. Let n ∈ N and let M and N be two compact oriented connected non-
empty n-dimensional smooth manifolds. In Exercise 100.16 we introduced the pinching map
p : M#N → M ∨N and studied the induced map on homology groups. Use the pinching

1621Later on page 2953 we will say that M is obtained from the 4-ball B
2 ×B2

by attaching a 2-handle.
1622We will carry out the details in the Handle Attachment Proposition 136.1, but this is irrelevant for the
present exercise.
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map and the Wedge-Cup Product Lemma 115.8 to give a new proof of the Intersection
Form-Additivity Proposition 132.12 for smooth manifolds. In other words, show that the
intersection form QM#N is isometric to QM#QN .
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133. The intersection form II: Algebra and some topology

In Chapter 132 we introduced the intersection form of compact oriented even-dimensional
topological manifolds. On page 2893 we considered the intersection forms of S2 × S2,
CP2#CP2 and CP2#CP2

. At that point it became clear that we have to invest some time
to study (anti-) symmetric forms as purely algebraic objects.
We start out with the following lemma that summarizes all the basic facts about the
interplay between forms and matrices that we will need in this chapter.

Lemma 133.1. (Forms-Matrices Lemma) Let R be a commutative ring.
(1) Let A be a (anti-) symmetric1623 n× n�matrix over R. We consider the map

ϕ(A) : Rn ×Rn → R
(v, w) 7→ vTAw.

The following statements hold:
(a) ϕ(A) is an (anti-) symmetric form over R.
(b) The form ϕ(A) is non-singular, in the sense of the de�nition on page 2878, if

and only if A is invertible, i.e. if det(A) is a unit in R
(c) If P ∈ GL(n,R) is an invertible matrix, then the forms ϕ(P TAP ) and ϕ(A) are

isometric.
(d) If B is a (anti-) symmetric n × n-matrix over R such that ϕ(A) and ϕ(B) are

isometric, then there exists a P ∈ GL(n,R) with B = P TAP .
(2) Let (V, ψ) be an (anti-) symmetric form over R of rank n. If A is a matrix that

represents ψ, then (V, ψ) ∼= (Rn, ϕ(A)). In particular every (anti-) symmetric form
over R is isometric to ϕ(A) for some (anti-) symmetric n× n�matrix A over R.

Convention. The Forms-Matrices Lemma 133.1 allows us to go back and forth between
(anti-) symmetric forms and (anti-) symmetric matrices. Thus in the following discussion
we will blur the distinction between these two concepts. For example, given a (anti-
) symmetric matrix A over a commutative ring we will often just refer to the (anti-)
symmetric form ϕ(A) as the form A.

Proof.
(1) (a) This statement follows almost immediately from the de�nitions and the observa-

tion that for any v, w ∈ Rn we have

ϕ(A)(w, v) = wTAv = (wTATv)T = vTATw = ϕ(AT )(v, w).
↑

for a (1× 1)�matrix (x) we have (x)T = (x)

(b) The proof of this statement is an instructive exercise in linear algebra. We will
not rob the reader of the joy of doing this exercise.

(c) We claim that the isomorphism v 7→ Pv de�nes an isometry from the form
(Rn, ϕ(P TAP )) to the form (Rn, ϕ(A)). Indeed, for any v, w ∈ Rn we have

ϕ(A)(Pv, Pw) = (Pv)TAPw = vT (P TAP )w = ϕ(P TAP )(v, w).

(d) Let B be a (anti-) symmetric n × n-matrix over R and let f : Rn → Rn be an
isometry between ϕ(A) and ϕ(B), i.e. let f be an isomorphism such that for all

1623Recall that a matrix A is called anti-symmetric if AT = −A.
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v, w ∈ Rn we have vTAw = ϕ(A)(v, w) = ϕ(B)(f(v), f(w)) = f(v)TAf(w). Let
P be the matrix representing f with respect to the standard basis of Rn. Since
f is an isomorphism we know that P ∈ GL(n,R). Finally a straightforward
calculation shows that B = P TAP .

(2) Let ψ : V × V → R be an (anti-) symmetric form over R. Let v1, . . . , vn be a basis
of V . We denote by A = (ψ(vi, vj))i,j=1,...,n the corresponding matrix representing
the form ψ. We consider the isomorphism

Θ: Rk → V
(λ1, . . . , λn) 7→ λ1v1 + · · ·+ λnvn.

We claim that Θ is an isometry from the form (Rn, ϕ(A)) to the form (V, ψ). Indeed,
if we denote by e1, . . . , en the standard basis for Rn, then for any i, j ∈ {1, . . . , n} we
have

ψ(Θ(ei),Θ(ej)) = ψ(vi, vj) = ij-entry of A = eTi Aej = ϕ(A)(ei, ej).

By bilinearity of forms we obtain the corresponding statement for all pairs of elements
in Rn. �

The Forms-Matrices Lemma 133.1 (1b), (1d) and (2) shows that the following de�nition
makes sense.
De�nition. Let R be a commutative ring. We denote by R∗ the multiplicative units of R.
Let (V, ψ) be a non-singular (anti-) symmetric form over R of rank n. We pick a basis
v1, . . . , vn of V . We refer to

det(ψ) := det(ψ(vi, vj)i,j=1,...,n) ∈ R∗/{a2 | a ∈ R∗}
as the determinant of the form (V, ψ). Note that for R = Z the determinant is a well-
de�ned element of {±1}.

Example.
(1) For a matrix A ∈ GL(n,R) we have of course det(ϕ(A)) = det(A) ∈ R∗/{a2 | a ∈ R∗}.
(2) We work with R = Z. We set A =

(
1 0
0 1

)
and B =

(
0 1
1 0

)
. Since det(A) = 1 and

det(A) = −1 we see that ϕ(A) and ϕ(B) are non-isometric forms over Z2.

133.1. Non-singular anti-symmetric forms. In this section we will completely classify
non-singular anti-symmetric forms over the real numbers and over the integers.
First we consider the matrix

S :=
(

0 1
−1 0

)
.

It is anti-symmetric and it has determinant 1. From the Forms-Matrices Lemma 133.1 we
obtain an anti-symmetric form ϕ(S). The following proposition shows that ϕ(S) is in some
sense the only example of a non-singular anti-symmetric form over the real numbers or over
the integers.

Proposition 133.2. (Anti-Symmetric Forms Proposition) If (V, ϕ) is a non-singular
anti-symmetric form over R or over Z, then there exists a k ∈ N0 such that1624 (V, ϕ) ∼=
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k · ϕ(S), i.e. ϕ is represented by the 2k × 2k�matrix
0 1 . . . 0 0
−1 0 . . . 0 0
...

...
. . .

...
...

0 0 . . . 0 1
0 0 . . . −1 0


︸ ︷︷ ︸

k diagonal blocks of 2× 2-matrices

.

In particular the rank of V is even.
Remark. Propositions 132.4 and 133.2 imply in particular that the isometry type of the
intersection of a surface of genus g is determined by the formal properties of an intersection
form. In particular we did not need to go through the discussion on page 2881 if we just
need to know the isometry type of the intersection form.

Sketch of proof. First we remark that throughout the proof on many occasions we use
the Forms-Matrices Lemma 133.1 without saying so explicitly.

After this preamble, let (V, ϕ) be a non-singular anti-symmetric form over R of rank n.
We pick an (n× n)�matrix A that represents ϕ. Since ϕ is anti-symmetric we see that all
terms of A on the diagonal are zero. In the following we consider the usual three types of
elementary matrices:

Dλ :=

(
id 0 0
0 λ 0
0 0 id

)
, λ 6= 0, P :=


id 0 0 0 0
0 0 0 1 0
0 0 id 0 0
0 1 0 0 0
0 0 0 0 id

 and Qλ :=


id 0 0 0 0
0 1 0 λ 0
0 0 id 0 0
0 0 0 1 0
0 0 0 0 id

.
We make the following elementary observations:

(i) Replacing a matrix B by DT
λBDλ means that �rst we multiply a column by λ, and

then we multiply the corresponding row by λ.
(ii) Replacing a matrix B by P TBP means that �rst we exchange two columns, and then

we exchange the corresponding two rows.
(iii) Replacing a matrix B by QT

λBQλ means that �rst we add λ-times one column to
another column, and then we do the same operation for the corresponding rows.

Now we can perform the following sequence of operations to A:

A
(1)
=


0 ∗ ∗ . . . ∗
∗ 0 ∗ . . . ∗
∗ ∗ 0 ∗ ∗
...

... ∗
. . . ∗

∗ ∗ ∗ ∗ 0

 (2)→


0 1 ∗ . . . ∗
−1 0 ∗ . . . ∗
∗ ∗ 0 ∗ ∗
...

... ∗
. . . ∗

∗ ∗ ∗ ∗ 0

 (3)→


0 1 0 . . . 0
−1 0 ∗ . . . ∗
0 ∗ 0 ∗ ∗
...

... ∗
. . . ∗

0 ∗ ∗ ∗ 0

 (4)→


0 1 0 . . . 0
−1 0 0 . . . 0
0 0 0 ∗ ∗
...

... ∗
. . . ∗

0 0 ∗ ∗ 0


where we perform the following steps:
(1) We write out A, here and throughout the steps we use the convention that ∗ can mean

any real number, the only condition being that all matrices are anti-symmetric.
(2) Since det(A) 6= 0 there exists at least one entry on the �rst row which is non-zero.

After operations of type (ii) and (i) we can arrange that the (1, 2)-entry equals 1. By
the anti-symmetry we see that the (2, 1)-entry now equals −1.

1624Here, when we write k · ϕ(S) we use the de�nition from page 2877.
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(3) Using operations of type (iii) we can �clean up� the remaining terms on the �rst row
and column.

(4) Similarly, we can use operations of type (iii) to �clean up� the remaining terms on
the second row and column.

At this stage we can continue with the same process, applied to the (n−2)×(n−2)�matrix
at the right bottom. Eventually we will have turned A into a matrix of the promised type.

Now suppose that (V, ϕ) is a non-singular anti-symmetric form over Z. In Exercise 133.7
we will modify the above proof to deal with this new situation. �

In a sense the Anti-Symmetric Forms Proposition 133.2 is rather disappointing. We had
hoped that intersection forms will give us new meaningful invariants. But the Anti-
Symmetric Forms Proposition 133.2 together with the Intersection Form Proposition 132.4
shows that intersection forms of closed even-dimensional topological manifolds do not give
us any extra information that would allow us to distinguish. manifolds.

Nonetheless, the Anti-Symmetric Forms Proposition 133.2 has just enough content to
answer Question 119.8 where we had asked which integers appear as Euler characteristics
of closed orientable connected even-dimensional topological manifolds.1625 Now we can
provide a complete answer to this question.
Proposition 133.3.
(1) Let k ∈ N. Given any n ∈ Z there exists a closed orientable connected 4k-

dimensional smooth manifold with Euler characteristic n.
(2) (a) The Euler characteristic of any closed orientable connected topological manifold

of dimension 2 is even and ≤ 2. Conversely, any even number ≤ 2 is the Euler
characteristic of such a smooth manifold.

(b) Let k ∈ N. The Euler characteristic of any closed orientable connected topolog-
ical manifold of dimension 4k + 2 is even. Conversely, any even number is the
Euler characteristic of such a smooth manifold.

Remark. In Exercise 140.2 we will deal with the possible Euler characteristics of smooth
manifolds with possibly non-empty boundary.

Proof. We start out with two claims that give us the stated restrictions on Euler charac-
teristics of closed orientable topological manifolds.
Claim. Let k ∈ N0. The Euler characteristic of every closed orientable topological manifold
M of dimension 4k + 2 is even.
Proof. We have

χ(M) =
4k+2∑
i=0

(−1)i ·dimR(Hi(M ;R)) = dimR(H2k+1(M ;R)) +
2k∑
i=0

(−1)i ·
even︷ ︸︸ ︷

2·dimR(Hi(M ;R))
↑ ↑

Manifold-χ-Proposition 104.36 (4) by the Co-Homology Symmetry Theorem Theorem 119.6 we
have dimR(Hi(M ;R)) = dimR(H4k+2−i(M ;R))

≡ 0 mod 2.
↑

by the Intersection Form Proposition 132.4 and the facts that M is closed and that 2k + 1 is odd we know
that the intersection form on H2k+1(M ;R) is anti-symmetric and non-singular,
by the Anti-Symmetric Forms Proposition 133.2 we thus know that dimR(H2k+1(M,R)) is even1625This question arose from the fact, shown in the Odd-Dimensional Manifold-Euler Characteristic Propo-

sition 119.7, that the Euler characteristic of every closed odd-dimensional topological manifold is necessarily
zero. So it was natural to wonder what is happening for closed even-dimensional topological manifolds.
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�
Claim. The Euler characteristic of every every closed orientable connected 2-dimensional
topological manifold M is ≤ 2.

Proof. Of course this statement follows from the Surface Classi�cation Theorem 55.4 to-
gether with the calculation of the Euler characteristics on page 1879. But one can prove the
claim directly. First the case thatM is empty is trivial. Now assume thatM is non-empty.
In this case we have the following (in-) equalities:

χ(M) =
∑
i∈N0

(−1)i ·rank(Hi(M)) =

= 1 by the H0-Proposition 72.5︷ ︸︸ ︷
rank(H0(M)) − rank(H1(M)) +

= 1 by the Orientation-Top
Homology Theorem 106.1︷ ︸︸ ︷

rank(H2(M)) ≤ 2.
↑ ↑

by the Euler Characteristic-H∗ by the Top-Homology Theorem 106.3
Proposition 87.1 �

It remains to show that besides these two restrictions on the possible values of Euler
characteristics, all other values can be realized. Our arguments in all of the three cases rely
on the following observation.
Observation.

(i) On page 1879 we saw that for every m ∈ N0 we have χ(CPm) = m+ 1.
(ii) the Connected Sum-χ-Lemma 87.7 says that if M and N are two compact oriented

connected even-dimensional smooth manifolds, then χ(M#N) = χ(M) +χ(N)− 2.
(iii) There is any number of reasons, e.g. we could use the Product-χ-Lemma 87.8, why

given any m ∈ N the Euler characteristic of the m-dimensional torus (S1)m is zero.

Proof.

(1) Let k ∈ N and let n ∈ Z. Note that χ(CPk) = 2k + 1 is odd and ≥ 3. From the
above observations it follows that

χ(n · CP2k#nk · (S1)4k) = n · (2k + 1)− nk · 2 = n.

(2) (a) Evidently we have χ(S2) = 2. Note let n = 2m be an even integer with n ≤ 0.
It follows from the above observations that

χ((m+ 1) · (S1 × S1)) = (m+ 1− 1) · 2 = n.

(b) Let k ∈ N and let n be an even integer. From the above observations it follows
that

χ
(
n · CP2k+1#n

2 (2k + 1) · (S1)4k+2
)

= n · (2k + 2)− n
2 (2k + 1) · 2 = n. �

133.2. Interlude: Sphere-packing. In this short section we want to consider sphere
packings. The relationship with our actual goal of dealing with symmetric forms is arguably
tenuous but nonetheless fascinating.

De�nition. Let v1, . . . , vn be linearly independent vectors in Rn. We refer to the group

Z · v1 + · · ·+ Z · vn =
{ n∑
i=1
ai · vi

∣∣∣ a1, . . . , an ∈ Z
}

as the lattice spanned by v1, . . . , vn.1626
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We start out with the following theorem. The fact that strictly speaking we did not de�ne
all the terms will not bother us.
Theorem 133.4.
(1) A densest packing of disks of radius 1

2
in R2 is given by setting the centers on the

�hexagonal� lattice spanned by v1 = (1, 0) and v2 = (1
2
,
√

3
2

) shown in the �gure
below on the left. The density equals π√

12
.

(2) No packing of balls of the same radius in R3 has density greater than that of the
�face-centered cubic packing� shown in the �gure below in the middle and on the
right. The density equals π√

18
.

Proof. The �rst statement was proved by L. Fejes Tóth [FT1943, FT1972] in 1943. It is
much harder to prove the second statement. This statement had been conjectured by Kepler
in 1613 and it was �nally proved by Thomas Hales [Hale20000, Hale2005, Hale2017]
in 2005. �

���� �� ���� ����

�� ���� �� ������

�� ���� ���� ������

densest disk packing ball packings of highest density

v2

v1

For a mathematician it is natural to wonder what are the highest densities of packings in
higher dimensions. Not surprisingly this is a very hard problem. Astonishingly the next
case that was dealt with is the 8-dimensional setting. More precisely, the following theorem
was proved by Maryna Viazovska [Via2017] in 2016.

Theorem 133.5. We consider the following matrix

E8 :=



2 1 0 0 0 0 0 0
1 2 1 0 0 0 0 0
0 1 2 1 0 0 0 0
0 0 1 2 1 0 0 0
0 0 0 1 2 1 0 1
0 0 0 0 1 2 1 0
0 0 0 0 0 1 2 0
0 0 0 0 1 0 0 2


.

No packing of unit balls in R8 has density greater than that given by the lattice spanned
by the eight column vectors of the E8�matrix. Furthermore, this packing has density π4

384
.

Remark. We also refer to [Baez2018] for other interesting appearances of the E8�matrix,
for example its relationship to the regular icosahedron

1626This is perhaps not the standard de�nition of a lattice, but who cares?
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Shortly afterwards the 24-dimensional case was settled in [CKMRV2017], in this case a
densest packing is given by the �Leech lattice�. OK, that was fun, but now let us return to
our actual problem, and let us see whether this section was of any use.

133.3. Non-singular symmetric forms over the real numbers. In an earlier section
we saw that non-singular anti-symmetric forms are almost depressingly boring mathemat-
ical objects. In this and the next section we will consider non-singular symmetric forms.
These will, fortunately, turn out to be much more interesting.

Examples. We list some symmetric integral matrices with determinant equal to ±1. By
the Forms-Matrices Lemma 133.1 these de�ne in particular non-singular forms over R and
also over Z.
(1) The 1× 1-matrices (+1) and (−1).
(2) The slightly mysterious 8× 8�matrix E8 from the previous section.1627

(3) The matrix
H :=

(
0 1
1 0

)
is symmetric and it has determinant −1.

It is natural to ask whether there is some type of analogue of the Anti-Symmetric Forms
Proposition 133.2 for symmetric forms. In fact using the methods of the proof of the
Anti-Symmetric Forms Proposition 133.2 one can prove the following statement.

Proposition 133.6. (Symmetric Forms-over-R-Proposition) Let (V, ϕ) be a sym-
metric form over R of rank n.
(1) There exist k+, k− ∈ N0 such that (V, ϕ) ∼= k+ · (+1)⊕k− · (−1)⊕ (n−k−−k+) · (0).
(2) If the symmetric form (V, ϕ) is nonsingular, then there exists a k ∈ N0 such that

(V, ϕ) ∼= k · (+1)⊕ (n− k) · (−1).

Remark. Recall that the Anti-Symmetric Forms Proposition 133.2 dealt with anti-symmetric
forms over R and also with anti-symmetric forms over Z. In contrast the Symmetric Forms-
over-R-Proposition 133.6 only deals with symmetric forms over R. It is a very instructive
exercise to run through the proof of the Symmetric Forms-over-R-Proposition 133.6 and to
determine where it breaks down if we work over Z.
Sketch of proof. First let (V, ϕ) be a non-singular symmetric form over R of rank n. In
the subsequent arguments below we use the conventions and notions we introduced in the
Anti-Symmetric Forms Proposition 133.2. In particular we will also use the operations
of type (i), (ii) and (iii) that we introduced in the proof of the Anti-Symmetric Forms
Proposition 133.2.

We pick an (n × n)�matrix A that represents ϕ. Now we can perform the following
sequence of operations to A:

A
(1)
=


∗ ∗ . . . ∗
∗ ∗ . . . ∗
...

...
. . .

...
∗ ∗ . . . ∗

 (2)−→


ε1 ∗ . . . ∗
∗ ∗ . . . ∗
...

...
. . .

...
∗ ∗ . . . ∗

 (3)−→


ε1 0 . . . 0
0 ∗ . . . ∗
...

...
. . .

...
0 ∗ . . . ∗


1627A miracle! The matrix E8 actually has determinant one.
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where we perform the following steps:
(1) We write out A. Here and throughout the steps we use the convention that ∗ can

mean anything, the only condition being that all matrices are symmetric.
(2) If Since det(A) 6= 0 there exists at least one entry on the �rst row which is non-zero.

After operations of type (iii) and (i) we can arrange that the (1, 1)-entry equals some
ε1 ∈ {−1, 1}.

(3) Using operations of type (iii) we can �clean up� the remaining terms on the �rst row
and column.

At this stage we can continue with the same process, applied to the (n−1)×(n−1)�matrix
at the right bottom. Eventually we will have turned A into a diagonal matrix where all
entries lie in {−1, 0, 1}. After operations of type (ii) we can arrange that the �rst diagonal
entries are equal to +1 and the �nal ones are equal to −1.

Now suppose that (V, ϕ) is any symmetric form over R. As in Exercise 132.4 we consider
the radical R := {v ∈ V |ϕ(v, w) = 0 for all w ∈ V }.
Note that R is a vector subspace of V . We pick a vector subspace S of V with R⊕S = V .
As in Exercise 132.4 we see that (V, ϕ) is isometric to (R, 0)⊕ (S, ϕ), and (S, ϕ|S) is non-
singular. Thus the desired statement now follows from the above discussion of non-singular
symmetric forms. �

Let n ∈ N0. the Symmetric Forms-over-R-Proposition 133.6 raises the question whether
or not the symmetric forms de�ned by k · (+1)⊕ (n− k) · (−1) are isometric for di�erent
values of k ∈ {0, . . . , n}. To answer this question it is helpful to introduce the following
de�nition.
De�nition. Let (V, ϕ) be a symmetric form over the real numbers.
(1) We say ϕ is positive-definite if ϕ(v, v) > 0 for all v 6= 0.
(2) We say ϕ is negative-definite if ϕ(v, v) < 0 for all v 6= 0.
(3) We say ϕ is indefinite if ϕ is neither positive-de�nite nor negative-de�nite.

Examples.
(1) The form (+1) is positive-de�nite and the form (−1) is negative-de�nite.
(2) The form E8 is positive-de�nite. Evidently one can show this by a brute force calcu-

lation. A more conceptual proof is given in [HGK2010, Theorem 1.16.14].
(3) The form H is inde�nite, indeed, we have

ϕ(H)
((

1
1

)
,
(

1
1

))
= (1 1)

(
0 1
1 0

)(
1
1

)
= 2

and
ϕ(H)

((
1
−1

)
,
(

1
−1

))
= (1 − 1)

(
0 1
1 0

)(
1
−1

)
= −2.

To distinguish non-isometric forms we need to introduce some invariants of forms.

De�nition. Let (V, ϕ) be a symmetric form over the real numbers. We de�ne

b+(ϕ) := maximal dimension of a vector subspace U of V s. th. ϕ|U is positive-de�nite,
b−(ϕ) := maximal dimension of a vector subspace U of V s. th. ϕ|U is negative-de�nite.
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Furthermore we de�ne the signature sign(ϕ) as

sign(ϕ) := b+(ϕ)− b−(ϕ).

Example. We consider the symmetric form

ϕ : R2 × R2 → R((
v1

v2

)
,
(
v1

v2

))
7→ (v1 v2)

(
1 0
0 −1

)(
v1

v2

)
.

In the �gure below we show the subsets

X+ := {v ∈ V |ϕ(v, v) > 0} ∪ {0} and X− := {v ∈ V |ϕ(v, v) < 0} ∪ {0}.
These subsets are evidently not vector subspaces of V = R2. The maximal dimension of a
vector subspace contained in X+ and X− is in both cases equal to one. Thus we see that
b+(ϕ) = b−(ϕ) = 1. In particular we see that sign(ϕ) = 0.
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one-dimensional
vector subspace
on which ϕ

is positive-de�nitepoints in X−, i.e. v satisfy ϕ(v, v) < 0

points in X+, i.e. v satisfy ϕ(v, v) > 0

The following lemma is an immediate consequence of the de�nitions.

Lemma 133.7. Let (V, ϕ) and (W,ψ) be two symmetric forms over R. If (V, ϕ) and (W,ψ)
are isometric, then

dimR(V ) = dimR(W ), b±(ϕ) = b±(ψ) and sign(ϕ) = sign(ψ).

In the following proposition we determine b± and the signature for a non-singular form that
is given by a diagonal matrix.

Proposition 133.8. (Signature-Eigenvalues Proposition) If D is a diagonal (n×n)�
matrix where the diagonal entries d1, . . . , dn are non-zero real numbers, then

b+(ϕ(D)) = number of positive di's and b−(ϕ(D)) = number of negative di's.

In particular

sign(ϕ(D)) = number of positive di's − number of negative di's.

Proof. After reordering the diagonal entries we can assume that the �rst k entries of D
are positive and that the remaining (n− k) entries are negative. We write

V + := {(x1, . . . , xk, 0, . . . , 0) ∈ Rn |x1, . . . , xk ∈ R} and
V − := {(0, . . . , 0, y1, . . . , yn−k) ∈ Rn | y1, . . . , yn−k ∈ R}

It is clear that ϕ(D)|V + is positive-de�nite and that ϕ(D)|V − is negative-de�nite. Thus
b+(ϕ(D)) ≥ k and b−(ϕ(D)) ≥ n− k. If remains to prove the following claim.

Claim. For any symmetric form (W,ψ) over R we have b+(ψ) + b−(ψ) ≤ dimR(W ).

Proof. Thus let W+ be a positive-de�nite subspace of W and let W− be a negative-
de�nite subspace of W . The intersection W+ ∩W− is a subspace that is positive-de�nite
and negative-de�nite. So for any non-zero vector v ∈ W+ ∩W− we have ψ(v, v) > 0 and
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ψ(v, v) < 0. This is only possible if no such v exists, i.e. we have shown that the intersection
W+ ∩W− = {0}. Now we see that

dim(W+) + dim(W−) = dim(W+ +W−) + dim(W+∩W−) = dim(W+ +W−) ≤ dim(W ).
↑ ↑ ↑

linear algebra W+∩W−={0} since W++W−ĂW �

Corollary 133.9.
(1) Let (V, ϕ) be a symmetric form over R. We write n = dimR(V ). The following

statements hold:
(a) We have b±(−ϕ) = b∓(ϕ), in particular we have sign(−ϕ) = − sign(ϕ).
(b) If (V, ϕ) is non-singular, then we have b+(ϕ) + b−(ϕ) = dimR(V ).
(c) If (V, ϕ) is non-singular, then we have b+(ϕ) = 1

2
(n+ sign(ϕ)).

(d) If we write k± = b±(ϕ), then the given form (V, ϕ) is isometric to the form
k+ · (+1)⊕ k− · (−1)⊕ (n− k− − k+) · (−1).

(e) If (V, ϕ) is non-singular, then we have sign(ϕ) ≡ n mod 2.
(2) If (V, ϕ) and (W,ψ) are two symmetric forms over R, then

sign(ϕ⊕ ψ) = sign(ϕ) + sign(ψ).

Proof.

(1) (a) This statement follows immediately from the de�nitions.
(b) By the Symmetric Forms-over-R-Proposition 133.6 and Lemma 133.7 it su�ces

to prove the statement for non-singular symmetric forms that are represented by
diagonal matrices. But for those forms the statement follows immediately from
the Signature-Eigenvalues Proposition 133.8.

(c) This statement is an immediate consequence of (b) and the de�nition of the
signature.

(d) This statement follows from the Symmetric Forms-over-R-Proposition 133.6, Lemma 133.7
and the Signature-Eigenvalues Proposition 133.8.

(e) We have sign(ϕ) = b+(ϕ)− b−(ϕ) ≡ b+(ϕ) + b−(ϕ) = n mod 2.
(2) This statement follows immediately from Statement (1d), the Symmetric Forms-

over-R-Proposition 133.6 applied to ϕ and ψ and the Signature-Eigenvalues Propo-
sition 133.8. �

Example. Given a non-singular symmetric form ϕ on R3 one can visualize it by considering
the �unit-sphere�

S(ϕ) := {v ∈ R3 |ϕ(v, v) = 1}.
Corollary 133.9 (3) implies in particular that every non-singular symmetric form on R3 is
isometric to one of the following four forms

(a) 3 · (1), (b) 2 · (1)⊕ (−1)
(c) 2 · (−1)⊕ (1) (d) 3 · (−1).

In the last case the unit-sphere is the empty set. In the other cases the unit-spheres are
sketched in the �gure below.

The following theorem says that the dimension and the signature are a complete invariant
for isometry types of non-singular symmetric forms over R.
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Theorem 133.10. (Sylvester's Theorem a. k. a. Sylvester's law of inertia) Let
(V, ϕ) and (W,ψ) be two non-singular symmetric forms over R. Then

(V, ϕ) and (W,ψ) are isometric ⇐⇒ dimR(V ) = dimR(W ) and sign(ϕ) = sign(ψ).

Proof. The �⇒�-direction is precisely Lemma 133.7. It remains to prove the �⇐�-direction.
So suppose we are given two non-singular symmetric forms (V, ϕ) and (W,ψ) over R with
same dimension and same signature. It follows from our hypothesis together with Corol-
lary 133.9 (c) and (d) that there exist n, k ∈ N0 such that (V, ϕ) and (W,ψ) are both
isometric to k · (+1)⊕ (n−k) · (−1). But this implies that (V, ϕ) and (W,ψ) are themselves
isometric. �

Remark. It is also very easy to classify symmetric forms over R that are not necessarily
non-singular. More precisely, given a symmetric form (V, ϕ) over R we de�ne the nullity
σ(ϕ) as

ν(ϕ) := maximal dimension of a subspace W of V such that ϕ|W is the zero form.

It is an amusing little exercise to modify the proof of Sylvester's Theorem 133.10 to show
that two symmetric forms over R are isometric if and only if their dimensions, signatures
and nullities agree.

Now it is time to apply our recently acquired knowledge to topology.

De�nition.
(1) If (V, ϕ) is a symmetric form over the integers, then we de�ne

g ⊗ R : V ⊗ R× V ⊗ R → R
(v ⊗ r, w ⊗ s) 7→ r · ϕ(v, w) · s.

Furthermore we de�ne
sign(ϕ) := sign(ϕ⊗ R).

(2) Let k ≥ 1 and let M be a compact oriented 4k-dimensional topological manifold.
We de�ne the signature of M to be1628

sign(M) := sign(QM).

For convenience we de�ne the signature of the empty topological manifold to be
zero.
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Remark. The signature of a manifold was �rst introduced in 1923 by Hermann Weyl
[Wey1923, p. 432] in a little known paper written in Spanish. As is explained in [Eckm2006],
Hermann Weyl deliberately chose this obscurity since at this point, according to Hermann
Weyl, algebraic topology was not considered �a respectable �eld of mathematics�.

Lemma 133.11. (Manifold-Signature Lemma) Let k ∈ N.
(1) LetM be a compact oriented 4k-dimensional topological manifold. The formQM⊗R

is isometric to the form
H2k(M,∂M ;R)× H2k(M,∂M ;R) → R

(ϕ, ψ) 7→ 〈ϕ Y ψ, [M ]〉.
(2) The signature is additive under the connected sum operation and under disjoint

union.
(3) For every compact oriented 4k-dimensional topological manifold we have

sign(−M) = − sign(M).

(4) Let M and N be two compact oriented 4k-dimensional topological manifolds.
(a) If M and N are homeomorphic, then sign(M) = ± sign(N).
(b) If the pairs (M,∂M) and (N, ∂N) are homotopy equivalent, then we have the

equality sign(M) = ± sign(N).

Proof.

(1) This statement follows easily from the various de�nitions and Corollary 89.19.
(2) It follows easily from the Cup-Cap Disjoint Union Lemma 116.9 that the signature

is additive under disjoint union. If we are given compact topological manifolds, then
it follows immediately from the Intersection Form-Additivity Proposition 132.12 and
Corollary 133.9 that the signature is additive under the connected sum operation.

(3) The third statement is an immediate consequence of Lemma 132.6 and Corollary 133.9.
(4) The last statement is also an immediate consequence of Lemma 132.6 and Corol-

lary 133.9. �

Examples. We have

sign(CP2#CP2) = sign(CP2) + sign(CP2) = sign(1) + sign(1) = 1 + 1 = 2
↑ ↑

Manifold-Signature Lemma 133.11 (2) and (3) see page 2882
↓ ↓

sign(CP2#CP2
) = sign(CP2)− sign(CP2) = sign(1)− sign(1) = 1− 1 = 0.

Furthermore we have

sign(S2×S2) = sign
(

0 1
1 0

)
= sign

((
1 1
1 −1

)
·
(

0 1
1 0

)
·
(

1 1
1 −1

))
= sign

(
2 0
0 −2

)
= 0.

↑ ↑ ↑
see page 2881 Forms-Matrices Lemma 133.1 Signature-Eigenvalues Proposition 133.8

The above examples, together with Lemmas 132.6 and 133.11 (4) now allow us to give a
partial answer to Question 100.15.

1628Recall that on page 2800 we introduced the intersection form QM : FH2k(M ;Z)×FH2k(M ;Z)→ Z.
Furthermore, recall that by the Intersection Form Proposition 132.4 the intersection form QM is indeed
symmetric, so it makes sense to consider its signature.
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Corollary 133.12. The topological space CP2#CP2 is neither homotopy equivalent (in
particular it is not homeomorphic) to CP2#CP2

nor to S2 × S2.

Remark. Corollary 133.12 shows in particular that in the de�nition of the connected
sum of two orientable (topological) smooth manifolds we needed to work with oriented
(topological) smooth manifolds.

Unfortunately we are not yet able to distinguish the two smooth manifolds S2 × S2 and
CP2#CP2

. In fact Sylvester's Theorem 133.10 might suggest that we are again at a dead
end. But this is not the case since Sylvester's Theorem is a statement about real symmetric
forms, but we are really dealing with symmetric forms de�ned over the integers. We will
exploit this extra piece of information in the next section.

133.4. Non-singular symmetric forms over the integers. We consider the matrices

H =
(

0 1
1 0

)
and D =

(
1 0
0 −1

)
.

It follows from Sylvester's Theorem 133.10 that the matrices give rise to isometric forms
over the real numbers. The question arises, whether the forms on Z2 de�ned by these
matrices are isometric. To get an idea let us consider what we can say about the �squares

ϕ(v, v)� de�ned by these forms. Note that given any v =
(
a
b

)
∈ R2 we have

ϕ(H)(v, v) = (a b)

(
0 1
1 0

)(
a
b

)
= 2ab and ϕ(H)(v, v) = (a b)

(
1 0
0 −1

)(
a
b

)
= a2−b2.

We see that for the form to the left we only get even integers whereas to the right any integer
can occur. This already shows that the two forms are not isometric over the integers. It
follows immediately from this discussion and the earlier calculations of the intersection
forms that the intersection forms of S2 × S2 and CP2#CP2

are not isometric, not even up
to sign. This allows us to settle the remaining case of Question 100.15. More precisely, by
Lemma 132.6 we have the following proposition.

Proposition 133.13. The topological space S2 × S2 is not homotopy equivalent (in par-
ticular it is not homeomorphic) to CP2#CP2

.
This encouraging discussion leads us to the following de�nition.

De�nition. A symmetric form (V, ϕ) over the integers is called even if

ϕ(v, v) ≡ 0 mod 2 for all v ∈ V ,
otherwise the intersection form is called odd. We refer to the property of ϕ being even or
odd as the parity of the form.
The following lemma summarizes some basic facts about the parity of symmetric forms.

Lemma 133.14. (Parity Lemma)
(1) Isometric forms have the same parity.
(2) For a symmetric form ϕ the parities of ϕ and −ϕ agree.
(3) The direct sum of an odd form with any other form is also odd.
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(4) If A is a symmetric square matrix over the integers, then

ϕ(A) is even ⇐⇒ all diagonal entries of A are even.

Examples. It follows from the Parity Lemma 133.14 that the forms (+1), (−1) and(±1 0
0 ±1

)
are odd and that the forms E8 and H =

(
0 1
1 0

)
are even.

Proof. The only statement which requires a little thought is the fact that if A = (aij)
is a symmetric (n × n)�matrix with even diagonal entries, then ϕ(A) is even. Thus let
v = (v1, . . . , vn) ∈ Zn. We calculate that

ϕ(A)(v, v) = vTAv =
n∑
i=1

n∑
j=1

vivj · aij = 2
n∑
i=1

i−1∑
j=1

vivj · aij +
n∑
i=1

v2
i aii ≡ 0 mod 2.

↑ ↑
since A is symmetric since the aii are even �

We just saw that the two matrices

H =
(

0 1
1 0

)
and D =

(
1 0
0 −1

)
give rise to isometric forms over the real numbers and that the two matrices give rise to
non-isometric forms over the integers. The question arises, how much more complicated is
the classi�cation of non-singular symmetric forms over the integers than the classi�cation
of non-singular forms over the real numbers. In particular the following question arises.

Question 133.15. Can we classify non-singular symmetric forms over the integers?
The following is the key theorem in the classi�cation of non-singular inde�nite symmetric
forms over Z.
Theorem 133.16. (Inde�nite Forms Proposition) If ϕ1 and ϕ2 are two non-singular
inde�nite symmetric forms over the integers, then the following holds:

ϕ1 and ϕ2 are isometric ⇐⇒ ϕ1 and ϕ2 have the same rank, signature and parity.

Example. Using the parity we had just seen that the intersection forms of the closed ori-
ented 4-dimensional smooth manifoldsM = S2×S2 and N = CP2#CP2

are not isometric,
even up to sign. Now we consider the closed oriented 4-dimensional smooth manifolds that
we obtain from M and N by performing the connected sum with CP2. In other words,
we are considering M#CP2 = (S2 × S2)#CP2 and N#CP2 = CP2#CP2

#CP2. It follows
from the Intersection Form-Additivity Proposition 132.12 that the intersection forms of
these two smooth manifolds are represented by the matrices

A =

(
0 1 0
1 0 0
0 0 1

)
and B =

(
1 0 0
0 −1 0
0 0 1

)
.

Both forms are non-singular inde�nite and odd. Thus it follows from the Inde�nite Forms
Theorem 133.16, or alternatively from Exercise 133.12, that the intersection forms are iso-
metric. Thus we cannot distinguishM#CP2 = (S2×S2)#CP2 andN#CP2 = CP2#CP2

#CP2

using their intersection forms. In fact, it turns out that there is a good reason why we have
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a hard time distinguishing them: as is shown in [GoS1999, p. 151] the two smooth mani-
folds (S2×S2)#CP2 and CP2#CP2

#CP2 are in fact di�eomorphic, in fact with good eyes
one can write down an explicit di�eomorphism.

Proof. The proof of the theorem is provided in [MH1973, Theorem II.5.3] (see also
[GoS1999, Theorem 1.2.14] for an outline of the proof). The proof relies crucially on
a signi�cant input from algebraic number theory, namely the Hasse-Minkowski theorem.
This theorem says that given a1, . . . , an ∈ Q \ {0} the equation

x2
1 · a1 + · · ·+ x2

n · an = 0

has a non-trivial integral solution if and only if it has a non-trivial real solution and if for
each prime p the equation has also has a non-trivial solution over the p-adic numbers Qp.
A proof of the Hasse-Minkowski theorem is given in [Ser1973, Chapter IV Theorem 8],
[BSh1966, Section 7.1] or [Neuk1999, p. 385]. �

As an immediate corollary to the Inde�nite Forms Theorem 133.16 we obtain the classi�ca-
tion of non-singular inde�nite odd forms. More precisely, we have the following corollary.

Corollary 133.17. (Inde�nite Odd Forms Lemma) If ϕ is a non-singular inde�nite
odd symmetric form over the integers, then

ϕ ∼= b+(ϕ) · (1) ⊕ b−(ϕ) · (−1).

Proof. Let ϕ be a non-singular inde�nite odd symmetric form. It follows from the Signature-
Eigenvalues Proposition 133.8 that the rank, signature and parity of the two non-singular
inde�nite odd forms in the statement of the corollary agree. So these two forms are iso-
metric by the Inde�nite Forms Theorem 133.16. �

Now we turn to the study of even forms. We have the following, perhaps somewhat sur-
prising proposition.

Proposition 133.18. (Even Forms Proposition) Let ϕ be a non-singular symmetric
form over the integers. If ϕ is even, then sign(ϕ) ≡ 0 mod 8.

Example. As a reality check, the two even non-singular symmetric forms that we are

acquainted with are H =
(

0 1
1 0

)
and E8. These forms a non-singular even forms and the

signatures are 0 and 8, so that matches the Even Forms Proposition 133.18.

Proof. Given a non-singular symmetric form (W,ψ) over Z we say that an element v ∈ W
is characteristic if for all w ∈ W we have

ϕ(v, w) ≡ ϕ(w,w) mod 2.

We make the following observations:
(1) It follows immediately from the de�nitions that (W,ψ) is even if and only if 0 is a

characteristic element.
(2) If W = k · (1)⊕ l · (−1), then it follows from a straightforward calculation as in the

proof of the Parity Lemma 133.14 that an element u ∈ Zk+l is characteristic if and
only if all its entries are odd.

It follows from Observation (1) that the following claim implies in particular the desired
statement of the Even Forms Proposition 133.18.
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Claim. Let (V, ϕ) be a non-singular symmetric form over Z. If v ∈ V is a characteristic
element, then ϕ(v, v) ≡ sign(ϕ) mod 8.

Proof. Let v ∈ V be a characteristic element of (V, ϕ). It is straightforward to verify
that v + e− + e+ is a characteristic element in (V ⊕ Z⊕ Z, ϕ⊕ (1)⊕ (−1)), where e− and
e+ are generators of the �rst respectively the second Z-summand. Note that, regardless
of ϕ, the form ϕ ⊕ (1) ⊕ (−1)) is inde�nite and odd. Thus by the Inde�nite Odd Forms
Corollary 133.17 there exists an isometry1629

Φ: ϕ⊕ (1)⊕ (−1)
∼=−→ (b+(ϕ) + 1) · (1)⊕ (b−(ϕ) + 1) · (−1).

We write u := Φ(v + e− + e+). It is clear that u is a characteristic element for the form
on the right-hand side. The above Observation (2) tells us that each entry of u is an odd
integer. Now we calculate that

straightforward calculation since Φ is an isometry
↓ ↓

ϕ(v, v) = (ϕ⊕ (1)⊕ (−1))(v + e− + e+, v + e− + e+) =
= ((b+(ϕ) + 1) · (1)⊕ (b−(ϕ) + 1) · (−1))(u, u)

=
b+(ϕ)+1∑
i=1

(i-th entry of u︸ ︷︷ ︸
odd integer

)2 +
b+(ϕ)+b−(ϕ)+2∑
i=b+(ϕ)+2

(−1) · (i-th entry of u︸ ︷︷ ︸
odd integer

)2

≡
b+(ϕ)+1∑
i=1

1 +
b+(ϕ)+b−(ϕ)+2∑
i=b+(ϕ)+2

(−1) = (b+(ϕ) + 1)− (b−(ϕ) + 1) = sign(ϕ) mod 8.

↑
since for each odd number k we have k2 ≡ 1 mod 81630 �

Now we can provide the classi�cation of non-singular inde�nite even symmetric forms.

Corollary 133.19. (Inde�nite Even Forms Corollary) If ϕ is a non-singular inde�nite
even symmetric form over the integers, then

ϕ ∼= sign(ϕ)
8 · E8 ⊕

rank(ϕ)−| sign(ϕ)|
2 ·H.

Proof. First let ϕ be a non-singular even symmetric form over the integers. Note that
it follows from the Even Forms Proposition 133.18 that sign(ϕ) is indeed divisible by 8.
Furthermore it follows from rank(ϕ) = b+(ϕ) + b−(ϕ) and sign(ϕ) = b+(ϕ) − b−(ϕ) that
rank(ϕ)− | sign(ϕ)| is divisible by 2. So it makes sense to write down the right-hand side.

Next we recall that the two non-singular symmetric forms E8 and H are even, that
rank(E8) = sign(E8) = 8 and that rank(H) = 2 and sign(H) = 0. Now assume that
ϕ is furthermore inde�nite. It follows from the above observation regarding E8 and H
that the rank, signature and parity of the two non-singular inde�nite even forms in the
statement of the corollary agree. So these two forms are isometric by the Inde�nite Forms
Theorem 133.16. �

1629Note that both sides are non-singular odd inde�nite forms, regardless of what non-singular symmetric
form ϕ we actually consider.
1630Why is it true that for each odd number k we have k2 ≡ 1 mod 8?
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Now we turn to the study of non-singular de�nite symmetric forms over the integers. We
start out with some more examples of such forms. The following lemma is proved in
[MH1973, Lemmas 6.1 and 6.2] and [Ser1973, p. 51].

Lemma 133.20. We denote by e1, . . . , e4m the standard basis for Z4m. We denote by Γ4m

the submodule of Z4m spanned by the vectors {ei + ej}i,j=1,...,4m and 1
2
(e1 + · · ·+ e4m).

(1) The restriction of the usual form 〈 , 〉 on Z4m to Γ4m is a non-singular positive-de�nite
symmetric form.

(2) The form Γ4m is odd if and only if m is odd.
(3) The form Γ8 is isometric to E8.
(4) The form Γ16 is not isometric to E8 ⊕ E8.

It turns out that there are many more de�nite symmetric forms than inde�nite symmetric
forms and that there is no known classi�cation of such forms. For example, by [MH1973,
p. 28] and [Ser1973, p. 55] we have the following table

dimension 8 16 24 32 40
number of isometry types of non-singular

positive-de�nite even symmetric forms 1 2 24 ≥ 107 ≥ 1051

Here in dimension 8, up to isometry, the unique example is Γ8 = E8 whereas in dimension
16 the unique examples are Γ8 ⊕ Γ8 = E8 ⊕ E8 and Γ16.
Similar results are also known for the number of isometry classes of non-singular positive-
de�nite odd symmetric forms of a given rank. We refer to [CSl1999, p. 416] and [Kin2003,
Table 2] for details.

133.5. Forms over F2. Considering the power of the intersection form of a closed oriented
even-dimensional topological manifold it is natural to ask, whether one can obtain similar
results for closed (possibly) non-orientable even-dimensional topological manifolds. In fact
we have the following de�nition.

De�nition. Let M be a closed 2n-dimensional topological manifold M (not necessarily
orientable). We denote by [M ]F2 ∈ H2n(M ;F2) the F2-fundamental class given by the
F2-Fundamental Class Corollary 106.5. Given k ∈ N0 we denote by

PDF2
M : Hk(M ;F2) → H2n−k(M ;F2)

the inverse of the isomorphism given by the Poincaré Duality Theorem 119.1. We can now
de�ne the F2-valued intersection form as follows:

QF2
M : Hn(M ;F2)× Hn(M ;F2) → F2

(a, b) 7→
〈

PDF2
M (a) Y PDF2

M (b), [M ]F2

〉
.

The above de�nition is completely analogous to the de�nition of the Z-valued intersec-
tion form on page 2800. Not surprisingly the F2-valued intersection forms shares many
properties of the Z-valued intersection form.

Proposition 133.21. (F2-Intersection Form Proposition)
(1) The F2-valued intersection form QF2

M on a closed 2n-dimensional topological manifold
M is symmetric and non-singular.
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(2) The F2-valued intersection forms of homeomorphic closed topological manifolds are
isometric.

Proof. The proof is a very mild variation on the proofs of the Intersection Form Proposi-
tion 132.4 and Lemma 132.6. �

Examples.

(1) Similar to the discussion on page 2881 one can show that the F2-valued intersection

form of the torus S1 × S1 is represented by the matrx
(

0 1
1 0

)
.

(2) The Cup Product-RPn-Proposition 121.16, together with the obvious analogue of the
Intersection Form-Additivity Proposition 132.12, implies that the F2-valued intersec-

tion form of RP2#RP2 is represented by the matrix
(

1 0
0 1

)
.

The question arises, whether we can classify non-singular symmetric forms over F2. For
better or worse it turns out that there is a straightforward classi�cation. To state the clas-
si�cation we need the following de�nition which is inspired by our de�nition on page 2918.

De�nition. Let V be a �nite-dimensional F2-vector space. We say a form λ : V ×V → F2

is even if λ(v, v) = 0 ∈ F2 for all v ∈ V . Otherwise we say that the symmetric form is
odd. We call the property of a form to be even or odd to be the parity of the form.

Example. As we had just seen, the F2-valued intersection form of the torus S1×S1 is even
whereas the F2-valued intersection form of the torus RP2#RP2 is odd. Thus we have found
a new, and particularly complicated, proof that these two 2-dimensional smooth manifolds
are not homeomorphic.

The following proposition gives a complete classi�cation of non-singular symmetric forms
over F2 up to isometry.

Proposition 133.22. (Non-Singular Forms-over-F2-Proposition) Two non-singular
symmetric forms (V, κ) and (W,λ) over F2 are isometric if and only if dim(V ) = dim(W )
and if κ and λ have the same parity.

Proof. We will prove the Non-Singular Forms-over-F2-Proposition 133.22 in Exercise 133.14.
For peace of mind we point out that the proposition is proved in [Hopk2015, Theorem 2.7].
It can also be deduced from [Szy1997, Corollary 6.3.1]. �

The proposition shows that, unfortunately, we extract only very little information from the
F2-valued intersection form.

Remark. Let V be a �nite-dimensional vector space over F2 and let 〈 , 〉 : V × V → F2 be
an even form. It follows from the Non-Singular Forms-over-F2-Proposition 133.22 that V
admits a symplectic basis, i.e. there exists a basis a1, . . . , ak,b1, . . . , bk for V such that the
following conditions are satis�ed:
(1) For every i, j ∈ {1, . . . , k} we have 〈ai, aj〉 = 〈bi, bj〉 = 0.
(2) For every i, j ∈ {1, . . . , k} we have 〈ai, aj〉 = δij.

This observation will come in handy later on.
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Exercises for Chapter 133.

Exercise 133.1. Let ϕ be a symmetric form on a �nite-dimensional real vector space V .
Prove the following statement: If ϕ is positive-de�nite, then ϕ is non-singular.

Exercise 133.2. Let (V, g) be a non-singular symmetric form over the reals. We suppose
that there exists a subspace W with g|W = 0 and with dim(W ) = 1

2
dim(V ). Show that

sign(g) = 0.

Exercise 133.3. Let R be a commutative ring. In this exercise we will see that non-
singular symmetric forms over R give rise to a group. (We refer to page 2877 for the
de�nition of a non-singular symmetric form.) Note that the set of symmetric non-singular
forms ϕ : Rk ×Rk → R with the direct sum operation is a monoid.

We say a symmetric form ϕ is hyperbolic if it is isometric to a form of the form

ψ : (V ⊕ V )× (V ⊕ V ) → R

(v1 ⊕ v2), (w1 ⊕ w2) 7→
(vT1 v

T
2 )

(
0 id
id 0

)(
v1

v2

)
.

(a) Show that the monoid of symmetric non-singular forms ϕ : Rk × Rk → R modulo
the submonoid generated by hyperbolic forms is an abelian group. We refer to this
group as the Witt group W (R).

(b) Show that the maps

W (R) → Z
ϕ 7→ sign(ϕ)

and
W (Z) → Z

ϕ 7→ sign(ϕ⊗ R)

are isomorphisms.
(c) Show that W (Q) admits an epimorphism onto Z⊕ (Z2)∞.

Hint. Consider determinants of matrices representing a given form.
Remark. The group W (Q) is computed in [MH1973, Chapter IV.2] or alternatively
in [Lam2005, Chapter VI.4].

Exercise 133.4. Let M be a closed oriented 3-dimensional smooth manifold. Show that
sign(M × [0, 1]) = 0.

Exercise 133.5.
(a) Let M be a closed oriented connected 4k-dimensional topological manifold and let

N be a closed oriented 4l-dimensional topological manifold. Show that

sign(M ×N) = sign(M) · sign(N).

(b) We extend the de�nition of the signature from page 2916 by de�ning sign(M) = 0
for any closed oriented connected topological manifold whenever dim(M) 6≡ 0 mod 4.
Show that the conclusion of (a) holds without any restrictions on the dimensions of
M and N .

Remark. This exercise is carried out in [Brun2005, Lemma 2.6].

Exercise 133.6. Let M be a closed non-orientable 4k-dimensional smooth manifold. Let
p : M̃ → M be the orientation covering that we introduced on page 1109. Show that
sign(M̃) = 0.
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Exercise 133.7.
(a) Explain how to modify the proof of the Anti-Symmetric Forms Proposition 133.2 so

that it also holds for the integers.
(b) Explain why the proof of the Symmetric Forms-over-R-Proposition 133.6 cannot be

generalized to the integers.

Exercise 133.8. Let A and C be invertible real k × k-matrices. We assume that C is
symmetric.

(a) Show that the signature of the matrix
(

0 A
AT C

)
is zero.

(b) Does the conclusion of (a) still hold if A and C are not invertible?

Exercise 133.9. For which k ∈ Z does there exist a closed oriented 3-dimensional smooth
manifold N with sign(S1 ×N) = k?

Exercise 133.10. Let A ∈ GL(n,R). Show that

b+(ϕ(A)) = max
{
k ∈ N0

∣∣∣ there exists a k-dimensional subspace V
of Rn with vTAv > 0 for all v ∈ V ∩ Sn−1

}
.

Exercise 133.11. Show that the map

{A ∈ GL(n,R) |A = AT} → Z
A 7→ sign(A)

is continuous.
Hint. You can work either with the de�nition of the signature (or better, with the refor-
mulation given in Exercise 133.10) or you could use Proposition 5.42.

Exercise 133.12. Show �by hand� that the forms on Z3 de�ned by the matrices

A =

(
0 1 0
1 0 0
0 0 1

)
and B =

(
1 0 0
0 −1 0
0 0 1

)
are isometric.

Exercise 133.13. Let ϕ : V × V → Z be a form over Z. Show that there exists a non-
degenerate form ψ : W ×W → Z such that ϕ is isometric to the orthogonal sum of ψ with
a form that is identically zero.

Exercise 133.14. Show that two non-singular symmetric forms (V, κ) and (W,λ) over F2

are isometric if and only if dim(V ) = dim(W ) and if κ and λ have the same parity.
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134. The Intersection Form III: The Novikov Additivity Theorem

134.1. Statement of the Novikov Additivity Theorem. LetM be a compact oriented
4k-dimensional topological manifoldM . On page 2800 we introduced the intersection form

QM : H2k(M)× H2k(M) → Z.
(ϕ, ψ) 7→ 〈PD(ϕ) Y PD(ψ), [M ]〉.

On page 2916 we de�ned the signature sign(M) of a M as the signature of the intersection
form QM .
In the Intersection Form-Additivity Proposition 132.12 we saw that the intersection form
is additive under the connected sum operation. In the Manifold-Signature Lemma 133.11
we pointed out that this implies that the signature is additive under the connected sum
operation.
In general, as we can see in the example below, if we glue two compact oriented 4k-dimen-
sional topological manifolds M1 and M2 along arbitrary boundary components, then the
middle homology is in general not additive. In particular the intersection form is certainly
in no way additive.
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M1

M2

Rather surprisingly, the following theorem, which was �rst stated by Sergej Novikov [Nov1970,
p. 154] in the mid 1960s, shows that the signature is additive under gluing along boundary
components.

Theorem 134.1. (Novikov Additivity Theorem) Let M1 and M2 be two compact
oriented 4k-dimensional topological manifolds, let W1 be a union of components of ∂M1

and let W2 be a union of components of ∂M2. Finally let f : W1 → W2 be an orientation-
reversing homeomorphism. Then

sign( M1 ∪f : W1→W2 M2︸ ︷︷ ︸
by the Gluing-Topological

Manifolds-Proposition 75.8 this is an
oriented topological manifold

) = sign(M1) + sign(M2).

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

���
���
���
���
���
���
���

���
���
���
���
���
���
���

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����

��
��
��

��
��
��

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

��
��
��

��
��
��

���
���
���

���
���
���

���
���
���
���

���
���
���
���

��
��
��
��

��
��
��
��

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

�����
�����
�����

�����
�����
�����

����
����
����

����
����
����

f

M1 ∪f : W1→W2 M2

f

W2W1M1

M2

Example.

(1) In Exercise 134.1 we will use the Novikov Additivity Theorem 134.1 to give a new
proof that the signature is additive under the connected sum operation. This gives
an alternative proof of the Manifold-Signature Lemma 133.11 (2).



134. THE INTERSECTION FORM III: THE NOVIKOV ADDITIVITY THEOREM 2927

(2) In Exercise 134.2 we will use the Novikov Additivity Theorem 134.1 to show that the
signature of the double of a compact oriented 4k-dimensional topological manifold is
necessarily zero.

Remark.
(1) If one glues two 4k-manifolds along submanifolds of the boundary that are not

union of components, then in general the conclusion of the Novikov Additivity The-
orem 134.1 no longer holds.

For example, by the discussion on page 2882 we know that sign(CP2) = 1. On the
other hand the Handle Decomposition Theorem 138.5 says that every closed smooth
manifold, in particular CP2, can be obtained iteratively by handle attachments.1631

Each handle has vanishing homology, in particular vanishing intersection form and
thus signature zero.

(2) In this more general setting, where we glue smooth manifolds along submanifolds
of the boundary, C. T. C. Wall [Wall1969] proved a re�nement of the Novikov
Additivity Theorem 134.1. This re�nement is usually referred to as the Wall Non-
Additivity Theorem. A detailed discussion is given in [Brun2005, Chapter 5].

Before we move on to the long and exhausting proof of the Novikov Additivity Theo-
rem 134.1 let us state the general theorem for general culture. It says that the signature is
essentially the only invariant of compact oriented smooth manifolds that has the additivity
property stated in the Novikov Additivity Theorem 134.1.

Theorem 134.2. (Jänich Theorem) Let k ∈ N. If ϕ is a real valued orientation-
preserving di�eomorphism1632 invariant for compact oriented 4k-dimensional smooth man-
ifolds that satis�es the additivity property stated in the Novikov Additivity Theorem 134.1,
then there exists a C ∈ R such that for every closed oriented k-dimensional smooth man-
ifold we have ϕ(M) = C · sign(M).

Proof. The theorem was proved by Klaus Jänich [Jä1968, Jä1969] in 1968. �

The remainder of this chapter is dedicated to the proof of the Novikov Additivity Theo-
rem 134.1. Except for readers who have an insatiable appetite for technical proofs it is
perhaps best to just move on to the next chapter, which makes for much more pleasant
reading.

134.2. Proof of the Novikov Additivity Theorem I. We start out with the following
blanket convention that applies to the whole chapter.

Convention. Throughout the remainder of this chapter we will work for (co-) homology
groups with real coe�cients. To simplify the notation we drop the �;R� throughout.

By de�nition, and if you want by the Cup Product-Naturality Proposition 115.4, the
signature of an oriented 4-dimensional topological manifold Z is de�ned in terms of the
intersection form

QZ : H2k(Z)× H2k(Z) → R.

1631It follows from Exercise 137.3 that CP2 has a handle decomposition consisting of a single 0-handle, a
single 2-handle and a single 4-handle.
1632It is not clear to me whether the analogous statement also holds for topological manifolds.
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For our purpose it is more useful to completely bypass homology, despite our emotional
attachment to it, and to work with cohomology throughout. This leads us to the following
de�nition.
De�nition. Given a compact oriented 4k-dimensional topological manifold Z we consider
the form IZ : H2k(Z, ∂Z)× H2k(Z, ∂Z) → R

(ϕ, ψ) 7→ 〈ϕ Y ψ, [Z]〉.
Note that by the Cup Product-Commutativity Proposition 115.3 we know that this form
is symmetric.
Next recall that in the Reduced Intersection Form Proposition 132.21 we introduced the
reduced intersection form and we showed that it is non-singular. The following proposition
gives us the cohomological analogue of the reduced intersection form.
Proposition 134.3. Let Z be a compact oriented 4k-dimensional topological manifold.
We denote by δ : H2k−1(∂Z) → H2k(Z, ∂Z) the connecting homomorphism of the long
exact sequence of the pair (Z, ∂Z).
(1) The following equality of vector subspaces holds:1633

im(δ : H2k−1(∂Z)→ H2k(Z, ∂Z)) = H2k(Z, ∂Z)⊥,
↑

we take �⊥� with respect to the pairing IZ

(2) We write Ĥ
2k

(Z, ∂Z) := coker(δ : H2k−1(∂Z)→ H2k(Z, ∂Z)). The form

Ired
Z : Ĥ

2k
(Z, ∂Z)× Ĥ

2k
(Z, ∂Z) → R

([ϕ], [ψ]) 7→ 〈ϕ Y ψ, [Z]〉
is well-de�ned and non-singular.

(3) We have sign(Z) = sign(IZ) = sign(Ired
Z ).

The proof of Proposition 134.3 will require the remainder of this section. In the proof
of Proposition 134.3, and also later on in this chapter, we will need to make use of the
Cup Product-Naturality Proposition 115.4. To facilitate reading the coming proofs it is
perhaps convenient to have the statement of the Cup Product-Naturality Proposition 115.4
at hand:
Proposition 115.4. (Cup Product-Naturality Proposition) Let (X,A,B) and (Y,C,D)
be two excisive triads of topological spaces. Let f : (X,A,B) → (Y,C,D) be a map. For
all p, q ∈ N0 the following diagram commutes:

Hp(Y,C)× Hq(Y,D)

f∗×f∗
��

Y // Hp+q(Y,C ∪D)

f∗

��

Hp(X,A)× Hq(X,B)
Y // Hp+q(X,A ∪B).

Next we introduce some notation which we will use throughout this chapter.
Notation.
(1) Given a real vector space V we denote by V = HomR(V,R) the dual vector space.

1633In the words of the de�nition in Exercise 132.4 this means that im(δ : H2k−1(∂Z)→ H2k(Z, ∂Z)) is the
radical of the form IZ .
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(2) Given a homomorphism f : V → W between two real vector spaces we denote by
f : W → V the dual homomorphism.

(3) Given a compact oriented m-dimensional topological manifold Z we consider the
maps

D : Hr(Z) → Hm−r(Z, ∂Z)
ϕ 7→ (ψ 7→ 〈ϕ Y ψ, [Z]〉) and D : Hr(Z, ∂Z) → Hm−r(Z)

ϕ 7→ (ψ 7→ 〈ϕ Y ψ, [Z]〉).
It follows from the Manifold-Non Singularity Proposition 121.2, which is a conse-
quence of the Poincaré Duality Theorem 119.1, that these two maps are isomor-
phisms.1634

(4) Given a compact oriented m-dimensional topological manifold Z we also consider
the maps

D̃ : Hr(Z, ∂Z) → Hm−r(Z, ∂Z)
ϕ 7→ (ψ 7→ 〈ϕ Y ψ, [Z]〉 = IZ(ϕ, ψ)

.

(5) We denote by i : ∂Z → Z
j : (Z,∅) → (Z, ∂Z)

the obvious maps.
The following lemma is closely related to Proposition 119.25.

Lemma 134.4. Let Z be a compact oriented m-dimensional topological manifold. For
any r ∈ N0 we consider the following diagram:

. . . // Hr−1(∂Z)

D∼=
��

δ // Hr(Z, ∂Z)
j∗

//

D∼=
��

D̃

((

Hr(Z)
i∗ //

D∼=
��

. . .

. . . // Hm−r(∂Z)
i∗ // Hm−r(Z)

j∗
// Hm−r(Z, ∂Z)

δ // . . .

The following statements hold:
(1) The top and bottom horizontal sequences are exact.
(2) The diagram commutes.

Proof. The top horizontal sequence is just the long exact sequence in cohomology of the
pair (Z, ∂Z), hence it is exact. It follows by the same argument as in Lemma 108.4 that ap-
plying the HomR(−,R) functor preserves exactness. This shows that the bottom horizontal
sequence is also exact.

We turn to the proof that the diagram commutes. First we show that the square to the
left commutes. Recall that given a topological space X we denote by εX : H0(X)→ R the
augmentation map that we introduced on pages 1590 and 1914. Let α ∈ Hr−1(∂Z) and let

1634Note that this statement only holds since we work with R-coe�cients.
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β ∈ Hm−r(Z). Then

by de�nition Cap Product-Kronecker Lemma 116.4
↓ ↓

(D ◦ δ)(α)(β) = 〈δ(α) Y β, [Z]〉 = εZ((δ(α) Y β) X [Z])
= εZ(β X (δ(α) X [Z])) = εZ(β X i∗(α X [∂Z]))
↑ ↑

Cup-Cap Lemma 116.7 by the Cap Product-Connecting Homomorphism Lemma 116.10
and the Fundamental Class-of-Boundary Proposition 106.27

= ε∂Z(i∗(β) X (α X [∂Z])) = 〈α Y i∗(β), [∂Z]〉 = (i∗ ◦D)(α)(β).
↑ ↑ ↑

Cap Product-Naturality Lemma 116.8 by the above arguments by de�nition
and the discussion on page 1594 run backwards

We turn to the two triangles on the right. Let α ∈ Hr(Z, ∂Z) and let β ∈ Hm−r(Z, ∂Z).
We perform the following calculation:

by de�nition of D by de�nition of D
↓ ↓

(D◦j∗)(α)(β) = 〈j∗(α)Yβ, [Z]〉 =

=D̃(α)(β)︷ ︸︸ ︷
〈αYβ, [Z]〉 = 〈αYj∗(β), [Z]〉 = (j∗◦D)(α)(β).

↑ ↑
Cup Product-Naturality Proposition 115.4 applied to the map (Z,∅, ∂Z)→ (Z, ∂Z, ∂Z) and
map (Z, ∂Z,∅)→ (Z, ∂Z, ∂Z)

Conveniently enough this calculation takes care of both triangles. �

Proof. Proof of Proposition 134.3] The lemma can be deduced, with a little bit of jiu-
jitsu from the Reduced Intersection Form Proposition 132.21. But esthetically it is more
appealing to give a direct proof. So let us do so.
(1) We have the equalities

by Lemma 134.4
↓

im(δ : H2k−1(∂Z)→ H2k(Z, ∂Z)) = ker
(
D ◦ j∗ : H2k(Z, ∂Z)→ H2k(Z, ∂Z)

)
= ker

(
D̃ : H2k(Z, ∂Z)→ H2k(Z, ∂Z)

)
= H2k(Z, ∂Z)⊥.

↑ ↑
by Lemma 134.4 we have D ◦ j∗ = D̃ by de�nition of D and IZ

(2) It follows immediately from (1) �Ă�, together with the symmetry of the cup product,
that the form Ired

Z is well-de�ned. Furthermore it follows from (1) (b)�Ą� and some
elementary algebra, see Exercise 132.4, that Ired

Z is non-singular.
(3) Note that

sign(Z) = sign(IZ) = sign
(

0 0
0 Ired

Z

)
= sign(Ired

Z ).
↑ ↑ ↑

Manifold-Signature Lemma 133.11 by Exercise 132.4 Corollary 133.9 �

134.3. Proof of the Novikov Additivity Theorem II. In this section we deal with the
Novikov Additivity Theorem 134.1 in the special case that we glue the whole boundary of
M1 to the whole boundary of M2.
Proof of Theorem 134.1 if W1 = ∂M1 and W2 = ∂M2. Let M1 and M2 be two com-
pact oriented 4k-dimensional topological manifolds and let f : ∂M1 → ∂M2 be an orient-
ation-reversing homeomorphism. We set N := M1 ∪f : ∂M1→∂M2 M2. We will use the
Gluing-Topological Manifolds-Proposition 75.8 to view M1 and M2 as codimension-zero
submanifolds of N . We need to show that sign(N) = sign(M1) + sign(M2).
For s = 1, 2 we denote by
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M1 M2

as : (Ms, ∂Ms) → (N,M3−s),
bs : (N,∅) → (N,M3−s),
js : (Ms,∅) → (Ms, ∂Ms)

gs : Ms → N

the obvious maps. Note that the induced map a∗s : H2k(N,M3−s) → H2k(Ms, ∂Ms) is an
isomorphism by the Excision Theorem 109.1. Therefore we can de�ne

ϕs := b∗s ◦ (a∗s)
−1 : H2k(Ms, ∂Ms) → H2k(N).

Claim 1. We consider the following diagram:

H2k(M1, ∂M1) H2k(N)
ϕ1oo H2k(M2)

g∗2oo

H2k(M1)
D

∼=hh

H2k(M1, ∂M1)

D̃

OO

ϕ1 //

∼=D

��

j∗1
55

H2k(N)

D ∼=

OO

D ∼=

��

g∗1

gg

g∗2
''

H2k(M2, ∂M2)

D ∼=

OO

ϕ2oo

j∗2uu

D̃

��

H2k(M2)
∼=

D
))

H2k(M1)
g∗1

// H2k(N)
ϕ2

// H2k(M2, ∂M2).

This diagram has the following two properties:
(1) The top and bottom horizontal sequences are exact.
(2) The diagram commutes.

Proof. First we show that the top and bottom horizontal sequences are exact. For s ∈ {1, 2}
we consider the following diagram

. . . // H2k(N,M3−s) //

a∗s ∼=
��

b∗s // H2k(N)
g∗3−s

// H2k(M3−s) // . . .

H2k(Ms, ∂Ms)

ϕs

44

The top horizontal sequence is just a segment of the long exact sequence in cohomology
of the pair (N,M3−s). As discussed above, the vertical map is an isomorphism by the
Excision Theorem 109.1. By de�nition of ϕs the diagram commutes. It follows that the
sequence with the H2k(Ms, ∂Ms)-term is also exact. It follows by the same argument as in
Lemma 108.4 that applying the HomR(−,R) functor preserves exactness. This concludes
the proof that the top and bottom horizontal sequences in the big diagram are exact.
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We turn to the proof of the commutativity of the diagram. By symmetry it su�ces to
show that the left-hand side commutes.
(a) First we consider the big triangle. The argument that this triangle commutes is quite

similar to the proof of the Codimension-Zero Submanifold-PD Lemma 120.5. But
for completeness' sake we carry out the details. Thus we now let α ∈ H2k(N) and we
let β ∈ H2k(M1, ∂M1). Next we set γ := (a∗1)−1(β) ∈ H2k(N,M2). We perform the
following calculation:

Cup Product-Naturality Proposition 115.4
applied to the map (M1,∅, ∂M1)→ (N,∅,M2) Lemma 109.6 (3)

↓ ↓
=(D◦g∗1)(α)(β)︷ ︸︸ ︷

〈g∗1(α)Yβ, [M1]〉 = 〈g∗1(α)Ya∗1(γ), [M1]〉 = 〈g∗1(αYγ), [M1]〉 = 〈αYγ, a1∗([M1])〉
= 〈αYγ, b1∗([N ])〉 = 〈b∗1(αYγ), [N ]〉
↑ ↑

Codimension Zero-Fundamental Class Lemma 109.6 (3)
Lemma 106.24

= 〈αYb∗1(γ), [N ]〉 = 〈αY(b1◦(a∗1)−1)(β), [N ]〉 = 〈αYϕ1(β), [N ]〉.︸ ︷︷ ︸
=(ϕ1◦D)(α)(β)

↑
Cup Product-Naturality Proposition 115.4 applied
to the map (N,M1,∅)→ (N,M1,M1)

(b) We showed in Lemma 134.4 that the small triangle to the left commutes.
(c) We turn to the small triangle for which H2k(N) is a vertex. First note that it follows

immediately from the de�nitions that b1 ◦ g1 = a1 ◦ j1 : (M1,∅) → (N,M2). This
implies that g∗1 ◦ b∗1 = j∗1 ◦ a∗1. Since ϕ1 = b∗1 ◦ (a∗s)

−1 we see that g∗1 ◦ ϕ1 = j∗1 .
(d) Finally we consider the square at the bottom left. In (a) we just showed that

D ◦ g∗1 = ϕ1 ◦D : H2k(N) → H2k(M1, ∂M1).

We take the Hom(−,R) dual of this statement. Using the symmetry of the cup
product, see the Cup Product-Commutativity Proposition 115.3, we see that D = D.
Thus we obtain, as desired, that

g∗1 ◦D = D ◦ ϕ1 : H2k(M1, ∂M1) → H2k(N). �

Claim 2. For s = 1, 2 we set

As := im(ϕs : H2k(Ms, ∂Ms)→ H2k(N)).

With respect to the form IN : H2k(N)× H2k(N)→ R we have the following equalities:

(1) A⊥s = A3−s and (2) (A1 ∩ A2)⊥ = A1 + A2.

Proof. First we prove Equality (1). This equality follows immediately from the commutative
diagram in Claim 1, the fact that the bottom sequence is exact and one minute's worth of
concentration. More precisely, we consider the following diagram, which is just given by a
slight reorganization of the bottom part of the commutative diagram in Claim 1:

H2k(M1, ∂M1)
ϕ1 //

∼=D
��

H2k(N)

D ∼=
��

g∗2 // H2k(M2)

∼=D
��

H2k(M1)
g∗1 // H2k(N)

ϕ2 // H2k(M2, ∂M2).
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Since the diagram commutes, since the bottom sequence is exact and since the vertical
maps are isomorphisms we see that

im
(
ϕ1 : H2k(M1, ∂M1)→ H2k(N)

)︸ ︷︷ ︸
=A1

= ker
(
ϕ2 ◦D : H2k(N)→ H2k(M2, ∂M2)

)︸ ︷︷ ︸
=A⊥2

.

Thus we have shown that A1 = A⊥2 . The same argument shows that A2 = A⊥1 . This
concludes the proof of Equality (1).

Next note that Equality (2) follows from Equality (1) together with some elementary
algebra, see Exercise 132.5. For the reader's convenience we provide the argument. First
note that it follows immediately from (1) that A1 + A2 Ă (A1 ∩ A2)⊥. To show equality
it su�ces to show that both vector subspaces have the same dimension. As the following
calculation shows, this is indeed the case:

since N is closed we know by the Manifold-Non Singularity Proposition 121.2 that IN is non-singular,
hence for any vector subspace B Ă H2k(N) we have dim(B⊥) = dim(H2k(N))− dim(B)

↓ ↓
dim((A1∩A2)⊥) = dim(H2k(N))−dim(A1∩A2) = dim(A1)+dim(A⊥1 )−dim(A1∩A2)

= dim(A1)+dim(A2)−dim(A1∩A2) = dim(A1+A2).
↑ ↑
by (1) since 0→ A1∩A2 → A1 ⊕A2 → A1+A2 → 0 is exact �

Claim 3. Let s ∈ {1, 2}. As in Proposition 134.3 we write

Ĥ
2k

(Ms, ∂Ms) := coker(δ : H2k−1(∂Ms)→ H2k(Ms, ∂Ms)).

The map ϕs : H2k(Ms, ∂Ms) → H2k(N)

induces an isomorphism
ϕ̂s : Ĥ

2k
(Ms, ∂Ms) → As/(A1 ∩ A2)

[σ] 7→ [ϕs(σ)].

Proof. We consider the following diagram:
H2k−1(M1, ∂M1)

δ
��

H2k(N,M2)

b∗1
��

a∗1
∼=

// H2k(M1, ∂M1)

ϕ1
ss

j∗1
��

H2k(N,M1)

a∗2∼=
��

b∗2 // H2k(N)
g∗1

//

g∗2
��

H2k(M1)

��

H2k(M2, ∂M2)
j∗2

//

ϕ2

33

H2k(M2) // H2k(∂M1).

We make the following clari�cations and observations:
• All undecorated maps are induced by the obvious maps.
• The vertical sequences and the horizontal sequences are long exact sequences of pairs.
• All parts of the diagram commute. This basically follows from the de�nition of ϕs
and ϕ3−s and the fact that all the remaining maps are induced by maps of pairs
of topological spaces. Note that the fact that the triangles involving ϕs, j∗s and g∗s
commute was already discussed in Claim 1.
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A little diagram chase now shows that each map ϕ̂s : Ĥ
2k

(Ms, ∂Ms)→ As/(A1 ∩ A2), that
is given by [σ] 7→ [ϕs(σ)], is well-de�ned and an isomorphism. �

Claim 4. We consider the projections

ps : H2k(Ms, ∂Ms) → Ĥ
2k

(Ms, ∂Ms) and q : H2k(N) → H2k(N)/(A1+A2)
and we pick corresponding left-inverses

ts : Ĥ
2k

(Ms, ∂Ms) → H2k(Ms, ∂Ms) and u : H2k(N)/(A1+A2) → H2k(N).

Next we consider the following vector subspaces of H2k(N):

H1 := im(ϕ1 ◦ t1 : Ĥ
2k

(M1, ∂M1)→ H2k(N))

H2 := im(ϕ2 ◦ t2 : Ĥ
2k

(M2, ∂M2)→ H2k(N))
D := A1 ∩ A2

E := im(u : H2k(N)/(A1 + A2)→ H2k(N)).

The following two statements hold:
(1) We have dim(D) = dim(E).
(2) The various inclusions induce an isomorphism

H1 ⊕H2 ⊕D ⊕ E
∼=−−→ H2k(N).

(3) With respect to this decomposition of H2k(N) given in (1) the form IN can be written
as follows:

IN =

H1 H2 D E
H1

H2

D
E


Ired
M1

0 0 ∗
0 Ired

M2
0 ∗

0 0 0 X
∗ ∗ XT ∗


where X is represented by an invertible square matrix.

H2H1

M1

D

in each case the cohomology
classes are the Poincaré duals
of the homology classes

M2

E

Proof.

(1) Recall that in the proof of Claim 2 (2) we already showed that we have the equality
dim(A1 ∩A2) = dim(N)− dim(A1 +A2). But this means precisely that we have the
promised equality dim(D) = dim(E).

(2) We consider the following diagram:
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H2k(M1, ∂M1)⊕ H2k(M2, ∂M2)

ϕ1+ϕ2

��

p1⊕p2

// // Ĥ
2k

(M1, ∂M1)⊕ Ĥ
2k

(M2, ∂M2)

∼= ϕ̂1⊕ϕ̂2

��

t1⊕t2

tt

A1/(A1 ∩ A2)⊕ A2/(A1 ∩ A2)
∼=
��

A1 ∩ A2
� � // A1+A2� _

��

// // (A1+A2)/(A1 ∩ A2)

H2k(N)

q
����

H2k(N)/(A1+A).

u
EE

The desired statement follows easily from the following observations:
• The central horizontal sequence is exact and the vertical sequence starting with
A1 + A2 are exact.
• One can easily verify that the diagram commutes.

(3) The statement follows from the following three bullet points:
• The three zeros in the �D-column� and the �D-row� follow immediately from the
fact, shown in Claim 3, that (A1 ∩ A2)⊥ = A1 + A2.
• We consider the following diagram:

Ĥ2k(Ms, ∂Ms)

[α] 7→([β] 7→D̃(α)(β)
��

H2k(Ms, ∂Ms)oooo
ϕ∗s //

D̃
��

H2k(N)

D∼=
��

Ĥ
2k

(Ms, ∂Ms) H2k(Ms, ∂Ms)oooo
ϕs

// H2k(N)

The square to the left commutes by de�nition and the square to the right com-
mutes since it equals the upper left respectively the lower right quadrant of the
diagram in Claim 1. But this means precisely that the �Hs-diagonal term� is given
by Ired

Ms
.

• By (1) we know that X is a square matrix. The fact that X is invertible now
follows from the fact, shown in the Manifold-Non Singularity Proposition 121.2,
that IN is non-singular. �
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Now we see that
Proposition 134.3 (3) since X is invertible there exists an isometry between the two formsy y

sign(N) = sign(IN) = sign


Ired
M1

0 0 *
0 Ired

M2
0 *

0 0 0 X
* * XT *

 = sign


Ired
M1

0 0 0
0 Ired

M2
0 0

0 0 0 X
0 0 XT *


= sign(Ired

M2
) + sign(Ired

M2
) + sign

(
0 X

XT *

)
︸ ︷︷ ︸

= 0 by Exercise 133.2,
(or Lemma 144.8),
since X is invertible

= sign(M1) + sign(M2).x x
by Corollary 133.9 (2) Proposition 134.3 (3)

�

134.4. Proof of the Novikov Additivity Theorem III. Before we formulate the next
special case of Theorem 134.1 we introduce some de�nitions.

De�nition.
(1) We say that a closed oriented n-dimensional topological manifold S is nullbordant

if there exists a compact oriented (n + 1)-dimensional topological manifold T such
that ∂T = S as oriented topological manifolds. Such a T is called a nullbordism
for S.

(2) In the setting of the Novikov Additivity Theorem 134.1 we refer to each of ∂M1 \W1

and ∂M2 \W2 as the unglued boundary
With this de�nition we can formulate the next special case of the Novikov Additivity
Theorem 134.1 that we can deal with.

Proof of Theorem 134.1 if the unglued boundaries are nullbordant. We assume that
the unglued boundary ∂M1 \W1 and ∂M2 \W2 are nullbordant. By the above de�nition
this means that there exist compact oriented 4k-dimensional topological X1 and X2 with
∂Xs = ∂Ms\Ws as oriented topological manifolds. Using the homeomorphism f : W1 → W2

we can write W := W1 = W2. We perform the following calculation:

special case applied to M1 t −X2 glued to M2 t −X1 glued along the common boundary
↓

sign(−X1 ∪∂M1\W1 ∪M1 ∪W ∪M2 ∪∂M2\W2 −X2) = sign(M1 t −X2) + sign(M2 t −X1)
= sign(M1) + sign(M2)− sign(X1)− sign(X2).
↑

by the Manifold-Signature Lemma 133.11 we have sign(A tB) = sign(A) + sign(B)
and we have sign(−A) = − sign(A)

Since this was so much fun we compute the signature of the glued manifold once again with
a di�erent decomposition:

special case applied to M1 ∪W M2 glued to −X2 t −X1 glued along the common boundary
↓

sign(−X1 ∪∂M1\W1 M1 ∪W ∪M2 ∪∂M2\W2 −X2) = sign(M1 ∪W M2) + sign(−X1 t −X2)
= sign(M1 ∪W M2)− sign(X1)− sign(X2).

Comparing these two calculations we obtain the desired result. �

Now we can �nally turn to the proof of the general case of the Novikov Additivity Theo-
rem 134.1.
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decomposition 2

decomposition 1

W

−X2

−X1

M1 M2

Proof of the Novikov Additivity Theorem 134.1. Let M̃1 and M̃2 be copies of M1

and M2. Furthermore we denote by W̃ = W̃1 = W̃2 a copy of W = W1 = W2. We perform
the following calculation:

2 · sign(M1 ∪W M2) = sign
(
(M1 ∪W M2) t (M̃1 ∪W̃ M̃2)

)
= sign

(
(M1 t M̃2)WtW̃ (M̃1 tM2)

)
= sign

(
M1 t M̃2

)
+ sign

(
M̃1 tM2

)
= 2 · (sign(M1) + sign(M2)).
↑

the Manifold-Signature Lemma 133.11

x
follows from the previous special case, which we can apply for the following reason:
unglued boundary of M1 t M̃2 is the boundary of M̃1 ∪W̃1=W2

M2, in particular it is nullbordant,
unglued boundary of M̃1 tM2 is the boundary of M1 ∪W1=W̃2

M̃2, in particular it is nullbordant

Dividing both sides by 2 gives us the desired result. �

unglued boundary of M2 t M̃1

M̃2M̃1

we glue here

decomposition

M1 M2

and here

Exercises for Chapter 134.

Exercise 134.1. Use the Novikov Additivity Theorem 134.1 to show that the signature is
additive under the connected sum operation.
Remark. This gives a new proof of the Manifold-Signature Lemma 133.11 (2).

Exercise 134.2. Let M be a compact oriented 4k-dimensional topological manifold and
let W be the union of some components of ∂M . As on page 1667 we refer to

DWM := (M × {1}) ∪W×{1}=W×{2} (M × {2})
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as the double of M along W . By Lemmas 75.12 and 105.18 we know that DWM is a
compact orientable topological manifold. Show that the signature of DWM is zero.

Exercise 134.3. Let k ∈ N. Give an example of two compact oriented 4-dimensional
topological manifolds M1 and M2 together with a homeomorphism f : ∂M1 → ∂M2 such
that the following statements are satis�ed:
(a) b2(M1) = k and b2(M2) = k.
(b) The inclusion induced maps H2(M1)→ H2(M1∪fM2) and H2(M2)→ H2(M1∪fM2)

are both the zero map.
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135. The intersection form IV: 4-dimensional manifolds

We have now introduced lots of invariants of topological spaces, namely the fundamental
group, higher homotopy groups, homology groups and the cohomology groups together
with the cup product. The question arises, whether we are done at some point, or whether
this list of ever new invariants continues forever.
In an attempt to respond to this question we want to consider closed oriented simply
connected 4-dimensional (topological) smooth manifolds and their intersection forms. What
follows is a long survey on some amazing results. Unfortunately the proofs of any of these
statements goes well beyond what we can cover in these introductory notes.
The following question will guide us through the chapter.

Question 135.1.
(1) Is the intersection form a complete invariant of closed oriented simply connected

4-dimensional (topological) smooth manifolds?1635

(2) Which isometry types of non-singular symmetric forms are realized by closed oriented
simply connected 4-dimensional (topological) smooth manifolds?

135.1. The K3-surface and Rokhlin's Theorem. In the following we will give a mostly
chronological account of the developments regarding the two (or possibly four?) questions
posed in Question 135.1.
On page 2911 we introduced the initially rather unexpected form E8. One might wonder
whether a form as strange as E8 can ever appear �in nature�. As we will now see, somewhat
surprisingly this is indeed the case.

De�nition. We refer to

K3 :=
{

[z0 : z1 : z2 : z3] ∈ CP3
∣∣ z4

0 + z4
1 + z4

2 + z4
3 = 0

}
as the K3-surface. Sometimes the K3-surface is also called the Kummer surface.

Remark. The odd name �K3-surface� comes about as follows.
(1) First of all, as we will see in Proposition 135.2, K3 is a 2-dimensional complex

manifold, i.e. it is a complex surface.
(2) According to [OTL2016] the de�nition of the K3-surface is already implicit in the

work of Srinivasa Ramanujan in the 1910s. The K3-surface was (re-) discovered
by André Weil [Weil1958] who named it in honor of three algebraic geometers,
Kummer, Kähler and Kodaira, and also the mountain K2 in Pakistan which is the
second highest mountain on earth. More precisely, André Weil wrote: �Dans la
seconde partie de mon rapport, il s'agit des varietés kähleriennes dites K3, ainsi
nommées en l'honneur de Kummer, Kähler, Kodaira et de la belle montagne K2 au
Cachemire�.

The following proposition summarizes some of the key aspects of the K3-surface.

1635Note that for a simply connected 4-dimensional topological manifold M we have H1(M ;Z) = 0 by the
Hurewicz Theorem 84.5. IfM is closed and orientable, then we have H3(M ;Z) = 0 by the Poincaré Duality
Theorem 119.1. Thus we see that for closed oriented simply connected 4-dimensional topological manifolds
the intersection form contains all the (co-) homological data we could ask for.
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the mountain K2, almost as
pretty as the K3-surface

Proposition 135.2. (K3-Intersection Form Proposition) The K3-surface is a closed
simply connected complex manifold of complex dimension 2 or equivalently of real dimen-
sion 4. Furthermore we have

intersection form of the K3-surface ∼= 2 · E8 ⊕ 3 ·H.
Proof. All the statements are proved in [GoS1999, Theorem 1.3.8] or alternatively [McS2016,
p. 176]. The intersection form is also calculated in [Huy2016, Proposition 3.5]. The cal-
culation of the intersection form, perhaps somewhat disappointingly, makes use of the
Inde�nite Even Forms Corollary 133.19. �

Remark. The K3-surface, albeit with a somewhat di�erent de�nition as ours, plays a big
role in (algebraic) geometry, as is indicated by the fact that a whole book [Huy2005] is
dedicated to the study of the K3-surface(s). Note that it follows from [Huy2016, Theo-
rem 2.4.2 and 7.1.1] that the K3-surface as de�ned above, viewed as a smooth manifold,
admits many non-biholomorphic complex structures.1636

In the following we want to discuss one particular aspect of the K3-surface. Namely, the
calculation of the intersection form of the K3-surface, of the intersection form of S2 × S2

and the Intersection Form-Additivity Proposition 132.12 raises the question whether one
can split o� copies of S2 × S2 form the K3-surface. More precisely the following question
arose almost immediately after the introduction of the K3-surface.
Question 135.3.
(1) Does there exist a closed oriented 4-dimensional topological manifold M such that

the K3-surface is homeomorphic to M #S2 × S2?
(2) Does there exist a closed oriented 4-dimensional smooth manifold M such that the

K3-surface is di�eomorphic to M #S2 × S2?
We will return to the question shortly. But before we do so, we continue with our chrono-
logical discussion. Next in line is a result proved by Vladimir Rokhlin in 1952. To formulate
Rokhlin's Theorem we need the notion of a �spin structure�. The de�nition of a �spin struc-
ture� is for example given in [GoS1999, Chapter 1.4.2], but the precise de�nition is of no
concern to us and we will use this notion as a black box. We just note that in the following
we say that a smooth manifold is spin, if it admits a spin structure. We now state the key
result on the existence of spin structures in our context.
Proposition 135.4. Let X be a closed oriented 4-dimensional smooth manifold.
(1) If X is spin, then the intersection form QX is even.

1636We had seen already in Corollary 63.2 that there exist complex manifolds that are di�eomorphic but
not biholomorphic.
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(2) If the intersection form QX is even and if H1(X;Z) has no 2-torsion, then the smooth
manifold X is spin.

Proof. The proposition is the content of [GoS1999, Corollary 5.7.6], which in turn is
proved using the �Wu formula�. The proposition is also discussed in [Scor2005, p. 163]. �

Now let us state Rokhlin's celebrated theorem.
Theorem 135.5. (Rokhlin 1952) Let X be a closed oriented 4-dimensional smooth
manifold. If X is spin, then sign(X) is divisible by 16.

Proof. This theorem was proved by Vladimir Rokhlin [Rok1952][Rok1986a, p. 21] in
1952. More modern proofs of Rokhlin's Theorem are given in [FK1978], [LaM1989,
Theorem II.2.13 and Corollary IV.1.2] and [Sav2002, Theorem 2.1]. �

Remark. We will now see that the converse to neither of the two statements in Proposi-
tion 135.4 holds.
(1) We consider the Enriques surfaces

X :=
{

[z0 :z1 :z2 :z3] ∈ CP3
∣∣ z4

0 +z4
1 +z4

2 +z4
3 =0

}︸ ︷︷ ︸
=K3-surface

/
(z0, z1, z2, z3) ∼ (z1,−z0, z3,−z2).

We make the following observations:
(a) It is elementary to show that the equivalence relation ∼ on K3 de�nes a smooth

free orientation-preserving action by the group Z2.
(b) It follows from (a) and Propositions 19.32 and 25.19 that the Enriques surface is

a closed oriented connected 4-dimensional smooth manifold.
(c) Since the K3-surface is simply connected it follows from (a), together with Lem-

ma 48.5, the Actions-Covering Proposition 48.9 and the Fundamental Group-
via-Actions Theorem 48.16, that π1(X) ∼= Z2. In particular we obtain from the
Hurewicz Theorem 84.5 that H1(X;Z) has 2-torsion.

(d) As is shown in [Hab1982], the intersection form QX is isometric to E8 ⊕H, in
particular QX is even and sign(X) = 8.

Note that it follows from (d) together with Rokhlin's Theorem 135.5 that X cannot
be spin. In particular we see that the converse to Proposition 135.4 (1) does not
hold. We refer to [Hab1982], [FS1984], [GoS1999, p. 93] and [LaM1989, p. 90]
for more details on the Enriques surface.

(2) We consider the smooth manifold S1 × RP3. It follows from the discussion on
page 3066 that S1 × RP3 is parallelizable, i.e. its tangent bundle is a trivial bun-
dle. This implies that S1 ×RP3 admits a spin structure. Since H2(S1 ×RP3;Z) = 0
we see that its intersection form is even. But H1(S1 × RP3) ∼= Z⊕ Z2 has 2-torsion.
Thus we see that the converse to Proposition 135.4 (2) does not hold.

The combination of Proposition 135.4 and Rokhlin's Theorem 135.5 gives us the following
variation on Rokhlin's Theorem. This was historically the �rst result to address Ques-
tion 135.1 (2).

Theorem 135.6. (Rokhlin 1952) Let X be a closed oriented 4-dimensional smooth
manifold. If the intersection form QX is even and if H1(X;Z) has no 2-torsion (e.g. if X
is simply connected), then sign(X) is divisible by 16.1637
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In a di�erent direction the following theorem was the �rst noteworthy result towards an
a�rmative answer to Question 135.1 (1).

Theorem 135.7. (Milnor 1958) Let X and Y be two closed oriented simply connected
4-dimensional topological manifolds. Then

X and Y are homotopy equivalent ⇐⇒ QX is isometric to ±QY .

Proof. This theorem was proved for smooth manifolds by John Milnor [Miln1958b,
Theorem 3] in 1958, building on work of John Whitehead [WhdJ1949a]. Furthermore
[GoS1999, Theorem 1.2.25] and [Kir1989, Theorem 2.1] sketch a proof that also works
for topological manifolds. �

135.2. The work of Michael Freedman and Simon Donaldson. After the somewhat
preliminary results by Vladimir Rokhlin and John Milnor the early 1980s saw two major
breakthroughs by Michael Freedman and Simon Donaldson.
First, in 1981 Michael Freedman [Fre1982] gave a complete answer to Question 135.1 in
the category of topological manifolds.1638 More precisely, Michael Freedman [Fre1982]
proved the following theorem.

Theorem 135.8. (Freedman 1981) Let Q be a nonsingular symmetric form over the
integers.
(1) If Q is even, then up to an orientation-preserving homeomorphism, there exists

a unique closed oriented simply connected topological manifold whose intersection
form is isometric to Q.

(2) If Q is odd, then up to orientation-preserving homeomorphisms, there exist precisely
two closed oriented simply connected topological manifolds whose intersection forms
are isometric to Q. These two topological manifolds are distinguished by the Kirby-
Siebenmann invariant which is discussed in the subsequent remark.

Remark.

(1) Let X be a simply connected closed topological manifold. By the Hurewicz The-
orem 85.5 we know that the Hurewicz homomorphism π2(X) → H2(X;Z) is an
isomorphism. In particular, if π2(X) vanishes, then H2(X;Z) = 0. This fact shows
that Theorem 135.8, applied to the form on the trivial group {0}, implies that every
homotopy 4-sphere is homeomorphic to S4. We will discuss this in greater detail in
Chapter ??.

(2) The two homeomorphism types of Theorem 135.8 are distinguished by the Kirby-
Siebenmann invariant1639 ks(M) ∈ H4(M ;Z2) = Z2 of a closed connected non-empty
4-dimensional topological manifoldM . This invariant is de�ned in [KSi1977, p. 318]

1637Recall that from the Even Forms Proposition 133.18 we know, for purely algebraic reasons, that the
signature of a non-singular even symmetric form is divisible by 8.
1638Michael Freedman (*1951) is an American mathematician, in 1986 he was awarded the Fields medal
for the proof of Theorem 135.8.
1639Here it is worth recalling that the Top-Cohomology Proposition 110.14 (3) says that for a closed
connected non-empty 4-dimensional topological manifold we have H4(X;Z2) ∼= Z2.
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or alternatively in [FQ1990, Section 10.2B] and [Rudy2016, Chapter 3.4]. The
Kirby-Siebenmann invariant has the following properties:
(a) By [Rudy2016, Theorem 3.4.3] this invariant vanishes ifX admits a PL-structure.1640

Recall that in Theorem 96.15 we saw that every smooth manifold admits a PL-
structure. In particular we see that the Kirby-Siebenmann invariant vanishes for
smooth manifolds. We refer to [Cer1968, p. IX] and [Scor2005, p. 220] for more
details.

(b) By [FNOP2019, Theorem 7.3] the Kirby-Siebenmann invariant is additive under
the connected sum operation.

(3) Freedman's Theorem also answers Question 135.3 (1) in the a�rmative. More pre-
cisely, by the existence statement of Theorem 135.8 (1) there exists a closed ori-
ented simply connected 4-dimensional topological manifold X with QX

∼= E8. It
follows from Propositions 132.11 and 132.12, together with the uniqueness statement
of Theorem 135.8 (1), there exists an orientation-preserving homeomorphism of the
K3-surface to X#X#3 · (S2 × S2).

(4) We conclude this remark with a quick foray into the high-dimensional world. For
n ≥ 3 Wall [Wall1962] (see also [Ran2002, p. 269]) classi�ed di�eomorphism classes
of pairs (M,∂M) whereM is an orientable (n−1)-connected 2n-dimensional smooth
manifold and where the boundary ∂M is a homotopy sphere.1641 The classi�cation
goes via the intersection form and one extra invariant which lies in the homotopy
group πn−1(SO(n)).

Example. On page 2882 we saw that the intersection form of CP2 is represented by
the (1 × 1)�matrix (1). By (2b) we know that the Kirby-Siebenmann invariant of CP2

vanishes. Theorem 135.8 (2) together with Remark (2) says that there exists a closed
oriented simply connected 4-dimensional topological manifold, which usually is denoted
by ∗CP2, with the same intersection form as CP2 but with non-zero Kirby-Siebenmann
invariant. Theorem 135.8 (2) also says that ∗CP2 is unique up to an orientation-preserving
homeomorphism. The topological manifolds CP2 and ∗CP2 are not homeomorphic since
the Kirby-Siebenmann invariants di�er. But note that by Theorem 135.7 the topological
manifolds CP2 and ∗CP2 are homotopy equivalent.

Among many other consequences we obtain the following rather surprising result.

Theorem 135.9. There exist closed orientable 4-dimensional topological manifolds that
do not admit a smooth structure.

Proof. At this point we can combine the above results to give two types of examples of
such smooth manifolds:

(1) It follows from Theorem 135.8 (2) and the above Remark (3) that given any non-
singular odd symmetric form Q there exists a closed oriented 4-dimensional topo-
logical manifold X with QX

∼= Q and non-trivial Kirby-Siebenmann invariant. As
we pointed out above in Remark (2a), this topological manifold does not admit a
smooth structure.

1640We refer to page 2093 for the de�nition of a PL-structure.
1641See page 2625 for the de�nition of a homotopy sphere
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(2) If we apply Freedman's Theorem 135.8 (1) to the non-singular positive-de�nite even
form E8 we obtain a certain closed oriented simply connected 4-dimensional topo-
logical manifold which, by Rokhlin's Theorem 135.6, cannot admit a smooth struc-
ture. �

In a remarkable twist, shortly after Freedman proved his results on the intersection forms of
4-dimensional topological manifolds, Simon Donaldson1642 �In 1982, when he was a second-
year graduate student, Simon Donaldson proved a result that stunned the mathematical
world.� Simon Donaldson was awarded the Fields medal in 1986. , see [Don1983, The-
orem A] and [Don1987a, Theorem 1], proved the following result regarding intersection
forms of 4-dimensional smooth manifolds.1643

Theorem 135.10. (Donaldson 1982) Let X be a closed oriented connected 4-dimen-
sional smooth manifold. If QX is positive-de�nite, then QX is represented by the identity
matrix.

Example. We consider the positive-de�nite symmetric form E8⊕E8. It has signature 16,
hence Rokhlin's Theorem 135.6 has no objections. But Donaldson's Theorem 135.10 implies
that this form cannot be the intersection form of a closed oriented connected 4-dimensional
smooth manifold.

To understand the signi�cance of Donaldson's Theorem, often referred to as Donaldson's
Theorem A, recall that on page 2922 we saw that there are more than 1051 isometry classes
of non-singular positive-de�nite symmetric forms of rank 40. By Freedman's Theorem 135.8
all of them arise as intersection forms of closed oriented connected 4-dimensional topological
manifolds. By Donaldson's Theorem 135.10 the only one which appears as the intersection
form of a closed oriented connected 4-dimensional smooth manifold is the one represented
by the identity matrix.1644

Remark. It is di�cult to exaggerate the importance of Donaldson's Theorem in mathe-
matics.1645 For example it is at the heart of the proof of Theorem ?? which says that R4

admits uncountably many smooth structures. But Donaldson's Theorem can also appear
in totally unexpected situations. For example in 2017 Duncan McCoy [McCoy2017] used

1642Simon Donaldson (*1957) is an English mathematician. He proved Theorem 135.10 when he was a
second year PhD student. The Fields medalist Michael Atiyah described in [At1987] the work of Simon
Donaldson as follows:
1643An exposition of the proof is also given in [Law1985] and a di�erent proof, using Seiberg-Witten
invariants is given in [Nic2000, Theorem 2.4.18] and a proof using Heegaard Floer homology is given in
[OS2003, Theorem 9.1].
1644The identity matrix represents, by the Intersection Form-Additivity Proposition 132.12 and the discus-
sion on page 2882, the intersection form of the connected sum of 40 copies of CP2.
1645Admittedly it is also hard to underestimate the role of Donaldson's Theorem outside of mathematics.
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Donaldson's Theorem, and many other ingredients, to show that if K is an alternating
knot with unknotting number one1646, then such a crossing change can already be per-
formed in an alternating diagram. For example, according to [LiM] the three alternating
knots shown in the �gure below have unknotting number one. By the aforementioned re-
sult we now know that we can turn these three knots into the trivial knot by changing a
crossing in the alternating diagrams shown. Which crossings do you need to change?

the knot 11a12 the knot 11a41 the knot 11a56

Now that we have digested Donaldson's Theorem 135.10, the question arises, what can we
say about inde�nite intersection forms of closed oriented 4-dimensional smooth manifolds?
First recall that in the Inde�nite Odd Forms Corollary 133.17 we saw that every non-
singular inde�nite odd symmetric form is isometric to m · (1)⊕n · (−1) for some m,n ∈ N.
Next note that according to the Intersection Form-Additivity Proposition 132.12 and the
discussion on page 2882 every such form is realized by the smooth manifoldm·CP2#n·CP2

.
Therefore, in the following we only need to discuss the realizability of non-singular inde�nite
even symmetric forms. Recall that in the Inde�nite Even Forms Corollary 133.19 we showed
that every non-singular even inde�nite symmetric form is isometric to m · H ⊕ n · E8 for
some m ∈ N0 and n ∈ Z\{0}. The following theorem, proved by Mikio Furuta [Furu2001]
in 2001 gives some restrictions on the possible values of m and n.

Theorem 135.11. (Furuta's 10/8-Theorem) If M is a closed oriented connected 4-di-
mensional smooth manifold with inde�nite even intersection form, then

b2(M) ≥ 10
8 · sign(M) + 2.

In particular1647 QM
∼= m ·H ⊕ n · E8 with m ≥ |n|+ 1.

Remark. Furuta's 10/8-Theorem allows us to answer Question 135.3 (2) in the negative.
More precisely, suppose that we have a decomposition of the K3-surface as a connected
sum M#N . We make the following four observations:

(1) Without loss of generality we have sign(M) ≥ sign(N).
(2) It follows from Proposition 135.2, the Parity Lemma 133.14 (3) and the Intersection

Form-Additivity Proposition 132.12 that QM and QN are even.
(3) From the Manifold-Signature Lemma 133.11 (2) and Proposition 135.2 we obtain

that sign(M) + sign(N) = 16.

1646We refer to page 1343 for the de�nition of the unknotting number of a knot. A knot is called alternating
if it admits a diagram that is alternating, i.e. which has the property that each undercrossing is followed
by an overcrossing and vice versa.
1647This second statement follows from the �rst statement together with the Inde�nite Even Forms Corol-
lary 133.19 and the calculation of the rank and signature of H and E8.
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(4) By Proposition 135.2 and the Connected Sum-Invariants Proposition 132.11 we know
that b2(M) + b2(N) = 22.

If we combine these facts with Rokhlin's Theorem 135.6 we obtain easily that we have
sign(M) = 16. Furthermore, it follows from Donaldson's Theorem 135.10 that QM is
inde�nite. Now Furuta's 10/8-Theorem implies that b2(M) ≥ 10

8
· 16 + 2 = 22, but by

Proposition 135.2 this equals b2(K3). Thus we obtain from the Connected Sum-Invariants
Proposition 132.11 that b2(N) = 0.1648 We can conclude that we cannot split o� a copy of
S2 × S2 from K3. This answers Question 135.3 (2) in the negative.

Furuta's 10/8 Theorem is not yet optimal since it does not quite close the gap between
the forms which we can realize by smooth manifolds and the forms which we can exclude.
More precisely it follows from the Intersection Form-Additivity Proposition 132.12, the
calculation of the intersection forms of the K3-surface, see Proposition 135.2, and of the
intersection form of S2×S2 that for any m ∈ Z\{0} and any n ≥ 3|m| there exists a closed
oriented simply connected 4-dimensional smooth manifold with intersection form isometric
to m · E8 ⊕ n ·H. More precisely, we have

intersection form of m ·K3# (n− 3|m|) · (S2 × S2) ∼= m · E8 ⊕ n ·H.

The following conjecture predicts that this result is optimal.

Conjecture 135.12. (11/8-Conjecture) IfM is a closed oriented 4-dimensional smooth
manifold with inde�nite even intersection form, then

b2(M) ≥ 11
8 · sign(M).

Equivalently, if QM
∼= m ·H ⊕ n · E8 with n 6= 0, then m ≥ 3

2
|n|.1649

Remark.

(1) A proof of the 11/8-Conjecture would imply, by Freedman's Theorem 135.8, that any
closed oriented simply connected 4-dimensional smooth manifold is homeomorphic to
either a connected sum of the form m ·CP2#n ·CP2

or alternatively to a connected
sum of the form m ·K3#n · (S2 × S2).

(2) For simply connected smooth manifolds currently the best result is [HLSX2018,
Corollary 1.13] which says that ifM is a closed oriented simply connected 4-dimensional
smooth manifold that is not homeomorphic to S4, S2×S2 or the K3-surface and whose
intersection form is inde�nite and even, then b2(M) ≥ 10

8
· | sign(M)|+ 4.

The other question which arises in this context is whether closed orientable 4-dimensional
smooth manifolds that are homeomorphic are also necessarily di�eomorphic. It turns out
that in many cases the answer is very much no. For example the following theorem was
proved in 1998 by Ron Fintushel and Ron Stern [FS1998].

1648By the Connected Sum-Invariants Proposition 132.11 and Proposition 135.2 we also know that π1(N) =
0. Recall that by the Hurewicz Theorem 85.5 we know that if π1(N) = 0 and H2(N ;Z) = 0, then π2(N) = 0.
Thus it follows from Theorem ?? that N is homeomorphic to S4. Since Question ?? is still open, we do
not know whether N is di�eomorphic to S4.
1649As before, the fact that these two statements are equivalent follows from the Inde�nite Even Forms
Corollary 133.19 and the calculation of the rank and signature of H and E8.
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Theorem 135.13. There exist closed orientable 4-dimensional smooth manifolds Xs, s ∈
N such that each Xs is homeomorphic to the K3-surface, but such that the Xs are pairwise
non-di�eomorphic.
Similar results have been obtained for many other 4-dimensional smooth manifolds, e.g.
for CP2#kCP2

with k = 9 by Simon Donaldson [Don1987a] in 1987, k = 8 by Dieter
Kotschick [Kot1989] in 1989 and k = 7 by Jongil Park [Park2005] in 2005, and since
then also for k = 6, 5, 4, 3, 2, see e.g. [AP2008, AP2010] for more details on the history
of this problem.
The following question is surely one of the most interesting problem in the theory of 4-di-
mensional smooth manifolds.
Question 135.14. Does every closed oriented connected 4-dimensional smooth mani-
fold M admit in�nitely many pairwise non-di�eomorphic smooth structures? Put dif-
ferently, given any such M , do there always exist in�nitely many smooth manifolds Ms,
s ∈ N which are homeomorphic to M but which are pairwise non-di�eomorphic?
Note that an a�rmative answer to Question 135.14 would also give a positive answer to
Question ??.
The following theorem shows that smooth manifolds that are homeomorphic are in fact
�stably di�eomorphic�.

Theorem 135.15. (Stable Di�eomorphism Theorem) LetM and N be two compact
4-dimensional smooth manifolds that are homeomorphic.1650

(1) If M and N are orientable, then there exists a k ∈ N such that M#k · (S2×S2) and
N#k · (S2 × S2) are di�eomorphic.

(2) If M and N are non-orientable, then there exists a k ∈ N such that M#k · (S2×̃S2)
and N#k · (S2×̃S2) are di�eomorphic.1651

Proof.

(1) The theorem was �rst proved by Robert Gompf [Gom1984, p. 116] in 1984. An
alternative proof, using Matthias Kreck's modi�ed surgery [Kre1999] is given in
[Tei1992, Theorem 5.1.1] and [FNOP2019, Theorem 12.2].

(2) The case that the smooth manifolds are closed and simply connected was �rst proved
by C. T. C. Wall [Wall1964, Theorem 3] in 1964 (see also [Scor2005, p. 149] and
[Qu1983, Theorem 1.1]). �

This raises the question, whether in the above theorem k = 1 su�ces. More precisely the
following question is still open.

Question 135.16. Let M and N be two closed oriented simply connected 4-dimensional
topological manifolds that homeomorphic. IsM#(S2×S2) di�eomorphic to N#(S2×S2)?
There are some indications, see [JZ2018], that the answer to the above question should
be no.

1650By the Smooth-Topological Orientation Proposition 105.11 we know that being orientable is a homeo-
morphism invariant.
1651Here S2×̃S2 denotes the total space of the non-trivial S2-bundle over S2 that we introduced on page ??.
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Exercises for Chapter 135.

Exercise 135.1. As we discussed on 2943, it follows from Theorem 135.8 that there ex-
ists a closed orientable simply connected 4-dimensional topological manifold ∗CP2 whose
intersection form is represented by the (1× 1)-matrix (1) and with ks(∗CP2) = 1.

Let M and N be two closed oriented simply connected 4-dimensional topological mani-
folds. Show that there exist m,m′, n, n′ ∈ N0 and ε ∈ {0, 1} such that the topological
manifolds M #m ·CP2 #m′ ·CP2 # ε · ∗CP2 and N #n ·CP2 #n′ ·CP2 are homeomorphic.
Hint. Make use of the properties of the Kirby-Siebenmann invariant discussed on page 2943.
Furthermore it is strongly advisable to use the Inde�nite Forms Theorem 133.16.

Exercise 135.2. Let M and N be two closed oriented simply connected 4-dimensional
smooth manifolds. Show that there existm,m′, n, n′ ∈ N0 such thatM #m ·CP2 #m′ ·CP2

is di�eomorphic to N #n · CP2 #n′ · CP2.
Remark. Make use of Exercise 135.1 and use the fact from page 2920 that the two smooth
manifolds (S2 × S2)#CP2 and CP2#CP2

#CP2 are di�eomorphic.



Part XIV

Handle Structures and Morse Theory



136. Handle decompositions of smooth manifolds

As we have seen, CW-complexes and simplicial complexes have turned out to be useful
tools in topology since often they make it possible to break a given topological space into
smaller, more manageable pieces. In Theorems 96.2 and 96.5 we saw that every smooth
manifold admits a simplicial structure, in particular it admits a CW-structure. Thus in
principle we can study a smooth manifold by starting with a 0-dimensional CW-complex
and attaching cells of dimensions 1, 2, . . . . The catch is that the inbetween objects are
usually not smooth manifolds.

In this chapter we will introduce handle decompositions of smooth manifolds. These are
in many ways quite similar to CW-structures, except that now all intermediate objects are
smooth manifolds. In Chapter 138 we will use Morse theory to show that every compact
smooth manifold admits a handle decomposition.

136.1. Handle attachments. The following de�nition is inspired by the de�nition of a
thickened knot that we gave on page 2853.

De�nition. Let W be an m-dimensional smooth manifold. A thickened l-sphere is a
smooth embedding B

m−l × Sl → W .
Our �rst proposition introduces the notion of a handle attachment and it summarizes some
of the key properties.

Proposition 136.1. (Handle Attachment Proposition) Let M be a compact n-
dimensional smooth manifold. Furthermore suppose that we are given a thickened (k−1)-
sphere in the boundary ∂M , i.e. suppose we are given a smooth embedding ϕ : B

n−k ×
Sk−1 → ∂M . We refer to16521653

M ∪ϕ hk := M ∪
∂M

ϕ←−Bn−k×Sk−1

(
B
n−k ×Bk)

as the result of a k-handle attachment to M . The following statements hold:
(1) (a) The topological space M ∪ϕ hk is an n-dimensional topological manifold.

(b) Every choice of a collar1654 Θ: [0, 1]×∂M →M equipsM ∪ϕhk canonically with
the structure of an n-dimensional smooth manifold. This smooth structure has
the property that M and B

n−k × Bk
are both submanifolds with corner, where

the corner set in both cases is given by ϕ(Sn−k−1 × Sk−1).
(c) Let Θ and Ξ be two collars. By (1b) these two collars give rise to two smooth

structures AΘ and AΞ on the topological manifold M ∪ϕ hk. Given any neigh-
borhood U of the image of ϕ(B

n−k×Sk−1) in M ∪ϕ hk there exists a homeotopy
H : (M ∪ϕ hk)× [0, 1]→M ∪ϕ hk with the following four properties:
(i) H0 = id.
(ii) H1 : (M ∪ϕ hk,AΘ)→ (M ∪ϕ hk,AΞ) is a di�eomorphism.
(iii) For each t ∈ [0, 1] the map ht restricts to a di�eomorphism of M and it

restricts to a di�eomorphism of B
n−k ×Bk

.
(iv) H(x, t) = x for all x 6∈ U and all t ∈ [0, 1].

(d) Any two choices of collar neighborhoods give rise to di�eomorphic smooth struc-
tures on M .
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(2) M ∪ϕ hk is compact.
(3) The boundary of the smooth manifold M ∪ϕ hk is given by

∂(M ∪ϕ hk) = (∂M \ ϕ(Bn−k × Sk−1)) ∪ϕ|
Sn−k−1×Sk−1

(Sn−k−1 ×Bk
).

(4) If ϕ, ψ : B
n−k×Sk−1 → ∂M are two smooth embeddings that are smoothly isotopic,

thenM ∪ϕhk andM ∪ψ hk are di�eomorphic. Furthermore, given any neighborhood
U of ∂M one can �nd a di�eomorphism that is the identity on the common subset
M \ U .
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ϕ

ϕ

ϕ

M ∪ϕ h2

M ∪ϕ h1

B
n−k×Bk

B
n−k×BkM

M

result of a 2-handle attachment

result of a 1-handle attachmentSn−k−1 × Sk−1
∂M

B
n−k × Sk−1∂M

B
n−k × Sk−1

Remark.

(1) The fact that the precise smooth structure onM ∪ϕhk depends on a choice of a collar
is a nuisance. Usually we use (1c) as an excuse to ignore this issue, albeit with a
slightly bad conscience.

(2) The modi�cation of the boundary that we saw in the Handle Attachment Proposi-
tion 136.1 (5) is called a surgery along ϕ({0}×Sk−1) Ă ∂M . We will study surgeries
in greater detail in Chapter ??.

(3) We deal with the question of whetherM ∪ϕ hk is orientable respectively connected in
the Handle-Connected Lemma 136.8 and the Handles-Orientability Proposition 136.9.

Sketch of proof.

(1) The proof of Statement (1) is quite similar to the proof of the Gluing-Smooth
Manifolds-Proposition ?? (1).
(a) Let Θ: [0, 1]×∂M →M be a collar. We use this collar and the standard product

neighborhood [0, 1]×Bn−k×Sk−1 Ă B
n−k×Bk

together with the argument from
the proof of the Gluing-Smooth Manifolds-Proposition ?? (1) to �nd suitable

1652Recall that by the de�nition on page 262 this means that

M ∪ϕ hk :=
(
M t

(
B
n−k ×Bk

))
/∼ where ϕ(P ) ∼ P for P ∈ Bn−k × Sk−1.

1653The fact that in the notation the map ϕ now goes from right to left is a little awkward, but all other
conventions lead sooner or later also to slightly unnatural results.
1654Recall that by the Smooth Collar Neighborhood Theorem 28.3 a collar [0, 1]× ∂M →M always exists.
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canonical charts for all points that do not lie on ϕ(Sn−k−1 × Sk−1). Further-
more, for points on ϕ(Sn−k−1 × Sk−1) one can easily �nd �charts� such that the
image equals {(x1, . . . , xn) ∈ Rn |xn−1 ≤ 0 or xn ≥ 0}. Similar to the proof of
Proposition ?? we compose those charts with the map

Ψ:Rn−2×{(x, y) ∈ R2 |x≤0 or y≥0} → Rn−2 × R× R≥0

(x1, . . . , xn−2, r cos(ϕ), r sin(ϕ)︸ ︷︷ ︸
r ∈ R≥0 and ϕ ∈ [0, 3

2
π]

) 7→ (x1, . . . , xn−2, r cos(2
3
ϕ), r sin(2

3
ϕ)).

If one interprets the above discussion with good will, then one can see that this
de�nes a smooth atlas on M ∪ϕ hk which has all the desired properties.

(b) We proved this statement already in (a).
(c) As in the proof of the Gluing-Smooth Manifolds-Proposition ?? (1c) this state-

ment follows without too much e�ort from the uniqueness statement for collars,
see the Uniqueness of Collar-Proposition ??.

(d) This statement is an immediate consequence of (c).
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M
{1} × ∂M
∂M

Ψ

B
n−k ×Bk

(2) It follows from the compactness of M and B
n−k × Bk

together with the Quotient-
Compact Connected Lemma 5.16 (1) that M ∪ϕ hk is compact.

(3) Similar to the proof of the Gluing-Smooth Manifolds-Proposition ?? (4) one can prove
the statement about the description of ∂(M ∪ϕ hk) quite easily using the Smooth
Manifold Boundary Proposition 19.26.

(4) It follows from (1c) that throughout the proof of (4) we can work with the same
collar neighborhood [0, 1]× ∂M . Now let ϕ, ψ : B

n−k × Sk−1 → ∂M be two smooth
embeddings. We suppose that they are smoothly isotopic. Let F : B

n−k × Sk−1 ×
[0, 1] → ∂M be a smooth homotopy with F0 = ϕ and F1 = ψ. By the Isotopy
Extension Theorem 36.1 together with the Trivial-Near-The-Ends-Lemma 33.4 there
exists a di�eotopy G : ∂M × [0, 1] → ∂M with Gt = id for t ∈ [0, 1

4
] and with

Gt ◦ ϕ = ψ for all t ∈ [3
4
, 1]. One can now easily verify that the map

Ξ: M ∪ϕ hk → M ∪ψ hk

[x] 7→


[x], if x ∈M \ ([0, 1]× ∂M),
[(t, G(1− t, y))], if x = (t, y) ∈ [0, 1]× ∂M ,
[x], if x ∈ Bn−k ×Bk

is a di�eomorphism. Finally suppose that we are given a neighborhood U of ∂M .
Evidently we can pick a collar neighborhood [0, 1]× ∂M that is contained in M \U .
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The di�eomorphism that we just constructed is now the identity on the common
subset M \ U .

As on so many other occasions we leave it to the reader to �ll in the annoying details. �
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M ∪ϕ hk

{0}×∂M
{1}×∂M

M ∪ψ hk

Ξ

Remark. The approach in the proof of the Handle Attachment Proposition 136.1 for
de�ning charts for M ∪ϕ hk at the points in ϕ(Sn−k−1×Sk−1) is sometimes called rounding
corners or smoothing corners.

The Handle Attachment Proposition 136.1 motivates the following de�nition.

De�nition. Let M be a compact n-dimensional smooth manifold. Suppose we are given
a thickened (k − 1)-sphere ϕ : B

n−k × Sk−1 → ∂M .
(1) We say

M ∪ϕ hk := M ∪
∂M

ϕ←−Bn−k×Sk−1

(
B
n−k ×Bk)

is obtained from M by attaching the k-handle B
n−k ×Bk

along ϕ. In particular
we refer to the image of B

n−k×Bk
in M ∪ϕ hk as a k-handle or as a handle of index

k.
(2) (a) We refer to the image of {0}×Sk−1 in ∂M as the attaching sphere of the handle.

(b) We refer to the image of {0} ×Bk
in M ∪ϕ hk as the core of the handle.

(c) We refer to the image of Sn−k × {0} in ∂(M ∪ϕ hk) as the belt sphere of the
handle.

We refer to the �gure below for an illustration of these de�nitions.
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attachment of 1-handle to
3-dimensional smooth manifold

M M

attachment of 1-handle to
2-dimensional smooth manifold

attachment of 2-handle to 3-dimensional smooth manifold

core of the handle

belt sphere
attaching sphere
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Example. Let M be a compact n-dimensional smooth manifold.
(1) Let us consider the extreme cases of attaching a 0-handle and attaching an n-handle.

(a) It follows basically from the de�nitions that attaching a 0-handle is the same as
taking the disjoint union with B

n
.

(b) It follows immediately from the Codimension-Zero Smooth Embedding Proposi-
tion 24.16 (3) that any smooth embedding ϕ : B

0 × Sn−1 → ∂M is a di�eomor-
phism onto a component of ∂M . Thus an n-handle attachment is the same as
gluing an n-ball to a boundary component that is di�eomorphic to Sn−1 via the
di�eomorphism ϕ. Note that in Proposition ?? we will see that in general the
result depends on the choice of ϕ.

We illustrate these two examples in the �gure below.
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2-handle2-dimensional smooth manifold M 0-handle

(2) Next we turn to attachments of 1-handles. As is shown in the �gure below, the e�ect
of attaching a 1-handle depends on the choice of the attaching map ϕ : B

n−1×S0 →
∂M . In the 1-Handle Attachment Lemma 136.10 we will see that the four examples
of 1-handle attachments that we see in the �gure below exhaust in a suitable sense
all possibilities for 1-handle attachments.
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four types of 1-handle attachments

M

(3) For handle attachments that are not of index 0, 1 and dim(M) there is no straightfor-
ward classi�cation of all possibilities. For example we consider the smooth manifold
M = B

4
. Let γ : S1 → S3 be a smooth embedding. Note that K = γ(S1) is a knot.

In the Knot Thickening Lemma 131.1 we saw that for each d ∈ Z there exists an
essentially unique tubular map B

2 × K → S3 of self-linking number d. Any such
tubular map describes a 2-handle attachment to B

4
. There is no reason to believe

that all these 2-handle attachments can be classi�ed easily.

136.2. Handle decompositions. The following is a good example of a self-explanatory
de�nition.
De�nition. Let M be a compact n-dimensional smooth manifold. A handle decomposi-
tion for M is a di�eomorphism

Θ: M
∼=−−→ ∅ ∪ϕ1 h

k1 ∪ · · · ∪ϕm hkm
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where for every i = 1, . . . ,m the map ϕi is a thickened (ki − 1)-sphere in the boundary
of the smooth manifold ∅ ∪ϕ1 h

k1 ∪ · · · ∪ϕi−1
hki−1 . Usually we suppress the name of the

di�eomorphism, in this case Θ, from the notation.

Examples.
(1) In the �gure below we show a handle decomposition for the surface of genus g = 2.

This handle decomposition consists of one 0-handle, 2g 1-handles and one 2-handle.
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0-handle

2-handle 1-handles

surface of genus 2

2-handle

(2) In the �gure below we show a handle decomposition for the non-orientable surface of
genus k = 3. This handle decomposition consists of one 0-handle, k 1-handles and
one 2-handle.
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2-handle

non-orientable surface of genus 3

1-handles 2-handle

We formulate the next two types of examples as a lemma.

Lemma 136.2. (Handle Example Lemma)
(1) Let n ∈ N. We consider the thickened (n− 1)-sphere that is given by the identity

id : B
0 → Sn−1 → ∂(B

n
).

If we attach an n-handle to B
n
along id we obtain a smooth manifold that is di�eo-

morphic to Sn. In particular we see that Sn admits a handle decomposition with a
single 0-handle and a single n-handle.

(2) Let m, k ∈ N. We consider the thickened (k − 1)-sphere

ϕ : B
m × Sk−1 → Sm+k−1 = ∂(B

m+k
)

(x, y) 7→ ( 1
2 · x, y)

‖( 1
2 · x, y)‖

↑
with (x, y) ∈ Bm × Sk−1

Ă Rm × Rk = Rm+k

If we attach a k-handle to the 0-handle B
m+k

along the thickened (k− 1)-sphere ϕ,
then we obtain a smooth manifold that is di�eomorphic to B

m × Sk. In particular
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we see that B
m × Sk admits a handle decomposition with a single 0-handle and a

single k-handle.
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B
3 attach 2-handle

∼= B
1 × S2

ϕ

∪ϕ

ϕ

∼= B
2 × S1

B
3

attach 1-handle

∪ϕ

ϕ

Proof.
(1) Let n ∈ N. As on page 261 we consider the maps

g± : B
n

= B
n

± → Sn

(x1, . . . , xn) 7→
(
(−1)n · x1, . . . , xn,±

√
1− x2

1 − · · · − x2
n

)
.

We leave it to the reader to verify that the map1655

B
n

+ ∪
Sn−1 id←−Sn−1

B
n

− → Sn

[P ] 7→

{
g+(P ), if P ∈ Bn

+,

g−(P ), if P ∈ Bn

−

is an orientation-preserving di�eomorphism.
(2) We will prove this statement in Exercise 136.2. �

In the above we have now seen that some of our favorite smooth manifolds admit a handle
decomposition. In Chapter 138 we will prove the Handle Decomposition Theorem 138.5
which states that in fact every compact smooth manifold admits a handle decomposition.
In the remainder of this chapter we perform the less exciting task of proving several basic
facts about handle attachments and handle decompositions.

136.3. Handle rearrangements. The following proposition shows that when we attach
several handles, then we can rearrange the handle attachments so that they are done with
increasing indices.

Proposition 136.3. (Handle Swapping Proposition) LetM be a compact n-dimensional
smooth manifold. Suppose that for i = 1, . . . ,m we are given smooth embeddings

ϕi : B
n−ki × Ski−1 → ∂(M ∪ϕ1 h

k1 · · · ∪ϕi−1
hki).

Furthermore let
ψ : B

n−l × Sl−1 → ∂(M ∪ϕ1 h
k1
1 · · · ∪ϕm hkmm )

1655As we mentioned in the formulation of the Handle Attachment Proposition 136.1, the precise smooth
structure on B

n

+∪
Sn−1 id←−Sn−1

B
n

− depends on the choice of a collar. We follow the convention from page 737,

namely we consider B
n

± with the standard collar that we introduced on page 737. With this convention
the given map is indeed an honest-to-God di�eomorphism.
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be a smooth embedding. If for i = 1, . . . ,m we have l ≤ ki, then there exists a smooth
embedding

ψ̃ : B
n−l × Sl−1 → interior of (∂M ∩ ∂(M ∪ϕ1 h

k1
1 · · · ∪ϕm hkmm )) in ∂M

such thatM∪ϕ1h
k1
1 · · · ∪ϕm hkmm ∪ψhl is di�eomorphic to1656M∪ψ̃hl∪ϕ1h

k1
1 · · · ∪ϕm hkmm . Fur-

thermore, given any neighborhood U of ∂M one can �nd a di�eomorphism that is the
identity on the common subset M \ U .

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

���
���
���
���

��
��
��
��

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

����

�
�
�
�

��
��
��
��

����

M
belt sphere K of the ϕ-handle,
it is di�eomorphic to Sn−k−1

the ϕ-handle the ϕ-handle

core of the ψ-handle
the ψ̃-handle

attaching sphere of the ψ-handle,
it is di�eomorphic to Sl−1

the ψ-handle

Remark. Colloquially replacing the ψ-handle by the ψ̃-handle in (the proof of) the Handle
Swapping Proposition 136.3 is called a handle slide

Proof. To simplify the notation we prove the proposition for the special case m = 1. The
proof of the general case is not much harder and we leave it to the reader to �ll in the
details.

Thus suppose that we are given a smooth embedding ϕ : B
n−k × Sk−1 → ∂M and

suppose that we are given a smooth embedding ψ : B
n−l × Sl−1 → ∂(M ∪ϕ hk) with l ≤ k.

To simplify the notation we make the obvious identi�cation Sl−1 = {0}×Sl−1 Ă B
n−l×Sl−1.

We write f := ψ|Sl−1 . Note that f(Sl−1) is precisely the attaching sphere of the ψ-handle.
We denote by K = Sn−k−1 × {0} Ă ∂(M ∪ϕ hk) the belt sphere of the ϕ-handle.
Claim 1. There exists a smooth homotopy F : Sl−1× [0, 1]→ ∂(M ∪ϕhk) such that F0 = f
and F1(Sl−1) Ă ∂(M ∪ϕ hk) \K.

Proof. Note that we know by the Smooth Embedding Theorem 24.10 and the Handle
Attachment Proposition 136.1 (1) that f(Sl−1) andK are both submanifolds of ∂(M∪ϕhk).
By the Transversality Theorem 42.4 there exists a smooth homotopy F : Sl−1 × [0, 1] →
∂(M ∪ϕ hk) with F0 = f such that F1(Sl−1) is transverse to the belt sphere K. Note that

dim(F1(Sl−1)) + dim(K) = l − 1 + n− k − 1 ≤ n− 2 < n− 1 = dim(∂(M ∪ϕ hk)).
↑

by hypothesis we have l ≤ k

It follows immediately from the de�nition of transverse intersection and this inequality of
dimensions that F1(Sl−1) is actually disjoint from the belt sphere K. �

We continue with the following technical enhancement of the previous claim.

Claim 2. There exists a smooth homotopy Ψ: (B
n−l × Sl−1) × [0, 1] → ∂(M ∪ϕ hk) with

Ψ0 = ψ and such that Ψ1(B
n−l × Sl−1) Ă ∂M \ ϕ(B

n−k × Sk−1).

1656Note that it follows from the fact that ψ takes values in the interior of ∂M ∩∂(M ∪ϕ1
hk11 · · ·∪ϕm hkmm ))

in ∂M that the maps ϕ1, . . . , ϕm can also be used to attach successively handles to M ∪ψ̃ h
l.



2958

Proof. It follows from the Handle Attachment Proposition 136.1 (1) that ϕ(Sn−k−1 ×
B
k
) is a tubular neighborhood for the belt sphere K = Sn−k−1 × {0} Ă ∂(M ∪ϕ hk).

We obtain from the previous claim together with Exercise ?? and the Smooth Isotopy
Transitivity Proposition 33.3 a smooth homotopy G : f(Sl−1) × [0, 1] → ∂(M ∪ϕ hk) such
that G0 = id and such that G1(f(Sl−1)) Ă ∂(M ∪ϕ hk) \ ϕ(B

n−k × Sk−1). Next note
that using the Isotopy Extension Theorem 36.1 we can extend G to a smooth homotopy
G : (ψ(B

n−l × Sl−1)) × [0, 1] → ∂(M ∪ϕ hk). Unfortunately a priori we do not know that
G1(ψ(B

n−l × Sl−1)) Ă ∂M \ ϕ(B
n−k × Sk−1). But it follows immediately from the �Tube

Lemma�, see Exercise (a), that there exists an ε > 0 such that the map

Ψ: (B
n−l × Sl−1)× [0, 1] → ∂(M ∪ϕ hk)

((v, P ), t) 7→ G(ψ(((1− t) + ε · t) · v, P )︸ ︷︷ ︸
∈Bn−l×Sl−1

, t)

has all the desired properties. �
It follows easily from the Handle Attachment Proposition 136.1 (5) that ψ̃ := Ψ1 has

all the desired properties. �
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M

belt sphere K of the ϕ-handle
the ϕ-handle

the ϕ-handle

the ψ-handle
the ψ̃-handle

The Handle Swapping Proposition 136.3 leads us to the following de�nition.

De�nition. Let M be a compact n-dimensional smooth manifold. Suppose we are given
a handle decomposition where the handles are attached with non-decreasing indices, i.e.
we have a handle decomposition of the following form:

M = ∅∪ϕ0,1h
0 · · · ∪ϕ0,r0

h0︸ ︷︷ ︸
0-handles

∪ . . .∪ϕn,1hn · · · ∪ϕn,rn h
n.︸ ︷︷ ︸

n-handles

We introduce the following two concepts:
(1) Given i ∈ {0, . . . , n} we refer to

M i := ∅∪ϕ0,1h
0 · · · ∪ϕ0,r0

h0︸ ︷︷ ︸
0-handles

∪ . . .∪ϕi,1hi · · · ∪ϕi,ri h
i.︸ ︷︷ ︸

i-handles

as the i-skeleton of the handle decomposition.
(2) We say that a handle decomposition is standard if it is of the above form and if for

each i ∈ {0, . . . , n} the attaching maps ϕi,1, . . . , ϕi,ri take values in ∂M
i−1.
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Corollary 136.4. (Standard Handle Decomposition Corollary) Let M be a com-
pact n-dimensional smooth manifold. If M admits a handle decomposition, then it also
admits a handle decomposition with the same number of handles of each index, but which
is now standard.
Proof. This follows immediately from iteratively applying the Handle Swapping Proposi-
tion 136.3 to reorder the handles. �

Remark. In Chapter ?? we will see several other ways for modifying a given handle de-
composition. But for the time being the above rearranging of handle attachments is good
enough.

136.4. Dual handle decomposition. In this section we will see that we can associate
to each handle decomposition a �dual� handle decomposition. More precisely, we have the
following proposition.

Proposition 136.5. (Dual Handle Proposition) Let M be a closed n-dimensional
smooth manifold together with a handle decomposition

M = ∅ ∪ϕ0 hk0︸︷︷︸
0-th handle

∪ · · · ∪ϕm hkm︸ ︷︷ ︸
m-th handle

.

There exists canonical handle decomposition

M = ∅ ∪ψm h̃n−km︸ ︷︷ ︸
0-th dual handle

∪ · · · ∪ψ0 h̃n−k0︸ ︷︷ ︸
m-th dual handle

,

called dual handle decomposition, with the following properties:
(1) For each i ∈ {0, . . . ,m} the following statements hold:

(a) The i-th handle of the dual handle decomposition equals, as a subset of M , the
(m− i)-th handle of the original handle decomposition.

(b) The indices of the handles are reversed, in the sense that

index of the i-th handle of
the dual handle decomposition = n− index of the (m− i)-th handle of

the original handle decomposition.

In particular the number i-handles in the dual handle decomposition equals the
number of (n− i)-handles in the original decomposition.

(c) The roles of attaching spheres and belt spheres is reversed in the sense that

belt sphere of the i-th handle of
the dual handle decomposition =

attaching sphere of the (m−i)-th handle
of the original handle decomposition.

Furthermore the same statement, with the roles of attaching and belt spheres
reversed, also holds.



2960

(2) If the original handle decomposition is standard, then so is the dual handle decom-
position.

(3) The dual of the dual handle decomposition is the original handle decomposition.

Example. In the �gure below we show to the left a handle decomposition of S2. But as
we see, the decomposition of the sphere into subsets can also be read the other way and
we obtain the dual handle decomposition.
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Remark.
(1) It follows immediately from the Dual Handle Proposition 136.5 that every handle de-

composition of a closed connected non-empty n-dimensional smooth manifold admits
at least one n-handle. This gives in particular a solution to Exercise 136.3 (a).

(2) The handle decomposition that we construct in the proof of the Dual Handle Propo-
sition 136.5 is sometimes called the dual handle decomposition.

The following lemma is the key ingredient in the proof of the Dual Handle Proposition 136.5.

Lemma 136.6. Let X be an n-dimensional smooth manifold and let ϕ : B
n−k×Sk−1→∂X

be a smooth embedding. Let X ∪ϕ hk := X ∪
∂X

ϕ←−Bn−k×Sk−1
(B

n−k × Bk
) be the result

of attaching the corresponding k-handle to X. Furthermore let Y be an n-dimensional
smooth manifold and let γ : ∂Y → ∂(X∪ϕhk) be a di�eomorphism. We consider the maps

ψ : B
k × Sn−k−1 → ∂Y

(x, y) 7→ γ−1(y, x) and
δ : ∂X → ∂(Y ∪ψ hk)

P 7→
{
γ−1(P ), if P ∈ ∂X \ ϕ(Bn−k×Sk−1),
ϕ−1(P ), if P ∈ ϕ(Bn−k×Sk−1).

The obvious map from(
X ∪

∂X
ϕ←−Bn−k×Sk−1

(B
n−k ×Bk

)
)︸ ︷︷ ︸

=X∪ϕhk

∪
∂(X∪ϕhk)

γ←−∂Y Y

to (
Y ∪

∂Y
ψ←−Bk×Sn−k−1

(B
n−k ×Bk

)
)

︸ ︷︷ ︸
=Y ∪ψhk

∪
∂(Y ∪ψhk)

δ←−∂X X

is a di�eomorphism.
Lemma 136.6 can be summarized as follows: If a smooth manifold W is obtained from
X by attaching a k-handle and then gluing on Y , then we can also obtain W from Y by
attaching an (n− k)-handle and gluing on X.
Sketch of proof of Lemma 136.6. Once one has digested the statement of the lemma,
one realizes, that the lemma comes close to being a tautology. One can easily verify
that the �obvious� maps in both directions are well-de�ned and inverses of one another.
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ψ

along ∂Y

along ∂X

∂X X B
n−k×Bk

Y

X ∪ϕ hk

Y ∪ϕ hn−kglue on X

glue on Y

attach (n− k)-handle

core of the handle

attach k-handle

start with Y

start with X

ϕ

Furthermore using the Topological Pushout Proposition 5.33 (1b) it is straightforward to
verify that these maps are continuous, thus both maps are homeomorphisms. One still
needs to show that both maps are in fact smooth. This joyless task is best left to the
reader's o�ce mate. �

Proof of the Dual Handle Proposition 136.5. Let M = ∅ ∪ϕ0 h
k0 ∪ · · · ∪ϕm hkm be

a handle decomposition. Given i = 0, . . . ,m we write Xi := ∅ ∪ϕ0 h
k0 ∪ · · · ∪ϕi−1

hki−1 ,
Mi := Xi∪ϕihki and Yi := M\

◦
M i. Note that Yi is an n-dimensional smooth manifold by the

Codimension-Zero Submanifold Proposition 19.38. Therefore note that Ym = M \M = ∅.
Since M is closed we can apply Lemma 136.6 iteratively altogether (m+ 1) times. We see
that M = ∅ ∪ψm hn−km ∪ · · · ∪ψ0 h

n−k0 where for i = 0, . . . ,m the map ψi is given by

ψi : B
ki × Sn−ki−1 → ∂(∅ ∪ψm hn−km ∪ · · · ∪ψi+1

hn−ki+1)
(x, y) 7→ [(y, x)].

It is straightforward to verify that this dual handle decomposition has all the properties
stated in the proposition. �

We conclude this section with the following perhaps slightly surprising corollary.

Corollary 136.7. Let M be a closed connected non-empty n-dimensional smooth mani-
fold. For every handle decomposition of M we have the inequality:

1 + #(n− 1)-handles−#n-handles ≥ minimal size of a generating set of π1(M).

Proof. Let M be a closed connected non-empty n-dimensional smooth manifold that is
equipped with a handle decomposition of M . We have the following (in-) equalities:

original handle decomposition︷ ︸︸ ︷
1 + #(n− 1)-handles
− #n-handles =

dual handle decomposition︷ ︸︸ ︷
1 + #1-handles
− #0-handles ≥ minimal size of a

generating set of π1(M).
↑ ↑

Dual Handle Proposition 136.5 Corollary 136.12 �
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136.5. Handle attachments: Connectedness and orientability. In this section we
will see how handle attachments a�ect connectedness and orientability. In the subsequent
section we will see how handle attachments a�ect various algebraic invariants. First let us
deal with the basic concept of connectedness.

Lemma 136.8. (Handle-Connected Lemma) Let M be a compact n-dimensional
smooth manifold. Suppose that we are given a thickened (k − 1)-sphere in the bound-
ary ∂M , i.e. suppose we are given a smooth embedding ϕ : B

n−k × Sk−1 → ∂M . The
following statements hold:
(k>1) The inclusion induced map π0(M)→ π0(M ∪ϕ hk) is a bijection.
(k=1) (a) If the attaching map ϕ : B

n−1 × S0 → ∂M takes values in a single component
of ∂M , then the inclusion induced map π0(M)→ π0(M ∪ϕ hk) is a bijection.

(b) If the attaching map ϕ : B
n−1 × S0 → ∂M takes values in two components

of ∂M , then the number of components goes down by one.
(k=0) M ∪ϕ h0 has one extra component, namely the 0-handle.
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this 1-handle reduces the number of components by one

this 1-handle does not
change connectedness

2-handle does not change connectedness 0-handle adds an extra component

Proof. The statements for k > 1 and k = 1 follow easily from the Union Connected
Lemma 2.28. The statement for k = 0 follows from the fact that adding a 0-handle is just
taking the disjoint union with the 0-handle. �

Next we study the slightly subtle question how attaching a handle a�ects orientability.

Proposition 136.9. (Handles-Orientability Proposition) Let M be a compact ori-
ented n-dimensional smooth manifold. Suppose that we are given a thickened (k−1)-sphere
in the boundary ∂M , i.e. suppose we are given a smooth embedding ϕ : B

n−k×Sk−1 → ∂M .
The following statements hold:

(i) Let τ : Sk−1 → Sk−1 be a re�ection in some hyperplane of Rk. The corresponding
map ϕ ◦ (id

B
n−k ×τ) : B

n−k×Sk−1 → ∂M is also a thickened (k− 1)-sphere and the
smooth manifold M ∪ϕ◦(id×τ) h

k is di�eomorphic to M ∪ϕ hk.
(ii) If ϕ : B

n−k × Sk−1 → ∂M is orientation-reversing, then there exists an orientation-
reversing smooth embedding ψ : B

n−k × Sk−1 → ∂M such that M ∪ψ hk is di�eo-
morphic to M ∪ϕ hk.

Now we consider the various dimensions separately:
(k≥2) M∪ϕhk admits an orientation which agrees with the given orientation onM \∂M .
(k=1) (a) If1657 ϕ : B

n−1 × S0 → ∂M is orientation-preserving or orientation-reversing,
then M ∪ϕ hk admits an orientation that agrees with the given orientation on
M \ ∂M .
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(b) We suppose that the image of ϕ lies in a single component of M . If (a) is not
satis�ed, then M ∪ϕ hk is non-orientable.

(k=0) M ∪ϕ h0 = M tBn
is again orientable.

Proof.

(i) The re�ection τ : Sk−1 → Sk−1 extends in an obvious way to a di�eomorphism
τ : B

k → B
k
. The di�eomorphism from M ∪ϕ◦(id×τ) h

k to M ∪ϕ hk is given by
the identity on M and by id

B
n−k ×τ on B

n−k ×Bk
.

(ii) This statement follows immediately from (1).
After these preparations we turn to the proofs of the main statements of the proposition.
(k≥2) This statement follows immediately from (ii) together with the Gluing-Smooth

Manifolds-Proposition ?? (6).
(k=1) (a) This statement follows immediately from (ii) together with the Gluing-Smooth

Manifolds-Proposition ?? (6).
(b) This statement is basically a special case of Exercise ??.

(k=0) This case is trivial. �

The Handles-Orientability Proposition 136.9 (3) motivates the following de�nition.

De�nition. Let M be a compact oriented n-dimensional smooth manifold. We say a
thickened 0-sphere ϕ : B

n × S0 → ∂M is orientable if ϕ is orientation-preserving or if it is
orientation-reversing. Otherwise we say that the thickened 0-sphere is non-orientable.
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M

The following lemma basically shows that there are not that many di�erent possibilities
for attaching 1-handles.

Lemma 136.10. (1-Handle Attachment Lemma) Let M be a compact oriented n-
dimensional smooth manifold, let F be a component of ∂M and let ϕ, ψ : B

n−1×S0 → F be
two thickened 0-spheres. If ϕ and ψ are both orientable or if they are both non-orientable,
then M ∪ϕ h1 and M ∪ψ h1 are di�eomorphic.
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M ∪ϕ h1 M ∪ψ h1

Proof. Let ϕ, ψ : B
n−1×S0 → F be two thickened 0-spheres. First assume that n ≥ 3. As

in the Handles-Orientability Proposition 136.9 (1) let τ : S0 → S0 be the map that swaps

1657Recall that the orientation on S0 is given by −{−1} ∪+{1}. By de�nition of the product orientation,
see page 695, B

n−1 × S0 → −Bn−1 tBn−1
.
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the two points ±1. By the Handles-Orientability Proposition 136.9 we can, if convenient,
replace ϕ by ϕ◦(id×τ) and we can replace ψ by ψ◦(id×τ). It follows from this observation
that we can arrange that the maps ϕ : B

n−1 × {1} → ∂M and ψ : B
n−1 × {1} → ∂M are

both orientation-preserving. It follows from our orientation hypothesis on ϕ and ψ that
ϕ : B

n−1 × {−1} → ∂M and ψ : B
n−1 × {−1} → ∂M are both orientation-preserving or

they are both orientation-reversing.
Since n = dim(M) ≥ 3 we have dim(∂M) ≥ 2. Thus we can apply the Smooth Ball

Embedding Theorem 37.8 which implies that the two maps ϕ and ψ are smoothly isotopic.
Thus it follows from the Handle Attachment Proposition 136.1 that M ∪ϕ h1 and M ∪ψ h1

are di�eomorphic.
It remains to deal with the cases n = 1 and n = 2. The case n = 1 is basically trivial.

Finally we will deal with the case n = 2 in Exercise 136.1. �

136.6. Handle attachments: Algebraic invariants. In this section we will discuss how
a handle attachment alters some of our favorite algebraic invariants of topological spaces,
namely the fundamental group and the homology groups. The statements below are ba-
sically the same as for cell attachments that we gave in Propositions 69.11 and the Cell
Attachment-H∗-Lemma 78.18. First we have the following analogue of the Cell Attachment-
π1-Proposition 69.11.

Proposition 136.11. (Handle Attachment-π1-Proposition) Let M be a compact n-
dimensional smooth manifold, let k ∈ N and let ϕ : B

n−k × Sk−1 → ∂M be a thickened
(k − 1)-sphere. We pick (x0, y0) ∈ Sn−k−1 × Sk−1 and we set P := ϕ(x0, y0) ∈ ∂M . The
following statements hold:
(k>2) The inclusion induced map π1(M,P )→ π1(M ∪ϕ hk, P ) is an isomorphism.
(k=2) Let β : S1 →M be the loop that is given by z 7→ ϕ(x0, z). The inclusion induced

map π1(M,P )→ π1(M ∪ϕ h2, P ) descends to an isomorphism

π1(M,P )/〈〈[β]〉〉
∼=−−→ π1(M ∪ϕ h2, P ).

(k=1) We set P ′ := ϕ(x0,−y0) ∈ ∂M .
(a) Suppose that P and P ′ lie in the same component of M . Let γ be a loop in

M ∪ϕh1 that is given by the concatenation of the obvious path in the 1-handle
from P to P ′ and some path in M from P ′ to P . With this notation the map

π1(M,P ) ∗ 〈t〉 → π1(M ∪ϕ h1, P )

that is given by the inclusion induced map π1(M,P ) → π1(M ∪ϕ h1, P ) and
given by t 7→ [γ] is an isomorphism.

(b) Suppose that P and P ′ lie in two di�erent components of M . Then we get an
isomorphism

π1(M,P ) ∗ π1(M,P ′) → π1(M ∪ϕ h1, P ).

Proof. The statements follow fairly easily from a slight generalization of the Seifert�van
Kampen Theorem 54.4 and the HNN-Seifert�van Kampen Theorem 57.3 (b). Overall the
proof is very similar to the proof of the Cell Attachment-π1-Proposition 69.11 and we
leave it to the reader to make the obvious alterations to obtain a proof for the present
proposition. �



136. HANDLE DECOMPOSITIONS OF SMOOTH MANIFOLDS 2965

����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������

����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������

�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������

�
�
�
�

�
�
�
���

��
��
��

��
��
��
��

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

���
���
���
���

���
���
���
���

���
���
���

���
���
���

���
���
���
���

this 1-handle �adds�
a generator to π1

this 2-handle �kills�
an element of π1

this 2-handle leaves π1 unchanged

β

γ

this 1-handle connects two components, the resulting
fundamental group is the free product

of the fundamental groups of the two components

P

P

P ′

P ′

Corollary 136.12. Let M be a compact connected non-empty smooth manifold. For
every handle decomposition of M we have the inequality:

1 + #1-handles−#0-handles ≥ minimal size of a generating set of π1(M).

Proof. Let M be a compact connected non-empty smooth manifold that is equipped with
a handle decomposition. We denote by r the number of 0-handles and we denote by s
the number of 1-handles. First note, that by the Standard Handle Decomposition Corol-
lary 136.4 we can assume that the handle decomposition is standard. We pick a base point
P in one of the 0-handles. By the de�nition of a generating set, see page 1159, it su�ces
to prove the following claim.

Claim. There exists an epimorphism from a group of rank 1 + s− r onto π1(M,P ).

Proof. Given k ∈ N0 we denote byMk the k-skeleton ofM . It follows fairly easily from our
hypothesis that M is connected, together with the Handle-Connected Lemma 136.8 and
the Handle Attachment-π1-Proposition 136.11, that π1(M1, P ) is a free group on 1 + s− r
generators. Next note that it follows from the Handle Attachment-π1-Proposition 136.11
that the inclusion induced map π1(M1, P ) → π1(M,P ) is an epimorphism. Thus we have
shown, as desired, that there exists an epimorphism from a group of rank 1 + s − r onto
π1(M,P ). �

Next we study the e�ect of a handle attachment to homology groups. The following lemma
is an analogue of the Cell Attachment-H∗-Lemma 78.18.

Lemma 136.13. (Handle Attachment-H∗-Lemma) LetM be a compact n-dimensional
smooth manifold, let k ∈ N0, let ϕ : B

n−k×Sk−1 → ∂M be a thickened (k−1)-sphere and
let x ∈ Bn−k

. We denote by i : M → M ∪ϕ hk the inclusion map. There exists a natural
exact sequence of the form1658

induced by the map y 7→ ϕ(x, y)
↓

0 → Hk(M)
i∗−→ Hk(M ∪ϕ hk) → H̃k−1(Sk−1)︸ ︷︷ ︸

∼=Z

→ Hk−1(M)
i∗−→ Hk−1(M ∪ϕ hk) → 0.

Furthermore, for any l 6= k − 1, n the inclusion induced map

i∗ : Hl(M)
∼=−→ Hl(M ∪ϕ hk)

is an isomorphism.
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Remark. By considering the 0-th homology groups one can deduced the Handle-Connected
Lemma 136.8 from the Handle Attachment-H∗-Lemma 136.13.

Proof. We consider the following diagram:

Hj(M∪ϕhk)
∂ // H̃j−1(ϕ(B

n−k×Sk−1)) // Hj−1(M)⊕

=0︷ ︸︸ ︷
H̃j−1(ϕ(B

n−k×Bk
)) // Hj−1(M∪ϕhk) //

H̃j−1(Sk−1)

∼=

OO 33

Here the upper sequence is the long exact sequence coming from a slight generalization of
the Mayer-Vietoris Theorem 78.9 for Smooth Manifolds. The maps emanating from below
are the obvious maps. The statements of the lemma follow from staring at this diagram
for a few short minutes. �
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this 2-handle leaves H1 unchanged, but it increases the rank of H2 by one

this 2-handle �kills� a generator of H1 and it leaves H2 unchanged

this 1-handle adds
a generator to H1

136.7. Handle attachments: Invariants of the boundary. In this section, given a
handle attachment M ∪ϕ hk we will study the interaction between algebraic invariants of
M ∪ϕ hk and its boundary ∂(M ∪ϕ hk). Again we �rst consider fundamental groups.

Lemma 136.14. Let M be a connected n-dimensional smooth manifold such that ∂M is
also connected. Let ϕ : B

n−k × Sk−1 → ∂M be a thickened (k − 1)-sphere. The following
statements hold:
(1) If 1 ≤ k < n− 1, then the boundary ∂(M ∪ϕ hk) is connected and non-empty.
(2) (a) If 1 ≤ k ≤ n− 3 and if π1(∂M) → π1(M) is an isomorphism, then the induced

map π1(∂(M ∪ϕ hk))→ π1(M ∪ϕ hk) is also an isomorphism.
(b) If 1 ≤ k ≤ n− 2 and if π1(∂M)→ π1(M) is an epimorphism, then the induced

map π1(∂(M ∪ϕ hk))→ π1(M ∪ϕ hk) is also an epimorphism.

Proof. First we prove Statement (1). By the Handle Attachment Proposition 136.1 we
have

∂(M ∪ϕ hk) = (∂M \ ϕ(Bn−k × Sk−1))︸ ︷︷ ︸
connected by the Complement

Connected Lemma 2.29,
since ∂M is connected

∪ϕ|
Sn−k−1 × Sk−1︸ ︷︷ ︸
6= ∅ since 1 ≤ k < n-1

(Sn−k−1 ×Bk
)︸ ︷︷ ︸

connected since
k < n− 1

.

It follows from the Complement Connected Lemma 2.29 that ∂(M ∪ϕ hk) is indeed con-
nected. Since n− k − 1 ≥ 0 we see that the boundary is furthermore non-empty.

1658Note that this statement also holds for k = 0, we just need to remember that by the Reduced Homology
Lemma 74.1 we have H̃−1(∅) = Z.
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We turn to the proof of Statement (2). We pick and immediately ignore a base point
in ϕ(Sn−k−1 × Sk−1. We consider the following diagram:

π1

( =∂(M∪ϕhk)︷ ︸︸ ︷
(∂M \ϕ(Bn−k×Sk−1)) ∪

Sn−k−1×Sk−1
(Sn−k−1×Bk

)
)

//

**

π1

( =M∪ϕhk︷ ︸︸ ︷
M ∪

B
n−k×Sk−1

(B
n−k×Bk

)
)

π1

(
∂M ∪

Sn−k−1×Sk−1
(Sn−k−1 ×Bk

)
)
.

OO

All the maps are induced by inclusions, hence the diagram commutes. First we consider
the case that 1 ≤ k ≤ n − 3. In this setting we need to show that the top map is an
isomorphism. This statement is a consequence of the following two observations:

(i) Note that it follows from Lemma 54.13 (1) and our hypothesis that k ≤ n−3 that the
map π1(∂M\ϕ(Bn−k×Sk−1))→ π1(∂M) is an isomorphism. Next note that it follows
from this observation together with the Seifert�van Kampen Theorem 54.4 and the
Amalgamated Product Lemma 53.22 (1) that the diagonal map is an isomorphism.

(ii) By hypothesis we know that π1(∂M) → π1(M) is an isomorphism. It follows from
this observation together with the Seifert�van Kampen Theorem 54.4 and the Amal-
gamated Product Lemma 53.22 (1) that the vertical map is an isomorphism.

Finally we consider the case that k ≤ n− 2. In this setting we perform the same argument
as above, except that need to replace Lemma 54.13 (1) by Lemma 54.13 (2) and that we
need to replace the Amalgamated Product Lemma 53.22 (1) by the Amalgamated Product
Lemma 53.22 (2). �

Corollary 136.15. Let n ∈ N with n ≥ 4. Let M be a compact connected non-empty
n-dimensional smooth manifold that is equipped with a handle decomposition.
(1) If all handles have index ≤ n − 3, then the boundary ∂M is connected and the

inclusion induced map π1(∂M)→ π1(M) is an isomorphism.
(2) If all handles have index ≤ n − 2, then the boundary ∂M is connected and the

inclusion induced map π1(∂M)→ π1(M) is an epimorphism.

Proof. Let M be a compact connected non-empty n-dimensional smooth manifold that
is equipped with a handle decomposition. If M has a single 0-handle, then the statement
follows immediately from Lemma 136.14.

Now suppose that M has in fact more than one 0-handle. In Corollary ?? we will see
that we can arrange that the handle decomposition has a single 0-handle. Alternatively
we can argue directly as follows. Let A1, . . . , Ak be the 0-handles. It follows easily from
the hypothesis that M is connected that there exist 1-handles B1, . . . , Bk−1 such that
W := (A1 ∪ · · · ∪ Ak) ∪ (B1 ∪ · · · ∪ Bk−1) is connected. It is straightforward to verify that
π1(W ) is trivial and that ∂W is connected. We obtain M from W by attaching handles of
index ≥ 1. Thus the desired statement again follows from Lemma 136.14. �

We continue with the �homological analogue� of Lemma 136.14.
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Lemma 136.16. Let M be an n-dimensional smooth manifold. Suppose we are given a
thickened (k − 1)-sphere ϕ : B

n−k × Sk−1 → ∂M . Let j ∈ N0. The following statements
hold:
(1) If j ≤ n − k − 2 and if Hi(∂M) → Hi(M) is an isomorphism for i = 0, . . . , j, then

Hj(∂(M ∪ϕ hk))→ Hj(M ∪ϕ hk) is also an isomorphism for i = 0, . . . , j.
(2) If j ≤ n− k− 1 and if Hi(∂M)→ Hi(M) is an isomorphism for i = 0, . . . , j − 1 and

if it is an epimorphism for i = j, then the analogous statements hold for the maps
Hj(∂(M ∪ϕ hk))→ Hj(M ∪ϕ hk).

Proof. The lemma follows from applying the Mayer-Vietoris Theorem 78.9 to the de-
composition ∂M = (∂M \ ϕ(Bn−k × Sk−1)) ∪ (B

n−k × Sk−1), to M ∪ϕ hk and �nally to
∂(M ∪ϕ hk) = (∂M \ ϕ(Bn−k × Sk−1)) ∪ (Sn−k−1 ×Bk

). Since we will not make use of the
lemma we leave the pleasure of �lling in the details to the reader. �

The following is an immediate corollary to Lemma 136.16.

Corollary 136.17. Let M be a compact non-empty n-dimensional smooth manifold that
is equipped with a handle decomposition and let j ∈ N0.
(1) If all handles have index ≤ n− j−2, then for i = 0, . . . , j the inclusion induced map

Hj(∂M)→ Hj(M) is an isomorphism.
(2) If all handles have index ≤ n− j − 1, then for i = 0, . . . , j − 1 the inclusion induced

map Hi(∂M)→ Hi(M) is an isomorphism and the inclusion induced map Hj(∂M)→
Hj(M) is an epimorphism.

136.8. Handle decompositions and CW-structures. We conclude this chapter with
a proposition that shows that a handle decomposition of a smooth manifold M gives rise
to a CW-complex that is homotopy equivalent to the smooth manifold M . We will not
really make use of this result, but it is good to know it exists, and in principle it can
be used to deduce some results on handle decompositions from our long experience with
CW-structures.
Proposition 136.18. (Handles-Cells Proposition) Every compact smooth manifold
M that is equipped with a handle decomposition is homotopy equivalent to a CW-complex
X such that for each k ∈ N0 the number of k-handles of M equals the number of k-cells
of X.
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handle decomposition of the torus CW-complex

1-handle 1-cell
0-handle 0-cell

2-handle 2-cell

Remark. We will prove the Handles-Cells Proposition 136.18 using the Homotopy Pushout
Theorem 17.19, which comes with a rather intimidating proof. A slightly more direct proof
for the Handles-Cells Proposition 136.18 is given in [Miln1963a, Theorem 3.4].

As we mentioned in the remark, the key to proving the Handles-Cells Proposition 136.18
is the following theorem whose easy formulation belies the di�culty of the proof.
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Theorem 17.19. (Homotopy Pushout Theorem) Suppose we are given the following
commutative diagram of maps between topological spaces:

Y
ϕY
��

A �
� i //

ϕA
��

f
oo X

ϕX
��

Y ′ A′ �
� i′ //

f ′
oo X ′.

If the vertical maps are homotopy equivalences and if the maps i and i′ to the right are
closed co�brations1659, then the induced map

Y ∪A X → Y ′ ∪A′ X ′

between the pushouts is a homotopy equivalence.

Proof of the Handles-Cells Proposition 136.18. Let M be a compact smooth mani-
fold with a given handle decomposition. By the Standard Handle Decomposition Corol-
lary 136.4 we can arrange, without changing the number of handles of any index, that the
handle decomposition is standard.

Given k ∈ N0 we denote, as on page 2958, by Mk the k-skeleton of the handle decom-
position. In other words, Mk is the union of all handles of dimension ≤ k. Furthermore,
given any CW-complex X we denote by Xk its k-skeleton, i.e. Xk is the union of cells of
dimension ≤ k. We will prove the following slight re�nement of the original statement of
the Handles-Cells Proposition 136.18.

Statement. There exists a CW-complex X and a homotopy equivalence g : M → X with
the following two properties:
(1) for each k ∈ N0 we have g(Mk) Ă Xk,
(2) for each k ∈ N0 the number of k-cells of X equals the number of k-handles of M .

By an elementary induction argument it su�ces to prove the following claim.

Claim. Let N be a compact n-dimensional smooth manifold that is equipped with a
standard handle decomposition. We suppose that there exists a homotopy equivalence
f : N → X to some CW-complex X such that for every k ∈ N0 we have f(Nk) Ă Xk.
Let ϕ : B

n−k × Sk−1 → ∂N be a smooth embedding. There exists a cellular map1660

ψ : Sk−1 → X and a homotopy equivalence1661

g :
(
N t

(
B
n−k ×Bk))

/∼︸ ︷︷ ︸
=N∪ϕhk

→
(
X t B

k)
/∼ .︸ ︷︷ ︸

ψ(x) ∼ x for all x ∈ Sk-1

Proof. We consider the map η : Sk−1 → X that is given by η(x) := (f ◦ ϕ)(0, x). By
the Cellular Approximation Theorem 70.15 there exists a homotopy F : Sk−1 × [0, 1]→ X
from F0 = η : Sk−1 → X to a cellular map F1 = ψ : Sk−1 → X. We obtain the following

1659We refer to page 478 for the de�nition of a closed co�bration. To get the hang of the argument it is
not that important though to recall the de�nition of a closed co�bration.
1660We equip Sk−1 with the canonical CW-structure that we introduced on page 1472.
1661Note that it follows from the CW-Complex Construction Lemma 68.32 and the fact that ψ is cellular
that (X tBk)/∼ is a CW-complex with one extra k-cell.
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commutative diagram:

N ∂N? _oo B
n−k × Sk−1 � � //

ϕ
oo B

n−k ×Bk

N

id

OO

f
��

Sk−1

��

x 7→ϕ(0,x)
oo � � //

x 7→(0,x)

OO

B
k

x 7→(0,x)

OO

��

X

id
��

Sk−1 � � //
η

oo

x 7→ (x,0)
��

B
k

x 7→ (x,0)
��

X Sk−1 × [0, 1] �
�

//Foo B
k × [0, 1]

X

id

OO

Sk−1 � � //
ψ

oo

x 7→ (x,1)

OO

B
k
.

x 7→ (x,1)

OO

It is clear that all of the vertical maps are homotopy equivalences. Furthermore note that
it follows immediately from the Manifold Boundary-Co�bration Proposition 17.8 and the
Product-Co�bration Proposition 17.11 that all of the right horizontal maps are closed co�-
brations. Thus it follows from the Homotopy Pushout Theorem 17.19, applied altogether
four times, that the induced maps between the various pushouts have homotopy inverses.
Combining these four homotopy equivalences, respectively their homotopy inverses, we
obtain the promised homotopy equivalence

N ∪
B
n−k×Sk−1 (B

n−k ×Bk
)︸ ︷︷ ︸

=(Nt(B
n−k×Bk))/∼

→ X ∪Sk−1 B
k
.︸ ︷︷ ︸

=(X tBk)/∼ �
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Exercises for Chapter 136.

Exercise 136.1. Let M be a compact oriented 2-dimensional smooth manifold and let F
be a component of ∂M . Show that any two orientation-preserving 1-handle attachments
to F lead to di�eomorphic smooth manifolds.

Exercise 136.2. Let m, k ∈ N. We consider the thickened (k − 1)-sphere

ϕ : B
m × Sk−1 → Sm+k−1 = ∂(B

m+k
)

(x, y) 7→ ( 1
2 · x, y)

‖( 1
2 · x, y)‖

.

(a) Show that B
m+k ∪ϕ hk is homeomorphic to B

m × Sk.
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(b) Show that B
m+k ∪ϕ hk is di�eomorphic to B

m × Sk.
Remark. This exercise is meant only for the heroically inclined reader.
Remark. The full details for a very similar statement are provided in [Wall2016,
Lemma 5.4.2].

Exercise 136.3. LetM be a closed connected non-empty n-dimensional smooth manifold.
(a) Show that every handle decomposition of M admits at least one n-handle.
(b) Suppose we are given a handle decomposition of M with a unique n-handle. Show

that this n-handle has non-empty intersection with every other handle.

Exercise 136.4. On page 2955 we saw that the surface of genus 2 admits a handle de-
composition with four 1-handles. Does it also admit a handle decomposition with less than
four 1-handles?

Exercise 136.5. Let M be a compact oriented n-dimensional smooth manifold and let
ϕ : B

n−k × Sk−1 → ∂M be a thickened (k − 1)-sphere. Show that if k ≥ 2 and n ≥ k + 3,
then there exists an epimorphism π1(∂M)→ π1(∂(M ∪ϕ hk)).

Exercise 136.6. Let K Ă S3 be a knot. We pick a tubular neighborhood B
2 ×K and as

on page 2213 we consider the knot exterior XK := S3 \ (B2 ×K). Can we add handles to
XK to obtain a smooth manifold that is di�eomorphic to S3?

Exercise 136.7. We consider the 3-dimensional smooth manifold M shown in the �gure
below. Furthermore we consider the thickened 1-sphere ϕ : B

1 × S1 → ∂M shown in the
�gure below. Can you recognize the di�eomorphism type of M ∪ϕ h2? Can you prove that
it is what you think it is?
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ϕM h2

Exercise 136.8. Let M be a connected n-dimensional smooth manifold. Furthermore let
ϕ : B

n−1×S0 → ∂M be a thickened 0-sphere in ∂M . Let τ : B
n−1 → B

n−1
be the re�ection

in a hyperplane. We consider the thickened 0-sphere

B
n × S0 → ∂M

(P, ε) 7→
{
ϕ(τ(P ),−1), if ε = −1,
ϕ(P, 1), if ε = 1.

Is it possible that M ∪ϕ h1 and M ∪ψ h1 are di�eomorphic?

Exercise 136.9. Let M be a compact n-dimensional smooth manifold such that ∂M is
connected. Let k ∈ N0 and let ϕ : B

n−k×Sk−1 → ∂M be a thickened (k− 1)-sphere. Show
that if ∈ {1, . . . , n− 1}, then ∂(M ∪ϕ hk) is also connected.

Exercise 136.10. Let M be a compact n-dimensional smooth manifold.

(a) Let k ∈ N0 and let ϕ : B
n−k×Sk−1 → ∂M be a thickened (k− 1)-sphere. Prove that

χ(M ∪ϕ hk) = χ(M) + (−1)k.
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2-handle adds boundary component

this 1-handle does not
change connectedness

of the boundary

M is a 3-dimensional smooth manifold 0-handle adds a boundary component

(b) Show that given any handle decomposition for M the following equality holds:∑
k∈N0

(−1)k · number of k-handles = χ(M).

Exercise 136.11. Let k ∈ N and let M be a compact orientable 2k-dimensional smooth
manifold which admits a handle decomposition such that all handles have index ≤ k. Is
the inclusion induced map Hk(∂M)→ Hk(M) necessarily an epimorphism?

Exercise 136.12. Let M be a compact smooth that is equipped with a standard handle
decomposition. Given k ∈ N0 we denote byMk the k-skeleton of the handle decomposition,
i.e. Mk is the union of all handles up to dimension ≤ k. Let P be a point in the 0-skeleton
and let i ∈ N.
(a) Show that for any k > i the inclusion induced map πi(M

k, P ) → πi(M,P ) is an
isomorphism.

(b) Show that the inclusion induced map πk(Mk, P )→ πk(M,P ) is an epimorphism.
Hint. Use the Whitney Approximation Theorem 29.1, the Replace-by-Smooth Homotopy
Proposition 29.5 and Transversality Theorem 42.4 applied to a suitable choice of proper
submanifolds.
Remark. This exercise can be viewed as a handle analogue of the corresponding statement
for CW-complexes that we proved in the CW-Skeleton-πn-Proposition 71.9.

Exercise 136.13. Let M be a compact oriented n-dimensional smooth manifold, let F be
a component of ∂M and let ϕ, ψ : B

n−1 × S0 → F be two thickened 0-spheres. Show that
if F is non-orientable, then then M ∪ϕ h1 and M ∪ψ h1 are di�eomorphic.
Remark. This exercise is a variation on the 1-Handle Attachment Lemma 136.10.
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137. Morse functions

In the last chapter we introduced handle decompositions and showed explicitly that some
of our favorite compact smooth manifolds admit handle decompositions. Our next goal is
to show that every compact smooth manifold admits a handle decomposition. We will do
so via Morse theory, which builds on the fairly straightforward concept of a Morse function.
In this chapter we will introduce Morse functions, we will show that they always exist and
we will study their gradient vector �elds.

137.1. Non-degenerate critical points. The following de�nition is just a special case of
the de�nition on page 701.

De�nition. Let M be a smooth manifold and let f : M → R be a smooth function. We
say P ∈ M is a regular point if DfP : TPM → R is non-zero, otherwise we say P is a
critical point.
In our previous discussions we were trying hard to avoid critical points. In the following
we will see that the study of critical points can actually be quite fruitful. In particular, as
we will see shortly, critical points come in di�erent �avors which have a great in�uence on
the topology of the smooth manifold.

Lemma 137.1. Let M be an n-dimensional smooth manifold and let f : M → R be a
smooth function. Let P ∈M \ ∂M be a critical point. We pick a chart Φ: U → V for P .
We write Q := Φ(P ). The congruence1662 class of the Hessian matrix1663

Hess(f ◦ Φ−1)Q :=
(

∂2

∂xi∂xj

∣∣∣
Q
f ◦ Φ−1

)
i,j=1,...,n

∈ M(n× n,R)

is independent of the choice of the chart.
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f ◦ Φ−1

M

Q
Φ

RfP

Proof. There are two approaches to proving the lem:
(1) Let Ψ: X → Y be some other chart around P . We set R := Ψ(Q) and we set

Z := D(Ψ ◦ Φ−1)P . A slightly heroic calculation, see [Gaul1982, p. 51], shows that
ZT · Hess(f ◦Ψ−1)R · Z = Hess(f ◦ Φ−1)P .

(2) The statement can also be proved more elegantly by de�ning intrinsically a symmetric
form HPf : TPM × TPM → R which now happens to be represented by the matrix
Hess(f ◦ Φ−1)P . At this point the lemma is a consequence of the purely algebraic
the Forms-Matrices Lemma 133.1. This approach is taken in [Miln1963a, p. 4] and
[Nic2011, p. 6]. �

1662Here recall that two real n × n-matrices G and H are called congruent if there exists a matrix Z ∈
GL(n,R) such that ZTGZ = H.
1663Implicitly we use throughout that the Hessian matrix is symmetric. The fact that given a smooth
function the partial derivatives commute is variously known (depending on the geographic location of the
author) as the Schwarz Theorem, the Young Theorem or the Clairaut Theorem.
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It follows from Lemma 137.1, common sense and the combination of the Forms-Matrices
Lemma 133.1 (1c) and the Signature-Eigenvalues Proposition 133.8 that the following def-
inition is independent of any choices.

De�nition. Let M be an n-dimensional smooth manifold and let f : M → R be a smooth
function. Let P ∈ M \ ∂M be a critical point. We pick a chart Φ: U → V for P and we
write Q := Φ(P ).
(1) We say the critical point P is non-degenerate if det(Hess(f ◦Φ−1)Q) 6= 0. Otherwise

we call the critical point degenerate.
(2) We refer to1664

index(f, P ) := number of negative eigenvalues of Hess(f ◦ Φ−1)Q

as the index of the critical point P .

Examples.
(1) The �mother of all examples� are the functions

Rn → R
(x1, . . . , xn) 7→ c+

n∑
i=1
aix

2
i

with c, a1, . . . , an ∈ R. Evidently the origin 0 is a critical point. With respect to
the identity chart the Hessian Hess(f)0 is the diagonal matrix with diagonal entries
a1, . . . , an. Thus the origin is a non-degenerate critical point if and only if all ai are
non-zero. Finally, we have the following equality:

index(f, 0) = number of negative ai.
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index 1index 0

graph of −x2
1 − x2

2

index 2

graph of x2
1 − x2

2graph of x2
1 + x2

2

(2) We consider the smooth manifold M Ă R3 that is shown in the �gure below together
with the �height function� f : M → R that is de�ned by f(x, y, z) = z. In the �gure
below we indicate all critical points of f and we show their indices.

The following result says that, up to taking an appropriate chart, the above mother of all
examples is the only example of a non-degenerate critical point. The result was �rst proved
by Marston Morse [MorsM1934] in 1934.

1664Alternatively one could use the Signature-Eigenvalues Proposition 133.8 to de�ne

index(f, P ) := b−(HP f : TPM × TPM → R)

where HP f is the intrinsic Hessian mentioned above and where b−(ϕ) of a symmetric form ϕ : V × V → R
is de�ned, see page 2913, as the maximal dimension of a vector subspace W of V for which the symmetric
form ϕ|W is negative-de�nite.
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degenerate critical points
index 2

index 0
degenerate critical point

index 2

index 0

height function f

index 1

index 1

index 1

Theorem 137.2. (Morse Lemma) Let M be an n-dimensional smooth manifold. Fur-
thermore let f : M → R be a smooth function and let P ∈M \ ∂M be a critical point. If
P is non-degenerate, then there exists a chart Φ: U → V around P with U Ă M \ ∂M
and with Φ(P ) = 0 such that for every (x1, . . . , xn) ∈ V we have

(f ◦ Φ−1)(x1, . . . , xn) = f(P )− x2
1 − · · · − x2

k + x2
k+1 + · · ·+ x2

n

where k = index(f, P ).
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(x1, x2) 7→f(P )−x2
1+x2

2

f

M

R

Φ

P non-degenerate critical point

Remark.
(1) Recall that the Inverse Mapping Theorem 24.1 says that if the di�erential DfP of a

given map f : M → N between two smooth manifolds at a point P ∈ M \ ∂M is
invertible, then the map is locally a di�eomorphism. The Morse lemma is a similar
statement: at a non-degenerate critical point the local behavior of a smooth map
f : M → R is determined by the second partial derivatives.

(2) Our proof of the Morse Lemma 137.2 is basically the same proof as in [Miln1963a,
Lemma 2.2]. Somewhat di�erent proofs are given in [Nic2011, Theorem 1.12] and
[Lau2011, Section 3.3.2].

(3) LetM be an n-dimensional smooth manifold and let f : M → R be a smooth function.
Furthermore let P ∈ M \ ∂M be a non-degenerate critical point. It follows easily
from the Morse Lemma 137.2 that
(a) P is a local maximum if and only if index(f, P ) = n.
(b) P is a local minimum if and only if index(f, P ) = 0.

One of the key ingredients to the proof of the Morse Lemma 137.2 is the following propo-
sition.
Proposition 19.14 (Map-as-Matrix Multiplication Proposition). Let U Ă Rn be
an open convex subset that contains the origin and let f : U → R be a smooth function
with f(0) = 0. There exist smooth maps a1, . . . , an : U → R such that for i = 1, . . . , n we
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have ai(0) = ∂f
∂xi

(0) and such that

f(x1, . . . , xn) =
n∑
i=1

ai(x1, . . . , xn) · xi for all x = (x1, . . . , xn) ∈ U.
This proposition gives us the following corollary, which is actually the content of Exer-
cise 19.13.
Corollary 137.3. (Function-near-Critical Point Corollary) Let U Ă Rn be an open
convex subset that contains the origin and let f : U → R be a smooth function with
f(0) = 0. If 0 is a critical point of f , then there exist smooth functions hij : U → R,
i, j = 1, . . . , n such that hij = hji and such that

f(x) =
n∑
i=1

n∑
j=1

hij(x) · xi · xj for all x ∈ U.

Proof of Corollary 137.3. First note that by the Map-as-matrix multiplication Propo-
sition 19.14 there exist smooth maps a1, . . . , an : U → R such that for i = 1, . . . , n we have
ai(0) = ∂f

∂xi
(0) = 0 and such that

f(x) =
n∑
i=1

ai(x) · xi for all x = (x1, . . . , xn) ∈ U.

Since 0 is a critical point we know that a1(0) = · · · = an(0) = 0. Thus, given i ∈ {1, . . . , n}
we can once again apply the ever-useful the Map-as-matrix multiplication Proposition 19.14
to the smooth map ai and we obtain smooth maps bi1, . . . , bin : U → R with bij(0) =
( ∂
∂xj
ai)(0) = ( ∂

∂xj

∂
∂xi
f)(0) and such that

ai(x) =
n∑
j=1

bij(x) · xj for all x ∈ U.

It now clear that the maps hij := 1
2
(bij + bji) have the desired properties. �

Proof of the Morse Lemma 137.2. We make a few preparations.
(1) We can assume that M is an open convex neighborhood U of 0 ∈ Rn, that P = 0 is

the non-degenerate critical point of f : U = M → R and that f(0) = 0.
(2) Throughout the proof we use the usual notation that given x ∈ Rn we denote its

coordinates by x1, . . . , xn.
(3) Let V andW be open neighborhoods of 0 ∈ Rn. We say two smooth maps g : V → R

and h : W → R are equivalent, if there exist open sets 0 ∈ V ′ Ă V and 0 ∈ W ′ Ă W
and a di�eomorphism Ψ: V ′ → W ′ with Ψ(0) = 0 such that (g ◦Ψ−1)(y) = h(y) for
all y ∈ W ′. Note that this is indeed an equivalence relation.

With these preparations we can reformulate our goal as follows.
Goal. We want to show that f : U → R is equivalent to a map that is of the form

(x1, . . . , xn) 7→ ε1 · x2
1 + · · ·+ εn · x2

n

for some ε1, . . . , εn ∈ {−1, 1}.
Note that once we have proved this goal we are done, since it follows from Lemma 137.1
that the number of negative εi's in a map as above equals precisely index(f, P ).

Now let us turn to the task of achieving this goal. First note that by the Function-
near-Critical Point Corollary 137.3 we know that there exist smooth functions hij : U → R,
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i, j = 1, . . . , n such that hij = hji and such that f is given by

(x1, . . . , xn) 7→
n∑
i=1

n∑
j=1

hij(x) · xi · xj.

The idea now is to �diagonalize� the matrices (hij(x))i,j=1,...,n. At this point it is worth
recalling that in the Symmetric Forms-over-R-Proposition 133.6 we gave a constructive
proof of the fact that given any real symmetric (n× n)-matrix A = (aij) with det(A) 6= 0
there exists a matrix P ∈ GL(n,R) and ε1, . . . , εn ∈ {−1, 1} such that P TAP is the diagonal
matrix with entries ε1, . . . , εn. The idea now is to imitate the proof of the Symmetric Forms-
over-R-Proposition 133.6. As in the proof of the Symmetric Forms-over-R-Proposition 133.6
we proceed iteratively. This leads us to the following claim.

Claim. Given any s ∈ {0, . . . , n} the map f : U → R is equivalent to a map of the form

(x1, . . . , xn) 7→
s∑
i=1

s∑
j=1

µij(x) · xi · xj +
n∑

i=s+1

εi · x2
i ,

where the µij are smooth functions with µij = µji and with εi ∈ {±1}.

Proof. Recall that our goal was precisely to prove the claim for s = 0. As we remarked
above, for s = n there is nothing left to show, since we already saw that it follows from the
Function-near-Critical Point Corollary 137.3 that f is of the required form. Next suppose
that the statement holds for some s ∈ {1, . . . , n}. We need to show that the statement also
holds for s− 1. We might as well assume that f itself is already of the form

(x1, . . . , xn) 7→
s∑
i=1

s∑
j=1

µij(x) · xi · xj +
n∑

i=s+1

εi · x2
i with µij = µji.

Since 0 is a non-degenerate critical point we know that the matrix (µij(0))i,j=1,...,s is in-
vertible. As we saw in the proof of the Symmetric Forms-over-R-Proposition 133.6, it is
an elementary linear algebra fact that there exists a matrix A ∈ GL(s,R) such that the
ss-entry of AT · (µij(0))i,j=1,...,s · A is non-zero. By applying the di�eomorphism Φ that

is given by the invertible matrix
(
A 0
0 idn−s

)
we see that we might as well assume that

µss(0) 6= 0. After possibly shrinking U we can assume that µss(x) 6= 0 for all x ∈ U . Now
we consider the map

Φ: U → Rn

x = (x1, . . . , xn) 7→
(
x1, . . . , xs−1,

√
|µss(x)| ·

(
xs +

s−1∑
i=1

µis(x)
|µss(x)| · xi

)
, xs+1, . . . , xn

)
.

Evidently Φ(0) = 0. A straightforward calculation shows that det(DΦ0) =
√
|µss(0) 6= 0.

It follows from the Inverse Function Theorem 19.12 that, possibly after shrinking U even
further, the map Φ: U → Rn is a di�eomorphism onto its image. It remains to show that
f ◦ Φ−1 is of the form

y = (y1, . . . , yn) 7→
s−1∑
i=1

s−1∑
j=1

νij(y) · yi · yj +
n∑
i=s

εi · y2
i with νij = νji.
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Thus let y = (y1, . . . , yn) ∈ Φ(U). We write (x1, . . . , xn) = x := Φ−1(y). Note that by
de�nition of Φ we have

(y1, . . . , yn) =
(
x1, . . . , xs−1,

√
|µss(x)| ·

(
xs +

s−1∑
i=1

µis(x)
|µss(x)| · xi

)
, xs+1, . . . , xn

)
.

We perform the following little calculation:

y2
s = |µss(x)| ·

(
xs +

s−1∑
i=1

µis(x)
|µss(x)| · xi

)
·
(
xs +

s−1∑
j=1

µjs(x)
|µss(x)| · xj

)
= |µss(x)| ·

(
x2
ss +

s−1∑
i=1

s−1∑
j=1

µis(x)·µjs(x)
|µss(x)|2 · xi · xj + 2 ·

s−1∑
i=1

µis(x)
|µss(x)| · xi · xs

)
.

Finally note that

follows from the above description of f follows immediately from the above calculation of y2
s

↓ ↓
(f ◦ Φ−1)(y) = f(x) =

s−1∑
i=1

s−1∑
j=1

µij(x) · xi · xj + 2 ·
s∑
i=1

µis · xi · ss +
n∑

i=s+1

εi · x2
i =

=
s−1∑
i=1

s−1∑
j=1

(
µij(x)− µis(x)·µjs(x)

µss(x)

)︸ ︷︷ ︸
=:µ̃ij(x)

· xi · xj +
µss(x)
|µss(x)| · y

2
s +

n∑
i=s+1

εi · x2
i

= −
s−1∑
i=1

s−1∑
j=1

µ̃ij(Φ
−1(y)) · yi · yj +

µss(0)
|µss(0)|︸ ︷︷ ︸
∈{−1,1}

· y2
s +

n∑
i=s+1

εi · y2
i .

↑
follows from xi = yi for i 6= s, from x = Φ−1(y) and
from the fact that the sign of µss(x) is constant on U

This concludes the induction step. �

Corollary 137.4. Let M be a smooth manifold and let f : M → R be a smooth function
such that no critical point is contained in ∂M .
(1) The set of non-degenerate critical points of f is a discrete subset of M .
(2) If M is compact and if all critical points are non-degenerate, then there exist only

�nitely many non-degenerate critical points of f .

Remark. As shown in the �gure below, the set of non-degenerate critical points of a
smooth function is not necessarily a closed subset. This shows in particular that in Corol-
lary 137.4 (2) we really need to assume that all critical points are non-degenerate.
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non-degenerate critical pointsgraph of f

Proof.

(1) It follows immediately from the Morse Lemma 137.2 that every non-degenerate crit-
ical point admits an open neighborhood which contains no other critical point. But
this means, by de�nition, that the non-degenerate critical points of f form a discrete
subset of M .
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(2) In the Regular Value-Open Subset Lemma 26.1 we showed that the set of critical
points of f is a closed subset of M . Since we assume that all critical points are non-
degenerate we see that the set of non-degenerate critical points is closed. By (1) we
also know that this set is discrete. It follows from the hypothesis that M is compact,
together with the Compact-Discrete Lemma 1.22 (2), that the set of non-degenerate
critical points is indeed �nite. �

137.2. Existence of Morse functions. The following de�nition introduces the key char-
acter of the reminder of this chapter.

De�nition. Let M be a smooth manifold and let f : M → R be a smooth function. We
say f is a Morse function if all critical points are non-degenerate and if no critical point
lies on ∂M .
Before we discuss the general existence of Morse functions on smooth manifolds let us
consider some explicit examples of Morse functions.

Examples.
(1) In the �gure below we show three surfaces S2, F and T in R3. In each case the

�height function� h : R3 → R
(x, y, z) 7→ z

is a Morse function. Evidently S2 and F are di�eomorphic, but the numbers of
critical points di�er. Just for fun we point out that August Möbius [Möb1863] in
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S2

F

torus T
index 2

index 0

index 2

index 0

index 1 index 1

index 2

index 0

1863 drew basically the same pictures, see the �gure below.

(2) Let n ∈ N0. We pick real numbers c0 < c1 < · · · < cn. We consider the following
functions on RPn and CPn:

f : RPn → R

[x0 : · · · : xn] 7→

n∑
j=0

cj · x2
j

x2
0 + · · ·+ x2

n

and

g : CPn → R

[z0 : · · · : zn] 7→

n∑
j=0

cj · |zj |2

|z0|2 + · · ·+ |zn|2
.
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Using the explicit charts given in Exercise 19.16 and the Complex Projective Space-
is-Complex Manifold Lemma 32.16 we will verify in Exercise 137.3 that both maps
are Morse functions, that both maps have precisely n + 1 critical points and that
these are of index 0, 1, . . . , n respectively 0, 2, . . . , 2n.

(3) Let n ∈ N. In the matrix Group-Smooth Manifold Proposition 26.7 we showed that
SO(n) is a closed smooth manifold of dimension 1

2
(n− 1). Let 1 < c1 < · · · < cn be

real numbers. In [Mata2002, Lemma 3.12] it is shown that the map

SO(n) → R

A = (aij) 7→
n∑
j=1

cj · ajj

is a Morse function. Furthermore it is shown that the critical points are precisely
the diagonal matrices in SO(n). With very similar ideas one can also obtain explicit
Morse functions on the smooth manifolds U(n) and SU(n). We refer to [Mata2002,
Examples 3.13 and 3.14] for details.

The following proposition provides a rich source of Morse functions.

Proposition 137.5. (Morse Function Existence Proposition) Let M be a closed
smooth submanifold of some Rn.
(1) The set of Q ∈ Rn for which the map M → R given by x 7→ ‖x − Q‖2 is a Morse

function is a set of full measure.1665

(2) The set of v ∈ Rn for which the mapM → R given by x 7→ 〈x, v〉 is a Morse function
is a set of full measure.
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orthogonal projection

Q
R · v

illustration of the map x 7→ 〈x, v〉
illustration of the map x 7→ ‖x−Q‖2

Mdistance to Q squared

Sketch of proof. Let M be a closed smooth submanifold of some Rn.
(1) Given Q ∈ Rn we consider the map

fQ : M → R
x 7→ ‖x−Q‖2.

Furthermore we consider

N := {(p, w) ∈ Rn × Rn | p ∈M and w ∈ (T̃PM)⊥}.
It is not particularly di�cult to show that N is an n-dimensional submanifold of R2n.
Next we consider the �endpoint map�

E : N → Rn

(p, w) 7→ p+ w

1665We refer to page 762 for the de�nition of a subset of full measure.
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which is evidently smooth. We say Q ∈ Rn is a focal point if Q is a critical value
of E. A slightly heroic calculation, see [Miln1963a, Lemma 6.5], shows that Q is
a focal point if and only if the map fQ : M → R has non-degenerate critical points.
The desired statement now follows from the above discussion together with Sard's
Theorem 31.1 which tells us that the set of critical values of E is of measure zero
in Rn.

(2) This statement is proved in [Nic2011, Corollary 1.25]. �

�
�
�
�

focal point
M

Proposition 137.6. (Morse Function-Existence Proposition) Every closed smooth
manifold admits a Morse function.

Remark.
(1) There are many re�nements of the Morse Function-Existence Proposition 137.6 in

the literature. For example, by [Mata2002, Theorem 2.20] every smooth function
on a closed smooth manifold can be approximated by Morse functions.

(2) Using a doubling argument and collar neighborhoods it is a routine exercise to
show, using the Morse Function-Existence Proposition 137.6, that also every compact
smooth manifold admits a Morse function. But as we will see in Chapter 139, for
compact smooth manifolds it is much more convenient to work with Morse functions
that �respect the boundary�. In the Morse Function-Existence Proposition 139.4 we
will provide such a re�nement of the Morse Function-Existence Proposition 137.6 for
smooth manifolds with boundary.

(3) In Proposition 139.10 we will see that one can always �nd �self-indexing� Morse
functions.

Proof. Let M be a closed smooth manifold. It follows from the Euclidean Embedding
Theorem 27.1 together with the Smooth Embedding Theorem 24.10 that we can assume
that M is a submanifold of some Rn. It now follows from the Morse Function Existence
Proposition 137.5 that M admits a Morse function. �

137.3. The gradient vector �eld. In this section we will study the gradient vector �eld
∇f of a smooth function f : M → R on a smooth submanifold M Ă Rn. We will see that
the gradient vector �eld of a Morse function has particularly nice properties. In particular
we will obtain a new proof of the existence of non-degenerate vector �elds on smooth
manifolds.

Before we can introduce the gradient vector �eld we need to recall the following de�ni-
tion from page 2656.
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De�nition. Let V be a real vector space and let ϕ : V ×V → R be a symmetric R-bilinear
pairing. We say ϕ is non-singular if the induced map

V → HomR(V,R)
v 7→ (w 7→ ϕ(v, w))

is an isomorphism.
The one example we care about is provided by the following lemma.

Lemma 137.7. Let 〈−,−〉 : Rn×Rn → R be the usual Euclidean pairing and let V Ă Rn

be a vector subspace. The restriction of 〈−,−〉 : Rn × Rn → R to V × V → R is non-
singular.

Proof. Since V is �nite-dimensional it su�ces to show that V → HomR(V,R) is a monomor-
phism. Thus let v ∈ V be non-zero. Then 〈v, v〉 6= 0, which shows that the homomorphism
w 7→ 〈v, w〉 is not the zero homomorphism. �

De�nition. Let M be a smooth submanifold of some Rn and let f : M → R be a smooth
function. We refer to the vector �eld

∇f : M → Rn

P 7→ the unique vector1666 ∇f(P ) ∈ T̃PM such that for
all w ∈ T̃PM we have 〈∇f(P ), w〉 = DfP (w).

as the gradient vector �eld of f .
Before we discuss gradient vector �elds in detail it is worth recalling the following de�nition
from page 1021.

De�nition. Let M be a smooth manifold and let v be a smooth vector �eld on M . Let
P ∈ M \ ∂M be a zero of v. We pick a chart Φ: U → V with Φ(P ) = 0. We write
Ψ := Φ−1. We consider the map

Ψ∗v : V → Rn

x 7→ (Ψ∗v)(x) = DΦΨ(x)v(Ψ(x)).

(1) If D(Ψ∗v)0 is an invertible matrix, then we say that the zero is non-degenerate.
Otherwise we call the zero degenerate.

(2) If the zero is non-degenerate, then we de�ne

index(v, x) :=

{
+1, if det(D(Ψ∗v)0) > 0,
−1, if det(D(Ψ∗v)0) < 0.

In Lemma 45.6 we showed that these notions do not depend on the choice of the chart Φ.

Proposition 137.8. (Gradient Vector Field Proposition) Let M be a smooth sub-
manifold of some Rn and let f : M → R be a smooth function. The gradient vector �eld
∇f is smooth and given any P ∈M the following statements hold:
(1) P is a critical point of f if and only if P is a zero of ∇f .
(2) If P is a critical point of f , then P is a non-degenerate critical point of f if and only

if P is a non-degenerate zero of ∇f .
(3) If P is a non-degenerate critical point of f , then index(∇f, P ) = (−1)index(f,P ).

1666The existence and uniqueness of v(P ) is of course guaranteed by Lemma 137.7.
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Before we get to the slightly messy proof of the Gradient Vector Field Proposition 137.8
let us �rst point out that we can now give a new proof of the Non-Degenerate Vector Field
Existence Proposition 45.15.

Proposition 129.4. (Non-Degenerate Vector Field Existence Proposition) Every
closed smooth manifold M admits a smooth vector �eld v such that all zeros are non-
degenerate.

Proof of the Non-Degenerate Vector Field Existence Proposition 129.4. Let M
be a closed smooth manifold. By the Euclidean Embedding Theorem 27.1 we can as-
sume that M is a smooth submanifold of some Rn. By the Morse Function Existence
Proposition 137.5 we know that M admits a Morse function f : M → R. It follows from
the Gradient Vector Field Proposition 137.8 that the gradient vector �eld ∇f is a vector
�eld such that all zeros are non-degenerate. �

The proof of the Gradient Vector Field Proposition 137.8 rests on the following two purely
algebraic lemmas.

Auxiliary Lemma 137.9. Let T be a k-dimensional real vector space and let α : T×T →
R be a symmetric R-bilinear pairing. Furthermore let t1, . . . , tk be a basis for T . We set
Θ := (α(ti, tj))i,j=1,...,k ∈ M(k × k,R).
(1) If α is non-singular, then det(Θ) 6= 0.
(2) If α is positive-de�nite, then det(Θ) > 0.

Proof. The �rst Statement follows from the Forms-Matrices Lemma 133.1 (1b) and the
second statement follows from the Signature-Eigenvalues Proposition 133.8 and the fact,
that very symmetric real matrix is diagonalizable. �

Auxiliary Lemma 137.10. Let Ψ: Rk → T be an isomorphism between real vector
spaces. We suppose that T is equipped with a non-singular symmetric R-bilinear pairing
α. Let f : T → R be a linear map. Given i, j ∈ {1, . . . , k} we set θij := α(Ψ(ei),Ψ(ej))
and we set Θ := (θij)i,j=1,...,k ∈ M(k × k,R). If ṽ ∈ Rk satis�es 〈ṽ, v〉 = (f ◦ Ψ)(v) for all
v ∈ Rk, then1667

t̃ :=
k∑
j=1

k∑
i=1

(Θ−1)ij · 〈ṽ, ei〉 ·Ψ(ej)

has the property that
α(t̃, t) = f(t) for all t ∈ T .

Proof of Lemma 137.10. It su�ces to show that t̃ satis�es the condition for the basis
vectors t = Ψ(er). For r ∈ {1, . . . , k} we calculate

de�nition of t̃ and bilinearity of α
↓

α(ũ,Ψ(er)) =
k∑
j=1

k∑
i=1

(Θ−1)ij · 〈ṽ, ei〉 · α(Ψ(ej),Ψ(er))︸ ︷︷ ︸
=θjr

=
k∑
i=1

k∑
j=1

(Θ−1)ij · θjr︸ ︷︷ ︸
= δir by de�nition of Θ–1

· 〈ṽ, ei〉

= 〈ṽ, er〉 = (f ◦Ψ)(er) = f(Ψ(er)).
↑

by the de�ning property of ṽ �

1667By Lemma 137.9 we know that Θ is invertible.
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Auxiliary Lemma 137.11. Let V Ă Rk be an open subset and let Ξ: V → M(k × k,R)
and u : A→ Rk be smooth maps. Let Q ∈ A. If u(Q) = 0, then

D(x 7→ Ξ(x) · u(x)︸ ︷︷ ︸
map A→ Rn

)S = Ξ(S) ·DuS ∈ M(n×m,R).

Proof of Lemma 137.11. The lemma follows immediately from the Product Rule applied
to each entry and the fact that u(Q) = 0. �

Proof of the Gradient Vector Field Proposition 137.8. We start out with a proof
of a special case.

Claim 1. Let V be an open subset of some Rk or of some Hk and let g : V → R be a
smooth function. For any Q ∈ V we have

∇g(Q) =

 ∂g
∂x1

(Q)
:

∂g
∂xk

(Q)


Proof. By the di�erential-from-Partial Derivatives Proposition 19.9 we know that for each
Q ∈ V we have DgQ = ( ∂g

∂x1
(Q) . . . ∂g

∂xk
(Q)) ∈ M(1 × k,R). It follows easily from this

observation and the de�nitions that the gradient vector �eld ∇g is indeed given by the
map ∇g : V → Rk

Q 7→

 ∂g
∂x1

(Q)
:

∂g
∂xk

(Q)

 .

Note that it follows from this description that the gradient vector �eld is smooth. Further-
more note that for any Q ∈ V we have D(∇g)Q = Hess(g)Q. Thus it follows immediately
from the de�nition of non-degenerate zeros and the index of a non-degenerate zero, using
the identity chart, that the gradient vector �eld satis�es Statements (1)�(3). The case that
V is an open subset of Hk is dealt with in the same way. �

Now let M be a k-dimensional smooth submanifold of some Rn and let f : M → R be
a smooth function. The statements of the proposition are all local. Thus, after possibly
restricting ourselves to the domain of a chart, we can assume that there exists a di�eomor-
phism Φ: M → V where V is an open subset of Rk or Hk. We write Ψ := Φ−1 : V → M .
Given i, j ∈ {1, . . . , k} and given Q ∈ V we set θij(Q) := 〈DΨQ(ei),DΨQ(ej)〉. Further-
more we write Θ(Q) := (θij(Q))i,j=1,...,k ∈ M(k × k,R). The following claim now gives a
calculation of ∆f .
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(1) Let P ∈M . We set Q := Φ(P ). Then

∇f(P ) :=
k∑
j=1

k∑
i=1

(Θ(Q)−1)ij · ∂(f ◦Ψ)

∂xi
(Q)︸ ︷︷ ︸

∈R

·DΨQ(ej)︸ ︷︷ ︸
∈T̃PM

∈ T̃PM.

(2) For any Q ∈ V we have

(Ψ∗(∇f))(Q) = (Θ(Q)−1)T · (∇(f ◦Ψ))(Q) ∈ Rk.

Proof.

(1) This statement follows immediately from Claim 1, applied to the smooth function
g = f ◦ Ψ: V → R, and Lemma 137.10, applied to the isomorphism DΨQ : Rk →
T̃PM .

(2) For any any Q ∈ V we have
follows from Statement (1), the linearity of DΦΨ(Q) and

by de�nition of Ψ∗ fact that DΦΨ(Q)(DΨQ(ej)) = ej
↓ ↓

(Ψ∗(∇f))(Q) = DΦΨ(Q)((∇f)(Ψ(Q)) =
k∑
j=1

k∑
i=1

(Θ(Q)−1)ij · ∂(f ◦Ψ)

∂xi
(Q) · ej

= (Θ(Q)−1)T ·

∂(f◦Ψ)
∂x1

(Q)
:

∂(f◦Ψ)
∂xk

(Q)

 = (Θ(Q)−1)T · (∇(f ◦Ψ))(Q).
↑
by Claim 1

�

It follows immediately from Claim 2 (a) that ∇f : M → Rn is smooth. It remains to prove
Statements (1), (2) and (3). Since the various notions are de�ned via charts it su�ces to
prove the following claim.

Claim 3. Given any Q ∈ V the following statements hold:
(1) Q is a critical point of the smooth map f ◦ Ψ: V → R if and only if Q is a zero of

the vector �eld Ψ∗(∇f) on V .
(2) If Q is a critical point of f ◦Ψ, then Q is a non-degenerate critical point of the map

f ◦ Ψ: V → R if and only if Q is a non-degenerate zero of the vector �eld Ψ∗(∇f)
on V .

(3) If Q is a non-degenerate critical point of the smooth map f ◦ Ψ: V → R, then
index(Ψ∗(∇f), Q) = (−1)index(f◦Ψ,Q).

Proof. Let Θ ∈ V . We start out with the following two observations:

(a) By Lemma 137.9 we know that det(Θ(Q)) > 0, which implies also that det((Θ−1)T ) >
0.

(b) Let Q be a critical point of f ◦Ψ. Then

by Lemma 137.11, since ∇(f ◦Ψ)(Q) = 0
↓

D(x 7→ (Θ(x)−1)T · (∇(f ◦Ψ))(x))Q = (Θ(Q)−1)T ·DQ(∇(f ◦Ψ))
= (Θ(Q)−1)T · HessQ(f ◦Ψ) ∈ M(k × k,R).
↑

follows immediately from Claim 1 and the de�nitions
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(c) Let H ∈ M(k × k,R) be a symmetric matrix with non-zero determinant. Since the
determinant of H is the product of the eigenvalues of H we see that

(−1)number of negative eigenvalues of H =

{
−1, if det(H) < 0,

1, if det(H) > 0.

All three desired statements follow almost immediately from Claim 2 (b) together with (a),
(b) and (c). �

Exercises for Chapter 137.

Exercise 137.1. Show that every Morse function is a height function. More precisely, let
M be a smooth manifold and let f : M → R be a Morse function. Show that there exists
a smooth embedding ϕ : M → Rn such that f = h ◦ ϕ where h : Rn → R is the map given
by (x1, . . . , xn) 7→ xn.

Exercise 137.2. Sketch Morse functions on the torus T = [0, 1]2/∼, the real projective
plane RP2 = B

2
/x ∼ −x and the surface of genus two E8/∼ such that each Morse function

has a single local maximum and a single local minimum.
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Exercise 137.3. Let n ∈ N0. We pick real numbers c0 < c1 < · · · < cn. We consider the
following functions on RPn = Sn/{± id} and CPn = S2n+1/S1:

f : RPn → R

[x0 : · · · : xn] 7→
n∑
j=0

cj · x2
j

and
g : CPn → R

[z0 : · · · : zn] 7→
n∑
j=0

cj · |zj|2.

(a) Show that f is a Morse function, that f has precisely n + 1 critical points and that
these are of index 0, 1, . . . , n.

(b) Show that g is a Morse function, that g has precisely n + 1 critical points and that
these are of index 0, 2, . . . , 2n.

Remark. You might want to use the explicit charts given in Exercise 19.16 and the Complex
Projective Space-is-Complex Manifold Lemma 32.16.
Remark. This exercise is basically a reformulation of Exercise 45.5.

Exercise 137.4. Let M be a smooth manifold and let f : M → R be a Morse function.
Furthermore let λ : M → R be a smooth function such that DλP 6= 0 for every P ∈ M .
Show that λ · f : M → R is also a Morse function and that the critical points, and the
corresponding indices, of λ · f agree with the critical points, and the corresponding indices,
of λ.
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Exercise 137.5. Let M be a nd N be two closed smooth manifolds and let f : M → R
and g : N → R be Morse functions.
(a) Let a, b ∈ R with a > max(|f |) and b > max(|g|). Show that the map

f · g : M ×N → R
(x, y) 7→ (a+ f(x)) · (b+ g(y))

is a Morse function.
(b) Determine the critical points, and their indices, of the Morse function of f ·g in terms

of the critical points, and their indices, of f and g.

Exercise 137.6. Let M be a smooth manifold, let f : M → R be a smooth function and
let P ∈M \∂M be a non-degenerate critical point of f . Let U be a compact neighborhood
of P ∈ M \ ∂M which contains no other critical point. Show that there exists an ε > 0
such that for every µ ∈ [0, ε] there exists a smooth function g : M → R with the following
four properties:
(1) The function g agrees with f outside of U .
(2) P is a critical point of g with index(g, P ) = index(f, P ).
(3) g(P ) = f(P ) + µ.
(4) P is the only critical point of g in U .

������

U U

graph of f
P P

M

graph of g
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138. Morse theory I: Closed smooth manifolds

In the last chapter we showed that every compact smooth manifolds admits Morse functions.
In this chapter we will put Morse functions to good use, namely we will use them to show
that every compact smooth manifold admits a handle decomposition.

138.1. The Smooth Manifold-Product Theorem. In this section and the following
section we will see that there is a close relationship between the topology of a smooth
manifold and the non-degenerate critical points of a Morse function.
Notation. Let M be a smooth manifold and let f : M → R be a smooth function. Given
a ∈ R we write Ma := f−1((−∞, a]) = {x ∈M | f(x) ≤ a}.
Note that if a is a regular value and if ∂M ∩ f−1(a) = ∅, then it follows from the
Regular Value Theorem 26.4 that f−1(a) is a closed submanifold of M and it follows from
Exercise 26.6 thatMa is a submanifold ofM with boundary f−1(a)∪(∂M∩f−1((−∞, a])).

Example. In the �gure below we show a smooth manifold M together with the �length�
function f : M → R given by (x, y, z) 7→ x. For various ai ∈ R we show the corresponding
preimage f−1(ai). The submanifold Mai is of course everything �to the ≤-left� of f−1(ai).

R
a1 a2 a3 a4 a5 a6 a7 a8 a9 a10

M

f

critical points

Theorem 138.1. (No Critical Point-Di�eomorphism Theorem) Let M be a com-
pact smooth manifold and let f : M → R be a smooth function. Let a < b ∈ R such that
f−1([a, b]) does not contain a critical point of f . If f−1([a, b])∩ ∂M = ∅, then there exists
a di�eomorphism Ma → Mb. Furthermore, given any ε > 0 one can �nd di�eomorphism
Ma →Mb that is the identity on the common subset Ma−ε.

Example. In the �gure above there is no critical point in f−1([a5, a6]). Thus we obtain
from the No Critical Point-Di�eomorphism Theorem 138.1 that the smooth manifolds Ma5

and Ma6 are di�eomorphic. Furthermore, we can �nd a di�eomorphism that is the identity
on �most of Ma5�.

Our proof of the No Critical Point-Di�eomorphism Theorem 138.1 rests on the following
result, that will turn out to be of independent interest later on.

Theorem 138.2. (Smooth Manifold-Product Theorem) LetM be a compact smooth
manifold, let f : M → R be a smooth function and let a < b ∈ R. We suppose that for
every P ∈ f−1([a, b]) the di�erential DfP : TPM → R is non-zero.1668 Furthermore we
suppose that the following conditions are satis�ed:
(1) f−1(a) is a closed submanifold of M or it is a union of components of ∂M .
(2) f−1(b) is a closed submanifold of M or it is a union of components of ∂M .
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Then f−1([a, b]) is di�eomorphic to [a, b]× f−1(a).1669

Sketch of a proof of Theorem 138.2. Note that using the Euclidean Embedding The-
orem 27.1 and the Smooth Embedding Theorem 24.10 we can assume that M is a sub-
manifold of some Rn. Given P ∈M we denote by1670 grad fP ∈ T̃PM the gradient of f at
P .1671 Note that our hypothesis on f just says that given any P ∈ f−1([a, b]) the gradient
is non-zero. Thus given any P ∈ f−1([a, b]) we can de�ne

v(P ) :=
grad fP
‖ grad fP ‖2

∈ T̃PM.

Claim 1. If γ : [0, ε] → f−1([a, b]) is a solution to the di�erential equation γ′(t) = v(γ(t)),
then (f ◦ γ)′(t) ≡ 1.

Proof. We perform the following calculation:

Chain Rule 19.10 de�nition of gradient, here we set P :=γ(t)
↓ ↓

(f ◦ γ)′(t) = D(f ◦ γ)t = Dfγ(t)(γ
′(t)) = 〈γ′(t), grad fP 〉

= 〈v(γ(t)), grad fP 〉 =
〈

1
‖ grad fP ‖2

·grad fP , grad fP
〉

= 1.
↑ ↑

by hypothesis we have γ′(t)=v(γ(t)) since P = γ(t) and by de�nition of v �
We set W := f−1(a). It remains to prove the following claim.

Claim 2.
(1) Given any P ∈ W there exists a unique smooth map γP : [a, b] → f−1([a, b]) such

that γP (a) = P and such that for each t ∈ [a, b] we have γ′P (t) = v(γP (t)).
(2) The map Θ: [a, b]×W → M

(t, P ) 7→ γP (t)

is a smooth embedding with image f−1([a, b]).

1668Let P ∈M . We recall the following de�nition from page 701:

(1) If P 6∈M \ ∂M , then P is a regular point if DfP : TPM → R is non-zero.
(2) If P ∈ ∂M , then P is a regular point if the map DfP : TP ∂M → R is non-zero.

Thus we see that for points in M \ ∂M our condition just says that we demand that P is a regular point.
For points on the boundary our condition is more relaxed.
1669To make sense of the proposition we need to make the following two observations:

(i) Our hypotheses (1) and (2), together with Exercise 26.6, imply that the Submanifold Smooth
Structure Lemma 19.24 that f−1([a, b]) is naturally a smooth manifold.

(ii) Our hypothesis (1), together with the combination of the Submanifold Smooth Structure
Lemma 19.24 and the Smooth Manifold Boundary Proposition 19.26 shows that f−1(a) is a closed
smooth manifold in it own right. It follows from the Smooth Manifold product Proposition 19.31
that the product [a, b]× f−1(a) is naturally a smooth manifold.

Thus it actually does make sense to say that f−1([a, b]) is di�eomorphic to [a, b]× f−1(a).
1670Recall that on page 620 we introduced the physical tangent space T̃PM which, by the Tangent Space-
Natural isomorphism Proposition 23.16, is naturally isomorphic to TPM .
1671The gradient grad fP ∈ T̃PM of f at P ∈ M is de�ned as the unique vector in T̃PM which satis�es
〈w, grad fP 〉 = DfP (w) ∈ R for all w ∈ T̃PM . It is fairly elementary to show that P 7→ grad fP is a smooth
map M → Rn.
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Proof.

(1) This statement follows from the previous claim and standard theory of di�erential
equations.

(2) It follows from (1) that the map Θ: [a, b]×W → M is well-de�ned. Furthermore it
follows again from standard theory of di�erential equations that the map is smooth
and that for each t ∈ [a, b] the map W → M given by P 7→ γP (t) is a smooth
embedding with image f−1(t). It follows easily from this observation and the previous
claim that the map Θ: [a, b]×W → M is actually a smooth embedding with image
f−1([a, b]). �

We leave it to the reader to dig out their favorite books on di�erential equations to �ll in
the details. Very similar statements are also proved in [Miln1963a, p. 10] and [Lee2002,
Theorem 9.12, Corollary 9.17]. �
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f−1([a, b])
f−1({b})W = f−1({a})

M

grad f γP (t)
P

Now we have no troubles with providing the desired proof of the No Critical Point-
Di�eomorphism Theorem 138.1.

Proof of the No Critical Point-Di�eomorphism Theorem 138.1. LetM be a com-
pact smooth manifold and let f : M → R be a smooth function. Let a < b ∈ R such that
f−1([a, b]) does not contain a critical point of f . We suppose that f−1([a, b]) ∩ ∂M = ∅.
By the Regular Value Theorem 26.4 we know that W := f−1(a) is a closed smooth sub-
manifold ofM . By Theorem 138.2 we know that f−1([a, b]) is di�eomorphic to [a, b]×W =
[a, b]× f−1(a). It now follows from Exercise ?? (or alternatively from Lemma 139.2) that
Mb = Ma ∪ f−1([a, b]) is di�eomorphic to Ma. Furthermore, if we are given some ε > 0,
then it follows from Exercise ?? that we can �nd a di�eomorphism that is the identity on
Ma−ε. �

138.2. The Handle Addition Theorem. Let M be a compact smooth manifold and let
f : M → R be a smooth function. Furthermore let a < b ∈ R such that a and b are regular
values and such that f−1([a, b]) ∩ ∂M = ∅. Note that the Regular Value Theorem 26.4
implies that f−1(a) and f−1(b) are closed submanifolds of M . Note that if the stronger
condition holds that f−1([a, b]) does not contain a critical point of f , then the Smooth
Manifold-Product Theorem 138.2 says that Mb is di�eomorphic to Ma. But what happens
if f−1((a, b)) contains a critical point?
On the left of the �gure below we show a 2-dimensional smooth manifold M together with
a smooth function f : M → R such that there exists a unique critical point of index k = 1
in f−1((a, b)). On the left of the �gure below we show the result of attaching a handle of
index k = 1 toMa. Some goodwill shows thatMb is di�eomorphic to the result of attaching
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this handle of index k = 1 to Ma. In fact given any ε > 0 one can �nd a di�eomorphism
that is the identity on the common subset Ma−ε.
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1-handle
critical point
of index 1

Ma

f

Ma

Mb

a

b

Ma−ε

a− ε

The following all-important theorem shows that a suitable generalization of the above
observation holds in all reasonable settings.

Theorem 138.3. (Handle Addition Theorem) Let M be a compact smooth manifold
and let f : M → R be a smooth function. Furthermore let a < b ∈ R such that a and b
are regular values and such that f−1([a, b]) ∩ ∂M = ∅.
(1) Suppose there exists a single critical point P ∈ f−1([a, b]). We set k := index(f, P ).

If P is non-degenerate, thenMb is di�eomorphic to the result of attaching a k-handle
to Ma.

(2) Suppose there exists a single critical value c ∈ [a, b]. Let P1, . . . , Pm be the preimages
of c. We suppose that P1, . . . , Pm are non-degenerate critical points. Let k1, . . . , km
be the indices of the critical points. Then Mb is di�eomorphic to the result of
attaching m handles of index ki, i = 1, . . . ,m to Ma along thickened spheres with
disjoint images.

Furthermore, in both settings, given any ε > 0 there exists an di�eomorphism as above
which is the identity on the common subset Ma−ε.
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a
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cc

Ma

b

a

Mb
b

∅ Ma

index 0

Mb

index 1

Ma

Mb
a

b

c

Example. In the �gure below we return to the setting of the �gure on page 2988. We show
all the critical points and we indicate the indices. Furthermore, reading from left to right
we show how M gets built out of the empty manifold by various handle attachments. To
simplify our pictures we do not distinguish between a smooth manifold that is the result of
attaching a k-handle and a smooth manifold that is di�eomorphic to the result of attaching
a k-handle.
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1 1
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2

0-handle di�eomorphic to 1-handle attachments
2-handle

2-handle

handle attachments from left to right

Remark. We provide an almost complete proof of Theorem 138.3. Only at the very end of
the proof, on page 2995, when we need to prove that a certain map is a di�eomorphism, we
not feel like dealing with the technical challenge of verifying that a given homeomorphism
is in fact a di�eomorphism. We refer to our usual sources, namely [Nic2011, Theorem 2.7
and Remark 2.9], [Miln1963a, Theorem 3.2, Remark on p. 17, Remark 3.3] and [Kos1993,
Chapter VII.2] for more details.

Proof. Let M be a compact smooth manifold, let f : M → R be a smooth function and
let a < b ∈ R be regular values such that f−1([a, b]) ∩ ∂M = ∅. In the following we will
only prove Statement (1). Statement (2) can be proved either by generalizing the proof of
Statement (1) or by using Exercise 137.6. We leave it to the reader to �ll in the details for
the proof of Statement (2).

Thus we suppose there exists a single critical point P ∈ f−1([a, b]) and we suppose that
P is non-degenerate. We set c := f(P ) and we set k := index(f, P ). We need to show that
Mb is di�eomorphic to the result of attaching a k-handle to Ma.

We make the following preparations:

(1) We set l := n− k.
(2) We make the identi�cation Rn = Rk × Rl. Given x = (x1, . . . , xk) ∈ Rk we write

x2 = x2
1 + · · ·+x2

k and similarly given y = (y1, . . . , yl) ∈ Rl we write y2 = y2
1 + · · ·+y2

l .
(3) By the Morse Lemma 137.2 we can identify a neighborhood of P in M \ ∂M with

a neighborhood V of (0, 0) ∈ Rk × Rl such that P = (0, 0) and such that for every
(x, y) ∈ V we have f(x, y) = c− x2 + y2.

(4) Since a and b are regular values we know that c ∈ (a, b). Thus we can pick an η > 0
such that a ≤ c − η < c + η ≤ b and such that B

n√
2η(0) Ă V . Note that by our

hypothesis there are no critical points in f−1([a, c − η]) and there are no critical
points in f−1([c + η, b]). Thus it follows from the No Critical Point-Di�eomorphism
Theorem 138.1 that it su�ces to show that Mc+η is di�eomorphic to the result of
attaching a k-handle to Mc−η.

Note that only in the neighborhood V do we have completely control over f . Unfortunately
a priori the di�erence Mb \

◦
Ma is not contained in the neighborhood V . To deal with this

issue we introduce an auxiliary function. First note that by the Smooth Transition Function
Lemma 19.4 there exists a smooth map φ : [0,∞)→ R≥0 with φ(0) > η, φ(t) = 0 for t ≥ 2η
and such that φ′(t) ∈ (−1, 0] for all t ∈ [0,∞). We refer to the �gure below for an
illustration.
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ε

2η

graph of φ

Next we consider the map

F : M → R

P 7→
{
f(x, y)− φ(x2 + 2y2) = c− x2 + y2 − φ(x2 + 2y2), if P = (x, y) ∈ Bn√

2η(0),
f(P ), otherwise.

The following claim summarizes some of the key properties of F .
Claim 1.
(1) The map F is smooth.
(2) The critical points of F are precisely the critical points of f .
(3) Given any r ∈ R we have f−1((−∞, r]) Ă F−1((−∞, r])}.
(4) We consider the ellipsoid E := {(x, y) ∈ R2 |x2 + 2y2 ≤ 2η}. Given any r ∈ R we

have F−1((−∞, r]) \ f−1((−∞, r]) Ă E Ă B
n√

2η(0).
(5) The smooth manifold F−1((−∞, c− η]) is di�eomorphic to F−1((−∞, c+ η]).
(6) We have F−1((−∞, c+ η]) = f−1((−∞, c+ η]).

In particular we have

Mc−η=f−1((−∞, c−η])
(3)
Ă F−1((−∞, c−η]) ∼= F−1((−∞, c+η])

(6)
= f−1((−∞, c+η])=Mc+η.

↑ ↑
by (4) the di�erence is contained in EĂB

n√
2η(0) di�eomorphic by (5)
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f = c+ η

x

B
n√

2η(0)

f = c

y

f = c− η

F = c+ η

F = c− ηf < c− η

F < c− η

Proof. We prove the statements in a somewhat di�erent order.

(1) Note that φ is zero outside of B
n√

2η(0). It follows from this observation together with
the fact B

n√
2η(0) is contained in V that F is smooth.

(2) It is clear that we only need to consider the points (x, y) with x2 + 2y2 ≤ 2η. For
those points we compute, using the Chain Rule 19.10 that

Df(x,y) = (2x, 2y) and DF(x,y) = (2x ·
<0︷ ︸︸ ︷

(−1− φ′(x2 + 2y2)︸ ︷︷ ︸
>−1 since φ′(t)∈(−1,0]

), 2y ·
≥1︷ ︸︸ ︷

(1− 2·φ′(x2 + 2y2)︸ ︷︷ ︸
≤0 since φ′(t)∈(−1,0]

)).
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We see that Df(x,y) = (0, 0) if and only if DF(x,y) = (0, 0).
(3) Since φ(x, y) ≥ 0 for all (x, y) ∈ Bn√

2η(0) we see that F (P ) ≤ f(P ) for all P ∈ M .
But this implies that for any r ∈ R we have f−1((−∞, r]) Ă F−1((−∞, r]).

(4) Note that the two maps f : M → R and F : M → R agree outside of E Ă B
n√

2η(0).
The desired statement is an immediate consequence of this observation.

(6) Note that given any (x, y) ∈ E we have

F (x, y) ≤ f(x, y) = c− x2 + y2 ≤ c+ 1
2
x2 + y2 ≤ c+ η.

↑ ↑ ↑
since φ(x, y) ≥ 0 since EĂB

n√
2η(0)ĂV since (x, y)∈E={(x, y) |x2 + 2y2≤2η}

The desired equality follows from this observation together with (4).
(5) We need to show that the smooth manifold F−1((−∞, c − η]) is di�eomorphic to

F−1((−∞, c−η]). By the No Critical Point-Di�eomorphism Theorem 138.1 together
with (2) it su�ces to prove that the preimage F−1([c− η, c+ η]) does not contain a
critical point of f . This statement follows from the following inclusions and state-
ments:

by construction we have φ(0) > η
thus F (0, 0) = c–φ(0) < c–η

thus this set does not contain (0, 0)︷ ︸︸ ︷
F−1([c− η, c+ η]) = F−1((−∞, c+ η]) \ F−1((−∞, c− η))

Ă f−1((−∞, c+ η]) \ f−1((−∞, c− η)) = f−1([c− η, c+ η]).︸ ︷︷ ︸
by hypothesis this contains
a single critical point of f ,

namely (0, 0)

x
follows from (3) and (6)

�
By Claim 1 it su�ces to prove that the smooth manifold F−1((−∞, c−η]) is di�eomorphic
to the result of attaching a k-handle to Mc−η = f−1((−∞, c− η]). This step is performed
in the following claim.

Claim 2. We consider the thickened (k − 1)-sphere

ϕ : B
n−k × Sk−1 → f−1(c− η) Ă ∂Mc−η

(x, y) 7→
(√

2 · η · x2 + η · y,
√

2η · x
)
.

The smooth manifold Mc−ϕ∪ϕ hk = f−1((−∞, c−η])∪ϕ hk is di�eomorphic to the smooth
manifold F−1((−∞, c− η]).
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x

f = c− η

y

Θ

F = c− η

∪ϕ

closed (n− k)-ball of radius r(x)
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Proof. We only provide a sketch of the proof of Claim 2. As so often trying to show that a
given map is really a di�eomorphism quickly leads to unreadable arguments. The full details
for the proof are provided in [Kos1993, p. 129]. First note that a fairly straightforward
argument shows that for any x ∈ Bk√

η(0) there exists an r(x) ∈ R>0 such that

{y ∈ Bl |F (x, y) ≤ c+ η} = B
n−k
r(x) (0).

Now the desired di�eomorphism is given by

f−1((−∞, c− η])∪ϕ(B
l×Bk

) → F−1((−∞, c−η])

P 7→

{
P, if P ∈f−1((−∞, c−η]),(√

2ηx2 + η ·y, x·r(
√

2ηx2 + η)
)
, if P =(x, y)∈Bl×Bk

.

This completes the sketch of the proof of the claim. �
Finally suppose we are given an ε > 0. We need to show that there exists an di�eo-

morphism as above which is the identity on the common subset Ma−ε. As the reader will
surely have noticed, this is an immediate consequence of our construction together with
the �furthermore� statement of the No Critical Point-Di�eomorphism Theorem 138.1. �

138.3. The Handle Decomposition Theorem. With the results from the previous sec-
tion it is now pretty straightforward to prove the following result.

Proposition 138.4. (Morse Function-Handle Decomposition Proposition) LetM
be a closed smooth manifold. If f : M → R is a Morse function, then there exists a standard
handle decomposition of M such that for each k ∈ N0 the number of k-handles equals the
number of critical points of f of index k.

Proof. Let M be a closed smooth manifold and furthermore let f : M → R be a Morse
function. Recall that by Corollary 137.4 (2) we know that f has only �nitely many critical
points. We order the corresponding critical values by λ1 < · · · < λs. Next we pick
real numbers µ0 < λ1 < µ1 < λ2 < µ2 < · · · < µs−1 < λs and furthermore we pick
some µs ≥ max(f : M → R). Note that Mµ0 = ∅ and Mµs = M . It follows from
Theorem 138.3 that each Mµi is di�eomorphic to the result of attaching �nitely many
handles to Mµi−1

.1672 In fact Theorem 138.3 says that we can arrange that the handles are
in one-to-one correspondence to the critical points with critical value λi and that the indices
of the handles correspond precisely to the indices of the critical points. This shows that
M = Mµs admits a handle decomposition with the predicted number of handles. Finally
we apply the Standard Handle Decomposition Corollary 136.4 to conclude thatM actually
admits a standard handle decomposition with the same number of handles with the same
indices. �

Remark.
(1) In the Handles-to-Morse Function Proposition 139.9 we will prove a converse to the

Morse Function-Handle Decomposition Proposition 138.4, namely we will see that
handle decompositions give rise to Morse functions.

1672Note that implicitly we use our hypothesis that M is closed, since to apply Theorem 138.3 we need to
ensure that f−1([µi−1, µi]) ∩ ∂M = ∅.
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∅
M

µ7µ6µ5µ4µ3µ2µ1µ0 λ6 λ7λ3λ2λ1 λ5λ4

0
2

di�eomorphic to 1-handle attachments

2-handle

0-handles

1 1 1

0
0

1

0-handle

(2) Let M be a closed smooth manifold and let f : M → R is a Morse function. In
the proof of the Morse Function-Handle Decomposition Proposition 138.4 we just
saw that f gives rise to a handle decomposition of M . Evidently −f : M → R is
also a Morse function. The corresponding handle decomposition is for all intents
and purposes the same as the dual handle decomposition that we introduced in the
Morse Function-Handle Decomposition Proposition 138.4. Since we will not make
use of this statement we will also not bother with providing a proof.

Now we can easily prove the main theorem of this chapter.

Theorem 138.5. (Handle Decomposition Theorem) Every closed smooth manifold
admits a standard handle decomposition.

Remark.

(1) In the literature the Handle Decomposition Theorem is often called the Handle Pre-
sentation Theorem.

(2) We will deal with compact smooth manifolds with non-empty boundary in the fol-
lowing chapter. In particular we will prove the Relative Handle Decomposition The-
orem 139.6 that says that every compact smooth manifold admits a handle structure
rel a given union of boundary components. As we point out in Theorem 139.7, this
implies in particular that every compact smooth manifold admits a standard handle
decomposition.

Proof. Let M be a closed smooth manifold. By the Morse Function-Existence Propo-
sition 137.6 we know that there exists a Morse function f : M → R. It follows from the
Morse Function-Handle Decomposition Proposition 138.4 thatM admits a standard handle
decomposition. �

We can now give a new proof for some of the statements of the Smooth Manifolds-Invariants
Proposition 96.6.

Proposition 96.6. (Smooth Manifolds-Invariants Proposition) Let M be a closed
n-dimensional smooth manifold.
(1) For every k > n we have Hk(M ;Z) = 0.
(3) Given any P ∈M the fundamental group π1(M,P ) is �nitely presented.
(4) All homology groups of M are �nitely generated abelian groups.

Remark.
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(1) Morse theory can also be used to prove the above formulation of the Smooth Manifolds-
Invariants Proposition 96.6 for compact smooth manifolds with non-empty boundary.
In fact there are at least two approaches to achieving this goal:
(a) Either one applies the above result to the double DM of a compact smooth

manifold with boundary and one applies a little bit of algebra, e.g. the Finite
Presentation-Retract Lemma 53.16 .

(b) Alternatively one can wait for Theorem 139.7 where we prove the generalization
of the Handle Decomposition Theorem 138.5 to compact smooth manifolds with
non-empty boundary.

(2) As we saw in the proof of Proposition 96.7, one can use the Smooth Manifolds-
Invariants Proposition 96.6 to show that homology groups and fundamental groups
of arbitrary, not necessarily compact, smooth manifolds are countable.

(3) In the Morse Inequalities Theorem 140.12 and Proposition 140.11 we will give explicit
upper bounds on the �size� of the homology groups of a closed smooth manifold in
terms of the number of critical points of a Morse function respectively the number
of handles in a handle decomposition.

Sketch of proof. Let M be a closed n-dimensional smooth manifold. By the Handle
Decomposition Theorem 138.5 we know that M admits a handle decomposition. It fol-
lows easily from a straightforward induction argument using the Handle Attachment-π1-
Proposition 136.11 that for any P ∈ M the fundamental group π1(M,P ) is �nitely pre-
sented. Similarly it follows from a straightforward induction argument using the Handle
Attachment-H∗-Lemma 136.13 that for every k > n we have Hk(M ;Z) = 0 and, using the
elementary group-theoretic the Rank Additivity Lemma 51.7 (1), we see that all homology
groups of M are �nitely generated abelian groups. �

The next proposition is also a straightforward consequence of our results.

Proposition 138.6. (Morse Functions-Cells Proposition) LetM be a closed smooth
manifold.
(1) If f is a Morse function for M , then M is homotopy equivalent to a CW-complex

where the number of k-cells equals precisely the number of critical points of index k.
(2) The smooth manifold is homotopy equivalent to a �nite CW-complex.

Example. Let n ∈ N0. Recall that on page 2979 we showed that there exists a Morse
function f : RPn → R with precisely one critical point for each index 0, . . . , n. It follows
from the Morse Functions-Cells Proposition 138.6 that RPn is homotopy equivalent to a
CW-complex with precisely one cell of dimension 0, . . . , n and no other cells. In the same
vein the above results show that CPn is homotopy equivalent to a CW-structure with
precisely one cell of degree 0, 2, . . . , 2n and no other cells. This discussion almost recovers
the result of Lemma 68.1.

Proof.
(1) This statement follows immediately from Corollary 137.4 (2), Theorem 138.3 and the

Handles-Cells Proposition 136.18.
(2) This statement is a consequence of (1) and the Morse Function-Existence Proposi-

tion 137.6. Put di�erently, it is a consequence of the Handle Decomposition Theo-
rem 138.5 and the Handles-Cells Proposition 136.18. �
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Remark.
(1) There are various other proofs that Morse functions give rise to CW-complexes that

are homotopy equivalent to M , see e.g. [BaH2004, Theorem 3.28], [Miln1965b,
Chapter 3] and [Mata2002, Theorem 4.18]. Terse argument are also given in
[Nic2011, Theorem 2.10] and [Wall2016, Proposition 5.3.1]. Furthermore an even
terser argument is given in [Hirs1976, Theorem 6.4.1].

(2) Given a closed smooth manifold there is a notion of a more re�ned version of a Morse
function, namely of a Morse-Smale function. We will not provide the de�nition,
instead we refer to [BaH2004, p. 7] for the de�nition. But we try to pique the
reader's interest with the following two statements:
(a) The Kupka-Smale Theorem, proved independently by Ivan Kupka [Kupk1963]

and Steven Smale [Sma1963], says that every closed smooth manifold admits a
Morse-Smale function. Alternatively see [BaH2004, Theorem 6.6] for a proof.

(b) In [Lau1992, p. 222] (see also [BaH2004, p. 179]) it is shown that a Morse-
Smale function gives rise to a CW-complex that is actually homeomorphic to M
and such that for each k ∈ N0 the critical points of index k are in one-to-one
correspondence to the k-cells.

(3) The Morse Functions-Cells Proposition 138.6 (2) is related to several earlier results:
(a) In Theorems 96.2 we showed that every compact smooth manifold M admits a

�nite simplicial structure. By the Smooth Manifold-CW Structure Theorem 96.5
this implies in particular that M admits a �nite CW-structure.

(b) In Corollary 95.37 we used the Nerve Theorem 95.32 to show that every compact
smooth manifold is weakly homotopy equivalent to a �nite CW-complex.

(c) Finally in Corollary 104.20 we used Borsuk's Theorem 104.3 to show that every
topological manifold is homotopy equivalent to a CW-complex.

138.4. Reeb's Theorem. Theorem 138.3 also allows us to prove the following theorem
which was �rst proved by Georges Reeb [Reeb1946] in 1946.

Theorem 138.7. (Reeb's Theorem) LetM be a closed n-dimensional smooth manifold.
If M admits a smooth function f : M → R with precisely two critical points which are
both non-degenerate, then M is homeomorphic to Sn.

Remark. For the record we mention that by [Miln1964b, Theorem 1'] the conclusion of
Theorem 138.7 also holds if the critical points are degenerate.

Reeb's Theorem 138.7 is an immediate consequence of Theorem 138.3 together with the
following proposition.
Proposition 138.8. Let n ∈ N.
(1) If ϕ : Sn−1 → Sn−1 is a homeomorphism, then B

n ∪ϕ B
n
is homeomorphic to Sn.

(2) Let M be a closed n-dimensional smooth manifold. If M admits a handle decompo-
sition consisting of a single 0-handle and a single n-handle, thenM is homeomorphic
to Sn.

Proof.

(1) Let ϕ : Sn−1 → Sn−1 be a homeomorphism. We apply the Alexander trick to get an
extension of ϕ : Sn−1 → Sn−1 to the ball B

n
. More precisely we consider the following
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map:
Φ: B

n → B
n

x 7→
{
‖x‖ · ϕ( x

‖x‖), if x 6= 0,

0, otherwise.

By Exercise 5.35 we know that this map Φ is a homeomorphism. Finally we consider
the following sequence of homeomorphisms:

B
n

+ ∪ϕ : Sn−1→Sn−1 B
n

−
∼=−→ B

n

+ ∪id : Sn−1→Sn−1 B
n

−
homeomorphism−−−−−−−−−−→
from page 261

Sn.

[P ] 7→
{

[Φ(P )], if P ∈Bn

+,

[P ], if P ∈Bn

−.

(2) Let M be a closed n-dimensional smooth manifold that M admits a handle de-
composition consisting of a single 0-handle and a single n-handle. This means that
there exists a di�eomorphism ϕ : Sn−1 → Sn−1 such that M is di�eomorphic to1673

B
n ∪ϕ B

n
. It now follows from (1) that M is homeomorphic to Sn. �
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Reeb's Theorem 138.7 and Proposition 138.8 raise several fantastic questions. First of
all, it is natural to ask whether the analogue of Proposition 138.8 (1) holds if we replace
�homeomorphism� by �di�eomorphism�. Put di�erently, we have the following question.

Question 138.9. Let ϕ : Sn−1 → Sn−1 be a di�eomorphism. Is the smooth manifold
B
n ∪ϕ B

n
di�eomorphic to Sn?

Next let us re�ect whether we can upgrade the composition of maps towards the end of the
proof Proposition 138.8 into a di�eomorphism. The good news is that, by Exercise ??, we
can replace the map on the right-hand side by a di�eomorphism. The bad news is that, as
we saw in Exercise 5.35, the map Φ: Bn → B

n
given by the Alexander trick is not smooth

at the origin, in particular Φ is not di�eomorphism. But perhaps we can pick Φ more
cleverly? This leads us to our second question.

Question 138.10. Let n ∈ N. Does every di�eomorphism ϕ : Sn → Sn extend to a
di�eomorphism of B

n+1
?

In Propositions ?? and ?? we will provide answers to Questions 138.10 and 138.9.

1673Note that by the Gluing-Smooth Manifolds-Proposition ?? we can equip B
n ∪ϕ B

n
with a canonical

smooth structure.
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Exercises for Chapter 138.

Exercise 138.1. Let M be a nd N be two closed n-dimensional smooth manifolds and let
f : M → R and g : N → R be Morse functions with unique critical points of index 0 and n.
Show that the connected sumM#N admits a Morse function ϕ with unique critical points
of index 0 and n and such that for k ∈ {1, . . . , n− 1} we have
number of critical points of ϕ : M#N → R = number of critical points of f : M → R

+ number of critical points of g : N → R.

Exercise 138.2. Use handle decomposition to show that every closed n-dimensional smooth
manifold admits an atlas with n+ 1 charts.
Remark. This exercise gives a new proof for some of the statements of Proposition 27.8.
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139. Morse theory II: The Relative Handle Decomposition Theorem

In the Morse Function-Existence Proposition 137.6 we showed that every closed smooth
manifold admits a Morse function. Using Theorem 138.3 this allowed us to prove the Handle
Decomposition Theorem 138.5 which says that every closed smooth manifold admits a
handle decomposition.
As we remarked on page 2981, it is not di�cult to prove, using the Morse Function-Existence
Proposition 137.6, that in fact every compact smooth manifold M admits a Morse function
f : M → R. But this is not enough to prove the Handle Decomposition Theorem 138.5
for compact smooth manifolds with non-empty boundary since Theorem 138.3 has the
hypothesis that f−1([a, b]) ∩ ∂M = ∅.
In this chapter we will see that compact smooth manifolds have in fact a handle decom-
position. In fact we will do more, namely we will develop the theory of relative handle
decompositions and we will study more re�ned versions of Morse functions. As we will see
on several occasions, this extra e�ort for smooth manifolds with boundary will also come
in handy in the study of closed smooth manifolds.

139.1. Relative Handle Decompositions. For smooth manifolds with non-empty bound-
ary it will be convenient to study relative handle decompositions. This concept generalizes
the notion of a handle decomposition that we introduced on page 2954.

De�nition. LetM be a compact n-dimensional smooth manifold and let A be a (possibly
empty) union of components of ∂M .
(1) A handle decomposition for M rel A is a di�eomorphism

Θ: M
∼=−−→ ([0, 1]× A) ∪ϕ0 h

k0 ∪ · · · ∪ϕm hkm

such that for i = 0, . . . ,m the map ϕi is a thickened (ki−1)-sphere that takes values
in

∂
(
([0, 1]× A) ∪ϕ0 h

k0 ∪ · · · ∪ϕi−1
hki−1

)
\ ({0} × A)

and such that for each P ∈ A we have Θ(P ) = (0, P ).1674

In the following we will mostly suppress Θ from the notation. With this convention we
introduce the following de�nitions:
(2) Given i ∈ {0, . . . , n} we refer to

M i := ([0, 1]× A)∪ϕ0,1h
0 · · · ∪ϕ0,r0

h0︸ ︷︷ ︸
0-handles

∪ . . .∪ϕi,1hi · · · ∪ϕi,ri h
i.︸ ︷︷ ︸

i-handles

as the i-skeleton of the relative handle decomposition.
(3) We say that a relative handle decomposition is standard if it is of the above form

and if for each i ∈ {0, . . . , n} the attaching maps ϕi,1, . . . , ϕi,ri take values in ∂M
i−1.

The following proposition is basically a generalization of the Dual Handle Proposition 136.5.

Proposition 139.1. (Relative Dual Handle Proposition) Let M be a compact n-
dimensional smooth manifold. Furthermore let ∂M = A t B be a decomposition of ∂M
into two disjoint unions of components A and B. Finally let
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[0, 1]×A

AA

1-handle
standard handle decomposition of M rel A

1-handle

1-handle

0-handle
M

2-handle

0

12

3

4

5

M = ([0, 1]× A) ∪ϕ0 hk0︸︷︷︸
0-th handle

∪ · · · ∪ϕm hkm︸ ︷︷ ︸
m-th handle

be a handle decomposition of M rel A. We consider

M ′ := (M \ ([0, 1)× A)) ∪B=B×{0} ([0, 1]×B)

and we set A′ := {1} × A Ă M ′ and B′ := {1} ×B Ă M ′.
(0) There exists a di�eomorphism from M to M ′ that restricts to the obvious di�eo-

morphism A→ A′ and B → B′.
There exists canonical handle decomposition

M ′ = ([0, 1]×B′) ∪ψm h̃n−km︸ ︷︷ ︸
0-th dual handle

∪ · · · ∪ψ0 h̃n−k0︸ ︷︷ ︸
m-th dual handle

,

of M ′ rel B′ called dual handle decomposition, with the following properties:
(1) For each i ∈ {0, . . . ,m} the following statements hold:

(a) The i-th handle of the dual handle decomposition equals, as a subset of M ′, the
(m− i)-th handle of the original handle decomposition.

(b) The indices of the handles are reversed, in the sense that

index of the i-th handle of
the dual handle decomposition = n− index of the (m− i)-th handle of

the original handle decomposition.

In particular the number of i-handles in the dual handle decomposition equals
the number of (n− i)-handles in the original decomposition.

(c) The roles of attaching spheres and belt spheres is reversed in the sense that

belt sphere of the i-th handle of
the dual handle decomposition =

attaching sphere of the (m−i)-th handle
of the original handle decomposition.

Furthermore the same statement, with the roles of attaching and belt spheres
reversed, also holds.

(2) If the original handle decomposition is standard, then so is the dual handle decom-
position.

(3) The dual of the dual handle decomposition is the original handle decomposition.

Example. In the �gure below we show againM , the torus minus two open disks, with two
boundary components A and B. To the left we show the above handle decomposition of
M rel A. To the right we see the corresponding dual handle decomposition of M ′ rel B′.

In the proof of the Relative Dual Handle Proposition 139.1 we will make use of the following
lemma, which also doubles as Exercise ??.
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[0, 1]×AA [0, 1]×B′

1-handle1-handle

A′
B′

0-handle

1-handle

1-handle

2-handle1-handle

1-handle

dual handle decomposition of M ′ rel B′standard handle decomposition of M rel A

1-handle B
1-handle

0

2-handle
1

5

4

0-handle

5

43

2

1

0

3

2

Lemma 139.2. LetM be a compact smooth manifold and let C be a union of components
of ∂M . Let ϕ : C → C be a di�eomorphism. Given any neighborhood U of C Ă M there
exists a di�eomorphism

M → (M t ([0, 1]× C))/∼︸ ︷︷ ︸
smooth manifold by the

Gluing-Smooth Manifolds-Proposition ??

where x ∼ ϕ(x, 0) for x ∈ C

that is the identity on the common subset M \ U and that restricts to the obvious di�eo-
morphism from C to {1} × C.

Remark. In the setting of Lemma 139.2, we sometimes refer to [0, 1] × C as an external
collar.
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[0, 1]× C

CM {1} × C

Proof of Lemma 139.2. As is explained in the Gluing-Smooth Manifolds-Proposition ??
(1), to say that the topological space (M t ([0, 1]×C))/∼ is a smooth manifold we actually
need to pick a collar [−1, 0] × C with C = {0} × C to de�ne the actual smooth atlas.
Since U is a neighborhood of C and since C is compact there exists an ε > 0 such that
[−ε, 0] × C Ă U . Using the Smooth Transition Function Lemma 19.4 one can easily show
that there exists a smooth function η : [−ε, 0] → [−ε, 1] with η(t) = t for t ∈ [−ε,− ε

2
],

η(0) = 1 and such that η′(t) > 0 for all t. The desired di�eomorphism is now given by
the identity on M \ ([−ε, 0]× C) and by stretching [−ε, 0]× C to [−ε, 1]× C via the map
(t, P ) 7→ (η(t), P ). �

Proof of the Relative Dual Handle Proposition 139.1.

(0) It follows from the Codimension-Zero Smooth Embedding Proposition 24.16 that
W := M \ ([0, 1) × A) is a smooth manifold. It follows from Lemma 139.2 that
both M = ([0, 1]× A) ∪W and M ′ = W ∪ ([0, 1]×B) are di�eomorphic to W .

(1)-(3) The proof of the remaining statements is basically identical to the proof of the
Dual Handle Proposition 136.5. We only need a minuscule generalization of
Lemma 136.6, namely instead of considering di�eomorphisms γ : ∂Y → ∂(X∪ϕhk)
we also need to allow di�eomorphisms γ : C → D where C is a component of ∂Y
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and D is a component of ∂(X ∪ϕ hk) that contains hk ∩ ∂(X ∪ϕ hk). We leave it
to the reader to �ll in the details. �

The following proposition says that we can �stack� relative handle decompositions.

Proposition 139.3. (Stacking Proposition) LetM be a compact n-dimensional smooth
manifold and let N be a compact n-dimensional smooth manifold. Furthermore let A be
a union of boundary components of M and let B be a union of boundary components of
N . Next let

M = ([0, 1]× A)∪ϕ0h
k0 ∪ · · · ∪ϕr hkr

and N = ([0, 1]×B)∪ψ0h
l0 ∪ · · · ∪ψs hls

be handle decompositions rel A respectively rel B. Finally let Θ: B → ∂M \ A be
a di�eomorphism. We consider the smooth manifold M ∪Θ N . There exists a handle
decomposition of the form

M ∪Θ N
∼=−−→ ([0, 1]× A)∪ϕ0h

k0 ∪ · · · ∪ϕr hkr∪ψ̃0
hl0 ∪ · · · ∪ψ̃s h

ls

rel A, where the attaching maps ψ̃0, . . . , ψ̃s are obtained in a hopefully obvious way from
the attaching maps ψ0, . . . , ψs.
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[0, 1]×AA [0, 1]×B[0, 1]×A B
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N

Θ

∂M \A

M
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di�eomorphic to M ∪Θ N

1

5

4

3

2 1

0 0

12

3

4

5

Proof. We have the following di�eomorphisms:

M ∪Θ N = M ∪Θ (([0, 1]×B)∪ψ0h
l0 ∪ · · · ∪ψs hls) = (M ∪Θ ([0, 1]×B))∪ψ0h

l0 ∪ · · · ∪ψs hls
∼= M∪ψ̃0

hl0 ∪ · · · ∪ψ̃s h
ls = (([0, 1]×A)∪ϕ0h

k0 ∪ · · · ∪ϕr hkr) ∪ψ̃0
hl0 ∪ · · · ∪ψ̃s h

ls .
↑

Lemma 139.2 �

Examples.

(1) Let M be a compact smooth manifold with a handle decomposition

M = ∅∪ϕ0h
k0 ∪ · · · ∪ϕr hkr .

We can view this as a handle decomposition rel ∅. By the Relative Dual Handle
Proposition 139.1 we can equip M with the dual handle decomposition, which is de
facto a handle decomposition rel ∂M . If we glue two copies of M along the com-
mon boundary, i.e. if we consider the double DM , then it follows from the Stacking
Proposition 139.3 that we can stack the original handle decomposition and the dual
decompositions. In summary we obtain a handle decomposition for the double DM
of the form

DM = ∅∪ϕ0h
k0 ∪ · · · ∪ϕr hkr ∪ψ̃rh

n−kr ∪ · · · ∪ψ̃0
hn−k0 .
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(2) First let k, l ∈ N.
(a) In Exercise 136.2 we showed that B

k × Sl admits a handle decomposition rel ∅
consisting of one 0-handle and one l-handle.

(b) By (a) together with the Relative Dual Handle Proposition 139.1 we see that
B
k × Sl admits a handle decomposition rel ∂(B

k × Sl) consisting of one (k + l)-
handle and one k-handle.

Now letm,n ∈ N. In Lemma 59.1 we showed that Sm+n−1 is di�eomorphic to (Sm−1×
B
n
) ∪Sm−1×Sn−1 (B

m × Sn−1). Note that by the Stacking Proposition 139.3 we can
stack the handle decomposition of Sm−1×Bn

rel ∅ with the handle decomposition of
B
m×Sn−1 rel ∂(B

m×Sn−1). Thus we see that Sm+n−1 admits a handle decomposition
consisting of four handles of index 0, m− 1, m and m+ n− 1.

139.2. Morse functions for smooth manifolds with boundary. Our goal will be to
show the existence of suitable relative handle decompositions. The key tool to doing so is
the following generalization of the Morse Function-Existence Proposition 137.6.

Proposition 139.4. (Morse Function-Existence Proposition) Let M be a compact
smooth manifold and let A and B be two disjoint unions of components of ∂M . There
exists a Morse function f : M → [0, 1] such that A = f−1(0) and such that B = f−1(1).

Example. In the �gure below we show a surfaceM with A and B as in the Morse Function-
Existence Proposition 139.4. We also show a di�erent embedding of M into R3 such that
the height function (x, y, z) 7→ z has the desired properties.
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The proof of the Morse Function-Existence Proposition 139.4 requires some technical prepa-
rations. First let us introduce the following de�nition.
De�nition. Let M be a smooth manifold, let f : M → R be a smooth function and let A
be a union of components of ∂M . We say f is pointing inward on A if for every P ∈ A
and every inward pointing tangent vector1675 P ∈ TPM we have DfP (v) > 0. Similarly
we are de�ning that f is pointing outward on A.

Lemma 139.5. Let N be a closed smooth manifold and let f : [0, 1]×N → R be a smooth
function that is pointing inward on {0} ×N and that has no critical points. There exists
a smooth function g : [0, 1]×N → R with the following properties:
(1) The map g agrees with f on [1

2
, 1]×N .

(2) The map g has no critical points and it is pointing inward on {0} ×N .

1675We refer to page 634 for the de�nition of an inward pointing tangent vector.
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(3) The map g is constant on {0} ×N and the value on {0} ×N equals the minimum
of g on [0, 1]×N .

Sketch of a proof of Lemma 139.5. We pick some s ∈ R that is less than the minimum
of f on [0, 1]×N . Using the Smooth Transition Function Lemma 19.4 it is pretty straight-
forward to see that there exist smooth maps α, β : [0, 1]→ R with α + β ≡ 1, α(t) = 1 for
su�ciently small t and β(t) = 1 for t ∈ [1

2
, 1] such that the map

g : [0, 1]×N → R
(t, P ) 7→ α(t) · (s+ t) + β(t) · f(P, t)

has all the desired properties. We leave it to the reader to �ll in the dull technical details.
�

Sketch of a proof of the Morse Function-Existence Proposition 139.4. LetM be
a compact smooth manifold and let A and B be two disjoint unions of components of ∂M . A
slight re�nement of the Euclidean Embedding Theorem 27.1, similar to Exercise 27.3, shows,
together with the Smooth Embedding Theorem 24.10, that we can viewM as a submanifold
of {x ∈ Rn | ‖x‖ ∈ [1, 2]} such that ϕ(A) Ă Sn−1

1 and such that ϕ(B) Ă Sn−1
2 . Using the

Smooth Collar Neighborhood Theorem 28.3 we obtain collar neighborhoods [0, 1]×A and
[0, 1]×B.

As in the proof of the Morse Function Existence Proposition 137.5 one can show that
given any ε > 0 there exists a Q ∈ Bn

ε such that
fQ : M → R

x 7→ ‖x−Q‖2

is a Morse function. It is straightforward to see that by picking a su�ciently small ε > 0
we can arrange that fQ : M → R is pointing inward on A and that it is pointing outward
on B. Thus, Using Lemma 139.5, applied to [0, 1]×A and [0, 1]×B we can modify fQ to
obtain a Morse function on M that is constant on A and that is constant on B and such
that all other values lie between the values on A and B. After rescaling we have obtained
the desired Morse function.

����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������

����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������
����������������������������������

���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������

�
�
�
�

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

���
���
���

���
���
���

�
�
�

�
�
�

������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������

B
n

ε

Q

A

B

Sn−1
2

Sn−1
1

M

A more detailed and authoritative proof of the Morse Function-Existence Proposi-
tion 139.4 is given in [Miln1965b, Theorem 2.5]. �
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139.3. The Relative Handle Decomposition Theorem. Our goal in this section is to
prove the following re�nement of the Handle Decomposition Theorem 138.5.

Theorem 139.6. (Relative Handle Decomposition Theorem) Let M be a compact
n-dimensional smooth manifold. Given any union A of components of ∂M there exists a
standard handle decomposition of M rel A.
If we apply the Relative Handle Decomposition Theorem 139.6 to A = ∅ we obtain for free
the following generalization of the Handle Decomposition Theorem 138.5.

Theorem 139.7. (Handle Decomposition Theorem) Every compact smooth manifold
admits a standard handle decomposition.

Proof of the Relative Handle Decomposition Theorem 139.6. LetM be a compact
smooth manifold and let A be a union of components of ∂M . We denote by B the
union of the remaining components of ∂M . By the Morse Function-Existence Proposi-
tion 139.4 there exists a Morse function f : M → [0, 1] such that A = f−1(0) and such that
B = f−1(1). We make the following two observations:
(a) Since ∂M = A ∪B we have f−1((0, 1)) ∩ ∂M = ∅.
(b) Note that A ∪ B = ∂M . Thus, by de�nition of a Morse function, A and B do not

contain critical points, in other words, 0 is not a critical value and 1 is not a critical
value.

By Corollary 137.4 (2) the Morse function has only �nitely many critical points. We order
the critical values by 0 < λ1 < · · · < λs < 1. (Note that by (b) we know that 0 < λ1 and
λs < 1.) We pick real numbers 0 < ε < µ0 < λ1 < µ1 < λ2 < µ2 < · · · < µs−1 < λs < 1 =
µs.

Note that it follows from (a) and the Regular Value Theorem 26.4 that f−1(ε) is a closed
submanifold ofM . Thus it follows from the Smooth Manifold-Product Theorem 138.2 that
Mε = f−1([0, ε]) is di�eomorphic to [0, 1]× A.

Next note that it follows from Theorem 138.3 and (a) that for each i ∈ {1, . . . , s}
there exists a di�eomorphism from Mµi to the result of attaching �nitely many handles
to Mµi−1

. Furthermore, Theorem 138.3 says that we can �nd such a di�eomorphism that
is the identity on the common subset Mε. This shows that M = Mµs admits a handle
decomposition rel A.

Finally note that it follows immediately from iteratively applying the Handle Swapping
Proposition 136.3 that we can rearrange our handle attachments to obtain a standard
handle decomposition of M rel A. �
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We conclude this section with the following generalization of Proposition 138.6.
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Proposition 139.8. (Smooth Manifold-CW-Homotopy Type Proposition) Every
compact smooth manifold is homotopy equivalent to a �nite CW-complex.

Proof. This statement follows immediately from the Handle Decomposition Theorem 139.7
together with the Handles-Cells Proposition 136.18. �

139.4. Constructing Morse functions from handle decompositions. By the Handle
Addition Theorem 138.3 we know that Morse functions give rise to handle decompositions.
In this section we will see that we can also go backwards. For example we have the following
converse to Theorem 138.3.
Proposition 139.9. (Handles-to-Morse Function Proposition) LetM be a compact
smooth manifold and suppose we are given a decomposition ∂M = AtB where A and B
are unions of components of ∂M .

(1) Let ϕ : B
n−k×Sk−1 → B be a thickened (k−1)-sphere and let f : M → R be a map

that points inward on A and that points outward on B. Then there exists a smooth
map g : M ∪ϕ hk → R with the following properties:
(a) The restriction of g to M equals f .
(b) g points outward on ∂(M ∪ϕ hk) \ A.
(c) In the handle B

n−k × B
k
the map g has precisely one critical point, and this

critical point has index k.
(2) IfM is equipped with a handle decomposition M ∼= ([0, 1]×A)∪ϕ1 h

k1 ∪· · ·∪ϕm hmk
rel A, then there exists a smooth map g : M → R with the following properties:
(a) On [0, 1]× A the map g equals the projection onto [0, 1],
(b) The map g has precisely m critical points P1, . . . , Pm, each of which is non-

degenerate and such that for i = 1, . . . ,m the index of the critical point Pi
equals the index of the handle ϕi.
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gradient of g on the handle

handleM

A

B

gradient of f critical point of g in the handle

Proof.

(1) This statement is proved by running the proof of Theorem 138.3 �backwards�. In
particular the idea is, to de�ne g on the k-handle to be a suitable modi�cation of the
function

B
k ×Bn−k → R

(x1, . . . , xk, y1, . . . , yn−k) 7→ −x2
1 − · · · − x2

k + y2
1 + · · ·+ y2

n−k.

We refer to [Kos1993, p. 130] for the details.
(2) This statement follows immediately from applying (1) altogether m times. �

We conclude this section with a neat re�nement of the Morse Function-Existence Proposi-
tion 137.6. To formulate the result we introduce the following de�nition.
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De�nition. Let M be a compact n-dimensional smooth manifold and suppose we are
given a decomposition ∂M = A t B where A and B are unions of components of ∂M . A
Morse function f : M → R is called self-indexing with respect to A and B, if the following
conditions are satis�ed.
(1) We have f |A ≡ −1

2
and f |B ≡ n+ 1

2
.

(2) If P is a critical point of f , then f(P ) = index(f, P ).
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Proposition 139.10. Let M be a compact n-dimensional smooth manifold and suppose
we are given a decomposition ∂M = A t B where A and B are unions of components of
∂M . There exists a self-indexing Morse function f : M → R with respect to A and B.

Sketch of proof. Let M be a compact n-dimensional smooth manifold and suppose we
are given a decomposition ∂M = A tB where A and B are unions of components of ∂M .
By the Handle Decomposition Theorem 138.5 there exists a standard handle decomposition

M = ([0, 1]× A)∪ϕ0,1h
0 · · · ∪ϕ0,r0

h0︸ ︷︷ ︸
0-handles

∪ . . .∪ϕn,1hn · · · ∪ϕn,rn h
n︸ ︷︷ ︸

n-handles

rel A. Given i ∈ {−1, . . . , n} we denote by M i the i-skeleton of the relative handle decom-
position and we set Bi := ∂M i \ A. It su�ces to prove the following claim.

Claim. For i = −1, . . . , n there exists a Morse function fi on M i with the following prop-
erties:
(1) We have f |A ≡ −1

2
and f |Bi ≡ i+ 1

2
.

(2) If P is a critical point of fi, then fi(P ) = index(fi, P ).

Proof. For i = −1 we have M i = [0, 1] × A and we choose the map that is given by
(t, a) 7→ t − 1

2
. Now suppose the claim holds for some i ∈ {−1, . . . , n − 1}. By the

Handles-to-Morse Function Proposition 139.9 we can extend the map fi : M
i → R to a

Morse function on g : M i+1 → R such that g has precisely ri+1 extra critical points, and
each of these critical points has index i+1. Note that the value of g on these critical points
is necessarily greater than i + 1

2
and that the value of g on each Sn−k−1 × Bk is greater

than i + 1
2
. By rescaling, see Exercise 137.4, we can arrange that the value of g at each

of these critical points is precisely i + 1 and we can arrange that the value of g on each
Sn−k−1 × Bk is greater than i + 1

2
. The values of g on Bi now lie in [i + 1

2
, i + 3

2
) and g

points outward on Bi. Using a collar neighborhood for Bi together with Lemma 139.5 it
is now fairly straightforward to arrange that the map g actually equals i + 3

2
on Bi. As

always, the adventurous reader is warmly invited to �ll in the details. �
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For full details we refer to the original proof by Stephen Smale [Sma1961b, Theo-
rem C]. Alternatively the statement is also proved in [Miln1965b, p. 45] and [Nic2011,
Chapter 2.4]. �

139.5. Handle decompositions of topological manifolds. The notion of a handle de-
composition also makes sense, with a few suitable modi�cations in the de�nition, for com-
pact topological manifolds. So the question arises, does every compact topological manifold
admit a handle decomposition? It turns out that this is a subtle question.
(1) By Theorem ?? every compact topological manifold of dimension ≤ 3 admits a

smooth structure. Thus it follows from Theorem 139.7 that every such topological
manifold admits a handle decomposition.

