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Part I

General topology and basics of category theory



0. Preliminaries
0.1. Basic set theory.

Notation.

(1) We write N0 := {0, 1, 2, 3, . . . } and N := {1, 2, 3, . . . }.
(2) We denote by ∅ the empty set.
(3) Given a set X we write A Ă X if A is a subset of X and we write A Ĺ X if A is a

subset of X with A 6= X.
(4) Given a set X and a subset A Ă X we denote by X \ A := {x ∈ X |x 6∈ A} the

complement of A in X.
(5) Given a set X we denote by P(X) its power set, i.e. P(X) is the set of all subsets of

X.

De�nition. A family of subsets of a set X consists of a set I and a map f : I → P(X).

Convention. Let X be a set. We will view any subset U Ă P(X) as a family of subsets of
X via the index set I = U and the map I = U → P(X) given by U 7→ U . This convention
might sound silly, but it will be useful on many occasions.

De�nition. Let X be a set.
(1) Let {Ui}i∈I be a family of subsets of X. We write⋃

i∈I
Ui = {x ∈ X | there exists an i ∈ I with x ∈ Xi} (Union)⋂

i∈I
Ui = {x ∈ X | for every i ∈ I we have x ∈ Xi} (Intersection).

In particular, if I = ∅, then
⋃
i∈I
Ui = ∅ and

⋂
i∈I
Ui = X.

(2) As mentioned above we view subsets U1, . . . , Uk of X as a family of subsets. We write
U1 ∪ · · · ∪ Uk :=

⋃
i∈{1,...,k}

Ui and the same way for the intersection.

(3) We say that two subsets A and B of X are disjoint if A ∩B = ∅.

Lemma 0.1. Let X be a set and let {Ui}i∈I be a family of subsets of X. Given any subset
A of X we have A ∩

( ⋃
i∈I
Ui

)
=

⋃
i∈I

(A ∩ Ui).

Proof. The lemma follows easily from the de�nitions and elementary logic. �

Notation. Let {Ui}i∈I be a family of subsets of a given set X. If the Ui are pairwise
disjoint, i.e. if for any i 6= j ∈ I we have Ui ∩ Uj = ∅, then at times we write⊔

i∈I
Ui :=

⋃
i∈I

Ui.

Lemma 0.2. (De Morgan's Laws) Let X be a set and let {Ai}i∈I be a family of subsets
of X. If given a subset B Ă X we denote its complement by Bc := X \B, then( ⋂

i∈I
Ai

)c
=

⋃
i∈I

Aci and
( ⋃
i∈I
Ai

)c
=

⋂
i∈I
Aci .
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Or equivalently, in a more cumbersome notation, we have

X \
( ⋂
i∈I
Ai

)
=

⋃
i∈I

(X \ Ai) and X \
( ⋃
i∈I
Ai

)
=

⋂
i∈I

(X \ Ai).

Proof. The lemma follows again easily from the de�nitions and elementary logic. �

Notation. Let f : X → Y be a map between sets.
(1) Given a subset A Ă X we write f(A) := {f(x) |x ∈ A}.
(2) Given a subset A Ă Y we write f−1(A) := {x ∈ X | f(x) ∈ A}. Furthermore, given

y ∈ Y we write f−1(y) := f−1({y}).

Lemma 0.3. (Image-Preimage Lemma) Let f : X → Y be a map between two sets X
and Y . Then the following statements hold:

(1) (a) for every subset U Ă X we have U Ă f−1(f(U))
(b) furthermore, if f is injective , then we have U = f−1(f(U))

(2) (a) for every subset V Ă Y we have V Ą f(f−1(V ))
(b) furthermore, if f is surjective, then we have V = f(f−1(V ))

(3) for every family {Ui}i∈I of subsets of X we have f
( ⋃
i∈I

Ui

)
=

⋃
i∈I

f(Ui)

(4) for every family {Ui}i∈I of subsets of X we have f
( ⋂
i∈I
Ui

)
Ă

⋂
i∈I
f(Ui)

(5) (a) for every subset U Ă X we have f(X \ U) Ą f(X) \ f(U)
(b) furthermore, if f−1(f(U)) = U , then we have f(X \ U) = f(X) \ f(U)

(6) for every family {Vi}i∈I of subsets of Y we have f−1
( ⋃
i∈I

Vi

)
=

⋃
i∈I

f−1(Vi)

(7) for every family {Vi}i∈I of subsets of Y we have f−1
( ⋂
i∈I
Vi

)
=

⋂
i∈I
f−1(Vi)

(8) for every subset V Ă Y we have f−1(Y \ V ) = X \ f−1(V ).

Proof. The lemma follows again from the de�nitions and elementary logic. �

De�nition. Let {Xi}i∈I be a family of sets. The product of the family {Xi}i∈I is de�ned
as the set ∏

i∈I
Xi :=

{
f : I →

⋃
i∈I

Xi

∣∣∣ for every i ∈ I we have f(i) ∈ Xi

}
.

Furthermore, given a set X and a set I we write

XI :=
∏
i∈I
X.

Axiom of Choice 0.1. For every family of sets {Xi}i∈I , such that each I is non-empty
and such that each Xi is non-empty, the product

∏
i∈I
Xi is non-empty.

Notation.

(1) Given �nitely many sets X1, . . . , Xn we write

X1 × · · · ×Xn := {(x1, . . . , xn) | for i = 1, . . . , n we have xi ∈ Xi}.

This set has an obvious bijection to the product
n∏
i=1
Xi, and we will freely go back and

forth between these two notations.



20

(2) Given a set X and given n ∈ N we write

Xn := X × · · · ×X︸ ︷︷ ︸
n times

.

Notation.

(1) If {Ai}i∈I is a family of sets, then we de�ne the disjoint union as the set⊔
i∈I
Ai :=

⋃
i∈I

(Ai × {i}).

(2) If I = {1, . . . , k}, then we write A1 t · · · t Ak :=
k⊔
i=1
Ai.

(3) We use obvious variations on (1) and (2), for example given sets A and B we refer to

A tB := (A× {1}) ∪ (B × {2})
as the disjoint union of A and B

0.2. Relations and equivalence relations on sets.

De�nition. A relation on a set S is a subset of S × S.

De�nition. Let S be a set and let R Ă S × S be a relation on S.
(1) The relation is called re�exive, if for every s ∈ S we have (s, s) ∈ R.
(2) The relation is called transitive, if for every (s, t), (t, u) ∈ R we also have (s, u) ∈ R.
(3) The relation is called symmetric, if for every (s, t) in R we also have (t, s) ∈ R.

Notation. Let S be a set and let R Ă S × S be a relation on S. Given x, y ∈ S we write
x R y if and only if (x, y) ∈ R.

De�nition. An equivalence relation on a set S is a relation that is re�exive, transitive
and symmetric.

Convention. Equivalence relations on a set S are almost invariably denoted by �∼� or
some variation thereof.

De�nition. Let S be a set together with an equivalence relation �∼�. An equivalence
class of (S,∼) is a subset C of S with the following three properties:
(a) the subset is non-empty,
(b) given any two s, t ∈ C we have s ∼ t, and
(c) given s ∈ C and t ∈ S with s ∼ t we have t ∈ C.

Lemma 0.4. (Equivalence Class Lemma) Let S be a set together with an equivalence
relation �∼�.
(1) Every element of S is contained in a unique equivalence class, namely

[s] := {t ∈ S | t ∼ s}.
(2) Two equivalence classes are either disjoint or the same.

Proof. This lemma should be familiar from an earlier course. �
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Notation. Let S be a set together with an equivalence relation �∼�.
(1) We denote by S/∼ the set of equivalence classes.
(2) Given s ∈ S we denote by [s] the unique equivalence class that contains [s].
(3) We refer to the map p : X → X/∼

x 7→ [x]

as the natural projection.

Lemma 0.5. (Quotient-Factorization Lemma) Let ∼ be an equivalence relation on a
set X. We denote by p : X → X/∼ the natural projection. Let f : X → Y be a map to
some set Y with the property that f(x) = f(y) whenever x ∼ y. Then the map

g : X/∼ → Y
[x] 7→ f(x)

is well-de�ned and it is the unique map g : X/∼→ Y , such that f = g ◦ p, i.e. such that
the following diagram of maps commutes:

X
p
//

f ''

X/∼
∃! g
��

Y.

Proof. Let ∼ be an equivalence relation on a set X and let f : X → Y be a map with
the property that f(x) = f(y) whenever x ∼ y. Let a be an element of X/ ∼. Since
equivalences classes are by de�nition non-empty there exists an x ∈ X with a = [x]. We
set

g(a) := f(x).

Evidently this de�nition does not depend on the choice of x. The map g satis�es f = g ◦ p.
Since the projection X → X/∼ is surjective we see that g is uniquely determined by this
property. �

De�nition. Let S be a set and let R be a relation on S. We say x, y ∈ S are equivalent, if
there exists a sequence x0, . . . , xk of elements in S such that x = x0, xk = y and such that
for each i ∈ {0, . . . , k − 1} we have xiRxi+1 or xi+1Rxi. It is straightforward to verify
that �∼� de�nes an equivalence relation on S. We refer to it as the equivalence relation
generated by the relation R.

Example. We consider the set S = R and the relation that is de�ned by xR y if and only
if y = x + 1. The equivalence relation generated by R is the equivalence relation that is
given by x ∼ y if and only if x− y ∈ Z.

Convention. At times we are a little sloppy in our notation and we do not distinguish in
our notation between a relation and the equivalence relation it generates.

0.3. Orders on sets.

De�nition.

(1) A relation �≤� on a set S is called antisymmetric if a ≤ b and b ≤ a implies a = b.
(2) A relation that is re�exive, transitive and antisymmetric is called a partial order.
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(3) A set together with a partial order is called a partially ordered set.
(4) Let �≤� be a partial order on a set A. Given a, b ∈ A we write a < b if a ≤ b and if

a 6= b.

Example. We consider the three re�exive transitive relations that are illustrated in the
�gure below. Here it is understood that P ≤ Q if there exists a �directed path� from Q
to P .
(a) The example on the left has a �loop�. Given any two points P,Q on the loop we have

P ≤ Q and Q ≤ P , hence this example is not a partial order.
(b) This example is a partial order.
(c) This example is also a partial order.

��
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��

����
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Example (a) Example (b) Example (c)

loop

De�nition. Let (A,≤) and (B,≤) be two partially ordered sets. Given (a, b) and (a′, b′)
in A×B we de�ne

(a, b) < (a′, b′) :⇐⇒ either (a < a′) or (a = a′ and b < b′)

and we de�ne (a, b) ≤ (a′, b′) if either (a, b) = (a′, b′) or (a, b) < (a′, b′). One can easily
verify that �≤� is a partial order on A×B. We refer to this partial order on A×B as the
lexicographic order on A×B.

0.4. The cardinality of sets.

De�nition.

(1) We say that two given sets S and T are equinumerous if there exists a bijection
ϕ : S → T .

(2) Given a set S we de�ne the cardinality #S of S as the equinumerosity equivalence
class of S in the class of all sets . Put di�erently we have

#S := class of all sets T that are equinumerous with S.

(3) We say a set is �nite if there exists an n ∈ N0 such that #S = #{1, . . . , n}, otherwise
we say that the set is in�nite

(4) If a set S is �nite, then we write #S = n for the unique n ∈ N0 with #S = #{1, . . . , n}.
If S in�nite, then sometimes we write #S =∞ . At times we also write |S| ∈ N0∪{∞}
instead of #S ∈ N0 ∪ {∞}.

(5) Let S be a set. If #S = n for some n ∈ N0 or if #S = #N, then we say that S is
countable, otherwise we say that S is uncountable.

Lemma 0.6. (Countability Lemma)

(1) Every subset of a countable set is again countable.
(2) Let S be a countable set and let f : S → T be a map. The image f(S) is again

countable.
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(3) The product of �nitely many countable sets is again countable.
(4) The disjoint union of countably many countable sets is again countable.
(5) Let T be a set and let S be a subset such that T \S is countable. Then S is countable

if and only if T is countable.
(6) If S is a �nite set and if T is a countable set, then the set of maps from S to T is also

countable.

Example. We consider the map Z× N → Q
(m,n) 7→ m

n
.

Evidently this map is surjective. It follows from the Countability Lemma 0.6 (2) and (3)
that Q is countable.

Proof. This lemma should be familiar from an earlier course. �

De�nition. Let S and T be two sets.
(1) We write #S ≤ #T if there exists an injection ϕ : S → T .
(2) We write #S < #T if #S ≤ #T but #S 6= #T .

Theorem 0.7. (Cantor's Theorem) For every set X we have #X < #P(X).

Proof. First note that the map X → P(X)
x 7→ {x}

is evidently injective, hence #X ≤ #P(X). Now let f : X → P(X) be a map. We have to
show that it cannot be surjective. We consider the set

Y := {x ∈ X |x 6∈ f(x)}.

We claim that Y is not in the image of f . Indeed, if there did exist a z ∈ X with f(z) = Y ,
then we would have

z ∈ Y ⇐⇒ z 6∈ f(z) ⇐⇒ z 6∈ Y.
↑ ↑

by de�nition of Y since f(z) = Y

We have thus obtained a contradiction. �

Corollary 0.8. The set R of real numbers is uncountable.

Proof. We consider the maps

f : P(N) → {Z2}N

X 7→

 N → Z2

k 7→
{

1, if k ∈ X
0, otherwise

 and
g : {Z2}N → R

f 7→
∞∑
k=1

f(k)
3k
.

One can easily verify that f : P(N) → {Z2}N is a bijection and that g : {Z2}N → R is
injective. Thus it follows from Cantor's Theorem 0.7 together with the Countability Lem-
ma 0.6 (1) that R is uncountable. �

Theorem 0.9. (Bernstein-Schröder Theorem) Let S and T be two sets. Then

#S ≤ #T and #T ≤ #S =⇒ #S = #T.
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Proof. Let f : A → B and g : B → A be two injective maps between two sets A and B.
Without loss of generality we can assume that A and B are disjoint. We denote by ∼ the
equivalence relation on A tB that is generated by a ∼ f(a) for a ∈ A and by b ∼ g(b) for
b ∈ B. Note that if a ∈ A lies in the image of g, then by the injectivity of g there exists
a unique element g−1(a) ∈ B and we have a ∼ g−1(a). The same remark works with the
roles of f and g reversed.
Claim. For each equivalence class I there exists a bijection A ∩ I → B ∩ I.
Proof. So let I be an equivalence class and let a ∈ A∩ I. The subset I Ă AtB consists of
all elements equivalent to a. The equivalence class I is then of one of the following three
types:

A B A B A B
(1) a′ . . . f−1(g−1(a)), g−1(a), a, f(a), g(f(a)), f(g(f(a)), . . . with a′ ∈ A \ g(B)
(2) b′ . . . f−1(g−1(a)), g−1(a), a, f(a), g(f(a)), f(g(f(a)), . . . with b′ ∈ B \ f(A)
(3) . . . . . . f−1(g−1(a)), g−1(a), a, f(a), g(f(a)), f(g(f(a)), . . .

In case (1) the map f de�nes a bijection A ∩ I → B ∩ I, in case (2) the map g−1 de�nes a
bijection A∩ I → B ∩ I and in case (3) both f and g−1 de�ne a bijection A∩ I → B ∩ I.�

Recall that by the Equivalence Class Lemma 0.4 we know that equivalence classes
always give a disjoint decomposition of a set. In our case, if Ij, j ∈ J denote the set of
equivalence classes of ∼ on A tB, then we have

A tB =
⊔
j∈J
Ij and therefore also A =

⊔
j∈J

(A ∩ Ij) and B =
⊔
j∈J

(B ∩ Ij).

Since for each j ∈ J we have a bijection A ∩ Ij → B ∩ Ij we get a bijection A→ B. �

0.5. The Cauchy-Schwarz Inequality.

De�nition. Let R be a commutative ring and let V and W be R-modules.
(1) A pairing on V ×W is a bilinear map

ϕ : V ×W → R,

were by bilinear we mean that for all v, v′ ∈ v and for all w,w′ ∈ W we have the
equalities ϕ(v + v′, w) = ϕ(v, w) + ϕ(v′, w) and ϕ(v, w + w′) = ϕ(v, w) + ϕ(v, w′).

(2) A pairing is called R-bilinear if for all λ ∈ R and all v ∈ V and w ∈ W we have
ϕ(λ · v, w) = λ · ϕ(v, w) and ϕ(v, λ · w) = ϕ(v, w) · λ.

(3) An R-bilinear pairing ϕ : V × V → S is called symmetric if ϕ(v, w) = ϕ(w, v) for all
v, w ∈ V .

De�nition. Let V be a real vector space.
(1) We say a pairing ϕ is positive-definite if ϕ(v, v) > 0 for all v ∈ V \ {0}.
(2) We say a pairing ϕ is positive-semidefinite if ϕ(v, v) ≥ 0 for all v ∈ V \ {0}.

Example. Let n ∈ N0. The standard pairing on Rn is given by

〈−,−〉 : Rn × Rn → R

(v, w) 7→ 〈v, w〉 :=
n∑
i=1

vi · wi.

Here we use the standard convention that for v ∈ Rn we denote by v1, . . . , vn its coordinates.
This standard pairing on Rn is evidently R-bilinear, symmetric and positive-de�nite.



0. PRELIMINARIES 25

Proposition 0.10. (Cauchy-Schwarz Inequality) Let V be a real vector space and
let ϕ : V × V → R≥0

(v, w) 7→ ϕ(v, w)

be an R-bilinear form.
(1) If ϕ is positive semide�nite, then for any v, w ∈ V we have

ϕ(v, w)2 ≤ ϕ(v, v) · ϕ(w,w).

(2) Now suppose that ϕ is positive-de�nite. In this equality in (1) holds if and only if v
and w are linearly dependent.

Proof. This statement has surely been proved in an earlier course on linear algebra. �

De�nition. Let V be a complex vector space.
(1) A pairing ϕ : V × V → C is called C-sesquilinear if for all λ ∈ C and all v, w ∈ V we

have ϕ(λ · v, w) = λ · ϕ(v, w) and ϕ(v, λ · w) = ϕ(v, w) · λ.
(2) A C-sesquilinear pairing ϕ : V × V → C is called hermitian if ϕ(v, w) = ϕ(w, v) for all

v, w ∈ V .
(3) We say a pairing ϕ is positive-definite if ϕ(v, v) ∈ R>0 for all v ∈ V \ {0}.
(4) We say a pairing ϕ is positive-semidefinite if ϕ(v, v) ∈ R≥0 for all v ∈ V \ {0}.

Example. Let n ∈ N0. The standard hermitian pairing on Cn is given by

〈−,−〉 : Cn × Cn → R

(v, w) 7→ 〈v, w〉 :=
n∑
i=1

vi · wi.

This standard pairing on Cn is evidently C-sesquilinear, hermitian and positive-de�nite.

Notation. Given z = x+ y i ∈ C with x, y ∈ R we write |z| :=
√
x2 + y2 =

√
z · z.

Proposition 0.11. (Cauchy-Schwarz Inequality) Let V be a complex vector space
and let ϕ : V × V → R≥0

(v, w) 7→ ϕ(v, w)

be a hermitian form.
(1) If ϕ is positive semide�nite, then for any v, w ∈ V we have

|ϕ(v, w)|2 ≤ ϕ(v, v) · ϕ(w,w).

(2) Now suppose that ϕ is positive-de�nite. In this case equality in (1) holds if and only
if v and w are linearly dependent.

Proof. The proof is very similar to the proof of the above Cauchy-Schwarz Inequality 0.10.
We leave it to the reader to make the necessary minor modi�cations. �

0.6. The Gram-Schmidt Orthogonalization Process.

Proposition 0.12. (Gram-Schmidt Orthogonalization Process) Let V be a real
vector space and let 〈 , 〉 : V × V → R be a positive-de�nite symmetric R-bilinear form.
Given v ∈ V we write ‖v‖ :=

√
〈v, v〉. Let v1, . . . , vn be a basis of V . We consider the
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following sequence of n-tuples of vectors in V :

u0,1, .., u0,n := v1, .., vn

u1,1, .., u1,n := v1

‖v1‖ , ‖v1‖·v2, v2, .., vn
...

...
ui,1, .., ui,n :=ui−1,1, .., ui−1,i−1,

z
‖z‖ , ‖z‖·vi+1, vi+2, .., vn with z :=vi−

i−1∑
j=1
〈vi, ui−1,j〉·ui−1,j

...
...

un,1, .., un,n :=un−1,1, .., un−1,n−1,
z
‖z‖ with z :=vn−

n−1∑
j=1
〈vn, un−1,j〉·un−1,j.

This sequence has the following properties:
(1) For each i ∈ {1, ..., n} the vectors {ui,1, . . . , ui,n} form a basis of V .
(2) For each i ∈ {1, . . . , n − 1} the base change matrix from the basis v1, . . . , vn to the

basis ui,1, . . . , ui,n has determinant 1.
(3) The base change matrix from the basis v1, . . . , vn to the basis un,1, . . . , un,n has positive

determinant.
(4) For each i ∈ {1, . . . , n} the vectors ui,1, . . . , ui,i are orthonormal.
(5) If v1, . . . , vn are orthonormal, then the sequence of n-tuples of vectors is constant, i.e.

for any i, j ∈ {1, . . . , n} we have ui,j = vj.
The analogous statement also holds if we are dealing with a positive-de�nite hermitian
C-sesquilinear form over a complex vector space.

Proof. The lemma follows from elementary arguments which we leave to the readers who
su�er from linear algebra withdrawal syndrome. �

0.7. Group actions.

De�nition. Let X be a set and let G be a group with trivial element e.
(1) An action of G on X is a map

G×X → X
(g, x) 7→ g · x

with the following properties:

e · x = x, for all x ∈ X,
g · (h · x) = (g ·G h) · x, for all x ∈ X and g, h ∈ G.
↑ ↑ ↑

group action multiplication in the group G

(2) The action is called free, if g · x = x for some x ∈ X implies that g = e.
(3) We say G acts transitively, if for every x and y in X there exists a g ∈ G with g ·x = y.

Examples.

(1) Given any group G the map
G×G → G
(g, h) 7→ ghg−1

de�nes an action of G on itself. Let G be a non-trivial group. Considering h = e we
see that this action is not free and it is also straightforward to see that the action is
not transitive.
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(2) The group G = Zn acts on X = Rn by addition. This action is evidently free but it is
not transitive.

Lemma 0.13. (Group Action-Equivalence Relation Lemma) Let X be a set and
let G be a group that acts on X. Then

x ∼ y :⇐⇒ there exists a g ∈ G such that g · x = y

is an equivalence relation on X.

Proof. The statement follows easily from the de�nitions. �

De�nition. Let X be a set and let G be a group that acts on X. By the Group Action-
Equivalence Relation Lemma 0.13 we know that

x ∼G y :⇐⇒ there exists a g ∈ G such that g · x = y

is an equivalence relation on X. We denote by

X/G := X/∼G .
the set of equivalence classes.

0.8. Normed vector spaces.

De�nition. Let V be a real vector space. A norm on V is a map ‖ − ‖ : V → R≥0 that
has the following three properties:
(1) For every v ∈ V we have ‖v‖ = 0 ⇐⇒ v = 0.
(2) For every v ∈ V and λ ∈ R we have ‖λ · v‖ = |λ| · ‖v‖.
(3) For every v, w ∈ V we have ‖v + w‖ ≤ ‖v‖+ ‖w‖.

Lemma 0.14. Let V be a vector space. If 〈−,−〉 : V × V → R≥0 is a symmetric positive
de�nite R-linear pairing, then the map

V × V → R≥0

v 7→ ‖v‖ :=
√
〈v, v〉

is a norm.

Proof. It is straightforward to verify that the �rst two properties of a norm are satis�ed.
It remains to prove the third property. Given v, w ∈ Rn we see that

follows from the R-bilinearity of 〈−,−〉 since 〈w, v〉 = 〈v, w〉
↓ ↓

‖v + w‖2 = 〈v + w, v + w〉 = 〈v, v〉+ 〈v, w〉+ 〈w, v〉+ 〈w,w〉 = 〈v, v〉+ 2·〈v, w〉+ 〈w,w〉
≤ 〈v, v〉+ 2 ·

√
〈v, v〉 · 〈w,w〉+ 〈w,w〉 =

(√
〈v, v〉+

√
〈w,w〉

)2
= (‖v‖+ ‖w‖)2.

↑
by the Cauchy-Schwarz Inequality 0.10 we have 〈v, w〉2 ≤ 〈v, v〉 · 〈w,w〉

By taking square roots on both sides we obtain that ‖v + w‖ ≤ ‖v|+ ‖w‖. �

De�nition. The standard pairing on Rn gives rise to the Euclidean norm

‖ − ‖Eucl : Rn → R≥0

v = (v1, . . . , vn) 7→
√
〈v, v〉 =

√
v2

1 + · · ·+ v2
n.

Usually, when there is no source of confusion, we just write ‖v‖ instead of ‖v‖Eucl.
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Example. We will now give more examples of norms Rn. One can easily show that the
following maps are norms and that for n ≥ 2 they do not arise from a positive de�nite
R-bilinear pairing:

‖−‖max : Rn → R≥0

(x1, . . . , xn) 7→ max{|x1|, . . . , |xn|}︸ ︷︷ ︸
maximum norm

and
‖−‖Manh : Rn → R≥0

(x1, . . . , xn) 7→
n∑
i=1
|xi|.︸ ︷︷ ︸

Manhattan norm

0.9. Metric spaces.

De�nition. A metric space is a pair (X, d) consisting of a set X and a metric d on X, i.e.
a map X ×X → R≥0 := {x ∈ R |x ≥ 0}

(x, y) 7→ d(x, y)

with the following properties:

(1) d(x, y) = 0 ⇐⇒ x = y
(2) for all x, y ∈ X we have d(x, y) = d(y, x) (symmetry)
(3) for all x, y, z ∈ X we have d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality).

Sometimes we refer to d(x, y) as the distance between x and y.

Lemma 0.15. Let V be a real vector space and let ‖ − ‖ : V → R≥0 be a norm. Then

V × V → R≥0

(v, w) 7→ d(v, w) := ‖v − w‖
is a metric on V .

Proof. The three properties of a metric follow easily from the three properties of a norm.
�

De�nition. Given x, y ∈ Rn we set

d(x, y) := ‖x− y‖Eucl where ‖v‖Eucl = ‖(v1, . . . , vn)‖Eucl :=
√
v2

1 + · · ·+ v2
n .

We refer to the map d : Rn × Rn → R≥0

(x, y) 7→ d(x, y)

as the Euclidean metric on Rn. Usually we consider Rn as a metric space with respect to
this Euclidean metric, unless we say something else.

De�nition. Let X be a set. The map

X ×X → R≥0

(x, y) 7→
{

0, if x = y,
1, if x 6= y

de�nes a metric on X, it is called the trivial metric.
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1. Topological spaces: basic definitions and properties

1.1. Topological spaces.

De�nition.

(1) Let X be a set. A topology on X is a subset T of the power set P(X) with the
following properties:
(a) the empty set and the entire set X lie in T ,
(b) the intersection of �nitely many sets in T is again a set in T ,
(c) the union of arbitrarily many sets in T is again a set in T .
The sets in T are called open with respect to T . If T is understood from the context,
then we just say open.

(2) A topological space is a pair (X, T ), where X is a set and T is a topology on X.

Examples.

(1) Let X be a set, then T = {∅, X} is a topology on X. This topology is sometimes
called the trivial topology on X.

(2) Let X be a set. Then T = P(X) is also a topology on X. In other words, T is the
topology such that every subset of X is open. This topology is usually referred to as
the discrete topology on X. Sometimes we say that a topological space is discrete, if
the topology is indeed the discrete topology.

(3) Let X be the empty set. Together with T = {∅} this is a topological space, called the
empty topological space. It is a never ending source of counterexamples to carelessly
formulated statements.

(4) Let X = {∗} be a set with a single element ∗. It follows immediately from the de�nition
of a topology there is a unique topology on X = {∗}, namely the topology given by
T = {∅, {∗}}. Together with the empty set this is the only case where the topology is
already determined by the set. We refer to any topological space consisting of a single
point as a singleton.

De�nition. Let X be a topological space.
(1) Let A Ă X be a subset. We say U Ă X is a neighborhood of A if there exists an open

subset V such that A Ă V Ă U . We say U is an open neighborhood of A, if U is
furthermore open. This de�nition is illustrated in the �gure below.

(2) An (open) neighborhood of a point x ∈ X is an (open) neighborhood of {x}.
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Lemma 1.1. (JH-Openness Criterion ) Let X be a topological space and let U Ă X
be a subset. If for every x ∈ U there exists a neighborhood V of x that is contained in U ,
then U is open.
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Proof. Let X be a topological space and let U Ă X be a subset. Suppose that for every
x ∈ U there exists a neighborhood Vx of x that is contained in U . By de�nition of a
neighborhood there exists for each x ∈ U an open subset Wx with x ∈ Wx Ă Vx. We see
that U =

⋃
x∈U
{x} Ă

⋃
x∈U

Wx Ă U.
↑

since each Wx is contained in U

It follows that U =
⋃
x∈U

Wx, i.e. U is the union of open subsets of X, thus by the third

property of a topology, U itself is open. �

De�nition. Let X be a topological space. We say a subset A of X is closed if the
complement X \ A is open.

Lemma 1.2. (Closed Subset-Lemma) Let X be a topological space.
(1) The empty set and the entire set X are closed.
(2) The intersection of arbitrarily many closed subsets is again closed.
(3) The union of �nitely many closed subsets is again closed.

Proof. The lemma is an immediate consequence of the de�nition of a topology and de
Morgan's Laws 0.2. �

1.2. The metric topology.

Notation. Let (X, d) be a metric space. Given x ∈ X and r ∈ R we write

Bd
r (x) := {y ∈ X | d(x, y) < r}

If the metric d is understood from the context, then sometimes we drop it from the
notation.

Lemma 1.3. (Metric-Topology Lemma) Let (X, d) be a metric space. A subset U
of X is called open if for every x ∈ U there exists an ε > 0 such that Bd

ε (x) is contained
in U . These open subsets de�ne a topology on X.
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Proof. We proved this lemma in Analysis IV, alternatively see [Fri23]. �

De�nition. Let (X, d) be a metric space.
(1) We refer to the topology introduced in the Metric-Topology Lemma 1.3 as the metric

topology.
(2) Unless we say something else we always equip (X, d) with the metric topology.

Convention. Let n ∈ N.
(1) Unless we say something else we consider Rn as a metric space with the Euclidean

metric given by
d(x, y) := ‖x− y‖ where ‖z‖ = ‖(z1, . . . , zn)‖ :=

√
z2

1 + · · ·+ z2
n .
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Furthermore, unless we say something else we equip Cn with the metric given by

d(x, y) := ‖x− y‖ where ‖z‖ = ‖(z1, . . . , zn)‖ :=
√
z1 · z1 + · · ·+ zn · zn .

(2) In particular, unless we say explicitly otherwise, we equip Rn with the topology arising
from the Euclidean metric and we Cn with the topology arising from the above metric.
We call these the Euclidean topologies on Rn and Cn.

1.3. Basic de�nitions.

Proposition 1.4. Let (X, d) be a metric space, let y ∈ X and let r ∈ R.
(1) the set Bd

r (y) := {x ∈ X | d(x, y) < r} is open in X,

(2) the set B
d

r(y) := {x ∈ X | d(x, y) ≤ r} is closed in X,

(3) the set Sdr (y) := {x ∈ X | d(x, y) = r} is closed in X.

Proof. We proved this proposition in Analysis II. �

Notation. Let n ∈ N0. Given y ∈ Rn and r ∈ R we write

Bn
r (y) := {x ∈ Rn | ‖x− y‖ < r} called open n-ball

B
n

r (y) := {x ∈ Rn | ‖x− y‖ ≤ r} called closed n-ball
Sn−1
r (y) := {x ∈ Rn | ‖x− y‖ = r} called (n− 1)-sphere.

We adopt the following conventions:
(1) A 2-ball is often called a disk and a 1-sphere is often referred to as a circle.
(2) If y = 0, then we drop y from the notation and if r = 1, then we drop r from the

notation.
(3) Sometimes we write rBn instead of Bn

r (0) and sometimes we write rB
n
instead of

B
n

r (0).
(4) We refer to the point (0, . . . , 0, 1) ∈ Sn = {x ∈ Rn+1 | ‖x‖ = 1} as the North Pole of

Sn and we refer to the point (0, . . . , 0,−1) ∈ Sn = {x ∈ Rn+1 | ‖x‖ = 1} as the South
Pole of Sn.
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1.4. The subspace topology.

De�nition. Let (X, T ) be a topological space and let Y Ă X be a subset.
(1) It follows from elementary set theory, see Lemma 0.1, that

S := {Y ∩ U |U ∈ T }
is a topology on Y . We refer to S as the subspace topology on Y induced by Y .

(2) If Y is indeed equipped with the subspace topology, then sometimes we refer to Y as
a subspace of X.
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U is open in X

Y ∩ U is open in Y

Convention. Unless we say something else, we consider each subset Y of Rn always as a
topological space with respect to the subspace topology.

1.5. Covers of topological spaces.

De�nition. Let X be a topological space.

(1) A cover of a subset A Ă X is a family {Ui}i∈I of subsets of X with A Ă
⋃
i∈I

Ui.

(2) We say a cover {Ui}i∈I is open if each Ui is open. Similarly we de�ne a closed cover.
(3) We say a cover {Ui}i∈I is �nite if I is �nite. Otherwise we say that the cover is in�nite.

Lemma 1.5. (Cover-Open Subset Lemma) Let X be a topological space and let M
be a subset of X.
(1) Let {Ui}i∈I be an arbitrary open cover of X. The following two statements hold:

(a) M is open if and only if each intersection M ∩ Ui is open in Ui,
(b) M is closed if and only if each intersection M ∩ Ui is closed in Ui.

(2) Let {Ai}i∈I be a �nite closed cover of X. The following two statements hold:
(a) M is open if and only if each intersection M ∩ Ai is open in Ai,
(b) M is closed if and only if each intersection M ∩ Ai is closed in Ai.

Proof. The proof is rather elementary. The curious reader is referred to [Fri23] for details.
�

1.6. The interior and the closure of a subset.

De�nition. Let X be a topological space and let A be a subset of X. We make the
following two de�nitions:

interior
◦
A :=

union of all open subsets of X
that are contained in A

closure A :=
intersection of all closed

subsets of X that contain A

Sometimes, to avoid confusion, we will also write int(A) for the interior of a subset A.

Furthermore we de�ne the boundary of A in X as ∂A := A \
◦
A.
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X

A
boundary ∂Ainterior

◦
A closure A

Lemma 1.6. (Interior-Closure Lemma) Let X be a topological space and let A be a
subset of X.
(1) The interior

◦
A is an open subset of X.

(2) The closure A of A is a closed subset of X.

Proof.
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(1) The union of arbitrarily many open subsets is, by de�nition of a topology, again an
open subset. Thus the interior

◦
A is an open subset of X.

(2) In the Closed Subset-Lemma 1.2 we saw that the intersection of arbitrarily many closed
subsets is a closed subset. It follows immediately that the closure A is a closed subset
of X. �

1.7. The Hausdor� property.

De�nition. We say a topological space X is Hausdor�, if given any two distinct points
x 6= y there exist disjoint open neighborhoods U of x and V of y.
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Proposition 1.7. (Metric Space-Hausdor� Proposition) Let (X, d) be a metric
space. The corresponding topological space is Hausdor�.

Proof. Let x, y ∈ X be two di�erent points. We set ε := 1
2
d(x, y). It follows from Pro-

position 1.4 that U := Bε(x) and V := Bε(y) are neighborhoods of x respectively y. An
elementary argument using the triangle inequality shows that U and V are disjoint. �

De�nition. Let n ∈ N. We consider the set X := Rn ∪ {∞}, i.e. X consists of Rn and
an extra point ∞. We say U Ă X is open, if both of the following two conditions are
satis�ed:
(1) for each point x ∈ U ∩ Rn there exists an ε > 0 such that Bε(x) Ă U ,
(2) if ∞ ∈ U , then there exists a C > 0 such that {x ∈ Rn | ‖x‖ > C} Ă U .
It is straightforward to see that this de�nes indeed a topology on X. We refer to Rn∪{∞}
as Rn with a point at in�nity. For n = 1 we refer to R∪{∞} also as the line with a point
at in�nity.

De�nition. We consider the set X := R ∪ {∗}, i.e. X consists of R and an extra point ∗.
We say U Ă X is open, if the following two conditions are satis�ed:
(a) for each point x ∈ U ∩ R there exists an ε > 0 such that (x− ε, x+ ε) Ă U ,
(b) if ∗ ∈ U , then there exists an ε > 0 such that (−ε, 0) ∪ (0, ε) Ă U .
One can easily verify that this is indeed a topology on X. We refer to this topological
space as the line with two zeros.

Example. Even though the �line with two zeros� looks at �rst glance similar to the �line
with a point at in�nity�, they are strikingly di�erent topological spaces. For example it is
a fun exercise to show that �Rn with a point at in�nity� is Hausdor� and that �the line
with two zeros� is not Hausdor�.

Lemma 1.8. (Points-in-Hausdor� Lemma) Let X be a topological space. If X is
Hausdor�, then for every x ∈ X the corresponding subset {x} is closed.

Proof. Let X be a topological space which is Hausdor�. Let x ∈ X. Since X is Hausdor�
we know in particular that for every y 6= x there exists an open neighborhoods Vy of y that
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is disjoint from x. Note that

X \ {x} =
⋃

y∈X\{x}
{y} Ă

⋃
y∈X\{x}

Vy Ă X \ {x}.
↑ ↑

since y ∈ Vy since x 6∈ Vy

Thus we see that the inclusions are equalities. Since each Vy is open we see that X \ {x}
is the union of open subsets, in particular X \ {x} is open. In other words, {x} is a closed
subset of X. �
1.8. Compact topological spaces.

De�nition. We say a topological space X is compact if for each open cover {Ui}i∈I of X
there exist �nitely many indices i1, . . . , ik ∈ I such that

X = Ui1 ∪ · · · ∪ Uik .

Example. Every �nite topological space (regardless of the topology) is compact, since
there exist only �nitely many distinct open subsets. This simple example can sometimes
be quite useful.

Convention. Let P be a property of a topological space (e.g. being discrete, Hausdor�,
compact).
(1) If X is a topological space that satis�es P we might just say that �X is a P -space�.

For example, a Hausdor� space is a topological space that is Hausdor�.
(2) We say that a subset Y of a topological space X has the property P if Y , equipped

with the subspace topology, has the property P .

Lemma 1.9. (Compact-Closed Lemma) Let X be a topological space.
(1) If X is compact, then any closed subset of X is also compact.
(2) Let A Ă X be a compact subset. If X is Hausdor�, then A is a closed subset of X.

Example. Let X be a topological space, let A be a closed subset and let K be a compact
subset of X. It follows from the Compact-Closed Lemma 1.9 (1) that A∩K is also compact.
This simple observation will get used frequently.

Proof. We proved this lemma in Analysis II and Analysis IV. Alternatively see [Fri23].
�

1.9. The Heine-Borel Theorem.

De�nition. Let (X, d) be a metric space. A subset A of X is called bounded if there
exists a C ≥ 0 such that for all x0, x1 ∈ A we have d(x0, x1) ≤ C.

Lemma 1.10. Let (X, d) be a metric space and let A Ă X be a subset. If A is compact,
then A is closed and it is bounded.

Proof. Let (X, d) be a metric space and let A Ă X be a subset.
(1) We want to show that X \A is open. Let x ∈ X \A. We need to show that there exists

an ε > 0 with Bd
ε (x) Ă X \ A. Given j ∈ N we consider the subset Uj = X \ Bd

1
j
(x).

By Proposition 1.4 we know that the Uj are open. Evidently these open subsets cover
A. Since A is compact there exist j1, . . . , jk ∈ N with A Ă Uj1 ∪ · · · ∪ Ujk . We set

ε := min{ 1
j1
, . . . , 1

jk
}. We obtain that A Ă X \Bd

ε (x). Thus we have found the desired ε.
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(2) We need to show that A is bounded. If A is empty, then there is nothing to show. Now
suppose that A is non-empty. We pick x0 ∈ A. It follows from the triangle inequality
that it su�ces to show that there exists an R ≥ 0 with A Ă B

d

R(x0). We consider
the open subsets Uj = Bd

j (x0) with j ∈ N. Evidently these sets cover A. Since A is
compact we obtain that there exist j1, . . . , jk ∈ N such that A Ă Uj1 ∪ · · · ∪ Ujk . We

set R := max{j1, . . . , jk}. We obtain that A Ă Bd
R(x0) Ă B

d

R(x0). We have thus found
the desired R. �

Theorem 1.11. (Heine-Borel Theorem) A subset of Rn is compact if and only if it is
bounded and closed.

Proof. We proved this theorem in Analysis II. Alternatively see [Fri23]. �

Example. Let y ∈ Rn and r ≥ 0. It follows from the Heine-Borel Theorem 1.11 and
Proposition 1.4 that the closed ball B

n

r (y) and the sphere Sn−1
r (y) are compact.

De�nition. We set C0 := [0, 1]. Iteratively we now de�ne sets C2, C3, . . . as follows:

Ci := {1
3
· x |x ∈ Ci−1}︸ ︷︷ ︸

= 1
3
·Ci−1

∪ {2
3

+ 1
3
· x |x ∈ Ci−1}︸ ︷︷ ︸

= 2
3

+ 1
3
·Ci−1

.

Note that each Ci consists of 2i closed intervals of length 1
3i

and that we obtain Ci from
Ci−1 by removing the �open middle third� of each interval. We de�ne

Cantor set C :=
⋂
i∈N0

Ci.

C2 =
[
0, 1

9

]
∪
[

2
9
, 3

9

]
∪
[

6
9
, 7

9

]
∪
[

8
9
, 1
]

C3

C0 = [0, 1]

C1 =
[
0, 1

3

]
∪
[

2
3
, 1
]

0 1

Lemma 1.12. The Cantor set is compact.

Proof. Each Ci is the union of 2i closed intervals, hence each Ci is closed. It follows from
the Closed Subset-Lemma 1.2 that C itself is a closed subset of R. It is evidently bounded,
hence the Heine-Borel Theorem 1.11 implies that the Cantor set is compact. �

1.10. Bases of a topology.

De�nition. Let X be a set and let B Ă P(X) be a subset of the power set of X. We say
B has the basis property if the following two conditions are satis�ed:

(B1) For every x ∈ X there exists a B ∈ B with x ∈ B.
(B2) Given any B1, B2 ∈ B and given any x ∈ B1 ∩B2 there exists a B3 ∈ B such that

x ∈ B3 and B3 Ă B1 ∩B2.
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B1 B2

B1 ∩B2

x ∈ B1 ∩B2

B3

Example. Let (X, d) be a metric space. It follows from an elementary argument, see e.g.
the proof of Proposition 1.4 (1), that the set of all open balls

B = {all balls Br(x) with r > 0 and x ∈ X} Ă P(X)

satis�es (B1) and (B2).

Lemma 1.13. (Topology-from-Basis Lemma) Let X be a set and let B Ă P(X). We
set

T (B) := {V Ă X | for every x ∈ V there exists a B ∈ B with x ∈ B Ă V }.
If B has the basis property, then T (B) is a topology on X.

Proof. We proved the lemma in Analysis IV. Alternatively see [Fri23]. �

De�nition. Let X be a set.
(1) If B Ă P(X) has the basis property, then we refer to T (B) as the topology on X

generated by B.
(2) Conversely, if T is a given topology on X, if B Ă P(X) has the basis property and if
T = T (B), then we say that B is a basis of the topology T of X.

Examples.

(1) If (X, d) is a metric space, then the topology generated by the set of all open balls, is
by de�nition precisely the metric topology we already introduced on page 31.

(2) Let n ∈ N and let Rn ∪ {∞} be the topological space de�ned on page 33. It follows
immediately from the de�nition of the topology that a basis for the topological space
Rn ∪ {∞} is given by

B =
{
Bn
r (x)

∣∣ r > 0 and x ∈ Rn
}
∪
{
{∞} ∪ (Rn \Bn

C(0))
∣∣C ∈ R

}
.
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2. Continuity
2.1. Continuous maps.

De�nition. We say a map f : X → Y between two topological spaces X and Y is con-
tinuous, if for each open subset U in Y the preimage f−1(U) is open in X. Otherwise the
map is called discontinuous.

Examples.

(1) Let X and Y be two topological spaces. If Y is equipped with the trivial topology or
if X is equipped with the discrete topology, then every map f : X → Y is continuous.

(2) We say a map X → Y between two sets is constant if for any x1, x2 ∈ X we have
f(x1) = f(x2). Any constant map f : X → Y between two topological spaces is
continuous since the preimage of an open subset of Y is either the empty set or X.

Lemma 2.1. (Basics-of-Continuity Lemma)

(1) If f : X → Y and g : Y → Z are two continuous maps between topological spaces,
then the composition g ◦ f : X → Z is also continuous.

(2) Let X be a topological space and let A be a subset of X. If we equip A with the
subspace topology, then the inclusion map i : A→ X is continuous.

(3) Let f : X → Y be a continuous map between topological spaces and let A be a subset
of X. If we equip A with the subspace topology, then the restriction of f to the map
f |A : A→ Y is also continuous.

(4) Let f : X → Y be a continuous map. If Z Ă Y is a subset with f(X) Ă Z, then the
map f : X → Z is also continuous.

Proof.

(1) Let f : X → Y and g : Y → Z be two continuous maps between topological spaces. We
need to show that the composition g ◦ f : X → Z is also continuous. Let U Ă Z be an
open subset. Then

(g ◦ f)−1(U) = f−1(g−1(U)) = f−1(the open subset g−1(U)) = open.
↑ ↑

since g is continuous and U is open since f is continuous

(2) This statement follows immediately from the de�nitions.
(3) This statement is an immediate consequence of (1) and (2) since the restriction of f to

A is precisely the same as f ◦ i where i : A→ X denotes the inclusion.
(4) For clarity we denote by g : X → Z the map given by x 7→ f(x). Let U Ă Z be an

open subset. We need to show that g−1(U) is an open subset of X. By de�nition of
the subspace topology there exists an open subset V Ă X with U = Z ∩ V . Thus we
see that

g−1(U) = g−1(Z ∩ V ) = f−1(Z ∩ V ) = f−1(V ) = open subset of X.
↑ ↑ ↑

de�nition of g since f(X) Ă Z since f is continuous �

Proposition 2.2. (Basis-Continuity Proposition) Let f : X → Y be a map between
topological spaces. Let C be a basis for the topology of Y . Then the following holds

f is continuous ⇐⇒ for each C ∈ C the preimage f−1(C) is open in X.
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Proof. We proved the proposition in Analysis IV. Alternatively see [Fri23]. �

Lemma 2.3. (Continuity-via-Closed Subsets Lemma) A map f : X → Y between
two topological spaces X and Y is continuous if and only if for each closed subset A in Y
the preimage f−1(A) is closed in X.

Proof. This lemma is a straightforward consequence of the Image-Preimage Lemma 0.3
(8) and the de�nitions. �

Proposition 2.4. (Pasting Proposition) Let f : X → Y be a map between topological
spaces.
(1) If there exists an open cover {Wi}i∈I of X such that each restriction f |Wi

is continuous,
then f itself is continuous.

(2) If there exists a �nite closed cover {Ai}i∈I of X such that each restriction f |Ai is
continuous, then f itself is continuous.

In practice often the following variation on (2) gets used:
(2′) If X is Hausdor� and if there exists a locally �nite cover {Ai}i∈I of X such that each Ai

is compact and such that each restriction f |Ai is continuous, then f itself is continuous.

Proof. Statements (1) and (2) of the Pasting Proposition follow fairly easily from the
Cover-Open Subset Lemma 1.5. Statement (2′) follows from Statement (2) and the Compact-
Closed Lemma 1.9 (2). We refer to [Fri23] for details. �

Proposition 2.5. (Metric Continuity Proposition) Let f : X → Y be a map between
metric spaces. Then the following holds:

f is continuous ⇐⇒ ∀
x∈X
∀
ε>0
∃
δ>0

∀
x′∈Bδ(x)

d(f(x), f(x′)) < ε.

Proof. We proved the Metric Continuity Proposition 2.5 in Analysis II. Alternatively see
[Fri23]. �

Example. Let n ∈ N. For each i ∈ {1, . . . , n} the projection
Rn → R

(x1, . . . , xn) 7→ xi

is continuous since the �ε− δ�-condition is satis�ed with δ = ε.

Lemma 2.6. (Sum-Product-Continuity Lemma) Let X be a topological space. If
f : X → R and g : X → R are continuous maps, then the maps

X → R
x 7→ f(x)+g(x)

X → R
x 7→ f(x)·g(x)

X → R
x 7→ max{f(x), g(x)}

X → R
x 7→ min{f(x), g(x)}

are also continuous. The obvious analogues of the �rst two statements also hold if we
replace R by C.
Proof. For brevity's sake we outsource the proof to [Fri23]. �

2.2. Open and closed maps.
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De�nition. Let f : X → Y be a continuous map between topological spaces.
(1) We say f is open if the image of every open subset of X is open in Y .
(2) We say f is closed if the image of every closed subset of X is closed in Y .

Lemma 2.7. (Open-Closed Inclusion Lemma) Let X be a topological space.
(1) If U Ă X is an open subset, then the inclusion map i : U → X is open.
(2) If A Ă X is a closed subset, then the inclusion map i : A→ X is closed.

Proof.

(1) Suppose that V is an open subset of U . By de�nition of the subspace topology there
exists an open subset W Ă X with V = U ∩W . But then i(V ) = V = U ∩W is the
intersection of two open subsets of X, thus it is an open subset of X.

(2) The proof of this statement is analogous to the proof of Statement (1). �

2.3. The Compact Image Lemma.

Lemma 2.8. (Compact Image Lemma)

(1) Let f : X → Y be a continuous map. If X is compact, then f(X) is also compact.
(2) Let f : X → R be a continuous map. If X is compact and non-empty, then f assumes

its maximum and its minimum, i.e. there exist x0, x1 ∈ X such that

f(x0) ≤ f(x) ≤ f(x1) for all x ∈ X.
(3) Let f : X → Y be a continuous map. If X is compact and if Y is Hausdor�, then

f(X) is a closed subset of Y .
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f is maximal at x1

f is minimal at x0

graph of map f : S1 → R
S1

Proof.

(1) Let {Ui}i∈I be an open cover of the topological space f(X). We need to show that
f(X) is contained in the union of �nitely many Ui's. We have

X = f−1(f(X)) Ă f−1
( ⋃
i∈I
Ui

)
=

⋃
i∈I

f−1(Ui).
↑ ↑

Image-Preimage Lemma 0.3 (1) Image-Preimage Lemma 0.3 (6)

By hypothesis the map f : X → Y is continuous. It follows from the elementary
Basics-of-Continuity Lemma 2.1 that the map f : X → f(X) is also continuous, in
particular each f−1(Ui) is an open subset of X. This observation together with the
above discussion shows that {f−1(Ui)}i∈I is an open cover of X. Since X is compact
there exist i1, . . . , ik ∈ I such that

X = f−1(Ui1) ∪ · · · ∪ f−1(Uik).

Therefore
f(X) = f (f−1(Ui1) ∪ · · · ∪ f−1(Uik))

= f (f−1(Ui1)) ∪ · · · ∪ f (f−1(Uik)) Ă Ui1 ∪ · · · ∪ Uik .
↑ ↑

Image-Preimage Lemma 0.3 (3) Image-Preimage Lemma 0.3 (2)
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(2) It follows from (1) and the Heine-Borel Theorem 1.11 that f(X) Ă R is bounded and
closed. Since X is non-empty we thus see that y0 := inf(f(X)) and y1 := sup(f(X))
exist and they lie in f(X). Any choice of points x0 ∈ f−1(y0) and x1 ∈ f−1(y1) have
the desired properties.

(3) This statement is an immediate consequence of the �rst statement and of the Compact-
Closed Lemma 1.9 (1). �

2.4. Homeomorphisms.

De�nition.

(1) We say a map f : X → Y between two topological spacesX and Y is a homeomorphism
if the following three properties are satis�ed:
(a) f is continuous,
(b) f is bijective,
(c) the inverse map f−1 : Y → X is also continuous.
If there exists a homeomorphism between X and Y we say that X and Y are homeo-
morphic and sometimes we write X ∼= Y .

(2) We say a map f : X → Y between two topological spaces X and Y is an embed-
ding if f : X → f(X), where f(X) is equipped with the subspace topology, is a
homeomorphism. We say the embedding is closed if f(X) is a closed subset of Y and
we say the embedding is open if f(X) is an open subset of Y .

Notation. Given n0 ∈ N we write

Sn≥0 := {(x1, . . . , xn+1) ∈ Sn | xn+1 ≥ 0} the upper hemisphere
Sn≤0 := {(x1, . . . , xn+1) ∈ Sn | xn+1 ≤ 0} the lower hemisphere
Sn=0 := {(x1, . . . , xn+1) ∈ Sn | xn+1 = 0} the equator.

Similarly we de�ne

Bn
≥0 := {(x1, . . . , xn) ∈ Bn | xn ≥ 0}

Bn
≤0 := {(x1, . . . , xn) ∈ Bn | xn ≤ 0}

Finally, the same way we also de�ne B
n

≥0 and B
n

≤0.
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S2
≥0S2 S2

=0
S2
≤0

Examples.

(1) The maps
ϕ : B

n → Sn≥0

x 7→
(
x,
√

1− ‖x‖2
) and

p : Sn≥0 → B
n

(x1, . . . , xn, xn+1) 7→ (x1, . . . , xn)

are easily seen to be continuous and inverses to one another. Thus both maps are home-
omorphisms. The same way we see that the lower hemisphere is also homeomorphic to
the closed ball B

n
.

(2) We consider the map f : [0, 1) → S1

t 7→ exp(2π it).
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The map f is a continuous bijection but it is not a homeomorphism. One can see this by
either directly showing that f−1 is not continuous or by noting that [0, 1) is not compact
whereas S1 is compact. The importance of this example cannot be overestimated. It
is an unfortunate fact of life that all too often one writes down a continuous map
f : X → Y between topological spaces, checks that it is a bijection, and walks away
under the warm, but mistaken, impression that one now has found a homeomorphism.

10 f S1 f is a continuous bijection
but not a homeomorphism

Lemma 2.9. (Open-Injective Lemma) Let f : X → Y be a continuous map between
topological spaces. We assume that f is open or that f is closed.
(1) If f is an injection, then f is an open (respectively closed) embedding.
(2) If f is a bijection, then f is a homeomorphism.

Proof. Let f : X → Y be a continuous map between topological spaces.

(2) We assume that f is a bijection. Furthermore we now assume that f is open. We want
to show that f is a homeomorphism. It remains to show that g := f−1 : Y → X is
continuous. Thus let U Ă X be an open subset. We need to show that g−1(U) is an
open subset of Y . But this is obvious, since g−1(U) = f(U) is an open subset since we
assume that f is an open map.

Now suppose that the map f is closed. The proof is almost identical to the above
argument, except that now we have to use the continuity criterion provided by the
Continuity-via-Closed Subsets Lemma 2.3.

(1) We assume that f is an injection and we assume that f is open. We write Z := f(X).
Since f : X → Y is open it follows basically immediately from the de�nition of the
subspace topology that f : X → Z is also open. Thus we obtain from (2) that f is an
embedding. Furthermore, since f is open we see that f is an open embedding. The
proof in the case that f is closed is basically identical. �

Proposition 2.10. (Compact-Hausdor� Proposition) Let f : X → Y be a contin-
uous map between topological spaces. If X is compact and if Y is Hausdor�, then the
following statements hold:
(1) The map f : X → Y is closed.
(2) If f is an injection, then f is a closed embedding.
(3) If f is a bijection, then f is a homeomorphism.

Proof. Let f : X → Y be a continuous map between topological spaces. We assume that
X is compact and that Y is Hausdor�.

(1) Let A be a closed subset of X. We need to show that f(A) is a closed subset of Y . In
fact we see that
A Ă X closed =⇒ A is compact =⇒ f(A) is compact =⇒ f(A) Ă Y is closed.

↑ ↑ ↑
by the Compact-Closed by the Compact Image by the Compact-Closed Lemma 1.9 (2)

Lemma 1.9 since X is compact Lemma 2.8 (1) since Y is Hausdor�
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(2) If f is an injection, then it follows immediately from (1) together with the Open-
Injective Lemma 2.9 (1) that f is a closed embedding.

(3) This follows immediately from (2). �

Lemma 2.11. (Stereographic Projection Lemma) Let n ∈ N. We consider the map

Φ: Sn → Rn ∪ {∞}

(x1, . . . , xn+1) 7→

{ (
x1

1− xn+1
, . . . ,

xn
1− xn+1

)
, if xn+1 < 1,

∞, if xn+1 = 1.

where we equip Rn ∪ {∞} with the topology that we introduced on page 33. We refer to
Φ as the stereographic projection. This map has the following properties:
(1) The map Φ sends the North Pole N = (0, . . . , 0, 1) ∈ Sn to ∞.
(2) For any P ∈ Sn that does not equal the North Pole N the point Φ(P ) ∈ Rn is the

unique point such that the ray emanating from N and that goes through P intersects
the plane Rn × {0} in (Φ(P ), 0).

(3) For any (v1, . . . , vn, 0) ∈ Sn ∩ (Rn × {0}) we have Φ(v1, . . . , vn, 0) = (v1, . . . , vn).
(4) The map Φ is a homeomorphism.
(5) (a) The restriction of Φ to a map Sn \ {N} → Rn is also a homeomorphism, where

the inverse is given by
Rn → Sn \ {N}
x 7→

(
x · 2
‖x‖2+1 ,

‖x‖2−1
‖x‖2+1︸ ︷︷ ︸

=1− 2
‖x‖2+1

)
.

(b) The restriction of Φ to a map Sn≤0 → B
n
is a homeomorphism.
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stereographic projection of P

North pole N = (0, 0, 1)

P ray emanating from N through P

Identi�cation. Let n ∈ N. On many occasions we will use the homeomorphism from
the Stereographic Projection Lemma 2.11 to make the identi�cation Sn =i Rn ∪ {∞}. In
particular we have the identi�cation S2 =i C ∪ {∞}.
Proof.

(1) This statement follows immediately from the de�nition of Φ.
(2) This statement follows from an elementary calculation which we leave to the reader.
(3) This statement follows immediately from the de�nition of Φ.
(4) Using the Subbasis-Continuity Proposition 2.2 one can easily show that Φ is continuous.

We leave it to the reader to verify that Φ is a bijection. Note that Sn is compact by
the Heine-Borel Theorem 1.11. Furthermore note that on page 33 we pointed out that
Rn ∪{∞} is Hausdor�. Hence it follows from the Compact-Hausdor� Proposition 2.10
(3) that Φ is a homeomorphism.
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(5) It follows almost immediately from (4) that the two maps are homeomorphism. One
can easily verify that the inverse of Φ is indeed given by the map we provided. �

2.5. Convex subsets.

De�nition.

(1) We say that a subset A Ă Rn is convex, if for every two points P and Q in A the
segment PQ := {t · P + (1− t) ·Q | t ∈ [0, 1]} also lies in A.

(2) Given a subset S of Rk the convex hull of S is de�ned as the intersection of all convex
subsets of Rk that contain S. Since the intersection of convex sets is again convex we
see that the convex hull of S is a convex subset of Rn.
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convex hull of Snot convex

P

Q

subset S of R2convex subset of R2

Examples.

(1) For any point x ∈ Rn and any ε > 0 the open ball Bn
ε (x) is convex. Indeed, let

P,Q ∈ Bn
ε (x). Then for any t ∈ [0, 1] we have

‖t·P + (1− t)·Q− x‖ = ‖t·(P − x) + (1− t)·(Q− x)‖
≤ t·‖P − x‖+ (1− t)·‖Q− x‖ < t·ε+ (1− t)·ε = ε.
↑ ↑

triangle inequality and homogeneity of ‖ − ‖ since P,Q ∈ Bnε (x)

We have thus shown that t ·P + (1− t) ·Q ∈ Bn
ε (x). Basically the same way one shows

that the closed ball B
n

ε (x) is also convex.
(2) It is straightforward to verify that any hyperrectangle [a1, b1]× · · · × [an, bn] is convex.

Proposition 2.12. (Convex-to-Ball Proposition)

(1) Let A be a bounded open convex subset of Rn and let Q ∈ A. We consider the map

ρA : A \ {Q} → R≥0

x 7→ sup
{
‖r · x‖

∣∣ r ∈ R>0 and r · (x−Q) +Q ∈ A
}
.

This map is well-de�ned in the sense that the supremum exists for each x ∈ A \ {Q}.
Furthermore the map ρA is continuous and the map

fQ : A → Bn

x 7→

{
(x−Q) · 1

ρA(x) , if x 6= Q,

0, if x = Q.

is a homeomorphism with fQ(Q) = 0.
(2) Let A be a bounded closed convex subset of Rn. If Q is a point in the interior of A,

then the same expression as in (1) de�nes a homeomorphism

fQ : A → B
n

= {x ∈ Rn | ‖x‖ ≤ 1}
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with the following properties:
(a) the homeomorphism fQ sends Q to the origin,
(b) the homeomorphism fQ restricts to a homeomorphism ∂A→ Sn−1.

Lemma 2.13. Let A be a bounded closed convex subset of Rn such that the origin 0 lies
in the interior of A.
(1) The map ρA : A \ {0} → R≥0 de�ned in the Convex-to-Ball Proposition 2.12 is contin-

uous.
(2) The map f0 : A → B

n

x 7→
{
x · 1

ρA(x) , if x 6= 0,

0, if x = 0

is continuous and it satis�es f−1
0 (Sn−1) = ∂A.

Proof of Lemma 2.13. We start out with the following claim.

Claim. The map ρA : A \ {0} → R is de�ned, it is continuous, it is bounded from above
and it is bounded from below by 1.

Proof. Since A is bounded it follows that ρA is de�ned and that it is bounded from above.
It follows from the de�nition of ρA that ρA is bounded from below by 1. Therefore it
remains to show that ρA is continuous. Now let x ∈ A \ {0} and let ε > 0. It su�ces to
show the following two statements:

(1) there exists a neighborhood U of x ∈ A \ {0} with ρA(y) > ρA(x)− ε for all y ∈ U ,
(2) there exists a neighborhood V of x ∈ A \ {0} with ρA(y) < ρA(x) + ε for all y ∈ V .
We �rst show the existence of U . After possibly replacing ε by min{1

2
ρA(x), ε} we can

suppose that ε ∈ (0, ρA(x)).
Since A is closed we have f0(x) ∈ A. Since 0 lies in the interior of A there exists an

η > 0 such that Bn
η (0) Ă A. Since A is convex, the convex hull C of Bn

η (0) ∪ {f0(x)}
is still contained in A. Furthermore, since Bn

η (0) is open it is straightforward to see that
C ′ := C \ {f0(x)} is an open subset of Rn. We denote by Sn−1

ρA(x)−ε the sphere of radius

ρA(x)− ε around 0. The point x · ρA(x)−ε
‖x‖ lies on Sn−1

ρA(x)−ε and it lies in C ′. Since C ′ is open

there exists an open neighborhood U ′ on Sn−1
ρA(x)−ε that is contained in C ′. We set

U := {r · z | z ∈ U ′ and r ∈ (0, 1)}.

This is an open neighborhood of x and for any y ∈ U we have (ρA(x)−ε) ·y ∈ A, i.e. for any
y ∈ A we have ρA(y) ≥ ρA(x) − ε. Thus we have shown that the desired neighborhood U
exists. The existence of V is proved in a very similar way. We refer to [Ber09, Chapter 11.3]
for full details. �
From the continuity of ρA it follows that f is continuous on A \ {0}. From the fact that ρA
is bounded it follows easily that fQ is continuous in 0. Finally one can easily verify, using
the convexity of A, that f−1

0 (Sn−1) = ∂A. �

Proof of the Convex-to-Ball Proposition 2.12.

(2) Let A be a bounded closed convex subset of Rn and let Q be a point in the interior of
A. After a translation we can assume that Q = 0 is the origin, in particular we can
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assume that the origin 0 lies in the interior of A. By Lemma 2.13 we know that the
map ρA : A \ {0} → R≥0 is de�ned and continuous. Next we consider the map

f0 : A → B
n

x 7→
{
x · 1

ρA(x) , if x 6= 0,

0, if x = 0.

It is straightforward to verify that this map is bijective and by Lemma 2.13 we know
that f0 is continuous and that f−1

0 (Sn−1) = ∂A. Note that our hypothesis on A and the
Heine-Borel Theorem 1.11 imply that A is compact. Thus we obtain from the Compact-
Hausdor� Proposition 2.10 (3) that f0 is in fact a homeomorphism. Finally note that
it follows from f−1

0 (Sn−1) = ∂A that f0 restricts to a homeomorphism ∂A→ Sn−1.
(1) We denote by C = A the closure of A. Since A is open and convex it follows fairly easily

that A =
◦
C. One veri�es fairly easily that C is convex. It is clear that C is bounded

and it follows from the Interior-Closure Lemma 1.6 that C is closed. One veri�es easily
that the map f0 de�ned for C = A restricts to the map f0 de�ned for A. Thus it
follows from (2) that the map f0 : C = A→ B

n
is a homeomorphism and it restricts to

a homeomorphism f0 :
◦
C → Bn. Since

◦
C = A we get the desired homeomorphism. �

2.6. The two notions of connected spaces.

De�nition.

(1) Let X be a topological space. A path is a continuous map p : [0, 1] → X. Often we
say that p is a path from p(0) to p(1).

(2) We say that a topological space X is path-connected if given any two points x and y
there exists a path from x to y.
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X
0 1

x y
path from x to y

De�nition. We say that a topological space X is connected if the following holds

if X = U t V is the disjoint union of open subsets U, V =⇒ X = U or X = V .

A topological space which is not connected is called disconnected.

Example.

(1) It follows basically from the de�nitions that any convex subset of some Rn is path-con-
nected. But it is much less clear whether say Rn is connected in the above sense.

(2) It follows from the Intermediate Value Theorem that the rational numbers Q are not
path-connected. But Q is also not connected, for example we can write the topological
space Q as the disjoint union of the two open non-empty subsets {x ∈ Q |x2 < 2} and
{x ∈ Q |x2 > 2}.

So we see that both notions of connectedness have their advantages and disadvantages. It
is often easy to show that a given topological space is path-connected but it can be a pain
to show that a given topological space is not path-connected. With connectedness it is
precisely the other way round.
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Proposition 2.14. (Interval-Connected Proposition) The interval [0, 1] is connected.

Proof. We proved the proposition in Analysis II, alternatively see [Fri23]. �

Corollary 2.15. (Path-Connected Implies Connected Corollary) Every path-con-
nected topological space is also connected.

Proof. Let X be a topological space that is path-connected. Suppose that X is not
connected. This means that there exist disjoint open non-empty subsets U and V with
X = U ∪ V . Since U and V are non-empty we can �nd points x ∈ U and y ∈ V . Since
X is path-connected there exists a path γ : [0, 1] → X with γ(0) = x and γ(1) = y. Then
γ−1(U)∪γ−1(V ) is a decomposition of [0, 1] into two disjoint open non-empty subsets. But
that is a contradiction to the Interval-Connected Proposition 2.14. �

Lemma 2.16. (Image-Connected Lemma) Let f : X → Y be a continuous map be-
tween topological spaces.
(1) If X is path-connected, then f(X) is also path-connected.
(2) If X is connected, then f(X) is also connected.

Proof.

(1) We suppose that X is path-connected. Let y0 = f(x0) and y1 = f(x1) be two points in
f(X). Since X is path-connected there exists a path γ : [0, 1]→ X from x0 to x1. But
then f ◦ γ : [0, 1]→ f(X) is a path from f(x0) to f(x1).

(2) We suppose that f(Y ) is disconnected. This means that there exist disjoint open
non-empty subsets U and V of f(Y ) with f(Y ) = U ∪ V . By the Image-Preimage
Lemma 0.3 we know that f−1(U) and f−1(V ) are also disjoint and we know that
X = f−1(U) ∪ f−1(V ). By de�nition of a continuous map f−1(U) and f−1(V ) are
open. Finally, since U, V Ă f(X) we see that f−1(U) and f−1(V ) are non-empty. Thus
we have shown that X is also disconnected. �

Lemma 2.17. (Ball-Sphere-Connected Lemma)

(1) Let n ≥ 1. Every open ball Bn
r (y), every closed ball B

n

r (y) and Rn are path-connected
and connected.

(2) Every sphere Snr (y) with n ≥ 1 is path-connected and connected.

Proof. By the Path-Connected Implies Connected Corollary 2.15 it su�ces to show that
all these topological spaces are path-connected.

(1) It follows from the example on page 43 that all balls (open or closed) and Rn are convex.
But as we already pointed out on page 45, convex subsets are basically by de�nition
path-connected.

(2) We leave it to the reader to show that spheres of dimension ≥ 1 are path-connected. �

Example. The Topologist's Sine Curve is de�ned as the following topological space

X :=
{

(0, y)
∣∣ y ∈ [−1, 1]

}
∪
{

(x, sin( 1
x
))
∣∣x ∈ (0, 1

π
]
}

Ă R2,

equipped with the subspace topology. In other words, the Topologist's Sine Curve is the
union of the graph of x 7→ sin( 1

x
) for x ∈ (0, π] and an interval on the y-axis. It is a very
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instructive exercise to show that X is connected and it is an equally instructive exercise to
show that X is not path-connected.

the Topologist's Sine Curve X = A ∪B is connected but not path-connected

1
π

A is the interval from (0,−1) to (0, 1) on the y-axis
B is the graph of the function sin( 1

x
) with x ∈ (0, 1

π
]

Lemma 2.18. (Connected-to-Discrete Lemma) Every continuous map f : X → Y
from a connected space X to a discrete space is constant.

Proof. We need to show that for any x ∈ X we have f({x}) = f(X). Since Y is a
discrete space we know that {f(x)} and Y \ {f(x)} are open subsets of Y . The preimages
U := f−1(f(x)) and V := f−1(Y \ {f(x)}) are also open and they are evidently disjoint.
Since U is non-empty and since X is connected we see that V = ∅. But this means that
f is constant. �

De�nition. Let X be a topological space and let α : [0, 1]→ X and β : [0, 1]→ X be two
paths with α(1) = β(0). We de�ne the concatenation of α and β as the path α ∗ β which
is given by

α ∗ β : [0, 1] → X

t 7→
{
α(2t), if t ∈

[
0, 1

2

]
β((2t− 1)), if t ∈

(
1
2
, 1
]
.
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α

α ∗ β
β

α(1) = β(0)

Lemma 2.19. (Union Connected Lemma) LetX be a topological space and let {Bi}i∈I
be a family of subsets such that the intersection

⋂
i∈I
Bi is non-empty.

(1) If each Bi, i ∈ I is path-connected, then
⋃
i∈I

Bi is path-connected.

(2) If each Bi, i ∈ I is connected, then
⋃
i∈I

Bi is connected.

Proof. Let X be a topological space and let {Bi}i∈I be a family of subsets such that the
intersection

⋂
i∈I
Bi contains a point z. We write Z :=

⋃
i∈I

Bi.

(1) We suppose that each Bi, i ∈ I is path-connected. So let x, y ∈ Z. There exists an i ∈ I
with x ∈ Bi and there exists a j ∈ I with y ∈ Bj. Since Bi and Bj are path-connected
we can pick a path γ : [0, 1] → Bi from x to z and we can pick a path δ : [0, 1] → Bj

from z to y. Note that the concatenation of the paths γ and δ is a path from x to y.
(2) We suppose that each Bi, i ∈ I is connected. We write Z = U t V where U and V are

open subsets. Without loss of generality we can assume that z ∈ U . For each i ∈ I we
have a decomposition Bi = (U ∩Bi)t (V ∩Bi) into disjoint open subsets (here we use
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the de�nition of the subspace topology). Since Bi is connected and since U ∩ Bi 6= ∅
we see that Bi = U ∩Bi. Thus we have shown that

U =
⋃
i∈I

(Bi ∩ U) =
⋃
i∈I

Bi = Z. �

2.7. The (path-) components of a topological space.

De�nition. Let x and y be two points in a topological space X. We say that the points
x and y are path-equivalent, if there exists a continuous map γ : [0, 1]→ X with γ(0) = x
and γ(1) = y.

Lemma 2.20. (Path-Equivalence Lemma) For every topological space X the notion
of path-equivalence is indeed an equivalence relation.

Proof. All properties of an equivalence relation are trivial except possibly for transitivity.
The fact that path-equivalence is transitive can be shown by concatenating paths. �

De�nition. Let X be a topological space.
(1) We call the path-equivalence classes of points the path-components of X.
(2) We denote by π0(X) the set of path-components of X. Furthermore we write

π0(X) = 0 if X is non-empty and if it consists of a single path-component.

Example. It is a straightforward consequence of the Intermediate Value Theorem that
each point in Q de�nes a path-component of Q.

Lemma 2.21. (Path-Component Lemma) Let X be a topological space.
(1) As a set, X is the disjoint union of its path-components.
(2) Each path-component of X is path-connected.
(3) Each path-component C of X is a maximal path-connected subset, i.e. if C Ĺ D, then

D is not path-connected.
(4) Let A be a subset of X.

(a) If no point in A is path-equivalent to a point in X \ A, then A is the union of
path-components of X.

(b) If A is path-connected, then A is contained in a path-component of X.
(c) If A is path-connected and if no point in A is path-equivalent to a point in X \A,

then A is a path-component of X.

Proof. The lemma follows immediately from the de�nitions and basic properties of equiv-
alence relations, see the Equivalence Class Lemma 0.4. �

Example. We consider the topological space R \ {0}. The subsets R<0 and R>0 are
evidently path-connected. It follows from the Intermediate Value Theorem that no point
in R<0 is path-equivalent to a point in R>0. Thus it follows from the Path-Component
Lemma 2.21 (4c) that R<0 and R>0 are the path-components of R \ {0}.
2.8. The path-components of matrix groups.

Notation. Given a commutative ring R we write

GL(n,R) := {A ∈ M(n× n,R) | det(A) is a multiplicative unit in R}
SL(n,R) := {A ∈ M(n× n,R) | det(A) = 1}.
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For K = R we have the following extra de�nitions:

GL+(n,R) := {A ∈ M(n× n,R) | det(A) > 0}
GL−(n,R) := {A ∈ M(n× n,R) | det(A) < 0}

O(n) := {A ∈ M(n× n,R) |AT · A = id}
SO(n) := O(n) ∩ SL(n,R) = {A ∈ M(n× n,R) |AT · A = id and det(A) = 1}.

Furthermore for K = C we have the following extra de�nitions:

U(n) := {A ∈ M(n× n,C) |AT · A = id}
SU(n) := U(n) ∩ SL(n,C) = {A ∈ M(n× n,C) |AT · A = id and det(A) = 1}.

Identi�cation. Let K = R or K = C. Given m,n ∈ N we make the identi�cation

M(m× n,K) =i Km·n

by �juxtaposing� the rows of the matrix. We equip Km·n and thus also M(m× n,K) with
the standard topology that we introduced on page 31. We equip each subset of M(m×n,K)
with the corresponding subspace topology that we introduced on page 31.

Lemma 2.22. (Matrix Group Lemma) Let n ∈ N.
(1) GL(n,R), GL+(n,R) and GL−(n,R), are open subsets of M(n× n,R).
(2) SL(n,R), O(n) and SO(n), are closed subsets of M(n× n,R).
(3) O(n) and SO(n) are compact.
(4) GL(n,C) is an open subset of M(n× n,C).
(5) SL(n,C), U(n) and SU(n), are closed subsets of M(n× n,C).
(6) U(n) and SU(n) are compact.

Proof. We consider the following two maps

det : M(n× n,R) → R
A 7→ det(A)

and
ϕ : M(n× n,R) → M(n× n,R)

A 7→ AT · A.
It follows from the Leibniz formula and the rather elementary the Sum-Product-Continuity
Lemma 2.6 that both maps are continuous.
(1) It follows from the above that GL(n,R) = det−1(R \ {0}), GL+(n,R) = det−1((0,∞))

and GL−(n,R) = det−1((−∞, 0)) are open subsets of M(n× n,R).
(2) Note that it follows from the above and the Continuity-via-Closed Subsets Lemma 2.3

that SL(n,R) = det−1({1}), O(n) = ϕ−1({id}) and SO(n) = SL(n,R) ∩ O(n,R) are
closed subsets of M(n× n,R).

(3) Note that each column of an orthogonal matrix has norm one. This implies that
O(n) Ă Rn2

is a bounded subset of M(n×n,R) = Rn2
. It follows from this observation

together with (2) and the Heine-Borel Theorem 1.11 that O(n) and SO(n) are compact.
The proofs of Statements (4), (5) and (6) are almost identical to the above proofs. �



50

Proposition 2.23. (Matrix Group-π0-Proposition) Let n ∈ N.
topological space path-components

(1) GL(n,R) path-components are GL+(n,R) and GL−(n,R)
(2) SL(n,R) path-connected
(3) O(n) path-components are SO(n) and O(n) ∩GL−(n,R)
(4) GL(n,C) path-connected
(5) SL(n,C) path-connected
(6) U(n) path-connected
(7) SU(n) path-connected.

Proof. The proof is provided in [Fri23]. �

Proof of Proposition 2.23 (4), (5), (6) and (7).

Claim 4.

(1) Given any A ∈ GL(n,C) there exists a path δ : [0, 1] → GL(n,C) with γ(0) = A and
γ(1) ∈ SL(n,C).

(2) If A ∈ U(n), then we can �nd such a path that takes values in U(n).

Proof. Let A ∈ GL(n,C). We pick r ∈ R>0 and ϕ ∈ R with det(A) = r · exp( iϕ). The map

δ : [0, 1] → GL(n,C)
t 7→ r−t/n · exp(− iϕ · t/n) · A

is a path from A to a matrix in SL(n,C). If A ∈ U(n), then r = 1 and we see that the
path takes values in U(n). �

Using Claim 4 one sees that it su�ces to show that SL(n,C) and SU(n) are connected.
This is achieved by making straightforward modi�cations to the Claims 2 and 3 that we
considered in the proof of the real case. �

2.9. Local and regional properties.

De�nition. Let P be a property of topological spaces and let X be a topological space.
(1) We say X is regionally P if given any Q ∈ X and any neighborhood U of Q there

exists a neighborhood V of Q that is contained in U that has the property P .
(2) We say X is locally P if given any Q ∈ X and any neighborhood U of Q there exists

an open neighborhood V of Q that is contained in U that has the property P .
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=⇒ here X has property P

V

Examples.

(1) Every open subset of Rn is locally path-connected. Indeed, suppose A is an open subset
of Rn. Let Q ∈ A and let U be a neighborhood of Q in A. Then there exists an ε > 0
such that Bn

ε (x) Ă U . The ε-ball Bn
ε (x) is of course path-connected.

(2) The topological space X = (−2, 1)∪ [3, 6] Ă R with the usual topology is not path-con-
nected but it is locally path-connected. On the other hand X = Q is not even locally
path-connected.
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Lemma 2.24. (Locally Path-Connected Lemma) Let X be a topological space. If
X is locally path-connected, then X is connected if and only if X is path-connected.

Proof. First note that ifX is path-connected, then we know by the Path-Connected Implies
Connected Corollary 2.15 that X is connected. This gives us the cheap �if�-direction.

We now assume that X is connected. We start out with the following claim.

Claim 1. Each path-component of X is open.

Proof. Let P be a path-component. We pick x ∈ X. To show that P is open it su�ces
by the JH-Openness Criterion 1.1 to show that each y ∈ P admits a neighborhood that is
contained in P .

Thus let y ∈ P . We pick a path p : [0, 1]→ X with p(0) = x and p(1) = y. Since X is
locally path-connected there exists an open neighborhood U of y that is path-connected.
It follows from the Image-Connected Lemma 2.16 (1) together with the Union Connected
Lemma 2.19 that p([0, 1]) ∪ U is path-connected. It follows from the Path-Component
Lemma 2.21 (4b) that p([0, 1]) ∪ U Ă P . Finally note that since U is open we know that
p([0, 1]) ∪ U is a neighborhood of x. �
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U is path-connectedX

yx

Claim 2. Each path-component of X is closed.

Proof. By Claim 1 we now know that each path-component is open. By the Path-
Component Lemma 2.21 (1) we know that the complement of a path-component is the
union of path-components. Since the union of open subsets is open we see that each path-
component is also closed. �

Since X is connected we obtain from Claim 1 and Claim 2 that each path-component
equals X, i.e. X is path-connected. �

Examples.

(1) Every open subset of Rn is regionally compact. Indeed, suppose A is an open subset
of Rn. Let Q ∈ A and let U be a neighborhood of Q in A. Then there exists an ε > 0
such that Bn

ε (x) Ă U . The closed ε-ball B
n
ε
2
(x) is a neighborhood of x and it is compact

by the Heine-Borel Theorem 1.11.
(2) Similar to (1) one can easily show that every interval is regionally compact. In fact

later on we will mostly need the fact that the interval [0, 1] is regionally compact.

De�nition. Let P be a property of maps between topological spaces and let f : X → Y
be a map between topological spaces.
(1) We say that f : X → Y is locally P at x ∈ X if there exists an open neighborhood U

of x and an open neighborhood V of f(x) such that f : U → V has the property P .
(2) We say that f is locally P if it is locally P at any x ∈ X.

Example. The map p : R → S1

t 7→ exp(2π it)
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is a local homeomorphism. Indeed, let t ∈ R. We set U = (t− 1
4
, t+ 1

4
) and V = p(U). The

restriction of p to p : U → V is continuous and a bijection. Furthermore it is not di�cult
to show that p is an open map. It follows from the Open-Injective Lemma 2.9 (2) that
p : U → V is a homeomorphism.

t 7→ exp(2π it) p(t)

V
U

homeomorphism

t
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3. Categories, functors and natural transformations

3.1. De�nition and examples of categories.

De�nition. A category C consists of the following data:
(1) A class Ob(C), the elements of which are called the objects of the category.
(2) For each pair (X, Y ) of objects there exists a set MorC (X, Y ), the elements of which

are called the morphisms from X to Y .
(3) For any three objects X, Y and Z we are provided a map

MorC (X, Y )×MorC (Y, Z) → MorC (X,Z)
(f, g) 7→ g ◦ f,

called composition map, that satis�es the following axioms:
(A) (associativity): For every f ∈ MorC (W,X), g ∈ MorC (X, Y ) and h ∈ MorC (Y, Z)

we have
(h ◦ g) ◦ f = h ◦ (g ◦ f) ∈ MorC (W,Z).

(B) (identity): For every object X there exists a morphism idX ∈ MorC (X,X) with
the property that

(i) idX ◦f = f for all W ∈ Ob(C) and all f ∈ MorC (W,X), and
(ii) f ◦ idX = f for all Y ∈ Ob(C) and all f ∈ MorC (X, Y ).

Lemma 3.1. (Identity-Uniqueness Lemma) Let C be a category. For every X ∈
Ob(C) there exists a unique morphism idX ∈ MorC (X,X) with the property that

(i) idX ◦f = f for all W ∈ Ob(C) and all f ∈ MorC (W,X),
(ii) f ◦ idX = f for all X ∈ Ob(C) and all f ∈ MorC (X, Y ).

Proof. The existence of idX is given by property (3B) of a category. Now suppose that
I ∈ MorC (X,X) has the same property. Then we have

idX = I ◦ idX = I.
↑ ↑

property (i) of I applied to f=idX property (ii) of idX applied to f=I �

De�nition. Let C be a category and let X ∈ Ob(C). We refer to the morphism that is
uniquely de�ned in the Identity-Uniqueness Lemma 3.1 as the identity morphism idX .

De�nition.

(a) We refer to the category Set with

Ob(Set) := all sets,
Mor(X, Y ) := all maps from X to Y ,

and together with the usual composition of maps as the category of sets.
(b) We refer to the category Top with

Ob(Top) := all topological spaces,
Mor(X, Y ) := all continuous maps from X to Y ,

with the usual composition of maps as the category of topological spaces.



54

(c) Let K be a �eld. We refer to the category VecK with

Ob(VecK) := all K-vector spaces,
Mor(X, Y ) := HomK(X, Y ) = all K-homomorphisms from X to Y ,

with the usual composition of homomorphisms as the category of K-vector spaces.
(d) We refer to the category Group with

Ob(Group) := all groups,
Mor(X, Y ) := Hom(X, Y ) = all group homomorphisms from X to Y ,

with the usual composition of group homomorphisms as the category of groups. Simi-
larly we de�ne the category AbGroup of abelian groups, the category Ring of rings and
the category CRing of commutative rings.

(e) A pair of sets is a pair (X,A), where X is a set and A is a subset of X. We refer to
the category PairSet with

Ob(PairSet) := all pairs of sets,
Mor((X,A), (Y,B)) := all maps f from X to Y with f(A) Ă B

with the usual composition of maps as the category of pairs of sets. With the same
approach we could also introduce the category of pairs of topological spaces and so on.

Example.

(f) Let G be an arbitrary group. We consider the category C with

Ob(C) := the set with the unique element ∗,
Mor(∗, ∗) := G.

We de�ne Mor(∗, ∗)×Mor(∗, ∗) → Mor(∗, ∗)
(f, g) 7→ g ◦ f := g · f︸︷︷︸

multiplication in G

via the group structure on Mor(∗, ∗) = G. The axioms of a category can be deduced
easily from the group axioms of G.

Our last example deserves being a proper de�nition again.

De�nition.

(g) Let (P,≤) be a partially ordered set, as de�ned on page 22. We �x a set {∗} consisting
of a single element. We de�ne the order category Order (P,≤) to be the category that is
given by Ob(Order (P,≤)) = P

Mor(x, y) =

{
{∗}, if x ≤ y,
∅, otherwise.

together with the only possible way to compose morphisms.
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y

x
Mor(x, y) = {∗}
Mor(y, x) = ∅
Mor(x, x) = {∗}
Mor(y, y) = {∗}

partially ordered set
where a ≤ b if there exists a
directed path from a to b
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De�nition. Let C be a category. The opposite category C op of C is de�ned as the category
where Ob(C op) := Ob(C)

MorCop(X,Y ) := MorC (Y ,X)

with the composition given by f ◦Cop g := g ◦C f .

Example.

(1) Let (P,≤) be a partially ordered set. We consider the corresponding order category
Order (P,≤). The opposite of the order category Order (P,≤) is the order category corre-
sponding to the partially ordered set (P,≤op) where x ≤op y if and only if y ≤ x.
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(P,≤op)partially ordered set (P,≤)

(2) For any category C we evidently have (C op)op = C .

3.2. Isomorphisms.

De�nition. Let C be a category and let X, Y be two objects in C .
(1) Let f ∈ MorC (X, Y ) be a morphism and let g ∈ MorC (Y,X).

(a) We say g is left inverse of f if g ◦ f = idX .
(b) We say g is right inverse of f if f ◦ g = idY .
(c) We say g is an inverse of f if g is a left and a right inverse of f .

(2) A morphism f ∈ MorC (X, Y ) is called invertible, or an isomorphism, if it admits an
inverse.

(3) Two objects X, Y ∈ Ob(C) are called isomorphic, if there exists an isomorphism in
MorC (X, Y ).

(4) Given an object X ∈ Ob(C) we refer to the class of all objects that are isomorphic to
X as the isomorphism type of X.

Example. In the category of topological spaces the isomorphisms are precisely the home-
omorphisms.

Lemma 3.2. (Inverse Uniqueness Lemma) Let C be a category.
(1) Let X, Y ∈ Ob(C) and let f ∈ MorC (X, Y ). If f admits a left inverse g̃ and a right

inverse g, then they agree, i.e. g = g̃. In particular f is invertible.
(2) Let X, Y ∈ Ob(C) and let f ∈ Ob(C). If f admits an inverse, then the inverse is

unique.

De�nition. Let C be a category, let X, Y ∈ Ob(C) and let f ∈ MorC (X, Y )inv be an in-
vertible morphism. By the Inverse Uniqueness Lemma 3.2 there exists a unique morphism
g ∈ MorC (Y,X) with f ◦g = idY and g ◦f = idX . We refer to this morphism as the inverse
of f and usually we denote it by f−1.

Proof of Lemma 3.2.
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(1) Let g ∈ MorC (Y,X) be a morphism with f ◦ g = idY and let g̃ ∈ MorC (Y,X) be a
morphism with g̃ ◦ f = idX . We have the following equalities of morphisms:

g = idX ◦g = (g̃ ◦ f) ◦ g = g̃ ◦ (f ◦ g) = g̃ ◦ idY = g̃.
↑ ↑ ↑ ↑ ↑

de�ning de�ning associativity of �◦� de�ning de�ning
property of idX property of g̃ property of g property of idY

(2) Suppose we have g, g̃ ∈ MorC (X, Y ) with f◦g = idY and g◦f = idX and with f◦g̃ = idY
and g̃ ◦ f = idX . It follows immediately from (1) that g = g̃. �

Lemma 3.3. (Isomorphism Lemma) Let C be a category.
(1) Let f ∈ MorC (X, Y ) and g ∈ MorC (Y, Z) be morphisms. If two morphisms out of

f, g, g ◦ f are invertible, then so is the third and we have (g ◦ f)−1 = f−1 ◦ g−1.
(2) �Being isomorphic� is an equivalence relation in the class of objects of C .

Proof. The two statements are basically trivial. �

3.3. Monomorphisms and epimorphisms.

De�nition. Let C be a category.
(1) A morphism g ∈ MorC (X, Y ) is called a monomorphism if for every two morphisms

f1, f2 in MorC (W,X) with g ◦ f1 = g ◦ f2 we also have f1 = f2.
(2) A morphism g ∈ MorC (X, Y ) is called an epimorphism if for every two morphisms

h1, h2 in MorC (Y, Z) with h1 ◦ g = h2 ◦ g we also have h1 = h2.

Proposition 3.4. (Monomorphism Proposition) Suppose we are in one of the follow-
ing categories:
(1) The category Group of groups.
(2) The category AbGroup of abelian groups.
(3) The category VecK of K-vector spaces, where K is a �xed �eld.
(4) The category Ring of rings.
If ϕ : G→ H is a monomorphism in any of the above categories, then ϕ, viewed as a map
between sets, is injective.

Proof. Let ϕ : G → H be a monomorphism in one of the �rst three categories. We set
K := ker(ϕ) := {g ∈ G |ϕ(g) = e}, where e is the trivial element of the group or the zero
in the vector space. Note that in the �rst three categories we listed K is again an object
of the category and ϕ is injective if and only if K is trivial.

We consider the trivial homomorphisms α : K → G and we consider the inclusion
homomorphism β : K → G. Note that ϕ ◦ α = ϕ ◦ β. Since ϕ is a monomorphism we see
that α = β. But this implies that K is trivial.

Finally we turn to the category Ring of rings. Note that the argument above does
not apply since the multiplicatively neutral element never lies in the kernel, which implies
that the kernel of a ring homomorphism is not a ring. Therefore we have to work a
little harder. Let ϕ : A → B be a monomorphism in the category Ring of rings and let
a1, a2 ∈ A with ϕ(a1) = ϕ(a2). We consider the polynomial ring Z[x] and we consider the
two homomorphisms f1, f2 : Z[x]→ A that are de�ned by f1(x) = a1 and f2(x) = a2. Then
(ϕ ◦ f1)(x) = (ϕ ◦ f2)(x) and hence ϕ ◦ f1 = ϕ ◦ f2 : Z[x]→ B. Since ϕ is a monomorphism
we see that f1 = f2 and thus x = y. �
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Proposition 3.5. (Epimorphism Proposition) Suppose we are in one of the following
categories:
(1) The category Group of groups.
(2) The category AbGroup of abelian groups.
(3) The category VecK of K-vector spaces, where K is a �xed �eld.
If ϕ : G→ H is an epimorphism in any of the above categories, then ϕ, viewed as a map
between sets, is surjective.

Example. The perspicacious reader will have noticed that in the Epimorphism Proposition 3.5
we do not say anything about the category of rings. In fact one can easily show that in the
category Ring of rings the inclusion Z→ Q is an epimorphism.

3.4. Initial and terminal objects.

De�nition. Let C be a category.
(1) An object X ∈ Ob(C) is called initial if for each object Y ∈ Ob(C) there exists a

unique morphism from X to Y .
(2) An object X ∈ Ob(C) is called terminal if for each object Y ∈ Ob(C) there exists a

unique morphism from Y to X.

Example.

(1) In the category Set of sets an initial object is given by the empty set and a terminal
object is given by any set consisting of a single element. Similarly in the category Top
of topological spaces an initial object is given by the empty topological space and a
terminal object is given by a topological space consisting of a single element.

(2) In the category Group of groups any group consisting of a single element is an initial
and also a terminal object.

(3) Let X be an initial object of a category C . It follows easily from the de�nitions that it
is also a terminal object of the opposite category C op.

Lemma 3.6. (Initial-Terminal Object Uniqueness Lemma) Let C be a category.
(1) If an initial object exists, then it is unique up to isomorphism.
(2) If a terminal object exists, then it is unique up to isomorphism.

Proof. The statements follow easily from the de�nition. �

3.5. Covariant functors.

De�nition. Let C and D be two categories. A covariant functor F : C → D consists of a
map F : Ob(C) → Ob(D)

and for all X, Y ∈ Ob(C) of a map

F : MorC (X, Y ) → MorD(F (X), F (Y )),

such that the following axioms are satis�ed:
(F1) For all X ∈ Ob(C) we have F (idX) = idF (X).
(F2) For all φ ∈ MorC (X, Y ) and all ψ ∈ MorC (Y, Z) the following equality holds

F (ψ ◦ φ) = F (ψ) ◦ F (φ) ∈ MorD(F (X), F (Z)).
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Convention. If the covariant functor F is understood from the context, then given a
morphism φ ∈ MorC (X, Y ) we often write φ∗ instead of F (φ). The �rst axiom (F1) then
becomes (idX)∗ = idF (X) and the second axiom (F2) becomes (ψ ◦ φ)∗ = ψ∗ ◦ φ∗.

Examples.

(1) The map F : Ob(VecR) → Ob(Set)
(V,+, ·) 7→ V,

together with the maps MorVecR(V,W ) → MorSet (V,W )
(ϕ : V → W ) 7→ (ϕ : V → W )

de�ne a covariant functor from the category VecR of real vector spaces to the category
Set of sets. Functors of this type are colloquially called forgetful functor.

(2) Let Top be the category of topological spaces and let Set be the category of sets. One
can easily show that the map

F : Ob(Top) → Ob(Set)
X 7→ π0(X) := set of path-components of X,

and the maps MorTop(X, Y ) → MorSet (π0(X), π0(Y ))

f 7→

 π0(X) → π0(Y )

C 7→ unique path-component
of Y that contains f(C)


de�ne a covariant functor from the category Top of topological spaces to the category
Set of sets.

Lemma 3.7. (Fixed Domain-Covariant Functor Lemma) Let D be a category and
let Set be the category of sets. Furthermore let W ∈ Ob(D). The map

F : Ob(D) → Ob(Set)
X 7→ MorD(W,X)

together with the maps MorD(X, Y ) → MorSet (MorD(W,X),MorD(W,Y ))

φ 7→
(

MorD(W,X) → MorD(W,Y )
g 7→ φ ◦ g

)
is a covariant functor from the category D to the category Set of sets.

Proof. The statement follows easily from the axioms of a category. �

Example. The example of a covariant functor in the Fixed Domain-Covariant Functor
Lemma 3.7 comes with many variations, in particular if MorD(W,X) has more structure
than that of a set. For instance let W be a real vector space. Then the above map

F : Ob(VecR) → Ob(VecR)
V 7→ HomR(W,V )︸ ︷︷ ︸

real vector space

,

and the maps MorVecR(U, V ) → MorVecR(F (U), F (V ))

(φ : U → V ) 7→
(

HomR(W,U) → HomR(W,V )
g 7→ φ ◦ g

)
de�ne a covariant functor from the category VecR of real vector spaces to itself.
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3.6. Contravariant functors.

De�nition. Let C and D be two categories. A contravariant functor F : C → D consists
of a map F : Ob(C) → Ob(D)

and for all X, Y ∈ Ob(C) of a map

MorC (X,Y ) → MorD(F (Y ), F (X))

such that the following axioms are satis�ed:
(F1) For all X ∈ Ob(C) we have F (idX) = idF (X).
(F2) For all φ ∈ MorC (X, Y ) and all ψ ∈ MorC (Y, Z) we have

F (ψ ◦ φ) = F (φ) ◦ F (ψ) ∈ MorD(F (Z), F (X)).

Convention. If the contravariant functor F is understood from the context, then given
a morphism φ ∈ MorC (X, Y ) we often write φ∗ instead of F (φ). The �rst axiom then
becomes (idX)∗ = idF (X) and the second axiom becomes (ψ ◦ φ)∗ = φ∗ ◦ ψ∗.

Lemma 3.8. (Fixed Target-Contravariant Functor Lemma) Let D be a category
and let Set be the category of sets. Furthermore let W ∈ Ob(D). The map

F : Ob(D) → Ob(Set)
X 7→ MorD(X,W )

together with the maps MorD(X,Y ) → MorSet (MorD(Y ,W ),MorD(X,W ))

f 7→
(

MorD(Y ,W ) → MorD(X,W )
g 7→ g ◦ f

)
is a contravariant functor from the category D to the category Set of sets.

Proof. Again the statement follows easily from the axioms of a category. �

Example. The Fixed Target-Contravariant Functor Lemma 3.8 can be viewed as the
mother of all contravariant functors. As in the case of the Fixed Domain-Covariant Functor
Lemma 3.7 it spawns many variations if MorD(X,W ) has more structure than just being
a set. The map F : Ob(VecR) → Ob(VecR)

V 7→ V ∗ := HomR(V,R) =: dual vector space of V ,
together with the maps

MorVecR(U, V ) → MorVecR(V ∗, U∗)

(φ : U → V ) 7→
(

HomR(V ,R) → HomR(U,R)
f 7→ f ◦ φ

)
is a contravariant functor from the category VecR of real vector spaces to itself.

3.7. Natural transformations.

De�nition. Let C and D be two categories and let F,G : C → D be two covariant functors.
(1) A natural transformation between the functors F and G assigns to each X ∈ Ob(C) a

morphism ΦX : F (X)→ G(X) in D such that for each morphism µ : X → Y in C the
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following diagram of morphisms in D commutes:

F (X)
F (µ)

//

ΦX
��

F (Y )

ΦY
��

G(X)
G(µ)

// G(Y ).

(2) If for every X ∈ Ob(C) the morphism ΦX : F (X) → G(X) is an isomorphism, then
we refer to the natural transformation as a natural isomorphism. In this case, given
X ∈ Ob(C) we often say that F (X) and G(X) are naturally isomorphic.

The same way we can of course also de�ne the notion of a natural transformation and a
natural isomorphism between two contravariant functors.

Example. Let K be a �eld. We consider the category VecK of vector spaces over K. Given
a K-vector space V we write V ∗ := HomK(V,K) and given f : V → W we denote by
f ∗ : W ∗ → V ∗ the induced map. We consider the following two covariant functors from
VecK to VecK:

id : V 7→ V
(f : V →W ) 7→ (f : V →W )

and
F : V 7→ (V ∗)∗

(f : V →W ) 7→ ((f ∗)∗ : (V ∗)∗→(W ∗)∗).︸ ︷︷ ︸
this is a covariant functor

For each K-vector space V we denote by ΦV the homomorphism

V → (V ∗)∗

v 7→
(

V ∗ → K
(ϕ : V → K) 7→ ϕ(v)

)
.

It is straightforward to verify that these maps de�ne a natural transformation from the
identity functor id : VecK → VecK to the functor F : VecK → VecK.
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4. Products and Coproducts � Limits and colimits

4.1. Products.

De�nition. Let C be a category and let {Xi}i∈I be a family of objects in C . A product
of {Xi}i∈I in the category C is an object P ∈ Ob(C) together with a family of morphisms
{pi : P→Xi}i∈I such that the following universal property is satis�ed: Whenever we are
given a Z ∈ Ob(C) and a family of morphisms {fi : Z → Xi}i∈I there exists a unique
morphism Φ: Z → P such that for each i ∈ I we have fi = pi ◦ Φ, i.e. such that the
following diagram commutes:

Z

fi **

∃! Φ // product P
pi
��

Xi.

Example. If we take the empty family of objects in a category C , then a corresponding
product is the same as a terminal object in the category C .

Lemma 4.1. (Product Uniqueness Lemma) Let C be a category and let {Xi}i∈I be
a family of objects in C . If we are given products (P, {pi : P → Xi}i∈I) and (P̃ , {p̃i : P̃ →
Xi}i∈I) then there exist uniquely determined isomorphisms Φ: P̃ → P and Φ̃ : P → P̃
which are inverses of one another and such that for each i ∈ I the following diagram
commutes:

P̃
Φ //

pi **

P
Φ̃

oo

p̃itt
Xi.

Sketch of proof. The two morphisms Φ: P̃ → P and Φ̃ : P → P̃ come from the universal
properties of P and P̃ . By comparing idP : P → P and Φ ◦ Φ̃ : P → P one sees, by the
uniqueness property, that idP = Φ ◦ Φ̃ and similarly one sees that idP̃ = Φ̃ ◦ Φ, i.e. Φ and
Φ̃ are isomorphisms. �

Notation. Let C be a category. Let {Xi}i∈I be a family of objects in C such that a product
exists.
(1) We usually denote the product by

∏
i∈I
Xi and we refer to the morphisms

∏
i∈I
Xi → Xi

as natural projections. Furthermore, given morphisms fi : Z → Xi we denote the

corresponding morphism Z →
∏
i∈I
Xi by

∏
i∈I
fi.

(2) If I = {1, . . . , k}, then often we denote the product by X1 × · · · ×Xk. Furthermore
given morphisms fi : Z → Xi, i = 1, . . . , k we denote the corresponding morphism
Z → X1 × · · · ×Xk by (f1, . . . , fk).

Lemma 4.2. (Product-of-Sets-and-Groups Lemma)
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(1) Let Set be the category of sets and let {Xi}i∈I be a family of sets. The product in Set
is precisely the product∏

i∈I
Xi :=

{
f : I →

⋃
i∈I

Xi

∣∣∣ for every i ∈ I we have f(i) ∈ Xi

}
together with the obvious maps to the Xi that are given by f 7→ f(i).

(2) Let Group be the category of groups and let {Xi}i∈I be a family of groups. The product
in Group is the set∏

i∈I
Xi =

{
f : I →

⋃
i∈I

Xi

∣∣∣ for every i ∈ I we have f(i) ∈ Xi

}
as in (1), which we now view as a group by the obvious �entry wise� multiplication,
together with the obvious homomorphisms to Xi.

(3) The same approach as in (2) also applies to the category AbGroup of abelian groups
and the category VecK of vector spaces over a �xed �eld K.

Proof.

(1) So let Z ∈ Ob(Set) and let {fi : Z → Xi}i∈I be a family of maps between sets. We
de�ne

Φ: Z →
∏
i∈I
Xi

z 7→

(
I →

⋃
i∈I
Xi

i 7→ fi(z)

)
.

It follows immediately from the de�nition that for each i ∈ I we have fi = pi ◦ Φ. It
remains to show that Φ is unique. So let Ψ: Z →

∏
i∈I
Xi be a continuous map such that

for each i ∈ I we have fi = pi ◦Ψ. We need to show that Φ = Ψ, i.e. we need to show
that for each z ∈ Z and i ∈ I we have Φ(z)(i) = Ψ(z)(i) ∈ Xi. But this follows from
the observation that Φ(z)(i) = pi(Φ(z)) = fi(z) = pi(Ψ(z)) = Ψ(z)(i) ∈ Xi.

(2) The same argument as in (1) also works for the category Group of groups.
(3) The argument of (2) also works in (3). �

Example. Let (P,≤) be a partially ordered set. We consider the corresponding order
category Order (P,≤) as de�ned on page 54. Given a family {Xi}i∈I of objects in Order (P,≤),
i.e. given a family {Xi}i∈I of elements of P , one can easily show that∏
i∈I
Xi :=

{
inf({Xi}i∈I), i.e. a maximal element among all lower bounds on {Xi}i∈I
∅, if no such in�mum exists.
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X1 ×X2 = ∅

arrows point upwards

(P,≤) (P,≤)

4.2. Coproducts.

De�nition. Let C be a category and let {Xi}i∈I be a family of objects in C . A coproduct
of {Xi}i∈I in the category C is an object C ∈ Ob(C) together with a family of morphisms
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{ιi : Xi→C}i∈I such that the following property is satis�ed: If we are given a Z ∈ Ob(C)
and a family of morphisms {fi : Xi → Z}i∈I there exists a unique morphism Φ: C → Z
such that for each i ∈ I we have fi = Φ◦ ιi, i.e. such that the following diagram commutes:

Xi

ιi
��

fi

++coproduct C
∃ ! Φ

// Z.

Example. Let C be a category.
(1) If we take the empty family of objects in C , then it follows easily from the de�nitions

that the corresponding coproduct is an initial object in the category C .
(2) Basically by de�nition coproducts in a category C correspond to products in the oppo-

site category C op.

Lemma 4.3. (Coproduct Uniqueness Lemma) Let C be a category and let {Xi}i∈I
be a family of objects in C . If we are given two coproducts (C, {ιi : Xi → C}i∈I) and
(C̃, {ι̃i : Xi → C̃}i∈I), then there exist unique isomorphisms Φ: C → C̃ and Φ̃ : C̃ → C
which are inverses of one another and such that for each i ∈ I the following diagram
commutes: Xi

ι̃i
**

ιi
tt

C
Φ // C̃.
Φ̃

oo

Proof. The lemma is just a reformulation of the Product Uniqueness Lemma 4.1 since
coproducts in C are products in the opposite category C op. �

Notation. Let C be a category. Let {Xi}i∈I be a family of objects in C such that a
coproduct exists. Often we denote the coproduct by

∐
i∈I
Xi and we refer to the morphisms

Xi →
∐
i∈I
Xi as natural injections.

Lemma 4.4. (Coproduct-of-Sets-and-Abelian Groups Lemma)

(1) Let Set be the category of sets and let {Xi}i∈I be a family of sets. The coproduct in
Set is the disjoint union ⊔

i∈I
Xi :=

⋃
i∈I

(Xi × {i}),

as de�ned on page 20, together with the natural injections of the Xi.
(2) Let AbGroup be the category of abelian groups and let {Xi}i∈I be a family of groups.

The coproduct in AbGroup is given by⊕
i∈I
Xi :=

{
(gi)i∈I ∈

∏
i∈I
Xi

∣∣∣ all but �nitely many gi are trivial
}

and the homomorphisms
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Xi →
⊕
i∈I
Xi

x 7→

 I →
⋃
i∈I
Xi

j 7→
{
xi, if i = j,
0Xj , if i 6= j.


(3) The same approach as in (2) also applies to the category VecK of vector spaces over a

�xed �eld K.

Notation. Let {Xi}i∈I be objects in the category AbGroup of abelian groups. We write⊕
i∈I
Xi :=

{
(gi)i∈I ∈

∏
i∈I
Xi

∣∣∣ all but �nitely many gi are trivial
}

and we refer to it as the direct sum of the Xi. We proceed similarly with objects in the
category VecK of vector spaces over a �xed �eld K.

Proof.

(1) So let Z ∈ Ob(Set) and let {fi : Xi → Z}i∈I be a family of maps between sets. We
de�ne Φ:

⊔
i∈I
Xi → Z

(zi, i) 7→ fi(zi).

It follows immediately from the de�nition that for each i ∈ I we have fi = Φ ◦ ιi. It
remains to show that Φ is unique. So let Ψ:

⊔
i∈I
Xi → Z be a continuous map such that

for each i ∈ I we have fi = Ψ◦ιi. We need to show that Φ = Ψ, i.e. we need to show that
for each i ∈ I and each xi ∈ Xi we have Φ((xi, i)) = Ψ((xi, i)) ∈ Z. But this follows
from the observation that Φ((xi, i)) = Φ(ιi(xi)) = fi(z) = Ψ(ιi(xi)) = Ψ((xi, i)) ∈ Z.

(2) Let a Z ∈ Ob(AbGroup) and let {fi : Xi → Z}i∈I be a family of homomorphisms. We
set

Φ:
{

(gi)i∈I ∈
∏
i∈I
Xi

∣∣∣ all but �nitely many gi are trivial
}
→ Z

(gi)i∈I 7→
∑

i∈I with
gi 6= e

fi(gi).

Note that this map makes sense since we take the product only of �nitely elements of Z.
Furthermore note that this map is a homomorphism since we work with the category
of abelian groups.

It follows immediately from the de�nition that for each i ∈ I we have fi = Φ ◦ ιi.
It remains to show that Φ is unique. So let Ψ be another homomorphism such that
for each i ∈ I we have fi = Ψ ◦ ιi. We need to show that Φ = Ψ. So suppose we are
given (gi)i∈I ∈

∏
i∈I
Xi such that there exist only �nitely many i1, . . . , ik ∈ I such that

the corresponding group element is non-trivial. Then

Φ((gi)i∈I) = Φ
( k∑
r=1
ιir(gir)

)
=

k∑
r=1

Φ(ιir(gir)) =
k∑
r=1

fir(gir) = Ψ((gi)i∈I).
↑

same argument backwards

(3) This statement is proved the same way as we proved (2). �
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4.3. Limits.

De�nition. Let (P,≤) be a partially ordered set and let C be a category. A diagram in
C over (P,≤) is a covariant functor from the order category Order (P,≤) to C .

Example.

(1) We consider the partially ordered set (P,≤tr) that is given by a set P with the trivial
partial order ≤tr, i.e. x ≤tr y if and only if x = y. In this setting a diagram over (P,≤tr)
is the same data as a family of objects {Xi}i∈P .

(2) We consider the partially ordered set (N,≤). In this setting a diagram over (N,≤) is
the same data as a sequence

X1
ϕ1−−→ X2

ϕ2−−→ X3
ϕ3−−→ . . .

of morphisms ϕi : Xi → Xi+1. For i < j the morphisms Xi → Xj are understood to be
given by ϕj−1 ◦ · · · ◦ ϕi+1 ◦ ϕi.

De�nition. Let (P,≤) be a partially ordered set, let C be a category and let F be a
diagram in C over (P,≤). A limit of F consists of an object L ∈ Ob(C) together with
morphisms fx : L → F (x) for each x ∈ P such that the following two conditions are
satis�ed:
(1) For any x ≤ y we have fy = F (x→ y) ◦ fx : L→ F (y).
(2) The following universal property holds: If Z is an object in C and if we are given

morphisms gx : Z → F (x) for each x ∈ P such that (1) is satis�ed, then there exists a
unique morphism Φ: Z → L such that gx = fx ◦ Φ for all x ∈ P .

If a limit exists, then often we denote it by limF .

��
��
��
��

�
�
�
�

��
��
��
��

x

y

z

F (x)

F (y)

F (z)

partially ordered
set (P,≤)

diagram
over (P,≤)

limit L =: limF

limF

F (x)

F (y)

F (z)

F (x)

F (y)

F (z)

universal property

Z

∃ ! Φ

limF

Lemma 4.5. (Limit Uniqueness Lemma) Let (P,≤) be a partially ordered set, let C
be a category and let F be a diagram in C over (P,≤). Suppose that we are given two
limits (L, {fx : L → F (x)}x∈P ) and (L̃, {f̃x : L̃ → F (x)}x∈P ). Then there exist uniquely
determined isomorphisms Φ: L̃→ L and Φ̃ : L→ L̃ which are inverses of one another and
such that for each x ∈ P the following diagram commutes:

L̃
Φ //

fx **

L.
Φ̃

oo

f̃xtt
F (x)

Proof. As in the case of the Product Uniqueness Lemma 4.1 the statement follows easily
from the de�nitions. �
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Example. If we consider a trivial partially ordered set (P,≤tr), then the limit is by de�-
nition precisely the product in the sense of the de�nition on page 61.

De�nition. We consider the set P = {0, x, y} with the partial order that is given by the
trivial relations 0 ≤ 0, x ≤ x, y ≤ y and the non-trivial relations x ≤ 0 and y ≤ 0:

the partially
ordered set

x

��

y // 0

gives rise to
the diagram

x
ϕx
��

Y
ϕy
// A

the corresponding
limit is called
a pullback

pullback L
fX //

fY
��

X

ϕX
��

Y ϕY
// A.

Here the symbol �_|� indicates that L is the pullback of the diagram.

Example. We consider the following pullback diagram in the category of groups:

G
ϕ
��

{e} // H

one can easily show
that the corresponding
pullback is given by

ker(ϕ)

��

// G
ϕ

��

{e} // H

Lemma 4.6. (Pullback Lemma) Let C be a category.
(1) Suppose that C admits a terminal object ∗. Then the pullback of the diagram

X × Y pX //

pY
��

X
ϕX

��
Y ϕY

// ∗

is given by the product X × Y .
(2) Let

L
fX //

fY
��

X
ϕX
��

Y ϕY
// A.

be a pullback.
(a) If ϕX is an isomorphism, then so is the �opposite� morphism fY .
(b) If ϕX is a monomorphism, then so is the �opposite� morphism fY .
The analogous statements of course also hold with the roles of X and Y swapped.

(3) If we are given pullbacks

L
fX //

fY
��

X
ϕX
��

Y
ϕY // A

and
X

θ //

ϕX
��

Z
ψZ
��

A
ψA // B

then the
�composition�

L
θ◦fX //

fy
��

Z
ψZ
��

Y
ψA◦ϕY // B

is also a pullback.

Proof.

(1) This statement follows easily from the de�nitions.
(2) (a) This statement also follows easily from the de�nitions.
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(b) We assume that ϕX is a monomorphism. We need to show that fY is also a
monomorphism. Thus let α : Z → L and β : Z → L be two morphisms such that
fY ◦ α = fY ◦ β.

Z
α

��
β ))

fY ◦α=fY ◦β

%%

%%
L

fX //

fY
��

X
ϕX
��

Y ϕY
// A.

We need to show that α = β. We proceed as follows:
(i) We assume that fY ◦ α = fY ◦ β.
(ii) By (i) we also have ϕY ◦ fY ◦ α = ϕY ◦ fY ◦ β.
(iii) Since the diagram commutes we get ϕX ◦ fX ◦ α = ϕX ◦ fX ◦ β : Z → A.
(iv) Since ϕX is a monomorphism we see that fX ◦ α = fX ◦ β : Z → X.
(v) Since we dealing with a pullback there exists a unique morphism Φ: Z → L

such that fY ◦ Φ = fY ◦ α = fY ◦ β and such that fX ◦ Φ = fX ◦ α = fX ◦ β.
(vi) From (i), (iv) and (v) we obtain that α = Φ = β.

(3) This statement follows from purely formal arguments which do not become clearer by
writing them down. Thus we leave it to the reader to go through the argument. �

4.4. Colimits.

De�nition. Let (P,≤) be a partially ordered set, let C be a category and let F be a
diagram in C over (P,≤). A colimit of F consists of an object C ∈ Ob(C) together with
morphisms fx : F (x) → C for each x ∈ P such that the following two conditions are
satis�ed:
(1) For any x ≤ y we have fx = fy ◦ F (x→ y) : F (x)→ C.
(2) The following universal property holds: If Z is an object in C and if we are given

morphisms gx : F (x)→ Z for each x ∈ P such that (1) is satis�ed, then there exists a
unique morphism Φ: C → Z such that gx = Φ ◦ fx for all x ∈ P .

If a colimit exists, then often we denote it by colimF .

�
�
�
�

��
��
��
��

��
��
��
��

partially ordered
set (P,≤)

diagram
over (P,≤)

F (x)

F (y)

F (z)

colimF

universal property

Z

∃ ! Φ

colimF

F (x)

F (y)

F (z)

x

y

z

colimit C =: colimF

F (x)

F (y)

F (z)

Lemma 4.7. (Colimit Uniqueness Lemma) Let (P,≤) be a partially ordered set, let
C be a category and let F be a diagram in C over (P,≤). Suppose that we are given
two colimits (C, {fx : F (x) → C}x∈P ) and (C̃, {f̃x : F (X) → C̃}x∈P ). Then there exist
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uniquely determined isomorphisms Φ: C → C̃ and Φ̃ : C̃ → C which are inverses of one
another and such that for each x ∈ P the following diagram commutes:

F (X)
f̃X

**

fX

tt

C
Φ // C̃.
Φ̃

oo

Proof. As always the proof follows easily from the de�nitions. �

Example. If we consider a trivial partially ordered set (P,≤tr), then the colimit is by
de�nition precisely the coproduct, as de�ned on page 63.

De�nition. We consider the set P = {0, x, y} with the partial order that is given by the
trivial relations 0 ≤ 0, x ≤ x, y ≤ y and the non-trivial relations 0 ≤ x and 0 ≤ y:

the partially
ordered set

0 //

��

x

y

gives rise to
the diagram

A
ϕx
//

ϕy
��

X

Y

the corresponding
colimit is called

a pushout

A
ϕX //

ϕY
��

X
fX
��

Y
fY

// pushout C.

Here the symbol �_|� indicates that C is the pushout of the diagram.

Example. Let G be a group and let A be a normal subgroup of G. We consider the
following pushout diagram in the category of groups:

A //
� _

��

{e}

G

one can easily show
that the corresponding
pushout is given by

A //
� _

��

{e}

��

G // G/A.

Lemma 4.8. (Pushout Lemma) Let C be a category.
(1) If C has an initial object ∗, then the pushout of

∗ ϕX //

ϕY

��

X

ιX
��

Y
ιY // X

∐
Y

is given by the coproduct X
∐
Y .