(2) Rob Kirby and Larry Siebenmann [KSi1977, Essay III.2, Theorem 2.1] (see also
[Kupe2017b, Theorem 1.22]) showed that every compact topological manifold of di-
mension≥ 6 admits a topological handle decomposition. Later Frank Quinn [Qu1982,
Theorem 2.3.1] extended this result to the 5-dimensional setting.

(3) It follows from Proposition ?? that every closed 4-dimensional topological manifold
that admits a topological handle decomposition also admits a smooth structure. But
in Theorem 135.9 we saw that there exist closed 4-dimensional topological manifolds
that do not admit a smooth structure. In particular there exist closed 4-dimensional
topological manifolds that do not admit a handle decomposition.

Exercises for Chapter 139.

Exercise 139.1. In the �gure below we show once again M , the torus with two disks
removed. Let A be one of the two boundary components. In the �gure below we showed
that M admits a handle decomposition rel A with one 0-handle, three 1-handles and one
2-handle. Does there exist a handle decomposition of M rel A with fewer handles?
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Exercise 139.2. Let M be a compact connected non-empty smooth manifold that is
equipped with a handle decomposition. On page 3004 we saw that the double DM comes
with a canonical handle decomposition. For which dimensions of M can you use this fact
to argue that the inclusion induced map π1(M)→ π1(DM) is an isomorphism?

Exercise 139.3. Give an explicit self-indexing Morse function for the torus S1 × S1 and
the Klein bottle.
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140. Handle homology and the Morse inequalities

In this chapter we will see that a handle decomposition of a compact smooth manifold
gives rise to a chain complex, namely the handle chain complex. This chain complex can
be viewed as an analogue of the cellular chain complex of a CW-complex. We will see
that the corresponding homology groups, called handle homology groups, are naturally
isomorphic to the usual singular homology groups. We will use this isomorphism to prove
the Morse inequalities, which show that the �size� of singular homology groups gives a lower
bound on the number of singularities of a Morse function on a given smooth manifold.

140.1. Handle homology. In Chapter 80 we introduced the cellular chain complex of a
CW-complex X. Recall that this chain complex has the following two features:

(1) The chain groups are de�ned to be CCW
k (X) := Hk(X

k, Xk−1). By the Skeleton-
Homology Lemma 80.1 this chain group can be viewed as the free abelian groups on
the set of k-cells.

(2) The corresponding cellular homology groups are naturally isomorphic to the singular
homology groups.

In this section we will outline how one can perform something very similar in the setting of
smooth manifolds with a given handle decomposition. The following lemma is an analogue
of the Skeleton-Homology Lemma 80.1.

Lemma 140.1. (Handle Skeleton-Homology Lemma) LetM be a compact n-dimensional
smooth manifold together with a standard handle decomposition

M ∼= ∅ ∪ϕ0,1h
0 · · · ∪ϕ0,r0

h0︸ ︷︷ ︸
0-handles

∪ . . .∪ϕn,1hn · · · ∪ϕn,rn h
n.︸ ︷︷ ︸

n-handles

Let k ∈ N0. As on page 2958 we denote byMk the k-skeleton of the handle decomposition,
i.e. Mk is union of all handles of index ≤ k.1676

(1) Let k ∈ {0, . . . , n}. Given i ∈ {1, . . . , ri} we denote by Φk,i : B
k

i → {0} ×B
k

i →Mk

the map that is given by the inclusion map of the core of the i-th k-handle. For
every k, j ∈ N0 the following map is an isomorphism:1677

ri⊕
i=1

Φk,i∗ :
ri⊕
i=1

Hj(B
k

i , ∂B
k

i ) −→ Hj(M
k,Mk−1).

In particular the following holds:
(a) For i 6= k we have Hi(M

k,Mk−1) = 0.
(b) The group Hk(M

k,Mk−1) is a free abelian group where the rank equals the
number of k-handles.

(2) For i > k we have Hi(M
k) = 0.

(3) For i < k the inclusion j : Mk →M induces an isomorphism j∗ : Hi(M
k)
∼=−→Hi(M).

(4) The inclusion j : Mk →M induces an epimorphism j∗ : Hk(M
k)� Hk(M).

1676Note that this de�nition makes sense since the handle decomposition is standard.
1677Note that by de�nition of a standard handle decomposition, see page 2958, the restriction of Φk,i to

∂B
k

i does indeed take values in Mk−1.
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Remark. The statement of the Handle Skeleton-Homology Lemma 140.1 (3) and (4) is
very similar in spirit to the content of Exercise 136.12.

Proof. Not surprisingly the proof of the lemma is very similar to the proof of the Skeleton-
Homology Lemma 80.1. But completeness sake let us go through the motions.
(1) We consider the following diagram

ri⊕
i=1

Hk(B
k

i , ∂B
k

i )

⊕
Φk,i∗

//

��

Hk(M
k,Mk−1)

ri⊕
i=1

Hk(B
n−k×Bk

i , B
n−k×∂Bk

i )

⊕
Φk,i∗

//
ri⊕
i=1

Hk(Φk,i(B
n−k×Bk

i ),Φk,i(B
n−k×∂Bk

i )).

OO

The left vertical map is induced by the inclusions x 7→ (0, x). It is an isomorphism by
Corollary 74.16. The bottom horizontal map is induced by homeomorphisms, thus
it is also an isomorphism. Next note that the right vertical map is induced by the
obvious inclusions. It follows almost immediately from the Excision Theorem 120.2
that the right vertical map is an isomorphism. Clearly he diagram clearly commutes.
Hence we get that the top horizontal map is indeed an isomorphism. Finally the �in
particular� statements now follow immediately from Lemma 76.1.

(2) We �x i ∈ N. We want to show that Hi(M
k) = 0 for k = 0, . . . , i − 1. First of all

we have Hi(M
0) = 0 since M0 is di�eomorphic to a disjoint union of n-balls. Now

assume that we already know that Hi(M
k) = 0 for some k < i− 1. We want to show

that Hi(M
k+1) = 0. We consider the long exact sequence of the pair (Mk+1,Mk):

. . . → Hi+1(Mk+1,Mk) → Hi(M
k)︸ ︷︷ ︸

=0

→ Hi(M
k+1) → Hi(M

k+1,Mk)︸ ︷︷ ︸
= 0 by (1) since i>k+1

→ . . .

Thus we obtain that indeed Hi(M
k+1) = 0.

(3) We �x i ∈ N0. Let m > i. This time we consider the following excerpt from the long
exact sequence of the pair (Mm+1,Mm):

. . . → Hi+1(Mm+1,Mm)︸ ︷︷ ︸
= 0 by (1) since i < m

→ Hi(M
m) → Hi(M

m+1) → Hi(M
m+1,Mm)︸ ︷︷ ︸

= 0 by (1) since i < m

→ . . .

This discussion implies in particular that we have inclusion induced isomorphisms
Hi(M

k)
∼=−→Hi(M

k+1)
∼=−→ . . .

∼=−→Hi(M
n) = Hi(M).

(4) In (3) we showed that the inclusion induced map Hk(M
k+1)→ Hk(M) is an isomor-

phism. Thus it su�ces to show that the inclusion induced map Hk(M
k)→ Hk(M

k+1)
is an epimorphism. To show this we consider the following excerpt from long exact
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sequence of the pair (Mk+1,Mk):

. . . → Hk+1(Mk+1,Mk) → Hk(M
k) → Hk(M

k+1) → Hk(M
k+1,Mk)︸ ︷︷ ︸

= 0 by (1)

→ . . .

We see that the inclusion induced map Hk(M
k) → Hk(M

k+1) is indeed an epimor-
phism. �

Lemma 140.2. Let M be compact smooth manifold together with a standard handle
decomposition. Given k ∈ N0 we denote by d = dk the map

Hk(M
k,Mk−1)

=:d=dk

11

∂k // Hk−1(Mk−1)
jk−1

// Hk−1(Mk−1,Mk−2)

where ∂k is the connecting map in the long exact sequence of the pair (Mk,Mk−1) and
where jk−1 is the map induced by the projection Ck−1(Mk−1)→ Ck−1(Mk−1,Mk−2). These
maps have the property that for every k ∈ N0 we have dk ◦ dk+1 = 0.

Proof. This proof is easy. We just need to copy-paste the proof of Lemma 80.2. Thus we
consider the following commutative diagram of maps

Hk(M
k)

jk

((

Hk+1(Mk+1,Mk)

∂k+1
55

dk+1
// Hk(M

k,Mk−1)
∂k

))

dk // Hk−1(Mk−1,Mk−2)

Hk−1(Mk−1)
jk−1

44

The map ∂k ◦ jk : Hk(M
k)→ Hk−1(Mk−1) is the composition of two successive maps in the

long exact sequence of the pair (Mk,Mk−1), i.e. the map ∂k ◦ jk is the zero map. Since the
diagram commutes we obtain that dk ◦ dk+1 = 0. �

De�nition. Let M be compact smooth manifold together with a standard handle decom-
position.
(1) We refer to the map dk from Lemma 140.2 as the handle boundary map.
(2) We write Chan

k (M) := Hk(M
k,Mk−1) and we refer to (Chan

∗ (M), d∗) as the handle
chain complex.1678

(3) We denote the homology groups of the handle chain complex byHhan
k (M) and we

refer to these groups as the handle homology groups of the smooth manifoldM with
the given handle decomposition.

In the Singular-Cellular H∗-Isomorphism Proposition 80.4 we showed that for a CW-
complex the singular and cellular homology groups are naturally isomorphic. The following
proposition proves the analogous statement in our present setting.

Proposition 140.3. (Singular-Handle H∗-Isomorphism Proposition) Let M be
compact smooth manifold together with a standard handle decomposition. Given any

1678It follows from Lemma 140.2 that (Hk(Mk,Mk−1), dk)k∈N0 is indeed a chain complex.
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k ∈ N0 there exists a uniquely determined natural1679 isomorphism

ΦM : Hk(M)
∼=−→ Hhan

k (M)

with the property that the following diagram commutes:1680

Hk(M) ΦM
))

Hk(M
k)

55

jk
))

Hhan
k (M).

ker(dk)

55 55

In particular, in light of the above and the Homotopy Equivalence-H∗-Corollary 73.9, the
isomorphism type of the handle homology groups depends only on the homotopy type of
M .
Proof of the Singular-Handle H∗-Isomorphism Proposition 140.3. The proof of the
Singular-Handle H∗-Isomorphism Proposition 140.3 is almost embarrassingly similar to the
proof of the Singular-Cellular H∗-Isomorphism Proposition 80.4 (1). For the reader's con-
venience we nonetheless provide an abbreviated version of the argument. As in the proof
of the Singular-Cellular H∗-Isomorphism Proposition 80.4 (1) we add a couple of maps to
the commutative diagram that we had already encountered in the proof of Lemma 140.2:

0

0

**

Hk(M
k+1)

33

Hk(M
k) � w

jk
))

55 55

Hk+1(Mk+1,Mk)

∂k+1 44

dk+1
// Hk(M

k,Mk−1)

∂k
**

dk // Hk−1(Mk−1,Mk−2).

Hk−1(Mk−1)
& �

jk−1

33

0

33

Recall that by the Handle Skeleton-Homology Lemma 140.1 (1) and (2) we know that
Hk(M

k+1,Mk) = 0, Hk(M
k−1) = 0 and Hk−1(Mk−2) = 0. It follows almost immediately

from these facts that the diagonal sequences in the above diagram are exact. Next we
consider the diagram:

isomorphism since the left isomorphism by the
diagonal sequence is exact Handle Skeleton-Homology Lemma 140.1 (3)

↓ ↓
Hk(M

k)/ im(∂k+1) −→ Hk(M
k+1) −→ Hk(M).

a diagram chase shows that
jk induces an isomorphism

y ∼= y =: ΦM

ker(dk)/ im(dk+1) −−−−−−−−−−−−−→
id

Hhan
k (M)

1679We leave it to the reader to �gure out what �natural� should mean in this context.
1680Here we again denote by jk : Hk(Mk)→ Hk(Mk,Mk−1) the obvious map. In the long exact sequence of
the pair (Mk,Mk−1) we see that the image of Hk(Mn) in Hk(Mk,Mk−1) lies in the kernel of the connecting
homomorphism ∂k. This implies that the map jk : Hk(Mk)→ Hk(Mk,Mk−1) takes values in ker(dk).
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Next note that by construction the isomorphism ΦM has the property that the following
diagram commutes: Hk(M)

Φ

M
))

Hk(M
k)

55 55

jk
))

Hhan
k (M).

ker(dk)

55 55

Note that the top-left diagonal map is an epimorphism by the Handle Skeleton-Homology
Lemma 140.1 (4). This implies immediately that ΦM is uniquely determined.

Finally we leave it to the reader who �gured out what it means for the isomorphism to
be �natural� to actually show that it is natural. �

In the next section we will discuss a practical approach to calculating the boundary maps
in the handle chain complex. But even without this knowledge we can already obtain
interesting consequences of the Singular-Handle H∗-Isomorphism Proposition 140.3. For
example we can prove the following corollary.1681

Corollary 140.4. (Handles-Euler Characteristic Corollary) Let M be a compact
smooth manifold. Given any handle decomposition for M the following equality holds:∑

k∈N0

(−1)k · number of k-handles = χ(M).

Proof. LetM be a compact smooth manifold together with a handle decomposition. Given
k ∈ N0 we denote by ck the number of k-handles. By the Standard Handle Decomposition
Corollary 136.4 we can �nd a standard handle structure on M such that for every k ∈ N0

the number of k-handles also equals ck. Using this new handle decomposition we perform
the following calculation:

see de�nition on page 1882 Singular-Handle H∗-Isomorphism Proposition 140.3
↓ ↓

χ(M) =
∑
k∈N0

(−1)k · rk(Hk(M)) =
∑
k∈N0

(−1)k · rk(Hhan
k (M))

=
∑
k∈N0

(−1)k · rk(Chan
k (M)) =

∑
k∈N0

(−1)k · ck.
↑ ↑

Lemma 87.3 Handle Skeleton-Homology Lemma 140.1 �

Next we obtain the following corollary.

Corollary 140.5. (Odd-Dimensional Manifold-Euler Characteristic Corollary)
The Euler characteristic of every closed odd-dimensional smooth manifold is zero.

Remark.
(1) In the Odd-Dimensional Manifold-Euler Characteristic Lemma 45.4 we showed that

the smooth Euler characteristic of a closed orientable odd-dimensional smooth man-
ifold is zero.

(2) In the Odd-Dimensional Manifold-Euler Characteristic Proposition 119.7 we used
Poincaré Duality to prove a generalization of the Odd-Dimensional Manifold-Euler
Characteristic Corollary 140.5 to compact odd-dimensional topological manifolds.

1681Admittedly we could already have proved that particular corollary earlier on, namely using the Handle
Attachment-H∗-Lemma 136.13. This was precisely the content of Exercise 136.10.
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Proof. Let M be a closed (2n+ 1)-dimensional smooth manifold. By the Handle Decom-
position Theorem 138.5 we can equipM with a handle decomposition. By the Dual Handle
Proposition 136.5 we can also consider the corresponding dual handle decomposition. Now
we see that

Handles-Euler Characteristic Corollary 140.4 by de�nition of the dual handle decomposition

↓ ↓
χ(M) =

2n+1∑
k=0

(−1)k · number of k-handles in
the handle decomposition

=
2n+1∑
k=0

(−1)k · number of (2n+1−k)-handles in
the dual handle decomposition

= −
2n+1∑
m=0

(−1)m · number of m-handles in the

dual handle decomposition
= −χ(M).

↑ ↑
substitution m = 2n+ 1− k Handles-Euler Characteristic Corollary 140.4

Thus we see that χ(M) = 0. �

We continue with an even more pleasing corollary.

Corollary 140.6. (Euler Characteristic-via-Critical Points Corollary) Let M be
a closed smooth manifold. For any Morse function f : M→R we have∑

k∈N0

(−1)k ·#critical points of f of index k = χ(M).

Remark.

(1) For M = S2 the statement of the Euler Characteristic-via-Critical Points Corol-
lary 140.6 implicitly appears already in a paper written by Clerk Maxwell [Max1870]
in 1870 with the beautiful title �on hills and dales�.

(2) In Exercise 140.13 we will see that the Euler Characteristic-via-Critical Points Corol-
lary 140.6 can also be deduced from the Poincaré-Hopf Theorem 129.7.

Proof. Let f : M → R be a Morse function on a closed smooth manifold. It follows
from the Morse Function-Handle Decomposition Proposition 138.4 thatM admits a handle
decomposition such that for each k ∈ N0 the number of k-handles equals the number of
critical points of index k. The desired equality now follows immediately from the Handles-
Euler Characteristic Corollary 140.4. �

Corollary 129.5. For every closed smooth manifold M the Euler characteristic χ(M)
equals the smooth Euler characteristic χsm(M) of closed orientable smooth manifolds that
we had introduced on page 1019.

Proof. LetM be a closed smooth manifold. In the following we �rst recall the proof of the
Non-Degenerate Vector Field Existence Proposition 129.4 that we gave on page 2983. By
the Euclidean Embedding Theorem 27.1 we can assume that M is a smooth submanifold
of some Rn. By the Morse Function Existence Proposition 137.5 we know that M admits
a Morse function f : M → R. It follows from the Gradient Vector Field Proposition 137.8
that the gradient vector �eld ∇f , that we de�ned on page 2982, is a vector �eld such that
all zeros are non-degenerate.1682

1682We refer to page 2982 for the de�nition of a non-degenerate zero of a vector �eld and of the index of a
non-degenerate zero of a vector �eld.
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Now that we have repeated the argument on page 2983 we can easily prove the corollary,
namely we see that

χsm(M) =
∑

x a zero of ∇f
index(∇f, x) =

∑
x a critical
point of f

index(f, x) = χ(M).x x x
Smooth Poincaré�Hopf Gradient Vector Field Euler Characteristic-via-Critical

Theorem 45.17 Proposition 137.8 Points Corollary 140.6 �

Recall that we had formulated the Smooth Poincaré�Hopf Theorem 45.17 in terms of the
smooth Euler characteristic. We can now formulate it in terms of the usual Euler charac-
teristic:
Theorem 140.7. (Smooth Poincaré�Hopf Theorem) Let M be a closed orientable
smooth manifold and let v be a smooth vector �eld on M such that all zeros of v are
non-degenerate. Then we have the equality∑

x a zero of v

index(v, x) = χ(M).

Proof. As we just mentioned in the proof of Corollary 129.5, the Smooth Poincaré�Hopf
Theorem 45.17 contains precisely the desired statement, except that it is formulated with
the smooth Euler characteristic χsm(M). Fortunately, thanks to Corollary 129.5 we now
know that the smooth Euler characteristic χsm(M) equals the usual Euler characteristic
χ(M). �

140.2. The boundary maps in the handle chain complex. The following proposition
is a useful tool for calculating the boundary maps in a given handle chain complex.

Proposition 140.8. (Handle Chain Complex-Boundary Map Proposition) LetM
be an oriented n-dimensional smooth manifold together with a standard handle decompo-
sition

M ∼= ∅ ∪ϕ0,1h
0 · · · ∪ϕ0,r0

h0︸ ︷︷ ︸
0-handles

∪ . . .∪ϕn,1hn · · · ∪ϕn,rn h
n.︸ ︷︷ ︸

n-handles

We assume that the inclusion maps of all the handles are orientation-preserving. Given
k ∈ N0 and given i ∈ {1, . . . , ri} we denote by Φk,i : {0} × B

k

i → Mk the map that is
given by the inclusion map of the core of the handle. By the Handle Skeleton-Homology
Lemma 140.1 we know that

Bk := {Φk,1∗([{0} ×B
k
]), . . . ,Φk,rk∗([{0} ×B

k
])}

is a basis of Hhan
k (M) := Hk(M

k,Mk−1). Given j ∈ {1, . . . , rk+1} and i ∈ {1, . . . , rk} we
have the following equality:1683

(i, j)-entry of the matrix representing
dk+1 : Hhan

k+1(M)→ Hhan
k (M)

with respect to the bases Bk+1 and Bk
=

algebraic intersection number in ∂Mk of
the attaching sphere of the (k + 1, j)-handle
with the belt sphere of the (k, i)-handle.

1683For the right-hand side note that ∂Mk is a compact oriented (n−1)-dimensional smooth manifold, the
attaching sphere of the (k + 1, j)-handle is an oriented k-dimensional sphere in ∂Mk and the belt sphere
of the (k, i)-handle is an oriented (n − k − 1)-dimensional sphere in ∂Mk. So, according to the de�nition
on page 2757, it makes sense to consider in ∂Mk the algebraic intersection number of the two spheres.



3018

Example. We consider the 3-dimensional smooth manifoldM which is shown in the �gure
below. It has three 0-handles, three 1-handles and two 2-handles. Using the Handle Chain
Complex-Boundary Map Proposition 140.8 one sees that the corresponding handle chain
complex is isomorphic to the following chain complex:

0→ Z
Z

0 −1
0 1
0 2


−−−−−−→

Z
Z
Z

 0 0 0
−1 1 0

1 −1 0


−−−−−−−−−−→

Z
Z
Z
→ 0.

Thus we
obtain that Hhan

k (M) ∼=


0, if k ≥ 3,
Z, if k = 2,
Z, if k = 1,
Z2, if k = 0.

By the Handle Example Lemma 136.2 (2) we know that the component of M that is given
by gluing the �rst 2-handle to the �rst 0-handle is di�eomorphic to B

1× S2. But what we
can say about the other component of M? We will answer this question on page ??.
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1
21

2

attaching sphere of the second 2-handle

1-handles 2-handles

belt sphere of the �rst 1-handle

attaching sphere of the �rst 2-handle
0-handles

Remark. Let M be an oriented smooth manifold that is equipped with a standard handle
decomposition.
(1) If the various attaching spheres and the belt spheres intersect transversally, then

we know by the Intersection Number-via-Cup Product Theorem 126.5 that the al-
gebraic intersection number of the attaching spheres and the belt spheres can be
determined in a pleasingly geometric way. If they do not intersect transversally, do
no despair, since we can iteratively apply the Transversality Theorem 42.4 to �nd an
isotopy of the attaching spheres so that the resulting attaching spheres intersect the
belt spheres transversally. By the Handle Chain Complex-Boundary Map Proposi-
tion 140.8 (4) these isotopies do not change the di�eomorphism type of the smooth
manifold. Put di�erently, after possibly �ddling a little bit with the handle decom-
position we can compute the handle homology groups using intersection numbers of
transverse spheres.

(2) In (1) we just argued that the boundary maps in the handle chain complex can be
determined geometrically. In [DGK2019] this approach is used to de�ne handle
homology without referring to singular homology. Furthermore in [DGK2019] it is
shown using the Cerf Theorem ??, but again without making use of singular homology
groups, that the isomorphism types of these geometrically de�ned handle homology
groups only depend on the di�eomorphism type of the underlying smooth manifold.
An outline of the argument is also given in [GoS1999, Chapter 4.2].

In fact this approach, together with Lemma 136.6, can be used to give an alter-
native proof of some of the statements of the Poincaré Duality Theorem 119.1. We
refer to [Kos1993, Theorem VII.5.1] and [DGK2019] for details.
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Proof. Let M be an oriented n-dimensional smooth manifold together with a standard
handle decomposition

M ∼= ∅ ∪ϕ0,1h
0 · · · ∪ϕ0,r0

h0︸ ︷︷ ︸
0-handles

∪ . . .∪ϕn,1hn · · · ∪ϕn,rn h
n︸ ︷︷ ︸

n-handles

which has the property that the inclusion maps of all the handles are orientation-preserving.
Let k ∈ N0, let j ∈ {1, . . . , rk+1} and let i ∈ {1, . . . , rk}. We introduce the following
notation:

(1) We denote by W the result of attaching to Mk−1 all k-handles except for the i-th
k-handle.

(2) We denote by α : B
n−k×Bk →Mk the embedding corresponding to the (k, i)-handle.

Since the handle decomposition is standard we see that α(B
n−k×Sk−1) Ă Mk−1 Ă W .

Furthermore note that α(Sn−k−1 × {0}) is the belt sphere of the (k, i)-handle.
(3) Let β : B

n−k−1 × Bk+1 → Mk+1 be the embedding corresponding to the (k + 1, j)-
handle. Note that β({0}×Sk) is the attaching sphere of the (k+ 1, j)-handle. Since
we are dealing with a standard handle decomposition we see that β({0}×Sk) Ă ∂Mk.
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���Mk−1

attached to Mk

this (k + 1)-handle gets

the belt sphere of the (k, i)-handle

α

the i-th k-handle

W

j-th (k + 1)-handle

attaching sphere
of the (k + 1, j)-handle

B
n−k−1 ×Bk+1

Sn−k−1 × {0}

Next we consider the following diagram:

Hk+1({0}×Bk+1
, {0}×Sk)

∂k+1

��

β∗
// Hk+1(Mk+1,Mk)

∂k+1
// Hk(M

k)

��

Hk({0}×Sk)
β∗

//

β∗
��

Hk(M
k,W )

h−1
∗

��

Hk(M
k,Mk−1)oo

Hk(∂M
k, ∂Mk\α(Sk−1 ×Bn−k))

22

Hk(α(Sn−k−1×Bk
), α(Sn−k−1×Sk−1)) //

h∗ ∼=
OO

Hk(α(B
n−k×Bk

), α(B
n−k×Sk−1))

h∗ ∼=

OO

α−1
∗
��

Hk(S
n−k−1×Bk

, Sn−k−1×Sk−1) //

α∗ ∼=
OO

σ 7→Q([Sn−k−1×{0}],σ)
��

Hk(B
n−k×Bk

, B
n−k×Sk−1)

n·[{0}×Bk]7→n

++

σ 7→Q̃([B
n−k×{0}],σ)

��

Z
id

// Z
id

// Z.
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We make the following clari�cations and observations:

(1) By a slight abuse of notation we denote all of the following inclusion maps by h:

h : α(B
n−k ×Bk

) → Mk

h : (α(B
n−k ×Bk

), α(B
n−k × Sk−1)) → (Mk,W )

h : (α(Sn−k−1 ×Bk
), α(Sn−k−1 × Sk−1)) → (∂Mk, ∂Mk \ α(Sk−1 ×Bn−k)).

(2) It follows from the Excision Theorem 120.2 that the maps

h∗ : Hk(α(B
n−k×Bk

), α(B
n−k×Sk−1)) → Hk(M

k,W ) and
h∗ : Hk(α(Sn−k−1×Bk

), α(Sn−k−1×Sk−1)) → Hk(∂M
k, ∂Mk\α(Sk−1 ×Bn−k))

are isomorphisms.
(3) We consider the two asymmetric intersection pairings

Q : FHn−k−1(Sn−k−1×Bk
)×FHk(S

n−k−1×Bk
, Sn−k−1×Sk−1) → Z

Q̃ : FHn−k(B
n−k×Bk

, Sn−k−1×Bk
)×FHk(B

n−k×Bk
, B

n−k×Sk−1) → Z

as de�ned on page 2895.
(4) The undecorated maps are the obvious maps induced by inclusions.
(5) It follows from the naturality of the connecting homomorphism that the top rectangle

in the diagram commutes.
(6) The regions between the second and the �fth row commute by the functoriality of

relative homology groups.
(7) It follows from the Interaction Pairing-Boundary Proposition 132.17 that the bottom

left square commutes.
(8) Finally note that it follows from the Poincaré Duality-Products Proposition 119.2

that Q([B
n−k × {0}], [{0} × B

k
]) = 1. It follows from this observation that the

bottom right triangle commutes.

We denote by Ξ: Hk+1({0}×Bk+1
, {0}×Sk)→ Z the composition of the blue maps, i.e. the

composition of the maps on right-hand path. We can now prove the desired equality:

this equality holds basically by de�nition
↓

(i, j)-entry of the matrix representing dk+1 = Ξ([{0}×Bk+1
])

intersection form of Sn−k−1 ×Bk intersection form of α(Sn−k−1 ×Bk)
↓ ↓
= Q([Sn−k−1×{0}], α−1

∗ (h−1
∗ ([β({0}×Sk)]))) = Q([α(Sn−k−1×{0})], h−1

∗ ([β({0}×Sk)]))
↑ ↑

by the commutative diagram and since by the since α is an orientation-preserving embedding
Fundamental Class-of-Boundary Proposition 106.27
we have ∂([{0}×Bk+1

])=[{0}×Sk]

= Q∂Mk([α(Sn−k−1×{0})︸ ︷︷ ︸
belt sphere

], [β({0}×Sk)︸ ︷︷ ︸
attaching sphere

]).x
by the Intersection Form-Submanifold Proposition 132.19

This is precisely the equality that we had intended to show. �
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140.3. The Morse inequalities. Given a topological space X or a smooth manifold M
we show in this section that the �size� of homology groups gives rise to lower bounds on the
number of cells of a CW-structure for X or number of handles in a handle decomposition
of M . Furthermore we will see that the homology groups give lower bounds on the number
of non-degenerate critical points of a Morse function on M .
The key to proving these results is some charming algebra. To formulate the main algebraic
statement we need to introduce the following notation.

Notation. Given a chain complex C∗ and given j ∈ N0 we denote by bj(C) ∈ N0 ∪ {∞}
the rank of Hj(C) and we denote by qj(C) ∈ N0 ∪ {∞} the minimal number of generators
of the torsion subgroup TorHj(C).

Proposition 140.9. Let C∗ be a chain complex1684 of �nitely generated free abelian
groups.
(a) Given any k ∈ N0 we have the inequality

k∑
j=0

(−1)j · rank(Ck−j) ≥ qk(C) +
k∑
j=0

(−1)j · bk−j(C).

(b) Given any k ∈ N0 we have the inequality

rank(Ck) ≥ qk(C) + qk−1(C) + bk(C).

Remark.

(α) (a) Let k ∈ N0. If we add Inequality (a) for k and k − 1, then we obtain precisely
Inequality (b). In other words, Proposition 140.9 (b) is a consequence of Propo-
sition 140.9 (a). In Exercise 140.3 we will see that the converse is not true. Put
di�erently, in general the inequalities one obtains from (a) are stronger than the
inequalities from (b).

(b) By adding and subtracting equations one can also show easily that the following
two statements are equivalent:
(i) For every k ∈ N0 the inequality in (a) is an equality.
(ii) For every k ∈ N0 the inequality in (b) is an equality.

(β) We refer to [Far2004, Chapter 1] for an alternative proof of Proposition 140.9 and
for a generalization to chain complexes over more general rings.

The proof of Proposition 140.9 relies on the following elementary lemma.

Lemma 140.10. If F
ϕ−→ G → H → 0 is an exact sequence where F and G are �nitely

generated free abelian groups, then

rank(F ) ≥ minimal number of generators of the torsion subgroup of H.

Proof of Lemma 140.10. We write m = rank(F ) and n = rank(G). Furthermore we
set k := min{m,n}. It follows from the Smith Normal form Theorem 51.5 that we can
�nd bases for F and G such that the only entries of the corresponding (n ×m)-matrix A
representing ϕ are on the diagonal. We denote by a1, . . . , ak these diagonal entries. Then

1684Note that according to our convention on page 1591 a chain complex �starts� at degree 0.
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we see that

torsion subgroup of H ∼= torsion subgroup of Zn/AZm ∼=
⊕
ai 6=0

Zai .

Thus we see that the torsion subgroup ofH admits a generating set with at most k elements.
Since k ≤ m we see that the minimal number of generators of the torsion subgroup of H is
≤ rank(F ). �

Proof of Proposition 140.9.
(a) Let (C∗, ∂∗) be a chain complex of �nitely generated free abelian groups. For each

k ∈ N0 we write Zk := ker(∂k : Ck → Ck−1), Bk := im(∂k+1 : Ck+1 → Ck) and
Hk = Zk/Bk = Hk(C∗). Basically by de�nition we have for each k ∈ N0 the short
exact sequences

(a) 0 → Bk → Zk → Hk → 0 and (b) 0 → Zk → Ck
∂−→ Bk−1 → 0.

Given k ∈ N0 we perform the following calculation:

follows from the Rank Additivity Lemma 51.7 (2) applied to the above two short exact sequences
↓k∑

j=0

(−1)j ·rank(Ck−j) =
k∑
j=0

(−1)j ·(rank(Hk−j) + rank(Bk−j) + rank(Bk−j−1))

= rank(Bk) +
k∑
j=0

(−1)j ·rank(Hk−j) ≥ qk(C) +
k∑
j=0

(−1)j ·

=bk−j(C)︷ ︸︸ ︷
rank(Hk−j).

↑ ↑
all the other terms cancel by Lemma 140.10 applied to the exact sequence (a)

(b) As mentioned above, this inequality follows immediately from adding the inequality
(a) for k and k− 1. Indeed, one sees that almost all of the terms cancel and thus one
obtains the promised inequality. �

Evidently the idea now is to apply Proposition 140.9 to topology. To do so it is convenient
to introduce the following de�nition.

Notation. Given a topological space X and given j ∈ N0 we write1685

bj(X) := bj(C∗(X)) = rank(Hj(X)) and qj(X) := qj(C∗(X)).

In other words, qj(X) is the minimal number of generators of the torsion subgroup
TorHj(X).

Proposition 140.11.
(1) LetM be a compact smooth manifold that is equipped with a handle decomposition.

Given k ∈ N0 we denote by dk the number of k-handles in the handle decomposition.
(a) Given any k ∈ N0 we have the inequality

k∑
j=0

(−1)j · dk−j ≥ qk(M) +
k∑
j=0

(−1)j · bk−j(M).

(b) Given any k ∈ N0 we have the inequality

dk ≥ qk(M) + qk−1(M) + bk(M).

1685On page 1882 we called bj(X) the j-th Betti number of X.
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(2) Let X be a CW-complex with �nitely many cells in each dimension. Given k ∈ N0

we denote by dk the number of k-cells. The same inequalities as in (1) hold.

Example. Let n ∈ N0. By Proposition 80.11 we know that given any j ∈ N0 we have

Hj(RPn) ∼=

 Z, if j = 0 or if j = n and n is odd,
Z2, if j is odd and j < n,
0, if j is even and 0 < j 6= 0 or if j > n.

It follows almost immediately from this calculation that for any j ∈ {0, . . . , n} we have
qj(RPn) + qj−1(RPn) + qj−1(RPn) = 1. By Proposition 140.11 (1b) this implies that any
handle decomposition of RPn has at least one handle of each index 0, . . . , n. Furthermore
by Proposition 140.11 (2b) this calculation implies that any CW-decomposition of RPn has
at least one cell of each index 0, . . . , n. In particular this shows that the CW-structure of
RPn that we introduced in Lemma 68.1 is �minimal�. This observation also gives a solution
to Exercise 80.9.

Proof.
(1) LetM be a compact smooth manifold that is equipped with a handle decomposition.

Given k ∈ N0 we denote by dk the number of k-handles in the handle decomposition.
It follows from the Standard Handle Decomposition Corollary 136.4 that without loss
of generality we can assume that the handle decomposition is standard. This allows
us to consider the handle chain complex Chan

∗ (M). Now we can prove Inequality (a):

by the Handle Skeleton-Homology Lemma 140.1
we have di=rank(Chan

i (M)) Proposition 140.11
↓ ↓k∑

j=0

(−1)j ·dk−j =
k∑
j=0

(−1)j ·rank(Chan
k−j(M)) ≥ qk(Chan

∗ (M)) +
k∑
j=0

(−1)j ·bk−j(Chan
k−j(M))

= qk(M) +
k∑
j=0

(−1)j ·bk−j(M).
↑

by the Singular-Handle H∗-Isomorphism Proposition 140.3 we
know that Hj(Chan

∗ (M)) ∼= Hj(M)

Finally, as we pointed out above, Inequality (b) is an immediate consequence of
Inequality (a).

(2) Let X be a CW-complex with �nitely many cells in each dimension. The proof in this
setting is almost identical to the proof in (1), we just need to work with the cellular
chain complex CCW

∗ (X) and we make use of the fact that by the Skeleton-Homology
Lemma 80.1 we know that di = rank(CCW

i (X)) and we use that by the Singular-
Cellular H∗-Isomorphism Proposition 80.4 we know that Hj(CCW

∗ (X)) ∼= Hj(X). �
Now we can formulate what is arguably the most interesting result of this section, since it
connects two initially rather disparate objects.

Theorem 140.12. (Morse Inequalities Theorem) LetM be a closed smooth manifold
together with a Morse function f : M → R. Given k ∈ N0 we write

dk := number of critical points of index k.
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The following two inequalities hold:
(a) Given any k ∈ N0 we have the inequality

k∑
j=0

(−1)j · dk−j ≥ qk(M) +
k∑
j=0

(−1)j · bk−j(M).

(b) Given any k ∈ N0 we have the inequality

dk ≥ qk(M) + qk−1(M) + bk(M).

Examples. Let n ∈ N0.
(1) Recall that on page 3023 we just showed that for every j ∈ {0, . . . , n} we have

qj(RPn) + qj−1(RPn) + qj−1(RPn) = 1. By the Morse Inequalities Theorem 140.12
(b) this implies that any Morse function on RPn has at least one critical point of each
index 0, . . . , n. In particular the Morse function on RPn that we gave on page 2979
has the minimal number of critical points.

(2) On page 1772 we showed that given any j ∈ N0 we have

Hj(CPn) ∼=
{

Z, if j = 0, 2, 4, . . . , 2n,
0, otherwise.

As in (1) it follows that the Morse function on CPn that we gave on page 2979 has
the minimal number of critical points.

(3) Let M be a closed connected non-empty n-dimensional smooth manifold. By the
Smooth Manifold-Top Homology Theorem 98.6, or alternatively by the Orientation-
Top Homology Theorem 106.1 and Proposition 106.22 we know the following:
(a) If M is orientable, then Hn(M) ∼= Z and Tor(Hn−1(M)) = 0.
(b) If M is non-orientable, then Hn(M) ∼= Z and Tor(Hn−1(M)) ∼= Z2.
Rather charmingly, in either case we see that qn(M) + qn−1(M) + bn(M) = 1, which
matches the fact that any Morse function has to have at least one global maximum,
i.e. one critical point of index n.

Proof of Theorem 140.12. Let M be a closed smooth manifold together with a Morse
function f : M → R. By the Morse Function-Handle Decomposition Proposition 138.4 we
know that M admits a standard handle decomposition of M such that for each k ∈ N0 the
number of k-handles equals the number of critical points of f of index k. The inequalities
now follow from the inequalities of Proposition 140.11 (1). �

Remark. Let M be a closed smooth manifold and let f : M → R be a Morse function.
Given j ∈ N0 we denote by dj the number of critical points of f of index j. It follows from
the Morse Inequalities Theorem 140.12, together with the de Rham Theorem 118.9 and
Corollary 110.19 (2), that for every k ∈ N0 we have the inequality

k∑
j=0

(−1)j · dk−j ≥
k∑
j=0

(−1)j · dimR(Hk−j
dR (M)︸ ︷︷ ︸).
↑

de Rham cohomology groups of M

This inequality can also proved directly using purely analytic methods, we refer to [Chan1993,
Appendix] and [Wit1982] for details.
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The question arises how �sharp� the Morse inequalities are. This leads us to the following
de�nition.
De�nition. Let M be a closed smooth manifold.
(1) A Morse function f : M → R is called perfect if for every k ∈ N0 we have

number of critical points of index k = qk(M) + qk−1(M) + bk(M).

(2) A handle decomposition is called minimal if for every k ∈ N0 we have

number of handles of index k = qk(M) + qk−1(M) + bk(M).

Remark. Let M be a closed smooth manifold.

(1) Recall that by Propositions 138.4 and 139.9 we can go back and forth between Morse
functions and handle decompositions. In particular we see that M admits a perfect
Morse function if and only if M admits a minimal handle decomposition.

(2) Note that by the remark on page 3021 we know that if a Morse function is perfect,
then the inequalities stated in the Morse Inequalities Theorem 140.12 (a) are also
equalities. The same logic applies to the inequalities on the number of handles stated
in Proposition 140.11 (1a).

It is now natural to ask which closed smooth manifolds admit perfect Morse functions.
It follows from Corollaries 136.12 and 136.7 that the fundamental group gives additional
lower bounds on the number of critical points of a Morse function. Thus in the following
discussion we restrict ourselves to the case of simply connected smooth manifolds. So now
we have a reasonable question:

Question 140.13. Does every closed simply connected smooth manifold admit a perfect
Morse function?
In fact in 1962 Steven Smale [Sma1962, Theorem 6.1] proved the following theorem which
gives an a�rmative answer to Question 140.13 for high-dimensional smooth manifolds.1686

Theorem 140.14. Let M be a closed smooth manifold. If M is simply connected and if
dim(M) ≥ 6, then f admits a perfect Morse function.

Remark. In [Shark1993, Chapter VII] Theorem 140.14 gets generalized, in a suitable
sense, to certain closed non-simply connected smooth manifolds.

Thus let us turn our gaze towards the low-dimensional case. It follows from the classi-
�cation of 2-dimensional smooth manifolds, see Theorem 55.4, and the resolution of the
Poincaré Conjecture in dimension 3, see Theorem ??, that Question 140.13 has an a�rma-
tive answer in dimensions 2 and 3 for the silly reason that the spheres are the only closed
simply connected smooth manifolds in those dimensions. Furthermore for 5-dimensional
smooth manifolds it follows from the classi�cation of closed simply connected 5-dimensional
smooth manifolds given by Denis Barden in 1965, see [Bard1965, Corollary 2.2.2], that
Question 140.13 has an a�rmative answer.
Finally we turn to the 4-dimensional setting. Since low-dimensional topologists usually
prefer to think about handles we switch from Morse functions to handles.

1686We will sketch a proof in Exercise ??.
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Lemma 140.15. Let M be a closed orientable simply connected 4-dimensional smooth
manifold. A handle decomposition is minimal if and only if it has no 1-handles and no
3-handles.

Proof. Let M be a closed orientable simply connected 4-dimensional smooth manifold.
Note that in Exercise 119.19 we saw that it follows easily from the Hurewicz Theorem 84.5,
the Non-Orientable Z2-Epimorphism Corollary 49.8, the Poincaré Duality Theorem 119.1
and the Universal Coe�cient Theorem 110.12 for Cohomology Groups that H1(M) = 0,
H3(M) = 0 and that H2(M) is torsion-free. In particular we see that qk(M) + qk−1(M) +
bk(M) = 0 for k = 1 and k = 3.

Now we turn to the actual proof of the lemma. First note that the above calculation
shows that a minimal handle decomposition has no 1-handles and no 3-handles. Conversely,
suppose that we have a handle decomposition with no 1-handles and no 3-handles. It follows
easily from the Handle-Connected Lemma 136.8 that the handle decomposition contains
precisely one 0-handle and, say by considering the dual handle decomposition, we see that
the handle decomposition contains precisely one 4-handle. Finally note that

#2-handles = χ(M)− 2 = b2(M) = q2(M) + q1(M) + b2(M).
↑ ↑ ↑

by the Handles-Euler since H1(M)=H3(M)=0 since q1(M) = q2(M) = 0
Characteristic Corollary 140.4 and since H0(M)=H4(M)∼=Z

We have thus shown that the handle decomposition is minimal. �

This leads us to following open problem, see [Kir1997, Propblem 4.18].

Question 140.16.
(1) Does every M closed simply connected 4-dimensional smooth manifold admit a

handle decomposition without 1-handles?
(2) Does every M closed simply connected 4-dimensional smooth manifold admit a

handle decomposition without 1- and 3-handles?
Note that a positive answer to Question 140.16 (2) would imply, by Reeb's Theorem 138.7
that every closed simply connected 4-dimensional smooth manifold M with H2(M) = 0
is homeomorphic to S4. By Freedman's Theorem ?? this statement is correct. But this
indicates that in all likelihood it will be very di�cult to show that Question 140.16 (2) has
a positive answer.

Remark. Chapters 138, 139 and 140 contain almost everything that we want to say about
Morse theory. More detailed accounts of Morse theory are given in [Miln1963a, Nic2011,
Mata2002, Lau2011, Kos1993, Knu2015]. There are also many variations on standard
Morse theory. We want to mention two of them:
(1) Instead of smooth maps M → R one can also consider smooth maps M → S1.

The notion of a Morse function also makes sense, with basically the same de�nition,
in this setting. The corresponding theory is developed in [Nov1981, Nov1982,
Paj2006, Far2004]. In particular one can use �twisted homology� groups to give
lower bounds on the number of critical points of a Morse function f : M → S1. We
refer to [Far2004, Corollary 3.3] and [Nov1981, Nov1982] for details.

(2) Given a CW-complex or an (abstract) simplicial complex Robin Forman [Form1995,
Form1998] developed the, initially surely counterintuitive, notion of �discrete Morse
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theory�. We refer to [Form02, Knu2015, Scov2019] and [Koz2008, Chapter 11]
for details.

Exercises for Chapter 140.

Exercise 140.1. Consider the 3-dimensional smooth manifold that is sketched in the �gure
below.
(a) Determine π1(M).
(b) Make an educated guess what well-known smooth manifold M is di�eomorphic to.
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attaching sphere of the 2-handle

2-handles

Exercise 140.2.
(a) Let M be a compact orientable connected 2-dimensional topological manifold. Show

that χ(M) ≤ 2.
Remark. Evidently this follows from the Surface Classi�cation Theorem 55.4. But it
would be more elegant to have a proof that does not rely on this result.

(b) Show that given any k ∈ Z≤−2 there exists a compact orientable connected 2-
dimensional smooth manifold M with χ(M) = k.

(c) Let n ∈ N≥3. Show that given any k ∈ Z there exists a compact orientable connected
n-dimensional smooth manifold M with χ(M) = k.

Exercise 140.3. Give an example of a chain complex of �nitely generated free abelian
groups where the inequality of Proposition 140.9 (b) holds for all k ∈ N0, but such that
the inequality of Proposition 140.9 (a) does not hold for all k ∈ N0.

Exercise 140.4. Given a closed connected non-empty smooth manifold M and given a
Morse function f : M → R we denote by dk(M, f) the number of critical points of f of in-
dex k. From the Morse Inequalities Theorem 140.12 and from Corollaries 136.12 and 136.7
we obtain lower bounds on the number of critical points dk(M, f) of a Morse function f
in terms of the homology groups and the fundamental group of M . Show that these lower
bounds are not optimal, i.e. show that there exists a closed connected non-empty smooth
manifoldM that does not admit a Morse function f : M → R such that these lower bounds
are equalities.
Hint. Apply the Morse Inequalities Theorem 140.12 to �nite covers of a suitable M . For
example you could take M to be the mapping torus Tor((S1)m, ϕ) for a suitable di�eomor-
phism of a high-dimensional torus (S1)m.

Exercise 140.5. Let M be a smooth homology 3-sphere, i.e. let M be a 3-dimensional
smooth manifold such that for every k ∈ N0 we have Hk(M ;Z) ∼= Hk(S

3;Z). Show that if
π1(M) is non-trivial, then every Morse function on M has at least six critical points.
Remark. In Proposition 98.12 we saw that the Poincaré Homology Sphere is an example
of such M .
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Exercise 140.6. LetM be a closed smooth homology 5-sphere, i.e. letM be a 5-dimensional
smooth manifold such that for ever k ∈ N0 we have Hk(M ;Z) ∼= Hk(S

5;Z). Show that if
π1(M) is non-trivial, then every Morse function on M has at least ten critical points.
Remark. In Exercise 140.5 we dealt with the case of smooth homology 3-spheres. Fur-
thermore note that in Exercise 98.13 and in Proposition 141.5 we give examples of such
M .

Exercise 140.7. Let p ∈ N and let q ∈ Z be coprime to p. We pick r, s ∈ Z such that
qr − ps = −1. We write

A =
(
q p
s r

) and we consider the orientation-
reversing di�eomorphism

ϕ : R2/Z2 → R2/Z2

[v] 7→ [Av].

Let θ : R2/Z2 → (S1)2 be the usual di�eomorphism that is given by [(x, y)] 7→ (e2π ix, e2π iy).
We set

M := ((B
2 × S1) t (B

2 × S1))/∼ where (x, y) ∼ (θ ◦ ϕ ◦ θ−1)(x, y) for x, y ∈ S1 × S1.

By the Gluing-Smooth Manifolds-Proposition ?? we know thatM is a closed 3-dimensional
smooth manifold.
(a) Show that M admits a handle decomposition with a unique handle in dimensions

0,1,2 and 3.
(b) Show that for every n ∈ N0 we have

Hhand
n (M) ∼=

 Z, if n = 0, 3,
0, if n = 2 or n > 3,
Zp, if n = 1.

Remark. In the Lens Space-Splitting Lemma 146.2 we will see thatM is di�eomorphic to the
lens space L(p, q). Thus this exercise together with the Singular-Handle H∗-Isomorphism
Proposition 140.3 gives us a new calculation of the singular homology groups of lens spaces.

Exercise 140.8. Let g, n ∈ N0. As usual we denote by Σg,n the surface of genus g minus
n open disks. What is the minimal number of handles in a handle decomposition of Σg,n?

Exercise 140.9. Let n ∈ N. What is the minimal number k of critical points of a Morse
function on the n-dimensional torus (S1)n? You need to show that there exists a Morse
function such that the number of critical points equals k and you need to show that every
Morse function has at least k critical points.

Exercise 140.10. Let M be a compact smooth manifold and let A be a union of compo-
nents of ∂M . Suppose we are given a handle decomposition of M rel A. De�ne a relative
handle chain complex Chan

∗ (M,A) such that the corresponding homology groups Hhan
∗ (M,A)

are isomorphic to the relative singular homology groups of (M,A).

Exercise 140.11. Let M be a compact smooth manifold and let A be two a union of
components of ∂M . Furthermore let f : M → [0, 1] be a Morse function such that A =
f−1(0) and such that ∂M = f−1(1). formulate a result that gives a lower bound on the
number of critical points of such f in terms of the relative homology groups H∗(M,A).
Remark. In the Morse Function-Existence Proposition 139.4 we saw that such a Morse
function always exists.
Hint. Make use of Exercise 140.10.
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Exercise 140.12. Let M be a closed smooth manifold and let f : M → R be a Morse
function. Given k ∈ N0 we denote by dk the number of critical points of index k. The
Morse function is called lacunary if for every k ∈ N0 at least one of dk and dk+1 is zero.
Show that every lacunary Morse function is perfect.
Remark. This statement is sometimes called the Morse lacunary principle.

Exercise 140.13. Let M be a closed smooth manifold and let f : M → R be a smooth
map. Furthermore let g be a Riemannian structure on M , as de�ned on page 1426. Given
P ∈ M we de�ne the gradient of f at P to be the unique vector grad fP ∈ TPM that
satis�es

gP (grad fP , w) = DfP (w) ∈ Tf(P )R = R for all w ∈ TPM.

One can easily show that P 7→ grad fP de�nes a vector �eld on M in the sense of the
de�nition on page 638.
(a) We suppose that f is a Morse function. Show that every zero of the vector �eld

grad f is isolated.
(b) Let P be a critical point of f . Show that

index(grad f, P )︸ ︷︷ ︸
see page 2818 for the de�nition

= (−1)index(f,P ).

Remark. This exercise shows that the Euler Characteristic-via-Critical Points Corollary 140.6
can also be deduced from the Poincaré-Hopf Theorem 129.7.
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141. Constructing smooth manifolds using handles

In this chapter we will do the following:
(1) We will use handles to construct interesting compact and closed smooth manifolds

out of �nite presentations of groups.
(2) We will show that every �nite CW-complex is homotopy equivalent to a compact

smooth manifold.
141.1. Finite presentations of groups and handle decompositions.

Proposition 141.1. Let π = 〈g1, . . . , gk | r1, . . . , rl〉 be a �nite presentation. Given any
n ≥ 4 there exists a compact orientable connected non-empty n-dimensional smooth man-
ifold with the following properties:
(1) π1(M) ∼= π.
(2) M admits a standard handle decomposition with precisely one 0-handle, k 1-handles,

l 2-handles and no handles of index > 2.
Proof. Let π = 〈g1, . . . , gk | r1, . . . , rl〉 be a �nite presentation and let n ≥ 4. We start
with the 0-handle B

n
. Since n ≥ 2 we can pick k orientation-preserving thickened 0-

spheres ϕ1, . . . , ϕk : B
n−1 × S0 → ∂(B

n
) with disjoint images and we denote by W the

result of attaching the corresponding k 1-handles to the 0-handle B
n
. Note that W , and

thus also ∂W , is orientable by the Handles-Orientability Proposition 136.9.
We pick a base point P ∈ ∂W . It follows from the Handle Attachment-π1-Proposition 136.11

that we can make an identi�cation π1(W,P ) = 〈g1, . . . , gk〉. Since n ≥ 3 we know
by Lemma 136.14 that the inclusion induced map π1(∂W,P ) → πf1(W,P ) is an epi-
morphism. Therefore we can pick loops α1, . . . , αl : (S1, ∗) → (∂W,P ) that represent
r1, . . . , rl ∈ π1(W,P ) = 〈g1, . . . , gk〉.

By hypothesis we have dim(∂W ) = n − 1 ≥ 3. Thus we can apply Theorem ??
and we obtain that the map α1 t · · · t αl : S1 t · · · t S1 → ∂W is in fact homotopic to
a smooth embedding β1 t · · · t βl : S1 t · · · t S1 → ∂W . It follows from the Smooth
Embedding Theorem 24.10 and the Tubular Neighborhood Theorem ??1687 that we can
�nd smooth embeddings ψ1, . . . , ψl : B

n−2 × S1 → ∂W with disjoint images such that for
each i ∈ {1, . . . , l} and each x ∈ S1 we have ψi((0, x)) = βi(x). Finally we consider

M := W ∪ψ1 h
2 · · · ∪ψl h2 = ∅ ∪Bn ∪ϕ1 h

1 ∪ · · · ∪ϕk h1 ∪ψ1 h
2 · · · ∪ψl h2.

The proposition follows from the following calculation:

by the Handle Attachment-π1-Proposition 136.11, note that the xi are
necessary since we lost track of the base points

↓
π1(M,P ) ∼= 〈g1, . . . , gk〉/〈〈x1r1x

−1
1 , . . . , xlrlx

−1
l 〉〉∼= 〈g1, . . . , gk〉/〈〈r1, . . . , rl〉〉 = 〈g1, . . . , gk | r1, . . . , rl〉.

↑ ↑
by Lemma 53.2 (5) by de�nition �

Now we can provide a new proof of the following proposition.

1687Note that we can apply the Tubular Neighborhood Theorem ?? since ∂W is orientable.
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2-handle

π1(M) ∼= 〈x, y |xy−1〉

1-handle 1-handle
0-handle B

n

β ψ

Proposition 54.12. (Fundamental Group-Manifold Realization Proposition) Let
π = 〈g1, . . . , gk | r1, . . . , rl〉 be a �nite presentation. Given any n ≥ 4 there exists a closed
orientable connected non-empty n-dimensional smooth manifold W with π1(W ) ∼= π.

Remark. The Fundamental Group-Manifold Realization Proposition 54.12 is a key ingre-
dient of the proof of the fact, stated in Theorem 60.4, that closed smooth manifolds of a
�xed dimension ≥ 4 cannot be classi�ed.

Proof. Let π = 〈g1, . . . , gk | r1, . . . , rl〉 be a �nite presentation and let n ≥ 4. By Propo-
sition 141.1 there exists a compact orientable connected non-empty n-dimensional smooth
manifold with the following properties:

(1) π1(M) ∼= π.
(2) M admits a handle decomposition M = ∅ ∪ h0 ∪ϕ1 h

1 · · · ∪ϕk h1 ∪ψ1 h
2 · · · ∪ψl h2.

By the Doubling-Manifold Lemma 75.12 the double W := DM is a closed orientable con-
nected non-empty n-dimensional smooth manifold. Thus it su�ces to prove the following
claim.
Claim. There exists an isomorphism π1(DM) ∼= π.

Proof. For fun we provide two di�erent proofs.

(1) Note that by Corollary 136.15 we know that the boundary ∂M is connected. There-
fore it follows from the Seifert-van Kampen Theorem 54.4 we have an isomorphism
π1(DM) ∼= π1(M) ∗π1(∂M) π1(M). Since n ≥ 4 and since M has only handles of index
≤ 2 we obtain from Corollary 136.15 that the inclusion induced map π1(∂M) →
π1(M) is an epimorphism. It follows from the group-theoretic Lemma 75.15 that the
map π1(M)→ π1(DM) is actually an isomorphism.

(2) On page 3004 we pointed out that it is a consequence of Propositions 139.1 and 139.3
that the double admits a handlebody presentation of the following form:

DM = ∅∪h0∪ϕ1h
1 ···∪ϕkh1∪ψ1h

2 ···∪ψlh2︸ ︷︷ ︸
=M

∪αlhn−2 ···∪α1h
n−2∪βkhn−1 ···∪β1h

n−1∪hn,

where the (n−2)-handles corresponding to αl, . . . , α1 are dual to the 2-handles given
by ψl, . . . , ψ1 and the (n − 1)-handles corresponding to βk, . . . , β1 are dual to the
1-handles given by ϕk, . . . , ϕ1.
(a) First let us deal with the case that n ≥ 5. In this case DM is obtained from

M by attaching handles of index ≥ 3. But by the Handle Attachment-π1-
Proposition 136.11 we know that handle attachments of index ≥ 3 do not a�ect
the fundamental group. Thus we see that π1(DM) ∼= π1(M) ∼= π.
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(b) The case n = 4 is a little bit more interesting. We have

by the Handle Attachment-π1-Proposition 136.11
↓

π1(DM) = π1(M)/〈〈attaching circles of the dual 2-handles αl, . . . , α1〉〉
= π1(M)/〈〈belt circles of the 2-handles ψl, . . . , ψ1〉〉 ∼= π1(M) ∼= π.
↑ ↑

Relative Dual Handle Proposition 139.1 (1c) since belt circles are zero-homotopic �

This is a good moment to reminder the reader of the following question.
Question 54.15. Is every �nitely presented group the fundamental group of a closed (or
at least compact) orientable connected 3-dimensional smooth manifold?
We will answer Question 54.15 in Theorem 146.5.

141.2. Integral homology spheres and homotopy spheres. We remind the reader of
the following de�nitions from page 2159 and page 2625.

De�nition. Let M be an n-dimensional smooth manifold M .
(1) If for every k ∈ N0 we have Hk(M) ∼= Hk(S

n), then we refer to M as a smooth
homology n-sphere.

(2) If M is a homology sphere and if M is simply connected, then we refer to M as a
smooth homotopy n-sphere.

Our goal in this section is to apply the construction used in the Fundamental Group-
Manifold Realization Proposition 54.12 to construct smooth homology and potentially
interesting smooth homotopy spheres.

We start out with the following proposition, which the reader might recognize as Exer-
cise 119.21.
Proposition 141.2. (Homology-of-Double Proposition) Let M be a compact ori-
entable n-dimensional topological manifold. For every j ∈ N0 there exists an isomorphism

Hj(DM) ∼= Hj(M)⊕ Hom(Hn−j(M),Z)⊕ Tor(Hn−j−1(M)).

Proof. Let i : M → DM be the natural inclusion and let r : DM →M be the folding map
that we introduced on page 1668. Note that by de�nition we have r ◦ i = idM . We consider
the long exact sequence in homology of the pair (DM,M):

. . . → Hj(M)
i∗−−→ Hj(DM) → Hj(DM,M) → . . .

Now we see that we have the following isomorphisms:

Excision Theorem 75.10, here the blue M stands for the second copy of M in the double DM
↓

Hj(DM) ∼= Hj(M)⊕ Hj(DM,M) ∼= Hj(M)⊕ Hj(M,∂M)
↑

since r◦i=idM we see that the above long exact sequence breaks up into short exact sequences,
furthermore it follows from Lemma 78.2 that each short exact sequence splits and
that the middle term is isomorphic to the direct sum of the two other terms

∼= Hj(M)⊕ Hn−j(M) ∼= Hj(M)⊕ Hom(Hn−j(M),Z)⊕Tor(Hn−j−1(M)).
↑ ↑

Poincaré Duality Theorem 119.1 Universal Coe�cient Theorem 110.12 �

Now we can prove the following re�nement of the Fundamental Group-Manifold Realization
Proposition 54.12.
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folding map r

second copy of MM

Corollary 141.3. Let π = 〈g1, . . . , gk | r1, . . . , rl〉 be a �nite presentation.
(1) Given any n ≥ 5 there exists a closed orientable connected non-empty n-dimensional

smooth manifold W with π1(W ) ∼= π and such that1688

Hi(W ) ∼=



πab, if i = 1,
Zl−k+rk(πab), if i = 2,
Zl−k+rk(πab) ⊕ Tor(πab), if i = n− 2,
Zrk(πab), if i = n− 1,
Z, if i = 0 or if i = n,
0, else.

(2) There exists a closed orientable connected non-empty smooth manifoldW of dimen-
sion n = 4 with π1(W ) ∼= π and such that the homology groups are as in (1), except
that for i = 2 we take the direct sum of the terms that we wrote down for i = 2 and
i = n− 2.

Proof. As in the proof of the Fundamental Group-Manifold Realization Proposition 54.12
that we just gave on page 3031 we use Proposition 141.1 to obtain a compact orientable
connected non-empty n-dimensional smooth manifold with the following properties:

(1) π1(M) ∼= π.
(2) M admits a handle decomposition with precisely one 0-handle, k 1-handles, l 2-

handles and no handles of index > 2.

In the above proof of the Fundamental Group-Manifold Realization Proposition 54.12 we
saw that the fundamental group of W := DM is isomorphic to π and that W is a closed
orientable connected non-empty n-dimensional smooth manifold. It remains to show that
the homology groups of W = DM are as stated. In fact it follows from the Homology-of-
Double Proposition 141.2 that it su�ces to prove the following claim.
Claim.

H0(M) ∼= Z, H1(M) ∼= πab, H2(M) ∼= Zl−k+rk(πab) and Hi(M) = 0 for i ≥ 3.

Proof. First note that the statements for H0(M) and H1(M) follow immediately from the
H0-Proposition 72.5 and the Hurewicz Theorem 84.5. Next note that

Hi(M) ∼= Hhan
i (M) =

{
0, if i > 2,
ker(Chan2 (M)→ Chan

1 (M)), if i = 2.↑ ↑
Singular-Handle H∗-Isomorphism since M has no handles of index ≥ 3

Proposition 140.3

1688We denote by πab the abelianization of π, as de�ned on page 1203.



3034

Note that this observation for i = 2, together with Lemma 51.9, shows that H2(M) is a
free abelian group. Finally note that

rk(H2(M)) = χ(M) +
∑
i6=2

(−1)i+1 ·rk(Hi(M)) = (1−k+l)− 1 + rk(πab) = l − k + rk(πab).
↑ ↑

by de�nition of χ(M) by the Handles-Euler Characteristic Corollary 140.4 and
above calculations �

As we mentioned, our goal is to construct smooth homology spheres and smooth homotopy
spheres. Corollary 141.3 leads us to the following group theoretic de�nitions.

De�nition.
(1) The de�ciency of a �nite presentation 〈x1, . . . , xk | r1, . . . , rl〉 is de�ned to be k − l.
(2) A �nite presentation is called balanced, if its de�ciency equals zero.
(3) A group π is called perfect if its abelianization πab is trivial.

The following proposition gives us some interesting examples of (presentations of) groups.

Proposition 141.4.
(1) For every closed connected non-empty 3-dimensional smooth manifold M the fun-

damental group π1(M) admits a balanced presentation.
(2) The binary icosahedral group, that we introduced on page 2160, is a perfect group

of order 120 that admits a balanced presentation.
(3) For every odd prime p the group SL(2,Fp) is perfect and it admits a balanced

presentation.

Proof.

(1) We will prove this statement in Exercise 141.2. Alternatively the statement is proved
in Theorem 146.5.

(2) Let π be the binary icosahedral group. In Proposition 98.12 we showed that π is a
perfect group of order 120. It remains to show that π admits a balanced presentation.
There are two possible approaches:
(a) In [KSc1979, Chapter II] it is shown that the binary icosahedral group is iso-

morphic to 〈x, y |x3 = y5, x3 = (xy)2〉.
(b) Recall that by de�nition π Ă SU(2). Thus it makes sense to consider the quotient

M := S3/π, which we called the Poincaré Homology Sphere. In Proposition 98.12
we showed that M is a closed orientable 3-dimensional smooth manifold. Thus
it follows from (1) that π ∼= π1(M) admits a balanced presentation.

(3) In Exercise 141.3 we will see that SL(2,Fp) is perfect. The much more subtle fact
that SL(2,Fp) admits a balanced presentation is shown in [CR1980]. �

In Proposition 98.11 we showed that there exist smooth homology 3-spheres. The combi-
nation of Corollary 141.3 and Proposition 141.4 gives us the high-dimensional analogue.

Proposition 141.5. Given any n ≥ 4 there exists a smooth homology n-sphere with
non-trivial fundamental group.

Remark.

(1) In Exercise 98.13 we used a di�erent construction to obtain high-dimensional smooth
homology spheres.
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(2) Michel Kervaire [Kerv1969, Theorem 1] completely determined which �nitely pre-
sented groups can occur as fundamental groups of smooth homology n-spheres for
n ≥ 4.

The construction that we used in the proof of Proposition 141.1 and that we used in the
above proof of Propositions 54.12 is a never-ending source of joy, since even for presentations
of the trivial group one obtains interesting examples of smooth manifolds:

Example. Let k ∈ Z. We consider the presentation

〈x, y |xyx = yxy︸ ︷︷ ︸
=(1)

, xk+1 = yk︸ ︷︷ ︸
=(2)

〉.

We will now see that this is a presentation of the trivial group. Indeed, we have

(a) y = x−1y−1yxy = (yx)−1yxy = (yx)−1x(yx)
↑
by (1)

(b) yk+1 = (yx)−1xk+1(yx) = (yx)−1yk(yx) = x−1ykx = x−1xk+1x = xk+1 = yk.
↑ ↑ ↑ ↑

follows from taking by (2) by (2) by (2)
(k + 1)-st power of (a)

Thus yk+1 = yk which implies that y = 1. From (1) it follows that also x = 1. We have
thus shown that this is indeed a presentation of the trivial group.

Let n ≥ 4. We apply the construction of the proof of Propositions 54.12 and 141.1
to the above balanced presentation of the trivial group. By Corollary 141.3 we obtain a
smooth homotopy n-sphere.

The following question arises:

Question 141.6. Are the smooth homotopy n-spheres that we just constructed1689 dif-
feomorphic to Sn?
For n = 4 and some special cases Question 141.6 was answered in the a�rmative [Gom1991].
In general though, at least for n = 4 Question 141.6 seems to be wide open. We refer to
[GoS1999, p. 149] and [Kir1989, p. 18] for more information.
We have now seen that �nite presentations of groups give rise to interesting smooth man-
ifolds. The question arises, to what degree di�erent presentations give rise to di�erent
smooth manifolds. It is worth recalling the following theorem.
Theorem 53.7. (Tietze Theorem) Any two �nite presentations for some given group
are related by a �nite sequence of Tietze transformations, i.e. by a sequence of the following
two transformations:

(a) 〈x1, . . . , xk | r1, . . . , rl〉 ! 〈x1, . . . , xk | r1, . . . , rl, s〉
where s is a word in in r1, . . . , rl, and

(b) 〈x1, . . . , xk | r1, . . . , rl〉 ! 〈x1, . . . , xk, x | r1, . . . , rl, s · x · t〉
where x 6= x1, . . . , xk and where s, t are words in x1, . . . , xk.
In our context, where we study balanced presentations of the trivial group, we could like
to go from one presentation to another while keeping the de�ciency �xed. This leads us to
the following de�nition.
1689Evidently there are various choices involved in these constructions.
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De�nition. Let 〈x1, . . . , xk | r1, . . . , rl〉 be a presentation. An Andrews-Curtis transfor-
mation is one of the following ways to obtain a new presentation:

(a) 〈x1, . . . , xk | r1, . . . , ri, . . . , rl〉 ! 〈x1, . . . , xk | r1, . . . , x
−ε
j · ri · xεj, . . . rl〉

where j ∈ {1, . . . , k} and ε ∈ {±1}
(b) 〈x1, . . . , xk | r1, . . . , ri, . . . , rl〉 ! 〈x1, . . . , xk, | r1, . . . , ri · rj, . . . , rl〉

where i 6= j ∈ {1, . . . , l}
(c) 〈x1, . . . , xk | r1, . . . , rl〉 ! 〈x1, . . . , xk, x | r1, . . . , rl, x〉

where x 6= x1, . . . , xk.
The following is now a slight reformulation of the Andrews-Curtis Conjecture which we
�rst encountered in Section 53.4.
Conjecture 53.18. (Andrews-Curtis Conjecture) Any balanced presentation of the
trivial group can be turned into the empty presentation by a �nite sequence of Andrews-
Curtis transformations.
In the Handle Cancellation Theorem ?? and the Handle Addition Theorem ?? we will
see that the Andrews-Curtis transformations have analogues for handle decompositions. In
particular, as is argued on [GoS1999, p. 149], an a�rmative answer to the Andrews-Curtis
Conjecture 53.18 would imply that Question 141.6 has a positive answer.

For better or worse the evidence towards the Andrews-Curtis Conjecture 53.18 is rather
shaky. For example, let k ∈ Z. As above we consider the following balanced presentation
of the trivial group:

〈x, y |xyx = yxy, xk+1 = yk〉.

For most k it is unknown whether the presentation can be turned into the empty presenta-
tion by a �nite sequence of Andrews-Curtis transformations. In fact the consensus seems
to be that the Andrews-Curtis Conjecture 53.18 is most likely false.

Remark.

(1) More information and some partial results regarding the Andrews-Curtis Conjec-
ture 53.18 can be found in [Barm2011, Chapter 11].

(2) Sergey Matveev [Matv1987, p. 917] (see also [Kupe2017a, Proposition 4.2] and
[Barm2011, Chapter 11]) showed that the Andrews-Curtis Conjecture 53.18 is equiv-
alent to a special case of the Zeeman Conjecture 162.15.

141.3. Handle decompositions and CW-structures. In the Handles-Cells Proposi-
tion 136.18 we saw that every compact smooth manifold M that is equipped with a handle
decomposition is homotopy equivalent to a CW-complex X such that for each k ∈ N0 the
number of k-handles of M equals the number of k-cells of X. In this section we will prove
the following converse to this statement.

Proposition 141.7. (Manifold Construction Proposition) Given any �nite CW-
complex X there exists a compact orientable smooth manifoldM that is homotopy equiva-
lent to X and which admits a handle decomposition such that for each k ∈ N0 the number
of k-cells of X equals the number of k-handles of M .

Remark.
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CW-complex X thickening M of X

0-handles 2-handle1-handles

(1) In the Manifold Construction Proposition 141.7 we do not make any claims about the
dimension of M . We leave it to the reader to �gure out what is the lowest dimension
for M that one can achieve with our proof.

(2) Let X be a �nite CW-complex. Any compact smooth manifold M that is homotopy
equivalent to X is called a thickening of X. the Manifold Construction Proposi-
tion 141.7 thus says in particular that every �nite CW-complex admits a thickening.

(3) The theory of thickenings of �nite CW-complexes is developed in detail in [Maz1963]
and [Wall1966b]. In particular given a �nite k-dimensional CW-complex it follows
from [Wall1966b, p. 76] (see also [BCFHLN2019, Theorem 4.1] that the following
statements hold:
(a) Given any n ≥ 2k there exists an n-dimensional thickening of X.
(b) If n ≥ 2k + 1 and if n ≥ 6, then any two n-dimensional thickenings of X are

actually di�eomorphic.
We refer to [BCFHLN2019, Chapter 4] for more information on thickenings.

(4) The topic of �nding smooth manifolds that �look� like a given topological space is
also discussed in [BuS2010, Chapter 2].

The proof of the Manifold Construction Proposition 141.7 rests on the following lemma.

Lemma 141.8. If N ≥ 2r+2, then for every smooth embedding ϕ : Sr → RN there exists
an orientation-preserving smooth embedding Φ: B

N−r × Sr → RN such that Φ(0, P ) =
ϕ(P ) for all P ∈ Sr.

Proof. The statement of the lemma is basically the content of the Tubular Neighborhood
Theorem ?? (5). For the reader's convenience we recall the proof. First we consider the
standard smooth embedding θ : Sr → Rr+1 × RN−r−1 = RN which is given by x 7→ (x, 0).
This smooth embedding can be �thickened� up. For example we could consider the smooth
embedding

Θ: B
N−r × Sr → Rr+1 × RN−r−1 = RN

((x, y)︸ ︷︷ ︸, P ) 7→ ((1 + x
2
) · P, y).

↑
with x ∈ R and y ∈ RN−r−1

After possibly composing Θ with a re�ection in the last coordinate we see that Θ is
orientation-preserving. By hypothesis we have N ≥ 2r + 2. Thus we obtain from Proposi-
tion ?? that there exists a smooth homotopy F : Sr× [0, 1]→ RN with F0 = θ and F1 = ϕ.
By the Isotopy Extension Theorem 36.1 there exists a di�eotopy G : RN × [0, 1]→ RN with
G1 ◦ θ = ϕ. The map Φ := G1 ◦Θ: B

N−r × Sr → RN has all the desired properties. �
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The heart of the proof of the Manifold Construction Proposition 141.7 is contained in the
following lemma.

Lemma 141.9. Let X be a �nite CW-complex and let α : Sk−1 → X be a map. If X
is homotopy equivalent to a compact orientable smooth manifold M , then there exists a
compact orientable smooth manifold N and an orientation-preserving thickened (k − 1)-
sphere ϕ : B

dim(N)−k × Sk−1 → ∂N such that the following are satis�ed:
(1) N is also homotopy equivalent to X.
(2) N ∪ϕ hk is homotopy equivalent to X ∪α B

k
.

(3) If M is equipped with a handle decomposition, then we can equip N with a handle
decomposition such that for each k ∈ N0 the number of k-handles of M equals the
number of k-handles of N .

Proof of the Manifold Construction Proposition 141.7. Note that in the setting of
Lemma 141.9 we know by Propositions 136.1 and 136.9 that N ∪ϕ hk is again a com-
pact orientable smooth manifold with one extra k-handle. Thus we see that the Manifold
Construction Proposition 141.7 follows immediately from Lemma 141.9 and an elementary
induction argument. �

Proof of Lemma 141.9. Let f : X → M be a homotopy equivalence between a �nite
CW-complexX and a compact orientablem-dimensional smooth manifoldM . Furthermore
let α : Sk−1 → X be a map.

We pick some r ≥ max{k, 2k − dim(M)}. We write M̃ := M × B
r
and we equip

the product M̃ with the smooth atlas provided by Proposition ??. Note that the map
i : M → M̃ given by x 7→ (x, 0) is a homotopy equivalence.

Claim. We write f̃ := i ◦ f : X → M̃ . There exists a homotopy F : Sk−1× [0, 1]→ M̃ from
the map f̃ ◦ α : Sk−1 → M̃ = M ×Br

to a smooth embedding θ : Sk−1 → ∂M̃ .

Proof. By the combination of the Whitney Approximation Theorem 29.1 and the Transver-
sality Theorem 42.4 we know that the map f̃ ◦ α : Sk−1 → M̃ is homotopic to a smooth
map that is transverse to the proper submanifold M × {0} of M̃ = M ×Br

. Note that

dim(Sk−1) + dim(M × {0}) = k − 1 + dim(M) < r + dim(M) = dim(M ×Br
).

↑
since r ≥ k

Thus the image of a map Sk−1 → M̃ , which is transverse to M × {0}, actually misses
M × {0}. Therefore we now know that f̃ ◦ α : Sk−1 → M̃ is homotopic to a map that
misses M ×{0}. Next, using the deformation retraction from B

k \ {0} to Sk−1 we see that
f̃ ◦ α : Sk−1 → M̃ is actually homotopic to a map ϕ : Sk−1 → M × Sk−1 Ă ∂M̃ . Finally,
since 2(k − 1) < dim(M) + r − 1 = dim(∂M̃)

↑
since r ≥ 2k − dim(M)

we obtain from the Whitney Approximation Theorem 29.1 together with Theorem ?? (1)
that ϕ : Sk−1 → ∂M̃ is homotopic to a smooth embedding θ : Sk−1 → ∂M̃ . �

By the Euclidean Embedding Theorem 27.1 there exists an n ≥ 2k + 1 such that there
exists a proper smooth embedding M̃ → Hn := {(x1, . . . , xn) ∈ Rn |xn ≥ 0}. In particular,
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by the Smooth Embedding Theorem 24.10 we can assume that M̃ is a proper smooth
submanifold of Hn for some n ≥ 2k.

By the General Tubular Neighborhood Theorem ?? the proper submanifold M̃ of Hn

admits a tubular neighborhood N Ă Hn. By de�nition of a tubular neighborhood, see
page ??, we know that N is a compact codimension-zero submanifold of Hn with corner.
Furthermore, by Proposition 123.4 we know that the inclusion j : M̃ → N is a homotopy
equivalence. As we mentioned in Lemma 120.1, by rounding corners as in the proof of
Proposition ?? we can view N as an n-dimensional smooth manifold.

The map j ◦ θ : Sk−1 → ∂M̃ Ă ∂N takes values in ∂Hn. Since N ∩ ∂Hn is a co-
dimension-zero submanifold of ∂Hn we see that there exists an open neighborhood U of
θ(Sk−1) in ∂Hn that is contained in N . Since ∂Hn is di�eomorphic to Rn−1 and since,
by our choice of n, we have n − 1 ≥ 2(k − 1) + 2, we obtain from Lemma 141.8 that
there exists an orientation-preserving smooth embedding Θ: B

n−k × Sk−1 → ∂Hn such
that Θ(0, P ) = θ(P ) for all P ∈ Sk−1. After possibly �shrinking� the balls we can arrange
that the image of Θ actually lies in U Ă N ∩ ∂Hn.
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∂M̃M̃

f

M

∂Hn

Θ

k-handle

N

M̃

Statement (2) of the lemma is a consequence of the following claim.

Claim. The topological space X ∪α B
k
is homotopy equivalent to the smooth manifold

N ∪Θ h
k.

Proof. The experienced reader will doubtlessly spot that this is the right moment to roll
out the Homotopy Pushout Theorem 17.19. To apply this great theorem let us consider
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the following commutative diagram:

X

f̃ :=

��

f
��

Sk−1αoo

id
��

� � // B
k

id
��

M

i
��

Sk−1f◦α
oo

id
��

� � // B
k

id
��

M̃

id
��

Sk−1f̃◦α
oo

x 7→ (x,0)
��

� � // B
k

x 7→(x,0)
��

M̃ Sk−1 × [0, 1]
Foo � � // B

k × [0, 1]

M̃

j
��

id

OO

Sk−1θoo

x 7→ (x,1)

OO

id
��

� � // B
k

id
��

x 7→ (x,1)

OO

N

id
��

Sk−1j◦θ
oo

x 7→(0,x)
��

� � // B
k

x 7→(0,x)
��

N B
n−k × Sk−1Θoo � � // B

n−k ×Bk
.

All of the vertical maps are clearly homotopy equivalences. Furthermore note that it follows
immediately from the Manifold Boundary-Co�bration Proposition 17.8 and the Product-
Co�bration Proposition 17.11 that all of the right horizontal maps are closed co�brations.
Thus it follows from the Homotopy Pushout Theorem 17.19, applied altogether six times,
that the induced maps between the various pushouts have homotopy inverses. Combin-
ing these six homotopy equivalences, respectively their homotopy inverses, we obtain the
promised homotopy equivalence from X ∪α B

k
to N ∪Θ h

k. �
Finally assume that M is equipped with a handle decomposition. We sketch the proof

how we can �nd a handle decomposition for N with the same number of handles. First,
except for a slight sense of uneasy about rounding corners, it is pretty clear that we can
equip M̃ = M × Br

with a handle decomposition that is given by taking the product of
each handle of M with B

r
. Now we consider the actual smooth manifold N which we are

interested in. Note that N is by de�nition of a tubular neighborhood the total space of a
linear B

s
-bundle p : N → M̃ . This bundle might well be non-trivial, thus there is no reason

to assume that N is actually a product M̃ × Bs
. But, it follows from the same argument

as in the Vector Bundles-Homotopies Proposition 143.13 and the fact that each handle is
contractible that the restriction of p to each handle is actually a trivial linear B

s
-bundle.

Thus we see that the handle structure on M̃ does give rise to a handle structure on N with
exactly the same number of handles of each index. �

The next proposition explains what type of closed smooth manifolds one can obtain by the
ever-popular doubling procedure to the smooth manifolds constructed in the proof of the
Manifold Construction Proposition 141.7.
Proposition 141.10. Let X be a �nite k-dimensional CW-complex. There exists an
N ≥ 2k + 1 such that for every n ≥ N there exists a closed orientable n-dimensional
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smooth manifold M which admits a standard handle decomposition and which admits a
homotopy equivalence ϕ : X → Mn−k−1

from X to the (n− k − 1)-skeleton of M .

Remark. Note that in the setting of Proposition 141.10 we obtain from Exercise 136.12
and the Handle Skeleton-Homology Lemma 140.1 (3) and (4), together with the Homotopy-
πn-Proposition 71.7 and the Homotopy Equivalence-H∗-Corollary 73.9, that the map X →
Mn−k−1 → M induces an isomorphism of homotopy groups and homology groups up to
dimension n− k − 2.

Proof. Let X be a �nite k-dimensional CW-complex. By the Manifold Construction
Proposition 141.7 there exists a homotopy equivalence ψ : X → V from X to a compact
smooth manifold V which has the nice property that it admits a handle decomposition such
that all handles are of index ≤ k. By the Standard Handle Decomposition Corollary 136.4
we can arrange that this handle decomposition is standard. After possibly replacing V by
some B

s×V we can arrange that dim(V ) ≥ 2k+ 1. We set N := dim(V ). Now let n ≥ N .
We set W := B

n−N × V and we set M := DW . We equip the double M = DW with the
handle decomposition that we described on page 3004, namely which is given by the han-
dle decomposition on M and the dual handle decomposition on the second copy of M . In
particular we see that we can equipM with a handle decomposition such that the (n−k−1)-
skeleton equals W . The map ϕ : X →Mn−k−1 = V ×Bn−N

given by P 7→ (ψ(P ), 0) is now
the promised homotopy equivalence from X to the (n− k − 1)-skeleton of M . �

In the Manifold Construction Proposition 141.7 we just showed that every �nite CW-
complex X is homotopy equivalent to a compact smooth manifold X. The following ques-
tion, which implicitly we had already asked on page 2643, arises.

Question 141.11. Given a �nite CW-complex X, what extra conditions do we need to
impose on X to ensure that X is homotopy equivalent to a closed smooth or topological
manifold?
We make a couple of initial observations. Let X be a CW-complex.

(1) If X is homotopy equivalent to a closed orientable n-dimensional topological man-
ifold, then it follows from the Poincaré Duality Theorem 119.1, together with the
Homotopic Maps-and-Homology Proposition 73.6, Lemmas 108.13 and 116.8, that
there exists a class σ ∈ Hn(X;Z) such that for each k ∈ N0 the map

Xσ : Hn−k(X;Z) → Hk(X;Z)
ψ 7→ ψ X σ

is an isomorphism.
(2) If X is homotopy equivalent to a closed non-orientable topological manifold, then

it follows from the Orientation Covering-Proposition 105.15 that X admits a 2-fold
covering X̃ which is homotopy equivalent to a closed orientable topological manifold.

(3) If X is homotopy equivalent to a closed (orientable) n-dimensional topological man-
ifold, then every �nite covering of X is also homotopy equivalent to a closed (ori-
entable) n-dimensional topological manifold. In particular given any �nite covering
X̃ the properties stated in (1) and (2) need to hold.
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(4) These observations in (1), (2) and (3) already give lots of restrictions. We will
generalize these conditions on page ??. There we will show that any CW-complex
X which is homotopy equivalent to a closed orientable n-dimensional topological
manifold, is in fact a �Poincaré Duality space�.

The extra conditions stated in (2), (3) and (4) vanish, if X is a simply connected CW-
complex. Thus we have arrived at the following subtle variation on Question 141.11

Question 141.12. Let X be a �nite simply connected CW-complex X which admits a
class σ ∈ Hn(X;Z) as in (1). Is X homotopy equivalent to a closed n-dimensional smooth
or topological manifold?
It turns out that the answer to Question 141.12 is no. Namely, there are other, more
subtle bundle-theoretic obstructions to being homotopy equivalent to a closed smooth or
topological manifold. Slightly more precisely, the obstruction is given by showing that
the �Spivak Normal Fibration� of a given �nite CW-complex has the structure of a vector
bundle. In fact in [DaP2015, p. 21] (see also [MadM1979, p. 32]) it is shown that there
exists a �nite simply connected 5-dimensional CW-complex X such that the cohomology
ring is isomorphic to the cohomology ring of S2 × S3 but such that X is not homotopy
equivalent to a closed topological manifold. Similar examples of such simply connected CW-
complexes are given in [GiS1965, Theorem 5.2]. We also refer to [CLM2021, Chapter 5.5]
and to [CW2021, Chapter 1.1.2] for details.

Exercises for Chapter 141.

Exercise 141.1. In the proof of the Fundamental Group-Manifold Realization Proposi-
tion 54.12 that we gave on page 3031 we used the following statement. LetM be a compact
connected non-empty smooth manifold that admits a handle decomposition such that all
handles have index ≤ 2. If dim(M) ≥ 4, then the inclusion induced map π1(M)→ π1(DM)
is an isomorphism. Does this statement also hold if dim(M) = 3?

Exercise 141.2. Let M be a closed connected 3-dimensional smooth manifold. Show that
π1(M) admits a balanced presentation.
Hint. By the Handle Decomposition Theorem 138.5 we know that M admits a handle de-
composition. By the Handle-Euler Characteristic Corollary 140.4 and the Odd-Dimensional
Manifold-Euler Characteristic 140.5 we know that

3∑
k=0

(−1)k · number of k-handles = 0.

You could �rst consider the case that the handle decomposition contains precisely one
0-handle and one 3-handle. Afterwards try to tackle the general case.

Exercise 141.3. Let k be a �eld with at least three elements. Show that SL(2, k) is perfect,
i.e. show that the abelianization is the trivial group.
Hint. Use that for any non-zero d ∈ k and a ∈ k we have(

d 0
0 d−1

)(
1 a
0 1

)(
d−1 0
0 d

)
=
(

1 (d2 − 1)a
0 1

)
.
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Exercise 141.4. Give an example of a �nite CW-complex X which is not homotopy
equivalent to a closed topological manifold but which admits a class σ ∈ Hn(X;Z) such
that for each k ∈ N0 the map

Xσ : Hn−k(X;Z) → Hk(X;Z)
ψ 7→ ψ X σ

is an isomorphism.
Hint. You could consider the wedge of a sphere with a suitable CW-complex with non-
trivial fundamental group.
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142. The classification of compact 2-dimensional smooth manifolds II

In this fairly short chapter we will �nally complete the proof of the classi�cation of compact
2-dimensional smooth manifolds. But �rst, as a warm-up, let us go one dimension lower,
namely let us give a proof for half of the content of the Smooth 1-dimensional Manifold
Classi�cation Theorem 22.7.
Proposition 142.1. Every compact connected non-empty 1-dimensional smooth manifold
is di�eomorphic either to S1 or to [0, 1].

Remark. In Exercise 142.2 the reader is invited to show, using Propositions 31.2 and 142.1,
that every non-compact connected 1-dimensional smooth manifold is di�eomorphic either
to [0, 1) or to R. This then completes the reproof of the Smooth 1-dimensional Manifold
Classi�cation Theorem 22.7.

Proof. LetM be a compact connected non-empty 1-dimensional smooth manifold. By the
Handle Decomposition Theorem 138.5 we can equip M with a standard handle decompo-
sition.
Claim. There exists a standard handle decomposition for M with a single 0-handle.

Proof. SinceM is non-empty we know thatM has at least one 0-handle. Now suppose that
our handle decomposition has more than one 0-handle. Since M is connected and since
the handle decomposition is standard it follows from the Handle-Connected Lemma 136.8
that there exists a 1-handle H that gets glued to two di�erent 0-handles D and E. It is
elementary to see thatD∪E∪H is di�eomorphic to [−1, 1]. Thus we can combineD∪E∪H
to a single 0-handle. Note that the resulting handle decomposition is still standard. We
now proceed iteratively. �

We now �x a handle decomposition for M with a single 0-handle D. If the handle
decomposition does not contain a 1-handle, then M = D, in particular M is di�eomorphic
to [0, 1].

Now suppose that the handle decomposition contains at least one 1-handle. Since the
handle decomposition is standard we know that all attaching maps of the 1-handles take
values in ∂M1 = ∂D. Now let ϕ : {0} × S0 → ∂D be an attaching map of a 1-handle.
Note that the map is injective. Since both sets consist of precisely two elements we see
that the attaching map is a bijection. In particular we see that D ∪ϕ ({0} × B

1
) is a

closed 1-dimensional smooth manifold. It is elementary to see that this smooth manifold
is di�eomorphic to S1. Since this smooth manifold is closed we see that there are no other
1-handles. Thus we have shown that M is di�eomorphic to S1. �
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E1-handles

0-handles
single 0-handle DM

142.1. Handle decompositions of 2-dimensional smooth manifolds. In this section
we will study handle decompositions of some of our favorite 2-dimensional smooth man-
ifolds. We will also learn how to modify handle decompositions of 2-dimensional smooth
manifolds. In the next section we will use the results from this section to give a surprisingly
short proof of the statement that any compact connected non-empty 2-dimensional smooth
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manifold is di�eomorphic to one of the standard examples.

We start out with the following lemma which is very speci�c to the 2-dimensional setting.
Lemma 142.2. Let M be a 2-dimensional smooth manifold, let C be a boundary compo-
nent and let ϕ : S1 → C be a di�eomorphism. The di�eomorphism type of M ∪ϕ h2 does
not depend on the choice of ϕ.

Remark. The proof of Lemma 142.2 rests on the fact, proved in the di�eomorphisms-
of-S1-Extension Corollary 34.6, that for n = 2 every di�eomorphism of Sn−1 extends to
a di�eomorphism of B

n
. Note that by Theorem 146.7 and the Cerf Theorem 58.5 the

analogous statement also holds for n = 3 and n = 4. In particular the obvious analogue of
Lemma 142.2 also holds in those dimensions. But we will see in Proposition ?? that the
analogue of Lemma 142.2 does not hold for n = 7.

Proof. Let M be a 2-dimensional smooth manifold, let C be a boundary component of
M and let ϕ, ψ : S1 → C be two di�eomorphisms. We consider the self-di�eomorphism
f := ϕ ◦ ψ−1 : S1 → S1. By the di�eomorphisms-of-S1-Extension Corollary 34.6 the self-
di�eomorphism f of S1 extends to a self-di�eomorphism F of the disk B

2
. Now we obtain

from the Gluing-Smooth Manifolds-Proposition ?? (7) that M ∪ϕ h2 = M ∪
C

ϕ←−S1
B

2
is

di�eomorphic to M ∪ψ h2 = M ∪
C

ψ←−S1
B

2
. �

In the following we will state and prove a few results which are not germane to the 2-
dimensional setting, but which also have analogues in the higher-dimensional setting, which
we will eventually discuss in Chapter ??. In this and the following section we will use slightly
informal language and we will partially work with �gures. Nonetheless the mathematically
mature reader should have no troubles with making the whole discussion completely and
utterly rigorous.

First we formulate the following special case of the Handle Attachment Proposition 136.1
(4).

Lemma 142.3. LetM be a 2-dimensional smooth manifold. Given any smooth homotopy
F : (B

1×S0)× [0, 1]→ ∂M there exists a di�eomorphismM ∪F0 h
1 →M ∪F1 h

1. Any such
replacement of the 1-handle given by F0 by the 1-handle given by F1 is called a handle
slide.

Example. For what follows it will be very helpful to get a little experience with what
handle slides can do.

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

����
����
����
����
����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����
����
����
����
����
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������

����
����
����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����
����
����

��
��
��
��

���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

������

sliding the green handle
over the brown handle

sliding the blue handle
o� the brown handle
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Lemma 142.4. Every closed connected non-empty 2-dimensional smooth manifold admits
a handle decomposition with the following properties:
(1) There exists a single 0-handle.
(2) The attaching maps of all of the 1-handles take values in the boundary of the 0-

handle.1690

(3) There exists a single 2-handle.

Remark. In Corollary ?? we will see that the conclusion of Lemma 142.4 in fact holds in
all dimensions.

Sketch of proof. By the Handle Decomposition Theorem 138.5 we can equip M with a
standard handle decomposition. Since M is non-empty we know that there exists at least
one 0-handle. Suppose that M has more than one 0-handle. Since M is connected it
follows from the fact that the handle decomposition is standard together with the Handle-
Connected Lemma 136.8 that there exists a 1-handle H that gets glued to two di�erent
0-handles D and E. In Exercise 142.3 we will see that D∪E ∪H is again di�eomorphic to
a disk. Thus we can combine D∪E∪H to a single 0-handle. It is straightforward to verify
that the new handle decomposition is again standard and that the number of 2-handles is
una�ected. We now proceed iteratively till we get down to a single 0-handle.

Next we apply the above procedure to the dual handle decomposition and we can arrange
that the dual handle decomposition has a single 0-handle. Furthermore, as mentioned
above, we can do this without changing the fact that the dual handle decomposition is
standard and without changing the fact that the dual handle decomposition has a single
2-handle.

In summary, we have found a standard handle decomposition with a single 0-handle
and a single 2-handle. �
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M M

1-handle H

1-handle H single 0-handle2-handle K 0-handle L

0-handle E single 0-handle0-handle D

De�nition.
(1) We say a handle decomposition of 2-dimensional smooth manifold is completely

standard, if it is of the form described in Lemma 142.4.
(2) Let M be a 2-dimensional smooth manifold that is equipped with a completely

standard handle decomposition. We equip B
1 × B

1
with the product orientation

and we equip B
1 × S0 = B

1 × ∂B1
Ă B

1 × B1
with the boundary orientation. As

on page 2963 we say that a 1-handle with attaching map ϕ : B
1 × S0 → ∂B

2
is

orientable if the attaching map is either orientation-preserving on both components

1690In fact this statement is in this context equivalent to saying that the handle decomposition is standard
in the sense of the de�nition on page 2958.
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of B
1×S0 or if it is orientation-reversing on both components of B

1×S0. Otherwise
we say that the 1-handle is non-orientable.
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orientable 1-handle non-orientable 1-handleorientation of B
1 × S0

0-handle

Lemma 142.5. LetM be a 2-dimensional smooth manifoldM with a completely standard
handle decomposition. The following two statements are equivalent:
(1) M is orientable.
(2) All 1-handles are orientable.

Proof. In the Gluing-Smooth Manifolds-Proposition ?? (6) we dealt with the orientability
of smooth manifolds that are given by gluing oriented smooth manifolds along unions of
boundary components. In our setting we only glue along codimension-zero submanifolds
of the boundary. But the same statements hold and we see that our lemma is basically a
special case of the Gluing-Smooth Manifolds-Proposition ?? (6). �

Convention.
(1) Let M be a 2-dimensional smooth manifold M with a single 0-handle B

2
. If M is

orientable, then we equipM with the orientation such that the natural map B
2 →M

given by the 0-handle is orientation-preserving.
(2) Let M be a closed 2-dimensional smooth manifold. If we are given a handle decom-

position forM with a single 2-handle, then in the �gures we show the 0-handles and
the 1-handle attachments and we indicate with a discrete ∪h2 the 2-handle. Note
that by Lemma 142.2 the 2-handle attachment is basically unambiguous.

Examples.

(1) In the �gure below we show several completely standard handle decompositions for
several of our favorite surfaces.
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handle decomposition for RP2handle decomposition for the sphere
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(2) (a) In the �gure below we show a completely standard handle decomposition for the
surface of genus two. This handle decomposition has an obvious generalizations
to higher genera.
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0-handle

2-handle 1-handles

∪h2

handle decomposition for the
surface of genus 2

(b) In the �gure below we show a completely standard handle decomposition for the
non-orientable surface of genus 3, as de�ned on page 266. Again this example
has obvious generalizations to higher genera.
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0-handle

1-handles2-handle

∪h2

handle decomposition for the
non-orientable surface of genus 3

Lemma 142.6. Let M be a nd N be two closed 2-dimensional smooth manifolds. We
assume that both are equipped with a completely standard handle decomposition. Then
M#N has a completely standard handle decomposition such that the 1-handles are given
by �juxtaposing� the 1-handle attachments for M and the 1-handle attachments for N .
We will not give a formal de�nition of �juxtaposing�, instead we refer to the �gure below
for a hopefully unambiguous �de�nition by illustration�.
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0-handle 0-handle

NM

∪h2

juxtaposition of the 1-handle attachments
∪h2∪h2

0-handle

I

J

handle decomposition for M#N

Proof. We denote by D = B
2
the unique 0-handle of M and we denote by K the unique

2-handle ofM . Furthermore we denote by E = B
2
the unique 0-handle of N and we denote

by L the unique 2-handle of N . It follows almost immediately from Exercise 136.3 that we
can pick a smooth embedding ϕ : B

2 →M such that ϕ(B
2

≤0) is contained in the 0-handle D,
such that ϕ : B

2

≤0 → D = B
2
is orientation-preserving and such that ϕ(B

2

≥0) is contained
in the 2-handle K. Similarly we pick a smooth embedding ϕ : B

2 → N , with the only real
di�erence being, that we demand that the map ψ : B

2

≤0 → E is orientation-reversing. Now
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we have
by de�nition of the connected sum, note that if M and N are oriented,
then the orientation conventions work out
↓

M#N = (M \ ϕ(B2)) t (N \ ψ(B2))/ϕ(x) ∼ ψ(x) for x ∈ S1

=

di�eomorphic to B
2︷ ︸︸ ︷

(D \ ϕ(B2
≤0)) ∪ (E \ ψ(B2

≤0)) ∪ 1-handles of M ∪ 1-handles of N
∪ (K \ ϕ(B2

≥0)) ∪ (L \ ψ(B2
≥0)).︸ ︷︷ ︸

di�eomorphic to B
2

Thus we have obtained a handle decomposition for M#N with a single 0-handle, a single
2-handle, and such that the handles of M and N get attached to disjoint semicircles in the
boundary of the 0-handle. In other words, the 1-handle attachments are juxtaposed. �
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2-handle K

2-handle

2-handle L N connected sum M#NM

0-handle E
ψϕ

0-handle D

Examples.
(1) In the �gure below we use Lemma 142.6 to give a handle decomposition of the

connected sum RP2#RP2 of two copies of the real projective plane RP2. Furthermore
we show a handle slide that results in the handle decomposition of the Klein bottle
that we already saw in the �gure on page 3047. This argument shows in particular
that RP2#RP2 is di�eomorphic to Klein bottle. Thus we have obtained a new proof
of Lemma ??.
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∪h2

∼=

handle slide given by sliding the �left leg�
of the green handle over the pink handle

∪h2

#

∪h2∪h2

Klein bottleRP2 RP2 RP2 #RP2

(2) (a) In the �gure below we show, using altogether three handle slides, that the con-
nected sum RP2#RP2#RP2 is di�eomorphic to the connected sum of RP2 with
the torus.

(b) Now let g ∈ N0. We consider the connected sum of 2g+ 1 copies of RP2 as given
by attaching 2g+ 1 non-orientable 1-handles to a single 0-handle. We iteratively
apply the procedure in the �gure below to the three right-most non-orientable
1-handles. We turn the two right-most non-orientable 1-handles into a pair of
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interlocking orientable 1-handles. Eventually we see that the connected sum of
2g + 1 copies of RP2 is di�eomorphic to the connected sum of RP2 with the
surface of genus g.
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∪h2

∪h2
∪h2

∪h2

RP2 #RP2 #RP2

RP2 #torus

142.2. The classi�cation of compact 2-dimensional smooth manifolds. We recall
the following notation that we introduced on page 1234.

Notation. Given g, n ∈ N0 we write1691

Σg,n := the surface of genus g minus n open disks.
Furthermore for g ∈ N and n ∈ N0 we write

Ng,n := the non-orientable surface of genug g minus n open disks.

In the Surfaces-Non Homeomorphic Theorem 55.6 we showed that the above surfaces are
pairwise non-homeomorphic, in particular we showed they are pairwise non-di�eomorphic.1692

In this section we prove that any compact connected 2-dimensional smooth manifold is dif-
feomorphic to one of the above surfaces. This �nally completes the classi�cation of compact
surfaces that we started in Chapter 55.

Here is the precise theorem we intend to prove.

Theorem 142.7. (Di�eomorphism-to-Standard Surfaces Theorem) Let Σ be a
compact connected non-empty 2-dimensional smooth manifold.
(1) If Σ is orientable, then Σ is di�eomorphic to the surface Σg,n for some g, n ∈ N0.
(2) If Σ is non-orientable, then Σ is di�eomorphic to the surface Nk,n for some k ∈ N

and n ∈ N0.

Remark.

(1) Our proof of the Di�eomorphism-to-Standard Surfaces Theorem 142.7 is inspired by
the ambitious [GoS1999, Exercise 4.2.4]. The key idea was communicated to us by
Robert Gompf. The proof we provide is also outlined in [Mart2016, Theorem 6.1.6].

(2) In Exercise ?? we will also sketch an alternative approach to proving the Di�eomorphism-
to-Standard Surfaces Theorem 142.7.

1691We refer to page 1233 for the de�nition of �minus n open disks�.
1692In the Surfaces-Non di�eomorphic Corollary 45.21 we proved state the surfaces Σg are pairwise non-
di�eomorphic.
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(3) One can prove the Di�eomorphism-to-Standard Surfaces Theorem 142.7 through
Morse theory, without using handles. This approach is taken in [Mata2002, Chap-
ter 5.2] and [Hirs1976, Chapter 3].

(4) On page 1240 we discuss several other approaches to proving the analogue of the
Di�eomorphism-to-Standard Surfaces Theorem 142.7 in the setting of topological
manifolds.

To increase readability we split the proof of the Di�eomorphism-to-Standard Surfaces The-
orem 142.7 into two parts. First we treat closed manifolds, afterwards we will prove the
general case.

Proof of Theorem 142.7 for closed manifolds. By the Handle Decomposition Theo-
rem 138.5 together with Lemma 142.4 it su�ces to prove the proposition for a closed
2-dimensional smooth manifold that is equipped with a completely standard handle decom-
position, i.e. that is equipped with a handle decomposition with the following properties:

(1) There exists a single 0-handle D.
(2) The attaching maps of all of the 1-handles take values in the boundary of the 0-

handle.
(3) There exists a single 2-handle.

We prove this statement by induction on the number of 1-handles. If we have zero 1-handles,
then M is given by gluing a 2-handle to a 0-handle via some attaching map ϕ : S1 → S1.
Now we see that we have the following di�eomorphisms:

M = B
2 ∪ϕ h2 = B

2 ∪
S1

ϕ←−S1
B

2 ∼= B
2 ∪

S1
id←−S1

B
2 ∼= S2.

↑ ↑
by Lemma 142.2 all attaching maps give Handle Example Lemma 136.2

same di�eomorphism type

Next suppose that the claim holds whenever the number of 1-handles is ≤ k. Thus let
M be a smooth manifold as above with k + 1 1-handles.

Perhaps slightly surprisingly the case that the smooth manifold is non-orientable is
slightly easier. So let us deal with this case initially. Since M is now assumed to be non-
orientable we obtain from Lemma 142.5 that there exists a non-orientable 1-handle. We
denote the corresponding attaching map by α. We denote by ψ1, . . . , ψk the attaching maps
of the remaining 1-handles. Let I Ă ∂D be a compact interval that contains the image of
the attaching map of the chosen 1-handle and let J Ă ∂D be the compact interval with
∂D = I ∪ J and I ∩ J = ∂I = ∂J . Here comes the key observation: Since the 1-handle
is non-orientable we see that ∂(B

2 ∪α h1) is connected. Thus we can iteratively slide all
handle attachments ψ1, . . . , ψk that end up on I across the chosen 1-handle so that they
take values in the interval J . (We refer to the �gure below for an illustration.) We denote
the new handle attachment maps by ψ̃1, . . . , ψ̃k.
We now see that
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follows from Lemmas 142.2 and 142.3
↓

M ∼= B
2∪αh1∪ψ1h

1 · · · ∪ψk h1 ∪ h2 ∼= B
2∪αh1∪ψ̃1

h1 · · · ∪ψ̃k h
1 ∪ h2

∼= (B
2 ∪α h1 ∪ h2)︸ ︷︷ ︸

∼= RP2, see the �gure below

#(B
2 ∪ψ̃1

h1 ... ∪ψ̃k h
1 ∪ h2)︸ ︷︷ ︸

by induction ∼= k · RP2 or ∼= Σ k
2

∼= (k+1)·RP2 ∼= non-orientable surface

of genus k + 1.x x x
by Lemma 142.6 see the �gure below where we see by Lemma ?? (2)

that RP2#Σl∼=(2l+1)·RP2

We have thus proved the induction step if M is non-orientable.
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we pick this 1-handle

∪h2

attaching maps of the other k 1-handles

indicate successive handle slides

∪h2

∪h2

∪h2

connected sum of RP2 with surface with k 1-handles

standard handle decomposition for the non-orientable M with k + 1 1-handles

interval J

interval I

Now we turn to the case that M is orientable. We pick any 1-handle. Since M is
orientable the chosen 1-handle is orientable. Note that this implies that the boundary of
B

2 ∪α h1 is disconnected. But since we work with a completely standard handle decom-
position we know that, once we attached all 1-handles, the boundary is connected. This
implies that there exists at least one other 1-handle that connects the two components of
the boundary of B

2∪αh1. We pick such a 1-handle and we call it the dual handle. We denote
its attaching map by β. We denote by ψ1, . . . , ψk−1 the attaching maps of the remaining
1-handles. Let I Ă ∂D be a compact interval that contains the image of the attaching maps
α and β and let J Ă ∂D be the compact interval with ∂D = I ∪ J and I ∩ J = ∂I = ∂J .
Here comes the key observation: It is straightforward to see that ∂(B

2 ∪α h1 ∪β h1) is con-
nected. Thus we can iteratively slide all handle attachments ψ1, . . . , ψk that end up on I
across the two 1-handles so that they take values in the interval J . (We refer to the �gure
below for an illustration.) We denote the new handle attachment maps by ψ̃1, . . . , ψ̃k−1.
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We now see that
follows from Lemmas 142.2 and 142.3

↓
M ∼= B

2∪αh1 ∪β h1∪ψ1h
1 · · · ∪ψk−1

h1 ∪ h2 ∼= B
2∪αh1 ∪β h1∪ψ̃1

h1 · · · ∪ψ̃k−1
h1 ∪ h2

follows from Lemma ?? (1) or alternatively the discussion on page 3049
↓

∼= (B
2 ∪α h1 ∪β h1 ∪ h2)︸ ︷︷ ︸

∼= torus, see the �gure on page 3047

# (B
2 ∪ψ̃1

h1 ... ∪ψ̃k−1
h1 ∪ h2)︸ ︷︷ ︸

since all bands are orientable we know that
this is an orientable surface, thus by induction

we know that it is di�eomorphic to Σ k-1
2

∼= surface of genus k+1
2
.x

by Lemma 142.6

We have thus now proved the induction step also in the case that M is orientable. �

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

������

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

����
����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����
����

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������

�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������

������������������������������������������
������������������������������������������
������������������������������������������
������������������������������������������
������������������������������������������
������������������������������������������
������������������������������������������
������������������������������������������

������������������������������������������
������������������������������������������
������������������������������������������
������������������������������������������
������������������������������������������
������������������������������������������
������������������������������������������
������������������������������������������

�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������

�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������

�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������

�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������

��������������������������
��������������������������
��������������������������
��������������������������

������������������������������������������������������������������

dual 1-handle

∪h2∪h2

we pick this 1-handle

∪h2 ∪h2

=

connected sum of torus with surface with k − 1 orientable 1-handles

interval I

interval J

standard handle decomposition for the orientable M with k + 1 1-handles

In the following we will �nally deal with 2-dimensional smooth manifolds with non-empty
boundary.

Proof of Theorem 142.7 for all manifolds. LetM be a compact connected non-empty
2-dimensional smooth manifold. By the Smooth Manifold Boundary Proposition 19.26 the
boundary ∂M is a closed 1-dimensional smooth manifold. Since ∂M is compact it has
�nitely many components that we denote by C1, . . . , Cn. (Note that we allow the case
that n = 0.) Each component Ci is compact and has no boundary. Thus it follows from
Proposition 142.1 that for each i = 1, . . . , n there exists a di�eomorphism fi : S

1 → Ci.
We denote by M̂ the result of gluing a disk to each boundary component. More precisely,

we consider

M̂ :=
(
M t

n⊔
i=1

(B
2 × {i})

)
/ ∼ where fi(P ) ∼ (P, i) for P ∈ S1 and i ∈ {1, . . . , n}.

By the Gluing-Smooth Manifolds-Proposition ?? we know that M̂ is a closed connected
non-empty 2-dimensional smooth manifold that contains M as a smooth submanifold and
which has the property that the obvious maps B

2 × {i} → M̂ are all smooth embeddings.
Furthermore it follows from the Gluing-Smooth Manifolds-Proposition ?? (6) and the ob-
servation that B

2
admits an orientation-reversing di�eomorphism, that M is orientable if

and only if M̂ is orientable.
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Now suppose that M is orientable. By the above M̂ is also orientable. Since M̂
is closed orientable connected and non-empty we know by the above that there exists a
di�eomorphism Φ: Σg → M̂ from the surface of some genus g to M̂ . Then Φ restricts to a
di�eomorphism

Φ:Σg \
n⋃
i=1

Φ−1
(
B2 × {i}

)
︸ ︷︷ ︸

= Σg,n since the maps B×{i}→Σg
are all smooth embeddings

→ M.

If M is non-orientable, then M̂ is closed connected non-orientable and non-empty, thus we
know that it is di�eomorphic to the non-orientable surface Ng for some g. As above we see
that M is di�eomorphic to Ng,n. �
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∪
Φ

B
2

Σ1

M

f

Exercises for Chapter 142.

Exercise 142.1. We denote by p : R3 → R the projection onto the third coordinate. Let
γ : S1 → R3 be a smooth embedding such that the map p ◦ γ : S1 → R has precisely two
critical points. Show that γ(S1), viewed as a submanifold of R3 ∪ {∞} = S3 is smoothly
isotopic to the trivial knot.
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��

R
pγ

γ(S1)

Exercise 142.2. Show that every non-compact connected 1-dimensional smooth manifold
is di�eomorphic either to [0, 1) or to R.
Hint. Use Propositions 31.2 and 142.1.

Exercise 142.3. We consider the attaching map

ϕ : B
1 × S0 → B

2 × {±1}
(y, ε) 7→

((
ε ·
√

1− y2

4
, y

2

)
, ε
)
.

Show that (B
1 ×B1

) ∪
ϕ : B

1×S0→S1×{±1} (B
2 × {±1}) is di�eomorphic to B

2
.

Remark.
(1) It follows easily from this exercise together with the Smooth Ball Embedding Theo-

rem 37.8 that any attaching of a 1-handle to two disks is di�eomorphic to B
2
.

(2) By �rotating around the x-axis� one sees that a similar statement also holds in the
higher-dimensional setting.
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Part XV

Bundles



143. Vector Bundles

In this chapter we introduce vector bundles and in the following chapter we will introduce
their Pontryagin classes. Both chapters are only intended as a quick introduction. Therefore
on many occasions we will only provide sketches of proofs or we will refer to the literature
for the proofs. Furthermore we will be less worried about why maps are actually continuous.
The best reference for these two chapters is the classic book by Milnor-Stashe� [MiS1974]
on characteristic classes. Other references are [Miln1957a, Hat2] and [Hus1993].

143.1. Vector bundles. In this section we introduce vector bundles and we give several
constructions and examples. The de�nition of a vector bundle is fairly similar to the
de�nition of a smooth B

m
-bundle that we gave on page ?? and the de�nition of a linear

B
m
-bundle that we gave on page ??.

Loosely speaking, a vector bundle over a topological space X consists of a vector space for
each x ∈ X, where the �vector spaces vary continuously with x�. The following de�nition
makes this idea precise.

De�nition. An n-dimensional real vector bundle over a topological space X is a topolog-
ical space E together with a map p : E → X and a real vector space structure on each
p−1(x), x ∈ X such that for each x ∈ X there exists an open neighborhood U of x and a
homeomorphism ϕ : p−1(U)→ U ×Rn such that the following two conditions are satis�ed:
(1) The following diagram commutes

p−1(U)

p
%%

ϕ
// U × Rn

(y,v)7→yyy
U.

(2) For each y ∈ U the map ϕ : p−1(y) → {y} × Rn = Rn is an isomorphism of vector
spaces.

(The de�nition is illustrated in the �gure below.) Exactly the same way we also de�ne the
notion of an n-dimensional complex vector bundle. When we are agnostic about whether
we consider real or complex vector bundles, then sometimes we just say vector bundle. We
introduce the following notation and language:
(a) We refer to the topological space E as the total space of the vector bundle and we

refer to X as the base space of the vector bundle. Furthermore we refer to the map
p : E → X as the projection.

(b) A 1-dimensional real (respectively complex) vector bundle is often called a real (re-
spectively complex) line bundle.

(c) Given a vector bundle p : E → X and given x ∈ X we write Ex := p−1(x). Some-
times we refer to Ex as the �ber of E over x.

(d) We refer to a homeomorphism ϕ : p−1(U) → U × Rn which satis�es the above con-
ditions (1) and (2) as a trivialization of the vector bundle.
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vector spaces

total space E U
ϕ

Examples. In each of the following examples it is fairly elementary to verify that these
are indeed vector bundles. For the sake of brevity1693 we do not give all the details.

(1) For each topological space X the product X×Rn together with the projection p : X×
Rn → X is an n-dimensional vector bundle over X. We refer to this vector bundle
as the trivial n-dimensional real vector bundle over X. The same way we also de�ne
the trivial n-dimensional complex vector bundle over X.

(2) Let M be an m-dimensional submanifold of Rk.
(a) The map1694

TM := {(x, v) ∈M × Rk |x ∈M and v ∈ T̃xM} → M
(x, v) 7→ x

is an m-dimensional real vector bundle over M . We refer to it as the tangent
bundle of the submanifold M .

(b) The map

NM := {(x, v) ∈M × Rk |x ∈M and v ∈ Rk with v ⊥ T̃xM} → M
(x, v) 7→ x

is a (k−m)-dimensional real vector bundle overM . We call it the normal bundle
of M in Rk.

Rk

M
Rk

M

normal bundle NM

T̃xM

tangent bundle TM

(3) Given any vector bundle p : E → X and given any subsetW Ă X the map p : p−1(W )→
W is evidently also a vector bundle. We refer to it as the restriction of p to W .

(4) Recall that given n ∈ N0 we de�ned on page 251 the real projective space to be

RPn := (Rn+1 \ {0})/∼

1693No snickering please.
1694We refer to page 620 for the de�nition of the �physical tangent spaces� T̃xM Ă Rk of a submanifold
M Ă Rk.
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where ∼ denotes the equivalence relation on Rn+1 \ {0} given by multiplication by
an element in R \ {0}. The map

X = {([v], λv) ∈ RPn × Rn+1 | [v] ∈ RPn, λ ∈ R} → RPn
([v], w) 7→ [v]

de�nes a one-dimensional vector bundle over RPn. We refer to it as the tautological
real line bundle over RPn. The same way we also de�ne the tautological complex
line bundle over CPn and the same way we also de�ne the tautological line bundles
over RP∞ and CP∞.

Before we introduce more examples we give the following, basically self-evident de�nition.

De�nition. Let K = R or K = C. Let p : E → X and q : F → X be two K-vector bundles
over a topological space X. An isomorphism of the K-vector bundles over X is a map
Φ: E → F that satis�es the following two conditions:
(1) The following diagram commutes:

E

p %%

Φ // F

qxx
X.

(2) For each x ∈ X the map Φ|Ex : Ex → Fx is an isomorphism of K-vector spaces.
We continue with a few more examples of real bundles.

Examples.

(1) The map
([0, 1]× R)/(0, v) ∼ (1,−v) → S1

[(t, v)] 7→ exp(2π it)

is a line bundle over S1. The discussion on page 264 shows that the total space is
homeomorphic to the open Möbius band. Therefore we refer to this bundle as the
Möbius bundle. This bundle, and a bundle that is isomorphic to it, are illustrated in
the �gure below.

��
��
��
��

�
�
�
�

S1

Möbius bundle

(2) LetM be an n-dimensional smooth manifold. (Note that in contrast to the discussion
on page 3059 we do not assume that M is a submanifold of some Rk.) We consider
the map

p : TM := {(x, v) |x ∈M and v ∈ TxM} → M
(x, v) 7→ x.

We would like to show that p : TM →M is an n-dimensional real vector bundle. For
each x ∈ M the preimage p−1(x) = {x} × TxM admits an obvious real vector space
structure. Our next goal is to equip TM with a reasonable topology. For this we
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note that any chart Φ: U → V for M induces a bijection

Φ̃ : p−1(U) → V × Rn

(x, v) 7→ (Φ(x), DΦx(v)︸ ︷︷ ︸
∈TΦ(x)V=Rn

).

We say that a subset W Ă TM is open if for every chart Φ: U → V for M the image
Φ̃(W ) Ă V ×Rn is open. With this de�nition it is now reasonably easy to show that
p : TM → M is an n-dimensional real vector bundle over M . We refer to it as the
tangent bundle of M .1695

If M is an n-dimensional submanifold of Rk, then using the usual isomorphism
T̃PM ∼= TPM from the Tangent Space-Isomorphism Proposition 23.16 one can show
fairly easily that the two tangent bundles that we de�ned above are isomorphic. In
practice we will not distinguish between these two notions.

(3) Let M be an n-dimensional complex manifold. Since M is also a 2n-dimensional
smooth manifold we can consider the tangent bundle p : TM → M as in (2). Using
charts from the holomorphic atlas one can endow each tangent space TxM with the
structure of an n-dimensional complex vector space. This shows that the tangent
bundle TM → M can be viewed as a C-vector bundle where the complex structure
varies �smoothly�. A �smooth� C-vector bundle structure on the tangent space TM
of a 2n-dimensional smooth manifold is called an almost complex structure. The
Newlander�Nirenberg Theorem, see [NN1957] and [Hör1990b, Section 5.7], gives
a complete criterion for whether or not an almost complex structure on TM arises
from a complex structure on M .

Proposition 143.1. (Vector Bundles-from-Representation) Let K = R or K = C.
Let M be a connected locally contractible topological space, let x0 ∈ M be a point and
furthermore let ϕ : π1(M,x0)→ GL(n,K) be a representation. We denote by p : M̃x0 →M
the explicit universal covering that we constructed in the proof of the Covering Existence
Theorem 61.5. The group π1(M,x0) acts on M̃x0 via the action provided by Proposi-
tion 61.14. We consider1696

Kn ×π1(M,x0) M̃x0 := (Kn × M̃x0)/ ∼ where (ϕ(g−1) · v, p) ∼ (v, g · p).

We equip Kn × M̃x0 with the product topology and we equip (M × M̃x0)/ ∼ with the
quotient topology.
(1) The map

q : Kn ×π1(M,x0) M̃x0 → M
[(m,x)] 7→ p(x)

is continuous.

1695It does not take too much e�ort to show that the total space TM of the tangent bundle is naturally a
2n-dimensional smooth manifold. (A related statement for physical tangent spaces of smooth submanifolds
of Rn is proved in Exercise 19.29.) We will not make use of this neat fact.
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(2) Let x ∈ M . We have q−1(x) = M ×π1(M,x0) p
−1(x). We pick a path µ : [0, 1] → M

from x to x0. The map

q−1(x) = Kn ×π1(M,x0) p
−1(x) → Kn

[(m,α)] 7→ ϕ([µ ∗ α])(m)
↑

α is a path from x0 to x

is well-de�ned.
(3) The map from (2) is a bijection.
(4) We use the K-vector space structure on Kn and the bijection from (3) to de�ne a

group structure on q−1(x). This K-vector space structure does not depend on the
choice of µ.

All this data combined de�nes an n-dimensional K-vector bundle over M .
Proof. Let ϕ : π1(M,x0)→ GL(n,K) be a representation.

(1) It follows immediately from the Topological-Product Proposition 5.1 (1a) and the
Topological-Quotient Proposition 5.15 (1b) that the given map q : Kn×π1(M,x0)M̃x0 →
M is continuous.

(2) Let x ∈ M . Evidently we have q−1(x) = Kn ×π1(M,x0) p
−1(x). We pick a path

µ : [0, 1]→M from x to x0. We consider the map

F : q−1(x) = Kn ×π1(M,x0) p
−1(x) → Kn

[(m,α)] 7→ ϕ([µ ∗ α])(m)

We need to show that the map is well-de�ned. Thus let [γ] ∈ π1(X, x0). Then

F (ϕ([γ]−1) · v, [α]) = ϕ(µ ∗ α) · ϕ([γ]−1) · v = ϕ(µ ∗ α) · ϕ([γ]) · v = ϕ(µ ∗ α ∗ γ) · v
= ϕ(µ ∗ γ ∗ α) · v = F ([(v, [γ ∗ α])]) = F ([(v, [γ] · [α])]).

(3) By the Regular Covering-Characterization Corollary 62.8 and the Deck Group-Free
Action Lemma 62.2 we know that the action of π1(M,x0) on p−1(x) is free and
transitive. It follows easily that the above map is a bijection.

(4) We need to show that the resulting K-vector space structure on q−1(x) does not
depend on the choice of µ. Thus let ν : [0, 1]→M be another path from x to x0. We
see that

ϕ([ν ∗ α])(m) = ϕ([ν ∗ µ ∗ µ ∗ α])(m) = ϕ([ν ∗ µ]) · ϕ([µ ∗ α])(m).

Thus we see that the maps [(m,α)] 7→ ϕ([ν ∗ α])(m) and [(m,α)] 7→ ϕ([µ ∗ α])(m)
di�er by multiplication by the invertible matrix ϕ([ν ∗ µ]). Thus both induce the
same K-vector space structure on q−1(x).

It remains to show that the above data de�nes an n-dimensional K-vector bundle over M .
Thus let x ∈ M . We pick an open neighborhood U of x such that p−1(U) is uniformly
covered in the sense of the de�nition on page 1067. Furthermore we pick a path µ : [0, 1]→

1696The perhaps slightly odd way of de�ning Kn ×π1(M,x0) M̃x0
has, for the author, the origin from the

analogous situation when in Proposition 174.4 we introduce local coe�cient systems corresponding to
representations.
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M from x0 to x. Similar to the above we consider the map

F : q−1(U) = Kn ×π1(M,x0) p
−1(U) → Kn × U

[(v, [α])] 7→ (ϕ(µ ∗ α) · v, [α]).

Using our discussion above one can easily verify that this map is a trivialization. �

De�nition. Let K = R or K = C, let M be a connected locally contractible topological
space, let x0 ∈ M be a point and let ϕ : π1(M,x0) → GL(n,K) be a representation. We
refer to the vector bundle that we de�ned in the Vector Bundles-from-Representation 143.1
as the K-vector bundle de�ned by ϕ.

Example. It is fairly straightforward to show that the real vector bundle over S1 cor-
responding to the representation π1(S1, 1) → GL(1,R) given by sending the standard
generator of π1(S1, 1) to (−1) is isomorphic to the Möbius bundle.

The following de�nition is basically self-explanatory.

De�nition. Let K = R or K = C and let p : E → X be an n-dimensional K-vector bundle.
(1) We say p is trivializable if p is isomorphic to the trivial n-dimensional K-vector

bundle X ×Kn → X.
(2) Any choice of an isomorphism E → X × Kn is called a trivialization of the vector

bundle p.

The following lemma is basically trivial, but it simpli�es discussions later on.
Lemma 143.2. Let K = R or K = C and let p : E → X be an n-dimensional K-vector
bundle.
(1) The K-vector bundle is trivializable if and only if there exists a map ϕ : E → Kn

such that p× ϕ is a trivialization.
(2) If p is trivializable, then for any subset W Ă X the restriction of p to W is also

trivializable.
(3) If W is a subset of X such that the restriction of p to each component of W is

trivializable, then the restriction of p to W is also trivial. �

Proof. We leave it to the reader to provide the elementary proofs of the statements of the
lemma. �

Now we move on to two more de�nitions.
De�nition.
(1) We say that a smooth manifold M is parallelizable if its tangent bundle TM is

trivializable.
(2) A section of a vector bundle p : E → X is a continuous map s : X → E such that

p ◦ s = idX . We say a section is non-vanishing if s(x) 6= 0 for all x ∈ X.

Lemma 143.3. Let p : E → X be a vector bundle.
(1) The map X → E that sends each x ∈ X to the unique zero element of p−1(x) is a

section.
(2) If s, t : X → E are two sections, then the map x 7→ s(x) + t(x) is also a section.
(3) If s : X → E is a section and λ ∈ R, then the map x 7→ λ · s(x) is also a section.
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section of p : E → X

X

E

Proof. We need to show that the given maps X → E are continuous. By the Pasting
Proposition 2.6 we have to verify continuity only locally. But locally the statement follows
easily from the de�nition of a vector bundle. �

Examples.
(1) Given a vector bundle p : E → X a section s : X → E is given by sending each y ∈ E

to the zero-element of the vector space p−1(y).1697 This section is usually called the
zero-section of p.

(2) Let M be a smooth manifold. A section of the tangent bundle is usually called a
vector �eld onM . A little bit of thought shows that this is is precisely the notion that
we introduced on page 639 and that, given a submanifold M of Rn, this de�nition
of a vector �eld corresponds in a natural way to the notion that we introduced on
page 638.

Lemma 143.4. Let K = R or K = C.
(1) Given any n-dimensional K-vector bundle p : E → X the following two statements

are equivalent:
(a) The K-vector bundle is trivializable.
(b) There exist n sections s1, . . . , sn such that for every point x ∈ X the vectors

s1(x), . . . , sn(x) ∈ Ex := p−1(x) form a basis of the K-vector space Ex = p−1(x).
(2) A line bundle is trivializable if and only if it admits a non-vanishing section.
(3) If M is an orientable 2-dimensional smooth manifold, then its tangent bundle is

trivializable if and only if it admits a non-vanishing vector �eld.

Sketch of proof.
(1) Let p : E → X be an n-dimensional K-vector bundle. Suppose that there exists an

isomorphism ϕ : X × Kn → E of K-vector bundles over X. It is clear that in this
case the maps si : x 7→ ϕ(x, ei), i = 1, . . . , n, de�ne sections such that for each x ∈ X
the vectors s1(x), . . . , sn(x) ∈ Ex = p−1(x) form a basis of Ex = p−1(x). Conversely,
if we are given such sections, then the map

X ×Kn → E

(x, (λ1, . . . , λn)) 7→
n∑
i=1
si(x) · λi

is easily seen to be an isomorphism of K-vector bundles over X.
(2) This statement is an immediate consequence of (1).

1697It is a good exercise in practicing the de�nitions to convince oneself that this map s : X → E is indeed
continuous.
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(3) LetM be an orientable 2-dimensional smooth manifold. By (1) we only have to show
the following statement: ifM admits a non-vanishing vector �eld v, then the tangent
bundle is trivializable. So suppose that v is a non-vanishing vector �eld on M . We
pick an orientation for M . By [Lee2000, Proposition 13.3] the smooth manifold M
admits a Riemannian structure g.1698 Since M is 2-dimensional and oriented we can
now de�ne

w : M → TM

x 7→

unique vector w(x) ∈ TxM that has the following three properties:
(a) g(v(x), w(x)) = 0, i.e. v(x) and w(x) are orthogonal,
(b) g(w(x), w(x)) = 1, i.e. w(x) has length one,
(c) the vectors v(x) and w(x) form a positive basis for TxM

(We refer to the �gure below for an illustration of the de�nition of w(x).) It is fairly
easy to see that this is a section of the tangent bundle. It has the property that for
each x ∈ M the vectors v(x) and w(x) form a basis for TxM . Thus it follows from
(1) that TM is a trivial bundle. �

�
�
�
�

����

M
v(x)

w(x)

Examples.

(1) By Lemma 143.4 (2) the normal bundle of Sn Ă Rn+1 is trivializable since it admits
the non-vanishing section P 7→ (P, P ). We illustrate this statement for n = 1 in the
�gure below.

�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������

S1
normal bundle of S1 Ă R2 is trivial

the section P 7→ (P, P )

(2) We can easily generalize the previous example. More precisely, let n ∈ N and let M
be a closed oriented submanifold of Rn of codimension one. The map

v : M → NM

P 7→
the unique vector v(P ) ∈ Rn of length one that is normal to T̃PM

and which, followed by a positive basis for T̃PM ,
forms a positive basis for Rn

is easily seen to be a section of the normal bundle. Since the normal bundle is one-
dimensional we obtain from Lemma 143.4 (2) that the normal bundle of M Ă Rn is
trivializable. We refer to the �gure below for an illustration.

(3) In Exercise 143.6 we will show that the Möbius bundle does not admit a non-vanishing
section. It follows from Lemma 143.4 (2) that the Möbius bundle is non-trivial.

1698We refer to page 1426 for the de�nition of a Riemannian structure.
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M

P v(P )

VPM

(4) It follows from the Hairy Ball Theorem 38.12 and Lemma 143.4 (1) that even-dimen-
sional spheres are not parallelizable.

(5) For any n ∈ N the n-dimensional torus (S1)n = Rn/Zn is parallelizable, in fact if we
denote by q : Rn → Rn/Zn the projection , then an isomorphism of vector bundles
over Rn/Zn is given by

ϕ : (Rn/Zn)× Rn → T(Rn/Zn)
(q(x), v) 7→ (q(x),Dqx(v))

↑
Dqx : Rn = TxRn → Tq(x)(Rn/Zn)

(6) Let g ∈ N0. On page 1879 we calculated that the Euler characteristic of the sur-
face of genus g equals χ(Σg) = 2 − 2g. Thus if g 6= 1 we obtain from the Euler
Characteristic-Vector Field Theorem 97.15, which is a generalization of the Hairy
Ball Theorem 38.12, together with Lemma 143.4 (1) that the surface of genus g is
not parallelizable.

(7) If a smooth manifold is parallelizable, then evidently it is also orientable in the sense of
Section 25.2. Put di�erently, a non-orientable smooth manifold is not parallelizable.

(8) Every closed orientable 3-manifold is parallelizable. This was �rst proved by Ed-
uard Stiefel [Stie1935] in 1935. An elementary proof for this statement is given in
[BeL18]. Alternative proofs can be found in [DGGK2020] and [Kir1989, p. 46].

(9) Let M and N be closed smooth manifolds. If M and N are parallelizable, then one
can easily show that M ×N is also parallelizable.

143.2. Constructing vector bundles via transition maps. The starting point of this
section is the following lemma which says that we can construct vector bundles by specifying
�transition maps�.

Lemma 143.5. Let K = R or K = C, let X be a topological space and let {Ui}i∈I be
family of subsets of X such that

⋃
i∈I

◦
U i = X. Furthermore let n ∈ N0. Suppose that for

every i, j ∈ I we have a map ϕij : Ui ∩ Uj → GL(n,K) such that the following conditions
are satis�ed:
(1) For every i, j, k ∈ I we have ϕjk ◦ ϕij = ϕik : Ui ∩ Uj ∩ Uk → GL(n,K).
(2) For every i, j ∈ I and any x ∈ Ui ∩ Uj we have ϕij(x) = ϕji(x)−1.

The map where x ∈ Ui ∩ Uj
↓

p :
( ⊔
i∈I

(Ui ×Kn)
)
/(x, v) ∼ (x, ϕij(x) · v) → X

[(x, v)] 7→ x,

together with the obvious K-vector space structure on each p−1(x), is an n-dimensional
K-vector bundle over X.

Example. We consider X = S1 and two open overlapping intervals U1, U2 Ă X = S1. Let
ϕ : U1 ∩ U2 → GL(1,R) be the map that equals (1) on one component of U1 ∩ U2 and that
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equals (−1) on the other component of U1 ∩ U2. It is fairly straightforward to see that the
resulting real vector bundle is isomorphic to the Möbius bundle. We refer to the �gure
below for an illustration.

U1

X U1×R U2×R

gluing along U1 ∩ U2

U2

Proof. Let i ∈ I. It follows fairly easily from (1) and (2) that the map

Ui ×Kn

(x,v)7→x ((

(x,v)7→[(x,v)]
// p−1(Ui)

p
vv

Ui

is a well-de�ned isomorphism of K-vector bundles over Ui. Since the interiors of the Ui
cover all of X we see that p is indeed an n-dimensional K-vector bundle over X. �

We also have the following converse to Lemma 143.5.
Lemma 143.6. Let K = R or K = C. Every K-vector bundle p : E → X admits an
isomorphism to a K-vector bundle of the type constructed in Lemma 143.5.

Proof. Let p : E → X be an n-dimensional K-vector bundle. Note that by de�nition of a
vector bundle we know that there exists an open cover {Ui}i∈I such that the restriction of
p : E → X to each Ui is trivializable. It follows from Lemma 143.2 that given any i ∈ I
there exists a map Θi : p

−1(Ui)→ Kn such that p×Θi : p
−1(Ui)→ Ui×Kn is a trivialization.

Given x ∈ Ui we write Θi,x := Θi|Ex . Next, given i, j ∈ I we consider the map

ϕij : Ui ∩ Uj → GL(n,K) = Aut(Kn)

x 7→ Θi,x ◦Θ−1
j,x =

(
Kn

Θ−1
j,x−−→ Ex

Θi,x−−→ Kn
)

One can now easily verify that the map

p :
( ⊔
i∈I

(Ui ×Kn)
)
/(x, v) ∼ (x, ϕij(x) · v) → E

[(x, v)] 7→ (p×Θi)
−1(x, v) if x ∈ Ui

is an isomorphism of K-bundles over X. �

Corollary 143.7. Let K = R or K = C, let n ∈ N0 and let X be a topological space. The
isomorphism classes of n-dimensional K-vector bundles over X form a set.

Proof. This statement follows immediately from Lemma 143.6, modulo the minor nuisance
that we never said what a set is. The less this particular author says about set theory, the
better. �

Corollary 143.7 leads us to the following notation.

Notation. Let K = R or K = C and let X be a topological space. Given n ∈ N0 we denote
by VectnK(X) the set of isomorphism classes of n-dimensional K-vector bundles over X.
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143.3. The pullback of vector bundles. In this section and the coming sections we will
introduce several constructions for obtaining new vector bundles out of given vector bundles.
Before we head to the constructions it is helpful to introduce the following de�nition.

De�nition. Let K = R or K = C. A bundle map between K-vector bundles p : E → X
and q : F → Y is a pair of maps Φ: E → F and ϕ : X → Y such that the following two
conditions are satis�ed:
(1) The following diagram commutes:

E
p
��

Φ // F
q
��

X
ϕ

// Y.

(2) For each x ∈ X the map Φ|Ex : Ex → Fϕ(x) is a homomorphism of K-vector spaces.
One can easily verify that the class of K-vector bundles together with the above notion of
morphisms and the obvious composition of bundle maps form a category. We refer to it
as the category VectBund K of K-vector bundles.

Remark. The author now faces a dilemma: given two vector bundles p : E → X and
q : E → X over the same topological space X we now have two con�icting de�nitions for p
and q to be �isomorphic�. We have the de�nition on page 3060 which agrees with the above
de�nition as long as ϕ = idX . In the discussion below we will almost invariably work with
the former de�nition. Hopefully it is always clear from the context what is meant.

The following lemma, which is just a special case of Lemma ?? introduces the pullback of
vector bundles.
Lemma 143.8. Let K = R or K = C, let g : X → Y be a map between topological spaces
and let q : F → Y be an n-dimensional K-vector bundle. As in the Topological-Pullback
Lemma 56.16 (1) we consider the pullback

g∗F := {(x, v) |x ∈ X and v ∈ q−1(g(x))} Ă X × F,
which is equipped with the subspace topology.
(1) The map p : g∗F := {(x, v) |x ∈ X and v ∈ q−1(g(x))} → X

(x, v) 7→ x

is also an n-dimensional K-vector bundle where for each x ∈ X the K-vector space
structure on p−1(x) = {x} × q−1(g(x)) Ă X × F is the obvious K-vector space
structure coming from {x} × q−1(g(x)) = q−1(g(x)).

(2) The following diagram commutes

g∗F
p
��

(x,v)7→v
// F

q
��

X
g

// Y,

in other words, the horizontal maps de�ne a bundle map.
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(3) If we are given a bundle map

E
p
��

Φ // F
q
��

X
ϕ

// Y

such that for each x ∈ X the map Φ|Ex : Ex → Fϕ(x) is an isomorphism, then the
K-vector bundle E → X is naturally isomorphic to the pullback ϕ∗F → X.

Proof.
(1) Let x ∈ X. By Lemma 143.2 there exists a neighborhood V Ă Y of g(x) and a map

ϕ : q−1(V )→ Kn such that q × ϕ : q−1(V )→ V ×Kn is a trivialization. We consider
the open neighborhood U := g−1(V ) Ă X of x. It is now straightforward to verify
that the map

ψ : p−1(U) → U ×Kn

(z, v) 7→ (p(z), ϕ(v))
↑

note that v ∈ q−1(g(z)) and that g(z) ∈ g(U) = V

is a trivialization of the restriction of p to U .
(2) It is straightforward to verify that the diagram commutes.
(3) We consider the map E → g∗F given by e 7→ (Φ(e), ϕ(p(e))). We leave it to the

reader to verify that this map is a bundle isomorphism. �

De�nition. Using the notation from Lemma 143.8 we refer to g∗F → X as the pullback
of the K-vector bundle q : F → Y under the map g : X → Y .

Example. Let p : M → S1 be the Möbius bundle. We denote by g : S1 → S1 the map that
is given by g(z) = z2. In Exercise 143.9 we will see that the pullback of the Möbius bundle
under g is a trivial bundle. We refer to the �gure below for an illustration of the pullback
of the Möbius bundle.1699

pullback of the
Möbius bundle

Möbius bundle
S1

z 7→ z2

S1

The following lemma, which is basically just a slight variation on Lemma ??, summarizes
a few properties of the pullback of vector bundles.

Lemma 143.9. (Vector Bundle Pullback Lemma) Let K = R or K = C.
(1) Let g : X → Y be a map between two topological spaces and let E → Y and F → Y

be two K-vector bundles on Y . If E and F are isomorphic, then so are g∗E and
g∗F .

(2) The pullback of a trivializable K-vector bundle is again a trivializable K-vector
bundle.

(3) If q : F → Y is a K-vector bundle and if X is a subset of Y with inclusion map
i : X → Y , then

1699The reader who is blessed with a good memory might recognize that this statement is quite similar to
the discussion on page 1070 where we saw that the annulus is a 2-fold covering of the Möbius band.
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i∗F → q−1(X)
(x, v) 7→ v

is a natural isomorphism from the K-vector bundle i∗F → X to the restriction of F
to the K-vector bundle q−1(X)→ X.

Proof. The proof of this lemma is basically identical to the not very substantial proof of
Lemma ??. We just need to replace Lemma ?? (3) by Lemma 143.8 (3). �

The following lemma, which is basically just a slight variation on Lemma ??, shows that
the pullback of vector bundles is covariantly functorial in a suitable sense.

Lemma 143.10. Let K = R or K = C.
(1) Let q : F → Z be a K-vector bundle. Then

id∗Z F → F
(x, v) 7→ v

is a natural isomorphism from the pullback K-vector bundle id∗Z F → Z to the
original K-vector bundle q : F → Z.

(2) Let q : F → Z be a K-vector bundle. If f : X → Y and g : Y → Z are maps between
topological spaces, then

f ∗(g∗F ) → (g ◦ f)∗F
(x, (y, v)) 7→ (x, v)

is a natural isomorphism from the double pullback K-vector bundle f ∗(g∗F ) → X
to the pullback K-vector bundle (g ◦ f)∗F → X.

Proof. The proof of this lemma is basically identical to the not very substantial proof of
Lemma ??. Again we just need to replace Lemma ?? (3) by Lemma 143.8 (3). �

Corollary 143.11. Let K = R or K = C.
(1) Given any map g : X → Y between two topological spaces the pullback of K-vector

bundles induces a well-de�ned map

f ∗ : VectnK(Y ) → VectnK(X)
[q : F → Y ] 7→ [g∗F → X].

(2) The maps
X → VectnK(X)

(g : X → Y ) → (g∗ : VectnK(Y )→ VectnK(X))

de�ne a contravariant functor from the category Top of topological spaces to the
category of sets Set .

Remark. By using �linear algebra of vector bundles�, we will see that
⋃

n∈N0

VectnK(X) is

�more than a set�, namely that we can endow it with two monoid structures corresponding
to the direct sum and tensor product. Thus we will upgrade Corollary 143.11 to a functor
from the category of topological spaces to an algebraic category.

Proof. The �rst statement is an immediate consequence of the Vector Bundle Pullback
Lemma 143.9 (0), whereas The �rst statement is an immediate consequence of the Vector
Bundle Pullback Lemma 143.9 (3) and (4). �
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Later on we will need the following lemma.

Lemma 143.12.
(1) If f : M → N is a local di�eomorphism between smooth manifolds, then the map

TM → f ∗TN
(x, v) 7→ (x, (f(x),Dfx(v))︸ ︷︷ ︸

∈TN

)

is a natural isomorphism of real vector bundles.
(2) If p : M̃ →M is a covering of a smooth manifold, then p∗TM is naturally isomorphic

to TM̃ .

Proof. We rely on the never-ending energy of the reader to provide the proof of the �rst
statement. The second statement is an immediate consequence of the �rst statement. �

In the remainder of this chapter we will use on several occasions the notion of a �paracom-
pact� topological space that we introduced on page 354. We will use the explicit de�nition
only in the proof of the Vector Bundles-Homotopies Proposition 143.13. Otherwise it is
enough to know that most topological spaces that we are interested in are paracompact.
For example we established in the Manifold Paracompact-Normal Proposition 18.9 (1) and
the CW-Complex Paracompactness Proposition 68.13 that all topological manifolds and
all CW-complexes are paracompact.

Remark. Some books, see e.g. [Hat2, p. 77], make at some point the blanket assumption
that all base spaces of vector bundles are paracompact.

The following proposition is one of the key statements in the theory of vector bundles.

Proposition 143.13. (Vector Bundles-Homotopies Proposition) Let K = R or
K = C.
(1) Let q : F → Y be a K-vector bundle, let X be a topological space and �nally let

f0, f1 : X → Y be two maps. If f0 and f1 are homotopic and if X is paracompact,
then the K-vector bundles f ∗0F → X and f ∗1F → X are isomorphic. In fact any
choice of a homotopy induces naturally an isomorphism between the two K-vector
bundles.

(2) Let X and Y be two paracompact spaces. If f : X → Y is a homotopy equivalence,
then the map

f ∗ : VectnK(Y ) → VectnK(X),

that we introduced in Corollary 143.11, is a bijection.
(3) Let X be a topological space. If X is contractible and if X is paracompact (e.g. if

X compact), then every K-vector bundle over X is trivializable.

Example. It follows immediately from the aforementioned fact that topological manifolds
are paracompact, see the Manifold Paracompact-Normal Proposition 18.9 (1), together
with the Vector Bundles-Homotopies Proposition 143.13 (3) that every K-vector bundle
over the topological spaces B

n
, Bn and Rn is trivializable.

The key to proving the Vector Bundles-Homotopies Proposition 143.13 is the following
lemma.
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Lemma 143.14. Let X be a paracompact space and let K = R or K = C. We denote by
i0 : X

x 7→ (x, 0)−−−−−→X × [0, 1] and i1 : X
x 7→ (x, 1)−−−−−→X × [0, 1] the obvious embeddings. Given any

K-vector bundle p : E → X × [0, 1] the pullbacks i∗0E and i∗1E are isomorphic.

Remark. Note that Lemma 143.14 does not say that the i∗0E and i∗1E are naturally iso-
morphic. In fact, as we will see in Exercise 143.15, the isomorphism we provide depends
on choices.

Before we provide the proof of Lemma 143.14 let us �rst show that the Vector Bundles-
Homotopies Proposition 143.13 is a pretty straightforward consequence of Lemma 143.14.
Proof of the Vector Bundles-Homotopies Proposition 143.13 assuming Lemma 143.14.

(1) Let q : F → Y be a K-vector bundle, let X be a topological space that is paracompact
and let H : X × [0, 1] → Y be a homotopy between two maps f0, f1 : X → Y . We
denote by i0, i1 : X → X × [0, 1] the two obvious inclusions. Now we see that

by the Vector Bundle Pullback Lemma 143.9
↓ ↓

f ∗0F = (H ◦ i0)∗F ∼= H∗(i∗0 F ) ∼= H∗(i∗1 F ) ∼= (H ◦ i1)∗F = f ∗1F.
↑ ↑ ↑

since f0 =H◦i0 Lemma 143.14 since f1 =H◦i1

(2) Let g : Y → X be a homotopy inverse to f . Recall that this means that f ◦ g is
homotopic to idY and that g ◦ f is homotopic to idX . We consider the induced maps
f ∗ : VectnK(Y )→ VectnK(X). We have

g∗ ◦ f ∗ = (f ◦ g)∗ = id∗Y = idVectnK(Y ) .
↑ ↑ ↑

Corollary 143.11 (2) by Statement (1) Corollary 143.11 (2)
since f ◦ g ' idY

Similarly we see that f ∗ ◦ g∗ = idVectnK(X).
(3) Let F → X be a K-vector bundle over a topological space that is paracompact and

contractible. By de�nition of being contractible there exists a homotopy equivalence
from the topological space X to the topological space {∗} consisting of a single
point. Since every K-vector bundle over {∗} is trivializable it follows from (2) and
the Vector Bundle Pullback Lemma 143.9 (1) that every K-vector bundle over X is
trivializable. �

We conclude this section with the proof of Lemma 143.14.
Proof of Lemma 143.14. 1700 Let K = R or K = C.
Claim 1. Let p : F → Y × [a, c] be an n-dimensional K-vector bundle and let b ∈ [a, c].
If the restrictions of p to Y × [a, b] and to Y × [b, c] are both trivializable, then so is the
restriction to Y × [a, c].

Proof. Since the restrictions of p to Y × [a, b] and to Y × [b, c] are both trivializable we can
pick trivializations Φ: p−1(Y×[a, b])→ Kn×Y×[a, b] and Ψ: p−1(Y×[b, c])→ Kn×Y×[b, c].
We denote by q : Kn × Y × [a, c]→ Kn the projection. It follows almost immediately from
Proposition 143.18 that there exists a continuous map Θ: Y × {b} → GL(K, n) such that

1700The structure of the proof is somewhat similar to the idea behind the proof of the Topological Collar
Neighborhood Theorem 75.5.
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for all v ∈ p−1(Y × {b}) we have q(Φ(v)) = Θ(p(v)) · q(Ψ(v)) ∈ Kn. It is straightforward
to verify that

p−1(Y × [a, c]) → Kn × Y × [a, c]

v 7→
{

Φ(v), if p(v) ∈ Y × [a, b],
(p(v),Θ(p(y, b)) · q(Ψ(v))), if p(v) = (y, t) ∈ Y × [b, c]

is an isomorphism of Kn-vector bundles. �
Now let X be a paracompact space and p : E → X× [0, 1] be an n-dimensional K-vector

bundle.
Claim 2. There exists an open cover {Ui}i∈I of X such that the restriction of the K-vector
bundle p : E → X × [0, 1] to each Ui × [0, 1] is trivializable.

Proof. Let x ∈ X. By de�nition of a vector bundle and by compactness of [0, 1] there
exist neighborhoods V1, . . . , Vm of x and 0 = t0 < · · · < tm = 1 such that the restriction of
p : E → X×[0, 1] to each Vi×[ti−1, ti] is trivial. It follows from Claim 1 and Lemma 143.2 (2)
that the restriction of p to (V1∩· · ·∩Vm)×[0, 1] is also trivial. Now we set Ux := V1∩· · ·∩Vm.
The resulting sets {Ux}x∈X have the desired properties. �

By Claim 2 there exists an open cover {Ui}i∈I of X such that the restriction of p to any
Ui×[0, 1] is trivializable. By the Countable Cover Proposition 10.11 there exists a countable
locally �nite open cover {Vk}k∈N0 such that each component of any Vk is contained in some
Ui. Note that it follows from Lemma 143.2 that the restriction of p to any Vk× [0, 1] is also
trivial and that for each k ∈ N0 there exists a map Φk : p−1(Vk × [0, 1]) → Kn such that
p× Φk is a trivialization of the vector bundle over Vk.

Next note that it follows from the Paracompact-Partition of Unity Theorem 10.9 that
there exists a countable partition of unity {fk : X → [0, 1]}k∈N0 such that for each k ∈ N0

we have supp(fk) Ă Vk. Given i ∈ N0 we set gi := f0 + · · ·+ fi−1 and we set

Xi := graph of gi : X → [0, 1] := {(x, gi(x)) |x ∈ X} Ă X × [0, 1].

Note that X0 = X × {0}. We also set X∞ = X × {1}. Given i ∈ N0 ∪ {∞} we write
Ei := p−1(Xi). Next we consider the map

Ψi : Ei → Ei+1

v 7→
{
v, if p(v) 6∈ Ui × [0, 1],
(p× Φi)

−1(x, gi+1(x),Φi(v)),︸ ︷︷ ︸
∈Ui×[0,1]×Kn

if p(v) = (x, gi(x)) ∈ Ui × [0, 1].

We combine these maps to obtain the map

Θ: E0 → E∞
x 7→ Ψk(. . . (Ψ0(x))) if k ∈ N0 with gk(x) = 1.

It follows immediately from the de�nitions that this map is well-de�ned, i.e. it does not
depend on the choice of k ∈ N0 for a given x. Using this observation it is straightforward
to verify that Ψ is continuous. Finally note that, basically by construction, the following
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diagram commutes and that it de�nes an isomorphism of K-vector bundles.

E0 = p−1(X×{0})
p

��

Θ // E∞ = p−1(X×{1})
p

��

X × {0}
(x,0) 7→(x,1)

// X × {1}.

Together with the Vector Bundle Pullback Lemma 143.9 (2) this implies that the pullbacks
i∗0E and i∗1E are isomorphic. �
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143.4. The Grassmannian manifolds. Let K = R or K = C. On page 3060 we saw
that the projective spaces KPn come with a tautological line bundle. The projective space
KPn admits an obvious bijection with the set of all 1-dimensional subspaces of Kn+1. With
this view point the �ber of each point in KPn is precisely this 1-dimensional subspace.
In the following we generalize this construction to higher-dimensional subspaces to obtain
interesting higher-dimensional vector bundles.

De�nition. Let K = R or K = C. Given natural numbers n, k ∈ N we consider

G(n, k,K) := the set of all n-dimensional linear subspaces of Kn+k.

To equip the set G(n, k,K) with a topology we �rst note that we have a surjection1701

open subset of Kn(n+k)︷ ︸︸ ︷{ all n-tuples (v1, . . . , vn) of vectors in Kn+k

that are linearly independent

}
→ G(n, k,K)

(v1, . . . , vn) 7→ subspace of Kn+k

spanned by v1, . . . , vn.

We equip G(n, k,K) with the quotient topology. We refer to G(n, k,K) as a real Grass-
mannian respectively complex Grassmannian.1702 Next note that by de�nition we have
G(1, n,K) = KPn. With some modest e�ort one can show that

T :=

ĂG(n,k,K)×Kn︷ ︸︸ ︷
{(V,w) |V ∈ G(n, k,K) and w ∈ V } → G(n, k,K)

(V,w) 7→ V

is an n-dimensional K-vector bundle. With a little bit of thought one can show that
the maps Kn+k v 7→ (v, 0)−−−−−→Kn+k × {0} Ă Kn+k+1 induce embeddings G(n, k,K) → G(n, k +
1,K) and we refer to the direct limit as in�nite real (respectively complex) Grassman-
nian G(n,K). The n-dimensional K-vector bundles over G(n, k,K) give rise to an n-
dimensional K-vector bundle over G(n,K). We refer to this K-vector bundle as the tau-
tological K-vector bundle over the K-Grassmannian.
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Remark.

(1) A little bit of thought shows that we can identifyG(n,K) with the set of n-dimensional
linear subspaces of K∞.

(2) It is shown in [MiS1974, p. 56] (see also [Wel2008, Example 1.8] and [Hat2, p. 28
and 34]) that one can equip G(n, k,K) with a smooth atlas such that G(n, k,K)
becomes a closed orientable nk-dimensional smooth (complex) manifold. We will not
make use of this pretty fact.

Initially these tautological vector bundles might appear only mildly interesting. But rather
stunningly they can be viewed as the �mother of all vector bundles�. More precisely, the
following proposition says that every n-dimensional K-vector bundle is the pullback of the
tautological bundle over the in�nite Grassmannian G(n,K) in an �essentially unique way�.

Proposition 143.15. Let K = R or K = C. We denote by T → G(n,K) the tautological
n-dimensional K-vector bundle over the in�nite Grassmannian G(n,K) that we introduced
on page 3074. Let X be a paracompact space. The following two statements hold:
(1) Given any n-dimensional K-vector bundle p : E → X over X there exists a map

g : X → G(n,K) such that g∗T is isomorphic to E.
(2) If g0, g1 : X → G(n,K) are maps such that the K-vector bundles g∗0T and g∗1T over

X are isomorphic, then g0 and g1 are homotopic.
Before we turn to the proof of Proposition 143.15 let us formulate the following almost
immediate corollary.

Corollary 143.16. Let K = R or K = C and let X be a topological space that is
paracompact. Given any n ∈ N0 we have a bijection

[X,G(n,K)] → isomorphism classes of n-dimensional
K-vector bundles over X

[f : X → G(n,K)] 7→ f ∗(tautological vector bundle over G(n,K)).

Proof. This corollary is an immediate consequence of the Vector Bundles-Homotopies
Proposition 143.13 (1) together with Proposition 143.15. �

In the following we will sketch the proof of Proposition 143.15. Full details for the proof
are given in [MiS1974, Theorems 5.6 and 5.7]. For better readability we break the proof
into two parts.

Sketch of proof of Proposition 143.15 (1). Let p : E → X be an n-dimensional K-
vector bundle over a paracompact space X.
Claim. There exists a map Θ: E → K∞ such that for any x ∈ X the restriction to the
�ber Ex is a monomorphism of K-vector spaces.

Suppose for a second that we have proved the claim. In this case we consider the map

g : X → G(n,K)
x 7→ [ Θ(Ex)︸ ︷︷ ︸
n-dimensional subspace of K∞

].

1701The left-hand side is in fact an open subset of Kn(n+k). Why is that?
1702These objects are named after the German mathematician Hermann Grassmann (1809-1877).
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Note that we have the following bundle map:

E
p
��

v 7→(g(p(v)),Θ(v))
// T

��

X
g

// G(n,K)

Note that it follows easily from Lemma 143.8 (3) that the K-vector bundles g∗T and E
over X are isomorphic.
Proof.

(1) First, just for fun, we consider the important special case that we are dealing with the
tangent bundle p : TM → M over some closed n-dimensional smooth manifold M .
By the Euclidean Embedding Theorem 27.1 we know that there exists a k ∈ N and a
smooth embedding ϕ : M → Rn+k.1703 The following map has the desired properties:

g : M → G(n, n+ k,K) Ă G(n,K)
P 7→ Vϕ(P )(ϕ(M)).︸ ︷︷ ︸

physical tangent space of
the submanifold ϕ(M)

ϕ

TR/Z

R/Z
p

T̃ϕ(P )(ϕ(M)) is a point in G(1, 2) Ă G(1)

ϕ(M)

(2) Now we consider the general case, i.e. let p : E → X be any n-dimensional K-vector
bundle over a paracompact space X. By de�nition of a vector bundle there exists
an open cover {Ui}i∈I of X such that the restriction of p to each Ui is trivializable.
Since X is paracompact we know by the Countable Cover Proposition 10.11 that
there exists a countable open cover {Vj}j∈N of X such that each component of any
Vj is contained in some Ui. It follows from Lemma 143.2 that the restriction of p
to each Vj is also trivial. By Lemma 143.2 this means that for each j ∈ N there
exists a map Φj : p−1(Vj) → Kn such that p × Φj is a trivialization. Next, since X
is paracompact we know by the Paracompact-Partition of Unity Theorem 10.9 that
there exists a family of maps {fj : X → [0, 1]}j∈N with the following properties:
(a) For each x ∈ X there exists an open neighborhoodW of x such that fj vanishes

on W for all but �nitely many j.
(b) For every x ∈ X we have

∑
j∈N

fj(x) = 1.

(c) For each j ∈ N we have supp(fj) Ă Vj.
Now we consider the map

E → K∞ = (Kn)∞

v 7→
∑

j∈J with fj(p(v)) 6=0
fj(p(v)) · Φj(v)︸ ︷︷ ︸

↑
viewed as a vector in the j-th copy of Kn in K∞

1703Note that in the proof of that proposition we used implicitly that smooth manifolds are paracompact.
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We leave it to the reader to verify that this map has the desired properties. �

Sketch of proof of Proposition 143.15 (2). Let g0, g1 : X → G(n,K) be two maps
such that the K-vector bundles g∗0T and g∗1T over X are isomorphic. This means that
there exists a continuous map of the form

g∗0T → g∗1T
(x, v) 7→ (x,Φx(v))

where for each x ∈ X the map Φx : g0(x) → g1(x) is an isomorphism of K-vector spaces.
We need to show g0 and g1 are homotopic.

First suppose that for any (x, v) ∈ g∗0T and any λ ∈ R<0 we have Φx(v) 6= λv. In this
case we consider the map

H : X × [0, 1] → G(n,K)
(x, t) 7→ {(1− t) · v + t · Φx(v) | v ∈ g0(x)}︸ ︷︷ ︸

n-dimensional linear subspace of K∞ since for
any v∈g0(x) and any λ∈R<0 we have Φx(v) 6=λv

.

On [MiS1974, p. 68] it is shown that this map H is indeed continuous. Once continuity
is out of the way it is clear that H is a homotopy between g0 and g1.

The general case can be reduced easily to the above special case. We consider the maps

heven : K∞ → K∞
(t1, t2, . . . ) 7→ (0, t1, 0, t2, 0, . . . )

and
hodd : K∞ → K∞

(t1, t2, . . . ) 7→ (t1, 0, t2, 0, . . . )

Note that both maps are homotopic to the identity.1704 Now see that

now the previous special case applies
↓

g0 ∼ heven ◦ g0 ∼ hodd ◦ g1 ∼ g1.
↑ ↑

since heven and hodd are homotopic to the identity

This shows that g0 is homotopic to g1. �

143.5. Trivializations of a vector bundle. We recall the following de�nition from page 3063.

De�nition. A trivialization of an n-dimensional K-vector bundle p : E → X is an isomor-
phism Φ: E → X ×Kn of vector bundles.

Lemma 143.17. trivializations naturally give rise to orientations
trivializations correspond to choice of linearly independent sections
Proposition 143.18. Let K = R or K = C, let p : E → X be an n-dimensional K-vector
bundle p : E → X over a topological space X and let Φ: E → X ×Kn be a trivialization.

1704For heven the homotopy to the identity map is given by the map K∞ × [0, 1]→ K∞ which is given by
(x, t) 7→ heven(x) · (1− t) +x · t. Using the Direct Limits-and-Products Lemma 56.4 one can show that this
map is actually continuous.
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We denote by q : X ×Kn → Kn the projection. We equip GL(n,K) Ă M(n× n,K) = Kn2

with the usual topology that we introduced on page 171.
(1) If f : E → GL(n,K) is a continuous map, then the map

E → X ×Kn

e 7→ (p(e), f(p(e))︸ ︷︷ ︸
∈GL(n,K)

· q(Φ(e))︸ ︷︷ ︸
∈Kn

)

is also a trivialization.
(2) Every trivialization of p : E → X is of the form described in (1).

Proof. The �rst statement is basically clear. For the second statement we just need to
consider self-automorphisms of the trivial bundle X × Kn. If Φ: X × Kn → X × Kn is a
self-automorphism, then we de�ne

f : X → GL(n,K)

x 7→ the unique matrix A(x) ∈ GL(n,K) such that on the �ber {x} ×Kn the
endomorphism f : x×Kn → {x} ×Kn is given by multiplication by A(x).

We leave it to the reader to verify that this map is continuous. �

Lemma 143.19. Let n ∈ N and let p : E → B
1
be an oriented trivializable n-dimensional

K-vector bundle. Suppose we are given linearly independent vectors v1, . . . , vn ∈ p−1(−1)
and w1, . . . , wn ∈ p−1(−1). The following two statements are equivalent:
(1) There exists a trivialization of E that restricts to the given trivializations on the

endpoints.
(2) v1, . . . , vn ∈ p−1(−1) and w1, . . . , wn ∈ p−1(−1) are either both positive or both

negative bases.

Proof. First note that the (1)⇒ (2)-implication is an immediate consequence of Lemma 143.17
and ??.

Now we turn to the proof of the (2) ⇒ (1)-implication. Without loss of generality
we can assume that both v1, . . . , vn ∈ p−1(−1) and w1, . . . , wn ∈ p−1(−1) are positive.
Since p is trivializable we know that p : E → B

1
admits a trivialization. It follows from

Proposition 143.18 that the two trivializations on the endpoints di�er by a map ϕ : {±1} →
GL(n,R). It follows from Lemma ?? that det(ϕ(−1)) = det(ϕ(1)). By the Matrix Group
Path-Component Proposition 2.37 this implies that there exists a map ϕ[−1, 1]→ GL(n,R)
that extends ϕ. But then ϕ times the trivialization has the desired property. �

143.6. Classifying space. Given a topological group (perhaps with CW-structure)G need
to construct classifying space BG. Get a �ber bundle G → EG → BG. Since EG is
contractible we see that πi(BG) ∼= πi−1(G).

In Proposition 156.20 we calculated πi(O) etc. Note that for [f : Sk → BO] ∈ πk(BO)
we get a vector bundle (well-de�ned up to stabilization), thus we can de�ne w0([f ]) ∈ Z2,
w1([f ]) ∈ Z2 and p1([f ]) ∈ Z. According to PT these give you the isomorphisms in
Proposition 156.20.

Also get map πi(BO) → πi(BG) (which is more or less stable homotopy groups of
spheres), which is called the J-homomorphism. For i = 1, 2 this is an isomorphism from
Z2 → Z2.
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talk about BTop/BG, BPl/BTop and BO/BPl. Some of these are Eilenberg-Maclane
spaces, see Fnop?

143.7. The Whitney sum of vector bundles. In this section we will generalize the
notion of the direct sum of two vector spaces to the notion of the direct sum of two vector
bundles over a given topological space.

De�nition. Let K = R or K = C. Let p : E → X be an m-dimensional K-vector bundle
and let q : F → X be an n-dimensional K-vector bundle over a topological space X. The
map E ⊕ F := {(v, w) ∈ E × F | p(v) = q(w)} → X

(v, w) 7→ p(v)

is easily seen to be an (m+ n)-dimensional K-vector bundle. It is called the direct sum of
the K-vector bundles E and F .1705

Examples.
(1) Let M Ă Rn be a submanifold. Then for any point P ∈ M we evidently have

T̃PM ⊕ (T̃PM)⊥ = Rn. With this observation it follows that the map

TM ⊕NM → M × Rn

((P, v), (P,w)) 7→ (P, v + w)

is an isomorphism of real vector bundles. Put di�erently, the direct sum of the
tangent bundle and the normal bundle is a trivial real bundle.

(2) We consider the sphere S2 Ă R3. On page 3066 we saw that the tangent bundle TM
is non-trivial and on page 3065 we saw that the normal bundle is trivializable. Thus
we see that the direct sum of a non-trivial real vector bundle with a trivial real vector
bundle can be trivial.

We state the last example as a lemma.
Lemma 143.20. Let M be an m-dimensional smooth manifold and let N be an n-
dimensional smooth manifold. We denote by p : M × N → M and q : M × N → N
the natural projections. The map1706

T(N ×N) → p∗(TM)⊕ q∗(TN)
((x, y), v) 7→

(
((x, y), (x, p∗(v))) , ((x, y), (y, q∗(v)))

)
is an isomorphism of (m+ n)-dimensional real vector bundles over M ×N .

Proof. The lemma is fairly elementary, a detailed proof is given in [Tu2011, p. 371]. �

143.8. Linear algebra on vector bundles. In this section we will see that the same way
that we could obtain new vector spaces out of given vector spaces we can also obtain new
vector bundles out of given vector bundles. We had seen one instance already in the last
section, namely the �bundle-�cation� of the direct sum of vector spaces. In this section
we will see several other constructions. These construction will not play a big role in this

1705The direct sum of two K-vector bundles is often also called the Whitney sum.
1706The map might appear slightly intimidating, but it is �the obvious� map. It looks somewhat complicated
since the pullback vector bundles p∗(TM) and q∗(TM) are both de�ned to be pairs, where the �rst entry
is a point in M ×N and the second entry is also a pair.
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chapter, but, surprisingly, they will play a very useful role later on when compute homotopy
groups of spheres. First we give (or recall) the de�nition of the tensor product of two vector
spaces. The de�nition is a slight variation on the de�nition of the tensor products of two
abelian groups that we gave in Section 89.1.
De�nition. Let K be a �eld and let V and W be two K-vector spaces. We de�ne the
tensor product V ⊗K W to be the following K-vector space:

V ⊗K W :=

{
K-vector spaces which is generated by all
symbols of the form v⊗w with v∈V , w∈W

} /
N(V,W )

where N(V,W ) is the linear subspace generated by the elements of the form

(µv+µ′v′)⊗ νw− (µv⊗ νw+µ′v′⊗ νw) and µv⊗ (νw+ ν ′w′)− (µv⊗ νw+µv⊗ ν ′w′)
with v, v′ ∈ V , w,w′ ∈ W and with µ, µ′, ν, ν ′ ∈ K. For v ∈ V and w ∈ W we denote, by
a slight abuse of notation, the image of v ⊗ w in V ⊗W again by v ⊗ w.

Example. Let K be a �eld, let V be a K-vector space with basis v1, . . . , vm and let W be
a K-vector space with basis w1, . . . , wn. We leave it to the reader to verify that the tensor
product V ⊗K W is a K-vector space with basis {vi ⊗ wj}i=1,...,m,j=1,...,n.

Note that the tensor product of vector spaces satis�es the obvious analogues of the tensor
product of abelian groups, see Lemma 89.1, 89.2 and 89.3. Surely there is no need to spell
these statements out in detail.
Next we de�ne the tensor product of vector bundles.
De�nition. Let K = R or K = C. Let p : E → X be an m-dimensional K-vector bundle
and let q : F → X be an n-dimensional K-vector bundle with the same base space X. We
consider the set

E ⊗K F :=
⊔
x∈X

Ex ⊗K Fx︸ ︷︷ ︸
K-vector space

with the obvious map r : E ⊗K F → X.

We equip E⊗KF with the smallest topology that has the property that for any open subset
U Ă X and any bundle isomorphisms φ : p−1(U)→ U ×Km and ψ : q−1(U)→ U ×Kn the
map

r−1(U) → U ×
topology is de�ned on page 153︷ ︸︸ ︷

(Km ⊗K Kn)
vx ⊗ wx 7→ (x, φx(vx)⊗ ψx(wx))

is a homeomorphism. One can now easily show that r : E⊗KF → X is anm·n-dimensional
K-vector bundle. It is called the tensor product of the K-vector bundles E and F .
The tensor product gives us a functorial way to turn real vector spaces and bundles into com-
plex vector spaces and bundles. We summarize this construction in the following lemma.
Lemma 143.21.
(1) Let V be a real vector space. The tensor product V ⊗R C with the complex mul-

tiplication induced by z · (v ⊗ w) := v ⊗ (z · w) is a complex vector space with
dimC(V ⊗R C) = dimR(V ).
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(2) Let p : E → X be a real vector bundle. We denote by q : X×C→ X the trivializable
1-dimensional complex vector bundle. The vector bundle E ⊗R C := E ⊗R (X ×C),
with the complex vector space structure on each �ber de�ned as in (1), is a complex
vector bundle.

(3) The map V 7→ V ⊗R C de�nes a covariant functor from the category VecR to the
category VecC and the map E 7→ E⊗RC de�nes a covariant functor from VectBund R
to VectBund C.

Proof. We leave it to the reader to make the statements more precise and to prove them.
�

We can extend several other constructions for vector spaces to the setting of vector bundles.

De�nition. LetK = R orK = C and let p : E → X be anm-dimensionalK-vector bundle.
We denote by E∗ → X the K-vector bundle where for each x ∈ X the corresponding �ber
is given by the dual vector space HomK(Ex,K). It should be clear how to �ll in the precise
details for the de�nitions. We refer to E∗ → X as the dual vector bundle of p : E → X.
The next lemma brings together the tensor product of two vector bundles and the dual of
a vector bundle in an elegant way.
Lemma 143.22. Let K = R or K = C and let p : E → X be an n-dimensional K-vector
bundle. There is a unique map

Θ: E ⊗ E∗ → X ×M(n× n,K)

of K-vector bundles with the property that for any x ∈ X and any basis v1, . . . , vn of the
�ber Ex = p−1(x) with corresponding dual basis v∗1, . . . , v

∗
n of the dual vector space E

∗
x we

have Θ(vi ⊗ v∗j ) = (x, eij) for any choice of i, j ∈ {1, . . . , n}. Furthermore this map is in
fact an isomorphism of K-vector bundles over X.

Sketch of proof. In Exercise 143.10 we will see that the map on each �ber does not
depend on the choice of the basis v1, . . . , vn. With this observation it is then fairly easy to
see that the map is an isomorphism of K-vector bundles. We leave all further details to
the reader. Over all this lemma is a good example of the magic of clever de�nitions. �

It turns out that out of the blue we now have a new, and potentially interesting, invariant
for CW-complexes. More precisely, we have the following proposition.
Proposition 143.23. Let K = R or let K = C. The maps

X 7→ (Vect1
K(X),⊗)

(f : X → Y ) 7→
(
f ∗ : Vect1

K(Y ) → Vect1
K(X)

E 7→ f ∗E

)
de�ne a contravariant functor from the category Top of topological space to the category
AbGroup of abelian groups. Here, in the group (Vect1

K(X),⊗) the neutral element is given
by the trivial 1-dimensional K-vector bundle and the inverse of [E → X] is given by
[E∗ → X].

Sketch of proof. Let X be a topological space. First of all, note that by Corollary 143.7
we know that Vect1

K(X) is a set. Next, it is straightforward to show that �⊗� de�nes
an associative and commutative product on Vect1

K(X) with neutral element given by the
1-dimensional trivial bundle. Finally note that given a 1-dimensional K-vector bundle
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E → X we have
[E → X]⊗ [E∗ → X] = [E ⊗ E∗ → X] = [X ×M(1× 1,K)] = [K×X].

↑
Lemma 143.22

This shows that Vect1
K(X) is indeed an abelian group. The remaining statements of the

proposition follow easily from the de�nitions and are left to the reader. �

The proposition raises the following question.

Question 143.24. Is the contravariant functor X 7→ Vect1
K(X) a �new� contravariant

functor or is it a well-known functor in slight disguise?
We will give a complete answer to Question 143.24 in Theorem ??. Now we provide two
more de�nitions.
De�nition. Let p : E → X be a real vector bundle.
(1) An orientation of E → X is a choice of an orientation for each Ex which is compatible

with all trivializations.
(2) Given k ∈ N0 we denote by ∧kE → X the real vector bundle where for each x ∈ X

the �ber is given by the vector space ∧kE∗x that we introduced on page ??.
We have enough faith in the reader to be con�dent that the reader can turn these slogans
into proper rigorous de�nitions.

Examples.
(1) For any smooth manifold M an orientation of M is, almost by de�nition, the same

as an orientation of the tangent bundle TM .
(2) Similar to the proof of the Complex Manifold-Orientation Proposition 32.23 one can

show that every k-dimensional complex vector bundle is an orientable 2k-dimensional
real vector bundle. In Exercise 143.12 we will prove a partial converse to this state-
ment.

(3) Given a smooth manifold M a section of the bundle ∧kTM → M is basically the
same as a continuous k-form on M as de�ned on page ??.

We conclude this section with the following lemma.
Lemma 143.25. Let M be an n-dimensional smooth manifold. The smooth manifold M
is orientable if and only if the vector bundle ∧nTM∗ is a trivial line bundle.1707

Proof. The bored reader will surely be pleased to hear that the proof is outsourced as
Exercise 143.11. �

Lemma 143.25 motivates the following de�nition which will come in handy later on.
De�nition. Given an n-dimensional smooth manifold M we refer to the vector bundle
∧nTM∗ as the orientation bundle.

143.9. Vector bundles over spheres. We conclude this chapter with a discussion of
vector bundles over spheres.

1707Note that we know by the Alternating Forms-Basis Proposition ?? that ∧nTM∗ is a line bundle.
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Lemma 143.26. Let K = R or K = C, let k ∈ N and let n ∈ N.
(1) Let ϕ : Sk−1 → GL(n,K) be a map. The map

Θ(ϕ) : ((Sk≥0 ×Kn) t (Sk≤0 ×Kn))/(x, v) ∼ (x, ϕ(x) · v) → Sk

[(x, v)] 7→ x

is an n-dimensional K-vector bundle over Sk. (The map ϕ : Sk−1 → GL(n,K) is
called the clutching map and this construction of K-vector bundles is called the
clutching construction.)

(2) The map
set of homotopy classes of maps Sk-1 → GL(n,K)︷ ︸︸ ︷

[Sk−1,GL(n,K)] → VectnK(Sk)
[ϕ] 7→ [Θ(ϕ)]

is well-de�ned.

Example. Let k = 1. We consider the map ϕ : S0 → GL(1,R) which is conveniently given
by ±1→ (±1). It is not di�cult to see that the resulting real 1-dimensional vector bundle
over S1 is isomorphic to the Möbius bundle.

Sketch of proof. For Statement (1) we just note that, using collar neighborhoods of Sk−1

in Sk≥0 and S
k
≤0 it is straightforward to verify by hand that the clutching construction gives

rise to a K-vector bundle. We leave the details to the reader.
We turn to the proof of Statement (2). Let f0, f1 : Sk−1 → GL(n,K) be two maps that

are homotopic. This implies that there exists a homotopy F : Sk−1 × [0, 1] → GL(n,K)
with F0(x) = f1(x) · f−1

0 (x) and F1 = id. By picking a suitable collar neighborhood of
Sk−1 = ∂Sk≥0 we obtain an identi�cation Sk≥0 = (Sk−1 × [0, 1]) ∪ Sk≥ 1

2

. One can now easily

verify that the following map is an isomorphism of K-vector bundles over Sk:
(Sk≥0×KntSk≤0×Kn)/(x, v)∼(x, f0(x)·v) → (Sk≥0×KntSk≤0×Kn)/(x, v)∼(x, f1(x)·v)

(x, v) 7→
{

(x, v), if x∈Sk≤0 or if x∈Sk≥ 1
2

,

(x, F (y, t)·v), if x=(y, t)∈Sk−1×[0, 1].

This concludes the proof of Statement (2). �

The following proposition gives a convenient description of VectnC(Sk).

Proposition 143.27. The map

Θ: [Sk−1,GL(n,C)] → VectnC(Sk)
[ϕ] 7→ [Θ(ϕ)]

is a well-de�ned bijection.

Proof. Let B
k

± be two copies of B
k
. In the following we make the hopefully obvious iden-

ti�cation Sk = Sk≥0 ∪Sk−1 Sk≤0 = B
k

+ ∪Sk−1 B
k

− and henceforth we work with the topological
space to the right.

Now let p : E → Sk = B
k

+ ∪Sk−1 B
k

− be an n-dimensional complex vector bundle. We
write E± := p−1(B

k

±). Since B
k

+ and B
k

− are compact and contractible we know by the
Vector Bundles-Homotopies Proposition 143.13 that the bundles E± → B

k

± are trivial. By
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Lemma 143.2 this means that there exist maps Φ± : E± → Cn such that p × Φ± : E± →
B
k

± × Cn are trivializations of E± → B
k

±. Given x ∈ B
n

± we write Φ±x := Φ±|Ex : Ex
∼=−→Cn.

Similar to the proof of Lemma 143.6 we consider the map

Ω(E) : Sk−1 → GL(n,C) = Aut(Cn)

x 7→ Φ−x ◦ (Φ+
x )−1 =

(
Cn (Φ+

x )−1

−−−−→ Ex
Φ−x−−→ Cn

)
Claim. The homotopy class [Ω(E)] ∈ [Sk−1,GL(n,C)] does not depend on the choice of
trivializations Φ±.
Proof. Suppose we are given two other maps Ψ± : E± → Cn such that p × Ψ± : E± →
B
k

±×Cn are trivializations of E± → B
k

±. By the Matrix Group Path-Component Proposi-
tion 2.37 we know that GL(n,C) is path-connected. This implies that there exists a path
γ : [1, 2]→ GL(n,C) with γ(1) = Φ−0 ◦ (Φ+

0 )−1 and γ(2) = Ψ−0 ◦ (Ψ+
0 )−1. The map

Sk−1 × [0, 3] → GL(n,C)

(x, t) 7→


Φ−x·(1−t) ◦ (Φ+

x·(1−t))
−1, if t ∈ [0, 1],

γ(t), if t ∈ [1, 2],
Ψ−x·(t−2) ◦ (Ψ+

x·(t−2))
−1, if t ∈ [2, 3]

is now the desired homotopy. �
We leave it to the reader to verify that the maps Θ: [Sk−1,GL(n,C)]→ VectnC(Sk) and

Ω: VectnC(Sk)→ [Sk−1,GL(n,C)] are actually inverses of one-another. �

Note that the group structure on GL(n,C) endows [Sk−1,GL(n,C)] with a group structure.
Furthermore note that by Proposition 143.23 we know that Vect1

C(Sk) comes with a group
structure. The following lemma relates these two group structures.
Lemma 143.28. Let k ∈ N. The map

Θ: [Sk−1,GL(1,C)] → Vect1
C(Sk)

[ϕ] 7→ [Θ(ϕ)]

is a group homomorphism, in other words, given ϕ, ψ : Sk−1 → GL(1,C) we have the
equality [Θ(ϕ · ψ)] = [Θ(ϕ)]⊗ [Θ(ψ)].

Sketch of proof. At the end of the day the proof boils down to the following observation.
Given a, b ∈ C \ {0} the following diagram commutes:

C⊗C C
x⊗y 7→x·y

//

(x 7→a·x)⊗(y 7→b·y)
��

C
z 7→ a·b·z
��

C⊗C C
x⊗y 7→x·y

// C.

We leave it to the reader to assemble a proof out of this observation. �

Remark. We consider 1-dimensional complex vector bundles over S2. We have the fol-
lowing isomorphisms of abelian groups:

Vect1
C(S2)

∼=←−− [S1,GL(1,C)]
∼=←−− [S1, U(2)] = [S1, S1]

[f ]7→deg(f)−−−−−−→ Z.
↑ ↑ ↑

group isomorphism group isomorphism by group isomorphism by the
by Proposition 143.27 Lemmas ?? and 15.12 (2) Degree Isomorphism Proposition 86.8



143. VECTOR BUNDLES 3085

We have thus completely classi�ed the group of complex line bundles over S2. Later on, in
Theorem ?? we will generalize this calculation to give a complete calculation of Vect1

C(X)
for any CW-complex X.

The reader might wonder why we formulated Proposition 143.27 for complex vector bundles
instead of real vector bundles. The reason is that in the proof of Proposition 143.27 we used
that GL(n,C) is path-connected. In the Matrix Group Path-Component Proposition 2.37
we saw that in contrast GL(n,R) has two path-components, one of which is GL+(n,R) =
{A ∈ GL(n,R) | det(A) > 0}. For formulate a �real� analogue of Proposition 143.27 it is
best to introduce the following notation.

Notation. Let X be a topological space.
(1) We say two oriented vector bundles p : E → X and q : F → X are isomorphic if there

exists an isomorphism Φ: E → F of vector bundles as de�ned on page 3060, such
that for each x ∈ X the map Ex → Fx is an orientation-preserving isomorphism.

(2) Let n ∈ N0. We denote by Vectn,+R (X) the set of isomorphism classes of n-dimensional
oriented R-vector bundles over X.

Now we can formulate the following analogue of Proposition 143.27.

Proposition 143.29. The map

Θ: [Sk−1,GL+(n,R)] → Vectn,+R (Sk)
[ϕ] 7→ [Θ(ϕ)]

is a well-de�ned bijection.

Proof. The proof if is quite similar to the proof of Proposition 143.27. We leave it to the
reader to verify that the statement regarding the orientations works out. �

Remark. Similar to the above we have the following bijections:

Vect2,+
R (S2)

∼=←−− [S1,GL+(2,R)]
∼=←−− [S1, O(2)] = [S1, S1]

[f ] 7→deg(f)−−−−−−→ Z.
↑ ↑ ↑

bijection given by group isomorphism by group isomorphism by the
Proposition 143.29 Proposition 15.7Degree Isomorphism Proposition 86.8

and Lemma 15.12 (2)

Given an oriented 2-dimensional real vector bundle p : E → S2 we refer to the corresponding
integer on the right as the Euler number of the vector bundle p : E → S2.

Example. We just introduced the Euler number of an oriented 2-dimensional real vector
bundle over S2. In this �nal example we will try to understand the Euler number of the
tangent bundle TS2 of S2. In the �gure below we try our best to illustrate the situation.
We show two trivializations of the TS2 over B

2

+ = S2
≥0 and S2

≤0 = B
2

−. We can restrict
the two trivializations of TS2 to S1.1708 As we go along S1 we see that at z ∈ S1 we
have to rotate the trivialization coming from S2

≥0 by z
2 to obtain the trivialization coming

from S2
≤0. This implies that the Euler number of TS2 equals +2. The author is full aware

that the �gure below is only mildly helpful and we encourage the readers to draw pictures
themselves.

1708Perhaps it is worth stressing, we consider the restriction of TS2 to S1, we do not consider TS1.
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B
2

−S2
≥0

B
2

+

S2
≤0

vectors rotate
counterclockwise
as we go along S1

trivialization of TS2 on S2
≥0 = B

2

+

vectors rotate
clockwise as

we go along S1

trivialization of TS2 on B
2

+ = S2
≥0

Remark. Propositions 143.27 and 143.29, together with the discussion in Section 70.3,
tell us that the key to understanding vector bundles over spheres lies in the understanding
of the homotopy groups of GL(n,C) and GL+(n,R). It turns out that this is a di�cult
problem. We will obtain some partial calculations in Chapter 156.

Exercises for Chapter 143.

Exercise 143.1. Let p : E → X be a vector bundle and let s : X → E be a section. Show
that the zero set {x ∈ X | s(x) = 0} is a closed subset of X.
Hint. Use Lemma 1.8 (2b).

Exercise 143.2. Does there exist a smooth vector �eld on S2 with a single zero?

Exercise 143.3. Let W be a smooth manifold and let M be a submanifold of W . We
denote by i : M → W the inclusion map. Show that there exists a vector bundle E → M
such that TM ⊕ E is isomorphic to i∗(TM).

Exercise 143.4. Show that S3 and S7 are parallelizable.

Exercise 143.5. Let z ∈ R \ {0}. We denote by ρz : π1(S1, 1) → GL(1,R) the represen-
tation that sends the standard generator of π1(S1, 1) ∼= Z to the matrix (z). We denote
by Ez → S1 the line bundle corresponding to this representation, see the de�nition on
page 3063. For which z is this line bundle isomorphic to the trivial bundle and for which
z is it isomorphic to the Möbius bundle?

Exercise 143.6. Show by hand that the Möbius bundle, as de�ned on page 3060, does
not admit a section which is nowhere-vanishing.

Exercise 143.7. By Exercise 5.25 we can identify RP1 with S1. Let p : E → RP1 = S1 be
the tautological line bundle over RP1 = S1 from page 3060. Is this line bundle trivial? Is
it isomorphic to the Möbius bundle?

Exercise 143.8. Let g ≥ 1 and let Σ be the surface of genus g. Show that Σ admits a
non-trivial real line bundle.

Exercise 143.9. Let p : M → S1 be the Möbius bundle and let g : S1 → S1 be the map
that is given by g(z) = z2. Show that the pullback of the Möbius bundle under g is a trivial
bundle.
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Exercise 143.10. Let K be a �eld and let V be an n-dimensional K-vector space. We
write V ∗ = HomK(V,K). Let v1, . . . , vn be a basis of V . We denote by v∗1, . . . , v

∗
n the

corresponding dual basis of V ∗. We consider the K-homomorphism

V ⊗ V ∗ → M(n× n,K)

vi ⊗ v∗j 7→ eij :=
(n× n)-matrix with a single non-zero entry,

namely 1 ∈ K in the (i, j)-entry.

Show that this homomorphism does not depend on the choice of the basis v1, . . . , vn.

Exercise 143.11. LetM be an n-dimensional smooth manifold. Show thatM is orientable
if and only if the orientation bundle ∧nTM∗ is a trivial bundle.

Exercise 143.12. Let p : E → X be an oriented 2-dimensional real vector bundle over a
paracompact space X. We want to show that E can be equipped with the structure of a
1-dimensional complex vector bundle.
(a) Show that given any x ∈ X we can �nd a non-singular positive symmetric form 〈 , 〉x

on Ex, such that the form varies �continuously with x�. (Here you need that X is
paracompact.)

(b) Given x ∈ X we consider the map

J : Ex \ {0} → Ex \ {0}

v 7→ the unique vector w ∈ Ex with 〈v, w〉x = 0
and such that v, w is a positive basis for Ex.

Show that J2 = − idEx .
(c) Show that E can be equipped with the structure of a 1-dimensional complex vector

bundle.

Exercise 143.13. Let M be the Möbius band. Show that there is no immersion f : M →
R2.
Hint. Suppose there was an immersion f : M → R2. What can you say about the pull back
of the tangent bundle of R2?

Exercise 143.14. Let 0→ A→ B → C → 0 be a short exact sequence of vector bundles
over a topological space X. Show that the vector bundle B → X is isomorphic to the
vector bundle A⊕ C → X.

Exercise 143.15. Let X be a paracompact space and let K = R or K = C. We de-
note by i0 : X

x 7→ (x, 0)−−−−−→X × [0, 1] and i1 : X
x 7→ (x, 1)−−−−−→X × [0, 1] the obvious embeddings. In

Lemma 143.14 we showed that given any K-vector bundle p : E → X × [0, 1] the pullbacks
i∗0E and i∗1E are isomorphic. Show in an example that the isomorphism that we constructed
in the proof of Lemma 143.14 depends in general on the choices we make in the proof.
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144. Cobordisms

One could ask whether every closed smooth manifold is the boundary of a compact smooth
manifold. In fact in Corollary 119.9 we already saw that the answer is very much no. In this
chapter we will �quantify� to what degree the answer is no by introducing the �cobordism
group�, which is an interesting object in its own right.

144.1. The cobordism rings. Given two closed n-dimensional smooth manifolds M and
N we obtain a new closed n-dimensional smooth manifold by taking the disjoint union
M t N . This operation has a neutral element, given by the empty smooth manifold, and
it looks abelian and associative.1709 Thus it looks that all closed n-dimensional smooth
manifolds together with the operation �t� form a monoid.
For the reader's convenience we recall the de�nition of a monoid.
De�nition. A monoid is a set S together with a map

S × S → S
(x, y) 7→ x · y

such that the following two conditions are satis�ed:1710

(1) there exists a neutral element e ∈ S, i.e. an element which satis�es e · x = x · e = x
for all x ∈ S,

(2) the operation �·� is associative, i.e. for all x, y, z ∈ S we have (x · y) · z = x · (y · z).
Careful comparison between the de�nition of a monoid and the discussion of smooth man-
ifolds above reveals a subtle problem: �all closed n-dimensional smooth manifolds� do not
form a set. As most mathematicians I have no intention of getting into the debate about
what is a set. Instead we refer to [FPr1985] and [Halm1960] for details. Also, at this
stage reading �Logicomix� [DoP2009], see the �gure below, is almost a must.
Fortunately, we are saved by the following lemma.

Lemma 144.1. Let n ∈ N0.
(1) The homeomorphism classes of n-dimensional topological manifolds form a set.
(2) The di�eomorphism classes of n-dimensional smooth manifolds form a set.

Remark. Note that here it is essential that smooth manifolds are assumed to be second-
countable. If we did not make this assumption, then any set with the discrete topology
would be a 0-dimensional smooth manifold, but the bijection classes of sets do not form a
set.

Sketchy proof.

(1) It follows from the Euclidean Embedding Theorem 27.1 (1) that every n-dimensional
topological manifold is homeomorphic to a subspace of some Rk. Thus we can identify
�homeomorphism classes of n-dimensional topological manifolds� with a subset of the
power set of R∞, which is a set.

1709Very well-trained eyes will spot that purely set theoretically, M t N and N tM are not exactly the
same, see the de�nition on page 88.
1710A semi-group is de�ned similarly, except that we do not demand the existence of a neutral element.
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(2) As in (1) we see, using the Euclidean Embedding Theorem 27.1 (2) and using the
Smooth Embedding Theorem 24.10 we see that it su�ces to show that the di�eomor-
phism classes of n-dimensional manifolds, where the underlying topological space is
a subset of some Rk, form a set. But this follows from the fact that given a subset
of some Rk the possible atlases form a set.

We leave it to our friends the logicians to turn the above sloppy argument into a proper
proof. �

Next we introduce a notation and we recall a de�nition from page ??.
De�nition.
(1) Given n ∈ N0 we denote by Mn the set of all di�eomorphism classes of closed

oriented n-dimensional smooth manifolds.17111712

(2) Given S, T ∈ Mn we say that S and T are cobordant if there exists a cobordism
between S and T , i.e. a compact oriented (n + 1)-dimensional smooth manifold W
such that1713 ∂W admits an orientation-preserving di�eomorphism to S t−T . If S
and T are cobordant, then we write S ∼ T .

(3) We say S ∈ Mn is nullbordant if S is cobordant to the empty n-dimensional man-
ifold, in other words, S is nullbordant if there exists a compact oriented (n + 1)-
dimensional smooth manifold W such that ∂W admits an orientation-preserving
di�eomorphism to S.

1711Recall that the empty set is a closed oriented n-dimensional smooth manifold.
1712Also recall that an orientation for a 0-dimensional smooth manifold M consists of a choice of a sign in
{±1} for each point in M , see the remark on page 675.
1713Recall that each component of ∂W inherits an orientation from the orientation of W .
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Convention. In the following we will often be slightly sloppy in our notation, meaning
that we will not distinguish between a smooth manifold and its di�eomorphism class. For
example, given oriented smooth manifolds W , S and T we often write ∂M = S t T , even
though strictly speaking we have ∂M = S ′ t T ′ where S ′ and T ′ are oriented smooth
manifolds that admit an orientation-preserving di�eomorphism to S respectively T .
Remark. Let n ∈ N≥2 and let S, T ∈Mn. We suppose that S and T are cobordant. Using
the connected sum operation, in particular using the Connected Sum-Proposition ??, one
can easily show that there exists a connected cobordism between S and T .

Lemma 144.2. Let n ∈ N0.
(1) The relation ∼ onMn is an equivalence relation.
(2) The map Mn ×Mn → Mn

([S], [T ]) 7→ [S t T ]

is well-de�ned and it descends to an abelian group structure on the setMn/∼1714

where the neutral element is given by the empty smooth manifold.

Proof.

(1) We �rst show that the relation ∼ onMn is an equivalence relation.
(a) Given M ∈ Mn we have M ∼ M since, by the discussion on page 696, we have

∂([0, 1]×M) = {0} × (−M) ∪ {1} ×M .
(b) Suppose that S ∼ T , i.e. there exists a compact oriented (n + 1)-dimensional

smooth manifold W with ∂W = S t −T . Then ∂(−W ) = −S t T = T t (−S)
which shows that T ∼ S.

(c) Finally suppose that we have R, S, T ∈Mn with R ∼ S and S ∼ T . We showed
already in Lemma 144.2 that R is also cobordant to T . But there is no harm
done in repeating the simple argument. This means that there exist compact
oriented (n + 1)-dimensional smooth manifolds X and Y with ∂X = R t −S
and ∂Y = S t −T . We set Z := X ∪S Y . It follows from the Gluing-Smooth
Manifolds-Proposition ?? that Z is a compact orientable (n + 1)-dimensional
smooth manifold with ∂Z = R t −T . We refer to the �gure below for an illus-
tration.
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Z = X ∪S Y

1714By Lemma 144.1 we know thatMn and thus alsoMn/∼ are a set.
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(2) This statement follows from the following �ve observations:
(a) One can easily verify that the de�nition does not depend on the choice of the

representatives inMn.
(b) It is clear that the empty smooth manifold is a neutral element for the above

operation.
(c) We need to show that any [M ] ∈ Mn has an inverse element. In fact this is

represented by the oriented smooth manifold −M , since by the discussion on
page 696, we have ∂([0, 1] × M) = {0} × (−M) ∪ {1} × M , i.e. the smooth
manifold [0, 1] × M de�nes a cobordism from M t −M to the empty smooth
manifold. We refer to the �gure below for an illustration.
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M

−M

M

M × [0, 1] is a cobordism from
M t −M to the empty manifold

(d) The product structure is commutative since A t B and B t A are evidently
naturally di�eomorphic.

(e) The product structure is associative since (A t B) t C and A t (B t C) are
evidently naturally di�eomorphic. �

De�nition. Let n ∈ N0. We refer to

Ωn := (Mn/∼,t)

as the n-th cobordism group.
We have another natural operation on oriented connected smooth manifolds, namely the
connected sum operation. The following lemma says that up to cobordisms the connected
sum operation is the same as the disjoint union.

Lemma 144.3. Let n ∈ N and let M and N be two closed oriented connected n-dimen-
sional smooth manifolds, then

M#N = M tN ∈ Ωn.

Sketch of proof. A proof of this lemma is provided by the combination of Lemma ??
and of the Trace-of-Surgery Proposition ??. For the reader's convenience we also provide
a direct proof.

Thus let M and N be two closed oriented connected n-dimensional smooth manifolds.
Let ϕ : B

n → M \ ∂M and ψ : B
n → N \ ∂N be smooth embeddings such that ϕ is

orientation-preserving and such that ψ is orientation-reversing.
We consider [0, 1]×M and [0, 1]×N . Note that by the discussion on page 696, we have

∂([0, 1]×M) = ({0}× (−M))∪ ({1}×M) and ∂([0, 1]×N) = ({0}× (−N))∪ ({1}×N).
By a slight abuse of notation we denote by ϕ and ψ the obvious smooth embeddings of B

n

into {1} ×M and {1} × N . We use these two smooth embeddings to form the boundary
connected sum

W := ([0, 1]×M)#b([0, 1]×N) := ([0, 1]×M) t ([0, 1]×N)/ϕ(x) = ψ(x) for x ∈ Sn−1

that we introduced on page ??.
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By Proposition ?? we know that W admits the structure of an (n + 1)-dimensional
orientable smooth manifold such that

∂W = ({1} ×M)#({1} ×N)︸ ︷︷ ︸
=M#N

t (−{0} ×M)︸ ︷︷ ︸
=−M

t (−{0} ×N)︸ ︷︷ ︸
=−N

.

We have thus found the desired cobordism. �
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N

N × [0, 1]
M#N

Sn−1

N
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n

MM

M × [0, 1] W

De�nition. If we use exactly the same de�nitions as before except that we drop the
condition that the smooth manifolds are orientable and we drop the condition that the
cobordisms are orientable, then given n ∈ N0 we obtain the unoriented cobordism group

Nn := {closed n-dimensional smooth manifolds}/unoriented cobordisms.
The following lemma summarizes a few basic facts about unoriented cobordism groups.
Lemma 144.4.
(1) Let n ∈ N0. Every non-trivial element in Nn is of order two, i.e. given any M ∈ Nn

we have M tM = 0 ∈ Nn.
(2) Let n ∈ N. Let M and N be two closed connected n-dimensional smooth mani-

folds.1715 Then
M#N = M tN ∈ Nn.

Proof. Let n ∈ N0.
(1) Let M ∈ Nn. We have

2 ·M = M tM = ({0} ×M) t ({1} ×M) = ∂([0, 1]×M).
↑

by the Smooth Manifold Product Proposition 19.31 we
have this equality of unoriented smooth manifolds

(2) The proof of this statement is verbatim the same as in Lemma 144.3. �

In the following proposition we collect the computations of the low-dimensional (unoriented)
cobordism groups.

1715If M and N are orientable, then the connected sum M#N is only well-de�ned once we pick an
orientation for M and N . If M and N are orientable, then the equality is understood as holding for the
de�nition of the connected sum for any choice of orientation for M and N .
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Proposition 144.5. We have the following table of isomorphism types of the (unoriented)
cobordism groups for n = 0, 1, 2, 3:

n = 0 n = 1 n = 2 n = 3
Ωn Z 0 0 0
Nn Z2 0 Z2 · [RP2] 0

Proof.

(n=0) Using the Smooth 1-Dimensional Manifold Classi�cation Theorem 22.7 one can
easily see that the maps

Ω0 → Z
k⊔
i=1

{(Pi, εi)} 7→
k∑
i=1
εi

and
N0 → Z2

k⊔
i=1

{Pi} 7→ kmod 2

are isomorphisms.
(n=1) In the Smooth 1-Dimensional Manifold Classi�cation Theorem 22.7 we saw that

every closed connected 1-dimensional smooth manifold is di�eomorphic to S1.
Evidently S1 = ∂B

21716, hence every generator, i.e. every (oriented) compact 1-
dimensional smooth manifold represents the trivial element in Ω1 and in N1. There-
fore we see that Ω1 = 0 and N1 = 0.

(n=2) In the Surface Classi�cation Theorem 55.4 we saw that every closed orientable
2-dimensional smooth manifold is di�eomorphic to the surface of genus g for some
g. By Proposition ?? (3) the surface of genus g is the boundary of the genus g
handlebody. Thus we see that Ω2 = 0.

We turn to the calculation of N2. We want to prove the following claim.
Claim. The map ϕ : Z2 → N2

n 7→ n · RP2

is an isomorphism.

Proof. We prove the claim in several steps:
(a) First we show that ϕ is a homomorphism. We denote by ψ : Z → N2 the

map that is given by n 7→ n · RP2. Since Z is a free group this is well-de�ned
homomorphism. It remains to show that ψ in fact factors through the projection
Z→ Z2 = Z/2Z. But that is an immediate consequence of Lemma 144.4 (1).

(b) Next we show that ϕ : Z2 → N2 is a monomorphism. We only need to show
that ϕ(1) = RP2 represents a non-trivial element in N2. In Corollary 119.9 we
already saw, using the Euler characteristic and Poincaré Duality, that there is
no compact 3-dimensional smooth manifold whose boundary is homeomorphic
to RP2. Put di�erently, RP2 represents a non-trivial element in N2.

(c) It remains to show that ϕ is an epimorphism. So let M be a compact 2-di-
mensional smooth manifold representing an element in N2. Lemma 144.4 (2)
shows that without loss of generality we can assume thatM is connected. IfM
is orientable, then we already saw above that M is the boundary of a compact
3-dimensional smooth manifold, hence [M ] = 0 ∈ N2.

1716This is an equality of oriented smooth manifolds if we equip S1 and B
2
with the usual orientation and

also if we equip both smooth manifolds with the opposite orientation.
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Finally we consider the case that M is non-orientable. We have

[M ] = [connected sum of n copies of RP2] = n·[RP2] = (nmod 2)·[RP2].
↑ ↑ ↑

by Theorem 55.4 that there exists an n ∈ N0 Lemma 144.4 (2) Lemma 144.4 (1)
such that M is di�eomorphic to the
connected sum of n copies of RP2

This completes the proof that ϕ is an epimorphism.
(n=3) In the 3-Manifolds Bound Theorem 147.3 we already proved that Ω3 = 0. The fact

that N3 = 0 was �rst shown by Albrecht Dold [Dol1956] in 1956. An alternative
proof is given in [Lic1963, Thoerem 4.]. �

We have thus shown that the (unoriented) cobordism groups for n = 0, 1, 2, 3 are not
particularly exciting. Our next goal is to study Ω4. By the discussion on page 1879 we
know that χ(CP2) = 3. Thus the argument of Corollary 119.9 shows that CP2 is a non-
trivial element1717 in Ω4, but from Corollary 119.9 we cannot conclude whether or not CP2

is an element of in�nite order in Ω4.
The following proposition is the key to showing that CP2 is in fact an element of in�nite
order in Ω4.
Proposition 144.6. (Boundary-Signature Theorem) Let M be a closed oriented
4k-dimensional topological manifold with k ≥ 0.1718 If there exists a compact orientable
topological manifold X with ∂X = M , then sign(M) = 0.1719

It will take us a while to prove the Boundary-Signature Theorem 144.6, therefore we �rst
provide the following corollary.
Corollary 144.7. For any k ∈ N the map

sign: Ω4k → Z
[M ] 7→ sign(M)

is an epimorphism.

Proof of Corollary 144.7. First we need to show that the map is well-de�ned. Thus
suppose we are given closed oriented 4k-dimensional smooth manifolds M and N with
[M ] = [N ] ∈ Ω4k. By de�nition there exists a compact oriented smooth manifold X with
∂X = M t −N . We have

0 = sign(∂X) = sign(M t (−N)) = sign(M) + sign(−N) = sign(M)− sign(N).
↑ ↑ ↑

Boundary-Signature Theorem 144.6 Manifold-Signature Lemma 133.11 (2) and (3)

This shows that sign: Ω4k → Z is well-de�ned. It follows from the Manifold-Signature
Lemma 133.11 (2) that this map is a homomorphism. Finally it follows immediately
from the Cup Product-CPn-Proposition 121.7 that sign(CP2k) = ±1,1720 which shows that
sign: Ω4k → Z is an epimorphism. �

The proof of the Boundary-Signature Theorem 144.6 will rely on a purely algebraic lemma.
Before we can formulate that lemma we have to introduce one more de�nition.
1717In fact Corollary 119.9 also implies that CP2 is a non-trivial element in N4.
1718Does the statement also hold for 0-dimensional smooth manifolds?
1719We refer to page 2916 for the de�nition of the signature of M .
1720In fact the more fancy Lemma 126.12 says that sign(CP2k) = +1, but this is irrelevant for the proof.
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De�nition. Given a form (V, g) and a subset W Ă V we write

W⊥ := {v ∈ V | g(v, w) = 0 for all w ∈ W}.

Example. We consider the form on R2 that is de�ned by the symmetric matrix

P :=
(

0 1
1 2

)
.

In this case for H = R · (1, 0) we have H⊥ = H.

The following lemma gives the solution to Exercise 133.2.

Lemma 144.8. Let (V, g) be a non-singular symmetric form over the reals. If there exists
a subspace W with g|W = 0 and with dim(W ) = 1

2
dim(V ), then sign(g) = 0.

Proof of Lemma 144.8. It follows from our hypothesis that dim(W ) = 1
2

dim(V ) that
we can �nd a basis {a1, . . . , ak, b1, . . . , bk} for V such that {a1, . . . , ak} is a basis for W .
Since g|W = 0 and since g is symmetric we see that with respect to this basis the form g is
given by a matrix of the form (

0 P
P T Q

)
where Q is a symmetric matrix. It follows from the hypothesis that g is non-singular that
det(P ) 6= 0, see e.g. the Non-Singularity Lemma 121.1. Now we consider the following
three transformations(

P−1 0
0 id

) (
0 P
P T Q

) (
(P T )−1 0

0 id

)
=

(
0 id
id Q

)
,(

id 0
−1

2Q id

) (
0 id
id Q

) (
id −1

2Q
0 id

)
=

(
0 id
id 0

)
and (

id id
id − id

) (
0 id
id 0

) (
id id
id − id

)
=

(
2 id 0
0 −2 id

)
.

It follows from the Forms-Matrices Lemma 133.1 (1) that the three matrices to the right
all de�ne isometric forms. Considering the last matrix we obtain from the Signature-
Eigenvalues Proposition 133.8 that the signature is zero. �

The next result is the key ingredient in the proof of. As the name suggests, it is interesting
in its own right.

Theorem 144.9. (Half-Live Half-Die Theorem) Let X be a compact orientable topo-
logical manifold of dimension 2n+ 1. We denote by i : ∂X → X the inclusion map.
(1) For any �eld F we have the following equalities:

(a) dim
(

ker(i∗ : Hn(∂X;F)→ Hn(X;F))
)

= 1
2 dim(Hn(∂X;F))

and
(b) dim

(
im(i∗ : Hn(X;F)→ Hn(∂X;F))

)
= 1

2 dim(Hn(∂X;F)).

The same statement also holds, regardless of whether or not X is orientable, if we
restrict ourselves to F2-coe�cients.
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(2) We suppose that n ≥ 1. For any a, b ∈ ker(i∗ : Hn(∂X;Z) → Hn(X;Z)) we have
Q∂X(a, b) = 0.1721 The same statement also holds, regardless of whether or not X is
orientable, if we work with F2-coe�cients and the F2-valued intersection form QF2

∂X .

Remark. Given any homomorphism ϕ : V → W between �nite-dimensional vector spaces
the equality dim(ker(ϕ))+dim(im(ϕ)) = dim(V ) holds. Thus statement (1a) of the theorem
can be reformulated as saying that

dim
(

ker(i∗ : Hn(∂X;F)→ Hn(X;F))
)

= dim
(

im(i∗ : Hn(∂X;F)→ Hn(X;F))
)
.

This explains why the theorem is called the �Half-Live Half-Die Theorem�.

Examples.

(1) We consider the genus 3 handlebody X. In the �gure below we show the usual basis
a1, a2, a3, b1, b2, b3 for H1(∂X;R). In this case the kernel of the inclusion induced map
H1(∂X;R)→ H1(X;R) is the three dimensional subspace generated by b1, b2 and b3.
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X is the genus 3 handlebody

a1 b3b2b1
a2 a3

(2) Let K Ă S3 be a knot, we denote by XK the knot exterior, see page 2213. The
boundary ofXK is a torus. By the Longitude-Meridian Lemma 131.2 (1) the meridian
µ and the longitude λ form a basis for H1(XK ;R). have

dim
(

ker(H1(∂XK ;R)→ H1(XK ;R))︸ ︷︷ ︸
= R · λ by the Longitude-Meridian Lemma 131.2 (1)

)
= 1 = 1

2 · 2 = 1
2 · dim(H1(∂XK ;R)).

For clarity we prove the two parts of the Half-Live Half-Die Theorem 144.9 separately.

Proof of the Half-Live Half-Die Theorem 144.9 (1). Let X be a compact oriented
(2n + 1)-dimensional topological manifold. We denote by i : ∂X → X the inclusion map
and we write M = ∂X. Let F be any �eld. We �rst prove the �rst equality. Until
further notice, we henceforth work with F-coe�cients for all (co-) homology groups. For
space reasons we do not mention the F-coe�cients explicitly. We consider the long exact
sequence in homology of the pair (X,M):

→ Hn+1M → Hn+1X → Hn+1(X,M)
∂−→ HnM

i∗−→ HnX → Hn(X,M)→ Hn−1M →

The key observation is that this long exact sequence is �symmetric� around Hn(M ;F).
More precisely, by the Co-Homology Symmetry Theorem Theorem 119.6 (2)1722 we have

1721Here Q∂X denotes the Z-valued intersection form that we introduced on page 2800. Also recall that
on page 2922 we introduced the F2-valued intersection form.
1722Even though it is irrelevant we would like to stress that the isomorphisms Hk(M ;F) ∼= H2n−k(M ;F),
Hk(X;F) ∼= H2n+1−k(X,M ;F) and Hk(X,M ;F) ∼= H2n+1−k(X;F) are not natural.
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the following isomorphisms:

→

∼=Hn−1M︷ ︸︸ ︷
Hn+1M →

∼=Hn(X,M)︷ ︸︸ ︷
Hn+1X →

∼=HnX︷ ︸︸ ︷
Hn+1(X,M)

∂−→ HnM
i∗−→ HnX → Hn(X,M)→ Hn−1M →

Therefore it su�ces to prove the following purely algebraic claim.
Claim. If

0→ Ak
βk−→ Ak−1 → · · · → A2 → A1 → B

γ−→ A1 → A2 → · · · → Ak−1
αk−→ Ak → 0

is an exact sequence of �nite-dimensional real vector spaces,1723then

dim(ker(γ : B → A1)) = 1
2 · dimB.

Proof. We prove the claim by induction on k. The case k = 0 is clear, since in this case
B = 0. Now consider a symmetric sequence

0→ Ak
βk−→ Ak−1 → · · · → A2 → A1 → B

γ−→ A1 → A2 → · · · → Ak−1
αk−→ Ak → 0.

as above. It follows from the Break-into-SES Lemma 78.4 that the following sequence is
also exact
0→ Ak−1/βk(Ak)→ · · · → A2 → A1 → B

γ−→ A1 → A2 → · · · → ker(Ak−1
αk−→ Ak)→ 0.

But we have

dim(Ak−1/βk(Ak)) = dim(Ak−1)− dim(Ak) = dim(ker(Ak−1
αk−→ Ak)).

↑ ↑
since βk is injective since αk is surjective

So the new shorter sequence is also symmetric. So we can apply the induction hypothesis
to get the desired equality. This concludes the proof of the claim and thus of the �rst
equality of the lemma.

The proof of the second equality of the lemma is almost identical to the proof of the
�rst equality. This concludes the proof of the lemma regarding F-valued (co-) homology
groups.

Now let X be any compact (2n + 1)-dimensional topological manifold, without any
assumptions on orientability. In this case verbatim the same argument as above works,
we just need to replace F-coe�cients by F2-coe�cients and we need to replace the Co-
Homology Symmetry Theorem Theorem 119.6 (2) by the Co-Homology Symmetry Theorem
Theorem 119.6 (1). �

Proof of the Half-Live Half-Die Theorem 144.9 (2). In the following we will only
prove the statement regarding Z-coe�cients. The reader will have no troubles with making
the straightforward adjustments needed to obtain a proof for F2-coe�cients. Now let
a, b ∈ ker(Hn(M ;Z)→ Hn(X;Z)).

Claim. There exist cohomology classes ϕ, ψ ∈ Hn(X;Z) such that PDM(a) = i∗(ϕ) and
PDM(b) = i∗(ψ).

1723Recall that by the Topological Manifolds-Invariants Proposition 104.14 (4) together with Lemma 96.8
(1) we know that the real homology groups of X, M and (X,M) are �nite-dimensional vector spaces.
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Proof. We consider the following diagram

. . . // Hn(X,M ;Z)
∼= −X[X]
��

// Hn(X;Z)
∼= −X[X]
��

i∗ // Hn(M ;Z)
∼= −X[M ]
��

δ // Hn+1(X,M ;Z)
∼= −X[X]
��

//// . . .

. . . // Hn+1(X;Z) // Hn+1(X,M ;Z) // Hn(M ;Z)
i∗ // Hn(X;Z)

∂ // . . .

where the horizontal sequences of the pair (X,M). By Theorem 119.1 and Proposi-
tion 119.25 we know that the vertical maps are isomorphisms and we know that the diagram
commutes up signs. The claim follows almost immediately from the above discussion. �

Now we calculate that
QM(a, b) = 〈PDM(a) Y PDM(b), [M ]〉 = 〈i∗(ϕ) Y i∗(ψ), [M ]〉M

= 〈i∗(ϕ Y ψ), [M ]〉M = 〈ϕ Y ψ, i∗([M ])〉X = 〈ϕ Y ψ, 0〉X = 0.
↑ ↑ ↑

Cup Product-Naturality Lemma 114.10 Lemma 109.6 (3) Corollary 106.28 �

Finally we can turn to the actual proof of the Boundary-Signature Theorem 144.6.
Proof of the Boundary-Signature Theorem 144.6. LetX be a compact oriented (4k+
1)-dimensional topological manifold with k ≥ 1. We write M = ∂X. We want to show
that sign(M) = 0. If M = ∅, then there is nothing to show. So suppose that M 6= ∅.

Recall that it follows from the Intersection Form Proposition 132.4 thatQM : FHn(M ;Z)×
FHn(M ;Z) → Z is symmetric and non-singular. It follows easily that the form QM ⊗ R
is also symmetric and non-singular. Furthermore note that it follows almost immediately
from the Half-Live Half-Die Theorem 144.9 (2) and Corollary 89.19 that QM ⊗R vanishes
on P := ker(H2k(M ;R)→ H2k(X;R)).

Next we point out that by Half-Live Half-Die Theorem 144.9 (1b) together with Corol-
lary 89.19 we know that dim(P ) = 1

2
dim(H2k(M ;R). Since, as we discussed, QM ⊗ R is

non-singular and symmetric and since it vanishes on the half-dimensional subspace P we
now �nally obtain from Lemma 144.8 that sign(M) = sign(QM ⊗ R) = 0. �

Before we continue with the determination of cobordism groups we prove the following
elementary lemma.
Lemma 144.10. For any m,n ∈ N0 the maps

Ωm × Ωn → Ωm+n

([M ], [N ]) 7→ [M ×N ]
and

Nm ×Nn → Nm+n

([M ], [N ]) 7→ [M ×N ]

are well-de�ned.
Proof. We prove the statement regarding the Ωk's, the proof for the Nk's is verbatim the
same. So suppose that we have [M ] = [M ′] ∈ Ωm and [N ] ∈ Ωn. This means that there
exists a compact oriented (m+1)-dimensional smooth manifoldW with ∂W = M t(−M ′).
But then we also have

∂(W ×N) = ∂W ×N = (M t (−M ′))×N = (M ×N) t −(M ′ ×N).
↑ ↑

by the Smooth Manifold Product Proposition 19.31 (3) since (−M ′)×N = −(M ′ ×N)
since N is closed

This shows that [M × N ] = [M ′ × N ]. The same argument shows that the map does not
depend on the representative of [N ] ∈ Ωn. �
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De�nition. We de�ne

Ω∗ :=
⊕
n∈N0

Ωn and N∗ :=
⊕
n∈N0

Nn.

Together with the maps de�ned in Lemma 144.10 we can view these groups as commutative
rings. We refer to Ω∗ as the cobordism ring and we refer to N∗ as the unoriented cobordism
ring.
The following theorem summarizes some of the most important results on the cobordism
ring Ω∗.

Theorem 144.11. (Thom Cobordism Theorem)
(1) The ring homomorphism172417251726

Q[{xm}m∈N] → Ω∗ ⊗Q
that is determined by

xm 7→ CP2m

is an isomorphism.
(2) For small n the isomorphism types of Ωn are given by

n 0 1 2 3 4 5 6 7 8 9 10 11

Ωn Z 0 0 0 Z Z2 0 0 Z⊕ Z Z2 ⊕ Z2 Z2 Z2

Hereby a generator for Ω4
∼= Z is given by CP2 and a basis for Ω8

∼= Z2 is given by
{CP4,CP2 × CP2}.1727

(3) The group Ωn is non-trivial for every n ≥ 8.
(4) Every torsion element in Ωn has order 2.

Proof.
(1) The �rst statement was proved by René Thom [Tho2007, Chapter IV], see also

[Stong1968, p. 177]. An outline of the proof is presented in [Kupe2017c].
(2) The calculation of the cobordism groups Ω0, . . . ,Ω3 was given in Proposition 144.5,

the values Ω4, . . . ,Ω7 are given by René Thom in [Tho2007, Theorem IV.13]. For
Ω8, . . . ,Ω11 we refer to [MiS1974, p. 203].

(3) This statement is proved in [Dol1956, p. 34].
(4) The last statement was proved by Terrence Wall [Wall1960], see also [Stong1968,

p. 182]. �

The following theorem, which is due to [Tho2007, Theorem IV.12] and [Dol1956, p. 32],
gives the complete calculation of the unoriented cobordism ring N∗.

1724On the left-hand side Q[{xm}m∈N] denotes the polynomial ring over Q with variables {xm}m∈N.
1725Note that the tensor product of two commutative rings is again a commutative ring with the �naive
multiplication�. In particular the right-hand side Ω∗ ⊗Q is a commutative ring.
1726If we give each variable xm the grading 4m, and if we equip Ω∗⊗Q with the obvious grading, then this
is an isomorphism of graded rings.
1727Note that in the ring homomorphism from (1) we have x1 7→ [CP2] and x2

1 7→ [CP2 × CP2] and also
x2 7→ [CP4].
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Theorem 144.12. (Thom-Dold Cobordism Theorem) We let I = {n ∈ N |n 6=
2i − 1} = {2, 4, 5, 6, 8, 9, . . . }. There exists a ring isomorphism

Z2[{xi}i∈I ] → N∗
which is given by sending x2k to RPk and given by sending xi for odd i to an appropriate
i-dimensional Dold smooth manifold. Here a Dold smooth manifold is a smooth manifold
of the form1728

P (m,n) := (Sm × CPn)/(x, z) ∼ (−x, z) for x ∈ Sm and z ∈ CPn

for some n,m ∈ N0.

Exercises for Chapter 144.

Exercise 144.1. We consider the Klein bottle

K = (S1 × [0, 1])/∼ where (z, 0) ∼ (z, 1) for all z ∈ S1.

In Lemma ?? (1) we showed that K is di�eomorphic to RP2#RP2. Thus it follows from
Lemma 144.4 that [K] = [RP2#RP2] = [RP2 t RP2] = 2 · [RP2] = 0 ∈ N2. Write down an
explicit compact 3-dimensional smooth manifold M with ∂M = K.

Exercise 144.2. Provide a proof for Lemma 144.8 that does not uses bases.1729 Let us
elaborate. Let (V, g) be a non-singular symmetric form over R and suppose that there
exists a subspace W of V with g|W = 0 and with dim(W ) = 1

2
dim(V ). Show that given

any subspace A of V such that g|A is positive (respectively negative) de�nite there exists a
subspace B of V such that g|B is negative (respectively positive) de�nite and which satis�es
dim(A) = dim(B). A proof of this statement implies that sign(g) = 0.

Exercise 144.3. Let L = L1∪· · ·∪Lm be anm-component link in S3. We denote by XL its
exterior which is de�ned the same way as we de�ned the exterior of a knot on page 2213.
The boundary of XL consists of m tori T1, . . . , Tm. Let k ∈ {1, . . . ,m}. We denote by
i : Tk → XL the inclusion map.
(a) Show that dim(im(i∗ : H1(Tk;R)→ H1(XL;R))) ≥ 1.
(b) Do we necessarily have dim(im(i∗ : H1(Tk;R)→ H1(XL;R))) = 1?

Exercise 144.4. Provide a proof for Lemma 150.1.

Exercise 144.5.
(a) Let M be an orientable n-dimensional smooth manifold with n ≥ 4 and let C ∼= S1

be a closed connected one-dimensional submanifold. By the Tubular Neighborhood
Theorem ?? there exists a tubular neighborhood B

n−1×C = B
n−1× S1. By Propo-

sitions 24.16 and ??

W := (M \ (C ×Bn−1)) ∪C×Sn−2=S1×Sn−2 (B
2 × Sn−2)

is an n-dimensional smooth manifold. Compute π1(W ) in terms of π1(M) and C.
(This approach to modifying the smooth manifold M is sometimes called a surgery.)

1728It follows from the Manifold Quotient-by-Group Action Proposition 19.32 that each P (m,n) is in fact
a closed smooth manifold.
1729As the reader surely knows, introducing bases is morally wrong and should be avoided at all costs.
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(b) Let n ≥ 3 and let X be a closed n-dimensional smooth manifold. Suppose that
there exists a compact orientable (n + 1)-dimensional M with ∂M = X. Show that
there exists also a compact orientable simply connected (n+ 1)-dimensional smooth
manifold N with ∂N = X.

(c) Does (b) also hold for n = 2?

Exercise 144.6. Let V be an F2-vector space of dimension 2k and let 〈 , 〉 : V × V → F2

be a symmetric non-singular form. Suppose we are given vectors a1, . . . , ak ∈ V such that
〈ai, aj〉 = 0 for all i, j ∈ {1, . . . , k}. Show that there exist vectors b1, . . . , bk ∈ V such that
the following conditions are satis�ed:
(1) The vectors a1, . . . , ak, b1, . . . , bk are a basis for V .
(2) For each i, j ∈ {1, . . . , k} we have 〈ai, bj〉 = δij.
(3) For each i, j ∈ {1, . . . , k} we have 〈bi, bj〉 = 0.

Remark. Such a basis for V is often called a symplectic basis.
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145. Pontryagin classes and the Hirzebruch Signature Theorem

In this chapter we will introduce the Pontryagin classes of vector bundles. Afterwards
we will formulate the Hirzebruch Signature Theorem, which amazingly, shows that the
Pontryagin classes of the tangent bundle of a smooth manifold determine the signature.

145.1. Pontryagin classes. Given a topological space X and i ∈ N0 we de�ne

H
i
(X;Z) := Hi(X;Z)/{a ∈ Hi(X;Z) | 2a = 0}.

It should be clear that these cohomology groups H are also contravariantly functorial and
that all the results on usual cohomology groups have obvious analogues.
The following result is one of the key theorems of this chapter. It was proved initially in
about 1940 by Lev Pontryagin.
Theorem 145.1. For each i ∈ N0 we can assign to every vector bundle p : E → X over
a paracompact space a cohomology class pi(E) ∈ H

4i
(X;Z), called i-th Pontryagin class,

such that the following conditions are satis�ed:
(1) The 0-th Pontryagin class of any vector bundle over a topological space X is the

unit element in H
0
(X;Z).

(2) For any trivial vector bundle all Pontryagin classes pi with i ≥ 1 are zero.
(3) The Pontryagin class behaves well under pullbacks, i.e. if we are given a vector

bundle q : F → Y and a map g : X → Y of topological spaces, then for any i ∈ N0

we have
pi(g

∗F ) = g∗(pi(F )) ∈ H
4i

(X;Z).

(4) If p : E → X is an n-dimensional vector bundle, then pi(E) = 0 for i > n
2
.

(5) We denote by x ∈ H
2
(CPn;Z) ∼= Z the standard generator as introduced on

page 2662 and in the Cup Product-CPn-Proposition 126.11. Then for i = 0, . . . , n+1
we have1730

pi(TCPn) =
(
n+ 1
i

)
· x2i ∈ H

4i
(CPn;Z) = Z[x]/(xn+1)

and all other Pontryagin classes are zero.
Given a vector bundle p : E → X we refer to

p(E) :=
∞⊕
i=0

pi(E)︸ ︷︷ ︸
�nite sum by Theorem 145.1 (4)

∈ H
∗
(X;Z) =

∞⊕
i=0

H
i
(X;Z)

as the total Pontryagin class. With this de�nition we can state the last property of
Pontryagin classes:
(6) The total Pontryagin class is multiplicative with respect to the direct sum of vector

bundles up to 2-torsion. More precisely, if e : E → X and f : F → X are two vector
bundles, then

p(E ⊕ F ) = p(E) Y p(F ) ∈ H
∗
(X;Z).

1730Note that for i > bn2 c we have x
2i = 0 ∈ H4i(CPn) = 0. Nonetheless, for later it is convenient to write

down this expression for all i up to n.
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Remark.

(1) The above introduction to Pontryagin classes di�ers somewhat from the usual ap-
proach taken in [MiS1974, Hat2]. In particular Pontryagin classes are usually
de�ned as elements in the usual cohomology groups.

(2) It is not entirely clear whether classes pi(E) are uniquely de�ned by the properties
stated in Theorem 145.1. Similar uniqueness statements hold for �Stiefel-Whitney
classes� and �Chern classes�, see [Hat2, Theorems 3.1 and 3.2], but it is nonetheless
not clear to me how to prove uniqueness for Pontryagin classes. Fortunately that is
of no concern to us.

For category a�cionados we make the following remark.

Remark. We can squeeze some of the statements of Theorem 145.1 into the language of
category theory:
(1) Let Top be the category of topological spaces and let Set be the category of sets, i.e.

the objects are sets and the morphisms are just maps.
(2) As on page 3067 we denote by VectnR(X) the set of isomorphism classes of n-dimensional

real vector bundles over X. We write VectR(X) =
⋃
n∈N

VectnR(X).

(3) For each i ∈ N0 we consider the following two contravariant functors:

Top → Set
X 7→ H4i(X;Z)(

X
f−→ Y

)
7→
(
H

4i
(Y )

f∗−→ H
4i

(X)
) &

Top → Set
X 7→ VectR(X)(

X
f−→ Y

)
7→
(

VectR(Y ) → VectR(X)

[G
p−→ Y ] 7→ [f ∗G→ X]

)
.

(4) In this language we can say that Pontryagin classes are a natural transformation
between these two contravariant functors. This sentence now models property (3) of
Pontryagin classes.

Sketchy sketch of a proof. Given n ∈ N we denote by G(n) the in�nite Grassmannian
that we introduced on page 3074. In [Hat2, Proposition 3.16] it is shown that17311732

(H
∗
(G(n);Z),Y) ∼= Z[q1, . . . , qk] for n = 2k or n = 2k + 1

where each qi has degree 4i. Now let p : E → X be an n-dimensional vector bundle. We
denote by F → G(n) the n-dimensional vector bundle over the in�nite Grassmannian G(n)
that we introduced on page 3074. By Proposition 143.15 there exists a map g : X → G(n)

such that g∗F is isomorphic to E. We de�ne pi(E) := g∗(qi) ∈ H
4i

(X;Z). It follows from
Proposition 143.15 that this de�nition does not depend on the choice of the map g.

The proof that the Pontryagin classes have all the stated properties is given in [MiS1974,
Chapter 15]. �

1731The fact that the cohomology ring (H
∗
(G(n);Z),Y) is a polynomial algebra should ring a bell: When

we introduced the (in�nite) Grassmannian G(n) we were saying that it should be viewed as a generalization
of the (in�nite) real projective spaces. Thus the calculation of the cup product mirrors our calculation
that (H∗(CP∞;Z),Y) ∼= Z[x], see the Cup Product-CP∞-Proposition 121.12, and our calculation that
(H∗(RP∞;F2),Y) ∼= F2[x], see the Cup Product-RPn-Proposition 121.16 (3).
1732The calculation of the cohomology ring over the usual cohomology groups H∗(G(n);Z) is somewhat
more involved, see [Hat2, Theorem 3.9] for more information.



3104

Example. Let n ∈ N. Let M be a closed orientable submanifold of Rn of codimension
one. For example we could take M = Sn−1 Ă Rn or M could be the surface of some genus
g which, by the discussion on page 708, we can view as a submanifold of R3.1733 We want
to determine the total Pontryagin class of the tangent bundle TM . As before we denote
by NM the normal bundle of M Ă Rn. Then

p(TM) = p(TM) Y p(NM) = p(TM ⊕ NM) = p(trivial bundle M×Rn) = 1.
↑ ↑ ↑ ↑

by Theorem 145.1 (1) and (2) by Theorem 145.1 (6) see page 3079 Theorem 145.1 (2)
since the vector bundle NM
is trivial, see page 3065

In the remainder of this chapter we are mostly interested in tangent bundles of smooth
manifolds, which leads us to the following de�nition.

De�nition. Given a smooth manifoldM we de�ne its Pontryagin classes as the Pontryagin
classes of its tangent bundle, i.e. for i ∈ N0 we write pi(M) := pi(TM) ∈ H

4i
(M ;Z).

Example. With these de�nitions the statement of Theorem 145.1 (5) is equivalent to

p(CPn) =
n∑
i=0

(
n+ 1
i

)
· x2i =

higher terms are zero in the ring︷ ︸︸ ︷
(1 + x2)n+1 ∈ H

∗
(CPn;Z) = Z[x]/(xn+1).x x x

by Theorem 145.1 (2) and (5) general binomial formula, together Cup Product-CPn-Proposition 126.11
since TCPn is 2n-dimensional with the fact that xj = 0 for j ≥ n+ 1

For example we have

p(CP1) = 1, p(CP2) = 1 + 3x2, p(CP3) = 1 + 4x2, p(CP4) = 1 + 5x2 + 10x4.

145.2. Pontryagin classes as invariants of smooth manifolds. So far, throughout
these lectures we have basically only studied invariants of topological spaces. Even the
de Rham cohomology groups that we introduced in Section ?? were shown in Proposi-
tion 118.6 to be topological invariants, i.e. their isomorphism types depend only on the
homeomorphism type of the underlying topological space.
The Pontryagin classes of a smooth manifold M turn out to be more subtle invariants:
they are de�ned using the tangent bundle of M . The de�nition of the tangent bundle in
turn relies on the choice of the smooth structure. Put di�erently, a priori the Pontryagin
classes pi(M) ∈ H

4i
(M ;Z) depend on the smooth structure of the smooth manifold.

The following lemma shows how di�eomorphisms interact with Pontryagin classes.

Lemma 145.2. If f : M → N is a local di�eomorphism between two smooth manifolds,
then for any i ∈ N0 we have

pi(TM) = f ∗(pi(TN)) ∈ H
4i

(M ;Z).

Proof. The lemma is an immediate consequence of Lemma 143.12 (1) and Theorem 145.1
(3). �

1733The Pontryagin classes for surfaces are zero for the stupid reason that they live in dimensions 4i, but
that is besides the point for this example.
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In [Sharm1985, Theorem 1.6] it is shown that the �rst Pontryagin class cannot detect the
di�erence between di�erent smooth structures. But the following theorem demonstrates
that the higher Pontryagin classes contain information on smooth structures of smooth
manifolds.
Theorem 145.3. For any n ≥ 2 there exist two closed smooth manifolds M and M ′ with
the following properties:
(1) the smooth manifolds M and M ′ are homeomorphic,
(2) the n-th Pontryagin class of M is trivial, whereas
(3) the n-th Pontryagin class of M ′ is non-zero.

In particular it follows from Lemma 145.2 that the smooth manifolds M and M ′ are not
di�eomorphic.

Proof. This theorem is proved in [KrL2005, Theorem 4.8], see also [KrL2005, Proof of
Proposition 4.7]. Examples of non-compact smooth manifolds M and M ′ with the same
properties (1), (2) and (3) were given before by John Milnor [Miln1964a, p. 78] in 1964,
see also [Rudy2016, p. 87]. Furthermore, similar ideas had already been used before by
John Milnor [Miln1956a] in the proof of Theorem ?? where he showed that there exists a
smooth manifold that is homeomorphic but not di�eomorphic to S7. �

In fact the non-zero Pontryagin classes of the smooth manifold M ′ in [Miln1964a, p. 78]
and [KrL2005, Theorem 4.8] happen to be torsion elements, so the Pontryagin classes
of M and M ′ di�er by some torsion element in cohomology. This leads us to the de�nition
of the rational Pontryagin classes of a smooth manifold.

De�nition. Given a smooth manifoldM and i ∈ N0 we de�ne the i-th rational Pontryagin
class pi(M ;Q) of M to be the image of pi(M) under the map H

4i
(M ;Z)→ H4i(M ;Q).

The following theorem says that rational classes can not be used to �nd examples of smooth
manifolds that are homeomorphic but non-di�eomorphic. The theorem was proved by
Sergei Novikov [Nov1965] in 1965.1734

Theorem 145.4. Let f : M → M ′ be a homeomorphism between closed smooth mani-
folds. We denote by f ∗ : H∗(M ′;Q)→ H∗(M ;Q) the induced map on rational cohomology.
Then for any i ∈ N0 we have

pi(M ;Q) = f ∗(pi(M
′;Q)).

145.3. Pontryagin numbers and the signature. We start out with the de�nition of
the Pontryagin numbers of a smooth manifold.
De�nition.
(1) Let n ∈ N0. A partition of n is a set I = {i1, . . . , ir} of numbers in N such that

n = i1 + · · ·+ ir. Often we just write, I = i1 + · · ·+ ir is a partition of n.1735

1734Sergei Novikov (*1938) is a Russian mathematician who obtained a Fields medal in 1970.
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(2) Let n ∈ N0 and let I = i1 + i2 + · · ·+ ir be a partition of n. Given a closed oriented
4n-dimensional smooth manifold we de�ne its I-Pontryagin class as

pI(M) := pi1(M) Y · · ·Y pir(M) ∈ H
4n

(M ;Z)
and we de�ne the corresponding I-Pontryagin number as

p̃I(M) := 〈pI(M), [M ]〉 ∈ Z.

Remark. LetM andM ′ be two closed oriented 4n-dimensional smooth manifolds. If there
exists an orientation-preserving di�eomorphism from M to M ′, then it follows easily from
Lemma 145.2 that all of the Pontryagin numbers of M and M ′ agree.

The following proposition relates Pontryagin classes to Chapter 144 which dealt with cobor-
disms. The proposition was �rst proved by Pontryagin.
Proposition 145.5. Let n ∈ N0 and let I = i1 + i2 + · · ·+ ir be a partition of n.
(1) Let M be a closed oriented 4n-dimensional smooth manifold. If M is the boundary

of a compact orientable smooth manifold W , then p̃I(M) = 0.
(2) The map p̃I : Ω4n → Z

M 7→ p̃I(M)

is a well-de�ned homomorphism.

Proof. Let W be a compact oriented (4n + 1)-dimensional smooth manifold. We set
M = ∂W and we denote by i : M → W the inclusion map. The subsequent calculation
relies on the following claim.
Claim. If we denote by TM ⊕ R the direct sum of TM and the one-dimensional trivial
bundle over M , then i∗(T(M) ∼= TM ⊕ R.

Proof. By the Smooth Collar Neighborhood Theorem 28.3 we can �nd a neighborhood
[0, 1]×M Ă W for M = {0} ×M . We have

i∗(T(M) ∼= i∗(TN × [0, 1])) ∼= TM ⊕ i∗(T [0, 1]) ∼= TM ⊕ R.
↑ ↑ ↑

Lemma 143.12 (1) Lemma 143.20 Vector Bundle Pullback Lemma 143.9 (1)�
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M

trivial R-vector bundle
W

TxW

Let I = i1 + i2 + · · ·+ ir be a partition of n. We turn to the proof of the �rst statement.
We calculate that

p̃I(M) = 〈pI(TM), [M ]〉 = 〈pI(TM ⊕ R), [M ]〉 = 〈pI(i∗T(M), [M ]〉
↑ ↑

Theorem 145.1 (2) and (6) by the claim

= 〈i∗pI(T(M), [M ]〉 = 〈pI(T(M), i∗([M ])〉 = 0.
↑ ↑ ↑

Theorem 145.1 (3) Lemma 109.6 (3) Corollary 106.28

1735Note that a partition is unordered, hence we view 4 = 3 + 1 and 4 = 1 + 3 as the same partition.
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Finally the second statement is an immediate consequence of the �rst statement and the
trivial1736 observation that for two closed oriented 4n-dimensional smooth manifoldsM and
N we have

p̃I(M tN) = p̃I(M) + p̃I(N). �

The following theorem gives the converse to Proposition 145.5.
Theorem 145.6. Let n ∈ N0. We denote by I the set of all partitions of n.
(1) The map ⊕

I∈I
p̃I : Ω4n ⊗Q →

⊕
i∈I

Q · i

is an isomorphism.
(2) Let M be a closed oriented 4n-dimensional smooth manifold. If all Pontryagin

numbers of M vanish, then [M ] = 0 ∈ Ω4n/torsion.

Sketch of proof. We consider the following diagram of homomorphisms:

Ω4n/torsion� _

��

⊕
I∈I

p̃I

//
⊕
i∈I

Z · i
� _

��

Ω4n ⊗Q

⊕
I∈I

p̃I

//
⊕
i∈I

Q · i.

⊕
i1+···+ir=n∈I

Q · (CP2i1×. . .×CP2ir)

=

OO

Ψ

22

The left upper vertical map is a monomorphism by the discussion on page 1910. The right
upper vertical map is evidently a monomorphism. It is clear that the diagram commutes.
Thus we see that Statement (2) of the theorem is an immediate consequence of Statement
(1).

Put di�erently, it remains to show that the bottom horizontal map is an isomorphism.
Note that the lower vertical map is the identity by the Thom Cobordism Theorem 144.11.
Thus it su�ces to show that the diagonal map is an isomorphism. As a reality check, note
that the dimensions agree, in both cases the dimension is just given by the cardinality of
I.

In the following claim we carry out the arguments for n = 1 and n = 2 �by hand�. The
general case needs more clever arguments, for which we refer to [Tho2007, Corollary IV.16].
Claim.
(1) Let n = 1. With respect to the bases {CP2} and {p1} the diagonal map Ψ is

represented by the matrix (3).
(2) Let n = 2. With respect to the bases {CP4,CP2×CP2} and {p2, p1+1} the diagonal

map Ψ is represented by the matrix
(

10 9
25 18

)
.

In particular in both cases the matrix is invertible.

1736Why is this �trivial�? How can one prove this �obvious� equality?
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Proof. The case n = 1 is easy: We make the usual identi�cation pH∗(CP2;Z) = Z[x]/(x3),
and we calculate that

p̃1(CP2) = 〈p1(CP2), [CP2]〉 = 〈3x2, [CP2]〉 = 3.
↑ ↑

Theorem 145.1 (5) Cup Product-CPn-Proposition 126.11

The case n = 2 is slightly more involved. First note that by Theorem 145.1 (5) we
have p(CP4) = 1 + 5x2 + 10x4 ∈ H∗(CP4;Z) = Z[x]/(x5). Thus as above we see that
p̃2(CP4) = 10. Furthermore, with similar arguments as above we have

p̃1+1(CP4) = 〈p1(CP4) Y p1(CP4), [CP4]〉 = 〈5x2 · 5x2, [CP4]〉 = 25.

This concludes the calculation of the �rst column of the matrix.
It remains to consider CP2 × CP2. By the Cohomology Ring-of-Product Proposi-

tion 117.21 we can make the identi�cation H∗(CP2×CP2;Z) = Z[x, y]/(x3, y3) where x and
y are the pullbacks of the standard generator of H2(CP2;Z) under the two natural projec-
tions. Using Lemma 143.20 and Theorem 145.1 (3), (5), (6) we see that p(CP2 × CP2) =
(1 + 3x2) · (1 + 3y2). In particular p1(CP2×CP2) = 3x2 + 3y2 and p2(CP2×CP2) = 9x2y2.
Furthermore note that this implies that p1+1(CP2 × CP2) = (3x2 + 3y2)2 = 18x2y2. The
claim for n = 2 now follows from the observation that the Fundamental Class-Product
Proposition 117.2 tells us that 〈x2 · y2, [CP2 × CP2]〉 = 1. �

Our next goal is to use Theorem 145.6 to prove the following proposition. It says that
the signature of a closed oriented smooth manifold can be determined from its Pontryagin
numbers.
Proposition 145.7. Let n ∈ N0. We denote by I the set of all partitions of n. For
each I ∈ I there exists aI ∈ Q such that for any closed oriented 4n-dimensional smooth
manifold M we have

sign(M) =
∑
I∈I
aI · p̃I(M).

Proof. Let n ∈ N0. We denote by I the set of all partitions of n. We consider the following
diagram

Ω4n

[M ] 7→[M ]⊗1
//

sign

��

Ω4n ⊗Q
[M ]⊗ r

7→

sign(M)·r
��

∼=

⊕
I∈I

p̃I

//
⊕
i∈I

Q · i

Φ

wwZ � � // Q
Here the left-hand map is a homomorphism by Corollary 144.7. By Proposition 145.5
we know that the top right map is an isomorphism. Therefore there exists a diagonal
homomorphism Φ that makes the diagram commute. Given i ∈ I we set ai ∈ Q to be the
value of Φ at 1 = 1 · i ∈ Q · i Ă

⊕
i∈I

Q · i. In other words, the map⊕
i∈I

Q · i → Q

is given by ⊕
i∈I
xi · i 7→

∑
i∈I
xi · ai.
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The desired equality sign(M) =
r∑
j=1
aj · p̃Ij(M) now follows immediately from the commu-

tativity of the previous diagram. �

The coe�cients in Proposition 145.7 had been completely determined by Friedrich Hirze-
bruch [Hirz1953]. The low-dimensional terms are given in the following theorem.

Theorem 145.8. (Hirzebruch Signature Theorem) Let n ∈ {1, 2, 3, 4} and let M be
a closed oriented 4n-dimensional smooth manifold. Given i ∈ N0 we write pi := pi(M) ∈
H

4i
(M ;Z). The signature of M can be determined as follows:

n sign(M) equals the Kronecker pairing of [M ] with the cohomology class

1 1
3p1

2 1
45(7p2 − p2

1)

3 1
945(62p3 − 13p2 Y p1 + 2p3

1)

4 1
14175(381p4 − 71p3 Y p1 − 19p2

2 + 22p2 Y p2
1 − 3p4

1).

Proof. We carry out the case n = 2. We adopt the notation from the proof of Proposi-
tion 145.7. By the Thom Cobordism Theorem 144.11 we have Ω8 ⊗ Q = Q · [CP4] ⊕ Q ·
[CP2×CP2]. Now letM be a closed oriented 8-dimensional smooth manifold. By the proof
of Proposition 145.7 we have sign(M) = a2 · p̃2(M) + a1+1 · p̃1+1(M) where(

a2

a1+1

)
=

matrix of sign applied to
the basis CP4 and CP2×CP2 ·

inverse of the matrix that expresses p2, p1+1

for the smooth manifolds CP4 and CP2×CP2

= (
1 1

)( 10 9
25 18

)−1

= −1
45
(
1 1

)( 18 −9
−25 10

)
= 1

45

(
7
−1

)
.

↑
by Lemma 126.12 and Exercise 133.5 we know that the signatures of these two smooth manifolds are +1

for the second matrix we use the calculation from the proof of Theorem 145.6

This gives precisely the desired result for n = 2. The case n = 1 is evidently even easier.
The higher-dimensional cases are dealt with, more cleverly, in [Hirz1953] or alter-

natively in [MiS1974, p. 224]. These references also contain a precise formula for all
n ∈ N0. �

Remark.
(1) The expressions in Theorem 145.8 might seem random, but they do arise in a cogent

way from the coe�cients of the power series
√
t

tanh(t)
. This connection is explained in

[MiS1974, Chapter 19].
(2) The signature of a smooth manifold is of course an integer. Thus we obtain from

Theorem 145.8 the slightly mysterious statement that for any closed oriented 4-di-
mensional smooth manifold the integer 〈p1(M), [M ]〉 is divisible by 3.

The Hirzebruch Signature Theorem 145.8 has many fascinating consequences. Let us start
out with the following.
Proposition 145.9. Let M be a closed orientable 12-dimensional smooth manifold. If
b4(M) = 0, then b6(M) is even.

Proof. Let M be a closed orientable 12-dimensional smooth manifold with b4(M) = 0. It
follows from the Universal Coe�cient Theorem 110.12 that H4(M ;Z) is torsion. Thus we
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see that modulo 2 we have the following equalities:

Intersection Form Proposition 132.4 and Corollary 133.9
↓

b6(M) ≡ sign(M) = 1
945(62p3(M)− 13p2(M) Y p1(M) + 2p1(M)3) = 2 · 31

945 · p3(M).
↑ ↑ ↑

by the Hirzebruch since b4(M) = 0 we know by the
Signature Theorem 145.8 Universal Coe�cient Theorem 110.12

that H4(M ;Z) is torsion, hence we
have p3

1(M) = p2(M) Y p1(M) = 0

Since b6(M) and p3(M) are integers we obtain from the equality b6(M) = 2 · 31
945 · p3(M)

that b6(M) is necessarily even. �

In Proposition 69.4 we saw that the Euler characteristic of a �nite CW-complex is multi-
plicative under �nite covers. In fact we saw that this statement follows almost immediately
from the de�nition of a CW-complex. The following theorem gives the analogous statement
that the signature of a closed oriented 4n-dimensional smooth manifold is multiplicative
under �nite covers.
Theorem 145.10. (Signature-Multiplicativity Theorem) Let n ∈ N0. Let M be a
closed oriented 4n-dimensional smooth manifold and let M̃ → M be a �nite covering.
Then

sign
(
M̃
)

=
[
M̃ : M

]
· sign(M).

Remark.

(1) Perhaps it is initially di�cult to appreciate the signi�cance of the Signature-Multi-
plicativity Theorem 145.10. If we only consider (co-) homological invariants, then
there are basically only two statements that relate the invariants of a (reasonable)
topological space X and an n-fold covering p : X̃ → X thereof:
(a) as pointed out above, if X is a �nite CW-complex, then χ(X̃) = n · χ(X),
(b) the Transfer Map Proposition 91.1 shows that p∗ : H∗(X̃;Q) → H∗(X;Q) is an

epimorphism.
Besides these observations, (co-) homological invariants behave fairly erratically un-
der �nite covers. One example of such �random� behavior is given in Exercise 145.2.

(2) One might think that one should be able to prove the Signature-Multiplicativity
Theorem 145.10 in a naive way. But this is not the case. This can be seen from the
fact that our sketch of the proof of the Signature-Multiplicativity Theorem 145.10
works only for smooth manifolds, the proof that we will sketch does not apply to
topological manifolds.

(3) The statement of the Signature-Multiplicativity Theorem 145.10 does in fact hold for
topological manifolds, but the proof is even harder, see e.g. [SchafJ1970, Theorem 8].

(4) The fact that there is no proof of the Signature-Multiplicativity Theorem 145.10 that
does not in an essential way make use of the fact that M is a (topological) smooth
manifold is highlighted by [Wall1967, Corollary 5.4.1].

(5) For compact 4n-dimensional smooth manifolds with non-empty boundary the signa-
ture is in general not multiplicative under �nite covers. We refer to [APS1975] for
details.
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Proof. Let n ∈ N0. By Proposition 145.7 there exist partitions I1, . . . , Ir of 4n and rational
numbers a1, . . . , ar such that for any closed oriented 4n-dimensional smooth manifold X
the following equality holds:

(∗) sign(X) =
r∑
j=1

aj · 〈pIj(X), [X]〉X .

Now let M be a closed oriented 4n-dimensional smooth manifold and let q : M̃ → M be a
�nite covering. We have

sign
(
M̃
)

=
r∑
j=1

aj ·
〈
pIj
(
M̃),

[
M̃
]〉
M̃

=
r∑
j=1

aj ·
〈
q∗(pIj(M)),

[
M̃
]〉
M̃x x

by (∗) by Theorem 145.1 (3), the Cup Product-Naturality Lemma 114.10 and
since q∗TM = TM̃ , see Lemma 143.12 (2)

=
r∑
j=1

aj ·
〈
pIj(M), q∗

[
M̃
]〉
M

=
[
M̃ :M

]
·
r∑
j=1

aj · 〈pIj(M), [M ]〉M =
[
M̃ :M

]
·sign(M).

↑ ↑ ↑
Lemma 109.6 (3) Fundamental Class-Covering Proposition 106.25 by (∗) �

We conclude this chapter with a short discussion of other characteristic classes.

(1) Loosely speaking, a characteristic class is a map that associates to a vector bundle
a cohomology class in the base space. We had just discussed the Pontryagin classes
in some detail. There are several other characteristic classes:
(a) To a vector bundle p : E → X one can also associate the Stiefel-Whitney classes

wi(E) ∈ H
i
(X;F2), i ∈ N0.

(b) If p : E → X is an �oriented� n-dimensional vector bundle, then there exists the
Euler class e(E) ∈ H

n
(X;Z).

(c) Finally, if p : E → X is a complex vector bundle, then the corresponding Chern
classes ci(E) ∈ H

2i
(X;Z), i ∈ N0 are de�ned.

The properties of Stiefel-Whitney classes and Chern classes are very similar to the
properties stated in Theorem 145.1, in fact these characteristic classes are completely
determined by the corresponding properties. Finally note that there are some rela-
tions between the various characteristic classes, for example given a vector bundle
p : E → X the i-th Pontryagin class equals1737

pi(E) := c2i(the �complexi�cation� E ⊗ C) ∈ H
4i

(X;Z).

We refer to [MiS1974] and [Hat2] for more details on these characteristic classes.
(2) For complex vector bundles over a smooth manifold M the images of the Chern

classes in H
2i

(M ;R) can also be de�ned in the context of de Rham cohomology.
Since Pontryagin classes are de�ned via Chern classes this shows in particular that
the images of the Pontryagin classes in real cohomology can be de�ned via de Rham
cohomology. We refer to [Che1979, MiS1974] for details.

1737In fact, this usually the way Pontryagin classes are de�ned.
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Exercises for Chapter 145.

Exercise 145.1. Let M be a closed oriented smooth manifold of dimension 4k + 3. Show
that sign(S1 ×M) = 0.

Exercise 145.2. Show that given any n ∈ N and k ∈ N≥2 there exists a CW-complex X
with Hk(X;Q) = 0 and that admits a 2-fold covering X̃ with Hk(X̃;Q) ∼= Qn.
Hint. You can take X to be a mapping torus of some high-dimensional torus. Use the
Mapping Torus-Homology Proposition 78.20 to compute homology groups.



Part XVI

3-dimensional Manifolds



146. Handlebodies and Heegaard splittings of 3-dimensional smooth
manifolds

Given coprime p, q ∈ N we introduced the lens spaces L(p, q) on page 1075. Using the
fundamental groups it was very easy to see that homeomorphic lens spaces have the same p-
parameter. But so far the more advanced invariants, i.e. higher homotopy groups, homology
groups and cohomology groups failed miserably at providing us with more information.
In the Chapter 148 we will cleverly apply cup products to obtain information on lens spaces
L(p, q) which goes beyond detecting the �rst parameter p. But before we do so we �nd it
convenient to introduce several more general de�nitions regarding smooth manifolds.

146.1. Heegaard splittings of 3-dimensional smooth manifolds.

De�nition. Let M be a closed oriented connected 3-dimensional smooth manifold.
(1) A splitting of M consists of a triple (X, Y, F ) where X and Y are compact 3-dimen-

sional submanifolds of M with M = X ∪ Y and such that F = X ∩ Y = ∂X = ∂Y .
Given such a splitting we endow X and Y with the orientation coming from M and
we endow F with the orientation coming from F = ∂X.1738

(2) A splitting (X, Y, F ) of M is called a Heegaard splitting if X and Y are both dif-
feomorphic to handlebodies. We refer to the genus of the surface F as the genus of
the Heegaard splitting.

Often, when there is no danger of confusion, we say �M = X ∪ Y is a splitting�.

Remark. Heegaard splittings are named after the Danish mathematician Poul Heegaard
(1871�1948) who proved the �rst important theorem regarding Heegaard splittings, see
below. We had encountered Poul Heegaard before on page 2621.

Examples.

(1) Let n ∈ N. On page 152 we saw that we can write the n-sphere as the union of the
upper hemisphere Sn≥0 and the lower hemisphere Sn≤0, both of which are di�eomor-
phic1739 to B

n
and which intersect in an (n − 1)-sphere. This observation gives us

two examples of Heegaard splittings at once:
(a) We obtain a genus 0 Heegaard splitting S3 = S3

≥0 ∪ S3
≤0.

(b) We also obtain a genus 1 Heegaard splitting

S1 × S2 = (S1 × S2
≥0)︸ ︷︷ ︸

solid torus

∪ (S1 × S2
≤0).︸ ︷︷ ︸

solid torus

(2) A closed 3-dimensional smooth manifold can have many di�erent Heegaard splittings.
For example we consider S3 =

{
(z, w) ∈ C2

∣∣ |w|2 + |z|2 = 1
}
and the following two

1738Note that the orientation coming from F = ∂Y would be the opposite orientation.
1739Actually one has to think for a minute about why the hemispheres are di�eomorphic to B

n
. On

page 152 we saw that the projection from the hemispheres to B
n
is a homeomorphism. But this is not a

di�eomorphism (why not?). Fortunately stereographic projections, as de�ned in Lemma 2.18, can be used
to give an explicit di�eomorphism.
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subspaces of S3:

X :=
{

(z, w) ∈ C2
∣∣ |w|2 + |z|2 = 1 and |z|2 ≥ 1

2

}
and Y :=

{
(z, w) ∈ C2

∣∣ |w|2 + |z|2 = 1 and |w|2 ≥ 1

2

}
.

In Lemma 59.1 we showed that both X and Y are di�eomorphic to the solid torus
S1×B2

. In particular Lemma 59.1 shows that (X, Y, ∂X = ∂Y ) is a genus 1 Heegaard
splitting of S3.

(3) The sphere S3 admits in fact a Heegaard splitting of arbitrarily high genus. This can
be seen as follows: we start out with the genus 0 Heegaard decomposition given by
decomposing S3 into two closed 3-balls X and Y . Now we �drill g unknotted open
tunnels� out of X and we add (the closure of) what we just drilled out to Y , which
has the e�ect of �adding g handles to Y �. In this construction we turned X and Y
into genus g handlebodies. This example is illustrated in the �gure below.
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�drilling out two straight tunnels� �attaching two handles�

Heegaard splitting of S3

into two balls
Heegaard splitting of S3

into two genus 2 handlebodies

In fact we have now found all Heegaard splittings of S3. More precisely, given a
genus g Heegaard splitting (X, Y, F ) of S3 there exists a di�eomorphism f of S3

which turns the Heegaard splitting into the Heegaard splittings of the same genus
listed above. For g = 0 this statement is equivalent to the Generalized Smooth
Schön�ies Theorem 82.5 in dimension 3. For g ≥ 1 the uniqueness of Heegaard
splittings was shown in 1968 by Friedhelm Waldhausen [Wald1968a, Schle2017].

(4) We consider the 3-dimensional cube [0, 1]3. We consider the equivalence relation ∼
that identi�es the opposite sides of the cube. More precisely, on [0, 1]3 we denote by
∼ the equivalence relation that is generated by

(0, a, b) ∼ (1, a, b), (a, 0, b) ∼ (a, 1, b) and (a, b, 0) ∼ (a, b, 1) for a, b ∈ [0, 1].

It follows easily from the Compact-Hausdor� Proposition 2.17 (3) that the map
[0, 1]3/ ∼→ S1 × S1 × S1 given by (x, y, z) 7→ (exp(2π ix), exp(2π iy), exp(2π iz))
is a homeomorphism. We use this homeomorphism to identify [0, 1]3/∼ with the
3-dimensional torus S1 × S1 × S1. In the �gure below we show the cube [0, 1] and
we show the subset

X :=
{

(x1, x2, x3) ∈ [0, 1]3
∣∣ at least two coordinates satisfy

∣∣xi − 1
2
| ≤ 1

4

}
.

We leave it to the reader to show that X/∼ is homeomorphic to the genus 3 handle-
body and that Y := ([0, 1]3 \X)/∼ is also homeomorphic to the genus 3 handlebody.
This shows that the 3-dimensional torus admits a genus 3 Heegaard splitting. It is
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natural to ask whether the 3-dimensional torus admits a Heegaard splitting of smaller
genus. We study this question in Exercise 146.3
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opposite sides get identi�ed Xthe cube [0, 1]3

(5) Let F be the surface of genus g and let ϕ : F → F be an orientation-preserving
self-di�eomorphism. By the Manifold-Mapping Torus Lemma 16.25 the mapping
torus

Tor(F, ϕ) := F × [0, 1] / (x, 0) ∼ (ϕ(x), 1)

is a closed orientable 3-dimensional smooth manifold. In Exercise 146.4 we will see
that Tor(F, ϕ) admits a Heegaard splitting of genus 2g + 1.

The following lemma gives us a slightly di�erent point of view regarding Heegaard splittings.
Lemma 146.1.
(1) Let X and Y be two oriented handlebodies of the same genus. Given any di�eomor-

phism ϕ : ∂X → ∂Y we write

M(X, Y, ϕ) := (X t Y )/∼ with x ∼ ϕ(x) for x ∈ X.
(a) M(X, Y, ϕ) is a closed 3-dimensional smooth manifold.
(b) M(X, Y, ϕ) admits a unique orientation such that the orientation of X, viewed

as a codimension zero submanifold of M(X, Y, ϕ), agrees with the orientation of
M(X, Y, ϕ).

(c) The images of X and Y in M(X, Y, ϕ) de�ne a Heegaard splitting.
(d) If ϕ : ∂X → ∂Y is an orientation-preserving di�eomorphism, then there exists

an orientation-reversing di�eomorphism ψ : ∂X → ∂Y such that there exists an
orientation-preserving di�eomorphism from M(X, Y, ϕ) to M(X, Y, ψ).

(e) Let ϕ, ψ : ∂X → ∂Y be two di�eomorphisms. If ϕ and ψ are di�eotopic,
then there exists an orientation-preserving di�eomorphism from M(X, Y, ϕ) to
M(X, Y, ψ).

(2) LetM be a closed oriented connected 3-dimensional smooth manifold and let (X, Y, F )
be a Heegaard splitting of M . There exists an orientation-reversing di�eomorphism
ϕ : ∂X → ∂Y such that the smooth embeddings X → M and Y → M induce an
orientation-preserving di�eomorphism M(X, Y, ϕ)→M .

Proof.

(1) Statements (a), (b) and (c) follow immediately from the Gluing-Smooth Manifolds-
Proposition ??. Statement (e) follows almost immediately from Lemma ?? and the
Gluing-Smooth Manifolds-Proposition ?? (7). Finally Statement (d) follows from
Lemma ??.

(2) Let ϕ = id: ∂X → ∂Y . It follows immediately from the orientation conventions that
ϕ is orientation-preserving. �
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In the following we want to consider Heegaard splittings of lens spaces in detail. Recall
that given coprime p, q ∈ N the map

Zp × S3 → S3

(k + pZ, (z, w)) 7→ (exp(2π ik/p) · z, exp(2π ikq/p) · w)

de�nes a free orientation-preserving action of the group Zp on S3. By de�nition we have
L(p, q) = S3/Zp and, following the convention established on page 1075, we equip L(p, q)
with the obvious orientation coming from S3. It follows immediately from the de�nitions
that this action by Zp on S3 = X ∪ Y preserves the solid tori X and Y from page 3115
setwise. In fact the quotients X/Zp and Y/Zp are again di�eomorphic to the solid torus.
More precisely, we pick r ∈ N with r · q ≡ −1 mod p. Similar to the proof of Lemma 59.1
it is fairly straightforward to verify that the maps

Φ: X/Zp =
{

(z, w) ∈ C2
∣∣ |w|2 + |z|2 = 1 and |z|2 ≥ 1

2

}
/Zp → S1 ×B2

[(z, w)] 7→
(

zp

|zp| ,
z−qw
|z1−q|

)
and

Ψ: Y/Zp =
{

(z, w) ∈ C2
∣∣ |w|2 + |z|2 = 1 and |w|2 ≥ 1

2

}
/Zp → S1 ×B2

[(z, w)] 7→
(

wp

|wp| ,
zwr

|w1+r|

)
are well-de�ned di�eomorphisms and that Φ is orientation-preserving.1740 This shows that

L(p, q) = X/Zp ∪ Y/Zp

is a genus 1 Heegaard decomposition of the lens space L(p, q). In the following lemma we
describe this Heegaard splitting in greater detail.

Lemma 146.2. (Lens Space-Splitting Lemma) Let p ∈ N and let q ∈ Z be coprime
to p. We pick r, s ∈ Z such that qr − ps = −1. We write

A =
(
q p
s r

) and we consider the orientation-
reversing di�eomorphism

ϕ : R2/Z2 → R2/Z2

[v] 7→ [Av].

If we make the usual identi�cation S1 × S1 = R2/Z2, then there exists an orientation-
preserving di�eomorphism

L(p, q)
∼=−→ M(S1 ×B2

, S1 ×B2
, ϕ).

Proof. In this proof we continue to use the notation that we introduced before stating
the lemma. Now we write U = X/Zp and V = Y/Zp and as above we consider the two
di�eomorphisms Φ: U → S1×B2

and Ψ: V → S1×B2
. We denote by γ : S1×S1 → S1×S1

the di�eomorphism that is given by

S1 × S1 = ∂(S1 ×B2
)

Φ←− ∂U = ∂V
Ψ−→ ∂(S1 ×B2

) = S1 × S1.

1740To show that Φ is orientation-preserving it su�ces by Proposition 107.2 to show that Φ is orientation-
preserving at a single point. Using that p > 0 one can calculate explicitly that Φ is orientation-preserving
at the point [(1, 0)] ∈ X/Zp.
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Since Φ and Ψ are di�eomorphisms the two maps together give rise to a well-de�ned
di�eomorphism

L(p, q) = U ∪ V → M(S1 ×B2
, S1 ×B2

, γ) = (S1 ×B2
) ∪γ (S1 ×B2

)

P 7→
{

Φ(P ) in the �rst solid torus, if P ∈ U,
Ψ(P ) in the second solid torus, if P ∈ V.

It follows from the orientation convention in Lemma 146.1 (1), together with the fact that
Φ is orientation-preserving, that this di�eomorphism is in fact orientation-preserving.

We consider the following diagram of di�eomorphisms:

S1 × S1

=
��

∂(S1 ×B2
)

=oo ∂U
Φoo = // ∂V

Ψ // ∂(S1 ×B2
)

= // S1 × S1

=
��

R2/Z2 ϕ
// R2/Z2.

Starting from ∂U , it is straightforward to verify that the diagram commutes. But this just
shows that, under the identi�cation S1 × S1 = R2/Z2, the two self-di�eomorphisms γ and
ϕ of S1 × S1 agree. �

We have now given explicit Heegaard splittings of some basic examples of closed 3-man-
ifolds. Perhaps somewhat surprisingly it is relatively straightforward to generalize these
examples to all closed orientable 3-dimensional smooth manifolds. More precisely, in 1898
Poul Heegaard proved the following theorem in his PhD thesis [Hee1898]. This result is
one of the earliest results in the topology of 3-dimensional smooth manifolds.
Theorem 146.3. Every closed orientable connected 3-dimensional smooth manifold ad-
mits a Heegaard splitting.

Remark. As we had mentioned on page 3115, for each g ≥ 1 the 3-sphere S3 admits
(up to di�eomorphism) a unique Heegaard splitting. In general though closed orientable
connected 3-dimensional smooth manifolds can admit inequivalent Heegaard splittings of
a �xed genus, see e.g. [Engm1970, BGAM1976].

Sketch of proof. The idea of the proof of the theorem is quite simple. Let M be a closed
orientable connected 3-dimensional smooth manifold. By the Smooth Manifold-Simplicial
Structure Theorem 96.2 the smooth manifold M admits a triangulation, i.e. a simplicial
structure. As usual we denote by M1 the 1-skeleton of M . We pick a closed neighborhood
C around the 1-skeleton M1 such that the intersection of C with each 3-simplex is of the
form shown in the middle of the �gure below. Furthermore we write D = M \ C. The
claim is that both C and D are handlebodies. The idea is that C and D are built out
of pieces as sketched in the �gure below and thus C and D are �obviously� handlebodies.
But if one looks more carefully into the argument one sees that one needs the hypothesis
that M is orientable to conclude that C and D are indeed handlebodies. We will not �ll in
the details of the argument. Unfortunately the proofs in the literature tend to be equally
short on details, in particular the role of the orientability condition gets all too often swiped
under the carpet. We refer to [Sav2012, Theorem 1.1], [Schar2002, p. 924] [Hem1976,
Theorem 2.5] for proofs of the theorem which follow the above line of argumentation.

As so often in topology, there is another proof of the theorem, which might be less
intuitive and less visual, but which is much more rigorous. This proof uses Morse theory.
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1-skeleton M1

3-simplex in a triangulation of M

neighborhood C around the 1-skeleton

D is the closure of the complement of C

We refer to [JohJ200707, Theorem 4.29] or [Mata2002, Chapter 5.2] for details on how
to obtain Heegaard splittings from Morse theory. �

146.2. Fundamental groups of 3-dimensional smooth manifolds. Let n ≥ 4. In
the Fundamental Group-Manifold Realization Proposition 54.12 we saw that given any
�nitely presented group π there exists a closed orientable connected n-dimensional smooth
manifold with fundamental group isomorphic to π. Using Theorem 146.3 we will shortly
see that the class of �nitely presented groups that appear as fundamental groups of closed
orientable connected 3-dimensional smooth manifolds is much more restricted. Before we
can state the result in detail we need to introduce the following group theoretic notion.

De�nition. The de�ciency of a �nite presentation 〈x1, . . . , xk | r1, . . . , rl〉 is de�ned to be
k − l.

Examples.
(1) The free group 〈x1, . . . , xk〉 on k generators admits, by de�nition, a presentation of

de�ciency k.
(2) Let m ∈ N. In Lemma 53.6 (2) we saw that there exists an isomorphism

〈x1, . . . , xm | [xi, xj] = e for all i < j ∈ {1, . . . ,m}〉
∼=−→ Zm.

This shows that Zm admits a presentation of de�ciency m− m(m−1)
2 .

(3) Let r ∈ N and d1, . . . , ds ∈ N. It follows basically immediately from the above
isomorphism in (2) that there exists an isomorphism〈

x1, . . . , xr+s

∣∣∣ [xi, xj] = e for all i < j ∈ {1, . . . , r + s}
and xd1

1 = · · · = xdss = e

〉 ∼=−→ Zr ⊕
s⊕
i=1

Zdi .

This shows that Zr ⊕
s⊕
i=1

Zdi admits a presentation of de�ciency r − (r+s)(r+s−1)
2 .

Given a �nite presentation for a group π it is straightforward to �nd a �nite presentation
of smaller de�ciency: we just add trivial relations to a given presentation. This observation
naturally leads us to the following de�nition:

De�nition. Let π be a �nitely presented group. We de�ne the de�ciency def(π) of π as
the maximal de�ciency of a �nite presentation for π.
The following lemma shows, in particular, that the de�ciency is in fact a �nite natural
number.
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Lemma 146.4. (De�ciency Lemma)
(1) If π is a �nitely presented group, then1741

def(π) ≤ rank(πab).

(2) The de�ciency of the free group 〈x1, . . . , xk〉 equals k.
(3) The de�ciency of Zm equals m− m(m−1)

2 .
(4) The de�ciency of an abelian group is at most one. Furthermore, up to isomorphism,

we have that
(a) the only abelian groups of de�ciency 1 are Z and Z2, and
(b) the only abelian groups of de�ciency 0 are Zn and Z⊕ Zn with n 6= 0 and Z3.

Proof.

(1) Let π be a �nitely presented group and let 〈x1, . . . , xk | r1, . . . , rl〉 be a �nite presen-
tation. It follows from the Abelianization Proposition 53.20 (5) that there exists a
short exact sequence of the form

0 → A → Zk → πab → 0

where A is an abelian group that admits an epimorphism Zl → A. We obtain that

k − l ≤ k − rank(A) = rank(πab).
↑ ↑

Lemma 51.9 (6) Rank Additivity Lemma 51.7 (2)

It follows that def(π) ≤ rank(πab).
(2) Let F = 〈x1, . . . , xk〉 be the free group on k generators. Evidently its de�ciency is at

least k. By the Abelianization Proposition 53.20 (4) we know that Fab
∼= Zk. Thus

it follows from (1) that the de�ciency of F is also at most k.

(3) We had just seen that def(Zm) ≥ m−m(m−1)
2 . It follows from [Eps1961, Lemma 1.3]

that this inequality is in fact an equality.
(4) This statement also follows from the above examples of presentations and [Eps1961,

Lemma 1.3]. �

Now we have all the tools to state, and partially prove, the following theorem, which gives
a negative answer to Question 54.15.

Theorem 146.5. LetM be a closed orientable connected 3-dimensional smooth manifold.
(1) We have def(π1(M)) ≥ 0,
(2) If π2(M) = 0, then def(π1(M)) = 0.
(3) If π1(M) is abelian, then π1(M) is either isomorphic to Z3 or to Zn for some n ∈ N0.

Remark. The list in (3) is complete, in the sense that all these abelian groups are realized
by fundamental groups of closed orientable connected 3-dimensional smooth manifolds.
Indeed, given n ∈ N, we obtain from Corollary 48.18 and the Fundamental Group-of-
Product Proposition 48.20 that

π1(S1 × S1 × S1) ∼= Z3 π1(L(n, 1)) ∼= Zn, and π1(S1 × S2) ∼= Z.

1741Here we denote by πab the abelianization of π that we introduced on page 1203. Furthermore, given a
�nitely generated abelian group H we denote by rank(H) the rank that we introduced on page 1152.



146. HANDLEBODIES AND HEEGAARD SPLITTINGS 3121

Proof. Let M be a closed orientable connected 3-dimensional smooth manifold.
(1) By Theorem 146.3 there exists a genus g Heegaard splitting M = X ∪F Y for M .

We pick a base point x0 ∈ F = X ∩ Y . By Lemma ?? and the Fundamental Group-
of-Surfaces Proposition 54.5 we can make identi�cations π1(X, x0) = 〈x1, . . . , xg〉,
π1(Y, x0) = 〈y1, . . . , yg〉 and

π1(F, x0) = 〈a1, . . . , a2g | [a1, a2] · · · · · [a2g−1, a2g]〉.

We denote by ϕ : π1(F, x0) → π1(X, x0) and ψ : π1(F, x0) → π1(Y, x0) the inclusion
induced maps. Now we have

Seifert�van Kampen Theorem 54.4 for smooth manifolds
↓

π1(M,x0) ∼= π1(X, x0) ∗π1(F,x0) π1(Y, x0)
= 〈x1, . . . , xg, y1, . . . , yg |ϕ(a1) = ψ(a1), . . . , ϕ(a2g) = ψ(a2g)〉.
↑

Lemma 53.23

We have thus shown that π1(M) admits a presentation of de�ciency zero.
(2) This statement is proved in [Eps1961, Lemma 3.1].
(3) It follows from (1) and the De�ciency Lemma 146.4 (4), that the only isomorphism

types of abelian groups that can occur are Zn for some n ∈ N0, Z2, Z⊕ Zn for some
n ≥ 2 and Z3. With somewhat more e�ort, see e.g. [Eps1961, Theorem 3.3] or
[Rei1936, p. 28] one can also exclude the groups Z2 and Z ⊕ Zn with n ≥ 2 from
the list. �

We conclude this discussion of Heegaard splittings with a particularly fascinating aspect of
Heegaard splittings: they can be used to give a purely group theoretic formulation of the
Poincaré Conjecture in dimension three. More precisely, the following theorem was proved
by John Stallings [Stal1965a, Chapter 3] and William Jaco [Jaco1969, Theorem 6.3]. The
origin of the theorem lies in the description of the fundamental group of a closed oriented
connected 3-dimensional smooth manifold in terms of a Heegaard splitting that we gave in
the proof of Theorem 146.5.

Theorem 146.6. We introduce the following notation and language:
(a) Given g ∈ N0 we denote by πg the fundamental group of the surface of genus g and

we denote by Fg the free group of rank g.
(b) We say a homomorphism β : G→ A ∗B from a group G to the free product of two

groups A and B is essential, if there is no h ∈ A∗B such that hβ(G)h−1 is contained
in A or B.

The following two statements are equivalent:
(1) Every homotopy 3-sphere1742 is di�eomorphic to S3.
(2) For any g ∈ N any epimorphism α : πg → Fg × Fg factors through an essential

monomorphism β : πg → A ∗B from πg to the free product of two groups A and B.
Put di�erently, by Perelman's proof of Theorem ?? we now know that the �rst statement of
Theorem 146.6 holds, thus the second statement also holds. This is the only known proof
of that purely group theoretic statement. Conversely, any proof of the second statement

1742See page 2625 for the de�nition of a homotopy sphere.
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of Theorem 146.6 would immediately reprove Theorem ??. Surely that is a quick and easy
way to mathematical glory.

Remark.
(1) Perhaps by now it is no longer surprising that there is a huge literature on Heegaard

splittings, see e.g. [Schle2017, Chapter 6] for an introduction.
(2) Recently the notion of a Heegaard splitting has been modi�ed by David Gay and Rob

Kirby [GK2016] to give the notion of a trisection of a closed orientable connected
4-dimensional smooth manifold. One remarkable feature of trisections is that by
recent work of Aarons Abrams, David Gay and Rob Kirby [AGK2018] they allow
for a purely group theoretic reformulation of the smooth Poincaré Conjecture in
dimension 4 that we had formulated as Question ??. This can be viewed as an
analogue of Theorem 146.6.

146.3. The mapping class group of 2-dimensional smooth manifolds. In Section ??
we introduced the mapping class group of smooth manifolds. In this section we recall the
de�nition and we discuss the mapping class groups of surfaces in more detail. We will use
this discussion to show that every 3-dimensional smooth manifold with a genus 1 Heegaard
decomposition is in fact a lens space.
First we recall the following de�nition from page 812.
De�nition. Let M and N be two smooth manifolds. Two di�eomorphisms f, g : M → N
are called diffeotopic, if there exists a diffeotopy from f to g, i.e. a smooth map1743

H : M × [0, 1] → N
(x, t) 7→ H(x, t)

such that the following hold:
(1) for all x ∈M we have H(x, 0) = f(x) and H(x, 1) = g(x), and
(2) for each t ∈ [0, 1] the map M → N given by x 7→ H(x, t) is a di�eomorphism.

Remark. In the following we will implicitly use on several occasions the fact, shown in
the Smooth Isotopy Transitivity Proposition 33.3, that being di�eotopic is an equivalence
relation.

We move on to introducing some notation.
Notation. Let M be an oriented smooth manifold.
(1) We write Diff(M) for the group of all self-di�eomorphisms of M .
(2) We denote by Diff0(M) the set of all self-di�eomorphisms of M that are di�eotopic

to the identity.
(3) We write Diff+(M) for the group of all orientation-preserving self-di�eomorphisms

of M .
We recall the following de�nition from page ??.

De�nition. Let M be a smooth manifold. The mapping class group MCG(M) of M is
de�ned as MCG(M) := Diff(M)/Diff0(M).

1743See page 811 for the de�nition of what it means that a map on M × [0, 1] is smooth.
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If M is oriented, then the orientation-preserving mapping class group MCG+(M) of M is
de�ned as MCG+(M) := Diff+(M)/Diff0(M).

Example.
(1) Let n ∈ N. In the Di�eotopies-of-Rn-Classi�cation Proposition 34.3 and Exer-

cise 34.1 we showed, with di�erent language, that MCG+(Rn) and MCG+(B
1
) and

MCG+([0, 1) are the trivial group.
(2) We now consider the orientation-preserving mapping class group of 1-dimensional

smooth manifolds. By the Smooth 1-Dimensional Manifold Classi�cation Theo-
rem 22.7 we know that we only need to consider the smooth manifolds R, [0, 1),
[0, 1] and S1. In the Di�eotopies-of-Rn-Classi�cation Proposition 34.3, Exercise 34.4
and the Di�eotopies-of-S1-Classi�cation Proposition 34.5 we showed that MCG+(R),
MCG+([0, 1)), MCG+([0, 1]), and MCG+(S1) are the trivial group.

(3) Note that by the Smooth Isotopy-Orientation Proposition 34.2 an orientation-reversing
self-di�eomorphism of a smooth manifold M always represents a non-trivial element
of the mapping class group MCG(M).

For surfaces of genus 0 and 1, i.e. for the sphere S2 and the torus S1 × S1 = R2/Z2 the
following theorem gives a complete description of the mapping class groups.
Theorem 146.7.
(1) MCG+(S2) is the trivial group.
(2) The group MCG(S2) contains two elements, one is represented by the identity and

the other one is represented by any re�ection in a hyperplane.
(3) Let T = R2/Z2 be the 2-dimensional torus. We use the generators from Lemma 78.11

(2) to make the usual identi�cation H1(T ;Z) = Z2 and we use this identi�cation to
make the corresponding identi�cations Aut(H1(T ;Z)) = Aut(Z2) = GL(2,Z) and
SAut(H1(T ;Z)) = SAut(Z2) = SL(2,Z). The maps

Φ: MCG(T ) 7→ GL(2,Z)
[f :T → T ] 7→ (f∗ :H1(T )→H1(T ))︸ ︷︷ ︸

∈Aut(H1(T ;Z))=GL(2,Z)

and
Ψ: GL(2,Z) 7→ MCG(T )

A 7→
[
R2/Z2 7→ R2/Z2

[v] 7→ [Av]

]
are inverses of one another.

(4) The same statement as in (3) holds if we replace MCG+(R2/Z2) by MCG(R2/Z2)
and if we replace SL(2,Z) by GL(2,Z).1744

Proof. The �rst two statements were proved in 1959 by James Munkres [Mun1960b] and
independently by Stephen Smale [Sma1959].1745 It is an amusing exercise to show that
Φ◦Ψ = id on GL(2,Z). The fact that Ψ◦Φ = id on MCG(R2/Z2) is somewhat harder. We
refer to [FaM2011, Theorem 2.5] or alternatively to [Rolf1990, Chapter 2.D] for proofs.
The claim regarding the orientation-preserving mapping class group follows from the above
result together with Lemma 114.15. �

Remark.
1744We showed in Lemma 114.15 that the map Φ: MCG+(T )→ GL(2,Z) takes values in SL(2,Z).
1745We had already encountered Stephen Smale in the proof of the Poincaré Conjecture in dimensions ≥ 5,
see Theorem ??.
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(1) We will discuss the higher-dimensional analogues of Theorem 146.7 (1) in Theo-
rem ??.

(2) The obvious analogue of Theorem 146.7 (1) in higher dimensions does not hold. More
precisely, Allen Hatcher and John Wagoner [HatW1973] and Kiyoshi Igusa [Ig1979,
Ig1984] proved that given any n ≥ 5 there exists a short exact sequence of the form:

0 → Z∞2 → MCG((S1)n) → GL(n,Z) → 1.

We refer to [Hat1978, Theorem 4.1] for more details and to [HsSh1976, Theo-
rem 2.5] for an alternative proof if n ≥ 6.

Now we can give the following characterization of lens spaces.
Corollary 146.8. If M is a closed orientable connected 3-dimensional smooth manifold,
then the following two statements are equivalent:

M admits a genus 1 Heegaard splitting ⇐⇒ M is a lens space or M ∼= S1 × S2.

Proof. By the Lens Space-Splitting Lemma 146.2 and the discussion on page 3114 we know
that lens spaces and S1 × S2 admit genus 1 Heegaard splittings.

Now suppose that M is a closed orientable connected 3-dimensional smooth manifold
that admits a genus 1 Heegaard splitting M = (S1 × B

2
) ∪ϕ (S1 × B

2
) where ϕ is an

orientation-reversing self-di�eomorphism of S1 × S1 = R2/Z2. It is an immediate conse-
quence of Theorem 146.7 (3), Lemma 114.15 and Lemma ?? that, after a di�eotopy, we can

assume that ϕ is given by multiplication by a matrix
(
q p
s r

)
∈ GL(2,Z) with qr−ps = −1.

First assume that p = 0. We leave it as an amusing exercise to show that in this case
M is di�eomorphic to S1 × S2. If p > 0, then it follows from the Lens Space-Splitting
Lemma 146.2 that M is di�eomorphic to L(p, q). Finally we consider the case that p < 0.
We denote by ψ the self-di�eomorphism of R2/Z2 that is given by multiplication by the

matrix
(

q −p
−s r

)
∈ GL(2,Z). The map

(S1 ×B2
) ∪ϕ (S1 ×B2

) → (S1 ×B2 ∪ψ S1 ×B2
),

given by re�ection on both of the S1 factors is easily seen to be a well-de�ned di�eomor-
phism. But as we had just shown, the right-hand side is di�eomorphic to the lens space
L(−p, q). �

We had just seen that the mapping class group of the 2-dimensional sphere and the torus
are groups we are very familiar with. It is natural to ask, whether we can also understand
the mapping class groups of higher genus surfaces.

Throughout the remainder of this section, given g ≥ 1 we denote by Σg the surface
of genus g. To facilitate the discussion, we equip H1(Σg;Z) with the standard basis
x1, . . . , xg, y1, . . . , yg shown in the �gure below and we use this basis to make the iden-
ti�cation H1(Σg;Z) = Z2g.
Here is a somewhat optimistic interpretation of the above question.
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xgx2x1

Σg

y1 y2 yg

Question 146.9. Let g ≥ 2. Is the map

Φg : MCG(Σg) 7→ GL(2g,Z)
[f : Σg → Σg] 7→

(
f∗ : H1(Σg;Z)→ H1(Σg;Z)︸ ︷︷ ︸
∈Aut(H1(Σg ;Z))=GL(2g,Z)

)
an isomorphism?
It turns out that the answer to Question 146.9 is no. In fact we have already developed all
the tools to show that Φg is not an epimorphism. At this point it is useful to introduce the
following de�nition.
De�nition.

(1) Given g ∈ N we write Jg :=
(

0 idg
− idg 0

)
.

(2) We say a matrix A ∈ GL(2g,Z) is symplectic1746 if ATJgA = Jg.
(3) We de�ne the symplectic group Sp(2g,Z) to be the group1747 of all symplectic

matrices.
Now we can formulate the following proposition.

Proposition 146.10. Let g ∈ N. The homomorphism Φg : MCG+(Σg) → GL(2g,Z)
takes values in Sp(2g,Z).

Proof. Recall that as above we use the homology classes represented by the curves x1, . . . , xg
and y1, . . . , yg that are shown in the �gure on page 3125 to make the identi�cation Z2g =
H1(Σg;Z). It follows from the calculation of the intersection form of Σg on page 2881 that
we have a commutative diagram

Z2g × Z2g
(v,w)7→vT Jw

//

=
��

Z
=

��

H1(Σg;Z)× H1(Σg;Z)
QΣg

// Z.

Now let f be an orientation-preserving self-homeomorphism of Σg. We denote by A
the matrix that represents the induced map f∗ : H1(Σg;Z)→ H1(Σg;Z) with respect to the
above basis.

It is a consequence of Lemma 132.6 that the induced map f∗ preserves the intersection
form of Σg. Therefore we obtain from the commutative diagram that the induced map

1746The origin of the word �symplectic� is explained in the following webpage

http://jeff560.tripod.com/mathword.html

which explores the earliest known uses of some of the words of mathematics.
1747It is straightforward to verify that the set of all symplectic (2g × 2g)-matrices is in fact a subgroup of
GL(2g,Z).

http://jeff560.tripod.com/mathword.html
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on H1(Σg;Z) = Z2g also preserves the form on the top. But this means that for any two
vectors v, w ∈ Zg we have vTATJAw = (Av)TJAw = vTJw. This in turn implies that
ATJA = J . �

The question now arises, how big is the symplectic group? The following proposition
summarizes some known results:
Proposition 146.11. (Symplectic Group Proposition) Let g ∈ N.
(1) We have Sp(2g,Z) Ă SL(2g,Z).
(2) We have Sp(2,Z) = SL(2,Z).
(3) For g ≥ 2 the symplectic group Sp(2g,Z) is a proper subgroup of SL(2g,Z).

Proof.
(1) The fact that every symplectic matrix has determinant equal to +1 is a somewhat

non-trivial exercise in linear algebra. A proof is for example given in [Serd2010,
Corollary 10.2] or [McS2016, Lemma 1.1.15].

(2) A short and amusing calculation (worth doing!) shows that every matrix in SL(2,Z)
is in fact symplectic.

(3) Let g ≥ 2. Unless one is very unlucky, almost any randomly picked matrix in
SL(2g,Z) will not lie in Sp(2g,Z). For example an elementary calculation shows that
the matrix

A :=

 2 0 5 0
0 1 0 0
1 0 3 0
0 0 0 1


does not satisfy ATJA = J , i.e. A does not lie in Sp(4,Z). A straightforward modi-
�cation of this example shows that given any g ≥ 2 there exist matrices in SL(2g,Z)
that do not lie in Sp(2g,Z). �

In a last ditch e�ort to salvage Question 146.9 one could ask whether perhaps the map
Φg : MCG(Σg)

+ → Sp(2g,Z) is an isomorphism.
Now is perhaps a good moment to recall that we had already constructed di�eomorphisms
of Σg. More precisely we recall the following de�nition from page 471.

De�nition. Let Σ be an oriented surface and let C Ă Σ be a closed curve on Σ, i.e. C
is a submanifold of Σ di�eomorphic to S1. We pick an orientation for C. By the Tubu-
lar Neighborhood Theorem ?? there exists an orientation-preserving smooth embedding
Φ: [−1, 1] × S1 → Σ such that Φ: {0} × S1 → C is an orientation-preserving di�eo-
morphism. By the Smooth Transition Function Lemma 19.4 we can pick a smooth map
γ : [−1, 1]→ [0, 2π] and with γ(−1) = 0 and γ(1) = 2π that is constant close to −1 and 1.
(1) We refer to map

Σ → Σ

P 7→
{
P, if P 6∈ Φ([−1, 1]× S1),
Φ(t, z · exp(γ(t) · i)) if P = Φ(t, z) for some t ∈ [−1, 1] and z ∈ S1,

as a left-handed Dehn twist along the curve C.
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(2) We refer to the orientation-preserving di�eomorphism

Σ → Σ

P 7→
{
P, if P 6∈ Φ([−1, 1]× S1),
Φ(t, z · exp(−γ(t) · i)) if P = Φ(t, z) for some t ∈ [−1, 1] and z ∈ S1,

as a right-handed Dehn twist along the curve C.
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surface Σ

unoriented curve C
{−1} × C {1} × C

image of A under the right-handed
Dehn twist along the curve C

subset A

image of A under the left-handed
Dehn twist along the curve C

pick an orientation for C

Remark.

(1) Dehn twists were introduced by Max Dehn [Deh1938, Chapter 2] in 1938.
(2) Our conventions of right-handed and left-handed Dehn twists match the de�nitions

in [BZH2014, De�nition 11.6] and in [FaM2011, Chapter 3.1.1]. At �rst glance
our de�nition might look slightly di�erent, but the only di�erence is that we prefer
to work with [−1, 1] × S1 instead of S1 × [−1, 1], since we always want to put the
factor with non-empty boundary �rst.

Lemma 146.12. (Dehn Twist Lemma) Let Σ be an oriented surface and let C be a
submanifold of Σ di�eomorphic to S1.
(1) Both Dehn twists are orientation-preserving di�eomorphisms and the left and right-

handed Dehn twists are inverses of one another.
(2) The di�eotopy class of the left-handed Dehn twist along C neither depends on the

choice of the orientation nor does it depend on the choice of the tubular neighbor-
hood. In other words, the unoriented curve C gives rise to a well-de�ned element of
MCG+(Σ). The same statement also holds for right-handed Dehn twists.
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{1} × C {−1} × C{1} × C{−1} × C
opposite orientation for Cpick an orientation for C

Proof.

(1) It follows easily from the fact that γ is constant near the ends and the Smooth
Pasting Proposition 19.23 that both Dehn twists are smooth. Furthermore it follows
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from the Basics-of-Orientations Lemma 25.13 (3) that each Dehn twist is orientation-
preserving. Finally note one can easily verify that the left-handed and right-handed
Dehn twists are inverses of one another.

(2) In the following we will deal with left-handed Dehn twists. The argument for right-
handed Dehn twists is evidently almost the same.

First note that by the usual interpolation one can show easily that the de�nition
does not depend on the choice of γ. Next we show that the de�nition does not depend
on the choice of the orientation of C. Indeed, if we pick the opposite orientation for
C, then we need to replace the map Φ: [−1, 1] × S1 → Σ by the map Φ̃ that is
given by Φ̃(t, z) = Φ(−t, z) and we need to replace γ by the map that is given by
γ̃(t) = 2π−γ(−t). We claim that Φ, Φ̃ and γ̃ give rise to the same self-di�eomorphism
of Σ. Thus let P ∈M . Since Φ and Φ̃ have the same image we only need to consider
the case that P = Φ(t, z) for some t ∈ [−1, 1] and z ∈ S1. Note that P = Φ̃(−t, z).
Then we have indeed that

Φ(t, z · exp(γ(t) · i))︸ ︷︷ ︸
de�nition using Φ

= Φ(t, z · exp(γ̃(−t)) · i)) = Φ̃(−t, z · exp(γ̃(−t) · i)).︸ ︷︷ ︸
de�nition using Φ̃

Finally note that it follows easily from the uniqueness of tubular neighborhoods, see
Proposition ??, that any choice of another map Φ: [−1, 1] × S1 → Σ leads to a
di�eotopic self-di�eomorphism of Σ. �

The following theorem shows that, in some sense, left-handed Dehn twists are all orientation-
preserving di�eomorphisms we ever need.

Theorem 146.13. (Lickorish Twist Theorem) The left-handed Dehn twists along the
3g − 1 curves shown in the �gure below form a generating set for MCG+(Σg).

x2 xgx3x1Σg
z2

y1 y3z1
ygy2 zg−1

Remark. It is signi�cantly harder to show that MCG+(Σg) admits a �nite presentation,
see [HT1980] and [Waj1983] for details.

Proof. This proposition proved in 1963 by Raymond Lickorish [Lic1964], see also [FaM2011,
Theorem 4.13] or [Bir1974, Theorem 4.3]. �

In fact this source of orientation-preserving di�eomorphisms is rich enough to prove the
following proposition.

Proposition 146.14. For any g ≥ 1 the above map Φg : MCG+(Σg) → Sp(2g,Z) is an
epimorphism.

Proof. The result is proved in [FaM2011, Theorem 6.4]. �

This leads us to the following de�nition.
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De�nition. Given g ≥ 1 we refer to

Tg := ker(Φg : MCG(Σg)
+ → Sp(2g,Z))

as the Torelli group of Σg.1748

The question now becomes, whether the Torelli group Tg is non-trivial. In fact the next
proposition shows precisely that.

Proposition 146.15. (Torelli Group Proposition) Let g ∈ N.
(1) If C is a closed curve on Σg that is not null-homotopic, then the left-handed Dehn

twist tC de�nes a non-trivial element in MCG(Σg).
(2) If C is a closed curve on Σg that is null-homologous, then the left-handed Dehn twist

tC de�nes an element of the Torelli group Tg.
(3) For g ≥ 2 the left-handed Dehn twist along the curve C shown in the �gure below

de�nes a non-trivial element in the Torelli group Tg.
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Proof.

(1) The �rst statement is proved in [FaM2011, Proposition 3.1].
(2) This statement follows from [FaM2011, Proposition 3.2]. With some e�ort one could

also prove this statement �by hand�.
(3) By (1) and (2) it su�ces to show that C is null-homologous but not null-homotopic.

Note that C is the boundary of a submanifold X of Σg. We obtain from Corol-
lary 106.28 (1) that [C] = 0 ∈ H1(X;Z), which implies that C is also null-homologous
in Σg. On the other hand we know by Proposition 55.18 that C is not null-homotopic.

�

There are still lots of open questions regarding mapping class groups of surfaces. For
example the following question is an interesting open problem.

Question 146.16. Let Σg be the surface of genus g ∈ N0. Is the mapping class group
MCG(Σg) linear, i.e. is it isomorphic to a subgroup of GL(n,C) for some large enough n?
We had just seen in Theorem 146.7 that the answer is yes for g = 0 and g = 1. Furthermore
Stephen Bigelow and Ryan Budney [BB2001] showed in 2001 that the answer is yes for
g = 2. The case g ≥ 3 is still wide open.
As in almost any topic we have touched so far, there is again a tremendous amount of
literature and work on mapping class groups. We refer to [Bir1974, FaM2011, Hat2012]
for more information regarding mapping class groups and di�eomorphism groups of smooth
manifolds in dimension 2 and in higher dimensions.

1748For slightly mysterious reasons this group is named after the Italian mathematician Ruggiero Torelli
(1884�1915) who died in World War I.
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Exercises for Chapter 146.

Exercise 146.1. Let Hg be the genus g handlebody and let W = Hg ∪ Hg be the double
of Hg. Show that W is di�eomorphic to the connected sum of g copies of S1 × S2.

Exercise 146.2. Let p ∈ N and let q ∈ Z be coprime to p. We consider the corresponding
lens space L(p, q). In the Lens Space Homology Lemma 98.9 we used a roundabout way to
obtain the following result:

Hn(L(p, q)) ∼=

 Z, if n = 0, 3,
0, if n = 2 or n > 3,
Zp, if n = 1.

Use the Lens Space-Splitting Lemma 146.2 and the Mayer�Vietoris Theorem 78.9 for Man-
ifolds to give an alternative, and arguably more insightful, calculation of the homology
groups of L(p, q).
Remark. You might want to use the Action-on-Torus Homology Lemma 84.7.

Exercise 146.3. Let M be a closed oriented connected 3-dimensional smooth manifold.
We de�ne its Heegaard genus as follows:

g(M) := min{g ∈ N0 | there exists a Heegaard splitting of M of genus g}.
(a) Show that g(M) is greater of equal than the minimal number of generators of

H1(M ;Z).
Remark. Note that it purposely fully says g(M) instead of the less interesting bound
2g(M).

(b) Determine the Heegaard genus the 3-dimensional torus S1 × S1 × S1.
(c) Given k ∈ N0 determine the Heegaard genus of the connected sum of k copies of

S1 × S2.

Exercise 146.4. Let F be the surface of genus g and let ϕ : F → F be an orientation-
preserving self-di�eomorphism. By the Gluing-Smooth Manifolds-Proposition ?? we know
that the mapping torus

Tor(F, ϕ) := F × [0, 1] / (x, 0) ∼ (ϕ(x), 1)

is a closed orientable connected 3-dimensional smooth manifold. Show that Tor(F, ϕ)
admits a Heegaard splitting of genus 2g + 1.

Exercise 146.5. Let k, q ∈ N. Show that there exists a smooth embedding of a closed
connected 2-dimensional smooth manifold F with χ(F ) = 2−k into the lens space L(2k, q).
Hint. Consider the Heegaard decomposition L(2k, q) ∼= M(S1 × B2

, S1 × B2
, ϕ) from the

Lens Space-Splitting Lemma 146.2. Consider a disk {∗}×B2
in the �rst solid torus. Show

that the intersection of this disk with the boundary of the second torus can be viewed as
a torus knot. (We refer to page 1312 for the de�nition of a torus knot.)

Exercise 146.6. Let Σ be an oriented surface and let C and D be two closed curves on
Σ which intersect transversally. We denote by TC and TD corresponding left-handed Dehn
twists. Show that in the mapping class group MCG(Σ) the following equality holds:

TC ◦ TD ◦ TC = TD TC TD.
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147. Surgeries on 3-dimensional smooth manifolds

In Chapter ?? we introduced the general setup for surgeries along thickened spheres in
smooth manifolds. In this chapter we will study the particularly interesting case of surgery
along thickened knots and links in 3-dimensional smooth manifolds.

147.1. The Lickorish-Wallace Theorem. We kick o� our discussion with the following
slight variations on the de�nition of a thickening of an oriented knot that we gave on
page 2853 and of the notion of a surgery along a thickened sphere that we gave on page ??.

De�nition. Let L Ă S3 be an oriented m-component link.
(1) A thickening of the oriented link L is de�ned as an orientation-preserving smooth

embedding F :
m⊔
i=1

(B
2 × S1)→ S3 that restricts to an orientation-preserving di�eo-

morphism
m⊔
i=1

({0}2 × S1)→ L.

(2) We de�ne the surgery along a thickened link as the simultaneous surgery along all
the thickened components.

The following theorem was �rst proved independently by William Lickorish [Lic1962] and
Andrew Wallace [Walla1960] in 1960.

Theorem 147.1. (Lickorish-Wallace Theorem) Every closed orientable connected 3-
dimensional smooth manifold can be obtained through surgery along a thickened link.
The following lemma contains one of the key geometric ingredients in the proof of the
Lickorish-Wallace Theorem 147.1.
Lemma 147.2. Let Σ be the surface of some genus g and let C be an oriented curve on
Σ. We denote by τ : Σ→ Σ a corresponding Dehn twist along C. There exists a fattened
1-sphere ϕ : B

2 × S1 → (−1, 1)× Σ with ϕ({0} × S1) = C and a di�eomorphism

Ψ: ([−1, 0]× Σ) ∪τ ([0, 1]× Σ) → ([−1, 1]× Σ)(ϕ)

which is the identity in a neighborhood of {−1, 1} × Σ.

Remark. As on many other occasions we provide a formal proof of Lemma 147.2 with the
full gory details. Less formal, but perhaps more readable proofs, are given in [Rolf1990,
p. 275] and [Sav2012, p. 34].

Proof. To simplify the notation we will identify C with S1 using an orientation-preserving
di�eomorphism. Let [−1, 1] × S1 Ă Σ be a tubular neighborhood of C = S1 and let
γ : [−1, 1]→ [0, 2π] a map as such that the Dehn twist τ is given by the map

τ : [−1, 1]× S1 → [−1, 1]× S1

(t, z) 7→ (t, z · exp( iγ(t)))

We think of B
2
and S1 as subspaces of C. We consider B2

+ = {x + iy ∈ B2 | y ≥ 0} and
B2
− = {x+ iy ∈ B2 | y ≤ 0}. A variation on the tubular neighborhood theorem shows there

exists a tubular neighborhood B
2 × C Ă (−1, 1)× Σ such that B

2

− × C Ă [−1, 0]× Σ and
B

2

+ × C Ă [0, 1]× Σ and such that [−1, 1]× C is precisely the tubular neighborhood of C
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in Σ. Next we consider the following composition of maps:

Θ: S1 ×B2 (a,b)7→(b,a)−−−−−−−→ B
2 × S1 (c,d)7→(cd−1,d)−−−−−−−−−→ B

2 × S1 → (B
2

+ × S1) ∪τ (B
2

− × S1)

(x+iy, z) 7→
{

(x+iy, z), if y≥0,
(x+iy, z · exp( iγ(x))), if y≤0.

Note that Θ is a di�eomorphism, in fact it is straightforward to write down an inverse.
Note that Θ restricts to a self-di�eomorphism of the boundary torus S1 × S1.

Claim. The restriction of Θ to a map Θ: S1 × S1 → S1 × S1 can be extended to a di�eo-
morphism ϕ : B

2 × S1 → B
2 × S1.1749

Proof. A charming little calculation shows that the induced map on H1(S1 × S1) is rep-

resented by the matrix
(−1 1

0 1

)
. Another map that induces this map on H1(S1 × S1)

is given by Ξ(a, b) = (b · a, b). By Theorem 146.7 we know that there exists a di�eotopy
F : S1 × S1 × [0, 1]→ S1 × S1 with F0 = Ξ ◦Θ−1 and F1 = id. The map

ϕ : B
2 × S1 → B

2 × S1

(z, w) 7→
{
|z| · F2·|z|−1(Θ( z

|z| , w)), if |z| ≥ 1
2

(w · z, w), if |z| ≤ 1
2
.

is the desired extension. �
We will now see that the map ϕ : B

2 × S1 → [−1, 2]× Σ is the desired framing. To do
so we set W := ([−1, 1]× Σ) \ (B

2 × C. It follows from the above that the following map
is a di�eomorphism:

Θ:

=([−1,0]×Σ)∪τ ([0,1]×Σ)︷ ︸︸ ︷
((B

2

+ × S1) ∪τ (B
2

− × S1)) ∪id : S1×S1→W W →

=([−1,1]×Σ)(ϕ)︷ ︸︸ ︷
(S1 ×B2

) ∪ϕ : S1×S1→W W

P 7→
{
P, if P ∈ W,
ψ(P ), otherwise. �

Now we have all the ingredients to provide the proof of the Lickorish-Wallace Theo-
rem 147.1.

Proof of the Lickorish-Wallace Theorem 147.1. Let M be a closed orientable con-
nected 3-dimensional smooth manifold. The �rst three steps of the proof are straightfor-
ward.
(1) By Theorem 146.3 we know that M admits a Heegaard splitting, as de�ned on

page 3114. By Lemma 146.1 this means that there exist two handlebodies H and
H ′ of some genus g and an orientation-reversing di�eomorphism ϕ : ∂H → ∂H ′ such
that M is di�eomorphic to H ∪ϕ H ′.

(2) By the discussion on page 3115 we know that S3 admits Heegaard splittings of any
genus. It follows from Lemma 146.1 (1d) that there exists an orientation-reversing
di�eomorphism ψ : ∂H → ∂H ′ such that S3 is di�eomorphic to H ∪ψ H ′.

(3) We write Σ = ∂H.

1749Note the all important change in the order of S1 and B
2
.
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(4) By the Lickorish Twist Theorem 146.13 we know that the mapping class group
MCG+(Σ) is generated by Dehn twists. Note that the inverse of a Dehn twist along an
oriented curve c is given by a Dehn twist along c with the opposite orientation. This
implies that there exist oriented curves C1, . . . , Ck on ∂H such that the composition
of Dehn twists along C1, . . . , Ck is di�eotopic to ψ−1 ◦ ϕ : Σ→ Σ.

(5) We pick orientation-preserving tubular neighborhoods [−1, 1]× Ci. Furthermore we
pick a smooth map γ : [−1, 1] → [0, 2π] with γ(−1) = 0 and γ(1) = 2π which is
constant close to −1 and 1.

(6) For i = 1, . . . , k we denote by ti the corresponding Dehn twist along Ci.
(7) By the Smooth Collar Neighborhood Theorem 28.3 we can pick a Smooth Collar

Neighborhood Σ× [0, k + 1]× Σ of Σ = ∂H.
The desired statement now follows from the above, together with Lemma ?? and the
following claim.

Summarizing we have the following sequence of orientation-preserving di�eomorphisms.

follows from a collar neighborhood argument follows easily from ψ−1 ◦ ϕ = tk ◦ · · · ◦ t1
↓ ↓

M ∼= H ∪ϕ : ∂H→∂H′ H
′ ∼= H ∪id ([0, k+1]×Σ) ∪ϕ H ′ ∼= H ∪id ([0, k+1]×Σ) ∪ψ◦tk◦···◦t1 H ′∼= H ∪id ([0, 1]×Σ) ∪t1 ([1, 2]×Σ) ∪t2 ([2, 3]×Σ) · · · ∪tk ([k, k+1]×Σ) ∪ψ H ′

∼= surgery of

∼=H∪id([0,k+1]×Σ)∪ψH′∼=H∪ψH′∼=S3︷ ︸︸ ︷
H ∪id ([0, 1]×Σ) ∪id ([1, 2]×Σ) ∪id ([2, 3]×Σ) · · · ∪id ∪([k, k+1]×Σ) ∪ψ H ′
along thickenings of the oriented curves {1}×C1, . . . , {k}×Ck.

x
by Lemma 147.2

We have thus shown thatM is di�eomorphic to the surgery of S3 along a thickened link. �

Theorem 147.3. (3-Manifolds Bound Theorem) Every closed orientable connected
3-dimensional smooth manifold is the boundary of a compact orientable connected 4-
dimensional smooth manifold.

Remark.
(1) The theorem was �rst proved by Vladimir Rokhlin [Rok1951] in 1951. The argument

is also sketched in [GoS1999, p. 159]. Alternative proofs are given by René Thom
[Tho1954b, Tho2007], also particularly short proof that Ω3 = 0 is given by Colin
Rourke [Rou1985].

(2) We will prove the 3-Manifolds Bound Theorem 147.3 via the Lickorish-Wallace The-
orem 147.1. In Exercise 147.1 we will see that one can also go easily the other way,
namely we will deduce the Lickorish-Wallace Theorem 147.1 from the 3-Manifolds
Bound Theorem 147.3.

Proof. Let M be a closed orientable connected 3-dimensional smooth manifold. By the
Lickorish-Wallace Theorem 147.1 we know that M can be obtained as the surgery of S3

along a thickened link. This means that there exist orientation-preserving embeddings
ϕ1, . . . , ϕm : B

2 × S1 → S3 with disjoint images such that M is the di�eomorphic to the
surgery of S3 along these thickened knots. As in the proof of the Handle-Surgery Propo-
sition ?? we see that M is the boundary of the result of attaching 2-handles to B

4
along

these thickened curves. �
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147.2. Dehn surgery along knots. In the remainder of this chapter we will only discuss
the case of surgery along knots and links in S3. An argument as in Exercise ?? shows that
we do not loose anything if we restrict ourselves to orientation-preserving thickenings. To
simplify the discussion we henceforth say �thickening� instead o� �orientation-preserving
thickening�.
In Section 131.1 we discussed in detail the thickenings of knots. In the following we recall
the main de�nitions and results from that section.
De�nition. Let K Ă S3 be an oriented knot.
(1) A thickening of K is an orientation-preserving smooth embedding F : B

2×S1 → S3

that restricts to an orientation-preserving di�eomorphism {0} × S1 → K.1750

(2) Given a thickening F of K we refer to XK := S3 \F (B2×S1) as the knot exterior.
(3) Given a thickening F of K and given ∗ ∈ K we refer to the oriented submanifold

µK := F (S1 × {∗}) of S3 \K as the meridian of K.

(4) By Lemma 100.16 (5) the inclusion induced map H1(XK ;Z)
∼=−→ H1(S3 \K;Z) is an

isomorphism and we have H1(XK ;Z) = Z · [µK ]. As on page 2853 we denote by φK
the isomorphism

φK : H1(S3 \K;Z) = H1(XK ;Z)
∼=−→ Z

[µK ] → 1.

(5) Suppose we are given a thickening F for K. As on page 2853 we de�ne

self-linking number of F := φK(F∗([{1} × S1])︸ ︷︷ ︸
∈H1(XK ;Z)

).

Lemma 131.1. (Knot Thickening Lemma) Let K be an oriented knot in S3.

(1) Let F : B
2 × S1 → S3 be a thickening of K and let s ∈ Z. If we set

Ψ: B
2 × S1 → B

2 × S1

(z, w) 7→ (z · ws, w),

then the map F ◦Ψ is a thickening with

self-linking number of F ◦Ψ = self-linking number of F + s.

(2) Given any n ∈ Z there exists a thickening of K with self-linking number n.
(3) If F, F ′ : B

2 × S1 → S3 are two thickenings with self-linking number n, then there
exists a di�eotopy H : S3 × [0, 1]→ S3 rel K with H0 = id and H1 ◦ F = F ′.

Remark. Given an oriented knotK and n ∈ Z sometimes we use the uniqueness statement
of the Knot Thickening Lemma 131.1 to talk about the thickening of K with self-linking
number n. Sometimes we shorten this cumbersome expression to the n-thickening of K.

Now we can also recall the following de�nition from page 2854.

De�nition. Let K Ă S3 be an oriented knot. We pick a thickening F : B
2 ×K → S3 of

self-linking number zero. We refer to λK := F ({1} ×K) as longitude of K.

1750Readers who live on a carrot-rich diet will spot that the de�nition di�ers slightly from the de�nition
on page 2853. But the di�erence is immaterial.
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Let K Ă S3 be an oriented knot and let p, q ∈ N0 be coprime. Our goal now is to de�ne
the �p/q-surgery S3

p/q(K) of S3 along K� as the result of gluing the solid torus S1 ×B2
in

such a way to the knot exterior XK such that boundary of B
2
corresponds to p · µ+ q · λ.

The following proposition turns this idea into a valid concept.

Proposition 147.4. (Dehn Surgery Proposition) Let K Ă S3 be an oriented knot
and let p, q ∈ Z be coprime. We pick a thickening Φ: B

2 × S1 → S3 of K of self-linking
number zero.
(1) There exists an orientation-preserving di�eomorphism Θ: S1 × S1 → S1 × S1 such

that (Φ ◦Θ)∗([{∗} × S1]) = p · [µ] + q · [λ]. We set

S3
p/q(K) := (S1 ×B2

) ∪Φ◦Θ|S1×S1 (S3 \ Φ(B2 × S1)︸ ︷︷ ︸
=XK

).

(2) S3
p/q(K) is a closed 3-dimensional smooth manifold which admits a unique orientation

that restricts to the usual orientation of XK = S3 \ Φ(B2 × S1).
(3) The oriented di�eomorphism type ofS3

p/q(K) depends neither on the choice of the
thickening of self-linking number zero nor on the choice of the orientation-preserving
di�eomorphism Θ with (Φ ◦Θ)∗([{∗} × S1]) = p · [µ] + q · [λ].

(4) There exists an orientation-preserving di�eomorphism S3
p/q(K)→ S3

−p/−q(K).
(5) If −K denotes the knot K with the opposite orientation, then S3

p/q(K) admits an
orientation-preserving di�eomorphism to S3

p/q(−K).
(6) We have π1(S3

p/q(K)) ∼= π1(XK)/〈〈µpK〉〉 and H1(S3
p/q(K)) ∼= Zq · [µK ].

(7) If q = 1, then S3
p/1(K) is the surgery on S3 along the thickening of K of self-linking

number p.

Proof.

(1) Since p, q ∈ N0 are coprime there exist r, s ∈ N0 with qr − ps = 1. We consider the
map

Θ: S1 × S1 → S1 × S1

(z, w) 7→ (zr · wp, zs · wq).

It follows from qr − ps = 1 and the Maps-on-Torus Lemma 19.37 that this map
is an orientation-preserving di�eomorphism. Furthermore it follows easily from the
Action-on-Torus Homology Lemma 84.7 (2) that (Φ◦Θ)∗([{∗}×S1]) = p · [µ]+q · [λ].

(2) This statement follows immediately from the Gluing-Smooth Manifolds-Proposition ??.
(3) It follows easily from the Knot Thickening Lemma 131.1 that the de�nition does not

depend on the choice of the thickening of self-linking number zero.
It remains to show that the choice of Θ is irrelevant. This proof consists of two

steps. First we show that choice of r and s in (1) is irrelevant. Indeed, suppose
we are given r̃, s̃ ∈ N0 with qr̃ − ps̃ = 1. It follows that qr − ps = qr̃ − ps̃, i.e.
q(r̃ − r) = p(s̃ − s). Since q and p are coprime we see that r̃ = r + p · m and
s̃ = s + q · m for some m ∈ Z. We de�ne Θr,s and Θr̃,s̃ in the obvious way. It is
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straightforward to verify that the map

(S1×B2
)∪Θr,s◦Φ|S1×S1 (S3\Φ(B2×S1)) → (S1×B2

) ∪Θr̃,s̃◦Φ|S1×S1 (S3\Φ(B2×S1))

P 7→
{
P, if P ∈ S3\Φ(B2×S1),
(z, wzm), if P = (z, w) ∈ S1×B2

is a di�eomorphism.
Now let Ξ: S1 × S1 → S1 × S1 be any orientation-preserving di�eomorphism

Ξ: S1 × S1 → S1 × S1 with (Φ ◦ Ξ)∗([{∗} × S1]) = p · [µ] + q · [λ]. We write
(Φ ◦ Ξ)∗([{∗} × S1]) = r · [µ] + s · [λ]. Since Θ is orientation-preserving we know
by Lemma 114.15 that qr − ps = 1. We use r and s to de�ne the orientation-
preserving di�eomorphism Θ: S1 × S1 → S1 × S1 as above. Since Ξ and Θ are
both orientation-preserving di�eomorphisms of S1 × S1 that induce the same map
on H1(S1 × S1) we know by Theorem 146.7 we know that there exists a di�eotopy
F : S1 × S1 × [0, 1]→ S1 × S1 with F0 = Ξ ◦Θ−1 and F1 = id. It is straightforward
to verify that the map

(S1×B2
)∪Θ◦Φ|S1×S1 (S3\Φ(B2×S1)) → (S1×B2

) ∪Ξ◦Φ|S1×S1 (S3\Φ(B2×S1))

P 7→


P, if P ∈ S3\Φ(B2×S1),
|w|·F2·|w|−1(z, w|w|), if P =(z, w) with |w|≥ 1

2

(z, w), if P =(z, w) with |w|≤ 1
2
.

is a di�eomorphism.
(4) We consider the map

Ξ: S1 × S1 → S1 × S1

(z, w) 7→ (zr · wp, zs · wq).

It is straightforward to see that (Φ ◦ Ξ)∗([{∗} × S1]) = −p · [µ] − q · [λ]. The map
Ξ ◦ Θ−1 : S1 × S1 → S1 × S1 is given by (z, w) 7→ (z, w). Since this map extends to
a di�eomorphism of S1 × B2

in the obvious way. This observation now gives us the
following orientation-preserving di�eomorphism

=S3
p/q

(K)︷ ︸︸ ︷
(S1×B2

)∪Θ◦Φ|S1×S1 (S3\Φ(B2×S1)) →

=S3
−p/−q(K)︷ ︸︸ ︷

(S1×B2
) ∪Ξ◦Φ|S1×S1 (S3\Φ(B2×S1))

P 7→
{
P, if P ∈ S3\Φ(B2×S1),
(z, w), if P = (z, w) ∈ S1 ×B2

.

(5) In the Longitude-Meridian Lemma 131.2 (6) we showed that swapping the orientation
of K has the e�ect of swapping the orientation of the meridian and the longitude.
Thus we see that this statement follows immediately from Statement (4).
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(6) We have the following isomorphisms:

by the Seifert�van Kampen Theorem 54.4, where
map π1(S1 × S1)→ π1(XK) is induced by the map ϕ
↓

π1(S3
p/q(K)) ∼= π1(S1 ×B2

) ∗π1(S1×S1) π1(XK) ∼= 〈s〉 ∗〈s〉×〈t〉 π1(XK)
∼= {e} ∗〈〈t〉〉 π1(XK) ∼= π1(XK)/〈〈ϕ∗(t)〉〉 ∼= π1(XK)/〈〈µpK〉〉.
↑ ↑ ↑

by the Amalgamated Product by the Amalgamated Product by de�nition of ϕ
Lemma 53.22 (5) and (6) Lemma 53.22 (2)

The statement regarding H1(S3
p/q(K)) can be deduced easily from the above calcu-

lation together with the Hurewicz Theorem 84.5. Alternatively it is of course also a
great pleasure to prove the statement directly using the Mayer-Vietoris Theorem 78.9.

(7) Suppose q = 1. Then we can set r = 1 and s = 0. In this case the above map Θ
extends to the di�eomorphism

Θ: B
2 × S1 → B

2 × S1

(z, w) 7→ (z · wp, wq).
Note that by the Knot Thickening Lemma 131.1 (1) we know that Φ◦Θ is a thickening
of K of self-linking number p. We have

(S3)(Φ ◦Θ) = (S1 ×B2
) ∪Θ◦Φ|S1×S1 (S3 \

=Φ(B2×S1)︷ ︸︸ ︷
(Φ ◦Θ)(B2 × S1)) = S3

p/q(K).
↑ ↑

see de�nition on page ?? by de�nition of S3
p/q(K) �

De�nition. Let K Ă S3 be an knot and let r ∈ Q ∪ {∞}. We pick an orientation for K.
(1) If r ∈ Q, then we pick coprime p, q ∈ Z with r = p

q
and we de�ne S3

r (K) := S3
p/q(K).

(2) For r =∞ we de�ne S3
r (K) := S3

1/0(K).

It follows from the Dehn Surgery Proposition 147.4 (4) and (5) that, up to an orientation-
preserving di�eomorphism, the de�nition of S3

r (K) does not depend on any of the choices
we just made. In either case we refer to S3

r (K) as the r-Dehn surgery along K. Sometimes
we refer to this procedure as a rational Dehn surgery instead of just Dehn surgery. If
r ∈ Z, then we refer to this Dehn surgery as an integral Dehn surgery.
The following lemma gives us a few basic examples.
Lemma 147.5.
(1) Let p, q ∈ N be coprime. The p

q
-Dehn surgery along the unknot admits an orientation-

preserving di�eomorphism to the lens space L(p, q).
(2) Given any n ∈ Z the 1

n
-Dehn surgery along the unknot is di�eomorphic to S3.

(3) Given any knot K ∈ S3 the ∞-Dehn surgery is di�eomorphic S3.

Proof.

(1) Let p ∈ N and let q ∈ Z be coprime to p. We pick r, s ∈ Z such that qr − ps = −1.
We consider the map

Θ: S1 × S1 → S1 × S1

(z, w) 7→ (zr · wp, zs · wq).
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We write

A =
(
q p
s r

) and we consider the orientation-
reversing di�eomorphism

ϕ : R2/Z2 → R2/Z2

[v] 7→ [Av].

If we make the usual identi�cation S1×S1 = R2/Z2, then there exists an orientation-
preserving di�eomorphism

L(p, q)
∼=−→ M(S1 ×B2

, S1 ×B2
, ϕ).

This statement follows immediately from the Lens Space-Splitting Lemma 146.2.
(2) This statement follows immediately from (1). For entertainment we will also prove

this statement in Exercise 147.2.
(3) Let K be a knot. We pick an orientation and a thickening Φ: B

2 × S1 → S3 of
self-linking number 0. We consider the map Θ: S1 × S1 → S1 × S1 that is given
by swapping the coordinates, i.e. it is given by Θ(z, w) = (w, z). It follows almost
immediately from the de�nitions that (Φ ◦Θ)∗([{∗}×S1]) = 1 · [µ] + 0 · [λ]. Thus we
see that

S3
∞(K) = S3

1/0(K) ∼= (S1 ×B2
) ∪Φ◦Θ|S1×S1 (S3 \ Φ(B2 × S1))

∼= (B
2 × S1) ∪Φ|S1×S1 (S3 \ Φ(B2 × S1)) ∼= S3.

↑
di�eomorphism given by the obvious extension of Θ to a di�eomorphism S1×B2→B

2×S1 �

The following proposition shows that Dehn surgeries can behave rather unpredictably.

Proposition 147.6. Let r, s ∈ N be coprime and let T (r, s) be the (r, s)-torus knot as
de�ned on page 1312. Furthermore let p, q ∈ Z.
(1) If |rsp+ q| = 1, then the p/q-Dehn surgery along T (r, s) is di�eomorphic to the lens

space L(|q|, ps2).
(2) If |rsp + q| = 0, then the p/q-Dehn surgery along T (r, s) is di�eomorphic to the

connected sum L(r, s)#L(s, r).

Proof. The proof is basically elementary and can be performed as a challenging exercise.
Alternatively the proposition is proved in [Mos1971, Propositions 3.2 and 4]. �

Now the following subtle questions arises: which manifolds can arise through Dehn surgeries
along knots? We state two very di�cult sample theorems in this direction before we state
two open problems, to give the reader a �avor of what is know and what is still left.

Theorem 147.7. (Property P Theorem) Let K Ă S3 be a knot and let r ∈ Q. If
π1(S3

r (K)) is trivial, then K is smoothly isotopic to the unknot.

Proof. Let K Ă S3 be a knot and let r ∈ Q. Cameron Gordon and John Luecke [GL1989,
Theorem 2] showed in the 1980s that if S3

r (K) is di�eomorphic to S3, then K is the unknot.
Thus the Property P Theorem follows from this fact together with the proof of the Poincaré
Conjecture by Grigori Perelman in 2004, see Theorem ??. An alternative proof of the
Property P Theorem was given by Peter Kronheimer and Tomasz Mrowka [KrM2004],
building on the Cyclic Surgery Theorem [CGLS1987]. �

We just saw that all lens spaces arise as Dehn surgery along the unknot. The question
arises, which knots admit a surgery that is di�eomorphic to a lens space? In 1990 John
Berge [Berge1990] proved the following result.
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Proposition 147.8. Let K Ă S3 be a knot that lies on a Heegaard surface of genus
two, such that for each of the two corresponding handlebody the knot K represents a
primitive element in the fundamental group of the handlebody. (Such knots are called
double primitive). Then K admits a Dehn surgery that is a lens space.
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genus 2 Heegaard surface for S3

one twist
n twists

double primitive knot

Rather surprisingly it is not known whether the converse to the proposition holds. More
precisely, the following conjecture, which goes back to [Berge1990] and [Gor1972, Ques-
tion 5.5] is still open.

Conjecture 147.9. (Berge Conjecture) If K is a knot that admits a Dehn surgery that
is di�eomorphic to a lens space, then K is double primitive.
Even though there is no really good reason why the conjecture should indeed be true
there is by now an impressive literature, see e.g. [Ni2007, Greene2013] supporting the
conjecture.

147.3. Dehn surgery along links. We now generalize the above setup from the previous
section to links in the obvious way.
De�nition.
(1) A framed (oriented) link consists of an (oriented) link L = L1 ∪ · · · ∪ Lm in S3

together with am m-tuple r = (r1, . . . , rm) where each ri lies in Q ∪ {∞}.
(2) Give an framed link (L = L1 ∪ · · · ∪Lm, r = (r1, . . . , rm)) we de�ne the correspond-

ing Dehn surgery S3
r (L) by doing the ri-Dehn surgeries along the components Li

simultaneously, using disjoint thickenings. If all the ri are integers, then we refer to
the Dehn surgery as an integral Dehn surgery along L. As for knots we sometimes
refer to a Dehn surgery as a rational Dehn surgery to di�erentiate it from the special
case of an integral Dehn surgery

(3) Let M be a closed smooth manifold. A surgery description for M is a framed link
(L, r) such that M admits an orientation-preserving di�eomorphism to S3

r (L). We
say the surgery description is integral if all the ri lie in Z.

Lemma 147.10. Let (L, r) and (L̃, r̃) be two framed links in S3 that are separated by a
smoothly embedded sphere, i.e. we assume that there exists a smooth embedding ϕ : S2 →
S3 such that L is contained in one component of S3 \ϕ(S2) and L̃ is contained in the other
of S3 \ ϕ(S2). Then S3

r∪r̃(L ∪ L̃) admits an orientation-preserving di�eomorphism to the
connected sum S3

r (L)#S3
r̃ (L̃).

Proof. It follows from the Generalized Smooth Schön�ies Theorem 82.5 in dimension 3
that without loss of generality we can assume that ϕ(S2) is the �equatorial sphere� S3

=0 =

{(x1, x2, x3, x4) ∈ S3 |x4 = 0} and that L is contained in S3
≥0 and that L̃ is contained in

S3
≤0. Now let f : B

3 → S3
≤0 be an orientation-preserving embedding and let ρ : S3 → S3 be
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the re�ection in the (x4 = 0)-hyperplane. We see that

S3
r∪r̃(L ∪ L̃) ∼= (S3

r (L) \ f(B3)) ∪S3
=0

(S3
r̃ (L̃) \ (ρ ◦ f)(B3)) ∼= S3

r (L)#S3
r̃ (L̃).

↑ ↑
since S3 = S3

≥0 ∪S3=0 S
3
≤0 by the de�nition of connected sum �

We can now give the following reformulation of the Lickorish-Wallace Theorem 147.1.

Theorem 147.11. (Lickorish-Wallace Theorem) Every closed orientable connected
3-dimensional smooth manifold M can be obtained through integral Dehn surgery along
a link. In other words, M admits an integral surgery description.

Proof. Let M be a closed orientable connected 3-dimensional smooth manifold. In the
proof of the Lickorish-Wallace Theorem 147.1 we showed that there exists a link L together
with a thickening such that M is the surgery along this thickened link. But any such
surgery is an integral Dehn surgery. In fact reading the proof carefully one sees that all the
surgery coe�cients are in fact equal to +1. �

Examples.

(1) The Lickorish-Wallace Theorem 147.11 implies in particular that any lens space
L(p, q) can be obtained from integral Dehn surgery along a link. One possible way of
doing this is as follows: Let p

q
= x1 − 1

x2− 1

x3−
1

···− 1
xn

be a continued fraction expansion

with x1, . . . , xn ∈ Z. By [Sav2012, Theorem 2.3] we know that the �gure below
gives a surgery description for the lens space L(p, q).

������������ ��

��
��
��
��

−x3 −xm−x1 −x2 −xm−1

(2) By [Sav2012, p. 49] or [KSc1979] we know that the �gure below gives two surgery
descriptions for the Poincaré Homology Sphere that we introduced on page 2161.

��
��
��
��

−2 −2 −2 −2 −2 −2 −2

−2

+1

This short discussion surely wets the reader's appetite for more. We refer the curious reader
to [Sav2012, GoS1999, Rolf1990] for more examples.

Before we can state our next proposition we need to make a few preparations.
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De�nition. Let K be an oriented knot and let ϕ : B
2 × S1 → S3 = ∂B

4
be a framing

for K. Since H2(B
4
;Z) = H1(B

4
;Z) = 0 we obtain from the Handle Attachment-H∗-

Lemma 136.13 a natural isomorphism H2((B
2 × B2

) ∪ϕ|
B

2×S1
B

4
;Z) → H1(S1;Z). There

exists a unique class in H2((B
2 ×B2

) ∪ϕ|
B

2×S1
B

4
;Z) that gets sent to −[S1]. We refer to

this class as the canonical generator.

Lemma 147.12. Let K be an oriented knot and let ϕ : B
2×S1 → S3 = ∂B

4
be a framing

for K. Let Σ be a Seifert surface for K and let Σ̃ be a push-in of the Seifert surface into
B

4
. The submanifold Σ̃∪ ({0}×B2

), with the orientation coming from the Seifert surface,
represents the canonical generator of H2((B

2 ×B2
) ∪ϕ|

B
2×S1

B
4
;Z).

Proposition 147.13. Let (L = L1 ∪ · · · ∪Lm, r = (r1, . . . , rm)) be a framed oriented link.
For i = 1, . . . ,m we pick a thickening ϕi : B

2 × S1 → S3 for Li. We assume that the
images are disjoint. Let W be the compact oriented 4-dimensional smooth manifold that
is obtained from B

4
by attaching handles along ϕ1, . . . , ϕm. This smooth manifold has the

following properties:
(1) ∂(W ) = S3

r (L).
(2) For i = 1, . . . ,m there exists a unique homology class αi ∈ H2(W ;Z) that lies in

the image of H2(B
4∪ϕ(B)

Exercises for Chapter 147.

Exercise 147.1.

(a) Let X be a compact orientable 4-dimensional smooth manifold that has a handle
decomposition consisting of a single 0-handle and k 1-handles. Show that there
exists a compact orientable 4-dimensional smooth manifold X̃ that has a handle
decomposition consisting of a single 0-handle and k 2-handles with ∂X̃ = ∂X.
Hint. ∂(S1 ×B3

) = ∂(B
2 × S2).

(b) Let X be a compact orientable 4-dimensional smooth manifold. Show that there
exists a compact orientable 4-dimensional smooth manifold X̃ without 1-handles
which satis�es ∂X = ∂X.

(c) Let M be a closed orientable connected 3-manifold that is the boundary a compact
orientable 4-dimensional smooth manifold X. Show that there exists a link L Ă S3

such that M is di�eomorphic to surgery along L.
Remark. This exercise shows that one can deduce the Lickorish-Wallace Theorem 147.1
from the 3-Manifolds Bound Theorem 147.3.

Exercise 147.2. Let K be a knot. Show �by hand� that the ∞-Dehn surgery along K is
di�eomorphic to S3.

Exercise 147.3. Let K Ă S3 be a non-trivial knot and let r ∈ Q∪{∞}. By the Property
P Theorem 147.7 we know in particular that if S3

r (K) is di�eomorphic to S3, then r =∞.
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Now let K and L be two knots such that the knot exteriors XK and XL are di�eomorphic.
Show that K is smoothly isotopic to L or to the mirror image of L.
Hint. Show that a knot is determined by its knot exterior XK together with the meridian
µK Ă XK .

Exercise 147.4. Let M be a closed oriented 3-dimensional smooth manifold and let be a
thickened link. What is surgery presentation for −M?

Exercise 147.5. E�ect of surgery in the complement of a knot, i.e. get crossing change



148. THE LINKING PAIRING ON RATIONAL HOMOLOGY SPHERES 3143

148. The linking pairing on rational homology spheres

148.1. Rational homology spheres. We recall the following lemma.
Lemma 48.6. Let p ∈ N and furthermore let q, r ∈ Z with gcd(p, q) = gcd(p, r) = 1. If
q ≡ ±r±1 mod p,1751 then L(p, q) and L(p, r) are di�eomorphic.
In Question 48.7 we had asked whether the converse to the Lens Spaces-Di�eomorphisms
Lemma 48.6 holds. So far we have made little progress. On page 1089 we saw, using
fundamental groups, that if two lens spaces L(p, q) and L(p̃, q̃) are homeomorphic, then
p = p̃. Afterwards, on page 1574 we saw that higher homotopy groups do not carry any
additional information. In the Lens Space Homology Lemma 98.9 we had determined the
homology groups of lens spaces, more precisely we showed that

Hn(L(p, q);Z) ∼=

 Z, if n = 0, 3,
Zp, if n = 1,
0, otherwise.

From the Universal Coe�cient Theorem for Cohomology Groups 110.12 it follows that

Hn(L(p, q);Z) ∼=

 Z, if n = 0, 3,
Zp, if n = 2,
0, otherwise.

This shows that homology groups and cohomology groups cannot be used to distinguish
the lens spaces L(p, q) and L(p, q′).
In Chapter 132 we had successfully applied the cup product to distinguish several smooth
manifolds that could not be distinguished just using cohomology groups. It is therefore
tempting to try to use cup products to distinguish lens spaces. But here we immediately
encounter the problem, that all non-trivial cup products are trivially trivial. More precisely,
all cup products of cohomology classes in degree ≥ 1 are zero, since too many cohomology
groups are zero. For example, the cup product on the non-trivial group H2(L(p, q);Z) with
itself is zero since it takes values in H4(L(p, q);Z) = 0.
In this chapter we will develop an analogue of the intersection form, namely the linking
pairing. This is an invariant de�ned for lens spaces, or more generally, for odd-dimensional
rational homology spheres, which are de�ned as follows:
De�nition. Let R be a commutative ring and let M be an n-dimensional topological
manifold.
(1) We say M is a topological R-homology sphere, if for each k ∈ N0 we have an

isomorphism Hk(M ;R) ∼= Hk(S
n;R), i.e. we have

Hk(M ;R) ∼=
{
R, if k = 0, n,
0, otherwise.

Sometimes we also just say R-homology sphere.
(2) Instead of Z-homology sphere we usually say integral homology sphere and instead

of Q-homology sphere we usually say rational homology sphere.

1751By our hypothesis we have gcd(p, r) = 1. This implies that there exists a multiplicative inverse of r
modulo p, i.e. there exists an s with r · s ≡ 1 mod p. We write r−1 := s.
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(3) If M is actually a smooth manifold, then we say smooth R-homology sphere.

Examples.
(1) Integral homology spheres are precisely the homology spheres that we introduced on

pages 2159 and 2710.
(2) It follows from the aforementioned calculation of the homology groups of lens spaces

and Corollary 89.19 (which is a straightforward consequence of the Universal Coe�-
cient Theorem 89.16), that lens spaces are smooth rational homology spheres.

(3) It follows from the Connected Sum-Invariants Proposition 132.11 that the connected
sum of two n-dimensional R-homology spheres is again an n-dimensional R-homology
sphere.

The following lemma gives an alternative description of rational homology spheres.
Lemma 148.1. Let M be an n-dimensional topological manifold M . Then the following
holds:1752

M is a rational homology sphere ⇐⇒ M is closed connected and orientable and
Hi(M ;Z) is �nite for i = 1, . . . , bn−1

2
c.

Proof. The proof of the lemma is basically an exercise in combining all the standard facts
on homology groups of topological manifolds that we have gathered so far. More precisely,
the �⇒� direction follows from Corollary 89.19, the Topological Manifolds-Invariants Propo-
sition 104.14 (4), the H0-Proposition 72.5 and Theorems 106.1 and 106.3. The proof of the
�⇐� direction also requires the above ingredients, furthermore it also requires the Poincaré
Duality Theorem 119.1. We leave it to the reader to connect the dots. �

148.2. The Bockstein homomorphisms. Before we can introduce the linking pairing of
rational homology spheres we need to give some harmless extensions of our de�nitions and
results from (co-) homology theory. We will do so in the coming two sections.
Let X be a topological space and let f : A → B be a homomorphism of abelian groups.
We recall that in Lemma 89.7 (2) we saw that the maps

f∗ : C∗(X;A) → C∗(X;B)[ k∑
i=1
σi ⊗ ai

]
7→

[ k∑
i=1
σi ⊗ f(ai)

]
form a chain map, in particular for each n ∈ N0 we obtain an induced map

f∗ : Hn(X;A) → Hn(X;B).

Similarly, it follows from the discussion on page 2401 that the maps

f∗ : Cn(X;A) = Hom(Cn(X), A) → Cn(X;B) = Hom(Cn(X), B)
ϕ 7→ f ◦ ϕ

de�ne a cochain map, in particular we get for each n ∈ N0 an induced map
f∗ : Hn(X;A) → Hn(X;B)

In the following lemma we discuss one subtle example.

1752Here recall that given a real number r we denote by brc = max{n ∈ Z | n ≤ r} the result of rounding
r down.
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Lemma 148.2. Let k ∈ Z. We denote by f : Z → Z the map that is given by multi-
plication by k. Given any pair (X,A) of topological spaces and given any n ∈ N0 the
maps f∗ : Hn(X,A;Z) → Hn(X,A;Z) and f∗ : Hn(X,A;Z) → Hn(X,A;Z) are given by
multiplication by m.

Proof. It is arguable whether this lemma actually needs a proof. Nonetheless, since at
one point we will make use of the statement for cohomology, we provide the proof for the
induced maps on cohomology. Thus let γ : Ck(X,A)→ Z be a cochain. We see that

f∗([γ]) = [f ◦γ] =

[
Ck(X,A) → Z

σ 7→ n · f(σ)︸ ︷︷ ︸
=(f◦γ)(σ)

]
=

[
Ck(X,A) → Z

σ 7→ (n·f)(σ)

]
= [n · f ] = n·[γ].

↑
this is the point where something happens �

These observations lead us to the de�nitions of the Bockstein homomorphisms.

De�nition. Let X be a topological space and let 0→ A
i−→ B

p−→ C → 0 be a short exact
sequence of abelian groups. Let n ∈ N0. It follows from the fact that Cn(X) is a free
abelian group and from the natural isomorphisms of the Tensor Lemma 89.3 that

0 → Cn(X;A)
i∗−→ Cn(X;B)

p∗−→ Cn(X;C) → 0

is also exact. Thus we obtain a short exact sequence

0 → C∗(X;A)
i∗−→ C∗(X;B)

p∗−→ C∗(X;C) → 0

of chain complexes. Furthermore, from the LES Proposition 74.9 we obtain a long exact
sequence

. . .
∂n−1−−−→

=:βn−1

Hn(X;A)
i∗−→ Hn(X;B)

p∗−→ Hn(X;C)
∂n−−→

=:βn
Hn−1(X;A) → . . .

which is called the Bockstein sequence in homology.1753 Furthermore for each n ∈ N0 the
connecting homomorphism β = ∂n : Hn(X;C)→ Hn−1(X;A) is called the n-th Bockstein
homomorphism in homology.
The same setup also works in cohomology.

De�nition. We continue with the notation from the previous de�nition. Since each Cn(X)
is a free abelian group one sees easily that

0 → C∗(X;A)
i−→ C∗(X;B)

p∗−→ C∗(X;C) → 0

is a short exact sequence of cochain complexes. From the Connecting Homomorphism
Proposition 108.6 we obtain a natural long exact sequence of cohomology groups

. . .
δn−1−−−−→

=:βn−1

Hn(X;A)
i∗−→ Hn(X;B)

p∗−→ Hn(X;C)
δn−−→

=:βn
Hn+1(X;A) → . . .

which is called the Bockstein sequence in cohomology. Furthermore for each n ∈ N0 the
connecting homomorphism β = δn : Hn(X;C) → Hn+1(X;A) is called the n-th Bockstein
homomorphism in cohomology.

1753The Bockstein homomorphism is named after the Russian mathematician Meyer Bockstein (1913-1990).
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Examples. Let X be a topological space. The following two instances of the Bockstein
homomorphisms are arguably the ones which are most frequently used:

(1) Let k ∈ N. We consider the short exact sequence 0→ Zk
·k−→ Zk2

p−→ Zk → 0 where p
stands for the natural projection. Given a topological space X we obtain Bockstein
homomorphisms βn : Hn(X;Zk) → Hn−1(X;Zk), n ∈ N0. In Exercise 148.1 we will
see that βn−1 ◦ βn : Hn(X;Zk)→ Hn−2(X;Zk) is the zero map.

(2) In Section 148.4 we will consider the short exact sequence 0 → Z → Q → Q/Z →
0. It gives rise to Bockstein homomorphisms βn : Hn(X;Q/Z) → Hn−1(X;Z) and
βn : Hn(X;Q/Z)→ Hn+1(X;Z).

For completeness' sake we mention the following lemma.

Lemma 148.3. Let 0→ A
i−→ B

p−→ C → 0 be a short exact sequence of abelian groups.
(1) Let n ∈ N0. The n-th Bockstein homomorphisms βn corresponding to the short exact

sequence of abelian groups form a natural transformation from the contravariant
functor X 7→ Hn(X;C) to the contravariant functor X 7→ Hn+1(X;A).

(2) Given a map f : X → Y between topological spaces the following diagram commutes:

. . .
βn−1
// Hn(Y ;A)

i∗ //

f∗

��

Hn(Y ;B)
p∗
//

f∗

��

Hn(Y ;C)
βn
//

f∗

��

Hn+1(Y ;A) //

f∗

��

. . .

. . .
βn−1
// Hn(X;A)

i∗ // Hn(X;B)
p∗
// Hn(X;C)

βn
// Hn+1(X;A) // . . .

Proof. The �rst statement is essentially a consequence of the Connecting Homomorphism
Lemma 74.8 (2). The second statement follows from the �rst statement together with
Lemma 108.9. �

148.3. The cup product and the cap product with coe�cients. On page 2513,
given a topological space X, we introduced the cup product for the R-cohomology groups
H∗(X;R) provided the coe�cients are given by a commutative ring R. In this section
we will generalize the notion of the cup product where we no longer demand that the
coe�cients lie in a commutative ring R. Furthermore we also de�ne a slight variation
on the cap product. It is advisable to quickly look at the de�nitions and then move on
to the next section. All the statements proved in this section are basically the obvious
generalizations of earlier results.
Before we introduce the more general cup product, we recall the following notation from
page 2503.

Notation. Given any i ∈ {0, . . . , n} we write vi := (0, . . . , 1, 0, . . . , 0) ∈ Rn+1 and sec-
ondly, given a0, . . . , as ∈ ∆n we denote by [a0, . . . , as] the unique a�ne linear map ∆s → ∆n

that sends vi to ai for i = 0, . . . , s.
Now we can give the quite simple-minded de�nition of the more general cup product.
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De�nition. Let X be a topological space and let A and B be abelian groups. We de�ne

Cp(X;A)×Cq(X;B) → Cp+q(X;A⊗B)

(ϕ, ψ) 7→

(ϕ Y⊗ ψ : Cp+q(X)→ A⊗B
(σ : ∆p+q → X) 7→ ϕ(σ◦[v0, . . . , vp])︸ ︷︷ ︸

∈A

⊗ ψ(σ◦[vp, . . . , vp+q])︸ ︷︷ ︸
∈B

)
.

We have the following elementary lemma. The proof is basically verbatim the same as the
proof of Coboundary-Cup Product Lemma 114.2.

Lemma 148.4. Let X be a topological space and let A and B be two abelian groups. If
ϕ ∈ Cp(X;A) and ψ ∈ Cq(X;B), then

δ(ϕ Y⊗ ψ) = δϕ Y⊗ ψ + (−1)p · ϕ Y⊗ δψ ∈ Cp+q+1(X;A⊗B).

Now we can easily prove the following lemma. The proof again is basically the same as the
proof of Lemma 114.3, we just need to replace Coboundary-Cup Product Lemma 114.2 by
Lemma 148.4.
Lemma 148.5. Let X be a topological space and let A and B be abelian groups. Then
the map

Y⊗ : Hp(X;A)× Hq(X;B) → Hp+q(X;A⊗B)
([ϕ], [ψ]) 7→ [ϕ Y⊗ ψ]

is well-de�ned.
We refer to the pairing from Lemma 148.5 again as a cup product. The following lemma is
an immediate consequence of the de�nitions.

Lemma 148.6. Let X be a topological space.
(1) If α : A→ A′ and β : B → B′ are homomorphisms between two abelian groups, then

for any k, l ∈ N0 the following diagram commutes

Hk(X;A)× Hl(X;B)
α∗×β∗
��

Y⊗
// Hk+l(X;A⊗B)

(α⊗β)∗
��

Hk(X;A′)× Hl(X;B′)
Y⊗

// Hk+l(X;A′ ⊗B′).

(2) If f : X → X ′ is a map to another topological space X ′ and if A and B are two
abelian groups, then for any k, l ∈ N0 the following diagram commutes

Hk(X ′;A)× Hl(X ′;B)
f∗×f∗
��

Y⊗
// Hk+l(X ′;A⊗B)

f∗
��

Hk(X;A)× Hl(X;B)
Y⊗

// Hk+l(X;A⊗B).

To formulate the relationship to the earlier de�nition of the cup product we need to intro-
duce the following de�nition.

De�nition. Let R be a commutative ring. We refer to the homomorphism17541755

µ : R⊗R → R
n∑
i=1

ai︸︷︷︸
∈Z

· ri︸︷︷︸
∈R

⊗ si︸︷︷︸
∈R

7→
n∑
i=1
ai · (ri · si︸ ︷︷ ︸

∈R

)

as the multiplication induced map.



3148

Now we can formulate the relationship between the two cup products.
Lemma 148.7. Let X be a topological space. If R is a commutative ring, then we have
the following commutative diagram

Hp(X;R)× Hq(X;R)
Y⊗
ss

Y
**

Hp+q(X;R⊗R)
µ∗

// Hp+q(X;R)

where µ : R⊗R→ R denotes the multiplication induced map.
The proof of the following proposition is almost identical to the proof of the earlier the
Cup Product-Commutativity Proposition 114.8.
Proposition 148.8. Let X be a topological space and let A and B be abelian groups.
Furthermore let ϕ ∈ Hp(X;A) and ψ ∈ Hq(X;B). If we denote by Θ: A ⊗ B → B ⊗ A
the natural isomorphism induced by a⊗ b 7→ b⊗ a, see the Tensor Lemma 89.3 (1), then

Θ∗
(
a Y⊗ b︸ ︷︷ ︸

∈Hp+q(X;A⊗B)

)
= (−1)p·q · b Y⊗ a.︸ ︷︷ ︸

∈Hp+q(X;B⊗A)

We also need a barely visible variation on the cap product.
De�nition. Let X be a topological space, let U be a subset of X and let G be an abelian
group. Furthermore let k ≤ l. We de�ne the cap product

Ck(X;G)× Cl(X,U) → Cl−k(X,U ;G) = Cl−k(X,U)⊗G
(ϕ, [σ : ∆l → X]) 7→ ϕ X σ := σ ◦ [vk, . . . , vl]︸ ︷︷ ︸

∈Cl−k(X,U)

⊗ ϕ(σ ◦ [v0, . . . , vk])︸ ︷︷ ︸
∈G

.

For k > l we de�ne the cap product to be the zero map.
The following lemma summarizes the key properties of the more general cap product.
Lemma 148.9. Let X be a topological space, let U be a subset of X, let G be an abelian
group and let k, l ∈ N0.
(1) The map Hk(X;G)× Hl(X,U ;Z) → Hl−k(X,U ;G)

([ϕ], [σ]) 7→ [ϕ] X [σ] := [ϕ X σ]

is well-de�ned.
(2) For any ϕ ∈ Hk(X;G) and any σ ∈ Hk(X;Z) we have

εX(ϕ X σ) = 〈ϕ, σ〉 ∈ A,

where εX : H0(X;G)→ G is the augmentation map and 〈 , 〉 denotes the Kronecker
pairing that we introduced in Lemma 109.6.

(3) If ρ : G→ B is a homomorphism of abelian groups, then for any ϕ ∈ Hk(X;G) and
any σ ∈ Hl(X,U ;Z) we have

ρ∗(ϕ) X σ = ρ∗(ϕ X σ) ∈ Hl−k(X,U ;B).

1754Note that this is indeed a homomorphism of abelian groups.
1755Here on the right-hand side we implicitly use that any abelian group, in particular R, is a Z-module.
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(4) If f : (X,U) → (Y, V ) is a map between pairs of topological spaces, then for any
ϕ ∈ Hk(Y ;G) and any σ ∈ Hl(X,U ;Z) we have

f∗(f
∗(ϕ) X σ) = ϕ X f∗(σ) ∈ Hl−k(Y, V ;G).

Note that here f ∗ denotes the induced map f ∗ : Hk(Y ;G) → Hk(X;G) on absolute
cohomology, whereas f∗ denotes the induced maps Hl(X,U ;Z) → Hl(Y, V ;Z) and
Hl−k(X,U ;A)→ Hl−k(Y, V ;A) on relative homology groups.

(5) Let ϕ ∈ Hk(X;Z), ψ ∈ Hl(X;G) and furthermore let σ ∈ Hn(X;Z). We denote by
c : G ⊗ Z → G and c : Z ⊗ G → G the obvious isomorphisms given by the Tensor
Lemma 89.3. Then

ϕ X (ψ X σ) = c∗(

∈Hk+l(X;G⊗Z)︷ ︸︸ ︷
ψ Y⊗ ϕ )︸ ︷︷ ︸

∈Hk+l(X;G)

X σ = (−1)kl · c∗(
∈Hk+l(X;Z⊗G)︷ ︸︸ ︷
ϕ Y⊗ ψ )︸ ︷︷ ︸

∈Hk+l(X;G)

X σ ∈ Hn−k−l(X;G).

Proof. The proof of the �rst statement is entirely analogous to the proof of Lemma 116.2 or
Lemma 90.6. The second statement and the third statement are an immediate consequence
of the de�nitions. The fourth statement is a mild generalization of the Cap Product-
Naturality Lemma 116.8 and it is also a straightforward consequence of the de�nitions.
Furthermore the �rst equality of the last statement is an equally mild generalization of the
Cup-Cap Lemma 116.7. Finally the last equality of the last statement is a consequence of
Proposition 148.8. �

Later on we will also need the following slight variation on the Poincaré Duality Theo-
rem 119.1. The proof is verbatim the same as the proof of the Poincaré Duality Theo-
rem 119.1.
Proposition 148.10. LetM be a compact oriented non-empty n-dimensional topological
manifold and let G be an abelian group. For each k ∈ N0 the map

Hk(M ;G)
∼=−→ Hn−k(M,∂M ;G)

σ 7→ σ X [M ]

is an isomorphism.
The above proposition leads us to the following de�nition.
De�nition. Let M be a closed oriented non-empty n-dimensional topological manifold
and let G be an abelian group. We denote by

PDG
M : Hk(M ;G)

∼=−→ Hn−k(M ;G)

the inverse of the isomorphism of the Poincaré Duality isomorphism given by Proposi-
tion 148.10.
The following lemma is an immediate consequence of the relevant de�nitions together with
Lemma 148.9 (3).

Lemma 148.11. Let M be a closed oriented non-empty n-dimensional topological man-
ifold. If ρ : G → H is a homomorphism of abelian groups, then for every k ∈ N0 the
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following diagram commutes:

Hk(M ;G)

ρ∗
��

PDGM // Hn−k(M ;G)

ρ∗
��

Hk(M ;H)
PDHM // Hn−k(M ;H).

148.4. The linking pairing on odd-dimensional rational homology spheres. Now
we return to the study of rational homology spheres. We start out with the following
elementary lemma.

Lemma 148.12. Let n ≥ 1. For every (2n+ 1)-dimensional rational homology sphere M
the Bockstein homomorphism β : Hn(M ;Q/Z) → Hn+1(M ;Z) corresponding to the short
exact sequence 0→ Z→ Q→ Q/Z→ 0 is an isomorphism.

Proof. It follows from our hypothesis together with the Cohomology-Field Coe�cients
Proposition 110.18 (or alternatively together with the Co-Homology Symmetry Theo-
rem Theorem 119.6), that for the rational homology sphere M we have Hn(M ;Q) =
Hn+1(M ;Q) = 0. Thus it follows from the Bockstein sequence in cohomology that the
Bockstein homomorphism Hn(M ;Q/Z)→ Hn+1(M ;Z) is an isomorphism. �

We continue with the following purely algebraic de�nition.

De�nition. A linking pairing on an abelian group H is a pairing that takes values in Q/Z,
i.e. it is a bilinear map λ : H ×H → Q/Z.

Example. Let n ∈ N and let k ∈ Z. The map

λ : Zn × Zn → Q/Z
(a, b) 7→ k

n · a · b

is a symmetric linking pairing. It is an amusing exercise to show that this linking pairing
is non-singular, in the sense of the de�nition on page 2656, if and only if k is coprime to n.

The following lemma is a variation on the Non-Singularity Lemma 121.1. It gives another
rich source of linking pairings.

Lemma 148.13. (Linking Form-Matrix Lemma) If A ∈ M(n× n,Z) is a symmetric
matrix with det(A) 6= 0, then the map

λ(A) : Zn/AZn × Zn/AZn → Q/Z
([v], [w]) 7→ vTA−1w

is well-de�ned and it de�nes a non-singular symmetric linking pairing.
Since we will not make use of the Linking Form-Matrix Lemma 148.13 we will only provide
a sketch of a proof.

Sketch of proof. It follows easily from the symmetry of A that the linking pairing is well-
de�ned, i.e. that it is independent of the choice of the representatives v and w. Furthermore
it is straightforward to see that the linking pairing is symmetric. It remains to show that
the linking pairing is non-singular. By the symmetry of the linking pairing it su�ces to
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show that the map
Φ: Zn/AZn → Hom(Zn/AZn,Q/Z)

[v] 7→ ([w] 7→ vTA−1w)

is an isomorphism. We make the following three observations:
(1) From Lemma 51.8 and det(A) 6= 0 we know that Zn/AZn is a torsion-group.
(2) It follows fairly easily from the Finitely Generated Abelian Group Classi�cation see

Theorem 51.4 that for any �nite abelian group H the groups Hom(H,Q/Z) and H
have the same number of elements.

(3) By (1) and (2) the map Φ is a homomorphism between �nite abelian groups with the
same number of elements. Thus it su�ces to show that Φ is a monomorphism.

Now let v ∈ Zn such that Φ([v]) = 0. This implies that for the i-th standard basis vector
ei the product vTA−1ei =: µi lies in Z. But this means that vTA−1 = (µ1 . . . µn) ∈ Zn, i.e.
using the symmetry of A, we obtain that

v = AT (µ1 . . . , µn)T = A(µ1 . . . µn)T ∈ A · Zn. �

Before we continue we �x some notation that we will use throughout the remainder of this
chapter.

Notation. Let S be a commutative ring and let R be a subring of S. We adopt the
following notations:
(1) We denote by i : R → S the inclusion map and we denote by p : S → R/S the

projection .
(2) Given a topological space X we denote by β the Bockstein homomorphism corre-

sponding to the short exact sequence 0→ R
i−→ S

p−→ S/R→ 0.
(3) Similar to the discussion on page 3147 we can consider the multiplication induced

homomorphisms

R⊗ S/R → S/R
k∑
i=1
ri ⊗ [si] 7→

k∑
i=1

[ri · si]
and

S/R⊗R → S/R
k∑
i=1

[si]⊗ ri 7→
k∑
i=1

[si · ri].

We denote both homomorphisms by ν.
The following de�nition can be viewed as an odd-dimensional analogue of the de�nition
of the intersection form on a compact oriented even-dimensional smooth manifold that we
gave on page 2800.

De�nition. Let M be an oriented rational homology sphere of dimension 2n + 1 with
n ≥ 1. We refer to the map

λM : Hn(M ;Z)× Hn(M ;Z) → Q/Z

(a, b) 7→
〈
ν∗
(∈Hn+1(M ;Q/Z)︷ ︸︸ ︷
β−1(PD(a))) Y⊗

∈Hn+1(M ;Z)︷ ︸︸ ︷
PD(b)︸ ︷︷ ︸

∈H2n+1(M ;Q/Z⊗Z)

)
, [M ]

〉
as the linking pairing λM of M .

Remark. With very minor e�orts one can generalize the previous de�nition. More pre-
cisely, let M be a closed oriented (2n + 1)-dimensional smooth manifold. We denote by
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TorHn(M ;Z) the torsion subgroup of Hn(M ;Z). In an almost identical fashion to the
above one can de�ne a pairing

TorHn(M ;Z)× TorHn(M ;Z) → Q/Z.
Furthermore, with similar proofs one can generalize the subsequent Propositions 148.16
and Proposition 148.17 to this more general setup. But since we will not make use of this
generalization we leave it to the reader to �ll in the details.

Lemma 148.14. Let n ≥ 1 and let f : M → N be a homotopy equivalence between
oriented (2n + 1)-dimensional rational homology spheres. By the Homotopic Maps-and-
Homology Proposition 73.6 there exists an ε ∈ {−1, 1} with f∗([M ]) = ε·[N ] ∈ H2n+1(N ;Z).
Then for any x, y ∈ Hn(M ;Z) the following equality holds:

λN(f∗(x), f∗(y)) = ε · λM(x, y).

Proof. In the proof of Lemma 132.6 we had implicitly proved the following statement.1756

Statement 148.15. For any c ∈ Hk(M ;Z) we have

f ∗(PDZ
N(f∗(c))) = ε · PDZ

M(c) ∈ H2n+1−k(M ;Z).

Now we can prove the desired equality. More precisely, we have the following equalities
in Q/Z:

by de�nition of the linking pairing λN
↓

λM(x, y) =
〈
β−1(PDZ

M(x)) Y⊗ PDZ
M(y), [M ]

〉
=
〈
f ∗(β−1(PDZ

N(f∗(x)))) Y⊗ f
∗(PDZ

N(f∗(y))), ε·(f∗)−1([N ])
〉

↑
by the above statement, the convenient truth that ε2 = 1 and the de�nition of ε, we also used the
naturality of β, which is a consequence of the Connecting Homomorphism Proposition 108.6 (2)

=
〈
β−1(PDZ

N(f∗(x))) Y⊗ PDZ
M(f∗(y)), ε·[N ])

〉
= ε · λN(f∗(x), f∗(y)).

↑ ↑
by Lemma 109.6 (3) and Lemma 148.6 (2) de�nition of λN �

In the Intersection Form Proposition 132.4 we saw that the intersection form of a closed
oriented even-dimensional topological manifold is (anti-) symmetric and non-singular. The
following two propositions give us similar statements for linking pairings.

Proposition 148.16. (Linking Pairing-Symmetry Proposition) Let n ≥ 1 and letM
be an oriented (2n+1)-dimensional rational homology sphere. If n is odd, then the linking
pairing λM on Hn(M ;Z) is symmetric otherwise it is anti-symmetric.

Remark. Linking pairings were initially introduced in 1933 by Herbert Seifert [Sei1933,
p. 814] for oriented 3-dimensional rational homology spheres. He gave a somewhat informal
argument why the linking pairing is symmetric. The fact that linking pairings are (anti-
) symmetric is well-known and implicitly or implicitly used many times. But published
proofs of this statement are few and far between. The subsequent proof of the Linking
Pairing-Symmetry Proposition 148.16 �rst appeared in [CFH2016].

1756Strictly speaking, in the proof of Lemma 132.6 the map f was a homeomorphism, but that makes no
di�erence.
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Proposition 148.17. Let n ≥ 1. The linking pairing λM of any oriented (2n+ 1)-dimen-
sional rational homology sphere is non-singular.
In these modest lecture notes we will not make use of Propositions 148.16 and 148.17. Since
the proofs are somewhat technical we hide them in the next section.

148.5. Proofs of Propositions 148.16 and 148.17. We will see that the Linking Pairing-
Symmetry Proposition 148.16 is a fairly straightforward consequence of the next lemma.
Lemma 148.18. Let S be a commutative ring and let R be a subring of S. Let X be a
topological space. For any x ∈ Hk(X;S/R) and any y ∈ Hl(X;S/R) we have

ν∗
(
β(x) Y⊗ y︸ ︷︷ ︸

∈Hk+l+1(X;R⊗S/R)

)
= (−1)k+1 · ν∗

(
x Y⊗ β(y)︸ ︷︷ ︸

∈Hk+l+1(X;S/R⊗R)

)
∈ Hk+l+1(X;S/R).

Proof of Proposition 148.16 assuming Lemma 148.18. Let n ≥ 1 and let M be an
oriented (2n+ 1)-dimensional rational homology sphere. Furthermore let a, b ∈ Hn(M ;Z).
We write x = β−1(PD(a)) ∈ Hn(M ;Q/Z) and y = β−1(PD(b)) ∈ Hn(M ;Q/Z). Then

by de�nition of λM by Lemma 148.18
↓ ↓

λM(a, b) = 〈ν∗(x Y⊗ β(y)), [M ]〉 = (−1)n+1 ·〈ν∗(β(x) Y⊗ y), [M ]〉
= (−1)n+1 ·〈ν∗(y Y⊗ β(x)), [M ]〉 = (−1)n+1 ·λM(b, a).
↑ ↑

by Proposition 148.8 since n(n+ 1) is even by de�nition of λM �

Proof of Lemma 148.18. First recall that we have a short exact sequence of cochain
complexes:

0 → C∗(X;R)
i∗−→ C∗(X;S)

p∗−→ C∗(X;S/R) → 0.

In particular we can and will pick f ∈ Ck(X;S) and g ∈ Cl(X;S) such that [p∗(f)] = x and
such that [p∗(g)] = y. Next recall that the Bockstein homomorphisms in cohomology are
the connecting homomorphisms corresponding to the above short exact sequence of cochain
complexes. It follows immediately from the de�nition of the connecting homomorphism,
see page 2399 and the Connecting Homomorphism Proposition 108.6, that there exist
unique cocycles β(f) ∈ Ck+1(X;R) and β(g) ∈ Cl+1(X;R) such that i∗(β(f)) = δk(f) ∈
Ck+1(X;S) and also such that i∗(β(g)) = δl(g) ∈ Cl+1(X;S). We have the following
equality in Hk+l+1(X;S ⊗ S):

see Lemma 148.4
↓

(∗) 0 = [δ(f Y⊗ g)] = [δ(f) Y⊗ g + (−1)k · f Y⊗ δ(g)]

↑ =
[
i∗(β(f)) Y⊗ g︸ ︷︷ ︸
∈Ck+l+1(X;R⊗S)

+ (−1)k · f Y⊗ i∗(β(g))︸ ︷︷ ︸
∈Ck+l+1(X;S⊗R)

]
.

by de�nitionof cohomology

We consider the following diagram of group homomorphisms

R⊗ S i⊗id
//

id⊗p
��

S ⊗ S
µ
��

S ⊗Roo

p⊗id
��

id⊗i
oo

R⊗ S/R
ν

((

S
p
��

S/R⊗R
ν

vv
S/R
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where, as usual, ν and µ stand for the obvious maps that are induced by multiplication in
the ring S. It is straightforward to see that the diagram commutes. We have the following
equalities in Hk+l+1(X;S/R):

by the above equality (∗)
↓

0 = (p ◦ µ)∗
([
i∗(β(f)) Y⊗ g + (−1)k · f Y⊗ i∗(β(g))

])
=
[
ν∗
(
β(f) Y⊗ p∗(g)

)
+ (−1)k · ν∗

(
p∗(f) Y⊗ β(g)

)]
↑

by the above commutative diagram of group homomorphisms and some basic observations
regarding the functoriality of the cup product in the coe�cients

= ν∗
(
[β(f)] Y⊗ [p∗(g)]

)
+ (−1)k · ν∗

(
[p∗(f)] Y⊗ [β(g)]

)
↑

by de�nition of Y⊗ and since β(f), p∗(g), p∗(f) and β(g) are cocycles

= ν∗(β(x) Y⊗ y) + (−1)k · ν∗(x Y⊗ β(y)).
↑

since [β(f)] = β([p∗(f)]) =: β(x) and [p∗(g)] = y and similar for the second summand

This of course implies the desired statement. �

Before we give the proof of Proposition 148.17 we prove the following lemma which gives a
slight reformulation of the linking pairing.

Lemma 148.19. Let n ≥ 1 and let M be an oriented (2n + 1)-dimensional rational
homology sphere. For any choice of a, b ∈ Hn(M ;Z) we have

λM(a, b) = εM
(
β−1(PDZ

M(a)) X b
)

=
〈
β−1(

∈Hn+1(M ;Z)︷ ︸︸ ︷
PDZ

M(a) ), b
〉
.

Proof. Let a, b ∈ Hn(M ;Z). We have the following equalities in Q/Z:

by de�nition and Lemma 148.9 (2)y
λM(a, b) = εM

( ∈H2n+1(M ;Q/Z)︷ ︸︸ ︷
ν∗
(
β−1(PDZ

M(a))︸ ︷︷ ︸
∈Hn+1(M ;Q/Z)

Y⊗ PDZ
M(b)︸ ︷︷ ︸

∈Hn(M ;Z)

)
X [M ]

)
= εM

(
β−1(PDZ

M(a))︸ ︷︷ ︸
∈Hn(M ;Q/Z)

X (PDZ
M(b) X [M ])︸ ︷︷ ︸
∈Hn(M ;Z)

)
= εM

(
β−1(PDZ

M(a)) X b
)
.x x

by Lemma 148.9 (5) and the convenient fact de�nition of PDZ
M (b)

that n(n+ 1) is always even

=
〈
β−1(PDZ

M(a)), b
〉
.

↑
Lemma 148.9 (2)

We have thus veri�ed both desired equalities. �

We conclude this technical section with the proof of Proposition 148.17.

Proof of Proposition 148.17. Let M be an oriented (2n + 1)-dimensional rational ho-
mology sphere. We need to show that the linking pairing λM : Hn(M ;Z)×Hn(M ;Z)→ Q/Z
is non-singular. To do so we consider the map

ΦM : Hn(M ;Z)
PDZ

M−−−→ Hn+1(M ;Z)
β−1

−−→∼= Hn(M ;Q/Z)
ev−→ HomZ(Hn(M ;Z),Q/Z).
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Here the �rst map is given by Poincaré Duality, the second map is the inverse of the
Bockstein isomorphism given by Lemma 148.12 and the third map is given by the evaluation
map.

In the Linking Pairing-Symmetry Proposition 148.16 we showed that the linking pairing
is (anti-) symmetric. Therefore it su�ces to prove that the map

Hn(M ;Z) → Hom(Hn(M ;Z),Q/Z)
a 7→ (b 7→ λM(a, b))

is an isomorphism. But this in turn follows immediately from the following claim.
Claim.
(1) The map ΦM is an isomorphism.
(2) For any a, b ∈ Hn(M ;Z) we have λM(a, b) = ΦM(a)(b).

Proof. First note that the second statement is an immediate consequence of Lemma 148.19.
For the �rst statement it remains to show that the third map in the de�nition of ΦM is
an isomorphism. Recall that by the Universal Coe�cient Theorem 110.12 for Cohomology
Groups we have a short exact sequence

0 → Ext(Hn−1(M ;Z),Q/Z) → Hn(M ;Q/Z)
ev−→ Hom(Hn(M ;Z),Q/Z) → 0.

On page 2441 we remarked that the abelian group Q/Z is divisible. By Proposition 110.6
this implies that the Ext-term to the left is zero. But this shows that the evaluation
homomorphism to the right is an isomorphism. �

148.6. Linking pairings of lens spaces. In the next section we will prove the following
proposition.

Proposition 148.20. (Lens Space-Linking Pairing Proposition) Let p, q ∈ N be
coprime. The linking pairing of the lens space L(p, q) is isometric to17571758

Zp × Zp → Q/Z
(x, y) 7→ −qp · x · y mod Z.

Remark. There are many di�erent approaches to calculating the linking pairing of lens
spaces. The �rst calculation was given by Seifert [Sei1933, p. 824], see also [ST1934,
p. 290] and [ST1934, p. 279]. Alternative calculations are given in [Lic1985], [Hat2002,
p. 306], [Mun1984, Chapter 69] and [Bre1993, p. 364]. The proof of the Lens Space-
Linking Pairing Proposition 148.20 that we give is rather di�erent from the previous proofs.
The approach taken below has the advantage that it can also be used to determine the link-
ing pairing of any oriented 3-dimensional rational homology sphere in terms of a Heegaard
splitting. We refer to [CFH2016] for details.

1759Recall that we have L(p, q) = S3/Zp and, that following the convention established on page 1075, we
equip L(p, q) with the obvious orientation coming from S3.
1760By now I am fairly con�dent that the sign in the calculation of the linking pairing of the lens space
L(p, q) is correct. But the fact that, in my attempts to calculate the linking pairing, the sign �ipped on
numerous occasions means that one should take the result with a grain of salt.
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Before we turn to the somewhat lengthy, and not overly enjoyable proof, we want to use
this section to state and prove several corollaries of the Lens Space-Linking Pairing Propo-
sition 148.20.
Corollary 148.21. Let L(p, q) and L(p, q̃) be lens spaces. Suppose there exists a homo-
topy equivalence f : L(p, q) → (p, q̃). By the Homotopic Maps-and-Homology Proposi-
tion 73.6 there exists an ε ∈ {−1, 1} such that f∗([L(p, q)]) = ε · [L(p, q̃)]. Then there
exists r ∈ Z, coprime to p, such that

q ≡ ε · r2 · q̃ mod p.

Proof. We pick isomorphisms ϕ : Zp → H1(L(p, q);Z) and ϕ̃ : Zp → H1(L(p, q̃);Z) as
provided by the Lens Space-Linking Pairing Proposition 148.20. The map ϕ̃−1◦f∗◦ϕ : Zp →
Zp is an isomorphism, hence it is given by multiplication by some r ∈ Z that is coprime to
p. Together with Lemma 148.14 we see that the following diagram commutes

Zp × Zp
ϕ×ϕ

//

(x,y) 7→− q
p
·x·y

++

(x,y) 7→(rx,ry)

��

H1(L(p, q);Z)× H1(L(p, q);Z)
λL(p,q)

//

f∗×f∗
��

Q/Z

·(−1)

��

Zp × Zp
ϕ̃×ϕ̃

//

(x,y) 7→− q̃
p
·x·y

33H1(L(p, q̃);Z)× H1(L(p, q̃);Z)
λL(p,q̃)

// Q/Z.

If we start out with (1, 1) ∈ Zp×Zp on the upper left corner and we compare the di�erent
routes to the lower right corner we obtain that −ε · q

p
= r2 · q̃

p
. Multiplying by p we obtain

the desired equality. �

This is a good moment to state the classi�cation of lens spaces up to homotopy equivalences:

Theorem 148.22. (Lens Space-Homotopy Classi�cation Theorem) Let p ∈ N. If
q, q̃ ∈ N are coprime to p, then

the lens spaces L(p, q) and L(p, q̃)
are homotopy equivalent ⇐⇒ there exists an r ∈ Z, coprime to p,

such that q ≡ ±r2 · q̃mod p.

Proof. The �⇒�-direction is precisely the statement of Corollary 148.21. The �⇐�-direction
was �rst shown by John Whitehead [WhdJ1941b, Theorem 10]. A direct proof is also
given in [CoheM1973, Chapter 29]. We will prove the �⇐�-direction later in the Lens
Space-Homotopy Equivalence Proposition 162.4, using the Whitehead Theorem 162.1. �

So, after a very long wait we have now �nally made some serious progress towards answering
Question 48.7. For example, one can easily verify, using Theorem 148.22 that the lens
spaces L(5, 1) and L(5, 2) are not homotopy equivalent. Nonetheless, we have not yet
completely answered Question 48.7. For example the lens spaces L(7, 1) and L(7, 4) are
homotopy equivalent by Theorem 148.22. But it is not clear whether these two lens spaces
are homeomorphic. We will solves this conundrum in the Lens Space-Homeomorphism
Classi�cation Theorem ??.
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Remark. For those who might get tired of chasing down lens spaces, I would like to quote
from John F. Kennedy's speech at Rice University on September 12 1962, where he an-
nounced that the United States would attempt to land a man on the moon by the end of
the decade:

But why, some say, the Moon? Why choose this as our goal? And they may well
ask, why climb the highest mountain? Why, 35 years ago, �y the Atlantic? Why does
Rice play Texas?

We choose to go to the Moon! We choose to go to the Moon in this decade and
do the other things, not because they are easy, but because they are hard; because that
goal will serve to organize and measure the best of our energies and skills, because
that challenge is one that we are willing to accept, one we are unwilling to postpone,
and one we intend to win.

John F. Kennedy speaking at Rice University
in September 1962

In Question 107.7 we had asked whether the lens space L(3, 1) is amphichiral, i.e. we had
asked L(3, 1) admits an orientation-reversing self-homeomorphism. Now we have the tools
to address this question.
Proposition 148.23. If there exists an orientation-reversing homeomorphism between
two lens spaces L(p, q) and L(p, q̃), then there exists an r ∈ Z such that q = −r2 ·q̃±1 mod p.

Example. Note that 1 6= −r2 mod 3 for any r ∈ Z. Thus it follows from Proposition 148.23
that there is no orientation-reversing homeomorphism from the lens space L(3, 1) to itself,
i.e. the lens space L(3, 1) is chiral. This now answers Question 107.7.

Proof. If f : L(p, q) → L(p, q̃) is an orientation-reversing homeomorphism, then we have
f∗([L(p, q)]) = −[L(p, q̃)], i.e. we have ε = −1 in the statement of Corollary 148.21. The
proposition now follows immediately from Corollary 148.21. �

148.7. The proof of the Lens Space-Linking Pairing Proposition 148.20. This
section is almost entirely dedicated to the proof of the Lens Space-Linking Pairing Proposi-
tion 148.20. Unless the reader su�ers from an insatiable appetite for cup and cap products,
it is recommended to skip this section.
We start out with the following lemma that relates the Bockstein homomorphisms in ho-
mology and cohomology via the Poincaré Duality
Lemma 148.24. Let M be a closed oriented m-dimensional topological manifold. If we
are given a short exact sequence 0→ P

i−→ Q
p−→ R → 0 of abelian groups, then for every
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k ∈ {0, . . . ,m} the two diagrams

Hk(M ;R)
β
��

X[M ]
// Hm−k(M ;R)

β
��

Hk+1(M ;P )
X[M ]

// Hm−k−1(M ;P )

and
Hm−k(M ;R)

β
��

PDRM // Hk(M ;R)
β
��

Hm−k−1(M ;P )
PDPM // Hk+1(M ;P )

commute up to the sign (−1)k+1.
Proof. We pick a cycle σ ∈ Cm(M ;Z) that represents the fundamental class. Furthermore
let ψ ∈ Ck(M ;R) be a cocycle. We pick ϕ ∈ Ck(M ;Q) with p∗(ϕ) = ψ. Then we have the
following equalities in Hm−k−1(M ;P ):1761

by de�nition of the connecting by de�nition of the connecting
homomorphism on page 2399 homomorphism on page 1620

↓ ↓
β([ψ]) X [M ] = [δ(ϕ) X σ] = [∂(ϕ X σ)] = β([p∗(ϕ X σ)]) = β([ψ] X [M ]).

↑
by Lemma 116.1 since σ is a cycle

But this implies that the left-hand diagram does indeed commute. The right-hand diagram
is, by de�nition of the Poincaré Duality isomorphisms, basically the same diagram. �

We continue with the following de�nition.

De�nition. LetM be a 3-dimensional rational-homology sphere. Given a splitting (X, Y, F )
of M , as de�ned on page 3114, we denote by Θ(X, Y, F ) the homomorphism

H1(M ;Z)
β−1

−−→ H2(M ;Q/Z) → H2(M,X;Q/Z) ← H2(Y, F ;Q/Z)
∂−→ H1(F ;Q/Z),

↑
isomorphism by the Excision Theorem 74.18 for smooth manifolds

where �∂� denotes the connecting homomorphism of the long exact sequence of Q/Z-
homology groups corresponding to the pair (Y, F ). If the splitting (X, Y, F ) is understood,
then we just write Θ instead of Θ(X, Y, F ).

M awfully schematic picture of a
splitting of M

F

X
Y

The following lemma will allow us to compute the linking pairing of an oriented 3-dimensional
rational homology sphere in terms of Poincaré Duality on the surface F .
Lemma 148.25. Let M be an oriented 3-dimensional rational homology sphere and let
(X, Y, F ) be a splitting of M , as de�ned on page 3114. We denote by i : F → M the

1761The perspicacious reader will have noticed that the commutativity of the left-hand diagram has little
to do with the hypothesis that we are capping with the fundamental class of a closed oriented topological
manifold. Since we do not need the more general statements we leave the lemma as it is.



148. THE LINKING PAIRING ON RATIONAL HOMOLOGY SPHERES 3159

inclusion map. Then the following diagram commutes:

H1(M ;Z)
PDZ

M //

Θ
��

H2(M ;Z)
β−1

// H1(M ;Q/Z)

i∗

��

H1(F ;Q/Z)
PD

Q/Z
F

∼=
// H1(F ;Q/Z).

Proof. First of all, we denote the inclusion map F → X by j. Furthermore we denote
by f : (M,∅) → (M,X) and g : (Y, F ) → (M,X) the obvious maps between pairs of
topological spaces. We write also g : Y → M for the inclusion of Y into M . We consider
the following diagram:

H1(M ;Z)

Θ

��

H2(M ;Z)
X[M ]

∼=
oo

H2(M ;Q/Z)

∼= β

OO

f∗
��

H1(M ;Q/Z)
X[M ]

∼=
oo

β

OO

g∗

��

i∗

��

H2(M,X;Q/Z)

H2(Y, F ;Q/Z)

g∗

OO

∂
��

H1(Y ;Q/Z)
X[Y ]

∼=
oo

j∗
��

H1(F ;Q/Z)
=
��

H1(F ;Q/Z)
X[Y ]

∼=
oo

=
��

H1(F ;Q/Z) H1(F ;Q/Z).
X[F ]

∼=
oo

We consider the commutativity of the four rectangles in the diagram separately.
(1) The top rectangle commutes by Lemma 148.24. (Strictly speaking Lemma 148.24

says that the diagram commutes up to the sign (−1)1+1 = 1.)
(2) We turn to the second rectangle (or equivalently the �rst and only pentagon). Let

ϕ ∈ H1(M ;Q/Z). We have the following equalities in H2(M,X;Q/Z):

by the Codimension Zero-Fundamental Class Lemma 106.24 we have f∗([M ]) = g∗([Y ])
↓

f∗(ϕ X [M ]) = ϕ X f∗([M ]) = ϕ X g∗([Y ]) = g∗(g
∗(ϕ) X [Y ]).

↑ ↑
Lemma 148.9 (4) applied to Lemma 148.9 (4) applied

f : (M,∅)→ (M,X) where we use to g : (Y, F )→ (M,X)
that f∗ = id: H1(M ;Q/Z)→ H1(M ;Q/Z)

(3) The third rectangle anti-commutes1762 by the obvious extension of Proposition 119.25
from Z-coe�cients to Q/Z-coe�cients.

(4) It follows from our orientation convention from page 3114 that F = −∂Y as oriented
smooth manifolds. By the discussion on page 2373 this implies [F ] = −∂[Y ]. We
obtain from this observation that the bottom rectangle anti-commutes.

1762Here by �anti-commutes� we mean that the left-down path agrees with the down-left path except for a
minus sign.
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Summarizing we see that the two approaches of going from H2(M ;Z) to H1(F ;Q/Z) agree.
The lemma follows from the observation, that by de�nition PDM is the inverse of the top
horizontal map and that similarly PD

Q/Z
F is the inverse of the bottom horizontal map. �

Now we turn to lens spaces. In the following we will use the description of lens spaces that
we had obtained in the Lens Space-Splitting Lemma 146.2. At this point it is convenient
to recall and introduce some notation:
Notation.
(1) We write F = S1 × S1. We write a = [S1 × 1] and b = [1 × S1] and we use this

ordered basis of H1(F ;Z) to make the usual identi�cation H1(F ;Z) = Z2. By a
slight abuse of notation we also denote by a and b the corresponding elements in
H1(F ;Q) = H1(F ;Z)⊗Q.

(2) Let p, q ∈ N be coprime. We pick r, s ∈ N such that ps− qr = 1. We write

A =
(
q p
s r

) and we consider the
di�eomorphism

ϕ : F = R2/Z2 → F = R2/Z2

[v] 7→ [Av].

By the Action-on-Torus Homology Lemma 84.7 (2) the induced map ϕ∗ on the
homology group H1(F ;Z) = Z2 is given by multiplication by the matrix A.

(3) We write X = S1 ×B2
and we denote by Y another disjoint copy of the solid torus

S1×B2
. We equip X and Y with the usual product orientation. In the Lens Space-

Splitting Lemma 146.2 we gave an explicit orientation-preserving di�eomorphism

L(p, q)
∼=−→ (X t Y )/x ∼ ϕ(x) for x ∈ F = ∂X

that we will use to identify L(p, q) with the topological space to the right. By an
abuse of notation we denote the images of the X and Y in L(p, q) again by X and Y .
Note that (X, Y, F ) is a Heegaard splitting for L(p, q).

(4) As usual, for want of a better notation, we denote by i the various inclusion maps
F → X, X → L(p, q) and F → L(p, q).

(5) We denote by ρ : Q→ Q/Z the natural projection.
(6) Finally we denote by Θ: H1(L(p, q);Z)→ H1(F ;Q/Z) the map that we introduced

on page 3158.

Lemma 148.26. The following statements hold:
(1) i∗(a) ∈ H1(L(p, q);Z) is a generator,
(2) the equality Θ(i∗(a)) = ρ∗(a− q

p
· b) holds in H1(F ;Q/Z).

Proof. By the Excisive Triad-Proposition 109.12 we can apply the Mayer�Vietoris Theo-
rem 109.14 to the decomposition L(p, q) = X ∪ Y and we obtain the following long exact
sequence

H1(F ;Z)

i*
-i*−−−→

H1(X;Z)
H1(Y ;Z) → H1(L(p, q);Z) → 0.

Recall that we denote by a, b ∈ H1(F ;Z) = H1(S1 × S1;Z) the standard basis. Since
S1 × S1 is the boundary of S1 × B2

we denote by a also the corresponding generator of
H1(X;Z) = H1(S1 × B2

;Z). Furthermore we denote by a′ ∈ H1(Y ;Z) = H1(S1 × B2
;Z)

the obvious generator. It follows from the above discussion and conventions, in particular



148. THE LINKING PAIRING ON RATIONAL HOMOLOGY SPHERES 3161

the above description of ϕ∗, that with respect to our bases the above long exact sequence
Mayer�Vietoris sequence becomes

Z · a
Z · b

(
1 0
q p

)
−−−−−→

Z · a
Z · a′ → H1(L(p, q);Z) → 0.

At this stage it is an elementary linear algebra exercise to show that the image of a in
H1(L(p, q);Z) is a generator.1763

Now we turn to the proof of the second statement. In the following we denote by
h : (L(p, q),∅) → (L(p, q), X) and j : (Y, F ) → (L(p, q), X) the obvious maps of pairs of
topological spaces. We recall that Θ is de�ned as the composition of the following maps:

H1(L(p, q);Z)
β−1

−−→ H2(L(p, q);Q/Z)
h∗−→ H2(L(p, q), X;Q/Z)

j∗←−∼= H2(Y, F ;Q/Z)

↓ ∂

H1(F ;Q/Z).

As before we denote by i : F → L(p, q) the inclusion map. For clarity we recall in the follow-
ing diagram all the maps that play a role in the de�nition of the Bockstein homomorphism
β : H2(L(p, q);Q/Z)→ H1(L(p, q);Z):

C2(L(p, q);Q)

∂
��

ρ∗
// C2(L(p, q);Q/Z) // 0

0 // C1(L(p, q);Z) // C1(L(p, q);Q).

Finally, we denote by ã and b̃ the obvious singular chains in F representing the homology
classes a and b.

Now we turn to the actual proof of the equality Θ(i∗(a)) = ρ∗(a− q
p
· b) in H1(F ;Q/Z).

We consider a− q
p
· b ∈ H1(F ;Q). Note that

ϕ∗
(
a− q

p · b
)

=
(
q p
s r

)
·
(

1
− q
p

)
=
(

0
∗

)
∈ H1(F ;Q) =

Q · a
Q · b ,↑

by the Action-on-Torus Homology Lemma 84.7 and the naturality of the Universal Coe�cient Theorem 89.17

i.e. the image of ϕ∗
(
a− q

p · b
)
in H1(Y ;Q) is zero.

This implies that there exists a singular 2-chain σ ∈ C2(Y ;Q) with ∂(σ) = ã − q
p
· b̃.

Furthermore b represents the zero element in H1(X;Z), hence b̃ is null-homologous in X,

1763This can be seen as follows. We consider the map

coker
{( 1 0

q p

)
:

Z · a
Z · b → Z · a

Z · a′
}
→ Zp

ra+ sa′ 7→ qr − s.
It is straightforward to see that this map is well-de�ned. It follows from Lemma 51.8 that the group on
the left has order p. Since the map is an epimorphism and since both groups have the same order, we see
that the map is in fact an isomorphism. Since the image of a on the right-hand side is a generator (here
we use that q is coprime to p) we see that a also represents a generator on the left.
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which implies that there exists a singular 2-chain µ ∈ C2(X;Z) with ∂(µ) = b̃. Now we
calculate that

β
([
ρ∗
(∈C2(L(p,q);Q)︷ ︸︸ ︷
σ +

q
p · µ

)︸ ︷︷ ︸
cycle in C2(L(p, q);Q/Z)

])
=
[
∂
(
σ +

q
p · µ

)]
=
[
ã− q

p · b̃+
q
p · b̃

]
= i∗(a) ∈ H1(L(p, q);Q/Z).

↑ ↑
de�nition of β since ∂(σ) = a− q

p
· b

Since µ ∈ C2(X;Z) and since σ ∈ C2(Y ;Q) we have the equality

h∗
(
ρ∗
(
σ +

q
pµ
))

= j∗(ρ∗(σ)) ∈ C2(L(p, q), X;Q/Z).

We conclude that we have the following equalities in H1(F ;Q/Z):

since h∗(ρ∗(σ + q
p
µ)) = j∗(ρ∗(σ)) by the above
↓ ↓

Θ(i∗(a)) = ∂
(
j−1
∗
(
h∗
([
ρ∗
(
σ +

q
pµ
)])))

= ∂([ρ∗(σ)]) = [ρ∗(∂(σ))] =
[
ρ∗
(
ã− q

p · b̃
)]

↑ ↑
since β([ρ∗(σ + q

p
· µ)]) = i∗(a) since ρ∗(σ) lives in C2(Y ;Q/Z) we can calculate the

connecting homomorphism of [ρ∗(σ)] and we obtain [ρ∗(∂(σ))]

= ρ∗
(
a− q

p · b
)
. �

Now it is straightforward to provide the proof of the Lens Space-Linking Pairing Proposi-
tion 148.20.

Proof of the Lens Space-Linking Pairing Proposition 148.20. Let p, q ∈ N be co-
prime. We use the notation F,X, Y and a, b as above. We write L = L(p, q). We denote by
ρ : Q → Q/Z the natural projection. To simplify the notation we use the convention that
given any abelian group A we make the usual identi�cation H0(L;A) = A and H0(F ;A) = A
from page 1914.

We start out this proof with the following claim.
Claim. If x, y ∈ H1(F ;Z), then

PDZ
F (x) X y = QF (y, x) ∈ H0(F ;Z) = Z.

Proof. This claim follows from a calculation which by now is standard fare for us. For
completeness' sake we carry out the details. We have

by de�nition of PDZ
F Cup-Cap Lemma 116.7

↓ ↓
PDZ

F (x) X y = PDZ
F (x) X

(
PDZ

F (y) X [F ]
)

=
(

PDZ
F (y) Y PDZ

F (x)
)

X [F ]

=
〈

PDZ
F (y) Y PDZ

F (x), [F ]
〉

= QF (y, x).
↑ ↑

Cap Product-Kronecker Lemma 116.4 by de�nition of QF �
From Lemma 148.26 we know that the map

Zp → H1(L(p, q);Z)
x 7→ x · i∗(a)

is an isomorphism. Thus it remains to prove the following claim.
Claim. λL(i∗(a), i∗(a)) =

q
p ∈ Q/Z.
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Proof. We calculate that

λL(i∗(a), i∗(a)) =

∈H1(L;Q/Z)︷ ︸︸ ︷
β−1(PDZ

L(i∗(a))) X

∈H1(L;Z)︷︸︸︷
i∗(a) =

∈H1(L;Q/Z)︷ ︸︸ ︷
i∗
(

PD
Q/Z
F (Θ(i∗(a)))) X

∈H1(L;Z)︷︸︸︷
i∗(a)

↑ ↑
Lemma 148.19 Lemma 148.25 applied to i∗(a) ∈ H1(L;Z)

= PD
Q/Z
F

(
ρ∗
(
a− q

p · b
))

X a = ρ∗
(

PDQ
F

(
a− q

p · b
))

X a
↑ ↑

Lemmas 148.9 (4) and 148.26 (2) Lemma 148.11

= ρ
(

PDQ
F

(
a− q

p · b
)

X a
)

= ρ
(

PDZ
F

(
a) X a− q

p ·
(

PDZ
F (b) X a

))
↑ ↑

Lemma 148.9 (3) Lemma 148.11

= ρ
(
QF (a, a)− q

pQF (a, b)
)

= −ρ
(q
p

)
.

↑ ↑
by the claim by page 2881 we have QF (a, a) = 0 and QF (a, b) = 1 �

148.8. Computing the linking pairing by intersecting singular simplices. Many
working topologists would rather forgo the austere beauty of cup and cap products and
they would rather work and calculate by �intersecting simplices�. The following proposition
shows that in many (most? all?) situations one can calculate linking pairings geometrically
by determining algebraic intersection numbers of singular chains.

Proposition 148.27. Let n ≥ 1, let M be an oriented (2n + 1)-dimensional rational
homology sphere and let x, y ∈ Hn(M ;Z). Let σ and τ be cycles in Cn(M ;Z) that
represent x and y. From Lemma 148.1 we know that Hn(M ;Z) is torsion, hence there
exists a d ∈ N such that d · x = 0 ∈ Hn(M ;Z) which means that d · σ is null-homologous.
Suppose Σ ∈ Cn+1(M ;Z) is a singular chain with ∂Σ = d · σ. If Σ and τ intersect
transversally in the sense of the de�nition on page 2785, then

λM(x, y) = (−1)n · 1
d · Σ · τ︸︷︷︸

algebraic intersection
number as de�ned on page 2785

∈ Q/Z.

Remark. Alas, all too often in the literature the right-hand side of Proposition 148.27
gets confused with the actual de�nition of the linking pairing, see e.g. [Frie2004, p. 899]
for a typical example.

The proof of the proposition rests on a variation on Theorem 127.9. Before we can formulate
that variation we make the following observation.

Observation. Let M be an oriented m-dimensional topological manifold and let A and
B be abelian groups. Basically the same de�nitions as on page 2785 allow us to say that
chains σ ∈ Ck(M ;A) and τ ∈ Cm−k(M ;B) are transverse and they allow us to de�ne the
algebraic intersection invariant σ ·⊗ τ ∈ A⊗B.
Now we can formulate the following slight variation on Theorem 127.9.
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Proposition 148.28. LetM be a closed oriented m-dimensional topological manifold, let
A and B be abelian groups and let σ ∈ Ck(M ;A) and τ ∈ Cm−k(M ;B) be two cycles. If
σ and τ are transverse, then

εM
(( ∈Hm−k(M ;A)︷ ︸︸ ︷

PDA
M([σ]) Y⊗

∈Hk(M ;B)︷ ︸︸ ︷
PDB

M([τ ])︸ ︷︷ ︸
∈Hm(M ;A⊗B)

)
X [M ]

)
= σ ·⊗ τ ∈ A⊗B.

Proof. The proof of Theorem 127.9 generalizes without a hitch to give us this statement
with more fancy coe�cients. �

Proof of Proposition 148.27. As before we denote by ν : Q/Z⊗Z→ Q/Z the multipli-
cation induced isomorphism. We perform the following calculation:

by the de�nition on page 3151, Lemma 148.9 (2) and Lemma 148.9 (3) applied to ν
↓

λM(x, y) = ν∗
(
εM
((
β−1(PDZ

M(x)) Y⊗ PDZ
M(y)

)
X [M ]

))
= (−1)n · ν∗

(
εM
((

PD
Q/Z
M (β−1(x)) Y⊗ PDZ

M(y)
)

X [M ]
))

↑
Lemma 148.24

= (−1)n · ν∗
((1
d ⊗ Σ

)
·⊗ τ

)
= (−1)n · 1

d · Σ · τ ∈ Q/Z.
↑ ↑

by Proposition 148.28 and the observation follows immediately from the de�nitions
that 1

d
⊗ Σ represents β−1(x) �

148.9. Linking pairings and intersection forms. Let M be a compact oriented con-
nected 4-dimensional topological manifold. We suppose that Y = ∂M is a rational ho-
mology sphere. In this section we want to study, in favorable situations, the relationship
between the intersection form QM on M and the linking pairing λY on Y . Before we can
state the relevant result let us recall the following de�nitions from pages 2800 and 2895.

De�nition. Let M be a compact oriented connected 2n-dimensional topological manifold
M . The intersection form of M is de�ned as the form1764

QM : FHn(M ;Z)× FHn(M ;Z) → Z
(a, b) 7→

〈
PDM(a)︸ ︷︷ ︸

∈FHn(M,∂M ;Z)

Y PDM(b)︸ ︷︷ ︸
∈FHn(M,∂M ;Z)︸ ︷︷ ︸

∈FH2n(M,∂M ;Z)

, [M ]
〉
.

Furthermore the asymmetric intersection pairing of M is de�ned as the map

Q̃M : FHn(M ;Z)× FHn(M,∂M ;Z) → Z
(v, w) 7→

〈
PDM(v)︸ ︷︷ ︸

∈FHn(M,∂M ;Z)

Y PDM(w)︸ ︷︷ ︸
∈FHn(M ;Z)︸ ︷︷ ︸

∈FH2n(M,∂M ;Z)

, [M ]
〉

For the reader's convenience we recall the following proposition.

1764Here, given an abelian group H we write FH := H/torsion subgroup for the maximal torsion-free
quotient of H.
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Proposition 132.15 (Reduced Intersection Form Proposition). Let M be a com-
pact oriented connected 2n-dimensional topological manifold. We denote by p∗ : Hn(M ;Z)→
Hn(M,∂M ;Z) the obvious map.
(1) The pairing Qas

M : FHn(M ;Z)× FHn(M,∂M ;Z)→ Z is non-singular.
(2) The following diagram commutes:

FHn(M ;Z)× FHn(M ;Z)
QM //

id×p∗
��

Z
id
��

FHn(M ;Z)× FHn(M,∂M ;Z)
Qas
M // Z.

(3) Let v1, . . . , vm be a basis of the free abelian group FHn(M ;Z). By (1) together with
Exercise 121.2 (a) there exists a unique basis w1, . . . , wm of the free abelian group
FHk(M,∂M ;Z) with Qas

M(vi, wj) = δij for all i, j ∈ {1, . . . ,m}. We denote by A the
(m×m)�matrix that represents the intersection form QM with respect to the basis
v1, . . . , vn, i.e. we have A = (aij) with aij = QM(vi, vj). This matrix represents the
map p∗ : FHn(M ;Z) → FHn(M,∂M ;Z) with respect to the bases v1, . . . , vm and
w1, . . . , wm.

The following proposition is the main result of this section.

Proposition 148.29. (Linking Pairing-via-Intersection Form Proposition) LetM
be a compact oriented connected 4-dimensional topological manifold such that Y = ∂M
is a rational homology sphere. We suppose that H1(M ;Z) = 0. The following statements
hold:
(1) The groups H2(M,Y ;Z) and H2(M ;Z) are free abelian groups of �nite rank.
(2) By (1) we can pick a basis v1, . . . , vm for the free abelian group H2(M ;Z). By the

Asymmetric Intersection Pairing Proposition 132.15 together with Exercise 121.2
(a) there exists a unique basis w1, . . . , wm for the free abelian group H2(M,Y ;Z)
with Qas

M(vi, wj) = δij. We denote by A = (QM(vi, vj)) the (m × m)�matrix that
represents the intersection form with respect to the basis v1, . . . , vm. The following
three statements hold:
(a) If we denote by Ψ: Zm → H2(M,Y ;Z) the isomorphism that is given by the

basis w1, . . . , wm, then the map

Θ: Zm/AZm → H1(Y ;Z)
[u] 7→ ∂(Ψ(u))

↑
connecting homomorphism ∂ : H2(M,Y ;Z)→ H1(Y ;Z) of the pair (M,Y )

is well-de�ned and it is an isomorphism.
(b) The matrix A is symmetric and it satis�es det(A) 6= 0.
(c) The isomorphism Θ from (a) is in fact an isometry from1765

Zm/AZm×Zm/AZm λ(A)−−→ Q/Z
([v], [w]) 7−→ vTA−1w

to H1(Y ;Z)×H1(Y ;Z)
λY−→ Q/Z.︸ ︷︷ ︸

linking pairing

Remark.

1765It follows from (b) and the Linking Form-Matrix Lemma 148.13 that the form λ(A) is in fact de�ned.
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(1) We leave it to the reader to �gure out what is a correct higher-dimensional analogue
of the Linking Pairing-via-Intersection Form Proposition 148.29. The reader will
found out, that determining the correct sign is a never ending source of hilarious
entertainment.

(2) Often it is (psychologically) easier to compute intersection forms of smooth manifolds,
thus on many occasions in the literature linking pairings are computed by calculating
the intersection form of a suitable bounding smooth manifold.

The following lemma is the key technical ingredient in the proof of the Linking Pairing-
via-Intersection Form Proposition 148.29.

Lemma 148.30. LetM be a compact oriented connected 4-dimensional topological man-
ifold such that Y = ∂M is a rational homology sphere. We denote by i : Y → M the
inclusion and we denote by p : C∗(M)→ C∗(M,Y ) the projection . The following diagram
commutes up to a minus sign:

H2(M ;Z)
i∗ // //

��

H2(Y ;Z)
β−1

∼=
// H1(Y ;Q/Z)

δ
��

H2(M ;Q)
(p∗)−1

∼=
// H2(M,Y ;Q) // H2(M,Y ;Q/Z).

Remark. The encyclopedic reader will not have failed to notice that Lemma 148.30 is a
special case of Exercise 74.13.

Proof of Lemma 148.30. Throughout the proof we adopt the following conventions:
(1) Given a cochain ψ that takes values in Q we denote by ψ the corresponding cochain

that takes values in Q/Z.
(2) If ψ is a cochain that takes values in Z, then we view it also as a cochain with values

in Q.
Now let φ ∈ C2(M ;Z) = Hom(C2(M),Z) be a cochain. Note that the Poincaré Duality
Theorem 119.1 implies that Hi(Y ;Q) ∼= Hi(Y ;Q) = 0 for i = 1, 2. Thus we obtain from
the long exact sequence of the pair (M,Y ) that the map p∗ : H2(M,Y ;Q) → H2(M ;Q) is
an isomorphism. In particular we see that there exists a cochain ψ ∈ C2(M,Y ;Q) such
that [φ] = [p∗ψ] ∈ H2(M ;Q). This means that there exists some α ∈ C1(M ;Q) such that
p∗ ◦ ψ − φ = δα. We write ϕ := α|C1(Y ). We calculate that

δϕ = δα|C2(Y ) = p∗ ◦ ψ − φ|C2(Y ) = φ|C2(Y ) = 0 ∈ C2(Y ;Q/Z).
↑ ↑ ↑

restriction is a cochain map since p∗ ◦ ψ vanishes on C2(Y ) since φ takes integral values.

In other words, ϕ represents an element in H1(Y ;Q/Z). The following claim computes the
two possible connecting homomorphisms.
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Claim. We have δ([ϕ]) = [ψ] and β([ϕ]) = −[i∗(φ)].

Proof. The claim follows from considering the following two sequences of maps and ele-
ments:

(4) ψ

C2(M,Y ;Q/Z)
p∗
//

(3) p∗ψ−φ=p∗ψ

C2(M ;Q/Z)

C1(M ;Q/Z)
(2) α

δ

OO

i∗ // C1(Y ;Q/Z)
(1) ϕ︸ ︷︷ ︸

de�nes the connecting homomorphism δ

&

(4) −i∗φ
C2(Y ;Z) //

(3)

=0︷︸︸︷
i∗p∗ψ−i∗φ

C2(Y ;Q)

C1(Y ;Q)
(2) ϕ=i∗α

δ

OO

// C1(Y ;Q/Z).
(1) ϕ︸ ︷︷ ︸

de�nes the Bockstein homomorphism β
�

Now we are basically done. We consider [φ] ∈ H2(M ;Z) and we consider its two possible
journeys to H2(M,Y ;Q/Z) through the following diagram:

H2(M ;Z)
i∗ // //

Θ
��

H2(Y ;Z)
β−1

∼=
// H1(Y ;Q/Z)

δ
��

H2(M ;Q)
(p∗)−1

∼=
// H2(M,Y ;Q)

Ω

[ω]7→[ω]
// H2(M,Y ;Q/Z).

First we go down and right. We see that

Ω((p∗)−1(Θ([φ : C2(M)→ Z]))) = Ω((p∗)−1([φ : C2(M)→ Q])) = Ω([ψ]) = [ψ]
↑ ↑

de�nition of Θ since [φ] = [p∗ψ]

Next we go right and down. We see that

δ(β−1(i∗([φ]))) = δ(β−1([i∗(φ)])) = −δ([ϕ]) = −[ψ]
↑ ↑

by the claim by the claim

This shows that the two possible outcomes di�er by a minus sign. �

The following lemma relates the linking pairing of a rational homology sphere to the inter-
section form of a bounding smooth manifold. The lemma is of interest also outside of the
application to the Linking Pairing-via-Intersection Form Proposition 148.29.

Lemma 148.31. LetM be a compact oriented connected 4-dimensional topological man-
ifold such that its boundary Y = ∂M is a rational homology sphere. There exists a pairing
χ : H2(M,Y ;Z)× H2(M,Y ;Z)→ Q such that the following diagram commutes:

H2(M ;Z)× H2(M ;Z)

p∗×p∗
��

QM // Z� _

��

H2(M,Y ;Z)× H2(M,Y ;Z)
χ

//

∂×∂
��

Q

��

H1(Y ;Z)× H1(Y ;Z)
λY

// Q/Z.
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Proof. Let M be a compact oriented connected 4-dimensional topological manifold such
that its boundary Y = ∂M is a rational homology sphere. In the following we denote by
ϕ : Z→ Q the inclusion. Next we consider the following diagram:

H2(M ;Z)
p∗

//

PDM∼=
��

H2(M,Y ;Z)
∂ //

PDM∼=
��

H1(Y ;Z)

PDY∼=
��

H2(M,Y ;Z)
p∗

// H2(M ;Z)
i∗ // H2(Y ;Z).

By Proposition 119.25 the diagram commutes.1766 The diagram with the vertical isomor-
phisms allows us to translate our above problem into a di�erent task. Namely it follows
from the diagram and the de�nition of the intersection form QM that it su�ces to show
that there exists a pairing χ : H2(M ;Z)× H2(M ;Z)→ Q such that the following diagram
commutes:

H2(M,Y Z)× H2(M,Y ;Z)

p∗×p∗
��

Y //Y // H4(M,Y ;Z)
〈−,[M ]〉

// Z
ϕ

��

H2(M ;Z)× H2(M ;Z)
χ

//

PD−1
Y ◦ i

∗ × PD−1
Y ◦ i

∗
��

Q

��

H1(Y ;Z)× H1(Y ;Z)
λY

// Q/Z.

The key to proving the existence of such a pairing χ is the following daunting1767 diagram:

H2(M,Y ;Z)×H2(M,Y ;Z)

(III)p∗×p∗

��

Y //

ϕ∗×id

++
(I)

H4(M,Y ;Z)
ϕ∗
��

(II)

〈−,[M ]〉
// Z
ϕ

��

H2(M,Y ;Q)×H2(M,Y ;Z)

(IV)id
��

p∗
��

Y
// H4(M,Y ;Q)

(V)=
��

〈−,[M ]〉
// Q

=

��

H2(M,Y ;Q)×H2(M ;Z)

(VI)

p∗

��
id
��

Y
// H4(M,Y ;Q)

〈−,[M ]〉
// Q

=

��

H2(M ;Z)×H2(M ;Z)

i∗×i∗

��

(VII)

ϕ∗×id
// H2(M ;Q)×H2(M ;Z)

id
��

(p∗)−1

��

H2(M,Y ;Q)×H2(M ;Z)

id
����

Y //

(VIII)

H4(M,Y ;Q)

��

〈−,[M ]〉
//

(IX)

Q

��

H2(M,Y ;Q/Z)×H2(M ;Z)

(X)i∗
��

Y // H4(M,Y ;Q/Z)
〈−,[M ]〉

//

(XI)

Q/Z
=
��

H2(Y ;Z)×H2(Y ;Z)
β−1×id

//

(XII)

H1(Y ;Q/Z)×H2(Y ;Z)

δ

OO

Y // H3(Y ;Q/Z)

δ

OO

〈−,[Y ]〉
// Q/Z

=
��

H1(Y ;Z)× H1(Y ;Z)

PDY ×PDY

OO

λY

// Q/Z.

1766To be more precise, the square on the right commutes up to the (−1)2, which happens to be +1.
1767As a wise person once said: if you want to do topology rigorously, then the diagrams become large.
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The promised pairing χ is given by the traveling along the route that is traced out by
the boxes. Thus it remains to prove that the diagram commutes. We make the following
clari�cations and observations:

(I) The lower cup product is the composition of the cup product as de�ned in Lemma 148.5
with the obvious map Z ⊗ Q

∼=−→ Q. It follows basically immediately from the def-
initions that the square commutes, see also the Cup Product-Naturality Proposi-
tion 115.4 (2).

(II) This square commutes by Lemma 109.6 (2).
(III) This square commutes since changing coe�cients is a natural transformation, see

Lemma 108.9.
(IV) This square commutes by a mild generalization of the Cup Product-Naturality Propo-

sition 115.4 (1).
(V) What a relief, there is nothing to show.
(VI) Note that the two vertical maps to the left of the square are inverses of one another.

So we see that nothing happens in this square.
(VII) This rectangle commutes by Lemma 148.30.
(VIII) Similar to (I) the cup products are the composition of the cup product as de�ned in

Lemma 148.5 with the obvious maps Z ⊗ Q
∼=−→ Q and Z ⊗ Q/Z

∼=−→ Q/Z. As in (I)
we see that the square commutes.

(IX) By the same argument as in (II) we see that the square commutes.
(X) A slight generalization of the Cup Product-Connecting Homomorphism Lemma 115.6

to more general coe�cients shows that the square commutes up to the sign (−1)2 = 1.
(XI) By the Fundamental Class-of-Boundary Proposition 106.27 we have ∂([M ]) = [Y ]. It

follows from a minute generalization of the Cap Product-Connecting Homomorphism
Lemma 116.10 (1) that this square commutes.

(XII) This rectangle commutes by de�nition of the linking pairing. �

Proof of the Linking Pairing-via-Intersection Form Proposition 148.29. We con-
sider the following maps:

H2(M ;Z)
p∗

//

PDM∼=
��

H2(M,Y ;Z)

PDM∼=
��

∂ // H1(Y ;Z) //

= 0 by hypothesis︷ ︸︸ ︷
H1(M ;Z) // H1(M,Y ;Z) // 0.

H2(M,Y ;Z)
ev∼=
��

H2(M ;Z)
ev∼=
��

Hom(H2(M,Y ;Z),Z) Hom(H2(M ;Z),Z).

We make the following observations:

(a) The horizontal sequence is the long exact sequence in reduced homology of the pair
(M,Y ).

(b) By hypothesis we have H1(M ;Z) = 0.
(c) It follows from (a) and (b) that H1(M,Y ;Z) = 0.
(d) The vertical maps PDM are the Poincaré Duality isomorphisms given by the Poincaré

Duality Theorem 119.1.
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(e) It follows from (b), (c) and the Universal Coe�cient Theorem 110.12 that both
evaluation homomorphisms ev are isomorphisms.

(f) We obtain from the above discussion that H2(M ;Z) ∼= Hom(H2(M,Y ;Z),Z) and
that H2(M,Y ;Z) ∼= Hom(H2(M ;Z),Z). It follows from the Topological Manifolds-
Invariants Proposition 104.14 (4) and Lemma 96.8 (1) together with the Finitely Gen-
erated Abelian Group Classi�cation Theorem 51.4 that H2(M ;Z) and H2(M,Y ;Z)
are free abelian groups. In particular we have now shown Statement (1) of the
proposition.

We pick a basis v1, . . . , vm for the free abelian group H2(M ;Z). We denote by w1, . . . , wm
the unique basis for the free abelian group H2(M,Y ;Z) with Qas

M(vi, wj) = δij. We denote
by A = (aij) the (m ×m)�matrix that is given by aij = QM(vi, vj). Note that it follows
from the Intersection Form Proposition 132.4 (2) that A is symmetric.

We denote by Φ: Zm
∼=−→ H2(M ;Z) and Ψ: Zm

∼=−→ H2(M,Y ;Z) the isomorphisms that
are given by the above bases. From the above long exact sequence together with the
Asymmetric Intersection Pairing Proposition 132.15 we obtain the following commutative
diagram:

Zm

Φ ∼=
��

u7→A·u // Zm

Ψ∼=
��

// Zm/AZm

Θ
��

// 0

H2(M ;Z)
p∗
// H2(M,Y ;Z)

∂ // H1(Y ;Z) // 0

Note that the lower sequence is exact by the discussion above. Furthermore note that
the diagram commutes by the Asymmetric Intersection Pairing Proposition 132.15 (2). It
follows immediately that the map ∂ ◦ Ψ: Zm → H1(Y ;Z) descends to an isomorphism
Zm/AZm → H1(Y ;Z). This concludes the proof of statement (2a).

Next note that it follows from statement (2a), the fact that H1(Y ;Z) is �nite and
Lemma 51.8 that det(A) 6= 0. This concludes the proof of statement (2b).

It remains to prove statement (2c). By Lemma 148.31 we know that there exists a
pairing χ : H2(M,Y ;Z)× H2(M,Y ;Z)→ Q such that the following diagram commutes:

H2(M ;Z)× H2(M ;Z)

p∗×p∗
��

QM // Z� _

��

H2(M,Y ;Z)× H2(M,Y ;Z)
χ

//

∂×∂
��

Q

��

H1(Y ;Z)× H1(Y ;Z)
λY

// Q/Z.

If we equip H2(M ;Z) and H2(M,Y ;Z) with the above bases, then we know by the Asymmet-
ric Intersection Pairing Proposition 132.15 (3) that the map p∗ is represented by the matrix
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A. Furthermore, by de�nition A represents the intersection form QM . Now, for purely al-
gebraic reasons we see that χ is represented by the rational matrix A−1.1768 Statement (2c)
follows immediately from these observations and the above commutative diagram. �

Exercises for Chapter 148.

Exercise 148.1. Let k ∈ N. We consider the short exact sequence

0 → Zk
[a] 7→[a·k]−−−−−−→ Zk2

p([a]=[a]−−−−−→ Zk → 0.

Given a topological spaceX we obtain Bockstein homomorphisms βn : Hn(X;Zk)→ Hn−1(X;Zk),
n ∈ N0. Show that

βn−1 ◦ βn : Hn(X;Zk) → Hn−2(X;Zk)
is the zero map.

Exercise 148.2. Let H be a �nite abelian group and let λ : H × H → Q/Z be a non-
singular symmetric linking pairing. Given a subgroup P Ă H we de�ne

P⊥ := {v ∈ H |λ(v, w) = 0 for all w ∈ P}.
We say that a subgroup P is a metabolizer of λ if P = P⊥. Now let P Ă H be a subgroup
with P Ă P⊥. Prove the following equivalence of statements:

|P 2| = |H| ⇐⇒ P is a metabolizer.

Exercise 148.3. Let A ∈ M(n × n,Z) be a symmetric matrix with det(A) 6= 0. We
consider the pairings

µ(A) : Zn × Zn → Z
([v], [w]) 7→ vTAw

and
λ(A) : Zn/AZn × Zn/AZn → Q/Z

([v], [w]) 7→ vTA−1w.

Given n ∈ {0, 1, 2, 3} we consider the matrices An =
(

0 3
3 n

)
.

(a) For which m,n ∈ {0, 1, 2, 3} are the pairings µ(Am) and µ(An) isometric?
(b) For which m,n ∈ {0, 1, 2, 3} are the pairings λ(Am) and λ(An) isometric?

Exercise 148.4. Let M and N be oriented rational homology spheres of dimension 2n+ 1
with n ≥ 1. Show that linking pairing of the connected sum M#N is isometric to the
orthogonal sum of the linking pairing of M and the linking pairing of N .

Exercise 148.5.
(a) Show that every lens space admits a handle decomposition with precisely one handle

of index 0, 1,2 and 3.
1768The purely algebraic reason is the following. Suppose we are given a commutative diagram of the form

Zm × Zm
(x,y)7→xTPy

//

(x,y) 7→(Cx,Dx)
��

Z

��
Zm × Zm

(x,y) 7→xTQy
// Q.

Then P = CTQD. If C and D are invertible over Q, then Q = (CT )−1PD−1. In our case we have
C = D = P = A. Furthermore A is symmetric and we know that det(A) 6= 0. Thus we see that
Q = A−1AA−1 = A−1.
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(b) Let X and Y be two CW-complexes with precisely one cell in dimension 0,1,2 and
no other cell. Show that X and Y are homotopy equivalent if and only if π1(X) is
isomorphic to π1(Y ).
Hint. What choices do you have for the attaching maps of the cells? Make use of the
Mapping Cone Homotopy Equivalent Proposition 16.15.

(c) Let p ∈ N and q, q′ ∈ N. Furthermore let Φ: B
3 → L(p, q) and Ψ: B

3 → L(p, q′) be
smooth embeddings. Show that L(p, q) \ Φ(B3) and L(p, q′) \ Ψ(B3) are homotopy
equivalent.
Remark. Use the Handles-Cells Proposition 136.18.
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149. Branched coverings and chiral knots

After this long and technical, and basically picture free chapter, it is time to return to some
more concrete topological questions. We recall the following question from some time ago.
Question 59.9. Is the trefoil chiral, i.e. can the mirror of the trefoil be deformed into
the trefoil itself? Put di�erently, are the two knots shown in the �gure below smoothly
isotopic in the sense of the de�nition on page 817?

are these two knots smoothly isotopic?

the trefoil K the mirror K∗ of the trefoil

In the last chapters we had developed several tools for showing that certain closed smooth
manifolds, e.g. the complex projective space CP2 and the lens space L(3, 1), are chiral. In
this section we will attack Question 59.9 by reducing it to a question that we had already
dealt with. More precisely, the idea is to associate to a knot in S3 an oriented rational
homology sphere that retains at least some information on the knot. Then we will use the
linking pairing of this rational homology sphere to draw conclusions on the chirality of the
knot.

149.1. Branched coverings. In this section we will introduce branched coverings. We
start out by recalling the following de�nition from page ??.

De�nition. Let M be a smooth manifold and let W Ă M be a proper codimension two
submanifold. A trivial tubular neighborhood for W is a smooth embedding

F : B
2 ×W → M

such that F (0, P ) = P for all P ∈ W and such that F (B
2 × ∂W ) = ∂M ∩ F (B

2 ×W ).

Examples.

(1) It is clear that every 0-dimensional submanifold of a 2-dimensional smooth manifold
admits a trivial tubular neighborhood.

(2) It follows from the Tubular Neighborhood Theorem ?? that every closed 1-dimen-
sional submanifold of a closed orientable 3-dimensional smooth manifold admits a
trivial tubular neighborhood.

(3) In Proposition 126.14 we saw that the 2-dimensional submanifold W = CP1 of the
4-dimensional smooth manifold M = CP2 does not admit a trivial tubular neighbor-
hood.

Convention. Let B
2 ×W → M be a smooth embedding as above. On many occasions,

by an abuse of notation, we will identify the image of the smooth embedding B
2×W →M

with B
2 ×W . Put di�erently, we often use the phrase let �B

2 ×W be a trivial tubular
neighborhood�.
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De�nition. Let M be a smooth manifold and let W Ă M be a compact proper subman-
ifold of codimension two. We say a map p : M̃ → M is a k-fold branched covering with
branch locus W if the following two conditions are satis�ed:

(1) The restriction p : M̃ \p−1(W )→M \W is a k-fold covering map in the usual sense.
(2) There exists a trivial tubular neighborhood B

2 ×W of W with the following prop-
erties:
(a) For each component X of p−1(B

2 ×W ) there exists an m ∈ N and a di�eomor-
phism Ψ: X → B

2 ×W such that the following diagram commutes1769

X
Ψ //

p
##

B
2 ×W

(z,w)7→(zm,w)yy

B
2 ×W.

We refer to m as the branching degree of X.
(b) There exists at least one component of p−1(B

2×W ) with branching degree ≥ 2.
We say the branched covering is simple if m = k throughout. Furthermore we say that
the branched covering is regular if the covering map p : M̃ \ p−1(W )→ M \W is regular
in the sense of the de�nition on page 1383. Otherwise we say that the branched covering
is irregular.

Remark. The notion of a branched covering makes sense in a much more general context,
not necessarily restricted to smooth manifolds, see e.g. [Fox1957].

Examples.

(1) The map p : M̃ = C→M = C given by z 7→ zk is a simple k-fold branched covering
with branch locus W = {0}. This is basically clear:
(a) On page 1070 we saw that the restriction of p to a map C \ {0} → C \ {0} is a

k-fold covering map.
(b) We take the obvious trivial tubular neighborhood B

2
for 0 and we denote by Ψ

the identity map. It is obvious that the above diagram commutes.
(2) The same argument as in (1) shows that the map

M̃ = C \ {{exp(2π ik/3) | k = 0, 1, 2} → C \ {1}
z 7→ z3

that is illustrated in the �gure below is a simple 3-fold branched covering with branch
locus W = {0}.

��
��
��
��

����

M = C \ {1}

z 7→ z3

M̃ = C \ {1, e±2πi/3}}

W

1769Here we view B
2

= {z ∈ C | |z| ≤ 1} as a subset of C.
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(3) The projection M̃ = C→M := C/z ∼ −z is a simple 2-fold branched covering with
branch locus W = {0}. To verify this statement we consider the following diagram

C
z 7→[z]

//

z 7→ z2
$$

C/z ∼ −z

[z]7→z2

wwC.

The diagram is clearly commutative and the right-hand diagonal map is easily seen
to be a homeomorphism. We use this homeomorphism to equip C/z ∼ −z with a
smooth structure. In (1) we saw that the left diagonal map is a branched covering,
thus the top horizontal map is also a branched covering.

(4) Let Σ be a closed 1-dimensional complex manifold (i.e. Σ is a closed 2-dimensional
smooth manifold with a complex structure) and let f : Σ → C be a meromorphic
non-constant function. We consider the map

Σ → CP1 = S2

z 7→
{

[f(z) : 1], if f(z) 6=∞
[1 : 0], otherwise.

It is straightforward to see that this map is holomorphic. Using [Jä2011, Satz 10]
one can easily show that f : Σ→ CP1 = S2 is a branched covering.

Before we give more interesting examples of branched coverings we state and prove the
following lemma that, given a simple branched covering p : M̃ → M , relates the Euler
characteristic of M̃ to the Euler characteristic of M , the Euler characteristic of the branch
locus and the degree of the branched covering.
The lemma carries a fancy name, even though it is quite elementary.

Lemma 149.1. (Riemann-Hurwitz Formula) Let M be a compact smooth manifold
and let W be a compact proper codimension 2 submanifold of M . If p : M̃ → M is a
simple k-fold branched covering with branch locus W , then

χ
(
M̃
)

= k · χ(M) + (1− k) · χ(W ).

A similar statement also holds for non-simple branched coverings. The formulation becomes
more messy, but the proof in this more general setting is equally trivial. Since we will not
make use of this more general formula we decline to formulate it.

Proof. As usual, statements about Euler characteristics can be proved quite easily. To
prove the Riemann-Hurwitz Formula we pick a tubular neighborhood B

2 ×W and a dif-
feomorphism Ψ: p−1(B

2×W )→ B
2×W as in the de�nition of a branched covering. Now
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we calculate that
Manifold-χ-Proposition 104.36 (3) applied to M̃ =

(
M̃ \Ψ(B2 ×W )

)
∪Ψ

(
B

2 ×W
)

↓
χ
(
M̃
)

= χ
(
M̃ \Ψ(B2 ×W )) + χ

(
Ψ(B

2 ×W )
)
− χ

(
Ψ(S1 ×W )

)
= k ·χ(M \ (B2 ×W )) + χ(W )
↑

by the Manifold-χ-Proposition 104.36 (5) since p : M̃ \Ψ(B2 ×W )→M \ (B2 ×W ) is a k-fold covering
and using that the Manifold-χ-Proposition 104.36 (2) implies that χ(Ψ(B

2 ×W )) = χ(W ) and χ(Ψ(S1 ×W )) = 0

= k ·χ(M)− k ·χ(B
2×W ) + k ·χ(W×S1) + χ(W ) = k ·χ(M) + (1− k)·χ(W ).

↑ ↑
by the Manifold-χ-Proposition 104.36 (3) applied again by the Manifold-χ-Proposition 104.36 (2)

to M = M \(B2×W ) ∪B2×W �

Remark. The concept of a map that is a covering outside of a su�ciently small subset
also appears in other branches of mathematics. It is often also referred to as a �branched
covering� or �rami�ed covering� or �rami�cation�. In the �gure below we show an extract
of Jürgen Neukirch's book on algebraic number theory [Neuk1999].

149.2. The hyperelliptic involution and branched coverings of surfaces. Before we
can provide the reader with new examples of branched coverings we need to introduce the
following fun object.
De�nition. As on page 1880 we consider the surface Σg of genus g as the quotient of the
regular (4g + 2)-gon E4g+2 where we identify opposite sides by a translation. The map

Θ: E4g+2/∼ → E4g+2/∼
[z] 7→ [−z]

is called the hyperelliptic involution.17701771 For g = 2 the surface Σ2 = E10/∼ and the
hyperelliptic involution are illustrated in the �gure below.
The following lemma summarizes some properties of the hyperelliptic involution.
Lemma 149.2. Let g ∈ N0.
(1) The hyperelliptic involution Θ: Σg → Σg is orientation-preserving.
(2) The hyperelliptic involution Θ: Σg → Σg has precisely 2g + 2 �xed points.
(3) The map Θ∗ : H1(Σg;Z)→ H1(Σg;Z) equals − idH1(Σg ;Z).

1770Recall that a map f : X → X is called an involution if f ◦ f = idX .
1771I do not know where the fancy name �hyperelliptic� comes from.
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decagon with opposite sides identi�ed

six �xed points

the hyperelliptic involution is
induced by the re�ection in the origin

(4) The quotient space Σg/x ∼ Θ(x) is homeomorphic to the 2-sphere and it can be
given a smooth structure such that the quotient map Σg → Σg/x ∼ Θ(x) is a 2-fold
branched covering where the branch locus consists of 2g + 2 points.

Sketch of proof.

(1) It follows easily from Proposition 107.2, applied to the origin, that the hyperelliptic
involution Θ is orientation-preserving.

(2) It is straightforward to show that the �xed points of the hyperelliptic involution are
given by the origin and the points that are represented by the 4g + 2 midpoints of
the sides of the (4g + 2)-gon. Since opposite midpoints get identi�ed we see that we
have precisely 1 + 1

2
(4g + 2) = 2g + 2 �xed points.

(3) We equip E4g+2 with the obvious CW-structure with 2g + 2 0-cells, 2g + 2 1-cells
and one 2-cell. Since the hyperelliptic involution identi�es cells with cells we can
equip Σg = E4g+2/∼ with a corresponding quotient CW-structure. The hyperelliptic
involution is a cellular map and one can easily compute that the induced map on
HCW

1 (Σg;Z) is − id. By the Singular-Cellular H∗-Isomorphism Proposition 80.4 we
know that singular homology is naturally isomorphic to cellular homology. In our
setting this means that we have a commutative diagram

H1(Σg;Z) //

f∗
��

HCW
1 (Σg;Z)

f∗
��

H1(Σg;Z) // HCW
1 (Σg;Z),

where the horizontal maps are the same. Since the right vertical map is − id we now
see that the left vertical map is also − id.

(4) We leave it to the conscientious reader to show that the quotient space Σg/x ∼ Θ(x) is
a closed orientable connected 2-dimensional smooth manifold such that the quotient
map Σg → Σg/x ∼ Θ(x) is a 2-fold branched covering with branch locus given by
the images of the �xed points.1772 Once we believe this fact we can calculate that

2− 2g = χ(Σg) = 2 · χ(Σg/∼)− χ(branch locus) = 2 · χ(Σg/∼)− (2g + 2).
↑ ↑

Lemma 149.1 by (1) there exist 2g + 2 �xed points

1772In the veri�cation of this statement it can be useful to keep the second example on page 3174 in mind.



3178

Thus we see that χ(Σg/∼) = 2. It follows from Theorem 55.4 that Σg/∼ is indeed
di�eomorphic to the 2-dimensional sphere.1773 �

More interestingly, the hyperelliptic involution is in some sense fully determined by be-
ing an orientation-preserving involution and satisfying Statement (2) or Statement (3) of
Lemma 149.2. More precisely, the following proposition holds:
Proposition 149.3. Let g ∈ N0 and let Ξ be an orientation-preserving involution of Σg.
Suppose one of the following two conditions is satis�ed:
(1) The map Ξ has precisely 2g + 2 �xed points.
(2) The map Ξ∗ : H1(Σg;Z)→ H1(Σg;Z) equals − id.

Then Ξ and the hyperelliptic involution Θ represent conjugate elements in the orientation-
preserving mapping class group MCG+(Σg).

Proof. This statement is proved in Proposition 7.15 and the discussion on page 216 of
[FaM2011]. �

Examples.
(1) Using Proposition 149.3 one can show easily that the maps

R2/Z2 → R2/Z2

[(x, y)] 7→ [(−x,−y)]
and

S1 × S1 → S1 × S1

(z, w) 7→ (z−1, w−1),

under a suitable di�eomorphism between R2/Z2 = S1 × S1 and E6/∼, correspond
to the hyperelliptic involution.1774 In Lemma 5.7 we gave an explicit di�eomorphism
between S1 × S1 and a speci�c submanifold of R3. Under this di�eomorphism the
above hyperelliptic involution corresponds to rotation by π around a line in the xy-
plane through the origin.

In the �gure below we show the torus as a submanifold of R3 together with the
hyperelliptic involution. We do our best to visualize that the quotient of the torus is
indeed given by the sphere.
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g

∼=

top and bottom
get identi�ed

top and bottom
get identi�ed

torus T

rotation by π

the quotient T/ ∼

(2) Using Proposition 149.3 we can now also visualize the hyperelliptic involution in our
favorite �physical� model of the surface of genus g. More precisely, in the �gure below
on the right we show the surface of genus 2 as a submanifold of R3. Rotation by π
around the x-axis is an orientation-preserving involution which has 6 �xed points.

1773It always feels like cheating to use the calculation of Euler characteristics together with the Surface
Classi�cation Theorem 55.4 to determine the di�eomorphism type of a given closed orientable connected
2-dimensional smooth manifold. Can you �nd a more direct proof that Σg/∼ is di�eomorphic to S2?
1774Clearly both maps are orientation-preserving involutions. Thus it remains to show that these involu-
tions of R2/Z2 and S1 × S1 have precisely four �xed points. What are they?
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It follows from Proposition 149.3 that, under a suitable di�eomorphism to Σg, this
involution corresponds to the hyperelliptic involution. For convenience we refer to
this involution also as the hyperelliptic involution.
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the hyperelliptic involution
is given by rotation by π around the x-axis

surface of genus 2decagon with opposite sides identi�ed

six �xed points

the hyperelliptic involution is
induced by the re�ection in the origin

Finally, in the �gure below we indicate why the quotient is indeed the sphere.
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149.3. Branched coverings of 3-dimensional smooth manifolds. In this section we
consider branched coverings of 3-dimensional smooth manifolds. Before we start out with
de�nitions and examples we provide a word of caution. Whenever one wants to deal with
�real-life topological spaces� it is very hard to write down everything absolutely rigorously.
In this chapter we will therefore take some liberties and we will not write down every
argument in full detail.
As a balm to our mathematical conscience we recall that we pointed out on page ??, every
3-dimensional topological manifold admits a unique smooth structure. Hence we do not
need to distinguish between the concepts of being �homeomorphic� and �di�eomorphic�.1775

Before we give a 3-dimensional example of a branched covering we need to introduce one
more de�nition.
De�nition.
(1) An arc in a 3-dimensional smooth manifold M is a proper submanifold of M that is

di�eomorphic to the interval [0, 1].
(2) We say a �nite set of arcs A1, . . . , Am in B

3
is unknotted if there exists a homeomor-

phism f : B
3 → B

2× [0, 1] and distinct points P1, . . . , Pm such that for i = 1, . . . ,m
we have f(Ai) = Pi × [0, 1].

Example. In the �gure below we show to the left an arc in the solid torus. To the right
we show two arcs in B

3
that are unknotted.

1775This fact that by smoothing we can always replace a homeomorphism by a di�eomorphism should not
be overgeneralized. For example, Bing [Bin1952] gave an example of an involution f on S3 that is not
isotopic to a smooth involution. More precisely, we can isotope f to a smooth map, but we can no longer
arrange that that map is an involution.
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solid torusarc

unknotted arcs

∼=

Now we can give the promised examples of branched coverings of 3-dimensional smooth
manifolds.

Examples.

(1) We consider the map
Θ: B

2 × S1 → B
2 × S1

(r · exp( iϕ), z) 7→ (r · exp(− iϕ), z−1).

The map Θ is an involution that restricts to the hyperelliptic involution on the
boundary. In Lemma 5.7 we had identi�ed the solid torus B

2×S1 with a submanifold
of R3. Under this identi�cation the above involution Θ corresponds to the rotation by
π around a line in the xy-plane. This map restricts to an involution on the solid torus
B

2 × S1 Ă R3. As is illustrated in the �gure below, the quotient B
2 × S1/x ∼ Θ(x)

is the 3-ball and the quotient map p : B
2 × S1 → B

3
is a 2-fold branched covering

where the branch locus is given by two unknotted arcs.1776
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∼=

g

top and bottom
half-disk get identi�ed

top and bottom
half-disk get identi�ed

rotation by π

solid torus

the blue arcs lie in the interior of B
3

(2) Above we saw that the surface of genus g is the branched covering of S2 with branch
locus given by 2g+2 points. Similarly to (1) we can now replace the surface of genus
g by the handlebody Hg of genus g and we obtain a branched covering of Hg over the
3-ball B

3
where the branch locus is given by g + 1 unknotted arcs.

It follows from the classi�cation of closed connected 2-dimensional smooth manifolds, see
the Surface Classi�cation Theorem 55.4, together with discussion on page 3179 that every
closed orientable connected 2-dimensional smooth manifold Σ admits a simple branched
covering over the 2-dimensional sphere. The following theorem says that a similar statement
also holds in the 3-dimensional setting.

1776It is painful, but not impossible to prove this statement rigorously. Indeed, �rst of all we can replace
B

2×S1 by ([−1, 1]/−1 ∼ 1)× [0, 2]2 where the involution is given by (s, x, y) ∼ (−s, x, 2−y). The quotient
space is then homeomorphic to [0, 1]× [0, 2]2 where (0, x, y) ∼ (0, x, 2−y) and (1, x, y) ∼ (1, x, 2−y). Using
this description it is no longer that di�cult to show that the quotient space is homeomorphic to B

2× [0, 1]
where the �xed point set is given by two arcs of the form P1 × [0, 1] and P2 × [0, 1]. We leave it to the
reader to �ll in the details.
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Theorem 149.4. (Hilden-Montesinos) Every closed orientable connected 3-dimensional
smooth manifold M admits a map p : M → S3 which is a simple 3-fold branched covering
(not necessarily regular) with branch locus a knot.

Remark. The theorem has its origins in the work of James Alexander [Al1920] from 1920.
He had claimed that every closed orientable 3-dimensional smooth manifold admits a map
p : M → S3 which is a branched covering with branch locus a link. But the de�nition
of a branched covering map in [Al1920] is weaker than our notion and few details were
provided in [Al1920].

Proof. The theorem was independently proved by Hugh Hilden [Hild1976] and José Mon-
tesinos [Mon1976] in the early 1970s. An exposition of the proof is also given in [PrS1997,
Theorem 23.1]. The de�nition of a branched covering used in the above references is slightly
less restrictive, but it is clear from the proofs that they provide branched coverings in our
sense. �

149.4. Branched coverings de�ned by knots. In the previous sections we saw that
several maps p : M̃ → M between smooth manifolds are branched coverings and we had
determined the branch locus of those branched coverings.
In this section we go the other way round. We set M = S3, we prescribe the branch
locus as a given knot K and we describe a degree m. Given this data we will construct an
essentially unique m-fold branched covering p : Σm(K)→ S3 with branch locus K.

De�nition. Let K be a knot in S3 and let m ∈ N.
(1) By the Knot Thickening Lemma 131.1 (2) we can pick a thickening F : B

2×K → S3

with self-linking number 0.
(a) As usual we write XK := S3 \ F (B2 ×K).
(b) We equip XK with the natural orientation coming from S3.
(c) We denote by f : S1 × K → ∂XK = ∂F (B

2 × K) the di�eomorphism that is
given by restricting F to the boundary torus S1 ×K.

(d) We denote by φK : π1(XK)→ H1(XK ;Z)
∼=−→ Z one of the two epimorphisms. (It

will not matter which one we take.)
(2) By the Covering Existence Theorem 61.5 there exists a connected covering p : X̃K →

XK that corresponds to ker
(
π1(XK)

φK−−→ Z→ Zm
)
, i.e. that satis�es

p∗(π1(X̃K)) = ker
(
π1(XK)

φK−−→ Z→ Zm
)
.

Furthermore, by the Covering Uniqueness Theorem 61.9 this covering is in an appro-
priate sense unique. We equip X̃K with the orientation coming from the Manifold
Covering Proposition 49.2 and coming from the above orientation on XK .

(3) We consider the branched covering

q : B
2 ×K → B

2 ×K
(z, p) 7→ (zm, p).

Since the self-linking number of F was chosen to be zero, and by the uniqueness
statement of the Covering Uniqueness Theorem 61.9, we see that the restriction of
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q to the boundary S1 ×K can be identi�ed with the m-fold covering corresponding
to

ker
(
π1(S1 ×K)

f∗−→ π1(XK)→ Z→ Zm
)
.

(4) It follows from (3) that f lifts to a di�eomorphism f̃ : S1×K → ∂X̃K such that the
following diagram commutes

S1 ×K
q
��

f̃
// ∂X̃K

p
��

S1 ×K f
// ∂XK .

(5) We de�ne the m-fold branched covering of K to be the topological space

Σm(K) :=
(
B

2 ×K
)
∪f̃ X̃K .

The following proposition summarizes some basic properties of branched coverings of knots.

Proposition 149.5. (Knot-Branched Covering Proposition) Let K be a knot and
let m ∈ N.
(1) Them-fold branched covering Σm(K) is a closed orientable 3-dimensional topological

manifold. It admits a unique smooth structure and a unique orientation such that
X̃K is a submanifold and such that the orientation on the submanifold X̃K agrees
with the orientation coming from the Manifold Covering Proposition 49.2 and the
natural orientation on XK Ă S3.

(2) The oriented di�eomorphism type of Σm(K) is independent of all of our choices.
(3) The map

Σm(K) = B
2 ×K ∪f̃ X̃K .

↓ ↓ q ↓ p
S3 = B

2 ×K ∪f XK

is well-de�ned and it is a regular simple m-fold branched covering with branch locus
given by the knot K.

(4) If two knots K and J are smoothly isotopic, then there exists an orientation-
preserving di�eomorphism Σm(K)→ Σm(J).

(5) Let K be a knot in R3 Ă S3 = R3 ∪ {∞}. Let Kmir Ă R3 be a mirror image,
i.e. Kmir = ρ(K) where ρ is the re�ection in a hyperplane of R3. There exists an
orientation-reversing di�eomorphism from Σm(K) to Σm(Kmir).

(6) If K is amphichiral, then Σm(K) is amphichiral.
(7) We have isomorphisms

H1(Σm(K);Z)⊕Z ∼= H1(X̃K ;Z) ∼= H1

(covering of S3 \K corresponding to
the epimorphism π1(S3 \K)→ Zm

;Z
)
.

(8) If p is a prime number and r ∈ N, then the homology group H1(Σpr(K);Z) is �nite.

Sketch of proof.

(1) The �rst statement follows from the Gluing-Smooth Manifolds-Proposition ??.
(2) The second statement follows fairly easily from the Covering Uniqueness Theo-

rem 61.9 and Proposition ??.
(3) The third statement follows easily from the de�nitions.
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(4) Suppose that K and J are smoothly isotopic. This means that there exists a smooth
isotopy from the knot K to the knot J . As we pointed out in the proof of Propo-
sition 58.4, the smooth isotopy can be extended to a smooth isotopy of S3 carrying
K to J . It now follows easily from the de�nitions that there exists an orientation-
preserving di�eomorphism Σm(K)→ Σm(J).

(5) Let ρ be a re�ection in a hyperplane of R3. From Exercise 2.46 we obtain that,
by setting ρ(∞) = ∞, the map ρ extends to a homeomorphism of S3 = R3 ∪ {∞}.
We denote this homeomorphism again by ρ. It follows from Proposition 107.2, say
applied to the origin, that ρ : S3 → S3 is orientation-reversing. It follows again
easily from the de�nitions that ρ induces an orientation-reversing homeomorphism
Σm(K)→ Σm(Kmir).

(6) This statement is an immediate consequence of (4) and (5).
(7) An amusing Mayer�Vietoris argument shows that there exists an isomorphism as

stated on the left. The inclusion of the knot exterior into the knot complement is a
homotopy equivalence, therefore it induces an isomorphism as stated on the right.

(8) The last statement is the only statement that is non-trivial. The case p = 2 and
r = 1 is proved for example on [Rolf1990, p. 213]. The general case is proved in
[Gor1972, p. 362]. �

Remark. One could also de�ne the m-fold branched covering of K as the set K∪ Ỹ , where
Ỹ is the m-fold cyclic covering of Y = S3 \ K, together with a suitable topology. This
approach, which is closer in spirit to discussion on page ??, has the advantage that the
de�nition of the m-fold branched covering involves fewer choices and gives an object that is
more naturally de�ned. For didactical reasons we stuck to the more conventional de�nition
given above.

Now we can consider some examples of branched coverings of knots.

Examples.

(1) The 1-fold branched covering of a knot K is, basically by de�nition, given by S3.
(2) For K the trivial knot it is an amusing exercise to verify that all branched coverings

are again di�eomorphic to S3.
(3) The following converse to (2) holds: If K is a knot and m ∈ N≥2 such that Σm(K)

is di�eomorphic to S3, then K is smoothly isotopic to the trivial knot. This is a
consequence of the Smith Conjecture which was proved in 1984, see [MB1984].1777

(4) More generally one can ask to what degree branched coverings remember the original
knot K. The bad news is that by [Nak1981, Saku1981] there are many examples of
triples (K,K ′,m) where K and K ′ are �prime� knots which are not smoothly isotopic
and where m ∈ N≥2 such that Σm(K) is di�eomorphic to Σm(K ′). The good news
is that it is shown in [Koj1986] that if K and K ′ are two �prime� knots such that
Σm(K) and Σm(K ′) are di�eomorphic for in�nitely many m ∈ N, then K and K ′ are
smoothly isotopic.

1777The Smith Conjecture, which was originally formulated in 1949 [Eil1949, Problem 36], says that if f
is a di�eomorphism of S3 of �nite order, i.e. such that there exists an n ∈ N with fn = idS3 , then the �xed
point set of f cannot be a non-trivial knot. The conjecture was proved in 1984 [MB1984]. By [Gif1966]
the analogous statement is wrong for 4-dimensional smooth manifolds.
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The idea now is of course to apply the Knot-Branched Covering Proposition 149.5 to settle
Question 59.9, namely to show that the trefoil is not amphichiral. Therefore we need to
determine at least one interesting branched covering of the trefoil.

De�nition. Let J Ă S3 be a knot.
(1) We write

S3
≥0 := {(x1, x2, x3, x4) ∈ S3 |x4 ≥ 0} and J≥0 := J ∩ S3

≥0

S3
≤0 := {(x1, x2, x3, x4) ∈ S3 |x4 ≤ 0} and J≤0 := J ∩ S3

≤0

and
S3

=0 := {(x1, x2, x3, x4) ∈ S3 |x4 = 0} and J=0 := J ∩ S3
=0.

(2) We say J is in m-bridge position if the following three conditions are satis�ed:
(a) J intersects the sphere S3

=0 = xy-plane ∪ {∞} transversally,
(b) the intersection J≥0 = J ∩ S3

≥0 consists of m trivial arcs in the 3-ball S3
≥0,

(c) the intersection J≤0 = J ∩ S3
≤0 consists of m trivial arcs in the 3-ball S3

≤0.

Example. In the �gure below we show three knots which are isotopic to the trivial knot,
the trefoil and the �gure-8 knot.1778 The �rst knot is in 1-bridge position whereas the latter
two knots are in 2-bridge position.
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the trefoiltrivial knot �gure-8 knot

Lemma 149.6. Every knot K in S3 is smoothly isotopic to a knot J that is in m-bridge
position for some m.

Sketch of proof. If a knot K is represented by a diagram with m crossings, then it is
already in anm-bridge position. We refer to [BZH2014, Chapter 2.D] for more details. �

De�nition. Given a knot K Ă S3 we de�ne its bridge number as

b(K) := min{m ∈ N |K is smoothly isotopic to a knot in m-bridge position}.
If b(K) = m, then we also just say that K is an m-bridge knot.

Examples.

(1) If K is a knot with bridge number 1, then K is smoothly isotopic to the trivial knot.
This sounds pretty convincing, but as so often, it is rather painful to write down a
completely rigorous argument.

(2) It follows from (1) and the �gure above that the trefoil and the �gure-8 knot are
2-bridge knots.

1778We leave it to the reader to verify that the knots pictured in the �gure below are in fact isotopic to
the knots shown in the �gure on page 1302.
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Proposition 149.7. Let K be a knot. The 2-fold branched covering Σ2(K) admits a
Heegaard splitting of genus b(K)− 1.

Sketch of proof. By the Knot-Branched Covering Proposition 149.5(4) we can assume
that K itself is already in m-bridge position. We denote by p : Σ2(K) → S3 the branched
covering with branch locus K. The restriction of p to p−1(S3

≥0)→ S3
≥0 is a 2-fold branched

covering with branch locus K≥0. Since K≥0 are unknotted arcs this branched covering is
essentially the same as the branched covering considered on page 3180.1779 But this implies
that p−1(S3

≥0) is a genus m−1 handlebody. Similarly we see that p−1(S3
≤0) is a genus m−1

handlebody and that the intersection of these two handlebodies, which is given by p−1(S3
=0)

is a surface of genus m − 1. But that means precisely that Σ2(K) admits a genus m − 1
Heegaard splitting. �

Corollary 149.8. If K is a knot with bridge number b(K) = 2, then Σ2(K) is di�eomor-
phic to a lens space.

Proof. Let K be a knot with bridge number b(K) = 2. It follows from Proposition 149.7
that the 2-fold branched covering Σ2(K) admits a Heegaard splitting of genus one. It
follows from the Knot-Branched Covering Proposition 149.5 (1) and Corollary 146.8 that
Σ2(K) is either di�eomorphic to a lens space or to S1×S2. In the Knot-Branched Covering
Proposition 149.5 (8) we saw that H1(Σ2(K);Z) is �nite, thus we can exclude the possibility
that Σ2(K) is di�eomorphic to S1 × S2. �

We had just seen that the trefoil and the �gure-8 knot are 2-bridge knots. So their 2-fold
branched coverings are lens spaces. The following proposition tells us what these 2-fold
branched coverings are.

Proposition 149.9. 1780

(1) The 2-fold branched covering of the trefoil is di�eomorphic to the lens space L(3, 2).
(2) The 2-fold branched covering of the �gure-8 knot is di�eomorphic to the lens space

L(5, 2).

Remark. Horst Schubert [SchubH1956] showed in 1956 that every lens space is the 2-fold
branched covering of a 2-bridge knot.

Proof. Let K be a 2-bridge knot. There is a general algorithm that determines the lens
space which equals the 2-fold branched covering Σ2(K), see e.g. [BZH2014, Proposi-
tion 12.3]. The statement about the trefoil is then implied by [BZH2014, Example 12.16].
The statement about the �gure-8 knot is implicit in [BZH2014, Section 12].

There are also several other proofs for the �rst statement:
(1) Let K be the trefoil. It follows from the calculation on page 1336, the Hurewicz

Theorem 84.5, the Knot-Branched Covering Proposition 149.5 and Lemma 51.9 (1)
that H1(Σ2(K);Z) ∼= Z3. Furthermore, by Corollary 149.8 we know that Σ2(K) is a

1779An argument similar to the proof of the Knot-Branched Covering Proposition 149.5 (2) shows that all
2-fold branched coverings of the 3-ball with branch locus given by two unknotted arcs are homeomorphic.
1780Since it is exceedingly painful to keep track of orientation conventions we will not attempt to determine
whether there exist orientation-preserving or orientation-reversing di�eomorphisms between the branched
coverings and the lens spaces.
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lens space. Thus we see that Σ2(K) is di�eomorphic to L(3, 1) or to L(3, 2). But these
two lens spaces are di�eomorphic by the Lens Spaces-Di�eomorphisms Lemma 48.6.

(2) We also refer to [Sti1993, Section 7.2.2] and [Rolf1990, p. 304] for two alternative
proofs of the �rst statement. �

Finally we can answer Question 59.9 in the negative.

Proposition 149.10. The trefoil is chiral.

Remark. In Proposition 131.5 we gave an alternative proof of Proposition 149.10 which
is more elementary, but less conceptual.

Proof. LetK be the trefoil. By Proposition 149.9 (9) we know that Σ2(K) is di�eomorphic
to the lens space L(3, 2). We know from Proposition 148.23 that L(3, 2) is chiral. But by
the Knot-Branched Covering Proposition 149.5 (6) this implies that K is also chiral. �

We have now shown that the trefoil is not smoothly isotopic to its mirror image. Therefore
one often distinguishes in the literature between the left-handed trefoil (which equals our
trefoil from before) and the right-handed trefoil. The names stem from the observation
that if we equip the right-handed trefoil with either of the two orientations the following
holds: if the thumb of the right-hand points in the direction of the overcrossing-strand,
then the �ngers point in the direction of the undercrossing-strand. (It is a fun exercise to
verify this statement.)

right-handed trefoilleft-handed trefoil

Remark. On page 2392 we saw that L(5, 2) is amphichiral. This is consistent with the
fact, illustrated in the �gure on page 1316, that the �gure-8 knot is amphichiral and Propo-
sitions 149.9 and 149.5 (6).

Remark. In this chapter we studied questions about smooth embeddings of a given closed
k-dimensional smooth manifoldW into a given closed (k+2)-dimensional smooth manifold
M , namely of smooth embeddings of W = S1 into M = S3, by associating to a smooth
embedding a branched covering. The same approach can also be used in many other
contexts, for example it can and is being used to study smooth embeddings of surfaces into
closed 4-dimensional smooth manifolds, see e.g. [HsSz1971].

Exercises for Chapter 149.

Exercise 149.1. The de�nition of the m-fold branched cover of a knot easily in S3 gener-
alizes to the notion of an m-fold branched cover of a link in S3.
(a) We consider the trivial 2-component link L2. What is the di�eomorphism type of

the corresponding 2-fold branched cover?
(b) We consider the trivial 2-component link L2. What is the di�eomorphism type of

the corresponding 5-fold branched cover?
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(c) We consider the trivial 2-component link L3. What is the di�eomorphism type of
the corresponding 2-fold branched cover?

L2 L3

Exercise 149.2. Let K and J be two oriented knots in S3. We denote by K#J the
connected sum of the two oriented knots as de�ned on page 1319. Show that for every
n ∈ N the branched cover Σn(K#J) is di�eomorphic to the connected sum Σn(K)#Σn(J).

Exercise 149.3. Let K be the trefoil.
(a) Show that the square knot K#K is not smoothly isotopic to its mirror image.
(b) Show that the granny knot K#Kmir is neither smoothly isotopic to the square knot

K#K nor to its mirror image.
Hint. Use Exercise 149.2 and 148.4.

Exercise 149.4. Let Σ be the surface of genus g and let P1, . . . , Pk be disjoint points in
Σ. We set F := Σ \ {P1, . . . , Pk}. We pick a base point ∗ ∈ F .
(a) Let Γ Ă π1(F, ∗) be a subgroup of �nite index. By the Covering Existence Theo-

rem 61.5 we know that there exists a �nite covering p : F̃ → F with p∗(π1(F̃ ), ∗) = Γ.
Show that the covering p : F̃ → F can be extended to a branched covering q : Σ̃→ Σ.

(b) Let ϕ : π1(F, ∗)→ Zm be an epimorphism. We pick loops y1, . . . , yk as illustrated in.
We apply (a) to Γ = ker(ϕ) and we obtain a branched covering q : Σ̃ → Σ. What is
the genus of Σ̃ in terms of g and the orders of the images of ϕ([y1]), . . . , ϕ([yk])?

(c) How does (b) generalize to the situation where ϕ : π1(F, ∗) → G is an epimorphism
onto some �nite group?

Remark. The Preimage-of-Covering Proposition 63.5 might come in handy.

�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������

�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������

�����
�����
�����
�����

����
����
����
����

����
�
�
�
�

��
��
��
��

��

Σ

y1

y2

yk

∗

P1

P2

Pk

Exercise 149.5. Let q(z) = be a non-constant complex polynomial. Show that the map

CP1 → CP1

[z : w] 7→
{

[q(a) : 1], if [z : w] = [a : 1] for some a ∈ C,
[1 : 0], if [z : w] = [1 : 0]

is a branched covering. In particular determine the branch locus.
Hint. Use the Locally-a-Power Theorem 32.8.
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150. The cobordism groups of rational homology spheres

look at proof of Proposition 150.10 First we recall the de�nition of an R-homology sphere
from page 3143 and we introduce some, almost self-explanatory, related notions.
De�nition. Let R be a commutative ring and let M be a compact orientable n-dimensi-
onal topological manifold. We introduce the following notions:

M is an R-homology sphere, if for each k ∈ N0 we have Hk(M ;R) ∼= Hk(S
n;R)

M is an R-homology ball, if for each k ∈ N0 we have Hk(M ;R) ∼= Hk(B
n
;R)

M is an R-cylinder, if for each k ∈ N0 we have Hk(M ;R) ∼= Hk(S
n−1×[0, 1];R).

Instead of Z-homology sphere we usually say integral homology sphere and instead of
Q-homology sphere we usually say rational homology sphere. The same convention holds
also for balls and cylinders.

Remark. On pages 2159, 2710 and 3143 we de�ned homology spheres without the con-
dition that M is compact and orientable. In fact we saw in Lemma 124.1 that the purely
homological de�nition already implies thatM is closed and orientable. A similar discussion
applies to homology balls that we �rst introduced on page 2720.

Lemma 150.1. Let M be an n-dimensional topological manifold.
(1) IfM is a rational homology n-ball, then ∂M is a rational homology (n−1)-sphere.1781

(2) Let M be a rational homology cylinder.
(a) The boundary ∂M has precisely two components X and Y , each of which is a

rational homology (n− 1)-sphere.
(b) The inclusion induced maps H∗(X;Q)→ H∗(M ;Q) and H∗(Y ;Q)→ H∗(M ;Q)

are isomorphisms.
(3) Let M be a rational homology ball. If ϕ : B

n → M \ ∂M is a smooth embedding,
then M \ ϕ(Bn) is a rational homology cylinder.

The same statements also hold if we replace �rational� by �integral�.

Proof. The lemma will be proved in Exercise 144.4. �

Now we can modify the cobordism groups Ωn to obtain new and interesting groups.
De�nition. Let n ∈ N. We de�ne
Θn

Q := {di�eomorphism classes of oriented n-dimensional rational homology spheres}/∼Q
where we write M ∼Q N if there exists an oriented cobordism W between M to N that is
a rational homology cylinder. Similarly we de�ne
Θn

Z := {di�eomorphism classes of oriented n-dimensional integral homology spheres}/∼Z

where we write M ∼Z N if there exists an oriented cobordism W between M and N that
is an integral homology cylinder. Furthermore we de�ne Θtop,n

Q and Θtop,n
Z the same way as

above except that we �throw over board� all smooth structures. More precisely, we make
the following two changes:
(1) We consider homeomorphism classes of oriented n-dimensional rational homology

spheres.

1781This statement is closely related to Lemma 124.8.
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(2) We no longer demand that the cobordism W is a smooth manifold, we only assume
that it is a topological manifold.

To simplify the discussion, and out of personal preference, henceforth we only consider the
case n = 3 and we drop the decoration �3� from the notation. Recall that Theorem ?? says
that in dimension three any topological manifold admits a smooth structure and two smooth
manifolds are homeomorphic if and only if they are di�eomorphic. Put di�erently, there is
basically no di�erence between the study of 3-dimensional topological manifolds and the
study of 3-dimensional smooth manifolds. On the other hand, we saw in Theorem 135.9
that in dimension four there is a big di�erence between the theory of topological manifolds
and the theory of smooth manifolds. In particular the above notions of cobordisms might
change depending on whether or not we consider 4-dimensional topological manifolds or
4-dimensional smooth manifolds.
Proposition 150.2. In all four cases the connected sum operation de�nes an abelian group
structure where the neutral element is given by S3 and where the inverse of a homology
sphere Y is given by −Y .

Example. Let Y be a 3-dimensional rational homology sphere. If Y is amphichiral, then
we have the following equality in ΘQ:

[Y ]#[Y ] = [Y ]#[−Y ] = S3 ∈ ΘQ
↑ ↑

since Y amphichiral Proposition 150.2

This implies that an amphichiral 3-dimensional rational sphere de�nes either the trivial
element in ΘQ or an element of order 2.

Sketch of proof. In the following steps we verify all the statements that are implicit in
the formulation of the proposition for ΘQ.
(1) It follows from the Connected Sum-H∗-Proposition 100.13 that the connected sum of

two rational homology spheres is again a rational homology sphere.
(2) We need to show that the connected sum operation descends to a well-de�ned oper-

ation on ΘQ. Thus suppose that we are given oriented, rational homology spheres M
and M ′ and also N and N ′ such that M = M ′ ∈ ΘQ and N = N ′ ∈ ΘQ. We need to
show that M#N = M ′#N ′ ∈ ΘQ. We pick compact oriented 4-dimensional smooth
manifolds X and Y with ∂X = M t−M ′ and ∂Y = N t−N ′ as in the de�nition of
∼Q.

By Corollary 102.14 we can pick an oriented proper connected 1-dimensional sub-
manifold [0, 1] ∼= α Ă X which connects a point on M to a point on M ′. Similarly
we can pick a proper connected 1-dimensional submanifold [0, 1] ∼= β Ă Y which
connects a point on N to a point on N ′. By the Tubular Neighborhood Theorem ??
we can thicken the submanifolds α and β to submanifolds [0, 1]× B3

= α × B3
and

[0, 1]×B3
= β×B3

. We can and will pick the former map to be orientation-preserving
and the latter orientation-reversing. We de�ne

Z :=
(
(X \ (α×B3)) t (Y \ (β ×B3))

)
/∼

where we identify a point on α × S2 = [0, 1] × S2 with the corresponding point on
β × S2 = [0, 1] × S2. After smoothing corners, see [Wall2016, Proposition 2.6.2],
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we can view Z as a compact oriented smooth manifold such that ∂Z = (M#N) t
−(M ′#N ′). (This construction is illustrated in the �gure below.) Using that X and
Y are rational homology cylinders one can fairly easily show that Z itself is also a
rational homology cylinder.
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(3) It follows from Lemma ?? that the connected sum operation is commutative and
associative. Furthermore it follows from Lemma ?? that S3 is the neutral element
with respect to the connected sum operation.

(4) Let Y be a rational homology sphere. We have to show that (Y#− Y ) ∼Q S
3. We

pick a closed 3-ball B
3
in Y . We consider W = ([0, 1] × Y ) \ ([0, 1] × B3). After

smoothing corners we have ∂W = Y#− Y . Finally we remove an open 4-ball from
W and we obtain a 4-manifold Z with ∂Z = (Y#−Y )tS3. We leave it to the reader
to verify that Z is a rational homology cylinder. We illustrate this construction in
the �gure below.

The proof that ΘZ forms a group is basically identical to the above proof. The
proof that Θtop

Q and Θtop
Z form groups is in principle the same, except that we need

to replace the references dealing with smooth manifolds by references that take care
of topological manifolds. For example, we need to replace the Tubular Neighbor-
hood Theorem ?? by the fact that compact 1-dimensional submanifolds of com-
pact topological manifolds admit trivial tubular neighborhoods, see the discussion
on page ??. �
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Ă Y
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Ă Y × [0, 1]

The following lemma gives a characterization of smooth manifolds representing the trivial
element in the various groups that we just introduced.

Lemma 150.3. Let Y be a 3-dimensional rational homology sphere. Then

[Y ] = 0 ∈ ΘQ ⇐⇒ there exists a 4-dimensional smooth manifold W that
is a rational homology ball W with ∂W = Y .

There are obvious analogues to this statement for the groups ΘZ, Θtop
Q and Θtop

Z .

Proof. Let Y be a 3-dimensional rational homology sphere.
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�⇒� If Y represents the trivial element in ΘQ, then by de�nition there exists a 4-di-
mensional rational homology cylinder Z with ∂Z = Y t −S3. A straightforward
argument, using the Gluing-Smooth Manifolds-Proposition ??, Lemma 150.1 and
the Mayer�Vietoris Theorem 78.9 for Manifolds shows that W = Z ∪∂Z=S3 B

4
is a

rational homology ball. Evidently we have ∂W = Y .
�⇐� Now suppose that there exists a 4-dimensional smooth manifoldW that is a rational

homology ballW with ∂W = Y . We pick a smooth embedding ϕ : B
4 → W \∂W . It

follows from Lemma 150.1 (3) that Z = Y \ ϕ(B4) is a rational cylinder which then
shows that [Y ] = [S3] = 0 ∈ ΘQ. We refer to the �gure below for an illustration. �
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We start out with the investigation of the group Θtop
Q .

Proposition 150.4. Let M be a 3-dimensional rational homology sphere. If M = 0 ∈
Θtop

Q , then |H1(M ;Z)| is a square.

As we will see, Proposition 150.4 is an almost immediate consequence of Statement (1) of
the following lemma.

Lemma 150.5. Let M be a 3-dimensional rational homology sphere and let W a rational
homology ball W with ∂W = M .
(1) We have17821783

| ker(H1(M ;Z)→ H1(W ;Z))|2 = |H1(M ;Z)|.
(2) 1784 The linking pairing λM vanishes on ker(H1(M ;Z)→ H1(W ;Z)), more precisely,

for any x, y ∈ ker(H1(M ;Z)→ H1(W ;Z)) we have λM(x, y) = 0.
(3) The subgroup P := ker(H1(M ;Z) → H1(W ;Z)) is a metabolizer of the linking

pairing. This means, according to the de�nition on page 3171, that P = P⊥ where
P⊥ := {v ∈ H1(M ;Z) |λ(v, w) = 0 for all w ∈ P}.

Proof of Proposition 150.4 assuming Lemma 150.5. Let M be a 3-dimensional ra-
tional homology sphere which represents the trivial element in Θtop

Q . By Lemma 150.3
there exists a 4-dimensional smooth manifold W that is a rational homology ball W with
∂W = M . Thus the proposition follows from Lemma 150.5 (1). �

Proof of Lemma 150.5. Let M be a 3-dimensional rational homology sphere and let
W a rational homology ball W with ∂W = M . First we note that the fact that M is a
rational homology sphere and thatW is a rational homology ball implies, by the argument of

1784This claim is precisely the content of Exercise 150.5.
1783Put di�erently, we can say that | ker(H1(M ;Z) → H1(W ;Z))| =

√
|H1(M ;Z)|. With this formulation

the statement of the claim is quite similar to the statement of the Half-Live Half-Die Theorem 144.9. In fact
we will see that the proof of the claim is a variation on the proof of the Half-Live Half-Die Theorem 144.9.
1784We will not make use of statements (1) and (2). But these two statements play an important ingredient
in some branches of topology, for example it plays a crucial role in the seminal paper [CaG1986].
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Lemma 148.1, that the homology groups H1(M ;Z), H2(M ;Z) and also H1(W ;Z), H2(W ;Z)
are �nite.
(1) We consider the long exact sequence in homology groups corresponding to the pair

(W,M) with Z-coe�cients:

isomorphic to H1(M ;Z) ∼= Hom(H1(M ;Z),Z) by the Poincaré Duality Theorem 119.1,
and the First Cohomology Proposition 110.17, therefore zero since H1(M ;Z) is �nite

↓

. . . →
︷ ︸︸ ︷
H2(M ;Z)→ H2(W ;Z)→ H2(W,M ;Z)

→ H1(M ;Z)→ H1(W ;Z)→ H1(W,M ;Z)→ H0(M ;Z) → H0(W ;Z)→ 0.
↑

isomorphism by the discussion on page 1594

By the Break-into-SES Lemma 78.4 we now get the following exact sequence:

0 → H2(W ;Z) → H2(W,M ;Z) → H1(M ;Z) → H1(W ;Z) → H1(W,M ;Z) → 0.

We consider the group on the left. We have

H2(W,M ;Z) ∼= H2(W ;Z) ∼=
= 0 since H2(W ;Z) is �nite︷ ︸︸ ︷
Hom(H2(W ;Z),Z) ⊕Ext(H1(W ;Z),Z) ∼= H1(W ;Z).

↑ ↑ ↑
Poincaré Duality Universal Coe�cient by the Ext-Calculation Lemma 110.5 (5)
Theorem 119.1 Theorem 110.12 since H1(W ;Z) is �nite

Almost the same argument shows that H2(W ;Z) ∼= H1(W,M ;Z). This shows that the
above exact sequence is an exact sequence of �nite abelian groups that is �symmetric�
around H1(M ;Z). Therefore it remains to prove the following claim.
Claim. If

0 → Ak → . . . → A2 → A1 → B
γ−→ A1 → A2 → . . . → Ak → 0

is an exact sequence of �nite abelian groups, then

| ker(γ : B → A1)|2 = |B|.
Proof. The claim is proved by induction on k, exactly the same way as we proved
the claim on page 3097. We leave the details to the reader.

(2) By Lemma 148.31 we know that exists a pairing χ : H2(W,M ;Z)×H2(W,M ;Z)→ Q
such that the following diagram commutes:

H2(W,M ;Z)× H2(W,M ;Z)
χ

//

∂×∂
��

Q

��

H1(M ;Z)× H1(M ;Z)
λM

// Q/Z.

We make the following observations:
(a) By the long exact sequence in homology of the pair (W,M) we have

ker(H1(M ;Z)→ H1(W ;Z)) = im(∂ : H2(W,M ;Z)→ H1(M ;Z)).

(b) By the long exact sequence in homology and the above information on the ho-
mology groups of W and M we know that H2(W,M ;Z) is �nite.

(c) Since H2(W,M ;Z) is �nite we see that the pairing χ is the zero-pairing.
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(d) It follows from (1), (3) and the commutative diagram that λM does indeed vanish
for any x, y ∈ ker(H1(M ;Z)→ H1(W ;Z)).

(3) It follows from (1), (2) and Exercise 148.2 that ker(H1(M ;Z) → H1(W ;Z)) is a
metabolizer for the linking pairing. �

Corollary 150.6. Let M and N be two 3-dimensional rational homology spheres. If we
have [M ] = [N ] ∈ Θtop

Q , then |H1(M ;Z)| · |H1(N ;Z)| is a square.

Proof. Let M and N be two 3-dimensional rational homology spheres which satisfy the
equality [M ] = [N ] ∈ Θtop

Q . From Proposition 150.2 we obtain immediately the equality
[M#(−N)] = [M ]−[N ] = 0 ∈ Θtop

Q . Now Proposition 150.4 implies that |H1(M#(−N);Z)|
is a square. The corollary follows from the Connected Sum-H∗-Proposition 100.13 which
states that H1(M#(−N);Z) ∼= H1(M ;Z)⊕ H1(N ;Z). �

The following proposition shows that the groups Θtop
Q and ΘQ are very much non-trivial.

Proposition 150.7.
(1) The groups Θtop

Q and ΘQ admit an epimorphism onto Z∞2 .
(2) The groups Θtop

Q and ΘQ admit a subsummand isomorphic to Z∞2 .1785

Remark. It follows from [KK1980, Theorems 5.2 and 6.1] and a generalization of the
arguments used in the proof of Proposition 150.7 (1) that the group Θtop

Q admits an epi-
morphism onto Z∞2 ⊕ Z∞4 ⊕ Z∞4 .

The proof of Proposition 150.7 (2) relies on the following theorem from number theory. We
refer to [IR1990, p. 251] for a proof.

Theorem 150.8. (Dirichlet's Theorem on Arithmetic Progressions) For any co-
prime a, n ∈ N there exist in�nitely many primes of the form a+ kn with k ∈ N.

Proof of Proposition 150.7.

(1) We have an obvious epimorphism ΘQ → Θtop
Q , so it su�ces to show that the group

Θtop
Q admits an epimorphism onto Z∞2 . For each prime p we consider the map

αp : Θtop
Q → Z2

M 7→ max{n ∈ N0 | pn divides |H1(M ;Z)|} mod 2.

It follows easily from Corollary 150.6, together with the uniqueness of the prime power
decomposition of natural numbers and the fact that p is a prime, that this map is
well-de�ned. Furthermore it follows from the Connected Sum-H∗-Proposition 100.13
that αp is a group homomorphism.

It remains to show that the homomorphism

α : Θtop
Q →

⊕
prime p

Z2

M 7→
⊕

prime p

αp(M)

1785Here we say that an abelian group G is a subsummand of an abelian group H if there exists an abelian
group A such that H ∼= G⊕A.
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is an epimorphism. But this follows immediately from considering lens spaces. More
precisely, let p be a prime. By Corollary 84.6 we have H1(L(p, 1);Z) ∼= Zp, i.e. we
have αp(L(p, 1)) = 1 and αq(L(p, 1)) = 0 for every prime q 6= p.

(2) By Dirichlet's Theorem 150.8 there exist in�nitely many primes pi, i ∈ N such that
pi ≡ 1 mod 4. By the calculation of the Legendre symbol, see e.g. [IR1990, p. 52],
given any such prime pi there exists an ai ∈ {1, . . . , pi−1} such that a2

i ≡ −1 mod pi.
It follows from Lemma 107.6 that the lens spaces L(pi, ai) are amphichiral. It follows
from the discussion on page 3189 and from (1) that we have well-de�ned homomor-
phisms

Z∞2 → Θtop
Q → Z∞2
M 7→

∑
i
αpi(M)

(x1, x2, . . . ) 7→ #
i with
xi = 1

L(pi, ai),

furthermore we see easily that the composition of these two maps is the identity. This
shows that the right-hand map splits. Therefore it follows from Splitting Lemma 78.2
that Z∞2 is in fact a subsummand of Θtop

Q . Exactly the same argument applies to
ΘQ. �

By de�nition any 3-dimensional integral homology sphere lies in the kernel of the epimor-
phism Θtop

Q → Z∞2 that we had just constructed in the proof of Proposition 150.7.
In fact it was proved by Michael Freedman [Fre1982, Theorem 1.4'] in 1981 that ev-
ery integral homology 3-dimensional sphere bounds a simply connected integral homology
4-dimensional ball.1786 This result implies in particular the following theorem.

Theorem 150.9. The group Θtop
Z is trivial.

It turns out that the situation is quite di�erent if we consider the group ΘZ instead of the
group Θtop

Z . In fact we have the following proposition.

Proposition 150.10. Given a 3-dimensional integral homology sphere M we de�ne

µ(M) := 1
8 sign(W ) mod 2

where W is a compact oriented 4-dimensional smooth manifold with ∂W = M , with
H1(W ;Z) = 0 and with even intersection form.
(1) The number µ(M) is well-de�ned and it lies in Z2.
(2) The map µ : ΘZ → Z2

M 7→ µ(M),

is a well-de�ned homomorphism, it is called the Rokhlin homomorphism.
(3) The Rokhlin homomorphism µ : ΘZ → Z2 is an epimorphism, in particular ΘZ is

non-trivial.

Remark. The Rokhlin homomorphism is the starting point for many developments in the
study of 3-dimensional and 4-dimensional smooth manifolds. For example Andrew Casson

1786The methods that Michael Freedman used in the proof of this result are closely related to the methods
in Freedman's proof of the topological Poincaré Conjecture in dimension 4, see Theorem ??.
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showed in the mid 1980s that there exists a map

λ :
{ di�eomorphism classes of oriented

3-dimensional integral homology spheres

}
→ Z

that has the following properties:
(1) It is additive in the sense that for two 3-dimensional integral homology spheres M

and N we have λ(M#N) = λ(M) + λ(N).
(2) For every 3-dimensional integral homology sphere we have µ(M) = λ(M) mod 2.

More information on the Casson invariant λ can be found in [Sav2002, AkM1990].

Sketch of the proof of Proposition 150.10.
(1) Let M be a 3-dimensional integral homology sphere. The following arguments show

that µ(M) is indeed de�ned, that it is well-de�ned and that it lies in Z2.
(a) By [Kap1979], see also [Sav2002, p. 38], there exists a compact oriented 4-di-

mensional smooth manifold with ∂W = M , with H1(W ;Z) = 0 and with even
intersection form.1787

(b) Since ∂W is an integral homology sphere and since H1(W ;Z) = 0 one can easily
adjust the argument of the proof of the Intersection Form Proposition 132.4 to
show that the intersection form QW is non-singular.

(c) Since the intersection form QW is even and non-singular it follows from the
Even Forms Proposition 133.18 that sign(W ) = sign(QW ) is divisible by 8, i.e.
1
8

sign(W ) ∈ Z.
(d) Now suppose that we have another compact oriented 4-dimensional smooth man-

ifold W ′ with H1(W ′;Z) = 0, with ∂W ′ = M and with even intersection form.
We need to show that sign(W ) ≡ sign(W ′) mod 16.
We consider the closed oriented 4-dimensional smooth manifold1788

X := W ∪∂W=∂W ′ (−W ′)

that we obtain from gluingW and −W ′ along the common boundary given byM .
Since H1(W ;Z) = H1(W ′;Z) = 0 and since M is an integral homology sphere
one can easily adapt the proof of the Connected Sum-H∗-Proposition 100.13 to
show that H1(X;Z) = 0 and one can modify the proof of the Intersection Form-
Additivity Proposition 132.12 to conclude that QX

∼= QW ⊕ −QW ′ , in particu-
lar QX is even. Now we can apply Rokhlin's Theorem 135.5 to conclude that
sign(X) ≡ 0 mod 16. But by the isomorphism QX

∼= QW ⊕ −QW ′ this implies
that sign(W )− sign(W ′) ≡ 0 mod 16, which gives us the desired result.

(2) Now we have to show that µ de�nes a well-de�ned homomorphism ΘZ → Z2.
(a) First we show that µ is additive. So let M and N be two 3-dimensional integral

homology spheres. We pick 4-dimensional smooth manifolds X and Y such that
∂X = M and ∂Y = N and which have the extra properties that are required
in the de�nition of µ(M) and µ(N). We denote by Z = X#bY the boundary
connected sum that we introduced on page ??. It follows from Proposition ??

1787In fact in [Kap1979] it is shown that W can be chosen to be simply connected, which implies by the
Hurewicz Theorem 84.5 that the �rst homology group vanishes.
1788Here we use the Gluing-Smooth Manifolds-Proposition ?? to conclude thatX is indeed a closed oriented
4-dimensional smooth manifold.
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that Z is a 4-dimensional smooth manifold with ∂Z = M#N and such that
H1(Z;Z) = 0. Furthermore a modest modi�cation of the proof of the Intersection
Form-Additivity Proposition 132.12 shows that QZ

∼= QX⊕QY . This means that
we can use Z to calculate µ(M#N) and we obtain that

µ(M#N) = 1
8 sign(Z) = 1

8 sign(X) + 1
8 sign(Y ) = µ(M) + µ(N).

We refer to the �gure below for an illustration of the argument.
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(b) It follows easily from the de�nitions that for any integral homology sphere M we
have µ(−M) = µ(M).

(c) It remains to show that µ is well-de�ned. By (a) and (b) it su�ces to show that
if M represents the trivial element in ΘZ, then µ(M) = 0. Let such M be given.
It follows from Lemma 150.3 that M is the boundary of an integral homology
sphere W . Since H2(W ;Z) = 0 the intersection form is zero, in particular even.
Since H1(W ;Z) = 0 we can use W to determine µ(M) and we get immediately
that µ(M) = 1

8
sign(W ) = 0.

(3) Finally we want to show that there exists a 3-dimensional integral homology sphereM
with µ(M) = 1. Let M be the Poincaré Homology Sphere that we introduced on
page 2161. In [Sav2002, p. 38] it is shown that M is the boundary of a compact
oriented simply connected 4-dimensional smooth manifold W with intersection form
isometric to −E8. As we saw on page 2913, the form −E8 of rank 8 is negative-
de�nite, hence its signature is −8. By the de�nition of the Rokhlin homomorphism
this implies that µ(M) = 1. �

In fact a much stronger statement than Proposition 150.10 holds. Building on the tech-
niques developed by Simon Donaldson [Don1983, Don1987a] Mikio Furuta [Furu1990]
proved in 1990 the following theorem.

Theorem 150.11. The group ΘZ contains a subgroup that is isomorphic to Z∞.
Among the four groups that we have studied in this section, the trivial group Θtop

Z is the
only one which has been fully calculated. At the moment we still know depressingly little
about the remaining three groups. For example the following three questions are still open.

Question 150.12.
(1) Is the group Θtop

Q isomorphic to Z∞2 ⊕ Z∞4 ⊕ Z∞8 ?
(2) Does the group Θtop

Q contain elements of in�nite order?
(3) Let n 6= 1, 2 be a natural number. Does there exist an element in the groups ΘZ or

ΘQ of order n?

Exercises for Chapter 150.
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Exercise 150.1. LetM be an oriented 3-dimensional rational homology sphere. We denote
by λM : H1(M ;Z)×H1(M ;Z)→ Q/Z the linking pairing that we introduced on page 3151.
LetW be a 4-dimensional rational homology ball with ∂W = M . We denote by i : M → W
the inclusion and we write K := ker(i∗ : H1(M ;Z) → H1(W ;Z)). Show that λM vanishes
on K ×K.

Exercise 150.2. Let Y1 and Y2 be two compact 3-dimensional smooth manifolds with one
torus boundary component. Let Y = Y1 ∪ Y2 be the result of gluing Y1 and Y2 along the
boundary. Show that if b1(Y ) = 0, then b1(Y1) = 1 and b1(Y2) = 1.

Exercise 150.3. Let W be compact orientable 3-dimensional smooth manifold such that
H1(W ;Z) ∼= Z and such that the boundary ∂W is di�eomorphic to the torus. Show that
there exists a homology 3-sphere Y and a knot K Ă Y such that W is di�eomorphic to the
exterior of K.
Remark. Recall that the exterior XK of the knot K in Y is de�ned as XK = Y \ (B2×K)

where B
2 ×K is a tubular neighborhood of K in Y .

Exercise 150.4. Does there exist a compact simply connected 3-dimensional smooth man-
ifold M such that ∂M has at least one boundary component that is a torus?

Exercise 150.5. Let Y be a 3-dimensional rational homology sphere. Now we suppose
that there exists a compact orientable 4-dimensional topological manifold M such that
H∗(M ;Q) ∼= H∗(B

4
;Q) (sometimes such M is called a 4-dimensional rational homology

ball) with Y = ∂M . Show that

| ker(H1(Y ;Z)→ H1(M ;Z))| = |H1(Y ;Z)|.
Remark. The statement and the proof of the exercise are similar in spirit to the Half-Live
Half-Die Theorem 144.9.

Exercise 150.6. We consider the 3-dimensional torus S1 × S1 × S1 = [0, 1]3/∼ and we
consider the embedding ϕ : B

2×S1 → S1×S1×S1 = [0, 1]3/∼ shown in the �gure below.
We set M := (S1 × S1 × S1) \ ϕ(B2 × S1).
(a) We denote by i : ∂M → M the inclusion map. Show that there exists isomorphisms

ϕ : H1(∂M ;Z) → Z2 and ψ : H1(M ;Z) → Z3 ⊕ Z2 such that the following diagram
commutes:

H1(∂M ;Z) //

∼=
��

H1(M ;Z)
∼=
��

Z2
(a,b)7→(2a,0,0,b)

// Z3 ⊕ Z2.

(b) How does the calculation in (a) �t with Half-Live Half-Die Theorem 144.9 for the
�elds F = Q, F = F3 and F = F2?

Remark. We constructed an example with similar properties in Exercise 90.3.
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ϕ(B
2 × S1)

S1×S1×S1 = [0, 1]3/ ∼ opposite sides of the
cube get identi�ed



Part XVII

Steenrod operations



151. Steenrod Operations

In this chapter we introduce the Steenrod operations. These are cohomology operations
which satisfy several axioms. In the �rst three sections we will state the axioms and draw
several interesting conclusions. Afterwards we will sketch a proof for the existence of the
Steenrod operations.

151.1. The axioms of Steenrod operations.

De�nition.
(1) Let A and B be abelian groups and let m,n ∈ N0. Any natural transformation from

the contravariant functor
Hm(−;A) : category of topological spaces → category of sets

to the contravariant functor
Hn(−;B) : category of topological spaces → category of sets

is called a cohomology operation of degree n−m. In other words, a cohomology
operation consists for any topological space X of a map ΦX : Hm(X;A)→ Hn(X;B)
of sets such that for any map f : X → Y between topological spaces the following
diagram commutes:

Hm(Y ;A)
f∗

//

ΦY
��

Hm(X;A)

ΦX
��

Hn(Y ;B)
f∗

// Hn(X;B).

(2) A cohomology operation is called additive if each map Hm(X;A) → Hn(X;B) is a
homomorphism.

(3) A cohomology operation is called non-trivial if there exists a topological space X
such that the map Hm(X;A)→ Hn(X;B) is non-trivial in the sense that the image
is not just the trivial element.

With the obvious modi�cations the same de�nitions also apply to relative cohomology
viewed as functors from the category of pairs of topological spaces to the category of sets.
Perhaps somewhat surprisingly we have already assembled a substantial list of non-trivial
cohomology operations.

Examples.

(1) Let n ∈ N0 and let G be an abelian group. Given a pair of topological spaces (X,A)
we consider the connecting homomorphism Hn(X,A;G) → Hn+1(X;G). It follows
from the Cohomological LES-Lemma 108.15 (3) that these homomorphisms de�ne
an additive cohomology operation of degree one.

(2) Let ϕ : A → B be a homomorphism between two abelian groups and let n ∈ N0.
On page 2401 we saw that given any topological space X we obtain an induced
homomorphism ϕ∗ : Hn(X;A) → Hn(X;B). By Lemma 108.9 we know that these
maps de�ne an additive cohomology operation of degree zero.

(3) Let 0→ A
i−→ B

p−→ C → 0 be a short exact sequence of abelian groups. On page 3145
we introduced the n-th Bockstein homomorphism βn : Hn(X;C) → Hn+1(X;A). In
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Lemma 148.3 we saw that the n-th Bockstein homomorphisms de�ne an additive
cohomology operation of degree one.

(4) Let k ∈ N. It follows from the Cup Product-Naturality Proposition 115.4 (1) that
for any m ∈ N0 and any commutative ring R the maps1789

Hm(X,A;R) → Hkm(X,A;R)
ϕ 7→ ϕk = ϕ Y · · ·Y ϕ︸ ︷︷ ︸

k times

de�ne a cohomology operation of degree km − m. Note that this type of a coho-
mology operation is in general not additive. For example, if k ≥ 2, then it follows
easily from the calculation of the cup product of CPk, see the Cup Product-CPn-
Proposition 121.7, that the map H2(CPk;Z)→ H2k(CPk;Z) given by ϕ 7→ ϕk is not
a homomorphism.

(5) If R is a commutative ring with 1 + 1 = 0, then the cohomology operation ϕ 7→ ϕ2

is in fact additive. Indeed for any ϕ, ψ ∈ Hm(X,A;R) we have1790

(ϕ+ ψ)2 = ϕ Y ϕ+ ϕ Y ψ + ψ Y ϕ+ ψ Y ψ

= ϕ Y ϕ+ (1 + (−1)m
2
) · ϕ Y ψ + ψ Y ψ = ϕ Y ϕ+ ψ Y ψ = ϕ2 + ψ2.

↑ ↑
by the Cup Product-Commutativity Proposition 114.8 we since 1− 1 = 0 = 1 + 1 in R

have ψ Y ϕ = (−1)m
2

· (ϕY ψ)

Note that all of the cohomology operations that we have introduced above are of non-
negative degree. This raises the following amusing question.

Question 151.1. Does there exist a non-trivial cohomology operation of negative degree?
We will come back to this question in Proposition ??.

The following theorem gives us new and interesting cohomology operations. The theorem
was �rst proved by Norman Steenrod [Stee1947] in 1947.

Theorem 151.2. (Steenrod Theorem) There exists a family

Sqi : Hn(X,A;Z2) → Hn+i(X,A;Z2) with i ∈ N0 and n ∈ N0

of additive cohomology operations which satis�es the following axioms:
(1) Sq0 = id.
(2) For any ϕ ∈ Hi(X,A;Z2) we have Sqi(ϕ) = ϕ2 = ϕ Y ϕ ∈ H2i(X,A;Z2).
(3) For any ϕ ∈ Hj(X,A;Z2) with i > j we have Sqi(ϕ) = 0.
(4) Let (X,A,B) be an excisive triad of topological spaces. For any ϕ ∈ Hr(X,A;Z2)

any ψ ∈ Hs(X,B;Z2) and any k ∈ N0 we have1791

Sqk(ϕ Y ψ) =
k∑
i=0

Sqi(ϕ)︸ ︷︷ ︸
∈Hr+i(X,A;Z2)

Y Sqk−i(ψ)︸ ︷︷ ︸
∈Hs+k+i(X,B;Z2)

∈ Hr+s+k(X,A ∪B;Z2).

This equality is often called the Cartan formula.

1789We refer to page 2536 for the de�nition of the relative cup product.
1790This can be viewed as the cohomological �freshman's dream�. Perhaps it should called the incoming
PhD student's dream.
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In the next two sections we will discuss some properties and applications of these coho-
mology operations. Only after these two sections, once we are convinced that Steenrod
operations are indeed useful and interesting, will we provide a proof for the Steenrod The-
orem 151.2.

Remark.
(1) The �rst three axioms of the Steenrod Theorem 151.2 can be summarized as follows:

Given any ϕ ∈ Hk(X,A;Z2) we obtain the following table

Sq0(ϕ) Sq1(ϕ) . . . Sqk−1(ϕ) Sqk(ϕ) Sqk+1(ϕ) . . .

ϕ ? . . . ? ϕ2 0 . . .

(2) Throughout the remainder of this chapter we will almost invariably consider coho-
mology with Z2-coe�cients. We point out that by the Cup Product-Commutativity
Proposition 114.8 the cup product on the Z2-cohomology H∗(X,A;Z2) of a given pair
of topological spaces (X,A) is actually commutative.

Theorem 151.3. Any two families of additive cohomology operations that satisfy Axioms
(1) to (4) are identical.

Proof. This theorem is proved in [SE1962, Theorem VIII.3.10]. �

This theorem allows us to give a name to the above cohomology operations.
De�nition. We refer to the cohomology operations from the Steenrod Theorem 151.2 as
the Steenrod operations.1792

The following theorem shows that the �rst Steenrod operation Sq1 is actually an old ac-
quaintance of ours.

Theorem 151.4. The �rst Steenrod operation Sq1 is the Bockstein homomorphism cor-

responding to the short exact sequence 0→ Z2
[a] 7→[2a]−−−−→ Z4 → Z2 → 0.

Proof. We will not make use of this theorem, thus we decline to provide a proof. The
theorem is proved in [Bre1993, p. 418] or alternatively in [MTa1968, p. 23] or [Hat2002,
Theorem 4.L.12]. �

Evidently our goal now is to compute Steenrod operations in speci�c examples. We start
out with the following slightly disappointing lemma.
Lemma 151.5. For any wedge of �nitely many spheres all Steenrod operations in degrees
≥ 1 are zero.

Proof. We will prove the lemma in Exercise 151.2. �

In remainder of this section we intend to compute the Steenrod operations for the real
projective spaces RPn with n ∈ N0. Before we consider the real projective spaces in detail
it is convenient to reformulate the Cartan formula.
1791We refer to page 2429 for the de�nition of an excisive triad. By the Excisive Triad-Proposition 109.12
most �reasonable� triads are in fact excisive. In fact we will only use the special cases that A = B, or that
at least one of A or B is the empty set. We refer again to page 2536 for the de�nition of the relative cup
product.
1792Sometimes they are also called Steenrod squares, and the term Steenrod operations is used for a more
general concept.
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For the reformulation we need the following notation:

Notation. Let (X,A) be a pair of topological spaces. Given ϕ ∈ Hk(X,A;Z2) we write

Sq(ϕ) := Sq0(ϕ) + Sq1(ϕ) + · · ·+ Sqk(ϕ) ∈ H∗(X,A;Z2) =
⊕
n∈N0

Hn(X,A;Z2).

Furthermore we extend the homomorphism Sq in the obvious way to a homomorphism
Sq: H∗(X;Z2)→ H∗(X;Z2).

Remark. Let (X,A) be a pair of topological spaces and let ϕ ∈ Hk(X,A;Z2). Recall that
by Axiom (3) given ϕ ∈ Hk(X,A;Z2) we have Sqi(ϕ) = 0 for i > k. Thus we can write

Sq(ϕ) = Sq0(ϕ) + Sq1(ϕ) + · · ·+ Sqk(ϕ) =
∑
i∈N0

Sqi(ϕ).

With this notation we can formulate the following lemma.

Lemma 151.6. Let (X,A) be a pair of topological spaces.
(1) Given any ϕ, ψ ∈ H∗(X,A;Z2) we have

Sq(ϕ Y ψ) = Sq(ϕ) Y Sq(ψ).

(2) Given any ϕ ∈ H∗(X,A;Z2) and given any k ∈ N0 we have Sq(ϕk) = Sq(ϕ)k.

Proof. The �rst statement follows easily from the Cartan formula. Indeed, we see that

Cartan formula, i.e. Axiom (4)
↓

Sq(ϕ Y ψ) =
∑
k∈N0

Sqk(ϕ Y ψ) =
∑
k∈N0

k∑
i=0

Sqi(ϕ) Y Sqk−i(ψ)

=
∑
r∈N0

∑
s∈N0

Sqr(ϕ) Y Sqs(ψ) =
( ∑
r∈N0

Sqr(ϕ)
)

Y

( ∑
s∈N0

Sqs(ψ)
)

= Sq(ϕ) Y Sq(ψ).

The second statement is an immediate consequence of the �rst statement. �

Before we state a corollary we introduce the following semi-obvious de�nition.

De�nition. Let r, s ∈ N0. If 0 ≤ r ≤ s, then we set
(
s
r

)
= s!

r!(s−r)! , otherwise we set(
s
r

)
=0.

Now we can state the promised corollary.

Corollary 151.7. Let X be a topological space. For any cohomology class ϕ ∈ H1(X;Z2)
of degree one, any k ∈ N and any i ∈ N we have

Sqi(ϕk) =
(
k
i

)
· ϕk+i ∈ Hk+i(X;Z2).

Examples.

(1) By the Cup Product-RPn-Proposition 121.16 we know that given any n ∈ N0 we
have a ring isomorphism (H∗(RPn;Z2),Y) ∼= Z2[x]/(xn+1), where x ∈ H1(RPn;Z2),
and we have a ring isomorphism (H∗(RP∞;Z2),Y) ∼= Z2[x], where x ∈ H1(RP∞;Z2).
Since Steenrod operations are additive we see that the result of Corollary 151.7 gives
us the promised calculations of all Steenrod operations for the real projective spaces.
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(2) In Exercise 151.3 we will use a similar argument to calculate the Steenrod operations
on H∗(CPn;Z2).

Proof. We calculate that

Sq(ϕk) = Sq(ϕ)k = (Sq0(ϕ) + Sq1(ϕ))k = (ϕ+ ϕ2)k = ϕk Y (1 + ϕ)k =
k∑
j=0

(
k
j

)
ϕk+j.

↑ ↑ ↑ ↑
Lemma 151.6 (2) by Axiom (3) Axioms (1) and (2) since the ring (H∗(X;Z2),Y)

since ϕ ∈ H1(X;Z2) is commutative

The desired conclusion follows from comparing the terms in degree k+ i on both sides. �

151.2. Steenrod operations and connecting homomorphisms. This section is com-
pletely dedicated to the proof of the following proposition. In the subsequent section we
will see that the proposition has powerful applications.

Proposition 151.8. (Steenrod-Coboundary Proposition) If (X,A) is a pair of topo-
logical spaces, then the Steenrod operations commute with the connecting homomorphisms
in cohomology. More precisely, given any i, n ∈ N0 the following diagram commutes:

Hn(A;Z2)
δ //

Sqi

��

Hn+1(X,A;Z2)

Sqi

��

Hn+i(A;Z2)
δ // Hn+i+1(X,A;Z2).

In the proof of the Steenrod-Coboundary Proposition 151.8 we will make use of the cross
product on cohomology which we now introduce.

De�nition. Let R be a commutative ring, let X be a topological space and let (Y,B)
be a pair of topological spaces. Furthermore let ϕ ∈ Hm(X;R) and ψ ∈ Hn(Y,B;R).
We denote by p : X × Y → X and q : X × Y → Y the projections. We de�ne the cross
product1793

ϕ× ψ := p∗(ϕ)︸ ︷︷ ︸ Y q∗(ψ)︸ ︷︷ ︸ ∈ Hm+n(X × Y,X ×B;R).

↑ ↑
lies in Hm(X×Y ;R) lies in Hn(X×Y,X×B;R)

The following proposition basically says that in Axiom (4), i.e. in the Cartan formula, we
can replace the cup product by the cross product.

Proposition 151.9. Let X be a topological space and let (Y,B) be a pair of topological
spaces. For any ϕ ∈ Hr(X;Z2), ψ ∈ Hs(Y,B;Z2) and n ∈ N0 the following equality holds:

Sqn(ϕ× ψ) =
n∑
i=0

Sqi(ϕ)× Sqn−i(ψ) ∈ Hr+s+n(X × Y,X ×B;Z2).

Proof. Let X be a topological space and let (Y,B) be a pair of topological spaces. Fur-
thermore let ϕ ∈ Hr(X;Z2) and ψ ∈ Hs(Y,B;Z2). We denote by p : X × Y → X and
q : X × Y → Y the projections. We start out with the following claim.

1793Recall that on page 2498, given two homology classes µ ∈ Hm(X;Z) and ν ∈ Hn(Y ;Z) we de�ned the
cross product µ × ν ∈ Hm+n(X × Y ;Z). It should usually be clear from the context whether in a given
situation we mean the cross product on homology or on cohomology.
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Claim. We have the following equalities:1794

(a) p∗(ϕ) = ϕ× 1Y ∈ Hr(X × Y ;Z2) and q∗(ψ) = 1X × ψ ∈ Hs(X × Y ;Z2).
(b) ϕ× ψ = (ϕ× 1Y ) Y (1X × ψ) ∈ Hr+s(X × Y ;Z2).

Proof.

(a) We perform the following easy calculation:

ϕ× 1Y = p∗(ϕ) Y q∗(1Y ) = p∗(ϕ) Y 1X×Y = p∗(ϕ).
↑ ↑

by de�nition we have 1X×Y is multiplicatively neutral,
p∗(1X) = q∗(1Y ) = 1X×Y see the Cup Product-Ring Proposition 114.7

Evidently the same argument also shows that q∗(ψ) = 1X × ψ.
(b) This statement follows from (a) and the de�nition of the cross product.

�
Now we turn to the proof of the actual statement of the proposition. We have the following
equalities in Hr+s+n(X × Y ;Z2):

part (b) of the claim by the Cartan formula, i.e. by Axiom (4)
↓ ↓

Sqn(ϕ× ψ) = Sqn
(
(ϕ× 1Y ) Y (1X × ψ)

)
=

n∑
i=0

Sqi(ϕ× 1Y ) Y Sqn−i(1X × ψ)

=
n∑
i=0

Sqi(p∗(ϕ)) Y Sqn−i(q∗(ψ)) =
n∑
i=0

p∗(Sqi(ϕ)) Y q∗(Sqn−i(ψ))
↑ ↑

part (a) of the claim since Sqi and Sqn−i are natural transformations

=
n∑
i=0

Sqi(ϕ)× Sqn−i(ψ).
↑

by de�nition of the cross product

We have thus obtained the desired equality. �

The proof of the Steenrod-Coboundary Proposition 151.8 rests on the following lemma.

Lemma 151.10. Let X be a topological space, let (Y,B) be a pair of topological spaces
and let R be a commutative ring. If ϕ ∈ Hm(X;R) and ψ ∈ Hn(B;R), then

δ(

∈Hm+n(X×B;R)︷ ︸︸ ︷
ϕ× ψ ) = (−1)m · ϕ×

∈Hn+1(Y,B;R)︷︸︸︷
δψ ∈ Hm+n+1(X × Y,X ×B;R).

↑ ↑
connecting homomorphism connecting homomorphism
in cohomology for the in cohomology for the pair (Y,B)
pair (X × Y,X ×B)

Proof of Lemma 151.10. This equality follows fairly easily from Coboundary-Cup Prod-
uct Lemma 114.2, the de�nition of the cross product via the cup product and the explicit
description of the connecting homomorphism on page 2399. We leave it to the reader to
�ll in the details. �

Proof of the Steenrod-Coboundary Proposition 151.8. We start out with a warm-
up case.

1794Recall that given a topological space W we denote by 1Z ∈ H0(W ;Z2) the cohomology class that is
represented by the cocycle that assigns to each singular 0-simplex the value 1 ∈ Z2.



3206

Claim 1. Let Z be a topological space and let a < b be two real numbers. The conclusion
of the proposition holds for the pair (Z × [a, b], Z × ∂([a, b])) of topological spaces.

Proof. Let θ ∈ Hn(Z × ∂([a, b]);Z2) = Hn(Z × {a, b};Z2). Recall that we need to show
that Sqi(δθ) = δ(Sqi(θ)). First note that θ can be written as θ = ϕ × ψ for some ϕ ∈
Hn(Z;Z2) and some ψ ∈ H0(∂([a, b]);Z2) = H0({a, b};Z2).1795 Note that we have the
following equalities in Hn+i+1(Z × [a, b], Z × ∂([a, b]);Z2):

since δψ ∈ H1([a, b], ∂([a, b]);Z2)
and since Hi([a, b], ∂([a, b]);Z2) = 0

by Lemma 151.10, we also for every i ≥ 2 we know that
since θ = ϕ×ψ use that (−1)n = 1 ∈ Z2 Proposition 151.9 Sqj(δψ) = 0 for j ≥ 1

↓ ↓ ↓ ↓
Sqi(δθ) = Sqi(δ(ϕ×ψ)) = Sqi(ϕ× δψ) =

i∑
j=0

Sqi−j(ϕ)×Sqj(δψ) = Sqi(ϕ)×Sq0(δψ)

= Sqi(ϕ)× δψ = δ(Sqi(ϕ)× ψ) = δ(Sqi(ϕ×ψ)) = δ(Sqi(θ)).
↑ ↑ ↑

Axiom (1) says Lemma 151.10 by Proposition 151.9 together with Axioms (1) and (3)
that Sq0 = id and the fact that ψ ∈ H0(∂([a, b]);Z2) �

The remainder of the proof of the proposition consists in cleverly reducing the general case
to the above special case. Thus let (X,A) be a pair of topological spaces. We denote by
i : A→ X the inclusion map. We set

Cyl(i) =
mapping cylinder of the
inclusion i : A→ X

:= ((A× [0, 1]) tX)/∼ where (a, 1) ∼ a for all a ∈ A.

We point out that by Exercise 16.12 and the Mapping Cylinder Basics Lemma 16.10 we
know that the obvious inclusions A × [0, 1] → Cyl(i) and X → Cyl(i) are embeddings.
Thus we can view A × [0, 1] and X as subsets of Cyl(i). Now we consider the following
subsets of the mapping cylinder Cyl(i):

B := (A× [1
2
, 1]) ∪X and C := A× {0}.

We refer to the �gure below for an illustration. The �ve statements in the following claim
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A

C
B

break the proof of the proposition into �ve manageable steps.
Claim 2.
(1) The conclusion of the proposition holds for (A× [0, 1

2
], A× ∂([0, 1

2
])).

(2) The conclusion of the proposition holds for (Cyl(i), B ∪ C).
(3) The conclusion of the proposition holds for (Cyl(i), C).
(4) The conclusion of the proposition holds for (Cyl(i), A× [0, 1]).
(5) The conclusion of the proposition holds for (X,A).

1795This statement follows quite easily from the fact that Z × ∂([a, b]) = (Z × {a}) t (Z × {b}), the
observation that H0({a, b}) = Z ·1{a}⊕Z ·1{b}, the Cup Product-Ring Proposition 114.7 and the Cup-Cap
Disjoint Union Lemma 116.9. We leave it to the assiduous reader to assemble these steps in the right
logical order.
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X

A×[0, 1] (5)(4)(3)(2)(1)

Proof. Before we work our way through the �ve steps we need to make two related obser-
vations. Let f : (X,A) → (Y,B) be a map of pairs of topological spaces. We obtain the
following cubical diagram:

Hn(Y ;Z2)
δ //

Sqi

��

f∗

++

Hn+1(Y,B;Z2)

Sqi

��

f∗

++

Hn(X;Z2)
δ //

Sqi

��

Hn+1(X,A;Z2)

Sqi

��

Hn+i(B;Z2)
δ

//

f∗

++

Hn+i+1(Y,B;Z2)
f∗

++

Hn+i(A;Z2)
δ // Hn+i+1(X,A;Z2).

It follows from the naturality of the Steenrod operations that the parallelograms to the left
and right commute. Furthermore, it follows from the naturality of the connecting homomor-
phism, see the Cohomological LES-Lemma 108.15, that the top and bottom parallelograms
commute. Using these facts we can make the following two observations:

(i) If the square in the front commutes and if the map f ∗ to the bottom right is an
isomorphism, then it follows from a stroll through the cube, as indicated in the
�gure below, that the square in the back also commutes.

(ii) If the square in the back commutes and if the map f ∗ to the top left is an isomorphism,
then it follows as in (i) that the square in the front also commutes.

����

����

����

��
��
��
��

�
�
�
�

��

�
�
�
�

��

��

����

��

��
��
��
��

�
�
�
�

����

��
��
��
��

��

����

��

��

�
�
�
�

��
��
��
��

����

�
�
�
�

����

������

��
��
��
��

����

�
�
�
�

����

�
�
�
�

��

��

����

����

��
��
��
��

�
�
�
�

��

��
��
��
��

��

����

��

��

�
�
�
�

��
��
��
��

��

�
�
�
�

����

isomorphismisomorphism
square in the front commutes

Now we turn to the actual proof of the �ve steps in the claim.
(1) This statement follows immediately from the previous claim.
(2) We consider the inclusion map f : (A× [0, 1

2
], A× ∂([0, 1

2
])) → (Cyl(i), B ∪ C) and

we consider the corresponding cube. By (1) we know that the square in the front
commutes. We leave it to the reader to cleverly apply the Excision Theorem for
Cohomology Groups 109.1 to show that the map f ∗ to the bottom right of the cube
is an isomorphism. Thus we obtain from (i) that the square in the back commutes.

(3) We consider the inclusion map f : (Cyl(i), C)→ (Cyl(i), B ∪ C) and we consider the
corresponding cube. By (2) we know that the square in the back commutes. Since
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on the �rst entry f is the identity we see that the top left map f ∗ is an isomorphism.
Thus we obtain from (ii) that the square in the front also commutes.

(4) We consider the inclusion map f : (Cyl(i), A× {0})→ (Cyl(i),

=C︷ ︸︸ ︷
A× [0, 1]). By (3) we

know that the square in the front commutes. Since A× {0} is a deformation retract
of A× [0, 1] we obtain from the Homotopic Maps-H∗-Lemma 108.13 (4) that the map
f ∗ to the bottom right of the cube is an isomorphism. Thus we obtain from (i) that
the square in the back also commutes.

(5) We consider the obvious inclusion

f : X → Cyl(i)
x 7→ [(x, 1)].

It also de�nes a map f : (X,A) → (Cyl(i), A× [0, 1]) of pairs of topological spaces.
We consider the corresponding cube. By (4) we know that the square in the back
commutes. By the Mapping Cylinder Basics Lemma 16.12 (1) the map f : X →
Cyl(i) is in fact a homotopy equivalence. Thus it follows from the Homotopic Maps-
H∗-Lemma 108.13 that the top left f ∗ is an isomorphism. Therefore we obtain from
(ii) that the square in the front commutes.

�

151.3. Steenrod operations and suspensions. In the Steenrod-Coboundary Proposi-
tion 151.8 we saw that Steenrod operations commute with connecting homomorphisms in
cohomology. In this section we will use this fact to show that Steenrod operations be-
have well under taking suspensions. This fact will help us to obtain new information on
homology groups of spheres.
First recall that in the Suspension-H∗-Proposition 76.7 we saw that taking the suspension
Σ(X) of a topological space shifts the reduced homology groups �upwards by one�. The
following proposition says that the same phenomenon occurs when we consider cohomology
groups.

Proposition 151.11. Let X be a non-empty topological space, let n ∈ N1796 and let G
be an abelian group. As on page 1681 we denote by C−X and C+X the �lower and upper
half� of the suspension Σ(X). We refer to the �gure below for an illustration.
(1) The following maps are isomorphisms:1797

Hn(X;G)
δ−→ Hn+1(C+X,X;G)← Hn+1(Σ(X), C−X;G)→ Hn+1(Σ(X);G).

Here the map to the left is the connecting homomorphism of the pair (C+X,X)
from the Cohomological LES-Lemma 108.15 The remaining two horizontal maps
are induced by the obvious inclusion maps.

(2) The isomorphism
ΣX : Hn(X;G)

∼=−→ Hn+1(Σ(X);G)

that is given by the maps in (1) is in fact a natural isomorphism.
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Proof. The proof is a slight variation on the proof of the Suspension-H∗-Proposition 76.7.
We leave it to the reader to �ll in the details. �

The following proposition shows that Steenrod operations behave well under taking sus-
pensions.

Proposition 151.12. (Steenrod-Suspension Proposition)Given any topological space
X, any n ∈ N and any i ∈ N0 the following diagram commutes:

Hn(X;Z2)
ΣX

∼=
//

Sqi

��

Hn+1(Σ(X);Z2)

Sqi

��

Hn+i(X;Z2)
ΣX

∼=
// Hn+i+1(Σ(X);Z2).

Remark. The proposition says in particular that if there exists a non-trivial Steenrod oper-
ation on a topological spaceX, then its suspension inherits a non-trivial Steenrod operation.
This is in so far interesting as we know by the Suspension-Cup Product Lemma 115.7 that
the cup product vanishes on suspensions. The fact that suspensions can have non-trivial
Steenrod operations will allow us to prove several hitherto inaccessible results.

Proof. We consider the following diagram

Hn(X;Z2)
δ
//

ΣX

--

Sqi

��

Hn+1(C+X,X;Z2)

Sqi

��

Hn+1(Σ(X), C−X;Z2)∼=
oo

∼=
//

Sqi

��

Hn+1(Σ(X);Z2)

Sqi

��

Hn+i(X;Z2)
δ //

ΣX

11
Hn+1+i(C+X,X;Z2) Hn+1+i(Σ(X), C−X;Z2)

∼=oo
∼= // Hn+1+i(Σ(X);Z2).

The �rst square commutes by the Steenrod-Coboundary Proposition 151.8. The two other
squares commute by the naturality of the Steenrod operation Sqi. Thus we see that, as
desired, the diagram commutes. �

Next we recall that by the de�nitions on pages 1576 and 2676 we have three di�erent types
of Hopf maps:

1796Basically the same statement works for n = 0, the only nuisance is that in that case we need to work
with reduced cohomology groups.
1797Here we use the Cone-Suspension Basics Lemma 16.8 (3) to identify X with the subset C−X ∩ C+X
of Σ(X).
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De�nition. We consider the following maps

H : S3 → S2 = CP1

(z1, z2)︸ ︷︷ ︸
∈C2

7→ [z1 : z2]

︸ ︷︷ ︸
the Hopf map

HH : S7 → S4 = HP1

(z1, z2)︸ ︷︷ ︸
∈H2

7→ [z1 : z2]

︸ ︷︷ ︸
quaternionic Hopf map

and
HO : S15 → S8 = OP1

(z1, z2)︸ ︷︷ ︸
∈O2

7→ [z1 : z2].

︸ ︷︷ ︸
octonionic Hopf map

In Theorem 122.3 we showed that the Hopf map H : S3 → S2 is not null-homotopic. The
key to doing so were the following two observations:

(1) The mapping cone Cone(H : S3 → S2) is homeomorphic to CP2.
(2) The cup product on CP2 has the property that for a generator ϕ ∈ H2(CP2;Z) the

square ϕ2 is non-zero.

Since the Steenrod operations are a generalization of the mod 2 �cup product square� and
since Steenrod operations behave well with respect to suspensions it seems reasonable that
we can use Steenrod operations to show that the suspensions of the Hopf maps are not
null-homotopic.
Indeed, we can prove the following theorem.

Theorem 151.13.
(1) For any n ≥ 2 the (n− 2)-fold suspension

Σn−2(H) : Σn−2(S3)︸ ︷︷ ︸
=Sn+1

→ Σn−2(S2)︸ ︷︷ ︸
=Sn

of the Hopf map de�nes a non-trivial element in πn+1(Sn). In particular for any
n ≥ 2 we have πn+1(Sn) 6= 0.

(2) For any n ≥ 4 the (n− 4)-fold suspension

Σn−4(HH) : Σn−4(S7)︸ ︷︷ ︸
=Sn+3

→ Σn−4(S4)︸ ︷︷ ︸
=Sn

of the quaternionic Hopf map de�nes a non-trivial element in πn+3(Sn). In particular
for any n ≥ 4 we have πn+3(Sn) 6= 0.

(3) For any n ≥ 8 the (n− 8)-fold suspension

Σn−8(HO) : Σn−8(S15)︸ ︷︷ ︸
=Sn+7

→ Σn−8(S8)︸ ︷︷ ︸
=Sn

of the octonionic Hopf map de�nes a non-trivial element in πn+7(Sn). In particular
for any n ≥ 8 we have πn+7(Sn) 6= 0.

Before we turn to the proof of Theorem 151.13 we recall, for the reader's convenience, the
following, frequently overlooked, proposition which says that taking suspensions and taking
mapping cones commutes.

Proposition 16.19. (Mapping Cone-Suspension Proposition) If f : X → Y is a
map between topological spaces, then there exists a homeomorphism

g : Cone(Σ(f) : Σ(X)→ Σ(Y ))
∼=−→ Σ(Cone(f : X → Y )).

We also state the following lemma which we are already dimly aware of.
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Lemma 151.14. If a map ϕ : Sm → Sn is homotopic to a constant map, then the corre-
sponding mapping cone Cone(ϕ : Sm → Sn) is homotopy equivalent to Sm+1 ∨ Sn.

Proof. We have

Cone(ϕ : Sm → Sn) ' Cone(constant map : Sm → Sn) ∼= Sm+1 ∨ Sn.
↑ ↑

by the Mapping Cone Inclusion Lemma 16.16, since ϕ Mapping Cone-of-Constant Map Lemma 122.1
is homotopic to a constant map �
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Cone(ϕ)

homotopic to

a constant map

Sm

ϕ

Sn

' ∼=

Sm+1 ∨ Sn

Now we turn to the proof of Theorem 151.13. For clarity's sake we �rst provide a detailed
proof of Theorem 151.13 (1). Afterwards we explain how to modify that proof to obtain
statements (2) and (3) of Theorem 151.13.

Proof of Theorem 151.13 (1). In the following we will show that Σ(H) : S4 → S3 is not
homotopic to a constant map. The general statement regarding the (n−2)-fold suspension
Σn−2(H) follows easily from iterating the argument below.

For once we do a proof by contradiction. So let us assume that the map Σ(H) : S4 → S3

is in fact homotopic to a constant map. We make the following preparations:
(1) To simplify the notation we denote the mapping cone of a map f : X → Y by C(f)

instead of Cone(f). Furthermore we write F = Z2.
(2) By the Mapping Cone-of-Hopf Map Lemma 122.2 there exists a homeomorphism

f : C(H : S3 → S2)
∼=−→ CP2.

(3) We denote by g : Σ(C(H))
∼=−→ C(Σ(H)) the homeomorphism from the Mapping Cone-

Suspension Proposition 16.19.
(4) Since we assume that the map H is homotopic to a constant map we obtain from

Lemma 151.14 that there exists a homotopy equivalence h : C(Σ(H))→ S3 ∨ S5.
Now we consider the following diagram:

H2(CP2;F)

Sq2

��

x 7→xYx

��

f∗

∼=
// H2(C(H);F)

Σ

∼=
//

Sq2

��

H3(Σ(C(H));F)

Sq2

��

H3(C(

S4→S3︷ ︸︸ ︷
Σ(H));F)

g∗

∼=oo

Sq2

��

H3(S5∨S3;F)
h∗

∼=
oo

Sq2

��

H4(CP2;F)
f∗

∼=
// H4(C(H);F)

Σ

∼=
// H5(Σ(C(H));F) H5(C(Σ(H));F)

g∗

∼=oo H5(S5∨S3;F).
h∗

∼=
oo

We make the following observations:
(1) The maps Σ are the suspension isomorphisms given by Proposition 151.11.
(2) It follows from Axiom (2) that the two vertical maps on the left are actually the

same.
(3) It follows from the naturality of Sq2 that the �rst, third and the fourth square com-

mute.
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(4) It follows from the Steenrod-Suspension Proposition 151.12 that the second square
commutes.

(5) Since f and g are homeomorphisms we see that the induced maps f ∗ and g∗ are iso-
morphisms. Furthermore, since h is a homotopy equivalence we obtain from the Ho-
motopic Maps-H∗-Lemma 108.13 (3) that the horizontal maps h∗ are isomorphisms.

(6) By Proposition 121.13 we know that there exists a unique non-trivial x ∈ H2(CP2;F)
and that this element satis�es xYx 6= 0 ∈ H4(CP2;F) ∼= F. In particular we see that
the left vertical homomorphism is an isomorphism and that it is non-trivial.

(7) By Lemma 151.5 we know that the vertical homomorphism to the right is trivial.
In summary we have shown that the above diagram commutes, we have shown that all
horizontal maps are isomorphisms, we have seen that the left vertical map is non-trivial
and have pointed out that the right vertical map is trivial. But this is absurd. In other
words, we have obtained a contradiction to our hypothesis that the map Σ(H) : S4 → S3

is null-homotopic. �

Proof of Theorem 151.13 (2) and (3). As we will see shortly, the proof for the quater-
nionic and octonionic Hopf maps is basically the same as the proof for the �classical� Hopf
map.

Let us �rst consider the quaternionic Hopf. By the Mapping Cone-of-Hopf Map Lemma 122.2
(2) there exists a homeomorphism f : C(HH)

∼=−→ HP2. If Σ(HH) : S8 → S5 was null-
homotopic we would, as in the proof of (1), obtain a commutative diagram of the following
form:

H4(HP2;F)

Sq4

��

x 7→xYx

��

f∗

∼=
// H4(C(HH);F)

Σ //

Sq4

��

H5(Σ(C(HH));F)

Sq4

��

H5(C(

S8→S5︷ ︸︸ ︷
Σ(HH));F)

g∗

∼=oo

Sq4

��

H5(S9∨S5;F)
h∗

∼=
oo

Sq4

��

H8(HP2;F)
f∗

∼=
// H8(C(HH);F)

Σ // H9(Σ(C(HH));F) H9(C(Σ(HH));F)
g∗

∼=oo H9(S9∨S5;F).
h∗

∼=
oo

By Proposition 121.20 (1) the cup product on the left is non-trivial. Thus the same logic
as in the proof of (1) leads to a contradiction.

The argument for the octonionic Hopf map is almost identical to the argument for
the quaternionic Hopf map. We just need to redo the above argument with the Mapping
Cone-of-Hopf Map Lemma 122.2 (3) and with Proposition 121.20 (2). �

For the record we jot down the following proposition that we proved in the proof of Theo-
rem 151.13. We will make use of it later on.
Proposition 151.15. Given any n ∈ N0 the maps

(1) Sq2 : H2+n(Cone(Σn(H));Z2) → H4+n(Cone(Σn(H));Z2)
(2) Sq4 : H4+n(Cone(Σn(HH));Z2) → H8+n(Cone(Σn(HH));Z2)
(3) Sq8 : H8+n(Cone(Σn(HO));Z2) → H16+n(Cone(Σn(HO));Z2)

are isomorphisms.

151.4. Proof of the Steenrod Theorem 151.2 I. In the �nal two sections we will give a
partial proof of the Steenrod Theorem 151.2. More precisely, we will construct the Steenrod
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operations and we will provide the proof of some of the properties. The proof is split into
two parts:
(1) The goal of this section is to construct a certain interesting sequence of natural maps

∆n : C∗(X) → C∗(X) ⊗ C∗(X), n ∈ N0, where the zeroth map ∆0 is a diagonal
approximation.

(2) In the subsequent section we will show how this sequence of maps can be used to
de�ne the Steenrod operations.

In preparation for the construction of the sequence ∆n we recall some de�nitions and results
from earlier on. First recall that on page 1940 we introduced the tensor product A∗ ⊗ B∗
of two chain complexes A∗ and B∗. We will make use of the following harmless lemma.
Lemma 117.7. Let A∗ and B∗ be chain complexes. The unique map

T : A∗ ⊗B∗ → B∗ ⊗ A∗
that for a ∈ Ak and b ∈ Bl is given by

a⊗ b 7→ (−1)kl · b⊗ a
is a chain map.
Since we will make use of this later on, we point out that T is natural in A∗ and B∗ and
we point out that T 2 = id. Next we recall the following de�nition from page 2517.

De�nition. A diagonal approximation consists of a natural chain map

Φ: C∗(X) → C∗(X)⊗ C∗(X)

for each topological space X, such that for each x ∈ X, viewed as a singular 0-simplex,
the following equality holds in (C∗(X)⊗ C∗(X))0 = C0(X)⊗ C0(X):

Φ(x) = x⊗ x.

Example. We will try to rise to the challenge of �nding a suitable illustration for a diagonal
approximation Φ. We start out with the following observation: if σ : ∆1 → X is a singular
1-simplex from a point P to a point Q, then Φ(σ) ∈ (C∗(X)⊗ C∗(X))1 needs to satisfy

∂Φ(σ) = Φ(∂σ) = Φ(Q− P ) = Φ(Q)− Φ(P ) = Q⊗Q − P ⊗ P.
↑ ↑

since Φ is a chain map since Φ is determined on singular 0-simplices

For example Φ(σ) = (C∗(X) ⊗ C∗(X))1 = C1(X) ⊗ C0(X) ⊕ C0(X) ⊗ C1(X) could be of
the form α⊗ P +Q⊗ β where α : ∆1 → X and β : ∆1 → X are singular simplices from P
to Q. This situation is illustrated, with artistic liberties, in the �gure below.
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diagonal approximation
∆0(σ) = α⊗ P +Q⊗ β

α⊗ P

Q⊗ β

Q

Q⊗Q

P ⊗ P

X

σ

P

The following proposition contains the two key results on diagonal approximations.
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Proposition 114.6.
(1) There exist diagonal approximations.
(2) Given any two diagonal approximations Φ and Ψ there exists a natural chain homo-

topy equivalence between Φ and Ψ.

Proof. We gave an explicit example of a diagonal approximation in the Alexander-Whitney
Lemma 114.5. In the Diagonal Approximation Uniqueness Proposition 113.17 we gave a
proof of (2) using the Acyclic Model Theorem 113.16 (2). �

The following theorem shows that any diagonal approximation can be extended to a se-
quence of maps.

Theorem 151.16.
(1) Given any topological space X there exists a sequence of natural maps

∆n : C∗(X) → C∗(X)⊗ C∗(X), n ∈ N0

of degree n1798 such that the following two conditions are satis�ed:
(a) The map ∆0 is a diagonal approximation.
(b) For every n ∈ N0 the following equality holds:1799

∂ ◦∆n+1 + (−1)n ·∆n+1 ◦ ∂ = (T + (−1)n+1 · id) ◦∆n.

(2) Given two sequences ∆n,∆
′
n, n ∈ N0, as in (1) there exists a sequence of natural

maps
Hn : C∗(X) → C∗(X)⊗ C∗(X), n ∈ N0

of degree n such that the following two conditions are satis�ed:
(a) H0 is the zero map.
(b) For every n ∈ N0 the following equality holds:1800

∂ ◦Hn+1 + (−1)n ·Hn+1 ◦ ∂ = ∆n −∆′n−(T + (−1)n · id) ◦Hn.

In the proof of Theorem 151.16 we will need the following innocuous variation on the
de�nition of a chain map that we had given on page 1592.

De�nition.
(1) A chain map f : C∗ → D∗ of degree d between two chain complexes consists of a

family {fn : Cn → Dn+d}n∈N0 of maps such that for each n ∈ N0 the following
equality holds: fn−1 ◦ ∂n = ∂n+d ◦ fn.

(2) An anti-chain map f : C∗ → D∗ of degree d is basically the same data as a chain
map of degree d, except that for each n ∈ N0 the following equality holds:

fn−1 ◦ ∂n = −∂n+d ◦ fn.

Remark. Given an anti-chain map {fn}n∈N0 of degree d one can easily see that the maps
{(−1)n · fn}n∈N0 form a chain map of degree d. This little trick makes it possible to

1798By a map of degree n between chain complexes C∗ and D∗ we mean a collection of maps Ck → Dk+n,
k ∈ N0.
1799Note that both sides are maps C∗(X)→ C∗(X)⊗ C∗(X) of degree n.
1800In other words, the map Hn+1 is a chain homotopy between ∆n and ∆′n up to the �error term�
−(T + (−1)n · id) ◦Hn.



151. STEENROD OPERATIONS 3215

translate all kinds of statements about chain maps to anti-chain maps. For example, as in
Lemma 72.7 we see that an anti-chain map induces a map on homology groups.

In the proof of Theorem 151.16 we will need the following consequence of the Acyclic Model
Theorem 113.13.
Theorem 151.17. (Acyclic Model Theorem) Let Top be the category of topological
spaces and let C be the category of generalized1801 chain complexes.
(1) Let S : C∗(X) → C∗(X) ⊗ C∗(X) be a natural chain map of degree d. If we have

d ≥ 1, then for any topological space X and any k ∈ N0 there exists a natural map
PX : Ck(X)→ (C∗(X)⊗ C∗(X))k+d+1 such that for any k ∈ N0 we have

∂ ◦ PX + PX ◦ ∂ = SX : Ck(X) → (C∗(X)⊗ C∗(X))k+d.