(2) Let A
ϕX //

ϕY
��

X
fX
��

Y
fY // C.

be a pushout.
(a) If ϕX is an isomorphism, then so is the �opposite� morphism fY .
(b) If ϕX is an epimorphism, then so is the �opposite� morphism fY .
The analogous statements of course also hold with the roles of X and Y swapped.
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(3) If we are given pushouts

A
ϕX //

ϕY
��

X
fX
��

Y
fY // L

and
X

θ //

fX
��

Z
gZ
��

L
gL // W

then the
�composition�

A
θ◦ϕX //

ϕY
��

Z
gZ
��

Y
gL◦fY // W

is also a pushout.
Proof.

(1) This statement follows easily from the de�nitions.
(2) (a) This statement also follows easily from the de�nitions.

(b) See exercise sheet 11.
(3) This statement follows from purely formal arguments which do not become clearer by

writing them down. Thus we leave it to the reader to go through the argument. �



70

5. Products and disjoint unions of topological spaces

5.1. The product of topological spaces.

Proposition 5.1. (Topological-Product Proposition) Let {Xi}i∈I be a family of topo-
logical spaces. The following statements hold:
(0) The set

B :=

{∏
i∈I
Ui Ă

∏
i∈I
Xi

∣∣∣∣ (1) each Ui is open in Xi and
(2) there exist only �nitely many i's with Ui 6= Xi

}
has the basis property that we introduced on page 36. Thus it follows from the
Topology-from-Basis Lemma 1.13 that B de�nes a topology on

∏
i∈I
Xi.

(1) (a) For any i ∈ I the projection
pi :
∏
i∈I
Xi → Xi

f 7→ f(i)

is continuous with respect to the topology from (0).
(b) Given a topological space Z and given a family {fi : Z → Xi}i∈I of continuous

maps the map
F : Z →

∏
i∈I
Xi

z 7→
(
I →

⋃
i∈I

Xi

i 7→ fi(z)

)
.

is continuous with respect to the topology from (0).
(∗) A map F : Z →

∏
i∈I
Xi from some topological space Z is continuous if and only if

each map pi ◦ F : Z → Xi is continuous.
(2) The topological space

∏
i∈I
Xi together with the natural projections pj :

∏
i∈I
Xi → Xj is

a product (in the sense of the de�nition on page 61) of {Xi}i∈I in the category Top of
topological spaces.

Proof of Proposition 5.1. Let {Xi}i∈I be a family of topological spaces.

(0) We need to verify that

B :=

{∏
i∈I
Ui Ă

∏
i∈I
Xi

∣∣∣∣ (1) each Ui is open in Xi and
(2) there exist only �nitely many i's with Ui 6= Xi

}
satis�es the conditions (B1) and (B2) formulated on page 36.
(B1) Evidently we have

∏
i∈I
Xi ∈ B. It follows immediately that B satis�es (B1).

(B2) Let
∏
i∈I
Ui and

∏
i∈I
Vi be two sets in B. Then

∏
i∈I

Ui︸︷︷︸
only �nitely
many are 6= Xi

∩
∏
i∈I

Vi︸︷︷︸
only �nitely

many are 6= Xi

=
∏
i∈I

(Ui ∩ Vi)︸ ︷︷ ︸
only �nitely

many are 6= Xi

is again a set in B. Thus B also satis�es (B2).
(1) (a) It follows immediately from the de�nitions that the projection maps pi are contin-

uous with respect to the given topology.
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(b) Suppose we are given a topological space Z and continuous maps fi : Z → Xi. We
denote by F : Z →

∏
i∈I
Xi the map that is given by z 7→ (i 7→ fi(z)). We claim that

F is continuous. By the Subbasis-Continuity Proposition 2.2 it su�ces to verify
that the preimage of any set in the basis B is open. So let

∏
i∈I
Ui be a set in B. By

de�nition there exists a �nite set J Ă I such that Ui = Xi for any i 6∈ J . Then

F−1
( ∏
i∈I
Ui

)
=
⋂
i∈I
f−1
i (Ui) =

⋂
j∈j

f−1
j (Uj)︸ ︷︷ ︸
open in Z

=
intersection of �nitely

many open subsets of Z.

This concludes the proof that F is continuous.
(∗) The �only if�-statement follows from (1a) and the fact that the composition of two

continuous maps is continuous. The �if�-statement follows easily from (1b).
(2) Let Z be a topological space and let {fi : Z → Xi}i∈I be a family of continuous maps.

By the de�nition of a product on page 61 we need to show that there exists a unique
continuous map Φ: Z →

∏
i∈I
Xi such that fi = pi ◦ Φ for all i ∈ I. To do so, �rst note

that it follows from the Product-of-Sets-and-Groups Lemma 4.2 that the map

Φ: Z →
∏
i∈I
Xi

z 7→ (fi(z))i∈I

is the unique map (of sets) Φ: Z →
∏
i∈I
Xi such that for each i ∈ I we have the equality

fi = pi ◦Φ. In (1b) we just showed that this map is fortunately continuous. These two
observations give us the desired result. �

De�nition. Let {Xi}i∈I be a family of topological spaces. We refer to the topology on the
set

∏
i∈I
Xi that we de�ned in the Topological-Product Proposition 5.1 (0) as the product

topology on
∏
i∈I
Xi.

Lemma 5.2. (Product Metric Lemma) Let k1, . . . , km ∈ N0. The map
Euclidean topology︷ ︸︸ ︷
Rk1+···+km →

product of Euclidean topologies︷ ︸︸ ︷
Rk1 × · · · × Rkm

(x1, . . . , xk1 , . . . , x1, . . . , xkm) 7→ ((x1, . . . , xk1), . . . , (x1, . . . , xkm))

is a homeomorphism.
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basis of topology
for the product

Rk1 × Rk2

Rk1+k2

basis of topology
for the metric space

Rk1+k2Rk1

Rk2

Proof. The proof, which is not very di�cult, can be found in [Fri23]. �

Lemma 5.3. (Product Topology-Basics Lemma)
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(1) Let {Xi}i∈I be a family of topological spaces.
(a) For each i ∈ I let Ai be a subspace of Xi.

(i) The subspace topology of
∏
i∈I
Ai Ă

∏
i∈I
Xi agrees with product topology on

∏
i∈I
Ai.

(ii) The natural map ∏
i∈I
Ai →

∏
i∈I
Xi

given by the inclusions Ai → Xi is an embedding.
(b) If J Ă I is a subset such that for each j ∈ J the set Xj consists of a single element

xj, then the map ∏
i∈I\J

Xi →
∏
i∈I
Xi

(f : I \ J →
⋃

i∈I\J
Xi) 7→

 I →
⋃
i∈I
Xi

i 7→
{
xi, if i ∈ J,
f(i), if i 6∈ J .


is a homeomorphism.

(2) If {Xi}i∈I is a family of topological spaces and if for each i ∈ I we are given a basis
Bi of the topological space Xi, then

C =

{∏
i∈I
Ui Ă

∏
i∈I
Xi

∣∣∣∣ (1) each Ui 6= Xi is contained in Bi and
(2) there exist only �nitely many i's with Ui 6= Xi

}
is a basis for

∏
i∈I
Xi.
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X

Y

X

X × Y

is an embedding

the map x 7→ (x, y)
y

Proof of Lemma 5.3.

(1) (a) (i) This statement follows easily from the observation that if we take the basis of
the topology of the product

∏
i∈I
Xi from the Topological-Product Proposition 5.1

(0) and if we intersect each basis element with
∏
i∈I
Ai we obtain precisely the

basis of the product
∏
i∈I
Ai from the Topological-Product Proposition 5.1 (0).

(ii) The given map is clearly an injection. It follows from the Topological-Product
Proposition 5.1 (0) that this map is continuous and it follows from (i) that this
map is a homeomorphism onto its image.

(b) It follows from the Topological-Product Proposition 5.1 that the given map is con-
tinuous. It has an obvious inverse, which is also continuous by the Topological-
Product Proposition 5.1.

(2) First note that by de�nition the sets in C are open. Next let W Ă
∏
i∈I
Xi be an open

subset and let (xi)i∈I ∈ W . By de�nition of the product topology there exist open
subsets Vi Ă Xi, i ∈ I such that Xi = Vi for all but �nitely many i ∈ I and such that
(xi)i∈I Ă

∏
i∈I
Vi Ă W . Since Bi is a basis for Xi we see that for each i with Vi 6= Xi there
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exists a Ui ∈ Bi with x ∈ Ui Ă Vi. For all other i we set Ui := Vi = Xi. It follows that

(xi)i∈I ∈
∏
i∈I
Ui, Ă

∏
i∈I
Vi Ă W.

We deduce that the given set C is indeed a basis for
∏
i∈I
Xi. �

5.2. Properties of products of topological spaces I.

Proposition 5.4. (Product Topology-Properties Proposition) Let X1, . . . , Xk be
non-empty topological spaces.
(1) The product X1 × · · · ×Xk is compact if and only if each Xi is compact.
(2) The productX1×· · ·×Xk is (path)-connected if and only if eachXi is (path)-connected.
(3) The product X1 × · · · ×Xk is Hausdor� if and only if each Xi is Hausdor�.

Proof. We proved the proposition in Analysis IV. Alternatively see [Fri23]. �

De�nition.

(1) We refer to (S1)n as the n-dimensional torus. For n = 2 we just say the torus.

(2) We refer to S1×B2
as the solid torus and we refer to S1×B2 as the open solid torus.

We deduce from the Product Topology-Properties Proposition 5.4 that the n-dimensional
torus (S1)n and the solid torus S1 ×B2

are compact.

Lemma 5.5. (Torus Embedding Lemma) The map

Θ: B
2 × S1 → R3

((x, y), exp( iϕ)) 7→

cosϕ − sinϕ 0
sinϕ cosϕ 0

0 0 1


︸ ︷︷ ︸
rotation around z-axis

·

1 + 1
3
x

0
−1

3
y


︸ ︷︷ ︸
describes circle

in xz-plane

is an embedding. The restrictions of Θ to S1 × S1 and B2 × S1 are also embeddings.
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x

y

z

Θ(B2 × S1) is in the �interior�

Θ(S1 × S1)

ϕcircle in the xz-plane
is rotated around the z-axis

Proof. The map Θ: B
2 × S1 → R3 can be written as the composition of the maps

B
2×S1 → R2×(R2 \ {0})

∼=←− {(x, y, a, b) ∈ R4 | a2 + b2 > 0} → R3

(x, y, a, b) 7→

a −b 0
b a 0
0 0 1

·
1 + 1

3
x

0
−1

3
y.
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The �rst map is continuous by the Product Topology-Properties Proposition 5.4 (1), the
second map is a homeomorphism by the Product Metric Lemma 5.2 and the last map is
continuous by the Sum-Product-Continuity Lemma 2.6. This shows that Θ is continuous.

An elementary argument shows that the restriction of Θ to B
2 × S1 is injective. By

the Product Topology-Properties Proposition 5.4 (1) we know that the solid torus B
2×S1

is compact. Thus we obtain from the Compact-Hausdor� Proposition 2.10 (3) that the
restriction of Θ to Θ: B

2 × S1 → Θ(S1 × B2
) is an embedding. But then it follows that

the restrictions of Θ to S1 × S1 and B2 × S1 are embeddings. �

5.3. Properties of products of topological spaces II.

Theorem 5.6. (Tychono�'s Theorem) The product of arbitrarily many compact spaces
is again a compact space.

Proof. Let {Xi}i∈I be a family of topological space. We will prove Tychono�'s Theorem
with I = N in exercise sheet 2, with copious hints. The proof of the general case builds on
the Axiom of Choice. We refer to [Fri23] for references to proofs in the literature. �

Example. We equip {0, 2} with the discrete topology. We consider the map

ϕ :
∏
i∈N
{0, 2} → C = Cantor set from page 35

(f : N→ {0, 2}) 7→
∞∑
i=1

f(i)
3i .

It is elementary to see that ϕ takes values in C. It is a refreshing exercise to show that ϕ is
a bijection. The left-hand side is compact by Tychono�'s Theorem 5.6 and the right-hand
is evidently Hausdor�. We leave it to the reader to verify, using the Subbasis-Continuity
Proposition 2.2 and the JH-Openness Criterion 1.1, that ϕ is continuous. Thus it follows
from the Compact-Hausdor� Proposition 2.10 (3) that ϕ is a homeomorphism.

5.4. The pullback of topological spaces. On page 66 we introduced the general notion
of pullbacks in a category. In this section we show that the category of topological spaces
always has pullbacks. It is rather reassuring to hear that this is the case, even though the
pullback will only really play a role much later when we study bundles. Thus this section
can also be skipped without any major loss.

Proposition 5.7. (Topological-Pullback Proposition) Let p : X → B be a continuous
map of topological spaces, let C be a topological space and let f : C → B be a continuous
map. We consider the topological space

f ∗X := {(c, x) ∈ C ×X | f(c) = p(x)}
and the maps ϕ : f ∗X → C

(c, x) 7→ c
and

ψ : f ∗X → X
(c, x) 7→ x.

The following statements hold:
(1) (a) The maps ϕ : f ∗X → C and ψ : f ∗X → X are continuous.
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(b) Suppose we are given a topological space W and two continuous maps α : W → C
and β : W → X such that f ◦ β = p ◦ α : W → B. The map

Φ: W → f ∗X
w 7→ (α(w), β(w)).

is continuous. In particular we obtain the following commutative diagram:

W
∃! Φ

$$

α

&&

β

&&
f ∗X

ψ
//

ϕ
��

X
p
��

C
f

// B.

(∗) A map Φ: W → f ∗X is continuous if and only if the maps ϕ ◦ Φ: W → C and
ψ ◦ Φ: W → X are continuous.

(2) The topological space f ∗X with the natural maps ϕ : f ∗X → C and ψ : f ∗X → X is
the pullback in the category Top of topological spaces.

Proof.

(1) (1) This statement follows from the Topological-Product Proposition 5.1 (1a) and the
Basics-of-Continuity Lemma 2.1 (3).

(2) This statement follows from the Topological-Product Proposition 5.1 (1b) and the
Basics-of-Continuity Lemma 2.1 (4).

(∗) The �only if�-statement follows from (1a) and the fact that the composition of two
continuous maps is continuous. The �if�-statement follows easily from (1b).

(2) It remains to show uniqueness of Φ. This follows immediately from the de�nitions and
the fact that a point in C ×X is uniquely determined by its projections. �

Example.

(1) Let p : X → B be a continuous map of topological spaces and let C Ă B be a subspace.
We denote by ι : C → B the inclusion. One can easily verify that the maps

p−1(C) → ι∗X
x 7→ (p(x), x)

and
ι∗X → p−1(C)

(c, x) 7→ x

are continuous and inverses of one another. Thus we see that ι∗X is naturally homeo-
morphic to p−1(C).
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B p

X

pC C

p−1(C) ∼= ι∗X

(2) In the �gure below we show the projection p : M → S1 from the Möbius band to S1

and we see the map f : C = S1 → S1 = B that is given by f(z) = z2. It is a wonderful
exercise to convince oneself that the pullback f ∗M is a �doubly twisted band� and thus
homeomorphic to S1 × [−1, 1].
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S1 = C

pullback f ∗M Möbius band M

p

B = S1
z 7→ z2

f

5.5. The disjoint union of topological spaces.

Convention. Let {Ai}i∈I be a family of sets. For any i ∈ I we use the natural injection
Ai →

⊔
i∈I
Ai to think of Ai as a subset of the disjoint union.

Proposition 5.8. (Topological-Coproduct Proposition) Let {Xi}i∈I be a family of
topological spaces. We consider the disjoint union

⊔
i∈I
Xi.

(0) (a) We say U Ă
⊔
i∈I
Xi is open if and only if for each i ∈ I the intersection Xi ∩ U is

an open subset of Xi. This de�nes a topology on
⊔
i∈I
Xi. We will work with this

topology throughout the proposition.
(b) A subset A Ă

⊔
i∈I
Xi is closed if and only if for each i ∈ I the intersection Xi ∩ A

is a closed subset of Xi.
(1) (a) Each natural injection ιj : Xj →

⊔
i∈I
Xi is continuous. In fact it is an embedding

that is open and closed.
(b) If Z is a topological space and if {fi : Xi → Z}i∈I is a family of continuous maps,

then the map ⊔
i∈I
Xi → Z

(x, i) 7→ fi(x)

is continuous.
(∗) A map f :

⊔
i∈I
Xi → Z to a topological space Z is continuous if and only if for each

i ∈ I the map f ◦ ιi : Xi → Z is continuous.
(2) The topological space

⊔
i∈I
Xi together with the natural injections ιi is a coproduct of

{Xi}i∈I in the category Top of topological spaces.

Proof.

(0) (a) This statement follows easily from the de�nitions.
(b) This statement follows from an elementary argument.

(1) (a) It follows immediately from writing down the de�nitions that each natural injection
Xj →

⊔
i∈I
Xi is continuous, and that it is open and closed. It follows from the Open-

Injective Lemma 2.9 that the natural injection is an embedding that is open and
closed.

(b) Let {fi : Xi → Z}i∈I be a family of continuous maps. We consider the corresponding
map F :

⊔
i∈I
Xi → Z. Let U Ă Z be an open subset. For each i ∈ I we have

F−1(U) ∩Xi = f−1
i (U). This shows that F−1(U) is open, i.e. F is continuous.
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(∗) The �only if�-statement follows from (1a) and the fact that the composition of two
continuous maps is continuous. The �if�-statement follows easily from (1b).

(2) Let Z be a topological space and let {fi : Xi → Z}i∈I be a family of continuous maps.
By the de�nition of the coproduct on page 63 we have to show that there exists a unique
continuous map Φ:

⊔
i∈I
Xi → Z such that for each i ∈ I we have fi = Φ ◦ ιi. In (1b) we

de�ned such a map Φ and we saw that it is continuous. The proof of uniqueness is
basically identical to the argument in the proof of the Coproduct-of-Sets-and-Abelian
Groups Lemma 4.4 (1) where we dealt with the coproduct in the category of sets. �

De�nition. Let {Xi}i∈I be a family of topological spaces. We refer to the topology on⊔
i∈I
Xi that we introduced in the Topological-Coproduct Proposition 5.8 as the disjoint

union topology. We refer to this topological space as the disjoint union of the topological
spaces Xi.

Lemma 5.9. (Disjoint Union Topology-Properties Lemma) Let {Xi}i∈I be a family
of topological spaces.
(1) The following two statements are equivalent:

(a) The disjoint union
⊔
i∈I
Xi is compact.

(b) Each Xi is compact and there are only �nitely many i ∈ I such that Xi 6= ∅.
(2) (a) Each Xi is an open and closed subset of

⊔
i∈I
Xi.

(b) The path-components of the disjoint union
⊔
i∈I
Xi are precisely the path-components

of the Xi.
(3) The disjoint union

⊔
i∈I
Xi is Hausdor� if and only if each Xi is Hausdor�.

Proof. We prove the statements of the lemma in a di�erent order than they were stated.

(2) (a) Let i ∈ I. Note that for j 6= i we have Xi ∩ Xj = ∅, which is open and closed.
Thus it follows from the Topological-Coproduct Proposition 5.8 (0a) and (0b) that
Xi is an open and closed subset.

(b) This statement follows from (3a) and the Path-Component Lemma 2.21 (4).
(1) We �rst prove the �(b)⇒(a)�-direction. Thus we assume that each Xi is compact and

that there are only �nitely many i1, . . . , ik ∈ I such that the corresponding topological
space is non-empty. Let {Uj}j∈J be an open cover of

⊔
i∈I
Xi. Since each Xi is compact

we can �nd for each i ∈ I a �nite subset Ji Ă J such that
⊔
j∈Ji

(Uj ∩Xi) = Xi. It is now

clear that X =
⋃

r∈{1,...,k}
Xi =

⋃
r∈{1,...,k}

⊔
j∈Jir

Uj.

We turn to the proof of the �(a)⇒(b)�-direction. Thus we assume that
⊔
i∈I
Xi is

compact. It follows from (2a) together with the Compact-Closed Lemma 1.9 (1) that
each Xi is compact. Next note that by (2a) we also know that the {Xi}i∈I form an
open cover of the compact topological space

⊔
i∈I
Xi. Thus we see that there exists a

�nite subset J Ă I with
⊔
j∈J

Xj =
⊔
i∈I
Xi. In particular Xi = ∅ for i 6∈ J .
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(3) This statement follows easily from the de�nitions and (2a). �

Example. Let X be a topological space and let A,B Ă X be subsets of X. It follows from
the Topological-Coproduct Proposition 5.8 (1b) that the obvious map

A tB︸ ︷︷ ︸
disjoint union topology

→ A ∪B︸ ︷︷ ︸
subspace topology

is continuous. If A and B are disjoint, then this map is also a bijection. To be more
speci�c, let X = R. For A = [0, 1] and B = [2, 3] one can show by hand that the map is
open, thus a homeomorphism. On the other hand for A = [0, 1] and (1, 2] the above map is
certainly not a homeomorphism, for example AtB is not compact whereas A∪B = [0, 2]
is compact.

A B

A tB is not homeomorphic to A ∪B Ă R

A B

A tB is homeomorphic to A ∪B Ă R
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6. Quotients of topological spaces

6.1. The quotient topology.

Proposition 6.1. (Topological-Quotient Proposition) Let ∼ be an equivalence rela-
tion on a topological space X. We denote by p : X → X/∼ the natural projection from X
onto the set of equivalence classes X/∼. The following statements hold:
(0) (a) The set T := {U Ă X/∼ | p−1(U) is open in X}

is a topology on X/∼. We use this topology throughout this proposition.
(b) A subset A Ă X/∼ is closed if and only if the preimage p−1(A) is closed in X.

(1) (a) The natural projection p : X → X/∼ is continuous.
(b) Let Y be a topological space and let f : X → Y be a continuous map with the

property that f(x) = f(y) whenever x ∼ y. The induced map

g : X/∼ → Y
[x] 7→ f(x)

is also continuous.
(∗) A map f : X/ ∼→ Y is continuous if and only if the map f ◦ p : X → Y is

continuous.
(2) If S is a topology on X/∼ such that (X/∼,S) has properties (1a) and (1b), then S

equals the topology from (0).

Proof. Let ∼ be an equivalence relation on a topological space X.

(0) (a) This statement follows easily from the Image-Preimage Lemma 0.3 (6) and (7).
(b) This statement follows easily from the Image-Preimage Lemma 0.3 (8).

(1) (a) It follows immediately from the de�nition of the topology on X/∼ that the natural
projection p : X → X/∼ is continuous.

(b) Let f : X → Y be a continuous map such that f(x) = f(y) whenever x ∼ y. We
need to show that the induced map g : X/∼→ Y is continuous as well. Let U Ă Y
be open. We need to show that g−1(U) Ă X/ ∼ is open. By de�nition of the
quotient topology on X/ ∼ we need to show that p−1(g−1(U)) is open in X. We
observe that

p−1(g−1(U)) = (g ◦ p)−1(U) = f−1(U) = open subset .
↑ ↑

by the commutative diagram since f continuous

We have thus shown that g is continuous.
(∗) The �only if�-statement follows from (1a) and the fact that the composition of two

continuous maps is continuous. The �if�-statement follows easily from (1b).
(2) Let S be a topology on X/∼ such that the following conditions are satis�ed:

(a′) The natural projection p : X → (X/∼,S) is continuous.
(b′) Whenever we are given a topological space Y and a continuous map f : X → Y with

the property that f(x) = f(y) whenever x ∼ y, then the corresponding induced
map (X/∼,S)→ Y is also continuous.

We apply (b) and (a′) to obtain that the identity map Φ: (X/ ∼, T ) → (X/ ∼,S) is
continuous. This implies that S Ă T . Similarly we apply (a) and (b′) to obtain that
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the identity map Ψ: (X/∼,S)→ (X/∼, T ) is continuous, which tells us that T Ă S.
In summary we see that S = T . �

De�nition. Let ∼ be an equivalence relation on a topological space X.
(1) We refer to the topology on X/∼ from the Topological-Quotient Proposition 6.1 (0a)

as the quotient topology and we refer to X/∼ as a quotient space of X.
(2) Let Y be a topological space and let f : X → Y be a continuous map with the property

that f(x) = f(y) whenever x ∼ y.
(a) We refer to the corresponding map X/∼→ Y as the induced map.
(b) At times we denote the induced map by f . Sometimes, when there is no danger

of confusion we denote the induced map just by f itself.
(c) Sometimes we also say that the map f : X → Y descends to a map X/∼→ Y .

Example. We consider the topological space X = (R×{0})∪(R×{1}) and the equivalence
relation that is generated by (x, 0) ∼ (x, 1) for all x 6= 0. We denote by p : X → X/∼ the
natural projection. One can easily show that p((0, 0)) and p((0, 1)) cannot be separated by
open neighborhoods. This shows that the quotient of a Hausdor� space is not necessarily
Hausdor�.
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R× {1}
R× {0}

De�nition. Let X be a topological space and let ∼ be an equivalence relation on X.
Recall that an equivalence relation is, by the de�nition on page 20, a subset of X×X with
suitable properties. We say that the relation ∼ is closed if ∼ is a closed subset of X ×X.

Proposition 6.2. (Quotient Topology-Properties Proposition) Let ∼ be an equiv-
alence relation on a topological space X.
(1) If X is compact, then X/∼ is also compact.
(2) If X is (path)-connected, then X/∼ is also (path)-connected.
(3) If X is Hausdor� and compact and if ∼ is a closed equivalence relation on X, then

X/∼ is Hausdor�.

Proof. By the Topological-Quotient Proposition 6.1 (1a) we know that the natural pro-
jection X → X/∼ is continuous. The �rst two statements of the lemma thus follow from
the Compact Image Lemma 2.8 and the Image-Connected Lemma 2.16. The proof of the
third statement is non-trivial but dull, we refer to [Fri23] for details. �

Lemma 6.3. (Twice Quotient Lemma) Let f : X → Y be a continuous map between
two topological spaces and let ∼X and ∼Y be equivalence relations on X respectively Y .
If x1 ∼X x2 implies that f(x1) ∼Y f(x2), then the map

X/∼X → Y/∼Y
[x] 7→ [f(x)]

is well-de�ned and continuous.
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Proof. First note that it follows from the Topological-Quotient Proposition 6.1 (1a) that

the map X
f−→ Y

y 7→[y]−−−→ Y/∼Y is continuous. Next note that it follows from our hypoth-
esis on f and the Topological-Quotient Proposition 6.1 (1b) that this map descends to a
continuous map X/∼X→ Y/∼Y . �

6.2. Examples: Surfaces I.

(1) We consider X = [0, 1]× [0, 1] Ă R2 and the equivalence relation that is generated by

(x, 0) ∼ (x, 1) for all x ∈ [0, 1].

We consider the map X/∼ → S1 × [0, 1]
[(s, t)] 7→ (exp(2π it), s).

It follows from the Topological-Product Proposition 5.1 (1b) and the Topological-
Quotient Proposition 6.1 (1b) that this map is continuous. One can easily verify that
the map is a bijection. By the Quotient Topology-Properties Proposition 6.2 (1) we
know that X/∼ is compact and by the Product Topology Properties Proposition 5.4
(3) we know that S1× [0, 1] is Hausdor�. Thus we obtain from the Compact-Hausdor�
Proposition 2.10 (3) that the above map X/∼→ S1 × [0, 1] is a homeomorphism. We
refer to X/∼ and also to S1 × [0, 1] as the cylinder or the annulus.

(2) We consider X = [0, 1] × [0, 1] Ă R2, this time with the equivalence relation that is
generated by (0, y) ∼ (1, 1− y) for all y ∈ [0, 1].

We refer to the quotient X/∼ as the Möbius band. The name �Möbius band� conjures
up a certain picture. We will now see that our name is justi�ed. We consider the map

Ψ: ([0, 1]× [0, 1])/ ∼ → R3

[(ϕ, r)] 7→

cos(2π ·ϕ) − sin(2π ·ϕ) 0
sin(2π ·ϕ) cos(2π ·ϕ) 0

0 0 1


︸ ︷︷ ︸

rotation around z-axis

·

2 + (r − 1
2
) · sin(π ·ϕ)
0

(r − 1
2
) · cos(π ·ϕ)


︸ ︷︷ ︸

describes interval
that makes half a twist

as we go around the z-axis

Similar to (1) one can see that Ψ is an embedding.
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Möbius band viewed as a subspace of R3

Ψ

M = ([0, 1]× [0, 1])/(0, y) ∼ (1, 1− y)

(3) We consider again X = [0, 1]× [0, 1] Ă R2, but this time with the equivalence relation
that is generated by

(x, 0) ∼ (x, 1) for all x ∈ [0, 1]
and by (0, y) ∼ (1, y) for all y ∈ [0, 1].

As in (1) one can write down an obvious homeomorphism X/∼→ S1 × S1.
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(4) We consider X = [0, 1] × [0, 1] Ă R2, this time with the equivalence relation that is
generated by

(x, 0) ∼ (x, 1) for all x ∈ [0, 1]
and by (0, y) ∼ (1, 1− y) for all y ∈ [0, 1].

The resulting topological space is called the Klein bottle. We obtain the quotient
space X/∼ by gluing the upper edge to the lower edge and by gluing the edge on the
left to the edge on the right with a twist. In the �gure below we show the Klein bottle
to the left. Furthermore we indicate a map from the Klein bottle to R3. This particular
map is not injective.
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the images of these two circles are the same

Klein bottle

6.3. Quotients by subspaces.

De�nition. Let X be a topological space and let A Ă X be a subset.
(1) First we suppose that A is a non-empty subset. For P,Q ∈ X we de�ne

P ∼A Q :⇐⇒ P = Q or P,Q both lie in A.

This is easily seen to be an equivalence relation on X. We write X/A := X/∼A and
we always equip X/A with the quotient topology. We refer to X/A as the quotient of
X by A. Note that A Ă X is an equivalence class, thus it de�nes a point X/A. In
an attempt to avoid confusion we write [A] for the point in X/A that is given by the
equivalence class A.

(2) If A = ∅ is the empty set, then we de�ne X/∅ := X t {∅}, i.e. X/∅ equals the
disjoint union of the topological space X with the topological space consisting of a
single point ∅. For consistency we denote this point by [A] = [∅] as well.

Lemma 6.4. (Cylinder Quotient-Ball Lemma) The map

([0, 1]× Sn)/({0} × Sn) → B
n+1

[(r, v)] 7→ r · v
is a homeomorphism.
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[0, 1]× S1

{0} × S1

B
2

Proof. As in the proof of the Torus Embedding Lemma 5.5 it follows from the Topological-
Quotient Proposition 6.1 (1b) that the given map is continuous. It is basically clear that
the map is a bijection. The left-hand side is compact by the Topological-Quotient Pro-
position 6.1 (1b). It follows from the Compact-Hausdor� Proposition 2.10 (3) that the
map is a homeomorphism. �
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Lemma 6.5. (Ball Quotient-Sphere Lemma) Let n ∈ N. The map

Ω: B
n
/Sn−1 → Sn

[r · v] 7→

 0 (−1)n−1 0
0 0 idn−1

−1 . . . 0


︸ ︷︷ ︸

∈SO(n+1)

·
(

cos(π · r)
sin(π · r) · v

)
︸ ︷︷ ︸
∈R×Rn=Rn+1

with r ∈ [0, 1] and v ∈ Sn−1

is a homeomorphism.

Since B
0
/S−1 = B

0
/∅ = B

0 ∪{∗} this lemma, with a couple of minor changes, also makes
sense for n = 0.
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Ω

B
1
/S0

Ω

B
2
/S1

S2
S1

Identi�cation. We use the homeomorphism from the Ball Quotient-Sphere Lemma 6.5
to make the identi�cation Sn =i B

n
/Sn−1.

Proof of Lemma 6.5. It follows quite easily from the Cylinder Quotient-Ball Lemma 6.4
(2), the Topological-Quotient Proposition 6.1 (1b), the Quotient Topology-Properties Pro-
position 6.2 (1) and the Compact-Hausdor� Proposition 2.10 (3) that the map Ω: B

n
/Sn−1 →

Sn is a homeomorphism. �

6.4. Group actions on topological spaces.

De�nition. Let X be a set and let G be a group with trivial element e.
(1) An action of G on X is a map G×X → X

(g, x) 7→ g · x
with the following properties:

e · x = x, for all x ∈ X,
g · (h · x) = (g ·G h) · x, for all x ∈ X and g, h ∈ G.
↑ ↑ ↑

group action multiplication in the group G

(2) The action is called free, if g · x = x for some x ∈ X implies that g = e.
(3) If X is a topological space, then we say that the action is continuous, if for every g ∈ G

the map X → X
x 7→ g · x

is continuous.
(4) Let X be a topological space and let G be a group that acts on X. By the Group

Action-Equivalence Relation Lemma 0.13 we know that

x ∼G y :⇐⇒ there exists a g ∈ G such that g · x = y
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is an equivalence relation on X. We set X/G := X/ ∼G and we view X/G as a
topological space equipped with the quotient topology.

Lemma 6.6. (Torus-as-Quotient Lemma)

(1) The map Zn × Rn → Rn

(z, v) 7→ z + v

de�nes a free and continuous action of the group (Zn,+) on the topological space
X = Rn.

(2) The map Rn/Zn → (S1)n

[(t1, . . . , tn)] 7→
(

exp(2π it1), . . . , exp(2π itn)
)

is a homeomorphism.

Proof of Lemma 6.6. We start out with the following observations:
(1) This statement follows easily from the de�nitions.
(2) (a) The map is continuous by the Topological-Product Proposition 5.1 (1b) and the

Topological-Quotient Proposition 6.1 (1b). Furthermore it is straightforward to see
that it is a bijection.

(b) The obvious map [0, 1]n → Rn → Rn/Zn is continuous and it is easily seen to be
surjective. By the Heine-Borel Theorem 1.11 we know that [0, 1]n is compact. It
follows from the Compact Image Lemma 2.8 that Rn/Zn is compact.

(c) From the Product Topology-Properties Proposition 5.4 (3) we obtain that (S1)n is
Hausdor�.

It follows from the above together with the Compact-Hausdor� Proposition 2.10 (3)
that the given map Rn/Zn → (S1)n is indeed a homeomorphism. �

Example. If X is a Hausdor� space and if G acts continuously on X, then it is unfortu-
nately not necessarily true that the quotient space X/G itself is Hausdor�. For example,
consider the obvious action of G = (Q,+) on X = R. It is a moderately insightful exercise
to verify that the quotient space R/Q is not Hausdor�.

De�nition. Let X be a topological space and let G be a group that acts on X. We say
that G acts properly if for every two points x and y in X there exist open neighborhoods U
of x and V of y such that the set {g ∈ G | gU ∩ V 6= ∅} is �nite.

Examples.

(1) The action of any �nite group is proper by de�nition.
(2) We consider the action of the group G = Z on X = R× [0, 1] that is given by

Z× (R× [0, 1]) → R× [0, 1]
(n, (x, y)) 7→ (x+ n, y).

This action is proper. For example if we are given by (x, s), (y, t) ∈ R × [0, 1], then
U := {(a, b) ∈ R × [0, 1] | |a − x| < 1} and V := {(a, b) ∈ R × [0, 1] | |a − y| < 1} have
the desired properties. With some artistic freedom this situation is shown in the �gure
below.

(3) Similar to (2) one can easily verify that the action of G = (Zn,+) on X = Rn is proper.
(4) One can easily show that the obvious action of G = (Q,+) on X = R is not proper.
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(x, s)X = R× [0, 1]

2+U1+U−1+U

(y, t) V

there exist two g ∈ Z
with (g+U) ∩ V 6= ∅

Proposition 6.7. (Group Action-Hausdor� Quotient Proposition) Let G be a
group that acts on a topological space X. If X is Hausdor� and if the action is proper
and continuous, then the quotient space X/G is also Hausdor�.

Proof. We outsource the uninspiring proof to [Fri23]. �

Lemma 6.8. (Möbius Band-as-Quotient Lemma)

(1) The map Z× (R× [−1, 1]) → R× [−1, 1]
(n, (x, y)) 7→ (x+ n, (−1)n · y)

de�nes an action of the group (Z,+) on the topological space X = R× [−1, 1] that is
free, continuous and proper.

(2) As on page 81 let ([0, 1]× [0, 1])/∼ be the Möbius band, where (0, y) ∼ (1, 1−y). The
map ([0, 1]× [0, 1])/∼ → (R× [−1, 1])/∼

[(x, y)] 7→ [(x, 2y − 1)]

is a homeomorphism.
(3) The Möbius band M = ([0, 1]× [0, 1])/∼ is compact and Hausdor�.
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X = R× [−1, 1] action by 1 ∈ Z

Identi�cation. We will use the homeomorphism from the Möbius Band-as-Quotient Lem-
ma 6.8 to identify the Möbius band ([0, 1]× [0, 1])/∼ with (R× [−1, 1])/∼.
Proof of Lemma 6.8.

(1) It is clear that the action is free and continuous. The fact that the action is proper is
proved as in the above example.

(2) It follows from the Twice Quotient Lemma 6.3 that the map is well-de�ned and con-
tinuous. One can easily verify that the map is a bijection. By the Quotient Topology-
Properties Proposition 6.2 (1) we know that ([0, 1] × [0, 1])/ ∼ is compact. Further-
more it follows from (1) and the Group Action-Hausdor� Quotient Proposition 6.7
that (R × [0, 1])/ ∼ is Hausdor�. Thus it follows from the Compact-Hausdor� Pro-
position 2.10 (3) that the map ([0, 1]× [0, 1])/∼→ (R× [0, 1])/∼ is a homeomorphism.

(3) We showed in the proof of (2) that the Möbius band is compact and Hausdor�. �

6.5. Projective spaces.

De�nition.

(1) The map
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(R \ {0})× (Rn+1 \ {0}) → Rn+1 \ {0}
(z, P ) 7→ z · P

de�nes a continuous action of the multiplicative group (R \ {0}, ·) on the topological
space Rn+1 \ {0}. The quotient space (Rn+1 \ {0})/(R \ {0}) is called the n-dimen-
sional real projective space RPn. For n = 2 we sometimes refer to RP2 as the real
projective plane.

(2) In (1) we can replace �R� by �C� and we obtain the n-dimensional complex projective
space CPn := (Cn+1 \ {0})/(C \ {0}).

Notation. For (x0, . . . , xn) ∈ Rn+1 \ {0} we denote by [x0 : . . . : xn] the corresponding
point in RPn. We also use the same notation for points in complex projective spaces.

Lemma 6.9. (Projective Space-Sphere Quotient Lemma) Let n ∈ N0.
(1) The map {±1} × Sn → Sn

(w, (x1, . . . , xn+1)) 7→ (w · x1, . . . , w · xn+1)

de�nes a continuous action of the group {±1} on Sn. The maps

Sn/{±1} → RPn
[x] 7→ [x]

and
RPn → Sn/{±1}

[x] 7→
[ x
‖x‖
]

are inverses of one another and they are homeomorphisms.
(2) The map

S1 ×
ĂR2n+2=Cn+1︷ ︸︸ ︷
S2n+1 → S2n+1

(w, (z1, . . . , zn+1)) 7→ (w · z1, . . . , w · zn+1)

de�nes a continuous action of the group (S1, ·) on S2n+1. The maps

S2n+1/S1 → CPn
[z] 7→ [z]

and
CPn → S2n+1/S1

[z1 : ... :zn+1] 7→
[

(z1, ..., zn+1)√
|z1|2 + ... + |zn+1|2

]
are inverses of one another and they are homeomorphisms.

Identi�cation. We use the homeomorphisms from the Projective Space-Sphere Quotient
Lemma 6.9 to make the identi�cations RPn =i S

n/{±1} and CPn =i S
2n+1/S1.

Proof of Lemma 6.9. It follows easily from the Twice Quotient Lemma 6.3 that all four
maps are continuous. It is easy to verify that in (1) and (2) the maps are inverses of one
another. �

Proposition 6.10. (Projective Spaces-Compact+Hausdor� Proposition) The real
projective and the complex projective spaces RPn and CPn are compact, path-connected
and Hausdor�.

Proof. Let n ∈ N0. By the Projective Space-Sphere Quotient Lemma 6.9 it su�ces to show
that Sn/{±1} and S2n+1/S1 are compact, path-connected and Hausdor�. In fact it follows
immediately from the fact that Sn and S2n+1 are compact and path-connected together
with the Quotient Topology-Properties Proposition 6.2 (1) and (2) that both quotients
are compact and path-connected. Furthermore note that it follows from the Group Action-
Hausdor� Quotient Proposition 6.7 that Sn/{±1} is Hausdor�. In [Fri23] it is shown, using
the Quotient Topology-Properties Proposition 6.2 (3), that S2n+1/S1 is also Hausdor�. �
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Lemma 6.11. (Projective Space-Avatar Lemma)

(1) The maps

=iS
2︷ ︸︸ ︷

C ∪ {∞} → CP1

z 7→
{

[z : 1], if z ∈ C,
[1 : 0], if z =∞

and CP1 →
=iS

2︷ ︸︸ ︷
C ∪ {∞}

[z0 : z1] 7→
{
z0 · z−1

1 , if z1 6= 0,
∞, if [z0 : z1]=[1 : 0]

are inverses of one another and both are homeomorphisms. Similarly we see that RP1

is homeomorphic to R ∪ {∞}, which in turn is homeomorphic to S1.

line R · (x, 1) for x� 0

line R · (1, 0)

line R · (0, 1) R · (1, 1)

line R · (x, 1) for x� 0

Lemma 6.11. (Projective Space-Avatar Lemma)

(2) Let n ∈ N0. If we denote by ∼ the equivalence relation on B
n
that is generated by

P ∼ −P for P ∈ Sn−1 = ∂B
n
, then the maps

B
n
/∼ → RPn

[x] 7→ [(x,
√

1− ‖x‖2)] and

RPn =i S
n/{±1}

∼=−→ B
n
/∼

[ (v, xn+1)︸ ︷︷ ︸
v∈Rn, xn+1∈R

] 7→
{

[v], if xn+1 ≥ 0,
[−v], if xn+1 ≤ 0

are homeomorphisms that are inverses of one another.
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opposite points on the
boundary get identi�ed−P

P
RP2 =i S

2/{±1}

Illustration of the homeomorphism RP2 → B
2
/∼

−Q
Q

B
2
/∼

Lemma 6.11. (Projective Space-Avatar Lemma)

(3) As in (2) let ∼ be the equivalence relation on B
3
that is generated by x ∼ −x for

x ∈ S2. The map

F : B
3
/∼ → SO(3)

[ r · v︸︷︷︸
r ∈ [0, 1] and v ∈ S2

] 7→ matrix in SO(3) which represents rotation by the angle π · r
around the axis R≥0 · v where the rotation
direction is given by the right-hand rule

is a homeomorphism. In particular SO(3) is homeomorphic to RP3.

Identi�cation.
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B
3
/∼ v

rotation by the angle r · πF
[r · v]

R≥0 · v

Illustration of the homeomorphism B
3
/∼→ SO(3)

(1) We will use the homeomorphism from the Projective Space-Avatar Lemma 6.11 (1) to
make the identi�cation S1 =i RP1.

(2) Recall that in the Stereographic Projection Lemma 2.11 (1) we gave an explicit home-
omorphism S2 → R2 ∪ {∞}. Combining this homeomorphism with the homeomor-
phism from the Projective Space-Avatar Lemma 6.11 (1) we obtain a homeomorphism
S2 → CP1 which we use to make the identi�cation S2 =i CP1.

(3) We will use the homeomorphism from the Projective Space-Avatar Lemma 6.11 (2) to
make the identi�cation RPn =i B

n
/∼.

Proof of Lemma 6.11.

(1) One can easily verify that the given maps are inverses of one another. Next we show
that the given map CP1 → C ∪ {∞} is continuous. First note that it follows from the
Topological-Quotient Proposition 6.1 (1b) that it su�ces to show that the correspond-
ing map Θ: C2 \ {(0, 0} → C ∪ {∞} is continuous. Next note that for any C ∈ R we
have

Θ−1(complement of B
n

C) = {(z0, z1) ∈ C2 \ {(0, 0)} | |z0| > |z1|}

which is an open subset of C2 \ {(0, 0)}. It follows quite easily from this discussion to-
gether with the Subbasis-Continuity Proposition 2.2 and together with the discussion
of the basis of R2 ∪ {∞} on page 36 that the map Θ is continuous. By the Projective
Spaces-Compact+Hausdor� Proposition 6.10 we know that each CP1 is compact. We
leave it to the reader to verify that R2 ∪ {∞} is Hausdor�. Thus it follows from the
Compact-Hausdor� Proposition 2.10 (3) that the map CP1 → C ∪ {∞} is a homeo-
morphism.

(2) It is elementary to verify that the given continuous maps are inverses of one another,
in particular they are bijections. We still need to show that the maps are continuous.
(a) We consider the map Sn/{±1} → B

n
/ ∼. By the Topological-Quotient Pro-

position 6.1 (1b) it su�ces to show that the corresponding map Sn → B
n
/ ∼

is continuous. One can easily verify that the restrictions of the map Sn → B
n
/∼

to the closed subsets Sn≥0 and S
n
≤0 are continuous. Thus it follows from the Pasting

Proposition 2.4 (2) that the map Sn → B
n
/∼ is continuous.

(b) It follows almost immediately from the Twice Quotient Lemma 6.3 that the given
map B

n
/∼→ RPn is continuous.

(3) The proof that F : B
3
/∼→ SO(3) is a homeomorphism is given in [Fri23]. �

6.6. Examples: Surfaces II.



6. QUOTIENTS OF TOPOLOGICAL SPACES 89

Example. We start out with a slightly informal discussion of an example. In the �gure
below we see to the left a pentagon, where we identify two pairs of sides. In the �gure we
illustrate that this topological space is homeomorphic to the torus minus an open disk.
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torus from which we removed an open disk

∼=

1=5 2

34

∼=

5

1
2

3

4

�boundary curve�

Example. Let E8 be the regular octagon in C with the vertices Qk = exp(2π ik/16),
k = 1, 3, . . . , 15. We consider the quotient space E8/∼ that is illustrated in the �gure.
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Q3Q5Q5

Q7 Q7

Q9 Q9

Q11
Q11

Q13

re�ection r 3π
2

Q13

Q15

re�ection rπ
4

re�ection rπ
2

re�ection r 5π
4

Q−1

Q1 Q1

Q3

Note that E8/∼ is given by two copies of the previous example glued together along the
�boundary curves�. In other words, E8/∼ is homeomorphic to the actual �physical� surface
of genus 2 in R3.
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boundarytwo copies of torus minus an open disk glued along the

2

2 1

1

De�nition.

(1) Let g ∈ N. We take a regular 4g-gon E4g in C and for j = 0, . . . , g−1 we use re�ections
to identify the (4j+ 1)-st edge with the (4j+ 3)-rd edge and the (4j+ 2)-nd edge with
the (4j + 4)-th edge. We refer to the quotient space E4k/∼ as the surface of genus g.

(2) We refer to the sphere S2 as the surface of genus 0.

De�nition.

(1) Given g ∈ N≥2 we consider the regular 2g-gon E2g with the identi�cation of the
boundary segments shown in the �gure below. We refer to this topological space as
the non-orientable surface Ng of genus g.

(2) We refer to the real projection place RP2 as the non-orientable surface of genus 1.
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surface of genus three

regular 12-gon
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/∼=i RP2non-orientable

surface
of genus 3

the two sides get
identi�ed via
a rotation

regular 6-gon

6.7. The pushout in the topological category.

Proposition 6.12. (Topological-Pushout Proposition) Let f : A→ Y and g : A→ Z
be two continuous maps between topological spaces. We consider the topological space

Y ∪A Z := (Y t Z)/∼ where f(a) ∼ g(a) for all a ∈ A.
and the maps i : Y → Y ∪A Z

y 7→ [y]
and

j : Z → Y ∪A Z
z 7→ [z]

The following statements hold:
(0) A subset U Ă Y ∪A Z is open if and only if i−1(U) Ă Y and j−1(U) Ă Z are open.

The same statement holds for �closed� instead of �open�.
(1) (a) The maps i : Y → Y ∪A Z and j : Z → Y ∪A Z are continuous.

(b) Suppose we are given two continuous maps α : Y → W and β : Z → W to some
topological space W such that α ◦ f = β ◦ g : A→ W . The map

Φ: Y ∪A Z → W

[P ] 7→
{
α(y) if P = [y] for some y ∈ Y ,
β(z) if P = [z] for some z ∈ Z

is well-de�ned and it is the unique map h : Y ∪A Z → W with Φ ◦ i = α and
Φ ◦ j = β. Furthermore, if α and β are continuous, then Φ is also continuous. In
particular we obtain the following commutative diagram:

A
f

//

g
��

Y

α

��

i y 7→[y]
��

Z

β 00

j

z 7→[z]
// Y ∪A Z

∃ ! Φ

**
W.

(∗) A map f : Y ∪A Z → W to some topological space W is continuous if and only if
the maps f ◦ i : Y → W and f ◦ j : Z → W are continuous.

(2) The topological space Y ∪A Z with the natural maps Y → Y ∪A Z and Z → Y ∪A Z
is the pushout in the category Top of topological spaces.
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De�nition. Let f : A → Y and g : A → Z be two continuous maps between topological
spaces. We refer to

Y ∪A Z := (Y t Z)/∼ where f(a) ∼ g(a) for all a ∈ A
as the pushout of f and g and we refer to the maps i : Y → Y ∪A Z and j : Z → Y ∪A Z
as the two natural maps.
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f

A

Y Yg
Z

Z

pushout Y ∪A Z

Proof.

(0) This statement follows from the Topological-Coproduct Proposition 5.8 (0) and the
Topological-Quotient Proposition 6.1 (0).

(1) (a) This statement follows immediately from (0). Alternatively this statement follows
from the Topological-Coproduct Proposition 5.8 (1a) and the Topological-Quotient
Proposition 6.1 (1a).

(b) This existence of the continuous map follows immediately from the Topological-
Coproduct Proposition 5.8 (1b) and the Topological-Quotient Proposition 6.1 (1b).
We leave the proof of the uniqueness to the reader.

(∗) The �only if�-statement follows from (1a) and the fact that the composition of two
continuous maps is continuous. The �if�-statement follows easily from (1b).

(2) This statement follows easily from the de�nitions and Statement (1). �

Proposition 6.13. (Pushout-Properties Proposition) Let f : A → Y , g : A → Z be
two continuous maps between topological spaces.
(1) If Y and Z are compact, then so is the pushout Y ∪A Z.
(2) If Y and Z are (path-) connected and if A is non-empty, then the pushout Y ∪A Z is

also (path-) connected.
(3) If A, Y and Z are compact, if Y and Z are Hausdor� and if f : A→ Y and g : A→ Z

are injective, then Y ∪A Z is also Hausdor�.

Proof.

(1) If Y and Z are compact, then it follows from the Disjoint Union Topology-Properties
Lemma 5.9 (1) and the Quotient Topology-Properties Proposition 6.2 (1) that Y ∪A Z
is compact.

(2) If Y and Z are (path-) connected and if A is non-empty, then it follows easily from the
Union Connected Lemma 2.19 that Y ∪A Z is also (path-) connected.

(3) Since f and g are injective we see that the relation on Y t Z is given by

{(f(a), g(a)) | a ∈ A} ∪ {(w,w) |w ∈ Y t Z} Ă (Y t Z)× (Y t Z).

It follows from the Compact Image Lemma 2.8 and the Compact-Closed Lemma 1.9
(2), that this is a closed subset. It now follows from the Quotient Topology-Properties
Proposition 6.2 (3) that Y ∪A Z is Hausdor�. �
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Example. Let n ∈ N0. We consider the two obvious inclusion maps Sn−1 → B
n

± := B
n
and

the corresponding pushout B
n

+ ∪Sn−1 B
n

−. As in the Stereographic Projection Lemma 2.11
we consider for ε = −1, 1 the homeomorphisms

gε : B
n

ε → Sn≥0

x = (x1, . . . , xn) 7→
(

((−1)n+1 · x1, . . . , xn) · 2
‖x‖2+1 , ε ·

‖x‖2−1
‖x‖2+1

)
.

Note that g+ = g− on Sn−1. Thus it follows from the Topological Pushout Proposition 6.12
(1b) that the map

B
n

+ ∪Sn−1 B
n

− → Sn

[P ] 7→
{
g+(P ), if P ∈ Bn

+,

g−(P ), if P ∈ Bn

−

is continuous. One can easily verify that it is a bijection. It follows from the Pushout-
Properties Proposition 6.13 (1) combined with the Compact-Hausdor� Proposition 2.10
(3) that the map is a homeomorphism.
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B
2

+

B
2

−

S2
g+

g−

Identi�cation. We use the homeomorphism from the above example to make the identi-
�cation B

n

+ ∪Sn−1 B
n

− =i S
n.

Lemma 6.14. (Topological Pushout-Maps Lemma) Let f : A → Y and g : A → Z
be two continuous maps between topological spaces. We obtain the following commutative
diagram

A
f

//

g
��

Y

i y 7→[y]
��

Z
j

z 7→[z]
// Y ∪A Z.

The following statements hold:
(1) If f is a homeomorphism, then the �opposite map� j is a homeomorphism.
(2) If f is injective, then the �opposite map� j is injective. The same statement holds for

�surjective� and �bijective�.
(3) If f is an embedding, then the �opposite map� j is an embedding.

Proof. Throughout the proof we denote by p : Y t Z → Y ∪A Z the natural projection.

(1) This statement is a special case of the Pushout Lemma 4.8 (2).
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(2) First we assume that f : A→ Y is injective. We need to show that j : Z → Y ∪A Z is
injective. Let z ∈ Z. Note that

j−1(j(z)) = {z′ ∈ Z | j(z′) = j(z)} =
set of elements in Z equivalent to z

with respect to ∼ on Y t Z
=

⋃
k∈N0

g(f−1(f(g−1(. . . g(f−1(f(g−1(︸ ︷︷ ︸
applied k times

{z})))) . . . ))))

=
⋃
k∈N0

g(g−1(. . . g(g−1({z})) . . . )) = {z}.
↑ ↑

by the Image-Preimage Lemma 0.3 (1b), since f is injective Image-Preimage Lemma 0.3 (2a)

This shows that the map j is injective.
Now we assume that f : A→ Y is surjective. We need to show that j : Z → Y ∪AZ

is surjective. Recall that by de�nition Y ∪A Z := (Y tZ)/∼ where f(a) ∼ g(a) for all
a ∈ A. Let [w] ∈ Y ∪A Z. If w ∈ Z, then evidently j(w) = [w]. Now consider the case
that w ∈ Y . Since f : A → Y is surjective there exists an a ∈ A with f(a) = w. But
now we see that j(g(a)) = i(f(a)) = i(w) = [w].

(3) We suppose that f : A → Y is an embedding. We need to show that j : Z → Y ∪A Z
is an embedding. By the Topological Pushout Proposition 6.12 (1a) we know that j is
continuous and by (2) we know that j : Z → Y ∪AZ is injective. By the Open-Injective
Lemma 2.9 (2) and by de�nition of the subspace topology on j(Z) it remains to prove
the following claim.
Claim. If U is an open subset of Z, then there exists an open subset W of Y ∪AZ such
that j(U) = W ∩ j(Z).

Proof. Let U be an open subset of Z. Since g is continuous we know that g−1(U) is
an open subset of A. Since f : X → Y is an embedding we know that there exists
an open subset V Ă Y with f(g−1(U)) = f(A) ∩ V . We set W := p(U t V ). An
elementary argument as in (2), that uses that f is injective, shows that p−1(W ) = UtV .
Thus it follows from the de�nition of the quotient topology and the disjoint union
topology that W is indeed an open subset of Y ∪A Z. Basically by construction we
have j(U) = W ∩ j(Z). �
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7. Graphs
7.1. Abstract graphs.

De�nition. An abstract graph G is a quadruple (V,E, i, t) where V is a set, E is a set
and i, t : E → V are maps from E to V .
(1) The elements of V are called the vertices of G and the elements of E are called the

edges of G.
(2) Given e ∈ E the point i(e) is called the initial point of e and t(e) is called the terminal

point of e. We refer to i(e) and t(e) as the vertices of e.
(3) We say an edge e ∈ E is a loop if i(e) = t(e).
(4) We say G is �nite (countable) if both V and E are �nite (countable).

Example. We take V = {A,B,C} and E = {e, f, g, h}. Furthermore let i : E → V and
t : E → V be the maps that are given by the following table:

e f g h
i A B B A
t B C C A

The quadruple (V,E, i, t) is an abstract graph.
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e

A

B

C

vertex

C

B

A

edge

loop

or alternatively

De�nition. Let G = (V,E, i, t) be an abstract graph.
(1) Let v, w ∈ V . A path of length k from v to w is a sequence of edges e1, . . . , ek such

that there exist vertices v = v0, v1, . . . , vk = w such that for each i ∈ {1, . . . , k} the
vertices of ei are vi−1, vi. We say that the path e1, . . . , ek is injective if the vertices
v0, . . . , vk are distinct.

(2) We say G is connected if for every pair of vertices v, w ∈ V there exists a path from v
to w. One can easily show that if G is connected, then any two vertices can also be
connected via an injective path.
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G

v3 = w
v0 = v e2 e3

v1

v2
e1

injective path from v to w

De�nition.

(1) Let G = (V,E, i : E → V, t : E → V )

and G̃ = (Ṽ , Ẽ, ĩ : Ẽ → Ṽ , t̃ : Ẽ → Ṽ )
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be two abstract graphs in the sense of the de�nition on page 94. We de�ne a morphism
G→ G̃ of abstract graphs to be a pair (α : V → Ṽ , β : E → Ẽ) of maps such that for
each e ∈ E we have ĩ(β(e)) = α(i(e)) and t̃(β(e)) = α(t(e)).

(2) We refer to the category AbsGraph with

Ob(AbsGraph) := all abstract graphs,
Mor(G, G̃) := all maps from G to G̃ in the above sense

with the usual composition of maps as the category of abstract graphs.

De�nition. Let G = (V,E, i, t) be an abstract graph. A subgraph of G = (V,E, i, t) is
an abstract graph G′ = (V ′, E ′, i′, t′) such that V ′ Ă V and E ′ Ă E are subsets such that
i′ = i|E′ and t′ = t|E′ . Since i′ and t′ are determined by V ′ and E ′ we often suppress both
of them from the notation.

7.2. The topological realization of an abstract graph.

De�nition. Let G = (V,E, i, t) be an abstract graph.
(1) We de�ne the topological realization of G as the topological space

|G| :=
(
V t

⊔
e∈E

[0, 1]
)/
∼ where for any e ∈ E we have

(e, 0) ∼ i(e) and (e, 1) ∼ t(e).↑
here V is equipped

with the discrete topology(2) Let e ∈ E.
(a) We refer to the map Φe : [0, 1]

x 7→(e,x)−−−−→ {e} × [0, 1]→ |G| as the characteristic map
of the edge e.

(b) We write |e| = Φe([0, 1]) and we write 〈e〉 := Φe((0, 1)).
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e f g h
i A B B A
t B C C A

〈h〉

hg

e f

A B C
0 1

get glued to the vertices

CBA

characteristic map Φe

topological realization |G|

|g|

V = {A,B,C}
E = {e, f, g, h}

Lemma 7.1. (Abstract Graph-Topology Lemma) Let G = (V,E, i, t) be an abstract
graph.
(1) For each e ∈ E the characteristic map Φe : [0, 1]→ |G| is continuous.
(2) Let U Ă |G| be a subset.

(a) U Ă |G| is open ⇐⇒ for each e ∈ E the preimage Φ−1
e (U) is open in [0, 1].

(b) U Ă |G| is closed ⇐⇒ for each e ∈ E the preimage Φ−1
e (U) is closed in [0, 1].

(3) Let f : |G| → X be a map to some topological space X.

f is continuous ⇐⇒ for each e ∈ E the map f ◦ Φe : [0, 1]→ X is continuous.

Example. Let G = (V,E, i, t) be an abstract graph. The following statements follow easily
from the Abstract Graph-Topology Lemma 7.1:
(1) The obvious map V → |G| is injective and the image is a discrete subset of |G|.
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(2) Let e ∈ E. Let Φe : [0, 1]→ |G| be the characteristic map.
(a) |e| is a closed subset of |G| and 〈e〉 is an open subset of |G|.
(b) If i(e) 6= t(e), then Φe restricts to a homeomorphism [0, 1]→ |e|.
(c) If i(e) = t(e), then Φe induces a homeomorphism [0, 1]/0 ∼ 1→ |e|.

Proof of Lemma 7.1.

(1) This statement follows immediately from the Topological-Coproduct Proposition 5.8
(1a) and the Topological-Quotient Proposition 6.1 (1a).

(2) (a) This statement follows easily from the Topological-Coproduct Proposition 5.8 (0a)
and the Topological-Quotient Proposition 6.1 (0a) and the observation that any
subspace of a topological space consisting of a single point is open.

(b) This statement follows easily from the Topological-Coproduct Proposition 5.8 (0b)
and the Topological-Quotient Proposition 6.1 (0b) and the observation that any
subspace of a topological space consisting of a single point is closed.

(3) This statement follows immediately from (1) and (2a). �

Lemma 7.2. (Topological Realization�Functor Lemma) The following two state-
ments hold:
(1) Let G = (V,E, i, t) and G̃ = (Ṽ , Ẽ, ĩ, t̃) be two abstract graphs. Furthermore let

f := (α : V → Ṽ , β : E → Ẽ) be a map between the two abstract graphs. We consider
the following map between the topological realizations of G and G̃:

where (e, 0) ∼ i(e) and (e, 1) ∼ t(e) similarly (e, 0) ∼ ĩ(e) and (e, 1) ∼ t̃(e)
↓ ↓

|f | : |G| =
(
V t

⊔
e∈E

[0, 1]
)/
∼ → |G̃| =

(
Ṽ t

⊔
e∈Ẽ

[0, 1]
)/
∼

[x] 7→
{
α(x), if x ∈ V,
(β(e), t), if x = (e, t) ∈ E × [0, 1].

This map |f | : |G| → |G̃| is well-de�ned and continuous.
(2) The map F : Ob(AbsGraph) → Ob(Top)

G 7→ |G|,
and the maps MorAbsGraph(G, G̃) → MorTop(|G|, |G̃|)

f 7→ |f |
form a covariant functor from the category AbsGraph of abstract graphs to the category
Top of topological spaces.

Proof of Lemma 7.2.

(1) It follows almost immediately from the de�nitions that the map is well-de�ned. Fur-
thermore it follows easily from the Abstract Graph-Topology Lemma 7.1 (1) and (3)
that the map is continuous.

(2) This statement follows easily from the de�nitions. �

Lemma 7.3. (Topological Realization�Properties Lemma) Let G = (V,E, i, t) be
an abstract graph.
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(1) (a) Every compact subspace of |G| is contained in the topological realization of a �nite
subgraph.

(b) |G| is compact if and only if G is �nite.
(2) The following statements are equivalent:

(a) G is connected.
(b) Given any two distinct vertices v, w there exists an embedding γ : [0, 1]→ |G| with

γ(0) = v, γ(1) = w and such that γ([0, 1]) Ă |G| is the union of edges.
(c) The topological realization |G| is path-connected.
(d) The topological realization |G| is connected.

(3) |G| is Hausdor�.
Proof.

(1) (a) Let K Ă |G| be a compact subspace. We set

Ẽ := {e ∈ E |K ∩ 〈e〉 6= ∅}
Ṽ := {v ∈ V | v ∈ K and there is no e ∈ Ẽ with v ∈ |e|}.

We do the following:
• For each e ∈ Ẽ we pick a Pe ∈ K ∩ 〈e〉 and we set Ae := 〈e〉.
• For each v ∈ Ṽ we set Bv := {v} ∪

⋃
e
〈e〉, where we run over all e ∈ E such that

v is a vertex of e.
• We set C := (|G| \

⋃
e∈Ẽ
{Pe}) \ Ṽ .

It follows easily from the Topological Realization�Properties Lemma 7.3 that each
Ae, Bv and C is an open subset of |G|. Note that {Ae}e∈Ẽ, {Bv}v∈Ṽ and C form
an open cover of K. Since K is compact we see that we can cover K by �nitely
many of these open subsets. But each Ae contains a point of K, namely Pe, that
does not lie in any of the other sets in the open cover. Similarly we see that each
Bv contains a point in K, namely v, that does not lie in any of the other sets in the
open cover. This shows that Ẽ and Ṽ are �nite. Now we see that K is contained
in the topological realization of the �nite abstract graph that is formed by Ẽ, the
vertices of the e ∈ Ẽ and by Ṽ .
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edges in Ẽ|G| K

Pe
K

vertex in Ṽ

(b) If |G| is compact, then it follows from (a) that G is �nite. Next we assume that
G = (V,E, i, t) is �nite. It follows from the Compact Image Lemma 2.8 that each
|e| is compact. Since there are only �nitely edges we see that |G| is compact.

(2) (a)⇒(b). To save some space we outsource this uninspiring proof to [Fri23].
(3) We leave it to the reader to prove this statement. �

We conclude this section with the following de�nition.

De�nition. We say a topological space X is a topological graph if there exists an abstract
graph G such that X is homeomorphic to |G|.
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7.3. Trees.

De�nition. Let G be an abstract graph.
(1) We say G is a tree if G is non-empty, if G does not contain a loop, and if given any

v, w ∈ V there exists a unique injective path from v to w.
(2) A subgraph that is a tree is called a subtree.
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two trees

two injective paths from v to w

wv

not a tree

Lemma 7.4. (Tree�Basics Lemma)

(1) Any connected non-empty subgraph of a tree is again a tree.
(2) Let G be a graph. Let T = (V,E) be a subtree of G and let {ei}i∈I be a family of

edges of G with the following properties:
(a) The edge ei has two vertices, one vertex ti of ei lies in T and the other vertex vi

does not lie in T .
(b) The vertices vi are distinct.
Then (V ∪

⋃
i∈I
{vi}, E ∪

⋃
i∈I
{ei}) is also a subtree of G.

(3) Let G be a graph. If T1 Ă T2 Ă . . . is a sequence of subtrees of G, then
⋃
i∈N
Ti is also a

subtree of G.

Proof.

(1) This statement follows easily from the de�nitions.
(2) We set W := V ∪

⋃
i∈I
{vi} and F := E ∪

⋃
i∈I
{ei}. We claim that (W,F ) is a subtree.

Since none of the ei's is a loop we see that (W,F ) has no loops. Next let w,w′ ∈ W be
two vertices. We need to show that there exists a unique injective path from w to w′.
There are several cases to distinguish.

First assume that there exist i, j ∈ I with w = vi and w′ = vj. Since (V,E) is a
subtree we know that there exists an injective path in (V,E) from ti to tj. Together
with ei and ej these form an injective path in (W,F ) from w = vi to w′ = vj. We
need to show that this is the unique injective path in (W,F ) from w = vi to w′ = vj.
Thus let f1, . . . , fk be an injective path in (W,F ) from w to w′. It follows from our
hypothesis (a) and (b) that f1 = ei and fk = ej and that f2, . . . , fk−1 is an injective
path which cannot involve any of the other el. Thus it is an injective path in (V,E),
which is unique since T is a subtree. All other cases are treated in a similar fashion.

(3) We leave the proof of this statement as an instructive exercise to the reader. �

De�nition. Let G be an abstract graph. A spanning tree for G is a subtree of G that
contains all vertices of G.

De�nition. Let G be an abstract graph and let G′ be a subgraph.
(1) We say an edge e of G is adjacent to G′ if e does not lie in G′ and if at least one vertex

of e lies in G′.
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spanning tree abstract graph G spanning tree

(2) We saw a vertex v of G is adjacent to G′ if v does not lie in G′ and if v is a vertex of
an edge that is adjacent to G′.
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subgraph G′

vertex adjacent to G′

edge adjacent to G′

Proposition 7.5. (Spanning Tree�Characterization Proposition) Let G be a con-
nected abstract graph and let T Ă G be a tree. The following statements are equivalent:
(1) T is a spanning tree.
(2) T is maximal in the sense that if T is contained in a subtree T ′ of G, then T = T ′.
(3) T does not admit an adjacent vertex.

Proof.
(1)⇒(2). Let T be a spanning tree. We claim that T is maximal. Let H be a subgraph of
G with T Ĺ H. We need to show that H cannot be a tree. Since T contains all vertices
and since T Ĺ H we see that there exists an edge e in H that does not lie in T . If e is a
loop, then we know already that H is not a tree. Thus it remains to consider the case that
e is not a loop. This means that e has two vertices v and w. Since T is connected there
exists an injective path from v to w in T . On the other hand e is an injective path from v
to w in H. Thus we see that there exist two injective paths in H from v to w. Thus H is
not a tree.
(2)⇒(3). Let T = (W,F ) be a subtree of G that admits an adjacent vertex x. We need
to show that T is not a maximal subtree. Let f be an edge such that one vertex is x and
such that the other vertex lies in W . It follows from the Tree�Basics Lemma 7.4 (2) that
(W ∪ {x}, F ∪ {f}) is a subtree of G that contains T .
(3)⇒(1). Let T be a subtree of G. We will show that if T is not a spanning tree, then
T admits an adjacent vertex. Thus suppose that there exists a vertex w that does not lie
in T . Let v be a vertex in T . Since G is connected there exists a path e1, . . . , en from v
to w. By de�nition this means that there exist vertices v = v0, . . . , vn = w such that the
vertices of each ei are vi−1, vi. The �rst vertex that does not lie in T is adjacent to T . �

Proposition 7.6. (Spanning Tree�Existence Proposition) Every connected non-
empty abstract graph admits a spanning tree.

Proof. Let G = (V,E) be a connected non-empty abstract graph. Since G is non-empty
we can pick a vertex v ∈ V . We set T0 := {v} and view T0 as a subtree of G. Now we
construct iteratively a sequence of subtrees T0 Ă T1 Ă . . . as follows: Suppose we have a
subtree Ti = (Vi, Ei). We denote by Wi the set of all vertices of G that are adjacent to Ti.
For each w ∈ Wi we pick an edge ew that is adjacent to Ti and such that w is a vertex of
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ew. We set Vi+1 := Vi ∪Wi and Ei+1 := Ei ∪
⋃

w∈Wi

{ew}. It follows from the Tree�Basics

Lemma 7.4 (2) that Ti+1 is also a tree.
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G

T1 T2T0

We set T :=
⋃
i∈N0

Ti. It follows from the Tree�Basics Lemma 7.4 (3) that T is a tree.

Finally note that it follows easily from the explicit construction of the sequence Ti and
the (3)⇒(1)-Implication of the Spanning Tree�Characterization Proposition 7.5 that T is
a spanning tree. �

7.4. The Euler characteristic.

De�nition. Let G = (V,E) be a �nite abstract graph. The Euler characteristic of G is
de�ned as

χ(G) := #V − #E = number of vertices − number of edges.
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χ = 0 χ = −1Euler characteristic of G
equals χ(G) = 8− 10 = −2

χ = 1

Proposition 7.7. (Tree Characterization Proposition) Let G = (V,E) be a �nite
abstract graph. The following statements are equivalent:
(1) G is a tree.
(2) G is connected and χ(G) = 1.

De�nition. If G = (V,E, i, t) is an abstract graph, then the valence of a vertex v is de�ned
as valence(v) := #{e ∈ E | i(e) = v}+ #{e ∈ E | t(e) = v}.
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valences of the vertices

22

2

34

1 33

2 0

Lemma 7.8. (Tree�Valence One Edge Lemma) Let G = (V,E) be a �nite abstract
graph. If χ(G) = 1 and if G has at least one edge, then G admits at least two vertices of
valence one.

Proof of Lemma 7.8. Let G = (V,E, i, t) be a �nite abstract graph with χ(G) = 1 that
has at least one edge.

(a) Since G has at least one edge and since it is by de�nition connected, we see that the
abstract graph G does not have a vertex of valence 0.
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(b) We calculate that∑
vertex v

valence(v)︸ ︷︷ ︸
≥ 1 by (a)

=
∑

vertex v

(#{e ∈ E | i(e) = v}+ #{e ∈ E | t(e) = v})

= 2 ·# edges = 2 ·#vertices− 2.
↑ ↑

each edge contributes 2 to the sum by hypothesis we have χ(G) = 1

By (a) the equality can only hold if there are at least two vertices with valence one. �

Proof of the Tree Characterization Proposition 7.7. Let G = (V,E) be a �nite ab-
stract graph.
(2)⇒(1). We now assume that G is connected and that χ(G) = 1. We need to show that
G is a tree. We will do so by inducting on the number of edges of G. If G has no edge,
then it follows from χ(G) = 1 that G has one vertex. Clearly this implies that G is a tree.

Now suppose that the statement holds for all graphs with n edges. Let G = (V,E) be
a connected graph with n + 1 edges and with χ(G) = 1. It follows from the Tree�Valence
One Edge Lemma 7.8 that G admits a vertex v of valence one. Let e be the corresponding
edge. Note that G′ = (V \ {v}, E \ {e}) is connected and that

χ(G′) = (#V − 1)− (#E − 1) = #V −#E = χ(G) = 1.

By induction G′ is a tree. But then it follows from the Tree�Basics Lemma 7.4 (2) that G
itself is also a tree.
(1)⇒(2). We suppose that G is a tree. If follows immediately from the de�nition of a tree
that G is connected. We still need to show that χ(G) = 1. We prove this statement by
induction on the number of edges. If there is no edge then it follows from the fact that
trees are non-empty and connected that there is precisely one vertex, thus χ(G) = 1.

Next suppose that the statement holds if we have n edges. Let G be a tree with n+ 1
edges. We pick a vertex v0 ∈ V . Let w ∈ V be a vertex of maximal distance to v0.

Claim. There exists precisely one edge e that has w as a vertex.

Proof. Let e1, . . . , ek be a path of minimal length from v0 to w. Since the path has minimal
length we see that it is injective. Evidently w is a vertex of ek. Suppose there was a second
edge ẽ for which w is a vertex. As we mentioned before, a tree does not contain a loop.
This implies that the edge ẽ has a second vertex besides w. We denote this second vertex
by w̃. Since G is connected and since w has maximal distance from v0 there exists an
injective path f0, . . . , fl from v0 to w̃ of length ≤ k. Thus this path cannot be the path
e1, . . . , ek, ẽ, which has length k + 1.
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f1
ẽ

fl

tree G

w̃

v0
w

We have thus found two di�erent injective paths from v0 to w̃, namely e1, . . . , ek, w̃ and
f1, . . . , fl. But this contradicts the fact that we started out with a tree. �

We can now consider the subgraph G′ that is given by V \ {w} and E \ {e}. One
can easily show that this graph is again connected, thus it follows from the Tree�Basics
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Lemma 7.4 (1) that G′ is a tree. We now see that

χ(G) = #V −#E = (#V − 1)− (#E − 1) = χ(G′) = 1.
↑

by induction hypothesis �
7.5. Quotients of abstract graphs.

De�nition. Let G = (V,E, i, t) be an abstract graph and let H = (W,F ) be a non-empty
subgraph.
(1) We de�ne ∼ to be the equivalence relation generated by v ∼ v′ if v and v′ are both

vertices in H. We denote by ∗ the equivalence class de�ned by the vertices in H.
(2) We denote by π : V → V/∼ the map given by v 7→ [v].
(3) Finally we de�ne the abstract graph

G/H := (V/∼, E \ F, π ◦ i : E \ F → V/∼, π ◦ t : E \ F → V/∼).

We refer to G/H as the quotient of the abstract graph G by the abstract graph H.

Lemma 7.9. (Abstract Graph�Quotient Lemma) Let G = (V,E, i, t) be an abstract
graph and letH = (W,F ) be a non-empty subgraph. We continue with the above notation.
(1) If G is �nite, then we have χ(G/H) = χ(G)− χ(H) + 1.
(2) We consider the map

p : |G| = (V t(E×[0, 1]))/∼ → |G/H| = (V/∼ t((E \ F )× [0, 1]))/∼

[x] 7→

 [∗], if x ∈ |H|,
[π(x)], if x ∈ V,
[(e, t)], if x=(e, t) with e∈E\F and t∈ [0, 1].

The induced map p : |G|/|H| → |G/H| is well-de�ned and it is a homeomorphism.
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Proof.

(1) We calculate that

χ(G/H) = #(V/∼)−#(E\F )=(#V −#W +1)− (#E−#F ) = χ(G)−χ(H)+1.

(2) First note that it follows easily from the Abstract Graph-Topology Lemma 7.1 (3) and
the Topological-Quotient Proposition 6.1 (1b) that the map p : |G|/|H| → |G/H| is
continuous. One can easily verify that the map is a bijection. We refer to [Fri23] for
the proof that the map is actually a homeomorphism. �
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8. Homotopies
8.1. Homotopic maps.

Notation. Let X and Y be two topological spaces and let I Ă R be a subset. Given a
continuous map F : X × I → Y and given t ∈ I we denote by Ft the continuous map

Ft : X → Y
x 7→ F (x, t).

De�nition. Let X and Y be two topological spaces.
(1) Let f0, f1 : X → Y be two continuous maps. A homotopy between the maps f0 and

f1 is a continuous map F : X × [0, 1]→ Y with F0 = f0 and F1 = f1. If there exists a
homotopy between the maps f0 and f1, then we say that f0 and f1 are homotopic and
sometimes we write f0 ' f1. If every Ft is an embedding, then we call F an isotopy.

(2) A continuous map f : X → Y is called null-homotopic if it is homotopic to a constant
map.
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X f1

f0 Y

X×[0, 1] F

Examples.

(1) In the �gure below we show four maps α, β, γ and δ from the circle S1 to the annulus
Y = B2(0) \ B1(0). The maps α and β are homotopic whereas the maps γ and δ look
as if they are not homotopic.
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β δ

γα

the maps γ and δ appear not to be homotopicthe maps α and β are homotopic

(2) Given an orthogonal matrix A ∈ O(n) we denote by ρ(A) the map Sn−1 → Sn−1 that
is given x 7→ A · x.
(a) Let γ : [0, 1]→ SO(n) be a path from some matrix A to some matrix B. The map

Sn−1 × [0, 1] → Sn−1

(x, t) 7→ γ(t) · x
is a homotopy from ρ(A) to ρ(B).

(b) Let A ∈ O(n). If det(A) = 1, i.e. if A ∈ SO(n), then the Matrix Group-π0-Pro-
position 2.23 (3) provides us with a path γ : [0, 1] → SO(n) from γ(0) = A to
γ(1) = id. It follows from (a) that ρ(A) : Sn−1 → Sn−1 is homotopic to the identity.
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Lemma 8.1. (Convex Homotopy Lemma) Let X be a topological space. Given any
two continuous maps f0, f1 : X → Y to a convex subset Y Ă Rn the map

F : X × [0, 1] → Y
(x, t) 7→ f0(x) · (1− t) + f1(x) · t︸ ︷︷ ︸

∈ Y since Y is convex

is a homotopy between f0 and f1.

Proof. Basically by de�nition we have F0 = f0 and F1 = f1. The map F can be written
as the composition of the following two maps:

X × [0, 1]
(x,t)7→(f0(x),f1(x),t)−−−−−−−−−−−−→ Rn × Rn × [0, 1]

(x,y,t) 7→(x·(1−t)+y·t)−−−−−−−−−−−−−→ Rn.

It follows from the Topological-Product Proposition 5.1 (1) that the map to the left is
continuous. As in the proof of the Torus Embedding Lemma 5.5 we see that the map to
the right is continuous. �

De�nition. Let X and Y be topological spaces and let A Ă X be a subset.
(1) We say a continuous map F : X × [0, 1]→ Y is a homotopy rel A if for all a ∈ A and

s, t ∈ [0, 1] we have F (a, s) = F (a, t).
(2) We say that two continuous maps f, g : X → Y with f |A = g|A are homotopic rel A if

there exists a homotopy F rel A with F0 = f and F1 = g.

Examples. Let f, g : [a, b] → Y = R2 \ B1(0) be the two maps from an interval to the
topological space Y that are shown in the �gure below. Note that f(a) = g(a) and f(b) =
g(b). One can easily show that any two continuous maps from an interval to a path-
connected space are homotopic. On other hand it looks rather unlikely that the two maps
are homotopic rel {a, b}, i.e. it does not look like we can deform f into g while keeping the
endpoints of the interval �xed.
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Y = R2 \B1(0)f

gba

Lemma 8.2. (Homotopy Combination Lemma) Let X and Z be topological spaces.
Let A Ă X be a (possibly empty) subset of X and let G,H : X × [0, 1] → Z be two
homotopies rel A. If G1 = H0, then the map

G ∗H : X × [0, 1] → Z

(x, t) 7→
{
G(x, 2t), if t ∈ [0, 1

2
],

H(x, 2t− 1), if t ∈ [1
2
, 1].

is a homotopy rel A from G0 to H1.

Proof. It follows from the Pasting Proposition 2.4 (2) together with the Product Topology-
Basics Lemma 5.3 (1a) that the map is continuous. �

Lemma 8.3. (Homotopy-Equivalence Relation Lemma) LetX and Y be topological
spaces. Then �homotopy of maps� forms an equivalence relation on the set of continuous
maps from X to Y .
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Proof. We have to show that �homotopy� satis�es the three properties of an equivalence
relation. In the following let f, g, h : X → Y be three continuous maps.

(1) The �constant homotopy� given by F (x, t) := f(x) is a homotopy between f and f .
(2) Let F be a homotopy from f to g. Then it is clear that the map F ′ that is de�ned by

F ′(x, t) := F (x, 1− t) is a homotopy from g to f .
(3) Let F be a homotopy from f to g and let G be a homotopy from g to h. We consider

the map
F ∗G : X × [0, 1] → Y

(x, t) 7→
{
F (x, 2t), if t ∈

[
0, 1

2

]
,

G(x, 2t− 1), if t ∈
(

1
2
, 1
]
.

By the Homotopy Combination Lemma 8.2 (2) this is a homotopy from f to h. �

Lemma 8.4. (Homotopy Composition Lemma)

(1) Let f, f ′ : X → Y , let α : W → X and β : Y → Z be continuous map between
topological spaces. Furthermore letA Ă X be a (possibly empty) subset. The following
conclusion holds:

f is homotopic to f ′ rel A =⇒ f ◦ α is homotopic to f ′ ◦ α rel α−1(A)
f is homotopic to f ′ rel A =⇒ β ◦ f is homotopic to β ◦ f ′ rel A

(2) Let X, Y and Z be topological spaces and let A Ă X and B Ă Y be subsets. We
suppose that f, f ′ : X → Y and g, g′ : Y → Z are continuous maps such that f and f ′

are homotopic rel A and such that g and g′ are homotopic rel B. If f(A) = f ′(A) Ă B,
then g ◦ f is homotopic to g′ ◦ f ′ rel A.

Proof.

(1) This statement is basically obvious, we just need to precompose and postcompose a
homotopy H : X × [0, 1] → Y between f and g by α × id[0,1] : W × [0, 1] → X × [0, 1]
respectively by β : Y → Z.

(2) Note that: g ◦ f ' g′ ◦ f ' g′ ◦ f ′.
↑ ↑

both follow from (1)

Furthermore one can easily verify that the �rel� business also works out. �

8.2. Homotopies on quotients.

Theorem 8.5. (Homotopy Quotient Theorem) Let X and Y be topological spaces.
Furthermore let ∼X be an equivalence relation on X and let ∼Y be an equivalence relation
on Y . If F : X× [0, 1]→ Y is a homotopy such that F (x, t) ∼Y F (x′, t) whenever x ∼X x′,
then the map ϕ : (X/∼X)× [0, 1] → Y/∼Y

([x], t) 7→ [F (x, t)]

is continuous.

Example. Let n ∈ N and let ϕ : [0, 1]→ GL(n,R) be a continuous map. The map

F : (Rn \ {0})× [0, 1] → Rn \ {0}
(P, t) 7→ ϕ(t) · P
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is continuous. Next recall that RPn−1 = (Rn\{0})/(R\{0}). It follows from the Homotopy
Quotient Theorem 8.5 that the map

RPn−1 × [0, 1] → RPn−1

([P ], t) 7→ [ϕ(t) · P ]

is continuous.

Proof of Theorem 8.5. The result is called a theorem, since the proof is indeed rather
tricky. We refer to [Fri23] for details. �
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9. Homotopy equivalences and homotopy equivalent topological spaces

9.1. Deformation retractions.

De�nition. Let X be a topological space. We say a subset A Ă X is a retract of X if
there exists a retraction r : X → A, i.e. a continuous map with r(a) = a for all a ∈ A.
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retraction r from X to A

De�nition. Let X be a topological space and let A be a subset.
(1) A deformation retraction from X to A is a homotopy F : X × [0, 1] → X which has

the following three properties:
(a) F0 = idX ,
(b) F is a homotopy rel A, i.e. for all a ∈ A and all t ∈ [0, 1] we have F (a, t) = a,
(c) F1(X) = A.

(2) We say A is a deformation retract of X if there exists a deformation retraction from
X to A.

Examples. Let n ∈ N.
(1) The map (Rn \ {0})× [0, 1] → Rn \ {0}

(v, t) 7→ v · (1− t+ t · 1
‖v‖)

is a deformation retraction from Rn \ {0} to the sphere Sn−1.
(2) We leave it to the reader to prove the following two facts:

(a) The hemisphere Sn−1
≤0 is a deformation retract of B

n
.

(b) Given any three non-collinear points A,B,C ∈ Rn the triangle ∆ABC admits a
deformation retraction to the union of any two sides of the triangle.
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C

(3) If F : X × [0, 1]→ X is a deformation retraction from X to A, then F1 : X → A is by
de�nition a retraction from X to A. But not every retract is a deformation retract.
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X
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A is a retract of X
if it was a deformation retract, any point x ∈ X
would be connected to A via the path R(x, t)

Proposition 9.1. (Matrix Groups Deformation Retract Proposition) Let n ∈ N0.
There exists a deformation retraction

R : GL(n,R)× [0, 1] → GL(n,R)

from GL(n,R) to O(n) such that R1 : GL(n,R) → O(n) is the map given by the Gram-
Schmidt Orthonormalization Process 0.12. The analogous statement holds if we replace
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the pair GL(n,R) and O(n) by one of the following four pairs:

(a) GL+(n,R) and SO(n)
(b) SL(n,R) and SO(n)
(c) GL(n,C) and U(n)
(d) SL(n,C) and SU(n).

Proof of Proposition 9.1. For i = 1, . . . , n we consider the following subspaces of GL(n,R):

X(i) := {(v1 . . . vn) ∈ GL(n,R) | v1, . . . , vi−1 are orthonormal and vi ⊥ v1, . . . , vi−1}
Y (i) := {(v1 . . . vn) ∈ GL(n,R) | v1, . . . , vi are orthonormal}.

In the proof of the Matrix Group Path-Component Proposition 2.23, we implicitly already
showed that the 2k steps of the Gram-Schmidt Orthogonalization Process de�ne deforma-
tion retractions from X(i) to Y (i) and Y (i) to X(i+ 1). Since Y (1) = GL(n,R) and since
Y (n) = O(n) we can combine these 2k− 1 deformation retractions to obtain a deformation
retraction

R : GL(n,R)× [0, 1] → GL(n,R)

from GL(n,R) to O(n). Furthermore note that it follows from the Gram-Schmidt Or-
thonormalization Process 0.12 (2) and (3) that this deformation retraction R restricts to a
deformation retraction from GL+(n,R) to SO(n) and from SL(n,R) to SO(n).

Finally note that the complex cases are treated in a very similar fashion. �

Theorem 9.2. (Deformation Retraction-Quotient Theorem) Let X be a topolog-
ical space and let A Ă X be a subset.
(1) Let �∼� be an equivalence relation on X and let R : X × [0, 1]→ X be a deformation

retraction from X to A. If �∼� is compatible with the deformation retraction R in the
sense that R(x, t) ∼ R(x′, t) whenever x ∼ x′, then the map

R : (X/∼)× [0, 1] → X/∼
([x], t) 7→ [R(x, t)]

is a deformation retraction from X/∼ to A/∼.
(2) Let X be a topological space and let A be a subset of X. If A is a deformation retract

of X, then the point A/A is a deformation retract of X/A.

Proof.

(1) It follows from the Homotopy Quotient Theorem 8.5 that R is continuous. It is now
clear that R is a deformation retraction from X/∼ to A/∼.

(2) Let r : X × [0, 1] → X be a deformation retraction from X to A. We consider the
equivalence relation �∼A� on X that is generated by the condition that all points in A
are equivalent. Note that by de�nition of a deformation retraction the homotopy r is
compatible with the equivalence relation �∼A�. Therefore it follows from (1) that the
map (X/∼A)× [0, 1] → X/∼A

([x], t) 7→ [r(x, t)].

is a deformation retraction from X/∼A = X/A to A/∼A = A/A. �

Example. We consider X = [0, 2]× [−1, 1] together with the equivalence relation �∼� that
is generated by (0, y) ∼ (2,−y) for all y ∈ [−1, 1].
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It is straightforward to see that X/∼ is homeomorphic to the Möbius band as de�ned on
page 81. We consider the maps

F : X × [0, 1] → X
((x, y), t) 7→ (x, y · (1− t)) and

F : (X/∼)× [0, 1] → X/∼
([(x, y)], t) 7→ [(x, y · (1− t))].

Note that F is a deformation retraction from X to C := [0, 2] × {0}. One can easily
verify that F is compatible with the equivalence relation �∼�. Thus we obtain from the
Deformation Retraction-Quotient Theorem 9.2 (1) that F is a deformation retraction from
the Möbius band to C/∼. Note that C/∼ is homeomorphic to S1.
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9.2. Homotopy equivalent topological spaces.

De�nition. Let X be and Y be topological spaces.
(1) A continuous f : X → Y is a homotopy equivalence between X and Y , if f admits a

homotopy inverse, i.e. a continuous map g : Y → X with g ◦ f ' idX and f ◦ g ' idY .
(2) If there exists a homotopy equivalence between X and Y , then we say that X and Y

are homotopy equivalent.

Example.

(1) Basically by de�nition a homeomorphism is a homotopy equivalence.
(2) In the �gure we see two subspaces X and Y of R2 and we indicate continuous maps

f : X → Y and g : Y → X. With some e�ort one can show that g ◦ f ' idX and
f ◦ g ' idY . Thus f and g are homotopy equivalences and X and Y are homotopy
equivalent.
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Lemma 9.3. (Deformation Retract�Homotopy Equivalence Lemma) Let X be a
topological space and let A be a subset. If F : X × [0, 1]→ A is a deformation retraction
from X to A, then the inclusion map

i : A → X
a 7→ a

and the map
r : X → A

x 7→ F (x, 1)

are homotopy inverses of one another. In particular both maps are homotopy equivalences
and in particular the deformation retract A is homotopy equivalent to the total space X.

Proof. By de�nition of a deformation retraction the map r ◦ i = F1 ◦ i : A → A is the
identity idA. Thus it remains to show that i ◦ r : X → X is homotopic to the identity idX .
A homotopy between idX and i ◦ r is given by F : X × [0, 1]→ X. �
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9.3. The homotopy category.

De�nition. Given two topological spaces X and Y we set

[X, Y ] := {continuous maps X → Y }/∼
where f ∼ g if there exists a homotopy between f and g.

De�nition. We de�ne the homotopy category HomTop of topological spaces by

Ob(HomTop) := all topological spaces,
Mor(X, Y ) := [X, Y ]

with the composition Mor(X, Y )×Mor(Y, Z) → Mor(X,Z)
([f ], [g]) 7→ [g ◦ f ].

Lemma 9.4. (Homotopy Equivalence-Reformulation Lemma) Let f : X → Y be
a continuous map between topological spaces. The following statements are equivalent:
(1) The element [f ] ∈ MorHomTop(X, Y ) is an isomorphism in the homotopy category

HomTop.
(2) f is a homotopy equivalence.

Proof. This lemma is basically a tautology, it follows immediately from the de�nitions. �

Lemma 9.5. (Homotopy-Equivalence Basics Lemma)

(1) The relation �homotopy equivalence� is an equivalence relation on the class of all
topological spaces.

(2) Let f, g : X → Y be two continuous maps between topological spaces. If f is a
homotopy equivalence and if g is homotopic to f , then g is also a homotopy equivalence.

Proof. All the statements follow easily from the Homotopy Equivalence-Reformulation
Lemma 9.4 and the Isomorphism Lemma 3.3. �

Lemma 9.6. (Homotopy-π0-Lemma)

(1) The maps X 7→ π0(X)
[f : X → Y ] 7→ [f∗ : π0(X)→ π0(Y )]

form a covariant functor from the homotopy category to the category of sets.
(2) Let f : X → Y be a continuous map between topological spaces. If f is a homotopy

equivalence, then f induces a bijection f∗ : π0(X)→ π0(Y ).

Proof.

(1) We only really need to show that the functor is well-de�ned. More precisely, we need to
show that if f0, f1 : X → Y are homotopic, then f0∗ = f1∗ : π0(X)→ π0(Y ). Thus let C
be a path-component of X and let D be the unique path-component of Y that contains
f0(C). Since f0 and f1 are homotopic we see that for every x ∈ X the points f0(x) and
f1(x) are path-equivalent in Y . But that means, by de�nition of a path-component as
a path-equivalence class, that f1(C) Ă D. This implies that f1∗(C) = D = f0∗(C).

(2) This statement follows from (1), the Homotopy Equivalence-Reformulation Lemma 9.4
and the fact that functors send isomorphisms to isomorphisms. �
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9.4. Contractible topological spaces.

De�nition. Let X be a topological space. We say X is contractible, if X is homotopy
equivalent to a topological space which consists of precisely one point.

Lemma 9.7. (Point Deformation Retract Lemma) If a topological space X admits
a deformation retraction to a point x0 ∈ X, then X is homotopy equivalent to {x0}, in
particular X is contractible.

Proof. This lemma is just a special case of the Deformation Retract�Homotopy Equiva-
lence Lemma 9.3. �

Example. We say a subset X of Rn is star-shaped if there exists a point x0 ∈ X such that
for every x ∈ X the segment from x0 to x lies in X. Basically by the same argument as in
the Convex Homotopy Lemma 8.1 we see that the map

f : X × [0, 1] → X
(x, t) 7→ x · (1− t) + x0 · t︸ ︷︷ ︸

∈ X, since X is star-shaped

is deformation retraction from X to the point x0. It follows from the Point Deformation
Retract Lemma 9.7 that X is contractible.
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X is star-shaped

x0 · (1− t) + x · tx0

x

Lemma 9.8. (Zigzag Comb-Lemma) The �in�nite zigzag comb� shown in the �gure
below is contractible, but it does not admit a deformation retraction to a single point.
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one vertical segment for
each rational number in [0, 1]

10

the in�nite zigzag comb

Proof. We leave it to the reader to provide the proof. �





Part II

Fundamental groups and higher homotopy

groups



10. How can we show that two topological spaces are (not)
homeomorphic?

This chatty chapter is only contained in the full lecture notes.
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11. The fundamental group
11.1. Path-homotopy.

De�nition. Let X be a topological space.
(1) We de�ne a path in X as a continuous map γ : [a, b] → X. We call γ(a) the starting

point of γ and we call γ(b) the endpoint of γ. Often we say that γ is a path from γ(a)
to γ(b).

(2) A loop is a path for which the starting point and the endpoint coincide.
(3) Given a path γ : [a, b] → X we refer to the path γ : [a, b] → X that is de�ned by

γ(t) = γ(b+ a− t) as the inverse path of γ.

De�nition. Let X be a topological space.
(1) Let γ0, γ1 : [a, b] → X be two paths with the same starting point P and the same

endpoint Q. A path-homotopy between the paths γ0 and γ1 is a homotopy rel {a, b}
between γ0 and γ1.

(2) If there exists a path-homotopy between two paths γ0 and γ1, then we say that γ0 and
γ1 are path-homotopic, and we write γ0 'p γ1.

(3) We say a loop γ : [a, b]→ X is null-homotopic, if it is path-homotopic to the constant
path δ given by δ(t) := γ(a) for all t ∈ [a, b].

���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������

���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������
���������������������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������
���������������������

������
������
������

������
������
������

����

�
�
�
�X

P
Q

path-homotopy Γ

γ1(t) = Γ(t, 1)

γ0(t) = Γ(t, 0)

[a, b]×[0, 1]

Example. Let C be a convex subset of Rn and let γ0, γ1 : [a, b] → C be two paths in C
with same starting point and the same endpoint. As in the Convex Homotopy Lemma 8.1
we see that Γ: [a, b]× [0, 1] → C

(t, s) 7→ γ0(t) · (1− s) + γ1(t) · s︸ ︷︷ ︸
∈ C, since C is convex

is a path-homotopy between γ0 and γ1.

De�nition. Let γ : [a, b]→ X be a path in a topological space X and let ϕ : [a, b]→ [a, b]
be a continuous map with ϕ(a) = a and ϕ(b) = b. We refer to γ ◦ ϕ : [a, b] → X as a
reparametrization of γ.

Lemma 11.1. (Reparametrization-Homotopy Lemma) Let γ : [a, b]→ X be a path
in a topological space X. If a path δ : [a, b]→ X is obtained from γ by a reparametrization,
then γ and δ are path-homotopic.

Proof. A path-homotopy between γ and γ ◦ ϕ is given by

P : [a, b]× [0, 1] → X
(t, s) 7→ γ(t · s+ ϕ(t) · (1− s)). �
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Lemma 11.2. (Path-Homotopy�Equivalence Relation Lemma) Let X be a topo-
logical space and let x, y ∈ X. Then �path-homotopy� is an equivalence relation on the
set of paths γ : [a, b]→ X from x to y.

Proof. This lemma is just the special case of the Homotopy-Equivalence Relation Lem-
ma 8.3 with X = [a, b] and A = {a, b}. �

De�nition. Given a path f : [a, b] → X in a topological space X we denote by [f ] the
equivalence class of f with respect to the equivalence relation which is given by path-
homotopies. We call [f ] the path-homotopy class of f .

De�nition. Let X be a topological space and let α : [a, b]→ X and β : [c, d]→ X be two
paths with α(b) = β(c). We de�ne the concatenation of α and β as the path α ∗ β which
is given by

α ∗ β : [0, 1] → X

t 7→
{
α(a+ 2t(b− a)), if t ∈

[
0, 1

2

]
β(c+ (2t− 1)(d− c)), if t ∈

(
1
2
, 1
]
.

��
��
��
��

��
��
��
��

���
���
���
���

��
��
��
��
��

��
��
��
��
��

βα

α ∗ β

Lemma 11.3. (Path-Homotopy�Concatenation Lemma) Let X be a topological
space. Let α, α′ : [a, b]→ X and β, β′ : [c, d]→ X be paths with α(b)=α′(b)=β(c)=β′(c).
Then

α 'p α
′ and β 'p β

′ =⇒ α ∗ β 'p α
′ ∗ β′.

Proof. We leave it to the reader to provide the fairly elementary proof. �

De�nition. Let [α] and [β] be two equivalence classes of paths in a topological space X
with α(1) = β(0). We de�ne the product of the equivalence classes [α] and [β] as

[α] · [β] := [α ∗ β].

Proposition 11.4. (Path-Homotopy Product Proposition) Let X be a topological
space. Given any three paths α, β, γ : [0, 1]→ X the following hold:
(1) If α(1) = β(0) and β(1) = γ(0), then

[α] · ([β] · [γ]) = ([α] · [β]) · [γ].

(2) For x ∈ X let ex be the constant path that is given by ex(t) := x. The following
equality holds: [eα(0)] · [α] = [α] = [α] · [eα(1)].

(3) We denote by α the inverse path. Then the following equalities hold:

[α] · [α] = [eα(0)] and [α] · [α] = [eα(1)].

Proof. Let α, β, γ : [0, 1]→ X be three paths in a topological space X.

(1) Suppose that α(1) = β(0) and β(1) = γ(0). It follows easily from the Reparametrization-
Homotopy Lemma 11.1 that α ∗ (β ∗ γ) 'p (α ∗ β) ∗ γ.

(2) Again this statement follows easily from the Reparametrization-Homotopy Lemma 11.1.
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(3) We write P = α(0). Note that α ∗ α is a loop in P . We consider the map

F : [0, 1]× [0, 1] → X

(t, s) 7→
{

α(2t · s), if t ∈ [0, 1
2
],

α(2s− 2t · s), if t ∈ [1
2
, 1].

It follows from the Homotopy Combination Lemma 8.2 (1) that this map is indeed
continuous. For s = 0 we obtain the constant path at P and for s = 1 we obtain the path
α ∗α. For any s ∈ [0, 1] we furthermore have F (0, s) = F (1, s) = P . Thus F is a path-
homotopy from the constant path to α ∗α. This implies that [eα(0)] = [α ∗α] = [α] · [α].
Almost the same argument shows that [α ∗ α] = [eα(1)]. �
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intermediate path of the
path-homotopy for s = 1

2

α ∗ αα

P

11.2. The fundamental group of a pointed topological space.

De�nition. Let X be a topological space and let x0 ∈ X be a point. A loop in (X, x0) is
a path f : [0, 1]→ X with f(0) = f(1) = x0.

Proposition 11.5. (π1�Group Proposition) Let X be a topological space and x0 ∈ X.
The set

π1(X, x0) := {path-homotopy classes of loops in (X, x0)}
together with the product map [α] · [β] := [α ∗β] forms a group where the neutral element
is represented by the constant path at x0 and where the inverse of [γ] is given by [γ].

Proof. It is clear that the concatenation of any two loops in (X, x0) is de�ned. According
to the Path-Homotopy�Concatenation Lemma 11.3 the concatenation of paths descends to
a well-de�ned map π1(X, x0)× π1(X, x0) → π1(X, x0)

([α], [β]) 7→ [α] · [β] := [α ∗ β].

The Path-Homotopy Product Proposition 11.4 (1)�(3) gives us the following:

(1) The above product map satis�es the associativity axiom.
(2) The path-homotopy class of the constant loop [ex0 ] is a neutral element.
(3) The inverse of the path-homotopy class of a loop γ : [0, 1] → X in x0 is given by the

path-homotopy class of the inverse loop de�ned by γ(t) := γ(1− t), t ∈ [0, 1]. �

De�nition. Let (X, x0) be a pointed topological space. We call

π1(X, x0) := {path-homotopy classes of loops in (X, x0)}
the fundamental group of X with respect to the base point x0. If π1(X, x0) is the trivial
group, then we usually write π1(X, x0) = 0.

Example. We say that a subset X Ă Rn is star-shaped with respect to x0 ∈ X if for all
y ∈ X the segment {x0 · (1 − t) + y · t | t ∈ [0, 1]} lies in X. If γ : [0, 1] → Rn is a loop in
(X, x0), then F : [0, 1]× [0, 1] → X

(t, s) 7→ γ(t) · (1− s) + x0 · s
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is a path-homotopy in X between the loop γ and the constant loop ex0 . Thus it follows
that π1(X, x0) = 0.
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star-shaped subset of R2
x0

11.3. Change of base points.

Proposition 11.6. (Change-of-Base Point Proposition) LetX be a topological space,
let x0 and x1 be two points in X and let p : [0, 1]→ X be a path from x0 to x1. The map

p∗ : π1(X, x1) → π1(X, x0)
[γ] 7→ [ p ∗ γ ∗ p ]

is well-de�ned and it is a group isomorphism.
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p∗([γ]) := [ p ∗ γ ∗ p ]

γ

x0 x1

Proof. LetX be a topological space and let x0 and x1 be two points inX that are connected
via a path p : [0, 1] → X from x0 to x1. Let γ be a loop in (X, x1). Then p ∗ γ ∗ p is
evidently a loop in (X, x0). From the Path-Homotopy�Concatenation Lemma 11.3 and the
Path-Homotopy Product Proposition 11.4 it follows that the path-homotopy class of p∗γ∗p
depends only on the choice of the path-homotopy class of γ, i.e. the map

Φ: π1(X, x1) → π1(X, x0)
[γ] 7→ [ p ∗ γ ∗ p ]

is well-de�ned. Furthermore for two loops γ, δ in (X, x1) we have

Φ([γ]) · Φ([δ]) = [ p ∗ γ ∗ p ] · [ p ∗ δ ∗ p ] = [ p ∗ γ ∗ p ∗ p ∗ δ ∗ p]
= [p ∗ γ ∗ ex1 ∗ δ ∗ p ] = [ p ∗ (γ ∗ δ) ∗ p ] = Φ([γ ∗ δ]) = Φ([γ] · [δ]).
↑ ↑

the two statements follow from the Path-Homotopy Concatenation Proposition 11.4 (3) and (2)
together with the Path-Homotopy�Concatenation Lemma 11.3

Thus we have shown that Φ is a group homomorphism. Furthermore Φ is even a group
isomorphism, since an inverse map is given by

Ψ: π1(X, x0) → π1(X, x1)
[δ] 7→ [p ∗ δ ∗ p]. �

Corollary 11.7. (Base Point Independence Corollary) Let X be a topological space
and let x0, x1 ∈ X. If X is path-connected, then the groups π1(X, x0) and π1(X, x1) are
isomorphic.

Proof. This statement follows easily from the Change-of-Base Point Proposition 11.6. �

De�nition. Let X be a path-connected non-empty topological space.
(1) We denote by π1(X) the isomorphism type of the fundamental group.
(2) If π1(X) = 0, then we say that X is simply connected.
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Lemma 11.8. (Paths-in-Simply Connected Space Lemma) Let X be a topological
space and let P,Q be two points in X. If X is simply connected, then any two paths
α, β : [0, 1]→ X from P to Q are path-homotopic.

Proof. We leave the proof as an exercise to the reader. �

11.4. The fundamental group of the circle.

Theorem 11.13. (Circle-π1-Theorem) The map

Ψ: Z → π1(S1, 1)

n 7→
[

[0, 1] → S1

t 7→ exp(2π i · n · t)

]
is an isomorphism of groups.

Lemma 11.9. (Lebesgue Lemma)

(1) Let K Ă Rn be a compact subset and let {Ui}i∈I be an open cover of K. There exists
a δ > 0 such that for every subset A of K with diameter diam(A) < δ there exists an
i ∈ I with A Ă Ui.

(2) Let f : [0, 1]m → X be a continuous map from the cube [0, 1]m to a topological space X
and let {Vi}i∈I be an open cover of X. Then there exists an N ∈ N such that for any
a1, . . . , am ∈ {0, . . . , N − 1} there exists an i ∈ I such that

f
([a1

N ,
a1+1
N

]
× · · · ×

[am
N , am+1

N

])
Ă Vi.
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Vi
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f f

[0, 1]2 each square gets sent into some Vi

Proof. We proved Statement (1) in Analysis III. Statement (2) is a straightforward con-
sequence of Statement (1). Full details can also be found in [Fri23]. �

De�nition.

(1) We work with the map Ξ: R → S1

t 7→ exp( i · t).
(2) Let W be a topological space and let f : W → S1 be a continuous map. A lift of f is

a continuous map f̃ : W → R such that Ξ ◦ f̃ = f , in other words, such that for all
w ∈ W we have f(w) = exp

(
i · f̃(w)

)
.

S1

W
t 7→exp( i · t)

f

lift f̃

R
Ξ
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Example. For n ∈ Z we consider the map f : [0, 1] → S1 with f(t) := exp(2π i · n · t). A
lift of f is given by the map

f̃ : [0, 1] → R
t 7→ 2π · n · t.

This lift is not unique though since we can �shift� the lift by any k · 2π with k ∈ Z.

Lemma 11.10. (Lift Uniqueness Lemma) Let W be a connected topological space,
let f : W → S1 be a continuous map and let ϕ̃, ψ̃ : W → R be two lifts of f . If ϕ̃ and ψ̃
agree at some point w0 ∈ W , then they agree everywhere.

Proof. We consider the map θ : W → R
w 7→ θ(w) := ϕ̃(w)− ψ̃(w).

By hypothesis we have θ(w0) = 0. Next note that for each w ∈ W we have

exp
(

i · (ϕ̃(w)− ψ̃(w))
)︸ ︷︷ ︸

=exp(i·θ(w))=Ξ(θ(w))

= exp
(

i · ϕ̃(w)
)
· exp

(
i · ψ̃(w)

)−1
= f(w) · f(w)−1 = 1.
↑

since ϕ̃, ψ̃ : W → R are lifts of f

This shows that the continuous map s 7→ θ(w) := ϕ̃(w)− ψ̃(w) takes values in the discrete
subspace 2π · Z = Ξ−1(1) Ă R. Since W is connected it follows from the Connected-to-
Discrete Lemma 2.18 that the map θ is constant. Since the map θ vanishes at w0 we see
that it is zero everywhere. This implies that ϕ̃ = ψ̃. �

Lemma 11.11. (Lift-Extension Lemma) Let X be a topological space. We suppose
that we have a decomposition X = A ∪ B such that A and B are closed subsets. Let
f : X → S1 be a continuous map and let f̃ : A→ R be a lift of f |A. We suppose that the
following statements hold:
(1) There exists a P ∈ S1 with f(B) Ă S1 \ {P}.
(2) The intersection A ∩B is connected and non-empty.

Then there exists a lift f̃ : X → R of f that agrees with the given lift on A.

Proof. We start with a few preparations:

(1) We pick x0 ∈ A ∩B and we pick s ∈ R with Ξ(s) = P .
(2) Since f(x0) ∈ f(A ∩B) Ă f(B) Ă S1 \ {P} and since f̃ : A→ R is a lift of f : A→ S1

we see that f̃(x0) 6∈ Ξ−1(P ).
(3) It follows from (2) that there exists anm ∈ Z such that f̃(x0) ∈ (s+m·2π, s+m·2π+2π).
(4) One can easily verify that the restriction of Ξ to (s+m ·2π, s+m ·2π+2π)→ S1 \{P}

is a homeomorphism. We denote by Ψ the inverse.

We set f̃ : X → R

x 7→
{
f̃(x), if x ∈ A,
Ψ(f(x)︸ ︷︷ ︸
∈S1\{P}

), if x ∈ B.

Note that on A ∩ B we have a priori two di�erent de�nitions of f̃ . But both de�nitions
are lifts of f |A∩B and by design they agree on x0. By hypothesis the intersection A ∩ B
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s+ 2π

B

partial lift f̃

x0

Ψ

Ξ

f̃(x0)

f

f(B)

A

s

S−1 \ {P}

f(x0)

is connected. Thus we obtain from the Lift Uniqueness Lemma 11.10 that the two maps
actually agree on the overlap A ∩B. This shows that f̃ : X → R is well-de�ned.

Next note that since A and B are closed it follows from the Pasting Proposition 2.4
that this map f̃ : X → R is continuous. It is now clear that it is a lift of f : X → R. �

Lemma 11.12. (Lift-from-S1-to-R Lemma) Given any continuous map f : [0, 1]→ S1

and given any ỹ0 ∈ R with f(0) = exp( i·ỹ0) =: Ξ(ỹ0) there exists a unique lift f̃ : [0, 1]→ R
of f with f̃(0) = ỹ0.

Proof of Lemma 11.12. The uniqueness statement follows immediately from the Lift
Uniqueness Lemma 11.10. Thus it remains to show existence. We set V±1 := S1 \ {±1}.
By the Lebesgue Lemma 11.9 there exists an N ∈ N such that for every i ∈ {0, . . . , N − 1}
the image f([ i

N
, i+1
N

]) is contained in V−1 or V+1. It remains to prove the following claim.

Claim. For each i ∈ {0, . . . , N} there exists a lift f̃ : [0, i
N

]→ R of f with f̃(0) = ỹ0.

f̃ Ξ

f

0

ỹ0

1
N

1

V−1

V+1

2
N

each intervall gets sent into V−1 or V+1

Proof. For i = 0 we just set f̃(0) := ỹ0. Now suppose that we have already de�ned f̃ on
some interval [0, i

N
] with i < N . Note that by construction there exists an ε ∈ {±1} with

f([ i
N
, i+1
N

]) ∈ Vε = S1 \ {ε}. Thus it follows from the Lift-Extension Lemma 11.11 that we

can extend the lift f̃ to the interval [0, i+1
N

]. �

Theorem 11.13. (Circle-π1-Theorem) Let z0 = exp(2π i · t0) ∈ S1. Given any contin-
uous map γ : [0, 1] → S1 with γ(0) = z0 we denote by γ̃ : [0, 1] → R the unique lift with
γ̃(0) = t0 ∈ R. The maps

Ψ: Z → π1(S1, z0)

n 7→
[

[0, 1] → S1

t 7→ z0 ·exp(2π i ·n·t)

]
and

Θ: π1(S1, z0) → Z
[γ : [0, 1]→ S1] 7→ 1

2π
·(γ̃(1)− γ̃(0))

are well-de�ned, they are isomorphisms and they are inverses of one another.

Proof. To simplify the notation we only consider the case that z0 = 1 and t0 = 0. The
following claim shows that Θ: π1(S1, 1)→ Z is well-de�ned.

Claim 1. Let α, β : [0, 1] → S1 be two loops in (S1, 1). If α and β are path-homotopic,
then α̃(1) = β̃(1) ∈ R.
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Proof. Let F : [0, 1] × [0, 1] → S1 be a path-homotopy between α and β. First we want
to show that F lifts to a map [0, 1]× [0, 1] → R. As in the proof of the Lift-from-S1-to-R
Lemma 11.12 we set V±1 := S1\{±1}. By the Lebesgue Lemma 11.9 there exists an N ∈ N
such that for any i, j ∈ {0, . . . , N − 1} there exists an ε ∈ {±1} with

f
([ i
N
, i+ 1

N

]
×
[ j
N
, j + 1

N

])
Ă Vε.

The same way as we lifted the map [0, 1] → S1 to R by lifting the map �intervall-by-
intervall� starting from the left, we now lift the map F : [0, 1]2 → S1 to R by lifting the
map �square-by-square� starting from the �bottom left�. We leave it to the reader to �ll in
the details.

[0, 1]2 F̃
Ξ987

6
F

1 2 3

4 5 1

0 2π 4π

Finally note that the fact that F is a path-homotopy means that F (1, t) = 1 for all t ∈ [0, 1].
This in turn implies that F̃ (1, t) ∈ 2π · Z for all t ∈ [0, 1]. It follows from the Connected-
to-Discrete Lemma 2.18 the map t 7→ F̃ (1, t) is constant. Therefore we have shown that
α̃(1) = F̃ (1, 0) = F̃ (1, 1) = β̃(1). �

Next note that it follows almost immediately from the de�nitions that Ψ: Z→ π1(S1, 1)
is a homomorphism. Furthermore note that it follows easily from the de�nitions that
Θ ◦Ψ: Z→ Z is the identity. Thus it remains to prove the following claim.

Claim 2. The map Θ: π1(S1, 1)→ Z is a bijection.

Proof. Since Θ◦Ψ = idZ we see that Θ is surjective. It remains to show that Θ is injective.
So suppose we are given [α], [β] ∈ π1(S1, 1) with Θ([α]) = Θ([β]), i.e. with α̃(1) = β̃(1).
Note that the maps α̃, β̃ : [0, 1] → R have the same starting point and the same endpoint
in R. Since R is convex we see, as in the Convex Homotopy Lemma 8.1, that

F : [0, 1]× [0, 1] → R
(t, s) 7→ α̃(t) · (1− s) + β̃(t) · s

is a path-homotopy in R between α̃ and β̃. But this implies that

Ξ ◦ F : [0, 1]× [0, 1] → S1

(t, s) 7→ Ξ(α̃(t) · (1− s) + β̃(t) · s)

is a path-homotopy in S1 between α = Ξ◦ α̃ and β = Ξ◦ β̃. Thus [α] = [β] ∈ π1(S1, 1). �

11.5. The fundamental group of spheres.

Proposition 11.14. (Sphere-π1-Proposition) For any n ≥ 2 the sphere Sn is simply
connected, i.e. we have π1(Sn) = 0.

Lemma 11.15. (Sphere-Minus-Point Lemma) For every P ∈ Sn the topological space
Sn \ {P} is simply connected.

Proof of Lemma 11.15. Recall that on page 118 we saw that Rn is simply connected.
Thus it su�ces to show that Sn \ {P} is homeomorphic to Rn.
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Recall that in the Stereographic Projection Lemma 2.11 we showed that there exists a
homeomorphism f : Sn → Rn∪{∞} with f−1(∞) = N := (0, . . . , 0, 1). Thus f restricts to
a homeomorphism f : Sn \ {N} → Rn. Now let P be any other point on Sn. There exists
an orthogonal matrix A with A · P = N . This shows that there exists a homeomorphism
g : Sn → Sn with g(P ) = N . Then f ◦ g : Sn → Rn ∪ {∞} restricts to a homeomorphism
Sn \ {P} → Rn. �

Proof of the Sphere-π1-Proposition 11.14. Let n ≥ 2. We write

N := (0, . . . , 0, 1) �North Pole� and U := Sn \ {N},
and also S := (0, . . . , 0,−1) �South Pole� and V := Sn \ {S}.

We �x a base point x0 ∈ U ∩ V . In the following we will only use the following three facts
about U and V :

(I) U and V form an open cover of Sn.
(II) By the Sphere-Minus-Point Lemma 11.15 we know that U and V are simply connected.
(III) Our hypothesis n ≥ 2 implies that the intersection U ∩ V = Sn \ {N,S} is path-

connected.

It follows from (II) that it su�ces to show that any loop in (Sn, x0) is path-homotopic to
a loop in U . Thus let γ : [0, 1]→ Sn be a loop in (Sn, x0).

Claim 1. There exists a subdivision

0 = t0 < t1 < . . . < tk−1 < tk = 1,

such that the following hold:
(1) for each i ∈ {0, . . . , k − 1} we have γ([ti, ti+1]) Ă U or γ([ti, ti+1]) Ă V , and
(2) for each i ∈ {1, . . . , k − 1} we have γ(ti) ∈ U ∩ V .

Proof. By (I) we can apply the Lebesgue Lemma 11.9 to Sn = U ∪V and to γ : [0, 1]→ Sn.
Thus there exists a k ∈ N such that for any i ∈ {0, . . . , k − 1} the image γ([ i

k
, i+1
k

]) lies
in U or in V . In particular the subdivision ti = i

k
, i = 0, . . . , k satis�es condition (1).