(2) For a natural anti-chain map S : C∗(X)→ C∗(X)⊗C∗(X) of degree d the analogous
data exists except that now we have

∂ ◦ PX − PX ◦ ∂ = SX : Ck(X) → (C∗(X)⊗ C∗(X))k+d.

Proof of the Acyclic Model Theorem 151.17.

(1) Given any topological space X we consider G(X) := (C∗(X)⊗C∗(X))[−d]. Here we
use the notation introduced on page 2571, namely given a chain complexD∗ we denote
by D∗[−d] the chain complex D∗ �shifted by d to the right�. This shift turns G(X)
into a generalized chain complex. Furthermore, this shift turns S : C∗(X) → G(X)
into a natural chain map of degree 0.

Next note that for any k ∈ N0 and any i ≥ 0 we have

Hi(G(∆k)) = Hi((C∗(∆k)⊗ C∗(∆k))[−d]) = Hi+d(C∗(∆k)⊗ C∗(∆k))

=
⊕

p+q=i+d

Hp(∆
k)⊗ Hq(∆

k) = 0.
↑ ↑

by the Künneth Theorem 90.7 by the calculation of H∗(∆k)
for chain complexes and since d ≥ 1

Thus we see that all the hypotheses of the Acyclic Model Theorem 113.13 are satis�ed.
Therefore we see that for any topological space X and any k ∈ N0 there exists a
natural map PX : Ck(X)→ Gk+1(X) such that for any k ∈ N0 we have

∂ ◦ PX + PX ◦ ∂ = SX : Ck(X) → Gk(X).

(2) Suppose we are given a natural anti-chain map S of degree d. As in the remark
preceding the theorem we can turn S into a natural chain map T by setting Tk =
(−1)k · Sk, k ∈ N0. We apply (1) and we obtain natural maps QX . Now we de�ne
Pk := (−1)k · (QX)k, k ∈ N0. One easily veri�es that the desired equality holds. �

Now, �nally, we can turn to the actual proof of Theorem 151.16.
Proof of Theorem 151.16.

(1) We construct the maps ∆n : C∗(X)→ C∗(X)⊗ C∗(X), n ∈ N0 iteratively.
(i) First of all, we know by the Proposition 114.6 (1) above that there exists a

diagonal approximation ∆0 : C∗(X)→ C∗(X)⊗ C∗(X).

1801Recall that a generalized chain complex is like a chain complex except that we allow chain groups in
negative degrees.
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(ii) Note that T ◦∆0 : C∗(X)→ C∗(X)⊗C∗(X) is another diagonal approximation.
It follows from Proposition 114.6 (2) that there exists a natural chain homotopy
∆1 : C∗(X) → C∗(X) ⊗ C∗(X) between ∆0 and T ◦ ∆0. In other words, there
exists a natural map ∆1 : C∗(X)→ C∗(X)⊗ C∗(X) of degree one such that

∂ ◦∆1 + ∆1 ◦ ∂ = T ◦∆0 −∆0︸ ︷︷ ︸
=(T−id)◦∆0

.

Thus we are done with the construction of the map ∆1. This step is illustrated
in the �gure below.
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∆0(σ)

(T ◦∆0)(σ)

P ⊗ P

Q⊗Q
X

Q

σ

P
∆1(σ) ∈ (C∗(X)⊗ C∗(X))2 is a

�homotopy� between
∆0(σ) and (T ◦∆0)(σ)

(iii) The starting point for de�ning the next map ∆2 is the following amusing little
calculation:1802

since T 2 = id by (ii)
↓ ↓

0 = (T 2 − id) ◦∆0 = (T + id) ◦ (T − id) ◦∆0 = (T + id) ◦ (∂ ◦∆1 + ∆1 ◦ ∂)
= ∂ ◦ (T + id) ◦∆1 + (T + id) ◦∆1 ◦ ∂.
↑

since T and id are chain maps they commute with the boundary maps

This shows that the map (T + id) ◦ ∆1 : C∗(X) → C∗(X) ⊗ C∗(X) is a natural
anti-chain map of degree one. By the Acyclic Model Theorem 151.17 (2) there
exists a natural map ∆2 : C∗(X)→ C∗(X)⊗ C∗(X) of degree two such that

∂ ◦∆2 −∆2 ◦ ∂ = (T + id) ◦∆1.

This conclude the construction of the map ∆2.
(iv) Just for kicks we do the calculation for the next stage as well. We perform the

following calculation:

since T 2 = id by (iii)
↓ ↓

0 = (T 2 − id) ◦∆1 = (T − id) ◦ (T + id) ◦∆1 = (T − id) ◦ (∂ ◦∆2 −∆2 ◦ ∂)
= ∂ ◦ (T − id) ◦∆2 − (T − id) ◦∆2 ◦ ∂.
↑

since T and id are chain maps they commute with the boundary maps

This shows that the map (T − id) ◦ ∆2 : C∗(X) → C∗(X) ⊗ C∗(X) is a natural
chain map of degree two. By the Acyclic Model Theorem 151.17 (1) there exists
a natural map ∆3 : C∗(X)→ C∗(X)⊗ C∗(X) of degree three such that

∂ ◦∆3 + ∆3 ◦ ∂ = (T − id) ◦∆2.

1802These are equalities of maps C∗(X)→ C∗(X)⊗ C∗(X).
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This concludes the construction of the map ∆3.
(iv) Now we iterate this procedure and we obtain the desired sequence of natural

maps ∆n.
(2) Given two sequences ∆n,∆

′
n as in (1) we de�ne the desired maps Hn, n ∈ N0 in a

fashion that is quite similar to the approach taken in (1).
(i) We set H0 = 0.
(ii) Next we point out that by de�nition ∆0 and ∆′0 are diagonal approximations.

Thus it follows from Proposition 114.6 (2) that there exist natural maps H1 such
that ∂ ◦H1 +H1 ◦ ∂ = ∆0 −∆′0.

(iii) We calculate that

∂ ◦ (∆1 −∆′1 − (T − id) ◦H1) + (∆1 −∆′1 − (T − id) ◦H1) ◦ ∂
= (∂◦∆1 + ∆1◦∂)− (∂◦∆′1 + ∆′1◦∂)− ∂◦(T − id)◦H1 − (T − id)◦H1◦∂

= (T − id) ◦ (∆0 −∆′0)− (T − id) ◦ (∂ ◦H1 +H1 ◦ ∂) = 0.
↑ ↑

since ∂◦∆1 + ∆1◦∂ = (T−id)◦∆0 (same for ∆′0,∆
′
1) since ∂◦H1 +H1◦∂ = ∆0−∆′0

and since T and id are chain maps

This shows that ∆1 −∆′1 − (T − id) ◦H1 is an anti-chain map of degree one. By
the Acyclic Model Theorem 151.17 (2) there exists a natural map H2 with

H2 ◦ ∂ − ∂ ◦H2 = −(T − id) ◦H1 + ∆1 −∆′1.

(iv) Now we iterate this procedure to obtain the desired sequence of natural maps.
One easily sees that we get the correct pattern for the signs involved. �

Remark. If there did exist a diagonal approximation ∆0 : C∗(X)→ C∗(X)⊗ C∗(X) that
is symmetric in the sense that T ◦∆0 = ∆0, then we could take ∆1 = 0 and we could also
take all higher ∆n to be zero. Later, in Chapter 151, we will see that this is in general not
the case. So even though diagonal approximations are symmetric on the degree 0 level,
they cannot be chosen to be symmetric in higher degrees.

151.5. Proof of the Steenrod Theorem 151.2 II. In this section we will use the se-
quence of natural maps ∆n : C∗(X) → C∗(X) ⊗ C∗(X), n ∈ N0, from Theorem 151.16 to
de�ne the Steenrod operations.
To get an inspiration for how to de�ne the Steenrod operations we �rst recall the de�nition
of the cup product. To do so we need the following lemma which is inspired by the
de�nitions on from page 2512.

Lemma 151.18. Let C∗ and D∗ be chain complexes and let R be a commutative ring.
Given p, q ∈ N0 we consider the map1803

Ξp,q : Hom(Cp, R)⊗Hom(Dq, R) → Hom((C ⊗ D)p+q, R)

ϕ⊗ ψ 7→

(
(C∗ ⊗D∗)p+q

projection−−−−−→ Cp ⊗Dq
ϕ⊗ψ−−→ R⊗R → R

a⊗b 7→ a·b

)
.

The corresponding map

Ξ :=
⊕

p,q∈N0

Ξp,q : Hom(C∗, R)⊗ Hom(D∗, R) → Hom(C∗ ⊗D∗, R)

is a cochain map.
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Proof. The statement follows basically immediately from the de�nitions. �

The following lemma gives us a slight reformulation of the original de�nition of the cup
product.
Lemma 151.19. Let X be a topological space and let R be a commutative ring. Fur-
thermore let ∆0 : C∗(X)→ C∗(X)⊗C∗(X) be a diagonal approximation. We consider the
cochain map

Hom(C∗(X), R)⊗Hom(C∗(X), R)

=:h0

22

Ξ // Hom(C∗(X)⊗C∗(X), R)
∆∗0 // Hom(C∗(X), R).

The corresponding map

Hp(X;R)× Hq(X;R) → Hp+q(X;R)
([ϕ], [ψ]) 7→ [h0(ϕ⊗ ψ)]

equals the cup product as de�ned on page 2513.

Proof. We denote by d : X → X ×X the diagonal map that is given by d(x) = (x, x). Let
Θ: C∗(X×X)→ C∗(X)⊗C∗(X) denote a Eilenberg-Zilber map from Theorem 113.1. For
the purpose of this proof the only thing we need to know about the Eilenberg-Zilber map
Θ is that, basically by de�nition, the map Θ ◦ d : C∗(X)→ C∗(X ×X)→ C∗(X)⊗C∗(X)
is a diagonal approximation. We consider the following diagram:

Hom(C∗(X), R)⊗Hom(C∗(X), R)

=:h0

++
Ξ // Hom(C∗(X)⊗C∗(X), R)

∆∗0 //

Θ∗
��

Hom(C∗(X), R)

Hom(C∗(X ×X), R).
d∗

44

The lower sequence of maps is at the heart of the de�nition of the cup product on page 2513.
Since Θ◦d is a diagonal approximation we obtain from Proposition 114.6 that ∆0 and Θ◦d
are chain homotopic. But by the Dual Cochain Map Lemma 108.8 (4) this means that the
two maps induce the same map on cohomology. The lemma follows almost immediately
from the above observations. �

Now we turn to the actual construction of the Steenrod operations. To do so we pick a
sequence of natural maps

∆n : C∗(X) → C∗(X)⊗ C∗(X), n ∈ N0

which satis�es the conditions set out in Theorem 151.16 (1). In light of Lemma 151.19 it is
clear what we want to do next. Namely we want to replace ∆0 by the �higher maps� ∆n.
This leads us straight to the following de�nition.

1803The tensor product of cochain complexes is de�ned basically the same way as we de�ned the tensor
product of chain complexes, see page 1940.
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De�nition. Let X be a topological space and let R be a commutative ring. Given i ∈ N0

we de�ne

Hom(C∗(X), R)⊗Hom(C∗(X), R)

=:hi

22

Ξ // Hom(C∗(X)⊗C∗(X), R)
∆∗i // Hom(C∗(X), R).

Recall that ∆i is a map of degree i. Since we dualize we see that hi is a map of degree −i.
For convenience we de�ne hi := 0 for i ∈ Z<0.
Now we can �nally de�ne the Steenrod operations.

Theorem 151.20. Let X be a topological space, let A Ă X be a subset and let R be a
commutative ring. If 1 + 1 = 0 in R, then for any q ∈ N0 and any i ∈ N0 the map

Sqi : Hq(X,A;R) → Hq+i(X,A;R)
[ ϕ︸︷︷︸
∈Cq(X;R)

] 7→ [hq−i(ϕ⊗ ϕ︸ ︷︷ ︸
∈Cq⊗Cq

)]

is a well-de�ned natural homomorphism.

Remark. The proof of Theorem 151.20 that we give below is a long and winding calcu-
lation, with few interesting view points. Perhaps more interesting than the question, why
the de�nition works, is the question, why does the map

Cq(X,A;R)⊗ Cr(X,A;R) → Cq+r+j(X,A;R)
ϕ⊗ ψ 7→ hj(ϕ⊗ ψ︸ ︷︷ ︸

∈Cq⊗Cr

)

not descend to a map on cohomology?

The proof of Theorem 151.20 requires some preparations. First of all, note that the equal-
ities in Theorem 151.16 translate into the following lemma.

Lemma 151.21. Let X be a topological space. Furthermore let R be a commutative ring
with 1R + 1R = 0R. For any α, β ∈ C∗(X;R) we have the following equality:

hn+1(δ(α⊗ β)) + δ(hn+1(α⊗ β)) = hn(α⊗ β + β ⊗ α) ∈ C∗(X;R).

Proof. Recall, see Theorem 151.16, that one of the de�ning properties of the sequence ∆n

is that for every n ∈ N0 the following equality holds:

∂ ◦∆n+1 + (−1)n ·∆n+1 ◦ ∂ = (T + (−1)n+1 · id) ◦∆n.

We dualize this equality, we use the equality 1 + 1 = 0, we use the fact, shown in
Lemma 151.18 and that Ξ is a cochain map. After performing all these steps one obtains
the desired equality. We leave it to the reader to �ll in the few remaining details. �

For elements of the form α ⊗ α the following lemma shows how the maps hn relate to
coboundaries.
Lemma 151.22. Let X be a topological space and let R be a commutative ring. If
1 + 1 = 0 in R, then for any α ∈ Cq(X;R) we have

hn+1(δα⊗ δα) = δhn+1(α⊗ δα) + δhn(α⊗ α) ∈ Cn+1(X;R).
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Proof. Since we assume that 1 + 1 = 0 in R we can ignore conveniently enough ignore
signs throughout the proof. Thus we compute

since δ(c⊗ d) = δc⊗ d+ c⊗ δd Lemma 151.21
↓ ↓

hn+1(δα⊗ δα) = hn+1(δ(α⊗ δα)) = δhn+1(α⊗δα) + hn(α⊗δα + δa⊗α)
= δhn+1(α⊗ δα) + hn(δ(α⊗ α)) = δhn+1(α⊗ δα) + δhn(α⊗ α).
↑ ↑

de�nition of δ on tensor product by Lemma 151.21 and since hn−1(α⊗ α+ α⊗ α︸ ︷︷ ︸
= 0 since 1 + 1 = 0

) = 0

�

In the proof of Theorem 151.20 we will need the following little lemma.

Lemma 151.23. Let X be a topological space and let R be a commutative ring with
1 + 1 = 0. For any α, β ∈ Cq(X;R) the following equality holds:

hn((α + β)⊗ (α + β)) = hn(α⊗ α) + hn(β ⊗ β) + hn+1(δ(α⊗ β)) + δ(hn+1(α⊗ β)).

Proof of Lemma 151.23. This follows from �multiplying out�, the linearity of hn and the
equality

hn(α⊗ β + β ⊗ α) = hn+1(δ(α⊗ β)) + δ(hn+1(α⊗ β)).
↑

by Lemma 151.21 �

Now, after these lengthy preparations we can provide the proof of Theorem 151.20.

Proof of Theorem 151.20. Let X be a topological space, let A Ă X be a subset and let
R be a commutative ring. First we consider the case that A = ∅. Let ϕ ∈ Cq(X;R) be a
representative of some element in Hq(X;R).
(1) Note that ϕ⊗ ϕ is of degree 2q. Thus hq−i(ϕ⊗ ϕ) is of degree 2q − (q − i) = q + i.
(2) Let ϕ ∈ Cq(X;R) be a cocycle. We calculate that

δhq−i(ϕ⊗ϕ) = hq−i(δ(ϕ⊗ϕ)) + hq−i−1(

= 0 since 1 + 1 = 0︷ ︸︸ ︷
ϕ⊗ϕ+ ϕ⊗ϕ) = hq−i(δϕ⊗ϕ+ ϕ⊗δϕ) = 0.

↑ ↑ ↑
Lemma 151.21 de�nition of δ on tensor product since ϕ is a cocycle

Thus we have shown that hq−i(ϕ ⊗ ϕ) is a cocycle. In other words, we have shown
that it de�nes an element in cohomology.

(3) Let ψ ∈ Cq−1(X;R). We have the following equality in Hq+i(X;R):

[hq−i((ϕ+ δψ)⊗ (ϕ+ δψ))] = [hq−i(ϕ⊗ ϕ) + hq−i(δψ ⊗ δψ)] = [hq−i(ϕ⊗ ϕ)].
↑ ↑

by Lemma 151.23, here we use that δ(ϕ⊗ δψ) = δϕ⊗ δψ + ϕ⊗ δδψ = 0 Lemma 151.22

This shows that the map Sqi is well-de�ned, i.e. it does not depend on the choice of
the representative of the cohomology class.

(4) It follows quite easily from Lemma 151.23 that Sqi is in fact a homomorphism.
Finally we consider the case that A 6= ∅. Using the observation on page 2407 we make the
identi�cation

Cq(X,A;R) = {ϕ ∈ Cq(X;R) = Hom(Cq(X), R) |ϕ vanishes on Cq(A) Ă Cq(X)}.

It follows from the naturality of hn that if ϕ ∈ Cq(X) vanishes on Cq(A), then hq−i(ϕ⊗ϕ)
vanishes on the subgroup C∗(A) ⊗ C∗(X) + C∗(X) ⊗ C∗(A) of C∗(X) ⊗ C∗(X). Thus we
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see that the map
Sqi : Hq(X,A;R) → Hq+i(X,A;R)

[ ϕ︸︷︷︸
∈Cq(X;R)

] 7→ [hq−i(ϕ⊗ ϕ)]

is well-de�ned. �

We continue with the following proposition.

Proposition 151.24. The de�nition of the maps Sqi does not depend on the choice of
the natural maps ∆n.

Proof. Suppose we are given another sequence of maps ∆̃n that have the properties de-
scribed in Theorem 151.16 (1). We de�ne the maps h̃i in the obvious way. By Theo-
rem 151.16 (2) there exists a sequence of natural maps

Hn : C∗(X) → C∗(X)⊗ C∗(X), n ∈ N0

of degree n such that H0 = 0 and such that for every n ∈ N0 the following equality holds:

( ∗ ) ∂ ◦ Hn+1 + (−1)n · Hn+1 ◦ ∂ = ∆n − ∆̃n − (T + (−1)n · id) ◦ Hn.

Given a cocycle ϕ ∈ Cq(X,A;Z2) and i ∈ N0 we see that we have the following equality in
H2q−i(X,A;R): de�nition of hi, h̃i

↓
[hi(ϕ⊗ ϕ)]− [h̃i(ϕ⊗ ϕ)] = [∆∗i (Ξ(ϕ⊗ ϕ))− ∆̃∗i (Ξ(ϕ⊗ ϕ))]

= [H∗i+1(δ(Ξ(ϕ⊗ ϕ)) + δ(H∗i+1(ϕ⊗ ϕ))︸ ︷︷ ︸
coboundary

+ H∗i ((T + id)∗(Ξ(ϕ⊗ ϕ)))]
↑

by (∗) and since 1 + 1 = 0

= [H∗i+1(Ξ( δ(ϕ⊗ ϕ)︸ ︷︷ ︸
= 0 since ϕ cocycle

)) + H∗i (Ξ(ϕ⊗ ϕ+ ϕ⊗ ϕ︸ ︷︷ ︸
= 0 since 1 + 1 = 0

))] = 0.
↑

since Ξ is a cochain map and
since Ξ commutes with T

We have thus shown that the two de�nitions using ∆n and ∆̃n agree. �

By Proposition 151.24 the maps Sqi are unambiguously de�ned. Thus we can make the
following de�nition.

De�nition. Given a pair of topological spaces (X,A) and i ∈ N0 we refer to each map

Sqi : Hq(X,A;Z2) → Hq+i(X,A;Z2)

as the i-th Steenrod operation.
By Theorem 151.20 the Steenrod operations are additive cohomology operations. To com-
plete the proof of the Steenrod Theorem 151.2 we need to verify that the maps Sqi have
all the other desired properties. In other words we need to prove the following theorem.

Theorem 151.25. The Steenrod operations Sqi have the following properties:
(1) Sq0 = id.
(2) For any ϕ ∈ Hi(X,A;Z2) we have Sqi(ϕ) = ϕ2.
(3) For any ϕ ∈ Hj(X,A;Z2) with j < i we have Sqi(ϕ) = 0.
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(4) For any ϕ ∈ Hr(X,A;Z2) and ψ ∈ Hs(X,A;Z2) we have

Sqk(ϕ Y ψ) =
k∑
i=0

Sqi(ϕ) Y Sqk−i(ψ).

Proof.
(1) The notation might suggest that this statement is surely trivial, but that is not

the case. For time, space and mental energy reasons we will not give the proof,
which at �rst glance does not seem terribly enlightening anyway. Instead we refer to
[Spa1995, p. 274] for details.

(2) First we deal with the absolute case. Thus let ϕ ∈ Ci(X;R) be a cocycle. We
calculate

Sqi(ϕ) = [hi−i(ϕ⊗ ϕ)] = [h0(ϕ⊗ ϕ)] = [ϕ] Y [ϕ].
↑ ↑

by de�nition Lemma 151.19

The case that we are dealing with a cocycle ϕ ∈ Ci(X,A;R) is proved basically the
same way.

(3) Let ϕ ∈ Cj(X,A;Z2) be a cocycle and suppose that i > j. We have

Sqi([ϕ]) = [hj−i(ϕ)] = [0].
↑ ↑

by de�nition since j − i < 0 we have hj−i = 0

(4) This statement is proved in [Spa1995, p. 274]. �

Exercises for Chapter 151.

Exercise 151.1.
(a) Show that for any k ∈ N≥3 and m ∈ N the map Hm(X;Z2)→ Hmk(X;Z2) given by

ϕ 7→ ϕk is not an additive cohomology operation.
(b) Is the map H1(X;Z3)→ H3(X;Z3) given by ϕ 7→ ϕ3 an additive cohomology opera-

tion?

Exercise 151.2. Let X = Sm ∨ Sn be the wedge of two spheres. Show that for i ≥ 1 all
Steenrod operations Sqi : Hk(X;Z2)→ Hk(X;Z2) are zero.
Hint. Reread the proof of Lemma 114.11.

Exercise 151.3. Find a closed formula for the i-th Steenrod operation on H∗(CP∞;Z2).
Hint. Use Proposition 121.13 (2).
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152. The Adem relations

The following theorem was �rst proved by José Ádem [Ade1952, Ade1957] in 1952.

Theorem 152.1. (Adem Relations Theorem) For any 0 < a < 2b we have the follow-
ing equality of cohomology operations:1804

Sqa ◦ Sqb =
ba2 c∑
j=0

(
b− 1− j
a− 2j

)
·Sqa+b−j ◦ Sqj .

These equalities are called the Adem relations.

Remark. As is remarked on [SE1962, p. 2], the Adem relations are a consequence of the
properties of Steenrod operations that were stated in the Steenrod Theorem 151.2. This
observation also follows from the uniqueness result stated in Theorem 151.3.

Proof. Since the proof would consume too much of our valuable time we will not provide
it. Instead we refer to the original paper by Adem [Ade1952, Ade1957] or alternatively
to [BuM1982], [SE1962, Theorem VIII.1.5], [MTa1968, p. 23], or [Hat2002, Theo-
rem 4.L.13] for a proof. �

Even though we will not prove the Adem relations, we will shamelessly exploit them in this
chapter. Afterwards the conscientious reader will surely feel compelled to read the proof
of the Adem relations.
Just to get a feeling for the Adem relations we determine for small values of a what the
relations really look like.

Example. For a = 1 and for any b ∈ N we have

Sq1 ◦ Sqb =
ba2 c∑
j=0

(
b− 1− j
a− 2j

)
·Sqa+b−j ◦ Sqj︸ ︷︷ ︸

with a = 1

=
(
b− 1

1

)
·Sq1+b ◦ Sq0︸ ︷︷ ︸
j=0

= (b− 1)·Sq1+b .
↑
since Sq0 = id

Furthermore, for a = 2 and any b ∈ N≥2 we have

Sq2 ◦ Sqb =
(
b−1

2

)
·Sq2+b ◦ Sq0︸ ︷︷ ︸
j=0

+
(
b−2

0

)
·Sq1+b ◦ Sq1︸ ︷︷ ︸
j=1

=
(
b−1

2

)
·Sq2+b + Sq1+b ◦ Sq1 .x

since Sq0 = id

In particular setting b = 2 we see that

Sq2 ◦ Sq2 = Sq3 ◦ Sq1 .

152.1. Application of the Adem relations to homotopy groups of spheres. Recall
that in Theorem 151.13 we used Steenrod operations to show that the three Hopf maps
H : S3 → S2, HH : S7 → S4 and HO : S15 → S8 and their suspensions de�ne non-trivial
elements in the corresponding homotopy groups of spheres.

1804These are equalities of cohomology operations Hn(X,A;Z2)→ Hn+a+b(X,A;Z2). In particular, since
we work over Z2-coe�cients, we only care about the binomial coe�cient modulo 2. We will discuss the
mod 2 reductions of binomial coe�cients in Lemma 152.3.
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In this section we will use the Adem relations to show that the 2-fold iteration of these Hopf
maps also de�ne non-trivial elements in the homotopy groups of spheres. More precisely,
we have the following theorem.
Theorem 152.2.
(1) For any n ≥ 2 the map

Σn−2
( S3→S2︷︸︸︷

H ◦
S4→S3︷ ︸︸ ︷
Σ(H)︸ ︷︷ ︸

map S4 → S2

)
: Sn+2 → Sn

de�nes a non-trivial element in πn+2(Sn). In particular for any n ≥ 2 we have
πn+2(Sn) 6= 0.

(2) For any n ≥ 4 the map

Σn−4
( S7→S4︷︸︸︷
HH ◦

S10→S7︷ ︸︸ ︷
Σ3(HH)︸ ︷︷ ︸

map S10 → S4

)
: Sn+6 → Sn

de�nes a non-trivial element in πn+6(Sn). In particular for any n ≥ 4 we have
πn+6(Sn) 6= 0.

(3) For any n ≥ 8 the map

Σn−8
( S15→S8︷︸︸︷
HO ◦

S22→S15︷ ︸︸ ︷
Σ7(HO)︸ ︷︷ ︸

map S22 → S8

)
: Sn+14 → Sn

de�nes a non-trivial element in πn+14(Sn). In particular for any n ≥ 8 we have
πn+14(Sn) 6= 0.

For the reader's convenience we recall the two lemmas which will play a key role in the
proof of Theorem 152.2.
Lemma 122.4. Let f : A→ X be a map between two topological spaces. We denote by
j : X → Cone(f : A → X) the obvious inclusion. Then there exists a natural long exact
sequence of the form

. . . → Hk−1(A;Z2)
δ−→ H̃

k
(Cone(f : A→ X);Z2)

j∗−→ Hk(X;Z2)
f∗−−→ Hk(A;Z2)

δ−→ . . .

As an example for the Mapping Cone-H∗-Lemma 122.4 let us consider the mapping cone
of the iterated suspension of the Hopf map.

Example. Let k ∈ N0. We consider Σk(H) : Sk+3 → Sk+2, i.e. we consider the k-fold
suspension of the Hopf map H : S3 → S2. As we saw in Lemma 122.5, it follows almost
immediately from the long exact sequence of the Mapping Cone-H∗-Lemma 122.4 that the
maps

H̃
k+2

(Cone(Σk(H) : Sk+3 → Sk+2);Z2)
j∗−−→∼= Hk+2(Sk+2;Z2)

and

Hk+3(Sk+3;Z2)
δ−→∼= H̃

k+4
(Cone(Σk(H) : Sk+3 → Sk+2);Z2)

are isomorphisms, and that all the other reduced cohomology groups of the mapping cone
vanish.
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In the following we recall three statements of the Mapping Cone Basics Lemma 16.13 which
are at the moment relevant to us. It might be helpful to have a peek at the �gure below.

Lemma 16.13. Let f : A→ X be a map between topological spaces.
(1) The inclusion X → Cone(f : A→ X) is an embedding.
(2) The map h : Cone(f : A→ X)/X → Σ(A)

[(a, t)] 7→ [(a, 1− 2t)]

is a homeomorphism.
(4) The subset X is a deformation retract of the open neighborhood that is given by

the complement of the cone point.
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f X
A

mapping cone Cone(f : A→ X)

suspension Σ(A)cone point

Now we turn to the proof of Theorem 152.2. As in the proof of Theorem 151.13 we �rst
consider the case of the classical Hopf map, i.e. we �rst prove Statement (1).

Proof of Theorem 152.2 (1). Let n ∈ N≥2. We write

Σn−2(H ◦ Σ(H)) =

Sn+1→Sn︷ ︸︸ ︷
Σn−2(H)︸ ︷︷ ︸

=:g

◦
Sn+2→Sn+1︷ ︸︸ ︷
Σn−1(H)︸ ︷︷ ︸

=:f

: Sn+2 → Sn.x
Suspension Functor Lemma 16.9 (2)

We need to show that g◦f : Sn+2 → Sn de�nes a non-trivial element in πn+2(Sn). As in the
proof of Theorem 151.13 we do a proof by contradiction. Thus suppose that there exists
a homotopy from g ◦ f : Sn+2 → Sn to a constant map. By the Trivial-in-πn-Lemma 71.4
we can use this homotopy to construct a map1805 ϕ : Cone(Sn+2) = B

n+3 → Sn such that
ϕ|Sn+2 = g ◦ f . We consider the map1806

φ :

=Cone(f : Sn+2→Sn+1)︷ ︸︸ ︷
(Cone(Sn+2) t Sn+1)/∼ → Sn

[P ] 7→
{
g(P ), if P ∈ Sn+1,

ϕ(P ), if P ∈ Cone(Sn+2) = B
n+3

.

Our main object of interest is now, perhaps rather confusingly, the mapping cone of φ.
This mapping cone comes with two interesting maps:

1805As we discussed on page 450, given any m ∈ N0 the map Cone(Sm)→ B
m+1

given by [(v, t)] 7→ v · t is
a homeomorphism. We will use this map to make the identi�cation B

m+1
= Cone(Sm).

1806It follows from ϕ|Sn+2 = g ◦ f that this map is well-de�ned. Furthermore we obtain immediately from
the Topological Pushout Proposition 5.33 (1b) that this map is continuous.
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Cone(Sn+1)

Cone(g)
ϕ

Cone(φ)

g

Sn

Sn+1

Cone(f)

g

Sn

Cone(f)

Sn+2

Sn+1
Sn

f

φ

B
n+2=

(1) Since we have an inclusion Sn+1 → Cone(f) and since φ|Sn+1 = g we obtain, see the
Mapping Cone Functor Lemma 16.14 (3), also an inclusion map

i : Cone(g : Sn+1 → Sn) → Cone(φ : Cone(f)→ Sn).

(2) We also consider the projection

p : Cone(φ : Cone(f)→ Sn) → Cone(φ : Cone(f)→ Sn)/Sn.

In the following two claims we will study the maps on cohomology induced by the
inclusion i and the projection p.
Claim 1.
(a) The induced map

i∗ : Hk(Cone(φ);Z2) → Hk(Cone(g);Z2)

is an isomorphism for k 6= n+ 1.
(b) We have Hn+1(Cone(φ);Z2) = 0.

Proof. We consider the following diagram:

Hk−2(Sn+2;Z2)

��

Hk−1(Sn+2;Z2)

��

// Hk−1(Cone(f);Z2)

��

// Hk(Cone(φ :Cone(f)→Sn);Z2)

i∗

��

// Hk(Sn;Z2)

id
��

φ∗
// Hk(Cone(f);Z2)

��

//

// Hk−1(Sn+1;Z2)

f∗

��

// Hk(Cone(g : Sn+1→Sn);Z2) // Hk(Sn;Z2)
f∗
// Hk(Sn+1;Z2)

f∗

��

//

Hk−1(Sn+2;Z2) Hk(Sn+2;Z2)

Here the two horizontal and the two vertical sequences are obtained from the Mapping Cone-
H∗-Lemma 122.4. The diagram commutes by the naturality of the long exact sequence. The
two statements of the claim follow easily from the above diagram (see also the discussion
on page 3224) and the calculation of the cohomology groups of spheres with Z2-coe�cients.
�
Claim 2. The map

p∗ : Hk(Cone(φ)/Sn;Z2) → Hk(Cone(φ);Z2)

is an isomorphism for k 6= n, n+ 1.



152. THE ADEM RELATIONS 3227

Proof. We consider the following diagram:

... // Hk−1(Sn;Z2)
δ // Hk(Cone(φ), Sn;Z2) //

��

Hk(Cone(φ);Z2) // Hk(Sn;Z2) // ...

Hk(Cone(φ)/Sn;Z2)
p∗

44

Here on top we see the long exact sequence in cohomology of the pair (Cone(φ), Sn). Fur-
thermore the vertical map is the natural map from the Cohomology-of-Quotients Propo-
sition 109.2 which has in particular the property that it makes the diagram commute.
Furthermore, it follows from the Cohomology-of-Quotients Proposition 109.2 (2) and the
Mapping Cone Basics Lemma 16.13 (6) that the vertical map is an isomorphism. The
desired statement follows immediately from this discussion and the calculation of the co-
homology groups of Sn. �
Next we consider the following diagram.

Hn(Cone(Σn−2(H));Z2)
=
��

Sq2

∼=
// Hn+2(Cone(Σn−2(H));Z2)

=
��

Hn(Cone(g);Z2)
Sq2

∼=
// Hn+2(Cone(g);Z2)

Hn(Cone(φ);Z2)

i∗ ∼=
OO

Sq2

// Hn+2(Cone(φ);Z2)
Sq2

//

i∗∼=
OO

Hn+4(Cone(φ);Z2)

Hn+2(Cone(φ)/Sn;Z2)

p∗ ∼=
OO

Sq2

// Hn+4(Cone(φ)/Sn;Z2)

p∗∼=
OO

Hn+2(Σ(Cone(f));Z2)

h∗ ∼=
OO

Sq2

∼=
//

θ∗ ∼=
��

Hn+4(Σ(Cone(f));Z2)

h∗∼=
OO

θ∗∼=
��

Hn+2(Cone(Σ(f));Z2)
Sq2

∼=
//

=
��

Hn+4(Cone(Σ(f));Z2)
=
��

Hn+2(Cone(Σn(H));Z2)
Sq2

∼=
// Hn+4(Cone(Σn(H));Z2).

We make the following clari�cations and observations:
(1) At the top and bottom we use that by de�nition f = Σn−1(H) : Sn+2 → Sn+1 and

g = Σn−2(H) : Sn+1 → Sn.
(2) We obtain from Proposition 151.15 (1) that the top and bottom horizontal maps Sq2

are isomorphisms.
(3) It follows from the above two claims that the vertical maps i∗ and p∗ are isomor-

phisms.
(4) The map h : Cone(φ : Cone(f) → Sn)/Sn → Σ(Cone(f)) is the homeomorphism

from the Mapping Cone Basics Lemma 16.13 (4).
(5) The map θ : Cone(Σ(f) : Σ(Sn+2) → Σ(Sn+1)) → Σ(Cone(f : Sn+2 → Sn+1)) is the

homeomorphism from the Mapping Cone-Suspension Proposition 16.19.
(6) It follows from the naturality of the Steenrod operations that all the squares commute.
(7) The combination of the above arguments implies that both of the maps Sq2 in the

third row are isomorphisms.
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Finally we consider the following diagram.

6=0︷ ︸︸ ︷
Hn(Cone(φ);Z2)

Sq2

∼=
//

Sq1
**

Hn+2(Cone(φ);Z2)
Sq2

∼=
// Hn+2(Cone(φ);Z2).

Hn+1(Cone(φ);Z2)︸ ︷︷ ︸
=0

Sq3

44

We make the following observations:
(1) By the discussion preceding the diagram we know that the two maps on the top are

isomorphisms.
(2) As we saw on page 3223, we have the Adem relation Sq2 ◦ Sq2 = Sq3 ◦ Sq1. This

implies that the diagram commutes.
(3) We have isomorphisms

Hn(Cone(φ);Z2) ∼= Hn(Cone(

=g︷ ︸︸ ︷
Σn−2(H));Z2) ∼= Hn(Sn;Z2) ∼= Z2.

↑ ↑
Claim 1 (a) see the example on page 3224

(4) In Claim 1 (b) we had shown that the group Hn+1(Cone(φ);Z2) is trivial.
By (1) and (3) the two horizontal maps in the diagram give us an isomorphism of a non-
trivial group. On the other hand, by (2) and (4) this isomorphism factors through a trivial
group. This is absurd. We have thus obtained a contradiction. �

Now we turn to the proof of the remaining two statements of Theorem 152.2.
Proof of Theorem 152.2 (2) and (3). The proof for the quaternionic Hopf map HH
and the octonion Hopf map HO is almost the same as the above proof that deals with the
classical Hopf map H. We just need to replace Proposition 151.15 (1) by Proposition 151.15
(2) and (3) and we need to use the following Adem relations:

Sq4 ◦ Sq4 = Sq6 ◦ Sq2 + Sq7 ◦ Sq1

Sq8 ◦ Sq8 = Sq12 ◦ Sq4 + Sq14 ◦ Sq2 + Sq15 ◦ Sq1 .

These relations can be obtained easily by hand from the Adem Relation Theorem 152.1.
Alternatively one can use the Adem relations calculator:

https://math.berkeley.edu/~kruckman/adem/

As in the proof for the Hopf maps one sees that the initial Steenrod operations on the
right hand side all end up in a cohomology group which is zero. Thus one obtains again
a contradiction to the hypothesis that the maps Σn−4(HH ◦ Σ3(HH)) : Sn+6 → Sn and
Σn−8(HO ◦ Σ7(HO)) : Sn+14 → Sn are null-homotopic. �

152.2. Decomposing Steenrod operations and the Hopf invariant revisited. The
key to extracting extra mileage out of Steenrod operations is the following innocuous lemma
from elementary number theory.

https://math.berkeley.edu/~kruckman/adem/
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Lemma 152.3. Let n, k ∈ N0. If we write n =
∑
i∈N0

ni · 2i and k =
∑
i∈N0

ki · 2i with ni, ki ∈
{0, 1}, then (

n
k

)
=

∏
i∈N0

(
ni
ki

)
mod 2.

Remark.

(1) Note that for r, s ∈ {0, 1} it follows easily from the de�nition on page 3203 that

(
s
r

)
=

{
1, if r ≤ s,
0, otherwise.

(2) Let n ∈ N and let k ∈ {0, . . . , d}. We de�ne ni, ki as above. It follows from

Lemma 152.3 and (1) that
(
n
k

)
is odd if and only if for each i we have ki ≤ ni.

If we draw the usual Pascal triangle, then by shading odd and even terms in dif-
ferent colors we obtain a Sierpinski triangle. We refer to the �gure below for an
illustration.1807

���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������

n = 8

n = 0

Source: https://brilliant.org/wiki/lucas-theorem/

the binomial coe�cient
(
n
k

)
for k = 0, . . . , n

even
odd

(3) In fact the obvious analogue of Lemma 152.3 holds with the prime 2 replaced by any
prime p. This more general statement is known as Lucas' Theorem, a proof is for
example provided in [Fi1947].

Proof. Let n, k ∈ N0. We write n =
∑
i∈N0

ni · 2i and k =
∑
i∈N0

ki · 2i with ni, ki ∈ {0, 1} In the

polynomial ring Z2[x] we have the following equalities1808

n∑
i=0

(
n
i

)
xi = (1 + x)n = (1 + x)

∑
ni2

i
=
∏
i∈N0

(1 + x)2ini =
∏
i∈N0

(1 + x2i)ni =
∏
i∈N0

ni∑
ji=0

(
ni
ji

)
xji·2

i
.x x x

binomial formula since in Z2[x] we have (a+ b)2 = a2 + b2 binomial formula

1807A more elaborate version of this �gure can be found here:

https://upload.wikimedia.org/wikipedia/commons/8/87/Sierpinski_Pascal_triangle.svg

1808The argument has some similarities with the proof of the claim on page 2673.

https://brilliant.org/wiki/lucas-theorem/
https://upload.wikimedia.org/wikipedia/commons/8/87/Sierpinski_Pascal_triangle.svg
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Now we compare the xk-coe�cients, we see that1809(
n
k

)
= xk-coe�cient of

n∑
i=0

(
n
i

)
xi = xk-coe�cient of

∏
i∈N0

ni∑
ji=0

(
ni
ji

)
xji·2

i
=

∏
i∈N0

(
ni
ki

)
.x x

by the above equality by the uniqueness of the 2-adic description
of a natural number we only get xk

if each variable ji equals ki

We have thus proved the desired equality. �

This lemma allows us to prove the following theorem.

Theorem 152.4. Let i ∈ N0. If i is not a power of 2, then Sqi is decomposable, in the
sense that it can be written as the sum of compositions of Steenrod operations of smaller
degree.

Example. By the discussion on page 3223 we know that for any k ∈ N0 we have

Sq2k+1 = Sq1 ◦ Sq2k and Sq4k+2 = Sq2 ◦ Sq4k + Sq4k+1 ◦ Sq1 .

In particular we see that

Sq3 = Sq1 ◦ Sq2, Sq5 = Sq1 ◦ Sq4, Sq6 = Sq2 ◦ Sq4 + Sq5 ◦ Sq1 and Sq7 = Sq1 ◦ Sq6 .

Proof. Suppose that we are given i ∈ N0 that is not a power of two. This means that we
can write i = a + b where b = 2k and a ∈ {1, . . . , 2k − 1}. Since 0 < a < 2b we obtain an
Adem relation for Sqa ◦ Sqb from the Adem Relations Theorem 152.1. This relation can be
rewritten as follows:(

b− 1
a

)
· Sqa+b = Sqa ◦ Sqb +

b a2 c∑
j=1

(
b− 1− j
a− 2j

)
· Sqa+b−j ◦ Sqj .︸ ︷︷ ︸

compositions of Steenrod operations of degree < a+ b

It remains to show that
(
b− 1
a

)
= 1 mod 2. We calculate

by Lemma 152.3 where b− 1 =
∑
i∈N0

di · 2i and a =
∑
i∈N0

ci · 2i with ci, di ∈ {0, 1}
↓(

b− 1
a

)
=

∏
i∈N0

(
di
ci

)
=

k−1∏
i=0

(
1
ci

)
·
∞∏
i=k

(
0
0

)
= 1 mod 2.

↑
since b− 1 = 2k − 1 = 1 + 2 + · · ·+ 2k−1 we have d0 = · · · = dk−1 = 1 and dk = dk+1 = · · · = 0

furthermore, since a < 2k − 1 we have ck = ck+1 = · · · = 0 �

Corollary 152.5. Let X be a topological space and let n ∈ N0. We consider the Steenrod
operation Sqi : Hn(X;Z2) → Hn+i(X;Z2).

If the cohomology groups inbetween vanish, i.e. if Hn+1(X;Z2) = ... = Hn+i−1(X;Z2) = 0,
and if i is not a power of 2, then the Steenrod operation is the zero map.

1809Note that the equalities also make sense for k > n. In this setting one sees easily that all terms are in
fact zero.
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Proof. Since i is not a power of 2 we know by Theorem 152.4 that Sqi can be written as
the sum of compositions of Steenrod operations of smaller degree. But by our hypothesis
for any j ∈ {1, . . . , i− 1} we have Hn+j(X;Z2) = 0. But this implies in particular that for
any such j we have Sqj : Hn(X;Z2)→ Hn+j(X;Z2) = 0. �

0 0 0 0 0 0Hn(X;Z2) Hn+i(X;Z2)

Sqi

Sqj

In Question 117.19 we asked whether all (reasonable) superalgebras can be realized as
cohomology rings. We will now see that this is not the case. Before we can state the
corresponding proposition we need to introduce the following de�nition.

De�nition. Let m ∈ N be an even number and let s ∈ Z. We de�ne Rm(s) to be the
superalgebra which is given by the groups1810

Rm(s) =


Z · 1, in degree 0,
Z · x, in degree m,
Z · y, in degree 2m,
0, in all other degrees

and where the multiplication is given by x · x = s · y. In other words, the multiplication
table is given as follows 1 x y

1 1 x y
x x s · y 0
y y 0 0.

Example.
(1) For any m the superalgebra Rm(1) is evidently isomorphic to Z[x]/(x3) where x is of

degree m.
(2) By (1) together with the Cup Product-CPn-Proposition 121.7 and Proposition 121.20

we have isomorphisms

(H∗(CP2;Z),Y) ∼= R2(1), (H∗(HP2;Z),Y) ∼= R4(1) and (H∗(OP2;Z),Y) ∼= R8(1).

Next we prove the following proposition which gives a negative answer to Questions 117.19
and 121.21.
Proposition 152.6. Let m be an even number and let s be an odd number. If m is not
a power of 2, then there is no topological space X such that (H∗(X;Z),Y) is isomorphic
to Rm(s).
In the proof of Proposition 152.6 we will need the following lemma.

1810It follows from the fact that m is even that this is indeed a superalgebra.
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Lemma 152.7. Let m ∈ N. We denote by ϕ : Z → Zm the canonical map. Given any
topological space X there exists a long exact sequence

. . . → Hk(X;Z)
·m−→ Hk(X;Z)

ϕ∗−−→ Hk(X;Zm)
δ−→ Hk+1(X;Z) → . . .

Proof of Lemma 152.7. We denote by ψ : Z→ Z the map that is given by multiplication
by m. We have the short exact sequence

0 → Z ψ−→ Z ϕ−→ Zm → 0.

By the discussion on page 3145 we have the corresponding Bockstein sequence in cohomol-
ogy which looks as follows:

. . .
δ−−→ Hk(X;Z)

ψ∗−−→ Hk(X;Z)
ϕ∗−−→ Hk(X;Z2)

δ−−→ Hk+1(X;Z) → . . .

By the almost, but not entirely trivial Lemma 148.2 we know that ψ∗ is indeed multiplica-
tion by m. �

Proof of Proposition 152.6. Let m be an even number. Furthermore let X be a topo-
logical space such that (H∗(X;Z),Y) = Rm(s) for some odd number s. We need to show
that m is a power of 2. We denote by ϕ : Z → Z2 the canonical map. We consider the
following diagram

Hm(X;Z)
x 7→x2=xYx=s·y

//

ϕ∗
��

H2m(X;Z)
ϕ∗
��

Hm(X;Z2)
z 7→z2=zYz //

��

H2m(X;Z2)

��

Hm(X;Z2)
z 7→Sqm(z)

// H2m(X;Z2).

We make the following clari�cations and observations:
(1) It follows from the Cup Product-Naturality Proposition 115.4 (2) that the upper

square commutes.
(2) It follows from Lemma 152.7 and our hypothesis on the topological space X that the

map ϕ∗ : H2m(X;Z) → H2m(X;Z2) is an epimorphism and that H2m(X;Z2) ∼= Z2.
In particular we see that ϕ∗(y) ∈ H2m(X;Z2) is a non-trivial element of order 2.

(3) Since s is odd we obtain from (2) that ϕ∗(s · y) = s ·ϕ∗(y) is a non-trivial element of
H2m(X;Z2).

(4) The lower square commutes by Axiom (2) of Steenrod operations, see the Steenrod
Theorem 151.2 (2).

(5) By our hypothesis on X we know that the intermediate cohomology groups vanish,
i.e. we have Hm+1(X;Z2) = · · · = H2m−1(X;Z2) = 0.

It follows from (3) and (4) that the bottom horizontal map has non-trivial image. But by
Corollary 152.5 together with (5) this is only possible if m is indeed a power of 2. �

As promised in the title of the section, we now return to the Hopf invariant. Let f : S2n−1 →
Sn be a map where n ≥ 2. Recall that on page 2681 we introduced the Hopf invariant
Hopf(f) ∈ Z. The following lemma translates the Hopf invariant into the language of the
above discussion. The lemma can also be viewed as an alternative de�nition of the Hopf
invariant, at least up to sign.
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Lemma 152.8. Let n ≥ 2. If f : S2n−1 → Sn is a map, then there exists an isomorphism

(H∗(Cone(f);Z),Y) ∼= Rn(Hopf(f))

of superalgebras.

Proof. This statement follows immediately from Lemma 122.5 and the de�nition of the
Hopf invariant, see page 2681. �

The following proposition is the summary of our previous discussion of the Hopf invariant.

Proposition 152.9. Let n ≥ 2.
(1) The Hopf invariant Hopf : π2n−1(Sn)→ Z is a homomorphism.
(2) The Hopf invariant Hopf : π2n−1(Sn)→ Z is zero for odd n.
(3) If Rn can be equipped with the structure of a division algebra, then there exists a

map f : S2n−1 → Sn with Hopf(f) = 1.
(4) For k = 1, 2, 4 the Hopf maps H,HH and HO give elements in π4k−1(S2k) with Hopf

invariant 1.
(5) Given any k ∈ N there exists a map f : S4k−1 → S2k with Hopf(f) = 2.

Proof. The proof follows from Proposition 122.7, Corollary 122.8, Lemma 122.11 and
Propositions 122.13 and 122.12. �

We recall the following question that we asked a while ago.

Question 122.17. For which n ∈ N≥2 does there exist a map f : S2n−1 → Sn with
Hopf(f)=1?
The following theorem is an immediate consequence of Proposition 152.6 and Lemma 152.8.

Theorem 152.10. Let n ≥ 2. If there exists a map f : S2n−1 → Sn with Hopf(f) = 1,
then n is a power of 2.
The combination of Proposition 152.9 (3) and Theorem 152.10 gives us an alternative proof
of the following theorem.

Theorem 121.23. (Hopf 1940) If Rn admits the structure of a real division algebra,
then n is a power of 2.
It is an amusing mental exercise, left to the reader, to compare the two proofs of Theo-
rem 121.23. The �rst one relies on the calculation of the cup product of RPn × RPn with
Z2-coe�cients and a fact in elementary number theory that is proved on page 2673. The
second proof uses Steenrod operations and a di�erent input from elementary number the-
ory, namely Lemma 152.3. Note that in some sense the former proof is more satisfactory
since we could provide full details, whereas the latter proof relies on the Adem relations
that we did not prove.

For completeness we remark that in 1960 Frank Adams [Adam1960] (see also [AdA1966],
[May1999a, Chapter 24.6] and [Hus1993, Theorem 15.4.3]) proved the following strength-
ening of Theorem 152.10. Note that this theorem �nally gives a complete answer to Ques-
tion 122.17.
Theorem 152.11. Let n ≥ 2. If there exists a map f : S2n−1 → Sn with Hopf(f) = 1,
then n = 2, 4 or n = 8.
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The combination of Proposition 152.9 (3) and Theorem 152.11 gives us an alternative proof
of the following beautiful theorem.
Theorem 121.25. Every �nite-dimensional division algebra over R is of dimension 1,2,
4 or 8.

152.3. The Steenrod cyclic reduced powers. The Steenrod operations Sqi are coho-
mology operations on cohomology groups with Z2-coe�cients. It turns out that there exist
also analogous cohomology operations for cohomology with Zp-coe�cients. More precisely,
the following theorem holds:

Theorem 152.12. (Steenrod Theorem) Let p be an odd prime. There exists a fam-
ily1811

P i : Hn(X,A;Zp) → Hn+2i(p−1)(X,A;Zp) with i ∈ N0 and n ∈ N0

of additive cohomology operations which satis�es the following axioms:
(1) P 0 = id.
(2) For any ϕ ∈ H2i(X,A;Zp) we have P i(ϕ) = ϕp ∈ H2pi(X,A;Zp).
(3) For any ϕ ∈ Hj(X,A;Zp) with i > j we have P i(ϕ) = 0.
(4) Let (X,A,B) be an excisive triad of topological spaces. For any ϕ ∈ Hr(X,A;Zp)

any ψ ∈ Hs(X,B;Zp) and any k ∈ N0 we have1812

P k(ϕYψ) =
k∑
i=0

P i(ϕ)︸ ︷︷ ︸
∈Hr+2i(p−1)(X,A;Zp)

Y P k−i(ψ)︸ ︷︷ ︸
∈Hs+2(k−i)(p−1)(X,B;Zp)

∈ Hr+s+2k(p−1)(X,A∪B;Zp).

This equality is often called the Cartan formula.

Proof. This theorem is proved in [SE1962, Chapter VI]. A very di�erent proof is given in
[Hat2002, Theorem 4.L.16]. �

The following theorem plays the role of the Adem Relations Theorem 152.1.

Theorem 152.13. (Adem Relations Theorem) Let p be an odd prime.
(1) For any 0 < a < pb we have the following equality of cohomology operations:

P a ◦ P b =

⌊
a
p

⌋∑
j=0

(−1)a+j ·
(

(p− 1)(b− j)− 1
a− pj

)
· P a+b−j ◦ P j.

(2) Given i ∈ N0 we denote by β : Hi(X;Zp) → Hi+1(X;Zp) the Bockstein homomor-
phism that corresponds to the short exact sequence 0→ Zp → Zp2 → Zp → 0. For

1811Note that if for argument's sake one plugs p = 2 into the statements of the Steenrod Theorem 152.12,
then one does not get the statements of the Steenrod Theorem 151.2 since the degree formulas are di�erent.
In other words there is no easy way to combine Theorems 151.2 and 152.12 into a single statement.
1812We refer to page 2429 for the de�nition of an excisive triad. By the Excisive Triad-Proposition 109.12
most �reasonable� triads are in fact excisive. In fact we will only use the special cases that A = B, or that
at least one of A or B is the empty set. We refer again to page 2536 for the de�nition of the relative cup
product.
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any 0 < a ≤ pb the following mystifying equality holds:

P a ◦ β ◦ P b =

⌊
a
p

⌋∑
j=0

(−1)a+j ·
(

(p− 1)(b− j)
a− pj

)
· β ◦ P a+b−j ◦ P j

−

⌊
a−1
p

⌋∑
j=0

(−1)a+j ·
(

(p− 1)(b− j)− 1
a− pj − 1

)
· P a+b−j ◦ β ◦ P j.

These equalities are called the Adem relations.

Example. Let us consider the case of the prime p = 3. In this case the corresponding
reduced Steenrod operations are additive cohomology operations of the form

P i : Hn(X,A;Z3) → Hn+4i(X,A;Z3).

For a = 1 and b = 3 we obtain the Adem relation

P 1 ◦ P 3 =

⌊
1
3

⌋∑
j=0

(−1)1+j
(

2 · (3− j)− 1
1− 3 · j

)
· P 4−j ◦ P j = (−1) ·

(
5
1

)
· P 4 = −5 · P 4 = P 4.

↑ ↑ ↑
Adem Relations Theorem 152.13 (1) only one summand, namely for j = 0 we work in Z3

The Steenrod cyclic reduced powers can, not surprisingly, be used to give more information
on homotopy groups of spheres. We refer to [SE1962, Chapter VI.5] and [Hat2002,
Example 4.L.6] for details.
Instead of providing more results on homotopy groups of spheres we want to give a di�erent
application of the Steenrod cyclic reduced powers, namely we want to prove the following
proposition which gives a negative answer to Question 121.22.

Proposition 152.14. There is no topological space X such that H∗(X;Z3) is isomorphic
to Z3[ϕ]/(ϕ4) with ϕ ∈ H8(X;Z3).

Proof. We provide a proof by contradiction. So suppose there exists a topological space
X such that H∗(X;Z3) is isomorphic to Z3[ϕ]/(ϕ4) with ϕ ∈ H8(X;Z3). We see that

Steenrod Theorem 152.12 (2)
↓

0 6= ϕ3 = P 4(ϕ) = (P 1 ◦ P 3)(ϕ) = P 1(

∈H8+3·4(X;Z3)︷ ︸︸ ︷
P 3(ϕ) ) = 0.

↑ ↑ ↑
since we assume that since P 4 = P 1 ◦ P 3 since H20(X;Z3) = 0

H∗(X;Z3) ∼= Z3[ϕ]/(ϕ4)

We have thus obtained a contradiction. �

0 0 0 0 0 0 0Z3

H8(X;Z3) H24(X;Z2)P 4 which equals ϕ 7→ ϕ3

0 0 0 0 0 0 0Z3 0 0 0 0 0 0 0Z3 Z3

P 3 P 1

Remark. In Exercise 152.2 we will use Proposition 152.14 to give a negative answer to
Question 92.11. So with most reasonable interpretations it is fair to say that there is no
smooth manifold that deserves the name OPn with n ≥ 3.
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Exercises for Chapter 152.

Exercise 152.1. Let X be a topological space and let x ∈ H1(X;Z2) be a cohomology
class of degree one. Show that for any k ∈ N and any i ∈ N we have

Sqi(x2k) =

 x2k , if i = 0,

x2k+1
, if i = 2k,

0, otherwise.

Exercise 152.2. Let n ≥ 3. Show that there is no closed orientable 8n-dimensional smooth
manifold that admits a CW-structure with precisely one cell in dimensions 0, 8, 16, . . . , 8n.
Remark. This exercise gives a negative answer to Question 92.11.



Part XVIII

Homotopy Theory and Eilenberg-Maclane
Spaces



153. Relative homotopy groups

153.1. The de�nition of relative homotopy groups. While studying homology groups
we saw at some point that it was convenient to introduce the relative homology groups
Hk(X,A) corresponding to a pair of topological spaces (X,A). In our latest attempt to
understand homotopy groups we will now, perhaps not surprisingly, introduce relative
homotopy groups. We start out with introducing the following notation.

Notation. Throughout this chapter we write I = [0, 1] for the unit interval. Furthermore,
given n ∈ N we use the following notation:
(1) we denote by In Ă Rn the cube in Rn,
(2) we denote by ∂Inthe boundary of In viewed as a subset of Rn,
(3) by a slight abuse of notation we make the identi�cation In−1 = In−1 × {0},
(4) we write Jn−1 := ∂In \ In−1.

���� ��������

∂In Jn−1

In−1In

The following de�nition is a variation on the notion of a pointed topological space that we
introduced on page 1061.

De�nition. A pointed pair of topological spaces is a triple (X,A, x0), where X is a topo-
logical space, A is a subset of X and x0 is a point in A. A morphism between pointed
pairs of topological spaces (X,A, x0) and (Y,B, y0) is a map f : X → Y with f(A) Ă B
and f(x0) = y0. We refer to the corresponding category as the category of pointed pairs
of topological spaces.

De�nition. Let (X,A, x0) be a pointed pair of topological spaces. Given n ≥ 1 we de�ne
the n-th relative homotopy group of (X,A, x0) to be1813

πn(X,A, x0) := homotopy classes of maps (In, ∂In, Jn−1)→ (X,A, {x0}).
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XX AA

x0x0
In−1

Jn−1

In

Examples.
(1) Let (X,A, x0) be a pointed pair of topological spaces. We want to get a better

understanding of elements in π1(X,A, x0). For n = 1 we have I1 = [0, 1], ∂I1 = {0, 1}
and J0 = {1}. A map (I1, ∂I1, J0) → (X,A, {x0}) is thus the same as a path in X
that starts at a point in A and that ends in x0. We refer to the �gures below for an
illustration.

1813On page 439 we de�ned the notion of maps between pairs of topological spaces and we de�ned the
notion of a homotopy between such maps. These notions extend in an obvious way to triples of topological
spaces.
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I0
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A

X

the maps de�ne the same
element in π1(X,A, x0)

the maps de�ne (presumably) three
di�erent elements in π1(X,A, x0)

x0

(2) Let (X, x0) be a pointed topological space. For any n ≥ 1 the map

πn(X, x0) → πn(X, {x0}, x0)
[f : (In, ∂In)→ (X, {x0})] 7→ [f : (In, ∂In, Jn−1)→ (X, {x0}, {x0})]

de�nes, basically by de�nition, a natural bijection. In the following we will use this
natural bijection to make the identi�cation πn(X, x0) = πn(X, {x0}, x0).

(3) Let X be a topological space, let A be a subset of X and let x0 ∈ A be a point. For
any n ≥ 1 the map

πn(X, x0) → πn(X,A, x0)
[f : (In, ∂In)→ (X, {x0})] 7→ [f : (In, ∂In, Jn−1)→ (X,A, {x0})]

is a natural map from absolute homotopy groups to relative homotopy groups.

In the previous discussion we already referred to πn(X,A, x0) as a �relative homotopy
group�. This was slightly premature, but now we will actually deliver the goods and
provide a group structure.

De�nition. Let (X,A, x0) be a pointed pair of topological spaces and let n ≥ 2.1814 Given
two maps f, g : (In, ∂In, Jn−1)→ (X,A, {x0}) we de�ne1815

f ∗ g : In → X

(t1, . . . , tn) 7→
{

f(2t1, t2, . . . , tn), if t1 ∈ [0, 1
2
],

g(2t1 − 1, t2, . . . , tn) if t1 ∈ [1
2
, 1].

Note that f ∗ g is again a map (In, ∂In, Jn−1)→ (X,A, {x0}) of triples. The de�nition of
f ∗ g is illustrated in the �gure below.
The following proposition �nally gives the justi�cation for the name relative homotopy
group.

1814What, if anything, goes wrong for n = 1?
1815This map is continuous by the Pasting Proposition 2.6 (2).
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points which get mapped to A

f ∗ gpoints which get mapped to x0

gf f g

Proposition 153.1. (Relative Homotopy Group Proposition) Let (X,A, x0) be a
pointed pair of topological spaces.
(1) Let n ≥ 2. The map

πn(X,A, x0)× πn(X,A, x0) → πn(X,A, x0)
([f ], [g]) 7→ [f ∗ g]

is well-de�ned and it de�nes a group structure on πn(X,A, x0). Furthermore the
following two statements hold:
(a) the trivial element in πn(X,A, x0) is represented by the constant map In → X

that sends every point in In to x0,
(b) the inverse of the relative homotopy class [f : (In, ∂In, Jn−1)→ (X,A, {x0})] is

represented by the map

(In, ∂In, Jn−1) → (X,A, {x0})
(t1, t2, . . . , tn) 7→ (1− t1, t2, . . . , tn).

(2) For n ≥ 2 the above natural bijection πn(X, x0)
=−→ πn(X, {x0}, x0) is in fact a group

isomorphism.
(3) For n ≥ 2 the above natural map πn(X, x0) → πn(X,A, x0) is a group homomor-

phism.
(4) For n ≥ 3 the group πn(X,A, x0) is abelian.
(5) Let n ∈ N. Given a morphism f : (X,A, x0) → (Y,B, y0) of pointed pairs of topo-

logical spaces the map

f∗ : πn(X,A, x0) → πn(Y,B, y0)
[ϕ] 7→ [f ◦ ϕ]

is well-de�ned. Furthermore the following four statements hold:
(a) For n ≥ 2 the induced map f∗ is a group homomorphism.
(b) The maps f∗ de�ne a functor from the category of pointed pairs of topological

spaces to the category of sets (respectively groups for n ≥ 2).
(c) Let n ≥ 1 and let f, g : (X,A)→ (Y,B) be two maps between pairs of topological

spaces. If f∗ : πn(X,A, x0)→ πn(Y,B, f(x0)) is a bijection for all x0 ∈ A and if g
is homotopic1816 to f , then g∗ : πn(X,A, x0)→ πn(Y,B, g(x0)) is also a bijection
for all x0 ∈ A.

(d) Let f : (X,A) → (Y,B) be a map between pairs of topological spaces and let
x0 ∈ A. If f is a homotopy equivalence, then the map

f∗ : πn(X,A, x0) → πn(Y,B, f(x0))
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is a bijection (in particular it is an isomorphism if n ≥ 2).
Sketch of proof.
(1) The proof of the �rst statement is quite similar to the proof of Proposition 71.1. We

leave it to the reader to �ll in the details.
(3) This statement requires just slightly more thought than one might think. More pre-

cisely, given two maps f and g from (In, ∂In, Jn−1) to (X, {x0}, {x0}), the �product
maps� f ∗ g considered on page 1561 for πn(X, {x0}) (and illustrated in the �gure on
page 1561) and in the above proposition for πn(X,A, x0) are not identical. Nonethe-
less, using Lemma 71.2 or the Addition-in-πn-Proposition 85.11 it is straightforward
to show that they are homotopic. This observation shows that the above identi�ca-
tion of sets is in fact an identi�cation of groups.

(2) We already know that the map is a bijection. Thus it su�ces to show that it is a
group homomorphism. But this follows from (3) applied to A = {x0}.

(4) The proof of this statement is an entertaining variation on the proof of the Homotopy
Group-Abelian Proposition 71.3. The proof is the content of Exercise 153.2.

(5) Statements (a) and (b) follow basically immediately from the de�nitions. Statement
(c) and (d) are proved in a similar fashion to the Homotopy-πn-Proposition 71.7. �

Remark.
(1) We will see shortly that the relative homotopy group π2(X,A, x0) is in general not

abelian.
(2) For want of a better idea, given a pointed pair of topological spaces (X,A, x0) we

refer to π1(X,A, x0) also as a relative homotopy group even though strictly speaking
we did not de�ne a group structure on π1(X,A, x0).

In light of the Relative Homotopy Group Proposition 153.1 we adopt the following conven-
tion:
Convention. For n ≥ 3 we usually use additive notation for the group structure on the
relative homotopy groups πn(X,A, x0).
Let X be a topological space and let A Ă B Ă X be two subsets. In the Topological LES-
Proposition 74.13 we saw that this data gives rise to a long exact sequence of homology
groups. Shortly we will see that a similar statement holds for relative homotopy groups.
We did not de�ne a group structure on π1(X,A, x0) and we did not de�ne a group structure
on π0(X, x0). (In fact we will see in Exercise 153.3 that there is no natural way to turn
these sets into groups.) Nonetheless we would like to include these objects at the lower
end of the long exact sequence of (relative) homotopy groups. In fact, as it turns out,
π1(X,A, x0) and π0(X, x0) have ever so slightly more structure than just the structure of a
set.
De�nition.
(1) A pointed set is a pair (S, s0) where S is a set and s0 ∈ S is a point. We call s0 the

trivial element in S.

1816Here we mean of course, �homotopic as a map between pairs of topological spaces�.
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(2) A morphism from a pointed set (S, s0) to a pointed set (T, t0) is a map f : S → T
with f(s0) = t0. Furthermore we adopt the following language:
(a) Given a morphism f : (S, s0)→ (T, t0) we refer to ker(f) := f−1(t0) as the kernel

of f .
(b) We say a morphism f : (S, s0) → (T, t0) is trivial if ker(f) = S, put di�erently,

if all elements in S get sent to t0.
(c) We say a morphism f : (S, s0)→ (T, t0) is a monomorphism if ker(f) = {s0}.
(d) We say a morphism f : (S, s0)→ (T, t0) is an epimorphism if f is surjective.

(3) We say that a sequence

. . .
fn+2−−→ (Sn+1, sn+1)

fn+1−−→ (Sn, sn)
fn−→ (Sn−1, sn−1)

fn−1−−→ . . .

of morphisms of pointed sets is exact if for every n ∈ N0 we have the usual equality
ker(fn) = im(fn+1).

Examples.

(1) Any group G gives rise to the pointed set (G, {e}) where e ∈ G evidently denotes
the trivial element. We will thus always view a group as a pointed set. Any group
homomorphism is also a morphism of the corresponding pointed sets. Furthermore
an exact sequence of homomorphisms of groups is also an exact sequence of pointed
sets.

(2) If G is a group and H is a subgroup, then the set of right cosets G/H is a pointed
set with trivial element given by H ∈ G/H. The natural projection G → G/H is a
morphism of pointed sets.

Lemma 153.2. Let ϕ : G → H be a group homomorphism. Furthermore let (S, s0) be a
pointed set which is equipped with an H-action. Suppose that we have an exact sequence

{e} → G
ϕ−→ H

ψ−→ (S, s0) → {e}
where ψ is a morphism of pointed sets that preserves the H-action. Then ϕ(G) is a
subgroup of H whose index equals the cardinality of the set S.

Proof. We will prove the lemma in Exercise 153.4. �

Example. The previous lemma might sound rather arti�cial. But we have seen it before
in group theory: suppose that H is a group and G is a subgroup. As above we view the set
of right cosets G/H as a pointed set. Left-multiplication by G de�nes an action on G/H.
Evidently the projection G → G/H preserves the right-action and we get a short exact
sequence {e} → G→ H → G/H → {e} as in Lemma 153.2.

We continue with pointed sets that arise in topology.

Examples.

(1) Let (X, x0) be a pointed topological space. Recall that on page 1560 we de�ned
π0(X, x0) to be the set of homotopy classes of maps from the point I0 to X. In
other words, π0(X, x0) is the set of path-components of X. We view π0(X, x0) as
a pointed set where the trivial element is given by the map that sends the unique
point in I0 to x0. A map f : X → Y between topological spaces de�nes a morphism
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f∗ : π0(X, x0) → π0(Y, f(x0)) of pointed sets in the obvious way. Sometimes, by an
unfortunate abuse of language, we refer to π0(X, x0) as a homotopy group of X.

(2) Similarly to the above, given a pointed pair of topological spaces (X,A, x0) we view
π1(X,A, x0) as pointed set where the trivial element is once again represented by the
constant path I → X given by sending all points to x0.

We conclude this section with the following elementary lemma.

Lemma 153.3. Let (X,A, x0) be a pointed pair of topological spaces and let n ≥ 1. Let
f : (In, ∂In, Jn−1) → (X,A, {x0}) be a map. If f(In) Ă A, then f represents the trivial
element in πn(X,A, x0).18171818

Proof. The lemma will be proved in Exercise 153.6. �

Since it is much easier to convince oneself of a statement if one sees an explicit example,
we show such a map with f(In) Ă A in the �gure below.
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XA

x0

fIn

153.2. The long exact homotopy sequence of a pair. In the Topological LES-Proposition 74.13
we saw that we can associate to a pair (X,A) of topological spaces a long exact sequence
of (relative) homology groups. The goal of this section is to do the same for homotopy
groups. More precisely we will associate to a pointed pair (X,A, x0) of topological spaces
a long exact sequence of (relative) homotopy groups.

Proposition 153.4. (Homotopy Groups-LES Proposition) Let (X,A, x0) be a pointed
pair of topological spaces.
(1) For any n ≥ 1 the map

∂n : πn(X,A, x0) → πn−1(A, x0)

[f : (In, ∂In, Jn−1)→ (X,A, {x0})] 7→
[

(In−1, ∂In−1) → (A, {x0})
(x1, . . . , xn−1) 7→ f(x1, . . . , xn−1, 0)

]
is well-de�ned. (See the �gure below.) We refer to it as the connecting morphism.
It has the following two properties:
(a) The connecting morphism is a morphism of pointed sets and it is a group ho-

momorphism for n ≥ 2.
(b) The connecting morphism is a natural transformation from the covariant functor

πn(X,A, x0) to the covariant functor πn−1(A, x0). In everyday language this just
simply means that for a map f : (X,A, x0) → (Y,B, y0) between pointed pairs

1817Put di�erently, as for relative homology groups, all objects that �land in A� are in fact trivial in the
relative homotopy group.
1818Note that by the above discussion of pointed sets the statement of Lemma 153.3 is also meaningful for
n = 1.
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of topological spaces the following diagram commutes:

πn(X,A, x0)
∂ //

f∗
��

πn−1(A, x0)

f∗
��

πn(Y,B, y0)
∂ // πn−1(B, y0).

(2) The following sequence is exact

· · · → πn(A, x0)
i∗−→ πn(X, x0)→ πn(X,A, x0)

∂n−→ πn−1(A, x0)→ · · · → π0(X, x0).

Here i : A → X is the inclusion map and the map πn(X, x0) → πn(X,A, x0) is the
natural map introduced on page 3239.
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points which get mapped to x0

∂[f ] = [f |In−1 ]points which get mapped to AIn−1

[f : In → X]

Examples.

(1) We considerX = R2 and we consider A = A0tA1 which is the union of disjoint closed
disks A0 and A1 in X = R2. We denote by x0 ∈ A0 and x1 ∈ A1 the centers of the
two disks. Furthermore we denote by f : I = [0, 1] → X a map with f(0) = x1 and
f(1) = x0. (We refer to the �gure below for an illustration.) Finally, for any n ∈ N0

and any i ∈ {0, 1} we denote by cxi : In → Ai the constant map that sends all points
to xi. It follows from the Deformation Retract-Homotopy Equivalence Lemma 15.5
together with the π0-Homotopy Equivalence Lemma 15.3 and Propositions 50.3 (2)
and 71.7 (2) that all the homotopy groups of A and X are generated by [cx0 ] except
for π0(A, x0) that equals the set {[cx0 ], [cx1 ]}.

As discussed on page 3238, f de�nes an element in π1(X,A, x0). Using the def-
initions one sees almost immediately that ∂[f ] = [cx1 ] ∈ π0(A, x0). It follows easily
from this data and the Homotopy Groups-LES Proposition 153.4 (2) that π1(X,A, x0)
consists of precisely two elements, namely [cx0 ] and [f ].

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

�
�
�
�

��

X = R2

x0 x1

A1

A0 f

(2) Let X = R2. We denote by A the wedge of two circles, viewed as a subset of X = R2.
Furthermore we denote by x0 the wedge point. It follows from the Homotopy Groups-
LES Proposition 153.4 (2) that π2(X,A, x0)

∼=−→ π1(A, x0). In Lemma 54.6 we saw
that π1(A, x0) is non-abelian, thus π2(X,A, x0) is also non-abelian.
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In fact we can identify two elements in π2(X,A, x0) that do not commute. We
consider the two maps f, g : (I2, ∂I2, J1) → (X,A, {x0}) that are illustrated in the
�gure below. It follows easily from the de�nitions that ∂[f ], ∂[g] are the standard
generators of the free group1819 π1(S1 ∨ S1, x0). Since these do not commute we see
that [f ] and [g] do not commute either.
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X = R2

x0A

g

f

Proof. We start out with the proof of Statement (1). In fact this statement follows mostly
easily from the de�nitions. One only needs to think for a minute about the question why
the connecting homomorphism is in fact a homomorphism.

We turn to the proof of Statement (2). In fact we prove a slight variation on the second
statement. More precisely, let X be a topological space, let A be a subset of X and let B
be a subset of A. Finally let x0 ∈ B. For any n ≥ 2 the map

∂n : πn(X,A, x0) → πn−1(A,B, x0)

[f : (In, ∂In, Jn−1)→ (X,A, {x0})] →
[

(In−1, ∂In−1, Jn−2) → (A,B, {x0})
(x1, . . . , xn−1) 7→ f(x1, . . . , xn−1, 0)

]
is easily seen to be a well-de�ned morphism of pointed sets. Our goal is to prove the
following claim.

Claim. The following sequence is exact1820

...→ πn(A,B, x0)
i∗−→ πn(X,B, x0)

j∗−→ πn(X,A, x0)
∂n−→ πn−1(A,B, x0)→ ...→ π1(X,A, x0).

where i : (A,B) → (X,B) and j : (X,B) → (X,A) are the obvious morphisms of pointed
pairs of topological spaces.
Note that this claim, applied to B = {x0} together with the Relative Homotopy Group
Proposition 153.1 (2) almost implies that the sequence of the proposition is exact. The
only problem is that the sequence of the claim stops slightly earlier, more precisely it stops
at the subindex one instead of subindex zero. Thus the only piece missing is the exactness
of the sequence of the proposition at the last three pointed sets. We leave the veri�cation
of exactness at these three spots as an elementary exercise to the conscientious reader.
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Bx0 A
X

element in πn(X,A) element in πn(A,B)

1819We refer to page 1173 for the calculation of the fundamental group of S1 ∨ S1.
1820This sequence plays of course the role of the long exact sequence in homology groups of a triple of
topological spaces, see the Topological LES-Proposition 74.13.
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Proof. Not surprisingly the proof of the claim breaks up into three separate proofs, namely
we need to verify exactness at the three di�erent groups.
Exactness at πn(X,B, x0). It follows easily from Lemma 153.3 that j∗ ◦ i∗ = (j ◦ i)∗ is the
trivial morphism. We leave it to the reader to verify that ker(j∗) Ă im(i∗).
Exactness at πn(X,A, x0). It follows again easily from Lemma 153.3 and the de�nition
of the connecting homomorphism ∂ that ∂ ◦ j∗ is the trivial morphism. Now suppose we
are given f : (In, ∂In, Jn−1) → (X,A, {x0}) such that the restriction of f to In−1 × {0}
represents the trivial element in πn−1(A,B, x0). This means that there exists a homotopy
H : In−1 × I → A (with all the required restrictions) from f |In×{0} to the constant map.
The map

In × [0, 1] → X

(x1, . . . , xn, t) 7→
{
f
(
x1, . . . , xn−1,

t
2
· xn + (1− xn)

)
, if xn ∈

[
t
2
, 1
]

H
(
x1, . . . , xn−1, 2xn − t), if xn ∈

[
0, t

2

]
is continuous by the Homotopy Stacking Lemma 14.3 and it de�nes a homotopy (again with
all the desired extra properties) from f to a map that represents an element in πn(X,B, x0).
The de�nition of the homotopy is sketched, to the best of my abilities, in the �gure below.

homotopy H

map f reparametrized
map f

gets mapped to Bgets mapped to A

gets mapped to x0
xn

t

Exactness at πn(A,B, x0). First note that i∗ ◦ ∂ is the trivial morphism. Indeed, if
f : (In+1, ∂In+1, Jn) → (X,A, {x0}) is a map, then f : (In × [0, 1], ∂In × [0, 1]) → (X, x0)
de�nes a homotopy from ∂f = f |In×{0} to the constant map cx0 . Thus (i∗ ◦∂)[f ] = [i∗ ◦∂f ]
is the trivial element in πn(X,B, x0).

Now suppose that we are given a map f : (In, ∂In, Jn−1) → (A,B) such that j ◦ f
represents the trivial element in πn(X,B, x0). This means that there exists a homotopy H
(with all the obvious conditions) from j ◦ f to the constant map cx0 . We de�ne

g : In → B
(x1, . . . , xn) 7→ H(x1, . . . , xn−1, 0, xn).

We pick a homeomorphism Ψ: I2 → I2 with the properties as illustrated in the �gure
below.1821 (Here it is psychologically convenient to think of I2 as the square in the plane
with xn and xn+1-coordinates.) It follows immediately from the de�nitions that the map

In+1 → X
(x1, . . . , xn, xn+1) → H(x1, . . . , xn−1,Ψ(xn, xn+1))

1821The triangles in the �gure below indicate how one could write down an explicit homeomorphism.
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xn

xn+1

xn

xn+1

Ψ

de�nes an element in πn+1(X,A, x0) such that the connecting morphism sends it to the
element in πn(A,B, x0) represented by the map1822

f ∗ g : In → X

(t1, . . . , tn) 7→
{

f(t1, . . . , tn−1, 2tn), if tn ∈ [0, 1
2
],

g(t1, . . . , tn−1, 2tn − 1), if tn ∈ [1
2
, 1]

It remains to show that f ∗ g and f represent the same element in πn(A,B, x0). This can
be done in a fashion similar to the above proof of exactness. More precisely, a homotopy
between f and f ∗ g, again with all the desired properties, is given by

In × [0, 1] → X

(x1, . . . , xn, t) 7→
{
f
(
x1, . . . , xn−1,

t
2
· xn + (1− xn)

)
, if xn ∈

[
t
2
, 1
]

H
(
x1, . . . , xn−1, 2xn − t), if xn ∈

[
0, t

2

]
�

153.3. Paths acting on relative homotopy groups. Let (X, x0) be a pointed topo-
logical space. In Section 86.3 we saw that the fundamental group π1(X, x0) of X acts on
any homotopy group πn(X, x0). In this section we will discuss an analogous construction
for relative homotopy groups. In particular, given a pointed pair (X,A, x0) of topological
spaces we will see that the fundamental group π1(A, x0) of A (let us stress that here we
write A instead of X) acts on any relative homotopy group πn(X,A, x0).
The following de�nition is quite similar to the de�nition on page 1869.

De�nition. Let X be a topological space, let A be a subset of X and let n ∈ N≥2.1823

Furthermore let γ : [0, 1]→ A be a path in the subset A1824 from a point x0 to a point x1.
Finally let

f : (In, ∂In, Jn−1) → (X,A, {x1})
be a map. We de�ne

fγ : (In, ∂In, Jn−1) → (X,A, {x0})
to be the map that is illustrated in the �gure below. For our particularly pedantic readers
we now also give a super-rigorous de�nition of fγ: First of all, given t ∈ [0, 1] we de�ne
Ct =

[
t
4
, 4−t

4

]n−1 × [0, 1− t
2
]. Now we de�ne

fγ : (In, ∂In, Jn−1) → (X,A, x0)

(x1, . . . , xn) →
{
f
(
2x1 − 1

2
, . . . , 2xn

)
, if (x1, . . . , xn) ∈ C1 =

[
1
4
, 3

4

]n−1 × [0, 1
2
],

γ(t), if (x1, . . . , xn) ∈ ∂Ct for t ∈ [0, 1].

1822Strictly speaking this de�nition of f ∗ g di�ers from the de�nition on page 3239 since we use a di�erent
coordinate to perform the product. But it is convenient to use the same notation.
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tox0

goes to A

x1

path γ on the segments
that connect the outer cube

to the inner cube

goes to x0

goes to A

goes to x1

fγ : (In, ∂In, Jn−1)→ (X,A, x0)f : (In, ∂In, Jn−1)→ (X,A, x1)

=⇒ f

and γ is a
path from

The following proposition can be viewed as the �relative analogue� of the Change-of-Base
Point Proposition 71.5.

Proposition 153.5. (Change-of-Base Point Proposition) Let X be a topological
space, let A be a subset of X and let n ∈ N≥2.
(1) If γ : [0, 1]→ A is a path from x0 to x1, then the map

γ∗ : πn(X,A, x1) → πn(X,A, x0)
[f ] 7→ [fγ]

is a well-de�ned map that is a group homomorphism.
(2) If x0 and x1 are two points in A which lie in the same path-component of A, then

πn(X,A, x0) is isomorphic to πn(X,A, x1).
(3) Let ϕ : (X,A)→ (Y,B) be a map between pairs of topological spaces.

(a) If γ : [0, 1]→ A is a path from x0 to x1, then the following diagram commutes

πn(X,A, x1)
ϕ∗
��

γ∗
// πn(X,A, x0)

ϕ∗
��

πn(Y,B, ϕ(x1))
(ϕ◦γ)∗

// πn(Y,B, ϕ(x0)).

(b) If ϕ∗ : πn(X,A, x0) → πn(Y,B, ϕ(x0)) is an isomorphism (epimorphism, mono-
morphism) for some base point x0 ∈ A, then for any other point x1 in the same
path component of A the map ϕ∗ : πn(X,A, x1) → πn(Y,B, ϕ(x1)) is also an
isomorphism (epimorphism, monomorphism).

(4) Let γ and δ be two paths in A from x0 to x1. If γ and δ are path-homotopic in A,
then the corresponding maps γ∗ and δ∗ from πn(X,A, x1) to πn(X,A, x0) agree.

(5) If γ is a path in A from x0 to x1 and if δ is a path in A from x1 to x2, then1825

( γ ∗ δ︸︷︷︸
path in A from x0 to x2

)∗ = γ∗ ◦ δ∗ : πn(X,A, x2) → πn(X,A, x0).

(6) The map
π1(A, x0)× πn(X,A, x0) → πn(X,A, x0)

([γ], [f ]) 7→ [γ] · [f ] := [fγ]

1823What is wrong with n = 1?
1824Note that in contrast to the de�nition on page 1869 we only consider paths in A. At this point we do
not allow paths in X.
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de�nes an action (in the sense of the de�nition on page 248) of the group π1(A, x0)
on the group πn(X,A, x0).

(7) We denote by i : A → X the inclusion map and by ϕ : πn(X, x0) → πn(X,A, x0)
the natural map. Then, with the convention from page 2538, the following diagram
commutes

π1(X, x0)× πn(X, x0) //

ϕ∗
��

πn(X, x0)
ϕ∗
��

π1(A, x0)× πn(X,A, x0) //

i∗

OO

πn(X,A, x0).

(8) If γ : [0, 1]→ A is a path from x0 to x1, then the following diagram commutes:

πn(X,A, x1)
[f ] 7→[fγ ]

//

∂
��

πn(X,A, x0)

∂
��

πn−1(A, x1)
[f ] 7→[fγ ]

// πn−1(A, x0).

Proof. The proof of the �rst six statements of the proposition is basically identical to the
proof of the Change-of-Base Point Proposition 86.9. The last two statements follow easily
from the de�nitions. To protect the trees we will not carry out the details. �

Remark. Let X be a topological space, let A be a non-empty subset and let n ∈ N≥2. If A
is path-connected, then it follows from the Change-of-Base Point Proposition 153.5 (2) that
the isomorphism type of the relative higher homotopy groups πn(X,A, x0) does not depend
on the choice of a base point in A. Thus if we are only interested in the isomorphism type
of the n-th relative homotopy group of (X,A), then sometimes we just write πn(X,A), i.e.
we suppress the base point from the notation.

Recall that for the relative homotopy groups πn(X,A, x0) with n ≥ 3 we use the additive
notation for the group structure. Thus Lemma 86.13, Propositions 71.3, 153.1 (4) and 153.5
lead us to the following observation:

Observation. Let (X,A, x0) be a pointed pair of topological spaces. If n ≥ 3, then the
abelian group πn(X,A, x0) admits a natural Z[π1(A, x0)]-left module structure.

Example. We consider the wedge X = S1 ∨ S2 where we identify i ∈ S1 with (0, 0,−1) ∈
S2. We denote by x0 the wedge point. Furthermore let A = S1 Ă X. We denote by
t ∈ π1(S1, i) the standard generator. (We refer to the �gure below for an illustration.) By
the Wedge-π1-Proposition 52.3 we know that the inclusion A→ X induces an isomorphism
π1(A, x0) → π1(X, x0). We use this isomorphism to make the identi�cation π1(A, x0) =
π1(X, x0) = 〈t〉. It follows from the Homotopy Groups-LES Proposition 153.4 and the
Change-of-Base Point Proposition 153.5 (7) that the natural map π2(X, x0)→ π2(X,A, x0)
is an isomorphism of Z[t±1]-modules. In particular, by Proposition 86.15, we have

π2(X,A, x0)
∼=←− π2(S1 ∨ S2)

∼=−→ Z[t±1].

1825Here it is worth remembering that by de�nition, see page 1052, the product path γ ∗ δ is given by �rst
traversing γ and then traversing δ.
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���
���
���
��� x0

X = S1 ∨ S2

A = S1 t

153.4. Alternative description of relative homotopy groups. Let (X, x0) be a pointed
topological space. Recall that on page 1565 we had in particular introduced the following
identi�cations:

πn(X, x0) =
set (of homotopy classes)

of maps (In, ∂In)→ (X, x0)
=

set (of homotopy classes)
of maps (Sn, ∗)→ (X, x0).

These identi�cations allowed us to go back and forth between di�erent view points regarding
homotopy groups.
Before we continue with our discussion of relative homotopy groups we also want to intro-
duce a second view point regarding relative homotopy groups. The key to doing so is the
following elementary lemma.

Lemma 153.6. Let n ∈ N. There exists an explicit1826 map ϕ : In → B
n
with the

following three properties:
(1) we have ϕ(Jn−1) = ∗ := (0, . . . , 0, 1) and ϕ(In−1) = Sn−1,
(2) the map ϕ descends to a homeomorphism (In/Jn−1, In−1/∂In−1)

∼=−→ (B
n
, Sn−1),

(3) the restriction of ϕ to the map In \ ∂In → Bn is an orientation-preserving di�eo-
morphism.
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ϕ

B
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Sketch of a proof for Lemma 153.6. We write Q = (1
2
, . . . , 1

2
, 0) ∈ In. Given any point

x ∈ In \ {Q} we de�ne
ρ(x) := sup

{
‖rx‖

∣∣ r ∈ R>0 and r(x−Q) +Q ∈ In
}
.

We consider the map

α : In/Jn−1 →
=Hn︷ ︸︸ ︷

{(x1, . . . , xn) ∈ Rn |xn ≥ 0} ∪ {∞}

[x] 7→

{
x−Q
‖x−Q‖ · tan

(
π
2 ·
‖x−Q‖
ρ(x)

)
, if x 6= Q,

0, if x = Q.

This map stretches each of the segments from Q to a point on Jn−1 to an in�nite ray
emanating from the origin. In particular all points in Jn−1 get sent to in�nity, i.e. the
map is well-de�ned. We refer to the �gure below for an illustration. Similar to the proof
of the Convex-to-Ball Proposition 2.20 we see that the map α is a homeomorphism that
restricts to a homeomorphism In−1/∂In−1 → (Rn−1×{0})∪{∞}. Let β : Rn ∪{∞} → Sn

1826�Explicit� means that in the proof we explicitly write down such a map that does not depend on any
choices. No reader will ever want to see the precise de�nition, but the fact that the map is explicitly given
implies that there is no ambiguity involved when we write �let ϕ be the map from Lemma 153.6.�
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∞

In−1

∪

0

Jn−1

In

Q

α

be the inverse of the stereographic projection that we introduced in Lemma 2.18. Note
that β(∞) = (0, . . . , 0, 1). Furthermore note that the homeomorphism β restricts to a
homeomorphism1827

β : Hn ∪ {∞} → Sn≥0 := {(x1, . . . , xn+1) ∈ Sn |xn ≥ 0}.

Finally we consider the following map:

In → In/Jn−1 α−−→ Hn ∪ {∞}
β−−→ Sn≥0 → B

n

(x1, . . . , xn−1, xn, xn+1) 7→ (x1, . . . , xn−1, xn+1).

Using Exercise 25.9 one can easily verify that this map has all the desired properties.1828 �

Convention. Using the map

ϕ : (In, ∂In, Jn−1) → (B
n
, Sn−1, ∗)

from Lemma 153.6 we make the following identi�cations

πn(X,A, x0) =
set (of homotopy classes) of

maps (In, ∂In, Jn−1)→ (X,A, x0)
=

set (of homotopy classes) of
maps (B

n
, Sn−1, ∗)→ (X,A, x0).

We refer to the �gure below for an illustration.
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Remark. Let (X,A, x0) be a pointed pair of topological spaces and let n ∈ N. As above
we make the identi�cations

πn(X,A, x0) =

{
homotopy classes of maps
(B

n
, Sn−1, ∗)→ (X,A, x0)

}
and πn−1(A, x0) =

{
homotopy classes of maps

(Sn−1, ∗)→ (A, x0)

}
.

We leave it to the interested reader to verify that the connecting homomorphism πn(X,A, x0)→
πn−1(A, x0) from the Homotopy Groups-LES Proposition 153.4 is given by the map

∂n : πn(X,A, x0) → πn−1(A, x0)

[f : (B
n
, Sn−1, ∗)→ (X,A, x0)] 7→ [f |Sn−1 : (Sn−1, ∗)→ (A, x0)].

1827Note that the condition xn ≥ 0 is not a typo.
1828More precisely, the author is somewhat optimistic that the signs are right and that the map is indeed
orientation-preserving.
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153.5. Connected (pairs of) topological spaces. For convenience we recall the follow-
ing de�nition from page 1845.

De�nition. Let k ∈ N0. We say a topological space X is k-connected, if πi(X) = 0 for
i = 0, . . . , k.
This de�nition has the following obvious �relative� analogue.

De�nition. Let X be a topological space, let A Ă X and let k ∈ N. We say (X,A) is k-
connected if every path-component ofX contains a point of A and if for every i ∈ {1, . . . , k}
and every x0 ∈ A we have πi(X,A, x0) = 0.
The following lemma provides a convenient reformulation of the previous de�nition.
Lemma 153.7. Let X be a topological space, let A Ă X and let k ∈ N. The following
two statements are equivalent:
(1) The pair (X,A) is k-connected.
(2) Every path-component of X contains a point of A, furthermore for every a ∈ A

and every j ∈ {1, . . . , k − 1} the inclusion induced map πj(A, a) → πj(X, a) is an
isomorphism and the inclusion induced map πk(A, a)→ πk(X, a) is an epimorphism.

Example. Let X be a topological space and let A Ă X be a deformation retract. It follows
from the Homotopy-πn-Proposition 71.7 (2) that for any x0 ∈ A and any i ∈ N0 the inclusion
induced map πi(A, x0) → πi(X, x0) is an isomorphism. It follows from Lemma 153.7 that
(X,A) is k-connected for every k ∈ N.
Proof. We denote by i : A→ X the inclusion map. Let a ∈ A. By the Homotopy Groups-
LES Proposition 153.4 we have the following long exact sequence of homotopy groups:

. . . → πk(A, a)
i∗−−→ πk(X, a) → πk(X,A, a)

∂−→ πk−1(A, a)
i∗−−→ πk−1(X, a) → . . .

The lemma is an immediate consequence of the existence of this long exact sequence. �

The following proposition gives a convenient characterization of the vanishing relative ho-
motopy groups.
Proposition 153.8. Let X be a topological space and let A Ă X. For any n ∈ N the
following two statements are equivalent:
(1) Every map (B

n
, Sn−1)→ (X,A) is homotopic rel Sn−1 to a map B

n → A,
(2) for every x0 ∈ A we have πn(X,A, x0) = 0.

Furthermore, for n = 0 the above statement (1) is equivalent to
(2′) every path-component of X contains a point of A.

Example. We consider the in�nite cylinder X = S1×R and the annulus A = S1× [−1, 1].
Evidently A is a deformation retract of X. Thus, by the previous example the pair (X,A)

is k-connected for every k ∈ N0. In the �gure below we show a map f : (B
2
, S1)→ (X,A).

Furthermore we show a map g : B
2 → A that is homotopic, rel S1, to f .

Proof of Proposition 153.8. First note that it is elementary to see that for n = 0 the
statements (1) and (2′) are equivalent. Now let n ≥ 1. The implication (1) ⇒ (2) is an
immediate consequence of Lemma 153.3 and the by now well-known fact that there exists
a homeomorphism (In, ∂In)

∼=−→ (B
n
, Sn−1).
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The most interesting statement of the proposition is the implication (2) ⇒ (1). Thus
we now assume that πn(X,A, x0) = 0 for every x0 ∈ A. Let f : (B

n
, Sn−1) → (X,A) be a

map. We need to show that f is homotopic rel Sn−1 to a map that takes values only in
A. Let ϕ : In → B

n
be the map from Lemma 153.6 with ϕ(Jn−1) = (0, . . . , 0, 1). We set

x0 := f(0, . . . , 0, 1). Note that the map f ◦ ϕ : In → X is actually a map

f ◦ ϕ : (In, ∂In, Jn−1) → (X,A, {x0})
of triples. Since πn(X,A, x0) = 0 we see that there exists a homotopy

F : (In, ∂In, Jn−1)× [0, 1] → (X,A, {x0})
which satis�es F0 = f ◦ ϕ and F1 = cx0 . Now we consider the map

In × [0, 1] → X

(x1, . . . , xn, t) 7→

{
F
(
x1, . . . , xn−1,

1
1− t

2

· (xn − t
2
), t
)
, if xn ∈

[
t
2
, 1
]

F
(
x1, . . . , xn−1, 0, 2 · xn), if xn ∈

[
0, t

2

]
.

The de�nition of the homotopy is sketched, with moderate success, in the �gure below.
This map has the following properties:

same values as for F restricted
to xn = 0, in particular the

points gets set to Ahomotopy rel In−1 × {0}

gets mapped to x0

gets mapped to x0
map f ◦ ϕ

homotopy F reparametrized
in the xn-direction

t

xn

(0) the map is continuous by the Homotopy Stacking Lemma 14.3,
(1) the map is a homotopy rel In−1 × {0},
(2) the map is a homotopy from f ◦ ϕ to a map that takes values in A,
(3) the map sends Jn−1 × [0, 1] to x0.

It follows from Property (3), and using the above map ϕ : (In, Jn−1) → (B
n
, (0, . . . , 0, 1)),

that F de�nes a homotopy G : B
n× [0, 1]→ X. Property (1) implies that G is a homotopy

rel Sn−1. Furthermore Property (2) says that G is a homotopy from f to a map that takes
values in A. Thus G is the desired a homotopy. �

The following proposition gives us an important example of a k-connected pair of topological
spaces.
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Proposition 153.9. Let X be a CW-complex and let k ∈ N0.
(1) If A is a subcomplex such that all cells in X \A have dimension greater than k, then

the pair (X,A) is k-connected.
(2) The pair (X,Xk) is k-connected.1829

Proof.
(1) Let X be a CW-complex, let A be a subcomplex and let k ∈ N0. Suppose that all

cells in X \ A have dimension greater than k. This implies in particular that every
path-component of X contains at least one point in A. The remainder of the proof
is almost the same as the proof of the CW-Skeleton-πn-Proposition 71.9. The key
di�erence is that we need to replace the Cellular Approximation Theorem 70.15 by the
Cellular Approximation Theorem 70.16 for Pairs of CW-complexes and that now we
use the (1)⇒ (2) implication of Proposition 153.8. We leave it to the reader to carry
out the modest modi�cations of the proof of the CW-Skeleton-πn-Proposition 71.9.

(2) This statement is of course an immediate consequence of the �rst statement. �

The following corollary is an extremely useful consequence of Lemma 153.7 and Proposi-
tion 153.9 (2). We had proved it earlier in the guise of the CW-Skeleton-πn-Proposition 71.9.

Corollary 153.10. Let X be a CW-complex, let k ∈ N0 and let x ∈ Xk. The following
two statements hold:
(1) For j = 1, . . . , k − 1 the inclusion induced map πj(Xk, x) → πj(X, x) is an isomor-

phism.
(2) The inclusion induced map πk(Xk, x)→ πk(X, x) is an epimorphism.

153.6. The relative Hurewicz Theorem. In this section we state the �Relative Hurewicz
Theorem� that generalizes the original Hurewicz Theorem 85.5 to the relative setting.

De�nition. Let (X,A, x0) be a pointed pair of topological spaces and let n ∈ N. We
denote by [In] ∈ Hn(In, ∂In;Z) the fundamental class of In.1830 We refer to the map

Φ(X,A,x0) : πn(X,A, x0) → Hn(X,A;Z)
[f : (In, ∂In, Jn−1)→ (X,A, {x0})] 7→ f∗([I

n])

as the relative Hurewicz homomorphism.
The following lemma summarizes some elementary properties of the relative Hurewicz ho-
momorphism.
Lemma 153.11.
(1) Let (X,A, x0) be a pointed pair of topological spaces and let n ∈ N≥2. The map

Φ(X,A,x0) : πn(X,A, x0) → Hn(X,A;Z)
[f : (In, ∂In, Jn−1)→ (X,A, {x0})] 7→ f∗([I

n])

is well-de�ned and it is a homomorphism.

1829Recall that Xk denotes the k-skeleton of X, i.e. the union of all cells of dimension ≤ k.
1830Here we endow In Ă Rn with the usual orientation coming from Rn.
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(2) Let (X, x0) be a pointed topological space and let n ≥ 2. The following diagram
commutes

πn(X, x0)
Φ(X,x0)

//

∼=
��

Hn(X;Z)
∼=
��

πn(X, {x0}, x0)
Φ(X,{x0},x0)

// Hn(X, {x0};Z).

Here the left-hand vertical map is given by the identi�cation from page 3239 and
the right-hand vertical map is the obvious map from absolute to relative homology
groups.

(3) Let (X,A, x0) be a pointed pair of topological spaces. The following diagram com-
mutes

. . . // πn(A, x0)

��

// πn(X, x0)

��

// πn(X,A, x0)

��

∂ // πn−1(A, x0)

��

// . . .→ π1(X, x0)

��

. . . // Hn(A;Z) // Hn(X;Z) // Hn(X,A;Z)
∂ // Hn−1(A;Z) // . . .→ H1(X;Z).

Here the horizontal sequences are the long exact sequences given by the Topological
LES-Corollary 74.14 and by the Homotopy Groups-LES Proposition 153.4 and the
vertical maps are the Hurewicz homomorphisms.

Sketch of proof.

(1) The proof of the �rst statement is evidently just a straightforward variation on the
proof of Lemma 85.1. We refer to [Bre1993, Lemma VII.10.2] or [Hat2002, Propo-
sition 4.36] for details.

(3) We have to show that each of the three squares commutes.
(a) The �rst square commutes basically by de�nition, see also Lemma 85.1 (3).
(b) The fact that the second square commutes is an immediate consequence of the

de�nitions of the �absolute� and the �relative� Hurewicz homomorphisms, see
above and page 1842.

(c) Finally it follows fairly easily from the Codimension Zero-Fundamental Class
Lemma 106.24 and the Fundamental Class-of-Boundary Proposition 106.27 that
the third square commutes.

(2) This is just a special case of the second square considered in (3). �

Again the following question arises: to what degree is the relative Hurewicz homomorphism
in fact an isomorphism? One might hope that if a pair (X,A) is (n−1)-connected, then the
Hurewicz homomorphism Φ(X,A,x0) : πn(X,A, x0) → Hn(X,A;Z) is an isomorphism. But
the following example shows that this is not the case.

Example. We consider again X = S1 ∨ S2 and A = S1 Ă X. We denote by x0 the wedge
point. It follows easily from the long exact sequence of homotopy groups provided by the
Homotopy Groups-LES Proposition 153.4 that (X,A) is 1-connected.1831 We see that in

1831Alternatively we could view X as a CW-complex in the usual way. Then we obtain from Proposi-
tion 153.9 that the pair (X,A) is 1-connected.
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this case the map
Φ(X,A,x0) : π2(X,A, x0)︸ ︷︷ ︸

∼= Z∞, see page 3249

→ H2(X,A;Z)︸ ︷︷ ︸
∼=Z

is not an isomorphism.

The following lemma is the key to understanding why the relative Hurewicz homomorphism
fails to be a monomorphism.

Lemma 153.12. Let (X,A, x0) be a pointed pair of topological spaces and let n ∈ N≥2.
Furthermore let σ ∈ πn(X,A, x0). For any g ∈ π1(A, x0) we have

Φ(X,A,x0)(g · σ) = Φ(X,A,x0)(σ).

Proof. Let (X,A, x0) be a pointed pair of topological spaces and let n ∈ N≥2. Furthermore
let [f ] ∈ πn(X,A, x0) and let [γ] ∈ π1(A, x0). As in the Change-of-Base Point Proposi-
tion 86.9 (7) we see that the maps f : (In, ∂In−1) → (X,A) and fγ : (In, ∂In−1) → (X,A)
are homotopic. We obtain that

Φ(X,A,x0)([γ] · [f ]) = Φ(X,A,x0)([f
γ]) = (fγ)∗([I

n]) = f∗([I
n]) = Φ(X,A,x0)([f ]).

↑
by Proposition 74.15, since f and fγ are homotopic as maps (In, ∂In)→ (X,A) �

The above lemma leads us to the following de�nition.

De�nition. Let (X,A, x0) be a pointed pair of topological spaces.1832

(1) For n ∈ N≥3 we de�ne π′n(X,A, x0) to be the quotient group1833

π′n(X,A, x0) := πn(X,A, x0)
/
〈{g · σ − σ | g ∈ π1(A, x0) and σ ∈ πn(X,A, x0)}〉.

(2) We de�ne1834

π′2(X,A, x0) := π2(X,A, x0)/〈〈{(g ·σ)·σ−1 | g ∈ π1(A, x0), σ ∈ π2(X,A, x0)}〉〉.
(3) By Lemma 153.12 the Hurewicz homomorphism

Φ(X,A,x0) : πn(X,A, x0) → Hn(X,A;Z)
descends to a homomorphism

Φ(X,A,x0) : π′n(X,A, x0) → Hn(X,A;Z).

We refer to this homomorphism again as the Hurewicz homomorphism.

Remark. Let (X,A, x0) be a pointed pair of topological spaces. It is a fun exercise to
show �by hand� that π′2(X,A, x0) is an abelian group. We refer to [Hat2002, Lemma 4.39]
for details.

Example. Once again we consider X = S1 ∨ S2 and A = S1 Ă X. We denote by x0

the wedge point. As usual we write π1(A, x0) = 〈t〉. On page 3249 we already saw that

1833Here we use the common, but sometimes confusing, convention that we write the group structure on
the abelian group πn(X,A, x0), n ≥ 3, additively whereas we write the group structure on π2(X,A, x0)
multiplicatively. Evidently there is no rule without an exception, hence, if π2(X,A, x0) happens to be
abelian after all, then we also like to use additive notation for π2(X,A, x0).
1834Recall that given a group π and a subset X Ă π we denote by 〈〈X〉〉 the subgroup of π normally
generated by X. We refer to page 1192 for details.
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π2(X,A, x0) ∼= Z[t±1] as Z[π1(A, x0)] = Z[t±1]-modules. Thus we have an isomorphism

π′2(X,A, x0) ∼= Z[t±1]/{(tk − 1) · f | f ∈ Z[t±1] and k ∈ Z}.

It is an amusing algebra exercise to show that the group on the right-hand side is isomorphic
to Z.

The following theorem is a generalization of the Hurewicz Theorem 85.5 to the relative
case.
Theorem 153.13. (Relative Hurewicz Theorem) Let (X,A, x0) be a pointed pair of
topological spaces such that X and A are path-connected. Let n ≥ 2. If the pair (X,A)
is (n− 1)-connected, then the following two statements hold:
(1) We have Hk(X,A;Z) = 0 for k = 1, . . . , n− 1.
(2) The Hurewicz homomorphism

Φ(X,A,x0) : π′n(X,A, x0) → Hn(X,A;Z)

is an isomorphism. In particular, if π1(A, x0) = 0, then the Hurewicz homomorphism

Φ(X,A,x0) : πn(X,A, x0) → Hn(X,A;Z)

is an isomorphism.

Proof. We will not provide a proof of the Relative Hurewicz Theorem. A full proof is
given in [Bre1993, Theorem VII.10.7] or alternatively in [Hat2002, Theorem 4.37] and
[Spa1995, Proposition 7.5.1]. If A is simply connected, then it is a great exercise to �gure
out to what degree the proof of the Hurewicz Theorem 85.5 can be modi�ed to deal with
the relative case. �

The following theorem, which can be viewed as a corollary to the Relative Hurewicz The-
orem 153.13, is a nice illustration of the usefulness of relative homotopy groups.

Theorem 153.14. Let X and Y be two topological spaces and furthermore let f : X → Y
be a map. We pick a base point x0 ∈ X and we write y0 = f(x0).
(1) If for every i ∈ N≥2 the induced map

f∗ : πi(X, x0)
∼=−→ πi(Y, y0)

is an isomorphism, then for every i ∈ N≥2 the induced map

f∗ : Hi(X;Z)
∼=−→ Hi(Y ;Z)

is also an isomorphism.
(2) If X and Y are simply connected, then the converse to (1) holds. More precisely, in

this case, if for every i ∈ N≥2 the induced map

f∗ : Hi(X;Z)
∼=−→ Hi(Y ;Z)

is an isomorphism, then for every i ∈ N≥2 the induced map

f∗ : πi(X, x0)
∼=−→ πi(Y, y0)

is also an isomorphism.



3258

Remark. In some textbooks, see e.g. [Bre1993, p. 481], [DaK2001, p. 162] and [Spa1995,
p. 399], this theorem is referred to as the �Whitehead Theorem�. We will reserve the name
�Whitehead Theorem� for a much more interesting later result, namely Theorem 162.1.

Proof. The idea is to �replace� the map f : X → Y by an inclusion map so that we can
apply the commutative diagram from Lemma 153.11. The key to doing so is the notion of
the mapping cylinder that we introduced on page 454. Recall that the mapping cylinder
corresponding to f is de�ned as the topological space

Cyl(f) := ((X × [0, 1]) t Y )/∼ where (x, 1) ∼ f(x) for all x ∈ X.

We consider the maps

����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����f

Y

X

mapping
cylinder Cyl(f)

i

i : X → Cyl(f)
x 7→ (x, 0)

respectively
r : Cyl(f)→ Y

P 7→
{
P, if P ∈ Y,
f(Q), if P = [(Q, t)] with Q ∈ X, t ∈ [0, 1].

Note that we have r ◦ i = f : X → Y . Also note that in the Mapping Cylinder Basics
Lemma 16.12 (2a) we showed that the retraction r : Cyl(f)→ Y is a homotopy equivalence.
We use the inclusion i : X → Cyl(f) to identify X with i(X), i.e. we view X as a subset of
Cyl(f).

In the following we prove Statement (2) of the theorem. Thus we assume that X and
Y are simply connected and we assume that for every i ∈ N≥2 the induced map

f∗ : Hi(X;Z)
∼=−→ Hi(Y ;Z)

is an isomorphism. We need to show that for every i ∈ N≥2 the induced map

f∗ : πi(X, x0)
∼=−→ πi(Y, y0)

is also an isomorphism. We consider the following maps

π2(Y, y0)

. . . // π3(Cyl(f), X, x0)

��

∂ // π2(X, x0)

��

i∗ //

f∗
66

π2(Cyl(f), x0)

��

//

r∗

OO

π2(Cyl(f), X, x0)

��

// 0

. . . // H3(Cyl(f), X;Z)
∂ // H2(X;Z)

i∗ //

f∗ ((

H2(Cyl(f);Z)

r∗
��

// H2(Cyl(f), X;Z) // 0

H2(Y ;Z)

where the vertical maps between the second and the third row are the Hurewicz homomor-
phisms. The desired statement follows from the following observations:
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(a) The triangles commute since f = r ◦ i. Furthermore the squares commute by
Lemma 153.11.

(b) By our hypothesis the maps f∗ : H∗(X;Z) → H∗(Y ;Z) are isomorphisms. Further-
more, since r is a deformation retraction we obtain from the Homotopy Equivalence-
H∗-Corollary 73.9 that the maps r∗ : H∗(Cyl(f);Z)→ H∗(Y ;Z) are isomorphisms.

(c) Since f∗ = (r ◦ i)∗ = r∗ ◦ i∗ we obtain immediately from our result in (b) that the
maps i∗ : H∗(X;Z)→ H∗(Cyl(f);Z) are also isomorphisms.

(d) It follows from (c) and the bottom long exact sequence that all the relative homology
groups H∗(Cyl(f), X;Z) vanishes.

(e) It follows easily from (d), the hypothesis that X is simply connected and the Relative
Hurewicz Theorem 153.13 that all the relative homotopy groups π∗(Cyl(f), X, x0)
vanish.

(f) Using (e) we obtain immediately from the top long exact sequence that the maps
i∗ : π∗(X, x0)→ π∗(Cyl(f), x0) are isomorphisms.

(g) By the Homotopy-πn-Proposition 71.7 (2) we know that the maps r∗ : π∗(Cyl(f), x0)→
π∗(Y, y0) are isomorphisms.

(h) Finally note that it follows from f∗ = r∗ ◦ i∗ together with (f) and (g) that the maps
f∗ : π∗(X, x0)→ π∗(Y, y0) are indeed isomorphisms.

The proof of Statement (1) is very similar to the above argument. We leave it to the
reader to �ll in the details. �

We conclude this section with a discussion of homotopy spheres. Recall that by the de�-
nition on page 2625 a homotopy n-sphere Σ is a closed n-dimensional topological manifold
that is (n− 1)-connected, i.e. the homotopy groups of Σ agree with the homotopy groups
of Sn up to degree n− 1.
The following pleasant corollary shows that in fact all homotopy groups of Σ are isomorphic
to the corresponding homotopy groups of Sn.

Corollary 153.15. Let n ∈ N≥2. If Σ is a homotopy n-sphere, then for every i ∈ N0 we
have πi(Σ) ∼= πi(S

n).

Proof. Let Σ be a homotopy n-sphere. Note that by Theorem 153.14 (2) it su�ces to �nd
a map f : Sn → Σ such that for every i ∈ Ni≥2 the induced map f∗ : Hi(S

n;Z)→ Hi(Σ;Z)
is an isomorphism.

So let us try to �nd such a map f . We pick a base point x0 ∈ Σ. By the de�nition and
Proposition ?? we know that Σ is a closed connected non-empty n-dimensional topological
manifold with Hi(Σ;Z) ∼= πi(Σ, x0) = 0 for i = 1, . . . , n − 1. It follows from the Hurewicz
Theorem 85.5 that the Hurewicz homomorphism

Φ: πn(Σ, x0) → Hn(Σ;Z)
[f : (Sn, ∗)→ (Σ, x0)] 7→ f∗([S

n])

is an isomorphism. Note that the fact that π1(Σ, x0) = 0 together with the Non-Orientable
Z2-Epimorphism Corollary 105.16 implies that Σ is orientable. Therefore by the Orientation-
Top Homology Theorem 106.1 we know that Hn(Σ;Z) ∼= Z. Since the Hurewicz homomor-
phism is an isomorphism we can pick a map f : Sn → Σ such that f∗([Sn]) ∈ Hn(Σ;Z) ∼= Z
is a generator.
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We claim that f has the desired properties. By choice of f we know that the map
f∗ : Hn(Sn;Z) → Hn(Σ;Z) is an epimorphism. But since both groups are isomorphic to Z
we see that the map is in fact an isomorphism. Since Sn and Σ are path-connected we obtain
from the discussion on page 1594 that f∗ : H0(Sn;Z) → H0(Σ;Z) is also an isomorphism.
Furthermore for all other dimensions f∗ induces an isomorphism of homology groups for
the rather banal reasons that all other homology groups of Sn and Σ are zero. (Indeed, we
saw above that the homology groups in dimension less than n vanish and it follows from
the Top-Homology Theorem 106.3 that the homology groups vanish in dimension greater
than n.) �

153.7. Excision for relative homotopy groups? We have now seen that the (relative)
homotopy groups and (relative) homology groups have some properties in common:
(1) both invariants are functorial,
(2) in both cases homotopic maps induce the same maps on the invariants,
(3) a (pointed) pair of topological spaces gives rise to a long exact sequence.

These formal similarities between (relative) homotopy and (relative) homology groups
makes one wonder whether an analogue of the Excision Theorem 74.17 holds for relative
homotopy groups.
For better or worse this is not the case. More precisely, the next lemma shows that a naive
analogue of the Excision Theorem 74.17 fails even in very simple situations.

Lemma 153.16. We consider the 2-dimensional sphere X = S2 together with the subset
A := S2

≤0 = {(x, y, z) ∈ S2 | z ≤ 0} given by the lower hemisphere and together with the
subset Z = {(0, 0,−1)} that is given by the South Pole. Then1835

π3(X,A) 6∼= π3(X \ Z,A \ Z).
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X = S2

Z

A = S2
≤0

Proof. We start out with the following observations:

(1) On page 152 we saw that A = S2
≤0 is homeomorphic to B

2
. In particular A is

contractible which implies by the Homotopy-πn-Proposition 71.7 (2) that π2(A) =
π3(A) = 0.

(2) The above homeomorphism also shows that A \ Z is homeomorphic to B
2 \ {(0)}

which is homotopy equivalent to S1. This implies that π2(A \ Z) = π3(A \ Z) = 0.
(3) Finally in Lemma 2.18 we saw that X \Z = S2 \ {(0, 0,−1)} is homeomorphic to R2

which implies that π2(X \ Z) = π3(X \ Z) = 0.
It follows from these observations and the long exact sequence of homotopy groups, provided
by the Homotopy Groups-LES Proposition 153.4, that π3(X \ Z,A \ Z) ∼= π2(A \ Z) ∼=
π2(S1) = 0 and furthermore that π3(X,A) ∼= π3(S2). But in Theorem 122.3 we saw that

1835Here evidently the closure of Z is contained in the interior of A, i.e. the hypotheses for the Excision
Theorem 74.17 for homology groups are satis�ed.
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π3(S2) is non-trivial. We have thus shown that π3(X,A) is not isomorphic to π3(X \Z,A \
Z). �

Remark. We just used the fact that π3(S2) 6= 0 to show that relative homotopy groups
do not satisfy excision. It is a good moment to remind ourselves of the Eilenberg-Steenrod
Uniqueness Theorem 89.25. The theorem suggests that if relative homotopy groups did sat-
isfy excision, then it would follow from the Homotopy Groups-LES Proposition 153.4 that,
at least morally, (abelianized) homotopy groups would agree with homology groups.1836

But the calculations π3(S2) 6= 0 and H3(S2) = 0 show that this is not the case.

In much more restricted circumstances there is in fact an excision theorem. For the record
we state the following theorem. We will not make use of it and therefore we will not provide
the proof (which by all accounts seems to be somewhat messy.)

Theorem 153.17. (Blakers-Massey Theorem)

(1) Let X be a topological space and let A and B be subsets such that X =
◦
A ∪

◦
B.

If (A,A ∩ B) is n-connected and if (B,A ∩ B) is m-connected, then the inclusion
induced map πk(A,A ∩B) → πk(X,B)

is an isomorphism for k < m+ n and it is an epimorphism for k = m+ n.
(2) The conclusion of (1) also holds if X is a CW-complex and A and B are two sub-

complexes of X with X = A ∪B such that A ∩B is non-empty and connected.

Proof. The �rst statement was originally proved in 1952 by Albert Blakers and William
Massey [BlM1952]. Proofs can also be found in [Gra1975, Corollary 16.27], [tD2008,
Theorem 6.4.1], [tDKP1970, p. 211] or [WhdG1978, Chapter VII.7]. The second state-
ment can presumably be deduced from the �rst statement. Alternatively see [Hat2002,
Theorem 4.23]. �

Exercises for Chapter 153.

Exercise 153.1. Show that the three paths to the right of the �gure on page 3239 de�ne
three di�erent elements in π1(X,A, x0).

Exercise 153.2. Let (X,A, x0) be a pointed pair of topological spaces. Show that if n ≥ 3,
then the relative homotopy group πn(X,A, x0) is abelian.

Exercise 153.3. Let X be a topological space and x0 ∈ X. We consider the set π0(X, x0).
We all know that π0(X, x0) is �not a group�. But why not? After all, every non-empty set
can be equipped with a group structure (why is that?). So why is not possible to equip
π0(X, x0) with a group structure in a �meaningful way�? More precisely, if we could equip
it with a group structure in a reasonable sense, what properties would we demand? Why
can these not be satis�ed?

Exercise 153.4. Let ϕ : G→ H be a group homomorphism. Furthermore let (S, s0) be a
pointed set which is equipped with an H-action. Suppose that we have an exact sequence

{e} → G
ϕ−→ H

ψ−→ (S, s0) → {e}
1836To turn this logic into a proper argument might be a little tricky because of base point issues.
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where ψ is a morphism of pointed sets that preserves the H-action. Show that ϕ(G) is a
subgroup of H whose index equals the cardinality of the set S.

Exercise 153.5. Is a monomorphism of pointed sets necessarily injective?

Exercise 153.6. Provide a proof for Lemma 153.3.

Exercise 153.7. Let (X,A, x0) be a pointed pair of topological spaces and let n ∈ N. By
the convention of page 3251 we can view elements in πn(X,A, x0) as homotopy classes of
maps (B

n
, Sn−1, ∗) → (X,A, {x0}). Using this point of view, how can we visualize the

action of π1(A, x0) on πn(X,A, x0)?

Exercise 153.8. Give an example of a connected CW-complex X, a connected subcomplex
A Ă X and an n ∈ N such that the homotopy group πn(X/A) is not isomorphic to the
relative homotopy group πn(X,A).
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154. Fibrations

In this chapter we introduce �brations and we show that �brations give rise to a long
exact sequence of homotopy groups. In the subsequent two chapters we will give many
more examples of �brations and we will see that �brations allow us to compute various
interesting higher homotopy groups.

154.1. De�nition and examples of �brations. The following is the key de�nition of
this chapter.
De�nition. Let p : Y → B be a map between topological spaces.
(1) Let X be a topological space. We say that the map p : Y → B has the homotopy

lifting property with respect to X if given any map F : X × [0, 1] → B and given
any map f̃ : X × {0} → Y with p ◦ f̃ = F ◦ i there exists a map F̃ : X × [0, 1]→ Y
such that the following diagram commutes:

X × {0} f̃
//

i

��

Y

p

��

X × [0, 1]
F

//

F̃
??

44

B.

Sometimes we refer to F̃ : X × [0, 1]→ Y as a lift of F : X × [0, 1]→ B. (Note that
we do not demand that the lift F̃ is any way unique.) We refer to the �gure below
for an illustration of the de�nition.

(2) We say that the map p : Y → B is a �bration if p has the homotopy lifting property
with respect to all topological spaces.

(3) We say that the map p : Y → B is a Serre �bration if p has the homotopy lift-
ing property with respect to all closed balls B

n
, n ∈ N0. So perhaps somewhat

confusingly a Serre �bration is not necessarily a �bration.
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i

f̃

Y = B
3

p

B = B
2

X × {0}

X × [0, 1]

F̃

F

Remark.
(1) Di�erent textbooks mean di�erent objects when they talk about ��brations�. Our

de�nition coincides with the language used in [Hat2002, Rot1988, DaK2001]. In
[Bre1993], what we call a ��bration� is called a �Hurewicz �bration�.

(2) If p : Y → B is Serre �bration and if Y and B are CW-complexes, then it follows
from [StW1984, Cau1992] that p is in fact a �bration. We will not make use of
this result.

Examples.
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(1) In the Path-Homotopy Lifting Proposition 48.12 we already showed that every cov-
ering p : Y → B has the homotopy lifting property (in fact with a unique lift) with
respect to every topological manifold, in particular with respect to any closed ball
B
n
. This implies in particular that every covering is a Serre �bration.

(2) Let B and G be topological spaces. We denote by p : B×G→ B and q : B×G→ G
the two obvious projections. In the following we show that the projection p : B×G→
B is a �bration. Indeed, in the setting above the map

F̃ : X × [0, 1] → B ×G
(x, t) 7→

(
F (x, t), q

(
f̃(x, 0)︸ ︷︷ ︸
∈B×G

))
makes the diagram commute. As is shown in the �gure below, in contrast to the �rst
example, the lift F̃ is in general not unique.
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F
B = [−1, 1]

p

two di�erent lifts
f̃

{∗} × [0, 1]

{∗} × {0}
B ×G

(3) For every n ∈ N the map
B
n+1 → B

n

(x1, . . . , xn, xn+1) 7→ (x1, . . . , xn)

is a Serre �bration. With some e�ort this statement can be proved �by hand�. The
case n = 1 is precisely the content of Exercise 154.1.

We conclude the list of examples with a �non-example�. To make this example more readable
we package it is as a lemma.

Lemma 154.1. The map p : S1 → [−1, 1] that is given by the projection onto the x-coor-
dinate is not a Serre �bration.

Proof. We consider the topological space X = B
1

= [−1, 1] together with the maps
f̃ : X × {0} → S1 and F : [−1, 1]× [0, 1]→ [−1, 1] that are illustrated in the �gure below.
We claim that there is no lifting F̃ : X× [0, 1]→ S1. More precisely, we prove the following
claim.
Claim. If F̃ : X× [0, 1]→ S1 is a map with p◦ F̃ = F , then F̃ |X×{0} does not agree with f̃ .

Proof. Thus let F̃ : X × [0, 1] → S1 be a map with p ◦ F̃ = F . We make the following
observations:
(1) The preimage F−1(0) is connected by the de�nition of F .
(2) We obtain from (1) and the Image-Connected Lemma 2.24 that the image F̃ (F−1(0))

is also connected.
(3) The fact that p ◦ F̃ = F implies that F̃ (F−1(0)) Ă p−1(0).1837

1837Since I always �nd these arguments confusing let me give the argument: Let y ∈ F̃ (F−1(0)). This
means that there exists a P ∈ F−1(0) with y = F̃ (P ). We have p(y) = p(F̃ (P )) = F (P ), but P ∈ F−1(0),
thus p(y) = 0. In other words, we have y ∈ p−1(0).
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(4) By de�nition of the map p we have p−1(0) = {(0,±1)}.
(5) It follows from (2), (3) and (4) that F̃ restricted to F−1(0) is constant.
(6) The map f̃ is not constant on F−1(0).

The combination of (5) and (6) proves our claim. �
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X × [0, 1] p

S1

the preimage of 0
is disconnected

f̃X × {0}

F

0

the preimage of 0 under the map F is connected

X × {0}

F̃

We continue with introducing some language and notation.

Notation.
(1) Given a �bration or a Serre �bration p : Y → B we sometimes refer to B as the base

space and to Y as the total space.1838 Furthermore, given a point ∗ ∈ B we refer to
F := p−1(∗) as a �ber. The last de�nition is somewhat dangerous since, as we see
in the last of the above examples, the homeomorphism type p−1(∗) depends on the
choice of ∗. We will shortly discuss �uniqueness� of the �ber. Finally throughout
this chapter we denote by i : F → Y the inclusion map.

(2) Given n ∈ N0 we de�ne I, In and Jn as on page 3238.
Before we can formulate the main theorem of this chapter we need to make some prepara-
tions.
Lemma 154.2.
(1) For each n ∈ N there exists an orientation-preserving homeomorphism(

B
n × [0, 1], B

n × {0} ∪ Sn−1 × [0, 1]
) ∼=−→

(
B
n × [0, 1], B

n × {0}
)

of pairs of topological spaces. (This statement is illustrated in the �gure below on
the left.)

(2) For each n ∈ N there exists a homeomorphism

(In, Jn−1)
∼=−→ (In, In−1 × {0}).

of pairs of topological spaces. (This statement is illustrated in the �gure below on
the right.)

Sketch of proof.

(1) For n = 1 such a homeomorphism is illustrated in the �gure below. The general case
is given by �rotating this homeomorphism around the x1 = 0-axis in Rn�.

(2) Using the homeomorphism B
n−1 ∼= In−1 from the Convex-to-Ball Proposition 2.20

(2) one can easily reduce the proof of (2) to the statement that we had just proved
in (1). �

1838This mirrors the language that we introduced on page 3058 for vector bundles.
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Jn−1

homeomorphism of pairs

(2)

homeomorphism of pairs

(1)

In−1 × {0}
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homeomorphism

We will also soon need the following elementary lemma.

Lemma 154.3. Let p : Y → B be a Serre �bration. Let y0 ∈ Y . We write b0 = p(y0).
Furthermore let n ∈ N. Given any map ϕ : (In, ∂In) → (B, {b0}) there exists a map
ϕ̃ : (In, Jn−1)→ (Y, {y0}) such that the following diagram commutes:

Y

p

��

In
ϕ with ∂In 7→ b0

//

ϕ̃ with Jn-1 7→ y0

55
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We refer to the �gure below for an illustration.
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base space B

J0

ϕ̃

total space Yy0

I1

ϕ b0

Proof. Let Ψ: (In, Jn−1)
∼=−→ (In, In−1×{0}) be a homeomorphism as in Lemma 154.2 (2).

We consider the diagram

In−1 × {0} Ψ−1
//

� _

��

Jn−1
� _

��

constant map y0 // Y

p

��

In−1 × [0, 1]
Ψ−1

//

G

22

In ϕ
// B.

Note that the diagram without the red dashed arrow commutes. Since p is a Serre �bration
and since In−1 is homeomorphic to the (n−1)-ball, see the Convex-to-Ball Proposition 2.20
(2), it follows that a map G : In−1 × I → Y exists that makes the diagram commute. It is
now straightforward to verify that G ◦Ψ: In → B has the desired properties. �

154.2. The homotopy �ber of a �bration. First we introduce the following, arguably
long overdue notation.
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Notation. Given two topological spaces X and Y we de�ne [X, Y ] to be the set of homo-
topy equivalence classes of maps from X to Y .1839

The following lemma is a reformulation of Lemma 14.6.

Lemma 154.4. Let X, Y and Z be topological spaces. The map

[Y, Z]× [X, Y ] 7→ [X,Z]
([g], [f ]) 7→ [g ◦ f ]

is well-de�ned.
Now we can formulate the key technical proposition of this section.

Proposition 154.5. Let p : Y → B be a �bration. Given b ∈ B we write Fb := p−1(b).
Let α : [0, 1] → B be a path from a point b0 to a point b1. We consider the following
diagram

Fb0 × {0}
(x,0) 7→x

//

i

��

Y

p

��

Fb0 × [0, 1]
(x,t)7→α(t)

//

H(α)

44

B.

Since p : Y → B is a �bration there exists a diagonal map H(α) : Fb0 × [0, 1] → Y .1840

(We refer to the �gure below for an illustration.) We de�ne Θ(α) := H(α)1. The following
statements hold:
(1) The map Θ(α) goes from Fb0 to Fb1 .
(2) The map Θ(α), viewed as an element in [Fb0 , Fb1 ], is well-de�ned.
(3) The map Θ(α) : Fb0 → Fb1 is a homotopy equivalence.
(4) If two paths α, β : [0, 1]→ B from b0 to b1 are path-homotopic, then [Θ(α)] = [Θ(β)].
(5) If cb is the constant path at b ∈ B, then [Θ(cb)] = [idFb ] ∈ [Fb, Fb].
(6) If α is a path in B from b0 to b1 and β is a bath in B from b1 to b2, then

[Θ(α ∗ β)]︸ ︷︷ ︸
∈[Fb0 ,Fb2 ]

= [Θ(β)]︸ ︷︷ ︸
∈[Fb1 ,Fb2 ]

◦ [Θ(α)]︸ ︷︷ ︸
∈[Fb0 ,Fb1 ]

.
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p

Y

B

i

b0

Fb0 × {0}

Fb0 × [0, 1]

Fb0 Fb1

α

H(α)

b1

(x, t) 7→ α(t)

1839Recall that in Lemma 14.5 we saw that �being homotopic� is an equivalence relation.
1840Recall that in general H(α) is not uniquely determined by the data, i.e. there might be many such
maps.
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Remark. The picture behind the statement of Proposition 154.5 is that while walking
along B we can drag the �ber along. Thus any path de�nes a map between the corre-
sponding �bers.

Proof. Let p : Y → B be a �bration over a topological space B. Given b ∈ B we write
Fb := p−1(b). Let α : [0, 1] → B be a path from a point b0 to a point b1. We consider the
following diagram

Fb0 × {0}
(p,0) 7→p

//

i

��

Y

p

��

Fb0 × [0, 1]
(x,t)7→α(t)

//

H(α)

44

B.

Since p : Y → B is by hypothesis a �bration there exists in fact such a diagonal map
H(α) : Fb0 × [0, 1]→ Y . Note that the map H(α)0 : Fb0 → B is just the obvious inclusion.
We turn to the proofs of the statements, albeit perhaps in an unexpected order:

(1) Since the above diagram commutes we see immediately that the map H(α)1 is a map
from Fb0 → Fb1 .

(4) Let α, β : [0, 1] → B be two paths from b0 to b1. We pick maps H(α) and H(β) as
above, keeping in mind that H(α) and H(β) are not uniquely determined. Now we
assume that α and β are path-homotopic. We need to show the following claim.

Claim. The maps H(α)1, H(β)1 : Fb0 → Fb1 are homotopic.

Proof. We start out with the following observation. It follows immediately from
Lemma 154.2 (2), applied to n = 2, that there exists a self-homeomorphism

Ψ: [0, 1]× [0, 1] → [0, 1]× [0, 1]
that restricts to a homeomorphism

([0, 1]× {0, 1}) ∪ ({0} × [0, 1])︸ ︷︷ ︸
=:U

→ [0, 1]× {0}.

For reassurance the construction of such a map is also sketched in the �gure below.
Now we pick a homotopy G : [0, 1] × [0, 1] → B rel {0, 1} from α to β. We consider
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Ψ

the following diagram

Fb0×[0, 1]×{0}
idFb0

×Ψ−1

//
� _

��

=Fb0×U︷ ︸︸ ︷
(Fb0×[0, 1]×{0, 1}) ∪ (Fb0×{0})×[0, 1]

Ω //
� _

��

Y

p

��

Fb0×[0, 1]×[0, 1]
idFb0

×Ψ−1
//

Ξ

11

Fb0×[0, 1]×[0, 1]
(P,s,t)7→G(s,t)

//

idFb0
×Ψ

ii

Ξ◦(idFb0 ×Ψ)

44

B.
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We make the following clari�cations and observations:
(a) The map Ω is de�ned as follows:1841

(i) on Fb0 × [0, 1]× {0} = Fb0 × [0, 1] the map Ω is given by H(α),
(ii) on Fb0 × [0, 1]× {1} = Fb0 × [0, 1] the map Ω is given by H(β),
(iii) on Fb0 × {0} × [0, 1] the map Ω is given by the projection onto Fb0 followed

by the inclusion into Y .
(b) It follows immediately from the de�nitions that the diagram commutes.
(c) Since p : Y → B is a �bration we see that there exists a map Ξ that makes the

outer diagram commute.
(d) The map Ξ ◦ (idFb0 ×Ψ): Fb0 × [0, 1] × [0, 1] → Y is a homotopy between H(α)

and H(β). In particular the map (Ξ◦(idFb0 ×Ψ))1 : Fb0× [0, 1]→ Y is the desired
homotopy between H(α)1 and H(β)1. �

(5) This statement follows from the observation that for the constant path cb at a point
b ∈ B we can choose H(cb) : Fb × [0, 1] → Fb to be the projection. Evidently we
obtain that Θ(cb) = H(cb)1 = idFb .

(6) Let α be a path in B from b0 to b1 and let β be a bath in B from b1 to b2. Almost
the same way that we de�ne the product α ∗ β we combine H(α) and H(β). More
precisely, we consider the map1842

H(α ∗ β) : Fb0 × [0, 1] → X

(P, t) 7→
{
H(α)(P, 2t), if t ∈ [0, 1

2
],

H(β)
(
H(α(P ), 1)︸ ︷︷ ︸

∈Fb1

, 2t− 1
)
, if t ∈ [1

2
, 1].

One can easily verify that this map has all the properties that we expect from a map
that is called H(α ∗ β). The desired statement is now an immediate consequence of
the observation that H(α ∗ β)1 = H(β)1 ◦H(α)1.

(3) Let α : [0, 1]→ B be a path from b0 to b1. We pick a map H(α) : Fb0 × [0, 1]→ X as
above. We want to show that the corresponding mapH(α)1 : Fb0 → Fb1 is a homotopy
equivalence. We denote by α : [0, 1]→ B the inverse path of α, i.e. the path from b1

to b0 that is given by α(t) = α(1 − t). We pick a map H(α) : Fb1 × [0, 1] → X as
above. It remains to prove the following claim.
Claim.
(a) The map H(α)1 ◦H(α)1 : Fb0 → Fb0 is homotopic to the identity of Fb0 .
(b) The map H(α)1 ◦H(α)1 : Fb1 → Fb1 is homotopic to the identity of Fb1 .

Proof. We prove the �rst statement. The proof of the second statement is verbatim
the same. We have

[H(α)1 ◦H(α)1 ] = [H(α ∗ α) ] = [H(cb0) ] = [ idFb0 ].
↑ ↑ ↑

by (6) by (4) and Proposition 47.5 (3) by (5). �

1841As on so many other occasions we can use Pasting Proposition 2.6 (2) to show that the map Ω is indeed
continuous.
1842It follows again from the Homotopy Stacking Lemma 14.3 that this map is continuous.
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(2) We apply the argument from (4) to β = α together with two maps H(α) and H(β)
that make the diagram commute. We obtain by (3) that H(α) and H(β) are homo-
topic, i.e. we see that [H(α)] ∈ [Fb0 , Fb1 ] is well-de�ned. �

Using Proposition 154.5, and the proof thereof, we almost immediately obtain the following
proposition.

Proposition 154.6. (Fiber-Homotopy Type Proposition) Let p : Y → B be a map
between topological spaces. We assume that B is path-connected.
(1) If p : Y → B is a �bration, then for any two points b0, b1 ∈ B the �bers p−1(b0) and

p−1(b1) are homotopy equivalent.
(2) If p : Y → B is a Serre �bration, then for any two points b0, b1 ∈ B such that the

�bers p−1(b0) and p−1(b1) are discrete subsets, the �bers p−1(b0) and p−1(b1) are
homotopy equivalent.

Proof.

(1) This statement follows immediately from Proposition 154.5 (3) and the hypothesis
that B is path-connected.

(2) Let p : Y → B be a Serre �bration with B a path-connected topological space. Let
b0, b1 ∈ B such that the �bers Fb0 := p−1(b0) and Fb1 := p−1(b1) are discrete subsets.
In the proof of Proposition 154.5 (3) we used the homotopy lifting property for the
topological spaces X = Fbi × [0, 1]n with i ∈ {0, 1} and n ∈ {1, 2}. Since Fb0 and
Fb1 are discrete we see that each component of X = Fbi × [0, 1]n is homeomorphic
to [0, 1]n, i.e. each component is homeomorphic to B

n
. Since we can do the lifting

component-wise it su�ces in our context that we are given a Serre �bration. We
leave it to the reader to �ll in the details. �

the Fiber-Homotopy Type Proposition 154.6 (1) allows us to make the following de�nition.

De�nition. Let p : Y → B be a �bration over a path-connected topological space B. We
refer to the homotopy type of the �bers as the homotopy �ber of the �bration.

Remark. A more precise statement of the Fiber-Homotopy Type Proposition 154.6 (1)
holds: any path γ : [0, 1] → B from b0 to b1 de�nes naturally a homotopy equivalence
between the �bers p−1(b0) and p−1(b1). We refer to [DaK2001, Theorem 6.12] for the
precise formulation and proof of this statement.

Examples.

(1) Let p : X̃ → X be a covering map over a path-connected topological space. As
discussed on page 3264 such a map is a Serre �bration. It follows immediately from
the de�nition of a covering map that for each x ∈ X the �ber p−1(x) is a discrete
subset of X̃. Therefore it follows from the π0-Homotopy Equivalence Lemma 15.3 and
the Fiber-Homotopy Type Proposition 154.6 (2) that given any two points x0, x1 ∈ X
there exists a bijection p−1(x0)→ p−1(x1). In other words, we have found a new proof
for Lemma 48.1.

(2) Let us consider again the �non-example� from Lemma 154.1, i.e. we consider the map

p : Y = S1 = {(x, y) ∈ R2 |x2 + y2 = 1} → B = [−1, 1]
(x, y) 7→ x.
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In this case p−1(−1) = {(−1, 0)} and p−1(0) = {(0,±1)} are discrete subsets, but the
number of components is di�erent. From the π0-Homotopy Equivalence Lemma 15.3
we deduce that p−1(−1) is not homotopy equivalent to p−1(0). Thus the Fiber-
Homotopy Type Proposition 154.6 (2) gives a new proof (after the more hands-on
proof provided by Lemma 154.1) that p is not a Serre �bration.

(3) We consider the map p : Y → B given by the total space

Y := {(x, y)︸ ︷︷ ︸
∈R2

∣∣ y = 1− x and x ∈ [0, 1]} ∪
⋃
n∈N
{(x, y)︸ ︷︷ ︸
∈R2

|x ∈ [0, 1] and y = 1 + 1
n

}
the base space B = [0, 1] and the natural projection p : Y → X. (This example is
illustrated in the �gure below.) It is an amusing exercise to show that p : Y → B is
a Serre �bration. We saw in Exercise 15.8 that the �bers p−1(0) and p−1(1) are not
homotopy equivalent. It follows from the Fiber-Homotopy Type Proposition 154.6
(1) that p : Y → B is not a �bration.1843

We can also show more directly that p is not a �bration: We consider X = p−1(1),
the usual projection f : X × [0, 1] → B = [0, 1] together with the obvious inclusion
f̃ : X × {0} → Y . It is once again an amusing elementary exercise to show that
there is no map F̃ : X × [0, 1] → B with all the desired properties. This shows that
p : Y → B is not a �bration.

Y

p
B

0 1

154.3. The long exact homotopy sequence of a Serre �bration. For us the most in-
teresting aspect of Serre �brations is that they give rise to long exact sequences of homotopy
groups. More precisely, we have the following theorem.

Theorem 154.7. (Fibration-LES Theorem) Let p : Y → B be a Serre �bration. Let
y0 ∈ Y . We write b0 = p(y0) and F = p−1(b0).
(1) Given any n ∈ N the following map is well-de�ned:

∂n : πn(B, b0) → πn−1(F, y0)

[ϕ : (In, ∂In)→ (B, b0)] 7→

[ pick a map ϕ̃ : (In, Jn−1)→ (Y, {y0}) with p ◦ ϕ̃ = ϕ
(we know from Lemma 154.3 that such a map exists)
and then restrict the map ϕ̃ to In−1 = In−1 × {0}

]
.

1843The discussion of this example would be more intelligible if we followed the convention of [Bre1993,
p. 450] and if we referred to ��brations� as �Hurewicz �brations� to better distinguish them from �Serre
�brations�.
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(The de�nition of ∂n is moderately successfully illustrated in the �gure below.)
Furthermore, these maps ∂n have the following properties:
(a) The maps are morphisms of groups (if n ≥ 2) and of pointed sets (if n = 1).
(b) The maps are natural in the following two senses: Suppose we are given another

Serre �bration p′ : Y ′ → B′ and suppose we are given a commutative diagram

Y

Φ
��

p
// B

φ
��

Y ′
p′

// B′.

If we write y′0 = Φ(y0), b′0 = φ(b0) and F ′ = (p′)−1(b′0), then for any n ∈ N the
following diagram commutes

πn(B, b0)

φ∗
��

∂n // πn−1(F, y0)

(Φ|F )∗
��

πn(B′, b′0)
∂n // πn−1(F ′, y′0).

(c) Let α : [0, 1]→ B be a path from b0 to some point b1.1844 We write F1 = p−1(b1).
If Θ(α) : F → F1 is a map as in Proposition 154.5, then the following diagram
commutes

πn(B, b0)

α∗
��

∂n // πn−1(F, y0)

Θ(α)∗
��

πn(B, b1)
∂n // πn−1(F1, y1)

where y1 = Θ(α)(y0).
(2) The following sequence is exact:1845

. . .
∂n+1

// πn(F, y0)
i∗ // πn(Y, y0)

p∗
// πn(B, b0)

∂n //

∂n // πn−1(F, y0)
i∗ // . . . . . . . . .

p∗
// π1(B, b0)

∂1 //

∂1 // π0(F, y0)
i∗ // π0(Y, y0)

p∗
// // π0(B, b0).

(3) If the inclusion map i : F → Y is actually homotopic rel y0 to the constant map
cy0 : F → {y0}, then for any n ∈ N≥2 the above long exact sequence breaks into a
short exact sequence

0 → πn(Y, y0)
p∗−−−−→ πn(B, b0)

∂n−−−−→ πn−1(F, y0) → 0.

Furthermore the short exact sequence splits, which implies that for any n ∈ N≥2 we
have an isomorphism

πn(B, b0) ∼= πn(Y, y0) ⊕ πn−1(F, y0).

1844Here we allow of course that b1 = b0.
1845Here, at the lower end, we mean �exact� in the sense of the de�nition on page 3242.
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F
J1

y0

Y is 4-dimensional

B
b0

∂2([ϕ])ϕ̃

ϕI2

I1 = I1 × {0}

p

Before we head towards the proof of the Fibration-LES Theorem 154.7 we want to see what
the theorem tells us in two types of �brations that we had considered above, namely for
coverings and products.

Example. Let p : Y → B be a covering of path-connected topological spaces. As mentioned
above, by the Path-Homotopy Lifting Proposition 48.12 we know that p is a Serre �bration.
We pick y0 ∈ Y and we write b0 = p(y0) and F = p−1(b0). It follows immediately from the
de�nition of a covering map that F , equipped with the subspace topology coming from Y ,
is a discrete space, in particular #π0(F, y0) = #F and πi(F, y0) = 0 for i ≥ 1. From the
long exact sequence provided by the Fibration-LES Theorem 154.7 we obtain the following
two pieces of information:
(1) At the lower end the long exact sequence looks as follows:

π1(F, y0)︸ ︷︷ ︸
={e}

→ π1(Y, y0)
p∗−→ π1(B, b0)

∂−→ π0(F, y0)︸ ︷︷ ︸
#π0(F,y0)=#F

→ π0(Y, y0)︸ ︷︷ ︸
={e}

→ π0(B, b0)︸ ︷︷ ︸
={e}

.

In other words we obtain the short exact sequence

{e} → π1(Y, y0)
p∗−→ π1(B, b0)

∂−→ π0(F, y0) → {e}.
We draw the following two conclusions:
(a) The map p∗ : π1(Y, y0)→ π1(B, b0) is a monomorphism.
(b) With a little bit of extra thought1846 we obtain from the short exact sequence,

Proposition 154.5, the Fibration-LES Theorem 154.7 (1c) and Lemma 153.2 that
p∗(π1(Y, y0)) is a subgroup of π1(B, b0) of index #π0(F, y0) = #F = [Y : B].

These two statements are precisely the content of Lemma 47.18 and Lemma 48.15
(3).

(2) Since all other homotopy groups of F vanish we see that for any n ≥ 2 the map
p∗ : πn(Y, x0)→ πn(B, b0) is an isomorphism. This result recovers the Coverings-πn-
Proposition 71.13.

We move on to the next application. More precisely we want to apply the Fibration-LES
Theorem 154.7 to the case of a Serre �bration of the form X × Y → X. This leads to a
new proof of Propositions 48.20 and 71.8.

1846We leave this extra thinking as a mental exercise to the reader.
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Proposition 71.8. Let X and Y be two topological spaces and let x0 ∈ X and y0 ∈ Y .
We consider the maps

i : X → X × Y
x 7→ (x, y0)

and
j : Y → X × Y

y 7→ (x0, y).

For any n ∈ N the map1847

Φ: πn(X, x0)× πn(Y, y0) → πn(X × Y, (x0, y0))
(ϕ, ψ) → i∗(ϕ) · j∗(ψ)

is an isomorphism.

Proof. We denote by p : X × Y → X and q : X × Y → Y the two obvious projections.
On page 3264 we saw that both projections are �brations. We concentrate on the �rst
projection p : X × Y → X. It is a �bration with �ber p−1(x0) = {x0} × Y . Using the
obvious homeomorphism Y → {x0}× Y we obtain from the Fibration-LES Theorem 154.7
the long exact sequence

. . . → πn(Y, y0)
j∗−→ πn(X × Y, (x0, y0))

p∗−→ πn(X, x0) → πn−1(Y, y0))
j∗−→ . . . .

Evidently we have q ◦ j = idY which implies that q∗ ◦ j∗ = idπ1(Y,y0). It follows that for
every n ∈ N0 the map j∗ : πn(F, (x0, y0)) → πn(X × Y, (x0, y0)) is a monomorphism. Thus
for each n ∈ N we see that

0 → πn(Y, y0)
j∗−→ πn(X × Y, (x0, y0))

p∗−→ πn(X, x0) → 0

is exact. Once again using that q∗ ◦ j∗ = id we obtain from Splitting Lemma 78.2 that the
given map

Φ: πn(X, x0)× πn(Y, y0) → πn(X × Y, (x0, y0))
(ϕ, ψ) → i∗(ϕ) · j∗(ψ)

is indeed an isomorphism. �

Even these modest applications should already convince the reader that it is worth proving
the Fibration-LES Theorem 154.7. After the proof we will give many more examples of
�brations and we will �nd many more interesting applications.

154.4. Proof of the Fibration-LES Theorem 154.7. The proof of the Fibration-LES
Theorem 154.7 requires some preparations, i.e. we �rst need to prove some propositions.

Proposition 154.8. Let p : Y → B be a Serre �bration and let (K,L) be a pair of CW-
complexes. We denote by i : K×{0}∪L× [0, 1]→ K× [0, 1] the inclusion map. Given any
map F : K × [0, 1]→ B and given any map f̃ : K ×{0}∪L× [0, 1]→ Y with p ◦ f̃ = F ◦ i

1847Note that for n ≥ 2 the map is a group homomorphism since in this case the group on the right-hand
side is abelian. It is a priori not completely clear that the map is also a homomorphism for n = 1, but we
will see in the proof that the map is indeed a homomorphism.
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there exists a map F̃ : K × [0, 1]→ Y such that the following diagram commutes:

K × {0} ∪ L× [0, 1]
f̃

//
� _

i

��

Y

p

��

K × [0, 1]
F

//

F̃

??

33
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base space B
p

f̃

F̃

total space Y

F
KL

Proof. We start out with a reformulation of our task: Given n = 0, 1, 2, 3, . . . we need to
de�ne maps

F̃ n : (K × {0}) ∪ (Kn ∪ L)× [0, 1] → Y

that make the above diagram commute and which have the property that for n < m the
maps F̃ n and F̃m agree on the common domain.

We set F̃−1 = f̃ . Suppose we have already de�ned maps F̃−1, . . . , F̃ n−1 as above. Let
{Φi : (B

n
, Sn−1) → (Kn, Ln−1)}i∈I be the characteristic maps of the n-cells of K that do

not lie in L. Recall that by Lemma 154.2 (1) there exists a homeomorphism

Ψ:
(
B
n × [0, 1], (B

n × {0}) ∪ (Sn−1 × [0, 1])
) ∼=−→

(
B
n × [0, 1], B

n × {0}
)
.

For each i ∈ I we consider the following diagram

B
n × {0}
� _

��

Ψ−1
// B

n × {0} ∪ Sn−1 × {1} F̃n−1◦Φi //
� _

��

Y

p

��

B
n × [0, 1]

Ψ−1
//

Ξi

11

B
n × [0, 1]

F◦Φi
// B.

One can easily verify that the two rectangles commute. Since p : Y → B is a Serre �bration
there exists a map Ξi : B

n × [0, 1] → Y that makes the diagram commute. These maps
{Ξi}i∈I can now be used to extend F̃ n−1 to the desired map F̃ n. �

Proposition 154.9. Let p : Y → B be a Serre �bration and let (K,L) be a pair of CW-
complexes such that L is a deformation retract ofK. We denote by i : L→ K the inclusion
map. Given any map f : K → B and given any map g : L→ Y with f ◦ i = p ◦ g : L→ B

there exists a map f̃ : K → Y such that the following diagram commutes:

L
g

//
� _

i
��

Y

p

��

K
f

//

f̃

55

B.
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Example. Later on we will apply Proposition 154.9 to the special case that K = B
n
and

that L = {(0, . . . , 0, 1)}. We refer to the �gure below for an illustration.
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total space Yg
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K

Proof. We make the following preparations:
(1) Since L is a deformation retract of K there exists by de�nition of a deformation

retraction, see page 433, a homotopy H : K × [0, 1] → K rel L such that H0 = idK
and H1(K) Ă L. We denote by r = H1 : K → L the corresponding retraction.

(2) We denote by proj : L× [0, 1]→ L the obvious projection.
Now we consider the following commutative diagram

L× {0}
� _

��

� � // K × {1} ∪ L× [0, 1]
� _

��

r∪proj
// L� _

��

g
// Y

p

��

K × {0} � � // K × [0, 1]

Φ

33

H
// K

f
// B.

To be somewhat more precise, the map r ∪ proj : K × {1} ∪ L × [0, 1] is de�ned via the
retraction r on K = K × {1} and the projection L × [0, 1] → L. The right-hand square
commutes by our hypothesis. One easily veri�es that the middle square commutes. It
follows from Proposition 154.8 that there exists a map Φ: K × [0, 1] → Y that makes the
diagram commute. For any k ∈ K we have

(p ◦ Φ)(k, 0) = f(H(k, 0)) = f(H0(k)) = f(k)

and for any l ∈ L we have

Φ(l, 0) = (g ◦ proj)(l, 0) = g(proj(l, 0)) = g(l).

This shows that the restriction of Φ to K = K × {0} has the desired properties. �

Proposition 154.10. Let p : Y → B be a Serre �bration. Let y0 ∈ Y . We write b0 =
p(y0). Let B′ Ă B be any subset with b0 ∈ B′. We set Y ′ := p−1(B′). Then

p∗ : πn(Y, Y ′, y0) → πn(B,B′, b0)

is an isomorphism for all n ∈ N. (We refer to the �gure below for an illustration.)
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In the proof of Proposition 154.10 we will need the following elementary lemma.

Lemma 154.11. Let n ∈ N. If x ∈ Sn−1, then (B
n×∂[0, 1])∪({x}×[0, 1]) is a deformation

retract of B
n × [0, 1].
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deformation retraction
x

Proof of Lemma 154.11. As usual we write I = [0, 1]. Given k ∈ {1, . . . , n} we consider
Xk := (In−1 × ∂I) ∪ ({(1, 1, . . . , 1)︸ ︷︷ ︸

∈Rn−k

} × Ik).

(We refer to the �gure below for an illustration.) Using the Convex-to-Ball Proposition 2.20
(2) and the Orthogonal Action Lemma 5.26 (3) one can show easily that there exists a
homeomorphism

(B
n × [0, 1], (B

n × {0, 1}) ∪ ({x} × [0, 1]))
∼=−→ (Xn, X1).

Thus it su�ces to show that each Xi is a deformation retract of Xi+1. But such deformation
retractions one can actually write down by hand. �

X2

deformation retraction

X1

deformation retraction

X3

Proof of Proposition 154.10. Let p : Y → B be a Serre �bration and let n ∈ N. Fur-
thermore let y0 ∈ Y . We write b0 = p(y0). Finally let B′ Ă B be any subset with b0 ∈ B′.
We set Y ′ := p−1(B′). Throughout this proof we use the identi�cation from page 3251, i.e.
we view elements in a relative homotopy group πn(X,A, x0) as homotopy classes of maps
(B

n
, Sn−1, ∗)→ (X,A, x0).
First we show that p∗ : πn(Y, Y ′, y0) → πn(B,B′, b0) is an epimorphism. Thus suppose

we are given a map f : (B
n
, Sn−1, ∗) → (B,B′, b0). It follows from Proposition 154.9,

applied to (K,L) = (B
n
, ∗), that there exists a map g : B

n → Y such that the following
diagram commutes:

{∗} ∗7→y0 //
� _

��

Y
p

��

B
n

g

55

f
// B.
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Basically by de�nition g is a map (B
n
, Sn−1, ∗) → (Y, Y ′, y0). Since f = p ◦ g we have

[f ] = p∗([g]).
Next we show that p∗ : πn(Y, Y ′, y0)→ πn(B,B′, b0) is also a monomorphism. Therefore

suppose that we are given two maps g0, g1 : (B
n
, Sn−1, ∗)→ (Y, Y ′, y0) such that the equality

p∗([g0]) = p∗([g1]) ∈ πn(B,B′, b0) holds. This equality means that p ◦ g0 is homotopic to
p ◦ g1 via a homotopy F : (B

n
, Sn−1, ∗) × [0, 1] → (B,B′, b0). We consider the following

commutative diagram (�rst without the dashed arrow):

(B
n × {0, 1}) ∪ ({∗} × [0, 1])

via g0, g1 //
� _

��

Y

p

��

B
n × [0, 1]

F̃

33

F
// B.

By Proposition 154.9 and Lemma 154.11 there exists a map F̃ : B
n × [0, 1]→ Y such that

the above diagram commutes. This map F̃ : B
n× [0, 1]→ Y is easily seen to be a homotopy

between g0 and g1 which shows that [g0] = [g1] ∈ πn(Y, Y ′, y0). �

With these preparations it is surprisingly easy to provide a proof of the Fibration-LES
Theorem 154.7 (1) and (2).

Proof of the Fibration-LES Theorem 154.7 (1) and (2). Let p : Y → B be a Serre
�bration. Furthermore let y0 ∈ Y . We write b0 = p(y0) and F = p−1(b0). We denote by
i : F → Y the inclusion map. We consider the following diagram of maps

. . . // πn(F, y0)
i∗ // πn(Y, y0) //

p∗

''

πn(Y, F, y0)
∂n //

p∗∼=
��

πn−1(F, y0)
i∗ // . . .

πn(B, {b0}, b0)

=
��

πn(B, b0).

∂n◦p−1
∗

DD

We make the following comments:
(a) The top sequence of maps is the long exact sequence of homotopy groups of the

pointed pair of topological spaces (Y, F, y0), see the Homotopy Groups-LES Propo-
sition 153.4 for details.

(b) The top vertical map is an isomorphism by Proposition 154.10.
(c) The bottom vertical map is the identi�cation given on page 3239.
(d) It follows immediately from the de�nitions that the left-hand triangle commutes.
(e) The right-hand triangle commutes by de�nition of the diagonal map.

It follows immediately from the de�nition of p∗ that given any n ∈ N the map

∂n ◦ p−1
∗ : πn(B, b0) → πn−1(F, y0)

is given by

[ϕ : (In, ∂In)→ (B, b0)] 7→

[ the restriction of ϕ̃ to In−1 = In−1 × {0}
where ϕ̃ is a map (In, Jn−1)→ (Y, {y0})

with p ◦ ϕ̃ = ϕ

]
.
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This observation shows that the map given in Statement (1) of the theorem is well-de�ned
and that it is a homomorphism (respectively a morphism of pointed sets). We leave it to
the few readers who made it that far to verify that the maps ∂n have the two properties
stated in (1b) and (1c).

Furthermore, since the top sequence is exact and since the vertical maps are isomor-
phisms we see that the sequence given in Statement (2) of the theorem is indeed exact. �
Proof of the Fibration-LES Theorem 154.7 (3). Let p : Y → B be a Serre �bration.
Furthermore let y0 ∈ Y . We write b0 = p(y0) and F = p−1(b0). We denote by i : F → Y the
inclusion map. Now we suppose that the inclusion map i : F → Y is homotopic rel y0 to
the constant map cy0 : F → {y0}. Put di�erently, we suppose that there exists a homotopy
G : F × [0, 1]→ Y rel y0 such that G0 = i and G1(f) = y0 for every f ∈ F .

It follows almost immediately from Lemmas 78.2 and 78.4 that it su�ces to show
that for any n ∈ N≥2 there exists a homomorphism λ : πn−1(F, y0) → πn(B, b0) such that
∂n ◦ λ = idπn−1(F,y0). We consider the map1848

λ : πn−1(F, y0) → πn(Y, F, y0)
p∗−→ πn(B, {b0}, b0) = πn(B, b0)

[ϕ : (In−1, ∂In−1)→ (F, y0)] 7→
[
(In, ∂In, Jn−1)→ (Y, F, {y0})

(x, t) 7→ G(ϕ(x), t)

]
It is elementary to verify that λ is in fact a homomorphism. It follows almost immediately
from the de�nitions that ∂n ◦ λ = idπn−1(F,y0). �

154.5. The path space �bration. We recall the following, long dormant, de�nition from
page 392.
De�nition. Let X and Y be topological spaces.
(1) We denote by XY = C(Y,X) the set of all maps1849 from Y to X.
(2) The compact-open topology on XY is the topology generated, in the sense of the

de�nition on page 135, by all the sets of the form

M(K,U) := {f ∈ XY | f(K) Ă U}
where K Ă Y is compact and where U Ă X is open.

In the following we state slightly simpli�ed versions of two technical results which we proved
a long time ago.
Proposition 12.4. Let X be a topological space.
(1) The evaluation map

e : X [0,1] × [0, 1] → X
((f : [0, 1]→ X), y) 7→ f(y)

is continuous.

1848It takes a second to actually verify that the map (x, t) 7→ G(ϕ(x), t) de�nes in fact a map
(In, ∂In, Jn−1)→ (Y, F, {y0}).
1849Of course here we mean �all continuous maps�.
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(2) For each y ∈ [0, 1] the evaluation map

e : X [0,1] → X
(f : [0, 1]→ X) 7→ f(y)

is continuous.

Proposition 12.6. Let X and T be two topological spaces. Let H : T × [0, 1]→ X be a
map. Given t ∈ T we denote by Ht : [0, 1]→ X the map de�ned by Ht(y) = H(t, y). Then

H : T×[0, 1]→X is continuous ⇔ (1) each Ht : [0, 1]→ X is continuous, and
(2) the map T →X [0,1] given by t 7→Ht is continuous.

This reminder allows us to introduce our latest best friends.
De�nition. Let X be a topological space.
(1) We de�ne

free path space X [0,1] := set of all maps [0, 1]→ X

where X [0,1] is as usual equipped with the compact-open topology. Furthermore we
introduce the

free loop space Ω(X) := {f ∈ X [0,1] | f(0) = f(1)}.
We equip the free loop space with the compact-open topology coming from X [0,1].

(2) Suppose we are also given a base point x0 ∈ X. We introduce the

path space P (X, x0) := {f ∈ X [0,1] | f(0) = x0}
and the loop space Ω(X, x0) := {f ∈ X [0,1] | f(0) = f(1) = x0}.
We equip both sets with the compact-open topology coming from X [0,1].

(3) We denote by cx0 : [0, 1]→ X the constant path given by sending all t's to x0.

�� ��
��
��
��

XX

elements in the
loop space Ω(X, x0)

elements in the
path space P (X, x0)

elements in the free
path space X [0,1]

X

x0x0

Examples.

(1) Let (X, x0) be a pointed topological space and let α, β ∈ Ω(X, x0). It follows from
the Compact-Open Exponential Proposition 12.6 that a path in Ω(X, x0) from α to
β is basically the same as a homotopy between the maps α and β viewed as loops in
(X, x0). Thus we see that we have a natural identi�cation

π0(Ω(X, x0)) = π1(X, x0).

(2) Let (X, x0) be a pointed topological space. It follows from Proposition 12.4 that the
map

e : P (X, x0) → X
f 7→ f(1)
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is continuous. We can ask whether this map has a left-inverse. More precisely,
the question is whether there exists a continuous map s : X → P (X, x0) such that
e(s(x)) = x for all x ∈ X. This sounds like a rather random question, so let us
reformulate it. The question is, can we continuously assign to each x ∈ X a path
from x0 to x? Clearly that is possible say for (X, x0) = (R2, 0), we just assign to
each x ∈ R2 the direct path e(x) that is given by t 7→ t · x. But can we do so say for
X = S1 or X = S2?1850 We will answer this question in Exercise 154.2.

For the record we state the following lemma.
Lemma 154.12. The maps

(X, x0) 7→ (Ω(X, x0), cx0)

(f : (X, x0)→ (Y, y0)) 7→
(

Ω(X, x0) → Ω(Y, y0)
(γ : [0, 1]→ X) 7→ (f ◦ γ : [0, 1]→ Y )

)
de�ne a covariant functor from the category PTop of pointed topological spaces to the
category PTop of pointed topological spaces. We refer to this functor as the loop space
functor.

Proof. Let f : (X, x0) → (Y, y0) be a map between pointed topological spaces. It follows
from the Compact-Open Functoriality Lemma 12.5 (1) that the map

Ω(X, x0) → Ω(Y, y0)
(γ : [0, 1]→ X) 7→ (f ◦ γ : [0, 1]→ Y )

is actually continuous. With this observation out of the way it is straightforward to prove
the lemma. �

The following lemma says that in some sense (free) path spaces, in isolation, are not
particularly interesting examples of topological spaces.
Lemma 154.13.
(1) Let X be a topological space. We view X as a subset of the free path space X [0,1]

via the inclusion x 7→ cx.1851 Then X is a deformation retract of the free path space
X [0,1].

(2) If (X, x0) is a pointed topological space, then {cx0} is a deformation retract of the
path space P (X, x0), in particular the path space P (X, x0) is contractible.

���� ��

points in P (X, x0)

X

x0

deformation retraction to constant path

Proof. We prove Statement (2). The proof of Statement (1) is basically identical. Thus let
(X, x0) be a pointed topological space. We consider the �obvious� deformation retraction
given by

1850This question is somewhat similar to Question 83.7 and it also falls into the vaguely de�ned realm of
�topological robotics�.
1851Note that this inclusion X → X [0,1] is by the Constant Map Lemma 12.3 an embedding.
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F : P (X, x0)× [0, 1] → P (X, x0)

((f : [0, 1]→ X), t) 7→
(

[0, 1] → X
s 7→ f(s · (1− t))

)
The only reason why we are not already done is that we still need to verify that F is in
fact continuous. As we will see this is slightly delicate. We consider the map

G : X [0,1] × [0, 1]︸ ︷︷ ︸
=:T

→ X [0,1]

that is de�ned in exactly the same way as F . Since F = G|P (X,x0)×[0,1] it su�ces to show that
G is continuous. By the �⇒�-direction of the Compact-Open Exponential Proposition 12.6
applied to T = X [0,1] × [0, 1] it su�ces to show that the map

H : [0, 1]×

=T︷ ︸︸ ︷
(X [0,1] × [0, 1]) → X

(s, ((g : [0, 1]→ X), x)) 7→ g(s · x)

is continuous. But the map H can be written as the composition

H : [0, 1]×X [0,1] × [0, 1] → X [0,1] × [0, 1] → X
(s, g, x) 7→ (g, s · (1− x))

(g, t) 7→ g(t).

The �rst map is continuous by the Topological-Product Proposition 5.1 (1) and the second
map is continuous by the Evaluation Map Proposition 12.4 (1). Thus we see that H itself
is continuous. �

In contrast to the previous proposition the following theorem shows that (free) path spaces
give rise to interesting maps.

Theorem 154.14. (Path Space-Fibration Theorem)
(1) Let X be a topological space. The evaluation map

p : X [0,1] → X
(f : [0, 1]→ X) 7→ f(1)

is a �bration. Furthermore, given any x0 ∈ X the �ber p−1(x0) is the topological
space of all paths [0, 1]→ X that end in x0.

(2) Let (X, x0) be a pointed topological space. The evaluation map

p : P (X, x0) → X
(f : [0, 1]→ X) 7→ f(1)

is a �bration with �ber p−1(x0) = Ω(X, x0).
the Path Space-Fibration Theorem 154.14 leads us to the following de�nition.

De�nition.
(1) Let X be a topological space. We refer to the above �bration p : X [0,1] → X as the

free path space �bration of X.
(2) Let (X, x0) be a pointed topological space. In the following we refer to the above

�bration p : P (X, x0)→ X as the path space �bration of (X, x0).



154. FIBRATIONS 3283

Proof. We prove Statement (2). The proof of Statement (1) is basically identical and is
thus left to the reader. Thus let (X, x0) be a pointed topological space. First note that the
map p : P (X, x0) → X is continuous by the Evaluation Map Proposition 12.4 (2). Next
recall that we need to solve the following type of extension problem for some topological
space W and c > 0: 1852

W × {0}
� _

��

f̃
// P (X, x0) Ă X [0,1]

p
γ7→

γ(1)
��

W × [0, c]

F̃

55

F
// X.

We refer to the �gure below for an illustration.
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X
W × [0, c]

f̃

F

s = c

x0

W × {0}

i

s = 0

(w, 0)
f̃(w, 0) is a path from x0 to F (w, 0)

x0

evaluation at t = 1

P (X, x0), i.e. paths
starting at x0

The idea for the proof is quite simple: Given (w, s) ∈ W × [0, c] we have to �system-
atically� �nd an element γ ∈ P (X, x0) with p(γ) = F (w, s), i.e. we have to �nd a path
γ : [0, 1] → X from x0 to F (w, s). But there is an obvious path, namely we �rst travel
along f̃(w, 0) from x0 to F (w, 0) and then we use the path t 7→ F (w, t) to get from F (w, 0)
to F (w, s). That is exactly what we will do, except that we need to be a little careful with
our parametrizations.

Now we have to turn this idea into a proper proof. We consider the map

F̃ : W × [0, c] → P (X, x0)

(w, s) 7→

 [0, 1] → X

t 7→

{
f̃(w, 0)

(
t

1− s
2c

)
, if t ∈ [0, 1− s

2c
],

F (w, 2 · (t− 1 + s
2
)), if t ∈ [1− s

2c
, 1]

 .

We claim that this map has all the desired properties:
(1) Let (w, s) ∈ W × [0, c]. We make the following observations:

(a) The given map [0, 1]→ X starts at x0.
(b) It follows easily from Pasting Proposition 2.6 (2) that the given map [0, 1]→ X

is indeed continuous.
In other words, the given map [0, 1]→ X does indeed de�ne an element in P (X, x0).

1852In the diagram we write W × [0, c] instead of the more customary W × [0, 1] for purely psychological
reasons, it makes it easier to distinguish the two types of intervals which arise throughout the proof and
which play very di�erent roles.
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(2) For each (w, s) ∈ W × [0, c] we have by construction that F̃ (w, s)(t = 1) = F (w, s).
In other words, we have p ◦ F̃ = F .

Thus it remains to prove the following claim:

Claim. The map F̃ : W × [0, c]→ P (X, x0) is continuous.

Proof. We consider the map

G̃ : W × [0, c]× [0, 1] → X

(w, s, t) 7→ F̃ (w, s)(t) =

{
f̃(w, 0)

(
t

1− s
2c

)
, if t ∈ [0, 1− s

2c
],

F (w, 2 · (t− 1 + s
2
)), if t ∈ [1− s

2c
, 1].

It follows easily from the fact that F and f̃ are continuous that the restrictions of G̃ to the
closed subsets

A1 := W × {(s, t) ∈ [0, c]× [0, 1] | t ∈ [0, 1− s
2c

]},
and A2 := W × {(s, t) ∈ [0, c]× [0, 1] | t ∈ [1− s

2c
, 1]}

are continuous. Therefore it follows from the Pasting Proposition 2.6 (2) that G̃ is con-
tinuous. Finally we deduce from the �⇒�-direction of the Compact-Open Exponential
Proposition 12.6 applied to T = W × [0, c], Y = [0, 1] and H = G̃ that F̃ is also continu-
ous. �

We obtain the following amusing corollary which later on will turn out to play an important
role.
Corollary 154.15. (Loop Space-Homotopy Groups Corollary) Given any pointed
topological space (X, x0) and any n ≥ 1 the map1853

∂n : πn(X, x0)
∼=−→ πn−1(Ω(X, x0), cx0)

[f : ([0, 1]n, ∂([0, 1]n))→ (X, x0)] 7→

 ([0, 1]n−1, ∂([0, 1]n−1)) → (Ω(X, x0), cx0)

x 7→
(

[0, 1] → X
t 7→ f(x, t)

)
is a natural isomorphism.
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X

x0

f[0, 1]n
1

0[0, 1]n−1

[0, 1]n−1

Remark. For n = 1 the statement of the Loop Space-Homotopy Groups Corollary 154.15
recovers the result from page 3280 where we saw that there exists a natural identi�cation

π0(Ω(X, x0), cx0) = π1(X, x0).

Proof. There are two approaches to proving the corollary, namely one can prove it by �the
machine� and one can prove it �by hand�.

1853Using the Compact-Open Exponential Proposition 12.6 one can show directly, with some slight e�ort,
that the map ∂n is well-de�ned.
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(1) Let f : (X, x0)→ (Y, y0) be a map between pointed topological spaces. It is clear that
we obtain a commutative diagram

P (X, x0)
p
��

γ 7→f◦γ
// P (Y, y0)

p
��

X
f

// Y.

It follows from Theorems 154.14 (1) and (2) and 154.7 that we have commutative
diagram of long exact sequences

... →πn(P (X, x0), cx0)→πn(X, x0)
∂−→πn−1(Ω(X, x0), cx0)→πn−1(P (X, x0), cx0)→ ...

↓ ↓ ↓ ↓
... → πn(P (Y, y0), cy0)→ πn(Y, y0)

∂−→ πn−1(Ω(Y, y0), cy0)→ πn−1(P (Y, y0), cy0)→ ...

We obtain from Lemma 154.13 and the Homotopy-πn-Proposition 71.7 (2) that the
homotopy groups of the path spaces P (X, x0) and P (Y, y0) are trivial. Thus the con-
necting homomorphisms are natural isomorphisms. We leave it to the reader to verify
that in our situation the connecting homomorphisms from the Fibration-LES Theo-
rem 154.7 are precisely the maps that we wrote down. Incidentally this then also shows
that the maps, as written down, actually do make sense.

(2) In Exercise 154.4 we will prove the corollary �by hand�. �

Example. We consider the loop space of the 2-dimensional sphere with the base point
given by the North Pole N = (0, 0, 1). We calculate that

π1(Ω(S2, N), cN)
∼=←− π2(S2, N)

∼=−→ Z.
↑ ↑

Loop Space-Homotopy Groups Corollary 154.15 Corollary 85.6 (1)

In the �gure below we see a loop {γz}z∈S1 of loops in the pointed topological space (S2, N).
Put di�erently, we see a loop in the pointed topological space (Ω(S2, N), cN). It is an
amusing and instructive exercise to run through the above two isomorphisms to verify
that our loop in the pointed topological space (Ω(S2, N), cN) is actually a generator of
π1(Ω(S2, N), cN).

So what does this example actually really mean? It means that even though each
individual loop γz is null-homotopic in S2, we cannot continuously deform all the loops γz
altogether into the constant loop. It is a good idea to think about what it would mean for
[z 7→ γz] ∈ π1(Ω(S2, N), cN) to be null-homotopic and why, pictorially, this is not the case
in our situation.
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���z

a loop of loops in (S2, N)

loops in (S2, N)

N

S2

γz
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Note that the statement of the Loop Space-Homotopy Groups Corollary 154.15 can be
summarized as follows: The loop space functor

Ω:
category PTop of pointed

topological spaces → category PTop of pointed
topological spaces

(X, x0) 7→ (Ω(X, x0), cx0)

shifts homotopy groups down by one degree, i.e. for every pointed topological space (X, x0)
and every n ∈ N we have a natural isomorphism

πn(X, x0)
∼=−→ πn−1(Ω(X, x0), cx0).

This should be compared to the fact that in the Suspension-H∗-Proposition 76.7 we saw
that the suspension functor

Σ: category Top of topological spaces → category Top of topological spaces
X 7→ Σ(X)

shifts reduced homology groups up by one degree, i.e. for every topological space X and
any n ∈ N we have a natural isomorphism

H̃n(X)
∼=−→ H̃n+1(Σ(X)).

In Exercise 154.8 we will discuss whether we can also shift homotopy groups upwards and
whether we can shift reduced homology groups downwards in a functorial way.

154.6. Every map can be replaced by a �bration. In this section we will see that one
can �replace� any map f : X → Y between topological spaces by a �bration Pf → Y that
has very similar properties to the map f .
We start out with the notion of the pullback of a �bration. Perhaps not surprisingly the
de�nition is almost identical to the de�nition of the pullback of a vector bundle that we
gave on page 3069.

Lemma 154.16. (Fibration-Pullback Lemma) Let f : A → B be a map between
topological spaces and let q : Z → B be a �bration. As in the Topological-Pullback
Lemma 56.16 (1) we consider the pullback

f ∗Z := {(a, z) | a ∈ A and

i.e. q(z) = f(a)︷ ︸︸ ︷
z ∈ q−1(f(a))} Ă A× Z.

The following statements hold:
(1) The pullback map

p : f ∗Z := {(a, z) | a ∈ A and z ∈ q−1(f(a))} → A
(a, z) 7→ a

is also a �bration. Furthermore for any a ∈ A the �ber p−1(a) is homeomorphic to
the �ber q−1(f(a)).
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(2) The following diagram commutes

f ∗Z
p
��

(a,z)7→z
// Z

q
��

A
f

// B.

Proof.

(2) It is straightforward to verify that the diagram commutes.
(1) Let X be any topological space. We consider the following diagram where initially

we ignore the diagonal arrows:

X × {0} g̃
//

i

��

f ∗Z

p
��

(a,z)7→z
// Z

q

��

X × [0, 1]
G

//

?G̃?

55

G
//

f̃◦G

22

A
f

// B.

Here the maps G : X × [0, 1] → A and g̃ : X × {0} → f ∗Z are �the challenge� we
have to deal with in the de�nition of a �bration. Since q : Z → B is a �bration there
exists a map f̃ ◦G : X × [0, 1] → Z that makes the diagram commute. It is now
straightforward to verify that the map

X × [0, 1] → f ∗Z = {(a, z) | a ∈ A and z ∈ q−1(f(a))}
(x, t) 7→

(
G(x, t),

(
f̃ ◦G

)
(x, t)

)
makes the above diagram commute. We have thus shown that p : f ∗Z → A is also a
�bration.

Finally we have to prove the statement regarding the �bers. Thus let a ∈ A. It
follows immediately from the de�nitions that p−1(a) = {a} × q−1(f(a)) Ă A× Z. It
follows from the Product Topology-Basics Lemma 5.4 (2a) that the �ber p−1(a) is
homeomorphic to the �ber q−1(f(a)). �

De�nition. Using the notation from the Fibration-Pullback Lemma 154.16 we refer to
f ∗Z → A as the pullback of the �bration q : Z → B under the map f : A→ B.
Now we turn to the actual problem that we had stated in the beginning of this section.

De�nition. Let f : X → Y be a map between topological spaces. Similar to the free path
space �bration we now consider the �bration1854

q : Y [0,1] → Y
γ 7→ γ(0).

We refer to the map

p : Pf := f ∗(Y [0,1]) = {(x, γ : [0, 1]→ Y ) ∈ X × Y [0,1] | γ(0) = f(x)} → Y
(x, γ) 7→ γ(1)

as the mapping path �bration.1855
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In the Replace-by-Co�bration Proposition 17.5 we saw that any map f : X → Y between
topological spaces can be �replaced� by a co�bration X → Cyl(f). The following proposi-
tion is the analogue of the Replace-by-Co�bration Proposition 17.5 for �brations.

Proposition 154.17. (Replace-by-Fibration Proposition) Let f : X → Y be a map
between topological spaces. We denote by p : Pf → Y the corresponding mapping path
�bration.
(1) The map h : X → Pf

x 7→ (x, constant path cf(x))

is a homotopy equivalence and it has the property that it makes the following dia-
gram commute:

X

f ##

h // Pf

p{{
Y.

(2) The map p : Pf → Y is a �bration.1856 Given any y ∈ Y the �ber is given by

{(x, γ) |x ∈ X and γ : [0, 1]→ Y is a path from f(x) to y}.

De�nition. Let f : X → Y be a map between topological spaces. We suppose that Y is
path-connected. We refer to the homotopy type of the �ber of the corresponding mapping
path �bration Pf → Y 1857 as the homotopy �ber of f .

Remark. If f : X → Y is a �bration, then it is shown in [DaK2001, Theorem 6.18]
that the map h : X → Pf in the Replace-by-Fibration Proposition 154.17 (1) is a ��ber
homotopy equivalence�, thus, loosely speaking, the original �bration f : X → Y and the
new �bration p : Pf → Y are essentially the same. We will not make use of this fact.

Example. the Replace-by-Fibration Proposition 154.17 thus says that any map f : X → Y
between topological spaces can be �replaced� by a �bration. As a reality check let us
consider again the �non-example� from Lemma 154.1, i.e. we consider the map f : S1 →
[−1, 1] that is given by the projection onto the x-coordinate. Lemma 154.1 says that f is
not a �bration. Let us see what the above construction does in this case.

As pointed out in the Replace-by-Fibration Proposition 154.17 (2), given any y ∈ [−1, 1]
the preimage of y under the map p : Pf → Y = [−1, 1] is given by

p−1(y) = {(x, γ) |x ∈ S1 and γ : [0, 1]→ [−1, 1] is a path from f(x) to y}.

In the �gure below we strive to illustrate three points in the preimage of a point y ∈ [−1, 1].
In Exercise 154.3 we will see that for each y ∈ [−1, 1] the preimage p−1(y) is homotopy
equivalent to S1. In particular this shows that the homotopy �ber of f : S1 → [−1, 1] is
S1. This exercise does not quite show yet that the map p : Pf → [−1, 1] is a �bration, but
at the very least it is consistent with the Fiber-Homotopy Type Proposition 154.6 (1).

1854This map is basically the same as the free path space �bration except that now we consider the
evaluation γ(0) instead of the evaluation γ(1).
1855Note that it follows from the Evaluation Map Proposition 12.4 (2) that this map is in fact continuous.
1856This statement justi�es the name �mapping path �bration�.
1857Recall that the Fiber-Homotopy Type Proposition 154.6 (1) says that the homotopy type of the �ber
of a �bration over a path-connected topological space is well-de�ned.
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����
[−1, 1]

S1

f

pair (x, γ) with x ∈ S1 and with
γ(0) = f(x) and γ(1) = y

x

y ∈ [−1, 1]

γ

Proof of the Replace-by-Fibration Proposition 154.17. Let f : X → Y be a map
between topological spaces. We consider the map

p : Pf = f ∗(Y [0,1]) = {(x, γ : [0, 1]→ Y ) ∈ X × Y [0,1] | γ(0) = f(x)} → Y
(x, γ) 7→ γ(1).

We turn to the proof of the two statements:
(1) Given y ∈ Y we denote, as usual, by cy : [0, 1] → Y the constant path given by

cy(t) = y for all t ∈ [0, 1]. We consider the map h : X → Pf that is given by
x 7→ (x, cf(x)).1858 We claim it has the desired properties. It is obvious that p◦h = f ,
i.e. the diagram given in the proposition commutes. So it remains to show that h
is a homotopy equivalence. We consider the map g : Pf → X given by g(x, γ) = x.
Evidently we have g ◦ h = idX . We are done once we have shown that h ◦ g is
homotopic to idPf . In fact such a homotopy is given by1859

H : Pf × [0, 1] → Pf

((x, γ), t) 7→
(
x,

(
[0, 1] → Y

s 7→ γ(s · t)

))
.

↑
γ : [0, 1]→ Y is a path with γ(0) = f(x)

One easily veri�es that H0 = h ◦ g and that H1 = idPf .
(2) We want to show that the map p : Pf → Y is a �bration. Thus let A be any

topological space. Let c > 0. We consider the following �challenge diagram�:1860

A× {0} g̃
//

i

��

Pf = {(x, γ : [0, 1]→ Y ) ∈ X × Y [0,1] | γ(0) = f(x)}

p
(x, γ)7→

γ(1)
��

A× [0, c]
G

//

G̃
??

33

Y.

To de�ne G̃ we �rst split up the map g̃ into its components. More precisely, we de�ne
maps g̃1 : A→ X and g̃2 : A→ Y [0,1] via the equality

g̃(a, 0) =
(
g̃1(a), g̃2(a)

)
∈ Pf Ă X × Y [0,1] for all a ∈ A.

1858It follows from the Product Topology-Basics Lemma 5.4 (3) and the Constant Map Lemma 12.3 that
this map is continuous.
1859An argument as in the proof of Lemma 154.13 (2) shows that the map H is indeed continuous.
1860As in the proof of the Path Space-Fibration Theorem 154.14 we prefer to work, for purely psychological
reasons, with A× [0, c] instead of A× [0, 1].
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Note that by de�nition of Pf the path g̃2(a) ∈ Y [0,1] is a path from f(g̃1(a)) to G(a, 0).
We need to de�ne a suitable map G̃ : A× [0, c]→ Pf Ă X × Y [0,1]. We consider the
two factors separately:
(a) We already have the map A× [0, c]→ A

g̃1−→ X.
(b) To each (a, s) ∈ A×[0, c] we need to assign �systematically� a path [0, 1]→ Y from

f(x) to G(a, s). The idea is quite simple: Given (a, s) ∈ A× [0, c] we consider the
path [0, 1]→ Y that is given by �rst traveling along the path g̃2(a) from f(g̃1(a))
to G(a, 0) and then we travel along the path t 7→ G(a, t) from G(a, 0) to G(a, s).
More precisely, similar to the proof of the Path Space-Fibration Theorem 154.14
we consider the map1861

G̃2 : A× [0, c] → Y [0,1]

(a, s) 7→

 [0, 1] → Y

t 7→
{
g̃2(a)

(
t

1− s
2c

)
, if t ∈ [0, 1− s

2c
],

G(a, 2 · (t− 1 + s
2
)), if t ∈ [1− s

2c
, 1]

 .

We refer to the �gure below for an illustration of the de�nition of G̃2.

��

��

�
�
�
� ��

�
�
�
�

the path g̃2(a) goes from f(g̃1(a)) to G(a, 0)

a

g̃1(a)

YA

the path G̃2(a, 2
3
)

G(a, 1)

the path given by t 7→ G(a, t)
X

f

G(a, 0)

Finally we consider the following map:

G̃ : A× [0, c] → Pf
(a, s) 7→

(
g̃1(a), G̃2(a, s)

)
.

We make the following observations:
(a) It follows easily from the de�nitions that G̃ takes values in Pf .
(b) It follows from the above and the Product Topology-Basics Lemma 5.4 (3) that

G̃ is continuous.
(c) It is straightforward to verify that G̃ makes the diagram commute.
We have thus veri�ed that G̃ has all the desired properties. �

The statement of the Replace-by-Fibration Proposition 154.17 that any map f : X → Y
between topological spaces can be �replaced� by a �bration is quite surprising and perhaps
also somewhat puzzling. Therefore we want to consider one more example.

Example. We denote by Σ the surface of genus 2 and we denote by T the torus. We
consider the map f : Σ→ T that is illustrated in the �gure below. We denote by p : Pf → T

1861The argument in the proof of the Path Space-Fibration Theorem 154.14 also shows that the map G̃2

does indeed take values in Y [0,1] and that the map G̃2 : A× [0, c]→ Y [0,1] is continuous.
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the mapping path �bration and we denote by F the corresponding homotopy �ber. So what
can we say about the mysterious homotopy �ber F?
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torus Tsurface Σ of genus 2

f

We have the following diagram

. . . // π2(F ) // π2(Pf )
p∗
// π2(T )

∂ // π1(F ) // π1(Pf )
p∗
// π1(T ) // . . .

π2(Σ)

h∗ ∼=

OO

f∗

99

π1(Σ).

h∗ ∼=

OO

f∗

99

We make the following explanations and observations:
(1) The top sequence is the long exact sequence coming from the Fibration-LES Theo-

rem 154.7. The vertical maps are induced by the homotopy equivalence h : Σ → Pf
from the Replace-by-Fibration Proposition 154.17 (1). In particular the vertical maps
are isomorphisms by the Homotopy-πn-Proposition 71.7 (2).

(2) Since p ◦ h = f we see that the diagram commutes.
(3) By the discussion on page 1575 we know that πn(T ) = πn(Σ) = 0 for n ≥ 2.
(4) It is pretty clear that the map f∗ : π1(Σ)→ π1(T ) is an epimorphism.
(5) We obtain from the above discussion and from Proposition 64.8 that F is path-con-

nected, that πn(F ) = 0 for n ≥ 2 and that π1(F ) is an in�nitely generated free
group.

Thus we see that the homotopy groups of F are isomorphic to the homotopy groups of an
in�nite wedge of circles.

154.7. Adjoint functors. In Chapter 17 we introduced the notion of a �co�bration� and
we just got acquainted with the notion of a ��bration�. In this section we will discuss the
relationship between these two notions.
First we point out a formal similarity between �brations and co�brations, namely they
both give rise to long exact sequences:
(1) Let p : Y → B be a �bration. Let y0 ∈ Y . We write b0 = p(y0) and we denote

by F = p−1(b0) the homotopy �ber of p. Let i : F → Y be the inclusion map. By
the Fibration-LES Theorem 154.7 we obtain the following long exact sequence of
homotopy groups:

. . .
∂−→ πn(F, y0)

i∗−→ πn(Y, y0)
p∗−→ πn(B, b0)

∂−→ πn−1(F, y0)
i∗−→ . . . .

(2) Let i : A → X be a co�bration. We refer to the mapping cone C := Cone(i) as the
co�ber. If i(A) is a closed non-empty subset of X, then it follows easily from the
Topological LES-Corollary 74.14 and Corollary 78.16 that we obtain a long exact
sequence of reduced homology groups of the following form:

. . .
∂−→ H̃n(A)

i∗−→ H̃n(X)
p∗−→ H̃n(C)

∂−→ H̃n−1(A)
i∗−→ . . . .
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This basically recovers the statement of the Mapping Cone-H∗-Lemma 78.17.

Here is another similarity between �brations and co�brations:

(1) Let p : Y → B be a �bration and let f : A → B be a map. As in the Topological-
Pullback Lemma 56.16 (1) we consider the pullback

f ∗Y

��

// Y
p
��

A
f

// B

where f ∗Y = {(a, y) ∈ A×Y | f(a) = p(y)}. In the Fibration-Pullback Lemma 154.16
we saw that the pullback f ∗Y → A is also a �bration.

(2) Now let i : A→ X be a co�bration and let f : A→ B be a map to another topological
space. As on page 1260 we consider the pushout

A
f

//

i
��

B

��

X // f∗X

where f∗X = (X t B)/i(a) ∼ f(a) for all a ∈ A. By the Opposite Map-Co�bration
Proposition 17.18 (1) we will know that the pushout B → f∗X is again a co�bration.

So, to summarize: the pullback of a �bration is again a �bration and the pushout of a
co�bration is again a co�bration.

The main goal of this section though is to formulate an arguably more direct relationship
between the notions of a �bration and a co�bration. The key to doing so is the following
de�nition from category theory.

De�nition. We say that two covariant functors F : C → D and G : D → C between
categories C and D form an adjoint pair if given any c ∈ Ob(C) and d ∈ Ob(D) there
exists a bijection

MorD(F (c), d) → MorC(c,G(d))

that is natural in c and d.1862 We also say that the functor F is the left adjoint of G and
that G is the right adjoint of F .

Examples.

(1) Let S be the category of sets and let G be the category of groups. We consider the
two functors

F : S → G
S 7→ 〈S〉 and

G : G → S
(π, · ) 7→ π.

In other words, F associates to a set S the free group 〈S〉 generated by S that we
de�ned on page 1158.1863 Furthermore, G assigns to a group (π, · ) the underlying

1862We leave it to our reader to �gure out what �natural in c and d� means.
1863In what sense is this a functor?
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set π.1864 Using Lemma 51.15 one sees that for a set S and a group π the map

MorS(S,

=G(π, · )︷︸︸︷
π ) → MorG(

=F (S)︷︸︸︷
〈S〉 , (π, · ))

(map h : S → π of sets) 7→ the unique homomorphism 〈S〉 → (π, · )
that restricts to h on the subset S Ă 〈S〉

is a natural bijection. Thus we see that the functors F and G are adjoint.
(2) Let AbGroup be the category of abelian groups and let A be an abelian group. We

consider the two functors

F : AbGroup → AbGroup
B 7→ A⊗B and

G : AbGroup → AbGroup
B 7→ Hom(A,B).

Now let B,C ∈ AbGroup. We consider the map1865

MorAbGroup(

=F (B)︷ ︸︸ ︷
A⊗B,C) → MorA(B,

=G(C)︷ ︸︸ ︷
Hom(A,C))

(f : A⊗B → C) 7→

 B → Hom(A,C)

b 7→
(
A → Y
a 7→ f(a⊗ b)

)  .

Using Lemma 89.2 (3) one can easily show that this map is a bijection. This shows
that F and G form an adjoint pair.

(3) Let Top be the category of topological spaces. Rather similarly to the previous ex-
ample we consider the two functors1866

F : Top → Top
X 7→ X × [0, 1]

and
G : Top → Top

X 7→ X [0,1].

Now let X, Y ∈ Ob(Top), i.e. let X and Y be topological spaces. We consider the
map

MorTop(

=F (X)︷ ︸︸ ︷
X × [0, 1], Y ) → MorTop(X,

=G(Y )︷ ︸︸ ︷
Y [0,1])

(f : X × [0, 1]→ Y ) 7→

 X → Y [0,1]

x 7→
(

[0, 1] → Y
t 7→ f(x, t)

)  .

It follows from the Compact-Open Exponential Proposition 12.6 that this map is
well-de�ned and that it is a bijection.1867 We have thus shown that F and G form
an adjoint pair.

1864Such a functor, where we �forget� some of the given structure is often called a forgetful functor.
1865For abelian groups X and Y we have by de�nition that MorAbGroup(X,Y ) = Hom(X,Y ).
1866Here we equip X×[0, 1] with the product topology and we equip X [0,1] with the compact-open topology.
1867More precisely, if we consider this map in the category of sets, then it is obviously a bijection. Note
that the Compact-Open Exponential Proposition 12.6 shows that the map f on the left is continuous if and
only if the corresponding map on the right is continuous. This shows that we also have a bijection between
the sets of continuous maps, i.e. between the sets of morphisms in the category of topological spaces.
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Now we can explain the formal relationship between �brations and co�brations. Let E and
B be topological spaces and let p : E → B be a map. Recall that by de�nition p : E → B
is a �bration if we can always complete the following diagram:

Y
f̃

//
� _

y 7→(y,0)
��

E

p

��

Y × [0, 1]
F //

F̃

44

B.

Now we �dualize� this diagram as follows:
(1) we reverse the orientation of each arrow,
(2) we replace monomorphisms by epimorphisms,
(3) we replace Y × [0, 1] by Y [0,1],
(4) for purely psychological reasons we replace p : E → B by i : A→ X.

We obtain the following diagram:

Y X
f̃

oo

F̃

tt
Y [0,1]

f 7→f(0)

OOOO

A.

i

OO

f
oo

Finally recall that we had just shown in Example (3) that given two topological spaces A
and B we have a natural identi�cation

Mor(A× [0, 1], B) = Mor(A,B[0,1]).

Thus (with a few other more or less mysterious changes) the previous challenge diagram
translates into the following challenge diagram:

X
x 7→(x,0)

//

f̃

��

X × [0, 1]

F̃

ttY A× [0, 1].

i

OO

f
oo

But this challenge diagram looks familiar: it is precisely the diagram that appears in the
de�nition of a co�bration.
We conclude this chapter with three quotes:
(1) �In the mathematical disciplines of algebraic topology and homotopy theory, Eck-

mann�Hilton duality in its most basic form, consists of taking a given diagram for a
particular concept and reversing the direction of all arrows [. . . ].�1868 1869

(2) �Eckmann�Hilton duality can be extremely helpful as an organizational principle,
reducing signi�cantly what one has to remember, and providing valuable hints on
how to proceed in various situations.� [Hat2002, p. 464]

1868 https://en.wikipedia.org/wiki/Eckmann-Hilton_duality
1869Note that the notion of pullback and pushout are related by Eckmann-Hilton duality.

https://en.wikipedia.org/wiki/Eckmann-Hilton_duality
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(3) �In mathematics [. . . ] currying1870 is the technique of translating the evaluation of
a function that takes multiple arguments into evaluating a sequence of functions,
each with a single argument. For example, a function that takes two arguments, one
from X and one from Y , and produces outputs in Z, by currying is translated into
a function that takes a single argument from X and produces as outputs functions
from Y to Z.�1871

So we see that in the above discussion we performed Eckmann-Hilton duality combined
with some currying.

Exercises for Chapter 154.

Exercise 154.1. Show that the projection

B
2 → B

1
= [−1, 1]

(x, y) 7→ x

is a Serre �bration.

Exercise 154.2. . Let n ∈ N0 and let x0 be a point on Sn. It follows from Proposition
12.4 that the map

e : P (Sn, x0) → Sn

{f : [0, 1]→ Sn | f(0) = x0} 7→ f(1)

is continuous. For which n ∈ N0 does e admit a left-inverse?

Exercise 154.3. We consider the map f : S1 → [−1, 1] that is given by the projection
onto the x-coordinate. We de�ne the mapping path �bration q : Pf → [−1, 1] as in the
Replace-by-Fibration Proposition 154.17. Show that for each y ∈ [−1, 1] the preimage
q−1(y) admits a deformation retraction to a circle.
Remark. See the �gure on page 3289 for an illustration of the mapping path �bration.

Exercise 154.4. Let (X, x0) be a pointed topological space and let n ∈ N. Show �with
your bare hands� that the map

∂n : πn(X, x0)
∼=−→ πn−1(Ω(X, x0), cx0)

[f : ([0, 1]n, ∂([0, 1]n))→ (X, x0)] 7→

 ([0, 1]n−1, ∂([0, 1]n−1)) → (Ω(X, x0), cx0)

x 7→
(

[0, 1] → X
t 7→ f(x, t)

)
is a natural isomorphism.
Remark. This is of course the statement of the Loop Space-Homotopy Groups Corol-
lary 154.15.

1870This notion is named after the American mathematician Haskell Brooks Curry (1900-1982) who was an
American mathematician and logician. There are three programming languages named after him, namely
Haskell, Brook and Curry.
1871 https://en.wikipedia.org/wiki/Currying#Algebraic_topology

https://en.wikipedia.org/wiki/Currying#Algebraic_topology
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Exercise 154.5. Let (X, x0) be a pointed topological space. In the Loop Space-Homotopy
Groups Corollary 154.15 we give for any n ≥ 1 a natural isomorphism

πn(X, x0)
∼=−→ πn−1(Ω(X, x0), cx0).

What does this statement mean for n = 1? It seems to say that π0(Ω(X, x0), cx0) admits a
natural group structure. Can you de�ne such a natural group structure without using the
above isomorphism?

Exercise 154.6. Convince yourself, without using the Loop Space-Homotopy Groups
Corollary 154.15, that the loop in the pointed topological space (Ω(S2, N), cN) that is
shown in the �gure on page 3285 is not null-homotopic.

Exercise 154.7. Let X be a topological space and let x0 ∈ X be a base point. Recall that
the loop space Ω(X, x0) is de�ned as the set Ω(X, x0) = {f ∈ X [0,1] | f(0) = f(1) = x0}
together with the compact-open topology. We denote by ∼ the equivalence relation on
Ω(X, x0) given by homotopy of paths. By de�nition we have π1(X, x0) = Ω(X, x0)/∼. We
equip π1(X, x0) with the quotient topology. We can thus view π1(X, x0) as a topological
space. Show that π1(S1, 1) is a discrete space.
Hint. It is possibly easier to show that for any pointed topological space (X, x0) that admits
a universal covering the fundamental group π1(X, x0) is a discrete space.
Remark. There are examples of pointed topological spaces for which π1(X, x0) is not a
discrete space. For example the fundamental group of the Hawaiian Earrings, introduced
in Exercise 56.1, is not a discrete space. We refer to [Fab2005, Fab2011] for details.

Exercise 154.8.
(a) Show that there is no functor

Φ:
category PTop of pointed

topological spaces → category of PTop pointed
topological spaces

which admits for every n ∈ N a natural isomorphism

πn(X, x0)
∼=−→ πn+1(Φ(X, x0)).

(b) Show that there is no functor

Ψ: category of topological spaces → category of topological spaces

which admits for every n ∈ N a natural isomorphism

H̃n(X)
∼=−→ H̃n−1(Ψ(X)).

Hint. In Exercise 74.4 (b) we proved the following statement. If X is a topological space
with H̃0(X) ∼= Z, then given any map f : X → X the induced map f∗ on H̃0(X) is given
by multiplication by some ε ∈ {−1, 0, 1}.

Exercise 154.9. Let X be a topological space. We consider the map

p : X [0,1] → X ×X
(f : [0, 1]→ X) 7→ (f(0), f(1))

(a) Show that p : X [0,1] → X ×X is a �bration.
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(b) Show that there exists a left inverse to p, i.e. a map s : X×X → X [0,1] with p◦s = id,
if and only if X is contractible.
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155. Fiber bundles

In this chapter we will introduce �ber bundles. For us they will be the most important
source of �brations. In this and the following chapter one of our favorite games will be to
�nd more and more �ber bundles to obtain lots of non-trivial information on homotopy
groups of various topological spaces.

155.1. The de�nition of �ber bundles. The following proposition says that being a
Serre �bration is a �local property�.

Proposition 155.1. Let p : Y → B be a map between topological spaces. If for every
b ∈ B there exists an open neighborhood U of b such that p : p−1(U) → U is a Serre
�bration, then p : Y → B itself is a Serre �bration.

Proof. Let p : Y → B be a map between topological spaces. In this proof we say U Ă B
is small if p : p−1(U)→ U is a Serre �bration.

Now assume that p : Y → B has the property that B can be covered by small sets. We
want to show that this hypothesis implies that the map p : Y → B is a Serre �bration.
Therefore let n ∈ N0, let F : B

n × [0, 1]→ B and let f̃ : B
n × {0} → Y be maps such that

the rectangle in the following diagram commutes:

B
n × {0} f̃

//
� _

��

Y

p

��

B
n × [0, 1]

F
//

F̃

44

B.

We need to show that there exists a diagonal map F̃ : B
n× [0, 1]→ Y such that the above

diagram commutes.

Claim. There exists a CW-structure X on B
n
and real numbers 0 = s0 < s1 < · · · < sk = 1

such that for each cell e of X and each i ∈ {0, . . . , k − 1} the image F (e × [si, si+1]) is
small.
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B

Y

CW-structure of B
n

s0

B
n × {0}

s1

s2

B
n × [0, 1]

small sets

p

Proof. By the Standard Simplex Homeomorphism Lemma 72.1 we can identify B
n
with

[0, 1]n. Since B is by hypothesis covered by small open subsets and since any subset of a
small set is again small we obtain from the Lebesgue Corollary 6.6 that there exists a k ∈ N
such that each

F
([

a1

k
, a1+1

k

]
× . . .

[
an
k
, an+1

k

]︸ ︷︷ ︸
Ă[0,1]n=B

n

×
[
an+1

k
, an+1+1

k

]︸ ︷︷ ︸
Ă[0,1]

)
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is small for all a1, . . . , an+1 ∈ {0, . . . , k− 1}. We equip [0, 1]n = B
n
with the CW-structure

de�ned on page 1499 given by the �subcubes� of side length 1
k
. Furthermore we set si = i

k
,

i = 0, . . . , k. By design this CW-structure and this choice of si has the desired properties.
�

We continue with the following claim.

Claim. Let i ∈ {0, . . . , k − 1}. Given a map F̃i : B
n × {si} → Y with p ◦ F̃i = F |Bn×{si}

there exists a map F̃i+1 : B
n × [si, si+1]→ Y such that the following diagram commutes:

B
n × {si}

F̃i //
� _

��

Y

p

��

B
n × [si, si+1]

F
//

F̃i+1

44

B.

Proof. In fact the claim follows immediately from the argument of the proof of Proposi-
tion 154.8 applied to the CW-complex K := X = B

n
and the subcomplex L = ∅. Indeed,

in the proof of Proposition 154.8 we did not need to assume that p : Y → B is a Serre
�bration, all we ever used is that for every cell e of B the image F (e) is small in the above
sense. But in our present setting this is guaranteed by our choice of the CW-structure on
B
n
. �
We set F̃0 = f̃0 : B

n × {0} → Y . Iteratively applying the previous claim we obtain
maps F̃i : B

n× [si, si+1]→ Y that agree on the overlaps of the domains. By the Homotopy
Stacking Lemma 14.3 all these maps together de�ne a continuous map F̃ : B

n× [0, 1]→ Y
which by construction has the desired properties. �

As we saw on page 3264, every projection p : B × F → B is a (Serre) �bration. This
observation, together with Proposition 155.1 leads us naturally to the following de�nition.

De�nition. Let F be a topological space.
(1) A map p : Y → B between two topological spaces is called an F -bundle over B if

given any b ∈ B there exists an open neighborhood U of b and a homeomorphism
Φ: p−1(U)→ U × F such that the following diagram commutes:

p−1(U)
Φ //

p
%%

U × F

(x,f)7→x
yy

U.

Alternatively we call such a map p : Y → B a bundle projection with �ber F . As
for �brations we sometimes refer to B as the base space and to Y as the total space.
Furthermore we refer to the map p : Y → B as the projection.

(2) We say that two F -bundles p : Y → B and q : Z → B are equivalent if there exists
a homeomorphism f : Y → Z such that the following diagram commutes:

Y
f

//

p
$$

Z

q
zz

B.
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The following proposition will be the incarnation of the Fibration-LES Theorem 154.7 that
we will use most often.
Proposition 155.2. (Fiber-LES Proposition) Let p : Y → B be a �ber bundle with
�ber F .
(1) The map p : Y → B is a Serre �bration.
(2) We pick y0 ∈ Y and we write b0 = p(y0). We pick an identi�cation F

∼=−→ p−1(b0).
We denote by i : F = p−1(b0) → Y the inclusion. We use the fact from (1) that
p : Y → B is a Serre �bration to de�ne maps ∂n : πn(B, b0)→ πn−1(F, y0), n ∈ N, as
in the Fibration-LES Theorem 154.7. The following sequence is exact:

. . .
∂n+1

// πn(F, y0)
i∗ // πn(Y, y0)

p∗
// πn(B, b0)

∂n //

∂n // πn−1(F, y0)
i∗ // . . . . . . . . .

p∗
// π1(B, b0)

∂1 //

∂1 // π0(F, y0)
i∗ // π0(Y, y0)

p∗
// // π0(B, b0).

(3) If we are given a commutative diagram

Y ′

p′
��

g
// Y

p
��

B′
f

// B

where p′ : Y ′ → B′ is a �ber bundle with �ber F ′, then given any base point y′0 ∈ Y ′
the obvious diagram of the long exact sequences of homotopy groups corresponding
to the �ber bundles p : Y → B and p′ : Y ′ → B′ is commutative.

(4) If the �ber F and the base space B are path-connected, then the total space Y is
also path-connected.

Proof.

(1) This part of the proposition is an immediate consequence of the de�nitions, Propo-
sition 155.1 and the discussion on page 3264.

(2) The second statement follows immediately from (1) and the Fibration-LES Theo-
rem 154.7 (2).

(3) This statement follows easily from the Fibration-LES Theorem 154.7 (1b).
(4) This statement follows immediately from (2). �

the Fiber-LES Proposition 155.2 sparks our interest in �ber bundles. Fortunately, in the fol-
lowing discussion we will see that �ber bundles are ubiquitous and can be found throughout
the notes.

Examples.

(1) For any two topological spaces B and F the projection p : B × F → B onto the �rst
factor is evidently a �ber bundle with �ber F . Any F -bundle that is equivalent to
such a bundle is called trivial, otherwise it is called non-trivial.

(2) The �obvious projection� from the Möbius band to the circle S1, i.e. the map

Y = ([0, 1]× [−1, 1])/(0, y) ∼ (1,−y) → S1

(x, y) 7→ exp(2π ix)
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is easily seen to be a �ber bundle with �ber [−1, 1]. Since the Möbius band is not
homeomorphic to the trivial bundle S1× [−1, 1] we see that the bundle is non-trivial.

(3) The same argument as in (2) shows that the Klein bottle is a non-trivial S1-bundle
over S1. In Lemma ?? (1) we saw that the connected sum RP2#RP2 is homeomorphic
to the Klein bottle. We have thus shown that RP2#RP2 is a non-trivial S1-bundle
over S1. Amusingly an analogous statement holds in dimension four, namely the
connected sum CP2#CP2 is a non-trivial S2-bundle over S2. It is a challenging
exercise to prove this fact by hand, alternatively a proof can be found in [GoS1999,
p. 107] or [Scor2005, p. 124]. Similarly, one can show that the connected sum
HP2#HP2 is a non-trivial S4-bundle over S4.

(4) An n-dimensional vector bundle p : W → B, in the sense of the de�nition on page 3058,
is by de�nition an Rn-bundle over B.

We consider the next example in greater detail.

Lemma 155.3.
(1) Let X be a topological space and let f : X → X be a homeomorphism. The natural

projection
basically the mapping torus of (X, f)︷ ︸︸ ︷

Tor(X, f) = ([0, 1]×X)/(0, x) ∼ (1, f(x)) → [0, 1]/0 ∼ 1 = S1

[(t, x)] 7→ [t] = exp(2π it)

is an X-bundle over S1.
(2) Let X be a topological space and let f0, f1 : X → X be two homeomorphisms. If f0

and f1 are isotopic, then the two X-bundles Tor(X, f0)→ S1 and Tor(X, f1)→ S1

are equivalent.
(3) Let V be an n-dimensional real vector space and let ϕ : V → V be an isomorphism of

vector spaces. We equip V with the topology given on page 153. For each t ∈ [0, 1)
we equip {t} × V Ă M(V, ϕ) with the obvious vector space structure. This turns
the projection M(V, ϕ)→ S1 into an n-dimensional vector bundle.
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p p

Möbius band

mapping torus Tor(X, f)

[0, 1]/0 ∼ 1 = S1

X

identi�ed via f

Proof.

(1) We denote by π : [0, 1] → [0, 1]/0 ∼ 1 the natural projection. We consider the two
open sets U1 := π((1

4
, 3

4
)) and U2 := π([0, 1

3
) ∪ (2

3
, 1]) in [0, 1]/0 ∼ 1. Furthermore we

consider the maps

p−1(U1)
Φ1−→ U1 ×X

[(t, x)] 7→ (t, x)
and

p−1(U2)
Φ2−→ U2 ×X

[(t, x)] 7→
{

(t, f(x)), if t ∈ [0, 1
3
),

(t, x) if t ∈ (2
3
, 1].
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Note that the map on the right is indeed well-de�ned. Using the Topological-Quotient
Proposition 5.15 (1b) and using Lemma 14.3 one can show quite easily that both maps
are homeomorphisms. Furthermore it is basically clear that Φ1 and Φ2 respect the
projections onto U1 and U2. Therefore, since the two open subsets U1 and U2 cover
all of [0, 1]/0 ∼ 1, we have shown that p : Tor(X, f) → [0, 1]/0 ∼ 1 is indeed an
X-bundle.

(2) This statement will be proved in Exercise 155.3.
(3) The proof of this statement is basically the same as the proof of (1). We only have

to make the extra observation that for each i ∈ {1, 2} and each t ∈ Ui the map

Φi : V = [{t} × V ] = p−1(t) → {t} × V = V

is either given by id or φ. Thus in either case the map is given by an isomorphism
of vector spaces. �

Remark. The previous lemma shows that any self-homeomorphism of Rn gives rise to an
Rn-bundle over S1, whereas any isomorphism of Rn gives rise to an n-dimensional vector
bundle over S1. The question arises whether every Rn-bundle is secretly a vector bundle.
More precisely, the question arises whether every Rn-bundle is equivalent to an n-dimen-
sional vector bundle. In Exercise 155.4 we will answer this question in the a�rmative if
f : Rn → Rn is a di�eomorphism.1872

It follows from the discussion on page 470 and Lemma 155.3 that the complement of the
trefoil and the complement of the �gure-8 knot are �ber bundles over S1. Of course there
are many other knots, for example consider the stevedore knot shown in the �gure below.
The following question arises:

�gure-8 knottrefoil stevedore knot

Question 155.4. Is the complement of the stevedore knot a �ber bundle over S1?
We continue with more examples of �ber bundles.

Examples.

(1) As we pointed out above, any n-dimensional vector bundle p : W → B is by de�nition
an Rn-bundle over B. In fact p gives rise to two other bundles which are much more
interesting topological objects:
(a) We denote by s : B → W the zero-section, i.e. the map given by sending each

b ∈ B to the zero-element of the vector space p−1(y). We write W ∗ := W \ s(B).
It follows easily from the de�nitions that p : W ∗ → B is a �ber bundle with �ber
Rn \ {0}.

1872Frankly, I am not sure whether the same statement holds if f is a homeomorphism.
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(b) Let λ ∈ R. By de�nition of a vector bundle we have a well-de�ned multiplication
by λ on each �ber. We de�ne

SW := W ∗/ ∼ where v ∼ w if p(v) = p(w) and
if there exists a λ > 0 with λv = w.

The map p : W ∗ → B descends to a map p : SW → B. We leave it as an
entertaining exercise to verify that p : SW → B is an Sn−1-bundle.
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(Rn\{0})-bundle p : W ∗ → B

B B

Sn−1-bundle p : SW → B

B

Rn-bundle p : W → B

(2) A smooth B
n
-bundle p : W → M over a smooth manifold M , in the sense of the

de�nition on page ??, is by de�nition an B
n
-bundle in the above sense. Slightly

more interesting, if M has no boundary and if we restrict p to a map ∂W → M ,
then it follows easily from Proposition 19.31 that the restriction of p to ∂W de�nes
an Sn−1-bundle p : ∂W →M .

The following lemma is almost verbatim the same as the Vector Bundle Pullback Lemma 143.9.

Lemma 155.5. Let g : C → B be a map between topological spaces and let p : Y → B be
a �ber bundle with �ber F . As in the Topological-Pullback Lemma 56.16 (1) we consider
the pullback

g∗Y := {(c, f) | c ∈ C and f ∈ p−1(g(c))} Ă C × Y,
which is equipped with the subspace topology. Then the map

q : g∗Y := {(c, f) | c ∈ C and f ∈ p−1(g(c))} → C
(c, f) 7→ c

is also an F -bundle.

Proof. The proof is, not surprisingly, also almost identical to the proof of the Vector
Bundle Pullback Lemma 143.9. �

Remark. The pullback of bundles satis�es basically the same statements as the pullback
of vector bundles, see the Vector Bundle Pullback Lemma 143.9. There is surely no need
to spell out these properties again.

The following lemma classi�es bundles over compact intervals [a, b] and also over the circle
S1.
Lemma 155.6.
(1) Every bundle over a compact interval [a, b] is trivial.
(2) If p : Y → S1 is a �ber bundle with �ber X, then there exists a homeomorphism

f : X → X such that p is equivalent to the above �ber bundle Tor(X, f)→ S1.

Sketch of proof.

(1) This statement will be proved in Exercise 155.2.
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(2) Suppose we are given a �ber bundle p : Y → S1 with �ber X. Let ϕ : [0, 2π]→ S1 be
the map that is given by ϕ(t) = exp( it). It follows from (1) that the pullback bundle

q : ϕ∗Y = {(t, v) ∈ [0, 2π]× Y | v ∈ p−1(ϕ(t))} → [0, 2π]

is trivial, i.e. there exists a homeomorphism Φ: [0, 2π] × X → ϕ∗Y such that the
following diagram commutes

[0, 2π]×X Φ //

(t,x)7→t ((

ϕ∗Y

q
xx

[0, 2π].

We de�ne f : X → X to be the homeomorphism that is given by

ϕ(0) = 1 = ϕ(2π)
↓

X
x 7→(0,x)−−−−→ {0}×X Φ−→ q−1(0) → p−1(1) ← q−1(2π)

Φ←− {2π}×X (2π,x)7→x−−−−−→ X.
(0, v) 7→ v

v ←[ (2π, v).

We leave it as a mildly interesting exercise to the reader to verify that p : Y → S1 is
equivalent to the �ber bundle Tor(X, f)→ S1. �

For the record we mention the following generalization of Lemma 155.6 (1).

Proposition 155.7. Let X be a topological space. If X is paracompact and contractible,
then every bundle over X is trivial.

Proof. The statement of the proposition is almost the same as the statement of the Vector
Bundles-Homotopies Proposition 143.13 (3) for vector bundles. The reference we gave for
vector bundles, namely [Hat2, Theorem 1.6], also applies to general bundles. �

We conclude this section with an example that shows how the above results can be used
in practice. Thus let n ∈ N and K be a closed k-dimensional submanifold of the smooth
manifold Sn. We calculate that for i = 1, . . . , n− k − 2 we have

Hi(S
n \K;Z) ∼= Hn−i−1(K;Z) = 0.

↑ ↑
Alexander Duality by the Top-Cohomology Proposition 110.14 (5) and
Theorem 123.6 the fact that n− i− 1 > k = dim(K)

The following proposition shows that not only do the �rst n− k − 2 homology vanish, but
the �rst n− k − 2 homotopy groups also vanish.
Proposition 155.8. Let n ∈ N and let K be a closed k-dimensional submanifold of the
smooth manifold Sn. For i = 1, . . . , n− k − 2 we have πi(Sn \K) = 0.

Example. Let K be the trefoil in R3 and let µ Ă R3 be a meridian as de�ned on page 1305.
(See also the �gure below to the left.) In Lemma 78.13 we saw that µ represents a non-zero
element in H1(S3 \K). It follows from the naturality of the Hurewicz homomorphism, see
Proposition 84.2 (5), that µ also represents a non-trivial element in π1(S3 \ K). Via the
usual smooth embedding R3 → R3 × {0} → R4 we can view K and µ as submanifolds of
S4 = R4 ∪ {∞}. By Proposition 155.8 we have π1(S4 \ K) = 0. In particular we obtain
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that µ is trivial in π1(S4 \ K). In fact in the �gure below we show an embedded disk D
in R4 Ă S4 whose boundary is given by µ and that does not intersect K. Here we use
the convention from page ??, i.e. �pinkness� of a point measures how large is the fourth
coordinate.
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meridian µtrefoil K

disk D Ă R4 that bounds µ
and that does not intersect K

Proof. Let n ∈ N and K be a closed k-dimensional submanifold of the smooth manifold
Sn. If n− k − 2 ≤ 0, then there is nothing to prove. Thus we assume that n− k − 2 ≥ 1,
i.e. we assume that n ≥ k + 3.

We want to show that πi(Sn \K) = 0 for i = 1, . . . , n − k − 2. We already know that
the corresponding homology groups vanish. Thus by the Hurewicz Corollary 85.7 it su�ces
to show that π1(Sn \ K) = 0. That is precisely what we will do in the remainder of this
proof.

In the following we consider the case that K is connected. We leave it to the reader
to modify the proof to deal with the case that K is disconnected. By the General Tubu-
lar Neighborhood Theorem ?? the closed submanifold K admits a tubular neighborhood
p : W → K. Recall that W is a compact n-dimensional submanifold of Sn and that p
is in particular a B

n−k
-bundle over K. As we pointed out on page 3303, the projection

p : ∂W → K is an Sn−k−1-bundle.
We write X = Sn\

◦
W . By Proposition 123.4 and Lemma 123.1 we know that π1(Sn\K)

is isomorphic to π1(X). Thus it su�ces to show that X is simply connected.
By the Codimension-Zero Submanifold Proposition 19.38 we know that X is a compact

n-dimensional submanifold of Sn withW ∩X = ∂W = ∂X. From Proposition 155.2 (4) we
know that ∂W is connected. We pick a base point x0 ∈ ∂W . By the Seifert�van Kampen
Theorem 54.4 for smooth manifolds we know that the inclusion induced map

π1(X, x0) ∗π1(∂W,x0) π1(W,x0) → π1(Sn, x0)︸ ︷︷ ︸
=0

is an isomorphism. We recall that the Amalgamated Product Lemma 53.22 says that
A∗GG ∼= A. Thus, if we want to show that π1(X, x0) = 0 it follows from the Amalgamated
Product Lemma 53.22 that it su�ces to prove the following claim.
Claim. The inclusion induced map π1(∂W, x0)→ π1(W,x0) is an isomorphism.

Proof. We denote both of the inclusions ∂W → W and Sn−k−1 → B
n−k

by i. We have a
commutative diagram

∂W
i //

%%

W

yy
K

of �ber bundles with �bers Sn−k−1 and B
n−k

. From the Fiber-LES Proposition 155.2 (3) we
obtain the following commutative diagram of long exact sequences of morphisms between
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pointed sets:

. . . // π2(K)
∂ //

=

��

π1(Sn−k−1)

i∗
��

// π1(∂W )

i∗
��

// π1(K)

=

��

∂ // π0(Sn−k−1) //

i∗
��

. . .

. . . // π2(K)
∂ // π1(B

n−k
) // π1(W ) // π1(K)

∂ // π0(B
n−k

) // . . .

Since n − k ≥ 3 we have n − k − 1 ≥ 2, thus π1(Sn−k−1) = 0 by the Sphere-π1-
Proposition 47.13. It follows from a slight generalization1873 of the Five Lemma 74.10
that the middle vertical map i∗ : π1(∂W )→ π1(W ) is an isomorphism. �

Remark. We want to sketch an alternative approach to proving Proposition 155.8. Thus
let n ∈ N, let K be a closed k-dimensional submanifold of the smooth manifold Sn and
�nally let i ∈ {1, . . . , n − k − 2}. We want to show that πi(Sn \K, x0) = 0 for some base
point x0 ∈ Sn \K. Let [ϕ : (Si, ∗) → (Sn \K, x0)] ∈ πi(Sn \K, x0) be a random element.
We make the following observations:
(1) By the Whitney Approximation Theorem 29.1 we can assume that ϕ is smooth.
(2) Since i < n we know that πi(Sn, x0) = 0. It follows from the Trivial-in-πn-Lemma 71.4

that there exists a map ψ : B
i+1 → Sn with ψ|Si = ϕ.

(3) Once again, by the Whitney Approximation Theorem 29.1 we can assume that ψ is
also smooth.

(4) Since k+i+1 < n one would like to argue, similar to the Transversality Theorem 42.4,
that we can homotop ψ rel Si to a map that does not intersect K, i.e. we would like
to homotop ψ rel Si to a map B

i+1 → Sn \K. By the Trivial-in-πn-Lemma 71.4 this
would then imply that [ϕ] = 0 ∈ πi(Sn \K, x0).

This approach can be turned into a proper proof, but we will not do so.

155.2. Hopf �brations arising from complex and quaternionic projective spaces.
In this section we will see that the complex projective spaces CPn and the quaternionic
projective spaces1874 HPn give rise to interesting �ber bundles. In particular we will see
that the Hopf map S3 → S2 that we introduced on page 1576 is in fact an S1-bundle.
In the following we introduce two straightforward higher-dimensional analogues of the orig-
inal Hopf map.

De�nition. Let n ∈ N. We refer to the maps

p : S2n+1 = {(z0, . . . , zn) ∈ Cn+1 | |z0|2 + · · ·+ |zn|2 = 1} → CPn
(z0, . . . , zn) 7→ [z0 : · · · : zn]

and1875
q : S4n+3 = {(h0, . . . , hn) ∈ Hn+1 | |h0|2 + · · ·+ |hn|2 = 1} → HPn

(h0, . . . , hn) 7→ [h0 : · · · : hn]

as Hopf maps.

1873More precisely, if one goes through the proof of the Five Lemma 74.10, then one realizes that it su�ces
that the right most vertical map is an injective morphism of pointed sets, i.e. the right most vertical map
does not need to be a homomorphism of groups.
1874We refer to page 1970 for the slightly subtle de�nition of the quaternionic projective spaces.
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The following proposition, together with the Fiber-LES Proposition 155.2, explains our
interest in the Hopf maps.1876

Proposition 155.9. (Hopf-Bundle Proposition) Let n ∈ N.
(1) The Hopf map p : S2n+1 → CPn is an S1-bundle.
(2) The Hopf map q : S4n+3 → HPn is an S3-bundle.

Proof. We only provide the proof of (2). The proof of (1) is a straightforward modi�cation
of the proof of (2). Given j ∈ {0, . . . , n} we de�ne

Vj := {[h0 : · · · : hn] ∈ HPn |hj 6= 0}.

The same argument as in the proof of the Complex Projective Space-is-Complex Manifold
Lemma 32.16 shows that Vj is an open subset of HPn.
Claim. The map

Φj : q−1(Vj) =
{

(h0, . . . , hn) ∈ Hn+1
∣∣∣ n∑
i=0
|hi|2 = 1 and hj 6= 0

}
→ Vj × S3

(h0, . . . , hn) 7→
(
[h0 : · · · : hn], 1

|hj | ·hj
)

is a homeomorphism.

Proof. We consider the map

Ψj : Vj × S3 → q−1(Vj)

([h0 : · · · : hj︸︷︷︸
6=0

: · · · : hn], u) 7→ the normalization to length one of the non-zero vector(
u · h−1

j · h0, . . . , u · h−1
j · hj︸ ︷︷ ︸
=u

, . . . , u · h−1
j · hn

)
∈ Hn+1.

This map Ψj is well-de�ned. Indeed, a short calculation shows that if we pick a di�erent
representative for [h0 : · · · : hn], i.e. if we plug in [λ · h0 : · · · : λ · hn] for some λ ∈ H \ {0}
then we obtain the same result.1877 Using the Topological-Quotient Proposition 5.15 (1b)
one can show that the map Ψj is continuous. One easily veri�es that Ψj and Φj are inverses
of one another. �

It is clear that the open sets Vj cover all of HPn and that the triangles

q−1(Vj)
Φj

//

q
%%

Vj × S3

(v,h) 7→hyy
S3

commute. This shows, according to the de�nition on page 3299, that q : S4n+3 → HPn is
an S3-bundle. �

The Hopf-Bundle Proposition 155.9, combined with the Fiber-LES Proposition 155.2 gives
us two interesting theorems.

1875Recall that on page 1960 we de�ned the norm of a quaternion h = a · 1 + b · i + c · j + d · k as
|h| =

√
a2 + b2 + c2 + d2.

1876For mysterious reasons the Hopf maps are almost invariably called �Hopf �brations�, even though the
name �Hopf �ber bundle� would be more precise.
1877Note though that the order of the factors in the de�nition of Ψj is important since H is not commutative.
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Theorem 155.10.
(1) For all n ≥ 3 we have πn(S3) ∼= πn(S2).
(2) We have π3(S2) ∼= Z and π3(S2) is generated by the Hopf map S3 → S2.

The second statement gives in particular an answer to Question 122.15 (1).

Proof.

(1) On page 258 we gave an identi�cation of CP1 with S2. Thus the Hopf-Bundle Propo-
sition 155.9 (1), applied to n = 1, tells us that the Hopf map p : S3 → S2 = CP1

de�nes an S1-bundle. the Fiber-LES Proposition 155.2 gives us the long exact se-
quence1878

. . . → πn(S1) → πn(S3)
p∗−→ πn(S2)

∂−→ πn−1(S1) → πn−1(S3) → . . .

The desired statement now follows from the example on page 1573 where we saw
that πk(S1) = 0 for k ≥ 2.

(2) In Corollary 85.6 (1) we saw that π3(S3) = Z · [idS3 ]. By (1) the Hopf map p : S3 →
S2 = CP1 induces an isomorphism p∗ : π3(S3)

∼=−→ π3(S2). The image of [idS3 ] under
p∗ is by de�nition precisely the class in π3(S2) represented by the Hopf map. Thus
we see that π3(S2) ∼= Z and that π3(S2) is generated by the Hopf map. �

Theorem 155.11.
(1) For all n ≥ 2 we have πn(S4) ∼= πn(S7)⊕ πn−1(S3).
(2) For n ∈ {1, . . . , 6} we have πn(S4) ∼= πn−1(S3).

Remark. From Corollary 85.6 (1) we know that π7(S7) ∼= Z. Thus it follows from Theo-
rem 155.11 (1) that π7(S4) ∼= π7(S7) ⊕ π6(S3) admits an epimorphism onto Z. In fact in
Corollary 122.8 we already saw that the Hopf invariant is an epimorphism π7(S4)→ Z.
Proof.

(1) By the Quaternion-Projective Space Lemma 92.9 (2) we can identify the quater-
nionic projective space HP1 with S4. Therefore if we apply the Hopf-Bundle Propo-
sition 155.9 (2) with n = 1 we obtain an S3-bundle q : S7 → HP1 = S4. We pick
y0 ∈ S7 and we write b0 = q(y0). We pick an identi�cation S3 = q−1(b0) and we
denote by i : S3 → S7 the map that is given by the inclusion of the �ber F = S3

into S7. From the Fiber-LES Proposition 155.2 we obtain the following long exact
sequence

· · · → πn(S3, y0)
i∗−→ πn(S7, y0)

q∗−→ πn(S4, b0)
∂−→ πn−1(S3, y0)

i∗−→ πn−1(S7, y0)→ . . . .

By Proposition 71.10 we know that π3(S7, y0) = 0. By de�nition this implies that
the map i : S3 → S7 is homotopic rel y0 to the constant map cy0 : S3 → {y0}. By the

1878It is actually worth having a glance at the lower end of this sequence. We have the exact sequence

π2(S3)
p∗−→ π2(S2)

∂−→ π1(S1) → π1(S3).

From Proposition 71.10 we know that π1(S3) = π2(S3) = 0 and Proposition 48.17 we know that π1(S1) ∼= Z.
Thus we obtain that π2(S2) ∼= Z. In Exercise 155.11 we will see that using this exact sequence we can
obtain a new proof that idS2 is a generator of π2(S2).
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Fibration-LES Theorem 154.7 (3) this implies that the above long exact sequence
splits into short exact sequences

0 → πn(S7, y0)
q∗−→ πn(S4, b0)

∂−→ πn−1(S3, y0) → 0.

Furthermore the Fibration-LES Theorem 154.7 (3) says that these short exact se-
quences split, therefore we obtain the promised isomorphisms πn(S4, b0) ∼= πn(S7, y0)⊕
πn−1(S3, y0).

(2) The statement holds trivially Proposition 71.10 for n = 1. For n ≥ 2 this statement
follows from (1) and Proposition 71.10 which says in this context that πn(S7) = 0
for n = 1, . . . , 6. �

As we will see, the Fiber-LES Proposition 155.2 is a goose that just cannot stop laying
golden eggs. For example we have the following theorem.

Theorem 155.12. We use the homeomorphism from page 258 to make the identi�cation
CP1 = S2 and as on page 256 we view CP1 as a subspace of each CPn and of CP∞.
(1) Let n ∈ N. If we denote by p : S2n+1 → CPn the Hopf map from page 3306, then

πk(CPn) =

 Z · [idCP1 ], if k = 2,
0, if k = 1, 3, 4, 5, . . . , 2n,
Z · [p], if k = 2n+ 1.

(2)
πk(CP∞) =

{
Z · [idCP1 ], if k = 2,
0, if k = 1, 3, 4, 5, 6, . . . .

Remark. Let k < l. In Question 85.4 we had asked whether the complex projective space
CPk is a retract of CPl. In Proposition 121.14 we used the calculation of the cup product to
give a negative answer. Now we can also use homotopy groups for the same purpose. More
precisely, from Theorem 155.12, we obtain that π2k+1(CPk) ∼= Z but that π2k+1(CPl) = 0.
The usual argument, see Lemma 47.16 implies that once again we obtain a negative answer
to Question 85.4, i.e. CPk is not a retract of CPl.
Proof.

(1) By the Hopf-Bundle Proposition 155.9 (1) we know that for every n ∈ N the Hopf
map p : S2n+1 → CPn is an S1-bundle. Thus we obtain from the Fiber-LES Propo-
sition 155.2 the following long exact sequence of homotopy groups:

. . . → πk(S
1) → πk(S

2n+1)
p∗−→ πk(CPn)

∂−→ πk−1(S1) → . . .

We recall that πk(S2n+1) = 0 for k = 1, . . . , 2n, that π2n+1(S2n+1) ∼= Z · [idS2n+1 ] and
that πk(S1) = 0 for k ≥ 2. Putting everything together implies immediately that
πk(CPn) = 0 for k = 3, . . . , 2n and that π2n+1(CPn) ∼= Z · [p].1879 Only the lower end
of the long exact sequence requires slightly more thought. More precisely, we have
the exact sequence

π2(S2n+1)︸ ︷︷ ︸
=0

→ π2(CPn)
∂−→ π1(S1)→ π1(S2n+1)︸ ︷︷ ︸

=0

→ π1(CPn)→ π0(S1)→ π0(S2n+1).

1879Here we use the trivial, but useful observation that p∗([idSn ]) = [p].
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Since S1 and S2n+1 are path-connected we see that the map on the right is an isomor-
phism of pointed sets. It follows that π2(CPn)

∼=−→ π1(S1) ∼= Z and that π1(CPn) = 0.
(We had of course known the latter statement for a long time, see e.g. page 1533.)
The only thing which is not entirely clearly from this argument is why idCP1 repre-
sents a generator of π2(CPn). One could either heroically �ght one's way through
the above isomorphism, in the same vein as in Exercise 155.11, and use that we know
explicitly the generator of π1(S1).

But fortunately we do not have to go down that route since in Corollary 85.6 (2)
we already saw that idCP1 represents a generator of π2(CPn).

(2) We calculate that

πk(CP∞) = πk

( ⋃
k∈N

CPn
)

= lim−→πk(CP
n) =

{
Z·[idCP1 ], if k = 2,
0, if k = 1, 3, 4, 5, . . . .x x

by the Direct Limit-πn-Proposition 71.11 since by by (1)
Lemma 68.6 we can view CP∞ as a CW-complex
where each k-skeleton is given by CPn Ă CP∞ �

155.3. The Hopf �bration arising from the octonions (∗). In the Hopf-Bundle Propo-
sition 155.9 we had in particular seen that the Hopf map p : S3 → CP1 = S2 is an S1-bundle
and that the Hopf map q : S7 → HP1 = S4 is an S3-bundle. We exploited these �ber bun-
dles in Theorems 155.10 and 155.11 to obtain non-trivial information on higher homotopy
groups of spheres.
In our discussion of division algebras in Section 92.1 we gave the quaternions as a �rst
example of a non-commutative division algebra. The algebra structure on the quaternions
is still nonetheless quite reasonable, in particular the algebra structure is associative which
was enough to de�ne the quaternionic projective spaces on page 1970.
Next on the list of ever weirder division algebras were the octonions O that we introduced
on page 1963. Recall that the underlying vector space of the octonions is R8 but that this
time the algebra structure is neither commutative nor associative. The only redeeming
feature is that O is still a division algebra.
Since the octonions are no longer associative one cannot just copy-paste the de�nition of
the quaternionic projective spaces on page 1970 to de�ne octonionic projective spaces in
any obvious way. But we can make a prediction: if there was a �rst octonionic projective
space, then it would presumably give rise to a Hopf �bration r : S15 → OP 1 = S8 with
�ber S7. Alas, octonionic projective spaces do not exist. But as we will see, we can still
use octonions to produce such a �ber bundle. More precisely, our goal in this section is to
prove the following proposition.

Proposition 155.13. There exists a �ber bundle p : S15 → S8 with �ber S7.
The proof of Proposition 155.13 is rather longish, thus we will �rst point out that it allows
us to prove the following theorem.

Theorem 155.14.
(1) For all n ≥ 2 we have πn(S8) ∼= πn(S15)⊕ πn−1(S7).
(2) For n ∈ {1, . . . , 14} we have πn(S8) ∼= πn−1(S7).
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Proof. The proof is basically the same as the proof of Theorem 155.11. We just need to
replace the Hopf-Bundle Proposition 155.9 (2) by Proposition 155.13. �

We can copy-paste the remark after Theorem 155.11:

Remark. From Corollary 85.6 (1) we know that π15(S15) ∼= Z. Thus it follows from
Theorem 155.11 (1) that π15(S8) admits an epimorphism onto Z. In fact in Corollary 122.8
we already saw that the Hopf invariant is an epimorphism π15(S8)→ Z.
The remainder of this chapter is occupied with providing a proof of Proposition 155.13. We
will need the notion of the join of two topological spaces that we introduced on page 446.

De�nition. Let X and Y be two non-empty topological spaces. We de�ne the join X ∗ Y
to be the topological space obtained from X × [0, 1] × Y , equipped with the product
topology, by performing the following two types of identi�cations:
(1) for every x ∈ X we identify all points in {x} × {0} × Y to a single point and
(2) for every y ∈ Y we identify all points in X × {1} × {y} to a single point.

Furthermore, if one of X or Y is the empty topological space, then we de�ne X ∗ Y to be
the other topological space.
We remind the reader of the following lemma.
Lemma 16.4. Given any m,n ∈ N0 the map

Sm ∗ Sn → Sm+n+1

[(x, t, y)] 7→
(
x · cos

(
πt
2

)
, y · sin

(
πt
2

))︸ ︷︷ ︸
∈Rm+1×Rn+1=Rm+n+2

is a homeomorphism.
The following proposition explains our sudden interest in the join of two topological spaces.
Proposition 155.15. Let X be a topological space that is compact and Hausdor�. Fur-
thermore let ϕ : X ×X → X be a map. Given x ∈ X we consider the maps1880

Lx : X → X
a 7→ ϕ(x, a)

and
Rx : X → X

a 7→ ϕ(a, x).

If each map Lx : X → X and each map Rx : X → X is a homeomorphism, then the map

hϕ : X ∗X → Σ(X)
[(x, t, y)] 7→ [(ϕ(x, y), 2t− 1)]

is a �ber bundle with �ber X.1881

Example. We write S3 = {z ∈ H | |z| = 1}. By the Quaternion Lemma 92.1 (7) we know
that for any w, z ∈ H we have |w · z| = |w| · |z|. Thus multiplication of quaternions de�nes
a map ϕ : S3 × S3 → S3. Given any z ∈ S3 the map Lz is a homeomorphism. In fact an
inverse is given by Lz−1 since for any x ∈ S3 we have

(Lz−1 ◦ Lz)(x) = z−1 · (z · x) = (z−1 · z) · x = x,
↑

since H is associative

1880Here the mnemonic device is that �L� should suggest �left-multiplication� and �R� should suggest
�right-multiplication�.
1881It is a good exercise to �rst verify that the map is actually well-de�ned.
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and similarly we have Lz ◦Lz−1 = idS3 . The same argument shows that Rz is also a home-
omorphism. Thus we obtain from Proposition 155.15 and the Join of Spheres Lemma 16.4
a �ber bundle p : S7 → S4 with �ber S3. We leave it to the heroically inclined reader to
verify that this S3-bundle is equivalent to the S3-bundle q : S7 → HP1 = S4 that we had
constructed in the proof of the Hopf-Bundle Proposition 155.9.

Proof. We consider the following two subsets of Σ(X):

C := ([−1, 1
2
]×X)

/
{−1} ×X and D := ([−1

2
, 1]×X)

/
{1} ×X.

We refer to the �gure below for an illustration. Since the interiors of these two sets cover
Σ(X) it su�ces to �nd trivializations of the map hϕ : X ∗X → Σ(X) with �ber X over C
and over D.
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We start out with �nding a trivialization over C.
Claim. The map Ψ: X × C → X ∗X

(x, [(y, t)]) 7→ [(x, 2
3
(t+ 1), L−1

x (y))]

is continuous and it restricts to a homeomorphism onto h−1
ϕ (C).

Proof. By now the reader is surely aware of the fact that whenever we mix quotients with
products we need to tread carefully. Thus let us �rst consider the maps

α : X ×X → X ×X
(x, y) 7→ (x, ϕ(x, y)) = (x, Lx(y))

and
β : X ×X → X ×X

(x, y) 7→ (x, L−1
x (y)).

Note that these two maps are inverses of one another. Also note that α is continuous by the
Product Topology-Basics Lemma 5.4 (3). Furthermore note that α is a bijection, in fact
the inverse is given by β. Since X is compact and Hausdor� we obtain from the Product
Topology Properties Proposition 5.6 and the Compact-Hausdor� Proposition 2.17 (3) that
α is a homeomorphism. In particular β = α−1 is also continuous.

Next we consider the map

ψ : X × ([−1, 1
2
]×X) → X × [0, 1]×X

(x, t, y) 7→ (x, 2
3
(t+ 1), L−1

x (y)).

Since β(x, y) = (x, L−1
x (y)) and since β is continuous we see that ψ is also continuous.

Finally we consider the following commutative diagram

X×[−1, 1
2
]×X

(x,t,y)7→(x,[(t,y)])
//

ψ

�� f :=p◦ψ
,,

=X×C︷ ︸︸ ︷
X×

(
([−1, 1

2
]×X)

/
({−1}×X)

)
Ψ

��

X × [0, 1]×X
p(x,t,y):=[(x,t,y)]

// // X ∗X.
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Claim. The map Ψ is continuous.

Proof. We had just seen that f = p ◦ ψ is continuous. Note that by the Quotient Map
Lemma 13.3 (1) the projection q : [−1, 1

2
]×X → ([−1, 1

2
]×X)

/
({−1}×X) is a quotient

map. Since X is compact and Hausdor� we know by Lemma 2.41 that X is regionally
compact.1882 Thus it follows from the Whitehead Quotient Theorem 13.4 that the top
horizontal map idX ×q is a quotient map. Thus it follows from Lemma 13.5 (2) that ψ is
continuous. �

One easily veri�es that Ψ de�nes a bijection

Ψ: X × C︸ ︷︷ ︸
ĂX∗X

→ h−1
ϕ (C)︸ ︷︷ ︸
ĂΣ(X)

.

Since X is compact we know by Lemma 16.2 (1) that the left-hand side is compact. By the
Cone-Suspension Basics Lemma 16.8 (2) and our hypothesis that X is Hausdor� we know
that the right-hand side is Hausdor�. Therefore it follows from the Compact-Hausdor�
Proposition 2.17 (3) that the continuous bijection Ψ: X × C → h−1

ϕ (C) is indeed a home-
omorphism. �

We consider the following diagram

X × C Ψ //

(x,c)7→c
''

h−1
ϕ (C)

hϕww
C.

It is straightforward to verify that this diagram commutes. Since the top map is homeo-
morphism by the previous claim we have found a trivialization of hϕ over C. We leave it
to the reader to make the minor modi�cations needed to �nd a trivialization of hϕ over
D.1883 �

Evidently the idea now is to replace the quaternions in the example on page 3312 by the
octonions. In the following we recall the most salient bits from the discussion of octonions
on page 1963. The octonions O are R8 together with an algebra structure over R that has
the following properties:
(1) The octonions O are a division algebra, i.e. for all a 6= 0 and b ∈ O there exists an

x ∈ O with a · x = b and a y ∈ O with y · a = b.
(2) The algebra structure is neither commutative nor associative.
(3) Multiplication on O respects the euclidean norm, more precisely, given a, b ∈ O we

have ‖a · b‖ = ‖a‖ · ‖b‖.
It follows from (3) that the algebra multiplication induces a map ϕ : S7 × S7 → S7.

Lemma 155.16. Given any z ∈ S7 the maps Lz : S7 → S7 and Rz : S7 → S7, as de�ned
in Proposition 155.15, are homeomorphisms.

Proof. First note that we can not recycle the argument from page 3311 since there we
used that the quaternions are associative.

1882If the reader is unhappy about using Lemma 2.41 we point out that in our application of the proposition
the topological space will be X = Sn and thus obviously regionally compact.
1883Note that in this second part we will need to use that the maps Rx : X → X are homeomorphisms.
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By Corollary 82.9 (2) it su�ces to show that the maps Lz and Rz are injective. First
we show that given any z ∈ S7 the map Lz : S7 → S7 is injective. So suppose that we have
a, b ∈ S7 with Lz(a) = Lz(b). We obtain that

‖a− b‖ = ‖z‖ · ‖a− b‖ = ‖z · (a− b)‖ = ‖z · a− z · b‖ = ‖Lz(a)− Lz(b)‖ = 0.
↑ ↑ ↑ ↑ ↑

since z ∈ S7 by (3) since O is an algebra by de�nition of Lz since Lz(a) = Lz(b)

Thus we see that a = b. Almost the same argument shows that Rz is injective.1884 �

Now we are basically done with the proof of Proposition 155.13.
Proof of Proposition 155.13. It follows immediately from Lemma 155.16, Proposition 155.15
and the Join of Spheres Lemma 16.4 that there exists a �ber bundle p : S15 → S8 with �ber
S7. �

Exercises for Chapter 155.

Exercise 155.1. Let F be a topological space and let p : Y → B be an F -bundle. Suppose
that the �ber F and the base space B are path-connected. Show directly, without making
use of Proposition 155.2 (2), that the total space Y is also path-connected.

Exercise 155.2. Let p : Y → [0, 1] be a bundle with �ber F . Show with your bare hands
(i.e. without using Proposition 155.7) that p is trivial, i.e. show that p is equivalent to the
trivial bundle F × [0, 1]→ [0, 1].

Exercise 155.3. Let X be a topological space and let f0, f1 : X → X be homeomorphisms.
Suppose that f0 and f1 are isotopic. Show that the two X-bundles Tor(X, f0) → S1 and
Tor(X, f1)→ S1 are equivalent.

Exercise 155.4. Let f : Rn → Rn be a di�eomorphism. Show that the corresponding
Rn-bundle Tor(Rn, f)→ S1 is equivalent to an n-dimensional vector bundle.
Hint. Use Lemma 76.15 and Lemma 155.3 (2), the latter is a. k. a. Exercise 155.3.

Exercise 155.5. Use the Ehresmann Fibration Theorem, see Exercise ??, to give an alter-
native proof of the fact that the Hopf map S3 → CP1 de�nes an S1-bundle over CP1 = S2.

Exercise 155.6. As on page 1576 we consider the Hopf map:

H : S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1} → S2 = CP1

(z1, z2) 7→ [z1 : z2].

(a) Let P,Q ∈ S2 be two distinct points. Show that H−1(P ) ∪ H−1(Q) is isotopic to a
Hopf link, that we de�ned in the �gure on page 2863.

(b) Let P,Q,R ∈ S2 be two distinct points. Sketch the link H−1(P )∪H−1(Q)∪H−1({R}).

Exercise 155.7. Let n ∈ N. We consider the map

ϕ : U(n) = {A ∈ M(n× n,C) |A · AT = id} → C \ {0}
A 7→ det(A).

1884At �rst glance it might appear odd that we never used that the octonions are a division algebra, we
only used the innocuous looking third property. But it is clear that (3) already implies that O has no
zero-divisors. By Lemma 92.5 this forces O to be a division algebra.
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(a) Show that ϕ takes values in S1.
(b) Show that the map ϕ : U(n)→ S1 is a �ber bundle.

Hint. You can use the Ehresmann Fibration Theorem from Exercise ??.

Exercise 155.8. Let X be a topological space and let f : X → X be a homeomorphism.
By the discussion on page 3301 and the Fiber-LES Proposition 155.2 we know that the
map

Tor(X, f) = (X × [0, 1])/(x, 0) ∼ (f(x), 1) → S1

[(x, t)] 7→ exp(2π it)

is a �bration. We make the obvious identi�cation X = X × {0} Ă Tor(X, f). Let k ∈ N0

and let α : [0, 1] → S1 be the usual loop given by α(t) = exp(2π it). By Proposition 154.5
and Lemma 73.2 we get a well-de�ned map

Θ(α)∗ : Hk(X;Z) → Hk(X;Z).

Show that Θ(α)∗ = (f∗)
−1.

Exercise 155.9. Let W be an n-dimensional smooth manifold and let K be a compact
proper connected k-dimensional submanifold with k ≤ n − 3. Show that the inclusion
induced map π1(W \K)→ π1(W ) is an isomorphism.
Hint. Use the Amalgamated Product Lemma 53.22 (3).

Exercise 155.10. The same way that we de�ned the in�nite complex projective space
CP∞, see page 1480, we de�ne the in�nite quaternionic projective space HP∞ as the direct
limit of the �nite-dimensional quaternionic projective spaces HPk. Show that for any
i ∈ N≥2 we have an isomorphism πi(HP∞) ∼= πi−1(S3).

Exercise 155.11. Let p : S3 → S2 the Hopf �bration. In the Hopf-Bundle Proposi-
tion 155.9 we saw that it is an S1-�ber bundle. We consider the connecting homomorphism
∂ : π2(S2) → π1(S1) of the long exact sequence of homotopy groups from the Fiber-LES
Proposition 155.2 (2). Show, just using the de�nition of the connecting homomorphism,
that ∂([idS2 ]) = [idS1 ].

Exercise 155.12. Show that the homotopy groups of S2 and S3 × CP∞ are isomorphic.

Exercise 155.13. Let m, k ∈ N and let p : M → Sk be a �ber bundle with �ber Sm. We
denote by i : Sm →M the homeomorphism to any of the �bers.
(a) Show that M is a closed (m+ k)-dimensional topological manifold.
(b) We suppose that m < k and we suppose that M is orientable. Show that the maps

p∗ : Hk(M) → Hk(S
k) and i∗ : Hm(Sm) → Hm(M) are isomorphisms and show that

Hi(M) = 0 for i 6= 0, k,m,m+ n.
Hint. Use Theorems 154.7 and 153.14 and use Poincaré Duality.

(c) We suppose again that M is orientable. Show that the conclusion in (b) does not
necessarily hold if we drop the hypothesis that m < k.
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156. Homotopy groups of Lie groups

In this chapter our focus will lie on the study of the homotopy groups of the matrix groups
O(n) and U(n). Later on in the section we will see that we should also de�ne a third type
of groups, namely the groups Sp(n) which can be viewed as the quaternionic analogue of
O(n) and U(n).
Since these groups are Lie groups and since this structure is helpful in our study of O(n)
and U(n) we �rst give a short introduction to Lie groups.

156.1. Topological groups and Lie groups. First we recall the following de�nition from
page 267.

De�nition. A topological group is a topological space X together with a group structure
such that the two maps

X ×X → X
(x, y) 7→ x · y and

X → X
x 7→ x−1

are continuous. A morphism between topological groups X and Y is a homomorphism
f : X → Y that is furthermore continuous.

Examples.
(1) On page 268 we already saw that for any n ∈ N the matrix groups SL(n,R), O(n),

SO(n), GL(n,C), U(n) and SU(n) are topological groups.
(2) Let X be a topological space and let x0 ∈ X be a base point. We consider the loop

space Ω(X, x0), i.e. the set

Ω(X, x0) = {γ : [0, 1]→ X | γ(0) = γ(1) = x0}/homotopy

equipped with the compact-open topology. As in Exercise 154.7 we equip the set
π1(X, x0) = Ω(X, x0)/ ∼ with the quotient topology, i.e. we view π1(X, x0) as a
topological space. Evidently π1(X, x0) admits a group structure, but somewhat sur-
prisingly, the multiplication map π1(X, x0)× π1(X, x0)→ π1(X, x0) is in general not
continuous. In fact such an example is given by the Hawaiian Earrings, introduced
in Exercise 56.1. We refer to [Fab2011] for details.1885

We leave the elementary proof of the following lemma to the reader.
Lemma 156.1. Let G be a topological group and let H be a subgroup of G. The map

G×H → G
(g, h) 7→ g · h

de�nes a right-action of H on G that is free and continuous.
To avoid any misunderstanding we introduce the following convention.

Convention. Let G be a topological group and let H be a subgroup. We denote by G/H
the topological space that is given by the equivalence relation1886

g1 ∼ g2 ⇐⇒ there exists an h ∈ H with g1 · h = g2.

1885In fact, as is pointed out in [Fab2011], the failure of π1(X,x0) to be a topological group is another
instance of the phenomenon, discussed in Section 13.1, that in general product and quotient topologies do
not mix well.
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The following de�nition of a Lie group is quite similar to the above de�nition of a topological
group.

De�nition. A Lie group is a smooth manifold X with empty boundary together with a
group structure such that the two maps1887

X ×X → X
(x, y) 7→ x · y and

X → X
x 7→ x−1

are smooth.

Remark.
(1) It follows immediately from Lemma 19.22 that a Lie group is also a topological group.
(2) As we will see in Exercise 156.2, strictly speaking one does not need to demand that

the map x 7→ x−1 is smooth, since it follows already from the other properties.

Examples.
(1) It is straightforward to see that the smooth manifold R with the group structure

given by addition and the smooth manifold S1 with the group structure given by
multiplication are Lie groups.

(2) The product G1 × G2 of two Lie groups G1 and G2 admits a canonical smooth
manifold structure by the Smooth Manifold Product Proposition 19.31 and the group
structures on G1 and G2 de�ne a group structure on G1 ×G2. One can easily verify
that G1 ×G2 is again a Lie group. In particular the torus S1 × S1 is a Lie group.

As mentioned in the beginning of this chapter, we are now interested in the homotopy
groups of the groups

O(n) = {A ∈ M(n× n,R) |ATA = id}
U(n) = {A ∈ M(n× n,C) |ATA = id}.

As we will see later on, even if we are only interested in these groups it makes sense to
extend our gaze and to consider the quaternionic analogue of O(n) and U(n):

De�nition. Let n ∈ N. We set1888

Sp(n) := {A ∈ M(n× n,H) |ATA = id}.
We will �rst discuss Sp(n) a little bit before we settle on a name for it:

Lemma 156.2.
(1) We have Sp(1) = S3.
(2) Let n ∈ N. Matrix multiplication turns Sp(n) into a group.

1886The point of this convention is that in principle G/H could mean the quotient of the topological space
G by the subset H.
1887Here we equip X ×X with the product smooth manifold structure introduced in the Smooth Manifold
Product Proposition 19.31.
1888Recall that the conjugate of a quaternion h = a·1+b· i+c· j+d· k is de�ned as h = a·1−b· i−c· j−d· k.
Given a matrix A = (aij) over H we de�ne A = (aij).
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(3) Let n ∈ N. We write J =
(

0 idn
− idn 0

)
. The map

Φ: Sp(n) → {X ∈ U(2n) | JXJ−1 = X}

P 7→
(

A B
−B A

)
where A,B ∈ M(n× n,C) with1889 P = A+B j

is a group isomorphism.

Proof.

(1) In the Quaternion Lemma 92.1 (5) we saw that for any quaternion h ∈ H we have
h · h = ‖h‖2. It follows immediately that Sp(1) = S3.

(2) We start out with the following observation: A straightforward calculation1890 shows
that for any two matrices A,B ∈ M(n × n,H) we have (AB)T = B

T
A
T
. Now we

turn to the proof that Sp(n) is a group:
(a) The fact that H is associative implies immediately that the multiplication of

matrices in M(n× n,H) is associative.
(b) The identity matrix is as usual a neutral element.
(c) Given A ∈ Sp(n) we have by de�nition that A

T
A = id, i.e. A

T
is a left-inverse.

The above observation implies that A
T
is also a right-inverse.

(d) It follows from the above observation that Sp(n) is closed under matrix multipli-
cation and taking inverses.

We have thus shown that Sp(n) is indeed a group.
(3) We will only use this isomorphism to justify the name for Sp(n), otherwise it will

not play a role. Therefore we will not provide the fairly elementary proof of this
statement, instead we refer to [Bre1993, p. 103] for the proof. �

Not surprisingly we will now see that O(n), U(n) and Sp(n) are Lie groups.

Lemma 156.3.
(1) Let n ∈ N.

(a) The set O(n) is a submanifold of M(n× n,R) = Rn2
of dimension 1

2
n(n− 1).

(b) The set U(n) is a submanifold of M(n× n,C) = Cn2
= R2n2

of dimension n2.
(c) The set Sp(n) is a submanifold of M(n × n,H) = Hn2

= R4n2
of dimension

2n2 + n.
Furthermore, if we view O(n) as a subspace of O(n + 1) in the obvious way, then
O(n) is a submanifold of O(n+ 1). The same statements apply to U(n) and Sp(n).

(2) O(n), U(n) and Sp(n), viewed as smooth manifolds in their own right, are closed,
in particular they are compact.

(3) The usual matrix multiplication turns O(n), U(n) and Sp(n) into Lie groups.

Remark.

1889It follows from i · j = k that any quaternion a · 1 + b · i + c · j + d · k can be uniquely written as
(a · 1 + b · i) + (c · 1 + d · i) · j where a · 1 + b · i and c · 1 + d · i are complex numbers. The same statement
applies to matrices.
1890In the calculation we need to use the fact, mentioned in the Quaternion Lemma 92.1 (3), that for
quaternions w, z ∈ H we have z · w = w · z.
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(1) Recall that on page 3125 we de�ned the symplectic group Sp(2g,Z) as follows:

Sp(2g,Z) = {A ∈ GL(2g,Z) |ATJA = A} where J =
(

0 idg
− idg 0

)
.

This de�nition, together with Lemmas 156.2 and 156.3, leads us to calling Sp(n) the
n-th compact symplectic group.

(2) The statements regarding the groups O(n) and U(n) are mostly already contained in
the Matrix Group-Smooth Manifold Proposition 26.7.

Proof. In the Matrix Group-Smooth Manifold Proposition 26.7 we had basically proved
statements (1) and (2) for the groups O(n) and U(n). The only aspect that we did not
mention explicitly so far is that O(n) is a submanifold of O(n + 1). We leave it to the
reader to verify that this statement holds. The proof of (1) and (2) for Sp(n) is basically
the same.

In Lemma 5.38 we showed that O(n) and U(n) are topological groups. Almost the
same argument given in that proof shows that matrix multiplication and taking inverses
are smooth maps. This implies that O(n) and U(n) are Lie groups. Furthermore it is clear
that multiplication in Sp(n) is smooth. It remains to show that the map

Sp(n) → Sp(n)
A 7→ A−1

is smooth. We will show this fact in Exercise 156.4. �

Basically by de�nition we have O(1) = S0 and U(1) = S1, furthermore by Lemma 156.2
(1) we have Sp(1) = S3. Thus it follows from Lemma 156.3 that these three spheres can
be viewed as Lie groups. The question arises, whether perhaps other (all?) spheres can be
equipped with the structure of a Lie group. The following lemma gives an easy way to rule
out the existence of Lie group structures on some smooth manifolds.

Lemma 156.4. Every Lie group is parallelizable.1891

Examples. Recall that on page 3066 we saw that 2n-dimensional spheres with n ≥ 1 are
not parallelizable. Furthermore on page 3066 we showed that for g 6= 1 the surface of genus
g is not parallelizable. Thus it follows from Lemma 156.4 that these spheres and surfaces
cannot be equipped with a Lie group structure.

Sketch of proof. Let G be an n-dimensional Lie group with trivial element e. We denote
by Rg : G→ G the map that is given by right-multiplication by g. Since G is a Lie group
this map is in fact a di�eomorphism. The map

G× TeG → TG = {(g, h) | g ∈ G and w ∈ ThG}
(g, v) 7→ (g, (Rg)∗(v))

is an isomorphism of vector bundles. (This statement is basically obvious, except that
perhaps it is not completely clear why the map is continuous, we refer to [Lee2002, Corol-
lary 8.39] for more details.) But this shows that G is parallelizable. �

The following lemma gives us more examples of Lie groups.

1891Recall that according to the de�nition on page 3063 a smooth manifold is called parallelizable if its
tangent bundle is trivial.
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Lemma 156.5. Let G be a Lie group and let K be a �nite normal subgroup. The quotient
G/K admits a unique smooth manifold structure such that the projection G→ G/K is a
local di�eomorphism. Furthermore the group structure on the quotient group G/K de�nes
a Lie group structure on G/K.

Example. It follows from Lemma 156.5 that for any n ∈ N the quotients SU(n)/{± id}
and (SU(n)× SU(n))/{±(id, id)} are Lie groups.