Now suppose that there exists an i ∈ {1, . . . , k − 1} with γ(ti) 6∈ U . Then neither
γ([ti−1, ti]) nor γ([ti, ti+1]) are contained in U . So by (1) both have to be contained in V ,
in particular we have γ([ti−1, ti+1]) Ă V . But then we can remove ti from the subdivision.
The same way we deal with the case that γ(ti) 6∈ V . Iterating this process we can assume
that for each every i we have γ(ti) ∈ U ∩ V . �
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γ

the path δ is path-homotopic
to the path γ|[ti,ti+1]γ

γ([ti, ti+1]) lies in V = Sn \ {S}

γ(ti+1)

N

S

x0

γ(ti+1)

N

S

x0

γ(ti)
γ(ti)

illustration for the proof of Claim 2illustration for Claim 1

Since U is simply connected, i.e. since any loop in U is null-homotopic it now, su�ces to
prove the following claim.
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Claim 2. The loop γ : [0, 1]→ Sn in (Sn, x0) is path-homotopic to a path in U .

Proof. We pick a subdivision of [0, 1] as in Claim 1. Suppose there exists an i ∈ {0, . . . , k−1}
such that γ([ti, ti+1]) is not contained in U . By the choice of our subdivision we know that
this implies that γ([ti, ti+1]) lies entirely in V . Since U ∩ V is path-connected and since
γ(ti) and γ(ti+1) both lie in U ∩ V we can pick a path δ : [ti, ti+1] → U ∩ V that connects
γ(ti) and γ(ti+1). Since the paths γ|[ti,ti+1] and δ both lie in the simply connected set V
they are path-homotopic by the Paths-in-Simply Connected Space Lemma 11.8. In the
loop γ we now replace γ|[ti,ti+1] by δ. It is straightforward to see that this way we obtain
a new loop that is path-homotopic to the original loop and that stays within U ∩ V Ă U
on the interval [ti, ti+1]. Iterating this procedure gives us the desired path-homotopy to a
loop that is contained in U . �

11.6. Alternative description of fundamental groups.

Identi�cation. Note that the map

[0, 1]/0 ∼ 1 → S1

[t] 7→ exp(2π i · t)
is a homeomorphism. We use it to make the identi�cation S1 =i [0, 1]/0 ∼ 1.

Convention. Let X be a topological space and let x0 ∈ X.
(1) Using the above identi�cation, using the Topological-Quotient Proposition 6.1 (1b)

and using the Homotopy Quotient Theorem 8.5 we see that we can make the natural
identi�cation

π1(X, x0) =i {all continuous maps (S1, 1)→ (X, x0)}/∼
where f ∼ g if there exists a homotopy F : S1 × [0, 1]→ X such that for all t ∈ [0, 1]
we have Ft(1) = x0.

(2) We refer to continuous maps (S1, 1)→ (X, x0) also as loops in (X, x0).
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12. Applications of fundamental groups
12.1. The Fundamental Theorem of Algebra.

Theorem 12.1. (Fundamental Theorem of Algebra) Every nonconstant polynomial
with coe�cients in C has a zero in C.
Proof. We start out with some notation: Let q(z) be a polynomial with complex coe�-
cients. If q(z) 6= 0 for all z ∈ C with |z| = r, then we can consider the path

γq(z)r : [0, 1] → S1

s 7→ q(r · exp(2π i · s))∣∣q(r · exp(2π i · s))
∣∣ · |q(r)|q(r)

.

Note that γq(z)r (0) = γ
q(z)
r (1) = 1, i.e. γq(z)r is a loop in (S1, 1).

Now we start out with the actual proof of the theorem. Thus let

p(z) = an · zn + an−1 · zn−1 + · · ·+ a1 · z + a0

be a polynomial with an 6= 0. We assume that p(z) has no zeros in C. We need to show
that n = 0. For t ∈ [0, 1] we also consider the polynomial

pt(z) := an · zn + t · (an−1 · zn−1 + · · ·+ a1 · z + a0).

Note that p1(z) = p(z) and p0(z) = an · zn. Since an 6= 0 there exists an R > 0 such that

|an · zn| > | an−1 · zn−1 + · · ·+ a1 · z + a0︸ ︷︷ ︸
= 0 if n = 0

|

for any z ∈ C with |z| = R. This inequality implies that for any t ∈ [0, 1] and any z ∈ C
with |z| = R we have pt(z) 6= 0, i.e. pt(z) has no zeros on the circle |z| = R.
We obtain the following sequence of path-homotopic loops:

follows from the de�nition follows from p0(z) = anz
n

↓ ↓
constant loop at 1 = γ

p(z)
0 'p γ

p(z)
R = γ

p1(z)
R 'p γ

p0(z)
R = the loop [0, 1] → S1

t 7→ exp(2π int).↑ ↑
maps γ

p(z)
r with r ∈ [0, R] are de�ned, maps γ

pt(z)
R with t ∈ [0, 1] are de�ned, since

since the polynomials p(z) has no zeros, polynomials pt(z) have no zeros on |z|=R, and
they form a path-homotopy from γ

p(z)
0 to γ

p(z)
R and they form a path-homotopy from γ

p1(z)
R to γ

p0(z)
R

This shows that the constant loop is path-homotopic to the loop on the right hand side.
By the Circle-π1-Theorem 11.13 this is only possible if n = 0. �

12.2. The 2-dimensional Borsuk-Ulam Theorem.

Theorem 12.2. (Borsuk-Ulam Theorem) For every continuous map f : S2 → R2 there
exists a pair of antipodal points x and −x in S2 with f(x) = f(−x).

Example. It follows from the Borsuk-Ulam Theorem 12.2 that there exists a pair of an-
tipodal points on earth with the same temperature and the same barometric pressure.

Proof. We prove the theorem by contradiction. So suppose there exists a continuous map
f : S2 → R2 such that f(x) 6= f(−x) for all x ∈ S2. This allows us to de�ne the map

g : S2 → S1

x 7→ f(x)−f(−x)
‖f(x)−f(−x)‖ .
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Note that g(−x) = −g(x) for all x ∈ S2. Now let η be the loop that is de�ned by

η : [0, 1] → S2

s 7→ η(s) = (cos(2πs), sin(2πs), 0)

and let h = g ◦ η : [0, 1] → S1 be the composition of η with g. The argument now breaks
up into two parts:
(1) By the Sphere-π1-Proposition 11.14 the loop η : [0, 1] → S2 is null-homotopic in S2.

Note that this implies that h = g ◦ η is null-homotopic in S1.
(2) As on page 119 we consider the map Ξ: R→ S1 that is given by t 7→ exp( it). We note

that for any z, w ∈ R we have

(∗) Ξ(z) = −Ξ(w) ⇐⇒ z = w+ (2q + 1) · π for some q ∈ Z.
We pick a c ∈ R such that h(0) = Ξ(c). By the Lift-from-S1-to-R Lemma 11.12 we
can lift the path h : [0, 1] → S1 to a path h̃ : [0, 1] → R with h̃(0) = c. We make the
following observations:
(a) It follows immediately from the de�nition of g that g(−x) = −g(x) for all x ∈ S2.
(b) It follows from (a) that g(η(s+ 1

2
)) = −g(η(s)) for all s ∈ [0, 1

2
].

(c) It follows from (b) and the fact that Ξ ◦ h̃ = h = g ◦ η that we have the equality
Ξ(h̃(s+ 1

2
)) = −Ξ(h̃(s)) for all s ∈ [0, 1

2
].

(d) It follows from (c) and (∗) that for each s ∈ [0, 1
2
] there exists a q(s) ∈ Z with

h̃(s+ 1
2
) = h̃(s) + (2q(s) + 1) · π.

(e) The map q : [0, 1
2
]→ Z is the di�erence of two continuous maps, hence continuous.

It follows from the Connected-to-Discrete Lemma 2.18 that it is constant. We
denote this constant value by q.

It now follows that

h̃(1) = h̃
(1

2

)
+ (2q+1)·π = h̃(0) + (2q+1)·π + (2q+1)·π = h̃(0) + (4q+2)·π 6= h̃(0).

↑ ↑ ↑
by (e) by (e) since q ∈ Z we see that 4q + 2 6= 0

Since h̃(1) 6= h̃(0) we obtain the loop h = g ◦ η : [0, 1]→ S1 is not null-homotopic. But
this contradicts (1). �

��

��

c c+ q

0 1

R

h(0) = Ξ(c)η

h̃

h := g ◦ η

Ξ(t) = exp( it)

S1

g(x) =
f(x)−f(−x)
‖f(x)−f(−x)‖

g(−x) = −g(x)

null-homotopic h(1
2
) = −h(0)
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13. Functoriality of fundamental groups

13.1. The fundamental group as functor.

De�nition. Let f : X → Y be a continuous map between topological spaces and let
x0 ∈ X be a base point. It follows from the Homotopy Composition Lemma 8.4 that

f∗ : π1(X, x0) → π1(Y, f(x0))
[γ] 7→ [f ◦ γ]

is a well-de�ned map We call f∗ the induced map.
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x0 f(x0)10

De�nition. A pointed topological space is a pair (X, x0), where X is a topological space
and x0 is a point in X. We refer to the category PTop with

Ob(PTop) := all pointed topological spaces,
Mor((X, x0), (Y, y0)) := all continuous maps f from X to Y with f(x0) = y0

with the usual composition of maps as the category of pointed topological spaces.

Proposition 13.1. (π1-Functor Proposition)

(1) Let PTop be the category of pointed topological spaces and let Group be the category
of groups. The map (X, x0) 7→ π1(X, x0)

and the maps
(f : (X, x0)→ (Y, y0)) 7→

(
f∗ : π1(X, x0) → π1(Y, y0)

[γ] 7→ [f ◦ γ]

)
form a covariant functor.

(2) If f : X → Y is a homeomorphism between two topological spaces, then for any x0 ∈ X
the induced map f∗ : π1(X, x0)→ π1(Y, f(x0)) is a group isomorphism.

Proof. The proposition follows easily from the de�nitions. �

Proposition 13.2. (Change-of-Base Point Proposition) Let f : X → Y be a con-
tinuous map between topological spaces and let x0 ∈ X.
(1) If α : [0, 1] → X is a path from x0 to some point x1, then the following diagram

commutes
π1(X, x1)

f∗
//

∼= α∗
��

π1(Y, f(x1))

∼= (f◦α)∗
��

π1(X, x0)
f∗

// π1(Y, f(x0)).

(The vertical maps are the isomorphisms that we introduced in the Change-of-Base
Point Proposition 11.6 (1).)

(2) If f∗ : π1(X, x0)→ π1(Y, f(x0)) is an isomorphism (epimorphism, monomorphism) for
some base point x0 ∈ X, then for any other base point x1 in the same path component
of X the map f∗ : π1(X, x1) → π1(Y, f(x1)) is also an isomorphism (epimorphism,
monomorphism).
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Proof.

(1) This statement follows immediately from the de�nitions.
(2) This statement follows from (1) and the fact that by the Change-of-Base Point Pro-

position 11.6 (1) the vertical maps are isomorphisms. �

13.2. Retractions and fundamental groups.

Proposition 13.3. (Circle�Non Retract Proposition) The circle S1 is not a retract
of B

2
.

Proof. Let i : S1 → B
2
be the inclusion map. We now suppose there exists a retraction

r : B
2 → S1. By de�nition of a retraction this means that r ◦ i = idS1 . We obtain the

following commutative diagram of continuous maps between topological spaces

B
2

r

""

S1

i
<<

r◦i=idS1

// S1

which induces
π1(B

2
, 1)

r∗

''

π1(S1, 1)

i∗
77

(r◦i)∗=(idS1 )∗

// π1(S1, 1).

It follows from the functoriality of fundamental groups that r∗ ◦ i∗ = (r ◦ i)∗, i.e. the
diagram on the right-hand side commutes. By the functoriality we also know that (idS1)∗
is the identity of π1(S1, 1).

We saw on page 118 that π1(B
2
, 1) is the trivial group whereas we saw in the Circle-

π1-Theorem 11.13 that π1(S1, 1) is not the trivial group. The lower horizontal map in the
second diagram is thus an isomorphism of a non-trivial group, but the upper map factors
through the trivial group, i.e. the composition of i∗ and r∗ cannot be an isomorphism of a
non-trivial group. Thus we have obtained a contradiction. �

13.3. The fundamental groups of homotopy equivalent topological spaces.

Proposition 13.4. (Homotopy-π1-Proposition)

(1) Let f, g : X → Y be two continuous maps between topological spaces and let x0 ∈ X.
If f and g are homotopic, then there exists a path α : [0, 1] → Y from f(x0) to g(x0)
such that the following diagram commutes:

π1(Y, g(x0))

α∗ [γ] 7→ [α∗γ∗α]

��

π1(X, x0)

g∗ 22

f∗
,,

π1(Y, f(x0)).

In particular

f∗ : π1(X, x0)→ π1(Y, f(x0))
is an isomorphism

⇐⇒ g∗ : π1(X, x0)→ π1(Y, g(x0))
is an isomorphism.

(2) (a) Let f : X → Y be a continuous map between topological spaces and let x0 ∈ X.
If f is a homotopy equivalence, then the induced map

f∗ : π1(X, x0) → π1(Y, f(x0))
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is an isomorphism.
(b) LetX be a topological space and let A Ă X be a subspace. We denote by i : A→ X

the inclusion. If A is a deformation retract of X, then for any a0 ∈ A the induced
map i∗ : π1(A, a0) → π1(X, a0)

is an isomorphism.
(3) If X is a contractible topological space, then for any x0 ∈ X we have π1(X, x0) = 0.

Example. For any n ≥ 2 and any Q ∈ Rn we have

on page 107 we saw that Sn−1 is a deformation retract of Rn \ {0}, thus we get an isomorphism
from the Homotopy-π1-Proposition 13.4 (2b)

↓
π1(Rn \ {Q}) ∼= π1(Rn \ {0}) ∼= π1(Sn−1) ∼=

{
Z, if n = 2,
0, if n ≥ 3.↑ ↑

follows from the π1-Functor Proposition 13.1 (2) by the Circle-π1-Theorem 11.13 and the
since Rn \ {Q} is homeomorphic to Rn \ {0} Sphere-π1-Proposition 11.14

Proof.

(1) Let f, g : X → Y be two continuous maps between topological spaces, let x0 ∈ X and
let H : X × [0, 1]→ Y be a homotopy between f and g. Let

α : [0, 1] → Y
t 7→ H(x0, t)

be the path with which the homotopy H connects the two points H(x0, 0) = f(x0) and
H(x0, 1) = g(x0).

Claim. The maps

f∗ : π1(X, x0) → π1(Y, f(x0))
[γ] 7→ [f ◦ γ]

and
π1(X, x0) → π1(Y, f(x0))

[γ] 7→ [α ∗ (g ◦ γ) ∗ α]

are identical.

Proof. Let γ : [0, 1] → X be a loop in (X, x0). We need to show that the loops f ◦ γ
and α ∗ (g ◦ γ) ∗ α are path-homotopic. We consider the map

G : [0, 1]× [0, 1] → Y

(r, t) 7→


α(4r), if r ∈

[
0, 1

4
t
]
,

H
(
γ
(
r− 1

4 t

1− 1
2 t

)
, t
)
, if r ∈ [1

4
t, 1− 1

4
t],

α(4r − 3), if r ∈
[
1− 1

4
t, 1
]
.

Using the Pasting Proposition 2.4 (2) it is straightforward to verify that G is indeed
a continuous map. Furthermore it follows easily from the de�nition that the map G
satis�es G0(t) = G1(t) = f(x0) for all t ∈ [0, 1] and that it satis�es

G(r, 0) = (f ◦ γ)(r) and G(r, 1) = (α ∗ (g ◦ γ) ∗ α)(r) for all r ∈ [0, 1].

This observation shows that G is in fact a path-homotopy between the loops f ◦ γ and
α ∗ (g ◦ γ) ∗ α in (Y, f(x0)). �
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α

f ◦ γ

g ◦ γ

G

α

H ◦ s

f ◦ γ

X

Y

g(x0)

f(x0)

α

g ◦ γ

f

g

x0
γ

As in the statement of the proposition we consider the following diagram:

π1(Y, g(x0))

α∗ [γ] 7→ [α∗γ∗α]

��

π1(X, x0)

g∗ 22

f∗
,,

π1(Y, f(x0)).

We make the following observations:
(i) It follows from the claim that the diagram commutes.
(ii) By the Change-of-Base Point Proposition 11.6 (1) we know that the vertical map

is an isomorphism.
It follows from (i) and (ii) that f∗ is an isomorphism if and only if g∗ is an isomorphism.

(2) Let f : X → Y be a continuous map between topological spaces which is a homotopy
equivalence. Let x0 ∈ X be a point. We pick a homotopy inverse g : Y → X of f . By
de�nition of a homotopy inverse this means that g ◦ f ' idX and f ◦ g ' idY .

Next note that it follows from (1) and the functoriality of fundamental groups
that the induced maps

α := g∗ ◦ f∗ = (g ◦ f)∗ : π1(X, x0) → π1(X, g(f(x0))
β := f∗ ◦ g∗ = (f ◦ g)∗ : π1(Y, f(x0)) → π1(Y, f(g(f(x0))))

are isomorphisms. This shows that f∗ has the left inverse α−1 ◦ g∗ and it has the right
inverse g∗ ◦ β−1. It follows from the Inverse Uniqueness Lemma 3.2 (1) that f∗ is an
isomorphism. Similarly we see that g∗ is an isomorphism.

(3) This statement is just a frequently used special case of the second statement. �

Lemma 13.5. (R2-R3-Non Homeomorphism�Lemma) The topological spaces R2 and
R3 are not homeomorphic.

Proof. Let us suppose that there exists a homeomorphism f : R2 → R3. Let P ∈ R2 be
a point. We put Q := f(P ). Note that f restricts to a homeomorphism from R2 \ {P} to
R3 \ {Q}. But then we obtain that

Z ∼= π1(R2 \ {P}) ∼= π1(R3 \ {Q}) = 0.
↑ ↑ ↑

page 129 since f is a homeomorphism page 129

Thus we obtained a contradiction. �

Corollary 13.6. (Möbius Band-π1-Corollary) We have

π1(Möbius band ) ∼= Z.
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Proof. On page 109 we saw that the Möbius band admits a deformation retraction onto
the �central circle� C. Thus we see that

π1(Möbius band ) ∼= π1(C) ∼= π1(S1) ∼= Z.
↑ ↑

Homotopy-π1-Proposition 13.4 Circle-π1-Theorem 11.13 �
13.4. The fundamental group of the product of two topological spaces.

Proposition 13.7. (Product-π1-Proposition) Let n ∈ N. Let (Xi, xi)i∈I be a family
of pointed topological spaces. For each j ∈ I we denote by pj :

∏
i∈I
Xi → Xj the natural

projection. The induced natural homomorphism

Φ: π1

( ∏
i∈I
Xi, (xi)i∈I

)
→

∏
i∈I
π1(Xi, xi)

[f ] 7→ (pi∗([f ]))i∈I

is an isomorphism.

Example. For n ∈ N we obtain from the Product-π1-Proposition 13.7 together with the
Circle-π1-Theorem 11.13 that π1((S1)n) ∼= Zn.

Proof. First we introduce some general notation:
• Given two pairs of topological spaces (W,A) and (X,B) we denote by C((W,A), (X,B))
the set of all continuous maps f : W → X with f(A) Ă B.
• We say two continuous maps f, g ∈ C((W,A), (X,B)) are homotopic if there exists a
homotopy H : W × [0, 1] → X with H0 = f and H1 = g such that for all t ∈ [0, 1] we
have Ht(A) Ă B.
• We denote by [(W,A), (X,B)] the set of all homotopy classes of continuous maps

(W,A)→ (X,B).
• By de�nition we have π1(Z, z0) = [([0, 1], {0, 1}), (Z, {z0})] for any pointed topological
space (Z, z0).

Let (Xi, xi)i∈I be a family of pointed topological spaces. We set x := (xi)i∈I . It follows
from the Topological-Product Proposition 5.1 (1) that the map

C
(

([0, 1], {0, 1}),
(∏
i∈I
Xi, x

))
→

∏
i∈I
C(([0, 1], {0, 1}), (Xi, xi))

f 7→ (pi ◦ f)i∈I

is a bijection. The analogous statement holds if we replace the pair ([0, 1], {0, 1}) by the
pair ([0, 1]× [0, 1], {0, 1} × [0, 1]). This shows that the map

π1

( ∏
i∈I
Xi, x

)
=
[
([0, 1], {0, 1}),

(∏
i∈I
Xi, x

)]
→

∏
i∈I

[([0, 1], {0, 1}), (Xi, xi)] =
∏
i∈I
π1(Xi, xi)

[f ] 7→ [(pi ◦ f)i∈I ]︸ ︷︷ ︸
=pi∗(f)

is a bijection. But this is precisely the homomorphism that we are considering. �
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Corollary 13.8. (Torus-π1-Corollary) Let n ∈ N. We consider the n-dimensional
torus (S1)n = S1 × · · · × S1. Given j ∈ {1, . . . , n} we consider the loop

vj : [0, 1] → S1 × · · · × S1

t 7→ (1, . . . , 1, exp(2π i · t)︸ ︷︷ ︸, 1, . . . , 1).

The map Zn 7→ π1(S1 × · · · × S1, (1, . . . , 1))
(r1, . . . , rn) 7→ [v1]r1 · . . . · [vn]rn

is an isomorphism.
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S1 × S1 the map Z2 → π1(S1 × S1, P )
(r, s) 7→ [v]r · [w]s

w

v is an isomorphismP

Proof. The statement follows immediately from the Product-π1-Proposition 13.7 and the
explicit isomorphism Ψ: Z→ π1(S1, 1) given in the Circle-π1-Theorem 11.13. �
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14. Coverings and fundamental groups

14.1. Group actions.

De�nition. Let G be a group that acts continuously on a topological space X. We say
G acts discretely, if for each x ∈ X there exists an open neighborhood U of x so that

U ∩ g ·U = ∅ for all g 6= e.

Examples.

(1) The group G = Zn acts on X = Rn by addition. This action is discrete. Indeed, for
any x = (x1, . . . , xn) ∈ Rn the open subset U := (x1− 1

2
, x1 + 1

2
)×· · ·× (xn− 1

2
, xn + 1

2
)

has the desired property.
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x = (x1, x2)

translates of x
by the Z2-action

U=(x1− 1
2
, x1+ 1

2
)×(x2− 1

2
, x2+ 1

2
)

the translates of U by
the Z2-action are disjoint

(2) The action Z× (R× [−1, 1]) → R× [−1, 1]
(n, (x, y)) 7→ (x+ n, (−1)n · y)

of the group Z on the topological space R× [−1, 1] is discrete. Indeed, for any (x, y)
in X the open neighborhood U := (x− 1

2
, x+ 1

2
)× [−1, 1] has the desired property.

(3) The map {±1} × Sn → Sn

(ε, P ) 7→ ε · P
de�nes an action of the group {±1} on Sn that is discrete. Indeed, for any P ∈ Sn the
open hemisphere U := {Q ∈ Sn | P ·Q︸ ︷︷ ︸

scalar product

> 0} has the desired property.

Lemma 14.1. (Klein Bottle-as-Quotient Lemma)We consider the following two self-
homeomorphisms of R2:

A : R2 → R2

(x, y) 7→ (x+ 1, 1− y)
and

B : R2 → R2

(x, y) 7→ (x, y + 1).

We denote by G the subgroup of all homeomorphisms of R2 that is generated by A and
B. This means that

G :=
all self-homeomorphisms of R2 that can be written as
a �nite composition of the maps A,B,A−1 and B−1.

The group G acts by de�nition on R2.
(1) The elements A and B of G do not commute, in particular the group G is non-abelian.
(2) The action of G on R2 is proper and discrete.
(3) We consider the Klein bottle K = ([0, 1]× [0, 1])/∼ as de�ned on page 82. The map

f : K = ([0, 1]× [0, 1])/∼ → R2/G
[(x, y)] 7→ [(x, y)]

is a homeomorphism.

Proof. In the group G we use the product symbol �·� to indicate the group structure
instead of the �◦� symbol.
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(1) We calculate that

(A ·B)(0, 0) = A(0, 1) = (1, 0) 6= (1, 2) = B(1, 1) = (B · A)(0, 0).

This shows that A and B do not commute in G. This shows that G is not abelian.
(2) We start out with the following claim.

Claim 1. Given ε, η ∈ {−1, 1} we have Aε ·Bη = B−η · Aε.
Proof. First let ε = 1. We perform the following calculation:

(A·B)(x, y) = A(x, y + 1) = (x+ 1,−y) = B−1(x+ 1, 1− y) = (B−1 ·A)(x, y),
(A·B−1)(x, y) = A(x, y − 1) = (x+ 1, 2− y) = B(x+ 1, 1− y) = (B ·A)(x, y).

We just showed that A · Bη = B−η · A. By taking inverses on both sides we get the
promised equalities A−1 ·Bη = B−η · A−1 for ε = −1. �

Claim 2.
(a) Any g ∈ G is of the form Ak ·Bl for some k, l ∈ Z.
(b) For k, l ∈ Z we have

(Ak ·Bl)(x, y) =

{
(x+ k, y + l), if k is even,
(x+ k, 1− y − l), if k is odd.

Proof.

(a) Let g ∈ G. By de�nition we can write g as a product of powers of A and B. Using
the equality Aε ·Bη = B−η ·Aε from Claim 1 we can swap the order of powers of A
with powers of B, at the price of changing the exponent of B. This means that we
can bring all A±1 to the left and get the desired result.

(b) This statement follows from an elementary straightforward calculation. �

Claim 3. The group G acts properly on R2.

Proof. Let P,Q ∈ R2. We set U := B2
1
2

(P ) and V := B2
1
2

(Q). It follows easily from

Claim 2 (a) and (b) that the set {g ∈ G | g · U ∩ V 6= ∅} is �nite. �

Claim 4. The group G acts discretely on R2.

Proof. Let (x, y) ∈ R2. We set U := (x − 1
2
, x + 1

2
) × (y − 1

2
, y + 1

2
). It follows easily

from Claim 2 (a) and (b) that for any non-trivial g ∈ G we have U ∩ g · U = ∅. �
(3) Using Claim 2 from (2) one can easily show that the map f : ([0, 1]× [0, 1])/∼→ R2/G

is a bijection. It follows from the Twice Quotient Lemma 6.3 that f is continuous. By
the Quotient Topology-Properties Proposition 6.2 (1) we know that ([0, 1] × [0, 1])/∼
is compact. By (2) we know that the action of G is proper. Thus it follows from the
Group Action-Hausdor� Quotient Proposition 6.7 that R2/∼ is Hausdor�. In summary
it follows from the Compact-Hausdor� Proposition 2.10 (3) that f is a homeomorphism.

�

Lemma 14.2. (Lens Space-Discrete Action Lemma) We consider the 3-dimensional
sphere S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1}. Let p ∈ Z \ {0} and let q ∈ Z with
gcd(p, q) = 1. We set ξ := exp(2π i/p).
(1) The map Zp × S3 → S3

(k + pZ, (z1, z2)) 7→ (ξk · z1, ξ
q·k · z2)
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de�nes a smooth, orientation-preserving and discrete action of Zp on S3.
(2) The quotient space S3/Zp is a closed 3-dimensional topological manifold that has a

unique structure of an oriented smooth manifold such that the projection S3 → S3/Zp
is a local di�eomorphism and orientation-preserving.

Proof.

(1) It is straightforward to verify that the map Zp× S3 → S3 does indeed de�ne an action
of the group Zp on the topological space S3. Evidently the action is smooth and a
direct calculation shows that the action is orientation-preserving.
Claim. The action is discrete.
Proof. Let (z1, z2) ∈ S3.
(a) If z1 6= 0, then we set U := {(u1, v1) ∈ S3 |u1 = z1 · exp(2π it) with t ∈ (− 1

2p
, 1

2p
)}.

(b) If z1 = 0, then we set U := {(u1, v1) ∈ S3 |u2 = z2 · exp(2π it) with t ∈ (− 1
2p
, 1

2p
)}.

One can easily verify that in both cases U is an open neighborhood of (z1, z2). Next
note that ξk = 1 if and only if k ∈ p · Z and note that our hypothesis gcd(p, q) = 1
implies that ξk·q = 1 if and only if k ∈ p · Z. Using these two observations one can
easily show that all non-trivial translates of U are disjoint. �

(2) We refer to [Fri23] for details. �

De�nition. Let p ∈ Z \ {0} and let q ∈ Z with gcd(p, q) = 1. We refer to

L(p, q) := S3/Zp,
with the action from the previous lemma, as a lens space.

Lemma 14.3. (Lens Spaces-Di�eomorphisms Lemma) Let p ∈ N and furthermore
let q, r ∈ Z with gcd(p, q) = gcd(p, r) = 1. If q ≡ ±r±1 mod p, then there exists a
di�eomorphism L(p, q)→ L(p, r).

Proof. Let p ∈ N and let q, r ∈ Z with gcd(p, q) = gcd(p, r) = 1. We pick s ∈ Z with
r · s ≡ 1 mod p. We suppose that q ≡ ±rmod p or that q ≡ ±smod p.
Claim. The map Φ: S3 → S3

(z1, z2) 7→


(z1, z2), if q ≡ rmod p,
(z1, z2), if q ≡ −rmod p,
(z2, z1), if q ≡ smod p,
(z2, z1), if q ≡ −smod p

descends to a well-de�ned map Φ: L(p, q)→ L(p, r) and this map is a bijection.

Proof. The details are worked out in [Fri23]. �
One can now easily verify that the induced map Φ: L(p, q) → L(p, r) is a di�eomor-

phism. We refer to [Fri23] for full details. �

14.2. Coverings of topological spaces.

De�nition. Let p : X → B be a continuous map between topological spaces.
(1) An open subset U Ă B is called uniformly covered, if p−1(U) Ă X is the union of

disjoint open subsets {Vi}i∈I of X with the property such that for each i ∈ I the map
p|Vi : Vi → U is a homeomorphism.
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(2) We say the map p : X → B is a covering, if p is surjective and if for every b ∈ B there
exists an open neighborhood U of b which is uniformly covered.

(3) Sometimes we call X a covering space of B.

Example. The map p : R → S1

ϕ 7→ exp( iϕ)

is a covering. Indeed, let P = exp( iα) be a point in S1. We pick the open neighborhood

U :=
{

exp( iϕ)
∣∣ϕ ∈ (α− π

4
, α + π

4

)}
.

Then p−1(U) =
⊔
j∈Z

(
α− π

4
+ 2πj, α + π

4
+ 2πj

)︸ ︷︷ ︸
=:Vj

,

and for each j ∈ Z the restriction of p to Vj → U is a homeomorphism.
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V−1 V0 V1 V2α+2πα R

S1

U

the restriction of p
to each Vj is a
homeomorphism

α−2π

p(ϕ) = exp( iϕ)

exp( iα)

Lemma 14.4. (Covering�Preimage Lemma) Let p : X → B be a covering of topolog-
ical spaces. If B is a connected topological space, then for any two points P and Q in B
we have #p−1(P ) = #p−1(Q).

Proof. The proof of the lemma is left as an exercise to the reader. �

De�nition. Let p : X → B be a covering of a connected non-empty topological space.
(1) We de�ne the degree [X : B] of p as the cardinality of #p−1(b) for some b ∈ B.
(2) If the degree is a �nite number n, then we say that p is an n-fold covering. Otherwise

we say that p is an in�nite covering.

Examples.

(1) As usual we consider S1 = {z ∈ C | |z| = 1} as a subset of C. Given any n ∈ N the
map p : S1 → S1 given by p(z) := zn is an n-fold covering.

(2) We consider the map

p :

annulus︷ ︸︸ ︷
(R× [−1, 1])/(x, y) ∼ (x+ 1, y) →

Möbius band︷ ︸︸ ︷
(R× [−1, 1])/(x, y) ∼ (x+ 1

2 ,−y)
[(x, y)] 7→ [(x, y)].

It is straightforward to show that p is a 2-fold covering. Thus we can view the annulus
as a 2-fold covering of the Möbius band.

(3) If in the previous example we replace the interval [−1, 1] by the circle [−1, 1]/− 1 ∼ 1,
then on the left-hand side we obtain the torus and on the right-hand side we obtain
the Klein bottle. This shows that there exists a 2-fold covering from the torus to the
Klein bottle.
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(R× [−1, 1])/(x, y) ∼ (x+ 1
2
,−y)

[x, y]

7→

[x, y]

(R× [−1, 1])/(x, y) ∼ (x+ 1, y)
∼=←−− ∼=−→

([0, 1]× [−1, 1])/(0, y) ∼ (1, y)

[x, y]

7→

[x− 1
2
,−y]

[x, y]

7→

[x, y]

∼=−→

([0, 1
2
]× [−1, 1])/(0, y) ∼ (1

2
,−y)

∼=←−−

(4) In the �gure below we sketch three coverings of topological graphs. The coverings are
hereby given by sending edges of a certain color, with the indicated direction, to the
edge of the same color with the indicated direction.
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G̃ = (Ṽ , Ẽ, ĩ, t̃)

G = (V,E, i, t)

Proposition 14.5. (Action�Covering Proposition) Let X be a topological space to-
gether with a discrete and continuous action by a group G.
(1) The natural projection p : X → X/G is a covering where the degree is given by #G.
(2) Let H be a subgroup of G. The natural projection

p : X/H → X/G
[x] 7→ [x]

is a covering of degree [G : H] .

Example. The Action�Covering Proposition 14.5 (1), applied to the examples on page 133,
shows that

p : Rn → Rn/Zn
x 7→ [x] = x+ Zn and

p : Sn → RPn =i S
n/x ∼ −x

x 7→ [x]

is an in�nite respectively 2-fold covering.

Proof of Proposition 14.5. In the following we prove Statement (1). We leave it to the
reader to generalize the proof to the more general setting of Statement (2).

Let G be a group that acts discretely and continuously on a topological space X.
We want to show that the projection p : X → X/G is a covering. Evidently the map is
surjective. Next let [x] ∈ X/G. Since the group acts discretely there exists, by de�nition,
an open neighborhood V of x ∈ X such that V ∩g·V = ∅ for all g 6= e. We put U := p(V ).

Claim. U is a uniformly covered open neighborhood of [x].
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x g · VV
X

U := p(V )

X/G
p

[x]

Proof. Using the fact that G acts continuously one can easily show that p : X → X/G is
an open map. Thus it follows that the set U is an open neighborhood of [x] = p(x).

Next note that the preimage p−1(U) is the disjoint union of the subsets g · V, g ∈ G.
Since G acts continuously we know that each g · V is again open. The restriction of the
map p to any g · V is a continuous and bijective map g · V → U . Since p : X → X/G is
open and since g · V Ă X is open we see that the restriction of p to g · V is also open.
It follows from the Open-Injective Lemma 2.9 that the map p|g·V : g · V → U is in fact a
homeomorphism. Thus we have shown that U is uniformly covered. �

Since this holds for any point in X/G we have shown that the projection p : X → X/G
is a covering. Finally note that [X : X/G] = p−1([x]) = #G. �

14.3. Basic properties of coverings.

Lemma 14.6. (Covering�Basics Lemma) Given any covering p : X → B of topological
spaces the following statements hold:
(1) The map p : X → B is open.
(2) For every b ∈ B the preimage p−1(b) is a discrete subset of X.
(3) If B is Hausdor�, then so is X.
(4) The following two statements are equivalent:

(a) X is compact.
(b) p is a �nite covering and B is compact.

Proof. Let p : X → B be a covering of topological spaces.

(1) We will not really make use of this statement, thus we refer to [Fri23] for the proof.
(2) We will not really make use of this statement, thus we refer to [Fri23] for the proof.
(3) This statement is relatively easy to prove. We leave it to the reader to �ll in the details.
(4) We �rst prove the (a)⇒(b)-direction. Thus we assume thatX is compact. By de�nition

the covering p : X → B is surjective and continuous. Thus it follows from the Compact
Image Lemma 2.8 that B is also compact.

It remains to show that the covering has �nite degree. By de�nition we can cover
the topological space B by open subsets that are uniformly covered. Since B is compact
we can cover B by �nitely many open subsets U1, . . . , Uk that are uniformly covered.
Without loss of generality we can assume that Uk is not contained in U1 ∪ · · · ∪ Uk−1.
Now let P be a point in Uk \ (U1 ∪ · · · ∪ Uk−1). Furthermore let Vi, i ∈ I be the
disjoint open subsets of X such that p−1(Uk) is the union of the Vi's and such that each
p|Vi : Vi → Uk is a homeomorphism. For i ∈ I we denote by Qi ∈ Vi the unique point
with p(Qi) = P . Now we consider the open cover

X = p−1(U1) ∪ . . . ∪ p−1(Uk−1) ∪
⋃
i∈I
Vi.

Note that for i ∈ I the point Qi is contained only in Vi. This means that we cannot
remove any of the open subsets Vi, i ∈ I from the open cover. Since X is compact we
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see that I is �nite. But #I is precisely the degree of the covering. Thus we have shown
that the covering has �nite degree.
The proof of the (b)⇒(a)-direction is provided in [Fri23]. �

14.4. Lifts of maps.

De�nition. Let p : X → B be a covering and let f : Y → B be a continuous map between
topological spaces. A lift of f to X is a continuous map f̃ : Y → X such that p ◦ f̃ = f ,
i.e. such that the following diagram of maps commutes:

X

p
��

Y

f̃
;;

f
// B.

Proposition 14.7. (Lift Uniqueness Lemma) Let p : X → B be a covering and let Y
be a connected topological space. Furthermore let f : Y → B be a continuous map and
let f̃ , f̂ : Y → X be two lifts of f . If f̃ and f̂ agree at some point y0 ∈ Y , then they agree
everywhere.

Proof. We set U := {y ∈ Y | f̃(y) = f̂(y)} Ă Y

V := {y ∈ Y | f̃(y) 6= f̂(y)} Ă Y.

Note that by hypothesis U 6= ∅. We want to show that U = Y . Since Y is connected it
su�ces to prove that U and V are open subsets of Y . By the JH-Openness Criterion 1.1 it
su�ces to prove the following claim.

Claim. Every y ∈ Y admits an open neighborhood N such that N Ă U or N Ă V .

Proof. Let y ∈ Y . We set b := f(y) and we set x̃ := f̃(y) and x̂ := f̂(y). Since p : X → B
is a covering we know that b admits an open neighborhood W that is uniformly covered,
i.e. we know that we can write p−1(W ) =

⊔
x∈p−1(b)

Wx such that for each x ∈ p−1(b) the

following statements hold:

(1) Wx is an open neighborhood of x ∈ X.
(2) The map p|Wx : Wx → W is a homeomorphism. We denote by qx : W → Wx the inverse.

W

Wx̃Wx̂

qx̃
f̂−1(Wx̂)

f̃

X

p
Y

B

f

b = f(y)

y

x̂ x̃

f̂

Note that on f̃−1(Wx̃) we have

f̃ = qx̃ ◦ p|Wx̃︸ ︷︷ ︸
=idWx̃

◦ f̃ = qx̃ ◦ p|Wx̃
◦ f̃︸ ︷︷ ︸

=f

= qx̃ ◦ f : f̃−1(Wx̃)→ Wx̃.
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Similarly we see that on f̂−1(Wx̂) we have f̂ = qx̂ ◦ f . The claim follows from the following
observations:

• If y ∈ U , i.e. if x̃ = x̂, then we see that f̃ = f̂ on f̃−1(Wx̃) ∩ f̂−1(Wx̂), i.e. we see that
f̃−1(Wx̃) ∩ f̂−1(Wx̂) Ă U .
• If y 6∈ U , i.e. if x̃ 6= x̂, then we see that the images of f̃ and f̂ on f̃−1(Wx̃) ∩ f̂−1(Wx̂)

are disjoint, thus we see that f̃−1(Wx̃) ∩ f̂−1(Wx̂) Ă V . �

Lemma 14.8. (Lift-Extension Lemma) Let p : X → B be a covering and let Y be a
topological space. We suppose that we have a decomposition Y = C ∪D such that C and
D are closed subsets. Let f : Y → B be a continuous map and let f̃ : C → X be a lift of
f |C . We suppose that the following statements hold:
(1) The image f(D) is contained in a uniformly covered open subset of B.
(2) The intersection C ∩D is connected and non-empty.

Then there exists a lift f̃ : Y → X of f that agrees with the given lift on C.

Proof. We start with a few preparations:

(a) Since C ∩D = ∅ we can pick x0 ∈ C ∩D.
(b) We pick a uniformly covered open subset U of B that contains f(D).
(c) Since U is uniformly covered open subset it thus follows from p(f̃(x0)) = f(x0) ∈

f(D) that there exists an open neighborhood Ũ of f̃(x0) such that p : Ũ → U is a
homeomorphism.

(d) We denote by q : U → Ũ the inverse of p : Ũ → U .

We set f̃ : Y → X

x 7→
{
f̃(x), if x ∈ C,
q(f(x)︸ ︷︷ ︸
∈U

), if x ∈ D.

x0

D f

partial lift f̃

f̃(x0)

p

q

f(D)

C U

f(x0)Ũ

Note that on C ∩ D we have a priori two di�erent de�nitions of f̃ . But both de�nitions
are lifts of f |C∩D and by design they agree on x0. By hypothesis the intersection C ∩ D
is connected. Thus we obtain from the Lift Uniqueness Lemma 11.10 that the two maps
actually agree on the overlap C ∩D. This shows that f̃ : Y → X is well-de�ned.

Finally note that since C and D are closed it follows from the Pasting Proposition 2.4
that this map f̃ : Y → X is continuous. It is now clear that it is a lift of f : Y → X. �

Lemma 14.9. (Lift-Existence Lemma) Let p : X → B be a covering of topological
spaces. Given any continuous map f : [0, 1]m → B and given any x ∈ X with p(x) = f(0)

there exists a unique lift f̃ : [0, 1]m → X with f̃(0) = x.
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Proof. Let p : X → B be a covering of topological spaces, let f : [0, 1]m → B be a con-
tinuous map and let x ∈ X with p(x) = f(0). Since p : X → B is a covering there exists
an open cover of B by uniformly covered open subsets of B. It follows from the Lebesgue
Lemma 11.9 that there exists an N ∈ N such that for any (i1, . . . , im) ∈ {0, . . . , N − 1}m
the image f([ i1

N
, i1+1

N
]× · · · × [ im

N
, im+1

N
]) is contained in a uniformly covered open subset of

B. We now to lift the map f : [0, 1]m → B as follows:

(1) We set f̃(0) := x.
(2) We apply the Lift-Extension Lemma 14.8 iteratively to the Nm cubes of [0, 1]m starting

from the �bottom left�. �
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Ci

uniformly covered
[0, 1]2

the image of each square lies in a
uniformly covered open subset of B

X

f̃
p

f
b

xDi B

0

14.5. Lifts of paths.

Proposition 14.10. (Path-Lifting Proposition) Let p : X → B be a covering.

(1) Let f : [0, 1]→ B be a path. Given any b̃ ∈ X with p(̃b) = f(0) there exists a unique
lift f̃ : [0, 1]→ X of f to the starting point b̃.

(2) Let f, g : [0, 1] → B be two paths and let f̃ , g̃ : [0, 1] → X be two lifts with the same
starting point. If f and g are path-homotopic, then the endpoints of f̃ and g̃ agree
and the paths f̃ and g̃ are path-homotopic.

Proof.

(1) This statement follows immediately from the Lift-Existence Lemma 14.9.
(2) We set b := f(0) = g(0) and c := f(1) = g(1). Furthermore let b̃ := f̃(0) = g̃(0) be the

common starting point of the lifts. Let

H : [0, 1]× [0, 1] → B
(t, s) 7→ H(t, s)

be a path-homotopy between the paths f and g. By the Lift-Existence Lemma 14.9 we
can lift H to a continuous map H̃ : [0, 1]× [0, 1]→ X with H̃(0, 0) = f̃(0).

Claim. The map H̃ : [0, 1]× [0, 1]→ X is a path-homotopy from f̃ to g̃. In particular
the endpoints of f̃ and g̃ agree.

Proof.

(a) For each s ∈ [0, 1] we have p(H̃(0, s)) = H(0, s) = b, thus the map s 7→ H̃(0, s)
takes values in p−1(b). By the Covering�Basics Lemma 14.6 we know that p−1(b)
is a discrete subspace. It follows from the Connected-to-Discrete Lemma 2.18 that
the map s 7→ H̃(0, s) is constant. Similarly we see that the s 7→ H̃(1, s) is constant.
Thus we have shown that H̃ is a path-homotopy.
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(b) Since H̃0 and f̃ are both lifts of H0 = f to the starting point b̃ we obtain from the
Lift Uniqueness Proposition 14.7 that H̃0 = f̃ .

(c) It follows from (a) that H̃1 and g̃ are both lifts of H1 = g to the starting point b̃.
Thus we obtain again from the Lift Uniqueness Proposition 14.7 that H̃1 = g̃. �

Proposition 14.11. (Covering-π1-Monomorphism Proposition) Let p : X → B be a
covering. Given any x0 ∈ X the induced map p∗ : π1(X, x0)→ π1(B, p(x0)) is a monomor-
phism.

Proof. We set b0 := p(x0). We see that

[f ] ∈ ker(p∗ : π1(X, x0)→ π1(B, b0)) =⇒ [p ◦ f ] = e ∈ π1(B, b0) =⇒ p ◦ f 'p constb0
=⇒ f 'p constx0 =⇒ [f ] = e ∈ π1(X, x0).
↑

this follows from the Path-Lifting Proposition 14.10 (2), since
f is the lift of p ◦ f to the starting point x0 and constx0 is the lift of constb0 to the starting point x0 �

Proposition 14.12. (Loop�Lifting Proposition) Let p : X → B be a covering. Let
b0 ∈ B and let x0 ∈ X be a point with p(x0) = b0. Let f : [0, 1]→ B be a loop in (B, b0).
We denote by f̃ : [0, 1]→ X the lift of f to the starting point x0. The following holds:

f̃ is a loop in (X, x0) ⇐⇒ [f ] lies in p∗(π1(X, x0)) Ă π1(B, b0).

In particular, if f̃ is not a loop in (X, x0), then [f ] is a non-trivial element of π1(B, b0).

Example. We consider the pointed topological space (B, b0) and the loop f : [0, 1] → B
that are shown in the �gure below. We also show a covering p : X → B together with the
lift f̃ of f to the starting point x0. Since f̃ is not a loop it follows from the Loop�Lifting
Proposition 14.12 that [f ] ∈ π1(B, b0) is non-trivial.

������

������
��
��
��
��

������

���� ������

0 1
b0

B

X
x0

p
f̃

f

Proof. Let f be a loop in (B, b0). We denote by f̃ the lift of f to the starting point x0.

(⇒) If f̃ is a loop in (X, x0), then it de�nes an element in π1(X, x0). Therefore we see
that [f ] = [p ◦ f̃ ] = p∗([f̃ ]) ∈ p∗(π1(X, x0)).

(⇐) We assume that [f ] lies in p∗(π1(X, x0)) Ă π1(B, b0). We make two observations:
• The hypothesis that [f ] ∈ p∗(π1(X, x0)) implies that there exists a loop g in (X, x0)
with [f ] = p∗([g]) = [p◦g]. In particular we see that f and p◦g are path-homotopic.
• Note that f̃ is a lift of f and that g is a lift of p ◦ g and note that these two lifts
have the same starting point x0.

It follows from these two observations and the Path-Lifting Proposition 14.10 (2) that
the endpoint of f̃ agrees with the endpoint of g̃, which is x0. Thus we have shown
that f̃ is a loop in (X, x0). �
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De�nition. Let G be a group and let H be a subgroup of G.
(1) We get an equivalence relation ∼ on G by setting g1 ∼ g2 if there exists an h ∈ H

with g1 · h = g2. We denote by G/H the set of equivalence classes.
(2) If in (1) we use left multiplication by h ∈ H, then also get an equivalence relation

and we denote the set of equivalence classes by H\G. Note that the map [g] 7→ [g−1]
de�nes a bijection H\G→ G/H.

(3) We write [G : H] := #G/H = #H\G.

Proposition 14.13. (Covering-Degree Proposition) Let p : X → B be a covering.
Let b0 ∈ B and let x0 ∈ X be a point with p(x0) = b0. If X is path-connected, then

[X : B] = [π1(B, b0) : p∗(π1(X, x0))].

Example. Let n ≥ 2.

(1) On page 137 we saw that we have a 2-fold covering p : Sn → Sn/{±1} =i RPn.
(2) It follows from the Covering-Degree Proposition 14.13 that p∗(π1(Sn)) is subgroup of

index two of π1(Sn/{±1}).
(3) Since n ≥ 2 we know by the Sphere-π1-Proposition 11.14 that π1(Sn) = 0.
(4) It follows from (1)�(3) that π1(Sn/{±1}) is a group with two elements.
(5) It is elementary to see that (4) implies that π1(RPn) = π1(Sn/{±1}) ∼= Z2.

In the next chapter we will return to this calculation in a more systematic fashion.

Lemma 14.14. (Covering�Bijection Lemma) Let p : X → B be a covering. Let
b0 ∈ B and let x0 ∈ X be a point with p(x0) = b0. If X is path-connected, then the map

Θ: p−1(b0) → p∗(π1(X, x0))\π1(B, b0)
y0 7→ [ p ◦ ( path f in X from x0 to y0︸ ︷︷ ︸

exists since X is path-connected

) ]

is well-de�ned and it is a bijection.
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��3-fold covering pX b0

f
y0

x0

B

p ◦ f

Proof of Lemma 14.14.

(1) First we show that the map Θ is well-de�ned. Thus let f, g : [0, 1] → X be two paths
from x0 to y0. Note that

[p ◦ f ]︸ ︷︷ ︸
∈π1(B,b0)

= [p ◦ f ∗ p ◦ g ∗ p ◦ g︸ ︷︷ ︸
null-homotopic by
the Path-Homotopy

Product Proposition 11.4

] = [p ◦ (f ∗ g︸︷︷︸
loop in (X,x0)

since the endpoint
of f equals the

starting point of g

)] · [p ◦ g] = p∗( [f ∗ g]︸ ︷︷ ︸
∈π1(X,x0)

) · [p ◦ g]︸ ︷︷ ︸
∈π1(B,b0)

.

(2) Next we show that the map Θ is surjective. Thus let [f ] ∈ π1(B, b0). By the Path-
Lifting Proposition 14.10 (1) there exists a lift f̃ of f to the starting point x0. Note
that Θ(f̃(1)) = [p ◦ f̃ ] = [f ].
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(3) Finally we show that the map Θ is injective. Suppose we have y0, z0 ∈ p−1(b0) such
that Θ(y0) = Θ(z0).
(a) We pick a path f0 : [0, 1] → X from x0 to y0 and we pick a path g0 : [0, 1] → X

from x0 to z0.
(b) The fact that Θ(y0) = Θ(z0) ∈ p∗(π1(X, x0))\π1(B, b0) implies that there exists a

loop h : [0, 1]→ X in (X, x0) such that [p ◦ h] · [p ◦ f0] = [p ◦ g0].
(c) Note that h ∗ f0 is de�ned since the endpoint of h equals x0, which is the starting

point of f0. Now we see that

[p ◦ (h ∗ f0)] = [(p ◦ h) ∗ (p ◦ f0)] = [p ◦ h] · [p ◦ f0] = [p ◦ g0].

(d) By (c) we know that p ◦ (h ∗ f0) 'p p ◦ g0.
(e) Since h∗f0 is a lift of p◦(h∗f0) to the starting point x0 and since g0 is a lift of p◦g0

to the starting point x0 we obtain from (d) and the Path-Lifting Proposition 14.10
(2) that the endpoints of h ∗ f0 and g0 agree. But these are precisely y0 and z0. �

Proof of Proposition 14.13. We see that

[X : B] = #p−1(b0) = #p∗(π1(X, x0))\π1(B, b0) = [π1(B, b0) : p∗(π1(X, x0))].
↑ ↑ ↑

de�nition of degree Covering�Bijection Lemma 14.14 de�nition of index �

14.6. Pullbacks of coverings.

Lemma 14.15. (Pullback-Covering Lemma) Let p : X → B be a continuous map of
topological spaces, let C be a topological space and let f : C → B be a continuous map.
As in the Topological-Pullback Proposition 5.7 we consider the pullback

f ∗X := {(c, x) ∈ C ×X | f(c) = p(x)}
which gives us the following commutative diagram:

f ∗X
f̃

//

q
��

X
p
��

C
f

// B.

If p : X → B is in fact a covering, then the following statements hold:
(1) The map q : f ∗X → C is also a covering.
(2) If B and C are connected, then

deg(q : f ∗X → C) = deg(p : X → B).

(3) Let c ∈ C. We write b = f(c) and we pick x ∈ X such that p(x) = b. The following
equality holds:

q∗(π1(f ∗X, (c, x))) = f−1
∗ (p∗(π1(X, x))) Ă π1(C, c).

Example. Similar to the discussion on page 75 we consider the covering p : X → B = S1

that is shown in the �gure below and we consider the map f : C = S1 → S1 = B that is
given by f(z) = z2. The pullback covering f ∗X → C = S1 is a product, i.e. there exists a
homeomorphism f ∗X ∼= S1 × {−1, 1} that commutes with the projections to S1.
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pullback f ∗X

B = S1

p

X

f

z 7→ z2
S1 = C

Proof. Let p : X → B be a covering. We write Z := f ∗X and z := (c, x). Finally we
denote by q : f ∗X → C the map given by (c, x) 7→ c.
(1) First we show that q : f ∗X → C is surjective. Thus let c ∈ C. Since p : X → B is in

particular surjective we see that there exists an x ∈ X with p(x) = f(c). Note that
(c, x) ∈ f ∗X. Since q(c, x) = c we have shown that q is surjective.

Next let c ∈ C. We need to show that c admits a uniformly covered neighborhood.
Since p is a covering the point f(c) ∈ B admits a uniformly covered neighborhood U .
This means that p−1(U) =

⊔
i∈I
Ai such that each Ai is open in X and such that each

p|Ai : Ai → U is a homeomorphism.
We set V := f−1(U). We claim that V is uniformly covered. Given i ∈ I we consider

Bi := {(c, x) ∈ f ∗X | c ∈ V, x ∈ Ui}. Since Bi = i∗X ∩ (V ×Xi) we see that Bi is an
open subset of i∗X. Finally one can easily verify that each restriction q|Bi : Bi → V is
a homeomorphism.

(2) Since B and C are connected it makes sense to speak of the degrees of p and q. For
any c ∈ C we have a bijection

q−1(c) = {(c, x) ∈ C ×X | f(c) = p(x)} bijection−−−−→ p−1(f(c)) = deg(p).

This shows that the degree of q equals the degree of p.
(3) We need to show that q∗(π1(Z, z)) = f−1

∗ (π1(X, x)). We show the two inclusions �Ă�
and �Ą� separately.
�Ă� Let f̃ : Z → X be the map given by (c, x)→ x. By construction we have f◦q = f̃◦p.

But this implies immediately that f∗(q∗(π1(Z, z))) is contained in p∗(π1(X, x)).
�Ą� Let γ : [0, 1]→ C be a loop in (C, c) with [f ◦ γ] = f∗([γ]) ∈ p∗(π1(X, x)). We write

g := f ◦ γ. Let g̃ : [0, 1]→ X be the lift with g̃(0) = x. Since [g] ∈ p∗(π1(X, x)) we
obtain from the Loop�Lifting Proposition 14.12 that g̃ is actually a loop. Thus the
map α : [0, 1]→ C ×X that is given by t 7→ (γ(t), g̃(t)) is a loop. By construction
the loop takes values in Z and evidently we have q∗([α]) = [γ]. This shows that
[γ] ∈ q∗(π1(Z, z)). �
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15. Group actions and fundamental groups

15.1. The main theorem on group actions and fundamental groups.

Theorem 15.1. (Action�π1-Theorem) Let X be a topological space and let G be a
group that acts continuously and discretely on X. We choose an x0 ∈ X. We denote by
p : X → X/G the natural projection.
(1) If X is simply connected, then the map

G → π1(X/G, [x0])
g 7→ [p ◦ (path in X from x0 to g · x0)]

is a well-de�ned isomorphism of groups. In particular we have π1(X/G) ∼= G.
(2) If X is path-connected (but not necessarily simply connected), then p∗(π1(X, x0)) is a

normal subgroup of π1(X/G, [x0]) and the map

G → π1(X/G, [x0])/p∗(π1(X, x0))
g 7→ [p ◦ (path in X from x0 to g · x0)]

is a well-de�ned isomorphism of groups.
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(R× [−1, 1])/Z ∼= S1 × [−1, 1]
G = Z acts on X = R× [−1, 1] by addition

on the �rst coordinate

x0

2

2 + x0

[x0]

1−1 0

p ◦ f

p

path f from x0 to 2 + x0

Example. Let n ∈ N. It follows from the discussion on page 118 that Rn is simply
connected. We saw on page 133 that the usual continuous action of (Zn,+) on Rn is
discrete. It follows from the Action�π1-Theorem 15.1 (1) that the map

Zn → π1(Rn/Zn, [(0)])

v 7→
[

[0, 1] → Rn/Zn
t 7→ [t · v]

]
is an isomorphism. Using the homeomorphism (S1)n → Rn/Zn from the Torus-as-Quotient
Lemma 6.6 this also gives a new calculation of the fundamental group of (S1)n. In particular
we obtain a new proof of the Circle-π1-Theorem 11.13 and the Torus-π1-Corollary 13.8.
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��� which corresponds toR2/Z2

S1 × S1

(0, 0)

(−1, 2)

Proof of the Action�π1-Theorem 15.1. Note that Statement (1) is just a user-friendly
special case of Statement (2). Thus it su�ces to prove Statement (2). Let X be a path-
connected topological space and let G be a group that acts continuously and discretely
on X. Note that it follows from the Action�Covering Proposition 14.5 that the natural



15. GROUP ACTIONS AND FUNDAMENTAL GROUPS 147

projection p : X → X/G is a covering. Finally let x0 ∈ X. We start out with the following
claim.
Claim 1. The image p∗(π1(X, x0)) Ă π1(X/G, [x0]) is a normal subgroup.

Proof. Let [γ] ∈ π1(X, x0) and let [α] ∈ π1(X/G, [x0]). We denote by α̃ : [0, 1] → X the
lift of α with the starting point x0. Note that p(α̃(1)) = α(1) = [x0]. This shows that
there exists a g ∈ G with α̃(1) = g · x0. We denote by g · γ the loop in X that is given by
t 7→ g · γ(t). Note that we can form the loop α̃ ∗ g · γ ∗ α̃ since the endpoints always match
the starting point.
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[x0]

X/G

p

X g · γ

γ

α̃(1) = g · x0α̃

α

Now we see that since p(g · x) = p(x) ∈ X/G for all x ∈ X
↓

[α] · p∗([γ]) · [α]−1 = [p ◦ α̃] · [p ◦ γ] · [p ◦ α̃] = [p ◦ α̃] · [p ◦ (g · γ)] · [p ◦ α̃]

= [p ◦ ( α̃ ∗ g · γ ∗ α̃︸ ︷︷ ︸
de�ned since the endpoints

always match the starting points

)] = p∗([ α̃ ∗ g · γ ∗ α̃︸ ︷︷ ︸
loop in (X,x0)

]) ∈ p∗(π1(X, x0)).

Thus we have shown that p∗(π1(X, x0)) is a normal subgroup of π1(X/G, [x0]). �
Similar to the Covering�Bijection Lemma 14.14 we consider the map

Φ: G → π1(X/G, [x0])/p∗(π1(X, x0))
g 7→ [p ◦ (path in X from x0 to g · x0)].

Claim 2. The map Φ is well-de�ned and it is a bijection.

Proof. We consider the maps

G → p−1([x0]) → π1(X/G, [x0])/p∗(π1(X, x0))
g 7→ g · x0

y0 7→ [p ◦ (path in X from x0 to y0)].

The map to the left is clearly a bijection. The claim now follows from the observation that
we showed in the Covering�Bijection Lemma 14.14 that the map to the right is well-de�ned
and that it is a bijection. �
It remains to prove the following claim.

Claim 3. The map Φ: G→ π1(X/G, [x0])/p∗(π1(X, x0)) is a group homomorphism.

Proof. Let g, h ∈ G. We pick a path α from x0 to g · x0 and we pick a path β from x0 to
h ·x0. Then g ·β is a path from g ·x0 to (g · (h ·x0)) = gh ·x0 and α ∗ g ·β is a path from x0

to gh · x0. It follows that

since p ◦ (γ ∗ δ) = p ◦ γ ∗ p ◦ δ since p(g · x) = p(x) ∈ X/G for all x ∈ X
↓ ↓

Φ(g · h) = [p ◦ (α ∗ g · β)] = [(p ◦ α) ∗ (p ◦ g · β)] = [(p ◦ α) ∗ (p ◦ β)]
↑ = [p ◦ α] · [p ◦ β] = Φ(g) · Φ(h).

since α ∗ g · β is a path from x0 to gh · x0 ↑
de�nition of · in π1(X/G, [x0]) �
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15.2. Applications of the Action�π1-Theorem 15.1.

Proposition 15.2. (Lens Space-π1-Proposition)

(1) Let p ∈ Z \ {0} and let q ∈ Z with gcd(p, q) = 1. If L(p, q) = S3/Zp is a lens space as
de�ned on page 135, then

π1(L(p, q)) ∼= Zp.
(2) Let p, p̃ ∈ Z \ {0} and let q, q̃ ∈ Z with gcd(p, q) = 1 and gcd(p̃, q̃) = 1. If L(p, q) is

homotopy equivalent (e.g. homeomorphic) to L(p̃, q̃), then p = p̃.

Proof.

(1) First we note that by the Sphere-π1-Proposition 11.14 we know that S3 is simply
connected. Next note that in the Lens Space-Discrete Action Lemma 14.2 we showed
that the action of Zp on S3 is discrete. Thus the statement follows from the Action�
π1-Theorem 15.1 (1).

(2) This statement follows from (1) and the Homotopy-π1-Proposition 13.4 (2a). �

Proposition 15.3. (Real Projective Space�π1-Proposition) Let n ∈ N≥2.
(1) We consider the real projective space RPn =i S

n/{±1}.
(a) π1(real projective space RPn) =i π1(Sn/{±1}) ∼= Z2.
(b) We set P := (1, 0, . . . , 0) ∈ Sn. The unique non-trivial element of the fundamental

group π1(RPn, [P ]) =i π1(Sn/{±1}, [P ]) is represented by the loop

ϕ : [0, 1] → RPn =i S
n/{±1}

t 7→ [(cos(πt), sin(πt), 0, . . . , 0)].

(2) Let �∼� be the equivalence relation on B
n
that is generated by x ∼ −x for x ∈ Sn−1.

(a) π1(B
n
/∼) ∼= Z2.

(b) With Q = (1, 0, . . . , 0) ∈ Bn
the unique non-trivial element of π1(B

n
/∼), [Q]) is

represented by the loop
ψ : [0, 1] → B

n
/∼

t 7→ [2t− 1, 0, . . . , 0)].
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ψ

0 1 10

S2/∼=i RP2

ϕ

P
−P −Q Q

B
2
/∼

Proof.

(1) These two statements follows almost immediately from the following observations:
(i) We consider the usual continuous action of {±1} on Sn. On page 133 we saw

that the action of {±1} on Sn is discrete. We denote by p : Sn → Sn/{±1} the
projection.

(ii) Since n ≥ 2 we obtain from the Sphere-π1-Proposition 11.14 that the sphere Sn is
simply connected.

(iii) Note that it follows from (i) and (ii) together with the Action�π1-Theorem 15.1 (1)
that the map {±1} → π1(Sn/∼)

ε 7→ [p ◦ (path in Sn from P to ε · P )]
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is an isomorphism. Since t 7→ (cos(πt), sin(πt), 0, . . . , 0) is precisely a path from P
to −P we see that ϕ represents the non-trivial element of π1(Sn/{±1}, [P ]).

(iv) Recall that in the Projective Space-Sphere Quotient Lemma 6.9 we saw that the
inclusion Sn → Rn+1 \ {0} induces a homeomorphism Sn/{±1} → RPn.

(2) In the Projective Space-Avatar Lemma 6.11 (2) we gave an explicit homeomorphism
f : B

n
/∼→ Sn/{±1} with f([Q]) = [P ]. It follows from this observation together with

the results in (1) that π1(B
n
/∼) ∼= Z2 and that the unique non-trivial of π1(B

n
/∼, [Q])

is presented by the loop f ◦ ϕ, i.e. by the loop t 7→ [(cos(πt), sin(πt), 0, . . . , 0)]. It is
straightforward to see that this loop is path-homotopic to the loop ψ. �

Proposition 15.4. (SO(3)�π1-Proposition)

(1) π1(SO(3), id) ∼= Z2.
(2) The unique non-trivial element is represented by the loop

γ : [0, 1] → SO(3)

t 7→

(
1 0 0
0 cos(2πt) sin(2πt)
0 − sin(2πt) cos(2πt)

)
︸ ︷︷ ︸

rotation around the x-axis

at the base point id ∈ SO(3).

Proof.

(1) (a) Let ∼ be the equivalence relation on B
3
that is generated by x ∼ −x for x ∈ S2.

(b) We set Q := (1, 0, 0) ∈ B3
.

(c) In the Projective Space-Avatar Lemma 6.11 (3) we saw that the map

f : B
3
/∼ → SO(3)

[ r · v︸︷︷︸
r ∈ [0, 1] and v ∈ S2

] 7→ matrix in SO(3) which represents rotation by the angle π · r
around the axis R≥0 · v where the rotation
direction is given by the right-hand rule

is a homeomorphism. Note that f(0) = id.
(d) In the Real Projective Space�π1-Proposition 15.3 (2) we showed that π1(B

3
/ ∼

, [Q]) ∼= Z2.
(e) It follows from (c) and (d) that π1(SO(3), f([Q])) ∼= Z2.

(2) We still need to show that γ represents the unique non-trivial element of π1(SO(3), id).
(f) Given ε ∈ {−1, 1} let αε : [0, 1]→ B

3
be the path that is given by t 7→ [t ·Q · ε].

(g) In the Real Projective Space�π1-Proposition 15.3 (2) we showed that the unique
non-trivial element of π1(B

3
/∼, [Q]) is represented by the loop α+ ∗ α−.

(h) Note that α+ is a path from 0 to Q. It follows from (d) and the Change-of-
Base Point Proposition 11.6 that the unique non-trivial element of π1(B

3
/∼, 0) is

represented by α+ ∗ (α+ ∗ α−) ∗ α+ 'p α− ∗ α+.
(i) It follows from (c) and (h) and the fact that f(0) = id that the unique non-trivial

element of π1(SO(3), id) is represented by ϕ := f ◦ (α+ ∗ α−).
(j) The loop that we gave in the statement of the proposition is precisely ϕ. But if ϕ

represents a non-trivial element of π1(SO(3), id), then so does ϕ. �
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Proposition 15.5. (Klein Bottle�π1-Proposition) As in the Klein Bottle-as-Quotient
Lemma 14.1 we consider the group G that is given by all self-homeomorphisms of R2 that
can be written as concatenations of the two self-homeomorphisms

A : R2 → R2

(x, y) 7→ (x+ 1, 1− y)
and

B : R2 → R2

(x, y) 7→ (x, y + 1)

and their inverses.
(1) The fundamental group of the Klein bottle K = ([0, 1]× [0, 1])/∼ is isomorphic to G.
(2) The fundamental group of the Klein bottle K is non-abelian, in particular the two

elements [β] and [γ] shown in the �gure below do not commute.
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the elements [β], [γ] ∈ π1(K, [(0, 0)]) do not commute

γ

β

(0, 0)

Klein bottle K = ([0, 1]× [0, 1])/∼

Proof.

(1) In the Klein Bottle-as-Quotient Lemma 14.1 we showed the following two facts:
(a) The group G acts discretely on R2.
(b) The inclusion induced map f : ([0, 1]× [0, 1])/∼→ R2/G is a homeomorphism.
It follows from (a) together with the Action�π1-Theorem 15.1 (1) that the map

Θ: G → π1(R2/G, [(0, 0)])

g 7→
[

[0, 1] → R2/G
t 7→ [t · g(0, 0)︸ ︷︷ ︸

∈R2

]

]

is an isomorphism. If we combine this calculation with (b) we see that the fundamental
group of the Klein bottle is isomorphic to G.

(2) (a) We set C := B−1 · A. An easy calculation shows that the two homeomorphisms
B(x, y) = (x, y + 1) and C(x, y) = (x+ 1,−y) do not commute.

(b) It follows from (a) that (f∗)
−1(Θ(B)), (f∗)

−1(Θ(C)) ∈ π1(K, [(0, 0)]) do not com-
mute.

(c) We consider the two loops β, γ in (K, [(0, 0)]) that are shown in the above �gure.
Note that it follows easily from the de�nitions that (f∗)

−1(Θ(B)) = [β] and that
(f∗)

−1(Θ(C)) = [γ].
(d) It follows from (b) and (c) that [β] and [γ] do not commute. �

15.3. The fundamental group of mapping tori. We start out with the following de�-
nition which we will use on several occasions.
De�nition. Let X be a topological space and let f : X → X be a homeomorphism. We
refer to

Tor(X, f) := (X × [0, 1]) /∼ where (x, 0) ∼ (f(x), 1) for all x ∈ X,
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as the mapping torus of (X, f). We introduce two maps:

X → Tor(X, f)
x 7→ [(x, 0)]︸ ︷︷ ︸
the natural injection

and
Tor(X, f) → S1

[(x, t)] 7→ exp(2π it).︸ ︷︷ ︸
the natural projection

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

��
��
��

��
��
��

���
���
���

���
���
���

���
���
���

���
���
���

��
��
��
��

����

����

����

�
�
�
�

X × [0, 1] natural projection p

S1

[0, 1]/0 ∼ 1

X
X

f

each point (x, 0) gets identi�ed with (f(x), 1)

Examples.

(1) Let X be a topological space. In [Fri23] it is shown that the map

Φ: Tor(X, id) → X × S1

[(x, t)] 7→ (x, exp(2π it))

is a homeomorphism.
(2) We consider the homeomorphism f : S1 → S1 that is given by z 7→ z. We also consider

the Klein bottle ([0, 1] × [0, 1])/ ∼, as de�ned on page 82. It is not di�cult to show
that the map

([0, 1]× [0, 1])/∼ → Tor(S1, z 7→ z)
[(x, y)] 7→ [(exp(2π ix), y)]

is a homeomorphism.
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S1×{1}

mapping torus Tor(S1, z 7→ z)

S1×{0}

Klein bottle ([0, 1]× [0, 1])/ ∼

∼=

De�nition. Let N be a group, let k ∈ N0 and let ϕ : N → N be an isomorphism such that
ϕk = id. We de�ne the semidirect product of N and Zk with respect to ϕ as the group
N oϕ Zk where the underlying set is given by the direct product N × Zk, but where the
group multiplication is given by

(h,m) · (h′,m′) := (h · ϕm(h′),m+m′).

If ϕ is understood from the context, then we drop it from the notation, i.e. we write NoZk
instead of N oϕ Zk.

Examples.

(1) If N is a group and if ϕ=idN , then N oid Z=N×Z is the direct product of N and Z.
(2) Let N = Zn for some n ∈ N0. We denote by ϕ : Zn → Zn the isomorphism that is given

by multiplication by −1. Clearly this isomorphism satis�es ϕ2 = id, thus we can form
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the semidirect product Znoϕ Z2, which is called the n-th dihedral group Dn. It has 2n
elements.

Ψ: Z3 o Z2 → S3

(h,m) 7→ (1 2 3)h · (1 2)m.

Lemma 15.6. (Semidirect Product Lemma) Let G be a group, let ξ : G → Z be an
epimorphism and let t ∈ G with ξ(t) = 1. We write N := ker(ξ) and we denote by ϕ the
isomorphism ϕ : N → N

h 7→ t · h · t−1.
Then the map Θ: G → N oϕ Z

g 7→
(
g · t−ξ(g), ξ(g)

)
is an isomorphism of groups.

Proof. It is straightforward to verify that Θ is injective and surjective. It remains to show
that Θ is a homomorphism: given g, h ∈ G we have indeed

Θ(g ·h) = (g ·h·t−ξ(g·h), ξ(g ·h)) = (g ·t−ξ(g) ·tξ(g) ·h·t−ξ(h) ·t−ξ(g)︸ ︷︷ ︸
=ϕξ(g)(h·t−ξ(h))

, ξ(g) + ξ(h))

= (g ·t−ξ(g), ξ(g))·(h·t−ξ(h), ξ(h)) = Θ(g)·Θ(h). �

Proposition 15.7. (Mapping Torus-π1-Proposition) Let (X, x0) be a pointed path-
connected topological space, let f : X → X be a homeomorphism and let γ be a path from
x0 to f(x0). We denote by γ∗ : π1(X, f(x0)) → π1(X, x0) the isomorphism given by the
Change-of-Base Point Proposition 11.6 and we de�ne

ϕ := γ∗ ◦ f∗ : π1(X, x0)
f∗−−→∼= π1(X, f(x0))

γ∗−−→∼= π1(X, x0).

Let i : X → Tor(X, f) be the natural inclusion and let p : Tor(X, f) → S1 be the natural
projection. There exists a natural isomorphism

Θ: π1(Tor(X, f), [(x0, 0)])
∼=−−→ π1(X, x0) oϕ Z

such that the following diagram commutes

π1(X, x0)
i∗ //

id
��

π1(Tor(X, f), [(x0, 0)])

Θ∼=
��

p∗
// π1(S1, 1)

∼=
��

π1(X, x0)
g 7→ (g,0)

// π1(X, x0) oϕ Z
(g,n) 7→n

// Z.

Proof. The proof of the proposition can be summarized by the following sequence of
isomorphisms:

Action�π1-Theorem 15.1 (2) and
Semidirect Product Lemma 15.6

↓
π1(Tor(X, f)) = π1((X × R)/Zf ) ∼= π1(X × R) o Z ∼= π1(X) o Z.

↑ ↑
Mapping Torus-of-Homeomorphism Lemma ?? Homotopy-π1-Proposition 13.4

Thus we have obtained an isomorphism Θ: π1(Tor(X, f))
∼=−→ π1(X) o Z. A more detailed

version of the proof and a proof that the given diagram actually commutes is given in
[Fri23]. �
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Example. Let K = Tor(S1, f(z) := z) be the Klein bottle. It follows from the discussion
on page ?? that the automorphism f∗ =: ϕ of π1(S1) = Z is multiplication by −1. It
follows from the Mapping Torus-π1-Proposition 15.7 that

π1(Klein bottle) ∼= Z oϕ Z.
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16. Applied topology

16.1. Topological robotics.

Lemma 16.1. The map

Φ: S1 × S1 × S1 → SO(3)

(α, β, γ) 7→ rotation by α
around the x-axis

◦ rotation by β
around the y-axis

◦ rotation by γ
around the z-axis

is a surjection.

Sketch of proof. Let A ∈ SO(3) be matrix with columns v1, v2, v3. After a rotation
around the z-axis we can assume that v1 lies in the xz-plane. After a rotation around
the y-axis we can then arrange that v1 lies in fact on the x-axis, i.e. we can arrange that
v1 = e1. Since v1 = e1, v2, v3 is an orthonormal basis we see that v2, v3 lie in the yz-plane.
After a rotation around the x-axis we can �nally arrange that v2 = e2 and v3 = e3. �

Proposition 16.2. There is no continuous map Ψ: SO(3) → S1 × S1 × S1 such that
Φ ◦Ψ = idSO(3).

Proof. Let us suppose there exists a continuous map Ψ: SO(3)→ S1×S1×S1 such that
Φ ◦Ψ = idSO(3). Then we get the following commutative diagram

∼=Z3︷ ︸︸ ︷
π1(S1 × S1 × S1,Ψ(id))

Φ∗

))

π1(SO(3), id)︸ ︷︷ ︸
∼=Z2

Ψ∗
55

id∗ // π1(SO(3), id)︸ ︷︷ ︸
∼=Z2

.

By the SO(3)�π1-Proposition 15.4 we have that π1(SO(3)) ∼= Z2 and by the Torus-π1-
Corollary 13.8 we know that π1(S1 × S1 × S1) ∼= Z3. Since Z2 is a �nite group and since
Z3 is torsion-free we see that the homomorphism Ψ∗ : π1(SO(3)) → π1(S1 × S1 × S1) is
the trivial map. But that is not possible since the horizontal map is an isomorphism of a
non-trivial group. �



17. WEDGES AND TOPOLOGICAL GRAPHS 155

17. Wedges and topological graphs

17.1. The wedge of pointed topological spaces.

De�nition. Let {(Xi, xi)}i∈I be a non-empty family of pointed topological spaces.
(1) We refer to ∨

i∈I
(Xi, xi) :=

( ⊔
i∈I
Xi

)/
∼ where xi ∼ xj for all i, j ∈ I

as the wedge of the pointed topological spaces (Xi, xi). We refer to the point given
by the identi�cations as the wedge point. If we do not say anything else it will be
denoted by ∗. We equip the wedge with this base point to view the wedge as a pointed
topological space.

(2) Given j ∈ I we refer to the map
ιj : Xj →

∨
i∈I

(Xi, xi)

x 7→ [x]

as the natural injection.
The wedge of the empty family of pointed topological spaces is de�ned as the one-point
topological space {∗}.

Example.

(1) The wedge (A, a)∨ (B, b) of two pointed topological spaces (A, a) and (B, b) should be
viewed as the result of gluing A and B along the points a and b.
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wedge of two circles

a

b
=⇒

(S1, a) ∨ (S1, b)

a = b

(2) In general the homeomorphism type of the wedge depends on the choice of base points.
This becomes particularly clear if we consider disconnected spaces. For example it is
pretty clear that the wedges (A, a) ∨ (B, b) and (A, a) ∨ (B, b̃) considered in the �gure
below are not homeomorphic.
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BA (A, a) ∨ (B, b̃)(A, a) ∨ (B, b)

b̃ba

Proposition 17.1. (Wedge Proposition) Let {(Xi, xi)}i∈I be a family of pointed topo-
logical spaces.

(0) A subset U Ă
∨
i∈I

(Xi, xi) is open (closed) if and only if for each i ∈ I the preimage

ι−1
i (U) is an open (closed) subset of Xi.

(1) (a) Let j ∈ J . The natural injection ιj : Xj →
∨
i∈I

(Xi, xi) is continuous and it is an

embedding.
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(b) If (Z, z0) is a pointed topological space and if {fi : (Xi, xi)→ (Z, z0)}i∈I is a family
of continuous maps, then the map∨

i∈I
fi :

∨
i∈I

(Xi, xi) → Z

[(x, i)] 7→ fi(x)

is continuous and it sends the wedge point to z0.
(∗) A map f :

∨
i∈I

(Xi, xi) → Z is continuous if and only if each f ◦ ιi : Xi → Z is

continuous.
(2) The pointed topological space

( ∨
i∈I

(Xi, xi), ∗
)
together with the natural injections ιi

is a coproduct of {(Xi, xi)}i∈I in the category PTop of pointed topological spaces, that
we de�ned on page 127.

Proof. We leave the routine veri�cation of this proposition to the reader. The details can
be found in [Fri23]. �

Example.

(1) Let (Xi, xi)i∈I be a family of pointed topological spaces. Let J Ă I. Using the Wedge
Proposition 17.1 one can easily show that the natural map

∨
j∈J

(Xj, xj)→
∨
i∈I

(Xi, xi) is

an embedding. Furthermore we see that a retraction from
∨
i∈I

(Xi, xi) to the subspace∨
j∈J

(Xj, xj) is given by sending all points in Xi with i 6= j to the wedge point.

(2) LetG = (V = {v}, E, i, t) be an abstract graph with a single vertex. Using the Abstract
Graph-Topology Lemma 7.1 (3) and the Wedge Proposition 17.1 one can easily show
that the topological realization |G| is homeomorphic to the wedge of #E copies of
(S1, 1).

Lemma 17.2. (Wedge�Properties Lemma) Let {(Xi, xi)}i∈I be a family of pointed
topological spaces.

(1) If I is �nite and if each Xi is compact, then
∨
i∈I

(Xi, xi) is compact.

(2) If each Xi is (path)-connected, then the wedge
∨
i∈I

(Xi, xi) is (path)-connected.

(3) The wedge
∨
i∈I

(Xi, xi) is Hausdor� if and only if each Xi is Hausdor�.

Proof.

(1) This statement follows immediately from the Disjoint Union Topology-Properties Lem-
ma 5.9 (1) together with the Quotient Topology-Properties Proposition 6.2 (1).

(2) This statement follows immediately from the Union Connected Lemma 2.19 together
with the Wedge Proposition 17.1 (1a).

(3) This statement can be proved easily using the Wedge Proposition 17.1 (0a). �

De�nition. We say a topological space X is homogeneous if given any two points x, y ∈ X
there exists a homeomorphism f : X → X with f(x) = y.

Example. It is clear that the topological space Rn is homogeneous. One can also easily
show �by hand� that the sphere Sn is homogeneous.
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Lemma 17.3. (Wedging Point�Irrelevance Lemma) Let {Xi}i∈I be a family of topo-
logical spaces. If each Xi is homogeneous, then di�erent choices of base points still lead
to homeomorphic wedges.

Proof. Suppose that for each i ∈ I we have base points xi, yi ∈ Xi. Since each Xi is
homogeneous we know that for each i ∈ I there exists a homeomorphism fi : Xi → Xi with
fi(xi) = yi. It follows from the Wedge Proposition 17.1 (1) that the maps∨

i∈I
(Xi, xi) →

∨
i∈I

(Xi, yi) and
∨
i∈I

(Xi, yi) →
∨
i∈I

(Xi, xi)

induced by the maps fi and by the maps f−1
i are continuous. Clearly they are inverses of

one another, so they are homeomorphisms. �

De�nition. Let {Xi}i∈I be a family of non-empty homogeneous topological spaces (e.g.
a family of spheres). For each i ∈ I we pick a point xi ∈ Xi and we write∨

i∈I
Xi :=

∨
i∈I

(Xi, xi).

By the above Lemma 17.3 the homeomorphism type of
∨
i∈I
Xi is well-de�ned.

17.2. Abstract graphs and wedges of circles.

Proposition 17.4. (Finite Tree�Contractible Proposition) Let T be an abstract
graph. If T is a �nite tree, then the following hold:
(1) The topological realization |T | admits a deformation retraction to a vertex, in partic-

ular it is contractible.
(2) The fundamental group π1(|T |) is trivial.

Proof. Note that Statement (2) is an immediate consequence of Statement (1) together
with the Homotopy-π1-Proposition 13.4 (3). Thus it su�ces to prove Statement (1).

We will prove that any tree admits a deformation retraction to a vertex. We will prove
this statement by induction on the number of edges. If a tree has zero edges, then it follows
from the connectedness of T that T consists of precisely one vertex. So we are done with
this special case.

Now suppose that we know that all trees with n edges admit a deformation retraction
to a vertex. Let T = (V,E) be a tree with n + 1 edges. By the Tree�Valence One Edge
Lemma 7.8 we know that T admits a vertex v of valence one. We denote by e the unique
edge with v as an endpoint. We set T ′ = (V \ {v}, E \ {e}). Note that T ′ is a non-empty
connected abstract subgraph of T . It follows from the Tree�Basics Lemma 7.4 (1) that T ′

is again a tree.

Claim. |T ′| is a deformation retract of |T |.

Proof. We denote by u the other vertex of e. Since u 6= v we obtain from the Abstract
Graph-Topology Lemma 7.1, see also the discussion on page 95, that there exists a closed
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embedding Φ: [0, 1]→ |T | with Φ(0) = u and Φ(1) = v. We consider the map

H : |T | × [0, 1] → |T |

(x, t) 7→
{
x, if x ∈ |T ′|,
Φ(t · y), if x = Φ(y) for some y ∈ [0, 1].

It follows from the Abstract Graph-Topology Lemma 7.1 that |T ′| and |e| = Φ([0, 1]) are
closed subsets of |T |. It thus follows from the Homotopy Combination Lemma 8.2 that the
map H is continuous. It is now clear that H is a deformation retraction from |T | to |T ′|.
�
We have thus shown that |T ′| is a deformation retract of |T ′|. By our induction hypothesis
|T ′| admits a deformation retraction to a vertex v ∈ T ′. It follows that |T | also admits a
deformation retraction to the vertex v. �

Proposition 17.5. (Graph-mod-Tree Proposition) Let G be an abstract graph. For
every �nite subtree T of G the projection |G| → |G|/|T | is a homotopy equivalence.
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quotient out |T | |G|/|T |

subtree |T |
|G|

Proof. We refer to [Fri23] for the rather technical and uninspiring proof. �

Example. We consider the abstract graph G and the subtree T that are shown in the
�gure below. It follows from the Graph-mod-Tree Proposition 17.5 that the projection
p : |G| → |G|/|T | is a homotopy equivalence. On page 109 we already saw that the map
g : |G|/|T | → |G| that is also sketched in the �gure is a homotopy inverse to p. The Graph-
mod-Tree Proposition 17.5 can be viewed as a notationally slightly heroic generalization of
this example.
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Corollary 17.6. (Graph-Homotopy Type Corollary)

(1) Let G = (V,E) be a �nite abstract graph. If G is connected and non-empty, then the
topological realization |G| is homotopy equivalent to the wedge of 1− χ(G) circles.

(2) Let G,G′ be two �nite abstract connected non-empty graphs. If χ(G) = χ(G′), then
the topological realizations |G| and |G′| are homotopy equivalent.
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topological graph of Euler
characteristic 8− 10 = −2

wedge of three circles

is homotopy equivalent to
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Proof. Let G be a �nite abstract graph.
(1) By the Spanning Tree�Existence Proposition 7.6 (1) we know that G admits a spanning

tree T . Next note that by the Graph-mod-Tree Proposition 17.5 we know that the map
p : |G| → |G|/|T | is a homotopy equivalence. By the Abstract Graph�Quotient Lem-
ma 7.9 (2) we know that |G|/|T | is homeomorphic to |G/T |. Thus it remains to show
that |G/T | is homeomorphic to the wedge of 1− χ(G) circles. We make the following
observation:
(a) Note that by de�nition the spanning tree T contains all vertices of G. In other

words, the abstract graph G/T contains only a single vertex.
(b) Note that χ(G/T ) = χ(G)− χ(T ) + 1 = χ(G)− 1 + 1 = χ(G).

↑ ↑
Abstract Graph�Quotient Lemma 7.9 (1) Tree Characterization Proposition 7.7

(c) By (a) and (b) we know that G/T has 1− χ(G) edges.
(d) It follows from (a) and (c), together with the discussion on page 156 that |G/T | is

indeed homeomorphic to the wedge of 1− χ(G) circles.
(2) The last statement is an immediate consequence of (1) and the Homotopy-Equivalence

Basics Lemma 9.5. �
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18. Basics of group theory I: Abelian groups

18.1. The direct sum of abelian groups.

De�nition. Let {Xs}s∈S be a family of abelian groups.
(1) We de�ne the product of the Xs to be the group∏

s∈S
Xs :=

{
f : S →

⋃
s∈S
Xs

∣∣∣ for every s ∈ S we have f(s) ∈ Xs

}
,

where the group structure is given by the obvious �component wise multiplication�.
(2) We de�ne the direct sum of the Xs to be the group⊕

s∈S
Xs :=

{
(gs)s∈S ∈

∏
s∈S

Xs

∣∣∣ all but �nitely many gs are trivial
}
.

(3) Given t ∈ S we refer to ιt : Xt →
⊕
s∈S

Xs

x 7→

 S →
⋃
s∈S

Xs

s 7→
{
x, if s = t,
0Xt , if s 6= t.


as the natural homomorphism.

Lemma 18.1. (Coproduct-of-Abelian Groups Lemma) Let {Xs}s∈S be a family of
abelian groups.
(1) Let Z be an abelian group and let {fs : Xs → Z}s∈S be a family of homomorphisms.

The map ⊕
s∈S

fs :
⊕
s∈S

Xs → Z

(gs)s∈S 7→
∑

s∈S with
gs 6= e

fs(gs)

is the unique homomorphism such that for each s ∈ S we have fs = Φ ◦ ιs.
(2) The coproduct in the category AbGroup of abelian groups of {Xs}s∈S is given by

⊕
s∈S

Xs

together with the above natural homomorphisms ιt : Xt →
⊕
s∈S

Xs.

Proof. This statement is basically the content of the Coproduct-of-Sets-and-Abelian Groups
Lemma 4.4 (2). But of course one can also prove it easily by hand. �

Convention.

(1) Let {Xs}s∈S be a family of abelian groups. For t ∈ S we use the natural injection
ιs : Xt →

⊕
s∈S

Xs from the Coproduct-of-Abelian Groups Lemma 18.1 to view Xt as a

subgroup of the direct sum
⊕
s∈S

Xs.

(2) Let G be an abelian group and let {Xs}s∈S be a family of subgroups. The inclusions
Xs → G de�ne a natural homomorphism⊕

s∈S
Xs → G.
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If this natural homomorphism is a monomorphism, then we refer to the image also as
the direct sum of the Xs.

Theorem 18.2. (Chinese Remainder Theorem) If r, s ∈ N are coprime, then the map

Φ: Zr·s → Zr × Zs = Zr ⊕ Zs
[k] 7→ ([k], [k])

is an isomorphism.

Proof. We leave the elementary algebra proof to the reader. Alternatively see [Fri23]. �

18.2. Free abelian groups.

De�nition. We say that a group π is a free abelian group on a subset S Ă π, if the
following universal property holds: for any map f : S → G of the set S to an abelian
group G there exists a unique homomorphism ψ : π → G that makes the following diagram
commute S

f &&

� � // π

∃ !ψ
��

G.

We call S a basis of the free abelian group π.

Lemma 18.3. (Free Abelian Group�Uniqueness Lemma) Let G be a free abelian
group on a subset S Ă G and let H be a free abelian group on a subset T Ă H. Given any
bijection f : S → T there exists a unique isomorphism ψ : G → H such that ψ(s) = f(s)
for all s ∈ S.

Example.

(1) Let m ∈ N0. One can easily verify that Zm is a free abelian group on the subset
e1, . . . , em given by the m standard basis vectors of Zm. It follows from the Free
Abelian Group�Uniqueness Lemma 18.3 that if G is a free abelian group on a �nite set
S, then G is isomorphic to Z#S.

(2) Let π be a free abelian group with basis S. If Φ: π → π is a homomorphism such that
Φ(s) = s for all s ∈ S, then it follows immediately from the uniqueness statement of
the above de�nition, that Φ = id.

Proof of Lemma 18.3. The proof of the uniqueness follows along the same lines as all
uniqueness proofs of this kind. We refer to [Fri23] for details. �

De�nition. Let S be a set.
(1) We de�ne

Z(S) :=
⊕
s∈S

Z = {all maps S → Z that are zero for all but �nitely many s ∈ S}.

(2) Let s ∈ S. The map S → Z

t 7→
{

1, if t = s,
0, otherwise.

lies in Z(S) and it is also called s. Thus we can view S as a subset of Z(S).
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Lemma 18.4. (Free Abelian Group�Existence Lemma) Let S be a set. The group
Z(S) is a free abelian group on the subset S Ă Z(S).

De�nition. Let S be a set. We refer to Z(S) as the free abelian group generated by S.

Proof of Lemma 18.4. Let f : S → G be a map to an abelian group. We consider the
map ψ : Z(S) → G

k∑
i=1

ni · si 7→
k∑
i=1

ni · f(si).

It is straightforward to verify that ψ is in fact a homomorphism, that ψ has the desired
property and that ψ is the unique such homomorphism. �

Lemma 18.5. (Free Abelian Group�Splitting Lemma) Let ϕ : G → A be an epi-
morphism between abelian groups.
(1) If A is a free abelian group, then there exists a right inverse σ : A→ G of ϕ.
(2) If σ : A→ G is a right inverse of ϕ, then G = ker(ϕ)⊕ σ(A).

Proof. Let ϕ : G→ A be an epimorphism between abelian groups.
(1) We assume that A is a free abelian group. We pick a basis B for the free abelian group

A. Since ϕ : G→ A is an epimorphism we can choose for each b ∈ B an element b̃ ∈ G
with ϕ(̃b) = b.

Since A is a free abelian group on B there exists a unique homomorphism σ : A→ G

with σ(b) = b̃ for all b ∈ B. For each b ∈ B̃ we have (ϕ ◦ σ)(b) = ϕ(̃b) = b. It follows
from the discussion on page 161 that ϕ ◦ σ = idA.

(2) Let σ : A → G be a right inverse of ϕ. We start out with the following claim:

Claim. We have ker(ϕ) ∩ σ(A) = {0}.
Proof. If g = σ(a) ∈ ker(ϕ) ∩ σ(A), then

g = σ(a) = (σ ◦ idA)(a) = σ(ϕ(σ(a))) = σ(ϕ(g)) = σ(0) = 0.
↑ ↑ ↑

since ϕ ◦ σ = idA since g = σ(a) since g ∈ ker(ϕ) �
As we discussed on page ??, it follows from the above claim that the natural homomor-
phism Θ: ker(ϕ)⊕ σ(A) → G

g ⊕ h 7→ g + h

is a monomorphism. It remains to show that Θ is an epimorphism. Let g ∈ G. Note
that ϕ(g − σ(ϕ(g))) = ϕ(g)− ϕ(σ(ϕ(g))) = ϕ(g)− ϕ(g) = 0.

↑
since ϕσ = idA

This shows that g − σ(ϕ(g)) ∈ ker(ϕ). It follows that g ∈ im(σ)⊕ ker(ϕ). �

Theorem 18.6. (Basis Cardinality Theorem) Let F be an abelian group. If F is free
on two subsets S and T , i.e. if S and T are bases for F , then #S = #T .

Proof. The proof of this statement is basically the same as the proof that in a vector
space any two bases have the same cardinality. This proof is given in detail in [Loe14,
Chapter 16.7]. �
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De�nition. If F is a free abelian group on a subset S, then we de�ne

rank(F ) := #S ∈ N0 ∪ {∞}.

Theorem 18.7. (Free Abelian Subgroup Theorem) Let F be a free abelian group.
Every subgroup H of F is a free abelian subgroup with rank(H) ≤ rank(F ).

Proof. We outsource the proof of this purely algebraic fact to [Fri23]. Alternatively see
[Rot88, Theorem 9.3]. �

18.3. Finitely generated abelian groups.

De�nition.

(1) Given an abelian group G we say that S Ă G is a generating set if the natural
homomorphism ΞS : Z(S) → G is an epimorphism.

(2) We call an abelian group �nitely generated if it admits a �nite generating set.

Lemma 18.8. (Finite Generation Lemma) Let ϕ : A → B be a homomorphism of
abelian groups.
(1) If ϕ is an epimorphism and if A is �nitely generated, then so is B.
(2) If ϕ is a monomorphism and if B is �nitely generated, then so is A.

Proof.

(1) Let ϕ : A→ B be an epimorphism of abelian groups. If S is a �nite generating set for
A, then clearly the �nite set ϕ(S) is a generating set for B.

(2) We only need to show that if B is a �nitely generated group, then so is every subgroup
A of B. Let T be a �nite generating set for B. We denote by ΞT : Z(T ) → B the natural
epimorphism. Note that Ξ−1

T (A) is a subgroup of Z(T ). By the Free Abelian Subgroup
Theorem 18.7 we know that Ξ−1

T (A) is a free abelian group of rank ≤ #T . Let S be a
basis for Ξ−1

T (A). It follows immediately from the de�nitions that ΞT (S) is a generating
set for A. Since #ΞT (S) ≤ #S ≤ #T we see that A is �nitely generated. �

Lemma 18.9. (Matrix Quotient Lemma)

(1) Let H be an abelian group with �nite generating set S = {s1, . . . , sm}. There exists
an n ∈ N0 and an m× n�matrix A over Z such that the map

Zm/A · Zn → H[(
v1

:
vm

)]
7→

m∑
i=1

vi · si

is a well-de�ned isomorphism.
(2) If A ∈ M(n× n,Z) is a diagonal matrix with entries d1, . . . , dn ∈ Z, then

Zn/A · Zn ∼=
n⊕
i=1

Zdi .

(3) Let A be an m× n�matrix over Z. For matrices P ∈ GL(m,Z) and Q ∈ GL(n,Z) the
map Zm/A · Zn ∼= Zm/PAQ · Zn

[v] 7→ [P · v]
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is well-de�ned and it is an isomorphism.

Proof.

(1) Let H be an abelian group with �nite generating set S = {s1, . . . , sm}. By de�nition
the natural homomorphism ΞS : Z(S) → H is an epimorphism. Let Θ: Zm → Z(S) be
the natural isomorphism given by Θ(ei) = si. Note that ΞS ◦ Θ: Zm → H is also an
epimorphism. By the Free Abelian Subgroup Theorem 18.7 we know that ker(Ξs) Ă Zm
is a �nitely generated free abelian subgroup. Let a1, . . . , an ∈ Zm be a basis for this
free abelian group. We set A := (a1 . . . an) ∈ M(m × n). One can easily verify that
this matrix has the desired properties.

(2) This statement follows easily from the de�nitions.
(3) First note that for Q ∈ GL(n,Z) we have Q · Zn = Zn. It follows that the given map

is well-de�ned. An inverse is given by [w] 7→ [P−1 · w]. This shows that the given map
is an isomorphism. �

Theorem 18.10. (Smith Normal Form Theorem) Let A be an m×n�matrix over Z.
There exist two matrices P ∈ GL(m,Z) and Q ∈ GL(n,Z) and d1, . . . , dt ∈ N such that

P · A ·Q =


d1 0 0 0

0
. . . 0 0

0 0 dt 0
0 0 0 0(m−t)×(n−t)

 ∈ M(m× n,Z).

Proof. We refer to [New72, Chapter II.15] and [Nor12, Chapter 1] for a proof. �

Theorem 18.11. (Abelian Group-Classi�cation Theorem) Let H be a �nitely gen-
erated abelian group. There exist prime powers q1, . . . , qk such that

H ∼= Zr ⊕
k⊕
i=1

Zqi .

Furthermore r is uniquely determined and the prime powers q1, . . . , qk are uniquely deter-
mined up to permutation.

Sketch of proof. LetH be a �nitely generated abelian group. We �rst prove the existence
of the promised isomorphism. Note that it follows from the Matrix Quotient Lemma 18.9
(1), the Smith Normal Form Theorem 18.10 and the Matrix Quotient Lemma 18.9 (2) and
(3) that there exist r ∈ N and d1, . . . , dt ∈ N such that

H ∼= Zr ⊕
t⊕
i=1

Zdi .

The existence of the promised decomposition follows from from the Chinese Remainder
Theorem 18.2 which tells us, that each summand Zdi is isomorphic to the direct sum of
quotients of Z by prime powers.

It remains to prove the uniqueness of the prime power qi up to permutation. One can do
so by introducing the following invariant of abelian groups: Given a prime p, given k ∈ N
and given an abelian group V we consider

Tp,k(V ) := #{v ∈ V | pk · v = 0}.
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These numbers are clearly isomorphism invariants of abelian groups. By studying these
invariants one can easily prove that the qi are unique up to permutation. �
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19. Basics of group theory II: The free and amalgamated product of
groups

19.1. The free product of groups.

De�nition. Let {Xs}s∈S be a family of groups. (After possibly replacing the family
{Xs}s∈S by the family {Xs × {s}}s∈S we can and will assume that the groups Xs are
pairwise distinct.)
(1) A reduced word in {Xs}s∈S is a �nite sequence (x1, . . . , xm) such that the following

conditions are satis�ed:
(a) each xi lies in one of the groups Xs,
(b) no xi is the neutral element of any Xs,
(c) any two consecutive xj's lie in two di�erent groups.
Note that we also allow the �empty sequence� ().

(2) We denote by ∗
s∈S

Xs the set of all reduced words.

(3) Let (x1, . . . , xm) and (y1, . . . , yn) be two elements in ∗
s∈S

Xs. We de�ne the product of

these two elements as follows:
(a) First suppose that xm and y1 lie in di�erent groups. Then we de�ne

(x1, . . . , xm) · (y1, . . . , yn) := (x1, . . . , xm, y1, . . . , yn).

(b) Now suppose that xm and y1 lie in the same group. Let j ∈ {1, . . . ,min{m,n}}
be the maximal element such that xm+1−i and yi lie in the same group and such
that xm+1−i = y−1

i for i = 1, . . . , j. If j < min{m,n}, then we set

(x1, . . . , xm) · (y1, . . . , yn) := (x1, . . . , xm−j · yj+1︸ ︷︷ ︸
6=e

, . . . , yn).

If j = m, we set (x1, . . . , xm) · (y1, . . . , yn) := (ym+1, . . . , yn).

We proceed similarly if j = n.
(4) We refer to ∗

s∈S
Xs together with this product structure as the free product of the Xs.

For a �nite family X1, . . . , Xk of groups we denote the free product by X1 ∗ · · · ∗Xk.

De�nition. Let t be a symbol. We de�ne

〈t〉 := {. . . , t−2, t−1, e, t, t2, . . . }.
The set 〈t〉 admits an obvious group structure that is given by ti · tj := ti+j. This group
〈t〉 is called the in�nite cyclic group generated by t. The map Z→ 〈t〉, n 7→ tn is evidently
an isomorphism.

Example. We consider the free product 〈s〉∗〈t〉. Examples of elements in this free product
are (s3, t−5, s2) and (s−2, t4, s2, t−1). The product of these two elements is given by

(s3, t−5, s2) · (s−2, t4, s2, t−1) = (s3, t−5 · t4︸ ︷︷ ︸
=t−1

, s2, t−1).

Note that (s) · (t) = (s, t) 6= (t, s) = (t) · (s). Thus we see that the free product 〈s〉 ∗ 〈t〉 is
very much non-abelian.
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Lemma 19.1. (Free Product Lemma) Let {Xs}s∈S be a family of groups. The free
product ∗

s∈S
Xs with the above product is again a group.

Proof. It is clear that the empty sequence is a neutral element. It follows immediately
from the de�nition of the product that the inverse of an element (x1, . . . , xm) ∈ ∗

s∈S
Xs is

given by (x−1
m , . . . , x−1

1 ). It remains to show that the multiplication satis�es associativity.
In principle one can show associativity naively �by hand�, but there are surprisingly

many cases one needs to distinguish, so that the proof becomes rather painful. We refer to
[Fri23] for an elegant way to prove associativity. �

Lemma 19.2. (Coproduct-of-Groups Lemma) Let {Xs}s∈S be a family of groups.
(1) (a) Let t ∈ S. The map ιt : Xt → ∗

s∈S
Xs

x 7→
{

(x), if x 6= e,
(), if x = e

is a monomorphism.
(b) Let Z be a group and let {fs : Xs → Z}s∈S be a family of homomorphisms. The

map
Φ: ∗

s∈S
Xs → Z

(x1, . . . , xm) 7→ fs1(x1) · . . . · fsm(xm)︸ ︷︷ ︸
where xi ∈ Xsi

is a homomorphism and it is the unique homomorphism such that for each s ∈ S
we have fs = Φ ◦ ιs.

(2) The coproduct in the category Group of groups of {Xs}s∈S is given by ∗
s∈S

Xs together

with the homomorphisms ιt : Xt → ∗
s∈S

Xs from (1a).

Proof. All statements follow easily from the de�nitions. We refer to [Fri23] for full details.
�

Convention. Let {Xs}s∈S be a family of groups.
(1) Let t ∈ T . We refer to ιt : Xt → ∗

s∈S
Xs

x 7→
{

(x), if x 6= e,
(), if x = e

as the natural monomorphism ιt : Xt → ∗
s∈S

Xs.

(2) For t ∈ S we use the natural monomorphism ιs : Xt → ∗
s∈S

Xs to view Xt as a subgroup

of the free product ∗
s∈S

Xs.

(3) Let (x1, . . . , xm) ∈ ∗
s∈S

Xs. Since (x1, . . . , xm) = (x1) · · · · ·(xm) we can use (2) to denote

this element by x1 · . . . · xm.

Example. We consider again the free product 〈s〉 ∗ 〈t〉. Using the above convention we
now write s3 · t−5 · s2 = (s3, t−5, s2) and s−2 · t4 · s2 · t−1 = (s−2, t4, s2, t−1). The product of
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these two elements is given by very reasonable looking

(s3 · t−5 · s2) · (s−2 · t4 · s2 · t−1) = s3 · t−5 · t4︸ ︷︷ ︸
=t−1

· s2 · t−1.

Also note that the discussion on page 166 shows that s · t 6= t · s, in particular we see that
the free product 〈s〉 ∗ 〈t〉 is non-abelian.
19.2. Free groups.

De�nition. We say that a group π is a free group on a subset S Ă π, if the following
universal property holds: for any map f : S → G of the set S to a group G there exists a
unique homomorphism ψ : π → G that makes the following diagram commute

S

f &&

� � // π

∃ !ψ
��

G.

We call S a basis of the free group π.

Lemma 19.3. (Free Group�Uniqueness Lemma) Let G be a free group on a subset
S Ă G and let H be a free group on a subset T Ă H. Given any bijection f : S → T there
exists a unique isomorphism ψ : G→ H such that ψ(s) = f(s) for all s ∈ S.
Proof. The proof of this lemma is basically identical to the proof of the Free Abelian
Group�Uniqueness Lemma 18.3. �

De�nition. For a set S we write 〈S〉 := ∗
s∈S
〈s〉.

The lemma below allows us to call 〈S〉 the free group on the set S. The map S → 〈S〉
that is given by s 7→ (s) is an injection and we use it to view S as a subset of 〈S〉.

Lemma 19.4. (Free Group�Existence Lemma) Let S be a set. The group 〈S〉 is a
free group on the subset S Ă 〈S〉.
Proof. Let G be a group and let f : S → G be a map. For s ∈ S the map

ψs : 〈s〉 → G
sn 7→ f(s)n

is evidently the unique homomorphism ψs : 〈s〉 → G with ψs(s) = f(s). It now follows
from the Coproduct-of-Groups Lemma 19.2 (2) that the map

ψ : 〈S〉 = ∗
s∈S
〈s〉 → G

sn1
i1
· . . . · snkik 7→ f(si1)n1 · . . . · f(sik)

nk

is the unique homomorphism 〈S〉 → G with ψ(s) = ψs(s) = f(s) for s ∈ S. �

De�nition.

(1) For a set S we refer to 〈S〉 = ∗
s∈S
〈s〉 as the free group on the set S.

(2) Let s1, . . . , sk be distinct elements of a set. We refer to

〈s1, . . . , sk〉 := 〈s1〉 ∗ · · · ∗ 〈sk〉
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as the free group on the generators s1, . . . , sk.

19.3. The abelianization of a group.

De�nition. Let G be a group.
(1) Given x, y ∈ G we refer to [x, y] := x · y · x−1 · y−1 as the commutator of x and y.
(2) We refer to

[G,G] :=
{ n∏
i=1

[xi, yi]
∣∣∣x1, y1, . . . , xn, yn ∈ G

}
as the commutator subgroup of G.

Lemma 19.5. (Commutator Subgroup Lemma) Let G be a group.
(1) The commutator subgroup [G,G] is a normal subgroup of G.
(2) The group Gab := G/[G,G] is abelian.
(3) Let α : G → H be a homomorphism to an abelian group. There exists a unique

homomorphism β : Gab = G/[G,G]→ H such that the following diagram commutes:

G

g 7→[g]
��

α

++

Gab = G/[G,G]
∃ !β

// H abelian .

Proof. Let G be a group.
(1) We leave the straightforward veri�cation of this statement to the reader, alternatively

see [Fri23].
(2) For any two elements x, y ∈ G we have

xy [G,G] = yx · x−1y−1xy [G,G] = yx · [x−1, y−1]︸ ︷︷ ︸
∈[G,G]

[G,G] = yx [G,G].

This shows that Gab = G/[G,G] is indeed abelian.
(3) Let G be a group and let α : G → H be a homomorphism to an abelian group. Using

the fact that H is abelian one can easily verify that [G,G] lies in the kernel of α. The
desired statement now follows immediately from the universal property of quotient
groups. �

De�nition. Let G be a group.
(1) We call Gab := G/[G,G]

the abelianization of G.
(2) We denote by ΦG : G → Gab = G/[G,G]

g 7→ [g]

the natural projection.
(3) Let α : G → H be a homomorphism. By the Commutator Subgroup Lemma 19.5 (3)

there exists a unique homomorphism α∗ : Gab → Hab such that the following diagram
commutes:
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G
ΦG
����

α // H
ΦH
����

Gab
α∗ // Hab.

We refer to α∗ as the induced homomorphism.

Proposition 19.6. (Abelianization Functor Proposition)

(1) The maps G 7→ Gab = G/[G,G]
(α : G→ H) 7→ (α∗ : Gab → Hab)

de�ne a covariant functor from the category Group of groups to the category AbGroup
of abelian groups.

(2) If ϕ : G → H is an isomorphism of groups, then the induced map ϕ∗ : Gab → Hab is
also an isomorphism.

Proof.

(1) This statement follows easily from the de�nitions.
(2) This statement follows from (1) and the fact that functors turn isomorphisms into

isomorphisms. �

Lemma 19.7. (Abelianization-Epimorphism Lemma) If α : G → H is an epimor-
phism, then the induced map α∗ : Gab → Hab is also an epimorphism.

Proof. By de�nition of α∗ we have the following commutative diagram:

G
ΦG
����

α // H
ΦH
����

Gab
α∗ // Hab.

By hypothesis α : G → H is an epimorphism. It follows that ΦH ◦ α : G → Hab is an
epimorphism, which implies that α∗ is an epimorphism. �

Proposition 19.8. (Abelianization Calculation Proposition)

(1) If π is abelian, then the natural homomorphism Φπ : π → πab = π/[π, π] is an isomor-
phism.

(2) Let {Xs}s∈S be a family of groups. We have natural homomorphisms( ∗
s∈S

Xs

)
ab
→

⊕
s∈S

(Xs)ab

[(x1, . . . , xk)] 7→
k∑
i=1

[xi]
and

⊕
s∈S

(Xs)ab →
( ∗
s∈S

Xs

)
ab

k∑
i=1

[xi] 7→ [x1 · . . . · xk].

These are inverses of one another, in particular they are isomorphisms.
(3) Let S be a set. The map 〈S〉ab → Z(S)

[sn1
i1
· . . . · snkik ] 7→

k∑
i=1
ni · si

is a natural isomorphism.

Proof of the Abelianization Calculation Proposition 19.8.
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(1) If π is abelian, then every commutator is trivial, thus [π, π] = {e}. This implies that
the natural homomorphism Φπ : π → π/[π, π] is an isomorphism.

(2) One can easily verify that the maps are well-de�ned homomorphisms and inverses of
one another.

(3) This statement follows immediately from the statements (1) and (2) together with the
observation that by de�nition we have 〈S〉 = ∗

s∈S
〈s〉 and Z(S) =

⊕
s∈Z

Z. �

Proposition 19.9. (Basis Cardinality Proposition) Let G be a group that is free on a
subset S and let H be a group that is free on a subset T Ă H. If G and H are isomorphic,
then #S = #T .

Proof. This proposition follows easily from the Abelianization Functor Proposition 19.6
(2) and the Basis Cardinality Theorem 18.6. �

19.4. The amalgamated product of groups.
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De�nition. Let G be a group and let A Ă G be a subset. We de�ne

subgroup of G normally generated by A := 〈〈A〉〉 :=
⋂

A Ă H CG
H normal subgroup

H,

i.e. 〈〈A〉〉 is the intersection of all normal subgroups H of G that contain A. This is again
a normal subgroup of G.

Lemma 19.10. (Normal Closure�Factorization Lemma) Let G be a group and let
A Ă G be a subset. Let α : G→ Γ be a group homomorphism such that α(a) = e ∈ Γ for
all a ∈ A. Then there exists a unique group homomorphism β : G/〈〈A〉〉 → Γ such that
the following diagram commutes:

G

��

α

&&
G/〈〈A〉〉

∃ !β
// Γ.

Proof. Let G be a group, let A Ă G be a subset and let α : G → Γ be a group homo-
morphism such that α(a) = e ∈ Γ for all a ∈ A. This means that A Ă ker(α). Since
ker(α) is a normal subgroup of G it follows immediately from the de�nition of 〈〈A〉〉 that
〈〈A〉〉 Ă ker(α). The lemma follows from the universal property of the quotient group. �

Proposition 19.11. (Group Pushout Proposition) Let α : G→ A and β : G→ B be
two group homomorphisms. We consider the group

A ∗G B := (A ∗B)/〈〈{α(g) · β(g)−1}g∈G〉〉
and the maps µ : A → A ∗G B

a 7→ [(a)]
and

ν : B → A ∗G B
b 7→ [(b)]

The following statements hold:
(1) (a) The maps µ : A→ A ∗G B and ν : B → A ∗G B are homomorphisms.

(b) Suppose we are given two homomorphisms µ′ : A → W and ν ′ : B → W to some
group W such that µ′ ◦ α = ν ′ ◦ β : G → W . By the Coproduct-of-Groups Lem-
ma 19.2 the homomorphisms µ′ and ν ′ induce a homomorphism A ∗B → W . This
homomorphism descends to a homomorphism

Φ: A ∗G B → W.

This homomorphism is the unique homomorphism Φ: A∗GB → W with Φ◦µ = µ′

and Φ ◦ ν = ν ′. In particular we obtain the following commutative diagram:

G
α //

β
��

A

µ′

��

µ a 7→ [(a)]
��

B

ν′ 00

ν

b 7→ [(b)]
// A ∗G B

∃ ! Φ

**
W.
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(2) The group A∗GB with the natural homomorphisms α : A→ A∗GB and β : B → A∗GB
is the pushout in the category Group of groups.

De�nition. Let α : G→ A and β : G→ B be two group homomorphisms. We write

A ∗G B := (A ∗B)/〈〈{α(g) · β(g)−1}g∈G〉〉
and we refer to A ∗G B as the amalgamated product of A and B with amalgam G. We
refer to the obvious homomorphisms A → A ∗G B and B → A ∗G B as the natural
homomorphisms.

Proof.

(1) (a) The statement follows from the Coproduct-of-Groups Lemma 19.2 (1a).
(b) This statement follows easily from the Coproduct-of-Groups Lemma 19.2 (1b). to-

gether with the Normal Closure�Factorization Lemma 19.10.
(2) This statement follows easily from the de�nitions and Statement (1). �

Example. We consider the following pushout diagram

〈a, b〉 a 7→ a

b 7→ e
//

a 7→ eb 7→ b
��

〈a〉

��

〈b〉 // 〈a〉 ∗〈a,b〉 〈b〉.

It follows easily from the universal property of a pushout or from the explicit description
of the amalgamated product that 〈a〉 ∗〈a,b〉 〈b〉 = {e}.

Lemma 19.12. (Amalgamated Product Lemma)

(1) For two groups A and B and the trivial group G = {e}, the corresponding amalga-
mated product is the usual free product, i.e.

A ∗{e} B = A ∗B.
(2) Let α : G→ A and β : G→ B be group homomorphisms. We consider the diagram

G
α //

β
��

A

��

B // A ∗G B.
The following two statements hold:
(a) If the left vertical map β is an isomorphism, then the right vertical map is also

an isomorphism and the inverse A ∗G B → A is given by the identity on A and
β−1 : B → G.

(b) If the left vertical map β is an epimorphism, then the right vertical map is also an
epimorphism.

The analogous statements of course hold with the roles of �A� and �B� swapped.

Proof. As we will now see, all statements follow from formal properties of pushouts:
(1) This statement follows from the fact that {e} is the initial object of the category of

groups and together with the Pushout Lemma 4.8.
(2) These two statements follows from the Pushout Lemma 4.8 (2a) and (2b). �
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Lemma 19.13. (Amalgamated Product�Quotient Lemma) If α : G→ A is a group
homomorphism and if β : G → {e} is the trivial homomorphism, then the projection
A→ A/〈〈α(G)〉〉 induces a natural isomorphism

A ∗G {e}
∼=−−→ A/〈〈α(G)〉〉.

Proof. The statement follows immediately from the de�nition of the amalgamated product
and the natural isomorphism A ∗ {e} ∼=−→A. �
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20. The Seifert�van Kampen Theorem

20.1. The formulation of the general Seifert�van Kampen Theorem.

Theorem 20.1. (Seifert�van Kampen Theorem) Let X be a topological space and
let X = U ∪ V be a decomposition of X in two open subsets U and V such that U ∩ V
is non-empty and path-connected. Let x0 ∈ U ∩ V . We denote by i : U ∩ V → U and
j : U ∩ V → V the inclusions.
(1) (a) The inclusions k : U → X and l : V → X induce an isomorphism

Φ: π1(U, x0) ∗π1(U∩V,x0) π1(V, x0)
∼=−−→ π1(X, x0)

which has the property that the following diagram commutes:

π1(U ∩ V, x0)
i∗ //

j∗
��

π1(U, x0)
k∗

��

��

π1(V, x0)

l∗
00

// π1(U, x0) ∗π1(U∩V,x0) π1(V, x0)

Φ
∼= **

π1(X, x0).

Here the �undecorated� maps are natural homomorphism to the amalgamated
product.

(b) The group π1(X, x0) is a pushout.
(2) If U ∩ V is simply connected, then the inclusions U → X and V → X induce an

isomorphism
Φ: π1(U, x0) ∗ π1(V, x0)

∼=−−→ π1(X, x0)
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x0

π1(U, x0) ∗ π1(V, x0)
∼=−→ π1(X, x0)

U
x0

π1(U, x0) ∗π1(U∩V,x0) π1(V, x0)
∼=−→ π1(X, x0)

U
U ∩ V U ∩ V is simply connected

V

V

Summary of proof. First note that Statement (2) is a special case of Statement (1a).
Furthermore note that Statement (1b) follows from Statement (1a) and the Group Pushout
Proposition 6.12 (2),

Thus it remains to prove Statement (1a). By the Group Pushout Proposition 6.12
(1b) there exists a unique homomorphism

Φ: π1(U, x0) ∗π1(U∩V,x0) π1(V, x0) → π1(X, x0)
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such that the following diagram commutes:

π1(U ∩ V, x0)
i∗ //

j∗
��

π1(U, x0)
k∗

��

��

π1(V, x0)

l∗
00

// π1(U, x0) ∗π1(U∩V,x0) π1(V, x0)

∃ ! Φ
**

π1(X, x0).