Proof. In Lemma 156.1 we already saw that the action of K on G is free and continuous.
Since G is a Lie group one also sees that the action is smooth. Finally, since G is �nite we
get for free that the action is proper. Thus we obtain from the Manifold Quotient-by-Group
Action Proposition 19.32 that G/K admits a unique smooth manifold structure (without
boundary) such that the projection G → G/K is a local di�eomorphism. We leave it to
the reader to verify that the induced multiplication map G/K × G/K → G/K is again
smooth. �

Above we have seen that subgroups of matrix groups often give rise to Lie groups. Perhaps
somewhat surprisingly, in a sense, all compact Lie groups arise that way. More precisely,
the following theorem holds:1892 Theorem 156.6 as an analogue of the Euclidean Embedding
Theorem 27.1.
Theorem 156.6. Any compact Lie group is isomorphic (in the obvious sense) to a Lie
subgroup of GL(n,R) for some n ∈ N.
The theorem is a consequence of the so-called Peter-Weyl Theorem. We only stated the
theorem for �general culture�. We will not make use of it and thus we refer to [BtD1995,
Theorem III.4.1] or alternatively to [Sep2007, Theorem 3.28] for a proof.

156.2. The homotopy groups of O(n), U(n) and Sp(n). In this chapter we want to see
what we can say about the homotopy groups of O(n), U(n) and Sp(n).

Convention.
(1) Given n ∈ N we have the obvious monomorphism

O(n) → O(n+ 1)

A 7→
(
A 0
0 1

)
Often we will use it to identify O(n) with its image in O(n+ 1). Similarly we view
U(n) as a subgroup of U(n+ 1) and we view Sp(n) as a subgroup of Sp(n+ 1).

(2) We will view any subgroup of GL(n,R), GL(n,C) or GL(n,H) as a topological
space that is equipped with the base point given by the identity matrix. Thus in
the remainder of this chapter we will suppress the base point in the discussion of
fundamental groups.

The following lemma evidently uses the convention from page 3316.

1892One could view
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Lemma 156.7. Let n ∈ N. The maps

O(n+ 1)/O(n)
p−→ Sn

[(v1 . . . vn+1)] 7→ vn+1

U(n+ 1)/U(n)
q−→ S2n+1

[(v1 . . . vn+1)] 7→ vn+1
and Sp(n+ 1)/ Sp(n)

r−→ S4n+3

[(v1 . . . vn+1)] 7→ vn+1

are well-de�ned and they are homeomorphisms.
Proof.
(1) First we show that the given map p : O(n+ 1)/O(n)→ Sn is well-de�ned. To do so

we consider the map1893

O(n+ 1) → Sn

V := (v1 . . . vn+1) 7→ vn+1 = V · en+1.

Note that if we multiply V on the right by a matrix of the form
(
A 0
0 1

)
, then the

multiplication with en+1 is not a�ected. Therefore the above map O(n + 1) → Sn

descends to a map O(n + 1)/O(n)→ Sn which is exactly the map p we consider in
the lemma. This shows that p is well-de�ned.

Also note that basic linear algebra tells us that given any point vn+1 ∈ Sn there
exist vectors v1, . . . , vn ∈ Rn such that v1, . . . , vn, vn+1 form an orthonormal basis
Rn+1. This shows that the given map p is a surjection. Similarly, elementary lin-
ear algebra shows that p is injective. Finally note that Sn is Hausdor� and note
that Lemmas 156.3 and 2.13 imply that O(n + 1)/O(n) is compact. Therefore it
follows from the Compact-Hausdor� Proposition 2.17 (3) that the map p is indeed a
homeomorphism.

(2),(3) The proof for (2) and (3) is basically identical to the proof in (1), except that the
linear algebra aspects require slightly more thought. �

The following proposition gives us new interesting examples of �ber bundles.

Proposition 156.8. (Matrix Group-Fiber Proposition) Let n ∈ N. The maps

O(n+ 1) → Sn

(v1 . . . vn+1) 7→ vn+1

U(n+ 1) → S2n+1

(v1 . . . vn+1) 7→ vn+1
and

Sp(n+ 1) → S4n+3

(v1 . . . vn+1) 7→ vn+1

are bundle projections with �bers given by O(n), U(n) and Sp(n) respectively.

Remark. Without too much e�ort one can show that the bundle projections O(n+1)→ Sn

with �ber O(n) and U(n+1)→ S2n+1 with �ber U(n) from the proposition restrict to bundle
projections SO(n+ 1)→ Sn with �ber SO(n) and SU(n+ 1)→ S2n+1 with �ber SU(n).

We will outline two approaches to proving the Matrix Group-Fiber Proposition 156.8. The
�rst approach relies on the following proposition that shows more generally that Lie groups
(and sometimes topological groups) give rise to �ber bundles.

Proposition 156.9. (Lie Group-Fiber Proposition)
(1) Let G be a Lie group. If H is a closed subgroup of G, then the projection G→ G/H

is a bundle projection with �ber H.

1893It follows easily from ATA = id that every column v of A satis�es ‖v‖ = 1, i.e. every column lies in Sn.
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(2) Let G be a topological group and H be a closed subgroup of G. If H admits the
structure of a Lie group, then the projection G→ G/H is a bundle projection with
�ber H.

Remark. One might hope that the Lie Group-Fiber Proposition 156.9 (1) generalizes to
all topological groups and subgroups. But as shown in [Karu1958, p. 347], there exists a
topological group G and a closed subgroup H such that the projection G→ G/H is not a
bundle projection.

Proof of the Lie Group-Fiber Proposition 156.9.

(1) This statement is proved in [Kiri2008, Theorem 2.11]. Alternatively, if G is a closed
subgroup of some GL(n,C), then the proposition is proved in [Bre1993, p. 110].

(2) This statement is proved in [Pal1961, Corollary 4.1]. �

First proof of the Matrix Group-Fiber Proposition 156.8. These three statements
are an immediate consequence of Lemma 156.7 and the Lie Group-Fiber Proposition 156.9
(1). �

Second proof of the Matrix Group-Fiber Proposition 156.8. In the following we give
an outline of a �bare hands only� proof that the �rst projection p : O(n+1)→ Sn is indeed
a bundle projection with �ber O(n). We leave it to the reader to modify the proof to deal
with the two other cases.1894

Thus let n ∈ N. As usual we equip Rn+1 with the euclidean inner product 〈 , 〉. In this
proof we identify O(n+ 1) with the group of isometries of (Rn+1, 〈 , 〉). More precisely, we
do not distinguish in the notation between an isometry of (Rn+1, 〈 , 〉) and the matrix it
represents with respect to the standard basis of Rn+1.

We consider the two compact subsets

V = {(x1, . . . , xn+1) ∈ Sn |xn+1 ≤ 1
2
} and W = {(x1, . . . , xn+1) ∈ Sn |xn+1 ≥ −1

2
}.

We continue with the following claim.
Claim. Let P ∈ V . We write W (P ) := span{en+1, P}. There exists a unique orientation-
preserving isometry α(P ) of Rn+1 = W (P ) ⊕ W (P )⊥ that satis�es the following two
conditions:
(1) the restriction of α(P ) to W (P ) is an orientation-preserving isometry of W (P ) that

sends en+1 to P ,
(2) it equals the identity on W (P )⊥.

Proof. We illustrate the de�nition of α(P ) in the �gure below. In the 3-dimensional setting
the isometry α(P ) is the unique rotation around �the W (P )⊥-axis� that sends en+1 to P .
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W (P ) ∩ S2

rotation α(P )

1894Alternatively the reader can look up the proof of the Lie Group-Fiber Proposition 156.9 (1).
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Note that (W (P ), 〈 , 〉) and (R2, 〈 , 〉) are both positive-de�nite and symmetric forms. Thus
it follows from Exercise 133.1 that both forms are also non-singular. Therefore we obtain
from Sylvester's Theorem 133.10 that the two forms (W (P ), 〈 , 〉) and (R2, 〈 , 〉) are iso-
metric. In the latter case the orientation-preserving isometries are given by SO(2). Since
SO(2) = S1 acts freely and transitively on S1 we see that given any two points X, Y ∈ R2

with ‖X‖ = ‖Y ‖ there exists a unique orientation-preserving isometry β of (R2, 〈 , 〉) with
β(X) = Y . Since (W (P ), 〈 , 〉) is isometric to (R2, 〈 , 〉) the same uniqueness statement
applies to W (P ) and the two points en+1, P ∈ W (P ). The claim immediately follows from
this observation. �

We leave it to the reader to verify that the map α : V → O(n + 1) that we had just
de�ned is indeed continuous. Next we consider the map

f : V ×O(n) → O(n+ 1)

(P,A) 7→ α(P ) ◦
(
A 0
0 1

)
.

An entertaining exercise in linear algebra shows that the map f restricts to a bijection
V ×O(n)→ p−1(V ). Since V and O(n) are compact we obtain from the Compact-Hausdor�
Proposition 2.17 (3) that f de�nes a homeomorphism V ×O(n)→ p−1(V ).

Now recall that for any P ∈ V we have, by design, that α(P )(en+1) = P . Using this
observation we see almost immediately that the following diagram commutes:

V ×O(n)
f

∼=
//

(P,A) 7→P
&&

p−1(V )
p

B 7→B·en+1yy
V.

This shows that we have found a trivialization of p over V . With very minor modi�cations
one can also �nd a trivialization of p over W . Since the interiors of V and W cover all
of Sn we see that these two trivializations show that p : O(n + 1) → Sn is indeed a �ber
bundle with �ber O(n). �

Now we can continue with the actual study of the homotopy groups of O(n), U(n) and
Sp(n).

Proposition 156.10. Let n ∈ N.
(1) The inclusion induced map1895

πk(O(n)) → πk(O(n+ 1)) is an
{

isomorphism for k < n− 1,
epimorphism for k = n− 1.

(2) The inclusion induced map

πk(U(n)) → πk(U(n+ 1)) is an
{

isomorphism for k < 2n,
epimorphism for k = 2n.

(3) The inclusion induced map

πk(Sp(n)) → πk(Sp(n+ 1)) is an
{

isomorphism for k < 4n+ 2,
epimorphism for k = 4n+ 2.
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Example.

(1) We know that U(1) = S1. Thus we obtain from Proposition 156.10 (2) that all
unitary groups U(n) are path-connected.

(2) Recall that in Lemma 156.2 (1) we pointed out that Sp(1) = S3. Thus we obtain
from Proposition 156.10 (3) that all compact symplectic groups Sp(n) are simply
connected.

Proof. We prove the �rst statement. The proofs of the remaining two statements are
almost identical.1896 By the Matrix Group-Fiber Proposition 156.8 we have a bundle pro-
jection p : O(n + 1) → Sn with �ber O(n). From the Fiber-LES Proposition 155.2 we
obtain a long exact sequence of the form

. . . → πk+1(Sn)
∂−→ πk(O(n)) → πk(O(n+ 1)) → πk(S

n)
∂−→ . . .

The desired statement now follows from the familiar fact that by Proposition 71.10 we have
πi(S

k) = 0 for i < k. �

As a corollary to Proposition 156.10 (1) we can now �nally answer Question 83.5. More
precisely, we have the following proposition.

Proposition 156.11.
(1) For any n ∈ N the inclusions i : SO(n)→ SL(n,R) and j : SL(n,R)→ GL+(n,R)1897

are homotopy equivalences.
(2) Let n ∈ N≥2. We have isomorphisms

π1(SO(n))
∼=−→
i∗

π1(SL(n,R))
∼=−→
j∗

π1(GL+(n,R)) ∼=
{

Z, if n = 2,
Z, if n ≥ 3.

(3) In each of the three fundamental groups of (2) a generator of the group is represented
by the loop

S1 → SO(n)

exp( iϕ) 7→

cos(ϕ) − sin(ϕ) 0
sin(ϕ) cos(ϕ) 0

0 0 idn−2

 .

Proof.

(1) We proved this statement in the Matrix Groups Deformation Retract Proposition 15.7.
(2) First we consider the case n = 2. We have isomorphisms

Z ∼= π1(S1, id) = π1(SO(2), id)
∼=−→ π1(SL(2,R), id)

∼=−→ π1(GL+(2,R), id).
↑ ↑ ↑

Proposition 48.17 by (1) and the Homotopy-π1-Proposition 50.3 (1)

1895Recall that in the Matrix Group Path-Component Proposition 2.37 (3) we saw that O(n) is discon-
nected. Thus in principle it is not completely clear what we mean by πk(O(n)). But, as we pointed out on
page 3320, we always consider O(n) as equipped with the base point that is given by the identity. Also note
that it follows easily from Lemma 5.40 that for a topological group the isomorphism type of the homotopy
groups does not depend on the choice of a base point.
1896The only catch is that one needs to be careful about the degrees involved.
1897Recall that we write GL+(n,R) = {A ∈ GL(n,R) | det(A) > 0}.
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Now we consider the case n ≥ 3. We have isomorphisms

Z2
∼= π1(SO(3), id) ∼= π1(SO(n), id)

∼=−→ π1(SL(n,R), id)
∼=−→ π1(GL+(n,R), id).

↑ ↑ ↑ ↑
Corollary 83.4 by Proposition 156.10 and the by (1) and the Homotopy-π1-Proposition 50.3 (1)

fact that by the Matrix Group
Path-Component Proposition 2.37 (2)
SO(k) is the path-component
of O(k) that contains id

(3) We consider the loop
γ : S1 → SO(2)

exp( iϕ) 7→
(

cos(ϕ) − sin(ϕ)
sin(ϕ) cos(ϕ)

)
.

Since SO(2) = S1 we know by Proposition 48.17 that γ represents a generator of
π1(SO(2)). By Proposition 156.10 we know that the inclusion SO(2) → SO(n) in-
duces an epimorphisms of fundamental groups. It follows immediately that the loop
given in (3) is indeed a generator of π1(SO(n)). Since the inclusions i and j induce
isomorphisms of fundamental groups we see that the given loop also represents a
generator of π1(SL(n,R)) and π1(GL(n,R)). �

156.3. Spin groups. Let n ≥ 3. Recall that in the Matrix Group Path-Component Propo-
sition 2.37 (3) we showed that SO(n) is path-connected and in Corollary 156.11 (2) we had
just seen that π1(SO(n)) ∼= Z2. By Lemma 48.15 this implies that the universal cover-
ing, as de�ned on page 1372, of SO(n) is a 2-fold covering of SO(n).1898 For example in
the SU(2)-SO(3)-Covering Theorem 83.2 we showed that the 2-fold covering of SO(3) is
di�eomorphic to SU(2).
Thus the following question arises:
Question 156.12. Let n ≥ 3.
(1) Is the universal covering of SO(n) a group?
(2) If yes, is it a group �we already know�?

It turns out that the answer to Question 156.12 (1) is yes. In fact, the following, ini-
tially perhaps somewhat surprising proposition holds. The proof turns out to be almost
disappointingly easy.

Proposition 156.13. (Covering-of-Lie Group Proposition) Let G be a connected
Lie group and let p : G̃→ G be some covering (e.g. it could be the universal covering). We
denote by 1G the neutral element in G. We pick a point 1G̃ ∈ p−1(1G). Then G̃ admits a
unique Lie group structure such that p : G̃ → G is a smooth map and a homomorphism
and such that 1G̃ is the neutral element in G̃.

Remark.
(1) Let G be a topological group that is connected and locally path-connected. The proof

of the Covering-of-Lie Group Proposition 156.13 also shows that given any covering
p : G̃ → G of G together with a choice of ẽ ∈ G̃ with p(ẽ) = e there exists a unique

1898Note that here we use that SO(n) is a smooth manifold, which implies by the discussion on page 1372
that the universal covering does indeed exist.
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topological group structure on G̃ with trivial element ẽ which turns p into a group
homomorphism.

(2) Let k ∈ N≥2. By the Covering-of-Lie Group Proposition 156.13 the universal covering
˜SL(k,R) of the Lie group SL(k,R) is again Lie group. In [HallB2015, Theorem C.12]

it is shown that ˜SL(k,R) is not isomorphic to any subgroup of GL(n,R) for any n ∈ N.
This shows that Theorem 156.6 does not extend to non-compact Lie groups.

Sketch of the proof. First note that we saw in the Manifold Covering Proposition 49.2
that G̃ is a topological manifold that admits a unique smooth structure such that p : G̃→ G
is a smooth map. Now we turn towards de�ning the Lie group structure on the smooth
manifold G̃. In fact we will give two equivalent de�nitions of the group structure on G̃:
(1) First note that by the Fundamental Group-of-Product Proposition 48.20 we know

that G̃× G̃ is also simply connected. We consider the maps

G̃

p

��

G̃× G̃
(x,y)7→p(x)·p(y)

// G.

It follows from the Map
Lifting Criterion 61.2
that there exists
a unique lift

G̃

p

��

G̃× G̃
(x,y) 7→p(x)·p(y)

//

(1
G̃
,1
G̃

)7→1
G̃

66

G.

(2) By the Covering Existence Theorem 61.5 and Corollary 61.11 we can assume that G̃
equals the canonical universal covering, i.e. we can assume that

G̃ = {paths in G starting at 1G}/ homotopies that �x the starting point
and the endpoint

With that explicit description we de�ne

G̃× G̃ → G̃

([a(t)], [b(t)]) 7→
[

[0, 1] → G
t 7→ a(t) · b(t)

]
.

Using the fact that the multiplication map G̃ × G̃ → G̃ is continuous one can show
fairly easily that this map is well-de�ned.

We leave it as a charming exercise to show that the two given de�nitions of the group
structure agree and that in both cases we de�ned a Lie group structure on G̃.1899

It remains to show that the group structure on G̃ is the unique Lie group structure
on the smooth manifold G̃ for which 1G̃ is the neutral element and that turns p into a
homomorphism. Suppose we are given a smooth map ϕ : G̃ × G̃ → G̃ that has the same
properties. We obtain the following commutative diagram:

G̃× G̃
p×p
��

ϕ
//

(x,y)7→p(x)·p(y)

,,

G̃
p

��

G×G
(x,y)7→x·y

// G.

1899The smoothness of the group multiplication is perhaps easier to prove with the �rst point of view, the
fact that it is a group structure is possibly less confusing to verify with the second point of view.
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Since the diagram commutes we see that ϕ : G̃× G̃→ G̃ is precisely a lift of the blue map
G̃ × G̃ → G that sends (1G̃, 1G̃) to 1G̃. Thus by the uniqueness of the lift we see that the
Lie group structure on G̃ is uniquely determined by our wish list. �

This proposition leads us to the following de�nition.

De�nition. Let n ≥ 3. We refer to the natural universal covering1900 of the pointed
topological space (SO(n), id) as the spin group Spin(n). By the Covering-of-Lie Group
Proposition 156.13 there exists a unique Lie group structure on Spin(n) for which the
canonical base point is the neutral element and which has the property that the projection
p : Spin(n)→ SO(n) is a smooth map and a group homomorphism.
The combination of Propositions 156.11 (2) and 156.13 and Corollary 61.11 shows that
Spin(n) is indeed a Lie group and that p : Spin(n) → SO(n) is a 2-fold covering that is a
group homomorphism.

Remark. By Corollary 61.11 the universal covering of a smooth manifold, even if it is
equipped with a base point, is only well-de�ned up to �equivalence�. This slightly awkward
issue can be circumvented in two di�erent ways:
(1) either we use the explicit model of the universal covering of a based smooth manifold

in terms of equivalence classes of paths, or
(2) in this particular situation there is a more elegant solution, one can give a purely

algebraic explicit description of Spin(n). We refer to [Mein2013, Chapter 3.1] for
details.

It is harder to give an answer to Question 156.12 (2). For reasonably low dimensions the
following proposition gives a positive answer.

Proposition 156.14.
(1) There exist Lie group isomorphisms1901

(a) SO(3) ∼= SU(2)/{± id}
(b) SO(4) ∼= (SU(2)× SU(2))/{±(id, id)}
(c) SO(5) ∼= Sp(2)/{± id}.

(2) There exist Lie group isomorphisms

(a) Spin(3) ∼= SU(2)
(b) Spin(4) ∼= SU(2)× SU(2)
(c) Spin(5) ∼= Sp(2)
(d) Spin(6) ∼= SU(4).

Proposition 156.14 (b) thus says that for n = 3, 4, 5, 6 the spin group Spin(n) is isomorphic
to Lie groups that we are already familiar with. But according to [Mein2013, p. 53] �for
n ≥ 7, there are no further accidental isomorphisms of this type.� In other words, in general
the answer to Question 156.12 (2) is negative.

Proof.

1900We refer to page 1372 for the de�nition of the canonical universal covering of a suitable pointed
topological space and to the de�nition of the corresponding canonical base point.
1901Note that it follows from Lemma 156.5 that the groups on the right-hand side are indeed Lie groups.
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(1) (a) This statement follows immediately from Lemma 83.1 and the SU(2)-SO(3)-
Covering Theorem 83.2.

(b) In Proposition 92.2 we saw that the quaternion multiplication de�nes a group
structure on S3 = {h ∈ H | |h| = 1} where the trivial element is given by 1 ∈ H.
Furthermore in Proposition 92.2 we had also seen that the Lie groups SU(2) and
S3 are isomorphic. Thus it su�ces to show that the Lie groups (S3×S3)/{±(1, 1)}
and SO(4) are di�eomorphic. We consider the following map:

Φ: S3 × S3 → SO(4)

(q1, q2) 7→
(

R4 = H → R4 = H
z 7→ q1zq

−1
2

)
.

We make the following observations:
(i) In Exercise 92.3 we showed that the map z 7→ q1zq

−1
2 does indeed de�ne an

element in SO(4).
(ii) One can easily verify that the map Φ is smooth and that it is a homomor-

phism.
(iii) We leave it to the energetic reader to verify that the di�erential of Φ at each

point is invertible.
(iv) We note that the kernel of this homomorphism is given by {±(1, 1)}. Indeed,

the kernel of this homomorphism is given by the set of all (q1, q2) ∈ S3 × S3

such that q1zq
−1
2 = z for all z ∈ H. By setting z = 1 we obtain that q1 = q2.

Furthermore, since q1zq
−1
1 = z for all z ∈ S3 we see that q1 = q2 lies in the

center of the group S3. An elementary calculation shows that the center of
S3 is given by ±1. Thus the kernel of Φ contains precisely the two elements
(1, 1) and (−1,−1).

It follows from the above, the Topological-Quotient Proposition 5.15 (1b) and
Lemma 156.5 and elementary group theory1902 that the above map Φ descends
to a smooth and injective map

Φ: (S3 × S3)/{±(1, 1)} → SO(4)

such that the di�erential at each point is invertible. By Lemmas 156.3 and 156.5
both sides are closed connected 6-dimensional smooth manifolds. Thus it follows
from Corollary 82.9 (2) that the map Φ is also surjective. It follows from the
above results and the Inverse Mapping Theorem 24.1 (2) that Φ is in fact a
di�eomorphism.

(c) Let V be the real vector space of quaternionic Hermitian 2 × 2-matrices with
trace 0. In other words we consider

V =
{(

a b
c d

)
∈ M(2× 2,H)

∣∣∣ a+ d = 0, a, d ∈ R and b = c
}
.

1902More precisely, we use the elementary fact that if α : G → H is a group homomorphism, then the
induced map G/ ker(α)→ H is injective.
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Note that V is a 5-dimensional real vector space. The group Sp(2) acts by
conjugation on V .1903 One easily veri�es that the kernel is given by {± id}. Fur-
thermore by [Pro2007, Chapter 4.5.3] there exists a positive-de�nite symmetric
form on V that is preserved by this action. Thus, by Sylvester's Theorem 133.10
this action de�nes a homomorphism Sp(2)→ SO(5). Similar to (b) we obtain a
di�eomorphism Sp(2)/{± id}

∼=−→ SO(5).
(2) (a) By (2a) we can make the identi�cation SO(3) = SU(2)/{± id} of Lie groups. By

the SU(2)-SO(3)-Covering Theorem 83.2 we know that SU(2) is homeomorphic
to S3, in particular we see that SU(2) is simply connected. By Lemma 156.5
the quotient map SU(2) → SU(2)/{±1} is a covering map, it is smooth and
it is a homomorphism. Thus we see that SU(2) is in fact the universal cover-
ing of SU(2)/{± id} = SO(3) and we deduce from the Covering-of-Lie Group
Proposition 156.13 that Spin(3) ∼= SU(2).

(b) By the same argument as in (2a) this statement can be deduced from (1b).
(c) By the same argument as in (2a) this statement can be deduced from (1c).
(d) We will not make use of this results, hence we will not provide a proof, instead

we refer to [Mein2013, p. 84] for details. �

Remark. Initially the spin groups might appear as amusing curiosities. In fact they arise
naturally in many parts of mathematics and physics. We refer to [LaM1989, Morg1996,
Mein2013] for more details.

156.4. The Bott Periodicity Theorem. We continue with the following de�nition.

De�nition. We de�ne1904

O := lim−→ O(n) =

{
A = (aij)i,j∈N

∣∣∣ there exists an n ∈ N
and a B ∈ O(n) with A =

(
B 0 0
0 1 0

0 0
. . .

)}
where O has the obvious group structure and where O has the topology that is de�ned by
the condition that subset U Ă O is open if and only if for each n the intersection U ∩O(n)
is open. Similarly we de�ne

U := lim−→ U(n), Sp := lim−→ Sp(n)

In the Direct Limit Existence Proposition 56.1 we saw that every direct system {Gi}i∈I of
groups admits a direct limit lim−→Gi. In fact for the above direct limit O = lim−→O(n) the
group structure is the �obvious� one given above. The following shows that these group
structure are continuous, i.e. O, U and Sp are topological groups.

Lemma 156.15. The above group structures on O, U and Sp are continuous.

1903The group Sp(2) acts evidently by conjugation on all quaternionic 2× 2-matrices, in principle one now
needs to verify that this action restricts to an action on V .
1904When we talk about the direct limit we have to say what category we consider. Here we want to consider
the category of groups and of topological spaces at the same time. Since we have obvious inclusions maps
O(n)→ O(n+ 1) we obtain from the Direct Limit-of-Topological Spaces Lemma 56.3 that in both settings
we obtain the same underlying set, which we can then equip with a group structure and a topology.
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Remark. Initially one might be tempted to dismiss Lemma 156.15 as obvious. But in
general there is a subtle issue. If {Gi}i∈I is a direct system of topological groups, then the
above multiplication on the direct limit lim−→Gi might not be continuous. Such examples are

for example provided in [TSH1998]. If one thinks about it for a while one realizes that this
failure for the multiplication map to be continuous is another instance of the observation
made in Section 13.1, that mixing product and quotient topologies is fraught with dangers.

Proof. This lemma can surely be proved, with a little e�ort, �by hand�. Alternatively one
can use [TSH1998, Theorem 2.7] which shows that for a direct system {Xi}i∈N of compact
topological groups the above multiplication on lim−→Xi is indeed continuous. �

For later usages of O, U and Sp we have to get the following technical lemma out of the
way.

Lemma 156.16. The topological spaces O, U and Sp admit CW-structures such that
each O(n) Ă O, U(n) Ă U and Sp(n) Ă Sp is a subcomplex.

Proof. In [WhdJ1944] it is shown that we can equip the O(n) with CW-structures such
that for each n the subset O(n) Ă O(n + 1) is actually a subcomplex. Analogous state-
ments for U(n) and Sp(n) are proved in [Yok1955, Theorem 5.3 and 5.5] or alterna-
tively in [Stro2011, Chapter 9.3.3]. It follows from the Ascending Union-CW Complex
Lemma 68.34 that O is a CW-complex. �

Now we turn to the study of the homotopy groups of O, U and Sp.

Lemma 156.17. Given any k ∈ N we have

(1) πk(O) = lim−→ πk(O(n))
∼=←− πk(O(N)) for any N ∈ N with N > k + 1,

(2) πk(U) = lim−→ πk(U(n))
∼=←− πk(U(N)) for any N ∈ N with 2N > k,

(3) πk(Sp) = lim−→ πk(Sp(n))
∼=←− πk(Sp(N)) for any N ∈ N with 4N > k − 2.

Proof. We prove (1). The proofs of (2) and (3) are almost identical. We start out with
the following claim.
Claim. Given any compact subset K of O there exists an n ∈ N with K Ă O(n).

Proof. LetK be a compact subset of O. Given n ∈ N we writeXn := {1, . . . , n}×{1, . . . , n}.
First recall that O(n) is equipped with the subspace topology coming from the inclusion
map gn : O(n) Ă M(n× n,R) = RXn = Rn2

. Given n ∈ N we denote by fn : RXn → RXn+1

the obvious inclusion map. These have the property that for any n ∈ N the following
diagram commutes:

O(n)
� _

��

gn
// RXn
� _

fn
��

O(n+ 1)
gn+1

// RXn+1 .

The above inclusion maps gn : O(n) → RXn induce a map g : O = lim−→O(n) ↪→ lim−→RXn .
By our hypothesis that K is compact and the Compact Image Lemma 2.13 we know
that g(K) Ă lim−→RXn is also compact. Basically the same argument as in the proof of
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Lemma 68.3 shows that there exists an n ∈ N with g(K) Ă RXn . But this implies that
K Ă O(n). �

Now let N ∈ N with N > k + 1. We have

πk(O) = lim−→ πk(O(n)) = πk(O(N)).
↑ ↑

by the Direct Limit-πn-Proposition 71.11 by Proposition 156.10 (1) and the
and the claim Direct Limit Stabilization Lemma 56.2 �

We will now state two versions of the Bott Periodicity Theorem which implies in particular
that the homotopy groups of O, U and Sp are periodic.
The �rst theorem requires just a little bit of preparation.
(1) As above we equip U, Sp and O with the base point given by the in�nite identity

matrix. We use these base points to form the loop spaces ΩU , Ω Sp and ΩO.
(2) Given a point x in a topological space X we denote by cx the corresponding constant

path.
(3) We use notation (2) to equip each loop space Ω(X, x0) with the base cx0 and we can

thus iterate the loop space construction.
(4) The obvious isomorphism H

∼=−→ R4 of real vector spaces de�nes inclusion maps
Sp(n)→ O(4n) and Sp→ O.

(5) The inclusion R→ H de�nes inclusions O(n)→ Sp(n) and thus O→ Sp.

Theorem 156.18. (Bott Periodicity Theorem) There exist homotopy equivalences

(1) U → Ω2 U (2) Sp → Ω4 O and (3) O → Ω4 Sp .

Before we talk about the proof of the Bott Periodicity Theorem 156.18 let us move on to
the following direct consequence.

Theorem 156.19. (Bott Periodicity Theorem) For any i ∈ N0 we have1905

(1) πi+2(U) ∼= πi(U),
(2) πi+4(Sp) ∼= πi(O),
(3) πi+4(O) ∼= πi(Sp).

In particular, combining (2) and (3) we have for any i ∈ N0 that
(4) πi+8(O) ∼= πi(O),
(5) πi+8(Sp) ∼= πi(Sp).

Proof of the Bott Periodicity Theorems 156.18 and 156.19. First note that The-
orem 156.19 follows immediately from Theorem 156.18 together with the Loop Space-
Homotopy Groups Corollary 154.15. All the known proofs are non-trivial and go well-
beyond what we can do in these modest notes.

Theorem 156.18 was �rst proved by Raoul Bott [Bot1957, Bot1959, Bot1970] in
1957. Another proof, using Morse theory, is given in [Miln1963a, p. 129, 142]. There
explicit maps that give these homotopy equivalences, they are described well in [DL61].
Nonetheless the description is too long for us to write down at this point.

There are many proofs of Theorem 156.19 which use a slightly di�erent language, in
particular it is at �rst glance not entirely clear whether they also imply Theorem 156.18.

1905For i = 0 we actually have an isomorphism of pointed sets.
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We refer to [Stro2011, Chapter 32.6], [AGP2002, Chapter 9.5], [APr1999] and [Hat2,
Theorem 2.16] for a discussions and proofs of Theorem 156.19. �

Using the Bott Periodicity Theorem 156.19 we can completely determine the homotopy
groups of O, U and Sp.

Proposition 156.20. The homotopy groups of O,U and Sp are as follows:

imod 8 0 1 2 3 4 5 6 7
πi(U) 0 Z 0 Z 0 Z 0 Z
πi(O) Z2 Z2 0 Z 0 0 0 Z
πi(Sp) 0 0 0 Z Z2 Z2 0 Z.

Proof. The homotopy groups of U are straightforward to determine. More precisely, let
i ∈ N0. We have

πi(U) = πimod 2(U)
∼=←− πimod 2(U(1)) = πimod 2(S1) ∼=

{
0, if i = 0 mod 2,
Z, if i = 1 mod 2.↑ ↑ ↑ ↑

Bott Periodicity Lemma 156.17 (2) since U(1) = S1 see the Matrix Group Path-Component
Theorem 156.19 Proposition 2.37 and Proposition 48.17

Now we consider the homotopy groups of O and Sp. By the Bott Periodicity Theo-
rem 156.19 it su�ces to compute the homotopy groups πi(O) and πi(Sp) for i = 0, 1, 2, 3.1906

So let i ∈ {0, 1, 2, 3}. We have

πi(Sp)
∼=←− πi(Sp(1)) = πi(S

3) ∼=
{

0, if i = 0, 1, 2,
Z, if i = 3.↑ ↑ ↑

Lemma 156.17 (3) since Sp(1) = S3 Proposition 71.10 and Corollary 85.6 (1)

We turn to the calculation of the homotopy groups of O. First we note that for any i ≥ 1
we have

πi(O)
∼=←− πi(O(i+ 2)) ∼= πi(SO(i+ 2)).
↑ ↑

Lemma 156.17 (3) Matrix Group Path-Component Proposition 2.37
and Lemma 5.40

Thus it remains to prove the following claim.
Claim. (a) π0(O(2)) ∼= Z2 (c) π2(SO(4)) ∼= 0

(b) π1(SO(3)) ∼= Z2 (d) π3(SO(5)) ∼= Z.

Proof.

(a) By the Matrix Group Path-Component Proposition 2.37 (3) we know that O(2)
consists of two path components, thus π0(O(2)) is by de�nition a pointed set with
two elements.

(b) By Proposition 156.11 we know that π1(SO(3)) ∼= Z2.

1906We will see that π0(O) is the pointed set with two elements. It follows from the Bott Periodicity
Theorem 156.19 that π4+8k(Sp) and π8k(O), k ≥ 1, are also pointed sets with two elements. But these
pointed sets are also groups. Since there is only one group structure on a pointed set with two elements
we see that all these groups are isomorphic to Z2.



156. HOMOTOPY GROUPS OF LIE GROUPS 3333

(c) We have the following isomorphisms:

by the Homotopy Groups-of-Product Proposition 71.8
↓

π2(SO(4)) ∼= π2((S3 × S3)/Z2) ∼= π2(S3 × S3) ∼= π2(S3)⊕ π2(S3) = 0.
↑ ↑ ↑

by Proposition 156.14 (1b) by Lemma 156.5 and the Proposition 71.10
and Proposition 92.2 Coverings-πn-Proposition 71.13

(d) We have the following isomorphisms:

π3(SO(5)) ∼= π3(Sp(2)/{± id}) ∼= π3(Sp(2)) ∼= π3(Sp) ∼= Z.
↑ ↑ ↑ ↑

Proposition 156.14 (1c) by Lemma 156.5 and the Proposition 156.10 see above
Coverings-πn-Proposition 71.13 �

156.5. H-spaces. In this �nal section of this chapter we want to state two general state-
ments about homotopy groups of Lie groups. In fact these statements hold for a much
wider class of topological spaces that we introduce now:

De�nition. We say a topological space X is an H-space1907 if there exists a map1908

µ : X ×X → X

and an element e ∈ X such that µ(e, e) = e and such that the maps

(X, e) 7→ (X, e)
x 7→ µ(x, e)

and
(X, e) 7→ (X, e)

x 7→ µ(e, x)

of pairs of topological spaces are homotopic to the identity.

Examples.
(1) Evidently Lie groups and more generally, topological groups are H-spaces, where µ is

given by the group structure and e is the trivial element of the group. In particular
we see that the Lie groups S1 and S3 are H-spaces.

(2) The topological space S7 together with the multiplication given by the octonion
structure on O = R8 and with e = 1 = (1, 0, . . . , 0) ∈ S7 is an H-space.1909 Since
octonion multiplication is not associative we see that, at least with this multiplication,
S7 is not a topological group.

We have just seen that the spheres S1, S3 and S7 are H-space. Before we continue with
more examples we point out that we have all the tools to show that no other spheres have
H-space structures.

Theorem 156.21. Let n ∈ N. If Sn admits the structure of an H-space, then n ∈ {1, 3, 7}.
Proof. Let µ : Sn × Sn → Sn be the multiplication map of an H-space structure and let
e ∈ X be the �neutral� element. It follows immediately from the de�nition of the bidegree,
see page 2687, together with the Homotopic Maps-and-Homology Proposition 73.6 and the
1907According to [Hub1999, p. 747] the term H-space was coined by Jean-Pierre Serre to honor the work
of Heinz Hopf.
1908As usual, whenever we deal with topological spaces, all maps are understood to be continuous.
1909Recall that by the discussion on page 1963 we know that for octonions w, z ∈ O = R8 we have
‖w · z‖ = ‖w‖ · ‖z‖, in particular the multiplication restricts to a map on S7. Also note that multiplication
by e = 1 is the identity.
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existence of e, that the map µ has bidegree (1, 1). From Proposition 122.12 we obtain a
map S2n+1 → Sn+1 with Hopf invariant ±1. By the Adams Theorem 152.111910 we know
that n+ 1 ∈ {2, 4, 8}. �

We continue with one more amusing example of an H-space.

Example. Given a non-zero polynomial p(t) =
n∑
i=0
ait

i ∈ C[t] we de�ne

[p(t)] := [a0 : a1 : · · · : an : 0 : . . . ] ∈ CP∞.
Evidently every element in CP∞ is of that form. We consider the �multiplication� map

µ : CP∞ × CP∞ → CP∞
([p(t)], [q(t)]) 7→ [p(t) · q(t)︸ ︷︷ ︸

∈C[t]

].

We leave it to the reader to verify that µ is continuous. It is clear that left and right
�multiplication� by e = [1] = [1 : 0 : . . . ] is the identity. This shows that CP∞ together
with µ and e is an H-space. Note that this multiplication µ is commutative and associative,
but it does not have inverses1911, thus µ does not de�ne a group structure on CP∞.

We formulate the last example as a lemma.

Lemma 156.22. Let (X, x0) be a pointed topological space. We denote by Ω(X, x0) the
loop space as de�ned on page 3280.
(1) The map

µ : Ω(X, x0)× Ω(X, x0) → Ω(X, x0)
(f : [0, 1]→ X, g : [0, 1]→ X) 7→ ( f ∗ g︸ ︷︷ ︸

multiplication of loops
as de�ned on page 1052

: [0, 1]→ X)

is continuous.
(2) The map µ : Ω(X, x0) × Ω(X, x0) → Ω(X, x0) from (1) together with the constant

loop given by e(t) ≡ x0, turns Ω(X, x0) into an H-space.

Remark.
(1) Note that for the H-space Ω(X, x0) �multiplication� by e is not the identity, it is only

homotopy equivalent to the identity.
(2) We had hinted at the existence of a multiplication map on Ω(X, x0) in Exercise 154.5.

Proof. Let (X, x0) be a pointed topological space. To simplify the notation we write ΩX
instead of Ω(X, x0).
(1) We need to show that the map µ : ΩX × ΩX → ΩX is in fact continuous. By

the �⇒�-direction of the Compact-Open Exponential Proposition 12.6, applied to
T = ΩX × ΩX and the regionally compact space Y = [0, 1], it su�ces to show that
the following map is continuous:

Φ: (ΩX × ΩX)× [0, 1]
µ×id−−−→ ΩX × [0, 1]

(f,t)7→f(t)−−−−−−→ X.

1910We partially proved the somewhat weaker Theorem 152.10.
1911Why are there elements in CP∞ which do not have multiplicative inverses?
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On the subset (ΩX × ΩX)× [0, 1
2
] this map is equal to

(ΩX × ΩX)× [0, 1
2
]

((f,g) 7→f)×(t7→2t))−−−−−−−−−−−−→ ΩX × [0, 1]
(f,t) 7→f(t)−−−−−−→ X.

The �rst map is evidently continuous. Furthermore, the second map is continuous
by the Evaluation Map Proposition 12.4. Thus we have shown that the restriction
of Φ to the subset (ΩX × ΩX) × [0, 1

2
] is continuous. Basically the same argument

shows that the restriction of Φ to (ΩX × ΩX)× [1
2
, 1] is continuous. it follows from

the Homotopy Stacking Lemma 14.3 that Φ itself is continuous.
(2) Let e ∈ Ω(X, x0) be the constant loop given by e(t) ≡ x0. It is clear that µ(e, e) = e.

Thus it remains to show that the maps

(Ω(X, x0), e) 7→ (Ω(X, x0), e)
f 7→ µ(f, e)

and
(Ω(X, x0), e) 7→ (Ω(X, x0), e)

f 7→ µ(e, f)

of pairs of topological spaces are homotopic to the identity. We consider the map

H : Ω(X, x0)× [0, 1] → Ω(X, x0)

((f : [0, 1]→ X), t) 7→

 [0, 1] → X

s 7→
{
f( 2s

t+1
), if s ∈ [0, t+1

2
],

x0, otherwise.


We leave it to the underchallenged reader to show, using the �⇒�-direction of the
Compact-Open Exponential Proposition 12.6, that this map H is in fact continuous.
Note that we have H(e, t) = e for all t ∈ [0, 1]. With these observations it is basically
clear that it is the desired homotopy between the map f 7→ µ(f, e) and the identity.

Almost exactly the same way we deal with the second map f 7→ µ(e, f). �

The following lemma is the only statement on H-spaces that we can prove with our limited
space resources.

Lemma 156.23. If X is a path-connected H-space, then π1(X) is abelian.

Remark. Let (Y, y0) be a pointed topological space. We recall the following two facts:

(a) Recall that in the Loop Space-Homotopy Groups Corollary 154.15 we saw that given
any k ∈ N there exists an isomorphism πk+1(Y, y0)

∼=−→ πk(Ω(Y, y0)).
(b) We pointed out above that the loop space Ω(Y, y0) is an H-space.

The combination of (a), (b) and Lemma 156.23 implies that given any k ∈ N≥2 we have

πk(Y, y0) ∼= πk−1(Ω(Y, y0)) ∼= . . . ∼= π1(

k times︷ ︸︸ ︷
Ω(Ω . . .Ω(Y, y0))) = π1(H-space) = abelian.

↑ ↑ ↑ ↑
by (a) by (a) by (b) and since k ≥ 2 Lemma 156.23

We have thus shown that πk(Y, y0) is abelian for every k ≥ 2. In other words, we have
obtained a new proof for the Homotopy Group-Abelian Proposition 71.3.

Just for kicks we provide two di�erent proofs for Lemma 156.23. The �rst proof, which
we provide here is �down to earth�. The second proof, which we will provide in the next
section, is more structural.
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First proof of Lemma 156.23. We denote by µ : X ×X → X and e ∈ X the objects in
the de�nition of an H-space. Let f, g : [0, 1]→ X be loops in e. We need to show that the
path f ∗ g is path-homotopic to the path g ∗ f .

We denote by µ(f, e) the path t 7→ µ(f(t), e) and similarly we de�ne µ(e, g). We consider
the map F : [0, 1]× [0, 1] → X

(s, t) 7→ µ(f(s), g(t)).

Note that this map is continuous by the Product Topology-Basics Lemma 5.4 (3) and the
fact that µ is continuous. Furthermore we consider the following path-homotopy:1912

H : [0, 1]× [0, 1] → X

(s, t) 7→
{
F (2s · (1− t, t)), if s ≤ 1

2

F ((2− 2s) · (1− t, t) + (2s− 1) · (1, 1)), if s > 1
2
.

By carefully plugging in t = 0 and t = 1 we see that H is a path-homotopy from the loop
µ(f, e) ∗ µ(e, g) to the loop µ(e, g) ∗ µ(f, e).

By de�nition of an H-space there exists a homotopy A : X × [0, 1] → X rel {e} with
A0 = id and A1 = µ(−, e) and there exists a homotopy B : X × [0, 1] → X rel {e} with
B0 = id and B1 = µ(e,−). We consider the maps

Af : [0, 1]× [0, 1] → X
(s, t) 7→ A(f(s)︸︷︷︸

∈X

, t) and
Bg : [0, 1]× [0, 1] → X

(s, t) 7→ B(g(s)︸︷︷︸
∈X

, t).

Note that Af is a path-homotopy from the loop f to the loop µ(f, e) and Bg is a path-
homotopy from the loop g to the loop µ(e, g). The path-homotopy between the loops f ∗ g
and g ∗ f is given by combining H with Af and Bg as indicated in the �gure below. We
leave it to the reader to conscientiously write down the precise homotopy. �
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The following theorem was proved byWilliam Browder [Browd1960, Theorem 2] [Browd1961,
Theorem 6.11] in 1961.

Theorem 156.24. Let X be a path-connected H-space. If the group
∞⊕
i=0
Hi(X;Z) is �nitely

generated, then min{m ∈ N≥2 |πm(X) 6= 0}
is odd. In particular we have π2(X) = 0.

Examples.

1912It follows easily from Pasting Proposition 2.6 (2′) that this map is continuous.
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(1) On page 3334 we saw that CP∞ is an H-space. Furthermore in Corollary 85.6 (2)
we saw that π2(CP∞) 6= 0. Thus we see that in the statement of Theorem 156.24 we

cannot drop the hypothesis that
∞⊕
i=0
Hi(X;Z) is a �nitely generated group.

(2) Let k ∈ N. It follows from Theorem 156.24, together with Theorem 155.12 and the
discussion on page 1772, that the �nite complex projective space CPk does not admit
an H-space structure.

We conclude this chapter with a corresponding theorem for Lie groups.

Theorem 156.25. If G is a path-connected Lie group, then

min{m ∈ N≥2 |πm(G) 6= 0}
is odd. In particular π2(G) = 0.

Remark. There are many direct proofs in the literature for the statement that given a
path-connected Lie groupG the second homotopy group π2(G) vanishes, see e.g. [Carta1936]
or [Miln1963a, Theorem 21.7] or [BtD1995, Proposition V.7.5].

Note that Theorem 156.25 has no conditions on the Lie group except that it needs to be
path-connected. The reason why we can get away with so few conditions is given by the
following proposition.

Proposition 156.26. Let G be a Lie group. There exists a compact Lie subgroup K1913

such that G is homeomorphic to K × Rn for some n ∈ N0.

Proof of Proposition 156.26. Like many other foundational results on Lie groups this
proposition has its origins in the work of Henri Cartan [Carta1936]. A full proof is given
in [Mal1945, Theorem 11] or [Mos1949, Theorem 2]. A sketch of the proof is provided
in [Sam1952, Chapter 7]. �

Example. We consider the group Isom(Rn) of isometries of the vector space Rn equipped
with the usual inner product. It is an elementary, but not totally trivial fact, see [Rees1983,
p. 11], that

Isom(Rn) = {all maps of the form x 7→ Ax+ v where A ∈ O(n) and v ∈ Rn}.

The maps

O(n)× Rn → Isom(Rn)
(A, v) 7→ (x 7→ Ax+ v)

and
Isom(Rn) → O(n)× Rn

f 7→ ((x 7→ (f(x)− f(0))︸ ︷︷ ︸
represented by matrix in O(n)

, f(0))

are inverses of one another. Thus we can use the smooth manifold structure on O(n)×Rn

to turn Isom(Rn) into a smooth manifold and it is quasi-obvious to see that this turns
Isom(Rn) into a Lie group. We can view Rn and O(n) as subgroups of Isom(Rn) in an
obvious way. But one easily veri�es that the map O(n) × Rn → Isom(Rn) is not an
isomorphism. In other words, as predicted by Proposition 156.26 the Lie group Isom(Rn)
splits topologically into a product. But the Lie group does not split as a Lie group.

1913In fact a Lie group contains a maximal compact Lie subgroup which is furthermore unique up to
conjugation. We will not make use of this fact.
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Proof of Theorem 156.25. Let G be a path-connected Lie group. By Proposition 156.26
we know that G is homotopy equivalent to a compact path-connected Lie group K. By
the Homotopy-πn-Proposition 71.7 (2) it su�ces to prove the desired statement for K.
Since K is in particular a compact smooth manifold we obtain from the Smooth Manifolds-

Invariants Proposition 96.6 that
∞⊕
i=0
Hi(X;Z) is a �nitely generated abelian group. Thus we

can conclude the proof by appealing to Theorem 156.24. �

156.6. The Eckmann-Hilton Theorem. In this section we will state and prove a the-
orem that was provided by Bruno Eckmann and Peter Hilton [EcH1962] in 1962. The
theorem is totally elementary, but at the same time it is surprisingly useful. In particular
it will be the key to giving the second proof of Lemma 156.23.
The formulation of the Eckmann-Hilton Theorem requires the following harmless de�nition.

De�nition. Let X be a set.
(1) A binary operation is nothing but a map X ×X → X.
(2) A binary operation µ : X ×X → X is called unital if there exists an element 1 ∈ X

such that µ(1, x) = µ(x, 1) = x for all x ∈ X.

Example. The multiplication map on a group is evidently a unital binary operation.

The following theorem is in some sense quite elementary, but the cleverness lies in its
formulation.
Theorem 156.27. (Eckmann-Hilton Theorem) Let X be a set equipped with two
binary operations �◦� and �⊗�. Suppose the following two conditions are satis�ed:
(a) �◦� and �⊗� are both unital.
(b) For every a, b, c, d ∈ X we have the equality

(a⊗ b) ◦ (c⊗ d) = (a ◦ c)⊗ (b ◦ d).

Then �◦� and �⊗� are the same and they are commutative and associative.

Proof. First we show that the units of the two operations �◦� and �⊗� coincide:
1◦ = 1◦ ◦ 1◦ = (1⊗ ⊗ 1◦) ◦ (1◦ ⊗ 1⊗) = (1⊗ ◦ 1◦)⊗ (1◦ ◦ 1⊗) = 1⊗ ⊗ 1⊗ = 1⊗.

↑
by (b)

Next we show that the two operations �◦� and �⊗� are the same and that they are com-
mutative. Thus let x, y ∈ X. Then

x◦y = (1⊗x)◦(y⊗1) = (1◦y)⊗(x◦1) = y⊗x = (y◦1)⊗(1◦x) = (y⊗1) ◦ (1⊗ x) = y ◦ x.
↑ ↑

by (b) again by (b)

Finally we show that the operations are associative. Thus let x, y, z ∈ X. We have the
following equality:

(x⊗ y)⊗ z = (x⊗ y)⊗ (1⊗ z) = (x⊗ 1)⊗ (y ⊗ z) = x⊗ (y ⊗ z).
↑

one last time by (b) �

Now we can prove the following lemma, which in particular gives the promised second,
more structural proof of Lemma 156.23.



156. HOMOTOPY GROUPS OF LIE GROUPS 3339

Lemma 156.28. Let X be a path-connected H-space and let x0 ∈ X. In the following
we denote by µ : X × X → X the multiplication map of the H-space. We consider the
following two binary operations on π1(X, x0):

π1(X, x0)×π1(X, x0)
◦−→ π1(X, x0)

([f ], [g]) 7→ [f ∗ g] and
π1(X, x0)×π1(X, x0)

⊗−→ π1(X, x0)

([f ], [g]) 7→
[

[0, 1] → X
t 7→ µ(f(t), g(t))

]
.

The following two statements hold:
(1) The two binary operations agree.
(2) The group π1(X, x0) is abelian.

Proof. Let X be a path-connected H-space and let x0 ∈ X. We denote by µ : X×X → X
the multiplication map of the H-space. Since µ is an H-space structure one sees easily that
�⊗� is a unital binary operation. Furthermore we have known ever since Proposition 47.6
that �◦� is a unital binary operation. In Exercise 156.9 we will show that Condition (b) of
the Eckmann-Hilton Theorem 156.27 is satis�ed. Thus we obtain from the Eckmann-Hilton
Theorem 156.27 the amusing fact that the two operations agree and we obtain that both
operations are commutative. In particular this means that π1(X, x0) is abelian. �

Exercises for Chapter 156.

Exercise 156.1. Let X be the torus minus one open disk. Does X admit the structure of
a topological group?

Exercise 156.2. Let M be a smooth manifold without boundary and let g : M ×M →M
be a map that is smooth and that de�nes a group structure on M . Show that (M, g) is a
Lie group. In other words, show that the map M →M given by x 7→ x−1 is smooth.
Hint. Use the Implicit Function Theorem, see e.g. [Lee2002, p. 661].

Exercise 156.3. Let n ∈ N. We de�ne

GL(n,H) =
{
A ∈ M(n× n,H)

∣∣∣ there exist matrices X, Y ∈ M(n× n,H)
such that AX = Y A = id

}
.

Is GL(n,H) an open subset of M(n× n,H)?

Exercise 156.4. Let n ∈ N. In the proof of Lemma 156.3 we already saw that Sp(n) is a
smooth manifold and that matrix multiplication turns Sp(n) into a group. Show that the
map Sp(n) → Sp(n)

A 7→ A−1

is a smooth map.
Note: The argument in the proof of Lemma 5.38 can be used to show that taking inverses
in GL(n,R) and GL(n,C) is smooth. Does this help us in any way?
Remark. In principle one could use Exercise 156.2. But what do readers do who are still
traumatized by the Implicit Function Theorem?

Exercise 156.5. Use the Ehresmann Fibration Theorem that we had stated in Exercise ??
to give a third proof that the map p : O(n + 1) → Sn from the Matrix Group-Fiber
Proposition 156.8 is a �ber bundle.
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Exercise 156.6. Determine all closed non-orientable 2-dimensional smooth manifolds that
admit a Lie group structure.

Exercise 156.7. We de�ne SU = lim−→ SU(n) the same way as we de�ned U. Determine
the homotopy groups of SU.
Remark. You might want to use Exercise 155.7.

Exercise 156.8.
(a) Let X be a CW-complex and let e ∈ X0 be a point in the 0-skeleton. Suppose we

are given a map µ : X ×X → X such that the two maps

X → X
x 7→ µ(x, e)

and
X → X
x 7→ µ(e, x)

are homotopic to the identity. Show that µ is homotopic to a map ν : X ×X → X
such that ν(x, e) = ν(e, x) = x for all x ∈ X.

(b) Show that ν in (a) de�nes an H-space structure on X.
(c) Let X be a CW-complex. Suppose there exists a homotopy equivalence f : X → Y

to an H-space Y . Show that X itself admits an H-space structure.

Exercise 156.9. Let (X, x0) be a pointed path-connected H-space. Let µ : X×X → X be
the multiplication of the H-space structure. We consider the following two binary operations
on π1(X, x0):

π1(X, x0)×π1(X, x0)
◦−→ π1(X, x0)

([f ], [g]) 7→ [f ∗ g] and
π1(X, x0)×π1(X, x0)

⊗−→ π1(X, x0)

([f ], [g]) 7→
(

[0, 1] → X
t 7→ µ(f(t), g(t))

)
.
.

Show that �◦� and �⊗� satisfy Condition (b) of the Eckmann-Hilton Theorem 156.27.

Exercise 156.10. Let (X, x0) be a pointed topological space and let k ∈ N≥2. De�ne the
multiplication ∗ : πk(X, x0) × πk(X, x0) → πk(X, x0) as on page 1561. Provide a di�erent
multiplication ⊗ : πk(X, x0) × πk(X, x0) → πk(X, x0) such that �∗� and �⊗� satisfy the
conditions of the Eckmann-Hilton Theorem 156.27. Conclude, once again, that πk(X, x0)
is abelian.

Exercise 156.11. Let n ∈ N≥3. In Proposition 156.11 we saw that π1(SO(n), id) ∼= Z2.
Give an example of a loop that is a generator of π1(SO(n), id) and show explicitly why it
has order 2 in the fundamental group.

Exercise 156.12. Let n ∈ N. Use the approach of the proof of Proposition 156.10 to show
that SO(n), U(n) and SU(n) are path-connected.
Remark. This exercise provides a new and perhaps more satisfactory proof to some of the
statements of the Matrix Group Path-Component Proposition 2.37.
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157. Thom-Pontryagin Theory I: The basics

In this chapter we will introduce the Thom-Pontryagin approach to calculating homotopy
groups of spheres. Furthermore we will see that it allows us to reprove several earlier
results. In Chapters 158 and 159 we will use the Thom-Pontryagin approach to obtain new
results.

Before we start with discussing the Thom-Pontryagin theory we �x some notations and
conventions.
Notation. Let n ∈ N0.
(1) We denote by ∗ the point in Bn

/Sn−1 that is given by [Sn−1].
(2) We denote by ∗ the �North Pole� (0, . . . , 0, 1) ∈ Sn.

We make the following identi�cations:
(a) We use the homeomorphism Sn → Rn ∪ {∞} from Lemma 2.18, which is given by

stereographic projection, that sends the North Pole ∗ to∞ to make the identi�cation
Sn = Rn ∪ {∞}.

(b) In the Ball-Quotient Sphere Lemma 5.20 we wrote down an explicit homeomorphism
B
n
/Sn−1 → Sn. This homeomorphism sends ∗ to (0, . . . , 0, 1). (x1, . . . , xn+1) 7→

(xn+1, x2, . . . , xn,−x1). This way we obtain a homeomorphism B
n
/Sn−1 → Sn that

sends ∗ to (0, . . . , 0, 1).
(c) Putting the two homeomorphisms from (a) and (b) together we obtain a homeomor-

phism

ϕ : B
n
/Sn−1 → Rn ∪ {∞}.

It follows fairly easily from the de�nitions of the two maps in (a) and (b) that ϕ
restricts to a di�eomorphism Bn → Rn and that ϕ is of the form

x 7→
{
η(‖x‖) · x, if x ∈ Bn,
∞, if x = ∗,

where η : [0, 1)→ [0,∞) is a strictly monotonously increasing function with η(0) = 0
and lim

t→1
η(t) =∞.

Summarizing we have the identi�cations Sn = Rn ∪ {∞} = B
n
/Sn−1 and under these

identi�cations the points ∗ ∈ Sn, ∞ and ∗ ∈ B
n
/Sn−1 get identi�ed. We refer to the

�gure below for an illustration.
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S2

∪ ∞

∗ = [S1]

B2
R2the homeomorphism ϕ

pushes the circles radially outwards
∗

157.1. The generalized Thom-Pontryagin construction. On page 2839 we saw that
a proper oriented codimension-one submanifold of a compact oriented smooth manifold M



3342

gives rise, via the Thom-Pontryagin construction, to a map M → S1. In this section we
will generalize this construction.
The key objects in the more general construction of Thom-Pontryagin maps are �thickened�
submanifolds:
De�nition. Let M be an orientable n-dimensional smooth manifold.
(1) LetN be a compact orientable proper k-dimensional submanifold ofM . A thickening

of N is an injective map g : B
n−k×N →M with the following properties:191419151916

(a) for all P ∈ N we have g(0, P ) = P ,
(b) the image g(B

n−k ×N) is a submanifold with corner of M ,
(c) we have g(B

n−k ×N) ∩ ∂M = g(B
n−k × ∂N).

We refer to the �gure below for an illustration.
(2) A thickened submanifold of M is a pair (N, g) where N is a compact orientable

proper1917 submanifold of M and g is a thickening for N .
(3) Let ϕ : M → W be a smooth embedding of M into a smooth manifold W of the

same dimension. Given a thickened k-dimensional submanifold (N, g : B
n−k×N) of

M \ ∂M we equip ϕ(N) with the �obvious thickening�, namely with the thickening
that is given by

ϕ∗(g) : B
n−k × ϕ(N) → W

(v, P ) 7→ g(v, ϕ−1(P )).

Evidently (ϕ(N), ϕ∗(g)) is a thickened submanifold of W .
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g(B

n−k×N) g(B
n−k×{x})x

The following de�nition can be viewed as a generalization of the Thom-Pontryagin map
introduced on page 2839.
De�nition. Let M be an orientable n-dimensional smooth manifold. Given a thickened
k-dimensional submanifold (N, g : B

n−k ×N →M) we refer to the map1918

ρ(N,g) : M → Sn−k = B
n−k

/Sn−k−1

P 7→
{

[x], if P = g(x, y) with (x, y) ∈ Bn−k ×N,
∗, otherwise

1914Here one really would like to say that g : B
n−k × N → M is an �smooth embedding�, but if N has

boundary, then it is not entirely clear in what sense B
n−k × N is a smooth manifold and what �smooth

embedding� is supposed to mean.
1915The de�nition looks very similar to the de�nition of a tubular neighborhood. In fact a thickening is
the same data as a trivial tubular neighborhood, it is just phrased in slightly di�erent words.
1916On page 2853 we introduced the thickening of an oriented knot. For knots the present de�nition is the
same as before, except that we no longer demand that the knot is oriented.
1917Note that here, in the de�nition of a thickened submanifold, we sneaked in the adjectives �compact�,
�orientable� and �proper�, so that we will not have to carry them around all the time.
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as the Thom-Pontryagin map. (We refer to the �gure below for an illustration.) Sometimes
we refer to this approach of assigning to a thickened k-dimensional submanifold a map
M → Sn−k as the Thom-Pontryagin construction.
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M g(B
n−k ×N)

Sn−k
ρ(N,g)

N ∗

Remark.

(1) Let N be a compact oriented proper codimension-one submanifold of an oriented
smooth manifold M . It follows immediately from Proposition ?? that N admits
a thickening [−1, 1] × N such that the inclusion (−1, 1) × N → M is orientation-
preserving.1919 The map ρN : M → S1 that we de�ned on page 2839 is basically the
same as the above map ρ(N,g) : M → S1. The only di�erence is that the two maps
di�er by multiplication by i ∈ S1.

(2) We saw in Proposition 126.14 that the submanifold CP1 of CP2 does not admit a
trivial tubular neighborhood, in particular it does not admit a thickening.

Example. Let n ∈ N and let M be a closed orientable n-dimensional smooth manifold
together with a 0-dimensional submanifold N = {P1, . . . , Pm}. Suppose N is equipped with
a thickening

g = g1 t · · · t gm : (B
n × {P1}) t · · · t (B

n × {Pm}) → M.

From the Thom-Pontryagin construction we obtain a map ρ(N,g) : M → Sn. It might not
be clear what this is good for, but it is kind of fun. This example is illustrated in the �gure
below.
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M ρ(N,g)

g4

g1

B
n

Sn

The following lemma gives us a �rst interesting example of a Thom-Pontryagin map.

Lemma 157.1. Let n ∈ N and let P ∈ Bn. We equip the 0-dimensional smooth manifold
{P} with any thickening g : B

n × {P} → Bn that is orientation-preserving1920. The
corresponding map

ρ({P},g) : B
n
/Sn−1 → B

n
/Sn−1

is homotopic rel ∗ to the identity map of B
n
/Sn−1.

1918It follows easily from Lemma 120.1 and Pasting Proposition 2.6 (2) that this map is indeed continuous.
1919Furthermore we saw in Proposition ?? that this thickening is essentially unique.
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The proof of Lemma 157.1 relies on the following lemma which we will use on several
occasions.
Lemma 157.2. Let m ∈ N. Given any real number r ∈ (0, 1) there exists a homotopy
F : B

m
/Sm−1 × [0, 1]→ B

m
/Sm−1 rel ∗ with the following three properties:

(1) F0 = id,
(2) the restriction of F1 to Bm

r is given by multiplication by 1
r
,

(3) for any point x 6∈ Bm
r we have F1(x) = ∗.
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t = 1t = 0

the homotopy pushes the balls outward into the point ∗ = [Sm−1]

Sm−1

Bm
r

B
m

Proof. Let r ∈ (0, 1). We consider the map

(B
m
/Sm−1)× [0, 1] → B

m
/Sm−1

([x], t) 7→

{
[x · (1− t+ t · 1

r
)], if x ∈ Bm and t < 1−‖x‖

( 1
r−1)·‖x‖

∗, otherwise.

We leave as to the engaged reader to verify that this map is indeed continuous. It is clear
that F has the desired properties. �

Now we can easily prove Lemma 157.1.

Sketch of proof of Lemma 157.1. It follows quite easily1921 from the Smooth Ball Em-
bedding Theorem 37.8 that we can assume without loss of generality that P = 0 and that
we can assume that g is the thickening g : B

n × {0} → Bn given by g(v, 0) = 1
2
v. By

Lemma 157.2 there exists a homotopy F : (B
n
/Sn−1) × [0, 1] → B

n
/Sn−1 rel ∗ with the

following three properties:

(1) F0 = id,
(2) the restriction of F1 to Bn

1
2

is given by the map x 7→ 2 · x,
(3) for any point x 6∈ Bn

1
2

we have F1(x) = ∗.

If one thinks about it for a second, then one realizes that F1 equals ρ(0,g) �on the nose�.
Thus we have found the desired homotopy. �

157.2. The Thom-Pontryagin construction and homotopy groups. The following
is the key observation which justi�es our renewed interest in the Thom-Pontryagin con-
struction.

1920We equip B
n
and Bn with the usual orientation.

1921The slightly hesitant �quite easily� refers to the fact that, if one thinks about it, we need that the
di�eotopy of Rm+k given by the Smooth Ball Embedding Theorem 37.8 has compact support.
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Observation. Let n, k ∈ N0 and let (N, g : B
n×N → Rn+k) be a thickened k-dimensional

submanifold of Rn+k. We can view (N, g : B
n×N → Rn+k) also as a thickened submanifold

of Rn+k ∪ {∞}.1922 Note that the corresponding Thom-Pontryagin map

ρ(N,g) : Sn+k = Rn+k ∪ {∞} → B
n
/Sn−1 = Sn

P 7→
{

[x], if P = g(x, y) with (x, y) ∈ Bn ×N,
∗, otherwise,

sends ∞ to ∗. In particular ρ(N,g) de�nes an element in πn+k(S
n, ∗). It is worth repeating

this observation:

thickened k-dimensional submanifolds of Rn+k give rise to elements in πn+k(S
n, ∗).

The following questions immediately arise:
Question 157.3. Let n, k ∈ N0.
(1) Which elements in πn+k(S

n, ∗) can be realized by Thom-Pontryagin maps?
(2) When do two thickened k-dimensional submanifolds of Rn+k give rise to the same

element in πn+K(Sn, ∗).
Before we address this question we intend to discuss two examples in greater detail:
(1) the case of thickened 0-dimensional submanifolds of some Rn, and
(2) the case of thickened 1-dimensional submanifolds of R3.

We start out with the �rst case. Dealing with this case requires one de�nition.

De�nition. Let P ∈ Rn be a point and let g : {P} × Bn → Rn be a thickening of P . We
equip {P} ×Bn

= B
n
and Rn with the standard orientations. We de�ne

sign(g) :=

{
+1, if g is orientation-preserving,
−1, if g is orientation-reversing.

Now we can discuss the case of thickened 0-dimensional submanifolds.

Example. Let N = {P1, . . . , Pm} be a 0-dimensional submanifold of some Rn and suppose
N is equipped with a thickening

g = g1 t · · · t gm : (B
n × P1) t · · · t (B

n × Pm) → Rn.

It follows almost immediately from the Addition-in-πn-Proposition 85.11 that

[ρ(N,g)] =
m∑
i=1

sign(gi) · [idSn ] ∈ πn(Sn, ∗).

We continue our discussion of examples of the Thom-Pontryagin construction with knots
and links. By the above discussion every thickened knot or link in R3, i.e. every thickened
1-dimensional submanifold of R3, gives rise to an element in π3(S2, ∗). For the trefoil
together with some thickening we illustrate the corresponding map S3 → S2 in the �gure
below.
Before we continue we need to introduce the following slight variation on a de�nition from
page 2853.

1922Why can we do so?
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=

B
2
/S1

g ρ(K, g)

knot K

B
2

× K

S2

De�nition. Let K be a knot and let g : B
2 × K → S3 be a thickening. We pick an

orientation forK and we equip g({1}×K) with the corresponding de�nition. We de�ne1923

self-linking number of g := lk(K, g({1} ×K)).

It follows from Proposition 131.11 (2) that this de�nition does not depend on the choice
of the orientation of K.
The following lemma deals with two basic, but important examples. Later on both examples
will follow (at least up to sign) from a more general result, but for the geometrically inclined
person it can be fun to consider the more direct arguments provided in the proof of the
lemma.

Lemma 157.4. Let K be the trivial knot and let g : B
2 ×K → R3 be a thickening.

(1) If g is a thickening with self-linking number zero, then [ρ(K,g)] = 0 ∈ π3(S2, ∗).
(2) If g is a thickening with self-linking number one, then1924 [ρ(K,g)] = [H] ∈ π3(S2, ∗)

where H : (S3, ∗)→ (S2, ∗) denotes the Hopf map, that we de�ned on page 1576.

Sketch of proof. It follows easily from the Knot Thickening Lemma 131.11925 that any
two thickenings with the same self-linking number give rise to the same element in π3(S2, ∗).
Furthermore it follows almost immediately from Lemma 59.1 that we can make the iden-
ti�cation

S3 = (S1 ×B2
) ∪S1×S1 (B

2 × S1)

such thatK = {0}×S1. Furthermore it follows from Lemma 59.2 that the obvious inclusion
of B

2 × S1 into the above decomposition of S3 is a thickening of the trivial knot K = S1

with self-linking number zero.
(1) Let g be the thickening of the trivial knot K with self-linking number zero. We want

to show that [ρ(K,g)] = 0 ∈ π3(S2, ∗). By the Change-of-Base Point Proposition 86.9 it
su�ces to show that the map ρ(K,g) : S3 → S2 is homotopic to a constant map. (More
precisely, the Change-of-Base Point Proposition 86.9 (7) says that in this context we
do not need to worry about base points since S2 is path-connected.) Using the above
preparations we will prove in Exercise 157.1 that the map ρ(K,g) : S3 → S2 is indeed
homotopic to a constant map.

1923We refer to page 2865 for the de�nition of the linking number lk(K,J) of two disjoint oriented knots
K and J .
1924The sign should be correct. Hopefully. Perhaps.
1925Note that here we need that in the statement of the Knot Thickening Lemma 131.1 for R3 we stated
that there exists a di�eotopy of R3 with compact support.



157. THOM-PONTRYAGIN THEORY I: THE BASICS 3347

(2) First we note that under the above identi�cation of S3 the Hopf map is given as
follows:1926

H :

=S3︷ ︸︸ ︷
(S1 ×B2

) ∪S1×S1 (B
2 × S1) → CP1

[(z, w)] 7→

{
[w
z

: 1], if z ∈ S1 and w ∈ B2
,

[1 : z
w

], if z ∈ B2
and w ∈ S1.

Now note that it follows from the Knot Thickening Lemma 131.1 (1) that the map

g : B
2 × S1 → B

2 × S1 Ă S3 = (S1 ×B2
) ∪S1×S1 (B

2 × S1)
(z, w) 7→ (z · w,w)

is a thickening of the trivial knot of self-linking number one. Furthermore by de�ni-
tion the corresponding map ρ(K,g) is easily seen to be the map1927

ρ(K,g) : (S1 ×B2
) ∪S1×S1 (B

2 × S1) → B
2
/S1

[(z, w)] 7→

{
∞ = [S1], if z ∈ S1 and w ∈ B2

,[ z
w

]
, if z ∈ B2

and w ∈ S1..

Comparing the de�nitions of the Hopf map H and the map ρ(K,g) on B
2× S1 we see

that we are perhaps not that far o�.
Next we need to relate the targets CP1 and B

2
/S1. To do so we consider the map

Θ: CP1 → B
2
/S1 that is given by Θ([1 : z]) = z

1+|z| for z ∈ C and that is given by

Θ([0 : 1]) = [S1] = ∗ ∈ B2
/S1. It follows easily from the Compact-Hausdor� Propo-

sition 2.17 (3) that Θ is a homeomorphism. The particularly audacious reader can
verify that this map is homotopic to the �o�cial� identi�cation CP1 = B

2
/S1 which

is given by the identi�cation CP1 = S2 from page 258 and the above identi�cation
S2 = B

2
/S1. Note that the image of the �rst solid torus B

2 × S1 under the map
Θ ◦H equals the disk of radius 1

2
, i.e. it equals B

2
1
2

Ă B
2
/S1.

We apply Lemma 157.2 to obtain a homotopy F of B
2
/S1 with the following

properties:
(a) F0 = id,
(b) the restriction of F1 to B2

1
2

is given by multiplication by 2,

(c) for any point x 6∈ B2
1
2

we have F1(x) = ∗.
The map F0◦Θ◦H = Θ◦H is homotopic rel ∗ to F1◦Θ◦H. It is now straightforward
to show that F1 ◦Θ ◦H is homotopic rel ∗ to ρ(K,g). We leave it to the reader to �ll
in the details. �

We conclude this list of basic examples of the Thom-Pontryagin construction with the
following lemma.

1926As a reality check one can verify that the map is well-de�ned, i.e. for [(z, w)] with (z, w) ∈ S1 × S1 we
get consistent answers.
1927Why does it say [ zw ] instead of [z · w], which might look more natural?
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Lemma 157.5. Let n, k ∈ N0 with n + k ≥ 2. Let (Ni, gi), i = 1, . . . ,m be thickened
k-dimensional submanifolds of Rn+k. If the images gi(B

n×Ni) are contained in m disjoint
closed smooth (n+ k)-dimensional balls1928, then

ρ(N1t···tNm,g1t···tgm) = ρ(N1,g1) + · · ·+ ρ(Nm,gm) ∈ πn+k(S
n, ∗).

��
��
��
��

��
��
��
��

��
��
��
��
��

����

�
�
�
�

closed smooth ball

closed smooth ballN1

N2

Proof. This lemma follows easily from the Addition-in-πn-Proposition 85.11. We leave it
to the reader to �ll in the details. �

The following proposition gives an a�rmative answer to Question 157.3.

Proposition 157.6. Let k, n ∈ N0. Given any ϕ ∈ πn+k(S
n, ∗) there exists a thickened

k-dimensional submanifold (N, g) of Rn+k with [ρ(N,g)] = ϕ.

Proof. Throughout this proof we �nd it convenient to view each m-dimensional sphere
as the quotient B

m
/Sm−1. So suppose we are given a map ϕ : B

n+k
/Sn+k−1 → B

n
/Sn−1

with ϕ(∗) = ∗. As we pointed out in the proof of Proposition 71.10, it is a consequence of
the Whitney Approximation Theorem 29.1 and the Replace-by-Smooth Homotopy Propo-
sition 29.5 that we can arrange that ϕ is in fact a smooth map. It follows immediately
from Sard's Theorem 31.1 and the Full Measure-Density Proposition 30.3 (2) that there
exists a regular value z ∈ B

n
/Sn−1 such that ϕ−1(z) does not contain the point ∗. By

Proposition 36.4 (2)1929 we can without loss of generality assume that the origin 0 is a
regular value. By the Regular Value Theorem ?? we know that the preimage N := ϕ−1(0)
is a closed orientable k-dimensional submanifold of Bn+k. Furthermore by Statement (4)
of the Regular Value Theorem ?? we know that there exists an ε > 0 and a thickening
g : B

n ×N → Bn+k such that ϕ−1(B
n

ε ) = g(B
n ×N) and such that the following diagram

commutes19301931

B
n ×N

(p,x)7→ε·p
��

g
// Bn+k

ϕ

��

B
n

ε
� � // B

n
/Sn−1.

This thickening g allows us to consider the map ρ(N,g) : B
n+k

/Sn+k−1 → B
n
/Sn−1. Note

that in general ϕ and ρ(N,g) are quite di�erent maps. (We refer to the �gure below for an
illustration of the two maps ϕ and ρ(N,g).) But that does not bother us too much, since it
su�ces to prove the following claim.

1928Here a �closed smooth (n+ k)-dimensional ball� is shorthand for the image of a smooth embedding of
B
n+k

in Rn+k.
1929To be more precise, we apply Proposition 36.4 to the smooth manifold B

n
/Sn−1 = Rn ∪ {∞} with

P1 = z, P2 =∞ and Q1 = 0 and Q2 =∞.
1930Note the discretely hidden multiplication by ε in the left-vertical map.
1931Note that the above information implies in particular that ϕ−1(Bnε ) = g(Bn ×N).
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Claim. The maps ϕ and ρ(N,g) from B
n+k

/Sn+k−1 to B
n
/Sn−1 are homotopic rel ∗.
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B
n

ε

regular value 0

ρ(N, g)ϕ

N

∗
∗

ϕ−1(∗) g(B
n ×N)

these points get sent to ∗

B
n+k

/Sn+k−1

ϕ−1(B
n

ε )

B
n
/Sn−1

B
n+k

/Sn+k−1

N = ϕ−1(0)

Proof. First we remind the reader that in Lemma 157.2 (1) we showed that there exists a
homotopy F : (B

n
/Sn−1)× [0, 1]→ B

n
/Sn−1 rel ∗ with the following properties:

(1) F0 = id,
(2) the restriction of F1 to Bn

ε is given by multiplication by 1
ε
,

(3) for any point x 6∈ Bn
ε we have F1(x) = ∗.

We de�ne ψ = F1 ◦ϕ. It follows from (1) that ψ is homotopic rel ∗ to ϕ. Therefore we are
done once we have shown that ψ in fact equals ρ(N,g). As a reminder, see the de�nition on
page 3343, the map ρ(N,g) is given as follows:1932

ρ(N,g) : B
n+k

/Sn+k−1 → Sn = B
n
/Sn−1

P 7→
{
x, if P = g(x, y) with (x, y) ∈ Bn ×N,
∗, otherwise.

Now we verify that ψ does indeed agree with ρ(N,g). Thus �rst suppose we are given a
point P = g(x, y) with (x, y) ∈ Bn ×N . We have

ψ(P ) = F1(ϕ(g(x, y))) = F1(ε·x) = 1
ε
·ε·x = x = ρ(N,g)(g(x, y)) = ρ(N,g)(P ).

↑ ↑ ↑
de�nition of ψ by the above by Property (2) of F1

commutative diagram and since ε · x ∈ Bnε

Finally suppose that we are given a point P ∈ Bn+k
/Sn+k−1 that does not lie in the subset

g(Bn ×N). In this case we calculate that

ψ(P ) = F1(ϕ(P )) = F1(point that does not lie in Bn
ε ) = ∗ = ρ(N,g)(P ).

↑ ↑ ↑
de�nition of ψ since ϕ−1(Bnε ) = g(Bn ×N) by Property (3) of F1

and by choice of P
�

1932Eyes which pro�ted from a carrot-rich diet might notice that the description is not verbatim the same
as on page 3343. But with either description of the map the points P = g(x, y) with x ∈ Sn−1 and y ∈ N
get sent to ∗. So we really do consider the same map as before.
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157.3. The thickened cobordism groups and the Thom-Pontryagin Theorem.
Recall that the Thom-Pontryagin construction from page 3343 makes the assignment

thickened k-dimensional submanifold of Rn+k  map (Sn+k, ∗)→ (Sn, ∗).
Now we would like to answer Question 157.3 (2), i.e. we would like to determine when do
two thickened k-dimensional submanifolds give rise to the same homotopy class of maps
(Sn+k, ∗)→ (Sn, ∗). Loosely speaking we would like to �ll in the left-hand side of

??  map (Sn+k×[0, 1], ∗×[0, 1])→(Sn, ∗).
A quick look at the Thom-Pontryagin construction suggests that the left-hand side should
be �lled in with a suitable thickened (k + 1)-dimensional submanifold of Rn+k × [0, 1].
This makes sense, except that in the Smooth Manifold Product Proposition 19.31 we saw
that for products of two smooth manifolds it is advisable to have the smooth manifold with
boundary as a �rst factor. Thus we will consider submanifolds of [0, 1]× Rn+k.1933

Before we continue we introduce the following straightforward convention.

Convention. Given a topological space X and an interval I and some t ∈ I we make at
times the identi�cation X = {t} ×X via the obvious bijection.
The above observation leads us to the following de�nition which looks awfully similar to
the de�nition of the notion of a cobordism of smooth manifolds that we introduced on
page 3089.

De�nition. Let k,m ∈ N0.
(1) Let N0 and N1 be two closed orientable k-dimensional submanifolds of Rm. A

cobordism between N0 and N1 is a compact orientable proper (k + 1)-dimensional
submanifold W of [0, 1]× Rm with ∂W = ({0} ×N0) ∪ ({1} ×N1).1934

(2) Let (N0, g0) and (N1, g1) be two thickened k-dimensional submanifolds of Rm. A
thickened cobordism between (N0, g0) and (N1, g1) is a thickened (k+1)-dimensional
submanifold (W,G) of [0, 1]×Rm where W is a cobordism between N0 and N1 and
G is a thickening of W with the following two properties:1935

(a) G|{0}×Bm = g0 under the identi�cation {0} ×B
m

= B
m
,

(b) G|{1}×Bm = g1 under the identi�cation {1} ×B
m

= B
m
.

If such a thickened cobordism exists, then we say that (N0, g0) and (N1, g1) are
cobordant.1936 If (N, g) is cobordant to the empty submanifold, then we say N is a
thickened null-cobordism and we say that (N, g) is null-cobordant. The de�nition
of a thickened cobordism is illustrated in the �gure below.

The following lemma shows that di�eotopies give rise to thickened cobordisms.

Lemma 157.7. Let (M, g) be a thickened submanifold of Rm and let ϕ be a di�eomor-
phism of Rm. If ϕ is di�eotopic to the identity, then (ϕ(M), ϕ∗(g)) is cobordant to (M, g).

1933Perhaps in hindsight we should have de�ned homotopies as maps [0, 1] × X → Y instead of de�ning
them as maps X × [0, 1]→ Y ?
1934Note that we work with submanifolds that are orientable, but we do not assume that they are equipped
with an orientation.
1935Note that it follows from property (d) of a thickened submanifold, see page 3342, that we know that
in fact G|{0}×Bm Ă {0} × Rm and G|{1}×Bm Ă {1} × Rm.
1936We spare the reader the even more logical name �thickened cobordant�.
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[0, 1]× Rm

(N1, g1)(N0, g0)

{0}×Rm {1}×Rm

thickened cobordism (W,G)

Example. Let m ∈ N. Any map Rm → Rm of the form x 7→ r · x + P for some r > 0
and P ∈ Rm is clearly di�eotopic to the identity. Thus Lemma 157.7 says that given a
thickened submanifold (M, g) we can translate and shrink it without changing the thickened
cobordism class.

Proof. Let (M, g : B
m−k×M → Rm) be a thickened k-dimensional submanifold of Rm and

furthermore let F : Rm× [0, 1]→ Rm be a di�eotopy from the identity to a di�eomorphism
ϕ. It is straightforward to verify that the map

[0, 1]×M → [0, 1]× Rm

(t, P ) 7→ (t, F (P, t))

is a smooth embedding. We write W := F ([0, 1]×M). It is straightforward to verify that
W together with the thickening given by

B
m−k ×W → [0, 1]× Rm

(v, (t, F (P, t))) 7→ (t, F (g(v, P ), t))

is a thickened cobordism between (M, g) and (ϕ(M), ϕ∗(g)). �

Lemma 157.8. �Being cobordant� is an equivalence relation on the set of thickened k-
dimensional submanifolds of Rm.
Sketch of proof. To simplify the discussion we ignore throughout the proof the thicken-
ings. The reader should have no major troubles modifying the proof to also include the
thickenings.

It is straightforward to see that �being cobordant� is re�exive and symmetric: Indeed,
given a closed k-dimensional submanifold N a cobordism from N to itself is given by
[0, 1]×N Ă [0, 1]×Rm. Furthermore, suppose there exists a cobordism W between N0 and
N1. �Flipping� W along Rm × {1

2
} we obtain a cobordism between N1 and N0.

The proof of transitivity takes more e�orts. Initially the idea is quite simple. Given
a cobordism V from N0 to N1 and another cobordism W from N1 to N2 one would like
to stick them together to obtain a cobordism from N0 to N2. Unfortunately, as we had
discussed on page ??, the resulting object is in general not a (smooth) submanifold of the
smooth manifold Rm.

Fortunately we had already developed all the tools to deal with the situation. More
precisely, in Proposition ?? we saw that we can modify the cobordisms V and W to obtain
cobordisms V ′ and W ′ that are products on [0, ε] × Rm and [1 − ε, 1] × Rm for a suitable
ε ∈ (0, 1

2
). Now we can stick V ′ and W ′ together to obtain the desired cobordism X. We

refer to the �gure below for an illustration. �
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�[0, 1]× Rm

10 01 1

N1

0

1− εε

N0N0 N2 N2

V ′ XW ′

The previous lemma allows us to make the following de�nition.

De�nition. We denote by Ωth
k (Rm) the set of thickened cobordism classes of thickened

k-dimensional submanifolds of Rm. In light of the subsequent Proposition 157.9 we refer
to Ωth

k (Rm) as a thickened cobordism group.
The de�nition of Ωth

k (Rm) is reminiscent of the de�nition of the cobordism group Ωk that
we gave on page 3091. The group structure on Ωk that we had introduced in Lemma 144.2
is given by �disjoint union�. We will now see that Ωth

k (Rm) also admits a group structure
that is de�ned quite similarly.

Proposition 157.9. Let k ∈ N0 and let m ∈ N≥2. Let (M, g) and (N, h) be two thickened
k-dimensional submanifolds of Rm. Since M and N are compact we can pick r, s ∈ R>0

with g(B
m−k × M) Ă Bm

r (0) and h(B
m−k × N) Ă Bm

s (0). Furthermore we pick two
orientation-preserving smooth embeddings ϕ : B

m

r (0) → Rm and ψ : B
m

s (0) → Rm with
disjoint images. We de�ne

[(M, g)] + [(N, h)] := [(ϕ(M) t ψ(N), ϕ∗(g) t ψ∗(h))] ∈ Ωth
k (Rm).

(The de�nition of the operation �+� is illustrated in the �gure below.)
(1) The de�nition of �+� on Ωth

k (Rm) is well-de�ned and commutative.
(2) The operation �+� de�nes a group structure on Ωth

k (Rm). Here the following two
statements hold:
(a) The neutral element is represented by the empty submanifold.1937

(b) Let ρ : Rm → Rm be the re�ection in a hyperplane. The inverse of [(M, g)] is
given by [(ρ(M), ρ∗(g))].
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r (0) B
m

s (0) ψ
N

=

M

+

ϕ

Proof.

1937It is worth remembering that the empty set is a submanifold of any dimension.



157. THOM-PONTRYAGIN THEORY I: THE BASICS 3353

(1) It follows from the Smooth Ball Embedding Theorem 37.8 and Lemma 157.7 that
�+� is well-de�ned and commutative. Note that here we use that m ≥ 2.

(2) It is basically obvious that �+� is associative and that the empty submanifold is a
neutral element. Thus it remains to prove the statement regarding the inverse. It
follows from Lemmas 157.7 and 33.9 that without loss of generality we can assume
that the re�ection ρ : Rm → Rm is the re�ection in the (xm = 0)-hyperplane. So let
(M, g : B

m−k ×M → Rm) be a thickened k-dimensional submanifold of Rm. We set
ε = 1

4
. It follows immediately from the discussion on page 3351 that we can assume

that g(B
m−k ×M) is contained in the ball B

m

ε ((0, . . . , 0, 2ε)︸ ︷︷ ︸
∈Rm

). We consider the map

ϕ : B
m−k × (M × [0, π]) → [0, 1]× Rm

(v, (P, γ)) 7→

 cos(γ) sin(γ) 0
− sin(γ) cos(γ) 0

0 0 idm−1

 · ( 0
g(v, P )

)
︸ ︷︷ ︸
∈Rm+1

.

Using that g(B
m−k ×M) is contained B

m

ε ((0, . . . , 0, 2ε)) we can make the following
three observations:
(a) The image of ϕ does indeed lie in [0, 1]× Rm.
(b) The restriction to {0} ×M × [0, π] is a proper smooth embedding. Therefore we

can now consider the compact orientable proper (k+1)-dimensional submanifold
W = ϕ({0} ×M × [0, π]) of [0, 1]× Rm.

(c) The map ϕ gives rise to a thickening for W .
It is now basically clear that we have constructed a thickened cobordism from the
thickened submanifold (M t ρ(M), g t ρ∗(g)) to the empty submanifold. (We refer
to the �gure below for an illustration.) But by the de�nition of �+� this implies that
(ρ(M), ρ∗(g)) represents the inverse of (M, g). �
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ρ(M)

M

{1} × Rm{0} × Rm

W is a cobordism from the oriented
manifold M t ρ(M) to the empty

submanifold

Evidently our challenge now is to compute the groups Ωth
k (Rm) for suitable values of m and

k. In general this might be quite di�cult, but the following proposition gives a reasonably
amusing calculation.

Proposition 157.10. Let m ≥ 2. The map1938

ϕ : Ωth
0 (Rm) → Z

[({P1}, g1) t · · · t ({Pk}, gk)] 7→
k∑
i=1

sign(gi)
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is well-de�ned and it is an isomorphism.

Sketch of proof. First we need to show that ϕ : Ωth
0 (Rm) → Z is well-de�ned. It su�ces

to show that for any connected thickened 1-dimensional cobordism (Z, V ) Ă [0, 1] × Rm

between two 0-dimensional thickened submanifolds (N0, g0) and (N1, g1) we have the equal-
ity ϕ([(N0, g0)]) = ϕ([(N1, g1)]). This statement follows from the Smooth 1-Dimensional
Manifold Classi�cation Theorem 22.7 and some orientation considerations. Since writing
down the precise arguments regarding the orientations will only obfuscate the argument we
refer to the �gure below for convincing pictures, and we leave it to the reader to �ll in the
details.
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{0} × Rm

Z

{1} × Rm{1} × Rm

Z

{0} × Rm

thickening Vthickening V

sign = −1

sign = +1

sign = +1

sign = +1

Next note that the map ϕ : Ωth
0 (Rm)→ Z is, basically by de�nition, a homomorphism.

Finally note that it is clear that ϕ is an epimorphism. Thus it remains to show that ϕ is a
monomorphism. A straightforward induction argument shows that it su�ces to prove the
following claim.
Claim. For points P,Q ∈ Rm and thickenings g and h of P and Q with sign(g) = − sign(h)
we have [(P, g)] + [(Q, h)] = 0 ∈ Ωth

0 (Rm).

Proof. In the following let ρ : Rm → Rm be the re�ection in a hyperplane. By the discussion
on page 3351 we can assume, after possibly applying a translation, that Q = ρ(P ). Since
ρ is orientation-reversing we see that sign(ρ∗(g)) = − sign(g) = sign(h). Now we calculate
that

[(P, g)] + [(Q, h)] = [(P, g)] + [(ρ(P ), h)] = [(P, g)] + [(ρ(P ), ρ∗(g))] = 0 ∈ Ωth
0 (Rm).

↑ ↑
by sign(h) = sign(ρ∗(g)), by the Smooth Ball by Proposition 157.9 (2b)

Embedding Theorem 37.8 and Lemma 157.7 �

Considering the discussion on page 3350, the following theorem does not come as a big
surprise. It justi�es our interest in the groups Ωth

k (Rm).

Theorem 157.11. (Thom-Pontryagin Theorem) Let n, k ∈ N0 with n + k ≥ 2. The
map Ψ: Ωth

k (Rn+k) → πn+k(S
n, ∗)

[(N, g)] 7→ [ρ(N,g)]

is well-de�ned and it is an isomorphism.

Sketch of proof. Fortunately we have already done basically all the work:
(1) First we argue that Ψ is well-de�ned. Thus suppose that we are given thickened

k-dimensional submanifolds (M, g) and (N, h) of Rn+k that are cobordant. We pick

1938We refer to page 3345 for the de�nition of the sign of a thickening of a point.
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a thickened cobordism (W,F : B
n ×W → [0, 1]× Rn+k) in [0, 1]× Rn+k. The corre-

sponding map ρ(W,F ) : [0, 1]× Rn+k → Sn

has the property that it sends a neighborhood of [0, 1] × {∞} to ∗. Therefore it
follows easily from the Homotopy Stacking Lemma 14.3 that the following map is
continuous:

Sn+k × [0, 1] = (Rn+k ∪ {∞})× [0, 1] → Sn

(P, t) 7→
{
ρ(W,F )(t, P ), if P ∈ Rn+k,
∗, if P =∞.

It follows from the above that this map is in fact a homotopy rel ∗ between the map
ρ(M,g) : (Sn+k, ∗)→ (Sn, ∗) and the map ρ(N,h) : (Sn+k, ∗)→ (Sn, ∗). In particular we
have [ρ(M,g)] = [ρ(N,h)] ∈ πn+k(S

n, ∗).
(2) It follows immediately from Lemma 157.5 that Ψ is a homomorphism.
(3) The statement of Proposition 157.6 is equivalent to saying that Ψ is an epimorphism.
(4) Finally it remains to show that Ψ is in fact a monomorphism. So suppose that

we are given two thickened k-dimensional submanifolds (M, g) and (N, h) of Rn+k

such that [ρ(M,g)] = [ρ(N,h)] ∈ πn+k(S
n, ∗), i.e. such that there exists a homotopy

F : Sn+k × [0, 1]→ Sn rel ∗ from ρ(M,g) to ρ(N,h).
The proof of Proposition 157.6 can be modi�ed without too many problems to

show that the homotopy F gives rise to a thickened cobordism between (M, g) and
(N, h). We leave it to the reader to �ll in the details. See also [Kos1993, The-
orem 9.5.5] or [Bre1993, Chapter 16] for similar claims stated with more author-
ity. �

From our above results we obtain the following corollary. Of course we proved this result
earlier in Corollary 85.6, using very di�erent methods.
Corollary 157.12. For any m ≥ 2 the map

Z → πm(Sm, ∗)
n 7→ n · [idSm ]

is an isomorphism.

Proof. Let P ∈ Rm and let g be a thickening for the submanifold {P}. We consider the
two maps

Z → Ωth
0 (Rm)

n 7→ n · [({0}, g with sign(g) = 1)]
and Ωth

0 (Rm) → πm(Sm, ∗)
[(N, g)] 7→ [ρ(N,g)].

The �rst map is an isomorphism by Proposition 157.10 and the second map is an isomor-
phism by the Thom-Pontryagin Theorem 157.11, applied to k = 0 and m ≥ 2. Thus the
composition of the two maps is an isomorphism. Finally it follows from Lemma 157.1 that
the composition of these two maps sends n to n · [idSm ]. �

157.4. The calculation of the thickened cobordism group Ωth
1 (R3). Surely the most

interesting calculation of a higher homotopy group that we have performed so far is that
in Theorem 155.10 (2) we saw π3(S2) ∼= Z. Our goal now is to give a new proof of this fact
using the Thom-Pontryagin Theorem 157.11. Thus we need to show that Ωth

1 (R3) ∼= Z.
We start out with the following slightly subtle de�nition.



3356

De�nition. Let m ∈ N.
(1) Let (M, v : B

m−k×Rm) be a thickened (m−k)-dimensional submanifold of Rm. The
natural orientation of M is the unique orientation that turns v into an orientation-
preserving map.1939

(2) Similarly we de�ne the natural orientation of a thickened cobordism.
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thickening v
natural

orientation
for M

M

This de�nition leads us to the following convention.
Convention. In this section we equip any thickened submanifold and any thickened cobor-
dism with the natural orientation.
Before we write down an explicit isomorphism we introduce the following de�nition which
generalizes the de�nition of the self-linking number of a thickened knot that we introduced
on page 2853.
De�nition.
(1) Let K = K1 t · · · tKm and L = L1 t · · · t Ln be two disjoint oriented links. We

de�ne the linking number of K and L as

lk(K,L) :=
m∑
i=1

n∑
j=1

lk(Ki, Lj).

(2) Let (L, g) be a thickened link. We write L′ = g({1}×L). We de�ne the self-linking
number of (L, g) as slk(L, g) := lk(L,L′).1940

The following elementary lemma is at times useful for determining self-linking numbers of
thickened links.
Lemma 157.13. If (L, g) = (L1 t · · · t Lm, g1 t · · · t gm) is a thickened link, then

slk(L, g) :=
∑
i 6=j

lk(Li, Lj) +
m∑
i=1

slk(Li, gi).

Proof. We will prove the lemma in Exercise 157.2. �

Now we can give the promised isomorphism.
Theorem 157.14. The map

Ψ: Ωth
1 (R3) → Z

[(L, g)] 7→ self-linking number slk(L, g)

is well-de�ned and it is an isomorphism. In particular we have π3(S2) ∼= Z.

1939Recall that M is assumed to be orientable, but a priori it does not come with an orientation. It is
not di�cult to see that there exists a unique orientation on M such that, if we equip B

m−k ×M with the
product orientation, v becomes orientation-preserving.
1940Here we use the above convention to view L as an oriented submanifold of R3, and we equip L′ =
g({1} × L) with the obvious corresponding orientation.
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Examples.
(1) We consider the trivial knot K with a thickening g of self-linking number +1. By

Theorem 157.14 the thickened knot (K, g) de�nes a generator of Ωth
1 (R3). It fol-

lows from the isomorphism provided by the Thom-Pontryagin Theorem 157.11 that
ρ(K,g) : S3 → S2 represents a generator of π3(S2, ∗). In Lemma 157.4 we saw that
ρ(K,g) represents the same element of π3(S2, ∗) as the Hopf map H : S3 → S2. Thus
we see once again that the Hopf map represents a generator of π3(S2).

(2) We consider the Hopf link L = L1 t L2 with the orientations shown in the �gure
below. We equip L = L1 t L2 with a �trivial thickening� g1 t g2, i.e. where the
thickening gi of each component Li has self-linking number 0. We see that

slk(L1tL2, g1tg2) = lk(L1, L2) + lk(L2, L1) +

=0︷ ︸︸ ︷
slk(L1, g1) +

=0︷ ︸︸ ︷
slk(L2, g2) = 1 + 1 = 2.

↑ ↑
Lemma 157.13 pick your favorite method from Section 131.4

This shows that the Hopf link, perhaps slightly counter-intuitively, gives rise to twice
the generator of π3(S2, ∗).

L1 L2

Since we already have an independent proof of Theorem 157.14 we will take the liberty to
cut a few corners in the new proof of the theorem. The new proof of Theorem 157.14 will
build on the following four lemmas. The �rst two lemmas generalize the Seifert Surface-
Existence Proposition 131.6 and Lemma 131.15 from knots to links. They are perhaps
interesting in their own right.

Lemma 157.15. Given any oriented link L Ă S3 there exists a compact oriented con-
nected surface F Ă S3 such that ∂F = L.1941

Proof of Lemma 157.15. Let L Ă S3 be an oriented link. A modest generalization of
the Seifert Surface-Existence Proposition 131.6 shows that there exists a compact oriented
surface G Ă S3 with ∂G = L. In Exercise 157.5 we will show that we can turn G into a
compact oriented connected surface F with ∂F = L.1942 �

Lemma 157.16. If K = K1 t · · · tKm and L = L1 t · · · tLn are two oriented links, then
the following statements hold:

(1) There exist compact oriented proper 2-dimensional submanifolds S and T of B
4

with ∂S = K and ∂T = L such that S and T are transverse.
(2) Let S, T be two oriented proper 2-dimensional submanifolds of B

4
with ∂S = K and

∂T = L. If S and T are transverse, then1943

lk(K,L) = S ·
B

4 T.

1941Here the equality ∂F = L is understood to be an equality of oriented submanifolds.
1942Frankly it can be slightly annoying to give a completely rigorous proof that such a surface F exists.
This is one of the main reasons why we made the caveat above that we are going to cut a few corners in
the argument.
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Example. As on page 2220 we consider the Hopf link that is illustrated in the �gure below
on the left. On the right of the �gure below we show a compact oriented connected surface
whose boundary equals the Hopf link.
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Hopf link surface with �two sides� that
are green and blue

Proof of Lemma 157.16.

(1) The proof of this statement is virtually the same as the proof of Lemma 131.15, we
just need to replace the Seifert Surface-Existence Proposition 131.6 by Lemma 157.15.

(2) We leave it to the reader to verify that the proof of Lemma 131.15 (2) can be modi�ed
to deal not only with knots but also with links. �

The following two lemmas that we need for the proof of Theorem 157.14 are arguably more
technical.
Lemma 157.17. Let K be an oriented knot in R3 and let g and h be two thickenings for
K in R3. If slk(K, g) = slk(K,h), then [(K, g)] = [(K,h)] ∈ Ωth

1 (R3).

Proof of Lemma 157.17. Since slk(K, g) = slk(K,h) it follows from the Knot Thicken-
ing Lemma 131.1 that there exists a smooth isotopy F : (B

2 × K) × [0, 1] → R3 between
g and h which has compact support and which has the property that F (0, k, t) = k for all
k ∈ K and all t ∈ [0, 1]. We consider W = [0, 1]×K with the thickening given by

j : B
2 × ([0, 1]×K) → [0, 1]× R3

(v, (t, x)) 7→ (t, F ((v, x), t)).

The thickened smooth manifold (W, j) is a thickened cobordism between (K, g) and (K,h).
�

Lemma 157.18. Let W be a compact oriented proper connected 2-dimensional subman-
ifold of R3 × [0, 1) with boundary components L1, . . . , Lm. Given s1, . . . , sm−1 ∈ Z there
exists a thickening h for W such that for i = 1, . . . ,m− 1 we have slk(Li, h|Li) = si.
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Wcan prescribe the self-linking number
for all but one component

L1

L1

L2

Proof. Evidently we can assume that m ≥ 1. In this case W is a compact oriented proper
connected 2-dimensional submanifold with non-empty boundary. Thus by Proposition ??
(3) there exists a thickening f : B

2×W → R3× [0, 1) for W . For i = 1, . . . ,m− 1 we write
ri := slk(Li, g|Li).
1943Here S ·

B
4 T denotes the algebraic intersection number of the oriented transverse surfaces S and T in

the oriented smooth manifold B
4
. We refer to page 2748 for the de�nition of the algebraic intersection

number.
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By Lemma 55.12 there exists a map ϕ : W → L1 ∨ · · · ∨ Lm−1
1944 that is the identity

on each Li. We pick a map ψ : L1 ∨ · · · ∨Lm−1 → SO(2) = S1 with the following property:
under an orientation-preserving identi�cation Li = S1 the restriction of ψ to Li is given by
z 7→ zsi−ri . Now we consider the thickening

h : B
2 ×W → W

(v, P ) 7→ f(

∈SO(2)︷ ︸︸ ︷
(ψ ◦ ϕ)(P ) · v, P ))︸ ︷︷ ︸

∈B2×W

.

By the Knot Thickening Lemma 131.1 (1) we know that for any i ∈ {1, . . . ,m − 1} we
added si − ri to the self-linking number of Li. Thus the thickening h has all the desired
properties. �

Now we are in a position to provide the proof of Theorem 157.14.

Sketch of proof of Theorem 157.14.

(1) First we need to show that Ψ: Ωth
1 (R3) → Z is well-de�ned. In the proof of this

fact we borrow some ideas from the proof of Lemma 131.15 (2). So let (W,F ) be
a thickened cobordism between (K, g) and (L, h). We write W ′ = F ({1} × W ),
K ′ = g({1} ×K) and L′ = h({1} × L). By Lemma 157.16 (1) there exist oriented
proper 2-dimensional submanifolds S and S ′ of B

4
with ∂S = K and ∂S ′ = K ′ such

that S and S ′ are transverse. Similarly there exist T, T ′ for L and L′.
We can make the identi�cation S4 = (−B4

) ∪ [0, 1]× S3 ∪ B41945 (See the �gure
below for an illustration.) Using Proposition ?? we can arrange that both (−S) ∪
W ∪ T and (−S ′) ∪W ′ ∪ T ′ are oriented submanifolds of the smooth manifold S4.
We calculate that by de�nition of slk Lemma 157.16 (2)

↓ ↓
− slk(K, g) + slk(L, h) = − lk(K,K ′) + lk(L,L′) = (−S) ·

B
4 S ′ + T ·

B
4 T ′

= (−S) ·−B4 (−S ′) + T ·
B

4 T ′ = (−S ∪W ∪ T ) ·S4 (−S ′ ∪W ′ ∪ T ′) = 0.
↑ ↑

since the only intersections appear by Theorem 127.7 and
between S, S′ and T, T ′, here we use that since H2(S4;Z) = 0

W and W ′ are disjoint

We have thus shown that the self-linking numbers of (K, g) and (L, h) agree. This
shows that the map Ψ: Ωth

1 (R3)→ Z is indeed well-de�ned.
(2) It follows easily from Exercise 131.6 that Ψ is a homomorphism.
(3) By the Knot Thickening Lemma 131.1 there exists a knot in R3 with a thickening in

R3 with self-linking number one, thus Ψ is an epimorphism.
(4) It remains to show that Ψ: Ωth

1 (R3) → Z is a monomorphism. So suppose we are

given a thickened m-component link (L, g) =
m⊔
i=1

(Li, gi) with Ψ([(L, g)]) = 0.
Note that by Lemma 157.15 there exists a compact oriented connected surface

W in R3 × [0, 1) whose boundary equals L Ă R3 = R3 × {0}. Next note that by

1944Here, as a reminder, L1 ∨ · · · ∨ Lm−1 denotes the wedge of the topological spaces L1, . . . , Lm−1.
1945If the reader does not feel like making this identi�cation, then we point out that we only need that the
right-hand side is a smooth manifold and that the second homology vanishes.
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W ′
K

L′L

T ′

K ′

W

Lemma 157.18 we can equip W with a thickening h such that for i = 1, . . . ,m − 1
we have slk(Li, h|Li) = slk(Li, gi).

Claim. We also have slk(Lm, h|Lm) = slk(Lm, gm).

Proof. Note that (W,h) is a thickened cobordism between (L, h|L) and the empty
link. In particular we obtain from (1) that slk(L, h|L) = 0. By our hypothesis on
(L, g) we also have slk(L, g) = 0. We had already arranged that for i = 1, . . . ,m− 1
we have slk(Li, h|Li) = slk(Li, gi). It now follows immediately from Lemma 157.13
that slk(Lm, h|Lm) = slk(Lm, gm). �

Now we are done, since

[(L, g)] = [(L, h|g)] = 0 ∈ Ωth
1 (R3).

↑ ↑
Lemma 157.17 since (W,h) is a null-cobordism for (L, h|g) �

157.5. The linking number. In the next section we will show that there exists an epi-
morphism Ωth

2n−1(R4n−1) → Z. The key to doing so is the notion of the linking number
which we discuss in this section.
Notation. Let n ∈ N.
(1) Given a closed oriented m-dimensional submanifold K of S2m+1 we denote by

βK : Hm(K;Z) → Hm(S2m+1 \K;Z)

the inverse of the isomorphism given by the Alexander Duality Theorem 123.10.
(2) Given a compact oriented proper (m+1)-dimensional submanifoldW of [0, 1]×S2m+1

we denote by

βW : Hm+1(W,∂W ;Z) → Hm(([0, 1]× S2m+1) \W ;Z)

the inverse of the isomorphism given by the Alexander Duality Theorem 123.10.
With this notation we can introduce the following de�nition.

De�nition. Let m ∈ N and let K and L be two disjoint closed oriented m-dimensional
submanifolds of S2m+1. We de�ne the linking number of K and L as

lk(K,L) := 〈βK([K]), [L]〉 ∈ Z
where we view the fundamental class [L] of L as a homology class in Hm(S2m+1 \K;Z).

Remark. The vigilant reader will not have failed to notice that in the 3-dimensional
setting it is a priori not clear that the above de�nition of the linking number agrees with



157. THOM-PONTRYAGIN THEORY I: THE BASICS 3361

the de�nition given on page 2865. In Exercise 157.6 we will prove that in the 3-dimensional
setting the two competing notions of linking numbers agree.

The following proposition is a generalization of the Linking Number-Symmetry Proposi-
tion 131.12.
Proposition 157.19. Letm ∈ N. Given any two two disjoint closed orientedm-dimensional
submanifolds K and L of S2m+1 we have the following equality

lk(K,L) = (−1)m+1 · lk(L,K).

Proof. We leave it to the reader to modify the proof of the Linking Number-Symmetry
Proposition 131.12 to obtain the desired statement. �

157.6. The Hopf invariant and the thickened cobordism group Ωth
2n−1(R4n−1). In

Corollary 122.14 we had sketched a proof that given any n ∈ N there exists an epimorphism
π4n−1(S2n)→ Z. By the Thom-Pontryagin Theorem 157.11 this statement is equivalent to
saying that there exists an epimorphism Ωth

2n−1(R4n−1)→ Z.
First of all we work with the same convention as in the last section.

Convention. In this section we equip any thickened submanifold and any thickened cobor-
dism with the natural orientation that we introduced on page 3356.

Proposition 157.20. Let n ∈ N and let ∗ ∈ B2n
. The map

Hopf : Ωth
2n−1(R4n−1) → Z

[(N, g : B
2n ×N → R4n−1)] 7→ lk(N, g(∗ ×N))

is a well-de�ned homomorphism.

Remark. Let n ∈ N. We recall that on page 2681 we used the cup product to de�ne the
Hopf invariant

Hopf : π4n−1(S2n, ∗) → Z

which is, as shown in Proposition 122.7, in fact a homomorphism. The audacious reader
can attempt to show that, under the above isomorphism Ωth

2n−1(R4n−1)
∼=−→ π4n−1(S2n, ∗), the

Hopf invariant and the homomorphism Hopf : Ωth
2n−1(R4n−1) → Z from Proposition 157.20

agree up to sign.1946

Proof. In Exercise 157.7 we will verify that Hopf is a homomorphism. Now let us actu-
ally show that Hopf is well-de�ned. Thus suppose that we are given thickened (2n − 1)-
dimensional submanifolds (N0, g0) and (N1, g1) of R4n−1 that are cobordant via a thickened
cobordism (W,G). We denote by i0 : {0} × S4n−1 → [0, 1] × S4n−1 the inclusion. Simi-
larly we de�ne i1. We also use i0, i1 in a rather obvious way for restrictions of the above
inclusion maps to suitable subsets. It follows immediately from the Alexander Duality

1946Attempting to determine the correct sign with con�dence might have negative e�ects on one's mental
health.
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Theorem 123.10 that we have the following commutative diagram

H2n(W,∂W ;Z)

∂

��

∼=
βW

// H2n−1(([0, 1]× S4n−1) \W ;Z)
i∗0
i∗1
��

H2n−1({0} ×N0;Z)
H2n−1({1} ×N1;Z) ∼=

(
βN0 0

0 βN1

)
//
H2n−1({0} × (S4n−1 \N0);Z)
H2n−1({1} × (S4n−1 \N1);Z)

where all horizontal maps are isomorphisms and where the left-hand vertical map is the
connecting homomorphism of the long exact sequence in homology of the pair (W,∂W ).

It follows that follows from the above diagram and the fact that by
Fundamental Class-of-Boundary Proposition 106.27
we know that [∂W ] = [{0} ×N0] + [{1} ×N1]

↓
lk(N0, g0(∗ ×N0)) = 〈βN0([N0]), [g0(∗ ×N0)]〉 = 〈i∗0(βW ([W ])), [g0(∗ ×N0)]〉

= 〈βW ([W ]), (i0)∗([g0(∗ ×N0)])〉 = 〈βW ([W ]), (i1)∗([g1(∗ ×N1)])〉
↑ ↑

Lemma 109.6 (3) it follows from ∂(G(∗ ×W )) = g0(∗ ×N0) ∪ g1(∗ ×N1) together with
Corollary 106.28 (2) that (i0)∗([g0(∗ ×N0)]) = (i1)∗([g1(∗ ×N1)])

= lk(N1, g1(∗ ×N1)).
↑

same argument backwards

We have thus shown that Hopf is indeed well-de�ned. �

Of course an invariant is only interesting if we can show that it assumes non-trivial values.
If n = 1, then we already know1947 that the trivial knot K together with the thicken-
ing g of self-linking number one satis�es Hopf([(N, g)]) = 1. In particular we see that
Hopf : Ωth

1 (R3)→ Z is an epimorphism.

Lemma 157.21. For any n ∈ N the Hopf invariant Ωth
2n(R4n+1)→ Z is the zero map.

Proof. Let (N, g : B
2n+1 × N → R4n+1) be a thickened 2n-dimensional submanifold of

R4n+1. We calculate that
=Hopf([(N,g)])︷ ︸︸ ︷

lk(N, g(∗ ×N)) = (−1)dim(N)+1 · lk(g(∗ ×N), N) = −
=Hopf([(N,g)])︷ ︸︸ ︷

lk(N, g(∗ ×N)).
↑ ↑

Proposition 157.19 since N t g(∗ ×N) and g(∗ ×N) tN are isotopic

This calculation shows that Hopf([(N, g)]) = 0. �

Recall that the combination of Propositions 122.7 and 122.13 shows that given any n ∈ N
there exists a map f : S4n−1 → S2n such that the Hopf invariant equals 2. The following
proposition that can be viewed as an analogue of this fact.

Proposition 157.22. For any n ∈ N there exists a thickened (2n − 1)-dimensional sub-
manifold (N, g) in R4n−1 with Hopf([(N, g)]) = 2.

Sketch of proof. We consider the �trivial (2n− 1)-dimensional knot�

K = S2n−1 × {0} = {(z1, . . . , z2n, 0, . . . , 0) ∈ R4n−1 | z2
1 + · · ·+ z2

2n = 1}
1947Here we assume for convenience that we already know that the two di�erent de�nitions of the linking
pairing in the 3-dimensional setting agree.
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together with the map1948
g : B

2n ×K → R4n−1(
(x, (y1, . . . , y2n−1)︸ ︷︷ ︸

=:y∈R2n−1

), (z, 0)︸ ︷︷ ︸
∈K

)
7→ (z + 1

4
x · z, y).

One can easily verify that, with a suitable orientation for K, the pair (K, g) is a thickened
(2n − 1)-dimensional submanifold of R4n−1. It is not particularly di�cult to show that
[g(∗ ×K)] = 0 ∈ H2n−1(R4n−1 \K). Unfortunately this implies that lk(K, g(∗ ×K)) = 0.

The �rst idea would be to modify the thickening g in a similar vein as in the Knot
Thickening Lemma 131.1. This might work in principle, but at least your author does
not know how to make this work in general.1949 Instead we will recycle the example from
page 3357 where we saw that the Hopf link gives rise to a non-trivial element in Ωth

1 (R3).
More precisely, we consider the di�eomorphism

Θ: R4n−1 → R4n−1

(x1, . . . , x2n︸ ︷︷ ︸
=x

, y1, . . . , y2n−1︸ ︷︷ ︸
=y

) 7→ (y, x) + (0, . . . , 0, 1, 0, . . . , 0).↑
2n-th coordinate

Similar to the discussion on page 3357 one can now fairly easily show (voluntary exercise!)
that Hopf([K tΘ(K), g tΘ∗(g)]) = ±2. Since Hopf is a homomorphism we see that there
exists a thickened (2n− 1)-dimensional submanifold (N, g) in R4n−1 with Hopf([(N, g)]) =
2. �

����

x2n

R2n−1

R2n−1

K

Θ(K)

Remark. In Theorem 152.11 we saw that, unless n = 2, 4, 8, there does not exist a map
f : S2n−1 → Sn with Hopf(f) = 1. If we believe for a second that the Hopf invariant
corresponds to the above homomorphisms Hopf, then this shows that Proposition 157.22
is optimal for n 6∈ {1, 2, 4}.
In summary, the Thom-Pontryagin Theorem 157.11 together with Propositions 157.20 and
157.22 give us the following result, which is precisely the content of Corollary 122.14.

Proposition 157.23. Given any even n ∈ N there exists an epimorphism π2n−1(Sn)→ Z.

Exercises for Chapter 157.

Exercise 157.1. We consider the map

f : (S1 ×B2
) ∪S1×S1 (B

2 × S1) → B
2
/S1

P 7→

{
[Q], if P = [(Q, z)] with Q ∈ B2

and z ∈ S1,

[S1], if P = [(z,Q)] with z ∈ S1 and Q ∈ B2
.

1948This map g is basically just the �obvious� thickening of S2n−1 Ă R2n extended to higher dimensions.
1949Also the remark after the proof might temper one's optimism.
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Show that f is null-homotopic.

Exercise 157.2. Let (L = L1 t · · · tLm, g = g1 t · · · t gm) be a thickened link. Show that

slk(L, g) :=
∑
i 6=j

lk(Li, Lj) +
m∑
i=1

slk(Li, gi).

Exercise 157.3. Let m ≥ 2. The Thom-Pontryagin Theorem 157.11 implies in particular
that Ωth

m−1(Rm) ∼= π1(Sm) = 0. This implies that every thickened submanifold of Rm of
codimension-one is null-cobordant. Prove this statement without making use of the Thom-
Pontryagin Theorem 157.11.
Hint. Use Lemma 130.3.

Exercise 157.4. We consider the Hopf link H as shown in the �gure below. Draw an
explicit oriented connected compact surface whose boundary equals the oriented link H.
Remark. Note that the orientation of one of the components is di�erent from the Hopf link
that we had considered above in the �gure on page 3358.

Hopf link

Exercise 157.5. Let L Ă S3 be an oriented link and let G Ă S3 be a compact oriented
surface with ∂G = L. We assume that G has no closed components.
(a) Show that S3 \G is path-connected.
(b) Give an outline of an argument why there exists a compact oriented connected surface

F with ∂F = L.

Exercise 157.6. Let K and J be two oriented disjoint knots in S3. Show that the two
de�nitions of the linking number lk(K, J) given on pages 2865 and 3360 agree.

Exercise 157.7. Show that the map

Ψ: Ωth
2n−1(R4n−1) → Z

[(N, g : B
2n ×N → R4n−1)] 7→ lk(N, g(∗ ×N))

considered in Proposition 157.20 is a homomorphism.

Exercise 157.8. In Section 157.6 we had just seen that given any even n ∈ N there exists
an epimorphism Ωth

n−1(R2n−1) → Z. What about the group Ωth
n−1(R2n−1) if n is odd? Can

we use linking numbers to de�ne a homomorphism to Z? Can we use them to �nd an
epimorphism from Ωth

n−1(R2n−1) to Z?
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158. Thom-Pontryagin Theory II: The Freudenthal Suspension Theorem

158.1. The framed cobordism group. In Chapter 157 we introduced the thickened
cobordism groups Ωth

k (Rn+k) and we showed that they are isomorphic to πn+k(S
n, ∗). Fur-

thermore we computed that Ωth
0 (Rn) ∼= Z and Ωth

1 (R3) ∼= Z. Finally we showed that given
any n ∈ N there exists an epimorphism Ωth

2n−1(R4n−1)→ Z. These calculations gave us new
proofs for Corollary 85.6, Theorem 155.10 (2) and Corollary 122.14.
Even though these new proofs were very pleasant, it is now time for some new results. In
this section we will prove the Freudenthal Suspension Theorem and we will calculate the
homotopy groups πn+1(Sn) for n ≥ 3. For the subsequent calculations it is better though
to work with the �framed cobordism groups� Ωfr

k (Rn) that we introduce in this section. As
we will see, the framed cobordism groups are isomorphic to the thickened cobordism group,
but at times they are easier to calculate since they allow us to reduce many issues to linear
algebra.
First we introduce the following de�nitions in linear algebra.
De�nition. Given m, k ∈ N0 we write

GL(m, k) := set of k-tuples of linearly independent vectors of Rm

O(m, k) := set of k-tuples of orthonormal vectors of Rm.

We adopt the following conventions:
(1) Given v ∈ GL(m, k) we denote by v1, . . . , vk the corresponding column vectors.
(2) Throughout we view both GL(m, k) and O(m, k) as subsets of the smooth manifold

M(m× k,R) = Rmk.
Now we can give the topological de�nition we are really interested in.

De�nition. Let m ∈ N0 and let N be an m-dimensional submanifold of Rm. (Later on
we will only be interested in N = Rm, N = [0, 1] × Rm−1 and the case that N = B

m

r (P )
is a closed m-dimensional ball.)
(1) Let M be a compact orientable proper k-dimensional submanifold of N .

(a) Let P ∈M . We say v = (v1, . . . , vm−k) ∈ GL(m,m− k) is a frame of M at P if
the vectors v1, . . . , vm−k, together with TPM1950 spans Rm.

(b) A framing for M is a smooth1951 map v : M → GL(m,m− k) such that for each
P ∈M the vectors v1(P ), . . . , vm−k(P ) are a frame of M at P .

(c) We say that a framing v = (v1, . . . , vm−k) is perpendicular if for each P ∈ M
the vectors v1(P ), . . . , vm−k(P ) lie in the orthogonal complement of TPM , i.e. if
they lie in the vector space

(TPM)⊥ = {v ∈ Rm | 〈v, w〉 = 0 for all w ∈ TPM}.
If the framing is perpendicular and if all the vectors are orthonormal, then we
that the framing is orthonormal .

(2) A framed k-dimensional submanifold of N is a pair (M, v) where M is a compact
orientable proper k-dimensional submanifold of N and v is a framing for M .

(3) Let (M, v) be a framed k-dimensional submanifold of N and let ϕ : N → W be a
smooth embedding of N into a smooth manifold of the same dimension. We consider
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the map

ϕ∗(v) : ϕ(M) → GL(m,m− k)
P 7→ (ϕ∗(v1(ϕ−1(P ))), . . . , ϕ∗(vm−k(ϕ

−1(P )))).

The pair (ϕ(M), ϕ∗(v)) is a framed submanifold of W .
Some of the above de�nitions are illustrated in the �gure below.
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submanifold M
of N = R3

P

De�nition. Let k,m ∈ N0 and let (N0, v0) and (N1, v1) be two framed k-dimensional
submanifolds of Rm. A framed cobordism between (N0, v0) and (N1, v1) is a framed (k+1)-
dimensional submanifold (W,V ) of [0, 1]×Rm such that the following three conditions are
satis�ed:
(1) ∂W = ({0} ×N0) ∪ ({1} ×N1),
(2) V |{0}×N0 = v0 under the identi�cation {0} × Rm = Rm,
(3) V |{1}×N1 = v1 under the identi�cation {1} × Rm = Rm,

If such a framed cobordism exists, then we say that (N0, v0) and (N1, v1) are cobordant.
The de�nition of a framed cobordism is illustrated in the �gure below.
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[0, 1]× Rm

(N1, v1)(N0, v0)

{0}×Rm {1}×Rm

framed cobordism (W,V )

Basically the same proof as in Lemma 157.8 gives us the following lemma.
Lemma 158.1. The property of �being cobordant� is an equivalence relation on the set
of framed k-dimensional submanifolds of Rm.
This lemma leads us, not surprisingly, to the following de�nition.

De�nition. We denote by Ωfr
k (Rm) the set of cobordism classes of framed k-dimensional

submanifolds of Rm. We refer to Ωfr
k (Rm) as a framed cobordism group.

The following proposition, which is the analogue of Proposition 157.9, justi�es the name
�framed cobordism group�.

1950Here we use the isomorphism from the Tangent Space-Isomorphism Proposition 23.16 to identify TPM
with the vector subspace T̃PM of Rm.
1951Since we view GL(m,m − k) as a subset of the smooth manifold M(m × (m − k),R) = Rm·(m−k) it
makes sense to say that a map M → GL(m,m− k) is smooth.
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Proposition 158.2. Let k ∈ N and let m ∈ N≥2. Let (M, v) and (N,w) be two framed k-
dimensional submanifolds of Rm. SinceM and N are compact we can pick r, s ∈ R>0 with
M Ă Bm

r (0) and N Ă Bm
s (0). Furthermore we pick two orientation-preserving smooth

embeddings ϕ : B
m

r (0)→ Rm and ψ : B
m

s (0)→ Rm with disjoint images. We de�ne

[(M, v)] + [(N,w)] := [(ϕ(M) t ψ(N), ϕ∗(v) t ψ∗(w))] ∈ Ωfr
k (Rm).

This operation �+� has the following properties:
(1) The de�nition of �+� on Ωfr

k (Rm) is well-de�ned and commutative.
(2) The operation �+� de�nes a group structure on Ωfr

k (Rm). The following statements
hold:
(a) The neutral element is represented by the empty submanifold.
(b) Let ρ : Rm → Rm be the re�ection in a hyperplane. The inverse of [(M, v)] is

given by [(ρ(M), ρ∗(v))].

Proof. The proof is basically identical to the proof of Proposition 157.9. We leave it to
the reader to carry out the minor adjustments that are necessary to make the transition
from thickened cobordisms groups to framed cobordism groups. �

Lemma 158.3. Let m ∈ N≥2 and k ∈ {0, . . . ,m}.
(1) Every framed k-dimensional submanifold (M, v) of Rm is cobordant to (M,w) where

w is an orthonormal framing.
(2) Let (W,V ) be a framed cobordism between two framed k-dimensional submanifolds

(M0, v0) and (M1, v1) of Rm. If v0 and v1 are orthonormal, then there exist an
orthonormal framing V ′ for W such that (W,V ′) is a framed cobordism between
(M0, v0) and (M1, v1).

Proof. We prove Statement (1) of the lemma. The proof of Statement (2) is a mild varia-
tion on the proof of Statement (1). Thus let (M,u) be a framed k-dimensional submanifold
of Rm. Using the fact that being cobordant is transitive, the proof of the lemma can be
broken up into two stages:
(1) First we show that there exists a perpendicular framing v such that (M,u) is cobor-

dant to (M, v).
(2) Then we show that there exists an orthonormal framing w such that (M, v) is cobor-

dant to (M,w).
We carry out the two steps:
(1) Let (M,u : M → GL(m,m − k)) be a framed k-dimensional submanifold of Rm.

Given P ∈ M we write UPM := span{u1(P ), . . . , uk(P )} and furthermore we write
ZPM := (TPM)⊥. For each P ∈ M the decomposition Rm = TPM ⊕ ZPM de�nes
a projection of Rm onto ZPM . We denote the restriction of this projection to UPM
by ρP : UPM → ZPM . By de�nition of a framing this map is an isomorphism. We
consider the product cobordism W = [0, 1]×M equipped with the framing1952

V : W = [0, 1]×M → GL(m,m− k)
(t, P ) 7→ (u(P ) · (1− t) + ρP (u(P )) · t).

1952It takes a little bit of thought to show that this is indeed a smooth map.
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Basically by de�nition this is a framed cobordism from (M,u) to (M, v) where v = V1

is a perpendicular framing.
(2) In the Matrix Groups Smooth Deformation Retract Proposition 33.10 (1) we showed

that there exists a smooth deformation retraction R : GL(m,m − k) × [0, 1] →
O(m,m − k) from GL(m,m − k) to O(m,m − k) which has the following extra
property:
(∗) For any v = (v1, . . . , vm−k) ∈ GL(m,m− k) and any t ∈ [0, 1] we have

span of Rt(v1), . . . , Rt(vm−k) = span of v1, . . . , vm−k.

Now let (M, v) be a framed k-dimensional submanifold. We consider the product
cobordism W = [0, 1]×M equipped with the framing

V : W = [0, 1]×M → GL(m,m− k)
(t, P ) 7→ Rt(v(P )).

It follows from the fact that R is smooth and that (∗) holds that this is a framed
cobordism from (M, v) to (M,w) where w = V1 is an orthonormal framing. �

The following proposition shows that the two types of cobordism groups that we introduced
in this and the last chapter are in fact isomorphic.

Proposition 158.4. Let m ∈ N≥2 and let k ∈ {0, . . . ,m}. The map

Φ: Ωth
k (Rm) → Ωfr

k (Rm)

[(N, g : B
m−k ×N)] 7→

[
N equipped with the framing that associates to P ∈ N
the frame Df(0,P )(e1), . . . ,Df(0,P )(em−k)

]
is well-de�ned and it is an isomorphism.

Convention. Let n, k ∈ N0 with n + k ≥ 2. We use the isomorphisms from the Thom-
Pontryagin Theorem 157.11 and Proposition 158.4 to make the identi�cations

πn+k(S
n, ∗) = Ωth

k (Rn+k) = Ωfr
k (Rn+k).

Sketch of proof.

(1) It follows basically from the de�nitions that the framing associated to a thickened
submanifold is indeed a framing. Applying the same procedure to a thickened cobor-
dism between thickened submanifolds we obtain a framed cobordism between framed
submanifolds. This shows that Φ is well-de�ned.

(2) It follows immediately from the de�nitions of the group structures that Φ is a homo-
morphism.

(3) We sketch the construction of the inverse to Φ. Let (N, {v1, . . . , vm−k}) be a framed
k-dimensional submanifold of Rm. We consider the map

g(v) : Rm−k ×N → Rm

((t1, . . . , tm−k), P ) 7→ P + t1 · v1(P ) + · · ·+ tm−k · vm−k(P ).

The same argument as in the proof of Theorem ?? shows that there exists an ε > 0

such that g(v) restricts to a smooth embedding B
k

ε (0) × N → Rm. After rescaling
the ball we thus get a thickening B

k × N → Rm of N . It is straightforward to see
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that the class [(N, g(v)] ∈ Ωth
k (Rm) does not depend on the choice of ε > 0. Since

the same approach also works for cobordisms we obtain a well-de�ned map

Ψ: Ωfr
k (Rm) → Ωth

k (Rm).

It remains to show that Φ and Ψ are inverses of one another. It follows basically
immediately from the de�nitions and Lemma 158.3 (1) that Φ ◦Ψ is the identity on
Ωfr
k (Rm). The fact that Ψ ◦ Φ is the identity on Ωth

k (Rm) follows fairly immediately
from the uniqueness of tubular neighborhoods, see Proposition ??, together with
Lemma ??. �

De�nition. Let N be an orientable k-dimensional submanifold of Rm and let n ≥ m.
(1) We write Nn := N × {0} Ă Rn.

Now suppose we are given a framing v : N → GL(m,m− k) for N .
(2) We de�ne vn : Nn → GL(n, n− k)

(P, 0) 7→
(
v(P ) 0

0 idn−m

)
.

It is clear that vn is a framing for Nn. Note that Nm = N and vm = v.
(3) We refer to (Nn, vn) as the (n−m)-fold suspension of (N, v). In particular we refer

to (Nm+1, vm+1) as the suspension of (N, v).
The same notation applies in an obvious way to (framed) submanifolds of [0, 1]× Rm.
The following lemma justi�es the name �suspension� that we had used in the above de�ni-
tion.
Lemma 158.5. Let m ∈ N≥2 and let k ∈ {0, . . . ,m}.
(1) The map Ωfr

k (Rm) → Ωfr
k (Rm+1)

[(N, v)] 7→ [the suspension of (N, v)]

is well-de�ned and it is a homomorphism. We refer to it as the suspension homo-
morphism.

(2) Under the identi�cation from the convention on page 3368 the suspension homo-
morphisms on πn+k(S

n, ∗) and Ωfr
k (Rn+k) agree up to sign,1953 in other words, the

following diagram commutes up to sign:

Ωfr
k (Rn+k)

suspension
//

∼=
��

Ωfr
k (Rn+k+1)

∼=
��

πn+k(S
n, ∗)

suspension
// πn+k+1(Sn+1, ∗).

Proof.

(1) The �rst statement is almost obvious.
(2) We leave it to the reader to go through all the de�nitions to verify this statement. �

1953To be more precise, they might agree on the nose, but we will not spend valuable time on �guring out
the sign.
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158.2. The Freudenthal Suspension Theorem. In this section we will prove the fol-
lowing theorem that was �rst proved in 1937 by Hans Freudenthal [Freu1937, p. 300].

Theorem 158.6. (Freudenthal Suspension Theorem) Let n, k ∈ N0. We suppose
that n + k ≥ 2. The suspension homomorphism πn+k(S

n) → πn+k+1(Sn+1) from the
Suspension Homomorphism Lemma 71.19 is an isomorphism if n > k + 1 and it is an
epimorphism if n = k + 1.

Remark.

(1) The Freudenthal Suspension Theorem 158.6 can be reformulated as follows: given
n ∈ N the suspension homomorphism πm(Sn) → πm+1(Sn+1) is an isomorphism if
m < 2n− 1 and that it is an epimorphism if m = 2n− 1. We consider two situations
in slightly more detail:
(a) The Freudenthal Suspension Theorem 158.6 says that the suspension homomor-

phism π3(S2) → π4(S3) is an epimorphism and it says that for any n ≥ 3 the
suspension homomorphism πn+1(Sn) → πn+2(Sn+1) is an isomorphism. This
special case will play an important role shortly.

(b) The Freudenthal Suspension Theorem 158.6 almost recovers Theorems 155.11 (2)
and 155.14 (2). Recall that these theorems stated that form ∈ {0, . . . , 5} we have
πm(S3) ∼= πm+1(S4) and that for m ∈ {0, . . . , 13} we have πm(S7) ∼= πm+1(S8).

(2) Let n ∈ N0. Recall that on page 452 we saw that the suspension Σ(Sn) is homeo-
morphic to Sn+1. Thus we see that the Freudenthal Suspension Theorem 158.6 is
a consequence of the following stronger statement: Let X be an (n − 1)-connected
space and let ∗ ∈ X be a good base point.1954 Then the suspension homomorphism
πn+k(X, ∗) → πn+k+1(Σ(X), ∗) is an isomorphism for all n > k + 1 and it is an
epimorphism for n = k + 1. This statement is proved in most textbooks on homo-
topy theory, see e.g. [Gra1975, Theorem 16.34], [WhdG1978, Theorem VII.7.13]
or [DaK2001, Theorem 8.7 and Chapter 10.3]. If X is a CW-complex, then the
statement is also proved in [Hat2002, Corollary 4.24]. The proof of [Hat2002,
Corollary 4.24] is actually a corollary to the Blakers-Massey Theorem 153.17 that we
had stated but not proved.

It follows from Lemma 158.5 that the Freudenthal Suspension Theorem 158.6 is equivalent
to the following theorem.

Theorem 158.7. Let n, k ∈ N.
(1) The suspension homomorphism Ωfr

k (Rn+k)→ Ωfr
k (Rn+k+1) is an epimorphism when-

ever n ≥ k + 1.
(2) The suspension homomorphism Ωfr

k (Rn+k)→ Ωfr
k (Rn+k+1) is a monomorphism when-

ever n > k + 1.
The basic behind the proof of Theorem 158.7 (1) is quite simple: given a framed k-
dimensional submanifold of Rn+k+1 we want to use the �room provided by a large enough
n� to show that it is cobordant to a framed submanifold coming from Rn+k = Rn+k × {0}.
This idea is for the most part carried out in the following two lemmas.

1954We refer to page 1171 for the de�nition of a good point.
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Lemma 158.8. Let (M, v) be a framed k-dimensional submanifold of Rn+k+1. If n ≥ k+1,
then there exists a framed cobordism from (M, v) to a framed k-dimensional submanifold
(N,w) of Rn+k+1 with N Ă Rn+k × {0}.

Proof. Let (M, v : M → GL(n+ k + 1, n+ 1)) be a framed k-dimensional submanifold of
Rn+k+1. We point out that by Lemma 158.3 (1) we can assume that v is an orthonormal
framing.

It follows from n ≥ k + 1 and Lemma 30.8 that there exists a vector ν ∈ Rn+k+1 which
satis�es the following condition:

(∗) the vector ν does not lie in any tangent space TPM1955 and ν is not secant to M , i.e.
for any two distinct points x, y ∈M the di�erence x− y is not parallel to ν.

By the Orthogonal Action Lemma 5.26 (4) there exists a matrix A ∈ SO(n + k + 1) with
A · ν = en+k+1. By the Di�eotopies-via-Matrices Lemma 33.8 there exists a di�eotopy of
Rn+k+1 from idRn+k+1 to the di�eomorphism given by multiplying by A. Therefore, by the
obvious analogue of Lemma 157.7 for the framed cobordism group, we can assume without
loss of generality that ν = en+k+1.
Claim. The map

Ψ: [0, 1]×M → [0, 1]× Rn+k+1

(t, (x1, . . . , xn+k+1)︸ ︷︷ ︸
∈M

) 7→ (t, x1, . . . , xn+k, (1− t) · xn+k+1︸ ︷︷ ︸
∈Rn+k+1

)

is a proper smooth embedding. The de�nition of Ψ is illustrated in the �gure below.

Proof. It follows from the fact that for any two distinct points x, y ∈M the di�erence x−y
is not parallel to ν = en+k+1 that the map is injective. Furthermore note that the map Ψ
is the composition of the inclusion i : [0, 1]×M → [0, 1]× Rn+k+1 with the map

Θ: [0, 1]× Rn+k+1 → [0, 1]× Rn+k+1

(t, (x1, . . . , xn+k+1)) 7→ (t, x1, . . . , xn+k, (1− t) · xn+k+1).

A straightforward calculation shows that

DΘ(t,x1,...,xn+k+1) =

(
1 0 0
0 idn+k 0

−xn+k+1 0 1− t

)
.

It follows immediately from this calculation and the fact that en+k+1 is not contained in
any tangent space TPM that Ψ = Θ◦ i is an immersion. Together with the injectivity of Θ,
the fact that M is compact and the ever-popular the Compact-Hausdor� Proposition 2.17
(2) we obtain that Ψ = Θ◦ i is in fact a smooth embedding. It is also clear that the smooth
embedding is proper. �

We set W := Ψ([0, 1]×M). By the claim together with the Smooth Embedding Theo-
rem 24.10 (2) we know thatW is a proper (k+1)-dimensional submanifold of [0, 1]×Rn+k+1.
Basically by de�nition W is a cobordism between M Ă Rn+k+1 and some submanifold
N Ă Rn+k × {0}.

1955Here and throughout this proof we use the Tangent Space-Isomorphism Proposition 23.16 to view the
tangent spaces of submanifolds of some Rm as vector subspaces of Rm.
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It remains to extend the orthonormal framing v : M → GL(n + k + 1, n + 1) of M to
a framing of W . In fact, we obtain a framing of W = Ψ([0, 1] ×M) by using the �same
vectors� as for M . More precisely, we consider the map

V : W = Ψ([0, 1]×M) → GL(n+ k + 2, n+ 1)

Ψ(t, P ) 7→
(

0
v(P )

)
.

Evidently under the identi�cation {0} × Rn+k+1 = Rn+k+1 we have V |M = v. Thus it
remains to show that V is indeed a framing. A short moment's thought shows that V is
smooth. The de�nition of W and V are illustrated in the �gure below.
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W = Ψ([0, 1]×M)

orthonormal
framing v

M

M

N

xn+k+1 xn+k+1 xn+k+1

V

Therefore it su�ces to prove the following claim.

Claim. For any t ∈ [0, 1] and any P ∈M the matrix V (Ψ(t, P )) ∈ GL(n+ k + 2, n+ 1) is
a frame for W = Ψ([0, 1]×M) at Ψ(t, P ).

Proof. Let t ∈ [0, 1] and let P ∈ M . We point out that the columns of V (Ψ(t, P )) span
an (n + 1)-dimensional vector subspace of Rn+k+2. Since TΦ(t,P )(W ) is a vector subspace
of the complementary dimension k+ 1 it su�ces to show that the intersection of these two
vector subspaces is trivial.

We note that

by de�nition of W = Ψ([0, 1]×M) = (Θ ◦ i)([0, 1]×M) and the calculation of DΘy
TΦ(t,P )(W ) ∩

span of the
columns of
V (Ψ(t, P ))︸ ︷︷ ︸

ĂR1+n+k+1

=

(
1 0 0
0 idn+k 0

−xn+k+1 0 1− t

)
·

(
R
⊕

TPM

)
∩

span of the
columns of
V (Ψ(t, P ))︸ ︷︷ ︸

ĂR1+n+k+1

∼=
(

idn+k 0
0 1− t

)
·TP (M) ∩ span of the

columns of v(P )︸ ︷︷ ︸
ĂRn+k+1

=

(
idn+k 0

0 1− t

)
·TP (M) ∩ (TPM)⊥.x x

since the �rst row of V is zero we can since v is an orthonormal framing
�ignore� the �rst coordinate

Now let u ∈ TPM be a non-zero vector. We write u =
(

u′

un+k+1

)
with u′ ∈ Rn+k and

un+k+1 ∈ R. Note that u′ is non-zero since we had arranged that en+k+1 6∈ TPM . Now we
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calculate that〈(
idn+k 0

0 1− t

)(
u′

un+k+1

)
,

(
u′

un+k+1

)
︸ ︷︷ ︸

=u∈TPM

〉
= 〈u′, u′〉+ (1− t) · u2

n+k+1 > 0.

↑
since u′ 6= 0 and (1− t) ≥ 0

But this shows that
(

idn+k 0
0 1− t

)
· u is not orthogonal to TPM , in other words, this

vector does not lie in (TPM)⊥. �

Lemma 158.9. Let (M, v) be a framed k-dimensional submanifold in Rn+k × {0} Ă

Rn+k+1. If n ≥ k + 1, then there exists a framed cobordism to (M,w = (w1, . . . , wn+1))
where we have wn+1(P ) = en+k+1 for all P ∈M .

Proof. Let (M,u = (u1, . . . , un+1) : M → GL(n+ k+ 1, n+ 1)) be a framed k-dimensional
submanifold that is contained in Rn+k×{0} Ă Rn+k+1. By Lemma 158.3 (1) and Lemma 158.1
we can assume that u is orthonormal. We write e := en+k+1.

Claim 1. There exists an orthonormal framing v = (v1, . . . , vn+1) for M such that (M,u)
is cobordant to (M, v) and such that for every P ∈M we have vn+1(P ) 6= −e.

Proof. Let x ∈ M . Since M is contained in Rn+k × {0} we know that e is orthogonal to

TxM . Therefore we can uniquely write e =
n+1∑
i=1
λi(x) · ui(P ). Since ‖e‖ = 1 and since u is

an orthonormal framing we actually have
n+1∑
i=1
λ2
i (P ) = 1. Thus we obtain a map

λ : M → Sn

x 7→ (λ1(x), . . . , λn+1(x))

which is fairly easily seen to be smooth. If (0, . . . , 0,−1) 6∈ λ(M), then we can just take
u = v and we are done.1956 If not we proceed as follows. Since dim(M) = k < n it follows
from the Full Measure-Density Proposition 30.3 that there exists a ν ∈ Sn with ν 6∈ λ(M).
By the Orthogonal Action Lemma 5.26 (4) there exists a matrix A ∈ SO(n + 1) with
ν = A·(−e) ∈ Sn. By the Matrix Group Path-Component Proposition 2.37 and the Smooth
Path-Connectivity Proposition 19.29 there exists a smooth path γ : [0, 1]→ SO(n+1) from
id to A. The desired framed cobordism is now given by the smooth manifold [0, 1] ×M
together with the framing1957

[0, 1]×M → GL(n+ k + 2, n+ 1)

(t, x) 7→
(

0
u(x)

)
︸ ︷︷ ︸

∈GL(n+k+2,n+1)

· γ(t).

�

1956Indeed, if vn+1(x) = −e, then e = −vn+1(x), i.e. λ(x) = (0, . . . , 0,−1).
1957That this framing has the correct properties can be seen as follows. Let v be the new framing at
{1} ×M . If we denote by λu, λv : M → Sn the corresponding maps, then one easily sees that for each
x ∈ M we have λv(x) = A−1 · λu(x). Thus the fact that ν does not lie in the image of λu implies that
−e = A−1ν does not lie in the image of λv.
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As a �nal step we want to �rotate vn+1 into e�. To do this smoothly for every point we need
to introduce two maps. Given u ∈ Rn+1 \ {0} we write

Tu : Rn+k+1 → Rn+k+1

y → 2 · 〈y, u〉 · u− y︸ ︷︷ ︸
re�ection in the line R · u

and Ru : Rn+k+1 → Rn+k+1

y 7→ Te(Tu(y)).︸ ︷︷ ︸
orientation-preserving di�eomorphism

We will need the following elementary observation from linear algebra.

Claim 2. Let w ∈ Rn+k+1 with ‖w‖ = 1. Let u = w+e
‖w+e‖ be the normalized midpoint

between w and e. Then Ru(w) = e.

Proof. We have

Ru(w) = Te(Tu(w)) = Te

(
2 ·
〈
w, w+e
‖w+e‖

〉
· w+e
‖w+e‖ − w

)
= Te(e) = e.
↑

short calculation using 〈w,w〉 = 〈e, e〉 �
The above claim now allows us to come to the denouement of the argument. More

precisely, given t ∈ [0, 1] and x ∈M we write

z(x) :=
vn+1(x)+e
‖vn+1(x)+e‖︸ ︷︷ ︸

note that vn+1(x) + e 6= 0

and zt(x) =
(1−t)·e+t·z(x)
‖(1−t)·e+t·z(x)‖ .︸ ︷︷ ︸

note that t · e+ (1-t) · z(x) 6= 0

Note that z0 = e and Rz0 = id. Furthermore note that z1 = z(x). Thus we obtain from
the above claim that Rz1(x)(vn+1(x)) = e. Finally we consider the framed cobordism that
is given by the submanifold Z = [0, 1]×M of [0, 1]× Rn+k+1 together with the framing

W : Z = [0, 1]×M → GL(n+ k + 2, n+ 1)

(t, x) 7→
(

0
Rzt(x) ◦ v(x)

)
.

We leave it to the reader to verify that the map W is indeed a framing for the cobordism
Z = [0, 1]×M Ă [0, 1]× Rn+k+1. The discussion above shows that (Z = [0, 1]×M,W ) is
a framed cobordism from (M, v) to a framed smooth manifold (M,w = w1, . . . , wn, e). �

��

���
�
�
�

zt(x)

e

vn+1 vn+1(x)

v1

e = en+k+1

M

Rn+k × {0}
x

z(x)

Now we turn to the actual proof of Theorem 158.7 and thus of the Freudenthal Suspension
Theorem 158.6.
Proof. Let n, k ∈ N0 with n+ k ≥ 2.
(1) Suppose that n ≥ k + 1. We want to show that the suspension homomorphism

Ωfr
k (Rn+k) → Ωfr

k (Rn+k+1) is an epimorphism. Thus let (M, v) be a framed k-
dimensional submanifold of Rn+k+1. It follows immediately from Lemmas 158.8
and 158.9 that (M, v) is cobordant to a k-dimensional framed submanifold (N,w)
such that N Ă Rn+k × {0} and such that wn+1(P ) = en+k+1 for all P ∈ N . But this
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means that [(M, v])] = [(N,w)] lies in the image of the suspension homomorphism.
Thus the suspension homomorphism Ωfr

k (Rn+k)→ Ωfr
k (Rn+k+1) is an epimorphism.

(2) Suppose that n > k + 1. We want to show that the suspension homomorphism
Ωfr
k (Rn+k) → Ωfr

k (Rn+k+1) is a monomorphism. Therefore let (M, v) and (N,w) be
two framed k-dimensional submanifolds of Rn+k. Suppose there exists a framed
cobordism (W,V ) in [0, 1] × Rn+k+1 between the suspensions of (M, v) and (N,w).
Since n > k + 1, an argument as in Lemmas 158.8 and 158.9 shows that we can
turn (W,V ) into a cobordism (W ′, V ′) with W ′ Ă [0, 1]× Rn+k × {0} and such that
V ′(P ) = en+k+1 for all P ∈ W ′. But this shows that (M, v) and (N,w) are already
cobordant. Thus we have shown that for n > k + 1 the suspension homomorphism
Ωfr
k (Rn+k)→ Ωfr

k (Rn+k+1) is a monomorphism. �

158.3. Framed internal surgery. We start out with the following general de�nition that
is somewhat similar to the construction of the internal connected sum that we gave in
Section 102.7.

De�nition. Let M be a k-dimensional submanifold of Rn+k. Let Ψ: B
k ×B1 → Rn+k be

a smooth embedding with the following properties:

(1) M ∩Ψ(B
k ×B1

) = Ψ(B
k × S0),

(2) M intersects Ψ(Sk ×B1
) transversally.

We refer to M(Ψ) := Ψ(Sk ×B1
) ∪ (M \Ψ(Bk × S0))︸ ︷︷ ︸

with corner Ψ(Sk-1 × S0) rounded as in Section 102.7

as the internal surgery along Ψ.
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Ψ

M M(Ψ)B
k ×B1

Remark. Note that M(Ψ), viewed as a smooth manifold in its own right, is di�eomorphic
to the surgery of M along Ψ|

B
k×S0 as de�ned on page ??.

Proposition 158.10. Let (M, v) be a framed k-dimensional submanifold of Rn+k. Note
that the framing and the orientation induced an orientation onM . Let Ψ: B

k×B1 → Rn+k

be a smooth embedding with the following properties:

(1) M ∩Ψ(B
k ×B1

) = Ψ(B
k × S0),

(2) M intersects Ψ(Sk ×B1
) transversally,

(3) the map
Ψ: B

k × S0︸ ︷︷ ︸
product orientation

→ M

is orientation-preserving.
Then M(Ψ) admits a framing w such that (M, v) and (M(Ψ), w) are framed cobordant.
The proof of Proposition 158.10 makes use of the following lemma, which is basically the
same statement as Exercise 14.2.
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Lemma 158.11. Let X be a topological space and let f0, f1 : B
k → X be two maps. If

X is path-connected, then there exists a map F : B
k × [0, 1]→ X with F0 = f0 and with

F1 = f1.

Proof of Lemma 158.11. Since X is path-connected there exists a map γ : [1
3
, 2

3
] → X

with γ(1
3
) = f0(0) and with γ(2

3
) = f1(0). Now we consider the map

F : B
k × [0, 1] → X

(x, t) 7→


f0(x · (1− 3t)), if t ∈ [0, 1

3
],

γ(t), if t ∈ [1
3
, 2

3
],

f1(x · (3 · t− 2)), if t ∈ [2
3
, 1].

It follows from the Homotopy Stacking Lemma 14.3 that F is continuous. It is clear that
F has all the desired properties. �
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Sketch of a proof of Proposition 158.10. Let (M, v) be a framed k-dimensional sub-
manifold of Rn+k and let Ψ: B

k × B1 → Rn+k be a smooth embedding with the following
properties:

(1) M ∩Ψ(B
k ×B1

) = Ψ(B
k × S0),

(2) M intersects Ψ(Sk ×B1
) transversally,

(3) the map
Ψ: B

k × S0︸ ︷︷ ︸
product orientation

→ M

is orientation-preserving.

Note that by Lemma 158.3 we can assume that v is an orthonormal framing.
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M ΨB
k ×B1

Similar to the discussion on page ?? and the proof of the Trace-of-Surgery Proposition ??
we consider the trace of the surgery

M tr(Ψ) := ([0, 1]×M) ∪ ({1} ×Ψ(B
k ×B1

)) Ă [0, 1]× Rn+k.

In the Trace-of-Surgery Proposition ?? we saw thatM tr(Ψ) is a (k+1)-dimensional smooth
manifold and we saw that we can equip M tr(Ψ) with the orientation coming from the
product orientation on [0, 1] × M . If we view M tr(Ψ) as an oriented abstract smooth
manifold, then its boundary is ({1} ×M(Ψ)) t −({0} ×M). Similar to the de�nition on
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page ?? and Lemma ?? we can push Ψ(Bk×B1
) Ă M tr(Ψ) into (0, 1)×Rn+k while keeping

Ψ(Sk−1 ×B1
) �xed. After rounding corners we obtain the desired cobordism.1958
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W

{1} ×M(Ψ)

{0} ×M

M tr(Ψ)

For simplicity we now write W = ([0, 1] × M) ∪ Ψ(B
k × B

1
). Note that Ψ(B

k × B
1
)

is contractible and compact. Therefore it follows from the Vector Bundles-Homotopies
Proposition 143.13 that the normal bundle of Ψ(B

k×B1
) is trivial. We pick a trivialization.

Once we pick a trivialization an orthonormal framing is the same as a map Ψ(B
k ×B1

)→
O(n). Since Ψ(B

k×{0}) is connected we can as well assume that the map Ψ(B
k×{0})→

O(n) takes values in SO(n). It follows from our hypothesis (3) that the map Ψ(B
k×{1})→

O(n) also takes values in SO(n).
By Lemma 2.38 we know that SO(n) is path-connected. Thus it follows from Lemma 158.11

that the framing Ψ(B
k × {0, 1})→ O(n) extends to a framing Ψ(B

k × [0, 1])→ O(n). �

158.4. Suspension and the Hopf invariant. The following theorem was also proved in
1937 by Hans Freudenthal [Freu1937, Satz I].

Theorem 158.12. (Freudenthal Suspension Theorem II) Let n ∈ N. As above let
Σ: π2n(Sn)→ π2n+1(Sn+1) be the suspension homomorphism and let Hopf : π2n+1(Sn+1)→
Z be Hopf invariant. With this notation we have

Im(Σ: π2n(Sn)→ π2n+1(Sn+1)) = ker(Hopf : π2n+1(Sn+1)→ Z).

Before we turn to the proof of the Freudenthal Suspension Theorem 158.12 let us state the
following corollary.

Corollary 158.13. For every n ∈ N the suspension homomorphism

Σ: π4n(S2n) → π4n+1(S2n+1)

is an epimorphism.

Remark. In Theorem 159.9, when we show that πn+2(Sn) ∼= Z2 for n ≥ 2, we will make es-
sential use of the fact that by Corollary 158.13 we know that the suspension homomorphism
Σ: π4(S2)→ π5(S3) is an epimorphism.

Proof of Corollary 158.13. This corollary follows immediately from the Freudenthal
Suspension Theorem 158.12 and the fact, shown in Lemma 157.21, that the Hopf invariant

Hopf : π4n+1(S2n+1) → Z

is the zero map. �

1958As the reader will have noticed, at this stage the author swiped some technicalities under a big carpet.
This is way why we refer to this only as a �sketch of proof�.
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We now turn to the proof of the Freudenthal Suspension Theorem 158.12]. We follow the
argument given in [Put, Chapter 9]. Let n ∈ N. We need to show that

Im(Σ: π2n(Sn)→ π2n+1(Sn+1)) = ker(Hopf : π2n+1(Sn+1)→ Z).

We prove the �Ă�-inclusion and �Ą�-inclusion separately.

Proof of the Freudenthal Suspension Theorem 158.12 �Ă�-inclusion. Let n ∈ N.
We need to show that

Im(Σ: π2n(Sn)→ π2n+1(Sn+1)) Ă ker(Hopf : π2n+1(Sn+1)→ Z).

First let us show the �Ă�-inclusion. So let (M, v) be a framed n-dimensional submanifold
of R2n. We write M̂ := M × {0} and we denote by v̂) the framing on M̃ given by
P 7→ (v(P ), e2n+1). Then

Hopf(Σ([M, v])) = Hopf(M̃, ṽ) = lk(M̃, M̃ + en+1) = 0.
↑

since [M̃ + en+1] = 0 ∈ Hn(R2n + en+1) and
since R2n + en+1 Ă R2n+1 \ M̃ �

The proof of the reverse inclusion is much more interesting. Our proof relies on several
preparations. We start out with the following proposition, that is mildly interesting in its
own right.

Proposition 158.14. Let M be an oriented n-dimensional submanifold of R2n+1. There
exists an oriented cobordism fromM to an oriented k-dimensional submanifold N of R2n+1

with N Ă R2n × {0}.
Our proof of Proposition 158.14 relies on the Flattening Lemma 33.15, which we now recall
for the reader's convenience.
Lemma 33.15. (Flattening Lemma) Let M Ă Rm be a smooth submanifold, let
P ∈M , let W Ă Rm be a vector subspace and let ϕ : Rm → W be a homomorphism such
that ϕ : T̃PM → W is a monomorphism. Given any open neighborhood U of P there
exists a smooth isotopy F : M × [0, 1]→ Rm rel (M \U)∪{P} and an open neighborhood
Ũ of P with the following properties:
(1) F0 = id,
(2) T̃PF1(M) = ϕ(T̃PM),
(3) F1(Ũ) Ă P +W ,
(4) for each x ∈ M and t ∈ [0, 1] the point F (x, t) lies on the segment between x and

ϕ(x) + P .

��
��
��
��

��
��
��

��
��
��

M

F1(M)U

P P

P +W

Proof. We consider the projections

p : M → R2n

(x1, . . . , x2n, x2n+1) → (x1, . . . , x2n)
and

p : M → R2n

(x1, . . . , x2n, x2n+1) → x2n+1.
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By the same argument as in the proof of Lemma 59.20 we see that, after possibly applying a
rotation toM , we can assume that the projection p : M → R2n has the following properties:
(1) the map p : M → R2n is an immersion,
(2) whenever x 6= y in M satisfy p(x) = p(y), then Dpx(TxM) ∩Dpy(TyM) = {0},
(3) for every z ∈ R2n the preimage p−1(z) contains at most two points in M .

As in Lemma 59.17 we see that it follows from the �rst two properties that there exist only
�nitely many z1, . . . , zm ∈ R2n whose preimage consists of more than one point.
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Claim. There exist disjoint orientation-preserving embeddings Ψi : B
n × {0, 1} → M , i =

1, . . . ,m with disjoint images such that the restriction of p toM(Ψ1, . . . ,Ψm) is an injective
immersion.
Proof. To simplify we deal in the following with the case m = 1. The general case is done
in almost the same way, we just need to consider all points z1, . . . , zm separately. Thus
suppose that we have z ∈ R2n such that p−1(z) consists of two points x and y.

We apply the Flattening Lemma 33.15 to x, y and the homomorphism p : R2n+1 → R2n.
Thus, after a smooth isotopy, we can assume that locally around x, y is contained in some
R2n × {∗}.

Next we apply the Flattening Lemma 33.15 to x, y, to the above open neighborhoods
and to the orthogonal projection onto the physical tangent spaces of these points.

We have now arranged that there exists an r > 0 such that1959

p−1(B
2n

r1
(z)) = (B

2n

r1
(z1) ∩ ((T̃Mx + x)× {q(x)}) ∪ ((T̃Mxy + y)× {q(y)}).

We consider the subspaces V := Dpx(T̃xM) andW := Dpx(T̃xM). These are n-dimensional
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B2n
r (z)z

q(y)

q(x)

vector spaces of R2n with V ∩W = {0}. We pick a negative basis v1, . . . , vn and we pick a
positive basis w1, . . . , wn for W . Finally we consider the map

Ψ: B
n × [0, 1] → R2n+1

((u1, . . . , um)︸ ︷︷ ︸
=u

, t) 7→
(
P +

n∑
j=1

uj · (vj · cos(π
2
· t) + wj · sin(π

2
· t))︸ ︷︷ ︸

ball spanned by vj · cos(π
2
· t) + wj · sin(π

2
· t)

, q(x) · (1− t) + t · q(y)

)
.

1959If we were dealing with points z1, . . . , zm then we would of course pick r1, . . . , rm ∈ R>0 such that the
closed balls B

2n

r1 (z1), . . . , B
2n

r1 (zm) are disjoint.
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Note that each Ψ: B
n×[0, 1]→ R2n+1 is a smooth embedding. Also note that the restriction

of p to Ψ(Sn−1 × [0, 1]) is injective. This follows from the observation that it is injective,
almost by default, on each Ψ(Sn−1×{t}) and the fact that t can be obtained from consider
the plane spanned by say v1 and W1. �
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B
n × [0, 1]

The following corollary is the analogue of Lemma 158.8. Note that the corollary has nothing
to do with the Hopf invariant.

Corollary 158.15. Let (M, v) be a framed n-dimensional submanifold of R2n+1. There
exists a framed cobordism from (M, v) to a framed k-dimensional submanifold (N,w) of
R2n+1 with N Ă R2n × {0}.

Proof. We equip M with orientation coming from the framing. In the proof of Propo-
sition 158.14 we constructed a cobordism from M to a k-dimensional submanifold N Ă

R2n × {0}. By doing surgeries along It follows from Proposition 158.10. �

Proof of the Freudenthal Suspension Theorem 158.12 �Ă�-inclusion. Let n ∈ N.
We need to show that

Im(Σ: π2n(Sn)→ π2n+1(Sn+1)) Ă ker(Hopf : π2n+1(Sn+1)→ Z).

Let (M, v) be a framed 2n-dimensional submanifold in R4n+1 with Hopf invariant zero. We
need to show that there exists a framed 2n-dimensional submanifold (M̃, ṽ) in R4n such
that there exists a framed cobordism from the suspension of (M̃, ṽ) to (M, v).

By Corollary 158.15 we know that there exists a framed cobordism from (M, v) to a
framed k-dimensional submanifold (N,w) of R2n+1 with N Ă R2n × {0}.

As in Lemma 158.9 we need to show that w is equivalent to a framing such that the
last vector is e2n+1.

Here we are supposed to use that the Hopf invariant is zero.
Putman argues roughly as follows. SinceN Ă R2n×{0} we know that e2n+1 is orthogonal

to all tangent spaces of N . Next recall that w : N × Rn+1 → R2n+1 is an orthonormal
framing. This means that for each x ∈ N there exists a g(x) ∈ Sn+1 with w(g(x)) = e2n+1.
This de�nes a map g : N → Sn. The degree of this map is supposedly the Hopf invariant
of (N,w).

Since we assume that the Hopf invariant is zero it follows from the Hopf Degree Theorem
that the map N → Sn is null-homotopic. Now proceed as in page 8 of Putman �

Exercise for Chapter 158.
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Exercise 158.1. In the proof of Proposition 159.4 we used the Freudenthal Suspension
Theorem 158.6 to show that the map

Z → Ωfr
1 (R4)

[k] 7→ k · [(C4, h4)]

is an epimorphism. Use Exercise ?? to give an alternative argument, which does not rely
on the Freudenthal Suspension Theorem 158.6.
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159. Thom-Pontryagin Theory III: The groups Ωfr
1 (Rn+1) and Ωfr

2 (Rn+2)

In this chapter we will calculate the framed cobordism groups Ωfr
1 (Rn+1) and Ωfr

2 (Rn+2) �by
hand� for n ≥ 3. By the Thom-Pontryagin Theorem 157.11 and Proposition 158.4 this
means that we calculate the homotopy groups πn+1(Sn) and πn+2(Sn) for n ≥ 3 By now
there might be more modern and e�cient ways for computing these homotopy groups. But
the geometric approach using Thom-Pontryagin theorem is still very charming, in particular
it lets us use many techniques we have developed so far, and it gives us an opportunity
to introduce a few new tricks. In particular we will get to introduce quadratic forms and
the Arf invariant, which are purely algebraic objects, and are of great interest in the own
right.

159.1. The calculation of the framed cobordism groups Ωfr
1 (Rn+1) for n ≥ 3. In

Theorem 155.10 (2) (and alternatively in Theorem 157.14) we saw that π3(S2) ∼= Z and we
saw that the Hopf map represents a generator of π3(S2). Furthermore, by the Freudenthal
Suspension Theorem 158.6 we know that for every n ≥ 3 the suspension homomorphism
π3(S2) → πn+1(Sn) is an epimorphism. Thus we know that πn+1(Sn) is isomorphic to a
quotient of Z and that πn+1(Sn) is generated by the (n − 2)-fold suspension of the Hopf
map. The goal of this section is to prove the following theorem which determines this
quotient.

Theorem 159.1. For every n ≥ 3 there exists an isomorphism πn+1(Sn) ∼= Z2.

Remark.
(1) In Theorem 151.13 we already saw that for every n ≥ 3 we have πn+1(Sn) 6= 0. The

proof of Theorem 159.1 below is independent of Theorem 151.13. In particular we
will not make use of Steenrod operations.

(2) By the Thom-Pontryagin Theorem 157.11 and Proposition 158.4 the theorem is equiv-
alent to showing that for every n ≥ 3 we have an isomorphism Ωfr

1 (Rn+1) ∼= Z2. This
is exactly what we will do below. The approach that we take below to calculate
Ωfr

1 (Rn+1) di�ers, to the best of my knowledge, from the other proofs in the litera-
ture. We refer to [Pon1959, Chapter 14] for Pontryagin's original proof, which makes
for challenging reading for the modern reader. A third, quite readable approach is
presented in [Put].

(3) There are various alternative proofs of Theorem 159.1. The �rst proof was given
by Hans Freudenthal [Freu1937, p. 301] in 1937. Another proof is given in [Hat,
p. 549] using �spectral sequences�.

(4) The discussion preceding the theorem shows that the suspension of the Hopf map
de�nes a non-trivial element in π4(S3). This gives in particular an a�rmative answer
to Question 71.20.

As we had just mentioned above, proving Theorem 159.1 is equivalent to showing that for
every n ≥ 3 there exists an isomorphism Ωfr

1 (Rn+1) ∼= Z2. We will perform this calculation
in the remainder of this section.
We start out our calculation of Ωfr

1 (Rn+1) for n ≥ 3 with the following de�nition.

De�nition.
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(1) We refer to C := S1 as the standard circle in R2.
(2) We refer to the framing of C Ă R2 that is given by

t : C → R2(
x
y

)
7→

(
x
y

)
as the trivial framing t of C.

(3) Let n ∈ N≥2. We adopt the convention from page 3369 to de�ne the standard stan-
dard circle Cn in Rn. Furthermore, using the de�nition from page 3369 we de�ne
the trivial framing tn for Cn.

(4) We refer to the framing of C3 Ă R3 that is given by the map1960

h : C3 → R3cos(ϕ)
sin(ϕ)

0

 7→ t3

cos(ϕ)
sin(ϕ)

0

·(cos(ϕ) − sin(ϕ)
sin(ϕ) cos(ϕ)

)
=

cos(ϕ) 0
sin(ϕ) 0

0 1

·(cos(ϕ) − sin(ϕ)
sin(ϕ) cos(ϕ)

)
↑
don't overlook the t3

as the Hopf framing h of C3.
(5) Let n ∈ N≥3. As in (3) we use the convention from page 3369 to de�ne the Hopf

framing hn of Cn. These de�nitions are illustrated in the �gure below.
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trivial framing t2

C2 C3

Hopf framing h3

C3

trivial framing t3
Throughout this section we also use the following notation:
Notation.
(1) Given g ∈ N0 we denote by Σg,1 the surface of genus g minus one open disk. We

pick once and for all an orientation for Σg,1.
(2) For any n ∈ N≥2 we denote by

ρ : Rn → Rn

(x1, x2, x3, . . . , xn) 7→ (x1,−x2, x3, . . . , xn)

the re�ection in the (x2 = 0)-hyperplane.
(3) Given n ∈ N0 we make the identi�cation Rn = {0} × Rn Ă [0, 1]× Rn.

The following two lemmas justify the names �trivial framing� and �Hopf framing�.
Lemma 159.2.

1960We leave the task of showing that this map is smooth to the every-ready reader.
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(1) Given any g ∈ N0 there exists a proper smooth embedding ψ : Σg,1 → [0, 1]×R2 and
a framing w for ψ(Σg,1) such that ∂ψ(Σg,1) = C2 and such that the restriction of w
to C2 equals t.

(2) For every n ≥ 2 we have [(Cn, tn)] = 0 ∈ Ωfr
1 (Rn).

Sketch of proof.
(1) By now the seasoned reader should be fairly convinced that there exists a proper

smooth embedding ψ : Σg,1 → [0, 1] × R2 with ψ(∂Σg,1) = C2 and such that the
smooth embedding is a �product near the boundary�. More precisely, such that for
some ε ∈ (0, 1) we have the equality ψ(Σg,1)∩ ([0, ε]×R2) = [0, ε]×C2. Since ψ(Σg,1)
is an oriented connected submanifold of [0, 1] × R2 of codimension two we see that
ψ(Σg,1) has precisely two normal �elds of length one. We refer to the �gure below
for an illustration.

It follows almost immediately from the fact that ψ(Σg,1) is a product near {0}×R2

that one of the above two normal vectors �elds agrees with t on {0} × S1.
(2) It follows from (1) that [(C2, t2)] = 0 ∈ Ωfr

1 (R2). From Lemma 158.5 we obtain that
[(Cn, tn)] = 0 ∈ Ωfr

1 (Rn) for any n ∈ N≥2. �
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{1} × R2

ψ(Σg,1)

framing w

framing t = t2

{0} × R2

C = C2

Lemma 159.3.
(1) Under the isomorphism Ωfr

1 (R3) ∼= π3(S2, ∗) the element [(C3, h3)] corresponds, up
to a sign, to the element represented by the Hopf map S3 → S2.

(2) Let n ≥ 4. Under the isomorphism Ωfr
1 (Rn) ∼= πn(Sn−1, ∗) the element [(Cn, hn)]

corresponds, up to a sign, to the element represented by the (n− 3)-fold suspension
of the Hopf map S3 → S2.

Proof. The �rst statement follows easily from Lemma 157.4. The second statement is a
straightforward consequence of Lemma 158.5 (2). �

The following proposition is the �rst key ingredient in the calculation of Ωfr
1 (Rn) for n ≥ 4.

Proposition 159.4. Let n ∈ N≥4. The map

Z2 → Ωfr
1 (Rn)

[k] 7→ k · [(Cn, hn)]

is well-de�ned and it is an epimorphism.
Our proof of Proposition 159.4 requires one de�nition and two lemmas.

De�nition. Let n ∈ N≥2 and let γ : S1 → Rn be a smooth embedding. Furthermore let
f : γ(S1) → GL(n, n − 1) be a framing for γ(S1) and let α : S1 → GL+(n − 1,R) be a
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smooth map. We de�ne

f(α) : γ(S1) → GL(n, n− 1)
γ(z) 7→ f(γ(z))︸ ︷︷ ︸

∈GL(n,n−1)

· α(z).︸ ︷︷ ︸
∈GL(n−1,R)

It follows easily from the fact that α takes values in GL+(n − 1,R) that f(α) is again a
framing of γ(S1).
The �rst lemma that goes into the proof of Proposition 159.4 is really just a crucial example
masquerading as a lemma.

Lemma 159.5. Let n ∈ N≥3 and let γ : S1 → Cn be the obvious di�eomorphism. We
consider the loop

α : S1 → GL+(n− 1,R)

z = exp( iϕ) 7→

cos(ϕ) − sin(ϕ) 0
sin(ϕ) cos(ϕ) 0

0 0 idn−3

 .

As above let tn be the trivial framing for Cn and let hn be the Hopf framing for Cn. We
have the following two equalities of framings of Cn:
(1) We have tn(α) = hn.
(2) We have tn(α) = ρ∗(hn).1961

Proof. The �rst statement follows immediately from the de�nitions. We turn to the proof
of the second statement. As we will see, the proof of the second statement is given by a
slightly tedious calculation. To simplify the notation we only deal with the case n = 3.

At a given point P = γ(exp( iϕ)) =

(
cos(ϕ)
sin(ϕ)

0

)
∈ C3 we have

tn(α)

(
cos(ϕ)
sin(ϕ)

0

)
= tn

(
cos(ϕ)
sin(ϕ)

0

)
· α(exp(− iϕ))︸ ︷︷ ︸

=α(exp( iϕ))

=

cos(ϕ) 0
sin(ϕ) 0

0 1

(cos(−ϕ) − sin(−ϕ)
sin(−ϕ) cos(−ϕ)

)

= ρ

cos(−ϕ) 0
sin(−ϕ) 0

0 1

 · (cos(−ϕ) − sin(−ϕ)
sin(−ϕ) cos(−ϕ)

) = ρ

(
hn

(
cos(−ϕ)
sin(−ϕ)

0

))
x x

since ρ is re�ection in the second coordinate de�nition of hn, see page 3383
together with the symmetries of sin and cos

= ρ

(
hn

(
ρ−1

(
cos(ϕ)
sin(ϕ)

0

)))
= ρ∗(hn)

(
cos(ϕ)
sin(ϕ)

0

)
.

↑ ↑
de�nition of ρ ρ∗(hn) as de�ned on page 3366

This concludes the mind-numbing veri�cation of the second statement. �

1961Here α is the �inverse of the loop α�, i.e. it is the loop given by α(exp( iϕ)) = α(exp(− iϕ)). As above
ρ : Rn → Rn is the re�ection in the (x2 = 0)-hyperplane. Finally the framing ρ∗(hn) is de�ned as on
page 3366.
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Lemma 159.6. Let n ∈ N≥2 and let γ : S1 → Rn be a smooth embedding. Furthermore
let f : γ(S1)→ GL(n, n− 1) be a framing for γ(S1). Finally let α, β : S1 → GL+(n− 1,R)
be two smooth maps. If α and β are smoothly homotopic, then

[(γ(S1), f(α))] = [(γ(S1), f(β))] ∈ Ωfr
1 (Rn).

Proof of Lemma 159.6. We write M = γ(S1). Since α, β : S1 → GL+(n − 1,R) are
smoothly homotopic we can pick a smooth homotopy H : S1× [0, 1]→ GL+(n− 1,R) with
H0 = α and H1 = β. We consider the product cobordism [0, 1] ×M equipped with the
framing

V : [0, 1]×M → GL(n+ 1, n)

(t, γ(z)) 7→
(

1 0
0 f(γ(z)) ·H(z, t)

)
It is clear that ([0, 1]×M,V ) is a framed cobordism between (γ(S1), f(α)) and (γ(S1), f(β)).

�

Proof of Proposition 159.4. Let n ∈ N≥4. We consider the following diagram

Z
k 7→k·[(C3,h3)]

∼=
//

����
k 7→k·[(Cn,hn)]

** **

Ωfr
1 (R3)

(n-3)-fold suspension
homomorphism

����

Z2
// Ωfr

1 (Rn).

We make the following observations:

(1) It follows quite easily from Theorem 157.14, Lemma 159.3 and Proposition 158.4 that
the top horizontal map is an isomorphism.

(2) The right vertical map is given by the (n−3)-fold application of the suspension homo-
morphism de�ned on page 3369. Note that the right vertical map is an epimorphism
by the Freudenthal Suspension Theorem 158.7.

(3) The top right triangle commutes by de�nition of the suspension homomorphism and
by de�nition of (Cn, hn).

The above diagram and the above discussion show that it remains to prove the following
claim.

Claim. The element 2 · [(Cn, hn)] is trivial in Ωfr
1 (Rn).

Proof. We consider the loop

α : S1 → GL+(n− 1,R)

z = exp( iϕ) 7→

cos(ϕ) − sin(ϕ) 0
sin(ϕ) cos(ϕ) 0

0 0 idn−3

 .
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We have the following equalities in Ωfr
1 (Rn):

2 · [(Cn, hn)] = [(Cn, hn)] + [(Cn, tn(α))] = [(Cn, hn)] + [(Cn, tn(α))]
↑ ↑

Lemma 159.5 (1) since n ≥ 4 we know by Proposition 156.11 (2) that π1(GL+(n− 1,R)) ∼= Z2,
therefore we see that [α] · [α] = 0 ∈ π1(GL+(n− 1,R)),
this implies by Proposition 47.6 that α is path-homotopic to α,
in fact, by the Whitney Approximation Theorem 29.1
we see that α is actually smoothly homotopic to α,

by Lemma 159.6 this gives us the equality [(Cn, tn(α))] = [(Cn, tn(α))]

= [(Cn, hn)] + [(ρ∗(Cn), ρ∗(hn))] = [(Cn, hn)] + (−[(Cn, hn)]) = 0.
↑ ↑

Lemma 159.5 (2) Proposition 158.2 �

Let n ≥ 4. Note that by Proposition 159.4 we now know that there exists an epimorphism
Z2 → Ωfr

1 (Rn) ∼= πn(Sn−1). In Theorem 151.13 we showed that πn+1(Sn) is non-trivial.
Therefore it follows that πn+1(Sn) ∼= Z2, which means we have proved Theorem 159.1. The
readers who studied Steenrod operations and who happen to be tired of Thom-Pontryagin
theory can thus move on to next section.
For all others we provide a proof of Theorem 159.1 that does not rely on Theorem 151.13.
More precisely, we prove the following proposition which is the main technical result of this
section.
Proposition 159.7. For any n ∈ N≥4 the map

Z2 → Ωfr
1 (Rn)

[k] 7→ k · [(Cn, hn)]

is an isomorphism.
As we had mentioned many times, Theorem 159.1 is an immediate consequence of the
Thom-Pontryagin Theorem 157.11 and Proposition 158.4 together with Proposition 159.7.

Proof. Let n ∈ N≥4. By Proposition 159.4 it remains to show that (Cn, hn) represents a
non-trivial element in Ωfr

1 (Rn).
We start out with a more general discussion. Given any m ∈ N≥2 we make the identi-

�cation Cm = {0} × Cm Ă [0, 1]× Rm. The following claim applies to all dimensions.
Claim. Let m ∈ N≥2. Let F be a compact orientable connected proper 2-dimensional
smooth manifold in [0, 1] × Rm with ∂F = Cm. At most one of the two framings tm and
hm can be extended to a framing of F .

Proof. Suppose there exist framings T and H on F with T |Cm = tm and H|Cm = hm. It
follows from Lemma 158.3 that we can assume that T and H are orthonormal. We consider
the map1962

Ψ: F → GL(m− 1,R)
P 7→ the unique matrix Ψ(P ) ∈ GL(m− 1,R) with T (P ) ·Ψ(P ) = H(P ).

We denote by i : Cm → F the inclusion map and we denote by γ : S1 → Cm the usual
di�eomorphism given by γ(exp( iϕ)) = (cos(ϕ), sin(ϕ), 0, . . . , 0). We make the following

1962Let P ∈ F . The fact that T and H are orthonormal means that the columns of T (P ) and H(P ) are
bases for the same vector space, namely (TPF )⊥. Therefore there exists a matrix Ψ(P ) ∈ GL(m − 1,R)
such that T (P ) ·Ψ(P ) = H(P ). We leave it to the reader to verify that the map P 7→ Ψ(P ) is continuous.
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key observation: it follows immediately from the de�nitions and Lemma 159.5 that the
map Ψ ◦ i ◦ γ : S1 → GL(m− 1,R) is precisely, on the nose, given by the map

α : S1 → GL(m− 1,R)

exp( iϕ) 7→

cos(ϕ) − sin(ϕ) 0
sin(ϕ) cos(ϕ) 0

0 0 idm−3

 .

Now we consider the following diagram

H1(∂F ;Z)

i∗
��

H1(S1;Z)
γ∗

oo

α∗
��

π1(S1, 1)
Hurewicz isom.

∼=
oo

α∗
��

H1(F ;Z)
Ψ∗ // H1(GL(m− 1,R)) π1(GL(m− 1,R), id).

Hurewicz isom.

∼=oo

We make the following observations:

(1) The left-hand square commutes by the above equality α = Ψ ◦ i ◦ γ.
(2) The two horizontal maps to the right are the Hurewicz homomorphisms that we

introduced on page 1832. The Hurewicz homomorphisms are isomorphisms by the
Hurewicz Theorem 84.5 together with the fact that the fundamental groups on the
right are both abelian.

(3) The right-hand square commutes by the naturality of the Hurewicz homomorphisms,
see Proposition 84.2 (5).

(4) By Proposition 156.11 (2) and (3) we know that the loop α : S1 → GL(m − 1,R)
represents a non-trivial element in π1(GL(m− 1,R), id). This implies that the right
vertical map α∗ : π1(S1, 1)→ π1(GL(m− 1,R), id) is non-trivial.

(5) It follows from (1) � (4) that the left vertical map is also non-trivial. But this
contradicts Lemma 80.9 (1). �

Now we start out with the actual proof of the theorem. Thus let n ∈ N≥4. As we pointed
out above, we need to show that (Cn, hn) represents a non-trivial element in Ωfr

1 (Rn).
Suppose that (Cn, hn) represents in fact the trivial element in Ωfr

1 (Rn). This means that
there exists a framed cobordism (F, v) = (Fn, vn) in [0, 1]×Rn from (Cn, hn) to the empty
smooth manifold. In other words, F = Fn is a compact orientable proper 2-dimensional
submanifold of [0, 1] × Rn with ∂Fn = Cn and v = vn is a framing with v|Cn = hn. By
throwing away all closed components of Fn we can assume that Fn is connected.

By the Surface Classi�cation Theorem 55.4 we know that there exists a g ∈ N0 such that
F is di�eomorphic to Σ := Σg,1. In other words, there exists a proper smooth embedding
ϕ : Σ→ [0, 1]× Rn with ϕ(Σ) = Fn. Given any m ≥ n we denote by ϕm : Σ→ [0, 1]× Rm

the smooth embedding that is given by the composition of the smooth embedding ϕ with
the obvious smooth embedding [0, 1]× Rn → [0, 1]× Rm.

By Lemma 159.2 (1) there exists a proper smooth embedding ψ : Σ→ [0, 1]×R2 and a
framing w2 = w for G2 = G := ψ(Σ) such that ∂ψ(Σ) = C2 and such that the restriction
of w2 = w to C2 equals t2. Given m ≥ 2 we denote by ψm : Σ → [0, 1] × Rm the smooth
embedding that is given by the composition of the smooth embedding ψ with the obvious
smooth embedding [0, 1]× R2 → [0, 1]× Rm.
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Now we consider the two proper smooth embeddings ψn, ϕn : Σ → [0, 1]× Rn. We can
arrange1963 that ψn|∂Σ = ϕn|∂Σ.

It follows from Proposition ?? (2) and the Isotopy Extension Theorem 36.1 that there
exists an m ≥ n and a di�eomorphism Ψ of the smooth manifold [0, 1] × Rm such that
Ψ(Fm) = Gm and such that the restriction of Ψ to {0} × Rm is the identity. We refer to
the �gure below for an illustration.

Since (Fm, vm) is an extension of (Cm, hm) and since the restriction of Ψ to {0}×Rm is
the identity we see that (Ψ(Fm),Ψ∗(vm)) = (Gm,Ψ∗(vm)) is an extension of (Cm, hm). On
the other hand we saw (Gm, wm) is an extension of (Cm, tm). Thus both hm and tm can be
extended over Gm. But this contradicts the above claim. �
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framing tn

Gn = ψn(Σ)

framing vn {0} × Rn framing wn

Fn = ϕn(Σ)

{0} × Rn

framing hn

Cn

there exists an m ≥ n and di�eomorphism Ψ that sends Fm to Gm

and which is the identity when restricted to {0} × Rm

Cn

In summary we have the following proposition.
Proposition 159.8.
(1) The map given by Proposition 158.4

↓
Ωfr

1 (R3)
∼=←− Ωfat

1 (R3) → Z
[(C, g)] 7→ self-linking number slk(C, g)

is an isomorphism.
(2) For n ≥ 4 the map Z2 → Ωfr

1 (Rn)
[k] 7→ k · [(Cn, hn)]

is an isomorphism.
For n ∈ N≥3 we denote by

χ : Ωfr
1 (Rn) → Z2

1963This sentence contains a slight technical nuisance which we cleverly hide in a footnote. First of all,
it should be pretty clear by now that Σ admits an orientation-reversing self-di�eomorphism. Thus, after
possibly precomposing ϕn with such a di�eomorphism we can assume that ψ−1

n ◦ϕn is orientation-preserving.
Next note that it follows from the Di�eotopies-of-S1-Classi�cation Proposition 34.5 and Corollary 34.10
that if C and D are two oriented smooth manifolds that are di�eomorphic to S1, then any two orientation-
preserving di�eomorphisms C → D are di�eotopic. In our context this implies that, using the Smooth
Collar Neighborhood Theorem 28.3, we can then arrange, after possibly precomposing ϕn by another
di�eomorphism, that ψn|∂Σ = ϕn|∂Σ.
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the corresponding epimorphism.
(3) Given any n ≥ 3 the following diagram commutes:

Ωfr
1 (Rn) χ

,,

��
Z2.

Ωfr
1 (Rn+1) χ

22

Proof.

(1) This statement is the content of Proposition 157.14.
(2) This statement is precisely the content of Proposition 159.7.
(3) This statement follows immediately from Theorem 158.7. �

159.2. Further results obtained using the Thom-Pontryagin approach. In this
�nal section we summarize a few more results that have been proved using the Thom-
Pontryagin approach. First of all, using the Thom-Pontryagin method Pontryagin [Pon1950b]
proved in 1950 the following theorem.

Theorem 159.9. For any n ≥ 2 we have πn+2(Sn) ∼= Z2.

Remark.

(1) Recall that by Theorem 155.10 (1) we have for every n ≥ 3 we have an isomorphism
πn(S3) ∼= πn(S2). Furthermore we know by Theorem 159.1 that for every n ≥ 3 we
have πn+1(Sn) ∼= Z2. Putting these two results together shows that π4(S2) ∼= Z2.

(2) In Theorem 152.2 we used Steenrod operations to show that πn+2(Sn) 6= 0 for all
n ≥ 2.

(3) By the Freudenthal Suspension Theorem 158.6 we know that the suspension homo-
morphism π5(S3) → π6(S4) is an epimorphism and we know that for n > k + 1 the
suspension homomorphism πn+2(Sn)→ πn+3(Sn+1) if an isomorphism for n ≥ 5.

(4) Unfortunately (1), (2) and (3) are not strong enough to give an alternative proof of
Theorem 159.9.

Proof. Let n ≥ 2. First note that we have the following the isomorphisms and epimor-
phisms:

Z2
∼= π4(S3) ∼= π4(S2) � π5(S3) � π6(S4) ∼= πn+2(Sn).
↑ ↑ ↑ ↑ ↑

Theorem 159.1 Theorem 155.10 (1) Corollary 158.13 Freudenthal Suspension
Theorem 158.6

Now there are two ways to proceed:
(1) In Theorem 152.2 we used Steenrod operations to show that πn+2(Sn) 6= 0 for all

n ≥ 2.
Either of these two statements shows that the maps sequence of maps are all necessarily
isomorphisms. �

Proof.

(1) As mentioned before, the theorem was proved by Lev Pontryagin [Pon1950b, Pon1959].
See also [Scor2005, p. 233] and [WX2010, Chapter 2.5] for outlines of the proof.



159. THOM-PONTRYAGIN THEORY III: THE GROUPS Ωfr
1 (Rn+1) AND Ωfr

2 (Rn+2) 3391

The most readable account of the Thom-Pontryagin approach to proving the theorem
is surely [Put].

(2) At the same time as Pontryagin two very di�erent proofs that πn+2(Sn) ∼= Z2

for n ≥ 2 were given by George W. Whitehead [WhdG1950] and Jean-Pierre
Serre [Ser1953, Proposition 10]. We also refer to [Hat, Theorem 1.40 (a)] for a proof
using spectral sequences and Steenrod operations. Alternatively see also [Hu1959,
Theorem XI.15.2]. �

Finally Rokhlin [Rok1952, Rok1986a] used the Thom-Pontryagin approach to prove the
following theorem.
Theorem 159.10.
(1) We have1964 π5(S3) ∼= Z2, π6(S3) ∼= Z12, π7(S4) ∼= Z⊕ Z12.
(2) For any n ≥ 5 we have πn+3(Sn) ∼= Z24.

Remark.
(1) In Theorem 151.13 we used Steenrod operations to show the weaker statement that

πn+3(Sn) 6= 0 for all n ≥ 2.
(2) Note that Theorem 159.10 (1) gives a negative answer to Question 122.15 (2).

Proof.
(a) The theorem was proved by Vladimir Rokhlin [Rok1952][Rok1986a, p. 21] in 1952,

using the above Thom-Pontryagin approach.1965

(b) A somewhat di�erent proof is sketched in [WX2010, Chapter 2.6]. Some of the
results can also be found in [Ser1953, Proposition 10]. Other proofs are given in
[Hat, Theorem 1.40 (b)] and [Hu1959, Chapter XI.16]. �

The results of the last two chapters summarize most (or all?) of the calculations of homo-
topy groups of spheres that have been obtained using the Thom-Pontryagin approach.

Exercises for Chapter 159.

Exercise 159.1. Let n ∈ N≥2. We consider the loops

α : S1 → GL+(n,R)

z = exp( iϕ) 7→

cos(ϕ) − sin(ϕ) 0
sin(ϕ) cos(ϕ) 0

0 0 idn−2

 and

α : S1 → GL+(n,R)

z = exp( iϕ) 7→

 cos(ϕ) sin(ϕ) 0
− sin(ϕ) cos(ϕ) 0

0 0 idn−2

 .

Recall that in the proof of Lemma 159.6 we used the fact, proved in Proposition 156.11
(2), that π1(GL+(n − 1,R)) ∼= Z2, to show that α is path-homotopic to α. Give a direct
proof that the loop α is path-homotopic to the loop α.

1964In fact the �rst isomorphism π5(S3) ∼= Z2 is a consequence of Theorem 155.10 and Theorem 159.9.
1965In fact Rokhlin [Rok1986b] initially thought that for n ≥ 5 the groups πn+3(Sn) are isomorphic to
Z12. The key to �xing the mistake is Rokhlin's Theorem 135.5 regarding signatures of certain 4-dimensional
smooth manifolds.
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160. Summary of homotopy groups of spheres

The results from last chapter conclude our calculations of homotopy groups of spheres.
Throughout the course we employed a long and varied list of tools to compute homotopy
groups of spheres:
(1) Covering theory, see page 1573.
(2) The Cellular Approximation Theorem 70.15, see Proposition 71.10.
(3) The Simplicial Approximation Theorem 94.8, see Corollary 94.10 and Exercise 94.6.
(4) Homology theory and the Hurewicz Theorem 85.5, see Corollary 85.6.
(5) The cup product, see Corollary 122.14.
(6) Steenrod operations, see Theorems 151.13 and 152.2.
(7) The long exact sequence of a �bration, see Theorem 155.10.
(8) The Thom-Pontryagin Theory, see the Freudenthal Suspension Theorem 158.6 and

Theorem 159.1.
In the following we summarize the results we have obtained on homotopy groups of spheres:
(1) On page 1573 we saw that πn(S1) = 0 for n ≥ 2.
(2) Proposition 71.10, or alternatively Exercise 94.6, says that for any n ∈ N we have

π1(Sn) = · · · = πn−1(Sn) = 0.
(3) In Corollary 94.10 we showed that the homotopy groups of spheres are countable.
(4) Corollary 85.6 (or alternatively by Corollary 157.12) we know that for any n ∈ N we

have πn(Sn) ∼= Z.
(5) By Theorem 155.10 (1) we know that for every n ≥ 3 we have an isomorphism

πn(S3) ∼= πn(S2). In particular, together with (4) we know that π3(S2) ∼= Z. An
alternative proof of the fact that π3(S2) ∼= Z is given by the combination of the
Thom-Pontryagin Theorem 157.11 and Theorem 157.14.

(6) In Corollary 122.14, and alternatively in Proposition 157.23 we saw that given any
even n ∈ N there exists an epimorphism π2n−1(Sn)� Z.

(7) By Theorem 155.11 (1) we know that for every n ≥ 2 we have an isomorphism
πn(S4) ∼= πn(S7)⊕ πn−1(S3). Furthermore, by Theorem 155.11 (1) we know that for
every n ≥ 2 we have an isomorphism πn(S8) ∼= πn(S15)⊕ πn−1(S7).

(8) By the Freudenthal Suspension Theorem 158.6 we know that for n = k + 1 we have
an epimorphism πn+k(S

n)� πn+k+1(Sn+1) and we know that for n > k + 1 we have
an isomorphism πn+k(S

n) ∼= πn+k+1(Sn+1).
(9) By Theorem 155.11 (2) we know that π6(S4) ∼= π5(S3) and by Theorem 155.14 (3)

we know that π14(S8) ∼= π13(S7).
(10) In Theorem 151.13 we proved the following three statements:

(a) for any n ≥ 2 the group πn+1(Sn) is non-trivial,
(b) for any n ≥ 4 the group πn+3(Sn) is non-trivial,
(c) for any n ≥ 8 the group πn+7(Sn) is non-trivial.

(11) By Theorem 159.1 we know that for every n ≥ 3 we have πn+1(Sn) ∼= Z2. This is a
re�nement of statement (10a). Note that it follows from this fact together with (5)
that π4(S2) ∼= Z2.

(12) In Theorem 152.2 we proved the following three statements:
(a) for any n ≥ 2 the group πn+2(Sn) is non-trivial,
(b) for any n ≥ 4 the group πn+6(Sn) is non-trivial,
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(c) for any n ≥ 8 the group πn+14(Sn) is non-trivial.

We recall that Serre's Theorem 86.17 says that all homotopy groups of spheres are �nitely
generated abelian groups. In the discussion above we saw that some of the homotopy
groups of spheres are in�nite.
The following theorem can be summarized as saying that we have picked up all elements
of in�nite order. In particular the theorem gives a complete answer to Question 122.16.
This theorem can also be viewed as a strengthening of Serre's Theorem 86.17. In fact, the
strengthening is also due to Jean-Pierre Serre.

Theorem 160.1.
(1) If n is odd, then πk(Sn) is �nite for k ≥ n+ 1.
(2) If n is even, then the following two statements hold:

(a) The group πk(Sn) is �nite for k ≥ n+ 1 and k 6= 2n− 1.
(b) The group π2n−1(Sn) is isomorphic to the direct sum of Z with a �nite group.

Proof. The theorem was �rst proved by Serre [Ser1953] using �spectral sequences�. Ex-
positions of the proof are also given in [Hat, Theorem 1.21] and [Spa1995, p. 515f]. �

The following table, obtained from [Tod1962, Chapter XIV], shows the low-dimensional
homotopy groups of low-dimensional spheres. The entries colored in blue have been proved
in these lecture notes.

π1 π2 π3 π4 π5 π6 π7 π8 π9 π10 π11 π12 π13 π14 π15

S1 Z 0 0 0 0 0 0 0 0 0 0 0 0 0 0
S2 0 Z Z Z2 Z2 Z12 Z2 Z2 Z3 Z15 Z2 Z2

2 Z12×Z2 Z84×Z2
2 Z2

2

S3 0 0 Z Z2 Z2 Z12 Z2 Z2 Z3 Z15 Z2 Z2
2 Z12×Z2 Z84×Z2

2 Z2
2

S4 0 0 0 Z Z2 Z2 Z×Z12 Z2
2 Z2

2 Z24×Z3 Z15 Z2 Z3
2 Z120×Z12×Z2 Z84×Z5

2

S5 0 0 0 0 Z Z2 Z2 Z24 Z2 Z2 Z2 Z30 Z2 Z3
2 Z72×Z2

S6 0 0 0 0 0 Z Z2 Z2 Z24 0 Z Z2 Z60 Z24×Z2 Z3
2

S7 0 0 0 0 0 0 Z Z2 Z2 Z24 0 0 Z2 Z120 Z3
2

S8 0 0 0 0 0 0 0 Z Z2 Z2 Z24 0 0 Z2 Z×Z120

S9 0 0 0 0 0 0 0 0 Z Z2 Z2 Z24 0 0 Z2

Note that we showed in Theorem 155.10 (1) that the second and the third row, starting
with π3, are the same.

Recall that the Freudenthal Suspension Theorem 158.6 says that for any n, k ∈ N0 with
n > k + 1 the suspension homomorphism πn+k(S

n) → πn+k+1(Sn+1) is an isomorphism.
Thus we see that the groups πn+k(S

n) �stabilize� as n → ∞. It is therefore perhaps more
instructive to shift in the above diagram the i-th row leftward by i − 1 terms. This way
the diagonal lines become vertical. In other words we consider the following diagram where
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πn+k is short for πn+k(S
n).

n πn+0 πn+1 πn+2 πn+3 πn+4 πn+5 πn+6 πn+7 πn+8 πn+9 πn+10

1 Z 0 0 0 0 0 0 0 0 0 0
2 Z Z Z2 Z2 Z12 Z2 Z2 Z3 Z15 Z2 Z2

2

3 Z Z2 Z2 Z12 Z2 Z2 Z3 Z15 Z2 Z2
2 Z12×Z2

4 Z Z2 Z2 Z×Z12 Z2
2 Z2

2 Z24×Z3 Z15 Z2 Z3
2 Z120×Z12×Z2

5 Z Z2 Z2 Z24 Z2 Z2 Z2 Z30 Z2 Z3
2 Z72×Z2

6 Z Z2 Z2 Z24 0 Z Z2 Z60 Z24×Z2 Z3
2 Z8×Z2×Z9

7 Z Z2 Z2 Z24 0 0 Z2 Z120 Z3
2 Z4

2 Z8×Z3×Z2

8 Z Z2 Z2 Z24 0 0 Z2 Z×Z120 Z4
2 Z5

2 Z2
8×Z2×Z2

3

9 Z Z2 Z2 Z24 0 0 Z2 Z240 Z3
2 Z4

2 Z8×Z6

10 Z Z2 Z2 Z24 0 0 Z2 Z240 Z2
2 Z×Z3

2 Z4×Z6

11 Z Z2 Z2 Z24 0 0 Z2 Z240 Z2
2 Z3

2 Z2
2×Z3

11 Z Z2 Z2 Z24 0 0 Z2 Z240 Z2
2 Z3

2 Z2×Z3

Here for convenience we colored the �diagonal� πn(S2n) in red, since the Freudenthal Sus-
pension Theorem 158.6 implies that below the diagonal the groups on each column are the
same.
We conclude this discussion of the precise homotopy groups of spheres with the following
sobering fact:

Fact 160.2. There is no sphere Sn with n ≥ 2 for which we1966 know the isomorphism
types of all homotopy groups.
As we had mentioned above, the Freudenthal Suspension Theorem 158.6 says that homo-
topy groups of spheres �stabilize�. This leads us to the following de�nition.

De�nition. Let k ∈ N0. We refer to1967

πsk := lim−→ πn+k(S
n)

as the k-th stable homotopy group of spheres.1968

Note that it follows from Theorem 160.1 that for any k ≥ 1 the k-th stable homotopy
group πsk is �nite. The following table obtained from [Wiki] gives the stable homotopy
groups up to k = 63. It seems like 64 is the �rst dimension for which we do not know the

1966Here �we� is de�ned as members of our species.
1967Given k ∈ N0 the groups {πn+k(Sn)}n∈N together with the suspension homomorphisms form a direct
system. Thus it makes sense to consider the direct limit.
1968Note that for any n, k with n > k + 1 the Freudenthal Suspension Theorem 158.6, together with
Lemma 111.2 (4) and the Limit-over-Subset Lemma 111.3, says that the natural map πn+k(Sn) → πsk is
an isomorphism.
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corresponding stable homotopy groups.

n 0 1 2 3 4 5 6 7
πs0+n Z Z2 Z2 Z8·3 0 0 Z2 Z16·3·5
πs8+n Z2

2 Z3
2 Z2·3 Z8·9·7 0 Z3 Z2

2 Z2 Z32·3·5
πs16+n Z2

2 Z4
2 Z8 Z2 Z2 Z8·3·11 Z8·3 Z2

2 Z2
2 Z2 Z8·3 Z16·9·5·7·13

πs24+n Z2
2 Z2

2 Z2
2 Z3 Z8·3 Z2 Z3 Z2·3 Z2

2 Z64·3·5·17

πs32+n Z4
2 Z5

2 Z4 Z3
2 Z2

2 Z8·27·7·19 Z2·3 Z2
2 Z3 Z4 Z2·3·5 Z5

2 Z3 Z16·3·25·11

πs40+n Z5
2 Z4·3 Z5

2 Z2
2 Z8·3 Z8·3·23 Z8 Z3

2 Z16·9·5 Z4
2 Z3 Z3

2 Z4 Z3 Z32·9·5·7·13

πs48+n Z4 Z4
2 Z2

2 Z3 Z3
2 Z3 Z4 Z2

2 Z8·3 Z3
2 Z3 Z4

2 Z4 Z2 Z3 Z16·3·5·29

πs56+n Z2
2 Z4

2 Z2
2 Z2

2 Z8·9·7·11·31 Z4 0 Z2
2 Z4·3 Z3

2 Z128·3·5·17

This concludes our discussion of the homotopy groups of spheres. We refer to [May1999b,
WX2010, IWX2001, Wiki] and [Hat2002, Chapter 4] for a more detailed discussion.

Exercises for Chapter 160.

Exercise 160.1.
(a) Show that π4(HP∞) ∼= Z.
(b) Show that πn(HP∞) is �nite for n 6= 4.
(c) Show that π5(HP∞) ∼= Z2.

Remark. Use the Hopf-Bundle Proposition 155.9 together with the results of this chapter.
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161. The CW-Approximation Theorem

In the following chapters we will work a lot with CW-complexes. In this chapter we will �rst
prove a hotchpotch of results on CW-complexes. Afterwards we will use these results to
prove the CW-Approximation Theorem 161.8 which often allows us to replace a topological
space X by a CW-complex that is �weakly homotopy equivalent� to X. The study of �weak
homotopy equivalences� will also play an essential role in the next chapter, when we prove
the Whitehead Theorem 162.1.

161.1. Modifying CW-complexes. As mentioned in the beginning of the chapter, CW-
complexes will play a major role in this and the subsequent chapters. Thus, before we
start out with proving the enticing theorems mentioned above, we intend to improve our
understanding of CW-complexes.
The following, fairly self-evident convention will be in use in the coming chapters.
Convention.
(1) Given n ∈ N0 we write ∗ = (0, . . . , 0, 1) ∈ Sn. We view Sn as a CW-complex with

one 0-cell {∗} and one n-cell.
(2) We always form any wedge of spheres

∨
i∈I
Snii by identifying the points ∗. By the

CW-Complex Construction Lemma 68.32 (4) we can view the wedge
∨
i∈I
Snii as a

CW-complex in the obvious way, i.e. we have one 0-cell {∗} and for each i ∈ I we
have one ni-cell.

Before we do anything else we will introduce the following de�nition which will accompany
us in the near future.
De�nition. Let f : X → Y be a map between topological spaces.
(1) We say the map f : X → Y is 0-connected if f∗ : π0(X) → π0(Y ) is a surjection, in

other words, each path-component of Y contains a point in f(X).
(2) Let k ∈ N. We say the map f : X → Y is k-connected if the following two conditions

are satis�ed:
(a) the map f∗ : π0(X)→ π0(Y ) is a bijection,
(b) for every x0 ∈ X the induced map

f∗ : πi(X, x0)→ πi(Y, f(x0)) is an
{

isomorphism for i = 1, . . . , k − 1,
epimorphism for i = k.

Remark. Let f : X → Y be a map between path-connected topological spaces and let
k ∈ N. It follows from the Change-of-Base Point Proposition 71.5 that to verify that f is
k-connected it su�ces to check the Condition (2b) for a single base point x0 ∈ X.

Examples.
(1) The map f : S1 ∨ S1 → S1× S1 that is illustrated in the �gure below@ is easily seen

to be 1-connected, but it is not 2-connected.
(2) Let X be a CW-complex and let k ∈ N0. Corollary 153.10 says that the inclusion

Xk → X of the k-skeleton1969 is a k-connected map. In fact, the previous example
1969Since we did not work with CW-complexes for a while we remind the reader that for a CW-complex
X and l ∈ N0 we denote by X l the l-skeleton i.e. the union of all cells of dimension ≤ l.
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is of such type if we consider X = S1 × S1 with the usual CW-structure, where the
1-skeleton is precisely S1 ∨ S1.
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S1 ∨ S1

S1 × S1

The following is the main technical result which underpins many of the later results.

Proposition 161.1. (Higher Connected Map Proposition) Let k ∈ N0, let A be a
CW-complex and let f : A → X be a map to a topological space. If the map f : A → X
is k-connected, then there exists CW-complex B and a map g : B → X such that the
following statements hold:
(1) A is a subcomplex of B,
(2) the only extra cells of B are (k + 1)-dimensional, in particular the k-skeleton of B

equals the k-skeleton of A,
(3) the restriction of g to A equals f ,
(4) the map g : B → X is (k + 1)-connected.

Remark. In most applications of the Higher Connected Map Proposition 161.1 we start
out with a k-dimensional CW-complex. In this case we obtain a (k + 1)-dimensional CW-
complex such that k-skeleton equals A and such that we can complete the map f : A→ X
to the following diagram:

k-dimensional CW-complex A k-connected

f
//

� _

��

top. space X

(k + 1)-dimensional CW-complex B with Bk = A .
(k + 1)-connected

g

44
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X
A

B

S2 × [1, 2]

g

f

Before we turn to the proof of the Higher Connected Map Proposition 161.1 let us �rst
formulate and prove the following corollary.

Corollary 161.2. Let A be a CW-complex and let f : A→ X be a map to a topological
space. There exists a CW-complex B and a map g : B → X such that the following
statements hold:
(1) A is a subcomplex of B,
(2) the restriction of g to A equals f ,
(3) the map g : B → X is k-connected for every k ∈ N0.
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Proof of Corollary 161.2. Let A be a CW-complex and let f : A → X be a map to
a topological space. Without loss of generality we can and will assume that A and X
are 0-connected. We set B0 := A and g0 := f . We apply the Higher Connected Map
Proposition 161.1 to B0 and g0 and iterate this procedure to obtain a sequence of CW-
complexes {Bn}n∈N0 and maps {gn : Bn → X}n∈N0 such that for each n ∈ N the following
statements hold:

(a) A is a subcomplex of Bn and Bn−1 is a subcomplex of Bn,
(b) the only cells of Bn that do not lie in Bn−1 are n-dimensional,
(c) the restriction of gn to A equals f ,
(d) the map gn : Bn → X is (n+ 1)-connected.

We set B := lim−→Bn and we equip with the CW-structure given by the Ascending Union-
CW Complex Lemma 68.34. Furthermore we denote by g : B → X the map that is uniquely
determined by the property that for each n ∈ N0 we have g|Bn = gn. We claim that (B, g)
have the desired properties. In fact (1) and (2) are clear by construction. Now let k ∈ N0.
For a �xed base point in Bk+1 we consider the following commutative diagram

πk(B)

g∗ //

πk((k + 1)-skeleton of B)
∼=oo

g∗

((

id // πk((k + 1)-skeleton of Bk+1)

g∗
vv

= // πk(Bk+1).

g∗

∼=
ooπk(X)

Note that by construction the (k+1)-skeleton of B equals the (k+1)-skeleton of Bk+1, thus
the middle map is indeed the identity. It follows from the CW-Skeleton-πn-Proposition 71.9
(1) that the outer horizontal maps are isomorphisms. Finally note that g|Bk+1 = gk+1, which
induces an isomorphism on πk. Thus the left diagonal map is, as promised, an isomorphism.
Keeping in mind the remark on page 3396 we see that the map g : B → X is k-connected
for every k ∈ N0. �

Now we turn to the proof of the Higher Connected Map Proposition 161.1.

Proof of the Higher Connected Map Proposition 161.1. To simplify the discussion
we only deal with the case that A and X are 0-connected. We leave it to the reader to
handle the case that at least one of A and Y is not 0-connected. In particular we will not
deal with the case k = 0.

So in the following, let k ∈ N, let A be a 0-connected CW-complex and let f : A→ X
be a k-connected map to a path-connected topological space. We pick a base point a0 in
the 0-skeleton of A. We write x0 = f(a0). We note that in general the map f : A → X
fails to be (k + 1)-connected for the following two reasons:1970

(a) the map πk(A, a0)→ πk(X, x0) is not a monomorphism,
(b) the map πk+1(A, a0)→ πk+1(X, x0) is not an epimorphism.

1970Here and throughout the proof we will implicitly use the remark on page 3396 regarding k-connected
maps.
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Both issues will be �xed by attaching (k+1)-cells to A and by extending f to the (k+1)-cells
in a suitable way. More precisely, we construct the CW-complex B and a map g : B → X
as follows:

(a) As usual we denote by Ak the k-skeleton of A. Note that by the CW-Skeleton-
πn-Proposition 71.9 the map πk(A

k, x0) → πk(A, a0) is an epimorphism. This im-
plies that we can pick a family {ϕi : (Sk, ∗) → (Ak, a0)}i∈I of maps that go into
the k-skeleton of A, and that represent a generating set for ker(f∗ : πk(A, a0) →
πk(X, x0)).1971 Note that by de�nition each map f ◦ϕi : (Sk, ∗)→ (X, x0) represents
the trivial element in πk(X, x0). Thus it follows from the Trivial-in-πn-Lemma 71.4
that for each i ∈ I where exists a map Fi : B

k+1 → X such that Fi|Sk = f ◦ ϕi.
(b) Next we pick a family {ψj : (Sk+1, ∗) → (X, x0)}j∈J of maps that represent a gener-

ating set for πk+1(X, x0).
(c) We set

B =
(
A t ⊔

i∈I
B
k+1

i

)
/∼ ∨

∨
j∈J
Sk+1
j with ϕi(s) ∼ s for s ∈ Ski = ∂B

k+1

i .

Note that B is a CW-complex in the following sense:
(i) We start out with the CW-complex that is given by the k-skeleton of A.
(ii) We attach one (k + 1)-cell for each i ∈ I with attaching map given by ϕi.
(iii) Afterwards we form the wedge with

∨
j∈J
Sk+1
j . In other words, we attach one

(k+ 1)-cell for each j ∈ J where the attaching map is given by sending all points
in Skj = ∂B

k+1

j to a0.1972

(iv) Finally we attach the cells of A of dimension ≥ k + 1 as usual to the above.
(d) We extend the original map f : A → X to a map g : B → X by de�ning it to be Fi

on each B
k+1

i and by de�ning it to be ψj on each Sk+1
j . It follows easily from the

CW-Complex Pasting Lemma 68.20 that this map g : B → X is indeed continuous.
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ψj

Sk+1
Fi

B
k+1

a0

x0

By construction A is a subcomplex of B and the only extra cells of B are (k+1)-dimensional.
Furthermore, by construction the restriction of g to A equals f . Thus it remains to show

1971A generating set for the kernel is for example given by taking all elements in the kernel.
1972Here we implicitly use the convention from page 3396 to view the wedge of spheres, and thus also B,
as a CW-complex.
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that the map g : B → X is (k + 1)-connected. We denote by K := Ak = Bk the k-skeleton
of A which equals by construction the k-skeleton of B.
(a) First we show that the map g : B → X is k-connected. To do so we note that for

any r ∈ N0 we have the following commutative diagram

πr(A, a0)

f∗
((

i∗ //πr(B, a0)

g∗
ww

πr(K, x0)
f∗
��

i∗

55

i∗

ii

πr(X, x0)

where i always denotes an inclusion map. Since K is the k-skeleton of A and B we
obtain from Corollary 153.10 that the maps K → A and K → B are k-connected. By
hypothesis the map f : A → X is k-connected. It follows almost immediately from
this discussion and the commutative diagram that g : B → X is also k-connected.
Note that this discussion also implies that the inclusion A→ B is k-connected.

(b) Next we show that g∗ : πk(B, a0)→ πk(X, x0) is a monomorphism. Similar to (a) we
consider the following commutative diagram:

πk(A, a0)

f∗ ))

i∗ // //πk(B, a0)

g∗uu

πk(X, x0).

As we pointed out in (a), we know that the top map i∗ : πk(A, a0)→ πk(B, a0) is an
epimorphism. Thus it su�ces to show that

ker(f∗ : πk(A, a0)→ πk(X, x0)) Ă ker(i∗ : πk(A, a0)→ πk(B, a0)).

But this inclusion holds basically by de�nition of B. More precisely, it follows from
the de�nition of B that for each i ∈ I the map ϕi : (Sk, ∗)→ (A, a0) extends to a map
(B

k+1
, ∗)→ (B, a0). But by the Trivial-in-πn-Lemma 71.4 we know that this implies

that the maps ϕi : (Sk, ∗)→ (A, a0) represent elements in the kernel of i∗. On other
hand, by de�nition, these maps represent a generating set for ker(f∗ : πk(A, a0) →
πk(X, x0)). The desired inclusion of kernels is now a consequence of Lemma 51.3.

(c) It remains to show that the map g∗ : πk+1(B, a0) → πk+1(X, x0) is an epimorphism.
In fact this is true almost by de�nition of B. More precisely, given j ∈ J we have
g∗([idSk+1

j
] = [g|Sk+1

j
] = [ψj]. This shows that the classes {[ψj]}j∈J lie in the image of

g∗. But since these classes generate πk+1(X, x0) we obtain from Lemma 51.3 that g∗
is an epimorphism. �

The following lemma gives a simple but useful criterion for extending maps from a sub-
complex to the whole CW-complex.

Lemma 161.3. Let (X,A) be a pair of CW-complexes and let f : A→ Y be a map to a
path-connected topological space. Suppose the following condition holds:
(∗) For every n∈N such that X\A contains an n-cell we have the equality1973 πn−1(Y )=0.
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Then f can be extended to a map f̃ : X → Y . This statement is illustrated in the �gure
below.
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f

π1(Y ) = 0

??

A

Y

X

can extend f if π1(Y ) = 0

2-cell

Proof. We start out with the following claim.
Claim. Given any n ∈ Z≥−1 we can extend f : A→ Y to a map A ∪Xn → Y .

Proof. We prove the claim by induction on n ∈ Z≥−1. For n = −1 there is nothing to
prove. So suppose the statement holds for some n ∈ Zn≥−1. By the slightest of all abuses
we denote the given extension A ∪Xn → Z again by f . We denote by {Φi : S

n → Xn}i∈I
the family of the attaching maps of all (n+1)-dimensional cells of X that are not contained
in A. If I = ∅, then there is nothing to do. On the other hand if I 6= ∅, then we know by
the hypothesis (∗) that πn(Y ) = 0. It follows from the Trivial-in-πn-Lemma 71.4 that for
each i ∈ I there exists a map gi : B

n+1 → Y with gi|Sn = f ◦Φi : S
n → Y . We consider the

following map:

A ∪Xn+1 =
(

(A ∪Xn) t
⊔
i∈I
B
n+1

i

)
/∼ → Y

[P ] 7→
{
f(P ), if P ∈ A ∪Xn,

gi(P ), if P ∈ Bn+1

i .

It follows from gi|Sn = f ◦ Φi that this map is well-de�ned. Furthermore we obtain from
the Topological-Quotient Proposition 5.15 (1b) that the map is continuous. �

The sequence of maps from the claim de�nes a map f̃ : X = A∪X =
⋃

n∈N0

(A ∪Xn)→ Y .

Since the map is continuous on each A ∪ Xn we obtain from the CW-Complex Pasting
Lemma 68.20 that f̃ is also continuous. It now clear that this map f̃ is the desired extension.

�

We conclude this section with the formulation of a special case Lemma 161.3.

De�nition. We say a topological space Y is weakly contractible if1974 πn(Y ) = 0 for all
n ∈ N0.

Example. By Corollary 71.12 we know that the in�nite-dimensional sphere S∞ is weakly
contractible.

The following corollary is an immediate consequence of Lemma 161.3.

Corollary 161.4. (Weakly Contractible Domain Corollary) Let (X,A) be a pair
of CW-complexes and let f : A → Y be a map to a topological space. If Y is weakly
contractible, then f can be extended to a map f̃ : X → Y . In other words, we have the

1973Since Y is path-connected we know by the Change-of-Base Point Proposition 71.5 that we do not need
to worry about base points.
1974Recall that by the de�nition on page 167 the statement π0(Y ) = 0 means that Y is non-empty and
path-connected.
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following situation

A
f
//

� _

��

Y.

X
f̃ exists if Y is weakly contractible

88

161.2. Weak homotopy equivalences and the CW-Approximation Theorem. The
de�nition of a k-connected map between topological spaces naturally leads to the following
de�nition which we had encountered once before on page 2062.

De�nition. We say that a map f : X → Y between topological spaces is a weak homotopy
equivalence if f is k-connected for all k ∈ N0.
The following lemma gives in particular a practical approach to showing that a given map
is a weak homotopy equivalence.

Lemma 161.5. (Weak Homotopy Equivalence Criteria Lemma) Let f : X → Y be
a map between topological spaces.
(1) If f is a homotopy equivalence, then it is also a weak homotopy equivalence.
(2) If g : X → Y is a map that is homotopic to f , then

f is a weak homotopy equivalence ⇐⇒ g is a weak homotopy equivalence

(3) If X and Y are path-connected, then the following holds:

f is a weak homotopy equivalence ⇐⇒

there exists an x0 ∈ X such that
for every k ∈ N the induced map
f∗ : πk(X, x0)→ πk(Y, f(x0))

is an isomorphism.

Proof.

(1) This statement is an immediate consequence of the Homotopy-πn-Proposition 71.7
(2).

(2) This statement follows immediately from the Homotopy-πn-Proposition 71.7 (1).
(3) This statement follows easily from the de�nitions, the fact that X and Y are path-

connected and the Change-of-Base Point Proposition 86.9 (3). �

As we just saw in the Weak Homotopy Equivalence Criteria Lemma 161.5, a homotopy
equivalence is also a weak homotopy equivalence. But the following example shows that in
general the converse does not hold.

Example. Let

S :=
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2

be the �Topologist's Sine Curve� from page 164. We turn the Topologist's Sine curve into
the Quasi-Circle Q by connecting the point (0, 0) with ( 1

π
, 0) via the green curve shown in

the �gure below. We make the following observations:
(1) One can easily show that the quasi-circle is path-connected, i.e. π0(Q) = 0.
(2) In Exercise 2.48 we showed that the Topologist's Sine Curve is not path-connected.

As we saw in Exercise 71.9, this fact easily implies that all homotopy groups πn(Q),
n ≥ 1 are zero.
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(3) Pick x0 ∈ Q. It follows from (1) and (2) that the inclusion i : {x0} → Q is a weak
homotopy equivalence.

(4) In Exercise 15.14 we showed that Q is not contractible.1975 By the Contractibility
Criterion Lemma 15.2 this implies that the inclusion i is not a homotopy equivalence.

Quasi-Circle Q
x0

We conclude this discussion of weak homotopies with the following proposition which relates
weak homotopy equivalences to induced maps on homology groups.

Proposition 161.6. (Weak Homotopy-vs-Homology Isomorphisms Proposition)
Let f : X → Y be a map between topological spaces.
(1) If f is a weak homotopy equivalence, then for any abelian group G and any n ∈ N0

the induced maps f∗ : Hn(X;G) → Hn(Y ;G) and f ∗ : Hn(Y ;G) → Hn(X;G) are
isomorphisms.

(2) If X and Y are simply connected and if f∗ : Hn(X)→ Hn(Y ) is an isomorphism for
every n ≥ 2, then f is a weak homotopy equivalence.

In fact we can basically generalize (2) to the following less readable statement:
(2′) Suppose the following conditions are satis�ed:

(a) X and Y are both path-connected, both are locally path-connected and both
are semi-locally simply connected. (As discussed in Corollary 61.11 this means
that both topological spaces admit universal coverings.)

(b) For some x ∈ X the induced map f∗ : π1(X, x))→ π1(Y, f(x)) is an isomorphism.
We write y = f(x) and we denote by p : (X̃, x̃) → (X, x)) and q : (Ỹ , ỹ) → (Y, y)
the universal covers of (X, x) and (Y, y). By (a) and the Map Lifting Criterion 61.2
we know that the map f lifts to a map f̃ : (X̃, x̃) → (Ỹ , ỹ). We also demand the
following:
(c) The map f̃∗ : Hn(X̃)→ Hn(Ỹ ) is an isomorphism for every n ≥ 2.
Then f is a weak homotopy equivalence.

Proof.

1975The argument we provided in Exercise 15.14 is rather ad hoc. There are several other approaches. For
example one can use the �ech cohomology groups Ȟ(X;Z) of a topological space X, which are for example
de�ned in [Dol1980, Chapter VIII.6]. Note that

Ȟ(Q;Z) ∼= H̃0(R2 \Q;Z) ∼= Z 6= 0 ∼= H1({∗};Z) ∼= Ȟ1({∗};Z).
↑ ↑ ↑

by the Duality Theorem by Exercise 43.11 we know that by Proposition VIII.6.12
[Dol1980, Theorem VIII.7.2] R2 \Q has two path-components in [Dol1980]

By [Dol1980, Proposition VIII.6.6] the �ech cohomology groups are homotopy invariants. Thus the above
argument shows that Q and {∗} are not homotopy equivalent. A more direct calculation of Ȟ(Q;Z) ∼= Z
is provided in [MillH2021, Chapter 34].
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(1) Let f : X → Y be a weak homotopy equivalence. It follows easily from Lemmas 72.14
and Lemmas 108.14 that we can assume, without loss of generality, that X and
Y are path-connected. Let x0 ∈ X. By our hypothesis we know that the map
f∗ : πn(X, x0) → πn(Y, f(x0)) is an isomorphism for all n ∈ N0. It follows from
Theorem 153.14 (1), which in turn is a consequence of the Relative Hurewicz Theo-
rem 153.13, that the induced maps f∗ : Hn(X;Z) → Hn(Y ;Z) are isomorphisms for
all n ∈ N0. The desired statement is now a consequence of Corollary 108.20.

(2) This statement is just a reformulation of Theorem 153.14 (2).
(3) By (b) together with the Weak Homotopy Equivalence Criteria Lemma 161.5 it

remains to show that f∗ : πn(X, x)) → πn(Y, y) is an isomorphism for every n ≥ 2.
Now let n ≥ 2. We consider the following diagram:

πn(X̃, x̃)

p∗
��

f̃∗
// πn(Ỹ , ỹ)

q∗
��

πn(X, x)
f∗

// πn(Y, y).

We make the following observations:
(a) The diagram commutes by de�nition of f̃ .
(b) It follows from the Coverings-πn-Proposition 71.13 that the vertical maps are

isomorphisms.
(c) By (2) and by our hypothesis (c) we know that f̃ : X̃ → Ỹ is a weak homotopy

equivalence. This implies that the top horizontal map is an isomorphism.
It follows from the above that the bottom horizontal map is an isomorphism. �

In the remainder of this section we will study CW-approximations of topological spaces.

De�nition. Let X be a topological space. A CW-approximation is a CW-complex Z
together with a weak homotopy equivalence f : Z → X.

Example. Let X be the quasi-circle. As we had just discussed, the inclusion of the CW-
complex {x0}, consisting of a single 0-cell, into the quasi-circle X is a CW-approximation
of the quasi-circle X.

Before we state a general theorem we turn to the delicate topic of products of CW-
complexes. More precisely, if X and Y are CW-complex with only countably many cells,
then it follows from Proposition 68.23 that the product X×Y has a product CW-structure.
But, as we pointed out in Lemma 68.24, in general this is not true for arbitrary CW-
complexes. This leads us to the following lemma.
Lemma 161.7. Let X and Y be two CW-complexes. We de�ne the topological space
X ⊗ Y , whose underlying set is the product X × Y , as on page 1500. The identity map
id : X ⊗ Y → X × Y is a CW-approximation.

Proof. By Proposition 68.23 we know that X ⊗ Y is a CW-complex and we know that
the identity map id : X ⊗ Y → X × Y is continuous. In Proposition 68.26 we showed that
the induced maps on fundamental groups are isomorphisms. Basically the same argument,
with the obvious extension of Lemma 68.27 to higher dimensions, shows that the map
id : X ⊗ Y → X × Y is a weak homotopy equivalence. �

The following theorem says that CW-approximations always exist.
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Theorem 161.8. (CW-Approximation Theorem)
(1) Every topological space X admits a CW-approximation f : Z → X.
(2) Let k ∈ N0. If X is a k-connected space, then there exists a CW-approximation

f : Z → X such that Z has a single 0-cell and such that Z has no cells in dimensions
1, . . . , k.

In both cases, given a point x0 ∈ X we can �nd f and z0 ∈ Z0 such that f(z0) = x0.

Proof of the CW-Approximation Theorem 161.8. Let X be a topological space.
(1) We need to show that X admits a CW-approximation. By considering each path-

component of X separately we can assume that X is path-connected.
Thus let X be a path-connected topological space. We pick a point x0 ∈ X.

We set Z0 = {x0} and we de�ne f0 : Z0 → X as the inclusion map. By iteratively
appealing to the Higher Connected Map Proposition 161.1 we obtain the following
commutative diagram

0-dimensional CW-complex Z0
� �

0-connected

f0 //
� _

��

topological space X

1-dimensional CW-complex Z1
1-connected

f1

33

� _

��

2-dimensional CW-complex Z2

2-connected
f2

88

� _

��

...

such that the (k − 1)-skeleton of each Zk equals Zk−1. We set Z =
⋃
k∈N0

Zk and we

de�ne f : Z → X in the obvious way. Note that by construction Z is a CW-complex
such that for each k ∈ N0 the k-skeleton is given by Zk. Furthermore it follows from
the CW-Complex Pasting Lemma 68.20 that f is continuous.

It remains to show that f : Z → X is indeed a weak homotopy equivalence. So
let k ∈ N0. We consider the following commutative diagram

πk(Zk+1, x0)

fk+1∗ ))

ι∗ //πk(Z, x0)

f∗vv

πk(X, x0)

where ι : Zk+1 → Z denotes the inclusion map. The left-hand diagonal map is an
isomorphism by construction of fk+1 : Zk+1 → X. Furthermore the top horizontal
map is an isomorphism by the CW-Skeleton-πn-Proposition 71.9 and the fact that
Zk+1 is the (k + 1)-skeleton of Z. We deduce from the commutative diagram that
the right-hand diagonal map is also an isomorphism.

(2) Let k ∈ N0. If X is k-connected, then in the proof given in (1) we can start out with
the CW-complexes {x0} = Z0 = Z1 = · · · = Zk and where f0 = f1 = · · · = fk are the
inclusion maps. Only beginning with fk+1 do we appeal to the Higher Connected Map
Proposition 161.1 to provide the further CW-complexes Zj and maps fj : Zj → X.
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X

Z1 Z0

f1

x0

For the remainder of the proof of (2) we now proceed as in (1). Since the k-skeleton
of Z =

⋃
k∈N0

Zk equals Zk = {x0} we see that Z has the desired properties. �

Examples.
(1) We consider the topological space X = {0} ∪ { 1

n
|n ∈ N} Ă R equipped with the

subspace topology coming from R. Note that X is not a CW-complex.1976 Further-
more we consider Z = N0 Ă R with the discrete topology. This is a 0-dimensional
CW-complex and the map

f : Z = N0 → X = {0} ∪ { 1
n
|n ∈ N} Ă R

n 7→
{

0, if n = 0,
1
n
, otherwise

is easily seen1977 to be a weak homotopy equivalence. Thus f : Z → X is a CW-
approximation. We refer to the �gure below for an illustration.
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Z = N0 X = {0} ∪ { 1
n
|n ∈ N}

(2) We consider the pseudocircle that we introduced on page 141. Recall that the pseu-
docircle is the set X = {a, b, c, d} where the topology is given by the set

T := {∅, {a}, {c}, {a, c}, {a, b, c}, {a, c, d}, X}.
On page 141 we gave an explicit map f : S1 → X that is also illustrated in the �gure
below. In Exercise 48.15 we showed that f∗ : π1(S1, 1) → π1(X, a) is an isomor-
phism. A slight variation on the de�nition of f also shows that X is path-connected.
Furthermore, by the discussion on page 1573 and by Exercise 71.5 we know that
πn(S1, 1) = πn(X, a) = 0 for n ≥ 2. Thus we obtain from the Weak Homotopy
Equivalence Criteria Lemma 161.5 that f is a weak homotopy equivalence. Since S1

is a CW-complex we see that the map f : S1 → X is a CW-approximation for the
pseudocircle X.
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f

the topology on the
pseudocircle X

a

b

c

d

1976Why is it not a CW-complex?
1977What is so easy about this?



161. THE CW-APPROXIMATION THEOREM 3407

Exercises for Chapter 161.

Exercise 161.1.
(a) Give an explicit CW-approximation for the Cantor set, as de�ned on page 130.
(b) Give an explicit CW-approximation for the Topologist's Sine Curve, as de�ned on

page 164.

Exercise 161.2.
(1) Let M be a connected non-empty n-dimensional smooth manifold. Furthermore let

ϕ : B
n → M be a smooth embedding. Show that there exists a homeomorphism

ϕ : M/ϕ(Sn−1) → M ∨ Sn such that the map M → M/ϕ(Sn−1)
ϕ−→M ∨ Sn → M is

homotopic to the identity.
(2) We consider the map

Θ: S1 × S2 projection−−−−−−→ (S1 × S2) ∨ S3 as in (1)−−−−−−→ (S1 × S2) ∨ S3 → S1 × S2.
↑

given by id on S1 × S2 and by the Hopf map S3 → S2 on S3

Show the following statements:
(a) Θ induces the identity on all homology groups.
(b) Θ induces the identity on π1 and π2.
(c) Θ does not induce the identity on π3.
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162. The Whitehead Theorem

In this chapter we will prove the Whitehead Theorem 162.1 which says that if a map
f : X → Y between CW-complexes is a weak homotopy equivalence, i.e. if it induces an
isomorphism of all homotopy groups, then f is in fact a homotopy equivalence. Afterwards
we will study several applications of the Whitehead Theorem 162.1. In particular we will
be able to complete the classi�cation of lens spaces up to homotopy equivalence.

162.1. The Whitehead Theorem. Usually, in algebraic topology one goes from topolog-
ical situations to algebra using various functors. For example, any map between (pointed)
topological spaces gives rise to a map between homology groups and homotopy groups. Un-
fortunately almost invariably in the passage from topology to algebra some information gets
lost. For example there are many non-homeomorphic topological spaces with isomorphic
homology groups.

In the Homotopy-πn-Proposition 71.7 (2) we saw that a homotopy equivalence between
topological spaces gives rise to isomorphisms of higher homotopy groups. The following
theorem shows that, rather amazingly, in this particular case the converse holds, at least if
we restrict ourselves to maps between CW-complexes.

Theorem 162.1. (Whitehead Theorem)1978 Let f : X → Y be a map between two
connected CW-complexes.1979

(1) If f : X → Y is a weak homotopy equivalence, then f is a homotopy equivalence.
In fact, there is a more re�ned version dealing with base points:
(2) Let x0 ∈ X0 and y0 ∈ Y 0 be base points in the 0-skeleta of X respectively Y . If

f : X → Y is a weak homotopy equivalence with f(x0) = y0, then there exists a
homotopy equivalence between the pointed topological spaces (X, x0) and (Y, y0).

For inclusion maps we have the following very useful variation on the Whitehead Theo-
rem 162.1.
Proposition 162.2. (Whitehead Deformation Retract Proposition) Let Y be a
connected CW-complex.
(1) Let X be a connected subcomplex and let x0 ∈ X be a point. We denote by

i : X → Y the inclusion map. If the induced maps i∗ : πn(X, x0) → πn(Y, x0) are
isomorphisms for all n ∈ N, then X is a deformation retract of Y .

(2) If Y is weakly contractible, then for every point y0 ∈ Y the one-point subset {y0} is
a deformation retract of Y . In particular Y is contractible.

Examples.

(1) Let Y be a simply connected 1-dimensional CW-complex and let x0 be a point in
the 0-skeleton of Y . By Lemma 71.15 (or alternatively Lemma 85.8) we know that
πn(Y, x0) = 0 for all n ∈ N. It follows from the Whitehead Deformation Retract
Proposition 162.2 (2) that Y admits a deformation retraction to {x0}, in particular
Y is contractible.

1978As we pointed out on page 3258, the name �Whitehead Theorem� is sometimes also used for Theo-
rem 153.14. Our naming convention agrees with [Hat2002, Theorem 4.5] and [Rot1988, p. 370].
1979Note that we do not assume that the map f is cellular.
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For example, let Y be the universal covering of S1 ∨ S1. We view S1 ∨ S1 as a
CW-complex in the obvious way. By the CW-complex Covering Proposition 68.37
we can equip Y with the structure of a 1-dimensional CW-complex. By de�nition of
a universal covering we know that Y is simply connected. It follows from the above
discussion that any point x0 in the 0-skeleton of Y is a deformation retract. We refer
to the �gure below for an illustration.
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S1 ∨ S1

p

Y is the universal covering of S1 ∨ S1

this simply connected 1-dimensional
CW-complex admits a deformation

retraction to the point x0

x0

(2) On page 3401 we pointed out that Corollary 71.12 says that S∞ is weakly contractible.
Thus it follows from the Whitehead Deformation Retract Proposition 162.2 (2) that
S∞ is contractible.1980

(3) We consider the knotted curve X in the solid torus Y = B
2×S1 that is shown in the

�gure below. It follows from the Smooth Manifold-Simplicial Structure Theorem 96.2
(3) together with the Simplicial-Implies-CW Lemma 93.24 that we can equip Y
with a CW-structure such that X is a subcomplex. It should be pretty clear that
the inclusion induced map π1(X, x0) → π1(Y, x0) is an isomorphism. Furthermore,
since X and Y are homotopy equivalent to S1 we see that the higher homotopy
groups of X and Y vanish. In particular for every n ∈ N≥2 the induced maps
i∗ : πn(X, x0) → πn(Y, y0) are isomorphisms. In other words we see that all the
hypotheses of the Whitehead Deformation Retract Proposition 162.2 are satis�ed.
This shows that X is a retract of Y . This answers the question that we had posed
on page 1061.
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Y = B
2 × S1

X

x0

Remark. One might be tempted to interpret the Whitehead Theorem 162.1 as saying
that if two CW-complexes have isomorphic homotopy groups, then they are homotopy
equivalent. But this statement is false.

(1) For example let us consider the lens spaces L(5, 1) and L(5, 2). Recall that both are
quotients of S3 by some action of Z5 and both are closed 3-dimensional smooth man-
ifolds. In particular both are CW-complexes by the Smooth Manifold-CW Structure

1980In fact in Lemma 68.4 we gave an explicit homotopy from the identity of S∞ to a constant map. By
the Contractibility Criterion Lemma 15.2 this implies that S∞ is contractible.
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Theorem 96.5 .1981 On page 1574 we saw that the homotopy groups of these two lens
spaces are isomorphic. On the other hand we seen on page 3156 that L(5, 1) and
L(5, 2) are not homotopy equivalent.

(2) We consider the topological spaces S2 and S3 × CP∞. Evidently S2 and S3 are
CW-complexes. It follows from Lemma 68.6 and Proposition 68.23 that S3 × CP∞
is also a CW-complex. In Exercise 155.12 we saw that S2 and S3 × CP∞ have
isomorphic homotopic groups.1982 On the other hand it follows immediately from the
discussion on page 1772 and the Künneth Theorem 90.8 that the homology groups
of S2 and S3 × CP∞ are (dramatically) di�erent. Thus the two CW-complexes are
not homotopy equivalent.

Remark. The analogous statement of the Whitehead Theorem 162.1, respectively the
Whitehead Deformation Retract Proposition 162.2, does not hold if we drop the hypothesis
that X and Y are CW-complexes, in other words, the statement does not hold for general
topological spaces. We can provide two examples:
(1) On page 3402 we already discussed the fact that the Quasi-Circle is weakly con-

tractible but not contractible.
(2) Since weird topological spaces are so much fun, let us consider another example.

More precisely, let us consider the following subset of R2 which is also illustrated in
the �gure below:

Y := line segment from (0, 1) to (0,−1) ∪
⋃
n∈N

line segment from (0, 1) to ( 1
n
, 0)

∪
⋃
n∈N

line segment from (0,−1) to (− 1
n
, 0).

We equip Y with the subspace topology. In Exercise 162.4 (a) we will see that the
homotopy groups of Y are trivial, i.e. Y is weakly contractible. On the other hand
we show in Exercise 162.4 (b) that Y is not contractible. The readers who are less
inclined towards doing the exercises are referred to [Mau1980, p. 301] instead.1983
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weak homotopy equivalence

X

Y

(3) In Exercise 162.13 we will see that the long line L, which we introduced on page 613,
is weakly contractible but not contractible.

(4) On [Barm2011, p. 54] it is shown that there exists a �nite topological space that is
weakly contractible but not contractible.

1981It is also a moderately amusing exercise to �nd an explicit CW-structure on lens spaces. One could
start either from the de�nition of a lens space or the reinterpretation given by the Lens Space-Splitting
Lemma 146.2.
1982In fact this follows easily from the fact that πk(S2) = πk(S3) for k ≥ 3 (see Theorem 155.10) and the
fact that πk(CP∞) = Z for k = 2 and πk(CP∞) = 0 for k 6= 2 (see Theorem 155.12 (2)).
1983This shows in particular that Y is not a CW-complex. Is there a more direct way for showing that Y
is not a CW-complex?
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The proof of the Whitehead Theorem 162.1 relies on the following lemma.

Lemma 162.3. Let (X,A) be a pair of CW-complexes and let (Y,B) be a pair of topolog-
ical spaces with B 6= ∅. We make the following assumption: For every n ∈ N0 such that
X \ A has at least one n-dimensional cell we assume that πn(Y,B, y0) = 0 for all y0 ∈ B.
Then every map f : (X,A)→ (Y,B) is homotopic rel A to a map X → B.
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A

X
Y

f

B with π1(Y,B) = 0

Proof. We start out with the following claim.

Claim. Let k ∈ N. Let f : (X,A)→ (Y,B) be a map. If f(Xk−1) Ă B, then there exists a
homotopy rel A ∪Xk−1 from f to a map g with g(Xk) Ă B.

Proof. If there are no k-cells in X \ A, then we have Xk Ă Xk−1 ∪ A, in particular we
already have f(Xk) Ă B, and we are thus done. Now suppose that there exists at least one
k-cell in X \A. By our hypothesis this implies that πk(Y,B, y0) = 0 for every y0 ∈ B. Let
{Φi : B

k → X}i∈I be the characteristic maps of the k-cells in X \A. Given i ∈ I we denote
by φi : Sk−1 → X the corresponding attaching map. It follows from f(Xk−1) Ă B, from
πk(Y,B, y0) = 0 and Proposition 153.8 (2) ⇒ (1) that there exists a homotopy Fi rel Sk−1

from the map f ◦ Φi : B
k → Y to a map whose image is contained in B. It follows from

the Homotopy Pushout Lemma 14.9, applied to A ∪Xk = (A ∪Xk−1) ∪ t
i∈I

φi

( ⊔
i∈I
B
k

i

)
that

these homotopies on all such cells, together with the constant homotopy on A∪Xk−1, give
rise to a homotopy H on A ∪Xk rel A ∪Xk−1 with H0|A∪Xk = f and with H1(Xk) Ă B.
By the Homotopy Extension Theorem 70.1 we can extend this homotopy H to a homotopy
H̃ : X × [0, 1]→ Y with H̃0 = f . This homotopy has all the desired properties. �

First suppose that X is a �nite-dimensional CW-complex. It is clear that the hypothesis
of the claim holds for k = −1 since, by de�nition, X−1 = ∅. Now we can apply the claim
iteratively �nitely many times. Combining these �nitely many homotopies together as in
the Homotopy Combination the Homotopy Combination Lemma 14.4 we obtain the desired
homotopy.

In the case that X is in�nite-dimensional we obtain an in�nite sequence of homotopies.
We can combine these homotopies using the rather tricky Lemma 70.13 and we obtain
again the desired homotopy. �

Now we are already in a position to provide the proof of the Whitehead Deformation
Retract Proposition 162.2.
Proof of the Whitehead Deformation Retract Proposition 162.2. Let Y be a con-
nected CW-complex.
(1) Let X be a connected subcomplex and let x0 ∈ X. We denote by i : X → Y the

inclusion map. We suppose that the induced maps i∗ : πn(X, x0) → πn(Y, x0) are
isomorphisms for all n ∈ N. We need to show that X is a deformation retract of Y .

Recall that by our hypothesis Y is connected, in particular it is path-connected by
the CW-Complex Properties Proposition 68.10 (7). Thus it follows from the Change-
of-Base Point Proposition 86.9 that the induced maps i∗ : πn(X, x0)→ πn(Y, x0) are
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in fact isomorphisms for all x0 ∈ X. Next we note that it follows from our hypothesis
and the long exact sequence of homotopy groups given by the Homotopy Groups-
LES Proposition 153.4 that all relative homotopy groups πn(Y,X, x0) are trivial for
all x0 ∈ X. This observation allows us apply Lemma 162.3 to the identity map
(Y,X)→ (Y,X). From Lemma 162.3 we obtain a homotopy H rel X from idY to a
map whose image lies in X. But this means, by de�nition, that H is a deformation
retraction from Y to X.

(2) We assume that Y is weakly contractible. Let y0 ∈ Y . We denote by i : {y0} → Y
the inclusion. Since Y is weakly contractible we see that for each n ∈ N the map
i∗ : πn({y0}, y0) → πn(Y, y0) is an isomorphism, for the silly reason, that the groups
on both sides are trivial. It follows from (1) that {y0} is a deformation retract of Y .
The elementary the Point Deformation Retract Lemma 15.6 now tells us that Y is
contractible. �
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We will reduce the proof of the Whitehead Theorem 162.1 to the Whitehead Deformation
Retract Proposition 162.2. The trick hereby is to use the notion of a mapping cylinder that
we introduced on page 454. For the reader's convenience we recall the de�nition.

De�nition. Given a map f : X → Y between topological spaces we de�ne the correspond-
ing mapping cylinder to be the topological space

Cyl(f) := Cyl(f : X → Y ) := ((X×[0, 1]) t Y )/∼ where (x, 1) ∼ f(x) for all x ∈ X.
We illustrate the de�nition in the �gure below.
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Y is a deformation
retract of Cyl(f ′)

Cyl(f ′ : X → Y )

rr

Now we can provide the actual proof of the Whitehead Theorem 162.1.

Proof of the Whitehead Theorem 162.1. Let X and Y be two connected CW-comp-
lexes. Let x0 ∈ X be a base point. Furthermore let f : X → Y be a map such that the
induced maps f∗ : πn(X, x0)→ πn(Y, f(x0)) are isomorphisms for all n ∈ N.
(1) By the Cellular Approximation Theorem 70.15 the map f is homotopic to a cellular

map f ′. We make the following two observations:
(i) By the Homotopy-Equivalence Basics Lemma 15.1 (3) the map f is a homotopy

equivalence if and only if f ′ is a homotopy equivalence.
(ii) By the Weak Homotopy Equivalence Criteria Lemma 161.5 (2) the map f is a

weak homotopy equivalence if and only if f ′ is a weak homotopy equivalence.
As usual we denote by Cyl(f ′) the mapping cylinder of f ′ : X → Y . We consider the
following diagram of maps:
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Y

X

f ′
weak homotopy equivalence

55

��
i

// Cyl(f ′).

' r

OO

We make the following comments and observations:1984

(a) The map r : Cyl(f ′) → Y is the obvious map given by the identity on Y and
given by sending [(x, t)] to f ′(x).

(b) The map i : X → Cyl(f ′) is the obvious inclusion given by x 7→ [(x, 0)].
(c) It is clear that the above diagram commutes.
(d) By (ii) and our hypothesis the map f ′ : X → Y is a weak homotopy equivalence.
(e) By the Mapping Cylinder Basics Lemma 16.12 (2) we know that the map r : Cyl(f)→

Y is a homotopy equivalence. In particular we obtain from the Weak Homotopy
Equivalence Criteria Lemma 161.5 (1) that r is a weak homotopy equivalence.

(f) It follows from (c), (d) and (e) that i is a weak homotopy equivalence.
(g) Since f ′ : X → Y is cellular we use the CW-Complex Cone Corollary 68.35 (3) to

equip Cyl(f ′ : X → Y ) with a natural CW-structure such that X × {0} = i(X)
is a subcomplex.

(h) It follows immediately from (f) and (g) together with the Whitehead Deformation
Retract Proposition 162.2 that the map i : X → Cyl(f ′) is homotopy equivalence.

(i) We obtain from (e) and (h) and the Homotopy-Equivalence Basics Lemma 15.1
(1) that f is indeed a homotopy equivalence.

(2) Now suppose we are given x0 ∈ X0 and y0 ∈ Y 0 such that f(x0) = y0. Since
f is cellular on the subcomplex {x0} we obtain from the Cellular Approximation
Theorem 70.15 that the map f is homotopic rel x0 to a cellular map f ′. Note that
we still have f ′(x0) = y0. Using this input it is not di�cult to convince oneself that
the argument in (1) can be modi�ed to give the desired homotopy rel {x0}. We leave
it to the punctilious reader to go through the details. �

In the remainder of this chapter we will discuss many applications of the Whitehead The-
orem 162.1 to various problems.

162.2. Homotopy classi�cation of lens spaces. One of the recurring themes of these
notes is the classi�cation of lens spaces. Using the Whitehead Theorem 162.1 we can now
�nish the classi�cation of lens spaces up to homotopy equivalence. It is worth recalling the
following de�nition from page 1075, so that we are all on the same sheet.

De�nition. We consider the 3-sphere S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1} as a subman-
ifold of C2. Let p ∈ N. Furthermore let q ∈ Z with gcd(p, q) = 1. The map

Zp × S3 → S3

(k + pZ, (z1, z2)) 7→ (exp(2π ik/p) · z1, exp(2π ikq/p) · z2)

de�nes a smooth, orientation-preserving and discrete action of Zp on S3. We refer to
L(p, q) := S3/Zp as a lens space.1985

1984Some of the arguments below overlap with the proof of the Mapping Cylinder Basics Lemma 16.12 (2).
The reason for not appealing to the Mapping Cylinder Basics Lemma 16.12 (2) is that in Statement (2) of
the Whitehead Theorem 162.1 we also want to do the case rel a �xed point.
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Recall that in Corollary 148.21 we showed that if two lens spaces L(p, q1) and L(p, q2) are
homotopy equivalent, then there exists an ε ∈ {−1, 1} and an r ∈ Z, coprime to p, such
that q1 = ε · r2 · q2 mod p. We can now prove the converse of this result.

Proposition 162.4. (Lens Space-Homotopy Equivalence Proposition) Let p ∈ N
and let q1, q2 ∈ Z with gcd(p, q1) = gcd(p, q2) = 1. If there exists an m ∈ Z with
q1 ≡ ±m2 · ·q2 mod p, then the lens spaces L(p, q1) and L(p, q2) are homotopy equivalent.

Remark. This proposition was �rst shown by John Whitehead [WhdJ1941b, Theo-
rem 10]. A direct proof, that does not make use of the Whitehead Theorem 162.1, is
also given in [CoheM1973, Chapter 29].

Before we turn to the proof of the Lens Space-Homotopy Equivalence Proposition 162.4 let
us remind the reader that we have now proved the following theorem, which for convenience
we had stated already at an earlier occasion.

Theorem 148.22. (Lens Space-Homotopy Classi�cation Theorem) Let p ∈ N. If
q, q̃ ∈ Z are coprime to p, then

the lens spaces L(p, q) and L(p, q̃)
are homotopy equivalent ⇐⇒ there exists an r ∈ Z, coprime to p,

such that q ≡ ±r2 · q̃mod p.

Remark. The classi�cation of lens spaces up to homeomorphism will have to wait till the
Lens Space-Homeomorphism Classi�cation Theorem ??.

Proof. The �⇒�-direction is precisely the statement of Corollary 148.21 and the �⇐�-
direction is the content of the Lens Space-Homotopy Equivalence Proposition 162.4. �

The proof of the Lens Space-Homotopy Equivalence Proposition 162.4 requires several
preparations. The key idea is to make use of the recently acquired Whitehead Theo-
rem 162.1. In fact the Whitehead Theorem 162.1 is the key ingredient in the proof of the
following lemma.

Lemma 162.5. Let M and N be closed oriented n-dimensional smooth manifolds such
that the universal covering in both cases is Sn. Let g : M → N be a map. If deg(g) = ±1
and if g∗ : π1(M)→ π1(N) is an isomorphism, then g is a homotopy equivalence.

Proof. First note that by the Smooth Manifold-CW Structure Theorem 96.5 we know that
M and N admit CW-structures.1986 Thus, by the Whitehead Theorem 162.1, it remains
to show that g : M → N is a weak homotopy equivalence.

Let p : Sn → M and q : Sn → N be the universal coverings. It follows from the Map
Lifting Criterion 61.2 that there exists a map g̃ : Sn → Sn such that the following diagram
commutes:

1985As we mentioned on page 1075, it follows from the Manifold Quotient-by-Group Action Proposi-
tion 19.32 and the Orientation-Action Proposition 25.19 that L(p, q) is a closed 3-dimensional smooth
manifold that comes with a natural orientation.
1986Alternatively it follows from Topological Manifold-Simplicial Complex Retract Theorem 104.13 to-
gether with the brand-new CW-Complex Domination Proposition 162.8 or from the Morse Functions-Cells
Proposition 138.6 that M and N are homotopy equivalent to CW-complexes, which is good enough for our
purpose.
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Sn

p
��

g̃
// Sn

q
��

M
g

// N.

It follows from our hypothesis that g∗ : π1(M) → π1(N) is an isomorphism together with
the Weak Homotopy-vs-Homology Isomorphisms Proposition 161.6 (2′) that it su�ces to
prove the following claim.
Claim. For each k ∈ N0 the map g̃∗ : Hk(S

n)→ Hk(S
n) is an isomorphism.

Proof. Evidently we only have to consider the case k = n. It follows from the above simple-
minded commutative diagram, the Degree Multiplicativity Theorem 38.4, the hypothesis
that deg(g) = 1 and the observation that by the Covering Map-Degree Proposition 101.7
we have deg(p) = #π1(M) = #π1(N) = deg(q), that deg(g̃) = 1. But this implies that
g̃∗ : Hn(Sn)→ Hn(Sn) is an isomorphism. �

It follows from Lemma 162.5 that, in the setting of the Lens Space-Homotopy Equivalence
Proposition 162.4, it su�ces to show that there exists a map L(p, q1)→ L(p, q2) of degree
±1. The following lemma is the �rst step towards the construction of such a map.

Lemma 162.6. Let p ∈ Z \ {0} and let q1, q2 ∈ Z with gcd(p, q1) = gcd(p, q2) = 1. Given
any t1, t2 ∈ Z with q1 · t1 ≡ q2 · t2 mod p the map

f : L(p, q1) → L(p, q2)
[(z, w)] 7→ [(zt2 , wt1)]

is well-de�ned, it is smooth and it has degree t1 · t2.

Proof. First we show that the map f : L(p, q1) → L(p, q2) is well-de�ned. To do so we
introduce two pieces of notation. We write ξ := exp(2π i/p) and for i = 1, 2 we denote by
∼i the equivalence relation on S3 that is de�ned by the action of Zp on S3 with parameter
qi. In other words

(z, w) ∼i (z̃, w̃) ⇐⇒ there exists a k ∈ Z with (z, w) = (ξk · z̃, ξk·qi · w̃).

We need to show that if we are given (z, w), (z̃, w̃) ∈ S3 with (z, w) ∼1 (z̃, w̃), then
(f(z), f(w)) ∼2 (f(z̃), f(w̃)). This follows from the following sequence of implications:

(z, w) ∼1 (z̃, w̃) =⇒ (z, w) = (ξk · z̃, ξk·q1 · w̃) (de�nition of ∼1)
=⇒ (zt2 , wt1) = (ξk·t2 · z̃t2 , ξk·q1·t1 · w̃t1) (since take same powers)
=⇒ (zt2 , wt1) = (ξkt2 · z̃t2 , ξkt2·q2 · w̃t1) (since q1 · t1 ≡ q2 · t2 mod p)
=⇒ (zt2 , wt1) ∼2 (z̃t2 , w̃t1) (de�nition of ∼2)
=⇒ (f(z), f(w)) ∼2 (f(z̃), f(w̃)) (de�nition of f).

We have thus shown that the map f : L(p, q1)→ L(p, q2) is well-de�ned. Next note that it
follows easily from the Smooth Map-Descends-to-Quotient Corollary 19.33 that f is smooth.
It remains to calculate the degree of the map. We consider the following diagram:

S3

(z,w) 7→[(z,w)]1
��

(z,w) 7→(zt1 ,wt2 )
// S3

(z,w)7→[(z,w)]2
��

L(p, q1)
f

// L(p, q2).
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We make the following observations:
(1) It is clear that the diagram commutes.
(2) The vertical maps are covering maps of degree d. It follows from the Covering Map-

Degree Proposition 101.7 that the vertical also have degree p in terms of fundamental
classes.

(3) One can easily show, using the de�nition of the degree on page 898, that the degree
of top horizontal map equals t1 · t2.

It follows from these three observations together with the Degree Multiplicativity Theo-
rem 38.4 that the degree of the bottom horizontal map f also equals t1 · t2. �

Lemma 162.7. Let M be a closed oriented connected non-empty n-dimensional smooth
manifold. We pick an orientation-preserving smooth embedding Φ: B

n

2 → M . Let
Θ: B

n
/Sn−1 → Sn be the homeomorphism from the Ball-Quotient Sphere Lemma 5.20.

We refer to the map19871988

π : M → M ∨ Sn

P 7→


Φ(2(t− 1) · x), if P = Φ(t · x) for t ∈ [1, 2] and x ∈ Sn−1,

Θ(y), if P = Φ(y) with y ∈ Bn
,

P, otherwise.

as the pinching map. This map has the property that the maps M π−→M ∨ Sn → M and
M π−→M ∨ Sn → Sn both have degree 1.
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Proof. This statement can be veri�ed easily using the Local-Global Degree Proposition 101.6.
We leave it to the reader to �ll in the details. �

Now we have assembled all the tools that we need for provide the proof of the Lens Space-
Homotopy Equivalence Proposition 162.4.
Proof of Proposition 162.4. First let p ∈ Z \ {0}. Furthermore let q1, q2 ∈ Z with
gcd(p, q1) = gcd(p, q2) = 1. We suppose that there exists an m ∈ Z and an ε ∈ {−1, 1} with
q1 ≡ ε · q2 ·m2 mod p. We need to show that L(p, q1) and L(p, q2) are homotopy equivalent.
By Lemma 162.5 it su�ces to show that there exists a map g : L(p, q1)→ L(p, q2) of degree
ε. We will construct such g in several steps:
(1) Since gcd(p, q1) = gcd(p, q2) = 1 we can pick s1, s2 ∈ Z with si · qi ≡ 1 mod p.
(2) By Lemma 162.6, applied to ti = q2m · si, there exists a map f : L(p, q1) → L(p, q2)

of degree (q2m)2 · s1 · s2.
(3) Note that

(q2m)2 · s1 · s2 ≡ q2 ·m2 · s1 · q2 · s2 ≡ ε · q1 · s1 · q2 · s2 ≡ ε mod p.
↑

since q1 ≡ ε · q2 ·m2 mod p

1986It follows from the Pasting Proposition 2.6 together with the Compact Image Lemma 2.13 and the
Compact-Closed Lemma 1.21 that π is continuous.
1986In Exercise 100.16 we introduced the pinching map M#N →M ∨N . Our pinching map is homotopic
to the map M ∼= M#Sn → (M#Sn) ∨ Sn →M ∨ Sn.
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This calculation shows that there exists a d ∈ Z with (q2m)2 · s1 · s2 = ε+ d · p.
(4) By the Degree Realization Proposition 38.13 there exists a map h : S3 → S3 of degree
−d.

We now consider the following map

L(p, q1)
π−→ L(p, q1) ∨ S3 f∨h−−−→ L(p, q2) ∨ S3 → L(p, q2)

↑
given by id on L(p, q2) and
given by the covering map S3 → L(p, q2) on S3

It follows from Lemma 162.7, the choice of f and h and the Covering Map-Degree Propo-
sition 101.7 that the induced maps on homology groups are given as follows:

H3(L(p, q1))︸ ︷︷ ︸
Z·[L(p,q1)]

(
1
1

)
−−−→ H3(L(p, q1) ∨ S3)︸ ︷︷ ︸

Z·[L(p,q1)]⊕Z·[S3]

(
(q2m)2 ·s1 ·s2 0

0 −d

)
−−−−−−−−−−−−−→ H3(L(p, q2) ∨ S3)︸ ︷︷ ︸

Z·[L(p,q2)]⊕Z·[S3]

(1 p)−−−→ H3(L(p, q2))︸ ︷︷ ︸
Z·[L(p,q2)]

.

In summary we see that the map L(p, q1)→ L(p, q2) has degree (q2m)2 ·s1 ·s2−d ·p = ε. �

162.3. Topological spaces dominated by CW-complexes. We move on to another
application of the Whitehead Theorem 162.1. We recall the following de�nition from
page 2307.

De�nition. We say that a topological space X is dominated by a topological space Y if
there exist maps i : X → Y and r : Y → X such that r ◦ i is homotopic to the identity
idX .
The goal of this section is to prove the following result which we already mentioned in
Section 104.5.
Proposition 162.8. (CW-Complex Domination Proposition) Let X be a topolog-
ical space. If X is dominated by a CW-complex, then X is homotopy equivalent to a
CW-complex.

Remark.
(1) An alternative proof for the CW-Complex Domination Proposition 162.8, that does

not use the Whitehead Theorem 162.1, but that uses a mapping telescope construc-
tion similar to the telescope construction from page 1546, is given in [Hat2002,
Proposition A.11].

(2) In Section 104.5 we stated, without proofs but with detailed references, several gen-
eralizations of re�nements of the CW-Complex Domination Proposition 162.8.

The following simply de�nition will prove convenient in the proof of the CW-Complex
Domination Proposition 162.8.
De�nition. Let f : X → Y be a map between topological spaces. A map g : Y → X
is called a homotopy left inverse of f if g ◦ f is homotopic to idX . Furthermore, a map
h : Y → X is called a homotopy right inverse of f if f ◦ h is homotopic to idY .
For the reader's convenience we recall the following elementary lemma.
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Lemma 15.11. Let f : X → Y be a map between topological spaces. If f admits a
homotopy left inverse g and a homotopy right inverse h, then f is in fact a homotopy
equivalence and both g and h are homotopy inverses.
Now it is fairly straightforward to provide a proof of the CW-Complex Domination Propo-
sition 162.8.
Proof of the CW-Complex Domination Proposition 162.8. Let X be a topological
space that is dominated by a CW-complex Y . Recall that this means that there exist maps
i : X → Y and r : Y → X such that r ◦ i is homotopic to the identity idX . Without loss of
generality we can and will assume that X and Y are path-connected. We pick a base point
y0 ∈ Y and we write x0 := r(x0). Since r◦ i is homotopic to the identity we obtain from the
Homotopy-πn-Proposition 71.7 (1) that the map r∗ ◦ i∗ = (r ◦ i)∗ : πj(X, x0) → πj(X, x0)
is an isomorphism for all j ∈ N0. In particular we see that r∗ : πj(Y, y0)→ πj(X, x0) is an
epimorphism for all j ∈ N0.

By Corollary 161.2 there exists a CW-complex Z which contains Y as a subcomplex
and a map R : Z → X that extends r and that is a weak homotopy equivalence. Thus we
are now in the following setting:

X
i // Y � _

subcomplext

��

r
oo

Z.
R

weak homotopy equivalence

^^

Here denote by t : X → Z the inclusion map. (Note though that we do not claim that the
diagram commutes.) It remains to prove the following claim.
Claim. The map t ◦ i : X → Z is a homotopy equivalence.