It remains to show that Φ is surjective and that Φ is injective. The plan is as follows:
(a) In Section 20.2 we will see that Φ is surjective.
(b) In Section 20.4 we will show that Φ is injective by showing that there exists a map

Ψ: π1(X, x0) → π1(U, x0) ∗π1(U∩V,x0) π1(V, x0) with Ψ ◦ Φ = id. To construct the map
Ψ it is convenient to work with an alternative description of free and amalgamated
products. We will explain this alternative point of view in Section 20.3. �

De�nition. Let X be a non-empty topological space. We de�ne the suspension of X to
be the topological space Σ(X) := (X × [−1, 1])/∼
where we identify all points in X × {−1} to a single point and we identify all points
in X × {1} to a single point.
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X × [−1, 1] suspension Σ(X)

X

Lemma 20.2. (Suspension-π1-Lemma) IfX is a path-connected non-empty topological
space, then its suspension Σ(X) = (X × [−1, 1])/∼ is simply connected.

Example. One can easily show that the suspension Σ(Sn) of the n-dimensional sphere
is homeomorphic to the (n + 1)-dimensional sphere Sn+1. By the Ball-Sphere-Connected
Lemma 2.17 we know that for n ≥ 1 the sphere Sn is path-connected. Thus it follows from
the Suspension-π1-Lemma 20.2 that for n ≥ 1 we have π1(Sn+1) = 0. In other words, we
have obtained a new proof of the Sphere-π1-Proposition 11.14.

Proof. Let X be a path-connected non-empty topological space. In the following we
denote by p : X × [−1, 1] → Σ(X) the natural projection. We consider the two subsets
U = p(X × [−1, 1

2
)) and V = p(X × (−1

2
, 1]). It follows from the de�nition of the quotient

topology on Σ(X) that U and V are open subsets of Σ(X). We pick a base point x on
X = X × {0} Ă Σ(X).
We calculate that

π1(Σ(X), x) ∼= π1(U, x) ∗π1(U∩V,x) π1(V, x) =
amalgamated product

of trivial groups
= trivial group.

↑ ↑
by the Seifert�van Kampen -Theorem 20.1 one can easily show that
which we can apply since U and V are contractible, hence their fundamental groups
U ∩ V ∼= X × (− 1

2
, 1

2
) is path-connected are trivial by the Homotopy-π1-Proposition 13.4 (3)
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We have thus shown that Σ(X) is indeed simply connected. �

20.2. Proof of the Seifert�van Kampen-Theorem 20.1: Surjectivity.

Proof of the Seifert�van Kampen-Theorem 20.1: Surjectivity. Let X be a topo-
logical space and let U, V Ă X be two open subsets with X = U ∪ V and such that U ∩ V
is path-connected and non-empty. We choose a base point x0 ∈ U ∩ V . We need to show
that the map Φ: π1(U, x0) ∗π1(U∩V,x0) π1(V, x0) → π1(X, x0)

from page ?? is surjective. We consider the following commutative diagram of homomor-
phisms:

π1(U, x0) ∗ π1(V, x0)
Ξ

++��

π1(U, x0) ∗π1(U∩V,x0) π1(V, x0)
Φ

// π1(X, x0)

where the horizontal homomorphism Ξ and the left diagonal homomorphism are given
by the Coproduct-of-Groups Lemma 19.2 (1b). It remains to prove that the horizontal
homomorphism Ξ: π1(U, x0) ∗ π1(V, x0) → π1(X, x0) is surjective. Clearly it su�ces to
prove the following claim.

Claim. Every loop s : [0, 1] → X = U ∪ V in x0 is path-homotopic to a loop which is the
concatenation of �nitely many loops, each of which lies in (U, x0) or in (V, x0).

Proof. Let s : [0, 1]→ X = U ∪ V be a loop in x0. Since U and V are open we can use the
Lebesgue Lemma 11.9 to �nd a subdivision

0 = t0 < t1 < t2 < . . . < tk < tk+1 = 1

of the interval [0, 1] such that the image of each si := s|[ti,ti+1] lies in U or in V . The same
argument as in the proof of the Sphere-π1-Proposition 11.14 shows that we can assume that
each s(ti) lies in U ∩ V . The problem is that even though the paths si lie in U respectively
in V , they are not necessarily loops in x0. But since U ∩ V is path-connected we can
�nd for each i ∈ {1, . . . , k} a path pi in U ∩ V that connects s(ti) ∈ U ∩ V to the base
point x0 ∈ U ∩ V .
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s

U ∩ V p1 ∗ s1s0 ∗ p1

=⇒

x0

s(t1)

p1

Now we have the following path-homotopies:

by the Reparametrization�Homotopy Lemma 11.1, since s is a reparametrization of s0 ∗ · · · ∗ sk
↓

s 'p s0 ∗ · · · ∗ sk 'p s0 ∗ p1 ∗ p1 ∗ s1 ∗ p2 ∗ p2 ∗ s2 ∗ p3 ∗ p3 ∗ . . . ∗ pk ∗ sk
↑

since by the Path-Homotopy Product Proposition 11.4 (3) we know that each pi ∗ pi is null-homotopic

'p ( s0 ∗ p1︸ ︷︷ ︸
loop in (U, x0)
or in (V, x0)

) ∗ ( p1 ∗ s1 ∗ p2︸ ︷︷ ︸
loop in (U, x0)
or in (V, x0)

) ∗ ( p2 ∗ s2 ∗ p3︸ ︷︷ ︸
loop in (U, x0)
or in (V, x0)

) ∗ (p3 ∗ . . . ∗ (pk ∗ sk).
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Thus we have shown that s is path-homotopic to a concatenation of loops, each of which
lies in (U, x0) or in (V, x0). �

20.3. Interlude: An alternative de�nition of the free product of groups.

De�nition. Let A and B be two groups.
(1) We set S(A,B) := {all �nite sequences (g1, . . . , gk) with each gi in A or B}.

We equip S(A,B) with the product structure given by

(x1, . . . , xk) · (y1, . . . , yl) := (x1, . . . , xk, y1, . . . , yl).

This turns S(A,B) into a monoid.
(2) Let α : G → A and β : G → B be two group homomorphisms. We denote by ∼G the

equivalence relation on S(A,B) that is generated by the relations

(a) (x1, . . . , xl, e, xl+2, . . . , xk) ∼G (x1, . . . , xl, xl+2, . . . , xk)
(b) (x1, . . . , xl, xl+1, . . . , xk) ∼G (x1, . . . , xl · xl+1, . . . , xk).

↑
if both xl and xl+1 lie in A or both lie in B

(c) (x1, . . . , xl, α(g), xl+2, . . . , xk) ∼G (x1, . . . , xl, β(g), xl+2, . . . , xk).
↑

for any g ∈ G

If G = {e}, then we just write ∼ instead of ∼G.
(3) The monoid structure on S(A,B) descends to a well-de�ned map

S(A,B)/∼G × S(A,B)/∼G → S(A,B)/∼G
([(g1, . . . , gk)], [h1, . . . , hl]) 7→ [(g1, . . . , gk, h1, . . . , hl)].

One can easily verify that this de�nes a group structure on S(A,B)/∼G.

Proposition 20.3. (Alternative�Amalgamated Product Proposition) Let A and
B be two groups and let α : G → A and β : G → B be two group homomorphisms. The
map

Φ: S(A,B)/∼G → A ∗G B = (A ∗B)/〈〈{α(g) · β(g)−1}g∈G〉〉
[(x1, . . . , xk)︸ ︷︷ ︸
∈S(A,B)

] 7→ [x1 · . . . · xk︸ ︷︷ ︸
∈A∗B

]

is well-de�ned and it is a group isomorphism.

Auxiliary Lemma 20.4. Let Φ: G→ H and Ψ: H → G be two group homomorphisms
such that Φ ◦Ψ = idH and such that Ψ is an epimorphism. Then Φ is an isomorphism.

Proof of Lemma 20.4. It follows from Φ◦Ψ = idH that Φ is an epimorphism. It remains
to show that Φ is a monomorphism. So let g ∈ ker(Φ). Since Ψ is an epimorphism there
exists an h ∈ H with Ψ(h) = g. Since Φ ◦ Ψ = idH we see that h = Φ(Ψ(h)) = Φ(g) = e.
Thus h = e and thus g = Ψ(h) = Ψ(e) = e. �

Proof of Proposition 20.3. We start out with the following claim.

Claim 1. The map Φ: S(A,B)/∼G → A ∗G B = (A ∗B)/〈〈{α(g) · β(g)−1}g∈G〉〉
[(x1, . . . , xk)] 7→ [x1 · . . . · xk]

is well-de�ned, it is a homomorphism and it is surjective.
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Proof. We consider the map Φ̃ : S(A,B) → A ∗G B
(x1, . . . , xk) 7→ [x1 · . . . · xk].

As above we view S(A,B) as a monoid. With this structure it is clear that Φ̃ is a monoid
homomorphism. Since A ∗B is a subset of S(A,B) we see that Φ̃ is surjective.

It remains to show that Φ̃ descends to a well-de�ned map on S(A,B)/ ∼G. The �rst
two relations in the de�nition of ∼G do not pose a problem. But let us consider relation
(c). Let w = (x1, . . . , xl), w̃ = (xl+2, . . . , xk) in S(A,B) and let g ∈ G. Note that we have
the following equality in A ∗G B:

since Φ̃ is a monoid homomorphism
↓

Φ̃((w, α(g), w̃)︸ ︷︷ ︸
∈S(A,B)

) = Φ̃(w) · α(g) · Φ̃(w̃) = Φ̃(w) ·
=e∈A∗GB︷ ︸︸ ︷

α(g) · β(g)−1 · β(g) · Φ̃(w̃)

= Φ̃(w) · β(g) · Φ̃(w̃) = Φ̃((w, β(g), w̃)︸ ︷︷ ︸
∈S(A,B)

).

We have thus veri�ed that Φ̃ factors through the relation given by (c). �

Claim 2. The map Ψ: A ∗G B → S(A,B)/∼G
[(x1, . . . , xk)︸ ︷︷ ︸

∈A∗B

] 7→ [(x1, . . . , xk)︸ ︷︷ ︸
∈S(A,b)

]

is well-de�ned and it is a homomorphism.

Proof. First we consider the map Ψ̃ : A ∗B → S(A,B)/∼G
(x1, . . . , xk) 7→ [(x1, . . . , xk)].

One can easily verify that this is in fact a group homomorphism. It follows immediately
from the de�nitions that for any g ∈ G we have

Ψ̃(α(g) · β(g)−1) = [(α(g), β(g)−1)] = [(β(g), β(g)−1)] = [(β(g) · β(g)−1)] = [()] = e.
↑ ↑ ↑

follows from part (c), (b) and (a) of the de�nition of ∼G

Thus it follows from the Normal Closure�Factorization Lemma 19.10 that Ψ̃ descends to a
well-de�ned homomorphism Ψ: A ∗G B → S(A,B)/∼G. �

It is clear that Φ ◦ Ψ = idA∗GB. It is not so obvious that Ψ ◦ Φ = idS(A,B)/∼G . In fact
we will proceed in a slightly di�erent fashion: to show that Φ is an isomorphism it su�ces,
according to Lemma 20.4, to show that Ψ: A ∗G B → S(A,B)/∼G is surjective. This in
turn follows from the following claim.

Claim 3. Any element in S(A,B) is equivalent, via ∼G, to an element in A ∗B.
Proof. We prove the claim by induction on the length of a sequence in S(A,B). Clearly
the claim holds for the unique sequence in S(A,B) of length 0. Suppose we already know
the claim for all sequences of length ≤ k − 1. Let (x1, . . . , xk) ∈ S(A,B) be a sequence
of length k. If (x1, . . . , xk) is a reduced word then by de�nition it lies in A ∗ B and we
are done. Now we suppose that (x1, . . . , xk) is not reduced. Then, by the de�nition on
page 166, one of the following occurs:
(1) there exists an i ∈ {1, . . . , k} with xi = e, or
(2) there exists an i ∈ {1, . . . , k − 1} with xi, xi+1 ∈ A, or
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(3) there exists an i ∈ {1, . . . , k − 1} with xi, xi+1 ∈ B.
In the �rst case the sequence is equivalent to (x1, . . . , xi−1, xi+1, . . . , xk). In the second and
third case the sequence is equivalent to (x1, . . . , xi−1 · xi+1, . . . , xk). In all three cases we
have thus shown that our original sequence is equivalent to a sequence of length k − 1. So
we are done by our induction hypothesis. �

20.4. Proof of the Seifert�van Kampen-Theorem 20.1: Injectivity.

Proof of the Seifert�van Kampen-Theorem 20.1: Injectivity. We want to show that
the map Φ: A ∗G B = π1(U, x0) ∗π1(U∩V,x0) π1(V, x0) → π1(X, x0)

which is induced by the inclusions i : U → X and j : V → X is injective.
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x0
U ∩ VU V

To prove injectivity of Φ it is enough to show that there exists a map Ψ: π1(X, x0)→ A∗GB
such that Ψ ◦ Φ = idA∗GB. We will prove the existence of such a map Ψ in three steps:

(1) First we construct a map Ψ: {loops in (X, x0)} → A ∗G B.
(2) Then we show that Ψ descends to a well-de�ned map

Ψ: π1(X, x0) → A ∗G B
[g] 7→ Ψ(g).

(3) Finally we show that Ψ ◦ Φ = idA∗GB.

For the remainder of the proof we will identify A ∗GB with S(A,B)/∼G using the isomor-
phism given by the Alternative�Amalgamated Product Proposition 20.3.
Step (1). Let g : [0, 1] → X be a loop in (X, x0). We apply the Lebesgue Lemma 11.9 to
the map g : [0, 1] → X and the open cover X = U ∪ V . We obtain an N such that for
every i ∈ {0, . . . , N − 1} the image of the interval [ i

N
, i+1
N

] under the map g lies in U or
in V . We introduce a few de�nitions.

(a) We say a subinterval of [0, 1] can be colored green if the image of the subinterval under
the map g lies in U and we say an interval can be colored blue if the image of the
subinterval lies in V . Note that the image of a subinterval lies in U ∩ V if and only if
the subinterval can be colored green as well as blue.

(b) A coloring is a map α : {0, 1
N
, . . . , 1 − 1

N
} → {blue, green} such that each subinterval

[i, i+ 1
N

] can be colored by α(i).
(c) Given a coloring α we denote by 0 < a1 < · · · < ak−1 < 1 the numbers where the

coloring of the subintervals changes from one color to another. Note that for each ai
the intervals [ai − 1

N
, ai] and [ai, ai + 1

N
] can be colored in two di�erent colors, which

implies that g(ai) ∈ U ∩ V .
(d) A basing for a coloring α is a collection of paths p1, . . . , pk−1 in U ∩ V such that each

path pi goes from x0 to g(ai).
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10 a2a1

Given a coloring α and a basing p1, . . . , pk−1 we set

Ψ(g) :=
[
[ g|[0,a1] ∗ p1︸ ︷︷ ︸
loop in (U, x0) or
loop in (V, x0)

], [p1 ∗ g|[a1,a2] ∗ p2︸ ︷︷ ︸
loop in (U, x0) or
loop in (V, x0)

], . . . , [ pk−1 ∗ g|[ak−1,1]︸ ︷︷ ︸
loop in (U, x0) or
loop in (V, x0)

]
]
∈ S(A,B)/∼G = A∗GB.
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g|[0,a1]

g|[a1,a2]

a1 a2

p1

p2

g(a1)

g(a2)

Our next goal is to prove the following claim.

Claim 1. The de�nition of Ψ(g) ∈ S(A,B)/ ∼G does not depend on any of the choices
made.

Proof. We need to prove the following three statements:

(a) Given N and a coloring the de�nition does not depend on the choice of the basings.
(b) Given N the de�nition does not depend on the choice of the coloring.
(c) The de�nition does not depend on the choice of N .

We now prove these three statements:

(a) We �rst �x a coloring α and we show that the de�nition of Ψ(g) does not depend on
the choice of the basing. Thus let us pick a di�erent path q1 from x0 to g(a1).
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In this case we have the following equality in S(A,B)/∼G:

de�nition of Ψ(g) using the basing p1, p2, . . . , pk−1 =

=
[
[g|[0,a1] ∗ p1], [p1 ∗ g|[a1,a2] ∗ p2], . . . , [pk−1 ∗ g|[ak−1,1]]

]
=
[
[g|[0,a1] ∗ p1 ∗

null-homotopic loop︷ ︸︸ ︷
(p1 ∗ q1) ∗ ( q1 ∗ p1︸ ︷︷ ︸

loop in U ∩ V

)], [p1 ∗ g|[a1,a2] ∗ p2], . . . , [pk−1 ∗ g|[ak−1,1]]
]

=
[
[g|[0,a1] ∗ p1 ∗ (p1 ∗ q1)], [(q1 ∗ p1) ∗ p1 ∗ g|[a1,a2] ∗ p2], . . . , [pk−1 ∗ g|[ak−1,1]]

]
↑

note that q1 ∗ p1 is a loop in U ∩ V , thus it de�nes elements in G = π1(U ∩ V, x0),
thus we get this equality in S(A,B)/∼G

=
[
[g|[0,a1] ∗ (p1 ∗ p1︸ ︷︷ ︸

null-homotopic

) ∗ q1)], [q1 ∗ (p1 ∗ p1︸ ︷︷ ︸
null-homotopic

) ∗ g|[a1,a2] ∗ p2], . . . , [pk−1 ∗ g|[ak−1,1]]
]

=
[
[g|[0,a1] ∗ q1], [q1 ∗ g|[a1,a2] ∗ p2], . . . , [pk−1 ∗ g|[ak−1,1]]

]
= de�nition of Ψ(g) using the basing q1, p2, . . . , pk−1.

Basically the same argument (with slightly more messy notation) shows that the choices
of the other paths pi are also irrelevant.

(b) Now we show that the de�nition does not depend on the choice of the coloring. So
suppose we have two colorings α and β. We can turn one coloring into the other by a
�nite sequence of color swaps of a single subinterval. Therefore it su�ces to consider
the case that there exists a single i ∈ {0, 1

N
, . . . , 1 − 1

N
} where the values for α(i) and

β(i) di�er.
We consider the case, sketched in the �gure below, that α(i) = blue, β(i) = green

and such that the common coloring to the left is green and the common coloring to the
right is blue. All other cases are dealt with in a similar way.

Let 0 = a0 < a1 < · · · < ak = 1 be the decomposition corresponding to the coloring
α. We pick a basing p1, . . . , pk−1 for α. There exists a unique m with am = i. The
corresponding decomposition for the coloring β is given by 0 = a0 < a1 < · · · <
am + 1

N
< am+1 < ak = 1. We write q = g[am,am+ 1

N
]. Since [am, am + 1

N
] can be colored

green and blue we see that q lies actually in U ∩ V . We have

de�nition of Ψ(g) using the coloring α and the basing p1, . . . , pk−1 =
=
[
[g|[0,a1] ∗ p1], . . . , [pm−1 ∗ g|[am−1,am] ∗ pm], [pm ∗ g|[am,am+1] ∗ pm+1], . . .

]
=
[
[g|[0,a1] ∗ p1], . . . , [pm−1 ∗ g|[am−1,am+ 1

N
] ∗ q ∗ pm], [pm ∗ q ∗ g|[am+ 1

N
,am+1] ∗ pm+1], . . .

]
↑

since g[am−1,am] 'p g[am−1,am+ 1
N

] ∗ q and g[am,am+ 1
N

] 'p q ∗ g[am+ 1
N
,am+1]

= de�nition of Ψ(g) using the coloring β and basing p1, ..., pm−1, pm∗q, pm+1, ..., pk−1.

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������
������������������������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��
��
��
��

��
��
��
��

x0

g(am + 1
N

)

i = am

g(am)

g

the interval [am, am + 1
N

]

coloring α

coloring β

pm

q = g|[am,am+ 1
N

]

g|[am−1,am]
g|[am+ 1

N
,am+1]
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(c) First suppose that instead of dividing [0, 1] into N intervals we divide it into m · N
intervals for some m ∈ N. A coloring for the subdivision into N subintervals then also
gives rise to a coloring into m · N subintervals, and it follows immediately from the
de�nitions that we end up with the same element of A ∗G B. Now if we had chosen a
di�erent N ′ instead, then we can replace N and N ′ by N ·N ′ and by the argument we
just made we obtain the same element of A ∗G B. This concludes the proof of (c). �

Step (2). We need to prove the following claim.

Claim 2. If g, g′ : [0, 1]→ X are two path-homotopic loops in (X, x0), then Ψ(g) = Ψ(g′).

Proof. Let g, g′ : [0, 1] → X be two path-homotopic loops in (X, x0). We pick a path-
homotopy H : [0, 1]× [0, 1] → X

(t, s) 7→ H(t, s)

from the loop g to the loop g′. This time we apply the Lebesgue Lemma 11.9 to the map
H : [0, 1]× [0, 1]→ X and the open cover X = U ∪ V . We obtain an N ∈ N such that for
every choice of i, j ∈ {0, 1

N
, . . . , 1− 1

N
} the image of the square [i, i+ 1

N
]× [j, j + 1

N
] under

the map H lies in U or in V . Given a ∈ [0, 1] we introduce the two paths

Ha : [0, 1] → X
t 7→ (t, a)︸ ︷︷ ︸

�horizontal path�

and
Va : [0, 1] → X

t 7→ (a, t).︸ ︷︷ ︸
�vertical path�

Note that each Ha is a loop in x0 and that H0 = g and H1 = g′. Therefore it su�ces to show
that for any j ∈ {0, 1

N
, . . . , 1− 1

N
} we have Ψ(Hj) = Ψ(Hj+ 1

N
). So let j ∈ {0, 1

N
, . . . , 1− 1

N
}.

As above we say that a subset of [0, 1]× [0, 1] can be colored green if the image of the
subset under the map H lies in U and we say the subset can be colored blue if the image
lies in V . We pick a map α : {0, 1

N
, . . . , 1 − 1

N
} → {blue, green} such that for each i the

value α(i) is a color with which the square [i, i+ 1
N

]× [ j
N
, j+ 1

N
] can be colored. Note that

α also de�nes a coloring for the loops Hj and Hj+ 1
N
.

We de�ne 0 = a0 < a1 < · · · < . . . ak = 1 as above for the coloring α. We pick a
basing pi, i = 1, . . . , k − 1 for the loop Hj. For i = 0, . . . , k we write vi = Vai|[j,j+ 1

N
]. Put

di�erently, vj connects the point Hj(ai) to the corresponding point Hj+ 1
N

(ai). Now we have

Ψ(Hj) = Ψ(Hj) de�ned using the coloring α and the basing p1, . . . , pk−1

=
[
. . .
]
∗ [pm ∗Hj|[am,am+1] ∗ pm+1] ∗

[
. . .
]

=
[
. . .
]
∗ [pm ∗ vm ∗ vm ∗Hj|[am,am+1] ∗ vm+1 ∗ vm+1 ∗ pm+1] ∗

[
. . .
]

↑
since each vm ∗ vm is null-homotopic

=
[
. . .
]
∗ [pm ∗ vm ∗Hj+ 1

N
|[am,am+1] ∗ vm+1 ∗ pm+1] ∗

[
. . .
]

↑
since H gives rise to path-homotopies from vm ∗Hj |[am,am+1] ∗ vm+1 to Hj+ 1

N
|[am,am+1] for m = 0, . . . , k − 1

= Ψ(Hj+ 1
N

) de�ned using α and the basing p1 ∗ v1, . . . , pk−1 ∗ vk−1.

This concludes the proof of the claim and thus of part (2) of our three step program. �
Summarizing we now showed that the map Ψ descends to a well-de�ned map

Ψ: π1(X, x0) → A ∗G B
[g] 7→

[
Ψ(g)

]
.
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x0

H

am am+1

coloring for the squares
[0, 1]× {j + 1

N
}

[0, 1]× {j}

pm+1
pm

vm
Hj

Hj+ 1
N

vm+1

Step (3). It remains to prove the following claim.

Claim 3. We have Ψ ◦ Φ = idA∗GB.

Proof. So let [y1] · . . . · [yk] ∈ A ∗GB where y1, . . . , yk are loops in (U, x0) and (V, x0). Then

de�nition of Φ: A ∗G B = π1(U, x0) ∗ π1(V, x0)→ π1(X,x0)
↓

(Ψ ◦ Φ)([y1] · . . . · [yk]) = Ψ([y1 ∗ · · · ∗ yk]) =
[

Ψ(y1 ∗ · · · ∗ yk)
]

= [y1 ∗ · · · ∗ yk]
= [y1] · . . . · [yk]. ↑

by de�nition of Ψ, where we use N = k and where
we can use the constant paths as basings since
y1, . . . , yk are already loops in (U, x0) and (V, x0)

This concludes the proof of the claim and thus also the proof of the Seifert�van Kampen-
Theorem 20.1 �

20.5. Fundamental groups of wedges.

De�nition. Let {(Xi, xi)}i∈I be a non-empty family of pointed topological spaces.
(1) We refer to ∨

i∈I
(Xi, xi) :=

( ⊔
i∈I
Xi

)/
∼ where xi ∼ xj for all i, j ∈ I

as the wedge of the pointed topological spaces (Xi, xi). We refer to the point given by
the identi�cations as the wedge point and we denote it by ∗.

(2) Let j ∈ I. We refer to
ιj : Xj →

∨
i∈I

(Xi, xi)

x 7→ [x]

as the natural inclusion. Note that in the Wedge Proposition 17.1 we showed that
each natural inclusion is an embedding, thus we can view each Xj as a subspace of the
wedge.

The wedge of the empty family of pointed topological spaces is de�ned as the one-point
topological space {∗}.
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x2

X1 x1
X2

(X1, x1) ∨ (X2, x2) ∗

Let (Xi, xi)i∈I be a family of pointed topological spaces. The natural inclusions ιi∗ induce
a homomorphism
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∗
i∈I
π1(Xi, xi)︸ ︷︷ ︸

coproduct of the
fundamental groups

→ π1

( ∨
i∈I

(Xi, xi)︸ ︷︷ ︸
coproduct of
the (Xi, xi)

, ∗
)
.

It seems reasonable to expect that this homomorphism is an isomorphism. For simplicity
let us restrict ourself for a second to the case that we are dealing with just two topological
spaces X1 and X2. It is now very tempting to apply the Seifert�van Kampen-Theorem 20.1
to the decomposition X1 ∨X2 = X1 ∪X2. Unfortunately this approach hits a snag: in the
Seifert�van Kampen Theorem we have to deal with decompositions of a topological space X
into open subsets. But in most cases X1 and X2 will certainly not be open subspaces of
X1 ∨X2.

De�nition. We say a point x in a topological space X is good, if the following two
conditions are satis�ed:
(1) {x} is a closed subset of X .
(2) There exists an open neighborhood U of x such that x is a deformation retract of U .
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good point x

Lemma 20.5. (Good Point-Lemma)

(1) Every point in a topological manifold (e.g. on a sphere) is good.
(2) Let (Xi, xi) be a family of pointed topological spaces. If each xi ∈ Xi is good, then

the wedge point ∗ is a good point in
∨
i∈I

(Xi, xi).

Proof.

(1) This follows easily from the fact that topological manifolds are by de�nition Hausdor�
and that they are locally homeomorphic to open (half-) balls.

(2) Let (Xi, xi) be a family of pointed topological spaces such that each xi ∈ Xi is good.
It follows easily from the Wedge Proposition 17.1 (0) that the wedge point ∗ de�nes a
closed subset of the wedge. For each i ∈ I let Ui be an open neighborhood of xi ∈ Xi

such that xi is a deformation retract of Ui. We can think of U :=
∨
i∈I
Ui as an open

neighborhood of the wedge point ∗. One can easily show that U admits a deformation
retraction to ∗. �

Proposition 20.6. (Wedge-π1-Proposition) Let {(Xi, xi)}i∈I be a family of pointed
topological spaces. We suppose that each xi is a good point in Xi. Given j ∈ I we denote
by ιj : Xj →

∨
i∈I
Xi the natural inclusion. We denote by ∗ the wedge point of

∨
i∈I

(Xi, xi).

The map ∗
i∈I
π1(Xi, xi) → π1

( ∨
i∈I

(Xi, xi), ∗
)
,

which is induced by the inclusions ιi together with the Coproduct-of-Groups Lemma 19.2
(1b), is an isomorphism.

Proof. We postpone the proof of the Wedge-π1-Proposition 20.6 to the next section. �
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Lemma 20.7. (Wedge-of-Circles�π1-Lemma) Let S be a set. The map

〈S〉 → π1

( ∨
s∈S

(S1, 1), ∗
)

that is determined by
s 7→

[
[0, 1] →

∨
s∈S

(S1, 1)

t 7→ [exp(2π it), s]

]
is an isomorphism.

�
�
�
�

��
��
��
��

y−1x−1yx is a non-trivial element
in π1(S1 ∨ S1, ∗) = 〈x, y〉

∗

yx S1 ∨ S1

〈x, y〉
∼=−→ π1(S1 ∨ S1, ∗)

Proof. We consider the following maps:

〈S〉 =
(a)
∗
s∈S
〈s〉

∼=−→
(b)
∗
s∈S

π1(S1, 1)
∼=−→
(c)

π1

( ∨
s∈S

(S1, 1), ∗
)

We now clarify what we mean by the above maps:

(a) By the de�nition on page 168 we have 〈S〉 = ∗
s∈S
〈s〉 where 〈s〉 = {. . . , s−1, e, s, s2, . . . }.

(b) It follows from the Circle-π1-Theorem 11.13 that for each s ∈ S we have an isomorphism
from the in�nite cyclic group 〈s〉 to π1(S1, 1) by sending the generator s of 〈s〉 to the
path-homotopy class of the loop given by t 7→ exp(2π it).

(c) By the Good Point-Lemma 20.5 (or alternatively by a completely elementary argument)
we know that 1 ∈ S1 is a good point. The isomorphism is thus given by the Wedge-π1-
Proposition 20.6.

We have now seen that all of the above maps are indeed isomorphisms. The composition
is precisely the map that we claimed was an isomorphism. �

Example. We consider the loop γ from page ?? in C \ {±1} that is also illustrated in the
�gure below. One can easily show that there exists a deformation retraction

we use the homeomorphism from page ?? to make this identi�cation
↓

f : C \ {±1} → S1 ∨ S1 = {z ∈ C | |z + 1| = 1} ∪ {z ∈ C | |z − 1| = 1}︸ ︷︷ ︸
two circles that meet at the origin

.

Note that f∗([γ]) = [f ◦ γ] = y−1x−1yx ∈ 〈x, y〉 = π1(S1 ∨ S1, ∗),
↑

we use the Wedge-of-Circles�π1-Lemma 20.7 to make this identi�cation

which is non-trivial. Thus we see that f ◦ γ is not null-homotopic in S1 ∨ S1. This implies
that γ is not null-homotopic in C \ {±1}.

20.6. Proof of the Wedge-π1-Proposition 20.6. In this section we provide the proof
of the Wedge-π1-Proposition 20.6. We proceed as follows:
(1) In the Finite Wedge-π1-Lemma 20.8 we �rst deal with the case of the wedge of two

pointed topological spaces. By applying this lemma iteratively we get the desired
statement also for the wedge of �nitely many pointed topological spaces.
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S1 ∨ S1

C \ {±1} to S1 ∨ S1

retraction f from

loop γ in C \ {±1} [f ◦ γ] = y−1x−1yx ∈ π1(S1 ∨ S1, ∗)

(2) We reduce the general case of the Wedge-π1-Proposition 20.6 via a compactness argu-
ment to the case of the wedge of �nitely many pointed topological spaces.

Lemma 20.8. (Finite Wedge-π1-Lemma) Let A and B be two path-connected topo-
logical spaces and let a ∈ A and b ∈ B be good points. The inclusion maps induce an
isomorphism

π1(A, a) ∗ π1(B, b)
∼=−→ π1((A, a) ∨ (B, b), ∗).

Proof. Let A and B be two path-connected topological spaces and let a ∈ A and b ∈ B
be good points. All wedges below will be with respect to these two base points, thus, to
simplify the notation we will drop them from the notation. In this spirit we writeX = A∨B.
As usual we denote by ∗ the wedge point in A ∨ B. By the Wedge Proposition 17.1 (1b)
we can view A and B as subspaces of X = A ∨B in the obvious way.

Since a is a good point we can pick an open neighborhood C in A of a that deformation
retracts to a. We can also pick an open neighborhood D of b in B that deformation retracts
to b. We consider U := A ∨D and V := B ∨ C.
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b D

B

Va

U

=⇒
A C ∗

Next we consider the following diagram

π1(A, a) ∗ π1(B, b) //

��

π1(X, ∗)
id
��

π1(U, ∗) ∗ π1(V, ∗) // π1(X, ∗).

We make the following observations:

(1) The vertical and horizontal maps are all induced by the various inclusions of topological
spaces. In particular the diagram commutes.

(2) We can view U = A ∨D and V = B ∨ C as open subsets of X = A ∨B.
(3) One can easily show that A is a deformation retract of U = A ∨D.
(4) As in (3) we see that B is a deformation retract of V = B ∨ C.
(5) As in (3), we see that A ∩ B = {∗} is a deformation retract of U ∩ V = C ∨ D. It

follows from the Homotopy-π1-Proposition 13.4 (2b) that U ∩ V is simply connected.
(6) By (2) and (5) we can apply the Seifert�van Kampen-Theorem 20.1 to the decompo-

sition A ∨ B = U ∪ V and we obtain that the bottom horizontal map of the above
diagram is an isomorphism.
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(7) It follows from (3), (4) and the Deformation Retract�Homotopy Equivalence Lemma 9.3
that the inclusions A→ U = A ∪D and B → V = B ∪ C are homotopy equivalences.

(8) It follows from (7) together with the Homotopy-π1-Proposition 13.4 (2) that the two
inclusion induced maps π1(A, a)→ π1(U, ∗) and π1(B, b)→ π1(V, ∗) are isomorphisms.
This implies that the left vertical map in the above commutative diagram is an isomor-
phism.

(9) We obtain from (1), (6) and (8) that the top horizontal map is an isomorphism. �

Proof of the Wedge-π1-Proposition 20.6. Let {(Xi, xi)}i∈I be a family of pointed topo-
logical spaces such that each xi is a good point in Xi. We use these points to form the
wedge

∨
i∈I
Xi. Recall that the fact that xi is good means that

(1) {xi} is a closed subset of Xi and
(2) that there exists an open neighborhood Ui of xi in Xi such that xi is a deformation

retract of Ui.

We need to show that the homomorphism

Φ: ∗
i∈I
π1(Xi, xi) → π1

( ∨
i∈I
Xi, ∗

)
that is induced by the natural inclusions ιi is an isomorphism. We will show that the
homomorphism Φ is surjective and injective.

Claim 1. The map
Φ: ∗

i∈I
π1(Xi, xi) → π1

( ∨
i∈I
Xi

)
is injective.

Proof. Given a �nite subset J Ă I we consider the following diagram:

∗
i∈J

π1(Xi, xi)

��

∼= // π1

( ∨
i∈J

Xi, ∗
)

� _

ι∗
��

∗
i∈I
π1(Xi, xi) // π1

( ∨
i∈I
Xi, ∗

)
.

We make the following clari�cations and observations:

(1) The maps are induced by the various obvious inclusion. It follows easily from the
de�nitions that the diagram commutes.

(2) Since J is �nite we know by the Finite Wedge-π1-Lemma 20.8, applied �nitely many
times, that the top horizontal homomorphism is an isomorphism.

(3) Note that as on page 156 we see that
∨
i∈J

Xi Ă
∨
i∈I
Xi is a retract. It follows from the

functoriality of fundamental groups that the right vertical map is a monomorphism.
(4) Note that it follows easily from the explicit description of a free product, that given

any g = (g1, . . . , gm) ∈ ∗
i∈I
π1(Xi, xi) there exists a �nite subset J Ă I such that g lies

in the image of the left vertical map.
(5) The claim follows from the above observations. �

The proof that Φ is also surjective requires more of an e�ort.
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Claim 2. We set U :=
⋃
i∈I

Ui. Given any compact subset K Ă
∨
i∈I
Xi there exists a �nite

subset J Ă I with K Ă U ∪
∨
i∈J

Xi.

Proof. Given i ∈ I we set Vi := Xi \{xi}. Since xi is a good point we see that Vi is an open
subset of Xi. Using the Wedge Proposition 17.1 (0) one can now easily see that Vi is in fact
an open subset of

∨
i∈I
Xi. Evidently the Vi together with U form an open cover of

∨
i∈I
Xi.

Since K is compact we see that there exists a �nite subset J Ă I with K Ă U ∪
⋃
j∈J

Vj. But

this set is precisely U ∪
∨
i∈J

Xi. �

��
��
��
��

����

U =
∨
i∈I
Ui

∨
j∈J

Xi

∨
i∈I
Xi

Claim 3. The map
Φ: ∗

i∈I
π1(Xi, xi) → π1

( ∨
i∈I
Xi, ∗

)
is surjective.

Proof. Given a �nite subset J Ă I we consider the following commutative diagram

∗
j∈J

π1(Xj, ∗)
∼=
ΦJ

//

� _

��

π1

( ∨
i∈J

Xi, ∗
)

∼=
**

��

π1

(
U ∪

∨
i∈J

Xi, ∗
)

tt

∗
i∈I
π1(Xi, xi)

Φ // π1

( ∨
i∈I
Xi, ∗

)
.

We make the following observations and comments:

(1) The maps are either the obvious algebraic inclusion maps or they are the obvious maps
induced by inclusions of topological spaces. It follows almost immediately from the
de�nitions that the diagram commutes.

(2) Since J is �nite we obtain, from applying the Finite Wedge-π1-Lemma 20.8 �nitely
many times, that the top horizontal map is an isomorphism.

(3) Note that
∨
i∈J

Xi is a deformation retract of U ∪
∨
i∈J

Xi. Thus it follows from the

Homotopy-π1-Proposition 13.4 (2b) that the top diagonal map is an isomorphism.

Now we turn to the actual proof that the above map Φ is surjective. So suppose we are

given some [γ] ∈ π1

( ∨
i∈J

Xi, ∗
)
. It follows from the Compact Image Lemma 2.8 together

with Claim 2 that there exists a �nite subset J Ă I such that the image of γ is contained in
U ∪

∨
i∈J

Xi. But considering the above diagram, and using the fact that the top horizontal

map is an isomorphism we see that [γ] actually lies in the image of the bottom horizontal
map Φ. �

20.7. Fundamental groups of topological graphs.
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Proposition 20.9. (Graph-π1-Proposition)

(1) Let G = (V,E, i, t) be a �nite connected non-empty abstract graph and let T be a
spanning tree of G. Let e1, . . . , en be the edges not contained in T . We pick some
v ∈ V . For j = 1, . . . , n we pick a path αj : [0, 1] → |T | from v to i(ej), we denote
by βj : [0, 1] → |ej| Ă |G| the obvious path from i(ej) to t(ej), and we pick a path
γj : [0, 1]→ |T | from t(ej) to v. The map

ΘG : 〈x1, . . . , xn〉 → π1(|G|, v)
that is given by

xj 7→ [αj ∗ βj ∗ γj]
is an isomorphism.

(2) Let X be a �nite connected non-empty topological graph with v vertices and e edges.
Then

π1(X) ∼= free group on 1− χ(X) = 1 + e− v generators.

(3) Two �nite connected topological graphs are homotopy equivalent if and only if they
have the same Euler characteristic.
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γ2

α2

α1

e1
e2

spanning tree |T |

β2

topological graph |G|

γ1 β1

v

Proof.

(1) We consider the maps
isomorphism induced by the homeomorphism on page 156

↓
〈x1, . . . , xn〉

ΘG−−→ π1(|G|, [v]) → π1(|G|/|T |, v)
∼=←− π1

( n∨
j=1
S1
j , ∗
) ∼=←− 〈y1, . . . , yn〉.

↑ ↑
isomorphism by the Graph-Homotopy Type Corollary 17.6 (1) isomorphism given by the

and the Homotopy-π1-Proposition 13.4 (2) Wedge-of-Circles�π1-Lemma 20.7

It follows fairly easily from the explicit descriptions of the various maps that for each j ∈
{1, . . . , n} the images of xj and yj in π1(|G|/|T |, v) are represented by path-homotopic
loops, in particular the images of xj and yj in π1(|G|/|T |, [v]) are the same. It follows
from the above and the fact that all other maps are isomorphisms that ΘG itself is
indeed an isomorphism.

(2) Basically by de�nition we only need to prove the statement if X = |G| is the topological
realization of a �nite connected non-empty abstract graph G = (V,E, i, t). By the
Spanning Tree�Existence Proposition 7.6 we know that G admits a spanning tree T =
(W,F ). By de�nition T contains all vertices of V . Furthermore, since T is a tree we
know by the Tree Characterization Proposition 7.7 that #W −#F = 1. Thus it follows
that there are precisely #E −#F = e− (#W − 1) = e− v+ 1 edges of G that are not
contained in T . The desired statement now follows from (1).

(3) Let X and X ′ be two �nite connected topological graphs. If χ(X) = χ(X ′), then
we already saw in the Graph-Homotopy Type Corollary 17.6 (2) that X and X ′ are
homotopy equivalent. On the other hand, if χ(X) 6= χ(X ′), then it follows from (1)



20. THE SEIFERT�VAN KAMPEN THEOREM 191

together with the Basis Cardinality Proposition 19.9 that X and X ′ are not homotopy
equivalent. �

Example. We look at the graph G shown in the �gure below. We also show a spanning
tree T and a �base vertex v�. We make the following observations:
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e3
f β

e2

e1T

α2

G

v

(1) The three small loops e1, e2, e3 and the edge f are not contained in T .
(2) Each loop ei gives rise to a loop αi with base point v, by traveling along T , going once

around ei and going back to v along T .
(3) The edge f gives rise to a loop β by going once around the central circle.

It follows from the Graph-π1-Proposition 20.9 that the map

〈a1, a2, a3, b〉 → π1(|G|, v)
ai 7→ [αi]
b 7→ [β]

is an isomorphism. Next we do something much more interesting: We consider the map
f : |G| → S1 ∨ S1 shown in the �gure below.
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x

f
S1 ∨ S1

y|G|

v ∗

One can easily verify that f is a covering of degree 3. We use the Wedge-of-Circles�π1-
Lemma 20.7 to make the usual identi�cation π1(S1 ∨ S1, ∗) = 〈x, y〉. By working directly
with the de�nition of f∗ one can see that f∗ is given by

f∗ : 〈a1, a2, a3, b〉 = π1(|G|, v) → π1(S1 ∨ S1, ∗) = 〈x, y〉
ai 7→ yi−1 · x · y−(i−1)

b 7→ y3.

Since f : |G| → S1 ∨ S1 is a covering of degree 3 we obtain from the Covering-π1-Mono-
morphism Proposition 14.11 together with the Covering-Degree Proposition 14.13 that the
induced map f∗ is a monomorphism and that the image of f∗ is a subgroup of index three.
In summary, we have now shown that the free group 〈x, y〉 on two generators contains the
subgroup f∗(〈a1, a2, a2, b〉) = 〈x, yxy−1, y2xy−2, y〉 which is a free group on four generators.
Thus we see that the free group of rank two can contain �larger� free groups. This is in
complete contrast to the situation in free abelian groups which we studied in the Free
Abelian Subgroup Theorem 18.7.



192

20.8. Exhaustions of topological spaces. In many situations one is dealing with non-
compact topological spaces where one would be tempted to apply the Seifert�van Kampen-
Theorem 20.1 or the Wedge-π1-Proposition 20.6 �in�nitely many times�, which does not
really make sense. For example let us consider the topological space

X∞ =
(
R t (Z× S2)

)
/ n ∼ (n, (0, 0,−1)).

The topological space X consists of an in�nite line where to each n ∈ Z we attach a
2-dimensional sphere. We would like to show that X∞ is simply connected. The following
lemma lets us get around the issue of �in�nite operations�.
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R the topological space X∞

Proposition 20.10. (Exhaustion�Simply Connected Proposition) LetX be a topo-
logical space and let X0 Ă X1 Ă X2 Ă X3 Ă . . .

be a sequence of subspaces of X such the following three conditions are satis�ed:

(1) We have
⋃
i∈N0

Xi = X.

(2) For each i ∈ N we have Xi Ă
◦
X i+1.

(3) Each Xi is simply connected.
Then for each x0 ∈ X we have π1(X, x0) = 0.

Lemma 20.11. (Compact Subspace�Exhaustion Lemma) Let X be a topological
space and let X0 Ă X1 Ă X2 Ă X3 Ă . . .

be a sequence of subspaces of X such the following two conditions are satis�ed:

(1) We have
⋃
i∈N0

Xi = X.

(2) For each i ∈ N0 we have Xi Ă
◦
X i+1.

Given any compact subset K of X there exists an i ∈ N0 with K Ă Xi.

Proof of the Compact Subspace�Exhaustion Lemma 20.11. We start out with the
following little claim.

Claim. We have
⋃
i∈N

◦
X i = X.

Proof. We have the following equalities and inclusions

X =
⋃
i∈N
Xi =

⋃
i∈N

◦
X i Ă X.

↑ ↑
by hypothesis (1) by hypothesis (2)

We see that the inclusion to the right is in fact an equality. �
Now let K Ă X be a compact subspace. Recall that by the Interior-Closure Lemma 1.6

(1) we know that interiors are always open subsets. It follows from the compactness of K
and the claim that K is contained in the union of �nitely many of the

◦
X i. It follows from

our hypothesis on the Xi that K is in fact contained in a single Xi. �
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Proof of the Exhaustion�Simply Connected Proposition 20.10. Let x0 ∈ X and
let f : [0, 1] → X be a loop in x0. By the Compact Image Lemma 2.8 we know that
f([0, 1]) is a compact subset of X. By the Compact Subspace�Exhaustion Lemma 20.11
we know that f([0, 1]) is contained in a single Xi. It follows from Hypothesis (3) that f is
null-homotopic in Xi. It is clear that this implies that f is also null-homotopic in X. �

Example. We return to the topological space X∞ from the beginning of the section. Given
k ∈ N we set

Xk =
(
(−k − 1, k + 1) t ({−k, . . . , k} × S2)

)
/ n ∼ (n, (0, 0,−1)).

Using the Wedge-π1-Proposition 20.6 one can easily show that each Xk is simply connected.
It follows from the Exhaustion�Simply Connected Proposition 20.10 that X∞ is simply
connected.
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X1

X∞

X2

Proposition 20.12. (Tree�π1-Proposition) Let T = (V,E, ϕ) be a non-empty con-
nected undirected abstract graph. The following statements are equivalent:
(1) T is a tree.
(2) π1(|T |) is the trivial group.

Proof. Let T = (V,E, ϕ) be a non-empty connected undirected abstract graph.
We start out with a proof of the (1)⇒(2)-direction. Since T is non-empty we can pick

a vertex v ∈ V . We consider the subgraph given by T0 := {v}. Iteratively we build a
sequence of subgraphs T0, T1, T2, . . . of T as follows: given Ti we add all edges (and the
corresponding vertices) that have at least one vertex in common with Ti. We make the
following observations:

(a) One can easily verify that each Ti is connected.
(b) It follows from (a) and the Tree�Basics Lemma 7.4 (1) that each Ti is a tree.
(c) It follows from (b) and Finite Tree�Contractible Proposition 17.4 that each Ti is simply

connected.
(d) One can easily verify that for each i ∈ N0 we have Ti Ă

◦
T i+1.

(e) We have T =
⋃
i∈N0

Ti.

It follows from the above together with the Exhaustion�Simply Connected Proposition 20.10
that T is simply connected.

We turn to the proof of the (2)⇒(1)-direction. By the Spanning Tree�Existence Propo-
sition 7.6 we know that T admits a spanning tree S. It remains to show that if S 6= T ,
then π1(|T |) is non-trivial. Thus suppose that there exists an edge e ∈ T \ S. We de-
note by |e| Ă |T | the corresponding subspace. By de�nition there exist v, w ∈ V with
ϕ(e) = {v, w}. By de�nition of the topological realization there exists a continuous map
α : [0, 1] → |e| with α(0) = v and α(1) = w such that α restricts to a homeomorphism
(0, 1) → |e| \ {v, w}. Since S is a spanning tree we know that v, w ∈ S. Also note that
trees are connected. Thus it follows from the Abstract Graph-Topology Lemma 7.1 that
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|S| is connected. Therefore there exists a continuous map β : [0, 1] → |S| with β(0) = v
and β(1) = w. Next we consider the map

f : |T | → S1

x 7→
{

1, if x 6∈ α(0),
exp(2π it), if x = α(t).

It follows from the Topological-Pushout Proposition 6.12 that f is continuous.
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f
S

v

w
α

S1

β
t 7→ exp(2π it)

Note that α ∗ β is a loop in v and note that f ◦ (α ∗ β) : [0, 1] → S1 is path-homotopic
to the loop t 7→ exp(2π it). It follows from these observations together with the Circle-π1-
Theorem 11.13 that f∗([β ∗ α]) ∈ π1(S1, 1) is non-trivial. But this shows that π1(|T |, v) is
non-trivial. �
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21. Presentations of groups
21.1. Generating sets of groups.

De�nition. Let G be a group and let S Ă G be a subset.
(1) A word in S is a �nite sequence (sε11 , . . . , s

εk
k ) with s1, . . . , sk∈S and ε1, . . . , εk∈{−1, 1}.

We refer to k as the length of the word.
(2) A word (sε11 , . . . , s

εk
k ) de�nes an element sε11 · . . . · s

εk
k in G. In casual language we also

refer to an expression of the form sε11 · . . . · s
εk
k as a word.

De�nition.

(1) Let G be a group and let S Ă G be a subset. We denote by ΞS : 〈S〉 → G the natural
homomorphism (given by the Free Group�Existence Lemma 19.4) from the free group
〈S〉 to G that is given by s 7→ s.

(2) Given a group G we say that S Ă G is a generating set if the natural homomorphism
ΞS : 〈S〉 → G is an epimorphism.

(3) We say that a group G is �nitely generated if it admits a �nite generating set. Other-
wise we say that the group is in�nitely generated.

Lemma 21.1. (Generating Set�Characterization Lemma) Let G be a group and let
S Ă G be a subset. The following statements are equivalent:
(1) S is a generating set for G.
(2) Every element of G can be represented by a word in S.
(3) If H is a subgroup of G that contains S, then H = G.

Proof. The lemma follows easily from the de�nitions. �

Lemma 21.2. (Generating Set�Lemma)

(1) If G is a free group on a subset S, then S is a generating set for G.
(2) If ϕ : G → H is an epimorphism between two groups and if S is a generating set for

G, then ϕ(S) is a generating set of H.

Proof. Both statements follow easily from the de�nitions. �

Example. First recall that it follows from the Wedge-of-Circles�π1-Lemma 20.7 that we
can make the identi�cation π1(S1 ∨ S1, ∗) = 〈x, y〉. In the �gure below we show a covering
p : X̃ → S1 ∨ S1. It follows from the Covering-π1-Monomorphism Proposition 14.11 that
π1(X̃, ∗̃) is isomorphic to a subgroup of π1(S1 ∨ S1, ∗) = 〈x, y〉.

Using the Graph-π1-Proposition 20.9 one can show that π1(X̃, ∗̃) admits epimorphisms
onto free groups of any rank n ∈ N. Thus it follows from the Generating Set�Lemma 21.2
that π1(X̃, ∗̃) is in�nitely generated.
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p

X = S1 ∨ S1x

yX̃

∗∗̃

We have thus shown that there exists a �nitely generated group that admits an in�nitely
generated subgroup.
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Lemma 21.3. (Generating Set Properties�Lemma) Let G be a group and let S be
a generating set for G.
(1) If ϕ : G→ G is a homomorphism such that ϕ(s) = s for all s ∈ S, then ϕ = id.
(2) If for all s, t ∈ S we have s · t = t · s, then G is abelian.
(3) If ϕ : H → G is a group homomorphism with S Ă ϕ(H), then ϕ is an epimorphism.

Proof.

(1) Let ϕ : G → G be a homomorphism such that ϕ(s) = s for every s ∈ S. We consider
H := {g ∈ G |ϕ(g) = g}. It is straightforward to verify that H is a subgroup of G.
Since H contains S it follows from the Generating Set�Characterization Lemma 21.1
(1)⇒(3) that H = G, i.e. ϕ = id.

(2) We assume that for all s, t ∈ S we have s · t = t · s. We want to show that G is abelian.
We start out with the following claim.

Claim. For all s, t ∈ S and all µ, ν ∈ {−1, 1} we have sµ · tν = tν · sµ.
Proof. First we consider the case µ = 1 and ν = −1:

s · t−1 = t−1 · t︸ ︷︷ ︸
=e

· s · t−1 = t−1 · s · t · t−1 = t−1 · s.
↑

since s · t = t · s

By swapping the roles of s and t we see that the above also takes care of the case
µ = −1 and ν = 1. Thus it remains to deal with the case µ = −1 and ν = −1. By
hypothesis we have t · s = s · t. Taking inverses we see that (t · s)−1 = (s · t)−1. But this
means precisely that s−1 · t−1 = t−1 · s−1. �

Now let g, h ∈ G. By the Generating Set�Characterization Lemma 21.1 (1)⇒(2)
we can write g = sε11 · . . . · s

εk
k and h = tτ11 · . . . · t

τl
l for some s1, . . . , sk, t1, . . . , tl ∈ S and

ε1, . . . , εk, τ1, . . . , τl ∈ {−1, 1}. By applying the above claim altogether k · l times we
see that g · h = h · g.

(3) Let ϕ : H → G be a group homomorphism with S Ă ϕ(G). Note that ϕ(H) is a sub-
group of G. Since S Ă ϕ(G) it thus follows from the Generating Set�Characterization
Lemma 21.1 (1)⇒(3) that ϕ(H) = G. �

21.2. Presentations of groups.

De�nition. Let X be a set and let R be a subset of the free group 〈X〉 generated by the
set X. We write 〈X | R〉 := 〈X〉 / 〈〈R〉〉.
If X = {x1, . . . , xk} and R = {r1, . . . , rl}, then we use the convenient shorthand

〈x1, . . . , xk | r1, . . . , rl〉 := 〈{x1, . . . , xk} | {r1, . . . , rl}〉.

Examples.

(1) For k ∈ N0 we have 〈g | gk〉 = 〈g〉/〈〈gk〉〉 = 〈g〉/{gk·n |n ∈ Z} ∼= Zk.
↑

this follows easily from the observation that 〈g〉 is abelian

(2) The group 〈x1, . . . , xk |〉 with R = ∅ is just the free group on x1, . . . , xk.
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Convention. Given a group 〈X |R〉 and given g ∈ 〈X〉 we denote the images of the g in
the quotient 〈x1, . . . , xk | r1, . . . , rl〉 again by g.

De�nition. Let r ∈ 〈x1, . . . , xk〉. Furthermore let G be a group and let g1, . . . , gk be ele-
ments ofG. We say that g1, . . . , gk satisfy the relation r if the homomorphism 〈x1, . . . , xk〉 →
G that is given by xi 7→ gi, i = 1, . . . , k sends r to the trivial element.

Example. We consider the word r = [x1, x2] = x1x2x
−1
1 x−1

2 ∈ 〈x1, x2〉. If a group G is
abelian, then any two elements g1, g2 ∈ G satisfy the relation x1x2x

−1
1 x−1

2 .

Lemma 21.4. (Free Abelian Group-Presentation Lemma) Let m ∈ N. There exists
a unique isomorphism

α : 〈x1, . . . , xm | [xi, xj] = e for all 1 ≤ i < j ≤ m〉
∼=−→ Zm

which sends each xi to the i-th standard basis vector ei of Zm.
Proof. We set X = {x1, . . . , xm} and R = {[xi, xj] | 1 ≤ i < j ≤ m}. Since Zm is abelian
we obtain from the Free Group�Existence Lemma 19.4 together with the Normal Closure�
Factorization Lemma 19.10 that there exists a unique homomorphism α : 〈X |R〉 → Zm
with α(xi) = ei. Since the image of α contains the generating set {e1, . . . , em} of Zm we
obtain from the Generating Set Properties�Lemma 21.3 (3) that α is an epimorphism. Thus
it remains to show that α is a monomorphism.

Claim. The group 〈X |R〉 is abelian.
Proof. Recall that it follows from the Generating Set�Lemma 21.2 that X = {x1, . . . , xm}
is a generating set for 〈X |R〉. Let i < j. We have the following equality in 〈X |R〉:

xj · xi = xi · xj · x−1
i · x−1

j︸ ︷︷ ︸
=[xi,xj ]=e∈〈X |R〉

· xj · xi = xi · xj.

This shows that the elements of the generating set commute. Thus it follows from the
Generating Set Properties�Lemma 21.3 (2) that the group 〈X |R〉 is abelian. �

As we mentioned on page 161 (2), the group Zm is free abelian on the set e1, . . . , em.
We just learned in the above claim that 〈X |R〉 is abelian. This implies in particular that
there exists a unique homomorphism β : Zm → 〈X |R〉 with β(ei) = xi. Note that for
each i ∈ {1, . . . ,m} we have (β ◦ α)(xi) = β(α(xi)) = β(ei) = xi. Thus it follows from
the Generating Set Properties�Lemma 21.3 (1) that β ◦ α = id. We have thus shown that
α : 〈X |R〉 → Zm is a monomorphism. �

De�nition.

(1) A presentation is a pair (X,R) consisting of a set X together with a subset R Ă 〈X〉.
We call the elements of X the generators and we call the elements of R the relators
of the presentation.

(2) Let π be a group. A presentation for π is a presentation (X,R) together with an
isomorphism 〈X | R〉

∼=−→ π.

Very often one just says 〈X | R〉 is a presentation for π and the explicit isomorphism
is suppressed from the notation.
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(3) We say a group π is �nitely presented, if π admits a presentation with �nitely many
generators and �nitely many relators.

Example. We had just seen in the Free Abelian Group-Presentation Lemma 21.4 that

Zn ∼= 〈x1, . . . , xn | [xi, xj] = e with 1 ≤ i < j ≤ n〉.
This shows that Zn is a �nitely presented group.

Proposition 21.5. (Abelianization-of-Presentation Proposition) Suppose we are
given a �nitely presented group π = 〈x1, . . . , xm | r1, . . . , rn〉. We denote by

Φ: 〈x1, . . . , xm〉 → Zm

the homomorphism that is given by Φ(xi) = ei. There exists unique isomorphism

Ψ: π/[π, π]︸ ︷︷ ︸
=πab

∼=−−→ Zm/ span(Φ(r1), . . . ,Φ(rn)).

Example. We consider the group π = 〈x, y | x2y−2x, y−1x3yx〉.
Let Φ: 〈x, y〉 → Z2 be the epimorphism given by Φ(x) = (1, 0) and Φ(y) = (0, 1). It follows
from the Abelianization-of-Presentation Proposition 21.5 that the abelianization of π is
given by

πab = Z2/ span(Φ(x2y−2x)︸ ︷︷ ︸(
3
−2

) ,Φ(y−1x3yx)︸ ︷︷ ︸
=

(
4
0

) ) = Z2/
( 3 4
−2 0

)
Z2 ∼= Z8.

↑
can be calculated using the

Smith normal form of the matrix

Proof. It is straightforward to see that there exists a unique homomorphism

Ψ: π/[π, π] → Zm/ span(Φ(r1), . . . ,Φ(rn))

with Ψ([xi]) = [ei]. It remains to show that Ψ is an isomorphism. We write F =
〈x1, . . . , xm〉 and we write G = 〈y1, . . . , yn〉. We consider the following diagram

Gab = G/[G,G] ∼=

[yi] 7→ ei
//

[yi] 7→ [ri]
��

Zn

ei 7→Φ(ri)
��

Fab = F/[F, F ] ∼=

[xi] 7→ ei
//

����

Zm

����

πab = π/[π, π]
Ψ // Zm/ span(Φ(r1), . . . ,Φ(rn)).

Note that the diagram commutes. It follows from the Abelianization Calculation Pro-
position 19.8 (4) that the top two horizontal maps are isomorphisms. The bottom vertical
maps are clearly epimorphisms and it is clear that the images of the top vertical maps lie
in the kernel of the bottom vertical maps. It now follows from an elementary �diagram
chase� that the bottom horizontal map is also an isomorphism. We leave the details to the
reader. �
21.3. Presentations of groups and constructions of groups.
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Lemma 21.6. (Quotient Presentation�Lemma) Let G = 〈X |R〉 be a group and let
ϕ : G→ H be an epimorphism. If S Ă 〈X〉 is a subset, such that ker(ϕ) = 〈〈{[s] | s ∈ S}〉〉,
then 〈X |R ∪ S〉 → H

x 7→ ϕ([x])

is a presentation for H.

Proof. We consider the following diagram:

〈X〉 id //

��

〈X〉

��

〈X |R〉

��

〈X |R ∪ S〉 // 〈X |R〉/ ker(ϕ)
[g]7→ϕ(g)

// H.

Note that the identity homomorphism on the top (in both directions) descends to homo-
morphisms (in both directions) between the groups on the bottom left. It follows from the
Generating Set Properties�Lemma 21.3 (1) that the two homomorphisms are inverses of
one another, in particular the homomorphism from the left to the center is an isomorphism.
The lemma now follows from the observation that the homomorphism to the bottom right
is an isomorphism, since ϕ is an epimorphism. �

Notation. Given a set X we sometimes write relator in the form a = b for a, b ∈ 〈X〉, this
just means that the relator is given by a · b−1 ∈ 〈X〉.

Example. LetA be a �nitely generated abelian group. By the Abelian Group-Classi�cation
Theorem 18.11 there exist a1, . . . , an ∈ N0 such that A ∼= Za1⊕· · ·⊕Zan . In other words, we
can write A as a quotient of Zn. Using the Abelianization-of-Presentation Proposition 21.5
and the Quotient Presentation�Lemma 21.6 one can now easily verify that

A ∼=
n⊕
i=1

Zai ∼= 〈x1, . . . , xn | [xi, xj] = e for 1 ≤ i < j ≤ n and xaii = e for i = 1, . . . , n〉.

Thus we have shown that every �nitely generated abelian group is also �nitely presented.

Lemma 21.7. (Amalgamated Product�Presentation Lemma) Let A = 〈X |R〉 and
B = 〈Y |S〉 be two groups with X∩Y = ∅. Furthermore let G be a group with generating
set Z and let α : G→ A and β : G→ B be two group homomorphisms. There is a natural
isomorphism

〈X t Y |R t S t {α(z) = β(z) | z ∈ Z}〉
∼=−−→ A ∗G B.

Example. The case G = {e} in the Amalgamated Product�Presentation Lemma 21.7 gives
us presentations of free products of two groups.
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Proof of the Amalgamated Product�Presentation Lemma 21.7. We �rst consider
the setting of the free product 〈X |R〉 ∗ 〈Y |S〉. We consider the following diagram:

〈X t Y 〉 //

��

〈X〉 ∗ 〈Y 〉 //

��

〈X t Y 〉

��

〈X t Y |R ∪ S〉 α // 〈X |R〉 ∗ 〈Y |S〉 β
// 〈X t Y |R ∪ S〉.

We make the following observations and clari�cations:
(1) The top horizontal maps are given by the universal properties of free groups and free

products.
(2) The vertical maps are (induced by) the natural projections.
(3) The bottom left horizontal map is induced by the Normal Closure�Factorization Lem-

ma 19.10.
(4) It follows from the Normal Closure�Factorization Lemma 19.10 that the homomorphism
〈X〉 → 〈X t Y |R ∪ S〉 descends to a homomorphism starting at 〈X |R〉. The same
way we obtain a homomorphism starting at 〈Y |S〉. These two homomorphisms give
us the bottom right horizontal homomorphism.

(5) Using the Generating Set�Lemma 21.2 and the Generating Set Properties�Lemma 21.3
(1) one can easily verify that β ◦ α = id and α ◦ β = id.

We have thus proved the desired statement for the case of a free product. The case of
a non-trivial amalgamated product follows easily from the above discussion together with
the Quotient Presentation�Lemma 21.6. �

21.4. Tietze transformations.

De�nition. Let φ : 〈x1, . . . , xk | r1, . . . , rl〉
∼=−→ π

be a presentation of a group π. We obtain new presentations of π as follows:
(T1) For any element s of 〈〈r1, . . . , rl〉〉 Ă 〈X〉 we obtain the presentation

〈x1, . . . , xk | r1, . . . , rl, s〉 = 〈x1, . . . , xk | r1, . . . , rl〉
φ−→ π.

↑
since s ∈ 〈〈r1, . . . , rl〉〉 the groups are identically

(T2) For any x 6∈ {x1, . . . , xk} and any two words s, t in x1, . . . , xk we obtain the presen-
tation

〈x1, . . . , xk, x | r1, . . . , rl, s · x · t〉 → 〈x1, . . . , xk | r1, . . . , rl〉
φ−→ π.

xi 7→ xi
x 7→ s−1 · t−1

The above two methods, and their inverses, of obtaining new presentations out of a given
one are called Tietze transformations.

Theorem 21.8. (Tietze Theorem) Any two �nite presentations for a given group are
related by a �nite sequence of Tietze transformations.

Proof. We outsource the proof to [Fri23]. �
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22. The classification of compact 2-dimensional manifolds

22.1. The fundamental groups of the surfaces Σg.

(1) We �rst consider the torus T = ([0, 1]× [0, 1])/∼. We will use the following notation:
(a) We denote by Q the point on T corresponding to one of the four vertices of the

square.
(b) We set

U = T \B 1
8
(1

2
, 1

2
) Ă T and V = B 1

4
(1

2
, 1

2
) Ă T,

i.e. U is the complement of a closed disk and V is an open disk. Note that T = U∪V
and note that U ∩ V is an open annulus, i.e. homeomorphic to S1 × (0, 1).

(c) We denote by i : U ∩ V → U the inclusion.
(d) We let P = (1

3
, 1

3
) ∈ U ∩ V and we denote by p the direct path from Q to P .

(e) We pick a loop γ in (U ∩ V, P ) that �goes counterclockwise around the annulus�.
Since U ∩ V has an obvious deformation retraction to a circle we obtain from the
Circle-π1-Theorem 11.13 together with the Homotopy-π1-Proposition 13.4 (2b) that
γ represents a generator of the in�nite cyclic group π1(U ∩ V, P ) ∼= Z.

(f) We denote by x and y the two loops in (T,Q) corresponding to the horizontal
and the vertical edge of the square. By a slight abuse of notation we denote the
corresponding elements in π1(T,Q) by x and y as well.
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U ∩ VU

y

P
V

U ∩ V x

y
U

x

is path-homotopic to
the loop xyx−1y−1

p

Q

the loop p ∗ γ ∗ p
γ

Q

Now we see that

π1(T, P ) ∼= π1(U, P ) ∗π1(U∩V,P ) π1(V, P ) = π1(U, P ) ∗π1(U∩V,P ) {e}
↑ ↑

Seifert�van Kampen-Theorem 20.1 V is a disk, hence π1(V, P ) = {e}

= π1(U, P )/〈〈i∗(π1(U ∩ V, P ))〉〉 = π1(U, P )/〈〈[γ]〉〉
↑ ↑

by the Amalgamated Product�Quotient Lemma 19.13 since π1(U ∩ V, P ) = 〈[γ]〉
we have A ∗G {e} = A/〈〈α(G)〉〉

∼=−→ π1(U,Q)/〈〈[p ∗ γ ∗ p]〉〉 = π1(U,Q)/〈〈xyx−1y−1〉〉 = (∗).
↑ ↑

by the Change-of-Base Point Proposition 11.6 (1) since p ∗ γ ∗ p is path-homotopic to xyx−1y−1

the path p gives rise to an isomorphism p∗

One can easily show that W := ∂([0, 1] × [0, 1])/∼ is a deformation retract of U and
thatW is homeomorphic to the wedge of two circles. By the Wedge-of-Circles�π1-Lem-
ma 20.7 we can therefore make the identi�cation π1(W,P ) = 〈x, y〉.



202

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������

��
��
��

��
��
��

���
���
���

���
���
���

��
��
��

��
��
��

���
���
���

���
���
���

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

���
���
���

���
���
���

x
x

y

y

x

y

deformation retraction from U to W W

∼=
U

Q

Now we continue with the above calculation of π1(T, P ):

(∗) = π1(U,Q)/〈〈xyx−1y−1〉〉
∼=−→ π1(W,Q)/〈〈xyx−1y−1〉〉
↑

by the Homotopy-π1-Proposition 13.4 (2b), since W is a deformation retract of U

= 〈x, y〉/〈〈xyx−1y−1〉〉 = 〈x, y | [x, y]〉 ∼= Z2.
↑ ↑

by the Wedge-of-Circles�π1-Lemma 20.7 by the Free Abelian Group-Presentation Lemma 21.4
since W is the wedge of the circles x and y

(2) We turn to the Klein bottle K = ([0, 1] × [0, 1])/∼ with base point Q = [(0, 0)]. The
approach to calculating the fundamental group of the Klein bottle is almost identical to
the above approach to calculating the fundamental group of the torus. We just replace
the situation illustrated in the �gure above by the situation illustrated in the �gure
below. The same argument as above shows that

π1(K,Q) ∼= 〈x, y | xyx−1y〉.
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V

U ∩ V

the Klein bottle

U

y

x
Q the loop xyx−1y

this loop
is path-homotopic to

(3) We consider the surface F = E8/∼ of genus 2. As in the torus case we write F = U ∪V
where V is an open disk and where U is the complement of a closed disk such that U∩V
is an annulus. Similar to the torus case we write W = ∂E8/∼. As in the torus case
we see that W is a deformation retraction of U and that W is homeomorphic to the
wedge of four circles corresponding to x1, y1, x2, y2. Finally almost the same argument
as in the torus case shows that

π1(E8/∼, P ) ∼= π1(U,Q)/〈〈

path-homotopic to p*γ*p︷ ︸︸ ︷
x1y1x

−1
1 y−1

1 · x2y2x
−1
2 y−1

2︸ ︷︷ ︸
=[x1,y1]·[x2,y2]

〉〉

∼= π1(W,Q)/〈〈[x1, y1] · [x2, y2]〉〉
∼= 〈x1, y1, x2, y2〉/〈〈[x1, y1] · [x2, y2]〉〉 = 〈x1, y1, x2, y2 | [x1, y1] · [x2, y2]〉.

Proposition 22.1. (Surface-π1-Proposition)
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x2

y1

x1

y2

x2

y1

x1

y2

UU U

QU ∩ V

V
U ∩ V

p
the path p ∗ γ ∗ p

the path x1y1x
−1
1 y−1

1 · x2y2x
−1
2 y−1

2

γ

P

(1) Let g ∈ N. Let Q be the point in Σg = E4g/∼ corresponding to the vertex of E4g. We
have an isomorphism

π1(surface Σg of genus g,Q) ∼= 〈x1, y1, . . . , xg, yg | [x1, y1] · . . . · [xg, yg]〉
where the x1, y1, . . . , xg, yg correspond to edges of E4g. Furthermore we have

π1(surface Σg of genus g,Q)ab
∼= Z2g.

(2) For g 6= h the surfaces of genus g and h are not homotopy equivalent.
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x2

x1

y1

x2

y2

Q

Proof.

(1) Let g ∈ N0. For g = 0 we obtain the fundamental group from the Sphere-π1-Pro-
position 11.14 and for g = 1 we obtain the presentation from the discussion on page 201.
For g ≥ 2 the presentation follows from a straightforward generalization of the cal-
culation preceding the proposition. Finally the stated abelianization of the funda-
mental group is an immediate consequence of the Abelianization-of-Presentation Pro-
position 21.5.

(2) For g 6= h we obtain from the Abelian Group-Classi�cation Theorem 18.11 that the
abelianizations of the fundamental groups of the surfaces of genus g 6= h are not iso-
morphic. It follows from the Homotopy-π1-Proposition 13.4 that the surfaces are not
homotopy equivalent. �

22.2. The fundamental groups of the non-orientable surfaces Ng.

Proposition 22.2. (Surface-π1-Proposition II)

(1) For any g ∈ N we have

π1(non-orientable surface Ng of genus g) ∼= 〈x1, . . . , xg | x2
1 · . . . · x2

g〉
and π1(non-orientable surface Ng of genus g)ab

∼= Zg−1 ⊕ Z2.

(2) For g 6= h the non-orientable surfaces of genus g and h are not homeomorphic.
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Proof.

(1) Let g ∈ N. Recall that by the de�nition on page 89 the non-orientable surface of genus
one is the real projective plane. In the Real Projective Space�π1-Proposition 15.3 we
saw that π1(RP2) ∼= Z2

∼= 〈x |x2〉. The case g ≥ 2 follows from a straightforward
modi�cation of the calculation of the fundamental group of the surface of genus 2 that
we gave on page 202. Using the �gure below the reader should have no troubles with
assembling a full argument. Finally note that

π1(Ng)ab
∼= 〈x1, . . . , xg | x2

1 · . . . · x2
g〉ab

∼= (Zg)/Z ·
(

2
:
2

)
∼= Zg−1 ⊕ Z2.

↑ ↑
by (1) by the Abelianization-of-Presentation Proposition 21.5
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V

(2) For g 6= h we obtain from the above calculation and from the Abelian Group-Classi�-
cation Theorem 18.11 that the abelianizations of the fundamental groups of the non-
orientable surfaces of genus g and h are not isomorphic. Hence the non-orientable
surfaces of genus g 6= h are not homeomorphic. �

22.3. Interlude: The boundary of 2-dimensional topological manifolds.

De�nition. Let X be a topological space.
(a) An n-dimensional chart for X at a point x ∈ X is a homeomorphism Φ: U → V

where U is an open neighborhood of x and V is one of the following:
(i) V is an open subset of Rn or
(ii) V is an open subset of the upper half-space Hn := {(x1, . . . , xn) ∈ Rn | xn ≥ 0}

and Φ(x) lies on ∂Hn = {(x1, . . . , xn) ∈ Rn | xn = 0}.
In the former case we say that Φ is a chart of type (i), in the latter case we say that
Φ is a chart of type (ii).

(b) We say X is an n-dimensional topological manifold if every point admits a chart and
if X is Hausdor� and second countable.

(c) We say that a point x on a topological manifold X is a boundary point if x does not
admit a chart of type (i). We denote by ∂X the set of all boundary points of X.
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chart of type (ii) Hnchart of type (i)

Proposition 22.4. (Topological Surface�Boundary Proposition) Let F be a 2-di-
mensional topological manifold. Every point on F admits either a chart of type (i) or a
chart of type (ii).
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Example. In the �gure below we show the Möbius band M and the annulus A. The
Topological Surface�Boundary Proposition 22.4 says that the boundary of the Möbius
band M and the annulus A, as a topological manifold, is exactly what we think it should
be, namely precisely the points that �obviously� admit a chart of type (ii). In particular
we see that ∂M consists of one component whereas ∂A consists of two components. Since
homeomorphisms of topological manifolds induce homeomorphisms of their boundaries and
since ∂M is not homeomorphic to ∂A we see that the Möbius bandM is not homeomorphic
to the annulus A.
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annulus AMöbius band M these points admit a chart of type (i)

these points admit a chart of type (ii)

not homeomorphic

Proof. We outsource the proof of the Topological Surface�Boundary Proposition 22.4
(which uses the fundamental group) to [Fri23]. �

22.4. The fundamental groups of surfaces with boundary.

De�nition. Let Σ be a closed connected non-empty 2-dimensional smooth manifold and
let n ∈ N0. We pick smooth embeddings ϕ1, . . . , ϕn : B

2 → Σ with disjoint images. We
refer to Σ \ (ϕ1(B2) ∪ · · · ∪ ϕn(B2)) as Σ minus n open disks.

Lemma 22.5. (Surface-Minus-Open Disks Lemma) Let Σ be a closed connected
non-empty 2-dimensional smooth manifold and let n ∈ N0.
(1) The topological space Σ minus n open disks is a compact connected 2-dimensional

topological manifold with n boundary components, which are given by the boundaries
of the closed disks whose interiors were removed.

(2) Σ minus n open disks is a submanifold of the smooth manifold Σ.
(3) The di�eomorphism type of the smooth manifold Σ minus n open disks does not

depend on the choice of the disks.

Proof. The lemma follows from basic facts about smooth manifolds. For example (3)
follows from the fact, proved in the Smooth Ball Embedding Theorem of [Fri23], that any
two choices of smooth embeddings B

2 → Σ are smoothly isotopic (up to a possible re�ection
of B

2
.) We refer to [Fri23] for details. �

Notation. Given g, n ∈ N0 we write

Σg,n := the surface of genus g minus n open disks.

Furthermore for g ∈ N and n ∈ N0 we write

Ng,n := the non-orientable surface of genug g minus n open disks.

Example. The surface Σ0,2 is the result of removing the interiors of two disjoint closed
disks from the 2-sphere. It is pretty elementary to show that the resulting smooth manifold
is di�eomorphic to the �cylinder� [0, 1]× S1.
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cylinder [0, 1]× S1

Lemma 22.6. (Surface-with-Boundary�π1-Lemma)

(1) Given g ∈ N0 and n ∈ N the surface Σg,n admits a deformation retract to a topological
graph of Euler characteristic 2 − 2g − n. In particular π1(Σg,n) is a free group on
2g + n− 1 generators.

(2) Given k ∈ N and n ∈ N the surface Nk,n admits a deformation retract to a topological
graph of Euler characteristic 2−k−n. In particular π1(Nk,n) is a free group on k+n−1
generators.

Sketch of proof.

(1) We denote by C1, . . . , Cn the boundary components of Σg,n. Let Γ be the topological
space that is given by the wedge of 2g-circles (which is obtained from identifying as usual
the edges of the 4g-gon pairwise), together with the boundary components C1, . . . , Cn−1

and together with edges e1, . . . , en−1 that connect the wedge point to C1, . . . , Cn−1.
The deformation retraction from Σg,n to Γ is given by pushing the remaining boundary
component Cn �inward�. We illustrate this in the �gure below.
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C3

C2

C1

Σ2,3

topological graph Γ deformation retraction

We equip Γ with the obvious structure of a topological graph which has n = 1+(n−1)
vertices and 2g + 2(n− 1) edges. Note that χ(Γ) = 2− 2g − n. Finally we see that

π1(Σg,n) ∼= π1(Γ) ∼= π1

(
connected topological graph Γ

with χ(Γ) = 2− 2g − n
)
∼= free group on

2g+n−1 generators↑ ↑
by the above together with the Homotopy-π1-Proposition 13.4 (2b) by the Graph-π1-Proposition 20.9

(2) The proof of this statement is almost identical to the proof of the �rst statement. �

De�nition. Let M be a topological manifold. Let �∼� be the equivalence relation on M
that is generated by x ∼ y whenever x and y lie on the same component of ∂M . We write
M̂ := M/∼.

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������
��������������������������

��
��
��

��
��
��

����
����
����

����
����
����

��
��
��

��
��
��

���
���
���

���
���
���

�
�
�
�

��

∂M
M̂M

∂M



22. THE CLASSIFICATION OF COMPACT 2-DIMENSIONAL MANIFOLDS 207

Lemma 22.7. (Surface Recovery Lemma) Let F be a closed connected non-empty
2-dimensional smooth manifold and let n ∈ N0. If we set M to be F minus n open disks,
then M̂ is homeomorphic to F .

Proof. By the Surface-Minus-Open Disks Lemma 22.5 we can work with any smooth
embeddings. Thus let ϕ1, . . . , ϕn : B

2

2 → F be smooth embeddings of the closed disks of
radius 2 with disjoint images. We need to show that for M := F \ (ϕ1(B2)∪ · · · ∪ ϕn(B2))

there exists a homeomorphism M̂ → F . We consider the following map:

Θ: M̂ → F

[P ] 7→
{
ϕi(Q · 2·(‖Q‖−1)), if P =ϕi(Q) for some i∈{1, ..., n} and Q∈B2

2 \B2,
[P ], otherwise.

It follows from the Pasting Proposition 2.4 (2) and the Topological-Quotient Proposition 6.1
(1b) that Θ is continuous. Note that by the Compact Image Lemma 2.8 we know that M̂ is
compact. Now it follows almost immediately from the Compact-Hausdor� Proposition 2.10
(3) that the given map Θ: M̂ → F is indeed a homeomorphism. �

22.5. The Surface Classi�cation Theorem.

Theorem 22.8. (Topological 1-Dimensional Manifold Classi�cation Theorem)
Let M be a connected non-empty 1-dimensional topological manifold. The homeomor-
phism type of M is given by the following table

without boundary with non-empty boundary

compact the circle S1 the closed interval [0, 1]
non-compact the real line R the half-open interval [0, 1).

An analogous statement holds for the di�eomorphism type of smooth manifolds.

without boundary with boundary

non-compact R [0, 1)

compact S1 [0, 1]

Proof. The proof is relatively elementary, but it is nonetheless not totally obvious. For
example it is not entirely clear where in the proof one uses that topological manifolds are
Hausdor� and second countable. We provide the proof in [Fri23]. �

Theorem 22.9. (Surface Classi�cation Theorem) Every compact connected non-
empty 2-dimensional topological manifold is homeomorphic to either
(1) the surface Σg,n for unique g, n ∈ N0 or
(2) to the surface Nk,n for unique k ∈ N and n ∈ N0.
Furthermore, if we are given a smooth manifold, then we can upgrade �homeomorphic� to
�di�eomorphic�.
The Surface Classi�cation Theorem 22.9 is an immediate consequence of the following three
theorems.
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Theorem 22.10. (Di�eomorphism-to-Standard Surfaces Theorem) Let Σ be a
compact connected non-empty 2-dimensional smooth manifold.
(1) If Σ is orientable, then Σ is di�eomorphic to the surface Σg,n for some g, n ∈ N0.
(2) If Σ is non-orientable, then Σ is di�eomorphic to the surface Nk,n for some k ∈ N and

n ∈ N0.

Theorem 22.11. (Surface-Smooth Structure Existence Theorem) Every compact
2-dimensional topological manifold admits a smooth structure.

Theorem 22.12. (Surfaces-Non Homeomorphic Theorem) The topological spaces
Σg,m and Nh,n are pairwise non-homeomorphic.

Proof of the Di�eomorphism-to-Standard Surfaces Theorem 22.10. We will prove
this theorem later in a few semesters time using �Morse theory�. The impatient student
can also look up the proof in [Fri23]. �

Proof of the Surface-Smooth Structure Existence Theorem 22.11. This theorem
is technically quite tricky. A proof is for example given in [Hat13, Theorem A]. �

Proof of the Surfaces-Non Homeomorphic Theorem 22.12. Let M be a topologi-
cal manifold. As before let �∼� be the equivalence relation onM that is generated by x ∼ y

whenever x and y lie on the same component of ∂M . As before we write M̂ := M/∼.
Claim. For g ∈ N0 and k ∈ N we have the following table of invariants:

X Σg Σg,m with m≥1 Nk Nk,n with n≥1

isomorphism type of π1(X)ab Z2g Z2g+m−1 Zk−1 ⊕ Z2 Zk+n−1

number of boundary components 0 m 0 n

isomorphism type of π1(X̂)ab Z2g Z2g Zk−1 ⊕ Z2 Zk−1 ⊕ Z2.

Proof. The number of boundary components can be determined using the Topological
Surface�Boundary Proposition 22.4. The abelianizations of the fundamental groups of X
are given by the Surface-π1-Propositions 22.1 and 22.2 and the Surface-with-Boundary�π1-
Lemma 22.6. Finally the abelianizations of the fundamental of X̂ are given by the above
calculation and the fact, shown in the Surface Recovery Lemma 22.7, that Σ̂g,m

∼= Σg and
N̂k,n

∼= Nk. �
It follows from the second and third row that the Σg,m, g ∈ N0,m ∈ N0 and Nk,n, k ∈ N
and n ∈ N0 are pairwise non-homeomorphic. �
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23. The Seifert�van Kampen Theorem applied to Smooth Manifolds

23.1. The Seifert-van Kampen Theorem for smooth manifolds.

Theorem 23.1. (Manifold-Seifert�van Kampen Theorem) Let M be an m-dimen-
sional smooth or topological manifold and let R, S Ă M be two codimension zero subman-
ifolds such that the following hold:
(1) M = R ∪ S.
(2) R and S are closed subsets of M . (Note that by the Compact-Closed Lemma 1.9 (2)

this condition is satis�ed if R and S are compact.)
(3) R ∩ S is a single component of ∂R and it is a single component of ∂S.
For every base point x0 ∈ R ∩ S the inclusion induced map

π1(R, x0) ∗π1(R∩S,x0) π1(S, x0) → π1(M,x0)

is an isomorphism.
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∂R = ∂S

S

R

Theorem 23.2. (Collar Neighborhood Theorem) Given any smooth or topological
manifold M and given any union R of components of ∂M there exists an embedding
χ : [0, 1]×R→M with the following two properties:
(1) For every P ∈ R we have χ(0, P ) = P .
(2) The image of [0, 1)×R is an open subset of M .
The image of χ is sometimes called a collar neighborhood of R.
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∂M

0 101

χ

collar neighborhood for ∂M

M

Proof. The proof is provided in [Fri23]. �

Proof of Theorem 23.1. Let M be an m-dimensional smooth or topological manifold.
Furthermore let R, S Ă M be two codimension-zero submanifolds such that the following
hold:

(1) M = R ∪ S.
(2) R and S are closed subsets of M .
(3) R ∩ S is a component of ∂R and it is a component of ∂S.

In fact, to simplify the notation a little bit we assume that R ∩ S = ∂R = ∂S. Let
x0 ∈ R ∩ S. We pick embeddings f : [0, 1] × ∂R → R and g : [0, 1] × ∂S → S that are
provided by the Collar Neighborhood Theorem 23.2. We set

U := R ∪ g([0, 1)× ∂S)︸ ︷︷ ︸
ĂS

and V := S ∪ f([0, 1)× ∂R)︸ ︷︷ ︸
ĂR

.
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g([0, 1)× ∂S)f([0, 1)× ∂R)

V = S ∪ f([0, 1)× ∂R)U = R ∪ g([0, 1)× ∂S)

∂R = ∂S = R ∩ S
SR

We consider the following diagram

π1(R, x0) ∗π1(R∩S,x0) π1(S, x0) //

��

π1(M,x0)

id��

π1(U, x0) ∗π1(U∩V,x0) π1(V, x0) // π1(M,x0).

The following steps are similar to the ones we performed in the proof of the Wedge-π1-Pro-
position 20.6.

(a) Since the vertical maps are induced by inclusions we see that the diagram commutes.
(b) We claim that U is an open subset of M = R∪S. Since R and S are by our hypothesis

(2) closed subsets of M we obtain from the Cover-Open Subset Lemma 1.5 (2a) that
it su�ces to show that U ∩ R is open in R and that U ∩ S is open in S. Evidently
U ∩R = R is open in R and U ∩S = g([0, 1)×∂S) is open in S by the second property
of g, as stated in the Smooth Collar Neighborhood Theorem 23.2.

(c) We want to show that R is a deformation retract of U . To do we consider the following
map:

U × [0, 1] → U

(u, t) 7→
{
u, if u ∈ R,
g(s · t, y), if u = g(s, y) ∈ g([0, 1)× ∂S).

It remains to show that this map is continuous. By the Homotopy Combination Lem-
ma 8.2 (1) it su�ces to show that R and g([0, 1)× ∂S) are closed subsets of U . We see
this as follows: By our hypothesis R and S are closed subsets of M . It follows that
R = R ∩ U and g([0, 1)× ∂S) = S ∩ U are closed subsets of U .

(d) The obvious analogues of (b) and (c) hold for V and S.
(e) Similar to (c) one can show that R ∩ S is a deformation retract of U ∩ V .
(f) We consider the following diagram:

π1(R, x0)

��

π1(R ∩ S, x0)oo //

��

π1(S, x0)

��

π1(U, x0) π1(U ∩ V, x0)oo // π1(V, x0).

Here all maps are induced by inclusions. It follows that the diagram commutes. Fur-
thermore we obtain from (c), (d), (e) and the Homotopy-π1-Proposition 13.4 (2) that
the vertical maps are all isomorphisms. It follows that the induced map between amal-
gamated products, shown in the initial diagram to the left, is an isomorphism.

(g) By (b) and (e) we can apply the Seifert�van Kampen-Theorem 20.1 to the decomposi-
tionM = U∪V and we know that the bottom horizontal map of the initial commutative
diagram is an isomorphism.
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(h) Since the vertical maps are isomorphisms we see that the top horizontal map of the
initial diagram is also an isomorphism. �

23.2. Connected sum of smooth manifolds.

De�nition. Let n ∈ N. LetM andM ′ be two connected non-empty n-dimensional smooth
manifolds. Let ϕ : B

n → M \ ∂M and ϕ′ : B
n → M ′ \ ∂M ′ be smooth embeddings. We

de�ne the connected sum of the smooth manifolds M and M ′ as

M#M ′ :=
(
M \ ϕ

(
Bn
))
t
(
M ′ \ ϕ′

(
Bn
))/
∼ where ϕ(P )∼ϕ′(P ) for all P ∈Sn−1.
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M ′

B
nM

ϕ ϕ′

M \ ϕ(Bn) M ′ \ ϕ′(Bn)

glue

M#N

Example. Note that the connected sum of g tori is di�eomorphic to the surface Σg of
genus g. Furthermore note that the connected sum of g copies of RP2 is di�eomorphic to
the non-orientable surface Ng of genus g.

Proposition 23.3. (Connected Sum-π1-Proposition) Let n ≥ 3 and let M and M ′

be two connected non-empty n-dimensional smooth manifolds. Then

π1(M#M ′) ∼= π1(M) ∗ π1(M ′).

Example. Let m ≥ 2. We consider the connected sum of k copies of S1 × Sm. We see
that:

π1((S1×Sm)# . . .#(S1×Sm)) ∼= π1(S1×Sm) ∗. . .∗ π1(S1×Sm) ∼=
=〈g1,...,gk〉︷ ︸︸ ︷

〈g1〉 ∗. . .∗ 〈gk〉.
↑ ↑

by the Connected Sum-π1-Proposition 23.3, by the Product-π1-Proposition 13.7
since m ≥ 2 we know that π1(S1 × Sm) ∼= 〈gi〉

Proof of the Connected Sum-π1-Proposition 23.3. Let M and M ′ be two connected
non-empty n-dimensional smooth manifolds, and let ϕ : B

n →M and ϕ′ : B
n →M ′ be two

smooth embeddings. Recall that the connected sum of M and M ′ is de�ned as

M#M ′ :=
(

(M \ ϕ(Bn))︸ ︷︷ ︸
=:X

t (M ′ \ ϕ′(Bn))︸ ︷︷ ︸
=:X′

)
/ ∼ where ϕ(P ) ∼ ϕ′(P ) for P ∈ Sn−1.

We pick a base point x0 that lies in the intersection of the images of X and X ′ in M#M ′.

Claim. The inclusion induced maps π1(X, x0) → π1(M,x0) and π1(X ′, x0) → π1(M ′, x0)
are isomorphisms.

Proof. By symmetry it su�ces to show that the inclusion induced map π1(X, x0) →
π1(M,x0) is an isomorphism. Note that X and ϕ(B

n
) are n-dimensional submanifolds

of M and that they are closed subsets of M . Note that X ∩ ϕ(B
n
) = ϕ(Sn−1). From the
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Manifold-Seifert�van Kampen Theorem 23.1 we obtain the following pushout diagram:

π1(ϕ(Sn−1), x0)

��

// π1(X, x0)

��

π1(ϕ(B
n
), x0) // π1(M,x0).

Since n ≥ 3 we obtain from the Sphere-π1-Proposition 11.14 that π1(ϕ(Sn−1), x0) = {e}.
Thus the vertical map to the left is an isomorphism. It follows from the Amalgamated
Product Lemma 19.12 (2a) that the right vertical map is also an isomorphism. �

Now we see that

π1(M#M ′, x0)
∼=←− π1(X, x0) ∗ π1(X ′, x0)

∼=−→ π1(M,x0) ∗ π1(M ′, x0).
↑ ↑

by the Manifold-Seifert�van Kampen Theorem 23.1, by the above claim

since X ∩X ′ ∼= Sn−1 is simply connected �
23.3. Fundamental groups of high-dimensional smooth manifolds.

Proposition 23.4. (Manifold-π1-Realization Proposition) Let π be a �nitely pre-
sented group. Given any n ≥ 4 there exists a closed orientable connected non-empty
n-dimensional smooth manifold M with π1(M) ∼= π.

Lemma 23.5. (Drilling Out�π1�Lemma) LetW be an n-dimensional smooth manifold.

Let k ∈ N and let ϕ : B
n−k × Sk → W \ ∂W be a smooth embedding.

(1) If n ≥ k + 3, then for every base point w0 ∈ W \ ϕ(Bn−k × Sk) the inclusion induced
map π1(W \ ϕ(Bn−k × Sk), w0)→ π1(W,w0) is an isomorphism.

(2) If n = k + 2, then for every base point w0 ∈ W \ ϕ(Bn−k × Sk) the inclusion induced
map π1(W \ ϕ(Bn−k × Sk), w0)→ π1(W,w0) is an epimorphism.

Proof of the Drilling Out�π1�Lemma 23.5. First note that it follows from the Change-
of-Base Point Proposition 13.2 that it su�ces to prove the statement for some base point
w0 ∈ ϕ(Sn−k−1 × Sk). We consider the following pushout diagram:

π1(ϕ(Sn−k−1 × Sk), w0) //

��

π1(W \ ϕ(Bn−k × Sk), w0)

��

π1(ϕ(Bn−k × Sk), w0) // π1(W,w0)

It follows from the Manifold-Seifert�van Kampen Theorem 23.1 that this is a pushout
diagram.

If n ≥ k+ 3, then n− k− 1 ≥ 2. Thus we obtain from the Sphere-π1-Proposition 11.14
that π1(Sn−k−1) is trivial. It follows from the Product-π1-Proposition 13.7 that the left
vertical map is an isomorphism, thus it follows from the Amalgamated Product Lem-
ma 19.12 (2a) that the right vertical map is � as promised � an isomorphism.

If n = k+ 2, then the left vertical map is an epimorphism. It follows from the Amalga-
mated Product Lemma 19.12 (2b) that the right vertical map is also an epimorphism. �
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Lemma 23.6. (Fill-in-Solid Torus-π1-Lemma) Let W be an n-dimensional smooth
manifold. Let ϕ : Sn−2×S1 → ∂W be a di�eomorphism onto a component of ∂W . We set

X := (W t (Sn−2 ×B2
))/∼ where ϕ(x, y) ∼ (x, y) for (x, y) ∈ Sn−2 × S1.

We pick x ∈ Sn−2 and we set C := ϕ({x}×S1) Ă ∂W . If n ≥ 3, then for any w0 ∈ W the
inclusion induced map π1(W,w0)→ π1(X,w0) induces an isomorphism

π1(W,w0)/〈〈C〉〉
∼=−→ π1(X,w0).

Proof of the Fill-in-Solid Torus-π1-Lemma 23.6. We will only need the case n ≥ 4.
Thus in the following we will provide the (slightly easier) proof of the special case n ≥ 4.
We leave it to the reader to modify the argument below to deal with the case n = 3. Note
that it follows from the Change-of-Base Point Proposition 13.2 that it su�ces to prove the
statement for some base point w0 ∈ ϕ(Sn−2 × S1). Next note that we have the following
two isomorphisms:

π1(W,w0)/〈〈C〉〉
∼=−−→ π1(W,w0) ∗π1(Sn−2×S1,w0) π1

(
Sn−2 ×B2

, w0

) ∼=−−→ π1(X,w0).
↑ ↑

an isomorphism by the Amalgamated Product�Quotient Lemma 19.13, an isomorphism by the

here we use that π1(Sn−2 ×B2
, w0) = 0 and that π1(Sn−2 × S1, w0) = 〈C〉, Manifold-Seifert�van Kampen

note that for the latter statement we used that n ≥ 4 Theorem 23.1

Since the horizontal maps are induced by the inclusions we see that the inclusion induced
map π1(W,w0)/〈〈C〉〉 → π1(X,w0) is indeed an isomorphism. �

Proof of the Manifold-π1-Realization Proposition 23.4. Throughout the proof we will
mostly ignore base points. But at the end of the proof we will argue, why being a little
sloppy with base points in between does not a�ect the outcome.

Let π = 〈g1, . . . , gk | r1, . . . , rl〉 be a �nitely presented group. Furthermore let n ≥ 4.
We consider

X := (S1×Sn−1)# . . .#(S1×Sn−1)︸ ︷︷ ︸
k copies of S1×Sn–1

.

Note that X is a closed orientable connected n-dimensional smooth manifold. As on
page 211 we see that

π1(

=X︷ ︸︸ ︷
(S1×Sn−1)# . . .#(S1×Sn−1)) ∼= π1(S1×Sn−1) ∗. . .∗ π1(S1×Sn−1) ∼=

=〈g1,...,gk〉︷ ︸︸ ︷
〈g1〉 ∗. . .∗ 〈gk〉.

↑ ↑
by the Connected Sum-π1-Proposition 23.3, by the Product-π1-Proposition 13.7

since n ≥ 3 and since n ≥ 3 we know
that π1(S1 × Sn−1) ∼= Z

We use this isomorphism to make the identi�cation π1(X, x0) = 〈g1, . . . , gk〉. Next we pick
loops b1, . . . , bl : (S1, ∗)→ (X, x0) that represent r1, . . . , rl ∈ π1(X, x0) = 〈g1, . . . , gk〉.

Since dim(X) = n ≥ 3 we can apply the Circle�Smooth Embedding Theorem from
[Fri23] and we obtain that the map b1 t · · · t bl : S1 t · · · t S1 → X is in fact homotopic
to a smooth embedding c1 t · · · t cl : S1 t · · · t S1 → X. It follows from the Smooth
Embedding Theorem and the Tubular Neighborhood Theorem from [Fri23] that there exist
smooth embeddings Φi : B

n−1 × S1 → X, i = 1, . . . , l with disjoint images such that for
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each i ∈ {1, . . . , l} and each y ∈ S1 we have Φi(0, y) = ci(y). Next we consider

Y := X \
l⋃

i=1

Φi(B
n−1 × S1) and Z :=

(
Y t

l⊔
i=1

(Sn−2 ×B2
)
)/
∼
↑

where Φi(x, y) ∼ (x, y) for
x ∈ Sn−2 and y ∈ S1
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(S1 × Sn−1)#(S1 × Sn−1)Ci = Φi({x} × S1)

after gluing Ci bounds a disk

B
n−1 × S1

then glue in

Sn−2 ×B2

Φi

�rst remove Φi(B
n−1 × S1)

Finally we see that

the Fill-in-Solid Torus-π1-Lemma 23.6 applied l times, the Drilling Out�π1�Lemma 23.5
hereby we set Ci := Φi({x} × S1) for some x ∈ Sn−2 applied k times

↓ ↓
π1(Z)

∼=←− π1(Y )/〈〈C1, . . . , Cl〉〉
∼=←− π1(X)/〈〈C1, . . . , Cl〉〉

∼= 〈g1, . . . , gk〉/〈〈x1r1x
−1
1 , . . . , xlrlx

−1
l 〉〉 = 〈g1, . . . , gk〉/〈〈r1, . . . , rl〉〉︸ ︷︷ ︸

=〈g1,...,gk | r1,...,rl〉

.
↑

by the above, the xi are necessary since
we lost track of the base points

We have thus found the promised smooth manifold. �
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24. Decision problems

Question 24.1.

(1) Triviality Problem: Does there exist an algorithm that can decide whether or not a
given �nite presentation π = 〈g1, . . . , gk | r1, . . . , rl〉 represents the trivial group?

(2) Isomorphism Problem: Does there exist an algorithm that can decide whether or not
two given �nite presentations π = 〈g1, . . . , gk | r1, . . . , rl〉 and Γ = 〈h1, . . . , hm |
s1, . . . , sn〉 represent isomorphic groups?

(3) Word Problem: Does there exist an algorithm that can determine, given
(a) a �nite presentation π = 〈g1, . . . , gk | r1, . . . , rl〉 and
(b) a word w in g1, . . . , gk, i.e. an element w ∈ 〈g1, . . . , gk〉,
whether or not w represents the trivial element in the group π?

(4) Conjugacy Problem: Does there exist an algorithm that can determine, given
(a) a �nite presentation π = 〈g1, . . . , gk | r1, . . . , rl〉 and
(b) and two words v and w in g1, . . . , gk,
whether or not v and w represent conjugate elements in the group π?

Theorem 24.2. (Non-Solvability Theorem) The answer to all four questions raised
in Question 24.1 is no.

Proof.

(1) Sergei Adyan [Ady55] and Michael Rabin [Rabi1985] showed in 1955 that the answer
to the �rst question is no. Alternatively see [MillC1992] for a proof.

(2) An algorithm that performs (2) would also give an algorithm for determining whether or
not a given presentation is isomorphic to the trivial group with the empty presentation
〈|〉. But since the answer to (1) is no, it follows that the answer to (2) is also no.

(3) If there did exist an algorithm that dealt with the third problem, then we could apply
it in particular to the generators. Since a presentation presents the trivial group if and
only if all generators are trivial, it follows that an algorithm for (3) would also give an
algorithm for (1). Since the latter cannot exist, the former cannot exist either.

(4) An element in a group is trivial if and only if it is conjugate to the trivial element.
Hence the fact that (3) has a negative answer leads to a negative answer to (4). �

Theorem 24.3. (Manifold�Non-Classi�cation Theorem) Let n ≥ 4.
(1) There is no algorithm that can decide whether or not two closed orientable n-dimen-

sional smooth manifolds are homeomorphic.
(2) There is no algorithm that can decide whether or not two closed orientable n-dimen-

sional smooth manifolds are di�eomorphic.

Proof. The �rst statement was �rst proved by Aleksandr Markov [Mar58]. We refer to
[BHP68, Theorem 1] and [Hak73] for a detailed discussion of the proofs of both state-
ments. In particular these references also explain in more detail how one can describe a
closed smooth manifold with �nite data. We also refer to [Sti93, Chapter 9.4.2], [CZ93,
Chapter 7.2] and [McA21] for more information and variations on the above results. �
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Theorem 24.4. (Smooth 3-Manifold Recognition Theorem) There exists an algo-
rithm that can decide whether or not two closed orientable connected 3-manifolds are
di�eomorphic.
Proof. The proof of this theorem is considerably more complicated than in the 1-dimen-
sional and the 2-dimensional case. The proof that such an algorithm exists is due to the
work of many mathematicians, �rst and foremost William Thurston [Thu82] and Grigori
Perelman. The proof of the theorem was completed about 2003. It is impossible to mention
here all the work that goes into proving Theorem 24.4. We refer to [AFW, Theorem 4.27]
for details and precise references. �
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25. Direct limits
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surface of �in�nite genus�

compact submanifolds

25.1. Directed sets.

De�nition. A directed set is a set X together with a partial order ≤ that has the extra
property, that for any x, y ∈ X there exists a z ∈ X with x ≤ z and y ≤ z.

Examples.

(1) We consider the three partial orders that are illustrated in the �gure below. Here it is
understood that P ≤ Q if P is connected to Q via a path that goes everywhere from
left to right. We see that the two partial orders to the left form directed sets whereas
the one on the right does not form a directed set.
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(2) Let X be a subset of R. If we denote by ≤ the usual �less or equal� relation on the real
numbers, then (X,≤) is a directed set. In particular (N,≤) is a directed set.

25.2. Direct systems and direct limits.

De�nition. Let (I,≤) be a directed set and let C be a category. A direct system in the
category C over (I ≤) is a diagram (in the sense of the de�nition on page 65) in C over
the directed set (I,≤). In other words, a direct system in C over (I,≤) is a family of
objects {Xi}i∈I in C , together with a family of morphisms {fji : Xi → Xj}i≤j such that
the following two conditions are satis�ed:

(1) fii = idXi for all i ∈ I,
(2) fki = fkj ◦ fji for all i, j, k ∈ I with i ≤ j ≤ k.

De�nition. Let C be a category and let w ∈ Z. A sequence in the category C consists
of a family {Xi}i∈Z≥w of objects and a family of morphisms {ϕi : Xi → Xi+1}i∈Z≥w . A
sequence of morphisms as above gives rise to a direct system over the directed set (Z≥w,≤)
by considering for i ≤ j the morphism fji := ϕj−1 ◦ · · · ◦ ϕi+1 ◦ ϕi : Xi → Xj.

Examples.

(A) In the category of abelian groups we consider the sequence

Z v 7→(v,0)−−−−−→ Z2 v 7→(v,0)−−−−−→ Z3 v 7→(v,0)−−−−−→ . . .

(B) In the category of groups we consider the sequence

〈x1〉 ↪→ 〈x1, x2〉 ↪→ 〈x1, x2, x3〉 ↪→
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of free groups where the morphisms are the obvious inclusion homomorphisms.

De�nition. Let (I,≤) be a directed set and let C be a category. Suppose we are given
a direct system ({Xi}i∈I , {fji : Xi→Xj}i≤j) in the category C . A direct limit of the direct
system is a colimit , in the sense of the de�nition on page 67, of the direct system viewed
as a diagram. In other words, a direct limit is an object Y in C together with a family of
morphisms {gi : Xi → Y }i∈I in the category C such that the following two conditions are
satis�ed:
(1) For all i ≤ j we have gj ◦ fji = gi : Xi → Y .
(2) If we are given another object Y ′ and a family of morphisms {g′i : Xi → Y ′}i∈I that

satisfy (1), then there exists a unique morphism F : Y → Y ′ such that for all i ∈ I we
have g′i = F ◦ gi : Xi → Y ′.

By the Colimit Uniqueness Lemma 4.7 we know that if a direct limit exists, then it is
unique in the usual sense. We denote the direct limit, if it exists, by lim

−→
Xi or sometimes

by colim
−→
I

Xi or colim
−→
i

Xi.

Examples. We discuss the direct limits of the direct systems we had discussed above.
(A) As on page 217 we consider in the category of abelian groups the sequence of monomor-

phisms Z → Z2 → Z3 → . . . that is given by the inclusion maps ϕi(v) := (v, 0). We
claim that

colim−→ Zi = Z(N) = {(x1, x2, . . . ) | xi ∈ Z but only �nitely many xi's are non-zero},

where the maps gj : Zj → colim−→ Zi = Z(N), j ∈ N are the obvious monomorphisms.

Indeed, if we are given an abelian group Y ′ and homomorphisms g′j : Zj → Y ′ that
satisfy g′j+1 ◦ ϕj = g′j for all j ∈ N0, then we set

F : colim−→ Zi = Z(N) → Y ′

(x1, . . . , xj, 0, . . . ) 7→ g′j(x1, . . . , xj).

It is straightforward to see that this de�nition is well-de�ned, i.e. independent of the
choice of xj. It is clear that for all i ∈ N0 we have g′i = F ◦ gi. Furthermore, since any
x ∈ Z(N) is contained in the image of some gj we see that F is the unique homomorphism
that makes the diagram (2) commute.

(B) As on page 217 we consider in the category of groups the sequence of monomorphisms
〈x1〉 → 〈x1, x2〉 → . . . . Similar to the argument in (A) one can show that

colim−→ 〈x1, x2, . . . , xi〉 = 〈x1, x2, . . . 〉 = free group on the generators x1, x2, x3, . . .

where the maps Fj → colim−→ Fi = 〈x1, x2, . . . 〉, j ∈ N are the obvious homomorphisms.

Lemma 25.1. (Direct Limit�Stabilization Lemma) Let (I,≤) be a directed set, let
C be a category and let ({Xi}i∈I , {fji}i≤j) be a direct system in the category C . Suppose
that there exists a k ∈ I such that for all l ≥ k the morphism flk : Xk → Xl is in fact an
isomorphism. Then colim−→ Xi exists and it is naturally isomorphic to Xk. More precisely,
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a direct limit is given by colim−→ Xi := Xk and for each l ∈ I we consider the morphism

f−1
mk ◦ fml : Xl → Xk where m ∈ I is chosen such that m ≥ k and m ≥ l.
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Xk ∼= ∼= ∼= ∼=
∼=

colim−→ Xi = Xk

Example.

(1) If (I,≤) is a �nite directed set, then there exists a maximal element imax. It follows
from the Direct Limit�Stabilization Lemma 25.1 that the direct limit is given by Ximax .

(2) We have
colim−→

(
Z ·2−→ Z 0−→ Z ·(−1)−−−→ Z id−→ Z ·(−1)−−−→ Z id−→ . . .

) ∼= Z.
↑

by the Direct Limit�Stabilization Lemma 25.1

Proof. We leave the proof as an exercise to the reader. �

Proposition 25.2. (Sets�Direct Limit Existence Proposition) Let (I,≤) be a di-
rected set and let ({Xi}i∈I , {fji : Xi → Xj}i≤j) be a direct system in the category Set of
sets.
(1) The direct limit is given by the set

colim−→ Xi :=
( ⊔
i∈I
Xi

)
/ ∼ where x ∼ fji(x) for all i ≤ j, x ∈ Xi

together with the natural maps from each Xi into colim−→ Xi.

(2) If all of the maps fji : Xi → Xj are inclusion maps, then we can also take

colim−→ Xi :=
⋃
i∈I
Xi

together with the natural maps from each Xi into
⋃
i∈I
Xi.

Proof. Both statements follows easily from the de�nitions and elementary arguments. �

Proposition 25.3. (Algebraic�Direct Limit Existence Proposition)

(1) Let (I,≤) be a directed set and let C be one of the following two categories:
(a) the category Group of groups,
(b) the category AbGroup of abelian groups.
Let ({Xi}i∈I , {fji : Xi → Xj}i≤j) be a direct system in C. A direct limit is given by

(a) colim−→ Xi =
(∗
i∈I
Xi

)
/ 〈〈fji(x) · x−1 | i ≤ j and x ∈ Xi〉〉,

(b) colim−→ Xi =
(⊕
i∈I
Xi

)
/ 〈fji(x)− x | i ≤ j and x ∈ Xi〉,

with the obvious algebraic structure. Alternatively in each of the two categories a
direct limit can be chosen whose underlying set is given by

colim−→ Xi =
( ⊔
i∈I
Xi

)
/ ∼ where x ∼ fji(x) for all i ≤ j, x ∈ Xi.
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In particular in either of the two categories any direct system admits a direct limit.
(2) Suppose we are in the setting of (1). If all of the homomorphisms fji : Xi → Xj are

inclusion maps, then as underlying set we can always take

colim−→ Xi =
⋃
i∈I
Xi.

Proof. Let (I,≤) be a directed set and let C be one of the two given categories. Further-
more let ({Xi}i∈I , {fji : Xi → Xj}i≤j) be a direct system in C.
(1) The �rst statement for the category of groups follows easily from the Coproduct-of-

Groups Lemma 19.2. Similarly we see that the �rst statement for the category of
abelian groups follows from the Coproduct-of-Abelian Groups Lemma 18.1.

Now we turn to the second statement. We set

colim−→ Xi :=
( ⊔
i∈I
Xi

)
/ ∼ where x ∼ fji(x) for all i ≤ j, x ∈ Xi

and we denote by gj : Xj → colim−→ Xi, j ∈ I, the obvious maps. If we work in the

category of (abelian) groups, then colim−→ Xi =
(⊔
i∈I
Xi

)
/ ∼ is naturally an (abelian)

group as follows: Let a, b ∈ colim−→ Xi =
(⊔
i∈I
Xi

)
/ ∼. This means that there exist

i, j ∈ I and ã ∈ Xi and b̃ ∈ Xj with a = [ã] and b = [̃b]. By de�nition of a directed set
there exists a k ∈ I with i ≤ k and j ≤ k. We set

a · b :=
[
fki(ã)︸ ︷︷ ︸
∈Xk

· fkj (̃b)︸ ︷︷ ︸
∈Xk

]
∈ colim−→ Xi.

It follows easily from the de�nition of a direct system that this de�nition of the product
structure is independent of the choice of k and that this de�nes indeed an (abelian)
group structure on colim−→ Xi.

(2) This statement follows easily from the de�nitions. �

Example. We consider the two direct systems that are given by {Zi}i∈N and {Zi ⊕ 0}i∈N
where Zi ⊕ 0 Ă Z∞. We have the following isomorphisms:

colim−→ Zi ∼= colim−→ (Zi ⊕ 0) ∼= Z∞.
↑ ↑

since the two direct systems Algebraic�Direct Limit Existence
are isomorphic Proposition 25.3

We have thus obtained the result from page 218 in a more systematic fashion.

25.3. The direct limit in the topological category.

Proposition 25.4. (Topological-Direct Limit Proposition) Let

X0
ϕ0−−→ X1

ϕ1−−→ X2
ϕ2−−→ . . .

be a sequence of topological spaces such that each ϕi : Xi → Xi+1 is an embedding.
(0) We consider the set

colim−→ Xi :=
( ⊔
i∈N0

Xi

)
/ ∼ where x ∼ ϕi(x) for all i ∈ N0 and x ∈ Xi.
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Given i ∈ N0 we denote by gi : Xi → colim−→ Xi the natural map.

(a) We say U Ă colim−→ Xi is open if and only if for each i ∈ N0 the preimage g−1
i (U)

is an open subset of Xi. This de�nes a topology on colim−→ Xi. In the remainder of

this proposition we equip colim−→ Xi with this topology.

(b) A subset U Ă colim−→ Xi is closed with respect to the above topology if and only if

for each i ∈ N0 the preimage g−1
i (U) is a closed subset of Xi.

(1) (a) For each i ∈ N0 the natural map gi : Xi → colim−→ Xi is an embedding.

(b) Let Y ′ be a topological space. Given a family of continuous maps map g′i : Xi → Y ′

with the property that for any i ∈ N0 we have g′i+1 ◦ ϕi = g′i the map

G′ : colim−→ Xi → Y ′

x 7→ g′i(xi) if x = gi(xi) for some xi ∈ Xi

is well-de�ned and it is continuous.
(∗) A map h : colim−→ Xi → Y ′ to some topological space is continuous if and only if

each map h ◦ gi : Xi → Y ′ is continuous.
(2) The topological space colim−→ Xi, together with the natural inclusions gi : Xi → colim−→ Xi,

is the direct limit of the above sequence in the category of topological spaces.
If all the embeddings ϕi : Xi → Xi+1 are in fact inclusion maps, then we can replace (0)
by
(0') We consider the set

colim−→ Xi :=
⋃
i∈N0

Xi.

We say U Ă X is open if and only if for each i ∈ N0 the intersection U ∩Xi is an open
subset of Xi. This de�nes a topology on X which again satis�es (1a), (1b) and (2).

�
�
�
�
��
��
��
��

��
��
��
��

ϕ0 ϕ1 ϕ2

X0 X1
X2

g−1
2 (U)

colim−→ Xi =
⋃
i∈N0

Xi

U is an open subset
of colim−→ Xi

Proof. Let
X0

ϕ0−−→ X1
ϕ1−−→ X2

ϕ2−−→ . . .

be a sequence of topological spaces such that each ϕi : Xi → Xi+1 is an embedding. We set

colim−→ Xi :=
( ⊔
i∈N0

Xi

)
/ ∼ where x ∼ ϕi(x) for all i ∈ N0 and x ∈ Xi.

For each i ∈ N0 we consider the natural inclusion gi : Xi → colim−→ Xi.

(0) (a) We set

T :=
{
U Ă colim−→ Xi | for each i ∈ N the preimage g−1

i (U) is open in Xi

}
.

One can easily verify, say using the Image-Preimage Lemma 0.3, that T de�nes a
topology on colim−→ Xi.
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(b) This statement follows immediately from the de�nition of being closed and the
observation that by the Image-Preimage Lemma 0.3 (8) we always have the equality
g−1
i (colim−→ Xi \ U) = g−1

i (colim−→ Xi) \ g−1
i (U) = Xi \ g−1

i (U).

(1) (a) Let j ∈ N0. We need to show that the natural inclusion gj : Xj → colim−→ Xi is

an embedding. The map is evidently injective. It follows immediately from the
de�nition of T that gj : Xj → colim−→ Xi is continuous. To show that gj : Xj → X is

actually an embedding it remains to prove the following claim.
Claim. Given any open subset U Ă Xj there exists an open subset V Ă colim−→ Xi

with V ∩ gj(Xj) = gj(U).

Proof. Let Uj Ă Xj be an open subset. Since ϕj : Xj → Xj+1 is an embedding
there exists an open subset Uj+1 Ă Xj+1 such that ϕj(Xj) ∩ Uj+1 = ϕj(Uj). We
iterate this procedure to obtain subsets Uj, Uj+1, Uj+2, . . . . We set V :=

⋃
k≥j

gk(Uk).

Evidently we have V ∩ gj(Xj) = gj(Uj). It remains to show that V is open in
colim−→ Xi. This means that we need to show that for every i ∈ N0 the preimage

g−1
i (V ) is an open subset of Xi. For i ≥ j this follows immediately from the
construction of V . It remains to consider the case i < j. First note that we have
g−1
j−1(V ) = (gj ◦ϕj−1)−1(V ) = ϕ−1

j−1(g−1
j (V )) = ϕ−1

j−1(Uj). Since Uj Ă Xj is open and
since ϕj−1 : Xj−1 → Xj is continuous we see that g

−1
j−1(Uj) is indeed an open subset

of Xj−1. Iterating this argument we see that for all i ∈ {0, . . . , j − 1} the preimage
g−1
i (V ) is an open subset of Xi. �

(b) As in the proof of the Sets�Direct Limit Existence Proposition 25.2 we see that the
map G′ : colim−→ Xi → Y ′ is well-de�ned. By construction we have G′◦gi = g′i for each

i ∈ N0. It remains to show that the map G′ is continuous. Thus let V be an open
subset of Y ′. We need to show that (G′)−1(V ) is an open subset of colim−→ Xi. By

de�nition of the topology on colim−→ Xi this means that we have to show that for each

i ∈ N0 the preimage g−1
i ((G′)−1(V )) is an open subset of Xi. But by construction

of G′ we have G′ ◦ gi = g′i. Thus we see that g
−1
i ((G′)−1(V )) = (g′i)

−1(V ), which is
of course an open subset of Xi since g′i is continuous.

(∗) The �only if�-statement follows from (1a) and the fact that the composition of two
continuous maps is continuous. The �if�-statement follows easily from (1b).

(2) This statement follows from (1a) and (1b) together with the observation, which we
proved in the Sets�Direct Limit Existence Proposition 25.2, that the map G in (1b) is
the unique map which satis�es G ◦ gi = g′i for all i ∈ N0.

Finally note that if all the maps fji : Xi → Xj are in fact inclusion maps, then it follows
by the same argument as in the Sets�Direct Limit Existence Proposition 25.2 (2) that we
can work with colim−→ Xi :=

⋃
i∈N0

Xi. We leave it to the reader to make the few adjustments

to �nish o� this proof. �
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Lemma 25.5. (Direct Limit�Open Subset Lemma) Let X be a topological space
and let X0 Ă X1 Ă X2 Ă . . . be subspaces of X with colim−→ Xi = X. Suppose that we are

given w ∈ N0 and suppose that for each i ≥ w we are given an open subset Ui Ă Xi. If
for each i ≥ w we have Ui Ă Ui+1, then

⋃
i≥w

Ui is an open subset of X.

Proof. We set U :=
⋃
i≥w

Ui. Since X = colim−→ Xi it su�ces to show that for each j ∈ N0

the intersection Xj ∩U is open in Xj. Thus let j ∈ N0. We set m := max{j, w}. Note that

Xj ∩ U = Xj ∩
⋃
i≥w

Ui = Xj ∩
⋃
i≥m

Ui =
⋃
i≥m

(Xj ∩ Ui).
↑

since for each i ≥ w we have Ui Ă Ui+1

Next note that for i ≥ m it follows from the fact that Ui is open in Xi that Xj ∩U is open
in Xj. In summary we have shown that Xj ∩ U is the union of open subsets of Xj, thus
Xj ∩ U is an open subset of Xj. �

Criterion 25.6. (Union-equals-Direct Limit Criterion) Let X be a topological space
and let X0 Ă X1 Ă X2 Ă . . . be subspaces of X. We assume that the following two
conditions are satis�ed:
(1) We have

⋃
i∈N0

Xi = X.

(2) For each i ∈ N0 we have Xi Ă
◦
X i+1.

Then X = colim−→ Xi as topological spaces.

Example. Given r ∈ N0 we set

Xr :=
(
0, r + 1

2

)
∪

r⋃
j=1

{
z ∈ C

∣∣ ∣∣z − (j + 1

4
i)
∣∣ = 1

4

}︸ ︷︷ ︸
circle of radius 1

4
around j + 1

4
i ∈ C

Ă C.

In other words, for r ∈ N0 the set Xr is the subspace of C = R2 that is given by the
interval (0, r + 1

2
) with r circles attached. We obtain a sequence of continuous maps by

considering the inclusions Xr → Xr+1. It follows fairly easily from the Union-equals-Direct
Limit Criterion 25.6 that the direct limit is the interval (0,∞) with in�nitely many circles
attached, i.e.

colim−→ Xr = X∞ :=
(
0,∞

)
∪

∞⋃
j=1

{
z ∈ C

∣∣ ∣∣z − (j + 1

4
i)
∣∣ = 1

4

}
Ă C,

where the maps Xs → colim−→ Xr = X∞, s ∈ N0 are the obvious inclusion maps.

�� �� ��

Xr

lim
−→

=

X∞

Proof. If U Ă X is open, then, by de�nition of the subspace topology, each U ∩Xi is open
in Xi. This implies that U Ă colim−→ Xi is open.
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Now assume that U Ă colim−→ Xi is open. We need to show that U Ă X is open. Since U

is open in colim−→ Xi we know that each U ∩Xi is open in Xi. By de�nition of the subspace

topology this means that for each i ∈ N0 there exists an open subset Vi Ă X such that
Vi ∩Xi = U ∩Xi. Now we see that

since Vi ∩Xi = U ∩Xi follows from (1)

↓ ↓⋃
i∈N0

(Vi ∩
◦
X i) Ă

⋃
i∈N0

(Vi ∩Xi) =
⋃
i∈N0

(U ∩Xi) = U ∩
⋃
i∈N0

Xi = U

= U ∩
⋃
i∈N0

◦
X i =

⋃
i∈N0

(U ∩
◦
X i) =

⋃
i∈N0

(Vi ∩
◦
X i).

↑ ↑
since it follows from (1) and (2) since Vi ∩Xi = U ∩Xi and since

◦
Xi Ă Xi

that X =
⋃
i∈N0

◦
Xi

We see that all inclusions are equalities. This implies that U =
⋃
i∈I

(Vi ∩
◦
X i). Thus we have

shown that U is the union of open subsets, which implies that U itself is open. �

25.4. Examples and properties of the direct limit of topological spaces.

De�nition.

(1) We consider the set

R∞ := R(N) = {(x1, x2, . . . ) | xi ∈ R but only �nitely many xi's are non-zero}
(2) Given a subset X Ă Rk we write

X × {0} := {(x, 0, 0, . . . ) |x ∈ X} Ă R∞.
We have an obvious bijection of X × {0} to X and we use it to equip X × {0} with a
topology.

(3) Unless we explicitly say something else we equip the set R∞ with the topology given
by R∞ = colim−→ (Ri × {0}). In other words, U Ă R∞ is open if and only if for each

i ∈ N0 the intersection U ∩ (Ri × {0}) is open in Ri × {0}.
(4) Similarly we de�ne C∞ := colim−→ (Ci × {0}) as a topological space.

Example.

(1) To practice the above de�nition we will show that any linear map R∞ → R∞ is contin-
uous with respect to the above topology. The proof proceeds in two steps:
(a) By the Topological-Direct Limit Proposition 25.4 (1b) it su�ces to that show for

each n ∈ N0 the map
fn : Rn × {0} → R∞

x 7→ f(x, 0)

is continuous.
(b) Let n ∈ N0. Note that there exists a k ∈ N such that f(e1), . . . , f(en) ∈ Rk × {0}.

Thus we obtain the following commutative diagram

Rn × {0}
(x,0)7→x
��

x 7→f(x,0)
// R∞

Rn f̃
// Rk

y 7→(y,0)

OO
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for a suitable linear map f̃ : Rn → Rk. We make three observations:
• The left vertical map is a homeomorphism.
• Each linear map Rn → Rk is continuous.
• By the Topological-Direct Limit Proposition 25.4 (1a) we know that the right
vertical map is continuous.

It follows that the top horizontal map is continuous.
(2) We consider the map

C∞ → R∞
(x1 + iy1, x2 + iy2, . . . ) 7→ (x1, y1, x2, y2, . . . ).

This map has an obvious inverse. Using the approach from (1) one can easily show
that both maps are continuous, thus they are both homeomorphisms. At times we will
use these homeomorphisms to make the identi�cation C∞ =i R∞

De�nition. We consider the topological space

S∞ :=
{

(x1, x2, . . . ) ∈ R∞
∣∣∣ ∞∑
j=1

x2
j = 1

}
= colim−→ (Si−1 × {0}).

De�nition. Let G be a group that acts on two sets X and Y . A map f : X → Y is called
G-equivariant if given any x ∈ X and g ∈ G we have f(g · x) = g · f(x).

Lemma 25.7. (Direct Limit�Action Lemma) Let

X0
ϕ0−−→ X1

ϕ1−−→ X2
ϕ2−−→ . . .

be a sequence of topological spaces such that each ϕi : Xi → Xi+1 is an embedding. Let
G be a group. Suppose that for each i ∈ N0 we are given a continuous action of G on Xi

such that each ϕi is G-equivariant. It follows almost immediately from this data that G
also acts continuously on colim−→ Xi.

(1) The natural gi : Xi → colim−→ Xi maps are G-equivariant.

(2) The resulting natural map colim−→ (Xi/G)→
(
colim−→ Xi

)
/G is a homeomorphism.

Sketch of proof. For g ∈ G let θgi : Xi → Xi be the continuous map that is given by

multiplication by g. We consider the continuous maps Xi

θgi−→ Xi → colim−→ Xi. By our

hypothesis on the actions and the universal property of direct limits we get a unique
induced continuous map

θg : colim−→ Xi → colim−→ Xi.

Using the uniqueness of the universal property one can easily verify that these maps de�ne
a continuous G-action on colim−→ Xi and that the natural inclusions Xi → colim−→ Xi are

G-equivariant. Thus we get induced maps

Xi/G → (colim−→ Xi)/G.

It follows from the Twice Quotient Lemma 6.3 that these maps are continuous. By the
universal property of direct limits we obtain a continuous map

Ξ: colim−→ (Xi/G) →
(
colim−→ Xi

)
/G.
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It follows from the explicit description of the direct limit in the category of topological
spaces that we gave in the Topological-Direct Limit Proposition 25.4 that this map Ξ is a
bijection. We want to show that Ξ is a homeomorphism. It remains to prove the following
claim.
Claim. The map Ξ: colim−→ (Xi/G)→

(
colim−→ Xi

)
/G is an open map.

Proof. For i ∈ N0 we denote by pi : Xi → Xi/G the natural projection. Furthermore we
denote by q : colim−→ Xi →

(
colim−→ Xi

)
/G the natural projection. Let U Ă colim−→ (Xi/G) be

an open subset. By de�nition of the direct limit topology this means that for each i ∈ N0

the intersection Ui := (Xi/G) ∩ U is an open subset of Xi/G. Note that by de�nition
of the quotient topology this means that Ũi := p−1

i (Ui) is an open subset of Xi. We set
Ũ :=

⋃
i∈N0

Ũi Ă colim−→ Xi. It follows easily from the de�nition of the direct limit topology

that Ũ is an open subset of colim−→ Xi. Next note that it follows from an elementary argument

that q(Ũ) is an open subset of
(
colim−→ Xi

)
/G. Finally note that it follows easily from the

various de�nitions that Ξ(U) = q(Ũ). We have thus shown that Ξ is indeed an open
map. �

De�nition.

(1) We consider the sequence

RP0 [x] 7→[x:0]−−−−−→ RP1 [x]7→[x:0]−−−−−→ RP2 [x]7→[x:0]−−−−−→ . . .

of embeddings. We refer to
RP∞ := colim−→ RPi

as the in�nite-dimensional real projective space.
(2) The same way we also de�ne the in�nite-dimensional complex projective space CP∞.

Lemma 25.8. (In�nite Projective Space-Sphere Quotient Lemma)

(1) The obvious action of the group {±1} on S∞ is continuous and discrete.
(2) There exists a homeomorphism S∞/{±1} → RP∞.
Proof.

(1) We leave the veri�cation of this statement to the reader.
(2) We consider the following commutative diagram:

colim−→ (Sn/{±1})

��

// colim−→ RPn

��

S∞/{±1} // RP∞.

It follows from the Projective Space-Sphere Quotient Lemma 6.9 that the top horizon-
tal map is a homeomorphism. The right vertical map is a homeomorphism by de�-
nition. Finally the left vertical map is a homeomorphism by the Direct Limit�Action
Lemma 25.7. It follows that the bottom map is a homeomorphism. �
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26. Fundamental groups and direct limits

Proposition 26.1. (Direct Limit-π1-Proposition) Let

(X0, w0)
ϕ0−−→ (X1, w1)

ϕ1−−→ (X2, w2)
ϕ2−−→ . . .

be a sequence of pointed topological spaces such that each ϕi : Xi → Xi+1 is an embedding
with ϕi(wi) = wi+1. For each j ∈ N0 we denote by gj : Xj → colim−→ Xi the natural map. If

for each i ∈ N0 we have gi(Xi) Ă int(gi+1(Xi+1)), then we have a natural isomorphism

colim−→ π1(Xi, wi)
∼=−→ π1

(
colim−→ Xi, g0(w0)

)
.

Proposition 26.2. (Exhaustion-π1-Proposition) Let X be a topological space and let

X0 Ă X1 Ă X2 Ă X3 Ă . . .

be a sequence of subspaces ofX. We assume that the following two conditions are satis�ed:

(1) We have
⋃
i∈I
Xi = X.

(2) For each i ∈ N0 we have Xi Ă
◦
X i+1.

Then for any w ∈ X0 we have a natural isomorphism

colim−→ π1(Xi, w)
∼=−→ π1(X,w).

Proof of Proposition 26.2 assuming Proposition 26.1. We consider the following nat-
ural commutative diagram:

colim−→ π1(Xi, w) //

))

π1

(
colim−→ Xi, w

)
uu

π1(X,w).

It follows from our hypothesis that we can apply the Direct Limit-π1-Proposition 26.1,
which then tells us, that the horizontal map is an isomorphism. Since we know that for
each i ∈ N0 we haveXi Ă

◦
X i+1 we obtain from the Union-equals-Direct Limit Criterion 25.6

that we have a natural homeomorphism colim−→ Xi → X. Thus the right diagonal map is an

isomorphism. It follows from this discussion that the left diagonal map is an isomorphism.
�

Lemma 20.11. (Compact Subspace�Exhaustion Lemma) Let X be a topological
space and let X0 Ă X1 Ă X2 Ă X3 Ă . . .

be a sequence of subspaces of X such the following two conditions are satis�ed:

(1) We have
⋃
i∈N0

Xi = X.

(2) For each i ∈ N0 we have Xi Ă
◦
X i+1.

Given any compact subset K of X there exists an i ∈ N0 with K Ă Xi.

Proof of the Direct Limit-π1-Proposition 26.1. Let

(X0, w0)
ϕ0−−→ (X1, w1)

ϕ1−−→ (X2, w2)
ϕ2−−→ . . .
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be a sequence of topological spaces such that each ϕi : Xi → Xi+1 is an embedding. For each
i ∈ N0 we denote by gi : Xi → colim−→ Xi the natural map. We assume that for each i ∈ N0

we have gi(Xi) Ă int(gi+1(Xi+1)). We set X := colim−→ Xi. It follows from the Topological-

Direct Limit Proposition 25.4 that the natural maps gi : Xi → X are embeddings and that
the union of the images of the Xi is all of X. Thus we can and will view each Xi as a
subspace of X. In summary we can now assume that we have a sequence

X0 Ă X1 Ă X2 Ă X3 Ă . . .

of subspaces of X such the following two conditions are satis�ed:

(a) We have
⋃
i∈N0

Xi = X.

(b) For each i ∈ N0 we have Xi Ă
◦
X i+1.

Let w ∈ X0. Given k < l we denote by θlk : π1(Xk, w) → π1(Xl, w) the inclusion induced
homomorphism. Given k ∈ N0 we denote by ψk : π1(Xk, w)→ colim−→ π1(Xi, w) the natural

homomorphism.
Note that by the universal property of a direct limit there exists a unique homomorphism

Φ: colim−→ π1(Xi, w)→ π1(X,w) that makes the following diagram commute for any k < l:

π1(Xl, w)

ψl ** ))

colim−→ π1(Xi, w)
Φ

∃!
// π1(X,w).

π1(Xk, w)

ψk 44
55

θlk

OO

We need to show that Φ is an isomorphism.

(1) First we show that the map Φ is surjective. Let g ∈ π1(X,w).

Claim. There exists a compact subset K of X with w ∈ K such that g lies in the
image of the inclusion induced map π1(K,w)→ π1(X,w).

Proof. We pick a loop γ : [0, 1] → X that represents g ∈ π1(X,w). By the Compact
Image Lemma 2.8 the image γ([0, 1]) is compact. Thus K := γ([0, 1]) has the desired
property. �

Note that it follows from the claim together with the Compact Subspace�Exhaustion
Lemma 20.11 that there exists a k ∈ N0 such that g lies in the image of the inclusion
induced map π1(Xk, w)→ π1(X,w). We consider the following commutative diagram

colim−→ π1(Xi, w)
Φ // π1(X,w).

π1(Xk, w) [γ] 7→g

55
ψk 55

By our choice of k we see that g lies in the image of the curved map, hence it also lies
in the image of Φ. This concludes the proof that Φ is surjective.
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(2) Now we show that the map Φ is injective. So let g ∈ ker
(
Φ: colim−→ π1(Xi, w) →

π1(X,w)
)
. By the Algebraic�Direct Limit Existence Proposition 25.3 we can write

colim−→ π1(Xi, w) =
( ⊔
i∈N0

π1(Xi, w)
)
/ ∼ where g ∼ θlk(g) for all k ≤ l, g ∈ π1(Xk, w).

It follows in particular from this explicit description that there exists a k ∈ N0 and a
gk ∈ π1(Xk, w) with g = ψk(gk).

Claim. There exists a compact subset K of X such that gk lies in the kernel of the
inclusion induced map π1(Xk, w)→ π1(Xk ∪K,w).

Proof. We pick a loop γ : [0, 1] → Xk that represents gk. By the above we know that
[γ] ∈ ker(π1(Xk, w) → π1(X,w)). By de�nition this means that there exists a path-
homotopy H : [0, 1]× [0, 1]→ X from the path γ to the constant path. We appeal again
to the Compact Image Lemma 2.8 to deduce that K := H([0, 1]× [0, 1]) is a compact
subset of X. Evidently K has the desired property. �

It follows from the claim, the Compact Subspace�Exhaustion Lemma 20.11 and the
fact that we always have Xi Ă Xi+1 that there exists an l ≥ k such that θlk([γ]) is
trivial in π1(Xl, w).
We obtain the following diagram

π1(Xl, w)
ψl

**

colim−→ π1(Xi, w)
Φ

g 7→ e
// π1(X,w).

π1(Xk, w)
gk 7→ g

ψk 44

θlkg 7→ e

OO

It follows immediately that g itself is trivial. This concludes the proof that Φ is injective.
�

Example. As on page 223 we denote by X∞ the interval (0,∞) with in�nitely many circles
attached. We pick the base point w = 1

4
. We obtain that

Graph-π1-Proposition 20.9
↓

π1

(
X∞, w

)
= π1

(
colim−→ Xr, w

)
= colim−→ π1

(
Xr, w

)
= colim−→ 〈x1, . . . , xr〉 = 〈x1, x2, . . . 〉.

↑ ↑ ↑
see page 218 Direct Limit-π1-Proposition 26.1 see page 218

��
��
��
��

���
���
���
���

�� �� �
�
�
�

Xr

lim
−→

=

π1(Xr, w) = 〈x1, . . . , xr〉 π1(X∞, w) = 〈x1, x2, . . . 〉w

X∞

Example. In [Fri23] we will use the Direct Limit-π1-Proposition 26.1 to show that the
fundamental group of the surface of in�nite genus is the free group on in�nitely many
generators.
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27. Universal coverings
27.1. Lifting maps to coverings.

De�nition. Let p : (X, x0) → (B, b0) be a covering of pointed topological spaces. Fur-
thermore let f : (Z, z0) → (B, b0) be a continuous map. A lift of f is a continuous map
f̃ : (Z, z0)→ (X, x0) that makes the following diagram commute

(X, x0)

p
��

(Z, z0)
f
//

f̃ 77

(B, b0).

Example.

(1) We consider the maps:
(S1, 1)

p z 7→z3

��

(S1, 1)

??? lift f̃ ???
55

f

z 7→z2
// (S1, 1).

Here the map p is a 3-fold covering. Does the map f lift to a map f̃ ?
(2) To answer the question we just posed in (1) it is helpful to consider a more general

setup. Thus let p : (X, x0) → (B, b0) be a covering of pointed topological spaces and
let f : (Z, z0) → (B, b0) be a continuous map. Let us suppose that there exists a lift
f̃ : (Z, z0)→ (X, x0). We obtain the commutative diagram

(X, x0)

p

��

(Z, z0)

f̃
99

f
// (B, b0)

from the functoriality of the
fundamental group it follows

that f∗ =
(
p ◦ f̃

)
∗ = p∗ ◦ f̃∗, i.e.

we get the commutative diagram

π1(X, x0)

p∗

��

π1(Z, z0)

f̃∗
77

f∗
// π1(B, b0).

Thus it follows that if f lifts, then

im(f∗) = im((p ◦ f̃)∗) = im(p∗ ◦ f̃∗) Ă im(p∗).

(3) In the above example (1) we have π1(S1, 1) = Z. Note that im(f∗) = 2Z and we have
im(p∗) = 3Z. Since 2Z 6Ă 3Z we see that f does not lift.

Proposition 27.1. (Map Lifting Criterion) Let p : (X, x0)→ (B, b0) be a covering of
pointed topological spaces. Furthermore let Z be a path-connected topological space and
let f : (Z, z0)→ (B, b0) be a continuous map. If Z is locally path-connected, then we have
the following equivalence of statements:

(X, x0)
p
��

(Z, z0)
f
//

there exists a lift f̃ 66

(B, b0)

⇐⇒ im(f∗) Ă im(p∗).
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Example. Let p : (X, x0) → (B, b0) be a covering of pointed topological spaces. The
condition on the fundamental groups in the Map Lifting Criterion 27.1 is automatically
satis�ed if Z is simply connectede.g. if Z = Sn with n ≥ 2.

Proof of the Map Lifting Criterion 27.1. Let p : (X, x0) → (B, b0) be a covering of
pointed topological spaces. Furthermore let Z be a path-connected and locally path-con-
nected topological space and let f : (Z, z0)→ (B, b0) be a continuous map.

By the discussion on page 231 we only have to prove the �⇐=�-direction of the propo-
sition. So suppose that we have

im(f∗ : π1(Z, z0)→ π1(B, b0)) Ă im(p∗ : π1(X, x0)→ π1(B, b0)).

We have to construct a lift f̃ : (Z, z0) → (X, x0). We will do so as follows. Let z ∈ Z
be a point. Since Z is path-connected we can �nd a path α : [0, 1] → Z with α(0) = z0

and α(1) = z. According to the Path-Lifting Proposition 14.10 (1) we can lift the path

f ◦ α : [0, 1]→ B to a path (̃f ◦ α) : [0, 1]→ X with starting point x0. We set

f̃(z) := (̃f ◦ α)(1).
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Z f̃

f ◦ α

lift f̃ ◦ α of f ◦ α to
the starting point x0

α

zz0

b0

x0

f(z)

It remains to prove the following claim.
Claim.

(1) The map f̃ : Z → X is well-de�ned.
(2) The map f̃ is continuous.
(3) The map f̃ is a lift.

Proof.

(1) This statement follows from im(f∗) Ă p∗(π1(X, x0)).
(2) For this statement we need that B is locally path-connected.
(3) This statement follows immediately from the de�nition.
We carry out the details in [Fri23].

�
27.2. Existence of covering spaces.

Theorem 27.2. (Covering Existence Theorem) Let Y be a topological space that is
path-connected and locally simply connected, let y0 ∈ Y and let Γ Ă π = π1(Y, y0) be a
subgroup.
(1) There exists a path-connected covering p : (X, x0) → (Y, y0) of pointed topological

spaces such that p∗(π1(X, x0)) = Γ.
(2) For the covering p from (1) we have

[X : Y ] = [π1(Y, y0) : Γ].
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Example. We consider (Y, y0) = (S1, 1). We pick an identi�cation π1(S1, 1) = Z. Given
n ∈ N we consider Γ = nZ Ă Z = π1(S1, 1). It follows from the discussion on page ?? that
the covering p : S1 → S1

z 7→ zn

has the property that p∗(π1(S1, 1)) = nZ.

27.3. Proof of the Covering Existence Theorem 27.2 I. Note that we only need to
show the existence of such a covering, the statement about the degree of the covering is an
immediate consequence of the Covering-Degree Proposition 14.13.

De�nition. Let Y be a topological space, let y0 ∈ Y and let Γ Ă π = π1(Y, y0) be a
subgroup.

(1) We denote by Y [0,1] the set of all continuous maps [0, 1]→ Y .
(2) We consider the path space

Py0 := {γ ∈ Y [0,1] | γ(0) = y0} = {all paths in Y with starting point y0}.
(3) For u, v ∈ Py0 we write

u ∼ v :⇐⇒ u and v have the same endpoint and [ u ∗ v︸︷︷︸
loop in (Y, y0)

] ∈ Γ.

(4) We write Xy0,Γ := Py0/∼ and x0 := [ey0 ].
(5) We consider the evaluation map

p : Xy0,Γ = Py0/∼ → Y
[v] 7→ v(1).
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Y is an annulus

β

α

γ

y0
we consider Γ = 2Z Ă π1(Y, y0) = Z,

then α and β are equivalent,
but α and γ are inequivalent

The following lemma de�nes such a topology and thus completes the proof of the Covering
Existence Theorem 27.2.
Lemma 27.3. (Whisker Topology Lemma) Let Y be a path-connected topological
space, let y0 ∈ Y and let Γ Ă π1(Y, y0) be a subgroup. We write P := Py0 and we
write X := Xy0,Γ. Given x = [f ] ∈ X = P/ ∼ and given an open neighborhood V
of p(x) = f(1) ∈ Y we consider

U(x, V ) := {[f ∗ u] | u is a path in V with starting point f(1)} Ă X = P/∼ .

With this notation the following statement holds:
(0) The family of all such subsets U(x, V ) of X satisfy the �basis property� that we intro-

duced on page 36.
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The topology that is generated on X = XY0,Γ by the sets U(x, V ) is called the whisker
topology. If Y is locally simply connected, and if we equip X = XY0,Γ with the whisker
topology, then the following statements hold:
(1) The above evaluation map p : X → Y is continuous and open.
(2) The map p : X → Y is a covering.
(3) The topological space X is path-connected.
(4) We have p∗(π1(X, x0)) = Γ.

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������
����������������������������

���
���
���

���
���
���

���
���
���
���

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

�
�
�
�

������ �
�
�
�

V
y0

f(1)

f all these paths
starting at y0 are
points in U([f ], V )

Y

y0

Proof. We work out the details in [Fri23]. �

27.4. Uniqueness of coverings.

Theorem 27.4. (Covering�Covering Theorem) Let B be a locally path-connected
topological space, let b0 ∈ B and let p : (X, x0)→ (B, b0) be a path-connected covering. For
every other path-connected covering q : (Y, y0)→ (B, b0) with p∗(π1(X, x0)) Ă q∗(π1(Y, y0))
there exists a unique covering r : (X, x0) → (Y, y0) such that the following diagram com-
mutes:

(X, x0)

p

��

∃! r
))

(Y, y0)

quu

(B, b0).

Proof. Let B be a locally path-connected topological space and let b0 ∈ B and let
p : (X, x0) → (B, b0) and q : (Y, y0) → (B, b0) be two path-connected coverings such that
p∗(π1(X, x0)) Ă q∗(π1(Y, y0)). Note that X is also locally path-connected. Thus it follows
from the Map Lifting Criterion 27.1 together with the Lift Uniqueness Lemma 11.10 that
there exists a unique map r : (X, x0)→ (Y, y0) that makes the following diagram commute

(Y, y0)

q
��

(X, x0) p
//

r
77

(B, b0).

It remains to prove that r : X → Y is a covering. We work out the details in [Fri23]. �

De�nition. Let p : X → B and q : Y → B be two coverings of a topological space B. We
say p and q are equivalent, if there exists a homeomorphism Φ: X → Y such that the
following diagram commutes:

X
Φ

∼=
//

p ""

Y

q||

B.

Similarly we de�ne the equivalence of coverings of pointed topological spaces.
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Example. Given n ∈ N the two coverings

q : R/nZ → S1

t+ nZ 7→ exp(2π it)
and

p : S1 → S1

z 7→ zn

are equivalent. In fact the desired map Φ: R/nZ→ S1 is given by [t] 7→ exp(2π i t
n
).

Theorem 27.5. (Covering Unique Existence Theorem) Let B be a path-connected
topological space that is locally simply connected. Furthermore let b0 ∈ B and let Γ Ă

π1(B, b0) be a subgroup. There exists, up to equivalence, a unique path-connected covering
p : (X, x0)→ (B, b0) of pointed topological spaces such that p∗(π1(X, x0)) = Γ.

Proof. Let b0 ∈ B and let Γ Ă π1(B, b0) be a subgroup. The existence of such a covering
is just the statement of the Covering Existence Theorem 27.2. The uniqueness statement
is an immediate consequence of the Covering�Covering Theorem 27.4 and the usual proof
of uniqueness for an object satisfying a universal property.

�

27.5. The universal covering.

Proposition 27.6. (Universal Covering Proposition) Let X be a topological space
that is path-connected and locally simply connected. Furthermore let x0 ∈ X. The
following statements hold:
(1) There exists, up to equivalence, a unique path-connected covering

p : (X̃, x̃0) → (X, x0)

such that X̃ is simply connected.
(2) Let q : (Y, y0) → (X, x0) be another path-connected covering. There exists a unique

covering r : (X̃, x̃0)→ (Y, y0) such that the following diagram commutes:

(X̃, x̃0)

p

��

∃ ! r
((

(Y, y0)

qvv

(X, x0).

Proof.

(1) Note that if we apply the Covering Unique Existence Theorem 27.5 to the trivial sub-
group of π1(X, x0) and we obtain, up to equivalence, a unique path-connected covering
p : (X̃, x̃0) → (X, x0) such that p∗(π1(X̃, x̃0)) is the trivial group. It follows from the
Covering-π1-Monomorphism Proposition 14.11 that X̃ is simply connected.

(2) The second statement is an immediate consequence of the Covering�Covering Theo-
rem 27.4. �

De�nition. Let X be a topological space that is path-connected, locally simply connected
and let x0 ∈ X. We refer to any covering p : (X̃, x̃0) → (X, x0) such that X̃ is simply
connected as a universal covering of (X, x0).
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Example. For any n ∈ N the map

p : Rn → (S1)n

(t1, . . . , tn) 7→
(

exp(2π it1), . . . , exp(2π itn)
)

is a universal covering of the n-dimensional torus (S1)n.

Convention. In practice one often suppresses the actual map p from the language. For
example, often one says that �Rn is a universal covering of (S1)n�.

Example. Let n ≥ 2. It follows from the Projective Space-Sphere Quotient Lemma 6.9
together with the Sphere-π1-Proposition 11.14 that the universal covering of RPn is given
by Sn.

27.6. Explicit descriptions of the universal covering.

Example. We consider X = S1 ∨ S2 where we identify i ∈ S1 with (0, 0,−1) ∈ S2. We
also consider the topological space

X̃ =
(
R ∪ (Z× S2)

)
/ n ∼ (n, (0, 0,−1)), n ∈ Z.

It is pretty straightforward to see that the map

p :
(
R ∪ (Z× S2)

)
/ n ∼ (n, (0, 0,−1)) → S1 ∨ S2

[P ] 7→
{

exp( i(2πP + π
2
)), if P ∈ R

Q, if P = (n,Q) ∈ Z× S2

is well-de�ned and in fact a covering. On page 193 we showed that X̃ is simply connected.
Therefore p : X̃ → X is a universal covering of X.

������������������ ���
���
���
���

������

p
X = S1 ∨ S2

universal covering X̃

Now we turn to the universal covering of the wedge X = S1 ∨ S1. By the discussion on
page 156 we know that X is homeomorphic to the topological realization of the unique
abstract graph G that is given by the single vertex ∗ and the edge set {x, y}.
Convention. Let V be a set and let E Ă V × V be a subset. The pair (V,E) de�nes an
abstract graph (V,E, i, t) by setting i(g, h) = g and t(g, h) = h. We use this observation
to view such (V,E) as an abstract graph.

Proposition 27.7. (Wedge-of-Circles�Universal Covering Proposition) We con-
sider the abstract graph G = ({∗}, {x, y}). We also consider the abstract graph

G̃ = (Ṽ = free group 〈x, y〉︸ ︷︷ ︸
vertex set

, Ẽ = {(g, h) ∈ Ṽ × Ṽ |h = g · x or h = g · y︸ ︷︷ ︸
edge set

).

The maps

vertex set of G̃ → vertex set of G
g 7→ ∗ and edge set of G̃ → edge set of G

(g, h) 7→ g−1 · h
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de�ne a morphism of graphs in the sense of the de�nition on page 95. The corresponding
map p : |G̃| → |G| is a universal covering of |G| ∼= S1 ∨ S1.

�
�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��

��
��
��

��
��
��

��
��
��

�
�
�

�
�
�

��
��
��
��

��
��
��
��

�
�
�

�
�
�

��
��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

�
�
�
�

�
�
�

�
�
�

��
��
��
��

�
�
�
�

�
�
�
�

��
��
��
��

�
�
�
�

��
��
��
��

�
�
�

�
�
�

��
��
��
��

�
�
�
�

�
�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��
��

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��
��

��
��
��
��

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

vertex set = 〈x, y〉

y x
|G| = S1 ∨ S1

p

|G̃|

Proof. We leave it to the reader to verify that the map p : |G̃| → |G| is a covering. It
remains to show that |G̃| is simply connected. This requires some preparations.

Given g ∈ Ṽ = 〈x, y〉 we de�ne its length to be

l(g) := min{k ∈ N0 | g = a1 · . . . · ak for some a1, . . . , ak ∈ {x±1, y±1}}.

Given k ∈ N0 we consider the subgraph G̃k = (Ṽk, Ẽk) of G̃ = (Ṽ , Ẽ) that is given by
Ṽk := {g ∈ Ṽ = 〈x, y〉 | l(g) ≤ k} and Ẽk := Ẽ ∩ P(Ṽk).

Claim. For each k ∈ N0 we have χ(G̃k) = 1.

Proof. We prove the claim by induction on k ∈ N0. First note that G̃0 has a single vertex
and no edge. Thus we see that χ(G̃0) = 1. Now suppose that we know that χ(G̃k) = 1.
We make the following two observations:

(1) It follows easily from the de�nition of the free product 〈x, y〉 = 〈x〉 ∗ 〈y〉 as a set of
reduced words, see page 166, that each g ∈ Ṽk+1\ Ṽk is uniquely of the form a1 · . . . ·ak+1

with a1, . . . , ak+1 ∈ {x±1, y±1} and with g := a1 · . . . · ak ∈ Ṽk. Note that precisely one

of (g, g · ak+1) or (g · ak+1, g) lies in Ẽk+1.
(2) Let (g, h) ∈ Ẽk+1. It follows again easily from the de�nition of 〈x, y〉 = 〈x〉 ∗ 〈y〉 as a

set of reduced words that precisely one of g and h lies in Ṽk and Ṽk+1.

Thus we see that

χ(G̃k+1) = χ(Ṽk) + #(Ṽk+1 \ Ṽk)−#(Ẽk+1 \ Ẽk)︸ ︷︷ ︸
= 0, since by the above two observations

we have a bijection between the
sets Ṽk+1 \ Ṽk and Ẽk+1 \ Ẽk

= χ(G̃k) = 1.

�
It follows from the claim together with the Tree Characterization Proposition 7.7 that each
G̃k is a tree. The Finite Tree�Contractible Proposition 17.4 together with the Homotopy-
π1-Proposition 13.4 now implies that each |G̃k| is simply connected. It follows easily from
the Exhaustion�Simply Connected Proposition 20.10 (or alternatively the Exhaustion-π1-
Proposition 26.2) that |G̃| =

⋃
k∈N
|G̃k| itself is simply connected. �

Theorem 27.8. (Hadamard's Theorem) Given any g ≥ 2 there exists a covering map
B2 → Σg = E4g/∼.
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Proof. The key idea of the proof is to replace the �Euclidean� octagon E4g by a �hyperbolic�
octagon H4g and to equip the open disk B2 with a �hyperbolic structure� via the Poincaré
disk model of hyperbolic geometry. The long and di�cult details are worked out in [Fri23].
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28. Higher homotopy groups: Definition and basics

28.1. De�nition of the higher homotopy groups.

De�nition. Let W and X be topological spaces and let A Ă W and B Ă X be subsets.
(1) A continuous map (W,A)→ (X,B) of pairs of topological spaces is a continuous map

f : W → X with f(A) Ă B.
(2) Let f, g : (W,A)→ (X,B) be two continuous maps of pairs of topological spaces.

(a) A homotopy between f and g is a continuous map

H : W × [0, 1]→ X,

such that H0 = f and H1 = g and such that each Ht is a map (W,A)→ (X,B).
(b) If there exists a homotopy, then we say f and g are homotopic and we write f ' g.

(3) We set
[(W,A), (X,B)] := {continuous maps (W,A)→ (X,B)}/' .
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W

A
α, β : (W,A)→ (X,B) are homotopic but α, γ : (W,A)→ (X,B) are not homotopic

α

γ

β

Notation. Throughout this chapter we write I = [0, 1] for the unit interval. Given n ∈ N
we denote by In Ă Rn the cube in Rn and we denote by ∂In its boundary as a subspace
of Rn.

De�nition. Given a pointed topological space (X, x0) and given n ∈ N0 we de�ne

πn(X, x0) := [(In, ∂In), (X, x0)].

For n ≥ 1 we refer to πn(X, x0) as the n-th homotopy group. We refer to any πn(X, x0)
with n ≥ 2 as a higher homotopy group.

De�nition. Let (X, x0) be a pointed topological space and let n ≥ 1. Furthermore let
f, g : (In, ∂In)→ (X, x0) be two continuous maps. We de�ne

f ∗ g : (In, ∂In) → (X, x0)

(x1, . . . , xn) 7→

 f(2x1, . . . , 2xn), if (x1, . . . , xn) ∈ [0, 1
2
]n,

g(2x1 − 1, . . . , 2xn − 1), if (x1, . . . , xn) ∈ [1
2
, 1]n,

x0, otherwise.
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=

points which get mapped to x0

∗
g

f
gf

De�nition. Let (X, x0) be a pointed topological space and let n ≥ 1. We de�ne

πn(X, x0)× πn(X, x0) → πn(X, x0)
([f ], [g]) 7→ [f ] · [g] := [f ∗ g].



240

Proposition 28.1. (πn-Group Proposition) Let (X, x0) be a pointed topological space
and let n ≥ 1. The map

πn(X, x0)× πn(X, x0) → πn(X, x0)
([f ], [g]) 7→ [f ] · [g] := [f ∗ g]

de�nes a group structure on πn(X, x0).

De�nition.

(1) A hyperrectangle is any subset of Rn of the form [c1, d1]× · · · × [cn, dn].
(2) We say a hyperrectangle [c1, d1]× · · · × [cn, dn] is non-degenerate if for all i = 1, . . . , n

we have di > ci.
Let X be a topological space, let x0 ∈ X and let f : In → X be a continuous map.
(3) We say a hyperrectangle A Ă In is boundary-trivial if f sends all points on the

boundary ∂A of A to x0.
(4) Let A = [a1, b1]×· · ·× [an, bn] Ă In be a boundary-trivial hyperrectangle. Furthermore

let C = [c1, d1] × · · · × [cn, dn] be a non-degenerate hyperrectangle that is contained
in A. We de�ne

f(A,C) : In → X

x = (x1, . . . , xn) 7→


f(x), if x 6∈ A,
x0, if x ∈ A \ C,
f
(
a1+(x1 - c1)· b1−a1

d1−c1 , · · · , an+(xn - cn)· bn−andn−cn

)
if x ∈ C.
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f(A,C)
points which get mapped to x0

f

non-degenerate hyperrectangle C Ă A

boundary-trivial hyperrectangle A

up to rescaling the same map

Lemma 28.2. (Shrinking Lemma) Let (X, x0) be a pointed topological space. Fur-
thermore let f : (In, ∂In) → (X, x0) be a continuous map. Furthermore let A Ă In be
a boundary-trivial hyperrectangle and let C be a non-degenerate hyperrectangle that is
contained in A. Then the maps f and f(A,C) from (In, ∂In) to (X, x0) are homotopic.

Proof. Let f : (In, ∂In)→ (X, x0) be a continuous map, let A = [a1, b1]×· · ·× [an, bn] Ă In

be a boundary-trivial hyperrectangle and let C = [c1, d1]×· · ·× [cn, dn] be a non-degenerate
hyperrectangle that is contained in A. For t ∈ [0, 1] we write

Ct = [a1 · (1− t) + c1 · t, b1(1− t) + d1 · t]× · · · × [an · (1− t) + cn · t, bn · (1− t) + dn · t].

Note that C0 = A and C1 = C. Using the Pasting Proposition 2.4 (2) one can show fairly
easily that the map

F : In × [0, 1] → X
(x, t) 7→ f(A,Ct)(x)

is continuous. By construction we have F0 = F and F1 = f(A,C), thus F is a homotopy
between f and f(A,C). �

Proof of the πn-Group Proposition 28.1.



28. HIGHER HOMOTOPY GROUPS: DEFINITION AND BASICS 241

• The neutral element of the product structure is given by the equivalence class of the
constant map cx0 : In → X

x 7→ x0.

Indeed, it follows immediately from the Shrinking Lemma 28.2, applied toA = [0, 1]n and
C = [0, 1

2
]n, that given any continuous map f : (In, ∂In)→ (X, x0) we have f ∗ cx0 ' f .

Basically the same argument shows also that cx0 ∗ f ' f .
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Lemma 28.2
∗

points which get mapped to x0

cx0

f

cx0

= ff

• We consider three maps f, g, h : (In, ∂In) → (X, x0). By applying the Shrinking Lem-
ma 28.2 several times one can easily show that (f ∗ g)∗h ' f ∗ (g ∗h), see e.g. the �gure
below. This proves that the multiplication on πn(X, x0) is associative.
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= f ∗ (g ∗ h)

f
Lemma 28.2
applied twice

Lemma 28.2
applied twice

(f ∗ g) ∗ h = ' '

f
f

h

g

h

g

h
g

• Now we turn to the most interesting question, namely �nding the inverse of a given
element in πn(X, x0). Thus suppose we are given a continuous map f : (In, ∂In) →
(X, x0). We consider the map

f : In → X
(x1, . . . , xn) 7→ f(1− x1, x2, . . . , xn).

We claim that [f ] · [f ] = [f ∗ f ] = [cx0 ]. Thus we need to show that f ∗ f is homotopic
to cx0 . It follows from the Shrinking Lemma 28.2 that f ∗ f is homotopic to the map

h : (In, ∂In) → (X, x0)

(x1, . . . , xn) 7→
{
f(2x1, x2, . . . , xn), if x1 ∈ [0, 1

2
],

f(2x1 − 1, x2, . . . , xn)︸ ︷︷ ︸
=f(2−2x1,x2,...,xn)

, if x1 ∈ [1
2
, 1].

Thus it su�ces to show that h is homotopic to cx0 . It is in fact straightforward to see
that the map

H : In × [0, 1] → X

(x1, . . . , xn, t) 7→


f(2(x1 − t

2
), x2, . . . , xn), if x1 ∈ [ t

2
, 1

2
],

f(2− 2(x1 + t
2
), x2, . . . , xn), if x1 ∈ [1

2
, 1− t

2
],

x0, otherwise

is a homotopy from h to cx0 . We refer to the �gure below for an illustration of the
argument. Basically the same argument also shows that [f ] · [f ] = [f ∗ f ] = [cx0 ]. �

28.2. Alternative descriptions of homotopy groups.
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homotopy H

f

'

h

f ∗ f =
Lemma 28.2

applied to each
of the two halves
left and right

'
f

Identi�cation. Let n ∈ N.
(1) We pick and �x a homeomorphism Φ: (In, ∂In)→ (B

n
, Sn−1).

(2) We equip Sn throughout with the base point ∗ = (0, . . . , 0, 1) ∈ Sn.
(3) We denote by Ψ: (B

n
/Sn−1, [Sn−1]) → (Sn, ∗) the explicit homeomorphism from the

Ball Quotient-Sphere Lemma 6.5.
(4) Let X be a topological space and let x0 ∈ X. It follows easily from the Topological-

Quotient Proposition 6.1 (1) together with the Homotopy Quotient Theorem 8.5 that
the above homeomorphisms Φ and Ψ de�ne bijections

(homotopy classes) of continuous maps (In, ∂In)→ (X, x0)

⇐⇒ (homotopy classes) of continuous maps (B
n
, Sn−1)→ (X, x0)

⇐⇒ (homotopy classes) of continuous maps (B
n
/Sn−1, [Sn−1])→ (X, x0)

⇐⇒ (homotopy classes) of continuous maps (Sn, ∗)→ (X, x0).

The four equivalences combined say that we can view elements in πn(X, x0) as homo-
topy classes of continuous maps (Sn, ∗)→ (X, x0).

28.3. Properties and basic calculations of higher homotopy groups.

Proposition 28.3. (πn-Abelian Proposition) For any pointed topological space (X, x0)
and any n ≥ 2 the homotopy group πn(X, x0) is abelian.

Proof. Suppose we are given two continuous maps f, g : (In, ∂In) → (X, x0). We have to
show that f ∗ g is homotopic to g ∗ f . The homotopy is described in the �gure below for
n = 2. It is straightforward to write down an explicit homotopy between f ∗ g and g ∗ f by
composing four instances of the homotopy provided by the Shrinking Lemma 28.2. �
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all homotopies are provided by Lemma 28.2

f ∗ g = ' ' = g ∗ f
fgf

g

fg

g

f

f g

Proposition 28.4. (Change-of-Base Point Proposition) LetX be a topological space,
let x0 and x1 be two points in X and let γ : [0, 1]→ X be a path from x0 to x1. Given a
continuous map f : (In, ∂In)→ (X, x1) we consider the map

fγ : (In, ∂In) → (X, x0)

(t1, . . . , tn) 7→
{
f
(
2t1 − 1

2
, . . . , 2tn − 1

2

)
, if (t1, . . . , tn) ∈

[
1
4
, 3

4

]n
,

γ(2− 4t), if t := max{|t1 − 1
2
|, . . . , |tn − 1

2
|} ∈ [1

4
, 1

2
].



28. HIGHER HOMOTOPY GROUPS: DEFINITION AND BASICS 243

The map γ∗ : πn(X, x1) → πn(X, x0)
[f ] 7→ [fγ]

is well-de�ned and it is a group isomorphism.
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to x1

goes to x1

goes to x0goes to x1

path from
x0

and γ is a path γ on the segments
that connect the outer cube
to the inner cube [1

4
, 3

4
]n

fγ : (In, ∂In)→ (X, x0)f : (In, ∂In)→ (X, x1)

=⇒ ff

Proof of the Change-of-Base Point Proposition 28.4. We need to prove the follow-
ing claim.
Claim.

(1) The map Φ: πn(X, x1)→ πn(X, x0) given by [f ] 7→ [fγ] is well-de�ned.
(2) The map Φ is a bijection.
(3) The map Φ is a group homomorphism.

Proof.

(1) This statement can be veri�ed easily by hand.
(2) As usual we denote by γ the path given by γ(t) = γ(1 − t). It is straightforward to

verify that the map Ψ: πn(X, x0)→ πn(X, x1) given by [g] 7→ [fγ] is an inverse to Φ.
(3) Let f, g : (In, ∂In) → (X, x0) be continuous maps. We need to show that fγ ∗ gγ is

homotopic to (f ∗ g)γ.
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goes to x0

goes to x1

path γ on the
segments

ggfγ ∗ gγ = = (f ∗ g)γff

We leave it to the reader to write down an explicit homotopy. �

28.4. Functoriality of homotopy groups.

De�nition. Let f : X → Y be a continuous map between two topological spaces, let n ∈ N
and let x0 ∈ X. We write y0 = f(x0). One can easily verify that the map

f∗ : πn(X, x0) → πn(Y, y0)

[σ : (In, ∂In)→ (X, x0)] 7→ [f ◦ σ : (In, ∂In)
σ−→ (X, x0)

f−→ (Y, y0)]

is well-de�ned.

Proposition 28.5. (πn-Functor Proposition) Let n ≥ 1. Recall that we denote by PTop
the category of pointed topological spaces and that we denote by Group be the category of
groups. The map
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Ob(PTop) → Ob(Group)
(X, x0) 7→ πn(X, x0)

and the maps Mor(PTop) → Mor(Group)
(f : (X, x0)→ (Y, y0)) 7→ (f∗ : πn(X, x0)→ πn(Y, y0))

form a covariant functor.
Proof. First note that it follows immediately from the de�nitions that given a continuous
map f : (X, x0) → (Y, y0) the induced map f∗ : πn(X, x0) → πn(Y, y0) is actually a group
homomorphism. Furthermore note that it follows immediately from the de�nitions that

id∗ = id for all pointed pairs (X, x0)
(g ◦ f)∗ = g∗ ◦ f∗ for all continuous maps f : (X, x0)→ (Y, y0) and g : (Y, y0)→ (Z, z0).

But this is exactly what we needed to show. �

Proposition 28.6. (Homotopy-πn-Proposition) Let n ≥ 1.
(1) Let f, g : X → Y be two continuous maps between topological spaces and let x0 ∈ X.

If f and g are homotopic, then

f∗ : πn(X, x0)→ πn(Y, f(x0))
is an isomorphism

⇐⇒ g∗ : πn(X, x0)→ πn(Y, g(x0))
is an isomorphism.

The analogous statement holds if we replace �isomorphism� by �epimorphism� or
�monomorphism�.

(2) (a) Let f : X → Y be a continuous map between topological spaces and let x0 ∈ X be
a point. If f is a homotopy equivalence, then

f∗ : πn(X, x0) → πn(Y, f(x0))

is an isomorphism.
(b) LetX be a topological space and let A Ă X be a subspace. We denote by i : A→ X

the inclusion. If A is a deformation retract of X, then for any a0 ∈ A the induced
map

i∗ : πn(A, a0) → πn(X, a0)

is an isomorphism.
(3) If X is a contractible topological space, then for any x0 ∈ X we have πn(X, x0) = 0.

Proof. The proof of Statement (1) is quite similar to the proof of Statement (1) of the
Homotopy-π1-Proposition 13.4. The only problem is that the notation gets a little more
messy. As in the Homotopy-π1-Proposition 13.4 one can easily deduce Statements (2) and
(3) from Statement (1). �

Example. The topological space Rk is homotopy equivalent to a point {P}. Thus it follows
from the Homotopy-πn-Proposition 28.6 (2) that πn(Rk) ∼= πn({P}) ∼= 0. Exactly the same
way, using the discussion on page 111, one can show that all the higher homotopy groups
of convex subsets of Rk vanish, e.g. we have πn

(
B
k)

= πn(Bk) = 0.

Proposition 28.7. (Product-πn-Proposition) Let n ∈ N. Let (Xi, xi)i∈I be a family
of pointed topological spaces. For each j ∈ I we denote by pj :

∏
i∈I
Xi → Xj the natural
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projection. The induced homomorphism

Φ: πn

( ∏
i∈I
Xi, (xi)i∈I

)
→

∏
i∈I
πn(Xi, xi)

[f ] 7→ (pi∗([f ]))i∈I

is an isomorphism.
Proof. The proof is basically identical to the proof of the Product-π1-Proposition 13.7. �

Proposition 28.8. (Sphere�Low-πn-Proposition) Let k ∈ N. For any n < k we have

πn(Sk) = 0.

Proof. Let k ≥ 2, let x0 ∈ Sk and let γ : (Sn, ∗) → (Sk, x0) be a continuous map. It
follows immediately from the Whitney Approximation Theorem [Fri23], applied to the
closed subset {∗} Ă Sn, that there exists a homotopy rel {∗} from γ : Sn → Sk to a smooth
map δ : Sn → Sk with δ(∗) = x0. Since δ is smooth and since k > n we see that the image
of δ has measure zero, which implies that the smooth map δ : Sn → Sk is not surjective.
We pick P ∈ Sn \ δ(Sn).

Note that Sk \ {P} is homeomorphic to Rk, in particular contractible, which implies
that [δ] = 0 ∈ πn(Sk \ {P}, ∗), which implies that [δ] = 0 ∈ πn(Sk, ∗). �

Proposition 28.9. (Exhaustion-πn-Zero-Proposition) Let n ∈ N, let X be a path-
connected topological space and let

X0 Ă X1 Ă X2 Ă X3 Ă . . .

be a sequence of subspaces of X such the following two conditions are satis�ed:

(1) We have
⋃
i∈N0

Xi = X.

(2) For each i ∈ N0 we have Xi Ă
◦
X i+1.

(3) For each i ∈ N0 the following holds: Xi is path-connected and we have πn(Xi) = 0.
Then for each x0 ∈ X we have πn(X, x0) = 0.

Proof. The proof is basically the same as the proof of the Exhaustion�Simply Connected
Proposition 20.10. �

28.5. Covering spaces and higher homotopy groups.

Proposition 28.10. (Covering-πn-Isomorphism Proposition) Let p : (X, x0)→ (B, b0)
be a covering of pointed topological spaces. Given any n ≥ 2 the map p∗ : πn(X, x0) →
πn(B, b0) is an isomorphism.

Examples.

(1) For n ≥ 2 we have
πn((S1)k) ∼= πn(Rk/Zk)

∼=←−− πn(Rk) = 0.
↑ ↑

Covering-πn-Isomorphism Proposition 28.10 page 244

(2) Let Σ be a surface of genus ≥ 2. For any n ≥ 2 we see that

πn(Σ) ∼= πn(universal covering of Σ) ∼= πn(B2) = 0.
↑ ↑ ↑

Covering-πn-Isomorphism Proposition 28.10 Hadamard's Theorem 27.8 see page 244
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Proof of the Covering-πn-Isomorphism Proposition 28.10. Let p : (X, x0)→ (B, b0)
be a covering of pointed topological spaces and let n ≥ 2. Our goal is to construct an inverse
to the map p∗ : πn(X, x0)→ πn(B, b0).

We saw on page 242 that we can think of elements in πn(B, b0) as homotopy classes of
continuous maps (Sn, ∗) → (B, b0). Thus let f : (Sn, ∗) → (B, b0) be a continuous map.
We are in the following setting

(X, x0)

p
��

(Sn, ∗)
f
// (B, b0).

by the Map Lifting Criterion 27.1

since by n ≥ 2 we have π1(Sn) = 0
//

(X, x0)

p
��

(Sn, ∗)
f
//

∃ ! f̃
77

(B, b0).

Furthermore it follows again from the Map Lifting Criterion 27.1, applied to the pointed
topological space (Z, z0) = (Sn × [0, 1], (∗, 0)), that the lifts of two homotopic maps
(Sn, ∗) → (B, b0) are two homotopic maps (Sn, ∗) → (X, x0). Summarizing we just con-
structed a map

λ : πn(B, b0) → πn(X, x0)

[f ] 7→ [f̃ ].

We have to show that λ is an inverse to p∗. First of all, given any [f ] ∈ πn(B, b0) we have

(p∗ ◦ λ)([f ]) = p∗
([
f̃
])

=
[
p ◦ f̃

]
= [f ].

Now let [g] ∈ πn(X, x0). We then have

(λ ◦ p∗)([g]) = λ([p ◦ g]) = [g].
↑

since g is the unique lift of p ◦ g to x0. �

Example. We consider X = S1 ∨ S2. On page 236 we determined its universal covering

X̃, which is given by the wedge of R with in�nitely many spheres. It follows from the
Covering-πn-Isomorphism Proposition 28.10 that π2(S1 ∨ S2) is isomorphic to π2(X̃). At
the moment we cannot determine π2(X̃), but since X̃ has �in�nitely many spheres� one
might expect π2(X̃) to be pretty big.

������������������ ���
���
���
���

������

p
X = S1 ∨ S2

universal covering X̃

28.6. Are there any higher homotopy groups that are non-trivial?

Question 28.11. Let n ≥ 2.
(1) Does the identity map id : Sn → Sn de�ne a non-trivial element in the homotopy group

πn(Sn, ∗)?
(2) Do we have an isomorphism πn(Sn, ∗) ∼= Z?
We will answer this question in Algebraic Topology II using singular homology.
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De�nition. We refer to
H : S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1} → S2 =i CP1

(z1, z2) 7→ [z1 : z2]

as the Hopf map . The homotopy class of H de�nes an element in π3(S2, N).

Question 28.12. Does the Hopf map H : S3 → S2 represent a non-trivial element in the
homotopy group π3(S2, N)?

We will answer this question in Algebraic topology III

De�nition.

(1) Let X be a non-empty topological space. We de�ne the suspension of X to be the
topological space

Σ(X) := (X × [−1, 1])/(X × {−1})/∼
where we identify all points in X × {−1} to a single point and we identify all points
in X × {1} to a single point. We refer to the point [X × {1}] as the North Pole of
Σ(X).

(2) Given a continuous map f : X → Y between topological spaces we denote by

Σ(f) : Σ(X) → Σ(Y )
[(x, t)] 7→ [(f(x), t)]

the suspension of f .
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North Pole
suspension Σ(X)

X×[−1, 1]
X

Lemma 28.13. (Suspension Homomorphism Lemma) Let k ∈ N0. Let n ∈ N0. We
denote by ∗ the North Pole of Sn and Sn+1. The map

πk(S
n, ∗) → πk+1(Sn+1, ∗)

[f : Sk → Sn] 7→
[
Σ(f) : Σ(Sk) =i S

k+1 → Σ(Sn) =i S
n+1
]

is a well-de�ned group homomorphism. We refer to it as the suspension homomorphism.

Proof. We leave the proof of the lemma to the reader. �

Question 28.14. Let H : S3 → S2 be the Hopf map. Is the image of [H] ∈ π3(S2) under
the iterated suspension homomorphisms π3(S2, x0)→ π3+k(S

2+k, x1) non-trivial?





Part III

CW-complexes



29. Cell attachments
29.1. Attaching a cell a to topological space.

De�nition. LetX and Y be topological spaces, let S Ă Y be a subspace and let ϕ : S → X
be a continuous map. We write

X ∪ϕ Y := X ∪
X

ϕ←−S Y := (X t Y )/∼

where ∼ is the equivalence relation generated by ϕ(s) ∼ s for s ∈ S. We call X ∪ϕ Y the
topological space obtained by gluing Y to X via the map attaching ϕ.
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=⇒ X ∪
X

ϕ←−S Y =X
ϕ

Y

S

De�nition. Let X be a topological space and let ϕ : Sn−1 → X be a continuous map. We
consider the topological space X ∪

X
ϕ←−Sn−1

B
n
.

We introduce the following language:
(1) We refer to the image of Bn as an open n-cell.
(2) We refer to the image of B

n
as an n-cell.

(3) We refer to ϕ as the attaching map of the n-cell.

We say that X ∪ϕ B
n
is obtained from X by attaching an n-cell along the attaching map

ϕ. It follows from the fact that the inclusion Sn−1 → B
n
is a closed embedding together

with the Topological Pushout-Maps Lemma 6.14 (4) that the natural map X → X ∪ϕ B
n

is a closed embedding. Often we will use this fact as an excuse to view X as a closed
subset of X ∪ϕ B

n
.
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attaching

map ϕ
=⇒ X ∪

X
ϕ←−S1

B
2

=X

B
2

S1 2-cell

Examples.

(1) We consider the e�ect of adding a 0-cell to a topological space X. Since S−1 = ∅ and
since B

0
= {0} we see that attaching a 0-cell is the same as taking the disjoint union

of X with a point.
(2) Let X = {∗} and let ϕ : Sn−1 → {∗} be the constant map. We have homeomorphisms

{∗} ∪
{∗}

ϕ←−Sn−1
B
n ∼=−→ B

n
/Sn−1

∼=−→ Sn.

↑ ↑
see the homeomorphism identi�cation from the

from page ?? Ball Quotient-Sphere Lemma 6.5

In fact, looking at these explicit homeomorphisms we see that these homeomorphisms
send {∗} to the North Pole (0, . . . , 0, 1).

(3) Again let X = {∗}. Iteratively we attach k n-cells according to the constant at-
taching map c : Sn−1 → {∗}. It follows easily from the Topological Pushout Proposi-
tion 6.12 (1∗), the Compact-Hausdor� Proposition 2.10 (3), and the Wedge-Properties
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attaching map ϕ
{∗} constant

=⇒ {∗} ∪
{∗}

ϕ←−S1
B

2 ∼= S2

Lemma 17.2 (3) that the resulting topological space is homeomorphic to the wedge of
k copies of Sn.
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{∗}
=⇒ (({∗} ∪c B

2
) ∪c B

2
) ∪c B

2 ∼= S2 ∨ S2 ∨ S2

(4) We consider X = S1 ∨ S1.
(a) We attach a 2-cell along the attaching map ϕ : S1 → S1 ∨ S1 that is illustrated

below. The Convex-to-Ball Proposition 2.12 gives us an explicit homeomorphism
B

2 → Q := [0, 1] × [0, 1]. This homeomorphism, together with the Topological
Pushout Proposition 6.12 (1∗) and the Compact-Hausdor� Proposition 2.10 (3)
can be used to show that (S1 ∨ S1) ∪

S1∨S1
ϕ←−S1

B
2
is homeomorphic to the 2-torus

Q/∼∼= ([0, 1]× [0, 1])/ ∼.
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square Q = [0, 1]× [0, 1] torus

∼=

ϕ

S1 ∨ S1 ← S1

∼=∼=
∂Q/∼← ∂Q

ψ

∂Q/∼

=⇒ (S1 ∨ S1) ∪ϕ B
2 ∼=

=⇒ ∂Q/∼ ∪ψQ ∼=

S1 ∨ S1 B
2

(b) If instead we consider the attaching map ϕ̃ : S1 → S1 ∨ S1 that is shown in the
�gure below, then one easily sees that (S1 ∨S1)∪

S1∨S1
ϕ̃←−S1

B
2
is homeomorphic to

the Klein bottle.
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Klein bottle
ϕ̃

S1 ∨ S1 ← S1

∼=∼=

∂Q/∼← ∂Q

ψ̃

=⇒ (S1 ∨ S1) ∪ϕ̃ B
2 ∼=

=⇒ ∂Q/∼ ∪ψ̃Q ∼=

id
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(c) In the �gure below we show that if we attach a 2-cell in a suitable way to the
wedge of four circles, then we obtain a topological space that is homeomorphic to
the surface of genus 2.
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∼=∼= ∼=

4∨
i=1
S1 ← S1

∂E8/∼

ϕ

ψ

∂E8/∼← ∂E8

=⇒
( 4∨
i=1
S1
)
∪ϕ B

2 ∼=

=⇒ ∂E8/∼ ∪ψE8
∼=

E8

29.2. Attaching cells and fundamental groups.

Proposition 29.1. (Cell Attachment-π1-Proposition) Let X be a topological space,
let n ≥ 1 and let ϕ : Sn−1 → X be a continuous map. We set x0 := ϕ( (0, . . . , 0, 1)︸ ︷︷ ︸

∈Sn−1

). The

following statements hold:
(n > 2) The inclusion induced map π1(X, x0)→ π1(X ∪ϕ B

n
, x0) is an isomorphism.

(n = 2) The map [0, 1] → X given by t 7→ ϕ(exp(2π it)) de�nes an element in π1(X, x0)
that we denote by [ϕ]. The inclusion induced map π1(X, x0)→ π1(X ∪ϕ B

n
, x0)

descends to an isomorphism

π1(X, x0)/〈〈[ϕ]〉〉
∼=−−→ π1

(
X ∪ϕ B

2
, x0

)
.
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����X
ϕ

=⇒ X ∪ϕ B
2

=

the curve ϕ is
null-homotopic

in X ∪ϕ B
2

x0

Proposition 29.1. (Cell Attachment-π1-Proposition) We continue with the above
notation.
(n = 1) We set x0 := ϕ(1) and y0 := ϕ(−1).

(a) Suppose that x0 and y0 lie in the same path-component of X. Let γ be a
loop in X ∪ϕB

1
that is given by the concatenation of the obvious path in the

1-cell from x0 = ϕ(1) to y0 = ϕ(−1) and some path in X from y0 = ϕ(−1)
to x0 = ϕ(1). With this notation the map

π1(X, x0) ∗ 〈t〉 → π1(X ∪ϕ B
1
, x0)

that is given by the inclusion induced map π1(X, x0)→ π1(X ∪ϕ B
1
, x0) and

given by t 7→ [γ] is an isomorphism.
(b) Suppose that x0 and y0 lie in two di�erent path components of X. Then we

get an isomorphism

π1(X, x0) ∗ π1(X, y0) → π1(X ∪ϕ B
1
, x0).
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π1(X ∪ϕ B
1
, x0) ∼= π1(X, x0) ∗ 〈[γ]〉

attach(a)

a 1-cell

X ∪ϕ B
1

X

the loop γ1−1

y0 x0

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

���
���
���

���
���
���

����
����
����
����

����
����
����

����
����
����

���
���
���
���

��
��
��
��

�
�
�

�
�
�

��
��
��

��
��
��

�
�
�
�

�
�
�
�

��
��
��
��

a 1-cellX

(b)

π1(X ∪ϕ B
1
, x0) ∼= π1(X, x0) ∗ π1(X, y0)

attach

X ∪
X

ϕ←−S0
B

1−1 1

y0 x0

Examples.

(1) Let X = S1 and let n ∈ N. We attach to S1 a 2-cell via the attaching map ϕ : S1 → S1

that is given by ϕ(z) = zn. Then

π1

(
S1 ∪ϕ B

2
, 1
)

= π1(S1, 1)/〈〈[ϕ]〉〉 = 〈x〉/〈〈xn〉〉 ∼= Zn.
↑ ↑

Cell Attachment-π1-Proposition 29.1 see the Circle-π1-Theorem 11.13

(2) We attach a 2-cell to X = R2 via the attaching map ϕ := idS1 : S1 → S1 that is given
by the identity. By the Cell Attachment-π1-Proposition 29.1 the new topological space
R2 ∪ϕ B

2
is again simply connected
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X = R2

=∪
R2

id←−S1

B
2

(3) In the previous section we already saw that many interesting topological spaces can be
built out of easier topological spaces by attaching cells. In many cases we can use the
Cell Attachment-π1-Proposition 29.1 to calculate the fundamental group. For example,
on page 252 we showed that we can obtain the surface of genus 2 from the wedge of
four circles by attaching a 2-cell. With the notation from the �gure below we now see
that

by the Cell Attachment-π1-Proposition 29.1
↓

π1(Σ2, P ) ∼= π1

(( 4∨
i=1
S1
)
∪ϕ B

2
, P
)
∼= π1

( 4∨
i=1
S1, P

)
/〈〈[ϕ]〉〉

∼= 〈x1, y1, x2, y2〉/〈〈[x1, y1] · [x2, y2]〉〉.
↑

by the Wedge-π1-Proposition 20.6 and since [ϕ] = [x1, y1] · [x2, y2]

Of course we obtained the same result much earlier. The advantage of the current
approach is that the Cell Attachment-π1-Proposition 29.1 absorbs many of the technical
arguments we had to deal with in the proof of the Surface-π1-Proposition 22.1, i.e. in
our initial calculation of π1(Σ2, P ).
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ϕ
4∨
i=1
S1 ← S1

x2

y1

x1

y2

y2

x2 y1

x1 π1(Σ2, P ) ∼= 〈x1, y1, x2, y2 | [x1, y1] · [x2, y2]〉

=⇒

P

P

Proof of the Cell Attachment-π1-Proposition 29.1 for n ≥ 2 . Let X be a topologi-
cal space, let n ≥ 2 and let ϕ : Sn−1 → X be a continuous map. We set x0 := ϕ((0, . . . , 0, 1)).
The key idea of the proof is to apply the Seifert�van Kampen-Theorem 20.1 to the following
two subsets of X ∪

X
ϕ←−Sn−1

B
n

U = X ∪
X

ϕ←−Sn−1

{
z ∈ Bn ∣∣ ‖z‖ > 1

4

}
and V =

{
z ∈ Bn ∣∣ ‖z‖ < 3

4

}
.

The remainder of the proof consists in showing that the resulting isomorphism implies the
desired, a priori slightly di�erent, isomorphism.

We pick a point x1 ∈ U ∩ V and we pick a path γ in U from x0 to x1.
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U

X
ϕ(Sn−1) x0x0

ϕ

V

γ

x1

Claim. The following diagram of maps

π1(X, x0) //

∼=
��

π1(X ∪ϕ B
n
, x0)

id��

π1(U, x0) // π1(X ∪ϕ B
n
, x0)

π1(U, x1) //

��

∼= γ∗
OO

π1(X ∪ϕ B
n
, x1)

id��

∼= γ∗
OO

π1(U, x1)/〈〈π1(U ∩ V, x1)〉〉 // π1(X ∪ϕ B
n
, x1)

id
��

π1(U, x1) ∗π1(U∩V,x1) π1(V, x1)︸ ︷︷ ︸
={e}

∼=

Seifert�van Kampen
Theorem 20.1

//

∼= Amalgamated Product�Quotient Lemma 19.13

OO

π1(X ∪ϕ B
n
, x1)

has the following three properties:
(i) The diagram commutes.
(ii) All vertical maps except possibly the third vertical map on the left are isomorphisms.
(iii) The bottom horizontal map is an isomorphism.

Proof.

(i) The two vertical maps from the third to the second level are the homomorphisms
induced by the choice of base point coming from the path γ from x0 to x1. It follows
from the Change-of-Base Point Proposition 13.2 that the second square commutes. All
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the other vertical and horizontal maps are induced by inclusions or they are the obvious
algebraic map. It follows easily from functoriality that the diagram commutes.

(ii) First note that it follows from the Change-of-Base Point Proposition 11.6 (1) that the
vertical maps from the third to the second level are isomorphisms. Using the Homotopy
Pushout Lemma from [Fri23] one can easily show that X is a deformation retract of U .
Thus it follows from the Homotopy-π1-Proposition 13.4 (2b) that the top left vertical
map is an isomorphism.

The natural map {z ∈ Bn | ‖z‖ < 3
4
} → X ∪

X
ϕ←−Sn−1

B
n
is easily seen to be an

embedding. It follows that V is homeomorphic to an open ball. Hence π1(V, x1) is the
trivial group. It follows from this observation and the Amalgamated Product�Quotient
Lemma 19.13 that the bottom vertical map on the left is an isomorphism.

(iii) It follows easily from the Topological-Pushout Proposition 6.12 (0) and the Topological-
Coproduct Proposition 5.8 (0) that U and V are indeed open subsets of X∪

X
ϕ←−Sn−1

B
n
.

We can therefore apply the Seifert�van Kampen-Theorem 20.1 and we obtain that the
bottom horizontal map is an isomorphism. �

Now we consider the case n ≥ 3. In this case π1(U∩V, x1) is trivial since U∩V is homotopy
equivalent to Sn−1. It follows from the Homotopy-π1-Proposition 13.4 and the Sphere-π1-
Proposition 11.14 that π1(U ∩ V, x1) ∼= π1(Sn−1) = 0. It is now clear that the one missing
vertical map on the left is also an isomorphism. Since all vertical maps are isomorphisms,
since the diagram commutes and since the bottom horizontal map is an isomorphism it
follows that the top horizontal map is an isomorphism.

Finally we consider the case n = 2. In this case U ∩ V is homotopy equivalent to
S1 which implies, by the explicit isomorphism from the Circle-π1-Theorem 11.13 and the
Homotopy-π1-Proposition 13.4, that π1(U ∩ V, x1) ∼= Z. Note that under the explicit
isomorphism Φ: π1(X, x0)→ π1(U, x1) this in�nite cyclic subgroup corresponds to 〈[ϕ]〉. It
is straightforward to see that we get a commutative diagram

π1(X, x0)

,,

//

∼=γ∗

��

π1

(
X ∪ϕ B

n
, x0

)
��

π1(X, x0)/〈〈[ϕ]〉〉∼=
rr

33

π1(U, x1)/〈〈π1(U ∩ V, x1)〉〉 ∼=
// π1

(
X ∪ϕ B

n
, x1

)
.

This concludes the proof of the proposition. �

Proof of the Cell Attachment-π1-Proposition 29.1 for n = 1 .

(a) We consider the case ϕ(−1) and ϕ(1) lie in the same path-component of X. This case
is treated in [Fri23].

(b) We consider the case ϕ(−1) and ϕ(1) lie in the same path-component of X. This case
follows once again fairly easily from the Seifert�van Kampen-Theorem 20.1. �

29.3. Projective spaces. We just saw that the Cell Attachment-π1-Proposition 29.1 can
be very useful for calculating fundamental groups. Before we had already been quite suc-
cessful with calculating fundamental groups, but it turns out that there is one interesting
example of topological spaces that we could not handle yet, namely the complex projective
spaces CPn.
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For the reader's convenience we recall the de�nition of real and complex projective
spaces which we de�ned on page 86.

De�nition. Let A = R or A = C.
(1) For n ∈ N0 we set APn := (An+1 \ {0})/∼ where v ∼ λ · w for λ ∈ A \ {0}.

Given a point (v0, . . . , vn) ∈ An+1 \{0} we denote by [v0 : . . . : vn] its equivalence class.
(2) For k ≤ n we refer to the map

ι : APk → APn
[v0 : . . . : vk] 7→ [v0 : . . . : vk : 0 : . . . : 0]

as the standard embedding. We saw on page ?? that this map is indeed an embedding.

Lemma 29.2. (Projective Space�Cell Attachment Lemma) Let n ∈ N.
(1) We consider the continuous map

ϕ : Sn−1 → RPn−1

(x1, . . . , xn) 7→ [x1 : . . . : xn].

There exists a homeomorphism RPn−1∪
RPn−1

ϕ←−Sn−1
B
n → RPn such that the restriction

to RPn−1 is given by the standard embedding RPn−1 → RPn.
(2) We think of B

2n
and S2n−1 as subspaces of Cn =i R2n. We consider the attaching map

ϕ : S2n−1 → CPn−1

(z1, . . . , zn) 7→ [z1 : . . . : zn].

There exists a homeomorphism CPn−1∪
CPn−1

ϕ←−S2n−1
B

2n → CPn such that the restric-

tion to CPn−1 is given by the standard embedding CPn−1 → CPn.
Proof.

(1) We consider the map

Θ: RPn−1 ∪ϕ B
n → RPn

[P ] 7→
{

[x1 : · · · : xn : 0], if P = [x1 : · · · : xn] ∈ RPn−1,

[P :
√

1− ‖P‖2], if P ∈ Bn
.
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RP1 =i S
1/∼ RP2 =i S

2/∼

ϕ
=⇒ RP1 ∪

RP1
ϕ←−S1

B
2 ∼=

It follows immediately from the de�nition of ϕ that the map Θ is well-de�ned. Further-
more it follows easily from the Topological Pushout Proposition 6.12 (1∗) that the map
Θ is continuous. It is basically clear that the map Θ is a surjection and it is straight-
forward to verify that the map Θ is an injection. Using the Topological-Quotient
Proposition 6.1 (1b), the Projective Spaces-Compact+Hausdor� Proposition 6.10 and
the Compact-Hausdor� Proposition 2.10 (3) one can easily verify that the map is a
homeomorphism. Finally it is clear that the restriction of the map Θ to RPn−1 is the
standard embedding.

(2) The proof for CPn is basically identical to the proof of (1). �
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Proposition 29.3. (Projective Space�π1-Proposition)

(1) We have π1(RP1) ∼= Z and for n ≥ 2 we have π1(RPn) ∼= Z2.
(2) For any n ∈ N0 we have π1(CPn) = 0.

Proof.

(1) Since we already calculated the fundamental groups of RPn in the Real Projective
Space�π1-Proposition 15.3 we outsource this part as an exercise to the reader.

(2) Note that CP0 consists of a single point. It follows from the Projective Space�Cell
Attachment Lemma 29.2 that we obtain CPn from CP0 by iteratively attaching cells
of dimension 2, 4, . . . , 2n. It follows from the Cell Attachment-π1-Proposition 29.1 that
π1(CPn) ∼= π1(CP0) = 0. �

29.4. Attaching arbitrarily many cells.

De�nition. Let X be a topological space and let {ϕ : Sni → X}i∈I be a family of contin-
uous maps.
(1) We consider the topological space

X ∪
X←

⊔
i∈I

Sni−1 :
⊔
i∈I

ϕi

⊔
i∈I
B
ni
.

As before we introduce the notion of an (open) cell and of an attaching map of a cell.
We say that the above topological space is obtained from X by attaching cells along
the attaching maps ϕi.

(2) It follows from the fact that the inclusions Sn−1 → B
n
are closed embeddings together

with the Topological Pushout-Maps Lemma 6.14 (4) that the natural map of X into
the above topological space is a closed embedding. Often we will use this fact as an
excuse to view X as a closed subset of the above topological space.

Example.

(1) Let n ∈ N0. We attach two n-cells to Sn−1 where in both cases the attaching map
is given by the identity map ϕ := ψ := id: Sn−1 → Sn−1. Using the Compact-
Hausdor� Proposition 2.10 (3) one can easily show that there exists a homeomorphism
Sn−1 ∪ϕtψ (B

n tBn
)→ Sn which on Sn−1 is given by x 7→ (x, 0).
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=⇒ S1 ∪ϕtψ (B
2 tB2

) ∼=
S2ψ

S1

ϕ

(2) Let (X, x0) be a pointed topological space. Furthermore let I be a set and for each
i ∈ I let ni ∈ N0. Given i ∈ I we denote by ϕi : Sni−1 → X the constant map that
sends all points to x0. Using the Ball Quotient-Sphere Lemma 6.5 one can show that
there exists a homeomorphism

X ∪
X←

⊔
i∈I

Sni−1 :
⊔
i∈I

ϕi

⊔
i∈I
B
ni ∼=−−→ (X, x0) ∨

∨
i∈I

(Sni , N)︸ ︷︷ ︸
wedge of pointed topological
spaces where N ∈ Sni is the

North Pole
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that is the identity on X.
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=⇒ X ∪ϕ1tϕ2 (B
2 ∪B2

) ∼= XX
x0

x0

Proposition 29.4. (Cell Attachment�Hausdor� Proposition) Let X be a topolog-
ical space and let {ϕi : Sni → X}i∈I be a family of continuous maps. We consider the
topological space X̂ := X ∪

X←
⊔
i∈I

Sni−1 :
⊔
i∈I

ϕi

⊔
i∈I
B
ni

that we obtain from X by attaching cells along the attaching maps ϕi.

(1) If U, V are disjoint open subset of X, then there exist disjoint open subsets Û and V̂
of X̂ with X ∩ Û = U and X ∩ V̂ = V .

(2) If X is Hausdor�, then X̂ is also Hausdor�.

Proof. For each i ∈ I we consider the natural map Φi : B
n

i → X̂. It follows immed-
iately from the Topological-Pushout Proposition 6.12 (0) and the Topological-Coproduct
Proposition 5.8 (0) that given any subset U Ă X̂ the following statement holds:

U is open in X̂ ⇐⇒ (a) the intersection U ∩X is open in X and
(b) for all i ∈ I the preimage Φ−1

i (U) is open in B
n
.

After this preparation we turn to the actual proof of the two statements:
(1) Let U and V be two disjoint open subsets of X. We set

Û := U ∪
⋃
i∈I

Φi({r · u |u ∈ Φ−1
i (U) and r ∈ (1

2
, 1]}).

V̂ := V ∪
⋃
i∈I

Φi({r · v | v ∈ Φ−1
i (V ) and r ∈ (1

2
, 1]}).

It follows immediately from the above discussion that Û and V̂ are open subsets of X̂.
Furthermore it is clear that they are disjoint.
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X

Φi

{r·v | v ∈ Φ−1
i (V ) & r ∈ (1

2
, 1]}

V

UB
n

Φ−1
i (V )

(2) Let P,Q ∈ X̂ be two distinct points. If P and Q lie in X, then it follows from the
hypothesis that X is Hausdor� and (1) that we can �nd disjoint open neighborhoods
Û of P and V̂ of Q in X̂.

It remains to consider the case that at least one of P and Q lies in X̂ \X. Let us
assume that P ∈ X̂ \X. This means that there exists an i ∈ I and a P̃ ∈ Bn such that
P = Φi(P̃ ). Since Q 6= P there exists an ε > 0 such that Bn

ε (P̃ ) Ă Bn and such that
Q 6∈ Φi(B

n
ε (P̃ )). We set U := Φi(B

n
ε
2
(Q̃)) and V := X \ Φi(B

n
ε
2
(Q̃)). It is clear that U

and V are disjoint. It follows from the discussion at the beginning of the proof that U
and V are open subsets of X̂. �
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30. CW-complexes: Definitions and basic properties

30.1. De�nition of CW-complexes and examples.

De�nition. A CW-complex X is a topological space X together with a �ltration

∅ = X−1
Ă X0

Ă X1
Ă · · · Ă X

by subspaces which has the following properties:
(CW1) We have X = colim−→ Xn, as described in the Topological-Direct Limit Proposi-

tion 25.4. In other words, as a set we have X =
⋃

n∈N0

Xn and U Ă X is open if and

only if for each n ∈ N0 the intersection U ∩Xn is open in Xn.
(CW2) For each n ∈ N0 there exists a set I, a family {ϕi : Sn−1 → Xn−1}i∈I of continuous

maps and a homeomorphism

Ξn : Xn−1 ∪
Xn−1←[

⊔
i∈I

Sn−1 :
⊔
i∈I

ϕi

⊔
i∈I
B
n → Xn

which is the inclusion on Xn−1.

De�nition. Using the notation from above we introduce the following language:
(1) Given n ∈ N≥0 we refer to Xn as the n-skeleton of X.
(2) The components of Xn \Xn−1 are called the open n-cells of X.
(3) For each open n-cell σ of X we refer to its closure σ in X as an n-cell of X.
(4) We set

dim(X) := sup{n ∈ Z≥−1 |Xn 6= Xn+1} ∈ Z≥−1 ∪ {∞}.
(5) We say the CW-complex is �nite if it has only �nitely many cells and we say it is

countable if it has only countably many cells.
(6) A CW-structure on a topological space X is �ltration as in (1).

Illustration. In the �gure below we show a 2-dimensional CW-complex X with its �ltra-
tion X0 Ă X1 Ă X2.

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

���������
���������
���������
���������
���������

���������
���������
���������
���������
���������

��
��
��
��

�
�
�
�

����

�� �
�
�
�
�������� X1 \X0 six 1-cells

�ve 0-cells

two 2-cellsX2 \X1

X0

CW-complex X

In the next �gure we indicate how we obtain the 2-skeleton from the 1-skeleton by gluing
on 2-disks.
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∪
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Examples.

(1) The one type of CW-complexes that is easy to understand are 0-dimensional CW-
complexes. Similar to the discussion on page 250 it follows from the observation that
B

0
consists of a point and that S−1 = ∅ that a CW-complex of dimension ≤ 0 is

essentially the same as a set of points with the discrete topology.
(2) Let m ∈ N0. As usual we denote by N := (0, . . . , 0, 1) the North Pole of Sm. We

consider the �ltration ∅ Ă {N} Ă Sm. That this is a CW-structure can be seen as
follows:
(CW1) This condition is vacuous since the m-skeleton equals Sm.
(CW2) The case n = 0 is clear since {N} has the discrete topology. For n = 1, . . . ,m−1

there is nothing to show. Finally note that on page ?? we showed that we obtain
Sm from {N} by attaching an m-cell.
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the �ltration ∅ Ă {N} Ă Sm is a CW-structure with
one 0-cell
one m-cell

N

Sm

(3) Let n ∈ N0 and let X =
n∨
i=1
S1 be the wedge of n circles with wedge point ∗. The

discussion on page 251 implies that the �ltration ∅ Ă {∗} Ă
n∨
i=1
S1 is a CW-complex

with one 0-cell and n 1-cells.

��
��
��
��

X = S1 ∨ S1 ∨ S1

wedge point {∗}

the �ltration ∅ Ă {∗} Ă S1∨S1∨S1

is a CW-complex with
one 0-cell
three 1-cells

(4) The �gure below shows a �ltration of the torus T = ([0, 1] × [0, 1]) ∼ that is a CW-
structure with one 0-cell, two 1-cells and one 2-cell. That this is a CW-structure can
be seen as follows:
(CW1) This condition is vacuous since T 2 = T .
(CW2) The case n = 0 is clear since T 0 has the discrete topology. For n = 1 note

that T 1 is clearly homeomorphic to the wedge of two circles along the unique
point of T 0. Thus we obtain from the previous example that (CW2) is satis�ed
for n = 1. Finally note that on page 251 we showed that we obtain T from
attaching a 2-cell to T 1 ∼= S1 ∨ S1.
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T 0 T 2T 1

Ă Ă

torus T = ([0, 1]× [0, 1])/∼ with
one 0-cell
two 1-cells
one 2-cell

(5) The �gure below shows a �ltration of the Klein bottle that is a CW-structure with one
0-cell, two 1-cells and one 2-cell.

(6) In the �gure below we sketch CW-structures for the surface of genus 2, the projective
plane RP2 =i B

2
/ ∼, the non-orientable surface of genus 3 and the Möbius band as

CW-complexes. Generalizing these examples one can easily show, using the Surface
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K0 K1 K2

Ă Ă Klein bottle [0, 1]× [0, 1]/ ∼

Classi�cation Theorem 22.9, that every compact 2-dimensional topological manifold
admits a CW-structure.
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Möbius bandRP2 =i B
2
/∼

one 0-cell
one 1-cell
one 2-cell

surface of genus 2

one 0-cell
four 1-cells
one 2-cell

one 0-cell
three 1-cells
one 2-cell

two 0-cells
three 1-cells
one 2-cell

non-orientable surface of genus 3

Examples.

(1) (a) Let us consider the topological space R. We equip it with the �ltration ∅ Ă Z Ă R.
We consider the family {ϕi : S0 → Z}i∈Z of maps given by ϕi(ε) = i + 1+ε

2
. Using

the Cover-Open Subset Lemma 1.5 (2) one can verify that the map

Z ∪Z←[ t
i∈Z

S0
i : t
i∈Z

ϕi

⊔
i∈Z
B

1

i → R

P 7→
{
n, if P = [n] for some n ∈ Z
i+ 1+t

2
, if P = [(t, i)] for some t∈B1

=[−1, 1] and i∈Z
is a homeomorphism. Thus the �ltration ∅ Ă Z Ă R is a CW-structure on R.

(b) Using the Convex-to-Ball Proposition 2.12 one can easily generalize the above ex-
ample and one can show that the subspaces

X i := {(x1, . . . , xn) ∈ Rn | at least n− i coordinates lie in Z} with i = 0, . . . , n

form a CW-structure on Rn.
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CW-structure on R2

CW-structure on R

(2) Let I be a set and for each i ∈ I let ni ∈ N. We consider the wedge
∨
i∈I
Snii . Given

n ∈ N0 we denote by Xn the wedge of all spheres of dimension ≤ n. It follows from the
discussion on page 257 that the �ltration ∅ Ă X0 Ă X1 Ă . . . is a CW-structure on∨
i∈I
Snii .
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Convention. For k < n we use in the following discussion the embedding Sk → Sn given
by x 7→ (x, 0) to think of Sk as a subspace of Sn. Similarly we view RPk as a subspace of
RPn and we view CPk as a subspace of CPn.
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S2S1S0

Ă Ă

De�nition. We say that a CW-complex A is a subcomplex of a CW-complex X if A Ă X
and if the following two conditions are satis�ed:
(1) For each n ∈ N0 we have An = A ∩Xn.
(2) Each open n-cell of A is also an open n-cell of X.

Examples.

(1) We consider the spheres Sn.
(a) On page 261 we found a �tiny� CW-structure for Sn with just one 0-cell and one

n-cell. But this CW-structure does not have any interesting subcomplexes. To �x
this, recall that on page 257 we saw that we obtain Sk+1 from Sk by attaching a
single (k + 1)-cell. It follows that a CW-structure for Sn is given by

∅ Ă S0
Ă S1

Ă S2
Ă . . . Ă Sn.

With this CW-structure we can view each Sk with k < n as a subcomplex of Sn.
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two 0-cells
two 1-cells
two 2-cells

the �ltration ∅ Ă S0 Ă S1 Ă S2 is a CW-structure with

(b) The new CW-structure on spheres gives us an immediate bonus: As on page 225
we consider the topological space

S∞ :=
{

(x1, x2, . . . ) ∈ R∞
∣∣∣ ∞∑
i=1
x2
i = 1

}
= colim−→ Si−1.

It follows immediately from (a) and the de�nitions that a CW-structure for S∞ is
given by ∅ Ă S0

Ă S1
Ă S2

Ă . . . Ă S∞.

(2) We consider the real projective spaces RPn.
(a) In the Projective Space�Cell Attachment Lemma 29.2 (1) we showed that we can

obtain RPk+1 from RPk by attaching a single (k + 1)-cell. It follows that a CW-
structure for RPn is given by

∅ Ă RP0
Ă RP1

Ă RP2
Ă . . . Ă RPn

and that this CW-structure has precisely one cell in dimensions 0, 1, 2, . . . , n.
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one 0-cell
one 1-cell
one 2-cell

the �ltration ∅ĂRP0
ĂRP1

ĂRP2 is a CW-structure withRP2 =i S
2/∼
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(b) As on page 226 we consider RP∞ = colim−→ RPi. As in (1b) we see that

∅ Ă RP0
Ă RP1

Ă RP2
Ă . . . Ă RP∞

is a CW-structure which has precisely one cell in each dimension.
(3) Finally we consider the complex projective spaces CPn.

(a) As in (2a) we see, this time using the Projective Space�Cell Attachment Lemma 29.2
(2), that a CW-structure for CPn is given by

∅ Ă CP0
Ă CP1

Ă CP2
Ă . . . Ă CPn

and that this CW-structure has precisely one cell in dimensions 0, 2, 4, . . . , 2n.
(b) As on page 226 we consider CP∞ = colim−→ CPi and we see that

∅ Ă CP0
Ă CP1

Ă CP2
Ă . . . Ă CP∞

is a CW-structure which has precisely one cell in each even dimension.

Lemma 30.1. (Graph�CW-Complex Lemma)

(1) If (X,G = (V,E, θ),Θ: |G| → X) is an undirected topological graph then ∅ Ă V Ă X
is a CW-structure.

(2) Let ∅ Ă X0 Ă X1 = X be a CW-complex of dimension ≤ 1. There exists an
undirected abstract graph (V,E, θ) and a homeomorphism f : |G| → X such that
f(V ) = X0.
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vertices form the 0-skeleton

edges correspond to 1-cells

Sketch of proof.

(1) This statement follows basically immediately from the de�nitions.
(2) By de�nition of a CW-complex there exists a set C, a family {ϕc : S0 → X0}c∈C of

continuous maps and a homeomorphism

Ξ: X0 ∪
X0←[

⊔
c∈C

S0
c :
⊔
c∈C

ϕc

⊔
c∈C

B
1

c → X1 = X

which is the inclusion on X0. Given c ∈ C we set θ(c) := {ϕc(−1), ϕc(1)} Ă P(X0). It
is clear that G := (X0, C, θ) is an undirected abstract graph. The map Ξ gives rise to
a homeomorphism f : |G| → X with f(V ) = X0. �

Theorem 30.2. (Smooth Manifold-CW-Theorem) Every compact connected n-di-
mensional smooth manifoldM admits a �nite CW-structure with the following properties:
(1) the maximal dimension of a cell is n,
(2) the boundary ∂M is a subcomplex.

Proof. This theorem is proved in [Fri23]. �

Example. In the �gure below we consider the smooth manifoldM that is given by remov-
ing an open disk from a torus. We see that M has a CW-structure such that the boundary
∂M is a subcomplex.
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M is the torus [0, 1]× [0, 1]/ ∼ with an open disk removed

∂M is a subcomplex with one 0-cell and one 1-cell

30.2. Attaching maps and characteristic maps.

Proposition 30.3. (CW-Complex�Hausdor� Proposition) Every CW-complex is
Hausdor�.

Proof. Let X be a CW-complex and let P,Q be two distinct points in X. Recall that
X =

⋃
n∈N0

Xn. Thus there exists an n ∈ N0 with P,Q ∈ Xn.

Since the empty topological space is Hausdor� we obtain from iteratively applying
the Cell Attachment�Hausdor� Proposition 29.4 (2) that X0, . . . , Xn are Hausdor�. In
particular we see that there exist disjoint open neighborhoods Un of P ∈ Xn and Vn of
Q ∈ Xn.

It follows from iteratively applying the Attachment�Hausdor� Proposition 29.4 (1) that
for each d ≥ n we can �nd disjoint open neighborhoods Ud of P ∈ Xd and Vd of Q ∈ Xd

such that for d ≥ n we have Ud Ă Ud+1 and Vd Ă Vd+1.
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U1 V1

1-skeleton X1 2-skeleton X2

V2U2Q

CW-complex X

P

It remains to prove the following claim.

Claim. The sets U :=
⋃
d≥n

Ud and V :=
⋃
d≥n

Vd are disjoint open neighborhoods of P and Q

in X.
Proof. Note that for each d ≥ n we have (U ∩Xd)∩ (V ∩Xd) = Ud ∩ V d = ∅. This shows
that U and V are disjoint. It follows immediately from the Direct Limit�Open Subset
Lemma 25.5 that U and V are open subsets of X. �

De�nition. Let X be a CW-complex
(1) Given n ∈ N0 we denote by Celln(X) the set of n-cells of X. Furthermore we denote

by Cell(X) :=
⋃

n∈N0

Celln(X) the set of all cells of X.

(2) Let c ∈ Celln(X) be an n-cell of X.
(a) An attaching map for c is a continuous map ϕ : Sn−1 → Xn−1 such that there

exists a homeomorphism

Xn−1 ∪Xn−1←[Sn−1 :ϕ B
n → Xn−1 ∪ c︸ ︷︷ ︸

subspace of Xn

which is the identity on Xn−1.
(b) A characteristic map for c is a continuous map Φ: B

n → X such that the map

Xn−1 ∪Xn−1←[Sn−1 :Φ|Sn−1
B
n → Xn−1 ∪ c
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induced by the identity on Xn−1 and by the map Φ on B
n
is well-de�ned and it is

a homeomorphism.
It follows fairly easily from the de�nitions that a characteristic map, and thus also an
attaching map, always exists.
(3) A full set of attaching maps for the cells of the CW-complex X is de�ned as a family of

continuous maps {ϕc : Sdim(c)−1 → Xdim(c)−1}c∈Cell(X) such that each ϕc is an attaching
map for the cell c. Similarly we de�ne a full set of characteristic maps for the n-cells
of X.
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attaching maps
of the 2-cells

B
2

2-skeleton X2

∼=
glue

∪

1-skeleton X1

S1

characteristic
maps of the
two 2-cells

Proposition 30.4. (Cell-Compact Proposition) Let X be a CW-complex.

(1) Let c be an n-cell of X. If Φ: B
n → X is a characteristic map for c, then Φ(B

n
) = c.

(2) Every cell is compact.

Proof. Let c be an n-cell of X.

(1) Let Φ: B
n → X be a characteristic map for c. We start out with the following claim.

Claim. The image Φ(B
n
) is a closed subset of X.

Proof. Since characteristic maps are continuous and since B
n
is compact we obtain

from the Compact Image Lemma 2.8 that Φ(B
n
) is compact. By the CW-Complex�

Hausdor� Proposition 30.3 we know that X is Hausdor�. Thus it follows from the
Compact-Closed Lemma 1.9 (2) that Φ(B

n
) is a closed subset of X. �

Note that we have the following inclusions

Φ(B
n
) Ă Φ(Bn)︸ ︷︷ ︸

=c=f

=
⋂

closed subsets containing Φ(Bn) Ă Φ(B
n
).

↑ ↑ ↑
by an elementary de�nition of the closure by the claim

argument

It follows that Φ(Bn) = Φ(B
n
). Next recall that by de�nition of an n-cell there exists

an open n-cell f Ă X with f = c. It follows easily from the de�nition of a characteristic
map that the restriction of Φ to Bn de�nes a homeomorphism Φ: Bn → f . It follows
from the above that we have c = f = Φ(Bn) = Φ(B

n
).

(2) This statement follows from (1) and the Compact Image Lemma 2.8. �
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Proposition 30.5. (Characteristic Maps Proposition) Let X be a CW-complex.

Furthermore let {Φc : B
dim(c) → Xdim(c)}c∈Cell(X) be a full set of characteristic maps for the

cells of X.
(1) Given any subset U Ă X the following statements are equivalent:

(a) U is open in X.
(b) For every c ∈ Cell(X) the intersection c ∩ U is open in c.

(c) For every c ∈ Cell(X) the preimage Φ−1
c (U) is open in B

dim(c)
.

The same statements also hold if we replace �open� by �closed�.
(2) Let f : X → Y be a map to a topological space Y . The following statements are

equivalent:
(a) f is continuous.
(b) For every c ∈ Cell(X) the restriction of f to c is continuous.

(c) For every c ∈ Cell(X) the map f ◦ Φc : B
dim(c) → Y is continuous.
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Φc
Φ−1
c (U)

X

U

Proof. Let X be a CW-complex. We write C := Cell(X) and given n ∈ N0 we write
Cn := Celln(X). By de�nition of a CW-complex we know that for each n ∈ N0 there exists
a family {ϕc : Sn−1 → Xn−1}c∈Cn of continuous maps and a homeomorphism

Ξn : Xn−1 ∪X← [t
c
Sn−1
c :t

c
ϕc

⊔
c∈Cn

B
n

c → Xn

which is the inclusion on Xn−1. We start out with the following technical claim:

Claim. For each n ∈ N0 the map

Ωn : Xn−1 ∪X←[ t
c∈C

Sn−1
c : t

c∈C
Φc|Sn−1

⊔
c∈C

B
n

c → Xn

induced by the identity on Xn−1 and the maps Φc : B
n

c → Xn is well-de�ned and it is a
homeomorphism.

Proof. We consider the map

Xn−1 ∪X← [ t
c∈Cn

Sn−1
c : t

c∈Cn
Φc|Sn−1

⊔
c∈Cn

B
n

c︸ ︷︷ ︸
=:S̃

Ωn−−→ Xn Ξ−1
n−−→∼= Xn−1 ∪X←[ t

c∈Cn
Sn−1
c : t

c∈Cn
ϕc

⊔
c∈Cn

B
n

c .︸ ︷︷ ︸
=:S

Since Ξn is a homeomorphism it su�ces to show that Ξ−1
n ◦Ωn : S̃ → S is a homeomorphism.

First note that one can easily verify that Ξ−1
n ◦ Ωn : S̃ → S is a bijection. Since each

Φc is continuous we obtain from the Topological-Pushout Proposition 6.12 (1b) and the
Topological-Coproduct Proposition 5.8 (1b) that Ξ−1

n ◦ Ωn : S̃ → S is continuous.
Given c ∈ Cn we denote by c̃ Ă S̃ the image of B

n

c on the left hand side. Note that
Ξ−1
n ◦ Ωn : c̃ → c is a continuous bijection. By the Compact Image Lemma 2.8 we know

that c̃ is compact and by the CW-Complex�Hausdor� Proposition 30.3 we know that c
is Hausdor�. Therefore it follows from the Compact-Hausdor� Proposition 2.10 (3) that
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Ξ−1
n ◦Ωn : c̃→ c is a homeomorphism. We denote by gc : c→ c̃ its inverse. Furthermore we

denote by pc : B
n

c → S the natural map. Since each gc ◦pc is continuous we obtain from the
Topological-Pushout Proposition 6.12 (1b) and the Topological-Coproduct Proposition 5.8
(1b) that Ω−1

n ◦ Ξn : S → S̃ is continuous. �
Now we turn to the actual proof of the statements of the proposition.

(1) Let U Ă X be a subset. The (a)⇒(b)-direction follows from the de�nition of the sub-
space topology and the (b)⇒(c)-direction follows from the continuity of the attaching
maps. It remains to deal with the (c)⇒(a)-direction. Thus we assume that U satis�es
(c). It follows from the claim and the Topological-Pushout Proposition 6.12 (0) and
the Topological-Coproduct Proposition 5.8 (0), applied iteratively for n = 0, 1, 2, . . . ,
that each Xn ∩ U is open. But by de�nition of a CW-complex this means that U is
open in X.

(2) This statement follows immediately from (1). �

30.3. Subcomplexes. We recall the following de�nition from page 263.

De�nition. We say that a CW-complex A is a subcomplex of a CW-complex X if A Ă X
and if the following two conditions are satis�ed:
(1) For each n ∈ N0 we have An = A ∩Xn.
(2) Each open n-cell of A is also an open n-cell of X.
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subcomplexsubcomplex not a subcomplexCW-complex X

Example. If X is a CW-complex, then any skeleton Xn, with the obvious �ltration, is
basically by de�nition a subcomplex of X.

Lemma 30.6. (Subcomplex�Closed Lemma) Each subcomplex of a CW-complex X
is a closed subset of X.

Proof. We provide the somewhat technical proof in [Fri23]. �

Proposition 30.7. (Subcomplex�Characterization Proposition) Let X be a CW-
complex.
(1) Every subcomplex of X is the union of open cells of X.
(2) Let {σi}i∈I be a family of open cells of X. We set A :=

⋃
i∈I
σi. The following statements

are equivalent:
(a) A is a subcomplex.
(b) A is a closed subset of X.
(c) For every i ∈ I the closure σi of σi Ă X is contained in A.

Proof. Also in this case we outsource the rather technical proof to [Fri23]. �



30. CW-COMPLEXES: DEFINITIONS AND BASIC PROPERTIES 269

Lemma 30.8. (Subcomplex�Intersection-Union Lemma) Let X be a CW-complex.
The union and also the intersection of arbitrarily many subcomplexes of X is again a
subcomplex of X.
Proof. Let X be a CW-complex and let {Ak}k∈K be a family of subcomplexes of X. For
each k ∈ K let {σi}i∈IK be the corresponding family of open cells of X.
(1) It follows easily from the Subcomplex�Characterization Proposition 30.7 (1), together

with the (a)⇔(b)-direction of the Subcomplex�Characterization Proposition 30.7 (2)
that

⋃
k∈K

Ak =
⋃
k∈K

⋃
i∈IK

σi is a subcomplex of X.

(2) It follows from the Subcomplex�Characterization Proposition 30.7 (1), together with
the (a)⇔(c)-direction of the Subcomplex�Characterization Proposition 30.7 (2) and
the fact that the intersection of closed sets is always closed that

⋂
k∈K

Ak =
⋃

i∈ ∩
k∈K

IK
σi is

a subcomplex of X. �

Lemma 30.9. (CW-Complex Pasting Lemma) Let X be a CW-complex and let
{Xi}i∈I be a family of subcomplexes such that

⋃
i∈I

Xi = X. The following three statements

hold:
(1) (a) A subset U Ă X is open if and only if each Xi ∩ U is an open subset of Xi.

(b) A subset A Ă X is closed if and only if each Xi ∩ A is a closed subset of Xi.
(2) A map f : X → Y to a topological space Y is continuous if and only if each map

f |Xi : Xi → Y is continuous.

Proof.

(1) (a) Given any subset U Ă X we have

follows from ∪Xi = X and the observation that
by the Characteristic Maps it is a consequence of the Subcomplex�Characterization

Proposition 30.5 (1) Proposition 30.7 (a)⇒(c) that every cell of some Xi is a cell of X
↓ ↓

U Ă X is open ⇔ ∀
c∈Cell(X)

c ∩ U is open in c ⇔ ∀
i∈I

∀
c∈Cell(Xi)

c ∩ U is open in c

⇔ ∀
i∈I
Xi ∩ U is open in Xi.

↑
follows from the Characteristic Maps Proposition 30.5 (1) applied to the CW-complex Xi

(b) The same logic as in (a) also applies for �closed� instead of �open�.
This statement is an easy consequence of the Subcomplex�Characterization Propo-
sition 30.7 (a)⇒(c) and the Characteristic Maps Proposition 30.5 (1).

(2) The �only if�-direction is an immediate consequence of the Basics-of-Continuity Lem-
ma 2.1 (3). The �if�-direction follows easily from (1a). �

30.4. The Finiteness Theorem for CW-complexes.

Theorem 30.10. (CW-Complex-Finiteness Theorem) Every compact (connected)
subset of a CW-complex X is contained in a �nite (connected) subcomplex.

Example.

(1) We consider the wedge X :=
∨
i∈N0

S1
i . As discussed on page 262, we can view X as a

CW-complex with one 0-cell, given by the wedge point, and 1-cells indexed by c ∈ N0.
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It follows from the CW-Complex-Finiteness Theorem 30.10 that each compact subset
of X is contained in the union of �nitely many S1

i .
(2) We consider the real line R with the CW-structure ∅ Ă Z Ă R. In this context the CW-

Complex-Finiteness Theorem 30.10 gives us the familiar statement that any compact
subset of R is bounded.

CW-complex R
compact subset K

�nite subcomplex

Corollary 30.11. (CW-Complex Compactness Corollary) A CW-complex is com-
pact if and only if it is �nite.

Proof. A �nite CW-complex is by de�nition the union of �nitely many cells. Thus it
follows from the Cell-Compact Proposition 30.4 (2) that a �nite CW-complex is compact.

Conversely letX be a compact CW-complex. It follows from the CW-Complex-Finiteness
Theorem 30.10 that X is contained in a �nite subcomplex Y of X. But from X Ă Y Ă X
it follows that X = Y , i.e. X is a �nite CW-complex. �

Lemma 30.12. Let X be a CW-complex.
(1) Let A Ă X be a subset. If every open cell of X contains at most one point of A, then

A is closed and discrete.
(2) If C Ă X is a compact subset, then C is contained in a �nite union of open cells.
(3) Every cell of X is contained in a �nite subcomplex of X.

Proof of Lemma 30.12. We start out with the following claim.

Claim. For any CW-complex Y the statements (1), (2) and (3) of the lemma are equivalent.

Proof. Let Y be a CW-complex.
(1)⇒(2). Let C Ă Y be a compact subset. For each open cell σ that intersects C we pick
a single point in A ∩ σ. We denote the resulting set of points by A. By (1) the set A is
closed and discrete. Since A is a closed subset of the compact set C we obtain from the
Compact-Closed Lemma 1.9 (1) that A is compact. Therefore A is in fact �nite. But that
means that C intersects only �nitely many cells, i.e. C is contained in a �nite union of open
cells.
(2)⇒(3). This direction follows from the following stronger subclaim.

Subclaim. For every n ∈ N0 the following holds: If Y n−1 satis�es (2), then Y n satis�es (3).

Proof. We prove the claim by induction on n ∈ N0. For n = 0 there is nothing really
to show. Now suppose that the statement holds for some n ∈ N0. Let Cσ Ă Y be an
(n+ 1)-cell. We denote by Uσ the corresponding open cell. Note that by the Cell-Compact
Proposition 30.4 (2) we know that Cσ is compact. Furthermore note that it follows from
the discussion on page ?? that Uσ is an open subset of Y n+1. In particular we see that
Uσ is an open subset of Cσ. Finally note that it follows from these observations and the
Compact-Closed Lemma 1.9 that Cσ \ Uσ is a compact subset of the n-skeleton Y n.

Since we assume that (2) holds for n it follows that the subset Cσ\Uσ is contained in a �-
nite union of open cells of dimension ≤ n. By induction each of these open cells is contained
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in a �nite subcomplex of A. By the Subcomplex�Intersection-Union Lemma 30.8 the union
of these �nitely many �nite subcomplexes forms a subcomplex of Y . This subcomplex is
clearly �nite and it contains Cσ. �
(3)⇒(1). We start out with the following subclaim.

Subclaim. If B Ă Y is a subset such that no two points lie in the same open cell, then B
is a closed subset.
Proof. Let B Ă Y be a subset such that no two points lie in the same open cell. We need to
show that B is a closed subset of X. By the Characteristic Maps Proposition 30.5 it su�ces
to show that the intersection of B with each cell c is closed. Thus let c be a cell of X. By
(3) we know that c is contained in a �nite subcomplex Y ′. Since B has at most one point
in common with any open cell we see that the intersection B ∩Y ′ must be �nite. Thus the
intersection B ∩ c is �nite. It follows from the CW-Complex�Hausdor� Proposition 30.3
that B ∩ c is a closed subset of c. �

Now let A Ă Y be a subset such that no two points lie in the same open cell. By the
subclaim we know that A is a closed subset of Y . We still need to show that A is discrete.
Note that for any point x ∈ A the subset set A \ {x} also satis�es the hypothesis of the
subclaim. Thus A \ {x} is a closed subset of X. Hence {x} is open in A, so A is discrete.
�

Finally we turn to the actual proof of the lemma. Let X be a CW-complex. We need
to show that for X all three statements hold. First note that Statement (1) holds for X0

by de�nition of the topology on X0. Now suppose that for some n ∈ N0 we have (1) for
the n-skeleton Xn By claim we know that (2) and (3) also hold for Xn. By the subclaim
in the proof of (2)⇒(3) we know that (3) actually holds for Xn+1. Thus we also have (1)
for Xn+1. Summarizing we have all three statements for Xn for all n ∈ N0. But any cell
lies in some Xn, and so we know (3) for X itself, and by the claim this implies that (1)
and (2) also hold for X. �

Proof of the CW-Complex-Finiteness Theorem 30.10. LetX be a CW-complex and
let C Ă X be a compact subset. By Lemma 30.12 (2) the subset C is contained in a union
of �nitely many open cells. By Lemma 30.12 (3) each of these open cells is contained
in a �nite subcomplex. The union of these �nitely many �nite subcomplexes is a �nite
subcomplex Z which contains C.

If C is connected, then we take the component of Z that contains C. �

30.5. Fundamental groups of CW-complexes.

Lemma 30.13. (CW-Skeleton-π0-Lemma) Let X be a CW-complex.
(1) The inclusion induced map π0(X0)→ π0(X) is a surjection.
(2) For every k ≥ 1 the inclusion induced map π0(X1)→ π0(X) is a bijection.

Proof. We leave the proof as an exercise to the reader. �

Example. We equip S∞, RP∞ and CP∞ with the usual CW-structures. Their 1-skeleta
are S1,RP1 and CP1. Since these are path-connected we obtain from the CW-Skeleton-π0-
Lemma 30.13 that S∞, RP∞ and CP∞ are path-connected.
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Proposition 30.14. (CW-Skeleton-π1-Proposition) Let X be a connected CW-com-
plex and let x0 be a point in the 0-skeleton of X.
(1) The inclusion induced map π1(X1, x0)→ π1(X, x0) is an epimorphism.
(2) For any k ≥ 2 the inclusion induced map π1(Xk, x0)→ π1(X, x0) is an isomorphism.

Example. It follows from the CW-Skeleton-π1-Proposition 30.14 together with some of
our earlier calculations that

π1(S∞) ∼= π1(2-skeleton of S∞) ∼= π1(S2) = 0,
π1(RP∞) ∼= π1(2-skeleton of RP∞) ∼= π1(RP2) = Z2,
π1(CP∞) ∼= π1(2-skeleton of CP∞) ∼= π1(CP1) = 0.

Proof.

(1) Let γ : [0, 1]→ X be a loop in (X, x0). It follows from the Compact Image Lemma 2.8
and the CW-Complex-Finiteness Theorem 30.10 that there exists a �nite connected
subcomplex A of X with γ([0, 1]) Ă A. We consider the following commutative diagram

π1(A1, x0) //

����

π1(X1, x0)

��

π1(A, x0) // π1(X, x0).

Since A is a �nite CW-complex we see that A is obtained from its 1-skeleton A1 by
attaching �nitely many cells of dimension ≥ 2. We obtain from iteratively applying the
Cell Attachment-π1-Proposition 29.1 that the left vertical map is an epimorphism. By
choice of A we see that [γ] lies in the image of the bottom horizontal map. Since the
diagram commutes we see that [γ] lies in the image of the right vertical map.

(2) The proof of this statement is a variation on the argument of (1) and it follows from
the same logic as in the proof of the Direct Limit-π1-Proposition 26.1. We leave it to
the reader to �ll in the details. �

Proposition 30.15. (CW-π1-Finite Presentation�Proposition) Let X be a con-
nected CW-complex and let x0 ∈ X.
(1) If there are only �nitely many cells in dimensions 0 and 1, then π1(X, x0) is �nitely

generated.
(2) If there are only �nitely many cells in dimensions 0, 1 and 2, then π1(X, x0) is �nitely

presented.

Proof. This proposition follows easily from the CW-Skeleton-π1-Proposition 30.14 together
with the Cell Attachment-π1-Proposition 29.1. �

30.6. CW-complexes and direct limits. The following propositions give a convenient
variation on the Exhaustion-π1-Proposition 26.2.

Proposition 30.16. (CW-Direct Limit-πn-Proposition) Let X be a CW-complex
and let X1 Ă X2 Ă X3 Ă . . . be a sequence of subcomplexes such that X =

⋃
i∈N
Xi.

(1) We have X = colim−→ Xi.
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(2) For any n ∈ N0 and any w ∈ X1 we have a natural isomorphism

colim−→ πn(Xi, w)
∼=−−→ πn

(
colim−→ Xi︸ ︷︷ ︸

=X

, w
)
.

Sketch of proof.

(1) This statement follows immediately from the characterization of the direct limit colim−→ Xi

in the Topological-Direct Limit Proposition 25.4 together with the CW-Complex Past-
ing Lemma 30.9.

(2) The proof of this proposition is basically identical to the proof of the Exhaustion-π1-Pro-
position 26.2. We just need to replace the Compact Subspace�Exhaustion Lemma 20.11
by the CW-Complex-Finiteness Theorem 30.10. �

Examples.

(1) For ever n ∈ N0 we have πn(Sn+1)
↓

πn(S∞) ∼= colim−→ πn(Si) = colim−→ ( ? → . . . → ? → 0 → 0 → . . . ) ∼= 0.
↑ ↑ ↑

by the Direct Limit-πn since by the Sphere-Low-πn Proposition 28.8 by the CW-Direct Limit
Proposition 30.16 we have πn(Si) = 0 for i > n Stabilization Lemma 25.1

(2) Recall that by the In�nite Projective Space-Sphere Quotient Lemma 25.8 we know
that the group {±1} acts continuously and discretely on S∞ and that S∞/{±1} is
homeomorphic to RP∞. Therefore it follows from (1) and the Action-π1�Theorem 15.1
that π1(RP∞) ∼= π1(S∞/{±1}) ∼= Z2. Furthermore it follows from (1), the Action�
Covering Proposition 14.5 and the Covering-πn-Isomorphism Proposition 28.10 that
for every n ∈ N≥2 we have πn(RP∞) ∼= πn(S∞) = 0.
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31. Homotopies on CW-complexes

31.1. The topology of the product of a CW-complex with an interval.

Proposition 31.1. (CW×Intervall Proposition) Let X be a CW-complex.
(1) The following two topologies on X × [0, 1] agree:

(a) The product topology on the product X × [0, 1].
(b) The topology on X × [0, 1] viewed as the direct limit colim−→ (Xk × [0, 1]︸ ︷︷ ︸

product topology

).

(2) Let f : X × [0, 1] → Y be a map to a topological space Y . The following statements
are equivalent:
(a) The map f is continuous where X × [0, 1] is equipped with the product topology.
(b) For every k ∈ N0 the restriction of f to Xk × [0, 1] is continuous.

Proof. First we show that any subset of X × [0, 1] that is open with respect to (a) is also
open with respect to (b). Thus let U Ă X × [0, 1] be a subset that is open with respect to
the product topology on X × [0, 1]. We need to show that U is open in colim−→ (Xk × [0, 1]).

By de�nition of the direct limit topology this means that we need to show that for each
k ∈ N0 the intersection U ∩ (Xk × [0, 1]) is open in Xk × [0, 1] where we equip Xk × [0, 1]
with the product topology. By the Product Topology-Basics Lemma 5.3 (1a) we know that
the subspace topology is compatible with taking products. In our context this implies that
the product topology on Xk× [0, 1] conveniently enough agrees with the subspace topology
coming from X × [0, 1]. It follows from this discussion that U ∩ (Xk× [0, 1]) is indeed open
in Xk × [0, 1].

The converse, that every subset of X× [0, 1] that is open with respect to (a) is also open
with respect to (b) is much more di�cult and technical. It is not a particularly interesting
task to read the proof, but it is good to know that this direction is non-trivial and that it
requires some thought. In this spirit we outsource the proof to [Fri23]. �

Lemma 31.2. (In�nite Sphere�Contractibility Lemma) The in�nite-dimensional
sphere S∞ is contractible.

Proof. We want to show that S∞ is contractible. It su�ces to show that there exists a
homotopy H from idS∞ to a constant map. Our goal is to �nd such H. We set

X := {(0, x2, x3, . . . ) ∈ R∞ |x2, x3, · · · ∈ R}.

Next we consider the maps

F : R∞×[0, 1] → R∞
(P, t) 7→ P ·(1− t) + (0, P )·t︸ ︷︷ ︸

6= 0 if P 6= 0

and
G : X×[0, 1] → R∞

(Q, t) 7→ Q·(1− t) + (1, 0, . . . )·t︸ ︷︷ ︸
6= 0 if Q 6= 0

.

Note that F1 takes values in X and note that G1 is a constant map. For non-zero P ∈ R∞
and P ∈ X we de�ne F̃ (P, t) ∈ S∞ and G̃(P, t) ∈ S∞ to be the normalizations of F (P, t)
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and G(P, t) to length one. Next we consider the map

H : S∞ × [0, 1] → S∞

(P, t) 7→
{
F̃ (P, 2t), if t ∈ [0, 1

2
],

G̃(F̃ (P, 1)︸ ︷︷ ︸
∈X

, 2t− 1), if t ∈ [1
2
, 1].

Clearly H0 = id and it is straightforward to see that H1 is a constant map. It is tempting
to conclude that we are done. But in fact we still need to show the following claim.

Claim. The map H is continuous.

Proof. The proof proceeds in several steps:

(1) On page 263 we saw that we can equip S∞ with a CW-structure where each i-skeleton
is given by Si Ă S∞.

(2) By (1) and by the CW×Intervall Proposition 31.1 (2) it su�ces to that show for each
n ∈ N the map

H : Sn × [0, 1] → S∞

(x, t) 7→ H((x, 0), t)

is continuous.
(3) Let n ∈ N0. Note thatH(Sn×[0, 1]) Ă Sn+1. Thus we obtain the following commutative

diagram
Sn × [0, 1]

H //

H ))

S∞

Sn+1
?�

OO .

By the Topological-Direct Limit Proposition 25.4 (1a) we know that the vertical map
is a continuous. It follows from (2) and this discussion that it su�ces to show that for
each n ∈ N0 the diagonal map is a continuous.

(4) By (3) and by the Homotopy Combination Lemma 8.2 (1) it su�ces to show that for
each n ∈ N0 the restriction of H : Sn × [0, 1] → Sn+1 to the subspaces Sn × [0, 1

2
] and

Sn × [1
2
, 1] are continuous. But now we are in familiar territory and the continuity is a

consequence of elementary arguments. �

31.2. Trees.

Proposition 31.3. (Iterated Deformation Retract Proposition) Let X be a CW-
complex and let Y0 Ă Y1 Ă Y2 Ă . . . be a sequence of subcomplexes of X such that the
following two conditions are satis�ed:

(1) we have X =
⋃
k∈N

Yk,

(2) each Yk is a deformation retract of Yk+1.
Then Y0 is a deformation retract of X.