Proof. Since R◦ (t ◦ i) = (R◦ t)◦ i = r ◦ i is homotopic to idX we know that R is homotopy
left inverse of t ◦ i. Furthermore, we obtain from the Homotopy-πn-Proposition 71.7 (1)
that R◦(t ◦ i) is a weak homotopy equivalence.1987 Since R is a weak homotopy equivalence
we see that t ◦ i is also a weak homotopy equivalence. Thus we see that (t ◦ i) ◦R : Z → Z
is a weak homotopy equivalence. Since Z is a CW-complex it follows from the Whitehead
Theorem 162.1 that the map (t ◦ i) ◦R is a homotopy equivalence. This implies that there
exists a map k : Z → Z such that (t ◦ i) ◦ R ◦ k is homotopic to idZ . We have thus shown
that R ◦ k is a homotopy right inverse for t ◦ i. Since we already pointed out above that
t ◦ i admits is a homotopy left inverse we obtain from Lemma 15.11 that t ◦ i is a homotopy
equivalence. �

162.4. Highly connected CW-complexes. In this section we want to discuss the fol-
lowing natural question.
Question 162.9. Let X be a CW-complex which is n-connected for some n ∈ N0. Is X
homotopy equivalent to a CW-complex Y which has one 0-cell and no cells in dimensions
1, . . . , n?
It turns out that we already dealt with the not entirely trivial case, that n = 0. For the
convenience of the reader we recall Proposition 70.4. Its precise statement gives us one
possible approach to answering Question 162.9.
1987Throughout the proof we use the characterization of weak homotopy equivalences given by the Weak
Homotopy Equivalence Criteria Lemma 161.5 (3).
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Proposition 70.4. Let X be a 0-connected CW-complex.
(1) There exists a contractible 1-dimensional subcomplex T which contains all 0-cells.1988

(2) Given any T as in (1) the quotient X/T is a CW-complex with precisely one 0-cell.
Furthermore the projection X → X/T is a homotopy equivalence.
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Proposition 70.4 suggests the following approach to answering Question 162.9: Given an
n-connected CW-complex X we need to �nd a contractible subcomplex S that contains the
n-skeleton Xn. The catch is, as the following example shows, in general such a subcomplex
just does not exist.

Example. Let X be the 2-dimensional CW-complex corresponding to the presentation
〈x |x2 = e, x3 = e〉.1989 This CW-complex is constructed by attaching two 2-cells to S1 via
the attaching maps z 7→ z2 and z 7→ z3. We refer to the �gure below for an illustration.
We have

π1(X) ∼= 〈x |x2 = e, x3 = e〉 ∼= Z/subgroup generated by 2 and 3 = 0.
↑ ↑ ↑

Corollary 69.12 since 〈x〉 ∼= Z since 2 and 3 are coprime

We have thus shown that X is 1-connected. In Exercise 162.8 we will see that X does not
admit a contractible subcomplex S which contains the 1-skeleton of X and which has the
property that X/S is homotopy equivalent to X.
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via the map z 7→ z3via the map z 7→ z2

2-cell attached 2-cell attached

S1

In light of the example it comes perhaps as a surprise that Question 162.9 actually does
have an a�rmative answer:
Proposition 162.10. Let X be a CW-complex, let x0 ∈ X and let n ∈ N0. If X is
n-connected, then there exists a CW-complex Y which has one 0-cell y0 and no cells in
dimensions 1, . . . , n such that the pair (X, x0) is homotopy equivalent to the pair (Y, y0).

Proof. Let X be an n-connected CW-complex and let x0 ∈ X. By the CW-Approximation
Theorem 161.8 (2) there exists a CW-complex Y which has a single 0-cell {y0} and no cells in
dimensions 1, . . . , n and a map f : (Y, y0)→ (X, x0) which is a weak homotopy equivalence.
Thus we can apply the Whitehead Theorem 162.1 (2) to the map f and we see that f is
in fact a homotopy equivalence of pointed topological spaces. Well, that was quick. �

Remark. The construction of the CW-complex Y in the proof of Proposition 162.10 is
quite wasteful. In particular, without any re�nement of the construction, it will almost
invariably provide an in�nite-dimensional CW-complex Y . It turns out that often one
1988Such a subcomplex is basically what we called a spanning tree on page 317.
1989Recall that on page 1531 we showed that any �nite presentation 〈g1, . . . , rk | r1, . . . , rl〉 naturally gives
rise to a CW-complex with one 0-cell, k 1-cells and l 2-cells.
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can do better. More precisely, in [Hat2002, Proposition 4.C.1] the following statement
is shown: given a �nite n-connected CW-complex X there exists a CW-approximation
f : Y → X where Y is a �nite CW�complex with a single 0-cell and such that Y has no
cells in dimensions 1, . . . , n.

162.5. Elementary collapses. It is not always easy to determine whether two topological
spaces are homotopy equivalent. The following de�nition is useful for systematizing the
search for homotopy equivalences between CW-complexes.

De�nition. Let X be a CW-complex. We say that a CW-complex Y is an elementary
expansion of X if the following holds:
(1) Y = X ∪ en−1 ∪ en where en−1 is an (n − 1)-cell that is not contained in X and en

is an n-cell that is not contained in X.
(2) There exists a map ϕ : B

n → Y with the following properties:
(a) The map ϕ is the characteristic map for the n-cell en.
(b) The map1990 B

n−1 ∼=−→ Sn−1
≥0

ϕ−→ Y is the characteristic map for the (n − 1)-cell
en−1.

(c) We have ϕ(Sn−1
≤0 ) Ă Xn−1.

Conversely we also say that the CW-complex X is an elementary collapse of Y . We refer
to the �gure below for an illustration.
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en−1

Sn−1
≥0

ϕ

CW-complex Y

Sn−1
≤0

CW-complex X

(n− 1)-skeleton Xn−1

en
elementary collapse

elementary expansion

B
n

We continue with another de�nition.
De�nition. Let X and Y be CW-complexes. We say X and Y are simple homotopy
equivalent if there exists a sequence X = X0, X1, . . . , Xk = Y such that for i = 1, . . . , k
one of the following three statements holds:
(1) Xi is an elementary expansion of Xi−1, or
(2) Xi is an elementary collapse of Xi−1, or
(3) Xi is isomorphic, as a CW-complex, to Xi−1.

The following lemma justi�es the name �simple homotopy equivalent�.
Lemma 162.11. Let X and Y be CW-complexes. If X and Y are simple homotopy
equivalent, then they are homotopy equivalent.

Proof. By the Homotopy-Equivalence Basics Lemma 15.1 the notion of being homotopy
equivalent is an equivalence relation. Thus it su�ces to show that if a CW-complex X
is an elementary collapse of a CW-complex Y , then X is homotopy equivalent to Y . In

1990Here we use the explicit homeomorphism B
n−1 ∼=−→ Sn−1

≥0 from page 152.
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collapse

elementary
collapse

elementary
expansion

X1X = X0 X2 X3 X4 = Y

isomorphism
of CW-complexes

fact, by the Deformation Retract-Homotopy Equivalence Lemma 15.5 it su�ces to show
that X is a deformation retract of Y . We saw on page 434 that there exists a deformation
retraction from B

n
to Sn−1

≤0 . It follows from the Homotopy Pushout Lemma 14.9 that this
deformation retraction, together with the constant homotopy on X, de�nes a deformation
retraction from Y to X. �
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CW-complex Y

CW-complex X

elementary collapse

elementary expansion deformation
retraction

It is also interesting to consider an interesting special case.

De�nition. A �nite CW-complex is called collapsible if there exists a sequence of elemen-
tary collapses that abuts in a CW-complex consisting of a single point.
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collapsible CW-complex

The following lemma is an immediate consequence of Lemma 162.11.

Lemma 162.12. Let X be a CW-complex. If X is collapsible, then X is contractible.
It is natural to ask whether the converses of Lemmas 162.11 and 162.12 hold. More precisely,
we have the following questions.

Question 162.13.
(1) Let X be a �nite CW-complex. If X is homotopy equivalent to a point, does it

follow that X is collapsible?
(2) Let X and Y be �nite CW-complexes.

(a) If X and Y are homeomorphic, does it follow that X and Y are simple homotopy
equivalent?

(b) If X and Y are homotopy equivalent, does it follow that X and Y are simple
homotopy equivalent?

In the remainder of this chapter we will discuss Question 162.13 (1). We will answer
Question 162.13 (2) when we discuss Chapman's Theorem ?? and Proposition ??. To
address Question 162.13 (1) it is useful to formulate the following corollary to the Whitehead
Theorem 162.1.
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Corollary 162.14. (CW-Complex-Contractible Corollary) LetX be a CW-complex.
If X is simply connected and if we have Hn(X;Z) = 0 for all n ≥ 2, then X is contractible,
i.e. X is homotopy equivalent to a point.

Proof. We let Y = {∗} be the topological space that consists of a single point and let
f : X → Y = {∗} be the only map there is. It follows immediately from the Weak
Homotopy-vs-Homology Isomorphisms Proposition 161.6 that f is a weak homotopy equiv-
alence. Thus the desired statement follows from the Whitehead Theorem 162.1 (1). �

In the following we will use the CW-Complex-Contractible Corollary 162.14 to give not
one, but two examples of CW-complexes that give a negative answer to Question 162.13
(1).

Examples.

(1) We equip S1 with the usual CW-structure with one 0-cell 1 ∈ S1 and one 1-cell. Let
γ = id: S1 → S1 be the identity map. The dunce cap is de�ned as the CW-complex
X that is given by attaching one 2-cell to S1 where the attaching map S1 → S1 is
given by the loop γ ∗ γ ∗ γ,1991 i.e. by the loop that is given by the composition of γ,
γ and γ. Using the Cell Attachment-π1-Proposition 69.11 (2) it is straightforward to
show that X is simply connected. Furthermore it follows almost from the Cellular
Boundary Map-via-Degrees Proposition 80.8 that the cellular homology, and thus by
the Singular-Cellular H∗-Isomorphism Proposition 80.4 also the singular homology,
vanishes in dimensions ≥ 2. It follows from the CW-Complex-Contractible Corol-
lary 162.14 that the dunce cap is contractible.1992 On the other hand it is clear that
the dunce cap is not collapsible since there is only one cell in dimensions 0, 1 and 2
and no two of them can be matched to allow for an elementary collapse.
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2-cell

dunce cap

S1

attaching map

(2) It is also possible to give an example of a CW-complex that can be visualized as a
subset of R3. More precisely, consider the topological space X that is shown in the
two �gures. It is commonly referred to as Bing's house with two rooms.1993 We equip
X with the fairly obvious CW-structure. In Exercise 162.10 we will see that X is
simply connected and that Hn(X;Z) = 0 for n ≥ 2. Thus, as in the previous example
we can appeal to the CW-Complex-Contractible Corollary 162.14 to conclude that

1991The conscientious reader will notice that we had encountered this topological space in Exercise 70.2.
1992One could of course also prove this �by hand�, but I am pretty sure that few people will enjoy doing
this exercise. In fact I have not yet found a book which gives a down-to-earth proof that the dunce cap is
contractible.
1993This example was given by R. H. Bing [Bin1964, p. 109] in 1964. In fact the picture we show in the
�rst �gure below is a slightly modi�ed version of Bing's original drawing.
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the house with two rooms is contractible.1994 We leave the arduous task of showing
that X is not collapsible to the reader.
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tunnel to bottom �oor

partition

partition

Bing's house with two rooms

top �oor

bottom �oor

tunnel to top �oor
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tops are missing

∪∪=

Bing's house with two rooms bottoms are missing

Let X be the dunce cap. In 1963 Christopher Zeeman [Zee1963a, Theorem 1] showed
that X × [0, 1], equipped with the product CW-structure, is in fact collapsible. This result
prompted Zeeman in 1963 to propose the following conjecture [Zee1963a, Conjecture 1].

Conjecture 162.15. (Zeeman Conjecture) If X is a �nite contractible 2-dimensional
CW-complex, then X × [0, 1] is collapsible.
Like many other conjectures on CW-complexes, this conjecture sounds deceptively sim-
ple and elementary. In fact Zeeman was fully aware of the fact that the conjecture
is almost certainly very di�cult since he showed [Zee1963a, Theorem 2] that a proof
of the Zeeman Conjecture 162.15 would lead to a new proof of the Poincaré Conjec-
ture in dimension three, which was �nally proved in 2003 by Perelman using a heavy
dose of analysis, see Theorem ??. Furthermore, Sergey Matveev [Matv1987] (see also
[Kupe2017a, Proposition 4.2] and [Barm2011, Chapter 11]) showed that the Andrews-
Curtis Conjecture 53.18 is a special case of the Zeeman Conjecture 162.15. We refer to
[MR1993, Matv2007, Kupe2017a] for more on the Zeeman Conjecture.

Exercises for Chapter 162.

Exercise 162.1. Let p ∈ N and let q1, . . . , qn ∈ Z be integers that are coprime to p. We
consider the following action of Zp on S2n−1 = {(z1, . . . , zn) ∈ Cn | |z1|2 + · · ·+ |zn|2 = 1}:

Zp × S2n−1 → S2n−1

([k], (z1, . . . , zn)) 7→ (z1 · e2π ikq̇1/p, . . . , zn · e2π ikq̇n/p).

1994A more direct argument for showing that Bing's house with two rooms is contractible is given on
[Hat2002, p. 4].
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One can easily verify that this action is smooth, orientation-preserving and discrete action.
Thus it follows from the Manifold Quotient-by-Group Action Proposition 19.32 and the
Orientation-Action Proposition 25.19 that the quotient L(p; q1, . . . , qn) := S2n−1/Zp is a
closed orientable (2n− 1)-dimensional smooth manifold.

Let q1, . . . , qn and q̃1, . . . , q̃n be integers that are coprime to p. Show that if there exists
an m ∈ Z with q1 · · · · · qn ≡ mn · q̃1 · · · · · q̃n, then L(p; q1, . . . , qn) and L(p; q̃1, . . . , q̃n) are
homotopy equivalent.
Remark. For n = 2 this is just a slight reformulation of the Lens Space-Homotopy Equiva-
lence Proposition 162.4.

Exercise 162.2. Let X = R. We equip X with the CW-structure where the 0-skeleton is
given by Z. The proof of the Whitehead Deformation Retract Proposition 162.2 provides
a fairly explicit deformation retraction from X = R to {0}. What does this deformation
retraction look like?

Exercise 162.3. Let X be the universal covering of S1∨S1. On page 3409 we saw that X
admits a deformation retraction to x0 ∈ X. What does an explicit deformation retraction
of X to the point x0 look like? We refer to the �gure below for an illustration.
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X is the universal covering of S1 ∨ S1

what does a deformation retraction
to the point x0 look like?

Exercise 162.4. We consider the following subset of R2:

X := line segment from (0, 1) to (0,−1) ∪
⋃
n∈N

line segment from (0, 1) to ( 1
n
, 0)

∪
⋃
n∈N

line segment from (0,−1) to (− 1
n
, 0).

We equipX with the subspace topology coming from R2. We refer to the �gure on page 3410
for an illustration.
(a) Show that all of the homotopy groups of X are trivial.
(b) Show that X is not contractible.

You might want to make use of the Contractibility Criterion Lemma 15.2 and Exer-
cise 15.10.

Exercise 162.5. Let X and Y be two CW-complexes of dimension at most n. Furthermore
let f : X → Y be a map that is (n+ 1)-connected. Show that f is a homotopy equivalence.

Exercise 162.6. Let f : X → Y be a map between path-connected CW-complexes. Let
x0 ∈ X. We assume that f∗ : πk(X, x0) → πk(Y, f(x0)) is the trivial map for every k ∈ N.
Does it follow that f is homotopic to a constant map?

Exercise 162.7. Let X be a connected CW-complex and let k ≤ l be natural numbers.
We suppose that πi(X) = Hi(X;Z) = 0 for i = k, . . . , l. Does it follow that X is homotopy
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equivalent to a CW-complex which has no cells in dimensions k, . . . , l?
Remark. If k = 1, then this question is precisely Question 162.9.

Exercise 162.8. Let X be the 2-dimensional CW-complex corresponding to the presen-
tation 〈x |x2 = e, x3 = e〉. We refer to the �gure on page 3419 for an illustration. Show
that X does not admit a contractible subcomplex S which contains the 1-skeleton of X
and which has the property that X/S is homotopy equivalent to X.
Hint. Use the long exact sequence coming from Theorem 74.3.

Exercise 162.9. Show that the three CW-complexes shown in the �gure below are simple
homotopy equivalent.
Remark. It is possibly less confusing to �rst consider Y and Z.
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YX Z

Exercise 162.10. Let X be Bing's house with two rooms, i.e. X is the CW-complex that
we de�ned in the �gure on page 3423.
(a) Show that X is simply connected.
(b) Show that Hn(X;Z) = 0 for n ≥ 2.

Hint. Using the Homology-of-CW-Complex Proposition 80.6 and using Euler char-
acteristics will cut down the work considerably.

(c) Show that X is not collapsible.

Exercise 162.11. Let n ∈ N and furthermore let f, g : Sn → Sn be two maps. Show that
if f∗ = g∗ : Hn(Sn)→ Hn(Sn), then f and g are homotopic.

Exercise 162.12. Let T = S1 × S1 be the 2-dimensional torus, equipped with the usual
CW-structure. We attach two 2-cells along S1 × {0} and along {0} × S1 and we obtain a
CW-complex X.
(a) Show that X that is homotopy equivalent to S2.
(b) Show that there is no embedding S2 → X.

Remark. You might want to use Exercise 82.3.

Exercise 162.13. Show that the long line L, which we introduced on page 613, is weakly
contractible but not contractible.
Hint. Use Proposition 22.14.

Exercise 162.14. Show that there exists a compact 4-dimensional smooth manifold that
does not admit a smooth structure.
Hint. Use Hatcher's Theorem [Hat1983] that every orientation-preserving di�eomorphism
of S3 is di�eotopic to the identity.
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163. Eilenberg-Maclane Spaces

In this chapter we introduce Eilenberg-Maclane spaces. Even though the de�nition is quite
straightforward, these topological spaces will henceforth play an essential role.

163.1. The de�nition and basic examples of Eilenberg-Maclane Spaces. We recall
the following de�nition from page 1761.
De�nition. Let π be an abelian group and let n ∈ N. We say that a non-empty topological
space X is a Moore space of type M(π, n) if the following conditions are satis�ed:
(1) X admits a CW-structure,
(2) for any i 6= n we have H̃i(X;Z) = 0,
(3) Hn(X) ∼= π.
(4) If n ≥ 2, then we demand that X is simply connected.

For the reader's convenience we recall the main result that we proved regarding Moore
spaces.
Proposition 79.11. (Moore Space Existence Proposition) Given any n ∈ N and
given any abelian group π there exists an (n + 1)-dimensional CW-complex that has no
cells in dimensions 1, . . . , n− 1 and that is a Moore space of type M(π, n).
In light of the topics discussed in this chapter it is perhaps helpful to give a quick recap of
the proof of the Moore Space Existence Proposition 79.11.
Sketch of proof. Since π is abelian it follows immediately from Lemma 89.14 (1) that
there exists a free resolution of π of the following form:

0 → Z(A) ϕ−→ Z(B) ρ−→ π → 0.

We let X :=
∨
a∈A

Sna and we let Y :=
∨
b∈B

Snb . We equip X and Y with the obvious CW-

structures and we can make the identi�cations Hn(X;Z) = Z(A) and Hn(Y ;Z) = Z(B). We
construct a cellular map h : X → Y such that the induced map Hn(X;Z) → Hn(Y ;Z)
agrees with ϕ under the above identi�cations. The mapping cone Cone(h : X → Y ) then
has the desired properties. �

The de�nition of an Eilenberg-Maclane space is almost identical to the de�nition of a Moore
space, we just swap homology groups for homotopy groups:
De�nition. Let π be a group and let n ∈ N. Let X be a topological space.
(1) We say that X is an Eilenberg-Maclane space of type K(π, n) if the following con-

ditions hold:
(a) X admits a CW-structure,
(b) for any i 6= n we have πi(X) = 0,
(c) πn(X) ∼= π.1995

(2) Let x0 ∈ X. We say (X, x0) is a pointed Eilenberg-Maclane space of type K(π, n) if
X is an Eilenberg-Maclane space of type K(π, n) and if X admits a CW-structure
such that x0 lies in the 0-skeleton of X.

1995It is perhaps worth recalling that π0(X) = 0 means, by the de�nition on page 167, that X is non-empty
and path-connected. In particular, by the Change-of-Base Point Proposition 86.9 (2) the isomorphism type
of the homotopy groups πn(X), n ∈ N, does not depend on the choice of the base point.
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Remark.

(1) Our de�nition of an Eilenberg-Maclane space agrees with the de�nition in [DaK2001,
p. 177]. Conversely in [WhdG1978, p. 239], [Spa1995, p. 424], [Bre1993, p. 488]
and [Hat2002, p. 365] it does not say (at least explicitly) that an Eilenberg-Maclane
space needs to admit a CW-structure.

(2) If a topological space X is an Eilenberg-Maclane space of type K(π, n), then often
in the literature one just says that X is a K(π, n). We will refrain from using this
language.

It is perhaps initially not clear why the concept of an Eilenberg-Maclane space is useful,
but at the very least it is a fun exercise to go through our long list of topological spaces
that we have studied and to determine which ones are Eilenberg-Maclane spaces:

(1) We start with the trivial group {e}. Let n ∈ N. In this case it is easy to �nd
Eilenberg-Maclane spaces of type K({e}, n). In fact it follows from the Homotopy-
πn-Proposition 71.7 (2) that any contractible CW-complex is an Eilenberg-Maclane
space of type K({e}, n). Thus we see in particular that for any k ∈ N0 the open ball
Bk and the closed ball B

k
are Eilenberg-Maclane spaces of type K({e}, n).

(2) Let k ∈ N. It follows from Corollary 48.18 and the discussion on page 1573 that the
k-dimensional torus (S1)k is an Eilenberg-Maclane space of type K(Zk, 1).

(3) Let g ∈ N≥2 and let Σg be a surface of genus g. On page 1575 we saw that πi(Σg) = 0
for i ≥ 2. Thus we see that Σg is an Eilenberg-Maclane space of type K(π1(Σg), 1).

(4) Let k ∈ N and let F = 〈x1, . . . , xk〉 be the free group on k generators. It follows from

the discussion on page 1173 and Lemma 71.15 that the wedge
k∨
i=1

S1 of k circles is an

Eilenberg-Maclane space of type K(F, 1).
(5) It follows from Lemma 68.5 (3) together with the Coverings-πn-Proposition 71.13 and

Corollary 71.12 that the in�nite real projective space lim−→RPk =: RP∞ ∼= S∞/x ∼
−x1996 is an Eilenberg-Maclane space of type K(Z2, 1).
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type (π1(Σ2), 1)type (Z, 1) type (Z2, 1) type (〈x, y〉, 1)

We have now obtained a short but pleasant list of Eilenberg-Maclane spaces of type K(π, 1).
It is harder to �nd examples of Eilenberg-Maclane spaces of type K(π, n) with n ≥ 2 for a
non-trivial group π. It turns out that we had found one interesting example of that type:

(6) Recall that by Lemma 68.6 we know that CP∞ admits a CW-structure. It fol-
lows from Theorem 155.12 (2) that the in�nite complex projective space CP∞ is an
Eilenberg-Maclane space of type K(Z, 2).

Remark.

1996In Lemma 68.5 (4c) we showed that there exists a homeomorphism RP∞ ∼= S∞/x ∼ −x.
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(1) One might initially hope that perhaps HP∞ could be an Eilenberg-Maclane space of
type K(π, 4). First note that by the Quaternion-Projective Space Lemma 92.9 (7)
we know that HP∞ is indeed a CW-complex. Furthermore, in in Exercise 160.1 we
obtained the following results:
(a) There exists an isomorphism π4(HP∞) ∼= Z.
(b) The group πn(HP∞) is �nite for n 6= 4, in particular πn(HP∞)⊗Q = 0 for n 6= 4.
(c) There exists an isomorphism π5(HP∞) ∼= Z2.
So we see that �rationally� HP∞ looks like an Eilenberg-Maclane space, but it is just
not an Eilenberg-Maclane space.

(2) In the following chapters we will give many examples of �perfectly reasonable� topo-
logical spaces that are Eilenberg-Maclane spaces of type K(π, 1). For n ≥ 2 it seems
like CP∞ is basically1997 the only Eilenberg-Maclane space of type K(π, n) for some
non-trivial group π which appears �in nature�.

Our next goal is to �nd Eilenberg-Maclane spaces of type K(Zm, 1) for arbitrary m. For
m = 2 we had just seen that RP∞ is such an Eilenberg-Maclane space. We recall that in
Lemma 68.5 (3) we saw that we can make the identi�cation RP∞ = S∞/{±1} where the
group {±1} ∼= Z2 acts in the obvious way on S∞. The idea is to generalize this example.
More precisely we want to �nd appropriate actions of any �nite cyclic group on S∞.
At this point it is convenient to recall that given coprime p, q ∈ N we de�ned on page 1075
the lens spaces L(p, q) = S3/Zp as the quotient of S3 by a suitable action of Zp on S3.
If one ponders for a while about the de�nition of lens spaces one is led to the following
lemma.
Lemma 163.1. Let m ∈ N and let r1, r2, · · · ∈ N be natural numbers that are coprime to
m.
(1) The map1998

Zm × S∞ → S∞

([k], (z1, z2, z3, . . . )︸ ︷︷ ︸
∈C∞

) 7→ (e2π ikr1/m · z1, e
2π ikr2/m · z2, . . . )

de�nes a continuous and discrete action of Zm on S∞.
(2) The quotient space L(m, r1, r2, . . . ) := S∞/Zm admits a CW-structure.
(3) The quotient space L(m, r1, r2, . . . ) := S∞/Zm is an Eilenberg-Maclane space of

type K(Zm, 1).
On page 3156 we saw, using the linking pairing, that lens spaces with isomorphic funda-
mental groups are not necessarily homotopy equivalent. We cannot de�ne a linking pairing
on the topological spaces L(m, r1, r2, . . . ). Thus the following question arises:

Question 163.2. How can one show that given m ∈ N the homotopy type of the topo-
logical spaces L(m, r1, r2, . . . ) depends on the choice of the parameters ri?

Proof.

1997The slightly hesitant �basically� refers to the fact that out of CP∞ one can build a few other examples
of Eilenberg-Maclane spaces, e.g. one can consider CP∞ × B

k
or, as we will see shortly, the product

CP∞ × CP∞ is an Eilenberg-Maclane space of type K(Z2, 2).
1998Here we view S∞ as a subset of C∞ via the identi�cation C∞ = R∞ from page 1476.
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(1) The proof of this statement is quite similar to the task performed in Exercise 68.4.
We leave it to the motivated reader to prove the desired statement. As always it
takes a little e�ort to work rigorously with the topology of S∞ = lim−→S

n.

(2) Given n ∈ N the action of Zm on S∞ restricts to an action on S2n−1 Ă S∞. In
[Hat2002, p. 144] or alternatively [Shas2014, p. 196] an explicit CW-structure for
S2n−1/Zm is constructed. These CW-structures have the property that for k < l
the (2k− 1)-skeleton of S2l−1/Zm is precisely the CW-complex S2k−1/Zm. It follows
quite easily from Lemma 56.5 that the CW-structures on the S2n−1/Zm give rise to
a CW-structure on S∞/Zm.

(3) (a) Let n ≥ 2. We calculate that

πn(L(m, r1, r2, . . . )) ∼= πn(S∞/Zm) ∼= πn(S∞) = 0.
↑ ↑

follows from (1), the Actions-Covering Proposition 48.9 and Corollary 71.12
Coverings-πn-Proposition 71.13 and from the fact that n ≥ 2

(b) It follows immediately from (1), the Fundamental Group-via-Actions Theorem 48.16
and Corollary 71.12 that we have isomorphisms π1(L(m, r1, r2, . . . )) = π1(S∞/Zm) ∼=
Zm. �

The following proposition allows us to construct more Eilenberg-Maclane spaces out of
given ones.

Proposition 163.3. (Eilenberg-Maclane Construction Proposition)
(1) Let X be an Eilenberg-Maclane space of type K(A, n) and let Y be an Eilenberg-

Maclane space of type K(B, n).
(a) The CW-complex X ⊗Y , that is de�ned on page 1500, is an Eilenberg-Maclane

space of type K(A×B, n).
(b) If at least one of X or Y has only countably many cells, then the product X×Y

is an Eilenberg-Maclane space of type K(A×B, n).
The remaining two statements only apply to the case n = 1.
(2) Let X be an Eilenberg-Maclane space of type K(π, n). We pick a base point x0 ∈ X

and we pick an isomorphism ϕ : π1(X, x0)→ π. Let Γ be a subgroup of π. We denote
by X̃ the covering space of X corresponding to the subgroup1999 ϕ−1(Γ) Ă π1(X, x0).
Then X̃ is an Eilenberg-Maclane space of type K(Γ, n).

(3) Let X be an Eilenberg-Maclane space of type K(A, 1) and let Y be an Eilenberg-
Maclane space of type K(B, 1). We pick CW-structures for X and Y . Then any
wedge2000 X ∨ Y is an Eilenberg-Maclane space of type K(A ∗B, 1).

Remark. The restriction in the Eilenberg-Maclane Construction Proposition 163.3 (1) on
the CW-complexesX and Y is a major nuisance. Even though this condition on the number

1999Since X is a CW-complex we know from the CW-Complex Properties Proposition 68.10 (6) that X is
locally simply connected. Therefore it follows from the Covering Existence Theorem 61.5 that the covering
exists and it follows from the Covering Uniqueness Theorem 61.9 that the covering corresponding to the
subgroup ϕ−1(Γ) Ă π1(X,x0) is essentially unique.
2000Recall our convention from page 1507: whenever we take the wedge of CW-complexes, we only use
points in the 0-skeleton. The �any� now refers to the fact that, under this restriction, any wedge is in fact
an Eilenberg-Maclane space.
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of cells is not an issue for the Eilenberg-Maclane spaces that we have considered above,
the �canonical� Eilenberg-Maclane spaces that we will construct shortly do not satisfy this
condition. Thus one should apply the Eilenberg-Maclane Construction Proposition 163.3
(1) with great caution.

Proof.

(1) Recall that by construction and by Proposition 68.23 we knowX⊗Y is a CW-complex
whose underlying set is X × Y . Let id : X ⊗ Y → X × Y be the identity map. We
pick x ∈ X and y ∈ Y . Given any k ∈ N0 we have the following isomorphisms

πk(X⊗Y, (x, y))
∼=−→ πk(X×Y, (x, y))

∼=−→ πk(X, x)×πk(Y, y)
∼=−→
{
A×B, if k = n,
0, otherwise.↑ ↑

Lemma 161.7 Propositions 48.20 and 71.8

Since X ⊗ Y is a CW-complex we obtain from this discussion that X ⊗ Y is an
Eilenberg-Maclane space of type K(A×B, n).

If at least one of X or Y has only countably many cells, then we know by Propo-
sition 68.23 that X ⊗ Y = X × Y , i.e. X × Y itself is an Eilenberg-Maclane space of
type K(A×B, n).

(2) First note that we know by the CW-complex Covering Proposition 68.37 that X̃ is a
CW-complex. It now follows immediately from the Coverings-πn-Proposition 71.13
that X̃ is an Eilenberg-Maclane space of type K(Γ, n).

(3) Let x ∈ X0 and y ∈ Y 0 be points in the 0-skeleta of X and Y . By the CW-
Complex Properties Proposition 68.10 (5) we know that the points x and y are
good. Thus it follows from the Wedge-π1-Proposition 52.3 that we have isomorphisms
π1(X ∨ Y ) ∼= π1(X) ∗ π1(Y ) ∼= A ∗ B. Furthermore we obtain basically immediately
from Exercise 85.3 that all higher homotopy groups of X∨Y vanish. Finally we know
by the CW-Complex Construction Lemma 68.32 (4) thatX∨Y is a CW-complex. �

The following lemma summarizes a few basic facts about Eilenberg-Maclane spaces.

Lemma 163.4. Let n ∈ N and let π be a group. If X is an Eilenberg-Maclane space of
type K(π, n), then given any abelian group G the following statements hold:
(1) We have H0(X;G) ∼= G and H0(X;G) ∼= G.
(2) For i = 1, . . . , n− 1 we have Hi(X;G) = 0 and Hi(X;G) = 0.
(3) Given any x0 ∈ X the Hurewicz homomorphism πn(X, x0)ab → Hn(X;Z) is an

isomorphism. In particular Hn(X;Z) ∼= πab.
(4) The evaluation map Hn(X;G)→ Hom(Hn(X;Z), G) is an isomorphism.

Proof. The statements follow easily from the Hurewicz Theorems 84.5 and 85.5 and from
the Universal Coe�cient Theorems 89.17 and 110.12. The experienced reader will have no
troubles with �lling in the details. �

163.2. Killing higher homotopy groups. In the subsequent section we will give a gen-
eral construction of Eilenberg-Maclane spaces. To streamline the discussion we outsource
a few preparations to the present section.
First we point out that the following, fairly self-evident convention will be in e�ect in the
coming chapters.
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Convention.
(1) Given n ∈ N0 we write ∗ = (0, . . . , 0, 1) ∈ Sn. We equip Sn with the canonical

CW-structure from page 1472, i.e. we view Sn as a CW-complex with one 0-cell {∗}
and one n-cell.

(2) We always form any wedge of spheres
∨
i∈I
Snii by identifying the points ∗ ∈ Snii . By

the CW-Complex Construction Lemma 68.32 (4) we can and will view the wedge∨
i∈I
Snii as a CW-complex in the obvious way, i.e. we have one 0-cell {∗} and for each

i ∈ I we have one ni-cell.
(3) By a slight abuse of notation we sometimes say X is a k-dimensional CW-complex

if the highest dimension of a cell is ≤ k.
We start out with the following calculation.

Proposition 163.5. (Wedge-of-Spheres-πn-Proposition) Let I be a set, let n ∈ N
and for each i ∈ I let Sni be a copy of Sn. For each i ∈ I we denote by ϕi : Sn → Sni
the obvious homeomorphism. By a slight abuse of notation we denote by ϕi also the
composition of ϕi with the canonical inclusion map Sni →

∨
i∈I
Sni .

(1) For any i ∈ {1, . . . , n− 1} we have πi
( ∨
i∈I
Sni , ∗

)
= 0.

(2) If n = 1, then the homomorphism2001

free group︷ ︸︸ ︷
〈{xi}i∈I〉 → π1

( ∨
i∈I
S1
i , ∗
)

xi 7→ [ϕi]

is an isomorphism.
(3) If n ≥ 2, then the homomorphism2002

free abelian group︷ ︸︸ ︷
Z(I) =

⊕
i∈I

Z · i → πn

( ∨
i∈I
Sni , ∗

)
i 7→ [ϕi]

is an isomorphism.

Proof.

(1) As we pointed out above, we can view
∨
i∈I
Sni as a CW-complex with one 0-cell

and no other cells outside of dimension n. It follows from the CW-Skeleton-πn-
Proposition 71.9 that all homotopy groups in dimension 1, . . . , n− 1 vanish.

(2) In the case that I is a �nite set, then, as we saw in the proof of the Fundamental
Group-Wedge-of-Circles Lemma 52.4, the statement follows easily from applying the
Wedge-π1-Proposition 52.3 altogether k − 1 times. The general case is proved in
Proposition 52.7.

2001By Lemma 51.15 the given data does indeed determine a unique homomorphism.
2002Since n ≥ 2 we know by the Homotopy Group-Abelian Proposition 71.3 that the right-hand side is
an abelian group. Thus it follows from Lemma 51.1 that the given data does indeed determine a unique
homomorphism.
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(3) Let n ∈ N≥2. We consider the maps

Z(I) =
⊕
i∈I

Z · i
∼=−→

⊕
i∈I
Hn(Sni ;Z)

∼=−→ Hn

( ∨
i∈I
Sni ;Z

) ∼=←− πn

( ∨
i∈I
Sni , ∗

)
.

↑ ↑ ↑
given by i 7→ [Sni ] Wedge-H∗-Proposition 79.9by the Hurewicz Theorem 85.5

which we can apply by (1)

It is straightforward to verify that this composition of isomorphisms is precisely the
isomorphism under consideration. �

We continue with the following two propositions which basically says that for a given CW-
complex one can �kill� all homotopy groups beyond a chosen degree.

Proposition 163.6. (Kill-Higher-π∗-Proposition) Let k ∈ N, let X be a connected
(k + 1)-dimensional CW-complex2003 and let x0 ∈ X be a base point.
(1) There exists a (k + 2)-dimensional CW-complex Y with the following properties:

(a) the (k + 1)-skeleton of Y agrees with X,
(b) for i = 1, . . . , k the inclusion induced map πi(X, x0) → πi(Y, x0) is an isomor-

phism, and
(c) we have πk+1(Y, x0) = 0.

(2) The CW-complex Y in (1) can be chosen canonically.2004

(3) If X has countably many cells, then Y as in (1) can be chosen to have countably
many cells.2005

Proof.

(1) We pick a set {ϕj : (Sk+1, ∗) → (X, x0)}j∈J of maps that represent a generating set
for the group πk+1(X, x0). We set

Y =
(
X t ⊔

j∈J
B
k+2

j

)
/∼ with ϕj(s) ∼ s for s ∈ Sk+1

j = ∂B
k+2

j .

Put di�erently, Y is the (k + 2)-dimensional CW-complex that is obtained from X
by attaching one (k + 2)-cell for each j ∈ J with attaching map given by ϕj. We
denote by i : X → Y the inclusion map. Now we verify that Y has all the desired
qualities.
(a) By construction Y is a (k + 2)-dimensional CW-complex such that the (k + 1)-

skeleton equals X.
(b) It follows immediately from the CW-Skeleton-πn-Proposition 71.9 and (a) that

the inclusion induced map i∗ : πs(X, x0) → πs(Y, x0) is an isomorphism for s =
1, . . . , k and that the map i∗ : πk+1(X, x0)→ πk+1(Y, x0) is an epimorphism.

2003We follow the convention established on pages 1469 and 3431, i.e. when we say �n-dimensional CW-
complex� we allow for the possibility that the highest dimension of a cell is < n.
2004Here �canonical� is shorthand for saying that in the proof of the proposition we provide an explicit
construction of Y does not depend on any choices.
2005Note though that we do not claim that we can �nd a canonical Y with countably many cells.
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(c) Let j ∈ J . We have the following simple but useful commutative diagram:

Sk+1
� _

��

ϕj
// X

i
��

B
k+2 id // B

k+2

j
� � // X t ⊔

j∈J
B
k+2

j
// // Y.

In other words, the map i ◦ ϕj : Sk+1 → Y extends to a map B
k+2 → Y . By the

Trivial-in-πn-Lemma 71.4 this implies that i∗([ϕj]) = [i ◦ ϕj] = 0 ∈ πk+1(Y, x0).
(d) Since {[ϕj]}j∈J is by choice a generating set for πk+1(X, x0) we obtain from (c)

that i∗ : πk+1(X, x0)→ πk+1(Y, x0) has trivial image.
(e) It follows from (b) and (d) that πk+1(Y, x0) = 0.
We have thus veri�ed that Y has all the desired properties.

(2) It is easy to come up with a canonical Y : in the construction provided in (1) we
just need to consider the set of all maps (Sk+1, ∗) → (X, x0). Evidently this set is
canonical and evidently it represents a generating set for πk+1(X, x0). The resulting
CW-complex Y is the canonical CW-complex we desired.

(3) Finally suppose that X has countably many cells. It follows from the rather non-
trivial Proposition 104.21 that πk+1(X, x0) is countable. Therefore we can pick a
countable family {ϕj : (Sk+1, ∗) → (X, x0)}j∈J of maps that represent a generating
set for the group πk+1(X, x0). The resulting CW-complex Y evidently has only
countably many cells. �
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We conclude this technical section with the following proposition that is mostly just an
iterated application of the Kill-Higher-π∗-Proposition 163.6.

Proposition 163.7. (Kill-All Higher-πn-Proposition) Let k ∈ N, let Y be a connected
(k + 1)-dimensional CW-complex and let y0 ∈ Y .
(1) There exists a CW-complex Z with the following three properties:

(a) the (k + 1)-skeleton of Z equals Y ,
(b) we have πi(Z) = 0 for i ≥ k + 1,
(c) for any i ∈ {1, . . . , k} the inclusion induced map πi(Y, y0)

∼=−→ πi(Z, y0) is an
isomorphism.

(2) The CW-complex Z in (1) can be chosen canonically.
(3) If Y has countably many cells, then Z as in (1) can be chosen to have countably

many cells.
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Proof. Let k ∈ N and let Y be a connected (k+ 1)-dimensional CW-complex. Let y0 ∈ Y .
(1) We de�ne Zk+1 = Y . For i = k+ 1, k+ 2, . . . we iteratively apply the Kill-Higher-π∗-

Proposition 163.6 to Zi to obtain a sequence of CW-complexes Zk+1, Zk+2, . . . with
the following properties:
(i) each Zi is an i-dimensional CW-complex,
(ii) for each i ≥ k + 1 the i-skeleton of Zi+1 is given by Zi,
(iii) for each i ≥ k + 1 we have πi(Zi+1, y0) = 0.

We set Z := lim−→Zi =
∞⋃

i=k+1

Zi and we equip it with the obvious CW-structure such

that for each i ≥ k + 1 the i-skeleton of Z is given by Zi. We claim that Z has the
desired three properties:
(a) It follows from (ii) that the (k + 1)-skeleton of Z equals Y .
(b) Let i ≥ k + 1. We have

πi(Z, y0)
∼=←− πi((i+ 1)-skeleton Zi+1 of Z, y0) = πi(Zi+1, y0) = 0.
↑ ↑ ↑

CW-Skeleton-πn-Proposition 71.9 since Zi+1 = Zi+1 by (iii)

(c) This statement follows immediately from (a) and the CW-Skeleton-πn-Proposition 71.9.
(2) This statement follows immediately from the Kill-Higher-π∗-Proposition 163.6 (2).
(3) This statement follows immediately from the Kill-Higher-π∗-Proposition 163.6 (3).

�

163.3. Existence of Eilenberg-Maclane Spaces. Using the examples from the �rst
section and using the Eilenberg-Maclane Construction Proposition 163.3 we can �by hand�
construct Eilenberg-Maclane spaces of type K(π, 1) for many groups π. One can ask for
which pairs (π, n) there exist corresponding Eilenberg-Maclane spaces. There is one obvious
restriction: since homotopy groups πn(X) with n ≥ 2 are abelian, see the Homotopy Group-
Abelian Proposition 71.3, we see that for n ≥ 2 we can only hope to �nd an Eilenberg-
Maclane space of type K(π, n) if π is abelian. Perhaps somewhat surprisingly this is the
only restriction on the existence of Eilenberg-Maclane spaces.

Theorem 163.8. (Eilenberg-Maclane Existence Theorem) Let n ∈ N and let π be
a group. If n ≥ 2, then we demand that π is abelian. There exists a canonical triple
(X, x0, ϕ : πn(X, x0)→ π) with the following properties:
(1) X is an Eilenberg-Maclane space of type K(π, n).
(2) X is a CW-complex with one 0-cell {x0} and with no cells in dimensions 1, . . . , n−1.
(3) ϕ : πn(X, x0)→ π is an isomorphism.

De�nition. We refer to the canonical CW-complex from the Eilenberg-Maclane Existence
Theorem 163.8 as the canonical Eilenberg-Maclane space K(π, n).

Remark. As we will see shortly, the canonical Eilenberg-Maclane spaces that we construct
in the proof of the Eilenberg-Maclane Existence Theorem 163.8 are monstrously large. More
precisely, the CW-complex of type K(π, n) has uncountably many cells in each dimension
≥ n+1. The cautionary remark from page 3430 about taking products of Eilenberg-Maclane
spaces thus applies to the canonical Eilenberg-Maclane spaces.
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After the discussion of the previous section the approach to producing an Eilenberg-Maclane
space of type K(π, n) is presumably pretty clear:

(1) Start out with a CW-complex with one 0-cell, no cells in dimension 1, . . . , n− 1 and
�su�ciently� many n-cells to be able to �generate� the group π.

(2) Attach (n + 1)-cells to chop down the n-th homotopy group to obtain the desired
group π.

(3) Attach cells of dimension ≥ n+ 2 to kill all homotopy groups in dimensions ≥ n+ 1.

We basically know how to perform (1) and (3), so it remains to do (2) carefully. The
combination of steps (1) and (2) is performed in the following proposition.

Proposition 163.9. (Homotopy Group-Realization Proposition)
(1) Let π be any group. There exists a canonical triple (Y, x0, ϕ : π1(Y, x0) → π) with

the following properties:
(a) Y is a 2-dimensional CW-complex with one 0-cell {x0},
(b) ϕ : π1(Y, x0)→ π is an isomorphism.

(2) Let π be an abelian group π and let n ∈ N≥2. There exists a canonical triple
(Y, x0, ϕ : πn(Y, x0)→ π) with the following properties:
(a) Y is an (n + 1)-dimensional CW-complex with one 0-cell {x0} and no cells in

dimensions 1, . . . , n− 1,
(b) ϕ : πn(Y, x0)→ π is an isomorphism.

Remark. The �rst result is related to Corollary 69.12 which says that given any �nitely
presented group π there exists a �nite connected 2-dimensional CW-complex Y with
π1(Y ) ∼= π.

Before we provide the proof of the Homotopy Group-Realization Proposition 163.9 we
convince ourselves of the fact that this proposition, together with the Kill-All Higher-πn-
Proposition 163.7, does indeed imply the Eilenberg-Maclane Existence Theorem 163.8.

Proof of the Eilenberg-Maclane Existence Theorem 163.8. In the following we dis-
cuss the case n ≥ 2. The proof for n = 1 is almost identical. Thus let n ∈ N≥2 and let π be
an abelian group. By the Homotopy Group-Realization Proposition 163.9 (2) there exists
a canonical triple (Y, x0, ϕ : πn(Y, x0)→ π) with the following properties:

(1) Y is an (n+1)-dimensional CW-complex with one 0-cell {0} and no cells in dimensions
1, . . . , n− 1,

(2) ϕ : πn(Y, x0)→ π is an isomorphism.

We plug this data into the Kill-All Higher-πn-Proposition 163.7 and we obtain a canonical
CW-complex Z with the following three properties:

(3) the (n+1)-skeleton of Z equals Y (here we use that Y equals its own (n+1)-skeleton),
(4) we have πj(Z) = 0 for j ≥ n+ 1,
(5) the inclusion i : Y → Z induces an isomorphism πn(Y, x0)

∼=−→ πn(Z, x0).

Note that it follows from (1) and (3) together with the CW-Skeleton-πn-Proposition 71.9
that the following holds:

(6) We have πj(Z, x0) = 0 for j = 1, . . . , n− 1.
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It follows immediately from all of the above statements that the canonical triple(
Z, x0, ϕ ◦ i−1

∗ : πn(Z, x0)
i∗←−∼= π1(Y, x0)

ϕ−→∼= π
)

has all the desired properties. �

Now we turn to the proof of the Homotopy Group-Realization Proposition 163.9. The proof
naturally splits into the two cases n = 1 and n ≥ 2.

Proof of the Homotopy Group-Realization Proposition 163.9 (1). Let π be a group.
Given g ∈ π we write S1

g := S1 × {g}, i.e. S1
g is a copy of S1. Let ∗ = (0, 1) ∈ S1 be the

usual base point of S1. We consider the wedge X :=
∨
g∈π
S1
g which is given by identifying all

the points (∗, g) ∈ S1
g . We denote by x0 ∈ X the wedge point. We apply the convention

from page 3431 to view X as a CW-complex in the obvious way.
By the Wedge-of-Spheres-πn-Proposition 163.5 (2) we have a canonical identi�cation

〈{xg}g∈π〉 = π1(X, x0). Thus, by Lemma 51.15, there exists a unique homomorphism
ψ : π1(X, x0) = 〈{xg}g∈π〉 → π such that ψ(xg) = g for every g ∈ π. This homomorphism
is, by construction, an epimorphism. We set Γ = ker(ψ).

Next let {αj : (S1, ∗)→ (X, x0)}j∈J be the family of all loops that represent an element
in Γ = ker(ψ : π1(X, x0)→ π). We set

Y =
(
X t ⊔

j∈J
B

2

j

)
/∼ with αj(s) ∼ s for s ∈ S1

j = ∂B
2

j .

Put di�erently, Y is the 2-dimensional CW-complex that is obtained from X by attaching
one 2-cell for each j ∈ J with attaching map given by αj. By construction Y is a 2-
dimensional CW-complex such that the 1-skeleton equals X. We denote by i : X → Y the
inclusion map.

Claim. The map i∗ : π1(X, x0)→ π1(Y, x0) descends to a map

ϕ : π1(X, x0)/Γ → π1(Y, x0)

and this map is an isomorphism.

Proof. The proof naturally breaks into several parts.

(1) Let j ∈ J . The same elementary argument as in the proof of the Kill-Higher-π∗-
Proposition 163.6 shows that the map i ◦ αj : S1 → Y extends to a map B

2 → Y .
By the Extension-to-Disk Lemma 47.1 this observation implies that i∗([αj]) = [i ◦
αj] = 0 ∈ π1(X, x0). Since {[αj]}j∈J contains every single element of Γ we see that
i∗ : π1(X, x0)→ π1(Y, y0) descends to a map

ϕ : π1(X, x0)/Γ → π1(Y, x0).

(2) It follows from X = Y 1 and the CW-Skeleton-πn-Proposition 71.9 that the map
i∗ : π1(X, x0) → π1(Y, y0) is an epimorphism. This implies that ϕ is also an epimor-
phism.

(3) We still need to show that the map ϕ : π1(X, x0)/Γ→ π1(Y, y0) is a monomorphism.
At this stage this is equivalent to showing that ker(i∗ : π1(X, x0) → π1(Y, y0)) = Γ.
Thus let g ∈ ker(i∗ : π1(X, x0)→ π1(Y, y0)). We start out with the following claim.
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Claim. There exists a �nite subset {i1, . . . , im} Ă I such that g lies in the kernel of
the inclusion induced map π1(X, x0)→ π1

((
X t

(
B

2

i1
∪ · · · ∪B2

im

))
/∼, x0

)
.

Proof. By Lemma 56.9 there exists a compact subset K of Y such that g lies in
the kernel of the inclusion induced map π1(X, x0)→ π1(X ∪K, x0). The claim now
follows easily from Lemma 68.16 (2). �

Let I = {i1, . . . , im} be such a �nite subset. It follows from the Cell Attachment-
π1-Proposition 69.11 (2), applied altogether m times, together with Exercise 53.1
that we have the following commutative diagram

π1(X, x0) //

++ ++

π1

((
X t

(
B

2

i1
∪ · · · ∪B2

im

))
/∼, x0

)
��

π1(X, x0)/〈〈[αi1 ], . . . , [αim ]〉〉.

Thus we see that g ∈ 〈〈[αi1 ], . . . , [αim ]〉〉. Since [αi1 ], . . . , [αim ] lie by de�nition in Γ
we see that g ∈ Γ.

We are now basically done. Indeed, the CW-complex Y is 2-dimensional, it has a
single 0-cell x0 and it is canonical. Furthermore the map ψ : π1(X, x0) → π induces an
isomorphism ψ : π1(X, x0)/Γ→ π. Thus we see that the canonical triple(

Y, x0, π1(Y, x0)
ϕ←−∼= π1(X, x0)/Γ

ψ−→∼= π
)

has all the desired properties. �

Now we turn to the proof of the Homotopy Group-Realization Proposition 163.9 (2).
Proof of the Homotopy Group-Realization Proposition 163.9 (2). Let π be an abelian
group and let n ≥ 2. If we do not care about a canonical construction, then we could just
use the Moore Space Existence Proposition 79.11 to obtain an (n + 1)-dimensional CW-
complex Y with one 0-cell and no cells in dimensions 1, . . . , n−1 and with Hn(Y ;Z) ∼= π. By
the Hurewicz Theorem 85.5 this implies that πn(Y ) ∼= π. Unfortunately this construction
is not canonical.

Since we are really eager to have canonical constructions we need to provide a di�erent
argument. Evidently, in the following discussion, we will try for as long as possible to roll
over ideas from the proof of the Homotopy Group-Realization Proposition 163.9 (1).

For each g ∈ π we write Sng := Sn × {g}. We consider ∗ = (0, . . . , 0, 1) ∈ Sn. As in
(1) we consider the wedge X :=

∨
g∈π
Sng and we view X canonically as a CW-complex. We

denote by x0 ∈ X the wedge point.
By the Wedge-of-Spheres-πn-Proposition 163.5 (3) we have a canonical identi�cation

πn(X, ∗) = Z(π). Since π is an abelian group we know from Lemma 51.1 that there exists
a unique homomorphism ψ : πn(X, ∗) = Z(π) → π with ψ(g) = g for every g ∈ π. This
homomorphism is, by construction, an epimorphism. We set Γ = ker(ψ).

Next let {αj : (Sn, ∗)→ (X, x0)}j∈J be the family of all maps that represent an element
in Γ = ker(ψ : πn(X, ∗)→ π). As in the proof of (1) we set

Y =
(
X t ⊔

j∈J
B
n+1

j

)
/∼ with αj(s) ∼ s for s ∈ Snj = ∂B

n

j .
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By construction Y is an (n+ 1)-dimensional CW-complex such that the n-skeleton equals
X. We denote by i : X → Y the inclusion map.
Claim. The map i∗ : πn(X, x0)→ πn(Y, x0) descends to a map

ϕ : πn(X, x0)/Γ → πn(Y, x0)

and this map is an isomorphism.

Proof. We consider the following diagram

Γ �
�

// πn(X, x0)

=
��

i∗ // πn(Y, x0)

=
��

// 0

⊕
j∈J

Z · aj

aj 7→[αj ]
OOOO

aj 7→[αj ]
// πn(X, x0)

=

��

∼=
��

i∗ // πn(Y, x0)

∼=
��

// 0

⊕
j∈J

Z · aj
aj 7→αj∗([Sn])

// Hn(X;Z)
i∗ // Hn(Y ;Z) // 0.

We make the following clari�cation and observations:
(1) The squares at the top commute basically by de�nition. Note that the vertical map

to the top left is an epimorphism by de�nition of the family {αj}j∈J .
(2) The vertical maps between the second and the third row, which are located in the

middle and to the right, are the Hurewicz homomorphisms from page 1842.
(3) It follows from the naturality of the Hurewicz homomorphism, see Lemma 85.1 (3),

that the square to the bottom right commutes.
(4) It follows basically immediately from the de�nition of the Hurewicz homomorphism

that the square to the bottom left commutes.
(5) By construction we know that X and Y have precisely one 0-cell and no cells in

dimension 1, . . . , n − 1. This implies by the CW-Skeleton-πn-Proposition 71.9 that
X and Y are (n − 1)-connected. Now we obtain from the Hurewicz Theorem 85.5
that the vertical maps in the middle and to the right are both isomorphisms.

(6) It follows from a modest generalization of the Cell Attachment-H∗-Lemma 78.18 that
the bottom horizontal sequence is exact.2006

It follows from all the information assembled above that the top horizontal sequence is also
exact. But this fact is just a reformulation of the statement that we are supposed to prove
in the claim. �

As in the proof of (1) we are now basically done. Indeed, the CW-complex Y is (n+ 1)-
dimensional, it has a single 0-cell x0, it has no cells in dimensions 1, . . . , n and it is canonical.
Furthermore the map ψ : πn(X, x0) → π induces an isomorphism ψ : πn(X, x0)/Γ → π.
Thus we see that the canonical triple(

Y, x0, πn(Y, x0)
ϕ←−∼= πn(X, x0)/Γ

ψ−→∼= π
)

has all the desired properties. �

2006the Cell Attachment-H∗-Lemma 78.18 was formulated for attaching a single (n+ 1)-cell, but basically
the same argument also works for attaching an arbitrary family of (n+ 1)-cells.
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We have now seen that given any group there exists a CW-complex that is an Eilenberg-
Maclane space. But it is pretty clear that the construction provided by the proof of the
Eilenberg-Maclane Existence Theorem 163.8 is pretty wasteful, except for the trivial group
the construction provides an in�nite-dimensional CW-complex. In many cases, e.g. for the
groups π = Zm, there are, as we have seen on page 3427, much simpler, �nite-dimensional
Eilenberg-Maclane spaces of type K(π, 1). This point towards a common tension:

(1) On the one hand it is nice to have �small constructions� with few cells. For example
it is much easier to visualize �nite CW-complexes and it is usually much easier to
calculate invariants for �nite CW-complexes.

(2) On the other hand it is nice to have canonical constructions which do not depend on
any choices. But such constructions are almost invariably humongous.

This situation is comparable to the discussion of free resolutions of abelian groups. On
the one hand, for actual calculations one prefers �small� free resolutions. On the hand, say
to give unambiguous de�nitions of Tor-groups and Ext-groups one needs to work with the
canonical free resolution from page 1922 which is outrageously wasteful.

It is natural to ask whether �small� groups also admit �small� Eilenberg-Maclane spaces.
For example the following question arises:

Question 163.10. Let m ∈ N≥2. Can we �nd a �nite-dimensional Eilenberg-Maclane
space of type K(Zm, 1)?
In some instances one can also attempt to perform the three-step-process from page 3435
with more care to provide �smaller� Eilenberg-Maclane spaces. In the remainder of this
section we want to discuss the construction of the Eilenberg-Maclane spaces K(Z, n). For
n = 1 everything that can be said had been said on page 3427.
We will now construct an explicit Eilenberg-Maclane space of type K(Z, 2) using the above
procedure:

(1) We start with X2 := CP1 = S2. We have π1(X2 = CP1) = 0 and π2(X2 = CP1) ∼= Z.
(2) By Theorem 155.12 we know that π3(CP1) = [p] where p : S3 → CP1 denotes the

Hopf map from page 3306.
(3) We set X4 := B

4 ∪p : S3→CP1 CP1.
(4) By the Mapping Cone-of-Hopf Map Lemma 122.2 (1) we know that X4 is homeo-

morphic to CP2.2007

2007For the convenience of the reader we repeat the argument. For the convenience of the author we prove
a slight generalization of the Mapping Cone-of-Hopf Map Lemma 122.2 (1). Thus let n ∈ N. We consider
the maps

f : Cone(S2n+1) → CPn+1

[(z0, . . . , zn), r] 7→ [(r · z0, . . . , r · zn, 1− r)]
and g : CPn → CPn+1

[z0 : · · · : zn] 7→ [z0 : · · · : zn : 0].

These maps are continuous by the Topological-Quotient Proposition 5.15 (1b) and the Topological-Quotient
Proposition 5.15 (1a). It follows immediately from the de�nitions that these two maps de�ne a map

Cone(p : S2n+1 → CPn)︸ ︷︷ ︸
=(Cone(S2n+1)∪CPn)/∼

→ CPn+1
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(5) By Theorem 155.12 we know that π3(CP2) = 0 and2008 π4(CP2) = 0. Furthermore it
tells us that π5(CP2) = [p] where p : S5 → CP2 denotes the Hopf map from page 3306.

(6) Similar to (3) we consider X6 := B
6 ∪p : S3→CP1 CP1.

(7) As in (4), using Footnote 2007, we see that X6 is homeomorphic to CP3.
Iterating this process we obtain the sequence CP2,CP4, . . . and we end up with the in�nite
complex projective space CP∞. This shows, once again, that CP∞ is an Eilenberg-Maclane
space of type K(Z, 2). A similar discussion, shows how to construct an Eilenberg-Maclane
space of type K(Z2, 1) starting with X2 = RP2, by imitating the above approach one once
again ends up with RP∞.
For n ≥ 3 there seem to be no straightforward models for K(Z, n). But the following lemma
gives us at least a little bit of extra control, which will play a crucial role at a later point.

Lemma 163.11. Given any n ∈ N there exists an Eilenberg-Maclane space of type K(Z, n)
with precisely one 0-cell, precisely one n-cell, no cell of dimension n+1 and only countably
many cells in dimensions ≥ n+ 2.

Remark. Let n ∈ N. Note that the canonical Eilenberg-Maclane space of type K(Z, n)
that we constructed in the proof of the Eilenberg-Maclane Existence Theorem 163.8 is
not of the form as described in Lemma 163.11. We will discuss this in more detail in
Exercise 163.4.

Proof. Let n ∈ N. We consider Y = Sn. Recall that by Corollary 85.6 we know that
πn(Sn) ∼= Z. By the Kill-All Higher-πn-Proposition 163.7 (3) there exists a CW-complex
Z with the following four properties:
(1) the (n+ 1)-skeleton of Z equals Y = Sn, in particular Z has only one 0-cell, no cells

in dimension 1, . . . , n− 1, one cell in dimension n and no cell in dimension n+ 1,
(2) we have πi(Z) = 0 for i ≥ n+ 1,
(3) for any i ∈ {1, . . . , n} and any base point x0 ∈ Sn the inclusion induced map

πi(Y, x0)
∼=−→ πi(Z, x0) is an isomorphism,

(4) the CW-complex Z has only countably many cells.
By Proposition 71.10 we know that πi(Y, x0) = 0 for i = 1, . . . , n−1. Thus Z is the desired
Eilenberg-Maclane space of type K(Z, n). �

163.4. Uniqueness of Eilenberg-Maclane Spaces. Next we turn to the question to
what degree Eilenberg-Maclane spaces of a given type are unique. Evidently the homeomor-
phism type is not unique, since given an Eilenberg-Maclane space X we obtain Eilenberg-
Maclane spaces of the same type by considering say the products X × Bm

. Nonetheless
the following theorem says that the homotopy type of Eilenberg-Maclane spaces of a given
type are in fact unique:

which is easily seen to be a bijection. It follows from the Topological-Quotient Proposition 5.15 (1b) that
this map is continuous. Furthermore, using the Compact-Hausdor� Proposition 2.17 (3) and the Projective
Spaces-Compact+Hausdor� Proposition 5.30 one sees that the map is in fact a homeomorphism.
2008Here we are lucky, we did everything to kill π3(CP2), but without any e�ort on our side we also managed
to dispose of π4(CP2).
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Theorem 163.12. (Eilenberg-Maclane Uniqueness Theorem) Let n ∈ N and let π
be an (abelian) group2009. The following two statements hold:
(1) Any two Eilenberg-Maclane spaces of type K(π, n) are homotopy equivalent.
(2) If (X, x0) and (Y, y0) are two pointed Eilenberg-Maclane spaces of type K(π, n) with

x0 ∈ X0 and y0 ∈ Y 0 and if ϕ : πn(X, x0)→ πn(Y, y0) is an isomorphism, then there
exists a homotopy equivalence f : (X, x0) → (Y, y0) of pointed topological spaces
with f∗ = ϕ : πn(X, x0)→ πn(Y, y0).

Before we turn to the proof of the Eilenberg-Maclane Uniqueness Theorem 163.12 it is
worth, and fun, to discuss several immediate consequences thereof. For example, the
Eilenberg-Maclane Uniqueness Theorem 163.12 settles Question 163.2 in a perhaps un-
expected way: Given m ∈ N the homotopy type of the topological spaces L(m, r1, r2, . . . )
does not depend on the choice of the parameters ri, since all of these topological spaces are
Eilenberg-Maclane spaces of type K(Zm, 1), but these are therefore homotopy equivalent
by the Eilenberg-Maclane Uniqueness Theorem 163.12.
For convenience we record the following corollary which is an immediate consequence
of the Eilenberg-Maclane Uniqueness Theorem 163.12, the Homotopy Equivalence-H∗-
Corollary 73.9 and the discussion on page 1914.
Corollary 163.13. Let π be a group and let n ∈ N. If X and Y are two Eilenberg-
Maclane spaces of the type K(π, n), then for any i ∈ N and any abelian group G we have
an isomorphism Hi(X;G) ∼= Hi(Y ;G).
Perhaps somewhat surprisingly we can use Corollary 163.13 to give a negative answer to
Question 163.10 for m = 2.

Corollary 163.14. There is no �nite-dimensional Eilenberg-Maclane space of type K(Z2, 1).

Proof. Let K be an Eilenberg-Maclane space of type K(Z2, 1). Given any i ∈ N we
calculate that
Hi(K;Z2) ∼= Hi(any Eilenberg-Maclane space of type K(Z2, 1);Z2) ∼= Hi(RP∞;Z2) ∼= Z2.

↑ ↑ ↑
by Corollary 163.13 see page 3427 see page 1916

It follows from the discussion on page 1915 that K is of dimension > i for all i ∈ N, in
other words, K is in�nite-dimensional. �

Evidently this suggests that the answer to Question 163.10 is negative. But right now we
lack the tools to calculate the homology groups of the quotients S∞/Zm that we constructed
in Lemma 163.1. We will return to this question on page ??
The following proposition basically says that it is easy to construct maps from CW-
complexes to Eilenberg-Maclane spaces. This statement is the key to proving the Eilenberg-
Maclane Uniqueness Theorem 163.12. As we will see shortly, the proposition is of interest
in its own right.

Proposition 163.15. (Maps-to-K(π, n)-Proposition) Let n ∈ N and let π be an
(abelian) group. Furthermore let Y be an Eilenberg-Maclane space of type K(π, n) and

2009Whenever we deal with Eilenberg-Maclane spaces of type K(π, n) with n ≥ 2 it is understood through-
out these lecture notes that π is abelian.
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let y0 ∈ Y . Finally let X be a CW-complex and let x0 ∈ X be a point in the 0-skeleton
X0. If X is (n− 1)-connected, then the following two statements hold:
(1) Let ϕ : πn(X, x0) → πn(Y, y0) be a homomorphism. There exists a map f : X → Y

with f(x0) = y0 such that f∗ = ϕ : πn(X, x0)→ πn(Y, y0).
(2) Suppose we are given two maps f0, f1 : X → Y such that f0(x0) = f1(x0) = y0. If

f0∗ = f1∗ : πn(X, x0)→ πn(Y, y0), then there exists a homotopy rel x0 from f0 to f1.
We write
〈(X, x0), (Y, y0)〉 := {maps (X, x0)→ (Y, y0)}/∼ where f ∼ g if there exists a

homotopy rel {x0} between f and g.

With this notation Statements (1) and (2) can be summarized to obtain the following
statement:
(3) The map 〈(X, x0), (Y, y0)〉 → Hom(πn(X, x0), πn(Y, y0))

[f ] 7→ [f∗]

is a bijection.
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(n− 1)-connected CW-complex X Eilenberg-Maclane space Y of type K(π, n)

y0

x0

is realized by a map (X, x0)→ (Y, y0)
which is unique up to homotopy

any map πn(X, x0)→ πn(Y, y0)

Remark. In the Maps-to-S1 Proposition 118.13, with n = 1 and Y = S1, we proved a
�smooth manifold version� of the Maps-to-K(π, n)-Proposition 163.15.

Proof of Theorem 163.12 assuming Proposition 163.15. Let n ∈ N and let π be
an (abelian) group. Statement (1) is basically an immediate consequence of Statement
(2). Therefore it now remains to prove Statement (2). Thus let (X, x0) and (Y, y0) be two
pointed Eilenberg-Maclane spaces of type K(π, n) where x0 ∈ X0 and y0 ∈ Y 0. Furthermore
let ϕ : πn(X, x0)→ πn(Y, y0) be an isomorphism. Since X is, as an Eilenberg-Maclane space
of type K(π, n), (n−1)-connected, we can appeal to the Maps-to-K(π, n)-Proposition 163.15
(1) to obtain a map f : X → Y with f(x0) = y0 such that f∗ = ϕ : πn(X, x0) → πn(Y, y0).
It su�ces to prove the following claim.

Claim. The map f is a homotopy equivalence (X, x0) → (Y, y0) of pointed topological
spaces.

Proof. As above we obtain from the Maps-to-K(π, n)-Proposition 163.15 (1) the existence
of a map g : Y → X with g(y0) = x0 such that g∗ = ϕ−1 : πn(Y, y0)→ πn(X, x0). Note that

(g ◦ f)∗ = ϕ−1 ◦ ϕ = idπn(X,x0) = (idX)∗

and note that (g ◦ f)(x0) = x0 = (idX)(x0). Thus it follows from the Maps-to-K(π, n)-
Proposition 163.15 (2) that g ◦ f is homotopic rel x0 to idX . Basically the same argument
shows that f ◦ g is homotopic rel y0 to idY . But this means that g is indeed the desired
homotopy inverse. �
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At this point it remains to prove the Maps-to-K(π, n)-Proposition 163.15. The proof of the
proposition relies on the following two lemmas. The following lemma is the key ingredient
in the proof of the Maps-to-K(π, n)-Proposition 163.15.

Lemma 163.16. Let n ∈ N. Let X be a CW-complex that consists of a single 0-cell x0

and that otherwise contains only cells in dimensions n and n+1. Furthermore let (Y, y0) be
a pointed topological space and let γ : πn(X, x0)→ πn(Y, y0) be a homomorphism. There
exists a map h : (X, x0)→ (Y, y0) such that h∗ = γ.
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ϕi

CW-complex X with one 0-cell x0

and otherwise cells in dimension n, n+ 1

B
n+1

j

γ : πn(X, x0)→ πn(Y, y0) Y

B
n

i /S
n−1
i

y0

g ◦ ψj|Sn : Sn → Y is null-homotopic

x0
ψj

gi with γ([ϕi]) = [gi]

hence it extends to a map hj : B
n+1

j → Y

Proof of Lemma 163.16. We proceed in the following steps.
(1) We note that by our hypothesis we have Xn−1 = {x0}.
(2) Let {ϕi : (B

n
, Sn−1) → (Xn, Xn−1 = {x0})}i∈I be the characteristic maps of the n-

cells of the CW-complex X. Note that since Xn−1 = {x0} each map ϕi descends to
a map ϕi : B

n
/Sn−1 → Xn.

(3) By the Skeleton-Quotient Lemma 68.33 (2) the maps ϕi induce a homeomorphism
Φ:

∨
i∈I
B
n

i /S
n−1
i → Xn. By a slight abuse of notation we denote by x0 the wedge point

of the wedge.
(4) Let i ∈ I. Note that the map ϕi de�nes an element in πn(X, x0). We pick a map

gi : B
n
/Sn−1 → (Y, y0) with γ([ϕi]) = [gi].

(5) We consider the map
g :
∨
i∈I
B
n

i /S
n−1
i → Y

[x] 7→ gi([x]) if x ∈ Bn

i .

(6) We consider the following diagram:

πn(Xn, x0)

i∗ **

πn

( ∨
i∈I
B
n

i /S
n−1
i , x0

)
Φ∗
∼=

oo
g∗

// πn(Y, y0).

πn(X, x0)

γ

44

where the left diagonal map is induced by the inclusion i : Xn → X.
(7) It follows immediately from the construction of g that if we send any of the classes

[id : B
n → Bi] ∈ πn(Xn, x) on a journey through the diagram, then we obtain

the same result. But by the Wedge-of-Spheres-πn-Proposition 163.5 (3) the classes
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[id : B
n → Bi], i ∈ I, form a generating set for πn

( ∨
i∈I
B
n

i /S
n−1
i , x0

)
. Thus it follows

that the diagram commutes.
(8) Let ∗ = (0, . . . , 0, 1) ∈ Sn Ă B

n+1
the usual base point. Let {ψj : B

n+1 → Xn+1}j∈J
be the characteristic maps of the (n + 1)-cells of X. It follows from the Orthogonal
Action Lemma 5.26 that we can arrange that for every j ∈ J we have ψj(∗) = x0

(9) Let j ∈ J . Note that
since γ is a homomorphism

↓
[g◦Φ−1◦ψj|Sn ] = (g∗◦Φ−1

∗ )(

∈πn(Xn,x0)︷ ︸︸ ︷
[ψj|Sn ] ) = γ(

∈πn(X,x0)︷ ︸︸ ︷
[ψj|Sn ]) = γ([0]) = 0 ∈ πn(Y, y0).

↑ ↑
by the above commutative diagram since ψj |Sn extends to a map B

n+1 → X we
have [ψj |Sn ] = 0 ∈ πn(X,x0) by
Trivial-in-πn-Lemma 71.4

Thus we obtain from the Trivial-in-πn-Lemma 71.4 that there exists a map hj : B
n+1 →

Y such that hj|Sn = g ◦ Φ−1 ◦ (ψj|Sn).
(10) Since for each j ∈ J we have hj|Sn = g ◦ Φ−1 ◦ (ψj|Sn) we can use the maps hj to

extend g ◦ Φ−1 to a map

h : X =
(
Xn ∪

⊔
j∈J
B
n+1

j

)
/∼ → Y where ψj(x) ∼ x for any x ∈ Snj .

(11) We obtain the following diagram

πn(Xn, x0)

i∗ **

(g◦Φ−1)∗
// πn(Y, y0)

πn(X, x0)

γ
44

h∗

;;

(12) We already saw that the diagram commutes for γ. Since h|Xn = g ◦Φ−1 we see that
the diagram commutes also for the map h∗.

(13) The left diagonal map i∗ : πn(Xn, x0) → πn(X, x0) is an epimorphism by the CW-
Skeleton-πn-Proposition 71.9.

(14) It follows from (12) and (13) that the maps γ and h∗ from πn(X, x0) to πn(Y, y0)
agree. �

The second lemma is just a convenient special case of Lemma 161.3.

Lemma 163.17. Let X be a CW-complex, let n ∈ N and let f : A→ Y be a map from a
subcomplex A Ă X to a path-connected topological space with Xn Ă A.
(1) If πn(Y ) = 0, then we can extend f to a map f : A ∪Xn+1 → Y .
(2) If πi(Y ) = 0 for every i ≥ n, then we can extend f to a map f : X → Y .
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subcomplex A contains the 1-skeleton X1 topological space Y with π1(Y ) = 0

f

X
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We break the proof of the Maps-to-K(π, n)-Proposition 163.15 into two parts. In the �rst
part we deal with the situation that the (n−1)-skeleton consists just of a point. Afterwards
we will discuss how the general case can be reduced to this special case.
Proof of the Maps-to-K(π, n)-Proposition 163.15 if Xn−1 = {x0}. Let n ∈ N and let
π be an (abelian) group. Furthermore let Y be an Eilenberg-Maclane space of type K(π, n)
and let y0 ∈ Y . Finally let X be a CW-complex and let n ∈ N. We assume that Xn−1 =
{x0}.
(1) Let ϕ : πn(X, x0) → πn(Y, y0) be a homomorphism. We need to show that there ex-

ists a map f : X → Y with f(x0) = y0 such that f∗ = ϕ : πn(X, x0)→ πn(Y, y0). We
denote by i : Xn+1 → X the inclusion map. By the CW-Skeleton-πn-Proposition 71.9
we know that i∗ : πn(Xn+1, x0) → πn(X, x0) is an isomorphism. The following dia-
gram contains all the maps of interest to us:

πn(Xn+1, x0)

i∗ ∼=
��

h∗

!!

πn(X, x0) ϕ
//

f∗ ))

πn(Y, y0).

Since Xn−1 = {x0} we can apply Lemma 163.16 to the CW-complex Xn+1. We
obtain from Lemma 163.16 that there exists a map h : Xn+1 → Y with h(x0) = y0

such that h∗ = ϕ ◦ i∗ : πn(Xn+1, x0) → πn(Y, y0). Since Y is an Eilenberg-Maclane
space of type K(π, n) we know that πj(Y ) = 0 for j ≥ n + 1. Thus we obtain from
Lemma 163.17 (2) that we can extend h : Xn+1 → Y to a map f : X → Y . It remains
to show that f∗ = ϕ : πn(X, x0)→ πn(Y, y0). This is indeed the case since

f∗ = f∗ ◦ i∗ ◦ i−1
∗ = (f ◦ i)∗ ◦ i−1

∗ = h∗ ◦ i−1
∗ = (ϕ ◦ i∗) ◦ i−1

∗ = ϕ.
↑ ↑ ↑

since i∗ is an isomorphism since h extends f since h∗ = ϕ ◦ i∗

(2) Suppose we are given two maps f0, f1 : X → Y such that f0(x0) = f1(x0) = y0 and
such that f0∗ = f1∗ : πn(X, x0) → πn(Y, y0). We need to show that there exists a
homotopy rel x0 from f0 to f1. We consider the product X × [0, 1] and we equip it
with the product CW-structure coming from Proposition 68.23. Given k ∈ N0 we
write

Zk = (X × {0}) ∪ (Xk−1 × [0, 1])︸ ︷︷ ︸
k-dimensional

∪ (X × {1}) Ă X × [0, 1].

The idea is de�ne the homotopy on X × [0, 1] =
⋃

n∈N0

Zn by breaking the task into

three steps.
(a) First we note that the fact that X0 = · · · = Xn−1 implies that Z1 = · · · = Zn.

Now let h : Z1 = Zn → Y be the map that is given by f0 on X × {0}, f1 on
X × {1} and the constant map cx0 on {x0} × [0, 1].

(b) We denote by {ϕi : B
n

i → X}i∈I the characteristic maps of the n-cells of X.
Since Xn−1 = {x0} we see that each ϕi descends to a map ψi : B

n

i /S
n−1
i → X.

We denote by ∗ = [Sn−1
i ] the obvious base point of the sphere B

n

i /S
n−1
i . Now

recall that by hypothesis we have f0∗ = f1∗ : πn(X, x0)→ πn(Y, y0). This implies
that for every i ∈ I we have [f0 ◦ ψi] = [f1 ◦ ψi] ∈ πn(Y, y0). In other words,
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for every i ∈ I there exists a map Fi : B
n

i /S
n−1
i × [0, 1] → Y with Fi0 = f0 ◦ ψi,

Fi1 = f1 ◦ ψi and Fi(∗, t) = y0 for all t ∈ [0, 1]. We de�ne

hn+1 : Zn+1 → Y

P 7→
{
h0(P ), if P ∈ Z1 = Zn,

Fi(Q, t), if P = (ϕi(Q), t) with Q ∈ Bn

i .

It follows immediately from the properties of the Fi that this map is well-
de�ned. Furthermore, it follows almost immediately from the Characteristic
Maps Lemma 68.7 (4) that hn+1 is continuous.

(c) Finally we are in the following situation:

Zn+1
hn+1

//
� _

��

Y

X × [0, 1].
H

66

By de�nition of the CW-structure on X× [0, 1] we know that the (n+1)-skeleton
of X × [0, 1] is contained in Zn+1. In other words, any cell of X × [0, 1] that is
not contained in Zn+1 is of dimension ≥ n+ 2. Since Y is an Eilenberg-Maclane
space of type K(π, n) we know that πk(Y, y0) = 0 for k ≥ n+ 1. Thus we obtain
from Lemma 163.17 (2) that there exists a map H : X × [0, 1]→ Y which makes
the above diagram commute. Evidently this is the desired homotopy between f0

and f1.
(3) The last statement is just a reformulation of Statement (1) together with Statement

(2). �
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X

ψi

x0

hn+1

y0

Eilenberg-Maclane space Y
of type K(π, n)

Zn+1 =
(X×{0, 1}) ∪ (Xn×[0, 1])

f1

f0

Proof of the Maps-to-K(π, n)-Proposition 163.15 for the general case. Let X be
a CW-complex and let x0 ∈ X be a point in the 0-skeleton X0. We suppose that X is
(n−1)-connected. By Proposition 162.10 we know that there exists a homotopy equivalence
f : (X, x0) → (X̃, x̃0) where X̃ is a CW-complex that has one 0-cell {x̃0} and no cells in
dimensions 1, . . . , n. By the Homotopy-πn-Proposition 71.7 we know that f∗ : πn(X, x0)→
πn(X̃, x̃0) is an isomorphism. By the above argument we know that the desired conclusions
hold for (X̃, x̃0). It is now fairly elementary to see that the statements of the Maps-to-
K(π, n)-Proposition 163.15 also hold for (X, x0). �

Before we move on we prove an important addendum to the Homotopy-π1-Proposition 50.3.
To motivate its relevance we recall an earlier result: If f0, f1 : (X, x0) → (Y, y0) are two
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maps between pointed topological spaces, then by the Homotopy-π1-Proposition 50.3 (1)
the following two statements hold:

(1) If f0 and f1 are homotopic rel x0, then f0∗ = f1∗.
(2) If f0 and f1 are homotopic (with no constraints on the base point), then there exists

an α ∈ π1(Y, y0) such that f0∗(z) = α · f1∗(z) · α−1 for all z ∈ π1(Y, y0).

One can view the Maps-to-K(π, n)-Proposition 163.15 (2) as a partial converse to (1). The
following proposition is the analogous partial converse to (2).

Proposition 163.18. Let π be a group, let Y be an Eilenberg-Maclane space of type
K(π, 1) and let y0 ∈ Y . Furthermore let X be a 0-connected CW-complex and let x0 ∈ X
be a point in the 0-skeleton X0. Suppose we are given two maps f0, f1 : X → Y such that
f0(x0) = f1(x0) = y0. If there exists an α ∈ π1(Y, y0) such that f0∗(z) = α · f1∗(z) ·α−1 for
all z ∈ π1(Y, y0), then there exists a homotopy2010 from f0 to f1.

Proof. The proof of the proposition is similar to the proof of the Maps-to-K(π, n)-Pro-
position 163.15 (2). In the following provide a sketch of the argument. We leave it to the
reader to �ll in the details. First of all we point out that by Proposition 162.10 we can
assume that X has a single 0-cell {x0}. Now we consider the product X × [0, 1] and we
equip it with the product CW-structure coming from Proposition 68.23. Given k ∈ N0 we
write

Zk = (X × {0}) ∪ (Xk−1 × [0, 1])︸ ︷︷ ︸
k-dimensional

∪ (X × {1}) Ă X × [0, 1].

As above we de�ne the homotopy on X × [0, 1] =
⋃

n∈N0

Zn by breaking the task into three

friendly steps.

(1) We pick a map β : [0, 1] → Y that represents α ∈ π1(Y, y0). Let h : Z1 = Zn → Y
be the map that is given by f0 on X × {0}, f1 on X × {1} and the map β on
{x0} × [0, 1] = [0, 1].

(2) Given a 1-cell γ of X we denote by φγ : S1 = ∂([0, 1]2) → Z1 the attaching map of
the product cell γ × [0, 1]. We have

by a generous interpretation of the notation by de�nition of h
↓ ↓

h∗([φγ]) = [h|γ×0]·[h|{x0}×[0,1]]·[h|γ×1]·[h|{x0}×[0,1]] = [f0∗(γ)]·[β]·[f1∗(γ)]−1 ·[β]−1

= α·[f1∗(γ)]·α−1 ·α·[f1∗(γ)]−1 ·α−1 = e ∈ π1(Y, y0).
↑

by hypothesis and choice of β

It follows from the Extension-to-Disk Lemma 47.1 that the map h◦φγ : ∂([0, 1]2)→ Y
extends to a map ψγ : [0, 1]2 → Y . We use this map to extend h over the 2-cell
γ × [0, 1]. If we do this for all 1-cells of X we obtain the desired extension of h to a
map Z2 → Y .

(3) We use Lemma 163.17 (2) and the fact that Y is an Eilenberg-Maclane space of type
K(π, 1) to extend the map h to a homotopy F : X × [0, 1]→ Y . �

2010Note that in contrast to the Maps-to-K(π, n)-Proposition 163.15 (2) it does not say �rel x0�.
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X×{0}

φγ

Eilenberg-Maclane space of type K(π, 1)

f0(γ)

f1(γ)x0

γ×{0}

y0

h

ψγ

Ă

We conclude this section with a discussion of the statement of the Maps-to-K(π, n)-Pro-
position 163.15. It is not unreasonable to ask whether one really needs in the Maps-to-
K(π, n)-Proposition 163.15 the hypothesis that X is (n − 1)-connected. But we will now
see that in neither of the two parts can we drop this condition.

(1) By Theorem 155.10 we know that there exists an isomorphism ϕ : π3(S2, ∗)
∼=−→ Z.

Now let (Y, y0) be any pointed Eilenberg-Maclane space of type K(Z, 3). At a very
�rst glance one might hope that there exists a map f : (S2, ∗) → (Y, y0) such that
f∗ = ϕ : π3(S2, ∗) → π3(Y, y0) = Z. But this is not the case. Indeed, since Y is an
Eilenberg-Maclane space of type K(Z, 2) we know that π2(Y, y0) = 0. This means
that any map f : (S2, ∗) → (Y, y0) is homotopic to the constant map. In particular
any such map induces the zero map on π3. Thus we cannot realize ϕ by a map
(S2, ∗)→ (Y, y0).

(2) On page 3427 we pointed out that the in�nite complex projective space CP∞ is an
Eilenberg-Maclane space of type K(Z, 2). By the discussion on page 258 we can view
S2 = CP1 as a subset of CP∞. We denote by y0 ∈ S2 the North Pole. We pick some
point x0 on the torus S1 × S1. We consider the following two maps from the torus
S1 × S1 → S2 Ă CP∞:
(a) The map f0 is the constant map that sends all points to y0.
(b) The map f1 : S1 × S1 → B

2
/S1 = S2 is a map that sends the points of a given

embedded disk to B
2
and sends all other points to the single point [S1] = y0.

(These two maps f0 and f1 are illustrated in the �gure below.) Now we claim that we
have f0∗ = f1∗ : π2(S1×S1, ∗)→ π2(CP∞, ∗), but that f0 and f1 are, contrary to what
one might expect, not homotopic. To prove this claim we recall that on page 1573
we saw that π2(S1 × S1) = 0. In particular both maps induce the same map on
π2. Nonetheless the two maps are not homotopic. This can be seen by studying the
induced map on H2. It is clear that f0 induces the trivial map on H2. On the other
hand we saw in the proof of the Degree Realization Proposition 38.13 that f1 induces
an isomorphism H2(S1 × S1;Z) → H2(S2;Z). By the discussion on page 1773 we
know that the inclusion induced map H2(S2;Z) → H2(CP∞;Z) is an isomorphism.
Therefore we see that the map f1∗ : H2(S1 × S1;Z)→ H2(CP∞) is non-trivial. Thus
we obtain from the Homotopic Maps-and-Homology Proposition 73.6 that the maps
f0 and f1 are in fact not homotopic.
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S2 Ă CP∞

y0
f1f0

x0 x0

f1

At least in terms of invariants any Eilenberg-Maclane space K(π, n) is a particularly simple
topological space. Therefore it seems not totally unreasonable to hope that given a CW-
complex X one can perhaps classify the maps from X to K(π, n), say up to homotopy.
The above examples show that the maps are not classi�ed by Hom(πn(X), π). But perhaps
there is some other way? Let us record this as a question:

Question 163.19. Let n ∈ N and let π be an (abelian) group. Let X be a CW-complex.
Can we classify the maps X → K(π, n) up to homotopy?

163.5. First applications of Eilenberg-Maclane spaces. We recall the following de�-
nition from page 2605.
De�nition. Let G be a group, let Y be a topological space and let y0 ∈ Y be a point
with an identi�cation π1(Y, y0)

=−→ G. Given another topological space X and x0 ∈ X we
say that a homomorphism ϕ : π1(X, x0) → G = π1(Y, y0) is realized by a map g : X → Y
if g(x0) = y0 and if g∗ = ϕ. If there is no danger of confusion we will drop the base points
from the notation.
Next we recall the following question that we had formulated a while ago.

Question 118.12 and and Question118.14. Let X be a connected CW-complex.2011

(0) Can every homomorphism π1(X)→ Z = π1(S1) be realized by a map X → S1?
(1) Let g ≥ 1 and let Σg be the surface of genus g ≥ 1. Can every homomorphism

π1(X)→ π1(Σg) be realized by a map X → Σg?

(2) Can every homomorphism π1(X)→ π1

( k∨
i=1
S1
)

= 〈x1, . . . , xk〉 be realized by a map

X →
k∨
i=1
S1?

(3) Can every homomorphism π1(X)→ Z2 = π1(RP2) be realized by a map X → RP2?
In the Maps-to-S1 Proposition 118.13 we had used de Rham cohomology to give an a�r-
mative answer to (0) if X is a smooth manifold. Furthermore in Exercise 121.8 we gave,
by considering the isomorphism π1(RP3)

∼=−→ Z2, a negative answer to (3). Fortunately we
can now give a complete answer to (0), (1) and (2).

Proposition 163.20.

2011If M is a smooth manifold, then we saw in the Smooth Manifold-Simplicial Structure Theorem 96.2
and the Simplicial-Implies-CW Lemma 93.24 that M admits a CW-structure.
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(a) The answer to (0), (1) and (2) is �yes�. Furthermore, if in the formulation of (3) we
replace RP2 by RP∞, then the answer to (3) is also yes.

(b) If X is a smooth manifold, then the following two statements hold:
(א) In (0) and (1) we can �nd smooth realizations.

(ב) In (2) we can �nd a realization f : X →
k∨
i=1
S1
i which has the property that the

restriction of f to the complement of f−1(wedge point) is smooth.
Proof.
(a) The desired statement follows immediately from the Maps-to-K(π, n)-Proposition 163.15

and the fact that on page 3427 we saw that S1,
k∨
i=1
S1, Σg and RP∞ are Eilenberg-

Maclane spaces.
(b) (א) This statement follows from the Whitney Approximation Theorem 29.1.

(ב) As we pointed out on page 759, this statement is a consequence of Proposi-
tion 29.9. �

Using Proposition 163.20 we obtain the following pleasant proposition.
Proposition 163.21. IfM is a compact orientable connected n-dimensional smooth man-
ifold, then the following two statements are equivalent:
(1) there exists an epimorphism π1(M)→ 〈x1, . . . , xk〉,
(2) there exist disjoint connected non-empty (n−1)-dimensional submanifolds F1, . . . , Fk

of M such that M \ (F1 ∪ · · · ∪ Fk) is connected.
Sketch of a proof. First note that the �(2) ⇒ (1)� implication is precisely the content
of the Epimorphism-onto-Free Group Proposition 130.8. Thus it remains to prove the
�(1) ⇒ (2)� implication. Therefore suppose that there exists an epimorphism π1(M) →

〈x1, . . . , xk〉. We consider the wedge
k∨
i=1
S1
i . We denote by ∗ the wedge point and for

i = 1, . . . , k we write Ji := S1
i \ {∗}. By Proposition 163.20 (b) we can realize this

epimorphism by a map f : M →
k∨
i=1
S1
i which is smooth on M \ f−1(∗). Let i ∈ {1, . . . , k}.

It follows from Sard's Theorem 31.1 that there exists a regular value zi ∈ Ji. We obtain
from the Preimage-of-Point-in-Ball Lemma 29.10 that the preimage Gi := f−1(zi) is an
orientable proper (n − 1)-dimensional submanifold of M . In Exercise 163.3 we will prove
the following two statements:
(1) each Gi is non-empty,
(2) for each i ∈ {1, . . . , k} we can �nd a component Fi of Gi such thatM \ (F1∪· · ·∪Fk)

is connected. �
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f−1(∗) ∗

f
z1 z2

f−1(z2)

f−1(z1)

Now is a good time to recall the following question.
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Question 130.9. Let g ∈ N and let Σg be the surface of genus g.
(1) What is the maximal number k = k(g) ∈ N0 for which we can �nd k disjoint curves

F1, . . . , Fk on Σg such that Σg \ (F1 ∪ · · · ∪ Fk) is connected?
(2) What is the maximal l = l(g) ∈ N0 for which there exists an epimorphism from

π1(Σg) onto a free group of l generators?
We make the following easy observations:
(1) As we already observed on page 2843, it follows immediately from peeking at the

�gure below that k(g) ≥ g.
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Σ3 there exist three curves such that
the complement is still connected

(2) It follows from Lemma 53.13 that we have an epimorphism
∼= π1(Σg) by the Fundamental Group-of-Surfaces Proposition 54.5︷ ︸︸ ︷
〈x1, y1, . . . , xg, yg |x1y1x

−1
1 y−1

1 · · · · · xgygx−1
g y−1

g 〉 → 〈x1, . . . , xg〉
xi 7→ xi
yi 7→ e

from π1(Σg) onto a free group on g generators.
More interestingly, by Proposition 163.21 we now know that the two questions actually
give the same answer. Even better, we can now give a complete answer:

Proposition 163.22. Let g ∈ N and let Σg be the surface of genus g. If there exists an
epimorphism Σg onto a free group on k generators, then k ≤ g.

Proof. Let g ∈ N, let Σg be the surface of genus g and let ∗ ∈ Σg be a base point. Let
ϕ : π1(Σg, ∗)→ Fk be an epimorphism onto a free group on k generators. We start out with
the following preparations:

(1) By the discussion on page 3427 we know that X :=
k∨
i=1
S1 is an Eilenberg-Maclane

space of type K(Fk, 1). We pick x0 ∈ X and as usual we make the identi�cation
π1(X, x0) = Fk.

(2) It follows from the Maps-to-K(π, n)-Proposition 163.15 that there exists a map
f : (Σg, ∗) → (X, x0) with f∗ = ϕ : π1(Σg, ∗) → π1(X, x0) = Fk. Note that the
map f∗ : π1(Σg, ∗)→ π1(X, x0) is an epimorphism.

(3) The Hurewicz Theorem 84.5, together with the Abelianization Proposition 53.20 (9),
implies that the induced map f∗ : H1(Σg;Z)→ H1(X;Z) is an epimorphism.

(4) In general, if α : A → B is an epimorphism between two groups, then elementary
algebra tells us that the induced map Hom(B,Z)→ Hom(A,Z) is a monomorphism.
From this elementary observation, together with (3), we obtain that the induced map
f ∗ : Hom(H1(X;Z),Z)→ Hom(H1(Σg;Z),Z) is a monomorphism.

(5) It follows immediately from (4) together with the First Cohomology Proposition 110.17
that the induced map f ∗ : H1(X;Z)→ H1(Σg;Z) is also a monomorphism.

(6) Since X is a 1-dimensional CW-complex we obtain almost immediately from the
Singular-Cellular H∗-Isomorphism Proposition 109.4 that H2(X;Z) = 0. In particular
the cup product on H1(X;Z) vanishes.
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Now we consider the form
ϕ : H1(Σg;Z)× H1(Σg;Z) → Z

(α, β) 7→ 〈α Y β, [Σg]〉.
Given U Ă H1(Σg;Z) we write as usual

U⊥ = {v ∈ H1(Σg;Z) |ϕ(u, v) = 0 for all u ∈ U}.
Now we see that

since i∗ is a by the Manifold-Non Singularity Proposition 121.2 we know that ϕ is non-singular
since X =

k∨
i=1

S1 monomorphism hence we obtain the equality from Exercise 121.3

↓ ↓ ↓
k = rank(H1(X;Z)) = rank(i∗H1(X;Z)) = rank(H1(Σg;Z))− rank

(
(i∗H1(X;Z))⊥

)
≤ rank(H1(Σg;Z))− rank(i∗H1(X;Z)) = 2g − k.
↑ ↑

it follows from (6) and the Cup Product-Naturality Lemma 114.10 as above we have rank(i∗(H1(X;Z))) = k and by the
that i∗H1(X;Z) Ă (i∗H1(X;Z))⊥ discussion on page 2422 we know that rank(H1(Σg;Z)) = 2g

Thus we see that k ≤ 2g − k, i.e. we see that k ≤ g. �

163.6. Eilenberg�Maclane spaces and the social choice problem `. In this section
we give a fun, but perhaps not entirely serious application of Eilenberg-Maclane spaces.
Let us recall the following de�nition from page 1864.

De�nition. Let X be a topological space and let n ∈ N. A social choice of type n is a
map f : Xn = X × · · · ×X︸ ︷︷ ︸

n times

→ X

such that the following three axioms are satis�ed:
(a) The map f is continuous.
(b) For every x ∈ X we have f(x, . . . , x) = x.
(c) For every permutation σ ∈ Sn and any (x1, . . . , xn) ∈ Xn we have

f(xσ(1), . . . , xσ(n)) = f(x1, . . . , xn).

We say that a topological space is social, if for every n ∈ N it admits a social choice of
type n.
We refer to Section 86.1 for a discussion why social topological spaces are interesting. Now
let X be a topological space. The combination of Lemmas 86.4 and 86.5 shows that if X is
social, then for every k ∈ N the homotopy group πk(X) is abelian and it is strongly divisible,
i.e. given any n ∈ N the map g 7→ n · g is an isomorphism. Furthermore, Proposition 86.2
together with the Whitehead Theorem 162.1 show that if X is in fact a CW-complex, with
the property that in any dimension it has only �nitely many cells, then X is contractible.
Back in Section 86.1 this discussion lead us to the following question.
Question 86.7. Does there exist a non-empty CW-complex that is social but that is not
contractible?
It turns out that we can now formulate a positive answer to Question 86.7.
Theorem 163.23.
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(1) Any CW-complex that is homotopy equivalent to the product of a family of Eilenberg-
Maclane spaces of type K(Q, ki), i ∈ I is social.

(2) Conversely, if X is a connected social CW-complex, then it is homotopy equivalent
to the product of a family of Eilenberg-Maclane spaces of type K(Q, ki), i ∈ I.

Proof. This theorem is proved in [EGH1962, p. 90] and [Weinb2004, Theorem 1.3],
see also [Eckm2004, Theorems 4 and 7]. For the most part the proofs do not go much
beyond what we have covered so far, except that they build on a result of Alexander
Grothendieck [Groth1957, Chapter V], see also [HZ1974, p. 32] and [Hirz1969, p. 254].

�

Remark. As always there are various variations and generalizations of Theorem 163.23.
For example by [Weinb2004, Example 1.4] any Eilenberg-Maclane space of type K(Z2, 1),
e.g. according to the discussion on page 3427 we could take RP∞, has the property that
given any odd n ∈ N it admits a social choice of type n.

163.7. An extension of the Hurewicz Theorem 85.5. In this last section we will use
Eilenberg-Maclane spaces in a surprising way to obtain an addendum to the Hurewicz The-
orem 85.5. To formulate the theorem it is convenient to introduce the following de�nition.

De�nition. Given a group π and n ∈ N0 we de�ne Hn(π) := Hn(K(π, 1),Z) where K(π, 1)
denotes the canonical Eilenberg-Maclane space introduced in the Eilenberg-Maclane Ex-
istence Theorem 163.8. We refer to Hn(π) as the n-th homology group of the group π.

Remark. The concept of the homology groups Hn(π) of a group π will play an important
role in this section. Afterwards it takes a well-earned rest before it will take center stage
in Chapter ??.

The following lemma is an immediate consequence of Corollary 163.13.
Lemma 163.24. Let π be a group and let n ∈ N0. For any Eilenberg-Maclane space X
of type K(π, 1) we have Hn(π) ∼= Hn(X;Z).

Example. Let m ∈ N and let n ∈ N0. We calculate that

Hn(the group Zm) ∼= Hn(any Eilenberg-Maclane space K(Zm, 1)) ∼= Hn((S1)m) ∼= Z

(m
n

)
.

↑ ↑ ↑
by Lemma 163.24 by the discussion on page 3427 we know that (S1)m see page 1948

is an Eilenberg-Maclane space of type K(Zm, 1)

We continue with the following lemma.

Lemma 163.25. Let (X, x0) be a pointed 0-connected space. There exists a natural map

η : H2(X;Z) → H2(π1(X, x0))

which has the following property: whenever (Y, y0) is a pointed Eilenberg-Maclane space
of type K(π1(X, x0), 1) and f : (X, x0) → (Y, y0) is a map of pointed topological spaces
that induces an isomorphism of fundamental groups, then there exists an isomorphism
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µ : H2(Y ;Z)→ H2(π1(X, x0)) such that the following diagram commutes:

H2(X;Z)
η

//

f∗ ))

H2(π1(X, x0))

H2(Y ;Z).
µ

∼=
55

Proof. Let (X, x0) be a pointed 0-connected space. We write π = π1(X, x0). We de-
note by (Z, z0, ϕ : π1(Z, z0)→ π) the canonical triple introduced in the Eilenberg-Maclane
Existence Theorem 163.8. By the CW-Approximation Theorem 161.8 there exists a CW-
approximation f : (Y, y0) → (X, x0). Note that by the Weak Homotopy-vs-Homology Iso-
morphisms Proposition 161.6 we know that f induces isomorphisms on all homology groups.

By the Maps-to-K(π, n)-Proposition 163.15 (1) we know that there exists a map g : (Y, y0)→
(Z, z0) such that g∗ = ϕ−1 ◦ f∗ : π1(Y, y0)→ π1(Z, z0). We set

η := g∗ ◦ (f∗)
−1 : H2(X;Z) → H2(Z;Z) =: H2(π1(X, x0)).

Using the Maps-to-K(π, n)-Proposition 163.15 (1) it is not di�cult to verify that η has the
desired properties. �

Now we can formulate the following theorem.

Theorem 163.26. (Hurewicz Theorem) Let n ∈ N and let X be an (n− 1)-connected
space and let x0 ∈ X.
(1) If n = 1, then the sequence

π2(X, x0)
Φ(X,x0)−−−−→ H2(X;Z)

η−→ H2(π1(X, x0)) → 0

is exact. This implies in particular that the cokernel of the Hurewicz homomorphism
Φ(X,x0) : π2(X, x0)→ H2(X;Z) is isomorphic to H2(π1(X)).

(2) If n > 1, then the Hurewicz homomorphism Φ(X,x0) : πn+1(X, x0) → Hn+1(X;Z) is
an epimorphism.

Remark.

(1) We refer to [WhdG1978, Theorem V.7.9] for a generalization of the above theorem.
(2) Let n > 1. Furthermore let X be an (n−1)-connected space. By the above Hurewicz

Theorem 163.26 (2) we now know that the Hurewicz homomorphism Φ(X,x0) : πn+1(X, x0)→
Hn+1(X;Z) is an epimorphism. For n ≥ 3 the kernel of the Hurewicz homomorphism
is discussed in [Hilt1953, p.105] and [WhdJ1950, p. 72]. Furthermore, for the
more tricky case n = 2 the kernel of the Hurewicz homomorphism is determined in
[WhdJ1950, pages 72, 76 and Theorem 20].

Example. Let X be a simply connected space and let x0 ∈ X. By Theorem 163.26,
applied to the case n = 2, the Hurewicz homomorphism π3(X, x0) → H3(X;Z) is in fact
an epimorphism. It is natural to wonder whether Theorem 163.26 can be improved upon.
For example it is a priori not unreasonable to ask whether the Hurewicz homomorphism
πk(X, x0) → Hk(X;Z) is an epimorphism for every k ∈ N≥3. But it turns out, we have a
counterexample at hand, namely X = CP∞. By Theorem 155.12 we know that CP∞ is
simply connected and that πk(CP∞) = 0 for k ≥ 3. But by the discussion on page 1772 we
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know that Hk(CP∞;Z) ∼= Z for every even k. In particular the Hurewicz homomorphism
π4(CP∞)→ H4(CP∞;Z) is not an epimorphism.

The proof of Theorem 163.26 crucially relies on the following lemma.
Lemma 163.27. Let π be an abelian group and let n ∈ N≥2. If Y is an Eilenberg-Maclane
space of type K(π, n), then Hn+1(Y ;Z) = 0.

Examples.
(1) The statement of Lemma 163.27 is somewhat surprising since it is emphatically wrong

for n = 1. For example by the discussion on page 3427 we know that S1 × S1 is an
Eilenberg-Maclane space of type K(Z2, 1) and we have H2(S1 × S1;Z) 6= 0.

(2) As a reality check, let us consider the only Eilenberg-Maclane space for n ≥ 2 that
we understand, namely CP∞ which is by the discussion on page 3427 an Eilenberg-
Maclane space of type K(Z, 2). By the calculation on page 1772 we do know that
H3(CP∞;Z) is indeed trivial.

Proof of Lemma 163.27. Let n ∈ N≥2 and let π be an abelian group. It follows from
Corollary 163.13 that it su�ces to show that there exists a single Eilenberg-Maclane space
Z of type K(π, n) with Hn+1(Z;Z) = 0.

By the Moore Space Existence Proposition 79.11 we know that there exists an (n+ 1)-
dimensional CW-complex that is a Moore space Y of type K(π, n). Recall that this means
that
(1) Y is simply connected,
(2) Hn(Y ;Z) ∼= π,
(3) for any i 6= n we have H̃i(Y ;Z) = 0.

We pick a base point y0 ∈ Y . By the Hurewicz Corollary 85.7 we now know that (1), (2)
and (3) imply that
(4) πi(Y, y0) = 0 for i = 1, . . . , n− 1 and that πn(Y, y0) ∼= π.

By the Kill-All Higher-πn-Proposition 163.7 there exists a CW-complex Z with the following
properties:
(5) The (n+ 1)-skeleton of Z equals Y .2012

(6) We have πi(Z) = 0 for i ≥ n+ 1.
(7) For i = 1, . . . , n the inclusion Y → Z induces an isomorphism πi(Y, y0)

∼=−→ πi(Z, y0).
It follows from (4), (6) and (7) that Z is an Eilenberg-Maclane space of type K(π, n).

Since Y is the (n + 1)-skeleton of the CW-complex Z we obtain from the Skeleton-
Homology Lemma 80.1 (4) that the map Hn+1(Y ;Z) → Hn+1(Z;Z) is an epimorphism.
Together with (3) this implies that Hn+1(Z;Z) = 0.2013 We have thus found the desired
Eilenberg-Maclane space Z. �

Now we turn to the actual proof of Theorem 163.26. For convenience we break the proof
into three parts:
(1) First we prove Theorem 163.26 (1) for 2-dimensional CW-complexes.

2012Here we use that Y is its own (n+ 1)-skeleton.
2013The reader will not have failed to notice that this proof shares some ideas with the proof of
Lemma 163.11.
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(2) Then we prove Theorem 163.26 (2) for (n+ 1)-dimensional CW-complexes.
(3) Finally we deal with the general case of Theorem 163.26.

Proof of Theorem 163.26 (1) for 2-dimensional CW-complexes. Let X be a 2-di-
mensional CW-complex that is 0-connected. Let x0 ∈ X. By the Kill-All Higher-πn-
Proposition 163.7 there exists a CW-complex Y with the following properties:
(1) The 2-skeleton of Y equals X.
(2) We have πi(Y, x0) = 0 for i ≥ 2.
(3) The inclusion map i : X → Y induces an isomorphism i∗ : π1(X, x0)

∼=−→ π1(Y, x0).
It follows from (1), (2) and (3) that Y is an Eilenberg-Maclane space of type K(π1(X, x0), 1).
Next we consider the following diagram:

π3(Y,X, x0)

Φ(Y,X,x0)

����

∂ // π2(X, x0)

Φ(X,x0)

��

//

=0︷ ︸︸ ︷
π2(Y, x0)

Φ(Y,x0)

��

// π2(Y,X, x0)

Φ(Y,X,x0)

��

∂ // π1(X, x0)
i∗
∼=
// π1(Y, x0)

H3(Y,X;Z)
∂ // H2(X;Z) // //

η
��

H2(Y ;Z) //

µ

∼=
vv

H2(Y,X;Z)︸ ︷︷ ︸
=0

.

H2(π1(X, x0))

We make the following clari�cations and observations:
(a) The horizontal sequences are the long exact sequences of homology and homotopy

groups of the pair (Y,X), given by the Topological LES-Corollary 74.14 and by the
Homotopy Groups-LES Proposition 153.4.

(b) The vertical maps are the (relative) Hurewicz homomorphisms that we introduced
on pages 1842 and 3254

(c) The diagram commutes by Lemma 153.11 (3).
(d) It follows from (2), (3) and the lower end of the upper long exact sequence that

πj(Y,X) = 0 for j = 0, 1. In other words, the pair (Y,X) is 2-connected.
(e) It follows from (d) and the Relative Hurewicz Theorem 153.13 that the left-hand

vertical map is an epimorphism.2014

(f) The map η and the isomorphism µ are given by Lemma 163.25. In particular these
maps turn the lower triangle into a commutative triangle.

(g) Since X is the 2-skeleton of Y we obtain from the Skeleton-Homology Lemma 80.1
that H2(Y,X;Z) = 0.

From this data one can easily deduce that the sequence

π2(X, x0)
Φ(X,x0)−−−−→ H2(X;Z)

η−→ H2(π1(X, x0)) → 0

is exact. �

2014People with shaky memories, like your author, might be surprised that it does not say that the map is
an isomorphism. The point is that the Relative Hurewicz Theorem 153.13 shows that the Hurewicz homo-
morphism π3(Y,X, x0)′ → H3(Y,X;Z) is an isomorphism where π3(Y,X, x0)′ is the quotient of π3(Y,X, x0)
by a suitable action of π1(X,x0). Thus the Hurewicz homomorphism π3(Y,X, x0) → H3(Y,X;Z) is an
epimorphism, but in general it is not an isomorphism.
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Proof of Theorem 163.26 (2) for (n+ 1)-dimensional CW-complexes. Let n ∈ N≥2

and let X be an (n+1)-dimensional CW-complex that is (n−1)-connected. Let x0 ∈ X. By
the Kill-All Higher-πn-Proposition 163.7 there exists a CW-complex Y with the following
properties:
(1) The (n+ 1)-skeleton of Y equals X.
(2) We have πi(Y, x0) = 0 for i ≥ n+ 1.
(3) For every j ∈ {1, . . . , n} the inclusion map i : X → Y induces an isomorphism

i∗ : πj(X, x0)
∼=−→ πj(Y, x0).

It follows from (1), (2) and (3) that Y is an Eilenberg-Maclane space of type K(πn(X, x0), n).
Next we consider the following diagram:2015

πn+2(Y,X)
Φ(X,Y )∼=
��

∂ // πn+1(X)

ΦX
��

//

=0︷ ︸︸ ︷
πn+1(Y )

ΦY
��

// πn+1(Y,X)
∂ // πn(X)

i∗
∼=
// πn(Y ) // . . .

Hn+2(Y,X)
∂ // Hn+1(X) // Hn+1(Y ).︸ ︷︷ ︸

= 0 by Prop. 163.27

We make the following clari�cations and observations:
(a) As in the previous proof, the horizontal sequences are long exact sequences of the pair

(Y,X). Furthermore the vertical maps are the (relative) Hurewicz homomorphisms
and the diagram commutes by Lemma 153.11 (3).

(b) It follows from (2), (3) and the lower end of the upper long exact sequence that
πj(Y,X) = 0 for j = 0, . . . , n+1. In other words, the pair (Y,X) is (n+1)-connected.

(c) It follows immediately from (a) and the Relative Hurewicz Theorem 153.13, together
with the fact that π1(X, x0) = 0, that the left-hand vertical map is an isomorphism.

(d) Since Y is an Eilenberg-Maclane space of type K(πn(X, x0), n) and since n ≥ 2 we
obtain from Lemma 163.27 that Hn+1(Y ) = 0.

It follows from the above that the second vertical map πn+1(X)→ Hn+1(X) is, as promised,
an epimorphism. �

Proof of the general Theorem 163.26. First we consider the case that n ≥ 2. In the
following let X be an (n − 1)-connected space. Let x0 ∈ X. By the CW-Approximation
Theorem 161.8 there exists a CW-complex Y together with a weak homotopy equivalence
f : Y → X. Since f is a weak homotopy equivalence we see that Y itself is (n−1)-connected.
We denote by i : Y n+1 → Y the inclusion of the (n + 1)-skeleton Y n+1 into Y . We pick
y1 ∈ Y n+1 and we write x1 = f(y1). Since X is in particular path-connected we can pick a
path γ from x0 to x1. We consider the following diagram

πn+1(Y n+1, y1)
i∗ //

Φ(Y n+1,y1)
����

πn+1(Y, y1)
f∗

∼=
//

Φ(Y,y1)

��

πn+1(X, x1)
γ∗

∼=
//

Φ(X,x1)

��

πn+1(X, x0)

Φ(X,x0)

��

Hn+1(Y n+1;Z)
i∗ // // Hn+1(Y ;Z)

f∗

∼=
// Hn+1(X;Z)

id // Hn+1(X;Z).

2015For evident space reasons we drop the base points from the discussion.
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We make the following clari�cations and observations:

(1) The vertical maps are the Hurewicz homomorphisms.
(2) The horizontal map to the top right is the isomorphism that is induced by the path

γ∗, see the Change-of-Base Point Proposition 71.5.
(3) The two squares to the left commute by Proposition 84.2.
(4) The square to the right commutes by Lemma 85.1 (2).
(5) We know from the above proof of Theorem 163.26 for (n + 1)-dimensional CW-

complexes, and the fact that Y n+1 is (n− 1)-connected, that the left vertical map is
an epimorphism.

(6) By the Skeleton-Homology Lemma 80.1 (4) we know that the bottom left horizontal
map is an epimorphism.

(7) Since f is a weak homotopy equivalence we know that the top middle horizontal map
is an isomorphism. Furthermore we obtain from the Weak Homotopy-vs-Homology
Isomorphisms Proposition 161.6 that the bottom middle horizontal map is also an
isomorphism.

(8) It follows from all the information assembled above that the right vertical map is an
epimorphism.

The proof for n = 1 is quite similar, with a few minor extra complications. We leave it to
the reader to �ll in the details. �

Theorem 163.26 (2) says that given a pointed 0-connected space (X, x0) there is a curious
interplay between π2(X, x0), H2(X) and the second homology of π1(X, x0). We want to get
a better intuition for what is happening by considering two corollaries to Theorem 163.26
(2).

Corollary 163.28. Let (X, x0) be some pointed 0-connected space. If π1(X, x0) ∼= Z,
then the Hurewicz homomorphism Φ(X,x0) : π2(X, x0)→ H2(X;Z) is an epimorphism.

Proof. In the discussion on page 3453 we saw that H2(π1(X, x0)) ∼= H2(Z) ∼= H2(S1) = 0.
Thus it follows immediately from Theorem 163.26 (2) that the Hurewicz homomorphism
π2(X, x0)→ H2(X;Z) is an epimorphism. �

Remark. The proof of Corollary 163.28 is in many ways beyond reproach, it is clear and
rigorous. The only catch is that it is not very geometric and we do not really get a good
understanding why the statement is true. To rectify this we will sketch an alternative,
quite geometric, proof for Corollary 163.28 in Exercise 163.10.

We move on to the second corollary to Theorem 163.26 (2).

Corollary 163.29. If X is a 0-connected space such that π1(X) ∼= Zm for some m ∈ N≥2,
then for any x0 ∈ X we have

coker
(
Φ(X,x0) : π2(X, x0)→ H2(X;Z)

) ∼= H2(π1(X)) ∼= H2(Zm) ∼= Z

(
m
2

)
.

↑ ↑
Theorem 163.26 (1) by the example on page 3453

In particular we see that H2(X;Z) is non-trivial.



163. EILENBERG-MACLANE SPACES 3459

In the following we want to get a better understanding how this �extra� homology in
H2(X;Z) arises. To simplify the discussion let us consider the case m = 2. Thus let (X, x0)
be a pointed 0-connected space with π1(X, x0) ∼= Z2. We proceed as follows:

(1) We pick two loops α, β : (S1, ∗) → (X, x0) that represent a generating set for the
group π1(X, x0) ∼= Z2.

We consider the loop ϕ = α ∗ β ∗ α ∗ β : (S1, ∗) → (X, x0). Since π1(X, x0) is
abelian we see that the loop ϕ represents the trivial element in π1(X, x0). By the
Extension-to-Disk Lemma 47.1 this means that we can extend the loop to a map
Φ: B

2 → X.
(2) We make the �obvious� identi�cation2016 B

2
= [0, 1]2 which identi�es the �quartercir-

cles� on S1 with the four sides of the square.
(3) Let ∼ be the usual equivalence relation on [0, 1]2 given by (x, 0) ∼ (x, 1) and (y, 0) ∼

(y, 1). The quotient T := [0, 1]2/∼ is the 2-dimensional torus. We equip T with the
base point ∗ that is represented by any of the vertices.

(4) The map Φ: B
2

= [0, 1]2 → X descends to a map Φ: T := [0, 1]2/∼→ X.

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������
������
������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������
������
������

�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������

�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������
�������������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

�����
�����
�����

�����
�����
�����

����
����
����
����

��������
��������
��������
��������
��������

��������
��������
��������
��������
��������

��������
��������
��������
��������
��������

��������
��������
��������
��������
��������

����
����
����

����
����
����

����
����
����

����
����
����

�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����

����

�
�
�
�

����

��
��
��
��

��

���
���
���
���

����

����

����

��

����

����

��

��
��
��
��

����

����

�
�
�
�

��

�
�
�
�

X

[0, 1]2 T =[0, 1]2/∼S1 B
2

α
βx0

S1

∗

α∗β∗α−1∗β−1
Φ

=Ă �

Φ
Φ ∗

This approach feels like we are creating surfaces ex nihilo. But the following lemma shows
that miraculously this approach works.

Lemma 163.30. We continue with the above notation. The map

µ :

=Z·[T ]︷ ︸︸ ︷
H2(T ;Z) → coker(π2(X, x0)→ H2(X;Z))

σ 7→ [ Φ∗(σ)]

is an isomorphism.

Sketch of proof. As in the proof of Theorem 163.26 (2) we can assume that X is a
3-dimensional CW-complex. Furthermore, by the proof of Theorem 163.26 (2) we know
that there exists an inclusion i : X → Y of X into an Eilenberg-Maclane space Y of type
K(Z2, 1) such that the inclusion induced map i∗ : π1(X, x0)→ π1(Y, x0) is an isomorphism.

2016The identi�cation is given by rotation by π
4 followed by �outward� stretching as in the proof of the

Convex-to-Ball Proposition 2.20.
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We consider the following simple minded diagram

X
i

""
T

Φ
<<

i◦Φ
// Y

and we consider
the induced diagram

π1(X, x0)
i∗

''

π1(T, ∗)

Φ∗
77

(i◦Φ)∗

// π1(Y, y0).

We make the following observations:
(1) The map Φ∗ : π1(T, ∗)→ π1(X, x0) is by design an epimorphism. Since both groups

are isomorphic to Z2 we obtain from Lemma 51.9 (5) that Φ∗ is in fact an isomor-
phism.

(2) As we mentioned above, the map i∗ : π1(X, x0)→ π1(Y, x0) is an isomorphism.
(3) By (1) and (2) we know that (i◦Φ)∗ = i∗◦Φ∗ : π1(T, ∗)→ π1(Y, x0) is an isomorphism.

By the discussion on page 3427 and by the above we know that both T and Y are
Eilenberg-Maclane spaces of type K(Z2, 1). Thus we obtain from the Whitehead
Theorem 162.1 that i ◦ Φ: T → Y is in fact a homotopy equivalence.

(4) Since i◦Φ is a homotopy equivalence we obtain from the Homotopy Equivalence-H∗-
Corollary 73.9 that the induced map (i ◦ Φ)∗ = i∗ ◦ Φ∗ : H2(T ;Z) → H2(Y ;Z) is an
isomorphism.

It remains to consider the following diagram

H2(T ;Z)
Φ∗ //

∼=

**

µ
**

H2(X;Z)

����

i∗ // H2(Y ;Z)

coker(π2(X, x0)→ H2(X;Z)).

∼=

44

By the above discussion we know that the composition of the top two horizontal maps is
an isomorphism and by Theorem 163.26, together with Lemma 163.25, we know that the
diagonal map to the right is an isomorphism. It follows that the diagonal map to the left
is also an isomorphism. �

Exercises for Chapter 163.

Exercise 163.1. We consider the real projective plane RP2 = B
2
/∼ where for x ∈ S1 we

have x ∼ −x. Let ϕ : B
2 → RP2 be a smooth embedding. We consider the map

f : RP2 → B
2
/S1 = S2 = CP1

Ă CP∞

P 7→
{

[Q], if P = ϕ(Q) for some Q ∈ B2
,

[S1], otherwise.

Is the map f homotopic to the constant map?

Exercise 163.2. Let X be a connected k-dimensional CW-complex and let k ∈ N.
(a) Does there exist a CW-complex Y with Y k = X and πk(Y ) = 0?
(b) Does there exist a CW-complex Y with Y k = X and Hk(Y ;Z) = 0?
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S2 = CP1
Ă CP∞f

ϕ

Exercise 163.3. Finish the proof of Proposition 163.21.
Hint. Use Lemma 130.5.

Exercise 163.4. Let n ∈ N. In Lemma 163.11 we showed that there exists an Eilenberg-
Maclane space X of type K(Z, n) with precisely one 0-cell, precisely one n-cell and no cell of
dimension n+1. What is the minimal dimension in which the canonical Eilenberg-Maclane
space of type K(Z, n) has more cells than X?

Exercise 163.5. Let n ∈ N. We consider n ·RP2, i.e. we consider the connected sum of n
copies of RP2.
(a) What is the maximal number k ∈ N0 for which we can �nd k disjoint curves F1, . . . , Fk

on n · RP2 such that n · RP2 \ (F1 ∪ · · · ∪ Fk) is connected?
(b) What is the maximal l ∈ N0 for which there exists an epimorphism from π1(n ·RP2)

onto a free group of l generators?
Remark. By the Fundamental Group-of-Surfaces Proposition 54.9 we know that there exists
an isomorphism

π1(n · RP2) ∼= 〈x1, . . . , xn | x2
1 · · · · · x2

n〉.
Remark. This exercise is basically a variation on Question 130.9.

Exercise 163.6. In Lemma 114.9 we proved the following statement:
(∗) Let X be a topological space. For any φ ∈ H1(X;Z) we have φ Y φ = 0.

Our goal is to give an alternative proof of this statement:
(a) Show that (∗) holds for X = S1.
(b) Let X be a CW-complex. Use (a) and the Maps-to-K(π, n)-Proposition 163.15 to

provide a proof of (∗) for CW-complexes.
(c) Use the CW-Approximation Theorem 161.8 and the Weak Homotopy-vs-Homology

Isomorphisms Proposition 161.6 to show, using (b), that (∗) holds for all topological
spaces.

Exercise 163.7. Show that there exists an abelian group π and Moore spaces X and Y
of type K(π, 1) that are not homotopy equivalent.
Hint. You could use the fundamental group to distinguish X and Y .
Remark. In Exercise 163.8 we will deal with Moore spaces of type K(π, n) with n ≥ 2.

Exercise 163.8. Let π be an abelian group and let n ∈ N≥2. In this exercise we will show
that any two Moore spaces of type M(π, n) are in fact homotopy equivalent. First note
that by the Moore Space Existence Proposition 79.11 there exists an (n + 1)-dimensional
CW-complex X that has no cells in dimensions 1, . . . , n − 1 and that is a Moore space of
type M(π, n). It su�ces to show that X is homotopy equivalent to any other Moore space
Y of type M(π, n). This task is broken up into two steps:
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(a) Use Lemma 163.16 to show that there exists a map f : X → Y that induces an
isomorphism f∗ : πn(X)→ πn(Y ).

(b) Use Lemma 85.1, the Weak Homotopy-vs-Homology Isomorphisms Proposition 161.6
and the Whitehead Theorem 162.1 (1) to show that f is a homotopy equivalence.

Remark. Together with Exercise 163.7 this gives a complete answer to Question 79.14.

Exercise 163.9. Let n ∈ N. We set M = (S1)n. Let ϕ : π1(M)→ Zn be an isomorphism.
Show that it is not possible to extend ϕ over a bounding (n+1)-dimensional smooth mani-
fold. More precisely, show that there is no pair (W,ψ : π1(W )→ Zn) whereW is a compact
orientable connected smooth manifold with ∂W = M and where ψ is a homomorphism that
satis�es ϕ = ψ ◦ i∗ where i : M → W denotes the inclusion.
Remark. By the Smooth Manifold-CW Structure Theorem 96.5 we know that any compact
smooth manifold W admits a CW-structure.

Exercise 163.10. Let X be a 1-connected space with π1(X) ∼= Z. By Corollary 163.28 we
know that the Hurewicz homomorphism π2(X) → H2(X;Z) is an epimorphism. The goal
of this exercise is to sketch an alternative geometric proof. Thus let ϕ ∈ H2(X;Z). By the
Realization-by-Surface Proposition 102.3 there exists a surface Σg of some genus g ∈ N0

and a map f : Σg → X such that f∗([Σg]) = ϕ ∈ H2(X;Z). If g = 0, then we are done. So
suppose that g ≥ 1. We proceed with the following steps:
(a) Show that there exists a curve C Ă Σg with [C] 6= 0 ∈ H1(Σg;Z) but such that

f∗([C]) = π1(X).
Remark. You might want to use Corollary 102.17 at some point.

(b) Get inspired by the �gure below.
(c) Complete the proof of the statement.
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X with π1(X) ∼= Z

Σg
f ′

f

surface of smaller genus

ΨγC
here use Ψf ◦ γ extends to a disk

since f∗([γ]) = 0 ∈ π1(X)

Exercise 163.11. Let π be a group, let ϕ : π → π be an endomorphism and let K be
an Eilenberg-Maclane space of type K(π, 1). By the Maps-to-K(π, n)-Proposition 163.15
we know that there exists a map f : (K(π, 1), ∗) → (K(π, 1)) such that f∗ = ϕ. Now
suppose that ϕ is an isomorphism. Can always �nd such a map f which is furthermore a
homeomorphism?

Exercise 163.12. Let Fn := 〈x1, . . . , xn〉 the free group on n generators x1, . . . , xn and
let ϕ : Fn → Fn be an isomorphism. We consider the semidirect product π := Fn o Z as
de�ned on page 1127. Show that there exists a 2-dimensional Eilenberg-Maclane space of
type K(π, 1).

Hint. Note that X :=
n∨
i=1
S1
i is an Eilenberg-Maclane space of type K(Fn, 1). By the Maps-

to-K(π, n)-Proposition 163.15 there exists a map f : (X, ∗) → (X, ∗) with f∗ = ϕ. Now
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consider the mapping torus Tor(X, f). Use the Mapping Torus-π1-Proposition 50.6. It
might also be useful to consider Mapping Torus Covering Lemma 16.29.

Exercise 163.13. LetX be a connected aspherical CW-complex, let U Ă X be a connected
open subset and let x0 ∈ U . We suppose that π1(U, x0) → π1(X, x0) is trivial. Show that
the inclusion ι : U → X is homotopic to a constant map.
Hint. Use the universal covering of X.

Exercise 163.14. Let K Ă S3 be a knot. By the Tubular Neighborhood Theorem ??
there exists a smooth embedding Φ: B

2 ×K → S3 such that Φ(0, P ) = P for all P ∈ K.
As on page 2213 we refer to XK := S3 \ Φ(B2 ×K) as the exterior of K.
(a) Recall that by Lemma 100.16 we know that H1(XK) ∼= Z. Show that there exists a

map f : XK → S1 that induces an isomorphism on H1.
(b) Show that there exists a map f : XK → B

2 × S1 of degree ±1, i.e. a map such that
f∗ : H3(XK , ∂XK)→ H3(B

2 × S1, S1 × S1) is an isomorphism.
Hint. Make use of the Smooth Collar Neighborhood Theorem 28.3.

Exercise 163.15. Let {rk}k∈N be a sequence of natural numbers. We consider the topo-
logical space

X := ((S1 × [0, 1])× Z)/ ∼ where ((z, 1), k) ∼ ((zrk−1 , 0), k − 1) for z ∈ S1 and k ∈ N.
(a) Show, say using the CW-Complex Construction Lemma 68.32, thatX is a 2-dimensional

CW-complex.
(b) Let Π be the direct limit of the direct system of abelian groups {Z}k∈N where for

k ≤ l we consider the homomorphism that is given by multiplication by rk · · · · · rl−1.
Show that X is an Eilenberg-Maclane space of type K(Π, 1).
Hint. What can you say about the subcomplexes where k just runs between 1 and
some n ∈ N?

(c) Suppose that rk = k. Show that X is an Eilenberg-Maclane space of type K(Q, 1).
Remark. This statement follows from (a) and (b) together with Exercise 56.3.

(d) Suppose that rk = 2. Show that X is an Eilenberg-Maclane space of type K(Z[1
2
], 1).

Given a group π we de�ne its geometric dimension

gd(π) := minimal dimension of an Eilenberg-Maclane space of type K(π, 1) ∈ N0∪{∞}.
the Eilenberg-Maclane Construction Proposition 163.3 (1) shows that we always have
gd(A × B) ≤ gd(A) + gd(B). The following exercises shows that equality does not al-
ways hold.

(e) Show that gd(Q) = 2.
(f) Show that gd(Q×Q) ≤ 3.

Hint. Write Q×Q = Q2 as the direct limit of a direct system of endomorphisms of
Z2.
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z 7→ zr1z 7→ zr2z 7→ zr3

k = 3 k = 1k = 2
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164. Invariants obtained through Eilenberg-Maclane spaces

In this chapter we will see how one can use Eilenberg-Maclane spaces to de�ne contravariant
functors from the category of CW-complexes to the category of abelian groups. In this
chapter and in Chapter ?? we will relate these functors to the cohomology functors.
Before we jump into the chapter we remind the reader that given topological spaces X and
Y we denote by Y X the set of all continuous maps from X to Y . Throughout this and the
coming chapters we always equip Y X with the compact-open topology that we introduced
on page 392.

164.1. The homotopy category of topological spaces. In this short section we recall
some de�nitions and results regarding topological spaces and the homotopy category of
topological spaces. This section partly serves as a warm-up for the discussion of pointed
topological spaces in the following sections.
First we recall the following de�nition from page 441.
De�nition. Given two topological spaces X and Y we de�ne

[X, Y ] := {continuous maps X → Y }︸ ︷︷ ︸
=Y X

/∼ where f ∼ g if there exists a homotopy
between f and g.

We also recall the following de�nition from page 441.

De�nition. The homotopy category H is de�ned to be the category where the objects are
topological spaces and where the set of morphisms between two topological spaces X and
Y is given by the set [X, Y ].2017

The following lemma is basically an immediate consequence of the de�nitions.
Lemma 164.1. Let f : X → Y be a map between topological spaces. The corresponding
morphism [f ] ∈ MorH(X, Y ) is invertible in the sense of the de�nition on page 198 if and
only if f is a homotopy equivalence.

Proof. Note that by de�nition [f ] ∈ MorH(X, Y ) is invertible if and only if there exists
[g] ∈ MorH(Y,X) with [f ◦ g] = [idY ] and [g ◦ f ] = [idX ]. Now the statement of the lemma
is indeed clear. �

In the following we show how some constructions of topological spaces interact with the
homotopy category H. First we have following rather dull lemma.
Lemma 164.2. Let X, Y and Z be topological spaces. The map

χ : [X,Y ] × [X,Z] → [X,Y × Z]
([f : X → Y ], [g : X → Z]) 7→ [f × g : X → Y × Z]

is well-de�ned.
Proof. Nothing can possibly go wrong in any attempt to prove this lemma. �

2017The composition of [f : X → Y ] and [g : Y → Z] is evidently de�ned to be [g ◦ f : X → Z], by
Lemma 15.10 this de�nition does not depend on the choice of representatives.
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Lemma 164.3. The maps

X 7→ free loop space Ω(X) := {ϕ ∈ X [0,1] |ϕ(0) = ϕ(1)}

[f : X → Y ] 7→
[

Ω(f) : Ω(X) → Ω(Y )
(ϕ : [0, 1]→ X) 7→ (f ◦ ϕ : [0, 1]→ Y )

]
and

X 7→ suspension Σ(X) := (X × [−1, 1])/∼

[f : X → Y ] 7→
[

Σ(f) : Σ(X) → Σ(Y )
[(x, t)] 7→ [(f(x), t)]

]
both de�ne covariant functors from H to itself.
Proof. There are only two statements one needs to think about: given a map f : X →
Y one needs to show that Ω(f) and Σ(f) are continuous, and given homotopic maps
f, g : X → Y one needs to show that the corresponding maps on the right hand side
are also homotopic. For the free loop spaces the statements follow from the Compact-
Open Functoriality Lemma 12.5 (1) and (3). For suspensions these two statements follow
immediately from the Suspension Functor Lemma 16.9 (1) and (4). �

Just for kicks we also mention the following de�nition, which is reminiscent of the de�nition
that we gave on page 1565. We will make use of this de�nition, with a slight twist, in the
near future.
De�nition. Let X be a topological space. We consider the wedge Σ(X) ∨ Σ(X) that is
given by identifying the �South Pole [X×{−1}]� on the left with the �North Pole [X×{1}]�
on the right. We refer to the map

Σ(X) → Σ(X) ∨ Σ(X)

[(x, t)] 7→
{

[(x, 2t+ 1)] in the �rst term, if t ∈ [−1, 0],
[(x, 2t− 1)] in the second term, if t ∈ [0, 1].

as the pinching map.2018
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suspension Σ(X)

suspension Σ(X)
is the second term

suspension Σ(X)
is the �rst term

pinching map
X

t = −1

t = 1

In some instances the sets [X, Y ] have some extra structure. For example we have the
following elementary but cute lemma.

Lemma 164.4. Let X be a topological space and let G be an (abelian) topological group,
e.g. we could take G = S1. The set [X,G] together with the multiplication map

ν : [X,G]× [X,G] → [X,G]

[f ], [g] 7→
[
X → G
x 7→ f(x) · g(x)

]
is an (abelian) group.

2018It follows easily from the Topological-Quotient Proposition 5.15 (1b) and Pasting Proposition 2.6 (2)
that the pinching map is continuous.
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Remark. Let X be a topological space and let G be a topological group. In Lemma 12.12
we showed, under the extra hypothesis that G is regionally compact, that the set GX with
the obvious multiplication map GX × GX → GX is in fact a topological group. We could
equip [X,G] = GX/∼ with the quotient topology, but the discussion on page 3316 shows
that in general the resulting multiplication map ν : [X,G] × [X,G] → [X,G] is no longer
continuous. Thus in general we cannot view [X,G] as a topological group.

Proof. In fact the only thing one needs to verify is that the map ν is actually well-de�ned.
But this follows easily from the fact that the group multiplication G×G→ G is continuous.
We leave it to the reader to �ll in the details. �

There are several drawbacks to considering topological spaces which are not equipped with
base points.
(1) Without a base point the homotopy groups πn(X) are at best de�ned up to isomor-

phism, but they are not de�ned �on the nose�.
(2) The operation of taking wedges is not well-de�ned.

In the following section we will introduce the analogue of the homotopy category for pointed
topological spaces. This will take care of the above issues, but it will require some adjust-
ments at other places.

164.2. The homotopy category of pointed topological spaces. In the latter part
of this chapter it will be essential that we always work with pointed topological spaces.
To prepare for this discussion we need to rephrase all the concepts and results from the
previous section in the language of pointed topological spaces.
We start out with a few de�nitions. Some of them we have encountered before on page 1542
and in the formulation of the Maps-to-K(π, n)-Proposition 163.15.

De�nition.
(1) A pointed topological space is a pair (X, x0) where X is a topological space and

x0 ∈ X is a point. We refer to x0 as the base point of the pointed topological space.
(2) A map f : (X, x0)→ (Y, y0) between pointed topological spaces is a map f : X → Y

with f(x0) = y0.
(3) We say that two maps f, g : (X, x0) → (Y, y0) between pointed topological spaces

are homotopic if there exists a homotopy F : X × [0, 1] → Y rel {x0} from f to g.
We use this notion of �homotopic� to de�ne the notion of a homotopy equivalence
between pointed topological spaces.

(4) A pointed CW-complex is a pair (X, x0) where X is a CW-complex and x0 is a point
in the 0-skeleton X0 of X.

(5) Given two pointed topological spaces (X, x0) and (Y, y0) we write2019

〈(X, x0), (Y, y0)〉 := {maps (X, x0)→ (Y, y0)}/∼ where f ∼ g if there exists a
homotopy in the above sense
between f and g.

Given a map f : (X, x0)→ (Y, y0) we denote its equivalence class by [f ] as usual.
(6) Let (X, x0) and (Y, y0) be two topological spaces. Let 0 ∈ 〈(X, x0), (Y, y0)〉 be the

element that is represented by constant map X → Y given by x 7→ y0.2020 We refer
to 0 as the trivial element.
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The following lemma is the analogue of Lemma 15.10.

Lemma 164.5. Let (X, x0), (Y, y0) and (Z, z0) be pointed topological spaces. The map

〈(X, x0), (Y, y0)〉 × 〈(Y, y0), (Z, z0)〉 → 〈(X, x0), (Z, z0)〉
([f ], [g]) 7→ [g ◦ f ]

is well-de�ned.
Proof. The proof of this lemma is almost identical to the proof of Lemma 15.10 and it is
left to the insomniac reader. �

Lemma 164.5 shows that the following de�nition makes sense.

De�nition. The pointed homotopy category PHomTop is the category where the objects are
pointed topological spaces and where the set of morphisms between two pointed topological
spaces (X, x0) and (Y, y0) is given by the set 〈(X, x0), (Y, y0)〉.
The following lemma is the analogue of Lemma 164.1.

Lemma 164.6. Let (X, x0) and (Y, y0) be pointed topological spaces.
(1) Let f : (X, x0)→ (Y, y0) be a map. The corresponding morphism2021

[f ] ∈ MorPHomTop((X, x0), (Y, y0)) = 〈(X, x0), (Y, y0)〉
is invertible if and only if f is a homotopy equivalence.

(2) In the category PHomTop we have2022

〈(X, x0), (Y, y0)〉inv = all elements of 〈(X, x0), (Y, y0)〉 that are represented
by a homotopy equivalence.

Proof. The �rst statement is, as in the case of Lemma 164.1, an immediate consequence
of the de�nitions. The second statement is a reformulation of the �rst statement. �

In the following we discuss the operations of taking products, wedges, loop spaces and sus-
pensions in the context of the pointed homotopy category. We start out with the following
convention.
Convention. Given pointed topological spaces (X, x0) and (Y, y0) we equip the product
X × Y with the point (x0, y0).
For completeness we mention the following uninspiring analogue to Lemma 164.2.

Lemma 164.7. Let (X, x0), (Y, y0) and (Z, z0) be pointed topological spaces. The map

χ : 〈(X, x0), (Y, y0)〉 × 〈(X, x0), (Z, z0)〉 → 〈(X, x0), (Y × Z, (y0, z0))〉
([f : X → Y ], [g : X → Z]) 7→ [f × g : X → Y × Z]

is well-de�ned and it is natural.
Proof. Conveniently enough the proof is identical to the proof of Lemma 164.2. �

As discussed on page 1132, one advantage of working with pointed topological spaces is
that we have an unambiguous wedge operation.

2019The notation 〈X,Y 〉 goes back to [Hat2002, p. 357], where it says �the notation 〈. . . 〉 is intended to
suggest pointed homotopy classes�.
2020At the moment this notation might sound a little risqué. But it will turn out to be a useful notation.
2021We refer to page 198 for the de�nition of an invertible morphism.
2022On page 198 we de�ned MorC(X,Y )inv to be the set of all invertible morphisms.
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De�nition. Given a family {(Xi, xi)}i∈I of pointed topological spaces we de�ne the wedge∨
i∈I

(Xi, xi) :=
( ⋃
i∈I
Xi

)
/∼ where xi ∼ xj for any i, j ∈ I.

We equip this wedge with the base point given by the wedge point.

Lemma 164.8. Let (X, x0), (Y, y0) and (Z, z0) be pointed topological spaces. The map

ν : 〈(X, x0), (Z, z0)〉 × 〈(Y, y0), (Z, z0)〉 → 〈(X, x0) ∨ (Y, y0), (Z, z0)〉
([f : X → Z], [g : Y → Z]) 7→ [f ∨ g]

is well-de�ned.
Proof. The statement of the lemma is, in contrast to Lemma 164.5 and 164.7, non-trivial.
It is a reformulation of Lemma 50.12 which traces its ancestry to the formidable Whitehead
Quotient Theorem 13.4. �

Now we would like to generalize the free loop space Ω(X) and the suspension Σ(X) to
pointed topological spaces. It is pretty clear what we do about loop spaces:

De�nition. Given a pointed topological space (X, x0) we consider the

loop space Ω(X, x0) := {f ∈ X [0,1] | f(0) = f(1) = x0}
and we equip the loop space Ω(X, x0) with the base point cx0 which is just the constant
path [0, 1] → X, t 7→ x0. Often we will suppress the base point from the notation, but
throughout the subsequent chapters we will always view Ω(X, x0) as a pointed topological
space.
For completeness we write down explicitly the following fairly obvious lemma which is the
analogue of the �rst statement of Lemma 164.3.
Lemma 164.9. The maps

(X, x0) 7→ (Ω(X, x0), cx0)

[f : (X, x0)→ (Y, y0)] 7→
[

Ω(X, x0) → Ω(Y, y0)
(γ : [0, 1]→ X) 7→ (f ◦ γ : [0, 1]→ Y )

]
de�ne a covariant functor from the category PHomTop to itself.

Proof. The lemma follows easily basically from the Compact-Open Functoriality Lemma 12.5
(1) and (3), one just needs to make a few minute modi�cations to factor in the base points.
We leave this elementary task to the inexhaustible reader. �

The loop spaces Ω(X, x0) have one big advantage over the free loop spaces Ω(X). Given two
loops in (X, x0) we can form the product, as de�ned on page 1052. As we had already hinted
at in Lemma 156.22, this multiplication turns Ω(X, x0) into a group �up to homotopy�.
More precisely we have the following de�nition and lemma which hark back to the happy
days when our biggest worry was to de�ne the fundamental group of a pointed topological
space.
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De�nition. Let (X, x0) be a pointed topological space. We consider the map

µ : Ω(X, x0)× Ω(X, x0) → Ω(X, x0)

(f, g) 7→ f ∗ g =

 [0, 1] → X

t 7→
{
f(2t), if t ∈ [0, 1

2
],

g(2t− 1), if t ∈ (1
2
, 1]

 .

For entertainment the de�nition of this map is illustrated in the �gure below.
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f ∗ g =: µ(f, g)

f

The following lemma summarizes many important properties of µ.

Lemma 164.10. Let (X, x0) be a pointed topological space. The multiplication map

µ : Ω(X, x0)× Ω(X, x0) → Ω(X, x0)

has the following properties.
(1) The map µ : Ω(X, x0) × Ω(X, x0) → Ω(X, x0) is continuous2023, it is base-point

preserving and it is natural in (X, x0).2024

(2) The two maps

λ : Ω(X, x0) → Ω(X, x0)
f 7→ µ(cx0 , f)

and
ρ : Ω(X, x0) → Ω(X, x0)

f 7→ µ(f, cx0)

between pointed topological spaces are both homotopic to the identity.
(3) The map η : Ω(X, x0) → Ω(X, x0)

f 7→ f :=

(
[0, 1] → X

t 7→ f(1− t)

)
is a homeomorphism and base point preserving.

(4) The map Ω(X, x0) → Ω(X, x0)
f 7→ µ(f, f)

between pointed topological spaces is homotopic to the constant map f 7→ cx0 .
(5) The two maps

Ω(X, x0)× Ω(X, x0)× Ω(X, x0) → Ω(X, x0)
(f, g, h) 7→ µ(µ(f, g), h)

and (f, g, h) 7→ µ(f, µ(g, h))

between pointed topological spaces are homotopic.

2023Recall that Ω(X,x0) is equipped with the compact-open topology and Ω(X,x0) × Ω(X,x0) is corre-
spondingly equipped with the product topology. Furthermore we view Ω(X,x0) and Ω(X,x0)× Ω(X,x0)
as pointed topological spaces.
2024Here �natural� means that if f : (X,x0) → (Y, y0) is a map between pointed topological spaces, then
the following diagram commutes:

Ω(X,x0)× Ω(X,x0)
µ

//

f∗×f∗
��

Ω(X,x0)

f∗
��

Ω(Y, y0)× Ω(Y, y0)
µ

// Ω(Y, y0).
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Remark.
(1) In many ways Lemma 164.10 is quite similar to the Path-Homotopy Concatenation

Proposition 47.5. In fact it is not di�cult to formulate and prove a result which com-
bines both. As it is, the two results are stated at the appropriate level of generality
for what they are aimed for.

(2) Let (X, x0) be a pointed topological space. In Lemma 164.10 (2) we just showed
that the multiplication map Ω(X, x0) × Ω(X, x0) → Ω(X, x0) is continuous. The
fundamental group π1(X, x0) := Ω(X, x0)/∼ is a quotient of Ω(X, x0), hence it can
be equipped with the quotient topology. It turns out, see the discussion on page 3316,
that the induced multiplication map π1(X, x0)× π1(X, x0)→ π1(X, x0) is in general
not continuous.

Proof. Let (X, x0) be a pointed topological space.
(1) The statement that µ is continuous is precisely the content of Lemma 156.22 (1). The

statements that µ is base-point preserving and natural follows basically immediately
from the de�nitions.

(2) This statement is a reformulation of Lemma 156.22 (2).
(3) Evidently the map η : Ω(X, x0) → Ω(X, x0) is base point preserving. It follows

immediately from the Compact-Open Functoriality Lemma 12.5 (5), applied to the
homeomorphism [0, 1]→ [0, 1] that is given by t 7→ 1−t, that the map η : Ω(X, x0)→
Ω(X, x0) is continuous. Since η ◦ η = id we see that η is in fact a homeomorphism.

(4) We consider the map

H : Ω(X, x0)× [0, 1] → Ω(X, x0)

(f, t) 7→

 [0, 1] → X

s 7→
{

f(2s · t), if s ∈ [0, 1
2
],

f(2t− 2s · t), if s ∈
(

1
2
, 1
]
 .

Again, using the argument in the proof of Lemma 156.22 (1) we see that H is con-
tinuous. It is now clear that H is a homotopy between the constant map f 7→ cx0

and the map f 7→ µ(f, f). We refer to the �gure below for an illustration.
(5) To simplify the notation we write Ω(X) instead of Ω(X, x0). We consider the map

H : (Ω(X)×Ω(X)×Ω(X))×[0, 1] → Ω(X)

((f, g, h), t) 7→


[0, 1] → X

s 7→


f( 4s

t+1
), if s ∈ [0, t+1

4
),

g(4s− t− 1), if s ∈ [ t+1
4
, t+2

4
),

h
(

4s−2−t
2−t

)
, if s ∈ [ t+2

4
, 1]

.
The same argument as in the proof of Lemma 156.22 (1) shows that the map H is
continuous. One can now easily verify that the map H de�nes a homotopy between
(f, g, h) 7→ µ(µ(f, g), h) and (f, g, h) 7→ µ(f, µ(g, h)). We refer to the �gure below
for an illustration. �

The loop space construction is so much fun that one might as well apply it several times.
This leads us to the following notation:
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Notation. Let (X, x0) be a pointed topological space. We de�ne

Ωk(X, x0) := Ω · · ·Ω( Ω(X, x0)︸ ︷︷ ︸
pointed topological space

) where we apply the Ω-functor k times.
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X

cx0

points in Ω(X, x0)

f t = 1

f

g t = 0

cx0 cx0

loop in (Ω(X, x0), cx0)

g
x0

In the �gure above we do our best at illustrating a loop in the pointed topological space
(Ω(X, x0), cx0). What should become apparent is that such a loop is basically the same as
a map ([0, 1]2, ∂[0, 1]2)→ (X, x0). The following proposition makes this idea precise.

Proposition 164.11. (Iterated Loop Space Proposition) Let (X, x0) be a pointed
topological space and let k ∈ N. The map

subset of the topological space X[0,1]k︷ ︸︸ ︷
{F ∈ X [0,1]k |F (∂[0, 1]k) = {x0}} → Ωk(X, x0)

F 7→ (tk 7→ (tk−1 7→ . . . (t1 7→ F (t1, . . . , tk)︸ ︷︷ ︸
∈Ω(X,x0)

) . . . ))

is a homeomorphism.

Proof. To simplify the notation we only discuss the case k = 2. The general case is treated
the same way. We write I = J = [0, 1]. We start out with the following subtle observation:

(∗) The inclusion Ω(X, x0) → XI induces a map Ω(X, x0)J → (XI)J . By the Compact-
Open Functoriality Lemma 12.5 (2) this map is an embedding. This means that it is
legitimate to view the topological space Ω(Ω(X, x0), cx0) as a subspace of (XI)J .

This preamble implies that it su�ces to show that the map

Φ: {F ∈ XI×J |F (∂(I × J)) = {x0}} → Ω(Ω(X, x0), cx0) Ă (XI)J

F 7→

 J → Ω(X, x0) Ă XI

t 7→
(
I → X
s 7→ F (s, t)

) 
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is a homeomorphism. First note that the map Φ is, basically by de�nition, a bijection.
Next note that Φ is a restriction of the map

Ψ: XI×J → (XI)J

(F : I × J → X) 7→
(
J → XI

t 7→ (s 7→ F (s, t))

)
.

But it follows from the intricate Exponential Proposition 12.7, and the fact that I = J =
[0, 1] are regionally compact and Hausdor�, that the map Ψ is a homeomorphism. Thus
we have shown that our original map Φ is also a homeomorphism. �

Now let us turn towards the suspension operation. Given a pointed topological space (X, x0)
ideally we would like to equip the suspension Σ(X) with a base point in a �systematic� way.
The obvious idea is to �x some t ∈ [−1, 1] once and for all and to equip every suspension
Σ(X) with the base point represented by [(x0, t)]. As we will see later on, we really really
want the pinching map to be a map of pointed topological spaces. But if one thinks about
it, and if one keeps an eye on the �gure below, one see that for every single choice of �xed t
the pinching map (and note that for the wedge operation we also have to use our speci�ed
base points) will fail to be base point preserving.
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suspension Σ(X)

suspension Σ(X)X
pinching map

x0

Σ(X)

image of {x0}×[−1, 1]

There is a rather �brutal� solution to the dilemma: We solve the conundrum of which
[(x0, t)] to choose by declaring all these points to be the same. More precisely, we consider
the following modi�ed version of the suspension.

De�nition. Given a pointed topological space (X, x0) we de�ned the reduced suspension
of (X, x0) to be the topological space2025

S(X, x0) := Σ(X)/[{x0} × [−1, 1]] = (X × [−1, 1])/(X × {−1, 1} ∪ {x0} × [−1, 1]).
↑

strictly speaking we are using the Twice Quotient Lemma 5.23 (1)

We always equip S(X, x0) with the base point sx0 := [{x0} × [−1, 1]]. We refer to the
�gure below for an illustration.
The following lemma summarizes the key properties of the reduced suspension. The lemma
can partly be viewed as the �pointed� version of the second part of Lemma 164.3.
Lemma 164.12.
(1) The maps2026

(X, x0) 7→ (S(X, x0), sx0)

(f : (X, x0)→ (Y, y0)) 7→
(
S(f) : S(X, x0) → S(Y, y0)

[(x, t)] 7→ [(f(x), t)]

)

2025Note that given a topological space X we denote the usual suspension by Σ(X) and given a pointed
topological space we denote its reduced suspension by S(X,x0). Rather confusingly this notation is the
opposite of the notation used in [Hat2002].
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the set {x0} × [−1, 1] gets
squashed to a single point

suspension Σ(X)
X × [−1, 1]

reduced
suspension S(X, x0)

X

x0

de�ne a covariant functor from the category PHomTop to itself.
(2) The natural projection Σ(X)→ S(X, x0) de�nes a natural transformation between

the functors (X, x0) 7→ Σ(X) and (X, x0) 7→ S(X, x0). In other words, in plain
English, given a map f : (X, x0) → (Y, y0) between pointed topological spaces the
following diagram commutes:

Σ(X)

����

Σ(f)
// Σ(Y )

����

S(X, x0)
S(f)

// S(Y, y0).

(3) Given any pointed topological space (X, x0) the pinching map

ω : S(X, x0) → S(X, x0) ∨ S(X, x0)

[(x, t)] 7→
{

[(x, 2t+ 1)] in the �rst term, if t ∈ [−1, 0],
[(x, 2t− 1)] in the second term, if t ∈ [0, 1].

is continuous and base point preserving.
(4) If (X, x0) is a pointed CW-complex, then the following two statements hold:

(a) The reduced suspension S(X, x0) has a natural CW-structure such that the
natural projection Σ(X) → S(X, x0) is a cellular map and such that {sx0} is a
0-cell. In particular (S(X, x0), sx0) is a pointed CW-complex.

(b) Given any t ∈ [−1, 1] the projection Σ(X)→ S(X, x0) is a homotopy equivalence
of the pointed topological spaces (Σ(X), [(x0, t)])→ (S(X, x0), sx0).

Convention. Given a pointed CW-complex (X, x0) we always equip the reduced suspen-
sion S(X, x0) with the CW-structure coming from Lemma 164.12 (4a).

Proof.

(1) The �rst statement is proved basically the same way as we proved the Suspension
Functor Lemma 16.9. Note that the proof of the statement that if f, g : (X, x0) →
(Y, y0) are homotopic implies that S(f), S(g) are homotopic is somewhat delicate,
see the proof of the Suspension Functor Lemma 16.9 (4).

(2) This statement follows almost immediately from the de�nitions.
(3) This statement follows easily from the Topological-Quotient Proposition 5.15 (1b).

2026It follows from the Topological-Quotient Proposition 5.15 (1b) that the map S(f) is actually continuous.
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(4) The last statement is slightly more subtle. We proceed as follows:
(a) By Proposition 68.23 (3b) we can equip X × [−1, 1] with the product CW-

structure.
(b) As the CW-Complex Cone Corollary 68.35 we equip the suspension Σ(X) =

(X × [−1, 1])/∼ with the quotient CW-structure.
(c) This CW-structure has the property that the image of {x0} × [−1, 1] in Σ(X) is

a subcomplex which we now denote by A.
(d) It follows from the CW-Complex Construction Lemma 68.32 that the quotient

Σ(X)/A = S(X, x0) admits a natural CW-structure which has the convenient
property that the projection Σ(X) → Σ(X)/A = S(X, x0) is cellular and which
has the property that sx0 is a 0-cell.

By the Subcomplex Co�bration Theorem 17.9 we know that the inclusion map
i : A → X is a co�bration. Since [(x0, t)] is a deformation retract of A we ob-
tain from the Co�bration-Quotient Lemma 17.7 (3) that the natural projection
Σ(X) → S(X, x0) is a homotopy equivalence of the pointed topological spaces
(Σ(X), [(x0, t)])→ (S(X, x0), sx0). �

The following innocuous looking proposition is one of the main building stones for the
subsequent discussion.

Proposition 164.13. Let (X, x0) and (Y, y0) be pointed topological spaces. The map

Υ: 〈(S(X, x0), sx0), (Y, y0)〉 → 〈(X, x0), (Ω(Y, y0), cy0)〉[
f : S(X, x0) → Y

[(x, t)] 7→ f([(x, t)])

]
7→

 X → Ω(Y, y0)

x 7→
(

[0, 1] → Y
t 7→ f([(x, 2t− 1)])

) 
is a bijection. Furthermore this bijection is natural in (X, x0) and (Y, y0).2027
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f

S(X, x0) Y X

sx0 x0
y0 cy0

Ω(Y, y0)

Remark. Recall that we denote by PHomTop the pointed homotopy category that we in-
troduced on page 3468. In the language of the de�nition on page 3292 the proposition says

2027Put somewhat more precisely: if we are given a pointed topological space (Y, y0), then the two maps
(X,x0) 7→ 〈(S(X,x0), sx0

), (Y, y0)〉 and (X,x0) 7→ 〈(X,x0), (Ω(Y, y0), cy0)〉 de�ne contravariant functors
from the category of pointed topological spaces to the category of sets. The map Υ de�nes a natural
isomorphism between these two functors. The analogous statement holds with the roles of (X,x0) and
(Y, y0) reversed.
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that the functors

F : PHomTop → PHomTop G : PHomTop → PHomTop
which are de�ned by

(X, x0) 7→ S(X, x0)
and

(X, x0) 7→ Ω(X, x0)

[f ] 7→ [S(f)] [f ] 7→ [Ω(f)]

are adjoint.

Proof. Let (X, x0) and (Y, y0) be pointed topological spaces. First we consider the map

=Y X×[−1,1]︷ ︸︸ ︷
{set of maps X × [−1, 1]→ Y } →

=(Y [0,1])X︷ ︸︸ ︷
{set of maps X → Y [0,1]}(

f : X × [−1, 1] → Y
(x, t) 7→ f(x, t)

)
7→

 X → Y [0,1]

x 7→
(

[0, 1] → Y
t 7→ f(x, 2t− 1)

)  .

It follows from the Compact-Open Exponential Proposition 12.6 and the fact that [0, 1] ∼=
[−1, 1] is regionally compact that this map is well-de�ned2028 and that it is a bijection.
Using Lemma 5.18 it is not hard to see that the given map induces a bijection

{set of maps (S(X, x0), sx0)→ (Y, y0)} → {set of maps (X, x0)→ (Ω(Y, y0), cy0)}.

Basically the same approach also deals with homotopies. More precisely, it follows
from the Compact-Open Exponential Proposition 12.6 and the fact that [0, 1] ∼= [−1, 1] is
regionally compact that the �obvious� map

Y [−1,1]×(X×[0,1]) →
(
Y [0,1]

)X×[0,1]

is a bijection. Using the Homotopy Quotient Theorem 14.7 one can now show that this
bijection induces a bijection between homotopies of maps (S(X, x0), sx0) → (Y, y0) and
homotopies of maps (X, x0)→ (Ω(Y, y0), cy0). In summary this shows that the map

Υ: 〈(S(X, x0), sx0), (Y, y0)〉 → 〈(X, x0), (Ω(Y, y0), cy0)〉

is indeed a bijection. We leave it to the reader to �ll in the details.
Finally we point out that it follows immediately from the de�nitions that Υ is natural

in (X, x0) and (Y, y0). �

164.3. Eilenberg-Maclane spaces give rise to invariants of topological spaces.
Ideally we prefer to work, for as long as possible, with CW-complexes. Alas not all inter-
esting constructions of new topological spaces necessarily turn CW-complexes into CW-
complexes. For example, if (X, x0) is a pointed CW-complex it is not clear whether the
loop space Ω(X, x0) is again a CW-complex.2029

This leads us to the following de�nition.

2028Here �well-de�ned� means that the map X → Y [0,1] that we associate to f : X × [−1, 1]→ Y is indeed
continuous.
2029I could not �nd an example where Ω(X,x0) does not admit a CW-structure and I could not �nd a
theorem that says that Ω(X,x0) always admits a CW-structure.
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Notation. We denote by W the class of all pointed topological spaces (X, x0) such that
there exists a pointed CW-complex (Y, y0) which is homotopy equivalent to (Y, y0).
The following theorem was �rst proved by Milnor in 1958.

Theorem 164.14. If (X, x0) ∈ W , then for any k ∈ N the iterated loop space Ωk(X, x0)
also lies in W .

Proof. If (X, x0) is a pointed CW-complex, then [Miln1959a, Corollary 3] implies that the
pointed topological space (Ω(X, x0), cx0) lies inW . (Alternatively we refer to [FrPi1990a,
Corollary 5.3.7] for a proof of a very similar statement.) More generally, if (X, x0) ∈ W ,
then it follows from the Compact-Open Functoriality Lemma 12.5 (5) and the above that
(Ω(X, x0), cx0) again lies in W . Iterating this argument we also obtain the statement for
every k ≥ 2. �

This leads us to the following de�nition:

De�nition. Let n ∈ N and let G be an (abelian) group2030.
(1) A weak pointed Eilenberg-Maclane space of type K(G, n) is a pair (X, x0) ∈ W such

that for any i 6= n we have πi(X, x0) = 0 and such that πn(X, x0) ∼= G.
(2) A polarized Eilenberg-Maclane space2037 of type K(G, n) is a triple (X, x0, α) where

(X, x0) is a weak pointed Eilenberg-Maclane space of type K(G, n) and α is an
isomorphism πn(X, x0)

∼=−→ G.

Examples.

(1) We equip S1 with the base point ∗ = (1, 0). Let ϕ : π1(S1, ∗)
∼=−→ Z be the standard

isomorphism from page 1573. We see that (S1, ∗, ϕ) is a polarized Eilenberg-Maclane
space of type K(Z, 1).

(2) We equip CP∞ with the base point ∗ = [1 : 0 : 0 . . . ]. Let ψ : π2(CP∞, ∗)
∼=−→ Z be the

usual isomorphism from Theorem 155.12 (2). We see that (CP∞, ∗, ψ) is a polarized
Eilenberg-Maclane space of type K(Z, 2).

Now we turn to more general constructions of polarized Eilenberg-Maclane spaces.

Examples. Let n ∈ N and let G be an (abelian) group.

(1) We denote by K(G, n) the canonical Eilenberg-Maclane space of type K(G, n) that
was introduced in the Eilenberg-Maclane Existence Theorem 163.8. We denote its
canonical base point by ∗. Furthermore we recall that the canonical Eilenberg-
Maclane space K(G, n) comes with a canonical isomorphism ϕG : πn(K(G, n), ∗) ϕ−→ G.

2036As explained in Footnote 2009, whenever we deal with Eilenberg-Maclane spaces of type K(π, n) with
n ≥ 2 it is understood that π is abelian.
2037Our language now allows for the slightly awkward possibility that a polarized Eilenberg-Maclane space
is not an Eilenberg-Maclane space since the underlying topological space might not be a CW-complex. We
are con�dent though that this will not become an issue.
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(2) Let (X, x0) be a pointed topological space. By the Loop Space-Homotopy Groups
Corollary 154.15 we know that for any k ∈ N the map

∂k+1 : πk+1(X, x0) → πk(Ω(X, x0), cx0)[
[0, 1]k+1 f−→ X

]
7→

 [0, 1]k → Ω(X, x0)

x 7→
(

[0, 1] → X
t 7→ f(x, t)

) 
is a natural isomorphism. This observation, together with Theorem 164.14, shows
that if (X, x0, α) is a polarized Eilenberg-Maclane space of type K(G, n + 1), then
(Ω(X, x0), cx0 , α ◦ ∂−1

n+1) is a polarized Eilenberg-Maclane space of type K(G, n).
The discussion above shows that given any k ∈ N0 we can and will view Ωk(K(G, n + k))
as a polarized Eilenberg-Maclane of type K(G, n).

The following lemma shows that in the based homotopy category all polarized Eilenberg-
Maclane spaces of a given type are essentially the same.

Lemma 164.15. Let (K, k0, ϕ) and (L, l0, ψ) be two polarized Eilenberg-Maclane spaces
of the same type. There exists a unique class2038 Ξ = Ξ(K,k0),(L,l0) ∈ 〈(K, k0), (L, l0)〉inv

such that the induced map Ξ∗ : πn(K, k0)→ πn(L, l0) agrees with ψ−1 ◦ ϕ. When there is
no danger of confusion we just write Ξ = Ξ(K,k0),(L,l0).

Proof. Let n ∈ N, let G be an (abelian) group and let (K, k0, ϕ) and (L, l0, ψ) be two
polarized Eilenberg-Maclane spaces of type K(G, n). Since (K, k0) and (L, l0) lie in W we
know that there exist pointed CW-complexes (X, x0) and (Y, y0) together with homotopy
equivalences κ : (X, x0) → (K, k0) and λ : (Y, y0) → (L, l0) of pointed topological spaces.
We consider the following diagram

〈(K, k0), (L, l0)〉inv

κ∗
��

[f ]7→f∗
// Hom(πn(K, k0), πn(L, l0))

κ∗
��

〈(X, x0), (L, l0)〉inv

λ∗
��

[f ]7→f∗
// Hom(πn(X, x0), πn(L, l0))

λ∗
��

〈(X, x0), (Y, y0)〉inv

[f ]7→f∗
// Hom(πn(X, x0), πn(Y, y0)).

It follows almost immediately from the de�nitions that this diagram commutes. We obtain
from Lemmas 164.6 and 3.4 that the vertical maps to the left are bijections. Furthermore
we obtain from the Homotopy-πn-Proposition 71.7 that the vertical maps to the right
are bijections. It follows from the Eilenberg-Maclane Uniqueness Theorem 163.12 and
the Maps-to-K(π, n)-Proposition 163.15 that any isomorphism in Hom(πn(X, x0), πn(Y, y0))
is realized by a unique element in 〈(X, x0), (Y, y0)〉inv. By the diagram this information
propagates to the top. �

Notation. Let n ∈ N, let G be an abelian group and let k ∈ N0. From the discussion on
page 3478 and Lemma 164.15 we obtain a canonical element Ξ ∈ 〈K(G, n),Ωk K(G, n +

2038To lessen the burden on the reader's eyes we do not include ϕ and ψ in the notation.
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k)〉inv. By Lemma 3.4 we know that the map

Ξ∗ : 〈(X, x0),

viewed as a pointed
topological space︷ ︸︸ ︷

K(G, n) 〉 → 〈(X, x0),

viewed as a pointed
topological space︷ ︸︸ ︷

Ωk K(G, n+ k) 〉
[g] 7→ Ξ ◦ [g]

is a bijection. Sometimes we use the bijection Ξ∗ to identify the left-hand side with the
right-hand side. We make the analogous identi�cation if (X, x0) is the target instead of
the domain.
We formulate the next example as a lemma. Since we will not directly make use of it we
take a few liberties in its formulation.
Lemma 164.16. We equip S1 with the base point ∗ = (1, 0) and we equip CP∞ with the
base point [1 : 0 : 0 . . . ]. As on page 3477 we consider the polarized Eilenberg-Maclane
spaces (S1, ∗, ϕ) of type K(Z, 1) and we consider the polarized Eilenberg-Maclane space
(CP∞, ∗, ψ) of type K(Z, 2). We have the following homeomorphisms and inclusions maps

[0, 1]2/∂[0, 1]2
∼=−→ B

2
/S1

∼=−→ S2
∼=−→ CP1 ↪→ CP∞.

↑ ↑ ↑ ↑
page 158 Lemma 5.20 page 258 page 1481

We use these maps to view [0, 1]2/∂([0, 1]2) as a subset of CP∞.2039 The map

Ξ: S1 → Ω(CP∞, ∗)

exp( is) 7→
(

[0, 1] → [0, 1]2/∂([0, 1]2) Ă CP∞
t 7→ [(s, t)]

)
represents the class Ξ ∈ 〈(S1, ∗),Ω(CP∞, ∗)〉 given by Lemma 164.15.
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Ω(S2, ∗)

Ω(CP∞, ∗)

Proof. Let i : [0, 1]2/∂([0, 1]2)→ CP∞ be the above inclusion map. It follows immediately
from the de�nition of Ξ: S1 → Ω(CP∞, ∗) that the map Ξ factors through a map η : S1 →
Ω([0, 1]2/∂([0, 1]2), ∗). We consider the following diagram:

π2([0, 1]2/∂([0, 1]2), ∗) ∂2

∼=
//

i∗

��

π1(Ω([0, 1]2/∂([0, 1]2), ∗))
Ω(i)∗

��
π1(S1, ∗)

η∗ll

Ξ∗
rr

π2(CP∞, ∗) ∂2

∼=
// π1(Ω(CP∞, ∗)).

We make the following observations:
(1) The horizontal maps are de�ned in the Loop Space-Homotopy Groups Corollary 154.15.

Furthermore note that the Loop Space-Homotopy Groups Corollary 154.15 tells us
that the horizontal maps are isomorphisms and that the square commutes.

2039Note that by the de�nition of the above maps the point ∂([0, 1]2) corresponds to the point ∗ =
[1: 0: 0: . . . ] ∈ CP∞.
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(2) The triangle commutes since Ξ = Ω(i) ◦ η.
(3) The left-hand vertical map is an isomorphism by Corollary 85.6.
(4) By Corollary 85.6 we know that π2([0, 1]2/∂([0, 1]2), ∗) = Z · id[0,1]2 and by Proposi-

tion 48.17 (1) we know that π1(S1, ∗) = Z · id[0,1].
(5) It follows easily from the de�nition of ∂2, see the Loop Space-Homotopy Groups

Corollary 154.15, that ∂2 and η∗ send their respective generators to the same element
in π1(Ω([0, 1]2/∂([0, 1]2), ∗)). Since all groups are isomorphic to Z and since ∂2 is an
isomorphism we see that η∗ is an isomorphism.

(6) We obtain from the above data that Ξ∗ is an isomorphism. It is now basically clear
that Ξ represents the desired element in 〈(S1, ∗),Ω(CP∞, ∗)〉. �

So far it seems like we have been rambling. But the following amazing de�nition puts us
�nally on an interesting track.

De�nition. Let n ∈ N and let G be an abelian group. Furthermore let X = (X, x0)
be a pointed topological space. To simplify the notation we suppress the base point x0

throughout the subsequent discussion.2040 We refer to the following map as the multipli-
cation map on 〈X,K(G, n)〉:

since G is abelian the Eilenberg-Maclane space Ω K(G,n+ 1) exists for every n
thus we can use the identi�cation Ξ∗ from page 3479

↓〈
X,K(G, n)

〉
×
〈
X,K(G, n)

〉
=

〈
X,Ω K(G, n+ 1)

〉
×
〈
X,Ω K(G, n+ 1)

〉ymap χ from Lemma 164.7〈
X,Ω K(G, n+ 1)× Ω K(G, n+ 1)

〉yµ∗ de�ned on page 3470〈
X,Ω K(G, n+ 1)

〉
=
〈
X,K(G, n)

〉
.

↑
again using the identi�cation Ξ∗ from page 3479

Remark.
(1) It is worth stressing what we just we did. In the de�nition of the multiplication on
〈(X, x0),K(G, n)〉 we used two essential facts:
(a) We could replace K(G, n) by the loop space Ω(K(G, n+ 1)).
(b) The loop space Ω(K(G, n+ 1)) comes with a multiplication.
Later on we will use these two ideas in a more general context.

(2) It is perhaps worth pointing out that in general topological spaces are not even
homotopy equivalent to loop spaces. For example we know by Lemma 156.22 together
with Theorem 156.21, the discussion on page 3337 and Exercise 156.8 that Sn with
n 6= 1, 3, 7 and CPn with n ∈ N are not homotopy equivalent to loop spaces.

The following proposition says that the above de�nition is actually meaningful.

Proposition 164.17. Let n ∈ N, let G be an abelian group and let (X, x0) be a pointed
topological space. The above multiplication turns the set 〈(X, x0),K(G, n)〉 into a group.

2040It is though essential that all maps we consider are in fact base point preserving. In particular, recall
that K(G,n) and Ω(K(G,n)) are pointed topological spaces.
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Furthermore the neutral element of the group 〈(X, x0),K(G, n)〉 is given, not surprisingly,
by 0.2041

Proof. Let n ∈ N, let G be an abelian group and let (X, x0) be a pointed topological space.
Recall that we have the identi�cation

Ξ∗ : 〈(X, x0),K(G, n)〉 = 〈(X, x0),Ω K(G, n+ 1)〉
from page 3479. Note that Ξ∗(0) = 0. Thus the proposition follows from the next lemma.

�

Lemma 164.18. Let (K, k0) be a pointed topological space. The map

〈(X, x0),Ω(K, k0)〉 × 〈(X, x0),Ω(K, k0)〉
map χ from Lemma 164.7
��

〈(X, x0),Ω(K, k0)× Ω(K, k0)〉
µ∗
��

〈(X, x0),Ω(K, k0)〉.

de�nes a group structure. The group structure has the following properties:
(1) The neutral element is given by 0.
(2) We consider the map2042

η : Ω(K, k0) → Ω(K, k0)
f 7→ f.

The inverse of [f ] ∈ 〈(X, x0),Ω(K, k0)〉 is given by η∗([f ]).

Proof. As we will see shortly, this statement follows fairly easily from Lemma 164.10. In
particular we will see that the statements have preciously little to do with (X, x0). In an
e�ort to lighten the notation we henceforth write X instead of the more accurate (X, x0)
and similarly we write K instead of (K, k0). This time we denote by c ∈ ΩK the constant
path at k0 ∈ K. We consider the maps

ρ : ΩK → ΩK × ΩK
f 7→ (f, c)

λ : ΩK → ΩK × ΩK
f 7→ (c, f)

and
σ : ΩK → ΩK × ΩK

f 7→ (f, f).

Now we turn to the actual proofs of the various statements.
(1) Let us �rst show that 0 = [c] is a neutral element in 〈X,ΩK〉. We consider the

following diagram

〈X,ΩK〉
[f ] 7→([f ],[c])

//

ρ∗

,,

id∗

((

〈X,ΩK〉 × 〈X,ΩK〉
χ

��

multiplication

zz

〈X,ΩK×ΩK〉
µ∗
��

〈X,ΩK〉.

2041Recall that on page 3467 we de�ned 0 ∈ 〈(X,x0), (Y, y0)〉 to be the class that is represented by the
constant map X → Y , x 7→ y0.
2042In Lemma 164.10 (3) we showed that η is continuous.
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The upper triangle commutes basically by de�nition of the maps. Now let us turn to
the lower triangle. It follows from Lemma 164.10 (2) that the map µ ◦ ρ : ΩK → ΩK
is homotopic to the identity rel the base point. In other words, we have the equality
[µ ◦ ρ] = [id] ∈ 〈ΩK,ΩK〉. Thus it follows, if you want from Lemma 3.6, that the
triangle does indeed commute.

Now we start out with [f ] ∈ 〈X,ΩK〉 at the top left. Since going right-down
is precisely right-multiplication by [c] = 0 we see that 0 is indeed a right-neutral
element with respect to the product structure. Basically the same argument, with ρ
replaced by λ shows that 0 is also a left-neutral element.

(2) We consider the following diagram:

〈X,ΩK〉
[f ] 7→([f ],η∗([f ]))

//

σ∗

,,

0

((

〈X,ΩK〉 × 〈X,ΩK〉
χ

��

multiplication

zz

〈X,ΩK×ΩK〉
µ∗
��

〈X,ΩK〉.

As in (1) we obtain from Lemma 164.10 (4) that the diagram commutes. It follows
that η∗([f ]) is a right-inverse to [f ]. The same argument shows that it is also a
left-inverse to [f ].

(3) Using Lemma 164.10 (5) one can show, with the same approach as above, that the
product structure on 〈X,ΩK〉 is associative. Filling in the details is the content of
Exercise 164.3. �

The reader of the previous proof might ask the following question:

Question 164.19. Why do we actually consider the sets 〈(X, x0),K(G, n)〉 instead of the
sets 〈(X, x0),Ω K(G, n + 1)〉? After all, we just showed that the group structure is really
de�ned on the latter set.
The group structure on 〈(X, x0),K(G, n)〉 is certainly rather mysterious. The following
lemma hopefully elucidates the group structure in the case K(Z, 1).

Lemma 164.20. Let Ξ: S1 → Ω(CP∞, ∗) be the homotopy equivalence de�ned in Lem-
ma 164.16. Given any topological space X we have the following commutative diagram
where the horizontal maps are bijections:

[X,S1]× [X,S1]

ν
��

Ξ∗×Ξ∗ // [X,ΩCP∞]× [X,ΩCP∞]

µ∗
��

[X,S1]
Ξ∗ // [X,ΩCP∞].

Here the left vertical map is given by Lemma 164.4.
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Proof. The statement of the lemma has nothing to do with X. In fact, it su�ces to show
that the following map agrees up to homotopy:

S1 × S1

(z,w)7→z·w
��

Ξ×Ξ
// (ΩCP∞, ∗)× (ΩCP∞, ∗)

µ

��

S1 Ξ // Ω(CP∞, ∗).

We outsource this veri�cation to Exercise 164.1. �

Perhaps the �rst question that arises when we introduce a group is whether the group
abelian. It turns out that in this case we can answer this question in the a�rmative.
Proposition 164.21. Let n ∈ N and let G be an abelian group. For every pointed
topological space (X, x0) the group 〈(X, x0),K(G, n)〉 is abelian.
Proof. Let n ∈ N and let G be an abelian group. We write L = K(G, n + 1) and we
write M = K(G, n + 2). Finally let (X, x0) be a pointed topological space. We make the
following preparations.
(1) By the discussion on page 3478 we know that K(G, n), ΩL and Ω(ΩM) are polarized

Eilenberg-Maclane spaces of type K(G, n). Thus we obtain from Lemma 164.15
homotopy equivalences f : (K(G, n), ∗)→ (ΩL, ∗) and g : (ΩL, ∗)→ (Ω(ΩM), ∗).

(2) We de�ne �M := {f : [0, 1]2 →M | f(∂[0, 1]2) = {∗}}.
As always we equip �M with the compact-open topology. Furthermore let

Θ: �M → Ω(ΩM)
(f : [0, 1]2 →M) 7→ (t 7→ (s 7→ f(s, t)))

be the homeomorphism from the Iterated Loop Space Proposition 164.11.
(3) We consider the map

α : �M ×�M → �M

(f, g) 7→

 [0, 1]2 → M

(s, t) 7→
{
f(s, 2t), if t ∈ [0, 1

2
],

g(s, 2t− 1), if t ∈ (1
2
, 1]

 .

The same argument as in the proof of Lemma 156.22 (1) shows that α is continuous.
(4) Since the pointed topological space (X, x0) is really just a bystander we will abbre-

viate it to X.
Some of the above objects are illustrated in the �gure below.
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Claim. The following diagram commutes:

〈X,K(G, n)〉 × 〈X,K(G, n)〉
(Θ−1◦g◦f)∗×(Θ−1◦g◦f)∗
��

group multiplication
// 〈X,K(G, n)〉

(Θ−1◦g◦f)∗
��

〈X,�M〉 × 〈X,�M〉 χ
// 〈X,�M ×�M〉 α∗ // 〈X,�M〉.

Furthermore the vertical maps are bijections.
Proof. To show that the above diagram commutes we expand it into an even larger diagram.
More precisely, we consider the following diagram:

〈X,K(G, n)〉 × 〈X,K(G, n)〉
f∗×f∗
��

group multiplication
// 〈X,K(G, n)〉

f∗
��

〈X,ΩL〉 × 〈X,ΩL〉
g∗×g∗
��

χ
// 〈X,ΩL× ΩL〉 µ∗

//

(g∗×g∗)∗
��

〈X,ΩL〉
g∗
��

〈X,Ω(ΩM)〉 × 〈X,Ω(ΩM)〉 χ
//

Θ−1
∗ ×Θ−1

∗
��

〈X,Ω(ΩM)× Ω(ΩM)〉 µ∗
//

(Θ−1
∗ ×Θ−1

∗ )∗
��

〈X,Ω(ΩM)〉
Θ−1
∗
��

〈X,�M〉 × 〈X,�M〉 χ
// 〈X,�M ×�M〉 α∗ // 〈X,�M〉.

We make the following observations:
(1) By Lemma 3.4 we know that the vertical maps between the �rst and second and

between the second and the third row are bijections.
(2) Since Θ is a homeomorphism we see that the bottom vertical maps are also bijections.
(3) By de�nition of the group multiplication on 〈X,K(G, n)〉 the top rectangle commutes.
(4) It follows immediately from the de�nition of χ that the two smaller rectangles on the

left commute.
(5) It follows from Lemma 164.10 (1) that the middle right rectangle commutes.
(6) It follows immediately from the de�nition of the maps µ, α and Θ that

α ◦ (Θ×Θ) = Θ ◦ µ : Ω(ΩM)× Ω(ΩM) → �M.

This equality implies that the lower right rectangle commutes. �

The claim can be summarized as saying that it su�ces to show that the bottom multipli-
cation map on 〈X,�M〉 is commutative. Next we consider the swap map

σ : �M ×�M → �M ×�M
(f, g) 7→ (g, f).

We obtain the following diagram:

〈X,�M〉 × 〈X,�M〉 χ
//

(a,b)7→(b,a)
��

〈X,�M ×�M〉 α∗ //

σ∗
��

〈X,�M〉
id
��

〈X,�M〉 × 〈X,�M〉 χ
// 〈X,�M ×�M〉 α∗ // 〈X,�M〉

We make the following observations:
(1) The statement that the multiplication on 〈X,�M〉 is commutative is, by de�nition,

equivalent to the statement that the large rectangle commutes.
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(2) It follows immediately from the de�nitions of the various maps that the smaller
rectangle on the left commutes. Thus it su�ces to show that the smaller rectangle
on the right commutes.

In particular, since α∗ ◦ σ∗ = (α ◦ σ)∗ it su�ces to prove the following claim.2043

Claim. The maps α and α◦σ from the pointed topological space �M×�M to the pointed
topological space �M are homotopic.

Proof. In the �gure below we indicate how one can de�ne a homotopy from α to α ◦σ. We
leave it to the punctilious reader to write down a precise formula for a homotopy2044

(�M ×�M)× [0, 1] → �M.

As in the proof of Lemma 164.10 one can use the �⇒�-direction of the Compact-Open
Exponential Proposition 12.6 to show that the map provided by the reader is actually
continuous. �
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f gg

α(f, g)

these points get sent to ∗

(α ◦ σ)(f, g)

f

gf

g

Remark. As the reader with a well-developed long-term memory will have noticed, the
proof of Proposition 164.21 eventually is very similar to the proof of the Homotopy Group-
Abelian Proposition 71.3. In particular the above �gure looks almost the same as the �gure
on page 1564.

164.4. Alternative description of the group structure. Once again let n ∈ N, let G
be an abelian group and let (X, x0) be a pointed topological space. In this section we give
an alternative description of the group structure on

〈(X, x0),K(G, n)〉 Ξ−→ 〈(X, x0),Ω K(G, n+ 1)〉 Υ−→ 〈S(X, x0),K(G, n+ 1)〉.
↑ ↑

bijection from page 3478 bijection from Proposition 164.13

Before we state the relevant proposition we recall some of the objects that we have intro-
duced recently:
(1) On page 3474 we introduced the pinching map

ω : S(X, x0) → S(X, x0) ∨ S(X, x0)

where S(X, x0) denotes the reduced suspension.
(2) In Lemmas 164.7 and 164.8 we introduced the maps

χ : 〈(X, x0), (Y, y0)〉 × 〈(X, x0), (Z, z0)〉 → 〈(X, x0), (Y × Z, (y0, z0))〉
([f : X → Y ], [g : X → Z]) 7→ [f × g : X → Y × Z]

and
2043Thus once again X plays no role in the argument.
2044For example this could be done using the maps introduced in the proof of Lemma 71.2.
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ν : 〈(X, x0), (Z, z0)〉 × 〈(Y, y0), (Z, z0)〉 → 〈(X, x0) ∨ (Y, y0), (Z, z0)〉
([f : X → Z], [g : Y → Z]) 7→ [f ∨ g]

The following proposition shows that instead of the map µ on the loop space we can also
use the pinching map on the reduced suspension to de�ne the group structure.

Proposition 164.22. Let (X, x0) and (K, k0) be pointed topological spaces. The following
diagram commutes:

〈(X, x0),Ω(K, k0)〉 × 〈(X, x0),Ω(K, k0)〉
χ

��

Υ×Υ
// 〈S(X, x0), (K, k0)〉 × 〈S(X, x0), (K, k0)〉

ν
��

〈(X, x0),Ω(K, k0)× Ω(K, k0)〉
µ∗
��

〈S(X, x0) ∨ S(X, x0), (K, k0)〉
ω∗

��

〈(X, x0),Ω(K, k0)〉 Υ // 〈S(X, x0), (K, k0)〉.
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S(X, x0) K

ωf, g

S(X, x0) K

g

f

S(X, x0) ∨ S(X, x0)

k0k0

Remark. The multiplication map on 〈S(X, x0), (K, k0)〉 is arguably more geometric surely
more appealing to some readers. Nonetheless, any attempt to prove that this multiplication
map de�nes an (abelian) group structure promises to be notationally somewhat messy.

Proof. Let f, g : (X, x0)→ Ω(K, k0) be two maps. One can easily verify that

(Υ ◦ µ∗ ◦ χ)([f ], [g]) =

S(X, x0) → (K, k0)

[(x, t)] 7→
{
f(t+ 1), if t ∈ [−1, 0],
g(t), if t ∈ [0, 1]

 = (ω∗ ◦ ν)(Υ([f ]),Υ([g]).

This shows that the diagram does indeed commute. �

164.5. Functoriality. Let n ∈ N. In this section we will see, perhaps not surprisingly,
that the abelian groups 〈(X, x0),K(G, n)〉 are functorial in (X, x0) and G. To make this
precise we need to introduce the following piece of notation.

De�nition. Let n ∈ N and let ϕ : G → H be a homomorphism between two (abelian)
groups. We denote by [ϕ] ∈ 〈K(G, n),K(H,n)〉 the canonical homotopy class of maps
de�ned in the Maps-to-K(π, n)-Proposition 163.15.2045

We have the following lemma.

2045More precisely, by the Maps-to-K(π, n)-Proposition 163.15 there exists a unique [f ] ∈
〈K(G,n),K(H,n)〉 such that the map f∗ : G = πn(K(G,n)) → πn(K(H,n)) = H agrees with ϕ. Here
we used that the canonical Eilenberg-Maclane spaces K(J, n) are pointed and that they come with an
identi�cation πn(K(J, n)) = J .
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Lemma 164.23. Let n ∈ N. The maps

G 7→ K(G, n)
(ϕ : G→ H) 7→ [ϕ] ∈ 〈K(G, n),K(H,n)〉

de�ne a covariant functor from the category of (abelian) groups to the pointed homotopy
category.

Proof. The fact that the maps de�ne a covariant functor is an immediate consequence of
the uniqueness statement in the Maps-to-K(π, n)-Proposition 163.15. �

If one thinks about this lemma for a second, then one realizes that this lemma is actually
quite astounding. So far we spent almost all our time trying to de�ne functors from topo-
logical spaces to (abelian) groups in the hope of being able to use algebra to understand
topological spaces. But now we have functors which go the other way around. In principle
this will allow us to use tools from topology to gain a better understanding of groups. In
fact we already saw a glimpse of this phenomenon in Proposition 163.22. Unfortunately at
this very moment we cannot develop this theme. But in Chapter ?? this idea will come
back with a vengeance.

After this short digression we can formulate the following proposition.

Proposition 164.24. Let n ∈ N.
(1) Let G be an abelian group. The maps

(X, x0) 7→ 〈(X, x0),K(G, n)〉

(f : (X, x0)→ (Y, y0)) 7→
(
〈(Y, y0),K(G, n)〉 → 〈(X, x0),K(G, n)〉

[γ] 7→ [γ ◦ f ]

)
de�ne a contravariant functor from the category of pointed topological spaces to the
category of abelian groups.

(2) Let (X, x0) be a pointed topological space. The maps

G 7→ 〈(X, x0),K(G, n)〉

(ϕ : G→ H) 7→
(
〈(X, x0),K(G, n)〉 → 〈(X, x0),K(H,n)〉

[γ] 7→ [ϕ ◦ γ]

)
de�ne a covariant functor from the category of abelian groups to the category of
abelian groups.

Proof. Let n ∈ N.

(1) We �x an abelian group G. First note that it follows from Lemma 3.7 that the
assignment (X, x0) → 〈(X, x0),K(G, n)〉 is a contravariant functor from the cate-
gory of pointed topological spaces to the category of sets. Thus it remains to show
that this assignment de�nes actually a functor to the category of abelian groups.
More precisely, it remains to show that for any map f ∈ 〈(X, x0), (Y, y0)〉 the in-
duced map 〈(Y, y0),K(G, n)〉 → 〈(X, x0),K(G, n)〉 is actually a group homomor-
phism. But that is basically obvious since the above de�nition of the group structure
on 〈(X, x0),K(G, n)〉 has nothing to do with X. We leave it to the skeptical reader
to �ll in the details.
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(2) Let (X, x0) be a pointed topological space. By Lemmas 3.6 and Lemma 164.23 we
know that the assignment G 7→ 〈(X, x0),K(G, n)〉 de�nes a covariant functor from
the category of abelian groups to the category of sets. As in (1) it remains to show
that the assignment actually de�nes a functor to the category of abelian groups. This
requires a little more e�ort than (1). The argument breaks up into two parts, namely
we have to deal with the �horizontal� and the �vertical� aspects of the de�nition on
page 3480.
(a) Recall that in the Loop Space-Homotopy Groups Corollary 154.15 we gave an

explicit natural isomorphism

αk : πk(K, k0)
∼=−−→ πk−1(Ω(K, k0), cx0) for every k ∈ N.

It follows from the naturality of these isomorphisms, and the precise de�nition of
the maps Ξ on page 3478, that for a given homomorphism ϕ : G→ H of (abelian)
groups we obtain a commutative diagram

〈(X, x0),K(G, n)〉
ϕ∗
��

=

Ξ∗
// 〈(X, x0),Ω K(G, n+ 1)〉

ϕ∗
��

〈(X, x0),K(H,n)〉 =

Ξ∗
// 〈(X, x0),Ω K(H,n+ 1)〉.

This takes care of the �horizontal� part.
(b) It follows from Lemma 164.7, Lemma 164.10 (1) and Lemma 164.23 that the

�vertical� part of the de�nition on page 3480 is functorial in ϕ. �

As the reader will know by now, base points are something of a nuisance. Fortunately in
Proposition 70.9 we already saw that on many occasions we can stop worrying about base
points, the following proposition nicely complements Proposition 70.9.

Proposition 164.25. Let (X, x0) and (Y, y0) be two pointed CW-complexes. If Y is path-
connected, if π1(Y, y0) is abelian and if πi(Y, y0) = 0 for i ≥ 2,2046 then the natural map
〈(X, x0), (Y, y0)〉 → [X, Y ] is also a bijection.

Remark. We equip S1, S2 and S1 ∨ S2 with the usual base point ∗. In Exercise 164.2 we
will show that the map [(S2, ∗), (S1∨S2, ∗)]→ [S2, S1∨S2] is not an injection. This shows
that in Proposition 164.25 we cannot just drop the hypothesis that πi(Y, y0) = 0 for i ≥ 2.

Proof. Let (Y, y0) be a pointed path-connected CW-complex such that the fundamental
group π1(Y, y0) is abelian and such that πi(Y, y0) = 0 for i ≥ 2. By Proposition 70.9 (1)
it remains to show that the map 〈(X, x0), (Y, y0)〉 → [X, Y ] is injective. Despite initial
appearances, the argument will be quite di�erent from the argument provided in the proof
of Proposition 70.9 (1) (2). So let f0, f1 : (X, x0)→ (Y, y0) be two maps that are homotopic
as maps X → Y . By the Homotopy-π1-Proposition 50.3 (1) we know that there exists a
γ ∈ π1(Y, y0) such that f0∗(g) = γ · f1∗(g) · γ−1 ∈ π1(Y, y0) for every g ∈ π1(X, x0). But
since π1(Y, y0) is abelian we see that f0∗ = f1∗. Since by hypothesis we have πi(Y, y0) = 0
for i ≥ 2 we can appeal to the Maps-to-K(π, n)-Proposition 163.15 (2) which now shows
that there exists a homotopy from f0 to f1 rel x0. �

2046In other words, (Y, y0) is a pointed Eilenberg-Maclane space of type K(π, 1) where π ∼= π1(Y, y0) is an
abelian group.
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In the following discussion we will use Proposition 164.24 (1) to dispose of the base points.

De�nition. Let n ∈ N and let G be an abelian group.
(1) Let X be a connected CW-complex. We pick a point x0 ∈ X0. By Propositions 70.9

and 164.252047 the natural map

Ψ(X,x0) : 〈(X, x0), (K(G, n), ∗)〉 → [X,K(G, n)]
[f ] 7→ [f ]

is a bijection. We use this bijection, together with the group structure on the left-
hand side de�ned in Proposition 164.17, to turn the right-hand side [X,K(G, n)] into
a group. In Corollary 164.26 below we will see that this de�nition does not depend
on the choice of x0.

(2) Now let X be any CW-complex. Let {Xi}i∈I be the set of its components. We have

[X,K(G, n)] =
∏
i∈I

[Xi,K(G, n)]
↑

by the Topological-Coproduct Proposition 5.11 (1)

We de�ne the group structure on each [Xi,K(G, n)] as in (1) and for i 6= j we de�ne
the multiplication on [Xi,K(G, n)]× [Xj,K(G, n)] to be the trivial map. One easily
veri�es that this de�nes an abelian group structure on [X,K(G, n)].

The following corollary to Proposition 164.24 (1) shows that this de�nition of the group
structure on [X,K(G, n)] does not depend on the choice of the base point x0 ∈ X0.

Corollary 164.26. Let n ∈ N, let G be an abelian group and let X be a connected CW-
complex. The de�nition of the group structure on [X,K(G, n)] does not depend on the
choice of x0 ∈ X0.

Proof. Let n ∈ N, let G be an abelian group and let X be a connected CW-complex. Now
let x0, x1 ∈ X be two points in the 0-skeleton of X. Since X is connected we know by
Proposition 70.12 that there exists a map f : X → X with the following properties:
(a) The map f is homotopic to the identity.
(b) We have f(x0) = x1.
(c) The map f de�nes a homotopy equivalence (X, x0)→ (X, x1) of pointed topological

spaces.
We consider the following diagram

〈(X, x1), (K(G, n), ∗)〉
Ψ(X,x1) [g] 7→[g]

��

f∗

[g] 7→[g◦f ]
// 〈(X, x0), (K(G, n), ∗)〉

Ψ(X,x0) [g] 7→[g]
��

[X,K(G, n)]
f∗

[g] 7→[g◦f ]
// [X,K(G, n)].

We make the following observations:
(1) It follows basically immediately from the de�nitions that the diagram commutes.
(2) It follows from (c) and Lemmas 3.7 and 3.10 that the top horizontal map is a bijection.
(3) By Proposition 164.24 (1) we know that top horizontal map is in fact an isomorphism.
(4) By (a) we know that the bottom map is in fact the identity.

2047Note that here we use that G is an abelian group, even for n = 1.
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It follows immediately from the above that it does not matter whether we use Ψ(X,x1) or
Ψ(X,x0) to de�ne the group structure on [X,K(G, n)]. �

164.6. Basic calculations. In this section we want to do a few bare-hands calculation of
our new invariant 〈(X, x0),K(G, n)〉. Before we start with the calculations it is useful to
introduce the following notation.

Notation. Let n ∈ N and let G be an abelian group. Furthermore let (X, x0) be a pointed
topological space. For the purpose of this section we write

hn((X, x0);G) := 〈(X, x0),K(G, n)〉.
Before we state the second main calculation it is helpful to introduce the following conven-
tion.
Convention. Let G be an abelian group. We make the identi�cations

H1(K(G, 1);Z) = π1(K(G, 1), ∗)ab = Gab = G.
↑ ↑ ↑

Hurewicz Theorem 84.5 by the Eilenberg-Maclane since G is abelian
Existence Theorem 163.8

Lemma 164.27. Let G be an abelian group. Let X be a connected CW-complex and let
x0 ∈ X0 be a point. The map

h1((X, x0);G) → Hom(H1(X;Z), G)
[f : (X, x0)→ (K(G, 1), ∗)] → (f∗ : H1(X;Z)→ H1(K(G, 1);Z) = G)

is a natural isomorphism.

Proof.

(1) It follows from the Maps-to-K(π, n)-Proposition 163.15 and the Hurewicz Theo-
rem 84.5 that the given map is a bijection.

(2) It follows immediately from the de�nitions that the map is natural in X.
(3) It remains to show that the given map is a homomorphism. We write Y = K(G, 2).

We make the usual identi�cation 〈X,K(G, 1)〉 = 〈X,ΩY 〉. Furthermore we use the
natural isomorphism

Hom(H1(X;Z), G) → Hom(π1(X, x0), π1(ΩY ))

ϕ 7→ (π1(X, x0)→ π1(X, x0)ab = H1(X;Z)
ϕ−→ G = π1(ΩY ))

to identify the group on the left with the group on the right. Next we consider the
following diagram

〈X,ΩY 〉×〈X,ΩY 〉
([f ],[g])7→(f∗,g∗)

//

([f ],[g])7→[f×g]

��

Hom(π1(X), π1(ΩY ))×Hom(π1(X), π1(ΩY ))

(ϕ,ψ)7→(g 7→(ϕ(g),ψ(g)))
��

Hom(π1(X), π1(ΩY )× π1(ΩY ))

��

〈X,ΩY × ΩY 〉
µ∗
��

// Hom(π1(X), π1(ΩY × ΩY ))
µ∗
��

〈X,ΩY 〉 // Hom(π1(X), π1(ΩY ))
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We make the following clari�cations and observations:
(a) The upper rectangle commutes basically by de�nition.
(b) The lower square also commutes basically by de�nition. Slightly more precisely,

let [f ] ∈ 〈X,ΩY × ΩY 〉. We consider the maps X
f−→ ΩY × ΩY

µ−→ ΩY . By
functoriality we have (µ ◦ f)∗ = µ∗ ◦ f∗. But this equality just means that in
the lower square it does not matter whether we take the down-right route or the
right-down route.

(c) It follows from Lemma 156.28 that the right vertical maps give precisely the
group multiplication on Hom(π1(X), π1(ΩY )).

This shows that the given map is indeed a group homomorphism. �

164.7. Product structures. Let (X, x0) be a pointed CW-complex and let m,n ∈ N.
Our goal in this section is to de�ne a potentially interesting map

〈(X, x0),K(Z,m)〉 × 〈(X, x0),K(Z, n)〉 → 〈(X, x0),K(Z,m+ n)〉.
The key to de�ning such a map is the following humble construction.

De�nition. Given two pointed topological spaces (X, x0) and (Y, y0) the smash product
is de�ned as
X ∧ Y := (X × Y )/(X ∨ Y ) where we use Exercise 50.6 to make the

identi�cation X ∨ Y := (X × {y0})× ({x0} × Y ).

We equip X ∧ Y with the base point given by [X ∨ Y ].

Remark. As we discussed in Exercise 68.12 and on page 1502, in the category of pointed
topological spaces the smash product is actually the categorical product.

In Exercise 50.6 we already showed that Sm∧Sn is homeomorphic to Sm+n. For our purpose
it is useful to have a canonical homeomorphism that we can all agree upon. This is given
in the following lemma.
Lemma 164.28. Given m,n ∈ N there exists a canonical homeomorphism

Sm ∧ Sn
∼=−−→ Sm+n.

Convention. We will use the canonical homeomorphism from Lemma 164.28 to make the
identi�cation Sm ∧ Sn = Sm+n.

Proof. We write I = [0, 1]. Given any k ∈ N0 we have the following identi�cations of
pointed topological spaces:

(Ik/∂Ik, [∂Ik])
∼=−→ (B

k
/Sk−1, [Sk−1])

∼=−→ (Sk, ∗).
↑ ↑

page 158 Lemma 5.20

Let m,n ∈ N0. Using the above identi�cation we obtain the following homeomorphism

homeomorphism by the Twice Quotient Lemma 5.23 (1)
↓

Sm∧Sn
∼=−→ Im/∂Im∧In/∂In

∼=−→ (Im+n)/(Im×∂In ∪ ∂Im×In) = Im+n/∂Im+n
∼=←− Sm+n.

[([x], [y])] 7→ [(x, y)]

We have thus given an explicit homeomorphism between Sm ∧ Sn and Sm+n. �
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The following lemma is basically just a mild reformulation of Lemma 163.11.

Lemma 164.29. Let k ∈ N. There exists a polarized Eilenberg-Maclane space (Yk, ∗, ϕ)
of type K(Z, k) with the following properties:
(1) The k-skeleton of Yk equals Sk with the usual CW-structure de�ned on page 3431.
(2) The CW-complex Yk has no cell of dimension k + 1.
(3) The CW-complex Yk has only countably many cells in dimensions ≥ k + 2.

Now we turn to the actual de�nition of the product structure.
De�nition. Let m,n ∈ N. In the following discussion all topological spaces are viewed as
pointed objects.
(1) We consider the polarized Eilenberg-Maclane spaces Ym and Yn that we introduced

in Lemma 164.29. Recall that from Lemma 164.15 we obtain canonical elements
Ξm ∈ 〈K(Z,m), Ym〉inv and Ξn ∈ 〈K(Z, n), Yn〉inv.

(2) Since Ym and Yn are CW-complexes with countably many cells we can equip the
product Ym × Yn with the CW-structure de�ned in the CW-Complex Construction
Lemma 68.32.

(3) We denote by p : Ym × Yn → Ym ∧ Yn = (Ym × Yn)/∼ the obvious projection.
(4) It follows from the explicit description of the CW-structure de�ned in the CW-

Complex Construction Lemma 68.32 that Ym ∧ Yn = (Ym× Yn)/∼ has precisely one
cell in dimension 0, no cells in dimension 1, . . . ,m + n − 1, one cell in dimension
m+n and no cell in dimension m+n+ 1. Furthermore it follows immediately from
the de�nitions that the map

Sm+n = Sm ∧ Sn → Ym ∧ Yn
de�nes a homeomorphism onto the (m + n + 1)-skeleton of Ym ∧ Yn. In particular
we obtain from the CW-Skeleton-πn-Proposition 71.9 that Ym+n is (m + n − 1)-
connected and we obtain that the map ϕ : Z = πm+n(Sm+n)→ πm+n(Ym ∧ Yn) is an
isomorphism.

(5) Since Ym×Yn is an (m+n−1)-connected CW-complex we obtain from the Maps-to-
K(π, n)-Proposition 163.15 a unique class µ ∈ 〈Ym ∧ Yn,K(Z,m + n)〉 that induces
the preferred isomorphism ϕ−1 : πm+n(Ym ∧ Yn, ∗)

∼=−→ Z.
After these preparations we consider the following diagram

〈X, Ym〉 × 〈X, Yn〉
χ

// 〈X, Ym × Yn〉
p∗
// 〈X, Ym ∧ Yn〉

µ∗

))

〈X,K(Z,m)〉×〈X,K(Z, n)〉
Ξm∗×Ξn∗

OO

de�nition of cup product Y
// 〈X,K(Z,m+ n)〉.

We refer to the bottom horizontal map, which we de�ned through the upper path of maps,
as the cup product.

Theorem 164.30. Let X = (X, x0) be a pointed CW-complex and let m,n ∈ N. The
cup product

Y : 〈X,K(Z,m)〉 × 〈X,K(Z, n)〉 → 〈X,K(Z,m+ n)〉
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is bilinear. Furthermore the cup product is associative and graded commutative in the
sense that for ϕ ∈ 〈X,K(Z,m)〉 and ψ ∈ 〈X,K(Z, n)〉 we have

ϕ Y ψ = (−1)m·n · ψ Y ϕ.

Proof. We will not make use of this theorem, thus we will also not provide a proof. Instead
we refer to [Stro2011, Theorem 21.61] for the proof. Note that [Stro2011, Theorem 21.61]
does not explicitly say that X needs to be a CW-complex, but implicitly the discussion on
[Stro2011, Chapter 21] seems to assume that the setting is a convenient category in the
sense of Theorems 68.28 and 68.30. We will discuss this issue in more detail right after this
proof. �

The above de�nition of the cup product is in a way rather awkward, it is esthetically wrong
to introduce the CW-complexes Ym and Yn. We conclude this section with a longish but
hopefully quite interesting discussion which explains why we introduced the CW-complexes
Ym and Yn and how we can get around introducing them.
De�nition.
(1) Let A and B be CW-complexes. We denote by A ⊗ B the product CW-complex

that we de�ned on page 1500. Recall that the underlying set is just A×B.
(2) Let (A, a0) and (B, b0) be pointed CW-complexes. We write

A?B := (A⊗B)/(A× {b0} ∪ {a0} ×B).

We equip A? B with the CW-structure given by the CW-structure on A⊗ B and
the quotient structure de�ned in the CW-Complex Construction Lemma 68.32.

(3) We denote by η : A ⊗ B → A × B the identity map. Note that η is continuous by
Proposition 68.26 (1).

Now let X = (X, x0) be a pointed topological space and let m,n ∈ N. We introduce the
following notation:
(1) Let r ∈ N. We write Kr = K(Z, r). We consider the polarized Eilenberg-Maclane

spaces Yr that we introduced in Lemma 164.29 and we denote by Ξr ∈ 〈Kr, Yr〉inv

the canonical element given by Lemma 164.15.
(2) Given topological spaces A and B we denote by p : A × B → A ∧ B the natural

projection. Similarly, given CW-complexes A and B we denote by p : A⊗B → A?B
the natural projection.

We consider the following diagram

〈X, Ym〉 × 〈X, Yn〉
χ

// 〈X, Ym × Yn〉
p∗

// 〈X, Ym ∧ Yn〉
µ∗

))

〈X,Km〉 × 〈X,Kn〉
χ

(f,g)7→f×g
//

(f,g)7→f×̃g
��

Ξm∗×Ξn∗

OO

〈X,Km ×Kn〉
p∗

// 〈X,Km∧Kn〉 ??? // 〈X,Km+n〉.

〈X,Km×̃Kn〉
Θ∗

// 〈X,Km ⊗Kn〉
p∗

//

η∗

OO

〈X,Km ?Kn〉
ν∗

55

We make the following observations:
(1) Since Km and Kn have uncountably many cells the product Km ×Kn is not a CW-

complex.
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(2) It follows from (1) that Km ∧ Kn has no obvious CW-structure. Thus there is no
clear path to constructing a map Km ∧Kn → Km+n.2048

(3) It follows from (2) that the �direttissima� approach to de�ning the cup product by
going straight from left to right runs into a major obstacle.

(4) Since Ym and Yn have countably many cells we know, by Lemmas 68.32 and 68.32
that Ym × Yn and Ym ∧ Yn are CW-complexes. As discussed above, we obtain from
the Maps-to-K(π, n)-Proposition 163.15 a canonical class µ ∈ 〈Ym∧Yn,K(Z,m+n)〉.

(5) One way of getting around (3) is to use (4), i.e. we take the �upper route� in the
diagram. This is how in the above we de�ned the cup product.

(6) As for Ym ∧ Yn one sees that Km ?Kn is (m+ n− 1)-connected and that we have a
canonical map πm+n(Km?Kn)→ Z. SinceKm?Kn is a CW-complex we obtain from
the Maps-to-K(π, n)-Proposition 163.15 a canonical element ν ∈ 〈Km ?Kn, Km+n〉.

(7) Unfortunately the issue in (1) also means that the map η : Km ⊗ Kn → Km × Kn

is not a homeomorphism. Thus there is no obvious way how we can take the lower
route in the diagram.

Now we switch to the category of CGWH-spaces that we introduced on page 1504. In
particular we now assume that X is a CGWH-space. Recall that by the CGWH-Category
Theorem 68.30 (2) we know that every CW-complex is a CGWH-space.

(8) Given two CGWH-spaces A and B we know by the CGWH-Category Theorem 68.30
that there exists a product in the category of CGWH-spaces. As on page 1505
we denote this categorical product by A×̃B and we denote by p : A×̃B → A and
q : A×̃B → B the two projections maps.

(9) Let f : X → Km and g : X → Kn be maps. Since X, Km and Kn are CGWH-spaces
we know, by de�nition of the product in a category, that there exists a unique map
f×̃g : X → Km×̃Kn such that f = p ◦ (f×̃g) and g = q ◦ (f×̃g).

(10) SinceKm andKn are CW-complexes we know by the CGWH-Category Theorem 68.30
(5) that the identity map Θ: Km×̃Kn → Km⊗Kn is actually a homeomorphism.2049

(11) It follows from (9) and (10) that we have a �lower route� from 〈X,Km〉 × 〈X,Kn〉 to
〈X,Km+n〉. This gives us an approach to de�ning the cup product without introduc-
ing the slightly arti�cial Ym and Yn.

(12) It follows easily from the de�nitions that in the diagram the square to the lower left
commutes. One can now see reasonably easily that the two de�nitions of the cup
product agree.

The second approach to de�ning the cup product is much more natural than the initial
approach. In particular, using a similar circle of ideas one can de�ne a cup product

〈X,K(R,m)〉 × 〈X,K(R, n)〉 → 〈X,K(R,m+ n)〉

for any commutative ring R. We refer to [Stro2011, Chapter 21.4] for details.

Exercises for Chapter 164.

2048In fact it is also not immediately clear whether Km ∧Kn is say (m+ n− 1)-connected.
2049For our purpose we only need the weaker result that Θ: Km×̃Kn → Km ⊗Kn is continuous.
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Exercise 164.1. We consider the following diagram:

S1 × S1

(z,w)7→z·w
��

Ξ×Ξ
// (ΩCP∞, ∗)× (ΩCP∞, ∗)

µ

��

S1 Ξ // Ω(CP∞, ∗).

The map Ξ: S1 → Ω(CP∞, ∗) is de�ned in Lemma 164.16 and the map µ is de�ned on
page 3470. Show that the diagram commutes up to homotopy.

Exercise 164.2. We equip S1, S2 and S1 ∨ S2 with the usual base points which in each
case we call ∗. Show that the map 〈(S2, ∗), (S1 ∨S2, ∗)〉 → [S2, S1 ∨S2] is not an injection.

Exercise 164.3. Let (X, x0) and (K, k0) be pointed topological spaces. Show that the
multiplication on 〈(X, x0), (K, k0)〉 de�ned in Lemma 164.18 is actually associative.

Exercise 164.4. Let (X, x0) and (K, ∗) be pointed topological spaces. We consider the
double loop space Ω2(K, ∗) = Ω(Ω(K, ∗)). By the construction on page 3480 we have a
binary operation

◦ : 〈(X, x0),Ω(Ω(K, ∗))〉 × 〈(X, x0),Ω(Ω(K, ∗))〉 → 〈(X, x0),Ω(Ω(K, ∗))〉.
In Proposition 164.17 we showed in particular that this binary operation is unital. Provide
another binary unital operation �⊗� on 〈(X, x0),Ω(Ω(K, ∗))〉 such that the conditions of
the Eckmann-Hilton Theorem 156.27 are satis�ed.
Remark. Once we have shown that we can apply the Eckmann-Hilton Theorem 156.27 we
see that �◦� de�nes a group structure on 〈(X, x0),Ω2(K, ∗)〉 and we obtain that this group
is abelian. Thus this provides an alternative approach to proving Proposition 164.21 and
to proving some of the statements of Proposition 164.17.
Remark. Coming up with an idea for de�ning �⊗� is not di�cult. Providing a complete
proof that Condition (b) of the Eckmann-Hilton Theorem 156.27 is satis�ed might be more
painful. Especially once one starts wondering why certain maps are actually continuous.

Exercise 164.5. Let n ∈ N and let G be an abelian group. Let k ∈ N. We denote by ∗
the usual base point of Sk. Compute the groups 〈(Sk, ∗),K(G, n)〉.
Remark. Once one unravels the de�nitions one can fairly easily write down bijections to
familiar groups. The only catch is that one really needs to show that these bijections are
in fact group isomorphisms. The Eckmann-Hilton Theorem 156.27 might once again ride
to the rescue.

Exercise 164.6. Let (X, x0) be a pointed topological space. We equip S1 with the base
point ∗ = (0, 1). Show that the smash product X ∧ S1 is homeomorphic to the reduced
suspension S(X, x0).
Remark. Personally I like the Twice Quotient Lemma 5.23 (1).

Exercise 164.7. To simplify the notation, given a pointed topological space (Y, y0) we
now write SY = S(Y, y0) and ΩY = Ω(Y, y0).
(a) Let (Y, y0) be a point topological space. Show that the set π0(ΩY ) has a natural

group structure.
(b) Let (X, x0) be a point topological space.
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(1) Show that there exists a natural isomorphism from π0(Ω(SX)) to the free group
on the set π0(X).

(2) Let (X, x0) be a point topological space. Show that there exists a natural iso-
morphism from π0(Ω2(S2X)) to the free abelian group on the set π0(X).

(3) How does the sequence continue?



Part XIX

(Co-) homology with twisted and local
coe�cients



The goal of this part of the lecture notes is to introduce and study (co-) homology with
twisted coe�cients and (co-) homology with local coe�cients. In both settings we start
out with a topological space that is equipped with extra data, namely either a module over
the group ring of the fundamental group, or a local coe�cient system.

The two theories are quite similar and in many settings they give isomorphic results.
Even though in most settings the theories of (co-) homology with twisted coe�cients and
of (co-) homology with local coe�cients are isomorphic both are of interest and relevant:
(1) (Co-) homology with twisted coe�cients requires the choice of a base point. This

makes it less �exible when it comes to considering maps between topological spaces.
But the de�nition of (co-) homology with twisted coe�cients is closer to the theory
that we have developed so far and makes it easier to apply results that we have
proved earlier. Furthermore there is a cellular version of (co-) homology with twisted
coe�cients that is very useful when it comes to doing actual calculations.

(2) (Co-) homology with local coe�cients does not need the choice of a base point. It
works particularly well when one wants to study maps that are induced by maps
between topological spaces. But the de�nitions are further from our known concepts
and it requires more work to make sure that all the de�nitions actually make sense.

We start out with a chapter on (homological) algebra over rings. We will apply these
to the case where the ring is the group ring Z[π1(X, x0)] of the fundamental group of a
based topological space (X, x0). This allows us de�ne in a fairly painless fashion (co-)
homology with twisted coe�cients. Afterwards we introduce the (co-) homology with local
coe�cients. The latter concept is more elegant, but it requires more of an e�ort to make
it work and for most applications it su�ces to work with (co-) homology with twisted
coe�cients.
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165. Modules over rings

In the previous chapters we mostly worked with abelian groups or vector spaces. In the
future chapters we will also work with modules over possibly non-commutative rings. To
prepare the reader for these future chapters we will summarize the algebra involved in this
and the following chapter.

We start out with recalling the following de�nitions from page 98.
De�nition.
(1) A ring is a triple (R,+: R × R → R, · : R × R → R) where (R,+) is an abelian

group and such that the following conditions are satis�ed:
(a) the multiplication �·� is associative,
(b) the multiplication �·� is distributive,
(c) there exists a multiplicatively neutral element 1 = 1R with 1 6= 0.

(2) A ring R is called commutative, if given any r, s ∈ R we have r · s = s · r.
(3) A ring homomorphism between two rings (R,+, ·) and (S,+, ·) is a map R→ S that

preserves the additive and multiplicative structures and that sends 1R to 1S.
(4) A �eld is a commutative ring such that every non-zero element has a multiplicative

inverse.
Throughout the lecture notes we developed various algebraic concepts over commutative
rings. In the following chapters we will be interested in (possibly) non-commutative rings,
the prime example being the group ring of a (possibly) non-abelian group.

Example. Let R be a ring and n ∈ N. The matrices M(n× n,R), with the usual addition
and multiplication of square matrices form a ring. Furthermore, if ϕ : R → S is a ring
homomorphism, then the induced map

M(n× n,R) → M(n× n, S)
(aij) 7→ (ϕ(aij))

is also a ring homomorphism.

De�nition. Let R be a commutative ring (in most applications R = Z) and let G be a
group. We set

R[G] :=
{ m∑
i=1
ri · gi

∣∣∣ r1, . . . , rm ∈ R and g1, . . . , gm ∈ G
}
.

We equip R[G] with the multiplication that is given by2050( m∑
i=1
ri · gi

)
·
( n∑
j=1

sj · hj
)

:=
m∑
i=1

n∑
j=1

ri ·R sj︸ ︷︷ ︸
∈R

· (gi ·G hj︸ ︷︷ ︸
∈G

).

We refer to R[G] as the group ring of G with coef�cients in R.

2050In Lemma 86.10 we showed that the group ring R[G] is indeed a ring.
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Convention. LetR be a commutative ring. IfG = 〈t〉 is the in�nite cyclic group generated
by some symbol t, then we have a ring isomorphism

R[〈t〉] → R[t±1]
r · tn 7→ r · tn.

We use this isomorphism to identify the group ring R[〈t〉] with the Laurent-polynomial
ring R[t±1], which is more familiar and easier on the eyes.

De�nition. Given two rings R and S we denote by R × S the ring whose underlying set
is the product R× S and where addition and multiplication is de�ned component wise.

165.1. Modules over rings.

De�nition. Let R be a ring.
(1) An R-left module is an abelian group A together with a map

R× A → A
(r, a) 7→ r · a

such that the following conditions are satis�ed:

(a) r · (a+ b) = r · a+ r · b for all r ∈ R and a, b ∈ A,
(b) 1 · a = a for all a ∈ A,
(c) (r + s) · a = r · a+ s · a for all r, s ∈ R and a ∈ A,
(d) s · (r · a) = (s · r) · a for all r, s ∈ R and a ∈ A.

(2) An R right-module is an abelian group A together with a map

R× A → A
(r, a) 7→ a · r

such that the following conditions are satis�ed:

(a) (a+ b) · r = a · r + b · r for all r ∈ R and a, b ∈ A,
(b) a · 1 = a for all a ∈ A,
(c) a · (r + s) = a · r + a · s for all r, s ∈ R and a ∈ A,
(d) (a · r) · s = a · (r · s) for all r, s ∈ R and a ∈ A.

Remark.
(1) If one is not used to dealing with R-left modules and R right-modules, then it is

perhaps di�cult to spot the essential di�erence. The fact that we write multiplication
by R on the left respectively right is not essential, it is just a mnemonic device. What
matter is the di�erent given by the (c). To make the di�erence clear we write it out
in words:

Left R-module: multipl. by r followed by multipl. by s equals multipl. by s · r.
Right R-module: multipl. by r followed by multipl. by s equals multipl. by r · s.

In practice the notation is set up in such a way that it should be clear what is allowed
and what is not.

(2) If R is a commutative ring, then any R-module in the usual sense satis�es both
conditions (1d) and (2d). In other words, if R is a commutative ring, then any
R-module is automatically an R-left module and also an R right-module.
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Example.
(1) Let A be an abelian group. Given n ∈ N and a ∈ A we de�ne

n · a := a+ · · ·+ a︸ ︷︷ ︸
n times

and − n · a := −a− · · · − a︸ ︷︷ ︸
n times

.

This de�nes Z-left module and Z-right module structure on A. Thus we can, and
will, view any abelian group as a Z-left module and a Z-right module.

(2) Let R be a ring and n ∈ N. The matrices M(n× n,R), with the usual addition and
multiplication of square matrices form a ring. The map

M(n× n,R)×Rn → M(n× n,R)
(A, v) 7→ A · v

de�nes a M(n× n,R)-left module structure on Rn.

In the remainder of these notes we will encounter a large number of left and right
modules. As of right now we only give a few simple examples.

Many of our future objects have two �compatible� modules structures at the same time.
This leads us to the following de�nition:
De�nition. Let R and S be two rings.
(1) A (R, S)-bimodule is an abelian group A together with R-left module structure and

an S-right module structure, such that for any r ∈ R, any s ∈ S and any a ∈ A we
have r · (a · s) = (r · a) · s.

(2) A (R, S)-left left module is an abelian group A together with a R-left module struc-
ture and an S-left module structure, such that for any r ∈ R, any s ∈ S and any
a ∈ A we have r · (s · a) = s · (r · a). The same way we de�ne an (R, S)-right right
module.

Remark. Note that an (R, S)-left left module is essentially the same as an (R × S)-left
module.

Examples.
(1) If R is a commutative ring, then any R-left module is automatically also an (R,R)-

bimodule and an (R,R)-left module.
(2) If R is a ring, then any R-left module is also automatically an (R,Z)-bimodule and

an (R,Z)-left left module. This simple observation will get used frequently.
(3) Let R be a ring and let k ∈ N. Using the usual left and right multiplication we can

view Rk as an (R,R)-bimodule.
(4) Let ϕ : R→ S be a ring homomorphism. The maps

R× S → S
(r, s) 7→ ϕ(r) · s and

S ×R → S
(s, r) 7→ s · ϕ(r)

turn S into an R-left module and into an R right-module, these satisfy the condition
of a bimodule, thus we can view S as an (R,R)-bimodule. By using these maps and
multiplication by S we can also view S as an (R, S)-bimodule and an (S,R)-bimodule.
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De�nition. Let ϕ : R→ S be a homomorphism between two rings and letM be an S-left
module. We denote by ϕ∗M the R-left module that is given by

R×M → M
(r,m) 7→ ϕ(r) ·M.

We use analogous notation if we are dealing with right modules, bimodules, etc. Note
that, with the obvious interpretation, we have id∗M = M and (ϕ ◦ ψ)∗M = ψ∗(ϕ∗M).

165.2. Homomorphisms between modules.

Notation. Let R be a ring. We denote by RMod the category of R-left modules and we
denote by Mod R the category of R-right modules.
In this very straightforward section we collect a few very elementary de�nitions and state-
ments on homomorphisms between modules.
Notation. LetR be a ring. Given twoR-left modulesA andB we denote by HomR -left(A,B)
the abelian group of all R-left module homomorphisms A → B. Furthermore we denote
by AutR -left(A) the abelian group of all R-left module automorphisms of R. We de�ne
Homright-R(A,B) and Autright-R(A) in the obvious way.

Lemma 165.1. Let R and S be rings, let M be an R-left module and let N be an (R, S)-
left left module. Then

S × HomR -left(M,N) → HomR -left(M,N)
(s, ϕ) 7→ (m 7→ s · ϕ(m))

is a well-de�ned S-left module structure. The evident variations on this statement also
hold. �

Lemma 165.2. Let R be a ring, let L, M and N be R-left modules and let f : L → M
and g : M → N be R-left module homomorphisms. The maps

f ∗ : HomR -left(M,N) → HomR -left(L,N)
ϕ 7→ ϕ ◦ f and

g∗ : HomR -left(L,M) → HomR -left(L,N)
ϕ 7→ f ◦ ϕ

are both well-de�ned and functorial in the obvious sense. �

Lemma 165.3. Let f : R→ S be a ring homomorphism. LetM and N be S-left modules.
We consider the corresponding R-left modules f ∗M and f ∗N , as de�ned on page 3502.
The map

f∗ : HomS -left(M,N) → HomR -left(f
∗M, f ∗N)

ϕ 7→ ϕ

is well-de�ned and functorial in the obvious sense. �

165.3. Rings with involution. In this short section we introduce rings with involution.
As is clear from the color of the section, this section consists only of de�nitions.
De�nition. Let R be a ring.
(1) An involution on R is a map R → R, usually written z 7→ z, with the following

properties:
(a) z + w = z + w for all z, w ∈ R,
(b) z · w = w · z for all z, w ∈ R,
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(c) z = z for all z ∈ R.
(2) A homomorphism between rings with involution is a ring homomorphisms that re-

spects the involutions.

Convention.
(1) Unless we say something else we will view the complex numbers a ring with the

usual involution x+ iy := x− iy.
(2) Let R be a ring (possibly with involution). We will view the ring of Laurent poly-

nomials R[t±1
1 , . . . , t±1

m ] as a ring that is equipped with the involution that is given
by the involution on R and ti := t−1

i .
(3) Given a group π we will view the group ring Z[π] always as a ring with involution,

where the involution is given by g := g−1.

Notation. Let R be a ring with involution (e.g. a group ring Z[π]) and letM be an R-left
module. We denote by M the R-right module that is given by m ·M r := r ·M m. We
proceed in the analogous way if M is an R-right module.

De�nition. Let R be a ring with involution, let M and N be R-left modules and let
f : M → N be a map. We say that f is R-antilinear, if it is a homomorphism of abelian
groups and if for any m ∈M and r ∈ R we have f(r ·m) = r · f(m).

165.4. Free modules. The following de�nition is modelled on the de�nition of a free
abelian group that we gave on page 1148.
De�nition. Let R be a ring.
(1) LetM be an R-left module. We sayM is a free R-left module on a set S Ă M if given

any map φ : S → N to an R-left module N there exists a unique homomorphism
ψ : M → N of R-left modules that makes the following diagram commute

S

φ ""

� � // M

ψ
��

N.

(2) We say an R-left module is free if there exists a subset S Ă M such that R is a free
R-left module on the set S. We refer to S also as a basis for M .

In a totally analogous fashion we also introduce the corresponding notions for R-right
modules.
De�nition. Let R be a ring. Given any set X we set

R(X) := all maps from X to R which are non-zero for only �nitely many x ∈ X.
We equip R(X) with the obvious structure of an R-left module. We refer to R(X) as the
free R-left module generated by X or as the free R-left module on the generating set X.
The following lemma justi�es the above name.
Lemma 165.4. Let R be a ring.
(1) Let X be a set and let φ : X → M be a map to an R-left module M . There exists

a unique homomorphism ψ : R(X) → M of R-left modules that makes the following
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diagram commute
X

φ ##

� � // R(S)

ψ
��

M.

(2) Conversely let N be an R-left module that admits a subset X with the following
universal property: given any map φ : X →M to an R-left module M there exists a
unique R-left module homomorphism ψ : N →M that makes the following diagram
commute X

φ ""

// N

ψ
��

M.

Then N is isomorphic to R(X).

Proof. The proof of the lemma is basically the same as the proof of the analogous Lemma 51.1.
�

Remark.

(1) It follows immediately from the de�nitions that a free abelian group is basically the
same as a free Z-module.

(2) In many ways free R left/right modules are quite similar to free abelian groups. There
is one major di�erence though. By the Subgroup-of-Free Abelian Group Lemma 51.2
(1) we know that any submodule of a free Z-module is itself a free Z-module. The
analogous statement is in general not true for free R-left modules. For example,
consider the ring R = Z[x] of polynomials. We consider the ideal I = (2, 1 − x)
that is generated by 2 and 1 − x. It is a submodule of Z[x], which is of course a
free Z[x]-module in its own right. In Exercise 165.1 we will show that I, viewed as a
Z[x]-module, is not free.

(3) In Section ?? we will study the question whether the cardinality of a basis of a free
module is an invariant of the free module.

In the coming chapters we will work a lot with homomorphisms between free R-left mod-
ules. One of most popular bits in linear algebra is the fact that any homomorphism between
vector spaces can be represented by a matrix. The same applies in the context of homo-
morphisms between free R-left modules, except that one is forced to multiply by matrices
on the right. More precisely, we have the following somewhat confusing lemma.

Lemma 165.5. Let R be a ring.
(1) If A is a (k × l)�matrix over R, then the map

Rk → Rl

v 7→ v · A
↑ ↑

viewed as row vectors

is a homomorphism of R-left modules.
(2) Given any homomorphism ϕ : Rk → Rl of R-left modules there exists a (k×l)�matrix

over R such that ϕ is given by right multiplication by A.
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Proof. Both statements are essentially clear. The reader who is unfamiliar with deal-
ing with non-commutative rings should think for a second about the question, why left-
multiplication by A is not a homomorphism of R-left modules. �

On page 1715 we de�ned the notion of a splitting of a short exact sequence of (not neces-
sarily abelian) groups. We now have the analogue of modules.

De�nition. Let R be a ring. We say that a short exact sequence

0 → A
i−→ B

p−→ C → 0

of R-left modules splits, if there exists a splitting s : C → B, i.e. an R-left module homo-
morphism s : C → B such that p ◦ s = idC .
The following lemma is a generalization of Lemma 78.1.
Lemma 165.6. Let R be a ring and let

0 → A
i−→ B

p−→ C → 0

be a short exact sequence of R-left modules. If C is a free R-left module, then the short
exact sequence splits as a sequence of R-left modules.

Proof. The proof is basically the same as the proof of Lemma 78.1. �

We continue with the following variation on the Splitting Lemma 78.2.

Lemma 165.7. (Splitting Lemma for Rings) Let R be a ring and let

0 → A
i−→ B

p−→ C → 0

be a short exact sequence of R-left modules. The following three statements are equivalent:
(1) There exists a homomorphism of R-left modulest : B → A such that t ◦ i = idA.
(2) There exists an isomorphism Φ: B → A⊕C of R-left modules such that the following

diagram commutes:
B

Φ∼=

��

p

''
0 // A

i
77

''

C // 0

A⊕ C

77

where the lower left diagonal map is the obvious inclusion and the lower right diag-
onal map is the natural projection.

(3) The short exact sequence splits.

Proof. The proof is a mild variation on the proof of the Splitting Lemma 78.2. We leave
the details to the reader. �

Lemma 165.8. Let R and S be rings and let

0 → A
i−→ B

p−→ C → 0

be a short exact sequence of S-left modules and let M be an (S,R)-left left module. If the
short exact sequence splits (by Lemma 165.6 this holds if C is a free S-left module), then

0 → HomS -left(C,M)
i∗−→ HomS -left(B,M)

p∗−→ HomS -left(A,M) → 0
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is also a short exact sequence of R-left modules and it also splits as a short exact sequence
of R-left modules.
Proof. The proof is almost identical to the proof of the Tensor-Split-SES Lemma 89.6. �

165.5. Modules over group rings I. Basics. On page 248 we introduced the notion of
an action of a group G on a set X. Since we are now carefully distinguish between left and
right module structures it is worth renaming the notion of an left action as a �left-action�.

De�nition. Let X be a set and let G be a group with trivial element e.
(1) A left action of G on X is a map

G×X → X
(g, x) 7→ g · x

with the following properties

e · x = x, for all x ∈ X,
g · (h · x) = (g ·G h) · x, for all x ∈ X and g, h ∈ G.
↑ ↑ ↑

group action multiplication in the group G

A right action is de�ned in the hopefully obvious way.
(2) The left action is called free, if g · x = x for some x ∈ X implies that g = e.
(3) We say G acts transitively, if for every x and y in X there exists a g ∈ G with

g · x = y.
For modules over group rings we recall the following lemma.
Lemma 86.13. Let G be a group. Let A be an abelian group (with additive notation for
the group structure). Suppose we are given a homomorphism

ϕ : G → Aut(A),

then the map Z[G]× A → A( m∑
i=1
ri · gi, a

)
7→

m∑
i=1
ri · ϕ(gi)(a)︸ ︷︷ ︸

∈A

de�nes a natural Z[G]-left module structure on A.

Notation. In the setting of Lemma 86.13 we denote the corresponding Z[G]-left module
by ϕA.

Example. Let G be a group and let S be a set together with a G-left action. The map

G× Z(S) → Z(S)(
g,

k∑
i=1
ni · si

)
7→

k∑
i=1
ni · (g · si)︸ ︷︷ ︸

∈S

de�nes a G- left action on the abelian group Z(S). It follows from Lemma 86.13 that Z(S)

inherits a Z[G]-left module structure in a natural way.

2050If the left action is continuous, then the map x 7→ g · x is in fact a homeomorphism with inverse map
given by x 7→ g−1 · x.
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De�nition. Let G be a group and let R be a ring. Given an R-left module M we denote
by trM the (Z[G], R)-left left module where the Z[G]-left module structure is given by the
trivial g-action g ·m := m for each g ∈ G and m ∈M .
We continue with a more interesting example.

De�nition. Let G be a group and let R be a ring.
(1) LetM be an R-left module and let ϕ : G→ AutR -left(M) be a representation. We use

this representation to de�ne a Z[G]-left module structure onM via g ·m := ϕ(g)(m).
We denote by ϕM this Z[G]-left module. Note that the two modules structures
combine to de�ne an (Z[G], R)-left left module structure on ϕM .

(2) Let α : G→ GL(n,R) be a homomorphism. We consider2051

G×Rn → Rn

g · (v1, . . . , vn)︸ ︷︷ ︸
row vector

7→ (v1, . . . , vn)︸ ︷︷ ︸
row vector

· α(g−1).

We view Rn as an R-left module in the obvious ways. The above left action de�nes
a representation G→ AutR -left(R

n). We denote the corresponding (Z[G], R)-left left
module by αR

d.
(3) The case n = 1 corresponds to a ring homomorphism α : Z[G]→ R. In this case the

left-multiplication by g is de�ned as g ·r := r ·
R
α(g−1). We denote the corresponding

(Z[G], R)-left left module by αR.
The next lemma gives us a much interesting source for free modules.

De�nition. Suppose that a group G admits a left action on a set S. We say T Ă S is a
complete set of representatives if given any s ∈ S there exists a unique t ∈ T such that
s = g · t.

Lemma 165.9. Let G be a group and let S be a set together with a G-left action. We sup-
pose that the left action of G on S is free. If T Ă S is a complete set of representatives2052,
then Z(S) is a free Z[G]-left module with generating set T .

Example. In this section �gures are few and far between, so let us take this opportunity
to look at one pictorial example. We consider the set S = Z × {A,B,C,D} with the
obvious Z-action. This left action is free. There are many choices of complete sets of
representatives.

Proof. Let T Ă S be a complete set of representatives of the G-action on S. Recall that
the hypothesis that the left action of G on S is free means that if g · s = s for some s ∈ S,
then g = e. It follows easily from the axioms of an left action that this translates into the
statement that given any s, t ∈ S with [s] = [t] where exists a unique g ∈ G with g · s = t.

2051The convention that we act on row vectors by right multiplication α(g)−1 might initially come as a
surprise. But it is forced on us if we want to get an R-left module isomorphism. The case of a non-
commutative ring R will occur naturally later on, for example in Proposition 168.2.
2052It follows from the Axiom of Choice 0.1 that such a T always exists.
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G = Z acts by horizontal translation

B

C

B

C

complete set T of representatives

A

st g·

Now let N be a Z[G]-left module and let φ : T → N be any map. We extend φ to a
map φ̃ : S → N as follows:

φ̃ : S → N
s 7→ g · φ(t) where [t] = [s] and where g ∈ G is

the unique element with g · t = s.

By the de�nition of a free abelian group there exists a unique homomorphism ψ : Z(S) → N
of abelian groups that makes the following diagram commute:

S

φ̃ ""

// Z(S)

ψ
��

N.

We need to show that ψ is in fact a homomorphism of Z[G]-left modules. Note that one
can easily verify that for any s ∈ S and any g ∈ G we have ψ(g · s) = g · ψ(s). Since
S is a generating set for Z(S) as an abelian group we see that ψ : Z(S) → N is in fact a
homomorphism of Z[G]-left modules.

The proof of the fact that ψ is unique can be reduced, with the same arguments as
above, to the uniqueness of the homomorphism Z(S) → N of abelian groups. We leave it
to the reader to �ll in the details. �

We continue with the following slight generalization of Lemma 86.13.
Lemma 165.10. Let G be a group. Let R be a ring and let A be an R-left module and
suppose we are given a homomorphism

ϕ : G → AutR -left(A).

Then the map Z[G]× A → A( m∑
i=1
ri · gi, a

)
7→

m∑
i=1
ri · ϕ(gi)(a),

together with the given R-left module structure de�nes a natural (Z[G], R)-left left module
structure on A.
165.6. Modules over group rings II: Finite dimensional representations.

De�nition. Let π be a group, let R be a ring and let M be an R-left ring.
(1) An R-representation of π is a homomorphism α : π → AutR -left(M).
(2) If R = Z, R = Q, R = R or R = C, then we also say integral, rational, real or

complex representation.
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(3) If R is a �eld and M is d-dimensional, then we say that α is a d-dimensional repre-
sentation. If d <∞, then we call the representation �nite dimensional.

We camou�age our �rst example as a de�nition.

De�nition. Let π be a group and let R be a commutative ring. The representation

π → AutR -left(R[π])
g 7→ (f 7→ f · g−1)

is called the R-regular representation of π.

De�nition. Let π be a group and let R be a ring.
(1) A representation of α : π → AutR(M) is called reducible, if M admits an R-

submodule N with 0 Ĺ N Ĺ M such that π preserves M . Otherwise we say that
the representation is irreducible.

(2) Given two representations α : π → AutR(M) and β : π → AutR(N) we de�ne the
direct sum of the two representations as follows:

α⊕ β : π → AutR(M ⊕N)
g 7→ (m⊕ n 7→ α(g) ·m⊕ α(g) · n)).

(3) A representation of π that is the direct sum of irreducible representations is called
semisimple

Example.

(1) We consider the representation

π = Z → GL(2,C)

n 7→
(

1 n
0 1

)
This representation is reducible, since N = {(z, 0) | z ∈ C} is preserved by π. But
one can easily show that the representation is not semisimple.

(2) Let G be a �nite group and let R be a commutative ring. The submodule

R ·
∑
g∈G

g

is preserved by G. Thus we see that if G is a non-trivial group, then the R-regular
representation of G is reducible.

Proposition 165.11. If π is an abelian group, then every complex representation π →
AutC(M) of dimension ≥ 2 is reducible.

Proof. Let π be an abelian group and let ϕ : π → AutC(M) be a �nite-dimensional complex
representation. Given g ∈ π, λ ∈ C \ {0} and N Ă M we set

EN
g,λ := {v ∈ N |ϕ(g)(v) = λ · v}.

We start out with two claims.
Claim 1. Let g ∈ π and let N Ă M be a non-zero complex vector subspace with ϕ(g)(N) Ă

N . Then there exists a λ ∈ C \ {0} with EN
g,λ 6= 0.
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Proof. Let
p(t) := det(ϕ(g)− t · idN)

be the characteristic polynomial. This is a polynomial with deg(p(t)) = dimC(N) > 0. By
the Fundamental Theorem of Algebra 26.3, which we proved multiple times, the polynomial
has a zero λ ∈ C. Elementary linear algebra shows that EN

g,λ 6= 0. Since ϕ(g) is an
automorphism we see that λ 6= 0. �

Claim 2. Given any g, h ∈ π and λ ∈ C we have ϕ(h)(EN
g,λ) Ă EN

g,λ.

Proof. Let v ∈ EN
g,λ. Then

since ϕ is a representation since π is abelian since ϕ is a representation
↓ ↓ ↓

ϕ(g)(ϕ(h)(v)) = ϕ(g · h)(v) = ϕ(h · g)(v) = ϕ(h)(ϕ(g)(v)
= ϕ(h)(λ · v) = λ · ϕ(h)(v).
↑ ↑

since λ ∈ ENg,λ since ϕ(h) ∈ AutC(M)

This shows that ϕ(h)(v) ∈ EN
g,λ. �

If there exists a g ∈ π and a λ ∈ C \ {0} with 0 < dimC(EN
g,λ) < dimC(M) then it

follows from Claim 2 that EN
g,λ is a vector subspace that is preserved by π. Thus we have

shown that the representation is reducible.
Otherwise each ϕ(g) acts by multiplication by some λ(g) ∈ C \ {0}. Thus we see that

each vector subspace is preserved by π. Since dimC(M) ≥ 2 we see that the representation
is reducible. �

165.7. The tensor product over rings. On page 1907 we introduced the tensor product
of two abelian groups. In this section we will introduce the tensor product of modules over
a given ring R.

The following de�nition is an almost shameless copy-paste from page 1907.

De�nition. Let R be a ring, let A be a right R-module and let B be a left R-module. We
de�ne the tensor product A⊗R B as follows:

A⊗R B :=

{
free abelian group which is generated by all
symbols of the form a⊗ b with a ∈ A, b ∈ B

}
/N(A,B)

where N(A,B) is the subgroup generated by the elements of the form

(i) (a+ a′)⊗ b− (a⊗ b+ a′ ⊗ b) with a, a′ ∈ A and b ∈ B,
(ii) a⊗ (b+ b′)− (a⊗ b+ a⊗ b′) with a ∈ A and b, b′ ∈ B,
(iii) a · r ⊗ b− a⊗ r · b with a ∈ A, b ∈ B and r ∈ R.

For a ∈ A and b ∈ B we denote, by a slight abuse of notation, the image of a⊗ b in A⊗B
again by a⊗ b.

Remark.

(1) Note that in the notation we use the subscript R to denote the tensor product A⊗RB.
To simplify the subsequent notation, given elements a ∈ A and b ∈ B we write a⊗ b
instead of the more logical a⊗R b. It should be clear from the context what we mean.

(2) We consider the case that R = Z. Any abelian group is a Z-module, in particular,
any abelian group is a Z-left module and a Z-right module. It follows immediately
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from Lemma 165.12 (2) that we have an equality

A ⊗Z B︸ ︷︷ ︸
tensor product
of modules

= A ⊗ B.︸ ︷︷ ︸
tensor product of
abelian groups

(3) In Exercise ?? we will discuss the question whether it makes sense to de�ne the tensor
product if we are given say two R-right modules.

We summarize some elementary properties of the tensor product in the following lemma.
Lemma 165.12. Let R be a ring, let A be an R-right module and let B be an R-left
module.
(1) For any a, a′ ∈ A and b, b′ ∈ B we have

(a+ a′)⊗ b = a⊗ b+ a′ ⊗ b ∈ A⊗R B
a⊗ (b+ b′) = a⊗ b+ a⊗ b′ ∈ A⊗R B.

(2) For any a ∈ A, b ∈ B and any r ∈ R we have

(a · r)⊗ b = a⊗ (r · b).

(3) Any element in A⊗R B is of the form
n∑
i=1
ai ⊗ bi.

Proof. The statements are basically just notationally convenient equalities that follow
immediately from the de�nition of the tensor product A⊗R B. �

The tensor product can be characterized by the following universal property.
Lemma 165.13. Let R be a ring, let A be an R-right module and let B be an R-left
module.
(1) The homomorphism

µ : A×B → A⊗R B
(a, b) 7→ a⊗ b

has the property that for any a ∈ A, b ∈ B and r ∈ R we have µ(a · r, b) = µ(a, r · b).
(2) Given any homomorphism ϕ : A×B → Y of abelian groups with the property that

for any a ∈ A, b ∈ B and r ∈ R we have ϕ(a · r, b) = ϕ(a, r · b) there exists a unique
homomorphism ψ : A⊗R B → Y of abelian groups such that the following diagram
commutes:

A×B

g
**

µ

(a,b) 7→a⊗b
// A⊗R B

ψ unique
��

Y.

(3) If Y is an abelian group and ν : A × B → Y is a homomorphism that satis�es (1)
and (2), then there exists an isomorphism Θ: Y → A⊗R B with ν = µ ◦Θ.

Proof. One can easily verify that ψ(a⊗ b) := ϕ(a, b) de�nes a homomorphism that makes
the diagram commute and that it is uniquely determined. �

For completeness' sake we state the following analogue of Lemma 165.1.
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Lemma 165.14. Let R and S be rings, let A be an (S,R)-bimodule and let B be an
R-left module. Then

S × A⊗R B → A⊗R B
(s, a⊗ b) 7→ (s · a)⊗ b

is a well-de�ned R-left module structure. The evident variations on this statement also
hold. �

Lemma 165.15. Let S be a ring.
(1) Let f : A → A′ a homomorphism of S-right modules and let g : B → B′ be a

homomorphism of S-left modules. The map

f ⊗ g : A⊗S B → A′ ⊗S B′
m∑
i=1
ai ⊗ bi →

m∑
i=1
f(ai)⊗ g(bi)

is well-de�ned and it is a homomorphism of abelian groups. If R is a ring and
f : A→ A′ is a homomorphism of (R, S)-bimodules, then the above map f ⊗ g is a
homomorphism of R-left modules. Obvious variations on this observation also hold.

(2) Let f : A → A′ and f ′ : A′ → A′′ be two homomorphisms of S-right modules and
let g : B → B′ and g′ : B′ → B′′ be homomorphisms of S-left modules. Then we
have

(f ′ ⊗ g′) ◦ (f ⊗ g) = (f ′ ◦ f)⊗ (g′ ⊗ g).

(3) Given an S-right module A the maps

B 7→ A⊗S B and (f : B → B′) 7→ (id⊗f : A⊗S B → A⊗S B′)
form a functor from the category SMod of S-left modules to the category AbGroup of
abelian groups.

(4) The analogous statement as in (3) holds if we start out with an S-left module B.

Proof. We leave it to the reader to verify the statements. �

The following lemma is a crucial example for the tensor product.

Lemma 165.16. Let R and S be rings. Let A be an (R, S)-bimodule and let B be an
S-left module. We view S as S-left module and as an S-right module where the module
structure is given by left respectively right multiplication. The maps

(1)
A⊗S S → A
n∑
i=1
ai ⊗ ri 7→

n∑
i=1
ai · ri

and (2)
S ⊗S B → B
n∑
i=1
ri ⊗ bi 7→

n∑
i=1
ri · bi

are well-de�ned and they are natural isomorphisms of (R, S)-bimodules.

Proof. Let us show that the map (1) is in fact well-de�ned. By Lemma 51.1 there exists
a unique homomorphism

Φ: free abelian group generated by all symbols a⊗ r → A
of abelian groups that satis�es a⊗ r 7→ a · r.

We need to show that all the elements of the types (i), (ii) and (iii) as de�ned on page 3510
lie in the kernel of Φ. For (i) and (ii) that is basically obvious. We consider (iii) in slightly
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more detail. Let a ∈ A, let s ∈ S and let s ∈ S. We have

Φ(a · r ⊗ s− a⊗ r · s) = Φ(a · r ⊗ s)− Φ(a⊗ r · s) = (a · r) · s− a · (r · s) = 0.
↑ ↑ ↑

since Φ is a homomorphism by de�nition of Φ and since we view S since A is a
of abelian groups as a left S-module via left multiplication S-right module

This shows that the map (1) is in fact well-de�ned. We leave it to the reader to verify that
an inverse is given by map

A → A⊗S S
a 7→ a⊗ 1.

Basically the same argument also shows that the map (2) is a well-de�ned isomorphism. �
On many occasions we will also make use of the following lemma which is a partial analogue
of the Tensor Lemma 89.3.
Lemma 165.17. Let R be a ring. Let A and {Ai}i∈I be R-left modules and let B and
{Bi}i∈I be R-right modules.
(1) The maps(⊕

i∈I
Ai

)
⊗R B →

⊕
i∈I
Ai ⊗R B( n∑

i=1
ai

)
⊗ b 7→

n∑
i=1
ai ⊗ b

and
A⊗R

(⊕
i∈I
Bi

)
→

⊕
i∈I
Ai ⊗R B

a⊗
( n∑
i=1
bi

)
7→

n∑
i=1
a⊗ bi

are well-de�ned and they are natural isomorphisms.
(2) Suppose (I,≤) is an ordered set and ({Ai}i∈I , {ϕij}i≤j) is a direct system of R-left

modules, then lim−→ (Ai ⊗R B) =
(
lim−→Ai

)
⊗R B.

Proof. The proof is basically the same as the proof of the Tensor Lemma 89.3. �

Remark. In Lemma 165.17 we saw that the tensor product commutes with forming direct
sums. Note that in Exercise 89.11 we already saw that tensor products, even just over the
ring R = Z, do not commute with forming direct products.

The following lemma is an analogue of Lemma 165.8.
Lemma 165.18. Let R and S be rings and let

0 → A
i−→ B

p−→ C → 0

be a short exact sequence of S-left modules and let M be an (R, S)-bimodule. If the short
exact sequence splits as an exacts sequence of S-left modules (by Lemma 165.6 this is the
case if C is a free S-left module), then

0 → M ⊗S A
id⊗i−−−→ M ⊗S B

id⊗p⊗−−−−→ M ⊗S C → 0

is also a short exact sequence and it also splits.

Proof. The proof is almost identical to the proof of the Tensor-Split-SES Lemma 89.6. �

Lemma 165.19. Let ϕ : R → S be a ring homomorphism, let A be an S-right module
and let B be an S-left module. As explained on page 3502 we obtain, via ϕ, an R-right
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module ϕ∗A and an R-left module ϕ∗B. With these conventions the map

ϕ∗A⊗R ϕ∗B → A⊗S B
a⊗ b 7→ a⊗ b

is well-de�ned. �

Lemma 165.20. Let ϕ : R → S be a ring homomorphism, let M be an S-right module
and let N be an R-left module. The maps2053

M ⊗S (S ⊗R N) → ϕ∗M ⊗R N
(m⊗ (s⊗ n)) 7→ m · s⊗ n and

ϕ∗M ⊗R N → M ⊗S (S ⊗R N)
m⊗ n 7→ m⊗ (1⊗ n)

are well-de�ned and inverses of one another, in particular they are both isomorphism. �

Lemma 165.21. Let R be a ring and let ϕ : R → S be a ring homomorphism. We use
this ring homomorphism to view S as an R-right module.
(1) For any k ∈ N0 the map

S ⊗R Rk → Sk

that is determined by
s⊗ (r1, . . . , rk) 7→ (s · ϕ(r1), . . . , s · ϕ(rk))

is an isomorphism.
(2) Let X be a set. The map

S ⊗R R(X) → S(X)

that is determined by
n∑
i=1
si ⊗ (ri · xi) 7→

n∑
i=1

(si · ϕ(ri)) · xi
is an isomorphism. If T is a ring and M is a (T, S)-bimodule, then the obvious map

M ⊗R R(X) → ϕ∗M ⊗S S(X)

is an isomorphism.
(3) Let A = (aij) be a k × l�matrix over R. If we write ϕ(A) := (ϕ(aij)), then the

following diagram commutes2054

S ⊗R Rk

∼=
��

v 7→v·A // S ⊗R Rl

∼=
��

Sk
w 7→ϕ(A)·w

// Sl.

(4) Let R be a ring and let M free R-left module on a set X. If ϕ : R → S is a ring
homomorphism, then S ⊗RM is a free S-left module on the set {1⊗ x}x∈X .

2053Here we view S as an (S,R)-bimodule, thus by Lemma 165.14 we can view S⊗RN as an S-left module
to de�ne the tensor product M ⊗S (S ⊗R N).
2054The vertical isomorphisms are of course the natural maps de�ned in (2).
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Lemma 165.22. Let ϕ : R → S be a ring homomorphism, let be an S-left module and
let M be an S-left module. The map

HomR -left(R⊗S C,ϕ∗M) → HomS -left(C,M)
γ 7→ (c 7→ γ(1R ⊗ c))

is well-de�ned. If C is a free S-left module, then the above map is in fact an isomorphism.
Remark. In Exercise 165.3 we will see that in general the conclusion of Lemma 165.22
does not hold, if C is not a free S-left module.

Proof. One can easily verify that the map is well-de�ned. If C is a free S-left module,
then using Lemma 165.21 (2) and using the de�nition of a free module one can easily verify
that the map is an isomorphism. �

Finally in many cases we will be interested in the tensor product over a group ring. The
following elementary lemma simpli�es the discussion of such tensor products a little bit.

Lemma 165.23. Let π be a group, R be a ring, let M be a (R,Z[π])-bimodule and let N
be a Z[π]-left module. The map

M ⊗Z Z
/{ subgroup of M ⊗Z N generated by the elements

m · g ⊗ n−m⊗ g · n with m ∈M,n ∈ N, g ∈ π
}
→ M ⊗Z[π] N

[m⊗ n] 7→ m⊗ n
is a natural isomorphism of R-left modules.

Proof. The proof follows easily from the de�nitions and is left to the reader. �

Lemma 165.24. Given any group π and given any Z[π]-left module M the maps

M ⊗Z trZ → M
m⊗ n 7→ n ·m and trZ⊗Z M → M

n⊗m 7→ n ·m
are natural isomorphisms of Z[π]-left modules.

Proof. The lemma can be proved easily, say using Lemma 165.23. �

165.8. Modules over skew �elds and PIDS.

De�nition. A ring R is called a principal ideal domain (PID) if R is commutative2055 and
if every ideal of R is generated by a single element.
The following theorem generalizes the Subgroup-of-Free Abelian Group Lemma 51.2 (1).

Theorem 165.25. Let R be a PID. Every submodule of a free R-module is again free.

Proof. This theorem is proved in [Rot2002, Theorem 8.9]. �

We now introduce skew �elds. In most applications the skew �elds we use are in fact just
ordinary �elds. On the other hand, it costs little to generalize to skew �elds and working
with (possibly) non-commutative skew �elds actually makes some of the future arguments
clearer since it prevents us from using �accidents� in the commutative setting, e.g. the fact
that over a commutative ring every left-module is automatically a right module.
De�nition.

2055One could also de�ne a non-commutative analogue of PIDs, but we will refrain from doing so.
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(1) A skew �eld is a ring K such that given any a ∈ K there exist x, y ∈ K with
a · x = y · a = 1.2056

(2) If K is a skew �eld, then we refer to a K-left module also as a K-left vector space.
As we will see, many results of modules over �elds (i.e. commutative skew �elds) generalize
in a suitable sense to modules over skew �elds.
Proposition 165.26. Let K be a skew �eld.
(1) Every K-left module M is a free K-left module.
(2) Every epimorphism ϕ : M → N of K-left modules admits a left inverse s : N →M .
(3) Every submodule A of a K-left module M is a summand, i.e. there exists another

submodule B such that M = A⊕B.
(4) Every K-left module M has a uniquely de�ned dimension dimK(M) ∈ N0 ∪ {∞}.
(5) Let ϕ : M → N be a K-module homomorphism between two K-left modules of the

same �nite dimension. Then the following are equivalent:
(a) ϕ is an isomorphism,
(b) ϕ is a monomorphism,
(c) ϕ is an epimorphism.

(6) Every short exact sequence 0 → A → B → C → 0 of K-left modules splits and we
have the equality dimK(B) = dimK(A) + dimK(C).

Proof. We leave it to the reader to dig out their books on linear algebra and verify that in
the proofs of the corresponding statements over �elds one never really needed to use that
�elds are commutative. �

Exercises for Chapter 165.

Exercise 165.1.

(a) We consider the ring R = Z[x] of polynomials and we consider the ideal I = (2, 1−x)
that is generated by 2 and 1− x. Show that I is not a free Z[x]-module.

(b) Show that the Laurent polynomial ring R = Z[x±1] admits submodules that are not
free.

Exercise 165.2. Let R be a ring, let M be an R-left module let G be a group, let H
be a subgroup of G and let ϕ : H → AutR -left(M) a representation. We view Z[G] as a
(Z[G],Z[H])-bimodule in the obvious way. We consider the tensor product

IndGHM := Z[G]⊗Z[H] M

which is a Z[G]-left module and thus also a representation of G, which is called the induced
representation.
(a) Show that if R is a skew �eld, then dimK(Z[G]⊗Z[H] M) = [G : H] · dimK(M).
(b) A representation of a group is called faithful if it is a monomorphism. Show that if

M is a faithful representation of H, then IndGHM is a faithful representation of G.

Exercise 165.3. We consider the polynomial ring Q[x].

2056If such that x, y exist, then as always x = y. Indeed, we have x = 1 ·x = (y ·a) ·x = y · (a ·x) = y ·1 = y.
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(a) Given a polynomial p(x) ∈ Q[x] we view Q[x]/(p(x)) as a Q[x]-module in the obvious
way. Show that the map

Q⊗Q[x] Q[x]/(p(x)) → Q/(p(1))
n⊗ [f(x)] 7→ n · f(1)

is an isomorphism.
(b) We consider the ring homomorphism ϕ : Q→ Q[x] that is given by the inclusion and

we consider the Q[x]-modules C := Q[x]/(1− x) and M := Q[x]/(1 + x). Show that
the map

HomQ(Q⊗Q[x], ϕ
∗M) → HomQ[x](C,M)
γ 7→ (c 7→ γ(1Q ⊗ c))

is not an isomorphism.
Remark. This shows that in Lemma 165.22 we cannot drop the hypothesis that the
module C is a free Q[x]-module.
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166. Homological algebra over rings

166.1. Chain complexes over rings. In this section we generalize the theory of chain
complexes of abelian groups to chain complexes of R-left modules. Basically everything
we do in this section is self-explanatory. First we have the following generalization of the
de�nitions on pages 1591, and 1592
De�nition. Let R be a ring.
(1) An R-left chain complex (C∗, ∂∗) is a sequence

. . . → Cn
∂n−−→ Cn−1

∂n−1−−−→ . . . C1
∂1−−→ C0 → 0

of R-left homomorphisms between R-left modules such that for every i ∈ N we have
∂i−1 ◦ ∂i = 0. As before we introduce the convention that Cn = 0 for n ∈ Z<0.

(2) We de�ne the n-th homology module of the R-left chain complex as

Hn(C) := ker(∂n : Cn → Cn−1) / im(∂n+1 : Cn+1 → Cn).

Note that Hn(C) inherits the structure of an R-left module.
(3) An chain map f : C∗ → D∗ between two R-left chain complexes consists of a family
{fn : Cn → Dn}n∈N0 of R-left homomorphisms such that for each n ∈ N0 we have
fn−1 ◦ ∂n = ∂n ◦ fn.

Lemma 166.1. Let R be a ring and let f : C∗ → D∗ be a chain map between chain
complexes of R-left modules. Then the boundary map of C∗ de�nes a chain complex
structure on the R-left modules ker(Ck → Dk) and the boundary map of D∗ descends to
a chain complex structure on the R-left modules coker(Ck → Dk).

Proof. The statement follows easily from the de�nitions. �

De�nition.
(1) Let f, g : C∗ → D∗ be chain maps between chain complexes C∗ and D∗. A chain

homotopy P = {Pn}n∈N0 between f and g consists of family {Pn : Cn → Dn+1}n∈N0

of R-left homomorphisms such that for each n ∈ N0 we have

∂n+1 ◦ Pn + Pn−1 ◦ ∂n = fn − gn.
If there exists a chain homotopy between chain maps f and g, then we say that f
and g are chain homotopic and we write f ' g.

(2) Let C∗ and D∗ be two chain complexes.
(a) A chain map f : C∗ → D∗ is called a chain homotopy equivalence between C∗

and D∗, if it admits a chain homotopy inverse, i.e. a chain map g : D∗ → C∗
with g ◦ f ' idC∗ and f ◦ g ' idD∗ .

(b) If there exists a chain homotopy equivalence between C∗ and D∗, then we say
that the chain complexes C∗ and D∗ are chain homotopy equivalent and we write
C∗ ' D∗.

The following lemma generalizes the earlier results of Lemmas 73.1, 72.7 and 73.2 and
Corollary 73.4.
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Lemma 166.2. Let R be a ring and let C∗ and D∗ be two R-left chain complexes.
(1) For every chain map f : C∗ → D∗ the following map is well-de�ned:

f∗ : Hn(C∗) → Hn(D∗)
[c] 7→ [fn(c)].

(2) Let f, g : C∗ → D∗ be two chain maps between chain complexes. If f and g are chain
homotopic, then f∗ = g∗ : Hn(C)→ Hn(D) for all n ∈ N0.

(3) If f : C∗ → D∗ is a chain homotopy equivalence, then the maps f∗ : Hn(C)→ Hn(D)
are isomorphisms.

Proof. The proof of the lemma is basically the same as the, frankly rather boring, proofs
of Lemmas 73.1, 72.7 and 73.2 and Corollary 73.4. �

On page 1912 we saw that we can tensor a chain complex C∗ of abelian groups with an
abelian group G to obtain a new chain complex C∗ ⊗ G. Furthermore, on page 2400 we
saw that we can consider the cochain complex Hom(C∗, G). The same constructions also
in the more general settings of chain complexes of modules over rings. We summarize the
key statements in the following two lemmas.