���
���
���

���
���
���

deformation retraction

R
Y0

Y2 Y3
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Proof. By hypothesis there exists for each k ∈ N0 a deformation retraction

Rk : Yk × [0, 1] → Yk

from Yk to Yk−1. We consider the map

F : X×[0, 1] → X

(x, s) 7→

{
x, if x∈Yk and s∈ [0, 1

2k
],

(R
t=2l·(s− 1

2l
)

l ◦Rt=1
l+1◦. . .◦Rt=1

k )(x)︸ ︷︷ ︸
∈Yl−1

, if x∈Yk and s∈ [ 1
2l
, 1

2l−1 ] with 1≤ l≤k.
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l = 1l = 2l=3

(y, s) 7→ y

Rt=1
3

Rt=1
2

Rt=1
3 given (x, s) ∈ Y3 × [1

2
, 1] we

successively apply

Rt=1
3 : Y3 → Y2

Rt=1
2 : Y2 → Y1

R
t=2·(s− 1

2
)

1 : Y1 → Y0

Y2 × [0, 1]

Y0 × [0, 1]

11
2

1
22

1
230

Y3 × [0, 1]

R1

R2

R3

Y1 × [0, 1]

One can easily verify that this map is well-de�ned. It follows from the Homotopy Combi-
nation Lemma 8.2 (1) that the restriction of F to each Yk × [0, 1] is continuous. Thus it
follows from the CW×Intervall Proposition 31.1 (2) that F : X × [0, 1]→ X is continuous.
This map is the desired deformation retraction from X to Y0. �

De�nition. A simply connected CW-complex of dimension ≤ 1 is called a tree.

Proposition 31.4. (Tree�Contractible Proposition) Let T be a non-empty connected
CW-complex of dimension ≤ 1. The following statements are equivalent:
(1) T is a tree.
(2) Each 0-cell is a deformation retract of T .
(3) T is contractible.

Proof. Let T be a non-empty connected CW-complex of dimension ≤ 1. The (2)⇒(3)-
direction follows from the Deformation Retract�Homotopy Equivalence Lemma 9.3 and the
(3)⇒(1)-direction follows from the Homotopy-π1-Proposition 13.4.

Thus at this stage it remains to prove the (1)⇒(2)-direction. Let v ∈ T be a 0-cell. By
the Iterated Deformation Retract Proposition 31.3 it su�ces to prove the following claim:

Claim. There exists a sequence Y0 Ă Y1 Ă Y2 Ă . . . of subcomplexes of T with the following
properties:

(1) We have
⋃
i∈N0

Yi = T .

(2) Each Yi is a deformation retract of Yi+1.

Proof. We construct a sequence {v} = Y0 Ă Y1 Ă Y2 Ă . . . of subcomplexes of T as follows:

(a) We set Y0 := {v}.
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(b) Given Yi we de�ne Yi+1 to be the union of Yi with all 1-cells which contain at least one
0-cell of Yi.

We make the following observations:
(i) Note that every 1-cell of any CW-complex de�nes a subcomplex of T . Thus it follows

from the Subcomplex�Intersection-Union Lemma 30.8 that Yi+1 is a subcomplex of T .
(ii) We set Y :=

⋃
i∈N
Yi. We claim that T = Y . This can be seen as follows. First note

that, basically by construction of Y , we have for each characteristic map Φ: B
n → T ,

n = 0, 1 that Φ−1(Y ) = ∅ or Φ−1(Y ) = B
n
. Since T is 1-dimensional it follows from

the Characteristic Maps Proposition 30.5 (1) that Y is a subset of T that is closed and
that is open. Since T is connected and since Y is non-empty we see that Y = T .
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vT
Y3Y2Y1

{v} = Y0 deformation retraction
from Y3 to Y2

It remains to show that each Yi is a deformation retract of Yi+1. As we will see, this is
almost obvious, except that we need to worry a little bit about continuity issues. Let
V be the set of 0-cells in Yi+1 that are not contained in Yi. Note that for each v ∈ V
the corresponding 1-cell contains two 0-cells, namely v and one 0-cell w in Yi. Finally we
consider the map

F :
( =Yi+1︷ ︸︸ ︷(

Yi t
⊔
v∈V

[0, 1]v

)/
v ∼ (0, v)

)
× [0, 1] → Yi+1 =

(
Yi t

⊔
v∈V

[0, 1]v

)/
v ∼ (0, v)

([P ], t) 7→
{
P, if P ∈ Yi,
[(x · (1− t), v)], if P = (x, v) ∈ [0, 1]v.

It follows almost immediately from the Homotopy Pushout Lemma from [Fri23] that the
map F is continuous. It is now basically clear that F de�nes a deformation retraction from
Yi+1 to Yi. �

31.3. The fundamental group of 1-dimensional CW-complexes.

De�nition. Let X be a 1-dimensional CW-complex. A spanning tree is a subcomplex T
of X that is a tree and that contains all 0-cells of X.
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Theorem 31.5. (1-Complex-π1-Theorem) Let X be a connected non-empty 1-dimen-
sional CW-complex X.
(1) X admits a spanning tree.
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Let T be a spanning tree for X and let I be the set of 1-cells of X that are not contained
in T .
(2) (a) X is homotopy equivalent to

∨
i∈I
S1.

(b) Given any x0∈X the group π1(X, x0) is isomorphic to the free group on the set I.
(3) If the CW-complex X is �nite, then we have #I = 1−χ(X), where the Euler charac-

teristic χ(X) of X is de�ned as χ(X) := #{0-cells} −#{1-cells}.

Proposition 31.6. (1-Complex-mod-Tree Proposition) Let X be a 1-dimensional
CW-complex. For every subtree T of X the projection X → X/T is a homotopy equiva-
lence.

Proof of the 1-Complex-mod-Tree Proposition 31.6. The proof of the proposition
is basically identical to the proof of the Graph-mod-Tree Proposition 17.5. We just need
to replace the Finite Tree�Contractible Proposition 17.4 by the Tree�Contractible Propo-
sition 31.4. �

Proof of the 1-Complex-π1-Theorem 31.5. LetX be a connected non-empty 1-dimen-
sional CW-complex X.

(1) It follows almost immediately from the Spanning Tree�Existence Proposition 7.6 to-
gether with the correspondence given by the Graph�CW-Complex Lemma 30.1 that X
admits a spanning tree.

Let T be a spanning tree for X and let I be the set of 1-cells of X that are not contained
in T .

(2) (a) By the 1-Complex-mod-Tree Proposition 31.6 we know that the projection X →
X/T is a homotopy equivalence. It follows from the Abstract Graph�Quotient
Lemma 7.9 that X/T admits the structure of a 1-dimensional CW-complex with a
single 0-cell and one 1-cell for each i ∈ I. It follows from the discussion on page 156
that X/T is homeomorphic to the wedge

∨
i∈I
S1.

(b) This statement follows from (a) together with with the Homotopy-π1-Proposition 13.4
and the Wedge-of-Circles�π1-Lemma 20.7.

(3) This statement follows from the Graph-Homotopy Type Corollary 17.6 together with
the Graph�CW-Complex Lemma 30.1. �

31.4. Local properties of CW-complexes.

Proposition 31.7. (CW-Complex�Local Properties Proposition)

(1) Let X be a CW-complex, let x ∈ X and let U be an open neighborhood of x. There ex-
ists an open neighborhood V of x that is contained in U and that admits a deformation
retraction to {x}.

(2) CW-complexes are locally contractible.
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Proof. The proof of this proposition is technically fairly demanding and it also rests on
the CW×Intervall Proposition 31.1 (2). Since the proof, despite or because of the di�culty,
is not very interesting to read we hide it in [Fri23]. �

Proposition 31.8. (Subcomplex�Neighborhood Proposition) LetX be a CW-comp-
lex.
(1) For each subcomplex A of X there exists an open neighborhood W of A and a defor-

mation retraction F : W × [0, 1]→ W from W to A.
(2) One can choose the deformation retraction such that for each subcomplex Y of X the

map F restricts to a deformation retraction F : (Y ∩W )× [0, 1]→ Y ∩W from Y ∩W
to Y ∩ A.
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subcomplex A

CW-complex X

open neighborhood W of A that admits
a deformation retraction to A

Proof. The proof of this proposition is similar to the proof of the CW-Complex�Local
Properties Proposition 31.7. Again we refer to [Fri23] for details. �
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32. Coverings of CW-complexes

32.1. Coverings of CW-complexes.

Proposition 32.1. (CW-Complex Covering Proposition) Let p : X̃ → X be a con-
nected covering of a non-empty CW-complex X.
(1) The �ltration

∅ = p−1(X−1) Ă p−1(X0) Ă p−1(X1) Ă . . . Ă X̃

de�nes a CW-structure for X̃ which has the property that for any k ∈ N0 we have

#k-cells of X̃ =
[
X̃ : X

]
· #k-cells of X.

(2) (a) Each characteristic map Φ: B
n → Xn admits precisely [X̃ : X] lifts.

(b) Let {Φc : B
dim(c) → X}c∈Cell(X) be a full set of characteristic maps for X. The set

of all lifts of all these characteristic maps is a full set of characteristic maps for X̃.

Examples.

(1) We equip S1 with the CW-structure ∅ Ă {1} Ă S1 consisting of one 0-cell and one
1-cell. We denote by p : R→ S1, t 7→ exp(2π it) the universal covering of S1. It follows
from the CW-Complex Covering Proposition 32.1, that a CW-structure on R is given
by ∅ Ă p−1({1}) Ă S1, i.e. by ∅ Ă Z Ă R.
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characteristic

lifts p : R→ S1

map of the 1-cell

(2) We consider D = {z ∈ C | |z| < 1}. Recall that Hadamard's Theorem 27.8 says that
there exists a covering map D → H8/∼∼= E8/∼. If we equip E8/∼ with the �usual�
CW-structure then we obtain from the CW-Complex Covering Proposition 32.1 the
CW-structure on D that is shown in the �gure below.
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D→ E8/ ∼

induced CW-structure on D

CW-structure on the
surface of genus 2

Proof. We start out with an observation. Let Φ: B
n → X be any continuous map. Since

each B
n
is simply connected and locally path-connected we obtain from the Map Lifting

Criterion 27.1 and the Lift Uniqueness Proposition 14.7 that for each y ∈ p−1(Φ(0)) there
exists a unique lift Φ̃y : B

n → X̃ of Φ: B
n → X with Φ̃y(0) = y. Note that this observation

already implies (2a).



32. COVERINGS OF CW-COMPLEXES 281

We turn to the proof of (1) and (2b). We introduce the following notation:

• For n ∈ N0 we set X̃n := p−1(Xn).

• Let {Φc : B
dim(c) → X}c∈Cell(X) be a full set of characteristic maps for the CW-complex

X. By the above observation we obtain for each c ∈ Cell(X) the family of continuous

maps {Φ̃c,y : B
dim(c) → X̃}y∈p−1(Φc(0)).

Statements (1) and (2b) follow from the following two claims.

Claim 1. A set U Ă X̃ is open if and only if for each n ∈ N0 the intersection X̃n ∩ U is
open in X̃n.

Claim 2. Let n ∈ N0. We consider the map

Θ: X̂n := X̃n−1 ∪
⋃

c∈Celln(X)

⋃
y∈p−1(Φc(0))

B
n

c,y → X̃n

that is induced by the identity on X̃n−1 and by the maps Φ̃c,y : B
n → X̃n. This map is a

homeomorphism.

Proof of Claim 1. Since p : X̃ → X is a covering there exists an open cover {W̃i}i∈I of X̃
such that for each i ∈ I the image p(W̃i) =: Wi is an open subset of X and that the map
p̃i := p|W̃i

: W̃i → Wi is a homeomorphism. Now we see that

∀
n∈N0

X̃n ∩ U is open in X̃n

⇐⇒ ∀
n∈N0

∀
i∈I

W̃i ∩ (X̃n ∩ U) is open in W̃i ∩ X̃n (Cover-Open Subset Lemma 1.5)

⇐⇒ ∀
n∈N0

∀
i∈I

pi(W̃i ∩ (X̃n ∩ U)) is open in pi(W̃i ∩ X̃n) (since each pi is a homeomorphism)

⇐⇒ ∀
i∈I
∀

n∈N0

(Wi ∩ pi(U)) ∩Xn is open in Wi ∩Xn (since X̃n=p−1(Xn) and p(W̃i)=Wi)

⇐⇒ ∀
i∈I
∀

n∈N0

(Wi ∩ pi(U)) ∩Xn is open in Xn (since Wi is open in X)

⇐⇒ ∀
i∈I
Wi ∩ pi(U) is open in Wi (since X is a CW-complex)

⇐⇒ ∀
i∈I
W̃i ∩ U is open in W̃i (since pi is a homeomorphism)

⇐⇒ U is open in X̃ (Cover-Open Subset Lemma 1.5).

�

Proof of Claim 2. First note that one can easily verify that Θ is a bijection. Also note that
it follows from the Topological-Pushout Proposition 6.12 (0) that the map Θ is continuous.
To show that it is actually a homeomorphism we have to work a little harder.

To do so we consider the map

p̂ : X̂n = X̃n−1 ∪
⋃

c∈Celln(X)

⋃
y∈p−1(Φc(0))

B
n

c,y → Xn

that is induced by the projection p : X̃n−1 → Xn−1 and the maps B
n

c,y → B
n

c
Φc−→Xn. It

follows again from the Topological-Pushout Proposition 6.12 (0) that p̂ is continuous. Also
note that p satis�es p ◦ Θ = p̂ : X̃n → Xn. It is not hard to show that p̂ : X̂n → X̃n is a
covering. (We leave it to the reader to write down the details.) We now see that p and p̂ are
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both local homeomorphisms. It follows from p ◦ Θ = p̂ that Θ is a local homeomorphism.
Since Θ is a bijection it follows that Θ is a homeomorphism. �

Lemma 32.2. (1-Complex-πn-Lemma) Let X be a connected 1-dimensional CW-com-
plex and let x0 ∈ X be a base point. Then πn(X, x0) = 0 for every n ≥ 2.

Proof. Let X be a connected 1-dimensional CW-complex, let x0 ∈ X and let n ≥ 2.
By the CW-Complex�Local Properties Proposition 31.7 we know that X is locally simply
connected. It follows from the Covering Existence Theorem 27.2 that there exists a universal
covering p : X̃ → X, i.e. a covering such that X̃ is simply connected. We pick x̃0 ∈ X̃ with
p(x̃0) = x0. We perform the following calculation:

by the Covering-πn-Isomorphism by the CW-Complex Covering

Proposition 28.10, since n ≥ 2 Proposition 32.1
↓ ↓

πn(X, x0)
∼=←− πn(X̃, x̃0) = πn(simply connected 1-dimensional CW-complex)

= πn(contractible topological space) = 0.
↑ ↑

by the Tree�Contractible Proposition 31.4 by the Homotopy-πn-Proposition 28.6 �

32.2. Subgroups of �nitely presented groups.

Proposition 32.3. (Finite-Index Subgroup�Presentation Proposition) Every �nite-
index subgroup of a �nitely presented group is �nitely presented.

Construction. Let 〈g1, . . . , gk | r1, . . . , rm〉 be a �nite presentation. For i = 1, . . . , k let
S1
i be a copy of S1. For j = 1, . . . ,m we do the following:
(1) We write the relation rj as a reduced word gε1s1 · . . . · g

εn
sn with ε1, . . . , εn ∈ {−1, 1}.

(2) We denote by ϕj : S1 =i [0, 1]/0 ∼ 1 →
k∨
i=1
S1
i the path which on the interval [ i−1

n
, i
n
]

travels through S1
si
at constant speed in the direction determined by εi.

We denote by Y the CW-complex that is given by attaching m 2-cells to
k∨
i=1
S1
i along the

attaching maps ϕ1, . . . , ϕm. We refer to Y as the CW-complex associated to the presen-
tation.

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��S1

2
ϕ2

ϕ1

S1
3

S1
2

S1
1

S1
3

S1
1 x0x0

2-dimensional CW-complex for the presentation
〈g1, g2, g3 | g1 ·g−1

2 ·g1, g3 ·g2〉

CW-complex is given by attaching two 2-cells to S1
1 ∨ S1

2 ∨ S1
3

Lemma 32.4. (Presentation�CW Lemma) Let 〈g1, . . . , gk | r1, . . . , rm〉 be a �nite pre-
sentation for a group π. If Y is the associated CW-complex, then π1(Y ) ∼= π.

Proof of the Presentation�CW Lemma 32.4. Let π = 〈g1, . . . , gk | r1, . . . , rm〉 be a �-
nitely presented group. We use the notation introduced in the above construction of the
CW-complex associated to π. We denote by X the wedge of the k circles and we denote by
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x0 the wedge point. By the Wedge-of-Circles�π1-Lemma 20.7 we can make the identi�cation
π1(X, x0) = 〈g1, . . . , gk〉. This identi�cation has the property that for j = 1, . . . ,m the
corresponding loop ϕj : S1 → X represents rj ∈ π1(X, x0) = 〈g1, . . . , gk〉. We obtain that

Cell Attachment-π1-Proposition 29.1, applied m times since [ϕj ] = rj↓ ↓
π1(Y, x0) ∼= 〈g1, . . . , gk〉/〈〈[ϕ1]〉〉 . . . /〈〈[ϕm]〉〉 = 〈g1, . . . , gk〉/〈〈r1〉〉 . . . /〈〈rm〉〉

= 〈g1, . . . , gk〉/〈〈r1, . . . , rm〉〉 = 〈g1, . . . , gk | r1, . . . , rm〉.
↑

follows from the Quotient Presentation�Lemma 21.6 by de�nition �

Proof of the Finite-Index Subgroup�Presentation Proposition 32.3. Suppose we
are given a �nitely presented group π = 〈g1, . . . , gk | r1, . . . , rm〉. By the Presentation�CW
Lemma 32.4 there exists a �nite connected 2-dimensional CW-complex Y with π1(Y ) ∼= π.
Now let Γ be a �nite-index subgroup of π. By the CW-Complex�Local Properties Pro-
position 31.7 (2) together with the Covering Existence Theorem 27.2 there exists a �nite
covering p : Ỹ → Y such that π1(Ỹ ) ∼= Γ. By the CW-Complex Covering Proposition 32.1
(1) the 2-complex Ỹ has �nitely many 1-cells and 2-cells. Thus it follows from the CW-π1-
Finite Presentation�Proposition 30.15 that Γ ∼= π1(Ỹ ) is a �nitely presented group. �

32.3. Subgroups of free groups.

Proposition 32.5. (Free Subgroup Proposition)

(1) Every subgroup of a free group (of any rank) is again a free group.
(2) If F is �nitely generated and if G is a �nite-index subgroup of F , then

rank(G)− 1 = [F : G] · (rank(F )− 1).

Proof. Let F = 〈S〉 be a free group on a set S and let G be a subgroup of F .

(1) We consider the 1-dimensional CW-complex X =
∨
s∈S

S1
s . By the 1-Complex-π1-Theo-

rem 31.5 we have π1(X,P ) ∼= F . By the CW-Complex�Local Properties Proposition 31.7
(2) and the Covering Existence Theorem 27.2 there exists a covering p : (Y,Q)→ (X,P )
of degree [F : G] such that p∗(π1(Y,Q)) = G.

Recall that by the Covering-π1-Monomorphism Proposition 14.11 the induced map
p∗ : π1(Y,Q)→ π1(X,P ) is injective. Thus we see that π1(Y,Q) itself is isomorphic to
G. By the CW-Complex Covering Proposition 32.1 we can equip Y with the structure
of a 1-dimensional CW-complex. We deduce from the 1-Complex-π1-Theorem 31.5 that
G ∼= π1(Y,Q) is a free group.

(2) Now we suppose that F is a free group of �nite rank and we suppose that G is a
�nite-index subgroup of F . Then

by the 1-Complex-π1-Theorem 31.5
↓

rank(G) = #{1-cells of Y } −#{0-cells of Y }+ 1
= [F : G]·(#{1-cells of X}︸ ︷︷ ︸

=rank(F )

−#{0-cells of X}︸ ︷︷ ︸
=1

) + 1 = [F : G]·(rank(F )− 1) + 1.x
by the CW-Complex Covering Proposition 32.1 �
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33. Constructions of CW-complexes

33.1. The two categories of CW-complexes.

De�nition. The full category of CW-complexes is the category FullCW that is given by

Ob(FullCW ) := all CW-complexes,
Mor(X, Y ) := all continuous maps from X to Y .

De�nition. A map f : X → Y between two CW-complexes is called cellular if f is con-
tinuous and if for each n ∈ N0 we have f(Xn) Ă Y n.

Example. In the �gure below we consider maps from the CW-complex X = [0, 1] to the
CW-complex Y = [0, 1] × [0, 1], where each is equipped with the �obvious� CW-structure.
The �rst two maps are not cellular, the one to the right is cellular.
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map is cellularmap is not cellular,
since f(X0) 6Ă Y 0

map is not cellular,
since g(X1) 6Ă Y 1

CW-complex YCW-complex X

De�nition. The category of CW-complexes is the category CW that is given by

Ob(CW ) := all CW-complexes,
Mor(X, Y ) := all cellular maps from X to Y .

33.2. Constructions of CW-structures: Pushouts.

Lemma 33.1. (CW-Disjoint Union Proposition) Let {Xi}i∈I be a family of CW-
complexes. The disjoint union

⊔
i∈I
Xi admits a natural CW-structure where each n-skeleton

is given by
⊔
i∈I
Xn
i .

(a) The natural maps Xj →
⊔
i∈I
Xi are cellular.

(b) If Z is a CW-complex and if fi : Xi → Z, i ∈ I are continuous (cellular) maps, then
the corresponding map

⊔
i∈I
fi :

⊔
i∈I
Xi → Z is also continuous (cellular).

Proof. The proof is elementary, and the more one says, the more confusing it gets. �

We continue with the following much more interesting proposition.

Proposition 33.2. (CW-Gluing Proposition) Let X and Y be CW-complexes, let A
be a subcomplex of X and let f : A → Y be a cellular map. As on page 91 we consider
the following topological space:

Y ∪
Y

f←−A X := Y ∪f X := (Y tX)/∼ where f(a) ∼ a for a ∈ A
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By the Topological-Pushout Proposition 6.12 the following diagram is a pushout diagram
in the category Top of topological spaces:

A �
�

//

f
��

X
x 7→ [x]p
��

Y
y 7→ [y]

q
// Y ∪f X.

(1) The subspaces (Y ∪f X)n := q(Y n) ∪ p(Xn) de�ne a CW-structure on Y ∪f X.

(2) If {Φc : B
dim(c) → X}c∈Cell(X) and {Φd : B

dim(d) → Y }d∈Cell(Y ) are full sets of character-

istic maps of X and Y , then {p ◦ Φc : B
dim(c) → Y ∪f X}c∈Cell(X)\Cell(A) together with

{q ◦ Φd : B
dim(d) → Y ∪f X}d∈Cell(Y ) is a full set of characteristic maps of Y ∪f X.
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A

=⇒ Y ∪
Y

f←−A X =
A

Y f X

Proof. The proof is somewhat lengthy, but at the end of the day there are no real technical
di�culties. Thus we outsource the proof to [Fri23]. �

Lemma 33.3. (CW-Quotient Lemma) Let X be a CW-complex and let A be a non-
empty subcomplex. We denote by p : X → X/A the natural projection. The subsets
p(Xn), n ∈ N0, de�ne a CW-structure on X/A.
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=⇒ X/A =
A

X

Proof. On page ?? we pointed out that we have the following pushout diagram:

A �
�

//

x 7→[x]
��

X

��

{∗} // X/A.

The lemma is thus an almost immediate consequence of the CW-Gluing Proposition 33.2.
�

Lemma 33.4. (CW-Wedge Lemma) Let {Xi}i∈I be a family of CW-complexes and
suppose that for each i ∈ I we are given a point xi ∈ X0

i . The corresponding wedge∨
i∈I

(Xi, xi), admits a natural CW-complex structure.

Proof. It follows from the CW-Disjoint Union Proposition 33.1 that X :=
⊔
i∈I
Xi has a

natural CW-structure such that A :=
⊔
i∈I
{xi} is a subcomplex of X. It follows from the

CW-Quotient Lemma 33.3 that X/A =
∨
i∈I

(Xi, xi) inherits a natural CW-structure. �
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Lemma 33.5. (Skeleton-Quotient Lemma) Let X be a CW-complex and let n ∈ N.
Let {Φc : B

n+1 → Xn}c∈Cell(X) be a full set of characteristic maps of the (n+ 1)-cells of X.
The map

∨
c∈Cell(X)

the pointed topological space (B
n+1

/Sn, [Sn]) is
by the Ball Quotient-Sphere Lemma 6.5

homeomorphic to (Sn+1, N)︷ ︸︸ ︷
(B

n+1

c /Snc , [S
n
c ]) → Xn+1/Xn

[x] 7→ [Φc(x)] if x ∈ Bn+1

c

is a homeomorphism.

Proof. It is basically clear that the given map f :
∨

c∈Cell(X)
(B

n+1

c /Snc , [S
n
c ]) → Xn+1/Xn is

a bijection. Next note that it follows immediately from the Twice Quotient Lemma 6.3,
the Wedge Proposition 17.1 (1b) and the Topological-Quotient Proposition 6.1 (1) that f
is continuous. To upgrade this bijective continuous map to a homeomorphism we have to
work a little harder.

To do so note that by the Ball Quotient-Sphere Lemma 6.5 the pointed topological space
(B

n+1
/Sn, [Sn]) is homeomorphic to (Sn+1, N). It follows from the discussion on page 261

that we can view B
n+1

/Sn as a CW-complex where the point [Sn] is the unique 0-cell.
Therefore we can use the CW-Wedge Lemma 33.4 and the CW-Quotient Lemma 33.3 to
view both sides of the Skeleton-Quotient Lemma 33.5 as CW-complexes. The map f gives a
bijection between the cells of the two sides. Using the Compact-Hausdor� Proposition 2.10
(3) one can show that the restriction of f−1 to each cell of Xn+1/Xn is continuous. It
follows from the Characteristic Maps Proposition 30.5 that f−1 is indeed continuous. �

Lemma 33.6. (Direct Limit�CW Lemma) Let {fi : Xi → Xi+1}i∈N0 be a sequence of
cellular embeddings between CW-complexes. The direct limits colim−→ Xn

i of the skeleta of

the Xi de�ne a CW-structure on colim−→ Xi.

Example. The Direct Limit�CW Lemma 33.6 allows us to view the line with in�nitely
many spheres attached as a CW-complex.
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X2 the topological space
X =

⋃
i∈N0

Xi = colim−→ Xi

X3

Proof. As so often, it is hard to tell whether a proof is elementary or not. This proof
turns out is not that elementary, but it is certainly not very enlightening. Thus we hide
the proof in [Fri23]. �

33.3. Products of CW-complexes.

De�nition. Let C be a category and letX, Y ∈ Ob(C) be two objects. A product ofX and
Y in the category C is some object P ∈ Ob(C) together with two morphisms p : P → X
and q : P → Y such that the following property is satis�ed: Whenever we are given two
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morphisms f : Z → X and g : Z → Y there exists a unique morphism Φ: Z → P such
that f = p ◦ Φ and g = q ◦ Φ. The situation is summarized in the following diagram

X

Z

f --

g
11

∃ ! Φ // P
p

44

q

**
Y .

By the Product Uniqueness Lemma 4.1 we know that if the product exists, then it is
unique in a suitable sense.

Proposition 5.1. (Topological-Product Proposition) Let X and Y be two topolog-
ical spaces. We consider the topology given by

T P :=

{
U Ă X × Y

∣∣∣ for all (x, y) ∈ U there exist open neighborhoods
A Ă X of x and B Ă Y of Y with A×B Ă U

}
.

(1) (a) The natural projections X × Y → X and X × Y → Y are continuous.
(b) Given a topological space Z and given continuous maps f : Z → X and g : Z → Y

the map (f, g) : Z → (X × Y, T P) that is given by z 7→ (f(z), g(z)) is continuous.
(2) The topological space X × Y with the natural projections is a product of X and Y in

the category Top of topological spaces.

De�nition. Let X and Y be two CW-complexes.
(1) Given a p-cell c for X and given a q-cell d for Y we equip c and d with the subspace

topology and we equip c× d with the product topology.
(2) We denote by CWP the topology on X × Y that is de�ned by the condition that

U Ă X × Y is open if and only if each intersection (c× d) ∩ U Ă c× d is open.

Proposition 33.7. (CW-Category�Product Proposition) Let X and Y be two CW-
complexes.
(0) (a) A CW-structure for the topological space (X × Y, CWP) is given by the �ltration

(X × Y )n :=
⋃

p, q ∈ N0 with
p+ q = n

(Xp × Y q) with n ∈ N0.

(b) The n-cells of X × Y are precisely the sets of the form c× d where c is a p-cell of
X and d is an (n− p)-cell of Y .

(1) (a) The natural projections X × Y → X and X × Y → Y are cellular, in particular
they are continuous with respect to CWP .

(b) If Z is a CW-complex and if f : Z → X and g : Z → Y are continuous maps, then
the map Z → (X × Y, CWP) that is given by z 7→ (f(z), g(z)) is also continuous.

(2) The CW-complex (X × Y, CWP) with the natural projections is a product of the
CW-complexes X and Y in the full category FullCW of CW-complexes.

Lemma 33.8. (Ball-times-Ball Lemma) Let p, q∈N0. There exists a homeomorphism
B
p×Bq→B

p+q
that restricts to a homeomorphism (B

p×Sq−1)∪(Sp−1×Bq
)→Sp+q−1.

Proof of the Ball-times-Ball Lemma 33.8. This lemma is proved in [Fri23]. �
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S1 ×B1

B
3

B
2 ×B1

B
2 × S0

Proof of the CW�Product Proposition 33.7. Let X and Y be two CW-complexes.

(0) We start out with the following claim.

Claim 0. Let p, q ∈ N0. We view the skeleta Xp and Y q as CW-complexes in their
own right. The CWP-topology on Xp×Y q agrees with the subspace topology coming
from (X × Y, CWP)

Proof. We consider the inclusion map f : (Xp × Y q, CWP) → (X × Y, CWP). Note
that it follows from the Subcomplex�Characterization Proposition 30.7 that every cell
of Xp is a cell of X and that every cell of Y q is a cell of Y . It follows basically
immediately from this observation and the de�nition of the CW-product topology that
the map f : (Xp × Y q, CWP) → (X × Y, CWP) is continuous. By the Open-Injective
Lemma 2.9 it remains to show that f is a closed map. Let A be a subset that is closed
in (Xp×Y q, CWP). We need to show that A is closed in (X×Y, CWP). By de�nition
of (X × Y, CWP) and by an elementary argument it su�ces to show that for each cell
c of X and each cell d of Y the intersection (c× d) ∩ A is closed in c× d.

Note that it follows from the Cell-Compact Proposition 30.4, the Subcomplex�
Closed Lemma 30.6 and the CW-Complex-Finiteness Theorem 30.10 that there exist
�nitely many cells x1, . . . , xr of Xp such that c∩Xp Ă x1∪ · · ·∪xr and that there exist
�nitely many cells y1, . . . , ys of Xp such that d ∩ Y q Ă y1 ∪ · · · ∪ ys. We now see that

since A Ă Xp × Y q
↓

(c× d) ∩ A = (Xp × Y q) ∩ ((c× d) ∩ A) = ((c ∩Xp)× (d ∩ Y q)) ∩ A
= ((c ∩Xp)× (d ∩ Y q)) ∩ ((x1 ∪ · · · ∪ xr)× (y1 ∪ · · · ∪ ys)) ∩ A
= ((c ∩Xp)× (d ∩ Y q))︸ ︷︷ ︸

closed in c× d since it follows from
the Subcomplex�Closed Lemma 30.6
that Xp Ă X and Y q Ă Y are closed

∩
( r⋃
i=1

s⋃
j=1

((xi × yj) ∩ A)︸ ︷︷ ︸
by hypothesis closed

in xi × yj , thus compact,
thus closed in c× d

)
.

We have thus shown that (c× d) ∩ A is indeed a closed subset of c× d. �
Now we turn to the actual proof that the �ltration (X × Y )n :=

⋃
p+q=n

(Xp × Y q)

de�nes a CW-structure on (X × Y, CWP). The following two claims show that this
�ltration satis�es the two conditions (CW1) and (CW2) from page 260.

Claim 1. A subset U Ă (X × Y, CWP) is open if and only if for each n ∈ N0 the
intersection (X × Y )n ∩ U is open in (X × Y )n.
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Proof. Let U Ă X × Y . Then:

U is open in CWP ⇐⇒ ∀
p∈N0

∀
q∈N0

∀
c∈Cellp(X)

∀
d∈Cellq(Y )

(c× d) ∩ U is open in c× d

⇐⇒ ∀
p∈N0

∀
q∈N0

(Xp × Y q) ∩ U is open in Xp × Y q

↑
follows from Claim 0

⇐⇒ ∀
n∈N0

(X × Y )n ∩ U is open in (X × Y )n

↑
follows from the Pasting Proposition 2.4 (2), since (X × Y )n is the union
of the �nitely many closed subsets Xp × Y q, where p+ q = n �

Claim 2. For each n ∈ N0 there exists a set I, a family {ϕi : Sn−1 → (X × Y )n−1}i∈I
of continuous maps and a homeomorphism

(X × Y )n−1 ∪
X×Y← [

⊔
i∈I

Sn−1
i :

⊔
i∈I

ϕi

⊔
i∈I
B
n

i → (X × Y )n

which is the inclusion on (X × Y )n−1.

Proof. Let {Φc : B
dim(c) → X}c∈Cell(X) and {Ψd : B

dim(d) → Y }d∈Cell(Y ) be full sets of
characteristic maps of the CW-complexes X and Y . Note that for each p, q ∈ N0 the
restriction of the map Φc ×Ψd : B

p ×Bq → X × Y to (B
p × Sq−1)∪ (Sp−1 ×Bq

) takes
values in (Xp×Y q−1)∪(Xp−1∪Y q) Ă (X×Y )n−1. Thus we can consider the topological
space

(X × Y )n−1 ∪∼
⊔

p, q ∈ N0 with
p+ q = n

⊔
c∈Cellp(X)

⊔
d∈Cellq(Y )

(B
p ×Bq

)

where given c, d we use the restrictions of Φp×Ψq to (B
p×Sq−1)∪ (Sp−1×Bq

) to glue
B
p ×Bq

to (X × Y )n−1. Next we consider the map

(X × Y )n−1 ∪∼
⊔

p, q ∈ N0 with
p+ q = n

⊔
c∈Cellp(X)

⊔
d∈Cellq(Y )

(B
p ×Bq

) → (X × Y )n

that is given by the inclusion on (X × Y )n−1 and that is given by all the product maps
Φc×Ψd : B

p×Bq → X × Y . It follows from the Topological Pushout Proposition 6.12
(0∗) that this map is continuous. It is clearly a bijection. Using the CWP topology
on (X × Y )n it is also not di�cult to show that the map is closed. It follows from the
Open-Injective Lemma 2.9 that the above map is a homeomorphism.

The claim now follows from the above discussion and the observation that the Ball-
times-Ball Lemma 33.8 allows us to replace B

p ×Bq
by B

p+q
= B

n
and it allows us to

replace (B
p × Sq−1) ∪ (Sp−1 ×Bq

) by Sp+q−1 = Sn−1. �
It remains to show that the n-cells of X ×Y are precisely the sets of the form c× d

where c is a p-cell of X and d is an (n−p)-cell of Y . But this follows easily from Claim
2.

(1) (a) We consider the natural projection p : (X × Y, CWP)→ X. We need to show that
this map is continuous. Note that it su�ces to show that for each cell c Ă X and
each cell d Ă Y the map c× d → X × Y → X is continuous. But by the Product
Topology-Basics Lemma 5.3 (1a) and the Topological-Product Proposition 5.1 (1a)
we know that the maps c×d→ (X×Y, T P) and (X×Y, T P)→ X are continuous.
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Thus the composition is also continuous. The same argument of course also shows
that the natural projection p : X × Y → Y is continuous.

(b) Let Z be a CW-complex and let f : Z → X and g : Z → Y be two continuous maps.
We need to show that the map Z → (X×Y, CWP) that is given by z 7→ (f(z), g(z))
is also continuous. Let U Ă (X × Y, CWP) be an open subset. We need to show
that (f, g)−1(U) is an open subset of the CW-complex Z. By the Characteristic
Maps Proposition 30.5 it remains to show that for each cell z of Z the intersection
z ∩ (f, g)−1(U) is open in z.
It follows from the Cell-Compact Proposition 30.4, the Compact Image Lemma 2.8
and the CW-Complex-Finiteness Theorem 30.10 that there exist �nite subcom-
plexes X ′ of X and Y ′ of Y with f(z) Ă X ′ and g(z) Ă Y ′.
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X × Y
X ′ × Y ′

z 7→ (f(z), g(z))Z
z

U

Claim. The intersection (X ′ × Y ′) ∩ U is an open subset of (X ′ × Y ′, T P).

Proof. First note that we have the equality

(X ′ × Y ′) ∩ U =
⋃

c∈Cell(X′)

⋃
d∈Cell(Y ′)

(c× d) ∩ U.

Since U is open in CWP we see that each (c× d) ∩ U is open in c× d. Note that
each c× d is a closed subset of X ′×Y ′. It follows from these observations, and the
fact that the �nite CW-complexes X ′ and Y ′ have only �nitely many cells, together
with the Pasting Proposition 2.4 (2) that (X ′ × Y ′) ∩ U is indeed an open subset
of X ′ × Y ′. �
Next note that

z ∩ (f, g)−1(U) = z ∩ (f, g)−1((X ′ × Y ′) ∩ U).

By the elementary Basics-of-Continuity Lemma 2.1 the map (f, g) : Z → X ′ × Y ′
is also continuous. Thus it follows from the above equality and the claim, that
z ∩ (f, g)−1(U) is indeed an open subset of z.

(2) As in the case of the Topological-Product Proposition 5.1 this statement follows almost
immediately from (1). �

Proposition 33.9. (CW-Complex Product Proposition) Let X and Y be two CW-
complexes.
(1) The identity map (X × Y, CWP) → (X × Y, T P) is continuous, in other words, we

have the inclusion T P Ă CWP .
(2) Suppose we are in one of the following two settings:

(a) X and X are both �nite CW-complexes, or
(b) Y = [0, 1] where Y is equipped with the usual CW-structure with two 0-cells and

one 1-cell,
then the identity map (X × Y, CWP) → (X × Y, T P) is a homeomorphism, in other
words, we have CWP = T P . Thus the CW-product structure from the CW-Category�
Product Proposition 33.7 is a CW-structure on (X × Y, T P).
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Example. If we equip S1 =i [0, 1]/0 ∼ 1 with the usual CW-structure with one 0-cell and
one 1-cell, then the product CW-structure on the torus S1 × S1 =i ([0, 1] × [0, 1])/ ∼ is
precisely the CW-structure that we had already encountered on page 261. We refer to the
�gure below for an illustration.
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a
S1 × S1S1

d

S1
c

a× c
b× c

a× d
b× d

=i

Proof. Let X and Y be two CW-complexes.
(1) In the Product Topology-Basics Lemma 5.3 (1a) we showed that the product topology

is compatible with taking the subspace topology. In our context this means that for
cells c Ă X and d Ă Y the product topology on c×d agrees with the subspace topology
on c× d Ă (X × Y, T P). It follows immediately from this discussion that the identity
map (X × Y, CWP)→ (X × Y, T P) is continuous.

(2) (a) Suppose that X and X are both �nite CW-complexes. It follows from the CW-
Category�Product Proposition 33.7 (0b) that the CW-complex X × Y has only
�nitely many cells. It thus follows from the CW-Complex Compactness Corol-
lary 30.11 that (X × Y, CWP) is compact. Furthermore note that it follows from
the CW-Complex�Hausdor� Proposition 30.3 and the Product Topology-Properties
Proposition 5.4 that (X × Y, T P) is Hausdor�. It follows from these facts, the
Compact-Hausdor� Proposition 2.10 (3) and Statement (1) that id : (X×Y, CWP)→
(X × Y, T P) is indeed a homeomorphism.

(b) Suppose we have Y = [0, 1] with the obvious CW-structure. By (1) we know
that T P Ă CWP . It remains to show that CWP Ă T P . Thus let U ∈ CWP .
Let {Φc : B

dim(c) → X}c∈Cell(X) be a full set of characteristic maps for the CW-
complex X. Since U ∈ CWP we know that for each c ∈ Cell(X) the intersection
(c× [0, 1]) ∩ U is open in c× [0, 1]. Next note that it follows from the Topological-

Product Proposition 5.1 (1) that the map Φc× id[0,1] : B
dim(c)× [0, 1]→ X× [0, 1] is

continuous. Thus we see that for each c ∈ Cell(X) the preimage (Φc× id[0,1])
−1(U)

is open in B
dim(c)× [0, 1]. It follows from this discussion together with the (c)⇒(a)-

direction of the CW×Intervall Proposition 31.1 (1) that U ∈ T P . �

Example. The formulation of the CW-Complex Product Proposition 33.9 already suggests
that the conclusion does not hold without some assumptions on X and Y . In [Fri23] we
show that ifX is the wedge of uncountably many intervals and if Y is the wedge of countably
many intervals, then the topologies CWP and T P disagree on X × Y .





Part IV

Singular Homology



34. The idea behind singular homology

This chatty chapter can be found in the long version of the lecture notes. It does not
contain any results that we will use later on. The de�nition and the theory of singular
homology was developed over several decades in the �rst half of the 20th century. In this
chapter we will try to outline how one might have come up with the idea behind singular
homology. The stress in this chapter is on explaining ideas and examples, without getting
bogged down with technical discussions. We will not make use of any of the results and
de�nitions of this chapter. We will use this feature as an excuse for taking a few liberties
here and there.

So let's start with our story. Historically mathematicians found, and still �nd it, conve-
nient to work with simplicial complexes. Loosely speaking a simplicial complex is a subset
of Rn that is built out of simplices. Thus we �rst should tell the reader what we mean by
a simplex:

De�nition.

(1) We say k + 1 points in Rn are in general position if they are not contained in a
(k − 1)-dimensional a�ne hyperplane of Rn.

(2) Given any �nite subset S Ă Rn we denote by

Hull(S) :=
{ ∑
x∈S

λx · x
∣∣∣ each λx ∈ R≥0 and

∑
x∈S

λx = 1
}

the convex hull of S.
(3) A k-simplex in Rn is the convex hull of k+ 1 points of Rn that are in general position.
(4) Let σ Ă Rn be a k-simplex.

(a) There exists a unique subset V Ă Rn with k + 1 elements and with σ = Hull(V ).
We refer to V as the vertex set of σ.

(b) Let V be the vertex set of σ. For any subset T Ă V of with (l + 1) elements we
refer to Hull(T ) as an l-face of σ = Hull(V ).
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vertices of the simplex

0-simplex 1-simplex 1-face2-simplex 3-simplex 2-face

De�nition. A simplicial complex in Rn is a �nite family X = {σi}i=1,...,k of simplices in
Rn with the following properties:
(1) Any face of a simplex is also contained in the family.
(2) The intersection of any two simplices is either empty or it is a single simplex, which is

a face of both simplices.
Given a simplicial complex X = {σi}i=1,...,k as above we denote by X also the subspace
σ1 ∪ · · · ∪ σk Ă Rn.

Example.
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(1) In the �gure below we see many examples of simplicial complexes. In particular we see
that many topological spaces that we like, are actually homeomorphic to a simplicial
complex.
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∼= S2 ∨ S1∼= S2 ∼= S1 × [0, 1]∼= S1

(2) In [Fri23] it is shown that every compact smooth manifold is homeomorphic to a simpli-
cial complex and in [Fri23] it is also shown that every �nite CW-complex is homotopy
equivalent to a simplicial complex.

De�nition. Let X be a simplicial complex.
(1) An n-chain in X is a collection of n-simplices of X, in other words, it is a subset of

the set of n-simplices of X.
(2) The boundary ∂σ of an n-chain σ is the union of all (n − 1)-simplices that are the

faces of an odd number of n-simplices of the n-chain.
(3) We say an n-chain is an n-cycle if its boundary is the empty set of (n− 1)-simplices.
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1-cycle1-chain µ 2-chain ν ∂µ ∂ν

In the next �gure we see that cycles come in two di�erent �avors. Some n-cycles are the
boundary of an (n + 1)-chain and are thus not very interesting. On the other hand there
are n-cycles which are not the boundary of an (n+1)-chain, and these non-bounding cycles
seem to detect something interesting, like the presence of a �hole�.
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2-chain A with ∂A = a

1-cycle a

2-chain B with ∂B = b

1-cycle c
1-cycle b

there is no 2-chain C
with ∂C = c

The idea now is to �measure� how many n-cycles are not the boundary of an (n+ 1)-cycle
by introducing some algebra. This leads us to the following de�nition.

De�nition. Let X be a simplicial complex.
(1) We de�ne the n-th simplicial chain group of X as

Csimp
n (X) := set of all n-chains = Zset of n-simplices of X

2 .
↑

for any set W we have P(W ) = ZW2 , we apply
this logic to the set of all n-simplices of X
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In other words the n-th chain group Csimp
n (X) of X is de�ned as the free Z2-vector

space on the set of all n-simplices of X. More informally speaking, Csimp
n (X) is the set

of all �nite Z2-linear combinations of n-simplices of X.
(2) We de�ne the boundary map

∂n : Csimp
n (X) → Csimp

n−1 (X)
r∑
i=1
ai · σi 7→

r∑
i=1
ai · ∂σi︸ ︷︷ ︸

↑
we view ∂σi as a linear combination of (n− 1)-simplices

(3) We refer to the sequence

. . .
∂3−→ Csimp

2 (X)
∂2−→ Csimp

1 (X)
∂1−→ Csimp

0 (X) → 0

as the simplicial chain complex of X.

Lemma 34.1. (Simplicial�Double Boundary Lemma) LetX be a simplicial complex.
For every n ∈ N0 the composition ∂n ◦ ∂n+1 : Csimp

n+1 (X) → Csimp
n−1 (X) of two consecutive

boundary maps is the zero map.

Sketch of proof. Since Csimp
n+1 (X) is a vector space with basis given by the (n+1)-simplices

of X it su�ces to prove that for each (n+ 1)-simplex of X we have ∂n(∂n+1(σ)) = 0. Thus
let σ be an (n+ 1)-simplex with vertex set V = {x0, . . . , xn+2}. We compute

∂n(∂n+1(σ)) = ∂n

( n+2∑
i=0

Hull({x0, . . . , x̂i, . . . , xn+2}
)

=
n+2∑
i=0

n+2∑
j = 0
i 6= j

Hull({x0, . . . , x̂i, . . . , x̂j, xn+2}) = 0.
↑

since each (n− 1)-face appears twice and
since we work with Z2-coe�cients

Another way of stating this argument is to say that each (n − 1)-face of σ is the face of
precisely two n-faces of σ. �
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3-simplex σ each 1-face of σ is a face of
precisely two 2-faces of σ

De�nition. Let X be a simplicial complex. Furthermore let n ∈ N0. It follows immedi-
ately from the above Simplicial�Double Boundary Lemma 34.1 that we have the inclusion
im(∂n+1 : Csimp

n+1 (X) → Csimp
n (X)) Ă ker(∂n : Csimp

n (X) → Csimp
n−1 (X)). Thus it makes sense

to de�ne the n-th simplicial homology group as follows:

Hsimp
n (X) :=

ker(∂n : Csimp
n (X)→ C

simp
n−1 (X))

im(∂n+1 : Csimp
n+1 (X)→ Csimp

n (X))
.

Example. We consider the simplicial complex X that is shown below. It has four 0-
simplices u, v, w, x, �ve 1-simplices a, b, c, d, e and one 2-simplex m.
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ea

c

w

xu

v

One can easily verify that the corresponding simplicial chain complex is given as follows:

0 → Z2 ·m︸ ︷︷ ︸
=Csimp

2 (X)


0

0

1
1

1


−−−−−→

Z2 · a
Z2 · b
Z2 · c
Z2 · d
Z2 · e︸ ︷︷ ︸

=Csimp
1 (X)


1 1 0 0 0

1 0 1 0 1
0 1 1 1 0

0 0 0 1 1


−−−−−−−−−−−−→

Z2 · u
Z2 · v
Z2 · w
Z2 · x︸ ︷︷ ︸

=Csimp
0 (X)

→ 0.

An elementary, albeit rather painful calculation shows that

Hsimp
k (X) ∼=

 Z2, if k = 0,
Z2, if k = 1,
0, if k ≥ 2.

The previous example should convince the reader that simplicial homology groups can be
computed, with enough patience, for any given simplicial complex. This is a good moment
to return to some our previous examples. With su�cient energy one obtains the following
simplicial homology groups:
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Hsimp
0 (D) ∼= Z2

Hsimp
1 (D) = 0

Hsimp
2 (D) ∼= Z2

Hsimp
3 (D) = 0

Hsimp
0 (C) ∼= Z2

Hsimp
1 (C) = 0

Hsimp
2 (C) ∼= Z2

Hsimp
3 (C) = 0

Hsimp
0 (A) ∼= Z2

Hsimp
1 (A) ∼= Z2

Hsimp
2 (A) = 0

Hsimp
0 (E) ∼= Z2

Hsimp
1 (E) ∼= Z2

Hsimp
2 (E) = 0

Hsimp
0 (B) ∼= Z2

Hsimp
1 (B) ∼= Z2

Hsimp
2 (B) = 0

BA

∼= S2

C D
E ∼= S1 × [0, 1]

∼= S1

Using these examples we can already make a couple of educated guesses:

• The simplicial complexes A and B are homeomorphic and the corresponding simplicial
homology groups Hsimp

k (A) and Hsimp
k (B) are isomorphic. We see the same behavior for

the simplicial complexes C and D which are also homeomorphic. This suggests that the
isomorphism type of simplicial homology might only depend on the homeomorphism
type of the simplicial complex.
• If we look at the simplicial homology groups of the simplicial complexes that are home-
omorphic to S1 and that are homeomorphic to S2 we might spot a pattern, namely one
could make the guess that for any n ≥ 1 and any k ∈ N0 we have

Hsimp
k (simplicial complex homeomorphic to Sn) ∼=

{
Z2, if k = 0, n,
0, otherwise.



298

• The simplicial complexes A ∼= S1 and E ∼= S1×[0, 1] are homotopy equivalent. We notice
that the simplicial homology groups are isomorphic. This suggests, on admittedly rather
tenuous evidence, that the isomorphism type of simplicial homology might actually only
depend on the homotopy type of the simplicial complex.

All this sounds very promising. But there are serious issues with the concept of simplicial
homology:
• First of all it seems it seems rather restrictive to work just with simplicial complexes.
Even though many topological spaces are homeomorphic to simplicial complexes, already
for simple topological spaces, like the torus S1×S1, it is quite painful and unnatural to
represent them as a simplicial complex.
• For simplicial homology to be really useful as a topological tool one would need to show
that simplicial homology groups depend only on the homeomorphism type (or better
homotopy type) of the simplicial complex. The longer one thinks about it, the harder
it seems to prove such a statement.
• When we studied fundamental groups we saw that in applications it was essential that
fundamental groups are covariantly functorial, i.e. that continuous maps induce maps on
fundamental groups. Given a continuous map between two simplicial complexes there
is no reasonable way how such a map will induce a map on the corresponding simplicial
homology groups.

Because of all these issues we have to go back to the drawing board and come up with a
better concept. The key idea is as follows:

• In simplicial homology Hsimp
k (X) we consider only simplicial complexes X and we study

the simplices contained in them.
• In singular homology Hsimp

k (X) we allow any topological space X and this time we take
the drastic step of considering �singular simplices�, namely we study all continuous maps
of the standard simplices ∆n to X, regardless of whether or not the maps are injective.
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2-simplex singular 2-simplices

standard 2-simplex ∆2

This new concept will eventually solve all of the technical problems. For example we will
see that, almost by de�nition, singular homology groups are covariantly functorial under
continuous maps and thus homeomorphism invariants. Furthermore it will also not be
particularly di�cult to show that singular homology groups depend only on the homotopy
type of the topological space. The problem with singular homology is that in our attempt to
solve the technical issues of simplicial homology we threw computability out of the window.
We will have to work quite hard to calculate singular homology groups. But eventually we
will see that singular homology encompasses simplicial homology and that it is the best of
two worlds: it has very nice theoretical properties and highly computable.
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35. The singular homology groups of a topological space

35.1. Algebraic chain complexes.

De�nition.

(1) An (algebraic) chain complex (C∗, ∂∗) is a sequence

. . . → Cn
∂n−−→ Cn−1

∂n−1−−−→ . . . C1
∂1−−→ C0 → 0

of homomorphisms between abelian groups such that the composition of any two con-
secutive boundary maps is the zero map, i.e. for every i ∈ N we have ∂i−1 ◦∂i = 0. For
n ∈ Z<0 we always set Cn := 0.

(2) Let (C∗, ∂∗) be a chain complex and let n ∈ N0. By de�nition of a chain complex we
have im(∂n+1 : Cn+1 → Cn) Ă ker(∂n : Cn → Cn−1). Thus it makes sense to de�ne the
n-th homology group of the chain complex as follows:

Hn(C) :=
ker(∂n : Cn → Cn−1)

im(∂n+1 : Cn+1 → Cn)
.

(3) (a) We refer to elements in the kernel of ∂n : Cn → Cn−1 as cycles.
(b) We say that two elements c, d ∈ Cn are homologous if there exists an e ∈ Cn+1

with c− d = ∂n+1e.
(c) We say that a cycle z ∈ Cn is null-homologous if z is homologous to the zero

element of Cn, i.e. if [z] = 0 ∈ Hn(C).

De�nition. A chain map f : C∗ → D∗ between two chain complexes consists of a family
{fn : Cn → Dn}n∈N0 of homomorphisms such that for each n ∈ N0 the following equality
holds: fn−1 ◦ ∂n = ∂n ◦ fn.

De�nition. We refer to category ChCplx that is given by

Ob(ChCplx ) := all chain complexes,
and with morphisms Mor(C∗, D∗) := all chain maps from C∗ to D∗.

with the obvious composition of morphisms as the category of chain complexes.

Lemma 35.1. (Chain Complex-H∗-Functor Lemma)

(1) If f : C∗ → D∗ is a chain map between chain complexes C∗ and D∗, then the map

f∗ : Hn(C∗) → Hn(D∗)
[c] 7→ [fn(c)]

is a well-de�ned homomorphism.
(2) Given n ∈ N0 the maps

C∗ 7→ Hn(C∗)
(f : C∗ → D∗) 7→ (f∗ : Hn(C∗)→ Hn(D∗))

de�ne a covariant functor from the category ChCplx of chain complexes to the category
AbGroup of abelian groups.

De�nition. In the setting of the Chain Complex-H∗-Functor Lemma 35.1 (1) we refer to
the corresponding map f∗ : Hn(C)→ Hn(D) as the induced map on homology.

Proof.
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(1) Let c ∈ Cn be a cycle. First we have to show that fn(c) is again a cycle. Indeed we
have ∂n(fn(c)) = fn−1(∂nc) = fn(0) = 0.

↑ ↑ ↑
de�nition of a chain map since c is a cycle since fn is a

homomorphism

Now let c, d ∈ Cn be two cycles which represent the same element in Hn(C). We have
to show that [fn(c)] = [fn(d)]. Indeed we have

[fn(c)]− [fn(d)] = [fn(c− d)] = [fn(∂n+1(e))] = [∂n+1(fn+1(e))] = 0 ∈ Hn(D).
↑ ↑ ↑

since c, d are homologous there by the de�nition by the de�nition
exists an e ∈ Cn+1 with ∂n+1e = c− d of a chain map of homology

This shows that the map f∗ : Hn(C∗) → Hn(D∗) is well-de�ned. It follows easily from
the de�nitions that this map is actually a homomorphism.

(2) The statement follows easily from (1) and the de�nitions. �

Lemma 35.2. (Direct Sum-H∗-Lemma) Let {Ca}a∈A be a family of chain complexes.
For every n ∈ N0 the natural maps Ca →

⊕
a∈A

Ca induce an isomorphism⊕
a∈A

Hn(Ca)
∼=−→ Hn

( ⊕
a∈A

Ca
)
.

Proof. The proof is a standard exercise in homological algebra, which, like every other
author, we leave to the reader. �

35.2. The singular chain complex.

De�nition. Let n ∈ N0.
(1) Given k points P1, . . . , Pk in Rn such that P2−P1, . . . , Pk−P1 are linearly independent

we refer to the convex hull of P1, . . . , Pk as a k-simplex.
(2) Given n ∈ N0 we refer to the convex hull of the standard basis vectors e1, . . . , en+1 of

Rn+1, i.e. to

∆n := {(x0, . . . , xn) ∈ Rn+1 |x0 + · · ·+ xn = 1 and xi ≥ 0 for all i = 0, . . . , n}
as the standard n-simplex.

(3) Given the standard n-simplex ∆n we de�ne its boundary as

∂∆n :=
n⋃
i=0

{(t0, . . . , tn) ∈ ∆n | ti = 0}.
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Lemma 35.3. (∆n-Homeomorphism Lemma) Let n ∈ N.
(1) We set

◺n :=
{

(x1, . . . , xn) ∈ [0, 1]n
∣∣∣ n∑
i=1
xi ∈ [0, 1]

}
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and refer to it as the planar n-simplex. The maps

Φ: ∆n → ◺n

(t0, . . . , tn) 7→ (t0, . . . , tn−1) and
Ψ: ◺n → ∆n

(x1, . . . , xn) 7→
(
x1, . . . , xn, 1−

n∑
i=1
xi

)
are homeomorphisms that are inverses of one another.

(2) The map

∆n Φ−→ ◺n
the homeomorphism Ξ obtained from the Convex-to-Ball Proposition 2.12 (2)−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

applied to ◺
n and Q = ( 1

n+1
, . . . , 1

n+1
)

B
n

is a homeomorphism that restricts to a homeomorphism from ∂∆n to the sphere Sn−1.
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∼=∼=
∆2 ◺2 = {(x, y) ∈ [0, 1]2 |x+ y ∈ [0, 1]}

Φ

z
y

x

y

x

Proof.

(1) Note that Φ extends �by the same formula� to a map Rn+1 → Rn which is evidently
continuous. Hence the restriction to ∆n is also continuous. Now that this is settled we
see that the remaining statements are basically trivial.

(2) The statement follows easily from (1), the observation that ◺n is compact (which can
be shown easily using the Heine-Borel Theorem 1.11) and the Convex-to-Ball Pro-
position 2.12 (2). �

De�nition. Let X be a topological space and let n ∈ N0. A singular n-simplex is a
continuous map σ : ∆n → X.

Example. Let X be a topological space.
(1) A singular 0-simplex is a continuous map from ∆0 to X. Note that ∆0 = {1} Ă R.

Thus a map ∆0 = {1} → X is uniquely determined by a point in X. Given a point
P ∈ X we frequently denote by P also the singular 0-simplex ∆0 → X that is given by
sending the single point in ∆0 to P .

(2) A singular 1-simplex is a continuous map ∆1 → X. Since the map [0, 1] → ∆1 given
by t 7→ (1− t, t) is a homeomorphism we see that a singular 1-simplex is essentially the
same as a path in X.
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a singular 1-simplex in X is
essentially the same as a path in X

a singular 0-simplex in X is
essentially the same as a point in X

X
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De�nition. Let X be a topological space and let n ∈ N0.
(1) We de�ne the n-th singular chain group as follows:

Cn(X) := free abelian group generated by the set of singular n-simplices in X.

For n ∈ Z<0 we set Cn(X) := 0.
(2) We refer to an element in Cn(X) as a singular n-chain in X.

������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

�������
�������
�������
�������

�������
�������
�������
�������

����
�
�
�
�

������

��
��
��
��
��

�
�
�
�

��
��
��
��

�
�
�
�

��
��
��
��

����

�
�
�
�

�����
�����
�����
�����

����
����
����
����

−2α + β + 3γ is a singular 2-chain

α

β

α
γβ

γ

X

∆2

De�nition. Let n ∈ N0. For j ∈ {0, . . . , n} we de�ne the j-th face map as follows:

inj : ∆n−1 → ∆n

(t0, . . . , tn−1) 7→ (t0, . . . , tj−1, 0, tj, . . . , tn−1).
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De�nition. Let X be a topological space and let σ : ∆n → X be a singular n-simplex.
The boundary ∂nσ ∈ Cn−1(X) of σ is de�ned as

∂nσ :=
n∑
j=0

(−1)j · σ ◦ inj .︸ ︷︷ ︸
map ∆n–1 → X

By the Free Abelian Group�Existence Lemma 18.4 the map σ 7→ ∂nσ extends uniquely to
a linear map ∂n : Cn(X) → Cn−1(X)

k∑
r=1

ar · σr 7→
k∑
r=1

ar · ∂σr,

which we refer to as the n-th boundary map. If it is clear with what dimension we are
working with, then we just write ∂ instead of ∂n.

Examples.

(1) For any singular 1-simplex σ : ∆1 → X we have

∂1σ = (−1)0 · σ ◦ i10 + (−1)1 · σ ◦ i11 = σ(0, 1)− σ(1, 0) ∈ C0(X).

Recall that a a singular 1-simplex can be viewed as a map σ from the �interval� ∆1

to X. The boundary of σ is thus the �endpoint� σ(0, 1) �minus� the �starting point�
σ(1, 0).

(2) In the �gure below we sketch the boundary of a singular 2-simplex.
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Proposition 35.4. (Double Boundary Proposition) Let X be a topological space.
For each n ∈ N0 the composition

∂n−1 ◦ ∂n : Cn(X) → Cn−2(X)

is the zero map.

Proof. Let n ∈ N0. It su�ces to show that for every singular n-simplex σ : ∆n → X we
have ∂n−1(∂n(σ)) = 0. Thus let σ : ∆n → X be a singular n-simplex. We calculate that

de�nition of ∂n de�nition of ∂n−1

↓ ↓
∂n−1(∂n(σ)) = ∂n−1

( n∑
j=0

(−1)j · σ ◦ inj
)

=
n−1∑
k=0

(−1)k ·
n∑
j=0

(−1)j · (σ ◦ inj ) ◦ in−1
k

=
∑

0=k<j≤n
(−1)k+j · σ ◦ (inj ◦ in−1

k ) +
∑

0=j≤k≤n−1

(−1)k+j · σ ◦ (inj ◦ in−1
k ) =: (∗).

Now we want to show that each expression σ ◦ (inj ◦ in−1
k ) appears precisely twice, but with

opposite signs. From the de�nitions it follows easily that for j ≤ k we have

inj ◦ in−1
k = ink+1 ◦ in−1

j .
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Now we continue with the above calculation:

(∗) =
∑

0=k<j≤n
(−1)k+j · σ ◦ (inj ◦ in−1

k ) +
∑

0=j≤k≤n−1

(−1)k+j · σ ◦ (ink+1 ◦ in−1
j )

↑
above calculation of inj ◦ in−1

k

=
∑

0=k<j≤n
(−1)k+j · σ ◦ (inj ◦ in−1

k ) +
∑

0=j<l≤n
(−1)l+j−1 · σ ◦ (inl ◦ in−1

j ) = 0.
↑ ↑

substitution l = k + 1 all summands left and right cancel
�

De�nition. Let f : X → Y be a continuous map between topological spaces. For each
n ∈ N0 we refer to f∗ : Cn(X) → Cn(Y )

k∑
i=1
ai · σi︸︷︷︸ 7→

k∑
i=1
ai · (f ◦ σi︸ ︷︷ ︸).

↑ ↑
map ∆n → X map ∆n → Y

as the induced chain map.

Lemma 35.5. (C∗�Functor Lemma)

(1) Let f : X → Y be a continuous map between two topological spaces. The induced
maps f∗ : C∗(X)→ C∗(Y ) form a chain map.

(2) The maps
topological space X 7→ (C∗(X), ∂∗)

and (f : X → Y ) 7→ (f∗ : C∗(X)→ C∗(Y ))

de�ne a covariant functor from the category Top of topological spaces to the category
ChCplx of chain complexes.

Proof.

(1) Let f : X → Y be a continuous map between topological spaces. Given any singular
n-simplex σ : ∆n → X we have

f∗(∂σ) = f∗

( n∑
j=0

(−1)j ·σ◦inj
)

=
n∑
j=0

(−1)j ·f ◦(σ◦inj ) =
n∑
j=0

(−1)j ·(
=f∗σ︷︸︸︷
f ◦σ)◦inj = ∂(f∗σ).

↑ ↑ ↑
de�nition of ∂ de�nition of f∗ de�nition of ∂

Since the singular n-simplices generate Cn(X) we obtain the desired equality for all
singular n-chains. By de�nition this means that f∗ : C∗(X)→ C∗(Y ) is a chain map.

(2) It follows immediately from the de�nitions that for two continuous maps f : X → Y
and g : Y → Z we have (g ◦ f)∗ = g∗ ◦ f∗ : C∗(X)→ C∗(Z). With this observation the
second statement is an almost immediate consequence of the �rst statement. �

Lemma 35.6. (Path-Component�C∗�Lemma) Let X be a topological space with
path-components {Xa}a∈A. Given a ∈ A we denote by ia : Xa → X the inclusion map.
The map ⊕

a∈A
ia :

⊕
a∈A

C∗(Xa) → C∗(X)

is an isomorphism of chain complexes.
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Proof. Evidently the standard simplex ∆n is path-connected. Thus the image of a con-
tinuous map σ : ∆n → X is contained in a path-component Xa. This shows that⊔

a∈A
set of singular n-simplices in Xa = set of singular n-simplices in X.

It follows that the map ⊕
a∈A

ia :
⊕
a∈A

Cn(Xa) → Cn(X)( k∑
i=1
ai · (σ : ∆n → Xai)

)
7→

( k∑
i=1
ai · (σ : ∆n → Xai)

)
is an isomorphism of free abelian groups. It follows immediately from the de�nitions that
this a chain map. �

35.3. De�nition of the singular homology groups.

De�nition. Let X be a topological space and let n ∈ N0. We de�ne the n-th singular
homology group of X as the n-homology group of the singular chain complex. In other
words, we set

Hn(X) := Hn(C∗(X)) =
ker(∂n : Cn(X)→ Cn−1(X))

im(∂n+1 : Cn+1(X)→ Cn(X))
.

Throughout the lecture notes we will mostly shorten the name �singular homology� to
�homology�.

Example. There is only one example that we can do immediately: for the empty topolog-
ical space ∅ we have for all n ∈ N0 that Cn(∅) = 0. It follows that for all n ∈ N0 we have
Hn(∅) = 0.

De�nition. Let X be a topological space.
(1) We say c ∈ Cn(X) is a singular n-cycle, or short n-cycle, if ∂c = 0.
(2) We say two singular n-chains c and d are homologous if there exists a singular (n+ 1)-

chain e ∈ Cn+1(X) with ∂e = c− d.
(3) An n-cycle c is called null-homologous, if [c] = 0 ∈ Hn(X).

Example. In the �gure below we show the torus T = ([0, 1] × [0, 1])/ ∼ together with
two singular 1-simplices α1 and α2 and together with two singular 2-simplices µ and ν.
It follows easily from the de�nitions that α1 and α2 are 1-cycles. It is a good exercise to
verify that µ − ν is a 2-cycle. With a little bit of practice it is fairly easy to write down
cycles, but usually it is very hard to show that a cycle represents a non-trivial element in
homology. For example, with our present knowledge it is impossible though to determine
whether the cycles α1, α2, µ− ν represent non-trivial homology classes.

Lemma 35.7. (Hn�Functor Lemma)

(1) Let f : X → Y be a continuous map between topological spaces. The map

f∗ : Hn(X) → Hn(Y )[ k∑
i=1
ai · σi

]
7→

[ k∑
i=1
ai · (f ◦ σi)

]
is a well-de�ned homomorphism.



306

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�
�
�
�

�
�
�

�
�
� ��

�
�
�

�
�
�

�
�
�
�

��
��
��

��
��
��

��

��

��
��
��
��

�
�
�
�

����

��
��
��

��
��
��

����

yy

x

z

x

y

x

z

α1 and α2 are 1-cycles µ− ν is a 2-cycle

torus T torus T

µ

ν

α1

α2

(2) For each n ∈ N0 the map

X 7→ Hn(X)
and the map

(f : X → Y ) 7→

(
f∗ : Hn(X) → Hn(Y )[ k∑
i=1
ai · σi

]
7→

[ k∑
i=1
ai · (f ◦ σi)

] )
de�ne a covariant functor from the category of topological spaces to the category of
abelian groups.

Proof.

(1) This statement follows from the C∗�Functor Lemma 35.5 (1) together with the Chain
Complex-H∗-Functor Lemma 35.1 (1).

(2) This statement follows from the combination of (1), the C∗�Functor Lemma 35.5 (2)
and the Chain Complex-H∗-Functor Lemma 35.1 (2). �

Lemma 35.8. (Path-Component�H∗�Lemma) Let X be a topological space with
path-components {Xa}a∈A. Given a ∈ A we denote by ia : Xa → X the inclusion map.
For each n ∈ N0 the map ⊕

a∈A
ia∗ :

⊕
a∈A

Hn(Xa) → Hn(X)

is an isomorphism.

Proof. This lemma is an immediate consequence of the Path-Component�C∗�Lemma 35.6
and the Direct Sum-H∗-Lemma 35.2. �

35.4. First calculations of homology groups.

De�nition. Given a topological space X we refer to the homomorphism

εX : C0(X) → Z
k∑
i=1

ai · σi 7→
k∑
i=1

ai

as the augmentation homomorphism.

Lemma 35.9. (Augmentation Lemma) Let X be a topological space.
(1) The map εX ◦ ∂1 : C1(X)→ Z is the zero map.
(2) The map εX : H0(X) → Z

[σ] 7→ εX(σ)
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is well-de�ned. In the following we refer to this map also as the augmentation map.
(3) Given any continuous map f : X → Y between topological spaces the following dia-

gram commutes
H0(X)

f∗
//

εX &&

H0(Y ).

εYwwZ.
Proof. Let X be a topological space.
(1) Since the abelian group C1(X) is generated by singular 1-simplices it su�ces to prove

that for each singular 1-simplex σ : ∆1 → X we have (εX ◦ ∂1)(σ) = 0. But this is the
case since εX(∂1(σ)) = εX(σ(0, 1)− σ(1, 0)) = 1− 1 = 0.

↑ ↑
see the discussion on page 302 by de�nition of εX

(2) If we have σ, τ ∈ C0(X) with [σ] = [τ ] ∈ H0(X), then by de�nition of H0(X) there
exists a µ ∈ C1(X) with ∂µ = σ − τ . We now see that

εX(σ) = εX(τ − ∂µ) = εX(τ)− εX(∂µ)︸ ︷︷ ︸
= 0 by (1)

= εX(τ).

(3) This statement follows easily from the de�nitions. �

Proposition 35.10. (H0-Proposition)

(1) Let X be a path-connected non-empty topological space. The augmentation map

εX : H0(X) → Z
is a natural isomorphism. In fact given any point P ∈ X the inverse is given by the
map ι : Z → H0(X)

n 7→ n · [P ].

(2) Let f : X → Y be a continuous map between two topological spaces.
(a) If X and Y are path-connected non-empty topological spaces, then the induced

map f∗ : H0(X)→ H0(Y ) is an isomorphism.
(b) If X = Y is a non-empty path-connected topological space, then the induced

f∗ : H0(X)→ H0(X) is in fact the identity map.

Proof.

(1) Let X be a path-connected non-empty topological space and let P be a point in X
(which exists, since X is non-empty). It is clear that εX ◦ ι = idZ, in particular the
homomorphism εX is surjective. It remains to show that εX is injective.

Thus let c ∈ C0(X) with εX(c) = 0. By de�nition of C0(X) we can �nd points

Q1, . . . , Qk in X and a1, . . . , ak ∈ Z such that c =
k∑
i=1
ai · Qi. Since X is path-con-

nected we can �nd, for i = 1, . . . , k, a singular 1-simplex σi with σi((0, 1)) = Qi and
σi((1, 0)) = Pi. Then we have

∂
( k∑
i=1
ai · σi

)
=

k∑
i=1

ai · ∂σi =
k∑
i=1

ai · (Qi − P ) =
k∑
i=1

ai ·Qi −
( k∑
i=1
ai

)
︸ ︷︷ ︸
=εX(c)=0

· P =
k∑
i=1

ai ·Qi.︸ ︷︷ ︸
=c

↑
see the discussion on page 302

This implies that [c] = 0 ∈ H0(X). Thus we have shown that εX is injective.



308

�
�
�
�

��
��
��
��

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��
��

�
�
�
�

��
��
��

��
��
��

X

c = 3 ·Q1 −Q2 − 2 ·Q3 ∂(3 · σ1 − σ2 − 2 · σ3) = c

Q2

Q3

Q1

PX P

σ1

σ3

σ2

(2) (a) Let f : X → Y be a continuous map between two topological spaces. By the
Augmentation Lemma 35.9 (3) we have the commutative diagram:

H0(X)
f∗

//

εX &&

H0(Y ).

εYwwZ.

If X and Y are path-connected non-empty topological spaces, then we know by
(1) that the diagonal maps are isomorphisms. Thus the horizontal map is also an
isomorphism.

(b) If X = Y is a path-connected non-empty topological space, then in the above
diagram the two diagonal maps are the same isomorphism, thus the horizontal map
is the identity. �

Lemma 35.11. (Singleton-H∗-Lemma) If X is a singleton, i.e. if X is a topological
space which consists of a single point, then

Hn(X) ∼=
{

Z, if n = 0,
0, if n 6= 0.

Proof. Let X = {?} be a topological space consisting of a single point. Given n ∈ N0 let
σn : ∆n → {?} be the unique map. We calculate that

∂n(σn) =
n∑
j=0

· (−1)j · σn ◦ inj︸ ︷︷ ︸
=σn−1

= σn−1 ·
n∑
j=0

· (−1)j =

{
σn−1, if n even,
0, if n odd.↑

see the de�nition
of ∂n on page 302

We see that the singular chain complex is of the form

. . . Z · σ4

∼=−→ Z · σ3
=0−−→ Z · σ2

∼=−→ Z · σ1
=0−−→ Z · σ0 → 0.

The lemma follows almost immediately from this observation. �

Example. One of our goals is to calculate the homology groups of the spheres. Now we
can at least calculate the homology groups of the 0-dimensional sphere S0 = {±1}. More
precisely, by the Singleton-H∗-Lemma 35.11 and the Path-Component�H∗�Lemma 35.8 we
have

Hn(S0) ∼=
{

Z2, if n = 0,
0, if n 6= 0.

Later we will cleverly reduce the computation of the homology groups of all other spheres
to this calculation.
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path-connected topological spaces that one can do �by hand�. For all other topological
spaces we will need to work signi�cantly harder, and this task will keep us busy for many
chapters.

35.5. Singular 1-chains.

Notation. Let X be a topological space. Given a singular 1-simplex σ : ∆1 → X we
denote by σ the singular 1-simplex that is given by σ(t, 1− t) = σ(1− t, t).

Lemma 35.12. (Singular 1-Simplex Lemma) Let X be a topological space and let
σ : ∆1 → X be a singular 1-simplex.
(1) σ is a cycle if and only if σ((0, 1)) = σ((1, 0)).
(2) The singular 1-chains −σ and σ are homologous.
(3) Let s ∈ (0, 1). We consider the singular 1-simplices

α : ∆1 → X
(t, 1− t) 7→ σ(st, 1− st) and

β : ∆1 → X
(t, 1− t) 7→ σ(s+ t(1− s), 1− (s+ t(1− s))).

The singular 1-chains σ and α + β are homologous.

σ and α + β are homologousσ and −σ are homologous

XX

σ σ
σ αβ

Proof. The �rst statement follows from the discussion of the boundary of a singular 1-
simplex on page 302. We leave the proof of the remaining two statements as an exercise to
the reader. �
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36. Homology and homotopies

36.1. Chain homotopies.

De�nition. Let f, g : C∗ → D∗ be chain maps between two chain complexes (C∗, ∂∗)
and (D∗, ∂∗). A chain homotopy P = {Pn}n∈N0 between f and g is de�ned as a family
{Pn : Cn → Dn+1}n∈N0 of homomorphisms such that for each n ∈ N0 we have

∂n+1 ◦ Pn + Pn−1 ◦ ∂n = fn − gn : Cn → Dn.

If there exists a chain homotopy between chain maps f and g, then we say that f and g
are chain homotopic and we write f ' g.

Lemma 36.1. (Chain Homotopy�H∗-Lemma) Let f, g : C∗ → D∗ be two chain maps
between chain complexes. If f and g are chain homotopic, then f∗ = g∗ : Hn(C)→ Hn(D)
for all n ∈ N0.

Proof. Let P = {Pn}n∈N0 be a chain homotopy between f and g. Then for any cycle
z ∈ Cn we get the equalities

f(z)− g(z) = (f − g)(z) = (∂n+1 ◦ Pn + Pn−1 ◦ ∂n)(z)
= (∂n+1 ◦ Pn)(z) + Pn−1(∂n(z)︸ ︷︷ ︸

=0

) = ∂(Pn(z)),

i.e. f(z) and g(z) are homologous. �

Lemma 36.2. (Chain Homotopy-Lemma) Let C∗ and D∗ be two chain complexes.
(1) Chain homotopy de�nes an equivalence relation on the set of all chain maps from C∗

to D∗.
(2) Let f, f ′ : C∗ → D∗ and g, g′ : D∗ → E∗ be chain maps. Then

f ' f ′ and g ' g′ =⇒ g ◦ f ' g′ ◦ f ′.
Proof. We leave the elementary proof of the lemma to the reader. �

De�nition. We de�ne the chain homotopy category HomCplx

Ob(HomCplx ) := all chain complexes,
Mor(C∗, D∗) := set of chain homotopy equivalence classes of chain maps C∗ → D∗

with the composition

Mor(C∗, D∗)×Mor(D∗, E∗) → Mor(C∗, D∗)
([f ], [g]) 7→ [g ◦ f ].

De�nition. Let C∗ and D∗ be two chain complexes.
(1) A chain map f : C∗ → D∗ is called a chain homotopy equivalence between C∗ and D∗,

if it admits a chain homotopy inverse, i.e. a chain map g : D∗ → C∗ with g ◦ f ' idC∗
and f ◦ g ' idD∗ .

(2) If there exists a chain homotopy equivalence between C∗ and D∗, then we say that the
chain complexes C∗ and D∗ are chain homotopy equivalent and we write C∗ ' D∗.
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Lemma 36.3. (Chain Homotopy Equivalence-Reformulation Lemma) Let C∗ andD∗
be two chain complexes and let f : C∗ → D∗ be a chain map. The following statements
are equivalent:
(1) The element [f ] ∈ MorHomCplx (C∗, D∗) is an isomorphism in the chain homotopy category

HomCplx .
(2) f is a chain homotopy equivalence.
Proof. As in the case of the proof of the Homotopy Equivalence-Reformulation Lemma 9.4
the statements follow almost immediately from the de�nitions. �

Corollary 36.4. (Chain Homotopy Equivalence-H∗-Corollary) If f : C∗ → D∗ is
a chain homotopy equivalence between two chain complexes, then for each n ∈ N0 the
induced map f∗ : Hn(C)→ Hn(D) is an isomorphism.

Proof. First note that it follows from the Chain Homotopy�H∗-Lemma 36.1 that the ho-
mology functor Hn : ChCplx → AbGroup from the category of chain complexes to the category
of abelian groups factors through a functor HomCplx → AbGroup from the homotopy cate-
gory of chain complexes to the category of abelian groups. It follows from this observation,
the Chain Homotopy Equivalence-Reformulation Lemma 36.3 and the fact that functors
send isomorphisms to isomorphisms that chain homotopies give rise to isomorphisms of
abelian groups. �

36.2. Homology and homotopic maps.

Proposition 36.5. (Homotopy-H∗-Proposition) Let X and Y be two topological
spaces and let f, g : X → Y be two continuous maps. If f and g are homotopic, then
the following hold:
(1) The induced maps f∗ and g∗ from C∗(X) to C∗(Y ) are chain homotopic.
(2) For each n ∈ N0 we have f∗ = g∗ : Hn(X)→ Hn(Y ).

Corollary 36.6. (Homotopy Category-H∗-Functor Corollary) Each of our homol-
ogy functors Hn : Top → AbGroup de�nes a functor Hn : HomTop → AbGroup from the homo-
topy category of topological spaces to the category of abelian groups.

Proof. This statement follows immediately from the Homotopy-H∗-Proposition 36.5 and
the de�nitions. �

Corollary 36.7. (Homotopy Equivalence-H∗-Corollary) Let X and Y be topological
spaces and let n ∈ N0.
(1) (a) If f : X→Y is a homotopy equivalence, then the induced map f∗ : Hn(X)→Hn(Y )

is an isomorphism.
(b) IfX is a deformation retract of Y , then the inclusion induced map Hn(X)→ Hn(Y )

is an isomorphism.
(2) If X and Y are homotopy equivalent, then Hn(X) ∼= Hn(Y ).

Proof.

(1) (a) This statement follows immediately from the Homotopy Category-H∗-Functor Corol-
lary 36.6 and the fact that functors send isomorphisms to isomorphisms.

(b) This statement follows immediately from (1a) and the Deformation Retract�Homo-
topy Equivalence Lemma 9.3.
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(2) This statement follows immediately from (1a).
�

Corollary 36.8. (Contractible-H∗-Corollary) If X is contractible (i.e. if X is homo-
topy equivalent to a singleton), then we have H0(X) ∼= Z and we have Hn(X) = 0 for all
n ∈ N.
Proof. This statement follows from the Homotopy Equivalence-H∗-Corollary 36.7 (2) and
the Singleton-H∗-Lemma 35.11. �

Example. On page 111 we saw that every convex subset of Rn, e.g. the open disk Bn, the
closed disk B

n
, any simplex or Rn, is contractible. Thus it follows from the Contractible-

H∗-Corollary 36.8, that for any i ∈ N0 we have

Hi( convex subset of Rn︸ ︷︷ ︸
e.g. Rn, Bn, Bn

) ∼=
{

Z, if i = 0,
0, if i > 0.

36.3. Proof of the Homotopy-H∗-Proposition 36.5.

Notation. Let n ∈ N0.
(1) For i = 0, . . . , n we write

vi := (0, . . . , 1, 0, . . . , 0)× {0} ∈ Rn+1 × {0},
and wi := (0, . . . , 1, 0, . . . , 0)× {1} ∈ Rn+1 × {1}.

(2) For a0, . . . , ak ∈ ∆n × [0, 1] we consider the map

[a0, . . . , ak] : ∆k → ∆n × [0, 1]

(λ0, . . . , λk) 7→
k∑
j=0

λj · aj.

The map [a0, . . . , ak] thus sends the standard k-simplex ∆k to the simplex spanned by
a0, . . . , ak in ∆n × [0, 1].

(3) We set
Ωn :=

n∑
j=0

(−1)j · [v0, . . . , vj, wj, . . . , wn]︸ ︷︷ ︸
map ∆n+1 → ∆n × [0, 1]

∈ Cn+1(∆n × [0, 1]).
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simplex spanned by v0, v1, w1
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F

f

σ × id

w0 g

v0

v1

[v0, v1, w1]

[v0, w0, w1]
X × [0, 1]

Y
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Lemma 36.9. (Prism Boundary Lemma) Let n ∈ N0. Given t ∈ {0, 1} we write
ηt : ∆n → ∆n × [0, 1]

x 7→ (x, t).

With this notation we have

∂n+1(Ωn) +
n∑
j=0

(−1)j · (inj × id[0,1])∗
(

Ωn−1︸ ︷︷ ︸
∈Cn(∆n−1×[0,1])

)
= η1 − η0 ∈ Cn(∆n × [0, 1]).

Proof. The proof of the lemma is basically an elementary, albeit slightly confusing calcu-
lation. First note that

∂Ωn = ∂
( n∑
j=0

(−1)j · [v0, . . . , vj, wj, . . . , wn]
)

=
n+1∑
k=0

(−1)k ·
n∑
j=0

(−1)j · [v0, . . . , vj, wj, . . . , wn] ◦ in+1
k .

It is straightforward to see that for any k ∈ {0, . . . , n+ 1} we have

[v0, . . . , vj, wj, . . . , wn] ◦ in+1
k =

{
[v0, . . . , v̂k, . . . , vj, wj, . . . , wn], if k ≤ j,
[v0, . . . , vj, wj, . . . , ŵk−1, . . . , wn], if k > j.

Thus it follows that

∂Ωn =
∑

0≤k≤j≤n
(−1)k · (−1)j · [v0, . . . , v̂k, . . . , vj, wj, . . . , wn]

+
∑

n+1≥k>j≥0

(−1)k · (−1)j · [v0, . . . , vj, wj, . . . , ŵk−1, . . . , wn].

Now we split the �rst sum into the cases k = j and k < j and we split the second sum into
the cases k = j + 1 and k > j + 1. This leads us to the following equality:

∂Ωn =
n∑
k=0

(−1)2k · [v0, . . . , vk−1, wk, . . . , wn]

+
n+1∑
k=1

(−1)2k+1 · [v0, . . . , vk−1, wk, . . . , wn]

+
∑

0≤k<j≤n
(−1)k · (−1)j · [v0, . . . , v̂k, . . . , vj, wj, . . . , wn]

+
∑

n+1≥k>j+1≥1

(−1)k · (−1)j · [v0, . . . , vj, wj, . . . , ŵk−1, . . . , wn].

Next we consider the �rst two sums. The summands cancel each other, except for the
summands for k = 0 and k = n+ 1. Thus we obtain that

(∗)

∂Ωn = [w0, . . . , wn]− [v0, . . . , vn]

+
∑

0≤k<j≤n
(−1)k · (−1)j · [v0, . . . , v̂k, . . . , vj, wj, . . . , wn]

+
∑

n+1≥k>j+1≥1

(−1)k · (−1)j · [v0, . . . , vj, wj, . . . , ŵk, . . . , wn].

The �rst summand is just η1 and the second is −η0. It remains to show that the remaining
summand corresponds to the remaining term in the formula. Thus we continue our proof
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with the discussion of the one term in the statement of the lemma that we have not studied
yet. We have

n∑
j=0

(−1)j ·(inj ×id[0,1])∗(Ωn−1) =
n∑
r=0

n−1∑
s=0

(−1)r · (−1)s ·(inr×id[0,1])◦[v0, . . . , vs, ws, . . . , wn−1].
↑

de�nition of (inj × id[0,1])∗ and substitution r = j

It follows from an elementary (but arguably confusing) argument, using only the de�nitions,
that we have the following equalities of maps ∆n → ∆n × [0, 1]:

(inr × id[0,1])◦ [v0, . . . , vs, ws, . . . , wn−1] =

{
[v0, . . . , v̂r, . . . , vs+1, ws+1, . . . , wn], if r ≤ s,

[v0, . . . , vs, ws, . . . , ŵr+1, . . . , wn], if r > s.

Thus we see that

n∑
j=0

(−1)j ·(inj × id[0,1])∗(Ωn−1) =
∑

0≤r≤s≤n−1

(−1)s ·(−1)r ·[v0, . . . , v̂r, . . . , vs+1, ws+1, . . . , wn]

+
∑

n≥r>s≥0

(−1)s ·(−1)r ·[v0, . . . , vs, ws, . . . , ŵr+1, . . . , wn].

In the �rst term we perform the substitutions r = k and s = j − 1 and in the second term
we perform the substitutions r = k − 1, s = j. We obtain the following equality:

n∑
j=0

(−1)j ·(inj × id[0,1])∗(Ωn−1) =
∑

0≤k≤j−1≤n−1

(−1)j−1 ·(−1)k ·[v0, . . . , v̂k, . . . , vj, wj, . . . , wn]

+
∑

n≥k−1>j≥0

(−1)j ·(−1)k−1 ·[v0, . . . , vj, wj, . . . , ŵk, . . . , wn].

We see immediately that these terms are just the negatives of the corresponding terms in
the above equation (∗). �

Proof of the Homotopy-H∗-Proposition 36.5. Let X be a topological space and let
F : X × [0, 1]→ Y be a homotopy from a map f to a map g.

(1) This statement follows immediately from the following claim.

Claim. Given any n ∈ N0 we de�ne

Pn : Cn(X) → Cn+1(Y )

via (σ : ∆n → X) 7→ (F ◦ (σ × id[0,1]))∗(Ωn).
↑

we de�ned Ωn ∈ Cn+1(∆n × [0, 1])
on page 312

For any n ∈ N0 we have ∂Pn + Pn−1∂ = g∗ − f∗
as maps from Cn(X) to Cn(Y ).
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Proof. As always it su�ces to verify the equality for each singular n-simplex. Thus let
σ : ∆n → X be a singular n-simplex. We calculate that

(∂Pn + Pn−1∂)(σ) = ∂(Pn(σ)) + Pn−1

( n∑
j=0

(−1)j ·σ◦inj
)

= ∂(Pn(σ)) +
n∑
j=0

(−1)j ·Pn−1(σ◦inj )

= ∂((F ◦ (σ × id[0,1]))∗(Ωn)) +
n∑
j=0

(−1)j · (F ◦ (σ ◦nj × id[0,1]))∗(Ωn−1)

= (F ◦ (σ × id[0,1]))∗

(
∂(Ωn)) +

n∑
j=0

(−1)j · (inj × id[0,1])∗(Ωn−1)
)

↑
by the C∗�Functor Lemma 35.5 (1) and since we
have (σ × id) ◦ (inj × id) = (σ ◦ inj )× id as maps ∆n × [0, 1]× Y × [0, 1]

= (F ◦ (σ × id[0,1]))∗(η1 − η0) = f ◦ σ − g ◦ σ = g∗(σ)− f∗(σ).
↑ ↑

by the Prism Boundary Lemma 36.9 since F is a homotopy from f to g �
(2) This statement follows immediately from Statement (1) together with the Chain Ho-

motopy�H∗-Lemma 36.1. �

Exercise 36.1. Let ϕ : A→ B be a homomorphism of free abelian groups and let C Ă A
and D Ă B be subgroups such that the natural map C/D → A/B is an isomorphism.
Show that the chain complex 0 → A

ϕ−→ B → 0 is chain homotopy equivalent to the chain
complex 0→ C

ϕ−→ D → 0.
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37. Exact sequences and long exact sequences

37.1. Exact sequences.

De�nition. A sequence of homomorphisms of abelian groups

. . .
fn+2−−−→ An+1

fn+1−−−→ An
fn−→ An−1

fn−1−−−→ An−2 → . . .

is called exact, if for each n we have

im(fn+1 : An+1 → An) = ker(fn : An → An−1).

Lemma 37.1. (Exactness Lemma)

(1) In any exact sequence the composition of two consecutive maps is the zero map.
(2) We have the following equivalences of statements:

the sequence 0→ A
f−→ B is exact ⇐⇒ f is injective

the sequence A
f−→ B → 0 is exact ⇐⇒ f is surjective

the sequence 0→ A
f−→ B → 0 is exact ⇐⇒ f is an isomorphism.

(3) Given a monomorphism i : A→ B and an epimorphisms p : B → C of groups we have

0→ A
i−→ B

f−→ C is exact ⇐⇒ i induces an isomorphism A
∼=−→ ker(f)

A
f−→ B

p−→ C → 0 is exact ⇐⇒ p descends to an isomorphism coker(f)
∼=−→C.

Proof. The lemma follows easily from the de�nitions. We leave it to the reader to provide
the details. �

Example. Let f : A → B be a homomorphism of groups. It follows from the Exactness
Lemma 37.1 that the following sequence is exact

0 → ker(f) → A
f−→ B → coker(f) → 0.

37.2. Split exact sequences.

De�nition. We say that a short exact sequence

0 → A
i−→ B

p−→ C → 0

of groups splits, if there exists a splitting s : C → B, i.e. a homomorphism s : C → B such
that p ◦ s = idC .

Example.

(1) The short exact sequence

0 → Z k 7→(k,0)−−−−−→ Z⊕ Zn
(k,l) 7→l−−−−→ Zn → 0

splits. In fact a splitting is given by the homomorphism b 7→ (0, b). On the other hand
the short exact sequence

0 → Z k 7→n·k−−−−→ Z → Zn → 0.

does not split.
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(2) Let 0 → A → B → C → 0 be a short exact sequence of abelian groups. It follows
from the Free Abelian Group�Splitting Lemma 18.5, that if the last group C is a free
abelian group, then the short exact sequence splits.

Lemma 37.2. (Splitting Lemma) Let

0 → A
i−→ B

p−→ C → 0

be a short exact sequence of abelian groups. The following three statements are equivalent:
(1) The short exact sequence splits.
(2) There exists a homomorphism t : B → A such that t ◦ i = idA.
(3) There exists an isomorphism Φ: B → A×C such that the following diagram commutes:

B

Φ∼=

��

p

''
0 // A

i
77

a 7→ (a,0) ''

C // 0

A× C
(a,c) 7→ c

77

where the lower left diagonal map is the obvious inclusion and the lower right diagonal
map is the natural projection.

Proof. Let
0 → A

i−→ B
p−→ C → 0

be a short exact sequence of abelian groups.
(1)⇒(3). Suppose that s : C → B is a splitting, i.e. suppose that s is a homomorphism
such that p ◦ s = idC . We consider the map

Ψ: A× C → B
(a, c) 7→ i(a) + s(c).

Using the fact that B is abelian one can easily verify that the map is a homomorphism.

Claim. The above homomorphism Ψ: A × C → B is an isomorphism and the inverse
Φ := Ψ−1 : B → A× C has all desired properties.

Proof. First we show that Ψ is an epimorphism. Let b ∈ B. Note that

p(b− s(p(b))) = p(b)− (p ◦ s︸︷︷︸
=id

)(p(b)) = p(b)− p(b) = 0.
↑

since p is a homomorphism

It follows from this calculation and the exactness of the short exact sequence that there
exists a unique a ∈ A with i(a) = b− s(p(b)). Then Ψ(a, p(b)) = i(a) + s(p(b)) = b.

Next we show that Ψ is a monomorphism. Let (a, c) ∈ A×B with Ψ(a, c) = 0. Then

0 = p(0) = p(Ψ(a, c)) = p(i(a) + s(c)) = (p ◦ i)︸ ︷︷ ︸
=0

(a) + (p ◦ s)︸ ︷︷ ︸
=idC

(c) = c.

Thus we have shown that c = 0. It follows that 0 = Ψ(a, c) = i(a) + s(c) = i(a). Since i is
a monomorphism we see that a = 0. In summary we have shown that (a, c) = 0.
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It remains to show that the following diagram commutes:

B
p

''
0 // A

i
77

a 7→ (a,0) ''

C // 0

A× C
(a,c) 7→ c

77Ψ ∼=

OO

It is clear that the left hand triangle commutes. Furthermore it follows from p ◦ i = 0 and
p ◦ s = idC that the triangle to the right commutes.
(2)⇒(3). Let t : B → A be a homomorphism such that t ◦ i = idA. We de�ne

Φ: B → A× C
b 7→ (t(b), p(b)).

As in proof of (1)⇒(2) it follows easily from the exactness of the initial sequence that this
map is in fact an isomorphism. It is straightforward to verify that Φ has all the other
desired properties.
(3)⇒(1),(2). Now suppose we are given an isomorphism Φ: B → A×C such that the given
diagram commutes. It follows immediately from the de�nitions and given properties that
the maps

B
Φ−→ A× C (a,c)7→a−−−−−→ A and C

c 7→(0,c)−−−−→ A× C Φ−1

−−→ B

have the required properties. �

37.3. Long exact sequence of homology groups. In the previous two sections we
studied (short) exact sequences of abelian groups. In this section we will study short exact
sequences of chain complexes and we will see that they give rise to an exact sequence of
homology groups.

De�nition. A short exact sequence of chain complexes

0 → A∗
i−→ B∗

p−→ C∗ → 0
consists of chain complexes A∗, B∗, C∗ and chain maps i : A∗ → B∗ and p : B∗ → C∗ such
that for each n the maps

0 → An
i−→ Bn

p−→ Cn → 0

form a short exact sequence.

De�nition. Let 0 → A∗
i−→ B∗

p−→ C∗ → 0 be short exact sequence of chain complexes.
Let n ∈ N0. We de�ne a homomorphism

∂n : Hn(C) → Hn−1(A)

as follows:
(0) Let z ∈ Hn(C).
(1) We pick an n-cycle c ∈ Cn with [c] = z.
(2) Since 0 → An

i−→Bn
p−→Cn → 0 is exact we know by the Exactness Lemma 37.1 that

p : Bn → Cn is an epimorphism. Thus there exists a b ∈ Bn with p(b) = c.
(3) We have
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p(∂b) = ∂p(b) = ∂c = 0.
↑ ↑

since p is a chain map since c is a cycle

(4) Since 0 → An−1
i−→Bn−1

p−→Cn−1 → 0 is exact it follows from (3) that there exists a
unique a ∈ An−1 with i(a) = ∂b.

(5) We set ∂n(z) := [a] ∈ Hn−1(A).
We refer to this map ∂n : Hn(C)→ Hn−1(A) as the connecting homomorphism.

An−10

Cn
c

Bn

b

(2) since p : Bn → Cn is an epimorphism
there exists a b ∈ Bn with p(bn) = c

0An0

(1) we pick a cycle c ∈ Cn with
[c] = z ∈ Hn(C∗)

pi

0∂nb

Bn−1 Cn−1

a

(3) since the diagram commutes
(4) since the horizontal sequence is exact

there exists an a ∈ An−1 with i(a) = ∂(b)

since c is a cycle

0

∂n ∂n

Lemma 37.3. (Connecting Homomorphism Lemma)

(1) Let 0→ A∗ → B∗ → C∗ → 0 be a short exact sequence of chain complexes. For each
n ∈ N0 the connecting homomorphism ∂n : Hn(C)→ Hn−1(A) is well-de�ned and it is
indeed a homomorphism.

(2) The connecting homomorphism is natural, i.e. if

0 // A∗
i //

a
��

B∗
b
��

p
// C∗ //

c
��

0

0 // A′∗
i // B′∗

p
// C ′∗ // 0

is a commutative diagram of chain maps where the horizontal sequences are exact,
then the following diagram commutes for every n ∈ N:

Hn(C)
c∗
��

∂n // Hn−1(A)
a∗
��

Hn(C ′)
∂n // Hn−1(A′)

Proof.

(1) We start out with the following claim.

Claim 1. The map ∂n : Hn(C) → Hn−1(A)

is well-de�ned.
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Proof. Let z ∈ Hn(C). We denote by c ∈ Cn, b ∈ Bn and a ∈ An−1 the elements that
arise in the de�nition of ∂n(z). We need to show that the element a is indeed a cycle
and that the de�nition of ∂n(z) does not depend on the choices of c and b.

The proofs of these two statements are not particularly di�cult and they are done
via �diagram chasing�. First we note that

i(∂a) = ∂i(a) = ∂(∂b) = 0.
↑

since i is a chain map

Since i is injective we obtain that ∂a = 0, i.e. a is indeed a cycle. Now we show that
the homology class [a] ∈ Hn−1(A) depends only on the homology class z ∈ Hn(C).
(a) If we chose a di�erent element b̃ in Bn with p(̃b) = p(b) = c, then it follows from

the fact that the horizontal sequences are exact that this element would be of the
form b̃ = b+ i(a′) for some a′ ∈ An. But then we obtain the following equality:

since i is a chain map
↓

∂b̃ = ∂(b+ i(a′)) = ∂b+ ∂(i(a′)) = ∂b︸︷︷︸
=i(a)

+ i(∂a′) = i(a+ ∂a′).

Since [a] = [a+ ∂a′] ∈ Hn−1(A) this does not change the homology class.
(b) If we picked a di�erent representative c̃ for z ∈ Hn(C), then this representative

would be of the form c̃ = c+ ∂c′ for some c′ ∈ Cn+1. Since the map p : Bn → Cn is
an epimorphism there exists a b′ ∈ Bn+1 with p(b′) = c′. It follows that

p(b+ ∂b′) = p(b) + p(∂b′) = c+ ∂p(b′) = c+ ∂c′ = c̃.
↑

since p is a chain map

Since ∂(b+ ∂b′) = ∂b we see that we have ended up with the same element in Bn−1

as before. �
Claim 2. The map ∂n : Hn(C) → Hn−1(A)

is a homomorphism.

Proof. Let [c1], [c2] ∈ Hn(C). For j = 1, 2 we choose bj ∈ Bn as in the de�nition of
the connecting homomorphism ∂n : Hn(C)→ Hn−1(A) and we denote by aj ∈ An−1 the
uniquely determined element with i(aj) = ∂bj. Since i and p are homomorphisms we
also have p(b1 + b2) = c1 + c2 and i(a1 + a2) = i(a1) + i(a2) = ∂b1 + ∂b2 = ∂(b1 + b2).
It follows that

∂n([c1 + c2]) = [a1 + a2] = [a1] + [a2] = ∂n([c1]) + ∂n([c2]). �
(2) It follows easily from the de�nitions that the connecting homomorphisms are natural.

�

Proposition 37.4. (LES-Proposition)

(1) Let
0 → A∗

i−→ B∗
p−→ C∗ → 0

be a short exact sequence of chain complexes. The sequence

. . . → Hn(A)
i∗−−→ Hn(B)

p∗−−→ Hn(C)
∂−→ Hn−1(A)

i∗−−→ Hn−1(B)
p∗−−→ . . .
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is exact. This sequence is called the long exact sequence in homology corresponding
to the short exact sequence of chain complexes.

(2) If 0 // A∗
i //

a
��

B∗
b
��

p
// C∗ //

c
��

0

0 // A′∗
i // B′∗

p
// C ′∗ // 0

is a commutative diagram of chain maps where the horizontal sequences are exact,
then the following diagram commutes:

. . . // Hn(A)
a∗
��

i∗ // Hn(B)
b∗
��

p∗
// Hn(C)

c∗
��

∂ // Hn−1(A)
a∗
��

// . . .

. . . // Hn(A′)
i∗ // Hn(B′)

p∗
// Hn(C ′)

∂ // Hn−1(A′) // . . .

Proof of the LES-Proposition 37.4. First note that Statement (2) is an immediate
consequence of the Chain Complex-H∗-Functor Lemma 35.1 (2) together with the Con-
necting Homomorphism Lemma 37.3. Thus let us turn to the actual meat, namely the
proof of Statement (1).

Let
0 → A∗

i−→ B∗
p−→ C∗ → 0

be a short exact sequence of chain complexes. The sequence

. . . → Hn+1(C)
∂−→ Hn(A)

i∗−−→ Hn(B)
p∗−−→ Hn(C)

∂−→ Hn−1(A)
i∗−−→ Hn−1(B)

p∗−−→ . . .

is exact. We examine the exactness at the three groups Hn(A),Hn(B) and Hn(C). Put
di�erently, at each of the three groups we want to show the following two statements:

(i) The image of the map to the left is contained in the kernel of the map to the right, or
equivalently, the composition of the map to the left and the map to the right is zero,

(ii) The kernel of the map to the right is contained in the image of the map to the left.

Now we perform these steps:

(A) (i) Let [c] ∈ Hn+1(C). We want to show that i∗(∂[c]) = 0. We choose b ∈ Bn+1 with
p(b) = c and we denote by a ∈ An the element with i(a) = ∂b. Then we have

i(∂[c]) = i([a]) = [∂b] = 0 ∈ Hn(B).
↑

de�nition of ∂ : Hn(C)→ Hn−1(A)

(ii) Let [a] ∈ ker(i∗). Then i(a) = ∂b for some b ∈ Bn+1. It follows immediately from
the de�nitions that ∂([p(b)]) = [a].

(B) (i) From p ◦ i = 0 it follows that p∗ ◦ i∗ = 0, i.e. im(i∗) Ă ker(p∗).
(ii) Let b ∈ ker(p∗). Then p(b) = ∂c′ for some c′ ∈ Cn+1. Since p is surjective,

there exists a b′ ∈ Bn+1 with p(b′) = c′. Since p is a chain map we see that
p(∂b′) = ∂p(b′) = ∂c′ = p(b). Thus it follows that p(b− ∂b′) = 0, i.e. b− ∂b′ = i(a)
for some a ∈ An. But then it follows that [b] = [b− ∂b′] = [i(a)] ∈ im(i∗).

(C) (i) Let [b] ∈ Hn(B). We have to show that ∂(p∗([b])) = 0. In the de�nition of ∂p∗([b])
we need to choose a b̃ ∈ Bn with [p(̃b)] = p∗([b]). Of course we take b̃ = b. Since
∂b = 0 it follows immediately that ∂p∗([b]) = 0.
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(ii) Let [c] ∈ ker(∂ : Hn(C) → Hn−1(A)). We choose b ∈ Bn with p(b) = c. Recall
that there exists a uniquely determined a ∈ An−1 with i(a) = ∂b. Since we have
[a] = ∂[c] = 0 ∈ Hn−1(A) there exists an a′ ∈ An with ∂a′ = a. It follows that

∂(b− i(a′)) = ∂b− ∂i(a′) = ∂b− i(∂a′) = ∂b− i(a) = 0,
↑

since i is a chain map

i.e. b − i(a′) ∈ Bn is a cycle. On the other hand note that we have the equalities
p(b − i(a′)) = p(b) − (p ◦ i)(a′) = p(b). Thus we see that p∗([b − i(a′)]) = [c]. We
have thus shown that ker(∂) Ă im(p∗).

Thus we have proved the claim and therefore we have also completed the proof of the
proposition. �

Lemma 37.5. (Five Lemma) Let

A
i //

a
����

B
j
//

b∼=
��

C
k //

c
��

D
l //

d∼=
��

E� _
e
��

A′
i′ // B′

j′
// C ′

k′ // D′
l′ // E ′

be a diagram of groups (here for once we do not suppose that the groups are abelian)
such that the horizontal sequences are exact and such that every squares commute (if all
the groups are abelian, then it su�ces that the squares commute up to a sign). If a is
surjective, if b and d are isomorphisms, and if e is injective, then c is an isomorphism.

Proof. One can prove the lemma via a �diagram chase�. We leave the pleasure of the chase
as an exercise to the reader. �
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38. Relative homology
38.1. De�nition of the relative homology groups.

De�nition. Let (X,A) be a pair of topological spaces. We view each chain group Cn(A)
as a subgroup of Cn(X). Thus we can de�ne

Cn(X,A) := Cn(X)/Cn(A)

and we consider the boundary map

∂n : Cn(X,A) → Cn−1(X,A)
[c] 7→ [∂nc].

We refer to

. . .
∂n+2−−−→ Cn+1(X,A)

∂n+1−−−→ Cn(X,A)
∂n−→ Cn−1(X,A)

∂n−1−−−→ . . .

as the chain complex of the pair (X,A). Given any n ∈ N0 we de�ne the n-th relative
homology group of (X,A) as follows:

Hn(X,A) := Hn(C∗(X,A)).

Examples.

(1) If A = ∅, then for all n ∈ N0 we have Cn(∅) = 0 and thus we have a natural

isomorphism Cn(X,∅) = Cn(X)/{0}
∼=−→ Cn(X), i.e. we have a natural isomorphism

Hn(X,∅)
∼=−→ Hn(X). In the following we will use these natural isomorphisms to freely

go back and forth between the notations Hn(X,∅) and Hn(X).
(2) Whereas it is often di�cult to write down singular cycles in absolute chain complexes

C∗(X), it can be surprisingly easy to write down cycles in a relative chain complex
C∗(X,A): Let σ : ∆n → X be a continuous map with σ(∂∆n) Ă A. Note that

∂n(σ) =
n∑
j=0

(−1)j · σ ◦ inj = 0 ∈ Cn−1(X,A) = Cn−1(X)/Cn−1(A).
↑

since σ ◦ inj : ∆n−1 takes values in A we see that σ ◦ inj ∈ Cn−1(A)

Thus we have shown that any continuous map σ : ∆n → X with σ(∂∆n) Ă A de�nes a
cycle in the chain complex Cn(X,A).

As an example we consider X = R2 with the subspace A = B1tB2 that is given by
the union of two disjoint closed disks in R2. Let σ : ∆1 → X be a singular 1-simplex
with σ(0, 1) ∈ B1 and σ(1, 0) ∈ B2. It follows from the above discussion that σ is a
cycle in C∗(X,A). Later, on page 326, we will see whether or not [σ] ∈ H1(X,A) is
non-trivial.
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∆1
X = R2

σ

A is the union of
two disjoint balls

De�nition.
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(1) We refer to the category that is given by

Ob(PairTop) := all pairs of topological spaces,
Mor((X,A), (Y,B)) := all continuous maps f : X → A with f(A) Ă B

with the usual composition of maps as the category of pairs of topological spaces.
(2) Let f : (X,A) → (Y,B) be a continuous map of pairs of topological spaces, i.e. a

continuous map f : X → Y with f(A) Ă B. If follows from f(A) Ă B that the
induced chain maps f∗ : Cn(X)→ Cn(Y ) from the Hn�Functor Lemma 35.7 descends
to a chain map f∗ : Cn(X,A) → Cn(Y,B).

In particular we also get induced homomorphisms

f∗ : Hn(X,A) → Hn(Y,B).
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A

σ f

Lemma 38.1. (Relative-H∗�Functor Lemma) The maps

(X,A) → (C∗(X,A), ∂∗)
(f : (X,A)→ (Y,B)) 7→ (f∗ : C∗(X,A)→ C∗(Y,B))

de�ne a covariant functor from the category PairTop of pairs of topological spaces to the
category ChCplx of chain complexes and for each n ∈ N0 the maps

(X,A) → Hn(X,A)
(f : (X,A)→ (Y,B)) 7→ (f∗ : Hn(X,A)→ Hn(Y,B))

de�ne a covariant functor from the category PairTop of pairs of topological spaces to the
category AbGroup of abelian groups.

Proof. The lemma follows almost immediately from the de�nitions. �

38.2. The long exact sequence of a triple.

De�nition.

(1) A triple of topological spaces is a triple (X,B,A) where X is a topological space
and A Ă B Ă X are subspaces.

(2) A map f : (X,B,A)→ (X ′, B′, A′) between triples of topological spaces is a continuous
map f : X → X ′ such that f(B) Ă B′ and f(A) Ă A′.
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Proposition 38.2. (LES-of-Triple Proposition) Let X be a topological space and let
A Ă B Ă X be two subspaces. We denote by i : (B,A) → (X,A) and by p : (X,A) →
(X,B) the obvious maps.
(1) For each n ∈ N0 the following map is a well-de�ned homomorphism:

∂n : Hn(X,B) → Hn−1(B,A)[ k∑
j=1

sj · (σj : ∆n → X)
]
7→

[ k∑
j=1

sj · ∂σj︸ ︷︷ ︸
]
.

↑
singular (n− 1)-chain in B

We refer to ∂n as a connecting homomorphism of the triple (X,B,A).
(2) The connecting homomorphisms are natural.
(3) The maps

. . . → Hn(B,A)
i∗−−→ Hn(X,A)

p∗−−→ Hn(X,B)
∂n−−→ Hn−1(B,A) → . . .

form an exact sequence. It is called the called the long exact sequence (LES) of the
triple (X,B,A).
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∂σ is a cycle in C1(B)σ is a cycle in C2(X,B)

X

B
BX

B

A = ∅

Proof.

(1) First note that it follows immediately from the de�nitions and the third isomorphism
theorem in group theory that

0 → C∗(B,A)
i∗−−→ C∗(X,A)

p∗−−→ C∗(X,B) → 0

is a short exact sequence of chain complexes.

Claim. The maps ∂n introduced in Statement (1) of the propositions are precisely the
connecting homomorphisms, as de�ned on page 319, of the above short exact sequence
of chain complexes. In particular the maps ∂n are well-de�ned homomorphisms.

Proof. The claim follows basically immediately from the de�nitions. �
(2) It follows from the above claim together with the Connecting Homomorphism Lem-

ma 37.3 that the connecting homomorphisms are natural.
(3) It follows from the above claim together with the LES-Proposition 37.4 that the given

sequence is exact. �

Notation. Let X be a topological space, let A Ă X be a subspace and let n ∈ N0. We
introduce the following homomorphisms

Hn(X)
= //

=:ÿ=:ÿX,A

33
Hn(X,∅) // Hn(X,A)
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Proposition 38.3. (LES-of-Pair Proposition)

(1) Let X be a topological space and let B Ă X be a subspace. The connecting homomor-
phism of the LES-of-Triple Proposition 38.2 applied to A = ∅ gives rise to an exact
sequence

. . . → Hn(B)
i∗−−→ Hn(X)

ÿ−→ Hn(X,B)
∂n−→ Hn−1(B) → . . .[ k∑

j=1
sj ·σj

]
7→

[ k∑
j=1

sj ·∂σj
]
.

(2) The connecting homomorphisms in (1) are natural.

Proof. This proposition follows immediately from the LES-of-Triple Proposition 38.2 ap-
plied to A = ∅. �

Example. As on page 323 we consider topological space let X = R2 and the subspace
A = B1 t B2 that is given by the disjoint union of two closed disks in R2. We want to
determine the relative homology groups of (X,A). We denote by i : A → X the inclusion
map. By the LES-of-Pair Proposition 38.3 we have a long exact sequence

H2(X) // H2(X,A) // H1(A)
i∗ // H1(X) // H1(X,A) // H0(A) // H0(X) // H0(X,A) // 0.

By the Contractible-H∗-Corollary 36.8 together with the Path-Component�H∗�Lemma 35.8
we have Hi(X) = Hi(R2) = 0 and also Hi(A) = Hi(B1)⊕ Hi(B2) = 0 for i ≥ 1. Thus we
see from the above long exact sequence that Hi(X,A) = 0 for i ≥ 2.

Next let ε : H0(R2)→ Z be the augmentation map. Since R2 is path-connected we know
by the H0-Proposition 35.10 (1) that this map is an isomorphism. Similarly we denote by
µ1 : H0(B1)→ Z and µ2 : H0(B2)→ Z the isomorphisms that are given by the augmentation
maps. We obtain the following commutative diagram

0 // H1(X,A)

id
��

∂ // H0(A)
µ1⊕µ2 ∼=

��

i∗ // H0(X)

ε∼=
��

// H0(X,A)

id
��

// 0

0 // H1(X,A) // Z2// // Z // H0(X,A) // 0.

It follows easily from the Augmentation Lemma 35.9 that the homomorphism Z2 → Z is
given by the matrix (1 1). It follows that

H1(X,A) ∼= ker
(
Z2 (1 1)−−→ Z

) ∼= Z
↑

by the Exactness Lemma 37.1 (3) and
H0(X,A) ∼= coker

(
Z2 (1 1)−−→ Z

) ∼= 0.
↑

by the Exactness Lemma 37.1 (3)

Finally we want to �nd an explicit generator of H1(X,A) ∼= Z. As on page 323 let σ : ∆1 →
X be a singular 1-simplex with σ(0, 1) ∈ B2 and σ(1, 0) ∈ B1. Note that

((µ1 ⊕ µ2) ◦ ∂1)[σ]) = ((µ1 ⊕ µ2)([∂1σ]) = (µ1 ⊕ µ2)([σ(0, 1)︸ ︷︷ ︸
∈B2)

]− [σ(1, 0)︸ ︷︷ ︸
∈B1)

]) =
(

1
−1

)
.

↑
see the description of the connecting
homomorphism ∂1 : H1(X,A)→ H0(A) in
the LES-of-Triple Proposition 38.2

Since
(

1
−1

)
is a generator of the kernel of Z2 (1 1)−−→ Z we see that [σ] is in fact a generator

of H1(X,A) ∼= Z. In particular it is non-zero.
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∆1

X = R2

σ B2

B1

Corollary 38.4. (Homotopy Equivalence-Relative-H∗-Corollary) In the following
let f : (X,A) → (Y,B) be a continuous map of pairs of topological spaces. If f : X → Y
is a homotopy equivalence and if f : A → B is a homotopy equivalence , then for every
n ∈ N0 the induced map f∗ : Hn(X,A)→ Hn(Y,B) is an isomorphism.

Example. It follows from the Homotopy Equivalence-Relative-H∗-Corollary 38.4 that for
each k ∈ N0 the inclusion induced homomorphisms Hn(B

k
, Sk−1) → Hn(B

k
, B

k \ {0}) are
isomorphisms.

Proof. We consider the following diagram

. . . // Hn(A)
i∗ //

f∗
��

Hn(X)
ÿ //

f∗
��

Hn(X,A)

f∗
��

∂n // Hn−1(A)
i∗ //

f∗
��

Hn−1(X) //

f∗
��

. . .

. . . // Hn(B)
i∗ // Hn(Y )

ÿ // Hn(Y,B)
∂n // Hn−1(B)

i∗ // Hn−1(Y ) // . . .

By the LES-of-Pair Proposition 38.3 (2) we know that the diagram commutes. Further-
more note that it follows from our hypothesis on f and the Homotopy Equivalence-H∗-
Corollary 36.7 that the two vertical maps to the left and the two vertical maps to the right
are isomorphisms. It follows from the Five Lemma 37.5 that the middle vertical map is, as
promised, an isomorphism. �

Corollary 38.5. (Deformation Retract-Relative H∗-Corollary) Let X be a topo-
logical space. If A Ă X is a deformation retract of X, then Hn(X,A) = 0 for all n ∈ N0.

Proof. Let i : A→ X be the inclusion map. By the LES-of-Pair Proposition 38.3 we have
a long exact sequence

. . . → Hn(A)
i∗−−→ Hn(X) → Hn(X,A)

∂n−−→ Hn−1(A)
i∗−−→ Hn−1(X) → . . .