Lemma 166.3. (Tensoring Chain Complex Lemma) Let R and S be rings and let
M be an (R, S)-bimodule.
(1) If (C∗, ∂∗) is an S-left chain complex, then (M ⊗S C∗, idM ⊗∂∗) is an R-left chain

complex.
(2) If f∗ : C∗ → D∗ is a chain map (chain homotopy equivalence) of S-left chain com-

plexes, then the maps idM ⊗f∗ : M ⊗S C∗ → M ⊗S D∗ form a chain map (chain
homotopy equivalence) of R-left chain complexes.

(3) If (C∗, ∂∗) is an S-left chain complex and if ϕ : M → N is a homomorphism of
(R, S)-bimodules, then the maps ϕ : id : M ⊗S C∗ → N ⊗S C∗ form a chain map of
R-left chain complexes.

Proof.
(1) Let n ∈ N0. We calculate that

(idM ⊗∂n−1) ◦ (idM ⊗∂n) = idM ⊗(∂n−1 ◦ ∂n) = idM ⊗0 = 0.
↑

Lemma 165.15

This shows that (M⊗SRC∗, idM ⊗∂∗) is chain complex. It follows from Lemma 165.14
that it is in fact a chain complex of S-left modules.

(2) The proof of this statement is almost as trivial as the proof of Statement (1).
(3) See the proof of Statement (2). �

166.2. Cochain complexes over rings.

De�nition. Let R be a ring.
(1) An R-left cochain complex is a sequence

← Dn δn−1←−− Dn−1 δn−2←−− . . .
δ1←− D1 δ0←− D0 ← 0

of R-left homomorphism between R-left modules such that for all i ∈ N0 we have
δi+1 ◦ δi = 0. We refer to the maps δ∗ as coboundary maps.
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(2) We de�ne the n-th cohomology group of the R-left cochain complex (D∗, δ∗) to be

Hn(D) :=
ker(δn : Dn → Dn+1)

im(δn−1 : Dn−1 → Dn)
.

Note that Hn(D) inherits the structure of an R-left module.
(3) The notion of a cochain map, cochain homotopy and cochain homotopy equivalence

that we introduced on page 2397 for cochain complexes of abelian groups generalize
in the obvious way to the more general setting.

For the reader's convenience we recall the following slightly shortened version of the Cochain
Map Lemma 108.5.
Lemma 108.5.
(1) If f : C∗ → D∗ is a cochain map between cochain complexes C∗ and D∗, then the

map f∗ : Hn(C) → Hn(D)
[c] 7→ [fn(c)]

is well-de�ned.
(2) Two cochain maps that are cochain homotopic induce the same map on cohomology

groups.
(3) Every cochain homotopy equivalence induces an isomorphism of cohomology groups.

As before the key source of cochain complexes is given by dualizing a chain complex. More
precisely, we have the following generalization of the de�nition from page 2400.
De�nition. Let S and be a ring and let

(C∗, ∂∗) : → Cn+1
∂n+1−−−→ Cn

∂n−−→ . . .
∂2−→ C1

∂1−→ C0 → 0

be an S-left chain complex and let M be an S-left module. For each n ∈ N0 we write

δn := ∂∗n+1 : HomS -left(Cn,M) → HomS -left(Cn+1,M).

Note that δn ◦ δn−1 = (∂n)∗ ◦ (∂n−1)∗ = (∂n−1 ◦ ∂n)∗ = 0, thus we obtain the following
cochain complex

. . .
δ2←− HomS -left(C2,M)

δ1←− HomS -left(C1,M)
δ0←− HomS -left(C0,M) ← 0.

We refer to it as cochain complex dual to (C∗, ∂∗) and we denote it by HomS -left(C∗,M).
We de�ne the n-th cohomology group of the chain complex (C∗, ∂∗) with M -coef�cients as
the cohomology of the cochain complex (Hom(C∗,M), δ∗), i.e. we de�ne

Hn(C;G) :=
ker(δn : HomS -left(Cn,M)→ HomS -left(Cn+1,M))

im(δn−1 : HomS -left(Cn−1,M)→ HomS -left(Cn,M))
.

The following lemma is a generalization of the classical the Dual Cochain Map Lemma 108.8
and it can be viewed as an analogue of the Tensoring Chain Complex Lemma 166.3.



166. HOMOLOGICAL ALGEBRA OVER RINGS 3521

Lemma 166.4. (Dualizing Chain Complex Lemma) Let R and S be rings and let
M be an (S,R)-left left module.
(1) If (C∗, ∂∗) is an S-left chain complex, then the R-left modules HomS -left(C∗,M)

together with the maps

δ : HomS -left(Cn,M) → HomS -left(Cn+1,M)
(ϕ : Cn →M) 7→ (ϕ ◦ ∂ : Cn+1 →M)

form a cochain complex of R-left modules.
(2) If f∗ : C∗ → D∗ is a chain map (chain homotopy equivalence) of R-left chain com-

plexes, then the maps

f ∗ : HomS -left(Dn,M) → HomS -left(Cn,M)
(ϕ : Dn →M) 7→ (f ◦ ϕ : Cn →M)

form a cochain map (cochain homotopy equivalence) of R-left cochain complexes.
(3) If (C∗, ∂∗) is an R-left chain complex and if α : M → N is a homomorphism of

(S,R)-bimodule, then the maps

α∗ : HomS -left(Cn,M) → HomS -left(Cn, N)
(ϕ : Cn →M) 7→ (α ◦ ϕ : CN → N)

form a chain map of S-left chain complexes.
Proof. We leave the straightforward veri�cation of this lemma to the reader. �

166.3. Free resolutions. In several chapters we already developed the theory of chain
complexes of free abelian groups. Many statements generalize without problems to the
setting of chain complexes of free modules. More precisely, all statements that only made
use of the universal property of free abelian groups generalize with basically the same
proof. On several occasions we did use the fact, see the Subgroup-of-Free Abelian Group
Lemma 51.2 , that any subgroup of a free abelian group is again a free abelian group. This
statement does not generalize to rings.

The following generalizes the notion of a (free) resolution of an abelian group that we
gave on page 1791.

De�nition. Let R be a ring and let M be an R-left module. A (free) resolution of an
abelian group M is an exact sequence

. . .
f3−→ F2

f2−→ F1
f1−→ F0

f0−→ M → 0

where the Fi are (free) R-left modules.
In the following de�nition, which is modelled on the de�nition on page 1922, we show that
every R-left module admits a canonical free resolution.
De�nition. Let R be a ring. We recall the following basic fact: if K is an R-left module,
then by Lemma 165.4 there exists a unique homomorphism α(M) : R(K) → K such that
for each k ∈ K we have α(K)(k) = k. Now let M be any R-left module. We consider the
sequence
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R(K) α(K)−−−→ K → 0.

The group R(K) is free abelian and α(K) is an epimorphism. In particular the sequence is

exact. We set K1 := ker
(
R(K) α(K)−−−→K

)
. Then

K1 ↪→ R(K) α(K)−−−→ K → 0
is exact. Now we consider

R(K1) α(K1)−−−→ R(K) α(K)−−−→ K → 0.

This sequence is exact and both the groups R(K1) and R(K) are free abelian. Now we
set K2 := ker

(
R(K1) α(K)−−−→K

)
and we iterate this procedure. This way we obtain a free

resolution of K. We refer to this free resolution of K as the canonical free resolution of
K.
The following theorem is a straightforward generalization of the Fundamental Theorem of
Homological Algebra 81.1.

Theorem 166.5. (Fundamental Theorem of Homological Algebra over Rings)
Let R be a ring and let α : H → H ′ be an R-left module homomorphism between R-left
modules. Furthermore let F∗ be a free resolution of H and let F ′∗ be a resolution

2057 of H ′.
(1) There exists an extension of α to the free resolutions F∗ and F ′∗.
(2) Any two extensions α∗ and α′∗, viewed as chain maps, are chain homotopic.

Remark. In fact we only need that F∗ is a projective resolution of H.

Proof. The proof is basically identical to the proof of the Fundamental Theorem of Ho-
mological Algebra 81.1. �

De�nition. Let f : C∗ → D∗ be a chain map between chain complexes. We say f is
a quasi-isomorphism if for each k ∈ N0 the induced map f∗ : Hk(C∗) → Hk(D∗) is an
isomorphism.
We also have the following generalization of the Quasi Isomorphisms-are-Homotopy Equiv-
alences Proposition 81.4.

Proposition 166.6. (Quasi Isomorphisms-are-Homotopy Equivalences Proposi-
tion) Let R be a ring and let f : C∗ → C′∗ be a chain map between chain complexes of
free R-left modules. If f induces an isomorphism of all homology groups, then f is in fact
a chain homotopy equivalence.

Proof. The proof is identical to the proof of the Quasi Isomorphisms-are-Homotopy Equiv-
alences Proposition 81.4. �

The following corollary is a generalization of Corollary 166.7.

Corollary 166.7. 2058Let R be a ring and let

0 // A∗

��

// B∗

��

// C∗

��

// 0

0 // A′∗ // B′∗ // C ′∗ // 0

2057Note that we do not demand that F ′∗ is a free resolution.
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be a commutative diagram of short exact sequences of chain complexes of free R-left
modules. If two of the vertical maps are chain homotopy equivalences, then the third is
also a chain homotopy equivalence.
Proof. The same way that we deduced the Two-Out-Of-Three-Homotopy Equivalence
Corollary 81.6 from the Quasi Isomorphisms-are-Homotopy Equivalences Proposition 81.4
one can also deduce Corollary 166.7 from the Quasi Isomorphisms-are-Homotopy Equiva-
lences Proposition 166.6. �

Remark. It is also useful to know the results that do not generalize. In the proofs of
Proposition 81.5 and the Lift-to-Chain Map-Proposition 81.13 we used the Subgroup-of-
Free Abelian Group Lemma 51.2 which says that subgroups of free abelian groups are free
abelian. Furthermore in the proof of the Finite-Rank Chain Complex Lemma 81.14 we
used the Finitely Generated Abelian Group Classi�cation Theorem 51.4. Thus the proofs
of these results do not generalize in a one-to-one fashion to the setting of chain complexes
over rings.

166.4. Free imitations of chain complexes. Recall that in the de�nition of a chain
complex we did not demand that the chain groups are free modules. In this section we will
see that we can replace any chain complex by a �similar looking� chain complex consisting
of free modules. To make this precise we need the following de�nition.

De�nition. Let R be a ring and let C∗ be a chain complex of R-left modules. A free imita-
tion of C∗ is a chain complex F∗ of R-left modules together with a chain map ϕ : F∗ → C∗
of R-left chain complexes that has the following two properties:
(1) The chain map is a quasi-isomorphism ϕ : F∗ → C∗, i.e. it induces an isomorphism

on all homology groups.
(2) Each ϕ : Fk → Ck is an epimorphism.

We will now see that free imitations always exist and that they are unique up to chain
homotopy equivalence.

Lemma 166.8. (Free Imitation Existence Lemma) Let R be a ring. Every chain
complex of R-left modules admits a free imitation.

Remark. For R = Z the statement of the Free Imitation Existence Lemma 166.8 is the
content of Exercise 72.16.

Proof. Let R be a ring and let (C∗, ∂∗) be a chain complex of R-left modules. We need to
show that there exists a chain complex (F∗, ∂̃∗) of free R-left modules together with a chain
map ϕ : F∗ → C∗ that is a quasi-isomorphism and that is an epimorphism at each degree.
Most of the work is done by formulating the following claim.
Claim. Suppose that we are in the following setting

0 // Fk
∂̃k //

ϕk
��

Fk−1

∂̃k−1
//

ϕk−1
��

. . .
∂̃2 // F1

∂̃1 //

ϕ1
��

F0
0 //

ϕ0
��

0

. . . // Ck+1
∂k+1

// // Ck
∂k

// Ck−1
∂k−1

// . . .
∂2

// C1
∂1

// C0 0
// 0
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where the following statements hold:
(1) The top sequence of maps is a chain complex of free R-left modules.
(2) The vertical maps de�ne a chain map.
(3) For i = 0, . . . , k − 1 the map ϕ∗ : Hi(F∗)→ Hi(C∗) is an isomorphism.
(4) The map ϕ∗ : Hk(F∗)→ Hk(C∗) is an epimorphism.
(5) Each vertical map is an epimorphism.

Then we can extend the above horizontal sequence by one term to the left such that the
extensions of the above statements hold.
Proof. Fortunately formulating the claim takes (almost) longer than proving it. We set

A := {(f, c) ∈ ϕ−1
k (im(∂k+1 : Ck+1 → Ck)) ∩ ker(∂̃k)︸ ︷︷ ︸

ĂFk

× Ck+1 |ϕk(f) = ∂k+1(c)}

B := ker(∂k+1 : Ck+1 → Ck).

Next we set Fk+1 := R(A) ⊕R(B). We consider the map

∂̃k+1 : Fk+1 = R(A) ⊕R(B) → Fk

that is induced by sending each (f, c) ∈ A to f ∈ Fk and by sending each b ∈ B to 0.
Furthermore we consider the map

ϕk+1 : Fk+1 = R(A) ⊕R(B) → Ck+1

that is induced by sending each (f, c) ∈ A to c and by sending each b ∈ B to b ∈ Ck+1. We
now claim that Fk+1 together with the above maps gives the desired extension:
(1) Evidently Fk+1 is a free R-left module. Note that it follows easily from the de�nitions

that ∂k ◦ ∂k+1 = 0. This implies that we do indeed have a chain complex of free R-left
modules.

(2) For (f, c) ∈ A we have

(∂k+1 ◦ ϕk+1)(f, c) = ∂k+1(c) = ϕk(f) = (ϕk ◦ ∂̃k+1)(f, c).
↑ ↑ ↑

de�nition of ϕk+1 de�nition of A de�nition of ∂̃k+1

Furthermore for b ∈ B we have
since b ∈ B = ker(∂k+1)
↓

(∂k+1 ◦ ϕk+1)(b) = ∂k+1(ϕk+1(b)) = ∂k+1(b) = 0 = (ϕk ◦ ∂̃k+1)(b).
↑ ↑

de�nition of ϕk+1 de�nition of ∂̃k+1

Thus the vertical maps form a chain map.
(3) We denote by F∗ the chain complex starting at Fk and we denote by F ′∗ the chain

complex starting at Fk+1. Recall that we assume that ϕ∗ : Hk(F∗) → Hk(C∗) is an
epimorphism. It follows almost immediately that ϕ∗ : Hk(F

′
∗) → Hk(C∗) is also an

epimorphism. It remains to show that ϕ∗ : Hk(F
′
∗)→ Hk(C∗) is also a monomorphism.

Thus let [σ] ∈ Hk(F
′
∗) with ϕ∗([σ]) = 0. This means that ϕk(σ) ∈ im(∂k+1 : Ck+1 → Ck).

Also note that σ ∈ ker(∂̃k). This shows that σ ∈ ϕ−1
k (im(∂k+1 : Ck+1 → Ck)) ∩ ker(∂̃k).

Evidently we can pick c ∈ Ck+1 with ∂k+1(c) = ϕk(σ). Note that ∂̃k+1(σ, c) = σ. In
other words, we have shown that σ ∈ im(∂̃k+1 : Fk+1 → Fk). But this implies that
[σ] = 0 ∈ Hk(F

′
∗).
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(4) By construction the map ϕk+1 : ker(∂̃k+1 : Fk+1 → Fk) → ker(∂k+1 : Ck+1 → Ck) is an
epimorphism. But this implies that ϕ∗ : Hk(F∗)→ Hk(C∗) is an epimorphism.

(5) Let c ∈ Ck+1. Since ϕk : Fk → Ck is an epimorphism there exists an f ∈ Fk with
ϕk(f) = ∂k+1(c). Note that (f, c) ∈ A and note that ϕk+1(f, c) = c. Thus we have
shown that ϕk+1 : Fk+1 → Ck+1 is an epimorphism. �

Now we start the iterative procedure with k = −1 by considering the chain complex
consisting only of the zero group. By applying the claim iteratively we obtain the desired
chain complex and the desired quasi-isomorphism consisting of epimorphisms. �

Lemma 166.9. (Homomorphism Lifting Lemma) Let R be a ring, let C∗ and D∗ be
two chain complexes of R-left modules and let Θ: C → D be a chain map of R-left chain
complexes. We assume that we are given another two chain maps:
(1) Let ϕ : F∗ → C∗ be a chain map such that each Fk is a free R-left module and such

that each ϕ : Fk → Ck is an epimorphism.
(2) Let ϕ : G∗ → D∗ be a quasi-isomorphism.

There exists a chain map Θ̃ : F → G such that the following diagram commutes:

F
ϕ
��

Θ̃ // G
ψ
��

C
Θ // D.

Proof. We construct the chain map Θ̃ inductively. We de�ne Θ̃−1 : F−1 = 0→ 0 = G−1 to
be, evidently, the zero map. Now suppose we have already constructed maps Θ̃i : Fi → Gi,
i = 0, . . . , k which form a (partial) chain map and such that the corresponding diagram
commutes. Now let us consider the following diagram:

Fk+1

ϕ

����

Θ̃k+1 ++

∂Fk+1
// Fk

ϕ

����

Θ̃k

++Gk+1

ψ

��

∂Gk+1
// Gk

ψ

��

Ck+1

∂Ck+1
//

Θk+1 ++

Ck
Θk

++
Dk+1

∂Dk+1
// Dk.

By hypothesis Fk+1 is a free R-left module. We pick a basis B for Fk+1. It su�ces to de�ne
Θ̃k+1(b) ∈ Gk+1 for each b ∈ B in such that a way that the above diagram commutes for b.
Thus let b ∈ B. We proceed as follows:

(a) By hypothesis (1) we know that ψ : Gk+1 → Dk+1 is an epimorphism. Therefore
there exists a gk+1 ∈ Gk+1 with ψ(gk+1) = (Θk+1 ◦ ϕ)(b).



3526

(b) Note that the four sides of the hyperrectangle that do not involve the unknown dotted
arrow commute. This implies that

(ψ ◦ Θ̃k ◦ ∂Fk+1)(b) = (Θk ◦ ϕ ◦ ∂Fk+1)(b) = (Θk ◦ ∂Ck+1 ◦ ϕ)
= (∂Dk+1 ◦Θk+1 ◦ ϕ)(b) = (∂Dk+1 ◦ ψ)(gk+1) = (ψ ◦ ∂Gk+1)(gk+1).

↑
de�nition of gk+1

(c) It follows in particular from (b) that ψ((Θ̃k ◦ ∂Fk+1)(b)) and ψ(∂Gk+1(gk+1)) are homol-
ogous in D∗.

(d) By hypothesis (2) we know that Hk(G∗)→ Hk(D∗) is a monomorphism. This obser-
vation together with (c) implies that (Θ̃k ◦ ∂Fk+1)(b) and ∂Gk+1(gk+1) are homologous
in G∗.

(e) By (d) there exists an rk+1 ∈ Gk+1 with ∂Gk+1(rk+1) = ∂Gk+1(gk+1)− (Θ̃k ◦ ∂Fk+1)(b).
(f) Note that

∂Dk (ψ(rk+1)) = ψ(∂Gk (rk+1)) = ψ
(
∂Gk+1(gk+1)− (Θ̃k ◦ ∂Fk+1)(b)

)
= 0.

↑ ↑ ↑
since ψ is a chain map by (e) by (b)

In other words, ψ(rk+1) ∈ Dk+1 is a cycle in the chain complex D∗.
(g) By hypothesis (2) we know that Hk+1(G∗) → Hk+1(D∗) is an epimorphism. Note

that it follows from this observation and (f) that there exists a cycle sk+1 ∈ Gk+1

with ψ(sk+1) = ψ(rk+1).

Claim. If we set Θ̃k+1(b) := gk+1 − rk+1 + sk+1, then the diagram commutes for b.

Proof.

• We �rst consider the upper parallelogram. We have the following equality in Gk:

(∂Gk+1 ◦ Θ̃k+1)(b) = ∂Gk+1(gk+1 − rk+1 + sk+1) = ∂Gk+1(gk+1 − rk+1) = Θ̃k(∂
F
k+1(b)).

↑ ↑ ↑
by de�nition of Θ̃k+1(b) since sk+1 is a cycle by (e)

• We consider the parallelogram to the left. We have the following equality in Dk+1:

(ψ ◦ Θ̃k+1)(b) = ψ(gk+1 − rk+1 + sk+1) = ψ(gk+1) = (Θk+1 ◦ ϕ)(b).
↑ ↑ ↑

by de�nition of Θ̃k+1(b) since ψ(rk+1) = ψ(sk+1) by (a) �

Lemma 166.10. (Free Imitation Uniqueness Lemma) Let R be a ring and let
(C∗, ∂∗) be a chain complex of R-left modules. If ϕ : F∗ → C∗ and ϕ′ : F ′∗ → C∗ are two
free imitations, then there exists a chain homotopy equivalence Θ: F∗ → F ′∗ of R-left chain
complexes such that ϕ′ ◦Θ = ϕ.

Proof. By the Homomorphism Lifting Lemma 166.9 there exists a chain map Θ̃ : F → F ′

such that the following diagram commutes:

F
ϕ
��

Θ̃ // F ′

ϕ′

��

C
id // C.
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Note that Θ is a quasi-isomorphism. Since F and F ′ are chain complexes of free R-left mod-
ules we obtain from the Quasi Isomorphisms-are-Homotopy Equivalences Proposition 166.6
that Θ̃ : F∗ → F ′∗ is in fact a chain homotopy equivalence. �

166.5. Connecting homomorphisms.

De�nition. Let R be a ring and let

0 → A∗
i−→ B∗

p∗−−→ C∗ → 0

be a short exact sequence of R-left modules. Using the recipe from page 1620 we de�ne a
connecting homeomorphism

∂n : Hn(C) → Hn−1(A)

as follows:
(1) Let z ∈ Hn(C).
(2) We pick c ∈ Cn with z = [c].
(3) By the surjectivity of p we have c = p(b) for some b ∈ Bn.
(4) We have p(∂b) = ∂p(b) = ∂c = 0.

↑ ↑
since the diagram commutes since c is a cycle

(5) It follows easily from (4) that ∂b = i(a) for some uniquely determined a ∈ An−1.
(6) We put ∂n(z) := [a].

We refer to this map ∂n : Hn(C)→ Hn−1(A) as the connecting homomorphism.
The following lemma is the analogue of the Connecting Homomorphism Lemma 74.8 of the
LES Proposition 74.9.

Lemma 166.11. (LES Lemma) Let R be a ring.

(1) Let 0→ A∗
i−→ B∗

p−→ C∗ → 0 be a short exact sequence of chain complexes of R-left
modules. The connecting homomorphism ∂n : Hn(C)→ Hn−1(A) is well-de�ned and
it is a homomorphism of R-left modules

(2) The connecting homomorphism is natural.
(3) The sequence

. . . → Hn(A)
i∗−−→ Hn(B)

p∗−−→ Hn(C)
∂−→ Hn−1(A)

i∗−−→ Hn−1(B)
p∗−−→ . . .

is exact.
Proof. The proof is basically the same as the proof of the Connecting Homomorphism
Lemma 74.8 and of the LES Proposition 74.9. �

166.6. Homological algebra over skew �elds. In this section we introduce skew �elds.
In most applications the skew �elds we use are in fact just ordinary �elds. On the
other hand, it costs little to generalize to skew �elds and working with (possibly) non-
commutative skew �elds actually makes some of the future arguments clearer since it
prevents us from using �accidents� in the commutative setting, e.g. the fact that over a
commutative ring every left-module is automatically a right module.

We have the following generalization of Theorems ?? and Theorem 110.20.
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Theorem 166.12. Let K be a skew �eld and let (V∗, ∂∗) be a chain complex of K-left
modules. The map

evK : Hk(V ;K) → HomK -left(Hk(V ),K).

(ϕ : Vk → K) 7→
(

Hk(V ) → K
[c] 7→ ϕ(c)

)
is well-de�ned and it is an isomorphism of K-right modules.
The proof of Theorem 166.12 is almost verbatim the same as the proof of Theorem ??. For
the reader's convenience we nonetheless provide the proof.

Auxiliary Lemma 166.13. Let K be a skew �eld and let 0→ B i−→Z p−→H → 0 be a short
exact sequence of K-left modules. Then the sequence

0 → HomK -left(H,K)
p∗−→ HomK -left(Z,K) i∗−→ HomK -left(B,K)→ 0

is also exact.
Proof of Lemma 166.13. This statement follow easily from the fact, see Proposition 165.26,
that any short exact sequence of K-left modules splits. We leave it to the reader to �ll in
the few remaining details. �

Proof of Theorem 166.12. Let K be a skew �eld and let (C∗, ∂∗) be a chain complex of
K-left modules. For each n ∈ N0 we write as always Zn := ker(∂n) and Bn := im(∂n+1).
We consider the following short exact sequence of vertical chain complexes:

:
��

:
��

:
��

0 // Zn //

0

��

Cn
∂n //

∂n
��

Bn−1
//

0

��

0

0 // Zn−1
//

��

Cn−1

∂n−1
//

��

Bn−2
//

��

0

: : :

We apply the functor Hom(−,K) := HomK -left(−,K) to the above short exact sequence of
chain complexes and we obtain the following diagram:

: : :

0 // Hom(Bn−1,K)
∂∗n //

OO

Hom(Cn,K) //

OO

Hom(Zn,K) //

OO

0

0 // Hom(Bn−2,K)
∂∗n−1

//

0

OO

Hom(Cn−1,K) //

∂∗n

OO

Hom(Zn−1,K) //

0

OO

0

:

OO

:

OO

:

OO

This is a sequence of cochain complexes. Since we work over a skew �eld we obtain from
Lemma 166.13 that the above horizontal sequences of cochain complexes are still exact. By
the obvious analogue of the Connecting Homomorphism Proposition 108.6 we obtain the
following long exact sequence

→ Hom(Zn−1,K)
dn−→ Hom(Bn−1,K)→ Hn(C;K)

∂n−−→ Hom(Zn,K)
dn−1−−−→ Hom(Bn,K)→ . . .

where the maps dn are the connecting homomorphisms of the long exact sequence. One
can show easily that the connecting homomorphism dn : Hom(Zn,K)→ Hom(Bn,K) is the
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map dn = i∗n where in : Bn → Zn is the inclusion map. By the Break-into-SES Lemma 78.4
we obtain the following short exact sequence

0→ coker(Hom(Zn−1,K)→Hom(Bn−1,K))︸ ︷︷ ︸
= 0 by Lemma 166.13 applied to the short
exact sequence 0→ Bl → Zl → Hl(C)→ 0

→Hn(C;K)→ ker(Hom(Zn,K)→Hom(Bn,K))︸ ︷︷ ︸
∼= Hom(Hn(C),K) by Lemma 166.13
applied to the short exact sequence

0→ Bl → Zl → Hl(C)→ 0

→ 0.

�

166.7. Tor-modules.

De�nition. Let S and S be rings and letM be an (R, S)-bimodule. We take the canonical
free resolution

· · · → F2
f2−→ F1

f1−→ F0
f0−→ M → 0

of free (R, S)-bimodules and we de�ne

TorSn(M,N) := Hn(F∗ ⊗S N).

Note that each TorSn(M,N) is naturally an R-left module.
Many, but not all, of our results on the Tor groups of abelian groups generalize to this new
setting. The following lemma is a generalization of the Tor0�Lemma 89.13.

Lemma 166.14. Let S be a ring, let M be an (R, S)-bimodule and let N be an S-left
module. There exists a natural isomorphism

TorS0 (M,N)
∼=−→ M ⊗R N

of R-left modules.

Proof. The proof is basically the same as the proof of the Tor0�Lemma 89.13. We just
need to replace Lemma 89.10 by Lemma ??. �

Here the following statements hold:
(1) As in the Tor-Free Resolution Proposition 89.12 one can show that the isomorphism

type of TorSn(M,N) can be determined using any free resolution for M .
(2) The argument of page 1923 shows that for each n ∈ N0 the S-torsion module

TorSn(M,N) is covariantly functorial in both entries.
(3) The obvious analogues of the Tor-Properties Lemma 89.15 (1) and (2) also hold in

the more general context. Furthermore the obvious analogues of the Tor-Properties
Lemma 89.15 (3) and (4) hold if we replace �torsion-free abelian group� by �free S-
module�.2059 In general there are no analogues of the Tor-Properties Lemma 89.15
(5), (6) and (7).

(4) For general commutative rings it is no longer true though that TorSi (M,N) = 0 for
i ≥ 2. For example for S = Q[t1, . . . , tk] the S-torsion modules can be non-zero for
i = 1, . . . , k and they are only zero for i > k. We refer to [Mac1975, Chapter VII.4]
for details.

Proposition 166.15. If K is a skew �eld, then for any K-left module M and any n ≥ 1
we have Torn(M,K) = 0.

Proof. This follows from Proposition 165.26. �

2059Note that in general �S-torsion free module� is not going to be strong enough.
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The following theorem is a generalization of the Algebraic Universal Coe�cient Theo-
rem 89.16 and of the UCT-Splitting Proposition 89.21 from the PID Z to general PIDs.

Theorem 166.16. (Algebraic Universal Coe�cient Theorem over Rings) Let S
be a PID2060, let (Cn, ∂n) be a chain complex of free S modules and letM be an S-module.
For each n ∈ N0 there exists a natural homomorphism

p : Hn(M ⊗S C∗) → TorS(Hn−1(C),M)

of S-modules such that the following sequence is exact:

0 → Hn(C)⊗S M
µ−→ Hn(M ⊗S C∗)

p−→ TorS(Hn−1(C),M) → 0.

This short exact sequence splits and there exists therefore an isomorphism

Hn(M ⊗S C∗) ∼= Hn(C)⊗S M ⊕ TorS(Hn−1(C),M).

of S-modules.

Proof. The proof of Theorem 166.16 is basically identical to the proof of the Algebraic
Universal Coe�cient Theorem 89.16 and the UCT-Splitting Proposition 89.21. All one
really has to do is to the following replacements:
(1) Replace the Subgroup-of-Free Abelian Group Lemma 51.2 (1) by Theorem 165.25.
(2) Replace Lemma 78.1 by Lemma 78.1.
(3) Replace the Tensor-Split-SES Lemma 89.6 by Lemma 165.18.
(4) Replace the LES Proposition 74.9 by the LES Lemma 166.11.
(5) Replace the Tor0�Lemma 89.13 by Lemma 166.14.
(6) Replace the Splitting Lemma 78.2 by the Splitting Lemma 165.7 for Rings. �

On the other hand, if R is not a principal ideal, then as we pointed out above, the higher
torsion groups are in general non-zero and the problem becomes much more subtle. The
torsion-terms and the homology with M -coe�cients are then related by a �spectral se-
quence�, see e.g. [Rot2009, Theorem 10.90] for details.

166.8. Ext-modules. We have the following generalization of the Hom-Left Exact Lemma 110.1.

Lemma 166.17. Let S be a ring. For any S-left module M the contravariant functor
HomS -left(−,M) is left-exact.

Proof. The proof is basically the same as the proof of the Hom-Left Exact Lemma 110.1.
�

De�nition. Let S and S be rings and let M be an (R, S)-left left module. We take the
canonical free resolution

· · · → F2
f2−→ F1

f1−→ F0
f0−→ M → 0

of free (R, S)-left left modules and we de�ne

ExtnS -left(M,N) := Hn(HomS -left(F∗, N)).

Note that each ExtnS -left(M,N) is naturally an R-left module.

2060Recall that according to the de�nition on page 3515 a PID is commutative. So we do not need to worry
about left and right module structures.
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Here the following statements hold:
(1) As in the Ext-Free Resolution Proposition 110.2 one can show that the isomorphism

type of ExtnS -left(M,N) can be determined using any free resolution for M .

Proposition 166.18. If K is a skew �eld, then for any K-left module M and any n ≥ 1
we have ExtnK -left(M,K) = 0.

Proof. This follows from Proposition 165.26. �

De�nition. Let S be a ring, let (C∗, ∂∗) be a chain complex of S-left modules and let M
be an S-left module. We refer to the map2061

ev : Hn(C;M) → HomS -left(Hn(C),M)

[ϕ : Cn →M ] 7→
(

Hn(C) → M
[c] 7→ 〈ϕ(c)

)
as the evaluation homomorphism.

Theorem 166.19. (Universal Coe�cient Theorem for Cohomology Modules) Let
S be a PID, let (C∗, ∂∗) be a chain complex of free S-modules and let M be an S-module.
For each n ∈ N0 there exists a homomorphism

ε : ExtS(Hn−1(C),M) → Hn(C;M)

of S-modules which is natural in the chain complex C∗ and natural in the S-module M
and which has the property that the following sequence is exact:

0 → ExtS(Hn−1(C),M)
ε−→ Hn(C;M)

ev−−→ HomS(Hn(C),M)→ 0.

This short exact sequence splits and there exists therefore an isomorphism2062

Hn(C;M) ∼= ExtS(Hn−1(C),M)⊕ HomS(Hn(C),M)

of S-modules.
Proof. The proof of Theorem 166.19 is again basically identical to the proof of the Alge-
braic Universal Coe�cient Theorem 110.11. �

Exercises for Chapter 166.

2061One can easily verify that the evaluation homomorphism is well-de�ned.
2062Since this cannot be mentioned often enough, recall that in Exercise 110.1 we saw that this isomorphism
is not natural.
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167. Twisted (co-) homology

In the last two chapters we studied (homological) algebra over a possibly non-commutative
ring. Our favorite ring in this chapter are going to be the group rings Z[π1(X, x0)] of
the fundamental group of a pointed topological space (X, x0). Furthermore our favorite
modules are going to be the chain groups C∗(X̃x0) of the natural universal covering of a
pointed topological space. (X, x0). As we will see, these are naturally Z[π1(X, x0)]-left
modules.

167.1. Basics of covering theory. We recall some concepts and results from our ear-
lier study of covering theory. We start out our recap with the following de�nition from
page 1383.

De�nition. Let p : X̃ → X be a covering in the sense of the de�nition on page 1067.
(1) A deck transformation is a homeomorphism d : X̃ → X̃ such that p(d(x)) = p(x) for

all x ∈ X̃, i.e. such that the following diagram commutes:

X̃

p ""

d

∼=
// X̃

p||

X.

The group of deck transformations is called the deck transformation group of the
covering p : X̃ → X and we denote it by Deck(p : X̃ → X).

(2) We say that the covering is regular if for every x ∈ X the deck transformation group
Deck(p : X̃ → X) acts transitively on p−1(x), i.e. if given any two points y, y′ ∈ X̃
with p(y) = p(y′) = x there exists a deck transformation d with d(y) = y′. Otherwise
we say that the covering is irregular.

(3) Let P be a property of isomorphism types of groups, e.g. cyclic, free, nilpotent,
solvable etc. We say the covering p : X̃ → X is a P -covering if the covering is
regular and if the deck transformation group has the property P .

����

����

�
�
�
�

deck transformation dX̃

X
pp

y′

x

y

In the following we recall some basic statements about deck transformation groups.

Lemma 62.2. Given any covering p : X̃ → X of path-connected topological spaces and
given any x0 ∈ X the deck transformation group Deck(p : X̃ → X) acts freely on p−1(x0).
The following simpli�ed version of the Regular Covering-Characterization Corollary 62.8
gives us a criterion for a covering to be regular.
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Corollary 62.8. Let p : (X̃, x̃0) → (X, x0) be a covering of pointed topological spaces
that are path-connected and locally path-connected. Then the following statements are
equivalent:
(1) The covering is regular.
(2) The deck transformation group Deck(p : X̃ → X) acts transitively on p−1(x0) Ă X̃.
(3) The subgroup p∗(π1(X̃, x̃0)) is a normal subgroup of π1(X, x0).

Proposition 167.1. Let p : (X̃, x̃0)→ (X, x0) be a regular covering of pointed topological
spaces. We suppose that X̃ and X are both path-connected and locally path-connected.
(1) The map2063

ΞX̃,x̃0
: Deck(p : X̃ → X) → π1(X, x0)/p∗(π1(X̃, x̃0))

d 7→
[
p ◦ (path in X̃ from x̃0 to d(x̃0))

]
.

is an isomorphism.
(2) Let q : (Ỹ , ỹ0) → (Y, y0) be another regular covering of pointed topological spaces

such that Ỹ and Y are both path-connected and locally path-connected. Suppose
we are given maps Φ: X̃ → Ỹ and ϕ : X → Y such that Φ(x̃0) = ỹ0 and such that
the following diagram commutes:

X̃
p
��

Φ // Ỹ
q
��

X
ϕ

// Y.

Then the following diagram commutes:

Deck(p : X̃ → X)

��

Ξ
X̃,x̃0 // π1(X, x0)/p∗(π1(X̃, x̃0))

ϕ∗
��

Deck(q : Ỹ → Y )
Ξ
Ỹ ,y0 // π1(Y, x0)/q∗(π1(Ỹ , y0)),

where the horizontal maps are the maps we introduced (1), where the left vertical
map is the map given by the Induced-Deck Transformation Proposition 62.9 and the
right vertical map is the projection.2064

Proof. The �rst statement is a simpli�ed version of Proposition 62.6. The second state-
ment is the content of Lemma 62.11. �

Convention. Let p : (X̃, x̃0)→ (X, x0) be a regular covering of pointed topological spaces.
We suppose that X̃ and X are both path-connected and locally path-connected. The

2063Since p : X̃ → X is a regular covering we know by the Regular Covering-Characterization Corollary 62.8
that p∗(π1(X̃, x̃0)) is a normal subgroup of π1(X,x0), thus π1(X,x0)/p∗(π1(X̃, x̃0)) is a group.
2064It follows from p = q ◦ r that p∗(π1(X̃, x̃0)) Ă q∗(π1(Ỹ , y0)).
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isomorphism

ΞX̃,x̃0
: Deck(p : X̃ → X) → π1(X, x0)/p∗(π1(X̃, x̃0))

d 7→
[
p ◦ (path in X̃ from x̃0 to d(x̃0))

]
from the above Proposition 167.1 allows us to equip X̃ with a natural left action by the
group π1(X, x0)/p∗(π1(X̃, x̃0)). More precisely, we equip X̃ with the left action

π1(X, x0)/p∗(π1(X̃, x̃0))× X̃ → X̃
(g, y) 7→ ((ΞX̃,x̃0

)−1)(g)︸ ︷︷ ︸
∈Deck(p : X̃→X)

(y).

We move on to covering that will be most relevant for us throughout the following chapters.
Notation. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X.
(1) We set

X̃x0 = {γ : [0, 1]→ X | γ(0) = x0}/∼ where α ∼ β if α(1) = β(1) and
α ∗ β is a null-homotopic loop in (X, x0)

and we equip X̃x0 with the topology that we introduced in the proof of the Covering
Existence Theorem 61.5.

(2) We denote by p : X̃x0 → X the evaluation map [γ] 7→ γ(1). In the proof of the
Covering Existence Theorem 61.5 we showed that X̃x0 is simply connected and we
showed that p : X̃x0 → X is a covering map. As on page 1370 we refer to p : X̃x0 → X

as the natural universal covering of (X, x0). Furthermore we equip X̃x0 with the nat-
ural base point x̃0 that is given by the constant path.
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��� these two paths represent

di�erent points in X̃x0

these two paths represent
the same point in X̃x0

XX

x0x0

Remark. Let X be a topological space that is locally contractible and path-connected and
let x0 ∈ X. We denote by p : X̃x0 → Xthe corresponding natural universal covering. By
the discussion on page 3534 we have a natural π1(X, x0) left action on X̃x0 . As we saw in
Exercise 62.7 this left action is given by

π1(X, x0)× X̃x0 → X̃x0

([α], [γ]) 7→ [α ∗ γ].

Remark. In the following chapters, when we discuss (co-) homology with twisted co-
e�cients, we will only be interested in topological spaces that are locally contractible.
Throughout these chapters we frequently and often subconsciously make use of the follow-
ing two facts:
(1) By the Topological Manifolds-Local Properties Lemma 18.8 every topological mani-

fold is locally contractible and by the CW-Complex Properties Proposition 68.10 (6)
every CW-complex is locally contractible.
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(2) If X is a locally contractible, then it follows from Lemmas 2.40 and 15.3 that X
is path-connected if and only if X is connected. For no particular reason we usu-
ally write �locally contractible and path-connected� instead of the equivalent notion
�locally contractible and connected�.

167.2. De�nition of twisted (co-) homology. At this stage it is worth recalling the
following proposition.

Proposition 61.2. (Map Lifting Criterion) Let p : (X̃, x̃0)→ (X, x0) be a covering of
pointed topological spaces. Furthermore let Z be a path-connected topological space and
let f : (Z, z0)→ (B, b0) be a map.
(1) If Z is locally path-connected, then we have the following equivalence of statements:

(X̃, x̃0)

p
��

(Z, z0)
f
//

there exists a lift f̃
66

(X, x0)

⇐⇒ im(f∗) Ă im(p∗).

(2) There exist at most one such lift, in other words, any two such lifts agree.
We will now apply the Map Lifting Criterion 61.2 to the study of the singular chain complex
of a regular covering:

Lemma 167.2. (Regular Covering-Chain Complex Lemma) LetX be a topological

space that is locally path-connected and path-connected. Furthermore let p : X̃ → X be a
regular covering and let A Ă X. We write Ã := p−1(A). We write D := Deck(p : X̃ → X).
Note that the natural left action of D on X̃ preserves Ã. This allows us to view each
Ck(X̃, Ã) as a Z[D]-left module.
(1) For each singular simplex σ : ∆k → X there exists a singular simplex σ̃ : ∆k → X̃

with p ◦ σ̃ = σ.
(2) For each singular simplex σ : ∆k → X that is not contained in A we pick a lift

σ̃ : ∆k → X.2065 The set of singular simplices

{σ̃ : ∆k → X̃ |σ : ∆k → X with σ(∆k) 6Ă A}

is a basis for the Z[D]-left module Ck(X̃, Ã). In particular Ck(X̃, Ã) is a free Z[D]-
left module.

(3) The usual boundary map ∂k : Ck(X̃, Ã)→ Ck−1(X̃, Ã) is a homomorphism of Z[D]-
left modules.

(4) (C∗(X̃, Ã), ∂∗) is a chain complex of free Z[D]-left modules.

Proof.

(1) First recall that a covering is by de�nition surjective. Since ∆k is evidently lo-
cally path-connected and path-connected we thus obtain from the Map Lifting Cri-
terion 61.2 (1) that we can lift any map σ : ∆k → X to a map σ̃ : ∆k → X̃.

2065It follows from Statement (1) and the Axiom of Choice 0.1 that we can do so.
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��
��
��
��

����

p

X

D = Deck(p : X̃ → X) acts freely and transitively on the lifts of the singular simplex σ

X̃

σ

σ̃

(2) Let k ∈ N0. We start out with some notation. Given a singular simplex σ : ∆k → X
with σ(∆k) 6Ă A we consider

L(σ) = {all lifts of σ to maps ∆k → X̃}.
We make two observations:
(a) It follows easily from our hypothesis that p : X̃ → X is a regular covering, to-

gether with the Deck Group-Free Action Lemma 62.2 and the Map Lifting Cri-
terion 61.2 (1), that the obvious action of D on L(σ) is free and transitive.

(b) It follows easily from the de�nitions that as an abelian group Ck(X̃, Ã) is gener-
ated by the union of all the L(σ).

It follows from these two observations, together with Lemma 165.9, that Ck(X̃, Ã) is
a free Z[D]-left module and that a basis is given by a choice of a lift for each such σ.

(3) By Lemma 72.9 we know that the boundary maps are natural, which implies in
particular that the boundary map ∂k : Ck(X̃, Ã) → Ck−1(X̃, Ã) commute with the
D-action. This means that ∂k is a homomorphism of Z[D]-left modules.

(4) This statement is just a summary of (1) and (2). �

Convention. LetX be a topological space that is locally contractible and path-connected,
let x0 ∈ X and let A Ă X.
(1) Let Γ Ă π1(X, x0) be a normal subgroup. If p : (X̃, x̃0) → (X, x0) is any path-

connected covering with p∗(π1(X̃, x̃0)) = Γ2066, then it follows from the convention
on page 3534 together with the Regular Covering-Chain Complex Lemma 167.2 that
we can view C∗(X̃, Ã) as a chain complex of free Z[π1(X, x0)/Γ]-left modules.

(2) In particular we can view C∗(X̃x0 , Ã) as a chain complex of free Z[π1(X, x0)]-left
modules.

the Regular Covering-Chain Complex Lemma 167.2 is very powerful since, in the setting of
the above convention, we can apply all kinds of algebraic tools from the last two chapters
to the chain complex C∗(X̃x0 , Ã) of free Z[π1(X, x0)]-left modules to de�ne new invariants.
Before we introduce these new invariants, let us recall the following notation from page 3503.

Notation. Let G be a group and let M be a Z[G]-left module. We denote by M the
Z[G]-right module that is given by m ·

M
g := g−1 ·

M
m.

De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. Furthermore let A Ă X. Finally let R be a ring and let M be a

2066It follows from the Covering Existence Theorem 61.5 that such a covering does indeed exist.



167. TWISTED (CO-) HOMOLOGY 3537

(Z[π1(X0, x0)], R)-left left module. We denote by p : X̃x0 → X the natural universal cov-
ering and we write Ã := p−1(A). Given k ∈ N0 we de�ne the R-left modules2067

Ctw
k (X,A;M) := M ⊗Z[π1(X,x0)] Ck(X̃x0 , Ã) (twisted chain complex)

Cktw(X,A;M) := HomZ[π1(X,x0)] -left(Ck(X̃x0 , Ã),M) (twisted cochain complex).

Since the boundary maps are Z[π1(X, x0)]-left module homomorphisms we obtain from
the Tensoring Chain Complex Lemma 166.3 and the discussion on page 3520 that id⊗∂
and Hom(∂, id) de�ne (co-) boundary maps. Thus we can de�ne the R-left modules

Htw
k (X,A;M) := Hk

(
M ⊗Z[π1(X,x0)] C∗(X̃x0 , Ã)

)
(twisted homology)

Hk
tw(X,A;M) := Hk

(
HomZ[π1(X,x0)] -left(C∗(X̃x0 , Ã),M)

)
(twisted cohomology).

As always, if A = ∅, then we drop it from the notation.
To discuss our �rst example let us recall the following de�nition from page 3507.

De�nition. Let G be a group and let R be a ring. Given an R-left module M we denote
by trM the (Z[G], R)-left left module where the Z[G]-left module structure is given by the
trivial g-action g ·m := m for each g ∈ G and m ∈M .
Let (X,A) be a pair of topological spaces and let G be an abelian group. On page 1913 we
introduced the singular homology groups Hk(X,A;G) with coe�cients in G. Furthermore
from the outset we introduced on page 2402 the singular cohomology groups Hk(X,A;G).
If G has an R-left module structure over a ring R, then it follows immediately from the
de�nitions, see also the discussion on page 1914, that both Hk(X,A;G) and Hk(X,A;G)
can be equipped with a natural R-left module structure in an obvious way.

The following little lemma shows that these two earlier types of (co-) homology groups
are basically special cases of the present more general setting.

Lemma 167.3. (Twisted (co-) homology with trivial coe�cients) Let X be a topo-
logical space that is locally contractible and path-connected, let x0 ∈ X and let A Ă X.
We write π := π1(X, x0) and we denote by p : X̃x0 → X the natural universal covering.
We write Ã := p−1(A). Furthermore let R be a ring and let M be an R-left module. As
above we consider the (Z[π1(X, x0)], R)-left left module trM . The maps

=Ctw
k (X,A;trM)︷ ︸︸ ︷

trM ⊗
Z[π]

Ck(X̃x0 , Ã) → Ck(X,A)⊗
Z
M

m⊗ σ 7→ p∗(σ)⊗m

& Hom
Z

(Ck(X,A),M) →

=Cktw(X,A;trM)︷ ︸︸ ︷
Hom
Z[π] -left

(Ck(X̃x0 , Ã), trM)

ϕ 7→ ϕ ◦ p∗
are natural isomorphisms of R-left module chain complexes. Thus they give rise to natural
isomorphisms

T : Htw
k (X,A; trM)︸ ︷︷ ︸

twisted coe�cients

∼=−→ Hk(X,A;M)︸ ︷︷ ︸
see page 1913

and T : Hk(X,A;M)︸ ︷︷ ︸
see page 2402

∼=−→ Hk
tw(X,A; trM)︸ ︷︷ ︸

twisted coe�cients

of R-left modules.

2067It follows from Lemma 165.14 and Lemma 165.1 that Ctw
k (X,A;M) and Cktw(X,A;M) are both R-left

modules.
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Proof. One can easily verify that the maps are well-de�ned and that both maps are (co-)
chain maps. It remains to show that both maps are isomorphisms.
(1) We consider the map

trM ⊗Z[π] Ck(X̃x0 , Ã) → trM ⊗Z (trZ⊗Z[π] Ck(X̃x0 , Ã)) → Ck(X,A)⊗
Z
M

m⊗ σ 7→ m⊗ (1⊗ σ)
m⊗ (n⊗ σ) 7→ n · p∗(σ)⊗m.

The �rst map is an isomorphism by Lemma 165.20. Furthermore it follows easily from
the Regular Covering-Chain Complex Lemma 167.2 together with Lemma 165.21
(2), that the second map is an isomorphism. The composition of these two maps is
precisely the map that we were supposed to consider.

(2) Using Lemma 165.22 one can easily verify that the map on the �Hom-level� is also
an isomorphism. We leave it to the reader to provide the details. �

The de�nition of (co-) homology with twisted coe�cients depends in many ways on the
basis point. The following lemma explains how a path between di�erent base points induces
isomorphisms on (co-) homology with twisted coe�cients.

In Lemmas 89.7 and 108.9 we saw that singular (co-) homology is covariantly functorial
in the coe�cients. The following de�nition generalizes this fact to our more general setting.
De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. We denote by p : X̃x0 → X the corresponding natural universal covering.
Let A Ă X. We write Ã := p−1(A). Let R be a ring and letM and N be (Z[π1(X, x0)], R)-
left left modules and let Θ: M → N be a homomorphism of (Z[π1(X, x0)], R)-left left
modules. The R-left homomorphisms

Θ∗ :

=Ctw
k (X,A;M)︷ ︸︸ ︷

M ⊗Z[π1(X,x0)] Ck(X̃x0 , Ã) →

=Ctw
k (X,A;N)︷ ︸︸ ︷

N ⊗Z[π1(X,x0)] Ck(X̃x0 , Ã)
m⊗ σ 7→ Θ(m)⊗ σ

Θ∗ :

=Cktw(X,A;M)︷ ︸︸ ︷
HomZ[π1(X,x0)] -left(Ck(X̃x0 , Ã),M) →

=Cktw(X,A;N)︷ ︸︸ ︷
HomZ[π1(X,x0)] -left(Ck(X̃x0 , Ã), N)

γ 7→ Θ ◦ γ
are chain maps and thus induce maps on twisted (co-) homology which we denote by Θ∗.
The following lemma now says that (co-) homology with twisted coe�cients is indeed
covariantly functorial in the (Z[π1(X, x0)], R)-left left module.

Lemma 167.4. We suppose that we are in the setting of the above de�nition.
(1) For id : M → M we have id∗ = id on the (co)-chain complexes and on the (co)-

homology groups.
(2) For (Z[π1(X, x0)], R)-left left module homomorphisms Φ: L → M and Ψ: M → N

we have (Φ ◦Ψ)∗ = Φ∗ ◦Ψ∗ on the (co)-chain complexes and on the (co)-homology
groups.

Proof. Both statements are essentially trivial. �

Using functoriality of (co-) homology with twisted coe�cients we can easily state and prove
the following little lemma.
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Lemma 167.5. (Direct Sum-of-Coe�cients Lemma) Let X be a topological space
that is locally contractible and path-connected and let x0 ∈ X. We denote by p : X̃x0 → X

the corresponding natural universal covering. Let A Ă X. We write Ã := p−1(A). Let R be
a ring and let M and N be (Z[π1(X, x0)], R)-left left modules. We consider the direct sum
M ⊕N , which is again a (Z[π1(X, x0)], R)-left left module. We denote by i : M →M ⊕N
and j : N → M ⊕ N the natural inclusions and we denote by p : M ⊕ N → M and
q : M ⊕N → N the natural projections. The maps

p∗ ⊕ q∗ : Ctw
k (X,A;M ⊕N) → Ctw

k (X,A;M)⊕ Ctw
k (X,A;N)

p∗ ⊕ q∗ : Cktw(X,A;M ⊕N) → Cktw(X,A;M)⊕ Cktw(X,A;N)

are isomorphisms of R-left module (co)-chain complexes with inverse given by i∗ ◦ j∗. In
particular they induce isomorphism on (co-) homology with twisted coe�cients.

Proof. The lemma is an immediate consequence of Lemma 167.4 since i∗ ⊕ j∗ and p∗ ⊕ q∗
are inverses of one another. �

(Co-) homology with twisted coe�cients depends in two ways on the choice of a base point
x0: we use it to de�ne the fundamental group π1(X, x0) which in turn we need to de�ne the
corresponding group ring Z[π1(X, x0)], and we need the base point to de�ne the natural
universal covering X̃x0 . The following proposition describes how we can go from one base
point to another.

Proposition 167.6. (Change of Base Point Proposition) Let X be a topological
space that is locally contractible and path-connected and let A Ă X. Let γ : [0, 1]→ X be
a path from x0 = γ(0) to x1 = γ(1). For i = 0, 1 we denote by pi : X̃xi → X the natural
universal covering and we write Ãi := p−1

i (A). Finally let R be a ring and let M be a
(Z[π1(X, x0)], R)-left left module. As in the Change-of-Base Point Proposition 47.10 we
consider the isomorphism

γ∗ : π1(X, x1) → π1(X, x0)
[α] 7→ [γ ∗ α ∗ γ].

The isomorphism γ∗ gives rise to a ring homomorphism γ∗ : Z[π1(X, x1)] → Z[π1(X, x0)].
Thus, as de�ned on page 3502, we can consider the Z[π1(X, x1)]-left module γ∗∗M . Fur-
thermore, as in Lemma 61.10 we consider the homeomorphism

γ∗ : X̃x1 → X̃x0

[β] 7→ [γ ∗ β].

(1) With the above notation the maps

γ∗ : γ∗∗M ⊗Z[π1(X,x1)] Ck(X̃x1 , Ã1) → M ⊗Z[π1(X,x0)] Ck(X̃x0 , Ã0)
m⊗ σ 7→ m⊗ γ∗(σ)

form an isomorphism of R-left module chain complexes and the maps

γ∗ : HomZ[π1(X,x1)]−left(Ck(X̃x1 , Ã1), γ∗∗M) → HomZ[π1(X,x0)]−left(Ck(X̃x0 , Ã0),M)
ϕ 7→ ϕ ◦ γ∗

form an isomorphism of R-left module cochain complexes. In particular we get
induced isomorphisms on (co-) homology with twisted coe�cients.
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(2) If γ0, γ1 : [0, 1]→ X are path-homotopic2068, then γ∗0 = γ∗1 .
(3) Given paths α : [0, 1] → X and β : [0, 1] → X with α(1) = β(0) we have (α ∗ β)∗ =

β∗ ◦ α∗.

��
��
��
��

�
�
�
�

x0

γ the path γ from x0 to x1

induces an isomorphism
γ∗ : π1(X, x1)→ π1(X, x0)

module M
x1

module γ∗∗M=⇒

Proof.

(1) First let us show that the chain map given in the proposition is well-de�ned. To
do so we need to consider the corresponding Z[π1(X, x0)]-right module M and the
corresponding Z[π1(X, x1)]-right module γ∗∗M . Note that given any h ∈ π1(X, x1)
and given any m ∈M we have the following equalities

m ·
γ∗∗M

h = h−1 ·
γ∗∗M

m = γ∗(h−1) ·
M
m = m ·

M
γ∗(h).

Now we turn to the map γ∗ on the chain level. Given any m ∈M , given any singular
simplex σ : ∆k → X̃x1 and given any h ∈ π1(X, x1) we have the following equalities:

by the above observation
↓

γ∗
(
m ·

γ∗∗M
h⊗ σ

)
= m ·

γ∗∗M
h⊗ γ∗(σ) = m ·

M
γ∗(h)⊗ σ = m⊗ γ∗(h) · γ∗(σ)

= m⊗ γ∗(h · σ) = γ∗(m⊗ h · σ).

This shows that the map on the chain level is well-de�ned. Furthermore it follows
easily from the de�nitions that these maps form a chain map. Similarly one can show
easily that the given map form a cochain map. It follows easily from Statements (2),
which we will discuss shortly, that the (co-) chain maps are isomorphisms.

(2) If γ0 and γ1 are path-homotopic, then it follows easily from the de�nitions that
γ∗0 = γ∗1 : π1(X, x1) → π1(X, x0) and γ∗0 = γ∗1 : X̃x1 → X̃x0 . This observation implies
Statement (2).

(3) This statement follows easily from the de�nitions. �

Remark. We suppose that we are in the setting of the Change of Base Point Proposi-
tion 167.6 with x0 = x1. If M is a Z[π1(X, x0)]-module that has the property that the
map π1(X, x0) → AutR -left(M) factors through the abelianization of π1(X, x0), then one
can easily see that for any loop γ in (X, x0) we have γ∗M = M . It follows from Change of
Base Point Proposition 167.6 (2) and (3) that the map

π1(X, x0)× Hk
tw(X,A;M) → Hk

tw(X,A;M)
([γ], h) 7→ γ∗(h)

de�nes a left action by π1(X, x0) on Hk
tw(X,A;M). In Exercise 167.2 we will see that this

left action is in general, e.g. for S1 ∨ S2, non-trivial.

2068Recall that according to the de�nition on page 1045 two paths maps γ0, γ1 : [0, 1] → X are called
path-homotopic if γ0 and γ1 are homotopic rel {0, 1}.
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167.3. Functoriality. In this section we will consider the functoriality of (co-) homology
with twisted coe�cients. The formulations of the statements require some care, since we
have to deal with maps between pointed topological spaces and since we also have to worry
about the module structures we are dealing with. The discussion of module structures leads
us to the following de�nition.

De�nition. Let f : (X, x0) → (Y, y0) be a map between pointed topological spaces. Fur-
thermore let M be a Z[π1(Y, y0)]-left module. We denote by f ∗M the Z[π1(X, x0)]-left
module that is induced by the ring homomorphism f∗ : Z[π1(X, x0)]→ Z[π1(Y, y0)].2069

De�nition. Let f : (X, x0)→ (Y, y0) be a map between pointed topological spaces. We as-
sume that X is locally path-connected and path-connected. Let p : (X̂, x̂0)→ (X, x0) and
q : (Ŷ , ŷ0)→ (Y, y0) be two path-connected coverings with f∗(p∗(π1(X̂, x̂0))) Ă q∗(π1(Ŷ , ŷ0)).
By the Map Lifting Criterion 61.2, applied to the map f ◦ p : (X̂, x̂0) → (Y, y0) and the
covering q : (Ŷ , ŷ0) → (Y, y0), there exists a unique map f̃ : (X̂, x̂0) → (X, x0) → (Ŷ , ŷ0)
such that the following diagram commutes

(X̂, x̂0)
p

��

f̃
// (Ŷ , ŷ0)

q

��

(X, x0)
f

// (Y, y0)

.

We refer to f̃ as the induced map.

Example. Let f : (X, x0)→ (Y, y0) be a map between pointed topological spaces that are
locally contractible and path-connected. We obtain an induced map

f̃ : X̃x0 → Ỹy0

between the natural universal coverings. It follows almost immediately from the de�nitions
that it is given by

[α : [0, 1]→ X]︸ ︷︷ ︸
∈X̃x0

7→ [f ◦ α : [0, 1]→ Y ].︸ ︷︷ ︸
∈Ỹy0

Lemma 167.7. Let f : (X, x0) → (Y, y0) and g : (Y, y0) → (Z, z0) be maps between
pointed topological spaces. We assume that X and Y are locally path-connected and
path-connected. Let p : (X̂, x̂0) → (X, x0), q : (Ŷ , ŷ0) → (Y, y0) and r : (Ẑ, ẑ0) → (Z, z0)

be coverings with f∗(p∗(π1(X̂, x̂0))) Ă q∗(π1(Ŷ , ŷ0)) and g∗(p∗(π1(Ŷ , ŷ0))) Ă r∗(π1(Ẑ, ẑ0)).
Then we have an equality of maps

g̃ ◦ f = g̃ ◦ f̃ : (X̂, x̂0) → (Ẑ, ẑ0).

Proof. We will prove the lemma in Exercise 167.1. �

2069Let R be a ring and let M be a (Z[π1(Y, y0)], R)-left left module. Then f∗M is naturally a
(Z[π1(X,x0)], R) left left module.
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Proposition 167.8. (Chain Complex-Equivariance Proposition) Let f : (X, x0)→
(Y, y0) be a map between pointed topological spaces. We assume that X is locally path-
connected and path-connected. Let p : (X̂, x̂0) → (X, x0) and q : (Ŷ , ŷ0) → (Y, y0) be two
regular coverings with f∗(p∗(π1(X̂, x̂0))) Ă q∗(π1(Ŷ , ŷ0)). We consider the induced map
f̃ : (X̂, x̂0)→ (Ŷ , ŷ0).
(1) Suppose that we are given subsets A Ă X and B Ă Y with f(A) Ă B. We write

Â := p−1(A) and B̂ := q−1(B). The induced map f̃ has the property that given any
Q ∈ X̂x0 and given any g ∈ π1(X, x0)/ im(p∗) we have

f̃(g ·Q) = f∗(g)︸ ︷︷ ︸
∈π1(Y,y0)/ im(q∗)

· f̃(Q).

(2) Let R be a ring and let M be a (Z[π1(Y, y0)], R)-left left module. The maps2070

f ∗M ⊗Z[π1(X,x0)/ im(p∗)] Ck(X̂, Â) → M ⊗Z[π1(Y,y0)/ im(q∗)] Ck(Ŷ , B̂)

m⊗ (σ : ∆k → X̂) 7→ m⊗ (f̃ ◦ σ)

and
HomZ[π1(Y,y0)/ im(q∗)] -left(Ck(Ŷ , B̂),M) → HomZ[π1(X,x0)/ im(p∗)] -left(Ck(X̂, Â), f ∗M)

ϕ 7→ (σ 7→ ϕ(f̃ ◦ σ))

are well-de�ned (co-) chain maps.
Proof.
(1) This statement is a slight variation on Proposition 62.13.
(2) This statement follows easily from (a) and Lemmas 165.15 and 165.19, respectively

Lemmas 165.2 and 165.3. �

De�nition. Let f : (X, x0) → (Y, y0) be a map between pointed topological spaces that
are locally contractible and path-connected. We write πX := π1(X, x0), πY := π1(Y, y0).
Furthermore let R be a ring and let M be a (Z[πY ], R)-left left module. We denote by
p : X̃x0 → X and q : Ỹy0 → Y the natural universal coverings. Suppose that we are given
subsets A Ă X and B Ă Y with f(A) Ă B. We write Ã := p−1(A) and B̃ := q−1(B).
We denote by f̃ : X̃x0 → Ỹy0 the map that is induced by f : X → Y . Using the Chain
Complex-Equivariance Proposition 167.8 we de�ne

f∗ :

=Ctw
k (X,A;f∗M)︷ ︸︸ ︷

f ∗M ⊗Z[πX ] Ck(X̃x0 , Â) →

=Ctw
k (Y,B;M)︷ ︸︸ ︷

M ⊗Z[πY ] Ck(Ỹy0 , B̂)

m⊗ (σ : ∆k → X̃x0) 7→ m⊗ (f̃ ◦ σ : ∆k → Ỹy0)

and

f ∗ :

=Cktw(Y,B;M)︷ ︸︸ ︷
Hom

Z[πY ] -left
(Ck(Ỹy0 , B̂),M) →

=Cktw(X,A;f∗M)︷ ︸︸ ︷
Hom

Z[πX ] -left
(Ck(X̃x0 , Â), f ∗M)

ϕ 7→ (σ 7→ ϕ(r ◦ σ))
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and we de�ne the corresponding induced maps

f∗ : Htw
k (X; f ∗M) → Htw

k (Y ;M)
f ∗ : Hk

tw(Y ;M) → Hk
tw(X; f ∗M).

The following proposition says that (co-) homology with twisted coe�cients is (co-) vari-
antly functorial, at least if we take care with the choice of coe�cients we are dealing with.

Proposition 167.9. (Twisted Homology-Functoriality Proposition) Let Z be a
topological space that is locally contractible and path-connected. Furthermore let M be
a Z[π1(Z, z0)]-left module and let C Ă Z.
(1) We have (idZ)∗M = M and the induced maps id∗ : Ctw

k (Z,C; id∗ZM)→ Ctw
k (Z,C;M)

and id∗ : Ctw
k (Z;M)→ Ck(Z; id∗ZM) are the identity.

(2) Let X and Y be topological spaces that are locally contractible and path-connected
and let A Ă X and B Ă Y . Let f : (X, x0) → (Y, y0) and g : (Y, Y0) → (Z,Z0) be
maps between pointed topological spaces. We assume that f(A) Ă B and g(B) Ă C.
Then (g ◦ f)∗M = f ∗(g∗M) and

(g ◦ f)∗ = g∗ ◦ f∗ : Ctw
k (X,A; (g ◦ f)∗M) → Ctw

k (Z,C;M)
(g ◦ f)∗ = f ∗ ◦ g∗ : Cktw(Z,C;M) → Cktw(X,A; (g ◦ f)∗M).

In both cases the identities on maps between (co-) chain complexes induce of course iden-
tities of maps between (co-) homology groups.

���� ��
��
��
��

��

module (g◦f)∗M=f ∗(g∗M) module g∗M

Z
X

module M

f gY

Proof. The proposition follows easily from Lemma 167.7. We leave the details to the
reader. �

In the following we want to prove twisted analogues of earlier results, in particular we want
to show the existence of a long exact sequence of a pair and we want to prove an excision
theorem for twisted (co-) homology. In these two instances, and also many other settings,
we will need the following slightly subtle proposition.

Proposition 167.10. (Change of Covering Proposition) LetX be a topological space
that is locally contractible and path-connected and let x0 ∈ X. We denote by q : X̃x0 → X
the natural universal covering. Let R be a ring and let M be a (Z[π1(X, x0)], R)-left left
module. Let B Ă X be a subspace with x0 ∈ B. We assume that B is also locally
contractible and path-connected. We write B̃ := p−1(B) and we denote by p : B̂x0 → B

the natural universal covering. Finally let A Ă X. We write Â := p−1(A) and Ã := q−1(A).
We denote by i : B → X the inclusion map and we denote by ĩ : B̂x0 → X̃x0 the induced
map as de�ned on page 3541.
(1) The maps

=Ctw
k (B,A;i∗M)︷ ︸︸ ︷

i∗M ⊗Z[π1(B,x0)] Ck(B̂x0 , Â) → M ⊗Z[π1(X,x0)] Ck(B̃, Ã)

m⊗ σ 7→ m⊗ ĩ∗(σ)
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are well-de�ned and they are natural isomorphisms of R-left module chain com-
plexes.

(2) For each k ∈ N0 the map
=Ctw

k (B,A;i∗M)︷ ︸︸ ︷
i∗M ⊗

Z[π1(B,x0)]
Ck(B̂x0 , Â) → M ⊗

Z[π1(X,x0)]
Ck(B̃, Ã)

id⊗ inclusion−−−−−−−→

=Ctw
k (X,A;M)︷ ︸︸ ︷

M ⊗
Z[π1(X,x0)]

Ck(X̃x0 , Ã)
↑

isomorphism from (1)

is on the nose the map i∗ : Ctw
k (B,A; i∗M) → Ctw

k (X,A;M) that we de�ned on
page 3542.
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q : B̃ → B is an in�nite covering,
but in this case B̂ = B

we have B̃ = B, but in this setting
p : B̂ → B is an in�nite covering

B

X X

B

Remark. We will develop the theme of the Change of Covering Proposition 167.10 further
in the eagerly awaited sequel, the Change of Covering Proposition II 169.4.

Proof.

(1) To simplify the notation a little bit we assume that A = ∅. Furthermore we write
πB := π1(B, x0) and we write πX := π1(X, x0). Let ĩ : B̂x0 → X̃x0 be the induced
map as de�ned on page 3541. Note that it follows easily from the de�nitions that
ĩ(B̂) Ă B̃. In the Chain Complex-Equivariance Proposition 167.8 we saw that the
map

i∗M ⊗Z[πB ] Ck(B̂x0) → M ⊗Z[πX ] Ck(X̃x0)

is well-de�ned. The current map under consideration is exactly the same map, except
that it follows from ĩ(B̂) Ă B̃ that the map we are really interested in actually takes
values inM⊗Z[πX ]Ck(B̃). This shows that the map in our proposition is well-de�ned.

Claim. The map Z[πX ]⊗Z[πB ] Ck(B̂x0) → Ck(B̃)

g ⊗ σ 7→ g · (̃i ◦ σ)

is an isomorphism of Z[πX ]-left modules.

Proof. Given any singular k-simplex σ in B we pick a lift σ̃ to B̂x0 . In the Regu-
lar Covering-Chain Complex Lemma 167.2 we showed that these lifts form a basis
of the free Z[πB]-left module Ck(B̂x0). Furthermore by the Regular Covering-Chain
Complex Lemma 167.2 we also know that the singular simplices ĩ∗ ◦ σ̃ form a ba-
sis of the free Z[πX ]-left module Ck(B̃). It follows from this observation, together
with Lemma 165.21 (2), that the map sends a basis of the free Z[πX ]-left module
Z[πX ] ⊗Z[πB ] Ck(B̂x0) to a basis of the free Z[πX ]-left module Ck(B̃). Thus we see
that the map is indeed an isomorphism of Z[πX ]-left modules. �
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Note that the map we are supposed to study equals the composition of the fol-
lowing maps:

i∗M ⊗Z[πB ] Ck(B̂x0) → M ⊗Z[πX ] (Z[πX ]⊗Z[πB ] Ck(B̂x0) → M ⊗Z[πX ] Ck(B̃)
m⊗ σ 7→ m⊗ (1⊗ σ)

m⊗ (g ⊗ σ) 7→ m⊗ g · (̃i∗ ◦ σ).

It follows from Lemma 165.20 that the map to the left is well-de�ned and an isomor-
phism of R-left modules. It follows from the claim that the map to the right is an
isomorphism of R-left modules.

(2) This statement follows immediately from the de�nitions. �

By the Topological LES-Proposition 74.13 we know that a triple (X,A,B) of topological
spaces gives rise to a long exact sequence of relative singular homology groups. We now
have an analogous statement in the present setting.

Proposition 167.11. (Twisted-LES Proposition) Let X be a topological space that
is locally contractible and path-connected, let B be subspace of X that is also locally
contractible and path-connected, let A Ă B be a further subspace and let b0 ∈ B. We
denote by i : B → X the inclusion. Let R be a ring and let M be a (Z[π1(X, b0)], R)-left
left module. Given any n ∈ N0 there exists a natural R-left module homomorphism

∂n : Htw
n (X,B;M) → Htw

n−1(B,A; i∗M)

such that the following sequence is exact

...
∂n+1−−−→ Htw

n (B,A; i∗M)
i∗−→ Htw

n (X,A;M) → Htw
n (X,B;M)

∂n−→ Htw
n−1(B,A; i∗M) → ...

↑
induced by the obvious map (X,A)→ (X,B)

An analogous statement also holds for cohomology groups with twisted coe�cients.

Proof. We denote by p : B̂b0 → B and q : X̃b0 → X the natural universal coverings. We
write Â := p−1(A), Ã := q−1(A) and B̃ := q−1(B). The map i : B → X induces a map
ĩ : B̂ → X̃. Evidently ĩ(B̂) Ă B̃. First let us consider the sequence

0 → Ck(B̃, Ã) → Ck(X̃, B̃) → Ck(X̃, Ã) → 0.

Note that by the Regular Covering-Chain Complex Lemma 167.2 we know that this is
sequence of Z[π1(X, x0)]-left homomorphisms between free Z[π1(X, x0)]-left modules. Fur-
thermore, as in the proof of the Topological LES-Proposition 74.13, we obtain from the third
isomorphism theorem that the sequence is exact. Since Ck(X̃, Ã) is a free Z[π1(X, x0)]-left
module we obtain from Lemma 165.18 that

0 → M ⊗Z[π1(X,b0)] Ck(B̃, Ã) → M ⊗Z[π1(X,b0)] Ck(X̃, B̃) → M ⊗Z[π1(X,b0)] Ck(X̃, Ã) → 0

is a short exact sequence of R-left modules. From the LES Lemma 166.11 we get a connect-
ing homomorphism and a long exact sequence of the homology modules. We obtain the
desired connecting homomorphism and the desired long exact sequence by replacing the
homology modules of the chain complex M ⊗Z[π1(X,b0)] Ck(B̃, Ã) by the homology groups
Htw
k (B,A; i∗M) using the isomorphism that is provided by the Change of Covering Propo-

sition 167.10 (1). Note that the Change of Covering Proposition 167.10 (2) implies that
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the resulting connecting homomorphism does indeed give rise to the desired long exact
sequence.

Finally note that the cohomological analogue is proved in a very similar fashion. We
leave the proof to the exercise-deprived reader. �

167.4. Excision for (co-) homology with twisted coe�cients. As we have seen, ex-
cision theorems play an essential role when dealing with ordinary (co-) homology groups.
The reader will thus be greatly relieved to hear that analogous statements also hold in
the twisted context. More precisely we have the following analogue of the Excision Theo-
rems 74.17, 74.18 and 109.1.

Theorem 167.12. (Excision Theorem for Twisted (Co-) Homology) Let X be a
topological space that is locally contractible and path-connected, let x0 ∈ X and let M be
a Z[π1(X, x0)]-left module.
(1) Let Z Ă A Ă X be subsets such that the closure of Z is contained in the interior

of A and such that x0 6∈ Z. If X \Z is locally contractible and path-connected, then
the inclusion i : (X \ Z,A \ Z)→ (X,A) induces for each n ∈ N0 isomorphisms

i∗ : Htw
n (X \ Z,A \ Z; i∗M)

∼=−−→ Htw
n (X,A;M)

i∗ : Hn
tw(X,A;M)

∼=−−→ Hn
tw(X \ Z,A \ Z; i∗M).

(2) Let K be a subset of X and let U be a neighborhood of the closure of K in X2071.
If x0 ∈ U and if U is locally contractible and path-connected, then the inclusion
i : (U,U \K)→ (X,X \K) induces for each n ∈ N0 isomorphisms

i∗ : Htw
n (U,U \K; i∗M)

∼=−−→ Htw
n (X,X \K;M)

i∗ : Hn
tw(X,X \K;M)

∼=−−→ Hn
tw(U,U \K; i∗M).

�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������

�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������
�����������������������������������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

��

���
���
���

���
���
���

KX

U x0

Proof.

(2) We denote by o : X̃x0 → X the natural universal covering and we write Ũ := p−1(U)

and K̃ := p−1(K).
Claim. The inclusion induced map

i∗ : Cn(Ũ , Ũ \ K̃) → Cn(X̃, X̃ \ K̃)

is a chain homotopy equivalence of free Z[π1(X, x0)]-left modules.

Proof. We make the following two observations:
(a) First note that

closure of K̃ = p−1(closure of K) Ă p−1(interior of U) = interior of Ũ .
↑ ↑ ↑

see Exercise 48.7 by hypothesis see Exercise 48.7

2071These conditions are satis�ed for example if X is Hausdor�, if K is compact and if U is an open
neighborhood of K.
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Thus it follows from the original Excision Theorem 74.18 that for every n ∈ N0

the inclusion i induces an isomorphism

i∗ : Hn(Ũ , Ũ \ K̃)
∼=−→ Hn(X̃, X̃ \ K̃).

(b) Next we consider the map

i∗ : Cn(Ũ , Ũ \ K̃) → Cn(X̃, X̃ \ K̃).

In the Regular Covering-Chain Complex Lemma 167.2 we saw that both sides
are free Z[π1(X, x0)]-left modules. By de�nition of the module structure the map
i∗ is actually a homomorphism between two free Z[π1(X, x0)]-left modules.

The claim now follows from (a) and (b) combined with Quasi Isomorphisms-are-
Homotopy Equivalences Proposition 166.6. �

Now let M be a Z[π1(X, x0)]-left module. It follows immediately from the claim
together with Lemmas 166.3 and 166.2 that the map

idM ⊗i∗ : M ⊗Z[π1(X,x0)] Cn(Ũ , Ũ \ K̃) → M ⊗Z[π1(X,x0)] Cn(X̃, X̃ \ K̃)

induces an R-left isomorphism of homology modules. It follows from this observation
together with the Change of Covering Proposition 167.10 (1) and (2) that the map

i∗ : Htw
n (U,U \K; i∗M) → Htw

n (X,X \K;M)

is an R-left isomorphism. The statement regarding cohomology groups is proved in
a very similar fashion, using the Dualizing Chain Complex Lemma 166.4 and the
Cochain Map Lemma 108.5. We leave the details to the reader.

(1) This statement follows from Statement (1) by setting U = X \ Z and K = X \ A.
Again we leave the few details to the reader. �

167.5. Homotopic maps and (co-) homology with twisted coe�cients. In the Ho-
motopic Maps-and-Homology Proposition 73.6 and in the Homotopic Maps-H∗-Lemma 108.13
we saw that homotopic maps induce the same map on homology. A similar statement also
holds in the present context, but, as we will see, one needs to be careful about the twistings
because of base point issues.

First let us recall the following de�nition from page 439.
De�nition. Let X and Y be topological spaces and let A Ă X and B Ă Y be subsets.
Let f, g : (X,A)→ (Y,B) be two maps of pairs of topological spaces.
(1) A homotopy between f and g is a map

H : X × [0, 1]→ Y

such that the following two conditions are satis�ed:
(a) H0 = f and H1 = g, and
(b) H(a, t) ∈ B for all a ∈ A and all t ∈ [0, 1].

(2) Let x0 ∈ X. We say a map F : X × [0, 1] → Y is a homotopy rel x0 if for all
s, t ∈ [0, 1] we have F (x0, s) = F (x0, t).

Proposition 167.13. LetX and Y be topological spaces that are both locally contractible
and path-connected. Let A Ă X and B Ă Y be subspaces. Let f0, f1 : (X,A) → (Y,B)
be two maps of pairs of topological spaces. Let x0 ∈ X and y0 ∈ Y with f0(x0) =
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B

X

A g

f

f, g : (X,A)→ (Y,B) are homotopic rel x0

x0

y0. Furthermore let R be a ring and let M be a (Z[π1(Y, y0)], R)-left left module. Let
F : X × [0, 1] → Y be a homotopy between f0 and f1. We denote by γ : [0, 1] → Y the
path that is given by t 7→ F (x0, t). We have the following equality of (Z[π1(X, x0)], R)-left
left modules:

notation from the Change of Base Point Proposition 167.6
↓

f ∗1(γ∗∗M) = f ∗0M.

Furthermore the maps

Ctw
k (X,A; f ∗0M)

f0∗−−→ Ctw
k (Y,B;M)

Ctw
k (X,A; f ∗0M︸︷︷︸

=f∗1 (γ∗∗M)

)
f1∗−−→ Ctw

k (X,A; γ∗∗M)
γ∗−→ Ctw

k (Y,B;M)
↑

isomorphism given by the Change of Base
Point Proposition 167.6

are chain homotopic as chain maps between chain complexes of R-left modules. An anal-
ogous statement also holds for cochain complexes.
As the reader will have spotted, the statement becomes a little neater, if γ happens to be
the constant path. This leads us to the following useful special case of Proposition 167.13.
Corollary 167.14. Let X and Y be topological spaces that are both locally contractible
and path-connected. Let A Ă X and B Ă Y be subspaces and let x0 ∈ X and y0 ∈
Y . Furthermore let R be a ring and let M be a (Z[π1(Y, y0)], R)-left left module. Let
f, g : (X,A)→ (Y,B) be two maps of pairs of topological spaces with f(x0) = g(x0) = y0.
If f and g are homotopic rel x0, then by the Homotopy-π1-Proposition 50.3 we know that
f∗ = g∗ : π1(X, x0)→ π1(Y, y0), thus f ∗M = g∗M , and we see that

f ∗, g∗ : Ctw
k (X,A; f ∗M) → Ctw

k (Y,B;M) and f ∗, g∗ : Cktw(Y,B;M) → Cktw(X,A; f ∗M)

are (co-) chain homotopic. In particular the induced maps

f ∗, g∗ : Htw
k (X,A; f ∗M) → Htw

k (Y,B;M) and f ∗, g∗ : Hk
tw(Y,B;M) → Hk

tw(X,A; f ∗M)

are equal.

Proof of Corollary 167.14. The proposition follows immediately from Proposition 167.13
and the observation that under the given hypotheses the path γ in the statement of Propo-
sition 167.13 is just the constant path. �

For reader's convenience we recall the following classic lemma, which will play an essential
role in the proof of Proposition 167.13.

Lemma 73.8. Let V and W be topological spaces and let F̃ : V × [0, 1] → W be a
homotopy. Let Ωn ∈ Cn+1(∆n× [0, 1]), n ∈ N0, be the sequence of singular chains that we
de�ned on page 1605.2072 The maps
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Pn : Cn(V ) → Cn+1(W )

(σ : ∆n → V ) 7→ (F̃ ◦ (σ × id[0,1]))∗(Ωn).

satisfy ∂n+1 ◦ Pn + Pn−1 ◦ ∂n = F̃0∗ − F̃1∗

as maps from Cn(V ) to Cn(W ).

Proof of Proposition 167.13. To simplify the notation we assume that A = B = ∅.
Mathematically this extra hypothesis makes no real di�erence. In the following we will
only prove the statement regarding chain homotopies between chain complexes. We leave
it to the reader to adapt the argument below to produce a cochain homotopy between the
given cochain maps.

Without further ado, let f0, f1 : X → Y be two maps of topological spaces. Let x0 ∈ X
and y0 ∈ Y with f0(x0) = y0. Furthermore let R be a ring and let M be a (Z[π1(Y, y0)], R)-
left left module. Furthermore let F : X × [0, 1] → Y be a homotopy between f0 and f1.
We denote by i0, i1 : X → X × [0, 1] the obvious embeddings. Note that by de�nition of a
homotopy we have F ◦ i0 = f0, F ◦ i1 = f1. We denote by γ : [0, 1] → X the path that is
given by t 7→ F (x0, t).

Claim 1. We have the following equality of (Z[π1(X, x0)], R)-left left modules.

f ∗1 (γ∗∗M) = f ∗0M.

Proof. We need to show that the maps

π1(X, x0)
f0∗−−→ π1(Y, y0)

and π1(X, x0)
f1∗−−→ π1(X, f1(x0))

γ∗−−→ π1(Y, y0)

agree. Thus let α : [0, 1]→ X be a loop in x0. We denote by µ : [0, 1]→ X × [0, 1] the path
that is given by t 7→ (x0, t). Then we have the following equalities:

there is an explicit path homotopy between i0 ◦ α and µ ∗ i1 ◦ α ∗ µ
↓

f0∗([α]) = [f0 ◦ α] = [F ◦ (i0 ◦ α)] = [F ◦ (µ ∗ i1 ◦ α ∗ µ)]
= [(F ◦ µ) ∗ (F ◦ i1 ∗ α) ∗ (F ◦ µ)] = [γ] ∗ f1∗([α]) ∗ [γ]
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i0

i1

Yµ

γ
X

Fα

X × [0, 1]

x0
y0

As usual we denote by p : X̃x0 → X and q : Ỹy0 → Y the natural universal coverings. One
can easily see that p× id[0,1] : X̃x0 × [0, 1] → X × [0, 1] is a universal covering.2073 Thus it
follows from the Lift-to-Universal Coverings Proposition 61.13 that there exists a unique

2072The precise de�nition of the Ωn is completely irrelevant for what follows.
2073But not that this is not the natural universal covering of X × [0, 1].



3550

map F̃ : X̃x0 × [0, 1]→ Ỹy0 with F̃ (x̃0, 0) = ỹ0 such that the following diagram commutes:

X̃x0 × [0, 1]
p×id[0,1]

��

F̃ // Ỹy0

q

��

X × [0, 1]
F // Y.

Again we denote by i0, i1 : X̃x0 → X̃x0 × [0, 1] the obvious embeddings. Below we will need
the following subtle claim.

Claim 2. We write y1 = f1(x0) ∈ Y . We denote by q : Ỹy1 → Y the corresponding natural
universal covering. The following diagram commutes:

X̃x0

f1 //

i1
��

Ỹy1

γ∗

��

X̃x0 × [0, 1]
F̃ // Ỹy0 .

Proof. We start with two observations:

(a) By inspection one sees that both maps send the natural base point of X̃x0 to the
point of Ỹy0 that is represented by the path γ.

(b) Both maps are lifts of the map f1 ◦ p : X̃x0 → Y to a map X̃x0 → Ỹy0 .

Since X̃x0 is path-connected and locally path-connected we obtain from the uniqueness
statement of the Map Lifting Criterion 61.2 (2) that the two maps from X̃x0 → Ỹy0 agree.
But this implies that the diagram commutes. �

Now we can turn to the construction of the desired chain homotopy. Thus let Ωn ∈
Cn+1(∆n× [0, 1]), n ∈ N0, be the sequence of singular chains that we de�ned on page 1605.
By Lemma 73.8 we know that the maps

Pn : Cn(X̃x0) → Cn+1(Ỹy0)

(σ : ∆n → X̃x0) 7→ (F̃ ◦ (σ × id[0,1]))∗(Ωn)

satisfy

(∗) ∂ ◦ Pn + Pn−1 ◦ ∂ = (F̃ ◦ i0)∗ − (F̃ ◦ i1)∗

as maps from Cn(X̃x0) to Cn(Ỹy0).

Claim 3. Given any singular simplex σ : ∆n → X and given any g ∈ π1(X, x0) we have

Pn(g · σ) = (F ◦ i0)∗(g)︸ ︷︷ ︸
∈π1(Y,y0)

· Pn(σ).

Proof. First note that by Proposition 62.13 the map F̃ : X̃x0 × [0, 1]→ Ỹ has the following
property: given any z̃ ∈ X̃x0 × [0, 1] and given any h ∈ π1(X × [0, 1], (x0, 0)) we have

F̃ (h · z̃) = F∗(h)︸ ︷︷ ︸
∈π1(Y,y0)

· F̃ (z̃).
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Now let σ : ∆n → X be a singular simplex and let g ∈ π1(X, x0). Then

by de�nition of Pn by Proposition 62.13
↓ ↓

Pn(g · σ) = (F̃ ◦ ((g · σ × id[0,1])))∗(Ωn) = (F̃ ◦ (i0∗(g) · (σ × id[0,1])))∗(Ωn)

= (F∗(i0∗(g)) · (F̃ ◦ (σ × id[0,1])))∗(Ωn) = (F ◦ i0)∗(g) · Pn(σ).
↑ ↑

by the above equality applied by de�nition of Pn
to h = i0∗(g) ∈ π1(X × [0, 1], (x0, 0)) �
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i1

Y

	 π1(Y, y0)Ỹy0

γF
X

(x0, 0)x0

q

y0

p× id[0,1]

X̃0×[0, 1]
F̃

π1(X×[0, 1], (x0, 0)) 	

It follows from Claim 3 together with Lemma 165.23 that we get an induced R-left module
homomorphism

id⊗Pn : (F ◦ i0)∗M ⊗Z[π1(X,x0)] Cn(X̃x0) → M ⊗Z[π1(Y,y0)] Cn(Ỹy0).

It follows from (∗) that these maps have the property that

(id⊗∂) ◦ (id⊗Pn) + (id⊗Pn−1) ◦ (id⊗∂) = id⊗(F̃ ◦ i0)∗ − id⊗(F̃ ◦ i1)∗

as maps from (F ◦ i0)∗M ⊗Z[π1(X,x0)] Cn(X̃x0) to M ⊗Z[π1(Y,y0)] Cn(Ỹy0). In other words, we
have found a chain homotopy between the maps id⊗(F̃ ◦ i0)∗ and id⊗(F̃ ◦ i1)∗. It remains
to show that these two maps are the chain maps we are supposed to study:
(1) It follows immediately from the de�nitions that id⊗(F̃ ◦ i0)∗ = f0∗.
(2) It follows easily from Claim 1 and 2 that id⊗(F̃ ◦ i1)∗ = γ∗ ◦ f1∗. �

In the Homotopy Equivalence-H∗-Corollary 73.9 and the Homotopic Maps-Cohomology
Lemma 108.13 we saw that homotopy equivalent topological spaces have isomorphic (co-)
homology groups. Now we have similar statements in the context of (co-) homology with
twisted coe�cients. But as usual some care needs to be taken regarding base points and
modules involved.

We start out with the following, slightly restrictive proposition.

Proposition 167.15. (Homotopy Equivalence-H∗-Proposition) Let (X, x0) and
(Y, y0) be pointed topological spaces that are both locally contractible and path-connected.
Let A Ă X and B Ă Y be subspaces and let x0 ∈ X and y0 ∈ Y . Furthermore
let f : (X,A) → (Y,B) be a map with f(x0) = y0. We suppose that there exists
a map g : (Y,B) → (X,A) such that g ◦ f : (X,A) → (X,A) is homotopic rel x0 to
idX : (X,A) → (X,A) and such that f ◦ g : (Y,B) → (Y,B) is homotopic rel y0 to
idY : (Y,A)→ (Y,B). Then f induces isomorphisms on twisted (co-) homology, i.e. given
any Z[π1(Y, y0)]-left module M the induced maps

f∗ : Htw
k (X,A; f ∗M) → Htw

k (Y,B;M)
f ∗ : Hk

tw(Y,B;M) → Hk
tw(X,A; f ∗M)

are isomorphisms.
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Proof. First note that by hypothesis there exists a homotopy S : X×[0, 1]→ X rel x0 with
S0 = g ◦ f : (X,A)→ (X,A) and S1 = idX : (X,A)→ (X,A) and there exists a homotopy
T : Y × [0, 1]→ Y rel y0 with T0 = f ◦ g : (Y,B)→ (Y,B) and T1 = idY : (Y,B)→ (Y,B).
It follows from Corollary 167.14 and the Twisted Homology-Functoriality Proposition 167.9
that the composition of the following two maps

Htw
k (X,A;

=(g◦f)∗f∗M=id∗ f∗M=f∗M︷ ︸︸ ︷
f ∗(g∗(f ∗M)) )

f∗−−→ Htw
k (Y,B;

=(f◦g)∗M=id∗M=M︷ ︸︸ ︷
g∗(f ∗M) )

g∗−−→ Htw
k (X,A; f ∗M)

is the identity and that the composition of the following two maps

Htw
k (Y,B; g∗(f ∗M)︸ ︷︷ ︸

=(f◦g)∗M=id∗M=M

)
g∗−−→ Htw

k (X,A; f ∗M)
f∗−−→ Htw

k (Y,B;M)

is also the identity. This shows that f∗ is an isomorphism. Basically the same argument
also works for twisted cohomology instead of twisted homology.2074 �

The following corollary considers an important special case of a homotopy equivalence.

Corollary 167.16. (Deformation Retract-Twisted Homology Corollary) Let T be
a topological space and let A Ă V Ă T be subspaces. We assume that T and V are both
locally contractible and path-connected. Furthermore let r : T → V be a retraction. We
assume that r is realized by a deformation retraction F : T × [0, 1]→ T , i.e. according to
the de�nition on page 433 we assume that there exists a homotopy F : T × [0, 1]→ T rel
V with F0 = idT and with F1 = r. For any v0 ∈ V and any Z[π1(V, v0)]-left module M
the induced maps

r∗ : Htw
k (T,A; r∗M) → Htw

k (V,A;M)
r∗ : Hk

tw(V,A;M) → Hk
tw(T,A; r∗M)

are isomorphisms.
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T

V

A v0

retraction r : T → V that is realized
by a deformation retraction

Proof. We denote by i : V → T the inclusion. Note that r ◦ i = idV . The desired
statement follows immediately from the Homotopy Equivalence-H∗-Proposition 167.15 since
the homotopy F : T × [0, 1] → T between F0 = idT and F1 = r = i ◦ r and �xes the base
point v0, and since for r ◦ i we can use the constant homotopy, which of course also �xes
the base point v0. �

Using the Deformation Retract-Twisted Homology Corollary 167.16 we can prove the fol-
lowing statement that does not bother with niceties regarding base points.
Corollary 167.17. Let X and Y be topological spaces that are both locally contractible
and path-connected. We assume that X and Y are homotopy equivalent. Given any
x0 ∈ X, y0 ∈ Y , given any ring R and given any (Z[π1(X, x0)], R)-left module M there
exists a (Z[π1(Y, y0)], R)-left module N , which as an R-left module is isomorphic to M ,

2074Note that this argument is formally the same as the argument that we used in the proof of the Homotopy
Equivalence-H∗-Corollary 73.9.
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such that the twisted homology groups Htw
k (X;M) and Htw

k (Y ;N) are isomorphic R-left
modules and such that the twisted cohomology groups Hk

tw(X;M) and Hk
tw(Y ;N) are

isomorphic R-left modules.
Proof. Let f : X → Y be a homotopy equivalence. As on page 454 we consider the
mapping cylinder

Cyl(f) := Cyl(f : X → Y ) := ((X × [0, 1]) t Y )/∼ where (x, 1) ∼ f(x) for all x ∈ X.
In the Mapping Cylinder Basics Lemma 16.10 we saw that the two maps

i : X → Cyl(f : X → Y )
x 7→ [(x, 0)]

and
j : Y → Cyl(f : X → Y )

y 7→ [y]

are closed embeddings. Furthermore in the proof of Corollary 17.17 we saw that i(X) is
a deformation retract of Cyl(f) and we saw that j(Y ) is a deformation retract of Cyl(f).
We denote by r : Cyl(f) → i(X) the corresponding retraction. Let α : [0, 1] → Cyl(f) be
the path that is given by t 7→ [(x0, t)] and let β : [0, 1]→ Y be any path from f(x0) to y0.
We see that2075

given by the homeomorphism i : X → i(X) isomorphism by (2)
↓ ↓

Htw
k (X;M)

∼=−→ Htw
k (i(X); (i−1)∗M) ∼= Htw

k (Cyl(f); r∗(i−1)∗M)
∼= Htw

k (Cyl(f); β∗∗α∗∗r∗(i−1)∗M) ∼= Htw
k (Y ; j∗β∗∗α∗∗r∗(i−1)∗M).

↑ ↑
isomorphism by the Change of Base isomorphism by (2) and since j : Y → j(Y )

Point Proposition 167.6 is a homeomorphism

This concludes the arguments regarding twisted homology modules. The argument regard-
ing twisted cohomology modules is very similar. We leave the details to the reader. �
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Exercises for Chapter 167.

Exercise 167.1. Let f : (X, x0) → (Y, y0) and g : (Y, y0) → (Z, z0) be maps between
pointed topological spaces. We assume that X and Y are locally path-connected and
path-connected. Let p : (X̂, x̂0)→ (X, x0), q : (Ŷ , ŷ0)→ (Y, y0) and r : (Ẑ, ẑ0)→ (Z, z0) be
coverings with f∗(p∗(π1(X̂, x̂0))) Ă π1(Ŷ , ŷ0) and g∗(p∗(π1(Ŷ , ŷ0))) Ă π1(Ẑ, ẑ0). We consider
the induced maps f̃ : (X̂, x̂0) → (Ŷ , ŷ0), g̃ : (Ŷ , ŷ0) → (Ẑ, ẑ0) and g̃ ◦ f : (X̂, x̂0) → (Ẑ, ẑ0)
that we de�ned on page 3541. Show that we have an equality of maps

g̃ ◦ f = g̃ ◦ f̃ : (X̂, x̂0) → (Ẑ, ẑ0).

2075In Exercise 16.19 we saw, using in particular an argument as in the proof of the Mapping Cylinder Basics
Lemma 16.12 (1), that if X and Y are locally contractible, then the mapping cylinder Cyl(f : X → Y ) is
also locally contractible. Thus it makes sense to consider the twisted homology groups of Cyl(f).
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Exercise 167.2. We consider the topological space X = S1∨S2 and we take as base point
the wedge point x0. Note that π1(S1 ∨ S2, x0) ∼= π1(S1, x0) is abelian. Thus it follows
from the Change of Base Point Proposition 167.6 that π1(X, x0) acts on any on any twisted
homology module Htw

k (X;M) and Hk
tw(X;M). Given any example of a Z[π1(X, x0)]-left

module for which this left action is non-trivial.
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168. Calculations and examples of twisted (co-) homology

168.1. (Co-) homology with twisted coe�cients in degree 0. In the H0-Proposition 72.5
and on page 1914 we saw that it is straightforward to calculate singular (co-) homology
in degree 0. As we will see, it is also pretty straightforward to calculate singular (co-)
homology with twisted coe�cients in degree 0. To state the corresponding result we need
the following de�nition.

De�nition. Let π be a group, let R be a ring and let M be a (Z[π], R)-left left module.
We de�ne

Mπ := M
/{ k∑

i=1
(gi · vi − vi)

∣∣∣ gi ∈ π and vi ∈M
}

π-coinvariants

Mπ := {v ∈M | g · v = v for all g ∈ π} π-invariants

Note that Mπ and Mπ are both R-left modules.

Examples. Let π be a group.
(1) If π acts trivially on an abelian group M , then it follows immediately from the

de�nitions that Mπ is naturally isomorphic to M and furthermore Mπ = M .
(2) We consider the case M = Z[π] and R = Z. We equip M with the Z[π]-left module

structure that is given by g ·m := m · g−1. In Exercise 168.1 we will show that

Z[π]π → Z[ k∑
i=1
ri · gi

]
7→

k∑
i=1
ri

is an isomorphism and we will see that

Z[π]π =

{
0, if π is in�nite,
Z ·

∑
g∈π
g, if π is �nite.

Before we can state our calculation of twisted (co-) homology in degree 0 it is convenient
to recall the following notation from page 1590.
Notation. Let X be a topological space. Given a point P ∈ X we denote by P also the
singular 0-simplex ∆0 → X that is given by sending the single point in ∆0 to P .
The following lemma is the analogue of the H0-Proposition 72.5 and the discussion on
page 1914.

Proposition 168.1. (Twisted H0-Proposition) Let X be a topological space that is
locally contractible and path-connected and let x0 ∈ X. We write π := π1(X, x0). Let R be
a ring and letM be a (Z[π], R)-left left module. We consider the natural universal covering
p : X̃x0 → X and we denote by x̃0 the natural base point of X̃x0 . The augmentation map

εX : Htw
0 (X;M) → Mπ[ k∑

i=1
mi ⊗Z[π] σi

]
7→

[ k∑
i=1
mi

]
and the evaluation map
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evX : H0
tw(X;M) → Mπ

[ϕ : C0(X̃x0)→M)] 7→ ϕ(x̃0)
↑

here x̃0 is short for the constant map ∆0 → X̃x0 that sends 1 to x̃0

are natural isomorphisms of R-left modules

Example. We suppose that we are in the setting of the Twisted H0-Proposition 168.1. If
π acts trivially on M , then the Twisted H0-Proposition 168.1 says that Htw

0 (X; trM) and
H0

tw(X; trM) are both naturally isomorphic to the R-left moduleM . This result is consistent
with the fact, shown in Lemma 167.3, that Htw

0 (X; trM) ∼= H0(X;M) and H0
tw(X; trM) ∼=

H0(X;M) and our earlier results in the H0-Proposition 72.5 and on page 1914.

Proof. In the following we will deal with Htw
0 (X;M). We will prove the statement regard-

ing H0
tw(X;M) in Exercise 168.3.

Claim. The map εX : Htw
0 (X;M) → Mπ[ k∑

i=1
mi ⊗Z[π] σi

]
7→

[ k∑
i=1
mi

]
is well-de�ned.

Proof. First we need to show that the map is well-de�ned on the twisted chain level, i.e. we
need to show that the map is well-de�ned as a map M ⊗Z[π] C0(X̃x0) = Ctw

0 (X;M)→Mπ.
Note that for m ∈M , σ ∈ C0(X̃x0) and g ∈ π we have

εX([m ·
M
g ⊗ σ]) = εX([g−1 ·

M
m⊗ σ] = [g−1 ·

M
m] = [m] = εX([m⊗ g · σ]) ∈ Mπ.

↑ ↑
de�nition of M since g−1 ·m−m = (g−1 − 1)·m = 0 ∈Mπ

Note that it follows easily from this little calculation together with Lemma 165.23 that the
map M ⊗Z[π] C0(X̃x0) = Ctw

0 (X;M)→Mπ is well-de�ned.
Next let m ∈M and let σ : ∆1 → X̃x0 be a singular 1-simplex. Then

εX(∂(m⊗ σ)) = εX(m⊗ ∂σ) = εX(m⊗ σ(0, 1)−m⊗ σ(1, 0)) = m−m = 0.
↑ ↑

see the Tensoring Chain see page 1585
Complex Lemma 166.3

This shows that εX : Htw
0 (X;M)→Mπ is indeed well-de�ned. �

It follows basically immediately from the fact that X is non-empty that the map
εX : Htw

0 (X;M)→ Mπ is an epimorphism. It remains to show that it is a monomorphism.

Thus suppose we are given
k∑
i=1
mi ⊗ Qi ∈ M ⊗Z[π] C0(X̃x0) = Ctw

0 (X;M) which represents
an element in the kernel of εX . This means that for j = 1, . . . , l there exist gj ∈ π and
vj ∈M such that the following equality holds in M :

k∑
i=1
mi =

l∑
j=1

(gj · vj − vj).

Since X is path-connected there exist singular 1-simplices σ1, . . . , σk : ∆1 → X̃x0 with
∂σi = Qi − x0. Furthermore there exist singular 1-simplices τ1, . . . , τl : ∆1 → X̃x0 with
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∂τj = gj · x0 − x0. We now see that

∂1

( k∑
i=1
mi ⊗ σi −

l∑
j=1

vj ⊗ τj
)

=
k∑
i=1

(mi ⊗Qi −mi ⊗ x0) −
l∑

j=1
(vj ⊗ gj · x0︸ ︷︷ ︸

=vj ·gj⊗x0

− vj ⊗ x0)
)

=
k∑
i=1
mi ⊗Qi −

( k∑
i=1
mi −

l∑
j=1

(gj · vj − vj)
)

︸ ︷︷ ︸
=0

⊗ x0 =
k∑
i=1
mi ⊗Qi.

We have thus shown that
k∑
i=1
mi ⊗ Qi represents the zero element in Htw

0 (X;M). In other

words, we have shown that εX : Htw
0 (X;M)→Mπ is a monomorphism. �
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Q4 Q3Q2

gj · x̃0x̃0

Q4 Q3Q2Q1X̃x0
Q1

σ1

168.2. Twisted homology and homology of covering spaces. In this section we will
see that for certain twistings we can calculate twisted homology groups in terms of ordinary
homology of covering spaces. In practice this is one of the most useful tricks for calculating
twisted homology groups.
Proposition 168.2. Let X be a topological space that is locally contractible and path-
connected. We pick x0 ∈ X and we write π := π1(X, x0). We denote by p : X̃x0 → X
the corresponding universal covering which we equip with the natural base point x̃0. Let
A Ă X. We write Ã := p−1(A). Furthermore let Γ Ă π be a subgroup. Let S be a
commutative ring. We equip the free S-module S[Γ\π] that is generated by the set Γ\π
with the Z[π]-left module structure given by h · (Γg) = Γgh−1. Let p : (YΓ, y0) → (X, x0)
be a covering of pointed topological spaces with p∗(π1(YΓ, y0)) = Γ. By Corollary 61.11
we know that there exists a unique covering q : X̃x0 → YΓ with q(x̃0) = y0.
(1) The maps2076

Ω: Ctw
k (X,A;S[Γ\π]) = S[Γ\π]⊗Z[π] Ck(X̃x0 , Ã) → Ck(YΓ;S) = Ck(Y )⊗ S

s · Γg ⊗ (σ : ∆k → YΓ;S) 7→ q ◦ (g · σ : ∆k → YΓ)⊗ s
form an isomorphism of chain complexes of S-modules. In particular for each k ∈ N0

these maps induce an isomorphism

Ω∗ : Htw
k (X,A;S[Γ\π])︸ ︷︷ ︸
twisted homology

→ Hk(YΓ;S)︸ ︷︷ ︸
singular homology
with S-coe�cients

of S-modules.
(2) We now suppose that Γ is a normal subgroup of π. This allows us to equip S[Γ\π]

with an S[Γ\π]-left module structure that is given by left multiplication.20772078

Furthermore we equip Yγ, and thus also Ck(YΓ;S) and Hk(YΓ;S) with the Γ\π-left
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action given by Proposition 167.1. With these actions the above maps

Ω: Ctw
k (X,A;S[Γ\π]) → Ck(YΓ;S)

Ω∗ : Htw
k (X,A;S[Γ\π]) → Hk(YΓ;S)

are isomorphisms of S[Γ\π]-left modules.

Remark. Everybody who tries to write up the story of twisted (co-) homology groups
and modules will notice that sooner or later it is necessary to make choices about the type
of actions that are considered. Whichever choice one takes will sooner or later haunt the
author at some other point. Our choices are designed in such a way that we get the clean
statement in Proposition 168.2 about S[Γ\π]-left modules. In particular this leads us to
the popular topic of left-left modules.

Proof.

(1) Let us show that the given map

Ω: Ctw
k (X,A;S[Γ\π]) = S[Γ\π]⊗Z[π] Ck(X̃x0 , Ã) → Ck(YΓ;S)

s · Γg ⊗ (σ : ∆k → YΓ) 7→ q ◦ (g · σ : ∆k → YΓ)⊗ s

is well-de�ned. Given k ∈ π we denote by dk : X̃x0 → X̃x0 the corresponding deck
transformation that is given by Proposition 167.1. First we show that the map is
independent of the representative g ∈ π. Indeed, if h ∈ Γ, then

q ◦ hg · σ = q ◦ dh ◦ dg ◦ σ = q ◦ dg ◦ σ = q ◦ g · σ.
↑

it follows from Proposition 167.1 that q ◦ dh = q

Next let us show, using Lemma 165.23, that the map Ω respects the tensor product
S[Γ\π]⊗Z[π]Ck(X̃x0). Thus let Γf ∈ Γ\π and let σ ∈ Ck(X̃x0). Then given any g ∈ π
we have

Ω((Γf) · g ⊗ σ) = Ω(Γf · g ⊗ σ) = q ◦ (f · g) · σ = q ◦ f · (g · σ) = Ω(Γf ⊗ g · σ).
↑

follows from our de�nition of the Z[π]-left module structure on S[Γ\π] and
de�nition of the Z[π]-right module S[Γ\π]

Recall that in Lemma 72.9 we showed that the boundary maps ∂ are natural. It is
now straightforward to verify that the maps Ω are chain maps. It remains to show
that the maps Ω are isomorphisms. To do so we consider the map

Ck(YΓ;S) → Ctw
k (X;S[Γ\π]) = S[Γ\π]⊗Z[π] Ck(X̃x0)

(σ : ∆k → YΓ)⊗ s 7→ s⊗ any lift of σ to a map ∆k → X̃x0 .

It follows easily from Proposition 62.12 that this map is well-de�ned. It is straight-
forward to verify that this map is an inverse to Ω.

2076Note that the corresponding Z[π]-right module structure on S[Γ\π] is actually the obvious one given
by right multiplication.
2077This follows from the usual observation that (Γ · a) · (Γ · b) := Γ · ab is independent of the choice of
representatives g, h, if Γ is normal. Indeed, if g, h ∈ Γ, then Γ · gahb = Γ · gaha−1︸ ︷︷ ︸

∈Γ

ab, thus Γ · gahb = Γ · ab.

2078Note that these two left module structures turn S[Γ\π] into a (Z[π], S[Γ\π])-left left module.
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(2) We only need to show that Ω is S[Γ\π]-left linear. Thus let Γg,Γh ∈ Γ\π and let
σ ∈ Ck(X̃x0). Then

Ω(Γh · (Γg ⊗ σ)) = Ω(Γhg ⊗ σ) = q ◦ h · g ◦ σ = h · q ◦ g · σ = Γh · Ω(g ⊗ σ).
↑

follows from Proposition 167.1 �

Example. Let X be a topological space that is locally contractible and path-connected.
We pick x0 ∈ X and we write π := π1(X, x0). If we apply Proposition 168.2 to the trivial
subgroup Γ = {e}, then we see that for every k ∈ N0 we have an isomorphism

Htw
k (X;Z[π1(X, x0)]) ∼= Hk(universal covering of X).

For example, if we consider the n-dimensional torus X = (S1)n, then

Htw
k ((S1)n;Z[π1(X)]) ∼= Hk(universal covering of (S1)n) ∼= Hk(Rn) ∼=

{
Z, if k = 0,
0, else.↑ ↑

Proposition 168.2 see page 1372

Example. X = S1 ∨ S2.

Remark. Proposition 168.2 is very appealing since for many twistings it gives us back
our intuition for what homology with twisted coe�cients means. Note though that the
analogous statement for cohomology with twisted coe�cients does not hold. For example
consider X = S1 with base point x0 = 1 ∈ S1. We write π := π1(S1, 1). Then

H0
tw(S1;Z[π]) ∼= Z[π]π = 0 6= Z ∼= H0(R) = H0(universal covering of S1).

↑ ↑
Twisted H0-Proposition 168.1 see the discussion on page 3555

here we use that π is in�nite

For our next example let us recall the following de�nition from page 467.

De�nition. Let X be a topological space and let f : X → X be a homeomorphism2079.
We refer to

Tor(X, f) := (X × [0, 1]) /∼ where (x, 0) ∼ (f(x), 1) for all x ∈ X,
as the mapping torus of (X, f). We adopt the following language:
(1) We refer to the map

p : Tor(X, f) = (X × [0, 1])/(x, 0) ∼ (f(x), 1) → S1

[(x, t)] 7→ exp(2π it)

as the natural projection onto S1. Furthermore, given any x ∈ X we refer to the
map

π1(Tor(X, f), [(x, 0)])
p∗−−→ π1(S1, 1)

∼=−−→ 〈t〉
↑

unique isomorphism that sends the loop s 7→ exp(2π is) to t

as a standard epimorphism.
(2) If f is a homeomorphism, then we refer to X as �ber of the mapping torus and we

refer to f as the monodromy of the mapping torus.

2079Before we de�ned the mapping torus for an arbitrary map f : X → X, but in this section we are only
interested in the case that f is a homeomorphism.
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X × [0, 1] natural projection p

projection

homeomorphism f

XX each point (x, 0) gets identi�ed with (f(x), 1)

[0, 1]/0 ∼ 1

Notation. Let R be a commutative ring, let A be an R-module and let φ ∈ AutR(A).
We denote by (A, t = φ) the R[t±1]-module where the underlying R-module is given by A
and where t acts by multiplication by φ, thus tn acts by application of the automorphism
φn = φ ◦ · · · ◦ φ.
Proposition 168.3. Let X be a topological space that is locally contractible and path-
connected. Furthermore let f : X → X be a homeomorphism. We pick x ∈ X. We denote
by φ : π1(Tor(X, f), [(x, 0)]) → 〈t〉 the corresponding standard epimorphism. Given any
commutative ring R and given any k ∈ N0 we have a natural isomorphism2080

the R[t±1]-module (Hk(X;R), t = f∗) ∼= Htw
k (Tor(X, f); φR[t±1])

of R[t±1]-modules.

Proof. Since f is a homeomorphism we can consider the map

p : X × R → Tor(X, f)
(x, t) 7→ [(fn(x), x− n)] where n ∈ Z with x ∈ [n, n+ 1).

One can easily verify that p is a covering. It follows almost immediately from the Mapping
Torus-π1-Proposition 50.6 that p∗(π1(X×R)) = ker(ϕ∗). We denote by µ : X×R→ X×R
the deck transformation that is given by (x, s) 7→ (x, s+ 1). By Proposition 168.2 we have
a natural isomorphism

Ω: Hk(X; φR[t±1])
∼=−→ Hk(X × R;S)

of R[t±1]-modules where the t action is given by the map induced by the deck transformation
µ. In other words, we have a natural isomorphism

Ω: Hk(X; φR[t±1])
∼=−→ (Hk(X × R;S), t = µ∗)

of R[t±1]-modules. The proposition now follows from the following claim.

Claim. The R[t±1]-modules (Hk(X ×R;S), t = µ∗) and (Hk(X;R), t = f∗) are isomorphic.

Proof. We denote by p : X × R→ X the projection. We consider the following diagram:

Hk(X × R;S)
µ∗

//

p∗
��

Hk(X × R;S)
p∗
��

Hk(X;R)
f∗

// Hk(X;R).

2080Here use the convention introduced on page 3500 to identify the group ring Z[〈t〉] with the Laurent
polynomial ring Z[t±1].
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It follows from p ◦ µ = f ◦ p that the diagram commutes. Furthermore p is evidently
a homotopy equivalence. Thus the two vertical maps are isomorphisms. The desired
statement is an immediate consequence of these two observations. �

Example. We consider the Klein bottle K, which we now think of as K := Tor(S1, φ),
where φ(z) = z is the re�ection in the real axis. Just for fun we mention that in this case the
covering of the proof of Proposition 168.3 is given by a map p : S1 ×R→ K := Tor(S1, f)
where the tn-action on S1 ×K is given by the map tn · (x, s) 7→ (x+ n, (−1)n · s).
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K = Tor(S1, re�ection φ)p

S1 × R action by t

We want to use Proposition 168.3 to calculate the homology groups Htw
k (K; ϕZ[t±1]). We

start out with the following observations:
(0) By the discussion on page 1594 we know that φ∗ : H0(S1)→ H0(S1) is the identity.
(1) By the Sphere Degree Lemma 76.11 (6) we know that φ∗ : H1(S1) → H1(S1) is

multiplication by −1.
(2) By Proposition 74.4 we have Hk(S

1) = 0 for k ≥ 2.
It follows that for k ∈ N we have the following isomorphisms:

Htw
k (K; ϕZ[t±1]) ∼=

 (Z, t = id), if k = 0,
(Z, t = −1), if k = 1,
0, if k ≥ 2

∼=

 Z[t±1]/(t− 1)Z[t±1], if k = 0,
Z[t±1]/(t+ 1)Z[t±1], if k = 1,
0, if k ≥ 2.x x

follows from Proposition 168.3 see Exercise 168.5
together with (0), (1) and (2)

168.3. Twisted cohomology and cohomology of �nite-index coverings. The follow-
ing proposition is a cohomological version of Proposition 168.2. But note that it only gives
something interesting for �nite index subgroups.
Proposition 168.4. Let X be a topological space that is locally contractible and path-
connected and let x0 ∈ X. We write π := π1(X, x0). Let R be a commutative ring. We
denote by p : X̃x0 → X the corresponding universal covering which we equip with the natu-
ral base point x̃0. Furthermore let Γ Ă π1(X, x0) be a subgroup. Let p : (YΓ, y0)→ (X, x0)
be a covering of pointed topological spaces with p∗(π1(YΓ, y0)) = Γ. By Corollary 61.11
we know that there exists a unique covering q : X̃x0 → YΓ with q(x̃0) = y0. As in Propo-
sition 168.2 we equip the abelian group R[Γ\π] with the Z[π]-left module structure given
by h · (Γg) = Γgh−1.
(1) The maps

Φ: Hom
Z[π] -left

(Ck(X̃x0), R[Γ\π]) → HomR(Ck(YΓ), R)

γ 7→

Ck(YΓ) → R

σ 7→ pick a lift σ̃ : ∆k→X̃x0 and take the
Γ = Γe-coe�cient of γ(σ̃)∈R[Γ\π]
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are well-de�ned and they form a cochain map.
(2) If Γ is a subgroup of �nite index, then the maps

Ψ: HomR(Ck(YΓ), R) → HomZ[π] -left(Ck(X̃), R[Γ\π])

γ 7→

(
Ck(X̃) → R[Γ\π]

σ 7→
∑

Γg∈Γ\π
γ(g · (q ◦ σ : ∆k → YΓ)) · Γg︸ ︷︷ ︸

∈ R[Γ\π] since Γ is a subgroup of �nite index

)

are well-de�ned and they form a cochain map.
(3) If Γ is a subgroup of �nite index, then the maps Φ and Ψ are both de�ned and they

are inverses of one another. In particular we see that in this setting the maps Φ
induce for each k ∈ N0 an isomorphism

Hk
tw(X;R[Γ\π]) → Hk(YΓ;R).

(4) We suppose that Γ is a normal subgroup of π of �nite index. We introduce two
conventions:
• Note that R[Γ\π] is a R[Γ\π]-left module in the obvious way and R[Γ\π]-becomes
a (Z[π], R[Γ\π])-left left module and Hk

tw(X;R[Γ\π]) becomes a R[Γ\π]-left mod-
ule.
• Since Γ is a normal subgroup we can equip YΓ with the Γ\π-left action given by
Proposition 167.1. This allows us to view Hk(Yγ;R) as a R[Γ\π]-left module by
setting g · ϕ := (g−1)∗(ϕ).2081

With the conventions the above maps Φ and Ψ are R[Γ\π]-left module isomorphisms.

Proof. As with so many of these propositions, as long as the de�nitions are right, the proofs
are dull and elementary. Thus we leave the veri�cation of most aspects of (1) and (2) to
the reader. But for peace of mind let us verify in (2) that Ψ(γ) is indeed a homomorphism
of Z[π]-left modules. Thus let γ ∈ HomR(Ck(YΓ), R). Then for any σ ∈ Ck(X̃) and any
h ∈ π we obtain the following equality in R[Γ\π]:

de�nition of Ψ by Proposition 167.1 we have q · h = h · q
↓ ↓

Ψ(γ)(h · σ) =
∑

Γg∈Γ\π
γ(g · (q ◦ h · σ)) · g =

∑
Γg∈Γ\π

γ(gh · (q ◦ σ)) · g

=
∑

Γg∈Γ\π
γ(gh · (q ◦ σ)) · gh · h−1 = Ψ(γ)(σ) · h−1 = h ·Ψ(γ)(σ).

↑ ↑
by de�nition of Ψ and since de�nition of left-module structure

Γg 7→ Γg · h is a bijection of Γ\π

2081Since cohomology is covariant this does indeed de�ne a R[Γ\π]-left module structure on Hktw(Yγ ;R).
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Next we turn to the proof of (3). Let Γ be a normal subgroup of �nite index. Let us verify
that Ψ ◦ Φ = id. Thus let σ ∈ Ck(X̃) and let µ ∈ HomZ[π] -left(Ck(X̃), R[Γ\π]). Then

de�nition of Ψ since g · σ is a lift of g · (q ◦ σ)
↓ ↓

((Ψ ◦ Φ)(µ))(σ) =
∑

Γg∈Γ\π
Φ(µ)(g · (q ◦ σ : ∆k → YΓ)) · g =

∑
Γg∈Γ\π

(e-coe�cient of µ(g · σ)) · g

=
∑

Γg∈Γ\π
(g-coe�cient of µ(σ)) · g = µ(σ).

↑
since µ is Z[π]-left linear we have µ(g · σ) = µ(σ) · g−1

The veri�cation that Φ ◦Ψ = id is very similar.
Finally we turn to the proof of Statement (4). Since Φ and Ψ are inverses of one another

it su�ces to show that Ψ is a R[Γ\π]-left module isomorphism. Let Γh ∈ Γ\π. Then given
σ ∈ Ck(X̃) and γ ∈ HomR(Ck(YΓ), R) we have

Ψ(h · γ)(σ)︸ ︷︷ ︸
=Ψ((h−1)∗γ)(σ)

=
∑

Γg∈Γ\π
((h−1)∗γ)(g ·(q◦σ))·g =

∑
Γg∈Γ\π

γ(h−1g ·(q◦σ))·g

=
∑

Γg∈Γ\π
γ(h−1g ·(q◦σ))·h·h−1g = h·

∑
k∈Γ\π

γ(k ·(q◦σ))·k = h·Ψ(γ)(σ).

�

168.4. Twisted (co-) homology groups of lens spaces. We turn to our old nemesis,
the lens spaces, which so far have escaped our attempts at classifying them. Recall that
in Corollary 48.18 we saw that π1(L(p, q)) ∼= Zp. This shows that π1(L(p, q)) has at least
some non-trivial representations. But since π1(L(p, q)) is abelian we know by Proposition ??
that every �nite dimensional complex representation is the direct sum of one-dimensional
complex representations. Thus by the Direct Sum-of-Coe�cients Lemma 167.5 we only
need to understand invariants corresponding to one-dimensional complex representations.

For trivial one-dimensional representations we know by Lemma 167.3 that we only
recover classical invariants. Thus in the following lemma we restrict ourselves to non-trivial
one-dimensional complex representations.

Proposition 168.5. Let p, q ∈ N be coprime. We consider the corresponding lens space
L(p, q). If ρ : π1(L(p, q)) → GL(1,C) is a non-trivial representation, then for all k ∈ N0

we have Htw
k (L(p, q); ρC) = 0 and Hk

tw(L(p, q); ρC) = 0.

Remark.

(1) Proposition 168.5 is at �rst glance quite disappointing, it shows that homology with
twisted complex coe�cients cannot be used to distinguish lens spaces. But in Sec-
tion ?? we will see, counter intuitively, that this calculation is in fact a big step
towards solving the conundrum of the classi�cation of lens spaces.

(2) The eternal optimist might hope to use twisted (co-) homology with other coe�cients
to distinguish lens spaces. But by Corollary 167.17 we know that the (co-) homology
groups with twisted coe�cients that can occur only depend on the homotopy type
of lens spaces. But by Theorem 148.22 there exist lens spaces that are homotopy
equivalent albeit not homeomorphic.
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Proof. Let p, q ∈ N be coprime. We pick an identi�cation π1(L(p, q), x0) = Zp. Let n ∈ N.
Given z ∈ C with zp = 1 we consider the representation

ρz : Zp → U(1)
[k] 7→ zk.

By Proposition ?? we know the following two facts:
(1) The complex regular representation C[Zp] of the cyclic group π1(L(p, q), x0) = Zp is

isomorphic to the direct sum of the representations ρexp(2π ik/p), k = 0, . . . , p− 1.
(2) Every non-trivial irreducible representation of Zp is isomorphic to one of the ρz with

z 6= 1.
In the following we �rst deal with the twisted homology modules. We see that

follows from (1) and the Direct Sum-of-Coe�cients Lemma 167.5, together with
observation that we have trC = Cρ1↓

Htw
k (L(p, q); trC)⊕

⊕
zp = 1,
z 6= 1

Htw
k (L(p, q); ρzC) ∼= Htw

k (L(p, q);
⊕
zp=1

ρzC)

∼= Htw
k (L(p, q);C[Zp]) ∼= Hk(S

3;C).
↑ ↑

by Proposition ?? by Proposition 168.2, since S3 is
a universal covering of L(p, q)

Note that it follows from (2) and the above calculation that it su�ces to show that
Hk(L(p, q); trC) ∼= Hk(S

3;C) and that both are �nite-dimensional complex vector spaces.
Indeed we have

Htw
k (L(p, q); trC) ∼= Hk(L(p, q);C) ∼=

{
C, if k = 0, 3
0, else

∼= Hk(S
3;C).

↑ ↑ ↑
by Lemma 167.3 follows from the Universal Coe�cient Theorem 89.17 together

with the Tor-Properties Lemma 89.15 and the calculations of H∗(L(p, q))
and H∗(S3) in Proposition 74.4 and the Lens Space Homology Lemma 98.9

The argument for calculating the twisted cohomology groups is very similar, the main
di�erence is that we need to replace Proposition 168.2 by Proposition 168.4. We can do so,
since S3 → L(p, q) is a �nite covering. �

168.5. Replacing the universal covering. In the de�nition of twisted (co-) homology we
work with the universal covering. In many settings the following propositions allows us to
work with �smaller coverings�, which in practice can simplify life quite a bit. To formulate
the corresponding statement it is convenient to introduce the following convention.

Proposition 168.6. (Replace Universal Covering Proposition) Let X be a topo-
logical space that is locally contractible and path-connected and let x0 ∈ X. We denote
by p : X̃x0 → X the corresponding universal covering. Let A Ă X. We write Ã := p−1(A).
We set π := π1(X, x0). Let Γ Ă π a normal subgroup. We denote by ρ : π → π/Γ the pro-
jection and we denote by ρ : Z[π] → Z[π/Γ] also the corresponding ring homomorphism.
Let R be a ring and let M be a (Z[π/Γ], R)-left left module. Let q : (Y, y0) → (X, x0)
be any path-connected regular covering with q∗(π1(Y, y0)) Ă Γ. We set B := q−1(A). By
Corollary 61.11 there exists a unique covering r : (X̃x0 , x̃0) → (Y, y0) with q ◦ r = p. The
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natural maps20822083

Ctw
k (X,A;ρ∗M)︷ ︸︸ ︷

ρ∗M ⊗Z[π] Ck(X̃x0 , Ã) → M ⊗Z[π/Γ] Ck(Y,B)

m⊗ (σ : ∆k → X̃x0) 7→ m⊗ (r ◦ σ : ∆k → Y )

and

HomZ[π/Γ] -left(Ck(Y,B),M) →

=Cktw(X,A;ρ∗M)︷ ︸︸ ︷
HomZ[π] -left(Ck(X̃x0 , Ã), ρ∗M)

ϕ 7→ (σ 7→ ϕ(r ◦ σ))

are isomorphisms of (co-) chain complexes of R-left modules. In particular we get induced
isomorphisms of (co-) homology modules.

Remark. Let π be a group and let Γ be a normal subgroup. We denote by ρ : π → π/Γ
the projection. Let M be a Z[π]-left module. If every g ∈ Γ acts trivially on M , then there
exists an obvious Z[π/Γ]-left module M̃ such that ρ∗M̃ = M . In practice that is often how
the Replace Universal Covering Proposition 168.6 gets applied.

Remark. This also works for the cellular twisted (co-) homology, where it is perhaps more
useful.

Proof. We denote by ρ : π → π/Γ the projection and we also denote by ρ : Z[π]→ Z[π/Γ]
the corresponding ring homomorphism.
Claim. The map Z[π/Γ]⊗Z[π] Ck(X̃x0 , Ã) → Ck(Y,B)

g ⊗ σ 7→ ρ(g) · (r ◦ σ)

is well-de�ned and it is an isomorphism of Z[Γ\π]-left modules.

Proof. First note that it follows from Proposition 167.1 (2) that for any g ∈ π1(X, x0) and
any w ∈ X̃x0 we have r(g · w) = ρ(g) · r(w). It follows that the map is well-de�ned.

Given any singular simplex σ : ∆k → X that is not contained in A we pick a lift
σ̃ : ∆ → X̃. In the Regular Covering-Chain Complex Lemma 167.2 we showed that these
lifts form a basis of the free Z[π]-left module Ck(X̃x0 , Ã). Furthermore by the Regular
Covering-Chain Complex Lemma 167.2 we also know that the singular simplices r ◦ σ̃
form a basis of the free Z[π/Γ]-left module Ck(Y,B). It follows from this observation,
together with Lemma 165.21, that the map sends a basis of the free Z[π/Γ]-left module
Z[π/Γ] ⊗Z[π] Ck(X̃x0 , Ã) to a basis of the free Z[π/Γ]-left module Ck(Y,B). Thus we see
that the map is indeed an isomorphism. �

Note that the �rst map we are supposed to study equals the composition of the following
maps:

ρ∗M ⊗Z[π] Ck(X̃x0 , Ã) → M ⊗Z[π/Γ] (Z[π/Γ]⊗Z[π] Ck(X̃x0 , Ã)) → M ⊗Z[π/Γ] Ck(Y,B)
m⊗ σ 7→ m⊗ (1⊗ σ)

m⊗ (n⊗ σ) 7→ m⊗ r∗(n · σ).

2082Note that our hypothesis that Y → X is a regular covering is, by the Regular Covering-Characterization
Corollary 62.8, equivalent to the statement that Γ := q∗(π1(Y, y0)) is a normal subgroup of π = π1(X,x0)
2083As we discussed on page 3534 we have a natural left action of π/Γ = π1(X,x0)/q∗(π1(Y, y0)) on Y .
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It follows from Lemma 165.20 that the map to the left is well-de�ned and an isomorphism.
It follows from the claim that the map to the right is an isomorphism. In summary, we are
done.

The second statement regarding the cochain complexes can be proved, using Lemma 165.22,
in a very similar fashion. We leave the details to the reader. �

168.6. The Bockstein sequence and non-orientable topological manifolds. On
page 3145 we saw that given a topological space X any short exact sequence 0 → A

i−→
B

p−→ C → 0 of abelian groups gives rise to a short exact sequence of chain complexes and
thus to a long exact sequence of homology groups. We now see that an analogous statement
holds for homology with twisted coe�cients.
De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. We denote by p : X̃x0 → X the corresponding natural universal covering.
Let A Ă X. We write Ã := p−1(A). Let R be a ring and let

0 → L
ϕ−→ M

ψ−→ N → 0

be a short exact sequence of (Z[π1(X, x0)], R)-left left modules. Let n ∈ N0. It fol-
lows easily from the fact, proved in the Regular Covering-Chain Complex Lemma 167.2
that Cn(X̃x0 , Ã) is a free Z[π1(X, x0)]-left module and from the natural isomorphisms of
Lemma 165.17 that

0 → Ctw
n (X,A;L)

ϕ∗−−→ Ctw
n (X,A;M)

ψ∗−−→ Ctw
n (X,A;N) → 0

is also exact. Thus we obtain a short exact sequence

0 → Ctw
∗ (X,A;L)

ϕ∗−−→ Ctw
∗ (X,A;M)

ψ∗−−→ Ctw
∗ (X,A;N) → 0

of chain complexes of R-left modules. Furthermore, from the LES Lemma 166.11 we obtain
natural connecting homomorphisms βn := ∂n : Htw

n (X,A;N)→ Htw
n−1(X,A;L) that give us

a long exact sequence

. . .
∂n+1−−−→

=:βn+1

Htw
n (X,A;L)

ϕ∗−−→ Htw
n (X,A;M)

ψ∗−−→ Htw
n (X,A;N)

∂n−−→
=:βn

Htw
n−1(X,A;L) → . . .

For each n ∈ N0 the connecting homomorphism β = ∂n : Htw
n (X,A;N) → Htw

n−1(X,A;L)
is called the n-th Bockstein homomorphism in homology with twisted coef�cients and the
long exact sequence is called the Bockstein sequence in homology with twisted coef�cients.

Remark. Similar to the discussion on page 3145 there is also an analogous Bockstein
sequence in twisted cohomology, but we will not make use of it.

Example. We consider the group 〈x |x2〉, which is nothing but the group Z2 written
multiplicatively. We denote by Z̃ the Z[〈x |x2〉]-left module that is given by x · n := −n.
We leave it to the reader to verify that

0 → Z̃ n7→n·(1−x)−−−−−−−→ Z[〈x |x2〉] x 7→1−−−→ trZ → 0

and
0 → trZ

n7→n·(1+x)−−−−−−−→ Z[〈x |x2〉] x 7→−1−−−−→ Z̃ → 0

are short exact sequences of Z[〈x |x2〉]-left modules.
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Proposition 168.7. Let X be a compact non-orientable path-connected non-empty n-
dimensional topological manifold and let x0 ∈ X. We denote by X̃ → X the natural
path-connected 2-fold covering from the Orientation Covering-Proposition 105.15 where
X̃ is an n-dimensional topological manifold that comes with a natural orientation. We
denote by

w1 : π1(X, x0) → π1(X, x0)/p∗(π1(X̃, x̃0)) = 〈x |x2〉
↑

unique isomorphism

the orientation-character that we introduced on page 2341. The following three statements
hold:
(1) There exists an isomorphism Htw

n (X, ∂X;w∗1Z̃) ∼= Z.
(2) There exists a natural generator of Htw

n (X, ∂X;w∗1Z̃) ∼= Z.
(3) For each Q ∈ X \ ∂X the map Htw

n (X, ∂X;w∗1Z̃) → Htw
n (X,X \ {Q};w∗1Z̃) is an

isomorphism.
Proposition 168.7 shows, that for a compact non-orientable path-connected non-empty
n-dimensional topological manifold we have a naturally de�ned generator which has, in a
slightly di�erent setup, the de�ning property of a fundamental class as de�ned on page 2350.
This motivates the following de�nition.

De�nition. Let X be a compact non-orientable path-connected non-empty n-dimensional
topological manifold. We refer to the natural generator of Htw

n (X, ∂X;w∗1Z̃) as the twisted
fundamental class [X]tw of X.

Remark. A statement similar to Proposition 168.7 is proved in [Hat2002, p. 327].

Proof. As in the previous example we consider the following short exact sequence of
Z[〈x |x2〉]-modules:

0 → Z̃ n7→n·(1−x)−−−−−−−→ Z[〈x |x2〉] x 7→1−−−→
=:γ

trZ → 0.

Via the homomorphism w1 : π1(X, x0) → 〈x |x2〉 we obtain a corresponding short exact
sequence of Z[π1(X, x0)]-modules. Note that w∗1 trZ = trZ. Next we consider the following
diagram:

Htw
n+1(X, ∂X; trZ)

βn+1
//

T∼=
��

Htw
n (X, ∂X;w∗1Z̃) // Htw

n (X, ∂X;w∗1Z[〈x |x2〉]) //

Ω∼=
��

Htw
n (X, ∂X; trZ)

T∼=
��

Hn+1(X, ∂X;Z)︸ ︷︷ ︸
=0

Hn(X̃;Z)︸ ︷︷ ︸
=Z·[X̃]

Hn(X, ∂X;Z)︸ ︷︷ ︸
=0

We make the following clari�cations and observations:

(a) The top horizontal sequence is the Bockstein sequence corresponding to the above
short exact sequence of Z[π1(X, x0)]-left modules.

(b) The vertical map in the �rst and fourth column are the isomorphisms provided by
Lemma 167.3.
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(c) Since dim(X) = n we obtain from the Top-Homology Theorem 106.3 that Hn+1(X, ∂X;Z) =
0.

(d) Since X is non-orientable we obtain from the Top-Homology Theorem 106.3 that
Hn(X, ∂X;Z) = 0.

(e) The vertical map in the third column is given by Proposition 168.2.
(f) Since X̃ is path-connected, non-empty and naturally oriented we know by the Fun-

damental Class-Corollary 106.4 that Hn(X̃, ∂X̃;Z) = Z · [X̃].

The above discussion shows that Htw
n (X, ∂X;w∗1Z̃) is isomorphic to Z and we see that the

natural isomorphisms and the natural generator [X̃] of Hn(X̃, ∂X̃;Z) give rise to a natural
generator of Htw

n (X, ∂X;w∗1Z̃). This concludes the proof of Statements (1) and (2).
It remains to prove Statement (3). Thus let Q ∈ X \ ∂X. We consider the following

diagram:

=Z·[X]tw︷ ︸︸ ︷
Htw
n (X, ∂X; Z̃)

∼= //

i∗

��

Htw
n (X, ∂X;Z[〈x |x2〉])

i∗

��

Ω∼=
''

Hn(X̃, ∂X̃)

i∗
��

Hn(X̃, X̃\p−1(Q))
p∗

// Hn(X,X\Q)

Htw
n (X,X\Q; Z̃) �

�
// Htw

n (X,X\Q;Z[〈x |x2〉]) γ
//

∼=
Ω

55

Htw
n (X,X\Q; trZ).

∼=
T

::

We make the following clari�cations and observations:

(a) As before we see that the horizontal map at the top left is an isomorphism and the
horizontal map at the bottom left is a monomorphism.

(b) All vertical maps are induced by the obvious inclusions.
(c) The rectangle to the left commutes by naturality of i∗. The middle quadrilateral

commutes by the naturality of Ω. We leave it to the reader to show, by inspecting
the maps, that the quadrilateral to the right commutes.

(d) The bottom sequence is exact.

We want to show that i∗([X]tw) is a generator of Htw
n (X,X \Q; Z̃). By the above diagram

and by de�nition of [X]tw it su�ces to prove the following claim.

Claim. The image of [X̃] ∈ Hn(X̃, ∂X̃) in Hn(X̃, X̃ \ p−1(Q)) is a generator of the kernel
of p∗.

Proof. Let τ : X̃ → X̃ be the orientation-reversing deck transformation of the covering
p : X̃ → X. We pick a point Q0 ∈ p−1(Q) and we write Q1 := τ(Q1). We pick an open
neighborhood U0 around Q0 such that U0 and U1 := τ(U0) are disjoint. We set Ũ := U0∪U1
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and U := p(Ũ). We consider the following little diagram:

Hn(X̃, ∂X̃)

i∗
��

ker(p∗)
� � // Hn(X̃, X̃ \ p−1(Q))

p∗
//

µX

))

Hn(X,X \Q)

Hn(X̃, X̃ \ {Q0})

Hn(Ũ , Ũ \ {Q0})

∼=

OO

{σ ⊕−τ∗σ |σ ∈ Hn(U0, U0 \ {Q0})}︸ ︷︷ ︸
ĂHn(U0,U0\{Q0}⊕Hn(U1,U1\{Q1}

// Hn(Ũ , Ũ \ p−1(Q))
p∗

//

∼=

OO

µU

77

Hn(U,U \Q)

∼=

OO

We make the following observations:
(1) The three vertical maps that are decorated by �∼=� are induced by inclusions and

they are isomorphisms by the Excision Theorem 74.18.
(2) The maps µX and µU are induced by the obvious map of pairs of topological spaces.
(3) The diagram commutes by functoriality of homology.
(4) Since Hn(Ũ , Ũ \ p−1(Q)) = Hn(U0, U0 \ p−1(Q0)) ⊕ Hn(U+, U+ \ p−1(Q+)) one can

easily verify that the bottom horizontal sequence is exact.
(5) It follows easily from (4) that the restriction of µU to ker(p∗) is an isomorphism.
(6) It follows from (3) and (5) that the restriction of µX to ker(p∗) is an isomorphism.
(7) By de�nition of a fundamental class, see page 2350, we know that the image of [X̃]

under the map µX ◦ i∗ in Hn(X̃, X̃ \ {Q0}) is a generator.
(8) It follows from (6) and (7) that i∗([X̃]) is indeed a generator of ker(p∗). �
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Exercises for Chapter 168.

Exercise 168.1. Let π be a group. We equipM = Z[π] with the Z[π]-left module structure
that is given by g ·m := m · g−1. We consider the π-coinvariants Z[π]π and the π-invariants
Z[π]π as de�ned on page 3555.
(a) Show that the following map is an isomorphism:

Z[π]π → Z[ k∑
i=1
ri · gi

]
7→

k∑
i=1
ri.
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(b) Show that
Z[π]π =

{
0, if π is in�nite,
Z ·

∑
g∈π
g, if π is �nite.

Exercise 168.2.
(a) Let G be a �nite group that acts on the left on some Qn. Show that MG and MG

are isomorphic.
(b) Let G be a �nite group that acts on the left on some Zn. Show that MG and MG are

in general not isomorphic.

Exercise 168.3. Let X be a topological space that is locally contractible and path-
connected and let x0 ∈ X. We write π := π1(X, x0). Let R be a ring and let M be a
(Z[π], R)-left left module. We consider the natural universal covering p : X̃x0 → X and we
denote by x̃0 the natural base point of X̃x0 . Show that the map

εX : Htw
0 (X;M) → Mπ

[ϕ : C0(X̃x0)→M)] 7→ ϕ(x̃0)
↑

here x̃0 is short for the constant map ∆0 → X̃x0 that sends 1 to x̃0

is a natural isomorphism of R-left modules.

Exercise 168.4. We consider the group 〈x |x2〉, which is nothing but the group Z2 written
multiplicatively.
(a) We denote by Z̃ the Z[〈x |x2〉]-left module that is given by x · n := −n. Show that

the short exact sequence

0 → trZ
n7→n·(1+x)−−−−−−−→ Z[〈x |x2〉] x 7→−1−−−−→ Z̃ 0

of Z[〈x |x2〉]-left modules does not split.
(b) Show that if in (a) replace �Z� throughout by �Q�, then the short exact sequence of

Q[〈x |x2〉]-left modules splits.

Exercise 168.5.
(a) Show that the Z[t±1]-modules (Z, t = +1) and Z[t±1]/(t− 1)Z[t±1] are isomorphic.
(b) Show that the Z[t±1]-modules (Z, t = −1) and Z[t±1]/(t+ 1)Z[t±1] are isomorphic.

Exercise 168.6. LetM be the Möbius band. Determine an explicit cycle in Ctw
2 (M,∂M ;w∗1Z̃)

that is a generator of Htw
2 (M,∂M ;w∗1Z̃).



169. UNIVERSALLY EXCISIVE TRIADS AND MAYER-VIETORIS SEQUENCES 3571

169. Universally excisive triads and Mayer-Vietoris sequences

In this short chapter we will introduce the concept of a universally excisive triad, which is a
variation on the notion of an excisive triad that we introduced on page 2429. Excisive triads
played roles on two di�erent occasions. They allowed us to formulate Mayer-Vietoris type
theorems and they allowed us to de�ne relative cup and cap products. Universally excisive
triads will play the same role in the setting of (co-) homology with twisted coe�cients.

In this chapter we will also introduce internal twisted (co-) homology. This slightly
clunky concept allows us to work with disconnected spaces and will come in handy on
several occasions.

169.1. Universally excisive triads. We start out by recalling the following de�nition
from page 2429.

De�nition.
(1) A triad of topological spaces is a triple (X,A1, A2) where X is a topological space

and where both A1 and A2 are subsets of X.
(2) A map f : (X,A1, A2)→ (Y,B1, B2) of triads is a map f : X → Y with f(A1) Ă B1

and f(A2) Ă B2.
(3) Given a triad (X,A1, A2) of topological spaces we consider the following subgroup

of Cn(A1 ∪ A2):

C{A1,A2}
n (A1 ∪ A2) :=

{
k∑
j=1
ajσj ∈Cn(A1∪A2)

∣∣∣ for each j there exists an i ∈ {1, 2}such that the image of σj lies in Ai

}
.

The usual boundary map on the groups C∗(A1∪A2) restricts to a boundary map on
C{A1,A2}
∗ (A1 ∪A2), so we can view C{A1,A2}

∗ (A1 ∪A2) as a chain complex. We denote
the corresponding homology groups by H{A1,A2}

∗ (A1 ∪ A2).
(4) We say a triad (X,A1, A2) is excisive if the inclusion map

C{A1,A2}
∗ (A1 ∪ A2) → C∗(A1 ∪ A2)

is a chain homotopy equivalence of chain complexes.
To these familiar de�nitions we now add a new one:
(5) Let X be a topological space that is locally contractible and path-connected and

let x0 ∈ X. We denote by p : X̃x0 → X the natural universal covering. We say a
(X,A1, A2) is universally excisive if the triad (X̃x0 , p

−1(A1), p−1(A2)) is excisive.

Lemma 169.1. LetX be a topological space that is locally contractible and path-connected
and let x0 ∈ X. We denote by p : X̃x0 → X the natural universal covering. Let (X,A1, A2)

be a universally excisive triad. We write Ã1 := p−1(A1) and Ã2 := p−1(A2). The following
three statements hold:
(1) C{Ã1,Ã2}

∗ (Ã1 ∪ Ã2) is a free Z[π1(X, x0)]-left module.
(2) The inclusion map

C{Ã1,Ã2}
∗ (Ã1 ∪ Ã2) → C∗(Ã1 ∪ Ã2)

is a chain homotopy equivalence of free Z[π1(X, x0)]-left module chain complexes.
(3) The triad (X,A1, A2) is also excisive.

Proof.
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(1) The same argument as in the Regular Covering-Chain Complex Lemma 167.2 shows
that C{Ã1,Ã2}

∗ (Ã1∪ Ã2) is a free Z[π1(X, x0)]-left module. For example a basis is given
by picking a lift for each singular simplex that is contained in A1 or in A2.

(2) By de�nition C{Ã1,Ã2}
∗ (Ã1 ∪ Ã2) → C∗(Ã1 ∪ Ã2) is a homotopy equivalence. By

the super classical Corollary 73.4 this implies that the map induces an isomorphism
of homology groups, i.e. it is a quasi-isomorphism. By the Regular Covering-Chain
Complex Lemma 167.2 and (1) we know that we have in fact a quasi-isomorphism
of chain complexes of free Z[π1(X, x0)]-left module. Thus it follows from the Quasi
Isomorphisms-are-Homotopy Equivalences Proposition 166.6 that the map is in fact
a chain homotopy equivalence of free Z[π1(X, x0)]-left module chain complexes.

(3) We consider the following diagram:

trZ⊗Z[π1(X,x0)] C{Ã1,Ã2}
∗ (Ã1 ∪ Ã2) //

∼= n⊗σ 7→n·p∗(σ)
��

trZ⊗Z[π1(X,x0)] C∗(Ã1 ∪ Ã2)

∼= n⊗σ 7→n·p∗(σ)

��

C{A1,A2}
∗ (A1 ∪ A2) // C∗(A1 ∪ A2).

Here the horizontal maps are induced by the inclusions and the vertical maps are
basically the natural isomorphisms from Lemma 167.3. It is clear that the diagram
commutes. It follows from (1) and (2) together with the Tensoring Chain Complex
Lemma 166.3 that the top horizontal map is a chain homotopy equivalence. But
then the bottom map is also a chain homotopy equivalence. That is exactly what we
needed to show. �

In the Excisive Triad-Proposition 109.12 we gave many convenient examples of excisive
triads. The following proposition now says that these triads from the Excisive Triad-
Proposition 109.12 are not only excisive but they are - how exciting - even universally
excisive.
Proposition 169.2. Let (X,A1, A2) be a triad of topological spaces. We assume that X
is locally contractible and path-connected. The triad is universally excisive if one of the
following conditions is satis�ed:
(1) A1 Ă A2 or A2 Ă A1,
(2) A1 = ∅ or A2 = ∅ or A1 = A2,
(3) A1 ∪ A2 =

◦
A1 ∪

◦
A2 where we denote by

◦
A1 and

◦
A2 the interiors of A1 and A2 in

A1 ∪ A2,
(4) A1 and A2 are both open subsets of A1 ∪ A2,
(5) A1∪A2 is a topological manifold and A1 and A2 are codimension-zero submanifolds

which are both closed subsets and such that each component of A1∩A2 is a boundary
component of A1 and a boundary component of A2,

(6) X is a CW-complex and A1 and A2 are both subcomplexes.
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Proof. Let x0 ∈ X. We denote by p : X̃x0 → X the natural universal covering. We write
Ãi := p−1(Ai). By the Excisive Triad-Proposition 109.12 it su�ces to prove the following
claim.
Claim. If (X,A1, A2) satis�es one of the Conditions (1)�(6), then so does (X̃, Ã1, Ã2).

Proof. Conditions (1), (2) and (4) are clear. For Condition (3) note that for a covering we
say in Exercise 48.7 that taking the preimage and taking the interior commutes. With this
observation Condition (3) is also clear.

Now let us consider Condition (5). By the Manifold Covering Proposition 49.2 we
know that any path-connected covering of a topological manifold is again a topological
manifold. Since being a submanifold is a local condition we see that (X̃, Ã1, Ã2) also
satis�es Condition (5). Finally the last condition is dealt with by the CW-complex Covering
Proposition 68.37. �

169.2. Internal twisted (co-) homology. In this section we introduce what we call
internal twisted (co-) homology. This concept is rather technical, but it can be very useful
when one wants to consider the relationship between the twisted invariants of a topological
space X and of (possibly disconnected) subspaces of X. In particular we will use this
concept to prove a �rst Mayer�Vietoris style theorem and the concept will play a key role
in our proof of the Poincaré Duality Theorem 172.1 with Twisted Coe�cients.
De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. Let R be a ring and let M be a (Z[π1(X, x0)], R)-left left module. We
denote by p : X̃x0 → X the natural universal covering.

(1) Given any subset A Ă B Ă X we write Ã := p−1(A) and B̃ := p−1(B) and we set

CX,Mk (B,A) := M ⊗Z[π1(X,x0)] Ck(B̃, Ã)

CkX,M(B,A) := HomZ[π1(X,x0)] -left(Ck(B̃, Ã),M).

These are (co-) chain complexes in the obvious way and we obtain the corresponding
(co-) homology groups HX,M

k (B,A) and Hk
X,M(B,A). We refer to these as internal

(co-) homology groups with twisted coef�cients.
(2) Given pairs (B1, A1) and (B2, A2) of subspaces of X with B1 Ă B2 and A1 Ă A2

we obtain, with the hopefully obvious notation, an inclusion induced chain map
Ck(B̃1, Ã1) → Ck(B̃2, Ã2) which is a Z[π1(X, x0)]-left homomorphism. Thus we get
induced maps

i∗ : H
X,M
k (B1, A1) → HX,M

k (B2, A2)
i∗ : Hk

X,M(B2, A2) → Hk
X,M(B1, A1).

Evidently internal (co-) homology is functorial under inclusions.
Note that in the setting of internal (co-) homology with twisted coe�cients the subspaces
are not required to be path-connected. This leads us to the following lemma.
Lemma 169.3. LetX be a topological space that is locally contractible and path-connected
and let x0 ∈ X. Let R be a ring and let M be a (Z[π1(X, x0)], R)-left left module.
Let B Ă X be a subspace with path-components {Bj}j∈J . Given j ∈ J we denote by
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ij : Bj → B the inclusion map. For each n ∈ N0 the maps⊕
j∈J
ij∗ :

⊕
j∈J

HX,M
n (Bj) → HX,M

n (B) and
∏
j∈J
i∗j : HX,M

n (B) →
∏
j∈J

HX,M
n (Bj)

are isomorphisms.

Proof. This lemma follows easily from Lemma 72.14. We leave it to the reader to �ll in
the details. �

As the reader will have noticed, the Change of Covering Proposition 167.10 relates internal
(co-) homology with twisted coe�cients to ordinary (co-) homology with twisted coe�-
cients. For the reader's convenience we state the Change of Covering Proposition 167.10
with our new language.

Proposition 169.4. (Change of Covering Proposition II) Let X be a topolog-
ical space that is locally contractible and path-connected and let x0 ∈ X. We de-
note by q : X̃x0 → X the natural universal covering. Let R be a ring and let M be a
(Z[π1(X, x0)], R)-left left module. Let B Ă X be a subspace with x0 ∈ B. We assume that
B is also locally contractible and path-connected. We write B̃ := q−1(B) and we denote
by p : B̂x0 → B the natural universal covering. Finally let A Ă B. We write Â := p−1(A)

and Ã := q−1(A). We denote by the i : B → X the inclusion map and we denote by
ĩ : B̂x0 → X̃x0 the induced map as de�ned on page 3541.
(1) The maps

ΩX
B,A :

=Ctw
k (B,A;i∗M)︷ ︸︸ ︷

i∗M ⊗Z[π1(B,x0)] Ck(B̂x0 , Â) →

=CX,Mk (B,A)︷ ︸︸ ︷
M ⊗Z[π1(X,x0)] Ck(B̃, Ã)

m⊗ σ 7→ m⊗ ĩ∗(σ)

are well-de�ned and they are natural isomorphisms of R-left module chain com-
plexes. Similarly the maps

ΩX
B,A :

=CkX,M (B,A)︷ ︸︸ ︷
HomZ[π1(X,x0)] -left(Ck(B̃, Ã),M) →

=Cktw(B,A;i∗M)︷ ︸︸ ︷
HomZ[π1(B,x0)] -left(Ck(B̂x0 , Â), i∗M)

ϕ 7→ (σ 7→ ϕ(̃i∗(σ))

are well-de�ned (co-) chain maps and they are natural isomorphisms of R-left module
cochain complexes. When A = ∅, then we just write ΩX

B .
(2) The maps Ω from (1) are natural in the following sense. Suppose we have subspaces

S Ă T Ă X which are both locally contractible and path-connected and such that
x0 ∈ S. Furthermore suppose we have A Ă S and B Ă T with A Ă B. We denote
by i : S → T and by j : T → X the inclusion. The following diagram commutes:

Htw
k (S,A; i∗j∗M)

i∗ //

∼=ΩXS
��

Htw
k (T,B; j∗M)

∼=ΩXT
��

HX,M
k (S,A)

i∗ // HX,M
k (T,B).

The analogous statements for cohomology groups also holds.
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Proof. The �rst statement is just the content of the Change of Covering Proposition 167.10
(1). The second statement is new. We denote by s : Sx0 → S, t : T̂x0 → T and p : X̃x0 → X
the natural universal coverings.

We write k = i ◦ j : S → X. By the discussion on page 3541 we get induced maps
ĩ : Sx0 → T̂x0 , j̃ : T̂x0 → X̃x0 and k̃ : Sx0 → X̃x0 . One can easily verify that k̃ = j̃ ◦ ĩ. The
second statement follows in a straightforward fashion from this observation. �

The following proposition is a re�nement of the Change of Base Point Proposition 167.6 in
our present context.

Proposition 169.5. (Change of Base Point Proposition II) Let X be a topological
space that is locally contractible and path-connected and let A Ă B Ă X. Furthermore
let γ : [0, 1] → X be a path from x0 = γ(0) to x1 = γ(1). For i = 0, 1 we denote by
pi : X̃xi → X the natural universal covering and we write Ãi := p−1

i (A) and B̃i := p−1
i (B).

Finally let R be a ring and let M be a (Z[π1(X, x0)], R)-left left module. As in the
Change-of-Base Point Proposition 47.10 we consider the isomorphism

γ∗ : π1(X, x1) → π1(X, x0)
[α] 7→ [γ ∗ α ∗ γ].

The isomorphism γ∗ gives rise to a ring homomorphism γ∗ : Z[π1(X, x1)] → Z[π1(X, x0)].
Thus, as de�ned on page 3502, we can consider the Z[π1(X, x1)]-left module γ∗∗M . Fur-
thermore, as in Lemma 61.10 we consider the homeomorphism

γ∗ : X̃x1 → X̃x0

[β] 7→ [γ ∗ β].

With this notation the maps

γ∗ : γ∗∗M ⊗Z[π1(X,x1)] Ck(B̃1, Ã1) → M ⊗Z[π1(X,x0)] Ck(B̃0, Ã0)
m⊗ σ 7→ m⊗ γ∗(σ)

form an isomorphism of R-left module chain complexes and the maps

γ∗ : HomZ[π1(X,x1)]−left(Ck(B̃1, Ã1), γ∗∗M) → HomZ[π1(X,x0)]−left(Ck(B̃0, Ã0),M)
ϕ 7→ ϕ ◦ γ∗

form a natural isomorphism of R-left module cochain complexes.

����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������

����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

������
������
������
������
������

������
������
������
������
������������

������
������

������
������
��������

��
��
��

�
�
�
�

Bγ

X

A

x0

x1

Proof. The proof is basically identical to the proof of the original Change of Base Point
Proposition 167.6. �

Many results on ordinary twisted (co-) homology have fairly obvious analogues to the
context of internal twisted (co-) homology. For example we have the following variation on
the Excision Theorem 167.12 for Twisted (Co-) Homology.

Theorem 169.6. (Excision Theorem for Internal Twisted (Co-) Homology) LetX
be a topological space that is locally contractible and path-connected, let x0 ∈ X. Suppose
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we are given subsets K Ă U Ă V where U is a neighborhood of the closure of K in V .
The inclusion i : (U,U \K)→ (V, V \K) induces for each n ∈ N0 isomorphisms

i∗ : HX,M
n (U,U \K)

∼=−−→ HX,M
n (V, V \K)

i∗ : Hn
X,M(V, V \K;M)

∼=−−→ Hn
X,M(U,U \K).

Proof. The proof is similar to the proof of the Excision Theorem 167.12. We leave it to
the reader to make the necessary changes. �

169.3. Mayer-Vietoris Theorems for (co-) homology with twisted coe�cients.
Working with internal twisted cohomology one can easily formulate Mayer�Vietoris type
theorems.
Theorem 169.7. (Mayer�Vietoris Theorem for Internal Twisted homology) Let
X be a topological space that is locally contractible and path-connected and let x0 ∈ X.
Let R be a ring and let M be a (Z[π1(X, x0)], R)-left left module. Let (X,A,B) be a
universally excisive triad with X = A ∪ B. For every n ∈ N0 there exists a natural
connecting R-left module homomorphism

∂n : HX,M
n (A ∪B)

∂n−→ HX,M
n−1 (A ∩B)

such that the following sequence

· · · → HX,M
n (A ∩B)

iA∩B⊕−iA∩B−−−−−−−−→ HX,M
n (A)⊕ HX,M

n (B)
iA+iB−−−→ HX,M

n (A ∪B)
∂n−→

∂n−→ HX,M
n−1 (A ∩B)→ . . .

of R-left module homomorphisms is exact.

Proof. As usual we denote by p : Ã ∪ B̃ → X the natural universal covering and we write
π := π1(X, x0). We write Ã := p−1(A) and B̃ := p−1(B). Note that Ã ∩ B̃ = p−1(A ∩ B)

and Ã ∪ B̃ = p−1(A ∪ B). In the proof of the original Mayer�Vietoris Theorem 78.5 we
showed that the sequence

0 → C∗(Ã ∩ B̃)
i
Ã∩B̃⊕−iÃ∩B̃−−−−−−−−→ C∗(Ã)⊕ C∗(B̃)

i
Ã

+i
B̃−−−→ C{Ã,B̃}∗ (Ã ∪ B̃) → 0

of chain maps of Z[π]-left chain complexes is exact. By Lemma 169.1 (1) we know that
C{Ã,B̃}∗ (Ã ∪ B̃) is a free Z[π]-left module. It follows from this observation together with
Lemma 165.18 that the sequence

0 → M ⊗
Z[π]

C∗(Ã∩B̃)
i
Ã∩B̃⊕−iÃ∩B̃−−−−−−−−→ M ⊗

Z[π]
C∗(Ã)⊕M ⊗

Z[π]
C∗(B̃)

i
Ã

+i
B̃−−−→ M ⊗

Z[π]
C{Ã,B̃}∗ (Ã∪B̃) → 0

of R-left module chain maps is also exact. We deduce from the LES Lemma 166.11 that we
get natural connecting homomorphism which give rise to a long exact sequence of R-left
module homomorphisms.

Recall that we assume that (X,A,B) is in fact universally excisive with X = A∪B. It
follows from Lemma 169.1 (2) that the inclusion map

C{Ã,B̃}∗ (Ã ∪ B̃) → C∗(Ã ∪ B̃)
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is a chain homotopy equivalence of free Z[π]-left module chain complexes. Hence for every
n ∈ N0 it induces an isomorphism

Ξ: Hn

(
M ⊗Z[π] C{Ã,B̃}∗ (Ã ∪ B̃)

) ∼=−→ Hn

(
M ⊗Z[π] C∗(Ã ∪ B̃)

)︸ ︷︷ ︸
=HX,Mn (A∪B)

.

The idea now is to use Ξ to obtain the desired long exact sequence. To do so we consider
the following diagram

HX,M
n (A)⊕ HX,M

n (B)
idM ⊗iÃ+idM ⊗iB̃ //

iA+iB ,,

Hn

(
M ⊗Z[π] C{Ã,B̃}∗ (Ã ∪ B̃)

)
Ξ∼=
��

∂n // HX,M
n (A ∩B)

HX,M
n (A ∪B).

=:∂n

33

The crucial observation is that the triangle to the left commutes. Thus going �via the
bottom� we do indeed obtain the desired connecting homomorphism that gives rise to the
promised long exact sequence. �

The Mayer�Vietoris Theorem 169.7 for Internal Twisted Homology, as it is formulated,
will play a major role in the proof of the Poincaré Duality Theorem 172.1 for Twisted
Coe�cients. But the alert reader will have noticed that the Mayer�Vietoris Theorem 169.7
for Internal Twisted Homology is not all that useful for performing calculations since it is
formulated in terms of the unwieldy internal homology modules. Of course, by the Change
of Covering Proposition II 169.4 together with Lemma 169.3, we know that each such
internal homology module is isomorphic to an appropriate twisted homology module of
each of the components. The catch is, that it becomes increasingly unclear what are the
�inclusion induced maps� at this point.

The following theorem gives us a clean statement if all subspaces involved are path-
connected.
Theorem 169.8. (Mayer�Vietoris Theorem for homology with twisted coe�-
cients) Let X be a topological space that is locally contractible and path-connected and
let x0 ∈ X. Let R be a ring and let M be a (Z[π1(X, x0)], R)-left left module. Let
A,B Ă X be subspaces such that the following conditions are satis�ed:
(1) (X,A,B) is a universally excisive triad,
(2) we have X = A ∪B,
(3) A, B and A ∩B are locally contractible and path-connected,
(4) x0 ∈ A ∩B.

There exists a natural connecting R-left module homomorphism2084

∂n : Htw
n (X;M)

∂n−→ Htw
n−1(A ∩B; i∗A∩BM)

such that the following sequence

... → Htw
n (A ∩B; i∗A∩BM)

iA∩B⊕−iA∩B−−−−−−−−→ Htw
n (A; i∗AM)⊕ Htw

n (B; i∗BM)
iA+iB−−−→ Htw

n (X;M)
∂n−→

∂n−→ Htw
n−1(A ∩B; i∗A∩BM)→ . . .

of R-left module homomorphisms is exact.2085
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A
B

Proof of the Mayer�Vietoris Theorem 169.8. By the Mayer�Vietoris Theorem 169.7
for Internal Twisted homology there exists a natural connecting R-left module homomor-
phism

∂n : HX,M
n (X)

∂n−→ HX,M
n−1 (A ∩B)

such that the following sequence is exact:

· · · → HX,M
n (A ∩B)

iA∩B⊕−iA∩B−−−−−−−−→ HX,M
n (A)⊕ HX,M

n (B)
iA+iB−−−→ HX,M

n (X)
∂n−→

∂n−→ HX,M
n−1 (A ∩B)→ . . .

The Change of Covering Proposition 169.4 II (1) gives us isomorphisms

ΩX
A∩B : Htw

k (A ∩B; i∗A∩BM) → HX,M
k (A ∩B),

and similarly for A and B. After making all these replacement we obtain a long exact
sequence with the right modules at the right place. It remains to show that the maps in
the resulting diagram are the maps we promised. But this is an immediate consequence of
the Change of Covering Proposition 169.4 II (2). �

The most restrictive extra condition that we impose in the above Mayer�Vietoris The-
orem 169.8 compared to the traditional Mayer�Vietoris Theorem 109.14 is that we now
demand that A ∩ B is path-connected. If A ∩ B is not path-connected then sometimes
we can get around this issue by applying Theorem 169.8 iteratively while moving the base
point. But this approach does not always work.
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decomposition of a topological space X decomposition of a topological space X

can iteratively apply Mayer-Vietoris
for connected intersection

cannot iteratively apply Mayer-Vietoris
for connected intersection

The following theorem gets rid of the hypothesis in the Mayer�Vietoris Theorem 169.8 that
the intersection A ∩ B needs to be path-connected. The price we pay for this �exibility is
another layer of notation which obfuscates the statement even further. Before we can state
this generalization we need to introduce one more piece of notation:
Notation. Let W be a topological space that is locally contractible and path-connected
and let w0 ∈ W . Let R be a ring and let M be a (Z[π1(W,w0)], R)-left left module. Let
D Ă W be a subspace that is locally contractible and path-connected, let d0 ∈ D and let
δ : [0, 1] → W be a path from w0 to d0. We denote by i : D → W the inclusion and we

2084Recall that hypothesis that (X,A,B) is a universally excisive triad implies in particular that A, B and
A∩B are locally contractible. Since A, B and A∩B are path-connected it makes sense to consider twisted
homology modules of A, B and A ∩B.
2084Here A ∩B, A, B and X are all equipped with the base point x0. The various maps denoted by i are
the obvious inclusion (induced) maps, with our choice of base point, all maps are base point preserving.
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denote by iδ the chain map

Ctw
k (D; i∗δ∗∗M)

i−→ Ctw
k (W ; δ∗∗M)

δ∗−→ Ctw
k (W ;M)

↑ ↑
map that is induced by the isomorphism given by the

inclusion i : (D, d0)→ (W,w0), see page 3542 Change of Base Point Proposition 167.6

of R-left chain complexes. Furthermore we denote by iδ : Htw
k (D; i∗δ∗∗M) → Htw

k (W ;M)
the induced map. Finally we simplify δ∗∗ and i∗δ∗∗M to δ∗M .
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Theorem 169.9. (Mayer�Vietoris Theorem for homology with twisted coe�-
cients) Let X be a topological space that is locally contractible and path-connected and
let x0 ∈ X. Let R be a ring and let M be a (Z[π1(X, x0)], R)-left left module. Let
A,B Ă X be subspaces such that the following conditions are satis�ed:
(1) (X,A,B) is a universally excisive triad,
(2) we have X = A ∪B,
(3) A and B are path-connected,
(4) A, B and A ∩B are locally contractible,
(5) A ∩B consists of �nitely many path-components C1, . . . , Ck.

We pick a0 ∈ A, b0 ∈ B, we pick cj ∈ Cj, j = 1, . . . , k, we pick a path α : [0, 1]→ X from
x0 to a0, we pick a path β : [0, 1]→ X from x0 to b0, we pick paths γj,A : [0, 1]→ A from a0

to cj and we pick paths γj,B : [0, 1]→ B from b0 to cj. There exist natural R-left module
homomorphisms

∂n : Htw
n (X;M)

∂n−−→
k⊕
j=1

Htw
n−1(Cj; (α ∗ γj,A)∗M)

and natural homomorphisms2085

Ψj : Htw
n (Cj; (α ∗ γj,A)∗M) → Htw

n (B; β∗M)

such that the following sequence

→
k⊕
j=1

Htw
n (Cj; (α∗γj,A)∗M)

⊕
j
i
γj,A⊕−⊕

j
Ψj

−−−−−−−−→ Htw
n (A;α∗M)⊕Htw

n (B; β∗M)
iα+iβ−−−→ Htw

n (X;M)
∂n−→

∂n−→
k⊕
j=1

Htw
n−1(Cj; (α∗γj,A)∗M)→ . . .

of R-left module homomorphisms is exact.

Remark.

(1) At this stage it should be clear to the reader that one does not necessarily need
to assume that A and B are path-connected. With even more messy notation one

2085These homomorphisms are described in the proof of the theorem. There does not seem to be a snappy
description of these maps.
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can formulate a generalization to the non path-connected case. We leave the task of
texing this to the reader.

(2) In practice it can be very hard to compute honestly and rigorously the involved maps.

For the proof of the above Mayer�Vietoris Theorem 169.9 we will need the following tech-
nical lemma.
Lemma 169.10. Let X be a topological space and let S Ă T Ă X be subspaces. We
assume that S, T and X are locally contractible and path-connected. Let s0 ∈ S, t0 ∈ T
and x0 ∈ X be points and let σ : [0, 1]→ T be a path from t0 to s0 and let τ : [0, 1]→ X
be a path from x0 to t0. We denote by i : S → T and j : T → X the inclusions. Finally
let R be a ring and let M be a (Z[π1(X, x0)], R)-left left module. With all this notation,
together with the notation from page 3579 the following diagram commutes:

HX,M
n (S)

(τ∗σ)∗
//

i
��

HX,(τ∗σ)∗M
n (S)

ΩXS //

iσ

��

Htw
n (S; (τ ∗ σ)∗M)

i
��

HX,M
n (T )

τ∗ // HX,τ∗M
n (T )

ΩXT // Htw
n (T ; τ∗M).
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Proof. We leave it to the reader to verify this lemma. �

Proof. It follows from the Mayer�Vietoris Theorem 169.7 for Internal Twisted homology
together with Lemma 169.3 that there exists a natural R-left module homomorphism

∂n : Htw
n (X;M)

∂n−→
k⊕
j=1

HX,M
n−1 (Cj)

such that the following sequence

· · · →
k⊕
j=1

HX,M
n (Cj)

⊕iCj ⊕−⊕iCj−−−−−−−−→ HX,M
n (A)⊕ HX,M

n (B)
iA+iB−−−→ Htw

n (M)
∂n−→

∂n−→
k⊕
j=1

HX,M
n−1 (Cj)→ . . .

of R-left module homomorphisms is exact. As before we want replace these internal ho-
mology groups by honest-to-G*d twisted homology groups. But this time we are in a sea
of troubles since we surrendered all control over base points. Nonetheless, we will give it a
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try. We have the isomorphisms

HX,M
n (Cj)

(α∗γj,A)∗−−−−−−→ HX,(α∗γj,A)∗M
n (Cj)

ΩXCj−−→ Htw
n (Cj; (α ∗ γj,A)∗M)

HX,M
n (A)

α∗−−−−−−→ HX,α∗M
n (A)

ΩXA−−−→ Htw
n (A;α∗M)

HX,M
n (B)

β∗−−−−−−→ HX,β∗M
n (B)

ΩXB−−−→ Htw
n (B; β∗M).

Here the isomorphisms to the left are provided by the Change of Base Point Proposition
II 169.5 and the isomorphisms to the right are provided by the Change of Covering Propo-
sition II 169.4. Fortunately Lemma 169.10 sails to our rescue. It implies that in most
cases, if we use the above isomorphisms to replace our previous inclusion induced maps,
we get again inclusion induced maps. For example for each j ∈ {1, . . . , k} we get that the
following diagram commutes:

HX,M
n (Cj) ∼=

(α∗γj,A)∗
//

i
��

HX,(α∗γj,A)∗M
n (Cj) ∼=

ΩXCj
//

i
γj,A

��

Htw
n (Cj; (α ∗ γj,A)∗M)

i
��

HX,M
n (A) ∼=

alpha∗
// HX,α∗M

n (A) ∼=

ΩXA // Htw
n (A;α∗M).

A similar, in fact much simpler logic, applies to iA and iB. But the inclusion from Cj to
B gets screwed up, since the paths do not match up. In fact the map Ψj is the following
composition of maps, for which this particular author cannot �nd a pleasant shortcut:

HX,M
n (Cj) ∼=

(α∗γj,B)∗
//

i
��

HX,(α∗γj,B)∗M
n (Cj) ∼=

ΩXCj
// Htw

n (Cj; (α ∗ γj,B)∗M)

=:Ψj
��

HX,M
n (B) ∼=

β∗
// HX,β∗M

n (B) ∼=

ΩXB // Htw
n (B; β∗M). �

Exercises for Chapter 169.

Exercise 169.1. Use the Mayer�Vietoris theorem to show that given any lens space and
given any non-trivial one-dimensional complex representation all twisted homology groups
are zero.
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170. Twisted cellular (co-) homology

170.1. Twisted cellular (co-) homology. We start out with a few preliminaries.

Notation. Let X be a CW-complex and let A be a subcomplex.
(1) Given k ∈ N0 we denote by Xk the k-skeleton of X, as de�ned on page 1469.
(2) As on page 1492 we say that a map g : X → Y between two CW-complexes is cellular

if for each k ∈ N0 we have g(Xk) Ă Y k.
(3) As on page 1770 we set

CCW
n (X) := Hn(Xn, Xn−1)

and we de�ne the cellular chain map as on page 1769. The corresponding homology
groups are the cellular homology groups HCW

n (X). Furthermore we consider the
relative chain complex

CCW
∗ (X,A) := coker

(
i∗ : CCW

∗ (A)→ CCW
∗ (X)

)
,

and we refer to the corresponding homology groups as the relative cellular homology
groups HCW

∗ (X,A).
(4) By the CW-Complex Properties Proposition 68.10 we know that X is locally con-

tractible. Thus, if X is path-connected, then given any x0 ∈ X we know that the
natural universal covering p : X̃x0 → X exists.

(5) If q : Y → X is any covering, e.g. the natural universal covering, then it follows from
the CW-complex Covering Proposition 68.37 that we can equip Y with a natural
CW-structure which has the property, that each deck transformation of q : Y → X
acts cellularly. If A Ă X is a subcomplex, then p−1(A) is, basically by construction,
a subcomplex of Y .

There are three reasons why we were and are interested in cellular chain complexes:
(1) Cellular chain complexes are incomparably smaller than the unwieldy singular chain

complexes.
(2) In the Cellular Boundary Map-via-Degrees Proposition 80.8 we gave a practical way

for determining the boundary maps in the cellular chain complex.
(3) In the Singular-Cellular H∗-Isomorphism Proposition 80.4 and the Singular-Cellular

H∗-Isomorphism Proposition 109.4 we saw that given a CW-complex X the singular
(co-) homology groups and the cellular (co-) homology groups are naturally isomor-
phic.

Our goal in this chapter is to repeat this success story in the present context of twisted
(co-) homology.

Notation. Let X be a CW-complex and let A be a subcomplex.
(1) By the CW-Complex Properties Proposition 68.10 we know that X is locally con-

tractible. Thus, if X is path-connected, then given any x0 ∈ X we know that the
natural universal covering p : X̃x0 → X exists.

(2) If q : Y → X is any covering, e.g. the natural universal covering, then it follows from
the CW-complex Covering Proposition 68.37 that we can equip Y with a natural
CW-structure which has the property, that each deck transformation of q : Y → X
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acts cellularly. If A Ă X is a subcomplex, then p−1(A) is, basically by construction,
a subcomplex of Y .

Lemma 170.1. Let X be a path-connected CW-complex, let x0 ∈ X and let A Ă X be a
subcomplex. Let p : X̃ → X be a regular covering. We write Ã := p−1(A) and we denote
by D := Deck(p : X̃ → X) the corresponding deck transformation group.
(1) Let k ∈ N0. For each open k-cell σ in X that is not contained in A we pick a single

open cell σ̃ Ă X̃ with p(σ̃) = σ. These cells σ̃ are a basis for CCW
k (X̃, Ã) as a free

Z[D]-left module.
(2) Each cellular chain group CCW

k (X̃, Ã) is a free Z[D]-left module where the cardinality
of the basis is given by the cardinality of the set of k-cells of the CW-complex X
that are not contained in A.

(3) If X is compact, then each cellular chain group CCW
k (X̃, Ã) is a �nitely generated

free Z[D]-left module.
(4) The cellular boundary maps ∂ : CCW

k (X̃, Ã) → CCW
k−1(X̃, Ã) are Z[D]-left module

homomorphisms.
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covering space X̃

π1(X, x0) acts freely and transitively on the lifts of the cell c

p

CW-complex X with
two 0-cells and two 1-cellsc

Proof.
(1) This statement follows from the explicit description of the CW-structure on X̃ that

is described in the proof of the CW-complex Covering Proposition 68.37 together
with the explicit description of the cellular chain groups in the Skeleton-Homology
Lemma 80.1.

(2) This statement is just a slightly more reader friendly version of Statement (1).
(3) If X is compact, then it follows from the CW-Complex Compactness Corollary 68.15

that X has only �nitely many cells. Thus this statement follows immediately from
Statement (1).

(4) This statement follows almost immediately from the naturality of the cellular bound-
ary maps, see Lemma 80.3 and the fact, observed above, that each deck transforma-
tion is a cellular self-map of X̃. �

We can now introduce the cellular analogues of the twisted (co-) homology groups that we
de�ned on page 3537.
De�nition. Let X be a path-connected CW-complex, let x0 ∈ X and let A Ă X be
a subcomplex. We write π := π1(X, x0). Furthermore let R be a ring and let M be
a (Z[π1(X0, x0)], R)-left left module. We denote by p : X̃x0 → X the natural universal
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covering and we write Ã := p−1(A). Given k ∈ N0 we de�ne the R-left modules

Ctw,CW
k (X,A;M) := M ⊗Z[π] CCW

k (X̃x0 , Ã) (twisted cellular chain complex)
Cktw,CW(X,A;M) := HomZ[π] -left(CCW

k (X̃x0 , Ã),M) (twisted cellular cochain complex).

By Lemma 170.1 we know that the boundary maps of CCW
k (X̃x0 , Ã) are Z[π]-left module

homomorphisms. Thus we see that id⊗∂ and Hom(∂, id) induce (co-) chain maps. Thus
we can de�ne the R-left modules
Htw,CW
k (X,A;M) := Hk

(
M ⊗Z[π] CCW

∗ (X̃x0 , Ã)
)

(twisted cellular homology)
Hk

tw,CW(X,A;M) := Hk
(
HomZ[π] -left(CCW

∗ (X̃x0 , Ã),M)
)

(twisted cellular cohomology).

As always, if A = ∅, then we drop it from the notation.

Example. We consider the topological space S1 Ă C which we equip with the CW-
structure that consists of a single 0-cell c = {1} and a single 1-cell d. Let ϕ : π1(S1, 1)→ 〈x〉
be the usual isomorphism. We denote by p : R → S1 the universal covering that is given
by p(t) = exp(2π it). We pick the lift c̃ = {0} Ă R and as a lift of the 1-cell d we pick the
1-cell d̃ with attaching map Φ: (−1, 1)→ R that is given by Φ(s) = 1

2
(1 + s). With respect

to these lifts the cellular chain CCW
∗ (R) is given by

0 → Z[x±1] · d̃ d̃ 7→(x−1)·c̃−−−−−−−→ Z[x±1] · c̃ → 0.

Given ξ ∈ C \ {0} we consider the representation

ρξ : π1(S1, 1)
ϕ−→ 〈x〉 x 7→ξ−−−→ GL(1,C).

We see that2086

HCW
1 (S1; ρξC) ∼= ker

(
ρξ
C⊗Z[x±1] Z[x±1] · d̃ id⊗(x−1)−−−−−→ ρξ

C⊗Z[x±1] Z[x±1] · c̃
)

∼= ker(C ·(ξ−1)−−−→ C) ∼=
{

0, if ξ 6= 1,
C, if ξ = 1.

For k = 1 we consider the cokernel instead of the kernel and, lo and behold, we end up
with the same result.
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d̃

c
d

covering space R

π1(X, x0) acts freely and transitively on the lifts of the cell c

p

CW-complex S1 with
one 0-cell c and one 1-cell d

c̃ x · c̃

Example. We consider the torus

X := ([0, 1]× [0, 1])/ ∼ where (x, 0) ∼ (x, 1) and (0, y) ∼ (1, y).

2086We know by the Replace Universal Covering Proposition 168.6 that we can determine the isomorphism
type of (co-) homology with twisted coe�cients using any universal covering, i.e. for the isomorphism type
we do not have to work with the natural universal covering. This logic also applies to twisted cellular (co-)
homology. We will use this little observation on numerous occasions.
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We equip X with the usual CW-structure that we introduced on page 1471 which has
one 0-cell c, two 1-cells dx and dy and one 2-cell e. We equip each cell with the (fairly)
obvious characteristic map. We make the usual identi�cation π1(X, (0, 0)) = Z · x⊕ Z · y.
Furthermore, if we make the usual identi�cation X = S1 × S1, then we have a universal
covering p : R2 → X. The resulting CW-structure on R2, and lifts of c, dx, dy and e are
shown in the �gure. Using the Cellular Boundary Map-via-Degrees Proposition 80.8 we
can calculate the cellular chain complex of the universal covering and we see that it is of
the form2087

0 → Z[x±1, y±1] · ẽ

(
1− y
x− 1

)
−−−−−→ Z[x±1, y±1] · d̃x

Z[x±1, y±1] · d̃y
→ ((x−1) (y−1) )−−−−−−−−−→ Z[x±1, y±1] · c̃ → 0.

Now one can calculate all the (co-) homology modules of the torus without any problems.
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dy

dx

d̃y

d̃x

x · d̃y

x · c̃

y · d̃xy · c̃

c c̃

torus X
universal

covering R2e ẽ

Example. Let n ∈ N≥2. We consider the real projective space RPn = Sn/P ∼ −P . By
Corollary 48.18 there exists an isomorphism π1(RPn) ∼= 〈x |x2〉. We denote by p : Sn →
RPn the projection . We equip RPn with the CW-structure that we introduced in Lemma 68.1,
which has one cell in each of the dimensions 0, . . . , n. The corresponding CW-structure
on Sn has precisely two cells in each of the dimensions 0, . . . , n. In fact the open cells are
precisely

Ci,+ := {(x0, . . . , xi, 0, . . . , 0) ∈ Sn |xi > 0}
and Ci,− := {(x0, . . . , xi, 0, . . . , 0) ∈ Sn |xi < 0}.

With an appropriate choice of characteristic maps we see, using the Cellular Boundary
Map-via-Degrees Proposition 80.8, that the cellular chain complex of Sn is isomorphic to
the chain complex

0 → Z[〈x |x2〉] 1+(−1)n+1·x−−−−−−−→ . . . → Z[〈x |x2〉] 1+x−−→ Z[〈x |x2〉] 1−x−−→ Z[〈x |x2〉] → 0.

It we take the trivial representation ρ : π1(RPn) = 〈x |x2〉 → GL(1,Z), i.e. the representa-
tion that is given by ρ(x) = 1, then we recover exactly the cellular chain complex that we
had obtained in the proof of Proposition 80.11, when we calculated the ordinary (cellular)
homology groups of RPn.

We will now see that twisted cellular (co-) homology is functorial in a suitable sense. First
we have the following variation on the de�nition on page 3542.

2087Note that it follows from the subtle sign in the boundary map ∂2 that this is indeed a chain complex,
as it should be.
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C2,−

C1,+

C1,−

C0,−

C0,+

p
RP2

De�nition. Let f : (X, x0)→ (Y, y0) be a map between pointed connected CW-complexes.
We write πX := π1(X, x0), πY := π1(Y, y0). Furthermore let R be a ring and let M be
a (Z[πY ], R)-left left module. We denote by p : X̃x0 → X and q : Ỹy0 → Y the natural
universal coverings. Suppose that we are given subsets A Ă X and B Ă Y with f(A) Ă B.
We write Ã := p−1(A) and B̃ := q−1(B). We denote by f̃ : X̃x0 → Ỹy0 the map that
is induced by f : X → Y . It follows easily from the fact that f is cellular that f̃ is also
cellular. Using the cellular analogue of the Chain Complex-Equivariance Proposition 167.8
we de�ne

f∗ :

=Ctw,CW
k (X,A;f∗M)︷ ︸︸ ︷

f ∗M ⊗Z[πX ] CCW
k (X̃x0 , Â) →

=Ctw,CW
k (Y,B;M)︷ ︸︸ ︷

M ⊗Z[πY ] CCW
k (Ỹy0 , B̂)

m⊗ (σ : ∆k → X̃x0) 7→ m⊗ (f̃ ◦ σ : ∆k → Ỹy0)

and

f ∗ :

=Cktw,CW(Y,B;M)︷ ︸︸ ︷
Hom

Z[πY ] -left
(CCW

k (Ỹy0 , B̂),M) →

=Cktw,CW(X,A;f∗M)︷ ︸︸ ︷
Hom

Z[πX ] -left
(CCW

k (X̃x0 , Â), f ∗M)

ϕ 7→ (σ 7→ ϕ(r ◦ σ))

and we de�ne the corresponding induced maps

f∗ : H
tw,CW
k (X; f ∗M) → Htw,CW

k (Y ;M)
f ∗ : Hk

tw,CW(Y ;M) → Hk
tw,CW(X; f ∗M).

We leave it to the reader to formulate the obvious analogue of the Twisted Homology-
Functoriality Proposition 167.9.

170.2. The interaction between twisted cellular and singular (co-) homology.
In the Singular-Cellular H∗-Isomorphism Proposition 80.4 and the Singular-Cellular H∗-
Isomorphism Proposition 109.4 we saw that given a CW-complex X the singular (co-)
homology groups and the cellular (co-) homology groups are naturally isomorphic. The
following theorem gives us an analogous statement for twisted (co-) homology.

Theorem 170.2. (Singular-Cellular Twisted Isomorphism Theorem) Let X be a
connected CW-complex, let A Ă X be a subcomplex, let x0 ∈ X, let R be a ring and let
M be a (Z[π1(X, x0)], R)-left left module. Then there exist natural isomorphisms

(1) Φ(X,A) : Htw
k (X,A;M) → Htw,CW

k (X,A;M)
(2) Φ(X,A) : Hk

tw(X,A;M) → Hk
tw,CW(X,A;M)

of R-left modules. Here natural means the following: if f : (X,A) → (Y,B) is a cellular
map between pairs of CW-complexes, if X and Y are connected, if x0 ∈ X, if R is a ring,
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and if M is a (Z[π1(Y, f(x0))], R)-left left module, then the following diagram commutes

Htw
k (X,A; f ∗M)

f∗
��

Φ(X,A)
// Htw,CW

k (X,A; f ∗M)

f∗
��

Htw
k (Y,B;M)

Φ(Y,B)
// Htw,CW

k (Y,B;M)

and the corresponding diagram for twisted cohomology also commutes.
Remark.
(1) The proof we give of the Singular-Cellular Twisted Isomorphism Theorem ?? is

based on the proof given in [Lü1998, Lemma 4.2] and [Lü1989, p. 263], see also
[Wall1966a, Lemma 1]. An alternative proof is given in [KwS2018, Theorem 4.1].
It seems like the naturality statement was not dealt with in great detail in the earlier
references.

(2) Let K be an ordered abstract simplicial complex. By the Simplicial-Singular Chain
Complex Theorem 95.25 the maps

Θn : Csimp,≤
n (K) → Cn(|K|)

s 7→ (Φ≤s : ∆n → |K|)
are a natural chain homotopy equivalence. Note that naturality implies that if we
work with the universal covering of an ordered simplicial complex, then the above
map is a chain homotopy equivalence of free Z[π1(K)]-chain complexes, and thus
induces an isomorphism between �twisted simplicial� (co-) homology and twisted
singular (co-) homology groups. We leave it to the reader to �ll in the details.

Example. Let X be a CW-complex, let x0 ∈ X and letM be a Z[π1(X, x0)]-left module. If
X has no k-cells, then it follows almost immediately from Theorem 170.2 that Htw

k (X;M) =
0 and Hk

tw(X;M) = 0.

The proof of the Singular-Cellular Twisted Isomorphism Theorem 170.2 will require the
remainder of this section. The idea is to generalize the proof of the Singular-Cellular H∗-
Isomorphism Proposition 80.4 that we gave in Section 81.4. The key idea was to introduce
a suitable intermediate chain complex Cint

∗ (W ), which allowed us to relate the singular
chain complex C∗(W ) to the cellular chain complex Cint

∗ (W ). In the following we recall and
expand on this concept.
De�nition. Let W be a CW-complex.
(1) Given n ∈ N0 we de�ne the intermediate cellular chain complex

Cint
n (W ) := ker

(
Cn(W n)

∂−→ Cn−1(W n) → Cn−1(W n,W n−1)
)
.

In Lemma 81.9 we saw that Cint
∗ (W ) is a subcomplex of C∗(W ) and that Cint

∗ (W ) is
covariantly functorial under cellular maps.

(2) Let B be a subcomplex of W . We denote by i : B → W the inclusion. It fol-
lows easily from the de�nitions that the induced map i∗ : Cint

n (B) → Cint
n (W ) is a

monomorphism. We set

Cint
n (W,B) := coker

(
i∗ : Cint

n (B)→ Cint
n (W )

)
.



3588

(3) Given any subcomplex B of W we have natural chain maps

ι : Cint
∗ (W,B) ↪→ C∗(W,B) and π : Cint

∗ (W,B) � CCW
∗ (W,B)

which are induced by the obvious inclusion and the natural projection.

Proposition 170.3. Let W be a CW-complex and let B be a subcomplex of W . For each
n ∈ N0 the natural maps

(1) ι∗ : Hn(Cint
∗ (W,B)) → Hn(C∗(W,B))

(2) π∗ : Hn(Cint
∗ (W,B)) → Hn(CCW

∗ (W,B))

are isomorphisms.

Proof. In the Intermediate Chain Complex Proposition 81.11 we proved both statements
in the absolute case, i.e. if B = ∅. Using generic little tricks, which we know from Exer-
cise 74.11 and the proof of the Two-Out-Of-Three-Homotopy Equivalence Corollary 81.6,
we will now deduce the relative case from the absolute case. To deal with Statement (1)
let us consider the following diagram:

0 // Cint
∗ (B)

ι∗
��

// Cint
∗ (W )

ι∗
��

// Cint
∗ (W,B)

ι∗
��

// 0

0 // C∗(B) // C∗(W ) // C∗(W,B) // 0.

It follows easily from the de�nitions that the diagram commutes and that the horizontal
sequences are short exact sequences of chain complexes. Therefore, by the LES Proposi-
tion 74.9, we get a commutative diagram of long exact sequences:

. . . // Hn(Cint
∗ (B))

ι∗
��

// Hn(Cint
∗ (W ))

ι∗
��

// Hn(Cint
∗ (W,B))

ι∗
��

∂ // Hn−1(Cint
∗ (B)) //

ι∗
��

. . .

. . . // Hn(C∗(B)) // Hn(C∗(W )) // Hn(C∗(W,B))
∂ // Hn−1(C∗(B)) // . . . .

By the Intermediate Chain Complex Proposition 81.11 (1) we know that the two vertical
maps relating the absolute cases are isomorphisms. It follows from the Five Lemma 74.10
that the vertical maps dealing with the relative case are also isomorphisms. This concludes
the proof of Statement (1).

We turn to the proof of Statement (2). Using basically the same approach as above
we can deduce from the Intermediate Chain Complex Proposition 81.11 (2) that the maps
π∗ : Hn(Cint

∗ (W,B))→ Hn(CCW
∗ (W,B)) are isomorphisms. �

We recall the following de�nition from page 2.

De�nition. Let R be a ring and let C∗ be a chain complex of R-left modules. A free
imitation of C∗ is a chain complex F∗ of R-left modules together with a quasi-isomorphism
ϕ : F∗ → C∗.2088

2088Recall that a quasi-isomorphism is a chain map that induces isomorphisms on homology groups.
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We now turn the actual proof of the Singular-Cellular Twisted Isomorphism Theorem 170.2.
We break it up into several steps:

(i) First we construct the isomorphisms Φ(X,A) : Htw
k (X,A;M) → Htw,CW

k (X,A;M) in
twisted homology.

(ii) Secondly we show that the isomorphisms are natural.
(iii) Thirdly we quickly outline how to modify (i) and (ii) to prove the corresponding

statements for twisted cohomology.

Proof of Theorem 170.2 (1) � Construction of Isomorphism. LetX be a connected
CW-complex, let A Ă X be a subcomplex, let x0 ∈ X, let R be a ring and let M be a
(Z[π1(X, x0)], R)-left left module. We write π := π1(X, x0). We denote by p : X̃x0 → X the
natural universal covering and we write Ã := p−1(A).

We equip X̃ with the CW-structure given by the CW-complex Covering Proposi-
tion 68.37. By Proposition 167.1 we have a natural isomorphism π ∼= Deck(p : X̃ → X).
Thus, via Lemma 170.1, we obtain a cellular and free left action by π on X̃.

Note that in our present setting the Free Imitation Existence Lemma 166.8 says that
there exists a chain complex (F∗, ∂∗) of free Z[π]-left modules together with a quasi-
isomorphism ϕ : F∗ → Cint

∗ (X̃, Ã) of Z[π]-left modules. Now we consider the following
little diagram:

F∗
ϕ
��

ι◦ϕ

uu

π◦ϕ
))

C∗(X̃, Ã) Cint
∗ (X̃, Ã)

ιoo π // CCW
∗ (X̃, Ã).

Note that the action of π on X̃ turns all three chain complexes at the bottom into chain
complexes of Z[π]-left modules and the naturality of ι and π implies that these maps
commute with the π-action, in other words, the horizontal maps ι and π are homomor-
phisms of Z[π]-left modules. It follows from the above together with Proposition 170.3
that i ◦ ϕ : F∗ → C∗(X̃, Ã) and π ◦ ϕ : F∗ → CCW

∗ (X̃, Ã) are quasi-isomorphisms between
chain complexes of free Z[π]-left modules. Thus it follows from the Quasi Isomorphisms-
are-Homotopy Equivalences Proposition 166.6 that i ◦ ϕ and π ◦ ϕ are chain homotopy
equivalences.2089 Next we consider the induced map

Hk(M ⊗Z[π] F∗)

(id⊗ϕ)∗

��

(id⊗(ι◦ϕ))∗

tt

(id⊗(π◦ϕ))∗

**

Hk(M ⊗Z[π] C∗(X̃, Ã))︸ ︷︷ ︸
Htw
k (X,A;M)

Hk(M ⊗Z[π] Cint
∗ (X̃, Ã))

(id⊗ι)∗
oo

(id⊗π)∗
// Hk(M ⊗Z[π] CCW

∗ (X̃, Ã))︸ ︷︷ ︸
Htw,CW
k (X,A;M)

.

2089By Proposition 170.3 the chain maps ι : Cint
∗ (X̃, Ã) → C∗(X̃, Ã) and π : Cint

∗ (X̃, Ã) → CCW
∗ (X̃, Ã) are

quasi-isomorphisms. But there is no reason to believe that Cint
n (X̃, Ã) is a free (or even just projective)

Z[π]-left module. Thus there is no reason why these chain maps should be chain homotopy equivalences of
Z[π]-left chain complexes. The case π = {e} is much easier, since by the Subgroup-of-Free Abelian Group
Lemma 51.2 we know that any subgroup of a free abelian group is again free abelian.
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Since ι ◦ ϕ and π ◦ ϕ are both chain homotopy equivalence we obtain from Lemmas 166.3
and 166.2 that the diagonal maps are isomorphisms of R-left modules. Therefore we can
now de�ne

Φ(X,A) := (id⊗(π ◦ ϕ))∗ ◦ (id⊗(ι ◦ ϕ))−1
∗ : Htw

k (X,A;M) → Htw,CW
k (X,A;M).

As we just discussed, the above diagonal maps are isomorphisms of R-left modules. Thus
we see that Φ(X,A) : Htw

k (X,A;M) → Htw,CW
k (X,A;M) is indeed an isomorphism of R-left

modules. �

Proof of Theorem 170.2 (1) � Well-de�nedness. We now want to show that the iso-
morphism we just constructed does not depend on the choice of the free imitation (F∗, ϕ∗)

of Cint
∗ (X̃, Ã).
Thus let (F ′∗, ϕ

′
∗) be another free imitation of Cint

∗ (X̃, Ã). It follows from the Homomor-
phism Lifting Lemma 166.9 that there exists a chain map Θ: F∗ → F ′∗ with ϕ = Θ ◦ ϕ′.
We now consider the following diagram:

F ′∗

ϕ′

��

π◦ϕ′

!!

ι◦ϕ′

��

Θ

''
F∗

π◦ϕ

**

ι◦ϕ

ss

ϕ
��

C∗(X̃, Ã) Cint
∗ (X̃, Ã)ι

oo
π

// CCW
∗ (X̃, Ã).

Note that the diagram commutes by construction and the choice of Θ. Tensoring with M
we obtain the following commutative diagram:

Hk(M ⊗
Z[π]

F ′∗)(id⊗(π ◦ ϕ′))∗

��

(id⊗(ι◦ϕ′))∗
∼=

~~

(id⊗Θ)∗

))

Hk(M ⊗
Z[π]

F∗)
(id⊗(π◦ϕ))∗

))
∼=

(id⊗(ι◦ϕ))∗

ss

ϕ∗

��

H∗(M ⊗
Z[π]

C∗(X̃, Ã))︸ ︷︷ ︸
=Htw
∗ (X,A;M)

Hk(M ⊗
Z[π]

Cint
∗ (X̃, Ã))

(id⊗ι)∗
oo

(id⊗π)∗

// H∗(M ⊗
Z[π]

CCW
∗ (X̃, Ã))︸ ︷︷ ︸

=Htw,CW
∗ (X,A;M)

.

Since the diagram commutes we see that (F∗, ϕ) and (F ′∗, ϕ
′) lead to the same de�nition of

the isomorphism Φ(X,A) : = Htw
∗ (X,A;M)→= Htw,CW

∗ (X,A;M). �

Proof of Theorem 170.2 � Naturality. To unburden the notation from unnecessary
baggage we will prove naturality only for absolute twisted homology. The argument for the
relative case is basically the same, one just needs to carry a little bit more data around.

Thus let f : X → Y be a cellular map between two connected CW-complexes. Let
x0 ∈ X, let R be a ring, and let M be a (Z[π1(Y, f(x0))], R)-left left module. We write
πX := π1(X, x0) and πY := π1(Y, f(x0)). We denote by p : X̃ → X and q : Ỹ → Y the
natural coverings corresponding to the base points x0 and f(x0). Furthermore we denote by
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x̃0 ∈ X̃ and ỹ0 ∈ Ỹ the natural base points. We denote by f̃ : (X̃, x̃0)→ (X, x0)→ (Ỹ , ỹ0)
the induced map, as de�ned on page 3541.

From the Free Imitation Existence Lemma 166.8 we obtain the following:

(1) A chain complex (FX∗, ∂∗) of free Z[πX ]-left modules together with a quasi-isomorphism
ϕX : FX∗ → Cint

∗ (X̃) of Z[πX ]-left chain complexes.
(2) A chain complex (FY ∗, ∂∗) of free Z[πY ]-left modules together with a quasi-isomorphism

ϕY : FY ∗ → Cint
∗ (Ỹ ) of Z[πY ]-left chain complexes.

Claim 1. There exists a chain map

Θ: Z[πY ]⊗Z[πX ] FX → FY

of Z[πY ]-left chain complexes such that the following diagram commutes:

Z[πY ]⊗Z[πX ] FX

Θ

��

id⊗ϕX // Z[πY ]⊗Z[πX ] Cint
∗ (X̃)

g⊗σ 7→g·(f∗σ)
��

FY
ϕY // Cint

∗ (Ỹ ).

Proof. We make the following three observations:

• It follows easily from the Chain Complex-Equivariance Proposition 167.8 that the
right vertical map is a chain map of Z[πY ]-left chain complexes.
• By Lemma 165.21 we know that Z[πY ]⊗Z[πX ] FX is a chain complex of free Z[πY ]-left
modules.
• By construction we know that ϕY : FY ∗ → Cint

∗ (Ỹ ) is a quasi-isomorphism.

It follows from these observations together with the Homomorphism Lifting Lemma 166.9
that there exists a chain map Θ: Z[πY ]⊗Z[πX ] FX → FY with the desired properties. �

Claim 2. The following diagram commutes:

FX
ϕX

((

ι◦ϕX
vv

π◦ϕX

--

v 7→Θ(1⊗v)

��

C∗(X̃)

f∗

��

Cint
∗ (X̃)ι

oo
π

//

f∗

��

CCW
∗ (X̃)

f∗

��

FY
ϕY

((

ι◦ϕY
vv

π◦ϕY

--C∗(Ỹ ) Cint
∗ (Ỹ )ι

oo
π

// CCW
∗ (Ỹ ).
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Proof. We consider the following even more excessive diagram:

FX
ϕX

**ss --

Ξ

��

C∗(X̃)

Ξ

��

Cint
∗ (X̃)ι

oo
π

//

Ξ

��

CCW
∗ (X̃)

Ξ

��

Z[πY ] ⊗
Z[πX ]

FX

id⊗ϕX
((uu ,,

Θ

��

Z[πY ] ⊗
Z[πX ]

C∗(X̃)

Ω

��

Z[πY ] ⊗
Z[πX ]

Cint
∗ (X̃)

id⊗ι
oo

id⊗π
//

Ω

��

Z[πY ] ⊗
Z[πX ]

CCW
∗ (X̃)

Ω

��

FY
ϕY

**ss --C∗(Ỹ ) Cint
∗ (Ỹ )ι

oo
π

// CCW
∗ (Ỹ ).

We make the following clari�cations:

• The undecorated diagonal maps are, as before, given by the composition of the corre-
sponding two other maps. For example the top left diagonal map is ι ◦ ϕX .
• The curved maps f̃∗ are induced by the cellular map f̃ : X̃ → Ỹ .
• The top vertical maps Ξ are the purely algebraic maps given by σ 7→ 1⊗ σ.
• The bottom vertical maps Ω are all given by g ⊗ σ 7→ g · f∗(σ).

Now we want to argue that the diagram commutes:

• The top part of the diagram commutes basically by de�nition.
• It follows immediately from the de�nitions that the two bottom rectangles commute.
• The bottom center parallelogram involving Θ commutes by the choice of Θ. The two
other bottom parallelograms commute since they are de�ned in terms of the other
maps.

In summary we see that the big diagram commutes. Finally note that the composition
Ω◦Ξ in each case equals, basically by de�nition, the map f∗. This �nal observation implies
that the commutativity of the big diagram gives us also the commutativity of the diagram
given in the claim. �
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Next note that it follows easily from the claim that the following diagram also commutes:

Hk(f
∗M ⊗

Z[πX ]
FX)

((
∼=

(id⊗(ι◦ϕX)∗

vv

(id⊗(π◦ϕX))∗

,,

v 7→Θ(1⊗v)

��

Hk(f
∗M ⊗

Z[πX ]
C∗(X̃))

id⊗f∗

��

Hk(f
∗M ⊗

Z[πX ]
Cint
∗ (X̃))oo //

id⊗f∗

��

Hk(f
∗M ⊗

Z[πX ]
CCW
∗ (X̃))

id⊗f∗

��

Hk(M ⊗
Z[πY ]

FY )

((
∼=

(id⊗(ι◦ϕY )∗

vv

(id⊗(π◦ϕY ))∗

,,

Hk(M ⊗
Z[πY ]

C∗(Ỹ )) Hk(M ⊗
Z[πY ]

Cint
∗ (Ỹ ))oo // Hk(M ⊗

Z[πY ]
CCW
∗ (Ỹ )).

In other words, the following diagram commutes:

Hk(f
∗M ⊗

Z[πX ]
FX)

))
∼=

(id⊗(ι◦ϕX))∗

vv

(id⊗(π◦ϕX))∗

,,

v 7→Θ(1⊗v)

��

Htw
k (X, f ∗M)

f∗

��

Hk(f
∗M ⊗

Z[πX ]
Cint
∗ (X̃))oo //

f∗

��

Htw,CW
k (X, f ∗M))

f∗

��

Hk(M ⊗
Z[πY ]

FY )

))
∼=

(id⊗(ι◦ϕY ))∗

vv

(id⊗(π◦ϕY ))∗

,,
Htw
k (Y,M) Hk(M ⊗

Z[πY ]
Cint
∗ (Ỹ ))oo // Htw,CW

k (Y ;M).

By de�nition of ΦX and ΦY this just means that the following diagram does indeed com-
mute, ful�lling our deepest wishes:

Htw
k (X; f ∗M)

f∗
��

ΦX // Htw,CW
k (X; f ∗M)

f∗
��

Htw
k (Y ;M)

ΦY // Htw,CW
k (Y ;M). �

It remains prove the statement of Theorem 170.2 regarding twisted cohomology.
Proof of Theorem 170.2 (2). The proof of the statement regarding twisted cohomology
is evidently almost identical to the proof for twisted homology. All one needs to is to replace
the Tensoring Chain Complex Lemma 166.3 by the Dualizing Chain Complex Lemma 166.4.
We leave it to the reader to �ll in the details. �

170.3. Twisted (co-) homology of compact CW-complexes and manifolds. We
recall the following de�nition from page 1519.

De�nition. Given a �nite CW-complex X we de�ne its Euler characteristic χ(X) as
follows:
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χ(X) :=
∑
n∈N0

(−1)n · number of n-cells.

In the Euler Characteristic-H∗-Proposition 87.1 we saw that given a �nite CW-complex
X we have the following relation between the Euler characteristic X and its homology
groups Hn(X):

(∗)
∑
n∈N0

(−1)n · rank(Hn(X)) = χ(X).

Furthermore on page 1915 we saw that a similar result holds if replace the ordinary ho-
mology groups Hn(X) by homology groups Hn(X;F) where F is a �eld. On page 1882 we
used (∗) to de�ne the Euler characteristic also for suitable topological spaces that are not
CW-complexes.

We can now generalize the above results to twisted homology for suitable coe�cients.
Proposition 170.4. Let X be a topological space that is locally contractible and path-
connected. Let x0 ∈ X, let K be a skew �eld and let M be a (Z[π1(X, x0)],K)-left left
module with dimK(M) < ∞. If X is homotopy equivalent to a �nite CW-complex, then
the following two equalities hold:∑

n∈N0

(−1)n · dimK(Htw
n (X;M)) = dimK(M) · χ(X)∑

n∈N0

(−1)n · dimK(Hn
tw(X;M)) = dimK(M) · χ(X).

Remark. It follows from the Smooth Manifold-CW Structure Theorem 96.5, or alterna-
tively the Smooth Manifold-CW-Homotopy Type Proposition 139.8, that Proposition 170.4
applies to compact smooth manifolds. In fact by Corollary 104.25 it also applies to compact
topological manifolds. But the later statement is perhaps less satisfactory since we did not
even come close to proving Corollary 104.25.

Example. Let X = S1 ∨ · · · ∨ S1 be the wedge of k circles, let x0 ∈ X and �nally let
ϕ : π1(X, x0) → GL(1,C) be a one-dimensional non-trivial representation. We view X as
a CW-complex in the obvious way. Since X has no cells of dimension ≥ 2 we obtain from
the discussion on page 3587 that Htw

k (X; ϕC) = 0 for k ≥ 2. Since ϕ is a one-dimensional
non-trivial representation we obtain easily from the Twisted H0-Proposition 168.1 that
Htw

0 (X; ϕC) = 0. Since X has Euler characteristic 1 − k we now obtain from Proposi-
tion 170.4 that Htw

k (X; ϕC) ∼= Ck−1.

Proof. In the following we only prove the equality regarding homology with twisted coef-
�cients. The proof for cohomology with twisted coe�cients is very similar. We leave it to
the reader to make the necessary changes.

First assume that X itself is already a �nite k-dimensional CW-complex. In this case
the proof of Proposition 170.4 is almost identical to the proof of the Euler Characteristic-
H∗-Proposition 87.1. But for fun, let us go through the motions. We start out with the
following claim which is a variation on Lemma 87.3.
Claim. Let C∗ := 0 → Ck

∂k−→ Ck−1
∂k−1−−→ . . . C1

∂1−→ C0 → 0
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be a chain complex of �nite dimensional K-left vector spaces. The following equality holds:
k∑

n=0

(−1)n · dimK(Cn) =
k∑

n=0

(−1)n dimK(Hn(C∗)).

Proof. The proof of the claim is identical to the proof Lemma 87.3, except that we need to
replace the Rank Additivity Lemma 51.7 by Proposition 165.26 (6). �
We denote by p : X̃x0 → X the natural universal covering. We perform the following
calculation:

follows from Lemma 170.1 (2), together with Lemma 165.17 (1) and Lemma 165.21
↓

dimK(M)·χ(X) =
k∑

n=0

(−1)n ·dimK(M)·#n-cells =
k∑

n=0

(−1)n ·dimK(M ⊗Z[π1(X,x0)] CCW
n (X̃x0))

=
k∑

n=0

(−1)n ·dimK(Htw,CW
n (X;M)) =

k∑
n=0

(−1)n ·dimK(Htw
n (X;M)).

↑ ↑
by the claim Proposition 170.2

Now assume that X is homotopy equivalent to a �nite CW-complex Y . We pick y0 ∈ Y .
By Corollary 167.17 there exists a (Z[π1(Y, y0)],K)-left left module, which as a K-left vector
space is isomorphic to M , such that for all n ∈ N0 the K-left vector spaces Htw

k (X;M) and
Htw
k (Y ;N) are isomorphic. Now we see that

by the choice of N
↓∑

n∈N0

(−1)n · dimK(Htw
n (X;M)) =

∑
n∈N0

(−1)n · dimK(Htw
n (Y ;N))

= dimK(N) · χ(Y ) = dimK(N) · χ(X) = dimK(M) · χ(X).
↑ ↑ ↑

by the above since Y by Corollary 73.9 since M and N are isomorphic
is a �nite CW-complex K-left vector spaces �

Next recall that in Propositions 96.6 and 104.14 we showed that the ordinary homology
groups of compact smooth and topological manifolds are �nitely generated. In the remain-
der of this section we will generalize these results to (co-) homology with twisted coe�cients.
To control the �size� of (co-) homology of topological spaces we need control over the rings
involved and we need some control over the topological spaces involved. Let us start out
with a de�nition from the realm of algebra (see [Lang2002b, p. 186] or [Lam1991, p. 20]).

De�nition. Let R be a ring. If every R-left submodule of R is �nitely generated, then we
call R left Noetherian. If R is commutative, then we also say Noetherian instead of left
Noetherian.
The following proposition shows that many rings that are close to our heart are (left)
Noetherian.
Proposition 170.5.
(1) Every principal ideal domain, in particular the ring Z, is Noetherian.
(2) Every (skew) �eld is left Noetherian.
(3) Let A be a commutative Noetherian ring

(a) If S Ă M is a multiplicatively closed subset, then the ring S−1A is Noetherian.
(b) Every multivariable polynomial ring A[t1, . . . , tm] is Noetherian.
(c) Every multivariable Laurent polynomial ring A[t±1

1 , . . . , t±1
k ] is Noetherian.
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Proof.

(1) This statement is proved in [Lang2002b, Corollary III.7.2].
(2) This statement can be deduced easily from Proposition 165.26.
(3) (a) This statement is [Lang2002b, Proposition X.1.6].

(b) If A is Noetherian, then it follow from [Lang2002b, Theorem IV.4.1] that A[t]
is Noetherian ring. Applying this principle m times we see that A[t1, . . . , tm] is
Noetherian.

(c) This statement follows from (a) and (b), since we obtain the multivariable Laurent
polynomial ring A[t±1

1 , . . . , t±1
k ] by inverting the multiplicatively closed subset

that is given all monomials in t1, . . . , tk. �

The following proposition states the key property of left Noetherian rings that we are
interested in.
Proposition 170.6. Let R be a left Noetherian ring. If P is a �nitely generated R-left
module, then every R-left submodule is also �nitely generated.

Proof. This proposition is proved in [Lam1991, Proposition 1.21]. The commutative case
is also proved in [Lang2002b, Proposition X.1.1]. �

The following proposition explains why we are suddenly interested in left Noetherian rings.
Proposition 170.7. Let X be a compact path-connected space, let x0 ∈ X, let R be a
left Noetherian ring and let M be a (Z[π1(X, x0)], R)-left left module. We suppose that
one of the following topological conditions is satis�ed:
(T1) X is a CW-complex.
(T2) X is a smooth manifold.
(T3) X is a topological manifold.

Then for any k ∈ N0 the twisted (co-) homology modules Hk(X;M) and Hk
tw(X;M) are

�nitely generated R-left modules.

Proof. We write π := π1(X, x0) and we write X̃ := X̃x0 .
(T1) First we consider the case that X is a CW-complex. We see that

Htw
k (X;M) = Htw,CW

k (X;M) = Hk(M ⊗Z[π] CCW
∗ (X̃))

↑
follows from Theorem 170.2

By Lemma 170.1 (1) we know that each CCW
k (X̃) is a free Z[π]-left module. Since X

is assumed to be compact we obtain in fact from Lemma 170.1 (3) that each CCW
k (X̃)

is a �nitely generated free Z[π]-left module. Since M is a �nitely generated R-left
module we see that each M ⊗Z[π] CCW

∗ (X̃) is a �nitely generated R-left module.2090

It now follows from Proposition 170.6 that each

ker
(

id⊗∂k : M ⊗Z[π] CCW
k (X̃)→M ⊗Z[π] CCW

k−1(X̃)
)

is also a �nitely generated R-left module. Thus we see that Htw
k (X;M) is a quotient

of �nitely generated R-left module, which implies of course that Htw
k (X;M) is also

2090Indeed, if M is generated by a1, . . . , ar and if CCW
k (X̃) is generated by b1, . . . , bs, then one can easily

verify that the R-left module M ⊗Z[π] C
CW
∗ (X̃) is generated by ai ⊗ bj .
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a �nitely generated R-left module. A very similar argument also proves the corre-
sponding statement for the twisted cohomology modules Hk

tw(X;M). We leave it to
the reader to make the necessary changes.

(T2) If X is a smooth manifold, then we know by the Smooth Manifold-CW Structure
Theorem 96.5 that X admits a CW-structure and we are done by (T1).

(T3) Finally we suppose that X is a compact topological manifold. By the Topological
Manifold-Simplicial Complex Retract Theorem 104.13 we know that X is a retract
of a �nite CW-complex. More precisely, there exists a �nite CW-complex Y that
contains X together with a retraction r : Y → X. We now see that

Htw
k (X;M) = (r ◦ i)∗(Htw

k (X; (r ◦ i)∗M)) Ă r∗(Htw
k (Y ; r∗M)).

↑ ↑
since r ◦ i = idX by functoriality, see the Twisted

Homology-Functoriality Proposition 167.9

Thus we see that Htw
k (X;M) is isomorphic to a quotient of the �nitely generated R-

left module Htw
k (Y ; r∗M). This implies that Htw

k (X;M) itself is a �nitely generated
R-left module.2091 �
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compact topological
manifold X

�nite CW-complex Y

retraction r

Exercises for Chapter 170.

Exercise 170.1. Let X be a path-connected �nite CW-complex and let x0 ∈ X. We
consider the product topological spaceX×S1. We denote by p : X×S1 → S1 the projection.
Furthermore let Φ: π1(S1, 1) → Z be the isomorphism given by Proposition 48.17. Given
z ∈ S1 we consider the representation

ρz : π1(X × S1, (x0, 1))
p∗−−→ π1(S1, 1)

Φ−→ Z n7→zn−−−−→ GL(1,C).

Show that if z 6= 1, then for all k ∈ N0 we have Htw
k (X × S1; ρzC) = 0.

Hint. Consider the product CW-structure on X × S1 as de�ned on page 1498.

Exercise 170.2. Let X be a path-connected �nite CW-complex and let x0 ∈ X be a point
in the 0-skeleton. We consider the wedge product topological space X ∨ S1 that is given
by identifying x0 ∈ X with (1, 0) ∈ S1. We denote by p : X ∨ S1 → S1 the natural map.
Furthermore let Φ: π1(S1, 1) → Z be the isomorphism given by Proposition 48.17. Given
z ∈ S1 we consider the representation

ρz : π1(X ∨ S1, (x0, 1))
p∗−−→ π1(S1, 1)

Φ−→ Z n7→zn−−−−→ GL(1,C).

Determine the twisted homology groups Htw
k (X ∨ S1; ρzC) in terms of k, z and the usual

homology groups of X.

2091In Corollary 104.25 we mentioned that every compact topological manifold is homotopy equivalent to
a �nite CW-complex. This would also have allowed us to prove the desired statement. But we try to avoid
using Corollary 104.25 as much as possible, since we did not provide a proof .
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Hint. Using the CW-Complex Construction Lemma 68.32 you can equip X ∨ S1 with a
CW-structure.

Exercise 170.3. Let g ∈ N and let Σg the surface of genus g. We pick x0 ∈ Σg. Let
α : π1(Σg, x0) → GL(1,C) be a non-trivial one-dimensional representation. Determine the
twisted homology groups Htw

k (Σg; αC).
Remark. The way the exercise is formulated already indicates, that the answer does not
depend on the precise choice of the non-trivial one-dimensional representation.

Exercise 170.4. Wedge of two circles.

Exercise 170.5. Let

K = ([0, 1]× [0, 1])/ ∼ where (x, 0) ∼ (x, 1) and (0, y) ∼ (1, 1− y)

be the Klein bottle as de�ned on page 265. We consider the two singular 1-cycles

c : ∆1 → K
(t, 1− t) 7→ [(1

2
, t)]

and
d : ∆1 → K

(t, 1− t) 7→ [(1
2
, t)]

In Lemma 78.12 we saw that H1(K) = Z · [c]⊕ Z2 · [d]. Let

α : π1(K; [(1
2
, 1

2
)]) → H1(K) → GL(1,C)

↑
Hurewicz homomorphism as de�ned on page 1832

be a 1-dimensional representation. Compute the twisted homology groups Htw
i (K; αC) in

terms of α([c]) and α([d]).
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c generates the Z-summand

Klein bottle K

d generates the
Z2-summand

(1
2
, 1

2
)

Exercise 170.6. Let X be a topological space that is locally contractible and path-
connected, let x0 ∈ X and let ϕ : π1(X, x0)→ 〈t〉 be an epimorphism.
(a) Show that for each commutative ring S there exists a long exact sequence of the form

. . . → Hk+1(X;S) → Htw
k (X;S[t±1])

(t−1)·−−−−→ Htw
k (X;S[t±1]) → Hk(X;S) → . . .

(b) Suppose that X is �nite CW-complex and with H∗(X;Q) ∼= H∗(S1;Q). Show that
each Q[t±1]-module Htw

k (X;Q[t±1]) is a torsion Q[t±1]-module.

Exercise 170.7. Let R be a left Noetherian ring.
(a) Show that if 0→ A→ B → C → 0 is a short exact sequence of R-left modules and

if two are �nitely generated, then so is the third.
(b) Let X be a compact path-connected topological manifold and let A be a union of

boundary components. Furthermore let x0 ∈ X and let M be a (Z[π1(X, x0)], R)-left
left module that is �nitely generated as an R-left module. Show that the twisted
R-left modules Htw

k (X,A;M) are �nitely generated.

Exercise 170.8. We consider the topological space X = S1 with the base point 1 ∈ S1.
Let R be a ring.
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(a) Show that for any (Z[π1(S1, 1)], R)-left left module and any i ∈ {0, 1} we have an
isomorphism Hi

tw(S1;M) → Htw
1−i(S

1;M)

of R-left modules.
Remark. This slightly mystifying result foreshadows the Poincaré Duality Theo-
rem 172.1 with Twisted Coe�cients.

(b) Show that in general H1
tw(S1;M) and Htw

1 (S1;M) are not isomorphic.
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171. The cup and cap-product on twisted (co-) homology

In this section we will introduce cup- and cap-products on twisted (co-) homology. Recall
that, in its simplest form the cup- and cap-product for a topological space X together with
a commutative ring R were de�ned as maps

Hk(X;R)× Hl(X;R) → Hk+l(X;R) and Hk(X;R)× Hl(X;R) → Hl−k(X;R).

If we start out with (co-) homology with twisted coe�cients it is a priori not entirely clear
what coe�cients the target should have. To answer this questions we �rst need to introduce
a little more algebra which we will do in our �rst section.

171.1. Algebraic preparations.

Lemma 171.1. Let R and S be rings. The abelian group R ⊗Z S together with the
multiplication that is de�ned by( k∑

i=1
ri ⊗ si

)
·
( l∑
j=1

r̃j ⊗ s̃j
)

:=
k∑
i=1

l∑
j=1

ri · r̃j ⊗ si · s̃j

is a ring. If R and S are commutative, then so R⊗Z S.

Convention. Let R and S be rings. We will always use Lemma 171.1 to view R⊗Z S as
a ring.

Proof. One can easily verify that the multiplication on R⊗ZS is actually well-de�ned and
that it satis�es all the properties of a ring, as laid out in the de�nition on page 98. For
example a multiplicatively neutral element is given by 1R⊗1S. Furthermore it is clear that
if R and S are commutative, then so is R ⊗Z S. We leave it to the reader to �ll in the
details. �

Lemma 171.2. Let R and S be rings and let G be a group.
(1) If M is an R-left module and N is an S-left module, then( k∑

i=1
ri ⊗ si

)
·
( l∑
j=1

mj ⊗ nj
)

:=
k∑
i=1

l∑
j=1

ri ·mj ⊗ si · nj

de�nes an R⊗Z S-left module structure on M ⊗Z N .
(2) If M is a Z[G]-left module and N is a Z[G]-left module, then

g · (m⊗ n) := g ·m⊗ g · n
de�nes a Z[G]-left module structure on M ⊗Z N .

(3) If M is a (Z[G], R)-left module and N is a (Z[G], S)-left module, then the module
structures given in (1) and (2) de�ne a (Z[G], R ⊗Z S)-left module structure on
M ⊗Z N .

Proof. We leave the elementary proof to the reader. �

Convention. Let R and S be rings, let G be a group, letM be a (Z[G], R)-left module and
let N be a (Z[G], S)-left module. We will always equipM⊗ZN with the (Z[G], R⊗ZS)-left
module structure that we de�ned in Lemma 171.2.



171. THE CUP AND CAP-PRODUCT ON TWISTED (CO-) HOMOLOGY 3601

171.2. The cup product on twisted cohomology. First we recall the following de�ni-
tion from page 2503.
Notation. For i = 0, . . . , n we write

vi := (0, . . . , 1, 0, . . . , 0) ∈ Rn+1.

Furthermore for a0, . . . , ak ∈ ∆n we consider the map

[a0, . . . , ak] : ∆k → ∆n

k∑
j=0
λj · vj 7→

k∑
j=0
λj · aj.

We now adapt the de�nition of the cup product on singular cohomology, which we gave on
pages 2513 and 3147, to the twisted setting.
De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. We denote by p : X̃x0 → X the natural universal covering. Furthermore
let M and N be Z[π1(X, x0)]-left modules and let p, q ∈ N0. Finally let ϕ ∈ Cptw(X;M)
and ψ ∈ Cqtw(X;N) be cochains. We de�ne the cup product of ϕ and ψ to be the map

ϕ Y⊗ ψ : Cp+q(X̃x0) → M ⊗Z N
that is given by (σ : ∆p+q → X̃x0) 7→ ϕ(σ◦[v0, . . . , vp])︸ ︷︷ ︸

∈M

⊗ ψ(σ◦[vp, . . . , vp+q]).︸ ︷︷ ︸
∈N

This map is evidently a Z[π1(X, x0)]-left module homomorphism, thus ϕY⊗ψ is an element
in Cp+qtw (X;M ⊗Z N). In other words, the cup product de�nes a map

Y⊗ : Cptw(X;M)× Cqtw(X;N) → Cp+qtw (X;M ⊗Z N).

In Lemma 171.3 we will show that this map descends to a well-de�ned map

Y⊗ : Hp
tw(X;M)× Hq

tw(X;N) → Hp+q
tw (X;M ⊗Z N).
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(ϕ Y⊗ ψ)(σ) = ϕ(σ ◦ [v0, v1])⊗ ψ(σ ◦ [v1, v2])

σ ◦ [v1, v2]

[v0, v1]

σ ◦ [v0, v1]
v0

v1

v2

[v1, v2] σ

Lemma 171.3. LetX be a topological space that is locally contractible and path-connected
and let x0 ∈ X. Furthermore let M and N be Z[π1(X, x0)]-left modules and let p, q ∈ N0.
(1) Given any cochains ϕ ∈ Cptw(X;M) and ψ ∈ Cqtw(X;N) we have the equality

δ(ϕ Y⊗ ψ) = δϕ Y⊗ ψ + (−1)p · ϕ Y⊗ δψ ∈ Cp+q+1(X;M ⊗Z N).

(2) The cup product Y⊗ on cochains descends to a well-de�ned map on cohomology
with twisted coe�cients.

Proof.
(1) The proof of this statement is basically the same as the proof of Coboundary-Cup

Product Lemma 114.2. Throughout that long and unpleasant calculation we just
need to replace multiplication �·� in R by the tensor product ⊗.
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(2) This statement follows, as we saw already in the corresponding Lemma 114.3, easily
from Statement (1). �

We now turn to the de�nition of the relative cup product with twisted coe�cients, which
will generalize the relative cup product on ordinary singular cohomology that we introduced
in Chapter 115. As the reader surely remembers, even that de�nition already took some
e�ort. In the following we will go through the key steps again and make appropriate
modi�cations where necessary.

De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. We denote by p : X̃x0 → X the natural universal covering. Let (X,A,B)

be a triad of topological spaces. We write Ã := p−1(A) and B̃ := p−1(B). As on page 3571
we write

C{Ã,B̃}n (Ã Y B̃) :=
{ k∑
j=1
nj · σj ∈ Cn(Ã ∪ B̃)

∣∣∣ for each j the image of σj
lies in Ã or it lies in B̃

}
Given a ring R and given a (Z[π1(X, x0)], R)-left left module M we set

Cntw(X, {A,B};M) := ker
(
Cntw(X;M) → HomZ[π1(X,x0)] -left

(
C{Ã,B̃}n (Ã ∪ B̃),M

))
.

↑
we restrict a homomorphism Cn(X̃x0)→M to the submodule C{Ã,B̃}n (Ã ∪ B̃)

This is again a cochain complex of R-left modules and we denote the corresponding coho-
mology groups by H∗tw(X, {A,B};M).
Before we continue we also need to introduce the following convention which is a slight
variation on a convention that we had introduced on page 2534.

Convention. Let R be a ring. Given an R-left module C, an R-left submodule D and
an R-left module M we have a natural isomorphism

HomR -left(C/D,M)
∼=−→ {f : C → G | f vanishes on D}

(ϕ : C/D → G) 7→ (C → C/D
ϕ−→ G).

We will use this isomorphism to identify the groups left and right.

Lemma 171.4. LetX be a topological space that is locally contractible and path-connected
and let x0 ∈ X. Let R be a ring and let W be a (Z[π1(X, x0)], R)-left left module. Fur-
thermore let A,B Ă X such that (X,A,B) is a universally excisive triad of topological
spaces. By the above convention we have R-left module homomorphisms

C∗tw(X,A ∪B;W ) → C∗tw(X, {A,B};W ).
These maps induce for every n ∈ N0 an isomorphism

Hn
tw(X,A ∪B;W )

∼=−→ Hn
tw(X, {A,B};W ).

Proof. We denote by p : X̃x0 → X the natural universal covering. We write Ã := p−1(A)

and B̃ := p−1(B). We have the following commutative diagram of short exact sequences of
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chain complexes

0 // C{Ã,B̃}∗ (Ã ∪ B̃)

��

// C∗(X̃x0) //

=id
��

C∗(X̃x0
)

C{Ã,B̃}∗ (Ã ∪ B̃)

//

��

0

0 // C∗(Ã ∪ B̃) // C∗(X̃x0) // C∗(X̃x0 , Ã ∪ B̃) // 0

of Z[π1(X, x0)]-left modules. It follows immediately from the Regular Covering-Chain Com-
plex Lemma 167.2 that all but possibly the top right module are free Z[π1(X, x0)]-left mod-
ules. But the argument of the Regular Covering-Chain Complex Lemma 167.2 shows that
the top right module is also free Z[π1(X, x0)]-left module, for example a basis is given by
taking for each singular simplex in X, that is neither contained in A nor in B, a lift to X̃x0 .
Next note that by our hypothesis the triad (X,A,B) is universally excisive. By de�nition
this means that the left vertical map is a chain homotopy equivalence. The middle vertical
map is the identity. It now follows from Corollary 166.7 that the right vertical map is also
a chain homotopy equivalence of free Z[π1(X, x0)]-left modules.

Note that by the above convention we have an identi�cation

HomZ[π1(X,x0)] -left

( Cn(X̃x0
)

C{Ã,B̃}n (Ã∪B̃)
,W
)

= Cntw(X, {A,B};W ).

The lemma follows from the above vertical chain homotopy equivalence, the above obser-
vation and the Dual Cochain Map Lemma 108.8. �

De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. Let M and N be Z[π1(X, x0)]-left modules. If (X,A,B) is a universally
excisive triad of topological spaces, then we refer to the composition

Hp
tw(X,A;M)× Hq

tw(X,B;N) → Hp+q
tw (X, {A,B};M ⊗

Z
N)

∼=←− Hp+q
tw (X,A ∪B;M ⊗

Z
N)

↑ ↑
as in Lemma 115.2 we see that the usual isomorphism by Lemma 171.4
formula for Y⊗ de�nes such a map

again as a cup product (or sometimes as a relative cup product) and we denote it as usual
by the �Y⊗�-symbol.
We continue with a frequently used variation on the cup product.
De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. We write π := π1(X, x0). Furthermore let R be a ring with (possibly
trivial) involution and let ϕ : Z[π] → R be a homomorphism of rings with involution.2092

Recall that according to the de�nition on page 3507 we denote by ϕR the Z[π]-left module,
where g ∈ π acts on r ∈ R via g · r := r ·R ϕ(g−1). We de�ne the multiplication map

µ : ϕR⊗
Z
ϕR → trR

r ⊗ s 7→ r · s.
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Note that this is a homomorphism of Z[π]-left modules. If (X,A,B) is a universally
excisive triad of topological spaces, then we de�ne2093

YR : Hk
tw(X,A; ϕR)× Hl

tw(X,B; ϕR) → Hk+l
tw (X,A ∪B; trR)

(α, β) 7→ µ∗
(

α Y⊗ β︸ ︷︷ ︸
∈Hk+l

tw (X,A∪B;ϕR⊗
Z
ϕR)

)
.

Lemma 171.5. LetX be a topological space that is locally contractible and path-connected
and let x0 ∈ X. Let R and S be rings, let M be a (Z[π1(X, x0)], R)-left left module and
let N be a (Z[π1(X, x0)], S)-left left module. Furthermore let (X,A,B) be a universally
excisive triad of topological spaces. The relative cup product

Y⊗ : Hp
tw(X,A;M)⊗Z H

q
tw(X,B;N) → Hp+q

tw (X,A ∪B;M ⊗Z N)

is a homomorphism of R⊗Z S-left modules.2094

Proof. This lemma follows immediately from the de�nitions. �

The following lemma shows that we recover our classical cup product in all relevant cases
from the twisted cup product.
Lemma 171.6. LetX be a topological space that is locally contractible and path-connected
and let x0 ∈ X and let (X,A,B) be a universally excisive triad of topological spaces. Let
R be a commutative ring. We consider the trivial Z[π1(X, x0)]-left module trR. In other
words we consider the homomorphism Z[π1(X, x0)] → R that is given by g 7→ 1R. If we
equip Z[π1(X, x0)] with the usual involution and if we equip R with the trivial involution,
then this is a homomorphism between rings with involution, thus the cup product YR is
de�ned. The following diagram, where the vertical maps are the natural isomorphisms T
from Lemma 167.3, commutes:2095

Hk(X,A;R) × Hl(X,B;R)
Y

as de�ned on page 2513
//

∼= T
��

∼=T
��

Hk+l(X,A ∪B;R)
∼=T
��

Hk
tw(X,A; trR) × Hl

tw(X,B; trR)
YR // Hk+l

tw (X,A ∪B; trR).

Proof. The proof follows easily from the de�nitions. �

The following proposition can be viewed as an analogue of the �classical� the Cup Product-
Commutativity Proposition 114.8.

2092As we mentioned on page 3503, we will always view the group ring Z[π] as equipped with the involution
g := g−1.
2093Recall that on page 3538 we showed that a homomorphism of Z[π]-left modules induces a map on
twisted cohomology.
2094We can use Lemma 171.2 to view Hptw(X,A;M)⊗ZH

q
tw(X,B;N) and M ⊗ZN as R⊗Z S-left modules.

Thus both sides have a natural R⊗Z S-left module structure.
2095By Lemma 169.1 we know that universally excisive triads are also excisive, this shows that the bottom
relative cup product is indeed de�ned.
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Proposition 171.7. Let X be a topological space that is locally contractible and path-
connected and let x0 ∈ X. Let M and N be Z[π1(X, x0)]-left modules. We denote by

τ : M⊗ZN → N ⊗Z M
k∑
i=1
mi ⊗ ni 7→

k∑
i=1
ni ⊗mi

the Z[π1(X, x0)]-left module isomorphism that swaps the two factors. Given any subset
A Ă X and given any ϕ ∈ Hk

tw(X,A;M) and ψ ∈ Hl
tw(X,A;N) the following equality

holds: τ(ϕ Y⊗ ψ︸ ︷︷ ︸
∈M⊗ZN

) = (−1)k·l · ψ Y⊗ ϕ ∈ Hk+l
tw (X,A,N ⊗Z M).

Proof. We leave it to the reader to verify that the not entirely proof of the Cup Product-
Commutativity Proposition 114.8 does indeed generalize to the present setting. Again
we mostly have to replace multiplication �·� in a commutative ring by taking the tensor
product �⊗�. �

The following proposition is the analogue of our old and much-used friend, the Cup Product-
Naturality Proposition 115.4.
Proposition 171.8. Let X and Y be topological spaces that are locally contractible and
path-connected and let x0 ∈ X and y0 ∈ Y . Furthermore let (X,A,B) and (Y,C,D) be
universally excisive triads of topological spaces and let R be a ring.
(1) Let M and N be (Z[π1(Y, y0)], R)-left left modules. Let f : (X,A,B) → (Y,C,D)

be a map with f(x0) = y0. For all k, l ∈ N0 the following diagram commutes:

Hk
tw(Y,C;M)× Hl

tw(Y,D;N)

f∗

��

f∗

��

Y⊗
// Hk+l

tw (Y,C ∪D;M ⊗Z N)

f∗

��

Hk
tw(X,A; f ∗M)× Hl

tw(X,B; f ∗N)
Y⊗

// Hk+l
tw (X,A ∪B; f ∗M ⊗Z f

∗N︸ ︷︷ ︸
=f∗(M⊗ZN)

).

(2) If ϕ : M → M ′ and ψ : N → N ′ are homomorphisms of (Z[π1(X, x0)], R)-left left
modules, then for all k, l ∈ N0 the following diagram commutes:

Hk
tw(X,A;M)× Hl

tw(X,B;N)

ϕ∗
��

ψ∗
��

Y⊗
// Hk+l

tw (X,A ∪B;M ⊗Z N)

ϕ∗⊗ψ∗
��

Hk
tw(X,A;M ′)× Hl

tw(X,B;N ′)
Y⊗

// Hk+l
tw (X,A ∪B;M ′ ⊗Z N

′).

Here the vertical maps are the maps de�ned on page 3538.

Proof. As in the proof of the classical the Cup Product-Naturality Proposition 115.4 one
sees that the statements follow easily from the de�nitions. �

171.3. The cap product on twisted (co-) homology. Next we want to generalize the
de�nition of the cap-product that we gave on page 2551 for singular (co-) homology.

De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. We denote by p : X̃x0 → X the natural universal covering. Furthermore
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let M and N be Z[π1(X, x0)]-left modules and let p, q ∈ N0. Given ϕ ∈ Cptw(X;M), given
σ : ∆q → X with p ≤ q and given n ∈ N we de�ne the cap product as2096

ϕ X⊗ (n ⊗
Z[π]

σ) :=
(
ϕ(σ ◦ [v0, . . . , vp])︸ ︷︷ ︸

∈M

⊗
Z
n
)
⊗
Z[π]

σ ◦ [vp, . . . , vq]︸ ︷︷ ︸
map ∆q-p → X̃x0

∈ (M ⊗
Z
N) ⊗

Z[π]
Ctw
q−p(X̃x0)︸ ︷︷ ︸

=Ctw
q−p(X;M⊗ZN)

.

(We will show in Lemma 171.9 below that this de�nition makes sense.) We extend this
de�nition linearly to Ctw

p (X;N) = N ⊗Z[π1(X,x0)] Cq(X̃x0) and we obtain the cap product

X⊗ : Cptw(X;M)× Ctw
q (X;N) → Ctw

q−p(X;M ⊗Z N).

For p > q we de�ne the cap product to be the zero map. In Lemma 171.9 we see that the
above map X⊗ descends to a well-de�ned map

X⊗ : Hp
tw(X;M)× Htw

q (X;N) → Htw
q−p(X;M ⊗Z N).

The following lemma is the analogue of Lemmas 116.1 and 116.2 in the untwisted case.
Lemma 171.9. LetX be a topological space that is locally contractible and path-connected
and let x0 ∈ X. We denote by p : X̃x0 → X the natural universal covering. Furthermore
let M and N be Z[π1(X, x0)]-left modules and let p, q ∈ N0.
(0) The above de�nition of the cap product on the (co-) chain level makes sense.
(1) Given ϕ ∈ Cptw(X;M), given σ : ∆q → X̃x0 with p ≤ q and given n ∈ N we have

∂(ϕX⊗ n⊗ σ) = (−1)p · (−δϕX⊗ n⊗ σ + ϕX⊗ n⊗ ∂σ) ∈ Ctw
l−k−1(X;M ⊗Z N).

(2) The cap product on the (co-) chain level descends to a map on the (co-) homological
level.

Proof. Let X be a topological space that is locally contractible and path-connected and
let x0 ∈ X. We write π = π1(X, x0) and we denote by p : X̃x0 → X the natural universal
covering. Furthermore let M and N be Z[π]-left modules and let p, q ∈ N0 with p ≤ q. We
start out with the following claim.

Claim. Given ϕ ∈ Cptw(X;M), given σ : ∆q → X̃x0 with p ≤ q and given n ∈ N we have
the following equality in (M ⊗Z N)⊗Z[π1(X,x0)] Cq−p(X̃x0):(
ϕ(σ ◦ [v0, ..., vp])⊗n·g

)
⊗σ ◦ [vp, ..., vq] =

(
ϕ((g·σ) ◦ [v0, ..., vp])⊗n

)
⊗ (g·σ) ◦ [vp, ..., vq].

Proof. The claim follows from a careful little calculation in (M ⊗Z N)⊗Z[π] Cq−p(X̃x0):(
ϕ(σ◦[v0, .., vp])⊗

Z
n·g
)
⊗
Z[π]
σ◦[vp, .., vq] =

(
ϕ(σ◦[v0, .., vp])·g−1 ·g⊗

Z
n·g
)
⊗
Z[π]
σ◦[vp, .., vq]

=
(
ϕ(σ◦[v0, .., vp])·g−1⊗

Z
n
)
⊗
Z[π]
g ·(σ◦[vp, .., vq]) =

(
ϕ((g ·σ)◦[v0, .., vp])⊗

Z
n
)
⊗
Z[π]

(g ·σ)◦[vp, .., vq].
↑ ↑
by de�nition of the tensor product since (g · σ)([vi, . . . , vj ]) = g · (σ ◦ [vi, . . . , vj ]),
over Z[π] and the de�nition of the since ϕ is a Z[π]-left module homomorphism, and
Z[π]-right module structure on M ⊗Z N by de�nition of the Z[π]-right module structure on M �
Now we turn to the proofs of the three statements of the lemma.
(0) This statement follows immediately from the claim.
(1) The proof of this statement is almost identical to the proof of Lemma 116.1. In

fact, as we already explained in the proof of Lemma 171.3, we just need to replace
multiplication �·� in R by the tensor product ⊗.
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(2) As in the proof of Lemma 116.2 we see that Statement (2) is a straightforward
consequence of Statement (1). �

Before we discuss properties of the cap product with twisted coe�cients let us immediately
move on to the slightly more tricky de�nition of the relative cap product on twisted (co-)
homology. As in the classical setting this requires a little bit of an e�ort. We start out
with the following de�nition.

De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. We denote by p : X̃x0 → X the natural universal covering. Let R be a
commutative ring and let N be a (Z[π1(X, x0)], R)-left left module. Let (X,A,B) be a
triad of topological spaces. We write Ã := p−1(A) and B̃ := p−1(B). We write

Ctw
n (X, {A,B};N) := coker

(
N ⊗Z[π1(X,x0)] C{Ã,B̃}n (Ã ∪ B̃)→ N ⊗Z[π1(X,x0)] Cn(X̃x0)

)
.

As always the boundary map on the chain complex N ⊗Z[π1(X,x0)] Cn(X̃x0) descends to a
boundary map on Ctw

n (X, {A,B};N) which we can thus view as a chain complex of R-left
modules. We denote the corresponding homology groups by Htw

∗ (X, {A,B};N).
The following lemma is the analogue of the �untwisted� Lemma 116.6.

Lemma 171.10. Let X be a topological space that is locally contractible and path-
connected and let x0 ∈ X. Let R be a commutative ring and let N be a (Z[π1(X, x0)], R)-
left left module. If (X,A,B) is a universally excisive triad of topological spaces, then the
obvious homomorphism

Ctw
∗ (X, {A,B};N) → Ctw

∗ (X,A ∪B;N)
of R-left modules induces for every n ∈ N0 an isomorphism

Htw
n (X, {A,B};N)

∼=−→ Htw
n (X,A ∪B;N).

Proof. In the proof of Lemma 171.4 we already showed that the map

C∗(X̃, {Ã, B̃}) → C∗(X̃, Ã ∪ B̃)

is a chain homotopy equivalence of free Z[π1(X, x0)]-left modules. The lemma now follows
from the Tensoring Chain Complex Lemma 166.3 together with Lemma 166.2. �

The following de�nition can be viewed as the twisted analogue of the de�nition on page 2557.

De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. Furthermore let M and N be Z[π1(X, x0)]-left modules and let p, q ∈ N0.
Finally suppose that we are given a universally excisive triad (X,A,B). We refer to the
map

isomorphism given by Lemma 171.10
↓

Hk
tw(X,A;M)× Htw

l (X,A ∪B;N)
∼=←− Hk

tw(X,A;M)× Htw
l (X, {A,B};N)

X⊗−−→ Htw
l−k(X,B;M ⊗Z N)

↑
argument of Lemma 116.5 shows that the same explicit map

as on page 3606 descends to a well-de�ned map

as the cap product (sometimes we refer to it as the relative cap product) that we also
denote by �X⊗�. For k > l we de�ne the cap product to be the zero map.
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Remark. As in the case of the original cap product, see the discussion on page 2558, the
relative cap product

X⊗ : Hk
tw(X,A;M)× Htw

l (X,A ∪B;N) → Htw
l−k(X,B;M ⊗Z N)

is given by the explicit formula if A = ∅, or B = ∅ or A = B.

The following lemma is the analogue of Lemma 171.5.
Lemma 171.11. Let X be a topological space that is locally contractible and path-
connected and let x0 ∈ X. Let R and S be rings, let M be a (Z[π1(X, x0)], R)-left
left module and let N be a (Z[π1(X, x0)], S)-left left module. Furthermore let (X,A,B)
be a universally excisive triad of topological spaces. The relative cap product

X⊗ : Hk
tw(X,A;M) ⊗Z Htw

l (X,A ∪B;N) → Htw
l−k(X,B;M ⊗Z N)

is a homomorphism of R⊗Z S-left modules.

Proof. The lemma follows immediately from the de�nitions. �

On page 3603 we de�ned the cup product with coe�cients in a ring. We have the following
analogous de�nition in the context of the cap product.
De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. We write π := π1(X, x0). Furthermore let R be a ring with (possibly
trivial) involution and let ϕ : Z[π]→ R be a homomorphism of rings with involution. We
consider again the multiplication map

µ : ϕR⊗
Z
ϕR → trR

r ⊗ s 7→ r · s
which is a homomorphism of Z[π]-left modules. If (X,A,B) is a universally excisive triad
of topological spaces, then we de�ne2097

XR : Hk
tw(X,A; ϕR)× Htw

l (X,A ∪B; ϕR) → Hl−k
tw (X,B; trR)

(α, β) 7→ µ∗
(
α X⊗ β︸ ︷︷ ︸

∈Hl−ktw (X,B;ϕR⊗
Z
ϕR)

)
.

The following, rather unsurprising analogue of Lemma 171.6 says we that we can recover
our classical cap product in all relevant cases from the twisted cap product.
Lemma 171.12. Let X be a topological space that is locally contractible and path-
connected and let x0 ∈ X and let (X,A,B) be a universally excisive triad of topological
spaces. Let R be a commutative ring. We consider the trivial Z[π1(X, x0)]-left module
trR. In other words we consider the homomorphism Z[π1(X, x0)] → R that is given by
g 7→ 1R. If we equip Z[π1(X, x0)] with the usual involution and if we equip R with the
trivial involution, then this is a homomorphism between rings with involution, thus the
cup product YR is de�ned. The following diagram, where the vertical maps are the natural

2097Recall that on page 3538 we showed that a homomorphism of Z[π]-left modules induces a map on
twisted homology.
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isomorphisms T from Lemma 167.3, commutes:

Hk
tw(X,A; trR) × Htw

l (X,A ∪B; trR)
XR //

∼=T
��

Htw
l−k(X,B; trR)

∼=T
��

Hk(X,A;R) × Hl(X,A ∪B;R)

∼=T

OO

X

as de�ned on page 2551
// Hl−k(X,B;R).

Proof. The lemma follows again easily from plugging in all the de�nitions. �

Next we want to introduce an important variation on the cap product, which allows us -
perhaps counter intuitively - to cap a twisted cohomology class with an untwisted ordinary
homology class.
De�nition. Let X be a topological space that is locally contractible and path-connected,
let x0 ∈ X and let (X,A,B) be a universally excisive triad of topological spaces. Further-
more let R be a ring, let M be a (Z[π1(X, x0)], R)-left left module and let k, l ∈ N0. We
consider the two natural isomorphisms

T : Htw
l (X,A ∪B; trZ) → Hl(X,A ∪B)

[n⊗ σ] 7→ [p∗(σ) · n]
↑

p : X̃x0 → X is the natural universal covering

and
µ : M ⊗Z trZ → M

m⊗ n 7→ n ·m

from Lemma 167.3 (together with the remark on page 1913) and Lemma 165.24. We de�ne

XZ : Hk
tw(X,A;M)× Hl(X,A ∪B) → Htw

l−k(X,B;M)
(ϕ, σ) 7→ µ∗( ϕ X⊗ T

−1(σ)︸ ︷︷ ︸
∈Htw

l−k(X,B;M⊗Z trZ)

).

It follows easily from Lemma 171.11 that given σ ∈ Hl(X,A ∪B) the map ϕ 7→ ϕXZ σ is
a R-left homomorphism.
The following proposition is a sibling of Proposition 171.8 and it contains the twisted
analogue of the Cap Product-Naturality Lemma 116.8.
Proposition 171.13. Let X and Y be topological spaces that are locally contractible and
path-connected and let x0 ∈ X and y0 ∈ Y . Furthermore let (X,A,B) and (Y,C,D) be
universally excisive triads of topological spaces.
(1) Let f : (X,A,B)→ (Y,C,D) be a map with f(x0) = y0 and let k, l ∈ N0.

(a) Let M and N be Z[π1(Y, y0)]-left modules. The following diagram commutes:

Hk
tw(Y,C;M)× Htw

l (Y,C ∪D;N)

f∗

��

X⊗
// Htw

l−k(Y,D;M ⊗Z N)

f∗

��

Hk
tw(X,A; f ∗M)× Htw

l (X,A ∪B; f ∗N)

f∗

OO

X⊗
// Htw

l−k(X,B; f ∗M ⊗Z f
∗N︸ ︷︷ ︸

=f∗(M⊗ZN)

).
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(b) Let M be a Z[π1(Y, y0)]-left module. The following diagram commutes:2098

Hk
tw(Y,C;M)× Hl(Y,C ∪D)
f∗
��

XZ // Htw
l−k(Y,D;M)

f∗
��

Hk
tw(X,A; f ∗M)× Hl(X,A ∪B)

f∗

OO

XZ // Htw
l−k(X,B; f ∗M).

(2) If ϕ : M → M ′ and ψ : N → N ′ are homomorphisms of Z[π1(X, x0)]-left modules,
then for all k, l ∈ N0 the following diagram commutes:

Hk
tw(X,A;M)× Htw

l (X,A ∪B;N)

ϕ∗
��

ψ∗
��

X⊗
// Htw

l−k(X,B;M ⊗Z N)

ϕ∗⊗ψ∗
��

Hk
tw(X,A;M ′)× Htw

l (X,A ∪B;N ′)
X⊗

// Htw
l−k(X,B;M ′ ⊗Z N

′).

Here the vertical maps are the maps de�ned on page 3538.
Proof. All statements follow easily from the de�nitions. �

The following lemma is the generalization of the Cup-Cap Lemma 116.7 to the present
context.
Lemma 171.14. Let X be a topological space that is locally contractible and path-
connected. Let x0 ∈ X and let L, M and N be Z[π1(X, x0)]-left modules. Furthermore let
A Ă X be a subset and let C,D ∈ {∅, A}. Given any ϕ ∈ Hk

tw(X,C;L), ψ ∈ Hl
tw(X,D;M)

and σ ∈ Htw
n (X,C ∪D;N) we have2099

ϕ X⊗ (ψ X⊗ σ) = (ψ Y⊗ ϕ) X⊗ σ ∈ Htw
n−k−l(X;L⊗Z M ⊗Z N).

If σ ∈ Hn(X,C ∪D), then

ϕ X⊗ (ψ XZ σ) = (ψ Y⊗ ϕ) XZ σ ∈ Htw
n−k−l(X;L⊗Z M).

Proof. As in the case of the Cup-Cap Lemma 116.7 the statement follows immediately
from the de�nitions. �

2098Statement (1b) is essentially Statement (1a) with N = trZ. Since this special case will be needed
frequently we decided to formulate it separately.
2099As we discussed on page 1909, for tensor products over Z we decided - with a slightly guilty conscience
- to drop parenthesis.
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172. Poincaré Duality with twisted coefficients

172.1. Statement of the Poincaré Duality Theorem with twisted coe�cients.
The Poincaré Duality Theorem 119.1 was surely the most important result so far that we
proved regarding the topology of compact topological manifolds. Now we have all the tools
to formulate and prove a signi�cant generalization of Poincaré Duality Theorem 119.1.

Theorem 172.1. (Poincaré Duality Theorem with Twisted Coe�cients) Let X
be a compact oriented path-connected n-dimensional topological manifold and let x0 ∈ X.
We denote by [X] ∈ Hn(X, ∂X) the fundamental class. Furthermore suppose that we are
given a decomposition ∂X = A ∪ B where A and B are compact (n − 1)-dimensional
submanifolds of ∂X such that A ∩ B = ∂A = ∂B. For every Z[π1(X, x0)]-left module M
and each k ∈ N0 the map2100

Hk
tw(X,A;M)

∼=−→ Htw
n−k(X,B;M)

σ 7→ σ XZ [X]

is an isomorphism.
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for all (Z[π1(X, x0)], R)-left left modules M
we have an isomorphism

Hk
tw(X,A;M)

∼=−→ Htw
n−k(X,B;M)

x0

compact oriented connected topological manifold X

Remark.

(1) ForM = trZ we recover the R = Z-statement of the Poincaré Duality Theorem 119.1.
(2) The Poincaré Duality Theorem 172.1 with Twisted Coe�cients gets commonly used

in the literature. But proofs in the literature a few and far between. The proof
we provide is a �twisted version� of our proof of the original Poincaré Duality Theo-
rem 119.1. Another �twisted version� of a classical proof is provided in [FNOP2019]
and in [Sun2017]. Somewhat di�erent approaches are given in [KwS2018] and
[Wall1970, Chapter 2].

(3) Let M be a closed oriented smooth manifold. By the Smooth Manifold-Simplicial
Structure Theorem 96.2 we know that M admits a smooth simplicial structure. In
Chapter 103 we used this fact to provide for such M an alternative proof of the
Poincaré Duality Theorem 119.1. Using equivariant versions of the chain homotopy
equivalence used in the proof of the Simplicial Poincaré Duality Theorem 103.4 one
can surely provide an alternative proof of the Poincaré Duality Theorem 172.1 with
Twisted Coe�cients for closed oriented smooth manifolds. Our well developed taste
for brevity prevents us from carrying out this program.

2100Note that if M is a (Z[π1(X,x0)], R)-left left module M where R is some ring, then it follows from the
discussion on page 3609 that the map

Hktw(X,A;M)
∼=−→ Htw

n−k(X,B;M)
σ 7→ σ XZ [X]

is a homomorphism of R-left modules, thus in our setting it is an isomorphism of R-left modules.
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Notation. The isomorphism of the Poincaré Duality Theorem 172.1 with Twisted Coef-
�cients is called the Poincaré Duality isomorphism. We denote it and its inverse both by
PDX , i.e. with the notation of the Poincaré Duality Theorem 172.1 we have the isomor-
phism

PDX : Hk
tw(X,A;M)

∼=−→ Htw
n−k(X,B;M)

σ 7→ σ XZ [X]
together with the inverse

PDX : Htw
n−k(X,B;M)

∼=−→ Hk
tw(X,A;M).

Note that if R is a ring and M is a (Z[π1(X, x0)], R)-left left module, then it follows easily
from Lemma 171.11 that the Poincaré Duality isomorphisms are isomorphisms of R-left
modules.

Example. Could show that the Alexander polynomial is symmetric

We will prove the Poincaré Duality Theorem 172.1 in the following sections. We will
try to stick as closely as possible to the earlier proof of the untwisted Poincaré Duality
Theorem 119.1, and we will try to outline where the di�erences lie.

Before we get to the proof of the Poincaré Duality Theorem 172.1 let us formulate the
following variation on the Poincaré Duality Theorem 172.1.

Theorem 172.2. (Poincaré Duality Theorem for Non-Orientable Topological
Manifolds) LetX be a compact non-orientable path-connected n-dimensional topological
manifold and let x0 ∈ X. We denote by

w1 : π1(X, x0) → π1(X, x0)/p∗(π1(X̃, x̃0)) = 〈x |x2〉
↑

unique isomorphism

the orientation-character that we introduced on page 2341 and we denote by Z̃ the Z[〈x |x2〉]-
left module that is given by x·n := −n. We denote by [X]tw ∈ Hn(X, ∂X;w∗1Z̃) the twisted
fundamental class that we introduced on page 3567. Furthermore suppose that we are given
a decomposition ∂X = A ∪ B where A and B are compact (n − 1)-dimensional subman-
ifolds of ∂X such that A ∩ B = ∂A = ∂B. For each k ∈ N0 and every Z[π1(X, x0)]-left
module M the map

Hk
tw(X,A;M)

∼=−→ Htw
n−k(X,B;M ⊗Z w

∗
1Z̃)

σ 7→ σ XZ [X]tw

is an isomorphism.

Proof. The proof of the Poincaré Duality Theorem for Non-Orientable Topological Mani-
folds 172.2 is in principle quite similar to the proof of the Poincaré Duality Theorem 172.1.
The key property of the twisted fundamental class [X]tw ∈ Htw

n (X, ∂X;w∗1Z̃) which one
uses, and which we proved in Proposition 168.7, is the fact that for each Q ∈ X \ ∂X
the map Htw

n (X, ∂X;w∗1Z̃)→ Htw
n (X,X \ {Q};w∗1Z̃) is an isomorphism. Like every author

that is known to this author we will not work out the details of the proof of this Poincaré
Duality Theorem. We hope that the next generation of authors will step up and �nally
provide a proof of this well-known folklore theorem. �
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172.2. The proof of Theorem 172.1 for topological manifolds without boundary.
In this section we will prove the Poincaré Duality Theorem 172.1 for closed topological
manifolds. More precisely, we will prove the following theorem.
Theorem 172.3. Let X be a closed oriented path-connected n-dimensional topological
manifold and let x0 ∈ X. We denote by [X] ∈ Hn(X) the fundamental class. For each
k ∈ N0 and every Z[π1(X, x0)]-left module M the map

Hk
tw(X;M)

∼=−→ Htw
n−k(X;M)

σ 7→ σ XZ [X]

is an isomorphism.
As in the proof of the Poincaré Theorem 119.1 we want to reduce the proof eventually to the
fairly trivial case of an open ball in Rn. To do so we need a version of Poincaré Duality for
every topological manifold (not necessarily compact) with empty boundary. Formulating
this generalized Poincaré Duality Theorem requires some preparations.

In the proof of Poincaré Theorem 119.1 we used cohomology with compact support. But
in fact we did not work with the actual de�nition of cohomology with compact support but
with a reformulation that was given in the Hn

c -via-Direct Limits Proposition 112.4. We use
this reformulation to de�ne cohomology with compact support and twisted coe�cients.
De�nition.
(1) Given a topological space X we denote by K(X) the set of all compact subsets of X.

We equip K(X) with the partial order that is given by inclusion.
(2) Let X be a topological space that is locally contractible and path-connected and let

x0 ∈ X. Let R be a ring and letM be a (Z[π1(X, x0)], R)-left left module. Using the
functoriality of cohomology with twisted coe�cients we can de�ne the cohomology
of X with compact support and twisted coe�cient corresponding to M to be the
following R-left module:

Hk
tw,c(X;M) := lim−→

K∈K(X)

Hk
tw(X,X \K;M).

Notation. Let X be an n-dimensional topological manifold with empty boundary. If X
is equipped with an orientation {µx ∈ Hn(X,X \{x})}x∈X , then we saw in the Homology-
Section Theorem 106.10 (i) that given any compact subset K of X there exists a unique
class µXK ∈ Hn(X,X \K) such that for any x ∈ K the image of µXK under the map

Hn(X,X \K) → Hn(X,X \ {x})
equals the given orientation µx at x. If X is understood, then we drop it from the notation,
i.e. we just write µK instead of µXK .

Lemma 172.4. Let X be an oriented path-connected n-dimensional topological manifold
with ∂X = ∅ and let x0 ∈ X. Let R be a ring and let M be a (Z[π1(X, x0)], R)-left left
module. For any k ∈ N0 there exists a unique R-left module homomorphism

PDX : Hk
tw,c(X;M) → Htw

n−k(X;M)
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such that for each compact subset K Ă X the following diagram commutes

Hk
tw(X,X \K;M)

XZµK //

**

Htw
n−k(X;M).

Hk
tw,c(X;M)

PDX

55

Proof. The proof is basically identical to the proof of Lemma 119.17, we only need to
replace the Cap Product-Naturality Lemma 116.8 by Proposition 171.13 (1b). �

We will now actually prove a generalization of Theorem 172.3 where we replace the hy-
pothesis that X is closed by the hypothesis that the boundary is empty. This more general
version of Poincaré Duality will not only be useful for the divide-et-impera approach to
the proof of Theorem 172.3, but surprisingly it will also be of interest when we deal with
Poincaré Duality for topological manifolds with non-empty boundary.

Theorem 172.5. Let X be an oriented path-connected n-dimensional topological mani-
fold with ∂X = ∅. Let x0 ∈ X and let M be a Z[π1(X, x0)]-left module. For each k ∈ N0

the map
PDX : Hk

tw,c(X;M)
∼=−→ Htw

n−k(X;M)

from Lemma 172.4 is an isomorphism.
As a warm up for the proof of Theorem 172.5 we will deal with the case X = Bn by
hand.2101 More precisely, we will prove the following lemma.

Lemma 172.6. Let X be an oriented topological manifold that is homeomorphic to the
open ball Bn, let x0 ∈ X and let M be a Z[π1(X, x0)]-left module. For each k ∈ N0 the
map

PDX : Hk
tw,c(X;M)

∼=−→ Htw
n−k(X;M)

is an isomorphism.

Proof. Since X is homeomorphic to the open ball Bn we see that π1(X, x0) is the trivial
group, which implies that M is the trivial Z[π1(X, x0)]-module trM . We consider the
following diagram:

Hk
tw,c(X; trM)

XZµX // Htw
n−k(X; trM)

T∼=
��

Hk
c (X;M)

XZµX //

T ∼=

OO

Hn−k(X;M)

.

We make the following clari�cations and observations:
(1) By Lemma 167.3 we have a natural isomorphism

T : Htw
n−k(X; trM) → Hn−k(X;M).

This gives us the vertical isomorphism on the right.
(2) Again by Lemma 167.3 we have a natural isomorphism

T : Hk
tw(X,X \K;M) → Hk

tw(X,X \K; trM).

2101We use the convention that any n-dimensional submanifold of Rn is equipped with the orienta-
tion induced from the standard orientation of Rn, see the Topological Manifold-Induced Orientation
Lemma 105.17.
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By the naturality of these isomorphisms, these isomorphisms induce the vertical
isomorphism on the left.

(3) It follows easily from the de�nitions, similar to Lemma 171.12, that the diagram
commutes.

(4) In Lemma 119.19 we showed, using an explicit calculation, that the bottom horizontal
map is an isomorphism for X = Bn. But since X is homeomorphic to Bn it follows
immediately that the bottom horizontal map is also an isomorphism in our case. �

One of key ideas in the proof of the Poincaré Duality Theorem 119.1, and in the intermediate
the Non-Compact PD Theorem 119.18, was to reduce the general case to the rather trivial
case of an open ball. To reduce the general case to the trivial case we needed to show that
if Poincaré Duality holds on two open subsets U and V of a given topological manifold X,
then it also holds in the union U ∪ V of the two open subsets. To show this result we had
to state and prove in Proposition 172.9 a Mayer�Vietoris type result that relates U , V to
U ∪ V and also the intersection U ∩ V . The technical nuisance that arises is that there is
no way that we can assume that the intersection U ∩ V is again path-connected, thus we
cannot talk about twisted (co-) homology of U ∩ V . This means that we have to revert to
working with internal twisted (co-) homology that we introduced in Section 169.2. For the
reader's convenience we recall the de�nitions.
De�nition. Let X be a topological space that is locally contractible and path-connected,
let x0 ∈ X and let M be a Z[π1(X, x0)]-left module. We denote by p : X̃x0 → X the
natural universal covering.
(1) Given any subset S Ă T Ă X we write S̃ := p−1(S) and T̃ := p−1(T ) and we set

CX,Mk (T, S) := M ⊗Z[π1(X,x0)] Ck(T̃ , S̃)

CkX,M(T, S) := HomZ[π1(X,x0)] -left(Ck(T̃ , S̃),M).

These are (co-) chain complexes in the obvious way and we obtain the corresponding
(co-) homology groups HX,M

k (T, S) and Hk
X,M(T, S). We refer to these as internal

(co-) homology groups with twisted coef�cients.
(2) Given pairs (T1, S1) and (T2, S2) of subspaces of X with T1 Ă T2 and S1 Ă S2

we obtain, with the hopefully obvious notation, an inclusion induced chain map
Ck(T̃1, S̃1) → Ck(T̃2, S̃2) which is a Z[π1(X, x0)]-left homomorphism. Thus we get
induced maps

i∗ : H
X,M
k (T1, S1) → HX,M

k (T2, S2)
i∗ : Hk

X,M(T2, S2) → Hk
X,M(T1, S1).

Evidently internal (co-) homology is functorial under inclusions.
We add some new de�nitions:
(3) Let (T, S) be a pair of subspaces of X. As on page 3609 we de�ne a cap product

XZ : Hk
X,M(T, S)× Hn(T, S) → HX,M

n−k (T ).

(4) Given S Ă X we can use (2) to de�ne internal cohomology with compact support
and twisted coef�cients

Hk
X,M,c(S) := lim−→

K∈K(S)

Hk
X,M(S, S \K).
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The next lemma allows us to go back and forth between internal twisted (co-) homology
and usual twisted (co-) homology.

Lemma 172.7. LetX be a topological space that is locally contractible and path-connected,
let x0 ∈ X and let M be a Z[π1(X, x0)]-left module.
(1) Let (T, S) be a pair of subspaces of X with x0 ∈ T . We assume that T is locally

contractible and path-connected. We denote by i : T → X the inclusion. We have
isomorphisms

ΩX
T,S : Htw

k (T, S; i∗M) → HX,M
k (T, S)

ΩX
T,S : Hk

X,M(T, S) → Hk
tw(T, S; i∗M)

that are natural under inclusions.
(2) The following diagram commutes:

Hk
tw(T, S; i∗M)× Hn(T, S)

XZ //

id
��

Htw
n−k(T ; i∗M)

Hk
X,M(T, S)× Hn(T, S)

∼= ΩXT,S

OO

XZ // HX,M
n−k (T ).

∼= ΩXT

OO

Proof. The �rst statement is a simpli�ed version of the Change of Covering Proposition
II 169.4. The second statement follows easily from the de�nitions. �

We will need the following reformulation of Lemma 172.4.
Lemma 172.8. Let X be an oriented path-connected n-dimensional topological manifold
with ∂X = ∅, let x0 ∈ X and let M be a Z[π1(X, x0)]-left module. For any open subset
U Ă X and any k ∈ N0 there exists a unique map

PDU : Hk
X,M,c(U) → HX,M

n−k (U)

such that for each compact subset K Ă U the following diagram commutes

Hk
X,M(U,U \K)

XZµK //

))

HX,M
n−k (U).

Hk
X,M,c(U)

PDU

66

Proof. The proof of the lemma is basically the same as the proof of the analogous state-
ments in Lemma 119.17 and Lemma 172.4. Alternatively one sees that the lemma follows
immediately from Lemma 172.4 together with Lemma 172.7. �

Before we can formulate our next results we need to introduce some notation.
Notation. Let X be a topological space that is locally contractible and path-connected,
let x0 ∈ X and let M be a Z[π1(X, x0)]-left module.
(1) Given A Ă X we denote by i∗ : H

X,M
k (A)→ HX,M

k (X) and i∗ : HX,M
k (X)→ HX,M

k (A)
the inclusion induced map.
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(2) Suppose that X is Hausdor� and that U is an open subset of X with x0 ∈ U . Then
we denote by i : Hk

X,M,c(U)→ Hk
X,M,c(X) the map that is de�ned by

=HkX,M,c(U)︷ ︸︸ ︷
lim−→

K∈K(U)

Hk
X,M(U,U \K)

∼=←− lim−→
K∈K(U)

Hk
X,M(X,X\K)→

=HkX,M,c(X)︷ ︸︸ ︷
lim−→

K∈K(X)

Hk
X,M(X,X \K).x

isomorphism by the Excision Theorem 169.6

As in Lemma 112.5 we see that these maps Hk
X,M,c(U)→ Hk

X,M,c(X) are covariantly
functorial with respect to compositions of inclusions.

Now we can state the key technical ingredient to the proof of Theorem 172.5:
Proposition 172.9. LetX be an oriented path-connected n-dimensional topological man-
ifold with ∂X = ∅. Let x0 ∈ X and let M be a Z[π1(X, x0)]-left module. Let U and V be
open subsets of X with X = U ∪ V . Then there exists a diagram

... // Hk
X,M,c(U ∩ V )

i⊕−i
//

PDU∩V

��

Hk
X,M,c(U)⊕ Hk

X,M,c(V )
i+i
//

PDU ⊕PDV

��

=Htw,c(X;M)︷ ︸︸ ︷
Hk
X,M,c(X) //

PDX

��

Hk+1
X,M,c(U ∩ V ) //

PDU∩V

��

...

... // HX,M
n−k (U ∩ V )

i⊕−i
// HX,M

n−k (U)⊕ HX,M
n−k (V )

i+i
// HX,M

n−k (X)︸ ︷︷ ︸
=Htw

n−k(X;M)

// HX,M
n−k−1(U ∩ V ) // ...

with the following properties:
(1) the �rst two squares commute, the third square commutes up to the sign (−1)k+1,
(2) the lower exact sequence is the long exact Mayer�Vietoris sequence for X = U ∪

V that we constructed in the Mayer�Vietoris Theorem 169.7 for Internal Twisted
Homology,

(3) the upper horizontal sequence is also exact.
The proof of Proposition 172.9 requires several preparations. The reader might want to put
their �nger on the fast-forward button. First of all we will need the following �inverted�
Mayer�Vietoris Theorem, which is the twisted analogue of Theorem 119.22.

Theorem 172.10. (Inverted Mayer�Vietoris Theorem for Cohomology groups)
Let X be a topological space that is locally contractible and path-connected, let x0 ∈ X
and let M be a Z[π1(X, x0)]-left module. Furthermore let A and B be open subsets of X.
(1) For every n ∈ N0 and every cochain ϕ ∈ CnX,M(X,A ∪ B) there exist ϕA ∈

CnX,M(X,A) and ϕB ∈ CnX,M(X,B) such that ϕA + ϕB = ϕ.
(2) For all n ∈ N0 there exists a unique homomorphism

δ : Hn
X,M(X,A ∩B) → Hn+1

X,M(X,A ∪B)

which has the following property: for every ϕA ∈ CnX,M(X,A) and ϕB ∈ CnX,M(X,B)
such that ϕA + ϕB is a cocycle in CnX,M(X,A ∩B) we have

δ([ϕA + ϕB]) = [δϕA]
∼=←− −[δϕB] ∈ Hn+1

X,M(X, {A,B}) = Hn+1
X,M(X,A ∪B).
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(3) The sequence

... → Hn
X,M(X,A ∪B)

i∗⊕−i∗−−−−→ Hn
X,M(X,A)⊕ Hn

X,M(X,B)
i∗⊕i∗−−−→ Hn

X,M(X,A ∩B)
δ−→ Hn+1

X,M(X,A ∪B) → . . .

is exact.
Proof of Theorem 172.10. We start out with the following two observations:
(1) Similar to the discussion on page 3602 we set

CkX,M(X, {A,B}) = all Z[π1(X, x0)]-left homomorphisms Ck(X̃x0)→M

that vanish on Ck(Ã) and on Ck(B̃).

This is again a cochain complex and we denote the corresponding cohomology groups
by Hk

X,M(X, {A,B}). It follows easily from the Regular Covering-Chain Complex
Lemma 167.2 together with Lemma 165.8 that the following sequence of cochain
maps between cochain complexes is exact:

0→ C∗X,M(X, {A,B}) i∗⊕−i∗−−−−→ C∗X,M(X,A)⊕C∗X,M(X,B)
i∗⊕i∗−−−→ C∗X,M(X,A∩B)→ 0.

(2) Since the subsets A and B are open we know from Proposition 169.2 (4) that the
triad (X,A,B) is universally excisive. Therefore it follows from the argument of
Lemma 171.4 that the obvious map C∗X,M(X,A∪B)→ C∗X,M(X, {A,B}) induces for
every n ∈ N0 an isomorphism Hn

X,M(X,A ∪B)
∼=−→ Hn

X,M(X, {A,B}).
With these two observations it is straightforward to modify the proof of Theorem 78.5 to
obtain the theorem. We leave it to the reader to �ll in the details. �

In the proof of Proposition 172.9 we will also need to recycle the following two technical
lemmas.
Lemma 119.20. (Compact Subset Decomposition Lemma) Let X be a topological
manifold and let U, V be open subsets such that X = U ∪ V . Then given any compact
subset C Ă X there exist compact subsets K Ă U and L Ă V such that C = K ∪ L.
Lemma 119.21. (Fundamental Cycle Decomposition Lemma) Let X be a compact
oriented n-dimensional topological manifold and let U, V be open subsets such that X =
U ∪ V and let K Ă U and L Ă V be compact subsets. Then there exist singular n-chains
αU\L, αU∩V and αV \K in U \ L, U ∩ V and V \K such that the following three equalities
hold:

(a) µXK∪L = [αU\L + αU∩V + αV \K ] in Hn(X,X \ (K ∪ L))

(b) µU∩VK∩L = [αU∩V ] in Hn(U ∩ V, U ∩ V \ (K ∩ L))

(c) µUK = [αU\L + αU∩V ] in Hn(U,U \K).

Proof of Proposition 172.9. Let X be an oriented path-connected n-dimensional topo-
logical manifold with ∂X = ∅. Let x0 ∈ X and let M be a Z[π1(X, x0)]-left module. We
start with two preliminaries:
(1) Given any two subsets A Ă B and i ∈ N0 we write Hi

X,M(B|A) := Hi
X,M(B,B \ A).

(2) If U is an open subset of X and K Ă U is compact, then, by the de�nition on
page 3615, we obtain a map

−XZ µ
U
K : Hk

X,M(U |K) → HX,M
n−k (U).
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Now let let U and V be open subsets with X = U ∪V . Furthermore let K Ă U and L Ă V
be compact subsets. We consider the following diagram

.. // Hk
X,M(X|K ∩ L)

∼=
��

// Hk
X,M(X|K)⊕Hk

X,M(X|L)

∼=
��

// Hk
X,M(X|K ∪ L)

XZµ
X
K∪L

��

δ // Hk+1
X,M(X|K ∩ L)

∼=
��

// ..

Hk
X,M(U∩V |K∩L)

XZµ
U∩V
K∩L

��

Hk
X,M(U |K)⊕ Hk

X,M(V |L)

XZµ
U
K ⊕XZµ

V
L

��

Hk+1
X,M(U∩V |K∩L)

XZµ
U∩V
K∩L

��

.. // HX,M
n−k (U ∩ V ) // HX,M

n−k (U)⊕ HX,M
n−k (V ) // HX,M

n−k (X)
∂ // HX,M

n−k−1(U ∩ V ) // ..

which we now explain in more detail:
(1) We write A := X \K and B := X \L. The upper horizontal sequence is the inverted

Mayer�Vietoris Sequence for cohomology groups from Theorem 172.10.
(2) The lower horizontal sequence is the long exact sequence coming from the Mayer�

Vietoris Theorem 169.7 for Internal Twisted Homology, corresponding to the decom-
position X = U ∪ V .

(3) The vertical maps on the top are all induced by inclusions of pairs of topological
spaces, they are isomorphisms by the Excision Theorem 169.6.

The following is the key claim of the proof.
Claim. The �rst two rectangles of the above diagram commute and the third rectangle
commutes up to the sign (−1)k+1.

����

X = U ∪ V
K L

U V

x0

Before we prove the claim we show that it implies the lemma. For each group appearing
in the above diagram we take the direct limit over the directed set2102

K(U, V ) = {(K,L) | K compact subset of U and L compact subset of V }
and we consider the induced maps of direct limits that were introduced on page 1753. We
make the following remarks regarding this new diagram:
(1) Using the Co�nal-Isomorphism Lemma 111.4 one can show that the groups that we

obtain taking the direct limit over K(U, V ) are naturally isomorphic to the corre-
sponding cohomology groups with compact support. We carry out the argument for
two groups:

lim−→
(K,L)∈K(U,V )

Hk
X,M(U ∩ V |K ∩ L) = lim−→

C∈K(U∩V )

Hk
X,M(U ∩ V |C) = Hk

X,M,c(U ∩ V ).x
we apply the Co�nal-Isomorphism Lemma 111.4 to the co�nal morphism
of directed sets given by (K,L) 7→ K ∩ L

and
2102We view K(U, V ) as a directed set given by the relation (K,L) ≤ (K ′, L′) if K Ă K ′ and L Ă L′. It is
clear that each of the groups in the diagram forms a direct system with respect to this directed set.
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lim−→
(K,L)∈K(U,V )

Hk
X,M(X|K ∪ L) = lim−→

C∈K(X)

Hk
X,M(X|C) = Hk

X,M,c(X).x
we apply the Co�nal-Isomorphism Lemma 111.4 to the morphism of directed sets given

by (K,L) 7→ K ∪ L, this morphism is co�nal by the Compact Subset Decomposition Lemma 119.20

All other cases are treated in a very similar fashion.
(2) By the functoriality of direct limits, and since the signs in the commutativity do not

depend on K and L, the new diagram also commutes (up to the same signs).
(3) Using (2) and the de�nition of the �PD-maps� in Lemma 172.8 one can easily verify

that the direct limit of the diagram does indeed give rise to the above diagram
speci�ed in the statement of the lemma.

(4) the Direct Limit-Exactness Proposition 79.2 says that the direct limit of exact se-
quences is again exact.

All these remarks put together show that the direct limit of the above diagram gives rise
precisely to the diagram that we claimed exists and that all claimed statements are satis�ed.
This concludes the proof that the claim implies the lemma.

Proof. Now we turn to the actual proof of the claim. We show in three separate subclaims
that the three rectangles commute. The proof of the �rst two subclaims consists of a
clever usage of Proposition 171.13 (1b). The proof of the third subclaim is much more
sophisticated since it relies on understanding the connecting homomorphisms in the Mayer-
Vietoris sequences in (co-) homology.

Subclaim 1. The �rst rectangle of the diagram on page 3619 commutes.
So we need to show that the following diagram commutes:

Hk
X,M(X,X \ (K ∩ L))

∼=
��

i⊕−i
//

i⊕−i

,,

Hk
X,M(X,X \K)⊕ Hk

X,M(X,X \ L)

∼=
��

Hk
X,M(U ∩ V, (U ∩ V ) \ (K ∩ L))

XZµ
U∩V
K∩L

��

Hk
X,M(U,U \K)⊕ Hk

X,M(V, V \ L)

XZµ
U
K ⊕XZµ

V
L

��

HX,M
n−k (U ∩ V )

i⊕−i
// HX,M

n−k (U)⊕ HX,M
n−k (V ).

Evidently the triangle commutes. We note that the remaining pentagon breaks up into the
�direct sum� of two diagrams. By symmetry reasons it su�ces to consider the left-hand
summands. So let φ ∈ Hk

X,M(X,X \ (K ∩ L)). We consider the following diagram of maps
between pairs of topological spaces

(U ∩ V, (U ∩ V ) \ (K ∩ L))

f◦α
��

=:α // (U,U \ (K ∩ L))

frr

(X,X \ (K ∩ L)) (U,U \K).
f◦β

oo

=:β

OO

With this notation we need to show that

α∗
(
(f ◦ α)∗(φ) XZ µ

U∩V
K∩L

)
= (f ◦ β)∗(φ) XZ µ

U
K .
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But this is indeed the case, since

α∗
(
(f ◦ α)∗︸ ︷︷ ︸

=α∗◦f∗

(φ) XZ µ
U∩V
K∩L

)
= f ∗(φ) XZ α∗(µ

U∩V
K∩L) = f ∗(φ) XZ µ

U
K∩L

↑ ↑
Proposition 171.13 (1b) by Corollary 106.12 we have α∗(µU∩VK∩L) = µUK∩L

= β∗
(
(f ◦ β)∗(φ) XZ µ

U
K

)
= (f ◦ β)∗(φ) XZ µ

U
K

↑ ↑
same argument backwards since β is on the �rst coordinate the identity

with the roles of α and β exchanged

This concludes the proof of the Subclaim 1.

Subclaim 2. The second rectangle of the diagram on page 3619 commutes.
The proof of that subclaim is very similar to the proof of the previous subclaim. Thus we
leave it to the reader to �ll in the details.

Subclaim 3. The third rectangle of the diagram on page 3619 commutes up to the sign
(−1)k+1.
As a reminder, we need to show that the following diagram commutes up to the sign
(−1)k+1:

Hk
X,M(X,X \K∪L)

XZµK∪L
��

δ // Hk+1
X,M(X,X \ (K∩L))

∼= // Hk+1
X,M(U∩V, (U∩V ) \ (K∩L))

XZµK∩L
��

HX,M
n−k (X)

∂ // HX,M
n−k−1(U ∩ V ).

So let [ϕ] ∈ Hk
X,M(X,X \ (K∪L)) = Hk

X,M(X,A ∩ B). We start out with the following
preparations:

(1) By Theorem 172.10 (1) we can �nd ϕA ∈ CkX,M(X,A) and ϕB ∈ CkX,M(X,B) such
that ϕ = ϕA + ϕB.

(2) By the Fundamental Cycle Decomposition Lemma 119.21 there exist singular chains
αU\L, αU∩V and αV \K in U \ L, U ∩ V and V \ K such that the following three
equalities hold:

(2a) µK∪L = [αU\L + αU∩V + αV \K ] in Hn(X,X \ (K ∪ L))

(2b) µU∩VK∩L = [αU∩V ] in Hn(U ∩ V, (U ∩ V ) \ (K ∩ L))

(2c) µUK = [αU\L + αU∩V ] in Hn(U,U \K).
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After these preparations we obtain the following equalities in HX,M
n−k−1(U ∩ V ):2103

Theorem 172.10 and (2b)
↓

maps in the rectangle applied clockwise
to some [ϕ] ∈ Hk

X,M(M,M \ (K ∪ L))

= [δϕA XZ αU∩V ]

= [ϕA XZ ∂αU∩V ] = [ϕA XZ ∂αU∩V − ϕA XZ ∂(αU∩V + αU\L)︸ ︷︷ ︸
=0

] = [−ϕA XZ ∂αU\L]x x
Lemma 171.9 note that (2c) implies that ∂(αU∩V + αU\L) is a singular chain in U \K,

but ϕA vanishes on singular chains in A = X \K

= [−ϕA XZ ∂αU\L − ϕB XZ ∂αU\L︸ ︷︷ ︸
=0

] = [−(ϕA + ϕB) XZ ∂αU\L] = [−ϕ XZ ∂αU\L]

↑ ↑
since ϕB vanishes on singular chains in B = X \ L since ϕ = ϕA + ϕB

= [(−1)k+1 · ∂(ϕ XZ αU\L)] = (−1)k+1 · ∂[(ϕ XZ αU\L)︸ ︷︷ ︸
∈Cn−k(U)

+ (ϕ XZ αU∩V + ϕ XZ αV \K)︸ ︷︷ ︸
∈Cn−k(V )

]x x
by Lemma 171.9 and by the de�nition of the connecting homomorphism ∂ in the
since δϕ = 0 Mayer�Vietoris sequence, see Theorem 169.7

= (−1)k+1 ·∂
(
[ϕ]XµXK∪L

)
= (−1)k+1 ·maps in the rectangle applied counterclockwise to [ϕ].

↑
by equality (2a)

This concludes the proof of Subclaim 3, thus of the claim and thus also of the lemma. �
Now we turn to the actual proof of Theorem 172.5.
Proof of Theorem 172.5. We �x a dimension n. Throughout this proof by a �manifold�
we mean a path-connected oriented n-dimensional topological manifold without boundary.

We introduce two closely related notions.
(1) We say Poincaré Duality holds for a manifold X if for each x0 ∈ X, each Z[π1(X, x0)]-

left module M and for each k ∈ N0 the following map is an isomorphism:

PDX : Hk
tw,c(X;M) → Htw

n−k(X;M).

(2) Let X be a manifold and let U Ă X be an open subset. We say Internal Poincaré
Duality holds for U within X if for each x0 ∈ X, each Z[π1(X, x0)]-left module M
and for each k ∈ N0 the following map is an isomorphism:

PDU : Hk
X,M,c(U) → HX,M

n−k (U).

Our goal is to show that Poincaré Duality holds for all manifolds. We try to follow the
logic of the proof of Theorem 172.5. But now we need an extra initial claim.
Claim 0. Let X be a manifold and let U Ă X be an open subset. If each path-component
of U , viewed as a manifold in its own right, satis�es Poincaré Duality, then U satis�es
Internal Poincaré Duality within X.

Proof. Let X be a path-connected manifold.
(1) First let U Ă X be a path-connected open subset that, if viewed as n-dimensional

topological manifold in its own right, satis�es Poincaré Duality. We need to show

2103The maps δ and ∂ written in blue are the connecting homomorphisms in the Mayer�Vietoris sequences
coming from Theorem 169.7 and Theorem 172.10.
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that U also satis�es Internal Poincaré Duality within X. Let x0 ∈ X. We pick
u0 ∈ U . Since X is path-connected there exists a path γ : [0, 1] → X from x0 to u0.
We denote by i : U → X the inclusion. We consider the following diagram:

Hk
tw,c(U ; i∗γ∗M)

PDU∼=
��

Hk
X,γ∗M,c(U)∼=

ΩXUoo

PDU
��

γ∗

∼=
// Hk

X,M,c(U)

PDU
��

Htw
n−k(U ; i∗γ∗M) ∼=

ΩXU // HX,γ∗M
n−k (U)

γ∗

∼=
// HX,M

n−k (U).

Here the horizontal maps to the left are given by Lemma 172.7. The horizontal
maps to the right are isomorphisms that are de�ned as in the Change of Base Point
Proposition II 169.5. It follows easily from Lemma 172.7 (2) that the square to the
left commutes. Furthermore it is straightforward to verify that the square to the
right commutes. By hypothesis the vertical map to the left is an isomorphism. It
follows from the above that the vertical map to the right is also an isomorphism.
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(2) Now suppose that U has path-components U1, . . . , Uk such that each Ui satis�es
Poincaré Duality viewed as a manifold. By (1) we know that each Ui also satis�es
Internal Poincaré Duality within X. As in the Cup-Cap Disjoint Union Lemma 116.9
one can show easily, using Lemma 169.3, that U1 ∪ · · · ∪ Uk also satis�es Internal
Poincaré Duality within X. �

Claim 1. Let X be a manifold.
(A) If Poincaré Duality holds for X equipped with an orientation, then it also holds for

any other orientation of X.
(B) If X is homeomorphic to a manifold for which Poincaré Duality holds, then Poincaré

Duality also holds for X.
(C) Suppose that X is the union of two open subsets U and V . If Poincaré Duality holds

for each path-component of U , V and U ∩ V , then it also holds for X.
(D) If X is the union of a nested sequence U1 Ă U2 Ă . . . of open subsets such that

Poincaré Duality holds for each path-component of Ui, then it also holds for X.

Proof. So let X be a manifold.
(A) Recall that by our convention in this proof every manifold is path-connected. By

Lemma 105.10 the oriented path-connected manifold X admits only one other orien-
tation, namely the reverse orientation −X. It follows from that [−X] = −[X] that
Poincaré Duality also holds for −X.

(B) If we have an orientation-preserving homeomorphism, then this statement follows
immediately from the Proposition 171.8. For a non-orientation-preserving homeo-
morphism this statement follows from (A).

(C) We suppose that Poincaré Duality holds for each path-component of U , V and U∩V .
It follows from Claim 0 that Internal Poincaré Duality holds for U , V and U ∩ V
within X. The combination of Proposition 172.9 and the Five Lemma 74.10 now
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shows that also each PDX is an isomorphism, i.e. Poincaré Duality also holds for
X = U ∪ V .

(D) Let k ∈ N0. We suppose that each path-component of each Ui Ă X satis�es Poincaré
Duality. We need to show that X also satis�es Poincaré Duality. Let x0 ∈ X and let
M be a Z[π1(X, x0)]-left module. By hypothesis and Claim 0 we know that for every
i ∈ N the map PDUi : H

k
X,M,c(Ui) → HX,M

n−k (Ui) is an isomorphism. Using the pretty
obvious variation on Proposition 171.13 and using Lemma 172.8 it is straightforward
to verify that for any i ≤ j the following diagram commutes:

Hk
X,M,c(Ui)

PDUi //

��

HX,M
n−k (Ui)

��

Hk
X,M,c(Uj)

PDUj
// HX,M

n−k (Uj).

We obtain isomorphisms

=Hktw,c(X;M)︷ ︸︸ ︷
Hk
X,M,c(X) = lim−→Hk

X,M,c(Ui)
lim−→PDUi
−−−−−−→ lim−→HX,M

n−k (Ui) =

=Htw
n−k(X;M)︷ ︸︸ ︷

HX,M
n−k (X).

↑ ↑ ↑
by a straightforward isomorphism by our hypothesis by a straightforward
generalization of and since the above generalization of the
Exhaustion-H∗c -Proposition 112.6 diagram commutes Homology-via-Exhaustions

Proposition 79.4

We leave it to the reader to verify that the map from left to right is indeed given by
PDX . �

The following claim completes the proof of the theorem.
Claim 2.
(A) Poincaré Duality holds for every open bounded convex subset of Rn.
(B) For every m ∈ N Poincaré Duality holds for every path-connected sum of Rn that is

the union of m open bounded convex subsets of Rn.
(C) Poincaré Duality holds for every path-connected open subset of Rn.
(D) For every m ∈ N Poincaré Duality holds for all manifolds that admit an atlas with

m charts.
(E) Poincaré Duality holds for all manifolds.

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

����������
����������
����������
����������
����������

����������
����������
����������
����������
����������

������
������
������
������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������
������
������
������

��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

����
����
����
����

����
����
����
����

���
���
���
��� ����

(D) (E)(C)(B)(A)

Proof. 2104

(1) Let X be an open bounded convex subset of Rn. If X is empty, then there is nothing
to show. Now assume that X is non-empty. By the Convex-to-Ball Proposition 2.20

2104The proof is basically the same as the proof of Claim 2 on page 2638 of the untwisted case.
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(1) there exists a homeomorphism X → Bn. It follows from Lemma 172.6 and Claim
1 (B) that Poincaré Duality also holds for X.

(2) We prove the claim by induction on m. By (A) we know that the statement holds
for m = 1. Now suppose it holds for all path-connected subsets of Rn that are
unions of m − 1 open bounded convex subsets of Rn. Let X be a path-connected
subset of Rn that is the union of m open bounded convex subsets U1, . . . , Um. We set
V = U1∪· · ·∪Um−1. By our hypothesis and by induction the statement holds for Um,
for V and also for each path-component of V ∩Um = (U1 ∩Um)∪ · · · ∪ (Um−1 ∩Um),
since each path-component is the union of (m− 1) open bounded convex subsets. It
follows from Claim 1 (C) that Poincaré Duality also holds for

X = V ∪ Um = (U1 ∪ · · · ∪ Um−1) ∪ Um.

(3) Let X be an arbitrary path-connected open subset of Rn. By the Rational Open Balls
Lemma 118.4 we can write X as the union of countably many open balls Bi, i ∈ N.
For i ∈ N we set Ui :=

⋃
j≤i
Bj. Each path-component of any Ui is evidently also the

union of �nitely many open balls. Thus we obtain from (B) that Poincaré Duality
holds for each path-component of each Ui ∈ N. But then it follows from Claim 1 (D)
that Poincaré Duality also holds for X.

(4) We prove this statement by induction on m. The case m = 1 is taken care of by (C)
and Claim 1 (B). Now suppose Poincaré Duality holds for all manifolds that admit an
atlas withm−1 charts. LetX be a manifold that admits an atlas {φi : Ui → Vi}i=1,...,m

with m charts. We write U = U1 ∪ · · · ∪ Um−1 and V = Um. Both are open subsets
of a manifold. Note that U and V admit an atlas with m − 1 charts respectively
one chart. Similarly U ∩ V = (U1 ∩ Um) ∪ · · · ∪ (Um−1 ∩ Um) admits an atlas with
m − 1 charts. It follows easily from induction that Poincaré Duality holds for each
path-component of U , V and U ∩V . Thus it follows from Claim 1 (C) that Poincaré
Duality also holds for X itself.

(5) Finally let X be any manifold. By the Countable Covering Lemma 9.2 we know that
X admits a countable atlas {Φj : Uj → Vj}j∈N. For i ∈ N we set Xi :=

⋃
j≤i
Uj. It

follows easily from (D) that Poincaré Duality holds for each path-component of each
Xi. It follows from Claim 1 (D) that Poincaré Duality also holds for X. �

172.3. The proof of Poincaré Duality for topological manifolds with boundary.
Now we will �nally prove the general statement of the Poincaré Duality Theorem 172.1.
For the reader's convenience we recall the statement.
Theorem 172.1. (Poincaré Duality Theorem with Twisted Coe�cients) Let X
be a compact oriented path-connected n-dimensional topological manifold and let x0 ∈ X.
We denote by [X] ∈ Hn(X, ∂X) the fundamental class. Furthermore suppose that we are
given a decomposition ∂X = A ∪ B where A and B are compact (n − 1)-dimensional
submanifolds of ∂X such that A∩B = ∂A = ∂B. For each k ∈ N0 and every Z[π1(X, x0)]-
left module M the map

Hk
tw(X,A;M)

∼=−→ Htw
n−k(X,B;M)

σ 7→ σ XZ [X]

is an isomorphism.
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In the following we will prove the Poincaré Duality Theorem 172.1 using Theorem 172.5 and
formal arguments that have basically nothing to do with twisted coe�cients. The proofs
below are very very similar to the arguments for the untwisted case that we provided in
Section 119.4. For peace of mind let us nonetheless go through the arguments.

Proof of Theorem 172.1 for A = ∂X and B = ∅. Let X be a compact oriented path-
connected n-dimensional topological manifold and let x0 ∈ X. As usual we denote by
[X] ∈ Hn(X, ∂X) the fundamental class. Let M be a Z[π1(X, x0)]-left module. We want
to show that for each k ∈ N0 the map

−XZ [X] : Hk
tw(X, ∂X;M) → Htw

n−k(X;M)

is an isomorphism. To do so we �rst introduce the following objects:

(a) From the Topological Collar Neighborhood Theorem 75.5 we obtain a collar neigh-
borhood [−1, 0]× ∂X of ∂X = {0} ×X. We refer to it as the �internal collar�.

(b) We de�ne

W := X ∪ ([0, 1)× ∂X)/∼ with x ∼ (x, 0) for every x ∈ ∂X.

Sometimes [0, 1) × ∂X is called an external collar of X. Furthermore, given any
t ∈ [−1, 1) we write

Kt := (X \ ([−1, 0]× ∂X)) ∪ ([−1, t]× ∂X)/∼ .

(c) We denote by i : X → W the obvious map. By the Topological Pushout-Maps
Lemma 5.34 (3) and (4) this map is a closed embedding. We will use this to view
X as a closed subset of W . Note that it follows easily from the Homotopy Pushout
Lemma 14.9 that X = i(X) is a deformation retract of W .

(d) We denote by i : (X, ∂X)→ (W,W \K−1) the inclusion map.
(e) We equip W with the base point x0.
(f) By the Homotopy-π1-Proposition 50.3 we know that i∗ : π1(X, x0)→ π1(W,x0) is an

isomorphism. This allows us to consider the Z[π1(W,x0)]-left module (i∗)
−1M .
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internal collar [−1, 0]× ∂X external collar [0, 1)× ∂XX

K−1 W = X ∪ ([0, 1)× ∂X)

x0

By elementary arguments and using the Topological Manifold Boundary Proposition 75.2
(1) one can easily show the following statements:

(A) W is an n-dimensional topological manifold with empty boundary.
(B) W admits an orientation such that X is a submanifold and such that X → W is

orientation-preserving.
(C) Every Kt is a compact subset of W and given any compact subset K of W there

exists a t ∈ [−1, 1) with K Ă Kt.
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We obtain the following diagram:

Hk
tw(X, ∂X;M)

XZ[X]
��

Hk
tw(W,W \K−1; (i∗)

−1M)
i∗oo

XZµKt
��

// Hk
tw,c(W ; (i∗)

−1M)

PDW
��

Htw
n−k(X;M)

i∗ // Htw
n−k(W ; (i∗)

−1M)
id // Htw

n−k(W ; (i∗)
−1M).

It remains to prove the following claim.
Claim. The following three statements hold:
(1) the diagram commutes,
(2) the right vertical map is an isomorphism, and
(3) all horizontal maps are isomorphisms.

Proof.

(1) The right-hand square commutes by de�nition of PDW . Using (B) one can show
easily, using Proposition 171.13, that the left-hand square commutes.

(2) Theorem 172.5 implies that the right vertical map is an isomorphism.
(3) It follows easily from the discussion in (c) together with the Deformation Retract-

Twisted Homology Corollary 167.16 that the left horizontal maps are isomorphisms.
Since the bottom right map is the identity it remains to show that the top right
horizontal map is an isomorphism. We consider the following commutative diagram

Hk
tw(W,W \K−1; (i∗)

−1M) //

((

=Hktw,c(W ;(i∗)−1M)︷ ︸︸ ︷
lim−→

K∈K(W )

Hk
tw(W,W \K; (i∗)

−1M).

lim−→
t∈[−1,1)

Hk
tw(W,W \Kt; (i∗)

−1M)

55

We make the following two observations:
• By (C) every compact subset of W is contained in some Kt. Therefore it fol-
lows from the Limit-over-Subset Lemma 111.3 that the right diagonal map is an
isomorphism.
• It follows easily from the Homotopy Equivalence-H∗-Proposition 167.15 (2) and
Lemma 111.2 (4) that the left diagonal map is an isomorphism.

These two observations together imply that the horizontal map is also an isomor-
phism.

This concludes the proof of the claim and it concludes the proof of the Poincaré Duality
Theorem 172.1 in the special case that A = ∂X and B = ∅. �

Proof of Theorem 172.1 for the general case. Let X be a compact oriented path-
connected n-dimensional topological manifold and let x0 ∈ X. As always we denote by
[X] ∈ Hn(X, ∂X) the fundamental class. Let M be a Z[π1(X, x0)]-left module M . Finally
suppose that we are given a decomposition ∂X = A ∪ B where A and B are compact
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(n − 1)-dimensional submanifolds of ∂X such that A ∩ B = ∂A = ∂B. We want to show
that for each k ∈ N0 the map

XZ[X] : Hk
tw(X,A;M) → Htw

n−k(X,B;M)

is an isomorphism.
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A

B

A

B
x0

We equip ∂X and then also B with the orientations coming from the Topological Manifold-
Boundary Orientation Proposition 105.19 and the Topological Manifold-Induced Orienta-
tion Lemma 105.17. As before we work again with internal twisted (co-) homology. We
consider the following diagram:

. . . // Hk
X,M(X, ∂X)

−XZ[X]∼=

��

//

=Hktw(X,A;M)︷ ︸︸ ︷
Hk
X,M(X,A)

−XZ[X]

��

// Hk
X,M(∂X,A)

∼= i∗

��

δ // Hk+1
X,M(X, ∂X)

−XZ[X]∼=

��

//// . . .

Hk
X,M(B, ∂B)

−XZ[B]∼=
��

. . . // HX,M
n−k (X) // HX,M

n−k (X,B)︸ ︷︷ ︸
=Htw

n−k(X,B;M)

∂ // HX,M
n−k−1(B) // HX,M

n−k−1(X) // . . .

We make the following observations:

(1) The top and bottom horizontal sequences are the long exact sequence in internal
(co-) homology with twisted coe�cients of the triple (X, ∂X,A) and the pair (X,B),
that we implicitly constructed in the proof of Proposition 167.11.

(2) The above vertical map i∗ : Hk
X,M(∂X,A)→ Hk

X,M(B, ∂B) is induced by the inclusion
i : (B, ∂B) → (∂X,A). It is an isomorphism by Proposition 169.2 (5) together with
the obvious twisted version of the Excisive Characterization Lemma 109.13 (3).

(3) The other maps decorated with �∼=� are isomorphisms by the special case of the
Poincaré Duality Theorem 172.1 that we have already dealt with.

By the Five Lemma 74.10 it remains to prove the following claim.

Claim. The above diagram commutes up to signs, more precisely:
(1) the �rst rectangle commutes,
(2) the second rectangle commutes up to the sign (−1)k,
(3) the third rectangle commutes.
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Proof. We consider the three rectangles separately.
(1) We consider the following diagram:

Hk
X,M(X, ∂X)× Hn(X, ∂X)

XZ //

=
��

HX,M
n−k (X)

��

Hk
X,M(X, ∂X)× HX,M

n (X, ∂X)
XZ //

��

=

OO

Hn−k(X,B)

Hk
X,M(X,A)× HX,M

n (X, ∂X)
XZ //

=

OO

Hn−k(X,B).

=

OO

We can convince ourselves that the diagram commutes by applying Proposition 171.13
(1b) to the maps (X, ∂X,∅) → (X, ∂X,B) and (X,A,B) → (X, ∂X,B) of univer-
sally excisive triads. It follows easily from this observation that the �rst rectangle of
the claim commutes.

Before we continue with the discussion of the other two rectangles we need to make
one remark. We denote by j : (B, ∂B) → (∂X,A) the inclusion map and we denote by
∂ : Hn(X, ∂X) → Hn−1(∂X,A) the connecting homomorphism in the long exact sequence
of the triple (X, ∂X,A). It follows from the Fundamental Class-of-Boundary Proposi-
tion 106.27 (1), the Codimension Zero-Fundamental Class Lemma 106.24 and the remark
on page 1629 that the following equality holds

(∗) j∗([B]) = ∂[X] ∈ Hn−1(∂X,A).

Now we continue with the proof of the claim.
(2) We apply the twisted analogue of the Cap Product-Connecting Homomorphism

Lemma 116.10 (2) to the universally excisive triad (X,A,B). (Recall thatA∪B = ∂X
and A ∩ B = ∂B.) We obtain that for any k ∈ N0 the following diagram commutes
up to the sign (−1)k:

Hk
X,M(X,A)× Hn(X, ∂X)

XZ //

i∗
��

∂
��

HX,M
n−k (X,B)

∂

��

Hk
X,M(∂X,A)× Hn−1(∂X,A)

∼=j∗

��

∼=(j∗)−1

��

Hk
X,M(B, ∂B)× Hn−1(B, ∂B)

XZ // HX,M
n−k−1(B).

Together with (∗) we obtain that the second rectangle of the claim does indeed
commute up to the sign (−1)k.

(3) We consider the following diagram:

Hk
X,M(B, ∂B)× Hn−1(B, ∂B)

XZ //

i∗
��

HX,M
n−k−1(B)

i∗
��

Hk
X,M(∂X,A)× Hn−1(∂X,A)

XZ //

δ
��

i∗
OO

HX,M
n−k−1(∂X)

i∗
��

Hk+1
X,M(X, ∂X)× Hn(X, ∂X)

XZ //

∂

OO

HX,M
n−k−1(X).
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The upper part of this diagram commutes by Proposition 171.13 (1b) applied to the
map (B, ∂B,∅)→ (∂X,A,∅) between excisive triads. The lower part commutes by
the twisted analogue of the Cap Product-Connecting Homomorphism Lemma 116.10
(1) applied to the triple (X, ∂X,A). This discussion, together with (∗), implies that
the third rectangle of the diagram in the claim commutes.

This concludes the proof of the claim and thus also of the Poincaré Duality Theorem 172.1.
�

Exercises for Chapter 172.

Exercise 172.1. Let Σg be the surface of genus g and let x0 ∈ X. Furthermore let
ϕ : π1(Σg, x0)→ GL(1,C) be a one-dimensional non-trivial representation. Use the Poincaré
Duality Theorem with Twisted Coe�cients 172.1 together with Propositions 168.1 and 170.4
to calculate the twisted homology modules Htw

k (Σg; ϕC) ∼= Ck−1 in a pain-free way.



173. TWISTED INTERSECTION PAIRINGS 3631

173. Twisted intersection pairings

We continue our discussion of twisted invariants. In this chapter we introduce and discuss
the twisted intersection pairings, which is the twisted cousin of the intersection pairings
that we introduced on page 2895.

173.1. De�nition of twisted intersection pairings. Before we turn to topology it is
worth introducing some algebraic notions which are generalizations and analogues of the
concepts introduced on page 2656.

De�nition.
(1) Let V,W,Z be abelian groups. We refer to any homomorphism V ⊗Z W → Z of

abelian groups as a pairing.
(2) Let G be a group, let V,W be two Z[G]-left modules and let Z be an abelian

group. We say a pairing ϕ : V ⊗Z W → Z is preserved by the G-action if ϕ is
a homomorphism of Z[G]-left modules where we equip V ⊗Z W with the Z[G]-left
module structure from Lemma 171.2 and where we equip Z with the trivial Z[G]-left
module structure.

Now let R be a ring with (possibly trivial) involution, let V and W be R-left modules
and let ϕ : V ⊗Z W → R be a pairing. We equip V ⊗Z W with the R ⊗Z R-left module
structure from Lemma 171.2.
(3) The pairing ϕ is called R-sesquilinear if ϕ : V ⊗Z W → R is a R ⊗Z R-left module

homomorphism where we equip R with the R ⊗Z R-left module structure given by
(r ⊗ s) · t := r · t · s.

(4) Let ϕ : V ⊗Z V → R be an R-sesquilinear pairing.
(a) We say that ϕ is hermitian if ϕ(v ⊗ w) = ϕ(w ⊗ v) for all v, w ∈ V .
(b) We say that ϕ is anti-hermitian if ϕ(v ⊗ w) = −ϕ(w ⊗ v) for all v, w ∈ V .

If the involution is trivial, then usually we say R-bilinear instead of R-sesquilinear and we
say (anti-) symmetric instead of (anti-) hermitian.
For readers who would rather avoid tensor products we have the following de�nition.

De�nition. Let V and W be abelian groups and let Z be an abelian group. We say a
map ϕ : V ×W → Z is a pairing if the map

ϕ : V ⊗Z W → Z
k∑
i=1
vi ⊗ wi 7→

k∑
i=1
ϕ(vi, wi)

is well-de�ned and if it is a pairing.2105 Using this de�nition one can translate the above
notions into arguably more familiar language. For example if G is a group and V and W
are two Z[G]-left modules, then a pairing ϕ : V ×W → Z is preserved by the G-action
precisely if for all v ∈ V,w ∈ W and g ∈ G we have ϕ(g · v, g · w) = ϕ(v, w).

We also recall the following de�nition that we made in the Twisted H0-Proposition 168.1.

2105It follows easily from the de�nitions that a map ψ : V ×W → Z is a pairing in this sense if and only if
it is a pairing in the sense of the de�nition 2656. Using this translation many concepts that we de�ne in
this chapter correspond to the eponymous concepts of Section 121.1.
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De�nition. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. Let S be a ring. We consider the Z[π1(X, x0)]-module trS that is given
by the trivial π1(X, x0)-action. We refer to the map

εX : H0(trS ⊗Z[π1(X,x0)] C∗(X̃x0) = Htw
0 (X; trS) → S[ k∑
i=1
ri ⊗ σi

]
7→

k∑
i=1
ri

as the augmentation map. By the Twisted H0-Proposition 168.1 it is an isomorphism of
S-left modules.
Now we can �nally introduce twisted intersection pairings.

De�nition. Let X be a compact oriented path-connected n-dimensional topological man-
ifold and let x0 ∈ X. We write π = π1(X, x0). We denote by [X] ∈ Hn(X, ∂X) the
fundamental class. Furthermore suppose that we are given compact (n − 1)-dimensional
submanifolds A and B of ∂X such that A∩B = ∂A = ∂B. Let R be a ring with involution
and let M be a (Z[π], R)-left left module. Furthermore let

Θ: M ⊗Z M → R

be an R-sesquilinear pairing that is preserved by the π-action, i.e. such that given any
v, w ∈ M and given any g ∈ π we have Θ(g · v, g · w) = Θ(v, w). We write C := ∂X \

◦
A

and D := ∂X \
◦
B.2106 For each k ∈ N0 we refer to the map210721082109

QM
X,A,B : Htw

k (X,A;M)× Htw
n−k(X,B;M) → R

(v, w) 7→ εX
(
Θ∗
(
PDX(v)︸ ︷︷ ︸

∈Hn−ktw (X,C;M)

Y⊗ PDX(w)︸ ︷︷ ︸
∈Hktw(X,D;M)︸ ︷︷ ︸

∈Hntw(X,∂X;M⊗ZM)

)
XZ [X]︸ ︷︷ ︸
∈Htw

n (X,∂X)

)
.

as a twisted intersection pairing. If X is closed, then A = B = ∅ and we just write QM
X .

Furthermore if M = trZ, then we drop the superscript.2110
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A

BB

A

B

A

2-dimensional topological manifold M

2106Note that by Proposition 75.3 we know that C and D are also compact submanifolds of ∂M with
∂C = ∂D = A ∩ C and ∂D = ∂B = B ∩D.
2107We have

C ∪D = (∂X \
◦
A) ∪ (X \

◦
B) = ((∂X \A) ∪ ∂A) ∪ ((∂X \B) ∪ ∂B) = (∂X \ (A ∩B)) ∪ ∂A ∪ ∂B = ∂X.
↑

Proposition 75.3 (3)
2108Note that in the settings (i) and (ii), it follows from Proposition 169.2 (5) and (3) that (M,C,D) is a
universally excisive triad. In particular it follows, see the de�nition on page 3603, that the cup product is
actually de�ned.
2109As we discussed above, Θ gives rise to a homomorphism Θ: M ⊗Z M → trR of Z[G]-left modules.
2110We now have a minuscule discrepancy in our notation, on pages 2800 and 2895 we de�ned the inter-
section form on FHl(X;Z) := Hl(X;Z)/torsion.
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Remark. If we work with the trivial trZ-coe�cients, then it follows from Lemma 171.6 and
Lemma 171.12 that the twisted intersection form is isomorphic to the usual intersection
form, except that now we do not mod out the torsion on the homology groups.

With the above de�nition we can now summarize a few basic properties of twisted inter-
section pairings.

Proposition 173.1. Let X be a compact oriented path-connected n-dimensional topo-
logical manifold and let x0 ∈ X. Furthermore suppose that we are given compact (n− 1)-
dimensional submanifolds A and B of ∂X such that A ∩ B = ∂A = ∂B. Let R be a ring
with involution and let M be a (Z[π1(X, x0)], R)-left left module. Finally suppose that we
are given an R-sesquilinear pairing

Θ: M ⊗M → R

that is preserved by the π1(X, x0)-action. Then the following statements hold:
(1) The pairing QM

X,A,B is R-sesquilinear.
(2) If n = 2m, if A = B and if Θ is hermitian, then the pairing

QM
X,A,B : Htw

m (X,A;M)× Htw
m (X,A;M) → R

is hermitian if m is even and it is anti-hermitian if m is odd. If Θ is anti-hermitian,
then the statements �ips in the obvious way.

Proof. We start out with the following observations:
(a) As we mentioned on page 3612, the Poincaré Duality isomorphism is an isomorphism

of R-left modules.
(b) It follows from (a) and Lemma 171.5 that the map

ϕ : Htw
k (X,A;M)⊗Z Htw

n−k(X,B;M) → Hn
tw(X;M ⊗Z M)

(v, w) 7→ PDX(v) Y⊗ PDX(w)

is a homomorphism of R⊗Z R-left modules.
(c) The augmentation isomorphism Hn

tw(X;M ⊗Z M) → M ⊗Z M from the Twisted
H0-Proposition 168.1 is an isomorphism of R⊗Z R-left modules.

(d) By hypothesis the pairing Θ: M ⊗Z M → R is R-sesquilinear and hermitian.
Now we turn to the proof of the proposition:
(1) This statement follows immediately from (b), (c) and (d).
(2) We now suppose that n = 2m, A = B and that Θ: M ×M → R is hermitian. We

set C := X \
◦
A. If follows from (a), (b) and (c) together with Proposition 171.7 that

given v, w ∈ Htw
n (X,A;M) we have the following equality:

=QMX,A,A(v,w)︷ ︸︸ ︷
εX(Θ∗((PDX(v)︸ ︷︷ ︸

∈Hmtw(X,C;M)

Y⊗ PDX(w)︸ ︷︷ ︸
∈Hntw(X,C;M)

) XZ [X])) = (−1)m·m·

=QMX,A,A(w,v)︷ ︸︸ ︷
εX(Θ∗((PDX(w)︸ ︷︷ ︸

∈Hmtw(X,C;M)

Y⊗ PDX(v)︸ ︷︷ ︸
∈Hntw(X,C;M)

) XZ [X])).

The statement follows from the observation that (−1)m·m = (−1)m. �

Examples. Let X be a compact oriented path-connected non-empty n-dimensional topo-
logical manifold and let x0 ∈ X. We write π := π1(X, x0). Furthermore suppose that we
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are given compact (n − 1)-dimensional submanifolds A and B of ∂X such that A ∩ B =
∂A = ∂B.
(1) Let G be a group and let ϕ : π → G be a homomorphism. Given f ∈ Z[G] and g ∈ π

we set g · f := f · g−1. This allows us to view Z[G] as a Z[π]-left module.2111 This
allows us to view Z[G] as a (Z[π],Z[G])-left left module. As always we view Z[G] as
a ring with involution. The multiplication map

µ : Z[G]× Z[G] → Z[G]
(r, s) 7→ r · s

has the required properties2112 and we obtain the twisted intersection pairing

Q
Z[G]
X : Htw

k (X;Z[G])× Htw
n−k(X;Z[G]) → Z[G].

By Proposition 173.1 (1) this pairing is Z[G]-sesquilinear. If A = B, if n = 4m and
if k = 2m, then it follows from Proposition 173.1 (2) that the pairing is hermitian.

(2) Let α : π → U(d) := {A ∈ M(d × d,C) |ATA = id} be a unitary representation.
We obtain the corresponding Z[π]-left module Cd

ϕ. We equip C with the standard
involution x+ y i := x− y i and we consider the C-sesquilinear map

Θ: Cd × Cd → C
(v, w) 7→ vT · w.

Since α is a unitary representation we see that the corresponding left action of π on
Cd preserves Θ. Thus we obtain the twisted intersection pairing

QCd
X : Htw

k (X; αCd)× Htw
n−k(X; αCd) → C.

By Proposition 173.1 (1) this pairing is C-sesquilinear. If A = B, if n = 4m and if
k = 2m, then it follows from Proposition 173.1 (2) that this pairing is hermitian.

(3) Let α : π → SL(2,C) be a unitary representation. We consider the corresponding
Z[π]-left module αC2. We equip C with the trivial involution and we consider the
C-bilinear map

Θ: C2 × C2 → C
(v, w) 7→ det(v w).

Since α takes values in SL(2,C) it follows from a straightforward argument that
the corresponding left action of π on C2 preserves Θ. Thus we obtain the twisted
intersection pairing

QC2

X : Htw
k (X; αC2)× Htw

n−k(X; αC2) → C.
By Proposition 173.1 (1) this pairing is C-bilinear. If A = B, if n = 4m + 2 and if
k = 2m+1, then it follows from Proposition 173.1 (2) that this pairing is symmetric.

Given a commutative ring we de�ned on pages 2656 and 2894 the notion of non-singular
and non-degenerate R-bilinear pairings. We now extend these notions in the obvious way
to the more general setting of R-sesquilinear pairings.
2111We pick this Z[π]-left module structure to stay in tune with Proposition 168.2.
2112Indeed, given r, s ∈ Z[G] and g ∈ π we have

Θ(g · r, g · s) = Θ(r · g−1, s · g−1) = (r · g−1) · (s · g−1)r · g−1 · g · s = r · s = Θ(r, s).
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De�nition. Let R be a ring with involution and let V and W be two R-left modules. We
say that an R-sesquilinear pairing ϕ : V ⊗Z W → R is non-singular if the induced maps

V → HomR -right(W,R)

v 7→
(
W → R
w 7→ ϕ(v ⊗ w)

)
︸ ︷︷ ︸

homomorphism of R-left modules

and
W → HomR -left(V ,R)

w 7→
(
V → R
v 7→ ϕ(v ⊗ w)

)
︸ ︷︷ ︸

homomorphism of R-right modules

are both21132114 isomorphisms. Otherwise we say that the pairing is non-singular. We
say that the R-sesquilinear pairing is non-degenerate if the above two maps are both
monomorphisms. Otherwise we say that the R-bilinear pairing is degenerate.

Proposition 173.2. Let X be a topological space that is locally contractible and path-
connected and let x0 ∈ X. Let K be a skew �eld with involution and let M be a
(Z[π1(X, x0)],K)-left left module. Finally suppose that we are given a non-singular K-
sesquilinear pairing

Θ: M ⊗Z M → K
that is preserved by the π1(X, x0)-action. We denote by εX : Htw

0 (X; trK) → K the aug-
mentation isomorphism from the Twisted H0-Proposition 168.1. Then for any A Ă X the
K-left linear map

K-left module via k ·m := m ·K k
↓

Hk
tw(X,A;M) → HomK -left(Htw

k (X,A;M),K)
ϕ 7→ (µ 7→ εX(Θ∗( ϕ X⊗ µ︸ ︷︷ ︸

∈Htw
0 (X;M⊗ZM)

)))

is an isomorphism of K-left modules. (For this statement the K-left module structures on
Hk

tw(X,A;M) is given by the given K-left module structure on M and the K-left module
structure on HomK -left(Htw

k (X,A;M),K) is given by the obvious K-left module structure
on K.)

Proof. To simplify the notation we assume that A = ∅. It follows from the little remark
on page 3608 that mathematically it makes no di�erence in the argument that follows. We
write π := π1(X, x0) and we write C∗ := C∗(X̃x0).

Claim 1. The map K-left module via k ·m := m ·K k
↓

Ξ: HomZ[π] -left(C∗,M) → HomK -left(M ⊗Z[π] C∗,K)

ϕ 7→
(
M ⊗Z[π] C∗ → K

m⊗ σ 7→ Θ(ϕ(σ)⊗m)

)
is a well-de�ned chain map and it is a homomorphism of K-left modules. (For this state-
ment the K-left module structures are given by the given K-left module structure on M
and the obvious K-left module structure on K.)

2113We equip the target R with the obvious (R,R)-bimodule structure.
2114If the pairing ϕ : V ⊗Z W → R is (anti-) hermitian, then one can easily verify that if one map is an
isomorphism (respectively monomorphism), then so is the other.
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Proof. As always, if the claim is correct, it is trivially correct. But since these arguments
always produce anxieties for this famously anxious author, let us nonetheless provide some
details. First we need to verify that the map Ξ(ϕ) : M ⊗Z[π] C∗ → K respects the tensor
product. Thus let m ∈M , σ ∈ Ck and g ∈ π. Then

=Ξ(ϕ)(mg⊗σ)︷ ︸︸ ︷
Θ(ϕ(σ)⊗m · g) = Θ(ϕ(σ)⊗ g−1 ·m) = Θ(g · ϕ(σ)⊗ gg−1 ·m) =

=Ξ(ϕ)(m⊗gσ)︷ ︸︸ ︷
Θ(ϕ(g · σ)⊗m).

↑ ↑ ↑
by de�nition of Ξ and by since π preserves Θ since ϕ is Z[π]-left linear

de�nition of the Z[π]-right module M

Next we need to verify that the map Ξ(ϕ) : M ⊗Z[π] C∗ → K is K-left linear. Thus let
m ∈M , let σ ∈ Ck and let k ∈ K, then

Ξ(ϕ)(k · (m⊗ σ)) = Θ(ϕ(σ)⊗ k · σ) =

=Ξ(ϕ)(m⊗σ)︷ ︸︸ ︷
Θ(ϕ(σ)⊗m) · k = k · Ξ(ϕ)(m⊗ σ).

↑ ↑ ↑
K-left structure on M ⊗Z[π] C∗ since Θ is K-sesquilinear K-left structure on K

Now we need to show that Ξ: HomZ[π] -left(C∗,M) → HomK -left(M ⊗Z[π] C∗,K) is a homo-
morphism of K-left modules. Fortunately, given ϕ ∈ HomZ[π] -left(C∗,M) and k ∈ M we
indeed have

de�nition of the Z[π]�left structure de�nition of Ξ
↓ ↓

Ξ(k ·ϕ)(m⊗ σ) = Θ((k ·ϕ)(s)⊗m) = Θ(k ·ϕ(s)⊗m) = k ·Θ(ϕ(σ)⊗m) = k ·Ξ(ϕ)(m⊗ σ).
↑ ↑

de�nition of Ξ since Θ is K-sesquilinear

We leave it to the reader to verify that the maps Ξ are chain maps. �
Our next goal is to show, using the hypothesis that Θ is non-singular, that the maps Ξ are
isomorphisms. This leads us to the following claim.

Claim 2. Given ψ ∈ HomK -left(M ⊗Z[π] Cn,K) and given σ ∈ Cn the map

M → K
v 7→ ψ(v ⊗ σ)

is K-left linear. (Recall that K is here equipped with the K-left linear structure given
by k · m := m ·K m−1.) Since Θ: M ⊗Z M → K is non-singular there exists a unique
f(ψ, σ) ∈M such that

ψ(v ⊗ σ) = Θ(f(ψ, σ)⊗ v) for all v ∈ V.
With this observation and de�nition we can now consider the map

Ω: HomK -left(M ⊗Z[π] C∗,K) → HomZ[π] -left(C∗,M)

ψ 7→
(
C∗ → M
σ 7→ f(ψ, σ)

)
We claim these maps are well-de�ned and that they are inverses to the map Ξ in Claim 1.
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Proof. For well-de�nedness we only have to show that for ψ ∈ HomK -left(M ⊗Z[π]Ck,K) the
map Ω(ψ) : Ck →M is Z[π]-linear. So let σ ∈ C∗ and let g ∈ π. Given any v ∈ V we have

by de�nition of f(ψ, g · σ) tensor product over Z[π] de�nition of π-right left action on M
↓ ↓ ↓

Θ(f(ψ, g · σ)⊗ v) = ψ(v ⊗ g · σ) = ψ(v · g ⊗ σ) = ψ(g−1 · v ⊗ σ)
= Θ(f(ψ, σ)⊗ g−1 · v) = Θ(g · f(ψ, σ)⊗ v).
↑ ↑

by de�nition of f(ψ, σ) since π preserves Θ

Since Θ is non-singular we obtain that f(ψ, g · σ) = g · f(ψ, σ). We have thus veri�ed that
σ 7→ f(ψ, σ) is indeed π-left linear.

It remains to show that Ξ and Ω are inverses of one another. First we show that
Ω ◦ Ξ = id. Thus let ϕ ∈ HomZ[π] -left(C∗,M) and let σ ∈ C∗. Note that by de�nition of Ξ
we have

Ξ(ϕ)(v ⊗ σ) = Θ(ϕ(σ)⊗ v) for all v ∈M and σ ∈ C∗.

But this means, by de�nition of f , that f(Ξ(ϕ), σ) = ϕ(σ). Thus we see that

(Ω ◦ Ξ)(ϕ)(σ) = Ω(Ξ(ϕ))(σ) = f(Ξ(ϕ), σ) = ϕ(σ).
↑ ↑

de�nition of Ω see above

Thus we have shown that Ω ◦ Ξ = id. Finally let us check that Ξ ◦ Ω = id. Thus let
ψ ∈ HomK -left(M ⊗Z[π] Cn,K). Given any σ ∈ Cn and v ∈M we have

(Ξ ◦ Ω)(ψ)(v ⊗ σ) = Ξ(Ω(ψ))(v ⊗ σ) = Θ(Ω(ψ)(σ)⊗ v) = Θ(f(ψ, σ)⊗ v) = ψ(v ⊗ σ).
↑ ↑ ↑

de�nition of Ξ de�nition of Ω de�nition of f

Thus we have shown that Ω ◦ Ξ = id. �

Claim 3. Given any ϕ ∈ HomZ[π](C∗(X̃),M) and m⊗ σ ∈M ⊗Z[π] Ck(X̃) we have

εX(Θ∗(ϕ X⊗ (m⊗ σ))) = Ξ(ϕ)(m⊗ σ).

Proof. Let ϕ ∈ HomZ[π](C∗(X̃),M) and let m⊗ σ ∈M ⊗Z[π] Ck(X̃). Then

see de�nition of X⊗ on page 3606
↓

εX(Θ∗(ϕ X⊗ (m⊗ σ))) = εX(Θ∗(ϕ(σ)⊗m⊗ (σ ◦ [vk])))
= εX(Θ(ϕ(σ))⊗m)⊗ (σ ◦ [vk]) = Θ(ϕ(σ)⊗m) = Ξ(ϕ)(m⊗ σ).
↑ ↑ ↑

de�nition of Θ∗ on page 3538 Twisted H0-Proposition 168.1 de�nition of Ξ�
We can now �nally conclude the argument. To do so we consider the following diagram

Hk(X;M)
ϕ7→(m⊗σ 7→εX(Θ∗(ϕX⊗m⊗σ)))

//

Ξ∼=
��

HomK -left(Hk(X;M),K)

id
��

Hk(M ⊗Z[π] C∗(X̃);K)
isomorphism by Theorem 166.12

ϕ7→(µ7→ϕ(µ))
// HomK -left(Hk(M ⊗Z[π] C∗(X̃)),K).

We make the following observations:
(1) By Claim 2 we know that the vertical map Ξ is an isomorphism.
(2) By Claim 3 we know that the diagram commutes.
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(3) Since K is a skew �eld we obtain from Theorem 166.12, applied to the chain com-
plex V∗ := M ⊗Z[π] C∗(X̃) of K-left modules, that the bottom horizontal map is an
isomorphism.

It follows from the above that the top horizontal map is indeed an isomorphism. �

The following proposition is the analogue of the Intersection Form Proposition 132.4 (3).

Proposition 173.3. Let X be a compact oriented path-connected non-empty n-dimensi-
onal topological manifold and let x0 ∈ X. Furthermore suppose that we are given compact
(n − 1)-dimensional submanifolds A and B of ∂X such that A ∩ B = ∂A = ∂B. Let K
be a skew �eld with involution and let M be a (Z[π1(X, x0)],K)-left left module. Finally
suppose that we are given a non-singular K-sesquilinear pairing

Θ: M ⊗Z M → K
such that the π1(X, x0)-action preserves Θ, i.e. such that given any v, w ∈ M and given
any g ∈ π1(X, x0) we have Θ(g · v ⊗ g · w) = Θ(v ⊗ w). If A ∪ B = ∂X, then the twisted
intersection pairing

QM
X,A,B : Htw

k (X,A;M)× Htw
n−k(X,B;M) → K

is non-singular.

Proof. Note that it follows from the hypothesis that A ∩B = ∂A = ∂B and A ∪B = ∂X
that the Poincaré Duality Theorem 172.1 with Twisted Coe�cients gives us the Poincaré
Duality isomorphism

PD: Htw
n−k(X,A;M) → Hn−k

tw (X,B;M).

We continue with the following claim.

Claim. The following diagram commutes

Htw
n−k(X,A;M)× Htw

k (X,B;M)
(v,w)7→PD(w)Y⊗PD(v)

//

PD

��

id

��

Hn
tw(X, ∂X;M ⊗

Z
M)

Θ∗// Hn
tw(X, ∂X; trK)

−XZ[X]

��

−XZ[X]

��

Hk
tw(X,B;M)× Htw

k (X,B;M)
X⊗

// Htw
0 (X;M ⊗

Z
M)

Θ∗ // Htw
0 (X; trK).

Proof. We consider the two squares separately.

(1) For the �rst square let v ∈ Htw
n−k(X,A;M) and w ∈ Htw

k (X,B;M). Then

(PD(w) Y⊗ PD(v)) XZ [X] = PD(v) X⊗ (PD(w) XZ [X]) = PD(v) X⊗ w.
↑ ↑

Lemma 171.14 by de�nition of PD(w)

(2) It follows from Proposition 171.8 (2) that the second square commutes. �
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Next we consider the following diagram:

Htw
n−k(X,A;M)× Htw

k (X,B;M)

QMX,A,B

--

(v,w)7→Θ∗(PD(w)Y⊗PD(v))
//

∼= PD
��

id
��

Hn
tw(X, ∂X; trK)

−XZ[X]
��

εX(−XZ[X])
// K

id

��

Hk
tw(X,B;M)× Htw

k (X,B;M)

non-singular by Proposition 173.2

11

(ϕ,w) 7→Θ∗(ϕX⊗w)
// Htw

0 (X; trK)
εX // K.

We make the following observations:
(1) The top sequences is by de�nition the intersection pairing QM

X,A,B.
(2) It follows from Claim 1 that the square to the left commutes.
(3) The square to the right commutes by �at.
(4) As we mentioned before, by the Poincaré Duality Theorem 172.1 with Twisted Co-

e�cients the vertical map PD is an isomorphism of K-left modules.
(5) By Proposition 173.2 we know that the K-sesquilinear pairing at the bottom is non-

singular.
All these statements combined show that the K-sesquilinear intersection pairing QM

X,A,B is
indeed non-singular. �

173.2. Twisted signatures. state that twisted signatures of closed manifolds are just
multiples of ordinary signatures
173.3. Twisted invariants and �nite covers.
Proposition 173.4. Let X be a closed oriented path-connected n-dimensional topological
manifold, let x0 ∈ X and let ϕ : π1(X, x0) → G be an epimorphism onto a �nite group
G. We denote by p : X̂ϕ → X the covering corresponding to the subgroup ker(ϕ). We
consider the isomorphism

Ω: Ctw
k (X;Z[G]) = Z[G]⊗Z[π] Ck(X̃x0) → Ck(X̂ϕ)

g ⊗ (σ : ∆k → YΓ) 7→ q ◦ (g · σ : ∆k → YΓ)

of Z[G]-left modules from Proposition 168.2. Given any µ ∈ Htw
k (X;Z[G]) and given any

ν ∈ Htw
n−k(X;Z[G]) we have2115

Q
Z[G]
X (µ, ν) =

∑
g∈G

QZ
X̂ϕ

( Ω(µ)︸︷︷︸
∈Htw

k (X̂ϕ)

, g · Ω(ν)︸︷︷︸
∈Htw

n−k(X̂ϕ)

) · g ∈ Z[G].

Example. Let X be the surface of genus 2and let C Ă X be a non-separating closed
orientable path-connected 1-dimensional submanifold. The homology class [C] ∈ Htw

1 (X;Z)
determines, via the isomorphisms

Htw
1 (X;Z) ∼= H1

tw(X;Z) → Hom(Htw
1 (X),Z) = Hom(π1(X),Z),

an epimorphism ϕ : π1(X) → Z → Z3. In the Cyclic-Covering Proposition 130.11 we
saw how one can explicitly construct the covering X̂ϕ corresponding to ker(ϕ). Thus

2115It is a good reality check, see Exercise 173.1 to verify that the map on the right hand side is indeed
Z[G]-sesquilinear.



3640

Proposition 173.4 allows us to compute the twisted intersection form Q
Z[Z3]
X by considering

the usual intersection form on the explicit covering X̂ϕ.
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C

X̂ϕ

X

the element 1 ∈ Z3

acts by rotation
by the angle 2π

3

Proof. In the following we use the Replace Universal Covering Proposition 168.6 to replace
the universal covering of X by the covering p : X̂ϕ → X. This approach simpli�es the
notation quite a bit. In particular we now consider the isomorphism

Ω: Ctw
k (X;Z[G]) = Z[G]⊗Z[π] Ck(X̂ϕ) → Ck(X̂ϕ)

g ⊗ (σ : ∆k → YΓ) 7→ (g · σ : ∆k → YΓ)

of Z[G]-left modules from Proposition 168.2. Furthermore, since G is �nite we obtain from
Proposition 168.4 that the maps

Φ: Cktw(X;Z[G]) → Ck(X̂ϕ;Z)
ϕ 7→ σ 7→ e-coe�cient of ϕ(σ) and

Ψ: Ck(X̂ϕ;Z) → Cktw(X;Z[G])

γ 7→
∑
g∈G

g∗(γ) · g

are well-de�ned Z[G]-left homomorphisms and inverses of one another.

Claim 1. Given any µ ∈ Htw
k (X;Z[G]) we have

|G| · PDX̂ϕ
(Ω(µ)) = |G| · Φ(PDX(µ)) ∈ Hdim(X)−k

tw (X̂ϕ).

Proof. We start out with a little calculation. Namely let α ∈ Ck(X;Z[G]) and let
σ : ∆k+l → X̂ϕ. Then we have the following equality in Cl−k(X̂ϕ):

∑
g∈G

g · (g∗Φ(α) XZ (1⊗ σ)) =

∈Z[G]︷ ︸︸ ︷
α(σ ◦ [v0, .., vk]) · σ ◦ [vk, .., vl])

↑
follows from plugging in, as in the proof of Ξ ◦ Φ = id

= Ω((α(σ ◦ [v0, .., vk])⊗ 1︸ ︷︷ ︸
∈Z[G]⊗trZ

)⊗ σ ◦ [vk, .., vl]) = Ω(α X⊗ 1⊗ σ).
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Now we turn to the actual proof of the claim. Given any µ ∈ Htw
k (X;Z[G]) we have the

following equalities in Htw
k (X̂ϕ):

de�nition of PDX̂ϕ
de�nition of PDX

↓ ↓
|G| · PDX̂ϕ

(Ω(µ)) XZ [X̂ϕ] = |G| · Ω(µ) = Ω(PDX(µ) XZ |G| · [X])

= Ω(PDX(µ) XZ p∗([X̂ϕ])) =
∑
g∈G

g · (g∗Φ(PDX(µ)) XZ [X̂ϕ]).
↑ ↑

Fundamental Class-Covering Proposition 106.25 follows from the above calculation

=
∑
g∈G

Φ(PDX(µ)) XZ g · [X̂ϕ] = |G| · Φ(PDX(µ)) XZ [X̂ϕ].
↑ ↑

by Proposition 171.13 (1b) we have since g acts in an orientation-preserving
in general f∗(f∗γ XZ σ) = f∗(σ) way we see that g · [X̂ϕ] = [X̂ϕ]

Since the map −XZ [X̂ϕ] is an isomorphism we obtain the desired statement. �

Claim 2. Given any µ̃ ∈ Cr(X̂ϕ;Z) and ν̃ ∈ Cs(X̂ϕ;Z) we have

Ψ(µ̃) Y
Z[G]

Ψ(ν̃) = |G| ·
∑
k∈G

(
µ̃ Y k · ν̃︸ ︷︷ ︸

∈HomZ(Cr+s(X̃),Z)

)
· k ∈ HomZ[G]−left(Cr+s(X̃),Z[G]).

Proof. Given any µ̃ ∈ Cr(X̂ϕ;Z) and ν̃ ∈ Cs(X̂ϕ;Z) we perform the following calculation
in Z[G]:

de�nition of Ψ de�nition of YZ[G] on page 3603
↓ ↓

Ψ(µ̃) Y
Z[G]

Ψ(ν̃) =
∑
g∈G

g∗µ̃ · g Y
Z[G]

∑
h∈G

h∗ν̃ · h =
∑
g∈G

∑
h∈G

(g∗µ̃ Y h∗ν̃) · gh−1

=
∑
g∈G

∑
h∈G

(µ̃ Y (g−1)∗h∗︸ ︷︷ ︸
=(hg−1)∗

(ν̃)) · gh−1 =
∑
g∈G

∑
k∈G

(µ̃ Y (k−1)∗ν̃) · k
↑ ↑

since by the Cup Product-Naturality Lemma 114.10 we know we rename k = gh−1,
that f∗αY g∗β = f∗(αY β)

=
∑
g∈G

∑
k∈G

(µ̃ Y k · ν̃) · k = |G| ·
∑
k∈G

(µ̃ Y (k−1)∗ · ν̃︸ ︷︷ ︸
k·ν̃

) · k
↑ ↑

by de�nition, see Proposition 168.2, we since the g-summands
have k · ν̃ = (k−1)∗ν̃ are independent of g �

Given any µ ∈ Htw
k (X;Z[G]) and ν ∈ Htw

n−k(X;Z[G]) we perform the following calculation
in Z[G]:

de�nition of QX since Ψ ◦ Φ = id
↓ ↓

|G|3 ·QX(µ, ν) = εX((|G| · PDX(µ) Y
Z[G]
|G| · PDX(ν)) XZ |G| · [X]) =

= εX
((

Ψ(Φ(|G| · PDX(µ))︸ ︷︷ ︸
=|G|·PD

X̂ϕ
(Ω(µ))

) Y
Z[G]

Ψ(Φ(|G| · PDX(ν))︸ ︷︷ ︸
=|G|·PD

X̂ϕ
(Ω(ν))

)
)

XZ |G| · [X]
)

= (∗)

We pick µ̃ ∈ Cn−k(X̂ϕ;Z) that represents |G| · PDX̂ϕ
(Ω(ν)) and we pick ν̃ ∈ Ck(X̂ϕ;Z)

that represents |G| · PDX̂ϕ
(Ω(ν)). Furthermore we pick σ ∈ Cn(X̂ϕ) that represents the

fundamental class [X̂ϕ]. Note that it follows from the Fundamental Class-Covering Propo-
sition 106.25 that p∗(σ) represents |G| · [X]. Then we obtain the following equalities in
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Z[G]:

de�nition of µ̃, ν̃ and σ Claim 2
↓ ↓

(∗) = εX
(
(Ψ(µ̃) YZ[G] Ψ(ν̃)) XZ p∗(σ)

)
= |G| · εX

( ∑
k∈G

((µ̃ Y k · ν̃) · k) XZ p∗(σ)
)

= |G| · εX
( ∑
k∈G

p∗((µ̃ Y k · ν̃) XZ σ) · k
)

= |G| ·
∑
k∈G

εX̂
(
(µ̃ Y k · ν̃) XZ σ

)
· k

↑ ↑
by explicit de�nitions of the cap products by explicit de�nition of εX and εX̂ϕ

= |G| ·
∑
k∈G

εX̂
(
|G| · PDX̂ϕ

(Ω(µ)) Y k · |G| · PDX̂ϕ
(Ω(ν))) XZ [X]

)
· k

↑
choice of µ̃ and ν̃

= |G|3 ·
∑
k∈G

QX̂ϕ
(Ω(µ), k · Ω(ν)) · k ∈ Z[G].

↑
de�nition of QX̂ϕ

Since multiplication by |G|3 is injective in Z[G] we obtain the desired result.2116 �

Exercises for Chapter 173.

Exercise 173.1. Let G be a �nite group, letM be a Z[G]-left module and let Θ: M×M →
Z be a pairing. Show that

M ×M → Z[G]

(r, s) 7→
∑
g∈G

Θ(r, g · s) · g ∈ Z[G]

is Z[G]-bilinear.

2116Frankly I �nd it weird that this fact gets used, one would naively think that the same statement also
holds if we replace Z by F2.
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174. Local coefficients

In the last chapters we introduced and discussed the main properties of (co-) homology with
twisted coe�cients. It was fairly easy to develop this theory with o�-the-shelves methods
and it works quite well when we want to study a single topological spaces.

But it has the awkward feature that it depends on the choice of a base point and that it
is very di�cult to study maps between di�erent topological spaces. In the next chapter we
will introduced (co-) homology with local coe�cients. This concept recti�es many of the
issues we had with (co-) homology with twisted coe�cients. But before we can talk about
(co-) homology with local coe�cients we need to introduce the notion of a local coe�cient
system over a topological space. That is what we will do in this chapter.

174.1. Local coe�cients.

De�nition. Let X be a topological space and let G be an abelian group. A G-local
coef�cient system on X consists of the following:
(1) a topological space C,
(2) a map p : C → X,
(3) a group structure on each �ber Cx := p−1(x), with x ∈ X.

such that the following condition is satis�es: Given any x ∈ X there exists an open
neighborhood U of x and a homeomorphism f : p−1(U)→ G×U , where we equip G with
the discrete topology, such that the following two conditions are satis�ed:2117

(1) The following diagram commutes:

p−1(U)

p
''

f

∼=
// G× U

(g,x) 7→xww
U.

(2) For each x ∈ U the map Cx = p−1(x)→ G× {x} is an isomorphism of groups.2118

Given a ring R we de�ne in a very similar way an R-left module local coef�cient system
on X. If the group or the module are irrelevant, then we just talk of a local coef�cient
system.
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zero elements in the �bers

X

R-local coe�cient
system C

p open subset of C

Our �rst example of a local coe�cient system gets an immediate upgrade to a de�nition.

De�nition. Let X be a topological space and let G be an abelian group. We equip G
with the discrete topology and we equip G × X with the product topology. We denote
by p : G × X → X the natural projection. It is clear that p de�nes a G-local coe�cient
system on X. We refer to it as the trivial G-local coef�cient system and we denote it by
trG.

2117Later we will call such a map f a local trivialization.
2118Here we give G× {x} the obvious group structure coming from G.
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The following de�nition shows that a local coe�cient system gives to many other local
coe�cient systems.
De�nition. Let X be a topological space, let G be an abelian group, and let p : C → X
be a G-local coe�cient system. Given any subspace U Ă X we refer to

p|U : p−1(U) → X

as the restriction of p : C → X to U . It is straightforward to verify that this is again a
G-local coe�cient system.

Lemma 174.1. Let X be a topological space and let G be an abelian group. Every G-
local coe�cient system p : C → X is a covering map, in the sense of the de�nition on
page 1067.

Proof. This lemma is a special case of Lemma ?? (1). For the reader's convenience let us
recall the argument. Since groups are by de�nition non-empty we see that p : C → X is
surjective. Now let x ∈ X. By de�nition there exists an open neighborhood U of x and a
homeomorphism f : p−1(U) → G × U , where we equip G with the discrete topology, such
that the following diagram commutes:

p−1(U)

p
''

f

∼=
// G× U

(g,x)7→xww
U.

It follows now easily from Exercise 5.4 that U is evenly covered. �

The following lemma can be viewed as an analogue of Lemma 143.3.
Lemma 174.2. Let p : C → X be a local coe�cient system and let W be a topological
space.
(1) Let f : W → X be a map. The map

f̃ : W → C
w 7→ the unique zero element in p−1(f(w))

is continuous. We refer to it as the zero-lift of f .
(2) Let f, g : W → C be two maps with p ◦ f = p ◦ g. Then the maps

W → C
w 7→ f(w) + g(w)︸ ︷︷ ︸

addition in the abelian
group p–1(f(w))

and
W → C
w 7→ −f(w)

are also continuous.
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X

local coe�cient system Cp
f

zero lift

W

Proof. Note that by the Pasting Proposition 2.6 we have to verify continuity only locally.
But locally the statement follows easily from the de�nition of a local coe�cient system. �
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The following de�nition is the analogue of the de�nition of a bundle map of vector bundles
that we introduced on page 3068.
De�nition. Let G and H be abelian groups.
(1) Let X and Y be topological spaces, let p : C → X be a G-local coe�cient system

and let q : D → X be an H-local coe�cient system. A morphism from the G-local
coef�cient system p : C → Y to the H-local coef�cient system q : D → Y is a pair of
maps Φ: E → F and ϕ : X → Y such that the following two conditions are satis�ed:
(a) The following diagram commutes:

C
p
��

Φ // D
q
��

X
ϕ

// Y.

(b) For each x ∈ X the map f : Cx = p−1(x) → q−1(ϕ(x)) = Dϕ(x) is a homomor-
phism of abelian groups.

(2) Let X be a topological space, let p : C → X be a G-local coe�cient system and
let q : D → X be an H-local coe�cient system. A morphism over X from the G-
local coef�cient system p : C → X to the H-local coef�cient system q : D → X is
a morphisms as in (1) but with ϕ = idX . This notion turns the local coe�cient
systems over a given topological space into a category. In particular it also allows
us to say what it means for two local coe�cient systems over a topological space X
to be isomorphic.

The following de�nition is the analogue of the de�nition of a trivialization of a vector bundle
that we gave on page 3063.
De�nition. Let p : F → X be a G-local coe�cient system.
(1) We say p is trivializable if p is isomorphic to the trivial G-local coe�cient system

trG = G×X.
(2) Any choice of an isomorphism E → trG = G × X is called a trivialization of the

G-local coef�cient system.

We have the following analogue of Proposition 143.18.
Proposition 174.3. Let p : C → X be a G-local coe�cient system over a topological
space X and let Φ: C → trG = G ×X be a trivialization. We denote by q : G ×X → G
the projection. We equip Aut(G) with the discrete topology.
(1) If f : X → Aut(G) is a continuous map, then the map

C → G×X
c 7→ (p(c), f(p(c))︸ ︷︷ ︸

∈Aut(G)

(q(Φ(c))︸ ︷︷ ︸
∈G

)

is also a trivialization.
(2) Every trivialization of p : C → X is of the form described in (1).

Proof. The proof is similar to the rather terse proof of Proposition 143.18. �

174.2. Local coe�cient systems and modules over group rings. In the Vector
Bundles-from-Representation 143.1 we showed that representations π1(X, x0)→ GL(n,R)
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gives rise to n-dimensional real vector bundles. The following lemma now shows that
representations also give rise to local coe�cient systems.
Proposition 174.4. Let X be a topological space that is locally contractible and path-
connected and let x0 ∈ X. We write π := π1(X, x0). We denote by p : X̃x0 → X the
natural universal covering that de�ned on page 1370. Furthermore let M be a Z[π]-left
module, i.e. let M be an abelian group and suppose we are given a group homomorphism
ϕ : π → Aut(M). As on page 3503 we denote by M the Z[G]-left module that is given by
m ·

M
g := g−1 ·

M
m. With slightly risque notation we set

ϕM := M ×π X̃x0 := (M × X̃x0)/∼ where (m · g, x) ∼ (m, g · x)

We equip M with the discrete topology, we equip M × X̃x0 with the product topology and
�nally we equip ϕM := (M × X̃x0)/ ∼ with the quotient topology.
(1) The map q : M ×π X̃x0 → X

[(m,x)] 7→ p(x)

is continuous.
(2) Let x ∈ X. We pick a path µ : [0, 1]→ X from x0 to x. The map

q−1(x) → M
[(m, [α])] 7→ ϕ([µ ∗ α︸ ︷︷ ︸

loop in x0

])(m)

↑
path from x0 to x

is well-de�ned and a bijection. We use the abelian group structure on M and this
bijection to de�ne a group structure on q−1(x). This group structure does not depend
on the choice of µ.

All this data combined de�nes an M -local coe�cient system on X.

Proof. The proof of the proposition is almost the same as the proof of the Vector Bundles-
from-Representation 143.1. We leave it to the reader to make the necessary modi�cations.

�

Example. Let X be a topological space that is locally contractible and path-connected
and let x0 ∈ X. We denote by p : X̃x0 → X the natural universal covering. Furthermore
let V be an abelian group. Let tr : π1(X, x0)→ Aut(V ) be the trivial homomorphism. One
can easily verify that the map

trV = V ×π1(X,x0) X̃x0 → trV = V ×X
(v, x̃) 7→ (v, p(x̃))

is an isomorphism of local coe�cient systems, in other words, it is a trivialization of the
V -local coe�cient system trV .

If X is locally contractible and path-connected, then the converse holds. More precisely we
have the following proposition.
Proposition 174.5. Let X be a topological space that is locally contractible and path-
connected and let p : C → X be a G-local coe�cient system. Let x0 ∈ X. We denote
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by p : X̃x0 → X the natural universal covering. There exists a Z[π1(X, x0)]-left module
structure on G such that the corresponding local coe�cient system is isomorphic to the
given G-local coe�cient system p : C → X.
Proof. Let x0. Since p : C → X is a G-local coe�cient system we know that the �ber
p−1(x0) is isomorphic to G.
Claim. The map

ϕ : π1(X, x0) → Aut(p−1(x0))

[γ] →


p−1(x0) → p−1(x0)

g 7→
by Lemma 174.1 and Proposition 48.11 there exists

a unique lift γ̃ : [0, 1]→ C of γ : [0, 1]→ X,
with γ(0) = g, we set ϕ([γ])(g) := γ̃(1)


is well-de�ned.
Proof. It follows immediately from Corollary 48.13 that the de�nition does not depend on
the choice of the representative γ : [0, 1] → X of the given element in π1(X, x0). Further-
more it follows easily from Lemma 174.2 that given [γ] ∈ π1(X, x0) the corresponding map
ϕ([γ]) : p−1(x0) → p−1(x0) is indeed a group homomorphism, i.e. it de�nes an element in
End(p−1(x0)). But one can also easily show that ϕ is a homomorphism of monoids, which
then also implies that each ϕ(g) is actually an automorphism of p−1(x0). �
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X

lift γ̃ : [0, 1]→ C with γ̃(0) = g
p−1(x0)

γ : [0, 1]→ X
x0

g

Now we need to show that the G-local coe�cient system that is de�ned by ϕ is isomorphic
to the G-local coe�cient system we started out with. We consider the map

Θ: p−1(x0)× X̃x0 → C

(g, [γ]) 7→
by Lemma 174.1 and Proposition 48.11 there exists a unique

lift γ̃ : [0, 1]→ C of γ : [0, 1]→ X with γ(0) = g,
we set Θ([γ])(g) := γ̃(1)

It follows again almost immediately from Corollary 48.13 that the de�nition does not
depend on the choice of the representative γ : [0, 1]→ X of the given point in M̃ . One can
easily verify that the map Θ descends to a map

p−1(x)×π1(X,x0) X̃x0 → C.

This map commutes with the projections to X and one can easily verify that it is an
isomorphism on the �bers. It follows easily from the de�nition of a local coe�cient system
that this implies that the map is in fact an isomorphism of local coe�cient systems. �

174.3. Pullbacks of local coe�cient systems.
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De�nition. Let ϕ : X → Y be a map between topological spaces and let q : C → Y be a
G-local coe�cient system on Y . We consider the pullback

ϕ∗C := {(x, v) |x ∈ X and v ∈ q−1(ϕ(x))} Ă X × C,
which is equipped with the subspace topology and we consider the map

p : ϕ∗C := {(x, v) |x ∈ X and v ∈ q−1(ϕ(x))} → X
(x, v) 7→ x.

Furthermore given any x ∈ X we equip p−1(x) = {x}×q−1(ϕ(x)) with the group structure
that is already given on q−1(ϕ(x)).
The pullback of a G-local coe�cient system behaves in a similar fashion as the pullback of
(vector) bundles that we had studied earlier. Since these statements are at times somewhat
subtle it is worth spelling them out again.

The following lemma is the analogue of Lemmas ?? and 143.8.
Lemma 174.6. Let ϕ : X → Y be a map between topological spaces and let q : C → Y
be a G-local coe�cient system on Y . We consider the pullback

ϕ∗C := {(x, v) |x ∈ X and v ∈ q−1(ϕ(x))} Ă X × C.
which we equip with the subspace topology, the map p : ϕ∗C → X and the group structure
on the �bers as described above.
(1) The map p : ϕ∗C → X together with the group structures on the �bers is a G-local

coe�cient system over X.
(2) The maps (x, v) 7→ v and ϕ de�ne a morphism of local coe�cient systems:

ϕ∗C
p
��

(x,v)7→v
// C

q
��

X
ϕ

// Y.

(3) If we are given a morphism of local coe�cients

C
r
��

Φ // D
q
��

X
ϕ

// Y

such that for each x ∈ X the map Φ|Cx : Cx → Dϕ(x) is an isomorphism, then the
local coe�cient system C → D is naturally isomorphic to the pullback ϕ∗D → X.

Proof. The proof is almost identical to the straightforward proof of Lemmas ?? and 143.8.
�

We continue with the analogue of Lemmas ?? and 143.9.
Lemma 174.7. Let ϕ : X → Y be a map between topological spaces and let q : F → Y
be a G-local coe�cient system on Y . We consider the pullback

ϕ∗F := {(x, v) |x ∈ X and v ∈ q−1(ϕ(x))} Ă X × F.
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which we equip with the subspace topology, the map p : ϕ∗F → X and the group structure
on the �bers as described above.
(1) The pullbacks of isomorphic G-local coe�cient systems are isomorphic.
(2) Let q : G× Y = trG→ Y be the trivial G-local coe�cient system. The map

ϕ∗ trG → trG
(x, (g, y)) 7→ (g, x)

is a natural isomorphism from the pullback of the trivial G-local coe�cient system
on Y to the trivial G-local coe�cient system on X.

(3) The pullback of a trivializable G-local coe�cient system is trivializable.
(4) If q : F → Y is a G-local coe�cient system and if X is a subset of Y with inclusion

map i : X → Y , then
i∗F → q−1(X)

(x, v) 7→ v

is a natural isomorphism from the G-local coe�cient system i∗F → X to the re-
striction of F to the G-local coe�cient system q−1(X)→ X.

Proof. The proof is almost identical to the straightforward proof of Lemmas ?? and 143.9.
�

Finally the next lemma says that pullbacks are contravariantly functorial. The lemma is
the analogue of Lemmas ?? and 143.10.
Lemma 174.8.
(1) Let q : F → Z be a G-local coe�cient system. Then

id∗Z F → F
(z, v) 7→ v

is a natural isomorphism from the pullback G-local coe�cient system id∗Z F → Z to
the original G-local coe�cient system q : F → Z.

(2) Let q : F → Z be a G-local coe�cient system. If ϕ : X → Y and ψ : Y → Z are
maps between topological spaces, then

ϕ∗(ψ∗F ) → (ψ ◦ ϕ)∗F
(x, (y, v)) 7→ (x, v)

is a natural isomorphism between the double pullback G-local coe�cient system
ϕ∗(ψ∗F )→ X to the pullback G-local coe�cient system (ψ ◦ ϕ)∗F → X.

Proof. The proof is almost identical to the straightforward proof of Lemmas ??, ??
and 143.8. �

Lemma 174.9. LetX be a topological space that is locally contractible and path-connected.
Let x0 ∈ X. We write π := π1(X, x0). Furthermore let M be a Z[π]-left module, i.e. let
M be an abelian group and suppose we are given a group homomorphism ϕ : π1(X, x0)→
Aut(M). Let A Ă X be a subspace that is also locally contractible and path-connected and
that contains x0. We denote by i : A→ X the inclusion map and we write Γ := π1(A, a0).
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We equip A with the representation ϕ ◦ i∗ : Γ = π1(A, x0)→ Aut(M). Then the map

ϕ◦i∗M → i∗ ϕM
(v, [α]) 7→ (α(1), [(v, [α])]︸ ︷︷ ︸

∈M×πX̃x0

)

↑
α is a path in A with α(0) = x0

is a natural isomorphism from theM -local coe�cient system ϕ◦i∗M → A corresponding to
the representation ϕ ◦ i∗ : π1(A, x0)→ Aut(M) to the pullback M -local coe�cient system
i∗ ϕM → A.
Proof. We consider the following heroic map:

i∗ ϕM → ϕ◦i∗M
(a, [(v, [γ])]) 7→ [(ϕ([γ ∗ α])(v), α)]

↑ ↑
γ is a path in M we pick a path α in A
with γ(0) = x0 with α(0) = x0 and α(1) = a

We leave it to the reader to show that the given maps ϕ◦i∗M → i∗ ϕM and i∗ ϕM → ϕ◦i∗M
are morphisms of M -local coe�cients and that they are inverses of one another. �

174.4. Local coe�cient systems and homotopies. In the Vector Bundles-Homotopies
Proposition 143.13 we studied pullbacks of vector bundles under homotopic maps. The
following is now the analogue of the Vector Bundles-Homotopies Proposition 143.13 in our
present context.
Proposition 174.10. Let G be an abelian group.
(1) Let q : F → Y be a G-local coe�cient system, let X be a topological space and

�nally let ϕ0, ϕ1 : X → Y be two maps.
(a) Every homotopy Φ: X × [0, 1] → Y between ϕ0 and ϕ1 naturally de�nes an

isomorphism between the G-local coe�cient systems ϕ∗0F → X and ϕ∗1F → X.
(b) In particular, if ϕ0 and ϕ1 are homotopic, then the G-local coe�cient systems

ϕ∗0F → X and ϕ∗1F → X are isomorphic.
(2) Let X be a topological space. If X is contractible, then every G-local coe�cient

system over X is trivializable.

De�nition. Let G be an abelian group.
(1) If q : F → X is a G-local coe�cient system and if Y is a topological space, then the

product topological space F × Y together with the map

q × idY : F × Y → X × Y
(v, y) 7→ (q(v), y)

de�nes a G-local coe�cient system in the obvious way
(2) Let p : F → X × [0, 1] be a G-local coe�cient system. Given t ∈ [0, 1] we consider

the G-local coe�cient system

pt : Ft := p−1(X × {t}) p−→ X × {t} (x,t) 7→x−−−−−→ X.

Lemma 174.11. Let X be a topological space and let p : F → X × [0, 1] be a G-local
coe�cient system. As above we consider the G-local coe�cient system p0 : F0 := p−1

0 (X ×
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{0})→ X. There exists a unique isomorphism of G-local coe�cient systems

F
Φ

∼=
//

p ((

F0 × [0, 1]

p0×id[0,1]uu

X × [0, 1]

over X × [0, 1] such that for any x ∈ X and v ∈ p−1(x, 0) we have

Φ(v) = (v, 0).
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F
∼=

X × {0}

X × [0, 1] ×[0, 1]

F0

p p0

X

Proof of Lemma 174.11. We start out with the following claim.

Claim 1. Let p : F → Y × [a, c] be a G-local coe�cient system and let b ∈ [a, c]. If the
restrictions of p to Y × [a, b] and to Y × [b, c] are both trivializable, then so is the restriction
of p to Y × [a, c].

Proof. Since the restrictions of p to Y × [a, b] and to Y × [b, c] are both trivializable we can
pick trivializations Φ: p−1(Y ×[a, b])→ G×Y ×[a, b] and Ψ: p−1(Y ×[b, c])→ G×Y ×[b, c].
We denote by q : G × Y × [a, c] → G the projection. It follows almost immediately from
Proposition 174.3 that there exists a continuous map Θ: Y × {b} → Aut(G) such that for
all v ∈ p−1(Y × {b}) we have q(Φ(v)) = Θ(p(v)) · q(Ψ(v)) ∈ G. It is straightforward to
verify that

p−1(Y × [a, c]) → G× Y × [a, c]

v 7→
{

Φ(v), if p(v) ∈ Y × [a, b],
(p(v),Θ(p(y, b)) · q(Ψ(v))), if p(v) = (y, t) ∈ Y × [b, c]

is an isomorphism of G-local coe�cient systems. �
Now we turn to the actual setting of the lemma. Thus let p : F → X × [0, 1] be G-local

coe�cient system over a topological space X.

Claim 2. For every x ∈ X there exists an open neighborhood Ux of x ∈ X and a trivial-
ization Θx : p−1(Ux × [0, 1]) → G× Ux × [0, 1].

of the restriction of the G-local coe�cient system p : E → X × [0, 1] to Ux × [0, 1].

Proof. Let x ∈ X. By de�nition of a local coe�cient system and by compactness of
[0, 1] there exist neighborhoods V1, . . . , Vm of x and 0 = t0 < · · · < tm = 1 such that the
restriction of p : E → X× [0, 1] to each Vi× [ti−1, ti] is trivializable. It follows from Claim 1
that the restriction of p to (V1∩· · ·∩Vm)×[0, 1] is also trivializable. Thus Ux := V1∩· · ·∩Vm
admits such a trivialization Φx. �
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We denote by r : X × [0, 1]→ X and s : X × [0, 1]→ [0, 1] the obvious projection. Now
let x ∈ X. We de�ne

ΦUx : p−1(Ux × [0, 1]) → p−1(Ux × {0})× [0, 1]

v 7→ we write Θx(v) = (g, y, t) ∈ G× Ux × [0, 1] and
we set ΦUx(v) = (Θx(y, 0, g), t).

Note that this map is continuous and an isomorphism on the �bers. Let y ∈ X. It follows
from Proposition 174.3 together with the Connected-to-Discrete Lemma 2.27 applied to
the map y × [0, 1] → p−1({(y, 0)}) that this map does not depend on the choice of x ∈ X
with y ∈ Ux. Thus it follows from the Pasting Proposition 2.6 that these maps Φx de�ne
a continuous map Φ: F → F0 × [0, 1] that is an isomorphism of local coe�cient systems.
Basically by de�nition we Φ(v) = (v, 0) for every x ∈ X and v ∈ p−1(x, 0). �

The following corollary is somewhat similar to Lemma 143.14.

Corollary 174.12. Let X be a topological space. We denote by i0 : X
x 7→ (x, 0)−−−−−→X × [0, 1]

and i1 : X
x 7→ (x, 1)−−−−−→X× [0, 1] the obvious embeddings. Given any G-local coe�cient system

p : F → X × [0, 1] the pullbacks i∗0F and i∗1F are naturally isomorphic.
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i1

i0 X × [0, 1]

p

F

Proof of Corollary 174.12. Let Φ: F → F0×[0, 1] be the unique isomorphism of G-local
coe�cient systems over X × [0, 1] from Lemma 174.11. Note that for t ∈ [0, 1] we have

i∗t (F0 × [0, 1]) = {(x, v, t) ∈ X × F0 × [0, 1] | v ∈ p−1(x, 0)}.
Then we see that

i∗0F
∼= i∗0(F0 × [0, 1]) ∼= i∗1(F0 × [0, 1]) ∼= i∗1F.
↑ ↑ ↑

via the isomorphism Φ a natural isomorphism is via the isomorphism Φ−1

given by (x, v, 0) 7→ (x, v, 1) �

The same way as we deduced the Vector Bundles-Homotopies Proposition 143.13 from
Lemma 143.14 we can now deduce Proposition 174.10 from Corollary 174.12

Proof of Proposition 174.10.

(1) Let q : F → Y be a G-local coe�cient system, let X be a topological space and let
H : X × [0, 1] → Y be a homotopy between two maps f0, f1 : X → Y . We denote
by i0, i1 : X → X × [0, 1] the two obvious inclusions. Now we see that we have the
following natural isomorphism

f ∗0F = (H ◦ i0)∗F ∼= i∗0(H∗F ) ∼= i∗1(H∗F ) ∼= (H ◦ i1)∗F = f ∗1F.↑ ↑ ↑ ↑ ↑
since f0 =H◦i0 Lemma 174.7 Corollary 174.12 Lemma 174.7 since f1 =H◦i1

(2) Let F → X be a G-local coe�cient system over a topological space that is con-
tractible. We pick x0 ∈ X. By the Contractibility Criterion Lemma 15.2 the in-
clusion map i : {x0} → X is a homotopy equivalence. We denote by p : X → {x0}
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the unique map. Note that p ◦ i is homotopic to i. Thus we have the following
isomorphisms of G-local coe�cient systems on X:

F ∼= (idX)∗F ∼= (i ◦ p)∗F ∼= p∗(i∗F ).
↑ ↑ ↑

Lemma 174.7 Statement (1) Lemma 174.7.

Note that i∗F is a local coe�cient system on a point, hence trivializable. Thus F is
isomorphic to the pullback of a trivializable local coe�cient system. Thus we obtain
from Lemma 174.7 that F is trivializable. �

174.5. Tensor products of local coe�cient systems. The reader will have noticed
that G-local coe�cients are somewhat similar in spirit to vector bundles. In Section 143.8
we saw that many well-known constructions in linear algebra also work for vector bundles.
For example we saw how to take the tensor product of two vector bundles. Similarly we
can now construct new local coe�cient systems out of given ones. This leads us to the
following de�nition, which is modelled on the de�nition of the tensor product of vector
bundles that we gave on page 3080.
De�nition. Let X be a topological space, let p : E → X be a G-local coe�cient system
and let q : F → X be an H-local coe�cient system. We consider the set

E ⊗Z F :=
⊔
x∈X

p−1(x)⊗Z q
−1(x)︸ ︷︷ ︸

abelian group

with the obvious map r : E ⊗Z F → X.

We equip E ⊗Z F with the smallest topology that has the property that for any open
subset U Ă X and any two trivializations φ : p−1(U) → G × U and ψ : q−1(U) → U ×H
the map

r−1(U) → U ×
discrete topology︷ ︸︸ ︷

(G⊗Z H)
vx ⊗ wx 7→ (x, φx(vx)⊗ ψx(wx))

is a homeomorphism. One can now easily show that r : E ⊗Z F → X is a G ⊗ H-local
coe�cient system. It is called the tensor product of the local coef�cient systems E and F .

Lemma 174.13. Let X be a topological space and let p : E → X be a G-local coe�cient
system.
(1) The map µ : E ⊗Z trZ → E

(e⊗ n) 7→ n · e
is a natural isomorphism of G-local coe�cient systems.2119

(2) If q : F → X is another local coe�cient system, then

τ : E ⊗Z F → F ⊗Z E
e⊗Z f 7→ f ⊗Z e

is a natural isomorphism of G-local coe�cient systems.

Proof. We leave the veri�cation of both statements to the reader. �

2119Note that if G and G′ are isomorphic abelian groups, then a G-local coe�cient system is the same as a
G′-local coe�cient system. In particular every G⊗Z Z-local coe�cient system is also a G-local coe�cient
system.
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Exercises for Chapter 174.

Exercise 174.1. Let X be a topological space that is locally contractible and path-
connected and let x0 ∈ X. Let M and N be abelian groups and let ϕ : Aut(M) and
ψ : Aut(N) be representations. We consider the corresponding Z[π1(X, x0)]-left modules
M and N and we consider the corresponding Z[π1(X, x0)]-left module M ⊗ZN . As we saw
in Proposition 174.4 these modules give rise to local coe�cient systems that we denote by
ϕM , ϕN and ϕ⊗ψM ⊗Z N . Show that the tensor product of the local coe�cient systems
ϕM and ϕN is isomorphic to the ϕ⊗ψM ⊗Z N .

Exercise 174.2. Let X be a topological space and let 0 → A → B → C → 0 be a short
exact sequence of local coe�cient systems over X. Show that this give rise to short exact
sequences of (co-) homology groups with local coe�cients.
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175. (Co-) homology with local coefficients

175.1. Homology with local coe�cients.

De�nition. Let X be a topological space, let G be an abelian group and let p : E → X
be a G-local coe�cient system.
(1) Given two singular k-simplices σ1, σ2 : X → E in C with p ◦ σ1 = p ◦ σ2 we now

de�ne21202121 σ1+̃σ2 : ∆k → E
x 7→ σ1(x) + σ2(x)︸ ︷︷ ︸

sum in the �ber Ex

.

(2) As usual we denote by Ck(E) the set of singular k-chains in the topological space E.
Now we set Clc

k (X;E) := Ck(E)/ ∼
where ∼ is the equivalence relation generated by the relation that for two singular
k-simplices σ1, σ2 in E with p ◦ σ1 = p ◦ σ2 we set σ1 + σ2 ∼ σ1 +̃ σ2.

(3) Given a singular k-simplex σ : X → E we refer to corresponding element in Clc
k (X;E)

as a singular k-simplex with coef�cients in E.
(4) We refer to an element of Clc

k (X;E) as a singular k-chain with coef�cients in E.

X

σ1

σ2

[σ1 +̃ σ2] = [σ1 + σ2] ∈ Ck(X,E)

E

p

Convention. Let X be a topological space and let p : E → X be a local coe�cient system.
To preserve sanity in our notation we will usually not distinguish between a singular k-
simplex with coe�cients in E and the element it represents in Clc

k (X;E).

Lemma 175.1. (Unique Simplex Lifting Lemma) Let X be a topological space and
let p : E → X be a local coe�cient system. Furthermore let σ : ∆n → X be a singular
simplex, let q ∈ ∆n and let e ∈ E such that p(e) = σ(q). There exists a unique singular
simplex σ̃ : ∆n → E with p ◦ σ̃ = σ : ∆n → X and σ̃(q) = e.

�
�
�
�

�
�
�
�

��

��

����

X
σ

σ̃

q
e

E

p

Proof. By Lemma 174.1 we know that p : E → X is a covering map. Thus the state-
ment follows from general covering theory. More precisely, it follows from the Map Lifting
Criterion 61.2 together with with the observation that ∆n is simply connected and locally
path-connected. �

2120By Lemma 174.2 we know that σ1 +̃ σ2 : ∆k → E is continuous.
2121Since G is abelian we see that σ1 +̃ σ2 = σ2 +̃ σ1. It is a fun exercise to �gure out where this actually
gets used.



3656

On page 1585 we introduced the boundary maps in the ordinary singular chain complexes.
Since Clc

k (X;E) is a quotient of Ck(E) we do not need to be very creative when it comes
to de�ning a boundary map on Clc

k (X;E):

De�nition. Let X be a topological space and let p : E → X be a local coe�cient system
We refer to2122 ∂n : Clc

k (X;E) → Clc
k−1(X;E)[ k∑

i=1
(σi : ∆n → E)︸ ︷︷ ︸
∈Ck(E)

]
7→

[ k∑
i=1

∂kσi︸︷︷︸
∈Ck−1(E)

]
as the k-th boundary map.
By Proposition 72.2 we know that each ∂k−1 ◦ ∂k : Ck(E) → Ck−2(E) is the zero map.
It follows immediately that (Clc

∗ (X;E), ∂∗) is a chain complex. Thus we can de�ne the
corresponding homology groups.
De�nition. Let X be a topological space and let p : E → X be a local coe�cient system.
Given n ∈ N0 we de�ne the n-th singular homology group of X with E-coef�cients as the
quotient group

Hlc
n (X;E) :=

ker(∂n : Clc
n (X;E)→ Clc

n−1(X;E))

im(∂n+1 : Clc
n+1(X;E)→ Clc

n (X;E))
.

Remark. The literature contains many di�erent, but essentially equivalent, de�nitions of
homology groups with coe�cients in a local coe�cient systems. We refer to [KwS2018,
p. 284], [DaK2001, Chapter 5.3], [WhdG1978, Chapter VI.2] for slightly di�erent def-
initions. Our de�nition is basically the same as the de�nition given in [Hat2002, Chap-
ter 3.H]. There are few sources that study homology with local coe�cients in details, the
most thorough source seems to be [WhdG1978, Chapter VI].

From ordinary homology we are used to the fact that maps between topological spaces
induces maps between homology groups. A similar statements holds for homology with
local coe�cients, but, as in the case of homology with twisted coe�cients that we studied
on page 3542, some care needs to be taken to work with matching local coe�cient systems.
De�nition. Let f : X → Y be a map between topological spaces and let p : E → Y be a
G-local coe�cient system on Y . We denote by q : f ∗E → E the projection. We de�ne

f∗ : Clc
k (X; f ∗E) → Clc

k (Y ;E)
[σ : ∆k → f ∗E] → [q ◦ σ : ∆k → E]

One can easily verify that these maps are well-de�ned and that they form a chain map.
Thus we obtain induced maps

f∗ : Hlc
k (X; f ∗E) → Hlc

k (Y ;E).

The previous de�nition now also allows us to introduce relative homology with local coef-
�cients.

2122Let ikj : ∆k−1 → ∆k be the face maps as de�ned on page 1585. Let σ1, σ2 : ∆k → X be two singular
simplices with p ◦ σ1 = p ◦ σ2. It follows easily from the de�nitions that ikj ◦ σ1 +̃ ikj ◦ σ2 = ikj ◦ (σ1 +̃ σ2). It
follows from this observation that the usual boundary map ∂n descends to a map Clc

k (X;E)→ Clc
k−1(X;E).
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De�nition.
(1) LetX be a topological space, let A Ă X, let G be an abelian group and let p : E → X

be a G-local coe�cient system. We denote by i : A→ X the inclusion. We set

Clc
n (X,A;E) := coker(i∗ : Clc

n (A; i∗E)→ Clc
n (X;E)).

By Lemma 166.1 we know that the chain map on Clc
n (X;E) descends to a chain map

on Clc
n (X,A;E). Thus we can set

Hlc
n (X,A;E) := Hn(Clc

∗ (X,A;E)).

(2) If we are given a map f : (X,A) → (Y,B) of pairs of topological spaces and if we
are given a G-local coe�cient system E on Y , then as before we get induced maps
f∗ : Clc

k (X,A; f ∗E)→ Clc
k (Y,B;E) and f∗ : Hlc

k (X,A; f ∗E)→ Hlc
k (Y,B;E).

The following lemma, which can be viewed as a generalization of Lemma 89.7 and an
analogue of Lemma 167.4 says that singular homology with local coe�cients is covariantly
functorial in the local coe�cient system.

Lemma 175.2. Let X be a topological space and let A Ă X.
(1) Let ϕ : E → F be a morphism from a G-local coe�cient system p : E → X to an

H-local coe�cient system q : F → X. The maps

ϕ∗ : Clc
k (X,A;E) → Clc

k (X,A;F )
[σ : ∆k → E] → [ϕ ◦ σ : ∆k → F ]

are a well-de�ned chain map and thus they induce maps

ϕ∗ : Hlc
k (X,A;E) → Hlc

k (X,A;F ).

(2) With the obvious interpretations we have (ψ ◦ ϕ)∗ = ψ∗ ◦ ϕ∗ and id∗ = id.

Proof. We leave the elementary proof of the lemma to the reader. �

The following lemma shows that homology with local coe�cients is �almost� covariantly
functorial.
Lemma 175.3. Let p : F → Z be a G-local coe�cient system on a topological space Z
and let C Ă Z.
(1) The natural isomorphism between the G-local coe�cient systems id∗ F and F that

we gave in Lemma 174.7 induces the map id∗ : Hlc
k (Z,C; id∗ F )→ Hlc

k (Z,C;F ).
(2) Let ϕ : (X,A)→ (Y,B) and ψ : (Y,B)→ (Z,C) be maps between pairs of topolog-

ical spaces We have the following commutative diagram:

Hlc
k (X,A;ϕ∗(ψ∗(F )))

ψ∗◦ϕ∗
--∼=

natural isomorphism
from Lemma 174.7
and Lemma 175.2

��

Hlc
k (Z,C;F )

Hlc
k (X,A; (ψ ◦ ϕ)∗(F ))

(ψ◦ϕ)∗

11

Remark. Lemma 175.3 plays the same role as the Twisted Homology-Functoriality Propo-
sition 167.9 did for homology with twisted coe�cients. Note that the statement for ho-
mology with twisted coe�cients is much neater though, since we do not need the awkward
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vertical map to go from one coe�cient system to another. On the other hand, when we are
dealing with twisted coe�cients we have to constantly worry about base points.

Proof. All the statements follows immediately from the de�nitions. We leave it to the
reader to provide the details. �

We formulate our �rst example as a lemma. It says that homology with local coe�cients in
a trivial G-local coe�cient system is basically the same as our old friend, namely singular
homology with G-coe�cients.
Lemma 175.4. Let X be a topological space, let A Ă X and let G be an abelian group.
We denote by p : trG := G×X → X the corresponding trivial G-local coe�cient system
that we introduced on page 3643.
(1) The maps

T : Ck(X,A)⊗Z G → Clc
k (X,A; trG) = Clc

k (X,A;G×X)
σ ⊗ g 7→ the lift σ → G×X given by x 7→ (σ(x), g)

de�ne a chain isomorphism that is natural in the sense that given a homomorphism
ϕ : G→ H between abelian groups the following diagram commutes:

Ck(X,A;G)

T
��

ϕ∗
// Ck(X,A;H)

T
��

Clc
k (X,A; trG)

ϕ∗
// Clc

k (X,A;H trH)

and it is natural in the sense that given any map f : (X,A)→ (Y,B) between pairs
of topological spaces the following diagram commutes:

Ck(X,A;G)

T
��

f∗
// Ck(Y,B;G)

T
��

Clc
k (X,A; trG)

isomorphism from

Lemma 174.7
// Clc

k (X,A; f ∗(trG))
f∗

// Clc
k (Y,B; trG).

(2) The natural chain isomorphisms from (1) give rise to isomorphisms

Hk(X,A;G)
∼=−−→ Hlc

k (X,A; trG)

that are natural in the above sense.
Proof. We denote by p : G×X → X and q : G×X → G the two projections. We consider
the map

Clc
k (X,A;G×X) → Ck(X,A)⊗Z G

[σ : ∆k → G×X] 7→ σ ⊗ g,where g is the unique g ∈ G with q(σ(∆k)) = {g}.
We leave it to the reader to show that the two given maps are chain maps, that they are
natural in the stated sense and that they are inverses of one another. �

In the Homotopy Equivalence-H∗-Corollary 73.9 and Proposition 74.15 we showed that
homotopic maps induce chain homotopic maps on (relative) singular chain complexes. In
Corollary 167.14 we saw that an analogous statement also holds for (co-) homology with
twisted coe�cients. The following proposition is the �local coe�cient� analogue.
2122By the Unique Simplex Lifting Lemma 175.1 we know that such a lift exists and that it is unique.
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Proposition 175.5. Let h0, h1 : (X,A)→ (Y,B) be two maps between pairs of topological
spaces and let p : F → Y be a G-local coe�cient system on Y .
(1) If H : X× [0, 1]→ Y is a homotopy between h0 and h1, then we obtain from Propo-

sition 174.10 an explicit isomorphism ΘH between the G-local coe�cient systems
h∗0F and h∗1F . If for each t ∈ [0, 1] we have Ht(A) Ă B, then the maps

(h0)∗ : Clc
k (X,A;h∗0F ) → Clc

k (Y,B;F )
and (h1)∗ ◦ (ΘH)∗ : Clc

k (X,A;h∗0F ) → Clc
k (X,A;h∗1F )→ Clc

k (Y,B;F )

are chain homotopic, in particular they induce the same map on homology.
(2) Homotopy equivalences induces isomorphisms on homology groups with local coef-

�cients.
In the Homotopy Equivalence-H∗-Corollary 73.9 we showed the analogous statement for
ordinary singular homology. The idea for the proof of Proposition 175.5 is that, by carefully
reading the proof of the Homotopy Equivalence-H∗-Corollary 73.9, we can modify the proof
of the Homotopy Equivalence-H∗-Corollary 73.9 to give us the statement we are presently
interested in. It is thus convenient to recall the main concepts behind the proof of the
Homotopy Equivalence-H∗-Corollary 73.9.

Lemma 73.8. Let W and F be topological spaces and let H̃ : W × [0, 1] → F be a
homotopy. Let Ωn ∈ Cn+1(∆n× [0, 1]), n ∈ N0, be the sequence of singular chains that we
de�ned on page 1605.2123 The maps

Pn : Cn(W ) → Cn+1(F )

(σ : ∆n → W ) 7→ (F̃ ◦ (σ × id[0,1]))∗(Ωn).

satisfy ∂n+1 ◦ Pn + Pn−1 ◦ ∂n = H̃0∗ − H̃1∗

as maps from Cn(W ) to Cn(F ).

Proof of Proposition 175.5. To simplify the notation we assume that A = B = ∅.
Mathematically this extra hypothesis makes no real di�erence. Thus let h0, h1 : X → Y be
two maps between topological spaces and let p : F → Y be a G-local coe�cient system on
Y . Furthermore let H : X× [0, 1]→ Y be a homotopy between h0 and h1. We consider the
G-local coe�cient system q : H∗F → X × [0, 1]. As on page 3650 we consider the G-local
coe�cient system

qt : (H∗F )t := q−1(X × {t}) → X
v 7→ unique x ∈ X with q(v) = (x, t).

Recall that by Lemma 174.11 there exists a unique isomorphism of G-local coe�cient
systems Ψ: (H∗F )0×[0, 1]→ H∗F over X×[0, 1] such that for any x ∈ X and v ∈ q−1(x, 0)
we have Ψ(v, 0) = v. Next we consider the map

H̃ : (H∗F )0 × [0, 1] → H∗F → F
(v, t) 7→ Ψ(v, t)

(z, f) 7→ f.

2123The precise de�nition of the Ωn is completely irrelevant for what follows.
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F
(y, f) 7→ f

p

H∗F

H

∼=

X × {0} X × [0, 1]

Ψ

Y

p0
X

(H∗F )0

q×[0, 1]

Claim. The explicit chain homotopy

Pn : Cn((H∗F )0) → Cn+1(F )

from Lemma 73.8 between H̃0∗ : Cn((H∗F )0) → Cn(F ) and H̃1∗ : Cn((H∗F )0) → Cn(F )
descends to a chain homotopy

Qn : Clc
n (X; (H∗F )0)︸ ︷︷ ︸
=Cn((H∗F )0)/∼

→ Clc
n+1(Y ;F )︸ ︷︷ ︸

=Cn+1(F )/∼

between
α0 : Clc

n (X; (H∗F )0) → Clc
n (Y ;F )

[σ] 7→ [H̃0∗(σ)]
and

α1 : Clc
n (X; (H∗F )0) → Clc

n (Y ;F )

[σ] 7→ [H̃1∗(σ)].

Proof. We need to show that the equivalence relation that we introduced on page 3655 is
respected. Thus let σ1, σ2 : X → (H∗F )0 be two singular n-simplices with p◦σ1 = p◦σ2. It
follows easily from the explicit de�nitions of the maps Pn in Lemma 73.8 that Pn(σ1 +̃σ2) =
Pn(σ1) +̃ Pn(σ2). �

Before we come to the denouement of the argument we need to introduce the following
isomorphism of local coe�cient systems over X:

Φ: h∗0F → (H∗F )0

(x, v) 7→ ((x, 0), v).

Finally we consider the following diagram

Clc
n (X;h∗0F )

Φ∗
∼=

//

h0∗

++

ΘH∗

∼=

++

Clc
n (X; (H∗F )0)

α1

11

α0
-- Clc

n (Y ;F )

Clc
n (X;h∗1F )

h1∗

33

Φ∗◦Θ−1
H∗

OO

It follows easily from the de�nition that this diagram commutes??? By the claim the
two maps α0, α1 : Clc

n (X; (H∗F )0) → Clc
n (Y ;F ) are chain homotopic. Since the diagram

commutes we see that the two maps Clc
n (X;h∗0F ) → Clc

n (Y ;F ) are also chain homotopic.
But that is what we had to show. �

We have the following analogue of Proposition 168.2.
Proposition 175.6. Let X be a topological space that is locally contractible and path-
connected. We pick x0 ∈ X and we write π := π1(X, x0). We denote by p : X̃x0 →
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X the corresponding universal covering which we equip with the natural base point x̃0.
Furthermore Γ Ă π1(X, x0) be a subgroup2124. Let let p : (YΓ, y0)→ (X, x0) be a covering
of pointed topological spaces with p∗(π1(YΓ, y0)) = Γ. By Corollary 61.11 we know that
there exists a unique covering q : X̃x0 → YΓ with q(x̃0) = y0. We equip the abelian group
Z[Γ\π] with the Z[π]-left module structure ϕ that is given by ϕ(g) · Γh := Γh · g−1. As in
Proposition 174.4 we consider the coe�cient system

ϕZ[Γ\π] := Z[Γ\π]×π X̃x0 → X
[(m,x)] 7→ p(x).

(1) The maps ????

Clc
k (X; ϕZ[Γ\π]) → Ck(YΓ)

σ : ∆k 7→ pick lift (σ1, σ2) to Z[Γ\π]× X̃x0 and consider σ1(∆k) · q ◦ σ2

form an isomorphism of chain complexes.
(2) If Γ is normal in π, then we equip Z[Γ\π] with the obvious Z[Γ\π]-left module

structure and we equip YΓ with the Γ\π- left action given by Proposition 167.1. In
this setting the above isomorphism is an isomorphism of Z[Γ\π])-left modules.

(3) For each k ∈ N0 the above maps induce an isomorphism

Hlc
k (X; ϕZ[Γ\π]) → Hk(YΓ).

Proof. We can write down explicit inverse maps. More precisely we consider the map

Ck(YΓ) → Clc
k (X; ϕZ[Γ\π])

(σ : ∆k → YΓ) 7→ pick lift σ̃ : ∆k → X̃x0 and consider the
map ∆k → Z[Γ\π]× X̃x0 that is given by x 7→ [(1, σ̃(x))].

We leave it to the reader to show that the maps are both chain maps and that they are
inverses of one another. �

Example. We consider the usual covering p : R → S1 that is given by p(t) = exp(2π it).
The corresponding coe�cient system is isomorphic to the local coe�cient system ϕZ[t±1]
that we introduced on page ??. Thus we see that for each k ∈ N0 we have

Hlc
k (S1; ϕZ[t±1]) ∼= Hlc

k (R;Z) ∼=
{

Z, if k = 0,
0, otherwise.↑

Proposition 175.6

175.2. Cohomology with local coe�cients. On page 2402 we de�ned singular cohomol-
ogy by a purely formal method, namely by taking the dual of the singular chain complex. A
similar, purely formal, approach allowed us on page 3537 to de�ne cohomology with twisted
coe�cients. Perhaps somewhat surprisingly singular cohomology with local coe�cients is
de�ned independently of the chain complex with local coe�cients. First let us introduce
the following notation.
Notation. Given a topological space Y and given n ∈ N0 we set

Sn(Y ) := the set of all singular n-simplices in Y ,

2124Note that we do not demand that the subgroup is normal.
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in other words, Sn(Y ) is the set of all maps ∆n → Y .

De�nition. Let X be a topological space and let p : E → X be a local coe�cient system.
(1) A n-cochain with respect to the local coef�cient system p : E → X is a map

ϕ : Sn(X) → Sn(E)

such that for every σ : ∆n → X the corresponding map ϕ(σ) : ∆n → E is a lift of σ,
i.e. we have p ◦ ϕ(σ) = σ.

(2) Given two n-cochains ϕ, ψ : Sn(X)→ Sn(E) we de�ne

ϕ+ ψ : Sn(X) → Sn(E)

σ 7→
( ∆n → E

x 7→ (ϕ(σ))(x) + (ψ(σ))(x)︸ ︷︷ ︸
addition in the group p–1(x),
continuous by Lemma 174.2

)
.

One can easily verify that this addition turns the set of cochains into an abelian
group, where the trivial element is the cochain that sends every simplex to the
zero-lift.

(3) We denote by Cnlc(X;E) the group of all n-cochains.
(4) Given n ∈ N0 we de�ne the coboundary2125

δn : Cnlc(X;E) → Cn+1
lc (X;E)

ϕ 7→

 Sn+1(X) → Sn+1(E)

σ 7→
n+1∑
j=0

(−1)j · the unique lift
2126 σ̃ : ∆n+1 → E such

that ϕ(σ ◦ in+1
j ) and σ̃ ◦ inj agree

.
It follows easily from the de�nitions that δn is a homomorphism.
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X

ϕ(σ ◦ i20)

ϕ(σ ◦ i22)

i22

i21

ϕ(σ ◦ i21)
v2 v1

v0

i20

σ

One of the most fundamental facts in algebraic topology, proved in Proposition 72.2,
is the fact that the composition of two boundary maps ∂n : Cn(X) → Cn−1(X) and
∂n−1 : Cn−1(X) → Cn−2(X) is the zero map. The following proposition now says that
the analogous statement also holds for the above coboundary maps.

Proposition 175.7. Let X be a topological space and let p : E → X be a local coe�cient
system. For any n ∈ N0 the composition

δn+1 ◦ δn : Cnlc(X;E) → Cn+2
lc (X;E)

is the zero map.

Proof.

2125We de�ne the sum of two lifts and the inverse of a lift by the usual �berwise operations.
2126By the Unique Simplex Lifting Lemma 175.1 we know that such a lift exists and that it is unique.
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If we are dealing with a trivial local coe�cient system, then Proposition 175.7 boils
down very quickly to the setting for the usual singular cochains. For a general
local coe�cient system the situation is initially much more puzzling, since we cannot
compare the various �bers in a coherent way. What saves the day is the observation
that we only have to work with a singular simplex σ : ∆n+2 → X at a time, and that
the pullback of the local coe�cient system E to ∆n+2 is trivializable, since ∆n+2 is
contractible. Thus we can deduce the desired statement after all from the classical
statement.

We start out with several preparations:
(a) Let µ : D → X be a map between topological spaces and let p : E → X be a G-local

coe�cient system on X. We de�ne

µ∗ : Cklc(X;E) → Cklc(D;µ∗E)

ψ 7→

( Sk(D) → Sk(µ∗E)

(σ : ∆k → D) 7→
(

∆k → µ∗E
z 7→ (σ(z), ψ(µ ◦ σ︸ ︷︷ ︸

∈Sk(X)

)

︸ ︷︷ ︸
∈Sk(E)

(z))

) )

We make the following two observations:
• It follows easily from the de�nitions that δ ◦ µ∗ = µ∗ ◦ δ.
• We denote by q : µ∗E → E the projection. If σ : ∆k → D is a simplex, then it
follows immediately from the de�nitions that q ◦ µ∗(ψ)(σ) = ψ(µ ◦ σ) : ∆k → E.

(b) Let Θ: A → B be a morphism from a G-local coe�cient system p : A → D to an
H-local coe�cient system q : B → D. We consider the maps

Θ∗ : Cklc(D;A) → Cklc(D;B)
(ψ : Sk(X)→ Sk(A)) → (Θ∗ ◦ ψ : Sk(X)→ Sk(B)).

It follows easily from the de�nitions that δ ◦Θ∗ = Θ∗ ◦ δ. If Θ is an isomorphism of
local coe�cient systems, then Θ∗ is evidently also an isomorphism.

(c) By Proposition 174.10 we know that every G-local coe�cient system over a con-
tractible topological space D is trivializable, i.e. it is isomorphic to trG.

(d) By the Standard Simplex Homeomorphism Lemma 72.1 (1) we know that each ∆k

is contractible.
(e) Let D be a topological space, let G be an abelian group and let p : G ×D → D be

the trivial G-local coe�cient system. One can easily verify that the maps

Ξ: Ck(D;G) → Ck
lc(D; trG)

(Ck(D)
ψ−→G) 7→

(
Sk(D) → Sk(G×D)

σ 7→ the lift σ : ∆k → G×D given by x 7→ (σ(x), ψ(σ))

)
de�ne an isomorphism of cochain groups such that the following diagram commutes:

Ck(D;G)
Ξ //

(∂k+1)∗

��

Ck
lc(D; trG)

δ
��

Ck+1(D;G)
Ξ // Ck+1

lc (D; trG),



3664

here ∂k : Ck+1(D;G) → Ck(D;G) is the usual boundary map in the singular chain
complex and the dual ∂∗k : Ck(D;G) → Ck+1(D;G) is the usual coboundary map in
the singular cochain complex.

Now we turn to the actual proof of the proposition. Thus let X be a topological space,
let p : E → X be a local coe�cient system and let n ∈ N0. We need to show that the
composition δn+1 ◦ δn : Cnlc(X;E)→ Cn+2

lc (X;E) is the zero map.
By the above we have the following commutative diagram:

Cnlc(X;E)

δ
��

µ∗
// Cnlc(∆

n+2;µ∗E)

δ
��

Θ∗
∼=

// Cnlc(∆
n+2; trG)

δ
��

Cn(∆n+2;G)

∂∗n+1
��

Ξ∗
∼=

oo

Cn+1
lc (X;E)

δ
��

µ∗
// Cn+1

lc (∆n+2;µ∗E)

δ
��

Θ∗
∼=

// Cn+1
lc (∆n+2; trG)

δ
��

Cn+1(∆n+2;G)

∂∗n+2
��

Ξ∗
∼=

oo

Cn+2
lc (X;E)

µ∗
// Cn+2

lc (∆n+2;µ∗E)
Θ∗
∼=

// Cn+2
lc (∆n+2; trG) Cn+2(∆n+2;G).

Ξ∗
∼=

oo

Recall that ∂∗n+1 ◦ ∂∗n+2 = (∂n+2 ◦ ∂n+1)∗ = 0∗ = 0.
↑ ↑

since HomZ(−, G) is contravariant by Proposition 72.2

Thus we see that the two composition of the two vertical maps in the fourth column, and
thus also the third and the second column, is zero. In summary we see that we have the
following equality of lifts of µ : ∆n+2 → X to a map ∆n+2 → E:

follows from the discussion in (a), applied to σ = id∆n+2 and ψ = (δ ◦ δ)(ϕ)
where q : µ∗E → E denotes the projection

↓
(δ(δ(µ)))(ϕ)(µ) = (δ ◦ δ)(ϕ)(µ) = (δ ◦ δ)(ϕ)(µ ◦ id∆n+2) = q ◦ µ∗((δ ◦ δ)(ϕ))(id∆n+2)

= q ◦ ((δ ◦ δ)(µ∗ϕ))(id∆n+2) = q(zero-lift of id∆n+2 to µ∗E)
↑ ↑

since the squares to the left commute since the composition of the vertical
maps in the second column is zero

= zero-lift of µ : ∆n+2 → X to E.
↑

follows easily from the de�nition of µ∗E and the de�nition of q �

Proposition 175.7 allows us to introduce the following de�nition.
De�nition. Let X be a topological space and let p : E → X be a local coe�cient system.
Given n ∈ N0 we de�ne the n-th singular cohomology group of X with E-coef�cients as
the quotient group

Hn
lc(X;E) :=

ker(δn : Cnlc(X;E)→ Cn+1
lc (X;E))

im(δn−1 : Cn−1
lc (X;E)→ Cnlc(X;E))

.

On page 3656 we saw that maps between topological spaces induce maps between homology
groups with local coe�cients. We now have the analogous statement for cohomology with
local coe�cients.
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De�nition. Let f : X → Y be a map between topological spaces and let p : E → Y be a
G-local coe�cient system on Y . We de�ne

f ∗ : Cnlc(Y ;E) → Cnlc(X; f ∗E)

ϕ 7→

( Sn(X) → Sn(f ∗E)

(σ : ∆n → X) 7→
(

∆n → f ∗E
z 7→ (σ(z), ϕ(f ◦ σ︸ ︷︷ ︸

∈Sn(Y )

)

︸ ︷︷ ︸
∈Sn(E)

(z))

) )

One can easily verify that these maps are well-de�ned and that they form a chain map.
Thus we obtain induced maps

f ∗ : Hn
lc(Y ;E) → Hn

lc(X; f ∗E).
The previous de�nition now also allows us to introduce relative cohomology with local
coe�cients.
De�nition. Let X be a topological space, let A Ă X, let G be an abelian group and let
p : E → X be a G-local coe�cient system. We denote by i : A→ X the inclusion. We set

Cn
lc(X,A;E) := ker(i∗ : Clc

n (X;E)→ Cn
lc(A; i∗E)).

One can easily show that the cochain map on C∗lc(X;E) descends to a cochain map on
C∗lc(X,A;E). Thus we can set

Hn
lc(X,A;E) := Hn(C∗lc(X,A;E)).

In Lemma 108.9 we saw that singular homology is covariantly functorial in the coe�cients.
The following lemma generalizes this statement to the setting of cohomology with local
coe�cients.
Lemma 175.8. Let X be a topological space and let A Ă X.
(1) Let Θ: E → F be a morphism from a G-local coe�cient system p : E → X to an

H-local coe�cient system q : F → X. The maps

Θ∗ : Cklc(X,A;E) → Cklc(X,A;F )
(ϕ : Sk(X)→ Sk(E)) → (Θ∗ ◦ ϕ : Sk(X)→ Sk(F ))

are a well-de�ned cochain map and thus they induce maps

ϕ∗ : Hk
lc(X,A;E) → Hk

lc(X,A;F ).

(2) With the obvious interpretations we have (ψ ◦ ϕ)∗ = ψ∗ ◦ ϕ∗ and id∗ = id.

Proof. Once again we leave the elementary proof of the lemma to the reader. �

The following lemma is the cohomological analogue of Lemma 175.4.
Lemma 175.9. Let X be a topological space, let A Ă X, let G be an abelian group and
let p : G×X → X be the trivial G-local coe�cient system. The maps

Ck(X,A;G) → Ck
lc(X,A; trG)

(ψ : Ck(X,A)→ G) 7→
(
Sk(X) → Sk(G×X)

σ 7→ the lift σ : ∆k → G×X given by x 7→ (σ(x), ψ(σ))

)
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de�nes an isomorphism of cochain complexes that is natural in the sense of Lemma 175.4.
Furthermore, as for homology groups, these natural chain isomorphisms give rise to a
natural isomorphism

Hk(X,A;G)
∼=−→ Hk

lc(X,A;Glc)

Proof. The lemma follows easily from the de�nitions. The less said, the clearer. �

In the Homotopic Maps-H∗-Lemma 108.13 we saw that singular cohomology is contravari-
antly functorial and in the Twisted Homology-Functoriality Proposition 167.9 we saw that
cohomology with twisted coe�cients is in a suitable sense contravariantly functorial. In
Lemma 175.3 we showed that homology with local coe�cients is close to being covariantly
functor. In a similar vein we now have the following lemma.
Lemma 175.10. Let p : F → Z be a G-local coe�cient system on a topological space Z
and let C Ă Z.
(1) The natural isomorphism between the G-local coe�cient systems id∗ F and F that

we gave in Lemma 174.7 induces the map id∗ : Hk
lc(Z,C;F )→ Hk

lc(Z,C; id∗ F ).
(2) Let ϕ : (X,A)→ (Y,B) and ψ : (Y,B)→ (Z,C) be maps between topological spaces

We have the following commutative diagram:

Hlc
k (X,A;ϕ∗(ψ∗(F )))

∼=
natural isomorphism
from Lemma 174.7
and Lemma 175.2��

Hlc
k (Z,C;F )

ϕ∗◦ψ∗ 11

(ψ◦ϕ)∗ --

Hlc
k (X,A; (ψ ◦ ϕ)∗(F ))

Proof. As so often, the lemma follows almost immediately from the de�nitions. �

175.3. Cup product with local coe�cients. Given a topological space X and a com-
mutative ring R we de�ned on page 2513 the cup product Y : Hk(X;R) × Hl(X;R) →
Hk+l(X;R). The cup product, together with its sibling the cap product, gave us many
of the most interesting applications of cohomology groups. It is thus natural to try to
introduce a cup product on cohomology with local coe�cients.

First we recall the following de�nition from page 2503.
Notation. For i = 0, . . . , n we write

vi := (0, . . . , 1, 0, . . . , 0) ∈ Rn+1.

Furthermore for a0, . . . , ak ∈ ∆n we consider the map

[a0, . . . , ak] : ∆k → ∆n

k∑
j=0
λj · vj 7→

k∑
j=0
λj · aj.

Now we can provide the de�nition of the cup product on cohomology with local coe�cients.
De�nition. Let X be a topological space, let p : E → X be a G-local coe�cient system
and let q : F → X be an H-local coe�cient system. We consider the G ⊗Z H-local
coe�cient system E ⊗Z F that we de�ned on page 3653. Given ϕ ∈ Cklc(X;E) and
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ψ ∈ Cllc(X;F ) we de�ne ϕ Y⊗ ψ ∈ Ck+l
lc (X;E ⊗Z F ) to be the following map:2127

ϕ Y⊗ ψ : Sk+l(X) → Sk+l(E ⊗Z F )

(σ : ∆k+l → X) 7→ the unique lift of σ to a map σ̃ : ∆k+l → E ⊗Z F such that
σ̃(vk) = (ϕ(σ ◦ [v0, . . . , vk])︸ ︷︷ ︸

∆k→E

)(vk)⊗ (ψ(σ ◦ [vk, . . . , vl])︸ ︷︷ ︸
∆l→F

)(v0)
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σ ◦ [v0, . . . , vk]

[v0, . . . , vk]

ψ(σ ◦ [vk, . . . , vl]) : ∆l → F

σ ◦ [vk, . . . , vl]

ϕ(σ ◦ [v0, . . . , vk]) : ∆k → E

X

vl

vk

v0

[vk, . . . , vl]
σ

As for the cup product on singular homology we would like to show that the above de�nition
on the cochain level descends to a map on cohomology. This leads us to the following
analogue of Coboundary-Cup Product Lemma 114.2.

Lemma 175.11. Let X be a topological space and let p : E → X and q : F → X be local
coe�cient systems. Given any ϕ ∈ Cplc(X;E) and given any ψ ∈ Cqlc(X;F ) we have

δ(ϕ Y⊗ ψ) = δϕ Y⊗ ψ + (−1)p · ϕ Y⊗ δψ ∈ Cp+q+1
lc (X;E ⊗Z F ).

Proof. In the proof of Proposition 175.7 we used a very general approach to reducing
proofs on (co-) homology with local coe�cients to the well-known case of ordinary singular
(co-) homology. Entirely the same approach allows us to reduce the present setting to the
our previous original Coboundary-Cup Product Lemma 114.2. �

Lemma 175.12. Let X be a topological space, let p : E → X be a G-local coe�cient
system and let q : F → X be an H-local coe�cient system. The map

Y : Hk
lc(X;E)× Hl

lc(X;F ) → Hk+l
lc (X;E ⊗Z F )

([ϕ], [ψ])] 7→ [ϕ] Y⊗ [ψ] := [ϕ Y⊗ ψ]

is well-de�ned.

Proof. The proof of Lemma 175.12 is basically the same as the rather elementary proof
of Lemma 114.3. We just need to replace Coboundary-Cup Product Lemma 114.2 by
Lemma 175.11. �

De�nition. We refer to the pairing of Lemma 175.12 as the cup product on cohomology
with local coef�cients.

Proposition 175.13. Let X be a topological space and let p : E → X and q : F → X
be local coe�cient systems. Let τ : E ⊗Z F → F ⊗Z E be the natural isomorphism from
Lemma 174.13 (2). Then given any ϕ ∈ Cplc(X;E) and given any ψ ∈ Cqlc(X;F ) we have

ϕ Y ψ = (−1)kl · τ∗(ψ Y ϕ).

Proof. Recall that we proved Lemma 175.11 by modifying the �classical� proof of Coboundary-
Cup Product Lemma 114.2 in a suitable way. The same approach can also be applied

2127Implicitly we are using once again the Unique Simplex Lifting Lemma 175.1.



3668

to obtain a of Proposition 175.13 by suitably modifying the proof of the Cup Product-
Commutativity Proposition 114.8. We leave the unpleasant task of turning this slogan into
a proper proof to the reader. �

175.4. Cap product with local coe�cients.

De�nition. Let X be a topological space and let p : E → X be a G-local coe�cient
system and let q : F → X be an H-local coe�cient system. We consider the G ⊗Z H-
local coe�cient system E ⊗Z F that we de�ned on page 3653. Given ϕ ∈ Cklc(X;E) and
σ : ∆l → F we de�ne ϕ X⊗ σ : ∆k−l → E ⊗Z F to be the following map:2128

ϕX⊗σ := the unique lift of q ◦ σ ◦ [vk, . . . , vl] : ∆l−k → X to a map µ̃ : ∆l−k → E ⊗Z F
such that µ̃(v0) = (ϕ(q ◦ σ ◦ [v0, . . . , vk])︸ ︷︷ ︸

∆k→E

)(vk)⊗ ( σ︸︷︷︸
∆k→F

)(vk)
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[v0, . . . , vk]

q ◦ σ ◦ [v0, . . . , vk] : ∆k → X

q ◦ σ ◦ [vk, . . . , vl] : ∆l−k → X

q ◦ σ : ∆l → X

vl

vk

v0

[vk, . . . , vl]

q ◦ σ
σ

Lemma 175.14. Let X be a topological space and let p : E → X and q : F → X be local
coe�cient systems.
(1) The map X⊗ descends to a well-de�ned map

X⊗ : Cklc(X;E)× Clc
l (X;F ) → Clc

l−k(X;E ⊗Z F ).

(2) Given any ϕ ∈ Cklc(X;E) and given any σ ∈ Clc
l (X;F ) we have

∂(ϕ X⊗ σ) = (−1)k · (−δϕ X⊗ σ + ϕ X⊗ ∂σ) ∈ Cl−k−1(X;E ⊗Z F ).

(3) The map X⊗ descends to a well-de�ned map

X⊗ : Hk
lc(X;E)× Hlc

l (X;F ) → Hlc
l−k(X;E ⊗Z F ).

Proof.
(1) One can easily show that if σ1, σ2 : X → F are two simplices with q ◦ σ1 = q ◦ σ2,

then ϕ X⊗ (σ1 +̃ σ2) = ϕ X⊗ σ1 +̃ ϕ X⊗ σ2. From this observation it follows that we
do indeed get a well-de�ned map Cklc(X;E)× Clc

l (X;F )→ Clc
l−k(X;E ⊗Z F ).

(2) Using the approach of the proof of Proposition 175.7 one can reduce the proof of
Statement (2) to Lemma 116.1. We leave the details to the reader.

(3) This statement is a straightforward consequence of Statement (2). �

The following variation of the cap product is the analogue of the de�nition of XZ that we
gave on page 3609.
De�nition. Let X be a topological space and let p : E → X be a local coe�cient system.
Let ϕ ∈ Hk

lc(X;E) and let σ ∈ Hl(X;Z). We denote by T : Hl(X;Z)→ Hlc
l (X;Z trH) the

2128Implicitly we are using once again the Unique Simplex Lifting Lemma 175.1.
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natural isomorphism from Lemma 175.4 and we denote by µ : E⊗ZZ trZ→ E the natural
isomorphism of local coe�cient systems from Lemma 174.13. We de�ne

ϕ XZ σ := µ( ϕ X⊗ T (σ)︸ ︷︷ ︸
∈Hlc

l−k(X;E⊗ZZ trZ)

) ∈ Hlc
l−k(X;E).

175.5. Excision with local coe�cients. We recall some de�nitions from page 2429.
De�nition.
(1) A triad of topological spaces is a triple (X,A1, A2) where X is a topological space

and where both A1 and A2 are subsets of X.
(2) Given a triad (X,A1, A2) of topological spaces and given a local coe�cient system

p : E → X we consider the following subgroup of Clc
n (A1 ∪ A2;E):

Clc,{A1,A2}
n (A1 ∪ A2) :=

{
k∑
j=1
σj

∣∣∣ for each j there exists an i ∈ {1, 2}such that σj lies in Clc
n (Ai;E)

}
.

The usual boundary map on the groups Clc
∗ (A1∪A2;E) restricts to a boundary map

on Clc,{A1,A2}
∗ (A1∪A2;E), so we can view Clc,{A1,A2}

∗ (A1∪A2;E) as a chain complex.
(3) We say a triad (X,A1, A2) is excisive with respect to local coef�cients if if for any

local coe�cient system p : E → X the inclusion map

C{A1,A2}
∗ (A1 ∪ A2;E) → Clc

∗ (A1 ∪ A2;E)

is a chain homotopy equivalence of chain complexes.
In the Excisive Triad-Proposition 109.12 we gave many convenient examples of excisive
triads. The following proposition now says that these triads are not only excisive but they
are universally excisive and in Proposition 169.2 we saw that the examples of the Excisive
Triad-Proposition 109.12 are also universally excisive.

Proposition 175.15. Let (X,A1, A2) be a triad of topological spaces. We assume that
X is locally contractible and path-connected. The triad is excisive with respect to local
coe�cients if one of the following conditions is satis�ed:
(1) A1 Ă A2 or A2 Ă A1,
(2) A1 = ∅ or A2 = ∅ or A1 = A2,
(3) A1 ∪ A2 =

◦
A1 ∪

◦
A2 where we denote by

◦
A1 and

◦
A2 the interiors of A1 and A2 in

A1 ∪ A2,
(4) A1 and A2 are both open subsets of A1 ∪ A2,

Remark. In the Excisive Triad-Proposition 109.12 and Proposition 169.2 we also proved
the following two statements:
(1) if A1∪A2 is a topological manifold and A1 and A2 are codimension-zero submanifolds

which are both closed subsets and such that each component of A1∩A2 is a boundary
component of A1 and a boundary component of A2, then (X,A1, A2) is excisive and
universally excisive.

(2) If X is a CW-complex and A1 and A2 are both subcomplexes, then (X,A1, A2) is
excisive and universally excisive.

Currently we cannot show that these are excisive with respect to local coe�cients. Pre-
sumably one can prove it using Proposition 169.2 (4).
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Proof. The �rst two statements are clear and Statement (4) is just a special case of State-
ment (3). So let us deal with Statement (3).

Let p : E → X be a local coe�cient system over X. For each n ∈ N0 we denote by

un : Cn(E) → Cn(E)

the subdivision map that we introduced on page 1640. We recall the following statements:

(1) In the Chain Subdivision Lemma 74.24 we saw that the maps un form a chain map.
(2) In Lemma 74.25 we saw that the maps un are natural.
(3) In Lemma 74.26 we saw the un are chain homotopic to the identity. Even though we

did not say so explicitly, the proof of Lemma 74.26 shows that we can �nd a natural
chain homotopy inverse vn : C(X)→ Cn(X) to un.

The constructions of un and vn show that they preserve +̃, i.e. they descend to maps
Clc
n (X;E)→ Clc

n (X;E). Now the statement should be fairly obvious. �

175.6. The interaction between twisted (co-) homology and (co-) homology with
local coe�cients. Recall that in Proposition 174.4 and ???? we saw that for a locally
contractible and path-connected space we have a natural bijection between the class of
representations and the class of local systems.

Proposition 175.16. Let X be a path-connected space and let x0 ∈ X. There exists a
natural isomorphism between (co-) homology with twisted coe�cients and (co-) homology
with local coe�cients.

Let M be a connected smooth manifold and let x0 ∈ M . Let w1 : π1(M,x0) → {±1}
be the orientation character that we de�ned on page 1114. Furthermore let ∧nTM∗ be
orientation bundle as de�ned on page 3082. The vector bundle de�ned by the orientation
character is basically the orientation bundle.

Need to explain that vector bundles with discrete �bers are in one-to-one correspondence
with representations, but not true if look at them without discrete �bers. See e.g. Hopf
bundle over S2.

175.7. Poincaré Duality with local coe�cients.

Notation. Let X be a compact oriented non-empty n-dimensional topological manifold.
We denote by [X] ∈ Hlc

n (X, ∂X;Z trZ) the image of the fundamental class Hn(X, ∂X;Z)

under the natural isomorphism Hn(X, ∂X;Z)→ Hlc
n (X, ∂X;Z trZ) from Lemma 175.4.

Theorem 175.17. (Poincaré Duality Theorem with Local Coe�cients) Let X
be a compact oriented non-empty n-dimensional topological manifold. We denote by
[X] ∈ Hlc

n (X, ∂X;Z trZ) the fundamental class. Furthermore suppose that we are given a
decomposition ∂X = A∪B where A and B are compact (n−1)-dimensional submanifolds
of ∂X such that A ∩ B = ∂A = ∂B. Then for each k ∈ N0 and every local coe�cient
system p : E → X the map

Hk(X,A;E)
∼=−→ Hn−k(X,B;E)

σ 7→ σ XZ [X]

is an isomorphism.
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Example. We consider the topological manifold S1 with the local coe�cient system ϕZ[t±1]
that we introduced on page ??. We see that

Hk
lc(S

1; ϕZ[t±1]) ∼= Hlc
1−i(S

1; ϕZ[t±1])

Proof. The theorem follows immediately from the Poincaré Duality Theorem 172.1 with
Twisted Coe�cients and the various propositions translating between (co-) homology with
twisted coe�cients and (co-) homology with local coe�cients. �

Proposition 175.18. Let X be an n-dimensional topological manifold with ∂X = ∅. We
consider the set

C :=
⊔
x∈X

Hn(X,X \ {x}).

Given an open subset U Ă X and an element ϕ ∈ Hn(X,X \ U) we consider

M(U,ϕ) :=
⊔
x∈u

image of ϕ in Hn(X,X \ {x}).

(1) The subsets M(U,ϕ) of C have the basis property that we introduced on page 131.
(2) We equip C with the topology that is de�ned by the setsM(U,ϕ) and the Topology-

from-Basis Lemma 1.27. The natural projection C → X is a local coe�cient system
for X.

(3) The local coe�cient system in (2) is isomorphic to the local coe�cient system de�ned
by the orientation-character w1(π1(M,x0))→ Z2 from page 2341, combined with the
unique isomorphism Z2 → Aut(Z) = {±1}.

De�nition. Let X be an n-dimensional topological manifold with ∂X = ∅. We refer
to the local coe�cient system from Proposition 175.18 as the orientation local coef�cient
system.

Proof. Should be straightforward. �
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action, 248, 3506
continuous, 248, 3506
discrete, 281, 1073
free, 248, 562, 1073, 1887, 3506
holomorphic, 799
orientation-preserving, 690
proper, 253, 562, 1073
smooth, 562
transitive, 248, 3506

adjoint pair, 3292
Alexander horned ball, 2887
Alexander horned sphere, 1814
Alexander trick, 278, 421
Alexander-Whitney diagonal

approximation, 2518
Alexandro� compacti�cation, 193
Alexandro� extension, 193
Alexandro� line, 613
algebra, 1959
alternative, 1964

algebraic chain complex, 1591
acyclic, 1591
generalized, 1592

algebraic intersection number, 2780
algebraic intesection number of singular

chains, 2785
algebraic mapping cone, 1796
algebraic Mayer�Vietoris sequence, 1746
algebraic self-intersection number of a

submanifold, 1017
almost every point, 762
amalgamated product of groups, 1209
angle between rays, 1433
annulus, 264
ANR, 2307
anti-chain map, 3214
arc, 3179
arcs
unknotted, 3179

associative operation, 98
asymmetric intersection pairing, 2895
atlas, 511, 541
Ck, 544
holomorphic, 797
maximal, 542, 581

maximal holomorphic, 797
smooth, 541, 580

attaching a cell, 1527
attaching map, 1469
attaching sphere of a handle, 2953
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automorphism
orientation-preserving, 674
orientation-reversing, 674

Baire space, 299
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closed, 111
open, 111

barycenter, 1639
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barycentric subdivision of a simplicial

complex, 2018
barycentric subdivision of an abstract

simplicial complex, 2014, 2269
base space, 3058, 3265, 3299
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basis of a free R-left module, 3503
basis of a free abelian group, 1149
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basis of a module, 98
basis of a topology, 132
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Baumslag-Solitar group, 1421
belt sphere of a handle, 2953
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bidegree of a map Sn × Sn → Sn, 1706,

2687
biholomorphism, 794, 796, 798
bimodule, 3501
binary icosahedral group, 2160
binary operation, 3338
unital, 3338

bistellar move, 2106
blow up, 806
Bockstein homomorphism in cohomology,

3145
Bockstein homomorphism in homology,

3145
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Bockstein homomorphism in homology
with twisted coe�cients, 3566

Bockstein sequence in cohomology, 3145
Bockstein sequence in homology, 3145
Bockstein sequence in homology with

twisted coe�cients, 3566
Borel-Moore homology, 2382
Borromean ring, 2871
boundary decomposition, 2750
boundary map, 1585
boundary of a singular simplex, 1585
boundary of a singular simplex with

coe�cients, 3656
boundary of a smooth manifold, 545
boundary of a subset of a topological

space, 116
boundary orientation, 689
boundary point, 511, 545, 582, 1655
bounded cohomology group, 2487
braid group, 878
branched covering, 3174, 3182
irregular, 3174
regular, 3174

bridge knot, 3184
bridge number, 3184
bridge position, 3184
Brieskorn manifolds, 716
Brooks quasi-morphism, 1166
Brouwer degree, 899
Brussels sprouts, 1892
bundle projection, 3299

c-atlas, 601
c-parametrization, 601
open, 601

canonical CW-structure on Sn, 1472
canonical form of a �nitely generated

abelian group, 1150
canonical free resolution of a module,

3522
canonical free resolution of an abelian

group, 1922
Cantor function, 185
Cantor set, 130
cap product, 2551, 2557, 3148

cap product with twisted coe�cients,
3606, 3607

cardinality, 94
Cartan formula, 3201, 3234
categorical coproduct, 214
categorical product, 211, 1502
categories
equivalent, 207

category of K-vector spaces, 195
category of R-left modules, 3502
category of R-right modules, 3502
category of S-graded abelian groups,

1935
category of S-graded modules, 1935
category of CW-complexes, 1493
category of abelian groups, 195
category of abstract graphs, 308
category of abstract simplicial complexes,

1981
category of CGWH-spaces, 1504
category of chain complexes, 1593
category of cochain complexes, 2398,

3520
category of complex manifolds, 807
category of graded rings, 2614
category of groups, 195
category of maps between topological

spaces, 459
category of ordered abstract simplicial

complexes, 1982
category of oriented n-dimensional

smooth manifolds, 690
category of pairs of sets, 196
category of pairs of topological spaces,

439, 1625
category of pointed pairs of topological

spaces, 3238
category of pointed set, 213, 221
category of pointed smooth manifolds,

627, 1502
category of pointed topological spaces,

1061
category of rings, 196
category of sets, 195
category of simplicial complexes, 1997
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category of smooth manifolds, 626
category of smooth manifolds of some

Rn, 626
category of topological groups, 267
category of topological spaces, 195
category of topological spaces where

morphisms are proper maps, 2481
category of undirected abstract graphs,

313
Cayley graph, 1215
Cayley projective plane, 1972
Cayley-Dickson construction, 1967, 1975
cell of a CW-complex, 1469, 1478
cellular boundary map, 1769
cellular chain complex, 1770
cellular cochain complex, 2420
cellular cohomology group, 2420
cellular embedding, 1495
cellular homology group, 1770
cellular isomorphism, 1492
cellular map, 1492, 3582
centralizer, 1165
chain complex, 1591
almost acyclic, 2508
augmented, 1611, 2507
generalized, 1592
indecomposable, 1601

chain homotopy, 1602, 3518
chain homotopy equivalence, 1603, 3518
chain in a partially ordered set, 92, 2442
chain map, 1592
chains
intersect nicely, 2785

change of coordinates principle, 1254
characteristic class, 3111
characteristic map, 1469
characteristic map of a simplex, 1984
characteristic map of a simplex of a

simplicial complex, 1994
characteristic map of an edge e, 308
chart, 511, 541, 580
orientation-preserving, 685

chromatic number, 942
circuit, 324
closed curve, 1123

closed long ray, 612
closure of a long knot, 1344
closure of a subset of a topological space,

116
clutching construction, 3083
clutching map, 3083
CO-topology, 1364
cobordant, 3089
cobordism, 3089
framed, 3366
thickened, 3350

cobordism group, 3091
cobordism ring, 3099
coboundary map, 2397
cochain
bounded, 2486

cochain homotopy, 2397
cochain homotopy equivalence, 2397
cochain map, 2397
cochain sequence, 2397
cochain sequence over a ring, 3519
cochain with compact support, 2478
co�ber, 3291
co�bration, 478, 1535
closed, 478, 1535

cohomology
bounded, 2487
cellular, 2420
simplicial, 2175
singular, 2402
singular with local coe�cients, 3664
with compact support, 2479

cohomology cross product, 2579
cohomology group of a cochain complex,

2397
cohomology group of a cochain complex

of R-left modules, 3519
cohomology group with bounded

support, 2479
cohomology operation, 3200
cohomology ring, 2519
colimit, 1258
collar, 736
collar neighborhood, 736
combination of homotopies, 423
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combinatorial n-ball, 2104
combinatorial n-sphere, 2104
combinatorial manifold, 2104
closed, 2104

combinatorial manifolds
bistellar equivalent, 2109

commutator, 1834
commutator subgroup, 1203, 1834
compact symplectic group, 3319
compact-open topology, 392, 3279
complete bipartite graph, 1901
complete graph, 1900
complete set of representatives, 3507
complex Grassmannian, 3074
complex line bundle, 3058
complex logarithm, 1401, 1407
complex manifold, 797, 2765
complex manifold structure
on submanifold, 802

complex projective space, 255, 1772
complex structure on a topological

manifold, 798
complex submanifold, 801
proper, 801

complex vector bundle, 3058
component, 168
concatenation of paths, 165, 1052
cone, 450, 1735, 2676
cone on a topological space, 450
cone operator, 1750
cone point, 450
con�guration of a planar linkage, 1828
con�guration space of k points in a

smooth manifold, 717
con�guration space of k points in a

topological space, 1101
conjecture
11/8-Conjecture, 2946
Kaplansky Conjectures, 1873
Poincare Conjecture in dimension
three, 2163

Zeeman, 3423
Zero Divisor Conjecture, 1873

conjugacy problem, 1346

connected sum of oriented knots, 1319,
2258

connected sum of submanifolds, 1318
connected sum of topological manifolds,

2887
connecting homomorphism in

cohomology, 2399
connecting homomorphism in homology,

1620, 3527
continuum hypothesis, 98
contravariant functor, 201
left-exact, 2436
right-exact, 2436

convenient category, 1503
convergent sequence, 124
convex hull, 157, 1554, 1894
convex polyhedron, 1894
coproduct in a category, 213
core of a handle, 2953
corner
two-sided, 583

corner atlas, 580
corner chart, 580
corner point, 582
corner set, 2648
covariant functor, 199
exact, 1918
left-exact, 1918
right-exact, 1918

cover, 114, 354, 1638
closed, 114
comfortable, 1638
�nite, 114
good, 2061
in�nite, 114
locally �nite, 114, 354
open, 114, 354
point-�nite, 2061

covering, 1067, 1104
cyclic, 1383, 3532
irregular, 1383, 3532
regular, 1383, 3532

covering dimension of a topological
space, 369, 725, 1708

covering of a complex manifold, 1105
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covering of a smooth manifold, 1105
covering of pointed topological spaces,

1084
critical point
degenerate, 1040, 2974
non-degenerate, 1040, 2974

cross product, 678
cross product on cohomology, 2512, 3204
cross product on homology, 2498
crossing, 1329
negative, 1329
positive, 1329

crossing change, 1342
cup length, 2547, 2647
cup product, 2180, 2182, 2513, 2536,

3147, 3218
cup product in cohomology with compact

support, 2539
cup product on 〈X,K(Z, ∗)〉, 3492
cup product on (co-) homology with local

coe�cients, 3668
cup product on cohomology with local

coe�cients, 3667
cup product on cohomology with twisted

coe�cients, 3601
cup product on singular cohomology,

2513
cup product with twisted coe�cients,

3603
cycle, 1587, 1591
cylinder, 264

deck transformation, 1383, 3532
deck transformation group, 1383, 3532
de�ciency of a group, 3119
de�ciency of a presentation, 3034, 3119
deformation retraction, 433
degree of a covering, 1069
degree of a map, 1684
degree of map Z→ Z, 1684
degree of map between smooth

manifolds, 899, 926, 1007, 2222
degree of map between topological

manifolds, 2379

degree of smooh map between smooth
manifolds, 925

degree of smooth map between smooth
manifolds, 899

Dehn surgery, 3137
integral, 3137
rational, 3137

Dehn surgery along a knot, 3139
Dehn twist, 471, 3126
left-handed, 3126
right-handed, 3126

derivation, 628
derivative
of a holomorphic map, 789

determinant of a form, 2907
Devils' Staircase, 185
diagonal approximation, 2510, 2517, 3213
diagonal of a smooth manifold, 1019
diagonal of a topological space, 272
diagrammatic map, 1321
diameter, 285, 1645
di�eomorphism, 537, 547
di�eotopy, 812, 3122
di�erential of a smooth map between

smooth manifolds, 631
di�erential of a smooth map between

submanifolds of Rm, 622, 623
dihedral group, 1127
dimension of a CW-complex, 1469
dimension of a simplicial complex, 1995
dimension of an abstract simplicial

complex, 1979
direct limit, 1258, 2462
direct product of groups, 1092, 1154,

1156, 1595
direct sum of groups, 1595
direct sum of vector bundles, 3079
direct system, 1257, 2462
directed set, 1256, 2462
disjoint union of sets, 88
distance between subsets, 283
division algebra, 1959
double of a topological (smooth)

manifold, 1667
doubling homomorphism, 1671
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dual CW-structure, 2285
dual fundamental class, 2451
dual graph of an n-dimensional abstract

simplicial complex, 2143
dual handle decomposition, 2960
dual vector bundle, 3081

edge of a topological graph, 311
edge of an abstract graph, 307
edge of an undirected abstract graph, 313
Eilenberg-Maclane space K(π, n), 3434
Eilenberg-Maclane space of type K(π, n),

3426
element
characteristic, 2920

elementary collapse, 3420
elementary expansion, 3420
elementary matrix, 1167
embedding, 152, 718
closed, 152
locally �at, 2887
open, 152
respects submanifold, 894, 896, 1317
smooth, 652

embedding covering number, 727, 731,
1752

end of a topological space, 1280
endpoint of a path, 1048
endpoints of a hyperbolic line, 1431
endpoints of an edge, 307
ends of a topological space, 1287
ENR, 2299
Enriques surface, 2941
epimorphism, 208
equinumerous, 94
equivalence class, 89
equivalence of categories, 207
equivalence relation
closed, 246
generated by relation, 258

equivalence relation generated by a
relation, 91

equivalent hyperbolic metrics, 1443
equivalent lifts, 1368
euclidean neighborhood retract, 2299

Euler characteristic, 1882
Euler characteristic of an abstract graph,

315, 1136
evaluation homomorphism, 2444, 3531
exact sequence, 1614
exhaustion, 338
compact, 338

exhaustion function, 358, 587
Ext-group Ext(H,G), 2439
Ext-group Extn(H,G), 2437
Ext-module ExtnS -left(M,N), 3530
extension of abelian groups, 2439
exterior algebra, 2584
exterior of a knot, 2213, 2389, 2853,

3134, 3463
external collar, 1660, 3003

face map, 1585
face of a simplex, 1979, 2135
face of the standard simplex, 1582, 1708
family of subsets, 86
Fano plane, 1964
�ber, 3265, 3299
�ber bundle, 3299
non-trivial, 3300
trivial, 3300

�bration, 3263
�eld, 98, 3499
�nite intersection property, 140
�rst uncountable ordinal, 612
�xed point, 846
isolated, 2805
non-degenerate, 2805

�ag of a polyhedron, 1896
�ow lines of a vector �eld, 845
folding map, 1668
forgetful functors, 199
form, 2877
even, 2918
hyperbolic, 2924
inde�nite, 2913
negative-de�nite, 2913
non-singular, 2878
odd, 2918
positive-de�nite, 1426, 2913
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framed cobordism group, 3366
framed link, 3139
framing
orthonormal, 3365
perpendicular, 3365

free R-module, 2551
free abelian group, 1147, 1148
free group, 1158
free imitation of a chain complex, 3523,

3588
free loop space, 3280
free module, 3503
free path space, 3280
free path space �bration, 3282
free product of groups, 1155
full category of CW-complexes, 1493
full category of pairs of CW-complexes,

1936
functor
acyclic relative toM, 2509
contravariant, 201
covariant, 199
dense, 207
essentially surjective, 207
faithful, 207, 1493
full, 207
fully faithful, 1493

fundamental class, 2199, 2351, 2382
fundamental class of oriented

0-dimensional smooth manifold, 2204
fundamental class of the empty manifold,

2205
fundamental cycle, 2199
fundamental group, 1055

Galois extension, 1465
Galois group, 1465
Gauÿ map, 1036, 2829
generalized cochain map, 2398
generating set, 1149
generating set of a group, 1159
generators of a group, 1159
genus of a 2-dimensional homology class,

2250
genus of a surface, 1237, 1891

geodesic, 1436
geometric dimension, 3463
girth of a graph, 1902
Gluck twist, 1705
gluing of topological spaces, 262
Gordian distance, 1343
graded module, 1935
graded ring, 2583, 2614
gradient, 716, 2989, 3029
gradient vector �eld, 1040, 2982
Gram-Schmidt Orthogonalization

Process, 172
graph
simple, 1904

group
�nitely generated, 1159, 1195
�nitely presented, 1195
free, 1159
Hop�an, 1416
indecomposable, 1163
linear, 1420
locally P , 1165
perfect, 1216, 3034
primitive element, 1164
residually �nite, 1165, 1350, 1415
simple, 1421
virtually P , 1423

group ring, 1872, 3499
group system, 2857

H-space, 3333
handle, 2953
index, 2953

handle attachment, 2953
handle chain complex, 3013
handle decomposition, 2955
completely standard, 3046
minimal, 3025
standard, 2958

handle homology group, 3013
harmonic archipelago, 1285
Hauptvermutung, 2050
Hausdor� space, 121
Hawaiian earrings, 1284
Heegaard genus, 3130
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Heegaard splitting, 3114
Hilbert Cube, 353
Hilbert cube, 822
HNN-extension, 1291
homeomorphism, 152
homeotopy, 420
homogeneous element of a graded

module, 1935
homologous, 1587
homology
cellular, 1770
handle, 3013
locally �nite, 2381
relative homology with local
coe�cients, 3657, 3665

simplicial, 2036, 2038
singular, 1587
singular with local coe�cients, 3656

homology ball, 2720
homology class realized by a smooth

manifold, 2234
homology class represented by a

submanifold, 2246, 2836
homology group of a chain complex, 1591
homology group of an R-left chain

complex, 3518
homology groups of a group, 3453
homology manifold, 1672, 2287, 2330
homology sphere, 1672, 2159, 2710
homotopy, 439
compact support, 822, 861, 1118
proper, 429
regular, 952
rel a subset, 419, 439
smooth, 811
trivial near the ends, 814

homotopy ball, 2646
homotopy between maps, 418
homotopy between pairs of topological

spaces, 439, 924, 3547
homotopy category, 441, 1609, 3465
homotopy equivalence, 430, 1608
homotopy equivalence between pairs of

topological spaces, 440
homotopy �ber, 3270, 3288

homotopy group, 1560
homotopy inverse, 430, 1608
homotopy left inverse, 441, 3417
homotopy lifting property, 3263
homotopy sphere, 2625
homotopy type of a topological space, 430
Hopf invariant, 2681, 2682
Hopf link, 2220
Hopf manifold, 800
Hopf map, 1576, 2676, 3210, 3306
octonion, 2676, 3210
quaternion, 3210
quaternionic, 2676

Hurewicz co�bration, 478
Hurewicz �bration, 3263
Hurewicz homomorphism, 1832, 1842,

3256
hyperbolic disk, 1429
hyperbolic half-plane, 1427
hyperbolic line, 1431
hyperelliptic involution, 3176
hyperrectangle, 1562
non-degenerate, 1562

Icosian game, 1906
index of an intersection point, 2779
induced representation, 3516
inductive limit, 1274
in�nite complex Grassmannian, 3074
in�nite real Grassmannian, 3074
integral Dehn surgery along a link, 3139
integral homology sphere, 2159, 3143,

3188
interior of a subset of a topological space,

116
intermediate cellular chain complex,

1801, 3587
internal connected sum of submanifolds,

2258
intersection form
F2-valued, 2922
Z-valued, 2800, 2880

intersection number
algebraic, 989, 996, 1017, 2748, 2757
geometric, 988, 2748
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intersection orientation for submanifolds,
969

interval, 110
inverse limit, 1274, 2466
inverse of a knot, 2856
inverse path, 1048
inverse system, 1273, 2466
involution on a ring, 1975, 3502
isometry, 1426
isomorphism in a category, 198
isomorphism problem, 1346
isotopy, 420, 471

join of topological spaces, 446, 2001, 3311
Jordan curve, 795, 2742

K3-surface, 2939
Kirby-Siebenmann invariant, 2943
Klein bottle, 265
knot, 1008, 1301, 1311, 1338, 1733
T (p, q)-torus knot, 1312
alternating, 2945
amphichiral, 842, 1316, 2387, 2856
chiral, 1316, 2387, 2856
classical, 1008, 1301, 1311, 1338
Conway, 2859
double primitive, 3139
�gure-8 knot, 1301
granny knot, 1319
invertible, 2857
Kinoshita-Terasaka, 2859
oriented, 1008, 1301, 1311
prime, 1319
reversible, 1302, 2857
square knot, 1319
trefoil, 1301, 1312
trivial, 1301, 1302, 1338
trivial knot, 1312
unknot, 1312

knot diagram, 1321
knots
smoothly isotopic, 1302, 1311

Kronecker pairing, 2179, 2425, 2452
Krull topology, 1466
Kummer surface, 2939

Löhlein covering, 1382
large inductive dimension, 390, 788
lattice, 577
lattices
homothetic, 1400

Lebesgue number, 286
left left module, 3501
length of a curve, 1434
length of a resolution, 1921
lens space, 1075
high-dimensional, 3424

level of a ring, 945
lexicographic order, 92, 1998
Lie group, 2134, 3317
lift of a map, 838, 1080, 1100, 1353
lift of a path, 1078
Light bulb trick, 2773
limit, 1274
limit map, 300
line with a point at in�nity, 122
line with two zeros, 122
link, 2219, 2700, 2862
boundary link, 2875
classical, 2700
split, 1015, 2875
trivial link, 1015, 2863

link of a simplex in an abstract simplicial
complex, 2018, 2101

linking number, 3360
linking number of two oriented disjoint

knots, 2865
linking pairing, 3150, 3151
local biholomorphism, 798
local biholomorphism at a point, 796
local coe�cient system, 3643
trivializable, 3645

local degree, 898, 1694, 2379
local di�eomorphism at a point, 547
local homology of a pointed topological

space, 1655, 2136, 2324
local homology of a topological space,

2324
local property of a map, 179
local property of a topological space, 175,

1352
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local propery of a map at a point, 179
Locally �nite homology, 2381
Loch Ness monster, 1241
long exact sequence in homology, 1622
long exact sequence in homology of a

pair, 1629
long exact sequence of a triple, 1627
long knots
equivalent, 1344

long line, 613
longitude of a knot, 2219, 2854, 3134
loop, 1045, 1048, 1054
null-homotopic, 1045, 1048
orientation-preserving, 881, 1114
orientation-reversing, 881, 1114

loop in an abstract graph, 307
loop in an undirected abstract graph, 313
loop space, 3280
Lusternik-Schnirelmann category, 2544

Möbius band, 252, 264
Möbius bundle, 3060
Möbius isomorphism, 1448
Möbius manifold, 1439
Möbius map, 1448
Möbius structure, 1439
Möbius transformation, 1427, 1429
manifold, 543
amphichiral, 2388
chiral, 2388
cut along a submanifold, 2845
parallelizable, 3063, 3319

manifold cut along a submanifold of
codimension one, 2844

map
k-connected, 3396
bilinear, 1908, 2425
cellular, 1492, 1770, 3582
cellular isomorphism, 1492
closed, 148
continuous, 141
continuous at a point, 301
covering, 1067, 1104
covering of a complex manifold, 1105
covering of a smooth manifold, 1105

di�erentiable, 535
discontinuous, 141
holomorphic, 789, 796�798
homotopy equivalence, 430
immersion, 651, 952
locally P , 179
nowhere monotonic, 306
null-homotopic, 418
of bounded displacement, 787, 1652
open, 148
order-preserving, 91
orientation-preserving, 669, 682, 2335
orientation-reversing, 669, 682, 2335
piecewise linear, 1552, 2090
proper, 180, 1506, 2381, 2481
quotient map, 407
smooth on any subset of Rn, 532, 2081
smooth on any subset of a smooth
manifold, 549

smooth on open subset of Rn, 531
submersion, 732
uniformly continuous, 287

map between topological manifolds
proper, 650, 718

mapping class group, 830, 3122
mapping cone, 457, 477, 1735, 2677
mapping cylinder, 454, 477
mapping path �bration, 3287
mapping torus, 467, 1741, 2610, 3559
maps
ε-close, 747
di�eotopic, 812
homeotopic, 420
homotopic, 418, 439, 1604
homotopy equivalent, 1608
isotopic, 420, 471
path-homotopic, 1085
regularly homotopic, 952
smoothly homotopic, 811

matrix
elementary, 1167
symplectic, 3125

maximal elemen of a partially ordered
set, 93, 2442

maximal tree, 317, 1521
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Mayer�Vietoris sequence, 1719
meridian, 1733, 2853, 3134
meridian of an oriented knot, 1305, 2213
mesh of a linear simplicial complex, 2023
metabolizer, 3171
metric
discrete, 346
Euclidean metric, 104, 109
Manhattan metric, 104, 106, 137
maximum's metric, 133
Paris metric, 1142
SNCF metric, 104, 106, 137
trivial, 104

metric space, 103, 283
complete, 289
incomplete, 289

metric spaces
equivalent, 109

microbundle, 2317
minus n open disks, 1233
mirror of a knot, 1315, 2387, 2856
Mittag-Le�er condition, 2470
module
free, 98

monodromy, 3559
monoid, 3088
monomorphism, 208
Moore space of type M(π, n), 3461
Moore space of type M(π, n), 1761, 3426
morphism
identity morphism, 195
inverse morphism, 199
invertible, 198

morphism of a category, 194
Morse function, 2979
lacunary, 3029
perfect, 3025
self-indexing, 3009

Morse inequalities
sharp, 3025

Morse-Smale function, 2998

natural covering corresponding to a
subgroup, 1370

natural isomorphism, 203, 2593

natural orientation of a complex
manifold, 804

natural orientation of a complex vector
space, 803

natural transformation, 203, 2592
natural universal covering, 1370
NDR-pair, 489
neighborhood, 113
neighborhood deformation retract pair,

489
neighborhood retract, 2291
nerve complex, 2062
nice intersection point, 2778
nice neighborhood, 1694, 2778
Nielsen automorphism of a free group,

1202
Nielsen operation, 1202
non-loop in an undirected abstract

graph, 313
non-orientable surface of genus g, 266
norm
l∞-norm, 102
Euclidean, 102
integral norm, 183
maximum norm, 102
supremum norm, 183

norm ball, 102
norm of a matrix, 190
norm on a real vector space, 101, 150
normal bundle, 3059
normal core of a subgroup, 1417
normalizer of a subgroup, 1387
North Pole, 112
null-homologous cycle, 1587, 1591
nullbordant, 2936, 3089
nullity of a form, 2916
number of ends of a topological space,

187, 1254

object
initial, 197
terminal, 197

object of a category, 194
octonionic projective plane, 1972
octonions, 1963
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one-point compacti�cation, 193
open annulus, 264
open cell of a CW-complex, 1469, 1478
open cube, 762
open cylinder, 264
open long ray, 612
open Möbius band, 252
open neighborhood, 113
open regular neighborhood, 2695
open simplex, 1991
open solid torus, 230
opposite category, 197
opposite orientation of an oriented real

vector space, 669
opposite orientation of an oriented

smooth manifold, 677
order
of a family of subsets, 369, 725, 1708

order on an abstract simplicial complex,
1982

order type, 92
ordered n-simplex, 2038, 2141
orientation
direct sum orientation, 671
intersection orientation, 673
preimage orientation, 673

orientation character of a smooth
manifold, 1114

orientation character of a topological
manifold, 2341

orientation covering, 1109, 2341
orientation of a pseudomanifold, 2142,

2184
orientation of a real vector bundle, 3082
orientation of a smooth manifold of

dimension 0, 2204
orientation of a smooth manifold of

dimension ≥ 1, 675
orientation of a topological manifold,

2335
orientation of a vector space of dimension

0, 669
orientation of a vector space of dimension
≥ 1, 668

orientation-preserving mapping class
group, 3123

orientations
compatible, 671
incompatible, 671

oriented curve, 1123
oriented smooth manifold, 675
Osgood curve, 295
overcrossing, 1321

Pachner move, 2109
pair of CW-complexes, 1549
pair of pants, 1234
pair of pants decomposition, 1252
pair of topological spaces, 924
k-connected, 3252

pairing, 99, 2656, 2877
R-bilinear, 99, 2656, 2877, 3631
anti-hermitian, 3631
anti-symmetric, 2877, 3631
degenerate, 2894, 3635
hermitian, 3631
non-degenerate, 2894, 3635
non-singular, 2656
positive-de�nite, 99, 100
positive-semide�nite, 99, 100
singular, 2656
symmetric, 2877, 3631

parametrization of a smooth manifold,
2543

parity of a form, 2918
partial mapping torus, 1516
partial order, 91, 609, 1982
partially ordered set, 1982, 2442
partition between two subsets, 389, 788
partition of a natural number, 3105
partition of unity, 360, 586
path, 161, 791, 1045, 1048
trivial near the ends, 862, 880

path space, 3280
path space �bration, 3282
path-component, 167
path-homotopy between paths, 1048
paths
path-homotopic, 792, 1045, 1048
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physical tangent space, 620
piecewise linear triangulation, 2095
pinching map, 1565, 2221, 3466
PL n-ball, 2092
PL n-sphere, 2092
PL-homeomorphism, 2091
PL-manifold, 2093
closed, 2095

PL-structure, 2093
planar Jordan curve, 1813
planar linkage, 1828
Platonic solid, 1898
Poincaré Duality isomorphism, 2618,

3612
Poincaré Homology Sphere, 2161, 3140
Poincaré model for hyperbolic space,

1429
point
accumulation, 138
cluster, 139
critical, 701, 777, 2973
good, 1171
isolated, 138, 235
limit, 139
regular, 701, 777, 2973

pointed CW-complex, 1542, 3467
pointed homotopy category, 3468
pointed pair of topological spaces, 3238
pointed set, 213, 221, 3241
pointed smooth manifold, 627
pointed topological space, 1061, 1542,

3467
Polish Circle, 276
polygon
regular, 1893

polyhedron, 1552
regular, 1896

Pontryagin class, 3102
preorder, 1256
preordered set, 1256
presentation, 1195
balanced, 3034

presentation for a group, 1195
prime integer topology, 139

primitive element of an abelian group,
1164, 2834

product in a category, 211, 1502
product of two oriented smooth

manifolds, 694
product of two smooth manifolds, 560,

583, 694
product of two topological manifolds, 515
product orientation, 695, 2502
pro�nite completion of a group, 1283
pro�nite integers, 1279, 1288
projective limit, 1258
proper smooth isotopy, 812
pseudomanifold, 2140
closed, 2140
orientable, 2142

pullback, 218, 1280
pullback �bration, 3287
pullback of a bundle, 3303
pullback of a covering, 1101
pullback of a vector bundle, 3069
pullback of a vector �eld, 641
pullback system, 1280
punctured surface, 1447
push-pull set, 1256
pushout, 220, 1260
pushout system, 1258

quasi-circle, 276
quasi-isomorphism, 1794, 3522
quasi-morphism, 1166
quaternions, 1960

radical of a form, 2903
rank of a (�nitely generated) abelian

group, 1152
rank of a �nitely generated abelian

group, 1879
rank of a free abelian group, 1147
rank of a free group, 1411
rational Dehn surgery along a link, 3139
rational homology sphere, 3143, 3188
rational Pontryagin class, 3105
ray, 1433
real division algebra, 2670
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real Grassmannian, 3074
real line bundle, 3058
real projective space, 251
real vector bundle, 3058
reduced homology, 1611
reduced intersection form, 2902
reduced suspension, 3473
Reeb foliation, 986
re�nement of a cover, 354
open, 354

re�ection in a hyperbolic line, 1459
re�ection in a hyperplane, 819
regional property of a topological space,

175
regular dodecahedron, 1897
regular hexahedron, 1897
regular homotopy, 952
regular icosahedron, 1897
regular neighborhood of a subcomplex,

2096
regular neighborhood of a subset of a

topological manifold, 2695
regular octahedron, 1896
regular tetrahedron, 1896
Reidemeister moves, 1328
Reidemeister-Schreier process, 1337
relation, 89
antisymmetric, 91
connex, 93
re�exive, 89
symmetric, 89
transitive, 89

relative cellular chain complex, 1790,
3582

relative handle decomposition, 3001
standard, 3001

relative handle homology groups, 3028
relative homology group, 1624
relative homotopy group, 3238
relative Hurewicz homomorphism, 3254
Remainder term, 535
rendezvous value, 138
reparametrization, 1052
representation, 3508
complex, 3508

faithful, 3516
�nite dimensional, 3509
irreducible, 3509
real, 3508
reducible, 3509
semisimple, 3509
simple, 3509

resolution of a module, 3521
free, 3521

resolution of an abelian group, 1791, 1921
free, 1791, 1921

retract, 1241
retract of a group, 1201
retract of a map, 443
retraction, 186, 433, 753, 783, 1061, 2291
realized by a deformation retraction,
433

reverse of a knot, 2856
Riemannian manifold, 1426
Riemannian manifolds
isometric, 1427

Riemannian structure, 1426
hyperbolic, 1439

right right module, 3501
right-hand rule, 669
ring, 98, 3499
commutative, 98, 3499
left Noetherian, 3595
Noetherian, 3595
ring with involution, 1975, 3502

Rokhlin homomorphism, 3194
Roman surface, 662
rotation index, 955
rotation number, 955
rounding corners, 2953

section of a vector bundle, 3063
sedenions, 1967
Seifert surface, 2859
self-linking number of a thickened knot,

2853, 3134
semi-group, 3088
semidirect product of groups, 1127, 1146
non-trivial, 1127

separation axioms, 349
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sequence of maps
converges pointwise, 300

Serre �bration, 3263
set
convex, 1453
countable, 95
partially ordered, 91, 1982
totally ordered, 94, 1982
uncountable, 95
well-ordered, 94

short exact sequence, 1619
shu�e, 2503
Sierpi«ski space, 186
sign of an intersection point, 989, 2748
signature of a form, 2914
signature of a topological manifold, 2916
simplex, 1581
simplex of a simplicial complex, 1994
simplicial cochain, 2173
simplicial cochain complex, 2175
simplicial cocycle, 2174
simplicial cohomology group, 2175
simplicial complex, 1994
countable, 1994
�nite, 1994
�ag complex, 2034
ordered, 1994
totally ordered, 1994

simplicial complexes
PL-homeomorphic, 2091

simplicial cone on an abstract simplicial
complex, 2003

simplicial homology m-sphere, 2261
simplicial homology ball, 2261
simplicial homology group of an abstract

simplicial complex, 2040
simplicial homology group of an ordered

abstract simplicial complex, 2036
simplicial homology groups with

coe�cients, 2045
simplicial homology manifold, 2261
closed, 2261

simplicial map between abstract
simplicial complexes, 1980

simplicial map between simplicial
complexes, 1997

simplicial mapping cone, 2029
simplicial mapping cylinder, 2027
simplicial neighborhood, 2093
simplicial structure
smooth, 2082

simplicial structure for a topological
space, 1994, 2081

simplicial subdivision map, 2069, 2073,
2269

simplicial suspension of an abstract
simplicial complex, 2003

simplicial volume, 2233, 2382
singular chain, 1583
singular coboundary, 2402
singular cochain, 2402
singular cochain complex of a topological

space, 2402
singular cocycle, 2402
singular cohomology group of a

topological space, 2402
singular cohomology group with local

coe�cients, 3664
singular cycle, 1587
singular homology group, 1587
singular homology group with local

coe�cients, 3656
singular homology groups with

coe�cients, 1913
singular simplex, 1583
smooth, 2597

six-term sequence, 1938
skeleton of a CW-complex, 1469, 1478
skeleton of a simplicial complex, 1995
skeleton of an abstract simplicial

complex, 1980
small inductive dimension, 389
smash product, 1143, 3491
Smith normal form, 1150
smooth R-homology sphere, 3143
smooth cohomology theory, 2590
smooth embedding, 652, 718
weakly disjoint, 1848

smooth Euler characteristic, 1019
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smooth homology sphere, 2159, 3032
smooth homotopy, 811
smooth homotopy sphere, 2625, 3032
smooth isotopy, 812
smooth manifold, 543
closed, 545
nullbordant, 3089
orientable, 675

smooth manifold structure
Sn, 544
O(n), 713
SL(n,C), 712
SL(n,R), 712
SU(n), 713
U(n), 713
non-orientable surface of genus g, 544
on submanifold, 551
open subset of Rn and Hn, 544
surface of genus g, 544

smooth manifold with corner, 581
smooth manifolds
cobordant, 3089
commensurable, 1379

smooth map between smooh manifolds
with corner, 581

smooth singular cohomology group, 2597
smooth structure on a topological

manifold, 543
smooth structures
equivalent, 549

smooth submanifold, 550
proper, 550

smooth submanifold charts, 550
smoothing corners, 2953
social choice, 1864, 3452
social choice of type n, 1864, 3452
social homomorphism, 1865
solid torus, 230
Sorgenfrey line, 183
Sorgenfrey plane, 274, 335
South Pole, 112
space-�lling curve, 292, 530
spanning tree, 317, 324, 1138, 1520
spatial graph, 2699
Sperner's condition, 2079

sphere, 111
sphere packing, 2911
spin group, 3327
spin manifold, 2940
spin structure, 2940
Spivak Normal Fibration, 3042
split union of links, 2864, 2876
splitting of a 3-dimensional smooth

manifold, 3114
splitting of a short exact sequence, 1715
splitting of a short exact sequence of left

modules, 3505
standard n-simplex, 1581
standard R-orientation of Sn, 2337
standard collar of B

m ×W , 737
standard complex structure
on CPn, 798
on S2, 806
on a quotient M/G, 800

standard generator of Hn(Sn), 1677
standard generator of Hn(B

n
, Sn−1), 1679

standard handle decomposition, 2958
standard orientation of Rn, 668
standard orientation of Sn, 681
standard orientation of the intersection of

submanifolds, 969
standard orientation on a

codimension-zero submanifold, 684
standard orientation on a complex

manifold, 804
standard relative handle decomposition,

3001
standard smooth structure
on CPn, 798
on RPn, 564
on Rm/Zm, 564
on a product M ×N , 561
on a quotient M/G, 562
on a submanifold, 552, 802
on open subsets of Rn and open
subsets of Hn, 545

on the boundary, 555
on the closed ball B

n
, 545

on the Möbius band, 564



3690 INDEX

on the non-orientable surfaces of genus
g ∈ N, 545

on the sphere Sn, 545
on the surfaces of genus g ∈ N0, 545

standard torus, 231
star of a simplex in an abstract simplicial

complex, 2018, 2101
starting point of a path, 1048
Steenrod operations, 3202
Steiner surface, 662
stellar subdivision at a simplex, 2102
stereographic projection, 155, 806
strand, 1329
stretching map, 2068, 2269
subbasis of a topology, 135
subcategory, 197
full, 197

subcomplex of a CW-complex, 1493
subcomplex of a simplical complex, 1980
subdivision of a simplicial structure,

2048, 2090
subdivision of an undirected abstract

graph, 1904
subgraph of an abstract graph, 317, 1138
subgroup
characteristic, 1424
cocyclic, 1335
normal, 1191

subgroup generated by a subset, 1192
subgroup normally generated by a

subset, 1192
submanifold, 524
neat, 551
non-separating, 1246
proper, 525
separating, 1246

submanifold atlas, 550
submanifold charts, 525
submanifold with corner, 2648
submanifolds
can be made disjoint, 2747
complementary, 2751
intersect transversally, 968
smoothly isotopic, 817, 2747

subset

Gδ, 347
bounded, 128
clopen, 192
closed, 110
compactly closed, 1503
contractible in the topological space,
2290

convex, 157
dense, 120, 296
full measure, 762
good, 1613
measure zero, 762
nowhere dense, 296
open, 107
precompact, 178
regular closed, 532
retract of a topological space, 186, 433,
753, 783, 1061, 2291

simply connected, 794, 1045
star-shaped, 1055

subset of R3

in general position, 323
subset of RN

a�nely independent, 384
in general position, 384

subset:star-shaped, 432
subspace, 112
substitution isomorphism, 1199
subtree of an abstract graph, 317
superalgebra, 2584, 2614
support of a function, 360, 586
surface of genus g, 266
surface of in�nite genus, 1269
surgery description, 3139
integral, 3139

suspension functor, 453
suspension homomorphism, 1577
suspension of a map, 452, 1577
suspension of a topological space, 451,

1577, 1681
suspension operator, 1750
symmetric form, 1426
symplectic group, 3125
sympletic basis, 2923, 3101
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tail, 896
tangent bundle, 1024, 2832, 3059, 3061
tangent space, 628
tangent vector, 628
points inward, 620, 634
points outward, 620, 634, 688

tangle, 1343
tautological complex vector bundle, 3074
tautological line bundle, 3060
tautological real vector bundle, 3074
Taylor polynomial, 535
Teichmüller space, 1443
telescope of a CW-complex, 1546
tensor product, 3510
tensor product of abelian groups, 1907
tensor product of chain complexes, 1940,

2491
tensor product of local coe�cient

systems, 3653
tensor product of real vector spaces, 3080
tensor product of vector bundles, 3080
tesselation, 1460
thickened cobordism group, 3352
thickened sphere, 2950
thickened submanifold, 3342
thickening of a CW-complex, 3037
thickening of a knot, 2853, 3134
thickening of a link, 3131
thickening of a smooth path, 880
thickening of a submanifold, 3342
Thom-Pontryagin map, 2839, 2842, 3343
Thompson's group F , 1422
Thompson's group T , 1422
Thurston norm, 2852
Tietze transformations, 1196, 3035
topological R-homology sphere, 3143
topological graph, 311
topological group, 267, 3316
topological homology ball, 2720
topological homology sphere, 1672, 2159,

2710
topological knot, 2292
topological manifold, 511, 541
amphichiral, 2663
chiral, 2663

closed, 511
�exible, 2528
nullbordant, 2936

topological realization of a CW-complex,
1468, 1478

topological realization of an abstract
simplicial complex, 1984

topological space, 107
T0, 349
T1, 349
T2, 349
T3, 349
T4, 349
T5, 349
T6, 349
T2 1

2
, 349

T3 1
2
, 349

k-connected, 1845, 1861, 3252
CGWH-space, 1503
acyclic, 2492
arc-connected, 192
aspherical, 1861
Baire, 299
compact, 125
compactly generated, 1503
completely metrizable, 299
completely normal , 347, 348
connected, 161
contractible, 431, 1608
disconnected, 161
dominated by some other topological
space, 2307, 3417

�rst-countable, 187
Fréchet, 349
Hausdor�, 121
hereditarily normal, 326, 353
homogeneous, 619, 821, 822
k-space, 1503
Kolmogorov, 349
locally P , 175
metrizable, 110, 340, 1099
normal, 123, 326, 356, 2786
paracompact, 354
path-connected, 161
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perfectly normal, 347
regionally P , 175
regular, 139, 343
second-countable, 337
semi-locally simply connected, 1358
separable, 351
sequentially compact, 306, 619
simply connected, 1058
social, 1864, 3452
totally disconnected, 236
Tychono�, 349
Urysohn, 349
weakly contractible, 3401
weakly Hausdor�, 1503
weakly locally contractible, 2290
weakly regionally compact, 2320
well-pointed, 489

topological spaces
homotopy equivalent, 430

topological valence of a point in a
topological space, 319, 1673

topological-realization-of-a-graph, 308,
314

Topologist's Electrocardiagram, 1382
Topologist's Sine Curve, 164
topology, 107
box topology, 274
Chabauty topology, 282
chaotic, 107
CO topology, 1364
cocountable topology, 108
compact-open topology, 392
discrete, 107
disjoint union topology, 237
Euclidean, 109
�nite complement, 108
generated by a basis, 132
half-disk topology, 335
indiscrete, 107
K-topology on R, 192, 352
leonine, 120
lower limit topology, 183
metric, 109
order topology, 610
product topology, 226

quotient topology, 242
subspace topology, 112
tangent disk topology, 352
trivial, 107
whisker topology, 1361

Torelli group, 3129
torsion group Tor(H,G), 1925
torsion group Torn(H,G), 1922
torsion module TorSn(M,N), 3529
torsion subgroup of an abelian group,

1152
torus, 230
total order, 94, 609, 1982
total order on an abstract simplicial

complex, 1982
total Pontryagin class, 3102
total space, 3058, 3265, 3299
total tangent space, 1024
transfer map, 1952
transition map, 541, 580
transition matrix, 668
transverse intersection of submanifold

and map, 971
transverse intersection point, 967, 2748,

2781
tree, 315, 324, 1136, 1520
triad
excisive, 2429, 3571
excisive with respect to local
coe�cients, 3669

universally excisive, 3571
triad of topological spaces, 2429, 3571,

3669
triangle group, 1461
triangulation of a topological space, 1995
triple of topological spaces, 1627
trivial complex vector bundle, 3059
trivial knot, 1301, 1302
trivial link, 1015, 2863
trivial preorder, 1256
trivial real vector bundle, 3059
trivialization of a local coe�cient system,

3645
trivialization of a vector bundle, 3063,

3077
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tubing of submanifolds, 2258
turning number, 955
twisted cellular chain complex, 3584
twisted cellular cochain complex, 3584
twisted cellular cohomology, 3584
twisted cellular homology, 3584
twisted chain complex, 3537
twisted cochain complex, 3537
twisted cohomology, 3537
twisted homology, 3537
two points
topologically distinguishable, 349
topologically indistinguishable, 349

two subsets
separate, 346, 347

Umkehr map, 2624
undercrossing, 1321
underlying topological manifold, 543
undirected abstract elementary graph,

941
undirected abstract graph, 313
connected, 315
countable, 313
�nite, 313

uniformly covered, 1067
unit normal �eld, 678
universal abelian cover, 1380
universal covering, 1372, 1381
unknotting number, 1343
unoriented cobordism group, 3092
unoriented cobordism ring, 3099
upper bound of a partially ordered set,

93, 2442
upper right quadrant, 579

valence of a vertex, 315, 1136, 1895
value
critical, 701, 777
regular, 701, 777

variety, 1464
vector bundle
trivializable, 3063

vector �eld, 639, 2123, 3064
boundary parallel, 845
parallel to a submanifold, 846

smooth, 639, 2123
vector �eld of a manifold, 639, 2123
vector �eld on a submanifold of Rn, 638,

1688
vertex of a simplicial complex, 1994
vertex of a topological graph, 311
vertex of an abstract graph, 307
vertex of an undirected abstract graph,

313
von Dyck group, 1215, 1461

Warsaw Circle, 276, 1381
weak Eilenberg-Maclane space, 3477
weak homotopy equivalence, 2062, 3402
weak topology on a CW-complex, 1479
wedge of pointed topological spaces,

1132, 1134, 3469
wedge point, 1132
weight of a group, 1342
weird topological spaces
Bing's house with two rooms, 3423
dunce cap, 3422
harmonic archipelago, 1285
Hawaiian earrings, 1284
in�nite zigzag comb, 442
long line L, 613
pseudocircle, 141, 1098, 3406
quasi-circle, 276
Topologist's Sine Curve, 164
Warsaw Circle, 276, 1381
Whitehead Theorem fails, 3410

well-order, 94, 609
whisker topology, 1361
Whitehead link, 2871
Whitney sum of vector bundles, 3079
wild knot, 659
winding number, 922
Wirtinger presentation, 1330
Witt group, 2924
word problem, 1346

Zariski topology, 1463
zero of a vector �eld
degenerate, 1020, 2982
non-degenerate, 1020, 2982

zero-section, 3064





Nomenclature

(M#N,K#L) connected sum of pairs (M,K) and (N,L)
∗CP2 fake CP2 with non-trivial Kirby-Siebenmann invariant
−M smooth manifold equipped with the opposite orientation
1K multiplicatively neutral element in H∗simp(K;R)
1X multiplicatively neutral element in H∗(X;R)

[M̃ ]tw fundamental class of a compact non-orientable path-connected topolog-
ical manifold

[K] fundamental class of a closed oriented pseudomanifold
[K]F2 F2-fundamental class of a closed pseudomanifold
[M ] fundamental class of a compact oriented smooth manifold
[M ] fundamental class of a compact oriented topological manifold
[M ]∗ dual fundamental class of a compact oriented topological manifold
[M ]R real fundamental class of a compact oriented smooth manifold
[M ]F2 F2-fundamental class of a compact smooth manifold
[M ]F2 F2 fundamental class of a compact oriented smooth manifold
[M ]F2 F2-fundamental class of a compact topological manifold
[s] equivalence class of s ∈ S
[Sn] standard generator of Hn(Sn)
[X, Y ] maps X → Y up to homotopy
[X, Y ] set of homotopy classes of maps X → Y
[x, y] commutator xyx−1y−1

[z0, . . . , zk] map ∆k → Rn de�ned by z0, . . . , zk ∈ Rn

#S cardinality of a set
X cap product
X⊗ cap product with twisted coe�cients
α ∗ β concatenation of paths
∠M corner of a smooth manifold with corner
AbGroup category of abelian groups
AbsGraph category of abstract graphs
CGWH category of CGWH-spaces
ChCplx category of chain complexes
CplxMfd category of complex manifolds
CRing category of commutative rings
CW category of CW-complexes
FullCW full category of CW-complexes
FullPairCW full category of pairs of CW-complexes

3695
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Group category of groups
GradAb category of S-graded abelian groups
GradMod R category of S-graded R-modules
GrRing category of graded rings
HomTop homotopy category of topological spaces
MapTop category of maps between topological spaces
RMod category of R-left modules
Mod R category of R-right modules
PairSet category of pairs of sets
PairTop category of pairs of topological spaces
PSmMfd category of pointed smooth manifolds
PTop category of pointed topological spaces
Ring category of rings
Set category of sets
SimpCplx category of abstract simplicial complexes
SimpCplx category of simplicial complexes
SmMfd

∂=∅ category of smooth manifolds with empty boundary
SmMfd category of smooth manifolds
SmMfd Rn category of smooth submanifolds of some Rn

Top category of topological spaces
TopGr category of topological groups
TopPropMap category of topological maps where morphisms are proper maps
UndirAbsGraph category of undirected abstract graphs
VecK category of K-vector spaces
χ(X) Euler characteristic of a CW-complex
χ(X) Euler characteristic of a CW-complex
χ(X) Euler characteristic of a topological space
χsm(M) smooth Euler characteristic of a smooth manifold
C∗(X,A;G) relative cochain complex
C∗n(X;R) bounded cochain complex
C∗smooth(M ;G) smooth singular cochain complex
∆n standard n-simplex
∆M diagonal of a smooth manifold
δij Kronecker delta
lim−→F limit of a diagram
∅ the empty set
εX augmentation map C0(X)→ Z
ΓAR(M) set of all R-sections along A
Hn upper half-space in Rn

◦
∆
n

∆n \ ∂∆n

◦
St(K, s) open star of the simplex s
◦
A interior of a subset A
lim
←−

F colimit of a diagram
L long line
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L+ open long ray
Λ(ϕ) Lefschetz number of a map ϕ
Λ(ϕ,F) F-Lefschetz number of a map ϕ
〈(X, x0), (Y, y0)〉 maps (X, x0)→ (Y, y0) up to homotopy
〈(X, x0), (Y, y0)〉 maps (X, x0)→ (Y, y0) up to homotopy
〈 , 〉 Kronecker pairing with R-coe�cients
〈X | R〉 presentation with generating set X and relator set R
〈x1, . . . , xk | r1, . . . , rl〉 presentation with generators x1, . . . , xk and relators r1, . . . , rl
〈 , 〉 Kronecker pairing
◺ planar n-simplex
ÿ map from ordinary to relative homology
æ map from reduced to ordinary homology
æ map from reduced to relative homology
þ map from relative homology to homology of the quotient
Zn Z/nZ
CP∞ in�nite-dimensional complex projective space
CPn complex projective space
HP∞ in�nite-dimensional quaternionic projective space
HPn quaternionic projective space
N the natural numbers 1, 2, . . .
N0 the natural numbers 0, 1, 2, . . .
OP1 octonionic projective line
OP2 octonionic projective plane
RP∞ in�nite-dimensional real projective space
RPn real projective space
Z(S) free abelian group generated by the set S
Nn unoriented cobordism group
P(X) power set of the set X
∇f gradient vector �eld of f
Ω(X) free path space
Ω(x, x0) loop space
Ωfr
k (Rm) framed cobordism group

Ωth
k (Rm) thickened cobordism group

Ωn n-th cobordism group
Sp(n) compact symplectic group
Aut(π) automorphism group of a group π
Confk(M) con�guration space of k points in M
Ind(X) large inductive dimension of a topological space
ind(X) small inductive dimension of a topological space
Inn(π) inner automorphism group of a group π
Out(π) outer automorphism group of a group π
cat(X) Lusternik-Schnirelmann category of a topological space X
cdim(X) covering dimension of a topological space
cl(X) cup length of a topological space X
Cone(f : A→ X) mapping cone of a map f : A→ X



3698 NOMENCLATURE

Cone(K) simplicial cone on an abstract simplicial complex K
Cone(X) cone of a topological space X
Cyl(f : A→ X) mapping cylinder of a map f : A→ X
C∗tw,CW(X,A;M) twisted cellular cochain complex
C∗tw(X,A;M) twisted cochain complex
Cn

lc(X,A;E) relative n-cochain group with local coe�cients
Ctw,CW
∗ (X,A;M) twisted cellular chain complex

Ctw
∗ (X,A;M) twisted chain complex

Cn(X) n-th singular chain group of X
Clc
n (X,A;E) relative n-chain group with local coe�cients

Clc
n (X;E) n-chain group with local coe�cients

Cn
lc(X;E) n-cochain group with local coe�cients

Deck(p : X → B) deck transformation group
deg(Φ) degree of an automorphism of a group isomorphic to Z
deg(f) degree of a map f : Sn → Sn

deg(f, x) local degree of a map f at a point x
diam(A) diameter of a subset A of a metric space
Diff(M,N) set of di�eomorphisms
Diff+(M,N) set of orientation-preserving di�eomorphisms
Emb(M,N) set of di�eomorphisms
Emb+(M,N) set of orientation-preserving di�eomorphisms
ev : Hn(C;G)→ Hom(Hn(C), G) evaluation map
ev : Hn(X;F)→ HomF(Hn(X;F),F) evaluation map with F-coe�cients
Ext(H,G) G-Ext-group of H
Extn(H,G) n-th G-Ext-group of H
ExtnS -left(M,N) n-th N -Ext-module of M
FH maximal torsion-free quotient of H
FH maximal torsion-free quotient of an abelian group
genus(M) genus of a surface M
GL+(n,R) real matrices of positive determinant
Homeo(X) group of self-homeomorphism of X
Homright-R(A,B) group of R-left module homomorphisms A→ B
Hn

lc(X,A;E) n-th singular cohomology group with local coe�cients
Hlc
n (X,A;E) n-th singular homology group with local coe�cients

Hlc
n (X;E) n-th singular homology group with local coe�cients

Htw,CW
n (X,A;M) twisted cellular cohomology group

Htw,CW
n (X,A;M) twisted cellular homology group

Htw
n (X,A;M) twisted cohomology group

Htw
n (X,A;M) twisted homology group

Hn
lc(X;E) n-th singular cohomology group with local coe�cients

idX identity morphism
index(f, g, P ) index of an intersection point of two maps f and g
index(f, z) index of a map f at a �xed point z
index(v, x) index of a vector �eld v at a zero x
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index(v, x) index of a vector �eld v at a zero x
int(A) interior of a subset A
Isom(M, g) group of isometries of the Riemannian manifold (M, g)
Isom+(M, g) group of orientation-preserving isometries of the Riemannian manifold

(M, g)
K(π, n) canonical Eilenberg-Maclane space of type K(π, n)
lim1 lim one of an inverse system of abelian groups
link(K, s) link of the simplex s
lk(K, J) linking number of oriented knots K and J
mesh(Y ) the largest diameter of a simplex
MorC (X, Y )inv set of invertible morphisms
M(π, n) Moore space of type M(π, n)
M(ϕ) algebraic mapping cone of ϕ : C∗ → D∗
O in�nite orthogonal group
PDM Poincaré Duality isomorphism
rank(A) rank of an abelian group A
rank(A) rank of an abelian group
rank(M) rank of a module over a commutative domain R.
sd(K) barycentric subdivision of the simplicial complex K
sign(M) signature of a 4n-dimensional topological manifold
Spin(n) spin group
St(K, s) star of the simplex s
supp(f) support of a map f : X → R
supp(f : X → R) support of the map f
Sn(X) set of all singular n-simplices in Y
topval(x,X) topological valence of a point
Tor(A) torsion subgroup of an abelian group A
Tor(H,G) G-torsion of H
Tor(X, f) mapping torus of a map f : X → X
Torn(H,G) n-th G-torsion group of H
TorSn(M,N) n-th N -torsion module of M
tr(ϕ) trace of the endomorphism ϕ
U in�nite unitary group
VectnC(X) set of isomorphism classes of n-dimensional C-vector bundles over X
VectnR(X) set of isomorphism classes of n-dimensional R-vector bundles over X
Vectn,+R (X) set of isomorphism classes of oriented n-dimensional R-vector bundles

over X
sign(σ) sign of the permutation σ
Sp in�nite symplectic group
Sp(2g,Z) symplectic group
L≥0 closed long ray
L long ray
A closure of a subset A
B
n

n-dimensional closed ball in Rn
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B
n

r (y) closed r-ball around y ∈ Rn

∂∆n all points on ∆n where at least one coordinate is zero
∂M boundary of a smooth manifold with corner
∂M boundary of a smooth manifold
∂X boundary of a topological manifold
∂0X ∂0X = ∂X \ ∂M of a submanifold X of a manifold M
∂0 ∂0 of a submanifold with corner
∂1X ∂1X = ∂X ∩ ∂M of a submanifold X of a manifold M
∂1 ∂1 of a submanifold with corner
∂cM corner set of a submanifold M with corner
Φ≤s characteristic map in a totally ordered simplicial complex
π0(X) the set of path-components of a topological space X
π1(X, x0) fundamental group of (X, x0)
πsk stable homotopy group
πn(X,A, x0) relative homotopy group
πn(X, x0) n-th homotopy group of (X, x0)

ϕA Z[G]-left module corresponding to ϕ : G→ Aut(A)
Rn

++ the upper right quadrant of Rn.∏
i∈I
Xi product of sets∏

i∈I
Xi product of sets

Σ(K) simplicial suspension of an abstract simplicial complex K
Σ(X) Suspension of X
Σ(X) suspension of a topological space X
Σg surface of genus g
Σg,n surface of genus g minus n open disks
θR the canonical singular cochain in C1;R)
θR the canonical singular cochain in C1;Z)
lim
←−

inverse limit of an inverse system
lim
−→

direct limit of a direct system

CCW
∗ (X,A) cellular chain complex

HCW
n (X,A) n-th relative cellular homology group

Hlf
n(X;G) locally �nite homology

Hk
dR(M,A) relative de Rham cohomology groups

C∗c(X;G) chain complex with compact support
C∗simp,≤(K;G) simplicial cochain complex
C∗simp(K;G) simplicial cochain complex
CCW
∗ (X) cellular chain complex

CCW
∗ (X) cellular cochain complex

CCW
∗ (X,A) cellular chain complex

Chan
∗ (M) handle chain complex

Csimp,≤
∗ (K) simplicial chain complex of an ordered abstract simplicial complex

Csimp
∗ (K) simplicial chain complex of an abstract simplicial complex
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Cn(X,A) relative singular chain group
Csimp,≤
n (K) n-th simplicial chain group of an ordered abstract simplicial complex K

Csimp
n (K) n-th simplicial chain group of the abstract simplicial complex K

DWM double of a topological (smooth) manifold M along W
DfP di�erential of a smooth map f : M → N at P ∈M
DM double of a topological (smooth) manifold M
Hk

simp,≤(K;G) k-th simplicial cohomology group
Hk

simp(K;G) k-th simplicial cohomology group
Hn(X,A;G) n-th relative singular cohomology
Hn

CW(X) n-th cellular cohomology group
Hn

smooth(M ;G) n-th smooth singular cohomology group
Hhan
k (M) n-th handle homology group

Hn(π) n-th homology group of a group π
Hn(X) n-th singular homology group
Hn(X;G) singular homology with G-coe�cients
HCW
n (X) n-th cellular homology group

HCW
n (X,A) n-th relative cellular homology group

Hsimp,≤
n (K) n-th simplicial homology group of an ordered abstract simplicial com-

plex
Hsimp
n (K) n-th simplicial homology group of an abstract simplicial complex

Hsimp
n (K;G) simplicial homology with G-coe�cients

HH quaternionic Hopf map
HO octonionic Hopf map
Hn

b(X;R) n-th bounded cohomology group
Hn

c (X;G) cohomology with compact support
TPM tangent space of a smooth manifold M at P
ϕ Y ψ cup product
ϕ X σ cap product on (co-) homology
ϕ Y ψ relative cup product on cohomology
ϕ Y ψ relative cup product
ϕ Y⊗ ψ relative cup product on cohomology with twisted coe�cients
ϕ× ψ cross product on cohomology
D̃iff(M,N) set of di�eomorphisms up to di�eotopy
D̃iff

+
(M,N) set of orientation-preserving di�eomorphisms up to di�eotopy

Ẽmb(M,N) set of di�eomorphisms up to di�eotopy

Ẽmb
+

(M,N) set of orientation-preserving di�eomorphisms up to di�eotopy
T̃PM physical tangent space of a smooth submanifold of some Rn

C̃∗(X) reduced chain complex
p̃I(M) I-Pontryagin number of a smooth manifold M
X̃x0 natural universal covering corresponding of (X, x0)

X̃Γ
x0

natural covering corresponding to Γ Ă π1(X, x0)

H̃n(X) n-th reduced homology group
A⊗B tensor product of two abelian groups A and B
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A⊗K B tensor product of two real vector spaces A and B
A Ă B A is a subset of B
A Ĺ B A is a subset of B with A 6= B
Bn n-dimensional open ball in Rn

Bn
r (y) open r-ball around y ∈ Rn

bn(X) the n-th Betti number of a topological space
bn(X,A) the n-th Betti number of a pair of topological space
C∞(M,N) set of all smooth maps between smooth manifolds M and N
C∗ ⊗D∗ tensor product of chain complexes
cy the constant map that sends all points to y
d(A,B) distance between two subsets of a metric space
E8 the 8× 8-matrix E8

f · g algebraic intersection of two maps that intersect nicely
f−1(y) preimage of the one-point subset {y}
Goϕ π semidirect product of two groups G and π
H Hopf map
inj the j-th face map ∆n−1 → ∆n

K inv inverse of a knot
Kmir mirror image of a knot K
Kmir mirror of a knot
Krev reverse of a knot
K1 ∗ · · · ∗Km simplicial join of abstract simplicial complexes
L(p, q) lens space
Lcl closure of a long knot L
M#N connected sum of topological manifolds M and N
M \\F the smooth manifold M cut along a codimension-one submanifold F
Mπ π-invariants
Mh(ϕ) handle attachment to M along ϕ
Mπ π-coinvariants
N oϕ Zk semidirect product of groups N and Zk
N(U) nerve complex of a cover U
Ng non-orientable surface of genus g
Ng,n non-orientable surface of genus g minus n open disks
p(E) total Pontryagin class of a vector bundle E
P (x, x0) path space
pi(E) i-th Pontryagin class of a vector bundle E
pI(M) I-Pontryagin class of a smooth manifold M
pi(M,Q) i-th rational Pontryagin class of a smooth manifold
Qas
M,A,B asymmetric intersection pairing

Qred(M) reduced intersection form
QM intersection form of an even dimensional topological manifold
QF2
M F2-value intersection form of an even dimensional topological manifold

R(X) free R-left module generated by the set X
S(X, x0) reduced suspension
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S/∼ set of equivalence classes
S3
r (L) Dehn surgery along the framed link (L, r)
S3
r (K) Dehn surgery along K
S∞ in�nite-dimensional sphere
Sn n-dimensional sphere in Rn+1

Snr (y) n-dimensional sphere of radius r around y
Sn=0 equator of Sn

Sn≥0 upper hemisphere of Sn

Sn≤0 lower hemisphere of Sn

s† dual chain of a simplex s
w1 orientation character of a smooth manifold
w1 orientation character of a topological manifold
X ∗X join of topological spaces X and Y
X ∗ Y ∗ Z join of topological spaces X, Y and Z
X/A quotient of topological space X by subset A
X · Y algebraic intersection number of X and Y
X · f algebraic intersection number of X and f
X ·X algebraic self-intersection number of a submanifold
X · Y algebraic intersection number of X and Y
X ·Z2 f Z2-valued intersection number of X and f
X ·Z2 Y Z2-valued intersection number of X and Y
X ⊗ Y product of two CW-complexes
X t f X and Y intersect transversally
X t f X and f intersect transversally
X ∨ Y wedge of the topological spaces X and Y
X ∧ Y smash product of X and Y
X×̃Y product in the category of CGWH-spaces
XY set of continuous maps Y → X
Y ∪ϕ Z Y glued to Z via ϕ
Y ∪Z X pushout of Y ← Z → X





Notation

(M#N,K#L), 1318
(X, x0) ∧ (Y, y0), 1143
∗CP2, 2943
−M , 677
1K , 2186
1X , 2519
A⊗B, 1907
A⊗K B, 3080
Bn, 112
Bn
r (y), 111

Bn
≥0, 152

Bn
≤0, 152

C∞(M,N), 546
C∗ ⊗D∗, 1940, 2491
E8, 2911
Goϕ π, 1146
H, 3210
I-Pontryagin class, 3106
I-Pontryagin number, 3106
K \ St(K, ◦s), 2101
K inv, 2856
Kmir, 1315, 2387, 2856
Kr, 2856
L(p, q), 1075
Lcl, 1344
M \\F , 2844
Mπ, 3555
Mh(ϕ), 2953
Mϕ, 3555
N oϕ Zk, 1127
N(U), 2062
P (X, x0), 3280
Qas
M,A,B, 2895

Qred(M), 2902
QM , 2880

QF2
M , 2922

R-orientation for a topological manifold,
2335

R-section for a topological manifold, 2331
R(X), 3503
S(X, x0), 3473
S3
r (L), 3139
S3
r (K), 3137
S∞, 1477
Sn, 112
Snr (y), 111
Sn=0, 152
Sn≥0, 152
Sn≤0, 152
X ∗ Y , 446, 2001, 3311
X ∗ Y ∗ Z, 448
X · Y , 2748
X ·X, 1017
X · Y , 989, 1017
X · f , 989
X ·Z2 Y , 996
X ·Z2 f , 996
X ⊗ Y , 1500
X ∧ Y , 1143, 3491
XY , 392
Y ∪Z X, 494
Y ∪Z X, 259, 1260
Y ∪ϕ Z, 262
[K], 2143
[K]F2 , 2143
[M ], 2199, 2351, 2382
[M ]∗, 2451
[M ]F2 , 2215, 2352
[Sn], 1677
[X, Y ], 441, 3465
[∅], 2205, 2351
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[M̃ ]tw, 3567
[z0, . . . , zk], 1584
#S, 94
C∗smooth(M ;G), 2597
∆n, 1581
∆M , 1019
ΓAR(M), 2331
Hn, 511
Λ(ϕ), 2287, 2645
Λ(ϕ), 2116
Λ(ϕ,F), 2115
Λ(f), 2799
O, 3329
Ω(X), 3280
Ω(X, x0), 3280, 3469
Ωfr
k (Rm), 3366

Ωth
k (Rm), 3352

Ωn, 3091
Rn

++, 579
Σ(K), 2003
Σ(X), 451, 1577, 1681
Sp, 3329
U, 3329
X, 2188, 2551, 2556
X⊗, 3606, 3607
Y, 2180, 2536, 3218
α ∗ β, 165, 1052
∠M , 582
χ(X), 1519, 1882, 3593
χsm(M), 1019
lim−→F , 217
∅, 86
εX , 1590◦
A, 116
◦
∆
n
, 1581
◦

St(K, s), 2018
lim
←−

F , 219

〈(X, x0), (Y, y0)〉, 1542, 3467
〈(X, x0), (Y, y0)〉inv, 3468
〈X | R〉, 1193
〈 , 〉, 2452
〈x1, . . . , xk | r1, . . . , rl〉, 1193
〈 , 〉, 2425
〈 , 〉X , 2425

b(v0, . . . , vk)c, 2171
b(v0, . . . , vn)c, 2038, 2141
|K|, 1984
|S|, 94
ÿ, 1626
æ, 1612, 1626
þ, 1633
R∞, 140
Zn, 90
CP∞, 1480
CPn, 255
HP∞, 1970
HPn, 1970
OP1, 1971
OP2, 1972
RP∞, 1480
RPn, 251
Z(S), 1147
Nn, 3092
P(X), 86
∇f , 2982
Aut(π), 1065
Confk(M), 717
Ind(X), 390, 788
Inn(π), 1065
MCG(M), 830
Out(π), 1065
O(n, k), 716
Sp(n), 3319
cdim(X), 725
cl(X), 2647
gd(π), 3463
grad fP , 716
ind(X), 389
sign(M), 2924
topval(x,X), 1673
Cone(K), 2003
Cone(X), 450
Cone(f : A→ X), 457
Cyl(f : A→ X), 454
Cn

tw,CW(X,A;M), 3584
Cn

tw(X,A;M), 3537
Cn(X), 1583
Ctw,CW
n (X,A;M), 3584

Ctw
n (X,A;M), 3537
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Deck(p : X → B), 1383, 3532
Diff(M,N), 830
Diff+(M,N), 830
Emb(M,N), 830
Emb+(M,N), 830
Ext(H,G), 2439
Extn(H,G), 2437
ExtnS -left, 3530
FH, 2114, 2879
GL(m, k), 3365
GL(n,R), 171
GL(n, k), 436, 820
GL+(n,R), 171
GL−(n,R), 171
Homeo(X), 400
Homright-R(A,B), 3502
Hlc
n (X;E), 3656

Hn
tw,CW(X,A;M), 3584

Hn
tw(X,A;M), 3537

Htw,CW
n (X,A;M), 3584

Htw
n (X,A;M), 3537

Hn
lc(X;E), 3664

Isom(M, g), 1426
Isom+(M, g), 1426
K(π, n), 3434
MCG(M), 3122
MCG+(M), 3123
MorC (X, Y )inv, 198
M(π, n), 1761, 3426
M(ϕ), 1796
O(m, k), 3365
O(n), 171
O(n, k), 436, 820
PDM , 2618
PDX , 3612
SL(n,R), 171
SO(n), 171
Spin(n), 3327
St(K, s), 2018, 2101
Sn(X), 3662
Tor(A), 1152
Tor(H,G), 1925
Tor(X, f), 467, 3559
Torn(H,G), 1922
TorSn(M,N), 3529

U(n), 171
VectnC(X), 3067
VectnR(X), 3067
Vectn,+R (X), 3085
cat(X), 2544
cdim(X), 369, 1708
cl(X), 2547
deg(f), 899, 925, 1684, 2222, 2379
deg(f, x), 898, 1694, 2379
degZ2

(f), 913
diam(A), 285
ev : Hn(C;G)→ Hom(Hn(C), G), 2444
ev : Hn(X;F)→ HomF(Hn(X;F),F),

2452
genus(M), 1237
idX , 195
index(f, g, P ), 2779
int(A), 116
lim1, 2469
link(K, s), 2018, 2101
lk(K, J), 2865
rank(A), 1152, 1911
rank(M), 99
sd(K), 2014
sign(M), 2916
sign(σ), 2035
supp(f), 360
supp(f : X → R), 586
topval(x,X), 319
Sp(2g,Z), 3125
A, 116
B
n
, 112

B
n

r (y), 111
B
n

≥0, 152
B
n

≤0, 152
∂M , 545, 582
∂X, 511
∂∆n, 1581
∂Hn, 511
∂0W , 2649
∂0submanifold, 568
∂1W , 2649
∂1submanifold, 568
∂csubmanifold with corner, 2648
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π0(X), 167
π1(X, x0), 1054
πsk, 3394
πn(X,A, x0), 3238
πn(X, x0), 1560
ϕA, 3506∏
i∈I
Xi, 88

θR, 2404
θZ, 2404
Cksimp,≤(K;G), 2173
Cksimp(K;G), 2173
Cn(X,A;G), 2402
Cnb(X;R), 2486
Cnc (X;G), 2478
Csimp,≤
∗ (K), 2036

Csimp
∗ (K), 2040

Chan
k (M), 3013

Csimp,≤
k (K), 2171

Csimp
k (K), 2172

Cn(X,A), 1624
CCW
n (X), 1770, 1800, 2420

CCW
n (X,A), 3582

Cint
n (W ), 3587

Cint
n (X), 1801

Csimp,≤
n (K), 2036

Csimp
n (K), 2038

DM , 1667
DWM , 1667
DfP , 536, 622, 623, 631
Hk

simp,≤(K;G), 2175
Hk

simp(K;G), 2175
Hn(X,A;G), 2402
Hn

CW(X), 2420
Hn

smooth(M ;G), 2597
Hhan
k (M), 3013

Hsimp,≤
k (K,L), 2059

Hsimp
k (K,L), 2059

Hn(X), 1587
Hn(X;G), 1913
Hn(π), 3453
HCW
n (X), 1770, 1800

HCW
n (X,A), 3582

Hsimp,≤
n (K), 2036

Hsimp
n (K), 2040

Hsimp
n (K;G), 2045

HH, 2676
HO, 2676, 3210
Hn

b(X;R), 2487
Hn

c (X;G), 2479
TPM , 628
ϕ XR σ, 3608
ϕ Y ψ, 2513, 3666
ϕ YR ψ, 3603
ϕ XZ σ, 3669
ϕ× ψ, 3204
∨, 1132, 3469
X̃x0 , 1370, 1372
X̃Γ
x0
, 1370

D̃iff(M,N), 830

D̃iff
+

(M,N), 830
Ẽmb(M,N), 830

Ẽmb
+

(M,N), 830
C̃∗(X), 1611
T̃PM , 620
H̃n(X), 1611
bn(X), 1882, 2621
d(A,B), 283
f ′(t), 533
f · g, 2780
inj , 1585
p(E), 3102
pi(E), 3102
pi(M,Q), 3105
s†, 2271
w1, 1114, 2341
CCW
n (X,A), 1790

HCW
n (X,A), 1790

Hlf
n(X;G), 2381

Hk
dR(M,A), 2616

identi�cation
S2 = C ∪ {∞}, 156
Sm ∗ Sn = Sm+n+1, 448
Sm ∧ Sn = Sm+n, 3491
Sn = Rn ∪ {∞}, 156
Sn = B

n
/Sn−1, 245
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Sn = B
n

+ ∪Sn−1 B
n

−, 261
Sm+n−1 =

(Sm−1×Bn
)∪Sm−1×Sn−1 (B

m×Sn−1),
1309

[0, 1]n = B
n
, 158

CP1 = S2, 258
∆n = B

n
, 1582

Rn/Zn = (S1)n, 250
Σ(Sn) = Sn+1, 452
C∞ = R∞, 1476
Cm = R2m, 153
HP1 = S4, 2676
OP1 = S8, 2676
CPn = S2n+1/S1, 256
CPn Ă CP∞, 1481

RPn = (Rn+1 \ {0})/(R \ {0}), 255
RPn = B

n
/∼, 258

RPn Ă RP∞, 1481
R2/Z2 = ([0, 1]× [0, 1])/∼, 265
Rk1 × · · · × Rkm = Rk1+···+km , 227
Cone(Sn) = B

n+1
, 450

SO(3) = RP3, 1821
SU(2) = S3, 1821
Tor(X, id) = X × S1, 469
∂∆n = Sn−1, 1582
∂([0, 1]n) = Sn−1, 158
TPM = T̃PM , 636
Klein bottle = R2/G, 1075
Klein bottle = R2/G, 699
Möbius band = ([0, 1]× [0, 1])/∼, 264





Statements, results and conjectures

CW-Approximation Theorem, 3405
11/8-Conjecture, 2946

Acyclic Model Theorem, 2505, 2509, 3215
Adams Theorem on the Hopf invariant,

3233
Adem relations, 3223, 3234
Alexander Duality Theorem, 2699, 2702,

2711
Alexander Duality Theorem for Balls,

2721, 2722, 2724
Alexander Duality Theorem for

Topological Manifolds, 2712
Alexander-Newman Theorem, 2104
Algebraic Universal Coe�cient Theorem,

1927
Algebraic Universal Coe�cient Theorem

over Rings, 3530
Andrews-Curtis Conjecture, 1202, 3036
Annulus Theorem, 2888
Argument Principle, 921

Baire Category Theorem, 297
Bernstein-Schröder Theorem, 97
Blakers-Massey Theorem, 3261
Borsuk's Theorem, 2292, 2299
Borsuk-Ulam Theorem, 929, 1095, 1956,

2127, 2667
Bott Periodicity Theorem, 3331
Bott-Kervaire-Milnor Theorem on

division algebras, 2673, 3234
Brouwer Fixed Pointed Theorem, 784,

1618

Carathéodory Theorem, 795
Cauchy-Schwarz Inequality, 99, 101
Cellular Approximation Theorem, 1548

Cellular Approximation Theorem for
Pairs, 1549

Cerf Theorem on di�eomorphisms on S3,
1304

Classi�cation of 1-dimensional smooth
manifolds, 608, 3044

Classi�cation of 1-dimensional
topological manifolds, 600

Classi�cation of compact 2-dimensional
smooth manifolds, 1236, 1238, 3050

Classi�cation of compact 2-dimensional
topological manifolds, 1236

Classi�cation of �nitely generated
abelian groups, 1150

Cones are contractible, 451
Constant Rank Theorem, 666
Covering Dimension Re�nement

Theorem, 379
cup product via intersection of cycles,

2786, 2796
cup product via intersection of

submanifolds, 2783

De Rham Theorem, 2603
Deformation Retraction Quotient

Theorem, 437
Degree Homotopy Invariance Theorem,

899
Dieudonné's Theorem, 356
Dirichlet's Theorem on Arithmetic

Progressions, 3193
Dog Walking Theorem, 922
Donaldson's Theorem, 2944
Double Suspension Theorem, 2100
Dugundji Extension Theorem, 2308
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Eckmann-Hilton Theorem, 3338
Eilenberg-Zilber Theorem, 1941, 2491
Euclidean Embedding Theorem, 718
Euclidean Embedding Theorem for

Topological Spaces, 381
Euler's Formula, 1895
Excision Theorem, 1632
Excision Theorem for Cohomology

Groups, 2418
Excision Theorem for CW-Complexes,

1649
Excision Theorem for Topological

Manifolds, 1665, 2649
Excision Theorem for Twisted (Co-)

Homology, 3546

Five Lemma, 1624
Flow Fixed Point Theorem, 847
Flow Theorem, 845
Flow Theorem for Non-Compact Smooth

Manifolds, 857
Freedman's Theorem, 2942
Freudenthal Suspension Theorem, 3370
Freudenthal Suspension Theorem II, 3377
Frobenius Theorem, 1970
Fundamental Theorem of Algebra, 704,

1094, 1700
Fundamental Theorem of Homological

Algebra, 1792, 3522
Furuta's 10/8-Theorem, 2945

Generalized Jordan�Brouwer Separation
Theorem, 2713

Generalized Lusternik-Schnirelmann
Theorem, 943

Generalized Smooth Jordan-Brouwer
Separation Theorem, 998

Generalized smooth Schön�ies Theorem,
1815

Gordon-Luecke Theorem, 1304
Grushko-Neumann Theorem, 1163

Hadamard's Theorem, 1449
Hae�iger's (Un-)knotting Theorem, 1338
Hairy Ball Theorem, 909, 1689
Half-Live Half-Die Theorem, 3095

Ham-Sandwich Theorem, 938
Handle Addition Theorem, 2991
Handle Decomposition Theorem, 2996,

3007
Handshaking Lemma, 324
Hanner's Theorem, 2308
Happy Ending Theorem, 391
Hauptvermutung, 2050
Heine-Borel Theorem, 129
Helly's Theorem, 2065
Hirzebruch Signature Theorem, 3109
HNN-Seifert�van Kampen Theorem, 1292
HNN-Seifert�van Kampen Theorem for

CW-complexes, 1517
Holomorphic Inverse Function Theorem,

796
homotopy classi�cation of lens spaces,

3156, 3414
Homotopy Extension Theorem, 1535
Homotopy Pushout Theorem, 497
Homotopy Quotient Theorem, 424
Hopf Conjecture, 2231
Hopf Degree Theorem, 912
Hopf Theorem on Commutative Division

Algebras, 1967
Hopf Theorem on Dimensions of Division

Algebras, 2670
Hopf Theorem on dimensions of division

algebras, 3233
Hopf Trace Formula, 2118
Hurewicz Theorem, 1835, 1845, 3454

Intersection Number Homotopy
Invariance Theorem, 992, 994, 997

Inverse Function Theorem, 538
Inverse Mapping Theorem, 645
Inverted Mayer�Vietoris Theorem, 1722
Inverted Mayer�Vietoris Theorem for

Cohomology Groups, 2632, 3617
Isotopy Extension Theorem, 861

Jordan Curve Theorem, 1813
Jordan�Brouwer Separation Theorem,

1812
Jordan-Schön�ies Theorem, 1814
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Künneth Theorem, 2499
Künneth Theorem for chain complexes,

1945
Künneth Theorem for cochain complexes,

2580
Künneth Theorem for cohomology

groups, 2579
Künneth Theorem for Simplicial

Complexes, 2046
Künneth Theorem for Topological

Spaces, 1947
Kaplansky Conjecture, 1873
Kirby-Quinn-Siebenmann Theorem, 2314
Kister-Mazur Theorem, 2318
Kneser Coloring Conjecture, 942
Kupka-Smale Theorem, 2998
Kuratowski's Reduction Theorem, 1905
Kuratowski-Mrówka Theorem, 273
Kurosh Subgroup Theorem, 1412

Lebesgue Lemma, 285
Lefschetz Fixed Point Theorem for

CW-complexes and manifolds, 2117
Lefschetz Fixed Point Theorem for

ENRs, CW-complexes and
topological manifolds, 2303

Lefschetz Fixed Point Theorem for
simplicial complexes, 2117

Lefschetz-Hopf Theorem, 2807, 2812
Lickorish Twist Theorem, 3128
Lickorish-Wallace Theorem, 3131, 3140
linking pairing is (anti-) symmetric, 3152
Liouville's Theorem, 793
Local Smooth Embedding Theorem, 654
Lovász Theorem, 943
Lower-Dimensional Ball Embedding

Theorem, 893
Lusternik-Schnirelmann Theorem, 937

Manifold Metrization Proposition, 521,
721

Manolescu's Theorem, 2314
Maximum Principle, 794
Mayer�Vietoris Spectral Sequence, 1720
Mayer�Vietoris Theorem, 1718

Mayer�Vietoris Theorem for
CW-complexes, 1727

Mayer�Vietoris Theorem for Topological
Manifolds, 1726

Mayer-Vietoris Theorem for Cohomology
Groups, 2432

Mayer-Vietoris Theorem for excisive
triads, 2431

Mayer-Vietoris Theorem for homology
with twisted coe�cients, 3577, 3579

Moise's Theorem, 2313
Morse Inequalities, 3023
Morse lacunary principle, 3029
Morse Lemma, 2975

Nagata-Smirnov Metrization Theorem,
345

Necklace Theorem, 947
Neighborhood Embedding Theorem, 364
Neighborhood Projection Theorem, 732
Neighborhood Smooth Embedding

Theorem, 599
Nielsen's Theorem, 1202
Non-Orientable Hopf Degree Theorem,

913
Normal Form Theorem for Amalgamated

Products, 1212
Novikov Additivity Theorem, 2926

Pachner's Theorem, 2109
Pasting Proposition, 144
Perron-Frobenius Theorem, 785, 1619
Picard's Theorem, 1458
Ping-Pong Lemma, 1165
Poincaré Duality Theorem, 2639
Poincaré Duality Theorem for

Non-Orientable Topological
Manifolds, 3612

Poincaré Duality Theorem for Simplicial
Homology Manifolds, 2266

Poincaré Duality Theorem for Smoothl
Manifolds, 2267

Poincaré Duality Theorem for
Topological Manifolds, 2618
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Poincaré Duality Theorem with Local
Coe�cients for Topological
Manifolds, 3670

Poincaré Duality Theorem with Twisted
Coe�cients for Topological
Manifolds, 3611

Poincaré-Hopf Theorem, 2823
Poincaré-Lefschetz Duality Theorem,

2619
Principle of Trans�nite Induction, 614
Product Theorem, 2565
Property P Theorem, 3138

Radó's Theorem, 2313
Reeb's Theorem, 2998
Regular Neighborhood Theorem, 2696
Regular Value Theorem, 706
Regular Value Theorem for Complex

Manifolds, 802
Reidemeister-Schreier Process, 1335
Relative Handle Decomposition

Theorem, 3007
Relative Hurewicz Theorem, 3257
Riemann Mapping Theorem, 795
Riemann-Hurwicz formula, 3175
Riemann-Hurwitz Formula, 3175
Rokhlin's Theorem, 2941
Rouché's Theorem, 269
Rudyak Conjecture, 2549

Sard's Theorem, 777
Sausage Lemma, 191
Schön�ies Theorem, 1814
Schwarz Re�ection Principle, 793
Seifert�van Kampen Theorem, 1170, 1217
Seifert�van Kampen Theorem for

CW-complexes, 1515
Seifert�van Kampen Theorem for smooth

manifolds, 1220
Seifert�van Kampen Theorem for

topological manifolds, 1184
Serre's Theorem, 1877
Shrinking Lemma, 361
Signature is a cobordism invariant, 3094
Simplicial Approximation Theorem, 2024

Simplicial Poincaré Duality Theorem,
2266

singular and handle homology are
isomorphic, 3013

Smith Normal Form Theorem, 1150
Smooth Ball Embedding Theorem, 888
Smooth Collar Neighborhood Theorem

for smooth manifolds, 738
Smooth Embedding Theorem, 656
Smooth Invariance of Domain, 538
Smooth Jordan-Brouwer Separation

Theorem, 998
Smooth Manifold-Product Theorem, 2988
Smooth Pasting Proposition, 548
Smooth Poincaré-Hopf Theorem, 1031,

3017
Smooth Urysohn's Lemma, 595
Snake Lemma, 1651
Space-Filling Curve Theorem, 292
Sperner's Lemma, 2080
Stable Di�eomorphism Theorem, 2947
Stack of Records Lemma, 703
Steenrod Problem, 2236
Stone's Theorem, 356
Stone-Tukey Theorem, 939
Surface Classi�cation Theorem, 1236
Sylvester's law of inertia, 2916

Table Theorem, 2730
Taylor's Theorem, 535
Thom Conjecture, 2250
Thom's Theorem I, 2236
Thom's Theorem II, 2237
Thom's Theorem III, 2251
Thom's Theorem IV, 2252
Thom's Theorem on cobordism rings,

3099
Thom-Dold Theorem, 3100
Tietze Extension Theorem, 331
Topological Ball Embedding Theorem,

2889
Topological Collar Neighborhood

Theorem, 1659
Topological Invariance of Domain

Theorem, 1815



INDEX 3715

Transversality Theorem, 976
Tube Lemma, 273, 412
Tychono� Theorem, 234

Universal Coe�cient Theorem, 1929,
2456, 2458

Universal Coe�cient Theorem for
Cohomology Groups, 2445

Universal Coe�cient Theorem for
Cohomology Modules, 3531

Universal Coe�cient Theorem for
Simplicial Cohomology Groups, 2179

Urysohn Metrization Theorem, 340, 345
Urysohn's Lemma, 328

van Kampen-Flores Theorem, 2012

Wall Non-Additivity Theorem, 2927
Wall's Finiteness Theorem, 2312
Well-Ordering Theorem, 94
Whitehead Quotient Theorem, 408
Whitehead Theorem, 3408
Whitney Approximation Theorem, 749
Whitney Extension Theorem, 534
Whitney-Graustein Theorem, 957
Whitten Theorem, 1321
Wobbly Table Theorem, 2730

Zeeman Conjecture, 3423
Zero Divisor Conjecture, 1873
Zorn's Lemma, 93, 2442
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Results and statements about topological spaces:

− Criteria for maps to be homeomorphisms, see 2.17 (3), 2.19, 2.43
− Product of quotient map with identity is quotient map, see 13.4.
− Cones are contractible, see 16.7.
− the topological space RN is metrizable, see 9.5.

Results and statements about smooth manifolds:

− Dimension of a non-empty smooth manifold is well-de�ned, see 19.28.
− Points in path-connected smooth manifolds can be connected via smooth paths, 19.29

and 19.29.
− Smooth manifolds are homogeneous, see 36.4 and 33.14.
− Smooth map is homotopic to its linearization, see 76.15.
− Smooth embeddings of smooth manifolds into some Rn, see 27.1 (1), 30.7, ??, ??,
??.

− Smooth manifolds are di�eomorphic to smooth submanifolds of some Rn, see 27.2.
− Map between smooth manifolds is homotopic to map without triple points, see ??.
− Existence of partitions of unity, see 21.1.
− Existence of a locally �nite atlas, see 21.3.
− Continuous maps are homotopic to smooth maps, see 19.29, 29.1.
− Smooth orientation-preserving embeddings of collection of balls are unique up to

smooth isotopy, see 37.8.
− For n ≥ 4 every �nitely presented group is the fundamental group of an n-

dimensional smooth manifold, see 54.12 and page 3031.
− Smooth manifolds admit simplicial structures, see 95.37 and 96.2.
− The Hauptvermutung holds for smooth simplicial structures, see 96.4.
− Compact smooth manifolds admit Morse functions, see the Morse Function-Existence

Proposition 137.6.
− Compact smooth manifold admit handle decompositions, see 138.5.
− Handle decompositions give rise to CW-complex, see 136.18.
− CW-structures on smooth manifolds, see 95.37, 96.5, 98.14, 98.16, 104.20, 138.6,

139.8, 136.18.
− There exist only countably many di�eomorphism types of compact n-dimensional

smooth manifolds, see 60.3.
− The di�eomorphism problem is unsolvable in dimension ≥ 4, see 60.4.
− Continuous maps between smooth manifolds are homotopic to smooth maps, see

29.1.
− Maps from manifolds to topological spaces can be smoothed on preimages of open

balls, see 29.8.
− Homology classes that can be represented by (embeddings) of smooth manifolds,

see 102.4, 102.3, 102.14, 102.17, 130.4, 130.6, ??, 102.18, and ??.
− Explicit construction of cyclic coverings of topological spaces, see 130.11.
− Submanifolds can be made transverse, see 42.4
− The signature of closed smooth manifolds is multiplicative under �nite coverings,

see 145.10.
− Classi�cation of 1-dimensional smooth manifolds, see 22.7 and 142.1.
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− Classi�cation of compact 2-dimensional smooth manifolds, see 55.4.
− Results on Diff(Sn), see page ??.
− Closed smooth manifolds of Euler characteristic zero admit nowhere-vanishing vec-

tor �eld, see 129.6.
− Homology groups of compact smooth manifolds are �nitely generated and funda-

mental groups of compact smooth manifold are �nitely presented, see 96.6, ??, 170.7
and page 2997.

− De Rham cohomology groups of compact smooth manifolds are �nite dimensional,
see ??.

− Homology groups and fundamental groups of smooth manifolds are countable,
see 49.1 and 96.7.

− Homotopy balls of dimension n ≥ 6 are di�eomorphic to B
n
, see ??.

− SL(n,R), O(n), SL(n,C), U(n) and U(n) are submanifolds, 26.7.

Results and statements about submanifolds of smooth manifolds:

− Submanifolds admit unique tubular neighborhoods, see ??, ??, ?? and ??.
− Isotopies of submanifolds can be extended, see 36.1.
− The Lefschetz Fixed Point Theorem for smooth manifolds, see 97.10.

Results and statements about topological manifolds:

− Topological manifolds are homogeneous, see 36.4.
− Topological manifolds can be embedded in some Rn, see 27.1 (2).
− Existence of partitions of unity, see 21.1.
− Topological manifolds are paracompact, see ??.
− Topological manifolds are normal, see ??.
− Topological manifolds are completely metrizable, see ??.
− Existence of a locally �nite atlas, see 21.3.
− Dimension of a non-empty topological manifold is well-de�ned, see 75.4.
− There exist only countably many homeomorphism types of compact n-dimensional

topological manifolds, see 60.3.
− Every compact topological manifold is a retract of a �nite simplicial complex,

see 104.13.
− Every compact topological manifold is homotopy equivalent to a CW-complex,

see 104.20, 104.26 and 104.27.
− CW-structures on topological manifolds, see 104.29, 104.30 and 104.32
− Homology groups of compact topological manifolds are �nitely generated and fun-

damental group of compact topological manifold are �nitely presented, see 104.14
and 170.7.

− Homology groups and fundamental groups of topological manifolds are countable,
see 49.1 and 104.15.

− The homeomorphism problem is unsolvable in dimension ≥ 4, see 60.4.
− The Lefschetz Fixed Point Theorem for topological manifolds, see 104.12.
− Result on homology groups and homotopy groups of topological manifolds, see

104.14, 104.19, 106.3 and 98.6.
− Classi�cation of 1-dimensional topological manifolds, see 22.1 and 22.15.
− Classi�cation of compact 2-dimensional topological manifolds, see 55.4.
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− The self-homeomorphism group of a topological manifold is locally contractible,
see ??.

Results and statements about simplicial complexes:
− Simplicial complexes are Hausdor�, 93.5.
− Maps are homotopic to simplicial maps, see 94.8.
− Simplicial structures give rise to CW-structures, see 93.24.
− Simplicial (co-) homology is naturally isomorphic to singular (co-) homology, see

95.22, 95.25, 95.27, 95.30, 99.6, 99.11 and 99.17.
− Simplicial complexes are PL-homeomorphic if and only if they are stellar equiva-

lent, see 96.22.
− The Lefschetz Fixed Point Theorem for simplicial complexes, see 97.9.

Results and statements about topological graphs and CW-complexes:
− CW-complexes are Hausdor�, normal, locally contractible and locally path-con-

nected, see 68.10.
− Every point on a CW-complex is good, see 68.10.
− CW-complexes have the homotopy extension property, see 70.1.
− Maps are homotopic to cellular maps, see 70.15.
− Products of CW-complexes, see 68.23, the Fundamental Group-of-1-Complex The-

orem 69.9, 69.11. 68.25.
− Every �nite CW-complex can be embedded in some Rn, see 104.10.
− Fundamental groups of CW-complexes, see 52.5
− Homotopy groups of countable CW-complexes are countable, see 104.21.
− Every CW-complex is homotopy equivalent to a simplicial complex, see 94.12.
− Singular and cellular (co-) homology are naturally isomorphic, see 80.4, 81.12,

109.4, and 170.3
− The singular and cellular chain complexes are chain homotopy equivalent, see 81.12

and ??.
− A topological space that is dominated by a CW-complex is homotopy equivalent

to a CW-complex, see 162.8.
− The higher homotopy groups of any countable 0-connected CW-complex are count-

able, see 104.21.
− Every k-connected CW-complex is homotopy equivalent to a CW-complex with a

single 0-cell and no cells in dimension 1, . . . , k, see 70.4 and 162.10.
− Taking the quotient by a contractible subcomplex is a homotopy equivalence,

see 69.8 and 70.3.
− The Lefschetz Fixed Point Theorem for CW-complexes, see 104.12.
− Every �nite CW-complex admits a thickening, i.e. it is homotopy equivalent to a

compact smooth manifold, see 141.7.
Results and statements about surfaces, knots and links:
− Classi�cation of curves on surfaces, 55.16.
− Calculation of the fundamental group of the complement of the trefoil, see 59.5.
− Every knot, after a rotation, admits a projection that is a knot diagram, see 59.19.
− Two knot diagrams for a given knot are related by Reidemeister moves, 59.21.
− Characterization of the meridian of a knot, see 58.10.
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− De�nition of the connected sum of two oriented knots, see 1319.
− Knots of genus zero are trivial, see 58.8.
− Calculation of the fundamental group of any knot complement, see 59.23.
− Abelianization of the fundamental group of a knot complement, see 59.25.
− Homology groups of a knot complement, see 100.16.
− Knots admit Seifer surfaces, see 131.6.
− Knots of genus zero are trivial, see 58.8.
− Linking numbers are symmetric, see 131.12.
− Linking numbers can be calculated from Seifert surfaces, see 131.13.
− Linking numbers can be calculated from link diagrams, see 131.14.
− 4-dimensional interpretation of linking numbers, see 131.15.
− Di�erent de�nitions of linking numbers agree, see 131.16
− Any two knots in R3 become smoothly isotopic in R4, see ??.
− The trefoil is chiral, see 131.5 and 149.10.
− Existence of a knot that is neither amphichiral, nor reversible nor invertible,

see 131.4.
− Existence of non-trivial high-dimensional knots, see 59.38.
− Wild knots exist, see 124.13.

Results and statements about groups:

− Classi�cation of �nitely generated abelian groups, see 51.4.
− Retract of a �nitely presented group is again �nitely presented, see 53.16.
− Maps in amalgamated products and HNN-extensions are monomorphisms, see 53.24

and 57.2.
− The word problem, the conjugacy problem and the isomorphism problem are un-

solvable for �nitely presented groups, see 60.2.
− Subgroups of free groups are free groups, see 64.4 and 69.10.
− Subgroups of free abelian groups are free abelian groups, see 51.2.
− The Ping-Pong Lemma, see 51.13.
− Any two �nite presentations are related by Tietze transformations, see 53.7.
− Free groups are residually �nite, see 51.15 and 64.15.
− Surface groups are linear and residually �nite, see 66.19.
− Surface groups are not free, see 64.17.
− Finite-index subgroups of �nitely presented groups are �nitely presented, see 69.15.

Results and statements about (co-) homology groups:

− Isomorphisms between homology groups are induced by chain maps, see 81.13.
− Maps that induce isomorphisms on homology are chain homotopy equivalences,

see 81.4 and 81.5.
− Singular and cellular (co-) homology are naturally isomorphic, see 80.4, 81.12

and 109.4.
− Singular and cellular chain complexes are chain homotopy equivalent, see 81.12

and 99.1.
− Singular and simplicial (co-) homology are naturally isomorphic, see 95.22, 95.25, 95.27

and 99.6.
− Singular and simplicial chain complexes are chain homotopy equivalent, see 95.25.
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− Singular and handle homology are isomorphic, see 140.3.
− Relationship between relative homology and homology of quotient space, see 74.20

and 78.16.
− Explicit representatives of homology classes, see 76.2, 76.3 and page 2054.
− Linking pairing is (anti-) symmetric, see 148.16.



Calculations

M ·M , 1032, 2800, 2832
[Sn, Sn], 1868
N∗, 3100
Nn for n = 0, 1, 2, 3, 3092
Ω∗, 3099
Ω3 = 0, 3133
Ωn for n = 0, 1, 2, 3, 3092
ΘZ, 3194
χsm(M ×N), 1039
χ(�nite covering), 1886
χ(M#N), 1884
χ(X ∪ Y ), 1883, 2316
χ(X × Y ), 1885, 2316
χ(CPn), 1879
χ(closed odd-dimensional topological manifold),

2623
χ(RPn), 1879
MCG(S1), 859
MCG(Rn), 836
MCG+(Rn), 836
Vect1

C(S2), 3084
Vect2,+

R (S2), 3085
Ext(H,G), 2440
H∗(XK), 2214
MCG(S1), 837, 841, 3123
MCG(S1 × S1), 3123
MCG(S2), 3123
MCG(Rn), 3123
MCG(B

n
), 3123

MCG+(S1), 841
Tor(H,G), 1925
VectnC(Sk), 3083
Vectn,+R (Sk), 3085
cat((S1)n), 2587
cat(CPn), 2667
cat(RPn), 2667

π0(Topologist's Sine Curve), 191
πi(M \ submanifold), 1579
πn(Sn), 912, 1579
πn(Quasi-Circle), 1580
πn(surface of genus ≥ 1) for n ≥ 2, 2170
π∗(CP∞), 3309
π∗(CPk), 3309
π∗(O), 3332
π∗(Ω(X, x0)), 3284
π∗(Sp), 3332
π∗(U), 3332
π0(GL(n,R)), 172
π0(O(n)), 172
π0(SL(n,R)), 172
π0(SO(n)), 172
π0(SU(n)), 172
π0(U(n)), 172
π1(Nk = k · RP2), 1226
π1(S1), 1086
π1(S1 ∨ S1), 1173
π1(S3 \K#L), 1320
π1(S3 \ T (p, q)), 1313
π1(S3 \ �gure-8 knot), 1334
π1(S3 \ knot), 1329
π1(S3 \ trefoil), 1313
π1(Sn) for n ≥ 2, 1058, 1169, 1220
π1(X × Y ), 1092
π1(X ∨ Y ), 1172
π1(CP∞), 1533
π1(CPk), 1533
π1(RPn), 1089
π1(SO(3)), 1822
π1(Σg,n), 1242
π1(1-dimensional CW-complex), 1524
π1(H-space), 3335, 3339
π1(Klein bottle), 1091, 1222
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π1(Möbius band), 1089
π1(connected sum of manifolds), 1186
π1(countable topological graph), 1410
π1(�nite CW-complex), 1527
π1(�nite topological graph), 1174
π1(lens space), 1089
π1(mapping cone Cone(f)), 1219
π1(mapping torus Tor(X, f)), 1128
π1(non-compact 2-diml. smooth manifold),

1413
π1(non-orientable surface of genus g),

1226
π1(surface of genus g), 1224
π1(suspension Σ(X)), 1219
π1(torus), 1089
π1(wedge

∨
i∈I
Xi), 1176

π1(GL+(n,R)), 3324
π1(SL(n,R)), 3324
π1(SO(n)), 3324
π2(S1 ∨ S2), 1874
π2(CP∞), 1845
π2(CPk), 1845
π2(Lie group), 3337
π3(S2), 3308, 3356
πn(A×B), 1570
πn(S3) ∼= πn(S2) for n ≥ 3, 3308
πn(S4) ∼= πn(S7)⊕ πn−1(S3), 3308
πn(S8) ∼= πn(S15)⊕ πn−1(S7), 3310
πn(Sk) for n < k, 1572
πn(Sn), 1845, 3355
πn(X × Y ), 3274
πn(Quasi-Circle), 3402
πn(graph), 1575, 1846
πn(surface of genus ≥ 1) for n ≥ 2, 1575
π4n−1(S2n), 3363
πn+14(Sn) 6= 0 for n ≥ 8, 3224
πn+1(Sn) for n ≥ 3, 3382
πn+1(Sn) 6= 0 for n ≥ 2, 3210
πn+2(Sn) for n ≥ 2, 3390
πn+2(Sn) 6= 0 for n ≥ 2, 3224
πn+3(Sn) for n ≥ 5, 3391
πn+3(Sn) 6= 0 for n ≥ 4, 3210
πn+6(Sn) 6= 0 for n ≥ 4, 3224
πn+7(Sn) 6= 0 for n ≥ 8, 3210

H∗(Sn;G), 2419
H∗(X ∨ Y ;G), 2433
H∗(CP∞;Z), 2424, 2661
H∗(CPm;Z), 2424, 2661
H∗(lens space;Z), 2449
H∗(mapping cone Cone(f : A→ X)),

2679
H∗(surface of genus g), 2422
H∗(RPn;F2), 2423
H∗(RPn;Z), 2423
H0(X;G), 2406
H0(contractible space;G), 2409
H0(point;G), 2407
H∗(Nk,n), 1784
H∗(S3 \ knot), 1733, 2214
H∗(S3 \ link), 2701
H∗(S∞), 1756
H∗(Sk ∗X), 1683
H∗(Sn), 1616, 1723
H∗(Sn \X;G), 2711
H∗(Sn \ h(Sk)), 1809
H∗(Sn \ h(B

k
)), 1809

H∗(X × S1), 1744
H∗(RP2), 1724
H∗(RP∞;F2), 1916
H∗(RPn), 1785
H∗(RPn;F2), 1916
H∗(Σg,n), 1784
H∗(CP∞), 1772
H∗(CPn), 1772
H∗(Klein bottle), 1732, 1742
H∗(connected sumM#N), 2211
H∗(graph), 1888
H∗(lens space L(p, q)), 2158
H∗(mapping cone Cone(f : A→ X)),

1738
H∗(mapping cone Cone(i : A ↪→ X)),

1736
H∗(mapping torus Tor(X, f)), 1742
H∗(point), 1591
H∗(surface of genus g), 1784, 2212
H∗(torus (Sm)n), 1948
H∗(torus S1 × S1), 1728
H∗(wedge A ∨B), 1758
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H∗(wedge
∨
i∈I
Xi), 1758, 2434

H∗(contractible topological space), 1608
H∗(B

n \X;Z), 2721, 2722
H∗(

⊔
i∈I
Xi), 1597

H∗(DM), 3032
H1(X × Y ), 2499
H1(mapping torus Tor(X, f)), 1745
Hn(Mn

pseudo;F2), 2142
Hn(Mn

pseudo;Z), 2142
Hn(Mn

smooth, ∂M ;F2), 2155
Hn(Mn

smooth, ∂M ;Z), 2155
Hn(Mn

smooth;F2), 2151
Hn(Mn

smooth;Z), 2151
Hn(Mn

top, ∂M ;R), 2350
Hn(Mn

top;R), 2350
Hn(Xn

top; Z̃), 3567
Hn(n-diml. topological manifold), 2349
H2

b(S1 ∨ S1;R), 2489
H3

b(S1 ∨ S1;R), 2489
H∗c(Rn;Z), 2483
Hn+i(M

n
top;R), 2350

Hn−1(Mn
pseudo;Z), 2142

Hn−1(Mn
smooth, ∂M ;Z), 2155

Hn−1(Mn
smooth;Z), 2151

Hn−1(n-diml. topological manifold), 2366,
2621

H̃
k
(X;G) in terms of Hk(X;G), 2413

H̃−1(∅) = Z, 1611
H̃k(X) in terms of Hk(X), 1611, 1614
D̃iff(S1), 841

D̃iff
+

(S1), 841
Ẽmb(B

d
,Mn) with d < n, 893

Ẽmb(B
n
,Mn), 889

H∗(Ng;F2), 1939
H∗(S3 \ knot), 2219
H∗(S3 \ link), 2220
H∗(X × S1), 1672
H∗(Σ(X)), 1682
H∗(Σg,n, ∂Σg,n), 1788
H∗(RP∞), 1786

H∗(Sk-bundle over Sk with m > k), 3315
H∗(Klein bottle), 1747
H∗(lens space), 3028, 3130
H1(X × Y ), 1841
CW-structure on CP∞, 1481
CW-structure on CPk, 1473
CW-structure on HP∞, 1971
CW-structure on HPk, 1971
CW-structure on RP∞, 1480
CW-structure on RPk, 1473, 2997

cap product on RP2, 2555
cap product on the torus, 2555
cup product of (S1)n, 2587
cup product of CPn, 2662
cup product of CP∞, 2664
cup product of CPn, 2767
cup product of RP∞, 2798
cup product of HPn, 2669
cup product of OP2, 2669
cup product of RP2, 2531
cup product of RP∞, 2666
cup product of RPn, 2666
cup product of Sm × Sn, 2568
cup product of X × Y , 2586
cup product of a suspension, 2540
cup product of a wedge X ∨ Y , 2541
cup product of non-orientable surfaces,

2532
cup product of the surface of genus g,

2527
cup product of the torus, 2186, 2526
cup product of wedge of spheres, 2523

intersection form of M#N , 2890
intersection form of K3-surface, 2940
intersection form of surface of genus g,

2881

linking pairing of lens spaces, 3155
local homology groups of a simplicial

complex, 2136
local homology groups of a topological

manifold, 1655
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