↑ ↑
it follows from the Deformation Retract�Homotopy Equivalence Lemma 9.3 that i : A→ X is a homotopy
equivalence, thus it follows from the Homotopy Equivalence-H∗-Corollary 36.7 that i∗ is an isomorphism

Since the maps i∗ : Hn(A) → Hn(X) are isomorphisms and since the sequence is exact we
see that the relative homology groups Hn(X,A) are all zero. �

38.3. Relative homology groups and homotopies.

De�nition. We say that two continuous maps f, g : (X,A) → (Y,B) between pairs of
topological spaces are homotopic, if there exists a continuous map F : X× [0, 1]→ Y such
that F (x, 0) = f(x) and F (x, 1) = g(x) for all x ∈ X, and such that F (a, t) ∈ B for all
a ∈ A and all t ∈ [0, 1].

Proposition 38.6. (Homotopy-H∗-Proposition) Let f, g : (X,A) → (Y,B) be two
continuous maps between pairs of topological spaces. If f and g are homotopic, then
the chain maps f∗, g∗ : C∗(X,A) → C∗(Y,B) are chain homotopic, in particular for every
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f, g : (X,A)→ (Y,B) are homotopic but f, h : (X,A)→ (Y,B) are not homotopic

f

h

g

n ∈ N0 we have f∗ = g∗ : Hn(X,A) → Hn(Y,B).

Proof. Let f, g : (X,A) → (Y,B) be two continuous maps between pairs of topological
spaces and let F : X × [0, 1] → Y be a homotopy between f and g as maps of pairs of
topological spaces. Let Ωn ∈ Cn+1(∆n × [0, 1]) be the singular chain that we de�ned on
page 312. On page 314 we showed that the homomorphisms

Pn : Cn(X) → Cn+1(Y )
k∑
i=1

si · (σ : ∆n → X) 7→
k∑
i=1

si · (F ◦ (σ × id[0,1]))∗(Ωn)

de�ne a chain homotopy between the maps f∗, g∗ : C∗(X)→ C∗(Y ), i.e. for each n ∈ N0 we
have ∂n+1 ◦ Pn + Pn−1 ◦ ∂n = f∗ − g∗ : Cn(X) → Cn(Y ).

Since F restricts to a map A × [0, 1] → B we see that these homomorphisms Pn have the
property that Cn(A) gets sent to Cn+1(B). Thus the maps Pn : Cn(X) → Cn(Y ) descend
to homomorphisms P n : Cn(X,A)→ Cn+1(Y,B). These satisfy

∂n+1 ◦ P n + P n−1 ◦ ∂n = f∗ − g∗ : Cn(X,A) → Cn(Y,B),

i.e. the maps P n form a chain homotopy between the maps f∗ and g∗ from C∗(X,A)
to C∗(Y,B). It follows from this observation together with the Chain Homotopy�H∗-
Lemma 36.1 that f∗ = g∗ : Hn(X,A)→ Hn(Y,B). �
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39. Reduced homology

39.1. De�nition and basic properties of reduced homology.

De�nition. Let X be a topological space. By the Augmentation Lemma 35.9 (1) we know
that the following is a generalized chain complex

degree 0 degree −1
↓ ↓

. . .
∂3−−→ C2(X)

∂2−−→ C1(X)
∂1−−→ C0(X)

εX−→ Z → 0.
k∑
i=1
ri · σi 7→

k∑
i=1
ri

↑
augmentation map from page 306

We introduce the following two de�nitions.

(1) We refer to this chain complex as the augmented chain complex C̃∗(X) of X.
(2) Given n ∈ Z≥−1 we refer to H̃n(X) := Hn(C̃∗(X)) as the n-th reduced homology group

of X.

Lemma 39.1. (H̃n�Functor Lemma)

(1) If f : X → Y is a continuous map between two topological spaces, then we denote by
f∗ : C̃∗(X)→ C̃∗(Y ) the map that is the usual map on C̃n(X) = Cn(X) for n ≥ 0 and
that is the identity on the �nal Z-term. This map is a chain map and thus induces
homomorphisms f∗ : H̃n(X)→ H̃n(Y ) on the reduced homology groups.

(2) For any n ∈ Z≥−1 the maps
X 7→ H̃n(X)

(f : X → Y ) 7→ (f∗ : H̃n(X)→ H̃n(Y ))

de�ne a covariant functor from the category of topological spaces to the category of
abelian groups.

(3) For any n ∈ Z≥−1 the maps

æ : H̃n(X) → Hn(X)
[σ] 7→ [σ]

are well-de�ned homomorphisms and they de�ne a natural transformation from the
functor X 7→ H̃n(X) to the functor X 7→ Hn(X).

Proof.

(1) Let f : X → Y be a continuous map between two topological spaces. As in the Aug-
mentation Lemma 35.9 (3) it is a straightforward consequence of the de�nition of the
augmentation maps that the following diagram commutes:

C0(X)

εX
��

f∗
// C0(Y )

εY
��

Z id // Z.
It follows from this observation together with the C∗�Functor Lemma 35.5 that the
induced maps f∗ : C̃∗(X) → C̃∗(Y ) are chain maps. Furthermore we obtain from the
Chain Complex-H∗-Functor Lemma 35.1 (1) that we get induced maps on reduced
homology.
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(2) This statement is basically obvious.
(3) This statement follows easily from the de�nitions. �

Lemma 39.2. (Reduced Homology Lemma) For every topological space X the fol-
lowing statements hold:
(0) We have

H̃−1(X) =

{
0, if X 6= ∅,
Z, if X = ∅.

(1) (a) If X is non-empty, then the sequence

0 → H̃0(X)
æ−−→ H0(X)

augmentation map εX from the−−−−−−−−−−−−−−−−−−→
Augmentation Lemma 35.9

Z → 0

is exact.
(b) Given any point P ∈ X the map

H̃0(X)⊕ Z → H0(X)
[σ]⊕ n 7→ [σ] + [n · P ]

is an isomorphism.
(c) If X has n ∈ N path-components, then H̃0(X) ∼= Zn−1. In particular X is path-

connected if and only if H̃0(X) = 0.
(2) For every n ≥ 1 the natural map æ : H̃n(X)→ Hn(X) is the identity.

Proof. Let X be a topological space.

(0) First note that clearly we have H̃−1(∅) = Z. Now we assume that X is non-empty. It
follows immediately from the de�nitions that the augmentation map εX is an epimor-
phism which entails that H̃−1(X) = 0.

(1) (a) We consider the following short exact sequence of generalized chain complexes:

...
��

...
��

...
��

0 // 0 //

��

C1(X)
∂1
��

id // C1(X) //

∂1
��

0

0 // 0 //

��

C0(X)
εX
��

id // C0(X) //

∂0
��

0

0 // Z
��

id // Z //

��
0
��

// 0

0 0 0.

The desired statement follows easily from the corresponding long exact sequence of
homology groups that is given by the LES-Proposition 37.4.

(b) Let P ∈ X be a point. It is straightforward to show that the maps

H̃0(X)⊕ Z → H0(X)
[σ]⊕ n 7→ [σ] + [n · P ]

and H0(X) → H̃0(X)⊕ Z
[σ] 7→ [σ − εX(σ) · P ] + εX(σ)

are inverses of one another. In particular both maps are isomorphisms.
(c) This statement follows almost immediately from (1a), the H0-Proposition 35.10 (1)

together with the Direct Sum-H∗-Lemma 35.2.



39. REDUCED HOMOLOGY 331

(2) This statement is clear. �

Proposition 39.3. (Homotopy-H̃∗-Proposition) Let X and Y be two topological
spaces and let f, g : X → Y be two continuous maps. If f and g are homotopic, then
the following hold:

(1) The induced maps f∗ and g∗ from C̃∗(X) to C̃∗(Y ) are chain homotopic.
(2) For each n ∈ N0 we have f∗ = g∗ : H̃n(X)→ H̃n(Y ).

Sketch of proof.

(1) This statement follows easily from the Homotopy-H̃∗-Proposition 39.3 (2).
(2) This statement follows immediately from (1). �

Corollary 39.4. (Homotopy Equivalence-H̃∗-Corollary) Let X and Y be topological
spaces and let n ∈ N0.

(1) (a) If f : X→Y is a homotopy equivalence, then the induced map f∗ : H̃n(X)→ H̃n(Y )
is an isomorphism.

(b) IfX is a deformation retract of Y , then the inclusion induced map H̃n(X)→ H̃n(Y )
is an isomorphism.

(2) If X and Y are homotopy equivalent, then H̃n(X) ∼= H̃n(Y ).

Sketch of proof. This corollary can be obtained easily from the Homotopy-H̃∗-Proposi-
tion 39.3. �

Corollary 39.5. (Contractible-H̃∗-Corollary) If X is contractible (i.e. if X is homo-
topy equivalent to a singleton), then we have H̃n(X) = 0 for all n ∈ Z≥−1.

Example. On page 111 we saw that every convex subset of Rn is contractible. Thus it
follows from the Contractible-H∗-Corollary 36.8, that for any i ∈ Z≥−1 we have

H̃i( convex subset of Rn︸ ︷︷ ︸
e.g. Rn, Bn, Bn or simplex

) = 0.

Proof. This corollary follows immediately from the Contractible-H∗-Corollary 36.8 to-
gether with the Reduced Homology Lemma 39.2. �

39.2. The long exact sequence of a pair in reduced homology.

Notation. Let X be a topological space, let A Ă X and let n ∈ N0. We introduce the
following map:

H̃n(X)
æ //

=:æX,A

33
Hn(X)

ÿ // Hn(X,A),

where æ : H̃n(X) → Hn(X) is the natural homomorphism introduced in the H̃n�Functor
Lemma 39.1 and ÿ : Hn(X)→ Hn(X,A) is the natural homomorphism that we introduced
on page 325.

Proposition 39.6. (Reduced LES-of-Pair Proposition)
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(1) Let X be a topological space and let A Ă X be a subspace. The following sequence is
exact

. . . → H̃n(A)
i∗−−→ H̃n(X)

æX,A−−−−→ Hn(X,A)
∂n−→ H̃n−1(A) → . . .[ k∑

j=1
sj ·σj

]
7→

[ k∑
j=1

sj ·∂σj
]

(2) The connecting homomorphisms in (1) are natural.
Proof.

(1) We consider the following short exact sequence of chain complexes:

...
��

...
��

...
��

0 // C1(A) //

∂1
��

C1(X)
∂1
��

// C1(X,A) //

∂1
��

0

0 // C0(A) //

εA
��

C0(X)
εX
��

// C0(X,A) //

∂0
��

0

0 // Z
��

id // Z //

��
0
��

// 0

0 0 0.

From the LES-Proposition 37.4 we obtain a long exact sequence of homology groups,
which in this case involve the reduced homology groups of A and X, and the relative
homology groups of (X,A). Furthermore, as in the proof of the LES-of-Triple Pro-
position 38.2 we see that the connecting homomorphism is given by the map

Hn(X,A) → H̃n−1(A)[ k∑
j=1

sj ·σj
]
7→

[ k∑
j=1

sj ·∂σj
]

Finally note that one can easily easily verify that the maps H̃k(X) → Hk(X,A) are
precisely the above maps æX,A.

(2) This statement follows easily from the naturality of the connecting homomorphism
proved in the LES-Proposition 37.4 �

Lemma 39.7. (Reduced-to-Relative-H∗-Lemma) Let X be a topological space and
let n ∈ N0. For each x0 ∈ X the map

æX,{x0} : H̃n(X) → Hn(X, {x0})
is a natural isomorphism.

Proof. Let X be a topological space and let x0 ∈ X. We apply the Reduced LES-of-Pair
Proposition 39.6 to the pair (X, {x0}) and we obtain a long exact sequence

. . . → H̃n({x0})︸ ︷︷ ︸
=0

i∗−→ H̃n(X)
æX,{x0}−−−−−→ Hn(X, {x0})

∂n−−→ H̃n−1({x0})︸ ︷︷ ︸
=0

→ . . .

The lemma follows from the exactness of this sequence and the observation that it fol-
lows from the Singleton-H∗-Lemma 35.11 and the Reduced Homology Lemma 39.2 that all
reduced homology groups of {x0} vanish. �
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40. The Excision Theorem

40.1. The Excision Theorem.

Theorem 40.1. (Excision Theorem) Let X be a topological space and let Z Ă A Ă

X be subsets. If the closure of Z is contained in the interior of A, then the inclusion
(X \ Z,A \ Z)→ (X,A) induces for each n ∈ N0 an isomorphism

Hn(X \ Z,A \ Z)
∼=−−→ Hn(X,A).
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Hn(X \ Z,A \ Z)
∼=−−→ Hn(X,A)

X \ Z
X

A

A \ Z Z

40.2. Variations on the Excision Theorem 40.1.

Theorem 40.2. (Excision Theorem) Let X be a topological space, let K be a subset of
X and let U be a neighborhood of the closure of K. The inclusion (U,U \K)→ (X,X \K)
induces for each n ∈ N0 an isomorphism

Hn(U,U \K)
∼=−−→ Hn(X,X \K).
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K

K

U

Hn(U,U \K)
∼=−−→ Hn(X,X \K)

U

Proof of Theorem 40.2 assuming Theorem 40.1. We have

Hn(U,U \K) = Hn(X \ Z,A \ Z)
∼=−−→ Hn(X,A) = Hn(X,X \K).

↑ ↑
set A := X \K and Z := X \ U since U is a neighborhood of the closure of K we see

that the closure of Z is contained in the interior of A,
thus we can apply the Excision Theorem 40.1 �

Theorem 40.3. (Manifold�Excision Theorem) Let X be an m-dimensional topolog-
ical manifold and let A,B Ă X be two codimension-zero submanifolds such that the
following statements hold:
(a) X = A ∪B.
(b) A ∩B is a union of components of ∂A.
(c) A and B are closed subsets of X.
For every n ∈ N0 the inclusion induced map

Hn(B,A ∩B) → Hn(X,A)

is an isomorphism.
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A ∩B

A B the inclusion induced map
Hn(B,A ∩B)→ Hn(X,A)
is an isomorphism
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Theorem 40.4. (CW-Excision Theorem) Let X be a CW-complex and let A and B
be two subcomplexes of X with X = A ∪B. For every n ∈ N0 the inclusion induced map

Hn(B,A ∩B)
∼=−→ Hn(X,A)

is an isomorphism.
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the inclusion induced map
Hn(B,A ∩B)→ Hn(X,A)
is an isomorphism

Theorem 40.5. (Excision-via-Deformation Theorem) Let X be a topological space
and let Z Ă A Ă X be two subsets. We suppose that there exists a subset U Ă Z such that
the closure of U is contained in the interior of A and such that the following statements
hold:
(1) A \ Z is a deformation retract of A \ U .
(2) X \ Z is a deformation retract of X \ U
Then the inclusion (X \ Z,A \ Z)→ (X,A) induces for each n ∈ N0 an isomorphism

Hn(X \ Z,A \ Z)
∼=−→ Hn(X,A).

Example. Let n ∈ N. As usual we denote by Sn≥0 and Sn≤0 the upper and lower hemi-
sphere of Sn and we write Sn=0 = Sn≥0 ∩ Sn≤0. It follows from the Excision-via-Deformation
Theorem 40.5 and the choices of X,A,Z and U illustrated in the �gure below that for each
k ∈ N0 the inclusion induced map

Hk(S
n
≥0, S

n
n=0) → Hk(S

n, Sn≤0)

is an isomorphism.
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A

X = Sn

Z U

Sn≥0 = X \ Z

Sn=0 = A \ Z
deformation retraction
from A \ U to A \ Z

Proof of Theorem 40.5 assuming the Excision Theorem 40.1. We consider the fol-
lowing commutative diagram of inclusion induced maps

Hn(X \ Z,A \ Z) //

��

Hn(X,A)

Hn(X \ U,A \ U).
∼=

44

Since by hypothesis we know that U Ă
◦
A we obtain from the Excision Theorem 40.1 that

the diagonal map is an isomorphism. Thus it su�ces to show that the vertical map is an
isomorphism.
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To do so we consider the following diagram:

Hn(A \ Z)

id
��

// Hn(X \ Z) //

��

Hn(X \ Z,A \ Z)

��

∂n // Hn−1(A \ Z)

id
��

// Hn−1(X \ Z)

��

Hn(A \ Z) //

��

Hn(X \ U)

id
��

// Hn(X \ U,A \ Z)

��

∂n // Hn−1(A \ Z)

��

// Hn−1(X \ U)

id
��

Hn(A \ U) // Hn(X \ U) // Hn(X \ U,A \ U)
∂n // Hn−1(A \ U) // Hn−1(X \ U).

Here the horizontal maps are pieces of the long exact sequences of the various pairs of
topological spaces provided by the LES-of-Pair Proposition 38.3 (1). Note that by the
LES-of-Pair Proposition 38.3 (2) we know that the diagram commutes.

Furthermore the vertical maps are induced by the various inclusion maps. On the upper
level the �rst and the fourth vertical maps are the identity. Furthermore it follows from the
hypothesis thatX\Z is a deformation retract and Homotopy Equivalence-H∗-Corollary 36.7
that the second and the �fth vertical map are also isomorphisms. It follows from the Five
Lemma 37.5 that the upper middle vertical map is also an isomorphism.

Using the hypothesis that A \Z is a deformation retract of A \U one can show exactly
the same way that the lower middle vertical map is also an isomorphism. Combining the
two middle vertical maps we obtain the desired isomorphism. �

Proof of Theorem 40.3 assuming Theorem 40.5. Let X be an m-dimensional topo-
logical manifold and let A,B Ă X be two codimension-zero submanifolds such that the
following statements hold:

(a) X = A ∪B.
(b) A ∩B is a union of components of ∂A.
(c) A and B are closed subsets of X.

It follows from (b) together with the Collar Neighborhood Theorem 23.2 that there exists
a continuous map χ : [0, 1]× (A ∩B)→ A with the following three properties:

(d) The map χ is an embedding.
(e) The image of [0, 1)× (A ∩B) is an open subset of A.
(f) For every P ∈ A ∩B we have χ(0, P ) = P .

We set Z := X \B and we set U := X \ (B ∪χ([0, 1)× (A∩B))) = A \χ([0, 1)× (A∩B)).
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A χ([0, 1]× (A ∩B))

A ∩B

B
U

Claim.

(0) The closure of U is contained in the interior of A.
(1) A \ Z = A ∩B is a deformation retract of A \ U = χ([0, 1]× (A ∩B)).
(2) X \ Z = B is a deformation retract of X \ U = (χ([0, 1]× (A ∩B)) ∪B.

Proof.
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(0) It follows from (b) that A \ (A ∩ B) = X \ B is an open subset of X. Furthermore it
follows from (c), (e), (f) and the Cover-Open Subset Lemma 1.5 (2b) that U is a closed
subset of X. It follows from this discussion with the fact that U Ă X \ B that the
closure of U is contained in the interior of A.

(1) We have an obvious deformation retraction from [0, 1]× (A ∩ B) to {0} × (A ∩ B). It
follows from (d) and (f) that this deformation retraction gives rise to a a deformation
retraction from χ([0, 1]× (A ∩B)) to A ∩B.

(2) It follows from (c) and the Homotopy Combination Lemma 8.2 that we can extend the
deformation retraction from (2) in an obvious way to the desired deformation retraction
from X \ Z to X \ U . �

It follows from the claim that we can apply the Excision-via-Deformation Theorem 40.5
which tells us that the inclusion induced map

Hn(X \ Z︸ ︷︷ ︸
=B

, A \ Z︸ ︷︷ ︸
=A∩B

)
∼=−→ Hn(X,A)

is an isomorphism. But that is exactly what we needed to show. �

Proof of the CW-Excision Theorem 40.4 assuming Theorem 40.5. LetX be a CW-
complex and let A and B be two subcomplexes of X with X = A ∪ B. Note that by the
Subcomplex-Neighborhood Proposition 31.8, applied to the subcomplex B, there exists
an open neighborhood W of B and a deformation retraction F : W × [0, 1] → W from
W to B with the extra property that the map F restricts to a deformation retraction
F : (A ∩W )× [0, 1]→ A ∩W from A ∩W to A ∩B.

We set Z := X \B and we set U := X \W . Since W is an open neighborhood of B we
see that the closure of U is contained in the interior of A.
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Z

U

Recall that F is a deformation retraction from W = X \ U to B = X \ Z and that F
restricts to a deformation retraction from A ∩W = A \ U to A ∩ B = A \ Z. Therefore it
follows from the Excision-via-Deformation Theorem 40.5 that the inclusion induced map

Hn(X \ Z︸ ︷︷ ︸
=B

, A \ Z︸ ︷︷ ︸
=A∩B

)
∼=−→ Hn(X,A)

is an isomorphism. But that is exactly what we needed to show. �

40.3. The proof of the Excision Theorem 40.1.

De�nition. Let again X be a topological space.
(1) On page 32 we de�ned a cover of X to be a family {Ui}i∈I of subsets of X such that

X =
⋃
i∈I

Ui.

(2) We say a cover {Ui}i∈I is comfortable if X =
⋃
i∈I

◦
U i, i.e. if the interiors of the Ui also

form a cover of X.
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De�nition. Let again X be a topological space. Given a comfortable cover U = {Ui}i∈I
we consider the following subgroup of Cn(X):

CUn (X) :=
{ k∑
j=1

aj·σj
∣∣∣ for each j there exists a Ui∈U such that the image of σj lies in Ui

}
.

It follows quite easily from the de�nitions that the restriction of the usual boundary

map ∂n : Cn(X) → Cn−1(X) to CUn (X) restricts to a map ∂n : CUn (X)
∂−→ CUn−1(X). Since

this map is the restriction of the usual boundary map it follows in particular that the

composition ∂n ◦ ∂n+1 : CUn+1(X)
∂−→ CUn−1(X) is the zero map. Thus we can de�ne

HUn (X) := Hn

(
CU∗ (X), ∂∗

)
= ker

(
∂n : CUn (X)→ CUn−1(X)

) /
im
(
∂n+1 : CUn+1(X)→ CUn (X)

)
.

Proposition 40.6. (Comfortable Covering Proposition) Let X be a topological
space and let U = {Ui}i∈I be a comfortable cover of X. The inclusion map

CU∗ (X) → C∗(X)

induces for every n ∈ N0 an isomorphism

HUn (X)
∼=−→ Hn(X).

We have to introduce a few more de�nitions.

(1) Given n ∈ N0 we denote by Bn := ( 1
n+1

, . . . , 1
n+1

) ∈ ∆n the barycenter of the standard
n-simplex ∆n.

(2) Given a singular l-simplex µ : ∆l → ∆n we consider the singular (l + 1)-simplex
cl+1(µ) : ∆l+1 → ∆n which is de�ned as the composition of the (inverses) of the follow-
ing two maps:

homeomorphism by the continuous by the Topological-Quotient
Compact-Hausdor� Proposition 2.10 (3) Proposition 6.1 (1b)

↓ ↓
cl+1(µ) : ∆l+1

∼=←− (∆l×[0, 1])/∆l×{1} → ∆n

((t0, . . . , tl) · (1− s), s) ←[ [((t0, . . . , tl), s)]
[((t0, . . . , tl), s)] 7→ µ(t0, . . . , tl) · (1− s) +B · s.︸ ︷︷ ︸

contained in ∆n since ∆n is convex

Pictorially speaking the singular (l+ 1)-simplex cl+1(µ) thus corresponds to the �cone�
which is given by the singular l-simplex µ and the barycenter Bn. Note that by the
Free Abelian Group�Existence Lemma 18.4 this map µ 7→ cl+1(µ) de�nes a linear map
Cl(∆n) → Cl+1(∆n) that we also denote by cl+1 and which we call the (l + 1)-st cone
map.

(3) For n = 0, 1, 2, 3, . . . we inductively do the following:
(a) we de�ne an element χn ∈ Cn(∆n), and
(b) for each topological space X we de�ne a homomorphism un : Cn(X)→ Cn(X).
We do this inductive procedure as follows:
(i) We set χ0 = id: ∆0 → ∆0 and for each topological space X we de�ne u0 to be the

identity on C0(X).
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c2(µ)

∆2

µ

barycenter B2 of ∆2

(ii) Now we suppose that χn−1 ∈ Cn−1(∆n−1) is already de�ned and we suppose that
the homomorphisms un−1 : Cn−1(X)→ Cn−1(X) are already de�ned. Then we set

χn := (−1)n · cn(un−1(∂ id∆n)︸ ︷︷ ︸
∈Cn−1(∆n)

) ∈ Cn(∆n).

Furthermore, for each topological space X we de�ne

un : Cn(X) → Cn(X)
r∑
l=1

al · (σl : ∆n → X) 7→
r∑
l=1

al · (σl)∗( χn︸︷︷︸
∈Cn(∆n)

).x
map σl : ∆l → X induces a map (σl)∗ : Cn(∆l)→ Cn(X)

Note that with this notation we have un(id∆n) = χn.

Lemma 40.7. (Subdivision�Natural Lemma) The maps un : Cn(X) → Cn(X) are
natural, in particular for any continuous map f : X → Y between topological spaces and
any n ∈ N0 we have

f∗ ◦ un = un ◦ f∗ : Cn(X) → Cn(Y ).

Proof. This lemma follows immediately from the de�nitions. Indeed, let σ : ∆n → X be a
singular n-simplex. Then

f∗(un(σ)) = f∗(σ∗(χn)) = (f ◦ σ)∗(χn) = un(f∗(σ)).
↑ ↑ ↑

by de�nition of un(σ) since (f ◦ σ)∗ = f∗ ◦ σ∗ by de�nition of un(f∗(σ))
as maps Cn(∆n)→ Cn(Y )

Since the desired equality holds for a generating set of Cn(X) it also holds for all of Cn(X).
�

Lemma 40.8. (Chain Subdivision Lemma) Let X be a topological space. The maps
un : Cn(X) → Cn(X), n ∈ N0, form a chain map from the chain complex (C∗(X), ∂) to
itself.

Proof of the Chain Subdivision Lemma 40.8. We adopt the following notation and
we make the following remarks:

(1) We denote the barycenter of ∆n by b.
(2) Given points x0, . . . , xk ∈ ∆n we denote by [x0, . . . , xk] the singular k-chain ∆k → ∆n

that is given by
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∆k → ∆n

(t0, . . . , tk) 7→
k∑
i=0

ti · xi,

we refer to such a singular k-simplex as a linear singular simplex.
(3) We denote by Clin

k (∆n) the subgroup of Ck(∆n) generated by all the linear singular k-
simplices. Note that the boundary map ∂ : Ck(∆n)→ Ck−1(∆n) restricts to a boundary
map ∂ : Clin

k (∆n)→ Clin
k−1(∆n).

(4) For x0, . . . , xk ∈ ∆n we write

[x0, . . . , x̂i, . . . , xk] := [x0, . . . , xi−1, xi+1, . . . , xk].

The proof of the lemma will be broken into three claims.

Claim 1. For any µ ∈ Clin
k (∆n) we have

∂(ck+1(µ)) = ck(∂µ) + (−1)k+1 · µ ∈ Ck(∆
n).
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µ
=⇒

∂µ
⇐=

barycenter b of ∆2 c1(∂µ)c2(µ)

Proof. To prove the claim we �rst note that for any choice of points x0, . . . , xl−1 ∈ ∆n we
have by de�nition of cl that

cl([x0, . . . , xl−1]) = [x0, . . . , xl−1, b].

It follows that for any w0, . . . , wk ∈ ∆n we have the following equality in Ck(∆n):

by the above equality
↓

∂(ck+1([w0, . . . , wk])) = ∂([w0, . . . , wk, b])

=
k∑
j=0

(−1)j · [w0, . . . , ŵj, . . . , wk, b] + (−1)k+1 · [w0, . . . , wk]
↑

de�nition of ∂ and by the above equality
↓
= ck(∂([w0, . . . , wk])) + (−1)k+1 · [w0, . . . , wk].

The claim immediately follows from this equality. �

Claim 2. For any n ∈ N0 and any ν ∈ Clin
n (∆n) we have

∂un(ν) = un−1(∂ν).

Proof. We will prove this claim by induction on n. The case n = 0 is trivial. So now
suppose we have already shown the case n − 1. It su�ces to show the claim for all linear
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singular n-simplices. So let ν : ∆n → ∆n be a linear singular n-simplex. We then have

de�nition of un and χn, see page 338 since ∂ ◦ ν∗ = ν∗ ◦ ∂
↓ ↓ ↓

∂un(ν) = ∂(ν∗(χn)) = (−1)n · ∂(ν∗(cn(un−1(∂ id∆n)))) = (−1)n · ν∗
(
∂(cn(un−1(∂ id∆n)︸ ︷︷ ︸

=:µ

))
)

= (−1)n · ν∗
(
cn−1(∂(un−1(∂ id∆n)) + (−1)n · un−1(∂ id∆n)

)
↑

we can apply the previous claim since µ := un−1(∂ id∆n) ∈ Clin
n−1(∆n)

= (−1)n · ν∗
(
cn−1(un−2(∂∂ id∆n︸ ︷︷ ︸

=0

))
)

+ ν∗(un−1(∂ id∆n))
↑

by induction hypothesis we have ∂un−1(ρ) = un−2(∂ρ) for ρ ∈ Clin
n−1(∆n), applied here to ρ = ∂ id∆n

= un−1(ν∗(∂ id∆n)) = un−1(∂ν).
↑ ↑

Subdivision�Natural by de�nition
Lemma 40.7 applied
to f = ν �

The following claim is just a reformulation of the statement of the lemma.

Claim 3. For any singular n-simplex σ in X we have un−1(∂σ) = ∂(un(σ)).

Proof. So let σ : ∆n → X be a singular n-simplex in X. Then we have

by the Subdivision�Natural Lemma 40.7 applied to f = σ since σ∗ is a chain map
↓ ↓

∂(un(σ)) = ∂(un(σ∗(id∆n))) = ∂(σ∗(un(id∆n))) = σ∗(∂(un(id∆n)))
= σ∗(un−1(∂ id∆n)) = un−1(σ∗(∂ id∆n)) = un−1(∂σ∗(id∆n)) = un−1(∂σ).
↑ ↑ ↑

by the previous claim by the Subdivision�Natural since σ∗ is a chain map
Lemma 40.7 applied to f=σ �

Lemma 40.9. (Subdivision�Chain Homotopy-Lemma) LetX be a topological space.
The chain maps un : Cn(X) → Cn(X)

are chain homotopic to the identity.

Proof. Showing that the chain maps (un)n∈N are chain homotopic to the identity requires
us to �nd maps Pn : Cn(X) → Cn+1(X), n ∈ N0 such that for each n ∈ N0 the following
equality holds: ∂n+1 ◦ Pn = −Pn−1 ◦ ∂n + un − id .

First we consider the case that X is a convex subset of some Rm. Recall that we de�ned
C−1(X) = 0, accordingly we de�ne P−1 : C−1(X) → C0(X) to be the zero map. Let us
suppose that we have already found maps P−1, . . . , Pn−1 with the desired properties.

We want to de�ne the next map Pn : Cn(X) → Cn+1(X). This map has to have the
property that for each singular n-simplex σ we have

∂n+1(Pn(σ)) = −(Pn−1 ◦ ∂n)(σ) + (un − id)(σ).

Put di�erently, to de�ne Pn(σ) we have to �nd a singular (n+1)-chain Eσ ∈ Cn+1(X) with

∂Eσ = −(Pn−1 ◦ ∂)(σ) + (un − id)(σ),

so that we can then de�ne Pn(σ) := Eσ. Thus let σ : ∆n → X be a singular n-simplex.

(1) For n = 0 we have (
P−1︸︷︷︸
=0

◦ ∂0 + u0︸︷︷︸
=id

− id
)
(σ) = 0 ∈ C0(X),
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and we put Eσ := 0 ∈ C1(X).
(2) Now suppose that n > 0. Since X is convex we know from the discussion on page 312

that Hn(X) = 0. Therefore to show that an element c ∈ Cn(X) is the boundary of
some element in Cn+1(X) it su�ces to show that ∂c = 0. In our speci�c situation we
calculate

by the Chain Subdivision Lemma 40.8 the subdivision maps
form a chain map, i.e. ∂ ◦ un = un−1 ◦ ∂

↓
∂
(

(−Pn−1∂n + un − id) (σ)
)

= −∂Pn−1∂σ + un−1∂σ − ∂σ
= (−∂Pn−1 + un−1 − id︸ ︷︷ ︸

=Pn−2∂

)(∂σ) = Pn−2(∂∂σ︸︷︷︸
=0

) = 0.

As we had just remarked, this implies that there exists an Eσ ∈ Cn+1(X) which satis�es
∂(Eσ) = (Pn−1∂n − un−1 − id)(σ).

Now we denote by Pn : Cn(X)→ Cn+1(X) the map which assigns to each singular n-simplex
σ the element Eσ ∈ Cn+1(X). It follows from the de�nition of Eσ that

∂n+1 ◦ Pn + Pn−1 ◦ ∂n = un − id

as maps Cn(X)→ Cn(X). This concludes the proof of the Subdivision�Chain Homotopy-
Lemma 40.9 if X is a convex subset of some Rm.

Now we deal with the general case. So let X be a topological space. We consider

Pn : Cn(X) → Cn+1(X)
r∑
l=1

al · (σl : ∆n → X) 7→
r∑
l=1

al · (σl)∗(Pn(id∆n)︸ ︷︷ ︸).
↑

de�ned since ∆n is convex

It is straightforward to see that this is a chain homotopy from the subdivision map to the
identity map. �

De�nition. Given a topological space X and m ∈ N0 we denote by umn the m-fold com-
position of un : Cn(X)→ Cn(X).

Lemma 40.10. (Iterated Subdivision Lemma) For each topological spaceX and every
m ∈ N the maps {umn }n≥0 form a chain map C∗(X) → C∗(X) that is chain homotopic to
the identity.

Proof. Recall that in the Chain Subdivision Lemma 40.8 we already saw that the maps
{un}n≥0 form a chain map C∗(X) → C∗(X). Note that the composition of chain maps is
again a chain map. Thus for any m ∈ N0 the maps {umn }n≥0 are also chain maps.

By the Subdivision�Chain Homotopy-Lemma 40.9 we have u∗ ' id. By the Chain
Homotopy-Lemma 36.2 (2) this implies u2

∗ ' u∗, and by the Chain Homotopy-Lemma 36.2
(1) this implies u2

∗ ' id. An induction argument now shows that um∗ ' id for all m. �

De�nition. Given a singular chain c we can write it uniquely as c = a1 · σ1 + · · ·+ as · σs
with a1, . . . , as ∈ Z \ {0} and where the σi are pairwise di�erent. We call σ1, . . . , σs the
pieces of c.

De�nition.
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(1) Given a bounded subset A of Rn+1 the diameter is de�ned as

diam(A) := sup
{
‖a− b‖

∣∣ a, b ∈ A} ∈ R≥0.

(2) Given a singular simple σ : ∆n → X we denote by |σ| the image of σ.

De�nition. For points z0, . . . , zk ∈ Rn we consider the map

[z0, . . . , zk] : ∆k → Rn

(t0, . . . , tk) 7→
k∑
j=0

tj · zj.

The map [z0, . . . , zk] thus sends the standard k-simplex ∆k to the simplex spanned by
z0, . . . , zk in Rn.

Lemma 40.11. (Subdivision�Diameter Lemma) For any x0, . . . , xk ∈ Rn and any
piece τ of uk([x0, . . . , xk]) we have

diam(|τ |) ≤ n
n+1 · diam(|[x0, . . . , xk]|).
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the image of [x0, x1, x2]

x1

x0

x2

the image of a piece τ of u2([x0, x1, x2])

Lemma 40.12. (Simplex�Diameter Lemma) Let y0, . . . , yk ∈ Rn.
(1) We have the equality

diam(|[y0, . . . , yk]|) = max
{
‖yi − yj‖

∣∣ i, j = 1, . . . , k
}
.

(2) We denote by b = 1
k
·
k∑
i=0
yi the barycenter of y0, . . . , yk. For any i = 0, . . . , k we have
‖yi − b‖ ≤ diam(|[y0, . . . , yk]|).

Proof of the Simplex�Diameter Lemma 40.12.

(1) The inequality �≥� follows immediately from the de�nitions and the observation that
each yi lies in

|[y0, . . . , yk]| =
{ k∑
i=0
ti · yi

∣∣∣ ti ∈ [0, 1] and
k∑
i=0
ti = 1

}
.

We turn to the proof of the reverse inequality �≤�. So we pick a, b ∈ |[y0, . . . , yk]|. By

de�nition we can write a =
k∑
i=0
si · yi and b =

k∑
i=0
ti · yi with si, ti ∈ [0, 1] and such that
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k∑
i=0
si =

k∑
i=0
ti = 1. We then see that

since
k∑
i=0

ti = 1y
‖a− b‖ =

∥∥∥a − k∑
i=0
ti · yi

∥∥∥ =
∥∥∥ k∑
i=0
ti · (a− yi)

∥∥∥ ≤ k∑
i=0

‖ti · (a− yi)‖

≤
k∑
i=0

ti · max
i=0,...,k

{‖a− yi‖} = max
i=0,...,k

{‖a− yi‖} ≤ max
i,j=0,...,k

{‖yj − yi‖}x x
since

k∑
i=0

ti = 1 same argument applied to a =
k∑
j=0

sj · yj

(2) We denote by bi the barycenter of y0, . . . , ŷi, . . . , yk, i.e.

bi = 1
k
·
∑
j 6=i

yj.

We then see that b = 1
k+1 · yi + k

k+1 · bi.

It follows that

‖b− yi‖ =
∥∥∥ 1
k+1 · yi + k

k+1 · bi − yi
∥∥∥ =

∥∥∥ k
k+1 · bi −

k
k+1 · yi

∥∥∥
= k

k+1 · ‖bi − yi‖ ≤
k
k+1 · diam(|[y0, . . . , yk]|).

Thus we have obtained the desired inequality. �

Proof of the Subdivision�Diameter Lemma 40.11. Recall that we need to show that
for any x0, . . . , xk ∈ Rn and any piece τ of uk([x0, . . . , xk]) we have

diam(|τ |) ≤ n
n+1 · diam(|[x0, . . . , xk]|).

We prove the claim by induction on k. For k = 0 all the diameters are zero, so the
inequality holds trivially. Now suppose that the claim holds for k−1. Let x0, . . . , xk ∈ ∆n.

We denote by b = 1
k
·
k∑
i=0
xi the barycenter of x0, . . . , xk. We denote by σ1, . . . , σr the pieces

of ∂[x0, . . . , xk].
Now let τ be a piece of uk([x0, . . . , xk]). By the de�nition of the subdivision map given

on page 338 we see that |τ | = |[w0, . . . , wk−1, b]| where [w0, . . . , wk−1] is a piece of uk−1(σs)
for some s ∈ {1, . . . , r}. By the Simplex�Diameter Lemma 40.12 (1) it now su�ces to prove
the following claim.

Claim.

(1) For any i, j = 0, . . . , k − 1 we have ‖wi − wj‖ ≤ k
k+1
· diam(|[x0, . . . , xk]|).

(2) For any i = 0, . . . , k − 1 we have ‖wi − b‖ ≤ k
k+1
· diam(|[x0, . . . , xk]|).
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τ
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Proof. First let i, j ∈ {0, . . . , k − 1}. Then

‖wi − wj‖ ≤ diam([w0, . . . , wk−1]) ≤ k−1
k · diam(σs) ≤ k

k+1 · diam([x0, . . . , xk]).
↑ ↑

induction hypothesis since |σs| Ă |[x0, . . . , xk]| and k−1
k
≤ k

k+1
applied to σs

Now let i ∈ {0, . . . , k − 1}. We then see that

‖wi − b‖ ≤ k
k+1 · diam(|[w0, . . . , wk−1]|) ≤ k

k+1 · diam(|[x0, . . . , xk]|)
↑ ↑

by the Simplex�Diameter Lemma 40.12 (2) since |[w0, . . . , wk−1]| Ă |[x0, . . . , xk]| �

Lemma 40.13. (Simplex�Reduction Lemma) Let X be a topological space and let
U = {Ui}i∈I be an open cover of X. For every singular n-simplex σ : ∆n → X there exists
an m ∈ N0 such that umn (σ) lies in CUn (X).

Proof. Let X be a topological space, let U = {Ui}i∈I be an open cover of X and let
σ : ∆n → X be a singular n-simplex. By the Lebesgue Lemma 11.9 (2) there exists a δ > 0
such that for any subset A of ∆n with diameter diam(A) < δ there exists an i ∈ I such
that A Ă σ−1(

◦
Ui).

We pick an m ∈ N such that
(

n
n+1

)m
< δ. We calculate that

by the Subdivision�Natural Lemma 40.7 by the Subdivision�Diameter Lemma 40.11 and
(

n
n+1

)m
< δy y

umn (σ) = umn (σ∗(id∆n)) = σ∗(u
m
n (id∆n)) = σ∗

(simplicial chain such that the image
has diameter less than δ

)
= σ∗

(simplicial chain such that the image
of each piece lies in some σ−1(

◦
U i)

)
.

↑
by de�nition of δ

But this means precisely that umn (σ) ∈ CUn (X). �

Proof of the Comfortable Covering Proposition 40.6. Let X be a topological space
and let U = {Ui}i∈I be an open cover of X. We want to show that the inclusion map
ι : CU∗ (X)→ C∗(X) induces for each n ∈ N0 an isomorphism

ι∗ : H
U
n (X)

∼=−→ Hn(X).

We �rst show that the map ι∗ : H
U
n (X)

∼=−→ Hn(X) is surjective. Let z ∈ Hn(X) be given.

We choose a cycle c =
r∑
j=1

aj · σj ∈ Cn(X) that represents z ∈ Hn(X). It follows from the

Simplex�Reduction Lemma 40.13, applied to the singular n-simplices σ1, . . . , σr, that there
exists an m ∈ N0 such that umn (c) ∈ CUn (X). By the Iterated Subdivision Lemma 40.10 the
maps {umn }n∈N0 form a chain map that is chain homotopic to the identity. By de�nition
this means that there exists a chain homotopy Pk : Ck(X) → Ck+1(X), k ∈ N0. Thus we
obtain that

z = [c] =
[
umn (c)− Pn−1

=0︷ ︸︸ ︷
∂n(c)− ∂n+1Pn(c)

]
=
[
umn (c)− ∂n+1Pn(c)

]
=

∈ι∗(HUn (X))︷ ︸︸ ︷
[umn (c)].

↑ ↑
since ∂n+1Pn + Pn−1∂n = umn − id equality in Hn(X)

Thus we have shown that ι∗ : H
U
n (X)

∼=−→ Hn(X) is surjective.
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The argument that the map ι∗ : H
U
n (X)

∼=−→ Hn(X) is injective is very similar. Indeed,
let [c] ∈ HUn (X) be an element such that [c] = 0 ∈ Hn(X). This means that there exists an
e ∈ Cn+1(X) with ∂e = c. From the Simplex�Reduction Lemma 40.13 it follows, as above,
that there exists an m ∈ N0 with umn+1(e) ∈ CUn+1(X). Again we choose a chain homotopy
{Pk}k∈N0 between the chain maps {umk }k∈N0 and id. Then we have

c = ∂e = ∂
(
umn+1(e)− ∂Pn+1(e)− Pn∂e

)
= ∂ umn+1(e)︸ ︷︷ ︸

∈CUn+1(X)

− ∂Pn(c).︸ ︷︷ ︸
∈CUn+1(X)

↑
since ∂Pn+1 + Pn∂ = umn+1 − id

Thus have we have shown that c is indeed the boundary of an (n + 1)-dimensional sin-
gular chain in CUn+1(X) i.e. [c] = 0 ∈ HUn (X). Put di�erently, we have now proved that

ι∗ : H
U
n (X)

∼=−→ Hn(X) is injective. �

Proof of the Excision Theorem 40.1. Let X be a topological space. Furthermore let
Z Ă A Ă X be subsets such that the closure of Z is contained in the interior of A. We have
to show that the inclusion (X \Z,A\Z)→ (X,A) induces for each n ∈ N0 an isomorphism

Hn(X \ Z,A \ Z)
∼=−→ Hn(X,A).

We put B := X \Z. Note that A∩B = A \Z. It follows from our hypothesis on Z and A
that X is the union of the interiors of A and B. Put di�erently, the two sets {A,B} form
a comfortable cover of X.
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For each n ∈ N0 we consider the following commutative diagram of abelian groups:

Cn(B,A ∩B)
∼= [σ]7→[σ]
��

0 // Cn(A)

id
��

// C{A,B}n (X) //
� _

��

C{A,B}n (X)/Cn(A) //

��

0

0 // Cn(A) // Cn(X) // Cn(X,A) // 0.

We make the following two observations:

(1) By de�nition the horizontal sequences are short exact sequences of chain complexes.
(2) It follows immediately from the de�nition of the group C{A,B}n (X) that the inclusion

Cn(B)→ C{A,B}n (X) induces a chain map Cn(B,A ∩ B)→ C{A,B}n (X)/Cn(A) which is
in fact an isomorphism.

Now we consider the long exact sequence of homology groups arising from the above short
exact sequences of chain complexes. It follows from the LES-Proposition 37.4, together
with the above vertical isomorphism, that we obtain the following commutative diagram
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where the horizontal sequences are exact:

. . . // Hn(A)

id
��

// H{A,B}n (X)

��

//

=Hn(X\Z,A\Z)︷ ︸︸ ︷
Hn(B,A ∩B)

��

∂n // Hn−1(A)

id
��

// H{A,B}n−1 (X) //

��

. . .

. . . // Hn(A) // Hn(X) // Hn(X,A)
∂n // Hn−1(A) // Hn−1(X) // . . .

From the Comfortable Covering Proposition 40.6 it follows that the second and �fth vertical
map are isomorphisms. Since the �rst and fourth map are evidently isomorphisms it now
follows from the Five Lemma 37.5 that the middle map is also an isomorphism. �
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41. Applications of the Excision Theorem

41.1. Suspensions and homology groups.

De�nition. Let X be a non-empty topological space.
(1) We de�ne the suspension of X to be the topological space

Σ(X) := ((X × [−1, 1])/(X × {−1}))/(X × {1}).
(2) We call S := [X × {−1}] the South Pole and we call N := [X × {1}] the North Pole

of Σ(X).

Example. One can easily verify that the map

Θ: Σ(Sn)
∼=−→ Sn+1 Ă Rn+1 × R

[(P, t)] 7→
(
P · cos

(π
2
t
)︸ ︷︷ ︸

∈Rn+1

, sin
(π

2
t
)︸ ︷︷ ︸

∈R

)
is a homeomorphism.
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Θ

Σ(S1)

S2

South Pole S

North Pole N

S1

De�nition.

(1) We set
C−X := Σ(X) \ {N} and C+X := \{S}.

(2) Given a continuous map f : X → Y between topological spaces we refer to

Σ(f) : Σ(X) → Σ(Y )
[(x, t)] 7→ [(f(x), t)]

as the suspension of f .
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South pole S

C−X C+X
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Proposition 41.1. (Suspension-H∗-Proposition) Let X be a topological space and let
n ∈ Z.
(1) We write I := (−1, 1). The following maps are isomorphisms:

induced by the
induced by the inclusion embedding x 7→ (x, 0)
↓ ↓

H̃n+1(Σ(X))
æ−→ Hn+1(Σ(X), C−X) ← Hn+1(C+X,X×I)

∂n+1−−−→ H̃n(X×I) ← H̃n(X).
↑ ↑

the natural map de�ned connecting homomorphism of the pair (C+X,X × I) from
on page 331 the Reduced LES-of-Pair Proposition 39.6

(2) The resulting isomorphism

ΣX : H̃n+1(Σ(X))
∼=−→ H̃n(X)

is natural.

Example. Let n ∈ N and let X be the disjoint union of n ∈ N intervals. It follows from the
Suspension-H∗-Proposition 41.1 together with the Reduced Homology Lemma 39.2 that we
have isomorphisms H1(Σ(X)) ∼= H̃0(X) ∼= Zn−1. In the �gure below we show a generating
set for H1(Σ(X)) for n = 3. We leave it to the reader to deduce from the proof of the
Suspension-H∗-Proposition 41.1 that the given cycles do indeed form a generating set for
H1(Σ(X)).
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Σ(X)
X

{c1, c2} is a basis for H1(Σ(X))

c1
c2

Proof.

(1) Let X be a topological space. For each m ∈ N0 we consider the following homomor-
phisms:

// H̃n+1(C−X) // H̃n+1(Σ(X))
∼= // Hn+1(Σ(X), C−X)

∂n+1
// H̃n(C−X) // . . .

. . . // H̃n+1(X×I) // H̃n+1(C+X) // Hn+1(C+X,X×I)
∂n+1

∼=
//

∼=

OO

H̃n(X×I) // H̃n(C+X) //

H̃n(X)

i∗ ∼=

OO

We make the following clari�cations and explanations:
(a) The top horizontal sequence is the long exact sequence in reduced homology of the

pair (Σ(X), C−X) that is given by the Reduced LES-of-Pair Proposition 39.6.
(b) The bottom horizontal sequence is the long exact sequence in reduced homology of

the pair (C+X,X × I) that is given by the Reduced LES-of-Pair Proposition 39.6.
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(c) As is explained in [Fri23], both C−X and C+X admit a deformation retraction
to a point. It follows from the Deformation Retract�Homotopy Equivalence Lem-
ma 9.3 together with the Contractible-H̃∗-Corollary 39.5 that for all k ∈ N0 we have
H̃k(C−X) = 0 and that we have H̃k(C+X) = 0.

(d) It follows from (c) and the exactness of the horizontal sequences that the horizontal
maps shown in red are isomorphisms.

(e) As before let S = [X × {−1}] be the South Pole of the suspension. Note that
Σ(X) \ {S} = C+X and C−X \ {S} = C−X ∩ C+X = X × I. Using this observa-
tion we obtain immediately from the Excision Theorem 40.1 that the vertical map
Hn+1(C+X,X × I)→ Hn+1(Σ(X), C−X) is an isomorphism.

(f) We denote by i : X → X × I the natural embedding given by x 7→ (x, 0). Since
I is an interval one can easily show, using the Deformation Retract�Homotopy
Equivalence Lemma 9.3, that i is a homotopy equivalence.

(g) It follows from (f) together with the Homotopy Equivalence-H̃∗-Corollary 39.4 that
the induced map i∗ : H̃n(X)→ H̃n(X × I) is an isomorphism.

We have now shown that all red homomorphisms are isomorphisms. But that is exactly
what he had to do.

(2) Let f : X → Y be a continuous map between two topological spaces. We consider the
following diagram:

H̃n+1(Σ(X))

ΣX

--

Σ(f)∗
��

æ // Hn+1(Σ(X), C−X)

Σ(f)∗
��

Hn+1(C+X,X×I)oo

(f×id)∗
��

∂n+1
// H̃n(X×I)

(f×id)∗
��

H̃n(X)

f∗
��

i∗oo

H̃n+1(Σ(Y ))

ΣY

22
æ // Hn+1(Σ(Y ), C−Y ) Hn+1(C+Y, Y ×I)oo

∂n+1
// H̃n(Y ×I) H̃n(Y ).

i∗oo

The �rst, second and fourth square commutes by functoriality of (reduced) homology.
The third square commutes since in the LES-of-Triple Proposition 38.2 (2) we showed
that the connecting homomorphism is natural. We have thus shown that the diagram
commutes, which implies that ΣX itself is natural. �

41.2. The homology groups of spheres.

Proposition 41.2. (Sphere-Hn-Proposition) For any n ∈ Z≥−1 we have

H̃k(S
n) ∼=

{
Z, if k = n, and
0, if k 6= n.

Proof. For each m ∈ Z≥−1 we have

by the Suspension-H∗-Proposition 41.1 iterating the argument
↓ ↓ ↓

H̃m(Sn) ∼= H̃m(Σ(Sn−1)) ∼= H̃m−1(Sn−1) ∼= . . . ∼= H̃m−n(S0) ∼=
{

Z, if m− n = 0,
0, otherwise.↑ ↑

since Sn is homeomorphic to by the Singleton-H∗-Lemma 35.11,
the suspension Σ(Sn−1) the Path-Component�H∗�Lemma 35.8

and the Reduced Homology Lemma 39.2 �
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Proposition 41.3. (Rk-Rl-Non Homeomorphism�Proposition) For any k 6= l the
topological spaces Rk and Rl are not homeomorphic.

Proof. Let k, l ∈ N0 and suppose there exists a homeomorphism f : Rk → Rl. Then we
obtain that

this follows from the Homotopy Equivalence-H̃∗-Corollary 39.4 (1a), since for
any P ∈ Rm the topological space Rm \ {P} is homotopy equivalent to Sm−1

↓ ↓
Z ∼= H̃k−1(Sk−1) ∼= H̃k−1(Rk \ {0}) f∗−→ H̃k−1(Rl \ {f(0)}) ∼= H̃k−1(Sl−1).
↑ ↑

by the Sphere-Hn-Proposition 41.2 isomorphism since f is a homeomorphism

So we have H̃k−1(Sl−1) ∼= Z. But by the Sphere-Hn-Proposition 41.2 that is only possible
if k = l. �

Lemma 41.4. (Ball-rel-Sphere-H∗-Lemma) Given any n ∈ N0 we have

Hk(B
n
, Sn−1) ∼=

{
Z, if k = n,
0, otherwise.

Proof. We consider the long exact sequence in reduced homology of the pair (B
n
, Sn−1)

which is provided for us by the Reduced LES-of-Pair Proposition 39.6:

. . . → H̃k(B
n
)︸ ︷︷ ︸

= 0, see page 331

→ Hk(B
n
, Sn−1)

∂−→ H̃k−1(Sn−1)︸ ︷︷ ︸
calculated in the

Sphere-Hn-Proposition 41.2

→ H̃k−1(B
n
)︸ ︷︷ ︸

= 0, see page 331

→ . . .

The statement of the lemma is now an immediate consequence of the Sphere-Hn-Pro-
position 41.2. �

41.3. The Brouwer Fixed Point Theorem.

Proposition 41.5. (Sphere-Non Retract Proposition) For every n ∈ N the sphere
Sn−1 = ∂B

n
is not a retract of the closed ball B

n
.

Proof. Suppose there exists a retraction r : B
n → Sn−1. We denote by i : Sn−1 → B

n
the

inclusion map. We consider the following diagram

H̃n−1(B
n
)

r∗

((

H̃n−1(Sn−1)

i∗
66

(r◦i)∗
// H̃n−1(Sn−1).

This diagram commutes since it follows from the functoriality of the reduced homology
groups that r∗ ◦ i∗ = (r ◦ i)∗. Since r is a retraction it follows that r ◦ i = idSn−1 ,
i.e. (r ◦ i)∗ = (idSn−1)∗ is the identity map on H̃n−1(Sn−1) which, by the Sphere-Hn-Pro-
position 41.2, is isomorphic to Z. The lower map is thus an isomorphism. But the upper
map factorizes through the group H̃n−1(B

n
), which is the trivial group by the Contractible-

H̃∗-Corollary 39.5. This implies that the composition of i∗ and r∗ cannot be an isomorphism
of Z. Thus we have obtained a contradiction. �



41. APPLICATIONS OF THE EXCISION THEOREM 351

Theorem 41.6. (Brouwer Fixed Point Theorem) Every continuous map f : B
n → B

n

admits a �xed point, i.e. for every continuous map f : B
n → B

n
there exists a point x ∈ Bn

such that f(x) = x.

Proof. Suppose there exists a continuous map f : B
n → B

n
without a �xed point. It

follows from the hypothesis that f admits no �xed points that for each x ∈ Bn
the open

ray {f(x) + t · (x− f(x)) | t > 0} which starts at f(x) and which goes through x contains
precisely one point in Sn−1. Thus we can consider the following map:

Φ: B
n → B

n

x 7→ the intersection point of Sn−1 with the
uniquely determined open ray from f(x) to x.
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��Φ(x)

x
f(x)

Sn−1

B
n

It is elementary to show that Φ is continuous. It is evident that Φ(x) = x for all x ∈ Sn−1

and that Φ(x) ∈ Sn−1 for all x ∈ Sn−1. The map Φ is thus a retraction from B
n
to Sn−1.

But according to the Sphere-Non Retract Proposition 41.5 this not possible. Thus we have
obtained a contradiction. �

Theorem 41.7. (Perron-Frobenius Theorem) Let A = (aij) be an n× n-real matrix.
If all entries are positive, then A has a positive eigenvalue λ with an eigenvector v such
that all entries of v are non-negative.

Proof. We need to introduce two players:

(1) Given v = (v1, . . . , vn) ∈ Rn we write |v| :=
n∑
i=1
|vi|.

(2) We consider the standard (n− 1)-simplex

∆n−1 := {v ∈ [0, 1]n
∣∣ |v| = 1}.

We saw in the ∆n-Homeomorphism Lemma 35.3 (2) that ∆n−1 is homeomorphic to
B
n−1

. It follows immediately from this observation and from the Brouwer Fixed Point
Theorem 41.6 that any continuous self-map f : ∆n−1 → ∆n−1 has a �xed point.

Now let A = (aij) be an n × n-real matrix such that all entries are positive. We consider
the map f : ∆n−1 → ∆n−1

v = (v1, . . . , vn) 7→ A·v
|A·v| .

Note that this map is de�ned since our hypothesis that all aij are positive, the fact that
all entries of v are non-negative and the fact that at least one entry of v is positive imply
that A · v 6= 0. It is clear that f is continuous. As we had just discussed above, the map
f : ∆n−1 → ∆n−1 has a �xed point v ∈ ∆n−1. But this means that A · v = |A · v| · v. Put
di�erently, we have just shown that v is an eigenvector to the positive eigenvalue |A ·v|. �
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41.4. Good subsets and relative homology.

De�nition. Let X be a topological space and let A Ă X be a subset. We denote by
p : (X,A)→ (X/A,A/A) the natural projection. For each n ∈ N0 we de�ne

Hn(X,A)

=: þ

22
p∗

// Hn(X/A,A/A) H̃n(X/A)∼=

isomorphism æ from the
Reduced-to-Relative-H*-Lemma 39.7
oo .

De�nition. Let X be a topological space and let A Ă X be a subset. We say A is good
if A is closed and if there exists an open neighborhood U of A in X such that A is a
deformation retract of U .
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X A is a good subset of X

U

Examples.

(1) Let x ∈ X be a point. Basically by de�nition the subset {x} Ă X is good in the above
sense if and only the point is good in the sense of the de�nition on page 185.

(2) The sphere Sn−1 is a good subset of the closed ball B
n
. Indeed, it is clear that Sn−1 is a

closed subset of B
n
. Furthermore, if we consider the open neighborhood U = B

n \ {0},
then a deformation retraction from U to Sn−1 is given by the map

(B
n \ {0})× [0, 1] → B

n \ {0}
(x, t) 7→

(
1− t · 1−‖x‖

‖x‖

)
· x.

(3) It follows from the Subcomplex�Closed Lemma 30.6 and the Subcomplex�Neighborhood
Proposition 31.8 (1) that every subcomplex A of a CW-complex X is good.

Proposition 41.8. (Relative-to-Quotient-H∗-Proposition) Let X be a topological
space, let A Ă X be a subset and let n ∈ N0. If A is a good subset, then the natural
homomorphism þ : Hn(X,A)→ H̃n(X/A) is an isomorphism.

Example. Let X be a topological space, let A Ă X be a subset and let n ∈ N0. For
better or worse the natural homomorphism Hn(X,A) → H̃n(X/A) is in general not an
isomorphism. In fact in general the two groups Hn(X,A) and H̃n(X/A) are not even
abstractly isomorphic.

For example let us consider the topological space X = [0, 1] together with the subspace
A = {0} ∪ { 1

n
|n ∈ N}. We leave the proof of the following two statements as an exercise

to the reader.
(1) The group H1(X,A) is countable.
(2) The group H1(X/A) is uncountable.

Proof of the Relative-to-Quotient-H∗-Proposition 41.8. LetX be a topological space,
let A Ă X be a good subset and let n ∈ N0. We make the following simple preparations:
(1) Since A is good we can pick an open neighborhood U of A in X such that A is a

deformation retract of U .
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X = [0, 1]

X/A is homeomorphic to
the Hawaiian earrings

H :=
⋃
n∈N
{(x, y) ∈ R2 | (x− 1

n
)2 + y2 = 1

n2}

A = {0} ∪ { 1
n
|n ∈ N}

(2) We denote by p : X → X/A the projection.
(3) We denote by q : X \ A→ (X/A) \ (A/A) the restriction of p to X \ A.
Now we consider the following diagram

Hn(X,A)
p∗
��

(3)
//

þ

##

Hn(X,U)
p∗
��

Hn(X \ A,U \ A)
(1)

oo

q∗
��

Hn(X/A,A/A)
(4)

// Hn(X/A,U/A) Hn((X/A) \ (A/A), (U/A) \ (A/A))
(2)

oo

H̃n(X/A),

æ∼=

OO

where all the horizontal maps are induced by inclusions of pairs of topological spaces. Recall
that we need to show that þ : Hn(X,A)→ H̃n(X/A) is an isomorphism. By the Reduced-to-
Relative-H∗-Lemma 39.7 we know that æ : H̃n(X/A)→ Hn(X/A,A/A) is an isomorphism.
Thus it su�ces to show that the top left vertical map p∗ : Hn(X,A) → Hn(X/A,A/A) is
an isomorphism.

First note that it follows easily from the functoriality of relative homology groups that
the two squares of the diagram commute. Next note that it follows from our hypothesis
that the subset A is closedand an elementary argument in general topology that the map
q : (X \ A,U \ A) → ((X/A) \ (A/A), (U/A) \ (A/A)) is a homeomorphism of pairs of
topological spaces. We obtain from this observation that the vertical map on the right is
an isomorphism. At this stage it remains to prove the following claim:

Claim. All horizontal maps are isomorphisms.

Proof.

(1) Since A Ă X is closed and since U Ă X is open it follows from the Excision Theo-
rem 40.1 that both the top right horizontal map is an isomorphism.

(2) The hypothesis that A Ă X is closed and that U Ă X is an open neighborhood of
A Ă X implies, by de�nition of the quotient topology, that A/A is a closed subset of
X/A and that U/A is an open neighborhood of A/A Ă X/A. Thus we can also apply
the Excision Theorem 40.1 to the horizontal map on the bottom right, and we see that
this map is also an isomorphism.

(3) Since A is deformation retract of U we obtain from the Homotopy Equivalence-Relative-
H∗-Corollary 38.4 that the top left horizontal map is an isomorphism.

(4) Recall that A is a deformation retract of U . It follows from the Deformation Retraction-
Quotient Theorem 9.2 (2) that A/A is a deformation retract of U/A. As in (3) we now
see that the bottom-left horizontal map is an isomorphism. �

41.5. The homology groups of the wedge of topological spaces.
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Proposition 41.10. (Wedge-H∗-Proposition) Let {(Xk, xk)}k∈K be a family of pointed
topological spaces. We denote the wedge point of

∨
k∈K

(Xk, xk) by ∗ and given k ∈ K we

denote by ik : Xk →
∨
k∈K

(Xk, xk) the natural inclusion that we introduced on page 155.

Let n ∈ N0. If each xk ∈ Xk is good , then the map⊕
k∈K

ik∗ :
⊕
k∈K

Hn(Xk, {xk}) → Hn

( ∨
k∈K

(Xk, xk), {∗}
)

is an isomorphism. The same statement also holds for reduced homology instead of relative
homology.

Proof. We consider the following diagram:

⊕
k∈K

H̃n(Xk)

induced by
the maps
æXk,{xk}

∼=

��

⊕
k∈K

ik∗
// H̃n

( ∨
k∈K

(Xk, xk)
)

æ∨
(Xk,xk),{∗}∼=

��

Hn

( ⊔
k∈K

Xk,
⊔
k∈K
{xk}

) ∼= // H̃n

( ⊔
k∈K

Xk

/ ⊔
k∈K
{xk}

)id
66

⊕
k∈K

Hn(Xk, {xk})

⊕
k∈K

ik∗
//

⊕
k∈K

ik∗

∼=
77

Hn

( ∨
k∈K

(Xk, xk), ∗
)
.

The proposition follows from the following clari�cations and observations:
(a) It follows from the Reduced-to-Relative-H∗-Lemma 39.7 that the vertical maps to the

left and right are isomorphisms.
(b) It follows from the obvious generalization of the Path-Component�H∗�Lemma 35.8 that

the bottom left diagonal map is an isomorphism.
(c) By hypothesis each xk ∈ Xk is good. It follows easily from the de�nitions that⊔

k∈K
{xk} is a good subset of

⊔
k∈K

Xk. Thus we can apply the Relative-to-Quotient-

H∗-Proposition 41.8 to see that the middle horizontal map is an isomorphism.
(d) The top right diagonal map is indeed the identity, we just wrote the wedge of the

(Xk, xk) in two di�erent ways.
(e) One can easily verify that the lower triangle commutes. This implies the desired state-

ment for relative homology groups.
(f) One can also easily verify that the upper triangle commutes. Thus we also get the

desired statement on reduced homology groups. �

41.6. The long exact sequence for quotients.

Theorem 41.11. (Quotient�LES Theorem) Let X be a topological space. Further-
more let A Ă X be a good subset. We denote by i : A → X the inclusion map and we
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denote by p : X → X/A the projection. For each n ∈ N0 there exists a natural homomor-
phism ∂n : H̃n(X/A)→ H̃n−1(A) such that the sequence

. . .
p∗−−−→ H̃n+1(X/A)

∂n+1−−−−→
→ H̃n(A)

i∗−−→ H̃n(X)
p∗−−−→ H̃n(X/A)

∂n−−−→
→ H̃n−1(A)

i∗−−→ . . .

is exact.

Proof. Let X be a topological space and let A Ă X be a good subset. We denote by
i : A → X the inclusion and we denote by p : X → X/A the projection. We consider the
following diagram:

. . . // H̃n(A)
i∗ // H̃n(X)

æX,A
//

p∗ ((

Hn(X,A)
þ

��

∂n // H̃n−1(A)
i∗ // H̃n−1(X) // . . .

H̃n(X/A).

We make the following comments and observations:

(1) The horizontal sequence is the long exact sequence coming from the Reduced LES-of-
Pair Proposition 39.6.

(2) The vertical map is the natural homomorphism that we de�ned on page 352. It follows
easily from the de�nitions that the triangle commutes.

(3) Since A is good we obtain from the Relative-to-Quotient-H∗-Proposition 41.8 that the
vertical map þ is an isomorphism.

Now we consider the homomorphisms ∂̃n := þ
−1 ◦ ∂n : H̃n(X/A)→ H̃n−1(A). Since þ and

∂ are natural we see that the maps ∂̃n = þ
−1 ◦∂ are also natural. It follows from the above

discussion that the sequence

. . . // H̃n(A)
i∗ // H̃n(X)

p∗
// H̃n(X/A)

∂̃n // H̃n−1(A)
i∗ // H̃n−1(X) // . . .

is exact. �

Proposition 41.2. (Sphere-Hn-Proposition) For each n ∈ Z≥−1 we have

H̃k(S
n) ∼=

{
Z, if k = n, and
0, if k 6= n.

Proof. We prove the proposition by induction on n. First note that for n = −1 we have
Sn = S−1 = ∅, thus the statement follows immediately from the Reduced Homology
Lemma 39.2 (0).

Now we suppose that the statement of the proposition holds for n − 1. We want to
determine the reduced homology of Sn. The key idea is to use that by the Ball Quotient-
Sphere Lemma 6.5 we know that Sn is homeomorphic to B

n
/Sn−1. On page 352 we saw

that Sn−1 is a good subset of B
n
. Therefore we can apply the Quotient�LES Theorem 41.11
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to X = B
n
and the closed subset A = Sn−1 and we obtain the following exact sequence

. . . −−→ H̃k+1(B
n
)

p∗−−→ H̃k+1(B
n
/Sn−1)

∂k+1−−−−→
→ H̃k(S

n−1)
i∗−−→ H̃k(B

n
)

p∗−−→ H̃k(B
n
/Sn−1)

∂k−−→
→ H̃k−1(Sn−1)

i∗−−→ . . .

By the Contractible-H̃∗-Corollary 39.5 we know that H̃i(B
n
) = 0 for all i. Since the sequence

is exact we see that all the connecting homomorphisms are isomorphisms. Thus we see that

H̃k(S
n) ∼= H̃k(B

n
/Sn−1) ∼= H̃k−1(Sn−1) ∼=

{
Z, if k − 1 = n− 1
0, if k 6= n.↑ ↑ ↑

in the Ball Quotient-Sphere by the above exact by induction hypothesis
Lemma 6.5 we showed sequence
that Sn ∼= B

n
/Sn−1 �
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North Pole N

identify North and South Pole and we obtain
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42. Local homology and explicit generators of homology groups

42.1. An explicit generator of Hn(∆n, ∂∆n).

Lemma 42.1. (Identity-is-Generator Lemma) For every n ∈ N0 the following two
statements hold:
(1) Hn(∆n, ∂∆n) ∼= Z.
(2) The identity map id : ∆n → ∆n represents a generator of Hn(∆n, ∂∆n) ∼= Z.

Proof. We prove the lemma by induction on n ∈ N0. It follows easily from the H0-Pro-
position 35.10 (1) that the statement holds for n = 0. Now we suppose that the desired
statement holds for n− 1 with n ∈ N.

Our next goal is to �nd a connection between the two homology groups Hn(∆n, ∂∆n)
and Hn−1(∆n−1, ∂∆n−1). To do so we introduce the following notation.

(a) We consider
Λ :=

n−1⋃
i=0

{(t0, . . . , tn) ∈ ∆n | ti = 0},

i.e. Λ is the union of all (n − 1)-dimensional faces of ∆n except for the face given by
tn = 0. Note that Λ is a deformation retract of ∆n.

(b) We write ◦
Λ := {(t0, . . . , tn) ∈ Λ | tn > 0}.

In the following we view Rn as the subspace of Rn+1 given by setting the last coordinate
equal to zero. This point of view allows us to view ∆n−1 as a subspace of ∆n. Note that
with this convention we have ∂∆n−1 Ă Λ.
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t1

Λ Λ
◦
Λ

deformation retraction from ∆2 to Λ

Claim. We consider the maps

Hn(∆n, ∂∆n)
∂n−−→ Hn−1(∂∆n,Λ)

ι∗←−− Hn−1(∆n−1, ∂∆n−1).

Here the map ∂n on the left is the connecting homomorphism in the long exact sequence
of the triple (∆n, ∂∆n,Λ) and the right-hand map is induced by the inclusion. Both maps
are isomorphisms and the following equality holds:

∂([id∆n ]) = (−1)n · ι∗([id∆n−1 ]).
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It is clear that a proof of the claim together with the induction hypothesis implies that
Hn(∆n, ∂∆n) ∼= Z and that [id∆n ] is a generator of Hn(∆n, ∂∆n). In particular a proof of
the claim implies the Identity-is-Generator Lemma 42.1.
Proof. We consider the two maps separately.
(a) Of the two maps in the claim we �rst consider the map ∂n on the left. It follows from

the LES-of-Triple Proposition 38.2 applied to the triple (∆n, ∂∆n,Λ) of topological
spaces that the following sequence is exact:

Hn(∆n,Λ)
p∗−−→ Hn(∆n, ∂∆n)

∂n−−→ Hn−1(∂∆n,Λ)
ι∗−−→ Hn−1(∆n,Λ)

where p : (∆n,Λ) → (∆n, ∂∆n) is the obvious inclusion. As we remarked above, one
can easily show that Λ is a deformation retract of ∆n. It follows from the Deformation
Retract-Relative H∗-Corollary 38.5 that Hn(∆n,Λ) = 0, which implies that the connect-
ing homomorphism ∂n : Hn(∆n, ∂∆n)→ Hn−1(∂∆n,Λ) is an isomorphism. Furthermore
note that we have the following equalities in Hn(∂∆n,Λ):

see the de�nition of ∂n : Cn(∆n)→ Cn−1(∆n) on page 302

↓
∂n([id∆n ]) = [∂n(id∆n)] =

[ n−1∑
j=0

(−1)j · id ◦inj︸ ︷︷ ︸
lies in Cn−1(Λ),

thus = 0 in Cn(∂∆n,Λ)

+ (−1)n · id ◦inn︸ ︷︷ ︸
=id∆n−1

]
= (−1)n · [id∆n−1 ].

↑ ↑
by de�nition of the connecting since we work
homomorphism in the in Hn−1(∂∆n,Λ)
LES-of-Triple Proposition 38.2

(b) We turn our attention to the right-hand map ι∗ : Hn−1(∆n−1, ∂∆n−1)→ Hn−1(∂∆n,Λ)
in the statement of the claim. It follows from the Excision-via-Deformation Theo-
rem 40.5, applied to X = ∂∆n, A = Λ, Z =

◦
Λ and U = (0, . . . , 0, 1) that the inclusion

induced map

Hn−1(∆n−1, ∂∆n−1) = Hn−1(∂∆n \
◦
Λ︸ ︷︷ ︸

=∆n−1

, Λ \
◦
Λ︸ ︷︷ ︸

=∂∆n−1

)
ι∗−−→ Hn−1(∂∆n,Λ)

is an isomorphism. Finally note that evidently we have ι∗([id∆n−1 ]) = [id∆n−1 ].
Thus we have proved that both maps in the claim are isomorphisms and that

∂([id∆n ]) = (−1)n · [id∆n−1 ] = (−1)n · ι∗([id∆n−1 ]). �
42.2. The local homology groups of a topological space.

De�nition. Given a topological space X and a point x ∈ X the relative homology group
Hn(X,X \ {x}) is called the n-th local homology group of X at the point x.

Proposition 42.2. (Local-H∗-Proposition) LetX be a topological space and let x ∈ X.
(1) If {x} Ă X is a closed subset , then for any neighborhood U of x ∈ X the inclusion

induced maps Hn(U,U \ {x})→ Hn(X,X \ {x}) are isomorphisms.
(2) For any homeomorphism f : X → Y the maps f∗ : Hn(X,X \{x})→ Hn(Y, Y \{f(x)})

are isomorphisms.
(3) (a) If X is an open subset of Rn, then for any x ∈ X and any k ∈ N0 we have

Hk(X,X \ {x}) ∼=
{

Z, if k = n,
0, otherwise.
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(b) If X is an open subset of Hn = {(t1, . . . , tn) ∈ Rn | tn ≥ 0} and if x ∈ Rn−1 × {0},
then Hk(X,X \ {x}) = 0 for all k ∈ N0.

(4) If σ : ∆n → X is a continuous map such that σ :
◦
∆
n
→ X is an open embedding, then

for any x ∈ σ(
◦
∆
n
) we have Hn(X,X \{x}) ∼= Z and the singular n-simplex σ : ∆n → X

represents a generator of Hn(X,X \ {x}) ∼= Z.
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x1

generator of H1(X,X \ {x2}) ∼= Z

σ1 σ2

generator of H2(X,X \ {x1}) ∼= Z

X
∆2

x2

Proof. Let X be a topological space and let x ∈ X.

(1) Let U be a neighborhood of x ∈ X. It follows immediately from the Excision The-
orem 40.2 that the inclusion induced maps Hn(U,U \ {x}) → Hn(X,X \ {x}) are
isomorphisms.

(2) This statement follows from the functoriality of relative homology groups.
(3) (a) It follows easily from (1) that it su�ces to consider the case that X = Rn. For any

k ∈ N0 we see that

this is the connecting homomorphism of the long exact sequence of the pair (Rn,Rn \ {x})
in reduced homology, it is an isomorphism since on page 331 we showed that H̃∗(Rn) = 0

↓
Hk(Rn,Rn \ {x}) ∂k−→ H̃k−1(Rn \ {x})

∼=←− H̃k−1(Sn−1(x)) ∼=
{

Z, if k = n,
0, otherwise.↑ ↑

isomorphism since the inclusion Sn−1(x)→ Rn \ {x} Sphere-Hn-Proposition 41.2
is a homotopy equivalence

(b) It follows easily from (1) that it su�ces to consider the case that X = Hn and that
x ∈ Rn−1×{0}. By the Reduced LES-of-Pair Proposition 39.6 we have a long exact
sequence of the form

. . . → H̃k(Hn) → Hk(Hn,Hn \ {x})
∼=−→ H̃k(Hn \ {x}) → . . .

It follows easily from the fact that x ∈ Rn−1 × {0} that both Hn and Hn \ {x} are
contractible. It follows from the Contractible-H̃∗-Corollary 39.5 that the reduced
homology groups of Hn and Hn \ {x} vanish. But this implies, by exactness, that
also the �middle� groups Hk(Hn,Hn \ {x}) have to vanish.

(4) Let X be a topological space and let σ : ∆n → X be a continuous map such that
σ :

◦
∆
n
→ X is an open embedding. Furthermore let x ∈ σ(

◦
∆
n
). Since x ∈ σ(

◦
∆
n
) and

since σ :
◦
∆
n
→ X is an embedding there exists a unique a ∈

◦
∆
n
with σ(a) = x.

Claim. There exists a continuous map τ : ∆n → X with the following three properties:
(a) τ : ∆n → X is an embedding.
(b) τ(∆n) is a neighborhood of x ∈ X.
(c) We have [σ] = [τ ] ∈ Hn(X,X \ {x}).
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Proof. We introduce the following notation: We denote by b := ( 1
n+1

, . . . , 1
n+1

) ∈ ∆n

the barycenter of ∆n. Furthermore given ε > 0 we write

∆n
ε = {(x− b) · (1− ε) + b |x ∈ ∆n}.

Note that ∆n
ε Ă ∆n and note that ∆n

0 = ∆n. It follows from an elementary argument
and the hypothesis that a ∈ ∆n \ ∂∆n that there exists an ε > 0 such that a ∈ ∆n

ε .
Next we consider the homotopy

F : ∆n × [0, 1] → ∆n

(x, t) 7→ (x− b) · (1− t+ (1− ε) · t) + b.

Note that F0 = id∆n and note that F1 de�nes a homeomorphism ∆n → ∆n
ε . We set

τ := σ ◦ F1 : ∆n → X. We have to verify that τ has the desired properties:
(a) Since F1 : ∆n → ∆n is an embedding with image ∆n

ε , since ∆n
ε Ă

◦
∆
n
and since

σ :
◦
∆
n
→ X is an embedding we see that τ = σ ◦ F1 : ∆n → X is an embedding.

(b) It is straightforward to verify that ∆n
ε is a neighborhood of a ∈ ∆n. By hypothesis

σ(
◦
∆
n
) is an open subset ofX. It follows from the Open-Closed Inclusion Lemma 2.7

that τ(∆n) = σ(∆n
ε ) is a neighborhood of x = σ(a) ∈ X.

(c) We have the following equalities in Hn(X,X \ {x}):
[σ] = (σ ◦ F0)∗([id∆n ]) = (σ ◦ F1)∗([id∆n ]) = [σ ◦ F1 ◦ id∆n ] = [τ ].

↑
follows from the Homotopy-H∗-Proposition 38.6 since σ ◦ F
de�nes a homotopy of maps of pairs (∆n, ∂∆n)→ (X,X \ {x}) �
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x
barycenter b

∆2
σ

X

τ : ∆2 → X∆2
ε

a

Finally we consider the following sequence of homomorphisms:

∂∆n is a deformation retract
since τ(∆n) is a neighborhood of ∆n \ {a}, thus it follows
of x it follows from the Excision isomorphism from the Homotopy Equivalence�
Theorem 40.2 that this inclusion since τ is �Relative-H∗-Corollary 38.4
induced map is an isomorphism an embedding that the map is an isomorphism

↓ ↓ ↓
Hn(X,X\{x}) ← Hn(τ(∆n), τ(∆n)\{x}) τ∗←− Hn(∆n,∆n\{a}) ←

.

Hn(∆n, ∂∆n).
[σ] = [τ ] ←[ [τ ] ←[ [id∆n ] ←[ [id∆n ].

By the Identity-is-Generator Lemma 42.1 we know that id∆n represents a generator
of Hn(∆n, ∂∆n). It follows from the above explicit isomorphisms that σ represents a
generator of Hk(X,X\{x}). �

De�nition. Let (X,A) be a pair of topological spaces. In the following we say a singular

n-chain c =
m∑
i=1
ti · σi ∈ Cn(X) is non-trivial with respect to x ∈ X \ A if the following

statements hold:
(a) We have ∂n(c) ∈ Cn−1(A), in other words, c represents an n-cycle in Cn(X,A).
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(b) There exists a j ∈ {1, . . . ,m} with tj = {±1} such that the map σj :
◦
∆
n
→ X is an

open embedding, such that x ∈ σj(
◦
∆
n
) and such that for all i 6= j we have x 6∈ σi(∆n).

Proposition 42.3. (Detect-Cycle Proposition) Let (X,A) be a pair of topological

spaces and let c =
m∑
i=1
ti · σi ∈ Cn(X) be a singular n-chain that is non-trivial with respect

to some x ∈ X \ A. The following statements hold:
(1) We have Hn(X,X \ {x}) ∼= Z and under the map Hn(X,A) → Hn(X,X \ {x}) the

singular n-cycle c ∈ Cn(X,A) gets sent to a generator of Hn(X,X \ {x}).
(2) If Hn(X,A) ∼= Z, then c represents a generator of Hn(X,A).
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A

X σ1 σ2
x

σ1 − σ2 is non-trivial with respect to x
thus [σ1 − σ2] 6= 0 ∈ H2(X,A)

Proof. Let (X,A) be a pair of topological spaces and let c =
m∑
i=1
ti · σi ∈ Cn(X) be a

singular n-chain with the following two properties:
(a) c represents an n-cycle in Cn(X,A).
(b) There exists an x ∈ X \ A and a j ∈ {1, . . . ,m} with tj = {±1} such that the map

σj :
◦
∆
n
→ X is an open embedding, such that x ∈ σj(

◦
∆
n
) and such that for all i 6= j

we have x 6∈ σi(∆n).
We turn to the actual proofs of the statements:

(1) First note that it follows from the hypothesis that x ∈ ϕj(
◦
∆
n
) and the hypothesis that

σj :
◦
∆
n
→ X is an open embedding, together with the the Local-H∗-Proposition 42.2

that Hn(X,X \ {x}) ∼= Z and that [σj] ∈ Hn(X,X \ {x}) is a generator. Next we
consider the induced homomorphism ϕ : Hn(X,A)→ Hn(X,X \ {x}). We see that

ϕ([c]) = ϕ
([ m∑

i=1
ti · σi

])
= tj︸︷︷︸

=±1

· [σj] + ϕ
([∑

i 6=j
tj · σj︸ ︷︷ ︸

= 0 ∈ Cn(X,X \ {x}),
since σj(∆

n) Ă X \ {x}

])
= ± · [σj]︸ ︷︷ ︸ .

↑
generator of
Hn(X,X \ {x})

(2) It follows from the hypothesis that Hn(X,A) ∼= Z and elementary algebra that any
epimorphism Hn(X,A)→ Z is actually an isomorphism. Statement (2) is an immediate
consequence of this observation together with Statement (1). �

42.3. The standard generator of Hn(Sn).
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Notation. Let n ∈ N0.
(1) We consider the singular n-simplex αn : ∆n → Sn that is given by the concatenation

of the following two continuous maps

∆n homeomorphism given by the−−−−−−−−−−−−−−−−−−−−−−→
∆n-Homeomorphism Lemma 35.3 (2)

B
n → Sn Ă Rn+1 = Rn × R

r · v 7→
(
− cos(π · r)
sin(π · r) · v

)
︸ ︷︷ ︸
∈R×Rn=Rn+1

.

Similar to the Ball Quotient-Sphere Lemma 6.5 we see that this map ∆n → Sn sends
∂∆n to the �East Pole� E := (1, 0, . . . , 0) and that αn descends to a homeomorphism
∆n/∂∆n → Sn.

(2) We denote by βn : ∆n → Sn the constant map that sends all points to the �East Pole�
(1, 0, . . . , 0).
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∆2

∆2

α2

B
2

∂∆2

◺
2

β2

East Pole E=(1, 0, 0)

Proposition 42.4. (Standard Generator-Hn(Sn)-Proposition) Let n ∈ N0.

(1) The singular n-chain αn − βn ∈ C̃n(Sn) is a cycle and it represents a generator
of H̃n(Sn).

(2) If n is odd, then αn ∈ Cn(Sn) is also a cycle with [αn] = [αn − βn] ∈ H̃n(Sn).

De�nition. Let n ∈ N0. We refer to

[Sn] := (−1)n−1 · [αn − βn] ∈ H̃n(Sn)

as the standard generator of H̃n(Sn).

Example.

(1) For n = 0 we see that [S0] = −[α0 − β0] = −[(−1)− (1)] = [(1)− (−1)] ∈ H̃0(S0).
(2) Next we consider the case n = 1. If one goes carefully through the de�nition of the

map α1 : ∆1 → S1 one sees that

α1(1− t, t) = (− cos(π(1− 2t)), sin(π(1− 2t))) = (cos(2tπ), sin(2tπ)) = exp(2π it).

Thus we see that the singular 1-simplex (1− t, t) 7→ exp(2π it) represents the standard
generator of H1(S1).

Proof.

(1) We start out with the following claim.

Claim. The singular n-chain αn − βn ∈ C̃n(Sn) is a cycle.
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Proof. Let γ : ∆n−1 → Sn be the singular (n − 1)-simplex that sends all points to the
�East Pole� E = (1, 0, . . . , 0). For n 6= 0 we calculate that

∂n(αn − βn) = ∂n(αn)− ∂n(βn) =
n∑
j=0

· (−1)j · αn ◦ inj︸ ︷︷ ︸
= γ, since

αn(∂∆n)={E}

−
n∑
j=0

· (−1)j · βn ◦ inj︸ ︷︷ ︸
=γ, since

βn(∂∆n) = {E}

= 0.
↑

see the de�nition
of ∂n on page 302

For n = 0 the same argument also shows that εS0(α0 − β0) = 0. �
We set x := (−1, 0, . . . , 0). We consider the long exact sequence in reduced homol-

ogy of the pair (Sn, Sn \ {x}):

H̃n(Sn \ {x}) → H̃n(Sn, Sn \ {x}) ÿ−→ H̃n(Sn)
∂n−−→ H̃n−1(Sn \ {x}).

It follows from the Stereographic Projection Lemma 2.11 that Sn \ {x} is homeomor-
phic to Rn. This implies by the Contractible-H̃∗-Corollary 39.5 that H̃n(Sn \ {x}) =

H̃n−1(Sn \ {x}) = 0. It follows that ÿ : H̃n(Sn)→ H̃n(Sn \ {x}) is an isomorphism.
Next note that it follows easily from the de�nitions that αn− βn is non-trivial with

respect to the given x ∈ Sn. It follows from the Detect-Cycle Proposition 42.3 (1) that
αn−βn represents a generator of H̃n(Sn, Sn \{x}). Thus by the above it also represents
a generator of H̃n(Sn).

(2) If n is odd, then we know by the simple calculation in the proof of the Singleton-
H∗-Lemma 35.11 that βn is a cycle which is the boundary of the singular (n + 1)-
simplex that is given by the constant map γ : ∆n+1 → (1, 0, . . . , 0). Thus we see that
[αn − βn] = [αn − ∂γ] = [αn] ∈ H̃n(Sn). �
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43. Homology and self-maps of spheres

43.1. The degree of a self-map of a sphere.

De�nition. Let (G,+) be a group that is isomorphic to Z and let Φ: G → G be a
homomorphism. Note that Φ is given by multiplication by a unique integer which we refer
to as the degree deg(Φ).

De�nition. Let n ∈ N0 and let f : Sn → Sn be a continuous map. By the Sphere-Hn-
Proposition 41.2 we know that H̃n(Sn) is isomorphic to Z. Thus we can de�ne the degree
of f :

deg(f) := deg
(
f∗ : H̃n(Sn)→ H̃n(Sn)

)
.

Lemma 43.1. (Sphere�Degree Lemma) Let f, g : Sn → Sn be two continuous maps.
(1) deg(idSn) = 1.
(2) If f is not surjective, then deg(f) = 0.
(3) If f is homotopic to g, then deg(f) = deg(g).
(4) deg(f ◦ g) = deg(f) · deg(g).
(5) If f is a self-homeomorphism of Sn, then deg(f−1) = deg(f).

Proof.

(1) Since (idSn)∗ = idH̃n(Sn) we know that deg(idSn) = 1.
(2) Suppose that the map f : Sn → Sn misses the point P ∈ Sn. We consider the commu-

tative diagram

Sn\{P}� r
i

$$
Sn

f ::

f
// Sn

which gives rise to the
commutative diagram

H̃n(Sn\{P})
i∗
''

H̃n(Sn)

f∗
77

f∗
// H̃n(Sn).

As we already mentioned on page 363, Sn \ {P} is homeomorphic to Rn, which implies
by the Contractible-H̃∗-Corollary 39.5 that H̃n(Sn \ {P}) = 0. But this means that
f∗ : H̃n(Sn)→ H̃n(Sn) factors through the zero group, i.e. f∗ is the zero map.

(3) If f is homotopic to g, then it follows from the Homotopy-H̃∗-Proposition 39.3 that
deg(f) = deg(g).

(4) We consider the following diagram

H̃n(Sn)

(f◦g)∗

55

f∗

· deg(f)
// H̃n(Sn)

g∗

· deg(g)
// H̃n(Sn).

This diagram commutes since (f ◦ g)∗ = f∗ ◦ g∗. It follows that the curved map is given
by multiplication by deg(f) · deg(g), i.e. deg(f ◦ g) = deg(f) · deg(g).

(5) This statement follows immediately from (1) and (4). �

Lemma 43.2. (Degree-of-Power Lemma) Given k ∈ Z we have

deg

(
S1 → S1

z 7→ zk

)
= k.
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Proof. Let k ∈ Z. We denote by f : S1 → S1 the map that is given by z 7→ zk. We
need to show that deg(f) = k. Let α : ∆1 → S1 be the singular 1-simplex that is given by
α(1− t, t) = exp(2π it). By the discussion on page 362 we know that α ∈ C1(S1) is a cycle
and [α] ∈ H1(S1) is a generator.

First we �rst consider the case k ≥ 1. For j = 0, . . . , k − 1 we denote by σj : ∆1 → S1

the singular 1-simplex that is given by (1− t, t) 7→ exp(2π i( t+j
k

)). Then

f∗([α]) = f∗([σ0 + · · ·+ σk−1]) =
[
f ◦ σ0︸ ︷︷ ︸

=α

+ · · ·+ f ◦ σk−1︸ ︷︷ ︸
=α

]
= k · [α].

↑
by the Singular 1-Simplex Lemma 35.12 (3)

It follows from this calculation that deg(f) = k.
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α
σ1

σ2

z 7→ z5

σ3

σ4 σ5

The case k < 0 is proved is proved in a similar fashion using the Singular 1-Simplex
Lemma 35.12 (2). Finally, if k = 0, then f : S1 → S1 is not surjective, thus it follows from
the Sphere�Degree Lemma 43.1 (2) that deg(f) = 0. �

Lemma 43.3. (Degree-Suspension Lemma) Let n ∈ N0.
(1) The map Θ: Σ(Sn) → Sn+1 Ă Rn+1 × R

[(P, t)] 7→
(
P · cos

(π
2 t
)︸ ︷︷ ︸

∈Rn+1

, sin
(π

2 t
)︸ ︷︷ ︸

∈R

)
is a homeomorphism.

(2) Let f : Sn → Sn be a continuous map. Let Σ(f) : Σ(Sn) → Σ(Sn) be the suspen-
sion of f that we de�ned on page 347. Furthermore let Θ: Σ(Sn) → Sn+1 be any
homeomorphism. Then

deg(Θ ◦ Σ(f) ◦Θ−1 : Sn+1 → Sn+1) = deg(f : Sn → Sn).
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Θ
Σ(S1) S2

S1

f Θ−1 ◦ Σ(f) ◦ΘΣ(f)

Proof. Let n ∈ N0.

(1) One can easily verify that the given map Θ: Σ(Sn)→ Sn+1 is a homeomorphism.
(2) Let f : Sn → Sn be a continuous map and let Θ: Σ(Sn)→ Sn+1 be a homeomorphism.

We consider the following diagram

H̃n(Sn) ∼=

ΣSn+1,∗
//

f∗· deg(f)
��

H̃n(Σ(Sn)) ∼=
Θ∗ //

Σ(f)∗
��

H̃n+1(Sn+1)

(Θ◦Σ(f)◦Θ−1)∗
��

H̃n(Sn) ∼=

ΣSn+1,∗
// H̃n+1(Σ(Sn)) ∼=

Θ∗ // H̃n+1(Sn+1).
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First note that it follows from the Suspension-H∗-Proposition 41.1 (2) that the square
to the left commutes and that the horizontal maps to the left are isomorphisms. It is
clear that the square to the right commutes. Furthermore, since Θ is a homeomorphism
we see that the horizontal maps to right are isomorphism. It follows immediately from
the above discussion together with the basic observation that deg(Θ ◦ Σ(f) ◦ Θ−1) =
deg(f). �

Lemma 43.4. (Sphere�Degree�Matrix Lemma) Given any A ∈ O(n+ 1) we have

deg

(
Sn → Sn

x 7→ A · x

)
= det(A)︸ ︷︷ ︸

∈{±1}

.

Example. If f : Sn → Sn is the re�ection in the origin i.e. if f(x) = −x for all x ∈ Sn,
then it follows from the Sphere�Degree�Matrix Lemma 43.4 that deg(f) = det(− idn+1) =
(−1)n+1.

Proof. We start out with the following claim.

Claim. Given n ∈ N0 we denote by ρn : Sn → Sn the re�ection in the (x1=0)-hyperplane.
For any n ∈ N0 we have deg(ρn) = −1.

Proof. We start out with the case n = 0. We denote by σ+ : ∆0 → S0 and σ− : ∆0 → S0

the singular 0-simplices that are given by {1} 7→ {1} and {1} 7→ {−1}. With this notation
let us consider the reduced chain complex of S0:

. . . → C1(S1)
∂1−−−−−→

= 0, see
page 302

C0(S0)︸ ︷︷ ︸
=Z·σ+⊕Z·σ−

σ+ 7→ 1
σ− 7→ 1
−−−−−−→

=εS0

Z → 0.

We see that H̃0(S0) = ker(εS0 : Z · σ+ ⊕ Z · σ− → Z) = Z · (σ+ − σ−). Thus we see that

ρ0∗(σ+ − σ−) = ρ0 ◦ σ+︸ ︷︷ ︸
=σ−

− ρ0 ◦ σ−︸ ︷︷ ︸
=σ+

= σ− − σ+ = (−1) · (σ+ − σ−).

It follows that deg(ρ0) = −1. We have thus proved the desired statement for n = 0.
Now we turn to the proof of the induction step. Thus we assume that we know that

the statement holds for some n ∈ N0. Let

Θ: Σ(Sn)
∼=−→ Sn+1 Ă Rn+1 × R

[(P, t)] 7→ (P · cos(π
2
t), sin(π

2
t))

be the homeomorphism from page 347. It follows immediately from the explicit de�nitions
of the maps that for each k ∈ N0 the following diagram commutes:

Σ(Sn)

Σ(ρn)
��

Θ // Sn+1

ρn+1

��

Σ(Sn)
Θ // Sn+1.

Thus it follows from the Degree-Suspension Lemma 43.3 and the induction hypothesis that
deg(ρn) = deg(ρn−1) = −1. �
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Before we get to the denouement of the proof, it is helpful to introduce the following
notation: given B ∈ O(n + 1) we denote by µ(B) : Sn → Sn the map that is given by
x 7→ B · x.

Now let A ∈ O(n + 1). First we consider the case det(A) = 1, i.e. we assume that
A ∈ SO(n + 1). By the Matrix Group-π0-Proposition 2.23 we know that SO(n + 1) is
path-connected, so there exists a continuous map h : [0, 1]→ SO(n+ 1) with h(0) = id and
h(1) = A. But then F (x, t) = h(t) · x de�nes a homotopy from idSn = µ(id) to µ(A). It
follows from the Sphere�Degree Lemma 43.1 (1) and (3) that deg(µ(A)) = deg(idSn) = 1.

Finally we consider the case that det(A) 6= 1. Let R ∈ O(n + 1) be the matrix such
that µ(R) = ρn. Now we see that

deg(µ(A)) = deg(µ(A ·R ·R−1)) = deg(µ(A ·R)) · deg(µ(R)) = 1 · (−1) = −1.
↑ ↑

by the Sphere�Degree since det(A ·R) = 1 we have deg(µ(A ·R)) = 1
Lemma 43.1 (4) and by the claim we have deg(µ(R)) = −1 �

43.2. Application: The Hairy Ball Theorem.

Theorem 43.5. (Sphere-Degree Fixed Point Theorem) Let f : Sn → Sn be a con-
tinuous map. If deg(f) 6= (−1)n+1, then f has a �xed point.

Proof. Let f : Sn → Sn be a continuous map that does not admit a �xed point. This
means that for all x ∈ Sn we have f(x) 6= x. We need to show that deg(f) = (−1)n+1. We
will do this by showing that f is homotopic to − id.

Our hypothesis implies that (1−t)·f(x) 6= t·x for all t ∈ [0, 1] and all x ∈ Sn. Therefore
we can consider the map

F : Sn × [0, 1] → Sn

(x, t) 7→ (1− t) · f(x)− t · x
‖(1− t) · f(x)− t · x‖

.

This map is a homotopy between the maps x 7→ f(x) and x 7→ −x. Thus it follows that
deg(f) = deg(− id) = (−1)n+1.

↑ ↑
Sphere�Degree Lemma 43.1 (3) Sphere�Degree�Matrix Lemma 43.4 �

To formulate our next theorem we need to introduce or recall the following de�nition.

De�nition. LetM Ă Rn be a submanifold. Given P ∈M \∂M we denote by TPM Ă Rn

the tangent vector space. A vector �eld on M is a continuous map v : M → Rn such that
for any P ∈M we have v(P ) ∈ TPM .

Examples.

(1) Let P be a point on Sn. As is explained in [Fri23], the tangent space is given by

TPS
n = {v ∈ Rn+1 | 〈P, v〉 = 0}.

(2) For an odd-dimensional sphere S2k−1 a vector �eld is given by

v : S2k−1 → R2k

(x1, x2, . . . , x2k−1, x2k) 7→ (−x2, x1, . . . ,−x2k, x2k−1).

This vector �eld has the property that it is nowhere-vanishing.
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(3) For an even-dimensional sphere S2k a vector �eld is similarly given by

v : S2k → R2k+1

(x1, x2, . . . , x2k−1, x2k, x2k+1) 7→ (−x2, x1, . . . ,−x2k, 0).

This vector �eld vanishes at the �North Pole� (0, . . . , 0, 1) and it also vanishes at the
�South Pole� (0, . . . , 0,−1).
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the vector �eld
v(x, y) = (−y, x) on S1

is nowhere-vanishing

the vector �eld
v(x, y, z)=(−y, x, 0) on S2

vanishes at (0, 0,±1)

S1 S2

The above examples raise the question whether it is possible to �nd a nowhere vanishing
vector �eld on even-dimensional spheres. The following theorem shows that this is not
possible.

Theorem 43.6. (Hairy Ball Theorem) Every vector �eld on an even-dimensional
sphere S2k vanishes on at least one point.

Proof. Let v be a vector �eld on the sphere Sn which is nowhere-vanishing. We have to
show that n is odd. Since v is nowhere vanishing we can consider the vector �eld w on Sn

that is given by rescaling v to length one, i.e. that is given by

Sn → Rn+1

x 7→ w(x) := 1
‖v(x)‖ · v(x).

Furthermore we consider the map

F : Sn × [0, 1] → Sn

(x, t) 7→ cos(πt) · x+ sin(πt) · w(x).

The map F0 = F (−, 0) is the identity and the map F1 = F (−, 1) equals F is − id. Put
di�erently, the map F is a homotopy between the two maps id and − id. It follows that

1 = deg(id) = deg(− id) = det(− idn+1) = (−1)n+1.
↑ ↑ ↑

by the Sphere�Degree Lemma 43.1 (3) by the Sphere�Degree�Matrix
Lemma 43.1 (1) Lemma 43.4

But this means that n is odd. �
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S2

xx

w(x)

F (x, t) −x



44. LOCAL DEGREES OF SELF-MAPS OF SPHERES 369

44. Local degrees of self-maps of spheres

44.1. Degrees and local orientations. We introduce the following harmless de�nition.

De�nition. Let f : M → N be a continuous map between two oriented n-dimensional
smooth manifolds and let x ∈M \∂M . If f is a local di�eomorphism at x, then we de�ne
the local degree of f at the point x as

deg(f, x) :=

{
+1, if f is orientation-preserving at x
−1, if f is orientation-reversing at x.

��
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Nf

not a local di�eomorphism at x

M

(x, y) 7→ y
deg(f, x) = −1

deg(f, x) = 1

Proposition 44.7. (Degree-via-Local Orientations Proposition) Let n ∈ N. Let
f : Sn → Sn be a continuous map and let y ∈ Sn such that the following conditions are
satis�ed:
(1) f−1(y) consists of �nitely many points x1, . . . , xm.
(2) The map f is a local di�eomorphism at each xi.
Then

deg(f) =
m∑
i=1

deg(f, xi) =
m∑
i=1

{
1, if f is orientation-preserving at xi,
−1, if f is orientation-reversing at xi.

Examples.

(1) Let m ∈ Z. We consider the map
f : S1 → S1

z 7→ zm

In the Degree-of-Power Lemma 43.2 we already proved that deg(f) = m. Now we will
show, just for fun, that the degree of f can also easily be determined using the Degree-
via-Local Orientations Proposition 44.7. First let m 6= 0. Then we choose y = 1. The
preimages of y are given by xj = exp(2π ij/m) where j = 1, . . . ,m. It follows easily
from the de�nitions that for each j ∈ {1, . . . ,m} we have

deg(f, xj) =

{
1, if m > 0,
−1, if m < 0.

It follows from this calculation and the Degree-via-Local Orientations Proposition 44.7
that deg(f) = |m| · sign(m) = m. If m = 0, then we take y = −1. Note that for m = 0
we have f−1(y) = ∅, thus we see that deg(f) = 0.

(2) If f : Sn → Sn is a di�eomorphism, then we can apply the Degree-via-Local Orientations
Proposition 44.7 with any y ∈ Sn and we obtain that

deg(f) =

{
1, if f is orientation-preserving,
−1, if f is orientation-reversing.

44.2. The local degree.
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De�nition. We say a map f : X → Y between two topological spaces is nice at a point
x ∈ X if there exists a neighborhood U of x such that for all x′ 6= x in U we have
f(x′) 6= f(x). We refer to such a neighborhood as a nice neighborhood of x.

Examples.

(1) Let f : X → Y be a continuous map between two topological spaces and let x ∈ X. If
U is a neighborhood such that f |U is injective, then U is evidently a nice neighborhood
of x.

(2) We consider the maps

f : R → R
t 7→ t2

and
g : R → R

t 7→
{

0, if t = 0,
t · sin(1

t
), if t 6= 0.

For the map f every point on R is nice, in fact for x < 0 we can take U = (−∞, 0), for
x > 0 we can take U = (0,∞) and for x = 0 we can take U = R. On the other hand it
is straightforward to see that for the map g the point x = 0 is not nice.

De�nition. Let n ≥ 1, let f : Sn → Sn be a continuous map and let x ∈ Sn be a nice
point. Let U be a nice neighborhood of x. The local degree of f at the point x is de�ned
as the degree of the homomorphism

isomorphism by the Excision Theorem 40.2
↓

Hn(Sn)
ÿ−→∼= Hn(Sn, Sn\{x})

∼=←− Hn(U,U \{x}) f∗−→ Hn(Sn, Sn\{f(x)}) ÿ←−∼= Hn(Sn).

↑ ↑
the long exact sequence of the pair (Sn, Sn \ {y}) shows that these maps are isomorphisms

We denote this local degree by deg(f, x).

Lemma 44.1. (Local Degree�Well-De�ned Lemma) The local degree deg(f, x) of a
map f : Sn → Sn at a nice point x ∈ Sn is well-de�ned.

Proof. Let n ∈ N, let f : Sn → Sn be a continuous map and let x ∈ Sn be a nice point.
Let U,U ′ be nice neighborhoods of x. After replacing U ′ by U ∩ U ′ we can without loss of
generality assume that U ′ Ă U . We consider the following diagram

Hn(U ′, U ′\{x})∼=
ss

∼=

��

f∗
// Hn(Sn, Sn\{f(x)})

id

��

Hn(Sn) // Hn(Sn, Sn\{x}) Hn(Sn).

∼=kk

∼=ss

Hn(U,U \{x})
∼=
kk

f∗
// Hn(Sn, Sn\{f(x)}).

All the non-decorated maps are induced by inclusions. It follows from the functoriality of
relative homology that the diagram commutes. Also note that the left vertical map is an
isomorphism by the Excision Theorem 40.2. It follows immediately from these observations
that the local degree de�ned using U ′ agrees with the local degree de�ned using U . �

Proposition 44.2. (Local-Global Degree Proposition) Let n ∈ N, let f : Sn → Sn

be a continuous map and let y ∈ Sn such that f−1(y) consists of �nitely many points
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x1, . . . , xm. Then all the points x1, . . . , xm are nice and we obtain the equality

deg(f) =
m∑
i=1

deg(f, xi).

Example. In the �gure below we sketch a map f : S1 → S1 and we choose several points
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S1

fff

S1

x1

x2

x1

x2

x3
x1

yyy

deg(f, x1) = 1 deg(f, x1) = 1
deg(f, x2) = −1
deg(f, x3) = 1

deg(f, x1) = 0

deg(f, x2) = 1

y ∈ S1. We see that the number of preimages and the local degrees at the points in the
preimages vary, but in all three cases the sum of the local degrees at the points in the
preimage is the same.

Proof. Let n ∈ N, let f : Sn → Sn be a continuous map and let y ∈ Sn such that
f−1(y) consists of �nitely many points x1, . . . , xm. It follows easily from the fact that
Sn is Hausdor� that we can choose pairwise disjoint open neighborhoods U1, . . . , Um for
x1, . . . , xm. Note that this observation implies already that all the xi are nice.

��

���� ����
��
��
��
��

f

xm

x1

yx2

U1

U2 Um

In the following we adopt the following notation:

(1) Given homomorphisms ϕi : Ai → B we write
m⊕
i=1
ϕi :

m⊕
i=1
Ai → B.

(2) Given homomorphisms ϕi : A→ Bi we write (ϕ1, . . . , ϕm) : A→
m⊕
i=1
Bi.

(3) Given homomorphisms ϕi : Ai → Bi we write diag(ϕ1, . . . , ϕm) :
m⊕
i=1
Ai →

m⊕
i=1
Bi.
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We consider the following diagram:

Hn(Sn)
f∗

//

(ÿ1,...,ÿm)
��

ÿ

++

Hn(Sn)

∼=ÿ

��

m⊕
i=1

Hn(Sn, Sn\{xi}) Hn(Sn, Sn\f−1(y))

f∗

&&

(p1,...,pm)

∼=
oo

Hn

( m⋃
i=1

Ui,
m⋃
i=1

Ui\{xi}
)ι∗ ∼=

OO

m⊕
i=1

Hn(Ui, Ui\{xi})

∼=diag(r1∗,...,rm∗)

OO

⊕fi∗ //

⊕si

∼= 33

Hn(Sn, Sn\{y}).

We make the following clari�cations and observations:

(1) The maps ri, si, pi and ι are the maps induced by the obvious inclusions of pairs of
topological spaces. Furthermore the maps fi : (Ui, Ui \ {xi})→ (Sn, Sn \ {y}) are given
by the restriction of f to Ui.

(2) It follows pretty easily from the functoriality of relative homology groups and elemen-
tary considerations that the diagram commutes.

(3) It follows easily from the fact that the Ui are disjoint open subsets of Sn and the

Path-Component�H∗�Lemma 35.8 that the diagonal map
m⊕
i=1
si to the bottom left is an

isomorphism.
(4) It follows from the Excision Theorem 40.2 that the vertical map ι∗ and the maps ri∗

are isomorphisms.
(5) It follows from the fact that the diagram commutes together with (3) and (4) that the

horizontal map (p1, . . . , pm) is also an isomorphism.
(6) As we pointed out on page 363, it follows from the Contractible-H̃∗-Corollary 39.5 that

the reduced homology groups of Sn \ {y} vanish. Since n ≥ 1 it follows from the
LES-of-Pair Proposition 38.3 that ÿ : Hn(Sn)→ Hn(Sn, Sn \ {y}) is an isomorphism.

By (6) it su�ces to prove the following claim.

Claim. We have
ÿ(f∗([S

n])) =
m∑
i=1

deg(f, xi) · ÿ([Sn]) ∈ Hn(Sn, Sn \ {y}).

Proof. We verify the claim by performing the following calculation:

since the diagram commutes and since the
map diag(r1∗, . . . , rm∗) is an isomorphism since each ri∗ is an isomorphism

↓ ↓
ÿ(f∗([S

n])) =
( m⊕
i=1
fi∗

)
◦ diag(r1∗, . . . , rm∗)

−1 ◦ (ÿ1, . . . , ÿm)([Sn]) =

=
( m⊕
i=1
fi∗

)
◦ (r−1

1∗ ◦ ÿ1, . . . , r
−1
m∗ ◦ ÿm)([Sn])

=
m∑
i=1

(fi ◦ r−1
i ◦ ÿi)([Sn]) =

m∑
i=1

deg(f, xi) · ÿ([Sn]).
↑ ↑

since we always have the equality by the de�nition of the local degree, see page 370(( m⊕
i=1

ϕi
)
◦ (ψ1, . . . , ψm)

)
(x) =

m∑
i=1

(ϕi ◦ ψi)(x) �
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44.3. The local degree and local di�eomorphisms.

Proposition 44.3. (Local Di�eomorphism-Degree Proposition) Let W be a subset
of Rn and let A be a subset of W such the origin 0 is contained in the interior of W .
We denote by ι : A → W the inclusion. Let f : A → W be an injective continuous map
with f(0) = 0. We suppose that f is a local di�eomorphism at 0. Then the degree of the
homomorphism

Hn(W,W \ {0}) ι∗←−−∼= Hn(A,A \ {0}) f∗−−→ Hn(W,W \ {0})

equals +1 if f is orientation-preserving at 0 and −1 if f is orientation-reversing at 0.
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Lemma 44.4. (Linearization�Homotopy Lemma) Let f : U → V be a di�eomor-
phism between two open subsets of Rn. Let P ∈ U . We denote by

λ : Rn → Rn

x 7→ DfP · x+ f(P )

the linearization of f at P . There exists an open neighborhood U ′ of P such that the
restrictions of f and λ to maps (U ′, U ′ \ {P})→ (Rn,Rn \ {f(P )}) are homotopic.

Proof. Let f : U → V be a di�eomorphism between two open subsets of Rn. To simplify
the notation we assume that P = 0 and that f(P ) = 0. Furthermore, by restriction to
an open ball we might as well assume that U is convex. We write D := Df0. Thus the
linearization of f at P = 0 is given by the map λ(x) = D · x. Since f is in particular a
local di�eomorphism a P = 0 we know by the Chain Rule that D is an invertible matrix.

Since U Ă Rn is convex we obtain from the Map-as-Matrix Multiplication Proposition
[Fri23] that there exists a smooth map A : U → M(n × n,R) such that A(0) = Df0 and
such that f(x) = A(x) · x for all x ∈ U . Since det(A(0)) 6= 0 we see that there exists an
r > 0 with Bn

r (0) Ă U such that det(A(x)) 6= 0 for all x ∈ Bn
r (0). This implies that the

map

Bn
r (0)× [0, 1] → Rn

(x, t) 7→ A(x · (1− t)) · x
is a homotopy of the maps f and λ as maps (Bn

r (0), Bn
r (0) \ {0})→ (Rn,Rn \ {0}) of pairs

of topological spaces. We now see that U ′ = Bn
r (0) has the desired properties. �

Notation.

(1) Given a matrix P ∈ GL(n,R) we denote by ρ(P ) : Rn → Rn the map given by x 7→ P ·x.
(2) Given a non-zero real number r we denote its sign by sign(r) ∈ {−1,+1}.

Lemma 44.5. (Matrix Multiplication�Degree Lemma) Let n ∈ N. Given any in-
vertible matrix A ∈ GL(n,R) we have

deg
(
ρ(A)∗ : Hn(Rn,Rn \ {0}) → Hn(Rn,Rn \ {0})

)
= sign(det(A)).
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Proof of the Matrix Multiplication�Degree Lemma 44.5. Let A ∈ GL(n,R). We
start out by picking an orthogonal matrix B ∈ O(n) such that sign(det(B)) = sign(det(A)).
Next we consider the following diagram

Hn(Rn,Rn \ {0})
ρ(A)∗
��

id // Hn(Rn,Rn \ {0})
ρ(B)∗
��

∼=
∂n // H̃n−1(Rn \ {0})

ρ(B)∗
��

H̃n−1(Sn−1)∼=
oo

ρ(B)∗
��

Hn(Rn,Rn \ {0}) id // Hn(Rn,Rn \ {0}) ∼=
∂n // H̃n−1(Rn \ {0}) H̃n−1(Sn−1).∼=

oo

We make the following observations:

(1) Since sign(det(B)) = sign(det(A)) we obtain from the Matrix Group-π0-Proposition 2.23
(1) that there exists a path [0, 1]→ GL(n,R) from A to B. Similar to the discussion on
page 103 this path gives rise to a homotopy between ρ(A) and ρ(B) as maps of pairs of
topological spaces (Rn,Rn \ {0})→ (Rn,Rn \ {0}). We obtain from the Homotopy-H∗-
Proposition 38.6 that ρ(A)∗ = ρ(B)∗, in other words, the square to the left commutes.

(2) The square in the middle commutes by the naturality of the connecting homomorphism,
see the LES-of-Pair Proposition 38.3.

(3) The horizontal maps to the right are induced by the inclusion Sn−1 → Rn \ {0}. Since
Sn−1 is a deformation retract of Rn \ {0} we obtain from the Homotopy Equivalence-
H̃∗-Corollary 39.4 that these horizontal maps are isomorphisms.

(4) Since B ∈ O(n) we see that ρ(B) : Rn → Rn restricts to a self-map of Sn−1. It
follows from the functoriality of reduced homology groups that the square to the right
commutes.

Now we see that
by the above commutative by the Sphere�Degree�Matrix

diagram Lemma 43.4

↓ ↓
deg

(
Hn(Rn,Rn\{0}) ρ(A)∗−−−→ Hn(Rn,Rn\{0})

)
= deg

(
Sn−1 ρ(B)−−−→ Sn−1

)
= det(B)

= sign(det(B)) = sign(det(A)).
↑ ↑

since B∈O(n) we choice of B
have det(B)∈{±1} �

Proof of the Local Di�eomorphism-Degree Proposition 44.3. Let W be a subset
of Rn and let A be a subset of W such that the origin 0 is contained in the interior. Let
f : A → W be an injective continuous map with f(0) = 0. We suppose that f is a local
di�eomorphism at 0. Recall that this means that there exists an open neighborhood U of
0 that is contained in A and an open neighborhood V of 0 such that the map f : U → V
is a di�eomorphism.

We start out with the following preparations.

(1) We set
ε :=

{
+1, if f is orientation-preserving at 0,
−1, if f is orientation-reversing at 0.

Note that ε = sign(det(Df0)).
(2) Note that by the Linearization�Homotopy Lemma 44.4 there exists an open neighbor-

hood U ′ of 0 that is contained in U such that the restrictions of f and ρ(Df0) to maps
(U ′, U ′ \ {0})→ (Rn,Rn \ {0}) are homotopic.
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Next we consider the following diagram

Hn(W,W \{0})

∼=

��

Hn(A,A\{0})
∼=oo f∗

// Hn(W,W \{0})

∼=

��

∼=tt

Hn(U ′, U ′\{0})
id
��

∼=
OO

f∗
// Hn(Rn,Rn\{0})

id
��

Hn(U ′, U ′\{0})
∼=

tt

ρ(Df0)∗
// Hn(Rn,Rn\{0})

∼=
**

Hn(Rn,Rn\{0})
ρ(Df0)∗

// Hn(Rn,Rn\{0}).

We continue with the following clari�cations and observations:

(3) The undecorated maps are induced by inclusions. All of them are isomorphisms by the
Excision Theorem 40.2.

(4) It follows from (2) and the Homotopy-H∗-Proposition 38.6 that the central square
commutes. All other regions of the diagram commute by the functoriality of relative
homology groups.

(5) By the Matrix Multiplication�Degree Lemma 44.5 the bottom horizontal map equals
multiplication by sign(det(Df0)).

(6) It follows from all of the above that the top map is given by multiplication by ε. But
that is precisely what we wanted to show. �

Proposition 44.6. (Local Degree-Calculation Proposition) Let f : Sn → Sn be a
continuous map with n ≥ 1 and let x ∈ Sn. If f is a local di�eomorphism at x, then x is
nice and

deg(f, x) =

{
1, if f is orientation-preserving at x,
−1, if f is orientation-reversing at x.

Example. We consider the map f : S1 → S1 that is given by (x, y) 7→ (x, |y|). It follows
from the Local Degree-Calculation Proposition 44.6 that for every point on the open upper
semicircle the local degree is +1 and that for every point on the open lower semicircle the
local degree is −1. One can easily show that the local degree at the points ±1 is in both
cases zero.
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S1local degree 0

f(x, y) = (x, |y|)
local degree 1

local degree −1

local degree 0

Proof. Let f : Sn → Sn be a continuous map with n ≥ 1 and let x ∈ Sn. We assume that f
is a local di�eomorphism at x. By elementary linear algebra we can pick an A ∈ SO(n+ 1)
with A ·f(x) = x. Note that the self-map of Sn given by z 7→ A ·z is orientation-preserving.
Furthermore by the Sphere�Degree�Matrix Lemma 43.4 we know that deg(z 7→ A · z) = 1.
It follows from these observations, together with the Sphere�Degree Lemma 43.1 (4), that
after replacing f by the map z 7→ A · f(z), we might as well assume that f(x) = x.
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We make a few further preparations.
(1) We pick a chart Φ: V → W , from the smooth atlas, around x ∈ Sn.
(2) Since f is a local di�eomorphism at x there exists an open neighborhood U of x such

that f : U → f(U) is a di�eomorphism. Note that after possibly replacing U by the
subset U ∩ V ∩ f−1(V ) we can assume that U Ă V and f(U) Ă V .

(3) We set y := Φ(x).
(4) We set

ε :=

{
1, if f is orientation-preserving at x,
−1, if f is orientation-reversing at x.
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Sn f

Φ ◦ f ◦ Φ−1

V

W

ΦΦ

f(x) = x

yy

x

Next we consider the following diagram

Hn(Sn)
· deg(f,x)

//

∼=ÿ

��

Hn(Sn)
∼= ÿ

��

Hn(Sn, Sn\{x}) Hn(U,U \{x})
∼=oo

Φ∗

��

f∗

**

f∗
// Hn(Sn, Sn\{x})

Hn(f(U), f(U)\{x})
Φ∗

))

Hn(W,W \{y})

·ε

22

Φ−1
∗
∼=

OO

Hn(Φ(U),Φ(U)\{y})
∼=oo

(Φ◦f◦Φ−1)∗
// Hn(W,W \{y}).

Φ−1
∗

∼=

OO

We make the following observations and clari�cations.
(1) As usual the undecorated maps are induced by inclusions.
(2) The top rectangle commutes by the de�nition of deg(f, x). The middle regions of

the diagram commute by the functoriality of relative homology. Finally, note that
Φ ◦ f ◦Φ−1 : Φ−1(U)→ W is orientation-preserving at y if and only if f is orientation-
preserving at x. Thus we see that the bottom part of the diagram commutes by the
Local Di�eomorphism-Degree Proposition 44.3.

(3) By the Excision Theorem 40.2 the map Φ∗ : Hn(W,W \ {y})→ Hn(Sn, Sn \ {x}) is an
isomorphism.

(4) It follows from the above that deg(f, x) = ε. �

Proposition 44.7. (Degree-via-Local Orientations Proposition) Let n ∈ N0. Let
f : Sn → Sn be a continuous map and let y ∈ Sn such that the following conditions are
satis�ed:
(1) f−1(y) consists of �nitely many points x1, . . . , xm.
(2) The map f is a local di�eomorphism at each xi.
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Then
deg(f) =

m∑
i=1

deg(f, xi) =
m∑
i=1

{
1, if f is orientation-preserving at xi,
−1, if f is orientation-reversing at xi.

Proof. The proposition is an immediate consequence of the Local-Global Degree Pro-
position 44.2 together with the Local Degree-Calculation Proposition 44.6. �
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45. The Mayer�Vietoris sequence and its applications

45.1. The Mayer�Vietoris sequence.

Notation. Given a topological space D and a subspace C Ă D we denote the corre-
sponding inclusion map C → D by iDC . To avoid pandemonium with subscripts we often
drop the �∗� when we deal with inclusion induced maps on homology, e.g. we will write
iDC : Hn(C)→ Hn(D) instead of the more accurate (iDC )∗ : Hn(C)→ Hn(D). We use similar
notation for inclusions of pairs of topological spaces.

Theorem 45.1. (Mayer�Vietoris Theorem) Let X be a topological space and let
A,B Ă X be subspaces such that such that one of the following three conditions holds:

(1) X is the union of the interiors of A and B, i.e. X =
◦
A ∪

◦
B.

(2) X is a CW-complex and A and B are subcomplexes with X = A ∪B.
(3) X is a topological manifold and A,B Ă X are two codimension-zero submanifolds

such that the following conditions are satis�ed:
• X = A ∪B.
• A ∩B is a union of components of ∂A and it is a union of components of ∂B.
• A and B are closed subsets of X.

By (1) the Excision Theorem 40.1, (2) the CW-Excision Theorem 40.4 or (3) the Manifold�
Excision Theorem 40.3 each inclusion induced map i(X,B)

(A,A∩B) : Hn(A,A∩B)→ Hn(X,B) is
an isomorphism. We refer to the homomorphism

Hn(X)
ÿ−→ Hn(X,B)

(
i
(X,B)
(A,A∩B)

)−1

−−−−−−−−−→ Hn(A,A ∩B)
∂n−→ Hn−1(A ∩B)
↑

connecting homomorphism of the long exact
sequence corresponding to the pair (A,A ∩B),
provided by the LES-of-Pair Proposition 38.3

as the connecting homomorphism ∂n : Hn(X)→ Hn−1(A ∩B) corresponding to (X,A,B).
With this notation the following sequence is exact:

... → Hn(A ∩B)
(iAA∩B ,−i

B
A∩B)

−−−−−−−−→ Hn(A) ⊕ Hn(B)
iXA⊕i

X
B−−−−→ Hn(X)

∂n−→ Hn−1(A ∩B)→ ...

Totally analogous statements also hold if we replace the homology groups of A ∩ B,A,B
and X by the corresponding reduced homology groups.

Proof. There are two approaches to proving the Mayer�Vietoris Theorem 45.1:

(1) One can deduce the Mayer�Vietoris Theorem 45.1 directly from the Excision Theo-
rem 40.1 using an algebraic manipulation. We will carry out this approach in Sec-
tion 45.2.

(2) One can prove the Mayer�Vietoris Theorem 45.1 using the Comfortable Covering Pro-
position 40.6. We will carry out this approach in Section 45.3.

The �rst proof is slicker and it has the advantage that it applies to other functors, besides
singular homology, that also satisfy a suitable version of the Excision Theorem 40.1. On
the other hand the second proof makes it arguably clearer how the long exact sequence
arises. �

45.2. First proof of the Mayer�Vietoris Theorem 45.1.
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Lemma 45.2. (Barratt-Whitehead Lemma) We consider the following commutative
diagram of homomorphisms between abelian groups:

. . .
∂n+1

// C ′n
in //

f ′n
��

Cn
pn
//

fn
��

C ′′n
∂n //

f ′′n
��

C ′n−1
//

f ′n−1

��

. . .

. . .
∂n+1

// D′n
jn
// Dn

qn
// D′′n

∂n // D′n−1
// . . .

We suppose that the horizontal sequences are exact and we suppose that each f ′′n : C ′′n → D′′n
is an isomorphism. For each n ∈ N0 we set ∆n := ∂n ◦ (f ′′n)−1 ◦ qn : Dn → C ′n−1. The
following sequence is exact:

. . . // C ′n
(in,−f ′n)

// Cn ⊕D′n
fn⊕jn

// Dn
∆n // C ′n−1

// . . .

Proof of the Barratt-Whitehead Lemma 45.2. The lemma is proved via an elemen-
tary diagram chase. The proof of this lemma is the content of Exercise ??. �

Proof of the Mayer�Vietoris Theorem 45.1. Let X be a topological space. Further-
more let A,B Ă X be two subspaces. We assume that one of the following three conditions
holds:

(1) X =
◦
A ∪

◦
B.

(2) X is a CW-complex and A and B are subcomplexes with X = A ∪B.
(3) X is a topological manifold and A,B Ă X are two codimension-zero submanifolds such

that the following conditions are satis�ed:
• X = A ∪B.
• A ∩B is a union of components of ∂A and it is a union of components of ∂B.
• A and B are closed subsets of X.

We consider the following commutative diagram of continuous maps between pairs of topo-
logical spaces:

(A ∩B,∅)

iBA∩B
��

iAA∩B // (A,∅)

iXA
��

// (A,A ∩B)

i
(X,B)
(A,A∩B)
��

(B,∅)
iXB // (X,∅) // (X,B).

From the LES-of-Pair Proposition 38.3 we get two long exact sequences which, together
with the vertical maps, form the following commutative diagram:

. . . // Hn(A ∩B)

iBA∩B
��

iAA∩B // Hn(A)

iXA
��

ÿ // Hn(A,A ∩B)
∂n //

i
(X,B)
(A,A∩B)
��

Hn−1(A ∩B) //

iBA∩B
��

. . .

. . . // Hn(B)
iXB // Hn(X)

ÿ // Hn(X,B)
∂n // Hn−1(B) // . . . .

Depending on the setting we are in we obtain from

(1) the Excision Theorem 40.1 (applied with Z = X \ A), or
(2) the Manifold�Excision Theorem 40.3, or
(3) the CW-Excision Theorem 40.4
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that the inclusion induced map i
(X,B)
(A,A∩B) : Hn(A,A ∩B)→ Hn(X,B) is an isomorphism.

We apply the Barratt-Whitehead Lemma 45.2 to the above setup and we obtain that the
following sequence is exact:

... → Hn(A ∩B)
(iAA∩B ,−i

B
A∩B)

−−−−−−−−→ Hn(A)⊕Hn(B)
iXA⊕i

X
B−−−−→ Hn(X)

∂n◦(i(X,B)
(A,A∩B)

)−1◦ÿ
−−−−−−−−−−−→ Hn−1(A ∩B)→ ...

But that was exactly our goal. Finally note that by replacing the LES-of-Pair Proposi-
tion 38.3 by the Reduced LES-of-Pair Proposition 39.6 we get the analogous result for
reduced homology groups. �

45.3. Second proof of the Mayer�Vietoris Theorem 45.1. In this section we give
our second proof of the Mayer�Vietoris Theorem 45.1. Here it is:

Proof of the Mayer�Vietoris Theorem 45.1. Let X be a topological space.

(1) First we suppose we are given two subsets A,B Ă X such that X =
◦
A ∪

◦
B. We recall

the following notation from page 337:

C{A,B}n (X) := {a+ b | a ∈ Cn(A) and b ∈ Cn(B)}.
The inclusion maps induce the following sequence of chain maps:

0 → C∗(A ∩B)
(iAA∩B ,−i

B
A∩B)

−−−−−−−−−→ C∗(A)⊕ C∗(B)
iXA⊕i

X
B−−−−→ C{A,B}∗ (X) → 0.

Claim. The above sequence of chain maps is exact.

Proof. We prove the claim in the following four easy steps:
(a) It is clear that each of the maps C∗(A ∩ B) → C∗(A) and C∗(A ∩ B) → C∗(B) is

already injective, in particular the map (iAA∩B,−iBA∩B) is injective.
(b) It is an immediate consequence of the de�nition of C{A,B}∗ (X) that the map iXA ⊕ iXB

is surjective.
(c) It follows immediately from the de�nitions that the composition of both maps is

the zero map, i.e. im((iAA∩B,−iBA∩B)) Ă ker(iXA ⊕ iXB ).
(d) It remains to show that ker(iXA ⊕ iXB ) Ă im((iAA∩B,−iBA∩B)). Thus let x ∈ Cn(A) and

y ∈ Cn(B) such that (iXA ⊕ iXB )((x, y)) = 0. By de�nition this means that x and y,
viewed as elements in Cn(X), satisfy x = −y. This means that x lies in Cn(A) and
also in Cn(B). Put di�erently, x ∈ Cn(A)∩Cn(B) = Cn(A∩B). But then we have
((iAA∩B,−iBA∩B))(x) = x+ y. �

Next we consider the following maps:

... // Hn(A∩B)
(iAA∩B ,−i

B
A∩B)
// Hn(A)⊕Hn(B)

iXA⊕i
X
B //

iXA⊕i
X
B ))

H{A,B}n (X)
pn
//

Φn ∼=
��

Hn−1(A∩B) // ...

Hn(X)
:=∂n

77

We make the following clari�cations and observations:
(a) Given n ∈ N0 we denote by H{A,B}n (X) the n-th homology group of the chain

complex C{A,B}∗ (X) and we denote by pn : H{A,B}n (X)→ Hn−1(A∩B) the connecting
homomorphism of the above short exact sequence of chain complexes, as de�ned
on page 319.
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(b) By the LES-Proposition 37.4 the top horizontal sequence is exact.
(c) It follows from the Comfortable Covering Proposition 40.6, together with our hy-

pothesis that X =
◦
A ∪

◦
B, that for every n ∈ N0 the inclusion map

C{A,B}∗ (X) → C∗(X)
induces an isomorphism

Φn : H{A,B}n (X)
∼=−→ Hn(X).

(d) For each n ∈ N0 we write ∂n := pn◦Φ−1
n : Hn(X)→ Hn−1(A∩B). Using the explicit

description of the connecting homomorphisms on page 319 and in the LES-of-Pair
Proposition 38.3 one can show easily that ∂n := pn ◦ Φ−1

n : Hn(X) → Hn−1(A ∩ B)
equals the connecting homomorphism given in the theorem.

(2) Now we suppose that we are dealing with a CW-complex X and two subcomplexes A
and B with X = A∪B. One can use the Subcomplex�Neighborhood Proposition 31.8
together with the Homotopy Equivalence-H∗-Corollary 36.7 to reduce the case of CW-
complexes and subcomplexes to the case of an open cover. We will not carry out the
technical details for CW-complexes, since we already provided a complete proof of the
Mayer�Vietoris Theorem 45.1 (2) in Section 45.2.

(3) Similarly to (2), as in the proof of the Manifold-Seifert�van Kampen-Theorem 23.1, we
can use the Topological Collar Neighborhood Theorem [Fri23] to reduce the manifold
case to the case of an open cover. As in (2) we leave the details to the reader.

Finally note that the statements for reduced homology can be proved as above, we just
need to replace C{A,B}∗ (X) by its reduced analogue. Alternatively one can deduce the
reduced long exact sequence from the above unreduced long exact sequence and the Reduced
Homology Lemma 39.2. Again there is no point in providing the details. �

45.4. The homology groups of a mapping torus.

De�nition. Let X be a topological space and let f : X → X be a continuous map. We
refer to Tor(X, f) := (X × [0, 1])/(x, 0) ∼ (f(x), 1)

as the mapping torus of (X, f).

Proposition 45.3. (Mapping Torus-H∗-Proposition) Let X be a topological space
and let f : X → X be a continuous map. We denote by i : X → Tor(X, f) the natural
map that is given by x 7→ [(x, 0)]. For every n ∈ N0 there exists a natural homomorphism

∂n : Hn(Tor(X, f)) → Hn−1(X)

(which is described in greater detail in the proof of the proposition) such that the following
sequence is exact

· · · → Hn(X)
f∗−id−−−→ Hn(X)

i∗−→ Hn(Tor(X, f))
∂n−−→ Hn−1(X)

f∗−id−−−→ Hn−1(X) → . . .

Proof. Let X be a topological space and let f : X → X be a continuous map. For
notational convenience we work in this proof with the following topological space which is
clearly naturally homeomorphic to the mapping torus:

M := (X × [0, 10])/(x, 0) ∼ (f(x), 10).

We introduce the following notation:
(1) We denote by p : X × [0, 10]→M = (X × [0, 1])/∼ the natural projection.
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(2) We consider the subsets A := p(X×([0, 4)∪(6, 10])) Ă M and B := p(X×(2, 8)) Ă M .
(3) We consider the two subsets C1 = p(X × (2, 4)) and C2 = p(X × (6, 8)). Note that

A ∩B = C1 ∪ C2.
(4) Given t ∈ [0, 10] we consider the map

it : X → p(X × {t})
x 7→ p(x, t).

(5) We write iA3 : X → A for the composition of i3 : A → p(X × {3}) with the inclusion
map p(X ×{3})→ A. We denote analogous compositions by the obvious variations in
the notation.

(6) To simplify the notation we drop the �∗� when we write down the corresponding induced
maps on homology.

(x, 0) ∼ (f(x), 10)

X × [0, 10]

C2

B = p(X × (2, 8))
C1

A = p(X × ([0, 4) ∪ (6, 10]))

i7(X)i3(X)

We can now consider the following diagram:

//
Hn(C1)
Hn(C2)

(
iAC1

iAC2

−iBC1
−iBC2

)
//
Hn(A)
Hn(B)

(iMA iMB )
// Hn(M)

∂n //
Hn−1(C1)
Hn−1(C2)

(
iAC1

iAC2

−iBC1
−iBC2

)
//
Hn−1(A)
Hn−1(B)

//

//
Hn(X)
Hn(X)

∼=
(
i3 0

0 i7

) OO
(

f∗ id

− id − id

)
//
Hn(X)
Hn(X)

∼=
(
i7 0

0 i7

)OO

(i7 i7)
// Hn(M)

id

OO

=:∂n //
Hn−1(X)
Hn−1(X)

(
f∗ id

− id − id

)
//

∼=
(
i3 0

0 i7

) OO

Hn−1(X)
Hn−1(X)

//

∼=
(
i7 0

0 i7

)OO

// Hn(X)

(
− id

id

) OO

id−f∗
// Hn(X)

(
id
0

) OO

i7 // Hn(M)

id

OO

=:∂n // Hn−1(X)

(
− id

id

) OO

id−f∗
// Hn−1(X)

(
id
0

) OO

//

We make the following clari�cations and observations:

(1) Note that A = p(X×([0, 4)∪(6, 10])) Ă M and B = p(X×(2, 8)) Ă M are open subsets
of M that cover all of M . Furthermore note that we have A∩B = C1tC2. On the top
of the diagram we wrote down the corresponding exact Mayer�Vietoris sequence from
the Mayer�Vietoris Theorem 45.1 (1).

(2) We want to show that the vertical maps from the second to the �rst row are isomor-
phisms. In fact this statement follows immediately from the following claim together
with the Homotopy Equivalence-H∗-Corollary 36.7 (1a).

Claim. The maps i3 : X → C1, i7 : X → C2, i7 : X → B and i7 : X → A are homotopy
equivalences.
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Proof. One can easily verify that the maps it : X → p(X × {t}), p : X × (2, 4) → C1,
p : X×(6, 8)→ C2 and p : X×(2, 8)→ B are homeomorphisms. Using this observation
one can easily verify that the �rst three maps are homotopy equivalences.

If f is not a homeomorphism, then A is not necessarily homeomorphic to a product.
Thus we need to work somewhat harder. Let us consider the following map:

F : A× [0, 1] → A

([(x, t)], s) 7→


[(x, t)], if s ∈ [0, 1

2
] and t ∈ (6, 10],

[(x, t · (1− 2s))], if s ∈ [0, 1
2
] and t ∈ [0, 4),

[(x, t · (2− 2s) + 7 · (2s− 1))], if s ∈ [1
2
, 1] and t ∈ (6, 10],

[(f(x), 10 · (2− 2s) + 7 · (2s− 1))], if s ∈ [1
2
, 1] and t ∈ [0, 4).

(x, 0) ∼ (f(x), 10)

deformation retraction F : A× [0, 1]→ A from A to i7(X)

A = p(X × ([0, 4) ∪ (6, 10]))

i7(X)

First note that it follows from (x, 0) ∼ (f(x), 10) that this map F is well-de�ned.
One can now easily verify, say using the Pasting Proposition 2.4, that the map F is
continuous. It is now clear that the above map F is a deformation retraction from A to
i7(X). This implies, by the Deformation Retract�Homotopy Equivalence Lemma 9.3,
that i7 : X → A is a homotopy equivalence. �

(3) Next we want to show that the top part of the diagram commutes.
(a) We start with the square to the left. We need to show that the following equality

holds: (
iAC1

iAC2

−iBC1
−iBC2

)(
iC1
3 0
0 iC2

7

)
︸ ︷︷ ︸

=

 iA3 iA7
−iB3 −iB7


=

(
iA7 0
0 iB7

)(
f∗ id
− id − id

)
.︸ ︷︷ ︸

=

(
iA7 ◦ f∗ iA7 ◦ id

iB7 ◦ (− id) iB7 ◦ (− id)

)

If we compare the two matrices we see that it remains to prove the following claim.

Claim. For each n ∈ N0 we have iA3 = iA7 ◦ f∗ : Hn(X) → Hn(A) and we also have
iB3 = iB7 : Hn(X)→ Hn(B).

Proof. We consider the maps

X×[0, 1] → A

(x, t) 7→
{
p(x, 3− 6t), if t ∈ [0, 1

2
],

p(f(x), 13− 6t) if t ∈ [1
2
, 1]

&
X×[0, 1] → B

(x, t) 7→ p(x, 3·(1− t) + 7·t).

These two maps are homotopies between the maps iA3 , i
A
7 ◦f : X → A and the maps

iB3 , i
B
7 : X → B. The claim now follows from the Homotopy-H∗-Proposition 36.5. �

(b) The second square commutes by the functoriality of homology groups.
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(c) Recall that in (1) we just showed that the vertical maps from the second to the
�rst row are isomorphisms. Therefore we can de�ne the connecting homomorphism
∂n : Hn(M) → Hn−1(X)

Hn−1(X) in the second row in such a way that the third square
commutes.

(4) It is straightforward to see that the bottom squares in the above diagram commute. We
know that the middle sequence is exact. The following claim implies that the bottom
sequence is also exact:

Claim. Suppose we are given the following commutative diagram of homomorphisms
of abelian groups:

//
An
An

(
ϕn id

− id − id

)
//
An
An

(αn αn)
// Bn

δn //
An−1

An−1

(
ϕn−1 id

− id − id

)
//
An−1

An−1

//

// An

(
− id

id

) OO
id−ϕn

// An

(
id
0

) OO
αn // Bn

id

OO

δn // An−1

(
− id

id

) OO
id−ϕn−1

// An−1

(
id
0

) OO

//

If the top sequence is exact, then the bottom sequence is also exact.

Proof. We consider the following vertically expanded diagram:

// An
− id

// An // 0 // An−1
− id

// An−1
//

//
An
An

(id id)

OO

(
ϕn id
− id − id

)
//
An
An

(0 id)

OO

(αn αn)
// Bn

δn //

OO

An−1

An−1

(id id)

OO

(
ϕn−1 id
− id − id

)
//
An−1

An−1

//

(0 id)

OO

// An

(
− id

id

) OO
id−ϕn

// An

(
id
0

)OO

αn // Bn

id

OO

δn // An−1

(
− id

id

) OO
id−ϕn−1

// An−1

(
id
0

)OO

//

By hypothesis the bottom part of the diagram commutes. It follows easily from the def-
initions that the top part also commutes. Furthermore note that the vertical sequences,
with 0 added on top and bottom, are exact.

Next note that evidently the top sequence is exact. Furthermore by hypothesis the
middle sequence is exact. Since the bottom vertical maps are monomorphisms we see
that the bottom sequence is a chain complex.

It follows from the above discussion that all these maps form a short exact sequence
of chain complexes. Clearly the homology groups of the top chain complex are zero. By
hypothesis the homology groups of the middle chain complex are also zero. It follows
from the LES-Proposition 37.4 that the homology groups of the bottom chain complex
are also zero. But this means that the bottom sequence is exact.

We have thus completed the proof that the bottom horizontal sequence of the diagram
on page 382 is exact. If one goes carefully through the de�nitions one sees that the con-
necting homomorphism ∂n : Hn(Tor(X, f)) → Hn−1(X) is given by the composition of the
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homomorphisms in the following unreadable sequence of homomorphisms:

Hn(Tor(X, f))
ÿ−→ Hn(Tor(X, f), A)

∼=←− Hn(B,C1 ∪ C2)
∂n−→ Hn−1(C1 ∪ C2)

∼=←− Hn−1(C1)⊕Hn−1(C2) → Hn−1(C2)
∼=←−
i
C2
7

Hn−1(X).
�

Proposition 45.4. (Product-with-S1-H∗-Proposition) Let X be a topological space.
We denote by p : X × S1 → X the natural projection. For every n ∈ N0 there exists a
natural homomorphism ψX : Hn(X × S1)→ Hn−1(X) (which will be described in greater
detail in the proof) such that the map

ΞX := p∗ ⊕ ψX : Hn(X × S1)
∼=−−→ Hn(X)⊕ Hn−1(X)

is an isomorphism.

Proof. Let n ∈ N0. It is pretty elementary to show that the map

Θ: Tor(X, id) → X × S1

[(x, t)] 7→ (x, exp(2π it))

is a natural homeomorphism. We denote by i : X → Tor(X, id) the natural map that is
given by x 7→ [(x, 0)] and we denote by j : X → X × S1 the natural embedding that is
given by x 7→ (x, 1). Next we consider the following diagram:

Hn(X)
id∗− id∗ //// Hn(X)

id
��

i∗ // Hn(Tor(X, id))

Θ∗∼=
��

∂n // Hn−1(X)

id
��

id∗− id∗ // Hn−1(X)

0 // Hn(X)
j∗

// Hn(X × S1)

p∗

kk

∂n◦Θ−1
∗ // Hn−1(X) // 0.

We make the following clari�cations and observations:

(1) The top sequence is the short exact sequence that we obtain from the Mapping Torus-
H∗-Proposition 45.3.

(2) Since id∗− id∗ = 0 we see that the homomorphisms to the top left and top right are
the zero map.

(3) Since Θ is a homeomorphism and since Θ ◦ i = j we obtain from (1) and (2) that the
bottom sequence is also exact.

(4) The map p : X × S1 → X is the natural map that is given by projection onto the �rst
factor. Note that p∗ ◦ j∗ = (p ◦ j)∗ = id.

(5) We de�ne ψX : Hn(X × S1) → Hn−1(X)
σ 7→ (∂n ◦Θ−1

∗ )(σ − (j∗ ◦ p∗)(σ)).

It is straightforward to verify that this homomorphism is natural.

Finally note that as in the proof of the Splitting Lemma 37.2 (3)⇒(2) one can show that
the map

ΞX : Hn(X × S1) → Hn(X)⊕ Hn−1(X)
σ 7→ p∗(σ)⊕ (∂n ◦Θ−1

∗ )(σ − (j∗ ◦ p∗)(σ))︸ ︷︷ ︸
=ψX(σ)

is an isomorphism. �
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Proposition 45.5. (Torus-H∗-Proposition) Let n ∈ N0.
(1) For k = 0, . . . , n we have

Hk(n-dimensional torus (S1)n) = free abelian group of rank
(
n
k

)
and all other homology groups of (S1)n vanish.

(2) For i = 1, . . . , n we consider the singular 1-cycles

αi : ∆1 → (S1)n

(t, 1− t) 7→ (1, . . . , 1, exp(2π it)︸ ︷︷ ︸, 1, . . . , 1).

↑
i-th coordinate

These singular 1-cycles represent a basis for H1((S1)n) ∼= Zn.

Example. Let T = S1 × S1 = ([0, 1] × [0, 1])/ ∼ be the 2-dimensional torus. It follows
from the Torus-H∗-Proposition 45.5 and the Detect-Cycle Proposition 42.3 that

Hn(T ) =


Z · [P ], if n = 0,
Z · [α1]⊕ Z · [α2], if n = 1,
Z · [µ− ν], if n = 2,
0, otherwise,

where P ∈ T is any point and where α1, α2 : ∆1 → T and µ, ν : ∆2 → T are indicated in
the �gure below.
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torus T = S1 × S1 =i ([0, 1]× [0, 1])/∼

µ

ν

α1

α2

Proof.

(1) We prove this statement by induction on n. For n = 0 this statement follows from the
Singleton-H∗-Lemma 35.11. The induction step is a straightforward consequence of the
Product-with-S1-H∗-Proposition 45.4.

(2) For i = 1, . . . , n let pi : (S1)n → S1 be the projection onto the i-th factor. We consider
the homomorphism

Ψ: H1((S1)n) → H1(S1)× · · · × H1(S1)
α 7→ (p1∗(α1), . . . , pn∗(αn))

We make the following observations:
(a) By Statement (1) we know that Ψ is a homomorphism between abelian groups that

are both isomorphic to Zn.
(b) On page 362 we showed that the singular 1-cycle α : ∆1 → S1 that is given by

(t, 1− t) 7→ exp(2π it) represents a generator of H1(S1).
(c) It follows easily from (b) and the discussion on page ?? that Ψ is an epimorphism

that sends [α1], . . . , [αn] to a basis of H1(S1)× · · · × H1(S1).
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(d) It follows from (a) and (c)and some elementary algebra that Ψ is an isomorphism.
(e) It follows from (c) and (d) that [α1], . . . , [αn] is a basis of H1((S1)n). �

Lemma 45.6. (Klein Bottle-H∗-Lemma) Let

K = ([0, 1]× [0, 1])/∼ where (x, 0) ∼ (x, 1) and (0, y) ∼ (1, 1− y)

be the Klein bottle as de�ned on page 82. We consider the two singular 1-cycles

µ : ∆1 → K
(t, 1− t) 7→ [(1

2
, t)]

and
ν : ∆1 → K

(t, 1− t) 7→ [(1
2
, t)]

For any P ∈ K we have

Hn(K) =

 Z · [P ], if n = 0,
Z2 · [µ]⊕ Z · [ν], if n = 1,
0, otherwise.

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

Klein bottle K

ν generates a Z-summand
of H1(K) ∼= Z⊕ Z2

µ generates a Z2-summand
of H1(K) ∼= Z⊕ Z2

Proof. We consider X = S1 and we consider the self-homeomorphism f : S1 → S1 that is
given by f(z) = z = z−1. It is not di�cult to show that the map

Θ: ([0, 1]× [0, 1])/∼ → Tor(S1, z 7→ z)
[(x, y)] 7→ [(exp(2π ix), y)]

is a homeomorphism. We will use this homeomorphism as an excuse to study the homology
groups of the mapping torus Tor(S1, z 7→ z).
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mapping torus Tor(S1, z 7→ z)Klein bottle ([0, 1]× [0, 1])/ ∼

S1×{0} S1×{1}
∼=
Θ

First note that it follows from the Mapping Torus-H∗-Proposition 45.3 that we get the long
exact sequence

0 −−→ H2(Tor(S1, f))
∂2−−→

→ H1(S1)
f∗−id−−−−→ H1(S1)

i∗−−→ H1(Tor(S1, f))
∂1−−→

→ H0(S1)
f∗−id−−−−→ H0(S1)

i∗−−→ H0(Tor(S1, f)) −−→ 0.

To get our hands on the homology groups of K ∼= Tor(S1, f) we make the following obser-
vations:

(1) By the Sphere-Hn-Proposition 41.2 we know that H0(S1) ∼= Z, H1(S1) ∼= Z · [α] where
α(1− t, t) = exp(2π it), and that Hk(S

1) = 0 for k ≥ 2.
(2) It follows from the H0-Proposition 35.10 (2) that the induced map f∗ : H0(S1)→ H0(S1)

is the identity map.
(3) It follows from the Sphere�Degree�Matrix Lemma 43.4 that the induced homomorphism

f∗ : H1(S1)→ H1(S1) is given by multiplication by −1.
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It follows easily from these observations that H2(K) ∼= H2(Tor(S1, f)) = 0 and that
H0(K) ∼= H0(Tor(S1, f)) ∼= Z. Furthermore it follows that we have a short exact sequence

0 → coker(H1(S1)
·(−2)−−−→ H1(S1))︸ ︷︷ ︸

∼=Z2

i∗−→ H1(Tor(S1, f))
∂1−−→ H0(S1)︸ ︷︷ ︸

∼=Z

→ 0.

Note that i∗([α]) = [Θ ◦ µ]. Furthermore, using the explicit description of the connecting
homomorphisms ∂1 on page 385 and using the Singular 1-Simplex Lemma 35.12 one can
show that ∂1([Θ ◦ ν]) is a generator of H0(S1). Using the Free Abelian Group�Splitting
Lemma 18.5 together with the Splitting Lemma 37.2 (1)⇒(3) we now deduce that

H1(Tor(S1, f)) = Z2 · [Θ ◦ ν]︸ ︷︷ ︸
=Θ∗([µ])

⊕ Z · [Θ ◦ ν]︸ ︷︷ ︸
=Θ∗([ν])

.

Finally note that by the isomorphism Θ∗ : H1(K) → H1(Tor(S1, f)) this implies that
H1(K) = Z2 · [µ]⊕ Z · [ν]. �
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46. Homology groups and direct limits

46.1. Direct limits of topological spaces and homology. First let us remind the
reader of the notion of a direct limit of a sequence of morphisms, as de�ned on page 218:
Given a sequence X0

ϕ0−→ X1
ϕ1−→ X2

ϕ2−→ . . . of morphisms the notion of a direct limit can
be summarized in the following diagram:

X0
ϕ0 //

''

++

X1
ϕ1 //

''

X2
ϕ2 //

��

X3

~~

ϕ3 //

ww

. . .

colim−→ Xi

∃ !
��

Y

More precisely, a direct limit colim−→ Xi, if it exists, comes with morphisms Xi → colim−→ Xi

which form a commutative diagram; furthermore given morphisms Xi → Y which form
commutative diagrams, we get a unique morphism colim−→ Xi → Y which makes everything

commute.
Next let us look at two of our favorite categories and types of sequences:

• First we consider the category Top of topological spaces. Let X be a topological space
and let X0 Ă X1 Ă X2 Ă . . . be a sequence of subspaces of X with X =

⋃
i∈N0

Xi. We

suppose that one of the following two conditions is satis�ed:
(1) Each Xi is contained in the interior of Xi+1.
(2) X is a CW-complex and each Xi is a subcomplex of X.
It follows from (1) the Union-equals-Direct Limit Criterion 25.6 and (2) the Direct
Limit�CW Lemma 33.6 that in these two settings we have X = colim−→ Xi.

• Next we consider the category AbGroup of abelian groups. If we are given a sequence
A0

ϕ0−→ A1
ϕ1−→ A2

ϕ2−→ . . . of homomorphisms between abelian groups, then it follows
easily from the Algebraic�Direct Limit Existence Proposition 25.3 (1b), that

colim−→ Ai =
( ⊕
i∈N0

Ai
)
/ 〈ϕi(a)− a | i ∈ N0 and a ∈ Ai〉.

The following lemma, together with the above discussion, shows that in reasonable circum-
stances for each n ∈ N0 the singular chain group functor X 7→ Cn(X) from the category
Top of topological spaces to the category AbGroup of abelian groups preserves direct limits.

Lemma 46.1. (Exhaustion-C∗-Lemma) Let X be a topological space. Furthermore
let X1 Ă X2 Ă X3 Ă . . . be a sequence of subspaces of X with

⋃
i∈N0

Xi = X. Let n ∈ N0.

By the universal property of direct limits the inclusion induced maps Cn(Xi) → Cn(X)
induce a natural homomorphism

colim−→
i

Cn(Xi) → Cn(X).

If one of the following conditions is satis�ed
(1) each Xi is contained in the interior of Xi+1, or
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(2) X is a CW-complex and each Xi is a subcomplex of X,
then the above map colim−→

i

Cn(Xi)→ Cn(X) is an isomorphism.

Proof. Let X be a topological space and let X1 Ă X2 Ă X3 Ă . . . be a sequence of
subspaces with

⋃
i∈N0

Xi = X such that one of the following conditions is satis�ed:

(1) each Xi is contained in the interior of Xi+1, or
(2) X is a CW-complex and each Xi is a subcomplex of X.

We need to show that for each n ∈ N0 the natural map colim−→ Cn(Xi) → Cn(X) is an

isomorphism. We start out with the following claim:

Claim. For each compact subset K Ă X there exists an i ∈ N0 with K Ă Xi.

Proof. Under the hypothesis (1) the claim follows immediately from the elementary Com-
pact Subspace�Exhaustion Lemma 20.11, whereas under the hypothesis (2) the claim fol-
lows immediately from the CW-Complex-Finiteness Theorem 30.10. �

In the following, given a topological space Y we denote by Sn(Y ) the set of singular
n-simplices in Y . We consider the following diagram:

colim−→
i

Cn(Xi) // Cn(X)

id

��

id

��

colim−→
i

Z(Sn(Xi))
∼= // Z

( ⋃
i∈N0

Sn(Xi)
)

id // Z(Sn(X)).

The lemma follows from the following observations:

(a) The top map and the bottom left map are induced by the inclusions Xi → X.
(b) It follows easily from (a) and the de�nitions that the diagram commutes.
(c) On page 218 we saw that the bottom left homomorphism is an isomorphism.
(d) It follows immediately from the fact that ∆n is compact, the Compact Image Lemma 2.8

and the above claim that the image of any continuous map ∆n → X is contained in
some Xi. It follows from this observation and the hypothesis that X =

⋃
i∈N0

Xi that

Sn(X) =
⋃
i∈N0

Sn(Xi). In other words, the bottom right map is indeed the identity.

(e) It follows from (b), (c) and (d) that the top homomorphism is also an isomorphism. �

Lemma 46.5. (Direct Limit-Homology Lemma) Suppose that for each i ∈ N0 we
are given a chain complex (Ci∗, ∂∗) = ({Cin}n∈N0 , {∂n}n∈N0). Furthermore suppose that we
are given a sequence C0∗ → C1∗ → C2∗ → . . . of chain maps.
(1) The groups colim−→

i

Cin with n ∈ N0 naturally form a chain complex such that the natural

maps Cj∗ → colim−→
i

Ci∗ are chain maps.

(2) For each n ∈ N0 the homomorphisms Hn(Cj∗) → Hn

(
colim−→

i

Ci∗
)
from (1) induce an

isomorphism
colim−→

j

Hn(Cj∗)
∼=−→ Hn

(
colim−→

i

Ci∗
)
.
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Proof. To keep the conversation going we outsource the proof of this algebraic lemma to
Section 46.2. In fact in that section we will formulate and prove a slightly more general
statement which we will need later on in a di�erent setting. �

Proposition 46.2. (Exhaustions-H∗-Proposition) Let X be a topological space and
let X0 Ă X1 Ă X2 Ă . . . be a sequence of subspaces such that X =

⋃
i∈N0

Xi and such that

one of the following conditions holds:
(1) each Xi is contained in the interior of Xi+1, or
(2) X is a CW-complex and each Xi is a subcomplex of X,
then for any n ∈ N0 the inclusion induced maps Hn(Xi)→ Hn(X) induce an isomorphism

colim−→ Hn(Xi)
∼=−−→ Hn(X).

Proof. For each j ∈ N0 we consider the following diagram:

colim−→
i

Hn(Xi) // Hn(X)

id

��

Hn(Xj) = Hn(C∗(Xj))

��

33kk

colim−→
i

Hn(C∗(Xi)) // Hn

(
colim−→

i

C∗(Xi)
)

// Hn(C∗(X))

id

OO

One can easily verify that each segment of the diagram involving Hn(Xj) commutes. It
follows from the universal property of direct limits that the total diagram commutes.
Next note that the bottom left map is an isomorphism by the purely algebraic Direct
Limit-Homology Lemma 46.5 and that the bottom right map is an isomorphism by the
Exhaustion-C∗-Lemma 46.1 (here we use our hypothesis on the sequence of subspaces). It
follows that the top map is also an isomorphism. �

Example. For any n ∈ N0 we have

Hn(S∞) = colim−→
k

Hn(Sk) = colim−→
k

{
Z, if n = k, 0,
0, else

=

{
Z, if n = 0,
0, else.↑ ↑ ↑

by the Homology-via-Exhaustions by the Sphere-Hn-Proposition 41.2 by the Direct Limit
Proposition 46.2, where we view S∞ Stabilization Lemma 25.1
as a CW-complex as on page 263

46.2. Direct limits of chain complexes. First we recall the following de�nition from
pages ?? and 217.

De�nition.

(1) A directed set is a set I together with a partial order ≤ that has the extra property
that for any i, j ∈ I there exists a k ∈ I with i ≤ k and j ≤ k.

(2) Let (I,≤) be a directed set and let C be a category. A direct system in the category
C over I is a family of objects {Xi}i∈I in C , together with a family of morphisms
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{fji : Xi → Xj}i≤j such that the following two conditions are satis�ed:

(a) fii = idXi for all i ∈ I,
(b) fki = fkj ◦ fji for all i, j, k ∈ I with i ≤ j ≤ k.

Xi

Xj

Xk

fki

fkj

Example. Let C be a category. Any sequence X0
ϕ0−→ X1

ϕ1−→ X2
ϕ2−→ . . . of morphisms in

C gives rise to a direct system over the directed set (N0,≤) by considering for i ≤ j the
morphism fji := ϕj−1 ◦ · · · ◦ ϕi+1 ◦ ϕi : Xi → Xj.

De�nition. Let (I,≤) be a directed set and let ({Ki}i∈I , {κji}i≤j) and ({Li}i∈I , {λji}i≤j)
be direct systems in some category C .
(1) A morphism between the above two direct systems is a family {fi : Ki → Li}i∈I of

morphisms such that for any i ≤ j the following diagram commutes:

Ki
fi //

κji
��

Li
λji
��

Kj

fj
// Lj.

(2) By the universal property of direct limits the morphisms Ki → Li → colim−→ Li give

rise to a natural morphism

colim−→ fi : colim−→ Ki → colim−→ Li.

Proposition 46.3. (Direct Limit-Exactness Proposition) Let (I,≤) be a directed
set. Also let ({Ki}i∈I , {κji}i≤j), ({Li}i∈I , {λji}i≤j) and ({Mi}i∈I , {µji}i≤j) be direct sys-
tems of abelian groups. Finally suppose that we are given morphisms fi : Ki → Li and
gi : Li →Mi of the direct systems.
(1) If for all i ∈ I we have gi ◦ fi = 0, then colim−→ gi ◦ colim−→ fi = 0.

(2) If for all i ∈ I the sequence
Ki

fi−→ Li
gi−→ Mi

is exact, then the induced sequence

colim−→ Ki

colim−→fi

−−−−−→ colim−→ Li
colim−→gi

−−−−−→ colim−→ Mi

is also exact.

Proof. Let (I,≤) be a directed set. We start out with two general observations regarding
direct limits:

(a) Let ({Ai}i∈I , {αji}i≤j) be a direct system of abelian groups. By the Algebraic�Direct
Limit Existence Proposition 25.3 (1b) we know that

colim−→ Ai =
(⊕
i∈I
Ai
)
/ 〈αji(x)− x | i ≤ j and x ∈ Ai〉.



46. HOMOLOGY GROUPS AND DIRECT LIMITS 393

We adopt the following notation: Given aj ∈ Aj Ă
⊕
i∈I
Ai we denote by [aj] ∈ colim−→ Aj

the element represented by aj.

Claim.

(i) Any element in colim−→ Ai is of the form [ai] for some ai ∈ Ai.
(ii) If we are given aj ∈ Aj with [aj] = 0 ∈ colim−→ Ai, then there exists a k ≥ j such

that αkj(a) = 0 ∈ Ak.

Proof.
(i) By the above construction any element in colim−→ Ai is of the form [ai1 ] + · · ·+ [aim ]

where aij ∈ Aij . Since (I,≤) is a directed set we see easily, by considering an i ∈ I
with i ≥ i1, . . . , im, that any element of colim−→ Ai is in fact contained in the image

of a single Ai, i.e. is of the form [ai] for some ai ∈ Ai.
(ii) If we are given aj ∈ Aj with [aj] = 0 ∈ colim−→ Ai, then it follows from the above

description of colim−→ Ai that in
⊕
i∈I
Ai we can write aj =

m∑
r=1

cr ·(αtr,sr(xr)−xr) ∈
⊕
i∈I
Ai

where cr ∈ Z, xr ∈ Asr and tr ≥ sr. Since we are dealing with a directed set there
exists a k ∈ I with k ≥ j, tr1 , . . . , trm . Then we obtain the following equality in Ak:

αkj(aj) =
(⊕
i≤k

αki

)
(aj) =

(⊕
i≤k

αki

)( m∑
r=1

cr · (αtr,sr(xr)− xr)
)

=
m∑
r=1

cr ·
( (⊕

i≤k
αki

)
(αtr,sr(xr))︸ ︷︷ ︸

=αk,tr (αtr,sr (xr))=αk,sr (xr)

−
(⊕
i≤k

αki

)
(xr)︸ ︷︷ ︸

=αk,sr (xr)

)
= 0.

�
(b) If ({Ai}i∈I , {αji}i≤j) and ({Bi}i∈I , {βji}i≤j) are two direct systems of abelian groups

and if {fi : Ai → Bi}i∈I is a morphism between these two direct systems, then it follows
easily from the de�nitions and (a) that the induced map of direct systems is given by

colim−→ Ai → colim−→ Bi

[ai] 7→ [fi(ai)]

Now we turn to the actual proof of the two statements of the proposition. We write
f = colim−→ fi and g = colim−→ gi.

(1) We assume that for all i ∈ I we have gi ◦ fi = 0. We need to show that g ◦ f = 0.
Suppose we are given an element of colim−→ Ki. By (a-i) we know that it is of the form

[ki] for some i ∈ I and some ki ∈ Ki. We now see that

(g ◦ f)([ki]) = g(f([ki])) = gi([fi(ki)]) = [gi(fi(ki))] = [(gi ◦ fi)(ki)] = 0.
↑ ↑ ↑

by (b) by (b) since gi ◦ fi = 0

(2) Now we assume that each Kj
fj−→Lj

gj−→Mj is exact. Note that by (1) it remains to prove
that ker(g) Ă im(f). Thus suppose we are given an element of ker(g) ∈ colim−→ Li. By

(a-i) we know that it is of the form [li] for some i ∈ I and some li ∈ Li. Since g([li]) = 0
it follows from (a-ii) and (b) that there exists a j ≥ i such that µji(gi(li)) = 0. Next
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we consider the following diagram

Ki
fi //

κji
��

Li
gi //

λji
��

Mi

µji
��

Kj

fj
// Lj

gj
// Mj.

By hypothesis the diagram commutes, thus we see that gj(λji(li)) = µji(gi(li)) = 0.

Since Kj
fj−→Lj

gj−→Mj is exact we know that there exists a kj ∈ Kj with fj(kj) = λji(li).
It follows from (b) that f([kj]) = [fj(kj)] = [lj] = [li] ∈ colim−→ Li. We have thus shown

that [li] ∈ im(f). �

Corollary 46.4. (Direct Limit-(Co-)-Kernel Corollary) Let (I,≤) be a directed set
and let ({Ki}i∈I , {κji}i≤j) and ({Li}i∈I , {λji}i≤j) be direct systems of abelian groups.
Furthermore suppose that we are given a morphism fi : Ki → Li between the direct
systems. There exist natural isomorphisms

colim−→ ker(fi : Ki → Li)
∼=−→ ker

(
colim−→ fi : colim−→ Ki → colim−→ Li

)
and

colim−→ coker(fi : Ki → Li)
∼=−→ coker

(
colim−→ fi : colim−→ Ki → colim−→ Li

)
.

Proof. By the elementary Exactness Lemma 37.1 we know that for each i ∈ I the sequence

0 → ker(fi) → Ki
fi−→ Li → coker(fi) → 0.

is exact. One can easily verify that these homomorphisms form morphisms between the
various direct systems. It follows from the Direct Limit-Exactness Proposition 46.3 (2)
(applied four times!) that the sequence

0 → colim−→ ker(fi) → colim−→ Ki

colim−→fi

−−−−→ colim−→ Li → colim−→ coker(fi) → 0

is also exact. By the Exactness Lemma 37.1 this observation implies the desired statements.
�

Lemma 46.5. (Direct Limit-Homology Lemma) Let (I,≤) be a directed set and let
({Ci}i∈I , {fji}i≤j) be a direct system of chain complexes.
(1) The groups colim−→

i

Ci∗ naturally form a chain complex such that the natural maps

Cj∗ → colim−→
i

Ci∗ are chain maps.

(2) For each n ∈ N0 the homomorphisms Hn(Cj∗) → Hn

(
colim−→

i

Cj∗
)
from (1) induce an

isomorphism
colim−→

j

Hn(Cj∗)
∼=−→ Hn

(
colim−→

i

Ci∗
)
.

Proof.

(1) It follows immediately from the Direct Limit-Exactness Proposition 46.3 (1), applied to

the maps Ci,n+1
∂n+1−−−→Ci,n ∂n−→Ci,n−1, that the direct limits colim−→

i

Ci∗ form a chain complex.
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Furthermore note that it follows immediately from the universal properties of direct
limits that the natural maps Cj∗ → colim−→

i

Ci∗ are chain maps.

(2) Given any n ∈ N0 we see that

colim−→
i

Hn(Ci∗) = colim−→
i

=Hn(Ci∗)︷ ︸︸ ︷
coker

(
Ci,n+1

∂n+1−−−→ ker(Ci,n
∂n−→ Ci−1,n)

)
∼=−→ coker

(
colim−→

i

Ci,n+1

colim−→∂n+1

−−−−−−→ ker
(

colim−→
i

Ci,n
colim−→∂n

−−−−→ colim−→
i

Ci,n−1

))
↑

follows from applying the Direct Limit-(Co-)-Kernel Corollary 46.4 twice

= Hn

(
colim−→

i

Ci∗
)
.

↑
by de�nition of the n-th homology group

The fact that this isomorphism is induced by the maps Hn(Ci∗)→ Hn(colim−→ Ci∗) follows

easily from the various de�nitions. We leave the details to the reader. �
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47. Cellular homology

47.1. Relative homology groups of CW-complexes.

Notation. Let X be a CW-complex
(1) As usual, we denote the �ltration of X by ∅ = X−1 Ă X0 Ă X1 Ă X2 Ă . . . and we

refer to Xn as the n-skeleton of X.
(2) We denote by Celln(X) the set of n-cells of X.

Lemma 47.1. (Skeleton-H∗-Lemma) Let X be a CW-complex and let n ∈ N0.

(1) Let {Φc : B
n → Xn}c∈Celln(X) be a full set of characteristic maps for the n-cells of X.

For every k ∈ N0 the following map is an isomorphism:⊕
c∈Celln(X)

Φc∗ :
⊕

c∈Celln(X)

Hk(B
n
, Sn−1) → Hk(X

n, Xn−1).

In particular the following statements hold:
(a) For k 6= n we have Hk(X

n, Xn−1) = 0.
(b) The group Hn(Xn, Xn−1) is a free abelian group where the rank equals the cardi-

nality of the set Celln(X) of n-cells in the CW-structure.
(2) For k > n we have Hk(X

n) = 0.

(3) For k < n the inclusion i : Xn → X induces an isomorphism i∗ : Hk(X
n)
∼=−→ Hk(X).

(4) The inclusion i : Xn → X induces an epimorphism i∗ : Hn(Xn)� Hn(X).

Proof. Let X be a CW-complex and let {Φc : B
n → Xn}c∈Celln(X) be a full set of charac-

teristic maps for the n-cells of X.

(1) We consider the following diagram:

⊕
c∈Celln(X)

Hk(B
n
, Sn−1)

⊕
Φc∗

// Hk(X
n, Xn−1)

þ (iv)

��

diag(þ)(i)

��⊕
c∈Celln(X)

H̃k

(
B
n/
Sn−1

) ⊕
Φc∗

//

(ii)⊕
ιc∗ **

H̃k(X
n/Xn−1).

H̃k

( ∨
c∈Celln(X)

B
n/
Sn−1

) (∨Φc)∗

(iii)
44

We make the following clari�cations and observations:
• Given a pair (Y,A) of topological space we consider the natural homomorphism
þ : Hn(Y,A)→ H̃n(Y/A) from page 352.
• We use (obvious generalizations of) the notation from page 371 regarding maps out
of direct sums of abelian groups.
• Given c ∈ Celln(X) we denote by Φc : B

n
/Sn−1 → Xn/Xn−1 the map that is induced

by the characteristic map Φc : B
n → Xn.

• It follows almost immediately from the naturality of the maps þ that the rectangle
commutes.
• We use the points [Sn−1] ∈ Bn/

Sn−1 to form the wedge
∨

c∈Celln(X)
B
n/
Sn−1.
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• For j ∈ Celln(X) let ιj : B
n
/Sn−1 →

∨
c∈Celln(X)

B
n
/Sn−1 be the natural inclusion.

• For each j ∈ Celln(X) we have Φj =
( ∨
c∈Celln(X)

Φc

)
◦ ιj. It follows from this observa-

tion and the de�nition of
⊕

c∈Celln(X)
Φc∗ that the triangle commutes.

We want to show that the top horizontal map is an isomorphism. By the above it
remains to show that the maps (i)�(iv) are isomorphisms.
(i) This map is an isomorphism by the Relative-to-Quotient-H∗-Proposition 41.8.
(ii) This map is an isomorphism by the Wedge-H∗-Proposition 41.10.
(iii) This map is an isomorphism by the Skeleton-Quotient Lemma 33.5.
(iv) It follows from the Relative-to-Quotient-H∗-Proposition 41.8 together with the Sub-

complex�Neighborhood Proposition 31.8 that this map is an isomorphism.
The remaining statements of (1) are now an immediate consequence of the Ball-rel-
Sphere-H∗-Lemma 41.4.

(2) We �x k ∈ N. We need to prove the following claim.

Claim. For n = 0, . . . , k − 1 we have Hk(X
n) = 0.

Proof. We prove the claim by induction on n ∈ N0. First we consider the case n = 0.
By the discussion on page 261 we know that the 0-skeletonX0 has the discrete topology.
It follows from the Singleton-H∗-Lemma 35.11, the Path-Component�H∗�Lemma 35.8
and the hypothesis that k > 0 that Hk(X

0) = 0.
Now assume that the statement holds for some n ∈ {0, . . . , k− 2}. We consider the

long exact sequence of the pair (Xn+1, Xn):

. . . → Hk+1(Xn+1, Xn) → Hk(X
n)︸ ︷︷ ︸

= 0 by induction

→ Hk(X
n+1) → Hk(X

n+1, Xn)︸ ︷︷ ︸
= 0 by (1) since n < k – 1

which implies that k 6= n+ 1

→ . . .

It follows that we have an epimorphism Hk(X
n) → Hk(X

n+1). Since Hk(X
n) = 0 we

conclude that Hk(X
n+1) = 0. �

(3) Let k ∈ N0 and n > k. Recall that we need to show that the inclusion induced map
Hk(X

n) → Hk(X) is an isomorphism. We consider the following diagram of inclusion
induced homomorphisms:

. . . // Hk(X
n−1)

''

// Hk(X
n)

��

∼= // Hk(X
n+1)

∼= //

ww

Hk(X
n+2)

∼= //

ss

. . .

Hk(X).

We make the following observations:
(a) The diagram commutes by the functoriality of homology.
(b) We just want to prove the following claim:

Claim. For anym ≥ n the inclusion induced homomorphism Hk(X
m)→ Hk(X

m+1)
is an isomorphism.
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Proof. This claim follows by considering the following excerpt from the long exact
sequence of the pair (Xm+1, Xm):

. . . → Hk+1(Xm+1, Xm)︸ ︷︷ ︸
= 0 by (1) since k < n ≤ m

→ Hk(X
m) → Hk(X

m+1) → Hk(X
m+1, Xm)︸ ︷︷ ︸

= 0 by (1) since k < n ≤ m

→ . . .

�
(c) By the Exhaustions-H∗-Proposition 46.2 (2) we know that Hk(X) = colim−→ Hk(X

n).

(d) It follows from (a)�(c) and the Direct Limit�Stabilization Lemma 25.1 that the
vertical inclusion induced homomorphism Hk(X

n)→ Hk(X) is an isomorphism.
(4) We consider the following excerpt from the long exact sequence of the pair (Xn+1, Xn):

. . . // Hn+1(Xn+1, Xn) // Hn(Xn) //

''

Hn(Xn+1) //

∼= by (3)
��

Hn(Xn+1, Xn)︸ ︷︷ ︸
= 0 by (1)

// . . .

Hn(X)

We see that the inclusion induced map Hn(Xn)→ Hn(X) is an epimorphism. �

47.2. The de�nition of cellular homology.

De�nition. Given a CW-complexX and given n ∈ N0 we denote by dn the homomorphism

Hn(Xn, Xn−1)

=:dn

11

∂n // Hn−1(Xn−1)
ÿn−1

// Hn−1(Xn−1, Xn−2)

where ∂n is the connecting map in the long exact sequence of the pair (Xn, Xn−1) and
where ÿn−1 : Hn−1(Xn−1)→ Hn−1(Xn−1, Xn−2) is the natural map introduced on page 325.
We refer to dn as the cellular boundary map.

Lemma 47.2. (Cellular Boundary Map Lemma) For all n ∈ N0 we have dn◦dn+1 = 0.

Proof. We consider the following diagram of homomorphisms:

Hn(Xn)
ÿn

((

Hn+1(Xn+1, Xn)

∂n+1
55

dn+1
// Hn(Xn, Xn−1)

∂n

))

dn // Hn−1(Xn−1, Xn−2)

Hn−1(Xn−1)
ÿn−1

44

Note that the diagram commutes by the de�nition of the cellular boundary maps. The
map ∂n ◦ ÿn : Hn(Xn)→ Hn−1(Xn−1) is the composition of two successive maps in the long
exact sequence of the pair (Xn, Xn−1). This implies that the map ∂n ◦ ÿn is the zero map.
Since the diagram commutes we obtain that dn ◦ dn+1 = 0. �

De�nition. Let X be a CW-complex.
(1) Given n ∈ N0 we write CCW

n (X) := Hn(Xn, Xn−1).
(2) We refer to (CCW

∗ (X), d∗) as the cellular chain complex of the CW-complex X.
(3) We denote the homology groups of the cellular chain complex by HCW

n (X) and we refer
to these groups as the cellular homology groups of the CW-complex X.
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Example. For n ≥ 2 we consider the n-dimensional sphere Sn. On page 261 we showed
that we can view Sn as a CW-complex with one 0-cell and one n-cell. It follows from the
Skeleton-H∗-Lemma 47.1 (1) that the cellular chain complex (CCW

∗ (Sn), d∗) is of the form

0 → CCW
n (Sn)︸ ︷︷ ︸
∼=Z

→ 0 → . . . → 0 → CCW
0 (Sn)︸ ︷︷ ︸
∼=Z

→ 0.

Since n ≥ 2 the two Z's are separated by at least one zero group. The cellular boundary
maps are therefore necessarily the zero maps. This implies that

HCW
i (Sn) ∼=

{
Z, if i = 0, n,
0, otherwise.

These cellular homology groups are of course isomorphic to the �usual� homology groups
of Sn. In the next section we will see that this is not a coincidence.
47.3. The relationship between cellular and singular homology.

Proposition 47.3. (Singular-Cellular-H∗-Proposition) Let n ∈ N0.
(1) For each CW-complex X there exists a uniquely determined isomorphism

ΘX : Hn(X)
∼=−−→ HCW

n (X)

with the property that the following diagram commutes:

Hn(Xn) // //

ÿn

��

Hn(X)

ΘX
��

ker(dn)
a 7→ [a]

// // HCW
n (X).

(2) The homomorphisms from (1) de�ne a natural isomorphism between the functors
X 7→ Hn(X) and the functor X 7→ HCW

n (X).

Proof of Proposition 47.3 (1). We add a couple of maps to the commutative diagram
that we had already encountered in the proof of the Cellular Boundary Map Lemma 47.2:

0

0

**

Hn(Xn+1)

44

Hn(Xn) � w
ÿn
))

55 55

Hn+1(Xn+1, Xn)

∂n+1 44

dn+1
// Hn(Xn, Xn−1)

∂n
**

dn // Hn−1(Xn−1, Xn−2).

Hn−1(Xn−1)
& �

ÿn−1

33

0

44

Claim 1. All the diagonal sequences in the above commutative diagram are exact.

Proof. By the Skeleton-H∗-Lemma 47.1 (1) and (2) we know that

Hn(Xn+1, Xn) = 0, Hn(Xn−1) = 0 and Hn−1(Xn−2) = 0.
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It thus follows that the diagonal sequences in the above commutative diagram are just
excerpts from the long exact sequences of the corresponding pairs of topological spaces. In
particular all the diagonal sequences are exact. �

Claim 2. The map ÿn : Hn(Xn)→ Hn(Xn, Xn−1) induces an isomorphism

Hn(Xn)/ im(∂n+1) → ker(dn)/ im(dn+1)︸ ︷︷ ︸
=HCW

n (X)

.

Proof.

(1) The given map is well-de�ned since it follows immediately from ∂n ◦ ÿn = 0 that
ÿn(Hn(Xn)) Ă ker(dn).

(2) The given map is an epimorphism. This can be seen as follows:
(a) It follows from Claim 1 that the map ÿn−1 is injective.
(b) It follows from (a) and Claim 1 that ker(dn) = ker(∂n) = im(ÿn).
(c) It follows from (b) that the map ÿn induces an epimorphism Hn(Xn)→ ker(dn).
(d) Since the left triangle commutes we obtain from (c) that ÿn also induces an epi-

morphism Hn(Xn)/ im(∂n+1)→ ker(dn)/ im(dn+1).
(3) The given map is a monomorphism: We need to show that if we are given c ∈ Hn(Xn)

such that ÿn(c) ∈ Hn(Xn, Xn−1) lies in the image of dn+1, then c ∈ im(∂n+1). Thus
suppose that ÿn(c) ∈ Hn(Xn, Xn−1) lies in the image of dn+1. This means that there
exists an e ∈ Hn+1(Xn+1, Xn) with ÿn(c) = dn+1(e) = ÿn(∂n+1(e)). Since by Claim 1
we know that ÿn is injective we obtain that c = ∂n+1(e). �

Next we consider the following diagram:

isomorphism since in the above diagram isomorphism by the
the left diagonal sequence is exact Skeleton-H∗-Lemma 47.1 (3)

↓ ↓
Hn(Xn)/ im(∂n+1) −→ Hn(Xn+1) −→ Hn(X)

by the claim we know that

ÿn induces an isomorphism

y ∼= y =: ΘX

ker(dn)/ im(dn+1) −−−−−−−−−−−−−→
id

HCW
n (X).

Since all the given maps are isomorphisms we can now de�ne the right vertical map ΘX as
the unique map which makes the diagram commute. Evidently ΘX is also an isomorphism.

Finally we note that by construction the isomorphism ΘX has the property that the
following diagram commutes:

Hn(Xn) // //

ÿn

��

Hn(X)

ΘX
��

ker(dn) // // HCW
n (X).

Note that by the Skeleton-H∗-Lemma 47.1 (4) the top horizontal map is an epimorphism.
This implies immediately that ΘX is the unique homomorphism that makes the diagram
commute. �

Proof of Proposition 47.3 (2). We need to show that the isomorphisms ΘX that we
just constructed are natural. Thus suppose that we are given a cellular map f : X → Y
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and let n ∈ N0. We consider the following diagram:

Hn(X) ΘX
++

f∗
��

Hn(Xn)

11 11

ÿn ++

f∗

��

HCW
n (X)

f∗

��

ker(dn)

11 11

f∗
��

Hn(Y ) ΘY
++

Hn(Y n)

11 11

ÿn ++

HCW
n (Y ).

ker(dn)

11 11

We make the following observations:

(a) The sides of the hyperrectangle that do not involve ΘX and ΘY commute basically by
de�nition.

(b) The top and bottom parallelogram commute by de�nition of ΘX and ΘY .
(c) By the Skeleton-H∗-Lemma 47.1 (4) the map Hn(Xn)→ Hn(X) is an epimorphism.

It follows from these observation that also the parallelogram involving ΘX and ΘY com-
mutes. But that is exactly, what we had to show. �

Proposition 47.4. (CPn-H∗-Proposition)

(1) Given n ∈ N0 we have
Hk(CPn) ∼=

{
Z, if k = 0, 2, 4, . . . , 2n
0, otherwise.

(2) We have
Hk(CP∞) ∼=

{
Z, if k is even,
0, if k is k is odd.

Proof.

(1) Let n ∈ N0. On page 264 we showed that CPn admits a CW-structure with exactly
one cell in dimensions 0, 2, . . . , 2n and no other cells. It follows from the Skeleton-H∗-
Lemma 47.1 (1) that the corresponding cellular chain complex is of the form

0→ CCW
2n (CPn)︸ ︷︷ ︸
∼=Z

→ CCW
2n−1(CPn)︸ ︷︷ ︸

=0

→ ... → CCW
2 (CPn)︸ ︷︷ ︸
∼=Z

→ CCW
1 (CPn)︸ ︷︷ ︸

=0

→ CCW
0 (CPn)︸ ︷︷ ︸
∼=Z

→ 0.

Since every other group is trivial it follows that all boundary maps are zero. In par-
ticular the cellular homology groups equal the cellular chain groups. It follows that

Hk(CPn) ∼= HCW
k (CPn) ∼= CCW

k (CPn) ∼=
{

Z, if k = 0, 2, 4, . . . , 2n,
0, otherwise.↑ ↑ ↑

by the Singular-Cellular follows from the above discussion
Homology Proposition 47.3

(2) Just for fun we provide two di�erent ways to calculate Hk(CP∞):
(a) On page 264 we saw that we can equip the in�nite-dimensional complex projective

space CP∞ with a CW-structure that has precisely one cell in each even dimension
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and no cells in odd dimensions. From the same arguments as in (1) it follows that

Hk(CP∞) ∼= HCW
k (CP∞) ∼= CCW

k (CP∞) ∼=
{

Z, if k is even,
0, if k is odd.

(b) We start out with the following claim.

Claim. Let j ≥ i. Let ι : CPi → CPj be the usual embedding that is given by
[x] 7→ [(x, 0)]. The induced map ι∗ : H

CW
k (CPi)→ HCW

k (CPj) on singular homology
is an isomorphism for k = 0, . . . , 2i.

Proof. Note that ι : CPi → CPj is clearly cellular. Thus we obtain from the
Singular-Cellular-H∗-Proposition 47.3 (2) the following commutative diagram:

Hk(CPi)
ι∗ //

ΘCPi ∼=
��

HCW
k (CPj)

ΘCPj∼=
��

HCW
k (CPi) ι∗ // HCW

k (CPj)

.

Next note that it follows from inspecting the cellular chain complexes that for
any k ≤ 2i the bottom horizontal map is an isomorphism. The claim follows
immediately from these two observations. �
It follows from the claim, the Exhaustions-H∗-Proposition 46.2 and the Direct
Limit�Stabilization Lemma 25.1 that for any k ≤ 2i the inclusion induced map
Hk(CPi) → Hk(CP∞) is an isomorphism. Together with (1) we thus get the
promised result. �

47.4. The cellular boundary maps.

De�nition. Let n ∈ N.
(1) We denote by [Sn−1] ∈ H̃n−1(Sn−1) the standard generator of H̃n(Sn−1), as de�ned on

page 362.
(2) The standard generator [B

n
] of Hn(B

n
, Sn−1) is de�ned to be the unique element

with ∂n([B
n
]) = [Sn−1] ∈ H̃n−1(Sn−1) where ∂n : Hn(B

n
, Sn−1) → H̃n−1(Sn−1) is the

connecting homomorphism of the long exact sequence in reduced homology of the pair
(B

n
, Sn−1).

Example. Recall that on page 362 we saw that the standard generator of H̃0(S0) is given
by [S0] = [(+1) − (−1)] ∈ H̃0(S0). It follows easily from this observation, the explicit
description of the connecting homomorphism in the LES-of-Triple Proposition 38.2, and
the explicit description of the boundary of a singular 1-simplex on page 302, that the
standard generator of H1(B

1
, S0) is represented by the following cycle in C1(B

1
, S0):

∆1 → B
1

(1− t, t) 7→ 2t− 1.

De�nition.

(1) A charted CW-complex is a pair consisting of a CW-complex X together with a full

set {Φc : B
dim(c) → Xdim(c)}c∈Cell(X) of characteristic maps of the cells of X.
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(2) Let X be a charted CW-complex as in (1). For an n-cell α we write

Ξα := Φα∗([B
n
]) ∈ Hn(Xn, Xn−1) = CCW

n (X).

With this notation the Skeleton-H∗-Lemma 47.1 (1) says that {Ξc}c∈Cell(X) is a basis
of the free abelian group CCW

n (X).

Lemma 47.5. (Cellular-First Boundary Map Lemma) Let X be a charted CW-
complex. For a 1-cell α with characteristic map Φα : B

1 → X1 we have

d1(Ξα) = ΞΦα(1) − ΞΦα(−1) ∈ CCW
0 (X).

Proof. Recall that the cellular boundary map dn is de�ned as follows:

Hn(Xn, Xn−1)

∂n ))

=:dn // Hn−1(Xn−1, Xn−2).

Hn−1(Xn−1)
ÿ

44

In our special case n = 1 we see that Xn−2 = ∅, thus d1 equals the connecting homomor-
phism ∂1 of the pair (X1, X0) as de�ned in the LES-of-Pair Proposition 38.3. Now we see
that

by de�nition of Ξα ∈ CCW
1 (X) by the above discussion see the description of [B

1
] on page 402

↓ ↓ ↓
d1(Ξα) = d1(Φα∗([B

1
])) = ∂1(Φα∗([B

1
])) = ∂1([(t, 1− t) 7→ Φα(2t− 1)])

= ΞΦα(1) − ΞΦα(−1).
↑

see the de�nition of the connecting homomorphism ∂1 in
the LES-of-Pair Proposition 38.3 and the discussion of ∂1 on page 302 �

Example. We consider the charted 1-dimensional CW-complex X with two 0-cells β1, β2

and four 1-cells α1, . . . , α4. that is given in the �gure below:

��
��
��

��
��
��

��
��
��

��
��
��

X

α3

α2
α1

α4

β1

β2

By the Cellular-First Boundary Map Lemma 47.5 the cellular chain complex of X is of the
form

0 →

Z · Ξα1

Z · Ξα2

Z · Ξα3

Z · Ξα4︸ ︷︷ ︸
=CCW

1 (X)

α1 α2 α3 α4

β1

β2

(
1 −1 −1 0
−1 1 1 0

)
−−−−−−−−−−−−−−−−−−−−−−→ Z · Ξβ1

Z · Ξβ2︸ ︷︷ ︸
=CCW

0 (X)

→ 0.

It follows that

Hn(X) ∼= HCW
n (X) =

 0, if n ≥ 2,
Z3, if n = 1,
Z, if n = 0.

x x
by the Singular-Cellular-H∗- by the above calculation
Proposition 47.3 and elementary linear algebra
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Proposition 47.6. (Cellular Boundary�Degree Proposition) Let X be a charted
CW-complex and let n ∈ N. Given an n-cell α and an (n − 1)-cell β we consider the
following continuous self-map of Sn−1:

Sn−1 = Sn−1
Φα|Sn−1−−−−−−→ Xn−1 q−→ Xn−1/Xn−2

∼=
x ∨

j∈Celln−1(X)
Φj∨

j∈Celln−1(X)

B
n−1/

Sn−2 pβ−→ B
n−1/

Sn−2 g−→∼= Sn−1

where we adopt the following notation:
• For c ∈ Cell(X) we denote by Φc the corresponding characteristic map.
• q : Xn−1 → Xn−1/Xn−2 is the natural projection.
• Let j ∈ Celln−1(X). Since Φj(S

n−2) Ă Xn−2 we see that the characteristic map

Φj : B
n−1 → Xn−1 descends to a continuous map Φj : B

n−1
/Sn−2 → Xn−1/Xn−2.

•
∨

j∈Celln−1(X)
Φj :

∨
j∈Celln−1(X)

B
n−1/

Sn−2 → Xn−1/Xn−2 is the natural map provided by the

Wedge Proposition 17.1. Note that it follows from the Skeleton-Quotient Lemma 33.5
that this map is a homeomorphism.
• pβ :

∨
j∈Celln(X)

B
n−1/

Sn−2 → B
n−1/

Sn−2 is the natural map that is induced by the

identity on the β-copy of B
n−1

/Sn−2 and the constant map on all other copies of
B
n−1

/Sn−2.

• g : B
n−1

/Sn−2
∼=−→ Sn−1 denotes the homeomorphism from the Ball Quotient-Sphere

Lemma 6.5.
For any n-cell α we have

dn(Ξα) =
∑

β∈Celln−1(X)

deg(Ωβ,α) · Ξβ ∈ CCW
n−1(X)

where
Ωβ,α := g ◦ pβ ◦

( ∨
j∈Celln−1(X)

Φj

)−1 ◦ q ◦ Φα|Sn−1 : Sn−1 → Sn−1.

Lemma 47.7. (Standard Generator-of-B
n
-Lemma) Let n ∈ N0. Furthermore let

þ : Hn(B
n
, Sn−1) → H̃n(B

n
/Sn−1) be the natural map and let g : B

n
/Sn−1 → Sn be the

homeomorphism from the Ball Quotient-Sphere Lemma 6.5. Then

(g∗ ◦ þ)([B
n
]) = [Sn] ∈ H̃n(Sn).

Proof of the Standard Generator-of-B
n
-Lemma 47.7. First note that it follows from

the Relative-to-Quotient-H∗-Proposition refprop:homology-of-x-mod-a that the map g∗ ◦
þ : Hn(B

n
, Sn−1) → H̃n(Sn) is an isomorphism. Since [B

n
] ∈ Hn(B

n
, Sn−1) and [Sn] ∈

H̃n(Sn) are generators we thus see that (g∗ ◦ þ)([B
n
]) = ±[Sn] ∈ H̃n(Sn). Therefore it

remains to determine the precise sign. This is a little tricky and we outsource the proof
to [Fri23]. For most purposes the precise sign is not really relevant though. For example
in the statement of the Cellular Boundary�Degree Proposition 47.6 a di�erent sign in the
equality (g∗ ◦þ)([B

n
]) = ±[Sn] ∈ H̃n(Sn) changes at worst all deg(Ωβ,α) by the same sign,

which has no e�ect later on when we need to determine (co-) kernels. �
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Proof of the Cellular Boundary�Degree Proposition 47.6. We adopt the following
notation:

(1) We write I := Celln(X) and J := Celln−1(X).
(2) Given k ∈ J we denote by ιk : B

n−1/
Sn−2 → ∨

j∈J
B
n−1/

Sn−2 the natural injection.

For any n-cell α and any (n− 1)-cell β we consider the following diagram:

Hn(B
n
, Sn−1)

∂n [B
n

] 7→ [Sn−1]∼=
��

Φα∗

[B
n

] 7→Ξα

// Hn(Xn, Xn−1)

∂n

��

dn

��

H̃n−1(Sn−1)

· det(Ωαβ)

��

(Φα|Sn−1 )∗
// H̃n−1(Xn−1)

q∗

��

ÿn−1

��

H̃n−1(Sn−1) H̃n−1(B
n−1
/Sn−2)

g∗oo

H̃n−1(B
n
/Sn−1)

g∗

OO

H̃n−1

( ∨
j∈J
B
n−1
/Sn−2

)
pβ∗

gg

∼=

( ∨
j∈J

Φj

)
∗

%%

Hn−1(B
n−1
, Sn−2)

þ

OO

⊕
j∈J

H̃n−1(B
n−1
/Sn−2)

projection
to the β-th
summand

OOOO

∼=
⊕ ιj∗

88

H̃n−1(Xn−1/Xn−2)

⊕
j∈J

Hn−1(B
n−1
, Sn−2)

diag(þ)
∼=

66projection
to the β-th
summand

OOOO

⊕
j∈J

Φj∗

[B
n−1

]j 7→Ξj

// Hn−1(Xn−1, Xn−2).

∼=
þ

ff

We make the following claim.

Claim. The diagram commutes and all the maps decorated with �∼=� are indeed isomor-
phisms.

Proof. We consider the various parts of the diagram.

(1) It follows from the naturality of the connecting homomorphism, see the Reduced LES-
of-Pair Proposition 39.6 (2), that the upper rectangle in the diagram commutes.

(2) The red arrows trace out the map Ωβ,α of which we take the degree. In other words,
the oddly shaped hexagon in the center of the diagram commutes by de�nition.

(3) We consider the hexagon to the lower left of the diagram. Using the functoriality of
relative homology one can easily verify that the hexagon commutes on each summand,
hence it commutes for the direct sum.

(4) (a) Note that the map pβ ◦ ιj equals id
B
n−1

/Sn−2 if j = β and that it is constant
otherwise. It follows easily from this observation that the triangle towards the
center left, involving the map pβ∗ commutes.

(b) It follows from the Wedge-H∗-Proposition 41.10 that the map decorated with �∼=�
in the triangle is indeed an isomorphism.

(5) In the proof of the Skeleton-H∗-Lemma 47.1 (1) we showed that the large triangle at
the bottom commutes and we showed that all the maps involved in the large triangle
are indeed isomorphisms.
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(6) (a) It follows easily from the de�nitions that the triangle to the bottom right commutes.
(b) It follows from the Relative-to-Quotient-H∗-Proposition 41.8 that the diagonal map

at the very bottom right is an isomorphism. �

Next note that by the de�nition of the standard generator of Hn(B
n
, Sn−1) on page 402

we have ∂n([B
n
]) = [Sn−1] ∈ H̃n−1(Sn−1) and note that the Standard Generator-of-B

n
-

Lemma 47.7 says that g∗(þ([B
n−1

])) = [Sn−1] ∈ H̃n−1(Sn−1). The reader who is still awake
will notice that the proposition follows immediately from the claim and this observation. �

47.5. The homology groups of surfaces.

Notation. Given g ∈ N0 and given k ∈ N we write as usual

Σg := surface of genus g
Nk := non-orientable surface of genus k.

Furthermore given m ∈ N0 we write

Σg,m := the surface of genus g minus m open disks
Nk,m := the non-orientable surface of genus k minus m open disks.

Example.

(1) We consider the surface Σ2 of genus 2. As usual we view Σ2 as a charted CW-complex
with one 0-cell P , four 1-cells a1, a2, a3, a4 and one 2-cell F .

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����
�����
�����
�����

�����
�����
�����
�����

��

��
��
��
��

��

�
�
�
�

�
�
�
�

�
�
�
�

����

��

����

����

��

��

����

��
��
��
��

��
��
��
��

��

����
��
��
��

S1

Σ
1-skeleton Σ1 of Σ( 4∨

i=1
Φai

)−1

◦ q

g ◦ pa
g ◦ paj ◦

( 4∨
i=1

Φai

)−1

◦ q ◦ ΦF |S1

a1

a2

of the 2-cell F

degree = 0

a3

a4

S1

attaching map ΦF |S1

P 2-cell F

Note that it follows easily from the de�nitions, or alternatively from the Degree-via-
Local Orientations Proposition 44.7, that for each j ∈ {1, . . . , 4} the degree of the map

ΩF,aj = g ◦ pa ◦
( 4∨
i=1

Φai

)−1

◦ q ◦ ΦF |S1 : S1 → S1 is zero. It follows from the Cellular

Boundary�Degree Proposition 47.6 that the cellular boundary map d2 in the cellular
chain complex of Σ2 is zero. Since Σ2 has only one 0-cell we know from the Cellular-
First Boundary Map Lemma 47.5 that the cellular boundary map d1 is also zero. Thus
we see that

Hn(Σ2) ∼= HCW
n (Σ2) = CCW

n (Σ2) ∼=


0, if n ≥ 3,
Z, if n = 2,
Z4, if n = 1,
Z, if n = 0.

↑ ↑
by the Singular-Cellular-H∗- since all the cellular
Proposition 47.3 boundary maps are zero
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(2) As a reality check we consider once again the Klein bottle K = N2. We view K as a
charted CW-complex with one 0-cell P , two 1-cells a, b and one 2-cell F , as shown in
the �gure below.
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1-skeleton K1 of K

S1

Klein bottle K

attaching map ΦF |S1

g ◦ pa

(Φa ∨ Φb)
−1 ◦ q

degree = −2S1

a

b

of the 2-cell F

g ◦ pa ◦
(

Φa ∨ Φb

)−1

◦ q ◦ ΦF |S1F

P

It follows from the Cellular Boundary�Degree Proposition 47.6, the Degree-via-Local
Orientations Proposition 44.7 and the Cellular-First Boundary Map Lemma 47.5 that
the cellular chain complex is given by

0 → Z · ΞF

(
−2

0

)
−−−−→

Z · Ξa

Z · Ξb

(
0 0

)
−−−−→ Z · ΞP → 0.

Therefore we see that

Hn(K) ∼= HCW
n (K) =

 0, if n ≥ 2,
Z⊕ Z2, if n = 1,
Z, if n = 0.

x x
by the Singular-Cellular-H∗- by the above calculation
Proposition 47.3 and elementary linear algebra

(3) We consider Σ2,1 and we equip it with the charted CW-structure that is illustrated in
the �gure below.
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1-skeleton of Σ2,1
Σ2,1

c

b

a

d

z
attaching map

of the 2-cell F

w

Q

P

This CW-structure has two 0-cells P,Q, six 1-cells a, b, c, d, w, z and one 2-cell F . Using
the Cellular Boundary�Degree Proposition 47.6 and using the Cellular-First Bound-
ary 47.5 one can easily show that the cellular chain complex is of the following form:

0 → Z · ΞF

F

a
b

c

d
w

z



0
0

0

0
0

1


−−−−−−−−→

Z · Ξa

Z · Ξb

Z · Ξc

Z · Ξd

Z · Ξw

Z · Ξz

a b c d w z
P
Q

( 0 0 0 0 −1 0
0 0 0 0 1 0

)
.

−−−−−−−−−−−−−−−−→ Z · ΞP

Z · ΞQ
→ 0.

Now we see that
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Hn(Σ2,1) ∼= HCW
n (Σ2,1) ∼=

 0, if n ≥ 2,
Z4, if n = 1,
Z, if n = 0.

x x
by the Singular-Cellular-H∗- by the above chain complex and
Proposition 47.3 some elementary linear algebra

Proposition 47.8. (Surface-H∗-Proposition) For any g ∈ N0 we have

Hn(Σg) ∼=


0, if n ≥ 3,
Z, if n = 2,
Z2g, if n = 1,
Z, if n = 0.

Furthermore
for m ≥ 1
we have

Hn(Σg,m) ∼=


0, if n ≥ 3,
0, if n = 2,
Z2g+m−1, if n = 1,
Z, if n = 0.

For any k ∈ N we have

Hn(Nk) ∼=


0, if n ≥ 3,
0, if n = 2,
Zk−1 ⊕ Z2, if n = 1,
Z, if n = 0.

Furthermore
for m ≥ 1
we have

Hn(Nk,m) ∼=


0, if n ≥ 3,
0, if n = 2,
Zk+m−1, if n = 1,
Z, if n = 0.

Proof. The calculation of the homology groups Σg is a slight generalization of the argu-
ments that we provided on page 406. Furthermore the case Nk is dealt with the same
way as we dealt with the Klein bottle K = N2 on page 407. Finally note that for m ∈ N
the calculation of the homology groups of Σg,m and Nk,m is a slight generalization of the
argument preceding the proposition. We leave the details to the reader. �

47.6. The homology groups of real projective spaces.

Proposition 47.9. (RPn-H∗-Proposition)

(1) For any n ∈ N0 we have

Hk(RPn) ∼=


Z, if k = 0,
Z2, if k is odd and k < n,
0, if k is even and 0 < k 6= 0,
0, if k > n,
Z, if k = n and n is odd.

(2) We have

Hk(RP∞) ∼=

 Z, if k = 0,
Z2, if k is odd,
0, if k is even and k > 0.

Proof.

(1) Let n ∈ N0. On page ?? we showed that for any k ≤ n the map RPk → RPn that
is given by [x] 7→ [(x, 0)] is an embedding. For the duration of the proof we use this
embedding as an excuse to view RPk as a subspace of RPn.

Next recall we recall the CW-structure on RPn which we introduced on page 263:
For each k = 0, . . . , n we de�ne

Φk : B
k → RPk

x 7→ [(x,
√

1− ‖x‖2)].
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We saw in the proof of the Projective Space�Cell Attachment Lemma 29.2 that the
map

RPk−1 ∪
RPk−1

Φk|Sk−1←−−−−−Sk−1

B
k ∼=−→ RPk

[x] 7→

{
[(x, 0)], if x ∈ RPk−1

Φk(x), if x ∈ Bk

is a homeomorphism. Thus we see inductively that we can view RPn as a charted
CW-complex with a single cell in the dimensions 0, . . . , n where the characteristic maps
are given precisely by the maps Φ0, . . . ,Φn.

Claim. For each k = 1, . . . , n the cellular boundary map

dk : Z ∼= CCW
k (RPn) → CCW

k−1(RPn) ∼= Z
is given by multiplication by ±(1 + (−1)k).

Proof. Let k ∈ {1, . . . , n}. We denote by q : RPk−1 → RPk−1/RPk−2 the projection

and we denote by g : B
k−1/

Sk−2 → Sk−1 the homeomorphism from the Ball Quotient-
Sphere Lemma 6.5. By the Cellular Boundary�Degree Proposition 47.6 it su�ces to
show that the degree of the map

Sk−1

=:Ω

11
Φk|Sk−1

// RPk−1 q
// RPk−1/RPk−2 (Φk−1)−1

// B
k−1/

Sk−2 g
// Sk−1

equals ±(1 + (−1)k). We will do so using the Degree-via-Local Orientations Pro-
position 44.7. To apply this proposition we recall a few de�nitions and we make a few
preparations:
(a) If Ω: Sk−1 → Sk−1 is a local di�eomorphism at a point x, then as on page 369 we

write
deg(Ω, x) :=

{
+1, if Ω is orientation-preserving at x
−1, if Ω is orientation-reversing at x.

(b) If f : Sk−1 → Sk−1 is a di�eomorphism, then we write

deg(f) :=

{
+1, if f is orientation-preserving
−1, if f is orientation-reversing.

(c) If Ω: Sk−1 → Sk−1 is a local di�eomorphism at a point x and if f : Sk−1 → Sk−1 is
a di�eomorphism, then it follows immediately from D(Ω◦f)f−1(x) = DΩx◦DΩf−1(x)

that deg(Ω ◦ f, f−1(x)) = deg(Ω, x) · deg(f).
(d) We pick the point y = (0, . . . , 0, 1) ∈ Sk−1. The preimages of y under the map

Ω are x+ = (0, . . . , 0, 1) and x− = (0, . . . , 0,−1). One can easily verify that the
restrictions of Ω to the open hemispheres Bn

>0 and Bn
<0 are smooth embeddings.

Since x+ ∈ Bn
>0 and x− ∈ Bn

<0 we see that Ω is a local di�eomorphism around x+

and x−.
(e) Let ρ : Sk−1 → Sk−1 be the re�ection in the origin, i.e. ρ is given by z 7→ −z.
(f) One can easily show that deg(ρ) = det(− idk) = (−1)k.
(g) Note that (Φk|Sk−1) ◦ ρ = Φk|Sk−1 : Sk−1 → RPk−1. This implies that Ω ◦ ρ = Ω.
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We now see that
by the Degree-via-Local Orientations
Proposition 44.7 and by (d) since by (g) we know that Ω ◦ ρ = Ω
↓ ↓

deg(Ω) = deg(Ω, x+) + deg(Ω, x−) = deg(Ω, x+) + deg(Ω ◦ ρ, x−)
= deg(Ω, x+) + deg(Ω, x+) · deg(ρ) = deg(Ω, x+)︸ ︷︷ ︸

=±1

· (1 + deg(ρ)︸ ︷︷ ︸
= (–1)k by (f)

).
↑

follows from (c), since ρ(x+) = x− �
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Φ1
−1

g

y
deg(Ω, x+) = 1

ρ

Ωdeg(Ω, x−) = (−1)2

RP1 =i S
1/z ∼ −z

Φ2|S1

It follows from the claim that the cellular chain complex of RPn is of the form

0 → Z ±(1+(−1)n)−−−−−−−→ Z → . . .
·(±2)−−−→ Z 0−→ Z ·(±2)−−−→ Z 0−→ Z → 0.

↑ ↑
degree n degree 0

It is now straightforward to determine the cellular homology groups which, by the
Singular-Cellular-H∗-Proposition 47.3, are isomorphic to the singular homology groups
of RPn.

(2) On page 264 we equipped RP∞ = colim−→ RPn with a CW-structure with precisely one cell

in each dimension. Basically the same calculation as in (1) gives the desired result. �
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48. The Euler characteristic

48.1. The Euler characteristic of a CW-complex.

De�nition. Given a �nite CW-complex X we de�ne its Euler characteristic χ(X) as
follows: χ(X) :=

∑
n∈N0

(−1)n · number of n-cells.

Examples.

(1) If G is a �nite topological graph, then, according to the Graph�CW-Complex Lem-
ma 30.1 we can view G as a 1-dimensional CW-complex where the number of 0-cells
equals the number of vertices and the number of 1-cells equals the number of edges of
G. Thus it follows immediately from the de�nitions that in this case the above Euler
characteristic agrees with the de�nition of the Euler characteristic of a �nite topological
graph that we gave on page 100.

(2) In the �gure below we show the topological space S2 ∨ S1 with three di�erent CW-
structures. We notice that even though the numbers of cells in the various dimensions
di�er, the Euler characteristic is always the same.
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32

1

1

1 3

1

Euler characteristic 1

number of 2-cells
number of 1-cells
number of 0-cells

1 1

Proposition 48.1. (Homology-χ-Proposition) Given any �nite CW-complex X we
have χ(X) =

∑
n∈N0

(−1)n · rank(Hn(X)).

Proof. We will provide the proof of Homology-χ-Proposition 48.1 in the next section. �

Corollary 48.2. (Homotopy Type-χ-Corollary) Let X and Y be �nite CW-com-
plexes. If X and Y are homotopy equivalent, then χ(X) = χ(Y ).

Proof of the Homotopy Type-χ-Corollary 48.2. The corollary is an immediate con-
sequence of the Homology-χ-Proposition 48.1 together with the Homotopy Equivalence-
H∗-Corollary 36.7 (2). �

Examples.

(1) Let n ∈ N0. On page 261 we showed that the n-dimensional sphere Sn has a CW-struc-
ture of Sn with one 0-cell and one extra cell in dimension n. It follows that

χ(Sn) = 1 + (−1)n =

{
0, if n is odd,
2, if n is even.

(2) Given g ∈ N0 we consider the surface Σg of genus g and given k ∈ N we consider
the non-orientable surface Nk of genus k. On page 412 we equipped Σg and Nk with
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CW-structures that are also shown (for g = 2 and k = 3) in the �gure below. One can
now easily calculate that

χ(Σg) = 2− 2g and χ(Nk) = 2− k.

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���
���

���
���
���
���

��
��
��
��

��
��
��
��

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

��
��
��

��
��
��

���
���
���

���
���
���

��
��
��

��
��
��

��
��
��

��
��
��

���
���
���

���
���
���

���
���
���

���
���
���

surface Σg of genus g=2

1 number of 0-cells 1
2 · g number of 1-cells k
1 number of 2-cells 1

2−2·g Euler characteristic 2−k

non-orientable surface Nk of genus k=3

(3) Let n ∈ N0. For n = 0 we have B
0

= {0}, thus χ(B
0
) = 1. For n ≥ 1 a CW-structure

for the ball B
n
is given by the �ltration ∅ Ă {N} Ă Sn−1 Ă B

n
, thus we have a

CW-structure with one 0-cell {N}, one extra cell in dimension n− 1 and one extra cell
of dimension n. Thus again we obtain that χ(B

n
) = 1 + (−1)n−1 + (−1)n = 1.
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(4) On page 263 we showed that RPn admits a CW-structure with precisely one cell of
dimensions 0, 1, . . . , n and no other cell. It follows that

χ(RPn) =
n∑
i=0

(−1)n =

{
0, if n is odd,
1, if n is even.

(5) On page 264 we showed that CPn admits a CW-structure with precisely one cell of
dimensions 0, 2, . . . , 2n and no other cell. It follows that χ(CPn) = n+ 1.

48.2. Proof of the Homology-χ-Proposition 48.1.

Lemma 48.3. (Chain Complex�H∗�χ-Lemma) Given any chain complex

0 → Ck
∂k−→ Ck−1

∂k−1−−→ . . . C1
∂1−→ C0 → 0

of �nitely generated abelian groups the following equality holds:
k∑

n=0

(−1)n · rank(Cn) =
k∑

n=0

(−1)n · rank(Hn(C∗)).

Proof. For the above chain complex (C∗, ∂∗) we write for each n ∈ N0

Zn := ker(∂n), Bn := im(∂n+1) and Hn = Zn/Bn.

Note that these groups form the following two types of short exact sequences

(a) 0 ↪→ Zn → Cn
∂n−→ Bn−1 → 0,

(b) 0 ↪→ Bn → Zn → Hn → 0.

We see that
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by (a) we have rankCn = rankZn + rankBn−1

↓k∑
n=0

(−1)n · rankCn =
k∑

n=0
(−1)n · (rankZn + rankBn−1)

=
k∑

n=0
(−1)n · (rankBn + rankHn + rankBn−1)

↑
by (b) we have rankZn = rankBn + rankHn

=
k∑

n=0
(−1)n · rankHn +

k∑
n=0

(−1)n · rankBn +
k∑

n=0
(−1)n · rankBn−1

=
k∑

n=0
(−1)n · rankHn +

k−1∑
n=0

(−1)n · rankBn −
k−1∑
m=0

(−1)m · rankBm
↑

we do the substitution m = n− 1 and we use that Bk = 0 and B−1 = 0

=
k∑

n=0
(−1)n · rankHn. �

Proof of the Homology-χ-Proposition 48.1. Let X be a �nite k-dimensional CW-
complex. We perform the following calculation:

by de�nition of χ(X) by the Skeleton-H∗-Lemma 47.1 (1)

↓ ↓
χ(X) =

k∑
n=0

(−1)n · number of n-cells =
k∑

n=0

(−1)n · rank(CCW
n (X))

=
k∑

n=0

(−1)n · rank(HCW
n (X)) =

k∑
n=0

(−1)n · rank(Hn(X)).
↑ ↑

by the Chain Complex�H∗�χ-Lemma 48.3 by the Singular-Cellular-H∗-Proposition 47.3 �
48.3. Homology groups of topological graphs.

Lemma 48.4. (Graph-H∗-Lemma) Let G be a connected non-empty topological graph
with v vertices and e edges. Then

H0(G) ∼= Z, H1(G) ∼= Ze−v+1 and Hi(G) = 0 for i ≥ 2.

Example. In the �gure below we see a connected topological graph G with 22 vertices
and 24 edges. It follows from the Graph-H∗-Lemma 48.4 that its �rst homology group is
isomorphic to Z3. Using the observation that an epimorphism of Z3 is an isomorphism one
can show fairly easily that the three cycles which are shown in the �gure below represent
a basis for H1(G) ∼= Z3.
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basis for H1(G) ∼= Z3topological graph G with 22 vertices and 24 edges

Proof. Let G be a connected topological graph with v vertices and e edges. Recall that by
the Graph�CW-Complex Lemma 30.1 we can view G as a 1-dimensional CW-complex with
v 0-cells and e 1-cells. From the H0-Proposition 35.10 (1) together with the CW-Complex�
Local Properties Proposition 31.7 (2) and the Locally Path-Connected Lemma 2.24 it
follows immediately that H0(G) ∼= Z. Furthermorefrom considering the cellular chain
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complex it follows that Hi(G) = 0 for i ≥ 2 and that H1(G) is torsion-free. We now see
that

1− rank(H1(G)) =
∑
i

(−1)i · rank(Hi(X)) = χ(X) = #0-cells−#1-cells = v − e.
↑ ↑

by the above by by the Homology-χ-Proposition 48.1

Since H1(G) is torsion-free we obtain that H1(G) ∼= Ze−k+1. �

48.4. Properties of the Euler characteristic.

Proposition 48.5. (Union-χ-Proposition) Let X = Y ∪ Z be a decomposition of a
�nite CW-complex X into two subcomplexes Y and Z. The following equality holds

χ(X) = χ(Y ) + χ(Z)− χ(Y ∩ Z).
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Y Z
Y ∩ Z

χ(Y ∪ Z︸ ︷︷ ︸
=X

) = χ(Y ) + χ(Z)− χ(Y ∩ Z)

X

Proof. Given n ∈ N0 and given a subcomplex W of X we denote by n(W ) the number of
n-cells that are contained in W . In our setting we have

n(X) = n(Y ) + n(Z)− n(Y ∩ Z).
↑

since X = Y ∪ Z and since Y and Z are subcomplexes we obtain from the
Subcomplex�Characterization Proposition 30.7 together with the
Subcomplex�Closed Lemma 30.6 that every n-cell of X
lies in Y or Z, the n-cells that lie in the intersection Y ∩ Z get
counted twice in n(Y ) + n(Z), so we have to subtract n(Y ∩ Z) to obtain n(X)

By performing the alternating sum over all n ∈ N0 we obtain immediately that

χ(X) = χ(Y ) + χ(Z)− χ(Y ∩ Z).

�

Proposition 48.6. (Quotient-χ-Proposition) Let X be a �nite CW-complex and let
A be a subcomplex of X. We equip the quotient X/A with the CW-structure given by
the CW-Quotient Lemma 33.3. Then

χ(X/A) = χ(X)− χ(A) + 1.

Proof. Recall that in the CW-Quotient Lemma 33.3 we equipped X/A with a CW-
structure such that for each k ∈ N0 we have the following equalities:

#k-cells of X/A =

{
#k-cells of X not in A, if k > 0,
#k-cells of X not in A + 1, if k = 0.

Evidently these equalities imply the equality χ(X/A) = χ(X)− χ(A) + 1. �

Proposition 48.7. (Product-χ-Proposition) Let X and Y be two �nite CW-com-
plexes. If we equip X×Y with the CW-structure from the CW-Category�Product Propo-
sition 33.7 and the CW-Complex Product Proposition 33.9, then

χ(X × Y ) = χ(X) · χ(Y ).
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Example. Let X be a �nite CW-complex.

(1) It follows from the Product-χ-Proposition 48.7 that χ(S1 ×X) = χ(S1) · χ(X) = 0.
(2) We consider the suspension Σ(X) = ((X × [−1, 1])/(X × {−1}))/(X × {1}). We see

that
follows from applying the Quotient-χ-Proposition 48.6 twice
↓

χ(Σ(X)) = χ((X × [−1, 1])− χ(X × {−1}) + 1− χ(X × {1}) + 1
= 2 + χ(X)− χ(X)− χ(X) = 2− χ(X).
↑

follows from the Product-χ-Proposition 48.7 and the observation that χ([−1, 1]) = 1

Proof. Let X and Y be two �nite CW-complexes. Given k ∈ N0 we denote by ck the
number of k-cells of X and we denote by dk the number of k-cells of Y . We equip X × Y
with the product CW-structure from the CW-Category�Product Proposition 33.7 and the
CW-Complex Product Proposition 33.9. By construction we have

#n-cells of X × Y =
∑

k+l=n

#k-cells of X ·#l-cells of Y =
∑

k+l=n

ck · dl.

It follows that by multiplying out

↓
χ(X) · χ(Y ) =

( ∑
k∈N0

(−1)k · ck
)
·
( ∑
l∈N0

(−1)l · dl
)

=
∑
n∈N0

∑
k+l=n

(−1)k+l · ck · dl

=
∑
n∈N0

(−1)n ·
∑

k+l=n

ck · dl = χ(X×Y ).
↑

by the above discussion

We have thus proved the desired equality χ(X) · χ(Y ) = χ(X × Y ). �

Proposition 48.8. (Covering-χ-Proposition) Let p : X̃ → X be a �nite covering of
a �nite CW-complex X. We equip X̃ with the structure of a CW-complex given by the
CW-Complex Covering Proposition 32.1. Then

χ(X̃) = [X̃ : X] · χ(X).

Example. In the Graph-π1-Proposition 20.9 we showed that if X is a connected �nite
non-empty 1-dimensional CW-complex, then π1(X) is a free group of rank 1 − χ(X). As
we implicitly already argued in the Free Subgroup Proposition 32.5, it follows fairly easily
from this observation and the Covering-χ-Proposition 48.8 that if F is a free group of �nite
rank and if G is a �nite-index subgroup of F , then G is a free group with rank(G) − 1 =
[F : G] · rank(F ).

����
�
�
�
�����

��
��
��
��X̃ X

χ(X) = 1− 2 = −1χ(X̃) = 3− 6 = 3 · χ(X)

3-fold covering p

Proof. As we mentioned in the CW-Complex Covering Proposition 32.1 (1), it follows
immediately from the construction of the CW-structure on X̃ that for each k ∈ N0 we have

#k-cells of X̃ =
[
X̃ : X

]
· #k-cells of X.

The proposition is an immediate consequence of this equality. �
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48.5. Applications of Euler characteristics.

Lemma 48.9. (Genus-of-Covering Lemma) Let Σ be the surface of genus g. For any
connected �nite covering p : Σ̃→ Σ we have

genus(Σ̃) = deg(p) · (g − 1) + 1.

Proof. We denote by g̃ the genus of Σ̃. The lemma follows immediately from the following
two facts:
(1) By the discussion on page 412 we have χ(Σ) = 2− 2g and χ(Σ̃) = 2− 2g̃.
(2) By the Covering-χ-Proposition 48.8 we have χ(Σ̃) = deg(p) · χ(Σ). �
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49. Applications of the Euler characteristic

49.1. Building a leather football.

De�nition.

(1) A great circle on the 2-dimensional sphere S2 is the intersection of S2 with a 2-
dimensional vector subspace of R3.

(2) The angle between two great circles is de�ned as the smaller of the two angles given
by the corresponding 2-dimensional vector subspaces.

(3) A spherical n-gon is a subset of S2 such that the boundary is the union of n segments
of n di�erent great circles. These segments are called edges. The points where two
edges intersect are called vertices.
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spherical triangle
plane S2
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vertex

edge

De�nition. Let P be a subset of Rk.
(1) A symmetry of P in Rk is a matrix A ∈ O(k) such that A · P = P .
(2) The symmetry group Sym(P ) Ă O(k) is de�ned as the group of all symmetries of P .
(3) We set Sym+(P ) := Sym(P ) ∩ SO(k).

De�nition. A spherical polygon P is called regular if the symmetry group Sym(P ) acts
transitively on the set of pairs (v, e) where v is a vertex of P and E is an edge of P with
v ∈ e.

Example. The classical leather football is made out of 12 regular spherical pentagons and
20 regular spherical hexagons.

regular spherical pentagon

regular spherical hexagon

hexagon

pentagon

Buckminsterfullerene C60

49.2. Euler's Formula.

De�nition. Given a subset S of Rk the convex hull of S is de�ned as the intersection of
all convex subsets of Rk that contain S.
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De�nition.

(1) A convex polyhedron is the convex hull of �nitely many points in Rk.
(2) The dimension of a convex polyhedron is de�ned as the minimal dimension of an a�ne

subspace of Rk that contains the convex polyhedron.

Lemma 49.1. (Vertices-of-Polyhedron Lemma) If P is a convex polyhedron in Rk,
then there exists a unique �nite set V Ă Rk such that P is the convex hull of V , but such
that for any proper subset W of V , P is not the convex hull of W .

Proof. We leave the proof of this lemma to the reader. �
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points in R2 convex polyhedron
de�ned by these points

vertices of the
convex polyhedron

De�nition. Let P be a convex polyhedron in Rk.
(1) We refer to the �nite set of the Vertices-of-Polyhedron Lemma 49.1 as the vertices of

the convex polyhedron P .
(2) (a) A closed a�ne half-space in Rk is a set of the form {v ∈ Rk | 〈v, w〉 ≥ a} for some

�xed non-zero vector w ∈ Rk and some a ∈ R.
(b) A subset F Ă P is called a face of P if there exists a closed a�ne half-space H of

Rk with P Ă H such that F = P ∩ ∂H.
Note that a face is a convex polyhedron in its own right, which implies in particular
that it makes sense to talk of the dimension of a face.

(3) An edge is a 1-dimensional face. Sometimes we refer to a 2-dimensional face just as a
face, without specifying the dimension.
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face of the convex polyhedron

vertexedge

Proposition 49.2. (Euler's Formula) Let P be a convex k-dimensional polyhedron
in Rk. The following statements hold:

(1) The interior
◦
P of P is non-empty and all faces of P are of dimension ≤ k − 1.

(2) The boundary ∂P admits a CW-structure such that for each j ∈ N0 the j-cells are
precisely the j-dimensional faces of P .

(3) The following equality hold:
k−1∑
j=0

(−1)j ·#j-dimensional faces = 1 + (−1)k−1.

Sketch of proof. We leave the pleasure of proving the �rst two statements to the reader.
Now we calculate that
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by (1) together with the
the Convex-to-Ball Proposition 2.12(2)

↓k−1∑
j=0

(−1)j ·#j-dimensional faces = χ(∂P ) = χ(Sk−1) = 1 + (−1)k−1.
↑ ↑

by (1) and (2) see page 411 �

49.3. Platonic solids.

De�nition.

(1) Let P be a convex polyhedron in Rk.
(a) A �ag of P is a sequence F0 Ă F1 Ă · · · Ă Fm−1 of faces of P such that each Fi is

i-dimensional.
(b) We say P is regular if the symmetry group Sym(P ) acts transitively on the set of

�ags of P .
(2) Two convex polyhedra P and Q in Rk are called equivalent if there exists an r > 0, a

v ∈ Rk and an orthogonal matrix A ∈ O(k) with P = A · (r ·Q) + v.
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convex polyhedron in R2

Examples.

(1) Let n ∈ N≥3 and r > 0. The convex hull of the n points r, r · eπ i/n, . . . , r · e2π i(n−1)/n

in C = R2 is a regular convex polyhedron with vertices r, r · e2π i/n, . . . , r · e2π i(n−1)/n.
We leave it to the reader to show that, up to equivalence, these are all regular convex
2-dimensional polyhedra in R2.
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� convex hull of 1, e2π i/5, . . . , e2π i4/5

e2π4i/5

e2π2i/5

1

e2π i/5

e2π3i/5 regular convex polyhedron in R2

(2) The standard n-simplex ∆n is a convex n-dimensional polyhedron in Rn+1 with vertex
set {(1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 0, 1)}. It is straightforward to see that ∆n

is regular.

De�nition. A Platonic solid is a regular convex 3-dimensional polyhedron in R3.

De�nition. The valence of a vertex of a convex polyhedron is de�ned as the number of
edges that contain the vertex.

Examples.

(1) Let T be the 3-dimensional polyhedron in R3 that has four 2-dimensional faces, each
of which is an equilateral triangle. In the �gure below we show T together with three
�ags. Some classical geometry shows that T is, up to equivalence, uniquely de�ned and
it is regular. We refer to T as the regular tetrahedron. Finally note that each vertex
has valence 3.
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three �ags in the regular tetrahedron T

(2) The convex polyhedron in R3 spanned by {(±1, 0, 0), (0,±1, 0), (0, 0,±1)} is a regu-
lar convex 3-dimensional polyhedron where each vertex has valence 4. This convex
polyhedron is usually called the regular octahedron.
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convex hull of {(±1, 0, 0), (0,±1, 0), (0, 0,±1)}

regular octahedron

vertex of valence 4

(3) We consider the cube [−1, 1]3 Ă R3. In [Arm1988] it is shown that the group
Sym+([−1, 1]3) is isomorphic to S4. More precisely, we denote by D the set of the
diagonals in the cube, i.e. the segments in R3 spanned by opposite vertices of the cube.
Note that D has precisely four elements.

In [Arm1988] it is shown that the map

Sym+([−1, 1]3) → S4
∼= permutation group of D

A 7→
(
D → D
d 7→ A · d

)
is an isomorphism. It is clear that the cube is a regular convex polyhedron. Since it
has six sides it is in our context also referred to as the regular hexahedron.

(4) Let z := 1 +
√

5
2

be the golden ratio. We denote by D the polyhedron that is spanned
by the 20 vertices

(±1,±1,±1), (0,±z,±1
z
), (±1

z
, 0,±z), and (±z,±1

z
, 0).

By [Cox1948] this is a regular polyhedron. We refer to is as the regular dodecahedron.
Note that it has 12 faces and 20 vertices. We can inscribe �ve cubes C1, . . . , C5 into
the regular dodecahedron. In [Arm1988] it is shown that the map

Sym+(D) → A5
∼= positive permutations of {C1, . . . , C5}

A 7→ (Ci 7→ A · Ci)
is an isomorphism.

(5) Let z := 1 +
√

5
2

be the golden ratio. We denote by I the polyhedron that is spanned
by the 12 vertices

(0,±1,±z), (±z, 0,±1) and (±1,±z, 0).

By [Cox1948] this is a regular polyhedron. We refer to is as the regular icosahedron.
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cube inscribed into the
regular dodecahedron

regular dodecahedron the �ve diagonals of a
face correspond precisely
to one inscribed cube

Note that the regular dodecahedron has 20 vertices and 12 faces whereas the regular
icosahedron has 12 vertices and 20 faces. In fact the regular icosahedron is dual to the
regular dodecahedron in the following sense: up to a scaling factor and a rotation, the
regular icosahedron is spanned by the centers of the faces of the regular dodecahedron
and vice-versa. We refer to the �gure below for an illustration of this fact. It follows
that the symmetry group of the regular icosahedron I is in a suitable sense equal to
the symmetry group of the regular dodecahedron D. In particular the group Sym+(I)
is isomorphic to A5.
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regular dodecahedron

regular icosahedron

Theorem 49.3. (Platonic Solid Theorem) Up to equivalence the only regular convex
3-dimensional polyhedra in R3 are the platonic solids discussed above and illustrated in
the �gure below. They have the following types of faces and valences and they have the
following symmetry groups:

tetrahedron hexahedron octahedron dodecahedron icosahedron

number of faces 4 6 8 12 20
shape of face 3-gon 4-gon 3-gon 5-gon 3-gon

valence of vertex 4 3 4 3 5
Sym+(P ) A4 S4 S4 A5 A5
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twenty 3-gonstwelve 5-gons
valence 3

eight 3-gons
valence 4

six 4-gons
valence 3

four 3-gons
valence 4

icosahedronhexahedrontetrahedron octahedron dodecahedron

valence 5
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Sketch of proof. We will not provide a full proof for the theorem. Instead we refer to
[Cox1948] for a full proof that the list of �ve platonic solids is indeed complete. Further-
more we refer to [Arm1988] or alternatively to [Ae2008] for a proof of the statement
regarding the symmetry groups.

In the following we will show the weaker statement that any platonic solid �ts into
the table of the theorem. Put di�erently, we will show that given any platonic solid the
number of faces, the shape of faces and the valence of a vertex corresponds to one of the
�ve columns in the above table.

Thus let P be a regular convex 3-dimensional polyhedron in R3. We make the following
observations:

(1) It follows easily from the de�nition of a regular polyhedron that there exists an m ∈ N
such that each face of P is a regular m-gon.

(2) The number of faces that meet at a vertex equals the valence of a vertex.
(3) The valences of the vertices are the same and it is at least three.

The following claim tells us the possible values for m and the number f of faces that meet
at a vertex.

Claim. possible values for m 3 4 5
f = number of faces that meet at a vertex 3, 4, 5 4 3

Proof. After a translation we can assume that the sum of all vertices is in the origin. Next
we shrink the convex polyhedron so that it �ts into the sphere S2. Then we consider the
projection of the vertices and edges of the convex polyhedron onto the sphere S2.
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projection of vertices
onto the sphere

embed polyhedron
in the 3-ball

projection of edges
onto the sphere

Recall that on page ?? we noted that the interior angle of a regular spherical m-gon is
greater than the angle of a regular Euclidean m-gon. So it follows that in our case the
interior angle is greater than the angle of a regular m-gon in R3, i.e. it is greater than
π − 2π

m
. Since at any vertex at least three faces meet we obtain the restriction that f ≥ 3

and that f · (π− 2π
m

) < 2π. It is now straightforward to see that we obtain the stated table.
�
Now we treat the cases m = 3, 4, 5 separately. We start out with the case m = 3, i.e. we
assume that all the faces of the convex polyhedron are equilateral triangles. Let us �rst
consider the case that three triangles meet at a vertex. Then we have

#faces =: k, #edges = 1
2 · 3k and #vertices = 1

3 · 3k.↑ ↑
since m = 3 and since each since m = 3 and since each
edge cobounds two faces vertex cobounds three faces
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Now we see that

2 = #faces−#edges + #vertices = k − 3
2k + 3

3
k = 1

2k.↑ ↑
Euler's Formula 49.2 by the above

It follows that k = 4. Note that this case is realized by the regular tetrahedron. Almost
the same calculation shows that if four triangles meet at a vertex, then 2 = k − 3

2
k + 3

4
k,

i.e. k = 8. Note that this case is realized by the regular octahedron. Finally by the above
claim it remains to consider the case that �ve triangles meet at a vertex. In this case we see
that 2 = k− 3

2
k+ 3

5
k, i.e. k = 20. Note that this case is realized by the regular icosahedron.

Next we consider the case m = 4, i.e. each face is a square. The same argument as
above shows that the valence of a vertex can only be three and the same calculation shows
that there have to be precisely six faces. Note that this case is realized by the regular
hexahedron (aka cube).

Finally if m = 5, i.e. if each face is a regular pentagon, then as above we see that the
valence of a vertex can only be three and that there have to be precisely twelve faces. Note
that this case is realized by the regular dodecahedron. �

49.4. Planar graphs.

De�nition.

(1) An (undirected abstract) graph G is a triple (V,E, ϕ) where V is a set, E is a set
and ϕ is a map

ϕ : E → {subsets of V with one or two elements}.
The elements of V are called vertices of G and the elements of E are called the edges
of G.

(2) The topological realization |G| of G is de�ned as the topological space that is obtained
from the vertex set V (equipped with the discrete topology) by attaching an interval
for each edge e ∈ E to the vertices given by ϕ(e) Ă V .

Examples.

(1) For any n ∈ N we de�ne the complete graph Kn as the abstract graph with vertex
set V = {v1, . . . , vn}, edge set E = {{vi, vj} | i, j ∈ {1, . . . , n} with i 6= j} and where
we de�ne ϕ : E → P(V ) via ϕ(e) = e. Put di�erently, the complete graph Kn has n
vertices and each vertex is connected to any other vertex by precisely one edge.
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complete graphs Kn

K1 K2 K3 K4 K5

(2) For every choice of m,n ∈ N we de�ne the complete bipartite graph Km,n as the
abstract graph which is de�ned by the vertex set V = {x1, . . . , xm} ∪ {y1, . . . , yn}, the
edge set E = {{xi, yj} | i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}} and the map ϕ : E → P(V )
that is given by ϕ(e) = e. Put di�erently, the complete bipartite graph Km,n consists
of m �red-colored� vertices, n �green-colored� vertices and each �red-colored� vertex is
connected to any �green-colored� vertex by precisely one edge.
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y3

y1

x2

x1
y2

complete bipartite graphs Km,n

K1,5 K3,3K2,3

De�nition. We say a �nite graph G is planar if its topological realization |G| admits an
embedding |G| → R2.

Examples.

(1) The above �gures show that the graphs K1, K2, K3 and K1,5 are planar. On the other
hand the above topological realizations of K4 and K2,3 are not subspaces of R2. But as
we see in the �gure below both graphs admit topological realizations that are subspaces
of R2.
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topological realizations of K4 topological realizations of K2,3

(2) One can easily verify that given an m ∈ N the bipartite graph K2,m is planar.

Question 49.4. Are the graphs K5 and K3,3 also planar?

Problem 49.5. (Utility Problem) Suppose that three new houses A, B and C are
built and they need to be connected to three utilities, e.g. a water source α, an electricity
provider β and an internet provider γ. Can we perform the connections so that no two
lines/pipes intersect, except at the endpoints?
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??
A

B

Cα

β

γ

De�nition. Let G be a graph.
(1) Given n ∈ N we denote by Xn the �circular graph with n vertices and n edges�, more

precisely, Xn is the graph with

V (Xn) = {1, . . . , n} and E(Xn) = {{1, 2}, {2, 3}, . . . , {n− 1, n}, {n, 1}}
and where ϕ : E(Xn)→ P(V (Xn)) is the obvious map.

(2) A cycle of length n in G is an injective morphism ϕ : Xn → G of graphs.
(3) The girth of G is the shortest length of a cycle in G. If G has no cycles, then we de�ne

its girth as ∞.

Examples.
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circular graph X5

graph G

cycle of length 5

(1) The girth of the graph shown in the �gure above to the right is one, since it has an
edge where the two endpoints agree.

(2) One can easily show that for any n ≥ 3 the girth of the complete graphs Kn equals
three.

(3) Similarly one can easily show that for any n,m ≥ 2 the girth of the complete bipartite
graphs Kn,m equals four.
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K3,3
K5

shortest cycle

Proposition 49.6. (Planar Graph�Girth Proposition) Let G be a graph with v
vertices and e edges. We denote by g the girth of G. If G is planar and if g <∞, then

e ≤ g
g−2 · (v − 2).

Sketch of proof. Let G be a graph with v vertices and e edges. We suppose that the
girth g of G is �nite. Furthermore we suppose that G is planar, i.e. we suppose that there
exists an embedding ϕ : |G| → R2. We write X = ϕ(|G|). Without loss of generality we
can assume that X lies in the open disk B2 Ă R2.

Now we view X as a subspace of the sphere S2 =i B
2
/S1. We refer to the closures of

the components of S2 \X as faces and we denote by f the number of faces.
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faces of S2 =i B
2
/S1

planar graph G X

We make the following observation:

(1) The vertices, edges and faces de�ne a CW-structure for S2 =i B
2
/S1.

(2) We make the following two observations:
(a) The boundary of each face corresponds to a cycle in the graph. By the de�nition

of the girth each face is bounded by at least g edges.
(b) Each edge lies in the boundary of at most two faces.
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Now we deduce that
follows from (a)
↓

g · f ≤
∑

faces f

number of edges in the boundary of f

= number of pairs (f, e) where f is a face and e an edge in the boundary of f

=
∑

edges e

number of faces that contain e in the boundary ≤ 2e.
↑

follows from (b)

Summarizing we see that g · f ≤ 2e.
Now we see that

2 = χ(S2) = v − e+ f ≤ v − e+ 2
g · e = v − g−2

g · e.
↑ ↑ ↑

see page 411 by (1) since by (2) we have g · f ≤ 2e

Solving for e we get the desired inequality e ≤ g
g−2 · (v − 2). �

Proposition 49.7. (Non-Planar Graph Proposition) If a graph G contains the com-
plete graph K5 or the complete bipartite graph K3,3 as a subgraph, then G itself cannot
be planar.

Proof.

(1) Let m ∈ N≥3. It is straightforward to see that the complete graph Km has m vertices
and 1

2
m(m − 1) edges. Furthermore, as we pointed out on page 425, the girth is

three. It is straightforward to verify that the inequality of the Planar Graph�Girth
Proposition 49.6 is only satis�ed for m = 3 and m = 4.

(2) Let m,n ∈ N≥2. It is easy to verify that the complete bipartite graph Km,n has m+ n
vertices and m · n edges. Furthermore, as we pointed out above, the girth is four. It is
straightforward to verify that the inequality of the Planar Graph�Girth Proposition 49.6
is only satis�ed if m = 2 or n = 2.

(3) The proposition now follows from (1) and (2) and the observation that if a graph is
planar, then evidently any subgraph is also planar. �
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